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ABSTRACT

Theeéiudy attempts to outlineAwhat are some
of the major obstacles td learning the language of

algebra, It is in two Parts,

Part 1 is theoretical and is the outcome of
& belief ﬁhat the wrong question might often have
been asked about the Iearﬁing of mathematics, i.e.
. perhaps the important question to ask is not 'How
do children learn mathematics®?, but 'Why do pupils

fail to learn mathematics'?.

Chapters 1 and 2 suggest the reason for this
might be due to the fact that mathematics is a
systen of language systems, As such it demands of
the learner a sequence of comceptual adaptations to
new meanings for concepts as new lénguages are

- introduced.

With particular reference fo the zlgebraic
language itself it is suggested that a pupil might
be conditioned early in life to think of a letter
in arithmetic as an ordered entity with an uniqué
numefical determination, and thus migﬁ; fcarry over!

this understanding into algebra itself,
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To comprehend'the aléebraic language,
! héwever, the pupil will need to develop an
understanding that the letter is a numeral in its
ownfright - ji,e, it is used to convey the symbolic

number concept,

Pért 2 is empirical, Tasks were specially
devised to show that pupils would demonstrate
two distinct, logically consistent, usages of a
Tetter, the first matching that of the Mediaeval
mathematician, and the second that of the
contemporary mathematician.

Iuﬁ pupils éf ages 11-18 years from two grammar
schools were interviewed in a structured situation,
using the tasks as investigatory material. Responses
to each task were arranged into hierarchieS’bf
algebraic sophistication, and these were used:

(a) to study the development of the symbolic number
concept, |

and

(b) to generate three broad levels of algebraic
activity.

The results suggest that the symbolic number concept

(i) is available to a small minority of pupils of
ages 12-18, |

and o

(1i) might be associated with dynamic imagery.
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'T do not think x + 1 = 2 is meaningful
only when x is replaced by a value, RelQ
| ations may be expreésed by means of var-
iablés (in this case humber variables).
We must have rules for the use of varia-
bles as well as rules for the use of nu-

.mbers, '
Professor R, L, Goodstein

(Personal communication 27.X.75)



INTRODUCTION

"When we come to algebra and have to operate with
x and y there is a natural desire to know what x and y
rreally are.‘ That, at least, was my feeling. I always
thought the teacher knew what they were but would not
tell me",
Bertrand Russell (1927) p.89.

" T know what I remember (about the learning of
algebra) from talks by teachers and what struck me in
studying textbooks. Many teaéhers depicted the process
of learning this language to me as a nystery. After a
shorter or longer period of struggling the pupil finally
masters this language though neither he nor the observ-
ing teacherrknows what has happened. Nobody seems to
know what the original obstacles were or how they have
beén overcome",

Freudenthal (1973) p.340.

The present study is an attempt to gain some insight
into how &dolescents interpret the symbols a,_b, X,
Ty o o o . used to convey the concept of a "general"”
or "symbolic" number. As such it should be regarded
as exploratory rather than definitive. En thé final
event it probably bezs more cuestions thén it asks,

and certainly many more than it answers.
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Freudenthals's observation above sugéeéts that in
1973 relatively little was known about the problems
inherént to the 1earning of the algebraic language.
The present study began within this ciimate of ignorance
when littlé research evidence was available either to
suggest a method of approach or a direction in which

to turn attention to look for answers.

The particular difficulty associated with.a stgdy
‘of algebraic thihking is that of finding a precise
boundary between arithmetic and algebra itself. Nunn
discussed this bifurcation in some detail during the
second decade of the present century(l). His good
intentions and important insights appear, however,
to have had a marginal, if any, effect. Algebra contin-
ues to be a source of much confusion and immense dif-

ficulty for memy pupils (notwithstanding Bertrand Russell).

Nunn came to the conclusion that arithmetic could
not be distinguished from algebra by an appeal to sub-
.ject matter. What was neéded'to the céntrary was a
'coﬂsideration of the two distinct attitudes which had
to be brought to bear upon the same subject matter to
give rise on the one hand to an understanding of methods
of calculation, and on the other to the processes

-
involved in the calculation:

(1) XNunn, T. P., (1919). See Chapter 1.
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"But now let the boy's attention shift
from the actual menipulation of the figures
(used to find the area of a réctangle) to
the Erocess'whiéh the manipulation follows";
he writes, "and let%t him observe that the
essence of that process is the multiplication
of the length of thé rectangle by the breadth.
At this moment he has crossed the frontier
which separateé arithmetic from algebra; for
it is an important part of the business of
algebra, to disengage the essential features
of an arithpetical process of given type from
the numerical setting which a particular

case presents".(z)

Although the present study supports Nunn's observ-
afion, it suggests that the distinction between'the two
subjects is to be found in a more fundamental difference.
Namely, in the facf that arithmetic and algebra involve,
respectively, two differenﬁ conceptions of "nuumber",

Both the theoretical and empirical aspects of the study

aim to provide evidence to support this viewpoint.

Thus for the purposes of the study the frontier
between arithmetic and algebra is considered to have

been crossed When the learner adopts a usage of the

(2) Nunn, T. P., op. cit. p.2. ’



the letter as a "numerical variable". The main aim of
the study is, as suggested above, to attempt an explan-
ation of this statement. Essentially however it means
that the criterion once used by textbook authors of fhe
"pre-revolutionary" period(B) for deciding upon what

should coﬁstitute the content of "Algebra" and "Arith-
metic" texts is reinstated here as a criterion that the

adolescent is thinking "algebraically".

Textbook authors of that period considered the two
subjects to be different by virtue of the fact that
Arithmetic did not use 1etteré for "general numbers"(4).
(Nunn objects strongly to the term "generalised number"

(5),.

suggesting it is meaningless

Today the term is commonly recast in a variety of
different ways: e.g. "numerical variable"(o),
"arbitary number"(7), "unknown"(s), "placeholder"(g),

"unspecified member of a set"(lo), « « o Each of these

(3) i.e. prior to the introduction of-"modern mathem-
atics" in the 1960's.

(4) See, for example, Channon and McLeish Smith's (1948)"
algebra course. They write (p.l) "In Algebra
numbers are used as in Arithmetic, but letters
are also used. VYhereas Arithmetic geals with

particular numbers, Algebra uses letters for gen-

eral nunbers", cont. over



terms however, seerns to be an attempt to express the
saﬁé concept.

The existence of an inconsistent terminology
throughout clessroom resource material suggested at the
outset that some clarification of the meaning of the
term "algebraic variable" was needed. For that clarif-
ication the author'turnéd to a study of the evolution
of algebra in the history of mathematics, with the ten-

tative assumption that what has evolved in history must

eventually be recreated by thé‘pupil in the classroom.

During this invéstigatiqn it became increasingly
clear that seventeenth éentury mathematicians had wit-
nessed a ievolutionary change in world view, as import-
ant, if not more so, than the revolution witnessed by
scientists after the introduction of Relativity Theory,
and by astronomers safter Copernicus. This revolution
was the direct outcome of the introduction into math-

ematics of the language of symbolic formalism by

(cont.) -This distinction was rigidly applied by some

authors. Fawdry's (1931) Arithmetic course (for example)

does not include a single letter for numbers. rormulee

are introduced but ‘expressed rhetorically throughought.

-
~

(5) Nunn, T. F., op. cit., p.6.
(6) See e.g. Skemp, R. R., (1964) p.22.
(7) See e.g. Holt, I'., & Marjoram, D.T.E.,. (1966) p.107.
(8) See e.g. Freudenthal, H., (1973) p.294.
(9) See e.g. SMP Book B (1972) p.6.

(cont. over)
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Prancois Vieta during the last decade of the sixteenth
century, and brought with it the need to adopt a new,

symbolic conception of "number".

Chapter 2 discusses the diffiéulties mathematicians
(algebraisté) faced in making any real headway in algebra
prior to this time, and suggests that pupils will find
the same difficulty until the symbolic number concept
has been accomodated. The notion that ontogentic
deveiopment‘in some sense parallels the historical
evolution (phylogenetic development) of mathematical ideas
constitutes the essential theoretical framework within
:hich>the study takes place. :As such this is a departure
from traditioﬁélly oiientated studies of mathematical

development.

RN

The major research paradigm for developmental
studies is Piagetian, where advances iIn intellectual
capacity are considered to parallel, or be made possible
by, a maturation of logical process(ll). Thus a pupil's
failure to deal'successfully with a particular mathem-

atical structure may often be explained as an outcome

of a need to acquire new logical operations. For example,

(10) See e.g. Skemp, R. R., (1971) p.228.

‘(In logic the variable is often comsidered to play

-

rd

the same role as the'pronoun 'it' - see Quine, W, V. 0.,
(1962) p.68.)

(11) Inhelder, B., and Fiaget, J. J., (1958). See also
Piaget, J. J., (1953) and (1972). | |
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Collis suggests that the adolescent at the stage of
"concrete generalisations" (13 - 15 yeérs) makes funda-
mental errors when dealing with algebraic relations

because he has not yet developed the operation of

[ reciprocal inversion(12). Bruner objects strongly to

such explanations:

"Psychologiceal events", he writes, "require
explanation in terms of psychological processes
and are not fully explicafed by translation
into . . . .logical terms. Gognitive growth
'is a series of psycholOgical events. A child
does not perfofm a certain act in a certain way
at a certain age because . . . (his) act
exhibits a certain underlying logical struc-
ture . .. . what is needed for a psychological
explanation is a psychological theory. Egﬁ
does a culture . . . . affect his ways of
looking at the world? . . . are we any nearer

an explanation of a child's solution to a

problem to say that the solution presupposed

some kind of grasp of the principle of logical
implication? 1Is this not only a more refined
and conceivably nmore useful way of describing

the formal properties of the behaviour observed -

(12) Collis, K. F., (1974). '
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much as it would be useful to say thétﬁa

return by é ﬁlayer in a fennis match ihaicated
that he was able tb intersect the ball's traj-.
ectory in a fashion that couid be described by

z
a particular set of equations?"(l))

Notwithstanding Brunér's objections there is, as
Smedlund(l4) has aptly pointed out, a circular relation
between "logicality" and "understanding®™ which may have
no solution within the Piagetian paradigm, viz: in
order to study logical development it is necessary to
assunme that the subject has understood a2ll the instruc-
tions and questions asked of him. To study understanding
on‘the other hand, one must assume that the pupil is
thinking logically. The choice as to which direction
should be takén apprears to be an open one. Thus Donaldson(IS)
prefefs the latter, and accordingly sugggsts that
Piagetian psychology is misguided, both in theory and
in practice.i Along with Smedlund, however, she is a
menber of a minority.group.

\ Since the present study attempts to gain an under-
standing of the meanings pupils give to letters used

in algebra it is necessary and, the author believes,

(13) Bruner, J. S., et. al., (1966). g
(14) Smedlund, J., (1970) and (1977).
(15) Donaldson, M., (1978).
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-profitable, to presume the pupil to act logically
throughout, and to account any misconceptions directly

to a mis-match of language. This research strategy was
first suggested by Smedlund(ls).‘ The tasks used in the
empirical study, and described in Chapter 3, were the
outcome of a conscious appreciation that mathematical
terms might have distinct meanings in different math-
ematical systems, i.e. éhat "logicality"™ could be brought

to bear in more than one language systen.

Thus the research strategy used.here_is not Piggetian.
The Piagetian approach has been ably represénted by
Collis in a number of important studies(17). Collis
claims thet mathematical development "parallels" the
Piagetian developmental sequence and can be seen to
comprise four important stages:

(1) early concrete-operational (7 - 9 years);

(2) middle concrete operational (10-12 years);

(3) concrete generalisatiohs (13-15 years);

(4) formal-operational (16+ years).(IB)

The fact that we produce so few mathematicians
however, leads to a somewhat puzzling question, i.e.

how can it be, if it is true that all (or the majority)

(16) Smedlund, J., (1977) op. cit. -
(17) Collis, K. PF., (1969), (1971), (1972) and (1973).
(18) Collis, X. F., (1974) op. cit. '
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of adolescents reach the stage of late formal operations
by the age of 16+ or 17+, that we are not submerged by
mathematicians? Not ali pupils develop into capable
mathematicians at this age and only a minority, (if
folk-lore hasany basis in fact) ever comprehend the
language of algebra. For‘this'reason it seems that the

language itself ©poses special problems which may be

overcome only by the minority.

Thus it may well be that what distinguishes the
mathematician from the non-mathemétician is that the
former develops a meaning for terms such‘as ‘fat, 'b?',
'x'y 'y' . . . not available to the latter. The present
study ignores the Piagétian ﬁaradigm to explore this

possibility.

Alternatively, Chapter 1 suggests that many of the
difficulties pupile face in understanding mathematics
is due, intrinsicaily, fo the nature of the subject
itself, as a system of language systems. Each systen
harbours its own ﬁeaning for key concepts and acéordingly
its own "reality". In this sense the meaning a child
gives to a concept (e.g. "number", "triangle", . .) is
related to a particular, but not the only possible,
mathematical "reality" which includes that concept.
_The child's major problem is thus to make successive
conceptual adeptions to new meanings for established

concepts as new languages are introduced..
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The study concludes that there is evidénqe to believe
that a minority of pupils do acquire a new cdnception
of number transcending that required for non-generalised
conventional arithmetic. This evidence is gathered from
discussions with 144 secondary échool pupils from two
gramnary schoolé using specially prepared tasks presented
in a structured situation. Task development and experi-

mental design is discussed in Chapters % and 4.

Pupil responses to each task were analysed and arranged
in ascending hierarchies of algebraic sophistication
(Appendix II) and this data used to generate what appear

to be three levels of algebraic activity.

The first; the ﬁlevel of fictitious measures" is
associated with an interpretation of the letter as an
object with a unigque, unknown coﬁtent; the second, the
"level of discovered content" is associated with the letter
treated as a "pigedn hole" or "box" for numerals; and
the third level, that of the "species”, is associated
with the letter regarded as a symbolic number. Chapters
5, 6, and 7 respectively illustrate these levels using

pupil transcripts.

When a letter is used as an object with a unique
measure, no "variation" is possible in our contenp-

orary sense of the word. when the letter is used as a
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a "pigeon hole" or as a "symbolic numBer” however,
"variation'is poséible. Chaptér 8 discusses the three
forms of varia£ion associated with different conceptions
of the letter.

The stud& ends with -a diséuss}on of the implications
 for teaching and research, and includes a commentary
upon an important paper, published by Kuchemann(lg)
during the later stages of the present pfoject, which

supports consequentially, if not substantially many of

the findings here,

(19) Kuchemann, D., {(1978).
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CHAPTER 1 : MATHEMATTICAL REALITIES

"The problem of Universals ought to be reconsid-
ered in the light of the fact that as knowledge grows
lanzuages change".

Lakatos (1976) p.92.
1.1. Abstract

This chapter suggests that mathematics is essentially
a piecemeal of languages distinguished by different

axiomatic systems.

In the classroom the introduction of a new lang-
uage system often demands of the learner a fundamental
chenge in intefpretation of already familiar coﬁcepts.
For this reason the teacher'neeas to anticipate, and
so warn pupils of, any need to change prior developed

expectations.

This view is used in Chapter 2 to explain how the
introduction of a new meaning for letters during the
seventeenth centurj radically changed the course of
mathematics, and in Chapter 3 to explain the theoretical
ideas which determined the nature of the tasks used in

-~
the empirical study.



~14-

1.2. Numerical realities

(20) draws aftention t0o the fact that our

Popper
expectations of reality determine the nature of the
world in which we live. His views seem to be shared,

in part, by =~ both Polanyi(21)' (22)

and Kuhn each of
whom illustrate with numerous examplesvwhy it is that
scientists must accept that 'fact-finding' activities
are determined by their own tacit assﬁmptions about
what constitutes "reality", and does not take place in

a void.

'Normal science' is conducted in an established
theoretical paradigm where certain habits of mind dic-
tate activity. Thus for Koestler, the creative act is

the 'defeat of habit by originality'(23).

Habits of mind are brought to bear in new situations
and often lead to misconceptions or misinterpretations
of the facts before us. An interesting experiment by
Bruner and Postman(24) illustrates this phenomenon in

the case of perception.

(20) Topper, K., (1972). See in particular the apzendix
"The bucket and the searchlight: Two theories of
knowledge", pp.341-361. ‘ g

(21) Folenyi, IM., (1958).

(22) Kuhn, T., (1970).

(23) Koestlef, A., (1969) p.96.

(24) Bruner, J. S. & Postman, I., (1949).. Reported in
Kunn, T.., (1970) n.63.
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Experimental subjects were asked to identify on
short and controlled exposure a series of playing cards
containing anomalies such as a red six of spades. In
each experimental run a single card was displayed to a
éingle subject in a series of gradually increasing
exposures., After each exposure the subject was asked
whét he had seen and the run was terminated by two

successive correct identifications.

Even on long exposures, the anomalous cards were

nearly always identified as normal (e.g. the red six

‘of spades was often 'seen" as the six of hearts). At

forty times the average exposure required to recognise

normal cards for what they were, nearly ten per cent of

the anomalous cards were still not correctly identified.

The majority of subjecté merely interpréted what they
saw in.térms of their prior prepared conceptual strat-
egies. A variety of similar studies illustrate precisely
the same point, i.e. thaf the perceived size, colour,
shape, etc. of experimentally displayed objects varies

with the subjects' previous training.(zs)

Kuhn

(2¢6) and Koestler(27) draw attention to the

parallel phenomenon in scientific thinking with examples

-

(25) Hastorf, 4. H., (1950); Bruner, J. S., Postman, L.,
Rodrigues, J., (1951); Stratton, G. M., (1897).

(26) Kuhn, T., (1970) op. cit.

(27) Koestler, A., (1973).
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“from man's changing vision of the universé.j The experi-
" mental subjects in Brunerrand Postman's experiment
clearly "saw" things differently when the anomalies

were recognised. After each successive scientific
revolution éuggests Kuhn (e.g. the Copernican revolution)
-scientists appear to operate also in what seems to be a

new reality, often seeing things which hitherto had
4.(28) '

gone unnotice

In the pre-Copérnican and post-Copernican world
the terms “moti&n", "universe" and "planet" took on
different meanings and would thus call to mind different
images for scientists working within each paradigm.
The}word "motion" for the pre—Copernican‘astronomer
'would in all probability be associated with an image
of a geocentric universe, whereas for the post-Copernican
astronomer the term would be interpreted in terms of an

heliocentric model.

Today, we can perhaps image each interpretation -
but this was not necessarily the case for pre-Copernican
asfronomers. Very few scientists had eny conception of

curved spece until after the Einsteihian revolution.

(28) Xuhn, T., (1970) op. cit. p.1ll6.
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The fact that "reality" is not present in the same
form for successive generatidns of scientists leads
readily 'to the question as to whether reality exists in
the same form for all men at‘a particular time in hist-

ory, and across cultural barriers.

Cross-cultural studies by Whorf(gg), Sapir(ao),

Lee(Bl), and others havé led these researchers to reject
the usual view of a constant relationship between
language and thought and to suggest that‘each

language embodies and perpetuates a particular world
view. The speakers.of a langﬁége are'here considered to
be partners to“én—agfeement to see and think of the
world in a certain way; the world can be structured in
many ways; and the language learned as a child directs
‘the formation of his particular structure, This departs
from the commén—sense notion in that (a), it holds that
the world is differently experienced and conceived in
different linguistic communities, and (b) it suggests

- that language is causally related to these psychological

t

differences.

(29) vhorf, B. L., (1940) and (1950).
(30) Sapir, E., (1949),
(31) Lee, D. D., (1938). See also Bruner, J. S., (1974)

e
Chapter 2 for educational implications.
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Gﬁodstein has suggested fhat such infamous unsolved
problems of mathematics as 'Fermat's Last Theoram'
expreés the neéd»for a new mathemetical language,(az)
and Lakatos has pointed out that Descarte's failure to
establish Euler's theorem about poly~hedra was due to
the fact that he had no cbnception of 'edge' and

'‘vertex'. Euler introduced these concepts when he first

proposed his theorm, indicating that in some sense he

(33)

i

had perceived polyhedré differently to Descartes.

The historical evolution of mathematics seems to
support Goodstein's view that mathematics develops step
by step as new‘lénguages are created. Thus mathematicians

within each period tend to operate within a dominant

theoretical paradigm as in science.

~

In Antiquity, until the Pythagprean 'disco%ery"
of the incommensurability of J@, the dominant theory was
arithmetic. According to Pythagoras'everything was
number- (by.which he meant 'everything could be expressed

in terms of the ratios of counting numbers').

The feilure of the theory to account for incom-
mensurable lengths, and the thorny Zeno paradoxes,
however, eventually led through Eudoxus and Euclid to

the establishing of geometry as the dominant paradigm.
~

(32) Goodstein, R. I., (1965) p.90.
(33) Lakatos, I., (1976) p.6.
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Geometrical thinking dominated the mathematicians'.
activities until the seventeenthAcentury when Descartes
reinstated ariihmetic and merged the two sub jects
through the medium of analytic geometry, During the
present century the work of Frege, Russell and Whitehead
has establisﬁed.logicismfas the dominant theory,

Changes: in dominant theory seem often to be pre-
ceded by a pefiod of crisis in the oommunity; often
caused by new. discoveries which contradict prior expec-
tations, by parddox, or by a desire for a 'completeness'
which gives rise tc the introduction)of new gnd more
poweriul explénatory-concepts(su). Thus Eudoxus
responded to the Pythagorean dilemma with the theory
of proportions, and logicism is underpinned by the
conéepts-of 'set! and 'one to one correspondencé'.

These conceﬁts have in turn given risé to their own
pargdoxes and to a variety of attempts to overcome
them, despite the fact that these were originally

hoped to provide a complete foundation for mathematics(35).

(34) See Wilder, R,L.,(1968) and Kline, M., (1962) for an
analysisaf the cultural and psychological forces
which gffect the evolution of mathematical ideas.,

(35) see Viang, H. (1974) and Goodstein, R,L., (1976) for
discussions concerning the_relationship of set

theory to arithmetic, . '
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If mathematical evolution can be exp1ained as an
-outcome of a desire for 'completeness', i.e. a desire

to construct a language system which dispehses with
paradox and 'exceptions to the rule', it is likely, by
analbgy, that this is precisély whét causes the child
who wants to learn mathematics to develop new mathemat-
ical ideas. ZEqually, if the introduction of new concepts
give rise to crises in the comuunity, and to a need to
make conceptual adjustments, then again the introduction
of new concepts in the classroom may be assumed to
create the same need in fhe child.

Experience of everyday classroon situationé and the
content of numerous articles in mathematics education
-journals, suggests that there are certain concepts in
mathematics which prove to cause many adolescents
great difficulty. In particuler thé concept of a
fraction, an imaginary number, and a negative nunber,
seem to create difficulties which are not yet fully

understood.

. A consideration of what is entailed in accepting

these concepts in relation to concepts previously

attained however, suggests a possible reason both for

the child's problems and for the reluctance of mathem-
7
“atical communities in the course of history to welcome

the ideas with open arms when these were first proposed.

\
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Firstly however, consider some of the problems
associated with the learning of geometry and in partic-

ular with the learning of non-Euclidean geometries.

.Mathematics in séhools soon dévelops in the chila
important assumptions about the meanings of such terms
as "parallel", "triangle", "plane" and “point"; With-
out exception, geometrygfor the under 16's means
Euclidean geometry, and "triangle" meahs'a figure with

three 'straight' sides whose angles sum to 180°,

Euclidean geometry grew 6ﬁt of éctivities with
tﬂé drawing boérd, the straight edge and the conpass
and led to an appropriate interpretation of the nature
of space. In Euclidean geometry it is assumed that
there is just one line which can be drawn pqrallel to
a second through a poiht in the plahe - the content of

the famous "Parallels Axiom".

When non-Euclidean géometries are introduced
however, 2ll previous assumptions, interpretations,
and expectations, need re-appraisal. Here the Riemann
triangle has an angle sum greater than 1800, and the
Lobachewsky triangle an angle sum less than 180°. 1In
Riemann geometry no lines can be drawn parallel to a

-~

" second through a point in'the plane, and in Lobachewsky
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- geometry twce lines can be drawn parallel to a point

in the plane(36).

‘The non-Euclidean geometries gfew out of attempts
to provide a complete and.secure foundation for Euclidean
geonetry but, contrary to sll expectations, gave rise
“to totally new self-consistent geometfies underpinned

by different axiomatic systems.

Neither geometry can be reduced one to the other
and each constitutes a different mathematical systemn,
shéring common tefms; each of‘whiéh have different usages
in each system. The Euclidean "triangle" is not the
'Riemann "triangle" and neither of thesé is the Lobachewsky
"triahgle". Equally, Riemannian and Lobachewsky geometry
give risé to alternative models of space, and any
attempt to interpret either in Euclidean terms is doomed

- to failure.

To "understand" the non-Euclidean geometries a
radical change in conceptual outlook is required of
us, a change which numerous nineteenth century math-
ematicians and scientists resisted when these were first
introduced. By analogy one would expect a similar resis-
tance from pupils in the classrocm who hé;e been brought

up in the Euclidean trzdition.

(36) See Kasner, E. D., and Newman, J., (1965) Chapter IV

for an interesting and illuminating discussion.
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Riemann and Lobachewsky introduced'newfmeanings
for well—established-ferms such as 'perallel', 'plane',
and 'triangle'. In the same way the introduction of
new ‘types' of arlthmetlcal objects mlght ‘also require a
change in meanlng of the established conceptlon of
"number",

It was pointed out above that the récognition of
the "monster"(37) J2, had an important éffect.upon
Greek mathematics. It also totally destroyed Pythagoras'
cherished view that the world was 'commensurable number‘(ja)
- which is ironic in view of the fact that the monster
emerged from the faﬁéué theorém about right-angled
triangles which now bears his name.

v/2', which contradicted all previous expeétations
associated with the meaning of the term 'number' was
eventﬁally incorporated into the body of mathematics -
but notAreadily by those previously committed to seeing
the world in terms of the language of‘commensurable

quantities only.

The concept of a negative number appears to have
met a similar resistance. First used by Fibonaceci in
the Twelfth century to dezal with problems of profit and
(39)

loss it was not readily accepted as a part of

»

(37) This term is borrowed from Lakatos, I., (1976) op. cit.
(38) Sece Russell's comment p.54-55 (1967).
(39) Quoted in Hooper,A(1961) p.368.
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mathematics until the later decades of the sixteenth

century. -

Diophantus consistently dismissed equations of the

(40)

form '5x + 20 = 4' as 'absurd! and the majority of
mediceval mathematicians -rejected negative roots of
quadratic and cubic equations. Tied almost exclusively
to thinking in geomefrical terms where a line had
'"length' but no 'direction' the concept of a negative
number could not be\entertained. Many pupils appéar to
have a similar problem to that of Didphantus (although
they might not be quite so éxpressive in their objections),
when the negaﬁive nuﬁbérs are met for the first time,
. The difficulties the concept creates are well known.
Many and varied suggestions have been made as to
how the concept might be introduced(41), but the real
nature of the difficulty it presents remains'somethingl
of a m&sfery; However, an analogy with the difficulties
inherent in learning to deal with non-Buclidean gebm—
etries might help to point to the sourée of the ﬁroblem

here.

(40) Hooper, A. (1961) op. cit. p.90.

(41) See e.g. the Mathematics Association Report on the
teaching of arithmetic (1964); The Schools Council
"Mathematics for the Majority" teaching manusal
"Number Appreciation" (1971); and the Schools Council
"@ritical Review" report on "Number" (Demter, J.,

"cont. over
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Non-Euclidean geometries generate difficulties

because they demand changes in prior-prepared conceptual

" understandings of terms such as "triangle", "line",

"plane" etc. Here there is a prior commitment to a

tacit range of assumptions and expectations associated

with

Euclidean geometry itself, and developed, perhaps,

through exclusive dealings with that system.

when

The changes in meaning of familiar terms, demanded

non-Euclidean geometries are to be assimilated, are

linked to changes nade in'the_axiomatic basis of

Euclidean geometry itself i.e. to the very assumptions

which made Euclidean geometry possible. Thus the non-

.Euclidean geometries may be considered to establish a

new geometrical "reality".

The reality of Euclidean geometry is the reality

of the drawing-board and of lines produced with a straight

edge.

The reality of the non-Euclidean geometries on

the other hand, is a reality of curved lines and curved

space, Once conditioned into the Euclidean system the

non-Buclidean systems may be difficult to appreciate.

and Cundy, ., (1977)). Each draws the teacher's
attention to the need to point to t%? similarity of
structure between e.g. the counting number system
and the system of directed humbers. The suggestion

t0 be made here is that it is also the differences which

“are crucial both from the psychological and pedagogical

viewpoint.
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When arithmetical systems are considered an import-
ant parallel emerges. The Ancient Greeks lived in a
countiné—number reality. Fere each counting number was
assured to be a solution of an equation of the forn
'X 4 a = c', where 'x' is an unknown, and 'a' and 'c'
counting nunmbers.

For eqﬁations to be meaningful 'g' had to be less
than 'c'. The Greek arithmetical reality was therefore
underpihned by 2n assumption that such equations had
at most one sqlution. Some'equations had none.

It is therefore understandable‘that any suggestion
that an equation such as

'x + 2 =1
has a meaningful solution, will invite'immediaté con-

fusion - if not dishelief.

Yet in order to feel comfortable with the negative
numbers an zccertance that such an equation is meaningful
is totally necessary. The directed numbers (dealing
only, for illustrative purposec, with the 'whole' numbers),
are solutions of equations of the form 'x +’c = a',
where any one of the relationships a)ec, ¢c>a, ¢ = a
is possible. .

That is, & commitment to the directed number

,
system is associated with an assumption that equations

of this form have exactly one solution.
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Thus the introduction of directed number carries
with it a demand that the leérner makes a fundamental
change in assumption about the number of solutions

an equation has, and commits himself to the new system.

A desire to universalise the subtract operation to
achieve "completeness" eventually led mathematical
communities to accert the negative numbers when it was
realised that no inconsistencies arose. In turn this
meant accepting (-1), (-2), . . .each as a meaning-
ful mathematical entity in its own right, along with the

"counterparts" (+1), (+2). . . .

Here a new meaning for "number" is interwoven into
the fabric of mathematics. It was only after centuries
of hesitation, however, théﬁ the new reality ascociated
with this chahge in méaning was finally accepted by
mathematical communities, and only then thét the new

objects were used with any vestige of confidence.

Continuing the analogy with geometry, it seems
clear that the new arithmetical reality is different to
that previously experienced Ey virtue of the changes in
the propeéties of "numbef" the new system brings with it.
Thus, in Euclidean geometry, the angle sun of a triangle
is 180°. 1In the non-Euclidean geometries however the
angle sur. is either greater or smaller than 180°. That
is, important changes occur in the properties of similarly
‘named objects in each system. These changes are

associated with new "images" or
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"models". Thus the Riemann triangle has to be modelled
on the sphere, and the Lobachewsky‘triangle on the

prseudosphere,

Equally when it comes to the arithmetical realities
differences in the properties of similarly named objects
are also evident. In t@e real number systeém - it is
possible, for example, to combine . two elements,
under the operations 'x' or '+' and arrive at a result
smaller than either of the original elements. This
is decidedly not a property of elements of the counting

number system.

The parallel discussed above, and the reactions of
mathematical communities faced with the problem of
making changes in conceptual outlook to accomodate
each system are so similar, that this suggests the need
to make successive adaptations to new systems may be an
important obstacle to learning. To enter a new reality,

a "deconditioning" process has to take place.

The argument is supported by the fact that the
parallel continues when-the imaginary numbers are.intro-
duced. Here there is a need to incorporate into the
body of mathematics an element 'i' which contradicts
again a rénge of tacit assumptions about the properties
of numbers previously experienced - namely that the

square of any number is positive.
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Again, as in the step from the countiﬁg number to
the directed number system, important changes in
conceptual understanding of the meaning of the term
“number“ have to be appreciated. In the 'real' number
Isystem the ordering of any two elements is well-estab-
lished and in a sense intuitively supported by counting
and nmeasuring activities. The imaginaries however, are
not "ordered" in this séﬁe sense. Here the idea of a

"modulus™ has to be entertained.

Controversy over the imaginaries raged for many
decades after théir initial iﬁtroduction. Again,
mathematical cbmmunities, faced with the need to cdn-
struct a new reality resisted, somefimes with hostility,

the conceptual demands made upon them.(42)

(42) The seventeenth century English Mathematibian
John Wallis admonished his timid colleagues in the
"Arithmetic" with the following observation:
'These Imaginary Quantities (as they are commonly
called) arising from the supposed Root of a neg-
ative square (when they happen) are reputed to
imply that a case proposed is Impossible.
And so indeed it is, as to the first,and strict
notion of what is proposed. PFor it is not possible

that any Number (Negative or Affirmatiye) multiplied

cont. over
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At any particular time it iS‘neceséaéy to be committed
to a particular reality. But such a commitment can
both readily lead to érror, and to a refusal to enter-
tain new possibilities., Thus the subjects in Bruner and
Postman's experiment reported earlier were conditioned
into a particular way of seeing playing cards. This
way of seeing was 'carried over' into the experimental
situation, so that chaﬁges made in the make-up of the
cards went unnoticed, Bruner reports that the experiment
caused some of the subjects a good deal of distress when
the anomalies began to be appreciated, Hgbit, as

Koestler*3) has argued dictates activity.

by itself can produce (for instance (-4)), since
thatAlike signes (whether + or -) will produce +
and therefore not -l.

But it is also Impossible that any Quantity (though
not a supposed Square) can be Negative, since that
it is not possible that any Magnitude can be less

than nothing or any Number Fewer than None, Yet

is not that supposition (of negative Quantities)
either Unuseful or Absurd when rightly Understood.
And though, as to the base Algebraic Notation, it
impart a Quantity less than nothing yet, when it
comes to a physical application it denotes as Resgl
a Quantity as if the sign were +, b;t to be
interpreted in the contrary sense'. Quoted in

Smith, D, E, (1958) p. 260.
(43) Koestler, A, (1965)
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Precisely the same phenomenon can be experienced
in everyday language. Young children, with only singular
or part%cular meanings available for terms often
"misintérpret" statements made by the adult (this is not
restricted to children alone, of course). The following

is an example from the author's own experience.

The author's son, three years old at the time, had
been listening to a BBC newscaster reporting an earth-
guake disaster in Turkey, in which many people had lost

their lives and thousands more left homeless.

Rushing breathlessly with the news the three year

old gasped out:

"Do you know, ten thousand people have lost their

homes in Turkey. Isn't that sad".

The author sympathised, happy that the child appeared

to be developing a social conscience.

But then the child zdded "Do you think they'll ever

find them again?"

This Y"erroxr" is identical in form to the kind of
error made by Bruner and Postman's subjects. The child
has developed a meaning for a term and interpreted a
statement in the only way made possible by prior exper-
ience. Again habitual interpretation is "carried over"

into an incongruous context.
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Preéisely the same problems may occur in mathematics
learning because of the piecemeal nature of the subject

itself.
Thus the common error:

suggests that the pupil making it remains committed to
the counting number reality, and continues to give
counting-number meanings to the terms '1l', '2', '+', etc.
The pupil does not "see" either 11t or '4' as a number
in its own right. What he appears to "see" to the

contiary are the symbols '1', '2' and '3' separated by

horizontal lines.

But the symbols '1l', '2', '3' belong to the counting-
number system with which he is already familiar and the

rules for adding counting numbers are well-established.

The error suggests that thé pupil has not made the
necessary conceptual adjustment required to allow him
to accept that equations of fhe form:

'2x =.l'a1waxs have a solution, and therefore that
'x' is a number in its own right (i.e. he continues to
‘believe equations-of the form 'ax = b'have at most one

solution). P

How such a conceptual adjustment takes*® place and
how it can be best helped by teaching seems to be a

question of fundamental importance for psychology.
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The discussion leads to an important guestion for
teaching. Paradoxically, it would seem that although
teaching may be neCessary to induct a pupil into a
particular nmathematical system the experience itself can
de#elop habitual ways of interpreting data which might

later prove to be an obstacle to further development.

The need to resolve this diiemma appears to be an
importaht one, and might perhaps only be overcome by the
teacher remaining constantly aware that at any time
he/she might be conditioning a pupil into a way of
seeing which will later need fo undergo radical adjust-

ment.

Thus the 'primary school teacher supports‘the counting
number reality, At some later time the ci:ild will need
to make an adjustment to the real number system. Here.
the expectations he has developed during counting
activities and operations with the whole numbers will

need to undergo review.

It séems that the teacher will need to take these
points into account and, wher the real number systen
is contemplated, meke every attempt at the outset to
explain to the pupil that in the new system now to be

introduced some quite unexpected results are to be

expected. )
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Thus it would appear to be as important, if not

more so, to point to the difference in the meanings

given to "number" in one mathematical system, as it is

to suggest there are important similarities.

"Classical mathenatics", writes Goodstein,
"is a very'complicgted collection of systems,
the various systems having ferms in common,
but the usages of the terms being freguently
vastly different in the different systems.

In particular "number", "proof", "rational",
"real", "equation", are ﬁsed in a'multitude
of differént wajs. This would not be a source
of confusion were it.not‘for the teunptation,
thét is strongly felt by mathematicians, to
think that there is only one criterion of |
validity. . . Through how many changes has
the term 'circle' passed since the time of

Archimedesl"(44)

(44) Goodstein, R. L., (1965) op. cit. p.84.



1.%. Summary

Mathematical reality changes with mathematics
itself as new meanings for estsblished concepts are
introduced into the language. The rezctions of com-
munities of mathematicians to the introductions of new
meanings for concepts suggest thet conceptual security
often has to be destroyéd when a new mathematical
system is to be accomodated. Pupils may, therefore,
face a similar dilemma. In particular this would be
the case if ontogenetic develorment recapitulates the
phylogenetic development of méthematical ideas. The
present study assumes that in some sense this is the
case. |

(45) and Poyla(46) have also proposed

Both Foincare
that Haéckel's "fundamental biogenetic law" about
ontogony recapitulating phylogeny may have important
applications in the field of mental development, and in

particular in the case of mathematics.

Certginly, the kinds of errors pupils make (e.g.

(45) foincare, H. (1973) - see below;

(46) Tolya, 8., (1962).
Foincere writes: '"Zoologists mainté&n thet the
embryonic development of an animal recapitulates in
in trief history the whole history of it's ancestors
throughout geological time. It seews it is the same
for the development of minds". (C. B. Halstead's (1913)
authorised translation p.437).
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the error '4# + 2 = g reported earlier) and the notation
they use, often suggests this might be true. These
phenomena would not be such a point of interest were
it not for the fact that it is unlikely that the errors
and notations have been learned from textbooks or in the
classroons.

Errors of this kind.clgarlyAdo not originate fron
the teacher. Neither, however, 4o such notations as
'mb', ;n4’ etc., commonly found in pupils' work. These
are positively discouraged in favour of the modern 'Sm',
'4n' notations. They were, hbwever, standard practice

for a number of mediaeval algebraists.

Poiya uses the "biogenetic principle"” to suggest a
"genetic" aporoach to curriculum planning which would
aim to help the child recapitulate all the great steps
taken by mathematicians throughout the centuries.(47)
(One would naturally attempt to help them avoid making
the same great errors). The present study uses the
"biogenetic principle" to help explain pupil responses
to algebraic material, and suggests that two distincf
interpretations of letters associcted with two algebraic
"reglities" are to be found in pupils' thinking correlated
with distinct meanings given to algebraic terms prior |

~

to, and after 1600.

(47) Polya, G., (1965) p.l32.
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Chapter 2 discusses the historical eioiution of
algebra, and shows that a new meaning for letters was
introduced by Vieta in 1591 which gave rise to the
possibility of & new means of interpreting both algebraic
and geomefrical data. This recognition was used to
help devise the tasks for the empirical study, described

in Chapter 3.



CHAPTER 2 : ALGWBRAIC REALITIES

"The invention of variehles was perhaps, the most
important event in humén evolution. The command of their
"use remains the most significaht acnhievement in the
'history-of the individual humen being. Ordinary élgebra
simply carries to a higher stage of usefulness in a
special field the device which common language enmploys
over—the whole range of discourse." |

P. Nunn, (1919)'p.8.

"A variable is ambiguous in its denotation and
accordingly undefined™.

Russell and YWhitehead, (1927) p.4.

2.1. Abstract

This chapter outlines the implications for our
understanding of the term"algebfa" of the introduction
into mathematics of the language of symbolic formalism
by Prancois Vieta during the final decade of fhe

sixteenth century.

It is suggested'that his introduction of the "species™
concept brought with it a new way of int%ypreting geo-
metrical data and made possible the development of the
calculus and function theory. idopting the,concept
aprears to be consistent with an accevntance that the

0, . . . .
number 'x = 6' is a meaningful mathemztical entity.
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The Tasks described in Chapter 3 were developed

from the ideas expressed here,

!

2.2, The Vietan Revolution

In Western culture, prior to the dawn of the
seventeenth century, algebraists restricted their
activities to seeking a variety of means of extracting
the true numerical ideﬁtity of a letter from a given
equation, Equations almost invariably contained only
one letter and all coefficients were whole numbers,
Equations in two or more unknowns were rarely entertained

and generally dismissed as 'indeterminate!'.

In total, the achievement of algebraists during
this period, constituted.iittle more than an 'accumulation
of an haphgzard collectien of rules:fqr solving a
variety of equetions'.(MB) After 1600 however, the rapid
influx of new methods of solution and the development
of new mathematical topics, suggests that a radical -

change in view had taken place,

Until I600 the body of mathematics was largely
geometrical with some algebraic gnd trigonometrical
appendages, After 1650 however, algebra became estab-
lished not only as an effective methodology for dealing
with all branches of mgthematics - as in/eo-ordinate
geometry andetheories'of motion - but alsoc as an end in

itself., Pure geometry was eclipsed for about a hundred

(48) Dantzig, T. (1954) p.86.
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years and became at best an interpretation of the alge-
braic language and a guide to algebraic thinking through

the medium of co-ordinate geometry.

Seventeenth century mathema%icians were to prove to
be some of the most productive in_mathematical history.
Their activities stretched»into many fields, both old
and new. They enriched classicai topics with new res-
ults, cast new light upon ancient fields, and'éreated
new topics for mathematical research. Descartes unified
algebra and geometry into anelytic geometry which was
later to stimulate the invenfion and guide the evolution
of the calculus at the hands of Newton and Leibnitz.
Fermat dealt conficdently with 'indeferminate' equations
and, with Fascal, founded the mathematical theory of
probabilities. Fepler introduced celestiél mechanics,
and Gaiileo the mechanics of freely falling bodies -

the beginnings of the theory of elasticity.

Chapter 1 drew attention té the fact that math-
ematics can be considered to be a piecemeal of languzge
systems each harbouring it's own reality by virtue of
the fact that key concepts take on different meanings
in each system. It is therefore of'partiCular interest
to the purposes of the study that the seventeenth
century innovations outlined abqve follo;ed closely

upon the heels of the publication of Francois Vieta's

"Introduction to the Analyticzl Art"(49)'(1591), in

(49) See Appendix to Klein, J. (1968) which includes the

first English translation.
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which is to be found the following important passage:

"TIn order that this work be assisted by
some art, let the given magnitude be.
distinguiéhed from the undetermined
unknown by a constant, everlasting, and
very clear symbol as for example, by
designating the unknown magnitude by
‘means of the letter A, or some other
vowel E, I, 0, U, or Y, and the given
magnitude by means of thg letters B,

(50)

G and D, and other consonants".

Ihe innovation'suggested here is deceptively
simple and might tenpt us to dismiss Vieta as a mathem-
" atician whose major contribution to his field was to
improve algebraic notation(sl). But clcser sérutiny of
the passage indicates that far more then this is involved.
Vieta is, in fact, suggesting that what in the past has
~been considered to be the sole'preserve of a "given" or
"known" in algebra - the conventional numeral - should

now be augmented by a new type of numeral. That is, he

is introcducing the concept of a "symbolic number".

The important point of interest in view of the
discussion in Chapter 1 however, is that he "borrows"

3

(50) See Klein, J. (1968) op. cit.p.340.

(51) See also Struick's comment (1956) p.1l18.
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a familiar term from mathematics - a letter previously
used as a temporary replacement for an unknown conven-
tional numeral - and injects it with a new meaning, At
the same time he 1lifts mathemgtics onto a new, symbolic,
planes

'After Vieta, the very nature of the

world is governed by the symbolic

number concept, a concept which deter-

mines the modern idea of science in |

general, . . Ihe condition for this whole

development isrfhe transformgtion of

the ancieﬁf conceptionjof arifhmos

and it's transfer into a new concep-
tual dimension'.(sz)

Vieta gave the name "species” to his letters,
proposed rules and postulates governing their use and

(53)

transposition, and so-essehtially set the scene

for the first axiomatic of number,

The tasks devised for the present study, and
déscribed in Chaper 3, owe their final form as much to
the need to understand the nature of the conceptual
transformation demanded by an accommodation of the
species concept as they do to providing an instrument

to detect how such a usage of the lettercan be realised,

o

(52) KXlein, J. (1968) pp. 184-5.
(53) See 'The Analytical Art', Propositions I, II, and

»

I1I, Appendix to Klein, J. (1968).
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The following discussion outlines the theoretical

ideas which gave rise to the tasks.

Kline (to be distinguished from Klein) suggests
that the introduction of the 'literal notation' spells
an important change in attitude towards mathematics by

the mathemnatician.

 Until the seventeenth century, he suggests, the
concepts of mathematics were immediate idealisations of,
or abstractions from, experiepce. After 1600 however,
the mathenatician contributed‘conccpts, so that for the
genesis of it'é ideaé,-mathematics in that period turned
away from the sensory towards the intellectual facul-
ties.(54)

It is suggested below that this "contribution of

concepts" in the forn of the species provides both the
means of giving a satisfactory solution to one of the
unsolved problems of antiéuity’(the solution of the
indeterminate equation), and siﬁultaneously, the
poténtial'to construe geometrical data in a way possibly

unknown tc the Ancients.

The Vietan"species" is a letter which has a 'life
- .
of it's own' when regarded as a "given" or "known'.

That is, it's values do not have to be found.

(54) Kline, M. (1972), p.392.
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Prior to Vieta, however, letters were used exclusively
as "unknowns", and played the role of temporary sub-

stitutesfor conventional numerals.

For this reason, any relationship between letters
was necessarily a relationship between undetermined
constituenfs. That is, although a relation such as
'x = y' might have been used by the pre-Vietan methem-
atician to indicéte'the eqguality of two conventional
numerals, the mathematican was still left with the
problem of déciding which two particular numerals might bhe
intended, and thiébknowledge éould be gained only by having
available additional knowledge about the relationship |
of 'x' to 'y' - such as, for example, the knowledge that

'x = 2y', or 'x = 1",

Letters used in this way might conveniently be termed
'unspecified outcomes' or 'hypothetical judgements' for
nunerals. In a very real sense these have no "life of

their own'".

It is a metter of historicél fat; however, that
within half a century after the publication of "The
Analytical Art", Fermat had given specific meaning to
such relationships as equations of loci of points in
a plane. Here Fermat interpreted each letter not as a

temporary replacement for a numeral, but as an entity

with an infinite number of guaranteed determinations.
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This change in conception of a simple relation,
and the obvious desire to mocdel the relation in geo-
nmetry, éuggests that mathematicians after Vieta per-
ceived the relationship of algebra to geonmetry in a

new way.

Frior to Vieta, the letter as an "unknown" could

be used to illustrate a geometrical figure and so tenp-

orarily stood in plece of the numeral which would
eventually'replace it; but after Vieta geometry was
needed to model the algebraic; lanjuage - a direct rev-
ersal of the status qf_the two languages. Aftef this
"switch" in dominant theory there followed a hundred
Vyears of unparalleled inrnovation, including the birth
of the calculus, of function theory, and of abstract

algebra.

Historical evidence thus suggests not only that the
neaning given to letters underwent a radical revision
at the hands of Vieta, but alsé that this change in
meaning made possible widespread innovation during the

seventeenth century.

To illustrate what this change in usage of the

consider the following exanmgles.

v

letter might imply
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Example 1

Firstly, consider the problem of calculating the

value of 'x' in Pig. 1.

-2 }20 unit32 X

Figure 1.

This problem is easily solved in a language systen
which does not include the species concept. 'x' can
Le treated as a classical unknowrn, and found from the
ecuation

'x2 + 8 = 20!

Thus the majority of lMediameval mathematicians prior
to Vieta would probebly have found little difficulty
with it (the negative root, however, would have been

avoided).

In Chapter‘l it was suggested that the introduction
of new meéningé for concepts iﬁplies a destruction of
rrevious assunptions about‘the rroperties of the mathem-
atical objects involvéd. In the example above, should
we allow geometry to dictate our thinking, the assump-
tions we would probably make about the properties of

the letter 'x' (and which, it is postulated) are the
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assumptions made by the pre-Vietan mathematician) are:

(i) that 'x' has a potential and singular determin-
~ ation;
and (ii) that 'x' has a Bofential and singular
ordering with respect to any numeral. Tor
example, 'x' is either grecter than, or

less than, or equal to '4°'.

Thus it is possible that the pre-Vietan mathemat-
ician considered letters to be ciphers representing

ordered, unicgue arithmetical entities (numerals, out-

comes of counts, outcomes of measures). The fact that
equations in more than one unknown were deemed 'indet-

erminate' provides testimony to this faect.

Secondly, by way of contrast, consicer the problem

of calculating the value of 'x' inFig. 2.(55)

X

2 20cm X

Figure 2.
For the contemporary mathematician this poses no
préblem. 'x' can bve derived from the eguation:
"x2 + 2a = 20', . -
and the'solution'

'x = 20 - 2a,'

considered to be meaningful in it's own right.

(55) Here, the 'given', '4', has been replaced by the
U Eriven' gt S
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The lfedizeval msthematician, however, would have

deemed such a problem 'indeterminate'..

Here, the assumptions made about the nature of 'a!'
(which may be considered to be a Vietan "éiven") are as
follows, and can be compared with the assumptions made
above for rigure 1:

(1) ‘ta', being a“"species", has sn infinite

number of possible determinations;
and (1i) 'a' is non-ordered with respect to both 'x'
and the conventional numerals.

That is, an&'ordering ig possible. 'a' and 1x!

are non-ordered numerals.

Thus in the languages of pre-Vietan algebra
(arithmetic with letter appendages) and symbolic form-
alism, the assumptions made abéut the properties of a
letter, and the role it plays in algebra, are distinct.
In the first language system it has a potential determin-
ation and a potential ordering. In the second language
system it haslguaranteed determinations and is non-
ordered. -Hqually, in the former language system it
rlays the role of an adjunct to arithmetic. In the
latter system however, it plays a central role - here

the conventional numerals are the adjuncts.
e
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With a conception of the letters 'a' and 'x' as
species, Figure 2, although it is used to suggest the

relationship which obtains between the letters, does

not determine the values of the letters. To the con-
.trary, the values given to each letter will dictate the

;final form of the figure.

This draws attention to an important point about
the nature of cognition when the species concept is
available. Since both 'a' and 'x' each have an infinite
nunber of determinations, Figure 2 can be interpreted
either as a representation of‘an infinite class of
figufes - some of which are éuggested in Figure 3 - or as
a dyramically éhangiﬁglsystem as 'a' ard 'x' vary in value.

X X X

Figure 3.

This latter interpretation suggests that the
exampies in Pigure 3 can Be bcﬂsidered to be "snapshots"
taken to "stop the action" for particular values of 'a’
- which in turn sﬁggests that the pre- and post-Vietan
mathenatician probably construed the same geometrical
figure in quite distinct ways - the former as a static

~

entity, the latter as a dynamic system. It is suggested
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here that it is precisely this power of the’species
~concept which zccounts for the rapid development of
dynamics and coordinate geometry soon after the pub-

lication of Vieta's work.

Example 2 v
Consider secondly the problem faced by Diophantus -

that of giving a solutién1n the equations which now bear
his name. Although Diophantus'was the first mathematician

to treat 'indeterminate' equations seriously, he was

(56)

gerierally satisfied o give just one solution

Consider the Diophantine equation

'x2 + xy = 50!

Diophantus' method of solution was to proyose a
relational identity of 'unknowns' and to determine vélues
from the resulting equation in-one unknown. for exanple,
for the equation above, suppose 'y = x'. Then x2 is 25,
and x is 5. 'Inspired guesswork' of this kihd has often

earned him the reputation of 'conjuror' and non-algebraist.

Diophantus' major problem however,»was the want of
a language system which included the symbolic number
concept. Yor, ecquipped with the 'species' concept, x
can be assumed to have infinitely many possible determin-

-
~

ations where, for each chosen value,

(56) Boyer, C. B. (1968) p.202. !
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y = 50 - x2

The solutionxof the equation is, therefore,

(x, 50 = x°). |

- X

Té nake this change . in usagé of the letter more
explicit, an alternative letter (say 't') can be intro-
duced as follows: |

Put x = ¢, ¢ 0.

‘Then y = 50 - 2

t
The solution is therefore

(t, 50 = t°).
t .

It is sugéesfed”hére that this second, more powerful
approach to the solution of indeterminate equations in
more than one. 'unknown' is made wholly possible by an
acceptancé of the 1étter as a meaningful entity'in it's
own right, and accounts forithe rarid development of co-.
ordinate geometry and function theory, éach intréduced
during the first half of the seventeenth century.. The
- concept immediately enables the mathematician to regard
an equation such as |

'2x vy = 10!
és a definition of two functions (in this case, t 510 - %
and it's inverse, t—10 - 2t) and the way is then open2

for the development of the calculus.
v
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2.3, The Relevance of 'x = 0
. O ) ~ .

In Chapter 1 it was suggested that new arithmeticel
entities are accepted into the body of mathematics
through & desire for completeness. Thus the negative
numbers satisfy the desire to universalise the subtract

operation, and the fractions the divide operation.

These steps are however, often resisted by math-
emsticians because, it seems, each steyp involves a
destruction of tacit assumptions about the number field.
Thus an acceptaﬁce of the riegative nuitbers coincides with
an acceptance that equations of the form 'x + a = b' always
have a solution, that terms such as 'x = -1' have a
'meaning in their own right, and with a need to model
these as displacements on the number line. In the realm
of counting numbers only, these equations have at most |

one solution and no concept of direction is involvecd.

The non-Euclidean geometries were constructed also
out‘of a desire to achieve completeness. The 'parallel
axiom' enunciated by Xuclid appeared to some mathem-
aticians of the nineteenth century to be subject to
some doubt, and in the course of attempts to establish
the comrleteness of the axiomatic systemf non-Euclidean
geometries were constructed. Again the new mathemat-
ical systens met resistance fron contempora}y mathemat-

iciane conditioned to the Euclidean outlook.



Vieta's 'Universal Language' introduces the concept
of the 'speéies', a concept formerly not used in math-
ematics. It wduld seen that this concept may also be
an outcome of a desire for completeness, in the sense
thet it'appears to match.an acceptance of the solution

O

of the equation 'o.x = o;i.e. 'x = o' @S a meaningful

mathematical entity.

According to Russell and ihitehead (see Introduction
to this Chapter) the variable is "ambiguous in it's

denotation and accordingly undefined", Equally, the

- . e . 0, -
'number', 'x', which satisfies the relstion 'x = 6' is

also 'ambiguous in its denotation'. Here however, the

"number" can be defined either to be identical to any

conventional numeral within our range of experience, or

to whatever numeral(é} we might consider to be appropriate
to any particular problem or mathematical situation.
The letter used in this way is no longer an 'unknown' to
be determined, and its value does not have to be "found".
Its value is guaranteed from the outset. In the same
way that the word "chair" refers to chairs, so tﬁe word
'x' refers to numerals. FEach word is ambiguous in its
reference to objects but, unlike the classical "unknown",
is not forced upon us by ignorance.
e

"When 'x' is used in this way, it allows for a new

interpretation of algebraic statements. Consider, for

example the statement:
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'x + 1_='2{.

This may be regarded either as an expression con-
taining an unknown number 'x', or aé an expression
containing the "number" ‘x = %'. |

To distinguish the two interpretations, different
forms of quantification might be used. Thus the first
interpretation might be expressed:

(a) (?x) x + 1 = 2'(57)
whilst the second might be expressed:

(b) '(Jx) x+ 1= 2.

(b) is a generalisation i.e. a proposition. Here, 'x'

can be defined to be any numeral we may so wish.

Accordingly (b) is true when x is defined to be
'l', but false for all other possibilities. 'x' is
"full of numerals".and so (b} is immediately a signif-
icant statement. On the other-hand (a) is an "empty

shell" awaiting the true identity of 'x'.

‘The two different modes of interpretation of
'x + 1 = 2' are correlated with the two distinct
attitudes illustrated earlier which can be taken towards

geometrical illustrations and indeterminate egquations,

(57) Freudenthal recormends 'question quantifiers' to
distinguish the 'unknown' from the 'arbiﬁafy

number'. See his (1273) volune, p.31C.
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the distinction being due to the inclusion in our
repertoire of a new meaning for 'x' which transcends
that of the classical "unknown" of pre-Vietan mathemat-
ics. Yor this reason it might be a useful working
hypothesis for the teacher and researcher to accredit
'algebraic' thought to a usage of the letter as a-
"specieé" and "arithmetica}" thought to a usage of the

classical unknown.

Thus, if it is true, as Nunn suggests, that the
demarcation line between arithmetic and algebra needs
to be decided not in particular by referénce to the
cohtent of eacﬁ tOpié, but by reference to distinct
attitudes broﬁght to bear upon the same subject matter,
it seems that the "algebraic" attitude should be con-
sidered to be that conveyed using the letter as a

"species”.

The preseni . study uses this criterion as the
distinguishing feature of "algebraic" activity. The
rroblem for the empirical part of the study was to find
a way of showing that some pupils would interpret
letters in the classical sense of an "unknown", whilst
others would utilise the 'species'. The task turned

out not to be an easy one. Nany attempts were made to



construct questions and task material which would

demonstrate the distinction, and many were rejected.

The tasks selected from pilot study material

"and used here took their final form as an outcome of the

ideas discussed in the present chapter, and in partic-

ular from the hypothesis that in a language systen

which does not include the Vietan concept there might

be a natural disposition on the user's part to assume

that algebraic entities:

and

(a)

(b)

(c)

have a potential ordering with respect to

each conventional numersal;

might also be considered to have a unique

identity;

should (a) and (b) be true, then the letter
could not be thought of as a "variable" in
the sense that the contemporary mathematician

thinks of the "variable". (That is, any

" "varijation" which takes place is necessarily

"potential"™ and not "guaranteed" from the

outset).



j
Esgentially this means that the pupil using the
letter in the pre-~Vietan sense can'be expécted to treat
the letter as an "unknown" with no immediate 'content',
whilst the pupil using the letter in the post-Vietan
sense will assume the letter to have. . a 'content' from

the outset.

Chapter 3 describes the tasks selected to provide
evidence of the existence of two distinct outlooks,
and explaihs hov the content of each matches with the

ideas expressed in the present chapter.
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CHAPTER 3: TASK COLSTRUCTICON
%3.1. Abstract

This chapter discusses Task Development for the
empirical study and explains how the content of each
task may be considered to have validity as a translation
into experimental termsgof the ideas introduced in
Chapters 1 and 2,

~

3.2. Introduction

Klein's suggestion that Vieta introduced a symbolic-
number concept into mathematics during the final decades
of the sixteenth century suggests that this concept

allowed for a new interpretation of algebraic data.

Klein believes that in pre-Vietan nathematics, letters
always intend a specific number of units - that is

a specific numerical amount, or a specific measure of

a poncrete entity such as the length of a line, amount
oftliquid-in a container, numberrof peopie in a room etc.
Here he speaks of the letter having a potential
determination. In the Vietan conception ﬁowever the
letter has possible determinations since’it owes nothing

-~

directly to activities of counting or measuring.
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The concept of 'possible!l determinations appears to

(59) view that what distinguishes

encompass.Dantzig's
mathematics in the two periods is the changed attitude
towards what is 'possible' and 'impossible'., With a
symbolic conception of number, he suggests, everything
appears 'possible', For this reason the Vietan con-
ception quickly gave rise to an acceptance of both
negative and imaginary-numbers by allowing the mathem-
atician to recognise that the restrictions previously
imposed upon the field of the operand were of his own
making - that is, due merely to human tradition,
Remove this tradition and soiutions of equations such
as '2x = 1',"x2 + 1 = 0', can be rezdily accepted as

meaningful mathematical entities,

The present author's suggestion (Chapter 2,
Section 2.3) is that the 'species' concept is consis—
tent with an acceptance that

!-x - 0!

o)
is & meaningful and indispensable mathematical object,
Due to it's inherent ambiguity it allows 'x¥ to be
freely defined and to be considered either to have a
single numerical definition (in which case it is a

constant), or to have an infinite number of numerical

definitions (in which case it is a variable).

-

(59) Dantzig, T. (195L4) p.89
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The present chapter explains how this suggestion
is embodied in the tasks developed for the.empirical

study.

Pilot studies wefé conducted to devise apprownriate
tasks and to decide upon the most appropriate wording to
be used. In particular, attempts were made to devise
tasks which would take into account the suggestion made
in Chapter 2, Section 2.2., that the species concept night

be associated with a new interpretation of geomet-
rical data and of statements involving more than one
letter. The four tasks selecfed for the study are

described in detzil below.

3.3. The Parallel Lines Task (PLT)

?amiliarity with mathematical languages provides us
with important means of organising perceptions - that
is, of interpreting data. This can be demonstrated by

the fbllowing simple experiment,

Consider Figure 4 and what it might represent.
Some suggestions are given below which may be used by

the reader to help him construe his experiences.

Figure 4.
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(a) ripples in a pond; (b) part of an ordinance
survey map; (c¢c) a view through an hollow eliptic pipe;

(d) the:rannular rings of a tree.

However, the figure may also be regarded as a
number sign, viz. 1111. For Goodstein, '‘making a tally'
is 'regarding a group as a number sign'. Counting

translates the group regarded as a number sign into a

(60)

conventional numeral In this case the conventional

nuneral would be '4',

In this example the cues given below the figure
give rise to new ways of interpretingit.is each cue is
taken into account attention turns to new features and

the figure is 'embedded' in a new context.

Consider now Figure 5 and the gquestion 'Which tree
is taller?' Clearly the question cannot be answered

since insufficient information is given.

- A A
. A 2m.
- . B , B

Tm.
Figure 5. Figure 6.

(60) Goodstein,RL. (1965) p.58.
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When numerals are incorporated as invF{gure 6
however, it is 'clear' that tree B is tarithmetically!
téller than tree A. Trée B ﬁay be furthef awey from ué,
or it may be drawn to a different scale. Each of these
interpretations of the data is aided by the introduction

of numerals.

Figure 7 shows two lines A and B of numerical
"length™ S5cm and 10cm respectively. Consider the

gquestion "Which line is longer??

P

5cm ' 10cm

A

Pigure 7.

Ignoring the numerals and assuning each line is
in the plane of the paper leads to the answer 'lined'.
By this we mean that should each line be measured then
the numerical outcome for A will be greater t@an the

numerical outcome for B.

If the lines are not in the plane of the paper and
the numerals ignored, or if line B is curved and we
see merely a projection, then it is impossible to say

e
which line is longer.



Vhen the numerals dominate our perception however,
then line B is 1ongef and agein a variety of reasons
can be given td support this conclusion. The words
"longer" and "line" have several meanings, correlated

fwith the variety of possible interpretations of Figure 7.

The Farallel Lines Task (PLT) incorporates these
ideas. If letters are eventually incorporated into
our language as numbers, then these too should be used

to organise our perceptions.

Consider Figure 8. Here there are lines of "length"

a cmand b cm respecfi#ely.
a cm ; b cm

A

Figure 8.

Consider again the question "Which line is longer,

line A or line B%?"

As for Figure 7 the question is again ambiguous
and any answer depends upon a range of tacit assunmptions.
In particular however, the answer depend§‘upon what the
symbols 'a' and 'b' are considered to symbolise.
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'a' cm and 'b' cm may be the outcomes of measuring
the line with a ruler. Here we nmight assume the lines
are in the plane of the paper. Should the lines be
assunmed to be projections of curved lines, to be in
perspective, or to be scalar representations, then
'a' and 'b' are necessarily hypothetical judgements
standing in place of a measured outcome until that
measure can be made, i.e. until further information is
given.

In each interpretation.above each 'line' is consid-

ered to be a 'concrete' line with a particular

measurable length.

A second possibility however, is that each letter
is a "species", and has infinitely mahy possiblé
determinations as of right. The lines are then merely
attempts to model the species. That is, each line is a
'nunber line', and has no "length" in the sense implied

above.

The question 'Which line is longer, A or B?"
thus allows for a variety of interpretations, each
correlated with the interpretation given to each letter.
Responses to the questions 'When is line/B longer than
lineA?" "When is line A longer than 1ineB?" and "When

are the 1ines'equa1 in length?" should give.some
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indication as to how the data is interpreted. For example:

(a) if 'b' is a me:sured outcome of the concrete

line, line B cannot be longer than line A;

(b) 4if 'b' is considered to be a measured outcome
of a line B which is 'further away' from us than a second
line A, then line B will be longer only if 'b' is greater
than 'a';

(¢) 4if the lines are scale drawings and b cm
represents the‘length of the 'true' line then agzin the
'line' which line B fepresents will be longer if 'b!
is greater than 'a';j;
and@ (d) if the lines are merely repfesentatiohs of
'species' then no decision can be made about respective
*lengths'. Howeyer, in this case a theorem can be
stated: viz. when 'a' (is defined to be) greater thanm 'b',
line A is longer; when 'b' (is defined to be) greater
than 'a', line B is longer; and when 'a' and 'Db! are

equal then the lines are equal in length.

The parallel Lines Task allows for each of these
interpretations and takes the final. form given in

Figure 9 over the page. It contains three 'subtasks'.

’
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Subtask 1 is introduced both to draw the pupils'
attention to the numerical description of "length"
and to provide a means éf interpreting responses to the

'algebraic' subtasks.

Subtask 1

1. Is the red line 1onger than the green line, the
green line longer than the red line, are they equal
in length or could any of these be possible?

2. Why? |

3 Vhen is the green line longer than the red line?

4, When is the red line lpnger than the green line?

5. When are they eqﬁél in length?

4cm

Green

red

Subtask 1

oubtask 2

1. Is the red line longer than the green line, the
green'line longer than the red line, are they equal
in length, or could any of these be poésible?

2. Why?

3. When is the green line longer than the red line?

4. When is the red line longer than the green line?

5

. When are they equal in length? ,
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p cm p cm

Red Green

Subtask 2

Subtask 3
1. Is the red line longer than the green line, the
green line longer than the red line, are they egual
in length, or could any of these be possible?
. Why?

2

3. \Vhen is the green line longef than the red line?
4. When is the red line longer than the green line?
5

. Vhen are the lines equal in length?

b em a cm
Red Green
Subtask 3

Figure 9: The Parallel Lines Task.

Subtask 2, introduced next, incorporates two lines
with identical algebraic "lengths", since symbolic
formalism Gemands that each letter takes on identically

defined values.
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FPinally, Subtask 3, déscribed in detail above,
is introduced. (A full description of the interview

situation is given in Section 4.4,)

" 3.3.1. Relationship of PLT to Theory.

It was suggested both in Chapters 1 and 2 that
important expectations gbout the nature of mathematical
entities are developed through experience, and that the
introduction of new concepts often disappoints those
expectatioﬁs. Illustrations were given from both

- Geometry and Arithmetic in Chapter 1.

In a language s&#tem which does not utilise the
species concept, letters await an outcome by calculation,
measuring or counting. In symbolic formalism however,
each letter can be defined to.be ecual to any numeral

independently of the concrete context.

Arithmetic with letter appendages (i.e. a language
which does not utilise the species) suggests that we
should think of mathematicallentities, and in partic-
ular, lettérs, as potentially ordered entities with a

potential numerical content (see Chapter 2).

The PLT is designed to support each of these
-
expectations. Firstly, two lines which apnear to be

of unequai 'length' are presented, one line, approximately
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twice the "length" of the second. Secondiy: each line

is a 'concrete' line drawn on papér, and is of a different
colour. This suggests individuality and unigueness.

Thus the notion that 'a' and 'b' and 'p' and 'p', each
have unigue numerical identities is suppofted. It can

be expected then that the subject who interprets a letter
2s an unknown outcome of a measure or count will give

the letter the content éuggested by the figure.

The subject equipped with the species concept
however should use this concept to dominate his immed-

iate perceptions for the follbwing reasons.

A

Figure 10,

Consider Figure 10 which incorporates the 'concrete'

line A of 'length' x cm.

If 'x' is the outcome of measuring the line then it

r

has a unigue value - in this case approxinmately 6..

21 and this can be

Hoﬁever, if x is & species then 'x =
defined to be identical to any numeral. Thus there is
a direct contradiction between the two interpretations

of 'x' and a choice must be made.

The figure suggests that x has a unigue value.
3

But if this is true then all numerals which can be
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defined to be g must be identical. Arithmetic does
not allow these identities. Accordingly either 'x!
as a unique outcome of a measure, or 'x' as a species,

must be selected.

Since there is nofhing in the figure to suggest
that 'x' is the actual measure of the line, nor whether
scale or perspective is-involved, then the species

concept must, necessarily, take precedence.

A sﬁbject who imposes a relationship between the
letters 'a' and 'b' to answer the questions in Subtask 3
nay thus be considered to be using the species concept
unless he demonstrates in his response that he is think-
ing also of scale or of perspective. IFor example,
should he res?ond 'the red line might be nearer to the
green line so 'b' might be bigger than 'a' then it is
clear that he is thinking of concrete entities and is

not using the species.

The interpretation a subject is givingvcan thus be
decided by 'follow up' questions whenever it is not

clear what is intendegd.

Responses to the FPLT were used in this study to
decide which pupils were using the species to organise
perception and so allowing variation in a geometrical

’

setting.
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The remaining tasks were devised to stﬁdy pupils'
interpretation of letters, and their readiness to allow

"variation", in a non-~geometrical setting. These tasks

are described below.

3.4, The Eguations Task

Prior to Vieta the méjority of mathematicians
avoided "indeterminate" -equations. The exception to
the rule was Diophantus who showed an ability to make
numerical substitutions for one letter so to conclude
a correlated value of the second. Thus it would seen
that he was aware that a letter might have a variety
of determinations in a particular situation, but he
was unable to use the 'species' either to give é
"general" solution or to interpret an equation as a

definition of'a(two) function(s).

Vieta's work was, in a sense, a continuation of
that of Diophantus; which suggests that the origin of
the species concept is to be found, in particular, in
- dealings_with indeterminate equations. The Equation
Task (ET) and the Literal Number Task (INT)- (Section
3.5.), were devised to investigate how that concept

‘might develop.

The theoretical discussion in Chapters 2 and 3

led to the expectationr that the "species” concept was

correlated with
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(a) an understanding that a letter did not have a
unique (unknown) 'content';
and !

(b) an understanding that two letters, or a letter
and'a numeral, did not necessarily have an established

ordering.

It was suggested thét it was likely, in pre-Vietan
mathematics,vthat the mathematician harboured the
opposite of each of these assumptions at a subconscious
- level of thought. ih this sense the meanings given to
letters prior tec Vieta are different to the meanings

used by the contemporary mathematician.

Thus Vieta's introduction of the species implies
the possibility that more than one legitimate meaning for

algebraic statements exists.

Chomsky(62) has drawn attention to the fact the
seme sentential form, e.g. "I was sent to Coventry",
might have more than one "deep structure" associztion
due to the-existence of distinct meanings for terms.
Thus "I was sent to Coventry", although it has one

"surface structure", clearly has two distinect meanings.

(62) Chomsky, N., (1965); (1968) and (1972).
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In the same way, if more than one meaning exists
for the letter ’'x’, then algebraic statements mig/it have

correlated with them more than one deep structure

association. Thus
'x +y =10"
may have more than one legitimate meaning - a meaning

correlated with 'x' and 'y' regarded as species, and a
meaning correlated with 'x' and 'y’ regarded as classical

unknowns.

The questions in the Equations Task, which incor-
porates the three equations

(a) x +y =10

b) 2x +y = 9

(c) 5x = y
were phrased to "force" an;y distinct deep structure
associations used by pupils "to the surface"* #

The final form of the Task is given in Figure 11, below.

Subtask 1 EQUATION: x + y = 10
1. If this is true, is the value of x always,
sometimes or never greater than the value of y?
2. Why?
3. V/hen is the value of x greater than the value of y?
4. When is the wvalue of xequal to the value of y?

5. When is the value of x less than the value of y?

(63) The FLT depends for it’s success upon the same
possibility - wviz. that two legitimate meanings for

the term ’'length’ exist associated respectively with
civ'huMeircat ANNvucVurto:o«!



Subtask 2

1.

40
5.

Subtask 3

l.

7%=

EQUATION: 2x + y = G
If this is true, is the value of x always,
sometimes or never greater than the value of y?
Why? -
When is the value of x greater than the value
6f y? .
When is the value of x'equal to the.value of y7%

When is the value of x less than the value of y?

EQUATION: 5x = ¥y
If this is true, is the value of x always,
sometimes or never greater than the value
of y?
Why?
When is the value of x greater than the value
of y?

When is the value of x equal to the value of y?

- Vhen is the value of x less than the value of y?

Figure 11: The Equations Task.

Questions 3, 4 and 5 demand that a pupil uses a

substitution strategy to find possible values for each

letter, and then allows each letter to take on these

values in turn. Thus the pupil must allow some form

s

~of "variation".

Should the pupil not be prepared to allow & letter
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more than one value however, then "variation" cannot
take place. Consequently alternative means of increas-
ing values other than by successive identification with
numerals must be found. (Pilot studies showed that
some pupils were prone to interpret.the letter in this
second sense, and used a variety of strategies to

increase or decrease "values").

The three equations were selected to demonstrate
the influence upon‘interpretations'of algebraic data
of varying degrees of suggestions of orQering and
uniqueness, i.e. to show that pupils will be influénced
by sqggestions‘of ordering inherent to algebraic material

ifself.

Thus the equatioh

'x + y = 10
does not suggest a particular ordering of letters since
there is only one 'x' and one 'y!' available. Equally
'10' can be made up in a variety of ways (l + 9, 2 + 8,
3+ Ty o .)-each of which provides a potential content
for the'le%ters. The equation does not therefore

particularly support also an expectation of uniqﬁeness.

On the other hand
'2x + y =9

suggests that 'x' might be smaller than 'y'.since two
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'x's are needed and only one 'y' to make up!'9'. Here
again however, any uniqueness expectation is not partic-
ularly supported. 9 can be made up as 2.1 + 7, 2.2 + 5.

2.5 + 3, etc.

The final equation, '5x = y' ﬁowever, supports
both the ordering expectation and the uniqgueness
expectation., It both sﬁggests that x is less than y
(since x = %X) and that its.value cannot be known since
'y' is not known. Answers to the guéstions for each
}Subtask should therefore exhibit disfinct response
patterns and allow for an attémpt to analyse how the

species concept might develop.

32¢.5. The ILiteral Number Task

The Equations Task incorporates ietters into a
functional relationship. To answer the questionsbthe
pupil needs to consider possible numerical repleceuwents
for each letter and then discover the range of possible
replacements for one letter which éatisfies the required

relation.

Here then, the task invites a substitution strategy

i.e, it gives some measure of the pupils' resdiness,
or ability, to find numerical values whicﬂ satisfy a
given relztion. The~equations are construc@ed SO as
to sugcest ordering and uniqueness to various degrees as

explained in Section 3.4.
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In symbolic formalism, however, letterszhave-
‘"meaning in themselves" independently of a stated
relation. Thus the letfer ‘a' is not simply a cipher for
an 'unknown number', but is a number having no partic-
ular ordering and no particular determination. The

letters 'a' and 'b' are non-ordered numerals.

The Literal Number Task was devised to study the
extent to which pupils would be prepared to accept a

"letter in itself" as a non-ordered entity.

The PLT (Parallel Lines Task) demands that the
pupil is prepared to state a relationship between
letters to demonstrate a conception of the species.

He may be distracted however, by the geometrical draw-

ings accompanying the letter.

In the Literal HNumber Task the pupil is asked to

compare pairs of numbers in turn independently of any

conscious attempt to distract. The pairs of "numbers"
chqsen are: |
o (a) b4ty b+ 40

(b) 'm+m, m + k';

(¢) 'a+b+ 3, a+c+4';
and the questions asked are replicas of those for the
PLT and ET, i.e. ’
(1) Which is larger, 't + t' or t + 4' (m +mor m + kj

a+b + 30ra+c+ 4)?

(2) Why?
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(3) VWhen is (t + t, mw + m, a + b + 3) larger?
(4) When is (t + 4, m + k, a + ¢ + 4) larger?
(5) VWhen are fhey equal?

(See Figure 12 below).

The guestions here invite a matching strategy
(*t* with '4', 'm' with”'k', 'b + 3' with 'c + 4') and
include-all possible combinations of comparisons possible
in symbolic formalism (i.e. two letters which are
identical, two letters which are different, and a letter

and a numeral).

Subtask 1 LITERAL NUMBERS: t + t, t + 4.
1. Which is larger, t + t or t* + 4%
2. Why?
3 When is t + t larger?
4. When is t + 4 larger?

5. When are they equal?

Subtask 2 LITERAL NUMBERS: m + m, m + k.
1. VWhich is larger, m+ m or m + k?
2. Why? |
3. When is m + m larger?
4, VWhen is m + k larger?

5. When are they equal?
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Subtask 3 LITERAL NUIMBERS ¢ .a + b+ 3, a+c+ 4,
1. Which is larger, a + b + 3 or a + ¢ + 4%
2. Why?
3. When is a + b + 3 larger?
4, When is a + ¢ + 4 larger?
5. When are they equal?

- Pigure 12: The Literal FNumber Task.

-:3.6,

This task should allow for an understanding of
what prevents any pupil giving an ‘'algebraic! response
to the PLT, and can be used to detect the extent to
which he ﬁay désire‘ietters to be ordered independently
of explicit and conscious ordering suggestions.

~

The Zetetic Task

Klein argues that pre~Vieten algebra is different
from post-Vietan algebraAby virtue of the differences in
intention of the mathematicians during eachAperiod(64).
Diophantus, although the moét eminent of algebraists
in the pre-Vietan period, did not direct his attention
towards generality when dealing with algebraic expres-
sions. ﬁoreover, for want of a symbolic means of
expressing numerical generality he was able only to
illustrate his thinking withAspecific examples, using

»

(64) Xlein,J.(1968)
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letters for unknown quantities to be determined,

In the "Analyticd Art®, Vieta draws attention to
+the difference between his own approach and that of
| Diophantus by solving a problem first enunciated and
solved by Diophantus in the "Arithmetica". Vieta however
uses letters for 'givens' as well as letters for undet-

ermined quantities.

The two solutions are given below, (firstly that of
Diophantus and secondly Vieta's) with a 'modern-day'
equivalent of each to illustréte the distinctions and

' the greater deer of the Vietan method.

Diophantus} enunciation of the problems is:
"o divide a given number into two numbers with a
given difference",

and his solution:
"So let the given number be ?(one hundred), and let
the difference be M}l (forty units). To find the
nunbers, let the less Be taken asS&(one unknown ).
Then the greater will be SSZﬂgﬁ (one unknown and
forty units). Then both together become SEﬁbﬂ,
(two unknowns and forty units). But they have gziven
asﬁé(one hundred units). P\§ (one/hundred units)
then, are equal to jﬁﬁ/ﬁ(two unknows znd forty

units). And taking like thirgs from like: I take
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ﬁyﬁ.(fortw units from the ? (one hundred) and like-
wisg/i (forty) from the 5 (two) numbers and)& (forty)
units. The Sp (two unknowns) are left equal to I?dg
(sixty units). Then each 5 (unkﬁown) vecomes FA
(thirty units).

As to the actual numbers reguired; tne less
[ g 0
will be MM (thirty units) and the greater MO

(seventy units), and the proof is clear".(65)

In our contemporary notation this argument is as

follows:

"Suppose the smaller of the numbers which go to

make up 100 is x.
Then the larger number is 'x + the difference!
i.e. 'x + 40°'.

The sum of these is x + X + 40 = 2x + 40

[}

100 (given).

Subtrecting 40 from each side of 2x + 40 100

ve have 2X « 60.
Hence x = 30.
"~ Thus %he smaller number is 30, and the larger

30 + 40 = 170,

It will be seen here that Diophantus uses only

one letter for an unknown. This was his general method
£

»

(65) See Klein,d (1968 ) p. 331
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of workings wherever problems appeared to demend the
use of two, i.e. he used the data available to express
the second unknown in terms of the first as in the case

above: 1lst unknown = x; 2nd unknown = x + 40.

A more sophisticated method, using different

letters for distinct unknowns would be:

Let x and y be the two numbers, and x > y.
The sum, x + y = 100,
The difference, x - y = 40.

Hence x = 70,

and y 30.

Here x and y is each introduced as a tentatiye
substitute for numefals yet to be found. There is, how-
ever, no usage of a letter as a species, i.e. as a
"number" in it's own right which is not awsiting
replacenent by conventional numerals. This is where the

Vietan method transcends each of the above.

Vieta's enunciation of the problem is;

"Given the difference of two "sides" (i.e. numbers)
and their sum, to find the two 'sides";
and his éolution;

"Let the less "side" be 4i; then the greater will
be A + B. Therefore, the sum of the "sides" will

be A2 + B. 3ut the same sum is given as D,
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Therefore, A2 + B is equal to D. And, by antith-
esis, A2 will be equal to D - B, and if they are
all halved, A will equal D3 - B3.

Or let the greater ide" be E. Then the less will
be E - B, Theréfore, the sum of the "sides" will
be E2 - B. But the same sum is given és D, There-
fore, E2 - B will be equal to D, and by antithesis,
E2 will be equal to D + B. And if they are halved
E will be equal to D + Bi.

Therefore, with the difference of the "sides" given,

and their sum, the "sides are found"

Vieta followed this with an illustration in which
he replaced D by 100 and B by 40 to show that D - B}

and D3 + B} gave the numbers required.
In céntemporary notation his solution is as follows:

Suppose the difference is b, and the sum a.
- Suppose the smaller number is x.

Then the larger number is x + b.

Thus x + X+ b =2x + b = a.

Thus 2% - =a-~b,

and x . = a - b.
' 2
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Or, let the larger number be y. Then the smaller
number is y - b. |

Then the sum,a = 2y - b.

Hence 2y = a + b,
and y = a + b.
2

Synthesising these two separate 'halves' of the

solution we arrive at the simpler solution:

Let x and y be the numbers (x>y) and 'a' and 'b!
the sum and difference respectively.

Then x + y = a,

and x -y = b.

Hence 2x = a+ by x = a +b
2

and 2y =a-Db;y=2a-b5>
2 .

The obVious advantage of Vieta's solution over that

of Diophantus' is that Vieta uses letters, and not

conventional numerals, for 'givens'.

The solution is immediately general by virtue of the

fact that the "givens" 'a' and 'b' have guaranteed, or

possible, determinations, so that it is clear that the

argunment works for any difference and sum. Diorhantus,

on the other hand, argues from a particular case.

The introcduction of the species clearly aids the
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,» expression of generalisations. If we are convefsaht
with this "symbolic" usagé of the letter, then it is
likely that wherever possible it will be used. The
final task given to subjects was a reinterpretation

of the problem above as follows (Figure 13):

"If you are given the sum and the
difference of any two numbers, show that
you can always find out what the
numbers are. l'ake your answer as general

as possible™.

- Figure 13: The Zetetic Task.
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Here it was expected that pupils who demonstrated
& usage'of fhe species in the PLT would be more likely
than those who 4id not to utilise the letfer as a
'given' in this task and thus that solutions would be
more 'general'., That is, the ability to transcend
geometrical ordering in the PLT would correlate with a
more 'generalised' approach to dealing with mathematical

problens,

3.7. Introductory Task

As an introduction to the four main tasks pupils
were asked for 'values' of each letter x and y which

made each of the following statements in turn, true:

(g) x+y=6,
(b) 2x+y-=6.

(c) 3x = y. (See Figure 1L, page 86).

This introductory task is used to check that
pupils have the necessary arithmetical ability to deal
with equafions involving more than one letter, and that
the term 'value of x' and 'value of y' is understood
in this contéxt. -Only those pupils capable of giving
correct responses to this introductory task were to be

considered for interview,
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Subtask 1 EJUATION: x +y = 6

Can you give me a value for x and a value for y

which makes this true?
Subtask 2 EQUATION: 2x +y = 6

Can you give me a value for x and a value for y

which makes this true?
Subtask 3 EQUATICON: 3x =y

Can you give me a value for x and a value for Yy

which makés this true?

Figure 14: Introductory Task.
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- CHAPTER 4 : EXPERIMENTAL DESIGN

4.1, Data Collection

The process of data collection is exclusively
that of the "method clinique" used extensively by Piaget
and his co-workers. That is, pupils are preseated with
the tasks described in Chapter 3, in a clinical sit-
uation, and an attempt is made to reconstruct the.

development of algebraic thought from response patterns.

In the present study the independent variables are
those of age, and of ﬁathematical ability as judged by
the pupiis' nathematics teacher (see Section 4.3.).
Pilaget generaliy deals only with age as an inderendent

variable, whilst Krutetskii'®®)

, whose work is now well-
known in Europe, selects both age and "general mathen-
atical ability". ‘hereas ?iaget is concerned to study

the generél development sequence of cognitive growth,
Krutetskii is more interested in those specific abilities
which separate the mathematician from the non-mathem-
atician. The present study is in keeving with Krutetskii's
approech and suggests that one of the major advantages

the mathematician has over his non-mathematical colleague

is his understanding and usage of the letter as a 'species'.

(66) Krutetskii, V. A., (1976)
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Data collection took'place in the tlree stages

described below:

Stage 1:
Eight mathematics teachers from two secondary
schools, and five University lecturers, completed the

Parallel Lines Task (FLT).

Each of the eight teachers also completed the rem-

aining tasks.

FPive teachers, and three University lecturers,
were specialist mathematicians. The remaining three
teachers taught mathematics as a subsidiary subject, and

the remaining two lecturers were social scientists.

The Stage 1 investigation wes included for two

reasonss:

(a) some of the questions asked - in particular
the PLT and ET - are not found in school
texts and, as far as the author is aware,
are rarely (if ever) entertszined in the
claésroom. None of the teachers in the Stage
1 study included such questions in their
teéching. It was thus important to cetermine

how the specialist mathematician might




respond to the tasks, and in particular the

PILT;

and (b) responses from specialist mathematicians
could then be used as "models" against which

to interpret pupil responses.

The FLT drew the expected form of response from
the five school mathematicians and one non-specialist
mathematics teacher, and from the three University

mathematicians.

The remaining four subjects were distracted by
geometrical data and gave "non-algebraic" responses.
- (Non-algebraic responses are discussed in detail in

Chapter 5).

The following transcript is an example "model"
response from one of the mathematics teachers to each

Subtask of the PLT:
Subtask 1  (See diagram overpage)

Q. Is the réd line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be/bossible?

A. The red looks longer, but if you want an srithmet-

ical response, it's the green. I presume they're

dréwn to a different scale.

—
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Q. When‘is the green line longer than the red line?
A. Always - arithmetically. |
Q. When is the red line longer than the green line?
A. Fever - arithmetically speaking.

Q. When are the lines equal in length?

A, Never - again, arithmetically speaking.

‘2cem 4cm

Green

- Red

PLT Subtask 1.
Subtask 2 (See diagram overpage)

Q. Is the red line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

A, Algebraicélly they're equal. lon-algebraically
the red line is longer.

Q. When is the green line longer than the red line?

A. Never.

Qe ‘hen is the red liné longer than the green line?

A, Yever. ' |

Qe When are the lines equal in length?

A. Always.
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p cm p cm

Green

Red

PLT Subtask 2.

Subtask 3

Is the red line longer than the greeh line, the
green line longer than the red line, are they
equal in length, or could any of these be
possible?

The red looks longer, but it needn't be.

Vhy?

Well, it will depend upon thé values given to a
and b.

Yhen is the green line longer than the red line?
WVhen a is greater than b.

“hen is the red line longer than the green line?
Y/hen b is greater than a. |

hen are the lines equal in length?

When a eqguals b.

b en a cm
Green

Red

PLT Subtask 3.
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Each mathematics teacher and one non-specialist

(science) teacher also gave expected resyponses to the

remaining tasks. The following are examples drawn

from each task for the same teacher above.

Equations Task: '5x = y',

Q.

If this true, is the value of x always, sometimes,
or never greater than the value of y? |
Sometimes.

Why?

It depends upon the value of x. When x is pos-
itive, y is greafer. When x is negative, x is

greater....And they're equal when x is zero.

Literal Number Task: 'a + b + 3, a + ¢ + 4',.

Q:

Which is larger, a + b + 3, or a + ¢ + 4°%

Either.

Why?

Well. . . when b is greater than ¢ + 1 that (a + b + 3)
is larger, but when b is less than ¢ + 1 that

(a + ¢ + 4) is larger.

And they're eéual when?

When b ecuals ¢ + 1.
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Zetetic Task (Written)

"y +y =a o so0 x=3a+b
2

X-y=2> y= a->t
2

Given a and b, x and y are known",

The remaiping two non-specialist mathematics
teachers gave solutions'af variance with these for
'5x = y' and for the Zetetic Task. FEach gave the
response 'When x is greater than one-fifth of y' to
the question 'When is the value of x greater than the
value of y?' in 5x = y, and neither used letters for
'givens' in the Zetetic Task. Each used specific
numerals for the sum and product and then solved the
resulting simultaneous equations.

_ , {

The responses of the teachers and lecturers gave
support to the view that letters might be interpreted
in the two distinct senses of an "unknown" and a

"species",

Stége 2

The purpose of the second stage was to demonstrate
that the distinct usages made of the letter by the
teachers and lecturers would be refleoteé‘at the learmner

level,
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This stage, which involved intensive interviews
with 72 pupils from a boys grammar school, concentrated
upon both comprehending the variety of possible res-
ponses to each task, and devising categories of resQ
ponse-type. At this stage pupils were often asked to

explain particularly "incongruous" responses.

Prior to introducing Subtask 2 of the FLT, each

. pupil was asked how the "picture" in Subtask 1 (a short

line marked 4cm,and a longer line marked 2cm) could be

"true in reality". The intention was twofold:

(i) to impress upon the pupils that a rational

explanation for the incongruous situation was possible;

and (ii) to study the variety of rationalisations
which might be used in a numerical setting and which,
should these arise also in Subtasks 2 and 3, could be

deemed "non-algebraic" by association.

Wherever a pupil was unable to rationalise the

situation (Subtask 1 caused intense confusion, support-

67)

ing the author's view, expressed elsewhere( s, that

confusion in the classroom may often be due to the

eRistence of incompatible meanings for important terms)

(67) Harper, Eon , (1978).
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the author explained that:the lines might be "in

perspective", "drawn to scale", or "bent".

The effect of this was to cause»pupiis to offer
similar explanations throughout Subtasks 2 and 3.
"Species", or "algebraic" responses were surprisingly
rare. It was possible at this stage that the attempt
to help the pupil in Subtask 1 had, in fact, had the

opposite effect.

Stage 3

The Stage 2 study was repeated one year later with
a second group of 72 pupils from a coeducational grammar
school to provide an indication of consistency of the

tasks across distinct populations.

This second series of interviews was less intensive
and Subtask 1 of the PLT was omitted. Although this
reduced the number of "scalar", "perspective" and "bent
line" explanations to Subtasks 2 and 3, itidid not
signifiéantly change the incidence of "non-algebraic"
responses. The number of pupils who appear to use the

letter as an organiser of perception is consistently few.

Responses of pupils at Stage 3 were again classified

and the responses at Stagze 2 reorganised into the more
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comprehensive system deveioped during this third stage..

Response-types to each task are presented in

"Appendix II.

4.2. The Experimental Groups

The schools selected for Stages 2 and 3 of the
study were grammar schools in the south west of England,
the first a boys school (School A) and the second

co-educational (School B).

Pupils selected for thé study may thus be con-
sidered to have a high general academic ability relative
to the total séhool population. Grammar schools were
selected to attempt to show that problems with algebra
are not confined only to those pupils who are generally
considered to be less academiéally able. Whatever
problems can be discerned in the grammar school, it is

assumed, will be reflected elsevhere.

Each school has an excellect record in mathematics

at both '0O' and 'A!'! level.

Each pupil in School A is required to pass an
entrance examinat;on, and each is expected to attain

an '0' level pass in mathematics at the end of his fourth
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or fifth year in the school.

One third of School A's population take '0O' level
mathenatics at the end of the fourth'year, entering
an "accelerated™ stream during this year. Successful
candidates study additional mafhematics in the fifth
year. There are three mathematics sets in éach year.
.Pupils in Sets 2 and 3 take '0' level at the end of the
fifth year.

Pupils entering the "accelerated" stfeam at the 4th
'year level who are sucéeséful at both 'Ox and 'Additional
Maths' level, and enter the sixth form to take math-
ematics as a main subject, complete the 'A; level course

at the end of their first year in the sixth form.

During his year in the 'Upper Sixth' a successful
candidate either studies foi Oxbridge examinations, for
'special! papers in Mathematics, or attempts to improve

his 'A' level grades.

A pupil entering the sixth form from a non-
accelerated stream (Sets 2 and 3) takes the 'Additional
Mathematics' examination at the end of his first year
in the sixth form and the 'A' level examination after

a further year.
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There are approximatély 90 pupils in each Year 1 - 5,
» and 18 and 20 memberé respectively of the lower and
upper sixth form studying mathematics. Twelve pupils
in the Lower Sixth and fifteen in the Upper Sixth were
from previous years' ‘express' groups when the present

study was undertaken.

The teaching staff comprises three full-time
" mathematics teachers, and three scientists, each of
whom shares his teaching time between the science and

mathematics departments.

School B 1is approximately the same size, although
there are only two mathematics sets of 36 and 35 in
Year 3 due to a fall in numbers during 1975. Here there

are no "accelerated" streams and all pupils sit the

10' level examination at the end of the fifth year.

Two &ears are taken for the 'A' level course, and
a minority of pupils spend a third year in the sixth

forn either to improve grades or to sit "special® papers.

There are 16 pupils in the lower sixth znd 17

pupils in the upper sixth studying mathematics.

The teaching staff comprises three specialist
mathematicians and two non-pathematicians - one a P.E.

teacher, and the second a scientist.
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4.3. Selection of pupils for the Study

Twelve pupils from each Year-group 1 through 5,
and 12 'A' level candidates in each school were selected
for the study, using a stratified sampling procedure to
produce a representative sample of mathematical abilities

across each Year-group.

The Head of Mathematics in each school was asked
to rank pupils in each Year-group usingvthe results of
the previous year's school mathematics examination.

'

Consultation with the teachers of individual
pupils then helped to re-order the ranking where nec-
essary. Thus,‘where the teacher felt that a pupil had
underachieved in the examination and deserved a higher
fanking than in the final list, this was taken into

account to achieve a final ordering.

Using the final ranking for each year twelve
pupils were selected. The most able mathematician in
~each Year 2 to 5 was ranked 1, the 8th most able ranked
2, the 15th ranked 3, . . .the 85th ranked 12.

A slight-modification of tiiis seiection procedure
was necessary for the 2nd and 3rd year of School 3B, each

of which had less than 85 pupils.
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For School A this procedure meant that the ‘express'

-group pupils in Years 4 and 5 were those ranked 1 - 4.

For School B the pupils rénked 1l - 4 came from the
top set of three in Years 2, 4 gnd 5, and from the
top set of two in Year 3. (See Tables .13 = and 1L .
Appendix I)

In Year 1 and for the 'A' level candidates, the
initial ranking of pupils waé attained through consul-
tation with the teachers. Following this, 12 pupils
in Year-l of each school were selected using the pro-

cedure described above.

Of the 'A' level candidates the 12 pupils were

selected from both the upper and lower sixth forms.

For Séhool A the 'A' level pupil considered to be
most able .by his teachers was ranked 1, the 4th ranked
2 .and so on. In the final ordering pupils ranked 1 - 5
were, fortuitously, those from the uppervsixth form,

who had completed 'A' level the previoué year and had

entered the sixth form frowm "express™ groups. Pupills

ranked 6 - 9 were those fror the previous year's
"express" group. Those ranked 10 - 12 were from "non-

express™ groups.
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For School B the final ranking was more variable
between years. Pupils ranked 1 and 2 were from the

upper sixtk, those ranked 3, 4, 5 from the lower sixth.

Tables 13 . and 14 . (Appendix I) show how the
final renking in each Year-groupr relates to the teaching

sets in each school.

This procedure gives a total of 72 pupils in each

school for interview.
Pupils in School B were interviewed one year later
than pupils for School A, at approximately the same time

of year (December - March).

4.4, Conduct of the Interview

Interviews took place during normal class-lessons,

and pupils were asked to be released as requested.

The interview was conducted, in each schocl, in an
annex room to one of the main teaching areas. Each

interview was recorded and transcribed.

The results discussed in Chapters 5 - 7 use these

-

transcriptions throughout. The only written work
expected of each pupil was the response to the Zetetic

Task.
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Each interview began with a general discussion to
set the pupil at ease. Each pupil was asked about his
own feeiings towards mathematics, what he believed were
his strengths and weaknesses and which tbpics he enjoyed.
He/she was informed that for each task there was no
"correct" snswer in the sense in which answers may be
considered toAbe "correct" or "incorrect" in classroom
work, and the objectives of the study were explained.
That is, each pupil was informed that the author was
attempﬁingvto understand how different people used
letters in algebra, and that it was hoped he/she would
help with the study. Thus no "score" for general math-
enatical ability or intelligence was intendéd, and the
results for individuals were not to be disclosed to

others.

It was hoped that this procedure would relax pupils,
and that each would feel more agreeably inclined to dis-
cuss his own responses.,

¢
Each pupil was asked not to disclose the questions

asked of him to his friends and peers during the invest-

-~
~ igatory period.

The tasks were presented to each pupil in the

following order:
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(1) Introductory Task

a request fbr values of x and y which make each of
the following statements, in turn, t:ue:

X+y =6

3x =y |

2x + y = 6 (See Pigure 14, Section 3.7, p.86)

Each pupil in the study completed this task successfully.

(2) Parallel Lines Task
Subtask 1, (School A only - see Section 4.1.)
using the numerals 2 and 4. (See Figure 9, Section 3.3,

p. 65).

(3) ZEquation Task

X +y = 10 (see Figure 11, Section 3.4, p.72).

(4) Parallel Lines Task

Subtask 2, using the letters p and p. (See Figure 9 ,

M

Section 3.3, p.65). | .

(5) Eguations Task

-

2x + y = 9 (see Figure 11, Section 3.4, p.73)

.

(6) Parallel Lines Task

Subtask %, using the letters 'a' and- 'b'. (See
Figure 9, Section 3.3, p.b66)
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(7) Equations Task

5X = ¥ (sée Figure 11, Section 3.4, p.73).

, (8) Literal Number Task

t +t, t + 4 (see Figure 12, Section 3.5, p.77).

(9) ILiteral Number Task

m+m, m+ k (see Figure 12, Section 3.5, p.77).

(lO)iLiteral Number Task

a+b+ 3, a+c+ 4 (See Figure 12, Section 3.5, p.78).

(11) Zetetic Task

(see Figure 13, Section 3.6, p.84).

For each Subtask of the PLT the pupil's attention
was drawn to the figures and letters using the fol}owiﬁg
introduction. &

"Here we have a red line which is a cm ('2qm',

'p em') long" - pointing to the line - "%nd a green line
which is b cm ('4em', 'p em') long. Alright?" When
the pupil indicated he understood, this was, followed by

the relevant questions:
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- "Now I want you to tell me, 'Is the red line

longer. . . " etc.

The questions were written also on each card for

! the pupil to read.

A similar procedurg was followed for Subtasks of
the ET and LNT: "Here we have the equation 'x + y = 10'.
Now I want you to tell me, if this is true is. . ." etec. -
'Hlere we have the numbers 't + t' and 't + 4'. VWhich
of the numbers is larger. . ." etc. Again the questions

were written on each card for the pupil to read.

Pupils were informed before the tasks were intro-
duced that some questions might'appear to contradict
an earlier response - for example, should a pupil
suggest that 'x' is less than 'y' in 'Sx = y', the
question "When is the value of 'x' greater than the

value of 'y'?" contradicts this statement.

If this was the case, the pupil was asked not to
consider that the new quesfion indicated that his |
earlier response was incorrect. The questions had been
formulated prior to thé interview, written down, and
would be asked independently of the natuge of earlier

responses.
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For the Zetetic Task, each pupil was given a card
to..record his answers. The question was again written
on a separate card and the author explained its meaning

as follows:

"Suppose you are given the sum and the difference

of any two numbers - do you know what "sum" and "difference"
means?" If the pupil said "yes'" he was asked for an
example, and if incorrect ("sum" means "product” to some
pupils) was corrected. If he responded "no" the meaning

of each was explained. Then:

"Suppose you are given the sum and the difference

of any two numbers, but you are not told what the
numbers are. -Alright? You're given the sum and the

difference but not the numbers'.

When the pupil indicated he understood, this was

followed by:

. "I want you to show that given the sum and the
differenceé, you can always find out what the numbers are,

Try to make your answer as general as you can",.

The pupil was then left to work upon the task
with the written question to remind him of the problem.
No time limit was set. Some pupils took approximately

twenty minutes to complete 1i%.
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Interview times varied in School A from between 15
and 20 minutes for the more able sixth-form pupils, to
45 - 50'minutes for younger pupils. In School B

these times were reduced.by about one third.

4.5.0bjective and Hypotheses

The theoretical analysis of Chapters 1 and 2 had
an important objective, and the empirical investigation
aims to support a number of hypotheses arising from it.

These are as follows:

(a) Objective

To illustrate the nature of algebraic thought and
to understand what are some of the major obstacles to

learning the algebraic language.

As a starting point it was considered that the
child's problews in creating, or accomodating new math-
ematical concepts might parallel the problems math-

ematical communities faced during history.

Although the mathematician's major aim is to devise
an internally consistent and paradox-free universal
language, this aim is achieved in a piec;meal fashion
as he recognises the inconsistencies and wegknesses of

his present language system.
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As new systems and languages are introéuced, these
often require of the mathematician a change in con-
ceptual outlook and a destruction of previoué'expec—
tations about the meanings of key concepts. Examples
were given from geometry and number in Chapter 1. Thus
as mathematics develops, each new language demands a
new conceptual understanding, and a simultanecus destruc-

tion of existing expectations.

This suggestion was applied to the changing meaning
given to the terms "unknoﬁn" and "number",. Vieta intro-
duced the concept of a "symboiic number" or "species"
which transoenﬁs preﬁious understandings of the terms

established by previous generations.

In particular it was suggested that the intro-
duction of the "species" concept implies a destruction
of two prior expectations about the role of letters
which might be developed and supported through working

with arithmetic. These were:

(i)  that letters, like conventional numerals,
have an established ordering property. Thus
any number pair (e.g. 2 and 4) have a unique
order relationship (2<£4). By way of con-

~trast, this is not a property 6f the letter

used as a species (e.g. of 'a' and 'b').
[]
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(ii) that a letter has 2 unique numerical content

in the same sense that the box in the
sentence '2 +[0=7' might be considered to

have a unique numerical content.

These possibilities gave rise to the tasks devised

for the empirical study, which are used to investigate

the following hypotheses:

and

“(a)

(b)

(c)

sone pupils will deﬁonstrate a usage of a
lettér as a means of reorganising immediate
perception, in the same sense that con-
ventional numerals can be used to reorganise

immediate perception (Chapter 3, Section 3.3).

responses to the Equations Task (ET) and
Literal Number Task (ILNT) will support the
view that pupils bring into their dealings

with algebraic material expectations of order

-and numerical uniqueness of the elements

(letters) involved.

pupils using the letter to re-organise percep-
tion in the PLT will demonstrate a greater

capacity to think in general terms in the ZT
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than pupils who do not. That is, the ability
to use the letter as an organiser of perception
., 1s correlated with an ability to demonstrate

general results.

Pupil responses to each task were organised into
a variety of categories and a statistical procedure
applied to determine thfee rnajor levels of algebraic
activity. The analysis of response - types and the

statistical procedure applied are given in Appendix II.

Chapters 5, 6 and 7 illustrate the three levels of
- activity using pupil transcripts, and Chapter 8 dis-
cusses the nature of "variation" at each level. These
four Chapters may thus be considered to be an attempt
to satisfy Objective (a) above, i.e. to illustrate the
nature of algebraic thought, and to understand what

are some of the major obstacles to algebraic development.

Evidence to support hypotheses (a) to (c¢) is

presented in Chapter 9.
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5.0, Introductory remark to Chapnters 5, 6 and 7.

The three "Levels of Activity" illustrated in the
following three chapters were derived by the procedure

described in Appendix IT.

Each level appears to have associated with it a
distinect interpretation of "mathematical reality", the
latter two levels (Levels II and III) corresponding to

'Diophantine' and 'Vietan' algebra.
The three Levels are, respectively:

Level I : The Level of Fictitious Measures.
(Chapter 5)

Level IIx ¢ The Level of Diséovered Content.
(Chapter 6)

Level IIT : The Level of the Species.
(Chapter 7)

"Each JTevel is defined by a series of response-types
tolgach task which appear to share & common interpretQ
ation of %he letter. Some pupils respond consistently at
one particular Level, whilst others alternate between

Levels according to the task-content. This is to be

7
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expected if different meanings for concepts truly exist.

»

Tables 27(a) & (b), Appendix II, Section II.6.2

indicate the interpretation most commonly used by each

I pupil across the battery of tasks.
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CHAFTER 5 : THE LEVEL OF FICTITIOUS MEASURES

5.1. Introduction

At the first level of activity to be described
below the pupil rarely uses a substitution strategy
in the ET, and when he does, substitufion is "reluctant" -
often only one correlated pair of numerals (e.g. x = 1,

y = 9) being suggested to satisfy a particular relation

(x>y, x<y, x =y).

In the LNT Subtask 2 ('m}+ ﬁ', 'm + k') the pupil
does not use a‘matching strategy, refusing to allow a
letter to have another letter as it's 'content'. He
is more likely té assume each letter has a predetermined

ordering, or to replace the letter by a number.

" In the Zetetic Task, the pupil makes little headway.
The overall impression given is that the pupil often
treats the letter as an object (such as an apple or a
pear) which "contains" a fictitious measure., He is
prone to think that the letter has a unioue (unknown)
'measure' and an established ordering. This first level
of activity is accordingly called the "level of fict-

itious measures®”.

The most noticeable feature of the pupil working
at this level is that he prone to influence by inherent

sugsestions of ordering or unigueness.
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Where e task does not, in particular, suggest an
ordering of entities, (as in 'x + y = 10') the pupil
might be willing to make a numerical replacement for a

letter. .

When suggestions of ordering and unigueness are
introduced however (as in the PIT and '5x = y'), this
substitution strategy disappears - but activity continues
to be underpinned by the belief that not more than one
particular’ordering, and not more than one particuler
replacement, can truly exist. The pupil suffers acutely
from the "Russell Syndrome™" (éée Introduction -

monograph I).

5.2. The Level of PFPictitious Measures - responses to the FILT

The observations below about the nature of res-
ponses made to the FLT at the "level of fictitious
measures" applies also to many puplls classified at

the "level of discovered content" {(Chapter 5).

- Pupils working at the latter level are more often
distinguished from those working at the former by their
ability to use a matching strategy in the ET, and their
ability té regard an equation as a system of co-varying

%

nuneral-pairs.
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In his response to PLT Subtask i, the pupil
responding at the level of fictitious measures will be
prepared to use numerals to organise his perceptions,
and allow these to determine his interpretation of the .
meaning of 'length'. He will not, however, be prepared
to allow the letter to change the fact that two concrete
lines exist, and he does not, in this sense, transcend

the arithmetical meaning.

In the following transcript for example, the
pupil allows conventional numerals to influence per-
ception (see Appendix II, Section II.2.2. for further

examples):

Richard (2:8) 12yrs, 7mths. School A. PLT Subtask 1. (See
: diagram over
Q. Is the red line longer than the green line, the
- green line longer than the red line, are they
~equal in length, or could any of these be possible?
A, Yell, erm, well, the green line is longer in truth
but. . . .if it's true. . .but if the two centi-

metres are in different units or something then

the ;ed line might be longer.

Q. Vhen is the green line longer than the red line?
A. When they were the same units.

Q. Can you explain whet you mean by that?

A, Well, the red line might be a scale/gr something.

4cm is bigger. If it was the same units it would

»

be longer. . .if you drew them the same units the

green is longer.
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Q. Yhen is the red line longer than the:gfeen 1line?

A, If the units in the red line were say three times
as big.@le as those in the green line).

Q. When are the lines equal in length?

A. If the units in that (pointing to thé red line)
were twice as big as the units in that (the green
line). (i.e. if the lines were re-drawn to a
scale in which the scale for the red line was twice

the scale for the green line).

2cm "l4cnm
Green

Red

PILT Subtask 1.

~The question has clearly caused the pupil -
confusion due to his ability to entertain two distinct
meanings of the word "length". He is particularly
aware, however, of the "numerical" meaning and allows

the existence of the numerals to influence his thinking.

Thus he rationalises the figure by introducing
scale. FHis responses to Subtasks 2 and 3 do not exhibit
the same confused reaction. (This is a general truth
for all pupils). He simply interprets thg letter as

a cipher whose numerical content is the measure of each

[
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]

concrete line (in Subtask 2 the lines are considered to

be in perspective) - (see Appendix II, Section II.2.4,.

for further examples).

! PLT - Subtask 2

Q.

Is the red line longer than the gréen line, the
green line longer than the red line, are they equal
in length or could.any of these be possible?

They could be equal.

Why?

Well, that one (the green line) could be away from

‘you. . .furthér away froﬁ you.

When is the greén'line.longer than the red line?
When it's brought nearer to you or timesed by any
number.

When is the red line longer than tne green line?

- As it is now or again if it's timesed by any number.

When are the lines equal in length?
If they're the same height or nearness or p is

the same.

p cm P cm
Green

Red

PLT Subtask 2
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FPLT Subtask 3

Q. Is the red line longer than the green line, the
green line longer than the red line, are they
equal in length, or could any of these be possible?

A, Well, the b line, the red line is longer.

Q. Why?

A, Well, because it looks 1ongér; well, it compares
wi?h 'a' to be longér.

Q. When is the green line longer than the red line?

A. Well, if youhadlike 3acm. If you timesed the green
line 'a'; if you multiplied the actual length by
a number,

Q. When is the red line longer than the green line?

A, Well it is at present ordinarily. ‘As one b it
would be longer. If it was half it would be small.
But if it was anything more than one b it would be
longer.

Q. When are the lines equal in length?

A, Well if you had b equals a,

Q. When is that?

A, Well, if the green was further away it might be.
Or if you added some more cn as it is now you could

get a equals b.

b cm a cm

Green R

Red

PLT Subtask 3.
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In Subtask 2, the lines were considered to be in
perspective and each 'p' denoted the measured outcome
of 2 line. In this restricted sense the pupil has used
the letter to transcend immediate concrete orderings, but
each line (as in Subtask 1) is clearly a single line

with a measured outcome 'p'.

These same observafions apply to Subtask 3, in
which each letter takes it's content from a concrete
line. As such, differences in length are achieved
either by concrete transformations (pushing one 1line
into the distance) or by numerical operations (multi-

plying the present length by '? to give '3a' etc.).

The pupil does not give an impression that what he

might "perceive" here is a dynamic system of lines -

that is, tWo'lines' each of which denotes the relative

position of two points moving either towards or away

from each other. Should that have been the case then
each letter would have been considered to have guaranteed
numerical determinations, and the relative length of

;

each line .to depend upon the relationship of 'a' to 'b',

All responses to the FLT defined to be at the level
of "fictitious measures' involve similar interpretations

of the figure viz. each line is "real", "concrete',

and has a fixed measurable length. As such.each letter
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illustrates the line and is a temporary substitute for
the numeral which will be obtained when the line is
measured. Invariebly the red line is concretely longer

than the green line.

Some pupils do not mention letters in Subtasks 2
and 3 but rely totally upon spatial perception. Thus
they do not apply numerical operations to the letter to
increase 'length', but instead restrict themselves
either to denying that any ordering other than that
suggested is possible, or to suggesting a variety of
concrete methods of causing cﬁange (e.g. cutting lines
in half, extending lines etc.). The followingz is an
illustrative example (see Appendix II, Section II.2.6.

for further examples).

Mary (l:lZ)h 1llyrs. Bmths, School B. PLT Subtask 3.
Q. Is the red line longer than the green line, the
green line longer than the red line, are they
equal in length or could any of theée be possible?
A. The red line's longer,
. Why? .
. Because it 1ooks\longer.
. When is the green line longer than the red line?

)l

Q
A
Q
A, When it's doubled.
Q. When is the red line longer than the green line?
A

. Now. ,
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Q. WVhen are the lines equal in length?
A, When you cut some off the red line.

!

b cm a cnm

Greéen

Red

PLT Subtask 3,

Effectively here the letter is totally ignored.

5.2.1. Summary
In the FLT, pupils workihg at the level of fict-

itious measures either
(a) ignore the existence of letters (but not numerals);
or (b) +treat the letter as a temporary replacement for

a measured outcome.

The pupil's method of changing the "length' of a
line is either:
(i) +to apply a concrete transformation (cut the line,
draw it longer, push it in to the distance etc)
or (ii) to apply a numerical operation to a letter
‘treated as a temporary replacement for a

measured outcome (multiply by 2 ete.).

The pupil gives little eviderce that what he
"perceives" is anything more than two concrete lines
‘drawn on paper, each of which has a fixed numerical

length.
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5.%. The Level of Fictitious Measures - responses to the ET
(See Appendix II, Section IT.3. for the full range

of response-types to the ET).

The three equétions in the ET suggest ordering and
unigueness to varying degrees and as such dramatically
influence the pupil's thinking processes. Some pupils
however, will give a consistent 'fictitious measure’
response to each Subtask (see Sections 5.3.1. and 5;3.2.

~ below.)

In such a-response the pﬁpil exhibits an inability
to "see" the eéuafioh as an integrated system (and thus
does not give responses of the form 'when x »5', 'when
x>3' etc.), and either treats each letter as an object
with a fixed, unknown, content, or as & "pigeon-hole"

for a numeral.

5.3.1. The "fictitious measure" response to the ET -

re-arrangement strategies

In a "fictitious measure" response the pupil makes
one or more of the assumptions

(a) each letter has an indeterminate content;

(b) the letters have an ordering dictated by the

relation.

The following is an example of a pupil.making

assumption (a).
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Example 1: A. J., (3:3;2), 13yrs. 1lOmths, School A,

Q.

LA,
Q.
(4)A.

Q.
A,
Q.
(10)A.

'x + y = 10¢

If this tfue, is the value of x always, sometimes

or never greater than the value of y?

Sometimes., |

Why?

Well, because you could. . .no. Never. Never
because you only know what the values of x and y

are together. You don't know what they are individ-
ually. .

VWVhen is the value of x greater than the value of y?

'If erm. . .well..x would be greater than y if it

was ten pius y.équals x. (10 + y = x).

Vhy would that be?

Because you need something to add to y to make x.
When is the value of x equal to the value of y?-
Well, . .well,it could be now. X could be 5 and y
could be 5.

When is the value of x less than the value of y?
Well., . .if you rearrange if it will be. The
value of x will be less than the value of y because
x plus ten equals y (x + 10 = y). If you swopped
y and ten you would need to add to x to make it
equal y. That mezns x must be smaller.

s

iere the pupil makes explicit his belief that

'x' and 'y' can't be known and responds accerdingly.
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(Syatementl@)). In Statement (10) he shows that he can
find values for x and y which satisfy the required
relation - but these values are mere 'fictions'. No-
one can be certain that the true measure of x is 5.

A point of interest about this responseA(and many
responses using x and y as objects with fictitious
measures) is that the pﬁpil is attempting to make a
generalisation. He wants to answer the question
‘whatever the true measures of x and y might be, how

can we ensure that x is greater than y?!

His solution is to make an illegitimate trans-
position of the elements in the equation. 1In a sense,
therefore the pupil is thinking in general terms - but
the ‘generality' of fictitious measures is not the

P

'generality' we know.

The following are further illustrations of
"fictitious content" responses applied to '5x = y' in

which each pupil suggests a re-arrangement of the data.

.Example 2: Peter (4:12), l4yrs. llmths; Schbol A,
15% = y!
Q. If this true, is the value of x always, sometimes
or never greater than the value of y?

A, Never.
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Why?

Because you've only got one y and you've got five
X's. |

When is the value of x greater than the value of y?
WVell. . .you'd have to have something like x and
2y.

When is the value of x equal to the value of y?
When you remove the five it will be. You'll get

X equals y. |

Vhen is the value of x less than the value of y?

¥hen it's five x equals y.

Example 3: Matthew (3:11), 14 yrs, 1lmth. School B.

Q.

'5x = y!

If this is true, is the value of x always, some-

"times or never greater than the value of y?

Never.

* Why?

Because y is five times x, so x must be smaller.
When is the value of x_greéter than the value of y?
Remove the five. . .or you could divide that (5x)
by 5.

When is the value of x equal to the vaiue of y?
VWhen you put 5x = 5y. VWhen you put an extra 5 on
the y. P

When is the value of x less than the value of y?

Ii.'r O V" [ . L]
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In each transcript it is clear that thé pupil does
not "penetrate" the surface-structure of the equation so
to identify and compare a numerical value for x and a

numerical valuefor y.

This re-arrangement strategyv is a feature of

pupil activity at the level of fictitious measures.

Each letter appears to 5e "seen" much as a piece on a
chess'board. Each piece has it's own pérticular con-
tent (value, measure) which is either greater than or

less than the measure of the second piece.

In the eguation 5x =y, five pieces 'x' have bet-
weén them a content equivalent to that of 'y' and hence
each piece mugt have a smaller confent than y. This
being the case the measure of each piece 'x' can be
raised above the measure of'y'only by making an
illegitimate transposition of elements in the equation
(there is, however, an alternative - see Section 5,3.2;
below).

k\ ’ .
. Each pupil above assumes from the outset that the
letters 'x' and 'y' have an ordered content (the measure
of x<the measure of y). This assumption might also

be applied to '2x + y = 9', as in the following example.
P



~-127-

Example 3: Gareth (4:11), 15yrs, 3mths. School A,
2x +y = 9! |
Q. If this ié true, is the value of x élways, some-
times or never greater than the value of y?
| A, x is less than y.
Q. Why?
A, Because you need two of x and only one y to make
up nine, so x mustibe smaller. |
Q. When is the value of x greater than the value of y?
A, When you have only one x and two y's. When it's
X plus 2y.
Q. VWhen is the value of x eéual to the value of y?
A. When it's two and two I suppose (2x + 2y = 9).
Q. When is the value of x less than thg value of y?
A, In the equation.
‘ahd to 'x + y = 10 as follows:
Example 4: Simon (2:5), 13yrs. lmth, School B,
'x + y = 10!
Q. If this is true, is the value of x always, some-
times or nevef greaterlthan the valué of y?
A. x is.less than y. |
Q.  Why?
A, It's not as far into- the alphabet.
Q. When is the value of x greater than the value of y?

~

A, It can't bve.
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. When is the value of x equal to the value of y?

Q

A. It can't be or they'd be equal.

Q.. When is the value of x less than the‘value of y?
A. It is now. .

Examples 3 and 4 indicate how readily the pupil is

influenced by an implicit ordering suggestion.

In exanple 3; the coefficient '2' for x immediately
implies that each object 'x' must have a measure less
than that of the object, 'y'.

In‘Example 4, i£ is alphabetic ordering which
iﬁfluences the pupil's thinking. (Two pupils - pupil
(2:5) above in School B and pupil (1:12) in School A
interpreted consistentiy throughout all tasks ih terums
of aiphabetic positioning. Mény more pupils working at
the present level did so in the INT (see Section 5.4
below). (This phenomenon questions the wisdom of
introducing 'codes' into school mathematics unless care
is taken to explain that the letter used in a code does
not have the same properties as the letter used in
algebra; and at the same time indicates how easily
some pupils might be influenced by prior experiences).

-

Sometimes, the pupil's belief that a letter has

[
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a unigue numerical measure leads nim to believe that

he might have found it, as in the following example:

Example 5: David (2:12), 12yrs. llmths. School A4,
'X + y.= 10!
Q. .If this is true is the value»of x always, sometimes,
or never greater than the value of y?
A. Itfs never greater..
Q. Why is that?
A, Becaﬁse they're always equal.
Q. When is the value of x greater than the value of y?
A. Never. |
Q. When is tﬁe vélﬁe’of X equal to the value of y?
A. It is now. There. 5 and 5.
Q. When is the value of x less than the value of y?
A, It can't be. They're always equal.

This transcript exhibits false-content i.e. the

pupil believes that the letter has a unique value and

is convinced that he has found it.

5.%.2. -Fictitious measure responses to the ET -

numerical operation strategies

One of the disturbing features of pupil responses
~
at the level of fictitious measures is the strange usage

the pupil makes of the term "value of x". In the FLT
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two strategies were noted for increasing the length of
a line:
(1) concrete transformations ("cutting"™ lines ete.).

(ii) numerical operations (multiplying ‘'a' by 2 etc.).

The re-arrangement strategy described above‘may be
considered to be analogous to the transformetion strat-
egy in the PLT. The puﬁil simply re-arranges collections
of i's and y's to arrive at-a situation which satisfies

the required relation. .

The numerical operation étrategy applied in the
PLT to the letter considered to be a 'stand in' for the
measured outcome of the line, may be applied also to the
ET (in particular to '5x = y'). The outcome is a res-.
~ponse which is particularly incongruous - but very
commoh'at the present level of activity. The following
are examples (further examples are given in Appendix

II, Section II.3).

Example 1: Matthew (1:10) 1lyrs, 8mths, Schooi B,

'5x = y! | —
Q. If this is true is the value of x alwaYs, sometimes,
or never greater than the value of y?

A. It can't be bigger.

Why?
A. Because you've got five of x and only one of y. So

X has got to be smaller.
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Q. When is the value of x greater than thé value of y?

A. Vhen it takes 1eés than 5 of them to make y. Say
it was 4x. x would be bigger then.

Q. When is the value of x equal to the value of y?

A. When they're both multiplied to makejthe same,

Q. When is the value of x less than the value of y?

A. When it's less than five of it. VWhen it's four of

it or three of it.-

Example 2: Jonathan (4:9) l4yrs. llmths, School B,
'5x = y! ' ' '
Q. If this is true, is the value of x always, sometimes
or never greater than the value of y?
A.‘ y is bigger than x.
Q. Why?
A, Because it takes five x's to make a Y.
Q. “When is the valuerof X g;eatef than the value of y?
A, When it's multiplied by say 6. VWhen it's 6x.
Q. When is the value of x equal to the value of y?
A, When it's five x.
Q. When is the yalue of x less than fbe value of y?
A.  Vhen it;s multiplied by something less than 5.
Say ﬁy 3 or 4. 3x or 4x. That's smaller.

Example 3: Thomas (3:10) l4yrs. Omths, School A.
15x = y! <

Q. If this is true, is the velue of x always, some-
times or never greater than the value 6f y?

A, Sometimes.
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Q. Why? | ~

A.’ Well, because you dort know the numerical values
of x and y.

Q. When is the value of x greater than the Yalue of y?

A, When x is erm. . .when x is greater than y.

Q. And when is that? |

A. Well, for examplé, six x would be larger than y is
this statement is true. |

Q. When is the value df x equal to the value of y?

A. Vhen it's multiplied by five.

Q. When is the value of x less than the value of y?

A. Vhen x is less than 5x.

Q. Can you explain,your'ideas to me?

A, Well, five x 1is equel to y, so we could assume that
five x is ten and y is ten. Therefore, anything
over ten”is greater than y, and anything under ten

1is 1less. ) f

Q. What about when x is equal to y?

A, Well, five x equals y. "When is the value of x
equal to the value of y?" Five x equals y, ten x
equalstwoy and so on. - Any ofvthose.

Q. But isn't the value of x equal to the value of y

when x is 09

A. I don't understand what you mean.

Example 4: indrew (2:11) 13yrs. Omths, “School 4,
5% = y!

Q. If this is true, is the value of x always, sometimes,

or never greater than the value of y?
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x is greater than y. KNo. It qould be the same
because you don't know what it actually equals.
So,y could be a far greater number than X.

Yhen is the value of x greater than the value of y?
When x equals a lower number. If say that (pointing
to y) equals 5, and you found that x equals 2, you
would have to times 5 (the coefficient of x)

by 2 and get 10. Then you would find that y was
less and x could be more.

vhen is the value of x’equal to the value of y?

If 5x equalled y it's bound to be the same.

And when would that be?

If x equalled 1 and y equalled 5. Their values

would be the same then.
When is the value of x less than the value of y?

When y is a larger number. Say y equalled. . .erm.

© 7 and x equalled 1. Five times l'would equal 5,

and y would be the greater one.

And would five x equal . - y if that was the case?

‘No. Sorry. . .x couldn't be greater than y if

5x equalled y. It couldn't be.

Can we go back to the earlier questions?

Yes, alright. |

When is the value of x greater than the value of y?
It will always egual it.

Vhy is that?

Well, y has got to equal what x is.



. Why?

Q

A, Because of the way you wrote the sum.

Q. So y has got to equal what x is?

A, Yes, well, the sum of x. If x was 2 and y was 10,
five twos are ten. They would be the same then.

Q. The value of x would egual the value of y?

A, Yes.

In each example, the pupil treats a letter as an
object with a fictifious measure. In particular the
meagsure for 1x is five times ;ess than the measure for
ly. Thus multiplying the measure of 1x by five gives
the measure fof ly (i.e.l"the value of x is equal to
the value of y when it's 5x etc.. IMultiplying the
measure of 1x by 6, gives a value greater than the
-measure for ly. (i.e.™he value of x is greatef than the
valﬁé of y when it's 6x"). This strategy is identical

to that used in the PILT.

?he pupil is totally convinced during such dis-
cussions that his statemenfs are making sense. He
remains udaware that the mathematician today does not
think of letters in this way but considers each to have
guaranteed determinations at all times - so that
multiplication is not neéded as a strategy to raise the

value of one letter above the value of a second letter.

*
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For the mathematician the letter cam "vary in
itself" oVer all numerals. Multiplying the letter thus
does not neceséarily increase it's value. Moreover,
‘whateVGr value might be obtained by applying such a
| strategy can be obtained independently of multiplic-
ation by allowing "variation in itself". The multi-
plication strategy used by the pupil is thus immediately

obsolete to the mathematician.

Some pupils working at the level of fictitious
measures in the ET will use more than one strategy in
their attempts to deal with an equation. The following

is an illustration:

Debbie (4:9) l4yrs. llmths. School B, '5x = y!

Q. If this is true, is the'vélue of X always, sometimes,
" or never greater than the value of y? |

A, y is bigger.

Q. Why?

A. Because it's fivé tines something and that (pointing
to x) is only one timés‘something. |

. WVhen.is the value of x greater thah the value of y?

. When say it's multiplied by something more than 5.

. It would be if you removed the five.
~

Q
A
Q. When is the value of x equal to the value of y?
A
Q

. When is the value of x less than the value of y?

A. Say if x was 2 and y was 10, ,
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In the final statement Debbie suggests two possible
measures - one for x and one for y. At the level of
fictitious measures pupils may offer possible values for
letters in the ET but the values are slmost always
singular offerings. Section (c¢) below discusses the

substitution strategy at this level.

5.3.3. ILevel of fictitious measures -~ substitution

strategies to the ET

Substitution in 'S5x = &' is rare. The pupil
looks upon 'y' as an object with an unknown measure
greater than that for x and this gives rise to trans-
position, or numerical operation, strategies to inc-

rease or decrease values.,

- The equations 'x + y = 10', '2x +>y =.9' however do
not influvence the pupil's thinking to the same extent.
The most common response to each question is to offer
a pair of whole numbers which satisfy the required
relation. This may often be precéded (in particular
for '2x + y = 9') by a decision that either *'x' or 'y!'
has the greater measure (depending upon whether the
pupil reacds '2x' as "two'®’objects which have the same
measure each" - in which case x is likely to be con-
sidered to have a smaller measure than y;‘or whether

12x' is read as the outcome when the "measure for x

3
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has been doubled" - in which case the pupil?is likely
to assume that x and y originally had the same measure
but that the measure fof 'x' is now twice'the measure
for y). The following are examples. (The notation
’/p/’——4—;\\\ represents three states of\numerical

equilibrium and is discussed below).

Example 1: Debbie (4:7)114yrs. llmths, School B, 'x + y = 10!
Q. If this is true is the value of x always, sometimes,
or never greater than the value of y? ‘
A. They're both the same. (X —e—y).
Q.  Why? |
A. Because they must both be five.
Q. When is the value of x greater than the value of y?
A. If x was 8 and y was 2 it would be. (x‘\wk\\y)
.Q.~ When is the value of X equal to the value.of y?
A. ~Both five. (X —e—1y) | ‘

Q. When is the value of x less than the value of y?

A. The other way round. If x is 2 and y is 8.
(fx —— Y)

This.response exhibits reluctant ofdering i.e. the

pupil assumes an ordering of values originally (—e—, X = ¥y)
but then finds values which contradict the original
decision (_e—~e). (In the example transcripts in
sections 5,3,1, and 5.3.2 pupils»retained ﬂ;e original

ordering and used a variety of alternative strategies

to substitution to increase one measure above another.
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Such a response does not necessarily imply that the
pupil has relinquished the view that x and y are objects
with true measﬁres. The lack of willingness to state
more than one possible.pair cf values, and the original
ordering decision suggest that each letter continues to
be considered td have a unique contenf. Thus, for
example, x might have the measure '5', or '2' - but we
simply cannot tell whicﬁ is true from the equation.
Debbie's response to '2x + y = 9' supports this view:
Example 2: Debbie (4:7) l4yrs. llmths, School E,

2Xx + y = 9!

Q. Is the value of x always; sémetimes or ne%er greater

than the value of y?

A, X is never bigger. A(_,,—rf”).

Q. Why?
A.. Because x is multiplied by 2. No. They're the
" same. They're both 3. (—e—).

Q. When is the value of x greater than the value of y?

A, When. . .if it was 4 and 1. If x was 4 and that

1, two times 4 is 8, add one is nine. (T—e—_).
Q. VWhen is the vaslue of x equal to the value of y?
A. Vhen.they're both 3. (—a&— ).
Q. Vhen is the value of x less than the value of y?
A. Two times one is two and seven is nine. (__—o— ).

Q. So which is larger, the value of x or the value of
. 7

y?

A. I suppose it might be any of them.
t
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5.3.4. Sunmmary

The impression given by each response in this
section is that an indeterminate ecuation is seen as
a collection of individual units - an ‘x*,a 'y'y, a '2',
a '9', etc. each of which contains numerical information.
Each individual unit has a content. As such the content
of an indivicdual unit mﬁst be either greater than,
equal to, or smaller than the content of a second. With
this particular view of letters the pupil necessarily
assumes one of the equilibrial states X—e—1Y, X’,Q,»*y’
x\\ﬂk\‘y must be true. (Wheﬁ it comes to the iNT the
question "which is larger" seems to confirm this belief -

see below).

" In the ET pupils working at the level of fictitious

measures thus:

(a) treat the letter as an object with an undetermined
(unique) content;

(b) do not allow the vélué of the letter to change in
any real sense. Any change in the content of a letter
is achieved by numerical operations upon the letter or
by embedding the letter in a new context (e.g. 5x = 5y).
(¢c) sometimes believe they have found the true content;
(d) Dbvelieve that a true ordering of congent exists;

(e) are restricted in their substitution sprategy;

(f) wvary in the response-type made to each equation,

sonetimes offering possible numerical values for letters
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in 'x + y = 10' and '2x + y = 9' but alwaysltreating
the letter as an bbject with an unknown content in
°X = Y3 |

(g) appear to 'see' an indeterminate equation as a

collection of individual units, each with a fixed content.

5.4. The Level of fictitious measures - responses to the INT

In both the PLT and ET pupils have been shown to
exhibit false ordering i.e. they will assuﬁe a letter
has an ordered content given to it by the immediate
data, or will use the data td support their own expec-
tations of ordering. This attitude is reflected in

the INT.

Here the pupil assumes an ordering at fhe‘outset
(e.g. m 4 m>i + k) and, as in the PLT and ET, either
maintains that belief throughout, or might reluctantly
admit that any ordering can be possible. VWhere the
pupil agrees from the outset thét any ordering exists,
he demonstrates his assertion by making numerical
replacements for letters i.e. he does not 'match' across
the numbers to obtzin a content for a letter (e.g.
m=k'y 't =4', '+ 3 =c¢ + 4') and then allow for
the letter to vary above or below this mgtched content,

but restricts himself to stating a possible number

for each letter which satisfies the reguired relation.
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5.4.1. False ordering without correction: (i) maintained orderin:

In . false ordering without correction the pupil
usually assumes the letter to have an ordering by virtue
of if‘s position in the alphabet, and then denies that
any alternative is possible. The following are

illustrations:

Example 1: Trevor (5:10) 15yrs. 5mths, School 4,
'm+ m, m + k'

Q. Which is larger, m + m or ﬁ + k?

A. m+m. (T—e—_) |

Q. Why? ' o

A, Because m is further on in the alphabet.

Q. .When is m + m larger than m + k?

A, It already is. (T—e—__)

Q. Vhen is m + k larger than m + m?

A. It isn't. (T——u)

Q. Vhen are they equal?

A

. They're not. (T—e—7._)

Example 2: A, J. (3:12) 13yrs. llmths, School 4,
't 4+ t, t + 4

Q. Which is larger, t+ + t or t + 42

A b4t ()

Q. Vhy?

A. Because that (pointing to t + t) is ¢ + + and that

(pointing to t + 4) is only 4.
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When is t + t larger than t + 4%
It is larger. (“‘fv-§‘)

Y¥hen is t + t equal to t + 42

It isn't., (~—e—0_)

When is t + t less than t + 4%

It isn't. (T—e—__)

Example 3: Debbie 14yrs.'llmths, School B, 'a + b + 3,

a+c+ 4'.

Which is 1argér a+ b+ 3 or‘é + Cc + 4%
a+c¢c+ 4. (_——)

Why?

Because b comes before ¢ and 3 is less than 4.

When is a + b + 3 larger?

.Never. (——)

When is a + ¢ + 4 larger?
Now. ‘ (/) ‘
When are they equal?

They can't be. (_——" )

‘These responses are identical in nature to those

in the PLT. Here however the 'content"for the letter

is not obtained from geometrical data. Whatever 'content'

the letter has is 'fictitious' and suggested purely

by alphgetic ordering.
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Many pupils at this level have an ordering fixation -
a fact which has already been demonstrated in the PLT

and the ET.

Sometimes the pupil will attempt to give a condition
for which one 'number' (e.g. m + k) is greater than the

second based upon 'algebraic' reasoning.
g g

Usually such attempts involve torturais usage of the

data, as in the following example:

Christine (5:12) 15yrs. 10mth§, School B, 't + t, t + 4!

Q. VWhich is larger, t + t or t + 42

A.  t+ 4. (__——)

Q. Why? : ‘

A, Because t + 4 ié 4t(68) and t + t is only 2t. No,
it's t2, No, that's wrong. It's 2t.

Q. Wthen is t + t larger than t + 4%

A. Never. (__—-o—)

Q. When is t + 4 larger than t + t7%

A.  Always. (_—e—")

Q. VVhen-are they equal?

A. Never., (—" )

(68) Many pupils mazke the same error. 't o+ 4' appears
to mean to them 't added four times' or''t , add
four of them'. This, of course, will, give rise to

totally incorrect strategies for solving eguations,
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5.4.2., Felse Ordering Vithout Correction:

(ii) Re-established ordering

In each transcript above the pupil has decided upon
an ordering and rejected any possibility of an alter-

native. The following are examples of re-established

ordering in which the pupil makes an original decision,
contradicts it, and then returns to his/her original

equilibrial position.

Example 1: Debbie (4:7) l4yrs. llmths, School B,
't o+ t, t + 4

Which is larger; t +tort + 49

They're both the same. (—o——)

L4

Why?

.

Because you can put 4 and 4 for them.

When is t + t larger thah t + 47?

You could have t + 8 and t + 4. (T——o—_)

Vhen is t + 4 larger than t + t2%
When it's t + 2 and t + 4. (_——)
Yhen are they equal? |

When-it's t + 4 and t + 4. {(—6——)

«PPD?Pb:@bObO

S0 which is larger, t + t or t + 4%

A,  They're both the same. (——b——)

' - -
Example 2: Ckhristine (5 :12) 15yrs. 1Omths. School A
'a + D+ 3, a+c¢c + 4!

Q. Vhich is larger, a + b + 3 or a + ¢ + 4%

A, a+ ¢ + 4. (.——-—"V—’_)
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Q. Vhy?
A, Because it's the bigger number. c¢ is bigger than b.
Q. Yhen is a‘+ b+ 3 larger?‘
A. When it's put into numbers it could ﬁe, Say it's
3 for b and 2. . .No, one for c. (T—e—0__)
Q. When is a + ¢ +4 larger?
A. Say if ¢ was 4 and b was 2. (_—@ )

Q. When are they equal?

A. Two for b and one for c. (———4———4)

Q. So which is larger, a + b + 5 or a + ¢ + 4?7
A, a+c+ 4. ()

Q.  Why?

A. Because c's usuélly the bigger number.

. Example 3: Daniel (1:12) 1llyrs. 6mths. School A,
'm+ m, m + k' | ' '

Q. Vhich is larger, m + m or m +k?

A m+me (TToe—0)

Q. Why?

A, m is a bigger number. Say m was 10, k would be 8.

Q. When is m + m larger than m +.k?

A, I've-just told you that! (“~v-‘;)

Q. Yhen is the n +-k larger than m + m?

A. Well. . .if you could pﬁt m ten and k twelve it
would be. (__—e—)

Qe WVhen are they ecual?

~

A. They can't be equal., You can't have thew the same.
Q. So which is larger, m + m or m +k?

A, m+ m, ( &)
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Pupils at this level clearly find immeiise difficulty
'accepting that more than one ordering can obtain at any
particulér instant. As was the case for the pre-Vietan
mathematiciah, their world is a world of concrete

objeots heaving an established measure. Iﬁ the sane

sense that an apple cannot at one and the same time have
more than one particular measure (mass) so pupils

working at this level believe also that the letter must

have one particular measure.

Despite the fact that he might be able to suggest
possibilities which correlate with each "equilibrial
position", nevertheless the pupil aprears to need to
assume just one, and to return to this for "security".
His conceptual security thus appears to lie in dealing

with an orderéd world of static entities with fixed

measures.

Not all pupils take such an extreme position.
Some are willing to admit (often reluctantly) that any
ordering might exist., The following are examples:

—

5.4.3. False ordering with correction

Geoffrey (3:11) l4yrs. 3mths. School 4, 'm + m, m + k'

Q. \Which is larger, m + m or m + k? d

A. m+ m. (T—0—0__)
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VWhy?

Because m‘is further into the alphabet.

When is m + m larger than m + k?

It is now. (T—e—__)

When is m + k larger than m + m?

Do you want me to put numbers in?. . .If I can put
numbers in it;s when k is say 10 and m is say 4.
(——)

WVhen zre they equal?

10 for k and 10 for m say. (—o——)

S0 which is larger, m + m or m + k%

"I suppose it could be any couldn't it! (EEE’ﬁEgi)

Eleanor (4:11) l4yrs. Tmths. School B, LKT, 't +t, t + 4°'

Q.
A,
Q.
A.

Which is-larger t + t or t + 42

t+ 4., (_—)

Why?

Because you've got two unknowns in t + t and you've
got a four in t + 4.

When is t + ¢ lafger than t + 4%

Can I put numbeis in?. If I can put numbers in,
it's 'when t + t is 8 plus 8, and t plus 4 is 2 plus
4, (T—e—_)

Vhen is t + 4 larger than t + t2

When t + t is t + 2, and t + 4 is 4 + 4. (_——" )
Vhen are they equal? '

WVhern the same numbers are put in. Vhen it's 4 plus

.4 and 4 plus 4. (—~—o——)
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Q. So which is larger, t + t or t + 4%

A, I suppose it could be any of them. It depends on

what numbers you put in. GEE;*GEEE)

| Katy (4:5) l4yrs. Tmths. School B, 'a + b + 3, a + ¢ + 4'

Q. Which is larger, a + b + 3, or a + ¢ + 4%

A, a+c+ 4. (o)

Q. VWhy? | .

A. Because you've got one more there (pointing to
a+c+ 4).

Q. When is é + b + 3 larger?

" A. Erm. . .when that numﬁef (pointing to b) is bigger
than that (pointing to ¢). (Te—_)

Q. When is a + ¢ + 4 larger?

A. Vhen c is a bigger number than b. (__—e— )

Q. When are they equal?

A, They might be now. (=———)

Q. So which is larger, a + b + 3 0or a + ¢ + 4%

A. It might be any. (Tse<=)

Sometimes, as pupils w0rked‘tﬁrough the LNT they
would change respoﬁse types‘after reflecting upon
previous "wrong turnings", and by the time they reached
'a + b+ 3, a+c+ 4' were reluctant to assume an
ordering. Their general form of responsi,was then "you

can't tell, can you. You don't know vhat a and b and c¢

are", This was usually followed by the pupil offering
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possible replacements for each letter to saéisfy the
required ordering. These replacements often ignored
the fact that 'a' was identical to 'a' and seemed to bé
chosen almost indiscriminately (thus 'a +‘b + 3' is
larger when it's ', 12, 3' and 'a + ¢ + 4' is'1, 1,

4' ete.).

Other pupils who génerally worked at the level of
fictitious measures in the ET began the task with this
attitude. Thus, although false ordering and false
content responses were nd evident, suggestions for 1lit-
eral values were often tentative, as though.the pupil
believed one such value might be the true one but was
not partic¢ularly certain which it might be. The following
is an example from a pupil working consistently as the

level of fictitious measures in the ET:
Kay (4:12) 15yrs. 3mths. School B, 't + t, t + 4!

. VWhich is larger, t + t or t + 42

. You can't be sure.

Q
A
Q.  Vhy?
.A. '~ Because you don't know>what t is.
Q

. VWhen is t + t larger?

A, If t was 6 it would be.

Q. When is t + 4 bigger? P
A. If t was 2 or 3.

Q. When are they equal? ,
A. Vhen t is 4. . ,
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'‘m+ m, m+ k',

Which is larger, m + m or m + Kk?

You can't tell.

Why?

They could be anything at the moment.

When is m + m larger?

.

When m is 7 and k is 3.

¥Vhen is m + k larger?

When k¥ is 5 and m is 2.

When are they equal?

POPD?-DPDP‘O

When k is 5 and m is 5.

What is most noticeable about such responses is
thet a direct matching strategy is not used to give one
letter as. the 'content' for the second (e.g. in'm + m,
m+ k',m =7k). The notion that a letter, having a fixed
unknown value, can haﬁe another letter as it's content
seems té be either inconceivable, or of no value in
mathematics. (If m is unknown and k is unknown, what
sense is there in saying that m is equal to k, bigger

than k, or smaller than k?).

Such responses suggest that the pupil continues
to look upon 'letters' as objects (such as oranges and
pears) which have a fixed content (analogously a fixed

mass) which cannot be known. Whatever "variation"
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exists here would appear to be an "hypothetical variation".
We can make a guess at whalt might be the relative masses
of two pieces of fruit, but we cannot be cerfain if our
guess 1is "true" until we have carried out the necessary
weighing procedures. Analogously, the pupil can make

a guess at what might be the case, but he cannot be
certzin which is true until further information has

been given. VWhat he certainly does not appear to do

is define each to be possible.

5.4.4. Summary

The pupii who résponds at the "level of fictitious
measures" to the INT:

(a) often exhibits a desire for ordefed content;

(b) appears to "see" literal numbers as objects
with a fixed (undetermined) content;

,(C) does not use a matching strategy to give the
letter a literal content;

(d) has little respect for the formal syntax of
the algebraic language§ |

(e) -is prone to errors of the form "t +4 = 4t;
(*t' added 4 times is 4t? - 't' add four of
them is 4t%? - see footnote (68) p.143).

~

5.5. The Level of Pictitious Measures - responses to

the Z7T ’

Pupils working at the level of fictitious measures
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are of all ages 11 - 16 (see Tables 27 (a) ;nd (v),
Appendix II, Section II.6.1.). Only sixth-forms were
free of pupils who conéistently interpreted 1¢tters as
objects with "fictitious measures". (The sixth form
pupils in the present study however, were”established'
mathematicians - it is thus more than likely thatvmany
sixthh form non—mathematicians and many adults interpret

letters at the same level.)

This view of the 1etter as an object with a fixed
content corresponds almost invariably with an incapacity
to make any real headway with the Zetetic Task - which
demands a general argument. The following are illustrat-
ive examples of attempts to deal with the 2T, (See
Appendix II, Section II.5. for the full range of response-

. types to the 2T).

Example 1: Eleanor (4:11) l4yrs. Tmths., School B,

"Nos = 4,2

5,1

Nos = 3,2
" e,4,
Nos = 6,2"

Exanmple 2: Kay (4:12) 15yrs. 3mths. School B,

e

"iff. 2 sum 10 = 4 + 6"
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Example 3: Katy (4:5) l4yrs. 7mths. School B.

"Ex, If the sum of a number is 12 and the difference is
2, you divide the sun by the difference, which woﬁld
give you six and the number either side of this are the

| numbers which were added together".

Example 4: Xatharine (4:10) 15yrs. lmth. School B.

"By putting the numbers in brackets and meking an equation."

Example 5: Christine (5:12) 15yrs. 1lOmths. School B,

“Well - if you've got: 10 sum

2 difference

you just have to say two numbers that add up to 10 that
have a differenée of 2:

e.g. 20 = sum, difference = 4

no = 12 + 8, 12 + 8 = 20, and difference of 4. You have
to find no's that add up to that no (x) that have a
difference 4. I've said that! (A1l this was written

down).

5.6. Summary - The TLevel of Pictitious Measures

At the "Level of Fictitious Measures" the letter is

treated as an object with a unique content.
e

Pupils interpreting the letter consistently in

this sense are generally to be found in the lower
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mathematics sets, and are of all ages 11 - 16 (see
Tables 27 (a) and (b), Appendix II, Section 11.6.1).

Many of them (especially those in the 4th and 5th years)
nake combinatorial errors (e.g. 't + 4 =4t', 't + t = t2‘,

*dividing m + k by m gives 1 + k', etc.).

It seems thaf'early‘in secondary school life the
pupil might have been conditioned, through excessive
exercise in "finding" trus values, to think of letters
in the way descfibed above; and that this experience mnay
have done little but confirm prejudices - viz: that
mathematical objects are ordered and have unique con-

tents.

The conception of the letter as an object with a
fictitious content belongs to pre-Vietan mathematics.
Diophantus, in his attempts to deal with indeterminate
equations, indicates he transcends this>conception;
but the way in which many Mediaeval mathematicians
interpreted the letter might well have reflected much
of what has been reported above. In particular their
inability-to entertain multiple values and negative
quantities, and their dependance upon geometrical
illustrzetion as the ultimate proof method suggests an

important parallel.
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5.6.1. Archetypes

The following transcripts are included here to
illustrate general zctivity at the level of fictitious
measures. DLach pupil is in the final year of an 'C!
level mathematics course and is expected to attaiﬁ a
pass. It is an open qugstion, however, as to what the
majority of mathematics might have meant to each during
his/her school course. Each pupil can be considered

typical of pupils working at the present level,.

Andrew (5:6) 15yrs. 9mths. School B. ‘

PLT - Subtask 2 (See-diagram over)

Q. Is the red line longer‘than the green line, the
green line longer than the red line, are they eqgual
in length or could any of these be possiblé?

. The red line's longer.
. Why?
. Because it looks longer.

A
Q
A
Q. When is the green line longer than the red line?
A, Would it be when it's doubled or trebled?

Q

. Vhen "is the red line longer than the green line?

e
=~

A. ¥When it's halved.
Q. When are the lines equal in length?

A, When the green line's doubled.
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P cn |pcm

Green

Red

PIT - Subtask 3

Q.

Is the red line loﬁger than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

The red line's longer.

Why?

Because it's larger than a.

When is the green line longer than the red line?
Would it be when it's squared? VWhen it's 'a'
squared?

When is the red line longer than the green line?
When the green line is left as if is.

When are the lines equal in length?

Vhen the red line's timesed by 2 and the green line

is timesed by b,

b cm a cnm

Green

Red
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Eguations Task (x + y = 10)

Q. If this is true, is the value-of x always, sometimes
or never greater than the value of y?
A. They're the same.
. Why?

. Because there's nothing to tell you which is which.

Q

A

Q. WVhen is the value of x greater than the value of y?

L. VWhen the y is taken over to the other side.

Q. When is the value df x equal to the value of y?

A, When they're both divided by ten.

Q. When is the value of x less than the value of y?

A, When just x is divided by 10.

(5% = y)

Q. If this is true, is the value of x always, sometimes,
or never greater than the value of y?

A. y is larger.

Q. Why?

A. Because you've got to times x by something which_is 5.

Q. When is the valué of x greater than the value of y?

A, When y is taken over to the other side (5y = X).

Q. When is the value of x equal to the value of y?

A, When y is divided by 5. |

Q. When is the value of x less than the value of y?

A

. Yhen y is timesed to 5 times as much as x.

e



(2x +y =9)

Q. va this is true‘is'the value of x always, sometimes,
or never greater than the value of y?

A. y is a greater value.

Q. Why?

A. Because the x has been timesed by more than dne.

Q. When is the value of x greater than the value of y?

A. When y is taken over to the other side,

Q. When is the value of xlequal to the value of y?

A, I don't know. I don't think it can, can it? x
is always smaller.

Q. When is the value of x léss than the value of y?

A, V/hen y is\taken-over because y is the larger at the

beginning. If you took it over it would be 9y and

that's bigger than 2x.

Literal Number Task - (t + t, t + 4)

Q.
A.

Vhich is larger, t + t or t + 4%

t + 4.

VWhy?

Because you've added plus 4.

¥hen 'is t + t larger than t + 49

It's not.

When is t + 4 larger than t + 2

¥When it's (t + 4) divided by 4.

When is t + 4 equal to t + %2

When you times t + t by 2. t +t is 2t and t + 4

is 4t. So if you times t + t by 2 you'll get 4%.
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(m + my, m + k)

Q.  Which is 1arger; m+ mor m + k?

A. m+ k.

Q. Why?

A, Becaﬁse m is further into the alphabet than k.

. When is n + m larger than m + k%

Q

A, It is now.

Q. YWhen is m + m 1qss‘thanrm'+ k?
A

. When that (pointing to m + k) is timesed out by m.
You would get m2 + km,

. WVhen is m + m equal to m + k?

Q

A. Vhen they're both divided by km.

Q. So which is larger, m+ mor m+ k%
A

. m + k.

(a + b+ 3,a+c+4)

Q. Yhich is larger, a + b + 3 or a + ¢ + 4%
A, The second. |

Q. Why?

A, Because 4 is larger than 3.

Q. When is a + b + 3 larger than a + é + 42
A, When-it's squared.

Q. When is a + ¢ + 4 larger than a + b + 4%
A, W¥hen it's squared.

Q. When is.a + ¢ + .4 larger than a + b/f 3?
A, I don't see that. I don't think it is.
Q. ,

Vhen are they equal?
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A, When one is timesed by 3 and the other by L,
Q. So which is larger, a + b + 3 or a + ¢ + L%
A, a +c¢c + L.

Zetetic Task.

Nb response,
Example 2: Katherine (4:10) 15 yrs, 1lmth., School B,

PLT Subtask 2

Q. Is the red line longer than the green line, the
green line angerwthan the red line, are they equal
in length or could any of these be possible?

A, The red line is longer, ‘

Q. Why?‘

A, Because it's longer., I can see it is,

Q. When is the green line longer than the red line?

A, Never,
Q. When is the red line longer than the green line?
A, Now,

Q. When agre the lines equal in length?

A, They won't be,

P cm P cm

Red Green

PLT Subtask 3

Q. Is the red line longer than the green line, the

~
green line longer than the red line, are they

equal in length, or could any of these be possible?

»

A, The red line is longer,
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Why?

Because it's longer on the card.

¥When is the green iine longer than the red line?
When the green line gets longer then the red line.
When is the red line lbnger than the green line?
When you extend it.

When are they equal in length?

They'll never be equal.

b cm a cn

Green

Red

Equations Task (x + y = 10)

Q.

> O P O > O b o b

If this is true, is the value of x 2lways, sometimes,

or never greater than the value of y?

~ They're both the same.

Why?

Because two goes into ten five times.

When is the value of x greater than the value of y?
I don't know. Would it be two and>eight?

When is the value of x egual to the value of y?
When x is 5 and y is 5..

When is the value of x less thaﬁ the value of y?

e

vhen x is 2 and y is 8.
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(5% = y) |

Q. If this is true, is the value of x always, sometimes,
or never éreater than the value of y?

A, They're'both the same. Yo, I mean y is bigger.

i Q. Why?

A, Because you need five x's to make a y.

Q. When is the value of x greater than the value of y?

A. They're both the séme. Five x eguals y.

Q. When is the value of x equal to the value of y?

A, Now.

Q. When is the value of x less than the valﬁe of y?

s

A, It can't be. They're bofh the same.

(2x + y = 9)

Q. If this is true, is the value of x always, sometines,
or never greater than the value of y?

A, X is larger than y.

Q. Why?

A. Because x., is 2 and y is only 1.

Q. When is the value of x greater than the value of y?

A, Yhen it's changed round - the y for the x.

Q. When .is the value of x equal to the value of y?

A, When you get 2x and 2y.

Q. When is the value of x smaller than the value of y?

A, “hen you put a 2y there (for the y)/gnd an x there
(for the 2x).
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Literal Number Task (t + t, t + 4)

Qe Which 1is larger, t .+ t or t + 4%

A. t + 4.

Q. Why?

A, Becaﬁse t + t is 2t and t + 4 is 4t%t.
Qe ¥hen is t + t larger than t + 42

A, Never.

Qe When is t + 4 equal to t + t%

A. They can't be.

Q. When 15 t + t less than t + 4%

A, It isn't, t + 4 is larger.

(m + m, m + k)

Q. Vthich is larger, m + m or m + k?%
A, You can't tell.

Q. Why?v

A, Because they're all letters.

Q. When is m + m larger than m ;kk?

A. m+ m is m2 so it is bigger than m + k now.

Q. When is m + m equal to m + k? |

A. . Could it be when you change them into numbers?. . .
I don't know.

Q. When is m + m less than m + k?

A, I don't know.

(a+ b+ 3, 8+c+4)
Qe Which is larger, a + b + 3 or a + ¢ + 42

A, a+ b+ 4 is bigger.



Q.

Q.
A,

Qe

A.
Qe

- 16l -

Why?

Becuase you've got one more than the other,
When is & + b + 3 larger?

It won't be. -

When issa + ¢ + 4 larger?

Now,

When are they equal?®

When you add: one on to the a + b + e

Zetetic Task.

"By putting the numbers in brgckets and making an

equation',
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CHAPTER 6 : THE LEVEL OF DISCOVERED CONTERT

6.1, Introduction

»Theré is a group of pupils who are relatively free
of an interpretation of the letter as an object with a
unique measure in the ET and INT. Pupils in this group
do not use "numeripal operation” and "re-arrangement
strategies" in their dealings with the ET, but consis-
tently "work within the given systeﬁ". Thus although a
pupil might consider 'x' to be less than 'y' in 'Sx = y°',
he is likely to resist both re-arranging elements, and
applying numerical operationé (multiplying x by 6 etc.),

to achieve alternative orderings suggested by the questions.

In the INT this group of pupils do not exhibit
"false ordering" responses. They appear, unlike‘their
peers, not to desire any particuvlar equilibrial state,
and so accept that any ordering relationship of literal

entities might exist.

In a "pure" algebraic éetting it appears that
these pupils make a reference to collections of numerical
identities for letters. However their responses to the
FLT and ZT suggest that a concept of the letter as a
mathematical entity with guaranteed determinations
independently'of context has not yet developed. They

do not consistently use the letter as an organiser of
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perception in the PLT, and do not use the letter as
a preferred alternative to numerals for "givens" in
the ZT.
Although a pupil will allow a letter a variety of
numerical identities, he will defer a decision as to
which, and how many, until he meets with a given situation.
Thus in the YLT and in the ZT a pupil may allow the
letter precisely one vaiue, whereas in the ET he may

allow several, or an infirnite number.
These pupils are accordingly said to respond at
the "level of discovered content". The present chapter

illustrates the nature of responses at this level,

6.2. The Level of Discovered Content - resyonses to the ET

Responses_to the ET associated with this level fall
into three different categories. The firs£ type
(multiple substitutions) for 'x + y = 10' might sometimes
be used also by pupils who are influenced by ordering
and uniqueness in the remaining ET subtasks at the Level

of Fictitious Measures.

The second two types are considered to be those

definitive of activity at the Level of Discovered Content.



-167-

6.2.1. Multiple Substitution Responses

Here the pupil doeé not indicate either that he
believes x and y to Be ordered at the outset, or that
the values of x and y cennot be known. ‘He refers
*through' to or discovers, possible numerical replace-
ments for x and y which satisfy the given relation,
and states in 'stép-by-étep' fashion whole number values

which satisfy the relation.

The following is an example for 'x + y = 10'.

Nigel (31:2) 12yrs. 5mths, School A. 'x + y = 10!
Q. If this is true, is the value of x always, sometines

or never greater than the value of y?

A, It could sometimes be greater than the value of y.
Q. Why?
A. Because x could be 2 and y eight which equals ten,

or X could be 8 and y two which equals ten.
Q. When is the value of x greater than the value of y?
A. When x is 6 or 7 or 8 or 9 and y is 4 or 3 or 2 or 1.
Q.: When is the value of x equal to the value of y?
A, Yhen x is 5 and y is 5. ‘'hen the two numbers are
both 5. ‘hen the letters represent fives.
Q. When is the value of x less than the value of y?

~

A, Yhen x is 4, 3%, 2, 1.



-168-

(The "multiple substitution" response to '2x + y = 9!
is identical - see Appendik II, Section II.%.2. for an
example., There were no "multiple substitution" res-

ponses to '5x = y').

The feature of the nmultiple substitution response
is that the pupil does not commit himself originally to
a particular ordering, and later does not restrict him-
self to stating just one‘possible nunber-pair for 'x!
and 'y' which satisfies 'x>y' and 'x{y'. ﬁe appears

to accept that any ordering might exist.

Possible replacements for letters are stated in a
step-by-step fashion and are always whole numbers.
There is no indication that any other strategy is involved
~other than a direct replacement of the letter by a
number, much as one might place objects in a box one by
one and remove each prior to replacing the second.
(Thus some "multiple substitution" responses take the
form "when x is 1 and y is 9, or when x is 2 and y is
8, or when x is 3 and y is 7, or. . .", as though the
pupil plaqes 'l' in the box 'x', removes it, then

replaces it by '2' ete.).

In this sense the pupil's thinking appears to be

-
"sporadic" rather than "fluid". The "multiple substitution®
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response may be considered to be a transitionary res-
ponse transcending that of the "fictitious measure”

but not yet "algebraic".

The second form of response used by pupils is an

advance ﬁpon this.

6.2.2. Borderline = Algebraic Resnonses

This, and the "algebraic" response, is the defin~
itive form of response to the ET at the level of discov-

ered content.

In the "borderline-algebraic" response for 'x + y = 10!
and '2x + y = 9' the pupil finds the numerical value
for which x is equal to y (% = y = 5' for the former,
and 'x =y = 3' for the latter) and then avoids mention-
ing by name each possible vhole-number replacement
vhich satisfies the required relation. (In'Sx = y' he

uses the terms "Never", "Never", "Always" to respond

to questions).

The following is an example of the "borderline-
algebraic®" response for '2x + y = 9';
Ian (5:11) 15yrs. 3mths. School A. '2x + y = 9'
Q. If this is true, is the value of x always, sone-
times or never greater than the valué of y?

A, Sometimes.
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Q. VWhy?
A, Because théy would be equal if x was 3. But x could
be more or less.
. When is the value of x greater than the value of y?

. When x is 4 or more.

Q
A
Q. When is the value of x equal to the value of y?
A, When they're both 3. |

Q. When is the wvalue df X less than the value of y?
A

. When it's less than 3., Two or one.

Here it seems that all possible whole number
replacements for both 'x! andi'y' might be considered to
‘have an identical 'status'. That is, no one numerzl is
considered to be the most likely candidate for actual
value, Thus false ordering does not feature in the
‘response. Each numeral is welcome as a possible renlace-

ment.

The "borderline-algebraic" response to '5x = y!

suggests a similar interpretation:

Neil (6:5) 16yrs. Smths. School B. '5x = y!

Q. If this is true is the value‘of X slways, sometimes,
| or never greater than the value of y?

A, y is always larger,

Q. Why?

A. Because x is divided by 5. You need five x's to

make one y.
Q. When is the value of x greater than the value of y?

A, It can't be greater.
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%Yhen is the value of x equal to the value of y°?

. WVhen they're both noﬁght.

Whén is the value of x less than the value of y?

= O B O

. All the tinme.

Here the pupil assumes an ordering of 'x' and 'y',
but because he constantly refers "through" to numerical
values for letters he neither makes re-arrangements, nor

applies a numerical operation to 'x'.

He knows that the numerical replacement for 'x!
is smaller than the numerical replacement for 'y'., FEis
attention is thus foéussed upon the numerical relation-
ship which obtains between determinations of 'x' and 'y'.
For all the numerals within his immediate repetoire
(ignoring his "error" with zero) the numerical feplace-
ment possible for 'x' is smaller than the numerical

replacement possible for 'y'.

This attention to the relationship which obtains
between multiple numeral-pairs at the expense of exclusive

attention-to the number of objects avaitable is what

prevents the "re-arrangement" and "numerical operation"

strategies being used.

R
As 'x' increases it's numerical value, so does 'y'.

Consequently, 'x' cannot be greater than 'y' and cannot
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be made greater than 'y'. The pupil thus deals with

an "integrated system" of numeral pairs and can hold

in mind a numerical relationship, comparing and contrast-
ing relative orderings as the numeral pairs vary within

the constraints of the relation.

Pupils at the level of fictitious measures do not

demonstrate this same "fluidity" of thought.

(The contrast between pupil responses at this level
and at Level I may have important implications for
teaching. Pupils at thelpresent level have the cog-
nitive capacity to déai with an "integrated,'variable
system" of numeral-pairs which satisfy a felation.

This capacity‘is clearly due, in part, to a defeat of
the belief that the letter actually "contains" a unique
value. Thus the capacity might be best developed by
raying a premium to "indeterminate" equations at the
expense of "determinate" single-letter equations in

the classroom).

6.2.3. Algebraic responses

The two response-types above are more comron
amongst younger pupils. The older pupils, with nore
experience at hand, generally give an "algebraic"

response. ’
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Here the pupil discovers the "boundary" value for which
'x' is identical to 'y', and uses this knowledge td
separate the range of variability of each letter into
three constituent'parts':-'that for which the letters

are identical (e.g. 'x =y = 5' for 'X +y = 10') and

the ranges sbove and below this value(e.zg. 'x>»5', 'x<5"',

for 'x +y = 10').

The indication is that the pupil recognises, almost
at a glanqe, that x and ycovary over sets of numerzls.
His problen fror this point forward 1s simply to det-
ermine how. Thus in 'x + y = 10' and '2x + y = 9°',
as 'x' increasés, 'y{ decreases and vice-versa; whereas
in '5x = y'! and 'x' increases/decreases, 'y! increases/

decreases respectively.

The following are examples for each equation:

David (5:5) 1l6yrs. 2mths. School A. 'x + y = 10!

Q. If this is true, is the value of x always, sometimes,
of never greater than the value of y?

A, x could be the same, smaller, or it could be greater
than y, depending upon what you want.

Q.' When is the value of x greater than the value of y?

A, Yhen x is greater than 5.

Q. When is the value of x equal to the’;alue of y?

A, Yhen x is equal to 5.' ,

Q

. fihen is the value of x less than the value of y°

A, When x is less than 5.
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Mark

Q.

Q.

Q.

Q.

A,

Q.

- 17 -
( 5:6) : 16 yrs. 2mths., School A, '2x + y = 9'

If this: is true, is the value of x always, sométimes
or never greater than the value of y%

Sometimes,

Why?

It depends on the value of x and y.

When is the value of x greatér than the value of y?
When x is greater than 3,

When is the value of x equal to the value of y?

When x is 3. .

When is the value of x less than the value of y?

When x is less than 3.
(4:2) 15 yrs. L4 mths, School A, '5x = y!

If this is true, is the value of X always, sometimes,
or- never greater than the value of y?

Y is always greater, |

Vhy?

Becguse you need 5x for every ye.

Yhen' is the value of x greater than the val ue of y?
Never,

When is the value of x equal to the value of y?
Never, _

When is the value of x less than the value of y?

Mways. )
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6.2.4. Summary

Responses at the level of discovered content
indicate that the pupil is not prone to believe that
a particular eqguilibrial state must exist between two

literal'humberé?

He appears either to treat an indeterminate
equation as a statement including "boxes" or "pigeon
holes" into which numerals can be "posted" to satisfy

the relation, or as a co-varying system.

When he does assume an ordering in '5x = y' he
does not use "re-arrangement" or "numerical operation"
strategies to attain a new relative ordering. He accepts
that the ordering must be true for all numerals within

his range of experience.
Thus he holds in miné a system of numeral-pairs
which co-vary together in the way specified by the

relation,

6.3, The Level of Discovered Content - responses to the INT

The distinguishung feature of a response to the

LNT at this level is again that it does ﬂbt exhibit falise-
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ordering or false-content.

The pupil is prepared to impose a relation
between letters, or a letter and a numeral (e.g. 'k = m',
't>4', . . .), 10 answer questions about relative

orderings.

An expression. such as "When k = m" however, can

have two distinct meanings. An understanding of this

is crucial to an understanding also of why only some
pupils who impose a relation between letters in the INT

do so in the PLT.

This distinction lies in the difference between
the letter intended as a "classical (Diophantine)

unknown® and as a "species".

The relation 'k = m' can be true for some (unspecified)
member of a collection of numerals or be defined to
be true for all numerals. In the first interpretation,
‘'k'-and 'm' is each an 'hypothetical judgement' for a
numeral which is identical to both 'k’ and 'm'. This
numeral, however, remains uniquely 'unknown' as in the
context:
s
- "Suppose 'k' is the height to the nearest metre of

»
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the Post Office Tower, and 'm' the height to the nearest

metre of the glider, and suppose k = m",

Here 'k' and 'm' each has a specific (unknown) value

selected from a range of potential values.
But in the context:
"Let 'k' be the distance travelled from the Post

Office Tower of the aeroplane at any time 't', and 'm'

the distance travelled from the Post Office Tower of

‘the helicopter at any time 't, and suppose that for all

'$', 'k = m'"; 'k = m' is true for all possible values

of k (and these may be considered to be infinite in

number). -

The two contexts above are different because each
is embedded in a different calculus. The first context
does not involve the species concept; the second context

involves the species concept in the form of "all t".

Some pupils who respond "algebraically" (i.e. impose

the relations>,< , =) to the ILNT transcend orderings

in the FLT -~ others do not. Although it is not possible
to identify which pupils areusing the spggies from
responses to the INT alone, the PLT clearly "filters

’
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out" the non-species users.

The non-species user intends by an expression such

as 'k = m' an unspecified numeral. ¥qually, the

expression 'k m' ("suppose 'k' is the height of the
Post COffice Tower and 'm' the height of Paddington
Staticn") may also intend distinct unspecified numerals.
This interpretation may be considered to be "caﬁght"

by the PLT, and the non-species user naturally gives

'a' and 'b' the unique content suggested by each l1ine.

The species user, however, intends all numerals by a

letter. Consequently, the expression "when k »>m" is,

for hin, a definition about all numerals which are

possible determinations of 'k' and 'm'. The lines in
the PLT do not "capture" this concept, and the pupil

thus traznscends orderings.

Yupils at the level of discovered content have,

then, achieved the concept of the Diophantine unknown.

But the concept of the species lies beyond this.

The following are illustrative ekamples of pupils

using the Diophantine unknown in the LNT at this level.

Roger (5:2) 1l6yrs. 1lmth. School B. 't + b, b+ 4,
Q. Vhich is larger, t+ + t or t + 4%

A. It depends on t. '

Q. Vhen is t + t larger?
A

. vhen t is greater than 4.
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WVhen is t + 4 larger?
Vhen t . is less than 4.
WYhen are they equal?

¥hen t equels 4,

(5:6) léyrs. 2mths. School A. 'm + m, m + k'
Which'isllarger, m+ mor m + k?

You can't tell. ‘

Why?

Because you don't know m and k.

YWhen is m + m larger?

Yhen m is larger than k;

“When is m + k larger?

¥hen k is greater than m.

WVhen are they equal?

Yhen m equals k.

In Subtask 3, pupils at this level often fail to

the correct response to one or each of the questions

"then is a2 + b + 3 larger?" "When is & + ¢ + 4 larger?"

The reason for this is not particularly clear. A

common response to the former question is 'When b is

greater than c". This might suggest that the pupil

thinks only of whole number determinations, that he is

. e
~simply "careless", or that the concept of the letter as
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a classical unknown makes the response "when b is

greater than c¢ + 1" difficult for him. To give this

response the pupil needs to reform 'a + ¢ + 4' into

ta + (e+l) + 3'., He may be reluctant to do this because

conjoining 1 to an unspecifiedé numeral will give rise

to a new, unique, numeral. On the other hand the act of

reforming 'a + ¢ + 4' might be difficult itself when

'¢c' is not interpreted as a letter which can "vary in

itself" over all numerals. VWhichever is the case, this

phenomenon would seem to deserve closer investigation

in future studies.

The following is an example response to INT 3 from

a pupil classified at the level of discovered content:

Colin (1:3) 12yrs. 2mths. School A. 'a + b + 3, a + ¢ + 4'

Q.
A'

~

Which is larger, a + b + 3 or a + ¢ + 42
You don't know.
Thy?
Because it depends on b and c.
When is a + b + 3 larger?
When.b is bigger than ¢ by more than 1.
When is a +' ¢ + 4 larger?
When b is smaller than c.
When are they equal?
-

“Yhen b and ¢ are the same. . .No, . .If b is. . .

If you add one to b, . . If b is bigzer by 1 than c.
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6.3.1. Summary

Pupils at‘the "ievel of discovered content"
‘exhibit a matching strategy "across" literal numbers to
lobtain a literal or numerical content for the letter.
The letter is often interpreted however, as a classical

(Diophantine) unknown.

6.4. The Level of Discovered Content - responses td the PLT

It has been reported above that many pupils who
give Malgebraic" responses to Subtasks 1 and 2 of the

INT do not transcend orderings in the FLT.

Some pupils, however, do so in one Subtask, although
the response often lacks conviction. These pupils
almost invariably * give "algebraic" or "borderline-
algebraic" response to 'x + y = 10' (see Table 28(b),

Lppendix III).

This suggests that at the present level sﬁatements
such as "when m > k" in fhe LNT have more than one
meaning (in the sense descfibed in Sectionv6.3), and:
that a number of pupils are intuiting the species

concept.

Those pupils who recognise that a letter in an

* Pupil (2:3) School B, gave a "multiple substitution®

response.
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tindeterminate' ecguation can legitimately be identified
with each of a collection of numerals, and afford ezach

identification an equal steztus as a replacement for the

letter, nust at some time transfer this understanding

into new contexts.

The PLT suggests that each letter has a unique
numerical identification. The concept of the letter
as an identifier of more than one numeral clashes with

this.

The author has shown elsewhere(69) that confusion
in methematics is the result of a clash of interpretative
frameworks and arises when a person, having the capacity

to entertain more than one meaning for a term is

(a) undecided as to which one to select,
and . (b) cannot rationalize his interpretations as

distinct aspects of the same situztion.

In the present context, the distinct interpretations
given to the letter in eéch context zbove (in ETL and the
INT) give rise to the need to create a concept of the
letter as a unique arithmeticzsl entity with multiple
determpinations, i.e. a non-ordered numeral. This concept

will bring with it the ability to transcend concrete

(68) Harper, Eon. (1978)
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orderings.

At the intuitive stage, however, one might expect
a pupil to exhibit confusion in the face of the riT,
as first one, and then the second, interpretation of

the letter is appreciated.

The following are transcripts from two pupils
(Fupils (2:3 and (1:1)) in School A which suggest that

- this stage has been reached.

Example 1. Robert (2:3) 13yrs. Omths. PLT. Subtask 3.

Q. Is the red line longer than the green line, the
green line longer than the red line, are they equal
in length or could any of these be possible?

A, The red line's longer than the green line (muttering
under his breath, "as far as I can see"). . .er. .
definitely not equal in length. The red line's
longer.

Q.  Why?

A, It's longer on paper, although you haven't given

| any definite measurements for the lines; you've~
just given a cm and b cm. You've put them in
for a reason . . .that (pointing to the green line)
being shorter than that (pointing to the red line)
haven't you!. What I am trying to gé; at is that

the red line is longer than the green line on paper,
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although you haven't given any definite lengths for

them.

However. . .if you put 'b' equals 5 and 'a'

equals 6, althdugh it doesn't look right, the green

line will be longer; but you haven't given any definite

indication.

b cm , a cm

Green

Red

‘When is the green line 16nger than the red line?

Never. . .unless, as I say, you did replace a and b
with a number and a was larger than b.

When is the red line longer than the green line?

It is at present and if b is bigger than a.

ifhen are the lines equal in length?

When a and b are equal.

Example 2. Timothy (1:1) llyrs. mths. School A.

Qo

PLT. Subtask 3.

Is the red line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

The red line's longer.

Why?

Well it looks longer. . .but it could be shorter

I surpose. . .I suppose 1t could be shorter.
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Why?
Well, you don't know what & and b are. So it

could be anything feally.

b cm a cm

Green

Red

When is the green line longer than the red line?
Well, . . .if you extend it it could be. Or if you
had 'a' a bigger number (than b). If a was, say,

10 and b was 6 it would be longer. But you don't
know, do you?

When is the red line longer than the green line?
¥ell., . .well. . .it is now, or if b is a bigger
number than a.

When are the lines equal in length?

When a equals b.

Each pupil above gave an "algebraic"responsg to

'x + y = 10', a "borderline-algebraic" response to

12X + y = 9' and '5x = y', and "algebraic" responses to
y 3 g By

Subtasks 1 and 2 of the INT (csee Table 28(b), Appendix

e
III), supporting the suggestion made above that an

acceptance that each letter can name a variety of numerals

»

in the same context, and yet be used as a unique entity,
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is the important combination which gives rise to an

ability to transcend geometrical orderings.

The "species" concept therefore appears to be

!generated by a synthesis of the concept of the letter

as a Diophantine unknown snd as an identifier of each

menber of a class of numerals. This inevitebly means that

although the letter retains the unique referential
property assumed by the Diophantine unknown, it is zlso

considered to refer simultaneously to a range of
(70)

guaranteed identifications of equal 'status'.

(70) This recbnstruétion agrees with Hadamard's (1959)
major thesis that new mathemsatical discoveries are
made by combining existing idezs, and Koestler's
view that "scientific discovery . . .can be des-
cribed. . .as the permanent fusion of nmnatrices of
thought, previously believed to be incompatible”.
(1969, p.94).

Piaget arrives at a similar conclusion about the
nature of the natural number concept:

", . .the concept of a whole number", he writes,

"is a product of logical operations, but it

combines operations between them in an organized
manner which is irreducible to logib alone. . .The
conéept of a whole number is therefore psychologically
a synthesis of class and of the asymmetric relation,

in other words a synthesis of logical operations,

cont. over
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The present author knows of no explicit attempts
in resource materials to encourage and stimulate the
development of the species concept as a letter with
a_priori determinations(7l). If pupils come upon the
concept then it may be through good fortune, having a

creative mind, or through good blackboard téaching.

In the absence ofléxplicit teaching, however,

" Polanyi's theory(72) of 'tacit' knowledge may offer an
explanation of hov a pupil, wbrking alone, might develop
the concept. Polanyi suggests that much of the scientist's
success depends upon ‘'tacit knowledge' i.e. upon know-
ledge acquired through practice, which cannot be artic-

ulated explicitly.

Equation solving, although it may treat the letter

at the outset as a classical "unknown" leads at the con-

clusionAto an identification of the letter with a nunm-
eral. For example, in the questicn
"Solve 2x + 1 = 4",

'X' may be interpreted as an "unknown".

- (70) cont. co-ordinated amongst themselves, however, in
a new way, as a result of the elinmination of distinct-
ive qualities.“ (1972) pp.30—31.

(71) Sedivy, however, recognises the impaftance of this.
"In traditionai teaching", he writes, ?secondary

school pupils are confronted with propositional

forms with given parameters i.e. with parameters

cont. over.
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3

¥hen the equation is solved, however, viz: 'x = 2‘,

the letter is identified with the numeral 'g'. That is,

in this final statement 'x' is no longer an unknown but
t3l

an alternative way of writing 5'e

Constant practice with equation solving will, in
time, lead to numerous identifications of the letter

with different numerals.

This tacit knowledge, acquired at the level of
subconscioué thought may later prove to be of major
importance. A turning of attention towards the fact
that the letter has, in the past, been identified with

a multitude of numerals, synthesised with the concept of

the Diophantine unknown provides the ingredients required -

to create the'species concept.

It might be an error however, to underestimate the
importance of the indeterminate egquation as a catalyst

to this development.

(71) cont. which have been chosen by authors of texts.
In the modern teaching of mathematics the activity
of students should be emphasized in all aspects of
teaching. Parameters as tools of mathematical
language should also be chosen by the pupils them-
selves". Sedivy, J. (1976)

(72) Polanyi, M. (1958) and (1966) '
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A need to satisfactorily solve the indetérminate
equation gives rise to the need to develop a newAcon-
cept of "number". Inevitably the letter introduced
to provide a 'general' solution to the eguation enccn-
passes all possible truth values of one of the original
letters (regarded as a Diophantine "unknown"), as in the
case:

"x + y = 10, i : : P

so the solution is (t, 10 - t)".

Here however, the same principle as that described
above is evident. The letterv't' is itself unigue, yet
simultaneously“encompasses all possible identifications
of the letter 'x' which gives rise to true arithmetical
statements. The "indeterminate equation" and discussions
about it's "general solution" may therefore prpvide the

stimulus needed to help many pupils transcend the con-

- cept of the letter as a Diophantine unknown,

"~ The trenscripts above, and the fact that all pupils
who transcended orderings consistently in the FLT gave
algebraic-responses to both the eguation 'x + y = 10!
and to Subtasks 1 and 2 of the LNT both lend support
to the ideas outlined here and suggest that'thebswitch

in dominant theory witnessed in the history of mathen-

e

atics after Vieta's time might be reczpitulated in the

classroon.



6.4.1. Summery

Thevresponses to the PLT of a number of pupils
who work consistently at the level of discovered content
in the LNT and ET indicates that these puﬁils are begin-
ning to develop the species concept as a means of organ-
ising perception. This may incdicate that the "Vietan

Revolution" is recapitulated in the classroom.

6.5. The Level of Discovered Content - respohses to the Z

The "level of disqovered'content" is defined to be

the level at which responses indicate the pupil

(a) transcends a usage of the letter as an object with
a unique content in a Subtask of the ET,
(b) &avoids false-ordering and false-content responses

in a Subtask of the LNT;

but does not (a) utilise the species consistently to
organise perception in the PLT nor (d) utilises the
letter as .a preferred alternative to numerals for "givens"

in the ZT.

The definitive form of response of pupils working
~
at this level in the ZT is a "Rhetorical" or "Diorvhantine"
response type. These responses again suggest that the
L]

pupil can deal with a system of numerals,'comparing
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and contrasting suus, differences, and relationshiys bet--

ween these successfully to arrive at a general result.
The following are examples of each. It will bve

séen that these match very closely the type of algebraic

activity common to mathematics prior to Vieta's time.

6.5.1. Diophantine Solutions

Example 1. YNeil (6:8) 1l6yrs. 5Smths. School B.
"for example

X+ y =10

X -y =2

Using simultaneous equations

2y = 8

y=4

and when you substitute, y = 4, x = 6.

Although I have chosen nice easy numbers using this
method you can find any numbers given there (sic) sun

and there (sic) difference".

Example 2. Philip (5:7) 15yrs. 8mths. School A.
"Let the sum be x and the biggest number be 10
The other number is therefore x - 10

But we are given the difference. And the difference is

10- (% - 10) = 20 - x. '
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PTherefore you can find x and from this you can find the
other number.
(Say the difference was 6. 6 = 20 -x, so x is 14. So

the other number is 4)".

This was the only solution of this type - in which
just one letter was used - given in the study. The
majority of pupils used éimultaneOus equations. The
solution above, however, is particularly reminiscent of

Diophantus' solution - see Chapter 3, Section 3.6.

6.5.2. Rhetorical Solutions

These solutions are usually given by younger pupils
who might not yet have been introduced formally to

algebra as a means of dealing with "general" problems.

Example 1: Jane (2:1) I2yrs. 8mths. School B.

"You divide the sum by 2 then divide the difference
by 2. Then to get the first number add the sum divided
by 2 to the difference divided by 2. To get the second
number take the difference divided by 2 away frcm the

sum divided by 2.

€.g. sum = 8 difference = 2
8 _ 2 -
z =4 z =1l

1st number = 4 + 1

"
n

2nd number = 4 - 1 = 3"
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Example 2: Philip (2:2) 13yrs. lmth. School B.
"o find the 2 numbers subtract the difference
from thée sum and divide the answer by 2.
e.g. Sum 29 difference 3 29 - 3 = 26

26 + 2 13

il

One number is 13, the other is 13 + the difference - 16."

In the "Diophantine" solutionrthe pupil uses each
letter as a classicael unknown as in the LNT. <he level
of discovered content is therefore the level at which
the pupil has, in the least, developed a concept cof the
letter as an entity with a potential determination.
Thus in situations where the context demands it the
pupil is ready to identify the letter with a variety of

numrerals.

6.5.3. Summary

The response type to the ZT at the level of dis-
covered content does not utilise the species as a means
of aiding a general argument. However, the pupil exhibits
a cognitive capacity to deal with systems of numeral

pairs as in the algebraic response to the ET.

words, such as "sum" and "difference" may be
illustrated with a single numeral, but the pupil shows

that when he 'solves' the problem he is then:allowing
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the numerals associated with these words to "vary".
What he does not do is introduce a formal means of
expressing "variation in itself" using the species con-

cept, or "given", of Vieta.

It would appear, however, that the capacity to
understand such a usage may be present. This is sup-
ported by the fact that'some pupils giving this type
of response also begin to question the "reality" of the

situation in the FILT.

6.6. The Level of Discovered Content — Sunmary

1

Pupils ét this level treat the letter as a Dicphantine
unknown and allow the letter, in appropriate contexts,
a variety of identifications of egual status.

Thus the pupil demonstrates:

(a) an ability to hold in mind a co-varying

system of numeral pairs;

(b) an ability to transcend suggested orderings i

-
-

a 'pure' algebraic setting;

(c) an awareness that the term "length" may not
refer to a measured outcome (or scalsar rep-

. *
resentation of a messured outcome).
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Fupils at ILevel III, that of the species, demonstrate
each ability (a) and (b) and often that they have also

developed an algebraic conception of "length".

6.6.1. Archetype

The following traznscript is presented as an illus-
tration of puril activity expected at the present level.
This may form a basis far future investigations into the
nature of algebraic thought, and is reproduced here

for that reason.

The Level of discovered content

Barry (3:2) 13yrs. 1Omths. School A.

PLT Subtask 2  (See diagram over)

Q. Is the red line longer than the green line, the
green line longer than the red liﬁe, are they equal
in length, or could any of these be possible.

A, They're equal in length if you go by the letters,
but they don't look it.

Q. When is the green line longer than the red line?

A. Well, . .If you brought the green line up closer
it would be. ‘

Q. When is the red line longer than the green lihe?

A. As they are now. It's longer now. . .It looks
longer nowi.

Q. When are the lines.equal in length?

A, You'd have to bring the green line up %ill it was
near the red line. . .or you could push the red line

back.



p cm p cm

Green

Red

PLT Subtask 2,

PLT Subtask 3

Q. Is the red line longer than the green line, the
green line longer than the red 1iné, are they cqual
in length, or could any of these be possible?

A. Any coﬁld be possible.

Q.  Vhy? |

A, Because you don't know what a and b are.

Q. When is the green line longer than the red 1line?

A.‘ %Well,. . .well, if a was a bigger number it would
be. If a was a bigger number than . You would
say it wés longer then even though it didn't look it.

Q. When is the red line longer than the green line?

A, Well, . .well, it is now. Or if you said b was
a bigger number than a.

Q. When are the lines equal in length?

A, When a and b are equal.
p
b cm a cn
Red Green

"PIT Subtask 3.
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ET 'x + y = 10¢
Q. If this is true, is the value of x always, sometimes,
or' never greater than the value of y?
A, Sometimes.
Qe Why?
. It depends upon x and y.
. When is the value of x greater than the value of y?

. When, . . .when x is bigger than 5.

. V/hen they're both 5.

A

Q

A

Q. When is the value of x equal to the value of y?%
A

Q. When is the value of x less than the value of y7
. :

. YWhen x is less than 5.

ET '2x + y = 9
Q. If this is true, is the value of x always, sometimes,

or never greater than the value of y?

A, Sometimes.
Q. Why?
A. Y'ell, it depends on x and y.

Q. When is the value of x greater than the value of y?
A, Erm. . .they're equal if it's 3. . .if it's bigger
than-3 it is.

vihen is the value of X equal to the value of y?

Q.
A. When x is 3 and y is 3.
Q. When is the value of x less than thg value of y?
A, When x is less than 3.
BT '5x =y
Q. If this is true, is the value of x always, sometimes,

or never greater than the value of y?
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Never.

Why?

Well, because you've got 5x equals y. 'So X must be
smaller. ‘See, if that (x) was 2, y is 10. 5o x is
smaller,

When is the value of x greater than the value of y?
Greatér? (Yes). Oh. .erm. .It can't be. It's never
greater. It's always got to be smaller.

then is the value of x equal to the value of y?
Never. .I don't think. .unless it's nought. If it
was nought they'd be egqual.

When is the value of x less than the value of yv?

‘Always. It's always smaller. Ii's got to be.

't + t, t + 4

Which is larger, t + t or t + 472
It depends. It depends what t is.
When is t + t larger?

If t is bigger than 4 it is.

When is t + 4 1argér?

When t is under 4.

WVhen are they equal?

When t is 4.

'm+ my, m + k'

Which is larger, m + m or m + k%

. It depends.

Why? -
Well, you don't know what m and k are.
»

When ie m + m larger?

Yhen m's a bigger number than k.
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. When is m+k larger?

Q
A. When m's smaller than k.
Q. When are'ﬁhey equal?

A

. If m and k are the same.

IN 'a+ b+ 3, a+ c + 4!
Q. Which is larger, a + b + 3 or a + ¢ + 49

A, Either could be.

Q. Vhy?

A. BRecause you haven't been told what b and ¢ are.
Q. When is a + b + 3 larger than a + ¢ + 4%

A, Erm. ;if-b is bigger than c¢. .if b is bigger than

‘by more than 1. . .I think,
Q. When is a + ¢ + 4 larger?
A, If b is less than c.
Q. When are they equal?

A, b would have to be one bigger than c.

Zetetic Task

M
|
<
]
N
—
=
Nt

(1) + (2) 2x = 10
x =5
Substitute with (2)
5 +y =28
y=8-5
y=>3 -

You can do this for any numbers.
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CHAPTER 7 : THE LEVEL OF THE SFECIES

7.1. Introduction

This chapter is concerned in particular with res-
ponses to the ZT and PLT which indicate that the con-
cept of a species is used either to aid a general dis-

cussion, or to organise perception.

Unlike the pupil responding at the former level,
whose concern is with those numerical denotation(s)
of a letter which might satisfy a particular relation,
the pupil responding at the present level uses the

letter as a preferred alternative +to conventional

numerals i.e. as a new type of numeral.

T.2. The Level of the Species - responses to the PLT

Chapter 6, Section 6.4. presented transcripts from
two pupils in School A (pupils (1:1) and (2:3) which
indicated that these pupils had begun to question the

"reality" -of geometrical orderings in the PIT.

Each pupil explained his concern by suggesting
numerical replacements for each letter which would

contradict what was immediately zvailable to perception.
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After Vieta, geometry was dethroned from it's
position of supremacy, and relegated to a servile
position as a means of illustrating algebraic relation-

ships.

Chapter 2 suggested that this change in dominant
theory night be associated with a‘possible new means of
interpreting geometricai data - i.e. a conception of
g figure as a 'dynamic systém' in which the concept of
tinstantaneous relative displacement' replaced that of

'static measured outcome'.

Both the responses reported to the PLT in Chapter 6,
Section 6.4. and responses of pupils reported beiow
suggest that ﬁhis conceptual change might be a reality
experienced by pupils in the classroom when the species

concept is available.

The first transcript below is from a sixth-form
pupil in School A, the second from a second-year pupil
in School A. 'Yhe sixth-form pupil responded "algebraic-
ally" to'each task in the LNT and ET, and gave a
9Vietan" solution to the ZT. He was considered to be

the most able mathemstician in the school.

The second-year pupil also gave-"aléebraic" or

"borderline-algebraic®" responses to each subtask of the
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and Y and a Vietan solution to the ZT. This pupil was

a particularly able mathematician for his age.

Kach transcript below demonstrates that geometrical
1 orderings are subordinated to algebraic relationships
i.e. the species concept is used consistently to organ-
ise perception: (see Appendix II, sSection II.2.5. and

11.2.7. for further examples).

Gregory (6:1) 17yrs. 5 mths. School A, PLT Subtask 2
Q. Is the red line longer than the green line, the
"green line longer than the red line, are they equal
in length, or could any of these be possible?
A. They're equal.
Q. why?
A. Because they're both p cm.
. When is the green line longer than the red line?
. Never.
. When is the red line longer than the green line?

Q
A
Q
A. Never.
Q. When are the lines equal in length?
A

. Always.

D cn P cm

Red Green .

Subtask 2



Subtask 3

Q.

Is the red line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

Is this the only information we're given? - (yes).
Then I'd assume a and b are meant to be general
numbers. S0 any could be possible depending upon
whether a is greatér thaen b, less than b, or equal

to b.

b cm a cm

Green

Red

Subtask 3

Robert (2:1) 13yrs. Omths. School A. Subtask 2,

Q.

Is the red line longer than the green line, the
green line longer than the red line, are they egual
in length or could any of these be possible?

The red looks longer, but the figures say they'r
the same.

When is the green line longer than the red iine?
Never - 1'm going by the figures.

When is the red line longer than the green line?

!

Never - if I'm going by the figures again.
When are the lines equal in length?

Always.
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Subtask 3

Q. Is the red line 1onger than the green line, the green
line longer than the red line, and are they equal
in length, or could any of these Dbe possible?

A, Well, again-the red line looks longer, 1like the
last dne (Subtask?). But it doesn't have to be.
It depends on 'a' and 'b'.

Q. When is the‘green line longer than.the red line?

A, When a is greater than b.

Q. When is the red line longer than the green line?

A. ¥When b is greater than a. |

Q. When are the lines equallin length?

A, When a and b are equal.

Each pupil above exhibits a total commitment to an
algebraic relation as a determinatibn of "length".
Each line is thus clearly a 'sketch' for a letter
which cannot capture the totality of nuwmerical entities

"internal® to that letter.

‘Each pupil has transcended any ordering suggestions
in the figure and, unlike pupils who work at "non-
species" levels, any suggestion that the content for
the letter is given by the outcome of aprlying a measur-

ing process to the line,
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This‘new conception of ﬁreality" was, in the
present study, found in a minority of pupils (see
Figure 15, Chapter 9, Section 9.2.1.). These pupils
perform at a relatively high level across the remaining
Subtasks, and are generally considered by their teachers

to be comparatively able mathematicians.

As suggested by Stage 1 bf the study (Chapter 4),
the PLT appears to separate the potential (or actual)
mathematician from the non-mathemstician when it is used
"unseen", (i.e. it may be that once a pupil has been
given the "answer" to the task he will respondMalge-
braically" to it. The extent to which this implies that
the pupil has mede the necessary "flip" in cognition
suggested here cannot be known except by future investi-
gation. After some of the intervie%s the author ret-
urned to the PLT and asked pupils how they would react
if told that e.g. "the green line (in Subtask 3) is
longer than the red line when 'a' is greater than 'b'",
Pupiis at the level of fictitious measures generally
responded "I wouldn't believe you"; those at the level
of discoveéred content: "I suppose so, yes, if you put

a bigger number for 'b' than for 'a'".

‘Yhat distinguishes the present pupilg from those at
the second level, is that each appears consistently to

question direct geometrical orderings unless sufficient
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information is given to establish the trufhzof that

- ordering - as would be the case for the hypotenuse of an
Buclidean triangle and 6ne of its' sides. "Length" for
these pupils thus has an algebraic connotation and is,
potentially, or acfually, correlated wit?-noh—drdered,

relative, displacements .

7.3. The Level of the Species - resnonses to the Z7T

In the ZT, the 'species'! or 'given' of Vieta enters
in the form of a2 letter used for the 'sum' and the

tgifference’.

Chapter 6 gave an exanmple of a "Diophantine"®
solution to the ZT in which the pupil acded a note to
the effect that although he had chosen particular
_nunmerals for the sum end the difference, his method would
'work' for any chosen pair. A number of pupils giving
"Diophantine" solutions added similar notes (see examples
of pupil responses Chapter6, Section 6.5.). Fupils
giving "Rhetorical" solutions also often felt the need
to:illustrate their érgument with a numericel example

(see Chapter 6 Section 6.5. for an example).

The advantage the species concept brings is that of

an immediate generality. The letter, introduced as &

"general" numeral, transcendés any need to make reference
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to particular numerals. This is, in fact, precisely the
justification for using it - to avoid mentioning con-
ventional numersals which are guaranteed determinations

of 14(73),

The following are two illustrations of "Vietan"

solutions given to the ZT.
The former is that of pupil (6:1) in School A (see
also. Section 7.2.) and the latter is that of a sixth-

form pupil in School B.

Example 1. Gregory (6:1) 17yrs. Smths. School A.

I
o

"X +y

(73) 'In learning geometry' writes Bertrand Russell,
'one acquires the heabit of avoiding mentioning
special interpretations of such a word as "triangle®. .
This-is essentially the process of lesrning to
associate with the word what is associated with
gll triangles; when we have lesrnt this, we under-
stand the word "triangle®. Consequently there is
no need to suprose thet we ever apprehend universeals,

although we use general terms correctly'. (1927, ».57)

The suggestion here is that we apply this sane

]

rrinciple to "number'"., The "general number" or "svecie
is essentially a word used to avoid specizl interpret-

ationg of the word "nunperclih,
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Example 2. Ann (6:2) 1l6yrs. 2mths. Schboi B.
"If x+y = a
X -y=D>

Solving simultaneously

™
]
Y
!
o
I
o’
S

2y = a ->b

y=2a-b> X = 23 - a
2 _ 2

The fact that a2 pupil will use the letter to
brganise perception in the FLT does not necessarily mean
that he will use it as a preferred alternative to con-
ventional numerals in the ZT and Vice—versé. (The
relationship between the two tasks is discussed ITully

in Chapter 9, Section 9.2.3.).

However;Apupils who did utilise the species in
this context were more likely to transcend suggested
orderings in the FLT than their peers and again were
comparatively able mathemeticians, both from their own
teacher's point of view and as judged by their relative

performance across the remaining tasks.

Vhether the 'species' will be used in the present
task or not may depend to a large extent upon class-
room exrerience. Thus the youhger pupils who used the

letter to organise perception in the FIT tended to give

ofe]

either Diophantine or Rhetorical solutions to the 2Z7T.

’
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7.4, The Level of the Species - resvponses to the ET and INT

Deéfinitive  responses to the ET and LNT at this

level are confined to Subtask % of each task.

The placing of the 'D'-type response to 'H5x = y'
(the 'D'-type response is one in which the pupil intro-
duces negative numbers) at this level may be gquestion-

able.

Pupils who use letters to organise perception in
one Subtask only of the PLT are élmost as likely to give
the negative number fesponse as those who consistently

utilise the species in the PLT. (Chapter 9, Section 9.2.3.).

Whether negative numbers are mentioned or not may

again depend to a great extent upon classroom experience.

Since those pupils who consistently utilise the
'species' in the PLT however, are more likely to mention
negative numbers, and certainly, when they do, deal
with them ‘more confidently than do the former group,

the response-type was placed at the present level.

In Subtask 3 of the INT (a + b+ 3, a + ¢ + 4) the
pupil responding at the present level answers each
question correctly with statements of the form'When

b is less than ¢ + 1MW,
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As mentioned earlier (Chapter 6, Section 6.3.) it
is difficult to decide precisely why the "speéies"
user has more success with this item than the "classical
unknown" responder - a phenomenén which deserves further
investigation. The answer to it may shed some light
upon the problems pupils face when "factorizing"

algebraic expressions.

The following transﬁripts illustrate response-
types classified at this level to the ET3 and LNT 3.
Gregory (6:1) 17yrs. Smths. School A, '5x = y!
Q. If this is true, is the value of x always, sometimes
or never greater than the value of y?
A, Sometimes.
Q. Why? ~
A, It depends upon x. If x is negative, x is larger,
If x is positive, y is larger. If x is zero, they're

equeal.

'a + b+ 3, é + ¢ + 4' (same pupil).

Q. VWhich is larger, a + b + 3 or a + c + 4%

A. Neither.

Q. Why?

A, Agein it depends uyon b and c. When b is greater
than ¢ + 1, a + b + 3 is larger; wﬁén it's less,
a+ ¢ + 4 is larger.

Q. And they're equal when. . .

A, b equals ¢ + 1.



-211-

7.4.1. Summary
Pupils whd respond at the Level of the Species in

the ET and LNT indicate

(a) a capacity to deal with a systewm of co-varying
numeral pairs;

(b) a natural usaée of negative nunbers;

(¢) an ability to transform and re-model literasl

expressions.

7.5. The Level of the Specieé - Summary

Pupils exhibiting a usage of the species in the
PLT and/or ZT can be expected (almost constently) to
avoid fictitious measure responses in both the ET and the
LNT. Their responses to these tasks are generally

"algebraic".

The most noticeable feature which distinguiches
the pupil at thg present level from the majority of
pupils at-the level of discovered content in his approach
to the ET and LNT, is his almost dismissive attitude 1o
the cuestions. Often the follow-upr questions are noct

necessary (see Gregory, Section 7.4.).
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On being asked for example, "which is iarger. W
in the LNT, fhe pupil will declare that the relation-
ship depends upon the value of fhe lettér, and then
might proceed immediately to give conditions for each

relative ordering. The same is often true in the ET,

By way of contrast many pupils at the second level
tend to restrict themselves to the statement that any
ordering is possible and then await the remaininrg quest-

ions, answering each one in turn as it arises.

It is difficult not to cénclude that pupils at the
present level éonsisfently "see" algebraic relaticns of
the form 'x + y = 10', '2x + y =9' and '5x = y!' as
dynamic systems of co-variation.- Although this is true
also of a number of pupils at the previous level, the
present pupils have taken arn additional step. They
have transcended the world of arithmetic by accerting
the letter as a preferred alternztive to conventional
numerals i.e. they have developed the symbolic number

concept.
7.5.1. Archetype
As for the previous two levels, the following

transcript is included to aid any future investigations.

The pupil is working consistently at the leyvel of the
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species, and may be considered to be representative of

all pupils wbrking at.that level:

,

Mark (6:7) 16yrs. 9mths. School B.

FLT Subtask 2

Q.

Q.
A,
Q.

Is the red line longer than the green line, the
green line longer than the red line, are they

equal in length, bﬁ could any of these be possible?
They're equeal. |

Why?

Becsuse they're both p cm.

When is the green line lbnger than the red line?

‘Never.

When is the red line longer than the green line?
Never.
When are they equal in length?

Always.

p cm cm

a3

Red Green

PLT Subtask 2

PIT Subtask 3

Q.

o

Is the red line longer than the green line, the
green line longer than the red line, are they
egual in length, or could any of these be possible?

Either could be possible.
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Q. Why?

A. Because a and B are undefined.

Q. Yhen is the green iine ionger than the red line?
A, “hen a is greater than D,

Q. When is the red line longer than the green line?
A, Yhen b is greater than a.

Q. When are the lines equal in length?

A, When a equals b.
b cn a cm
- Green
Red

PLT Subtask 3

Equations Task : 'x + y = 10!

Q. If this is true, is the value of x always, soxe-
times or never greater than the value of y?

A, It depends upon x and y. Sometimes.

Q. When is the value of x greater than the value of y?
A, Yhen x is greater than 5. b

Q.  ‘hen.is the value of x equal to the value of y?

A. When X equals 5, |

Q. Yhen is the value of x less than the value of y?

A, WYhen x is less than 5.

'5x = y! g

Q. If this is true, is the value of x alwgys, sonetimes,

or never greater than the value of y?
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It depends upen x and y. If x is negative, x is
greater than y; if x is zero, x eguals y and if

x is positive, x is less than y.

1'2x + y = O

Q.

If this is true, is the value of x always, some~
times or never greater than the value of y?

It depends again. iIf x is less than 3, y is greater,
If x is three, they're equal. And if x is greater

than 3, x is bigger.

Literal Number Task : 't + t, t + 4°

Qo
Ac

ta +

wWhich is larger, t + t or t + 47

If t is larger than 4, t + t is bigger, but if
it's less than 4, t + 4 is larger.

And when are they equal?

When t equals 4,

m, m + k!

Wihich is lerger, m + m or m + k¢

Either. Vhen m is greater than k, m + m is greater,
when m is less than k, m + k is greater, and they're

equal when m equals k.

b+ 3, a+c¢ + 4

Which is larger, a + b + 3 or a + ¢ + 4%

It depends, let's see. . .if b is lirger than ¢ + 1,
that's larger (a + b + 3). If b is less than ¢ plus
1 fhat's larger (a + ¢ + 4) and if b ig ¢ prlus 1

they're equal.
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Zetetic Task

"Let numbers be x and y
Given values x + y = nm

X -y =n

n+n=(x+y)+ (x~-y) me-n-=(x+y) - (x-1y)
= 2X . = 2y
hence x = nm + n : hence y = m - n%

2 .
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CHAPTER 8 : THREE ASPECTS OF VARIATION

8.1. Introduction

The present chapter discusses how the concept of
"variation" changes with the three interpretations of
the letter described in Chapters 5, 6 and 7 i.e. with
the letter as an object with a fictitious content, as
a Diophantine unknown, and as a species (& non-ordered

numeral).

"If changes in the meaninés giveh to letters in
mathematics océur, then these changes must necessarily
influence the concept of,variation.. That is, one should
expect the.concept of variation in the poét-Vietan

world to be different to that in the pre-Vietan world.

The possibility that distinct meanings for alge-
braic terms exist in the mathematician's make-upn was
indicated by Hilbert during the early decades of the

present century.

The statement
'a+ 1.=1+ a'
he suggests, can have two different interpretations:

¢

(a) it is an 'hypothetical judgement' which



'comes to assert something when a numeral
is given';
and (b) it is a "general" statement to the effect that

all counting numbers commute with l.(74)

Steiner, although he believes Hilbert's insight might
be of the utmoét importance for mathematics, refers to
the 'hypothetical judgement' as a "queer fish"(75).
The present author has shown elsewhere that that
bifurcation has, in fact, important important impli-

cations for mathematical education and in particuler for

the teaching of 'proof'(76).

Equally, Russell has suggested a distinction bet-

. . - s (77
ween the "propositional functior' and the "prop051t10n".\7/)

The statement

"(x + y)2 = x° + 2xy + yz‘

he says, is a "propositional function", since it asserté
‘ nothing definite unless we are told, or are led to
believe, that x and ¥ are to have all possible values

or such and such a value. The "propositional function"

contains one or more undetermined constituents. Only

when values are assigned to those constituents does the

expression become a "prorosition".

-

(74) ©See Steiner, M. (1975)
(75) Steiner, 4. (1975) op. cit. p.144.
(76) Harper, Eon, (1976)

7 T o~ ™ \ R
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Each of Hilbert's and Russell's discﬁséions take
place at the philosophical level. ©ach however, is con- -
cerned with the meanings that can be_given to algebraic
statements by virtue of different concentions of the
letter which seem to be aveilable, and each draws
attention to the fact that an algebraic statement night
be intended either as an "hypothetical judgement" or as
a universal truth. Inténding‘a statement in the former
sense implies that we must then make rerlacements for
letters to arrive at~true or false propositions. Vhen
the statement is intended in the latter sense, however,
the statement is immediately éignificant. This latter
usage, as Russell observes, is the one most difficult
to achieve:

"To 'understand' even the simplest formuls in

algebra, say (x + y)2.= x° 4 2Xy + y2, is to be

able to react to two sets of éymbols in virtue cf
the form which they express, and to perceive that

the form is the same in both ceses. This is a

very elaborate business, and it is no wonder boys

\
and girls find algebra a bugbear".(78’

The present author suggests that the bifurcetion
sought by both Hilbert and Russell is that introduced

into mathematics by the change in meaning given to

(78) Russell, B. (1929) p.89.
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letters by Vieta in his "Analytical Art" i.e. the intro-
duction of the letter as a "given'". This innovation

gave rise to t&o distinct language systems - the first

in which the "givens" are conventional numerals, and

where letters are reserved for use as "classical unknowns",
and the second in which the "givens" are non-ordered
numerals i.e. species. Thus to intend an algebraic
pronosition is to use the letter not as a classical
unknown but as a ’species'.(79)

This usage, as shcwn in Chapters % to 7, coincides
with a perception of a lettef as a non-ordered, sig-
nificant, numerical entity, and with a different
interpretation of geometrical material. ‘hen a mathen-
atician is totally committed to this language, wherein
each letter used intends a non-ordered numerzl with

"possible" (in contrast to "potential") determinations,

(79) This bifurcation may be relevant to contemporary
discussions concerning the nature of 'understanding'
in mathematics. Skemp. (1976) proposes two forums:
"relational®™ and "instrumental", whilst Byers and
Herscovitz (1978) propose four:"relational",
l"instrumental", "intvitive" and "formal". ‘Under-
standing' in élgebra necessarily deals with the
meaning given to terms. "Instrumeﬁfal" understanding
here would be closely linked to the letter used

N
as a classical unknown, "relational" understanding

to that when the letter is a species.



-221-

each statement he makes necessarily intendsla prop-
osition. As such, his activity is not one directed
towvards achieving generalisations from multiple
exemplars, but one of makingaﬂirect conjecture:, per-
haps fromasrngular instance., and then seeking to

refute the conjecture. That is, his activity is ana-

1ytic. (80)

The bifurcation in the meaning given to the letter,
however, as an entity with "potential", and with "possible”
(or "guaranteed") determinations, implies also that
"variation" takes more than ohe form. Sections 8.2,8.3 & 8.4.
below use the évidenée gathered from pupil fesponses to
explain how the conception of "variation" changes with
each usage made of the letter. The first two cections
may be considered to deal with two different aspects
of variation possible in the pre-Vietan world, and the

third section with the concept of variation after Vieta.

8.2. The letter as an object — "concrete" (or "null")

variation

Russell's complaint (p.l.) to the effect that he
always thouzht the teaclier knew what x and y were but
would not tell him, is both a personal cgnfession and,
perhaps, a criticism of teaching during his own childhood.

*

(80) Sece also MNunn, T. P. (1919) p.4.
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The statement reflects precisely the psychological
state of many pupils in the present study, and at the
same time suggésts that even the most scintillating

mind can be misled by the langﬁage of algebra.

Russell eventually transcended this interpretation.
The evidence here however, is that many pupils do not
do so consistently prior to completing their mathemat-

ical studies.

Pupils who use the letter as an object with a fic-
titious measure (Chapter 5) a@pear to associate the
letter with the worla of "static", "concrete" entities,
such as apples and stoneé, each of which hes &

predetermined, unique numerical "content". (It's mass,

it's volume, etc.).

- In the physical world of concrete objecis, the
'numerical content' of an object can be found only by
counting or measuring procedures. Pupils responding
at the level of Pictitious Measures aprear to believe,
temporarily or %ermanently, that a letter is a "man-nade
addition" to this world. Letters, however, cannot be

"measured™. They can only be counted.

o

Chapter 1, p.31 presented an example of an

"incongruous" usage of the word "lost" by a, young child.
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The meaning the child had developed was, contextually,
that associated with "misplacing®™ objects such as toys.
He had not lezrned to associate the term with "destruc-

tion of property". The result is humorous.

In mathematics precisely the same 'erroneous'
usage of words can cccur when inapprecpriate asscciations
are made. This may give rise to‘a belief that the person
using terms wrongly is speaking "illogically". Nothing,

however, méy be further from the truth.

When responses (in particular to the ET Subtask
'5x = y') are analysed, it is clear that pupils at the
Level of Fictitious lMeasures are, given their own

prenises, acting logically.

The fact that pupils working et this level often
have difficulty separating the object (e.g. 't') from
the numerical content of the object (as, for example,
when combinstional errors such as 't + 2 = 2t' are made)
indicates that fhe child's premise is that letters
behave in much the same way as do objects in the
physical world. Thus the response above suggests
either a collecting together of the objects 't' and '2',
or an interpretation of 't + 2' as "t added twice" orx
"t, add two of them". Consecuently, when "variztion" has
to be considered, which is the central demznd of each
task, one should expect the pupil to devise his own

strategies appropriate to his own interpretations.
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In the classroom pupils are ofteﬁ encouraged té
solve problems in algebra from such premises as "let
n be the massrof the apple", "let p be the length of
side of the scuesre®. Such problems, used in excess,

have an importaent pedagogical weakness.

Each apple has just one mass, and each side of a
square g specific 1engtﬂ. Consequently, many pupils
may turn attention to the world of concrete, static
objects, to support their thinking. In this world,

however, each object has a pre-determined numerical con-
]

tent. Eszch object is "impregnated with a number" fron
preg

the outset.

Pupils at the level of fictitious measures appear
both to image concrete objects, and to translate
sentences like those above literally; e.g. "m slready
contains the mass of the apple"; "p already conteins
‘the length of thé side", when dealing with algebraic
expressions., As a result, the content of the letter
cannot vary in "real" terms. "The value of m" is 1lit-
erally the "mass of the apple". That this is the case
comes out most élearly in responses to the ET Subtesk
5% = y'.

The reader is csked to image.2o balaécé'with five -

apples (of equal mass) in one pan balancing a welon in
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the second pan, and to consider the questiois

"Wren is the mass of one of the apples greater than

the mass of the melon?"
with this image in mind.

The reader 1is now in precisely the same quandary
as the pupil intefpreting the letter as an object with
a fictitious measure. In this context the question is
incongruous. Each apple; and the melon, has a unique

mass which is unknowvn.

The "commonsense" response to the guestion above with
this image in mind is probably, "It can't be" (Type B
response - Apﬁendix II, Section II.3.2.); There are,
howvever, alternatives.

Although it is not possible for the mass of one
of the apples ('the value of an 'x'') to be greater than
the mass of the melon ('the value of y'), were the sit-
uation different (e.g. should 5 melons balance an apple),
then the mass of the apple would be the greater than
the mass of a melon. ("If it was x = 5y it would be" -
Type A response, Appendix II, Section II.3.1.)

-

The third alternative is more sophisticatec¢. Here
L]

we might recognise that five times the mass of an apple

equals the mass of the melon. Thus six times the mass
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of an apple will be greater than the nmess of the melon,
and four times the mass of an apple will be less than
the mase of the melon. '(The value of 'x' equals the
value of 'y', "When it's 5x"; is greater than the value
of 'y', "When it's 6x"; and is less than the valﬁe of
'y'y, "VWhen it's 4x" - Type A response: Appendix II,

Section II.%.1.).

Pupil responses at this level therefore suggest that
the mezning ziven to a letter is associated with, or
derived fron, dealings with the world of concrete objects
with invarianf measures. Eacﬁ letter is considered

to be a uniguewobject'with a unicue content. As a result

"variation" cannot teake place, and alternative means of

increasing 'values" have to be found.

' This interpretation of the letter therefore implies

"null" or "concrete" variation (variation by increasing/

décreasing the number of objects available, or the

amount of material available - such as cutting down the

‘length of a line in the PIT).

Pupil responses to the LNT suggest the same assoc-
iation. Here pupils often assume an ordering of the
literal entities (e.g. "m + m is larger than kX + n")

-

and refuse to use the letter to specify relations (i.e.

do not use the word-series "when k is greater than m" etc.).




Questions such as "when is m+Xklarger than m + m?®
for these pupils are analogous to questions such as

"when is the cricket ball heavier than the stone?®

(where "k" is a cricket b%all and "m" is a stone).

Since neither a cricket ball nor a stone can vary in

nass responses such as "when k> m" are unlikely.

Again, therefore, fhe pupil is forced bvack upon
alternatives. It is interesting to note that multi-
plication strategies are not used here - the reason,
should one assume the pupil to be responding consistently,
is clear. Thé LNT does not iﬁdicate & relationship
between letters - which is the opposite case in the
ET (i.e. 'y' is 'S times 'x")., Thus, since the
relationship between 'k' and 'm' is not given, so that
the pupil is not informed whether 'k ié\kwice 'm' or
three times 'm' etec., then the multipliﬁation strategy
cannot lead to a conclusive answer. lMultiplying the

content of 'k' by, say, ten, might not produce a value

greater than that for 'm'.

The pubil is therefore reduced to an assumption
that one object contains a greater measure than the
second at the outset (false-ordering responses), or to
proposing tentative numerical possibilit%es ("Can I put

numbers in for them? If I can it's if k is 4 and m is 2").
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(The fact that the pupil sometimes proposes different
numerical values for the same letter is consictent with
the view that letters are merely objects with fictitious
contents. There are many objects called apples - but

each apple does not necessarily have the same mass).

At each and every turn it is thus possible to
commend the pupil for hié "commonsense" approach. He
intentionally resists using the multiplication stretegy
in the ILNT because he knows this will not lead him to
2 'general', conclusive, answer. In the ET however,
he may tenacibusly cling to tﬁe multiplication strategy
because he knows the strategy works (zero and negative
quantities do not exist in the world of objects). His

—_—

answers are totslly consistent with all the facts and

o

lezd, for him, to irrefutable conclusions. There is,

(1]
14

therefore, little wonder that algebra is dilficult to
teach and to understand. Vhilst the teacher is convinced
that his own thinking is sensible the pupil is thinking

otherwise.

The sole resson for condemning such a usage of
letters - "object algebra™ - must l1ie with the constraints
and restrictions it imposes upon mathematicel activity.
The pupil at the level of fictitious measures is spparently

-

unable to deal successfully with general arzunents
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because for him everything is specific. The letter
cannot be used as an "unknown" in the classical sense
because' it is an object "impregrated with a number",
Thus the pupil can never be sure, should he introduce
the letter, that he has chosen the correct one. To
write 'x + y = 8' to represent the sum of {two numbers
in the ZT may turn out to be a disastrous error. x and

y might each have the content '5°'.

For purils reéponding at the level of fictitious
measures, therefore, "variatipn" cannot teke vplace,
They achieve differences in the 'content' of letters
by concrete trénsforﬁations, modelling the algebraic
language in the reality of a world pcorulated with
objects, Their algebraic "reality" is & reality of

unigue objects with unigue contents. If, therefore,

there is any association between ontegenetic development
and the phylogenetic development of mathemetical idezcs,
the discussion above suggests that mathemsticians prior
to Vieta turned attention almost exclusively %o the
world of concrete objects with immutable measures and
counts. That is, as Kline observes, the objects of
mathematics are direct idealizations of "external”

objects in the concrete world.(81)

(81) See Chapter 2, p.43 '
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8.%3. The letter as a c¢lassical unknown -~ potential

variation

The nature of variation at the second level of
activity is best introduced by an illustrative example

of a change in response-type to a Subtask of the ET.

The following trénscript, although lengthy, is
worth reproducing in full since the pupil explains
his thinking processes at the former level when the

letter is an object with a unique content.

Example 1 : Thémas (5:10) l4yrs. Omths. School A,
'x + y = 10

Q. If this is true, is the value of x always, some-

| times or never greater than the value of y7?

A, | WVell, it's impossible +to tell from the eguation.
You don't know exactly what x and y are. It would
be greater if there were 2x or 3x probably. Or at
éany rate more than 10x it would be greater.

.. V¥hen is the value of x greater than the value of y?

Q

A. Er. . .vhen x's value is greater than y's.

Q. And when is that?

A. VWVhen there are more x than y (see below), or when

X is in itself larger than y when put into numbers,
when it chenges in itself. For example, from thet
o

equation x could be 6 and y could be 4; or x could

be 3 and y could be 7. You can't tell from the eguation.



(14)A.

Q.

A.

Q.
~ (18)A.
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So can you answer my question now. Vhen is the
value of x greater than the value of y?

No. I can't think how it could be possible

When is the value of x equal to the value of y?

Oh! Yes! 1I've just realised how you can answer itw.
Have ypu?

Yes, well, esyeciaily for this one. It would be
for when x is five. And the other is for when

X is greater than five,

Well, what was it you were thinking of earlier?

- Can you explain it to me?

I was thinking of the fact that as neither of

these are given numbers I'm trying to think how to

work it out rather than in figures in which x is
larger than y. I was trying to think of the
answer rather than possibilities, but it seemned
more or 1éss impossible to get an answer.

I see. At one time you said 'whenrn there are more
x's than y's3, didn't you?

Yes.

Can you explain what you meant?

Well, x will definitely be larger than y if there
were more than 10x, if X is & whole runber. If x
wvas a whole number, 1, 2, 3, 4,. . .and there were
more than 10x, it would definitely ée larger than y.

What do you mezn, 'If there were more than 10x?7'



(20)A.  You can have 1lx. You might have 10x. If 10x
was a whole number it would be larger than y.
Q. Because the sum of x and y is ten? |

- (22)4. No, nothing to do with the answer, basically.
It's Just thét if x for example was one, if we
imagine that it has always to be aAwhole number,
and wé have ten X'§ which is ten in all, that would
mean thét for the equation y would have to be nine.
Therefore the value of x would be larger than y.

Q. Can we choose something else in front of the x%?

A. Yes, alright.

Q. Say eight in front of thé X. Would that be alright?

A, Vell, it éould Ee, but it might not be because if
it was eight, eight x wouldn't necessarily greater
~than y. '

Q. And why is that?

A, x could be one, in which case it would add up to
eight; and that would mean y would be nine, and
nine is greater than eight.

Q. So if we put an eleven in front of the x, that
would mean that y must be less than. . .

A, | Yes, ‘that would make the y less than the x wouldn't
1t? If it was nine, unless you multiplied the y
by eleven as well.

Q. Isee., Thank you. Let's go on to the next one.
When‘is the value of x less than the value of y?

A, then x is less than five. T've just seen how to do it.
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Here the pupil begins: his statement with an
interpretation of each letter 'x' and 'y*' as an object

with a unique content. (Statement (2)).

At this stage it is useful to assume that he '"sees”
the expression as 2 combination of three different
"spots" of ink: an 'x! (Which has an unknown content)

a 'y' (which has an unknown content) and a '10' which
is familiar and can be made-up in a variety of ways.
This means that whatever 'x' and 'y' contain is 'indet-

erminate' (Statement (14)).

Thus to "éover" himself, he suggests multi-
plying whatever x is by 3 (Statement (2)). 3 times the
value of x might make that value greater than y.
Certainly, multiplying x by ten will generate =z value
greater than y - because , if x were 1, ten times one is
10 and y would only be 9 (Statements (18) - (22)).
Equally should x turn out to be 2, multiplying x by

ten will give 20, and y will only be 8.

What ‘he has not yet considered, of course, are
numbers less than 1. Hisargument works, as he ex-
plains in Statements (18) - (22), only for whole numbers
1 - 9. Should 'x' turn out %to be '}' then the argu-
ment bresks down. For 10x is then '5!' and 'y' is '935',

3
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During his deliberations he has been generasting

possible numerical icentities for each letter. But

T AR

his own explanations, and reflection upon them has led
him to the conclusion: that his argument is not con-
clusive. It works only for whole-number replacements

for 'x' and for 'y'.

Here there is now a problen., o meiter which
multiplier he chooses for 'x', x might be identified
with a2 numeral so small that it is possible that the

multiplier will not be large enough.

It is a2t this point that his attention turns to
the numerals identified with 'x' and with 'y', snc here
that he recognises the term "value" refers to this
class of numerical determinations. His recognition
that the value of x can be equal to the value of ¥
independently of multiplication {when x is 5) convinces
hin that this is what is meant by the term 'value!,
and he responds accordingly. (It is interes*ting to
note that the pupil returned to the “fictitious measure®
interpretation in '5x = y'- his response is given in
Chapter 5, Section 5.3.2. Conceptual security for.the
pupil might well rest in the world of objects with

unique measures).
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This transcript demonstrates that pupils at the
level of discovered content, who give %“algebreic®
responses to the ET deazl not with a world of objects

with unique contents, but with clasces of numerals.

The term "value" to these pupils means "numerical truth

values of expressions",.

The nature of "variation" to pupils who generally
use the letter as a classical unknown, is thus & potential
variation over discovered truth values. That is, the
range. of variation of a 1etter depends upon the context
in which it is used, and upon the probabliility that the
pupil will diséover é numerical content for the letter.
This in 'x + y = 10' for exanmple, the fact that the
pupil maﬂages~to find possible repleacenments for x and
for y, allows him to think of 'x' varying over the range
he has discovered. In the PLT however, the pupil often
does not allow variation since the content discovered
for the letter is, uniquely, the unmeasured length of

the line.

Equally, in the LNT, Subtask 1, the pupil discovers
the content '4' for 't'vﬁhich makes 't + t' equal to
't + 4', and then allows the letter to refer to an
unspecified numeral greater than this content. The sane

is true of the ILET Subtask 2.
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This "finding" activity is, however, sometimes
confused with an interpretation of the letter as an
object with a unique content, as in the following trans-~

cript:-

Toby (2:9) 12yrs. Ymths. School A, '5x = y°
Q. If this is true, is the value of x always, some-
timéé Oor never greafer then the value of y?
A. Never.
Q. Why?
(4)A. Because if 5x equals y then 5x must egual y.
Q. When is the value of x gfeater than the value of y?
(6)A. When x is larger than a fifth of y.
Q. ¥hen is the value of x equal to the value of y?
A. Vhen y equals x.
Q. And when is that?
. In this. VYhen x equals a fifth of y.
. And when is that?
. When 5x equals Y.

A
Q
A
Qe When is the value of x less than the value of y?
A. Yhen y is greater than 5x.

Q

. And when is that?

. (16)A. When x is smaller than a fifth of y.

Q. Can you explain that to me?

(18)A. Well, if 5x equals y in this context, and if y
had a greater value in another conté%t, x, if it
was timesed enough would still egual ye But 5x
wouldn't ecual y.

Qe So x 1s just onrne nunber, is it?

A, Ves.
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Q. And y is just one number?
A. Yes.
Q. And five times that number equals y?

A. Yes.

Here the pupil regards ‘'y' to the right of the

equation as an object with a unique content (Statement (4)).

However, his "finding" activity aprplied to 'x!'
leads him to the content '%y', (Statement (6)), and

having derived this content, he is then happy to =z2llow

6]

X to refer to unspecified numerals above it (Statement (6))

and below it (Statemént (16)).

In this transcript, therefore, the pupil appears
to be using two interpretations of the letter.
Initially, 'x' and 'y' is each an object with a unique
content, but when a content for x has been identified
the letter is treated as classical unknown viz. it
refers to one of a range of'numerals greater tnan and
less than '%y‘. It is interesting to note at this point
that the letter in the présent context refers to just
one possible numersl, (Statement (18)). The transcript

thus provides evidence for the psychological réality of

Hilbert's "hypothetical judgement" i.e. a letter which

denotes an unknown (unspecified) numeral.
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Bach pupil above shows that he is ready to allow
a letter to teke on more than one identity. But this
. readiness depends, in each case, upon the pupil actually
deriving an identity for x from the situation (in the
first case 'x = 5', and in the second 'x =_%y') which

he recognises is not necessarily unique. That 1

19}

each pupil shows evidence that he overcomes the
"Russell Syndrome".

Co1lis (82)

introduces the important concept of
Acceptance of Lack of Closure (A.L.C.) to explain the

development of mathematical ideas.

Thus the pupil who resists the temptation to
re?lace the question mark in the ivem:

a+b=>3

a+b+c=29
by a conventional numeral may be said to "accept lack
of closure" in this context. The essential feature of
material which requires 4.L.C. is that the information
provided does not admit cfanunambiguous inference about

(83)

a variable

The transcripts above each provide an illustration

of two pupils moving from a position of non-4i.L.C.

R

to a position of 4.L.C. over a particularly short periocd

(82) Collis, K. F. (1972)

(8%) See ILunzer, E. (1973) and Peel, 5. A. (1867).
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of time, in the sense that each pupil eventually accepts
that a letter can refer to more than one numerical

possibility.

Thus the step from 'fictitious measure' responses
to 'discovered content' responses involves A.L.C. i.e.
involves treating the 1efter as an entity which refers
ambiguously to a class of potential numerical determin-
ations. This step, howéver, is not sufficient to
guarantee the species concept has been developed.

(This is explained in Section 8.4.)

However, what it does guérantee, when the pupil
accustons himself fully to the view that the letter

might refer to more than one numeral is that the letter

now has a potential variation over a range of numerical

values.

The concept of potential variation will be suf-
icient to allow the pupil to use the letter as a
classical unknown to represent an as yet unidentified
numeral, and to interpose relationships such.as 'x = y'
into a given relationship (e.g. %y + 2x = 10) in order
to arrive at a particular identity of x (as Diophantus
did). This concept of varietion might thus be associzted

with Diophantine algebra. FHere the pupil uses the letter

s
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to refer to one of a class of possible icentificationg,
in much the same sense that we might use the term

'"Mr. X' to refer to one of a group of people whose true
identity we do not know, or whose name we do not wish to
disclose. In this context too 'Mr. X' hes a ‘votential!
variation over the range of possible identifications.
What it is probably imagined not tc be however, is

"~ the true name of each member of the group, which is

the usage given to the letter at the final level, and

which gives rise to a new form of "variation".

8.4. The letter as a species - "varistion in itself"

In Chapter 6, Section 6.4., it was suggested that
the species concept might be created by a fusion of two
incompatible roles given to the letter, vizi that of a
numeral identifier (e.g. the pupil accepts that x nanes
each numeral in his repetoire in the same sense that
'Mr. X' can be the name of each person in the group), and
the letter as a classical unknpwn i.e. as a word used

to refer to an unspecified member of & group.

Pupils who use the letter as a preferred alter-
native to numerals in>the ZT (Vietan solution) and zs an
organiser of perception in the FPILT demonstrate they
consider the letter to be a unique non-ordered entity

which is, from the outset, "full of numerals".
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To expiain how this is possible, conéiéer the
relation:

'x € (1, 2, 3, 4).'

Two alternative interpretations of‘efare possible
in this statement,-viz;

(a) 'x! refers to an unspecified member of the set;
and (b) 'x' is a word used to avoid nentionins by nane

each element of the set.

In'the'first interpretation, x is used in the usual
sense in which"Mr. X' is used. In the second inter-
pretation, however, 'x' is uséd in a peculiearly transformed
sense. It is,‘at thé same time, an unique mathematical
object, and an alternative name for each numeral, As
such, it is necessarily non-ordered vwith respect to any

numeral,

To accept this usage of the letter is to "acquire”
a different form of 4.L.C. to that described in Section 8.2.
There A.I.C. referred to situations in which an unembig-
uous inference abouf the identity of a variable could
not be made. This however, says something only about

the way in which a pupil responds to or interprets a

given variable. The important problem for mathematics

teaching is, however, to understand vhat it means for

e

vupils to z2cquire the concept of a variable. The

answer to this question lies in the fact that "closure®

has to be accepted also in so far as numerical orderincs

are concerned. That is, the pupil has to learn to use

the letter as a non-ordered entity.




This form of A.L.C. can arise, it seems, only
through the medium of "variation in itself" wherein

each letter is considered to identify all possible

numerals simultaneously. If 'x' identifies both 3

and 5, and 'y' both 2 and 8 then 'x' and 'y' is each
a non-ordered entity. But, for the sake of our own
sanity, this usage of the letter can be accepted only

when we recognise that what we in fact intend by the

relation 'x €,.,! is that we are to use 'x' to avoid

mentioning 211 those entities to the right of the

relation. when this usage of the letter is accepted

it is clear that we have transcended the world of messures

and counts of concrete collections. From this point
forward the letter can be used to generete new types of

numerals previously unimagined, in the following sense.

Consider the pre-Vietan mathematician who for the

first time recognises that 'x' can be Used in the sense

described above. We can imagine that until this time
his numerical repetoire has been restricted to the
counting numbers only. Thus the eguation

x4+ 2 =1
was previcusly for him "not possible", since esch
replacenent for x leeds to a false arithimetical stete-

rent with no modelling in the concrete world. However,

now that 'x' has been recognised to be an entity used

’
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intentionally to avoid the labour of mentioning all

known numerels, this recognition itself leaves open

the possibility that previously unimagined numéricdal

entities exist. The 'solution' 'x = -1' 10 the

equation simply opens up the possibility of the exist~
ence of a new identification for 'x' and the mathemat-
ician hacs entered the pqst—Vietan world of symbolic
algebra, Here, almost anything appears "possible",(84)
and attention thus turns towards discovering models in
the "real"™ world to provide consistency for the concepts

generated.

In so far‘as the "negative" numbers are concerned,
this consistency is found in displacements along a number-
line i.e. in the concept of "direction". Hor the
imaginary numbers, the Argand diagram provides the con-
sistency model, and for the concept of the syecies itself
consistency is found in a world of dynamic change where
the concept of "measured outcome" is replaced by that of

"instanteneous displacement from".

8.5. Summary

This Chapter has outlined three interpretations of

the letter and three related forms of varistion:

(84) Dantzig, T. (1954) p.86. .
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The letter as an The letter as The letter
object with a =~ =~ a Classical as &
unigque contént' unknpwn species
tnull™ or "potential® "variation in
"concrete' variation itself"
variation

The first interpretation corresponds to a world
populated with objects, the second to a world populated
with conventional numerals, and the third tc a viorld
in which entities can change £heir numerical descrip-

tions continuously i.e. with a world of dynzmic action.

The chapter completes the attempt to satisfy
Objective (a), Chapter 4, Section 4.5.-i.e. to
investigate and illustrate the problens involved in the

learning of the algebraic language.

Vhat comes out most clearly from the investigation
is that letters used in mathematics have distinct nean-
ings to pupils of the same age throuzhout the secondary
school years 1 - 5. As such, "mismatches” of meaning
rey be az normal condition of mahy classroomns.

e
Tgually it seems clesar that pupils use different

"models"™ of reality to support algebraic thpught.
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There is therefore a need to devise appropriate class-
roor: moéels to help pupils accommodate the species con-
cept. In particuler attention needs to be peid to two

important characteristics of the letter used in this way:

(a) it is introduced intentionally to save the

labour of mentioning numerals;

and (b) the letter does not "stand in place of" a

nuneral or & measured outcone.

By devising appropriate learning schemes it might
be possible to help pupils acguire a non-ordered con-
ception of M"numerals". In particular it will be important

to stress to pupils that letters are numerals in the

sense devised by Vieta, and that it is necessary to
look upon ther: 2t all times as non-ordered entities

which "vary in themselves®,
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CHAFTER 9 : OBSERVATIONS FROM DATA

9.1, Abstract

The Chapter relastes the results from‘the interviews

to Hypotheses (a), (b) and (c), Chapter 4, Section 4.5.

9.2. The Species as an Organiser of Fercepnption

The first expected outcome of the study (Chapter 4
Section 4.5.) is that some pupils wili demonstrate
they have developed a usage of the letter as zn organ-
iser of perception i.e. to transcend geometrically
suggested orderings. This has been shown to be the case
by pupil transcripts in Chapters 6 and 7. The following
sections discuss the relative abilities, end distrib-
utions, of pupils groured by response-~type to the

PLT (see Appendix II, Section II.Z2.).

9.2.1. DNumbers of 'F', 'T' and 'A' pupils

A total of 71 'B' - type responses (responses using
the letter to organise perceptions) were made to the
PLT. 39 of these were by pupils in School A, and %2
by pupils in School B. 217 responses (105 in School A
and 112 in School B) were "non-species" fésponses;

(See Table 18, Appendix II, Section II.2.8.).
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20 pupils (11 in School A and 9 in School B) gave
'B* - type responses toc each Subtask. These pupils were

grouped as "F" responders.

31 pupils (17 in School A and 14 in School B) gave
'B' - type responses to one Subtask., These pupils were

rouped as "T" responders.
g .

The remaining 93 pupils (44 from School 4 and 49
from School B) gave consistent 'A' %type responses.
These pupils were grouped as "A" responders. Table 1
below shows the proportion ofvpupils in each year group
(for School A and School B) classified as "P", "T¥ gng

"A" responders.

Figure 15 is a graphical interpretation of the

table, giving the respective number of pupils.

SCHOOL A + SCHOCL B

v 1 2 3 4 5 6

P 0 0.08 0.04 0.08 0.12 0.50
T 0.08 0.1%3 0.21 0.29 0.25 0.3%3
A 0.92 0.79 0.75 0.63 0.63 0.17

Table 1:
Proportion of pupils in Groups 'F', 'T', and 'A’

in each year group - School A and School 3.
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The figues indicate that only a small ﬁinority
of pupils in Years 1 through 5 (a maximum of 3 in Year 5)
naturally bring the species concept with them into the
YIT as the dominant means of interpreting data. The
rise in proportion at the sixthryear level is mislead-
ing as a general indication of concept acquisition in
view of the fact that only 'A; level mathematicians

were interviewed.

although Table 1 indicates a steady fall in the
number of pupils classified in group 'A' thioughout
the years, the indications are that the majority of
pupils end their mathematical studies at the fifth vear
levgl without adopting the concept as a natural means

of interpreting data.

There are howevér, from -Year 1 onwards, pupils
who either use the concept consistently in the task,

or show a potential to do so.

9.2,2. Mean rankingss of 'BF', 'T', and 'A' pupils

Table 2 shows the mean rankings of pupils in

groups 'F', 'T', and 'A' in each year group.
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SCHOOL A + SCHOCL B

' Total no,
1 2 3 4 5 6 of pupils

P 0 1 1 2.5 2.7 4.8 20
TO1.5 5 3.2 3.6 3.8 7.3 31

A 7.5 T3 T.7 8.4 8.2 10 93

Table 2:
‘ean ranks of 'F', 'T', and 'A' pupils in each year-

group ~ School A and B.

‘The mean rankings of the.'A' group of pupils is
greater than that of the 'T° group and, in turn, this is
greater than that of the 'F' group, for each year.

Here the table indicates that the 'F' classified pupil
is considered by his teacher to be amongst the more

able mathematicians in his Year-group.

This apparent superiority of the 'F' group is
reflected in the remaining tasks. This is discussed
below:

9.2.3. Relative abilities of 'F', '™' gnd 'A' grou
D

puvils across the remaining tasks.

Table 3 shows the proportions of '2', 'T' and 'A'

-
e

group pupils classified in each Group ¥, FM/D, I, D/T,

S (see Appendix II, Section II.6.1.).
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PM FM/D D D/S S Total no.

of pupils
F 0 0 0 0.3 0.7 20
T 0O 0.06 0.39 0.45 0.1 31
A 0.46 0.34 0.14 0.05 0 9%

Table 3: Cross-classification of pupil performance

to the PLT against performance across the remaining

tasks.. .

The table. suggests that whereas the 'T' group pupil
often makes 'excursions' into Level III - type responses
(so being classified in group D/S), this is rare for the

'A' group pupil.

kqually, whereas some 'T' group pupils make a
sufficient number of Level III - type responses to be
classified in the 'S' group, this is not the case for
the 'A! grOup pupil. The mejority of his responses

across the remaining Subtasks belong to Levels I or II,.

On the other hand, the majority of the 'F' group
work consistently at Level III.
P
rables 4(a) - (g) show the proportions of each

group 'F', 'T' and 'A' giving each type of fesponse to
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each Subtask (e.g. in Table 4(a), 0.95 of the 'F' group

- 19 out of 20 pupils in the group - gave a 'D' - type

response to 'x + y = 10').

Kesponse
Type A B C D
Group
F 0 0 0.05 0.95
T 0 0.06 0.16 0.77
A 0.14 0.46 0.14 0.26

X* = 51.79
(sig. p<0.01)

Table 4(a); rroportions of each group 'F', T', 'A!
giving each type of response to ETI1.
Respons
iee B o D
Group
P 0.05 0 0.05 0.9
2
T 0 0.06 0.32 0.61 X'= 84.876
A 0.28 0.44 0.12 0.16 (sig. p<0.01)
Table 4(b): Proportions of each group 'F', 'T¢, and 'A'
giving each type of response to EZ2.
Resronse
Type A B c D
Group
P 0 0.1 0.45 0.45
2
7 0.13 0.16 0.39 0.32 X= 60,284
' * (sig. p <0.01)
A 0.48 0.3%2 0.18 0.01
Table 4(c); rroportions of each group 'F', 'T', and 'A'

giving each type of response to ET3.
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Response
Type A B C D
Class '
F 0 0 0 1.0
T 0 0 0] 1.0
0.17 0.19 0.39

A 0.22

2
X = 55.69

(sig. p <€0.01)

Table 4(d): Proportions of each group 'F', 'T' and 'A!

giving each type of responée to LNT1.

Respdnse
Yype A B c D
Class
P . 0 0 0 1.0
T 0 0 0 1.0
A 0.22 0.15 0.27 0.37

X% s54.81
(sig. p € 0.01)

Table 4(e): rroportions of each group ‘F', 'T', 'A',

giving each type of response to ILNT2.

Response
Type A B C Di Dii
Class
P 0 0 0 0.1 0.9
T 0 0 0.03 0.58 0.39
A 0.29 0.09 0.34 0.25 0.03

o

z .
X'= 104.477

(sig..p<0.01)

Table 4 (f): Proportions of each group 'F', 'T' and 'A'

giving each type of response to LNT3. ,
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Response
Type A B C D
,  Class
F 0 ¢.05 0.15 0.8
’ \ ’\.'2' \
T 0.26 0.13 0.3%2 0.29 X= 8s.528
A - 0.77 0.13 0.06 0.03 (sig. p <0.01)

Table 4(g): Proportions of each group 'F', 'T' and 'A’

giving each type of response to the ZT.

Other than the one anomaly in Table 4(b) (due to
one 'F' group pupil in School B - pupil (6:2) - giving
the following response to '2x + y = 9':
"Q. .When is the valﬁe of x'greater than the value of y?
A, \When X is greater than 9 - y",
which is reminiscent of the rezponse to '5x = y', reported
in Chapter 8, Section 8.3., involving a confusion of
two different forms of variation), éach table indicates
e superiority or equality of the ‘F‘.group over the 'T!

group, and a superiority of the 'T' group over the 'A' group.

Analysing the data in each table usiﬁg the >C2test;
whose significance depends only upon'the degrees of
freedom in the table(84) gives the values of presented
by the side of each table. The rnull hypothesis that
there is no relationship between performance in the YILT
and performance on another task would be rejected at

3

(84) Garrett, H. E. (1966); Guilford, J. P, and

Fruchter, B., (1973).
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1

the 0.01 level for each contingency table. However, in

terms of statistical significance, these figures need

to be treated with caution, since the expected fre-

quency in each cell does not always exceed 5(85). They
do, however, provide some support to the subjective
assessment above. This limitation is pertinent also

to the discussions below.

Using the data in Table 4(g) to form 2 x 2 contin-
gency tables for an 'F' - 'T' group conmparison, by
choosing each boundary level A/BCD, AB/CD, ABC/D in
turn as a "cell boundary", leads to the)?* values given
‘in Table 5. Where eXpected frequencies for e2ll four
cells of a contingency table are greater than 5, the
value of’]fhas been underlined. These values can be

accepted with more confidence than unmarked figures.

Boundary '3(2 d.f. Sig./non-sig.
Level : at 0.01 level
A/BCD 4.56 1 ~ N.S
AB/CD 5.96 1 N.S
ABC/D 12.75 1 S

Table 5: f(zvalues for the 2T - 'F' and 'T' group

comparison,

(85) Lewis, D.C. (1973).

* conmputed after applying Yate's correction ‘ /cont.

over
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]?is significant at the ABC/D boundary. A null
hypothesis that there is no relationship between
classification by response to the rIT and an ability to
generalise using "givens" in the ZT would be rejected

here at the 0.01 level.

Whén szalues'are derived by the same method for
T o~ AT group.comparisons for the same task, the indi-
cation is here that the pupil who pSes the letter to
reorganise perception is more capable of "general"

activity no matter which boundary level is chosen (Table 6):

Boundary 2 a.f. S5ig./Non-Sig.

Level X at 0.01 level
A/BCD 27.06 1 S
AB/CD  35.43 1 s
ABC/D 17.71 1 S

; _
Table 6: X'values for the ZT - 'T' and 'A' group

comparison.

These figures lend support to Hypothesis (D)
(Chapter 4, Section 4.5.) that the capacity tc utilise
the "species" as a organiser of perception is correleted
with an ability to achieve a general solution to the

ZT‘

* cont.; for continuity on a 2 x 2 contingency table.
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whereas 80% of the 'F' group of pupiiszgave a
“WWietan® solufion to this task, only 29% of the 'T!
group d4id so, and 3% of.the A group.. Each 'F' group
pupil gave a general solution, whereas 26% of the 'T!
group and 77% of the 'A' group failed to ao so. This
additional cabacity to dgal with the "general' thus
appears to be correlated with an inuited or conscious
usage of the letter as é non-ordered numeral i.e. with

the "species' concept as an organiser of perception.

With respect to the remaining tasks, the group of
'F' responders show a statistically significant sup-
eriority over the group of 'T' responders only in one

, | N )
respect. The value of X for the boundary D (i)/D (ii)
for LNT3 is significant at the 0.01 level (Table 7,

over-page).

This phenomenon is discussed in Chapters 5 and 6,
and might be due to the 'P' pupil's commitment to
“variation in itself", wherein he knows that the "value"

of a letter is not destroyed by numerical operations.
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Task Boundary 2 Sig./Non-Sig.
Level )Q da.f. at 0.01 level
ET1 4/BCD 0 1 N.S.
ET1 AB/CD 1.343 1. N.S.
ET1 ABC/D 2.841 1 N.S.
ET2 A/BCD 1.5811 1 N.S.
ET2 AB/CD  0.0436 1 N.S.
ET2 ABC/D 5.0239 1 N.S.
ET3 A/BCD 2.800 1 N.S.
ET3 AB/CD 2.612 1 N.S.
B3 ABC/D  0.844 1 .S,
INT1 A/BCD O 1 N.S.
LNT1 AB/CD 0 1 N.S. .
LNT1 ABC/D 0 1 N.S.
LNT2 A/BCD 0 1 N.S.
LNT2 AB/CD 0 1 N.S.
LNT2 ABC/D O 1 N.S.
INT3  A/BCDiDii O 1 N.S.
LNT3  AB/CDiDii O 1 N.S.
LNT3  ABC/DiDii 0.6579 1 N.S.
LNT3  ABCDi/Dii 13.203 1

2
Table 7:¢ Values ofi( for subtasks of the ET and I

'P' and 'T' group comparison.

=

-3
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Although the 'A! group performs significantly better
than the 'T' grouyr only over a small nunbter of Subtasks,
the 'T' ‘grour perform significantly better than the 'A'

group across zll rewaining Subtasks (Table 8 below).

Task Boundary X’» . 4.f. Sig./Non-Sig.
Level at .01 level

ET1 A/BCD 9;5204 1 S

ET1 AB/CD 26.504 1 S

ET1 ABC/D  26.105 1 S

ET2 A/BCD  10.9658 1 S

ET2  AB/CD  65.022 1 s

ET2 ABC/D 23.8273 1. S

ET3 A/2CD 12.248 1 S

ET3 AB/CD 28.343 1 S

ET3 ABC/D.  27.966 1 S

LNT1 A/RCD 9.4124 1 S

INT1  AB/CD  18.9646 1 'S

LNT1 ABC/D 35.164 1 S

INT2 A/BCD 7.948 1 S

LNT2 AB/CD 15.6146 1 S

INT2 - ABC/D  37.517 1 S

INT3 A/BCDiDii  11.488 1 S

INT3 AB/CDiDii 16.255 1 S
CINT3  ABC/DiDii  44.458 1 S

INT3  ABCDi/Dii 27.53 1 T

Table 8¢ Values of‘X?for Subthcks of the

ET and INT: 'T' and 'A' grouyp cemparison.
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These figures thus suggest that the 'T' grour has
a particular advantage over the 'A' group when dealing

with letters in a 'pure' algebreic settihg,

The differences in achievement of thé.'F', ', and
'A' groups across the remaining Subtasks suggested by
the data is consistent with the view expressed in
Chapters 5 - 8 that a pupil who naturally uses a letter
as an organiser of perception in the TLT has an
"algebraic" attitude of mind., An 2bility to dezl with
"general mathematicél argvnents" might thus corresgyond
with an ability to constrﬁe geometrical data &as a
dynamic system, and with s concertion of sz letter as a

non-ordered numeral.

9.2.4. Switches of interpretetion

For some pupils a usage of the letter as "sypecies®
is clearly unstable and the probability it will be used

depends upon the task content.

. Thus the 'T! group of pupils switched between
Type 'A! and Type 'B' responses tc the PL?, and not all
the 'F' group gave a hVietan" solution to the 2T (3 of
the 20 pupils gave a "Dicphantine" solution, and one -

pupil (2:1) School P - a "Rhetorical®™ solution).
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There are probably two interrelated reasons for
this lack of consistency - firstly, the nature of the

task content; and, secohdly, psychological reasons.

In the PLT the letters are presented on bards.
Some pupils, when they éee this use the letter to organ-
ise perception, immediately allowiné the letter a
numerical value which contradicts what is immediately

suggested.

Other pupils take the same attitude in one Subtask

but not in the other.

These same pupils however, may not use the letter
as a preferre@ alternative for nunerals. in the ZT. Here
the letter has to be iﬁtroduced by the pupil. The older
members of both the 'F' group and the 'T' group gen-
erally gave "Vietan" solutions, the younger "Diophantine"

or "Rhetorical" solutions.

Although some pupils may thus have a natural pot-
enfial to .utilise thé letter as an organiser of per-
ception they may not have had sufficient classroom
experience to convince them of its benefits in dealing
with general arguments. It seems clear that by the
time the pupil has reached the sixth forﬁ“however thet

for the majority the two usages of the letter are

]

recognised to be equivalent.
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In the absence of further evidence it may be
reasonable to speculate here that it may be possible to
teach many pupils to use a letter as a preferred alter-
native to numerals for general argument, but that of
" the group of pupils who respond to this experience not
all may learn to "see" the world of geometrical entities
in the way in which the 'T' and 'P' group of pupils
potentially see it. Thus it may be that where class-
room experience has restricted the use of a letter to
an "unknown", a younger pupil, -although he might have
a natural potential to use it to organise perception,
mighf not yet be.aware of its potential for expressing

general mathematical results.

On the other hand, those pupils who do use the
letter in the ZT to give a Vietan solution may clearly
be persuaded by the nature of the rIT to abandon its
usage in that context. This might question the
"stability" of the PLT as a diagnostic test. However,
the theoretical considerations which gave rise to its
construction made this “insﬁability" necessary from the

outset.

The PLT was originally devised to demonstrate
that the letter can be given two distinct meanings
correlated with interpretations prior to and after the

Vietan "revolution". That is, it was consitered that
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sentential forms involving the letter could have two
distinct "deep structure" associations according to
whether a meaning was given to letters consonent with

pre-Vietan or post-Vietan usage.

It has been suggésted earlier (Chapter 8, osection
8.1.) that the two meanings may continue to reside
simultaneously.in the mathematician‘s mind, and that
this is precisely what gave rise to both Hilbert's and
Kussell's attempts to establish the distinction between
“hypothetical judgementd' and "propositions".

Here Chomsky’s(86)

work, which draws atteantion to
the distinction between "“surface' and “deep" structure
associations with sentential forms was translated into

mathematical terms.

The present author has shown elsewherés%ﬁat any
confusion caused by the logical paredox is due tc our
ability to entertain two independent deep-structures

associated with the same sentential form.

Thus, for example, the statement:
"The Barber shaves all the people in the village"

in the paradox of the Barber, and the question

-

(86) Chomsky, N. (1972)

(87) Harper, Eon (1978)
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"Who wins the race, Achilles or the tortoise"g
in Zeno's famous paradox, can each be interpreted in
two distinct logical frameworks wherein key words
(in this casé respectively "all" and "motion") demand

different conceptual understandings.

Our ability to work within each logical framework
and so to entertain each meaning of the key term leads

to our undoing.

For the mind finds itself flickering uncontrollsbly
between the two frameworks as first one, and then a
second, meaning of a statement is appreciated. iThe

outcome is intense confusion.

The parallel in everyday language is suggested
by such word series as:

"I was sent to Coventry";

"10,000 people have lggi their homes in Turkey";
"There is a green hill far away
Without a city wall", etc.
and in perxception is experienced with a "gestalt"
figure such as that of a‘vase and two profiles. Here
again the mind appreciates two distinct interpretations,
neither of which can be said to be "true®" image. ihe
parallel is obvious for the word “lengthéfin Subtask 1

of the PIT.
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When Vieta introduced the species he introduced
along with it a néed to appreciate a new usage for
letters, and so‘bequeathed to the mathematician a diffi-
éult problen - namely, that of deciding which interpret-
lation of the letter to use - that as an “unknown" in the
classical sense of the word, whose value wés to be
found by solving a numerical equation (which héd been
its common ﬁsage in mediaeval times and which is
reflected here at the Level of Discovered Content); or
that of the species in which the letier has guaranteed

determinations from thekoutset.(88)

This bifufcatioh‘ih the meaning of letters, and
the recognition that the problems inherent to logical
paradoxes could be explained as an outcome of an attempt
to accommodate simultaneous deep structure associstions,
helped give rise to the PLT. It incorporates all the

features described above.

Should it be true that we are capable of entertain-
ing more than one deep structure associated with a
sentential form then the questions asked in the FILT

should tap one (or more) of-these.,. . . = & :oi:i’on.

For the majority of pupils the deep-structure it

taps is that of the letter as a classical unknown.

4

(88) See also Whitehead, A. N. (1911)
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For some pupils each Subtask consistently taps the
"species™ interpretation. For the 'T' group of pupils

it may tap each interpretstion in turn.

Of the 31 'T' responders, 25 gave "Type-B" res-
- ponses ('species' responses) to Subtask 3 (red line 'a!
cm; green 1iné 'b' cm), and 6 gave "Type-B" responses
to Subtask 2 (red line 'p' cam; green line 'p' cm) -

see Tables 15(a) and (b), Appendix II, Section II.2.8.

25 Type A (non-species) responses were made to
Subtask 2 by these pupils of which 20 were due to an
"abusevof symbolic formalism®" i.e. the pupil suggcested
that each letter 'p' might have a different value -

(see Tables 15(a) and (b). Appendix II, Section II,2.8.)

Each 'T' responder in the sixth form (8 pupils in
all)abused symbolic formalism in this Subtask, and the
same was true of all but 5 others (pupils (1:1), (2:3),
(2:9) and (3:8), School A and (5:8), School B. - See
Tables 15(a) and (b),vAppendix Ii, Section II.2.8.)

It is possible that the pupils who 'abuse symbelic
formalism' in dSubtask 2 continue toc consider that the
letter 'varies in itself' in that Subtask. It is the
five remairing members of the 'T' group who show more
explicit indication that two distinct deep-structures

associated with each letter are being tapped.
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In Subtask 3 these pupils appear to use the letter
as a "species" and so allow it to "vary in itself".
In Subtask 2 however, they suggest making spatial
transformations of lines, indicating that the letter is

considered to have a fixed, unknown content.

Theepupils are either young or are lowly ranked
relative to the majority of the 'T' group, and may not
yet have reached the stage where "variation in itself™®

is used consistently.

1The fact that pupils (1l:1) and (2:3) in School 4
each showed a good déal of hesitation at Subtask 3,
and eventually suggested making numerical replacerents
for each letter which contradicted immediate percep-
tion supports this possibility (see Chapter 6, Section

for each transcript).

9.2.5. Summary

Although some 'F! grouﬁ pupils will utilise the
letter as an organiser of perception in the PLT but
not as a preferred élternative to numerals in the 2T,
these pupils collectively represent a éroup who can
deal significantly better with a general problen than

can a 'T' or 'A' group of pupils.

(G)\
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Equally, pupiis who indicate they are beginning to
question what is immediately presented to perception in
the PLT are more capable of giving general solutions

to the ZT than are pupils in the 'A' group.

The letter as a non-ordered numeral thus appesrs
to be an important means of expressing general mathem-
atical ideas, and to be'correlated with a potential or

actual, dynamic interpretation of geomeirical data.

Pupils in the 'PF' group do not demonstrate an
ability to deal with the ET and INT which is significantily
greater than that of the 'T' group. It would thus
appear that the capacity to perceive an indeterminate
equation as a co-varying system of numerals, and a
readiness to apply matching strategies to literal
numbers to obtain both a numerical and literal content,
is a precursor to a develorment of the letter es a non-

ordered numeral.

Each suggestion:
(a) -that some pﬁpils develop dyhamic imagery;
and (b) that matching and substitution strategies are
precursors to a development of a concept of
a non—ofdered numeral, would appear to

-

deserve close attention in future investigations.
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The former suggests that a mis-match of language
and imagery may prevail in the classroom between the
teacher'and the pupil, and the latter that pupils
gradvally learn to accept that a letter has a range
of numerical identifications of equal status, prior to
developing a concept of the letter as a non-ordered
numeral (see also Chapter 6, Section 6.4. and Chapter 8,

Section 8.3. ).

9.%3. The Role of Expectation

Hypothesis (c¢) (Chapter 4, Section 4.5.) is that
the ET and INT will demonstrate that pupils are influenced
by suggestions of ordering and unigueness in aligebreic

. material.

Responses to the LNT reported in Chapter 5 indicate
that a number of pupils naturally assume an ordering of
letters, and will maintain, or re-establish, this

ordering during the task.

The proportional number of all pupils giving A
ahd B Type responses ("False-ordering without correctiod)
and "False-ordering with correction' - see appendix II,
Section II.4) in each Subtask to the LNT/is relatively

constant (Table 11):
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LNT1 LNT?2 LNT3

0.27 0.23 0.24

Table 11: Proportion of all pupils giving A and/or B

type responses to each Subtask of the LNT.

By way of contrast, the proportional number of sall
pupils giving A-Type responses to the ET ("Concrete
Variation" responses) is more variable between Subtasks

(Table 12):

ET1 ET2  ET3

0.09 0.19 0.33

Table 12: Proportion of all pupils giving Type A

responses to each Subtask of the ET.

Thus whereas only 9% of pupils interpret the letter
as an object with a unique content in ET1, 19% do so
in ET2, and 3%3%% in ET3. ET3 thus appears to cause
pupils to‘interpret the letter at a lower level than
does ET2, and, respectively ET2 than ET1, which supports
the basis upon which the Equations Task was constructed.
Collis has suggested that a pupil's success

with a particular item will depend upon the' number of



-271-

(89),

and Brdwn and
ial(go).

operations involved in the item

Kuchemann that the type of operation is cruc

- When 'success' is defined in terms of the pupil's
ability to transcend a fictitious measure interpret-
ation of letters if seems that neither model fully

~explains the pupil's difficulties.

The equation '5x = y', in fact, involves only one
operation; yet it attracts a greater number of fict-
itious measure interpretations than does '2x + y = 9!

which involves two.

Equally, '2x + y = 9' involves both an"add'
aﬁd a 'multiply' and '5x = y' just a 'multiply'. On
the surface of things, therefore, the former eguation
apprears to be more 'comrlex'. Yet the pupils are less
likely to impute ordering and uniqueness to letters in
the former equation than in the latter. 1In the same
way, LNT3 involves two operations and LET1 and 2 only
one; yet because ordering suggestions in each item are
relatiﬁely constant, the number of rcsponses which
involve false-ordering are, too, relatively constant.
The protability that a pupil will deal successfully

with algebreic items therefore appears to depend not

(89) Collis, R. F., (1975).

(90) Brown, M. and Kuchemann, D. (1976).'
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in particular upon "external" factors such as the number
and type of?operation involved in an item but more so
upon the interﬁretation of the letter the pupil has

available to him.

9.3.,1. Conclusion

Responses to the ET and INT indicate that the
greater is any suggestion of ordering and uniqueness
in "pure" algebraic material, the more likely it is
that a pupil will regard a letter as an object wiik a
fictitious measure. This would appear to need tc be
taken into account both in teaching and in resource

production.

Here, attempts might be made to arrange material
into an hierarchical system beginning, for example,
with equetions in two variables which do not partic-
ularly support prior-developed expectations
(e.g. 'x + y = 10). 1In particular, however emphasis
seems to need to be given in the early stages to attempts
to explain how a letter is used in algebra, at the expense
of teaching methods of equation solving, and construc-
tion/simplification of algebraic expressions. Unfort-
unately few authors appear to see this as a priority.

-

Skemp's(gl) attempt to explein the nature of the

algebraic variable from the standpoint of set theoretic

(91) Skemp, R. R. (1964)
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notations is an exception. Some texts actively mis-
guide pupils by introducing letters as abbreviations for

(92)

everyda& objects: 3b 'stands for' 3 boys - an extrene

example of what Galvin and Bell have cslled 'Fruit-

(93). This might suggest that only a

salad algebra’
minority of authors are aware that simple expressions
such as 'the mass of the object'; translated into the
sentential form 'x', can have three quite distinct
meanings to the pupil; that as an object with a fict-
itious measure that as a clascical unknown<and that a<-a.

species.

9.y, General Observations

Chapter 3, Section 3 specified three important
hypotheses about the way in which pupils would respond
to algebraic data:

(a) some pupils would use letters tc organise
perceptions i.e. use the letter as a non-
ordered numeral;

(b) some pupils would be influenced by inherent
suggestions of ordering and uniqueness because

"these are intrinsic properties of "number"
in non-generalised arithmetic;
and * (¢) pupils who used the letter‘as a non-ordered

numeral in the FLT would demonstrate a greater

(92) See e.g. Avon Hesources for Learning =~ algebra
material.

(93) Galvin, W. P. and Bell, A. W. (1977).
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ability to deal with a problem requiring a

"gceneral" argument.

Each hypothesis has been discussed earlier and
shown to be given support by the results of the dis-

cussions with pupils.

Generally, it would seem that some pupils sare
conditioned by counting and measuring procedures to
think of mathematical entities as necessarily ordered &nd

numerically unique.

.These pupils prdbably “"carry over" this (mis)con-

ception into algebraic material.

The "switches" in interpretation reported here
are natural outcomes of the nature of task content,
and of the intention to show that distinct, but logical,
usages can be made of a letter. As such, tasks had to
be devised which would be capable of capturing distinct
deep-structure inputs. It is hoped that in the fﬁture
it will prove possible to devise improved test material
which will demonstrate mdre clearly any differences
sugsested heré. The author believes this not only to
be necessary, but also an important area/for future

research.
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CHAFTER 10 : CONCLUSIONS

1. There is evidence to suggest that some pupils
develop a symbolic number concept which is used to.
organise perceptions. This concept transcends that
first studied in depth by Piaget'%4) i.e. the whole
number concept, and belongs to the language of symbolic
formalism first introduced into mathematics by Francois

Vieta during the sixteenth/seventeenth centuries.

The new, symbolic conception of number, is conveyed
using letters in contrast to conventional numerals.
The letters are considered to be non-ordered numerical

entities with guaranteed (or "possible") determinations.

2. An accommodation of the symbolic number concept
might correspond with an accommodation of the‘concept
"instantaneous relative displacement" as a preferred
alternative for the concept "measured outcdme". Pupils
might thus exist in distinct "fealities" using different
language systems and different imagery. The majority
of pupils interpret the letter in geometrical settings
as an object 'standing for' the measured outcome of a
line.

~
3. It is probable‘that the majority of pupils com-

plete secondary school mathematical studies*devoid of

(94) Piaget, J. J., (1952)
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the symﬁolic conception of number. These pupils work
at one.of two alternatife levels to that of the "species':
(a) the"level of fictitious measures"; in which
the letter is used as an object with a unique
numerical content; |
and (b) the "level of discovered content" in which

the letter is used as a "olassical unknown".

Pupils working consistently at level (a) believe
algebraic elements bear exactly one of three relations
to each other. This equilibrium is &also a state of
mingd. Despite'the fact that the pupil will contra-
dict his own aésertiﬁns about the particular state of
equilibrium he then returns to it. Conceptual security
appears to lie in a world of numericelly ordered

objects

Pupils working consistently at level (b) think it
~ possible that any oné of three equilibrial states
might exist. But each state is not necessarily a
guaranteed state. Pupils at the level of the species

use letters to define the ordering which is to exist.

5. The development of the species concept involves
two aspects of A.L.C. (Acceptance of Lack of Closure)

viz.



(1)

and  (ii)
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in respect to accepting that a le%ter is
needed when an unambigucus inference about

a particular variable is not possible;

in respect to accepting that literal entities

are non-ordered mathematical objects.
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<

CHAPTER 11 : TITPLICATIONS

11.1. Introduction

The study has attempted to outline some of the
mathematical and psychological differences associated
respectively with an acqeptance of the letter as an
element in the language of arithmetic with letter

appendages, and in the language of symbolic formalism.

‘Adolescents often find algebra, as Ruscsell puts it,
a"bugbear". The reason for this, the present study
suggests, is that to "understand" algebra the learner
needs to have accommodated a symbolic conception of

"numbexr®,

It is clear that the study is only a beginning
upon a proble:: area which affects the lives of all
pupils and mathematics teachers. !uch nrore work is
needed, with refined investigatory material, to clérify
any ideas introduced here which might be thought
worthwhile pursuing, and to establish beyond reasonable
doubt thaf some df the reported differences are psycho-
logically real.

The present chapter is an overview. It discusces
the outcomes of the study and their implications for

teaching and research.
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11.2. The need for consistency

Kuchemann(94) identifies six "levels of understand-
ing" of the numerical variable, viz: the letter
'evaluated', ‘'ignored', as 'object', a2s a 'specific

9 o 9 J b}

unknown', as a 'generalised number' and as &g 'variable'.

The test item which taps the 'variable' level is
the following:

(a) "Which is larger, 2n or n + 2?9 Explsin".
Of approximately 1000 third year secondary school purils

only 6% answered this item correctly.

On the other hand, 25¢% and 30’ respectively ansvered
the following items correctly: |
(b) "™m+n+qg=m+ p+ q is true (a) Always,

(b) Never, (c¢) Sometimes when. . ."
(c). "If ¢ + 4 = 10, and ¢ is less than &, what

can you say about c?"

These items are considered to tap the "generalised

number" level.

Kuchemann's test was devised from an original renort

. (9 . . . . .
by COlllS(Js), who described three inportant ways in

~

(94) Kuchemann, D., (1978) '
(65) Collis, K. F., (1975)a
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which purils used letters whilst searching for zlgebraic

relationships:

(i) some pupils replaced a letter by a single
nunber and if this strategy failed to give
a result, gave up the task;

(ii) some pupils were prepared to try severgl'
numbers and so-appeared to have extracted a
concept of a "generalised number" which wvas
recognised as an entity in its own right
sharing the property common to all nuubers
within the child's experience. These purils
were 14 - 15 year — olds;

and (iii) some pupils had reached a2 new "level of abstrac-

tion", that of the 'variable'.

The item Collis considered to differentiate the
'generalised number' pupils from the 'variable' level
pupils was item (b) above, which Kuchemann himself
places at the 'generalised number' level (he does not,

however, say why).

Collis considers (b) to tap understznding at the
'variable' level because, he observes, to have the

varigble concept is to recognise that two letters

re

varying over the same lzrge range of numbers can meet in
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any particular number. PYunils at the 'generalised
number' level, he says, find this possibility "incon-

ceivablen, (96)

An alternative answer to item (b) however, which
might suggest the pupil is aware that letters are
'ambiguous in their denotation and accorédingly undefined'(97)
is:

"4§lways, when n = p",

Collis fails to distinguish the letter used as a
Diophantine unknown and as a species. At:the 'varisable'
level we need to define a relationship btetween letters

since each is recognised to be a non-ordered entity.

To answer each item (b) and (c) above howeVer, a
Pupil needs only a concept of "potential variation®
i.e. to think of a number {(or numbers), which satisfies
a relation. Kuchemann is thus correct to place each

item at the same level,

Such-mismatches between researchers' ideas of what
does, and does not constitute a 'variable' points
readily to the state of our present understznding cof

what the algebraic language entails. It also draws
e

attention
(a) to the problers the puril must face in the

L3

classroom;

(96) Collis, K. P. (1975)a op. cit. p.48.

(97) Russell, B., and Vhitehead, A. N. (1927) op. cit. p.4.
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and (b) to the need to arrive at some consistent

viewpoint in the future.

The "definition" of the 'variable' or 'syecies' in
the present study has added yet another dimension.
Here it has been consicered to be a non-ordered numeral
with guaranteed determinations - a concept which
transcends that of the élassical unknown, which denandés
a radical change in conceptual understanding of the
properties of arithmetical objects, and which involves
two different forms of A.L.C. (Chapter 8). The fact
that very few pupils in the pfesent study utilised the
letter as a speciles is testiﬁony to the fact that the

concept might be a difficult one to achieve.

An attempt has been made (Chapter 6, Section 6.4.
and Chapter 8, Section 8.L.) to explain how the concept
is developed. Here any appeal to the widely accepted

98 . .
98) was intention-

explanatory concept of ""abstraction"(
ally avoided for the following reasons. An appeal to
the process of abstraction cannot explain how & mathemn-
atical object, which is understood to be a non-ordered
entity, can acquire this property from ordered entities
themselves. It seems to the present author that exclusive
attention to 'abstractions' leaves out of coumsideration

~

the fact that the role played by a symbol sometimes

undergoes a radical transformstion. In the process of
[y

(98) See Dieniez, Z. P. (1961) ané (1963)
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creating the synbolic meaning for "number" for example,
it is true that there are some similarities in the role

given to, the letter and in the role given to. the

)
conventional numeral and the "unknown". Thus the new
"numbers" obey the same laws ae do the conventional
nunmersls and letters for "unknowns'". But the properties
of the new numerals are not the same. Numerals an
letters in conventionallarithmetic are understood to be

ordered,or potentially ordered, entities. The numerals

in algebra are not.

To return to item (a) above, ("vwhich is larger,
2n or n + 2?"), 8 successful response will be guaranteed
“when '2n' and 'n + 2' are recognised immediately to be
non-ordered entities. The item is, therefore, similar
in cognitive demand to the FLT. Suggestions of order-
ing and uniqueness ('n = n') have to be transcended to
achieve a correct result. ZXqueally, the fact thet all
pupils who answered item (a) correctly also answered
items (b) and (c¢) correctly, (personal communication
with Dietmar Kuchemann, 1978) indicates azain that the
spécies concept is a synthesis of the Diophantine
unknown and of the letter used as an identifier of a
range of numerals (see Chapter 6, Section 5.4.).
Kuchemann's work here suggests that in algebra we under-~
stand letter assemblages to be non-ordered mathenetical

entities, in the same way that the FLT suggests we

7
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understand letters to be non-ordered entities. This can
only be the case if we know th=zt each letter we perceive
has 'internal' to it the totality of numerals known by
us i.e. it is identifiec simultaneously with each

numeral and so 'varies in itself?,

Clearly there is much more work n:=eded before a
clear and concise answer can be given to Freudenthal (p.1l.)
but it is hoped that the present study, considered along
with Kuchemann's work will help spur future investi-

gations towards a solution.

In partidﬁlar two of the major areaes of interest
are, firstly that of knowing how to help pupils estal- ‘
lish 2 non-ordered conception of 'numeral', and secondly
how to convert the finding activity predominant at
the level of 'discovered content' into the propsiticnel
activity at the level of the 'species'. The two are
clearly interdependent.v The ¥LT, however, suggests
that a psychological distinction lies in the fact that
distinct deep-structures associated with the meaning
given td 4lgebraic statements are available to us, and
- that the 'algebraic' deep structure is associated with
that meaning given to the letter by Vieta at the con-
¢lusion of the sixteenth century. Sectign 11. 3. below
sugzests that this meaning is essociated with an

analytical activity. '
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)]

11.3. Mathematical ability and Symbolic Formzlism

(a) Anslytical abilities

Chomsky observes that 'somehow our brief and

personal and limited contacts with the world suffice
; (99) o

for us to determine what words meen . Such an
ability, to pick up the meanings of words cuickly, is how-
ever, necessarily relative. The mathematician prob-
- ably learns the meanings of new words relevant to
mathematics more guickly than does the chemist, and

vice-versa.

In general terms, however, Chomsky eappears toc be
correct. A clue to the reason for this is offercd by
Goodstein's observation thot in leaerning to use a
general term correctly we do not learn to associzte the

word with that which is common to exemplars of the word

in 'concrete reality', but that we ignore cnv differences

there might be. "Overlcoking some differences in objects

but not overlooking othersy he writes, "is the funda-

(100)

mental operation in language". He supports his

argument with the observation that should it be true

that a general term is associsted with what is comoon
to objecfs of experience (e.g. "sugar" associlated

witih sugar-lumps) then the too discriminating child

might never learn to speak.(lol)

(99) Chomsky, M., (1972) p.22.
(100) Goodstein, R. L. (1865) p.26.

Y se
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Husserl(loz) takes a similar stance. Empiricists
who base their explsnations of 'abstract'!, 'general?
ideas on the relation of similarity, he observes, do
so without realising the importance of "objectifying
intentional acts". If by saying this figure is a tri-
angle we nmean only to say that the figure resembles the
shape of other figures we will, he points out, find
ourselves involved in an infinité regress, All ve will
be able to say is that something is a triangle because
something else is a triangle, and so on ad infinitum.
But it is clear that a recourse to similarly sharped
things, so far from explaining the term 'triangle',
presupposes in‘fact fhat we know how to use it. We
rnust be able to make a distinction between triangunlarity

.and the sensation of a triangle.

There is, he says, something nore fundamentsl than

the relation of similarity - namely the intentional

distinction between "appearance'" and what appears in

aprearance. Thus we need to distinguish between, for

example, "globe-appearance" and the "appearing-globe”,

(101) cont. 'Ve regard a child's ability tc learn
languages .+ quickly as a mark of intelligence,

yet a too subtle and discerning child night never

-

N

learn to speakx his mother tongue'. Ibid. p.26.
(102) See Pivcevie, E., (1970) Chapter 5. See also

Poole, R. (1977).
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the latter being the intentional object. The intentioneal
object is not to be confused with the physieal object.

Ve can, he says; perceive a 'general object' in a single
émpirical datum directly without needing to deal with

'similarity.

The process suggested by each writer above, by which
the meaning dageneral term: acquired, is that of ana-
lysis. From a particular instance an attempt is made

to attain an immediate generality.

‘When dezling with 'numbef' or 'mumeral', the problen
faced by the mathematician is that of having available
a symbolic means of conveying an idea of the "general
object". This symbolic apparatus, however, was intro-
duced by Vieta when he used the letter to help him
avoid mentioning particular conventional numerals. Vieta

thus intended the general when he used the species.

Nunn points out that the mental movement associated
with 'anslysis' is one in which we "bring to light the
essential process concealed in a particular or accidental

(103)

garb" This can be achieved by "generalising fron

a particuler instance".

e

‘When the FLT is considered, the relationship of

Nunn's observaticns to those of Husserl's above is cle

A}

>
i e

(103) MNunn, T. P., (1919) p.4.
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In the PLT theve are two ways of interpretihg the deta -
that associated with the letter used as a "stand in"
for the measured length of the line, ané that associated

with the "species",

When the letter is interpreted as a "stand-in'", the
line associated with it is a physical object. it is

one line and can be measured.

When the letter is interpreted as a "species®
however, the picture is transformed, for now we intend

a "general" line. This line has no particular mezsure.

in the former instance we are dealing with "line
appearance’, and in the latter with the “appearing-
line" i.e. wifh the intentional object. Thus, switching
the meanings given to the letters in the PLT is equivalent
to seeing the lines firstly as individual objects, and |
secondly as "general objects+. That is, an analytical
act is involved, which appears to be associated with
the acquisition'of the new meaning for letters introduced
by Vieta.

Puﬁils in the present study who naturally.trans—
cended orderings in the PLT clearly intended each letter
as a 'general' object in the sense above:'and each line

as a 'general line'. 7This percepticn of the figure was
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attained frbm one exposure to the illustration. Pupils
who did not transcend orderings, clearly 'saw' the
physical object before them. The former pupils were,
almost invariably, in the "top" sets in their Year Group.
In this sense, therefore, there is evidence to suggest
that these pupils exhibited an 'analytical ability' in

the PIT. Krutetskii(l04)

isolates such an aptitude
as one of the important characteristics of the more able

school mathematician.

The fact that some of the pupils in the present
study who transcended orderings were in the lower forms,
vhilst many who did not were completing their final yeer
of mathematics (5th rorm pupils) suggests that a spec-
ialised mathematical ability, which is related to an
ability to generate the species concept at an early age,
might exist. Kuchemann's work which shows that zpyprox-
imately the same small percentage of pupils (between 6%
and 8%) in each year 2, 3, and 4 answered the item
"Which is larger, 2n or n + 2?%" correctly, indicates
the same. TFuture research might well focus upon this
possibility. in particular, it is important to know
the role the species plays in general analytical activity.
Can a ﬁupil intend a "“general triangle"™ or ‘general line"
whilst devoid of the species concept, or are the two
concepts inseparable? Is the eability to/attain the
tgeneral' with respect to mathematical objegts an ebility

the
restricted to/few? &Lach is a question of fundamental

(104) Krutetskii, v. A., (1976)
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importance to mathematical education.

One thiﬁg, hovever, seems clear, viz: this inten-
tional act, which is associated with a change in usage
of the letter, converts the letter directly into a non-
ordered entity(los). Section (b) below continues the

discussior and suggests that this conversion might bve assoc-

iated also with a change from static to dynamic irmagery.

() ZLanguage and Imagery

It hasvbeen suggested thet an accommodation of the
'species' concept is associated with a potential, or
actual, ability to perceive geometrical datas as a dynamic
construct. Little substantive surport haes been given
to this conjecture, other than the obvious differences

in response of the 'F' and 'A' groups to the TIT.

(105) Consider for example, the proof schemna:
For some'n,
S

fl

2 + 4 + 6 +. . .+2n;

n
25, = (2 + 2n)#(2 + 2n) +. . .+ (2 + 2n) = 2n(n + 1);
S, = n{n + 1).

In line 1 of the 'proof' 'n' necessarily stands for an
unknown o?dered numeral. The proof schema is therefore not
general., The result has been 'proved' for one value of 'n!'
only. To look upon"Sn =n(n + 1)" as a general statement,
we have first to convert 'n'; by an analytical zct, into
the species 'n'. Thus in this final statement 'n' is
accepted to be a non-orcered entity with.gueranteed det-
errinations. In other words there is a Meogical gay!
between arithmetic with letters used as 'unknowns', or
'stand-ins', for a number, and symbtolic forﬁalism. See
Harper, Eon, (1976) for a full discussion.
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It is possible, however, that should existent
research reports be re-evaluated some of these might
- suggest -also that some adolescents have acquired a

dynamic conception of geometrical data.

One such possibility, to take an example, is work
on "false conversations" reported by Lunzer(106).
Lunzer is interested in‘Multiple Interacting Systems
(MIS). 1In one experiment pupils are asked to consider
how the perimeter and area of a rectangle changes vhen
deformations are made which |

(a) retain perimeter lehgth;
and /or

(b) retain area.

.

It is only at the age of spproximately 14 - 15
years that pupils begin to accept that a constant perim-
eter can be associated with a changing srea, and a

constant area with a changing perimeter.

Lunzer believes this experiment denmonstrates

clearly the role of "abstraction"(lo7). Pupils who

(106) ILunzer, E. A. (1968) and (1973)
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exhibit false conversation are "tied to the:figure"”
immediately available to perception. Cléer puprils can

'stand apart! from the figure and consider the effect
changing of one variable has upon the system as & whole.
The figure in question is made up of a pin-board with
string, so that deformeations of an originalirectangle

can easily be made.

However the distinction between the differcnt
responses might here indicate'the‘emergence of &
dynamic interrretation assoéiated with an ability to
perforn analytical mental acts. ‘hat the "non-false
conserver" might see in the figure is merely a "snapshot"
of a dynamic system (see Chapter 2, Section 2, Xxample 1).

The false conserver might see the static image.

In this sense the "reality'" faced by the non-conserver
is not the "reality" of‘the false-ceonserver - in the same
sense that the "reality" of the pre-Corernican astrononer,
or the Euclidean geometer, is not the "reality" of the
post-Copernican astronomer, or of the non-fuclidean
geonmeter. In the present context such a change in
view might be made possible by an accommodation of the
" species concept as a part and parcel of cognitive meke-

up.
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To illustrate the point further, consider the

following figures and the questions associated with them:

- p Question A: P is fixed
and T can move., PT = x cn.
One possible position for T
T . has been marked. DMerk all
possible positions for T.
Figure 16.

P 2a cm Q | Question B: "Which is the

greater distance, PQ or
R b cm S RS?"

Figure 17.

Should a circle, centre 'P', be drawn for Question A
then 'x' has been interpreted as a numerical constant.
Here the value of 'x' cannot be increased or decreased

except by doubling, adding, etc.

An alternative response is to shade the whole rec-
tangle, in which case 'x' might have been interpreted

as a "species".

-

-

Each interpretation of the letter can be applisd

to Figure 17. If 'b' and 'a' are "unknowns' awaiting
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the outcome of a measuring process then PQ is "greater"
than RS (assuming no consideration of perspective or scale
has interfered with interpretation - if it has, then

no conclusive answer can be given).

If 'a' and 'b' are "species", however, then the
"highest level" interpretation may be that RS is greater

than PQ whenlb|>|2aL

This second inferpretation suggests a dynsmic
interpretation of the data in which the concept
"measured distance" has been replaced by "instantaneous
relative displacement". The former, accofdingly, suggests

a static interpretation of the datsa.

In the ciassroom situation it is possible that
there are "dynamic" thinkers and "stetic" thinkers.
Almost invariably, it would seemn, the former are the
potential mathematicians.

The possibility of two "realities" existing simul-
taneously in the classroom clearly has important impli-

cations for teaching and for resource production.

Classroon teaching and texts usually present figures
(either in geometry, or as an aid to algébraic demon-

stration) as static entities. The medium of chalk and
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pen make this entirely necessary. Yet theré rust be
ways and means of‘explaining to pupils that the figure

drawn is not necessarily the figure intended.

A 'seneral" figure is pctentially, a dynamic con-
struct, and at all times we must consider that the
finishing point for the chalk (or pen) is purely an
instanteous position of'rest. Yet many pupils will
argue, once a theorem or result has been demonstrated,
that an original drawing is "incorrect" - an indication
that the drawing is to them a static entity and not a

"snapshot" of action.

_in the final event the distinction suggested here
bétween dynamic and static imagery correlated with
analytical_and non-analytical activity has an important
bearing upon the teaching and demonstration of geometry,
trigonometry and analytic geometry, and opens up the
ail important gquestion of the relationship of languege

to reality.

11.4. Togical process and the learning of algebra.

A nunmber of reviews of thevnature and progress of

adolescent thought have concluded that a search for

4(108) -

unity is misguide . Thus these reports suggesti that

[

(108) Brown, G. & Desforges, C. (1977); Lunzer, k.A. {(1973);
Neimerk, k. D.,(1975); Blasi, 4. & Hoeffel, k.C. (1974);

Wason, P. C. & Johnson-Laird, r. M. (1972)
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the Piagetian belief that the INRC group ofzoperations

- performs the enabling role of 2ll advanced thinking is
ill-founded. In particﬁlar it is suggested that curric-
ulum planning needs to take into accountvthe special
problems associated with a particular subject area,

~the pupil's personal history of experience, and pertic-
ular special abilities which give rise to, for exanmple,
mathematical thought on'the one hand, and literery crit-

icism on the other.

The present study made no attempt to relate dis-~
tinct forms of cognitive actiﬁity to logicsl process.
Here subjects were considered at all times to be acting
logically given their own prenises, anéd an attempt was
made to account any "errors" to a mismatch in nmeaning
of key terms - in particular to terms such as "i",

"value of x", "length", and "variation®.

The extent to which this is considered to have
been successful cannot be known outsidé future dis-
cussion. However, what it does appear to suggest (to
the present author) is that what is important is not in
particular that certain pupils may be devoid of certain
logical operations, but more so that what is often &
meaningful and logically consistent statement to the
pupil may not be a meaningful statement ;o the teacher

(and vice-versa).
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Thus, for example, in pilot studies, pupils (and
teachers) who gave responses to '5x = y' such as:

'y :is greater than y when x is greater than one fifth of ¥y'

'x is less than y when there are 4x';

'x is equal to y when you remove the 5';

'x is equal to y now';
and

'x is equal to ¥y wﬁen it's 10x equals 2y',
were often astonished to learn that these statenments
confused the author. Each subject was convinced that
his/her statement was consistent with common usage of

such terms as "“walue of x" and ¥Yvariation®.

Of equal importance is that when one accepts the
subject’s own premises (e.g. that 'x! and 'y' are objects
with fictitious positive measures) then such statements
do have their own internal logic. It simply appears to
be the case that meanings in the language of fictitious
measures are different to those in the language of the

species.

In the teaching situation this suggests that the
teacher needs to be aware that the meanings of the words
he uses may not match with the meanings given to the
words by many of his pu:ils, and so must constantly
attempt to bridge the "space between thé/words". Such
"mis-matches" in meaning and action may be a normal

condition of many classroon situations when algebra is

the immediate area of concern.



-298-

Some of the tasks used in the present study
might be of value here as both a diagnostic and teaching
aid. “hey might, in the least, help the teacher
aprreciate his pupils' algebraic understandings, help
to point to the source of some difficulties, and serve
as a means of demonstrating alternative meanings of

key terms.

In particular, during this process there is little
need to assume an existential status of logical operations.
Direct remedial ;ction can be taken to help correct a
pupil's understanding by concentrating upon differences
in word meanings and-interpretations of data immediately
available to perception. In this sense the teacher

should feel that he is dealing with problems which are

real, imnediately present, and correctable.

11.5. A crisis for school algebra?

Folk-lore suggests thet for many intelligent
adults school algebra was a meaningless jergon. '"he
majority 6f these adults may never have transcendedé the
usage of a letter as an object with a fictitious measure,
and so suffered acutely throughout school life from

the "Russell Syndrome®.
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The present study, in conjunction with Kuchemann's
work, suggests that this state‘of affairs might continue
to be true. rew of even the mpst capable secondary
school pupils appear to develop the usage of a letter
either as a preferred alternative to conventional num-
erals in general argument or as a means of organising

perception.

With this in mind, these results suggeét that
approximately 85% of pupils conélude their mathematical
studies at the fifth year level devoid of either of

these usages of the letter.

The figure is of some concern in view of the fact
that it cannot be disputed that the species is the
vehicle of all importaﬁt méthematical ideas and that
even the simplest formula, expressed symbolically,
requires the concept for z clear understanding of the
message it conveys. Thus 'x + y = 10' can be understood
as a formula only when an analytical act converts the
letters into species, in which case the statement may

be written: (t—>10 - t)

From this point of view there appears to be an
important need for an awareness thet pupils will
"carry over" expectations developed through working with

the conventional numerals into algebra itself, and that
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therefore conscious action needs to be taken to change
tacit assumptions which might be developed through

exclusive dealings with that laﬁguage.

he algebraic language would therefore seem to

need to be introduced in three steps:

(a) pupils must firstly be convinced that a letter
does not harbdur a true measure;

(b) an attempt needs to be made to help pupils
deal adequately with "indeterminate" equations;
that is, pupils will need to develop the
ability to hold in mind a varying system of
numeral pairs which satisfy a given relation;

and |

- (e) the_'spéciés? concept needs to be introduced

as a letter used intentionally to avoid
mentioning particular ranges of numerals which
are assumed determinations of it; thus the
expression xe{i, 2, 34 4, 5} might be explained
to mean that x is now to be introduced to
save‘the labour of mentioning each numeral in
. the collection by name. 1n this sense any
statement which then includes 'x' is either
universally true or false.

In particular if the apparent 'criégs' in algebra

is to be overcome, it would seem thzt an attempt nmight
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be made to make some change in direction. A continuous
reference to the letter as an "unknown' can do little

but help support prior developed expectations.

11.6. Pinal Remark

If the present study asks for anything, it makes an
appeal for a continued and concerted attempt to under-
stand the problems inherent to learning the algebraic

language.

In particular, it would‘wish to stress the'import-
ance of helpiﬁg pupils and téachers share a commnon
language by ensuring that each is familiar with the
concert of the Vietan species; and it asks that attempts
should be made to develop programmes for teaching which
bear in mind the psychological and the mathematical
differences which combine together to distinguish
conceptual activity in the language of arithmetic with
letter appendages, froﬁ that required by the "logistica

speciosa".



-302-

t

APPENDIX I




-303%-

Name Year:Rank Age Hath. Set
1,2,3
Timothy 1:1 12-3 - -
Nigel 1:2 12.-5 - —— -
Colin 1:3 12-2 -
Donald 1:4 11-10 - ———
Graham 1:5 11-6 - -
Alan 1:6 - 12-5 -———-
Angus 1:7 11-6 -
Nigel 1:8 11-7 - — -
Patrick 1:9 12-5 - —— -
Hark 1:10 11-11 - -
Andrew 1:11 12-5 - — - -
Daniel 1:12 11-6 - — -
YEAR 1

(Ranking by teacher recommendation)

Name ~ Year:Rank Age Nath. Set
1,2,3
Robert 2:1 13-0 1
Jeremy 2:2 13-4 1
Patrick 2:3 13-2 1
John 2:4 13-5 1
Stephen 2:5 132 2
Michael 2:6 12-6 2
William 2:7 12-7 2
Richard 2:8 12-T 2
Matthew 2:9 12-9 3
Brian 2:10 13-1 3
Andrew 2:11 13-0 3
David 2:12 .12-11 3
YEAR 2

(Ranking by teacher recommendation and examination results)

-

Table 13 : Experimental-group Structure - School A (cont. over)
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Name Year:Rank Age Math, Set
- _ 1,2,3
Graham 3:1 14-3 1
Barry 3:2 13-10 1
Matthew 3:3 . 14-6 1
Colin 3:4 13-9 1
Tony 3:5 13-6 2
Andrew 3:6 14~1 2
John 3:7 ' 1311 2
William 3:8 13-9 2
Michael 3:9 13-6 3
Thomas 3:10 14-0 3
Geoffrey 3:11 - 14-~-3 3
A.J. 3:12 13-10 3
YEAR 3

(Ranking by teacher recommendation and examination results)

Name Year:Rank Age Math, Set
- 1,2,3
Michael 4:1 14-T 1
Mark 4:2 15-4 1
Malcolm 4:3 14-9 1
Tony 4:4 14-11 1
Barney 4:5 15-0 2
Jan 4:6 15-2 2
Barney 4:7 15~0 2
Mark 4:8 14-8 2
Brendan 4:9 15-4 3
Daniel 4:10 14-7 3
Gareth 4211 15-3 3
Pgter 4212 14-11 3
YEAR 4 g

(Ranking by teacher recommendation and examination results)

/eont.
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Name Year:Rank Age Math. Set

1,2,3
Chris 5:1 15-5 1
Paul 5:2 156 1
Andrew 5:3 16~3 1
Philip 5:4 16-3 1
_David 5:5 16-2 2
Mark 5:6 . 16-2 2
Philip 5:7 15-8 2
Colin 5:8 15-11 2
Martin 5:9 15-11 3
Trevor 5:10 15-5 3
Tan 5:11 15-3 3
Alan 5:12 15-4 3
" YEAR 5

(Ranking by teacher recommendation and examination results)

Name Year:Rank Age U=Upper 6
L=Lower 6
Gregory 6:1 17-5 U
Alan 6:2 17-6 U
Mark - 6:3 17-6 U
Jonathan 6:4 17-10 U
Philip 6:5 18-1 18]
Peter 6:6 16-T L
David 6:7 16-7 L
Andrew 6:8 17-11 L
Colin 6:9 16-11 L
Malcolm 6:10 17-5 U
Daren 6:11 17=3 i
_Brian 6:12 16-11 L
YEAR 6

(Ranking by teacher recommendation)

/Table 13 end,
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Name Year:Rank Age Math. Set

1,2,3
Matthew 1:1 11-8 .-
Susan 1:2 11-6 - - - -
Alison 1:3 11-6 - - = -
Jonathan 1:4 11-7 - - - -
Cheryl 1:5 11-6 - - - -
Peter 1:6 11-9 - - - -
David 1:7 11-5 - - - -
Matthew 1:8 11-8 - -
Giles 1:9 11-4 - —— -
Susan 1:10 11..9 - . --
Peter 1:11 11-6 - - -
Mary 1:12 11-3 - - -
i YEAR 1

(Ranking by teacher recommendation)

Name Year:Rank Age Math, Set
1,2,3
Jane 2:1 12-8 1
Philip 2:2 13-1 1
David 2:3 12-7 1
Peter 2:4 12-3 1l
Simon 2:5 13-1 2
Jonathan 2:6 12-9 2
Richard 2:7 13-3 2
Malcolm 2:8 12-7 2
Julie 2:9 13-1 3
Anna 2:10 12-9 3
Samantha 2:11 12-11 3
Alison 2:12 12-8 3
YEAR 2

(Ranking by teacher recommendation and examination results)

Table 12

: Experimental-group Structure - School B (cont. over)
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i

ﬁame Year:Rank Age Math. Se£
. 1,2,-
Richard 3:1 - 14-3 1
Douglas 3:2 13-5 1
Stewart 3:3 13-11 1
Vanessa 3k 13-7 1
Ben 3:5 13-8 1
Sarah 3:6 13-10 1
Polly 3:7 13-5 2
Gareth 3:8 13-7 2
Murray 3:9 13-7 2
Timothy 3:10 13-2 2
Matthew 3:11 14-1 2
Conrad 3:12 13:3 2

' YEAR 3 )

(Renking by teacher recommendation and examination results)

Name Year:Rank Age Math, Set
1,2,3

Nicholas b1 15-6 1
Stephen Li:2 14-9 1
Becky L:3 15-3 1
David b:4 - 1hk-7 1
Katy b5 © o 1hk-7 2
Caroline L:6 14-11 2
Debbie L:7 14-11 2
Paul 4.8 15=3 2
Jonathan k.9 14-11 2
Katherine 4:10 15-1 2
Eleanor 4:11 14-7 3
Kay L.12 15-3 3

) YEAR 4

(Ranking by teacher recommendation and examination results)

/cont. R
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Name Year:Rank Age Math. Set.

1,2,3
Mark 5:1 15-5 1
Roger 5:2 16-1 1
Fiona 513 15-5 1
Philip 5:h4 15-8 1
Karen 5:5 '15-6 2
Andrew 5:6 15-9 2
Nigel 5:7  16-1 2
Christine 5:8 15-4 3
Sarah 5:9 15-11 3
Rosemary 5:10 15-6 3
Stephen 5:11 15-8 3
Christine 5:12 15-10 3
YEAR 5

(Ranking by teacher recommendation and examination results)

Name Year:Rank Age U=Upper 6
L=Lower 6
David 6:1 17-7 Y
Ann 6:2 18-2 v
Michael 6:3 16-5 L
Stephen 6:4 16-4 L
Julian 6:5 16-7 U
Nigel 6:6 17-10 3]
- Mark 6:7 16-9 L
Neil 6:8 16-5 L
Robert 6:9 17-0 L
Nicholas 6:10 17-1 L
Joanne 6:11 18-2
Judith 6:12 17-3 L
YEAR 6

(Ranking by teacher recommendation)

+ /Table 14 end.
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APPENDIX TI1

IT.1. Classification of Response-Types
This appendix explains how the responses to each
~task are classified and presents the data from each

school in the form of tables and figures.

IT7.2. Clessification in terms of levels of algebraic

sophistication

II.2.1.
The Parallel Lines Task

Classification of pupil by response for the PLT was
decided in terms of a "level of commitment" to sym-
bolic formalism to produce three distinct categories.

(That is, to the extent across Subtasks 2 and 3 to which

each pupil subordinated immediate perception of concrete

orderings to the symbolic language)f

1112.2. Response-types to Subtask 1

In Subtask 1 all pupils showed a readiness to
subordinate concrete order to numerical intuition, giving
a variety of reasons for this readiness. By comparing
responses to Subtasks 2 and 3 with these responses it
is possible to suggest which responses m;y be due to
the pupil giving content to the letter from the figure,

and which pupils consider the letter to have content

independently of the figure.
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The following are the four types of response
to Subtask 1 which show that the language of arithmetic

is being used to organise perceptions.

2 cm 4 cm

Red Green

PLT Subtask 1.

(i) “YLength" as a relative numerical construct only

The pupil considers the relationship between

numerals to define the meaning of "lerngth".

Gregory (6:1) 17yrs. Smths. School A.
Q. Is the green line longer than the red line, the red
-line longer than the green line, are they equal

in length, or could any of these be possible?

The green line is longer than the red line.

Why?

Because it's 4cm in length.

When is the green line longer than the red line?

It is longer.

When is the red line longer than the green line?

It isn't.

When are the lines equal in length?

O > O P O > T >

They're not.
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(ii) "Length" as a scalar construct. The pupil regards

the lines on the card to be scalar representations.

Mmark (4:8) 1l4yrs. 8mths. School A.

Q. Is the green line longer than the red line, the
red line longer than the green line, are they equal
in length, or could any of these be possible?

A, Well, . . .erm. . .if you take the units into
account the green line's longer but as drawn the
red line's longer.

Q. When is the green line 1Qnger than the red line?

A. When they're both drawn to the séme scale.

Q. When is the redAline longer than the green line?

A. As it is now, approximately helf the scale.

Q. When are the lines equal in length?

A. The er. . .when the red line is twice the scale

as the green line they will be equal.

(iii) "Length® as a spatial judgement in 3D. The pupil

suggests the drawing may be in perspective., "Length"then

refers to what "appears" to be the case.

Brendan (4:9) 15yrs. 4mths. School A.

Q. 1s the green line longer than the red line, the
red line longer than the green 1ine} are they equal
in iength, or could any of these be possible?

A. Well, if you looked at them in the plane. . .erm.

that (pointing to the green line) could be just
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shoved back in the distance, so when.ié comes out
it could be equai. . .er. . .yes. Yes. Yes. Oh!
I'm not thinking. Erm.. . .the green line is
longer. Qbviously. Because it's got 4em by it.
Q. When is the green line longer than the red line?
A, When you bring it up closer to you it will be
bigger.
When is the red liﬂe longer than the green line?
A, When it's like it is now, in front of the green
line.
Q. When are the lines equal in length?
A, When you've gotAthe greeh line some way behind the
2cm line. Erm. . .when will they be equal? (Yes).
When the distance is’ brought up so that they will

be egual.

(iv) "“Length" as a spatial judgement in 2D. The pupnil

suggests the numerals could be ignored.

‘Michael (%:9) 13%yrs. 6mths. School A.
Q. Is the red line longer than the green line, the
| green line longer fhan the red line, are they eaqual
in length, or could any of these be possible?
A, The red line's longer. Oh. Well. . .the red
line's longer but it's shorter in length. That's

a bit puzzling that, isn't it. “hey can either be

possible.
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Q. When is the green line longer than the red linez-
A. When that (pointing to the green line) is 4cm
in length and that {the red line) is 2cm in length.
When is the red line longer than the green line?

Q

A. When they're drawn like that.

Q. When are the lines eqgual in length?
A

. They won't be.

(Some pupils suggested "extending" the green line or
"cutting down" the red line - 'folding in half', etc.
- others that the green line may be "bent" away from us
and only a projection visiblé. One pupil suggested that

the green line might be a 'side projection' of a circle).

Each pupil takes the numerals into account and
searches for an explanation for the incompatibility of
numerical and spatial meanings of "length". Thus each
uses the numerals as a "pivot" around which his responses
are organised. Clearly these are a number of meanings

of "length" with which pupils are familiar.

IT.2.3. @Response Types to Subtasks 2 and 3

Subtasks 2 and 3 introduced the new possibility of
"algebraic" length. Responses to these subtasks were
divided into two major categories. -

(a) spatio-numerical interpretations;

and

(b) algebraic interpretations.
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Algebraic interpretations are considered to utilise
the species concept as a means of organising perceptiouns;
spatio-numerical interpretations to treat the letter
as having a content given by the figure. Here the

!

" letter is an *hypothetical judgement" awaiting the out-

come of a measuring activity.

The types of spatio-numericai interpretations
correspond roughly with the four types of responses
given above for Subtask 1. The following are illus-

trations for Subtask 2 and 3..

IT.2.4. Type A interpretations - Subtask 2

(i) "Length" as a 2D spatial judgement. Kach letter

'p! takes a different content eccording to the

perceived differences in length of each line.

P cm P cm

Green

Red

PLT Subtask 2.
Nigel (5:7) 16yrs. lmth. School B.
Q. Is the red line longer than the green line, the
green line longer than the red line, zre they equsal
in length, or could any of these be possiblev

A, The red line's longer.
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Why

That (the red line) has more units in it.

When is the green line longer than the red line?

when the green line covers more units.

When is the red line longer than the green line?

When you work out there's more units.

When are the lines equal in length?

> O P £ P O > L

When there are the same units in themn.

(pupils may also argue e.g. 'when you double the (green)
y

'p' ete.).

(ii) "Length“ as a 3D spatial judgzement. The pupil

may accept an identity of each letter, buil suggests

séatial transformations to attain a difference in "size",

Philip (5:7) 15yrs. 8mths. School A.

Q. Is the red line longer than the green line, the
green'line longer than the red line, are they
equal'in length or could any of these be possible?.

A, The red line is longer than the green line.

Q. Why? - |

A, Because p is larger than. . .no., Eecause the red

line is longer in length then the green line.
Q. When is the green line longer than the red line?
A, If it was looked at nearer your eye/it would be,
Q. VVhen is the red line longer than the green line?

A, When it's drawn as it is now.
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. VWhen are they egual in length?

> O

WVhen you look at them from the right distance.

!

(iii) "ILength" as a "multiple" construct. The pupil

introduces all "numerical" possibilities to explain

relative size.

Colin (5:8) 15yrs. llmths. School A.

Q. Is the red line longer than the green line, the
green line longer then the red line, are they equél
in length, or could any cf these be possible?

A, Any of those could be possible.

Q. Whyé )

A, Well, from the drawing>the red line aprears longer
than the green line. They could be equal in length
because a different scale was being used. And the
green line could derinitely be longer beczuse of
the three dimensional problem. It cculd alsoc be
a curved line going into the desk.

Q. When is the green line longer than the red line?

A. If in fact it was a curved line znd it was siraight-

ened out.
Q. When is the red line longer then the green line?
A, If in fact it was an optic problen and it wse nearer.
Q. When sre the lines egual in length?
A, If in fact it was a differcnt scalel
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(iv) Abuse of symbolic formalism. The pupil accepts the

lines are equal in length, but suggest the 'p's' may

represent different numerical entities.

Becky (4:3%) 15yrs. 3mths. School B.

Q. Is the red line longer than the green line, the
green line longer than the red line, are they ecuzl
in length, or could any of these be poscible.

A. They're the same.

Q. Vhy?

A, Because they're both p cm long.

Q. When is the green line longer than the red line?

A.‘ Whén the p's are not equal. VWhen the green p is
more than the red p.

Q. Vhen is the red line longer than the greern line?

A. Vhen the p's are not equal.

Q. WVhen azre the lines equel in length?

A

. When the p's are equal.

(Some pupils suggest that the lines are a different

length when p varies - when p is a'variable').

Bach response above is considered to be a "non-
formal" resiponse. The "formal" response, utilising the

species is as follows: -
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IT.2.5. Type B interpretations - Subtask 2

Stephen (4:2) 1l4yrs. 9mths. School B.

Q. Is the red line longer than the green line, the

! green line longer than the red line, are they eoqual
in length, or could any of these be possible?

A. They're eqgual in length.

Q. Yhy?

A, Becaﬁse they're both p cm.,

Q. When is the green line longer than the red line?
A, Never.

Q. When .is the red line longer than the gresn line?
4, Never,

Q. hen are they equal in length?

A, Always.

(Some pupils use the terms "for zll values",‘or "All

the time").

II.2.6. Tvpe A interpretations - Subtask 3

Interpretations for

Subtask 3 are similar to

those for Subtasks 1 and 2. b cm a cn

-

The following are examples
: Green

of A-type interpretations Red

which do not involve the PLT Subtask 3

species concept.
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(i) "Length" as a fictitious measure. The pupils con-

sider 'a' to be smaller than 'b' and suggest numerical

operations upon each to increase the length of the line.

Nigel (5:7) 16yrs. lmth. School B.
Q. Is the red line longer thzn the greeh line, the
green line longer than the red line, are they equal

in length or could any of these be rossible?

A, The red line is longer.

Q.  Why?

A, Because you've drawn it longer.

Q. .When is the green line longer than the red line?
A, When theré are more a's than b's. ¥When there's

two a's or three a's.

Q. When is the red line longer thzn the green lirne?

A, When the unit of a is less so that it balznces out.
Qe ¥hen are the lines egual in length?

A, When the lines are egual.

(ii) "Length" as a 2D spatial judrement. Letters are

totally ignored. -

Jonathan (4:9) 1l4yrs. llmths. School B.

Q. Js the red line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

A. The red line is longer. '



Q.

(iii)
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YWhy?

Because it goéé up more centimetres than the other.
Whén is the green line longer than the red line?

It can't be.

When is the red line longer than the green line?
Ail the time.

Yhen are the lines equal in length?

They're not.

"Length" as a 3D svnatial judgement. The pupil

considers the lines to be in perspective.

Nigel (1:8) 1llyrs. T7mths. Schkool A,

Q.

A,
Q.
.Aso

Is the red line longer than the green line, *the
green line lohger than the red line, sre they equal
in length, or could any of these be possible?

Any of the: could be possible.

Why?

Because the red line (he bends down and squints
along the card, one eye closed) could be WMere
someone is looking from and if the green line

was further avay itvcould be small., And if it was
nearer it would look bigger.

When is the green line longer than the red line?
hen you're locking from the green side.

WVhen is the red line longer than the green line?
When the green line is further sway. -

“hen are the lines.equal in length?

I don't know.
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(iv) "length" as a scalar construct. The lines are

considered to be scale drawings.

tark C. (5:6) 1lé6yrs. 2mths. Séh&bl A,

Q. Is the red line longer than the green line, the
green line longer than the red line, are they equal
in length, or could any of these be possible?

A, It depends if they're drawn in different scales or
not.

Q. When is the green line longer than the red line?

A, When the scale for that (the gfeen line) is smaller
than the scale for that (the red line). |

Q. . When is the red line longer then the green line?

A. Either as they're drawn now, or if thai {the red
line's) scale is smaller than that (the green line's)
scale. But it doesn't even need to be that does it?
It could still be drawn so that b was longex than a.

Q.. VWhen are the lines equal in length?

A, Well, they could be drawn on different scales
representing the lengths that they sre now, but

* they could turn out to be different lengths.

Each of the above are examples of "noan-formsl"

responses for Subtask 3. The follewing is an example

of a "formal" response, utilising the srecies.
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11.2.7. Type B interpretations - Subtask 3

Chris (5:1) 15yrs. Smths. School A,

Q.

Is the red line longer than the green line, the
green line longer than the red line, arec they

equal in length, or could any of these be possible?
Any of those could be possible.

Why? |

\fell, because a and b are general nuumbers, so &

can be greater than b, or less than b or ecuval tc b.

When ie the green line longer then the red line?

vVhen a is greater than b.

Wnen is the red line longer then the green line?
When b is greater than a.
When are the lines equal in length?

When a equals b,

I1I1.2.8. Classification of pupils by response-tyne to

the FLT subtzsks.

Using responses to Subtasks 2 and 3 each pupil was

classified into one of three groups as follows:

Group F: Pupils giving Type B responses to each Subtasi
Group T: Pupils giving at least one Type B resronse

to a Sultask; -
Gréup A: Tupils giving a Type 4 responce to each Subtesk,

’

Tables 15(a) and 15(b) indicate the classificaticn of

each pupil in Schools & and B. Tables 16(a) and 16(b)

show the numter of - 'B' and 'A' responses in esach
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Response Year 1 2 3 - 4 5 6 | Totals
Type
N Subtask 2| 12 1T 12 10 9 5 59
Subtask 3 10 9 8 9 9 1l 46
Total No..
of 'av |22 20 20 19 18 6 105
Responses
Subtask 2| 0 1 o 2 2 7 12
B
Subtask 3| 2 3 4 3 4 11 27 ‘
Total No.
of 'Bt 2 4 4 5 6 18 39
Responses
Table 16 (2); Number of 'A' and 'B' type respouses to
Subtasks 2 and 3 of the PLT in each year group - School A,
Response Year 1 2 3 4 5 6  |Totals
Type
Subtask 2 | 12 11 11 10 10 T 61
A
’ Subtask 3|12 10 10 8 8 3 51
Total No.
of 1At 24 21 21 18 18 10 112
Responses
Subtask 2 | © 1 1 2 2 5 11
B
Subtask 3| 0 o 3 4 4 9 o1
Total No. |
of 'B! 0 3 3 6 6 14 32
Responses

Table 16 (b); Number ‘A' and 'B' fype responses to

Subtasks 2 and 3 of the PLT in each year group - School B,
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II.3. The Equations Task.

Responses to each eguation are divided into four
categories in an ascending hierarchy of algebraic soph-

isticetion.

IT.3.1. Type A Responses: Pictitious lleasure.

The pupil assunes false-ordering and /or false-
content and then may use "concrete variation" or suggest
"transposing térms" to attain equality or inequality i.e.
he does not work within the algebraic constraints set

up by the equation.
Examples for each equation sre given below.

Example 1: (False content)

Angus (1:7) 1lyrs. 6mths. School A. fx + y = 10!

Q. If this is true, is the value of x always, sometimes,
or néver grezter than the value of y?

A, Well, it depends on what you'@ant really. You
can want it larger or smaller.

Q. When is the vslue of x greater than/ﬁhe value of y?

A. Vhen you. . .take the values sccordins to their
place in the alphabet. <Ch no, sorry. ,vhen you
just say are counting from x to a, if then you take
the nunber of their positions as their vealue, then

'z' would be one and 'a' twentry-six,
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Q. When is the value of x equal to the value of y?
A, Vthen it's necessary to work the problem out.
Q

0. And when is that?

A, Say when y is five, y plus x equals tenj; then they
would have to be the sane.
Q. When is the value of x less than the value of y7

A, When you take their positions in the alphabet from

fa' to 'z!',

Example 2 (False ordering - transposing terms)
Angus (1:7) 1llyrs. 6mths. School A, '5x = y'.
Q. If this is true, is the value of x always, some-

times, or never greecter thar the value of y7

A, Never.
Q. Why?
A. Because five x's equel y.

[p

Qe Yhen is the value of x greater thin the value of y°

A, When you put a 5 on the y. ‘When you change the 5
over to the other side.

Q. When is the value of x egual to the value of y?

A, When you remove the 5, or put an extra 5 by the y.

Q. When is the value of x less than the value of y?

A, Like it is at the moment.



Example 3 (False ordering - concrete variation)

William (3:8) 13%3yrs. 9mths. School A. '5x =y'.

Q. If this is true is the value of x slways, sometimes
or never greater than the value of y?%

A, Never.

Q. Vhy?

A Because 5x equals y.

Qe “hen is the value of x greater than the value of y?

A. When it's multiplied by more then 5. Say when it's
6x orv7x. |

Q. Vhen is the value of x equal to the velue of y?

A. When it's 5x.

Q. WYhen is the value of x less than the value of y?

b

A. ‘When it's multiplied by 4, or 3.
Example 4 (PFalse ordering - transposing terms)
A, J. (3%:12) 1%yrs. 10mths. Schoecl A. '2x + y = &'

Q. If this is true, is the value of x always, sometimes,

or never greater than the value of y?

A. It's never gresater.

Q. © VWhy?

A, Becaﬁée you need two x's and only cne y tc make
nine., -

Q. When is the value of x greater then the value of y?

A, Well, if you had x plus 2y it would be.

Q. “hen is the value of x equal to the value of y?

A.  Would it be if you put & 2 on the y?. '

Q. When is the value of x less than the value of y?

A, It is now.
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II.%.2. Type B Responses : Placeholder

(i) Por x +y = 10 (Multiple subtraction)
The pupil discovers numerical identities for each
letter and lists possibilities (one or more) for each

question asked.

- Example 1

Cheryl -1llyrs. 9mths. (1:5) School B. 'x + y = 10!

Q. If this is true, is tﬂe value of x always, Sometimes,
or never greater than the value of y?

A. ‘They're both the sane.

Q. Why? |

A, They must be five for that to work out.

Q. When is the value of x greater than the value of y?

A. When it's like 8 plus 2.

Q. When is the value of x equal to the value of y?

A. When they're both 5.

Q. V/hen is the value of x less than the value of y?

A, If y was a larger number, like 6.

Exanple 2°

Richard (2:8) 12yrs. Tmths. School 4., 'x + y = 10!

Q. If this is true, is the value of x always, sometines,
or never greater than the value of y?

A. x is less than y. |

Q. Why? '

A, Because you need five x's to make a y.
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Vhen is the value of x greater than the valiuve of y?
It isn't.‘

V'hen is the value of x equal to the value of y? -
It isn't.

When is the value of x less than the value of y?

In the equation.

Por 2x + y = 10 the response is similar to thatb

for 'x + y = 10",

Example 4 »
Debbie (4:7) 1l4yrs. llmths. School B. '2x + y = §°

Q.

If this is true; is the value of ¥ alwvays, sometimes,
or never greater than the value of y7

X is never bigger.

Why?

Because x is multiplied by 2. o, they're the same.
Both 3.

When is the value of x grester than the value of y7
When. . .if it was 4 and 1. If x was 4 that's two
times 4 is 8, 2dd 1 is 9.

When"is the value of x equai tb the value of y?
VVhen they're both three, |

When is the value of x less than the value of y?

Two times one is two and seven is nine.
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I1.3.3. Type C Responses : Borderline-élgebraic

(i) x ; y = 10 and 2x + y = 9. The pupil shows evi-
dence that he has an overview of the equation as a
system, but that he may deal with whole number values
only. He does not feel the need to state each possibile
identity of x in a step-by-step fashion as in the

Type B response.

Exanple 1
Philip (2:2) 13yrs. lmth. School B, 'x + y = 10!

Q. If this is true, is the value of x alwsys, sometimes
or never greater than the value of y?

A. It could be larger or smalier.

Q. Why?

A. x could be 8 and y 2; or y, 8 and i,2.
. WVhen is the value of x greater than the value of y?
. When it's six or more.
. When is the value of x equal to the value of y?

Q

A

Q

A, WYhen they're both five,

Q. When is the valuevof x less than the value of y?
A

. YWYhen x is four or less.,

Example 2
Patrick (2:3) 13yrs. 2mths. School A.. '2x + y = 9

Q. If this is true, 1is the value of x always, sonetines,
or never greater than the value of y? '

A, It could be both.
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. Why?

. Because they're equal if x is 3 and y is 3.

Q
A
Q. VWhen is the value of x greater than the value of y?
A, When it's 4 and more. |

Q

. When is the value of x equal to the value of y?

A, tthen it's 2 and helow.

Type C Response ('5x = y')

The pupil works within the system set up by the
equation, may :méntidén zero, but does not utilise neg-

ative numbers.

Example 1
Jane (2:1) 12yrs. &mths. School B. ‘S5z = y!

Q. If this is true, is the value of x always, sometimes,
or never greater than the value of y?
. Never.
. Why?

. Because five x is y, .So x is & fifth of y.

A
Q
A
Q.: UYhen is the value of x greater than the value of y?
A, Nevef. o

Q. When is the value of x equal to the value of y?

A, When they're both nought.

Q. Vhen is the value of x less than the value of y?

A, Always.
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Example 2
Mark (4:2) 15yrs. 4mths. School A. '5x = y!

Q. If this is true, is the value of x always, sometimes,
~ or never greater than the value of y?

A, & is always greater,

Qs Yhy?

A, Because you neced 5x for every y.

Q. When is the value of x greater than the vaiue of y?

A. Never.

Q. ¥When is the value of x equsl to the value of y?

A. Never.

Q. .?hen is the value of x.less than the value of y?

A. Always.

I1.3.4. Type D Responses : Algebraic

The pupil views the eguation as an integrated
system, and specifies:an algebraic relation (2 ,<, =)
between the letter and a number to limit the range of
variability of the lettef for each question. In '5x = y'

he mentions zero and the negative numbers.

Example 1
Jane (2:1) 12yrs. 8mths. School B. 'x + y = 10"

Q. If this is true, is the value of x always, sonmetviues,
or never greater than the value of y?

A, It depends upon x. Sometines. .
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Q. When is the value of x greater than the value of y?
A, When x is greater than 5. |

Q. VWhen is the value of x equal to the value of y%

A, WYhen x equals 5.

Q. When is the value of x less than the value of y?

A, When x is less than 5.

Example 2 , | R
Jane (2:1) 12yrs; 8mths. School B. '2x + y = 9!
Q. If this is true, is the value of x always, sometimes,
or never greater’than the value of y?
. It depends upon x. Sometimes greater.
. When is the value of x greater than the value of y?

. VVhen x is greater than 3.

A
Q
A
Q. When is the value of x equal to the value of y?
A. Yhen x equals 3. | |

Q. When is the value of x less than the value of y?
A

R When x is less than 3.

Example 3 ‘
Paul (5:2) 15yrs. 6mths. School A. '5x = y!

Q. If-this is true, is the value of x always, sometimes,
or never greater than the value of y%

A, It must be less because y is a multiple of x.

Q. When is the velue of x greater than the value of y°

A, It could be if x were negative. Then y will be a

greater negative number. '
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Q. When is the value of x egual to the value of y?
A, When x and y are zero,
Q. When is the value of x less then the value of y?

A, When x is positive.

Tables 17(a) and 17{(b) give each pupils' response-
type to each equation. Tables 18(a) and 18(b) show
the number of each type of resromse in each year grour

for each school.
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_ YEAR
Resn
Type| EQUATION | 1 | 2 3 . 4 5 6 TOTALS
x+y=10 2 1 2 3 0 0 8
A 2%+ y=9 4 3 3 3 1 0 14
5x=y 5 4 5 5 3 0 22
TOTAL No
OF 'A' 11| 8 10 11 4 0 43
RESPONSES -
x+y=10 5 4 4 5 3 0 21
B 2x+y=9 4 3 4 4 3 1 19
S5x=y 5 4 3 4 3 b1 20
TOTAL No
OF 'B’ 14 | 11 11 13 9 2 60
RESPONSES
x+y=10 3 3 2 0 0 b4 9 i
c 2x+y=9 |3 4 3 2 2 o] 14
5x=y 2 4 4 2 3 5 20
TOTAL No '
OF 'C' 8 11 9 4 5 6 ' 43
RESPONSES
x+y=10 2 4 4 4 9 11 33
D 2x+y=9 1 2 2 3 6 11 24
5=y - |0 |o o |1 3 6 7
TOTAL No . ‘
OF ‘D' 3 6 6 8 18 28 69
RESPONSES ‘

Table 18 (a): Number of each type of response to Subtasks of the
ET in each year group - School A, -
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Resp. .
Type EQUATION 1 2 3 4 5 6 TOTALS

x+y=10 1 "2 o) (0] 1l 0 4

A 2x+y=9 3 3 2 1 2 1 12
ox=y 17 5 6 6 3 1 28
TOTAL No
OF 'A' 11 10 8 7 6 2 44
Responses

B x+y=10 7 5 5 5 3 1 26
2x+y=9 7 5 4 4 3 2 25
5x=y 3 4 3 3 2 1 16
TOTAL No
OF 'B’ 17 14 12 12 8 4 67
Responses
x+y=10 2 2 2 1 1 1 9

C
2x+y=9 1l 2 2 2 1l (0] 8
Sx=y 2 3 3 1 4 5 18
TOTAL No
OF 'C* 5 7 7 4 6 6 35
Responses
x+y=10 2 3 ) 6 7 10 33

D 2x+y=9 1 2 4 5 6 9 27
Sx=y 0 0 “Oﬂ 2 3 5 10
TOTAL No
OF-'D’ 3 5 9 .13 16 24 70
Responses

Table 18 (b): Number of each type of response to Subtasks

of the ET in each year group - School B.
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ITI.4. The Literal Number Task

Responses: to each Subtask of the LNT were divided

into four categories in an ascending order of algebraic

sophistication:
A False ordering responses without correction;
B False crdering responses with correction;
Cc Numerical replacement responsess
D (For Subtasks 1 and 2 only): Algebraic response;

Di (For Subtask 3): Algebraic response with an
incorrect relation stated;
Dii  (For Subtask 3): Algebraic response;

Each level is defined below by illustration,

II.4.1. Type A Responses: False ordering withcut correction

The pupil suggests that one number is greater than
another and retains this expectation throughout, despite
suggesting possible identities for letters which contra-

dict this statement.,

Example 1

Gareth (3%:8) 13 yrs, 7 mnths, School B, 'm + m, m + k',
Q. Which is lgrger, m + m or m + k%
A, m+ k,

Q.  Why?

3

A, Say m equéls 1 and k equals 2 then 2m is 2 and

m+ k iss 3, Som + kX is larger,




- 31,2~

Q. When is m + in larger thén m + k?

A, If m was more than 2 it would be larger.

Q. When is m + ¥k larger than m + m?

A, When m is less than 2.

Q. When are they equal?

A, Wiell, it can't be because m can't be equal to k or
it would be itself.

Q. So which is larger, m + k or m + m?

A, m + k. |

Q. And why is that?

A, Because there's more numbers for m + k to be larger,

Example 2

The pupil assunmes an ordering and retains it throughout.
Katherine (4:10) 15yrs. lmth. School B. 't + t, t + 4°
Q. Which is larger, t + 4 or t + t?

A. t + 4.

Q. Why?

A, Because t + t is 2%t and t + 4 is 4t%.
Q. When is t + t larger than t + 4%
A. It can't be.

Q. When is t + t less than t + 4%

A. It is now.

B When are they equal?

A, They can't be.
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Exanple 3
Peter (1:1) 1llyrs. 6mths. School E. 'a + b + 3, a + ¢ + 4!

Q. Which is larger, a + b + 3 or a + ¢ + 49

A, They're both the same.
Q. Why?
A. Because ¢ is after b and that gives an exira one

to add on.
Q. When is a + b + 3 larger?
A, When b is 6 and ¢ is 4.
Q. When is a + ¢ + 4 larger?
A, Vhen ¢ is 4 and b is 2.
Q. When are they equal?
A, Yhen ¢ is 4 and b is 2,
Q. S0 which is larger, a % b + 3Aor a+ ¢ + 479
A, They're the same. ¥o! That (a + ¢ + 4) because

that's 4 and that's 3.

I1.4.2. Type B : Palse ordering with correction -

The pupil assumes an ordering at the outeet, but
reluctantly.adcepts any ordering may be possible after

answering each guestion.

Dxample 1
Raty (4:5) 1l4yrs. Tmths. School B. 't + ¢, t + 4,
Qe Yhich is larger, t+ + t or t + 47

A, t + t. '
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Q. Why is that?

A, I just guessed.

Q. Can you think when t + t will be bigger?

A. No, not'really.

Qe. Vhen is t + t larger than t + 472

A, Well, you're juét taking a guess on t, zren't you.
I suppose it might be 6 + 6 and 6 + 4,

Q. When is ¥ + 4 larger than t + t%

A, I suppose it's just t. ‘When you remove one of the
t's.

Q. When is t + 4 ecual to t + 7

A, I suppose until I know what t is. . .you can't
really teil until you know what t is.
Which is larger, t + t or t + 4%

A, I surpose you don't know. It might be any.

Example 2
Alan (1:6) 12yrs. Smths. Schocl A. 't + t, t + 4',
. Yhich is larger, t + t or t + 49

. 2t, No. + + 4.

. Well, it is when t is 2.

-~

Q
A
Q.  VWhy? :
A
Q

. When is t + t ‘greater than t + 42

A, Vhen t is over 4.

Qe When is t + t less than t + 49

A. Wheﬁ it's under 4.

Qe When is t + { equal to t + 4% ,

A. When it's 4.
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Q. - S50 which is larger, t + t or t + 42

A, It depends on what t is, doesn't it.

IT.4.3. Type C Resnonses : Numerical replacement

The pupil accepts'that.any ordering'might be
possible, but treats the letters as "empty boxes" for
nunerals. He often does not appreciate the formal rules
of syntax i.e. 't! alwayé fakes a value identical to

itself,

Exanple 1

Elezanor (4:11) l4jfs. 7uths. School B. 'a + b + 3,
a+c¢c+ 4'.

Q. Which is.iarger, a+ b+ %o0ra+c %;4?

A. They could be the same.

Q. Vhy?

A. Because you could put numbers in,

Q. V¥hen is a + b + 3 larger?

A. Vhen it's 3, 2, 3 and that (a + ¢ + 4) is 1, 2, 4.

Q. VWhen is a + ¢ + 4 larger?

A, YWhen-it's 4, 5, 6 (for a + ¢ + 4) and 3, 2, 1 (for
a+b+ 3)

Q. WVhen are they equal?

A, _When the three numbers add up to the sane.
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Example 2
Kay (4:12) 15yrs. 3mths. School B, 'm + m, m + k',
Q. VWhich is larger m + m or m + k%

A, They could be anything at the moment.

Qe Yhen is m + k larger than m + n?

A. If k¥ is 5 and m is 2.

Q. When is m + m larger than m + k?

A, If kx is 3 and m is 7 they would be.
Q. When are they equal?

A, If X is 5 anda m is 5.

IT.4.4. Type D Resuvonses : (D(i) for 'a + b + 3,

a+c+ 4') 3 Algebraic

The pupil accepts any ordering is possible (dbut
does not give the correct relationship obtaining between

the letters in 'a + b + 3, a + ¢ + 4').

Example 1 (D(i)-type)

Jonathan (4:9) 1l4yrs. 1llmths. School B, I¥NT.
'a + b +‘3, a+ ¢ + 4!
Q. Which is larger, a + b + 3 or a + ¢ + 42

A, Any of them could be.

Q. When is a + b + 3 larger than a + ¢ + 4%
A. When b is greater than c.by 1, d

G. Yhen is a + ¢ + 4 greater than a + b + 3%
A, WVhen b is equal or less than c. '
Q. When are they egual?

A, When b is 1 more than c.
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Example 2
Stephen (4:2) l4yrs. Smths. School B. 't + t, t + 4°'.

Q. YVhich is larger, t + t or t + 49

A, Any is possible. It depends upon *t.
Qo When is t + t larger? |
A, Yhen t is larger than 4.

Q. Yhen is t + 4 larger? '

A, Yhen t is less thaﬂ 4.

Q. Whén are they equal?

A, Ythen t equals 4.

Example 3

Michael (4:1) 1l4yrs. Tmths. School 4. 'm + m, @ + k'.
C. Which is larger, m + m or m + k%

A, Any is possible. It depends upon m and k.

Q. When is m + m l;rger?

A, Yhen m is greater than k.

. When is m + k larger?

. Vhen m is less than k.

. When are they ecual?

. When m equals k.

D(ii) Type (for 'a + b + 3, a + ¢ + 4'). The pupil

gives the correct relationships throughout.

Example
Miichael (4:1) 1ld4yrs. Tmths. School 4. 'a + b + 3, a + ¢ + 4!
Q. Which is larger, a + b + 3 or a + ¢ + 4%

A, It depends uron b and c.
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Q. VVhen is a + b + 3 larger?

A, When b is more than 1 more than c.
Q. When is a + ¢ + 4 larger?

A, WVhen b + 3 is less than ¢ + 4.

Q. WYhen are théy equal?

A, Vhen b plus one equals c.

Tables 19(a) and 19(b) indicate each pupils'
response type for each Subtask. Table 20(a) and 20(b)
give the number of responses of each type in each year

group for each school.
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Pupil Response to Pupil Response to
, LNT1 LNT 2 LNT 3 LNT 1 LNT 2 LNT 3
1:1 D D Dii 2:1 D D Dii
1l:2 D D Di 2:2 D D Di
1:3 D D Di 2:3 D D Di
1:4 C C Cc 2:h c C C
1:5 c c c 2:5 D D c
1:6 B B C 2:6 D D Di
1:7 A B B 2:7 C Cc C
1:8 c c c 2:8 c o B
1:9 A B A 2:9 D D Di
1:10 B B C 2:10 C C B
1:11 A A A 2:11 A A A
1:12 A A A 2:12 B B A
YEAR 1 ' YEAR 2
Pupil Response to Pupil Response to
LNT 1 LNT 2 LNT 3 LNT 1  LNT 2 LNT 3
3:1 D D Dii b:yx D D Dii
3:2 D D -Di. b2 D D Di
3:3 D D Di L:3 D D Dii
3:h D D Di L 4 D D Di
3:5 D c c L:s C C c
3:6 D D C L:6 C c C
3:7 B B c 4.7 B B A
3:8 c c c L:8 C c C
3:9 D D B b:9 B C C
3:10 A A A Lh:10 A A A
3:11 B B B h:11 ¢ c c
3:12 A A A h:12- A B A
YEAR 3 YEAR &4
Pupil Response to Pupil Response to
LNT1 LNT 2 LNT 3 ILNT 1  LNT 2 LNT 3
5:1 D D Dii 6:1 D D Dii
5:2 D D Dii 6:2 D D Dii
5:3 D D Di 6:3 D D Dii
S5:4 D . D Dii 6:4 D D Dii
5:5 D D Dii 6:5 D D Dii
5:6 D D Di 6:6 D D Dii
5:7 D D c 6:7 D D Dii
5:8 B A A 6:8 D D Dii
5:9 D D Dii 6:9 D D Dii
5:10 A A B 6:10 D D Dii
5:11 D D Di 6:11 D D Di.
5:12 A A A 6:12 D D Di
YEAR 5 YEAR 6

*

Table 19(a): Response-types of each pupil to the Literal
Number Task - School A
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Pupil Response to Pupil Response to

LNT 1 LNT 2 LNT 3 ILNT 1° LNT 2 LNT 3%
1:1 D D Di 2:1 D D Dii
1:2 c C C 2:2 ‘D D Di
1:3 D D Di 2:3 D D Di
1:4 D D Di 2:4 D D Di
1:5 C c C 2:5 A A A
1:6 C c ¢ 2:6 D D Di
1:7 Cc C c 2:7 D D B3
1:8 B B C 2:8 B D c
1:9 A B B 2:9 C C B
1:10 A A A 2:10 D B ¢
1:11 A A A 2:11 B B A
1:12 A A A 2:12 A A A
YEAR 1 ’ YEAR 2
Pupil Response to Pupil Response to
LNT 1 ILNT 2 LNT 3 LET 1 LNT 2 LNT 3
3:1 D D Di el D D Di.
3:2 D D Di h:2 D D Dii
3:3 D D Di L:3 D D Di
34 D D Di L:4 D D Dii
3:5 D c Di L:s5 B B B
3:6 D c c L:6 D D Di
3:7 D D C 4.9 B A A
3:8 A A A 4:8 C c C
3:9 D D Di k:g D iD Di
3:10 D c c L:10 A C A
3:11 B B c 4:11 B c c
3:12 A A A 412 C c C
YEAR 3 YEAR &
Pupil Response to Pupil Response to
LNT 1 LNT 2 LNT 3 INT 1 LNT 2 LNT 3
5:1 D D Dii 6:1 D D Dii
5:2 D D Dii 6:2 D D Dii
. 5:3 D D Di 6:3 D D Dii
5:4 D D Dii 6:4 D D Dii
5:5 D D Dii 6:5 D D Dii
5:6 A A A 6:6 D D Dii
- 5:7 C D C 6:7 D D Dii
5:8 D D Di 6:8 D D Di
5:9 D D Di 6:9 D D Dii
5:10 A A A 6:10 D D Dii
5:11 B c C. 6:11 D D Di
5:12 A A A 6:12 D D C

YEAR 5 YEAR 6

Table 19(b): Response~types of each pupil to the Literal
Number Task - School B
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Responss
Type Subtask 1] 2 3 4 5 6 | TOTALS

t+t, t+4 4 1121121 2 0 11

A m+m, m+k 2 112 1 310 9
a+b,at+ct+4 3 2 2 312 0] 12
TOTAL No
OF 'A'
RESPONSES 9 4 6 6 710 32
t+t, t+4 2 1 2 2 1 0 8

B m+m, m+k 4 1 12)2}|01}0 9
a+bi3,
a+c+4 1l 2 2 0 1 0 6
TOTAL No
OF 'B'
RESPONSES 7 4 (3 4 2 0 23
t+t, t+4 3 4 0O |3 |0 jO 10

Y m+m, m+k 314|114 |0olo0 12
a+b+3,
atc+4 5 3 4 4 1 0 17
TOTAL No
OF 'C'
RESPONSES 11115 11 |1 o 39
t+t,t+4 3 6 8 5 9 12 43

5 m+m, m+k 3 6 7 5 9 12 42
a+b+3
a+c+4 2 4 3 3 4 2 18
TOTAL No
OF 'D'

. |RESPONSES 8 16 |18 |13 |22 |26 103

t+t, t+4 i el el Rl R e B

E m+m, m+k - === =~ |- -
a+b+3,
a+c+4 1 1 1 2 4 10 19
TOTAL No
OF 'E'
RESPONSES [ 1 |1 |1 |2 {4 |10 19

Table 20 (a): Number of each type of response to Subtasks of

the L N T in each year group - School A,
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Response
Type Subtask 1 2 3 4 ) 6 TOTALS
t+t,t+4 4 2 2 1 3 0 12
m+m, mik 3 |22 |13 |o 11
A
a+b+3,
at+c+4d 3 3 2 2 3 0] 13
TOTAL No
OF 'A’'
PESPONSES 107 |6 |4 |9 |0 36
t+t, t+4 1 2 1 3 1 0 8
B m+m, m+k 2 {1 |1 1]1]0 |0 5
a+b+3,
a+c+4 1 1 0 1 0 0 3
TOTAL No
OF 'Bi{.
RESPONSES 4 4 2 5 1l (0] 16
t+t, t+4 4 |10 |2 |1 |oO 8
¢ m+m, m+k 4 1 3 4 1 0 13
a+b+3,
a+c+4 S 2 4 3 2 (0] 17
TOTAL No
OF 'C' _
RESPONSES 13 | 4 7 9 4 1 38
t+t, t+4 317 9 6 7 12 44
D m+m, m+k 3 8 6 6 8 12 43
a+b+3,
a+c+4 3 5 6 |4 4 2 24
TOTAL No
OF 'D'
RESPONSES 9 201 21116 | 19 | 26 111
t+t, t+4 el Bl
E m+m, m+k - il Bl bl bl Bk
E+b+3,
+c+4 0 1 0 2 3 9 15
TOTAL No '
OF 'E'
RESPONSES 0} 1 0 2 3 9 15

Table 20 (b): Number of each type of response to Subtasks of

the INT in each year group - School B,
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II.5. The Zetetic Task

Reéponses to this task were divided into 4 distinct
types, of which Type A comprises four different sub-
levels. They are presented below in an increasing

hierarchy of algebraic sophistication.

II.5.1, Type A{(i) Response : Nisinterovretation/lio headway

The pﬁpil did not meke any headway and said so, or
proclaimed the problem "impossible" {generally beceause
the sun and difference could not be known). Hig answer
card was generally left blank, or hé tentatively wrote
down a number and then stopped. Some purils misinterpreted
the question, despite repeated attempts to explelin what

was required. The following is an example:

Example of A(i) type solution to the ZT

Andrew (2:11) 13yrs. Omths. School A.
What 1s the difference between 10 and 137
10 + 3 = 13 . the difference between 10 and 13 = 3

‘The sum of 10 and 13 = 23

I1.5.2. Type A(ii): Reswonses : srturious generality

pd

The pupil wrote cdown an example of two numbers,

their diife.ence and their sum. This specizl case was
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then used to arrive at a "general" result which was,
however, spurious for other choices of the sum and
difference:

7

"Exanple of A(ii) type solution to the 2T

Hichael (2:6) 12yrs. 6bmths. School A.
10, 5 Difference 5 sum - difference = one number
Sum 15 - Fromn this you can fiand

the other number.

17.5.%. Type A(iii) Responses : Numericsl statements
& L

The puril wrote down two numerical expressions, one
for the sum and one for the difference but did not draw

a conclusion.

Fxsmple of A(iii) tyve solution to the 4T.

Jeremy (2:2) 13yrs. 4mths. School A.
7-3 6
7+ 3 =10 8+ 2 =10

[l
i

4 8 - 2

I1.5.4. Tvpe A(iv) - Resvponses : Trial and Error

The pupil wrote down two numerical expressions,
one for the sum and one for the difference, and then

suggested a process of trial and error.



Exanple of Type A(iv) solution to the Zetetic Task

John (2:4) 13yrs. 5mths. School A,
6 - 4 = 2
6 + 4 =10
You can go through ail the possibilities until

you find the numbers which give the difference of 2.

2 - What two numbers add to ten?
10 Work through and you will

2 -8 find the exact difference of
1-9 2.

3 -1

4 - 6

Types B, C, and D are distinguished from Typre A by

their legitimate attempts at a generalisation.

IT.5.5. Type B Responses : Rhetoriczal

The pupil states (rhetorically) 2 means of obtain-
-ing each number (e.g. "add the sum ané difference
together and divide by 2. Then subtract this from the
sur: to give you the other number") and may suprort

this with a particular example.
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Example df Type B solution to the 4T

Matthew (3:3) 1ld4yrs. 6mths. School A.

The sum of two numbers e.g. 5, 3 is 8;

The difference is 2;

8 + 2 =4, If you halve the difference and so get 1,
you add 1 to 4 = 5 and subtract 1 from 4 to give 3.
e.g. 24 is the sum, 6 is the difference;

24 ¢ 2 = 12 12 - 3 =9 12 + 3 = 15

The two numbers are 9 and 15.

II.5.6. Type C Responses : Diophantine

The pupil uses letters for unknowns and writes
down two simultaneous equstions representing a part-
icular sum and a particular difference. He may then

suggest the method is general.

Example of Type C solution to the ZT

Barry (3:2) 13yrs. 1Omths. School A,
X =y =2 ¢« . (1)
X+ y=8... .(2)
(1) + (2) 2x = 10

X =5

Substitute into (2)

5+y =28 ,
y =8-5
z:’j ,

You can do this for any numbers.
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11.5.7. Type D Responses: Vietan

The pupil utilises letters for the ‘'sum', 'difference’,

and each number.
|

Example of Type D solution to the ZT

Paul (5:2) 15yrs. 6mths. School A.
Let nos = x and y

n

sum of X and y

difference of x and Yy

m

General equations n = x + §y

X-—y.

m
Add together
m+ n = 2x

.. find x and substitute back for y.

Tables 21 (a) and 21(b) give each pupil's response
type. Tables 22(a) and 22(b) give the total number of

each type of response in each year for each school.

Section ITIS5.8below describes the statistical
analysis applied to the data to generate the three
'levels of algebraic activity' illustrated in Chapters

5, 6’ and 70 - e
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Pupil Response Pupil kesponse
type type
1:1 B 2:1 D
1:2 Aiii 2:2 Aiid
1:3 B 2:3 C
1:4 Ai 2:4 Aiv
1:5 Ai 2:5 B
1:6 Ai 2:6 Aii
1:7 Ai 2:7 Aiii
1:8 Aiid 2:8 Al
1:9 Ai 2:9 Ai
1:10 Aii 2:10 Ai
1:11 Aii 2:11 Al
1:12 Ai 2:12 Aiii
YEAR 1 YEAR 2
Pupil Response Pupil Response
type type
3:1 C 431 c
3:2 C L:2 Liv
3:3 B L:3 c
3l Aiid Ll C
3:5 Aiii 4:s Aiii
3:6 Ai L:6 Aiv
337 Aiv - 4.7 Al
3:8 Ai 4:8 Aiii
3:9 Aiii L:9 Aii
3:10 Al 4:10 Ai
3:11 Ai 411 Aiv
3:12 Ai h:12 Ai
YEAR 3 YEAR &4
Pupil Resyponse Pupil Response
type type
5:1 D 6:1 D
5:2 D 6:2 D
5:3 D 6:3 D
S:4 Aiii 6:4 D
5:5 Ai 6:5 D
5:6 Ai 6:6 D
5:7 C. 6:7 C
5:8 i 6:8 D
5:9 c 6:9 c
5:10 Aiii 6:10 D
5:11 C 6:11 D
5:12 Ai 6:12 D
YEAR 5 ' YEAR 6

Table 21(a): Response-type of each pupil to the
' Zetetic Task -~ Scheol A
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]

Pupil  Response, JPupil Respcnse
type ~ type
1:1 B 2:1 B
1:2 Aiv 2:2 B
1:3 Ai 2:3 Aiv
1:4 B 2:4 Aiii
1:5 Ai 2:5 Ai
1:6 Ai 2:6 B
1:7 Ai 2:7 Aiv
1:8 AL 2:8 Aii
1:9 Ai 2:9 Aii
1:10 Ai 2:10 Ai
1:11 Ai 2:11 Aiv
1:12 Ai 2:12 Al
YEAR 1 . YEAR 2
Pupil Response ‘Pupil Response
type ' type
.1 C Le3 Al
3:2 B Ly D
3:3 B 4.3 C
3:4 Aiv Ly C
%:5 Ai k:5 Aii
3:6 Ai L:6 Aiv
3:7 B L7 Aiii
3:8 Aiv 4.3 Adv
2:9 Aii b:9g B
3:10 Ajii L:10 Ai
3:11 Aiv Lo b1 Ai
3:12 Aiv bi2 Ai
YEAR 3 YEAR &
Pupil Response Pupil Response
type type
5:1 D 6:1 D
5:2 D 6:2 D
5:3 D 6:3 D
S:h4 C 6:4 D.
5:5 D 6:5 D
5:6 Ai 6:6 D
5:7 Ai 6:7 D
5:8 c 6:8 c
5:9 B 6:9 D
5:10 Aid 6:10 D
5:11 B ,6:11 C
5:12 Aii 6:12 D
YEAR 5 YEAR 6

Table 21(b): Response-type of each pupil to the
Zetetic Task - School B
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Response 1 2 . 3. 4 5 6 Totals
Type
A 10 9 9 9 6 0 43
P 2 1l 1 0 0 0 4
c 0 1 2 3 3 2 11
D ¢ 1 0 0 3 10 14

Table 22(a) Number of each type of response to the
ZT in each year group - School A.

Response ) 1 2 3 4 5 6 Totals
Type '
A 10 9 8 8 4 0 39
B 2 3 3 1l 3 0 i2
C 0 0 1 2 2 2 T
. D 0 0. O 1 310 14

Table 22(b) Number of each type of response to the
ZT in each year group -~ School B.
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II. 5. 8. Correlations between Task-pairs

For the PLT there are three categorical variables
npw, npw gnd "A"; for the ET and ZT there are four:
man, wBM,MGM and “D", and.for the LNT there are five:

wpn, npnongn "D(i)" and "D(ii)".

The hypothesis to be tested here is that these
variables are related across tasks in the same way in
each school - that is, if a "F" classification to the
PLT demands an equivalent cognitive functioning to a
"D" response to "5x = y" for pupils in School A, then
this is also true in School B. 1In this sense a cross-
comparison of equivalent levels of response will indi-
cate the consistency of the battery of tasks independ-
ently of the population fested. (This method also
serves to indicate three levels of algebraic activity,

as described below.)

The statistic chosen to achieve this is the phi
(¢) fourfold point correlation coefficient, usually
applied to data categorised in terms of a pass/fail

dichotomy.

If information consists of numbers of passes and
fails for the same pupils in two tests, the data can be

set out as a fourfold contingency table as follows:
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Test 1
Pass Pail Totasl
Pass a b a+ b
Test 2
Pail T d c + d
Total a + ¢ » b + 4

is defined by
= ad — be

A/ (a+b) (c+d) (a+c) (b+d)

and is related to )('2611 a 2x2 contingency table by \/f‘: E3¢2

The greater the numbers 'a' and 'd' (those with
the same result ('pass' or 'fail') on each test)
relative to 'b' and ‘c' (those who pass on one test

but fail on the other) the greater is ¢.

Choosing for example, the PLT and ET as two tests,

"pass" and "fail" levels can be set arbitrarily for each.

For example, the "pass" level for Subtask 1 of the
ET can be set at response-type 'A' (in which case all
pupils would "pass"); response type 'B! ﬂin which cese
only pupils giving a type ‘'A' response would fail),

response type C; or resyponse type D (in which cease
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pupils giviﬁg 'A', 'B' or 'C!' type responses would fail).
Equally, for the FPLT the "pass" level can be set at

"F", "TH, or ﬂA’ﬂ.

For each choice of "pass" level (e.g. "T" cn the
FILT and "B" on Subtask 1 of the ET), ¢<can be calculated.
For this particular pair of tasks, this process will
generate six non-zero coefficients, one for each of the

following contingency tables:

ET1 "Pagg" "Pailn
B, C or D A
"Pass" T or F‘
"pail"® A
"Tasgh | "hail®
C, D A, B
"Pass" ™
"Pail® A
"Passﬂ "Féil"
D A, B, or ©
"Pass TF
"Pail® A
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“PaSS" "Iﬂail"
B, C, or D A
"Pagss" F
"Rail" T or A
*Pass" "Fail"
¢, D. A, B
"Pass" P
L Fail" T ’ A
"Pass" "Failt
D A, B, C
"Pagss" F |
Trail" T, A

The maximum of the six values of ¢ will indicate
that the associated "pass" level for each tack makes an
equivalent cognitive demand since this value will be
correlated with the maximum value of 'ad' relative to
tbe' i.e. with the maximum number of puyils pessing or
failing each task relative to those passing one and

failing the other.

This procedure can be folloved for each pairing c¢f
categorical variables - e.g. the PLT ané Subtask 2

of the INT, Subtask 1 of the ET and Subtéék 5 of the
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INT etec., This gives 7 + 6 + 5 + 4 + 3 + 2 + 1 = 28

task pairs and 251 ¢coefficients for each school.

The coefficients are given in Table 23: 1 - 28
I (School A); Table 24: 29 - 56(§chool B), znd Table 25:
56 - 84 (School A + School B). |
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Task-pair Level at which
;6max* ¢max occurs

1. PLT/ET1 0.615071 ™PLT) - D(ET1)
2, PLT/ET2  0.733799  T(PLT) - C(ET2)
3. PLT/ET3 0.597148 T(PLT) - C(ET3)
4. PLT/LNT1  0.655115 T(PLT) - D(LNT1)
5. PLT/LNT2  0.674200 T(PLT) - D(LNT2)
6. PLT/LNT3  0.718862 F(PLT) - Dii(LND3)
Te PLT/ZT 0669249 F(PL?) - D(27)
8. ET1/ET2 0.835937 C(ET1) - cC(RT2)
9. ET1/ET3 0.611333 D(ET1L) - ¢c(=T3)
10, ET1/LNT1  0.653569 ¢(ET1) - D(LNTL)
11, ET1/LNT2 0.630144  D(ET1) - D(LNT2)
12, ET1/LNT3  0.697333 D(ET1) - Di(LNT3)
13. ET1/2T 0.611333 p(8T1) - B(27)
14, ET2/ET3 0.664348 c(Er2) - C(ET3)
15. ET2/LNT1  0.722268 ¢(eT2) -~ D»(LNT1)
16. ET2/LNT2 0.692618  C(ET2) - D(LNT2)
17. ET2/LNT3 0.688875 B(ET2) - C(LNT3)
18, ET2/2T 0.632340 D(ET2) -~ c¢(2T)
19, ET3/LNT1  0.694066 ¢(ET3) - D(LNT1)
20, ET3/LNT2 0.714286 C(ET3) - D(LNT2)
21, ET3/LNT3 0.652899 C(ET3) - Di(LNT3)
22, BT3/zT 0.600000 c(2r3) - B(zZT)
23, LNT1/LNT2 0,971692 D(LNT1) - D(LNT2)
24; LNT1/LNT3 0.844368 D(LNT1) - Bi(LNT3)
25, LNT1/ZT°  0.636626 D(LNT1) - B(2T)
26,  LNT2/LNT3 0.868966 D(LNT2) - Di(LNT3)
27.  LNT2/2T 0.657143 D(LNT2) - B(ZT)
28, LNT3/z2T  0.652899 Di(LNT3)=- B(ZT)
Table 23: Maximum @ coefficients for ,

each task~pair -~ School A.

¥ Bxtracted from Column 1 of the listing of all

coefficents, pp 369-372




Task-~pair Level at which
pmax* - (hmax occurs

29. PLT/ET1 0.505669 T(PLT) - D(ET1)
30. PLT/ET2 0.525626 T(PLT) -~ C(ET2)
31, PLT/ET3 0.553325 T(PLT) - C(ET3)
32, PLT/LNTI ~  0.546536 T(PLT) -~ D(LNT1)
33. PLT/LNT3 0.562640 T(PLT) - D(LNTQ)
34. PLT/LNT3 0.630218 T(PLT) -~ Di(LNT3)
35. PLT/ZT 0.709527 T(PLT) - C(2ZT)
36.  ET1/ET2 0.685409 C(ET1) = C(BT2)
37. ET1/ET3 0.597026 C(ET1) = C(B8T3)
38. ET1/LNT1 0.680932 C(BT1) ~ D(LNT1)
39. ET1/LNT2 0.653569 C(ET1) -~ D(LNT2)
40. ET1/LNT3 0.722263 C(ET1) -~ Di(LNT2)
41. ET1/7T 0.606633 C(BT1) -~ B{(ZT)
42, ET2/ET3 0592190 C(BT2) - C(ET3)
43.  ET2/LNT1 0.547855 C{ET2) - D(LNT1)
44. ET2/LNT?2 0.515434 C(ET2) - D(LNT2)
45. ET2/LNT3 0.688875 B(BET2) - ¢C(LNT3)
46. ET2/ZT 0.471589 C(8T2) - B(2T)
47. ET3/LNT1 0.519481 C(ET3) -~ D(LNTL)
48, ET3/LNT? 0.538937 C(ET3) - D(LNT2)
49. ET3/LNT3 0.585101 D(ET3) -~ Dii(LNT3)
50. ET3/ZT 0.615071 C(ET3) -~ c¢(z7)
51. LNT1/LNT2 0.861892 C(LNT1) -~ C(LNT2)
52,  LNT1/LNT3  0.867217 D(LNT1) - Di(LNT3)
53,  LNTL/zT 0.640435 D(LNT1) - B(2T)
54. LNT2/LNT3 0.864334 B(LNT?2) - B(LNT3)
55. LNT2/2T 0.663357 D(LNT2) ~ B(2ZT)
56.  LNT3/zT 0.698493  Dii(LNT3)- D(ZT)

Table 24:(cont.): Maximum ¢c6efficients for

each task—pair - School B.

* Extracted from Colwnn 2 of the listing of all

coefficients, pp 369~372
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Di (LNT3)~

Pask-pair ‘Level at which
¢max* /¢ max’ occurs
57.  pLo/ETl  0.560988 ‘p(pLT) - D(ETL)
58. PLT/ET2  0.633084 T(PLT) - C(ET2)
59.  PLT/ET3 0.576074 T(PLT) - C(BT3)
60, PLT/LNT1  0.599406 T(PLT) ~ D(LNT1)
61. PLT/LNT2 0.616964 T(PLT) - D(LND2)
62.  PLT/LNT3 0.671387 ?(PLT) -~ Di(LNT3)
63. PLT/zT  0.661277 P(PLT) - C(2T)
64. ET1/ET2 0.759380 ¢(ET1) - C(ET2)
65. ET1/ET3 0.587811 c(ET1) - C(ET3)
66, ETI/LNTL  0.667139 c(ET1) - D(LNTL)
67. ET1/LNT2 0.640210 c(ET1) - D(LNT2)
68, ET1/LNT3 0.669660 c(ET1) - Di(LNT3)
69. ET /2T 0.566596 D(ET1) - B{ZT)
70. ET2/ET3  0.628751 c(ET?2) - ¢(BT3)
T71. BT2/LNT1 0.633349 c(ET2) - D(LNT1)
72. ET2/LNT2 0.602335 ¢(rT2) - D(LNT2)
73 ET2/LNT3  0.610746 c(mr2) - Di(LNT3)
T4.  ET2/ZT 0.525037 D(ET2) -~ ¢{27)
75. BT3/LNT1  0.606819 c(RT3) - D(LNT1)
76, EBT3/LNT2 0.626614 c(8T3) - D(LNT2)
T7. ET3/LNT3 0.606633 C(8T3) - Di{LNT3)
78. ET3/zT 0.604721 ¢(ET3) - B(2T)
79. LNT1/LNT2 0.913790 D(LNT1) - D(LNT2)
80. LNT1/LNT3 0.855717 D(LNT1) - Di(LNT3)
8l.  LNT1/2ZT 0.638240 D(LNT1) - B{zT)
82.  LNT2/LNT3 0.836017 B(LNT2) - B(LNT3)
83. LNT2/ZT  0.659927 D(LNT2) -~ B(2T)
84. LNT3/7  0.650085 B(2T)

Table 25:(cont.):

Maximum @ coefficients for

each task-pair - School A + School B.
* BExtracted from Columnn 3 of the listing of all

coefficients, pP 369-372
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LNT3
STOP -

ILNT2
ILNT3
INT3
INT3
LNT3
LNT3
LNT3
LNT3
LNT3
LNT3
LNT3
LNT3
LNT3
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
LNT3
LNT3
LNT3
1. N8
LNT3
LNT3
INT3
LNT3
LNT3
LNT3
LNT3
LNT3
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT
ZT

HEHEDSDUOQQAANDEWHOWNOQQ P IEOOIIEQyQQTFTWoOoU QB EEy®EsoNNQaeddoow

QWO QOmUoOETOEHTQANEHTQIEHODQ OU@OQ OO OWWwOQOWWEHEQEEHEHE Q=W QIW
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0,971692
0,804298
0,/85 16
0,436615
0,245172
0,783983
0,745948
0,615610
0,345683
0,571585
0,637633
0,844368
0,474137
0,280591
0,309708
0,208632
0,442109
0,436677
0,294164
0,6J662a
0,598943
0,403473
0.805203
0,654654
0,388613
0,218218
0,813029
0,777778
0,593617
0,333333
0,555405
0,618070
0,868966
0,487950
0,234255
0,275659
0,185695
0,422890
0,421076
0,283654
0,657143
0,616392
vV, 41122/
0,323478
0,342347
0,230619
0,422890
0,421076
0,283654
0,652899
0,650971
0,477841
0,553010
0,589506
0,526787

School A

0,855199
0,816094
0,804400
0,486172
0,229416
0,713854
0,750428
0,674200
0,318142
0,615882
0,696932
0,867217
0,409224
0,423022
0,296648
0,219718
0,524512
0,411377
0,304694
0,640435
0,467302
0,391925
0,8604334
0,763815
0,461644
0,217841
0,750322
0,804115
0,581087
0,274204
0,598253
0,676984
0,835937
0,421282
0,401679
0,281681
0,208632
0,505608
0.354562
0,262613
0,663357
0,483267
0,403473
0,394432
0,249711
0,241379
0,460377
0,297786
0,273145
0,646764
0,489145
0,381502
0,542326
0,624875
0,698493

School B

0,913790
0,810443
0,769397
0,460918
0,237721
0,748190
0,747624
0,644303
0,332302
0,593487
0,666965
0.855717
0,441340
0,351809
0.303483
0,214201
0,482211
0,424229
0,299425
0,638240
0,533146
0e397675
0,836017
0,708734
0,424577
0,238%78
0,780276
0,790509
0,587754
0,303137
0,576597
0,647228
0,852497
0,454268
0,318799

0,197312
0,464358
0,386996
0,273145
0,659927
0,549820
0,409323
0,358057
0,296444
0,236015
0,441670
0,359914
0,278401
0,650085
0,569432
0,429579
0,543105
0,607119
0,608825

School A + School E
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I11.6, Discussion

Figures 18 and 19 below show which résponsee:types
are connected by maximum phi-coefficients in each school,

Tgbles 26 (a) and (b), (overpage), reflect these

interconnections, ' F(Prr) Dii(\N13)
C(E'rg,) : ~_

C(ETL) \o D)

BETD) o c(wT3)
D(ETL“J o ()

3 D(ET l)

' ) \ \ ~\ \E(E-r)
WenNT2)E .
- T Aﬁe(ﬁ)

DUNTZ
Fig, 18: Subtasks related by maximum pni-coe;flclents -

School A, . - DlET3) D (kINT3)
_C(ET3) ‘ 1) 0
BETE__ ,C(NT3)

CONT) o0 C(INTZ)

b 5 BT3)

¢@@T)

Fig. 19: Subtasks related by maximum phi-coefficients -

School B, ' : '
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.+B(ET2):

:C(LNT3) s

T(PLT):C,D(ETl):C(ETE):C(ET}):D(LNTl):D(LNTa):Di(LNT}):B(ZT)

:D(ET2): :C(2T)
F(PLT} :Dii(LNT3) sD(ZT)
Table 26(a): Response=Bypes connected by maximum phi
coefficients - School A,
sB(LNT2) :B(LNT3):
:C.(LNT1) :C(LNT2): ..
:B(ET2): : :C(LNT3):

T(PLT):C,D(ET1):C,D(ET2) :C(ET3) :D(LNT1) :D(LNT2) : Bi (LNT3)

:B,C(2T)

:D(ET3):

I8 (LNT3)

D(ZT)

Table 26(b); Responsewtypes connected by maximum phi.

coefficients - Schoaol B,

+B(LNT2) : B(LNT3) :

T(PLT:C,D(ET1):C,D(ET2) :C(ET3) :D(LNT1) :D(LNT2):Di (LNT3):B,C(2T)

Table 26(c) Response types connected by maximum phi

coefficients « School A + School B,
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Figures 18 and I9 show that discrepancies

arise in two areas where maxidmum phi's are exhibited:

(a) in each school the role of D(ET 1) is
shared by C(ET 1): and
(b) in school B the role of B(ZT) is shared

by ¢(zT).

This means thét D(ET 1) is mediationally
related to C(ET 1) in each school, and B(ZT)
mediationally related to C(2T) in School B, and
that these responsertypes need to be treated as
equivalent if total consistency is required, VWhen
these are treated as demanding an eguivalent
cognitive understanding then no inconsistency arises
across the two populations, However, this decision
involves accepting zlso that D(ET 2) is equivalent
to C(ET 2), so giving rise to the following

group of equivalent response-types:

C,D(ET 1) - C,D(ET 2) - C(BET 3) -
D(LNT 1) - D(LNT 2) - D(INT 3) -
B,C(2T)

This set of equivalences is exhibited when
maximum phi's are considered for the total

population: -
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C(ET‘B) l . 3 ! .
. c(ETD). BT B(nT3)
- o

DNTY) / / s _D(E\Tl)

/ B C(ETH)

. / |
D(NTY) < - Bﬁﬁi///nlﬂEﬂO

Di(nrdd

Y/
X\

o c(zT)
Fig, 20: Subtasks related by maximum

phi-coefficients —:School A + Schooi B.

Here again D(ET 1) and C(ET 1) are mediaticnally
connected, along with B(2ZT) and D(ZT), and D{ET 2) and

C(ET 2) - see Table 26(c), p.37L.

Each response-type listed appears to be underpinned
by a particular shared understanding, viz: in the ET znd
LNT it is impractical to name all possible indentifications
for a letter which would satisfy a requested relation, and
so the letter is used to refer to unspecified possibilities,
(e.g. ':t is greater than L', in INT I, or 'x is 6 or more'
in ET 1), That is, there is no: evidence of concrete
variation in ET 1, BT 2, and in the LNT; and there is no
indication of concrete variation or that the lettef is
considered to‘contain a unique content in '5x = y',

The pupil indicates he considers a variety'of possitle
determinations for a letter, In the ZT the pupil

demonstrates that he can make a meaningful attempt at a
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generalisation - but he does not introduce the letter

as a 'given!',

This range of response-types is thus: chosen to be

definitive of the Level of Disecovered Content (Chapter 6),

A.similar-proceés gives fise to two further
levels of activity. The maximum phi-equivalences for
School A identify F(PLT), D(ii)(LNT 3) and D(ZT) as
mediationally connected, and for School B, D(ZT),
D(ET 3) and D(ii)(INT 3).

This produces: _
F(PLT) _ D(ET 3) .  D(ii)(LNT 3) _
D(ZT)
as definitive of the Level of the Species (Chapter 7).

The remaining response-types are taken to be

definitive of the Level of Fictitious Measures (Chapter 5):
A,B(ET 1) _  A,B(ET 2) _  A,B(ET 3) _
A,B,C(LNT 1) _ A,B,C(LNT 2) _

AyB,C(LNT 3) _ A(ZT) _ A(PLT).

I1.6,1, Clsssification of Pupils

™e nature of the tasks cause pupils to switch
between different interpretations of the letter, Thus

not all pupils respond consistently at a pafticular level,
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Thus a pupil who responds at Level 11 in 'x + y = 10!
might be influenced by ordering and uniqueness
suggestions in '5x = y' and so respond at Level I,

To indicate the Level at which each pupil most
commonly responds and so to indicate how competence
relates to age, Tables 27 (a) and (b) were produced by
taking into account the number of 'excursions' made
by each pupil into each'group of response-types as
follows?

The response-types for pupil (1:7) School A are:

A(PLT) _  A(2T) _ A(ET 2) _  A(ET 3) _
A(INT 1) _  B(LNT 2) _  B(LNT 3).
(See Appendix II1T),

This pupil responded consistently at Level I and
is classified in Group FM (see Tgble 27{(a)). Each
pupil in Group FM responded consistently at Level 1 (23

pupils in School A and 21 pupils in School B).

' The range of responses for pupils (2:4) School B is

however:
A(PLT) _  A(zT) _ C(ET 1) _ C(ET 2) _
B(ET 3) _ C(ILNT 1) _ C(ILNT 2) _
C(LNT 3),

(See Appendix III),

This pupil made two 'excursions' into Level II.

Pupils giving at least one, but not more than five
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responses belonging to Level II are clgssified in the
Intermediate Group FM/D (14 pupils in Schocl A and 20

pupiIs in School B - see Tables 27(a) and (b))

Pupil (3:2) School A responded consistently at

Level II:
T(PLT) _ C(2zT) _ D(ET1) _ D(ET 2) _
C(ET 3) _ D(INT 1) _  DH(LNT 2) _
D(1)(LNT 3).

Gee Appendix III).
and is classified in Group D, Each pupil in Group D
(13 pupilé in School A and 11 pupils in School B -
see Tables 27(a) and (b) - responded consistently at

Level II.),

Pupils who gave not more than two responses
belonging to Level III are clgssified in the Intermediate

Group D/S (see Tables 27 {a) and (b)),

For example, pupil (6:10) School A made an 'excursion'

into Level IITI in the 2ZT:

T(PLT) _ D(2T) _ D(ET 1) _
D(ET 2) _ C(ET 3) _ D(LNT 1) _
D(LNT 2) _ “D(i)(LNT 3).

(See Appendix III).
and so is classified in Group D/S. 12 pupils in each

school belong to thie group (Tables 27(a) and (b)).
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The final group, Group S, comprises those pupils
giving at least three responses belonging to Level II1I,

Pupil (5:5), School B is an example:

F(PL’.‘I') _D(zT) _ D(ET 1) _
D(ET 2) _  C(ET 3) _ D(LNT. 1) _
D(INT 2) _  D(ii)(INT 3).

(Ssee Appendix III and Tables 27(a) and (b)).
10 pupils in School A and 8 in School B belong to

Group S.

One of the most striking aspects indicated by
Tables 27(a) and (b) is that there are pupils in each
Year-grouplthrough 5 classified in the two 'lowest' level
group s, There is a total of 10 pupils in all in Year
five in this group - L41% of all fifth-year pupils in the
study. Equally, however there are pupils in each Yegr-
group 1 through 5 classified in the two 'highest'! level
groups; Although the percentage number of pupils in
these latter groups increases from L% to L1% from Year
1 to Year 5, the indication is that many pupils complete
their mathematical studies at the fifty-year level
devoid of any clegr understanding of the language of

algebrsa,
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GROUP YEAR
1 2 3 4 5 6 Total
FM 5,7+8,| 7,8,104 7,11, | 6,7,8,| 10,12
9,10, | 11,12 | 12 10,11,
11,12 12
Totals 7 5 3 6 2 0 23
F/D | 4,6 4,6 455,6,]4,9 8,9
8,9,10
Totals 2 2 6 2 2 0 14
D 2,3 2,3,5, | 2,3 2,5 6,7,11
9
Totals 2 4 2 2 3 0 13
D/s |1 1 1,3 3,445 | 759,
12
Totals 1 0 1 2 3 5 12
S 1 112 15293,
5658
Totals 0 1 0 0 2 7 10

Table 27 (a); Pupil classification - School A,
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GROUP YEAR
1 2 3 4 5 6 Totals
m 5969 5’9’ 8911’ 5979 6
7,8, 11, 12, 10,
9,10, |12 11,12
11,12
Totals 8 4 3 5 1 o] 21
F1/D 2,3 3,4, | 5,6, }6,8, |7s9
6;7; 199y 10,11,
8,10 10 12
Totals 2 6 5 2 5 0 20
D 1,4, p) 2,3, 1,3, 8 8
4 9
Totals 2 1 3 3 1 1 11
D/s 1 1 4 2,3 1,4
1,5 11,12
Totals 0 1 1 1 4 4 12
s 2 T |e,3,
556,
7,10
Totals 0 0 1 1 6 8

Table 27(b); Pupil classification — School B.
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APPENDIX TITTI
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“Pupil PLT ET1 ET2 ET3 LNT LNT LNT 2T
1 2 3
Dii
Dii
Dii
Dii
Dii
Dii
Dii
Dii
Dii
Dii
Dii

mm;m;mmmmrw
O 0NN F N N
b b g kgt b b b e g
QUUUBbUVUUULY
UL UCUDY LA
CowaUYuUUUYwa
HUDUUUUBULYU
DUUBUUUUDUU
AUuobBuUUbbay

o as

Table 28(a): Response-type of each 'F' group
pupil to the remaiming Subtasks
= School A

Pupil PLT ET1 ET2 ET3 LNT LNT LNT 27T
: 1 3
Dii
Di
Dii
Dit
Dii
Dii
Dii
Dii
Dii

999??f??
[oXRC, RVTN VAN I VIS o
SRR
CECRCECRCRS R XX
bOUURrUODU
bovuaauaa
DYUDDUDOUY
vooooooool N
booUYUTaw

[s))
~J

Table 28(a), cont.: Response-type of each 'F' group
pupil to the remaining Subtasks -
School B
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1
!

4

Pupil PLT ET1 ET2 ET3 LNT LNT LNT ZT
2 3
Dii’
Di
Di
-Di
Dii
Di
Di
C
Dii
Di
Di
Di
Dii
Dii-
Dii
Di
Di

]

»

.o

b2 1 g\ N U IO 2 00N TV O W N

NN T £ £ F W W W W VN
333 43 43 43 63 43 13 43 13 43 13 #3243 43 +3
bUDbDUDLUEUQbODUDU QU
oo aCaauyaQQa
oD UOUDUDYOUUOUY OO
U U UEUDUUU DD
CYQUPCERQRWQQR Q> w-

0
2

Table 28(b): Response-type of each 'T' group pupil
to the remaining Subtasks - School A

Pupil PLT ET1 ET2 ET3 LNT LNT LNT

' 1 2 3
Di
Di
Di
Di
Dii
Di
Dii
Di
Dii
Di
Dii
Dii
Dii
Di

INY]
H

1 00 N O W N

0

NN\ WL
HHEHEHEEEEEAEAEaE
vabuuuvabyuabtuow
vubtwEmoauaQabuyyY
gpvQuwaYorbwQQw
YbouUbouUbUUEULYyY
pUbUUbUuoUogoUUDY
QuubaautuwaQQrw>

Tablé 28(b), cont.: Response type of each 'T' group
pupil to the remaining Subtasks -~ School B
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Pupil PLT ET1
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to the remaining Subtasks - School A

Table 28(c): Response-type of each 'A' group pupil
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Pupil LT ET1
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pupil to the remeining Subtasks - School B

Table 28(c){cont.): Response-type of each 'A' group
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