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1. INTRODUCTION

Integral equation create a very important and significant part of the mathematical
analysis and has various applications into real world problems. On the other hand,
measures of noncompactness are very useful tools in the wide area of functional
analysis such as the metric fixed point theory and the theory of operator equations
in Banach spaces. They are also used in the study of functional equations, ordinary
and partial differential equations, fractional partial differential equations, integral and
integro-differential equations, optimal control theory, etc., see [1—6, 12—16]. In our
investigations, we apply the method associated with the technique of measures of
noncompactness to generalize the Darbo fixed point theorem [9] and to extend some
recent results of Aghajani et al.[5]. Moreover, we are going to study the solvability
of the following nonlinear quadratic integral equation of the fractional order
m)oc—l

x()=a(t)+h(t, x(t))/ @ - ms™ i (f(t,5))x(s)ds

()

/ [ i smp-l
e 7 ka(g(t.5))x(s)ds,
t€I=[0,1], 0<o(,1351’ man>0. (L1)
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where, I'(.) is the (Euler’s) Gamma function defined by I'(a) = [, t* le™d1. Let
us recall that the function /(z, x) involved in Eq. (1.1) generates the superposition
operator H defined by the formula (H x)(¢) = h(¢,x(¢)) where x = x(¢) is an arbit-
rary function defined on 7 (cf.[7],[11]). We show that Eq. (1.1) has solutions in C(/)
which are nondecreasing on the interval /.

Recently, Samet et al. [17] obtained the following useful generalization of the Banach
contraction principle.

Theorem 1. Let (X,d) be a complete metric space, ¢ : X — R4 be a lower semi
continuous function and T : X — X be a given mapping. Suppose that for each
0<a<b <o, there exists 0 < y(a,b) < 1 such that

a<d(x,y)+ex)+e(y)<b
= d(Tx,Ty)+e(Tx)+o(Ty) <y(a,b)[d(x,y)+e(x)+e(y)] (1.2)

forall x,y € X. Then T has a unique fixed point x € X.

2. AUXILIARY FACTS

In this section, we recall some notations, definitions and theorems to obtain all
results of this work. Denote by R the set of real numbers and put R4 = [0, +00). Let
(E.||-||) be a real Banach space. Let B(x,r) denote the closed ball centered at x with
radius 7. The symbol B, stands for the ball B(0,r). For X, a nonempty subset of E,
we denote by X and ConvX the closure and the convex closure of X, respectively.
Moreover, let us denote by Mg the family of nonempty bounded subsets of E and
by Mg its subfamily consisting of all relatively compact sets. We use the following
definition of the measure of noncompactness given in [9].

Definition 1. A mapping u : Mg — R4 is said to be a measure of non-compactness
in FE if it satisfies the following conditions:

(1%): The family kerp = {X € Mg : 1(X) =0} is nonempty and kerpu C N,

2%: X CY = u(X) < u(Y),

(%) u(X) = p(X),

(4%): u(ConvX) = p(X),

5Y: pAX +(1=21)Y) <Au(X)+ (1 =1)u(Y) for A € [0,1],

(69): If (X,) is a sequence of closed sets from m g such that X,, 1 C X,(n =
1,2,...) and ifngnoopv(Xn) =0, then the set Xoo = () X» iS nonempty.

The family keru defined in axiom (1°) is called the kernel of the measure of non-
compactness (. One of the properties of the measure of noncompactness is Xoo €
keru. Indeed, from the inequality u(Xoo) < u(Xy) forn =1,2,3,..., we infer that
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U (Xoso) = 0. Further facts concerning measures of noncompactness and their proper-
ties may be found in [8,9]. Darbo’s fixed point theorem is a very important generaliz-
ation of Schauder’s fixed point theorem, and includes the existence part of Banach’s
fixed point theorem.

Theorem 2 (Schauder [3]). Let C be a nonempty, bounded, closed, convex subset
of a Banach space E. Then every compact, continuous map T : C — C has at least
one fixed point.

In the following we state a fixed-point theorem of Darbo type proved by Bana$
and Goebel [9].

Theorem 3. Let C be a nonempty, closed, bounded, and convex subset of the
Banach space E and F : C — C be a continuous mapping. Assume that there exist
a constant k € [0, 1) such that W(FX) < ku(X) for any nonempty subset of C. Then
F has a fixed-point in C.

Remark 1. [9] Under the assumptions of the above theorem it can be shown that
the set FixF of fixed points of F belonging to £2 is an element of kerp.

3. FIXED POINT THEOREM

The main result of the present paper is the following fixed point theorem which is
a generalization of Darbo fixed point theorem (cf. Theorem3).

Theorem 4. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and let ¢ : Ry —> Ry and T : C — C be two continuous functions such
that for any 0 < a < b < 00, there exists 0 < y(a,b) < 1 such that for all X C C,

a = pu(X)+ou(X)) <b= u(TX)+ou(TX)) < y@@.b)n(X)+e(u(X))]
(3.1)
where [ is an arbitrary measure of noncompactness. Then T has at least one fixed
point in C.

Proof. LetCy = C, we construct a sequence {Cy,} such that C,,+1 = Conv(TCy),
forn >0.TCoy=TC CC = Cy,C; = Conv(TCy) C C = Cy, therefore by con-
tinuing this process, we have

Co2C12C,2..2C,2Ch412 ..

If there exists a positive integer N € N such that (Cn )+ ¢(u(Cy)) =0,ie, u(Cy) =
0, then Cy is relatively compact. On the other hand, we have T(Cy) € Conv(TCy) =
Cn+1 € Cy. Then Theorem 2 implies that 7" has a fixed point. So we assume that

0 < pu(Cn) +o((Cn)), ¥n=1. (3.2)
Suppose that

U(Crp) + @ (U(Cry)) < W(Cro+1) +@((Cro+1)) (3.3)
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for some ng € N. In addition, by (3.2) and (3.3), we have
0 <a:=p(Cny) +0(1(Cnp)) < u(Cnp) +@(1(Cry))

< (Cro+1) +@(1(Cpy + 1)) :=b.
By using (3.1), there exists 0 < y(a,b) < 1 such that
P (Cro+1) + @ ((Cpy + 1)) = p(convT Cpy) + @((convT Cpy))

= (T Cpy) + @((T Cpy)) < y(a,b)[(Cry) + @((Cnyp))]
< Y (@.B)[I(Crg11) + 9 (1 (Cug + )],

which implies that y(a,b) > 1, a contradiction. This implies that

W(Cnt1) +o(r(Cn+1)) < w(Cp) + o ((Cn)),

for all n € N, that is, the sequence {1 (Cy) + ¢((Cy))} is non-increasing and non-
negative, we infer that

lim 1(Cn) +¢(u(Cp)) = 8. (3.4)
n—00
Now, we show that § = 0. Suppose, to the contrary, that § > 0. Then

0<a:=08=<pu(Cn)+e((Cn)) = 1(Co) +¢(u(Co)) =:b, foralln=0.
By (3.1), there exists 0 < y(a,b) < 1 such that

p(Cnt1) +@((Cp + 1)) = p(convT Cp) + @(u(convT Cy))
= (T Cn) +o(u(TCyn)) < y(a,D)[n(Cn) + @(1(Cn))]-

Letting n —> oo in the above inequality and using (3.4), we get § < y(a,b)§, which
implies that y(a,b) > 1, a contradiction. Thus, § = 0 and

lim u(Cy) + @(u(Cy)) =0.
n—0o0
It follows that
nlggoﬂ(cn) =0.

Since C, 2 Cpiq and TC, € Cy, forall n = 1,2, ..., it follows from (6°) that

e}

n=1
is nonempty convex closed set, invariant under 7 and belongs to Keru. Therefore
Theorem 2 completes the proof. O

An immediate consequence of Theorem 4 is the following.
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Theorem 5. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E. Let o : Ry —> Ry and T : C — C be continuous functions. Suppose that
there exists a constant 0 < A < 1, such that

w(TX) +o(u(TX)) < Alu(X) +o(u(X))],

for all X C C, where u is an arbitrary measure of noncompactness. Then T has at
least one fixed point in C.

Remark 2. Taking ¢ = 0 in Theorem 5, we obtain the Darbo fixed point theorem.

Theorem 6. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and let T : C — C be a continuous operator satisfying

VIw(TX) +o(u(TX))] < ¢ [pn(X) +o(u(X)] —o[u(X) +o(u(X)], (3.5

for any nonempty X C C, where | is an arbitrary measure of noncompactness, ¢ :
R4+ —> R4 is continuous function and ,¢ : R —> Ry are given functions such
that  is continuous and nondecreasing function and ¢ is lower semicontinuous,
¢(0) =0and ¢(t) >0 forall t > 0. Then T has at least one fixed point in C.

Proof. Similarly as in the proof of the Theorem 4, by using induction we define the
sequence {Cy}, where Co = C and Cy+1 = Conv(T Cy), for n > 0. If there exists a
positive integer No € N such that u(Cp,) + @(u(Cn,)) =0, i.e, u(Cp,) = 0, then
Cy, is relatively compact. On the other hand, T'(Cy,) € Conv(TCp,) = Cny+1 S
Cn,, then theorem 2 implies that 7" has a fixed point. So we assume that

0 < u(Cp) +o(1(Cr)), VYn=1.
From (3.1), we get

Vu(Crt1) +o(u(Cp + 1)) = Y [u(convT Cp) + p(u(convT Cp))]
=Y [u(TCp) + (T Cy))]
S Y [(Cr) + @((Cn))] = P [ (Cr) + (1 (Cn))]

< Y [u(Cn) + o(u(Cn))]-
(3.6)
On the other hand, ¥ is nondecreasing, then

p(Crt1) + 9 (U(Cn + 1) = 1(Cp) + (1 (Cr))

that is, the sequence {(Cy) + @(1(Cp))} is nonincreasing and nonnegative. We
infer that

Jim ji(Cn) + ¢(1(Cn)) = 8. (3.7)

Now, we show that § = 0. Suppose, to the contrary, that § > 0. Passing to the (upper)
limit in (3.6), when n —> o0, it follows that

Y(8) < ¥(8) ~liminf $[14(Co) + 9 ((Ca))] < V() —$(5),
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ie. ¢(8) <0. Using the properties of ¢ function, we get that § = 0 which is a
contradiction. We conclude that

lim u(Cp) +¢((Cy)) =0,

n—-oo
therefore,

Jim i(Cp) = 0.

Since Cp, 2 Cy41 and TC, € Cy, forall n = 1,2, ... It follows from (6°) that

(e}

=1
is nonempty convex closed set, invariant under 7" and belongs to Keru. Therefore
Theorem 2 completes the proof. O

Now, the following fixed point theorem follows immediately from Theorem 6 is a
generalization of [5].

Theorem 7. Let C be a nonempty, bounded, closed and convex subset of a Banach
space E and let T : C — C be continuous operator satisfying

Y ((TX)) = ¥ (u(X)) —p(p(X)),

for any nonempety X C C, where p is an arbitrary measure of noncompactness and
¥, ¢ : Ry —> Ry are given functions such that  is continuous and nondecreasing
function and ¢ is lower semicontinuous, ¢(0) = 0 and ¢(t) > 0 for all t > 0. Then
T has at least one fixed point in C.

4. AN APPLICATION TO EXISTENCE OF SOLUTION FOR A FUNCTIONAL
INTEGRAL EQUATION.

Let C(I) = C]0, 1] be the Banach space of all continuous functions on I = [0, 1]
equipped with the standard norm

lxll = max{|x(@)[ : £ = 03.

Next, we recall the definition of a measure of noncompactness in C (/) which will be
used in this Section. This measure was introduced and studied in [10]. Let X be a
fixed nonempty and bounded subset of C(/). For x € X and € > 0, denote by w(x, €)
the modulus of continuity of the function x on the interval [0, 1], i.e.

w(x,€) :=sup{|x(t)—x(s)| :t,s € [0,1],]t —s| <€}
Further, let us put
w(X,€) :=sup{w(x,e):x € X}, wo(X) := lir%w(X,e).
€—>

Define
i(x) :=sup{|x(s)—x@)|—[x(s)—x(@)] : t,s € I,t <s},
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and
i(X):=supli(x):x e X}.
Observe that all functions belonging to X are nondecreasing on [ if and only if
i(X)=0.
Now, let us define the function p on the family 9i¢ (/) by the formula

(X)) := wo(X) +i(X).

It can be shown [10] that the function u is a measure of noncompactness in the space
Cc).
Now, equation (1.1) will be investigated under the assumptions:
(i): a : I — Ry is a continuous, nondecreasing and nonnegative function on /;
(ii): & : I xR — R is continuous function in ¢, x such that #(/ x R;+) € R4 and
there exists a nonnegative constant ¢ such that

|h(t.x)—h(t.y)| < clx—y| (4.1

forallt € [ and all x,y € R;

(iii): The superposition operator H generated by the function /4 (z, x) satisfies
for any nonnegative function x the condition i (H x) < ¢ i(x) where c is the
same constant as in (i7);

(iv): f.g: I x I — R are continuous and the functions f(¢,s) and g(z,s) are
nondecreasing for each variable ¢ and s, separately;

(v): k1 : Imf — Ry is a continuous and nondecreasing function on the com-
pactset Imf;

(vi): ko : Img — Ry is a continuous and nondecreasing function on the com-
pact set Img;

(vii): The inequality

MT(e+ DB+ 1)+ (cr+ M)k ||kl <T@+ DB+ Dr  (4.2)

has a positive solution ro such that ¢ ||ki|/||kz2|lrg < T'(e + DI (B + 1),

where My = max{|a(t)| :t € I} and M = max{|h(t,0)|:t € I }.

Theorem 8. Under assumptions (i) — (vii), the equation (1.1) has at least one
solution x = x(t) which belongs to the space C(I) and is nondecreasing on the
interval 1.

Proof. Consider the operators F, G and T defined on the space C (/) by the for-
mulas

t (¢4m_ mya—1
(Fx)(t) = /0 %msm—lkl(f(r,s»x(s)ds,

t (4n_ n\f—1
(Gx)(t) = /0 %nsn_lkz(g(t,s))x(s)ds,

(Tx)(t) = a(t) + h(t, x () (Fx)()(Gx) ().
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Firstly, we prove that F and G are selfmaps on C (/). To this end, it suffices to show
that if x € C([) then Fx, Gx € C(I). Fix e > 0, let x € C(/) and let t1,t, € I
(without loss of generality assume that #, > 1) and |t —¢1| < €. Then we get

t (tén _Sm)ot—l

I'(a)
_[)tz wmsm_lkl(f(fl,s))x(s)ds|

|(Fx)(t2) = (Fx)(11)] < I/O ms™ k1 (f (12,9))x (s)ds

(@)

+|/t2 = F(’"))“ : ms™ i (f (t1,9))x(s)ds

B /“ O s =y (F(er,5))x (s)ds|
o T@

+ / u r(m))a sV (£ (1.5 (5)d

_/tl wmsm_lkl(f(h,S))x(S)dﬂ
0 I'(a)
tr (;m _ mya—1
5/0 (' =s™)" Ficx)) ms™ =V k1 (f (12, ) — k1 (f (11, 9)||x (5)|ds

+ /tz Mmsm_l|k1(f(t1,s))||x(s)|ds
t

S C))
D St U et 0 il I
+/o (@) ms™ ki (f(t1.5)||x(s)|ds.

Therefore, if we denote

Wk, o1 (€..) =supilki(f(t,5))—ki(f(t',s))|:t.t,seland |t —t'| <€}
then

Ixllwg,or (€:) 13l Ikl (23" —27")*
(Fx)(e2) = (Faan)| = om0y B
IIXI|||k1||[(t£”—fi")“ ﬁ_ﬂ]
I'(x) o o o
_ Ixllokor (e, ) L 2kl
I'a+1) I'a+1)

(t3' —11)*.

Similarly, one can show that

I l0ksop (€. | 2xlial
(Gx)(12) = (G)(n)] = T 4 T

(5 — 1P,
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where

Wiyog (€,.) = sup{lka(g(t,s)) —ka(g(t'.s))| : t.t",s € I and |t —1'| < €}.

Obviously, wg, o7 (€,.) —> 0 as € —> 0 which is a simple consequence of the uniform
continuity of the function kj0f on the set / x I. Thus Fx € C(I), and similar to the
previous case Gx € C([/), and consequently, Tx € C([). Also, we have

Fool= [ e lielas < WL )
for all # € I. On the other hand,
n_ gn B—1
Gon = [ el < AL g
Linking (4.3) and (4.4) we obtain
(T = @]+ @ FxOlIG()
eI al 12
< M; +[|h(t,x)—h(z,0)| + |h(z,0)|] Flat DIB+D)
ol 12

< My +(cllx| + M2)

Fa+)CB+1)°

Hence,
LN NEY
Tx|| <Mqi+ (cl||x]| + M- .
1751 = M1+ Gl + M) SRR
Thus, if ||x|| < ro we obtain from assumption (vii) the estimate
k1 llikall7g

||Tx|| < M; —I—(cr0+M2)

=To
Fa+1)IrB+1)
Consequently, the operator 7" maps the ball B,, C C(]) into itself. Next, we prove

that the operator 7 is continuous on Bj,. To do this, let {x,} be a sequence in By,
such that x;, — x. We have to show that 7'x,, — T x. In fact, for each ¢t € I, we have

(m m)a—l 1
|(Fxp) (1) = (Fx)(2)| = /Tm ki(f(t.8))xn(s)ds
/ o ms™ i (f(2,))x(s)ds|
F(cx) 1 s

: o__Tﬁﬁ_—ms kn(£(.5)ln(5) — x(5)]ds.

thus
I[k1]]

gyl =l

|2t = Fx|| = £ ot
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Similarly, we have

|Gxn—Gx ||—r|(|/31”1)” Xn —X|].
|(Txn) (@) —(Tx)(1)| =
= |h(t, xn (1)) (F xn) (t)(Gxn) (1) — h(z,x (1)) (Fx)()(Gx) ()]
< |h(t, xn (D)) (F xn) ()G x) (1) = h(2, x (1)) (F x0)(1)(G x) (1)
+ A (t, x (1)) (F xn) ()G x) (1) = h(2, x (1)) (Fx)()(G x0) ()]
+ A, x () (Fx)@)(Gxn) (@) —h(z,x (1) (Fx)(@)(Gx)(@)]
< |h(t, xn (1)) = h(z, x (O (F xn) (O)[|(Gx) (1)]
+ A, x (O (Fx0) (1) — (Fx)()][(Gxn) ()]
+ R (@, x @) [ (Fx)()][(Gxn) (1) — (Gx)(1)]

< el =xO [ L s (061
/ O 1y (g(0.5)) x5 ds
TR
T (el ()] + My) f S = ks (£ (6, 5)) 1 (5) — (s)lds
r@
n_gn B—1
y /0 %nsn—l|k2<g<z,s)>||xn<s>|ds
T (elx ()] + M) [ s = ey (£ (5D () ds
r@)
/ o ns" ko (g (t,5))]]xn (s) — x(s5)|ds.
TR
It follows that
il Nkl
1730 x| = ellta =l A g b
Al Kl
el + M) 7 A =l g2
k k
P TINTE YA S L BT | R TRT)

I'a+1) rg+1

This proves that T is continuous on B,,. Consider the operator 7" on the subset BrJr0
of the ball By, defined in the following way:

B;gz{xeBrO:x(z)zo, fortel}.
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Obviously, the set B;g is nonempty, bounded, closed and convex. In view of our
assumptions (i), (iii),(v) and (vi) if x(¢) > 0 then (T'x)(¢) > 0 for all # € I. Thus
T transforms the set Br"(') into itself. Moreover, T is continuous on Br‘g. Let X be a

nonempty subset of Br‘g. Fix € > 0 and t1,t, € I with |t —t;| < €. Without loss of
generality assume that t, > #1. Then we get

[(Tx)(t2) = (Tx)(t1)] = la(t2) + h(t2, x (12)) (Fx) (22)(Gx)(12)
—a(ty) —h(t1, x(01)) (Fx)(t1)(Gx)(11)]
<la(tz) —a(ty)| + |h(t2,x(12)) (Fx)(t2) (G x)(2)
—h(t1,x(22)) (Fx)(12)(Gx)(12)|
+ | (t1, x (12)) (F x) (12) (G x)(12) — h(t1, x (11)) (F x)(12) (G x) (22) |
+ |h(t1, x(t1)) (F x)(t2)(Gx)(t2) — h(t1, x (1)) (F x)(t1) (G x)(t2) |
+ [h(t1, x (1)) (F x) (1) (G x) (t2) — h(t1, x (1)) (F x) (1) (G x) (1) |
<la(t2) —a(t1)| + |h(t2, x (12)) — h(t1, x (22) || (F x) (22) || (G x) (72) |
+ A (t1, x(12)) — h(t1, x (E)) || (F x)(22)[|(Gx) (22)]
+ A1, x () [(Fx)(t2) = (Fx) (1) |[(Gx)(t2)]
+ At x () [(Fx)(t)[(Gx)(2) = (Gx)(t1)]

x| x| k2] el x| k2]
<w(a,e)+yry(h,e) Fetl) FB+1) +C|X(l2)—X(l1)|F(a+1) FB+1)
¥ll0ks0r € 25K e o]
+ (cllx|] + M2)[ Tt It (13 —11") ]F(/S+1)
K] 5 Hoksog (€  21llall, g
+(C||x||+M2)F((x+l)[ FB+1) TB+1) (13 —t))F],

where we denoted
Yro(h,€) = sup{|h(t,x)—h(t',x)| : 1,¢t" € I,x €[0,r¢],|t —1'| <e}.
By applying the mean value theorem on [t,7;], we get
|1} — % <m®|t —11]%,
and

58 —171P <nPlia—1)P.
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Thus from the last inequality, we get

[k [ ]x[ ]2
[(Tx)(t2) = (Tx)(t1)| < w(a,€) + yry(h,e) Fa+1) F(B+1)
x| x| k2]
+c|x(t2)—x(t1)|r(a+l) r+1)
||x||wk;or (€, ) 2||x||||k1||( )a]||x||||k2||

e+ M= 7 ra+D) "
[[x[I[k1]] |1xX]|lwks0g (€.2)  2[Ix][[[k2]] g
el + M) P e S e,
hence,
(5.0 < (@)t oy eyl ikl
€)= O YU TR+ 1) “NTr@rDr@+1)

rowk,of (€,.)  2rollkq]| ay Tollk2|
+ (cro+ M2)[ Tt F(Ol—l—l)(mE) ]F(ﬁJrl)

rollkill ro®iyog(€..) | 2rollka|l g
+(cro+M2)F(OH_1)[ F(ﬁ—gi—l) +F(,B—|—1)(n€) ].

Thus, taking the supremum on X, we obtain

rg|lka|ll]k2]| rg|lka|ll]k2]|
a)(TX,e)5w(a,e)+yr0(h,e)F(a+1)F(Ig+1)+ca)(X,e)|F(a+l)F(IB+1)
roWk,of (€,) | 2rollk1]| aq Tollk2]|
Herot M)l T rar ) " F g
rollk1ll rowiyog(€..) | 2rollkal]| B
+(Cr0+M2)F(a+l)[ TB+1) F(,3+1)(n€) l.

From the uniform continuity of the functions k10 f and ky0g onthe set I x I and /1 on
the set I x [0, o] and the continuity of the function @ on I, we have that wg 7 (€,.) —
0, Wk,0g(€..) = 0, yro(h,€) — 0 and w(a,e) — 0 as € — 0. So, let € — 0 to obtain

rellkl|llk2]
Fa+Or@+1 oW (4.5)

wo(TX) =c
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Letx € X and ¢1,1, € I with ;1 < t,. Then

(Tx)(t2) = (Tx) ()| = [(Tx)(t2) — (Tx)(t1)] =

= la(t2) +h(t2,x(12))(Fx)(t2)(Gx)(t2)
—a(t1) —h(t, x (@) (Fx) (1) (Gx)(t)]
—[a(t2) + h(t2.x(t2))(Fx)(12)(Gx)(t2)
—a(t1) —h(t, x (1) (Fx)(t1)(Gx)(t1)]

<{la(r2) —a(ty)| —a(r2) —a(t)]} + (2, x (12)) (Fx)(122) (G x)(12)
—h(t1,x (1)) (Fx)(£2)(Gx)(22)|
+ [h(t1, x (1)) (F x)(22) (G x) (t2) — h(t1, x (1)) (F x) (11)(Gx) (2) |
+ A1, x (21)) (F x)(11)(G x) (12) — h(t1, x (11)) (Fx) (1) (G x)(11) |
— (2, x (12)) (F x)(12)(G x)(t2) — h(t1, x (11)) (F x)(£2) (G x) (t2)]
+ [A(t1, x (1)) (F x)(12) (G x) (12) — h(t1, x (1)) (F x) (1) (G x) (£2)]
+ [A(t1, x(21)) (Fx) (1) (G x) (12) — h(t1, x (1)) (Fx) (1) (G x) (11)]}

<{|h(t2,x(t2)) = h(t1,x (1) = [ (t2, x (t2)) — h(t1, x (1))} (F x)(22) (G x)(t2)
+ h(tr, x (O (Fx)(2) — (Fx)(t)| = [(Fx)(22) — (Fx) )]G x)(12)
+ h(t1, x (1) (Fx) (1)(Gx) (12) — (Gx)(11)| — [(Gx)(12) — (Gx) (11)]}
. rollk1|| rollk2]|

<) r e ) T+ 1)

The above estimate implies that

rallkallllk2]]
T+ ) B+1)

i(Tx)<ci(x)

and consequently,

2|k ]|k

< Crolkllall ws
Foe+1H)ICB+1)

From (4.5) and (4.6) and the definition of the measure of noncompactness , we

obtain

W(TX) = wo(TX) +i(TX)

2|1k [|1k 2| 1k1|I]1k
<c rollkal|lk2]] w0 (X)+ c ryllkallllk2]| i)
INCESYACESY INCESYACESY
re|lk1]l| k2| rllk1|l| k2|

(@o(X) +i(X)) =c p(X)

= T@+rHI B+ ra+nrp+n“”

Now, taking into account the above inequality and the fact that

2
c %% < 1 and applying Remark 2, we complete the proof. Also, such
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a solution is nondecreasing in view of Remark 1 and the definition of the measure of
noncompactness y given in Section 2. O

In what follows we illustrate the above obtained result by the following example.

Example 1. Consider the following functional integral equation of fractional order

2tx(t) 25

5(1+t) o I'(Mvrz—s2 '8
/ 352 (t + /5)?
o FQ)Vi3i-s32 12

where ¢ € I. In this example, we have a(t) = %t3 and this function satisfies as-
sumption (i) and My = % Here f(t,s) = % t+s and g(t,s) =t + /s and these

functions satisfies assumption (iv). Let kq : [0, ‘4[] — R4 and k, : [0,2] — R4 be
given by k1(y) =2y2 + % and k»(y) = %y , then k1 and k» satisfying assumptions
(v) and (vi) with ||k]| = % and ||k2|| = % Moreover, the function A(f,x) = 25

5(1+1)
satisfies hypothesis (i7) and

x(t)= =13+ ( +s)+—]x(s)dsx

x(s)ds, 4.7)

1
|h(t,x)—=h(t,y)| < glx—yl

forall x,y € Rand ¢ € I. Moreover, the function % satisfies assumption (7i7). Indeed,
taking an arbitrary nonnegative function x € C(/) and ¢1,¢, € I such thatt; <t,, we
obtain

|(H x)(t2) — (Hx)(t1)| — [(H x)(t2) — (H x)(1)]
= |h(t2, x(t2)) — h(t1, x (1)) — [ (22, x (12)) — h(t1, X (11))]
2trx(t2)  2t1x(t1) 2tx(t2)  2t1x(t1)

- |5(1—|—t2) _5(1+z1)|_ 5(1+1) 5(1+1)
< 26x(12)  212x(11) I+ 20x(11)  201x(t1) |
T5(1+12) 5(1+1)  5(1+12) 5(1+1)
_[Zsz(fz) 25x(t1) | 2tx(ty) 2f1x(11)]

50+0) 5(+0)  5(1+n) 5(0+0)

2t 2ty 2t
< mh(h) x(t1)|+|5(1+t )50 +0 )|x(ll)
2ty 2tr 2t
5(1+t )[X(tz) X(ll)]—[5(1+t2) 5(1+t )] x(t1)

_5(1+ ){|x(t2) x (1) = [x(t2) — x(tl)]}_5(1+ )’(x)—sl(x)'
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In this case the first inequality (4.2) of assumption (vi i) has the form

POIG+ 37> < FEIIGr,

and this admits ro =1 as a pos1t1ve solution. Moreover,
111 3 4 1 1.1 1
killlfkall 18 =~ = 1< TG T ) ==I':) = T().
cllkall kel 7§ = < 5 31 <TG TG =51'G) 57
On the other hand, we have I"(%) = 1.77245 and I"(3) = 2.67893. Then Theorem 8
guarantees that equation (4.7) has a nondecreasing solution.

Corollary 1. Let the assumptions of Theorem 8 be satisfied (with m = n = 1),
then the fractional-order quadratic integral equation
S)a 1

x(t) =al(t)+ h, x(z))/ (t I @ ———ki1(f(t,8)x(s)ds

t(t—s)P1
| g fetewsnx ) ds.

has at least one solution x € C(I).

Corollary 2. Let the assumptions of Theorem 8 be satisfied (with h(t,x(t)) = 1),
then the fractional-order quadratic integral equation

a—1
x(t)—a(t)—i—/ ¢ Fi)) Ky (f (1, ))x(s)ds / =9

has at least one solution x € C(I).

s)f-1

T ) ——ko(g(t,s))x(s)ds,

Corollary 3. Let the assumptions of Theorem 8 be satisfied (withk1 =k, = I, a0 =
B, f = g,a(t) =0), then the fractional-order quadratic integral equation

B ( _ )a 1 )
=1 YR fuonast

has at least one solution x € C(I).
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