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Abstract

We study asymptotic properties of maximum likelihood estimators of drift parameters
for a jump-type Heston model based on continuous time observations, where the jump
process can be any purely non-Gaussian Lévy process of not necessarily bounded varia-
tion with a Lévy measure concentrated on (—1,00). We prove strong consistency and
asymptotic normality for all admissible parameter values except one, where we show only
weak consistency and mixed normal (but non-normal) asymptotic behavior. It turns out
that the volatility of the price process is a measurable function of the price process. We
also present some numerical illustrations to confirm our results.

1 Introduction

arXiv:1509.08869v4 [math.ST] 18 May 2018

Parameter estimation, especially studying asymptotic properties of maximum likelihood esti-
mator (MLE) of drift parameters for Cox—Ingersoll-Ross (CIR) and Heston models is an active
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area of research mainly due to the wide range of applications of these models in financial
mathematics.

The present paper gives a new contribution to the theory of asymptotic properties of MLE
for jump-type Heston models based on continuous time observations. Concerning related works,
due to the vast literature on parameter estimation for Heston models, we will restrict ourselves
to mention only papers that investigate the very same types of questions. For a detailed and
recent survey on parameter estimation for Heston models in general, see the Introduction of
Barczy and Pap [6].

Overbeck [33] studied MLE of the drift parameters of the first coordinate process of a
(diffusion type) Heston model (see (|1.1)) based on continuous time observations, which is
nothing else but a CIR process, also called square root process or Feller process. Ben-Alaya
and Kebaier [§], [9] made a progress in MLE for the CIR process, giving explicit forms of joint
Laplace transforms of the building blocks of this MLE as well.

Barczy and Pap [0] considered a Heston model

(1.1)

{dyt:(a_byt)dwral\/?tdwn t €[0,00)

dX; = (= BY;) dt + 09V (0dW; + /1 — 0> dBy),

where a,01,09 € (0,00), b,a, 8 € R, o€ (=1,1) and (W}, By)icjo,) is a 2-dimensional
standard Wiener process. Here (X;)ico,o0) is the log-price process of an asset, (Y;)ic[0,00) 18 its
stochastic volatility (or instantaneous variance), o7 € (0,00) is the so-called volatility of the
volatility, and p € (—1,1) is the correlation between the driving standard Wiener processes
(Wi)teo,o0) and  (0Wi + /1 — 0?Byt)ico,00)- The MLE of the drift parameters (a,b,a, )
and its asymptotic behavior have been investigated based on continuous time observations
(Y:, Xi)iep,m with T € (0,00) for all admissible parameter values (according to b > 0, b =0,
and b < 0). It turned out that, for all ¢ € [0,7], Y; is a measurable function of (X)o7,
hence, for the calculation of the MLE in question, one does not need the sample (Y}):c[077-

The original Heston model (see Heston [18]) takes the form

Y, = k(0 = Y,) dt + o/V; dW,
(1.2) { ¢ =0 = Yi)di + o VY AW, t € [0, 00),

dS; = pSydt + St\/Yt(gth + /1 —0? dBt),

where (S;)icjo,00) 1s the price process of an asset, pu € R is the rate of return of the asset,
0 € (0,00) is the so-called long variance (long run average price variance, i.e., the limit of
E(Y;) as t = 00), k€ (0,00) is the rate at which (Y})ic0,00) reverts to 6, and o € (0, 00)
is the so-called volatility of the volatility. We call the attention that there are two differences
between the models and . Namely, in the coefficient k can only be positive,
while in the corresponding coefficient b can be an arbitrary real number. In other words,
the first coordinate process in can be subcritical, critical or supercritical (according to
b>0, b=0, and b < 0), but in it can only be subcritical (since x > 0). Moreover, the
second coordinate process in is the price process, while in ([1.1) it is the log-price process.



In this paper we study a jump-type Heston model (also called a stochastic volatility with
jumps model, SV.J model)

dY; = k(6 — Y;) dt + o/Y; AW,
(1.3) {t w0 =Yt + oVYi A, t € [0, 00),

dSt = ,USt dt + St\/?t(Qth + \/ 1— Q2 dBt) + St, st,

where (L¢)iejo,00) 15 @ purely non-Gaussian Lévy process independent of (Wi, By)ico,00) With
Lévy—Khintchine representation

o0

(1.4) E(e™M) = exp {wu + /

-1

(€™ — 1 —iuzl(_y(2)) m(dz)} , u € R,

where 7 € R and m is a Lévy measure concentrated on (—1,00) with m({0}) = 0. Here, let
us recall that the Lévy process L has finite variation on each interval [0,¢], ¢ € [0,00), if and
only if f_ll |z m(dz) < oo, see, e.g., Sato [35, Theorem 21.9]. We point out that the assumption
P(Yy € [0,00),5) € (0,00)) =1 and the assumption in question on the support of the Lévy
measure m assure that P(S; € (0,00) for all ¢ € [0,00)) = 1 (see Proposition [2.1]), so the
process S can be used for modeling prices in a financial market. From the point of view of
financial mathematics, a natural question may occur concerning the model . Namely, is the
drift coefficient of the second SDE in well-adjusted in the sense that the discounted price
process forms a martingale under some suitable equivalent martingale measure? We renounce
to consider this question, we just note that one may have to choose the parameter u in an
appropriate way to assure this property. In Lamberton and Lapeyre [27), Section 7] one can find
a detailed discussion of the same type of question for a jump-type Black-Scholes model, where
the jumps of the log-price process is modeled by a compound Poisson process. They derived a
necessary and sufficient condition for the drift coefficient of the underlying SDE in terms of the
discounting factor and the parameters of the compound Poisson process in question in order
that the discounted price process is a martingale, see [27, page 146]. For a good survey on
jump-type Heston models, pricing and hedging in these models, see Runggaldier [34]. In fact,
the model is quite popular in finance with the special choice of the Lévy process L as a
compound Poisson process. Namely, let

Tt

(1.5) Li:=) (ef=1), te0,00),

=1

where (7;)icjo,00) 15 @ Poisson process with intensity A € (0,00), (J;)ien is a sequence of
independent identically distributed random variables having no atom at zero (i.e., P(J; =0) =
0), and being independent of 7 as well. We also suppose that m, (J;)ien, W and B are
independent. One can interpret J as the jump size of the logarithm of the asset price. Then

E(e1) = exp {A /_ (e 1) m(dz)}

1

1 o)
= exp {iu)\/ zm(dz) + )\/ (€™ — 1 —iuzlyq(2)) m(dz)} , u € R,

1 -1



has the form (1.4) with m being the distribution of e/t —1 and v = A f_ll zm(dz). Moreover,
S; takes the form

t 1 t Tt
(1.6) St:SOeXp{/ <#—§Yu> du+/ \/?u(gqu+\/1—g2dBu)+ZJi}
0 0 i=1

for t €[0,00), see . We note that the SDE ((1.3) with the Lévy process L given in ({1.5))
has been studied, e.g., by Bates [7, equation (1)], Bakshi et al. [3, equations (1) and (2) with
R = 0], by Broadie and Kaya [12], equations (30)-(31)] (where a factor S;_ is missing from the
last term of equation (30)), by Runggaldier [34, Remark 3.1 with A\; = A] and by Sun et al. [37,
equation (1) with J, = 0]. Bates [7], Bakshi et al. [3] and Broadie and Kaya [12] have chosen
the common distribution of J as a normal distribution. Bakshi et al. [3] used this model
for studying (European style) S&P 500 options, e.g., they derived a practically implementable
closed-form pricing formula. Broadie and Kaya [I2] gave an exact simulation algorithm for
this model, further, they considered the pricing of forward start options in this model. Sun
et al. [37] have chosen the common distribution of J as a normal distribution, a one-sided
exponential distribution or a two-sided distribution, and they applied the Fourier-cosine series
expansion method for pricing vanilla options under these jump-type Heston models.

The aim of this paper is to study the MLE of the parameter 1 := (6, r, ) for the model
based on continuous time observations (Y3, S).cjo,r7 with 7" € (0,00), starting the process
(Y,S) from some deterministic initial value (yo,so) € (0,00)? supposing that o, o, v and
the Lévy measure m are known. Here we stress that under these assumptions, the underlying
statistical space corresponding to the parameters (k, 6, 1) € (0,00)? xR is identifiable, however
it would not be true for the statistical space corresponding to the parameters (k,0,u,vy) €
(0,00)? x R?. We call the attention that the MLE in question contains stochastic integrals with
respect to L. We prove that, for all ¢ € [0,T], L; is a measurable function (i.e., a statistic)
of (St)icpm, by providing a sequence of measurable functions of (S;)cpm converging in
probability to L;, see Remark (note that this sequence depends on v and m as well).
Further, it turns out that Y; for all ¢ € [0,7], and the parameters o and p are also
measurable functions of (Si)c07], see Remarks and , respectively. Hence, for the
calculation of the MLE in question, one needs only the sample (S¢)co,77, the parameter ~
and the Lévy measure m (v and m are needed for the reconstruction of (Ly)icpo,r7). Though
we do not need to estimate the parameters ¢ and p, it is worth mentioning that the market
microstructure effects may cause serious damage to the approximation of ¢ and p given in
Remark and to the MLE of (6, k,u) in case of high-frequency observations as in Zhang et
al. [41]. This type of question can be another interesting topic for future research.

The paper is organized as follows. In Section [2| we prove that the SDE ([1.3) has a pathwise
unique strong solution (under some appropriate conditions), see Proposition , we recall a
result about the existence of a unique stationary distribution and ergodicity for the process

(Yi)tepo,00) given by the first equation in (1.3)), see Theorem In Proposition we derive a
Grigelionis representation for the process (S¢)ico,c). Further, we prove that for all ¢ € [0, T,
Ly and Y; are measurable functions of (S;)icpo,r), and we justify why we do not estimate the

4



parameters o and p, see Remarks[2.4] 2.5 and [2.6] Section [3]is devoted to study the existence
and uniqueness of the MLE (é\T, Ry, jir) of (0,k,p) based on observations (Y%, St)icjor) with
T € (0,00). In Proposition , under appropriate conditions, we prove the unique existence
of (§T, Rr,fr), and we derive an explicit formula for it as well, see (3.11]). In Remark , we
describe the connection with the so called score vector due to Sgrensen [36] and the estimating
equation due to Luschgy [31], [32] leading to the same estimator. In Section [d] we prove that
the MLE of (0, k,pu) is strongly consistent if 6,k € (0,00) with 0k € (%,oo , and weakly
consistent if 6,x € (0,00) with 0k = %2, see Theorem H and Remark ﬁ, respectively.
Section [5| is devoted to investigate the asymptotic behaviour of the MLE of (0,k,u). In
Theorem , provided that 6,k € (0,00) with 0k € (%2,00), we show that the MLE
of (0,k,u) is asymptotically normal with a usual square root normalization (7%/2), but as
usual, the asymptotic covariance matrix depends on the unknown parameters # and k, as
well. To get around this problem, we also replace the normalization 7'/? by a random one
(depending only on the sample, but not on the parameters 6, k and p) with the advantage
that the MLE of (6, k, ) with the random scaling is asymptotically 3-dimensional standard
normal. Theorem is a counterpart of Theorem in some sense. Namely, provided that
0,r € (0,00) with f0x = "72, we derive two limit theorems for the MLE (@\T,ET,/]T) with
mixed normal limit distributions. First, we have a non-random scaling, but for i instead of
the usual scaling 7'/? we have T; and then we have a random scaling as well. We point
out that, surprisingly, the limit distributions in Theorems and do not depend on L
(roughly speaking, they do not depend on the jump part). From a practical point of view, a
natural question can occur, namely, how one can decide whether Theorems and [5.3| can be
applied (if yes, then which one), since one does not know the product 6x of the unknown
parameters # and k in advance. To answer this question, one can build up a probe for
testing the null hypothesis 0k = % against some alternative hypothesis, e.g., 0x > é In
Section [6] we present some numerical illustrations of our limit theorems. We close the paper
with Appendices, where we recall certain sufficient conditions for the absolute continuity of
probability measures induced by semimartingales together with a representation of the Radon—
Nikodym derivative (Appendix , some limit theorems for continuous local martingales for
studying asymptotic behavior of (é\T,ET, fr) (Appendix [B)) and a version of the continuous
mapping theorem (Appendix|C]), and we give an explicit formula for the non-normal but mixed

normal density function of the limit distribution of T'(ur — ) as T — oo in Theorem
(Appendix D).

We call the attention that in both cases 0 > "72 and 6k = "72, the CIR process Y has
a unique stationary distribution and is ergodic, nevertheless, in case 6k > é the asymptotic

limit distribution of the MLE of % = (6, , ) is normal, while in case 0k = "—22 it is mixed

normal. The interesting point is that we have an ergodic case with an asymptotically mixed
normal (but non-normal) limit distribution. The main difference between the two ergodic cases

is that E(3-) < oo if k>, but E(51) =o0 if k=9
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2 Preliminaries

The next proposition is about the existence and uniqueness of a strong solution of the SDE

©3).

Proposition 2.1 Let (no,{o) be a random vector such that 1o is independent of (Wy)iepo,00)
satisfying P(ny € [0,00), (o € (0,00)) = 1. Then for all 0,k,0 € (0,00), p € R and
o€ (=1,1), thereis a (pathwise) unique strong solution (Y, Si)icjo,00) of the SDE such
that P((Yo,S) = (10,¢)) = 1 and P(Y; € [0,00) and S; € (0,00) for allt € [0,00)) = 1.
Further,

(2.1)

t 1 t
S; = S exp{/ (u — §Yu> du + / VY, (edW, ++/1—0?dB,) + Lt} H (14 AL,)e Ak
0 0 u€[0,t]
for t€0,00), where AL, :=1L,— L,—, u¢€ (0,00), ALy:=0, and the (possibly) infinite
product is absolutely convergent. If, in addition, Ok € [%, oo) and P(ny € (0,00)) =1, then
P(Y; € (0,00) for allt € [0,00)) = 1.

Note that, due to Sato [35, Theorem 21.3], for each ¢ € (0,00), the product [],cp,(1+
AL,)e 2L in ([2.1)) contains finitely many terms different from 1 if and only if m((—1,1]) < oo.

Proof of Proposition . By a theorem due to Yamada and Watanabe (see, e.g., Karatzas
and Shreve [25, Proposition 5.2.13]), the strong uniqueness holds for the first equation in (1.3]).
By Tkeda and Watanabe [19, Example 8.2, page 221], there is a (pathwise) unique non-negative
strong solution (Y})icjo,0) Of the first equation in (1.3) with any initial value 7, such that
P(ny € [0,00)) = 1. The second equation in can be written in the form

dSt = St, dL:, t e [O, OO),

where
t

(2.2) L = ut+/ VY (0dW, + /1 - 02dB,) + Ly, t €10, 00),
0

is a semimartingale, since the process (\/?t)te[o,oo) has continuous sample paths almost surely
and hence locally bounded almost surely yielding that ( fot VY (0dW, + /1 — o2 dBu)) +[0,00)
is a square integrable martingale, and since L is a semimartingale being a Lévy process (see,
e.g., Jacod and Shiryaev |22, Corollary 11.4.19]). Using AL} = AL, t € [0,00), and Theorem
1 in Jaschke [23], which is a generalization of the Doléans-Dade exponential formula (see, e.g.,
Jacod and Shiryaev [22] 1.4.61]), we obtain

1 .
S, = Spexp {Lj{ — Lt - 5((L*)C°m>t} H (1+ AL A
u€(0,t]
t 1 t
= Sy exp {ut +/ VYu(0dW, +/1—0*dB,) + L, — 5/ Y, du} H (1+ AL,)e 2w,
0 0

u€[0,t]



where  (((L*)*")¢)ic0,00) denotes the (predictable) quadratic variation process of the con-
tinuous martingale part (L*)*™ of L* and the (possibly) infinite product is absolutely
convergent. Here we used that ((L*)), = fg Y, du, t €[0,00), being a consequence of the
fact that

(2.3) (L*)5ont = /Ot VY (0dW, +/1—02dB,),  te€0,00),

which can be checked as follows. The Lévy—Ito’s representation of L takes the form

L, = lim/ / “(du, dz) — dum(dz)) / / Ldu,dz) 4+ ~t
30 S0, 6<|z\<1} 0,1 J{1<[= |<oo}

//h1 “(du, dz) — dum(dz)) //z—h1 ) (du, dz) + vt

for t € [0,00), where p%(du,dz) = > vef0.00) L{AL,£0}E(w,aL,) (du, d2) s the integer-valued
Poisson random measure on [0,00) x R associated with the jumps of the process L, ()
denotes the Dirac measure at the point (v,x) € [0,00) x R, and

(2.4)

(2.5) hi(2) = 211-11)(2), z € R,

is a truncation function, see, e.g., Sato [35, Theorem 19.2]. The first term in (2.4) is a purely
discontinuous local martingale, see, e.g., Jacod and Shiryaev [22, Definitions 11.1.27]. The
second term in (2.4)) can be written as a finite sum (see, e.g., Sato [35, Lemma 20.1])

/0 /R(z — hi(2)) g (du, dz) = Z L{jar,>13ALy, t €[0,00),

u€[0,t]

which is a compound Poisson process with Lévy-Khintchine representation

E (eiezue[o,u 1{\ALu\>1}AL“> = exp {/ (el — 1) m(du)} : 6 € R.
1

Hence it is a process with finite variation over each finite interval [0,¢t], t € [0,00), see, e.g.,
Sato [35, Theorem 21.9]. Consequently, we conclude . An alternative way for deriving
is as follows. Using , the process L* can be written in the form II1.2.23 in Jacod
and Shiryaev [22], and hence, by Jacod and Shiryaev [22) Remarks I11.2.28, part 1)], we get
(2.3). Thus the (pathwise) unique strong solution (Si)sc0,0c) Of the second equation in
is given by . Further,

P(AL; € (—1,00) forall t € [0,00)) =1,

since the Lévy measure m of L is concentrated on (—1,0) U (0,00). Using again
ALf = AL, t € [0,00), we obtain P(AL; € (—1,00) for all t € [0,00)) = 1, and hence
P(S; € (0,00) for all t € [0,00)) = 1. Indeed, if Sy =1, then this follows, e.g., from Theorem
[.4.61 (c) in Jacod and Shiryaev [22], hence, in general, this is a consequence of formula
and P(S € (0,00)) = 1.



The proof of the last statement can be found, e.g., in Tkeda and Watanabe [19, Chapter IV,
Example 8.2] and in Lamberton and Lapeyre [27, Proposition 6.2.4]. O

In the sequel L, Ly and 2% will denote convergence in probability, in distribution
and almost surely, respectively.

The following result states the existence of a unique stationary distribution and the ergod-
icity for the process (Y;)icio,00) given by the first equation in (1.3)), see, e.g., Feller [I7], Cox et
al. [13, Equation (20)], Li and Ma [29, Theorem 2.6] or Theorem 3.1 with o = 2 and Theorem
4.1 in Barczy et al. [5].

Theorem 2.2 Let 0,r,0 € (0,00). Let (Yi)icpp,00) be the unique strong solution of the first
equation of the SDE (1.3)) satisfying P(Yy € [0,00)) = 1.

(i) Then Y, 2, Y as t — oo, and the distribution of Y. is given by

_ 20k

(2.6) E(e =) = (1+§A) = Ne0,00),

i.e., Yoo has Gamma distribution with parameters 20rk/c* and 2r/0?, hence

20k
B - St K)o (L2 ),
() T(%) o
FEspecially, E(Yy) =10. Further, if 0k € (%2,00), then E(é) = 293502,

(ii) For all Borel measurable functions f:R — R such that E(|f(Yy)|) < oo, we have

(2.7) —/ fV)du 25 E(f(Ya)) as T — oo.

Note that, by Proposition the process (Y, St)iejo,00) 1S a semimartingale, see, e.g., Jacod
and Shiryaev [22] 1.4.34]. Now we derive a so-called Grigelionis form for the semimartingale
(St)icp,), see, e.g., Jacod and Shiryaev [22] I11.2.23] or Jacod and Protter |21, Theorem 2.1.2].

Proposition 2.3 Let 0,k,0 € (0,00), p€R, o€ (—1,1). Let (Y, Si)icio0) be the unique
strong solution of the SDE (1.3) satisfying P(Yy € [0,00), Sp € (0,00)) = 1. Then

Sy = So+ (1 +7) /Ot S, du + /Ot (/R(hl(Su_z) — Su_hy(2)) m(dz)) du

(2.8) + /t SuV/Yu(0dW,, + /1 = 0*dB,)

//h1 w—2) (1" (du,dz) — dum(dz)) //Su_z—hl w_2)) pt(du, dz)

for t€[0,00), where hy s defined in ({2.5)).



Proof. Using (2.4) and Proposition 11.1.30 in Jacod and Shiryaev [22], we obtain

t t
st=50+(u+7)/ Sudu+/ SuV/Yu(0dW, + /1 — ¢2dB,)

//S _hi(2) (1" (du,dz) — dum(dz)) //S (z — hy(2)) p*(du, dz)

for t € [0,00). In order to prove the statement, it is enough to show

(2.9) / /S _hi(2) (0" (du, d2) — dum(dz)) = I, — L,
(2.10) /0 /RSU_(Z — hy(2)) p*(du, dz) = Iz + I,
with

I = / / ha(Su_2) (u"(du, dz) — dum(dz)),

I = / / (h1(Su_z) — Su_tn(2)) (4 (du, dz) — dum(dz)),

I = / / (Su_z — h(Su_2)) u(du, dz),

= / / (ha(Su2) — Su_hi(2)) b (du, d2),

and the equality

(2.11) L-L=1I with Ij= /Ot (/R(hl(Su_z) — Su_hi(2)) m(dz)) du.

For the equations (2.9)), (2.10) and (2.11)), it suffices to check the existence of Iy, I3 and Is.

First note that for every s € (0,00) we have

82]1{1<|2|<l} lf S & (0, 1), z € R,
(2.12) hi(sz) —shi(z) =40 if s=1, z€R,
—szlii <y if s€(1,00), 2z €R

The existence of I, will be a consequence of Iy = Ir1 — I35 — I3 with

t
1271 ::/ /SUZ]]'{1<|Z|<31}H{Sue(o,l)}uL(du’dz)’
0 JR v
t
1272 Z:/ /Su—ZIL{1<|z|<Sl}IL{SH_G(OJ)} dum(dz),
0 JR w-

t
I3 :—/ /SU_Z]l{Sl<|Z<1}]1{Sue(17oo)} (1" (du, dz) — dum(dz)).
0o Jr u—



Here we have

t t
Rl € [ [ 1Su-allg iy Liscomy iu,d2) < [ [ T ut(du d) < oo,
0 U= 0

see, e.g., Sato [30, Lemma 20.1]. Moreover,

t
| 12,0 </ /|Su—2’|]1{1<2|<;}ﬂ{su_e(o,n}dum(dz)
0 JR v

¢
< / /]1{1<|z} dum(dz) =tm({z € R: |z| > 1}) < 0.
0o JR

Further, the function Q X [0,00) X R 3 (w,t,2) = hi(z) belongs to Gic(u”), see Jacod
and Shiryaev [22 Definitions I1.1.27, Theorem I1.2.34]. We have |Z]l{s+<|z\<1}]l{sufe(1,oo)}| <

|hi(2)|, hence, by the definition of Gioc(u¥), the function Q x [0,00) X R > (w,t,2)
Z]]‘{%%<|Z|<1}]]‘{Su—€(1»oo)} also belongs to Giec(pl). By Jacod and Shiryaev [22, Proposition
I1.1.30], we conclude that the function Qx[0,00) xR > (w,t,2) > Su-2L 1 <y Lis-e(o0}

also belongs to Gloc(uL), thus the integral I3 exists, and hence we obtain the existence of
I5, and hence of I.

Next observe that we have AS; = S;_AL;, t € [0,00), see, e.g., Jacod and Shiryaev [22]
page 60, formula (5)]. Consequently,

t
s :/ /S“—Z]l{lsu—z|>1} ph(du,dz) = ) Su(ALu)Lys, args1y = Y ASuljas,>1)
0 R

u€e(0,t] u€(0,t]

is a finite sum, since the process (S;)icp,) admits cadlag trajectories, hence there can be at
most finitely many points u € [0,¢] at which the jump |AS,| exceeds 1, see, e.g., Billingsley
[T, page 122]. Thus we obtain the existence of I3, and hence of I4.

Finally, we have

t
| 15 g/o (/R|Suz]]l{l<|z|<%1_}]l{sue(o,1)} m(dz)> du

t
+/o </R [Su-2|L i qaieny Lsu-eoon m(dz>> du

t
</ (/ ]1{1<|z|}m(d2)> du + </\Su2|211{|z|<1} m(d2)> du
0 R R

t 1
=tm({z €R:|z| > 1}) +/ S2 du/ |z m(dz) < oo,
0 —1

hence we conclude the existence of Is. O

In the next remark, we show that, for all ¢ € [0,7], L, is a measurable function of
(St)tepo,r depending on the parameter ~ and the Lévy measure m.
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Remark 2.4 For all ¢t € [0,7] and § € (0,1),

/ / "(du,dz) — dum(dz)) = Z Lis<|aL. <13 ALy, —/ / zdum(dz)
0,4] 5<|z|<1} 0,4] J{s<|zl<1}

u€(0,t]

AS,
= E 1 1asul t/ zm(dz),
<5< s, (5<|21<1}

u€el0,t]

which is a measurable function of (S})sco,r). Similarly, for all ¢ € [0, 77,

ASU
du dz 1 ALy,|>1 AL = 1 |ASu\
/0 (0,¢] /{1<z|<oo} Z { - Z U521 S

u€(0,t] u€e(0,t]

which is a measurable function of (S¢)cp77 as well. Hence, using (2.4), for all ¢ € [0,77,

Z 1 {1asul 5 SS t/ zm(dz)+’yti>Lt as 60,

wel0,1] {6<]z|<1}

yielding that L; is a measurable function of (S;)¢co,r;- In the special case of

(2.13) = > AL, tel0,00),

s€[0,t]

the above statement readily follows from AL, = @Ss s € [0,00). Condition ([2.13) is satisfied

if f1|z| (dz) < oo and v = flzm (dz), since, by (L.4),

Lt:/ot[gzuL(du,dz)—i—t(’y—/ zmdz) > AL +t< /1zm(dz))

s€[0,t]

for ¢ € [0,00), see Sato [35, Theorem 19.3]. Recall that, using (L.4), the Lévy process L has
finite variation on each interval [0,¢], ¢ € [0,00), if and only if f_ll |z| m(dz) < oo, see, e.g.,
Sato [35, Theorem 21.9]. For example, it is satisfied for a compound Poisson process given in
, where m is a probability measure. O

In the next remark, we show that, for all ¢ € [0,7], Y; is a measurable function of

(St)te[O,T} .

Remark 2.5 Let 0,r,0 € (0,00), p€R, o€ (=1,1). Let (Y}, S)ecjo0) be the unique
strong solution of the SDE (|1.3)) satisfying P(Y € [0,00), Sy € (0,00)) = 1. The Grigelionis
representation given in Proposition implies that the continuous martingale part S of
S is

t
(2.14) Gont :/ SuV/Yu(0dW, + /1= g2dB,),  te€0,00),
0

11



see Jacod and Shiryaev [22] T11.2.28 Remarks, part 1)]. Consequently, the (predictable) quadratic
variation process of S is (Seont), fo S2Y, du, t €[0,00). Since

P(S;, S;— € (0,00) for all ¢t € [0,00)) =1

with the convention Sy_ := Sy (due to Proposition , one can apply Itd’s rule to the
function f(x) = log(z), x € (0,00), for which f'(x) = 1/z, f'(z) = —1/2% =z € (0,00),
and we obtain

(2.15)

log St = 1 S+/Td5“ 1/T1d<swm> + > (logS, —log S L As
og o7 = log 5o S, 2) & 08 Su — 108 Su— = o Ady

0 u€[0,T]

T 1 [T
:10g5'0+uT+/ \/Yu(Qqu+\/1—92dBu)—§/ Y,du+ Ly
0
Su
# Y (longtr1- 5

u€[0,T]

for T € [0,00), see, e.g., von Weizsicker and Winkler [39, Theorem 8.4.1]. All terms in
are well-defined. In particular, the last term is a process with finite variation over each
finite interval [0,¢], ¢ € [0,00), see, e.g., Sato [35, Lemma 21.8.(iii)]. Taking into account
of the Lévy-Ito’s representation (2.4) of L, we conclude that the continuous martingale part
(log S)o™ of logS is (logS)som fo VY (odW, + /1 —0?dB,), t € [0,00). Hence the
(predictable) quadratic variation process of (log.S)®™ is

t

((log §)*°™), — / Yodu,  tel0,00).

0
By Theorem 1.4.47 a) in Jacod and Shiryaev [22],
[nt] .
Z(logsi —log Si-1)? — [log S); as n — oo, tel0,00),

i=1

where |x] and ([log S]i)icjo,0) denotes the integer part of a real number = € R, and the
quadratic variation process of the semimartingale log S, respectively. By Theorem 1.4.52 in
Jacod and Shiryaev [22],

[log S]; = ((log S)*"); + Y _ (log S, —log S,-)*,  t € [0,00).

u€(0,t]
Consequently, for all ¢ € [0,00), we have

Lnt)
Z(log Si —logSi)? — Z (log S, —log S, )? N ((log S)om), as n — 0.

i=1 u€(0,t]

12



Note that this convergence holds almost surely along a suitable subsequence, the members of
this sequence are measurable functions of (Sy)uc[04, hence, using Theorems 4.2.2 and 4.2.8 in
Dudley [16], we obtain that ((log S)®"); = fot Y, du is a measurable function (i.e., a statistic)
of (Su)uepp,g. Moreover,

((log S)**™ )14 — ((log S)™)¢ _ 1

t+h
(2.16) h :E/ Y,ds 2%, as h—0, te]l0,00),
t

since Y has continuous sample paths almost surely. Consequently, for all ¢ € [0,7], Y; is a
measurable function (i.e., a statistic) of (Sy)ucjo,r; (Where for ¢ =T, one may take h 10),
however, we also point out that this measurable function remains inexplicit. 4

Next we give statistics for the parameters ¢ and p using continuous time observations
(St)tcppr) With some T > 0. Due to this result we do not consider the estimation of these
parameters, they are supposed to be known.

Remark 2.6 Let 0,k,0 € (0,00), p€R, o€ (—1,1), and P(Y; € [0,00), Sp € (0,00)) = 1.
Then for all T > 0,

o? o0 B 1

oo 1 fOT Y, ds
where (Y (log S)™)¢)ic(0,00) denotes the (predictable) quadratic covariation process of Y
and (log )™, since, by the SDEs (L.3) and (2.17)),

V)r (Y. (log S>C°nt>T] 5,
(Y. (log ")z ((log $)")z |

T T T
Vg = o2 / Yodu,  ((logS)™)p — / Yodu, (Y, (log )™y = oo / Y, du.
0 0 0

We point out that ]P’(fOT Y, du € (0,00)) = 1. Indeed, if w € Q issuch that [0,7] > s — Y,(w)
is continuous and Y;(w) € [0,00) for all ¢ € [0,00), then we have fOT Y.(w)du =0 if and
only if Y,(w) =0 for all w e [0,7]. Using the method of the proof of Theorem 3.1 in Barczy
et. al [4], we get IP( fo Y,du =0) =0, as desired. We note that ET is a statistic, i.e., there
exists a measurable function Z: D([0,T],R) — R?**? such that Sp o= Z((Sw)uepo,m): Where
D([0,T],R) denotes the space of real-valued cadlag functions defined on [0, 7], since

.
1 %T:J Yi = Via Yi = Vi
ZL"TJ Vi i log S log Si-1| |log S log Sia
(2.17) " "
1 0 0 P o~
T ~—T]~ | Yp as n — 0o,
Ly Yior o7 [0 (log S, — log S,-)

where the convergence in ([2.17]) holds almost surely along a suitable subsequence, the members
of the sequence in (2.17)) are measurable functions of (S, )ucpo,r (due to Remark , and one
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can use Theorems 4.2.2 and 4.2.8 in Dudley [16]. Next we prove (2.17)). By Theorems 1.4.47
a) and 1.4.52 in Jacod and Shiryaev [22],

[nT]

Y (Vi = Vi )25 Vg = (V)

=1

[nT]
Z(log Si —log Si1)® — [log S)r = ((log )™ 7 + Z (log S, — log S,_)?,
=1 ’ ’ u€[0,T)

[nT] .

Z(YL - Yg)(log Si — lOg SQ) —_— [Y, lOg S]T — <Y’ (10g S)cont>T

i=1

as n — oo, where ([Y,logS]i)co,0c) denotes the quadratic covariation process of the semi-
martingales Y and logS. Consequently,

|nT| T

D

=1

0 0 P T ~
— Z | — Y,du ) Xr as n — 0o,
wepr) L0 (log S, — log S,-) 0

see, e.g., van der Vaart [38, Theorem 2.7, part (vi)]. Moreover,

Yi —Yi Yi —Yia
logSl- —logS@ logSi —IOgSﬂ

1 [nT] T
—ZYﬂg Y, du as n — oo
=" 0

since Y has continuous sample paths almost surely. Hence (2.17)) follows by Slutsky’s lemma.
Finally, we note that the sample size T is fixed above, and it is enough to know any short
sample (Sy)ucp,r) to carry out the above calculations. O

3 Existence and uniqueness of MLE

From this section, we will consider the jump-type Heston model ([1.3)) with known o € (0, c0),
o€ (—1,1), v € R, Lévy measure m, and deterministic initial value (Y, So) = (yo,50) €
(0,00)%, and we will consider ) := (0, %, 1) € (0,00)?> x R =: ¥ as a parameter.

Let Py denote the probability measure induced by (Y3, S¢)tcjo,.0) On the measurable space
(D([0, ), R?), D(]0, 00),R?)) of R2-valued cadlag functions defined on [0, 00) endowed with a
right continuous filtration (D;([0, 00),R?))sejo,00), SCE Appendix Further, for all 7" € (0, 00),
let Py 1 = Pylpy(o,00)r2) be the restriction of Py to Dr([0,00),R?).

Let us write the Heston model (1.3]) in the form

dY; dW,

= A(Y;, Sp)H () dt +T'(Y3, St) iB

—l—[ 0 ], t €0, 00),

1) [ L

t
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where the functions A : [0,00) X (0,00) — R**3 T :[0,00) % (0,00) — R**? and H :R> — R?
are defined by

T1T9
1 —y O o 0
Ay, s) = , ['(y,s):= , H(xy,29,23) := | x
(y ) [0 0 S] (y ) \/@ [QS \/1—79231 ( 1,42 3) 2
Zs3

for (y,s) € [0,00) x (0,00) and (x1,22,73) € R3 Note that H is bijective on the set
R x (R\ {0}) x R having inverse

(3.2) Hil(y17y27y3> = (%leays) ) (Y1,92,93) € R x (R\ {0}) x R.

Let us introduce the function 3 : [0,00) x (0,00) — R?*? given by

o oos

Sy, s) =Ty, s)l(y.5)" =y Las 2 ] , (y,5) €10,00) x (0, 00).

If (y,s) € (0,00)* then X(y,s) is invertible, namely,

R W pr? _QS] [m 0]

S,s) = (0 ) T = g |

(3.3)

1 [ 2 —gos
(1 - 0?)o?ys? |—oos  o? .

Further, let
t
Gt = / A(Yu7 Su)TZ(Y’m Su)_lA(YU’ SU) dU,, S [0’ OO),
0

dY,

t
= [ AY,_, S, ) 2(Y,_, S, )"
5, / ( )T I

], t € [0,00),

provided that P(Y; € (0,00) for all ¢t € [0,00)) = 1, which holds if 6k € [%, 00). Using (3.3),

we obtain

t
Gt:/ A(Y,y, S) T (T(Ya, Su) 1) IT(Yy, Su) LA(Y,, S,) du
0

= [ 00 807 A ST 87 A 50)

. . 1 -Y, —oo
—oo o0Y, o2
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provided that P(Y; € (0,00) for all t € [0,00)) =1, since

1 V1—0® —y/1—0* 0

o/(1=0)y | —o oy o

2

(35) F(ya S)_lA(ya S) = s (y, S) S (O, OO) .

The next lemma is about the form of the Radon-Nikodym derivative (“P# for certain

Py
P, e V.
Lemma 3.1 Let ¢ = (0,k,pu) € U and INb = (5,7%, ) € VU with 9/@5’/5 € [%2,00). Then
for all T € (0,00), the probability measures Py r and PJ;,T are absolutely continuous with
respect to each other, and, under P,

(36)  low U (7. ) = (HE) ~ H@) Fr (1)~ HE) Gr (HE) + HED),

where Y, S, G and ? are the processes corresponding to the parameter .

Proof. In what follows, we will apply Theorem II1.5.34 in Jacod and Shiryaev [22] (see
also Appendix [A]). We will work on the canonical space (D([0,00),R?),D([0,00), R?)). Let
(1, G)tefo,00) denote the canonical process (n, ¢)(w) == w(t), w € D([0,00),R?), ¢t € [0,00).
Using and , the Heston model can be written in the form

0
du
¥ Su

] oo
dB, fot Jg Su—h1(2)(p"(du, dz) — dum(dz))

+ [ 0 ] t €[0,00)
Jo Jio Su—(z = I (2)) pt(du, dz) | T

Using Proposition [2.3] we obtain

Y;
St

Yo
S0

+ /t (A(YU,SU)H(¢) +

t
+ / D (Y., S.)
0

Y;
St

0

Yo ]) du
Sy + J(h1(Su—z) = Su—hi(z)) m(dz)

S0

+ /t (A(YU,SU)H(¢) +

dW,

t 0
(Y, S, .
+/0 ( ) dBu] * [fo Jg 71 (Su—z)(p"(du, dz) — du m(dz))]

0

) 0, 0),
" [f()t f]R(Sufz — h1<Su7z)) ML(du,dz)] t e [ )
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which is a special case of I11.2.23 in Jacod and Shiryaev [22], since

Y
St

0
du
VS + Jr(h1(Su-2) = Su—hi(2)) m(dz)] )

+[4M(
L] (o ven

with the truncation function hs(z) := 2z1;_112(2), z € R?, where we used that

o] ([]) e

By Proposition , the SDE ([1.3) has a pathwise unique strong solution (with the given
deterministic initial value (yo,s0) € (0,00)?), and hence, by Theorem I11.2.26 in Jacod and

Yo

So

o[ (Am, S)H() +

(3.7) + / T, 5)

dW,
dB,

0 L —aumldz
Su_ZDm (du,d2) - dum(d2))

Shiryaev [22], under the probability measure P, the canonical process (1, ()icjo,o0) 1S @
semimartingale with semimartingale characteristics (B, C,v) associated with the truncation
function ho, where

0

() _ ' U
o= | (A("“’C“H(‘/’” ot fR<h1<cuz>—gum(z))m(dz)])d’

t t
C :/ F(nMCU)F(T]uaCu)T du :/ EOM;CU) du,
0 0
for ¢ € [0,00), and
l/(dt,dy,dZ) = K(nhChdyudz) de

with the Borel transition kernel K from [0,00)? x R? into R? given by
K(y,s,R) :== /]lR\{O}(O, sz)m(dz) for (y,s) € [0,00)*> and R € B(R?).
R

The aim of the following discussion is to check the set of sufficient conditions presented in
Appendix [A] (of which the notations will be used) in order to have right to apply Theorem
I11.5.34 in Jacod and Shiryaev [22]. First note that (C})icpo) and v(dt,dy,dz) do not
depend on the unknown parameter 1), and hence VP s identically one and then (A.3))
and readily hold. We also have

Py (v({t} x R?) =0) =Py, ( K(ns, ¢, R?) ds = o) =1, tef0,00), e

{t}
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Further, (Ci)icjo0) can be represented as C; = fot cydF,, t € [0,00), where the stochas-
tic processes (Ct)icfo,c0) and  (F})icpooo) are given by ¢ = X(n,¢), t € [0,00), and
F, =t, t € [0,00). Next, note that, under the condition 60x € ["72,00), we have
Py ((ne, () € (0,00)% for all ¢t € [0,00)) = 1 (due to Proposition [2.1), hence, by (3.3), for
each t € [0,00), the matrix ¢ is invertible Py-almost surely. Consequently, for all

¥ =(0,kp) €V and ¥ = (0,7 i) €V with 6k, 0F € [%2,00),

B B = [ A (@) - H@) du= [ asFYan,  te o)
0

0

where the stochastic process (5t(¢’¢))te[0,oo) is given by

P = ¢ Al G (H () = H(®)) = S, G) 7 Al G)(H(w) — H($)), ¢ € [0,00),

which yields (A.5)).
Next we check (A.6)), i.e.,

t - ~

(3.8) Py < / (B) ¢, 8%%) dF, < oo) =1, t€][0,00).
0

We have

t ~ ~
[y
0

= (H<17/)> - H(’;Z)))T /0 A(U57 CS)T<E(T’S7 Cs)_l)—r A(n& Cs) ds (H(¢) - H(’l’b))

= (H(y) - H()) G(H(¢) — H(p)),  t€[0,00),

where Gy, t € [0,00), is understood as the original Gy, t € [0, 00), replacing (Y,S) by (n,().
Since 7 has continuous sample paths Py-almost surely and Py (1 € (0,00), Vit € [0,00)) =1
(due to Ok € [Z,00)), we have Py(inficorm € (0,00)) =1 for all T € [0,00), which,
together with the Py-almost sure continuity of 7 and formula , yield .

Next, we check that, under the probability measure Py, local uniqueness holds for the
martingale problem on the canonical space corresponding to the triplet (B™) C,v) with
the given initial value (yo,so) with Py as its unique solution. By Proposition [2.1 the
SDE has a pathwise unique strong solution (with the given deterministic initial value
(0, S0) € (0,00)?), and hence Theorem II1.2.26 in Jacod and Shiryaev [22] yields that the set
of all solutions to the martingale problem on the canonical space corresponding to (B®¥), C,v)
has only one element (Py) yielding the desired local uniqueness. We also mention that
Theorem I11.4.29 in Jacod and Shiryaev [22] implies that under the probability measure Py,
all local martingales have the integral representation property relative to (7, ().

By Theorem II1.5.34 in Jacod and Shiryaev [22] (see also Appendix , Pyr and Py,

are equivalent (one can change the roles of 1 and 1), and under the probability measure
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P we have

d T _ d cont 1(;7’)
R A

1 /T = oo T =
_Z ﬂqsiﬁﬂ#) cuﬁl(;ﬁ‘ﬂ»/)) du}
dPJ:,T d(ccont) )] 2 Jo ( )

P17

for T € (0,00), where ((nwm)@, (gcont)g’b)te[om) denotes the continuous (local) martingale
part of (1, C¢)tepo,00) under Py. Using part 1) of Remarks I11.2.28 in Jacod and Shiryaev [22]

and (3.7), the continuous (local) martingale part (ﬁcont,gfont)te[om) of (}27§t)t€[0,oo) takes

the form
?cont t o qu
! :/ [(Y,,S,) , t €10, 00),
Sfont 0 dB,
and, by , we have
di}cont di} o _ 0
(3.9) L= - AL S)H () dt — | . te0,00).
dSt“’nt d.S, Si_dLy

Hence, under P,

o g2 (7.5) = ()~ HB)' [ A8 ) 000y [

dy,
dsS, — S, dL,

(1) - 1@ ([ AT 8T E) AT ) 1)

- 3016 = BT ([ AT SR B AT B ) (68) — H(P)
— (H) —~ H) Fr = ()~ H ) Cr ()
~ S(H() — H@) Cr(H($) ~ H(E),
which yields the statement. 0

Note that }T in Lemma contains a stochastic integral with respect to L, but, by
Remark , for all ¢t € [0,7], L; is a measurable function of (S;)icjo,r; (depending on ~y
and m).

We point out that we use the condition 0k € [%2, o0) in the proof of Lemma to assure
the invertibility of (c;)tefo,00)-

Next, using Lemma , by considering Py asa fixed reference measure, we will derive an
MLE for the parameter v = (0, x, ;) based on the observations (Y3, S;)icpr. Our method
for deriving an MLE is one of the known ones in the literature, and it turns out that these
lead to the same estimator 1//;T, see Remark Let us denote the right hand side of by
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Ar(3p, %) replacing (f1,Gr) by (fy,Gr). For convenience, first we calculate an MLE ),
of the parameter ) on the set R® based on the observations (Y;, St)ieo,r], namely,

Wy = argmax Ar(3, ),

PER3

which will turn out to be not dependent on 173 Here the function A7 is extended for all
¥ = (0,k, 1) € R® in a natural way (note that for the calculation of the random matrices Gy,
t € [0,00), and the random vectors f,, t € [0,00), one does not need to know the parameters
P or 1}) In Remark . we describe the connection between v,bT and an MLE given by
arg maxy,eq Ar(1, ¢) on the set W,

Proposition 3.2 Let 0,k € (0,00) with 0k € [%2,00), pweR, o€ (0,00), 0€ (—1,1),
and (Yy,S0) = (yo,50) € (0,00)%.  Then for all T € (0,00), there exists a unique MLE
Yr = (O, Ry fir)T of ¥ = (0,k,u)7 on the set R based on the observations (Y;, St)tefo.1]
taking the form

) (Gr' fr)
R T (GT' fr)2
(3.10) Y= \kRr| = [(G7 fr)2| -

fir (G:FlfT)s

provided that G s strictly positive definite and (G7'fr)s # 0, which hold almost surely.
Further, we have

T dSy—Sy— dLy
Jo Yudu [ S — T [FAY, + goT [ Se=gu=dbe et T
Or = Yy
fT diu foT ?/_Z fo dYy + o fo T = ég_ e — 0o TfT dquuSu_dLu

T T du T w—Su— dLy, T dSy—Su—dLy
(3.11) = Tfy 5= dY_ufo dYy, +90f0 = i_ e — ool [y = Yuiu_dL

[ Yy du ]Td: T2 ’

fT dSy,—Syu—dL,
~ Jo YuSu—
HT = T du

0 Y
Proof. The function A; can be written in the form
Ar(p. ) = 5 H@) GrH(®) + HW) fr—c.  $ R,
with
ci= H) 1~ SHE) GrH®)

since the symmetry of X(y,s)™t, (y,s) € (0,00)?, implies the symmetry of G, and hence
H() 'GrH(yp) = H(¢¥) GrH (). The symmetric random matrix Gy is almost surely
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strictly positive definite, since its k x k& minors, k € {1,2,3} (see, (3.4)), are almost surely
positive, namely,

1 T du 1
—_— — >0 —_— Y, d — —T?)>0
(1-0%)0%Jy Yu -0 (1= 0?)o?)? </ u/ ) ’

[ ) [

almost surely. Indeed, fo du > 0 as. follows from P(Y; € (0,00) for all t € [0,00)) = 1,
which can be found, e.g., in Lamberton and Lapeyre [27, Proposition 6.2.4] (see also Proposition
, and the proof of fOT Y, du fT du > T2 as. is given, e.g., in Barczy and Pap [6, Lemma
3.3]. Thus the matrix Gr is almost surely invertible, namely,

Gr' = :
T e )
o [y Yudu [y $ = @?0?T? (1= )T [ ¢ o0 [} Yudu [} $ — 00T
| A-elT [l -0 (f) ) 0
QUfo Yudufo——QUTQ 0 de deu T2

whenever fOT Y, du [ r dz‘ > T? and fo > 0, which hold almost surely. Provided that Gy
is strictly positive definite, we have

AT(@bﬂNP) = _%(H(@b) - G;’lfT)TGT(H(‘»b) - Gj_“lfT> + %f;G;lfT —c< %f;G;lfT — G,

and equality holds if and only if H() = G;'f;. The aim of the following discussion
is to show that the inverse mapping H~' given in (3.2) can be applied to G;'f, =:

((G;lfT)la(G;lfT)2a<G:FlfT>3) almost surely, that is, P((G:?lfTb = 0) = 0. Apply-
ing (3.3), we obtain

T dy, T dSy—Su— dLy
1 0 Y. fo YuSu_
T
fr= (1 — 0?)o? — fy Yy + oo [ 95 = | Te(0,00).

_ dYu 2 (T dSy—Su_dLy
oo fo +07 o Yo Su_

Using the explicit formula for G.', we obtain

fT dyy fony_Zfo day, +QU fo du TdSu Su—dLy 00 TfT dSy—Su— dLy

Gil Yu Su— YuSu—

By the SDE (]1.3)),

T . T
/ ds, Su—dLu:/ [ndu+ /Yy (edW, + /1= @2 dB,)],
0 0

Su—

/T dS, — S, dL, /T pdu+ Y, (0dW, 4+ /1 — 0*dB,)
0 0

(3.12)

Y, Su— Y.
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Applying again the SDE (]1.3]), we have
' 1 ’ T 1 (T aY, — k(0 -,
/‘VHMWZ—(%—W—/nM%JQM>, /“@@: Yy, = £(0 — Vo) du.
0 g 0 0o Vv Yu Yu

0 Jo

where

Y, = log(Yr) — log(yo) + 5 i 7”

Indeed, since P(Y; € (0,00) for all t € [0,00)) = 1, one can apply It6’s rule to the function
f(x) = log(z), = € (0,00), for which f'(z) =1/z, f"(x) = —1/2% =z € (0,00), and we
obtain

/T dy, o2 Tdu
0

Tav, o2 Tdu

3.13 log(Yr) =1 - — — Tel0
(3.13) og(vi) = togtw) + [ GE-F [ Tep.o)

see von Weizsicker and Winkler [39, Theorem 8.1.1]. Hence, using the independence of the
processes Y and B, the conditional distribution of (G7'fr)2 given (Yi)ucpr) is Gaussian
and hence absolutely continuous, implying

P((G%lfT)z = 0) = E(P((G%lfTb =0 ’ (Yu)uE[O,T])) = 0.

Consequently,

Hil(Gj_ﬂlfT) = arg max AT(’(pa ’;»Z)a
PER?

provided that Gy is strictly positive definite and (G3'f7)2 # 0, which hold almost surely,
hence there exists a unique MLE ’ZZJT = (é\T,//%T,ZZT)T = H Y G:'fr) of ¥ =(0,k,u)" on
the set R® based on the observations (Y}, ;)i yielding (3.10). Using again the explicit
formula for G;', we obtain as well. Note that gAbT is a measurable function of the
observations (Y3, S¢)icjo,r], since all the integrals appearing in ’IZT are measurable functions
of this process. Indeed, in Remark we showed that for all ¢ € [0,7], L; is a measurable
function of (Sy)ucp,r], and one can use the arguments of Remarks and together with
Proposition 1.4.44 in Jacod and Shiryaev [22], and Theorems 4.2.2 and 4.2.8 in Dudley [16].
For example, for all T € [0, c0),

as n — 00.
Yifls

i=1 n

[nT] (S% —S%) —S%i([/% _Li:Ll) l> /T dSu—Su, dLu
i— 0 Y’LLS'U,f

17
n

O

Remark 3.3 We call the attention that later on it will turn out that {LT is a weakly con-
sistent estimator of 1 (see, Theorem and Remark yielding that P(¢,; € V) =
P(HYG7'fr) €¥) =1 as T — oo for each 1 € ¥, and hence

P(H’l(G}lfT) = argmaXAT(¢,1~p))—> 1 as T — oo.

pev

Consequently, the probability that there exists a unique MLE )% of % on the set ¥ based
on the observations (Y%, S¢)icjo,r) converges to 1 as T — oo, and P(¥7 = ;) — 1 as
T — oo. a
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Remark 3.4 To make it clear, we point out that the expression for (aT,’/%T) in (3.11)) is not
the same as the MLE of (6, ) based only on the continuous time observation (Y;)icpo,m for
the first coordinate process of (1.3), see, e.g., Overbeck [33], because our statistical setup is
different. O

Remark 3.5 In the literature there is another way of deriving an MLE. Sgrensen [36] defined
an MLE of ) as a solution of the equation Ap(ep) =0, where Ap(1p) is the so-called score
vector given in formula (3.3) in Sgrensen [36]. Luschgy [31], [32] called this equation as an
estimating equation. With the notations of the proof of Lemma [3.1] taking into account of the
form of [ @%) and the fact that V®%) is identically one, we have

dYucont

T
Ar() = / H)TAY, S)TE S0

T T T [ [dY. 0
_ / F ()T A(Y,, S2)TS(Ya, S0)  A(Y,, Su)H (1) du —
0 " Syu_dL,
for ¢ € R® and T € (0,00) with
k 6 0 0
H@)=10 1 0|, = |r|ecR".
0 01 1

Using (3.9) and the definitions of f; and Gr, we obtain

. . T
AT(’/’) = H(¢) (.fT - GTH(¢)),
hence the estimating equation AT(¢) =0, v € R? has a unique solution H _I(G;l fr)

provided that Gy is strictly positive definite and (G f7)2 # 0, which hold almost surely.
Recall that this unique solution coincides with ,, see (3.10)). a

4 Consistency of MLE

Theorem 4.1 If 6,k € (0,00) with 0Ok € (%Z,oo), w e R, o€ (0,00), o€ (-1,1),
and (Yy,S0) = (Yo, s0) € (0,00)%, then the MLE of 1 = (0, k, ) is strongly consistent, i.e.,

QZT = (9T7/’%T7/7T) = ap = (0,r5,p) as T — oo.

Proof. Obviously, it is enough to show that G 'f, - H(¢) as T — oo, since then
Y, =H Y (G fr) 22 HY(H(¥)) =v as T — oo, using the continuity of H~' and that
P((Gy'fr)2 = 0) = 0, see Section 3 Using the SDE (B.1)), we obtain fr = GrH(v) + hr,
T € ]0,00), with

T dWw,,
hr = / A(Yy, Su) "2 (Ya, Su) Ty, S,) [ ] :
0

u
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Thus

(4.1)

Gr' fr— H() = Gi'hy = (D1Gr) ' (Drhy), T € (0,00),
with
fT e 0 0
Dr = w0 |
0 0 fT En
see Section 3l We have

provided that G is invertible and [ r d:f >0 and fo Y, du > 0, which hold almost surely,

1

1 7 1fT Fm —o0

1 1 u o
DrGr = (1— 0*)o? T Ty, du 1 T-1 fiTYudu ’ 7€ (0,00).
—o0 T 1fOT o o2
Using that (Y, S,) (D(Yy, Su) ") 1T (Ya, Su) € (0,7, and (3.F), we obtain
T qu T
hr :/ A(Yy,, S) " (T(Y,, Sy) ) :/ (T(Yy, Su) P A(Ya, Su))
0 dB, 0
(4.2)

- |dW,,
dB,
ro V1 —0*dW, — odB,
—/1 — ?Y, dW, + oY, dB, | ,
o/1—0*Jo VY
¢ odB,
and hence L
1 h;)
7(2)
Drhr = ——— | hy
AR 0
T
with
T \/1-0%dWy—0dBy T dB,
—w TV —2) VYu(y/1=@2dW, —0dB,)  —3  Jo "
hy' = Tgy . hy = hy' =o0=F .
0 Yu f Y, du 0 Ya
By part (i) of Theorem E =0 and E(YL) = 52—, and hence, part (i) of Theorem
implies
1 ——1 —
X GE) X
a.s. 1 0o .
(4.3) DrGr — 1= )07 | 50~ 1 E(Y;O) i 92)025
—o0 o o
2(+%)



We have
det(S) = (1 — ¢)0 (1 - ;1)) >0

E(YOO) E(E
since E(Yy) E(i) = 2919_"02 > 1, hence the matrix S is invertible, and we conclude
(4.4) (DrG7r)™ " 2% (1 — 0*)o?8 7! as T — oo.

The aim of the following discussion is to show convergence
(4.5) Drhr 250 as T — oo.

The strong law of large numbers for continuous local martingales (see, e.g., Theorem (B.1|)
implies E(Tl) 2% 0 as T — oo, since, by part (ii) of Theorem ,

1 (Tds as 1 2K
= FEE() =5 e O T — oo,
T/O Y. v.) " 22 €00 s >

implying

T T
ds 1 ds a.s.
—=T.= — 2 T — oo.
Y. T/ v 00 as 00

Convergences Ef) %0 as T — oo, and Eéf’) %0 as T — 0o can be proved in the same
way, since, by part (ii) of Theorem [2.2]

e as
T/ Yids —= E(Yy) =0 € (0,00) as T — oo,
0

implying
T 1 /7 .
/sts:T~—/ Y.ds — o0 as T — oo.
0 T Jo

Consequently, we conclude (£.5). By (.1, (#.4) and ([.5), we obtain G7'f; ~2 H(sp) as

T — oo, hence we conclude the statement. a

2

Remark 4.2 For the case 0r = %, Theorem implies weak consistency of the MLE of
(0, K, ). O

5 Asymptotic behaviour of MLE

Theorem 5.1 If 6,k € (0,00) with Ok € (%2,00), peR, o€ (0,00), o€ (—1,1), and
(Yo, S0) = (y0, 50) € (0,00)%, then the MLE of 1 = (0, K, 1) 1is asymptotically normal, namely,

(5.1) TV2(ahy —p) =5 N3(0, V) as T — oo,
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where the matrix 'V is given by
0220k — 0*0%) —2(1 — 0*)o%k? ook (20K — 0?)
(5.2) % —2(1 — 0¥)o?k?  4r*(1 — 0?) 0
00k (20K — 0?) 0 K2(20K — o?)
With a random scaling, we have
(5.3) RrQu(hy — ) 25 N3(0,13)  as T — oo,
where I3 denotes the 3 x 3 identity matriz, and Ry, T € (0,00), and Qp, T € (0,00),

are 3 x 3 (not uniquely determined) random matrices with properties T 'Ry 5 C as
T — oo with some C € R3*3, R;RT =Gr, T € (0,00), and Qr N Q as T — oo,
where

Q=

o O =X
= o O

0
1
0
For a possible choice of Ry and Qp, T € (0,00

=)

), see Remark[5.3

Y

Remark 5.2 Note that the limiting covariance matrix V in depends only on the un-
known parameters € and k, but not on (the unknown) pu. The advantage of the random
scaling is that the limiting covariance matrix in is the 3 x 3 identity matrix I3 which
does not depend on any of the unknown parameters. Note also that for Ry and Q; one can
choose, for instance,

T du T qu
. 0 dY_u —T —99 Jo gi/_u
Ry = — | 0l eauf e 0
— 2 du
VIZEV I v o 0 o/T—0 [y 4
and ,
Sl ¥ LY, du 0
( Jo Y“d“)<1 0 ?/Z) 1 TAeE
Qr = 0 10
0 0 1
Indeed, we have R.Ryp = G, T € (0, 00) (which is, in fact, the Cholesky factorization of Gr),
1 (T du 1 _oo (T du
TJo v, T Jo v,
1
T™'2Ry = 0 Yo du) (4 [7de) —1 0
Yy VERa G -1 o
' 0 0 TVIZE [T du

0 Y

B() -l 0o E(5L)

a.s.

1 =
— 0 /E(Va)E() -1 0
V1= 0% /E(3+
o 0 (Yoo) 0 U\/WE(YL)
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as T — o0, and Q; -5 Q as T — oo, since

a2 (T du ﬁE(L) 1 [T
2T Jo YuT - 25 2 Yio — =5, T/ Y,ds 2% E(Ya) = 6
( fo Y, du )( 0 y_u)_l ]E(YOO)E(YOO) 1 0

as T — oo by part (i) of Theorem [2.2] Hence then the random scaling factor has the form

o“T T du
R ¢ S R S IR
U\/l—igz/Td—u 0 \/dedeu T2 0

o 0 0 o\/1— 02 de”

RTQT =

Proof of Theorem [5.1] For (5.1)), it is enough to prove

(5.4) TG fr — H($)) = N3(0,Vo)  as T — e,
where
0?4+ (1 — 0% (20Kk — 0?) 2k(1 —0*) oo
V L 29/€ — O‘2 9 9 452(1_92)
0= 5 k(1 — 0°) 502 0
oo 0 1

Indeed, then one can apply Lemma with S, =S, = R3, C = R?, with a random vector
¢ having distribution N3(0,Vy), with & = TY3(GL'fr — H(v)), T € (0,00), and with
functions F:R?® — R3 and Fr:R®> — R? T € (0,00), given by

x1—0x2
T-12z9+k
_ To if zo # -T2k,
Flx)=Q 'z,  Fr(z):=
€3
0 if 2y =—-T"2k,

for @ = (11,29,73) € R® and T € (0,00). We have

71/2 (G F ) =0s—0(G1 fr)2—r)
2 1 Gz srle 1/2/77.
Fr(T*(Gy' fr — HW))) = TV2(G f1)s — k) =T (hy — 1p),

TYV2((Gr' fr)s — n)

provided that (G;'fr)2 # 0, which holds almost surely. Moreover, Fr(xr) — F(x) as
T — oo if &pr - « as T — oo, since then, for sufficiently large 7' € (0,00), we have

(x7)s # —TY%k. Consequently, and Lemma imply
Ty — o) = Fr(TV* (G fr — H®))) = F(§) = Q '€ ZN5(0,Q'Vo(Q ™))
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as T — oo, where Q'V(Q )T =V, hence we obtain (5.1)).
By the first equality in (4.1)), we have

(5.5) TV (Gr fr — HW)) = TG hy = (T Gr) (T hy),

provided that Gr is invertible, which holds almost surely, see Section . By part (i) of

Theorem 2.2 E(Y ) =6 € (0,00) and E(i) = 52— € (0,00), and hence, part (i) of
Theorem [2.2| and ((3.4]) imply
(5.6) T7'Gr 2 E(Gy)  as T — oo,
with
) 1 —Y,. —o0
Gy = Yoo Y2  o00Y.|,

(1—-0%)02Y
—00 00Yy O

where Y,, has Gamma distribution with parameters 20x/0? and 2x/0?. The matrix E(Go)
is invertible, namely,

o 1
EGI = BB ~ DB >
o2 E(Y, (i) o’o (1— ¢%)o? E(YL) QO’E(YOO)E(é) — 00
|- () (- (E(L)) 0 :
00 E(Y) E(5-) — 00 0 E(Yao) E(55) — 1

since E(Yy) E(é) = 2% > 1, which yields [E(G«)]™" = V. Whence we conclude

(5.7) (T'Gy) ™ 2 Vv, as T — oo.

By (.2), the process (Rh;)icp,) is a 3-dimensional continuous local martingale with (pre-
dictable) quadratic variation process (h), = G, t € [0,00). Using (5.6)), the central
limit theorem for multidimensional continuous local martingales, see Theorem yields
T2k 25 N3(0,E(Gs)) = N3(0, V') as T — co. Hence, by and (5.7)),

TYAG fr — HW)) =5 N3(0, VoV Vi) = N5(0,Vy)  as T — oo,

thus we obtain ((5.4)).
With random scaling, by (5.1)) and Slutsky’s lemma, we obtain

RrQr(tr —9) = (T *Rr) Q[T (%7 — )] = N3(0,(CQIV(CQ)T)
as T — oo. Moreover, by the assumptions on Ry, T € (0, 00),
T'Gr = (T"'VPR)(T7V?Ry) 5 CTC  as T — .
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Thus, comparing with (5.6), we obtain C'C =E(Gs)=V,". Using Q'Vo(Q ) =V,
we obtain

(CRV(CQ) = (CRIQ(CTC) QR (CQ)T =1,
and we conclude ((5.3)). -

Theorem 5.3 If 0,k € (0,00) with Ok = %27 peER, o€ (0,00), o€ (~1,1), and
(Yo, S0) = (0, 50) € (0,00)%, then

TY2(0r — 0) ~ s 4
(5.8) TRy —w)| = |/2(1 = )k Z4 as T — o0,
o =
T(br — 1) 2 | \/m;?@ 7

where T := inf{t € [0,00) : Wy = 1} with a standard Wiener process (Wi)icjo,o0), and Z,
and Zy are independent standard normally distributed random wvariables, independent from
T. With a random scaling, we have

o1” 3/2 (é\T - 9)

2\/1792(f0TYudu) —Z
D
(5.9) %(IOT Y, du)l/Q (Rr—r)| — A as T — oo.
oy/l1l—p 1792
~ °
QIEYZLdu(uT_M) T A

Note that the limit distribution in Theorem (which can be considered as the asymptotic
error of the estimator (67, %7, fir)) is a mixed normal distribution. Moreover, the first and
second coordinates of the limit distributions in and are linearly dependent. In spite of
this fact, one can give asymptotic confidence sets for (6, ), namely, ellipses together with their
interiors and with center (§T, k). Indeed, the sum of the squares of the first two coordinates
of the left-hand side of , which one can call a normalized squared error of (6, k), converges
weakly to 272, being a chi-squared distribution of degree 1 (multiplied by 2). Surprisingly,
the mixed normal limit distributions of the third coordinate in and ([5.9)) are not centered.

In Appendix @ we derive an explicit formula for the density function of 2= i }9 Z5, which
is the limit distribution of T'(fir —p) as T — oo in Theorem [5.3]

Proof of Theorem [5.3] Since P(7 € (0,00)) =1, the limit distributions in (5.8) and (5.9)
are well defined. We have again E(Y,,) =6 € (0,00), implying

1 T a.s T a.s
(5.10) T/ Y,du — 6 and / Y, du — oo as T — oo.
0 0

Due to Ben Alaya and Kebaier [§, Proposition 4], we have

1 Tdu D .
(5.11) 7 Z—>T as T — oo,
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21 with a standard Wiener process (W;)icjo,oc)- Applying

. :1}

T = inf{t € [0,00) : %Wt* = 1} 2 inf{t €10,00) : W—2t

where T* :=inf{t € [0,00) : W}
the scaling property of a standard Wiener process, we obtain

g K2 ' K2 ¢ _ K
=in {ﬁse [0,00) : W, = 1} = —in {s €[0,00) : W, = 1} = ET,
where = denotes equality in distribution. We may and do suppose that 7* = g—iT. Using
P(7T* € (0,00)) = 1, we conclude
1 1 1 D 1
T T@:TLde_u—N)'T*:O as T — oo,
TJo Y., 72 Jo v,
and hence,
1 P
(5.12) — . —0 as T — oo,
TJo Y.
implying also
I | 1 P, T
T ~T1 T — as T — oo.
0 Y. T Jo Y,

L is monotone decreasing, we obtain

T du

Since the function (0,00) 3 T +—
0 Yy

1 a.s T d a.s
Tdu;ﬂ) and / ?u%oo as T — oo.
0 Yu 0 “u
For (j5.8]), it is enough to prove
0.2
KT
(5.13) Cr(Gr'fr— H(p)) = | Z1v/2(1—?)k|  as T — o,
00 Zaor/1—0?
KT + T
where
T 0 O
CT = 0 T1/2 0
0O o0 T
Indeed, then one can apply Lemma with S =S, =R?, C =R3, with
0.2
KT

5_ Zl 2<1_Q2)H )

oo Zaor/1—0?

Wt T
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with & = Cr(G7'fr — H()), T € (0,00), and with functions F : R® — R*® and
Fr:R>—R3 T € (0,00), given by

T71/2x179x2

T-1/2z9+k
if x —T1 /2,
F@) =Bz, Fya)={| " :7
T3
0 if 9 =—-T"2g,

0 -3 0
B:= |0 0
0 0 1
We have
T-12T(GL fr)1—08) =0T 2(GL' fr)2—k)
) (GflfT)2 ~ o~
Er(Cr(Gr fr— H(Y))) = TV2(GL fr)2 — k) = Cr(Yr — ),

T(G7' fr)s — 1)

provided that (G7'fz )2 # 0, which holds almost surely, where

T2 0 0
éT = 0 T1/2 0
0 0o T

Moreover, Fr(xr) — F(x) as T — oo if ®p — @x as T — oo, since then, for sufficiently
large T € (0,00), we have (xr)y # —T1"/?k. Consequently, (5.13]) and Lemma imply

D

Cr(pr — ) = Fr(Cr(G fr — H(W))) —» F(€) = BE  as T — oo,

hence we obtain (5.8)).

Now we turn to prove ([5.13]). By the first equality in , we have
(5.14) Cr(G7' fr — H(y)) = CrGr'hy = (CrG7'Cr)(Cr hr)
| — (C7'GrCT)  (Cr'hy),

provided that Gy is invertible, which holds almost surely, see Section [3] We have

' T [ T2 —oT™? [
CEIGTC;I = m —T71/2 Til fOT Yu du QUT71/2
¢ —ooT 2 [ du oT—1/? o272 [T du
0 ov. ¢ 0 Ya
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and, by (2),

1 by
C;'hy = ——— |
V1= |5
hT
with
~ 1 (1\/1—02dW, — odB ~ 1 T
Y = —/ “ O ——/ VYu (/1= 02dW, — 0dB,),
7. o [1dB.
T VY,

By (5.10)), % fOT Yydu 2% 6 as T — oo. Ben Alaya and Kebaier [9, proof of Theorem 7]
proved @ 20 as T — oo Using the SDE (3.1)), (3.13) and 6x = "—22,

odW, T ay,
(5.15) / 7 v, 6/@/ kT = log(Yr) — log(yo) + T,
thus
T
d
(5.16) Wy R as T — oo.
VY. o
Consequently, (5.13]) will follow from
(5.17) (C7'GrC;', C7 hy) 25 (Goo, hae) a8 T — oo
with
N . T 0 —poT* N | 'i—":gQ — 02V T*
Coimfiga | 0 0 0 | e e |l B ) + oD
—ooT* 0 o*T* o ZoNT*

where Z3 and Z; are independent standard normally distributed random variables, inde-
pendent from Z, and T*. Indeed, provided that holds, by the continuous mapping
theorem,

(CrG7Cr, Cthy) 25 (G b)) as T — oo,

since G is invertible almost surely with inverse

) o? 0 00

~—1

G, = o 0 3(1—0%°T* 0|,
o0 0 1

and hence, by ([5.14) and the continuous mapping theorem,

Cr(Gi fr— H)) 25 G b as T — oo,
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where, with 7y := —\/1 — 0273 + 024,

(2 )
é;olﬁoo = 07-*;1_@2 7 (L= 0})a*T*( ~Z3\/1 = & + 074)
| oo (* VL T + 0T
o ory/T— 0 £
= 07-*—1—Q2 \/Lé (1-0*)0*T*Z; = |2 2(1 — Qf)f ;
ory/1—0*+0o(1— o) ZoNT* e 4 \/TL"

thus we obtain (5.13)) using that 7* = :—37’.
Now we turn to prove (5.17)). It will follow from Slutsky’s lemma, continuous mapping

theorem and from
Taw, 1 [T 1 (fadB, 1 [* 1 (Tdu
=, — V YudBuv_ _u7_ Yud [==r EY
Yu’ T/O T 0 \/Yu T/O UTQ/O Yu)

Gl

<\/_Zg, NOZy, ZoNT+, 0, T*) as T — oo,

u7T

which will be a consequence of (5.10), (5.11)), (5.16)), Slutsky’s lemma (or part (v) of Theorem
2.7 in van der Vaart [38]), and

( /\/_dWS, /\/_dBS,— " B, ;2/ %)

(5.18) va Y,
2, (\/523,\/524,22\/7*,T*) as T — oo.

Using the SDE ,

T T
(5.19) o VY, AW =Yr —yo — 9/@T+/{/ Y, ds,
0 0

consequently, fOT VY, dW, is measurable with respect to the o-algebra o((Y;)sepo,r7). For all
(u1,uz,uz,v) € R* and T € (0,00), we have

(exp{ iug / \/_dW ) i, / \/_dB 1u3 TdaB, v }

\/_ T2
ﬂ/Tﬁ (
T2 ), Y,

=E

iu1 T iUQ T iU3
E exXp ﬁ/ \/}/SdWS‘i‘ﬁ/ V}/;dBS_'_T
0 0 0

Y;)SE[O,T]>]
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Ta
eXp{ /\/ AW, + "’/ 75
0 S
. /Y, U3
E dBs p| (Ys)s
" (Xp{/ (47 7w } ( ““”)]
. T : T T 2 2
g v ds 1 usYs u; 2uoUs
- it JY - = _Z
(exp{ﬁ/o de8+T2/O Ys}exp{ 2/0 ( T +T2YS+ T30 ds
. T 2 T : T
UgU3 g uj Tds 1w ds
= ———= > E — VY. - —= Y,ds — — —
exp{ \/T} (exp{ﬁ/o s AWy 2T/0 ds 2T2 i YS+T2 ; Y;})?

where we used the independence of Y and B yielding that the conditional distribution of

fo (uz‘ﬁ + W)dB given (Ys)sco,r] is normal. We may and do suppose that Z, and Z,
are 1ndependent also from  (Y;)sepo77. Then, in a similar way, for all (u1, us, u3,v) € R* and
T € (0,00), we have

. T . T 12 . T 1/2
i iugZy iusZy ds T ds
Blepd 2 [ vTaw s 2 ( ms) ¥ (/ _) P }
( p{ﬁ/o VT ( 0 L v) Tl
g iug Zy T 1/2 iUz Zs T ds\ 2
E \/ s d Y,d —
(exp{ W + \/T (/0 s 3> + T /0 Y,
ds
+ T2 Ys} (Ys)se[o,T}>]
iv ds
VY, d -2
exp{ / W+ — / Y;}
<« & iUQZ4 /T V.d 1/2 i iU3ZQ /T ds 1/2
P VT o ’ T o Y
. T . T 2 T 2 T
iug iv ds uj u3 ds
=K — Y,d — — ——= Y,ds — —= —
(o [ viraw e [ ool 52 [ o35 [ 7))

which is the same as the previous expectation except the factor exp{— “2“3} Ben Alaya and

=K

Kebaier [9, proof of Theorem 7] proved

Yr— 0T +k [ Yods 1 (Td 2
< v OnT 4 5 )y i —/ —S> SN (U—Zg,T*> as T — oo,
0

\/T e Y, V2K
hence, by (5.19),

( /\/_dWS,—/ %)&(V@%T*) as T — oo.
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By Slutsky’s lemma, we obtain

(5.20) L/T\/YdWZZ l/TYdsi/Tﬁ 2 (VO 25, 2y, 20,0, T
. \/T() s 872747T0 87T20yvs 3y L2, L4, Y,

as T'— oo. Using the continuity theorem, we obtain

i T i r i TdB, i [Td
E<exp{m\/_%/ VYSdW”mT%/ VY;dB”mT?)/ \/7+%/ ?8}
0 0 0 S 0 S

: T 2 T 2 T . T
UgU3 iUy uj u; ds v ds
= — E — VY, dW, — —= Y,ds — — — + = —
eXp{ ﬁ} (eXp{\/_T 0 2T/0 Ty V., Y})

. T . T 1/2 . T 1/2 . T
iUy s Zy iusZs ds v ds
x El expd — VY, dW, + / sts> + (/ —> + = —
< p{ ﬁ/o VT ( 0 T \hV.) Th Y
— E<exp{iu1\/523 + iup VO Zy + ius ZoV'T* + wT*}) as T — oo

for all (uy,us,us,v) € RY. By the continuity theorem, we obtain (5.18)).

With a random scaling, we have

oT? n -
2\/1_Q2 (IOT Y, du)3/2 (QT 9)

ﬁ(fOTYUdu)lﬂ (ET—K;) :CT<17/)T_17/)>7 T € (0700)7

ag 2 -~

with .
_ 2¢/1—¢2 (UET Yy du)3/2 0 0
Cr = 0 =y Yadw) 0
0 0 e
We have _ _
Cr(thy — ) = (CrC; )Cr(dhy — ),
where
N 2\/1—92(%(}5Yudu)3/2 0 0
CrCy = 0 A=Y duw)'* 0
0 0 T



Applying (5.10), (5.11)), (5.16)), (5.18]), Slutsky’s lemma (or part (v) of Theorem 2.7 in van der
Vaart [3§]) and the continuous mapping theorem, we obtain

V23 0

0.2
~ 1 o%\/1-¢? 0 a \/2ZT}°’ 1- 92
= =l s D
cC,, C — — 0 —1L 0|, |Z4V2(1 - 0*)k as T — oo.
( T T(¢T ¢)) \/m ( 19 Z
0 0 = BT
Using again the continuous mapping theorem, we obtain (5.9)). a

Remark 5.4 Putting formally 60k = %2 into the formula of V' given in (j5.2)) of Theorem ,

one can observe that the joint limit distribution of the first two coordinates in ([5.1]) of Theorem

and in (5.8) of Theorem coincide. O

Remark 5.5 According to Theorem 7 in Ben Alaya and Kebaier [9], if a = %% and b € (0,00),
then, based on continuous time observations (Y;)cjo.r7, T € (0,00), for the MLE (ap,byp) of

(a,b) for the first coordinate process of the SDE (1.1f), we have

T(EiT — CL) D
~ —
TV2(by — b)

2
91

bT

V202,

where Z; is a standard normally distributed random Varlable independent of 7 introduced

(5.21) as T — oo,

in Theorem . Hence, using Slutsky’s lemma and that bT converges in probability to b as
T — oo (following from ([5.21])), we get

T1/2 (a_T . g) _ T1/2baT - CL/b\T _ Tl/Qb(/a\T — a) — CL(/b\T — b)
by b bbr by

~1/2p7 (A o\ A TY2(h
_ T bT (ar a/)\ aT'=(br b)i)_a\&—bzlz_\/ﬁaz

bbr b NG
as T'— oo. Let us observe that in the special case of o =0, we have %—T = AT and bT = K,
T
T >0 (for the explicit formulae for ar and by, see Ben Alaya and Kebaier [9, Section 3.1]).
Moreover, in case of a = 0k = %2 and b = k, we have —% = —\/‘;%. Hence, under the
conditions of Theorem together with ¢ = 0, the joint (weak) convergence of the first two
coordinates of (5.8) follows from Theorem 7 in Ben Alaya and Kebaier [9]. a

6 Numerical illustrations

We present some numerical illustrations in order to confirm our limit theorems given in Sections
and 5] We call the attention to the fact that our numerical illustrations using synthetic data
can not be considered as simulations or a receipt for handling real data set of (Y, 5), since, as
it will turn out, we use the standard Wiener processes (W;)icp,00) and (B)icp,00) appearing
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in that can not be observed. Hence the main aim of this section is to confirm the scaling
factors and the limit distributions of the derived MLE in Theorems 5.1l and .3l In order
to approximate the estimator 1,AbT given in , one could generate sample paths of the
model , and then one could approximate the estimator @T given in based on the
generated sample paths. For this, it would be sufficient to simulate, for a large time 7T > 0,
the random variables

T T T
du dy.

YT7 IlaT ::/ Yudu7 IQ,T :I/ —, [3,T ::/ 'LL7
0 0 Yy 0 Y,

[ /T dsS, — S,_dL, I /T ds, — S, dL,
4,T - ] S ) 57T - . Y, 5. .

It is well known that the random variable Y7 has a non-central chi-squared distribution
(see, e.g., Alfonsi [2, Proposition 1.2.11]) that can be simulated exactly. Further, Broadie and

Kaya [12, Section 3.2] proposed an exact simulation method of (Y7, I;7), and more recently,
Ben Alaya and Kebaier [8, Sections 4.1 and 4.2] developed an analogous method to simulate
(Yr, I, 7). In the context of our current study, it would be possible to compute the Laplace
transform of the couple (I;7,Io7) conditionally on Y7, and using relation , we could
derive an exact simulation method for the random vector (Yr,Iir,lor,I5r). However, due
to the lack of an exact simulation method for the couple (Iyr,I57), we choose to approximate
the quantities (Yp, I1 7, Iop, Iz, Loz, Is 1) using discretization schemes, like the famous Euler
one (see, e.g., Kloeden and Platen [26] or Alfonsi [2, Chapter 2]). Nevertheless, it is important
to note that the discretization of the CIR process presents some troubles because of the square
root in the diffusion coefficient. Several papers deal with this problem, see for example Alfonsi
[1] and Berkaoui et al. [10].

T

For a given time step -~ with n € N, we use the drift implicit Euler scheme introduced

by Alfonsi [I] to approximate the process (Y;)iep.r] at times t7 = iL, i € {0,...,n}, by the

n?

following non-linear recursion, YJ' = yo € (0,00) and

Wi, = W) + /Y + \/(%(Wt;ul = W) + /Y32 + (14 55)(20k — )%

Yi o =
th wT )
i+1 A2
2+ =

for i € {0,...,n—1}. Note that, due to Alfonsi [I], this scheme is well defined for 6, x € (0, c0)
and 0k € ("72, oo) covering the case Ok € [”—22, oo) as well, which ensures the unique existence
of a MLE of (6,k,u), see Proposition . Moreover, the strong convergence rate of this
approximation is of order 1 in case of Ok € (%2, o0), see Alfonsi [I] for more details. Then,
we can easily approximate I; 7, lor and I3 respectively, by

n—1 n—1 n—1 Yn _ n
I = Z E yn Jr . — Z 1 j A - E L ti
Cha n - - .
1,7 n 4 tz ? 2,T n 4 }/;77%7 3,T ‘ }/;77’1;
1=0 1=0 i =0 i

Alternatively, using the relation (3.13]), one can also use the approximation
L= 10g(YtZ) — log(yo) + B} 5
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Since we just would like to present some numerical illustrations of our limit theorems and not
to provide simulations, we will not approximate the processes (Li)icjooo) and (St)iejo,00)s
instead, applying the equations (3.12)), we can use

n—1
IZT =pT+ Z \ }Q?(Q(Wtﬁl o Wt?) +vi- QQ(B"/?H o Bt?))’
1=0

L Wtf) + 1-— Q2(Bt?+1 — Bt?)

Ja

Here, we point out that I}, and If; use the standard Wiener processes (W;)icjo,0c) and
(Bt)tejo,0) appearing in that can not be observed, so [}y and I can not be used for
approximating I, r and I5p, respectively, given a real dataset of (Y, S). However, the main
advantage of this procedure is that it allows us to handle numerical illustrations involving any

n—1
. . o(We:
IB,T = MIQ,T + Z =

1=0

arbitrary purely non-Gaussian Lévy process (L;)icr, with Lévy-Khintchine representation

o~

given in (|1.4). Hence, by (3.11)), we approximate 6r, kr and pLr by

é\gw = )
TI;,T]:?,T - (IEL,T)Q(YIG —Yo) + 00 (]ZT)QIE,T - QUT];,TIQ,T
- (Ip I3 — T2) ’
o B

For the numerical implementation, we consider two case studies, one with 6x > ¢2/2, and
another with 0k = 02/2.

First we take 0 =2, k=05, p=1—4/e, 0 =02, 0=0.5, yo=1, s =100, £ =0.01,
and we simulate M = 4000 independent trajectories of the normalized error TV2(apy — b).
Note that 0k > %2 with this choice of parameters. In Table (1| we give the relative errors for
T € {10,100,300}. Note that, when T increases we need of course a suitable number of time
steps n to guarantee a good approximation. The obtained relative errors confirm the strong

Relative error | T = 10 T =100 | T =300
\4/9\% —6]/6 0.0010578 | 0.0002387 | 0.0000658
|k — k|/k | 0.2803024 | 0.0532183 | 0.0214441
| — w|/p | 0.0380512 | 0.0060456 | 0.0034771

Table 1: Relative errors.

consistency of the estimator @T stated in Theorem . In Figure [1f we illustrate the law of
each suitably scaled coordinate of the MLE 4, = (07, Ry, fir) for T = 300. As a consequence
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Figure 1: From the left to the right, the density histograms of the suitably scaled errors given
in (6.1]), (6.2) and (6.3). In each case, the red line denotes the density function of the standard

normal distribution.

of Theorem [5.1], we have

Q/QST ~ D

(6.1) \/02(2%; sy (6r —0) — N(0,1) as T — oo,
T N D

(62) m (HT — /f) — N(O, 1) as 1T'— o0,

26T
" 2(uT—,u)i>N(O,1) as T — 0.

(6.3) 20k — o

The obtained density histograms in Figure [I] confirm our results in Theorem [5.1]
Next we take § =2, k=0.5, p=1—+/e, 0 =2, 0=0.5, yo =1, 590 = 100, n = 30000,

and we simulate M = 4000 independent trajectories of the appropriately normalized error
w — 1. Note that 6k = § with this choice of pararneters In Figure [2| we illustrate the
law of each suitably scaled coordinate of the MLE ¢T = (GT, Rr,pr) for T = 300. As a

consequence of Theorem we have

23T ~
T N D
(65) m (KT — K)) — N(O, 1) as T — oo,
1 — 02
(6.6) Tir—p) 222 V"2 7 s T .
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Figure 2: From the left to the right, the density histograms of the suitably scaled errors given
in (6.4), (6.5) and (6.6). The red line denotes the density functions of corresponding limit

distributions.

We plot the density function of the limit distribution in using its explicit form given in
Appendix [D| Note that it is cutted at the level 0.06, since it tends to infinity at 0. In case
of the parameter k, one can see a bias in Figure [2) which, in our opinion, is caused by the
bad performance of the applied discretization scheme together with the approximation method
of the integrals in question, when 60k = %2 We have not been able to find any discretization
scheme to explain the bias (we tried the truncated Euler scheme, see, e.g., Deelstra and Delbaen
[14], and the symmetrized Euler scheme, see, e.g., Diop [15] or Berkaoui et al. [I0]). Eventually,
this bad performance can also be observed whenever the ratio %f—f is close to 1. And to top
it all, one can observe the same phenomena already in case of the MLE (ZL\T,BT) of (a,b) of
the first coordinate process of the SDE based on continuous time observations (Y};):c(0,17,
T € (0,00), for both @y and by (for an expression of (Gr,br), see Overbeck [33]). So we
conclude that the bias for k seen in Figure [2is not related to the fact that the model

contains a jump part.

As we mentioned in the Introduction, the model with L as a compound Poisson
process given in ([1.5) is quite popular in finance. In this special case, one can use another
illustration method without applying the equations , but still using the standard Wiener
processes (Wy)iep,o0) and (Bt)ieo,o0). Namely, for all 0 < s < ¢, by (L),

t t Tt
St:Ssexp{/ (u—%Yu>du+/ \/Z(Qqu—F\/l—QZdBu)—{— Z Jk},

k=ms+1

hence we can approximate the price process (S;)icjo,r; by the recursion Sg = s € (0,00) and

% ILLT T n n ti+1
on = eXP{T = 5 Vi Y (oW, = We) + /1 = 0*(B,, — Bip)) + >
t? k‘:7rt7_L+1
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for i € {0,...,n —1}. Note that the process (m)ico,) is a Poisson process with intensity
A being independent of (W, By)icjo,o0); and it can be easily simulated. Therefore, given
independently an i.i.d. sequence of random variables (J;)gen, one can simulate at the same

time the term Zktaln 11 Jk together with the increments Ly — Ly = >4 erln (el — 1),
ie{0,...,n—1}. Further one can approximate Iy and I5T respectlvely by
n—1 Sn n—1 S 1 — L
~ tn ~ 1 Lap, — Ly
= 1| -L and I} = [ .

We remark that S}, € (0,00), n € N, i€ {0,1,....,n— 1}, SO IZT and [ng are well-
defined. Here we take again 0 =2, k=05, pu=1—+/, oc=02 0=05 y =1,
so = 100, n = 30000 and additionally, A = 1 and a random variable J; with standard
normal distribution. We simulate M = 2000 independent trajectories of the normalized error
Tl/Z(W:LT —1p). Note that 6k > %2 with this choice of parameters. In Figure [3| we illustrate
the law of each suitably scaled coordinate of the MLE ’(//}T = (gT, Rr, ir) which confirms our
results in Theorem [5.1]
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Figure 3: From the left to the right, the density histograms of the suitably scaled errors given
in . . and - In each case, the red line denotes the density function of the standard

normal distribution.

Finally, we note that we used the open source software Scilab for making the simulations.

Appendix

A Likelihood-ratio process

Based on Jacod and Shiryaev [22], see also Jacod and Mémin [20], Sgrensen [36] and Luschgy
[32], we recall certain sufficient conditions for the absolute continuity of probability measures in-
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duced by semimartingales together with a representation of the corresponding Radon-Nikodym
derivative (likelihood-ratio process).

Let D([0,00),R?) denote the space of R%valued cadlag functions defined on [0, 00). Let
(1)tej0,00) denote the canonical process n(w) := w(t), w € D([0,00),R%), ¢ € [0,00). Put
Fl = o(is € 0,1]), € [0,00), and

Dy([0,00),RY) := (Flie, t€[0,00),  D([0,00),R?) ;:a< U f?)

e>0 te[0,00)

Let ¥ C R* be an arbitrary non-empty set, and let Py, 1 € ¥, are probability measures
on the canonical space (D([0,00),R?),D([0,00),R?%)). Suppose that for each 1 € ¥, under
Py, the canonical process (7:)icpo,) is @ semimartingale with semimartingale characteristics
(B®) C,v¥) associated with a fixed Borel measurable truncation function h : R? — R?
see Jacod and Shiryaev [22, Definition 11.2.6 and Remark 11.2.8]. Namely, C; := {(n®")®)),,

€ [0,00), where ({(n°")*)},);ci000) denotes the (predictable) quadratic variation process

cont ) (

(with values in R%*?) of the continuous martingale part (n ¥) of n under Py, v¥ is

the compensator of the integer-valued random measure u”7 on [0,00) x R? associated with
the jumps of 1 under P, given by

(A1) pw,dt de) == > Liag @0} Eean@y(dt dz),  w e D([0,00),R?),

s€[0,00)

where £(;,) denotes the Dirac measure at the point (¢, ) € [0,00) x R?, and An, := n—n,_,
€ (0,00), Ang:=0, and B® is the predictable process (with values in R? having finite
variation over each finite interval [0,¢], t € [0,00)) appearing in the canonical decomposition

ﬁt =10+ Mt(w) + Bt(dj)a le [O’ OO),

of the special semimartingale (7;):c0,0c) under Py given by

:rv]t =TT — Z (773 - h(Ans>>7 te [07 OO)?

s€[0,t]

where (Mt(w)>t6[o,oo) is a local martingale with Méw = 0. We call the attention that, by our
assumption, the process C = ((7°°")#)) does not depend on 1), although (7°°™)%) might
depend on ). In addition, assume that Py (v ({t} x RY) = 0) = 1 for every 1 € ¥,
t €10,00), and Py(ny = xp) =1 with some xy € R? for every 1 € U. Note that we have
the semimartingale representation

N = Ty + Bt(w) 7o) (d’ / / ) (" — v¥))(ds, dz)
R4

/ /Rdm_ p'(ds, de), te[0,00),
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of n under Py, see Jacod and Shiryaev [22, Theorem I1.2.34]. Moreover, for each ¢ € ¥,
let us choose a nondecreasing, continuous, adapted process (Ft(w))te[o,oo) with FOW’) =0 and

a predictable process (cﬁlp))te[om) with values in the set of all symmetric positive semidefinite

d X d matrices such that .
C; = / W) dFW)
0

P,-almost sure for every t € [0,00). Due to the assumption Py (v ({t} x R?) =0) = 1
for every 1 € ¥, ¢ € [0,00), such choices of (Ft(w))te[om) and (cﬁ‘”)te[o,oo) are possible,
see Jacod and Shiryaev [22, Proposition 11.2.9 and Corollary I1.1.19]. Let P denote the
predictable g-algebra on D([0,00), R%) x [0,00). Assume also that for every b, 1~b € U, there
exist a P ® B(RY)-measurable function V®%) : D([0, 00), R?) x [0, 00) x R? — (0,00) and a
predictable R%-valued process B(’I’#’) satisfying

(A.3) V) (dt, dz) = V@ (¢, 2)v @) (dt, d),

(A1) / /R d )—1> V) (ds, dz) < 0o

~ - t - ~
(A5)  BW =pB" 4 / W) ) qp@) 4 / / (V@) (s, x) — 1)h(z) v ¥ (ds, de),
0 0 JRd

(A.6) /Ot(ﬁ(ww) w>5¢¢)dF < 00,

Py-almost sure for every ¢ € [0,00). Further, assume that for each 1 € ¥, local unique-
ness holds for the martingale problem on the canonical space corresponding to the triplet
(BW),C,v™) with the given initial value @, with P, as its unique solution. Then for each
T € [0,00), Py is absolutely continuous with respect to IED%T, where Py = IP’¢|DT [0,00),R4)
denotes the restriction of Py to Dz([0,00), R?) (similarly for P;r); and, under Py .. the

corresponding likelihood-ratio process takes the form

P, 1T

dP¢T

T
. o1
T () = / (BENT (o) ®)
dIP’%T 0

T ~
1 / (BT 8) b))
2 0 S S S S

log

(A.7) +/0T4d(v<¢v¢><s,m)—1) (0" — ) (ds, dz)

+ /0 /Rd(log(\/(ﬂ’ﬂb)(s7 x)) — V(@ﬂ/’)(s’ ) +1) 1(ds, dz)

for all T € (0,00), see Jacod and Shiryaev [22, Theorem II1.5.34].

In what follows we give a proof for using Jacod and Shiryaev [22], since in the liter-
ature we could not find a detailed proof. Using the notations of Jacod and Shiryaev [22],
under P, the triplets (B®), C,v®) and (B@),C,V’Z)) satisfy II1.5.5 in Jacod and
Shiryaev [22] with Y = VEY 4= F®) and ¢ = c®), and the filtration D,([0, 00), Rd)

€ [0,00), is generated by (1)) Moreover, a; = v ({t} x RY) = 0 and Y, =
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t,x t} xde) =0 almost surely for all ¢ € [0,00), hence o—in te
raV () d Py-al ly for all h f
[O, oo) either Y} >1,0ra;=1and Y, < 1} = 0o Py-almost surely. Then by (A.4) and (A

we have

t
H, :/ (ﬁngw))Tng) (%) dF / / V(¢¢ (s,x) — 1) d’)(ds dx) <
0 R?

Py-almost sure for every ¢ € [0,00). Consequently, T, = inf{t € [0,00) : H; > n} — o0
as n — 0o Py-almost sure (due to the fact that (H;)icp,) is a nondecreasing process), and
hence Py(A = [0,00)) = 1, and the Hypothesis I11.5.29 in Jacod and Shiryaev [22] holds.
Thus, by Theorem II1.5.34 in Jacod and Shiryaev [22], P, r is absolutely continuous with
respect to Py . for all T' € [0,00), and under Py 7. the density process (likelihood ratio
process) (Zr)rep,0) takes the form

dPy 7 1/T _
Tr=—2"(p) = Ny — = (%) (%) dF 14+ AN,)e AN:
O il exp{ 5 [ (BT [] a+aN)e

s€[0,T

for T €[0,00) with

T ~ ~ T ~ ~
— (BT (eont) () () D (4 — @)
Nr /0 (B5%7) - d(n*™)g +/O /Rd(V (s,@) = 1) (u" = v™*)(ds, d)

for T € [0,00). Further, the density process (Zr)rejo,oo) satisfies
T
Zr=1 —l—/ Zo_ dN, under Py . foreach T € [0, 00),
0

see Jacod and Shiryaev [22, 111.5.20]. Taking into account the fact that Py (v¥)({s} x RY) =
0) =1 forevery ¥ € ¥, s € [0,00), and the definition of the stochastic integral with respect
to the random measure p" — %) (see Jacod and Shiryaev [22 Definition II.1.27]), we obtain

AN, (w) = (V) (s, Any(w)) (@) — Difan sy, w € D([0,00),RY, s € [0,00).

Hence, using that V®%) is positive, we have P (inf{t € [0,00) : AN; = —1} = 00) = 1, and
consequently, Pz(Zr € (0,00)) =1 forall T"€ (0,00), see Jacod and Shiryaev [22, Theorem
1.4.61]. Further,

[T a+anye 2™ = ] (V@D (s, Any)Liag oy + Lian—op)e” V¥ A1) -Dlians0)
sel0.1] selo.1]

=exp{ S (log(V¥¥)(s, An, >>—V@W(s,Ans)+1)11{MS¢0}}

s€[0,T7

= exp{/ / log( V(‘M’ (s,x)) — V(’Y”’/’)(s,w) + 1) ,u"(ds,da:)},
Rd

yielding ([A.7)), where the existence of the integral in the exponent above follows from the facts
that Py(Zr € (0,00)) =1, assumption (A.6) and Py(Nr € R) =1 forall T € R (due to
Jacod and Shiryaev [22 Proposition I11.5.10 and II1.5.12]).
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B Limit theorems for continuous local martingales

In what follows we recall some limit theorems for continuous local martingales. We use these
limit theorems for studying the asymptotic behaviour of the MLE of % = (0,k,u). First we
recall a strong law of large numbers for continuous local martingales.

Theorem B.1 (Liptser and Shiryaev [30, Lemma 17.4]) Let (Q,]—", (ft)te[o,oo)ap) be a
filtered probability space satisfying the usual conditions. Let (M)icp00) be a square-integrable
continuous local martingale with respect to the filtration (Fi)icp.0c) Such that P(My = 0) = 1.
Let (&)icpo0) be a progressively measurable process such that

P(/Otgidwn <o) =1 tefn)

t
(B.1) / (M), 2 oo as t — oo,
0

where ((M)¢)icjo,00) denotes the (predictable) quadratic variation process of M. Then

t

’LLdM’LL a.s.
f05— —0 as t— oo.
Jo €2d(M),

If (Mi)icp,0) is a standard Wiener process, the progressive measurability of (& )icp.c) can
be relaxed to measurability and adaptedness to the filtration (Fi)icp,c)-

(B.2)

The next theorem is a special case of the central limit theorem for multidimensional square-
integrable continuous local martingales, see, e.g., Jacod and Shiryaev [22], Corollary VIII.3.24]
or van Zanten [40), Theorem 4.1].

Theorem B.2 Let (Q,]—", (.E)te[o,oo),IP’) be a filtered probability space satisfying the usual
conditions. Let (M)icp,) be a d-dimensional square-integrable continuous local martingale
with respect to the filtration (Fi)icjo,00) such that P(Moy=0) =1 and

t’1<M>ti>U as t— oo,
where U € R¥™? Then

Y2 M, 25 Ny(0,U) as t — oo.

C A version of the continuous mapping theorem

The following version of continuous mapping theorem can be found for example in Kallenberg
[24], Theorem 3.27].
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Lemma C.1 Let (S1,ds,) and (S2,ds,) be metric spaces and (&n)nen, & be random
elements with values in &1 such that &, 2, & as n — oo, Let F: 8 — 8 and
F,:8 — 82, n €N, be measurable mappings and C € B(S1) such that P(§ € C) =1 and
iy o0 ds, (Fo($n), F(s)) = 0 if limy_ oo ds,(sn,8) =0 and s € C. Then F,(&,) — F(£)
as n — 0o.

D Explicit formula for a density function

N

We show that the mixed normal but non-normal density function of 2= + T Zy, which is
the limit distribution of T'(fiyr — p) as T'— oo in Theorem [5.3] has the form

(Kt — o0)?
(D.1) ) = zmﬂ/ E Xp{—ﬂ—m}dt, v € R\ {0},
and
(D.2) lim f(x) = c0.

z—0

It is known that the density function of 7 takes the form fr(t) = (2mt?)~1/2e V1 (1),
t € R. Using the independence of 7 and Z,, we have

1_ 2 _ \/
P(QUJFG—MZQ@: th)z[P’(% (v = F)n T‘T—t)
KT KVT \/1—g
1 e A 1
= — e “"“du, reR, teR,.,.
V 2ﬂ—o/ioo A

By the law of total expectation, we obtain
V1 —0? o
P(ﬁ—i—u%gay) :/ g(x,t)dt, x € R,
KT T 0
with

KRxt— ga
1

g(x,t) = me 1(\/2_/0 e “2/2du) reR, teRy,.
7r m

The aim of the following discussion is to show that, by the dominated convergence theorem,

(D.3) @/, g(x, t)dt-%;o/o Y dt = f(x), r e R\ {0}.
Forall x € R and t € R, we have

. g(x+ ht) = g(x,t) K 1 (kat — o0)?
D.4 1 = )= — - B A O
( ) hli% h 619(36, ) 2mo+/1 — Q2t P 2t 20'2<1 - QQ)t
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Moreover, for all z € R\ {0}, t€ R, and he€ [—m m} \ {0}, we have

27 2

8lg(x+§g,t)’.

’g(x + h,t) — g(x,t)
h

‘ < sup [Oig(z +&h,t)| < sup
ge[_lyl] EE[_]-:]-]

For z e R\ {0}, £ €[-1,1] and ¢t € R ., we have

319($+fg7t>‘< - o -

X —e_ X - —
2ro4/1 — 0%t emoy/1 — 0?

since supcp, , t~le~2 =27l Further, for 2 ¢ R\ {0}, £ €[-1,1] and ¢ € R,,, we have

e > e 2 -l o2

whenever

—’m(m +£§)t’ > oo,

equivalently, whenever

.- 2oo] 2lolo
[e(z+&5)| w1+ 38l
which holds if
N L

Consequently, for z € R\ {0}, £ € [-1,1] and ¢t € (Ty(x),00), we have

Klx|t

x 1 x 1 &
3)t =09 > 5|l + €5 )t = gu(14 5)lele > =
)n<x+§2> 00 2/-@:1:#—52 2/1 ~|—2 || 1

and hence, by the second equality in (D.4)),

) ( iy t>‘< n { _mat t}
x ) < expy — .
Y 2 2no\/1 — 0*T(x) 3202%(1 — 0?)

We conclude that for € R\ {0}, £ €[-1,1] and t € R,,, we have

8lg<x +§g,t>‘ < Gt x)

with

K I§J2$2

K
1 21(8) + exp{——t}]l 2).00) (1
emoy/1 — o? 071 (1) onor/1 — 0*Ty(x) 3202(1 — 0?) (To(2).00) (1)

for t € Ry, and x € R\ {0}, and the function Ry, >t — G(t,x) is integrable on R,
hence the dominated convergence theorem can be used, and we obtain (D.1)).

One can derive (D.3) in another way. Since g¢g(z,t) < ﬁe’i, reR, teR,,,

the improper integral fooo g(z,t)dt is uniformly convergent for z € R. Further, for any
t,a,A€ R, and x € R with a < |z|] < A, we have

G(t,x) =

K K2a?

K
cro V=g el A) 2021 = ) J o)
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G(t,z) <



showing that the improper integral [ d1g(z,t)dt is uniformly convergent for a < |z| < A
with a < A, a,A € Ry;. This together with the continuity of the functions R x R, >
(z,t) = g(z,t) e R and R xRy 3 (z,t) — dig(z,t) € R yield (D.3), see, e.g., Lang [28,
pages 337-339].

Moreover, for all € R\ {0}, we have

() > K 1 N 200K 0*o? /°° 1 K22t &t
T) > ——————expl —= — —expl —————r
g 2ro+/1 — 0? P 2 20%(1—¢%) 20%(1— 0% I P 202(1 — 0%) ’

where

i 1 N 200K 0*c? 1 0*o?
im expq —= - =exps —= — ———=
ro0 P12 T 202(1— 02) | 202(1— ) P72 7 202(1— o)

/°° 1 K222t it /°° 1 K2u du o
— €eX e ———— = — €eX e —— u o0 as T
L 0P T 2021 — ) oou P T 202(1 - 0?) ’

hence we obtain (D.2]).

and
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