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Abstract

This paper presents an application of the Linear Sampling Method to ultrasonic
Non Destructive Testing of an elastic waveguide. In particular, the NDT con-
text implies that both the solicitations and the measurements are located on
the surface of the waveguide and are given in the time domain. Our strategy
consists in using a modal formulation of the Linear Sampling Method at mul-
tiple frequencies, such modal formulation being justified theoretically in [I] for
rigid obstacles and in [2] for cracks. Our strategy requires the inversion of some
emission and reception matrices which deserve some special attention due to
potential ill-conditioning. The feasibility of our method is proved with the help
of artificial data as well as real data.

Keywords: Elastic waveguide, Inverse scattering problem, Linear Sampling
Method, Lamb modes, Experimental data.

1. Introduction

This paper presents a Non Destructive Testing method to identify some de-
fects in an elastic waveguide. Such a subject is far from being original, but the
novelty of our contribution is that we apply a rather mathematical approach of
inverse problems, namely the Linear Sampling Method, to improve the ultra-
sonic inspection of elastic waveguide structures from real data. In particular,
at the end of the paper we present some promising identification results ob-
tained with experimental data. There is a huge amount of works dealing with
NDT experimental ultrasonic techniques for waveguides such as metallic plates
or pipes. But NDT ultrasonic techniques have limitations: some of them take
the modal decomposition of the waves into account, which allows the inspection

*Corresponding author
Email address: laurent.bourgeois@ensta.fr (Laurent Bourgeois)

Preprint submitted to Journal of BTEX Templates May 28, 2018



20

25

30

35

40

45

50

55

of a wide area. But these techniques need to track the propagation of a single
guided mode at a low frequency, which is difficult in practice [3] [, B} 6] [7], []].
Moreover, the guided-wave based techniques often depend on the type of defect
which is expected, that is a void, a crack or some corrosion. Other techniques
do not take the modal decomposition of the waves into account and enable the
inspection, at a high frequency, of a limited area which is close to the sensor
[9, 10]. Our aim is to image an elastic waveguide in a wide area and at a high
frequency, using all the propagating modes at the same time. Furthermore, we
wish to conceive a method which does not depend on the number and the type
of defects that are likely to be detected. A sampling method such as the Linear
Sampling Method has all these nice features, provided we manage to adapt it
to the constraining context of NDT.

The Linear Sampling Method has now a long history since its introduction
in [II] in the free space configuration and for the acoustic case. It consists,
for each sampling point z describing a grid, to check if some appropriate and
analytically known test function depending on z belongs or not to the range of
a linear operator the definition of which is based on the data. In the case of
a positive answer, the point z belongs to the defect, which is a practical way
of retrieving its boundary. Since the nineties, the LSM has been widely used
in other configurations and for other types of physical settings. For example,
both for penetrable or impenetrable objects, the LSM was extended to elasticity
in [I2] I3] and to electromagnetism in [14], [15]. In the acoustic case, the LSM
was adapted to the waveguide geometry in [16] 177, [I8] [T9]. The case of elastic
waveguides was addressed in [1], the case of electromagnetic waveguides in [20].
Given the importance of cracks in NDT, we mention that the LSM was adapted
to the detection of cracks in [211 22] in the case of acoustics and in [2} 23] in the
case of elasticity. To complete this short review of the Linear Sampling Method,
while the previous contributions consider waves in the frequency domain, we
point out that a time domain version of the LSM was developed in [24] and
adapted to waveguides in [25].

In almost all papers cited above, the LSM was applied to artificial data which
somehow can be considered as ideal. In [I] 2 1’7, 25], for instance, the sources
and the receivers are located along transverse sections of the waveguide, which
is not realistic in the context of Non Destructive Testing, where the sources and
the receivers are both located on the surface of the waveguide. Furthermore,
[1, 2, I7] stick to the frequency regime, while data are produced in the time
domain in practice. The work we propose in elasticity is the same as we did in
[26] in the acoustic case starting from [I8]: handling surface data in the time
domain in order to be in the exact conditions of a true experiment. An important
contribution in [I} 2] 18] was that a modal formulation of the Linear Sampling
Method, which is specific to waveguides, was introduced. Indeed, the term
“modal formulation” refers to the fact that all the incident and scattered fields,
in the region of the waveguide where there is no defect, can be decomposed along
the guided modes. This decomposition enables us to select, among all modal
amplitudes of the incident and scattered fields, those which correspond to the
propagating part, that is the part which propagates at long distance without
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attenuation. The remainder of the modal amplitudes is simply dropped. The
advantage of such technique, which is justified in the acoustic case in [I§], is
that it regularizes, in a very efficient way, the ill-posed LSM equation to solve
for each sampling point. In addition, our modal approach enables us to optimize
the number of the sources/receivers and the spacing between them. Note that
such optimization is significantly more difficult in the case of elasticity than in
the case of acoustics, due to much higher complexity of the dispersion curves.
Like in [26], our strategy is the following. Firstly, we transform the time domain
data into multi-frequency data with the help of the Fourier transform. Secondly,
at each frequency we transform the surface data into a novel set of ideal data
which are suitable for the modal formulation of the LSM. Thirdly, we combine
all the images given by the LSM at each frequency in order to obtain the best
possible defect identification. The Linear Sampling Method in the frequency
domain for an elastic waveguide is already justified for a Dirichlet obstacle in [I]
and for cracks in [2]. The justification for a Neumann obstacle would follow the
same lines and the justification for a penetrable obstacle would be very close to
that of [27] for the periodic acoustic waveguide. It is important to note that our
article does not provide any new result in this direction. Instead, it is focused
on the application of the LSM in the presence of real data (in particular, surface
data in the time domain) and on how the substantial issues generated by those
real data can be fixed. To our best knowledge, proving the feasibility of the
LSM with the help of real experiments on an elastic waveguide is new.

The outline of our paper is the following. Our Non Destructive Testing prob-
lem is described in section 2. In section 3, we briefly introduce the framework of
mixed X, Y variables, which is a key tool in view of the modal formulation of the
Linear Sampling Method. In section 4, we summarize such modal formulation
and its far field approximation. Section 5 details the way, starting from surface
data in the time domain, we can handle those data in order to come back to
the previous modal formulation. The section 6 is dedicated to some numeri-
cal experiments with artificial data, while section 7 presents our experimental
setup and the corresponding identification results. Some conclusions are given
in section 8. Lastly, in appendix A we derive the fundamental solution of the
elastic waveguide for a Dirac located on its boundary, while the appendix B is
an analysis of the cases when the matrix of modes introduced in section 5 is not
invertible.

2. Setting of the problem

We consider a 2D waveguide W = S xR for S = (0,d) and d > 0 is the height
of the waveguide. We denote (1, z3) the coordinates of a generic point of W in
the orthonomal basis (e, e3), x3 being the coordinate of the infinite direction of
the waveguide. The boundary of W' is denoted I' = 'y UT'y, where Iy (resp. I'y)
corresponds to 1 = 0 (resp. 1 = d). This 2D configuration can also be viewed
as a 3D configuration, such that if (z1, z2, z3) are the three spatial coordinates,
the waveguide is infinite in both directions x5 and x3 with invariance of all
quantities with respect to xo. This will coincide with the configuration of our
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experimental device in section 7. In what follows, all vectors in R? will be
marked in bold characters while scalars and matrices will appear normally. For
instance, v will denote the displacement, ¢ and o the strain and stress tensors,
respectively. We recall that, in the case of linear and isotropic elasticity, they
are linked by

T
s@)::YYJ§Y17, o(v) = Arfe(v)]Idy + 2pe(v),
where m”', tr(m) denote the transpose and the trace of the matrix m, respec-
tively, Ids denotes the identity matrix, while A and p are the Lamé constants,
which satisfy A+ 2p > 0 and g > 0.

We now consider a compactly supported scalar function ¢ of z3 and a smooth
(at least C1) compactly supported scalar function y of time ¢, with supp(y) C
[0, +00). For some impenetrable obstacle D such that D C W, let us denote
Q = W\ D and assume that ) is connected. We consider the displacement
solution v in Q X (0,+00) to the scattering problem with Dirichlet boundary

condition on dD:

p02v —div(o(v)) = 0 in Q x (0, +00)
o(v)v = pxe; onlyx(0,400)
o(v)v =0 on I'y x (0,400) (1)
v =0 on 9D x (0, +00)
v =0 on Q x {0}
Oy =0 on  x {0},

where p is the density of the material and v is the outward unit normal to €.
It should be noted that v = e; on I'y and v = —e; on I'y. Let us introduce two
scalar functions f and g that are both compactly supported and even. While
the function of time y is given once and for all, the function of space ¢ is
alternatively chosen as

¢(x3) = f(ws — 23", (2)
for several source locations xgi. We denote by v’ the solution to the same
problem as in W without the boundary condition on 9D and v® = v — v’.
In the classical terminology of scattering problems, v is the total field while v?
is the incident field and v* = v — v’ is the scattered field. The measurements
are given for all time ¢ € (0, +00), for several receiver locations xgi, by

(@5 t) = / g5 — TEWi(d, 23, ) das, 3)
R

where v{ is the component of the displacement v® along e;. We assume that
the position of sources and receivers are given by

et =+(R4+md), m=0,...,M—1, (4)

where R > 0 is such that the obstacle D is a priori located between the transverse
sections of coordinates 3 = —R and 3 = R and § > 0. The well-posedness
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Figure 1: Configuration of the inverse problem

of the forward problem for some data (¢, x), which can be analyzed with
classical tools like the J.-L. Lions Theorem or the Hille-Yosida Theorem (see
[28]), will not be discussed in the present paper. The inverse problem consists
in identifying the obstacle D in two situations:

e the full-scattering situation, that is we use the sources and receivers at
23" and 25"~ given by (4) for m = 0,..., M — 1, which amounts to 2M
sources and 2M receivers,

o the back-scattering situation, that is we use the sources at z3'~ and the
receivers at 3’ for m =0,..., M — 1, which amounts to M sources and
M receivers.

In the full-scattering situation, both sides of the defect are accessible, while
only one side is accessible in the back-scattering situation. The configuration
of our inverse problem is illustrated in figure In the inverse problem that
we consider, the obstacle D is characterized by a Dirichlet boundary condition
v =0 on 9D for simplicity, like in [I]. But all the justifications remain valid for
the Neumann boundary condition o(v) v = 0 on 9D or o(v) v = 0 on both sides
of a non closed curve, which model a void or a crack, respectively, like those we
look for in the real experiment. We introduced the functions f and g in order
to make the data of the inverse problem closer to the real data. Indeed, a Dirac
Distribution would correspond for f to a punctual force applied at point a?gi
and for g to a punctual measurement of the displacement at point x5+, while
in practice using piezoelectric transducers leads us to impose a distributed force
around mgi and to measure a weighted displacement around z§+. Lastly, in
our inverse problem, we impose a pressure force (along e;) on the boundary
of the waveguide and measure the transverse displacement (along e;) on such
boundary, because this is what is usually done in experiments and what we
actually do in section 7. In fact, the theory developed in the present article
enables us to consider other configurations (see [29]), for example a shear force
(along es3) on the boundary and the axial displacement (along es).
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3. The X, Y variables

In this section we briefly summarize the results given in [30].

3.1. The guided modes

Let us introduce the X and Y variables, which is a useful tool in order to
study the guided modes. They are defined from the displacement field u as

x:(tl) and Y:(“1>,
us ts

where u = (u1,u3) and o(u)es = (t1, —t3) := (031, 033). These variables X and
Y, which mix some components of the displacement and some components of
the stress tensor, were introduced in [3I] and revisited in [30, 32]. The main
advantage of those variables is that, contrary to the displacement field u, its
X and Y extensions can be decomposed in a complete basis of any transverse
section of the waveguide, as we will see later. In our elastic waveguide, for a
given fixed frequency w, the so-called guided modes are the solutions u, with
separate dependance on x; and z3, to the system

divo(u) + pw?u=0 in W,
" o)

ouyy =0 on

It can be proved (see [30]) by using the X,Y variables that the system is
equivalent to the “evolution” problem with respect to the coordinate x3:

9 (X _ 0 Fy X o W

Ozrs \ Y - Fxy 0 Y ’ (6)
o11(Y) = 0 on T,
1 = 0 on I,

where the transverse operators F'x and Fy are defined by

*8m10'11(Y) — pw2u1
FYY - ( — 8zlu1 — gtg

A

t1
-_— = aml us

) and FXX: ) (7)

Oz, t1 + pwus

with
o11(Y) =2u(1 + @)0z,u; — ats, a= N (A+2u). (8)

The guided modes are obtained by searching solutions to problem @ in the

form
( X(z) ) _ ( X (1) )ewwg
Y(z) V(1)
with 8 € C, which amounts to
. X _ 0 Fy X .
(3 - (AE) e s
0’11(3’) 0 for xz; € {O,d},
t = 0 for z; €{0,d}.
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By using the spectral properties of the operators Fx and Fy (see [30]) we obtain
a discrete family of guided modes depending on n € N, given either in the X, Y
variables or in the u variable, by:

(30 (it ) w25 oo o

In 2D, the guided modes defined above are also known in the literature as the
Lamb modes. In practice, for some given w, the 3,, do not have an analytical ex-
pression. The dispersion relation that they satisfy, as well as the corresponding
displacement (uf,u%) are specified in appendix B. An essential result (see [30])
concerning these guided modes is the following biorthogonality relationship, for
m,n € N:

for some constant .J,,, where the bilinear form (-|-)g is defined for X = (t1,u3)T
and Y = (u1,t3)7 in L*(S) = (L*(S))? by

d d
(X[Y)g = / (X1 + A3)3) ds = / (t1u1 + ugts) ds. (11)
0 0

The bilinear form can be extended by duality to the case when X €
H2(S)x H2(S) and Y € Hz(S) x H~2(S), where H~2(S) is the dual space
of Hz(S). The following assumption is made in the sequel.

Assumption 1. The frequency w is such that none of the B, vanishes and none
of the elements of the family (X,,Yn) satisfies (X,|Yn)g = 0.

Assumption [I] eliminates the possibility of infinite phase velocity and of
vanishing group velocity (see [33]). Such assumption enables us to set J, =1
for all n € N. From the numerical results, Assumption [I| seems to be violated
for at most a countable set of frequencies w. The guided modes for which 3,
is purely real are said to be propagating, since they propagate at long distance
without attenuation. The guided modes can then be organized in two families:

e the rightgoing modes (8, X, V) for n € N, which correspond to Im(3,,) >
0 (for non-propagating modes) or 887‘“ > 0 (for propagating modes), where
w is an implicit function of 3, via the dispersion relation (60).

e the leftgoing modes (—f3,, —X,,Y,) for n € N.

It should be noted that the non-propagating modes are either evanescent (8,
is purely imaginary) or inhomogeneous (3, is not purely imaginary). Without
loss of generality, we assume that the propagating modes are ordered in such a
way that the sequence of ,, decreases with respect to n.

3.2. The radiation condition

Let us assume the following conjecture.
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Conjecture 2. For every X € H=2(S) x Hz(S) we have

X =Y (X|Y)s X, (12)

neN
for every Y € Hz(S) x H™2(S) we have

Y=> (XuY)sVn, (13)

neN

and there exists C > 0 such that
S UXIYL)sIP < Clx)?

1 1
H™2(S)xHZ(S)

HE(S)xH2(S)’

S XLP)sP < CIVIP,

Decompositions and are also true for X and Y in L*(S).

To our best knowledge, a rigorous proof of the above completeness result,
which seems true according to all our numerical experiments, does not exist.
Following [30], from conjecture [2] the family (53,,, X, Y,) enables us to define a
continuous Y-to-X operator T acting on a transverse section S, precisely

T < H3(S) x H-3(S) — H3(S) x Hz(S) >
' yHZneN(Xn|y)SXn '

It is shown in [30] that the radiation condition in the elastic waveguide can
be imposed by restricting the scattering problem to a bounded domain Wg
located between a right transverse section Sp = S x {R} and a left transverse
section S_pg and by prescribing the boundary conditions 7, Y = X on S and
T_Y = —X on S_g, where T and 7_ are acting on sections Sr and S_g,
respectively. In what follows, I'g is the portion of I' delimited by the sections
S_gr and Sg.

(14)

3.8. The fundamental solution
The classical outgoing Green solution of the elastic waveguide W, denoted
by G?, is such that for y € Wg, the 2 x 2 tensor G7(-,y) satisfies the problem:

—divo (GG (-, y)) — p?Go(,y) = 6(-—yldy  in  Wg
o(Go(y)v =0 on Tr (15)
TLGS (-, y) = £G% () on  Sig,

where G% (resp. G¥) denotes the 2 x 2 tensors such that each line of G% (resp.
G%) is formed by the X extension (resp. Y extension) of the corresponding line
of tensor GZ. By using the coordinates of X, = (t},u%)? and Y,, = (u},t3)7,
the tensor G is given by

) etBnlza—ys|

Go(x,y) = — Z ( o uy (z1)uy (y1) —s(zs — y3)ul (z1)ul (y1) 5 ’

x3 — ys)ugz (z1)uy (y1) —ug (1)ug (y1)
neN
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where s is the sign function. As a useful tool to formulate the Linear Sampling
Method in our elastic waveguide, we introduce the extended outgoing Green ten-
sor G for the elastic waveguide already introduced in [I], which is well adapted
to the X, Y formalism. The 4 X 4 tensor G is such that for y € Wg, G(-,y) is
the solution to the problem:

0 Ids 0o .
a0t =(n 5 Jotm-sc-n () w o w
O'll(GY( )=0, t GY( y)) =0 on I'p
T:I:GY( y) =+Gx(y) on Sig.
(16)

Here, Gx and Gy denote the X —rows and Y —rows of the matrix GG, respectively.
If we decompose the tensor G into four 2 x 2 blocks, that is

a¥ GY)
G — X Yx ) 17
(G;f ay (17)

it is proved in [I] that these blocks can be specified as

eiﬁnlei*yfi'
Gﬁ(x,y) = _%5(533 - yS)Xn(xl) 02y yn(yl)fv
eBn|T3—ys
Y X, X _—
Gx(z,y) % (1) © X (y1) = 5 -
eBn|T3—ys
neN
eiﬁw,|f3—y3|
G (z,y) = —%3($3—y3)yn($1)®xn(yl) 5

By selecting among the rows of matrix G those which correspond to the compo-
nents of u and by selecting among the columns of G those which correspond to
the components of o e3 (we recall that o es = (t1, —t3)”), we obtain the classical
Green tensor G¢ from the extended one. More generally and for simplicity, G°
will denote the tensor obtained from G by selecting among the rows of matrix
G those which correspond to the components of type a and by selecting among
the columns of G those which correspond to the components of type b.

4. The modal formulation of the Linear Sampling Method

We briefly summarize the modal formulation of the Linear Sampling Method
such as described in [I] for rigid obstacles. But the justification can be easily
adapted to the case of voids or cracks (see [2]). As recalled in the introduction,
the method itself is independent of the nature of the defect.
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4.1. The theoretical foundation

We consider the following scattering forward problem : for f € (H~2 (9D))2,
find u € (H*(Qr))? such that

divo(u) + pw?u =0 in Or,

ocuyr=0 on T,
u="f on oD (19)
Tj:Y =+X on S:I:R7

where Qr = Wi\ D. Let us denote by u$-(-,y) the solution to problem
which corresponds to f = —GY (-,y)|ap for y € S := S_r U Sk and by X§(-,)
the X extension of u$ (-,y). Similarly, let us denote by u5% (-, y) the solution to
problem which corresponds to f = —GX(-,y)|sp for y € S and by Y(-,y)
the Y extension of u%(-,y). We consider the inverse problem of finding the
obstacle D from the trace on S of either X§.(-,y) or Y(-,y), for all y € S. In
order to solve it we introduce the near field operators Nx and Ny defined by

L2(S) — L*(S)

M e [ X ah)ds), aes (20)
nd
¢ L2(S) — L*(S)

Wl hs /S Y(z,y)h(y) ds(y), €3 2D

The Linear Sampling Method relies on the following theorem (see Theorem 3.6
in [I). The proof of such theorem follows exactly the same lines as the proof of
Theorem 2 in [34] by using the factorization of the operators Ny and Ny which
is derived and analyzed in [IJ.

Theorem 3. Let Nx and Ny be the near field operators defined by (@ and
and p be some unit vector in R%. Except maybe for a countable set of
frequencies w, the following statements hold:

e if 2 € D, for all € > 0 there exists some field ho(-, z,p) € L2(S) such that
INxh: = GX (- 2)pll2gs) <€
and some field h (-, z,p) € L%(S) such that
[Nyhe =G (-, 2) pllas) < e
In these two cases, for a given € > 0,

i [l (-, 2,p) | 2(5) = +00.

10
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e if 2€Qp=Wg\D, for all field h.(-, z,p) € L*(S) such that
[Nxh: — Gx(-2) P|||_2(g) <e or |Nyh.—Gy(-2) p||L2(S) <e

we have
;1_% [h (- 2, P)|||_2(9) = t+00.

Then a practical method to identify D from one of the operators Nx and
Ny and given a unit vector p, consists for all z in some sampling grid, to solve
in L%(S) the equation

Nxh=GX(-2)|gp (22)
or
Nyh =G5 (-, 2)[gp (23)

and then to plot the function ¢(z) = 1/[|h(2)]|_>(g), which from the above
theorem turns out to be an indicator function of the defect.

4.2. The modal formulation

Now let us introduce the modal formulation of the LSM. To this end, let us
denote by u®* the solution to problem which corresponds to f = —u|sp,
where uf are the guided modes given for n € N by , and let us denote by
Xfli the X extension of us*. By our conjecture |2} we can decompose

XfL+|S—R = Z S;CL;XWH Xy lsip=— Z Span Xm (24)
meN meN
X lsn =D StiXm, X lsp =Y Sy o (25)
meN meN

Similarly, we set h = (h_,h,) € L>(S_g) x L?(Sg) with

ho=—3 hVu hy=3 hiV.

neN neN

Tt is proved in [I] that the equation is equivalent to the infinite system

ZemnR (S*‘h_ + S“h*) — ezﬂm(R+zs)(Xm(Zl) -p)

nell . Vm € N. (26)
> e B (S hy + Sptht) = —e =) (X, (1) - p)
neN

From and , we can deduce that

s+ — +— s— — -
Yn |S—R - Z S’rnnym7 Yn |S—R - Snbnym’
meN meN
s, — s—| _ _
Y:z |SR - Z S;:ym’ Y’:L |SR - Z szym’
meN meN

11
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so that by choosing now

ho=> h X, hy.=) hix,,
neN neN

we can prove similarly that the equation is equivalent to the infinite system

DR (S by + Sy hih) = &0 EEE (Y, (21) - p)

neN ) Ym e N. (27
Z eiPn R (S:Z—gh; + S;Zhﬁ) - elﬁm(R—Z?,)(ym(zl) . p) ( )
neN

Like in acoustics, the above equivalence between the equation (resp. the

equation ) and the system (resp. the system ) shows that it is
equivalent:

e to know the X (resp. Y) extension of the scattered fields on S associated
to all point sources GY (-,y) (resp. GX(-,y)) fory € S

e to know the projections on the X'y, (resp. Y.,) functions of the X (resp.
Y) extension of the scattered fields on S associated to all the guided modes
uf for m,n € N,

However, the notion of polarization is new in elasticity compared to acoustics:
while a single system is solved in acoustics (see [18)]), four differents systems can
be solved in 2D elasticity, because of the scalar products (X, - p) and (¥, - p)
for p=(1,0) and p = (0,1). Since X = (t1,u3)” and Y = (uy,t3)T, we obtain
four different polarizations : w1, us, t; and t3.

Remark 4. We have shown in [2] that when the defect is a Neumann crack
instead of a void, it can be detected point by point by using polarizations t1 and
ts. More precisely, the correct polarization is t1v1 — tsvs, where (v1,v3) is the
local normal to the crack. Such normal can be obtained locally by an optimization
process.

4.8. The regularization

As proved in [Il 2], the near field operators Nx and Ny are compact, so
that the equations (22]) and (23)) are ill-posed. A convenient way to regularize
the infinite systems (26) and is then to restrict the indices m and n to the
N first terms, where N is the finite number of propagating modes. Indeed, the
evanescent and inhomogeneous modes do not contribute to the scattered field
at a long distance from the defect, in particular on S = S_pUSgk when R is
large, only the propagating modes do. Let us specify such discretization for the
system . We hence define the matrices and vectors

St =(S-%), S*E=(StY), mn=0,...,N—-1

mn mn

HE — (hi% F;;L,p — eiﬁvn(R¥z3)(ym(zl) p), m=0,...,N—1.

12
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We also introduce the N x N diagonal matrix K formed by the diagonal terms
el n=0,...,N —1, as well as the global matrices and vectors

(st s (K 0 (H ([ Fy,
(3 3 )ame(8 ) () e ()
With those notations, the regularization applied to the infinite system leads

to the 2N x 2N system
UH = Fy,. (28)

We refer to the 2N x 2N matrix S as the scattering matrix while we refer to
the 2N x 2N matrix U as the LSM matrix. In what follows it will be convenient
to introduce the matrices U~ = S~* K, U+* = St* K. Obviously, we obtain
from the same system as , except that the right-hand side Fy,,, is
replaced by some vector Fx ,. In view of the experimental setup of last section
it is important to address the back-scattering case, that is the data of the
inverse problem are supported by S_g instead of S = S_gUSg. The inverse
problem consists then in finding the obstacle D from the trace on S_g of either
X5 (y) or Y(-,y), for all y € S_g. In the back-scattering situation, it is
readily seen that the 2N x 2N system is replaced by the N x N system

UtTH =Fy,, (29)

Remark 5. Here we highlight the fact that the system @ is both a discretiza-
tion and a regularization of the ill-posed problem . The discretization con-
sists of a projection on the transverse modes X,. The regularization consists
in considering only the integers n associated with the propagating modes (this
is justified in [18] in the acoustic case). This regularization seems relevant
for at least two reasons. Firstly, it is based on a physical argument (the non-
propagating modes vanish at long distance). Secondly, it leads to a very limited
number of meaningful degrees of freedom. Such physical way to regularize the
ill-posed problem would not be possible by handling the data directly in the time
domain. In particular, this strongly motivates us to use the modal formulation
and hence a multi-frequency approach rather than a time domain approach like
in [25], as detailed in the next section.

5. The case of surface data in the time domain

In this section, we explain how to exploit the modal formulation of the Linear
Sampling Method exposed in section [ to tackle the realistic NDT problem of
section 2

5.1. From time domain to frequency domain data

First of all, by taking the Fourier transform with respect to time ¢ in the
system , that is

V(o w) = /R v(z, )it dt, (30)

13
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then for some fixed frequency w > 0 the solution u = V(-,w) satisfies the scat-
tering problem in Qg:

div(o(u)) + pw?u 0 in Qg
o(u)v = ¢, onlgp
O’(U) =0 on FO,R (31)
u = 0 on 0D
.Y = £X on Sig,

where Fqgr=TqNI'gr, I'or=TcNTg and @, = )?(w) ©.

Remark 6. It is fundamental to consider the exponential e*t and not e** in
our definition (@/ of the Fourier transform in order that u satisfies the radiation
condition in problem . In the slightly simpler case of acoustics, this fact is
fully justified in [29] with the help of the limiting absorption principle. Besides,
the definition of @ requires v to be sufficiently decreasing with respect to time
t at infinity. This aspect is discussed in the numerical section. In the presence
of experimental data, the Fourier transform is of course replaced by the discrete
Fourier transform.

wwt

For convenience, we also introduce the solution u’ to the system

div(o(u?)) + pw?u’ = 0 in Wg
o(u)v = p.e1 onlygr
o(u’)v = 0  onlgpr (32)
T:tYl = X' on S:I:R~

As a result, u is the total field while u’ is the incident field and u® = u — ui
is the scattered one. Besides, the scattered field u® is solution to problem
with f = —ul|a p- A convenient way to glve an explicit expression of u’ is to use
the fundamental solution of problem (3 , which corresponds to the particular
case when ¢, is chosen as the Dirac distribution § at point y3. As proved in
Appendix A, such fundamental solution coincides with Gf!, which is obtained
by selecting among the rows of matrix G given by | . those which correspond
to the components of u and by selecting the first column of G, that corresponds
to the component t;. The vector function G is hence given by

G\ s(x3 —y3) Xn(x1) | v1(d) 8, |2s—ys|
<th1 )“Z< Yalwr) )2 e

By convolution, it is readily seen that the incident field u’ in the extended
variables X, Y is expressed as

( > Z/( . Sizsxf) () )@ew”%yﬂ@w(%)dm. (33)
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5.2. From surface to modal data

We will need the following lemma.

Lemma 7. For R' > R and g € H2(Sg) x H™2(SR), the extension Y of the
solution u to the problem

div(o(u)) + pw?u = 0 inSx(R,R)
o(u)v = 0 on({zy=d}U{x; =0})x (R,R) (34)
Y = g onSg
T+Y = X on SR/
s given by
Y(z) =Y (Xnlg)sne "5, (21). (35)

neN

Symmetrically, the extension Y of the solution u to the problem

div(o(u)) + pw?u = 0 in S x (—R',—R)
o(u)v =0 on ({z; =d}U{z; =0}) x (R, —R)

Y = g on S_p

TY = X on S_R/
(36)

s given by
Y(@) =) (Xulg)s ne TRy, (1), (37)
neN

Proof. Let us begin with the first case (34). From Lemma 2.8 in [I], the solution
to the first two common equations of systems and is given by

(30) -2 (30 )+ (20))

neN n n

for some complex numbers a; and a,,. Given the expression (10 of the guided
modes Xf,Yf, we obtain in particular

X(@) =) (aye® s —a e ) X, (1)
neN

and ' '
Y() =D (afe™™ +ayem )Y, (@),
neN

From the definition of the operator T', we have T'Y,, = X, for all n, then
the radiation condition on S% implies

Z(af{ew"R, + a;efw"R/)Xn(m) = Z(aiem"R/ — a;eiiﬁan)Xn(xl),
neN neN
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that is a,, = 0 for all n € N. Lastly we use the boundary condition on Sg, that
is

Y(@) =) afe™ Y, (o) = g(o),

neN
which implies by using the biorthogonality relationship that

a‘:eiﬁ"R = (Xn|g)SR

for all n, and we end up with (35). Let us now consider the other case (36]).
The radiation condition on S_ g/ now gives

Z(a:e*w"R' +a, PN X, (1) = — Z(a:eﬂﬂ"ly —a; P (21),
neN neN

that is a = 0 for all n € N. The boundary condition on S_g implies that

Y(2) = an e Y () = gla),

neN
so that ‘
a;ez,@nR _ (Xn|g)S,R
for all n, and we end up with . O

We have now to consider four configurations separately, depending on the
fact that the source or the receiver is on the left or on the right of the defect.
Let us first consider a left source located at point (d,y5 ) with y3~ = —R — s6,
for s=0,...,M — 1. From , the incident field is

< $:Eg ) =2 < g’(:&l)) ) lLlnzwl)/Rem"(mgy‘”')s%(yz)dys

neN

== (%0 )R Lt i

neN

The corresponding scattered field is then

( $E§§ ) == ( ﬁiﬁg ) @A@‘iﬁ"ysw(yz)dw

neN

where we recall that X5*, YT are the X, Y extensions of u$*, which is itself
the solution to problem associated with f = —uX|sp. Since p,(y3) =
fu(ys — 3~ ), where f, = X(w) f, and taking into account the fact that f is an

even function, we obtain

Yé(z) _ Z Y;L+ (1‘) U?2(d) eiﬁn(RJrs&) / eiﬂanw(Z) dz.

neN R
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Let us now consider a reception point (d, x3) located on the right of the waveg-
uide. By using Lemma [7] in the case of and given the definition of the
scattering matrix ST1, we have that

Yo (dias) = D (XlYi ) sae P 7R, (d) = Y e Rgity, (d).
meN meN
By plugging this identity in the expression of Y?, we obtain
Vol g) =~ X S R @) 0, a),
m,neN
where

_ iBnz
fn /]R e’r* f(z2) dz. (38)

In view of , the Fourier transform of the measurement at the receiver located
at o5t = R+1rd, forr=0,...,M — 1, is given by

A w) = [ glra = a5 (d, ) da,
R
that is
(ot _ X(w) iBmrd m ++ iBnR, n 1B 86
’Y(x?ﬁ 7w) __T Z € gmUy (d)smne Uy (d)fne )
m,neN
where

an = [ (e de (39)
R

By restricting the two sums to the first N terms, where N is the number of
propagating modes, we obtain that for r,s = 0,..., M — 1, the measurement
M+ obtained at point 257 = R + 16 for a source located at y5~ = —R — 6 is
approximately given by

~ N—-1
w . .
wgt = XS g U )

m,n=0

where we have used the fact that Ut+ = STTK. Using matrices, we obtain
that

Mt = —¥RU++ET, (40)

where
R=VFT, E=VFT (41)

and

e F; and Fj are the N x N diagonal matrices formed by the diagonal terms
fn and gy, respectively,

17



e T is the N x N diagonal matrix formed by the diagonal terms u}(d),

e VV is the M x N Vandermonde matrix given by

Vi = €0 m=0,... M —1, n=0,...,N—1. (42)

In what follows, the matrices Fy and Fy will be called the source shape and
45 receiver shape matrices, the matrix T will be called the matrix of modes, while
the matrices R and E will be called the reception and emission matrices.
Let us now consider a reception point (d, z3) located on the left of the waveg-
uide. By using Lemmal[7]in the case of and by the definition of the scattering
matrix ST, we have that

Yot (das) = > (Xn|Y5N)g pe Pty (d) = 3 emPnlmtRighoy, (d).
meN meN

wo  For a source located at point (d,y35 ), we hence obtain
s X(w —1 T — 0 n iBns
Y'(d,2a) = —Lg LS et R g b R (@) £, 9, o)
m,neN

The Fourier transform of the measurement at the receiver located at zf~ =
—R—rd, forr=0,...,M — 1, is given by

a(l’gi ,w) = _@ Z eiﬁmﬂsgmu'{n(d)sﬂr—l; 6iB"Ru;L(d)fn€w”367

m,neN
so that for 7,5 =0,..., M — 1, the measurement M5~ for a receiver located at
xy~ = —R —rd and for a source located at x5~ = —R — sd is approximated by

2w) N-1

M = =02 3 g (U (d) fae
m,n=0
s that is N

Mt = —@RUJ”‘ET. (43)

Let us now consider a right source located at point (d,y5") with y57 = R+ sd,
for s=0,...,M — 1. From , the incident field is

( izgg ) =-2 ( _in?iﬁ) ) @Ae_iﬁ"(ﬁg_ya)@w(yzs)dys

neN
=-y ( é’zgg ) %M) /Rei""%sow(ys)dys
neN n
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and the corresponding scattered field is then

(30)) - (3 ) D [t

By proceeding as previously, for r,s = 0,..., M — 1, the measurement M, T for
a receiver located at z3" = R+ rd and for a source located at y5~ = R+ s6 is
approximated by M, " such that

M+ = X gy, 14
2

while the measurement M~ for a receiver located at z;~ = —R —rd and for a
source located at y§+ = R + s is approximated by M~ such that

M~ = —@RU”ET. (45)

Gathering all the previous contributions , , and , we end up
with

M = —@Ruﬂ, (46)
where
M*t— M—— R 0 E 0
m=(pee b ) 2= (0 k) o= (0 5 )
We hence conclude that for a given frequency, we can compute the LSM matrix

U from the measurement matrix M by inverting the reception and emission
matrices R and £. In the case of back-scattering, the system to invert is reduced

to (43).

5.3. The general strategy

The global strategy to solve the inverse problem in the full-scattering situa-
tion consists in the following steps:

1. Compute or measure the transverse component of the scattered field v® in
the time domain at all receivers x* for all sources ¥ forr,s = 0,..., M—1.

2. Form the measurement matrix M (w) for all frequencies w.

Invert the system to obtain the LSM Matrix U (w) for all w.

4. For all z € G, where G is a sampling grid, compute the indicator function
¥(z,w) by inverting the system (28)).

5. Compute a global indicator function ¥ of the defect as

oy , —1/2
oy ([ T

@

for some lower and upper bounds w_ and wy .
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In the back-scattering situation, we recall that the receivers and the sources are
limited to = and z forr,s =0,..., M —1, the measurement matrix reduces to
M~ (w), the LSM matrix reduces to U7~ (w) and is obtained by inverting the
system , lastly the LSM system to invert for all point z reduces to . We
also recall that the indicator functions ¥ and (-, w) are implicitly parametrized
by one of the four polarizations wu, us, t; and t3. The definition of the global
indicator function ¥ given by corresponds to a “serial” combination. Such
choice is discussed and justified in [26].

Remark 8. We point out that in general, the system (@ should be solved in the
Tikhonov sense (like in [33]]), since the underlying operator to invert is compact.
But in our case, since the system (@ is already regularized (see Remark@ and
small, an additional regularization is not necessary when the amplitude of noise
s reasonable.

5.4. On the inversion of the emission and reception matrices

A key point of our method is the computation of the LSM matrix ¢/ from the
measurement matrix M given by , which amounts to inverting the reception
and emission matrices R and E. Given their definition , we are led to check
the invertibility of the source and receiver shape matrices F, Fy, the matrix of
modes T and the Vandermonde matrix V.

5.4.1. The source/receiver shape matrices

Since the two matrices have the same form, we concentrate on the source
shape matrix Fy, the diagonal term f, of which is given by . We choose
f such that none of the f,, vanishes for n = 0,..., N — 1. In particular, if f
coincides with the Dirac function, F; is the identity matrix. We expect that,
if the function f is not “too far” from the Dirac, for example a hat function
with a small support and a high amplitude, then F; will be invertible and well
conditioned.

5.4.2. The matriz of modes

The matrix of modes T is also diagonal, the diagonal term being given by
uf(d) for n =0,..., N — 1, where u}(d) is the transverse component of the n*?
mode given by on the upper boundary of the waveguide. The matrix T
is invertible if and only if none of the u}(d) vanishes for n = 0,...,N — 1. Tt
happens that there are some exceptional values of w such that one of the u}(d)
vanishes. To be more specific, we prove the following theorem in appendix B,
where the notion of symmetric/antisymmetric mode is also defined.

Theorem 9. Let us assume that X\ > 0. The matriz T is not invertible if and
only if for some propagating mode (B, Xpn,Vn), n =0,...,N — 1, there exists
(p,q) € N? such that p and q are either both odd or both even, with

2 2
ﬁZ _ w2£ _(PT— 2k — W2 p (97— 2Ky,
" W d A+2u d ’

where £, = 0 if the mode is symmetric and k, = w/2 if it is antisymmetric.

20



515

520

525

530

We also prove in appendix B that for such mode, the corresponding 3, is as-
sociated with both a symmetric and an antisymmetric mode. From a geometric
point of view, this means that if we plot the dispersion curves associated with
all the propagating guided modes in the plane (w, ), the cases when T is not
invertible are those which correspond to the intersection of four curves: a curve
associated with a symmetric mode, a curve associated with an antisymmetric
mode and two curves of equations given by

g —wl - (Z) (18)
and )
ot (2 =

for m,n € N, respectively. In the figure [2} above is represented the condition
number of the matrix T as a function of the frequency w, while below are
represented the dispersion curves in the coordinates (w, 8), as well as the curves
and . Since T is a diagonal matrix, the condition number is the ratio
between the largest diagonal term and the lowest one with respect to the complex
norm. The parameters d, p, A and p are those which are chosen in the numerical
section. We observe that the peaks in the condition number of T' coincide with
the intersections of the four curves mentioned above.

o R N W R W
T
1

Figure 2: Above : logarithm of the condition number of the matrix 7" as a function of w.
Below : dispersion curves for symmetric modes (blue) and for antisymmetric modes (red),
-type of curve (dashed green), -type of curve (dashed black).

5.4.8. The Vandermonde matrix
The invertibility and the conditioning of the rectangular Vandermonde ma-
trix V' given by (42)) have already been studied in the acoustic case in [26].
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However, the elastic case is more complicated since the (3,, are not known an-
alytically, contrary to the acoustic case. The matrix V depends only on the
Br, on the number M of sources and receivers and on the smallest distance §
between two sources or two receivers. It is recalled in the appendix A of [26]
that for a Vandermonde matrix with entries on the unit circle, that is

Vign = 2™ =0,... M —1, n=0,...,N—1,

for real numbers f, and M > N, the matrix V*V is invertible if and only if for
all n’ #n, fnr — fn is not an integer. Here
fn:@, n=0,...,N—1
27

An important issue, which can be seen on the dispersion curves, is that we
may have 8, (w) = Bn/(w) for n # n' for some exceptional values of w, that
is multiple eigenvalues. The matrix V*V is not invertible in that case. We
hence assume from now on that w is such that all the 3, are different, which
in particular implies that the matrix of modes T is invertible. Since the £,
are ordered decreasingly, the invertibility of V*V is achieved if the distance §

satisfies
2

o< Bo—Bn-1

Let us consider now the condition number (V') of V, which is defined by

Umax
k(V) = VA

where opnax and oy are the largest and smallest eigenvalues of V*V, respec-
tively. Let us introduce the wrap-around distance on the unit interval, that
is

(50)

d =inf |f —
w(frg)=mf[f—g+q]
as well as the minimal separation between the f,, as

A= min A (fruy frr)- (51)
n,n'=0,...,N—
n#n’
The following theorem is proved in [36, [26].

Theorem 10. If the minimal separation A defined by satisfies M > 1/A+

1, then
M+1/A—1
< == -
w(V) < V= 1/a -1

Such theorem shows that (V') is decreasing with respect to M and with
respect to A. It is then tempting to use as many sources and receivers as pos-
sible. Maximizing A with respect to ¢ is desirable but contrary to the acoustic
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case, it is rather difficult in elasticity due to the fact that the 3, are not known
analytically. In the case when all the 3,, are positive, which means that there
are no inverse modes (the phase velocity and the group velocity have the same
sign), we simply choose
2

0=MN: B’ (52)
which fulfills . In the acoustic case, it was proved in [26] that such choice
of § was the optimal one. In the figure [3] we have represented the condition
number of the Vandermonde matrix V' as a function of §/Ag, for P = 12 and for
increasing values of M, that is M = P, M = 2P, M = 4P and M = 8P. Such
figure confirms that choosing § as in ensures the invertibility of V*V and
is a relevant value (the peaks correspond to the non-invertibility cases). It also
confirms that the condition number improves when M increases.

20 T T T T

18 | —M= B

16

14

12

103

4 ,Lp L
%A R AA
| | A

0 0.5 1 15 2 2.5 3 3.5

Figure 3: Logarithm of the condition number of the matrix V' as a function of §/Ao, for
M =P, M =2P, M =4P and M = 8P.

6. Numerical results

In this section we test the strategy detailed in section with the help
of numerical experiments, not only for rigid obstacles, but also for voids and
cracks. The height of the waveguide is d = 1mm and the selected material
constants are

A=121GPa, pu=80GPa, p=7900kg -m™>.

The artificial data are obtained by solving the forward problems in the time
domain. To this aim we use the code Echo, which is developed at CEA-List
[37]. It relies on a spectral finite element method in space (with domain decom-
position), a leap-frog scheme in time and Perfectly Matched Layers to bound
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the domain. We also need the computation of the guided modes (5, X, Yn),
which is based on the SAFE method [33], [38], which allows us to solve a general-
ized eigenvalue problem with the help of a finite element method. The function

fin is chosen as
10 10
f(l‘?)) = F max (1 — |dx3| 5 0)

while the function x is chosen as

() = 3 xul) = 3 [sinant) exp(=bu(t — )2 (53)

ne’l nel

with Z C N. The shape of x given by is designed in such a way that the
support of X avoids all the cut-off frequencies w,, which are the frequencies
such that there exists a guided mode with vanishing group velocity, that is
Ow/0Bn = 0. These are also the frequencies such that (X, |¥,)g = 0 (see
assumption [1). As detailed in [26], this enables us to obtain some scattered
fields which decay rapidly with respect to time and then to reasonably bound
the duration of the forward computations. But contrary to acoustics, these
special frequencies w, have to be computed and are not equally distributed.
Once they have been computed, the constants a,,, b, and ¢, are set to

2

T
b"_200d2’
. 5
n anv

an + +/a2 + 16b 1
n 2n n — 5(&}” . wn_l).

Moreover, we choose the set Z of n € N such that the support of x,, is sufficiently
small. In practice we have set Z = {8,11,14}. This implies that for all the
frequencies which belong to the support of X, the corresponding number of
propagating modes is 8, 11 or 14. The frequencies w_ and wy in are the
lower and upper bounds of the support of ¥, that is w_ = w7 and w; = wy4. The
function g in is simply chosen as the Dirac distribution, which corresponds
to a pointwise measurement. The number of sources/receivers on each side of
the waveguide is M = 42 while the x3 coordinate of the closest sensor is R =1
and the distance & between two sources/receivers is given by , with By
associated with the largest frequency w, that is w;. The parameters M, R and
§ governing the location of sources/receivers (see () are then determined. The
sampling grid G consists of the subpart of the waveguide delimited by z3 = —R
and z3 = R. In figure 4] we present some identifications results of an obstacle
characterized by a Dirichlet boundary condition and formed by a square or two
rectangles, either in the full-scattering situation or the back-scattering situation,
with polarization u;. We observe that the Dirichlet defects are well retrieved,
in particular in the full-scattering situation, as expected. In figure [5| we present
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Figure 4: Obstacle with Dirichlet boundary condition. Top: one square. Bottom: two rect-
angles. Left: full-scattering situation. Right: back-scattering situation.

the same results for a square characterized by a Neumann boundary condition,
in the full-scattering situation, and with two kinds of polarizations: t; and t3.
We observe that voids are not as well retrieved as Dirichlet defects, which is

Figure 5: Obstacle with Neumann boundary condition in the full-scattering situation. Left:
polarization ¢1. Right: polarization t3.

usual in sampling methods. Lastly, in figure [f] we present the same results for
two straight cracks, in the full-scattering situation, and with polarizations t;
and t3. Those results are consistent with Remark |4} in the case of cracks, the
polarization has to be in accordance with the local normal to the crack. The
crack on the left is better retrieved with polarization ¢; while the crack on the
right is better retrieved with polarization t3. An optimization procedure to
compute such local normal for curved cracks (not used here) is described in [2].
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Figure 6: Case of two cracks in the full-scattering situation. Left: polarization ¢;. Right:
polarization t3.

7. Experimental results

We complete this article with some experimental results on a steel plate of
dimensions 12mm x 110 mm x 500 mm in the x1, 2 and x3 directions, respec-
tively. As shown in ﬁgurem (on the left), the plate is divided into 3 parts in the
9 direction:

e a zone of width 50 mm which doesn’t contain any defect,

e a zone of width 10 mm which contains a cylindrical notch, the section of
which is a rectangle of dimension 0.25mm in the x3 direction and 2 mm
in the direction z1,

e a zone of width 50 mm which contains a cylindrical hole, the section of
which is a disc of diameter 2 mm.

The zone which is free of defect enables us to measure the incident field while
the two others enable us to measure the total fields in the presence of the defect.
The material constants of the plate are completely determined by measurements
of the 3 following quantities: the density p, the celerity of P waves cp and the
celerity of S waves cg, which in turn enable us to compute the Lamé constants

A and p thanks to
A+ 2u m
cp = _— Ccs = —.
P P

p="7926kg - m 3, ¢cp=>589Tm-s !, cg=23225m- s L.

We have found

A classical linear ultrasonic transducer array is used for the non-destructive
inspection of the plate. More precisely, the mean frequency of that transducer
is 2 Mhz and its bandwidth contains frequencies which correspond to 12 to 25
propagating modes. It consists of 128 elements of size 18 mm x 0.55mm in
the o and x5 directions, respectively, the distance between two elements being
0.25 mm, which implies that the distance between two sources/receivers (see
(4)) is 6 = 0.8 mm. As concerns the signal which is actually obtained with such
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transducer, the time function y in can be measured directly, while the space
functions in and are both approximated by

f(z3) = g(z3) = €_z§/02X[—E/2,5/2] (x3),

where £ is the size of the element in the z3 direction, x[_¢/2,¢/2] is the indicator
function of the segment [—¢/2,¢/2] and o is calibrated from experimental ob-
servations. We have chosen ¢/c = 1.1. Note that the value of that ratio is not
that sensitive. In the following experiments, only the back-scattering situation
is tested. A photograph of the experimental setup is shown in figure |7| (on the
right). As explained in the paragraph the Vandermonde matrix V', and

Figure 7: Left: scheme of the plate with defects. Right: experimental setup.

consequently the emission and reception matrices F and R, are not invertible
when two distinct propagating modes are associated with the same wave num-
ber. It is well-known that at high frequencies w the two eigenvalues fy(w) and
B1(w) (which correspond to the first and second Lamb modes Ay and Sp) actu-
ally become very close, which deteriorates the quality of the identification. This
is why, if [(80 — 1)/Bo] < 1075, only the first of these two modes is taken into
account in the inversion procedure.

Remark 11. Our specimen is far from being a true waveguide: its dimension in
the x3 direction is rather small, so that it can hardly be considered as a waveg-
uide. In figure[8, we have represented the displacements measured at all receivers
with respect to time for a given source (element number 128 of the transducer)
and when the defect is the cylindrical hole. We can clearly distinguish 3 dif-
ferent waves: the wave emitted by the source (blue arrow), the wave scattered
by the defect (green arrow) and the wave reflected by the edge of the plate (red
arrow). We conclude that the total field is perturbed by some artifact due to the
smallness of the plate length. Furthermore, the dimensions of the three zones of
the specimen in the xo direction are rather small too, especially the cylindrical
notch, so that it seems to contradict the 2D assumption. However, eventhough
the assumptions of a 2D waveguide are violated somehow, we will see that the
identification of defects is acceptable.

In the figure 0] we can see the identification results obtained by our inversion
procedure described in paragraph (back-scattering case) from experimental
data when the defect is the cylindrical hole. The chosen polarization is 3. The
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measurement point

Figure 8: How the edge of the plate perturbs the measurements.

different pictures correspond to different distances D between the transducer
and the defect. More precisely, the element number 1 of the transducer is
exactly located on the left edge of the picture and is fixed (the element number
128 is outside the picture), so that the defect is moving to the right of the picture
when the distance D increases. In the figure the same identification results
are shown when the defect is the cylindrical notch, again with polarization t3.

In all cases, the defect is identified. But we observe that the smaller is the

Figure 9: Identification of the cylindrical hole for D = 35mm, D = 55mm, D = 95mm and
D = 150 mm.

Figure 10: Identification of the cylindrical notch for D = 25 mm and D = 45 mm.

distance between the transducer and the defect, the better is the resolution,
which can be explained by some attenuation that is not taken into account
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in our model. In the last figure we show an identification result for the
cylindrical hole with the help of another transducer of lower mean frequency 1
MHz, that is its bandwidth contains frequencies which correspond to 8 to 15
propagating modes. In addition, this transducer has 64 elements, the size of
each element is 20mm x 0.9 mm in the x5 and z3 directions, respectively, the
distance between two elements being 0.5 mm, which implies that the distance
between two sources/receivers in @ is = 1.4mm. We expect some degradation
in the quality of the identification, because the support of the functions f and
g is bigger and above all the frequencies are lower, which is what we observe for
two different distances D.

Figure 11: Identification of the cylindrical hole with a transducer of lower mean frequency for
D =80mm and D = 170 mm.

Remark 12. The data used in our numerical validations were noise free. The
influence of noise has already been studied in [26]] in the acoustic case for nu-
merical data and is actually the same in the elastic case. When experimental
data are used, the presence of a small noise is inherent to the measurements,
but we have seen that the reconstructions remain of good quality in that case.

8. Conclusion

To conclude, the numerical and experimental identification results that we
obtained in the present study enable us to be confident in the feasibility of the
Linear Sampling Method to retrieve a wide class of defects in the context of
ultrasonic NDT' of waveguides. For simplicity, all the theory in our paper was
presented in 2D, but it is also valuable in 3D, as shown in [I} 2] as well as in [29].
However, the design of experiments with 3D waveguides, which are tubes rather
than plates, raise some new questions related to the geometry and the location
of the transducers. Those questions are partially addressed in [29]. It would be
certainly interesting to try the LSM for 3D geometries, both numerically and
experimentally. More generally, from the experimental point of view, exploring
other kinds of sensors and materials would be desirable in order to conclude on
the future of sampling methods in the context of NDT.
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Appendix A: The fundamental solution for a Dirac on the boundary

In this appendix, for y = (d,ys) we establish an expression of the solution
Gu(+,y) to the problem

div(o(Gu(-,y)) + pw?Guly) = 0 in Qp
U(gu(',y))l/ = 6y361 Ol’le7R (54)
o(Gu(,y)) v = 0 on T r
T:I:gY(’7y) = :l:gx(',y) on S:I:R-

It is readily seen that the corresponding extended fundamental solution G(-,y)
satisfies the evolution equation

0
aTCSQ('aZU) = ( ]SX };)Y )g('ay) in  Wg
011(Gy (-, y)) = 0ys, t1(Gy(-,y)) =0 on Igr (55)
Ull(gY('a y)) = Oa tl(gY(7y)) =0 on FO,R
TiGy (y) = £Gx (- y) on Sig.

We will need the following lemma.

Lemma 13. For sufficiently smooth X = (t1,u3)’, X = (t1,a3)", Y =
(u1,t3)7, Y = (fb1,t~3)T, we have

(FyY|Y)s — (VIFyY)s

= —011(Y)(d) @1 (d) + 011(P)(0) @1(0) + 011 (Y)(d) u1(d) — 11(P)(0) u1(0)
and
(Fxx‘i')s — (Xlka)s = t1(d) ﬂg(d) — tl(O) 17,3(0) — t~1 (d) U3(d) + 7?1(0) U3(0)
Proof. From the definition of Fy given by , we have

d

d
(FYy|5))S = —/ (83;10'11(3)) + pw2u1) ﬂl ds — / <Oé 8x1u1 + %tg) 1?3 ds.
0

0

By using the integration by parts formula, we have
d d
/ 8751011(37) u ds = — / 0'11(3)) 8701711 d8+0'11(y)(d) ’CLl(d)—Uu(y)(O) ’111(0)
0 0

In addition, in view of , aty =2u(1+ a)0,, iy — 011(5)), we hence obtain

(FyY|Y)s = —ou(P)(d) @1 (d) + 011(¥)(0) @ (0)

d
+/ (Ull(y)axlfq + 0'11()7)89511,“ — 2[/,(1 + a)@xlulaxlal — %tg,fg — pr’U,lﬂl) ds.
0
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»s  We notice that the integral term in the right-hand side is symmetric with respect
to Y and Y, so that we obtain the first equality. From the definition of Fx (see

again (7)), we have
~ d oy } d
(FxX|X)s = / (H — 8m1u3> ty ds + / (Bmltl + pwgug) ug ds,
0 0

which by using the integration by parts formula leads to

(FxX|X)s = t1(d)iiz(d) — t1(0)ii5(0)

d
N N 1 - 5
+/ <(8Ilu3 1 + Oy, iz ty) + ;tltl + pw2u3U3> ds.
0

70 Again the second equality stems from the symmetry of the integral term of the
right-hand side with respect to X and X. O

In what follows, D(R) will denote the space of compactly supported and in-

finitely smooth functions on R, while D’(R) will denote the space of distributions

on R. By multiplying the two equations of by X, (z1,23) = ¥(x3) X (21)

s and Y, (z1,x3) = (x3)Yn (1), where 1» € D(R) with supp(¢) C (=R, R) and
by integrating in W, we obtain

/ %?ndx:/ (FyGy)Y,, dz
9 w

Z3
/Vagyf(ndxz/ (FxGx)Xy, dz,
w

Oz3 w
that is -
oY, ~
/ Gx dl‘—‘r/ (Fygy)Yndaf:O
w L3 w (56)
oX,, -
/ Gy 2% g / (FxGx )Xy di = 0,
w Ox3 w

By using the first equality of Lemma [I3] we have

/ (FyGy )Yy da = /(FYgY|?n)SI3 ds Z/(QY|FYyn)5237/J(fE3)de3
w R R

- / 011 (Gy ) (d, 5) ul (A () ds + / 011(Gy ) (0, 23) uf (0))(3) ds

o

+/F Ull(yn)(d)gul(dv%)lﬁ(%)dS—/F 011(¥1)(0) Gu, (0, 23)¢(23) ds.

The system @[) satisfied by the guided modes implies that FyY, = i8,X,
and 011(Yn)(d) = 011(Yr)(0) = 0. In addition, from the boundary conditions
satisfied by 011(Gy) on I'y and T’y in , we end up with

/ (FYgY)?n dx = i/Bn / (gY|Xn)Sm3¢(x3) dx3 - u?(d)z/;(yg) (57)
w R
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By using the second inequality of Lemma [I3] we have

/ (FxGx)Xn dJC:/(Fxgx\i(n)sw3 dzs Z/(QX|FXXn)S$31/)($3)d$3
w R R

+ [ Gy (d,z3)uz(d)y(zz)ds — [ G, (0,23) uz (0)p(z3) ds

Ty o
- [ @G i) s+ [ 0) Gy (0,5)0(wa) .
Ty o

The system @ satisfied by the guided modes implies that Fx X, = i8,Y, and
t?(d) = t7(0) = 0. From the boundary conditions satisfied by G;, on I'y and T’y
in , we end up with

| (Px@x)%,da = i [ (@xl¥)s., vles) da. (59)
w
Gathering the equations , and , we obtain

/ Gx|Vn)s,. ¥ (x3) dus +26n/(gY|Xn>S$31/)(x3)dx3 = uy (d)Y(y3)
R R

/ <gy|xn>s%w'<x3>dx3 +i [ @x[Va)s. vla)day =0,
R

(59)
Plugging the decomposition

gX(-Tla$3) = Z am(x?))xm(xl)

meN

v (z1,3) Z b (23)Ym (1)

meN

in and using the biothogonality condition (X,|Ym)s = mn for m,n € N,
we obtain

/R an(@3)0 (@3) d3 + iBn / b () (z3) dis = w2 (d)p(ys)
/ bu (23 )0 (3) das + i, / an (@3 (23) ds = 0,
R R

which is equivalent, in the distributional sense in R, to

—a), +ifnb, = ul (d)dy,
—b;, +ifna, =0,

which in particular implies that
by + Brbn = —iBpui (d)dy,

The general solution to that equation in D'(R) is

bn = —4u¥2(d) eiﬁnlxa_yfil + Aneiﬁnxli + Bne_iﬁnxs.
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Since the radiation condition implies that A,, = B,, = 0, we obtain that for all
n €N,

ui' (d) eiﬁnlrg—yx\’ by (3) = _u?(d) eiBnlzs—ys|

an(z3) = —s(x3 — y3)

In conclusion, the expression of G(-,y) for y = (d,y3) is

ul (d )
Ix(z,y) = - Z s(xs — yS)%Xn(xl)e’ﬁ"W*yﬂ
neN

gY(xay) = - Z u?(d) yn(xl)eiﬁ"‘f%*ys‘.

2
neN

We hence see that the vector function G(-,y) for y = (d,y3) coincides with the
first column G% (-, y) of the fundamental solution G(,y) given by .

Appendix B: The invertibility of the matrix of modes

This appendix provides a proof of Theorem [0 which is a necessary and
sufficient condition to have u}(d) = 0 for some n = 0,..., N — 1. Let us recall
that the behaviour of our 2D waveguide is governed by isotropic elasticity, the
density is p and the Lamé constants are A and u. If 8 is associated with a
propagating mode, then —f is as well. Since 8 # 0, we can then assume without
loss of generality that 8 > 0. From [39] (see also [33]), such S is a solution to
the following dispersion relation:

(a? — %)% cos (agl + Ii) sin (a;d + /@)

60)
d sd (
+4[32apozs sin (oz;, + n) cos <a‘2 + H) =0,

with

2 _ 12 2 2 _ 12 2 _ P _ P
ay =k; —B°, a,=k,—j, ks—w\/;, kp—w1//\+2u, (61)

where kK = 0 or kK = 7/2. The two components of the corresponding mode are
given by

u1(z1) = —2A,a, sin (ap(xl - g) + H) +2A,8sin (Ozs<$1 - g) + H) (62)

and

ug(z1) = 24,18 cos (ap(xl — g) + Ii) + 2Agia, cos (as(xl - g) + KZ) , (63)
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where the amplitudes A, and A, are obtained with the help of the free boundary
condition, that is

d sd
t cos (a;—l—,‘i) Ap — 2B cos (%—&—m) A;= 0,
d d (64)
2Bay, sin (a; + /i) Ap + tsin (04; + /{) As= 0,

with t = a? — 2. The mode is said to be symmetric (resp. antisymmetric)
if the component ug is symmetric (resp. antisymmetric) with respect to axis
x1 = d/2. The first case corresponds to k = 0, while the second one corresponds
to kK =m/2.

That the system has a non trivial solution provides the dispersion relation
(60). Under this condition, we can in general (provided the two terms in the
right-hand side of be not zero) choose the following amplitudes

sd
Ap = 2Ba, cos <a2 + Ii)
d
A, = tcos (OLS—FK) .

Plugging these amplitudes in , we obtain

(65)

d
u1(d) = —4Basap sin (Oé; + K | cos

Qg n
2
+25t sin (a;d + H) cos %ﬂr + m) .

It follows from the dispersion relation that

up(d) = Bsin <a;d +/<;> cos <a§d +/<;) <(a§;2ﬂ2)2 +2t) ,

and lastly

)

k2 sd d
ui(d) = tgs sin (O; + n) cos (a;, + /@) . (66)
Let us now study the different cases when uq(d) = 0. From , this could
occur in the 2 following cases.

1. The first case is t = 0. This implies that a2 — 82 = 0, that is

_ P
Bw\/;.

Besides, from (60, the fact that ¢ = 0 leads to
d d
46% a0 sin (ap2 + /i) cos (asz + m) =0,
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79 which from the fact that g # 0 implies that

. d d
Qyp Sin Otp§+li cos as§—|—/i =0.

Again we have to study 3 cases.
(a) The first sub-case is o, = 0. We have then 3 = k, = ky/+/2, which
in not possible since A > 0.
(b) The second sub-case is sin(a,d/2 + k) = 0. Then there exists p € N
795 such that
32 2P A(pm — “)2.

“Y Nt &2
This implies that 8 = ks/v/2 < kp, which is impossible since A > 0
(¢) The third sub-case is cos(asd/2+k) = 0. This case is also impossible.
Indeed, if we substitute ¢t = 0 and cos(asd/2 + k) = 0 in the free
boundary condition (64)), we can take A, =0 and A, = 1. It follows
800 from that

ui(d) = 23 sin (agd + m) £ 0.

In conclusion, the case t = 0 is impossible.
2. The other case is sin(asd/2 + k) cos(apd/2 + k) = 0.
Then, the dispersion relation becomes

d sd
4ﬁ204p045 sin (Cyg + n) cos (a2 + n> =0.

Since 8 > 0, we have again 3 cases to consider:
805 (a) The first sub-case is sin(a,d/2+ k) cos(asd/2+ k) = 0. This identity,
together with sin(asd/2 + k) cos(a,d/2 + k) = 0, implies that either

d d

sin(a; —I—H):Sin(C)é;)—FH):O
<d d

cos <a2 +H> = cos (a;)—f—H) =0.

We obtain that there exists (p,q) € N2, p and ¢ being both odd or
both even such that

or

5% = wzﬁ . (pm — 2r)*
I az

82 =2 P (gm — 2K)*
A2 d? '

(67)
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(b) The second sub-case is a,, = 0, that is

_ p
/B_w\/ A+ 2u

Besides, since sin(asd/2 + k) cos(ay,d/2 4+ k) = 0, either k = 7/2 or
sin(asd/24k) = 0. From , and , we note that if Kk = 7/2,
then Ay = 0 and therefore the two components of the displacement
vanish, which we exclude. We hence infer that sin(asd/2 + ) =0
and £ = 0. That sin(asd/2) = 0 implies that there exists m € N

such that )
2 9P (2mm
Pr=e 7 ( d )

We notice that such case is a particular case of 7 with £k = 0,
p=2m and ¢ = 0.
(c) The third sub-case is a; = 0, that is

f=w 2
1
Besides, since sin(asd/2 + k) cos(apd/2 + k) = 0, either k = 0 or
cos(apd/2+ k) = 0. From , and (65), we note that if K = 0,
then A, = 0 and therefore the two components of the displacement
vanish, which we exclude. We hence have cos(a,d/2 + k) = 0 and
k = /2, which implies there exists m € N such that

o 2mm 2

2_ 2 _

B =i ( d > '

This never happens because 3 = ks < k,, which is impossible since

A>0.

Conversely, the condition implies that T is not invertible. This completes
the proof of Theorem [J]

Remark 14. From the above analysis, it happens that when the condition (@)
is satisfied, except when k = 0, p is even and q = 0, the corresponding [, is
both associated with a symmetric and an antisymmetric mode.
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