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Abstract

We consider an individual or household endowed with an initial wealth, having an
income and consuming goods and services. The wealth development rate is assumed
to be a deterministic continuous function of time. The objective is to maximize the
discounted consumption. Via the Hamilton-Jacobi-Bellman approach we prove the
existence and the uniqueness of the solution to the considered problem in the viscosity
sense. Furthermore we derive an algorithm for explicit calculation of the value function
and optimal strategy. It turns out that the value function is in general not continuous.
The method is illustrated by two examples.
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1 Introduction

Maximizing the expected utility of an individual from consumption and by controlling
investment has been a classical problem in mathematical finance for a long time. The
interested reader is referred to papers by Karatzas et al. [8, 9] or Cox and Huang [5].

In actuarial science consumption is often interpreted as dividend payout. Numerous papers
and books have been written on the topic of dividend maximization in the framework
of the classical risk model, its diffusion approximation or piecewise deterministic Markov
processes. A summarization of actuarial findings of the last 50 years can be found in Avanzi
[1] or Albrecher and Thonhauser [2].

In this paper we consider an individual or household whose income stream is described by a

deterministic process with continuous drift function. The drift function can attain negative
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values or be even periodic, whereas the assumption of a non-negative drift is common
in literature. A suitable example provide households with income depending on seasonal
agriculture or tourism, which is characteristic for developing countries.

We assume that the primal interest of the individual/household is to maximize the cumu-
lated value of discounted consumption from a given time up to a finite time horizon. Or,
in other words, to maximize cumulated discounted utility from consumption, given a linear
utility function. One may notice that in the literature the dividend maximization problem
is usually stated on an infinite time horizon. The present problem formulation can be re-
garded as a non stochastic limiting case of Grandits [7], who deals with a pure consumption
maximization problem on a finite time horizon for a diffusion type wealth process.

Upon first sight the problem seems to be relatively easy to solve. However, some diffi-
culties arise such as that the value function turns out to be discontinuous even in semi-
continuity sense. Furthermore for applying the viscosity solution approach to the associated
Hamilton—Jacobi-Bellman equation we also have to take into account the discontinuity of
the considered value function. For semi-continuous viscosity solutions the problem of ex-
istence and uniqueness of a solution to Hamilton—Jacobi—Bellman equations with convex
Hamiltonians was dealt with by Barron and Jensen [3]. There the main idea is to transfer
the uniqueness requirement on solutions to their lower semi-continuous envelopes. In this
paper we will first use the concept of weak comparison, described for example in Fleming
and Soner [6], and finally show the strong uniqueness using specific properties of the value
function. For a general introduction into the theory of viscosity solutions see for example
Bardi and Capuzzo-Dolcetta [4].

The contribution of the present paper, beyond the discussion of the HJB approach, is to
establish an algorithm that allows to determine a closed form expression for the value func-
tion and the optimal strategy.

The paper is structured as follows. At first we give a mathematical formulation of the model
and state some important properties of the value function. Section 2, which is the main
part of the paper, is dedicated to algorithm derivation. The Hamilton—Jacobi—Bellman
approach is discussed in Section 3. For the sake of clarity of presentation we postpone the

proofs of this section to an Appendix. Two illustrative examples are given in Section 4.



Let us now start with the model formulation. The deterministic wealth process minus

consumption is given by:

° dXtC:,utdt— dC with Xg_ =z and for 0 <¢ < T,

e i is continuous on [0, 7] with only finitely many zeros in [0, T,

o (= (Ct)te[o,T] is cumulated consumption, cadlag, increasing, ACs < qu.
The value of a given strategy is given by

—
J(0,2,C) = / e PtdC, + e_BTXTC ,
0—

where 3 > 0 is some discounting rate and 7 = inf{t > 0| X& < 0} AT. Of course 7 depends
on C if some distinctions are needed we will indicate them.

For application/derivation of some dynamic programming principle we need
S
XsC:x—i—/ wr dr — Cl, for0<t<s<T and Xy_ ==z,
¢
J(t,z,C) = / e P dC, + e P XY .
t—

We tacitly assume the adaptions on the definitions of 7 and C. We write C(t,z) for the
set of admissible consumption strategies when starting at time t at level x > 0. The value
function of the associated maximization problem is given by
V(t,x) = sup J(t,z,C) for (t,z) € [0,T) x [0,00) ,
CeC(t,r)
V(T,z) =e Tz forz € [0,00) , (1)

V(t,z) =0 for (t,z) € [0,T] X (—00,0) .

In the following we will denote the requirements V'(¢t,z) = 0 for (¢t,z) € [0,T] x (—o0,0)
and V(T,z) = e #Tx for x € [0, 00) by (P1).

For later purpose we mention that for s > 7 we have C; = C;_ and X; = X, i.e. con-
sumption stops at the event of ruin.

The reader may notice that we assume a strategy to be cadlag and hence the controlled
process X¢ as a post-consumption process, compare Schmidli [11, p. 80]. As a conse-

quence we have to include a possible initial consumption Cy > 0 and to exclude a too



large consumption leading to ruin in the value function. In the following Lemma we state
useful properties of the value function, which can be obtained immediately from the model
assumptions.
Lemma 1.1
The value function V (t,z) fulfils

e V(t,x) is increasing in x, (P2)

o V(t,z) <e Plu+ \(t) for A(t) = ftT |sle™P* ds. (P3)

Proof: Let y > x and C be an e-optimal strategy at (¢,z), i.e. V(t,z) < VE(t,z) +¢e. For
initial capital y at ¢ construct a strategy C as follows: payout y — 2 immediately and follow

the strategy C. Thus, we have
V(t’y) - V(t?x) > Vé(t’y) - Vc(t’gg) —&= (y - x)eiﬁt —€.

Because € was arbitrary, we obtain the result.

For every admissible consumption strategy C it holds
T— T
/ e Ps dCs—l—eﬁTXTcheﬁt—i—/ e P8\ g ds .
t— t

It follows V (t,z) < e Pla + ftT lsle™P* ds. O

2 Optimal Strategy - Construction of a Solution

The following Lemma turns out to be crucial for the construction of the optimal consump-
tion strategy.
Lemma 2.1
Assume that in (t,x) € [0,T] x [0,00) it is optimal to payout ACy. Then for (t,y) with
y € (x — ACy, ) it is optimal to payout y — x + ACy and to continue with the optimal

strategy for the point (t,z).
Proof: We have that

V(t,x —AC) =V(t,z) —e PLAC, .



By the assumption of the Lemma we get for the value of the strategy C* (which for y €
(x — ACy, z) pays y — z + ACY) that
J(t.y,C*) = V(t,x = AC) +e Py —z + AC))

= V(ta)+e Py 1)

Assume that there is some policy C such that

J(t,y,C) > J(t,y,C").

Now define a strategy C for initial point (t,x) as follows: payout y — x and continue with

C. We derive:
J(t,z,C) = e Pz —y)+ J(t,y,C)
> e_ﬁt(a: —y)+ J(t,y,C*) =V (t, ),
which yields a contradiction to the optimality of the payment AC for (¢,x). O
Assertion:

The value function V (¢, z) is determined by one of the two following cases:

A
V(t,x) = e Py + Oéof[om)(x) + al][w,vz)(lﬂ) + ...+ oznlhmoo)(x) )
where n € Ny (n = 0 has the consequence V (t,2) = e %2 + ag) and
e <<y <... <ap,
e <1 <ym<...< Y,
o us >0 forall s €[t —e,t| for some € > 0.
B

V(t, x) = efﬁt:l? + QOI[OM)(@“) + allhlm)(aj) + ...+ anl[wn,oo)(x) ,
where again n € Ny and

e 0< <o <... <ap,
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Figure 1: Situation in case A

e <1 <y < ... < Yp,

o s <0 forall s€[t—e,t] for some e > 0.

We are going to prove this assertion by showing that if starting in situation A or B, V (¢, x)
again is of that type if time runs backward. In total we derive an algorithm which, starting
with V (T, x) (at time T we are either in situation A or B depending on the sign of up with

n =0 and ag = 0), constructs the whole value function and optimal strategy.

Proof: Assume pu(T) > 0 or lin%sgn(,u(t)) =1, i.e. we are in case A.
t—

Let M(t) = fg pr dr and § = sup{s < t|pus < 0} be the last time before ¢t where the drift

changes its sign. Furthermore define
so =sup{s <t|M(s)+~v — M(t) =0},
s =sup{s <t|e P (M(s) +v — M(t)) + /t e Py dr + ap > e Plyy + o}
s
= sup{s < t| /t (&P — e P dr > yi (e Pt —eP%) o — g} .
s

The point in time s; is the first time on the first curve (given by M(s) + 1 — M(t), going
backward in time from t¢) where it is preferable to payout everything and consume the
drift up to time ¢ instead of staying there, reaching the point (¢,71) where one receives
e P~y + 1. Figure 1 illustrates the specific situation of case A.

Let s* = max{s, sg,s1}. At first we are going to look at the problem on the set:

{(s,2)]|s" <s<t,0<z<M(s)+v—M(t)},



where we assert that it is optimal to payout everything and to stay on the z-axis (i.e.
consume the drift). This strategy C* is determined by:
ACY = X,
Cr=pp,  TE[s1).
Assume from time s < t on we follow an arbitrary strategy C' and switch to the optimal

one at time ¢. Let 7 = inf{r > 5| XY < 0} A t, we have
Ho,C) = [ e G + VLX) oy
— [ e X gy ) 4 VX

Using N(s) = fdg e P71, dr and integration by parts we derive

r=T

J(s,9.0) =N(r) = N(s) = {e x| "+ / X drb 4 V(LX)

r—=

=N(7) = N(s) + e X —e "X - / e XL dr (2)
+ L=ty (e_BtXt(i + Z ai][%mu)(Xg)) :
i=0

Since s > s* > 50 the level 4 can not be reached by X, therefore (2) is equivalent to
J(s,y,C) = N(1) — N(s) + e P X¢ —eF7XC — ﬁ/ e Prx¢ dr
S
Iy (e7XE + o) (3)
< N(t) = N(s)+e P XY +ag.

The last inequality is due to the fact that N(-) is increasing. We observe that there is an
equality in (3) for the above defined strategy C*, which yields that V (s, z) = e #*z+ag new
with agnew = ag + N(t) — N(s), i.e. V(s,z) is again of the claimed form.

Now we look at points {(s,z)|s* < s <t, x = M(s) +~v1 — M(t)}, here the level v; can be

reached. Instead of (3) we have
-
N(T) — N(S) + e_BSXg — /8/ e_BrXT.C d?“ + I{th, Xtc_<'71}a0 =+ I{th, Xtc_:'Yl}al . (4)
S

Suppose there is some r € [s,t] with X¢ < M(r) + 1 — M(t), then at time ¢ level ; can

not be attained and (4) is smaller than

N(t) = N(s) +e XY +aq.



Whereas the policy staying on the curve, doing nothing, delivers the value e vy, + a;.

Since s > s* > s1 the last policy yields a higher value such that
Vs, M(s) +~1 — M(t)) = e Pty + ay, fors* < s <t.

As a first consequence we have that V' is not continuous along the curve M (s)+ vy — M (t).

In a second step we deal with points which are in between the first curve M (s) 4~y — M (t)
and the second one M(s) + o — M (t). As we know from the above discussion it is optimal
to stay on the first curve, in combination with Lemma 2.1 we obtain that it is not optimal
to jump from above this curve to a level below.

Define
so=sup{s < t|(y2 —y)e P + a1+ e Py > ay + e Py}, (5)

which is the first time (going backwards from ¢) such that it is as good to stay on the second
curve as to jump down to the first curve and stay there. Actually this curve vanishes in so
together with the associated discontinuity of V.

Substituting the level £ = 0 by the first curve in the previous step of the proof we obtain
in an analogue way that for s > s*V sg if M(s) +v1 — M(t) < x < M(8) +v2 — M(t) it is
optimal to jump down to the first curve and stay there. If z is already on the second curve
it is optimal to stay there up to time ¢.

An application of these thoughts to areas between higher curves M(s) + v; — M (t) proves
the claimed structure of V (s, z) and determines the optimal policy. In total we get with sy

k =3,...,n defined like s3 in (5):

e if for some index j we have s; > §, then the line of discontinuity given by M (s) +

v; — M (t) vanishes before a switch to case B

e if 59 > 5, then the first line of discontinuity on the time axis vanishes (this may

happen as well for the higher curves “later”, if these curves still exist.)
e in case s > 0 the number of discontinuities can only decrease.

Now we can deal with the assumption that V (¢, z) is in case B. Let
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Figure 2: Situation in case B

s =sup{s < t|us > 0},
so =sup{s < t|e P5(M(s) — M(t)) > ag},

s* =max{so, 5},

notice sg is the first point in time from ¢ backwards, where it is better to leave the lowest
curve M (s) — M (t) by paying out everything instead of waiting until time ¢. The situation
containing the curves M (s) + y; — M (t) is illustrated in Figure 2.

We claim that on {(s,z)|s* < s < t,0 < 2z < M(s) — M(t)} it is optimal to payout

everything immediately. For an arbitrary strategy C we have as in case A that:
J(s,2,0) =N(1) — N(s) + e P XY —eF7xC — ﬂ/ e PrXC dr
. S
+ L=t (eﬁtXtC + Z ail[%ﬁiﬂ)(Xf)) : (6)

=0

Since s > s* and x < M (s) — M(t) ruin happens before time ¢, therefore (6) is equal to

N(r)— N(s) +ePXC — ﬁ/ e rXC dr < e PXC .
S

“w__”

The last equality holds since N(-) is decreasing, the “<” changes to a in the case
everything is paid out immediately. Therefore V(s,z) = e %z on {(s,z)|s* < s < t, 0 <
x < M(s)— M(t)}.

Now look at {(s,z)|s* <s<t,0<x=M(s)—M(t)} (points on the lowest curve), in this



Figure 3: The first discontinuity curve 7 (s).
case (t,0) can be reached. We have
-
J(s,2,0) =N(1) = N(s) + e #XY —eP7XxXC — 5/ e X dr + Iir—pap.  (7)
S

If there is some r € [s,t] such that X¢ < M(r) — M(t), one cannot reach (¢,0) and
(7) is smaller or equal to e #*X¢. Staying on the curve gives the value ag. Because of
s > s* > so this yields the higher value and V' (s, M(s) — M(t)) = ap for s* < s < t. If
ap > 0 a discontinuity along M (s) — M(t) for s < t is generated in (¢,0) which vanishes at
time sg.

The areas between the following higher curves can be treated as in case A. O

In the remark below we sum up some important properties of the value function following
from the above proof.
Remark 2.2
o If u(T') > 0 or th_)rr:lr sgn(u(t)) = 1, then the value function is continuous on (s*,T] X
[0,00), where s* = sup{s € [0,T) : pus < 0}. On (s*,T] x [0,00) it is optimal to

payout everything and the value function is given by
T
V(t,x) =e Plo+ / e P u(s) ds .
¢

In particular, the value function is continuous if u(t) > 0 for all t € [0,T]. (P4)

Assume s* > 0 and ap(s*) = fST e P51y ds > 0. Then the first discontinuity curve is

10



given by vi(s) = — f;* wr dr. In Figure 3 we see the function M(s) = fST wr dr and

the first discontinuity curve 7y, (s) starting in s*.

e The value function is right continuous in the x-component with

lim V(t,x+h)—V(t,x) _ Bt (P5)
h—0 h

e There exist 0 = ty,11 < ... < t1 = T and continuously differentiable, either strictly
increasing or strictly decreasing functions

0 <21 <o <Y2m2s 0 < Vmg1,1 < oo < Vit 1,nmas Such that V(t,x) is continuous

m-+1 Nj
on [0,T] x [0,00)\S with S = |J U{(s,7,i(s)), s € [tj,tj—1)}. Furthermore, V is
j=2 i=1
continuously differentiable in x on every set {(s,z) : t; < s <tj_1, vji-1(s) <z <
5.i(8)}- (P6)

3 Dynamic programming - heuristics for Hamilton—Jacobi—

Bellman equation

As starting point for the derivation of some Hamilton—Jacobi-Bellman (HJB) equation we

need the following dynamic programming principle:

TAT—
V(t,z) = sup {/ e P do, + V(T AT, X%\T)} ) (8)
CeC(t,x) t—

fort <T <T.
Proof: Let C € C(t,x), then

J(t, xT, C) = </ 6_68 dCs + G_BTX7—> I{T<T}
o =

T .
+ </t Biﬁs dCs +/ 67[33 dCs + 667X7—> I{T>T}

T/\T*
_ / e 55 dC, + J(T A, XE,_.C),
tf

where strategy C' is taken for T' < s < 7 (just the C' from T onwards). Therefore obviously

we have:

TAT—
V(t,z) < sup / e P de, + V(T AT, X%\T_) .
CeC(t,x) t—

11



Now set W (t,x) to be equal to the right hand side of (8) and let C* be an £/2 > 0 optimal

strategy for it,

TAT—
W(t,z) — g < /t e P dC + V(T AT, XS, ).

Since everything is deterministic we can choose again an €/2 > 0 optimal strategy C for

(T A7, XS )such that V(T A7, XS, ) —e/2<J(T A7,XE, ,C). Then

T/\Tc*f - & o* -
W(t,z)—e < / e P dCr + / e P40, 4 e P ) x € oo
t— TATC™ — (T AT )

= J(t,z,C) < V(t,z)

where X€ results from taking strategy C* form ¢ to T and if not ruined before going on
with C, i.e. Cy = C* Ifcoery + Cs Itp<s<ry and stopping it if ruin occurs. Therefore for

every € > 0 we have

Wi(t,z)—e <V(t,x) < W(tx),
which proves (8). O
Now we can in a heuristic way derive the associated HJB equation. Suppose V (t,z) €

C1([0,T] x [0,00)) and that Cs = [;” ¢, dz for some non-negative and continuous density

c:[t,T] = R*. Let C be an ¢ > 0 optimal strategy for V (¢, z) (x > 0), then

t+h t+h
V(t,z) —e < (/ e Pcgds+ Vit +h,x —i—/ (s — cs) ds>
t t

for v/ > h > 0 small enough such that = + [, fh

. (ps —cs) ds > 0. Applying a Taylor

expansion we get:
—e< <he*/3tct +h(Vi(t,z) + (e — ) Vo (t, x)) + 0(h)> <0.
Dividing by h we have
—VE < (e ey + (Vilt,@) + (e = e))Valt,2) +0(1)) 0.
Taking h — 0 indicates the following HJB equation for problem (1),
0 = max (7% = Va(t,2), Vilt. @) + pu Valt,) ) (9)
0=V(t,z), for(t,x)e€[0,T] x (—00,0),

e Ty =V (T,z), forz>0.

12



Since the optimal consumption strategy indicates that there are possible discontinuities of
V(t,z) in ¢t and = we may need to show that (9) is fulfilled in a viscosity sense.
Definition 3.1

The upper semi-continuous (usc) envelope of V (t,z) is defined by

V¥t,x) = limsup V(s,y), (t,z)€[0,T] x[0,00) .
(s:9) = (t.x)
(s,4)€[0,T]%[0,00)

The lower semi-continuous (Isc) envelope of V (t,x) is defined by

Vi(t,x) = liminf  V(s,y), (t,x)€[0,T] x [0,00) .
(s,9) = (t:x)
(s:9)€[0,T]x[0,00)

Definition 3.2

We say that a linearly bounded function W : [0,T] x [0,00) — R

e is a viscosity supersolution if for every ¢ € CD[0,T] x [0, 00):
max{e™™ — o,(£,7), ¢u(1,7) + pia(f, 7)} <0,

at every (t,z) € (0,7) % (0,00) which is a (strict) minimizer of W, —¢ on [0, T] % [0, c0)
with W.(t,Z) = o(t, Z).

e is a viscosity subsolution if for every 1 € C(L1[0,T] x [0, 00):

max{e” ™ — o (£, 7)1 (5, 7) + pyoe(£,7)} 20,
at every (t,7) € (0,7)x(0,00) which is a (strict) maximizer of W*—1 on [0, T]x [0, c0)
with W*(t,z) = (¢, T).
W is a viscosity solution if it is both super- and subsolution.

Note: v > W* > W > W, > .

Theorem 3.3

The function V (t,z) given by (1) is a viscosity solution to (9).

For proof see Appendix.

To show the uniqueness of the value function we need the following Lemma, which indicates

that some properties of the value function can be transferred to the envelopes.

13



Lemma 3.4

For z € [0, 00) we have
VT, z) =V (T,2) =e Tz

For proof see Appendix.

Next we show the uniqueness of the value function. Since we are dealing with a disconti-
nuous value function, a classical Comparison Theorem common for the continuous case,
see for example Bardi and Capuzzo-Dolcetta [4] and references therein, cannot be applied.
Therefore, at first we show the uniqueness in the sense of weak comparison, i.e. we show
the uniqueness up to discontinuities. The usual technique to prove the uniqueness is to
compare the usc envelope u* of a subsolution u and the lsc envelope v, of a supersolution
v. Because we will be dealing only with continuity regions of the value function it holds
u=u* and v = v,.

Theorem 3.5

Let u be a sub- and v a supersolution to HJB Equation (9), having the properties (P1) —
(P6) and fulfilling u(t,z) < v(t,x) on {0} x [0, z]U[0, T x{0}. Then it holds u(t,z) < v(t,x)
on R, where R :=[0,T] x [0,00)\S with S defined in Remark 2.2.

For proof see Appendix.

Remark 3.6

Theorem 3.5 signifies the uniqueness of the value function in the regions, where it is continu-
ous. Due to Section 2 the value function has only finitely many discontinuities on [0,T]x {0}
and finitely many discontinuity curves, which are continuously differentiable functions of
time. Furthermore we know that V' (t,z) is right continuous in the x component. It is easy

to see that the listed properties imply the uniqueness of the value function also on S.

4 Examples

In this section we consider two examples where we calculate the value function explicitly
for given drift u(t). For the first example we give a detailed construction, by means of

the algorithm from Section 2, of the value function. Analogously, but requiring more

14



cumbersome calculations, one can deal with the second one for which we just give the final
result and an illustrating plot.

Example 4.1

We choose T' = 37 and set u; = sin(t) and S = 0.04, consequently M(t) = fot sin(s) ds.
The value function V fulfils V(T,z) = e #Tx at (T, z).

Using the notation of Section 2 we have that:

,Yéo) =0, %0) =00, n =0, aéo) =0 and sin(s) > 0 on [37 — ¢, 37).

Step 1:
Consider

50 .= sup{s < 37 : sin(s) < 0} = 2 ;
Since 7%0) = 00, we have s] = 51 = 27,

On the set Ap := {(s,z) : 2mr < s < 3w, 0 <z < oo} it is optimal to payout the whole

surplus immediately. Thus, we can give a closed expression for V (s, z) on the set Ay:

T
V(s,z) = e_ﬁsx—i—/ e P sin(r) dr

1
B+l

= e P4 {6_68 cos(s) + Be % sin(s) + e_BT} .

Now we are able to calculate the new - and a-functions: ’y%l) = oo and
1

1
o0 (5) = gy

{6_68 cos(s) + Be ¥ sin(s) + e_ﬁT}.

Step 2:
For s € [2m — €,27) it holds sin(s) < 0 and we set t = 27 in the backward algorithm. Like
above we calculate s = 1.248846988, %2)(5) = M(s)— M(2m) =1 —cos(s). Observe that

since aél)(%r) > 0 the point in time s} is bigger than the next change of sign of p, i.e. the

discontinuity curve 7%2)(3) vanishes at this point.
On the set A; := {(s,2) : s5 < s < 27,0 <z <1—cos(s)} we have, by the above results,

that it is optimal to payout everything immediately, i.e. V(s,z) = e P5x, which implies

04(()2) =0.
Step 3:

15



N w B
T T T I Y A I A A A I

-

o

Figure 4: The value function V (¢, z) for p; = sin(t)

On the set {(s,x) : s5 < s < 2m,x > 1 — cos(s)} it is optimal to payout the difference to
the 752)—curve and to do nothing until ¢ = 2.

Thus, we have V(s,1 — cos(s)) = oz(()l)(27r) = e P5(1 — cos(s)) + oz§2). Now it is easy to
calculate 0452):
04%2)(3) D= aél)(%r) — e P5(1 — cos(s))
1
= B {6_52” cos(2m) + Be P2 sin(2n) + 6_63”}
— e P5(1 — cos(s)) .

Altogether V (s, x) = e P5z + 0452)(3) on {(s,z):s5<s<2max>1-cos(s)}.

Step 4:
It holds sin(s) < 0 in an € environment of 1.2488469887. We calculate s§ = 7, and obtain
that V(¢t,z) = e Ptz on {(s,2) : 7 < s < 1.2488469887, 0 < x < oo} (in this area one pays

out everything and gets ruined!). Therefore 04(()3) =0 and 'yf’) = 00.

Step 5:

For 0 < s < 7 we are in the same the situation like in the beginning of the example, with

the consequence that V (t,z) = e Plo + e Pz + 621+1 {e_ﬁs cos(s) + Be P sin(s) + e‘ﬁw}.

16



efﬁ27r+ef,83‘rr

Summarizing the results and letting a := LEs|

yields

V(t,x) =e Plo+ Ijo,m) (1) {eiﬁt cos(t) + Be Plsin(t) + 675”}

1
B2 +1
+ 111.24887 27) x [1—cos(t),00) (5 90){@ —e M1 - COS(t))}

1

+ Lior 3m) (f)m{e*m cos(t) + Be Pt sin(t) + efﬁsﬂ} ‘

In Figure 4.1 we see that V (¢, z) consists of 5 parts (which have different shadings). Each
part corresponds to some dividend payout behaviour of the insurer, which are described in

Steps 1 — 5 above. The discontinuity region of V (¢, z) is given by
D :={(t,x): t € [1.248846988,2m) ,x =1 — cos(t)} .

One easily verifies that V (¢, z) fulfils (P1) — (P6) and solves the HIB equation (9). |
Example 4.2

In this example we consider the case where the drift function has a linear component
py = sin(t) + 0.01t 4+ 0.2. Using the same algorithm like in Example 4.1, we obtain a closed

form expression for the value function, but calculations in this case are quite tedious.

Let
f(tys) = /ts(sin(r) +0.01r + 0.2)e= 7" dr,
g(t,s) = /ts(sin(r) +0.01r +0.2) dr.
Then the value function is given by:
V(t,x) = e Pz + Iy g1620,3m) (1) f (£, 37)
+ I11.0757,1.9162n) (t)I[fg(t,1.91627r),oo)(x){f(1'9162ﬂ-’ 3m) + e Pglt, 1-92627T)}
+ Tjo.524m,1.075m) (8 Lj0,—g (t,1.9162)) () f (¢, 1.075)
+ 1[0.5247,1.0757) (t)I[—g(t,1.91627r),oo)(x){f(1'9162ﬂ-’ 3m) + e Plg(t, 1-916277)}

+ Tio.0.524x] (t){ F£(t,0.5247) + f(1.9162x, QW))}.
The value function now consists of 6 parts, in Figure 4.2 they differ in shadings and cor-
respond to different types of strategies. The upper right, upper left and the both bottom

parts correspond to the strategy “payout everything”. The both top centre parts corre-

spond to the strategy “payout the difference to the v curve and remain on ;. Like in the

17
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Figure 5: The value function V (¢, z) for p; = sin(t) + 0.01¢ 4 0.2.

previous case it is easy to check that V(¢,z) fulfils conditions (P1) — (P6) and solves the
HJB equation (9). [

Appendix

HJB equation - viscosity solution

Proof of Theorem 3.3

We start with the supersolution proof (see the method in Mnif & Sulem [10]).

Let ¢ be an appropriate test function and (¢, z) € (0,7) x (0, 00) such that V(¢,z) = ¢(t, x)
is a minimizer of V, — . Let {(tn,x,)} C (0,7) x (0, 00) be a sequence with (¢, z,) — (¢, x)
such that V (¢, x,) — Vi(tn,x,) as n — co. Since V' >V, > ¢ we have for a given strategy

C" € C(ty, z,,) some small A > 0 from (8):
tn+hATHh— "
P(tn, Tn) — @(tn, 2n) + V(tn, n) = / e P dC¢ + o(tn + R A Tn?XtCn+h/\Tn—) :
tn—
(10)

We have by the choice of (t,,z,) that v, = V(tn,zn) — p(tn, xn) = Vi(t,x) — @(t,x) =0
and 7, > 0. If we choose C7 = ¢ for s > t,, (one constant payment at time ¢,) for 6 > 0

such that Xtcn =z, — 0 > 0. We can choose § > 0 small enough with x,, — § > 0 for all n.
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We obtain by sending h — 0 and n — oo:
p(t,x) > e 75 + o(t,x — 9) .

From which we get 0 > e 5% — o, (t, x).

If we choose C? = 0 for s > t,, we obtain from (10)

tn+hAT
Yn Zcp(tn—i—h/\T,xn—i—/ s ds) — @(tn, Tn) .
tn

tn+h

Since everything is deterministic we can take h > 0 small enough such that x,,+ ftn s ds >
0 for all n. A Taylor expansion gives
> ulta, ) + i, P (b ) + (1), (11)

If {~,} is equal to zero for only finitely many n we take a strictly positive subsequence {~,,}
and choose h = \/*7,’1 and n large enough such that there is no ruin before t¢,, + h.

If {~vn} is equal to zero for infinitely many n we take a subsequence {7} with ~;} = 0 for
n € N.

We get for (11) if n — oo

0= @u(t,z) + pepa(t, )
which proves the supersolution property.

For proving the subsolution property we need to show:

For every ¢ € C:1(0, T x [0, 00):
max{e™ " — 9, (£,2), ¥u(T,2) + pitha (£,7)} > 0,

at every (¢,7) € (0,7) x (0,00) which is a (strict) maximizer of V* — ) on [0,T] x [0, 00)
with V*(£,2) = ¥ (¢, 7).

As usual the subsolution proof is done via contradiction. Suppose there are some (¢, Z) and

1) with the properties stated before but with

max{e ' — 4, (T, %), 4 (T, T) + pths (£, 7)} < —2¢ , (12)

for some & > 0.

Consider the function

(2 -2+ (t—1)?
2 + 22

¢(t79ﬂ) - &(th) +

£,
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Then it holds V*(£,z) = ¢(£,2) = ¥(t, %), Vo (t,T) = ¥.(t, ) and ¥ (f, Z) = 94(t,7) which

gives

max{eiﬁg - ¢:B(ﬂj),wt(ﬂj) + Mﬂbx(:j)} < _25-

Because 9 (t, z) is continuously differentiable in both ¢ and = and p; is continuous, there is

d € (0, —”?22‘%2) such that

max{efﬁt — e (t, ), Ve (t, ) + b (B, )} < —€

for (t,z) € Bs(f,z). We obtain V*(t,2) < P(t,x) = (t,2) — moms for (t,z) € OBs (I, Z).

t,x FeN
Let now € = %pi%g, then on Bj(t, ) we have
max{e " — g (t,x), Yo (t,x) + s (t, )} < —¢ (13)
while for (¢,x) ¢ Bs(t, %) we have
V*(t,x) = ¢(t,x) —2¢ .

Now let (¢, zyn) — (¢, ) such that V(t,,x,) — V*(¢,Z) and assume (w.l.g.) that (t,,z,) €
Bs(t,z) for all n € N.
Let C™ € C(ty, zp), X" be the corresponding wealth starting in (tn,zn) and 7% = 7, AT

(with some T such that ¢, < T < T for all n) where
T = inf{s > t, | X" ¢ Bs(t,z)} .

At first we observe X¢" can only have downward jumps in the z direction and that V (¢, )
is increasing in x. Because of continuity of u;, jumps in the wealth process are due to jumps
in the consumption process and we have X¢" — X" = —AC™.

Suppose 7* = 7, i.e. stopping because of leaving Bj(t, Z). Then either we hit the boundary
continuously or leave the ball due to a jump at time 7* in which case X,«_ € By(¢, ). From

the above estimates we get

V(T XE) S (7%, XTm) = 2elix . _—x,.) -

If 7* = T then Xg” as well Xg” as are still inside the ball and we have

VT, XS ) <o, X5 ) .
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In total we arrive at

T —

V(r*, XE) <(r*, XE) =26l —ronxe =X 1)

*

=(tn, zn) + | We(s, XE) + pstn(s, X ds
tn

¥

[ (s, X7 dome + > (s, XC") — (s, XO)

b= tn<s<r*, XCTAXC"
-2 6I{Tn:T"/\X,,_*,:X,,_* }o-

In the above formula C™° denotes the continuous part of strategy C™.

If XSC" =+ Xsc_n we have that Xscn — Xsc_n = —AC? and we can write

> wexvex=- Y ([T uer-aa).

tn<s<r*, XET£XC tn<s<r*, XM £XC"
Combining the last expression with the continuous part of C™ and using e™#* < 1,(t,2) on

Bj(t, ) we arrive at

*

.
[ wmxTyaeres Y e X (s, X
tn tn§8<T*7Xscn¢X‘gc_n

* *

< - /t:__ e acme — 3 (eacr) =~ /t:__ e acy .

th<s<T*, X" #£X"

Finally using (s, X¢") + psthe(s, X¢") < —¢ from (13) we get

*

Vit XS 4 / P9 ACT 4 (* — t)e + 2l —renxs —xey < DltnsTn)

tn—
which is the same as

*

V(rt, X5 ) + / e P dCT + (7" —tn)e + 26l —rinx.e —x.} < U(tn, Tn)
tn—

< V(tmxn) + (w(tmxn) - V(tmwn)) .

Since also 9(ty,, x,) — V*(t,Z) if n — oo we can choose n large enough such that

(T* - tn)g + 2 EI{Tn:T*/\XT*_:XT*}

0 S w(tnaxn) - V(tnaxn) S 2

We get
T*

n - T  —tn)e+ 26l i pX . —X.u
V(r, xS0 +/ e P der + ( n) {rn =7 A X e =X}
tn—

2

< V(tp,xn). (14)
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Now before we can state that (14) is a contradiction to (8). We have to discuss the case
7" = 1, = t,, where an immediate lump-sum consumption leads to z,, = XSL"_ > Xgn ¢
Bs(t,z). We notice that property (P6) and the construction of the value function show
that in this case V' is continuously differentiable around the point (£,Z) and V,(f,z) = e~ .
Therefore V* = V around (£, %) which furthermore yields that v, (Z,Z) = e . Since the
test function 1) is continuously differentiable in x, inequality (13) can not be true and states
a contradiction to (12).

Thus we have, when stating (12), that there exists an area around (¢, ) inside which it
is not optimal to consume a lump sum from the wealth. Consequently a strategy C™, for
playing a role in the dynamic programming principle for n large enough such that (t,,z,)
are inside this non-paying area, has the feature that X" can leave Bs(f, %) through a jump
not before leaving the non-paying area continuously.

Therefore 7% > t,,, which completes the proof and we can conclude that V (¢, x) is a viscosity

solution to (9). O

Proof of Lemma 3.4
Since V (t,x) > e Ptz for (t,x) € [0,T] x [0,00) (you can always payout everything and quit

by consuming a small constant rate such that X;; < 0) we also have

V*(t,x) > e Pla

Vi(t,z) > e Pla .

From e Ty = V(T,z) > Vi(T, z) we get Vi(T,z) = e PTu.

Assume that V*(T,z) > e Tz, then there exists some 7 > 0 with
VT, z)>2n+e T

Now choose a sequence (t,,z,) — (T, z) such that V(t,,z,) = V*(T,z). There is some

ng > 0 such that for n > ng we have
Vitn,zn) >n+e o, (15)

Let C™ € C(ty,z,) and define 7, = inf{t > t,| X" < 0} AT. Since C™ is admissible

we have AC} < x,, there is no lump sum payment leading to ruin. Furthermore by the
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definition of ¢, we have 7, — t, — 0 if n —» oco. Now fix some ¢ > 0 and choose n large

enough such that
/ e P dCr + e P X < e PnCn e Fin(g, —OF ) te=ePna, te.
by —

Taking a supremum over strategies C™ we get V(t,,x,) < e Pz, + ¢ which contradicts

15) since ¢ is arbitrary and if (¢, z,) — (T, z) we have e Ptng, — e Py, O
( y

Proof of Theorem 3.5:

Assume there is (£, %) € R such that u(¢,#) — v(f, %) > 0. W.lo.g. we assume ¢ € [tj,t;_1)
and T € (’Yj7i(£),’}/j,i+1(f)) with ¢; < t;_1, 75 < 7j+1 defined as in Section 2 and in
Remark 2.2. We also assume, that the comparison principle is already shown for the
intervals [t;,¢;—1) with [ € {j —1,...,m}, ie. u(t,x) < v(t,x) on [t;,T] x Ry. Note that
Lemma 3.4 yields u(z,T) = v(z,T) for all x € R,.

Define v* = kv for k > 1. Tt is easy to check, that ko is still a supersolution with lsc
envelope kv. Choose k > 1 such that u(f,#) — v*(¢,2) > 0. Due to Lemma 1.1 we obtain

the following inequality:

u(t,z) — vk (t,z) = u(t,z) — kv(t,z) < ze P — k) + A(t)
< ze PU-1(1 — k) + A(0) =: 7.

It is clear that u(t,z) — v*(t,x) < 0 for z < 20

kileﬁtjfl =:n. If Yji+1 = OO on [tj,tj_l)

consider

Aw={(t,z) 1 t; <t <tj_1, v:(t) <z <n}.

If 741 < 00 on [t;,t;_1) consider
A={tz):t; <t <tj_1, vt <z <)} .

W.lo.g. we assume 7;;11(t) < oo on [t;,t;_1) and ~v;;(t), I € {1,...,n;}, increasing on
[t5,tj-1)-

Note that due to properties (P5) and (P6) the function u(t,z) — v*(¢,z) is continuously
differentiable and decreasing on A. In particular, & > fyj,l(f).

Define further

M= sup {u(t,z)—o*(t,z)} .
(t,x)eA
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From above we know that M < A(0) < oo and obtain

0 < u(f, &) — vk (t,2) < M .

Since u — v* is continuous on A there is (#*,2*) € A with u(t*,z*) — oF(t*,2%) > & > 0.

Define further H := {(t,z,s,y) : (t,z) ,(s,9) €A, y—x >0, t —s >0}, m:= £ and for

2
&> 0:
et 2,5,) = ult, 2)e™ — oH s, g)e — Sz —y)?
_{ 2m n 1 n 1 }
Ely—xz+t—s)+& (x—7:0)¢  (vin(s) —y)E)

Then it holds

fe(t,v54(t), 8,y) = fe(t,z,8,75i+1(8)) = —00

for (¢,7;:i(t),s,y), (t,z,8,7ji+1(s)) € H. Note that (t,z,s,7;i(s)), t,Vji+1(t),s,y) € H

only if t = s, which yields fe(t,x,s,7ji(s)), fe(t,vj,i41(t), s, y) <O.

Let Mg = sup fe. Because f¢ is continuous on H there is (¢, ¢, s¢,ye) € H such that
H

Me¢ = fe(te, we, 5¢,y¢). Since (t*,2*) € A, it holds ~;;(t*) < 2* < 7;,41(t*), from which it

follows
Me > fe(t", o™, t%,2%) = (u(t*,x*) — vk(t*,x*))eﬁt* — sz
_ 1 _ 1
(Vi1 () —2*)& (2% —75,4(t*))E
M 4 2m 1 1
> P T - .
2 £ (yan(tr) —z9)& (2% —754(t*))E

We obtain directly

2m +1/(x" — 4(t") + 1/ (v (#7) — 27)
Met”

M¢ >0 for £ >4 =: &

M
liminf Me > — > 0.
E—o0 2

Next we show that there is £ such that (t¢, x¢, s¢,y¢) ¢ OH for £ > & V &.
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The boundary of H is given by

OH = {(t,z,s,y):(t,x) € A, (s,y) €0A s <t,x <y}
U {(t,z,s,9): (t,z) €0A,(s,y) € A,s <,z <y}
U {t,z,sy): (txz),(s,y) €A, s <t,z=y}

U {(tz,sy): (tz),(s,y) €A, s=t,x<y}. (16)
Let us first consider the boundary of the set A:
A = Aty (0) L e [t tja] UL 75:(0)) ¢ € [t5, 8]}

J
U U ) s 2 e hyat), v @)} -
I=j—1
Consider the first two sets. By the construction of f¢ and H it holds fe(t,z,s,y) < 0 if
z € {vji+1(8),75:(0)} or y € {vji41(5),75i(s)}-
For ¢ = tj_1 it holds fe(tj—1,2,5,y), fe(t,x,tj—1,y) < 0 by the assumption u(t,z) —
vR(t,x) <0 on [tj—1,T] x R;.
It remains to consider ¢; = t;. We have

2m 1

d
= = _kePte=Bs _ _ _
gy lsbosy) = kT oty m ) (Ey—az+t—s)+1)"  (arals) —y)%¢

1
S~k —8ly—o)+2m - (jit1(s) —9)%¢ =0

That is, fe(t,x,s,y) is decreasing in y. Also it holds

d . 1
L e(tyy5,3) = €9 _ et 4 i

dx (x = 7;4(0)2€ (Vjaita(s) —x)%¢
e
- (@ —5i(1)%€
Since fe(t,7;,(t),s,y) = —oo and f¢ continuous there is 6 > 0 for all ¢t € [t;,¢;_1] s.t.

fe(t,z,s,y) < 0 for x — 7;,(t) < 0. In other words fe¢(t,z,s,x) is decreasing in x for

x — ;i) > 0 and £ > th Since t > s and y > z it holds (¢j,z,s,y) € H =

(tj,z,s,y) = (tj,x,t;,y), which gives
fe(tj, @, s,y) = fe(tj x tyy) < fe(ty, =, t;,x)
fe(tgovia(ty) tyv0(t)) <0 0w —n54(t5) =6

0 : otherwise
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On the other hand because the functions ;;,v;+1 are increasing it holds
(t’x,tj,y) € -H = Wj,l(t) <z < Y < 7],2+1(t]) )
and we can conclude like above f¢(t,z,t;,y) <O0.

Now we know that (¢, z¢, s¢,ye) € H\OH for £ > max{&,&}, & = Wl—l)

Note further that it holds

fe(te e, se.we) + felte, yeo s, Ye) < 2fe(te, ve, se, ye) -

Choose now a sequence &, — oo such that (t¢,, ¢, , S¢,, Ye,) — (£, Z,5,9). From above we

obtain

§n<(1‘§n — ygn)2> < u(tgn, xgn)eﬁsﬁn — u(tém ygn)eﬁsﬁn

+ vk(5§n, xgn)eﬁtfn — vk(5§n, ygn)eﬁtfn
_ Yen — Tgy
(@e, = V5ilten)) e, — V5(ten )€
Yen — Tgy
(Viit1(se,) = @, ) (Vj,i+1(8e,) — e, )€
dm(ye, — x¢,)

+
(§n(t§n — Sgn) + 1) (fn(ygn — g, + tgn — Sgn) + 1)
S — <e_ﬁ(t€n _Sﬁn) + keﬁ(tﬁn _Sﬁn)>(y£n — xgn)
am(ye, — x¢,)
+ .an
(§n(t§n — Sgn) + 1) (fn(ygn —T¢, T te, — Sgn) + 1)

It is obvious that the right hand side is bounded. Then the left hand side is bounded as
well, which is possible only if (z¢, — ygn)2 — 0 as n — 0o. We conclude z = g. Taking now

the limits on the both sides in (17) yields

lim & (z¢, — ye,)” <0,

n—oo

which implies &, (¢, — ye,)? — 0. Also we obtain immediately

0< lim &n(ye, —z¢,) < —e Plten—35¢n) _ LeBlten—ses)
En—r00

4m
(fn(tgn — Sgn) + 1) (§n(y§n —Tg, + tgn — Sgn) + 1)

<4dm .

_|_
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Note that &, (t¢, —s¢,) — oo implies 5lim &n(ye, —w¢,) < 0, which is a contradiction. Thus,
n—>00
we conclude glim Enlte, — s¢,) < oo, from which it follows ¢ = 5 and &, (t¢, — s¢,)? — 0.
n—>00

Note that z is bounded away from ~;;41(t) and v;;(t).

Define the functions

2m n 1 }
Ye, — T+t —35¢,) + & (x—54(t)én

—i—Mgn,

¢(t790) = {%(m - yﬁn)Q + 52(

(Ye, — Vii+1(8¢,))én

- g_n Y 2m 1
o(o.) = = {Floe, — 0 + Sy~ e, + e —5) Ten | (e, ’Yj,i(tén))gn}

1
+ ulte,, e, ) — — M,
N I )

These functions are continuously differentiable in ¢ and in x. Furthermore u(t,z)e%n —
Y(t,x) attains its maximum at (g, ,z¢,); v5(s,y)e e — ¢(s,y) attains its minimum at
(8¢,,Ye, ). Thus, (t,z)e P%n and ¢(s,y)e Phn are test functions for u(t,x) and v¥(s,y)
respectively. From
we conclude that there is N € N such that for n > N it holds

eiﬁtén - wm(tfn’xfn)eiﬁé;{n S 0 ?6758&” - gbx(sfn? yfn)eiﬁtgn S 0 .
Therefore it holds by Definition 3.2 of viscosity sub- and supersolutions:

0 > ¢s(5§n, yfn) + Hse,, gby(sfnayfn) s

0 < wt(t&w x&n) + e, wﬂﬁ(tﬁn’mfn) :

Subtracting the above inequalities, rearranging the terms and letting &, — oo yields the

following relation

n—oo

On the other hand we know

M
0< - < liminf M; < lim M, = lim (u(te,, ze,) — 0" (se,,9e,))

E—o0 n—oo n—o00

which is a contradiction. O
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