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Abstract

We show that the category of continuous representations of the dth direct power of
the absolute Galois group of Q, on finite dimensional Fp-vector spaces (resp. finitely
generated Z,-modules, resp. finite dimensional Qp,-vector spaces) is equivalent to the
category of étale (o, I')-modules over a d-variable Laurent-series ring over I}, (resp. over
Zy, resp. over Q).

1 Introduction

This note serves as a complement to the work [I1] where we relate multivariable (p,T)-
modules to smooth modulo p" representations of a split reductive group G over Q,. The goal
here is to show that the category of d-variable (¢, I')-modules is equivalent to the category of
representations of the dth direct power of the absolute Galois group of Q,.

Let K be a finite extension of QQ, with ring of integers O, prime element o, and residue
field . For a finite set A let Gg, a := [],ca Gal(Q,/Q,) denote the direct power of the ab-
solute Galois group of Q, indexed by A. We denote by Rep,(Gg,.a) (resp. by Repo, (Gg,.a),
resp. by Repy (Gg,,a)) the category of continuous representations of the profinite group G, a
on finite dimensional k-vector spaces (resp. finitely generated Ox-modules, resp. finite dimen-
sional K-vector spaces). On the other hand, for independent commuting variables X, (a € A)

we put
Ern, = k[Xo|aeAX, |a€A],
O = lim (Ox /" [Xa | a € AJ[X;" [0 € A]) .
h
gA,K = OEA,K[pil] :

Moreover, for each element @ € A we have the partial Frobenius ¢,, and group I', =
Gal(Qp(p=)/Qp) acting on the variable X, in the usual way and commuting with the other
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variables X3 (5 € A\{a}) in the above rings. A (pa,'a)-module over Ex . (resp. over Og, .,
resp. over Ea ) is a finitely generated Ea x-module (resp. Og, -module, resp. £o g-module)
D together with commuting semilinear actions of the operators ¢, and groups I',, (o € A). In
case the coefficient ring is Fa , or Og, ,, we say that D is étale if the map id ®p,: @, D — D
is an isomorphism for all @ € A. For the coefficient ring £€a x we require the stronger as-
sumption for the étale property that D comes from an étale (¢a,I'a)-module over O, , by
inverting p. The main result of the paper is that Rep,(Gg, ) (resp. Repy, (Gg,.a), resp.
Repy (Gg,,a)) is equivalent to the category of étale (pa,I'a)-modules over Ea . (resp. over
Ot > T€SP. over Ea k).

Passing from the Galois side to (¢a, I'a)-modules is rather straightforward. One constructs
a big ring EX” as an inductive limit of completed tensor products of finite separable extensions
E}, of E, = F,(X,)) (o € A) over which the action of Hg, o = Ker(Gg, a = [[,eala)
trivializes. The other direction is more involved. In order to trivialize the action of the
partial Frobenii ¢, (o € A) using induction, the main step is to find a lattice DZ* integral in
the variable X, for some fixed o € A which is an étale (¢a\{a},'a\{a})-module over the ring
Fo[Xs | B € A[X;" | 8 € A\ {a}]. This uses the ideas of Colmez [3] constructing lattices
Dt and D in usual (¢, T')-modules.

We remark here that Scholze [7] recently realized Gg, A (using Drinfeld’s Lemma for dia-
monds) as a geometric fundamental group 7 ((Spd @Q,)?! /p.Fr.) of the diamond (Spd Q,)*!
modulo the partial Frobenii 3 (8 € A\ {a}) for some fixed @ € A: one can endow
Ef = F,[X, | @ € A] with its natural compact topology, and look at the subset of its
adic spectrum Spa E{ where all X,, (& € A) are invertible. This defines an analytic adic
space over IF,,, whose perfection modulo the action of all I',’s is a model for (Spd Q,)?. Thus,
after taking the action modulo partial Frobenii ¢35 (8 € A\ {a} for some fixed o € A), the
fundamental group will be Gg, a. Now, quite generally étale local systems on diamonds are
equivalent to p-modules. This introduces the last missing Frobenius, and one ends up with
an equivalence between representations of Gg, A, and some sheaf of modules with I'a-action
and commuting actions of ¢, for all @ € A. However, this will not produce an actual module
over a ring, but a sheaf of modules over a sheaf of rings. One can perhaps deduce the result of
this paper along these lines, but that would require some further nontrivial input (replacing
the above method of finding a lattice DZ*).
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2 Algebraic properties of multivariable (¢, [')-modules

2.1 Definition and projectivity

For a finite set A (which is the set of simple roots of G in [I1]) consider the Laurent series
ring Fa = E{[X:'] where E{ = F,[X, | @ € A] and Xp = [[,cn Xa € Ef. E{ is a
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regular noehterian local ring of global dimension |A|, therefore EA is a regular noetherian ring
of global dimension |A| — 1. For each index a we define the action of the partial Frobenius
¢a and of the group I'y with xo: T'q = Z% on Ex as

X5 if Be A\ {a}
(Xa+1)P—1=XP ifB=q

X5 if e A\ {a}
(X, +1)xe0a) —1 if B =a

@a(Xﬁ) = {

'Va(X,B) = { (1)

for all v, € I', extending the above formulas to continuous ring endomorphisms of E in the
obvious way. By an étale (pa,'a)-module over Fx we mean a (unless otherwise mentioned)
finitely generated module D over Ex together with a semilinear action of the (commutative)
monoid Ty A =[] ca ©NT,, (also denote by ¢; the action of ; € T, ) such that the maps

id @y : QOID = Fa QEa o1 D—D

are isomorphisms for all elements ¢, € T} A. Here we put I'p := Hae A l'a. We denote by
D (pn,Ta, Ea) the category of étale (¢a, 'a)-modules over Ea.

The category D (¢, ['a, Ea) has the structure of a neutral Tannakian category: For two
objects Dy and Dj the tensor product D; ®g, Dy is an étale T o-module with the action
oi(dy @ da) == pi(dy) @ pi(dy) for ¢ € Ty A, di € D; (i = 1,2). Moreover, since En is a free
module over itself via ¢, putting (-)* := Homg, (-, EA) we have an identification (pfD)* =
@y (D*). So the isomorphism id ®¢;: ¢; D — D dualizes to an isomorphism D* — ¢} (D*).
The inverse of this isomorphism (for all ¢; € T o) equips D* with the structure of an étale
T a-module.

Lemma 2.1. There exists a T a-equivariant injective resolution of EX as a module over itself.

Proof. Consider the Cousin complex (see IV.2 in [6])

0= Ear = Ea@) — - — @ J(p) — ...

peSpec(En),codim p=r

where J(p) is the injective envelope of the residue field k(p) as a module over the local ring
Enp. This is a I'a-equivariant injective resolution since the action of I'a on Spec(Ea) respects
the codimension. ]

Proposition 2.2. Any object D in D(pa,Ta, EA) is a projective module over En.

Proof. Since E has finite global dimension, let n be the projective dimension of D. Then by
Lemma 4.1.6 in [9] we have Ext’(D, M) = 0 for all i > n and Ex-module M and there exists
an R-module M, with Ext™(D, My) # 0. By the long exact sequence of Ext and choosing an
onto module homomorphism F — M, from a free module F' we find that Ext"(D,F) # 0
whence Ext" (D, Ea) # 0. However, Ext"(D, Ex) is a finitely generated torsion Ea-module
for n > 0 admitting a semilinear action of I'a. Therefore the global annihilator of Ext" (D, E)
in Fx is a nonzero I'a-invariant ideal in Fa hence equals EA by Lemma 2.1 in [I1]. Son =0
and D is projective. O]



Lemma 2.3. We have Ko(Ea) = Z, ie. any finitely generated projective module over Ea is
stably free.

Proof. EX = F,[X, | « € A] is a regular local ring, so it has finite global dimension and
Ko(E}) = Go(EX) = Z (Thm. IL.7.8 in [10]). Therefore the localization Ex = E{[X']
also has finite global dimension whence we have Ky(Ea) = Go(Ea). The statement follows
noting that the map Go(EX) — Go(Ea) is onto by the localization exact sequence of algebraic
K-theory (Thm. I1.6.4 in [10]). O

Remark. I am not aware of the analogue of the Theorem of Quillen and Suslin on the
freeness of projective modules over En. However, using the equivalence of categories of
D(¢n,'a, Ea) with Repg (Gg,,a) we shall see later on (Cor. that any object D in
D (pa,Ta, Ea) is in fact free over Ea.

We equip EX with the X-adic topology. Then (Ea, EX) is a Huber pair (in the sense
of [7]) if we equip Fa with the inductive limit topology Ea = |J, XA"EX. In fact, EA is a
complete noetherian Tate ring (op. cit.). Note that this is not the natural compact topology
on EX as in the compact topology EX would not be open in Ex since the index of EX in
X "EJ is not finite. On the other hand, the inclusion F,((X,)) < Ea is not continuous
in the Xa-adic topology therefore we cannot apply Drinfeld’s Lemma (Thm. 17.2.4 in [7])
directly in this situation.

Let D be an object in D*(pa, ['a, Ea). By Banach’s Theorem for Tate rings (Prop. 6.18 in
[8]), there is a unique Ea-module topology on D that we call the Xa-adic topology. Moreover,
any Ea-module homomorphism is continuous in the Xa-adic topology.

2.2 Integrality properties

Put ¢, = [[,cn ¥a € T a and define DT := {z € D | limy_o ¢¥(x) = 0} where the
limit is considered in the Xa-adic topology (cf. I1.2.1 in [3] in case |A| = 1). Note that ¢ is
the absolute Frobenius on Ea, it takes any element to its pth power.

Lemma 2.4. Let M be a finitely generated EX-submodule in D. Then Efps(M) is also
finitely generated.

Proof. If M is generated by my, ..., m, then ps(mi),...,¢s(m,) generate EXp(M). O

Proposition 2.5. D™ is a finitely generated EX-submodule in D that is stable under the
action of Ty A and we have D = DTH[X].

Proof. Choose an arbitrary finitely generated E{-submodule M of D with M[X:'] = D (e.g.
take M = Efe; + -+ + Efe, for some Ex-generating system ey, ..., e, of D). By Lemma
2.4/ we have an integer r > 0 such that ¢(M) C X,"M, since EJ is noetherian and we have
D =, X;,"M. Then we have

P (XAM) = XRp (M) C XB "M C XK' M

[ ]+
r41. Therefore we have X~

for any integer k > 'M C D** whence DX =

M[X'] = D.



Since T A is commutative and the action of each ¢; (t € Ty a) is continuous, DT is
stable under the action of Ty o. There is a system of neighbourhoods of 0 in D consisting of
Ef-submodules therefore D™ is an EX-submodule.

To prove that DT is finitely generated over E{ suppose first that D is a free module over
EA generated by eq,...,e, and put M := EZel 4+ 4 EXen. We may assume M C D' by

r4+1 1
replacing M with XL”_I]JF M. Moreover, further multiplying M = Efe; +--- + Ele, by a
power of Xa, we may assume that the matrix A := [@se, .. e, Of @5 in the basis ey, ..., e, lies

in E.Inxn as we have [QOS}XZCI Xgen = X(Ap_l)r[ ]61

,,,,,,,,,, e, Now we choose the integer » > 0 so
that it is bigger than valy,_ (det A) for all &« € A and claim that Dt™ C X "M whence Dt is
finitely generated over E'{ as E{ is noetherian. Assume for contradiction that d = .7 | d;e;
lies in D™ for some d; € Ea (i = 1,...,n) such that at least one d;, say d;, does not lie in
XL"EX. In particular, there exists an o in A such that valy, (d;) < —r. Since M is open in
D and d € D', there exists an integer k > 0 such that ¢¥(d) is in M which is equivalent to

saying that the column vector

P (dh)
Aps(A)..gTH A |
wh(dy)

lies in E{". Multiplying this by the matrix built from the (n — 1) x (n — 1) minors of
Apy(A). .. "1 (A) we deduce that det(Aps(A). ..o 1 (A))pk(d)) = det(A)%d’fk lies in
EX. We compute

o k1
0 < valy, (det(A)=1 ") =2 = valy, (det(A)) + pF valy, (di) <
P

pr—

p_

<

1
. valy, (det(A)) — pFr < 0

by our assumption that r > valy,_(det(A)), yielding a contradiction.
In the general case note that D is always stably free by Prop. and Lemma So

D, := D @ E% is a free module over Ex for k large enough. We make D; into an étale
T, .a-module by the trivial action of T’y o on E% to deduce that D is finitely generated over
EX. The result follows noting that D™ C Df" and EJ is noetherian. O

For an object D in D% (pa, A, EA) we define
Dt :={z e D|{¢"x): k>0} C D is bounded} .

Since ¢*(X ) tends to 0 in the X-adic topology, we have XADT C D*+ ie. D¥ C X' D+,
In particular, D" is finitely generated over EX. On the other hand, we also have D™ C D
by construction whence we deduce D = D*[X].

Lemma 2.6. We have ¢(D1) C DT (resp. (D) C D) for all o, € Ty A.

Proof. For any generating system ey, ...,e, of D and any ¢, € T A there exists an integer
k = k(py, M) > 0 such that we have ¢,(XXM) C XKk FELpi(M) C M where we put M :=



Efei + -+ EXe, by Lemma 2.4l Indeed, XA divides ¢;(Xa) in EX, and we have D =
M][1/XA] by construction. The statement on DT follows from the commutativity of the
monoid T} A noting that there exists a basis of neighbouhoods of 0 in D consisting of EX-
submodules of the form M. To see that ¢,(D*) C DT note that ¢;(D*) is bounded and we

have {(0(D*)) = pi(@f(DY)) C (D). O

Now fix an a € A and define DI = DﬂX;i{a}] where for any subset S C A we put
Xs = [Ipes Xp- Then DY is a finitely generated module over B} := EX[X{,,]. We denote
by Tt z C T+ A the monoid generated by ¢z (8 € A\ {a}) and I'a.

Lemma 2.7. DX /D" is X,-torsion free: If both X™d and XA oy d lie in DT for some

element d € DT, o € A, and integers ni,ny > 0 then we have d € D. The same statement
holds if we replace DT by DT+,

Proof. At first assume that D is free as a module over FA with basis eq,...,e,. Then the
denominators of @¥(X™d) = X" o¥(d) in the basis ej,...,e, are bounded for k > 0 by
assumption. Therefore the Xjs-valuations of the denominators of ¢¥(d) are bounded for all
B € A\{a} since F} is a unique factorization domain. On the other hand, the X,-valuations

of these denominators are also bounded since the denominators of ¥ (X Aayd) =X ZQ\’EZ} ©*(d)
are bounded. To prove the statement we have the same argument but ‘being bounded’ replaced
by ‘tends to 0’.

Finally, by Prop. and Lemma D @ E% is free over Ex and we equip it with
the structure of an étale (o, ')-module (trivially on EX). The statement follows from the
additivity of the constructions D +— D and D — D2 in direct sums. ]

Lemma 2.8. Assume that D is generated by a single element e; € D over Exn. Then for any
or in Ty & we have pi(e1) = azey for some unit a; in (EX)*.

Proof. Define a; € Ea and a, € Ea so that ¢s(e1) = ase; and p,(e1) = aqne1. By the étale
property both a; and a, are units in Ea, so it remains to show that valx,(a;) = 0. We
compute

Qoa(at)aael = Qoa(at)ﬁpa(‘ﬁ) = (Pa(atel) = (Pa(90t<€1)) =
= @i(paler)) = pilaner) = iaa)piler) = pi(aq)aer

whence we deduce
pvalx, (a¢) + valx, (a,) = valx, (¢a(ar)as) = valx, (vi(aq)ar) = valx, (as) + valx, (a;)
This yields valy, (a;) = 0 as required. O

Lemma 2.9. There exists an integer k = k(D) > 0 such that for any ¢, € Tz we have
XaDz € EXpu(Dg).

Proof. At first assume that D is free, choose a basis eq,...,¢e, contained in D", and put
M = Efe; +...E{e,, M, := Efe; +--- + Ele,. There exists an integer ky > 0 such
that D* C X ™ M. In particular, we have Df C X %M. Now for a fixed ¢, € T, 5 let
Ay € EX" be the matrix of ¢; in the basis ey, ...,e,. Since p;(e;) lies in DT C X koM,
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all the entries of the matrix A; are in X *EX. Applying Lemma [2.§[ to the single generator
e1 A--- Ae, of A" D we obtain valy, (det A;) = 0. In particular, all the entries of A; " lie in
X, (ko EZ by the formula for the inverse matrix using the (n—1) x (n—1) minors in A;. Now
note that the elements ey, ..., e, can be written as a linear combination of ;(e1),. .., pi(en)
with coefficients from A;'. Using Lemma, this shows

XM Dt C My € X; (DR, (Mg) € X, =Dk Dt

So we may choose k := nky independent of ;.
The general case follows from Prop. and Lemma noting that the functor D +— DI
commutes with direct sums. O]

In view of the above Lemma we define

Di" = ﬂ Efpi(DF) .

pi€ly &

DX* is finitely generated over EX as it is contained in DX and EZ is noetherian. On the
other hand, by Lemma we have X*D C DX* for some integer k = k(D) > 0 whence, in
particular, D = DZ*[X1].

Proposition 2.10. DX* is an étale Ty z-module over EX | ie. the maps

@ ¢ DY = Bf @y, D — DY @)
are bigective for all p, € T 4.

Proof. At first note that we have ¢;(D1*) C DX* for all ¢, € T} 5 by Lemma and the
commutativity of 7' 7, so the map exists. Now let oy, € Ty 5 be arbitrary. Since EX (resp.
EA) is a finite free module over o, (EX) (resp. over ¢;,(FEa)) with generators contained in
EZ, we have a natural identification ¢} DI* = E DBL r, DL* (resp. ;D = EX DBL or, D).
Since EY is finite free (hence flat) over ¢, (EX), the inclusion DX C D induces an inclusion
gpz‘ng C ¢y, D. Tt follows that is injective since D is étale. Similarly, for each ¢, € T 7,
the map

id @i, : @7, (Bx e1(D7)) = Ex (D)
is injective with image FE oy, ¢(DL). On the other hand, since EY is finite free over ¢y, (EX),
we have o} DI* = (,cp, _ ¢ (Ex (D7) where the intersection is taken inside ¢, D. There-
fore (2) is bijective as we have D" = ,cp, _ Exio0e(D7)-

a

U

Lemma 2.11. There exists a finitely generated EX-submodule Dy C DX* such that Dy C
Elps(Do) and DI* = Do[X L, \] where pg = [sen\(ay 5. Moreover, we have Di* =

v e A\{a}
UTZO EA@%(XA\{Q}DO)‘
Proof. Put Dy := DT N DX*. By Prop. and the fact that DI* = Dl[Xgi{a}] we find an
integer ko > 0 such that XZO\{Q}Dl C E{¢a(Dy). So for k > 1% we have

- —k—k —pk -
XA]f{a}Dl c XA\{Q}OEZ@E(DI) - XAf{a}EJAFSDE(Dl) = EJAF(PE(XA]C{Q}DO :
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So we put Dg := X;f{ }D1 so that the first part of the statement is satisfied. Iterating the

inclusion Dy C E{pa(Dg) we obtain Dy C E{pr(Dy) for all r > 1. Finally, we compute

Y-

A\{a}DO C X;\{ }EJAFSOQ(DO) EASOQ(XAi{a}DO) :

The statement follows noting that we have Di* = Dy[X A\ {a}] U, XAl {a} O

3 The equivalence of categories for IF,-representations

3.1 The functor D

Take a copy Gg, o = Gal(Q,/Q,) of the absolute Galois group of Q, for each element
a € A and let Gg,a = [[,ca Go,a- Let Repg (G, a) be the category of continuous
representations of the group Gg, a on finite dimensional I, vectorspaces. We identify I,
with the Galois group Gal(Q,(ppy~)/Q,) as a quotient of Gg, . via the cyclotomic character
Xo: Gal(Qp(pp~)/Qp) — Zy. Further, we denote by Hg, . the kernel of the natural quotient
map Gg, o — I'a and put Ho, A := [[,cn Ho,a < Go,,a- Putting £, := F,(X,)) we have
the following fundamental result of Fontaine and Wintenberger (Thm. 4.16 [5]).

Theorem 3.1. The absolute Galois group Gal(E3?/E,) is isomorphic to Hg, . Moreover,
Go,.« acts on the separable closure K via automorphisms such that the action of T'y =
Go,a/Hg, o on E, = (E3P)Teve coincides with the one given in (1))

For each o € A consider a finite separable extension E!, of E,, together with the Frobenius
Yo' B!, — E! acting by raising to the power p. We denote by E’" the integral closure of
Er = F,[X,] in E!. Note that E! is isomorphic to F, (X)) for some power g, of p and
uniformizer X/, such that we have £/t = F, [X/]. We normalize the X,-adic (multiplicative)
valuation on F, so that we have | X,|x, = p~!. This extends uniquely to the finite extension
E,. Moreover, we equip the tensor product Ej , := @ ucar, Fo With a norm | - [0 by the

formula
|C|P7“0d := inf <mZaX(H |Ca,i|a) | c= Z ® Ca,i) . (3)

aEA i=1 a€A

Note that the restriction of | - |,0q to the subring EZO = @oe AF, E’t induces the valu-
ation with respect to the augmentation ideal Ker(EY, - @,ca 7, Fg.). The norm | - [,0q

is not multiplicative in general, as the ring @ ,car, Fq.) is not a domain. However, it is

submultiplicative. We define E{" as the completion of E Ao With respect to | - [proa and put
E)\ := E'¥[1/Xa]. Note that E'\ is not complete with respect to | - |proq (unless |A| = 1) even

though E , = E [1/X4] is a dense subring in E,. Since we have a containment

() Fo)Xh.aeAl= Q) FulXa] <dense BN,

aeAF, aeAF,

we may identify E with the power series ring (@,ca v, Fo. [ X5, € Al which is the
completion of the polynomial ring above. In particular, the special case E! = E, for all
a € A yields a ring E\ isomorphic to Ea. Therefore Ex is a subring of E’y for all collection

8



of finite separable extensions E, of E, (a € A). Further, ¢, acts on £, (and on EY ) by
the Frobenius on the component in E;, and by the identity on all the other components in £,
B € A\ {a}. This action is continuous in the norm |- |,,.q therefore extends to the completion
E{ and the localization Ey. We have the following alternative characterization of the ring
E\.

Lemma 3.2. Put A ={ay,...,a,}. We have
EIA = Etl)q ®Ef¥1 (E(/m ®Ea2 ( o (E(,Jtn ®Ean EA))) :

Proof. By rearranging the order of tensor products we have an identification

B, = Q) (B @py B 2 B @y (B @y, (- (B 05 BLL)))
acAF,

The statement follows by completing this with respect to the maximal ideal of E{ and in-
verting Xa. O]

We define the multivariable analogue of E* as

Sep : /
E\" = hg EL .
Eo<E!<EP YaeA

For any subset S C A we define the similar notions Eg", E%, and E§* with A replaced
by S. We equip EX” with the relative Frobenii ¢, for each a € A defined above on each E.
Further, EX” admits an action of Gg, a satisfying

Proposition 3.3. Assume that the extensions E. /E, are Galois for all o« € A and let
H' = [L,ea H., where H), := Gal(E:?/E!). Then we have (EXY)#a = E\. In particular,
the subring (EXT)"%~ of Hg, a-invariants in EX? equals En with the previously defined
action of 'a = Go,.a/Hg,.a-

Proof. Since Xa is Hj-invariant and hﬂ can be interchanged with taking H)-invariants, it
suffices to show that whenever

Eo =TF)(Xa)) < Bq = Fg (X5) < EG = For(X2))

is a a sequence of finite Galois extensions for each a € A then we have (EX")#a = E/{. The
containment (EX"7)7a D EY is clear. We prove the converse by induction on |A|. Note that
the ideal M,, < EX" generated by X/ is invariant under the action of H) for any fixed « in
A. Moreover, for any integer k > 1 the ring E”/*/M?" is finite dimensional over F,. Therefore
the image of (EXx")#a under the quotient map EX" — EX"/MFE is contained in

(FL/ME)™ € (B M) ™S00 = (B4 s, (B M) =

H/
_ <Ef\“{a}> M g, (B ME) = B, oy @, (BT /ME)



by induction. Taking the projective limit with respect to & > 1 we deduce that (EX")"4 is
contained in the power series ring

Fu@r, Q) Ty | XL X5]8€A\{a}] CEL.
BeA\{a},Fp

Now using the action of H/, in a similar argument as above (reducing modulo the kth power
of the ideal generated by all the X/, 8 € A\ {a} for all £ > 1) we deduce the statement. [

The subring EX = @ ,car, Fa” in EX" is the inductive limit of E}y , € Ej where E,
runs through the finite separable extensions of F, for each o € A.

Let V be a finite dimensional representation of the group Gg,,a over F,. The basechange
EX? @, V' is equipped with the diagonal semilinear action of Gg, o and with the Frobenii
Yo for a € A. These all commute with each other. We define the value of the functor D at
V' by putting

D(V) := (EX? ®5, V)T |

By Lemma D(V) is a module over EA inheriting the action of the monoid 7'y A from the
action of ¢, (a € A) and the Galois group Gg, a on EX” ®p, V. Our key Lemma is the
following.

Lemma 3.4. The EX"-module EX*®p,V admits a basis consisting of elements fized by Hg, A.

Proof. At first consider the EX?-module EX" ®p, V. We show by induction on |A| that
EX? ®r, V admits a basis consisting of Hg, a-invariant vectors. The statement follows from
this noting that £X” is a subring in /X" therefore the required basis exists also in ExX*®p,V =
EXY @pser (EXY @r, V).

)

By Hilbert’s Thm. 90 the Hg, o-module E;? ®p, V is trivial for each a € A. So we have
an E’?-basis ega), e efia) of B @,V consisting of Hg, o-invariant elements. Since we have

an action of the direct product Hg, o on V, the E,-vector space
V., = Eaega) 4o+ Eae&a) — (E;ep @, V)HQP}Q

admits a linear action of the group Hg, a\{a}. Now note that the representations V" and V,, of
the group Hg, a\{a} become isomorphic over the field E5® by construction. Since Hg, A\{a}
acts through a finite quotient on V', there is a finite extension E! of E, contained in E3 such
that we have an isomorphism E), ®r, V = E, ®pg, Vo of Hg, a\{a}-representations. Making
this identification and writing e; := 1 ® ¢; € E, ®g, V' (resp. el(-a) =1® ego‘)), i=1,...,d, for
a basis ej,...,eq in V (resp. for the basis ega), e e((ia) in V) by an abuse of notation, we find
a matrix B € GLg(E],) with Bp(h) = po(h)B for all h € Hg, a\{a} Where p(h) € GL4(IF,)
(resp. pa(h) € GL4(E,)) is the matrix of the action of h on V (resp. on V,,) in the basis
e1,...,eq (resp. ega), o e&a)). Now E! /E, is a finite separable extension, so there exists a
primitive element v € E!, with E/, = E,(u). Hence we may write B is a sum B = B(u) =
By + Biu+ -+ + B,_ju™"! for some matrices By, By, ..., B,_1 € E¥*? with n := |E/, : E,|.
Since det B # 0, the polynomial det(B(z)) := det(By + Bz + -+ + B, 12" ') € E,[z] is
not identically 0. As E, is an infinite field, there exists a ug € F, with det B(ug) # 0. Now

10



we have p(h) = B(uo) ™' pa(h)B(ug) for all h € Hg, a\{a}, ie. the representations V and V,, of
Hg, A\{a} are isomorphic already over E,. This shows that there exists a basis UYX), .. .Uc(la) in
V., such that the action of each h in Hg, a\ja} is given by a matrix in GL4(IF,) in this basis.

We put
V ':F () F (o) V — Esep V HQILDL —
Avay = Fpui™ 4 Fpuy” C Vo = (B3P @r, V)

Hpra
= ® 10@E7:,V) C (EX" @, V) e
BeA\{a}

By induction we find a basis vy,...,v, of Ezei” (o} OF, Vaviar € ( EZG’I; OF, V) Hgp o consisting
of Hy, a\{a}-invariant elements which are Hq, o-invariant, as well, by construction. Therefore
v1,..., 0, is an Hg, a-invariant basis of EX* @, V' as required. O

Lemma 3.5. We have (EX")* N Ea = EX.

Proof. Let u be arbitrary in (EX”)* N Ea. Since u is invariant under the action of Hg, A, so
is its inverse u~' whence it also lies in £ by Lemma [3.3] O

Lemma 3.6. We have (| ,cp(EXT)#*74 =T

Proof. The containment F, C [ oA (EX")#*=4 C (EXP)?+=4 is obvious. On the other hand,
let u € EX” be arbitrary such that ¢, (u) = u for all @ € A. Then we also have u? = ¢4(u) = u
as @, is the absolute Frobenius on EX”. Since EX” is defined as an inductive limit, u lies
in Ex = (Quear, Fo)[Xo | @ € A[XA] for some collection Ef, = Fy, (X7)) (o € A) of
finite separable extensions of E,. Note that @), ar, Fo, 18 a finite étale algebra over F),
in particular, it is reduced. Therefore we have [uP|yro0 = [ul},,4 We deduce [ulproq = 1
unless u = 0. In particular, u lies in ElY = (Q),« ar, Fa)[X4 | @ € Al The constant term
uo € Quear, Fo. also satisfies q(ug) = uo for all @ € A. For a fixed a € A we choose
an F,-basis di,...,d, of ®6€A\{a}’Fp Fg, and write ug = " | ¢; ® d; with ¢; € F,,. This
decomposition is unique and we compute

p-

n

Zci®di = Uy = Pa(uo) = Zcf@)di :
i=1 i=1
We deduce ¢; = ¢, ie. ¢; € F,, for all 1 <1i < n. It follows by induction on |A| that ug lies in
F,. Now u — ug is also fixed by each ¢, (a € A), but we have |u — ug|poq < 1. This implies

by the discussion above that u = w is in I, as desired. O

Proposition 3.7. D(V) is an étale T’y n-module over Exn of rank d := dimg, V. Moreover,
we have EX? ®@p, D(V) = EX* @5, V and

V= () (ES? @, D(V))*
acA
Proof. By Lemmata and D(V) is a free module of rank d over Ea. Moreover, the
matrix of ¢, in any basis of D(V) is invertible in EX”, therefore also in Ex by Lemma So
the action of T A on D(V) is étale. The last statement is a direct consequence of Lemmata

[3.4] and B.6l O
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Lemma 3.8. For objects V, Vi, Va in Repg (Go,a) we have D(Vy @, Va) = D(V1) @p, D(V2)
and D(V*) 2 D(V)*.

Proof. We compute

Hprﬁ

I

D(Vi @, V2) = (B @x, Vi @8, V2) " 2 ((BX? @5, Vi) @pgr (BX” @, V2) )

sep sep HQP’A
((BX? ©5s D)) @ige (BX? 08, D(V2))) 7 =
~ (B3 ®p, (D(V1) ®g, D(V2))) %2 = D(11) @p, D(V) .

For the second statement we have

D(V*) = (BEX* ©r, Homg, (V,F,)) " 22 Homser (B @5, V, EX7)Hora =

= HomEZep(EZeP ®r, D(V), Ezep)HQp’A = (ER" ®p, Hompg, (D(V), EA))H@”’A =D(V)".
O

Theorem 3.9. D is a fully faithful tensor functor from the category RepFP(G@pﬁA) to the
category D (pa,Ta, Ea).

Proof. Let f: Vi — V3 be a nonzero morphism in Repg (Gg,.a). Then the E"-linear map
idof: EX?@r, Vi = EX? @p, V5 is also nonzero. By the last statement in Prop. it follows
that D(f) # 0 therefore the faithfulness.

Now let Vi and V, be arbitrary objects in Repg (Gg,a) and 6: D(Vi) — D(V2) be a
morphism in D% (pa, A, Ea). Then by Prop. we obtain a Gg, a-equivariant [F)-linear
map

f:Vi= () (BX @5, D1A)* = = () (BX? @5, D(V2)7 7 = 14

acA aEA
induced by 6 for which we have § = ID(f). Therefore D is full. The compatibility with tensor
products is proven in Lemma [3.§] O

Remark. Note that any étale Ty o-module D in the image of the functor D is free as a
module over Eo by construction.

Consider the diagonal embedding diag: G, — Gq,,a sending g € Gg, to (g,...,g). This
defines a functor diag: Repy, (Gg,.a) = Repg (Gg,) via restriction. On the other hand, we
have the reduction map £: D% (pa,Ta, Ea) — D% (¢, T, E) to usual (¢, I')-modules defined
in section 2.4 of [I1]. Recall that this is given by taking the quotient by the ideal generated
by (Xo — Xg | o, 8 € A) and restricting to the diagonal ¢ = ¢, = [[,cp ¢o and T' :=
{(77 s 77)} < FA-

Corollary 3.10. There is a natural isomorphism (ﬁa\g = VpoloD of functors RepFP(G@p’A) —
Repg, (Go,) where Vi: D(p,T', E) — Repg, (Gq,) is Fontaine’s functor from classical étale
(¢, I')-modules to Galois representations.
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Proof. We may identify E, = E = F,((X)) by sending X, — X for all @ € A. We extend
this identification to E5? — E*®. So we obtain a map (*?: EX* — E*® sending each subring
E3P to E*P via these identifications and completing on the level of each finite extension E'.
We do this in a way so that the diagonal embedding of G, — Gg, A acts on the quotient
E*P in the usual way. The restriction of £*? to Ez is the map ¢: Ex — E defined above, so
the diagram

EpA—— EX”

E(é ES@])

commutes. Thus for an object V in Repr(GQpA) we compute

VpoloD(V)=Vp(E®g,DV)) = Vp((E*P) o RpaeD(V))
= VF((ESEP ®E5A€P7€sep ESAEP ®EA ID)(V))HQP) — VF((ESEP ®E5A€P7£sep ESAEP ®Fp V)HQP) =
= Vp((E*? @5, V)or) = Vi o Dp(V) = V |ding(ci,) = diag(V) .

3.2 The functor V

In order to show that the functor DD is essentially surjective, we construct its quasi-inverse
V. Let D be an object in D*(pa,T'a, Ea). The group Gg, a acts on EX* ®p, D via the
formula g(A ® z) 1= g(A) ® Xeye(9)(2) (9 € Go,a, A € EX?, # € D) where Xeye: Gg,a = I'a
is the quotient map. Moreover, each partial Frobenius ¢, (o € A) acts semilinearly on
EX* ®@p, D via the formula ¢, (A ® ) := ©a(\) @ @a(z). All these actions commute with
each other by construction. We define

V(D) = () (B @,y D) .
a€EA
V(D) is a—a priori not necessarily finite dimensional—representation of Gg, A over F,.

Lemma 3.11. For any integer r > 0 we have (gep(EX 0 [(Xo]/(XD))es=d = F,[X,]/(X2).

Proof. This follows from Lemma noting that F,[X,]|/(X]) is a finite dimensional F,-

vector space on which ¢z acts identically for all 5 € A\ {a} and we have Ezef{a} (Xo]/(X]) =

Ex{ay ®F, Fp[Xa]/(X3). O

Lemma 3.12. For any integer r > 0 and finitely generated EX /(X")-module M we have an
identification ExT, [Xal/(X3) Rptjxpy M = EXVia) ®Ea ) M.
Proof. This follows from the isomorphism EZ /(X") = Ea\ (o3[ Xal/(X7). O

For a subset S C A we put EZFH = hﬂE{; so we have E{* = Egeer[Xgl].

Lemma 3.13. E57 (resp. ESPY) is flat as a module over Es (resp. over E&) for all S C A.
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Proof. By construction, FY (resp. EY") is finite free over Eg (resp. over Ed), so E&? (resp.
E¥PY) is the direct limit of flat modules hence flat. O

Lemma 3.14. We have (EX{0, [Xa]|[X3']) Mo\ e) = By

Proof. We have Ex = EZ\{Q} [Xa][XA'] where EZ\{Q} = (ESAE{’;})HQP’A\{“} by Lemmaand
Hg, a\{a} acts trivially on both X, and X4, so acts on the power series ring EX\{Q} [Xa]
[l

coefficientwise.
Our main result in this section is the following

Theorem 3.15. The functors D and V are quasi-inverse equivalences of categories between
the Tannakian categories Repg, (Gg,a) and D (pn,Ta, En).

Corollary 3.16. Any object D in D (pn,Ta, EA) is a free module over E.
Proof. This follows from the essential surjectivity of I using the remark after Thm.[3.9 O

Proof of Thm.[3.15 This is a long proof that we divide into 5 steps.

Step 1. Reducing the statement to the essential surjectivity of D. By Thm. [3.9the functor
D is fully faithful and we have VoID(V)) = V naturally in V for any object V' in Repg (Gg,,a)
by Prop.[3.7 Moreover, by Lemma [3.§ D is compatible with tensor products and duals. So it
remains to show that I is essentially surjective. We proceed by induction on |A|. For [A| =1
this is a classical result of Fontaine (see e.g. Thm. 2.21 in [5]). Suppose that |A] > 1, fix
a € A, and pick an object D in D% (pa, A, EA).

Step 2. The goal here is to trivialize the pg-action (8 € A\ {a}) on DZ* /X7 uniformly in
r by tensoring up with Ezef (o} By Prop. DX is an étale T’y z-module over Ef. Reducing
mod X, for an integer v > 0 we deduce that DI} := DI*/X7DZ* is an étale T} z-module
over EX /(X1) = En\{a}[Xal/(X]). Since each o5 (8 € A\ {a}) acts trivially on the variable
X, we have a natural isomorphism of functors

Eav{a}[Xal/(X3) @5\ oy xal /(X001 * = B0} Oyt
for all t € T, z. Hence D27 is an object in D*(a\ja}, Lav{aps Eavia}) since Eaygay[Xa]/ (X))

is finitely generated as a module over Ea\{o3. By induction, we can trivialize Dg"; over
ET ([Xa]/(X?): the natural map

A\{a}
s€] r se r " pp=id |
EAip{a} [(Xa]/(X2) QF, [Xal/(X2) m (EAfj{a}[Xa]/(Xa) ®E§/(Xg) Dg,r) —
peA\{a}
% B [Xal (XD) @y D = BT, [Xal /(XD) @ D (4)

is an isomorphism for all 7 > 0 using Lemmata [3.11 and Our key Lemma is the following
consequence of Prop. [2.10}

Lemma 3.17. There exists a finitely generated EX-submodule M < DX* such that

se r * pp=id
N (B Xa)/(X0) @5 D) (5)
peA\{a}
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1s contained in the tmage of the map

B [Xa)/(X2) @ M — ESPE [X,]/(X0) @ DE* 2 EXT L [X)/(XD) @, DE* (6)
induced by the inclusion M < DX* for all r > 0. Moreover, M can be chosen in such a way
that @ 18 injective.

Proof. We show that M := le\“{a}(DJr N DE*) will do for k large enough. Since D7 is finitely
generated over E, so is M by noetherianity. Using Lemma we choose k > 0 so that we
have D" = U5 EAL(M), ie. we put M := X\, Do. For any fixed r > 0 there exists an
integer [, > 0 such that is contained in

B IXal /(X2) @ pr XU M C BXEE (Xl /(X0) @ x EXl (M) =

A\fo) A\fe) A\fo
= BV oy [Xal/(X2) 0 (BXY ([ Xal /(X2) @p1 M) .

Now if z lies in (f]), then we have ¢'r(z) = z. On the other hand, z lies in
Ep oy [ Xal /(X0) 0 (BN oy [ Xa] /(X2) Rpt M)

for some finite separable extensions Ej/Eg for 5 € A\ {a} and E}, (,, = ®ﬁ€A\{a},FpE%'
Therefore x lies in fact in E, (,[Xa]/(X7) ® g+ M by the injectivity of the map

id@pr: Exy(ay[Xal/(X8) ®p

/ T +%
oy e/t (Bavoy[ Kol /(X) @px D7) —

— Ep\ oy [Xal/(X7) Qpt Dy

(DZ* is étale) noting that the absolute Frobenius ¢g: E\\(ay = EA\(qy 18 injective since the
ring E’A\ (o} is the localization of a power series ring over a finite étale algebra over F,, in
particular, it is reduced.

Finally, by Lemma DZ* /M has no X,-torsion as DX* /M = DI* 4 X °F D*/(X;f{a}DJr)

A\{a}
is contained in DX /(X DT) = DX /D*. Therefore the map (0) is injective. O

A\{a}

Step 3. The goal here is to show the following compatibility of our construction with
projective limits with respect to r.

Lemma 3.18. We have
lim (X7 [Xal/(X0) @g M) 2 EXTE (Xl @ M,

M (Ezef{a} [XOC]/(XZ;) ®E§ Dg*> = ESAe\p{a} [[XOC]] ®E§ Dg* ) cmd

r

1 se T se r . pp=id -
lim (B0 X)) @m, i) () (BT [Xal /(X2) @52 ) D) =~
" BeA\{a}
se se pp=id
= EA{{G} [Xall OF,[Xa] ﬂ (EAij{a} (Xa)) ®E4 D)

peA\{a}
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Proof. Since M is contained in D, M has no X,-torsion. In particular, M is flat as a module

over the local ring F,,[[X,]]. Now we deduce that M and Ezef {+ 1[Xa]/(X3) are Tor-independent

over EX{ by Lemma since we have the identification

B oy Xal /(X3) @ M = EXT, @px

A\{a} (Fo[Xal/(X3) ®F,[xa) M)

A\fa}

On the other hand, M is finitely generated over EX, so we short exact sequences
0= M = (EDP B M =0  and 00— M — (EDF = M =0

by noetherianity. In order to simplify notation write (-), for E{ {J; 1 Xa]/(X3) @+ - to obtain
an exact sequence

(M), — (EL)S 25 (BL)M 25 (M), — 0

for all » > 0 using the Tor-indepence above. Now since the natural map (N),, — (N),, is
surjective for any EX{-module N and 71 > ry > 0 by the right exactness of - ® B N, the
natural map Ker(fy,,) — Ker(fy,,) is also surjective (applying this in case N = M; and
a diagram chasing). So the Mittag-Leffler property is satisfied for these projective systems
showing that the map lim fo, is surjective with kernel lim Ker(fo,) = lim Im(f,). Ap-
plying the same trick as above with N = M, we deduce that the projective system Ker(f; )
also satisfies the Mittag-Leffler property showing that lﬁn fi, has image @ Im(fy,). In

particular, lim (M), is the cokernel of the map lim_fi,: (B [Xal)M — (EXV L [Xa])*
Esep+

and so is Ex{7,, [Xa] ® gt M as claimed. The second statement follows in the exactly same
way.

For the third statement note that the isomorphism and the surjectivity of the map
EXP X)) (X)) @pe DI — BN L [X,]/(X72) @+ DZ* implies that the map

A\{a} A\{a}
se * pp=id
ﬂ (EA<7{04}[X ]/(Xgl)®Eg/(xgl)Dg7r> -
BeA\{a}
sep . S pp=id
- m < Ayl ]/(Xf)@Eg/(X;?)Da,T)
BeA\{a}

is also onto for all vy > ry. Therefore the natural map

sep +* SDﬁ:id
N (B Xl @p D7) =

peA\{a}
sep r 4% pp=id
= lim m (EA\{Q} al/(X2) ®p /(xn) Da,r> -
T peA\{a}
sep +* pp=id
- ﬂ (EA\{a} o)/ (Xa) ®@p+(x.) Da,r>
BeA\{a}
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is also onto using the second statement of the Lemma. On the other hand, the kernel of this
map equals

S€ * wﬁ:ld Se *
ﬂ <EA<?{Q} [Xo]l ®5+ DF > NXo B [ Xa] ®p: DT =
pes\{a}

se, * pp=id
=Xo () (B[] @5 DF)
BeA\{a}

since X, is fixed by each ¢ and ES{,,[Xo] @5+ D* has no X,-torsion. This shows,

pp=id
in particular, that (geay () (Ezef’{a} [Xo] ®p+ Dg*) s finitely generated over F,[X,]
by the topological Nakayama Lemma (see [I]). Moreover, it is torsion-free hence free as

EX{(oy[Xa]l ®p+ D™ has no X-torsion either. In particular,

sep sep %B:id
Exley [Xa] @551 ) (EA\{Q} (Xa)) @pa D)
peA\{a}
is X -adically complete and the result follows. ]

Step 4. The goal here is to obtain a (Yq,'y)-module D, over E, (by trivializing the action
of each pg, B € A\ {a}) which is at the same time a linear representation of the group
Gq,.a\{a}- We take projective limits of the inclusions in Lemma [3.17) with respect to r to
conclude (using Lemma that

sep —+* wﬁ:id
N (B X @5 DE)
Bea\{a}

is contained in the image of the map

ESAEC{J;} [Xa] Qg M — EZEC[Q} [Xa]] Qg+ DI .

Note that M[X:'] = DZ*[X{'] = DI*[X 1] = D and ¢ acts trivially on X,. So inverting
XA above we deduce that
se pa=id
Da = ﬂ (EAf{a} ((Xa)) ®EA D>
pea\{a}

is contained in the image of the map

Bl [XaJ[X5" ®ps D = EXY (X)) ®p, D -

A\{a} A\{a}
On the other hand, by and the third statement of Lemma we have an isomorphism
BT (Xa)) @, (xa) Do = Exl1y (Xa) ®p, D - (7)

Lemma 3.19. The finite dimensional F,((X,))-vector space D, has the structure of an étale
(Yo, Ta)-module. At the same time it is a (linear) representation of the group Gg, a\{a}-
These two actions commute with each other.
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Proof. The operator ¢, and the groups I'y and Gg, a\{a} act naturally on D,. For the
étaleness of the action of ¢, on D, note that we have F,(X,)) ®F,(x.).0. D = D by the étale
property of ¢, on D and that g acts trivially on F,((X,)). So we compute

se pp=id
Fy(Xa)) @, (xa)ga Do = Fpl(Xa) @rp(xahien | ) (EAf{a}«Xa)) ©ps D ) -
Bea\{a}

se pp=id
= N (Bo(X) @ryxanmn Bil(Xa) €2, D) =
peA\{a}

se gpﬁ:id,\,
= ) (BS0)(Xe) ®5a Fol(Xa) S5,00000 D) =
BeA\{a}
pp=id

= () (B3l (X)) @6 D) = Da.
peA\{a}

]

Step 5. We show the essential surjectivity of D here. Now we apply Vi, = (E57 ®r,(x.)
)= on D, to obtain a finite dimensional F,-representation V' of Gg, . Moreover, we
have dimg, V' = dimy,(x,) Do = rkg, D by the isomorphism since Vg, is rank-preserving

by Fontaine’s classical result. Using again the isomorphism and the containment D, C

EY {J; [ Xa] [X:'] ®g, D we conclude an injective map

B IXa[XR'] ®5,(xa) Da = BV, IXa][XR'] ®5s D

and applying E;? ®p,(x,) - another injective composite map
EX? @, V —
o (EXP [XIXRY] ©r,xay Bi?) @5, V =
2 B [ Xal[X3'] @, (xa) Ba? ®F,(xa) Do =
= B3 ®r,(xa) Eavpm [Xall[X2" ®F,(x0) Do =
= (B2 ®r,0x00) BT [XD(X3"]) ®54 D .
Taking Gg, a-invariants of this inclusion we deduce an inclusion D(V)) < D using Lemma

3.14] However, this is an isomorphism by Prop. 2.1 in [II] as D(V) and D have the same
rank. O

Remarks. 1. Even though we have constructed V in the proof of the above theorem
by a different procedure from just putting V := V(D), we still have an isomorphism

V = V(D(V)) = V(D) by Prop. 3.7

2. If k is a finite extension of ), then we have an equivalence of categories between
Rep,.(Gg,,a) and D(pa,Ta, k®r, Ea). Indeed, we have a natural isomorphism (k ®p,
EX") ® - = EX? ®p, - as functors on Rep,(Gg,,a).
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4 The case of p-adic representations

4.1 Cohomological preliminaries
We will need the following multivariable analogue of Hilbert’s Theorem 90 (additive form).
Proposition 4.1. The continuous group cohomology H.,.,(Hg, n, EX") vanishes.

Proof. By Prop.|3.3|it suffices to show that for finite Galois extensions E! /E, (for all a € A)
with Galois group H!, := Gal(E!/E,) we have H'(H' E\) = {1} where we put H' :=
[I,ca H.. Choose a normal basis ey, ..., e,, € £, over £, for each « € A. By Lemma
the set {[],ca €in | 1 <ia <o, o € A} is a basis of the free Ea-module E)y. In particular,
E)\ = EA[H'] is induced as an H’-module whence the cohomology group H'(H', E) is
trivial. [

Let D be an abelian group admitting an action of the commutative monoid [], . oN. Fix
a total ordering < on A and consider the complex

**D):0+D>@PD—--—» @ D—--=D—0

a€EA {lel ~~~~~ O‘T}e(e)

.....

term corresponding to {1, ..., a,} € A to the component corresponding to the (r + 1)-tuple
{B1,...,Bri1} C A'is given by

dﬁl ----- Br+1 — 0 if {al""7a7’} Z {ﬁlv"wﬁr—kl}
(—1)(id—pp) it {B1,...,011} ={oa,...,,} U{B},
where ¢ = e(ay, ..., ., 3) is the number of elements in the set {ay,...,a,} smaller than f.

Since the operators (id —¢3) commute with each other, ®*(D) is a chain complex of abelian
groups. Note that for each o € A we have a complex

% (D):0— D =" D0

such that ®*(EX") is a kind of completed tensor product of the complexes ®¢(E5?). More
precisely, the tensor product over [F,, of the complexes ®*(E5) is the complex ®*(EX") which
is therefore acyclic in nonzero degrees with Oth cohomology equal to IF, by the Kiinneth
formula. Note that there are no higher Tor’s as the tensor product is taken over the field [F,,.
We need the following completed version of this observation.

Proposition 4.2. The complex ®*(EX") is acyclic in nonzero degrees with Oth cohomology
equal to .

The following Lemma is well-known.

Lemma 4.3. For any finite separable extension E! /E, the map id —p,: X, E't — X/ E'" is
bijective.

Proof. The kernel of id —¢, is F, which is not contained in X/ E/". On the other hand,
ZZOZO " converges on this set and is therefore an inverse to id —¢, by formal reasons. O
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Our key is the following

Lemma 4.4. For all « € S C A the map id —p,: ES* — EI* is surjective with kernel

sep
Eg\(a}-

Proof. We may assume S = A. The inclusion E{,,, € Ker(id —p,) is clear. For a col-
lection Eg < Ej = F,(X3) (B € A) of finite separable extensions the ring E is em-
bedded into (E}, (. ®F, Fq,)(X,)). By comparing the coefficients we find that (E},,, ®r,

F. (X079 = EQ -
For the surjectivity pick an element ¢ in E)y C EX? for some collection of finite separable

extensions ?\5 < By =F,,(X5) (8 € A). There exists an integer k& > 0 such that c lies in

XJEY = Qaenp, X F, X;"Ej". So we may write ¢ as a convergent sum ¢ = Y | ¢y ®Ca,p such

n=1

that cz, € XA\{Q}EZ'\{Q} With can — 0 and cqo,p € XojkEsr. Now the images of the elements
Cam (n > 1) under the map E!,/X/ E'F are contained in the finite set X *E"" /X! E'* so by

0% o )
Lemmathere exists an finite separable extension E!, < E” such that ¢, ,, = don—@a(dan)
for some d, ,, € E! for all n > 1. Moreover, the X,-adic valuation of d, , is bounded by that
of the X,-adic valuation of ¢, , showing that the sum d := ZZO:1 Can®d,,, defines an element

in EX? with ¢ = d — ¢,(d). O

Proof of Prop.[{.9. We proceed by induction on |A|. The case |A] = 1 is clear, so suppose
= |A| > 1 and we have proven the statement for any proper subset S C A = {ay,...,a,}.
Let c= (05)56( ) € 6956( ) EX" be a cocycle in degree r. By Lemma we find an element

T = (20)ye( 2,) With dy = 0 for all U with o, { U such that (c—d"~ Hz))s =0forall S € (%)
with a,, € S. Indeed, the map - U {a,}: (A>{_a1”}) —{S e (T,) | a, € S} is a bijection and by
our assumption that z is concentrated into (A>{_al”}) C (fl) only the S\ {a}-component of x
contributes to the S component of d"~!(z) for a,, € S. So by replacing ¢ with ¢ — d"(z) we

may assume without loss of generality that cg = 0 for all S containing «,,. In particular, for
S e (A\{Ta"}) we compute

0= (d'(c)) sugant = (—1)"(ld =pa, )(cs) + Y (=17 (id —gp) (csrufanpiay) =

Bes’
= (=1)"(id —¢a, ) (cs') -

Using Lemma again this yields cg € Ezef (o, for all 5" € (f) Now the statement follows

by induction. O]

The association D — ®°*(D) is an exact functor from the category of abelian groups with
an action of ], ca ©N to the category of chain complexes of abelian groups. In particular,
for any short exact sequence 0 — D; — Dy — D3 — 0, we have a short exact sequence
0 — ®*(Dy) — P*(Dy) — P*(D3) — 0 of chain complexes. This yields a long exact sequence

0 — h'®*(Dy) — h°®*(Dy) — h°®*(D3) — h'®*(D;) — h'®*(Dy) — h'®*(D3) — - -

of abelian groups.
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4.2 The multivariable p-adic coefficient ring

Our goal in this section is to lift Ea and EX” to characteristic 0 so we can classify p-adic
representations of Gg, a. Recall [5] that Og = Hm, Z/(p™") (X)) is constructed as a Cohen
ring of £ 2 F,((X)). Via the embedding X + [¢] — 1 these are subrings of B which is defined
as B = W(E*a?)[pfl] where W(ES?I’) is the ring of p-typical Witt vectors of the completion
Eser (with respect to the X-adic topology) of the separable closure E*®. Here [¢] denotes
the Teichmiiller representative of the sequence € = (g,), € l'&nx»—m’ Oc, = E/?S\@PJF of p-power
roots of unity with €; # 1. Note that E5 is an algebraically closed field of characteristic
p which is, in fact, isomorphic to the tilt (C';7 = Frac(l'glezp Oc,/(p)) of C, in the modern
terminology. Further, for any finite extension E’/E contained in E* there exists a unique
finite unramified extension £ of £ = Og[p~'] contained in B with residue field £’ (Prop. 4.20
in [5]).

We define the ring Og, as the projective limit Jim, (Z)(p")[Xa | @ € AJ[XA"]) and put
En = Og,[p7"] so we have O, /(p) = Ea. The Iwasawa algebra OF = Z,[X, | o € A] <
Og, is isomorphic to the completed tensor product of the one-variable Iwasawa algebras
Of = Z,[X,] (o € A) over Z,. This motivates the way we can lift £\ to characteristic 0
for a collection E! /E, (o € A) of finite separable extensions. We define

O;;A = @05&

€A Zy

as a completed tensor product. If we write £/, = F, (X)) (« € A) then we may identify O;,A
with the power series ring <®a€ AZ, W(an)> [X. | @ € A] over the finite étale Z,-algebra

—

acaz, W(Fy,). We define Og, as the p-adic completion Og,A (X1 = lim, Og,A XX/ (")
and put £ := Og [p~']. We have the following alternative characterization of Ogy .

Lemma 4.5. Writing A = {a,...,a,} we have
Oc, = O¢, Qog,, (- (Og, R0y, Ocs)) -

In particular, Og,_is a free module of rank [[;_, |E,, : Eo,| over Og,.

Proof. Each Og, is naturally a subring in Og, and so is Og,. Therefore there is a ring
homomorphism from the right hand side to the left hand side which is an isomorphism modulo
p by Lemma [3.2] The first statement follows from the p-adic completeness of both sides.
Since Og, is a complete discrete valuation ring, Og, is finite free over Og, of rank
|El,. : Eq,| (i =1,...,n). Therefore the second statement. O
Now we define £X" := lim &} and Ogyr = lim Ogy where EZ: runs over the finite subex-
tensions of E, in E for all & € A. Further, we denote by EX" (resp. by Ofg\r) the p-adic
completion of EX" (resp. of Ogyr). We have ng /(p) = EX* by construction. The group
Go,,a acts naturally on é{g” (resp. on ng\) Moreover, for each & € A we have the Frobenius

lift ¢, on B, (the copy of B indexed by «) which acts on [e] by raising to the pth power
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(as it is a Teichmiiller representative). So we have ¢,(X,) = (X, + 1)’ — 1. For each finite
extension B, /E, we have ¢(€) C &, so this defines an action of ¢, on the rings EX", Ogur,

, and ng
of the group GQp:

for all @« € A. These operators commute with each other and with the action

Proposition 4.6. We have

HQP /aﬂchZid
gur =En , () &x =Q, , and
acA
Ho,,a Ya=id
Og{t\rp - OSA y ﬂ Oﬁ - Zp .
A A
aEA

Proof. The statements on 5“7" follow from those on (95/1; as p is Yo~ and Hg, a-invariant for
all « € A. Moreover, the latter statements are consequences of Prop. [3.3] resp. Lemma
using devissage. O

4.3 The equivalence of categories

We denote by Repy, (Gg,a) (resp. by Repg, (Gg,,a)) the category of continuous repres-
entations of Gg, a on finitely generated Z,-modules (resp. on finite dimensional Q,-vector
spaces). Let T' (resp. V) be an object in Rep; (Gg, a) (resp. in Repg, (Gg, a)). We define

D(T) := (O@ Rz, T) Hona (resp. D(V):= (6? ®q, V) HQP’A) .

By Prop. D(T) (resp. D(V)) is a module over Og, (resp. over Ex). Moreover, it
admits an action of the monoid T} a: the action of ¢, (o € A) is trivial on 7' (resp. on

V') and therefore comes from the action on Ogm (resp. on EX) defined above. The action
of 'a = Gg,a/Hg,a comes from the dlagonal action of Gg, A on Os/g\r ®z, T (resp. on

g ®Qp )

Proposition 4.7. Let T' be an object in Rep; (Gg,a). The natural map
ngf R0, D(T) — ng\r ®z, T

s an isomorphism.

Proof. This is very similar to the proof of Prop. 2.30 in [5]. We proceed in two steps. Assume
first that T is killed by a power p* of p. We use induction on h. The case h = 1 is done
in Prop. Now for h > 1 we have a short exact sequence 0 — T3 — T — T5, — 0 of
objects in RepZP(GQp’A) such that pTy = 0 and p"~'T5. Since OS/Z\T has no p-torsion, it is flat
as Z,-module. Therefore we obtain a short exact sequence

0—>OgX7®ZPT1—>O§X7®ZPT—)O§X7®ZPT2—)O.

Now we have an identification Oé\g’“ ®z, T1 = EX" @p, T1 = EX" @p, D(T}). In particular, as
a representation of Hg, o we have (’)g\ZT ®z, T1 = (EX” )dims, T In particular, Prop. yields
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1
H cont

(Hg, A, O ®z, T1) = {1}. By the long exact sequence of continuous Hg, n-cohomology
we deduce the exactness of the sequence

0—=D(Ty) - D(T) = D(T,) - 0.

Now we have a commutative diagram
0—— 05/2\,« ®@5A D(Tl) — Og/x\r ®05A ]D(T) — OEZ\T ®(9£A ]D)(Tg) —0
(95/37 ®z, 11 05‘; ®z, T OS/Z\T ®z, 1o

0 0

with exact rows. Thus the vertical map in the middle is an isomorphism by induction using
the 5-lemma.

The general case follows from this by taking the projective limit of the isomorphisms above
for T/p"T as h tends to infinity. O

An étale Ty A-module over Og, is a finitely generated Og,-module D together with a
semilinear action of the monoid 7', A such that for all ¢, € T A the map

is an isomorphism. We denote by D%(pa,'a, Og,) the category of étale T a-modules over
Og,. As in the mod p case, D(pa,T'a,Og,) has the structure of a neutral Tannakian
category. If D is finitely generated Og, module that is killed by a power p" of p we define the
generic length of D as length ., D := S tkg, p'D/p'D where 1k, denotes the generic
rank (ie. dimension over Frac(Ea) of the localisation at (0)).

Corollary 4.8. The functor D is exact. D(T) is an object in D(pa,Ta, Og,) for any T
in Repy, (Gq,,a). Moreover, if T is killed by a power of p then the we have length,,, D(T) =
length, T

Proof. 1f T is an object in Repy, (Gg,.a) such that p"T" = 0, then we have H'(Hg, a, Og\xr Rz,

T) = {1} by induction on h using the long exact sequence of continuous Hg, r-cohomology.
So the exactness of D on finite length objects in RepZP(GQW a) follows the same way as in the
proof of Prop. in the special case when pT} = 0. Now if 0 - 77 — T, — T3 — 0 is an
arbitrary short exact sequence in Repy, (Gg,,a) then we have an exact sequence

19)
0— Tl[ph] — Tg[ph] — Tg[ph] 4 Tl/pth — Tg/phTQ — Tg/phT3 —0
of finite length objects for all h > 1. Applying D yields an exact sequence
0 — D(T1[p"]) — D(Tx[p"]) — D(T3[p"]) — D(T1/p"T1) — D(To/p"Ts) — D(T3/p"T3) — 0

for all » > 1. Since T; is finitely generated over Z,, we have T;[p"] = (T})ors for h > hy large

h
enough (i = 1,2,3). In particular, the connecting map T;[p™* V" %5 T;[p*"] is the zero map
for h > hy and i = 1,2,3. Thus the Mittag—Leffler property is satisfied for both Im(3dy); and
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Coker(dy,)n as the map Ty /ph™' Ty — Ty /p"T is surjective for all h > 1. Hence taking the
projective limit we obtain an exact sequence 0 — D(77) — D(73) — D(75) — 0 as claimed.

The statement on the generic length follows from the exactness using Prop. and induc-
tion on h such that p"T" = 0. In particular, D(7) is finitely generated over Og, if T' has finite
length. Now if 7" is not necessarily of finite length then we apply the exactness of D on the
exact sequence 0 — T[p] — T % T — T/pT — 0 we obtain that D(T/pT) = D(T)/pD(T)
which is finitely generated over En. Therefore D(T') is finitely generated over Og, by the
p-adic completeness of D(7") (by definition we have lm, D(T/p"T) = D(T)).

Finally, the étale property for finite length modules follows by induction on the length
from the case h =1 (Prop. and in general by taking the projective limit. O]

Conversely, let D be an object in D% (pa, T'a, Og, ). We define
pa=id
T(D) = ) (Ogg ®0s, D)

aEA

This is a Z,-module admitting a diagonal action of Gg, A via the formula g(A ® d) := g(\) ®
x(9)(d) where x: Gg, a — I'a is the quotient map.

Proposition 4.9. For any object D in D% (pa,Ta, Og,), the natural map
ng\r ®z, T(D) — ng\r Rog, D
1S an isomorphism.

Proof. This is completely analogous to the proof of Prop. 2.31 in [5]. We proceed in two
steps. At first assume that p"D = 0 for some integer h > 1. Consider the exact sequence
0 — D[p| = D — D/D[p] — 0 and apply the exact functor ®*® o (OS/Z\T ®0g, ) to obtain an
exact sequence

0— (I).(O?Z\T ®og, Dip]) — @'(OE‘Z\T Rog, D) — CD'(OEZ\T SICEN D/D[p]) — 0.

By Thm. ﬁ Dip| is in the image of the functor D whence 05/2.7 ®og, DIp] is isomorphic to
(EXT)™ea PP as a T, ca ph-module using Prop. . In particular, hlq)‘(Og\ZT ®oe, Dp]) =0
by Prop. [£.2] This yields an exact sequence

0 — T(D[p]) — T(D) — T(D/D[p]) =0,

and the statement follows the same way as in the proof of Prop. .7}
The general case follows by taking the limit.

Now note that T(D) is finitely generated over Z,: this is obvious in the case when p"D =
using induction on h and in the general case by Nakayama’s lemma as we have T(D)
lim T(D/p"D) by construction. So we deduce

o O

Theorem 4.10. The functors D and T are quasi-inverse equivalences of categories between
the Tannakian categories Repy (Gg,a) and D*(pa,Ta, Og,).
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Finally, an étale T’y o-module over €4 is a finitely generated Ea-module D together with a
semilinear action of the monoid T’y A such that there exists an object Dy in D (on, LA, O¢,)
with an isomorphism D = Dy[p~!] = EA®o, Do We denote by D (pa, Ta, Ea) the category
of étale T’y aA-modules over Ea. As before, D(pa, 'a, €a) has the structure of a neutral Tan-
nakian category. We have the following characteristic 0 version of the category equivalence:

Theorem 4.11. The functors

cur Hop.a
Vo D(V) = <5Zr %4, V) .
D — V(D):= ﬂ <§x\r s, D)@aZid

aEA

are quasi-inverse equivalences of categories between the Tannakian categories Repg, (Go,.a)
and D (o, Ta, EA).

Proof. Since Gg, A is compact, any finite dimensional Q,-representation V' contains a Gg,,a-
invariant lattice T'. The statement follows from Thm. by inverting p on both sides. The
compatibility with tensor products and duals follows the same way as in characteristic p. [

Remarks. 1. If A is a Z,-algebra which is finitely generated as a module over Z,, then
we have an equivalence of categories between Rep 4(Gg,,a) and D*(¢a,I'a, A®z, O¢,).
Indeed, we have a natural isomorphism (A ®z, ng\r) Qg = 05/\3’” ®z, - as functors on

Rep,(Gg,,a). Similarly, if K is a finite extension of Q,, then we have an equivalence of
categories between Repy(Gg, a) and D (pa,Ta, K ®q, Ea).

2. Tt is expected that there is a similar equivalence of categories for representations of the
|AJth direct power of the group Gal(Q,/F) for a finite extension F/Q,. However, at
this point it is not clear what type of (p,I')-modules one should consider. The usual
cyclotomic (¢, I')-modules do not seem to be well-suited for the purpose of the p-adic
and mod p Langlands programme. On the other hand, the Lubin-Tate setting may
not work properly in characteristic p due to the non-existence of the distinguished left
inverse ¢ of . To work over the character variety of the group Op [2] seems, however,
to be a good candidate.
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