-

View metadata, citation and similar papers at core.ac.uk brought to you by . CORE

provided by Apollo

Journal of Physics Communications

ACCEPTED MANUSCRIPT « OPEN ACCESS

The intermediate scattering function for quasi-elastic scattering in the
presence of memory friction

To cite this article before publication: Peter Stephen Morris Townsend et al 2018 J. Phys. Commun. in press https://doi.orq/10.1088/2399-
6528/aad221

Manuscript version: Accepted Manuscript

Accepted Manuscript is “the version of the article accepted for publication including all changes made as a result of the peer review process,
and which may also include the addition to the article by IOP Publishing of a header, an article ID, a cover sheet and/or an ‘Accepted
Manuscript’ watermark, but excluding any other editing, typesetting or other changes made by IOP Publishing and/or its licensors”

This Accepted Manuscript is © 2018 The Author(s). Published by IOP Publishing Ltd.

As the Version of Record of this article is going to be / has been published on a gold open access basis under a CC BY 3.0 licence, this Accepted
Manuscript is available for reuse under a CC BY 3.0 licence immediately.

Everyone is permitted to use all or part of the original content in this article, provided that they adhere to all the terms of the licence
https://creativecommons.org/licences/by/3.0

Although reasonable endeavours have been taken to obtain all necessary permissions from third parties to include their copyrighted content
within this article, their full citation and copyright line may not be present in this Accepted Manuscript version. Before using any content from this
article, please refer to the Version of Record on IOPscience once published for full citation and copyright details, as permissions may be required.
All third party content is fully copyright protected and is not published on a gold open access basis under a CC BY licence, unless that is
specifically stated in the figure caption in the Version of Record.

View the article online for updates and enhancements.

This content was downloaded from IP address 86.31.203.68 on 10/07/2018 at 09:59


https://core.ac.uk/display/162915279?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
https://doi.org/10.1088/2399-6528/aad221
https://doi.org/10.1088/2399-6528/aad221
https://creativecommons.org/licences/by/3.0
https://doi.org/10.1088/2399-6528/aad221

Page 1 of 17

oNOYTULT D WN =

ocouuuuuuuuuuudhDdDDDBDDIADMNDMDAEDANEDMNWWWWWWWWWWNNNNNNNNNDN=S =2 @2 aQaaa0
cowvwoOoONOUdMNWN-—_,ODVONOOULLDdMNWN-OVOVOONOUPDMNWN—_,rODVOVONOOULLDdMNWN-_,ODOVUOONOOUED WN = O

AUTHOR SUBMITTED MANUSCRIPT - JPCO-100707.R2

The intermediate scattering function for
quasi-elastic scattering in the presence of:memory

friction
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Abstract. We derive an analytical expression for, the intermediate scattering
function of a particle on a flat surface obeying the Generalised Langevin Equation, with
exponential memory friction. Numerical&imulations based on an extended phase space
method confirm the analytical results./ The simulateéd trajectories provide qualitative
insight into the effect that introducing a finite memory timescale has on the analytical
line shapes. The relative amplitude of the long=time exponential tail of the line shape is
suppressed, but its decay rate is unchanged, reflecting the fact that the cutoff frequency
of the exponential kernel affects short-time c¢orrelations but not the diffusion coefficient
which is defined in terms'of a long-time limit. The exponential sensitivity of the relative
amplitudes to the decay time of the chosen memory kernel is a very strong indicator for
the prospect of inferring a friction kernel and the physical insights from experimentally
measured intermediatesscattering functions.
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1. Introduction

Noise and dissipation play a crucial role in the nature and the rate of dynamical proeesses
at surfaces. For example, the interplay of noise, dissipation and the average interaction
potential controls surface diffusion. It is crucial to understand these fundamental
dynamical behaviours which are necessary for the self-assembly of clustess |1}, nanotubes
[2] and nano-structured arrays [3] if one wants to employ a bottom up approach
in building nanoscale devices. In equilibrium, noise and dissipation are linked by a
fluctuation-dissipation relation [4]. The simplest phenomenologicalamadel for classical,
dissipative surface diffusion in equilibrium is the Langevingequation [5], in which the
coupling of translational motion to the thermal bath is represented by white noise
(fluctuation) and a friction parameter (dissipation). Langewin descriptions of ion motion
based on the coupling to electronic excitations are by mno,means limited to the study
of adsorbate dynamics at surfaces. For example the conceptifinds application in high
energy density physics [6] where it has recentlysbeemnused to model nuclear fusion
experiments within a multiscale framework [7] Howeverythe present work will focus
entirely on dynamical properties of adsorbates on surfaces in thermal equilibrium. The
rate and detailed nature of thermally driven diffusion‘is well known to depend strongly
on the magnitude of the friction [§]. In the case of dissipation by the creation and
annihilation of electron-hole pairs{ theyfriction can be estimated from first principles
[9] and comparison with experiment then allows the contribution of other dissipation
channels to be estimated [10]

In real systems the noise speetrum is generally not white, but is suppressed at
high frequencies and can be /describedyusing a cutoff frequency w,., above which the
power density is zero or falls raQidly to zero. For example in microcanonical molecular
dynamics simulations of @n adsorbate on a harmonic solid substrate, the numerically
derived cutoff frequency is finite [I1]. Any coloured noise spectrum defines a Generalized
Langevin Equation (GLE). Aceording to the GLE, the position z(t) of a particle of mass
m in one dimensionyimthermal equilibrium at temperature 7" with a linearly responding
bath with memory obeys

malt) 2V (2) — / mA(t — )i ()t + F(t), (1)

where V (@)ris a,stafic potential energy landscape, 7(¢) is a causal function (i.e. with
a factor of 0(t)¢ithe Heavisde step function) known as the friction kernel, and F(t) is
a self-correlated random force. The fluctuation-dissipation relation, and prescriptions
for' the lower limit of the friction integral, will be specified in Section The details
of the friction kernel and the statistics of the associated noise are highly dependent on
the specific system studied. However, there are many reasons to consider the effect
of atsimple analytical noise spectrum. For one thing, representing the friction kernel
compactly with a small number of parameters means that the parameter space can be
feasibly explored. In addition, specific choices of the friction kernel can lead to greatly
simplified analytical and numerical methods.
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: A kernel decaying exponentially in time () = yw.0(t)e “* is often the gimplest
6 choice, because its Laplace transform has only a single, simple pole. The intetpretation
; of the exponential decay rate w. as a cutoff frequency is justified later on vianthe
9 connection of v(t) with either the spectral density of a system/reservoir goupling or
10 s equivalently the power spectrum of the random force F(t) . In somé model systems
:; v(t) is not well described by an exponential decay, for example theamotionief a tracer
13 particle harmonically bound in a one-dimensional harmonic chain. In that case, y(t)
14 has an algebraically decaying envelope [12, [13], [14] associated swith &, hard frequency
12 cutoff in the Fourier transform #4(w). However, the results of miolecular dynamics
17 5o simulations do not conform to the simple one-dimensional‘harmonic/chain result [11]
18 and there are potential contributions to the friction kernel from additional effects such
;g as inter-adsorbate interactions within an interacting singlesadsorbate framework [15],
21 that would likely smooth out a hard frequency cutoff." »In liquid-phase many-body
22 simulations [16, [17] the effective friction kernel is typically not'a perfect exponential, but
;i 55 the non-exponential behaviour is not due to a hardicuteff frequency. Therefore for a
25 mobile adsorbate on a real surface there is no strong Feason to prefer an algebraic-
26 envelope model over an exponential moédel a prioris The essential deviation from
27 Langevin behaviour is then captured by theifinite width of the kernel in time, not
28 ) . . .

29 by the exact shape of the decay. The exponential model gives the simplest possible
30 s functional representation of a kernel thatadoes not decay to zero so quickly that it can
g; be treated as a d-function. The Langewin equation corresponds to the limiting case
33 w. — o0. In activated jump-diffusion, w. has an impact on the jump rates, both in
34 the moderate-to-high friction regime [18] and the energy diffusion limited regime [19].
35 However in practice we note that to some extent a trade-off between the values of v and
g? 6w, is possible such that knewledge about jump distributions is not especially diagnostic
38 of v or w, individually. Theréfore we turn our discussion away from relatively coarse
zg features of surface diffusion such as jump rates, towards equilibrium correlation functions
M and their experimental measurement.

42 The effects of a finite wg could in principle be seen in experimental measurements
43 70 that quantify surface diffusion on all timescales, from the timescale of inter-well jumps
2: down to the timescale.of ballistic motion and intra-well diffusion. The ballistic-to-
46 Brownian transition has been studied experimentally for mesoscopic particles in a liquid
47 environment 20, 21], via the velocity autocorrelation function (VACF). Comparable
22 measuréments at the atomic scale can be provided by the helium-3 surface spin echo
50 s (HeSE) technique [22]. HeSE broadly provides the experimental motivation behind the
51 present work. To date the Langevin equation has been used extensively to model HeSE
gg measurements of adsorbate dynamics. The frictional coupling v can be quantified by
54 optimising the simulation to reproduce inelastic [23] or quasi-elastic [24] features in the
55 experimental line shapes. The general theory behind the HeSE measurements has been
g? o Set out and reviewed previously [22]. HeSE line shapes can typically be interpreted
58 in terms of the intermediate scattering function (ISF) for adsorbate motion, denoted
59
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I(AK,t). We define I(AK,t) here for one adsorbate as the classical function
I(AK, t) _ <ez‘AK~:p(t)ez‘AK~x(0)>ﬁ ’ (2)

where AK is the quasielastic momentum transfer, usually varied in the experiment;
x(t) is the classical adsorbate position, x(0) is an initial condition, and (- - -)z denotes
thermal equilibrium averaging over initial conditions, at an inverse.temperature § =
(kgT)~'. For further details on the precise connection between I (AK,t) and HeSE line
shapes, we recommend a comprehensive review article [22]. Here we will ‘refer to the
ISF and “the line shape” interchangeably. -

Analytical line shapes have previously been derived for agange of dynamical models.
Notably, the classical ISF is known for a Langevin particle omra flat surface or in a
harmonic well [25]. Approximate analytical results have been found for the quantum
mechanical case too [26, 27], but from here on we confine the discussion entirely to
classical dynamics. For Langevin dynamics in a periodic potential when the timescales
of intra-well and jump motion are well separatedythe relationship between the long-
time behaviour of the ISF and the jump dynamics' of thé system is well known. For
example, in the case of a single adsorption site per unit/cell, the ISF at long times is an
exponentially decaying function of time, and the decay rate has a sinusoidal dependence
on AK with the periodicity of the reciprocallattice[28]. There is no generally applicable
analytical result for the ISF in periodiespotentials for all ¢, although in some regimes an
approximate form can be constructed out of the building blocks of analytical vibrational
and hopping line shapes [29)s, To date, Simple exact analytical results for the ISF
including memory friction have not been published. In our study we will derive such
a result. Some readers will recognise a, close connection to other types of dynamical
correlation function, which are\already known for diffusion subject to memory friction
[30]. However, the explicit computation of the ISF, a detailed discussion of the sensitivity
of the ISF to memory effects, are/both presented here for the first time.

To make the connection to experimental surface diffusion data in the future, it
will necessary to «onsiderhadpotential energy landscape V(x) with at least a weak
corrugation, for,which exact analytical line shapes are unlikely to ever be found, and
numerical simulation. methods are required. A number of methods have been described
for simulating the GLEmwith more or less general friction kernels [31], 32] [33] 134], and
we do not_attempt /a comprehensive review here, but focus on one method that is
conveniént for the present application. The extended phase space method of Ceriotti was
introduced originally as a method to enhance canonical sampling efficiency in a context
where the molecular dynamics are fictitious [35], but nevertheless correctly simulates
dynamical properties. We will give a succinct account in Section [3| of how the method
incorporates memory friction. Simulations of exponential memory friction have been
performed previously to examine the effect of memory on escape rate [36]. In contrast,
in our simulations we are concerned primarily with the ISF at short correlation times,
comparison between simulation and analytical theory, and the interpretation of the line
shape in terms of the realisations of the GLE generated by the simulation method. In
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4
5 the present study we report only simulations of a particle on a flat surface. However,
6 the generalisation of the simulation method to include a potential of mean foree is very:
; 125 straightforward, so the method is perfectly suitable for the study of memory effects-in
9 experimental systems.
10 Overall, the aim of our work is to provide a conceptual and practical reference that
:; clearly demonstrates the sensitivity of the ISF to memory friction, which will facilitate
13 the incorporation of memory friction as standard in the simulation and analysis of
14 1o experimental surface systems. Our use of an exponential kermel isitheréfore largely
~
12 motivated by simplicity, allowing us to set out the central ideas coneisely and describe
17 the sensitivity to memory effects in a mathematically precise way. We do not claim
18 that the combination of different microscopic dissipation mechanisms leads to a perfect
;g exponential kernel for any specific physical system. However, the simulation method
2 s we discuss can be used with modest generalisations towexplore memory effects in
22 experimental systems, while the analytical solution‘for the exponential kernel provides
;i both a useful benchmarking reference and also a ¢onceptual reference for the qualitative
25 effect of memory friction on simulated or experimental corelation functions. Therefore,
26 we expect our study to be a useful buildifig block for researchers studying the influence
;é 1o of memory friction in surface dynamics.
29
30 2. Analytical results
31
;g 2.1. Ensemble average formulation
gg Here we consider the GLE arisingafrom a well-known type of linear system-bath
36 Hamiltonian,
37 2 ) Call s
38 H=—+V(z + m wi (e — , 3
39 " 2m Z 2Mm aal mawi) ) (3)
2(1) which describes a partiele of mass m linearly coupled to a large set of harmonic bath
42 modes. « indexes fhe modesy which have masses m,, and natural oscillation frequencies
43 Wq- Co are the linear coupling coefficients. When considered as a classical Hamiltonian,
2;1 a textbook derivation. [37] of the equations of motion reveals that the particle of co-
46 1o ordinate g obeys(the(GLE
47
48 e = —V'(x / m(t — i)t + F(1), (4)
49
?1) whererthe friction kernel is given by
2
52 c
53 y(t) = 0(t) Y | —° cos(wat) (5)
Maw?
54 o
55 andsthe fluctuating force is given by
56
57 (0) Pa(o) .
=m Colx cos(wat) + sin(wyt)|, 6
58 155 Z 16 a mawg ) ( 6] ) man ( « )] ( )
59
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which is random because the initial conditions {z,(0), p,(0)} are drawn from af initial
probability distribution. When the initial distribution represents that of:thermal
equilibrium, the random force is found to be Gaussian, and has the, fluctuation-
dissipation property

(F()F(0))s = mkpT(t), (7)

where the angle brackets represent the canonical average over all possible initial
states of the bath. Correlation functions such as (F'(t)F(0))s arednvariant under a shift
of the reference time ¢ = 0. For the purposes of calculating ¢orrelation functions, we
will keep ¢ = 0 as a reference time, and calculate averages based on forward evolution
of the system from its initial thermal state. Before beginning the.dérivation of the ISF,
we note that within the present ensemble-average view of the GLE, if we assume a
constant density of bath modes in w,, then the requited couplings c, can be specified

in a straightforward way to construct an exponential kernel, namely

(.U2

2 o ngawg : R (8)
as can be verified by writing in integralform. In ether words, the global Hamiltonian
can be parametrised in terms of the cutoff frequency, lending a secondary interpretation
to we.

We now derive I(AK,t) for an adserbate obeying the GLE in a one dimensional
harmonic well of frequency 2, for which'the GLE reads

t
mi(t) = —Qx(t) —/ my(t —t)z(t")dt' + F(t). (9)
0
Following [25] we write the ISE\as a cumulant expansion,
t
1Ak 1) Hesp ~BE / (t — )W (t)dr'), (10)
0

where U(t) = (v(t)v(0))s is the velocity autocorrelation function. Throughout the
present subsectionfweralways interpret () as an ensemble average at temperature 7'
where § = 1/(kgT’). The ¢umulant expansion is exact for flat and harmonic potentials
because the prebability density for the particle position x(¢) is Gaussian at all times.

Within the ¢anonical system-plus-reservoir framework, it is straightforward to prove
the absence of certain correlations

(E(t)v(0))s = (x(t)v(0))s = 0. (11)
Becausesuch correlations vanish, Laplace-transforming @ yields the simple result

- kgT

T p— L (12)

s+ 9(s) +Q2/s’
which can be inverse transformed using the Bromwich integral [3§], as long as we can
find the roots of the denominator. Now we specialise the GLE to the case where the
friction kernel 7(¢) is an exponentially decaying function

Y(t) = 0(t)ywee " (13)
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4
5 with Laplace transform
6 A YWe

s) = ) 14
; i(s) = (14)
9 such that the Laplace transform of the VACF becomes
10 . s(s+ w.)kgT/m
1 V(s) = 2( Jo é 2., " (15)
12 83 4+ wes? + (ywe + 2?)s + Q2w,
13 s The exact inversion of \ff(s) as specified here would be a natural starting point for
14 L o C . . '
15 an analytical investigation of the dissipation-induced broadening of inelastic line shape
16 features, in the presence of memory friction. Here we focus emfirely on quasielastic
1; features on the flat surface {2 = 0, in which case all the poles of thesdenominator have
19 negative real part and the Bromwich integral [3§] can beapplied straightforwardly with
20 20 an integration contour consisting of the imaginary axissZA and a semicircle to the left
;; of ZA. The classical ISF is symmetric in t for all AK, andyall results in the present
23 work are given for ¢ > 0. When €2 = 0 the denominater of has two roots, s; and
24 S9, which are the solutions of IS
25
26 2+ wes +yw, = 0. (16)
27
28 25 'The Bromwich formula yields
29 ksT )
30 (1) = " [pret e, (17)
31
32 where
33 S+ we (s2 + we
34 p1:g§p2:—)~ (18)
35 S1 — S9 So — S1
36 The inversion could alternatively be carried out using the ansatz of a biexponential
37 20 VACF and matching coefficients" aftef the forward Laplace transform. The form is
gg a known result for the VACE'[39]! Integrating according to the prescription in the
40 cumulant expansion method, we‘arrive at the ISF in a product form
41

k Tpk
42 [(AK, 1) (-areZ B et — gt —1)). 19
43 H P m sk o (19)
44
45 Each factor in the product has the same functional form as the Langevin flat surface
46 a5 result ]L(AK, t) [5],
47
kgT
4 1K, t) = exp (= AK2 5 e 4t = 1) ). (20)
moy?
g? Theangevintresult can be recovered by setting w. — oo.
52 Inserting explicit expressions for the roots of yields for the ISF the closed form
53 I(AK;t) = exp[—AK?X (t)] with
54
knT —wet/2
> X(t) =& (l - [C cosh(w't) + Ssinh(w’t)}) (21)
m’y c

57
58 where the coefficients C' and S are given by
59
60 C=w.—m (22)
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and the frequency scale w’ mixes the two basic frequency scales of the problem w,. and
~ in the following way

1
W= wag — 4w, . (24)

w’ becomes complex unless the cutoff frequency w. is at least four times faster than the
basic strength of the friction . The classical ISF remains real at all times.

We now compare GLE line shapes for increasing values of the memory time. The
results are plotted in Figure[l] The most readily apparent feature is.an enhanced initial
decay relative to the long-time exponential form. Thessuppression of the long time
tail in the presence of memory is due to the presence of a faster-decaying factor in the
general product expression . However, the decay rate of the slowest-decaying factor
at long times is unchanged by the memory. To be meore concrete about the suppression
of the long time tail, we note that the long time limit of tbe Langevin result is

I(AK,t — 00) = exp ( NG sz) exp ( IN L ) ,
mry mry

(25)

but in the present case with the inclusion ofimemory friction, taking the long time
limit of [20] shows that the expressiomyis modified to
kT kgT

my?  myw.

ksT

my

I(AK,t—)oo):eXp< AKQ{ ])exp( AK?—— ).(26)

Comparing [25] and 26| we_conclude that the GLE ISF in the long time limit is
smaller than the corresponding LE [SE\by the constant factor

exp (AK2 Fel )\, (27)

mowey

which shows that thewelative amplitude of the long time exponential tail of the ISF
is exponentially sensitive to 1/w.. The strong functional dependence on w, is a key
outcome of the present work,’and suggests strong prospects for observing memory effects
in experimentaldata under suitable conditions.

The effegt™of finitew. on decay amplitudes is illustrated in Figure [T} which shows
the GLE and LE results normalized to each other at long times, for a range of memory
frequenciesswe whilé v is held constant at 2.0ps~'. A notable consequence of the
equality of theslong-time decay rate for different w, is that the diffusion coefficient
D is_independent of w. too, which we demonstrate in one dimension. At long times
the mean square displacement (MSD) is dominated by a linear term, and the diffusion
coefficient in one dimension is defined as half the linear coefficient of that term. Owing
to the eonnection between the MSD and the VACF, the MSD is twice the function X (¥)
givemabove. Comparing equations [19| and , we find that the linear cofficient in X (¢)
at long times is

kT P2
ot

D_
m

(28)
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: Subsituting the relations and the fact that syss = yw, courtesy of we find that
6 w,. completely cancels, leaving:

7

8 260 D — k‘B_T . (29)
9 my

1(1) Therefore the well-known Stokes-Einstein relation for Brownian motion, which
12 holds for the Langevin equation with friction ~ [5], also applies for the GLE [4| with
13 the kernel for an arbitrary cutoff frequency w.. The result might at first appear
1;‘ counter-intuitive, but can be understood by noting that the timé integral.of the friction
16 %5 kernel is independent of w.. Consequently, by the fluctuationsdissipation theorem
17 (anticipating the relation [1)), the power density of the random foreé at w = 0 must
12 also be independent of w.. Therefore it is entirely reasonable to eéxpect at least some
20 properties of the long-time behaviour to be independent of w./ The fact that D is
21 independent of w, is completely consistent with the ISF atleng times having the same
;g 20 decay rate but different amplitude, since adding a“censtant to X (¢) does not change
24 the diffusion coefficient but does rescale the ISE'by a congtant factor. The ISF at long
25 times therefore contains a footprint of the short time behaviour.

26 As further clarification on the scopenof the result, we stress that the diffusion
27 . . . . . .
28 coefficient calculated here applies strictly to the model system in which the potential
29 o5 energy landscape V(x) is perfectly flat. In‘a periodic potential, additional frequency
2(1) scales such as the frustrated translation“frequencies in local wells, and imaginary
32 oscillation frequencies at saddle points‘in, V' (x), will interplay with w,. leading to a
33 variation of D with w,.

34 When w, < 47, oscillatory effécts are seen due to the complex w’, even in the
22 20 absence of a confining potential (V' (z) = 0). The oscillations are a known phenomenon
37 from GLE simulations [40]. Thenoséillations are prominent in the VACF, as will be
38 seen in Section [3] However, the effect is subtle in the ISF because the integration and
zg exponentiation stepsiin the cumalant expansion both smooth out the oscillations.

41

fé 2.2. Time average formulation

2‘5‘ 25 We now turn terconsider’a GLE in which the memory properties, and the correlations
46 of the fluctuating foree, are expressed in the Fourier domain via a causal friction kernel
47 and a fluctuation-digsipation theorem in terms of the power spectrum of the random
22 force. We express correlation functions as time averages, and construct them via the
50 Wiener-Khinchin theorem [38]. To conceptually distinguish the time averages here from
51 20 thefensembleraverages in Section [2.1) we will write correlation functions in the present
52 subsection without the g subscript.

;31 Because of the ergodicity and equilibrium properties of the GLE [41], it will not be
55 atrall surprising to find that the results of the previous section can be re-stated in the
56 language of Fourier transforms and time averages, rather than Laplace transforms and
57 . .

58 205 ensemble averages. Laplace transforms are the easier route to the analytical results, but
59 the numerical method considered later is more conveniently justified in the language
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%1076

2.25 2.5
t (ps)

102
t (ps) y

Figure 1: A series of analytical ISFs at AK =.1.0 A=hgiven by , associated with the
GLE with the friction kernel , where the overalbstrength of friction is v = 2.0 ps~* but
different values of the cutoff frequeney.w, are explored. The ISFs have been normalised
to each other at long times, where theyall coineide as shown in the inset. At increasingly
small values of w,, the relative.amplitude of.the fast decay at shorter times increases in
accordance with the factor in (27).. The curve labelled w. = oo is the Langevin result

I (AK,t), given by .

N
of Fourier transforms. Therefore it will be of value to explicitly demonstrate that the

analytical results cam.be derived4rom a Fourier-space statement of the GLE.
We consider the GLE

milt) = / dty(t — )i () + F(2) (30)

where now the time integration extends to —oo and the random force has the power
spectrum

(B = 2mkpT (w) (31)

wheresy'(@). is the real part of the friction kernel. We will also assume that the random
force is Gaussian, for consistency with the Hamiltonian model in (2.1). To find the
velogity correlation (v(¢)v(0)) by time averaging, we construct |o(w)[? and make use of
the power spectrum of the fluctuating force. Using the convention g(w) = [ dte™'g(t)

for thesforward Fourier transform, the power spectrum of the velocity becomes:
_ 2mkpTY (w)

= R

(32)
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4

5 s After introducing the exponential kernel, we arrive at

6 2mk T yw?

7 m2[o(w)[? = B~ %% . (33)

: O WP D) + 7P

9 There are four poles in the complex w plane, of which two contribute residues,in any

1? specific Fourier inversion. We now perform the Fourier inversion assuming t > 0.

12 Denoting the roots of

13

14 31 w + wHw? — 2qywe) + 2w =0 (34)
~

12 as wy and labelling them such that the first two roots (wy,ws) have'negative imaginary

17 part, the Fourier inversion

18

19 ©OuO) = 5 [ doe o) (3)

21 can be expressed in terms of those poles, via the residue theorem, as
22 ) )
k: T . —twqt —twat
23 (w(t)o(0)) = —2i 22 7% [ € - ‘ ].(36)
24 m(wl — u}g) (w1 " 4 w3)(w1 —‘w4) ((,L)Q — (,Ug)(u)g — (,U4)

;2 It is easily shown that the solutions of satisfy w? = =s? where s solves . Because
27 the solutions s, derived in the Laplace casehave negative real part, we can choose to
28 write

29

30 Wi = 181; Wy = 1S9; W3 — =UiSy; Wy = —1Sy . (37)
;; 325 Substituting the roots wy into the Feurier inversion formula, one finds that the
33 correlation function (v(¢)v(0)) (and therefore I(AK, t)) calculated by the time averaging
gg formalism is identical to the @ne caleulated by ensemble averaging. In other words,
36 the device of extending the friction integral to the infinite past, combined with the
37 fluctuation-dissipation reldtion as given in (31]) represents exactly the same dynamical
;2 ;0 equilibrium properties as those represented by Hamiltonian evolution of a system-with-
40 reservoir in a thermalistate atrasreference time.

41 In the present_section, we have derived analytical line shapes within two different
jé formulations of the GLE: The physical interpretation in each case is rather different,
44 in particular the way in which initial conditions of the Brownian particle are handled.
45 15 We next look for further physical insight into the way the ISF is modified by memory
2? friction, by inspection of mumerical trajectories.

48

:g 3. Numerical simulation

g; In the current section we simulate the GLE using the extended phase space prescription
53 of Ceriotti [35]. Before beginning the mathematical and numerical detail, it is worth
>4 s briefly placing the GLE in the broader context of isothermal molecular dynamics
gg simulations, and different thermostats such as the Nosé-Hoover (NH) method [42], [43]
57 and velocity rescaling (VR) methods [44]. The appropriateness of the thermostat
gg depends strongly on the physical context. For example, one of the features of

the cited VR method is that dynamical properties of the simulation are only very
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weakly dependent on the thermostat parameter. Such a thermostat is thereforé highly
suitable for many-body simulations in which the interesting dynamics arise fromm explicit
interactions. By contrast, LE or GLE thermostats do affect the dynamical properties
of many-body simulations [45]. In the present context, where all interactions of a single
simulated particle are represented implicitly via a random force and friétion, the strong
dependence of dynamical correlations on the thermostat parameters (the frietion kernel)
is not a limitation but is an essential feature underpinning the use of the LE or GLE to
study surface dynamics. Further, the physical connection between'the friction kernel and
excitations of the environment, as described by , implies that fe can learn about
the dissipative coupling of adsorbates to surface excitations,by studying the surface
dynamics using the GLE. Within single-particle simulations, cemparable information
could not be obtained if the system was studied with thermostats that approximately
preserve the non-dissipative dynamical information.

The method we employ was presented in a matrix notation; here we write out our
relevant special case explicitly and show that it'reproduces the GLE, . Suppose
our physical variable z(t) is coupled to the motion/of afictitious velocity variable p(t)
which undergoes a Langevin process. To simplify the derivation we neglect the potential
V' (z), which is simply carried through when present. The appropriate choice of coupled
equations for an exponential friction kernel and forsatisfying the fluctuation-dissipation
relation are:

mi(t) = yAwmp(t):. (38)

and

mp(t) = —y/ywemi(t) —wemp(t) + /2mkgTw R(t) , (39)
where R(t) is a normalised Whit? noise source. To prove that the simulation prescription

achieves the GLE , we transform the coupled equations to the Fourier domain and
eliminate the fictitious variabley’and obtain:

¢

mo) = / At — Yot)dt + wer/2mhkpTy F~! {%] (40)
where the powerrspectrum of the final term has the correct frequency dependence to
satisfy the fluctuation-dissipation relation.

To bhenchmark #he correctness of the simulation we simulate the ISF on a flat
surface/ The goupled equations and were solved using a velocity Verlet
integrator. The resulting simulated line shape at AK = 1.0A~" is shown in Figure
(2, with the analytical result overlaid, showing good agreement. We emphasise that the
ISE computed from the simulated trajectories was not constructed via the cumulant
expansion, but directly from the definition in ([2). The simulations were performed for
100sparticles with a timestep of 1fs, for a total simulation time of 1ns. The relatively
long simulation time means we expect the boundary effects of the finite time domain to
be negligible, but additionally we have used a padding scheme to ensure we calculate the
linear, not the cyclic correlation, when applying the discrete Wiener-Khinchin theorem.
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;? Figure 2: Simulated ISF (red points) od the flat surface, at AK = 1.0A~'. The key
28 simulation parameters are v = 2.0ps™!, w, =»1.0ps~!, such that w. < 7, namely we
29 are well into the regime where memory is important. The analytical result is overlaid
:? (solid red curves) and shows good agreement with the simulation results. The inset
32 demonstrates the agreement of the simulated and analytical results in the regime where
33 the ISF decays exponentially to.zero. Additional simulation parameters are specified
2‘5‘ in the main text. The analogets results for a Langevin simulation at the same value
36 of v are shown in blue. The emergence of a large ratio between the results of the two
37 simulations can be seen cléarly inthe inset.

38

39

2(1) Similarly, the initial conditionswere generated with a short period of pre-thermalisation,
42 s but since the simulation issmuch longer than the thermalisation timescale, the exact
43 nature of the pre-thermalisation is not important.

2‘5‘ The simulation, parameters associated with the presented line shapes were v =
46 2.0ps™!, w. & 1.0ps, = 150K, m = Tamu. The parameters are typical of those for a
47 light adsorbate'moving in a flat landscape, and by simulation with w, < v we are very
22 30 far away from the Markovian limit, such that the VACF displays significant oscillations.
50 The analytical and simulated VACF agree, and are plotted together in Figure

51 One of the key results in the present work is that the amplitude of the long-time
gg exponential tail of the ISF, which represents a continuous diffusion process, is reduced by
54 the presence of a finite cutoff frequency in the friction kernel +(¢). The corresponding
55 s ndiffusion rate is unchanged, as shown in Section 2l In other words, by the time the
56 diffusive limit of the correlation function is attained, the kinematic scattering amplitude
;73 exp(iAK - x) of our GLE particle is more decorrelated than the same quantity for
59 the corresponding Langevin particle with w. — oo. The result can be understood
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0 2 4 6 8 10
4 (pS) IS

Figure 3: The velocity autocorrelation function (VACF) ¢ (t) on the flat surface, with
v =20ps! w. = 1.0ps~!. The analytical résult in ((17)) is shown as a solid red line.
The blue points are derived from the same simulated trajectories that gave the simulated
ISF in Figure[2] The inset shows the short=time decay of the VACF in more detail. The
limit ¢(0) is simply the mean square velogity at the simulation temperature 7'. Unlike
the ISF, 1(t) exhibits clear oseillations.

qualitatively by inspection of\simulated GLE trajectories that are equivalent in all
respects other than the memory time. Figure 4| shows two one-dimensional trajectories
x(t) simulated using the 'same initial conditions and the same white noise realisation,
differing only in the way the extended phase space formulation filters the noise via w..
The white noise aetSudireétly’on the auxiliary variable p(t) of (39), but the effect on
the physical co-ordinate @(t) is different in each case because of the way = and p are
coupled, which-depends on w.. The trajectories are shown over the course of a 20 ps
time window. One trajectory is simulated in the Markovian limit using a large cutoff
frequency we =% 500ps—!. " The other trajectory has w, = 1.0ps~! such that memory
has a substantial effect on I(AK,t) and v(t) as seen in Figures [2| and The two
trajectories approximately track each other over the 20 ps timescale plotted, which is
expected sinee the diffusion coefficient is unchanged by the introduction of memory,
and the diffusive limit of the ISF is reached well within 20 ps. However, the trajectory
simulated'with memory friction is smoother than the Langevin trajectory. Therefore, on
short timescales the GLE (w. = 1.0ps™!) dynamics are closer to ideal ballistic motion,
in comparison to the Langevin dynamics in which the particle undergoes more frequent
changes of direction. The smoothing effect is captured mathematically by the ISF via
the balance of decay amplitudes in the short-time, ballistic limit and the long-time,
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16 "8
17 o
18 L Of :
s S
20
21 —5 1 1 1
;g 0 5) 10 15 20
24 Simulation titne #y(ps)
25
26 Figure 4: A 20ps extract of two one-dimensional trajectories on a flat surface. The
;; friction strength is v = 2.0 ps™!, with memorystimes of 1.0ps (red) and 0.02 ps (blue).
29 The case w. >> « (blue) is chosen to be clese t& the Markovian limit, in which the
30 GLE becomes the Langevin equation. Aswexpected on the basis of the Fourier-space
g; statement of the GLE given in , thetrajectory simulated with a long memory time
33 (low cutoff frequency) is a filtered, or smoothed, version of the Langevin trajectory. The
34 significance of the smoothing in"terms of the ISF is discussed in the main text.
35
36
37 diffusive Limi N
38 ftusive limit.
39
2(1) 4. Conclusions
42 . . . . . . .
43 We have derived analytical intermediate scattering functions (ISFs) for a classical
44 20 adsorbate obeying the Generalised Langevin Equation (GLE) in an unconfined one-
22 dimensional dandseape, with exponential memory friction. The expression is a product
47 form, where each factor is a collapsing exponential of the form familiar from the well
48 known memory-free (Langevin) result. In the unconfined case, a key feature of the
:g ISF derived from the GLE is that the amplitude of the diffusive tail in the long time
51 w5 limit'is redueed by a factor that depends exponentially on the decay time 1/w. of the
52 friction kernel, while its decay rate is unchanged such that the diffusion coefficient is not
gi affected... The variation of the diffusive tail amplitude with the cutoff frequency in the
55 friction kernel can be interpreted in terms of the smoothing effect of memory friction
56 on particle trajectories, i.e. realisations x(¢) of the GLE.
57
58
59
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