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Abstract

Stiff or semiflexible filaments can be crosslinked to form a network structure with

unusual mechanical properties, if the crosslinks at network junctions have the ability to

dynamically break and re-form. The characteristic rheology, arising from the competi-

tion of plasticity from the transient crosslinks and nonlinear elasticity from the filament

network, has been widely tested in experiments. Though the responses of a transient

filament network under small deformations are relatively well understood by analyzing

its linear viscoelasticity, a continuum theory adaptable for finite or large deformations

is still absent. Here we develop a model for transient filament networks under arbitrary

deformations, which is based on the crosslink dynamics and the macroscopic system

tracking the continuously re-shaping reference state. We apply the theory to explain

the stress relaxation, the shape recovery after instant deformation, and the necking

instability under a ramp deformation. We also examine the role of polydispersity in

the mesh size of the network, which leads to a stretched exponential stress relaxation

and a diffuse elastic-plastic transition under a ramp deformation. Although dynamic

crosslinks are taken as the source of the transient network response, the model can be

easily adjusted to incorporating other factors inducing fluidization, such as filament

1

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Apollo

https://core.ac.uk/display/162914434?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
emt1000@cam.ac.uk


breakage and active motion of motor crosslinks, opening a way to address cell and

tissue activity at the microscopic level.

Introduction

Transient filament networks are ubiquitous in biology, such as cytoskeleton, extracellular ma-

trix (ECM), and macroscopically in connective tissue.1 Quantitative understanding of their

mechanical responses is very important from both the scientific and the biotechnology view-

points.2,3 Such networks could be made of various kinds of stiff and semiflexible filaments

(F-actin, collagen, vimentin, neurofilament, etc.), and the transient properties of the net-

works originated from the dynamic nature of the crosslinks, such as myosin, filamin, actinin,

etc., where the crosslinks can be dynamically broken or adjusted, spontaneously or under

stress. Existence of such networks is essential in achieving specific biological functions, such

as adaptation and migration of cells, and contraction and recovery of tissues. Abnormalities,

such as tissue injury (in fascia and tendon) or tumor growth, are usually due to the onset

or the prevention of the network fluidization (stress-induced plastic flow) of a specific type

of transient filament networks.

Experimentally, the rheology of a transient filament network is investigated widely,4–6

with particular attention to stress relaxation arising from crosslink breakage under constant

deformation,7–9 and stress softening and yield upon ramp deformation with constant strain

rate.10–12 There are several revealing phenomena found in such networks. Murakami et al.13

studied the reshaping of red blood cells due to adaption of the cytoskeleton by constraining

cells in a narrow tube. Wang et al.14 observed necking when uniaxially stretching the cardiac

tissue within the collagen/fibrin matrix.

Theoretically, modelling of transient polymer networks can date back to 1940s,15 when

breakage and re-formation of crosslinks are introduced into a polymer network. This concept

has now been broadly adopted in modelling transient flexible polymer networks. Specifical-

2



(a)

(b)

stretch

ξξ

ξ

λ1ξλ2ξ
λ3ξ: breakable crosslinks

Lc
ξ

Figure 1: (a) Sketch of a filament network, with the end-to-end length ξ treated as the mesh
size, and Lc the contour length of the filament connecting two neighboring crosslinks. (b)
3-chain model of filament network before and after deformation, with average mesh size ξ
undergoing a locally affine deformation.

ly, Tanaka and Edwards 16 formulated a statistical theory for the transient flexible polymer

network from the microscopic viewpoint, where the energy of the material is obtained by

summing up those from flexible polymers with different reference states due to the crosslink

dynamics. Drozdov17 and Long et al.18,19 used different approaches, in effect replacing the s-

tatistical analysis of Tanaka-Edwards with known elastic models of permanent networks, but

obtained essentially the same final results on the network dynamics. The Tanaka-Edwards

ideas were further developed by Meng and Terentjev,20 and a continuum energy form of

transient flexible polymer networks was obtained by integrating the classical rubber-elastic

free energy of permanent flexible polymer networks with the distribution of dynamic refer-

ence states and probabilities. With the help of that model, the rheology of transient flexible

polymer networks in the regime of large deformation was also studied, where the limited

extensibility of polymer strands was accounted for21 . Although many aspects of transient

networks are shared between the flexible network at large deformations, and the network of

rigid/semiflexible filaments, which also have a characteristic divergence when extension ap-
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proaches the limit, the semiflexible nature of the crosslinked filaments adds several important

distinctions. The elasticity of a permanently crosslinked filament network is well-studied,

where the free energy of the network is obtained by summing up the contributions from fila-

ments with different network topologies.2,3 Due to the interplay between the bending rigidity

and the entropic contribution, filament networks exhibit some characteristic features, such

as the 3/2-scaling of their stress-stiffening, the limited mechanic stability, negative normal

stress, etc. Compared with the mature understanding of transient flexible networks and

permanent filament networks, the rheology of a transient filament network has not yet been

theoretically described, mainly due to the complexity in the coupling between the nonlinear

elasticity from the filaments and the plasticity from the crosslink dynamics.

From the theoretical viewpoint, linear viscoelasticity is the most studied issue in which

the nonlinear elasticity of the network upon large deformations is absent. As an essential

outcome of linear viscoelasticity, the dependence of the storage (loss) modulus of the material

on the deformation frequency is discussed in different ways, for example, traditional rheology

analyses incorporating crosslink breakage and filament fluctuations by Lieleg et al.,5 the

Langevin-dynamics model incorporating breakage of transient crosslinks by Broedersz et

al.,6 the generalized Maxwell model assuming polydispersity in stress relaxation rate by

Unterberger et al.,22 and the glassy worm-like chain model by Kroy et al.23,24 These models,

though different in their approaches, manage to capture how a transient filament network

responses under small deformations, by incorporating crosslink dynamics in the linear regime

of the dynamic mechanical response of the system.

For large deformations, a good atempt was made by López-Menéndez and Rodŕıguez25

in handling transient filament networks under finite shear deformations, where the authors

adapted the 8-chain model of permanent filament network by Palmer and Boyce26 (all fila-

ments are treated identical in the model), by making contour lengths of subfilaments bridg-

ing neighboring crosslinks change with time due to breakage of crosslinks. The theory nicely

captures how this systems responds under a simple shear, by incorporating the interplay
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between network elasticity and plasticity due to the dynamic crosslinks, although the mer-

its of the 8-chain model to describe a filament network have been questioned.20 Although

such theoretical attempts help in understanding certain aspects of the dynamic mechanical

responses of transient filament networks, such as linear viscoelasticity in small deformation

regime and rheology under simple shear deformation, a simple but general continuum theory

for transient filament network under arbitrary deformations is still lacking.

Based on the continuum models of transient flexible networks20 and of permanent filament

networks,27 we provide a continuum energy form of a transient filament network. Since

the underlying model of the individual filament that we use has no approximations, the

resulting theory is applicable for the rheology of a transient filament networks not only for

small, but also for finite or large deformations. As applications of the general theory, we

first discuss how a transient filament network with monodispersed mesh size responds in a

uniaxial tensile experiment, considering the stress relaxation under a constant strain and its

shape recovery after releasing, and the elastic-plastic transition under a ramp deformation

at constant rate. We then show the role of the distribution (polydispersity) of mesh sizes, in

producing a realistic dynamical response closely matching what is observed in experiments.

Model

Permanent filament network

Mechanical properties of a single filament have been extensively studied, since Kratky and

Porod proposed the worm-like chain model in 1949.28 Consider the sub-filament (colored

red) bridging two neighboring crosslinks in Fig. 1(a). If its configuration is parameterized

by the position r(s), where 0 ≤ s ≤ Lc denotes the arc-length coordinate of the filament

(Lc is the contour length between crosslinks), then the end-to-end distance is ξ = |r(Lc) −

r(0)|. In the simplest model, the bending energy of a filament is determined by the local

curvature 1
2
κ
∫ Lc

0
ds|r′′(s)|2, where κ is the bending modulus, which defines the persistence
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length, lp = κ/kBT . When lp ∼ Lc, the semiflexible filament has the most unusual physical

properties; curiously, this is frequently the case of biological filaments.27 In spite of many

good attempts, there is no analytical expression for the free energy of a rigorously inextensible

filament. However, a closed analytical form is now available if one accepts a limit of ‘mean

inextensibility’, that is, when the chain maintains its constant contour length Lc, while locally

each segment is inextensible on average. Although mathematically this is an approximation

– physically this limit is perhaps a more reasonable model of a semiflexible chain. Within

this framework, Blundell et al.29 obtained an expression for the free energy of semiflexible

filament, which has no other approximations, i.e. remaining valid across the full range from

the rigid-rod to the flexible-chain regimes. This free energy can be written as a function of

the end-to-end factor, x = ξ/Lc (see Fig. 1):

Fsf(x; c) = kBTπ
2c
(
1− x2

)
+

kBT

πc(1− x2)
, (1)

where c = lp/2Lc is a non-dimensional measure of relative stiffness of the filament: no matter

how locally stiff the filament might be – it will behave as a flexible chain if its contour length

Lc is long enough. The tension force is acting on this filament along its end-to-end vector

ξ: f = ∂Fsf/∂ξ, if this distance deviates from the ‘natural length’ in the force-free state.

This natural length of a semiflexible filament is x0 =
√

1− 1/π3/2c, which means that

locally flexible filaments with c < π−3/2 (i.e. lp < 0.36Lc) have no natural length: as in a

classical polymer chain, any end-to-end extension leads to a tensile force. For given c, if x is

larger than the equilibrium value x0(c), then the filaments in the network are pre-stretched;

otherwise, the filament is pre-compressed; see27,29 for detail.

The constitutive model that produces a macroscopic continuum elastic free energy of

a random network, and the corresponding equilibrium stress-strain relationship, has been

discussed for many years.30,31 In our recent study of an equilibrium network of semiflexible

filaments,27 we choose a 3-chain constitutive model, whose validity is tested by quantitatively
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fitting experimental stress-strain relationship for a broad range of filament networks, and by

illustrating negative normal stress as a characteristic property for filament network,32,33 and

by the analysis of marginal rigidity.34 The idea of the 3-chain model is very simple.30 Suppose

that the network is distorted with a deformation tensor E, and the elongation ratios along

three principal stretching directions e1,2,3 (the eigenvectors of E) are λ1,2,3, respectively.

A 3-chain cubic cell can be constructed as shown in Fig. 1(b), where its nodes represent

the crosslinks, and its edges represent the end-to-end segments of the filaments connecting

neighboring crosslinks. The cell is aligned along the principle direction of the deformation

tensor. On deformation, the lengths of the three orthogonal edges will change from ξ (the

average mesh size) to λiξ, respectively. The macroscopic network can then be built by

repeating such a 3-chain cubic over the whole space, assuming the overall affine deformation

and reflecting the symmetry of its principal extensions. Other constitutive models, such as

1-chain and 8-chain model, have been shown to produce inadequate results in a filament

network.27

Suppose the network consists of filaments with stiffness c and end-to-end factor x = ξ/Lc,

which in effect gives information about filament pre-tension between crosslinks (when x

deviates from x0). The macroscopic free energy density of such a network, in the 3-chain

model, is given by multiplying the crosslink density, n/3 (where n is the number density of

the sub-filaments), with the sum of the energy contributions from three orthogonal chains.

After some algebra, this energy density can be expressed as a function of the three invariants

of deformation tensor, producing a compact result,

Fp.n =
nkBT

3

[
π2c
(
3− x2I1

)
+

3− 2I1x
2 + I2x

4

πc (1− I1x2 + I2x4 − I3x6)

]
, (2)

where I1 = λ2
1 + λ2

2 + λ2
3, I2 = λ2

1λ
2
2 + λ2

2λ
2
3 + λ2

3λ
2
1, and I3 = λ1λ2λ3.35 For macroscopically

incompressible materials, there is a constraint I3 = 1, which will be used in the following

discussion. Fp.n is Helmholtz free energy of the material, and Gibbs free energy can be
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introduced instead as Gp.n = Fp.n + p
√
I3, by introducing a Lagrangian multiplier p, playing

the role of local pressure in charge of the incompressibility. However, we will only consider the

practical situations where the boundary conditions or the local pressure are not of interest,

and therefore stay with the Helmholtz formulation with a rigid constraint I3 = 1.

The chains in a crosslinked network can be (on average) in either pre-stretched, pre-

compressed, or in force-free state. The mechanical stability of the network is determined

by the value of its linear elastic modulus, defined as µij = ∂2F/∂E2
ij at zero deformation,

and we have earlier shown that the boundary of marginal rigidity (when µ = 0 for isotropic

material) lies very close to the force-free condition x0(c).27

Transient filament network

In a typical transient network, filaments can be broken from their crosslinks and then re-

connected in new positions in some cases. For the breakage of a biologically relevant crosslink-

er, there are two main models. One model36 assumes that the breakage rate of a crosslink

without any external force, β0, is defined by an activation law β0 = ω0e
−Gb/kBT , where ω0

is a thermal oscillation frequency of filaments, and Gb is the energy barrier for a filament

to break from a crosslink. When there is a force acting on the chain, the breakage rate will

increase: β = β0e
fa/kBT , with the length a representing the crosslink size, or equivalently, the

filament diameter. This is effectively the Bell law36 reproducing the classical Smoluchowski

analysis. As an example, for a heavy meromyosin (HMM) in the rigor state bonded with

actin (actomyosin bond in its rigor state),37 β0 is of the order of 1s−1 and the length a is of

the order of 1nm. For simplicity, the absolute value of the force will be used, regardless of

compressing or stretching. The other model assumes the breakage rate is a dual exponential

function caused by so-called “catch and slip” bond:37,38 β = βc0e
−fdc/kBT + βs0e

fds/kBT , where

βc0 and dc are the breakage rate and characteristic length of a “catch” bond, βs0 and ds are the

breakage rate and characteristic length of a “slip” bond. For an actomyosin bond in its rigor

state, it is reported by Guo et al. that,37 for the catch bond, βc0 is of the order of 100s−1 and
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the length dc is about 1nm, and for the slip bond, βs0 is of the order of 10s−1 and the length

ds is of the order of 0.1 − 1nm. In this way, the breakage rate of a crosslink depends on a

competition between the two bonds. Usually, dc is much larger than ds,
37,38 meaning that

the “catch” bond dominates in the case of small force in a relatively narrow range, while the

“slip” bond can determine how a crosslink responds under large forces in a relatively wide

range; when the deformation of the network is large, the force acting on the filaments is also

large, and in this case, the simple “slip” bond is an even better approximation. Furthermore,

for seeking the transparency of our model in the following discussion, we will stay with the

first simple model possessing a single exponential function (purely the “slip” bond model)

for the dynamics of crosslinks in a transient filament network.

The rate of re-crosslinking,39 less controversially, is defined as ρ0 = ω0e
−Gc/kBT , where

thermal oscillation frequency ω0 is same as that in β0, and Gc is the lower energy barrier for

a dangling filament segment to be re-attached to a crosslink. It may be possible that the

re-crosslinking rate can be also dependent on the force acting on the chain, due to changed

orientations of chains under deformation, however, this effect is ignored here for simplicity. In

contrast, the diffusion of a dangling chain end in order to “find” a free crosslinking site might

be very influential. Suppose a characteristic diffusion time for this process is τ , then the

effective re-crosslinking rate is ρ = ρ0/(1+ρ0τ), showing that the reaction rate ρ0 dominates

when the diffusion time is short, while ρ ' 1/τ when the diffusion time is long.

Suppose that total number of chains in the network is Ntot, with Nc(0) chains crosslinked

at time t = 0, and Nb(0) = Ntot−Nc(0) chains are uncrosslinked (dangling). As a function of

the force acting on the chain, the breakage rate of the crosslinks in a transient network can

only be defined locally and dynamically in a configuration that depends on both the current

state at time t and the reference/crosslinking state at time t′. At time t, the breakage rate

of the crosslinks formed at time t′, will be denoted as βt;t′ . After an infinitesimal interval ∆t

following t = 0, the number of the chains remaining crosslinked from the initially crosslinked

network will decrease to Nc(0)[1− β0;0∆t] ' Nc(0) exp[−β0;0∆t] due to the breakage of the
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crosslinks at time t = 0. At the same time, there will be Nb(0)ρ∆t chains re-connected

into the network. The total number of the chains crosslinked at time ∆t is the sum of

these two contributions: Nc(0) exp[−β0;0∆t] + Nb(0)ρ∆t. After another time interval, at

t = 2∆t, the number of the crosslinked chains surviving from the beginning decreases further

to Nc(0) exp[−β0;0∆t − β∆t;0∆t]. The number of chains which were crosslinked during the

first time interval decreases due to new breaking to Nb(0)ρ∆t exp[−β∆t;∆t∆t]. The number

of newly crosslinked chain during the second time interval is Nb(∆t)ρ∆t. The total number

of the crosslinked chains at time t = 2∆t is, therefore:

Nc(0) exp[−β0;0∆t− β∆t;0∆t] +Nb(0)ρ∆t exp[−β∆t;∆t∆t] +Nb(∆t)ρ∆t.

By repeating this process, the total number of the crosslinked chains after N time intervals

will become

Nc(N∆t) = Nc(0) exp
[
−

N−1∑
i=0

βt=i∆t;0∆t
]

+
N−1∑
j=0

Nb(j∆t)ρ∆t exp
[
−

N∑
k=j+2

β(k∆t; [j + 1]∆t)∆t
]
,

with its continuous form being:

Nc(t) = Nc(0) exp

[
−
∫ t

0

β(t′; 0)dt′
]

+

∫ t

0

Nb(t′) exp

[
−
∫ t

t′
β(t′′; t′)dt′′

]
ρ dt′. (3)

The first term in the right-hand side denotes the number of the crosslinked chains surviving

from the beginning, while the second term counts the chains re-crosslinked between t = 0

and t that are still surviving at the present time. As the reference states of the individual

chains are defined according to when they are crosslinked, the elastic free energy density of

the transient network is given by a retarded (memory) expression:

Ft.n(t) = exp

[
−
∫ t

0

β(t′; 0)dt′
]
Fp.n(t; 0) +

∫ t

0

Nb(t′)

Nc(0)
exp

[
−
∫ t

t′
β(t′′; t′)dt′′

]
Fp.n(t; t′)ρ dt′.(4)
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This is a generic framework developed in,20 which will now be adapted to the network of

semiflexible filaments by choosing the Eq. (2) for the Fp.n(t; t′). Note that similarly with

the Rouse-type relaxation in rubbers of crosslinked flexible chains,40 a permanent filament

network possesses its own rate of local relaxation,2,41,42 with the relaxation time for slowest

mode as ηL4
c/[κ4π3 ln(ALc/a)], where A is a constant of order unity and η denotes the

viscosity. For a filament network with typical mesh size ∼ 10µm, the relaxation time of the

slowest mode is about 1s, which is much smaller than the lifetime of a crosslink in a filament

network, (∼ 10 s in experiment on red blood cell13 and ∼ 103s of bundled cytoskeleton

networks8). As a result, we conclude that the mechanic relaxation process of individual

filaments is too fast for our range of interest, and will not be considered in this work.

The elastic energy in Eq. (4) is determined by the deformation tensor E(t; t′) measured

with respect to the reference state established at t = t′, which is expressed by E(t; t′) =

E(t; 0) · E−1(t′; 0). This time-dependent strain also determines the local force that affects

the rate of crosslink breaking in the exponents of activation rate: exp
[
−
∫ t
t′
β(t′′; t′)dt′′

]
. By

assuming that the material is incompressible, we can obtain the constitutive stress-strain

relation of the transient filament network, as the derivative σela
ij = ∂Ft.n/∂Eij, since there

is no difference between the Gibbs free energy Gt.n = Ft.n(t) + p det[E], and the Helmholtz

Ft.n, when we use the rigid constraint I3 = det[E] = 1. Note that there are also various

microscopic models16,43 for the transient network, especially transient rubber, which deal

with the mechanical properties from the statistical viewpoint.

Results and Discussions

By taking a uniaxially stretched material as our example system, we start with the analysis

of stress relaxation of a transient network of monodisperse filaments under an instant strain.

We then examine how a transient filament network responds to a ramp extension with a

constant strain rate, illustrating three regimes: elastic, plastic flow, and a necking instability
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region separating the two. After this, we extend the discussion to a polydisperse transient

filament network, where a non-exponential stress relaxation and a different stress-strain

relation under dynamic extension are found.

Monodisperse network

We start with a simplifying assumption of monodisperse filament network, where the mesh

size is assumed uniform across the whole network. Assuming that the stiffness of filaments

is also the same, we can then have a network with a uniform pre-tension, characterized by

a factor x as in Eq.(2). The deformation tensor in an incompressible uniaxial extension

experiment is: E = λexex + 1/
√
λ(eyey + ezez), where λ is the elongation ratio along the

stretch direction, ex. The elongation ratios of the other two orthogonal directions, ey and

ez, are equal to 1/
√
λ, due to the assumed incompressibility. In this case, the invariants

of the deformation tensor are: I1 = λ2 + 2/λ, I2 = 2λ + 1/λ2 and I3 = 1. Then the

filament free energy in Eq.(2), can be expressed as a function of stretch ratio, λ. Because

the stretch ratios along the three orthogonal directions are different, forces acting on chains

in the cubic cell are also different, even if the chains were all crosslinked at the same time

(t = 0). When one chain breaks from a crosslink, then the other two chains sharing the same

crosslink are able to move freely along the direction of the chain detached from this crosslink.

Therefore, they can achieve a force-free equilibrium state with a much lower breakage rate;

the crosslink becomes elastically ‘inactive’ and does not contribute any elastic energy to the

total network. Thus for simplicity, we calculate the breakage rate of the crosslink with the

largest force acting on the three orthogonal chains, assuming it breaks first and the other

chains become elastically inactive afterwards.

Stress relaxation and shape recovery

Murakami et al.13 conducted a shape-recovery experiment on red blood cells. First, a cell is

squeezed in its radial direction into a narrow slit for a period of t (order of minutes). Then,
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Figure 2: (a) A cube of transient filament network stretched at t = 0, kept being stretched
for a period of 0, 2/β0 and 10/β0, and then released to adopt its final equilibrium shape.
(b) Recovery ratio as a function of time for cases with initial stretch ratio of λ0 = 1.1, 1.2
and 1.5. Inset shows corresponding stress relaxation. Parameters used here are: c = 0.30
(filaments with Lc/lp = 5/3), x = 0.65 (a small pre-tensile stress, since x0 = 0.63 of force-free
state) and contour length of subfilament is Lc = 103a (lp = 600a).

after release, the cell can recover its natural shape of biconcave plate if t is short (∼ 1min),

while keeping the shape of the slit instead of recovering if t is long (∼ 5min). Shape recovery

of the cell is due to self-organisation of its cytoskeleton: when being deformed, crosslinks of

the cytoskeleton are dynamically broken and re-formed, i.e., a new network structure under

external deformation is formed if the time is long enough compared with the time scale for

crosslink breakage.

Let us assume that at time t = 0, the network is uniaxially stretched in x direction

instantaneously to a elongation ratio, λ0, while the y and z directions experience identical

compression with the ratio, 1/
√
λ0, as shown in Fig. 2(a). In this case, the breakage rate

of the crosslinks becomes β(0+; 0), where time t = 0+ denotes for the state after stretching

with elongation ratio λ0, and time t = 0 denotes for the relaxed state before stretching. This

rate is a function of λ0, and remains constant in a uniaxial stretch test with constant λ0.

Accordingly, the stress will decay exponentially with time. The reason is that this relaxation

is essentially the plastic flow (creep) due to the breakage of original crosslinks, so only the
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first term in Eq. (4) contributes to the elastic stress, which directly leads to the relation

σela(t) = σ(λ0)e−β(0+;0)t (5)

where σ(λ0) = ∂Fp.n/∂λ|λ0 at constant applied λ0, with Fp.n defined in Eq. (2). There

is no contribution from the chains that were re-crosslinked after t = 0 in Eq. (5), since

their deformation state at any time t with the externally imposed stretch ratio λ0 is exactly

the same as their reference state. This prediction of a simple-exponential stress decay is

essentially the same as that of transient flexible network,20 which is a natural outcome of

the Tanaka-Edwards the crosslink dynamics.16

If we release the initial load at time t, then the material will try to recover its equilib-

rium shape. The mechanical recovery is usually a fast process compared with the stress

relaxation of plastic creep as above, so in the recovery process the material can be regarded

as a permanent network without considering the furhter breakage and the re-connection of

crosslinks. Let us define the equilibrium state after recovery to have the residual elongation

ratio λr(t); its value can be obtained by equalising the residue stress of the transient network

after relaxation [the right-hand side of Eq. (6)] and the stress of a permanent network with

its reference state defined with the elongation ratio λr(t) [the left-hand side of Eq. (6)]:

σ[λ0/λr(t)] = σ(λ0)e−β(0+;0)t. (6)

A material parameter called the ‘recovery ratio’ can be introduced to measure how much a

material can recover towards its original reference state (λ = 1), after remaining stretched

for a period of time t:

S(t) =
λ0 − λr(t)
λ0 − 1

. (7)

Here S = 1 represents full recovery of a purely elastic body, and S = 0 represents zero
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recovery, where the plastic flow has relaxed the tension to zero. As shown in Fig. 2(b),

the recovery ratio decreases with time, as more original crosslinks are broken with time,

corresponding to stress relaxation as shown in the inset; material loses memory by a plastic

flow. A characteristic time scale is used for the plot: 1/β0 ∼ 1 min, which is the average

time for a chain to spontaneously break from its crosslink.

Neck formation

Let us examine how the material responds under a ramp of uniaxial extension, when the

principal stretching ratio increases with time: λ = 1 + γ̇t, with a constant rate γ̇. We only

find a small quantitative change in the curves of stress-strain relations when the rate of

re-crosslinking changes: all the same qualitative features are maintained across the range of

β/ρ = 10.0 to β/ρ = 0.1. This lack of dependence on re-crosslinking rate appears to be a

common feature of the networks with finite stretchability of their strands. The main reason

is that the elastic contribution of the newly crosslinked chains, which are by construction

not far from their reference state, turns out negligible compared with the contribution from

chains crosslinked from the beginning, especially when the initially crosslinked chains are

being stretched up to the limit x → 1.21 In the following discussion, we will take the limit

β � ρ for simplicity.

If the chains cannot be re-crosslinked for other reasons (e.g. without ATP supply to

crosslinkers of an actin network5), the stress-strain relationship of a breakable network can

be simplified by only using the first term in Eq. (4):

σx(λ(t); t) =
∂Fp.n(λ(t); t)

∂λ
exp

[
−
∫ t

0

β(t′; 0)dt′
]
, (8)

while σy = σz = 0 remains for free boundaries. There are two main differences between

Eq. (5) and Eq. (8): the immediate stress, ∂Fp.n/∂λ, is increasing with time during the

ramp deformation, as in Eq. (8) with λ = 1 + γ̇t, while it is constant in Eq. (5) during stress
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Figure 3: (a) Sketches of a transient filament network under uniaxial stretch, deforming
elastically, showing a necking instability, or undergoing a plastic flow (creep). (b) Stress-
strain relationship, with two critical strain rates: γ̇c1 = 0.04β0 and γ̇c2 = 0.10β0 (see text for
detail). (c) A sketch of necking instability. Parameters used here are: c = 0.30 (filaments
with Lc/lp = 5/3), x = 0.65 (a small pre-tensile stress, since x0 = 0.63 of force-free state)
and contour length of subfilament is Lc = 103a (lp = 600a).

relaxation with fixed λ0. Also, the rate of crosslink breaking β(t; 0) is changing with time in

a ramp deformation, while it remains a constant in stress relaxation.

Tensile stress of a permanent filament network increases monotonously with strain. In

contrast, the stress in a transient filament network under a deformation ramp can reach a

yield point and subsequently decrease, as shown in Fig. 3(b). This is due to the onset of

plastic flow, which was also spotted in the extended glassy worm-like chain model24. The

reduced strain rate γ̇/β0 compares the time scale of the imposed deformation with that of

internal crosslink dynamics. There are three response regimes depending on γ̇/β0, and two
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critical strain rates separating these three regimes defined as γ̇c1 and γ̇c2. In the case shown

in Fig. 3(b) with the filament parameters (stiffness) c = 0.30 and (pre-tension) x = 0.65,

the two critical strain rate are γ̇c1 = 0.04β0 and γ̇c2 = 0.10β0. If the strain rate is very low,

γ̇ < γ̇c1, the stress initially increases, but then decreases with the growing strain when the

network undergoes a complete fluidization. The characteristic “stress overshoot” (the point

of yield stress, in other terminology) also depends on the ratio γ̇/β0. For a relatively large

strain rate, γ̇ > γ̇c2, the stress increases nonlinearly but monotonically with the growing

strain, until the whole material approaches its stretch limit (some chains become stretched

with x→ 1), where the stress firstly increases in a almost diverging way and then abruptly

falls to zero due to the breakage of all crosslinks under infinitely large forces, see Eq. (1).

Under a moderate strain rate (of a constant strain ramp considered here), in the range

between γ̇c1 and γ̇c2, the stress first increases towards the yield point, then decreases, and

then follows another increase – until the final breakdown of the network. The mechanism

for the first increase and decrease in the stress is same as for the low strain rate case. The

second increase in the stress is due to elasticity divergence for x→ 1, which is contributed by

the chains remaining crosslinked from the beginning, similarly with that diverging increase

under large strain rate as discussed above. When this occurs as a result of the competition

between plasticity and nonlinear hyper-elasticity at x → 1, there will be two coexisting

phases with different strains (a weakly stretched one ε1 and a strongly stretched one ε2),

and an identical stress throughout the material, σco, shown in Fig. 3(c). The coexisting

strains and stress can be obtained by the Maxwell construction for typical first-order phase

transition, e.g., gas-liquid transition. In other words, a neck-like region will form in the

material, where the highly-stretched part of the network has the same tensile stress as the

matching weakly-stretched part. Actually, necking can also be found for transient flexible

polymer networks with finite stretchability,21 while the only material parameter in that

case is the stretchability limit of chains. This was seen experimentally by Wang et al.14 in

the context of filamentous connective tissue: a highly stretched region and a region with
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Figure 4: Elastic modulus-stress relationship of a transient network under uniaxial deforma-
tion ramp with different strain rates, measured against the natural rate of crosslink breaking
β0. Parameters used here are: c = 0.30 (filaments with Lc/lp = 5/3), x = 0.65 (a small
pre-tensile stress, since x0 = 0.63 of force-free state) and contour length of subfilament is
Lc = 103a (lp = 600a).

low deformation will coexist at the same local stress. In fact, the necking instability is a

phenomenon broadly known across many fields of material science.44–47

For a permanently crosslinked filament network,27,48–52 the differential modulus G is a

constant when the stress σ in the network is small, but undergoes a characteristic increase

G ∼ σ3/2 for large deformation (stress-stiffening). This effect is determined by the mechanical

properties of an individual filament, as its free energy is inversely proportional to (1 − x2)

for large deformation, when x → 1.29,48,53 For a transient network, it is found that when

the deformation rate is high (say γ̇ = 0.50β0), the network responds in the same way as

the permanent network: its linear elastic modulus is almost a constant for small stress, and

then the modulus grows with ∼ σ3/2 scaling for large stress, before the final failure of the

material, see Fig.4. If the deformation rate is lower, but the mechanical response is still

elastic (say γ̇ = 0.20β0 in Fig.4), the shear modulus can initially decrease the growing stress

(showing a dynamic stress-softening), but then return to a growing function G ∼ σ3/2 for
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larger stress. This late increase is due to the rapid growth of the elastic free energy as x→ 1,

which overtakes the initial crosslink “slip”.

In the regime where there is a neck-like region forming, between the two γ̇c1 and γ̇c2 curves

in Fig. 3(b), the response in G(σ) is qualitatively different. Initially the linear modulus

decreases in the same way, in the stress-softening process we discussed earlier, however, G

becomes zero (at the yield point) and then negative in the region of instability, before starting

to grow again, see Fig. 3(b) for a stress-strain representation. In the modulus-stress curves

of Fig. 4 this manifests itself as a two-valued plot when the two branches of the network

(the necking highly-stretched, and the weakly-stretched) coexist at the same stress. Finally,

at a large stress the modulus enters into the familiar 3/2 scaling stiffening regime, unless

the network breakdown occurs earlier. At a very low deformation rate (γ̇ < γ̇c1), the elastic

modulus decreases all the way to zero with the increase of the stress, without showing the

3/2 scaling law any more. That is, the network loses its stability and the material fluidises

at a moderate stress.

A full phase diagram in the space of relative stiffness (measuired by c), pre-tension of

crosslinked filaments (measured by x 6= x0), and the applied strain rate γ̇ is shown in

Fig. 5, where the orange cylinder-like zone marks the mechanically unstable region, where

the filament network becomes fluid with increasing stiffness and decreasing pre-tension). The

blue surface separates those of plasticity and necking (corresponding to γ̇c1 branch) in Fig.

3), and the red surface separates the regimes of elasticity and necking (corresponding to γ̇c2

branch. Plasticity and necking instability region increases with increasing pre-tension x and

decreasing stiffness c. Note the dashed line on the c-x plane, marking the force-free state of

the filament network x0(c).

Polydisperse network

Practically, the mesh size in a network is not uniform, but varies randomly with a certain

distribution. We now discuss the influence of this polydispersity in the mesh size on the
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Figure 5: 3D phase diagram in the space of (stiffness, pre-stress, strain rate) of how a
transient network responds to uniaxial stretch. Red surface denotes the boundary between
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ticity regions, orange cylinder-like zone denotes the unstable region (below the marginal
rigidity threshold), and the dashed line in the c − x plane denotes for force-free condition
x0(c) of the filaments. Contour length of subfilament is Lc = 103a.

rheological properties of transient filament networks in this section.

The probability to find a sub-filament connecting two crosslinks with length Lc under

the assumption of normal distribution is p(Lc) = (1/
√

2π∆) exp[−(Lc − L0
c)/2∆2], with

the expectation value L0
c and standard variance ∆, where the variance can be controlled

in experiments.11 The mean length L0
c is related to the number density of crosslinks n via

L0
c ∼ n−1/3. Free energy of transient filament network can be obtained by adding the

contributions from all the sub-networks of different mesh size:

Ft.n(t) =

∫
Ft.n(t;Lc)p(Lc) dLc . (9)

For simplicity of numerical analysis, we will assume chains in cells experiencing large enough

stress with σ(Lc)/nkBT ≥ 1000 will break from crosslinks, rather than keeping an infinitesi-
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mal probability of them remaining not broken. Moreover, we will only discuss the properties

of a transient network with its initial crosslinked state force-free as an example; in other

words, a sub-network with different sub-filament contour length has a corresponding mesh

size, ξ(Lc), for achieving the force-free state of each single filament (with different lengths).

Non-exponential stress relaxation

A non-exponential stress relaxation is found in a transient network with polydisperse sub-

filament length / mesh size. Figure 6(a) illustrates the time dependence of stress relaxation

under a constant strain λ0 = 1.1, comparing the monodisperse network (∆ = 0) with the

cases of increasing polydispersity. In polydisperse network the elastic stress decays faster at

the beginning [inset of Fig. 6(a)], and becomes slower in a transient network with a broader

distribution of mesh size. Due to the highly non-linear filament elasticity, the force acting

on the filament from different-sized meshes is different upon the same deformation, and it

decreases with the increase of the mesh size, as being further to the divergence region of

the free energy. Filaments experiencing larger forces would break off their crosslinks earlier,

resulting in a faster decrease in the stress at the beginning of relaxation. With the ongoing

time, the number of crosslinked filaments with a broader distribution then becomes smaller,

which causes a slower decay of the stress, and eventually all curves end up with the simple

exponential relaxation of the remaining nearly-monodisperse chains (although this regime

may not be accessible in practice).

A stretched exponential decay in a transient network, expressed as exp[−(βt)α], is often

reported in experiment,54,55 which does not agree with the basic prediction of Eq. (5), but

could be explained by assuming polydispersity in the bond strength.20,56 Here we assume

polydispersity in the contour length of subchains (mesh size) of the network, when the

network is stretched beyond the lower limit, (defined by smallest Lc), i.e., 1/x(Lc) > λ0, the

stress decays fast at the beginning due to fast breakage of the short over-stretched chains

from the crosslinks with 1/x(Lc) → λ0, and α is small at short time scales and becomes
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for networks with various stretched factor α in stress relaxation, σ ∼ exp[−(βt)α].

larger at longer ones, Fig. 6(a).

If we assume the modulus (or the stress) of the network decays as a stretched exponential,

i.e., G = G0exp[−(βt)α], then the storage and the dissipative modulus can be calculated by

G′(ω) = G0

∫∞
0

exp[−(βt)α]ω sinωt dt, and G′′(ω) = G0

∫∞
0

exp[−(βt)α]ω cosωt dt, respec-

tively. Given the stretching factor, α, the frequency dependence of G′, G′′ can be calculated

numerically, as shown in Fig. 6(b). We find that the larger is the stretching factor α, the

smaller is the exponent ν in G′ ∼ ων in the low-frequency regime. Experimentally reported

ν = 0.5 for long-time mechanic responses6,57 is recovered in the case of α = 0.2, which coin-

cidentally is the stretching factor in some studies of the stress relaxation in transient flexible

networks.54 This could be the actual mechanism for achieving ν = 0.5 in experiments.

Stress-strain under ramp deformation

As shown in Fig. 3(b), if strain rate is high, there is an instant fall of the elastic stress from

a finite value to zero, as material breaks down when the deformation is approaching the
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Figure 7: (a) Stress-strain relationship of a transient network with different distribution vari-
ances. (b) Modulus-strain relationship of a transient network with different distribution vari-
ances, both in the case of ramp stretch. Stars mark yield points, or elastic-plastic transition
points. Parameters used are: strain rate γ̇ = 0.50β0, zero pre-tension with x(Lc) = x0(Lc),
average contour length, L0

c = 1.25lp (c0 = 0.40) and persistence length lp = 800a.

filament limit, i.e. x → 1. However, the breakdown process of the material observed in

experiments is a bit different:10,11 it shows a smooth downturn, rather than a discontinuous

fall in the stress. Similar smoothing is also found in the regime of plasticity and necking

instability, but we will focus on the elasticity regime (high strain rate) as an example in the

following discussion.

Polydispersity of the network can naturally explain the observations. As shown in Fig. 7,

downturns can become smooth in both the stress and the elastic modulus in polydisperse

transient network, and the downturns happen at deceasing strains with increasing distri-

bution variances; this is due to the earlier breakage of the sub-networks with smaller mesh

sizes. Moreover, under a same strain, the stress firstly increases with the increased width of

the distribution, if the strain is small, then decreases when the material is deformed up to

its limit. That is, the material with a wide distribution in its mesh size hardens at small

deformation, and softens at large deformation. The stress hardening at small deformation is

because the sub-networks with smaller mesh size dominate in the contributions to the total

stress, and these networks fluidize with time, with minor contributions at large deformation.
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As the small-mesh-sized sub-networks break, the one sized around ξ0, with large distribution

probabilities, determines how the material responds; the material with smaller variance in

mesh size distribution has more sub-networks sized around ξ0, so the stress of such material

is larger, i.e., the material with smaller variance hardens at large deformation, especially

when x0 → 1.

Conclusions

In this work, we present a continuum theory for describing rheological properties of a tran-

sient filament network under arbitrary deformations, which contains dynamically broken and

re-formed crosslinks. By defining reference states of a sub-network according to when it (or

the corresponding crosslink) is formed, we can obtain the total free energy of the transient

network as a sum of all sub-networks formed at different time. As an illustration, we show an

exponential stress relaxation for the network containing uniform-sized mesh, and discuss how

the material responds under a ramp deformation, where the network experiences a change

from small to large deformations. In this type of experiment, three deformation regimes

(elasticity, plasticity, and necking instability) are observed. We also extended the theory to

a network with polydisperse mesh sizes, whose distribution is assumed to be Gaussian. In

this case, a stretched exponential decay of the stress under a constant deformation strain is

observed, changing as a function of the standard variance of the distribution; meanwhile, the

frequency dependence of the storage (loss) modulus is discussed. Moreover, smooth yielding,

stress hardening or softening, which is influenced by the distribution of the mesh sizes, is

discussed in this work.

Here we applied affine deformation to all sub-units as an approximation, which is not

accurate especially when the connectivity of the network is low.34,58 The theory can be

generalized to deal with cases of non-affine deformation, considering the effects of the local

force relaxation around crosslinks. We believe that this model provides a basic understanding
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of a transient filament network containing breakable crosslinks, which is very portable and

can be easily adapted to meet practical demands, and hope to stimulate more quantitative

experiments on exploring the rheology of transient filament networks.
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