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TESTING IN HIGH-DIMENSIONAL SPIKED MODELS

By TAIN M. JOHNSTONE* AND ALEXEI ONATSKI'
Stanford University and University of Cambridge

We consider the five classes of multivariate statistical problems
identified by James (1964), which together cover much of classical
multivariate analysis, plus a simpler limiting case, symmetric ma-
trix denoising. Each of James’ problems involves the eigenvalues of
E~'H where H and E are proportional to high dimensional Wishart
matrices. Under the null hypothesis, both Wisharts are central with
identity covariance. Under the alternative, the non-centrality or the
covariance parameter of H has a single eigenvalue, a spike, that stands
alone. When the spike is smaller than a case-specific phase transition
threshold, none of the sample eigenvalues separate from the bulk,
making the testing problem challenging. Using a unified strategy for
the six cases, we show that the log likelihood ratio processes param-
eterized by the value of the sub-critical spike converge to Gaussian
processes with logarithmic correlation. We then derive asymptotic
power envelopes for tests for the presence of a spike.

1. Introduction. High-dimensional multivariate models and methods, such as
regression, principal components, and canonical correlation analysis, repay study in
frameworks where the dimensionality diverges to infinity together with the sample
size. “Spiked” models that deviate from a reference model along a small fixed number
of unknown directions have proven to be a fruitful abstraction and research tool in
this context. A basic statistical question that arises in the analysis of such models
is how to test for the presence of spikes in the data.

James (1964) arranges multivariate statistical problems in five different groups
with broadly similar features. His remarkable classification, recalled in Table 1, relies
on the five most common hypergeometric functions pFy. In this paper, we describe
rank-one spiked models that represent each of James’ classes in a high dimensional
setting. We derive the asymptotic behavior of the corresponding likelihood ratios in
a regime where the dimensionality p of the data and the degrees of freedom nq,no
increase proportionally. Specifically, we study the ratios of the joint densities of the
relevant data under the alternative hypothesis, which assumes the presence of a
spike, to that under the null of no spike. The relevant data consist, in each case, of
the maximal invariant statistic represented by eigenvalues of a large random matrix.
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TABLE 1
The five cases of James (1964)
Statistical method n1H no

oFo PCA  Principal components analysis Wp(ni, X + @) naX

[latent roots of covariance matrix]
1Fy  SigD Signal Detection Wp(ni, X + @) Wp(ne, X)

[equality of covariance matrices|
oF1 REGoy Multivariate regression, known error Wp(ni, X, ni1®) noY

covariance [non-central means]

1F1 REG  Multivariate regression, unknown error Wp(ni, X, n1®) Wp(ng, X)
covariance [non-central latent roots]

2F1 CCA  Canonical correlation analysis Wp(ni, X, 2(Y)) Wp(ne,X)

James’ names for the cases, when different from ours, are shown in brackets. Final two columns
interpret H and E of (SM1) for Gaussian data, so that W, denotes a p-variate central or
noncentral Wishart distribution, see Definitions. Matrix ® has low rank, equal to one in this
paper. For CCA, ®(Y) is a random noncentrality matriz, see Supplementary Material (SM) 3.2
for definition. In cases 1 and 3, E is deterministic, 3 is known, and nz disappears. Otherwise E
is assumed independent of H.

We find that the joint distributions of the eigenvalues under the alternative hy-
pothesis and under the null are mutually contiguous when the values of the spike is
below a phase transition threshold. The value of the threshold depends on the prob-
lem type. Furthermore, we find that the log likelihood ratio processes parametrized
by the value of the spike are asymptotically Gaussian, with logarithmic mean and
autocovariance functions. These findings allow us to compute the asymptotic power
envelopes for the tests for the presence of spikes in five multivariate models repre-
senting each of James’ classes.

Our analysis is based on classical results that assume Gaussian data. All the
likelihood ratios that we study correspond to the joint densities of the solutions to
the basic equation of classical multivariate statistics,

(1) det (H — AE) =0,

where the hypothesis H and error sums of squares E are proportional to Wishart
matrices, as summarized for the various cases in Table 1. The five cases can be
linked via sufficiency and invariance arguments to the statistical problems listed in
the table. We briefly discuss these links in the next section.

James’ classification suggests common features that call for a systematic ap-
proach. Thus the main steps of our asymptotic analysis are the same for all the five
cases. The likelihood ratios have explicit forms that involve hypergeometric func-
tions of two high-dimensional matrix arguments. However, one of the arguments
has low rank under our spiked model alternatives. Indeed, for tractability, we focus
on the rank one setting. We can then represent the hypergeometric function of two
high-dimensional matrix arguments in the form of a contour integral that involves a
scalar hypergeometric function of the same type, Lemma 1, using the recent result
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of [16]. Then we deform the contour of integration so that the integral becomes
amenable to Laplace approximation analysis, extending [36, ch. 4].

Using the Laplace approximation technique, we show that the log likelihood ratios
are asymptotically equivalent to simpler random functions of the spike parameters,
Theorems 10 and 11. The randomness enters via a linear spectral statistic of a
large random matrix of either sample covariance or F-ratio type. Using central
limit theorems for the two cases, due to [6] and [53] respectively, we derive the
asymptotic Gaussianity and obtain the mean and the autocovariance functions of
the log likelihood ratio processes, Theorem 12.

These asymptotics of the log likelihood processes show that the corresponding
statistical experiments do not converge to Gaussian shift models. In other words,
the experiments that consist of observing the solutions to equation (1) parameter-
ized by the value of the spike under the alternative hypothesis are not of Locally
Asymptotically Normal (LAN) type. This implies that there are no ready-to-use
optimality results associated with LAN experiments that can be applied in our set-
ting. However at the fundamental level, the derived asymptotics of the log likelihood
ratio processes is all that is needed for the asymptotic analysis of the risk of the
corresponding statistical decisions.

In this paper, we use the derived asymptotics together with the Neyman-Pearson
lemma and Le Cam’s third lemma to find simple analytic expressions for the asymp-
totic power envelopes for the statistical tests of the null hypothesis of no spike in the
data, Theorem 13. The form of the envelope depends only on whether both H and
E in equation (1) are Wisharts or only H is Wishart whereas E is deterministic.

For most of the cases, as the value of the spike under the alternative increases,
the envelope, at first, rises very slowly. Then, as the spike approaches the phase
transition, the rise quickly accelerates and the envelope ‘hits’ unity at the threshold.
However, in cases of two Wisharts and when the dimensionality is not much smaller
than the degrees of freedom of E, the envelope rises more rapidly. In such cases, the
information in all the eigenvalues of E~'H might be useful for detecting population
spikes which lie far below the phase transition threshold.

A type of the analysis performed in this paper has been previously implemented
in the study of the principal components case by [39]. Our work here identifies
common features in James’ classification of multivariate statistical problems and
uses them to extend the analysis to the full system. One of the hardest challenges
in such an extension is the rigorous implementation of the Laplace approximation
step. With this goal in mind, we have developed asymptotic approximations to the
hypergeometric functions 1 7 and oF} which are uniform in certain domains of the
complex plane, Lemma 3.

The simple observation that the solutions to equation (1) can be interpreted as
the eigenvalues of random matrix E~'H relates our work to the vast literature on
the spectrum of large random matrices. Three extensively studied classical ensem-
bles of random matrices are the Gaussian, Laguerre and Jacobi ensembles, e.g. [30].
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However, only the Laguerre and Jacobi ensembles appear in high-dimensional anal-
ysis of James’ five-fold classification. This prompts us to look for a “missing” class
in James’ system that could be linked to the Gaussian ensemble.

Such a class is easy to obtain by taking the limit of /ni (H —X) with ¥ = I,
as ny — oo, for p fixed. We call the corresponding statistical problem “symmetric
matrix denoising” (SMD). Under the null hypothesis, the observations are given by
a p x p matrix Z/,/p with Z from the Gaussian Orthogonal Ensemble. Under the
alternative, the observations are given by Z/,/p + ®, where ® is a deterministic
symmetric matrix of low rank, again of rank one for this paper. We add this “case
zero”to James’ classification and derive the asymptotics of the corresponding log
likelihood ratio and power envelope.

To summarize, the contributions of this paper are as follows.

e We revisit James’ classification, which covers a large part of classical multi-
variate analysis, now in the setting of high-dimensional data and show that
the classification accommodates low rank structures as departures from the
classical null hypotheses.

e We show that in such high dimensional settings with rank-one structure, ran-
dom matrix theory allows tractable approximations to the joint eigenvalue
density functions, in place of slowly converging zonal polynomial series.

e We show that the log likelihood ratio processes, when parametrized by spike
magnitude, converge to Gaussian process limits in the sub-critical interval.

e Hence, we show that informative tests are possible based on all the eigenvalues
whereas tests based on the largest eigenvalue alone are uninformative.

e As a tool, we develop new uniform approximations to certain hypergeometric
functions.

e We identify symmetric matrix denoising as a limiting case of each of James’
models. It is the simplest model displaying all the phenomena seen in the
paper. We clarify the manner in which the simpler cases are limits of the more
complex ones.

The rest of the paper fleshes out this program and its conclusions. The proofs
are largely deferred to the extensive Supplementary Material (SM). They reflect
substantial effort to identify and exploit common structure in the six cases. Indeed
some of this common structure appears remarkable and not yet fully explained.

Definitions and global assumptions. Let Z be an n X p data matrix with rows
drawn ii.d. from N,(0,X), a p-dimensional normal distribution with mean 0 and
covariance Y. Suppose that M is also n X p, but deterministic. If Y = M + Z, then
H =Y'Y has a p dimensional Wishart distribution W,(n, %, ¥) with n degrees of
freedom, covariance matrix ¥ and non-centrality matrix ¥ = X' A/’ M. The central
Wishart distribution, corresponding to M = 0, is denoted W,(n, X).

Throughout the paper, we shall assume that

p < min{ni,na},
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where p is the dimensionality of matrices H and FE, and ni,ny are the degrees of
freedom of the corresponding Wishart distributions, as summarized in Table 1. The
assumption p < ny ensures almost sure invertibility of matrix E in (1), whereas the
assumption p < nq while not essential, is made for brevity, as it reduces the number
of various situations which need to be considered.

2. Links to statistical problems. We briefly review examples of statistical
problems, old and new, that lead to each of James’ five cases, plus symmetric matrix
denoising, and explain our choice of labels for those cases.

PCA. In the first case ny i.i.d. Np(0,€) observations are used to test the null
hypothesis that the population covariance €2 equals a given matrix 3. The alternative
of interest is

N=2+® with &= Oy,

where 6 > 0 and 1) are unknown, and ¢ is normalized so that ||S~/2¢)| = 1.
Without loss of generality (wlog), we may assume that ¥ = I,. Then under the
null, the data are isotropic noise, whereas under the alternative, the first princi-
pal component explains a larger portion of the variation than the other principal
components.
The null and the alternative hypotheses can be formulated in terms of the spectral
‘spike’ parameter 6 as

(2) H()Z@():OandH1:90:9>0,

where 6y is the true value of the ‘spike’. This testing problem remains invariant
under the multiplication of the p x n; data matrix from the left and from the
right by orthogonal matrices, and under the corresponding transformation in the
parameter space. A maximal invariant statistic consists of the solutions A\; > ... > A,
of equation (1) with n;H equal to the sample covariance matrix and E = . We
restrict attention to the invariant tests. Therefore, the relevant data are summarized
by A1, ..., Ap. For convenience, details of the invariance and sufficiency arguments for
all cases are in SM 2.1.

SigD. Consider testing the equality of covariance matrices, €2 and X, correspond-
ing to two independent p-dimensional zero-mean Gaussian samples of sizes n; and
ng. The alternative hypothesis is the same as for case PCA. Invariance considera-
tions lead to tests based on the eigenvalues of the F-ratio of the sample covariance
matrices. Matrix H from (1) equals the sample covariance corresponding to the ob-
servations that might contain a ‘signal’ responsible for the covariance spike, whereas
matrix F equals the other ‘noise’ sample covariance matrix. We again can assume
that the population covariance of the ‘noise’ ¥ = I,,, although this time it is un-
known to the statistician (SM 2.1 explains why such an assumption involves no loss
of generality). Here, we find it more convenient to work with the p solutions to the
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equation

(3) det (H—A<E+Z—;H>> —0,

which we also denote A; > ... > A, to make the notations as uniform across the
different cases as possible. Note that as the second sample size no — oo, while ng
and p are held constant, equation (3) reduces to equation (1), E converges to X,
and SigD reduces to PCA.

REGy, REG. Now consider linear regression with multivariate response
Y=XB+¢

when the goal is to test linear restrictions on the matrix of coefficients 3. In case
REG( the covariance matrix X of the i.i.d. Gaussian rows of the error matrix ¢ is
assumed known. REG corresponds to unknown .

As explained in [33, pp. 433-434], the problem of testing linear restrictions on
B can be cast in the canonical form, where the matrix of transformed response
variables is split into three parts, Y7, Y5, and Y3. Matrix Y; is ny X p, where p is the
number of response variables and n; is the number of linear restrictions (per each
of the p columns of matrix ). Under the null hypothesis, EY; = 0, whereas under
the alternative,

(4) EYI =V n19907/1/a

where 6 > 0, |2~1/24|| = 1, and ||¢|| = 1. Matrices Y5 and Y3 are (¢ — n;) X p and
(T — q) x p, respectively, where ¢ is the number of regressors and 7' is the number of
observations. These matrices have, respectively, unrestricted and zero means under
both the null and the alternative. SM 2.1 contains a discussion of the relationship
between alternative (4) and a corresponding constraint on the coefficients of the
untransformed regression model.

In the important example of comparison of ¢ group means, i.e. one-way MANOVA,
the null hypothesis imposes equality of all means, while a rank one alternative would
posit that the ¢ mean vectors lie along a line, for example uy = p1 + st for scalar
sk, k=2,...,qand ¢ € RP. This will be a plausible reduction of a global alternative
hypothesis in some applications.

For REGy, sufficiency and invariance arguments lead to tests based on the solu-
tions A1, ..., A, of (1) with

H=Y{Y1/n; and E = X.

These solutions represent a multivariate analog of the difference between the sum
of squared residuals in the restricted and unrestricted regressions. Under the null
hypothesis, n1H is distributed as Wj(n1,%) whereas under the alternative, it is
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distributed as Wp(n1, %, n1®), where ® = 0%~ 1py)'. Without loss of generality, we
may assume that X = I,,.
The canonical form of REGq is essentially equivalent to the recently studied set-

ting of matriz denoising
Yi=M+Z

References which point to a variety of applications include [15, 47, 34, 19]. Often M
is assumed to have low rank, and the matrix valued noise Z to have i.i.d. Gaussian
entries. Here we test M = 0 versus a rank one alternative.
For REG, similar arguments lead to tests based on the p solutions Ay, ..., A, of (3)
with
H = Y{Yl/nl and F = YgYé/TLQ,

where the error d.f. no =T — ¢. These solutions represent a multivariate analog of
the F ratio: the difference between the sum of squared residuals in the restricted and
unrestricted regressions to the sum of squared residuals in the restricted regression.
Again, we may assume wlog that X, although unknown to the statistician, equals
I,,. Note that, as ng — oo while ny and p are held constant, REG reduces to REGy.

CCA. Consider testing for independence between Gaussian vectors z; € RP
and y; € R™, given zero mean observations with ¢ = 1,...,n; + ngy. Partition the
population and sample covariance matrices of the observations (z},%,)" into

Eym Eyy Syw Syy
respectively. Under Hy : ¥, = 0, the alternative of interest is

77,19 /

5 Yoy =4 ——————
( ) e ’I’L19+’I’L1+TL2¢(’D7

where the vectors of nuisance parameters ¢ € RP and ¢ € R™ are normalized so
that

1= 2] = 1155, %l = 1.

The peculiar parameterizations of the alternative # # 0 in (4) and (5) are chosen
to allow unified treatments of PCA and REGq and of SigD, REG and CCA in our
main results, Theorems 11 and 12 below.

The test can be based on the squared sample canonical correlations Ap,..., Ap,
which are solutions to (1) with

H = S4ySy, Sye and E = S

Remarkably, the squared sample canonical correlations also solve (3) with different
H and E, such that F is a central Wishart matrix and H is a non-central Wishart
matrix conditionally on a random non-centrality parameter (see SM 3.2).
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SMD. We observe a p x p matrix X = ®+ Z/,/p, where Z is a noise matrix from
the Gaussian Orthogonal Ensemble (GOE), i.e. it is symmetric and

Zii NN(O,Q) and Zij NN(O,l) if ¢ > j.

We seek to make inference about a symmetric rank-one “signal” matrix ® = 1)’
The null and the alternative hypotheses are given by (2). The nuisance vector ¢ € RP
is normalized so that [[1)|| = 1. The problem remains invariant under the multiplica-
tion of X from the left by an orthogonal matrix, and from the right by its transpose.
A maximal invariant statistic consists of the solutions Ai, ..., A, to (1) with H = X
and E = I,,. We consider tests based on Ay, ..., Ap.

The SMD case can be viewed as a degenerate version of each of the above cases.
For example, consider PCA with p held fixed and ny — oco. Take ¥ = I, for conve-
nience and set Q = I,, + y/p/n1® with ® = 6y, so that the original value of the
spike is rescaled to be a local perturbation. Now write H in the form QY/2HQY/2
where H ~ Wy(ni1,Ip). A standard matrix central limit theorem for p fixed, e.g. [20,
Th. 2.5.1], says that

H=1I,+27Z/J/n1 +op(n; /%),

where Z belongs to GOE. Writing Q'/2 = p—l—%\/p/nlfb—l—o(nl_lp), and introducing
uw=+/n1/p(A—1), we can rewrite

det(H — A,) = (p/n1)P/? det[® + Z/\/p — pI, + op(1)],

so that PCA degenerates to SMD. Compare also [4].

Indeed, each of the cases eventually degenerate to SMD via sequential asymptotic
links (SM 2.2 has details). For convenience, we summarize links between the different
cases and the definitions of the corresponding matrices H and E in Figure 1. We
note that the SMD model has been studied recently, e.g. [10, 28] and references
therein, though not with our techniques.

Cases SMD, PCA, and REGy, forming the upper half of the diagram, correspond
to random H and deterministic F. The cases in the lower half of the diagram corre-
spond to both H and F being random. Cases PCA and SigD are “parallel” to cases
REG(y and REG in the sense that the alternative hypothesis is characterized by a
rank one perturbation of the covariance and of the non-centrality parameter of H
for the former and for the latter two cases, respectively. Case CCA “stands alone”
because of the different structure of H and E. As discussed above, CCA can be
reinterpreted in terms of H and E such that F is Wishart, but H is a non-central
Wishart only after conditioning on a random non-centrality parameter.

3. The likelihood ratios. Our goal is to study the asymptotic behavior of
likelihood ratios based on the observed eigenvalues

A = diag {\1, ., Ao} -
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SMD
H=GOE/\/p+?
E=1I,
ny — o0 / ny — o0
0 — /p/n.0 0 — /p/n0
PCA REG
nH =Wy(ny, I, + ®) nil = Wy(ny, I, @)
E=1, E=1,
ng — 00 Ny — 00 ng — 00
SigD REG
mH =W,(n, I, + ®) niH = W,(n1, I, n1 ®)
noll = VVp(nz, Ip) CCA noll = I/Vp(ng, [[,)
H=8,,5,,Sy:
E= S:CI

Fic 1. Matrices H and E, and links between the different cases. Without loss of generality, matriz
E or, in SigD, REG, and CCA cases, its population counterpart ¥ is assumed to be equal to Ip.

Matriz ® has the form 6y’ with 6 > 0 and ||| = 1.
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Let p(A; 6) be the joint density of the eigenvalues under the alternative and p(A;0)
the corresponding density under the null. James’ formulas for these joint densities
lead to our starting point, which is a unified form for the likelihood ratio

p(A;0)
p(A;0)

where U = ¥(6) is a p-dimensional matrix diag {¥11,0, ...,0} , and the values of ¥y,
a(0), p, q, a, and b are as given in Table 8.

For SMD, we prove that L (0;A) is as in (6) in SM 3.1. For PCA, the explicit form
of the likelihood ratio is derived in [39]. For SigD, REG(, and REG, the expressions
(6) follow, respectively, from equations (65), (68), and (73) of [23]. For CCA, the
expression is a corollary of [33, Th. 11.3.2]. Further details appear in SM 3.2.

Recall that hypergeometric functions of two matrix arguments ¥ and A are de-

fined as
) Cx (¥) Gy (A)
oFa (0,5, 4) Z Z iR x o

where a = (a1, ...,ap) and b = (bl, ....,bq) are parameters, x are partitions of the
integer k, (a;), and (b;), are the generalized Pochhammer symbols, and Cy are
the zonal polynomials, e.g. [33, Def. 7.3.2.]. Note that some links between the cases
illustrated in Figure 1 can also be established via asymptotic relations between the
hypergeometric functions. For example, the confluence relations

oFo (T, A) = le 1Fo (a; a_I\II,A) and
oF1 (b;U,A) = lim | F} (a, b; a_lllf,A)
a— 00

(6) L(O:A) =

= oz(@) qu(a7 b7\P7A) ’

g. [37, eq. 35.8.9], imply the links SigD — PCA and REG — REGq as ny — oo
for p and nq held constant.

In the next section, we shall study the asymptotic behavior of the likelihood ratios
(6) as ny,ng, and p go to infinity so that

(7) g =p/n1 —m €(0,1) and ¢a = p/n2 — 12 € (0,1].

TABLE 2
Parameters of the explicit expression (6) for the likelihood ratios. Here n = ni + na.

Case oFq  a(0) a b Uy

SMD  oFy exp(—pb?/4) - - Op/2

PCA  oFy, (1+0)"™/? i} i} Ony/(2(146))
Sigh  1Fy (1+6)"™/? n/2 B} On1/ (n2 (1+6))
REGo oF1 exp(—n16/2) _ ni/2 9n%/4

REG 1F1  exp(—mi6/2) n/2 n1/2  Oni/ (2n2)

CCA  oF  (1+mb/n)""? (n/2,n/2) n1/2 60}/ (n3 +nani (1+6))
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TABLE 3
Semi-circle, Marchenko-Pastur and scaled Wachter distributions

Case Fim Density, A € [8—, B+] B+ Threshold 6
SMD SC L0 +2 1
2r

R(A
PCA MP 5 ( )A (1+m)? VL
REGo ™

2

SigD w —2(%;”)]%“1 " ( pj 1) fJ’”
REG A = 72) pE2 — 72
CCA

R(A) =+/(B+ =N (A—=8-) P =1+ 72 — 7172

We denote this asymptotic regime by n,p —, oo, where n = {n;,n2} and v =
{71,72} . To make our exposition as uniform as possible, we use this notation for all
the cases, even though the simpler ones, such as SMD, do not refer to n. We briefly
discuss possible extensions of our analysis to the situations with v; > 1 in Section
7.

We are interested in the asymptotics of the likelihood ratios under the null hypoth-
esis, that is when the true value of the spike, 0y, equals zero. First, some background
on the eigenvalues. Under the null, A1, ..., A, are the eigenvalues of GOE/,/p in the
SMD case; of W), (n1,I,) /n1 for PCA and REGy; and of a p-dimensional multivari-
ate beta matrix, e.g. [32, p. 110], with parameters ni/2 and ng/2 and here scaled
by a factor of ny/n1, in the SigD, REG, and CCA cases. The empirical distribution
of /\1, ceey >\p

p
F=-3"TI{\ <)}
j=1

is well known, [3], to converge weakly almost surely (a.s.) in each case:

FSC  for SMD
F= F,={ FMP for PCA, REG,
FW  for SigD, REG, CCA,

the semi-circle, Marchenko-Pastur and (scaled) Wachter distributions respectively.
Table 3 recalls the explicit forms of these limiting distributions. The cumulative
distribution functions F,ly‘m (M) are linked in the sense that

F,;N()\) — F}XIP()\) as y2 — 0,
EMP (A +1) = F59(\)  asy — 0.
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If p is a ‘well-behaved’ function, the centered linear spectral statistic

p

(8) S e () —p / o (V) dFIm (),

j=1

converges in distribution to a Gaussian random variable in each of the semicircle
[8], Marchenko-Pastur [6] and Wachter [53] cases. Note that the centering constant
is defined in terms of F¢, where ¢ = {c1,co}. That is, the “correct centering” can
be computed using the densities from Table 3, where v, and v, are replaced by
c1 = p/nq and co = p/ng, respectively.

Finally, let us recall the behavior of the largest eigenvalue A1 under the alternative
hypothesis. As long as 6 < 0, the phase transition threshold reported in Table 3,
the top eigenvalue A\ — (4, the upper boundary of support of F.,, almost surely.
When 0 > 0, \; separates from ‘the bulk’ of the other eigenvalues and a.s. converges
to a point strictly above By. For details, we refer to [29, 9, 35, 38, 16, 11] for the
respective cases SMD, PCA, SigD, REGy, REG, and CCA.

The fact that A\; converges to different limits under the null and under the al-
ternative hypothesis sheds light on the behavior of the likelihood ratio when 0 is
above the phase transition threshold . In such super-critical cases, the likelihood
ratio degenerates. The sequences of measures corresponding to the distributions of
A under the null and under super-critical alternatives are asymptotically mutually
singular as n,p —~, 00, as shown in [29] and [39] for SMD and PCA respectively. In
contrast, as we show below, the sequences of measures corresponding to the distri-
butions of A under the null and under sub-critical alternatives < 6 are mutually
contiguous, and the likelihood ratio converges to a Gaussian process. In the super-
critical setting, an analysis of the likelihood ratios under local alternatives appears
in [17].

4. Contour integral representation. The asymptotic behavior of the like-
lihood ratios (6) depends on that of ,Fy (a,b; ¥,A). When the dimension of the
matrix arguments remains fixed, there is a large and well established literature on
the asymptotics of ,Fy (a,b; ¥, A) for large parameters and norm of the matrix ar-
guments, see [32] for a review. In contrast, relatively little is known about when the
dimensionality of the matrix arguments ¥, A diverge to infinity. It is this regime we
study in this paper, noting that in single-spiked models, the matrix argument ¥ has
rank one. This allows us to represent ,Fy (a,b; ¥, A) in the form of a contour integral
of a hypergeometric function with a single scalar argument. Such a representation
implies contour integral representations for the corresponding likelihood ratios.

LEMMA 1. Assume that p < min{ni,ns}. Let K be a contour in the complex
plane C that starts at —oo, encircles 0 and Ay, ..., A, counterclockwise, and returns
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to —oo. Then

F'(s+1)a(f)qgs

p
/’C plFq (a—5,b—s;¥112) H (z — )\j)_l/2 dz,
j=1

where s = p/2 — 1, the values of a (), Y11, a, b, p, and q for the different cases are
gwen in Table 8; a — s and b — s denote vectors with elements aj — s and bj — s,

respectively; and
) q
1l =)y Tk)
& ‘13 ray) e o

i=1
In cases SigD and CCA, we require, in addition, that the contour IC does not intersect
[\111_11, oo), which ensures the analyticity of the integrand in an open subset of C that
includes K.

The statement of the lemma immediately follows from [16, Prop. 1] and from
equation (6). Our next step is to apply the Laplace approximation to integrals (9).
To this end, we shall transform the right hand side of (9) so that it has a “Laplace
form”

(10) LOA) = Vg [ exp{=(0/2)7(=0)} a(z:0)d

The dependence on ¢ will usually not be shown explicitly. Leaving |/mp/ (2i) sepa-
rate from g(z) allows us to choose f(z) and g(z) that are bounded in probability, and
makes some of the expressions below more compact. In order to apply the Laplace
approximation, we shall deform the contour of integration so that it passes through
a critical point zg of f(z) and is such that Re f(z) is strictly increasing as z moves
away from zg along the contour, at least in a vicinity of zj.

4.1. The Laplace form. We shall transform (9) to (10) in three steps. As a result,
functions f and g will have the forms of a sum and a product,

(11) f(z)=fe+ fe(2) + fn(z) and

9(2) = ge % ge (2) X gn(2),
where f. and g. do not depend on z. The subscripts (c,e,h) are mnemonic for ‘coef-
ficient’, ‘eigenvalues’ and ‘hypergeometric’.

First, using the definitions of « (6), ¢s, ¥1; and employing Stirling’s approxima-
tion, we obtain a decomposition
F'(s+1)a(f)qgs

VTP
where g. remains bounded as n,p — 00. The values of f. and g. are given in Table
4. Details of the derivation are given in SM 4.1.

(12)

= exp {—(p/2)fc} ges
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TABLE 4
Values of fe and ge = gc/(1+ o(1)) for the different cases. The terms o(1) do not depend on 6 and
converge to zero as n,p —~ 00. In the table, 1(0) =1+ (14 6)ca/c1 and r?=ci +co—cica.

Case  f. ge = go/(1 + o(1))
SMD  1+6%/2+log6 0
— 0
PCA 1+ Clcl log(1+6) +log 0(1+0) ter!
SigD POA L fio 95 %10
REGo 1—1—2—1—10(@;—&—%10{@(1—01) Byt (1 —cp)~ /2
1 1 1
REG  fRPCo 4 f 3659 g10
CCA  fF™C+ fn 3¢5 g10/1(0)
2 2
fio=-1-— - log " + log G te d10 = ¢y tr(er + e2)'/?
Cc1C2 c1 +c2 ) C1
for=-1~— b L

C1 C1C2 o8 011(0)

Second, we consider the decomposition

(13) (2= A\) 2 = exp {—(0/2) fe(2)} ge(2),
7j=1

where

(14) fulz) = / In (= — A) dFe(\),

and

(15) (e = e {~w2) [ =N a(F - rw)}.

For fo(z) and ge(z) to be well-defined we need z not to belong to the support of F,
which we assume. In addition, z ¢ Supp(ﬁ' ) since by definition contour K encircles
it. Note that g.(z) is the exponent of a linear spectral statistic, which converges to
a Gaussian random variable as n,p —~ oo under the null hypothesis.

Third and finally, we describe a decomposition
(16) pFq (@ —s,b—s;¥112) = exp{—(p/2)/n(2)} gn(2)-

For the q = 0 cases, the corresponding ,Fy can be expressed in terms of elementary
functions. Indeed, oFy(z) = e* and 1 Fp(a;2) = (1 — 2)~*. We set

—20 for SMD
(17) fu(z) = —20/(c1 (140)) for PCA
In[1—coz0/ {c1 (14 6)}] 72/ (c1c2) for SigD,
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and

1 for SMD and PCA
1 -]

[1—cp20/{c; (1+0)}]"" for SigD.

Unfortunately, for the g = 1 cases, the corresponding ,Fy do not admit exact
representations in terms of elementary functions. Therefore, we shall consider their
asymptotic approximations instead. Let

m=(ny—p)/2and Kk =(n—p)/(n1—p).

Further, let

20/ (1 —¢)? for j =0
(19) nj =4 20ca/lc1(l1—c1)] forj=1,
260c3/ [c31(0)] for j =2
where
(20) 1(0)=1+(1+86)c2/cq.

With this notation, we have

oFt (m+1;m%n) = Fy for REGy
(21) oFqg =< 1Fi(me+1m+1mm) =F for REG
oy (mk+1,mk+ 1;m + 1;1m2) = F» for CCA.

The function Fy(z) can be expressed in terms of the modified Bessel function of
the first kind I, (+), see [2, eq. 9.6.47], as

(22) Fy =T (m+ 1) (m2n0) "™ L, (2mne/?).

This representation allows us to use a known uniform asymptotic approximation of
the Bessel function [2, eq. 9.7.7] to obtain Lemma 2, proven in SM 4.2. To state it
let

(23) @o(t) =Int—t—mny/t+1 and to = <1+m> /2.
Further, for any § > 0, let Qs be the set of g € C such that
largmg| < m — 6, and ny # 0.
LEMMA 2. Asm — oo, we have
(24) Fo = (1 +4n0) ™" exp {—myo (o)} (1 + (1)) .

The convergence o(1) — 0 holds uniformly with respect to ng € Qqos for any 6 > 0.
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To foreshadow our results for Fj(z) and Fy(z), we note that the right hand side
of (24) can be formally linked, via (22), to the saddle-point approximation of the
integral representation, see [51, p. 181],

I <2 1/2\ _ 776%/267” (0+) -1
m ( 2mn >_727Ti exp {—mpo ()}t~ dt.

Point ¢y can be interpreted as a saddle point of ¢q (¢), and the term (1 + 4770)_1/4

in (24) can be interpreted as a factor of (p{ (to))_1/2.
Turning now to functions Fj(z) and Fh(z), to obtain uniform asymptotic ap-

proximations, we use the contour integral representations, see [37, eqs. 13.4.9 and
15.6.2],

(14)
(25) F= g2 [ e om0}y 0
where
 I’'m+1)T'(m(k—1)+1)
(26) Cm = T (mk + 1) ’
| —nit—kInt+(k—1)In(t—1) for j=1

(27) #i(t) = { —/ijln (t/1—mnt)+(k—1)In(t—1) forj=2"
and

-1 for j =1
(28) vilt)= { (t—1)" @ —nt)" for j=2

For j = 2, the contour does not encircle 1/7, and the representation is valid for 7,
such that |arg (1 — n2)| < m. We derive a saddle-point approximation to the integral
in (25) to be summarized in Lemma 3 below. The relevant saddle points are

2 .
2%73_{17]-—14-\/(77]-—1) +4m7j} for j =1

m{—1+\/1+4/{(/{—1)77j} for j =2

(29) tj =

We shall need the following additional notation. Let
(30) wj =argy] (t;)+m and wo; =arg(t; —1),
where the branches of arg (-) are chosen so that |w; + 2wg;| < 7/2.

LEMMA 3. Asm — oo, we have for j = 1,2

(31) Fy = oty (t5) €75/ 2mmeg] ()| ™% exp {—mig; (t;)} (1 + o(1)) .

The convergence o(1) — 0 holds uniformly with respect to (k,n) € Q5 for any § > 0,
where ;5 are as defined in Table 5.
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Point-wise asymptotic approximation (31) was established in [43] for j = 1, and
in [41, 42] for j = 2. However, those papers do not study the uniformity of the
approximation error, which is important for our analysis. Lemma 3 is proved at
length in SM 4.3. It is fair to say that the corresponding derivations constitute
the technically most challenging part of our analysis. This further highlights the
technical difficulties that occur when going from SMD, PCA, and SigD cases to
REGq, REG, and CCA.

Using Lemmas 2 and 3, and Stirling’s approximation

7p (1 —c1)
T

(32) Cr = exp{m(k—1)In(k —1) —mrlnk} (14 o(1))

we set the components of the “Laplace form” (16) of ,F, for the g = 1 cases as
follows

B 1;%900 (to) REGo
(33)  fulz) = {1__11 (p;j (tj) +kInk — (k—1)In(k — 1)) REG, CCA
and
(34)  gu(2) (1+4m0) "4 (14 0 (1)) REGo
hlz) =

Ve friewil? @ (tj)‘ i Y;(t;) (14+0(1)) REG, CCA

To express t; and 7); in terms of z, one should use (29) and (SM97). We do not need
to know how exactly the o (1) in (34) depend on z. For our purposes, the knowledge
of the fact that o(1) are analytic functions of n; that converge to zero uniformly
with respect to (k,7n;) € Qj5 is sufficient. The analyticity of o(1) follows from the
analyticity of the functions on the left hand sides, and of the factors of 1 + o(1) on
the right hand sides of the equations (24) and (31).

Confluences of functions f. As co — 0 with ¢; held fixed, we have

I (2) = fPOA (),

) FREG(), JOONz) > [RE(2)

TABLE 5
Definition of Q5 from Lemma 3.

Qs = N Qj(s with the following Qs and Qj(s

Set  Definition: pairs (z,z) € R x C s.t.
Qs 6<x—-1<1/6, 2] <1/6, and infyep\[o,00) |2 — Y| = 0
ng Rez > -2z +1

Qos inf,ep\(—o0,1] |2 — y| > 6 and x is unconstrained.
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Also, as ¢ — 0,
(36) FPOA (=), fREC0 (2) = fMP(2),

after making the substitutions 6 — \/c,6 and z — y/c,;z + 1 on the left hand side.
Some details appear in SM 4.4.

4.2. Saddlepoints and Contours of steep descent. We shall now show how to
deform contours K in (10) into the contours of steep descent. First, we find saddle
points of functions f(z) for each of the six cases. Note that

—dfe(2)/dz = /()\ — 2) dF.(\) = me (2),

the Stieltjes transform of F.. Although the Stieltjes transform is formally defined
on CT, the definition remains valid on the part of the real line outside the support
[b—,by] of F.. Since we assume that p < nj, F, does not have any non-trivial mass
at 0.

To find saddle points zy of f(z) we therefore solve the equation

(37) me (2) = dfu(z)/dz.
A proof of the following lemma appears in SM 4.5.

LEMMA 4. The saddle points zo(0,c) of f(z) satisfy

0+1/0 for SMD
(38)  zp(0,c) =< (1+6)(O0+c1)/0 for PCA and REG,
(1+60)(@+c1)/[00(0)] for SigD, REG, and CCA.

For 0 € (0,§c), 20 > by, 'Lghere _éc is the threshold corresponding to F¢, which is an
analogue of the threshold 6 = 0 corresponding to F given in Table 3.

As ¢o — 0 while ¢; stays constant, the value of zy for SigD, REG, and CCA
converges to that for PCA and REGqy. The latter value in its turn converges to
the value of zy for SMD when ¢; — 0, after the transformations ¢ +— ,/c16 and
20 /€120 + 1. Precisely, solving equation

Verzo+ 1= (1+/c18) (\erb + 1) / (Veib)
for zp and taking limit as ¢; — 0 yields zo = 6 4+ 1/6.

REMARK 5. For all the six cases that we study, f(z9) equals zero. SM 4.6 has a
verification of this important fact.
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Iy

i220

K1

20

71220

Fic 2. Deformed contour K for SMD, PCA, and SigD.

REMARK 6. Asn,p —~ 00, 20(6,¢) = 20(6,7) > B+, where the latter inequality
holds for any 6 € (0, é). Since A\; “3' B, the inequality 2o (0,c) > A\ must hold with
probability approaching one as n,p —~ oo.

For the rest of the paper, assume that 6 € (0, 0_). We deform contour K in (10) so
that it passes through the saddle point 2y as follows. Let K = Ky UK_, where K_
is the complex conjugate of K, and K = K1 U Ko. For SMD, PCA, and SigD, let

(39) Ki={z+it:0<t <2z} and
(40) Ko={x+i22z9: —co <z < 2p}.

The deformed contour is shown on Figure 2.

Note that the singularities of the integrand in (10) are situated at z = A; (plus
an additional singularity at z = ¢1(1+6)/ (fc2) < zp for SigD). Since zp > A; holds
with probability approaching one as n,p —~ 0o, Cauchy’s theorem ensures that the
deformation of the contour does not change the value of L (6;A) with probability
approaching one as n,p —-, 0.

Strictly speaking, the deformation of the contour is not continuous because IC
does not approach K_ at —oo. In particular, in contrast to the original contour,
the deformed one is not “closed” at —oo. Nevertheless, such an “opening up” at
—oo does not lead to the change of the value of the integral because the integrand
converges fast to zero in absolute value as Re z — —o0.

REMARK 7. In the event of asymptotically negligible probability that the de-
formed contour K does not encircle all A;, we not only lose the equality (10) but



20 I. M. JOHNSTONE AND A. ONATSKI

— >

Ko

Ky

Z1 20

Fic 3. Deformed contour K for REGy and CCA.

also face the difficulty that function g(z) ceases to be well defined as the definition
of go(z) contains a logarithm of a non-positive number. To eliminate any ambiguity,
if such an event holds we shall redefine g.(z) as unity.

For REGy and CCA, let
[ -a- a)? / [46] for REGy
P —a (T —a)?(8) ) [40r2] for CCA

and let

K1 ={z1+ |20 — z1]exp {iv} : v € [0,7/2]} and

Ko ={z1—x+ |20 — z1]exp {in/2} : x > 0}.
The corresponding contour X is shown on Figure 3. Similarly to the SMD, PCA and
SigD cases, the deformation of the contour in (10) to K does not change the value
of L (0; A) with probability approaching one as n,p —~ oco.

For REG, deformed contour K in z-plane is simpler to describe as an image of a
contour C in 7-plane, where 7 = nt; with

(41) m = z0cz/[c1 (1 —c1)]

and t; as defined in (29). Let C = Cy UC_, where C_ is the complex conjugate of
C+ and C4 = Cy UCy, and let

Ci ={—r+ |10+ klexp{iv}:v€[0,7/2]} and
Co={—K—x+ |10+ K|exp {in/2} : = > 0},
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where 7o = (0 +¢1) /(1 —c1).
Using (41) and the identity
(42) m=71(+1)/(t+ k),
we obtain

a(l—c)7r(r+1)
Oco TH+K

(43) z =

We define the deformed contour K in z-plane as the image of C under the transfor-
mation 7 — z given by (43). The parts K1, K_, Ky and Ky of K are defined as the
images of the corresponding parts of C. Note that g is transformed to zg so that I
passes through the saddle point zg.

The next lemma, proven in SM 4.7, shows that K; are contours of steep descent
of —Re f (z) for all the six cases, SMD, PCA, SigD, REGq, REG, and CCA.

LEMMA 8. For any of the siz cases that we study, as z moves along the corre-
sponding K1 away from zg, — Re f (z) is strictly decreasing.

5. Laplace approximation. The goal of this section is to derive Laplace ap-
proximations to the integral (9) for the six cases that we study. First, consider a
general integral

Iy :/ e_p‘bp’“’(z)xpw(z)dz,
Kp,w

where p is large, w € Q C R* is a k-dimensional parameter, and Kpw is a path in
C that starts at ap,, and ends at b,,. We allow x,.(2) to be a random element
of the normed space of continuous functions on K, . with the supremum norm.
Assume that there is a domain T}, ,, D K, ,, on which for sufficiently large p, ¢p..,(2)
and xp.(z) are single-valued holomorphic functions of z, in the case of x,, with
probability increasing to 1.

We describe an extension of the Laplace approximation detailed by Olver [36, p.
127] to a situation in which functions ¢, x and contour K depend on p and w and in
addition y is random. In Olver’s original theorem, both functions and contour are
fixed. In what follows, however, we omit subscripts p and w from ¢p., Xpw, Kpw,
etc. to lighten notation.

Suppose that ¢/(z) = 0 at zp which is an interior point of K, and suppose that
Re ¢(z) is strictly increasing as z moves away from z( along the path. In other words,
the path K is a contour of steep descent of — Re ¢(z). Denote a closed segment of K
contained between z; and 2, as [z1, 22] - Similarly denote the segments that exclude
one or both endpoints as [21,22), (21,22]c, and (z1, 22),. Let 8 be the limiting
value of arg (z — zp) on the principal branch as z — zy along (20, ). Finally, let ¢
and s be the coefficients in the power series representations

(44) ¢ (2) = Z¢s (2_20)87 x(2) :ZXS (2_20)8-
s=0 s=0
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We assume that there exist positive constants C, ..., Cy that do not depend on p
or w, such that for all w € €, for sufficiently large p :

A0 The length of the path K is bounded, uniformly over w € Q and all sufficiently
large p. Furthermore,

sup |z —zp| > C1, and sup |z — zo| > C4
2€(20,b) z€(a,20)

A1 Functions ¢ (z) and x(z) are holomorphic in the ball |z — zo| < Cy
A2 The coefficient ¢9 satisfies Cy < |¢o| < Cj
A3 The third derivative of ¢ (z2) satisfies inequality

sup |d3¢(z) /dzg‘ <Cy

|Z—Z()‘§Cl

A4 For any positive € < (1, which does not depend on p and w, and for all z; € K
such that |21 — zg| = ¢, there exist positive constants C5, Cs, such that

Re (¢ (z1) — ¢o) > Cs and |Im (¢ (21) — ¢o)| < Cs

A5 For a subset © of C that consists of all points whose Euclidean distance from
K is no larger than C1,

sup |x(2)| = Op(1)
2€0

as p — 00, where Op(1) is uniform in w € €.

Assumptions AO-A5 ensure that Olver’s proof of the Laplace approximation the-
orem (Theorem 7.1 on p. 127 of Olver (1997)) can be extended to cases where
functions ¢(z) and x(z), as well as the contour K, depend on p and w. Note that in
Olver’s notations, ¢(z), x(z), and p are, respectively p(t), ¢(t), and z.

The first part of A0, which requires the boundedness of ||, taken together with
A5 and the assumption that K is a contour of steep descent guarantee the absolute
convergence of the integral f,c e~ P(é(2)—¢o) X(z)dz, in probability. The second part of
A0 ensures that as p — oo, K does not collapse to a point.

Assumption Al excludes situations where zy approaches singular points of ¢(z)
or x(z) as p — oo. Assumption A2 guarantees that the second derivative of ¢(z)
at zg does not degenerate to 0 or infinity as p — oco. Assumption A3 implies that
|¢(2) — ¢(z0)| can be bounded from below by a fixed quadratic function of z in a
vicinity of zg as p — oo. This ensures a regular behavior of function (¢(z) — gb(zo))l/ 2,
Assumption A4 implies that |arg (¢(z) — ¢(20))| < 7/2 is some neighborhood of z
as p — o0o. We need this condition to be able to use an asymptotic expansion of
an incomplete Gamma function in our proofs (Section 5.1 of SM). Assumption A5
ensures that |y (z)| remains bounded in probability as p — oc.
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TABLE 6
The values of De = 02(—d%f(20)/dz?)"" for the different cases.

Case  Value of Do Case Value of D,

SMD 1-#6° REGo ¢ (141 +20) (er — 67)

PCA ¢ (c1 —6%) (1+6)° REG  cih(er +0+(1+0)1) /1*

SigD  r*h(146)* /1 CCA  cdh(2(ci+0)+1(1—c1))/ (I (c1 + c2))
I1=10)=1+(1+08)c2/cn h=h(0) =c1+c2(1+6)* — 6

LEMMA 9.  Under assumptions A0-Ab, for any positive integer k, as p — 0o, we

have -
_ — 1\ a Op (1)
o 1) 2s P
Ipw = 2e7P% [ZF (S + §> P12 + pk+l/2] ’
s=0

where Op (1) is uniform in w € Q and the coefficients ass can be expressed through
¢s and xs defined above. In particular we have ay = Xo/[2¢;/2], where ¢;/2 =
exp {(log || +iarg ¢2) /2} with the branch of arg ¢o chosen so that |arg ¢ + 25| <
/2.

Lemma 9 is proved in SM 5.1. We use it to obtain the Laplace approximation to
1

27T1 lClU’Cl

(45) Ly (0;A) = /mp
Then we show that Lp (f; A) asymptotically dominates the “residual” L (6;A) —
L1 (0; A). For this analysis, it is important to know the values of f(zo) and d?f(z)/dz.
As was mentioned in Remark 5, f(z9) = 0 for all the six cases that we study. The
values of d2f(zg)/dz? are derived in SM 5.2. All of them are negative. The ex-
plicit form of Dy = 6% (—d?f(29)/ dz2)_1 , which is somewhat shorter than that for
d?f(z9)/dz?, is reported in Table 6. We formulate the main result of this section in
the following theorem, proven in SM 5.3.

THEOREM 10. Suppose that the null hypothesis holds, that is, 6 = 0. Let 0 be
the threshold corresponding to Fy as given in Table 3, and let £ be an arbitrarily
small fixed positive number. Then for any 0 € (O, 0 — E] , as M, p —~ 00, we have

(46) L:A) = —22) L op (),

vV —d?f(20)/dz?

where Op (p_l) s uniform in 6 € (0, 6 — s] and the principal branch of the square
root s taken.
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6. Asymptotics of LR. Combining the results of Theorem 10 with the defini-
tions of g(z) and the values of —d?f(zg)/d22, given in Table 6, it is straightforward
to establish the following theorem, details in SM 6.1. Let

8y(0) =p [ 10 (20(6) = N (F () = Fe ().

In accordance with Remark 7, we define A, () as zero in the event of asymptotically
negligible probability that zg < Aj.

THEOREM 11. Suppose that the null hypothesis holds, that is 8y = 0. Let 6 be
the threshold corresponding to Fy as given in Table 3, and let € be an arbitrarily
small fixed positive number. Then for any 6 € (0, 0— 5] , a8 N, P —~ 00, we have

L(6:) = exp { =58, + 51n (1= 8 0)F) (14 0n(1).

2
where
0 for SMD
oy (0) =< 0/\/c1 for PCA and REG,

0r/ (a1l (9)) for SigD, REG, and CCA,
r?2 =c1 + ¢ — c1co and op(1) is uniform in 6 € (0,9 — E].

Statistic A,(#) is a linear spectral statistic. As follows from the CLT for such
statistics derived by [8], [6], and [53] for the Semi-circle, Marchenko-Pastur, and
Wachter limiting distributions F; , respectively, statistic A,(6) weakly converges to
a Gaussian process indexed by 6 € (0, 6 — 5] . The explicit form of the mean and the
covariance structure can be obtained from the general formulae for the asymptotic
mean and covariance of linear spectral statistics given in [8, Th. 1.1] for SMD, in [6,
Th. 1.1] for PCA and REG, and in [53, Th. 4.1 and Exmpl. 4.1] for the remaining
cases. SM 6.2 provides details on the use of [8, 6, 53] to establish convergence of
A, (), and the use of Theorem 11 to obtain the following theorem.

THEOREM 12.  Suppose that the null hypothesis holds, that is 8y = 0. Let 0 be the
threshold corresponding to Fy as given in Table 3, and let € be an arbitrarily small
fixed positive number. Further, let C [O, 0 — 5] be the space of continuous functions
on [0,5 — 6] equipped with the supremum norm. Then In L (6; A) viewed as random
elements of C' [0,5— 5] converge weakly to L (0) with Gaussian finite dimensional
distributions such that

EL () = 1 In(1 — 6%())

and

Cov (L (01),L(02)) = —3In(1—5(61) 3 (62))
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with
0 for SMD
§(0) =4 0/ym for PCA and REG,
0p/ (y1 + 2 + 07v2) for SigD, REG, and CCA

Here p,v1,7v2 are the limits of r,c1,c2 as n,p —~ 0.

Let {P,¢} and {P,0} be the sequences of measures corresponding to the joint
distributions of Ay, ..., A\, when 6y = 6 and when 6y = 0 respectively. Then Theorem
12 implies, via Le Cam’s first lemma, the mutual contiguity of {P,4} and {P,0}
as n,p —~ oo, for each 0 < 6. This reveals the statistical meaning of the phase
transition thresholds as the upper boundaries of the contiguity regions for spiked
models.

The precise form of the autocovariance of £ (f) shows that,' although the ex-
periment of observing Ap, ..., A\, is asymptotically normal, it does not converge to a
Gaussian shift experiment. In particular, the optimality results available for Gaus-
sian shifts cannot be used in our framework. To analyze asymptotic risks of various
statistical problems related to the experiment of observing Ai,...,\,, one should
directly use Theorem 12.

Here we use it to derive the asymptotic power envelopes for tests of the null
hypothesis #y = 0 against the point alternative 6y > 0. By the Neyman-Pearson
lemma, the most powerful test would reject the null when In L (6;A) is above a
critical value. By Theorem 12 and Le Cam’s third lemma (see [49, Ch. 6]),

InL(6;A) 3 N (+2In(1 = 6%(8)), =L In(1 — 6%(8)))

with the plus sign holding under the null, and the minus under the alternative. This
implies the following theorem.

THEOREM 13. Let 0 be the threshold corresponding to F, as given in Table 5.
For any 0 € [0,0_) , the value of the asymptotic power envelope for the tests of the
null 0y = 0 against the alternative 0y > 0 which are based on Mi,...,\, and have
asymptotic size a is given by

PE@)=1-3[0"(1-a)—a(0)], o) =1/~3 (1 - 5(0)).

Here ® denotes the standard normal cumulative distribution function. For 6 > 0 the
value of the asymptotic power envelope equals one.

1[21] has an interesting discussion of ubiquity of random processes with logarithmic covariance
structure in physics and engineering applications. In that paper, such processes appear as limiting
objects related to the behavior of the characteristic polynomials of large matrices from Gaussian
Unitary Ensemble.
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The envelopes differ only for cases with different limiting spectral distributions:
Semi-circle, Marchenko-Pastur, and Wachter, denoted PESC(#), PEMP (0, ~,) and
PEWY(0,7) respectively. Figure 4 shows the graphs of the envelopes for a@ = 0.05
and 71 = 2 = 0.9. Such large values of v; and -5 correspond to situations where
the dimensionality p is not very different from the degrees of freedom n; and ns.

1.2

20

FIG 4. The asymptotic power envelopes PESC(0), PEMY(0,~1), and PEWY(0,~) for a = 0.05,
Y1 =72 = 0.9.

Envelope PEMP (6,v;) can be obtained from PEW (6,~) by sending v, to zero.
Further, PESC () can be obtained from PEMP (0,~,) by transformation §
\/710. Further, note the difference in the horizontal scale of the bottom panel of
Figure 4 relative to the two other panels. For v; = v = 0.9 the phase transition
threshold corresponding to the Wachter distribution is relatively large. It equals
(v2 4+ p) /(1 — 72) ~ 18.9. Moreover, the value of PEW () becomes substantially
larger than the nominal size o = 0.05 for 0 that are situated far below this threshold.
This suggests that the information in all the eigenvalues A1, ..., A\, might be effectively
used to detect spikes that are small relative to the phase transition threshold in two
sample problems. We leave a confirmation or rejection of this speculation for future
research.

7. Concluding remarks. Note that Theorem 12 establishes the weak conver-
gence of the log likelihood ratio viewed as a random element of the space of con-
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tinuous functions. This is much stronger than simply the convergence of the finite
dimensional distributions of the log likelihood process. In particular, the theorem
can be used to find the asymptotic distribution of the supremum of the likelihood
ratio, and thus, to find the asymptotic critical values of the likelihood ratio test. It
also can be used to construct asymptotic confidence intervals for a sub-critical spike
as well as to describe the asymptotic properties of its maximum likelihood estimator.
We do not pursue this line of research here, but provide a general outline.

Consider the log likelihood ratio In L (6; A) —In L (6g; A) . According to Theorem
12, this ratio converges to X (6) = L (0) — L (6p) . By Le Cam’s third lemma, under
the null hypothesis that the true value of the spike equals 6y, X () is a Gaussian
process with mean

1 (1-82(0) (1 - % (00))
1T 1=0(0)0(00)°

and covariance function

2 (1=0(01)6(60)) (1 —0(62)3(60))

An approximation to the distribution of the supremum of such a process over
0 e [O, 6 — E] can be obtained via simulation. Alternatively, it might be expressed
analytically in the form of converging Rice series (see e.g. [1]). Quantiles of the
distribution can be used as asymptotic critical values for the likelihood ratio test of
the hypothesis 8 = 6. Inverting the test, we obtain asymptotic confidence intervals
for the true value of a sub-critical spike.

The maximum likelihood estimator for the spike, éML, equals the argmax of
InL(;A) — In L (6p;A) over § € [0,0 —¢]|. By Lemma 2.6 of [27], the limiting
process X () achieves maximum at a unique point with probability one. Therefore
by the argmax continuous mapping theorem, O converges in distribution to the
argmax of X (). The distribution of such an argmax can be approximated using
simulations.

Unfortunately, the quality of the estimator f)r1 cannot be “good”. For PCA, we
were able to prove that no estimator of # has root mean squared error better than
the order of magnitude of the sub-critical parameter §. This result will appear in
another work.

Our asymptotic discussion of James’ framework can likely be extended to a fixed
number of sub-critical spikes. Such an extension would require developing Laplace
approximations to multiple contour integrals, and uniform approximations to hy-
pergeometric functions of two matrix arguments in terms of elementary functions.
Alternatively, one may employ large deviation analysis of spherical integrals as in
[40], which covers the PCA case. As this paper is already long, the extension will
appear separately.

Addressing the case of slowly increasing number of spikes may require new tech-
niques, perhaps, similar to those developed in [18]. In such a case, relatively little is
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known even about the phase transition phenomenon. For sample covariance matri-
ces, Theorem 1.1 of [5] can be used to show that the phase transition still happens
at the usual threshold 6 = V1. However, it is not clear whether the experiments
of observing sample covariance eigenvalues corresponding to the null case and an
alternative with a growing number of sub-critical eigenvalues remain mutually con-
tiguous.

Note that, intuitively, the asymptotic power of the likelihood ratio test of the null
hypothesis of no spikes against the alternative of one spike should not decrease if
the rank-one assumption on the alternative is wrong and there are additional spikes.
In SM 7.1, we confirm this intuition for SMD and PCA cases. A confirmation or
refutation of the intuition for the other James’ cases requires further analysis and
is left for future research.

In this paper, we make the assumption that no > p to ensure the invertibility of
matrix F in (1) with probability one. However, we also make the assumption n; > p,
mostly to simplify our exposition. It can probably be lifted without a substantial
reformulation of the problem. Indeed, for SMD the assumption is irrelevant. For
PCA the case p > ny was explicitly covered in [39]. For REG( the assumption can
be relaxed using the symmetry of the problem. Specifically, the canonical REGq
problem tests restriction M = 0 in the model Y = M + ¢, where each matrix is
n1 X p and ¢ has i.i.d. standard normal components. Clearly, interchanging roles of
n1 and p yields essentially the same problem.

For CCA, the sample canonical correlations are not well defined for p > n;. For
SigD, our derivations (not reported here) show that the equivalent of (6) for p > n;
involves the hypergeometric function o F;. Therefore, SigD with p > n; represents the
fifth, rather than the second, group of multivariate statistical problems according
to James’ (1964) classification. For REG, an equivalent of (6) for p > n; can be
obtained using [23, eq. (74)]. However, further analysis of SigD and REG in the
situation where p > n1 needs more substantial changes to our derivations. We leave
such an analysis for future research.

Finally, many existing results in the random matrix literature do not require that
the data are Gaussian. This suggests that some results about tests for the presence of
the spikes in the data may remain valid without the Gaussian assumption. We hope
that the results of this paper might provide a benchmark for such future studies.
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2. Links to classical statistical problems.

2.1. Sufficiency and invariance considerations. In this subsection, we clarify
which sufficiency and invariance arguments lead us to consider tests based on the
solutions of

(SM1) det (H — AE) =0
and
(SM2) det (H .\ <E + %H)) =0

for SMD, PCA, SigD, REDgy, REG, and CCA problems. Most of this discussion is
standard and can be found, for example, in Muirhead (1982).

SMD: Consider the group of transformations
(SM3) G={U:U€0O(p)},

where O(p) is the group of p x p orthogonal matrices, acting on the space of p x p
symmetric matrices X = 6y’ + GOE/,/p by

UoX =UXU"

The corresponding induced group of transformations on the parameter space of
points (¢, 6) is given by
Uo(¢,0) = (Uy,0).

A maximal invariant in the parameter space is 6, whereas that in the sample space
is given by the ordered eigenvalues A\ > ... > A, of X. Since neither the null nor the
alternative hypothesis,

(SM4) Hy:0p =0 and H1290>0,

is affected by the transformations, it is natural to base the test on the maximal
invariant in the sample space.

PCA: In this case, the data are given by X ~ N (0,2 ® I,,), where Q = X+60¢y)/,
where X is a known positive definite symmetric matrix and HE_l/ 21[)“ = 1. Without
loss of generality, we can set ¥ = I,,. A sufficient statistic is H = X X'/n;. Consider
the group of transformations (SM3) that acts on the sample space of the sufficient

statistic by
UoH=UHU,

and on the parameter space by

Uo(y,0)=(Uy,0).
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The maximal invariant in the parameter space is 6, and we base the test of (SM4)
on a maximal invariant in the sample space of the sufficient statistic, which is given
by the ordered eigenvalues of the sample covariance matrix H.

SigD: The data are given by independent matrices
X~N(0,Q2®1I,) andY ~ N (0,X® I,,),

where Q = X + 0yn)’, 3 is an unknown positive definite symmetric matrix, and
HE_l/ 21/)H = 1. A sufficient statistic consists of the sample covariance matrices
H = XX'/ny and E = YY'/ny. Let GL (p) be the group of non-singular p x p
matrices. Consider the group of transformations G = {B: B € GL (p)} that acts
on the space of points (H,E) € S, x S,, where S, is the space of positive definite
symmetric p X p matrices, by

Bo(H,E)= (BHB’,BEB’)
and on the parameter space by
Bo (%,¢,60) = (BEB', By, 9) .

Note that we restrict the sample space to S, x S, that is we exclude from considera-
tion zero-probability event where the matrix H F is singular. The maximal invariant
in the parameter space is # and we base the test of (SM4) on a maximal invariant in
the sample space of the sufficient statistic, which is given by the ordered solutions to
(SM1) or to (SM2) (see Theorem 8.2.2 of Muirhead (1982)). The links between SigD
and PCA become particularly clear when we work with the solutions to (SM2).

Note that we can assume that ¥ = I,, wlog. It is because A\; > ... > A, that solve
equation (SM2) are invariant with respect to the transformation

(H,E) — (27V2HY 12 512 p5=1/2),

In particular, the joint distribution of Ay > ... > A, under the null hypothesis Hy :
() = ¥ is the same as in the case where ) = 3 = I,. Similarly, the joint distribution
of A\; > ... > A, under the alternative H; : Q = X + 6y’ with HE_1/2¢H =1 is the
same as in the situation where Q = I, + 6y)’ with |[¢]| =1 and ¥ = I,.

REG: Consider linear regression ¥ = X + ¢, where Y is T x p, X is T X q, 8
is ¢ x p, and ¢ has i.i.d. N(0,X) rows. For REGq, ¥ is a know symmetric positive
definite matrix, which can be set to I, wlog. We would like to test a general linear
hypothesis C8 = 0, where C is a known ny X ¢ matrix of rank n;.

As explained in Muirhead (1982, pp 433-434), the problem can be cast in the
canonical form, where the matrix of transformed response variables is split into
three parts: an ny x p matrix Y1, a (¢ —n1) X p matrix Y3, and an ny X p matrix
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Y3 with ng = T — q. Under the null hypothesis, M = EY; = 0, whereas under the
alternative,

(SM5) M = +\/n10py/,

where § > 0, |£~Y2¢|| = 1, and ||¢|| = 1. Matrices Y» and Y3 have, respectively,
unrestricted and zero means under both the null and the alternative.

More explicitly, if X = QR is the thin QR decomposition of X, so that Q € O(T)
and R is ¢ X ¢ (upper triangular and) invertible, and with a corresponding decompo-
sition CR™' = RQ, then Muirhead shows that M = R~'Cf. In particular, M = 0
if and only if C8 = 0. Alternative (SM5) corresponds to a rank-one alternative
CB = /n10@y’ in the original model, where vector » = Rop.

A sufficient statistic for v/n10¢v’ is Y. Consider a group of transformations

G={U,V):UeO0(p),VeO(m)}
that acts on the points Y7 of the sample space R"*P by
(U, V)oY, =VYiU
and on the parameter space by
U, V)o (e, 9,0) = (Ve,Ut,0).

A maximal invariant in the parameter space is 6, whereas the maximal invariant
statistic consists of the ordered eigenvalues of H = Y Y] /n.

REG: The difference between the cases REG and REGy is that in REG X is
assumed to be an unknown matrix from S,. The sufficient statistic now is (Y1, Y2, E) ,
where E = Y;Y3/ns. Consider a group of transformations

G == {(37 VyA) : B G gﬁ (p),V G O(nl) ’A e R(T_nl—HQ)Xp}

that acts on the points (Y1, Ys, E) of the sample space R P x RT—m1—n2xp Sp by
(B,V,A)o (Y1,Ys,E) = (VY1B',YoB'+ A, BEB')
and on the parameter space by
(B,V,A) o (p,,0,M,%) = (Vy,By,0, MB' + A, BLB').

A maximal invariant in the parameter space is 6, whereas the maximal invariant
in the sample space consists of the ordered roots of equation (SM2), where H =
Y1/Y1/n and E = Y3Y3/n9 (see Theorem 10.2.1 on page 437 of Muirhead (1982)).
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. . . Sz S .
CCA: For this case, the sufficient statistic is S = P ). Consider a
Syz Syy
group of transformations

G ={B:B=diag{B1,B2},B1 € GL(p), B € GL(n1)}
acting on the sample space, restricted so that S, and Sy, are invertible, by
BoS=BSB.
On the parameter space, the group acts by
B o (Zya, By, 0, 9,0) = (B1Z00 By, B2Syy By, Biv, Baw, 0) .

As follows from Muirhead’s (1982) Theorem 11.2.2, a maximal invariant in the
parameter space is 6 and that in the sample space consists of the solutions to (SM1)
with

H = S4yS;,} Sye and E = S,

2.2. Sequential asymptotic links between the cases. PCA—SMD: Recall that the
relevant data for PCA case are represented by the solutions to equation (SM1) with
E =% and niH ~ W) (n1,2). Let

(SM6) Q=3+ /p/ni16yy’

with HE_1/21[)H = 1. That is, let the value of the spike in the original version of PCA
be scaled by /p/n1. Equation (SM6) implies that

E_l — Q—l + V p/nle E_1¢¢/E_1,
14+ /p/n16

and therefore, equation (SM1) is equivalent to

o -1 p/n19
dt<<g »

which, in its turn, is equivalent to

2—11/;1//2—1) H— )\Ip> =0,

(SM7) det (9—1/21{9—1/2 +/p/n1Ony Q" V2HQTY? - Mp> — 0,

where 12
n= QY25 1y (1 n \/p/n19)

is such that ||n|| = 1. The latter equality follows from the fact ¥/~ 1Q¥X "1 =1 +
\/p/n160, which is a consequence of (SM6) and of the normalization HE—W@Z)H =1.
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Now assume that ni diverges to infinity while p is held constant. Then, by a CLT
(SMS) O V2HOTY2 = I, + 2/ /ng + op (nl_l/2> ,

where Z belongs to GOE. Multiplying (SM7) by (n1/p)?/? and using (SM8), we see
that, as n; — oo, equation (SM7) degenerates to

det (Z/\/p+ 0ny' — plp) = 0 with = /ny/p(A—1).
Hence, PCA degenerates to SMD.

SigD—PCA: As shown in JO, SigD degenerates to PCA as no — oo while nqy and
p are held constant. Therefore, SigD can be linked to SMD via PCA.

REG; —+SMD: Consider REG( with

EY; =/ (p/n1)"? n16p,

so that the original value of the spike € (see equation (JO4)) is scaled by (p/n1)
Suppose now that n; diverges to infinity while p is held constant. Then, by a CLT,

(SM9)  TV2HSTV2 1, = 2y 4 pfmbm + op (n )

1/2

where Z belongs to GOE and n = £71/2¢). On the other hand, equation (SM1) is
equivalent to

(SM10) det (2—1/2H2—1/2 - A[p) —0.

Multiplying it by (n1/p)?/? and using (SM9), we see that equation (SM10) degen-
erates to

det (Z//p + 0nn' — pl,) = 0 with g = y/ni/p(A—1).
Hence, REG( degenerates to SMD.

REG—REG(: The REG case degenerates to REG( as no — oo while ny and p
are held constant. Therefore, REG can be linked to SMD via REGy.

CCA—REG: Recall that the CCA case is based on the solutions to equation
(SM1) with
H = 84y Sy, Sye and E = Sy,

where S, and Sy, are sample covariance matrices corresponding to i.i.d. N (0, %)
sample z; € RP, t = 1,...,n; + ng, and iid. N (0,%,,) sample y, € R", t =
1,...,n1 +ng, respectively. Matrices S, and Sy, are the corresponding sample cross-

. . . . —1/2 —1/2
covariance matrices. Since the transformations x; Em/ x; and yp — Eyy/ Yt
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do not affect the roots of (SM1), we shall assume without loss of generality that
Ypx = I, and Xy = I,,. Recall that, by assumption,

7”L19 /

Yoy =4 ——————
Y n160 + nq1 + na ve

Suppose that no diverges to infinity while ny and p are held constant. Then, by
a CLT,

Sez = Ip + op (1), Syy = Inl + op (1),

whereas

Sxy = Exy + Z:cy/\/ ni1 + n9 + op ((nl + n2)_1/2> s

where Z, is a p X n; matrix with i.i.d. N(0,1) entries. Therefore, equation (SM1)
degenerates to

(SM11) det (nil (Sow + Zoy) (B + ny)' - qu> —0
with

i:(:y =V n191/1c,0/

and
v=(14+ng/ni) A\

Hence, CCA degenerates to REGq. It can further be linked to SMD via REGg.
3. The likelihood ratios.

3.1. SMD entry of Table JO8. The explicit expression for L(SMD) (6; A) given in
Table JOS follows from the following lemma.

LEMMA 14. For SMD case, the joint density of the diagonal elements of A eval-
uated at the diagonal elements of v = diag{z1,...,xp} with 1 > ... > x,, equals

(SM12) cp (z) exp {—pb?/4} oFp (¥, ),

where ¢, () is a quantity that depends on p and z, but not on 8, and ¥ = diag {fp/2,0,...,0}.
The density under the null hypothesis is obtained from the above expression by setting
0 =0.

Proof: The proof is based on the “symmetrization trick” used by James (1955)
to derive the density of non-central Wishart distribution. Let Y = U’ XU, where U
is a random matrix from O(p) and X = Z/,/p+nfn’ with Z from GOE, § > 0, and
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Inll = 1. Note that the eigenvalues of X and Y are the same. The joint density of
the functionally independent elements of Y evaluated at y is

(27 /p) —p(p+1)/4 9—p/2 /

p ’ N2
etr ¢ —= (uyu’ — non (du),

where etr{-} denotes the exponential trace function, and (du) is the normalized
uniform measure over O(p). Taking the square under etr and factorizing, we obtain
an equivalent expression

—p(p+1)/4 9—p/2 _Pp2 _P.2 / PO it
(27 /p) 2 exp{ 49 }etr{ 1Y } O(p)etr{ 5 Uy (du).

Now change the variables from y to (H,x), where y = HxH' is the spectral decom-
position of y. Using the strategy of the proof of Muirhead’s (1982) Theorem 3.2.17,
integrate H out to obtain (SM12) with

pP(P+1)/Agp(p—1)/4
= t
2 —D/4+9T, (p/2) <

_§x2> ﬁ (i —x5),

1<j

cp (%)

where I') (p/2) is the multivariate Gamma function. OJ

3.2. Identification of the parameters of expression (JOG6). For the reader’s con-
venience, we provide some extra detail on the identification of the parameters of
expression (JOG6) for the likelihood ratio L(#; A) summarized in Table JO8. To have
a self-contained source for derivations, we refer below to Muirhead (1982), hence-
forth [M], in addition to James (1964), [J] below.

Some Notational conventions. |A| = det(A4), and ¢, for a constant depending
only on p,n. The hypergeometric function

pla(a,b; A, B) = /O( ) pFy(a,b; AHBH')(dH),
P

We sometimes drop explicit mention of the parameter vectors a, b, and write , F4[A; B].
In particular, we have

(SM13) pFqlA; B] = o F4[B; A] and pFqlcA; Bl = pF4[A;cB],

and
qu[AQO] = qu[O] =1

For gFy(A) = etr(A) we also have

(SM14) ()FQ(A, I+ C) = etr(A) ()F()(A, C)
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To indicate the extension to rank r perturbations, we write ¢ = [¢1---1),] for a
p X r matrix with /£ = I,., § = diag(6,...,6,), 1 + 0 for I, + 0 and v/ for
diag(\/éla ceey \/57’)

PCA. [J, eq. (58)], [M, Th. 9.4.1]. We assume a p x n; matrix X ~ N(0,Q®1,,)
with Q = £490¢/ for ¥ > 0 and o'~ "1 = I,. Without loss of generality we can set
¥ = I,,. The matrix nyH = X X' has eigenvalues A = diag();). Using the dictionary

M: 8§ m n X L
JO: H p ni Q A

[M, Th. 9.4.1] gives the joint density of A as

P(AIQ) = pn, [Q T2 AP0 20 (M) g Fy(—dng A, @71,

where ,
v(A) = [J = X))
1<j
Since oFp(A, I) = etr(A), the likelihood ratio
p(A[2) —n _
L(6; A) = oA = Q)72 etr(ngA) o Fo(—ni A, Q71).

We have || = [I +6|, and Q™' = T —¢0(1 +6)~ "/, and referring to (SM14), we
obtain
OF(](—%TLlA, Q_l) == etr(—%nlA) OF()(%TLlA, ¢9(1 + 9)_11[)/),

and arrive at

L(;A) = |14 6]7"/% g Fy(Ani9p0(1 + 6) "'/, A).

SigD. [J, eq. (65), citing Constantine (unpublished)], [M, Th. 8.2.8]. Now
assume independent matrices

X~N@O0Q®I,) and Y ~N(0,S®I,),

with dimensions p x ny and p x ng, and Q = ¥ + ¢6’ for ¥ > 0 unknown and
Y'Y~ = I,. Without loss of generality (wlog) we can again set ¥ = I,. The
sample covariance matrices are given by

H=XX'/n and E=YY'/ns.

Using now the dictionary

M: A1 A2 m ni no 21 22 A
JO: miH neE p ng ng Q I, QF
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[M, Th. 8.2.8] gives the joint density of the eigenvalues F' = diag(f1,..., fp) of
(SM15) det(an — fﬂ”LgE) =0

as

P(EIR) = Cpnyny |Q 72 F|M 727020 (F)  Fy(3n; =071 F),

where n = nj + na. It is helpful to transform the hypergeometric function using [M,
Lemma 8.2.10], due to Khatri (1967), which says here that

Vo[- L Pl = [T+ F| ™2 FRy[l —Q L F(I+ F)™]

Note that, as for PCA, I — Q71 = ¢0(1 + 0)71¢/. The (generalized) eigenvalues
A = diag(Ai,...,\p) of (JOSM2) are seen to be related to those of (SM15) via
the transformation A = (ng/n1)F(I + F)~!. In forming the likelihood ratio, terms
not depending on # cancel, including the Jacobian of this transformation. Hence we
arrive at

PR p(FI)

= = 14017/ 1 Fy[(m1 /n2)e0(1+ 6) "4, Al

L8 =DRm = pFD

REG,. [J, eq. (68)], [M, Exer. 10.9]. After reduction to canonical form, we
assume that we observe an n; X p matrix Y; ~ N(M,I,, ® 3). The unnormalized
sample covariance matrix nqyH = Y{Y; has a non-central Wishart distribution with
non-centrality matrix Q = X~1M’'M. Without loss of generality we can set ¥ = I,
Using the dictionary

M: A m n
JO: miH p ni’

[M, Exer. 10.9] gives the joint density of the eigenvalues W = diag(w;) of n1H as
p(W Q) = cpn, etr(—3Q) etr(—3 W) [ W[ 7P~V 20 (W) o Fy (§n1; 192, W).

The low rank assumption (JO4) posits M = /n1pV0y’ with ¢/ = /'S~y = I,
so that with ¥ = I,, we have Q = Qg = n;¢0¢'. Note that EH = I + ¢6¢’, which
explains the normalization chosen for M.

The eigenvalues A of H are related to the eigenvalues W of niH by A = W/ny
and so

ay _ P(A[Qg)  p(W[Q) 1 1 /
L(97A) = p(A|Qo) = p(W|Qo) = etr{—§n19} oFl[ZTLlT,Z)HT,Z) ,’I’LlA]

= etr{—4n10} o F1[iniyoy’, A],

where we used (SM13).
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REG. [J, eq. (73), citing Constantine (1963)], [M, Th. 10.4.2]. We are in the
situation of REGq, but with 3 unknown and estimated by an independent Wishart
matrix noE ~ Wy(ng, ). [M, Th. 10.4.2] gives the joint density of the eigenvalues
F of equation (SM15). Using the dictionary

M: A B m r n—-p X
JO: mH noE p m N9 I, Q

this may be written as
P(F|Q) = cpnyn, etr(—3Qw(F) 1 Fi(3n, 3n1; 20, F(I + F)7h).

where w(F) = |F|(m=P=1/2|] 4 F|~(m+72)/24(F) does not depend on 6.
As for SigD, we make the transformation A = (ng/n1)F (I + F)~! to the general-
ized eigenvalues of (JOSM2). So, as in previous cases,
p(A|Qg)  p(F) 1 1 ’
L(O;A) = = = —5 Fi[5 A
(9, ) p(A|Qo) p(F|Qo) etr{ 2”19} 1 1[2n1¢0¢ ) (nl/n2) ]
= etr{—2m10} 1 F1[3(n?/no)ypby’, Al.

CCA. [J, eq. (76), citing Constantine (1963)], [M, Th. 11.3.2]. We recall some
of the steps from [M, Th. 11.2.6], borrowing some text from Johnstone and Nadler
(2015). The canonical correlation problem is invariant under change of basis for each
of the two sets of variables, e.g. [M, Th. 11.2.2]. We may therefore assume that the
matrix Y takes the canonical form

N = Ié”, P , P:[PO], P = diag(p1,...,pr,0,...,0)
P I,

where P is p X ny and the matrix P is of size p X p with r non-zero population
canonical correlations pi,...p-. Furthermore, in this new basis, we decompose the
sample covariance matrix as follows,

X'X XY

where the columns of the n X p matrix X contain the first p variables of the n =
ni1+ng samples, now assumed to have mean 0, represented in the transformed basis.
Similarly, the columns of n X ny matrix Y contain the remaining n; variables. For
future use, we note that the matrix Y'Y ~ W, (n, I,,).

The squared canonical correlations {r?} are the eigenvalues of S;xlSmyS;ylSyx.
According to [M, Th. 11.3.2], the joint density of R? = diag(r?,... ,7*12,) is given by

P(RAIP?) = conyuy T — PP (R?) o Fy (. dn: 4y P2 R?),
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where w(R?) = |R?|(m~P=D/2|[, — R?|(n2=P=1)/2y(R2) does not depend on P?. Be-
low, we abbreviate the hypergeometric function as o F; [P?, R?] since the parameters
(3n,4n;1n1) don’t change.

If we set Py = Y (Y'Y)~1Y” the canonical correlations r? can be rewritten as the

roots of det(r?X’X — X'PyX) = 0. Now set n1H = X'PyX and noE = X'(I —
Py )X: the previous equation becomes

(SM17) det(niH — r*(n1H +nyF)) = 0.

We now recall a standard partitioned Wishart argument. Conditional on Y, matrix
X is Gaussian with independent rows, and mean and covariance matrices

MY)=YY, Sy, =YP
Seay = Sae — SaySyy Sya = 1 — P2

Conditional on Y, and using Cochran’s theorem, the matrices
niH ~ Wy(n, Y554, 2(Y)) and noE ~ Wy(ng, Xpp.y)
are independent, where the noncentrality matrix

O(Y) =5, M(Y)M(®Y).
The generalized eigenvalues \; of (JOSM2) are related to the canonical correla-
tions 72, the generalized eigenvalues of (SM17), by A; = (na/n1)r?. Thus we obtain
the interpretation of the roots of (JOSM2) in terms of a pair of matrices nyH and
noE which are conditionally independently Wishart given (part of the data) Y.
Further, as for the previous cases, we can write the likelihood ratio as
p(A\Pz) P(R2’P2) 2in/2 2 p2
= =|I, — P*|"*9F[P*, R
b0 p(E) T R

= |I, — P*|"? 3 F1[(n1/n2) P%, A

Now in our rank r setting, P? = Y1 p?eie; with p? = n16;/(n16; + n1 + ny). From
the previous display we obtain, after setting ¢ = [I. O, (,—n)]',

p(A[P?)
p(A[0)

4. Contour integral representation.

L(6,A) = = |I, +n10/n| "% o F1 [n30(n31, + nony (I, + 6)) "'y, Al.

4.1. Derivations for Table JO4. In this subsection, we obtain decomposition
(JO12)
I'(s+1)a(8)qgs
A= =exp{—(p/2) fc} ge,
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where s = p/2 — 1, and g, and f; remain bounded as n,p — oo, for SMD, PCA,
SigD, REDg, REG, and CCA. The values of g. and f. for the different cases are
given in Table JOA4.

Structure of the prefactor A. Let us rewrite

(SM18) A= a(e)(;/(;)ij\/l;_p [%] g

as a product of terms A, = gpe”®/Pfe(1 4 o(1)) where fi, g, depend only on
(c1,¢2,0), p, and q, see (SM24) below. The idea is to show the dependence on p, g.
Referring to Table JO8, we have a; = n/2 and b; = n1/2 whenever they are present,
and so

(M19) W [F(n/Z - s)r [Ff(nl/Z) )r‘

I'(n/2) (n1/2—s
Table JOS8 also shows that

a(f) = —n1/2 % — p_ 1 (n2/2)P
(9M20) ) =410 ’ U1 ny B(#) (n1/2)8

where A(f) and B(6) depend on the particular case in James’ classification. This
dependence is shown in Table 1 below.

TABLE 1
Terms A(0), B(0) in the prefactor ,Aq, formula (SM24).

Case pFy A(6) B(0)
SMD*  oF% e/ 0
PCA oFo 1+0 9/(1+9)
SigD 150 1+0 6/(1+0)
REGO 0F1 69 9
REG 1F1 69 9
CCA oF1 (14mn.0/n)"™  0/1(6)

(*) replace n1 by p, (6) =1+ 2—2(1 +0)
1

Combine like terms in (SM19) and (SM20) to get

(n2/2)P* @)PS ©P(n/2,p/2)

(s21) o= () &/
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where we define

M—1 . N—-M+1/2
(SM22) o,y = N TN =M+Y | ou <1 - %> .

I'(N) N
[This is verified at the end of this section.| Finally, define

oty
MM=1\/27 M
Combining (SM18), (SM20)—(SM22), we obtain the desired form

(SM23) E(M)

(SM24) A =pAq = E(p/2)A(0)"™/B(0) (%) (%%

Each factor in this product is easily cast in the form gze~®/2fk (1 4+ o(1)), with the
resulting values of f; and g shown in Table 2. When needed, we factorize g = Jr.gx
to show the leading term g and the term gr = 1+o0(1), with the specific dependence
of the o(1) term (which comes from the error bound in Stirling’s formula) shown in
the final column of Table 2.

TABLE 2
Form of each term in (SM24), when expressed as gkef(p/z)f’“, with g = grgr. Here 9. denotes a
term that is O(m™").

Jx Jk Jr
E(p/2) 1 1 1+9,
A(G)~™/? eyt log A(9) 1 1
B(6)"* log B(6) B(6) 1
(p/n1)* —logci 1/a 1
na\ s Cc2 Cc2
(;) log (HE) 12 1
o(n/2,p/2) T T ! 149+
P c1C2 & c1+c2 (c1 + c2)1/? " nop
1 —
©~'(n1/2,p/2) | 1+ C—Cllog(l —c1) (1—c)'/? 14Oy + Ony—p
1

Verification of Table JO4. We write g. = g.(1 + o(1)) and g190 = g10(1 + o(1))
when we seek to be explicit about the leading term. The o(1) term differs from row
to row, but depends only on p,ni,ns (and not ). The explicit dependence can be
constructed from the rows of Table 2, from which it is seen in fact always to be
O(m~1), where m = min(p,ny — p).

The lines for SMD, PCA and REGq in Table JO4 — reproduced here as Table 3
below — are immediately verified from Table 2. Next, we consider ratios in which
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TABLE 3
Table JO4. Values of fo and ge = go/(1 + o(1)) for the different cases. The terms o(1) do not
depend on 0 and converge to zero as n,p —~ 0o. In the table, () =1+ (14 0)ca/c1 and

r2 =c1 +c2 —cica.

Case fe ge = ge/(140(1))

SMD  1+62%/2+1log8 0

PCA 1+ 1;01 10g(1+0)+10gc% (1 +0) e

SigD YA+ fio 9% 10

REGo 1—1—01_—101—1—105;2—&—1;—161105;(1—01) O (1 — )2

REG  fEECo 4 fig 9% g

CCA REC 4 fo 985 910/1(0)
fro=-1- % log C1f02 +log = Z 2 g=alr(e+ )

2

0 72
=] - — — — -
f21 C1 C1C2 o8 611(9)

the p index decreases by one from numerator to denominator. We then have from
(SM24)

SigD REG s
A 1Ag A 1A (@) O(n/2,p/2) = groe” /20,
n

APCA — oAo = AREGo oA

Referring to Table 2, we recover the terms fi9 and g19 and hence the lines for SigD
and REG in Table JO4. For future reference, it is useful to decompose

f10 = k1 + ko,

2 2
(SM25) b= —1- —— log 2, ko = — log(c1 + ¢2) + log are
Cc1C2 Cc1Co C1

Using (SM24) we have, in an obvious notation,

CcCA CcN\ —n1/2 C\ —5 B REG
== () (Bs) () etwza ==

AREG — A AR BR " AREGq’
and referring to Table 2, R = [~(0) exp{—(p/2) f20} , where
n1 AC B¢ c1+ c2 611(9) 0
M2 = Mgl fl0g 2 = 1 S
(SM26) fa0 L 08y tlog g =~ —=log = — = og 1(6)

:k2_k707
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and

0 r?
(SM27) ky = —— 4+ ——log 11(0).
C1 C1C2

This establishes the CCA line of Table JO4 after we note that

(SM28) fo1 = foo + fio = ko — ko + k1 + ko = ko + k1.

Verification of (SM22). Use Stirling’s formula (SM23) twice:

I(N) ~V2rN NV 1e=N  and
(N —-M+1)=(N—MT(N - M)
~\/21(N — M)(N — M)N-M-N+M

to arrive at

NN =M +1) (N—M\"*(N-MmN-M
T(N) N NNV €

and hence formula (SM22).

4.2. Proof of Lemma JO2 (approzimation to oFy). By equation 9.6.47 in Abramowitz
and Stegun (1964), we have

(SM29) By =T (m+1) (m?n0) " I, (2mng?)

where the principal branches of the fractional powers are taken, and I, () is the
modified Bessel function of the first kind. Using equation 9.7.7 in Abramowitz and
Stegun (1964), we obtain

m/2
SM30 L (2mn?) = o em(to=i-lnto) (1 4 o(1)),

where o(1) — 0 as m — oo uniformly with respect to ng € Qgs for any 6 > 0. Using
(SM30) in (SM29), and invoking Stirling’s approximation

F'im+1)=m"e ™V2rm (1 +o(1)),

we obtain
Fo = (1 +dng) /1 emm R0t 2Hnto) (1 4 o(1)).

Since 1 — tg = —ng/tg, we obtain —2ty + 2 + Intg = ¢ (tp) and thus,

Fy = (1+4ng) /" emmeo(to) (1 4 0(1)) .
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4.3. Proof of Lemma JOS3 (approximation to 1Fy, oFy). First, let us change vari-
able of integration in
c,, [
Fj= exp {—mp; (t)}; (¢) di
0

T omi

from ¢ to 7 = tn;. We obtain

Cpn:™ i)
(sM31) By = =5 [ exp{mmo, ()} () dr,
where
f —r—=rklnT4 (k= 1)In(7 — 1)) for j =1
(SM32) 6;(1) = { —kln(r/(1-=7))+ (k—1) IH](T —n;) for j=2
and

-1 for j =1

X; (7) :{ (r = m)

Note that, for j = 2, the contour in (SM31) does not encircle 1.

To obtain point-wise asymptotic approximation to (SM31), the method of the
steepest descent (ascent) is very convenient. However, establishing the uniformity of
the approximation requires the knowledge of details of the structure of the steepest
descent paths. For example, this knowledge becomes essential when some of the
steepest descent paths contain two saddle points. Unfortunately, for our problem,
the steepest descent paths are relatively complicated. Therefore, we will consider
very simple paths that are steep (but not the steepest) in a neighborhood of a saddle
point. This strategy allows us to rigorously establish the uniformity for relatively
large sets of parameters x and 7;. A downside of this approach is that we need to
explicitly characterize the behavior of ¢; (7) on the simple paths, which requires
some relatively lengthy but elementary calculus.

We shall prove Lemma JO3 separately for j = 1 (REG) and for j = 2 (CCA).
Therefore, we shall omit subscripts j from the notation below.

Proof of Lemma JOS3 for REG.
Saddle points, REG. The saddle points satisfy
k—1 __7'24—(1—77)7'—/{77 B

d K
E(b(T):_l_;—i_T—n_ T(T—n) =0

There are two solutions to this equation

(SM33) Ti:%{T]+2/€—1:|:\/(?’]+2l€—1)2—4/€(/£—1)}—l€,

where we choose the principal branch of the square root (cut along (—oo,0]) when
Ren > —2k 4 1, and the other branch when Ren < —2k + 1. The following lemma
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collects facts about the behavior of 74 for various (k,7n). Suppose that £ > 1 (which
is certainly true if 0 < p < min{ni,ns}). Let § = argn. Here and in what follows the
principal branch of arg (cut along (—o0,0]) is considered, unless stated otherwise.

LEMMA 15. (i) If Imnp > 0, then 0 < arg(74 —n) < B; if Imn < 0, then
B <arg(r4 —n) < 0. For real n > 0, 74 is real and 74 > 1.

(i) For n € C\ (—o0,0], function Re¢ (1) is strictly increasing as T moves away
from 14 (in any direction) along the circle with center n and radius |14 — n| until
it reaches a point B on the circle. If Imn > 0, then —m < arg(B—mn) < B —x. If
Imn <0, then m+ g <arg(B—mn) <w. Ifn>0, then B=2n—14.

Proof: (i) For Imn > 0 and the branch of the square root chosen as described
above, we have

Im\/(n+2/€—1)2—4/€(/{—1) >Im(n+2k —1) =Imn.

Since

2Im(7-+—77):—Imn—l—Im\/(n—FQm—l)Q—4/1(5—1),

we have Im (74 — n) > 0. Therefore,
(SM34) if Imn >0, then 0 < arg (74 — 1) < 7.

Similarly, we can show that if Imn < 0, then —7 < arg (14 —n) < 0.
Now let p = |7 — n|. Then, for 7 = 1 + pe'® we have

Re¢(r) = (k—1)lnp—Ren—pcosx
K
~Ztn (02 + [l + 2p [l cos (2 — )

and therefore

(SM35) % Re¢ (1) = p{sinz + k, () sin (z — B)},
where
(SM36) iy () = i >0,

p% + |n* + 2p |n| cos (z — B)

unless cos (z — ) = —1 and p = |5}, in which case 7 = n+pe® = 0 and L Re ¢ (1) —
—oo0 as ¢} B — 7 and %Re(b(T) — 4ooasxt B+ .
For Imn > 0, (SM35) implies that

(SM37) % Re¢ (1) > 0 for z € [B, 7], and
(SM38) d Reo¢ (1) <0 for x € [ — 7,0].

dx
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But, since 74 is a saddle point of ¢ (7),

iReqS(T) =0 for x = arg (74 — 7).

dx

Therefore, inequalities (SM34) and (SM37) guarantee that arg (r4 —n) € (0,0).
Similarly, we can show that Imn < 0 implies that arg (4 — 1) € (3,0). The part of
(i) that deals with real n > 0 holds by inspection.

(ii) Consider the case Imn > 0. Let us show that there are no zeros of % Reo (1)
on (0, 3) other than arg (74 — 7). First, suppose that &, (3/2) < 1, where k;, (-) is as
defined in (SM36). Then, since k;, () is a decreasing function of z € (0, ) , equation
(SM35) implies that all zeros of % Re¢ (1) on x € (0,3) must belong to (0,3/2).
Furthermore, at any zero z of % Re ¢ (1) we must have k, (z) < 1.

Indeed, let © = 3/2 + y. Then,

sinx + ky(z) sin(z — B) = sin(8/2 + y) — ky(z) sin(5/2 — y)
On the other hand,
$in(B/2 +y) — sin(B/2 — y) = 2siny cos(6/2),

which is positive for 0 < y < /2 and negative for 0 > y > —3/2. Therefore,
sinz + ky(z)sin(z — §) (and % Re ¢ (7)) is positive for x € (5/2,0), and it may
equal zero for some z € (0,5/2) only if k, (x) < 1.

If there are more than one zero for = € (0,/3/2), then by the mean-value the-
orem there must exist z; € (0,//2) such that, at z = z1, d%zgRe(b(T) < 0 and
L Re¢ (1) > 0. The latter inequality and the fact that = Re¢(r) < 0 at 2 = 0
implies that some zeros of % Re ¢ (7) must be less than or equal to x1, and hence,
kﬂ (:El) < 1.

To summarize, if there are more than one zero of <= Re ¢ (7) on (0, 3/2) , we must
have

(SM39) p{cosz1 + ky (z1) cos (z1 — B) + Ky (1) sin (21 — B} <0
for some z1 € (0, 3/2) with k, (z1) < 1. Since
ky (1) sin (z1 — 8) > Oand (1 — ky(21)) cosz1 > 0,

we must have
cosx1 + cos (z1 — B) < 0.

Therefore,
(SM40) 2cos (x1 — B/2) cos (B/2) < 0,

which is impossible for z; € (0,3) and 0 < 8 < 7.
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Now, suppose that k;, (3/2) > 1. Then, all zeros of &~ Re ¢ (1) on z € (0, 3) belong
to (8/2,B). If there are more than one zero, there must exist 1 € (3/2, 8) such that
% Re¢ (1) <0 at = 2y with k;, (z1) > 1. That is, (SM39) holds. Since

ky (z1) sin (z1 — B) > 0, cos(z1 — ) >0, and &y (z1) > 1,

we still must have (SM40), which is impossible.

Finally, if &, (8/2) = 1 then, since k,, (z) is decreasing, (SM35) implies that there
is only one zero of % Re¢ (1) on z € (0,3), which is x = /2. To summarize, we
have shown that

r4 = arg (14 — 1)
is the only zero of £ Re¢(7) on (0, ). Similar arguments show that there exists
only one zero, say v_, of £ Re¢(7) on (-, — ). (If 5| = p so that Re¢ (7) is
singular at x = 8 — 7 with %Re(b(T) — —occasz ) B —mand %Reqﬁ(T) — +00
as ¢ T 8+ m, we formally define % Re¢ (1) at © = B — 7 as zero).
We will set
B =mn+pexp{iz_}.

The uniqueness of the zeros of dd—m Re¢ (1) on (0,5) and on (—7,8 —7), and in-
equalities (SM37,SM38) imply (i) for the situation where Imn > 0. The analysis
for the cases with Imn < 0 is similar to the above, and we omit it.

It remains to note that for real i such that n > 0, we have

%Regb(ﬂ =p{l+k,(x)}sinz

which implies the validity of (ii) for n > 0. O

Contours of steep descent, REG. We shall choose the contour of integration
in (SM31) so that it passes through 7, and Re ¢ (7) increases as 7 moves away
from 71 along the contour, at least in a neighborhood of 7. Such contours are
called contours of steep descent (of —Re ¢ (7)). The contour consists of a circle with
center 7 and radius p = |7 — 1| (which, in what follows, we refer to as the circle)
and two overlapping straight segments of opposite orientations.

We consider four situations. The first and the second ones correspond to Ren > 0
and to p < |n| and p > |n|, respectively. The third and the fourth ones correspond
to Ren < 0 and to p < |n| and p > |n|, respectively. In situations 1, 3, and 4, the
two straight segments of opposite orientation connect zero and the point A where
the circle is intersected by a half-line that starts at n and passes through zero. In
situation 2, the point A is the intersection point of the circle and a half-line that
starts at 7_ and passes through zero. Figure 1 illustrates the choice of the contour.
The points B on the circles are as defined in Lemma 15.

Let us show that in situation 2, that is when Ren > 0 and p > ||, the circle
intersects the straight segment [7_,0), as shown in Figure 1. Indeed, by definition
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Situation 1 Situation 3

Situation 4

Fic 1. Contours of steep descent, j = 1.

of 7+ we have
(SM41) —(—=m)=(+—-n+n+1l

Since, by Lemma 15 (i), Im (74 — 1) has the same sign as Imn and Re (71 —n) > 0,
and since Re (n+ 1) > 0 and Im (n + 1) = Im 7, we have

[Re {= (- —n)}| > [Re (74 —n)| and [lm {—(r— —n)}| > [Im (74 —n)],

which implies that the circle must intersect the straight segment [7_,0).
We shall split the contour, which we shall call IC, in three parts. In situations 1,
3, and 4, the splitting is

(SM42) K =Kp,a + Kiar,B + KB40

This decomposition assumes that Im#n > 0. If the sign of Im# changes to the neg-
ative, so that n — 7, then K is transformed to its complex conjugate, and the
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orientation of such a complex conjugate must be changed to the opposite one. The
decomposition then becomes

(SM43) K = Kpo,4,8) + Ky a1 + Kja -

arg (A —n). (We will verify the latter inequality shortly.) In what follows, we con-
sider only the case Imn > 0. The complex conjugate case is analyzed similarly, and
we omit details of such an analysis.

As follows from the proof of Lemma 15, Re ¢ (7) is strictly increasing as 7 is going
along K4 -, p) away from 7. In other words, K4 -, pj is a contour of steep descent.
Below, we shall use Lemma JO9 to analyze

[4,74.5]

In situation 2, when Imn > 0, the splitting is (SM43) because arg (B —1n) >

We shall then show that Zjg 4) and Zg 4], which are defined similarly to Zj4 -, g,
are asymptotically dominated by Z4 ., p. However, before we embark on this
agenda, let us show that arg (B —n) > arg (A — n) as was claimed above.

As follows from Lemma 15, to see that the latter inequality holds, it is sufficient
to verify that % Re ¢ (7) is positive at 7 = A. For such a verification, we will refer
to Figure 2.

First, note that 7.7 = —kn and (7. —n)(7——n) = (1—k)n, where by assumption,
% > 1. The first of these equalities implies that arg7_ = —7w 4+ argn — arg 7y > —m,
so that point C' on Figure 2 rightly belongs to [A, 7] (the line passing through D, C,0
is a horizontal line). The second of the equalities implies that the angle ZDn0 = 6,
equals arg(7y — n). Furthermore, we have

% Re ¢ (1) = p{sinz + |TJ|F7|_||72—_| sin(z — 3)}.

For 7 = A, we have x = arg(A—n) and f —z — 7w equals ZCn0 = 6,. This implies

d _
(SM44) P Red (1) = p{—-sin(8 — 02) + ‘TTJ’Z | sinfa}.
For 7 = 7, the derivative is zero, and hence
(SM45) 0 =sin6; + F sin(f; — ).
T+

Now, by the law of sines applied to the triangle nC0, we have

sinflo  sin(8 — 6s)

SM46 —
(SM6) c 7
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FI1G 2. An illustration to the argument that <= Re ¢ (7) is positive at T = A.

Similarly, for the triangle nD0, we have

sinf;  sin(8 — 6y)
SM47 _ ,
S LI

Combining (SM46) with (SM44), we obtain

d e [Tellr—| _ Inl
(SM48) e Re¢ (1) = psmeg{ WIE ol
Combining (SM47) with (SM45), we obtain
_ =D

(SM49) | =

7|

Using (SM49) in (SM48), we get

—R T) = Oy7— - — 0.0
e (1) = psinfy { 4] | >

53

Saddle point approximation for Z;, ;. 5, REG. We shall now derive a saddle
point approximation to the integral Z4 . g which is uniform with respect (x,7) €
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Qs, where
(SM50)
O ={(mn) ERXC: 6 <n— 107, dist (n.R7) 26, and |n| <471},

J is an arbitrary fixed number that satisfies inequalities 0 < § < 1, R~ = (-0, 0)
and, for any A C C and B C C,
dist (A,B) = inf |a—b|.
a€A,beB
Let us show that assumptions A0-A5 of Lemma JO9 hold. For this, we shall need
the following lemma.

LEMMA 16. The quantities |71 —n| and |74| are bounded away from zero and
infinity, uniformly with respect to (k,n) € Qs.

Proof: Note that |7 — 7| and |74| are continuous functions of (k,n) € 5. On
the other hand, the definitions (SM33, SM50) of 74 and Qs together with Lemma
15 imply that |74+ — | # 0 and |7 | # 0 for any (k,n) € Qs. The lemma follows from
these observations and the compactness of €25.0]

Lemma 16 implies that the length of K4 ;. p) is bounded uniformly with respect
to (k,m) € Q5. Further,

sup |7 —74|>|A—74] and sup |7 — 74| >|B— 74|

TEX ] TEIC[T

(A +B]

with |A — 71| and | B — 74| being continuous functions of (k,n) € €5, which are not
equal to zero for any (k,n) € Qs. Therefore, |A — 74| and |B — 74| are bounded
away from zero, uniformly with respect to (k,7n) € Q5 and assumption A0 holds.

Assumptions Al, A2, A3 and A5 follow from Lemma 16. Finally, let 71 and 7
be the points of intersection of I with a circle with center at 7 and a sufficiently
small fixed radius €1. The validity of Assumption A4 follows from the fact that
Re (¢ (15) — ¢ (74)), s = 1,2, are positive continuous functions of (k,n) € Qs (the
positivity being a consequence of Lemma 15 (ii)) and Im (¢ (75) — ¢ (74)), s = 1,2,
are continuous functions of (k,n) € Qs.

Since assumptions A0-A5 hold, we have by Lemma JO9

-m a0 O(l)
Lia 5 = 2e7"% ﬁm1/2 m3/2 |

where O (1) is uniform with respect to (k,n) € Qs,

(SM51) ¢po=—-T+—klntL + (k—1)In (74 — 1)
and

-1
(SM52) a (=)

)
V2Rt =2k = 1)/ (re =)’
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with the branch of the square root chosen as described in Lemma JO9.
Precisely, let
a=m/2+arg(rL —1),

where the principal branch of arg (-) is taken, and let

(SM53) w = arg (2%;/7'3 —2(k—=1)/ (14 — 7])2> ,

where the branch of arg (-) is chosen so that |w + 2| < 7/2. Then

(SM54) ag =

Analysis of 7y 4) and Zjp 4,0, REG. Let us show that 7|4 ., p] asymptotically
dominates Zjg 4 and Zp 4, uniformly with respect to (x,7) € 15, where

Q5= N{(k,m) eRxC:Ren>—-2k+1}.

It is sufficient to prove that there exists a positive constant S, such that, for 7 on
Kio,4) and K(p 4,0, we have Re ¢ (1) > Re ¢ + S, uniformly with respect to (r,7) €
Q5. For concreteness, we again assume that Im»n > 0. The complex conjugate case
is very similar, and we omit its analysis.

Note that, by Lemma 15 (ii), for any 7 € K(p 4}, Re¢ (1) > Re ¢ (A). Hence,
it is sufficient to prove that Re¢ (7) > Regg + S for 7 from Ky 4. Moreover, for
situations 1, 2 and 4, shown on Figure 1, it is sufficient to establish the fact that
Re ¢ (A) > Rego + 5. Indeed, let T € K 4, and let x = |7|. For situations 1 and 4,
using the definition of ¢(7) we have, respectively,

%Re(b(T) =—cosfB—k/x—(k—1)/(In] —z) <0,
and d
= Red(r) = —cos(m— B) 5o+ (s — 1) /(] +2) <0,
where 8 = argn. Therefore,
(SMb55) Re¢(A) = inf Reo¢(r).
TG/C[O’A]

For situation 2, we have

K

—1
Re¢ (1) = —xcos (arg7_) — klnx + 5 In <:172 + n|* = 2z |n| cosy) ,
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where v = 27 4+ arg 7 — 3, and thus,

2

%Reqﬁ(ﬂ = w/2*+(k—1)

—x2 — |n|* cos (2) + 2 |n| cos
2
(2 + nf” = 22 || cos )
2 2
&/ 7] = (k=1) /|7 ="

On the other hand, using the fact that 7.7 = —xn and Lemma 15 (i), it is straight-
forward to verify that v > 7/2 and therefore, |7|> < |7 —n|* for any 7 € Kio,a]-

Hence, d%,zg Re ¢ (1) > 0. But the first derivative of Re ¢ (1) with respect to x must
become positive for x — oo, negative for z — 0, and zero for x = |7_|, where z is
any point on the ray connecting 0 with 7_. Hence, % Re ¢ (7) must be negative for
7 € Kjo,4], and (SM55) again holds.

For situation 3, let 7 € Ky 4. There are two possibilities. First, there exists 7
on the circle, such that Re7 = Re7; and [Im 71| < |Imn|. In such a case, Re ¢ (1) >
Re ¢ (1). Furthermore, by Lemma 15 (ii), Re¢ (1) > Re¢ (C), where C = n +
|7+ — n|. Hence,

v

(SM56) Re¢ (1) > Reop (C).

Second, ReT > Ren + |7+ — n|. Assuming that (k,n) € Qy4, the latter inequality
implies that Re T > —k. Indeed, for (k,n) € Qys, the definition (SM33) of 7, implies
that Re7y > —k. Therefore,

ReT > Ren+ |4 —n| > Rery > —k.

Let x = |7|, then

L Reg(r) = —cos f— wfx— (x— 1)/ (Jn| — ),

dx
and 1 d K K—1
cosﬁ@Reqs(T) =-1- Rer Ren—Rer
But . . — 1
—1—E20and —m>0.

Therefore % Re ¢ (1) < 0, and (SM56) holds. Note that in the analysis of situation

3 we used the assumption (k,7n) € 15, and in particular that Ren > —2x + 1. If

the latter inequality is not satisfied, the minimum of Re ¢ (7) on K can be achieved

at some point on Ko 4). This fact will be used later, in our proof of Theorem JO10.
It remains to show that, for some positive S,

(SM57) Re ¢ (A) > Redg + S
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uniformly with respect to (k,n) € Q15, and
(SM58) Re¢ (C) > Repo+ S
uniformly with respect to (k,n) € Qy5, where

Q15 = Q15N {k > 1,Ren < 0}.

Inequality (SM58) follows from the fact that function Re ¢ (C') — Re ¢ is continuous
and positive for (k,n) € Q15 and from the compactness of Q5.

We cannot use a similar argument to establish inequality (SM57) because Re ¢ (A)—
Re ¢ is not a continuous function of (k,n) € Q4s, as we may have A = B = 0 and
Re¢ (A) = 4o for some (k,n) € Q5. However, we can bound Re ¢ (A) — Re ¢g
from below by the minimum of two positive continuous functions Re ¢ (71) — Re ¢g
and Re ¢ (12) — Re ¢, where 71 and 75 are the points of the intersection of the circle
with center n and radius |74 — 1| and a circle with center 74 and a fixed radius,
which is smaller than |A — 7|, uniformly with respect to (k,n) € Q15. Therefore,
there exists S > 0 such that (SM57) holds uniformly with respect to (k,n) € Q5.

Asymptotics in terms of ¢ and ¥, REG. The above analysis implies the following
asymptotic representation

—-m —iw/2 _ 1
P = Cmn 2e—m¢o \/7_.‘. € (T-i- 77) + 05/12) 7
m

i m1/2\/‘2/1/7'42r_2(“_1)/(T+_77)2

2mi

where O (1) is uniform with respect to (k,n) € €15. We would like to express this
formula in terms of t1, 1 (-), and 95 (-). As follows from the definition of ¢; (see
equation (JO27)) and the fact that 7. = 7,

2072 =2 (k= 1) / (2 = 0)*| = |2 (1) /]
Furthermore,
@1 (t1) = ¢o — Inn,
and by (JO28)
(re—m) P = (t)n "

Therefore, we have

el i) O()
i Rrm (t)] | m?

Fl = Cme_msol(tl) [

On the other hand, by definition (SM53),

w = arg (¢ (t1)) — 2argn = wy — 7 — 2argy,
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where w; is as defined in equation (JO30). Hence,

Fl = C e—mcpl(tl)e—iw1/2 1/}1 (tl) ) (1)
" |2rme (t1)] m3/2

= Cthr (1) e 2 |2mme! (81)| 7% exp {—mepr (1)} (1 + o(1)) .

Proof of Lemma JOS for CCA.
Saddle points, CCA. From equation (SM32) with j = 2, we see that the saddle

points satisfy
K K k=1 72(k—1)+T—Ky

d
Egb(T):_;_l—T_‘_T—T]_ T(r—=1)(r—n) =0

There are two solutions to this equation

where we choose the principal branch of the square root cut along (—oo, 0].
The following lemma collects facts about the behavior of 7 for various (k, 7). As
usual, we assume that £ > 1. In addition, we assume that n ¢ (—oo,n.) U [1,0),

where
1

4k (k—1)
Note that set (—oo,n.) U [1,00) does not intersect with {295 for any 6 > 0.

Mx =

LEMMA 17, (i) |74 —n] < |1 —n|, and 74 = 0 if and only if n = 0.

(ii) If Imn > 0 and Re7y > 1/2, then 0 < Im7y < Imn. If Imn > 0 and Re1y <
1/2, then Im 4 > Imn. Similarly, if Imn < 0 and Rety > 1/2, then 0 > Im 7, >
Imn. If Imn < 0 and ReTy < 1/2, then Im 7 < Im ).

(iii) For n ¢ (—oo,m.) U [1,00), function Re ¢ (7) is strictly increasing as T moves
away from T4 (in any direction) along the circle with center n and radius |74 — n)|
until it reaches a point B on the circle.

Proof: (i) Let
(SM60) —ny ' (n —n.) = p’ exp {126}
with § € (=7 /2,7/2). Then

(SM61) T+ = - ;(Ze_xﬁ){ie}
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and a direct calculation (we perform it using Maple’s symbolic algebra software)
shows that

0> <|T+ —n? =1 —77|2> = —4k (k+ pcosh — 1) ((2/{— D2+ p? —2p (25 — 1)0050) .

Since 0 € (—n/2,7/2) and k > 1, the latter expression is less than zero. Further,
equation (SM61) implies that 74 = 0 if and only if § = 0 and p = 1. The latter two
equalities are equivalent to n = 0.

(ii) From (SM61), we see that Re7y > 1/2 if and only if

(SM62) pcosf > k.
On the other hand,
(SM63) —n; ' Im (14 — ) = 2psind (k — pcosh).

Combining (SM62) and (SM63), we obtain ().
(iii) Recall that

¢ (1) =—kln +(k=1)In(r—n).

1—-7
Therefore, on the circle with center  and radius |74 — 7|, Re ¢ (1) equals —xIn |7/ (1 — 7)|
plus a constant. Further, for ¢ > 0 such that ¢ # 1, the set of 7 that satisfy equality

|7/ (1 —7)| = cis a circle with center ¢?/ (¢ — 1) and radius ¢/ |¢* — 1| . For ¢ = 1,

|7/ (1 — 7)| = c along the line Re 7 = 1/2. Figure 3 shows the iso-lines of |7/ (1 — 7).

For ¢ < 1, the isolines are encircling 0, for ¢ > 1, they are encircling 1.

Since 74 is a critical point of Re ¢ (7), the circle with center n and radius |74 — 7|
must have a common tangent with one of the isolines at 7 = 7. Therefore, Re ¢ (1)
must be strictly monotone as T moves away from 7, along the circle with center n
and radius |74 — n| until it reaches a point B on the circle. Part (ii) of the lemma
implies that Re ¢ (7) is strictly increasing. [

Contours of steep descent, CCA. We shall choose the contour of integration in
(SM31), which we shall call K, so that it passes through 7, and Re ¢ (7) increases
as 7 moves away from 7, along the contour, at least in a neighborhood of 7.
The contour consists of a circle with center n and radius r = |73 — 7|, which, in
what follows, we refer to as C1, and two overlapping circular segments of opposite
orientations, which we will refer to as Cs.

We consider four situations. The first and the second ones correspond to r < |7
and to Ren < 0 and Ren > 0, respectively. The third and the fourth ones correspond
tor > |n| and to Ren < 0 and Ren > 0, respectively. Using (SM61), we obtain

ne e — > =022 ) = 4k (p* —2pcos®+1) (kK — pcosf — 1).



60 I. M. JOHNSTONE AND A. ONATSKI
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F1a 3. Isolines of the function |t/ (1 — 7).

Therefore, situations 3 or 4 are realized whenever
(SM64) pcosh <k —1.

In particular, the corresponding 71 must be such that Rer, < 1/2 (compare to
(SM62)).

For situation 1 and 2, C5 consists of a segment of the circle that passes through 0,
1, and 7. The segment starts at the closest to 0 intersection of the latter circle with
C1 and ends at 0. It does not pass through 1 or 7. For situation 3 and 4, C5 consists
of the segment of the circle with center at 1 and radius 1 that connects 0 with the
point A of the intersection of this circle with C7, and lies inside C. Out of the two
intersection points we choose the one with the imaginary part of the opposite sign
to that of Im#. Figures 4, 5, 6, and 7 illustrate the choice of K for situations 1, 2,
3, and 4, respectively.

We split the contour in three parts

(SM65) K = Ko,4 + Kiar, 5 + KB40,
or
(SM66) K= IC[O’A7B] + ]C[B,u,A] + IC[A,O]

depending on whether moving counter-clockwise along C from A to B reaches 71 or
not. In the rest of this note, we shall refer to (SM65) for concreteness. Our arguments
do not depend on the specific form of the splitting.
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Fi1G 4. Choice of contour K in situation 1. The contour is represented by the dark black circle and
the circle segment ending at 0. The dashed lines are iso-lines of function |7/ (1 —1)|.

As follows from Lemma 17, Re¢ (7) is strictly increasing as 7 is going along
Kz, 5] away from 7i. In other words, K4 -, p) is a contour of steep descent.
Below, we shall use Lemma JO9 to analyze

I[A@’B] = /’C e_m¢(T)X (1)dr.

[A.74.B]

We shall then show that Zjy 4) and Zg 4 ], which are defined similarly to Zj4 -, p),
are asymptotically dominated by Zi4 -, g

Saddle point approximation for Z, .. 5, CCA. We now derive a saddle point
approximation to the integral Zj4 ,, p) which is uniform with respect (x,7) € $os,
where

(SM67) Qo5 = {(r,n) : 6 <k —1<6", dist (n,R\[0,1]) > J, and |n| <5 '},

and § is an arbitrary fixed number that satisfies inequalities 0 < § < 1. Let us verify
assumptions A0-A5 of Lemma JO9. For this verification, we need the following
lemma.

LEMMA 18. The quantities |7+ —n| and |74| are bounded away from zero and
infinity, uniformly with respect to (k,n) € Qag.

Proof: The lemma follows from Lemma 17 (i,ii), the fact that 74 # n for (k,n) €
Qys, and the compactness of 295. [1
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Fi1c 5. Choice of contour K in situation 2. The contour is represented by the dark black circle and
the circle segment ending at 0. The dashed lines are iso-lines of function |7/ (7 —1)|.

Lemma 18 implies that the length of Zj4 . pj is bounded uniformly with respect
to (k,n) € Qos. Further,

sup |7’—T+|Z|A—T+| and sup |T—7'+|Z|B—7-+|,
TeK Tekl
] [y 2]

where |A — 74| and |B — 7| are continuous functions of (k,n) € a5, which are not
equal to zero for any (k,n) € 5. Therefore, |A — 74| and |B — 74| are bounded
away from zero, uniformly with respect to (k,n) € Q95 and assumption AQ holds.

Assumptions Al, A2, A3 and A5 follow from Lemma 18. Finally, let 71 and 7
be the points of intersection of I with a circle with center at 7, and a sufficiently
small fixed radius €1. The validity of Assumption A4 follows from the fact that
Re (¢ (15) — ¢ (74)), s = 1,2, are positive continuous functions of (k,n) € Qs (the
positivity being a consequence of Lemma 17 (iii)) and Im (¢ (75) — ¢ (74)), s = 1,2,
are continuous functions of (k,n) € Qos.

Since assumptions AO-A5 hold, by Lemma JO9, we have

ag O (1)
ml/2 m3/2 |’

Tiar, 5 =2e "% |/

where O (1) is uniform with respect to (k,n) € Qay,

+ (k=1 (ry —n)

(SM68) do = —rln T

and
(e =) ' (1=—7)"

el -2/ (=) ~20c- 1) (7 —

(SMGQ) ag =
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F1G 6. Choice of contour K in situation 3. The contour is represented by the dark black circle and
the circle segment ending at 0. The dashed lines are iso-lines of function |7/ (1 —1)|.

with the branch of the square root chosen as described in Lemma JO9.
Precisely, let
o= /2 +arg(ry — 1),

where the principal branch of arg (-) is taken, and let
w=arg (26(1-2m)/ (1= 74 72) =25 = 1) / (r4 = 0)?),
where the branch of arg (-) is chosen so that
lw+2a| < /2.
Then
e (rp — )M (1 —7)”!

(SM70) ag = .
\/‘2;-@(1 —2r)/ ((1 - r+)27_%) —2(k—1)/(r+ —n)°

Analysis of Zjg 4) and Zjp 4,0, CCA. Let us show that 74 ., p; asymptotically
dominates )y 4) and I 4 o) uniformly with respect to (x,7) € a5. It is sufficient to
prove that there exists a positive constant .S, such that, for 7 on Zjg 4 or on Zjp 40,
we have Re ¢ (1) > Re ¢ + S, uniformly with respect to (k,n) € Qas.

Note that, by Lemma 17 (iii), for any 7 € K4 p), Re¢(7) > Re¢ (A). Hence,
it is sufficient to prove that Re¢ (1) > Re¢o + S for 7 from Ky 4. Moreover, it is
sufficient to establish the fact that

(SMT71) Re¢(A) > Regg+ S
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0.5

0.5 ‘ :

Fi1c 7. Choice of contour K in situation 4. The contour is represented by the dark black circle and
the circle segment ending at 0. The dashed lines are iso-lines of function |7/ (1 —1)]|.

uniformly with respect to (k,n) € Q5. It is because for any 7 € K9 4), Re¢ (1) >
Re¢ (A).

Indeed, for situations 1 and 2 this property of Re ¢ (7) follows from the fact that
|7/ (1 —7)| is strictly decreasing and |7 — 7] is strictly increasing as 7 moves along
Ko,4) away from A. For situation 3, we have

7| [T =
Rep(7) —Regp(A) = —klog— +(k—1)lo
6 (1)~ Reo (4) 3] (= Dlog )
> —klog I + klog 4] ,
[T = |A —n|

where the latter inequality holds because |7 — 1| < |A — n|. The iso-lines of function
|7| /|7 — n| are similar to those shown on Figure 3 with the concentration points 0
and 7 instead of 0 and 1. As 7 moves along Ky 4] away from A, the isolines are
crossed so that |7| /|7 — n| is decreasing. Therefore,

(SM72) Re¢ (1) —Re¢p (A) > 0.
For situation 4, the analysis is more involved. We have the following lemma.

LEMMA 19. Inequality (SM72) holds for situation 4.

Proof: The analysis is similar to that of situation 3. However, in contrast to
situation 3, we cannot immediately claim that as 7 moves along Ky 4 away from A,
the isolines of the function |7| /|7 — n| are crossed so that the function is decreasing.
For this claim to be valid, we must verify that

(SM73) Al /1A =nl <1,
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so that A and 0 lie on the same side of the iso-line |7| /|7 —n| = 1.

Let = be the point on Cy where |z|/|z —n| = 1, such that Im (n — z) has the
same sign as Im 7. To establish (SM73), it is sufficient to show that x lies inside the
circle with center at 1 and radius 1 (circumference of which contains K 4). That
is, it is sufficient to show that |1 — z|* < 1.

For concreteness, let us focus on the case Imn > 0. Then, we have

x =n/2 —ina, where a = \/<r2 - |17/2|2> / Inl?
and 7 is the radius of C;. A straightforward algebra shows that
1—z>=r?>+1—Ren—2almn.

Furthermore, since r? > ]77\2, we have a > v/3/2 > 1. Therefore, the inequality
|1 — z|* < 1 would follow from the inequality r2 < || < Ren + Im1n . Let us now
show that in situation 4, r% < |g].

Let z = pexp{if}, where p and 6 are as in (SM60). Situation 4 imposes the
following constraints on 2: 1) Rez > 0, 2) Rez < k — 1, 3) (Re2)? — (Imz2)? > 1.
The first one is equivalent to 6 € [—m/2,7/2], which must be true by definition of
6. The second one is equivalent to (SM64), and the last one ensures that Ren > 0.
We have

—1+=z and —1+ 22
T. = — =
Tk M T T (ko)
Therefore,
2 _ s _ |2 1\212—(2’1—1)\2
= |T+_77| - 2 P}
16K2 (k — 1)
and
|z — 1|z + 1]
In| = —
4k (k — 1)

For z that satisfies the above three constraints, we must have |z +1| > |z —1].
Therefore, to establish inequality 72 < ||, it is sufficient to show that

|z~ (2n D)
TICES

The latter inequality is equivalent to
(Imz)? +1<2Rez(2k —1) — (Rez)%
In view of the third constraint, it is sufficient to show that

2Rez (26 — 1) — (Re 2)? > (Re 2)°.
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But the second constraint implies this inequality. The situation where Imn < 0 is
analyzed similarly. [J

To summarize, in all the four situations we only need to show that (SM71) holds.
Note that Re ¢ (A) — Re ¢ is not a continuous function of (k,n) € Qo5 because we
may have A = B = 0 and Re¢ (A) = +oo for some (k,n) € Qo5. However, we
can bound Re ¢ (A) — Re ¢g from below by the minimum of two positive continuous
functions Re ¢ (11) — Re ¢p and Re ¢ (12) — Re 9, where 71 and 79 are points of the
intersection of the circle with center 1 and radius |74 — 5| and a circle with center
7+ and a fixed radius, which is smaller than |A — 74|, uniformly with respect to
(k,n) € Qgs5. Therefore, there exists S > 0 such that (SM71) holds uniformly with
respect to (k,n) € Qas.

Asymptotics in terms of ¢ and ¢, CCA.
The above analysis implies the following asymptotic representation

Cmn‘m2e_m¢o Vre W2 (r =) (1 —ry) !

o)

= :
2 2mri m1/2\/‘2/<;(1—27'+)/((1—7'+)2T—2+) _2(,4—1)/(74—?7)2‘

where O (1) is uniform with respect to (k,n) € Q5. We would like to express this
formula in terms of ¢9, 2 (+), and 19 (+) . Since

% (1—21,)/ ((1 _ m%i) —2(k—1)/(ry — n)Q( = [2¢} (t2) /0],

P2 (t2) = ¢o — Inn,
and
(rr =) (L=—7) = ()",
we have
emiw/2g—iaren Y9 (t2) 0(1)
i 2mmef (82)] -~ m3/?

F2 = Cme_mSDQ(tQ) [

On the other hand, by definition,
w = arg (¢ (t2)) — 2argn = wy — m — 2argy,

where wy is as defined in equation (JO30). Therefore,

P2 (t2) O(1)

12rmel (t2)] m3/2

P, = Cme—m@2(t2)e—iw2/2[

= oty (t2) €72/ [2mmigly (1) ™° exp {—mips (t2)} (1 + 0(1)) .

m3/2

)
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4.4. Proof of Confluences. The confluences (JO35) are established by showing

convergence of each of the components in (JO11). For the f. and f. components,
this follows from inspection of Tables JO4 and JO3 respectively, while for fElgD (2),

this follows from (JO17). For fEG(2) and fCCA(z), one uses the definitions of ¢,
and t; and calculation, though one can also appeal to the confluences

1F1 (a/e;byex) — oF1 (b;ax)
oFy (a1/€,a2/€;b;€%x) — oFy (b arasw)

as € — 0, and observe in (JO21) that with k ~ ¢1/((1 — ¢1)c2) and as co — 0, we
have

(mk + 1)mn — m2770
(mk + 1)%ny — m>no.

For the confluences (JO36), there is some crosstalk between the components. We
write f.[f] to show the dependence on 6 explicitly. Writing 6 = /¢,&, it is direct to
verify that

C MV = FMPLE 4+ ¢/ Ve — € —log Ve, + O(Vey)
cPOVerg] = [P + €/ Ver - €2/2 — log ey + O(ver).
From (JO14) and the MP entry in Table JO3, and writing z = 1 + /c;w, we have
e MLt Vew) = fEPO + Veyw) = £ (w) +log Ve + of1).

For the h term, we write fy,(z;6) to show the dependence on # explicitly. From
(JO17), one quickly has

AL+ Veywi Ve §) = FMP(wi€) — £/Ve + €+ 0(Vey).

For f}f{EGO, we have pg(tg) = logty — 2(tg — 1) and that tg = 1+ ng — 7](2] + 0(778)
for small 7. This leads to fu(2;0) = (1 — c1)ey H[—no + 2 +O(n3)] and thence by
elementary evaluation to

}?EGO(l +Veyw; Ve ) = fEMD(wa) — &/ +€2/24+0(Vey).

Combining terms from the preceding displays yields the confluences (JO36).

4.5. Proof of Lemma JO4 (saddle points zp). q =0 cases: (SMD, PCA, SigD).
First, note that

(SM74) f'(z) = fi(2) + fi(2) = —me(2) + fi(2),

where me(2) is the appropriate Stieltjes transform. We proceed, then, by solving for
z in the equation f{(z) = me(2).
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SMD. We have f[(z) = —6, so substituting mc(z9) = —6 into the quadratic
equation
(SM75) m?+zm+1=0

SC

satisfied by m = m

(z), we get

m2—|—1_92—|—1
m 0

Obviously, for any 6 € (0, g5MD) = (0,1), 20(0) is larger than b3MP = g3MD =2,

29(0) = =60+1/0.

PCA. Now f{(z) = —6/[c1(1+ )], so we substitute mc(z0) = —60/[c1(1 + )] into
the quadratic equation

(SM76) cizm?*+ (z4+ e —1)m+1=0

MP

o (z). This is a linear equation for z whose solution is

satisfied by m =m,
20(9) = (9 + 1)(9 + cl)/é.

Note that the minimum of zo(6) over 6 > 0 equals bY“4 = (1+ /1 )2 and is achieved
at

0 =0 = \Je1.

(2) is well defined for z > bECA, mMP(2) must be well defined

Therefore, since mMP

for any 6 € (0, H_C).

SigD. The Stieltjes transform m = mY (z) of the Wachter distribution, as nor-

malized here, satisfies the quadratic equation

(SM77) c1z(c1 — cpz)m? + [e1(1 — e2)z — (1 — ¢1)(e1 — cp2)]m + 12 =0,
while
b 629 7"2
M /() = ° _ b=
(SM78) h(z) 1—az’ ¢ c(1+6) c1co

To solve m(z) = f{(z), insert m = ab/(1 — az) into (SM77) to obtain an apparently
quadratic equation. However the coefficient of z? vanishes, so that as with SMD and
PCA, zp is the solution of a linear equation 8z + v = 0, where in this case

B =abeil(0)/(1+0)
v = —abey(e1 +6)/6,

so that

(c1+0)(1+06)

(SM79) 20) =515
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It also follows that

L ) P s
0= T N0
/ 01(0
(SM80) fnsign(20) = m(z0) = —ﬁ'

Recall that 1(6) = 14+ (1+6)ca/c1. Therefore, (SM79) implies that that the minimum

of zp(#) over 6§ > 0 equals
SigD __ < r+1 )2
b+ =C

T+ C2

and is achieved at

Therefore, m¥' (z) is well defined for z > bf_igD, as n,p —~ 00, and mY (29) must be

well defined for any 6 € (0, éc),

q=1 cases: (REGy, REG, CCA).

We find the critical points zo(6) for the q = 1 cases by showing that they are the
same as for the corresponding q = 0 cases. This is cast as a verification rather than
a derivation as we still lack a good explanation for this curious fact.

We have seen, based on (SM74), that

fﬁ,PCA(ZO) = mg/lp(zo)v f},l,SigD(ZO) = mXV(ZO),
for zp = zg CA and zgigD respectively. We now show that
f}/l,REGO(ZO) = f}/l,PCA(ZO)v f}/l,REG(ZO) = fﬁ,CCA(zO) = fﬁ,SigD(ZO)
for 29 = 25 “* and zgigD respectively. In combination with (SM74), this verifies that

zg CA and zglgD are critical points for the q = 1 cases as well.

The functions defined in (JOSM51) and (JO27) will sometimes be written in the
form ¢;(t,n;) to show the dependence on 7; explicitly. We have

_1—61

fu(2) T[‘Pj(tjanj) + 5l

where v; = v;(n,p) and t; = t;(n;) satisfies

0
a quadratic equation for t; with coefficients depending on n; and x. We therefore

have, dropping the subscript j temporarily,

o lmed A a9 dy
(SM82) fu(z) = o dnsﬁ(t(n),n) - o 87790(15(77),77) P
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From definitions (JOSM51) and (JO27), again with t; = t;(n;), and £ = r2/[e2(1 —
c1)),

5 —1/t
(SM83) a—n()@(tjanj) =4 -t
! —Htg/(l —?72t2).

We now turn to the specifics of the three cases.

REG. We show that z = 20 = (0 4 1)(0 + ¢1)/6 solves

0
f}/l,REGO(Z) =m(z0) = —m-
From (SM82) and (SM83),
0 1

f},l,REGo (2) = —mm7

so that we should solve ty(n9(2)) = (0+1)/(1—¢q) for z. Since t satisfies a quadratic
equation, the equation for z becomes

O@+1)(0+c1)
(1—61)2 ’

which implies that z(f]{EGO =07 1 —c1)’no= (0 +1)(0+c1)/0 = 254 (0).

?’]()(Z) = t% — to =

REG. This time we solve for z in
~01(0)
1 (1 + 9) ’
where the second equality uses (SM80). From (SM82) and (SM83) we have f} ppa(2) =
—coft1(n) /3, and so

firec(2) = flsiep(20) =

611(9)
co(146)

C1

(SM84) t1(n) = c(1+6)

ti(n) —1=

The quadratic equation for t7 is mt% + (1 —m)t; — k =0, so that

. /i—tl N 02(9+1)(9+61)
= tl(tl — 1) o (1 — 61)611(9)

(SMS5)

which implies that 28F¢ = ¢1(1 — ¢1)m/(fca) = zﬁigD ().
CCA. Treat this as a modification of REG. Thus

p2(t) = klog(1l — naot) + mt + p1(2), and

K12
(SM86) Pt) = s+ (),
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We verify that at z = zgigD

)

(SMS7) ty = % = t1(m(20))

satisfies ¢} (t2) = 0 for 7o = n2(20). Indeed, writing L(0) = ¢11(#), we have

2 2
(e +0)(1+0) _co(cr +0) B o
(SM88) = T200) ,  tamp = Lo L —tomp = Z0)
and
K L) m

1 —tone (1 —c1)e N 7727
so that from (SM86), ¢} (t2) = ¢} (t1) = 0. But now we can see that, at z = z,

1—c K dno
/ zZ = — ety o —=
fa,oca(20) 0 1omh 2@
1—cm dne 1-—0c dm ’
- . — = - .t — = 20),
c1 N LR cl LR fh’REG( 0)

so that zo also satisfies f(,ca(20) = 0.

4.6. Verification of Remark JOS: that f(z9) = 0. Recall that f(z9) = fe +
fe(z0) + fu(20). The term f. is given in Table 3. The next term,

by
1. (zo):/ In (20 — \)dFs (A)

takes on three different values: one for SMD, another for PCA and REGg, and the
third one for SigD, REG, and CCA.

LEMMA 20. For SigD, REG, and CCA, for any 0 € (0,0_) and for sufficiently
large n, p, we have
(SM89)

fe(20) =2Inc; —In6 —

1—0c r?
- In(1+0) s In(c1 +c2) + s In[e1l (0)].

c1+ c2

Proof: We follow the usual strategy of reduction to a contour integral. First make
the change of variables A = o — B cos ¢. In order to arrange that A = b_ and by at
o = 0 and 7 respectively, we set

a:b++b_:01(r2+c%)7 B

b —bo 2
2 (c1 + c2)? 2 (c1 +¢2)?

(SM90)

We obtain

c1+ec 2m 25in2 p1In (29 — o + B cos
folz) = & 2/0 (ﬁ @ In (2o 3 cos @)

4meq a— fBeos ) (c1 — caar + caff cos p)
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after extending the integral from [0, 7] to [0, 2] using the symmetry of the integrand
about ¢ = 7. Now introduce z = €¥. Since cosp = (z+ z_l) /2, we have from
(SM90) the factorizations

c1 (a— Beosp) = % (r—c12) (7“ — 012_1) )

5 (r+coz2) (r+ czz_l) ,

20— a+ feosp = q(z)q (z_l) with

q(z) = 2 (clz(e)/9+m/9/[clz(9)]).

c1+ e

1 — Coax+ coffcos p =

Our integral becomes

fe (20) =

—(c1 4+ ¢2) r2 / (Z - Z_1)2 In (Q(Z)q (Z_l)) %
C

4mri (r—caz)(r—cz b (r+cz) (r+ceczt) 2

The integral has form I = j{ln (q(2)q (z71)) H (2) 2~ *dz with H(z) = H (271).

Hence, expanding the logarithm yields two identical terms, so that

fe (ZO) =

—(c1 + ¢2) / (22— 1)2 Inq(z) dz
27i c(r—caz)(z—c/r)(r+cwz)(z+c/r) z°

For 6 € (0,0) and sufficiently large n, p, we have 6 € (0,6,,) with 6, = (c2 +r) /(1 — ¢2).
On the other hand, for 8 € (0, 0_1,) , the function In ¢ (z) is analytic inside the circle

|z| = 1, and so the whole integrand is analytic inside the circle except for simple
poles at z = 0,¢;/r and —cy/r. The residues at these poles are respectively

cl+021ncl c1l/0 _1—cllncl(1+9) and — 1—621n cl
Cc1C2 c1 + ¢ ’ Cc1 Vel ’ C2 Vel

and their sum, after collecting terms, yields formula (SM89). OJ

COROLLARY 21. For PCA and REGy, for any 0 € (0,0_) and for sufficiently
large n, p, we have

1—
(SMY1) fo(zo) =Incp —Ino— —=

In(1+46)+60/cy.
C1

Proof: The corollary is obtained from Lemma 20 by taking the limit as ¢y — 0.
O
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COROLLARY 22. For SMD, for any 0 € (O, é) and for sufficiently large n,p, we
have

(SM92) fe(20) = —In6 + 62/2.

Proof: We remarked earlier that SMD is a limit of PCA and REGg as ¢; — 0
after the transformations ¢ — \/c16 and z — /c1z + 1. In particular,

SMD : PCA SC : MP
= 1 —1)//er and F5C (\) = lim FMP (/e +1).
% oo (% )/v/er an (A) = lim F (\/erA +1)

These equations imply that

SMD (_SMD : PCA (_PCA
= 1 —1 .
1o (=) c1—>0,19§\/c70 [fe™ (2077) —Inver]
Using this relationship together with Corollary 21 yields fe (z9) = —In# + 62/2 for
SMD. O
Observe from Lemma 20 and Corollary 21 that

: 1t r?
f§1gD — f&fCA + log cl — 1 2 log(Cl + 62) + — IOg[cll(e)] - 9/01
C1C2 C1C2
= ECA + f207 and

REG REG
e = fc 0 +f207

where fo0 is defined at (SM26). Combining Table 3 for f. with this display and
Corollaries 21 and 22 for fe(z9), we can summarize the results for f.+ fo(20) by case
in Table 4 below. For the SigD and REG lines we use (SM28), namely fo1 = f10+ f20,
while for CCA we recall that fREG = fCCA

Case F = fo + fe(z0)
SMD 1+ 62
PCA 1+0/c
SigD FPOA 4 foy
1-— C1 1- C1

REGo 2(14+6/c1) + log 10
REG FRECGo 4 £y
CCA FREG 4 1oy

TABLE 4

Explicit form of fo+ fe(20) for the different cases.

We turn to the evaluation of f},(2): in each case it will turn out to equal —F =
—fe — fe(z0) as shown in Table 4. Again we start with the g = 0 cases, in which
fu(2) is an elementary function.
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SMD. We immediately have f,(z9) = —200 = —6% — 1.
PCA. Now fh(Z()) = —209/[61(1 + 9)] =—-1- 9/61.

SigD. This time, referring to the definition of fs; in Table 3,

2 2 2
SigD _ _aatb) ) T
fh (ZO) C1C9 8 |: C1 1(9) C1C2 08 Cll(e)

= —fo1 — FPOM

REG,. Since tg = %(1 + /T + 4ng) satisfies 3 — tg — 1o = 0, we have
vo(to) = logty —to — no/to + 1 = logto — 2mo/%o.

Since 179(20) = (14 6)(c1 + 6)/(1 — ¢1)?, we find after algebra that

1 20
(SM93) 1+ 4o = JECL
—
so that
T I1og t 1-¢

e 1 1 1+6  2(c; +6)

— ¢ —C + c +

fu(20) = 1900(t0) = ! log _ 2% _ _ [REGo.
C1 Cc1 1—¢ c1

REG. Combining the definitions of fi, and ¢;(¢;) we have

1-c K t1 —1
REG 1 1
= ——<—mt log — - 1)1 .
hoo(2) - { Mt + klog -+ (s )0g<ﬁ_1>}
Combining (SM84) and (SM85) gives
c1+0 K r2 146 t1—1 1-—-¢
(S 9) mh 1—017 tl 1—61 (9)7 k—1 1—|-97
so that ) ) ) ;
REG c1 + T T 1—0c 1+
=— 1 1
fh (ZO) C1 + C1Co 8 L(@) + C1 08 1-— C1

We can now compare REG with REGq just as SigD was compared with PCA: thus

2 2
REG _ tREGo _ "y r c1+0 _
o (20) = £, %(20) o og 1(0) + o fo1,
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and so

(SM95) FREG(4) = —FRECGo _ £, — _ pREG

CCA. Combining the definitions of f, and y2(t2) we have

1-c K to — 1
CCA () = — L klog(1 — mats) + klog — + (k — 1) log | = .
C1 tg k—1
In particular, recalling that to = ¢q,
1—c¢
FEM (z0) = f¥9 (20) = - * [k log(1 — mata) + mti]
2 2
r r c1+6
= + = —fa1,

= 1
Cc1Co 8 L(Q) C1
after substitution from (SM88) and (SM94). In combination with (SM95), we get

COA() = —FREG _ p . pCCA

4.7. Proof of Lemma JOS8 (contours of steep descent). For SMD, PCA, and SigD,
|z — A| is obviously strictly increasing for any A € R and as z moves away from z
along IC1. Therefore,

Re f.(2) = /m 2 — A|dF, (M)

is strictly increasing. On the other hand, the definition (JO17) of f,(z) implies that
Re f1 (z) is non-decreasing. Hence Re f (z) is strictly increasing.

For REGy and CCA, |z — A| is strictly increasing for any A > 0 as z moves
away from zg along Ky because the center of the circumference that includes Ky
is a negative real number. Therefore, Re fo(z) is strictly increasing. To show that
Re fi (2) is strictly increasing too, it is sufficient to prove that Re ¢; (t;) is strictly
increasing for j = 0, 2.

Proof of the monotonicity of Rey; (t;) for j = 0,2. Let us show that Re ¢; (t;)
is strictly increasing for j = 0,2 as z moves away from zy along ;. Recall that for
z € K1, we have

z=2z1+ |20 — z1|exp {iv},y € [0,7/2] .
Let

o |z0—z1|9/(1—01)2 for j =0
(SM96) Rj = { |20 — 21 00%/ [c%l (9)] for j =2

For REG, using

B 29/(1—c)2 for j =0
(SM97) n = { 203/ [0%11(9)] for ; —9
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and the definition of g and %y, we obtain
1 1/2 1/2
Re o (tg) = 51n (1 + 4R, " cos (v/2) + 4R0> — 2Ry “cos(v/2)+1—1In2.

Since the derivative of the above expression with respect to v € [0, 7/2) is positive,
Re ¢ (to) does strictly increase as z moves away from zy along K;.
For CCA, using the identity

K t2 -1
1 — 1oty =
T2t2 r—1 t,
we obtain
(SM98) Res (t2) = ~2rInfta] + (2% = 1)In ff — 1| + #1n - -
Further, we have
1 .
N2 = —m + Ry exp {iv}

and

2
(SM99) ty = n

(kg exp{iv/2} + 1)’

where ko = \/4Rsk (k — 1). Taking the derivative of Re s (t2) with respect to 7,
we obtain

d —kysin~/2 kg sin /2
—Res (1) = G S >
ol 2 |kgexp {iy/2} + 1] 2‘1 — 2:31 eXp{17/2}‘

For v € [0,7/2] , the above derivative is positive if

ko
2k — 1

|k exp {iy/2} + 1| > '1— exp{i’y/2}‘.
The latter inequality does hold because ka/ (2 — 1) < ko. Hence, d% Re s (t2) > 0
for v € [0,7/2]. O

It remains to prove Lemma JOS8 for REG. In the REG case, z moves away from
zp along Iy when 7 moves away from 7 along C;. Using the definition of ¢; (JO27),
the formula (JO33) for f(z), and the expression (JO42) for 71, we obtain

1-— C1
201

Re f (1) = (—Rer+In|r+1|+kln|r + k| +klnk).

On the other hand, |7 + k| remains constant on C; whereas both —Re7 and |7 + 1
increase as T moves away from 7y along C;. To see that |7 + 1| indeed increases recall
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that the center —k of the circumference that represents C; is to the left of the point
—1. Hence, Re fy, (7) is strictly increasing.
To show that Re f, (7) is strictly increasing too it is sufficient to verify that

2o\ = a(l—c)r(r+1)

- A
Oco T+ K

is strictly increasing for any A from the support of Fe. Since |7 + k| remains constant,
it is sufficient to show that

v (r,x) = ’T(T+1)—$(T+/€)’2

increases as 7 moves away from 7y along C; for any x = Mcy/ [c1 (1 —¢1)].
Parameterize 7 € C; as —k + pe'®,a € [0,7/2]. Then elementary calculations
yield

y(rz)=pt+ (28 — 14+ 2)? p? = 20° (26 — 1 4 z) cos
+ K2 (ﬂ—1)2+2(p2cos2a— (26 —1+z)pcosa) k(k—1)

so that

dy (1,x

(SM100) ) =2p{—(2c—1+2) [p* +r(k—1)] +4pr (k — 1) cosa’}.

d cos o

We would like to prove that the derivative dv (7, x) /d cos « is negative. As is seen
from (SM100), the derivative is decreasing in = and increasing in cos a. Since x > 0
and cos a < 1, it is sufficient to show that d+y (7,0) /d cos « is negative for cos v = 1.
We have

dy (r,0) :_2p(2ﬁ_1){<p_w>2+m(m—l)—(M)z}.

decosa | ogot1 2k —1 2k — 1

This is negative because the expression in the figure brackets is positive. The posi-
tivity follows from the observation that

k(k—1) 2k —1)? =42 (k- 1) =k (K —1) > 0.

To summarize, both Re f (1) and Re fy, (7) are strictly increasing as 7 moves away
from 7y along Cyi. Hence, the image of Ci, K, is a contour of steep descent of
—Re f(2) in z-plane. O

5. Laplace approximation.
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5.1. Proof of Lemma JOY (extends Olver’s asy. expansion). We closely follow
Olver’s (1997, pp. 121-125) derivation of an approximation to a similar integral,
augmenting Olver’s proof by explicit uniform bounds on the approximation errors.
First, focus on the integral

It = / e P2y (2)dz.
[Z()vb]lc

Let us introduce new variables v and w by the equations
(SM101) w? =v=¢(2) — ¢,

where the branch of w is determined by lim {argv} = arg ¢o + 25 as z — 2y along
(20,b)), and by continuity elsewhere. Here 8 = limarg(z — 29) as z — zp along
(207 b)IC'

Consider w as a function of z. A proof of the following auxiliary lemma is given
in the next subsection of this note.

LEMMA 23. Let B (o, R) and B (a, R) denote, respectively, the open and closed
balls in C with center at o and radius R. Suppose that assumptions A0-A4 hold.
Then, there exist p1,p2 > 0 with pa < p1, which do not depend on p and w, such
that, for sufficiently large p,

(i) w(z) is holomorphic in B (29, p1). Furthermore, for any (1,2 from B (20, p1),
we have

w(G2) = w (€)= 46y I — Gl

(11) w(z) maps B (z9,p1) on an open set W that contains 0. The inverse function
z(w) is holomorphic in W.

(iit) For any z1 € [20,b]c such that |z1 — 29| = p2, B(0,2|w(21)|) is contained in
w.

Let 21 be a point of [z, b])- satisfying Lemma 23 (iii). Then the portion [zg, 1]
of IC can be deformed, without changing the value of the integral

T+ = / e‘pd’(z)x(z)dz,
[20,21]

to make its w(z) map a straight line. Since x(z) may be random, the latter statement
is only true under qualification: “with probability arbitrarily close to one (w.p.a.c.1)
for sufficiently large p.” Transformation to the variable v gives

(SM102) It = e_pd’o/ e Pp(v)du,
[0,7]
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where

(SM103) T=¢(21) — o, ¢(v) = x(2)/¢' (),

and the path for the integral on the right-hand side of (SM102) is also a straight
line.
For |v| <7 with |v] # 0, ¢(v) has a convergent expansion of the form

(SM104) p(v) = Z a2,
s=0
w.p.a.c.1 for sufficiently large p. Indeed, it is sufficient to show that expansion
(SM105) wp(v) = wy(2)/¢' (2) = Zasws
s=0

converges for w € W, w.p.a.c.1 for sufficiently large p. But by Lemma 23, wx/(z)
and ¢'(z) viewed as functions of w, are holomorphic in W, w.p.a.c.1 for sufficiently
large p. Furthermore, since

#(2)azw) = 20,
¢'(z) is not equal to zero for w € §(0,2T1/2) \ {0}, and, since ¢ # 0, ¢'(z) has
a simple zero at w = 0. Therefore, the desired convergence holds, w.p.a.c.1 for
sufficiently large p.

The coefficients a, in (SM104) can be computed from the coefficients ¢; and x;
defined by equation (JO44). The formulae for ag,a;, and a9 are given, for example,
on p. 86 of Olver (1997). We use the formula for a¢ in the statement of Lemma JOO.

Define ¢ (v), k =0,1,2,... by the relations ¢ (0) = a; and

k—1
(SM106) o(v) = Z asv D2 4y E=D2 0 (1) for v #£ 0.
s=0

Then the integral on the right-hand side of (SM102) can be rearranged in the form

k—1
- s+1 Qs
(SMlO?) / e P QO(U)d'U = Z r < D) > p(8+1)/2 — Ek,1 (p7w) + €k,2 (p,OJ) )

[0,7] s=0

where

k—1 s+1 a
(SM108) er1(pw) = ZF< 5 =TP> P02

(SMlOQ) €k,2 (p7w) = /[0 ]e—PUU(k—l)/2(pk (1)) dv,
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and I' (o, ) = fxoo e~t*~1dt is the incomplete Gamma function. Keep in mind that
T, as, and ¢ depend on p and w.

Note that arg v is a continuous function of z, and as mentioned above, lim |argv| =
larg g2 + 26| as z — 2y along (20,b), . On the other hand, Lemma JO9 requires
that |arg ¢ + 28| < w/2. Therefore, lim [argv| < 7/2 as z — 2o along (z0,b) .
But since K is a path of steep descent (of —Re¢@(z)), Re (v) must be positive for
z € (20,b]ic. Hence, by continuity, |argv| < m/2 for z € (20,b];. In particular,
larg 7| = |arg (¢ (21) — ¢0)| < w/2. Therefore, each incomplete Gamma function in
(SM108) takes its principal value.

Consider p(v)w as a function of w. Since ¢’ (z) = 2w(z)w'(z), we have

(SM110) p)w = x (2) /(2w'(2)).

By Lemma 23 (i),
(SM111) [w'(2)] > § |83

for z € B (29, p1) . Equation (SM110), inequality (SM111), and Assumptions A2, A5
imply that

(SM112) sup [p(v)w| = sup  |x(2)/(2w'(2))| = Op(1)
weW 2€B(20,p1)

as p — oo, where Op(1) is uniform in w € Q.
Further, by Assumption A4, there exist positive constants 71 and 7 (that may de-
pend on ps = |21 — zp|) such that for all w € Q and sufficiently large p, Re 7 > 7 and

Im 7| < 7o. Since |7| > |Re7| > 71, B <O, \7'1]1/2> is contained in W, where ¢(v)w

is analytic. Using Cauchy’s estimates for the derivatives of an analytic function (see
Theorem 10.26 in Rudin (1987)), (SM105) and (SM112), we get

(SM113) las| < |7 7% sup  |ow| = Op(1).
weB(0,m]"/?)

Next, Olver (1997, ch. 4, pp.109-110) shows that I" (a, () = O (e_CCa_l) as |¢| —
oo, uniformly in the sector |arg ()| < w/2—0 for an arbitrary positive d. Let us take
a=(s+1)/2 and ¢ = 7p. Since Re7 > 71 and [Im 7| < 73, we have

|Tp| > T1p — o0

and
larg (7p)| = |arctan(Im 7/ Re 7)| < arctan(re/71) < 7/2,

uniformly in w € ) for sufficiently large p. Therefore,

(SM114) r(Shm) o () o (e i)
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for any integer s, uniformly in w € Q. Equality (SM114), the definition (SM108) of
ek,1 (p,w), and inequality (SM113) imply that

(SM115) ek (p,w) =Op (e_%ﬁp) ,

where Op is uniform in w € €.
Now consider w*py, (v) as a function of w. Since, by definition,

k—1

wor (v) = p (V) w =Y asw’,
s=0
it can be interpreted as a remainder in the Taylor expansion of ¢ (v) w. As explained
above, such an expansion is valid in W, which includes the ball B (O, 2 \7']1/ 2) by

Lemma 23 (iii). By a general formula for remainders in Taylor expansions, for any
1/2
we B (0,l7'?),

k
(SM116) ‘wkgpk (v)‘ < Jwl” max

dk
kY wen(o,)r1/2) ‘

e we(v)].

1/2

Further, for any w € B (O, 7| ), a ball with radius |r,|'/? centered in w is con-

tained in the ball B (O, 2 \T\l/2> C W. Therefore, using (SM112) and Cauchy’s esti-

mates for the derivatives of an analytic function (see Theorem 10.26 in Rudin (1987)),
we get

dk

ToF < k! |7'1|_k/2 sup |wy (v)| = Op(1).

weW

(SM117) max
weB(0,]7]'/?)

(wep (v))

Combining (SM116) and (SM117), we have

sup | (v)| = Op(1).
ve(0,7]
This equality together with (SM113) and the fact that, by definition, ¢ (0) = ak
imply that
(SM118) max, ok (v)] = Op(1),
vel0,7

where Op(1) is uniform in w € €.
For €, 2 (p,w), the substitution of variable v = 72/p in the integral (SM109) yields

P _
Era (p,OJ) _ p—(k+1)/2/ G_Txxklek;rl o (U) de.
0
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Therefore,
(SMllg) Ek72 (p,w) p(k+1)/2 < maX ‘(pk ‘/ Re‘[‘x k=1 ’T‘k+1 dx
< max |pk (v \/ y &R dy
ve[0,7]

Since Re7 > 7 and |[Im 7| < 72, we have

Rer Rer 5!

>
7|~ [Rer|[+ [Imr| = 71 + 7

for all w € Q and sufficiently large p. Therefore, the integral in (SM119) is bounded
uniformly in w € Q. Using (SM118), we conclude that

(SM120) ek (pyw) = Op (p~0HD/2)
Combining (SM102), (SM107), (SM115), and (SM120), we obtain

k—1
oo s+1 Qs Op (1)
(SM121) It = P (ZF < 2 > pls+1)/2 T plk+1)/2 7

s=

where Op (1) is uniform in w € Q.
Let us now consider the contribution of [z1, ] to the contour integral

It = / e Py (2)dz.
[207b]lc

Since K is a contour of steep descent,

inf  Re(¢(z) — ¢o) > Rer > 7.

2€[21,b]

Therefore, by assumptions A5 and A0, we have

(SM122) ‘IJF - I_+‘ < eTPP0eTPT / Ix(z)dz|
[Zlvb]lc
< e PPOPTL IK|Op (1) = e PPePIOp (1),

where Op (1) is uniform in w € Q.
Combining (SM121) and (SM122), we obtain

k—1
Y —peo s+1 as Op (1)
(SM123) I*=e (Z_;)T < 5 > Sen2 T ez |
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Finally, note that
Lw=I"-1",

I~ = / e P2\ (2)dz
[Z()va]lc

where [29, a], is a contour that coincides with [a, 29|, but has the opposite orienta-
tion. The integral I~ can be analyzed similarly to I". As explained in Olver (1997,
pp.121-122), as with odd s in the asymptotic expansion for I~ coincides with the
corresponding ag in the asymptotic expansion for I~. However, as with even s in
the two expansions differ by the sign. Therefore, coefficients as; with odd s cancel
out, but those with even s double in the difference of the two expansions. Setting
k = 2m, we have

m—1
_ 1 a Op (1)
o 1) + 2s P
Ipw = 2e7P% <Z r (3 + 2) P12 + pm+l/2> ,

s=0

where

which establishes the lemma. OJ

Proof of Lemma 23.
First, we show that there exists p; such that w(z) is holomorphic in B (2, p1) and

that Lw (z) = (bl/ ?. Let ¢U)(z) denote the j-th order derivative of ¢(z). Consider
a Taylor expansion of ¢)(z) at z

K
1
ZZ—,QWJFS ) (2 = 20)" + Rjjs1-

In general, for any z € B (zq,z), the remainder R; ;. satisfies

’Z _ Zo‘k—i-l

SM124 R < -
( ) | j,k+1| = (k‘—|— 1)| \t—H;oa]Sx

¢(j+k+1) (t)‘ )

By assumptions A1-A3, there exist constants C1, Cs, and C4, such that
C

(SM125) 6% ()] < 5 [0 ()

for any t € B(29,C1). Let p; = min{C’l, %} Then, combining (SM125) with
(SM124) and recalling that %gb(j)(zo) = ¢;, we obtain for z € B (z9, p1),

|z — 2o

(SM126) |Ro 3| <’ ’ |p2|, and |Ryp| < |pal .

Further, since
Roa = ¢2 (2 — 20)° + Ro33,
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the first of the inequalities in (SM126) implies that, for z € B (2o, p1),
) 2 7 2
(SM127) g |92l12 — 20l < [Rozl| < & l¢2l |2 — 2ol
Next, since ¢1 = 0, inequalities (SM127) imply that
5
(SM128) |9(2) — ol = [Roz2| = 6 |62l |2 — 20/

for any 2 € B (20, p1) - Since ¢o # 0, inequality (SM128) implies that ¢(2) — ¢o does
not have zeros in B (zp, p1) except a zero of the second order at z = zy. Therefore,

() o0 _ w(2)

(z—20)% 22— 20

is holomorphic inside B (zg, p1), and converges to qb;/ ?as 2 — zp. This implies that

w (z) is holomorphic in B (zg, p1) and %w (20) = 5/2.
Now let us show that, for any z € B (20, p1),
d d d
- _ < 1=
(SM129) P (2) P (20)] < 5 P (20)
Indeed, since
d ONE _
ove) =50 ((z)) =3 (2) —d0) oM ()
and %w (20) = ;/2 #£0,
du (:) Ros 7 R
(SM130) LT (1 + %) <1 + #> .
Lw(20) b2 (2 — 20) 2¢2 (2 — 20)
Note that for any y; and yo such that |ys| < 1,
I+ ‘ ly1| + 2|
SM131 | < T 192l
( ) V1t 1= ys|

where the principal branch of the square root is used. This follows from the facts
that, for [yo| < 1, [VIFy2| > 1 — [y2] and |1 +y1 — VT + 2| < |y1] + |92 Both
of these inequalities follow from ‘1 -1+ | < |ya|, which can be established by
denoting /1 + y2 as x so that the inequality becomes |1 — z| < !xz — 1! and using
the fact that 1 < |z + 1| (because Rexz > 0 when |y2| < 1). Setting

Ri9 Ro3

= d =
Y1 262 (2 — 20) and Y2
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and using (SM126) and (SM130), we obtain

v (2)

—1
L (z)

<

N[

Hence, (SM129) holds.
Finally, let ¢; and (2 be any two points in B (zq, p1), and let y(t) = (1 — t) {1 +t(a,
where t € [0, 1] . We have

L/d d w(@)-—w(@) d
/0 <&w (v(t)) — EP (Zo)> dt = -4 &Y (20) -

Therefore, using (SM129), we obtain

w(C)—w(¢) d d
'—jgfa———@w@w 4 (o)

<1
~ 2 \dz

This inequality and the fact that %w (20) = qﬁé/ % imply part (i) of the lemma.

Part (ii) of the lemma is a simple consequence of part (i). Indeed, by the open
mapping theorem, W is an open set. Next, by (i), w(z) is one-to-one mapping of
B (z9,p1) on W and has a non-zero derivative in B (zp, p1) . Further, let ¢ (w) be
defined on W by ¢ (w(z)) = z. Fix w € W. Then 9 (w) = Z for a unique Z in
B (z0,p1). If we W and ¢ (w) = z, we have

b -v@) _ =%

w w(z) —w(2)

By (i), w — @ as z — Z, and the latter equality implies %w (w) = ﬁ Therefore,
dZUJ z
z(w) =1 (w) is an analytic inverse of w(z) on W.
Finally, part (iii) of the lemma can be established as follows. Note that by part (i),

|w (Z() =+ plei@) —w (20)| > % ‘%w (Zo)

for any ¢ € [0,27]. Therefore, for any w; such that |wy —w (20)| < & |%w (20)|,

we have
. i P1
min |w; —w (29 + p1€'%)| > =
<p€[0,27r}‘ ! ( 0 ) — 4

d
&w (ZO)

By a corollary to the maximum modulus theorem (see Rudin (1987), p. 212), the
latter inequality implies that the function w (z) — w; has a zero in B(zg, p1). Thus,
region W includes B(0, & ‘%w (20)])- On the other hand,

(SM132) jw(21)] < 2p2

d
&’w (20)
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Indeed, consider the identity
w® (21) = ¢1 (21 — 20) + Roja-

Since ¢1 = 0, (SM127) imply

(SM133) lw (20 < = |2l |21 — 20]%.

[N

But, by definition,

(SM134) |Z1 — Zo| = pP2.
Since Lw(z9) = 5/2, (SM133) and (SM134) imply (SM132). Setting p2 = p1/16,
we obtain that W includes B(0,2 |w (z1)|).

5.2. Evaluation of d*f(zy)/dz*. Note that —d?f, (20) /dz? = dme (2) /dz. There-
fore d?f. (29) /dz? can be directly evaluated using explicit expressions for the Stielt-
jes transforms of the semicircle, Marchenko-Pastur and Wachter distributions. Fur-
ther, using the definition of fy,(z), we directly evaluate d2f; (29) /dz?. Combining the
expressions for the second derivatives of f. and f,, we obtain values of the second
derivative of f reported in Table JO6.

Evaluation of dmc (z9) /dz. For each of the three cases, it is a little easier to
evaluate

(SM135) a(g) = ™20 __d <1>

m2(z)  dz \m

z=z0

In each case v = —1/m satisfies a quadratic equation in v = v(z). Differentiation
with respect to z yields an equation for v" which we write in the form

(SM136) (C+ AW =C.

SMD. From (SM75), v = —1/m satisfies 1 — zv + v? = 0, and so, differentiating
w.r.t. z,
(2v — 2)v = .
At z =29 =60+41/0, with m(zp) = —6, we get C =vg =1/6 and A = vy — 29 = —0,
and o )
9 = / = = .
alf) =v(z0) = 708 = T
PCA. From (SM76), v = —1/m satisfies c;z — (2 + ¢; — 1)v + v? = 0, and so,
differentiating,

2v—z—ca+1) =v—0q.
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At 29 = (1 +0)(c1 +0)/0 and vy = ¢1(1 + 0)/0, we have C' = vy — ¢; = ¢1/0 and
A =vg— 29+ 1= —0, so that

C o C1
C—I—A_Cl—92.

a(0) =v'(2) =
SigD. From (SM77), v = —1/m satisfies
c1z(cy — caz) — [2 —¢1 + (c1 + e — 2¢1¢9)2]v + 1720% = 0,
and so v’ satisfies (SM136) with
C=c—2c1c9(z —v) — (c1 + e2)v, A=—c1+ (1 +c2)(z —v).
At zg = (140)(c1+6)/61(0) and vg = c1(1+60)/01(0), we find 29 — vy = (1+6)/1(6),
and eventually "

C1
C:—el(e)[h(9)+02], A:m(e)H?,

with h(0) = ¢1 + c2(1 + 0)? — 62, and hence

h(0) + 62
0) = =7
o) = v'(z0) =
The results are summarized for later reference in Table 5.
m(zo) a(0) m’(20)
1 6?
SMD - -e -
0 el 6?

PCA, RE -
CA, REGo a(l+60) -0  ca(l+0)%(c—02)
01(0) h(6) + 6° 0%1%(0) h(6) + 67
c1(1+0) h(#) A(1+6)2 h(o)
TABLE 5
Summary of Stieltjes transform quantities. a(0) is defined at (SM135), h(0) = c1 + co(1+ )% — 6.

SigD, REG, CCA  —

Computation of d?f; (29) /dz%. Since f"(z) = f!(z)+ fl/(z) and f!(z) = —m/(2),
we have

—f"(20) = m'(20) — ft/(20)-

We will see that in each case there is a factorization

m’(z9) = m*(z0)a(8)

Sl (z0) = m*(20)b(6).



88 I. M. JOHNSTONE AND A. ONATSKI

Note that the functions a(f),b(f) are distinct from the constants a,b in (SMT78).
Thus
—f"(20) = m?(z0)[a(0) — b(O)],

and the entries of Table JO6 are
62 62 1

(SM137) Dy = = .
—f"(z0)  m2(20) a(8) — b(0)
0? 1
b(0
) ) a®)—b0)
SMD 0 1 1—6°
PCA 0 ci(1+0)? ?
1
2 2 2
. _ac ci(1+0) hr?
SigD r2 2 A3l2
c1 2 2 hoKo
E — 1+0 _—
R GO K() Cl( + ) 01(1 +0)2
2 2
o ci(1+0) hK1
REG K1 2 01(1 + 9)2l2
CCA c1 —Cz(1+0) C%(1+9)2 hK>
Ko 12 (Cl +Cz)(1+9)2l
TABLE 6

Remaining quantities needed for Table JO6: as shown at (SM137), the entries there are obtained

by multiplying the last two columns of this table. In the last three cases, some algebra is required to

verify that a(0) — b(0) factorizes as shown in the last column. Here ho = ¢1 — 02, Ko = 1+ ¢1 + 26,

Ki=c1+0+(1+0) and K2 =2(c1 +0) + (1 —c1)l. As ca — 0, we have h — ho,l — 1,72 5
and K17K2 — Ko.

Evaluation of b(). For SMD and PCA, fy,(z) is linear in z so b(#) = 0.
For SigD, from (SM78) and (SM80), we find that

" 1 ab 2 €12 o
h(20) = 5 =——am (20)

1—az
For the q = 1 cases, we have from (SM82) that

(SM138) 1o =2 ) (?) |

C1

where x(n) = x;(n;) = (9/9n;)¢;(t;,n;) is given by (SM83).
REG,. Recall that tg = (1 + /T +419) = (1 +6)/(1 —c1), so that from (SM93)

. d 1—61
0 dno (14 4mo) 1+c+20
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We have both

a4 ()_i 1N _f and A _ 0
d " =g o)) T @ &z (T—ar)?
and so 5
" _ 02 a
w0 = e " T v

REG. We have x1(n1) = —t1(n:1) and recall that ¢; satisfies a quadratic equation
mt? + (1 —m)t — k = 0, so that {; = dt;/dn solves

[2771t1 +1-—- 771]&1 = tl(l — tl).
Using (SM84), we can evaluate

()

A (O

and setting
Ki(0) =c1+0+ (140)l(0),

we also have from (SM94) and (SMS85)

61K1 (9)

2mty +1—m = m

We then find from (SM138), the previous displays and dn;/dz = Oca/[c1(1 — ¢1)]
that 0212(0)
1" . 1 2 C1
W) = TR ame - " K6
CCA. Recall that to(n2) satisfies a2 (k —1)t? 4+t —x = 0, and hence £ = dto(n)/dn
is given by

I Gl VL
14 2m(k — Dty
Since x2(t2) = —ktay/(1 — nots), we have

t2

d —K 5
— = —— (5 + t2).
anz(Tl) 1- ?72?52)2( 5+ t2)

We have k = 72/ca(1 —¢1) and k — 1 = ¢;/ca(1 — ¢1), and so from (SMS8S),

c1+0
(k = D)maty = m

and if we define
KQ(Q) = (1 — Cl)l(e) + 2(61 + 9),
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we arrive at

.t L(9)
t24t="2cy— .
2T, [62 K2(9)}

Some algebra shows that

C1 [CQKQ(H) — L(@)] = 7‘2[02(1 + 9) — Cl].

From (SM138) and the preceding displays,

fﬁ’<zO>:_1—01[ iz dnzr r2 ea(146) —c

KC1 1-— 772t2 E C1C9 Kg(@)

Now from (SM87) and (SMS8S),

/itg % . 9[(9) _ C1 ( )
1—772t2dz_(1+9)(1—61)_ 1—Clmz0

and so finally
CcCl1 — 62(1 + 9)

f}lll(z(]) :m2(z0) K2(0)

5.3. Proof of Theorem JO10. First, let us show that

(SM139) L8 = —22 L op (),
—d? f(2) /d2?

where Op (1) is uniform with respect to 0 € (0,§ - 6] . Changing the variable of
integration in (JO45) from z to ¢ = 0z, we obtain

(SM140) Ly (0;A) = \/ﬁ% /K e POy (€)dC,

where
o(C) = f(¢/0) /2, x(C) = 9(¢/9)/9,

and K is the image of K1 U K; under the transformation z — ¢. The set of possible
values of # is 2 = (0,@— 6].

Using Table JO6 and the definitions of K1, 29, f(z), and g(2), it is straightforward
to verify that the assumptions AO-A4 of Lemma JO9 hold for the integral in (SM140)
for all the six cases that we consider. The validity of A5 follows from Lemma 24
given below and from the definitions of g (z). Let

(SM141) QO =p [ (/0 -d (F) - o).

so that A(¢) = —21ng.(¢/0).
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LEMMA 24. Suppose that the null hypothesis holds, that is g = 0. Then there
exists a positive constant C1, such that for a subset © of C that consists of all points
whose FEuclidean distance from K is no larger than C1, we have

sup |A (¢)| = Op(1)
ceo

as n,p —~ 00, where Op(1) is uniform with respect to § € Q = (0, 6 — 6] .

Proof: Let us rewrite (SM141) in the following equivalent form

MO =p [ =20/ (F() - Fe (V).

Statistic A(() is a special form of a linear spectral statistic

A =p [N d(FO) - Fe ()

studied by Bai and Yao (2005), Bai and Silverstein (2004), and Zheng (2012) for
the cases of the Semi-circle, Marchenko-Pastur, and Wachter limiting distributions,
respectively. These papers note that

Ap) = === [ @ (&) (m (&) — me (€)) dE,

27 P

where
1 1

() = [ 5P ©) me(©) = [ e

are the Stieltjes transforms of F' and Fy, and P is a positively oriented contour in
an open neighborhood of the supports of £ and F,, where ¢ (£) is analytic, that
encloses these supports. Theorem 2.1 and equation (2.3) of Bai and Yao (2005) for
SMD case, and Lemma 1.1 of Bai and Silverstein (2004) for the rest of the cases,
imply that if the distance from P to the supports of F' and F, stays away from zero
with probability approaching one as n,p —~ oo, then

/P Ip (1 (€) — me (€)) d€] = Op (1)

(Throughout these notes, notation [, | f(&)d¢| should be interpreted as ff |f(P(t)P'(t)|dt,
where P is parameterized as a continuously differentiable complex function on

[, 8] € R For piecewise continuously differential pathes, [, 5] should be split

into a finite number of sub-intervals where P is continuously differentiable.) There-

fore, for any § > 0, there exists B > 0, such that

(SM142) Pr <|A(90)| < 322713 IsD(E)I) >1-9
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for all n and p, where constant B does not depend on ¢. Now, consider a family of
functions ¢¢ g (£)

{peo (&) =In(1—¢€0/¢): ¢ €O and b cQ}.

By the definitions of © and 2, there exists an open neighborhood A of the supports
of F' and F. and a constant Bj, such that, with probability arbitrarily close to one,
for sufficiently large n and p, ¢ ¢ (§) are analytic in N for all { € © and 6 € Q and

sup sup sup |¢¢ g (&) < By.
0eQ (€O EeN

Since A(gc¢p) = A(C), we obtain from (SM142) that for any 6 > 0, there exists
Bs > 0 such that for sufficiently large n and p,

Pr <Supsup IA(Q)] < Bg) >1-04.
0eQ CcO

In other words, sup;cg |A(¢)| = Op(1) uniformly over 6 € Q. O
Applying Lemma JO9 to the integral in (SM140) and using the fact that f(z9) =
0, we obtain (SM139). It remains to show that Ly (0; A) is asymptotically dominated
by Ly (6;A), where
Ly (0;A) = L (6;A) — L1 (6; 7).

For SMD, PCA, and SigD we have

VTP o—(P/2)(fot fiul - ~1/2
Ly (6;M)] = - p et/ g gn(z dz
|La2 (0; A)] 27 e, ];[

\/5 /e g (220) P
™
\/E —0/2fe g (229) P// ~0/2h@) g (3)da.

Explicitly evaluating the latter integral and using the exact form of g., available
from Table JO4, we obtain

L2 (05 M)] < —2Cpe—(p/2)fo (220) /2 e~ P/25(0) (1 4 (1)),
A/ T

IN

e~ (/D2 g (z)dz‘

where o(1) does not depend on 0, C' = 1 for SMD and PCA, and C = /c1 + ¢c3/r
for SigD. Therefore,

Lo (65 )] < 5—5_])6_(”/2”(20) exp {—(p/2) (In(220) — fe (20))} (1 + o(1))

_ jf_pexp{_g/m <202i°A> ch(A>} (1+0(1)),
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where we used the fact that f (z9) = 0. But In (2z0/ (20 — A)) is positive and bounded
away from zero uniformly over 6 € (0, 0— 5] with probability arbitrarily close to
one, for sufficiently large n, p. Hence, there exists a positive constant K such that

Ly (0:4)] < j—f_pff (14 o(1))

with probability arbitrarily close to one for sufficiently large n,p. Combining this
inequality with (SM139), we establish Theorem JO10 for SMD, PCA, and SigD.
For REGy, we shall need the following lemma.

LEMMA 25.  For sufficiently large n and p, we have
(SM143) loF1 (b—s;W112) | < 4y/7m |exp {—mepg (o)}
for any z and any 6 > 0.
Proof: We use the identity (see formula 9.6.3 in Abramowitz and Stegun (1964))
I (O) = e ™/2] (i¢) for — 7 < arg( < 7/2,
where Jp, () is the Bessel function. The identity and (JO22) imply that
(SM144) oF1(b—s;¥112) =T (m+1) (ano)_m/2 emm/2 g (i2mné/2> .
On the other hand, for any ¢ and any positive K,

Cexp{ﬂ}
} 1+41-¢ ’

(see Watson (1944), p. 270). The latter inequality, equation (SM144), and the Stirling
formula for T' (m + 1) imply that (SM143) holds for sufficiently large m, for any z
and 6 > 0. The constant 4 on the right hand side of (SM143) is not the smallest
possible one, but it is sufficient for our purposes. [

Using inequality (SM143), we obtain for REG

sin K7
Kr

(SM145) ke (KQ)| < {1 T

p
(SM146) | Ly (6;A)] < de”#/2ege /pm /K exp {—mgpo(to)} [] (= — )7/ dz|.
2 j=1

It is straightforward to verify that Reg(tg) is strictly increasing as z is moving
along ICy towards —oo. Therefore, for any z € Ko,

Re o (to(2)) > Repo(to(Z)),
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where Z = 21 +1(z9 — 21) is the point of Iy where Iy meets ;. The latter inequality
together with (SM146) yields

1/2

i’ |dz] .

Z—/\j

p
2 j:l

1Ly (0; A)] < de=®/DRIE)g |0 (5)] S /K

Since, for some constant 71, Re f (2) > f (20) + 71 = 71 and since, by Lemma 24,
4ge (Z) = Op (1) uniformly over 6 € (0,6 — €] , we obtain

Il

2 j:l

Z—Aj 1/

Z—)\j

2
(SM147) |La (6;A)] < e_(*”’/2)ngm/pm/IC |dz| Op (1) .

Note that for any z € Ky and any j = 1,...,p, [(Z— Aj) /(2 = A\j)| < 1and |z — \j| >
|z| . Further, since zg < |Z| and with probability arbitrary close to one, for sufficiently
large n and p, A1 < zp, we have |Z — \j| < |Z — 29| < 2|Z|. Thus, for p > 4, we have

L1

2 j:l

Z—)\j 1/2

Z—/\j

dz] < / 412/2 2 dz] = 21 O(1)
Ko

Combining this with (SM147) and noting that g.|z| = O (1) uniformly over 0 €
(0, 0— E] , we obtain

(SM148) 1Ly (0; A)] < /pme~®/P10p (1),

where Op (1) is uniform with respect to § € (0,6 — £]. Theorem JO10 for REGq
follows from the latter equality and (SM139).
For REG and CCA, the Theorem follows from (SM139) and inequalities

(SM149) Ly (6; A)| < peP™0p (1),

where 79 is a positive constant. We obtain (SM149) by combining the method used
to derive (SM148) with upper bounds on 1 F} and 2 F}, which we establish using the
integral representations (JO25). O

A proof of the domination of Ly (6; A) by L; (6;A) (via establishing (SM149)).
By definition, we have
(SM150)
p gege(20) ST E AR
Ly (6:0) = Vapexp {5 (fo+ ful) f 222 [ B[ (2=2) a2
KoUK 2

27l Z— A
j=1 J

with j = 1 for REG and j = 2 for CCA. The idea of the proof is to use the integral
representations (SM31), that is

C’mnj_m

(nj+)
Fy= =i [ exp{mmos ()} (1)
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to find simple upper bounds for |F}| corresponding to z € Ky U ICo. Note that since

F;(z) = Fj(#), it is sufficient to establish the bounds for z € Cy. These upper
bounds will then be used to estimate the integral in (SM150) from above, and
eventually to establish the domination of Lo (6; A) by Ly (6; A).

REG.

LEMMA 26. Let 74 € Co and z be the corresponding point of Ko. Then Re fi(z) >
fu(z0) + o, where a > 0 does not depend on 74 € Co and does not depend on 6.

Proof: Parametrize points 7 € Co as
(SM151) T+ = —Kk — ¢ + |10 + K| exp {ir/2},

x > 0. As x goes from 0 to oo, the corresponding z tracks contour Xy from the point
¢, where Ko and Xy meet, to —oo. Recall that

(SM152) —gfh(z) =-—m(p1(t1) + k) = —m(¢1 (74) +Inm + k),

where K = klnk — (k—1)In(k — 1). Using the definition (SM32) of ¢; and the
identity

T4 (T + 1)
SM153 = —F
( ) m=

we obtain

%Refh(z) =—Rery +In|ry + 1| — kln|ry + k| + klnk.
m

Taking the derivative of both sides of the latter equality with respect to x, we obtain

p d r+r—1 KT

——DRefn(z) =1+ - .
2m dz fu(2) I+ 1% |y + &)

For x > 0, we have
|7+ + K| = |-z + |10+ k|lexp{in/2}| > and
|7+ + k| = |-z + |10+ klexp {ir/2}| > k.
Therefore, kz/ |7 4 k|* < 1 and 4 Re fu(2) > 0. This implies that

Re fi(2) > Re fu().

On the other hand, as shown in subsection 4.7 (pp 38-40 of these notes), Re fj(2)
strictly increases as z moves along Ky from zy to (. Hence, there exists o > 0 that
does not depend on 74 € Co, such that

Re fu(2) > Re fi(20) + @ = fu(20) + .

From the definitions of C; (the image of which under 7 — z transformation is K1)
and of f,(z), it is easy to see that a can be chosen so that it does not depend on 6
as well. O
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LEMMA 27. There exist positive constants o and «y that do not depend on 0
such that, for any 7o € Co

(SM154) 1] < a1/l exp { =5 (fa(z0) + ) }

Proof: Let 7 € C2 and z be the corresponding point of K. Choose the contour
in the integral representation (SM31) of F} as in subsection 4.3 (that contains a
proof of Lemma JO3) of this note. We shall call such a contour £*. As explained
in subsection 4.3, the minimum of Re¢; (7) over 7 € K* is achieved either at 74
or, in some cases corresponding to situation 3, at 7* that belongs to [0, A] and is
such that Re7* < —k (see a discussion around equation (SM56), which shows that
points 7% € [0, A] with Re7* > —x cannot correspond to the minimum of Re ¢; (7)
over T € K¥).

If the minimum of Re ¢y (7) over 7 € K* is achieved at 74 then using (SM31),
(SM152), and the Stirling’s approximation

(SM155)  C,, = M exp{m(k—1)In(k —1) —mrlnk} (1+0(1)),

we obtain, for some & > 0 that does not depend on 7 and on 6,
~ p

(SM156) |Fi| < a+/pexp {—5 Re fh(z)} /’C Ix1 (7)dr].

Recall that x; (1) = (1 —n1) "' . By definition of K*,

(SM157) sup [xi (7)] < max {|ry —m| ™, Im| ™'} and K] < | +27 |7y = m].
TEIC*

Identity (SM153) implies that |74 — 1| = (k — 1) |74/ (74 + k)| is bounded away
from zero uniformly with respect to 7, € Cy. Therefore, (SM156) and (SM157)
imply that there exists a; > 0 that does not depend on 74 and on # such that

1] < ary/plm] exp {2 Re fu(2)}

Combining this with Lemma 26, we obtain (SM154).
If the minimum of Re ¢1 (7) over 7 € K* is achieved at 7* then we must be in
situation 3 so that |[7* —nq| > |74 — m1| and

Re¢1 (7") = —Rerm" —kln|r*|+ (k= 1)In|7" —n|
> —Rer" —rkln|m™|+ (k—1)In|my —m]|.

Let 7 be any point on the ray starting at 0 and passing through n;, let argn = 8
(note that 5 > m/2 so that cos 5 < 0), and let # = |7|. Then

~Re7" — kln|r*| > —max{zcos § + klna} = k — kln(~r/ cos ).



SUPPLEMENTARY MATERIAL 97
Therefore,
Re¢i (77) > k —kln(—k/cos B) + (k — 1) In |74 — m1].
This inequality implies
Regy (7*) + In|ni| > k — kln(—k/cos B) + (k — 1) In |7 — m| + In|ny].

Using (SM153) and the fact that 7 € Cy, we obtain

Re¢1 (7°) + In|ni| > Kk — kln (—k/cos 5) + kIn T+
T++/€
+Injry +1|+(k—1)In(k —1)
(SM158) >k—kln(—k/cosf)+In|7r + 1|+ (k—1)In(k—1),

where 74 = —k+ |19 + k| exp {im/2} is the point where C3 and C; meet. On the other
hand,
cos B < cosargTy = —K/ |T4]

and thus

k—kln(—k/cosp) > k—rln|7y|=rk+rln(|74 +k|/|74|) — kIn |7 + K|

> K+ kln (1/\/5) —kIn|Ty + K| > —kIn|7L + K| .
Using this inequality and (SM158), we obtain
Red1 (%) +In|m| > —kIn |7y + k| +In|7y + 1|+ (k= 1) In(k —1).

Since |7 + k| stays constant for 7 € C; whereas |7 + 1| is strictly decreasing as 7
moves along C; from 7 to 74, there exists as > 0 which is independent of 7, and
#, such that

Re ¢1 (77) + In 1] —kln(p+k)+In(rp+1)+(k—1)In(k—1)+ ay
—o—kln(ro+K)+In(ro+1)+(k—1)In(k—1) + a2

= Re¢ (10) + In o] + g,

>
>

where 71 is the value of n; that corresponds to zy. Therefore, by (SM152), we have
—m (Re g1 () +Infmi]) < —m (3= fu(z0) + a2 — k).

Using this inequality together with (SM31) and (SM155), we obtain that, for some
@ > 0 that does not depend on 7 and 6,

|Fi| < éa/pexp {—g <fh(20) + 2%%) } /K Ix1 (7)d7].



98 I. M. JOHNSTONE AND A. ONATSKI

Analysing the integral [, |x1 (7) d7| as above, we conclude that there exist o, g > 0
that do not depend on 74 and 6, such that (SM154) holds. O
Using Lemma 27 and equation (SM150), we obtain the following bound on |Lg (6; A)]

p 1/2
b zZ0 — )\]
SM159)  |L2 (6;A)| < cupexp { =S ¢ |gege(20 / m ] <7> dz|.

On the other hand, for any A; from the support of F¢, we have

(SM160) ] ‘Z_O‘ _|mo| _ |10(0+1) (74 + )
z= A z m (to+ k)74 (14 +1)
and
(SM161) ds — Mdm _a(l-a) <1 _ k(k— 1)2> ar..
e e (7 + )

Note that, for any 74 € Co

k(k—1) k(k—1)
(T++/€)2‘ = (r0+ k)

A direct calculation based on the definitions

T = %{7710 -1+ \/(7710 - 1) -1-4%7710}7

o zobco o — c1+co—creo and
Mo = C1 (1—61)7 - Co (1—01) ’
L0 @+
0 0(1+(140)ca/cr)
yields
O+ a  @4+1)(0+c)
o= 1—6177710_ (Cl—I-CQ—I—@Cg)(l—Cl)’ and
K(k—1) . c1 +co—cie
(10 + /1)2 ' (c1+co+ 962)2.

The latter two equalities together with (SM161) imply that there exists a constant
g > 0 that does not depend on 0 € (O, 0 — a] such that (for sufficiently large n,p
as n,p —~ 00)

a
[modz| < 72 |7y
Using this and (SM160) in (SM159), we obtain

10 (10 + 1) (T4 +8) /57
(o +K) 74 (74 + 1)

L2 0] < anazpesp {~Fa} [Sraczo)] [ dr
2
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Note that for any 74 € Ca we have |71 + 1| > |74 + k|. On the other hand, 79+ 1 <

70 + K. Therefore,
(to+1) (74 + K)

1
(10 + k) (4 +1)
and
D p/2 1
|La (6;A)] < alagpexp{——a Z g9e(20) ‘/ |d7]|.
9 T+
Using parameterization (SM151), we obtain
P 1|9 > 70 P2t
Ly(0:0)] < {-2a}|%g. (/ : d
(L2 (B:M)] < arazpexp 2% Hg(zo) 0o |T+K—1|T0+ K| v

p g
< ajopagpexp {—504} ‘gcge(zo)‘

for some a3 > 0 that does not depend on 6. Finally, note that g./6 = O(1) and
ge(z0) = Op(1), so that the above display implies equation (SM149). Since

L1 (6;A) = 9(z0) +0p (p7Y),
—d?f(z0)/d22

we see that Lo (6; A) is asymptotically dominated by Lq (6;A).

CCA. Let A be an arbitrarily large positive constant. Split the contour Ky into
KCo1 and Ko, where
Ko1 ={z:2€K9,Rez>—A}.

Note that the approximation
Fy = Couthy (2) €72/ [2mmegly (t2)| ™% exp {=mips (£2)} (1 + o(1))

derived in Lemma JO3 remains valid for z € K91. Therefore, the representation

LON) = Vg [exn{-E)} o)z

is valid for z € K91 U K;. Hence, if we show that o1 U K7 is a contour of steep
descent for — Re f(z), then

Loy (6;A) + Ly (05 A)

must be asymptotically equivalent to L (6; A), where

Loi (0;A) = \/_ exp {—gf(z)} g(z)dz,

2mi K21UK21

and thus, Loj (6; A) must be asymptotically dominated by L (6;A).
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Obviously, — Re fe(z) is decreasing as z moves along Ky so that Re z becomes
more and more negative. Let us consider the behavior of

1—61

(SM162) —Re fu(z) = (=2 (ts) —klnk 4+ (k—1)In(k —1)).

C1

Recall (SM98), that states

Re s (t2) = —2kIn |to] + (26 — 1) In|ta — 1| + k1n Ki T

Parametrize z € Ko1 as
2=z — x|z — 21|+ [0 — 2li, 2 €0,(A+ 21) /20 — 2]

where
e (1—¢)?1(0)
4672 '

For the corresponding ny = 20c3/ [c31(0)] we have

21 = —

n2 = Ro— xR+ Rii, z € [0, (A +21) /|20 — 21]],

where
1 0c3

Fo 4k (K — 1) and Fu = |z = 2] l(9)
From the definition of ¢ we obtain

2
to = il )
1++/1+4k(k—1) (Ro — 2Ry + Ryi)

which implies that
2K

14 pV/—z+i

p=+4k(k—1)Ry.

LEMMA 28. Let (SM163) hold. Then % (—Repa (t2)) <0 for x > 0.

(SM163) to

where

Proof: Since

Vo241 — Va2 +1
Re\/—x—%i:\/% and Imv—z +i= W,
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we obtain
1 p?r—pRev—z+i
2\/ZE2+1 ‘1—|—p\/—$—|—1|2
26 —1 p?r+ (26— 1) pReyv/—x +1
Va2 +1 |2 —1-pv/—z+i°

= (~Rewa (1)

For x > 0 this is no larger than

pRev—z +1i -1 n (26 — 1)
2V +1 \|[14+pv=zFi] |[26—1—pV/=z+i]" )’

which is negative because

O

‘1+p\/—:13—|—i‘ > ‘1— %p_l\/—xﬂ

Lemma 28 and identity (SM162) imply that — Re fo(2) is decreasing as z moves
along /Co1. Hence Ky U K is indeed a contour of steep descent for — Re f(z), and
therefore Loy (6; A) is asymptotically dominated by L (6; A) . It remains to be shown
that Log (6;A) = Lo (6; A) — L1 (05 A) is asymptotically dominated by L (6;A) .

For any z € K9 and the corresponding 7o = 20c3/ [C%l (9)], consider the integral
representation

(SM164) F = g—g 0(1+) exp {—mps (1)} ¥2 (t) dt,
where
() =—rkIn(t)+(k—1)In(t— 1)+ xln (1 — nat)
Y2 () = (¢t =17 (L —m2t) "

For a fixed contour K, in (SM164), it is clearly possible to make Re 9 (t) arbitrarily
large and |49 (t)| arbitrarily close to zero, uniformly with respect to t € K, by
choosing A sufficiently large (so that || is sufficiently large). Therefore, by choosing
A sufficiently large, we shall have inequality

o] < Gv/pexp {5 (Re fu(z0) + ) |

for some &, > 0 (that do not depend on #) and any z € Kgo. Using this upper
bound in (SM150), we obtain

Loy (0;A) < arpexp {—504} \gcge(zo)!/ (7_ A-]> dz
Koz |21 o J
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for some oy > 0 that does not depend on 6.

Clearly for any z € K22 and any A; from the support of F. we have
2= 120
2

)

<|2| =

z

Z—)\j

where 199 is the value of 75 that correspond to z = zg. Therefore, we have for some
a9 > 0 that does not depend on 6

p/2
p 9e 20
L ,A < - = ‘_ e ‘ / — ’
22 (0;A) < Oézpexp{ 2Oé} 7 9e(20) P dne

and thus, for some a3 > 0 that does not depend on 6,
b e

. < _ JC .

Lo (6;A) < agpexp{ 2a} 2 ge(zo)‘

Finally, note that g./0 = O(1) and go(z9) = Op(1), so that the above display implies
(SM149) with Loy replacing Ls. Since

we see that Log (0; A) is asymptotically dominated by L; (6; A).
6. Asymptotics of LR.

6.1. Derivations for Theorem JO11 (limiting LR). We record details to verify
that

LZ,?) = exp {—5A,(0) + 5 log[1 — 67(6)]} (1 + o(1)),
—f"(20)

where, perhaps surprisingly, our six cases reduce to the three values for ¢,(6) given in
Theorem JO11. Recall the decomposition g = gc.gegn and note from the definitions
(JO15) that ge(z0) = exp{—2A,(0)}. Consequently, from the definition of Dj in
Table JOG6, the left side of the previous display may be written as

07" gogn /D2 exp{—12,(0)},

so our task is to verify that
_p-1 _ 2(p9\\1/2
(SM165) P =07 gogny/D2 = (1 — 62(0))"/2(1 + o(1)).

To this end, Table 7 collects values for #~1§., gn, and /Ds from Table JO4, Section
JO4.1 and Table JOG6 respectively. Cases SMD and PCA require no further comment.

For the remaining cases, we add remarks on the evaluation of g,(z9) and then the
product (SM165).
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07 ge gn v D2
SMD 1 1 V1 — 62
1
PCA m 1 Cl(l+9)\/h0/61
SieD rv/c1 + ca c1l(9) r(1—|—9)\/ﬁ
& Z(1+0) r? 12(0)
1 \/1 —C1
REG _ Koh
0 i 00 c1y/Koho/c1
REG rv/c1 + ca c1(1 = c1)l(0) aKih
3AV1—c rvKi 12(0)
CCA r2(cl + ¢2) 01\/1—0113/2(9) cavKah
V1 —cil(0) r2y/ K> Ve + e2l3/2(6)
TABLE 7

Components of the product P = 0" gcgn/Da. The CCA entry for g is shown for completeness —
it is derived, post facto, from the calculations above.

SigD. First observe that since 298 = (1 + 6)(c1 + 0)/1(0),

_ 02209 -t . 611(9)
ci(1+6) o2

)

9n(20) = <1

and we get the claimed expression for P,

+ Cg)h 0272
SM166 pr_late)h
( ) A2 A2’

after using the identity

(SM167) (c1 + co)h = 312 — %2

REG,. From (JO34) and (SM93), we have
n(z0) ~ (14 4no) ™/ ~ VT =1/ Fo.

REG. We use (JO34) to evaluate gn(z9). Using (SM84) to evaluate t1(zp), we
have

(p,l,(tl):/-i k—1 _C%(1+9)2|: r2 1}

2 (t-12 ol-ca) [L20) o
3(1+6)% Ki(0)
c%(l —c) 12(0)°

(SM168) =
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using the identity
L2(9) — 617’2 = Clchl(e).

Since t; — 1 > 0 and ¢ (t1) < 0, we can take w; = 0. Together with ¢;(t1) =
(t; — 1)~ = co(1 + 0)/cy1, we obtain from (JO34) and (SM84)

gn(z0) ~ \/;—Elwﬁ'(tl)!_mwl(tl) = @l(@)

K1(0)

The product P then reduces to the first expression in (SM166).

CCA. We show that Pcca = Prec(l+o(1)). From Table 7 and (JO28), we have

0 lgec  rver + 62 Do _ cl(0) Ky Po(ta) _ c11(0)
0-lger il Dy r c+e K1 Y1(t1) 1 —mato r2

Multiplying these ratios and referring to (JO34), we obtain

()| [l Ka®)] o
@3 (t2) r? K1(0) '

Pccoa N

SM169
( ) Prea

We now compare ¢f(t2) to ¢/ (t1), recalling that to = 1. First, from (SM86),

K3
(1 —mata)?

In particular, ¢j(t2) < 0 and, as with wy, also wy = 0. From (SM88), we evaluate

5 (t) = — +1(t).

ry  3(14+6)% (a1 +6)°

2
(I—mat2)?  A(l—c1) Pr2 7

so that from (SM168),

1 62(61 + 9)2 _ Cll(Q)KQ(Q)
Pil(t) r2 K1 (0) r?Ki(0)

where the second identity follows after some algebra. The latter display and (SM169)
show that Pcca = Prec (1 + 0(1)).

6.2. Proof of Theorem JO12 (Gaussian process limit). Some general considera-
tions

Almost sure continuity of In L (6;A). Let € > 0 be a fixed small number. First,
let us show that In L (6; A) are continuous functions of 6 € [0,8 — €] for each of the
six cases under study. Recall equation (JOG6)

(SM170) L9 (9: A) = a () pFy (a,b; U, A)
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where ¥ is a p-dimensional matrix diag {¥11,0,...,0} , and the values of ¥, o (0),
p, 4, a, and b are as given in Table 8. Consider the series representation

). Ck (U) Cy (A

Fy(a,b; U, A) = Zklz - (CH)(IP)( )
_ = i ap)k‘I’an(A)
2 ! (b, Cr(Lp)

where the second equality follows from the fact that C, (V) = 0 unless partition
K I k is trivial, that is k = k, in which case C, (¥) = ¥, (see definition 7.2.1 iii
in Muirhead (1982)). James (1968) shows that the coefficients of zonal polynomials
are positive. Therefore, for non-negative W1y and \;, j = 1,...,p, we have

0< Uk Cr (A)
- G (Ip)

This implies that ,Fy (a, b; ¥, A) is an analytic function of € [0,0—¢] and , Fy (a,b; ¥, A) >
1 (the first term in the expansion of ,Fq (a,b; ¥, A) is 1) when p < q, that is for
SMD, PCA, REGy, and REG cases. For SigD and CCA, ,Fy (a,b; ¥, A) is an analytic
function of 6 in the domain

< (T )R

Ui A < 1.
But for SigD and CCA ); are solutions to

det (H—A <E+EH>> —0,
na

and hence, with probability 1, A\; < ny/n; because H and E are positive definite.
Therefore, for SigD we have
Onq 0

(1+6)A1— 150 <!

VA =
for any 0 € [0,0 — €], and for CCA we have

Hn% 9711
7 M —————
nz +nony (14 0) ny +ni(l+6)

Ui = <1

for any 6 € [0,0 —¢]. Thus, ,Fy (a,b; ¥, A) is an analytic function of 6 € [0,0 —¢] and
pFq (a,b; U, A) > 1 for all six cases that we consider. Using (SM170) we conclude that
In L (6; A) are continuous functions of § € [0, —¢] with probability one. In particular
(see Bosq (2000) p. 22) In L (A; A) can be interpreted as random element of the space
Cio,1—¢] of continuous functions on [0,1 — €] equipped with the supremum norm.
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Case oFg () a b Wy,

SMD  oFop exp (—p92/4) _ _ Op/2

PCA oFy (1+0)"™/? i} i} On1/(2 (1 + 6))
SigD  1Fy (146) ™/? n/2 B} Oni1/ (n2 (1 +6))
REGo oF1 exp(—m16/2) - ni/2  Oni/4

REG 1F1  exp(—ni160/2) n/2 n1/2  On?/ (2n2)

CCA  oF (1+mf/n)™™? (n/2,n/2) n1/2  0n}/ (n3 + nani (1+0))
TABLE 8
Parameters of the JO’s explicit expression (JO6) for the likelihood ratios. Here n = ny + na.

Reduction to a linear spectral statistic. By Theorem JO11 we have

1

(SM171) L (654) = ~3A,(0) + 5 In (1= 16, (0)]) + op (),
where

0 for SMD

5 (0) =< 8/ for PCA and REGy

Or/ (11 (0)) for SigD, REG, and CCA
and
(SM172) Ay(6) = p / In (2~ A d (£ ()~ Fe (V)
with

0+1/0 for SMD

(SM173) zp=14 (14+0)(0+c1)/ for PCA and REGy

(1+6)(0+c1)/10L(0)] for SigD, REG, and CCA

and F, equals the semicircle distribution for SMD, the Marchenko-Pastur distribu-
tion for PCA and REGy, and the scaled Wachter distribution for SigD, REG, and
CCA. As explained in JO, the statistic A, (6) should be interpreted as zero whenever
20 < )\1.

Since both In L (0; A) and A,(#) are random element of Cjy;_., op(1) is also a

random element of Cpg ;_.], and [lop(1)]| L 0. Therefore by the standard argument,
see for example Theorem 3.1 of Billingsley (1999), p. 27, the weak limits of In L (6; A)
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and of —2A,(0) + 3 1In (1 — [6p (9)]2) coincide. Note that 1 In (1 — [0 (9)]2) is con-
verging in the space Cjg;_,) to

0 for SMD
d(@)=19 0/yn for PCA and REG
0p/ (71 4+ v2 + 0v2) for SigD, REG, and CCA

Therefore, we only need to establish the weak convergence of A,(#). There are two
facts to be established. First, the tightness of A,(#), and second, the convergence
of its finite dimensional distributions.

Tightness of A,(f). There are three cases to consider: F is the semicircle, the
Marchenko-Pastur, and the Wachter distribution. Whether the Marchenko-Pastur
F. corresponds to PCA or REGq cases is of no importance because we consider
the tightness under the null hypothesis so that F is the same for PCA and REG.
Similarly, the differences between SigD, REG and CCA cases are of no importance
here.

Tightness, Semi-circle F.. The tightness of Ay(#) in this case is a direct conse-
quence of Theorem 1.1 of Bai and Yao (2005).

Tightness, Marchenko-Pastur F,. Following Bai and Silverstein (2004), let us rep-
resent the linear spectral statistic Ay,(6) in the following form

1

Ap(e) = _2_71'i »

In (20 — 2) p[5(2) — sc(2)] dz,
where R is contour that does not intersect the supports of F and F, and does not
encircle zy. Here

8(z) = /()\ —2)"HdF (N and se (2) = /()\ —2) HdF. ().

With asymptotically negligible probability the above requirements for R are impos-
sible to satisfy. We will therefore condition our arguments on the high probability
event that ensures the existence of required R.

Precisely, recall that the supports of F, and F; are given by

B-.84] = [(1= A%, (1 + )] and
p-be] = |- v, 0+ Ve’

respectively, and the threshold @ equals /7. Furthermore, ¢ — ~. Using these facts
and the definition of zg, it is straightforward to verify that there exists n > 0 that
depends on € such that

min (20 — S+ —n) >0

0€[0,0—]
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for all sufficiently large ni,n9,p along the sequence n,p —~ oco. Further, note that
A 3B, and Ap % 5_ when n,p —ry 00.
Consider the event

(SM174) Qp = {max {A1,b4} < B4 +n/2 <z —n/2, min{Ay,b_} = B —n/2}.
The discussion above implies that

(SM175) pli_)rglo Pr{Q,}=1.

Let R be the rectangular contour with the vertices at (54 + n)+iv and (8- —n)£iv
for an arbitrary fixed positive v. Conditional on the event @,, R does not intersect
the supports of F and F, and does not encircle z; as required. Since Pr{Q,} — oo,
it is sufficient to establish the tightness of A,(f) conditional on @,. Therefore, in
what follows we shall assume that @), holds.

Let C be the part of R that lies in the upper half complex plane. Then

Ap(8) = —% Im/cln (z0 — 2) p[8(2) — sc(2)] dz.
Since the mapping
f(z) = g(0) = —%Im/cln (z0 — 2) f(2)dz

is a continuous mapping from the space C¢ of the complex-valued continuous func-
tions on C (with the supremum norm) to the space Cjg 1_.}, the tightness of A,(6)
would follow from that of

My(2) = p[8(2) = se(2)]-

As in Bai and Silverstein (2004) p. 561, choose sequence {e,} such that ¢, — 0
as n,p —~ oo and

ep>p
for some « € (0,1). Further, let
C, = {z+iw:zelf.—np++n]},
G = {(B-—m)+iy:ye[plepv]},
C = {(ﬂ++n)+iy:y€ [ _1€p,v]},

and let C, = C; U C, UC,. Define the process M, (z) on C as follows

R My(z) for z € C,
My (2) = § My(By +n+ip~ley) for 2= By +n+iy, y € [0,p7'c)]
My(B— —n+ip~ley) forz=p_—n+iy, y € [O,p_lep]
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Note that )
My (2) = p[8(2) — sc(2)] + or(1),
where op(1) is uniform over z € C. Indeed, for any z € C, we have

My (2) = p[5(2) = se(2)],
whereas by the definition of §(z) and (SM174)

-1

~ . ~ . &
sup  p|3(Bs £ 1+ iy) — 4B £ +ip e <pl k0,
y€[0,p~Lep) (n/2)
and similarly
1 p_le
sup  plse(Br £n+iy) — sc(Br £ +1ip7'ey)| 1{Qp} < p—5 — 0.
y€[0,p ey (n/2)

Therefore, it is sufficient to prove the tightness of Mp (1) as a sequence of random
elements of C¢. Lemma 1.1 of Bai and Silverstein (2004) establishes this result along
with the weak convergence of M, (-) to a Gaussian process.

Tightness, Wachter F.. We shall base our arguments on the results established in
Zheng (2012). He establishes a CLT for linear spectral statistics of multivariate F'
and Beta matrices via representing those statistics in the form of a contour integral
that involves a process related to M, (z) (see the previous section). The CLT follows
from his proving the convergence of the process to a Gaussian process.

In contrast to JO, whose attention is focused on the eigenvalues of H (E + Z—;H ) _1,
Zheng’s (2012) primary focus is on the eigenvalues of HE~!. Let F and G be the
empirical distributions of the eigenvalues of H <E + Z—;H >_1 and HE™!, respec-
tively. If z is an eigenvalue of HE™!, then z (1 + cpz/c1)”" is an eigenvalue of
H <E + Z—;H>_1, and thus

é(z):ﬁ<1+:7/01>.

A similar equality holds for the corresponding limiting distributions G, and Fr.
Therefore,

8,0) = p [1e0- N (FO) - F)

_ p/ln <zo— H%ﬂ/c) 4 (Ga) ~ Ge @)
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Denote the Stieltjes transform of G as 1(z) and that of G, as me(z). Then, similarly
to the Marchenko-Pastur case, we have

1 Z .
80) = =5 § n <Zo - ﬁ> plin(z) - me(2)] dz,

where R is contour that does not intersect the supports of G and G. and does
not encircle zp/ (1 — c2z9/c1) . As above, the existence of such a contour requires
conditioning on a large probability event, which we shall assume.

Zheng (2012) pp. 467470 sketches a proof of the weak convergence of p [1(z) — mc(z)] .
Such a weak convergence implies the tightness, which in its turn implies the tightness
of Ay(0).

For the reader’s convenience, we provide here a brief description of the main steps
in Zheng’s proof. The proof is based on the decomposition

. . E E
pli(z) = me(2)] = p (=) = mE ()| +p [m(2) = me(2)]
where ng)(z) is the Stieltjes transform of GgE), the limiting spectral distribution
(as n,p —¢ 00) of H Ay I where the empirical spectral distribution of symmetric
positive definite matrix A, converges to that of E as n,p —¢ oco. First, Zheng es-

(E)

tablishes the weak convergence of p [m(z) —me (z)] conditional on {E,p =1,2...}

by appealing to Lemma 1.1 of Bai and Silverstein (2004). Since the limiting pro-
cess does not depend on {E,p = 1,2...}, the unconditional convergence also follows.

(E)

Next, Zheng represents p [mc (2) — mc(z)] as a product of a continuous function

of z that converges in Cxr and the term p[mg (—me(2)) — me, (—mg(z))], where
mp is the Stieltjes transform of the empirical spectral distribution of E, m,, is that
of the corresponding limiting distribution as n,p —¢ oo, and m,, is defined via the
Stieltjes transform m¢ of G by

1—c¢
me(z) = — ~ 1+clmc (2).

Then, she points out that —m,(z) converges to —m.,(z), which is defined analogously
with ¢ replaced by «. Function —m. (z) transforms R to a contour encircling the
support of the limiting spectral distribution of . Zheng appeals to Lemma 1.1 of Bai
and Silverstein (2004) to establish the weak convergence of p [mpg (z) — me, (2)] as
a random continuous function on such a contour. Zheng’s proof omits some details,
probably for the sake of saving the space. For example, she does not mention that to
be able to view p [m(z) - m((;E)(z)] and p [ng)(z) - mc(z)] as continuous random
functions on R, a conditioning on some event of increasing probability in needed.
Having a detailed proof would be useful, but requires a separate research effort.

Finite dimensional convergence. The convergence of the finite dimensional distri-
butions to Gaussian distributions follow from Theorem 1.1 of Bai and Yao (2005) for
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the semicircle Fg, from Theorem 1.1 of Bai and Silverstein (2004) for the Marchenko-
Pastur F., and from Theorem 4.1 of Zheng (2012) for the Wachter F,. We now use
the results in the above mentioned papers to compute the means and covariance
matrices of the asymptotic finite-dimensional distributions of Ay ().

Finite dimensional asymptotics, Semi-circle F.. Recall that zg = 0+1/6, we obtain
A, () :p/ln(92 20+ 1)d(FO) - Fey).
Theorem 1.1 Bai and Yao (2005) implies that the random vector (A, (61) , ..., Ay (k)

with 6; € [0,6 — £] converges in distribution to a Gaussian vector (D (61), ..., D (6x))
with

(SM176) ED () =  [In [(1- 607 + [+ 692]] ~ 40 (0)
and

(SM177) Cov (D (6,).D (6;)) = 2 lf; Ir (671 (65

where _

7 (0) = 2i / In (1 + 6% — 20 cos ) cos (Ip) dep.

™ —T

LEMMA 29. For any 0, such that |0 < 1, and any integer I > 0, we have
7, (8) = —0'/1 and 79 (6) = 0.

Proof: Changing the variable of integration from ¢ to z = €'¢, we obtain

1
0)=— ¢In[(1—02)(1—0z"1]2""dz
n(6) = o PInfL—02) (1 - 6:7)] 2,
where the contour integral is taken over the counter-clockwise oriented unit circle.
Representing the logarithm of a product as the sum of logarithms, we obtain

_ 1 -1 1 —17 -1
7 (0) = Zwi}{ln(l 0z) 2z dz + = In[1-6z""2""dz.
Since, for [#] < 1, In (1 — #z) is analytic in the unit circle and equal to zero at z = 0,
we have

1 -1, _
3 In(l-6z)z""dz=0

for any integer [ > 0. Hence,

7 (0) = L %ln [1—027"] 271z,

2
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Changing the variable of integration from z to ( = 27!, and noting that dz/z =
—d¢/¢, we get

7 (0) = % 7{ In[1—6¢)¢ide.

On the other hand, for |¢| < 1, we have the following power series expansion
In[1-06(]=-— —7.

Thus, by Cauchy’s residue theorem, 7; (6) = —6'/l for I > 0 and 70 (6) = 0. O
Lemma 29 together with (SM176) and (SM177) yield

ED (6;) = $In (1 - 67)

and
Cov (D (6;),D(6;)) = —2In (1 — 6;0;) .

Finite dimensional asymptotics, Marchenko-Pastur F.. For PCA and REGg the
finite dimensional distributions of A, () are derived in Lemma 12 of Onatski et al
(2013). They show that the random vector (A (61), ..., A, (6x)) with 6; € [0,6 — €]
converges in distribution to a Gaussian vector (D (0;),...,D (y)) with

ED (6;) = $1n (1—62/71)

and
Cov (D (6;),D(6;)) = —2In (1 —6;0; /7).

Finite dimensional asymptotics, Wachter F.. Let

Ga)=F <1++ﬁ/@> and G (z) = Fy <H+W> .

Then
(SM178) A, (0) = p/ln <zo - 1+:Tm> d (G (z) — Ge (a:)) .
Recall that
(1460 (0+a)
DT+ 1+ 0 efer)
Let

TG T+ 0) /)
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Since zg — 240 and ¢ — 7y as n, p —, 00, the asymptotic distribution of the random
vector (Ap (01),...,2, (0)) must be the same as that of (A, (01),..., Ay, (0k)),
where

(SM180) A, (6) =p / In <z,yo _ %ﬁ/%) 1 (G (@)~ Ge ().

This can be formally shown by considering the representation

ZO - CZZ C A
el ] p(z) — me(2)]dz
10 T Thyez/m

Ap(0) — Ay (0) = _L- In [
R

27

(see subsection “Tightness, Wachter F.”) and using the convergence of p [1i(z) — mc(2)]
established by Zheng (2012) to demonstrate that

(SM181) A, (0) — Ay (0) = op(1).
Theorem 3.1 of Zheng (2012) implies that the random vector (A4, (61) ..., A p (0r))
with 6; € [0,60 — €] converges in distribution to a Gaussian vector ( (01),....D(0g))-

Let us find the asymptotic mean and covariances.
Equations (SM179), (SM180) and some elementary algebra yield
(SM182) Ay, (0) = A0 () — AR (9),

where

9@ =p [ (04 + (n-15)0)a (66 - Gelw).

A (6) = p / In (/2 + 2)d (G (2) ~ G (2)

Note that both A%) (#) and A%) (#) have form

and

Yab:p/ln(a+bx)d<é(x)—ac(x)).

For a,b,a’,t’ > 0, Zheng (2012), Example 4.1 proves that (Y, Yyyy) converge to a
Gaussian vector (Xgp, Xqp) with

—d?
(SM183) EX, = Llog (&~ &)
(cp — 72d)
and
/
(SM184) Cov (Xaby X ’b’) =2 log «

—dd"”’
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where ¢ > d > 0 satisfy

1 2
(SM185) A+d=a+ bﬁ and ed = (1(’7”)2
-2 -2
and ¢ > d' > 0 satisfy
1 2 bl
(SM186) P +d*=d + b/i2 and dd = 7'02
(1—) (1 =)

A direct inspection reveals that Zheng’s proof of (SM183) and (SM184) remains
valid for any real a,b,da’, and b’ such that log (a + bz) and log (a’ + b/'z) are analytic
in an open domain containing the support of G as long as there exist real ¢ and
d satisfying (SM185) and real ¢’ and d’ satisfying (SM186) such that |c| > |d| and
|| > |d’|. Such ¢,d, ¢ and d’' do exist for Y, = A%) (0) and Yy = A%) (0). Indeed,
the values of a and b for Yy, = A%) (0) are

6

a:0+’}’1 andb:’}/Q—m.

The corresponding ¢ and d that satisfy (SM185) are

p and g = 2= 00 —"7)
VI+T(1—7) VIFT(1 =)

Since v2 < p, || is clearly larger than |d| for positive d. For non-positive d, |c| > |d|
if and only if

(SM187) c=

O(1—92) =72 <p,

But this inequality folds for any 6 € [0,6 — €] because 6 = (y2+ p) / (1 — 72) (see
Table JO3).

Further, the values of a’ and b’ for Y,y = A%) (0) are
a =71/ and b = 1.

The corresponding ¢’ and d’ that satisfy (SM186) are

(SM188) d=—P  andd = V72 .
(1 —=2)v72 1=

Since o < p, we have ¢ > d’ > 0.
Using (SM182), (SM183), (SM187), and (SM188), we find that

(2 =) (¢p =)’
(cp = 72d)* (2 — d?)

202
= Llog(1- il 2>
(71 +72(140))

ED(0) = 1log
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and
0
Cov(D(0;),D(0;)) = 2log
(P8, D6 == (=) (2 — 5 (1~ 72))

2

—2log

p? — (2= 0; (1 —72)) 7

2

—2log

P2 —(v2 —0; (1 —72)) 72
p?
+2log ———

p? — 3

o - p°0;0
N 21g<1 (71+'72(1+9i))(/71+72(1+9j))>'

7. Concluding remarks.

7.1. Power of the LR test under multi-spike alternatives. Consider the likeli-
hood ratio test that rejects the null hypothesis of no spikes when the supremum of
In L (0;A) over 0 € [0, 6 — 5] is above an asymptotic critical value. In this section,
we study the power of such a test in the situation where the rank-one assumption
on the alternative is wrong and there are multiple spikes, the highest of which is at
least as high as the spike under our rank-one setting.

Intuitively, the power should increase under such a multi-spike alternative because
it is “further away” from the null than the one-spike alternative. Below, we confirm
this intuition for SMD and PCA cases.

First let us show that, in any of James’ cases, the corresponding likelihood ratio
test has a monotone acceptance region. That is, the null is accepted if and only
if g(A1,...,Ap) < const for a function g which is non-decreasing in each argument.
Recall that the likelihood ratio has the following form

(SM189) L(6;A) = a(8) yFy (a,b; 0, A),

where U = diag {U11,0,...,0} , A = diag {\1, ..., A\, } , and the values of ¥, (0), a, b, p,
and q for the different cases are given in Table JOS&. As explained in Section 6.2, we
have the following expansion

a(0 Ooi ap);, U1,y (A)
LG4 = kzz:k 'bq)k Cr (Ip) ,

where Cj are zonal polynomials. James (1968) shows that zonal polynomials have
positive coefficients. Therefore, Cj (A) and L (6;A) are nondecreasing in each A;
for any fixed 6 € [0,5 — 5] . As a consequence, the supremum of InL (6;A) over
NS [0, 0 — E] is a non-decreasing function in each A;.
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Next, recall that SMD refers to the problem of testing Hy : ® = 0 against H; :
® = 01919 using the eigenvalues \;, j = 1,...,p of matrix X = ® 4 Z/,/p, where
Z is a noise matrix from the Gaussian Orthogonal Ensemble. Now suppose that the
actual situation corresponds to the alternative

Hopt 1 @ =) 00b5,

J=1

where #1 > ... > 6, > 0 and 1, ..., 9, is a set of orthonormal nuisance vectors. Since
® under Hpy is no smaller than under Hy, the j-th largest eigenvalue of X under
H i 18 no smaller than under H;. But as shown above, the likelihood ratio test has
a monotone acceptance region. Hence, its power to reject Hg in favour of H, is
at least as high as its power to reject Hy in favour of Hj.

Similarly, recall that PCA refers to the problem of testing Hy : {2 = I, against
H; : Q= I, + 61919} using the eigenvalues of YY'/n;, where Y = OY2z and e is a
p X n1 matrix with i.i.d. standard normal entries. Suppose that the actual situation
corresponds to the alternative

Hute - @ =1, + > 0059}
j=1

Note that the non-zero eigenvalues of Y'Y’ /ny coincide with those of €’Q2e/ny. Since
Q under Hpyye is no smaller than under Hj, the j-th largest eigenvalue of £'Qe/ng
under Hy; is no smaller than under H;. Therefore, using the monotonicity of the
acceptance region of the test, we conclude that the power corresponding to Hpmyit is
no smaller than that corresponding to Hj.

Unfortunately, for the remaining cases, the above logic does not go through. For
example, for SigD, we test Hy : Q = I, against Hy; : Q = I, + 61919} using
eigenvalues of (XX’ /ny) " (YY" /n1), where Y = Q'/2¢ is as above, and X is a pXny
matrix with i.i.d. standard normal entries independent from Y. It is conceivable that

6/91/2 (XX//TLQ)_l 91/26/711,

as opposed to £'Qe/ny (cf. the PCA case above), has some of its eigenvalues under
H it smaller than the corresponding eigenvalues under Hy. Of course, on average
over the distribution of X, the situation will be exactly the same as in the PCA case.
Therefore, although we cannot prove the increase in power, it remains intuitively
plausible.

Perlman and Olkin (1980) study the unbiasedness and power monotonicity of tests
with monotone acceptance regions in cases that correspond to our REGy, REG, and
CCA. Although they prove the unbiasedness of such tests, the power monotonicity
remains a “strong conjecture” (see p. 1329 of their paper). Their Proposition 2.6 (ii)
formulates conditions on the likelihood ratio (corresponding to general alternatives)
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that guarantee the power monotonicity. However, as shown in Richards (2004), these
conditions do not hold for likelihoods of form (SM189), in general. Of course, this
does not mean that Perlman and Olkin’s conjecture is wrong, it just cannot be
established directly via Proposition 2.6.
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