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H, Observer for Descriptor Nonlinear Systems
with Nonlinear Output Equations

G. Phanomchoeng'?, A. Zemouche®*, W. Jeon®, R. Rajamani’, and F. Mazenc?

Abstract— This paper deals with the problem of H,
observer design for a class of descriptor nonlinear systems with
nonlinear output measurements. The established result is broad
and can be applied to many estimation problems in nonlinear
systems, such as unknown input estimation, fault diagnosis and
state estimation. Based on the introduction of new assumptions
involving a rank condition that specifies a constraint between
the numbers of allowed unknown inputs, nonlinear functions,
states and the number of measurements, a new Linear Matrix
Inequality condition (LMI) for observer design is proposed.
The obtained LMI is more general and less conservative, from
a feasibility point of view, than those existing in the literature.

Keywords—Descriptor systems; LMIs; 3 ., analysis; nonlinear
systems.

I. INTRODUCTION

State observer design for nonlinear systems has attracted
the attention of many researchers in the field of automatic
control. The topic is a subject of constant evolution [1], [2],
[31, [4], [5], [6], [7], [8] and is motivated by several
applications such as disturbance input estimation, fault
diagnosis, control system design with unknown partial
dynamics or synchronization and encryption in chaotic
communication systems. One of the well-established
problems that uses the theory of descriptor systems is the
simultaneous state and unknown input estimation problem
[9], [10], [11], [12]. Observer design for the class of
descriptor systems with nonlinearities in both the dynamics
of the system and the output measurements is an important
unsolved problem.

While the problem of state observer design for nonlinear
systems has been widely investigated in the recent literature
and several research results have been established, the study
becomes complicated when we face systems in
descriptor/singular structures [13]. Indeed, very few results
have been investigated or established in the case of
descriptor ~ systems, especially when the output
measurements contain nonlinear terms.

Motivated by the lack of results in the field of observer
design for descriptor nonlinear systems in the presence of
nonlinearities in the measured outputs, we propose in this

[T N

paper a new LMI design technique aimed at meeting a H,,
performance criterion. The presence of nonlinear terms in the
output measurements renders the design of the observer gain
parameters to be particularly complicated. To overcome this
obstacle, we propose a new LMI technique, where the
method requires a certain assumption on system parameters
concerning the numbers of outputs, unknown inputs, states
and numbers of nonlinear functions in the measurement
equations. Moreover, the proposed LMI technique is less
conservative compared to the existing results in the
literature. Indeed, the nonlinearities are handled in a less
conservative way. The Young’s inequality is used in a
convenient manner that leads to dilated LMIs [14]. The
contributions of this paper can be summarized as follows:

e The technique is able to estimate unknown inputs with
only a minimum number of measurements. Indeed, the
rank condition requires a necessary number of outputs.

e The contribution can be viewed as an extension of the
work in [14] to a more general class of nonlinear
systems: descriptor structure of the system and presence
of nonlinearities in the outputs.

The rest of this paper is organized as follows. In Section

II we introduce the problem formulation and the motivations
of the proposed work. Section III is devoted to the proposed
LMI design method based on a rank condition based
assumption. Then the application to unknown input
estimation is presented in Section I'V. Finally, a conclusion
and some perspectives are presented in Section V.

Notation: The following notation will be used throughout
this paper.

e ||-|| is the usual Euclidean norm;

e (x) is used for the blocks induced by symmetry;

o AT represents the transposed matrix of 4;

o [, represents the identity matrix of dimension 7;

e For a square matrix S, S > 0 (S < 0) means that this

matrix is positive definite (negative definite);
1

The notation [lxllp = (£ Ilx(®II” dt)? is the £}
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norm of the vector x € R”. The set £}, is define by
£h={x e R |lxllg < +oo}

and then (L,C, (-1l L{,) is called the Lebesgue space;

ith T
o e(i)= (0, .0, 1,0, ...,0) ERS,s>1 is a
S components
vector of the canonical basis of RS;

II. PROBLEM FORMULATION AND MOTIVATIONS

A. System description

The class of system to be investigated in this paper is defined
by the following equations:

E(@) = Ag&(t) + Bef(§(0), u(t)
+G,g(y(®),u(®)) + Dew(t)
y() = C:&(t) + Bph(E(®),u(®)) + Dyw(t)

where & € R™ ; u € R™, and y € R™ are respectively the
state vector of the system, the known control input vector,
and the output measurements vector. The vector w € R™®
represents the unknown disturbances affecting the system
dynamics and the measured variables. The matrices E; €
R*ne , AE € R™MX1 , Bf € Rndxnf’ Gg € ]Rndxng’ D{ €
R"a*"e | C, € R™™™ | B, € R™*", and D), € R™* "o
are known and constant. The functions f : R™ X R™ —
R"f and h : R™ x R™ — R" are globally Lipschitz! with
respect to the variable &, uniformly on u, with Lipschitz
constants ¥y and y, respectively. Assume also that the pair

(Ef, C;) satisfies the following condition:

rank ([2]) = ng. 2)

The aim consists in finding an observer to estimate
asymptotically or exponentially the state £. Contrary to
regular systems? for which a simple Luenberger observer
with one constant gain can be used to investigate the H,
criterion, the problem of state observer for the descriptor
system (1) turns out to be difficult in some cases. In this
paper, we will first consider a well-known two-stage
structure of the observer. The results we will propose can
then be extended to more complicated structures [5], [16].
Although the structure of the state observer is simple, the
synthesis of the observer gain parameters has complicated
obstacles that we need to overcome in order to have tractable
sufficient LMI conditions.

B. The two-stage observer structure

The two-stage state observer we consider in this note is
described by the following equations:

VIf f and h are only locally Lipschitz, we may consider their saturated
versions f° and h®, respectively, on an invariant compact set X in which
f* and h® satisfy the global Lipschitz property [15].

2 This means that the matrix E is invertible, i.e. rank(Ef) =ng.

2(t) = Auz(®)+ Ay, +B.fEW®,ul)
+G,g(y(0),u(®)) 3)

HORE z(t) + Q,yy, ()

¥, @) = y@® —n(®), i=12

where &(t) is the estimate of &(t). The auxiliary variables
n1(t), n2(t) and the matrices A, A, B,, G,, and Q, are the
observer parameters to be determined so that the estimation
error £(t) = &(t) — &(t) converges towards zero in sense of
a pre-defined performance criterion, namely H,, or W12
criteria.. By using (1) and (3) £(t) is expressed as:
) = 2(6) + (Q,Cc — I, ) §(0) +

QBr[h(£(®), u(®)) = n2 ()] + Q,Dyw(2).
In the case y(t) = C¢&(t), the problem becomes easy and
the results are well known in the literature, because with
12(.) = 0, equation (4) reduces to

) = 2(8) + (Q,Cc — 1, ) §(©). 5)

Hence, from the condition (2), there exist two matrices P,
and @, such that
Therefore, we can write the dynamics of the estimation error
as:

“4)

§(6) = 2(t) — B Eg5() )
and then we can exploit the singular equation in (1) and the
dynamics of z(t) in (3) to lead to an appropriate and standard
estimation error dynamics after some matrix manipulations
(5], [10], [13].

However, the presence of h((¢(t),u(t)) and v(t) in the
output measurements renders the problem more complicated.
Indeed, the computation of the parameters A,, A,, B, G, @,
and the choice of the performance criterion depend on
additional assumptions on the matrices By, D, on the
disturbance v(t), and on the nonlinear function h(§,u). In
particular, the presence of nonlinearities in the output
measurements renders the problem difficult and original
from a LMI point of view. Depending on the distribution of
the nonlinearity h(.,.) in y(t) (this is related to the structure
of the matrix Bj) and its time derivative, a different LMI
technique can be provided in each case.

C. H, criterion

This subsection is devoted to some definitions related to the
H, performance criterion. The aim consists in finding 1, (t),
1n2(t) and the matrices A,, 4y, B,, G,, and Q, so that the

estimation error &(t) satisfies the criterion:
[E@2e = Jnallohtyn +valll ®)
2 2

where [, > 0 is the disturbance attenuation level and v, >
0 is to be determined. In fact, /i, is the gain from w to .




Usually we use Lyapunov functions to get checkable
conditions guaranteeing (8). In the LMI framework, we take

a quadratic Lyapunov function V (§), such that
v . o2 R
9 =)+ [€]I" = tellwll® < 0. ©)

The objective is to develop some LMI conditions under
which the inequality (9) holds.

III. OBSERVER DESIGN METHODOLOGY

In this section we will introduce a new LMI method to deal
with the problem of state observer design for the described
descriptor nonlinear systems.

To avoid the nonlinear term h(g‘ (o), u(t)) —n,(t) in (4),
an obvious solution consists in choosing @, so that Q,B, =

0. However, this solution requires the following additional
rank condition:
E; 0
rank ( Ce Bh> =ng + ny.
which implies implicitly
ng+n, =2ng +ny.

This means that the nonlinear function h is considered as
unknown input, which requires additional measurements to
satisfy (10). However, for practical reasons, it is often
difficult to measure additional variables because of their
expensive cost or unavailability at any cost.

To avoid the above constraint, we will introduce a new
assumption on the nonlinear function h, which will not affect
the number of measurements required to achieve the
procedure.

Assumption 3.1: There exist two matrices 4,, B, and a
nonlinear function k: R™ x R™ — R™ so that the time
derivative of the nonlinear output function h(&(t),u(t))
satisfies the following conditions:

dh
- EOu®) = A&®) + B k(§®,u(®), (D
e w) — k(&) < vellE = €]I- (12)

A. A new two-stage observer structure

(10)

Let us consider the two-stages observer (3) by specifying
the variables n;, i = 1,2. That is, we use the following
observer structure:

2O = A2() + Ay, O+ BFED,u)
6,90/(0),u(®)
o = 2(0) + 0,3, (O
() = y@®) —-m@), i=12
me) = Byh(E(0),u(®))
t
@ = B[ [440 + B (f©u)]as.

From the rank condition (2), there exist two matrices
P, and Q, so that

Ee\" e\ (Bl
[P, Q.]= ( ¢] [CsD ] (14)
which leads to (6). Then, the dynamics equation (4)
becomes
{(8) = z(O) + BE(0) (15)

(13)

+Q,Bp[h(£(), u(®)) — n,(©)].
where
(@) =¢@) — QDyw(t). (16)

The new variable {(t) is introduced in order to avoid the
derivative of the disturbance w(t). For some details on this
issue, we refer the reader to [18].

From Assumption 3.1, after developing the calculations,
we get the following dynamics of {(t):

{(t) = A,E(t) + (A, — PAs + LCe )¢
+ (Bz - PzBf)f(f: u)

+ (G, — P,Gy)g(v,w) (17a)

+ (E,, — LD,)w + B,8f;

— AyB,Sh; — Q,BB, Sk,
8fe = f(§u) = FEw) (17b)
Shy = h(§u) — k(W) (17¢)
0K, = K(f, u) —k(& ) (17d)
A= PAs — Q,BrA (17¢)
L=4,-4,0Q, (17f)
E, = —P,Ds, D, = —D,,. (17g)

Since f, h, and k are globally Lipschitz, then from [2]
there exist functions

¢i; s R X R - R
i : R™ X R™ - R
@ij : R X R"™ > R
and constants a;;, b;; , ¢;j, d;j, €;;, and f;; such that

i,j=nf,n}
8= ) Gy HE®, (18)
ij=1
i,j:nh,n;'1
8h, = i (OFF E(D), (15
i
i,j=mn;
8k, = Z 0y (DT T; £, (20)
ij=1
with
a;; < ¢ij(t) < bij? 2D
e < (Pij(t) < fU (23)
and
_ N.T 7+ _ N T -
M = eny Dey 0.5y = en,Dey @

N T /-

Tyj = en, (el ().

The dynamics of the estimation error is now rewritten
under the detailed form:



i,j=mn;

{(t) = ( (A-1LCe) + Z [‘Pisz}[ini]) HO)
i7=1

i,j=mmn;
- < UZ:1 [winJBh:FijFi]> HO) 25)

i,j=mmn;
_< Z [(puﬂ-‘BhB ij ]>€(t)
i,j=1

+ (B,

B. New LMI design conditions
By calculating the derivative of the Lyapunov function

V() =P, (26)
along the trajectory of (25), we get 9(t) < 0 ifthe following
inequality holds:

—LD,)w.

LINEAR

ATP+PA, +1, -0, +P(E,—LD,)
-7 + (E, — LD,)TP —0, — o],
o X
ij=ngn
! PB, 7T, .
+ Z by DPB}[ [H O]+YX
=1
5,
ij=npnk r—~}— Y (27)
LT 1 F 0+ WX
4 Z . —F. +Y'X.
2. Vil |p,pLB,F, | iR
i,j=1
iT
ij=nenk /—'— Y
BeJ, T 0]+YTX <0
+ ?u\ |p,PB, T = =
ij=1

where B, = Q,ByBy, D, = Q,D,, A;, = A — LC; and
T
Q = (E, —LD,)"P,D, + (Q,0,) P(E, — LD,),
Q, = A7Q,D,.
Using the Young’s relation [14], we deduce that for all
symmetric positive definite matrices S;;, M;; and N;; we
have

I.}7
I
T

XD, + ¥IXy; < 5 (X + S5Y,)' S5 (K + S5, (28)
&y

= T ==

(Xu +M,;Y) Mt (X + M)

iy

(iu Y) Nt (Xy + Ny ).

KLY, + VI, < (29)

XLY, + Y7 x”_ (30)

Finally, by followmg the methodology in [14], we get the
following theorem.

Theorem I: Assume that there exist symmetric positive
definite matrices P € R"™, S,; € R, M;; € R XM,
N;; € R™™  and a matrix R € R™»*™ such that the
following convex optimization problem is solvable:

min(u,) subject to (32) — (53) 31
Zr Iy
Block [£f A I 0 32)
(*) -A'S 0 -
© A “ (PE :R_TAH;M Q)
11 [ w ~ 84
Plock =1~ +99) ~ pal, G

A;; = AP +PA -~ C{R—RTC; + 1, (34)
nNT f .
[ = [VA®SD) o NS, (35)
ot = [ GRMD) . N @RM O] G6)
_PEEND . NSEN] 6
PB,H;; HTS..
7, ) = | — Ly
]\C,](P' SL}) [Dy[p)Bzf]-[L.j + [ 0 ] G8)
RTB,F;; FTM, ;
(R M) = | | [ M) 39
(R, M) [DyRTBhTU] 0 %)
Pglcg;j TIN;;
K )= = _ t Y
NS(P,N;) [DylP’B,chi,-] + [ 0 ] (40)
= block — diag (A}, ..., A} ) (41)
2
f_ i g I
A; = block cilag(bi1 Hn}, e bin} Hn}) (42)
S = block — diag(Sy, ..., Sy,) (43)
n} times
= block — diag(S;,, ...,Sm;) (4)
= block — diag(Ah, oA (45)
2
A" = block — dlag( I L,...,mﬂnz) (46)
h
= block — dlag(Ml, oy My, ) 47)
";'1 times
= block — diag(M;;, ...,Min}il) (48)
A = block — diag (Y, ..., A%, (49)
2 2
Af = block — diag(—1 i, .., —1 ;) (50)
fil * fm,‘C "
N = block — diag(Ny, ...,N, ) (51)
n,‘C times
= block — diag(N,, ...,Nin,i() (52)
AZ = PZAE - ILCE (53&)
Ay =L+ AzQz (53b)
B, = P,B; (53¢)
G, = PG, (53d)

Then, the H,, criterion (8) is satisfied with Vo, = A4, (P).
The observer gain parameter L is then computed by
L =P !RT. (54)

IV. APPLICATION TO UNKNOWN INPUT ESTIMATION

This section is devoted to unknown input estimation for
nonlinear systems with nonlinear outputs. The aim is to use
the results of the previous section to estimate, in the H,
sense, unknown inputs occurring in the system. The class of
systems concerned by this study is described by the
following nonlinear equations:

x = Ayx + Ayu+ Byo(x, 4, u)
+Go0(y,u) + Dyw (55)
y = Cux+Cuu+Bg(x,uu)+Dyw

where x(t) € R™ is the system state and u(t) € R™ is the
unknown input vector. The nonlinearities a(.) and ¢(.)



satisfy the global Lipschitz assumption as in the previous
section.

We will propose some schemes to estimate simultaneously
the system state x(t) and the unknown input p(t). In each
estimation scheme, we rewrite system (55) under the
descriptor form (1) under specific assumptions on the
parameters of (55), namely the matrices 4,, C,, B, Cy, and
the nonlinear function ¢(x,u). There are several ways to
organize the presentation of all the possible scenarios due to
different assumptions required in each scenario. In this initial
conference paper, we will only investigate the specific case
of:

rank(Cu) =n, (56)

For this specific case, LMI conditions ensuring the
simultaneous asymptotic estimation of the states and the
unknown inputs will be provided.

System (55) can be rewritten below

E{ = [an OnxXnu], A{ = [ﬁx AH], (57a)
=1 Gl ¢=[,) (57b)
B;=B, G,=G, B,=B8,
D¢ =D,  D,=D, (570)
fuw) =alx,pu),
h(¢,u) = ¢(x, u,w), (57d)

gy, u) =o(y,w).
Since the matrix Cy is full column rank then it follows that

the condition (2) holds. Indeed,

E{ an Onxxnu
rank ([Cg]) = rank ([Cx C,

=n, + n, = ng.

Hence the LMI design techniques given in Section III can
be applied under additional assumptions.

Under Assumption 3.1, the observer based filter (13)
provides a simultaneous estimation of the state x(t) and the
unknown input p(t) in the H,, sense defined in (8) provided
that the filter parameters are obtained by solving the convex
optimization problem (31) in Theorem 1 according to the
definitions (57).

(58)

V. CONCLUSION

In this note we have proposed a new LMI design technique
that satisfies a H,, performance criterion for a class of
descriptor nonlinear systems. The presence of nonlinearities
in the output measurements renders the synthesis problem
particularly complicated. To overcome this obstacle, we
have proposed a different LMI method, where the method
requires a certain assumption on system parameters
involving the numbers of measurements, unknown inputs
and nonlinear functions in the output equations. We have
shown that the introduction of these new assumptions allows
handling the problem of observer synthesis. New and less
conservative LMI conditions for observer design are
proposed.

As future work, we aim to apply this technique to
complicated real-word models, such as the tripped rollover
problem and radar vehicle tracking problems in automotive
applications.
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