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Measurement of B → ππ`ν with Full Hadronic
Reconstruction at Belle

Abstract

This thesis presents an analysis of the exclusive B → π+π−`ν` decay, where ` represents an electron or
a muon. The analysis uses the complete Υ(4S) data sample collected by the Belle detector, corresponding
to 711 fb−1. The events are selected by fully reconstructing one B meson into hadronic decay modes,
consequently the properties of the other B meson, “the signal B”, can be inferred via conservation laws. The
branching ratio is extracted by using an extended binned maximum likelihood method and measured to be
B(B+ → π+π−`+ν` ) = (2.24 ± 0.19stat ± 0.13syst) × 10−4. This result is the first reportedmeasurement of
this decay. The dominant resonance in the dipionmass spectrum is the ρ0 meson, observedwith a branching
ratio of B(B+ → ρ0`+ν` ) = (1.71 ± 0.16stat ± 0.10syst) × 10−4. From this measurement, the magnitude
of the CKM matrix element Vub is obtained as |Vub | = (3.56 ± 0.17stat ± 0.10syst

+0.38
−0.25 theo) × 10−3, in

agreement with the most precise measurement of this value from global fits to the B → π`ν` channel.
Another resonance is reportedwith a product of branching ratios,B(B+ → f2(1270)`+ν)×B( f2(1270) →
π+π−) = (1.8 ± 0.9stat

+0.2
−0.1syst × 10−5, with a 2.2σ statistical significance without taking into account

systematic uncertainties.
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CHAPTER 1

INTRODUCTION

The standard model of particle physics is one of the most significant achievements of the 20th century
in the field of physics. It successfully describes the fundamental interactions of elementary particles
and predicts a wide range of phenomena. However, it contains some parameters that are not possible to
calculate from first principles and therefore, must be determined empirically. Among these parameters
are the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements that govern the rate of the weak transition
between quark flavors. The most promising channels to extract the magnitude of these elements are
semileptonic decays. For instance, in the nuclear β reaction 14

6 C → 14
7 N + e− + ν̄` , a neutron in the

Carbon-14 atom transforms into a proton by emitting an electron and an anti-neutrino. The Carbon-14
becomes another element, Nitrogen-14. At quark level, this decay involves the u → d transition, and thus
can be used to measure the magnitude of the |Vud |. Among the measured CKM matrix elements, |Vub |

has the largest uncertainty, at the 4% level [1], so a precise determination of this element will allow for
stringent tests of the CKM mechanism of the Standard Model that also describes CP violation [2].

The value of |Vub | can be extracted from charmless semileptonic B decays. The term charmless refers
to hadronic states resulting from combinations of the light quarks u or d. Two approaches are applied
to obtain this value; they use different theoretical assumptions and experimental methodology. The
inclusive approach considers all possible final states with charmless mesons, while the exclusive approach
focuses on a particular decay channel. Presently, there exists a tension at the 3σ level between the
measurements of |Vub | from both approaches. Given that the measured exclusive modes do not saturate
the total inclusive charmless semileptonic decay rate, measurements of other channels are necessary to
improve the understanding of the inclusive modeling. Since only a quarter of the exclusive charmless
semileptonic B decays have been measured [1], the lack of knowledge on the remaining states constitute a
source of systematic uncertainty for the determination of |Vub | in the inclusive approach.

The present analysis explores the exclusive B+ → π+π−`+ν` decay and reports the first measurement
of its branching ratio. This channel is crucial as it broadens the number of exclusive channels and opens
the door to future measurements involving charmless mesons with masses above 1 GeV.

This thesis starts with an overview of the theoretical framework of the Standard Model, B physics, and
theoretical developments on the B → ππ`ν` decay in Chapter 2. Chapter 3 describes the experimental
setup and components of the Belle detector, the methods used for particle identification and the trigger
system. Chapter 4 presents a synopsis of the analysis tools employed in this thesis. Chapter 5 outlines the
data and monte carlo samples used for this research, together with a description of the signal reconstruction
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Chapter 1 Introduction

and background rejection strategy. Chapter 6 explains the signal extraction procedure, the implementation
of an extended binned maximum likelihood method and the strategy to validate the results obtained
therein. Chapter 7 discusses the sources of systematic uncertainties for the measurement. Chapter 8
presents the main results from this thesis, that is the measurement of branching ratios, the study of control
samples, a strategy to search for resonances in the dipion mass spectrum, and a measurement of the |Vub |

CKM matrix element. Finally, Chapter 9 closes with a summary of this thesis and suggestions for further
work on this channel.

Throughout this thesis, the physical quantities, such as mass or energy, are expressed in terms of natural
units according to ~ = c = 1, where ~ is the reduced Planck constant, and c is the speed of light in the
vacuum. The dimensions of the detector are given in SI units.
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CHAPTER 2

PHYSICS FOUNDATIONS

In this chapter, an overview of the fundamental concepts of the particle physics necessary to study the
B → ππ`ν decay is given. The chapter starts with a brief description of the Standard Model of particle
physics (section 2.1), followed by an introduction to B physics and semileptonic decays (section 2.2), and
finally recent theoretical developments on the B → ππ`ν decay are discussed in section 2.3.

2.1 The Standard Model of Particle Physics

The Standard Model (SM) of particle physics is the modern description of the fundamental laws of
nature at the subatomic level. It is a well-tested theory, being able to successfully explain most of the
results at accelerators and cosmic ray experiments, as well as to predict a wide range of phenomena.
The SM can be defined as a relativistic local quantum field theory in four space-time dimensions [3]
whose properties derive from the symmetries of the SU (3) ⊗ SU (2) ⊗ U (1) gauge group. Matter is
composed by fundamental particles subjected to the action of four forces: gravitational, electromagnetic,
weak and strong. Out of these forces, only gravity is not included in the SM. The three remaining
forces are mediated by spin-1 gauge bosons 1, also known as force-carriers, namely photons (γ) for the
electromagnetic interaction, gluons (g) for the strong interaction and the massive weak vector bosons W±

and Z0 for the weak interaction.
The elementary particles are classified as quarks or leptons, depending on whether or not they interact

via the strong force, respectively. In the SM, quarks and leptons are described as chiral fermions 2, coming
in three families or generations, with an associated partner known as antiparticle. Each generation contains
a pair of particles ordered according to a mass hierarchy, from which the first generation corresponds to
the lightest and hence the most stable particles that make up the ordinary matter. The particles in the
second and third generation are only accessible at high energy scales, conditions that are only met at
particle accelerators, cosmic rays or in the early universe. In the lepton sector, a pair is formed by a
charged particle and its corresponding neutral particle or neutrino: electron (e−) and electron neutrino
(νe), muon (µ−) and muon neutrino (νu), and tau (τ−) and tau neutrino (ντ). Charged leptons have an
integer value for the electric charge (Q) given in terms of the electron charge (e) and because they do not
1 A boson is an integer-spin particle described by the Bose-Einstein statistics.
2 Fermions are half-integer spin particles constrained by the Pauli exclusion principle and they behave according to Fermi-Dirac
statistics.
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Chapter 2 Physics Foundations

Figure 2.1: Schematic representation of the building blocks of the SM, showing the three generations of fermions
(quarks and leptons), the gauge bosons responsible for the interactions and the Higgs boson. Figure available via
Wikimedia Commons under the creative commons CC0 1.0 universal public domain dedication.

interact strongly, they do not form bound states and thus are found freely in nature. In the quark sector,
the particle pair for each generation has a semi-integer value for the electric charge, one with Q = +2/3e
and the other with Q = −1/3e. The quark-pair per family is as follows: up (u) and down (d), charm (c)
and strange (s), and top or truth (t) and bottom or beauty (b). Quarks, with the exception of the top, are
always found forming bound states or hadrons, either as a quark-antiquark state referred to as meson or
as a combination of three quarks (or three antiquarks) known as baryons. Examples of mesons are the
π+(ud̄) and the B0(db̄), and as for baryons the proton (uud) and the neutron (udd).

The last building block of the SM is the Higgs boson, which was discovered by the ATLAS [4] and
CMS [5] experiments in 2012. In the SM all particles are massless, however they acquire mass upon
interactions under the Higgs field that permeates the entire universe. Depending on the strength of the
interaction with this field, the particles gain mass accordingly. Like the other fields in the SM, the Higgs
field has an associated particle: the Higgs boson. Unlike the gauge bosons, which are spin-1 particles, the
Higgs boson is a scalar particle, i.e. a spin-0 particle. A graphic representation of the building blocks of
the SM is presented in Fig. 2.1. The SM is far from being a complete theory, in fact it contains 19 free
parameters that must be determined from experiments. It cannot explain the dominance of matter over
antimatter in the universe, neither the origin of dark matter and dark energy. Among other phenomena not
accounted for by the SM, one can find the neutrino oscillations, where a deficit of two-thirds with respect
to the SM prediction, is found in the solar electron neutrino flux. These flaws in the theory suggest that
the SM is a low energy limit of a more fundamental theory, in other words, the SM is just an effective
field theory of a more complete theory, which may include gravity.

The following subsections outline the fundamental aspects of the two constituent theories of the
SM: quantum chromodynamics (QCD) for the strong force and the electroweak theory that unifies
electromagnetism with the weak interaction.
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2.1 The Standard Model of Particle Physics

2.1.1 Quantum chromodynamics

The strong interaction is the force responsible for binding quarks in hadrons, and also protons and
neutrons in nuclei. The nuclear force is just an effective remnant of the strong interaction between
quarks. In analogy to the electric charge in electromagnetism, the particles participating in the strong
interaction carry a color charge or simply color. Historically, the concept of color was introduced as
an additional degree of freedom to describe the total wave function of the ∆++ baryon [6]. The quark
content of this baryon consist of three up quarks and total spin of J = 3/2; therefore, as a state composed
of indistinguishable fermions, it should be totally antisymmetric under the interchange of two fermions
to satisfy the Pauli exclusion principle. However, the wave functions for the spatial, flavor and spin
components are symmetric, which makes necessary the introduction of an antisymmetric component to
assure that the total wave function is antisymmetric. The quantum number for this component is the color,
which comes in three varieties for quarks: “red”, “blue” and “green”, with their respective anti-color
for the anti-quarks. The theory of strong interaction is named quantum chromodynamics (QCD) after
the colors. Unlike the photon that does not have an electric charge, gluons carry a color and thus they
interact with one another. Because color is conserved in all physical processes [7], when two quarks
interact they emit or absorb a gluon that carries the difference between the two colors of the quarks; this
implies that gluons are bi-colored carrying one unit of color and one unit of anti-color. In general, all
combinations of quarks must be colorless, hence mesons comprise a quark of one color and an antiquark
of the corresponding anticolor, whereas baryons must consist of quarks of different colors.

The arrangement for three species of color in a color/anti-color state gives nine possible combinations
for gluons whose linear combinations result in an octet and a singlet. The singlet state composed
by red/anti-red + blue/anti-blue + green/anti-green is color-neutral, which implies that it must be
non-interacting and if it exists as a mediator, it should occur as a free particle. Moreover, it could be
exchanged between two colorless baryons3, suggesting that they interact via the strong force, contrary to
the evidence [9]. Consequently, there are only eight gluons.

Color symmetry is described by the non-Abelian Lie group SU (3), a special unitary group in three
dimensions, that has eight generators corresponding to the eight gluons of QCD. The assumption of local
gauge symmetry leads to the QCD lagrangian that can be written as

LQCD = −
1
4

Ga
µνGaµν

+ i
∑
q

ψ̄qγ
µDµψq −

∑
q

mqψ̄qψq, (2.1)

where
Ga
µν = ∂µAa

ν − ∂νAa
µ − gs fabc Ab

µAc
ν, (2.2)

and
Dµ = ∂µ −

i
2
gsλ

aAa
µ, (2.3)

in the above equations gs is the dimensionless QCD coupling constant, the f abc are the structure constants
of the SU (3) group, mq is the quark mass and the index a runs from 1 to 8 for the eight gluon fields Aa

µ.
The first term in eq. 2.1 describes the propagation of the gluon fields and also gluon self-interactions.
The second term can be expanded in two components, one describing the propagation of free quarks and
the other the interaction between gluons and quarks, and finally the third term is the mass term resulting

3 In the quark model, both mesons and baryons are not affected by a color transformation; they are said to be color singlets [8].
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Chapter 2 Physics Foundations

from spontaneous symmetry breaking in the electroweak sector. The QCD coupling is defined as

gs =
√

4παs, (2.4)

with αs the QCD coupling strength that indicates how the effective color-charge between two quarks
depends on the distance between them [10]. The contributions for this dependence come from two
sources. On one hand we have the shielding effect of a virtual quark-antiquark pair that reduces the αs

value for increasing distance, and on the other hand, since gluons have a net color-charge, they produce
the opposite effect called anti-screening. Consequently, the effects of the gluons exceeds the impact of
the quark-antiquark pairs, increasing the magnitude of αs with the increase in distance. This behavior of
αs leads to the confinement of quarks inside hadrons, and offers an explanation to the question of why no
colored objects have ever been observed in nature. At short distance scales αs vanishes, allowing quarks
to behave as free particles. This phenomenon is referred to as asymptotic freedom. The lowest-order
expression for αs referred to as the running coupling constant is given by

αs (Q2) =
12π

(33 − 2n f ) ln(Q2/ΛQCD)
. (2.5)

Here Q represents the energy scale of the process also known as momentum transfer, n f is the effective
number of quark flavors at that energy, andΛQCD corresponds to energy boundary between asymptotically
free quarks and hadrons. Typical values of ΛQCD fall in the range between 200 MeV and 300 MeV [11].
This scale defines two energy regimes in QCD, a non-perturbative low-energy regime, where calculations
from first-principles are not currently possible ( such as the hadronisation processes) and a high-energy
regime where perturbation theory can be used4. The energy scale of ΛQCD also allows us to categorize
the quarks according to their masses: the light quarks (u, d, s) with masses below the QCD energy scale,
and the heavy quarks (c, b, t) with masses above this scale.

2.1.2 Electroweak Theory

The two remaining interactions accounted for by the SM are the electromagnetic and weak interactions.
The electromagnetic interaction is responsible for the binding of the electrons to the atomic nucleus,
the formation of molecules and chemical reactions; macroscopic phenomena such as friction and air
resistance, among others. By comparison, the weak interaction causes radioactive decay of nuclei like the
β-decay5, the decay of light hadrons such as the pion, kaon and neutron, and gives rise to processes with
neutrinos. Unlike the other interactions, the weak force does not produce bound states and violates both
charge conjugation and parity symmetries6. The first experimental evidence of parity violation was carried
out by Wu and collaborators in 1957 [12] in a β-decay of polarised cobalt-60, 60Co→60 Ni∗ + e− + ν̄e.
The 60Co nuclei, with an inherent nuclear magnetic moment µ, were aligned in a strong magnetic field B
and the β-decay electrons were detected at different polar angles with respect to this axis. Since both
B and µ are axial vectors, the parity operation does not change their sign. In the mirror world of this
system, the only quantity that changes sign is the momentum of the emitted electrons. Hence, if parity
4 For high energy scales or short distances (Q � ΛQCD), the value of αs becomes sufficiently small to allow for high-order
calculations in terms of αs (perturbative corrections)

5 The β-decay refers to the conversion of a neutron into a proton by the emission of an electron and an electron antineutrino
6 The charge conjugation is a discrete symmetry transformation that replace particles with their corresponding antiparticles.
The parity transformation corresponds to spatial inversion through the origin, x→ −x. Scalar quantities such as temperature,
or axial vectors like the angular momentum remains unaltered under parity transformations, while pseudoscalar quantities
such as helicity or vectors like the momentum change sign under parity operations.
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2.1 The Standard Model of Particle Physics

were conserved in the weak interaction, the rate at which electrons were emitted at a certain direction
relative to the B-field would be identical to the rate in the opposite direction. The empirical results
showed a deficit of electrons in the direction of the applied field, and an excess in the opposite direction,
thus providing a clear demonstration that parity is not conserved in the weak interaction [7]. One way of
translating this observation to mathematical concepts was to decompose the wavefuntion of fermions into
two components: left-handed and right-handed. As a consequence, the weak interaction distinguishes
between left-handed and right-handed particles. Another aspect of the weak interaction is that it facilitates
flavor changing interactions, indeed the β-decay, at the quark level, implies the flavor change of one down
quark in the neutron to an up quark, changing the neutron for a proton by emitting an electron and an
electron antineutrino (d → ue− ν̄e). There are two ways in which the weak interaction takes place: the
charged current (CC) mediated by the W± bosons where the electric charges of the interacting particles
differ by one unit, and the neutral current (NC) mediated by the Z0 boson, where the electric charges of
the interacting particles are equal [11].
The electroweak sector of the SM is based on the symmetry group an SU (2)L ⊗ U (1)Y , where the

subindices L and Y refer to the left-handed fields and the hypercharge respectively. The gauge symmetry
is broken by the vacuum, which triggers the spontaneous symmetry breaking (SSB) of the electroweak
group into the electromagnetic subgroup, SU (2)L ⊗ U (1)Y → U (1)Q, with Q the electric charge defined
as

Q =
Y
2
+ T3, (2.6)

and T3 the diagonal generator of the group SU (2)L also known as weak isospin [13]. The SSB mechanism
generates the masses of the weak gauge bosons and the fermions, and gives rise to the appearance of a
physical scalar particle in the model, the Higgs boson [14]. The SU (2)L symmetry is associated with
three gauge bosons (W µi, i = 1, 2, 3) and a gauge coupling constant g′, whereas the U (1)Y is associated
with one gauge boson B µ and the gauge coupling constant g. In the SM the couplings g and g′ cannot be
calculated and must be determined empirically. The W i and B bosons are not the physical bosons that
mediate the interactions, instead they mix to form the W± bosons of the CC interactions, and the photon
(A) and Z0 bosons of the NC interactions. The following relations show the connection between the
bosons of the gauge groups and the physical bosons:

W± µ =
1
√

2
(Wµ

1 ∓ iWµ
2 ), (2.7)

[
Z0

A

]
=

[
cos θW − sin θW
sin θW cos θW

] [
W3
B

]
, (2.8)

where the angle θW is the weak mixing angle, also known as the Weinberg angle, and is defined by the
relationship

θW = tan−1
(
g′

g

)
. (2.9)

The electroweak Lagrangian contains a vast number of terms that can be grouped in four compon-
ents [15]:

Lelectroweak = Lgauge + Lfermion + LHiggs + LYukawa. (2.10)

Given the extension of the Lagrangian, the reader is referred to the textbooks [7, 9, 15] for further
details. Some important aspects of the Lagrangian are discussed in the following.
The first term in eq. 2.10, Lgauge, corresponds to the kinetic energy of the vector bosons and can be
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Chapter 2 Physics Foundations

written as

Lgauge = −
1
4

FµνFµν −
1
4

Fµν
a Fa

µν, (2.11)

where Fµν and Fa
µν are the U (1) and SU (2) field tensors, respectively. They are given by

Fµν = ∂µBν − ∂νBµ, (2.12)

Fa
µν = ∂µW a

ν − ∂νWq
µ + gεabcWb

µW c
ν , (2.13)

with a = 1, 2, 3 and εabc are the structure constants for SU (2). Since Fa
µν includes a quadratic term in

W a
ν , the Lagrangian Lgauge gives rise to cubic and quartic self-interactions among the gauge fields.
The second term in eq. 2.10,Lfermion, describes the kinetic energy of the fermions and the fermion-boson

interactions. In a simplified manner, it can be written as

Lfermion = iψ̄γµDµψ, (2.14)

where γµ are the four Dirac matrices and Dµ is the covariant derivative.
Since the weak interaction discriminates between left-handed and right-handed fermions, the former

are assigned to a doublet and the latter to a singlet7, the covariant derivative must be modified to account
for this fact. Thus

Lfermion = iψ̄Rγ
µ (∂µ + ig′Y Bµ)ψR + iψ̄Lγ

µ[∂µ +
i
2

(g′Y Bµ + gTaW a
µ )]ψL, (2.15)

where Ta are the generators of the group SU (2).
The next term in eq. 2.10 is responsible for the SSB by which the three weak bosons acquire mass. To

that end the scalar fields require a choice of representation in which the field with a nonzero vacuum
value is electrically neutral, so the photon remains massless, but it must carry nonzero values of T3 and Y
so that the Z0 boson acquires mass. The simplest representation is

φ =

(
ϕ+

ϕ0

)
and φ† = (−ϕ−, ϕ0†). (2.16)

Then the Higgs Lagrangian can be written as

LHiggs =
�����

(
i∂µ −

g

2
TaW a

µ −
g′

2
Bµ

)
φ

�����

2

−
1
2
µ2φ†φ −

1
4
λ(φ†φ)2, (2.17)

with µ2, λ ∈ R and λ > 0. The scalar potential, V (φ) = 1
2 µ

2φ†φ+ 1
4λ(φ†φ)2, has a continuum minima

for µ2 < 0, where the vacuum expectation value (VEV) satisfies < φ >= v =

√
−
µ2

λ . The φ can then be
expanded around this VEV as φ(x) = 1√

2
(h(x) + v), and hence the Higgs Lagrangian becomes

7 For each generation of fermions we have ψL =
(νL
e−L

)
and ψR = e−R for leptons, and ψL =

(u′L
d′L

)
and ψR = u′R or d′R with

u′ = u, c, t and d′ = d, s, b for quarks.
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2.1 The Standard Model of Particle Physics

LHiggs =
g2

4
Wµ
−W+µ (h + v)2

+
1
2
∂µh∂µh +

√
g2
+ g′2

8
Zµ0 Z0

µ (h + v)2

+
µ2

2
(h + v)2

+
λ

4
(h + v)4, (2.18)

where h is the Higgs field. The coefficients of the quadratic terms in the fields correspond to the square

of their masses. In this way the masses for the W and Z bosons are MW = gv/2 and MZ =

√
g2
+ g′2v/2.

The Higgs Lagrangian also includes the interactions between the Higgs field, the W± and Z0 bosons,
as well as the Higgs self-interactions. However, this Lagrangian has neither interaction terms nor mass
terms for the photon, and hence the photon remains massless.

The last term in eq. 2.10, the Yukawa Lagrangian (LYukawa), couples the Higgs field to the fermions to
provide masses of the quarks and charged leptons. The expression for this lagrangian is given by

LYukawa = gf (ψ̄LφψR + ψ̄RφψL), (2.19)

where gf is a constant known as the Yukawa coupling of the fermion to the Higgs field. The Yukawa
coupling cannot be predicted from the SM, it must be determined empirically. Nonetheless, after the
Higgs field has acquired a VEV from SSB, the masses of the fermions (m f ) can be related to the Yukawa
coupling by

gf =
√

2
m f

v
. (2.20)

Hence, the larger the magnitude of the Yukawa coupling is, the more massive the particle becomes.
It should be emphasized that the Higgs mechanism does not give mass to composite particles such as
protons or nuclei; they owe their masses to the binding energy that holds together the quarks inside them.

2.1.3 The Cabibbo-Kobayashi-Maskawa (CKM) mechanism

In the 1960’s, the measured decay rate for leptons suggested that the strength of the coupling of the
W± bosons to the neutrino-lepton pairs for all generations of leptons was the same, a property known
as lepton universality. An analogous situation was expected in the quark sector, where the W± boson
couples to up-type and down-type quark pairs. In this way, universality would imply that decays such
as n → pe−n̄ue and Λ → pe−n̄ue, with d → u and s → u quark transitions respectively, will have the
same matrix elements contrary to the evidence where the latter is significatively smaller than the former.
This, and other observations, led Nicola Cabibbo in 1963 to formulate the concept of quark mixing, in
which the weak eigenstates of quarks that couple to the W bosons are quantum superpositions of the mass
eigenstates of quarks [16]. The relationships between these two basis are contained in a 2 × 2 unitary
matrix in terms of a single parameter, the Cabibbo angle θ12. This angle allows for mixing between the
first and second generation of quarks. The extension to three generations was done by Makoto Kobayashi
and Toshihide Maskawa in 1973, with the argument that CP violation arise naturally in the theory with the
inclusion of a third generation, while it was impossible with just two generations [17]. The 3 × 3 matrix
transformation that relates the weak eigentstates (d ′, s′, b′) to the mass eigenstates (d, s, b) is referred to
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Chapter 2 Physics Foundations

as the Cabibbo-Kobayashi-Maskawa (CKM) matrix (VCKM ) and is defined as

*..
,

d ′

s′

b′

+//
-
=

*..
,

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

+//
-

*..
,

d
s
b

+//
-
= VCKM

*..
,

d
s
b

+//
-
. (2.21)

As of 2018 the magnitudes of the CKM matrix elements are [1]

VCKM =
*..
,

0.97434+0.00011
−0.00012 0.22506 ± 0.00050 0.00357 ± 0.00015

0.22492 ± 0.00050 0.97351 ± 0.00013 0.0411 ± 0.0013
0.00875+0.00032

−0.00033 0.0403 ± 0.0013 0.99915 ± 0.00005

+//
-
. (2.22)

An unitary N × N matrix of quark mixing has N (N − 1)/2 real parameters and (N − 1)(N − 2)/2
phases, hence VCKM can be parametrized by three rotation angles and one complex phase δ as follows

VCKM =
*..
,

1 0 0
0 c23 s23
0 −s23 c23

+//
-

*..
,

c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

+//
-

*..
,

c12 s12 0
−s12 c12 0

0 0 1

+//
-
, (2.23)

where si j = sin φi j and ci j = cos φi j . The phase δ enters the wavefunction as exp[i(ωt + δ)], which is
not invariant under time reversal (t → −t) and therefore introduces CP-violating effects in the SM. Another
widely used parametrization of the CKM matrix results by expanding it in terms of λ = |Vus | ≈ 0.225,
which is known as Wolfenstein parametrization [18]. It is given in terms of four real parameters λ, A, ρ,
η by

VCKM ≈
*...
,

1 − λ2

2 λ Aλ3(ρ − iη)
−λ 1 − λ2

2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1

+///
-

+ O(λ5). (2.24)

This parametrization is convenient because it shows a hierarchical pattern in the magnitudes of the CKM
matrix elements, where the off-diagonal terms are relatively small and the diagonal terms are close to
unity. Consequently, the weak interaction of quarks of different generations are suppressed relative to
those of the same generation. The suppression is maximum for the couplings between the first and third
generation quarks, ub and td. Furthermore, the complex components in the CKM matrix resides solely
on Vub and Vtd at order λ5, which implies that η must be non-zero to violate CP in the quark sector.

The unitarity of the CKM matrix imposes six orthogonality constraints on its rows and columns:∑
α

VαiV
∗
α j = 0, i , j∑

i

VαiV
∗
βi = 0, α , β.

(2.25)

where the Greek subscripts run over the up-type quarks (u, c, t), while the Latin ones run over the
down-type quarks (d, s, b). The relations in eq. 2.25 can be graphically represented in the complex plane
under the name of unitarity triangles [19] as illustrated in Fig. 2.2. Each of these triangles is named after
the columns or rows whose orthogonality it represents. The length of the sides of the triangles, as well
as their angles, are invariant under phase transformations and thus are physical observables that can be
measured in suitable experiments. All six triangles have the same area that is a measure of the size of CP
violation in the SM. If the CKM matrix were not truly unitary, it would indicate the presence of additional
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2.1 The Standard Model of Particle Physics

Figure 2.2: The unitarity triangles for three generations of quarks. The triangles are labeled by the pair of columns
or rows whose orthogonality is represented.

quark generations or another more fundamental problem in the SM.
Out of the six unitarity triangles, the bd-triangle is the most commonly used which is derived from the

relation
VudV ∗ub + VcdV ∗cb + VtdV ∗tb = 0. (2.26)

Dividing this expression by the best known factor (VcdV ∗cb) results in a triangle of unit base and sides
with lengths of |VudV ∗ub/VcdV ∗cb | and |VtdV ∗tb/VcdV ∗cb |. One can redefine the sides of this triangle as
−VudV ∗ub/VcdV ∗cb = ρ̄ + iη̄ and VtdV ∗tb/VcdV ∗cb = 1 − ρ̄ − iη̄. The angles for this triangle are given by

α = arg
(
−

VtdV ∗tb
VudV ∗ub

)
,

β = arg
(
−

VcdV ∗cb
VudV ∗ub

)
,

γ = arg
(
−

VudV ∗ub
VcdV ∗cb

)
.

(2.27)

Combination of independent measurements can experimentally constrain the sides and angles of the
triangle and test its unitarity. For instance, measurements of mass splitting (∆Md, ∆Ms) from B(s) meson
mixing, |Vub/Vcb | from semileptonic B decays and CP violation either in the kaon system (εK ) or the B
meson system (sin(2β)) can be used in a global fit in the ( ρ̄, η̄) plane. The result of the global fit, carried
out by the CKMfitter group [20], is presented in Fig. 2.3 and validates the unitarity of the CKM matrix.
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Figure 2.3: Experimental constraints on the unitarity triangle as provided by the CKMfitter group for the ICHEP
conference 2016 [20].

2.2 Phenomenology of B mesons

The bottom or beauty quark (b) is the heaviest quark that hadronizes to form a bound state, which then
exhibits a rich variety of decay modes. This property makes b-flavored hadrons an interesting research
probe whose studies fall into five categories:

1. test of the electroweak sector of the SM,

2. study of the dynamics of the heavy quark interactions,

3. the origin of CP violation,

4. the measurement of the magnitude of the CKM matrix elements |Vcb |, |Vub |, |Vtd | and |Vts |,

5. and the observation of rare processes which can probe physics beyond the SM (BSM).

The b quark was discovered at Fermilab in 1977 by the E288 experiment headed by Leon Lederman [22].
They measured a µ+µ− resonance from collisions of 400 GeV protons on a nuclear fixed target, and
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2.2 Phenomenology of B mesons

Figure 2.4: Cross section of the annihilation of e+e− collisions to bottomonium resonances as measured by the
CLEO collaboration. The green shaded area underneath the resonances corresponds to continuum events. The
figure is taken from [21] and modified for illustrative purposes.

associated this resonance with a bb̄ bound state8 which was then named Upsilon (Υ). This resonance
was later called Υ(1S) and confirmed by two e+e− experiments, Doris at DESY (Hamburg) in 1978 [23,
24] and CESR at LNS (Cornell) in 1979 [25, 26]. They also observed other bb̄ narrow resonances: the
Υ(2S) and the Υ(3S). These particles decay via the strong interaction9, with a b and b̄ annihilating
each other by emitting gluons or virtual photons. Henceforth, the upsilon resonances are not useful in
determining further properties of the b quark, such a task can only be achieved in the study of their weak
decays [27]. For that purpose, it was necessary to study a b-flavored meson, where the heavy mass of the
b quark dominates the dynamics of the meson10. In 1980 the CESR experiment observed another upsilon
resonance [28, 29], Υ(4S), which is just 20 MeV above the mass threshold to produce two of the lightest
b-flavored particle, the B meson. The family of Υ resonances as measured by the CLEO collaboration is
presented in Fig. 2.4, where the green shaded area corresponds to the nonresonant background originating
from the annihilation of e+e− into a pair of light quarks (u, d, s, c) and is generically known as continuum
background. The first experimental evidence of B mesons was inferred in 1981 from the measurement of
the inclusive semileptonic decay rate [30, 31], where the presence of a single lepton in the final state was
a signature of a weak decay. It was not until 1983 when the existence of the B meson was completely

8 A particle consisting of a heavy quark and its antiquark is referred to as quarkonium, so in this particular case a bb̄ state is
known as bottomonium.

9 Typical lifetime for particles whose decays are mediated by the strong, electromagnetic and weak interactions are of the order
of 10−23 s, 10−16 s and 10−8 s, respectively. As consequence, the strong force gives no measurable lifetime, instead the
particle width can be measured.

10 Quarkonia particles are flavorless, since the total flavor quantum number of the system is zero. Hence, the upsilon resonances
have a total bottom of zero.
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Figure 2.5: Diagrams for B meson decays, where the index ` refers to the three flavors of charged leptons (e−, µ−

and τ−).

established by the CLEO collaboration with the observation of fully hadronic decays [32].
The b-flavored meson species that result from binding a b̄ quark and an u, d, s or c quarks are referred

to as the Bu (B+), Bd (B0), Bs and Bc mesons, respectively, as depicted in Fig. 2.6. They all decay
exclusively via the weak interaction. Excited or high mass states of b-flavored mesons decay strongly
to these four mesons. Due to the much heavier mass of the s and c quarks, in comparison with the u
and d quarks, the Bs and Bc mesons cannot be produced at the Υ(4S) resonance. Hereafter, the term
B mesons is used to refer indistinctly to both the B+ and B0 mesons. The decay of B mesons occurs
primarily through the CKM favored b→ c transitions. Nevertheless, one can distinguish various ways in
which a virtual W± boson mediates a B meson decay [33], depicted as Feynman diagrams in Fig. 2.5. In
the simple spectator diagram, the virtual W± materializes into either a lepton and anti-neutrino or a ūd or
c̄s quark pair. The terminology spectator comes from considering the decay of the B meson as due to
the decay of the b quark, while ignoring the presence of the spectator antiquark. This representation
serves only as an approximation to the B decay. In order to predict physical observables, the confinement
and hadronization of the b quark inside the B meson must be taken into account, as they are included
as non-spectator effect corrections. The spectator diagram is the dominant decay mode of B mesons.
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2.2 Phenomenology of B mesons

Figure 2.6: Possible combinations of a bottom anti-quark with other quarks to form a ground state B meson.

The color suppressed diagram arises when the virtual W± decays into a quark-antiquark pair that happen
to have the same colors as the initial b quark. Therefore, these modes are expected to be a factor of
three lower in amplitude and nine times lower in rate, with respect to the non-color suppressed spectator
diagram. The annihilation diagram shown in Fig. 2.5(c) takes place when the b quark and spectator
anti-quark are in the same space-time region and annihilate by coupling to a virtual W±. The decay
amplitude for this decay is proportional to a numerical factor known as the decay constant fB times the
CKM matrix element |Vub |.
The neutral mesons have the possibility of oscillating to their antiparticles before they decay. This

behavior is described by box diagrams in the SM as shown in Fig. 2.5(e). Although the up-quarks are
exchanged in the mixing of B mesons, the t quark has a major relevance due to its mass, as the amplitude
of this process is proportional to the mass of the exchanged fermion. Decays involving this mode are
useful when extracting the CKMmatrix elements |Vtd | and |Vts |. The last diagram corresponds to penguin
processes, which proceeds through higher order weak interactions involving loops. In this case, a b
quark decays into another down-quark (s or d) by radiating a photon or a gluon, hence penguin processes
proceed via flavor changing neutral current (FCNC). As in the box diagram, the relative size of the
amplitude depends on the mass of the exchanged fermion. Decays that proceed through such a loop are
often referred to as rare decays and they are sensitive to contributions from new particles in BSM physics.
Depending on the type of particles present in the final state, the B meson decays can be classified

as hadronic, leptonic or semileptonic decays. These decays contain only hadrons, only leptons, or
combination of hadrons and leptons, respectively. Hadronic decays pose serious theoretical challenges,
since the dynamics of the hadrons implies the use of difficult calculations in QCD, for which the
uncertainties in the knowledge of certain parameters may result in unreliable predictions. The available
theoretical description of hadronic decays exploits effective theories where the QCD Lagrangian is
simplified with the use of approximate flavor symmetries, or the existence of several scales, which allows
for an expansion in ΛQCD/mb. These approximations result in a theoretical model valid for a specific
region of momenta of the particles involved. On the experimental side, hadronic decays are easy to
reconstruct and deal with. Leptonic decays lie in a completely opposite situation as hadronic decays. On
one hand, due to the lack of strong interaction effects among leptons, the theoretical description of final
state leptons is straightforwardly calculated from QED, while the impact of the annihilation of the quark
and anti-quark pairs within the meson is contained in a single parameter: the decay constant of the meson.
However, because of their tiny decay rate, leptonic decays are difficult to detect experimentally. Finally,
the theoretical description and experimental detection of semileptonic decays lie in an intermediate
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situation between that for hadronic and for leptonic decays.

2.2.1 Semileptonic B decays

In the SM formalism, charged-current semileptonic decays at parton level proceed via exchange of a
charged weak boson, W+, between a quark and a lepton current. The quark current is given by

Jµ = ŪLγµVCKMDL, (2.28)

where

UL =
*..
,

uL

cL
tL

+//
-
, DL =

*..
,

dL

sL
bL

+//
-
, (2.29)

involving the left-handed up- and down-type quarks. The lepton current can be written as

jµ = ēLγµ ν̄e,L + µ̄Lγµ ν̄µ,L + τ̄Lγµ ν̄τ,L . (2.30)

At energies much less than the W mass, the two interactions can be combined into a local effective
Hamiltonian of the form

Hsl
eff =

4GF
√

2

(
ŪLγµVCKMDL

)
×

(
ēLγµ ν̄e,L + µ̄Lγµ ν̄µ,L + τ̄Lγµ ν̄τ,L

)
+ h.c., (2.31)

where GF is the Fermi coupling constant defined as

GF =
g2

4
√

2M2
W

, (2.32)

and the change of ŪL by ŪL has to do with the fact that the top quark is much more massive than the
W± boson and that it does not hadronize. Consequently, when considering weak decays of hadrons, the
effective Hamiltonian does not contain the top quark anymore and thus

UL =
*..
,

uL

cL
0

+//
-
. (2.33)

The expression for the effective Hamiltonian indicates that all CKM matrix element, with the exception of
those involving the top quark (Vtq), are accessible in semileptonic decays [34]. The differential B meson
decay rates take the form

dΓ ∝ G2
F

���Vqb
���
2 ��� j

µ
〈X | q̄LγµbL |B〉

���
2
, (2.34)

where 〈X | represents the hadronic final state and |B〉 the initial state given by the B meson. In semileptonic
decays, the leptonic part of the effective Hamiltonian factorizes from the quark current, so all QCD
corrections are contained in the hadronic matrix element 〈X | q̄LγµbL |B〉.

Semileptonic B decays can be studied in two different approaches. The inclusive considers all possible
contributions to the q → q′ quark transitions. The exclusive approach focuses in the explicit reconstruction
of the final state hadron. These approaches are based on different experimental techniques and theoretical
concepts, rendering complementary information for semileptonic decays and a way to test consistency
between the results from the two approaches. As this thesis focuses on an exclusive decay channel, the
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remainder of this chapter is dedicated to the theoretical methods used in exclusive semileptonic B decays.
In exclusive semileptonic decays the hadronic matrix elements are parametrized as form factors, which
are non-perturbative functions of the momentum transfer q2 [35]. Their calculation is based on different
assumptions, dependent on the type of quark transition that the decay exhibits. These transitions are of
two classes, b→ c and b→ u quark transitions; decays involving the latter are called charmless B decays.
Decays proceeding through a b→ c quark transition are studied under the Heavy Quark Effective Theory
(HQET), which assumes that the masses of both the b and c quarks are large compared to ΛQCD. In
the limit of infinite-mass, hadronic systems, which differ only in the flavor or spin quantum numbers of
the heavy quark, have the same configuration of the spectator quark and gluons in the initial and final
state [36]. Nonetheless, as the quark masses are finite, corrections to the calculations must be added
in powers of the inverse of the heavy quark mass, 1/mQ, and αs (mQ). This method has proven to be
successful in the precise determination of the CKM matrix element |Vcb |.
For charmless semileptonic B decays, the scenario is different as the up and down quarks are light,

and the HQET is no longer applicable. For the heavy to light quark transitions, different theoretical
calculations have been developed to describe the form factors, these include:

1. Quark models. These models assume wave functions for the mesons and use them to compute
the hadronic matrix elements [37]. They are calculated at a particular value of q2, either q2

= 0
or q2

= q2
max. The q2 dependence of the form factors is determined as a separate step in the

calculation as an extrapolation based on phenomenological motivations. One of such models is
the Isgur-Scora-Grinstein-Wise (ISGW) quark model [38], which is based on a nonrelativistic
constituent-quark potential model, with an assumed Coulomb-plus-linear form for V (r). Here, the
form factor is calculated at q2

= q2
max. This model was updated to include relativistic corrections

under the name ISGW2 [39]. Due to the unclear connection to QCD, the theoretical uncertainties
from this model are not under control, and hence impossible to estimate.

2. QCD sum rules. The main idea behind this method is to perform a perturbative calculation of
suitable correlation functions in a kinematic region where perturbation theory can be applied.
These perturbative results are then extended to the nonperturbative regions by utilizing unitarity
and analyticity, that is, by using a dispersion relation [34]. These calculations are valid for low
values of q2 and have proven to be a powerful tool to derive form factors with a minimal number of
phenomenological assumptions [40]. One of these methods is the Light Cone Sum Rule (LCSR),
which implements light-cone distribution amplitudes for both the heavy and light mesons.

3. Lattice QCD (LQCD). This method calculates nonperturbative QCD processes on a discrete
lattice characterized by a spacing a via a numerical simulation [34]. In the limit when a → 0 and
the number of grids is infinite, the continuum limit, LQCD can provide an accurate solution to
QCD; in practice the calculations are carried out for different values of a and then extrapolated
to the continuum limit. However, these calculations are limited by the amount of computational
power. To ease the computational burden a quenching approximation is used, which consists of
removing all Feynman diagrams with closed fermion loops. Most of the LQCD results available
are quenched, but in some cases the use of the quenching approximation results in unknown effects
on the results, thus, when possible, an unquenched calculation is desired. One limitation in the
implementation of the LQCD calculation is the simulation of heavy quarks in the lattice, since the
lattice spacing has to be chosen to be smaller than the inverse of the heavy quark, and the simulation
of a hadron of typical size 1/ΛQCD already requires very large lattices. Another complication is in
the simulation of objects with large momentum. This makes impossible to compute form factors
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for decays of heavy mesons in regions where the light meson has a large momentum in the rest
frame of the decaying meson. This condition restricts LQCD calculations to high values of q2.

2.3 The decay B+ → π+π−`+ν`

The main motivation in the study of charmless semileptonic B decays is the determination of the CKM
matrix element |Vub |. However, for that to be possible the form factors from a reliable calculation,
such as LCSR or LQCD, must be available. This is not yet possible for all exclusive channels. At
present, there is a discrepancy at the 3σ level between the values of |Vub | obtained from the inclusive
and exclusive approach. According to the Heavy Flavor Averaging Group (HFLAV) [41], |Vub | =

(4.52± 0.15exp ± 0.13theo) × 10−3 from the inclusive determination, whereas |Vub | = (3.65± 0.14) × 10−3

from the most precise exclusive measurement that comes from the B → π`ν` channel. This discrepancy
has given rise to different conjectures, one of them being the revision of the theoretical inputs used in
the description of inclusive charmless semileptonic B decays. Currently, there are only five exclusive
channels (B → (π, η, ρ, ω, η ′)`ν`) that have been measured, representing about 22% of the total rate for
inclusive charmless semileptonic B decays. This fact demands the study of other exclusive channels
in order to understand the composition of the inclusive rate and consequently improve the inclusive
determination of |Vub |.
The exclusive B → ρ`ν` channel, a resonant mode in the B → π+π−`ν` decay, has also been used

to determine |Vub |, but the central values obtained from this channel are usually lower than those from
B → π`ν` [42]. For instance, the BaBar collaboration analysis [43] measures |Vub | = (2.76±0.21)×10−3.
Recent discussions about this peculiarity are found in the literature [44–46], with the consensus
that previous analyses did not take into account the broad ρ width. This is important as different
analyses only consider a limited range in the ππ invariant mass and the exclusive channels suffer
from large model dependence. The latest measurement [47] carried out by Belle on this channel
determines |Vub | = (3.68 ± 0.14exp

+0.29
−0.34 theo) × 10−3, which is in agreement with the value extracted from

the B → π`ν` channel. For the latter, a mass window around the nominal mass of the ρ meson of twice
the decay width is used. There has also been suggestions from theorists to treat more rigorously the
background underneath the mass of the ρ meson, especially those coming from other contributions from
ππ states, such as s-wave or other p-wave contributions11. To avoid dealing with the identification of
resonant or nonresonant contributions, the decay B+ → π+π−`+ν` can be studied as a four-body decay, to
provide a model-independent determination of |Vub | in the future [46]. Extending the accessible region
of phase space beyond of that dominated by the ρ meson will help theorists and experimentalists to
better understand the B+ → π+π−`+ν` , especially to improve the description of the B → ρ`ν` decay
beyond the approximation of narrow width and flat nonresonant background [48]. This information will
also improve the calculation of the B → ππ form factors, that are also essential hadronic input for other
processes such as the rare flavor-changing-neutral-current decay B → ππ`+`− and to hadronic decays
such as B → πππ [49].
The kinematics of the four-body decay B+ → π+π−`+ν` is described by the following phase space

variables [46]:

1. the effective mass squared of the pion pair s = M2
ππ ;

2. the effective mass squared of the dilepton system also known as momentum transfer q2
= M2

`ν`
;

11 In a partial wave formalism a ππ state can be viewed as a superposition of different configurations states characterized by an
angular momentum, for example the ρ meson is a vector meson with angular momentum j = 1, that corresponds to a p-wave
configuration of the ππ mass spectrum.
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Figure 2.7: Kinematics in the B+ → π+π−`+ν` . The π
+π− moves along the z−axis in the B+ rest frame. The angle

θπ (θ` ) is defined in the π+π− (lepton pair) rest frame as the angle between the z−axis and the flight direction of π+

(`−), respectively. The azimuth angle χ is the angle between the π+π− decay and lepton pair planes. The unitary
vectors ~v, ~c and ~d, used in the calculation of the phase space variables, are also shown.

3. the angle θπ of the π+ in the π+π− center-of-mass frame Σ2π with respect to the dipion line of
flight in the B+ rest frame ΣB;

4. the angle θ` of the charged lepton ` in the dilepton center-of-mass system Σ`ν with respect to the
dilepton line of flight in ΣB;

5. the angle χ between the dilepton and dipion planes.

The angles θπ and θ` are polar, while χ is azimuthal. An illustration of the choice of the angles and the
vectors involved is presented in Fig. 2.7. To specify the above variables more precisely, let p+, p−, p` and
pν be the four-momenta of the π+, π−, `+ and ν` , respectively. The three-momentum of the π+ in Σ2π
and that of the lepton in Σ`ν are denoted by ~p+ and ~p` , respectively. Furthermore, let ~v be a unit vector
along the direction of flight of the dipion in ΣB and ~c( ~d) a unit vector along the projection of ~p+(~p` )
perpendicular to ~v(−~v). Hence,

~c =
(
~p+ − (~v · ~p+)~p+

)
/

[
(~p+)2

− (~v · ~p+)2]1/2
,

~d =
(
~p` − (~v · ~p` )~p`

)
/

[
(~p` )2

− (~v · ~p` )2]1/2
.

(2.35)

With these definitions the phase space variables become [50]

s = (p+ + p−)2,

cos θπ = ~v · ~p+/ ��~p+�� ,
cos χ = ~c · ~d,

q2
= (p` + pν)2,

cos θ` = −~v · ~p`/ ��~p` �� ,
sin χ = (~c × ~v) · ~d.

(2.36)
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Defining the combination of four-vectors P = p+ + p−, Q = p+ − p− and L = p` + pν, the hadronic
matrix elements can be written in terms of form factors according to〈

π+(p+)π−(p−)��� ūγµ (1 − γ5)b ���B
−(pB)

〉
= −

i
mB

(
PµF +QµG + LµR

)
−

H

m3
B

εµνρσLνPρQσ,
(2.37)

where pB and mB correspond to the four-momentum and mass of the B meson, respectively, and the
Levi-Civita symbol follows the convention ε0123 = 1. The first three terms correspond to the axial current
part, while the last term corresponds to the vector current [46]. The dimensionless form factors F, G, H
and R are analytic functions of s, q2, and t − u12. An alternative set of form factors is given by

F1 = X · F + σπ (PL) cos θπG,

F4 = −(PL)F − q2R − σπX cos θπG,

F2 = G,

F3 = H,
(2.38)

where,

(PL) ≡ P · L =
m2

B − s − q2

2
,

σπ =

√
1 −

4M2
π

s
,

X =
1
2
λ1/2(m2

B, s, q
2),

(2.39)

with λ(a, b, c) = a2
+ b2
+ c2
− 2(ab+ ac + bc). Upon integrating over the angles χ and θ` , the decay

rate can be written as

dΓ = G2
F

��Vub
��2 N (s, q2)J3(s, q2, θπ )dsdq2d cos θπ, (2.40)

with

J3(s, q2, θπ ) =
2 + z`

3
��F1

��2 + z` ��F4
��2 +

(2 + z` )σ2
π sq2

3
*
,

��F2
��2 +

X2

m4
B

��F3
��2+

-
sin2 θπ, (2.41)

and

N (s, q2) =
(1 − z` )2σπX

2(4π)5m5
B

,

z` =
m2
`

q2 .

(2.42)

The form factors can be expanded in terms of partial wave functions as follows

12 The Mandelstam variables t and u are defined as t = (pB − p+)2 and u = (pB − p−)2
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F1 = X
∑
l≥0

Pl (cos θπ ) f l,

F4 =
∑
l≥0

Pl (cos θπ )r̃l,

r̃l = −((PL) f l + q2rl),

F2 =
∑
l≥1

P′l (cos θπ )gl,

F3 =
∑
l≥1

P′l (cos θπ )hl,
(2.43)

here, the partial waves f l, gl, hl and rl are functions of s and q2. The expression for the decay width
can be simplified by assuming z` � 1, and that only S− and P−waves contribute. Since the partial waves
do not depend on cos θπ , the decay rate can be integrated over cos θπ to obtain

dΓ

dsdq2 = G2
F

��Vub
��2 N (s, q2)J2(s, q2), (2.44)

where

J2(s, q2) =
∫ 1

−1
d cos θπ J3(s, q2, θπ )

=
4X2

3

(
��� f0(s, q2)���

2
+

1
3

��� f1(s, q2)���
2
)
+

8
9
σ2
π sq2 *

,
���g1(s, q2)���

2
+

X2

m4
B

���h1(s, q2)���
2+

-
+ · · · .

(2.45)
Here, f0(s, q2) is the S-wave form factor and f1(s, q2), g1(s, q2) and h1(s, q2) correspond to the P-wave

form factors. This parametrization indicates that a measurement of the decay rate for the B+ → π+π−`+ν`
exclusive channel can be carried out as a function of the momentum transfer q2 and the invariant mass
Mππ .
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CHAPTER 3

EXPERIMENTAL DESIGN

The study of relatively rare phenomena such as the Cabibbo suppressed charmless semileptonic decays of
B mesons requires a large sample size of these mesons. For this purpose, high-luminosity e+e− colliders
have been developed, such that with the right choice of the beam energy, they produce copious amount of
B mesons through the process e+e− → Υ(4S) → BB̄. These machines, also known as “B-factories”, are
the CLEO experiment at the CESR collider at Cornell, USA, the Belle experiment at the KEKB1 collider
at Tsukuba, Japan, and the BaBar experiment at the PEP-II collider at Stanford, USA. BaBar and Belle
collected data for over a decade, reaching a total accumulated luminosity of 530.82 fb−1 and 1052 fb−1,
respectively.
The original design goal of the B-factories was to observe the CP violation in the B meson system,

which led to the 2008 Nobel prize in physics being granted to Kobayashi, Maskawa and Nambu. Other
physics objectives include precision measurements of the magnitude of elements of the CKM matrix and
tests of its unitarity, observation of rare B meson decays and searches for physics beyond the standard
model (SM). Besides topics pertaining to B physics, the Belle experiment has also contributed in other
research areas, such as charm physics, tau lepton physics, hadron spectroscopy and two-photon physics.
The size of the Belle collaboration reached a maximum in 2012, with about 470 members from 72
institutions in 16 countries [35]. The upgrade of the Belle experiment, Belle II, is scheduled to start data
acquisition in February 2019, and expected to reach a total accumulated luminosity of 50 ab−1. The
physics program covers a wide range of topics, including direct CP violation, lepton flavor violation and
dark matter [51]. The Belle detector is designed to measure final state particles, stable enough within the
dimensions of the apparatus, to reconstruct B mesons and hence study the physical parameters of interest.

This chapter is organized as follows: section 3.1 describes the KEKB accelerator, section 3.2 presents
the main features of the components of the Belle detector, section 3.3 discusses the methods used to
identify particles based on their signatures in the detector components, and finally section 3.4 gives an
introduction to the trigger system and data processing at the Belle collaboration.

3.1 The KEKB Accelerator

The KEKB accelerator is an asymmetric energy electron-positron collider with only one collision or
interaction point (IP) around which the Belle detector is placed. A schematic diagram of this accelerator
1 KEK is the Japanese acronym for High Energy Accelerator Research Organization.
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Interaction
region

Figure 3.1: Schematic diagram of the KEKB accelerator: electrons and positrons are accelerated in the LINAC and
injected in the HER and LER, respectively. The two beams cross at the interaction region where the Belle detector
is located. Figure available via Wikimedia Commons under the creative commons CC0 1.0 universal public domain
dedication.

is presented in Fig. 3.1. The energy asymmetry adds a forward boost factor (βγ = 0.425) of the center of
mass system (CMS) frame relative to the laboratory frame that results in the displacement of the two B
meson decay vertices, allowing measurements of their time evolution. In contrast, at a symmetric collider
like CESR, the B mesons are produced almost at rest, and therefore they decay almost in the same position.
This hinders establishing the exact moment at which each meson decays and thus the observation of CP
violation. The KEKB accelerator consists of a linear accelerator (LINAC) and two 3016 m circumference
rings; the LINAC injects 8 GeV electrons in the High Energy Ring (HER) and 3.5 GeV positrons in the
Low Energy Ring (LER), which are characterized by high beam currents (IHER = 1.1 A and ILER = 2.6
A) and small beam sizes at the IP (in the horizontal direction σx = 90 µm and in the vertical direction
σy = 1.9 µm) [52]. The choice of energies for the beams results in a center-of-mass energy that coincides
with the mass of the Υ(4S) resonance,

√
s = 10.58 GeV. Contrary to other B-factories where the beams

collide head on, at KEKB the beams collide at a crossing angle of 22 mrad, thus avoiding parasitic
collisions and the use of bending magnets for beam separation, hence increasing the luminosity [53].
The luminosity was designed to be 1.0 × 1034 cm−2s−1 and the KEKB accelerator exceeded this value
on June 2009, achieving a world-record instantaneous luminosity of 2.11 × 1034 cm−2s−1 [54]. The
Belle detector accumulated a total integrated luminosity of 1040 fb−1 during the years 1999 until 2010,
with data collected at the energy of the Υ(1S), Υ(2S), Υ(3S), Υ(4S) and Υ(5S) resonances as well as
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Resonance On-peak luminosity [fb−1] Off-peak luminosity [fb−1] Number of resonances

Υ(1S) 5.7 1.8 102 × 106

Υ(2S) 24.9 1.7 158 × 106

Υ(3S) 2.9 0.25 11 × 106

Υ(4S) 711 89.4 772 × 106 BB̄
Υ(5S) 121.4 1.7 7.1 × 106 BS B̄S

Scan 27.6

Table 3.1: Integrated luminosity accumulated by Belle, categorized by CM energy [55].

off-resonance data taken 60 MeV below the resonance peak of the Υ(4S) to study non-BB̄ background.
The corresponding integrated luminosity for each CM energy is listed in Table 3.1.

3.2 The Belle Detector

The Belle detector is a general purpose magnetic spectrometer built around a 1.5 T superconducting
solenoid and iron structure. It is located at the interaction region (surrounding the IP) and has a cylindrical
onion-like structure. Given the asymmetry of the collider, most of the components of the detector are
oriented towards the forward direction. The adopted coordinate system is defined such that the z-axis is
in the direction of the magnetic field, opposite to the positron beam direction, and the origin coincides
with the IP. Because of the crossing angle between the beams, the z-axis is not exactly the same as the
electron direction. The x and y axes correspond to the horizontal and vertical directions, respectively. It
is also convenient to define a spherical coordinate system (r, θ, φ), with θ measured with respect to the
z-axis. A depiction of the Belle experimental apparatus with its components can be seen in Fig. 3.2. In
the following I briefly describe every component of the Belle detector. A more detailed explanation can
be found in Ref. [56].

3.2.1 Silicon Vertex Detector (SVD)

The SVD is the innermost component of the Belle detector, whose main purpose is to provide information
about the spatial distribution of charged particles. This information is of prime importance for time-
dependent CP violation measurements, where the B meson decay vertices have to be precisely determined.
Since the B mesons have a short decay length (around 200 µm at KEKB), the SVD has to be located as
close to the IP as possible. The fundamental module of the SVD is the double sided silicon strip detector
(DSSD) sketched in Fig. 3.3. Each DSSD has a thickness of 300 µm and consists of an n-bulk silicon with
implantations of p-doped strips on one side, parallel to the beam, for measurements in the φ direction and
n-doped strips on the other side, perpendicular to the beam, for measurements of the z-coordinate [57].
When charged particles traverse the detector, they create electron-hole pairs by means of the Coulomb
interaction. These electrons and holes drift to the strips, which act as charge collecting electrodes. By
connecting the strips to a charge-sensitive amplifier, the position of the electron-hole pair can be deduced.

During data acquisition, Belle used two configurations of the SVD. In an early stage the SVD1 consisted
of three concentric cylindrical layers of DSSD, with radii of 30 mm, 45.5 mm and 60.5 mm, and covered
an angular range of 23◦ < θ < 139◦. The z-vertex resolution was 100 µm. Figure 3.4 shows the
geometrical configuration of the SVD1. Due to the massive radiation damage, the SVD1 was replaced in
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Figure 3.2: Longitudinal [56] (top) and transverse [35] (bottom) cross sections of the Belle detector with its
components. Starting from the innermost to the outermost components, the detector consists of the silicon vertex
detector (SVD), central drift chamber (CDC), aerogel Cherenkov counter (ACC), time of flight counters (TOF),
electromagnetic calorimeter (ECL) made out CsI crystals, extreme forward calorimeter (EFC) and the kaon long
and muon detector (KLM).
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Figure 3.3: Diagram of the physics principle of a double-sided silicon strip detector, showing the creation of
electron-hole pairs as a charged particle traverse the DSSD.

Figure 3.4: Side and end view of the SVD1 [56].
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Figure 3.5: Structure of the Belle Central Drift Chamber [56], the main tracking device of the Belle detector that
allows to determine the trajectory and momentum of the charged particles as well as measure the energy loss by
ionization.

2003 by the SVD2, which added a fourth layer and reduced the radius of the inner layer. Hence the SVD2
has four concentric layers with radii of 20 mm, 43.5 mm, 70 mm and 88 mm. This results in an improved
angular coverage (17◦ < θ < 150◦) and a z-vertex resolution of ∼ 80 µm.
To get an indication of the performance of the SVD, the momentum and polar angle dependent

resolution for the impact parameters have to be determined. The impact parameters are defined as
the distance of closest approach to the IP in the rφ plane (dr) and in the z-direction (dz). They are
obtained from cosmic ray events obtained simultaneously during the collision data acquisition [58]. These
resolutions are given below for the two SVD configurations:

SVD1 : σdr = 19.2 ⊕
54

pβ sin3/2 θ
[µm], σdz = 42.2 ⊕

44.3
pβ sin5/2 θ

[µm],

SVD2 : σdr = 21.9 ⊕
35.5

pβ sin3/2 θ
[µm], σdz = 27.8 ⊕

31.9
pβ sin5/2 θ

[µm].

In the above expressions, σx represents the resolution of a given impact parameter, p, β and θ are the
momentum (in GeV/c), velocity and polar angle of the track, respectively. The symbol ⊕ indicates a
quadratic sum.

3.2.2 Central Drift Chamber (CDC)

The CDC is the main tracking device in the Belle detector, and performs three major functions [35]. First,
it reconstructs the trajectory of charged particles, determines their momenta from their curvature in the
magnetic field and measures their hit coordinates in the detector volume. Second, it provides information
on the type of charged particle from measurements of specific energy loss by ionization (dE/dx). Finally,
it supplies fast trigger signals for charged particles.
Figure 3.5 shows the setup of the CDC: it is a cylindrical wire chamber consisting of 50 layers of

anode wires and three cathode strip layers. The anode wires form groups of three to six layers of axial
wires, parallel to the beam, to measure pT , followed by layers of three to four stereo wires slightly tilted
to an angle with respect to the beam axis between −58 mrad and 72 mrad to give the polar angle θ [59].
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The cathode strips are azimuthally segmented in eight sectors and divided into 64 to 80 strips for a
total of 1792 channels. This segmentation provides additional information to precisely determine the
z-coordinate [60]. The CDC is 2400 mm long with an inner and outer radii of 83 mm and 874 mm,
respectively. It contains 8400 almost square drift cells made up of a sense wire with positive voltage,
surrounded by eight field wires with negative voltage. It is filled with a low atomic number (Z) gas
mixture of 50% ethane (C2H6) and 50% helium (He) to minimize Coulomb scattering. Low-Z gases are
useful in reducing the background due to synchrotron radiation given their small photo-electric cross
section [61]. They also improve the resolution of the momentum and dE/dx measurements. When a
charged particle impinges the gaseous medium, it ionizes the gas molecules by knocking out electrons
that are then attracted to the sense wires by the action of their electric fields. In their way towards
the sense wires, the electrons create cascades through secondary ionization, a process known as gas
amplification [62]. The collection of these charge carriers in the sense wires induces an electrical signal
that can be measured. The drifting time of the electrons to the wires is used for tracking.

The CDC is built asymmetrically in the z-direction to account for the fact that the decay products of the
Υ(4S) are boosted in the forward direction, hence the azimuthal angle acceptance is 17◦ < θ < 150◦. It is
characterized by an overall spatial resolution of 130 µm, a dE/dx resolution of 6% for Bhabha scattering
and µ-pair events and a transversal momentum resolution (when combined with the information of the
SVD) given by σpT

/pT = 0.0019pT [GeV ] ⊕ 0.0030/β [35].

3.2.3 Aerogel Cherenkov Counter (ACC)

Charged particles moving through an optically transparent medium with a velocity exceeding that of
light in the medium emit photons, a process known as Cherenkov radiation [63]. In a medium with
index of refraction n, the velocity of light is c/n. The light propagates in a forward cone with a vertex
angle θC = cos−1(c/vn), from which the velocity v of the particle can be inferred. The ACC exploits
this radiation effect to provide information about the particle velocity and, together with a momentum
measurement from other detectors (e.g. CDC), it is possible determine the mass of the particle and thus
the particle identity. This is especially helpful in separating K± from π± in the relatively high momentum
range of B meson decay products (1.2 GeV/c → 3.5 GeV/c). The ACC layout and typical modules
employed in the barrel and end-cap regions are presented in Fig. 3.6. The ACC comprises 960 counter
modules in the barrel part and 228 counter modules in the end-cap of the detector. Each module consists
of an aluminum encased block of silica aerogel, with a refractive index ranging from 1.01 to 1.03, such
that the Cherenkov light can be only emitted by particles lighter than the kaon. The aerogels are attached
to one or two fine-mesh photomultiplier tubes (FM-PMT) to detect Cherenkov light. The polar angle
coverage [35] is 33.3◦ < θ < 127.9◦ in the barrel, and 13.6◦ < θ < 33.4◦ in the forward region.

3.2.4 Time of Flight Counters (TOF)

The vast majority of the particles in B meson decays have momenta lower than 1 GeV, hence it is crucial
for precision measurements to have an optimal separation between kaons and pions in the low momentum
range. The TOF system measures the time a charged particle takes to travel from the IP to the system,
for which a timing resolution of 100 ps is required. It contains 64 modules along the barrel region, just
outside the ACC, spanning a polar angle range of 33◦ < θ < 121◦. Each module consists of two TOF
counters, made up of plastic scintillators, and one thin trigger scintillation counter (TSC), which are read
out by fine-mesh PMTs. A sketch of the TOF/TSC module is displayed in Fig. 3.7.
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(a)

(b)

Figure 3.6: (a) Arrangement of the ACC in the Belle detector whose main function is to measure the velocity of the
particle from its collected Cherenkov radiation, (b) typical ACC module used in the barrel and end-cap parts of the
detector [56]. In the figure PMT and CFRP stand for photomultiplier and carbon-fiber reinforced plastic.

Figure 3.7: Dimensions of TOF/TSC module [56]. The TOF measures the time a charged particle takes to travel
from the IP to the system.
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Figure 3.8: Geometrical configuration of the Belle ECL with its three distinct regions: the barrel, the backward and
the forward endcaps [56]. The ECL measures the energy of photons and electrons from the scintillation light they
produced in the CsI(TL) crystals.

3.2.5 Electromagnetic Calorimeter (ECL)

The ECL measures the direction and energy of photons and electrons by completely absorbing them, and
also provides information for electron identification. The operating principle of the ECL relies on the
development of electromagnetic showers, the result of interactions of electrons and photons with matter,
in which they lose energy via Bremsstrahlung and pair production2. These processes generate secondary
electrons and photons which in turn interact in a similar manner, producing a cascade of secondary
particles whose energies eventually fall below the region dominated by radiation loss and deplete their
energy mainly through ionization [64]. These energies are then absorbed by a scintillator and converted
into visible light that can then be measured by a photodetector. A typical quantity, intrinsic to a material,
is the radiation length (X0) which describes the longitudinal development of an electromagnetic shower3.
This quantity is important in the construction of the ECL since it determines the thickness of the detector
to completely absorb an electromagnetic shower.

Photons in B decays are mostly products of cascade decays and thus they carry a relatively low energy
of the order of 500 MeV. Nonetheless, there are also decays with energetic photons such as B0

→ K∗0γ
and B0

→ π0π0, reaching photon energies of up to 4 GeV [65]. Moreover, one third of hadronic decays
involve π0 mesons and consequently their reconstruction demands an efficient selection of two nearby
photons. These requirements impose a good energy resolution in the range from 20 MeV to 4 GeV.
However, there is a 3% loss in acceptance due to the gap between the barrel and end-cap components.
The ECL consists of 8736 Thallium doped Cesium iodide, CsI(Tl), crystals, each having a tower shape
with about 6 cm × 6 cm cross section and 30 cm length (16.2 X0). The scintillation light produced by
these crystals is read out by a pair of silicon PIN photodiodes.

The Belle ECL includes a 3 m long barrel section with an inner radius of 1.25 m and annular end-caps
at z = 2.0 m and z = −1.0 m from the IP as displayed in Fig. 3.8. It spans the polar angle range of

2 Bremsstrahlung is the radiation given off by a charged particle due to its acceleration by an electric field or another charged
particle. Pair production refers to the transformation of energy into mass, particularly to the generation of a fermion and its
anti-fermion from a neutral boson.

3 It is also defined as the distance in the material at which an electron will radiate a factor of 1/e its energy.
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17◦ < θ < 150◦, representing a solid angle coverage of 91%. The energy and position resolution are
parameterized as [56]:

σE

E
[%] =

(
1.34 ⊕

0.066
E
⊕

0.81
E1/4

)
,

σpos[%] =
(
0.27 +

3.4
E1/2 +

1.8
E1/4 mm

)
,

respectively, with E measured in GeV. This detector also measures the shower energy to track momentum
ratio (E/p) that is used to distinguish hadrons from electrons.

3.2.6 Extreme Forward Calorimeter (EFC)

The main purpose of the EFC is to extend the angular acceptance of the ECL and thus cover the polar
angle regions from 6.4◦ to 11.5◦ in the forward direction and 163.3◦ to 171.2◦ in the backward direction.
Due to its proximity to the IP, the scintillating material used for the EFC is a bismuth germanate crystal
(BGO or Bi4Ge3O2), which has a high radiation tolerance. Information from the EFC is not employed in
event reconstruction. Instead, it is used for determining the integrated luminosity collected by the Belle
detector. It also serves as a beam mask to reduce background in the CDC.

3.2.7 K0
L
µ (KLM)

The KLM is the outermost component of the Belle detector and is placed outside the solenoid magnet. It
consists of an octagonal barrel region and two end-cap regions, which have an alternating structure of
47 mm thick iron plates and 44 mm thick active detector element. There are 15 detector layers and 14
iron layers in the barrel region, and 14 detector layers and 14 iron layers in each end-cap. This detector
component is based on glass-electrode resistive plate chambers (RPC), which comprises two parallel plate
electrodes with a high bulk resistivity separated by a gas-filled gap. Figure 3.9 illustrates the structure of
an RPC module. The gas composition has a non-combustible mixture of 62% freon4 , 30% argon (Ar)
and 8% butane-silver5. Ionizing particles traversing the gas-filled gap generate a discharge in it that is
read out by external pickup strips, and hence supplying the location and time of the ionization. The barrel
region covers an angular range from 45◦ to 125◦ in the polar angle, while the end-caps extend this range
to 20◦ and 155◦.

Hadrons interacting with matter produce a succession of particles as result of decay of excited nuclei.
The secondary particles are mostly pions and nucleons, which then interact further developing a shower
analogous to the electromagnetic case. Since neutral pions are frequent in hadronic decays, there is also
an electromagnetic component present in hadronic showers. The longitudinal profile of these showers in
a given material is characterized by the interaction length6 (λI ). Thus for completely absorbing a hadron
and measure its energy, a dense and thick material must be used. The iron layers in the KLM correspond
to 3.9 interactions lengths of material while the ECL adds another 0.8 interaction lengths. Long-lived
neutral particles like K0

L pass through the inner components of the detector without being observed and
produce a shower in the KLM. The location of this shower determines the direction of the K0

L , but due to
fluctuations in the size of the shower, an energy measurement of the K0

L is not possible. The multiple
layers of active detectors and iron allow the distinction between muons and charged hadrons based upon

4 CH2FCF3 also referred to as HFG-134a.
5 The butane silver is a mixture of approximately 70% n-butane and 30% iso-butane.
6 The hadronic interaction length is much larger than the radiation length for a given material.
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their range and transverse scattering. On that account, a charged particle is identified as a muon if its
trajectory is barely deflected in the KLM and leaves a corresponding track in the CDC.

3.3 Particle Identification

The final state particles in B meson decays, stable enough to be observed by the Belle detector, are the
e±, µ±, π±, K±, protons, neutrons and photons. Hence we require a sufficient separation among these
particles to correctly measure a particular decay channel. For each charged particle, a probability density
function (PDF) is calculated for every component of the Belle detector (i.e., CDC, ACC, TOF, ECL, SVD
and KLM). The PDFs are then combined to produce a likelihood to account for the particle hypothesis
(i.e., e±, µ±, π±, K±), for which this output peaks at values close to unity. A description of the variables
employed for particle identification is discussed below.

3.3.1 Electron identification

To associate a certain track and calorimeter cluster with an electron, the following discriminating
observables are used:

• The ratio of the energy deposited in the ECL and the momentum measured by the CDC, E/p. As
the mass of the electrons is negligible compared to the other final state particles, this value is close

Figure 3.9: Cross section of a double-gap RPC module [56].
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to unity for electrons.

• The transverse shower shape in the ECL, which is given by the ratio of the energy summed in a
3 × 3 array of crystals (E9), surrounding the center of the shower to that of a 5 × 5 array of crystals
around the same center. This variable peaks at 0.95 for electrons, while for pions tends to be at
lower values.

• The specific energy loss dE/dx measured in the CDC

• The matching between a cluster in the ECL and the charged track position extrapolated to the ECL.

• The light yield in the ACC.

• The time of flight measured by TOF

A PDF is assigned to each discriminant to form an electron (Le) and non-electron (Lē) likelihoods. They
are subsequently combined into a likelihood for identifying an electron given by

Leid =

∏
i L

i
e∏

i L
i
e +

∏
i L

i
ē

(3.1)

where i runs over the electron input parameters [66].

3.3.2 Muon identification

For muon identification, information from the SVD, CDC and KLM are used to distinguish between
muons and hadrons. In this case, two quantities are defined to produce the PDFs: ∆R, the difference
between the measured and expected range of the track, and χ2

r , the goodness of fit of the transverse
deviations of all hits associated with the track (normalized by the number of hits) from the re-extrapolated
crossings. Since the these two quantities are uncorrelated, the joint PDF is a product of these separate
PDFs. The muon likelihood is given by

Lµid =
Lµ

Lµ + Lπ + LK

, (3.2)

where Lµ, Lπ and LK are the PDFs for muons, pions and kaons, respectively [67].

3.3.3 Identification of pions and kaons

To separate pions from kaons the combined information of the following measurements are needed:

• dE/dx by the CDC

• the number of photoelectrons in the ACC

• time of flight from the TOF

The product of the three likelihood functions yields the global probability for a track to correspond to
either a kaon (PK ) or a pion (Pπ). Thence, a particle is identified as a kaon or a pion by selecting a value
on the likelihood ratio (PID) [56]:

Prob(K ) =
PK

PK + Pπ
, (3.3)
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for example tracks with values of Prob(K ) close to unity are regarded as kaons, while tracks with values
close to zero are identified as pions. This is the standard likelihood used at Belle for which values above
or below a certain probability X are accepted as either kaons or pions. Another convention is to calculate
a likelihood for which values close to unity corresponds to pions given by

Prob(π) = 1 − Prob(K ). (3.4)

3.4 Trigger

In particle collisions different processes occur simultaneously, leading to the generation of a signal in
the detector, albeit most of these events are of no interest. Furthermore, there is a limiting factor on the
storage capacity and the data taking rate for which these additional events must be discarded. To select a
particular reaction certain criteria must be imposed that once satisfied, activate other operations in the
system, such as the recording instruments. The electronic logic required to carry out this procedure is
referred to as trigger [68]. The cross-sections and trigger rates for different physical processes of interest
at the energy scale of the Υ(4S) resonance are listed in table 3.2. The Belle trigger system retains some
of the Bhabha and γγ events for luminosity measurement and detector calibration. It consists of three
stages: Level-1 (L1) hardware trigger, Level-3 (L3) software trigger and the offline Level-4 trigger.

In the L1 trigger, signals from the different subdetectors are provided to the central trigger system called
the global decision logic (GDL), which decides to trigger on hadronic (BB̄ and continuum), Bhabha and
µ+µ− events. For instance, to trigger a hadronic event, at least one of the following conditions has to
be met: three or more charged track candidates, high levels of deposited energy in the ECL and four
isolated neutral clusters in the ECL. The efficiency of the trigger for hadronic events is greater than 99.5%.
A schematic view of the L1 trigger with the information supplied by every subdetector is displayed in
Fig. 3.10; at the end of this stage, the GDL takes about 2.2 µs to pass an event to the data acquisition
system (DAQ).

The next stage is the L3 software trigger that runs online on a computer farm, filters the events using a
fast tracking algorithm and subsequently saves them for further analysis. The offline L4 trigger applies
additional requirements on the energy measured in the ECL by accepting events with a minimum energy
of 4 GeV and at least one track stemming from the IP. These events are then stored in files called data
summary tapes (DST) that are available to all Belle users. To perform specific analysis, the data is
skimmed to guarantee an easy access to a given channel in the form of minimal sets of DST (MDST).

Physics process Cross section [nb] Rate [Hz]

Υ(4S) → BB̄ 1.2 12
Hadron production from continuum 2.8 28
µ+µ− and τ+τ− 1.6 16
Bhabha θlab > 17◦ 44 4.4
γγ (θlab > 17◦) 2.4 0.24
2γ process (θlab > 17◦, pt ≥ 0.1 GeV) 15 35

Table 3.2: Cross sections of e+e− collisions and trigger rates for different processes of interest for physics analysis
at the Υ(4S) resonance [56].
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Figure 3.10: The Level-1 trigger system for the Belle detector [56].

36



CHAPTER 4

ANALYSIS TECHNIQUES

In high energy physics analyses, the goal is to disentangle processes that contain the physics of interest,
referred to as signal, from other processes known as background. As the signal typically represents a
tiny fraction of the total events, the focus of the analysis at first is the reduction of the background by
using a binary categorization tool whose aim is to increase the probability that a given signal candidate
lies within the selected sample. The selection of signal candidates brings with it a trade-off between
efficiency and purity. The former refers to the amount of signal candidates left in the sample after the
selection compared to the original number of signal events, whereas the latter shows the fraction of signal
candidates with respect to the total events after the selection. If S and B denote the signal and background,
respectively, the efficiency ε and the purity p can be written as:

ε =
Sselection

Stotal
, p =

Sselection
Sselection + Bselection

. (4.1)

Hence, if the signal process is a rare decay, for example, and the selection procedure results in a sample
with high purity, meaning with little background, at the moment of measuring the signal in the data
one ends up with a sample with little statistics and the inability of extracting meaningful information
about the signal. On the other hand, if the selection is highly efficient (which incurs in the presence
of more background), depending on how well modeled and similar the background process is to the
signal, an observation of the latter in the data may not be possible. Consequently, one must assure a
selection process with a balance between purity and efficiency. This chapter presents an overview of
the methods employed directly or indirectly in this thesis for that aim. The first part of this chapter,
section 4.1, describes some of the typical event classification techniques widely used in particle physics.
Section 4.2 introduces the main approaches of B meson reconstruction methods used at the B-factories,
with special emphasis in the full reconstruction.

4.1 Event Classification in High Energy Physics

The main task of a binary classification algorithm is to optimize the discrimination between signal and
background in the data sample, which is crucial to obtain a signal-enhanced sample to perform precision
measurements of physical parameters. The first step is to form a set of observables or variables that
characterize the signal, and exhibit a distinct behavior from the background. The next step is to apply a
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requirement on the set of variables to decide the likelihood for an event to be identified as a signal or
background. Typically the choice of this requirement follows the optimization of a figure of merit (FOM)
or physics-motivated reasons over the distribution of the variables. In particle physics jargon, one talks
about cuts when referring to a selection such that events above (or below) a reference value are more
likely to be signal than events below that value. In the following, three classification methods that are
used to some extent in this thesis are presented.

4.1.1 Cut based methods

A common practice to select signal events is by applying sequential cuts on a set of input variables, a
procedure that can be pictured as cutting away a region of the data sample. In most cases, cuts are applied
at the pre-selection stage. For example, the reconstruction of a decay starts by imposing conditions on
the event topology, the allowed distance traveled by the decay products from the collision point and the
identification of the final state particles such as electrons, muons, pions, etc. Afterwards, different cuts
can be applied to kinematic variables to reject background and refine the selection. Depending on the
variable, there can be physics motivated cuts where an optimization is not required, for instance typical
cuts for the decay B+ → D0`+ν with D0

→ K−π+ are a 3σ mass window of the D0 meson usually
modeled with a Gaussian, and the number of charged particles in the signal side, in this case three, one
lepton and two charged hadrons. In other cases the cut follows an FOM optimization for the signal. For
example, the boundaries of the extra energy of photons in the event. Although simple to implement, a
selection based solely on cuts can result in a sample with low efficiency and/or purity, inasmuch as it
does not take into account the correlations between the input variables. Cutting on two highly correlated
variables brings no additional information to the analysis, since the effect of the requirements on these
variables can be reduced to a single cut on one of the variables. In practice, most of the variables used in
high energy physics analyses are correlated at some degree, implying that cutting on a single variable
may throw away events within the phase space of the signal. A more efficient way of selecting these
events involve a multidimensional space where the signal can be separated from the background. A
simplistic example can be pictured as follows: imagine that the signal and background can be represented
as two distinct tilted ellipses in a two dimensional space parameter, but the projection of the events on one
variable shows an apparent overlap in the distributions of both the background and the signal. Therefore,
when cutting on a single variable, signal events get lost in the selection. To circumvent this issue, one can
select the region of the two dimensional space containing the signal ellipsis to maximize the number of
signal events. This idea is explored in multivariate analyses to improve the selection.

4.1.2 Multivariate methods

A more sophisticated approach of a classification technique is a multivariate analysis (MVA) that uses
the multi-dimensional observable space rather than each observable separately [69]. Its main task is to
optimize a mapping function from a set of input variables ~x while taking into account correlations among
them and produce a single output discriminator. The categorization of the data as signal or background
is then performed as a simple cut on this powerful discriminator. The idea of multivariate techniques
is tightly related to the concept of machine learning, which has its origins in the pursuit of artificial
intelligence. With the advent of vast amounts of data, the development of automated computer algorithms
that allowed learning special features from data was necessary. The goal of the learning process is thus
to be able to respond and provide predictions for future data [70]. In supervised machine learning the
estimation of the mapping function f (~x, ~w), which is an approximation to the unknown function f (~x),
is achieved using a training data set to determine the adjustable parameters ~w, also known as weights.
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Figure 4.1: Structure of the multilayer perceptron as implemented in the NeuroBayes package. The width of the
lines represent their weights.

The training sample encodes the known information between input-output relationships for signal and
background. In high energy physics, Monte Carlo simulations generally serve as training samples.
After the training process, the usual procedure is to measure the quality of the learned model by

computing the loss function using a test sample, which is statistically independent from the training
sample [71]. The use of a different sample is necessary to avoid biases and problems derived from tuning
on statistical fluctuations. A frequent problem during the implementation of this method is overtraining,
in which a model extremely tuned to the training sample is provided, such that the predictive power on
an independent sample is completely lost. As the model built during the training must be generalized
on an independent sample, another dataset must be introduced to correct this erratic tendency (prevent
overtraining), validate the selection and stop the optimization procedure when no further optimization
is obtained. This sample is referred to as validation sample and is the one on which the measurement
is carried out [35]. The overall performance of an MVA algorithm can be visualized in the receiver
operating characteristic (ROC) curve, which mostly shows the background rejection as a function of the
signal efficiency. When comparing two or more MVA algorithms, the one with the largest area underneath
the ROC curve offers on average the best performance. A description of two of the most popular machine
learning algorithms in particle physics is presented: neural networks, used in the reconstruction of B
mesons (described in section 4.2) and boosted decision trees, employed in the event categorization for the
B+ → π+π−`+ν` decay.

Neural Networks

This algorithm was developed in an attempt to reproduce the decision process that takes place in the
neurons of animal brains. When the brain perceives an external stimulus, it generates a response that
tells the body whether or not to react to that particular stimulus. In a much smaller scale, only when
a certain threshold is reached within the neurons, can the stimuli be transmitted and processed by the
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neural network by sending electrochemical signals known as spikes or action potentials. The equivalent
of neurons in the machine learning argot is the node. The strength of the connection between nodes
is given by the weights, in analogy with the synapse process in the nervous system. The set of input
variables correspond to the stimuli, and the activation threshold is encompassed in the transfer function.
In general, neural networks perform a nonlinear transformation of the input variables through a transfer
function, which is usually a sigmoid function. The sigmoid function has the advantage of mapping any
real number in the interval (−∞,∞) to the interval (−1, 1) and is given by

S(x) =
2

1 + e−βx
− 1, (4.2)

where β represents the activation rate of each node in the neural network. The most widely used neural
network topology is the multilayer perceptron (MLP), also known as feed forward neural networks.
It consists of an interconnected group of nodes arranged in layers; each node processes the received
information according to the transfer function, and passes on the result to the next layer of nodes [70].
The input node is followed by one or more hidden layers, and the output node provides the final response
of the network; this topology is depicted in Fig. 4.1. The connections between nodes are characterized by
distinct weights, which are determined together with the thresholds during the training phase. The target
t, i.e. the expected output value of the network, for the neural network is known for each event in the
training sample and can be either t = 1 for signal or t = −1 for background. To measure the quality of the
training the entropic loss function is implemented, which is defined as:

ED = w
∑
i

log
(

1
2

(1 + tioi + ε)
)
, (4.3)

where ti are the known targets, oi are the corresponding network outputs and ε is a regularization constant
introduced to avoid numerical problems for untrained networks. The last quantity is reduced in each
training iteration and reaches zero after a few iterations. The weight parameter, w, is inserted to reduce
overfitting and to allow a stable generalization ability.

The Belle full reconstruction module of B mesons uses a Bayesian MLP based on the NeuroBayes
package [72], which applies bayesian statistics to incorporate a priori knowledge. The conditional
probability to observe B when A has already been observed is given by P(B |A) = P(B∩ A)/P(A). Since
P(B ∩ A) = P(A ∩ B), this leads to the Bayes′ theorem

P(B |A) =
P(A|B)P(A)

P(B)
. (4.4)

The relevance of this theorem lies in the interpretation that A and B are defined to be theory and data,
respectively. Hence P(data|theory) is the likelihood, P(theory) is the Bayesian prior and P(theory|data)
represents the a posteriori probability. P(data) is called the evidence. Given that the output of the MLP
lies in the interval (−1, 1), to be interpreted as a probability it needs to be rescaled such that the value
belongs to the interval (0, 1). This is achieved through the transformation

ot =
o + 1

2
, (4.5)

where o is the output of the neural network. If, on the other hand, the signal to background ratio in the
training differs from that of the data as a result of an optimization of the signal component for the training,
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Figure 4.2: Visualization of yes/no decisions (expressed as cuts on variables xi) that split the data in regions
dominated by signal (S) or background (B) events [74].

the output needs to be corrected as:

op =
1

1 +
(

1
ot
− 1

) Pp (B)
Pp (S)

Pt (S)
Pt (B)

, (4.6)

where Pt (S) and Pt (B) are the a priori probabilities of being signal and background, respectively, in the
training dataset, and Pp (S) and Pp (B) are the same in the prediction dataset (real data). This formula is
used in the full reconstruction algorithm to calculate the signal probability for modes with low purity so
that the signal fraction has to be increased for the network training.

The NeuroBayes package offers a robust algorithm that is less likely to be affected by overtraining
than the average MLP and enhances the generalization abilities of the network [73]. This feature is in
part due to the preprocessing of the input variables carried out in three distinctive stages. The first stage
corresponds to the flattening of the distributions of the input variables within the interval (0, 1), which
has the goal of reducing the effect of outliers in the measurement. This is accomplished by drawing a
histogram for each variable with a varying bin width, such that each bin contains the same amount of
events. Subsequently, the underlying PDF for signal and background are inferred and used to calculate the
purity for each input variable. The purity distribution is transformed again to a Gaussian with a mean zero
and unit width. The final stage corresponds to the decorrelation of the input variables by calculating their
correlation matrix and then diagonalizing it. The diagonalization is executed through iterative Jacobian
rotations. The preprocessed variables can afterwards enter the MLP and follow the training process.
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Boosted Decision Trees

A decision tree (DT) is a sequential application of cuts over the set of input variables devised to separate
the data into two regions dominated either by signal or background events. It starts by searching for the
most discriminating variable and a cut value that provides the best FOM, i.e. the best separation between
signal and background following a given function such as the precision given by FOM = S/

√
S + B, thus

segmenting the data into two regions known as nodes. Each node receives a similar treatment, starting an
iterative process that finishes once a given criterion is satisfied. This criterion can be a minimum number
of events present in the node or no further improvements in the FOM. Since the graphical representation
of the series of conditions used to stratify the data resembles an upside-down tree, this algorithm is called
a decision tree [75]. Figure 4.2 gives a generic view of a DT. Following this analogy, the first node
that starts the selection is called the root node, nodes with a split receives the name of branches, and
the terminal nodes where no division occurs are known as leaves. The depth of the tree is given by the
number of layers of the trees, that is, the number of consecutively applied cuts. A frequently used FOM is
the Gini index, defined as:

G(p) = p(1 − p), (4.7)

where p is the purity of the node [74]. Nodes dominated by signal events have a higher purity than those
populated by background events.
The major advantage of DTs is their simplicity, as they allow people to follow the progress along the

tree and see how decisions are being made as well as see the relative importance of the input variables.
As they can be displayed graphically, they are easily interpreted even by a non-expert. Nonetheless, DTs
lack the level of predictive accuracy of other machine learning algorithms like neural networks and are
sensitive to statistical fluctuations in the training sample. This instability is reflected in the fact that a
small change in the configuration results in a substantially different classifier response; thus a DT is
prone to overtraining. To overcome these drawbacks, different ensemble techniques have been developed
resulting in methods with a significant improvement in their predictive power.
The basic element of the ensemble techniques lies in the concept of weak learners. An individual

DT is a weak learner in the sense that it has a larger probability than a random choice of making the
correct classification but with a poor accuracy. In other words, a weak learner is a classifier that does
not always label efficiently an event as signal. An example would be the determination of the sex of
a person based on their height. Saying that a person is male if they are above 1.70 m will incur in an
error, but the chance that it is true is bigger than 50%. The ensemble techniques, such as boosting and
bagging, take a set of weak learners, construct a forest of DTs and obtain a strong learner or discriminator
based on the majority vote of each individual DT in the forest. Hereafter boosted decision trees (BDT)
denote the set of modified DTs according to the ensemble algorithm [74]. As stated in the introduction
to multivariate methods, the goal of the ensemble algorithm is to minimize a loss function such that it
provides the best predictive performance and incorporates the correct compromise between bias and
variance. The bias refers to the difference between the learned function and the true function, whereas
variance is a measure of the sensitivity of the learned function to inputs [70]. Some of the most widely
used ensemble algorithms are outlined below.

• Adaptive Boost (AdaBoost), like in all boosting algorithms, the final discriminator of the forest of
DTs is a weighted sum of their individual outputs. The particularity of AdaBoost resides in the
way the weights are assigned: here a misclassified event will have a bigger weight than correctly
identified events [76]. The initial DT is trained using the same weights, the following DTs are
trained using an altered sample where the weights of previously misclassified events are multiplied
by a boost weight α [74]. The boost weight α is related to the misclassification rate err of the
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previous tree by:

α =
1 − err

err
. (4.8)

The weights of the complete event sample are then renormalized to keep the sum of weights
constant. If h(~x) encodes the individual classifier such that h(~x) = +1 for signal and h(~x) = −1
for background, the boosted event classification yboost(~x) is thus given by:

yboost(~x) =
1

Ncollection

collection∑
i

ln(αi)hi (~x), (4.9)

where the sum is over all classifiers in the collection. Large (small) values for yboost(~x) indicate a
signal-like (background-like) event. AdaBoost can then be understood as a procedure to minimize
an exponential loss function.

• Gradient Boost. Since the exponential loss lacks robustness in the presence of outliers or mislabeled
data points, the effectiveness of the AdaBoost algorithm is expected to degrade for noisy settings.
An attempt to remove this flaw is by modifying the loss function. The GradientBoost algorithm [77]
implements the binomial log-likelihood loss for classification, which is given by

L(F, y) = ln(1 + e−2F (~X)y), (4.10)

where F ( ~X ) represents the model response and y is the true value. Because a straightforward
boosting algorithm for this loss function cannot be derived, one has to resort to a steepest-descent
approach to do the minimization. To do so, one has to calculate the gradient of the loss function
and then grow a regression tree whose leaf values are adjusted to match the mean value of the
gradient in each region defined by the tree structure. The repetition of this procedure yields the
desired collection of DTs which minimizes the loss function.

• Bagging is an acronym for Bootstrap AGGregatING. This algorithm involves the construction of
many DTs on independently drawn bootstrapped replicas (randomly selected subset) of the training
sample, such that the final discriminator is a simple average of the individual classifiers [78].
Bagging is not a boosting algorithm per se, instead it smears over statistical representations of the
training data and is hence suited to stabilize the response of a classifier.

A BDT can implement a conjunction of ensemble algorithms to improve the performance of the
classification process. This thesis adopts a stochastic gradient boosting algorithm [79] to carry out the
event classification for the B+ → π+π−`+ν` decay. This algorithm introduces a bagging-like resampling
procedure to generate a random subsample on which a gradient boost is then applied.

4.2 Reconstruction of B mesons

Due to their short lifetime, B mesons decay inside the beam pipe of the detector, close to the interaction
point, and therefore cannot be directly measured. Instead, the information that can be extracted from
the detector comes from the final state particles (FSP), namely particles with a long enough lifetime
or stable particles that deposit signals in subdetectors such that their four-momenta can be measured.
These particles are: e±, µ±, π±, K±, p, p̄, γ and K0

L . The momenta of these FSP are summed up to
form intermediate particles and different consistency checks are then performed to associate them with a
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Figure 4.3: Reconstruction techniques for the signal B meson, comparing their efficiency and purity. In the untagged
method (left) only the Bsig is reconstructed resulting in a large sample of signal and background events. The
tagged methods, semileptonic (center) and hadronic (right), reconstruct the other B-meson (Btag) either in charm
semileptonic or hadronic B decays, improving the background rejection but also incurring in a smaller signal sample
than in the untagged method. Analyses utilizing the hadronic tag technique require a large data sample to provide
precise results as the efficiencies achieved with this method are smaller compared with the other two methods.

specific B meson decay. To pinpoint candidates one can make use of discriminating variables sensitive
to B meson properties. However, not all B meson decays can be fully reconstructed. Those decays
involve one or more neutrinos that are invisible to the detector so their momenta cannot be measured. To
compensate this drawback, one can exploit the almost perfect hermeticity of the Belle detector to impose
kinematic constraints on the decay to infer the neutrino and consequently determine in an indirect manner
the B meson momentum. These kinematic constraints also benefit from the fact that the BB̄ pairs are
produced without any additional particles and the initial state energy is precisely known. For instance,
one can partially reconstruct semileptonic B decays by assigning the four-momentum of the neutrino to
the total missing four-momentum of the event,

Pν = Pmiss = Pbeam −
∑
i

Pi, (4.11)

that is the difference between the beam four-momentum (Pbeam) and the sum of all four-momenta of the
reconstructed particles (Pi).
Traditionally, the B−factories have employed three approaches to reconstruct the B meson, namely

untagged, semileptonic tag and hadronic tag methods. In the untagged method the reconstruction only
focuses on the B decay of interest, which is referred to as signal B or Bsig. The untagged method offers a
large sample of signal candidates but also incurs in a large background, which translates in a high signal
efficiency but a poor purity. Typical values for signal reconstruction efficiency are of the order of 5%.
The other two methods involve the reconstruction of the accompanying B meson in exclusive channels.
This meson is called the tag B (Btag). In the semileptonic tag technique, the Btag is reconstructed in
semileptonic decays to charm mesons such as D±, D0, D∗±, D∗0 among others, which are subsequently
reconstructed in hadronic decay modes. Despite the large branching ratio of semileptonic decays of
Btag to charm mesons (around 11%), the presence of an additional neutrino restricts the kinematic
constraints that can be established, thus the properties of the Bsig cannot be determined from the Btag.
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4.2 Reconstruction of B mesons

Figure 4.4: The four stages of the full reconstruction represented by different colors. The connections symbolize
the particles used in the reconstruction of intermediate particles [73].

The efficiencies obtained with this method are around 0.6%. Finally, the hadronic tag method, also
known as full reconstruction, reconstructs the Btag in hadronic modes containing charm mesons of the
form B → D̄(∗)nπ, B → D̄(∗) D(∗)

S
or B → JψKmπ, where n and m indicate any number (n,m < 10) of

charged or neutral pions, respectively. This method allows the determination of the direction, momentum,
flavor and charge of the Bsig. Although this method provides a considerable signal purity, the obtained
signal efficiencies are relatively poor, below 0.1%. A descriptive representation of the aforementioned
methods is depicted in Fig. 4.3. The analysis presented in this thesis makes use of the hadronic tag
method, which is described in further detail below.

4.2.1 NeuroBayes Full Reconstruction of B mesons

At Belle, the Btag hadronic reconstruction1 proceeds in a hierarchical order starting from the FSP to the B
meson candidates in four stages, as illustrated in Fig. 4.4. At each stage a NeuroBayes neural network
combines all the available information on a given candidate to generate a single scalar variable referred to
as network output. This variable can be interpreted as the probability for a given particle to be correctly
reconstructed. The network output for each reconstructed particle becomes an input for the neural network
in the next stage. In the first stage π±, K±, K0

S , γ and π0 candidates are reconstructed and classified. The
inputs for the neural network at this point include measurements of time-of-flight, the energy loss in the
CDC, Cherenkov light in the ACC for the charged particles, and shower shape variables for photons.
The second stage goes on with the reconstruction of D0, D±(S) and J/ψ candidates. Some of the most
discriminating variables used at this stage in the training of the neural network are the network outputs of
the daughters, the invariant mass of the candidate, the angle between the momentum of the D(S) meson
and the vector joining the D(S) decay vertex and the interaction point, and the significance of the distance
between the decay vertex and the interaction point. Excited charmed mesons are reconstructed in the
third stage using similar input variables as the one used in the second stage, except for the invariant mass

1 The internal name of this module is ekpfullrecon.
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Table 4.1: Reconstructed decay modes for stage two of the reconstruction of Btag and their branching fractions B
[73].

Mode B (%) Mode B (%) Mode B (%)

D0
→ K−π+ 3.89 D+S → K+K0

S 1.49 D+ → K−π+π+ 9.40
D0
→ K−π+π+π− 8.09 D+S → K+π+π− 0.69 D+ → K0

Sπ
+ 1,49

D0
→ K−π+π0 13.9 D+S → K+K−π+ 5.50 D+ → K0

Sπ
+π0 6.90

D0
→ π−π+ 0.14 D+S → K+K−π+π0 5.60 D+ → K−π+π+π0 6.08

D0
→ π+π−π0 1.44 D+S → K+K0

Sπ
+π− 0.96 D+ → K0

Sπ
+π+π− 3.10

D0
→ K0

Sπ
0 1.22 D+S → K−K0

Sπ
+π+ 1.64 D+ → K+K−π+ 0.98

D0
→ K+S π

+π− 2.94 D+S → K+K−π+π+π− 0.88 D+ → K+K−π+π0 1.50
D0
→ K+S π

+π−π0 5.40 D+S → π+π+π− 1.10
D0
→ K−K+ 0.39 J/Ψ → e+e− 5.94

D0
→ K−K−K0

S 0.47 J/Ψ → µ+µ− 5.93

of the candidate. The mass difference ∆m = mD(S)∗
− mD(s)

is employed instead. Finally, the B mesons
are reconstructed in the fourth stage with variables including the network outputs of the daughters, the
mass of the D mesons or ∆m, the angle between the B meson momentum and the beam, and the energy
difference2 ∆E. The decay modes of the reconstructed intermediate particles and their branching ratio
are arranged in tables 4.1 and 4.2. The combination of all the decay modes results in 1104 exclusive
B decay channels. The final output available for the rest of the analysis is the network output of the B
mesons otag, which takes values between 0 and 1 with larger values corresponding to a higher probability
that a B meson was correctly reconstructed. In the best case scenario the efficiency of the NeuroBayes
full reconstruction is about 0.18% for B0 mesons and 0.28% for B± mesons. This value lowers as further
cuts on otag and variables sensitive to B meson properties such as ∆E are applied.

Continuum suppression

Nonresonant events not stemming from e+e− → Υ(4S), but rather from the production of light quarks
of the form e+e− → qq̄ with q = u, d, s, c quarks are called continuum events. In comparison with B
mesons that decay almost at rest in the lab frame and whose decay products are isotropically distributed
in the detector, continuum events are characterized by a preferred direction showing a jet-like structure.
At the production energy of the Υ(4S), the cross section of continuum events is about three times greater
than that for BB̄ meson pairs3. Different variables that take advantage of the event topology, such as
Fox-Wolfram-Moments [80] (FWM), are then used to separate B meson decay from continuum events.
The NeuroBayes full reconstruction4 also allows to include information of event shape variables in the
training of the neural network to obtain an additional variable ocstag that discriminates between these two
event types. The module also includes as input variables the super Fox-Wolfram-Moments [81] (SFWM)
in the computation of the network output. The SFWM compute the FWM not for the whole event, but

2 This variable corresponds to the difference between the energy of the B meson and the energy of the beam, both evaluated in
the CMS frame

3 For continuum events the cross section is 3.7 nb and for BB̄ is 1.1 nb.
4 This module is called ekpcontsuppress.
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Table 4.2: Reconstructed modes for D∗ and B mesons with their branching fractions B [73].

Mode B (%) Mode B (%) Mode B (%)

D∗+ → D0π+ 67.7 B+ → D+∗S D̄0 0.760 B0
→ D+SD− 0.720

D∗+ → D+π0 30.7 B+ → D+S D̄0∗ 0.820 B0
→ D∗−π+ 0.276

D∗0 → D0π0 61.9 B+ → D+∗S D̄0∗ 1.710 B0
→ D∗−π+π0 1.500

D∗0 → D0γ 38.1 B+ → D̄0K+ 0.037 B0
→ D∗−π+π+π− 0.700

D∗+S → D+Sγ 94.2 B+ → D−π+π− 0.107 B0
→ D∗−π+π+π−π0 1.760

B+ → D̄0π+ 0.484 B+ → J/ΨK+ 0.101 B0
→ D∗+S D− 0.740

B+ → D̄0π+π0 1.340 B+ → J/ΨK+π+π− 0.107 B0
→ D∗SD∗− 0.800

B+ → D̄0π+π+π− 1.100 B+ → J/ΨK+π0 0.047 B0
→ D∗+S D∗− 1.770

B+ → D+S D̄0 1.000 B+ → J/ΨK0
Sπ
+ 0.094 B0

→ J/ΨK0
S 0.087

B+ → D̄0∗π+ 0.519 B0
→ D−π+ 0.268 B0

→ J/ΨK+π− 0.120
B+ → D̄0∗π+π0 0.980 B0

→ D−π+π0 0.760 B0
→ J/ΨK0

Sπ
+π− 0.100

B+ → D̄0∗π+π+π− 1.030 B0
→ D−π+π+π− 0.800

B+ → D̄0∗π+π+π−π0 1.800 B0
→ D̄0π0 0.026

separately for the Btag candidate and the rest of the event.
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CHAPTER 5

DATASETS AND EVENT SELECTION

Experimentally, semileptonic decays are reconstructed with simple objects in the final state: a lepton
that could be either an electron or a muon, and a hadron that could result from the combination of one
or more particles. Afterwards, these two objects are merged to partially reconstruct the B meson, and
the neutrino information is then inferred from the missing momentum of the whole event. This analysis
implements full reconstruction to build up the Btag meson, allowing to know further information about
the Bsig, e.g. direction, charge, flavor and momentum, hence introducing kinematic constraints to reduce
substantial contributions from the background. To extract physical parameters of interest from this decay,
one needs to rely on a model for the signal and possible sources of background. This is achieved with the
use of Monte Carlo (MC) simulations. Based on the MC, different requirements can be found to enhance
the signal purity in the event and later on to extract the parameters of interest from experimental data.
The data remains untouched in the first stages of the analysis, which ensures the selection, optimization
and validation of the analysis procedure is entirely carried out using the MC samples. This course of
action is referred to as blind analysis, which is intended to circumvent bias in the measurement.

Throughout this thesis the inclusion of the charge conjugate mode is implied, unless otherwise stated,
meaning that the notation used for the B+ → π+π−`+ν` decay also covers the B− → π+π−`− ν̄` decay.
Henceforward the analysis of the datasets and the generation of figures were carried out using the ROOT
software framework [82]. This chapter is organized as follows: section 5.1 describes the MC samples and
the corrections implemented for the decay channel used for this analysis, and Section 5.2 presents the
strategy for reconstructing the signal side and suppressing the background with the utilization of a BDT.

5.1 Data and Monte Carlo Samples

This analysis uses the entire BelleΥ(4S) data sample of 711 fb−1, containing an estimated (772±11)×106

BB̄ pairs. A 79.4 fb−1 sample of off-resonance data were collected 60 MeV below the resonance peak
energy of the Υ(4S). After the application of the continuum suppression module from the full
reconstruction technique, this sample is left with a poor statistics and is not directly used in the analysis,
and its usage is limited to the assessment of model uncertainties in the simulated processes of continuum
events. The MC samples are produced in sets with a total integrated luminosity equivalent to that of
the on-resonance data. These sets are referred to as streams. The MC samples are simulated using the
EvtGen [83] package and the response of the detector is modeled using GEANT3 [84]. The simulated
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physics processes are listed below:

1. Generic B decays: groups all the processes that happen in the reaction e+e− → Υ(4S) → BB̄,
where the B meson decays entirely via the dominating quark-level transition b → cW . It is
composed of two samples: decays of neutral B mesons (B0) called mixed, and decays of charged
mesons (B±) known as charged. Each sample is generated with ten streams of MC. A list of the
branching ratios used in the MC modeling for semileptonic B decays to charm mesons compared
to the current world average1 is presented in table A.1 of appendix A.1.

2. Generic continuum MC: simulates the nonresonant processes in the reaction e+e− → qq̄ with
q = u, d, s, c quarks. It consist of two samples: charm which contains e+e− → cc̄ processes, and
uds that simulates the events with the light quarks u, d and s. Both samples are generated with six
streams of MC.

3. Rare B decays: this sample includes processes involving radiative decays, decays that proceed via
loop transitions such as b→ s quark transitions or electroweak penguin diagrams, leptonic decays,
hadronic decays to charmless meson, and decays to baryons among others. Most of these decays
have a branching ratio lower than 1 × 10−5. This sample is also split in two samples depending on
the charge of the B mesons: rare_charged and rare_mixed. Each sample is generated with 50
streams of MC.

4. Signal MC: at the moment of MC production for the B+ → π+π−`+ν` decay there was no
form factor calculation available for this channel in the entire phase space. The semileptonic
generators available such as ISGW2 [39] only admit three input particles (one meson or intermediate
resonance, one charged lepton and one neutrino) and not four like it is required in the current case.
Consequently, the PHase SPace (PHSP) generator was selected to simulate the signal decay, as it
treats the channel as a four-body decay with events having equal probability in all points of the
phase space. In addition to the PHSP generator, the PHOTOS [85, 86] package was also used to
account for radiative effects. This sample is assumed to contain the physics of the resonant2 and
nonresonant contributions to the B+ → π+π−`+ν` channel. The previous samples are available
to all Belle collaborators, from them the “generic” samples are common to all analyses modules.
The MC signal for B+ → π+π−`+ν` decay was only produced for this thesis. Calculations of
the branching ratio for this decay are available from LQCD and LCSR in limited regions of
phase space, and hence are not used as input for generating the signal. Estimations of branching
fractions in the whole phase space for semileptonic decays of B mesons with multi-pion final
states are given in reference [87] in terms of the ratio |Vub/Vcb |

2. A measurement of this ratio is
provided by the LHCb collaboration using the exclusive b-flavored baryon decays Λ0

b → pµ− ν̄µ
and Λ0

b → Λ
+
c µ
− ν̄µ resulting in |Vub/Vcb | = 0.083 ± 0.006 [88]. With this value, the branching

ratios for B semileptonic decays to multi-pion final states are presented in table 5.1.

Hence, the assumed branching ratio for the decay B+ → π+π−`+ν` is 31.7 × 10−5. Another
calculation [89] gives the partial branching ratio for this decays in two regions of the di-pion mass;
below 1 GeV the branching ratio is 15.6 × 10−5 and above that value is 28.6 × 10−5. However, the
values for this calculation are discarded as they assume that masses above 1 GeV are dominated

1 The world average refers to the average of all the measurements reported in the particle data group (PDG) [1].
2 This is mainly motivated by the fact that the missing mass squared, which is defined as the squared of the missing momentum,
does not distinguish between resonant and nonresonant states, since it coincides with the mass squared of the neutrino for true
events in B+ → π+π−`+ν` decays.
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Xu BR [10−5] Xu BR [10−5]

π0 7.6 4π0 1.4
π+π− 31.7 π+π−2π0 35.9
π0π0 2.8 2π+2π− 20.7
π+π−π0 70.4 2π+2π−π0 7.6
3π0 3.5 π+π−3π0 6.2

Table 5.1: Branching ratio (BR) of semileptonic B± decays to multi-pion final states according to calculations from
reference [87] using |Vub/Vcb | = 0.083 ± 0.006 [88]. The hadronic component is denoted by Xu .

by nonresonant contributions, which is not supported by a recent Belle measurement [47] where
there was not a significant nonresonant contribution for the high mass region3. Approximately 188
streams of MC are produced to study the signal channel.

5. B → Xu`ν: contains events occurring in the reaction e+e− → Υ(4S) → BB̄, such that one B
meson decays through the cabibbo suppressed transition b → u`ν at quark level. This sample
groups a series of exclusive semileptonic decays of B mesons to one light charmless meson (Xu).
As in the Generic B decays, these processes are arranged in two samples, dependent on the charge
of the B meson, bulnu_charged and bulnu_mixed. A total of 20 streams are generated for each
MC sample. A list of the branching ratios of these exclusive channels, compared with the current
world average, is given in table 5.2. This sample does not include an inclusive4 component since
the Vub generator, used to model this contribution, incorrectly describes nonresonant contributions
in the entire phase space. High multiplicity mass terms that can contribute to the nonresonant
component come from decays such as B+ → π+π−π0`+ν` and B+ → π+π−π0π0`+ν` . However,
after simulating these processes with the PHSP generator and examining their contributions in the
signal region defined in section 5.2.4, it was found to be negligible and not taken into account for
the rest of the analysis.

5.1.1 Corrections to the MC samples

Precision measurements of physical parameters demand an excellent understanding of the background,
however the use of MC simulations cannot perfectly describe the background due to several assumptions
in its generation. These assumptions may involve a lack of precise knowledge in some of the parameters
used to simulate the decay, differences in efficiency in the data and MC or the theory on which the
MC relies does not correctly model the processes, among other reasons. To fix this problem, different
calibrations are performed on well known decays, known as control samples, where an event-wise weight
is inferred from the comparison of the data and the MC samples. This weight can then be used in the
particular channel under study. In case an analysis needs corrections from different sources, the total event
is given by the product of all weights that apply to it. The required corrections vary from one analysis
module to another depending on the FSP in the channel, whether or not the Btag is reconstructed, among

3 This measurement focuses in the determination of the branching ratio of the B → ρ`ν decays and the extraction of |Vub |
from this decay; there is no detailed study of the B+ → π+π−`+ν` channel.

4 The inclusive B → Xu`ν component contains all possible decays involving a b→ u quark transition, including resonant and
nonresonant contributions. As many exclusive (resonant) channels are included in the sample, the term inclusive is used here
to be regarded as nonresonant component.
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B+ Mode B(10−3)(MC) B(×10−3)(PDG) Form factor model

π0`ν 0.073 0.077±0.012 LCSR
ρ0`ν 0.149 0.107±0.013 LCSR
η`ν 0.084 0.038±0.009 ISGW2
η ′`ν 0.033 0.023±0.008 ISGW2
ω`ν 0.115 0.115±0.016 LCSR

a0(980)0`ν 0.003 ISGW2
a1(1260)0`ν 0.005 ISGW2
a2(1320)0`ν 0.024 ISGW2
b1(1235)0`ν 0.082 ISGW2
f1(1285)`ν 0.062 ISGW2
f ′2(1525)`ν 0.087 ISGW2

B0 Mode B(×10−3)(MC) B(×10−3)(PDG) Form factor model

π+`ν 0.136 0.136±0.007 LCSR
ρ+`ν 0.277 0.277±0.024 LCSR

a0(980)+`ν 0.007 ISGW2
a1(1260)+`ν 0.123 ISGW2
a2(1320)+`ν 0.047 ISGW2
b1(1235)+`ν 0.154 ISGW2

Table 5.2: Exclusive channels used in the Monte Carlo simulation to model the B → Xu`ν component.

other factors. An outline of the corrections applicable to the B+ → π+π−`+ν` channel are presented in
the following.

Charged pion identification efficiency correction

Charged pion identification is based on the probability of classifying a track as a pion as described
in section 3.3.3. To examine the efficiency of this classification, the D∗+ → D0(K−π+)π+slow decay is
used, which contains a clean sample of charged kaons and pions. The decay has a low available phase
space which results in the π+slow having a small momentum. This decay exhibits a clear distinction
between correctly reconstructed events and the background, which is visible in the distribution of the
mass difference (∆m = mD∗+ − m

D0). From the charge correlation between the hadrons in the D0 and the
π±slow, one can easily identify the particle without requiring a cut on the Prob(π) variable. To derive
the correction factors, different tables [90] are available for each cut on Prob(π) in bins of the pion
momentum in the lab frame and the pion polar angle. The corrections for each bin are given by the
efficiency ratio Ri = ε

data
i /εMC

i , where εMC
i and εdata

i are the MC and data efficiencies, respectively. The
total efficiency correction is then:

Rπ =
1
N

∑
i

niRi, (5.1)

where ni is the number of events in the bin such that N =
∑

i ni.
The uncertainty associated with the efficiency correction, ∆R, receives contributions from the statistical

uncertainties (∆Rstat
i ) of the MC and data samples and systematic uncertainties (∆Rsyst

i ) due to the
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determination of the correctly reconstructed D∗+ yields. The statistical uncertainties in different bins are
assumed to be independent, while systematic uncertainties are fully correlated. The total error becomes:

∆Rπ =
1
N

*..
,

√√√∑
i

(ni∆Rstat
i )2

+ *
,

∑
i

ni∆Rsyst
i

+
-

2 +//
-
+ Rconst. (5.2)

Here, Rconst is an additional constant error for the possible dependence on the data-acquisition period
estimated to be 0.003 for pion identification efficiencies.

Lepton identification efficiency correction

The charged lepton5 identification efficiency correction proceeds in a similar fashion to the previous
case in that it depends on the cut on the likelihood value for accepting tracks as electrons or muons (see
sections 3.3.1 and 3.3.2). The efficiency ratios are given in bins of the polar angle and momentum of the
lepton evaluated in the lab frame, as described in references [91, 92]. The calibration studies in this case
are carried out in a sample of γγ → `+`− decays, which is a clean channel with low multiplicity tracks,
and has associated a systematic uncertainty ∆Rsyst1

i . To assess the impact of a hadronic environment in
the efficiency calculation, a sample of inclusive B → J/ψ(`+`−)X was investigated, where X refers to
any particle. From the comparison of the samples γγ → `+`− and J/ψ → `+`−, an additional systematic
uncertainty is calculated (∆Rsyst2

i ). For the calculation of the total error, the statistical errors are treated as
uncorrelated whereas the systematic uncertainties as correlated, thence the total efficiency correction can
be written as:

R` =
1
N

∑
i

ni
ε`,data
i

ε`,MC
i

, (5.3)

and its uncertainty as:

∆R` =
1
N

√√√∑
i

(ni∆Rstat
i )2

+ *
,

∑
i

ni∆Rsyst1
i

+
-

2

+ *
,

∑
i

ni∆Rsyst2
i

+
-

2

. (5.4)

In the above expressions ni is the number of events in the bin, N is the total number of events and ε`,data
i

and ε`,MC
i are the lepton efficiencies in data and MC, respectively.

Hadronic tag efficiency correction

Due to the large amount of exclusive hadronic channels in which the Btag is reconstructed (1104), incorrect
assumptions in their branching ratios can propagate and lead to an unbalance between the expected
number of events in data and MC. To determine the extent of this effect, one can use a double-tagging
approach in which one can study the Btag by reconstructing the Bsig in decay channels with a sufficiently
large branching ratio (so they can serve as control samples) and assuming that it is well modeled by MC.
The last condition implies that the correction factors derived from this study depends only on the tag
side, so it can be applied to other searches with a different signal decay channel. This calibration was
carried out in reference [93] using B semileptonic decays to charm mesons as the signal with the number

5 In the rest of the thesis, the term lepton is used exclusively for charged leptons and not for neutrinos.
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D∗ Generic HFLAV

ρ2 1.30 1.207 ± 0.015 ± 0.021
R1 1.18 1.403 ± 0.033
R2 0.71 0.854 ± 0.020
D Generic HFLAV

ρ2
D 1.16 1.186 ± 0.036 ± 0.041

Table 5.3: Comparison of HQET2 parameters for the B → D(∗)`ν decays in the generic MC and HFLAV.

of double-tagged events given by:

N (BtagBsl) = NBB̄ × B(Btag → f )εBtag→ f × B(Bsl → D(∗)`ν)εBsl
(5.5)

where B(Btag → f )εBtag→ f is the product of branching ratio and the reconstruction efficiency of the
specific decay Btag → f and B(Bsl → D(∗)`ν)εBsl

is the corresponding product for the semileptonically
decaying B meson [35]. The correction factor is then calculated as the ratio of the numbers of reconstructed
tagged events in data and MC:

c f
tag =

B
data(Btag → f )εdata

Btag→ f

B
MC(Btag → f )εMC

Btag→ f

=
Ndata(BtagBsl)

NMC(BtagBsl)

NMC
BB̄
× B

MC(Bsl → D(∗)`ν)

Ndata
BB̄
× B

data(Bsl → D(∗)`ν)
.

(5.6)

In the last step, εdata
Bsl
= εMC

Bsl
as the Bsl → D(∗)`ν decay modes were assumed to be well modeled in

the MC samples to generalize the correction to all analysis modules using the NeuroBayes hadronic
reconstruction tagging method. These corrections are calculated for each reconstructed Btag mode as a
function of the NeuroBayes neural network output otag. The average correction factor is about 0.7.

Form factor corrections for the B → D(∗,∗∗)`ν decays

The shapes of the distributions of the kinematic variables are dictated by the form factors that enter the
model, thus their precise knowledge will impact on the model to describe a given decay. The study of
the form factors for the B → D(∗,∗∗)`ν decays was performed in reference [94], in which the weights
are provided in bins of two variables, either the momentum transfer q2 and the lepton momentum in the
CMS p∗` as is the case for the B → D(∗)`ν decays, or the recoil variable w and cos θ` for B → D∗∗`ν
decays6. The decays B → D`ν and B → D∗`ν are simulated in the generic MC using the heavy quark
effective theory model (HQET2). Their form factors parameters are updated using recent values from
HFLAV [41]7, as shown in table 5.3.

The decay B → D∗∗`ν was produced using the ISGW2 quark model that is proven to be insufficient to
describe the decay. As a consequence the decay is re-weighted to the model Leibovich-Ligeti-Stewart-Wise

6 The recoil variable is defined as w = MB−MD−q
2

2MBMD
.

7 Heavy Flavor Averaging Group, previously shortened as HFAG.
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(LLSW) [95] using recent results from HFLAV.

Branching ratio correction

Because of the copious decay channels simulated in the generic MC sample, it is not feasible to update all
the branching ratios to the world average provided by the Particle Data Group (PDG) [1]. Instead, one can
compare data and MC samples in regions dominated only by the background, which are usually called
sidebands, and check whether or not the MC describes the data in those regions. From this comparison,
one can then correct the channels that have a major impact in the modeling of the background for the
particular signal channel. Decays such as B → D(∗,∗∗)`ν, or exclusive charmless semileptonic decays
with meson masses below 1 GeV, are corrected according to the measured values provided either by the
PDG or the HFLAV. The correction factors for these decay channels are arranged in table 5.4.

5.2 Event Selection

The first requirement of the analysis lies in filtering hadronic events to reject physical processes with a
larger cross section than the BB̄ pair production, as shown in table 5.5. This is accomplished by applying
the “HadronB” skim [96] to the data, which is a pre-selection tool common to all Belle analyses, and has
a good performance in reducing non-hadronic background while retaining most of the B decays. The
requirements in this skim are based on the fact that BB̄ events have several particles in the final state,
and hence have a larger track and cluster multiplicity than the other physical processes, subsequently the
energy of the decay products of B decays exhibit a low energy spectrum. Among these requirements it is
noteworthy to mention that with the presence of at least three tracks, the total energy in the ECL should
be above 18% and below 80% of the CMS energy, and a minimum for the visible energy of 20% the CMS
energy. The latter term is defined as the sum of “good tracks8” momenta and “good photons energy9”.
After the application of the HadronB skim, the dominant background corresponds to continuum events
(e+e− → qq̄), which are roughly three times larger than BB̄ processes. Under the assumption that all
tracks and clusters in the reconstruction of events not belonging to the Btag must be associated with the
Bsig, one can establish additional selections to reject background and build the signal decay. This section
presents the definition of the objects used to reconstruct the signal decay as well as different variables
used across this analysis, describing a set of conditions known as pre-selection, and finally discusses
the application of a BDT for further rejection of background. Some cuts in the pre-selection stage or in
the selection of objects are not optimized in the sense of choosing the best cut according to a figure of
merit (FOM), but rather standard selections used for semileptonic B decays that take into account the
acceptance of the different detector components, or well-established cuts within the Belle collaboration.

5.2.1 Definition of objects

The visible objects on the signal side consist of charged leptons and charged pions, however some
variables require the establishment of neutral particles such as neutral pions or photons. The prerequisite
for these particles are given below.

8 Tracks with a minimum transversal momentum of 100 MeV and impact parameters satisfying dr < 2 cm and dz < 4 cm.
9 Clusters with energies above 100 MeV that cannot be associated with tracks in the CDC.
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Decay Mode MC PDG/HFLAV Weight

B− → D0`− ν̄` 2.31 × 10−2 (2.33 ± 0.10) × 10−2 1.009
B− → D∗0`− ν̄` 5.79 × 10−2 (5.59 ± 0.19) × 10−2 0.965
B− → D0

1`
− ν̄` , D0

1 → D∗+π− 5.4 × 10−3 (2.8 ± 0.1 ± 1.5) × 10−3 0.52
B− → D∗02 `

− ν̄` , D∗02 → D∗+π− 8.2 × 10−4 (7.7 ± 0.6 ± 0.4) × 10−4 0.94
B− → D

′0
1 `
− ν̄` , D

′0
1 → D∗+π− 5.4 × 10−3 (1.3 ± 0.3 ± 0.2) × 10−3 0.24

B− → D∗00 `
− ν̄` , D∗00 → D+π− 6.1 × 10−3 (2.8 ± 0.3 ± 0.4) × 10−3 0.46

B̄0
→ D0`− ν̄` 2.13 × 10−3 (2.20 ± 0.10) × 10−2 1.033

B̄0
→ D∗+`− ν̄` 5.33 × 10−3 (4.88 ± 0.10) × 10−2 0.916

D0
→ K0 f0(980), f0(980) → π+π− 6.24 × 10−3 (2.46+0.80

−0.48) × 10−3 0.38
D0
→ K0 f0(1370), f0(1370) → π+π− 1.44 × 10−3 (5.6+1.8

−2.6) × 10−3 3.8
B− → π0`− ν̄` 7.8 × 10−5 (7.80 ± 0.27) × 10−5 1.068
B− → ρ0`− ν̄` 1.49 × 10−4 (1.58 ± 0.11) × 10−4 1.06
B− → ω`− ν̄` 1.15 × 10−4 (1.19 ± 0.09) × 10−4 1.035
B− → η`− ν̄` 8.4 × 10−5 (3.8 ± 0.6) × 10−5 0.45
B− → η ′`− ν̄` 3.3 × 10−5 (2.3 ± 0.8) × 10−5 0.70
B̄0
→ π+`− ν̄` 1.36 × 10−4 (1.45 ± 0.05) × 10−4 1.066

B̄0
→ ρ+`− ν̄` 2.77 × 10−4 (2.94 ± 0.21) × 10−4 1.061

Table 5.4: Decay channels that were corrected in the MC, with their branching ratios in the MC, world average and
their respective correction (weight).

Process σ no skim [nb] σ skim [nb] ε (%)

e+e− → bb̄ 1.1 1.09 99.1
e+e− → qq̄ 3.7 2.62 70.8

e+e− → τ+τ− 0.93 0.05 5.38
Bhabha 37.8 0.001 0.003
γγ 11.1 0.04 0.36

Table 5.5: Cross sections before and after the application of the HadronB skim and its efficiencies [96]. Hadronic
states containing b quarks remain intact after the application of this skim, while other processes, except continuum
events, are almost eliminated.

Selection of tracks

Due to the magnetic field inside the detector, charged particles with low momenta spiral inside the
CDC and may lead to multiple reconstructions of the same particle. A pair of tracks can be regarded
as duplicated tracks if they have momenta transverse to the beam direction below 275 MeV, with a
small momentum difference (below 100 MeV) and an opening angle either below 15◦ (same charges) or
above 165◦ (opposite charges). Once such a pair is found, the track passing closer to the IP is chosen
by minimizing a χ2-like variable based on the impact parameters (defined as χ2

= 5|dr |2 + |dz |2). All
remaining tracks are required to satisfy |dr | < 0.4 cm and dz < 2.0 cm.
To identify tracks as charged leptons, different conditions are imposed on the particle likelihood (see
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Electron Muon

plabe > 0.3 GeV plabµ > 0.6 GeV
17◦ < θlabe < 150◦ 25◦ < θlabµ < 145◦

Leid > 0.9 Lmuid > 0.9

Table 5.6: Selection requirements in momentum, polar angle and particle identification likelihood for leptons.

eq. 3.1 for electrons and eq. 3.2 for muons), the polar angle and the momenta of the tracks evaluated
in the lab frame. These conditions are summarized in Tab 5.6 for both electrons and muons. To reject
leptons originating from J/ψ or ψ ′ decays, the invariant mass of a pair of oppositely charged leptons
(m`+`−) is inspected and the particles are discarded if they satisfy 3.00 GeV < m`+`− < 3.15 GeV or
3.60 GeV < m`+`− < 3.75 GeV. Only events with a single charged lepton are considered in this study. In
the case of the electron channel, photons not belonging to the tag side with a maximum energy in the
lab frame of 1 GeV and lying inside a cone around the electron direction smaller than 5◦ (θeγ < 5◦) are
associated to Bremsstrahlung processes. If such a photon is found, it is merged with the electron and
the sum of the momenta is assumed to be the lepton four-momentum. If there is more than one photon
candidate only the nearest photon is merged with the electron.
After excluding tracks from the tag side, a track not used as a lepton is accepted as a charged pion if

the discriminating probability between kaons and pions Prob(K ) (see eq. 3.3) is below 0.4.

Selection of neutral particles

Despite the absence of an explicit neutral particle in the signal channel, some of the variables used in the
analysis for background rejection request a clear definition of these objects. Photons are identified as
clusters in the ECL not linked to a track in the CDC. As the ECL can be separated in regions according
to the photon polar angle in the lab frame θγ, a minimum energy requirement of 50 MeV, 150 MeV or
100 MeV are imposed in the barrel (32◦ < θγ < 130◦), the forward endcap (130◦ < θγ < 150◦) or the
backward endcap (17◦ < θγ < 32◦), respectively. Neutral pions are reconstructed from a pair of photons
such that their invariant mass lies between 120 MeV and 150 MeV.

5.2.2 Pre-selection for B+ → π+π−`+ν` decays

A powerful variable to remove combinatorial events in B decays, and hence guarantee well reconstructed
candidates, is the beam constrained mass, which is defined as:

Mbc =

√
E∗ 2

beam − p∗2B , (5.7)

where E∗beam and p∗B are the beam energy and the momentum of the B meson, respectively, and both are
evaluated in the Υ(4S) rest frame. In this definition, the beam energy replaces the energy of the B meson
since it is known better than the latter quantity and therefore results in an improvement in resolution and
separation power. This variable is calculated for the Btag meson and its distribution is shown in Fig. 5.1(a).
For the signal and B decays in general, this distribution has a peak structure around the nominal mass of
the B meson, and a long tail due to random combinations; for continuum events this peaking structure
is non-existent. Following the selection from previous analyses in B decays, this variable is required
to be above 5.27 GeV, for which the resonant (correctly reconstructed) events exhibit a Gaussian shape.
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Figure 5.1: Distributions at the start of the selection of the beam constrained mass (a) and the logarithm of the
NeuroBayes output with continuum suppression (b) showing the contributions from different processes (c). The
shape of the signal contribution (red dashed line) is scaled with an arbitrary normalization for comparison purposes.
The Gaussian peak in the signal corresponds to correctly reconstructed events.

Another variable especially helpful in reducing continuum background is the output of the NeuroBayes
neural network with continuum suppression ocs

tag that arises from the reconstruction of the Btag meson, the
logarithm of this variable is presented in Fig. 5.1(b). To determine on which value to cut to select the
signal, the FOM precision is optimized. This FOM is defined as:

FOM =
S

√
S + B

, (5.8)

where S and B represent the number of events in signal and background, respectively. This FOM can be
modified such that it can be expressed in terms of familiar quantities. Assume, for instance, that NS is the
total number of generated signal events, then S = εNS where ε is the signal reconstruction efficiency
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Figure 5.2: Figure of merit and optimal cut for ln ocs
tag.

resulting from the selection. Plugging in this factor into the numerator of eq. 5.8, the FOM becomes√
NS

√
εS/(S + B) =

√
NS
√
εp, with p the purity. This relation makes explicit the compromise between

efficiency and purity in the optimization. The optimal cut value on this variable is given by ln ocs
tag > −4.9

as shown in Fig. 5.2.
In semileptonic decays, leptons not stemming from a B meson are also a source of background; they

generally result from cascade decays of intermediate particles such as D or D∗ mesons. To veto these
events, one can exploit one of the features of the hadronic tag method involving the knowledge of the
charge of the B meson, and the fact that leptons from secondary decays carry an opposite charge to that
of the prompt lepton. Accordingly, a negative charge correlation between the signal prompt lepton and
the Btag is requested. Furthermore, only charged B mesons are accepted in the analysis, which removes
background from neutral B mesons. The previous four requirements complete the selection on the tag
side. Hereafter, the selection is focused on the signal side. The topology of the signal channel involves
three prongs; the two charged pions and the lepton. As a result, only three tracks are required on the
signal side.
Since the neutrino is not actually reconstructed in the event due to its invisibility to the detector, the

neutrino information is inferred from the missing momentum of the event. For a good reconstructed
semileptonic decay, where the neutrino is the only lost particle, the previous quantities should be
unchanged. The relation between the four-momenta of all the particles in the event and the missing
four-momentum is defined as

Pmiss = PΥ(4S) − PBtag
− P` − Pπ+ − Pπ−, (5.9)

and hence the missing mass squared M2
miss is given by

M2
miss = |Pmiss |

2. (5.10)

This variable is the most powerful discriminator in semileptonic decays with hadronic tags. For the
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signal events the M2
miss peaks around the mass of the neutrino, M2

miss ≈ 0, while for the background the
tendency is towards high values as can be noticed in Fig. 5.3(d). Given the large range of this variable,
and the fact that the signal is concentrated in the |M2

miss | < 1 GeV2 region, the extent of this variable is
reduced to the interval [−2.0 GeV2, 6.0 GeV2]. Fig. 5.3 illustrates the effect of the previous requirements
in the pre-selection variables, taking out the cut on the plotted distribution. The subsequent improvement
of the signal selection for each requirement can be seen in the cut-flow of table 5.7, where the efficiencies
for signal and background are shown at each stage in the pre-selection. The number of events for the signal
also gets reduced as many random combinations of tracks and clusters contribute to the reconstruction of
the decay channel. The idea of the pre-selection is then to correctly define the signal.

Criteria Signal B → Xu`ν B+ Generic B0 Generic Continuum Rare

Mbc > 5.27 GeV 21.8 20.5 19.9 19.3 16.5 23.1
ln(ocs

tag) > −4.9 8.61 7.81 5.90 6.03 0.546 4.88
Q` ×QBtag < 0 7.84 6.88 3.96 3.23 0.299 2.84
Btag
= B± 7.20 4.79 3.20 0.352 0.134 1.62

Nsignal−tracks = 3 6.11 3.76 0.752 0.045 0.007 0.263
M2

miss ≤ 6 GeV2 6.01 3.29 0.381 0.018 0.002 0.142

Table 5.7: Relative efficiency [%] for signal and background processes respect to the merging of objects in the
reconstruction of B+ → π+π−`+ν decays at the pre-selection stage.

5.2.3 Background Suppression with Boosted Decision Trees

Although the pre-selection disposes of a vast amount of continuum background, the remaining events are
dominated by semileptonic decays to charm mesons. Variables that distinguish between this background
and the signal are difficult to find, since most of the kinematic distributions for the background resemble
the signal. In addition, any potential variable for background suppression must have as little correlation
as possible with the five variables that describe the signal decay and with M2

miss, to ensure the access to
the whole phase space of the signal decay. Since the available variables do not allow a clear separation
between signal and background, a cut-based analysis is not sufficient for the rest of the analysis. Instead,
an stochastic gradient Boosted Decision Trees (BDTG) is trained to learn the subtle patterns of the signal
in the simulated data and hence improve the separation between signal and background. This method is
available in the TMVA [74] toolkit of the ROOT [82] framework. To carry out the BDTG algorithm, the
signal and generic B decays MC samples are split into two samples, each containing half of their initial
number of events. One sample corresponds to the training sample used for the background studies and
selection in this chapter, and the other to the validation sample on which the measurement is performed.

Input variables of the BDTG

The definitions of the variables implemented in the training of the BDTG are as follows.

1. ∆Esig: the difference between the beam and the Bsig meson energies in the CMS.

2. θmiss: the polar angle of the missing momentum in the lab frame.

3. N
π0 : the multiplicity of π0 candidates on the signal side.
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Figure 5.3: Distributions of the pre-selection variables when all cuts are applied except the one on the variable
plotted: (a) Mbc, (b) ln ocs

tag, (c) Q` ×QBtag
× Bflavor = 1 implies a negative charge correlation between the signal

lepton and the Btag and the selection of charged B mesons, otherwise Q` ×QBtag
× Bflavor = 0 , (d) M2

miss, (e) number
of tracks on the signal side, (f) the physics processes. The shape of the signal contribution (red dashed line) is
scaled with an arbitrary normalization for comparison purposes.
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4. δφpxu
vtx : the angle between the dipion momentum in the lab frame and the vector joining the π+π−

decay vertex and the interaction point.

5. Eextra−clusters: the sum of the energy in the CMS of all photons in the barrel region not associated to
either the Btag or the Bsig mesons.

6. EECL: the sum of the clusters in the ECL from the whole event that are not matched to tracks
and that pass the energy thresholds for photons [97]. This calculation also includes ECL clusters
made by photons that were accidentally hit by a track and satisfy E9/E25 > 0.94. The latter is the
transverse shower shape in the ECL, defined as the ratio of energy deposited in the central 3 × 3
array of crystals to that in the central 5 × 5 array of crystals. This variable is suitable to separate
between overlapping hits in the ECL crystals caused by hadronic interaction with charged tracks
and photons, for photons E9/25 peaks at one whereas for charged tracks tend to low values.

Parameter settings for BDTG training

The parameters used in the configuration for the BDTG are described as follows:

• A forest of 1000 DTs is used in the training.

• The number of steps, nCuts, is set to the default value of 20, increasing this number decreases
the signal probability in the Kolmogorov-Smirnov test, which is an indication of how likely the
algorithm is to perform under overtraining.

• The node depth, maxDepth, is optimised to 3.

• The minimum percentage of training events required in a leaf node is set to 2%.

• This method employs a random subsample of all events for growing the trees in each iteration
by selecting the option UseBaggedBoost=True for which the relative fraction of events is set by
BaggedSampleFraction=0.37 .

• The learning rate (shrinkage) for the GradBoost algorithm is set to 0.1.

Results from the BDTG training

The shape comparisons between the signal and B → Xc`ν background in the input variables used in the
BDTG training are shown in Fig. 5.4. The linear correlations among them are small as can be seen in
Fig. 5.5, and their separation power is ranked in table table 5.8. An additional check was made to verify
the consistency between the training sample and the test sample by comparing their BDTG response
depicted in Fig. 5.6, showing a low probability of occurrence for overtraining.
The optimal cut on the BDTG is searched for using the FOM of eq. 5.8 and is found to be 0.52.

According to Fig. 5.7 this value remains constant even if the assumed branching ratio for the signal is
duplicated or halved.

5.2.4 MC study of the B → Xc`ν background

The contributions of all physical processes to the BDTG output is presented in Fig. 5.8, where the signal
shape is shown in the red dashed line with an arbitrary normalization. Even after the application of
the optimal cut on this classifier, the remaining events are still dominated by the background, as can be
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Figure 5.4: Shape comparison of input variables in the BDTG for the signal and B → Xc`ν samples.
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Figure 5.7: Optimal cut in the BDTG output for different assumptions of the branching ratio for the signal, this
value remains constant.
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Rank Variable Separation Rank Variable Separation

1 Eextra−clusters 3.13 × 10−1 4 θmiss 5.73 × 10−2

2 N
π0 2.08 × 10−1 5 δφ

pxu
vtx 2.52 × 10−2

3 EECL 1.05 × 10−1 6 ∆Esig 3.56 × 10−3

Table 5.8: Ranking of variables according to their separation power in the training of the output of the BDTG
classifier.
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Figure 5.8: BDTG output with the expected MC contributions showing the tendency for signal-like events to have
values closer to 1. The signal contribution has been scaled to an arbitrary normalization for illustrative purposes.

observed in the M2
miss distribution of Fig. 5.9. This variable is used to split the MC into two regions: the

signal region (|M2
miss | < 2 GeV2) and the sidebands (2 GeV2 < M2

miss < 6 GeV2), where the prominent
background is due to B → Xc`ν decays. This region will be used later in this chapter to check how well
the MC describes the real data.

To study which decays make up the B → Xc`ν background, one can check the mother particle identity
(mother ID) for each charged pion, as visualized in Fig. 5.10. According to this, in the majority of the
cases the pions come from D0 or ρ0 mesons, but they can also originate from different mother particles,
in which case they are produced at different stages of a decay chain. To have a clear picture of the
implications of this diagram, the mother ID of the pions is projected to the M2

miss and invariant mass
Mπ+π− spectra, as shown in Fig. 5.11. The peaking structures in the di-pion mass are, in general, due to
cases where both pions arise from a single resonance, e.g., D0, ρ0, ω, f0(980). A prominent peak can be
observed around Mπ+π− = 1.3 GeV, with one pion stemming from a K∗± meson and the other from a D0

meson. The former decays into K0π±, where the missing neutral particle failed to be reconstructed. The
neutral kaon long (KL) passes through the Belle detector without depositing energy in the ECL in most
of the cases. It can be partially reconstructed in the KLM but with a poor efficiency. No attempt is made
to reduce this peaking background, since a KL veto will incur in the introduction of additional systematic
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Figure 5.9: Missing mass squared distribution with the expected MC contributions after the cut on the BDTG
classifier. The orange box depicts the signal region, while the green one shows the sideband.

Decay Expected Events Relative Efficiency [%]

e+e− → qq̄ 8.34 2.9 × 10−7

Rare B decays 6.41 8.0 × 10−3

B+ → D0`+ν` with D0
→ π+π− 34.30 7.9 × 10−2

Other B+ → D0`+ν` 114.37 5.0 × 10−4

Rest of B → Xc`
+ν` 146.43 1.6 × 10−5

B → Xu`
+ν` 27.05 1.0 × 10−3

B+ → π+π−`+ν` 387.10 2.9 × 10−2

Table 5.9: Expected events after signal selection and BDTG cut in the signal region for the processes contributing
to the B+ → π+π−`+ν` decay channel. The relative efficiency at this stage with respect to the merging of objects in
the reconstruction of B+ → π+π−`+ν decays at the pre-selection stage is also provided.

uncertainties. In a much smaller scale, pions coming from D0 and ρ± contribute to the region defined by
1.4 GeV < Mπ+π− < 1.7 GeV . All these components are primarily present in the sideband, since most of
these peaking structures disappear in the signal region for B → Xc`ν component (see Fig. 5.12), resulting
in a flat background for di-pion masses less than 1.6 GeV. Examples of B decay chains containing these
processes for the generic MC are given below:

• B+ → D0D̄0K+π0, D̄0
→ π−K∗+(K0π+), D0

→ KsK+π−

• B+ → D̄∗0`+ν` , D̄∗0 → D̄0π0, D̄0
→ K∗+(K0π+)π−,

• B− → D0`− ν̄` , D0
→ f0(980)K̄0, f0(980) → π+π−

66



5.2 Event Selection

+πMother Id 

-
B +
B *+
K

*+
D

0
D

0
D

(8
92

)
*0

K

(8
92

)
*0

K
+ 1a + S

D

S0
K

1+
K

+ ρ η ω 0f '
0f φ 'η 0 ρ *+ 2

K
0 1

D
'0 1

D
*0 2

D
0

(2
S

)
*

D
+

D *0 0
D

*+ 0
K

*0 0
K ψ

J/

ot
he

r

- π
M

ot
he

r 
Id

 

-
B

+B

*-D

*-K

0
D

0D
(892)

*0
K

(892)*0K

-
SD

-
1

a
1

-
K

S

0
K

-ρ
η
ω
0f
'0f

*-
2K
φ
'η

0ρ

0
1D

'0
1D

*0
2D

0(2S)
*

D

-
D

*0

0D

*-

0K

*0

0K
ψJ/

other

Figure 5.10: Mother ID of two charged pion combination for the B → Xc`ν background. This figure shows that
the pion originate from the immediate decay of another particle, that may be of another decay chain. The two
pions could either share the same mother or come from different particles in the decay chain. The size of the grid
indicates the frequency in which these cases occur.

One can further study the B → Xc`ν background by dividing the sample into different categories.
Firstly, the particle identity of the charged pions is verified to determine if the other charged particles
have been misidentified as pions and have some effect in the production of peaking structures in the
hadron mass. As shown in Fig. 5.13, muons and kaons can be misidentified as pions producing a
small flat contribution along the di-pion mass, from them the charged kaons are responsible for the
kinematic reflection around Mπ+π− = 1.75 GeV. Another category consists in establishing the origin
of the two charged pions and the lepton, whether or not they come from a B± meson at some point in
the decay chain. According to Fig. 5.14(a), only a small amount of events may have a lepton coming
from one B and pions from another B meson. If now instead, one evaluates the origin of the lepton to
corroborate that it stems from a B decay (prompt lepton), comes from an intermediate resonance like the
D0 meson (secondary lepton) or is another charged particle mislabeled as lepton (fake lepton), one can
find that the contributions from fake and secondary leptons are negligible compared to prompt leptons as
displayed in Fig. 5.14(b). A fourth category implies the characterization of the B → Xc`ν background by
the intermediate charm resonance (see Fig. 5.14(c)), in which case the D∗ meson dominates the mass
spectrum followed by the D meson. A small contribution from excited states D∗∗ such as D1, D′1, D∗2
and D∗0 is also expected. A final inspection of the mass spectrum in the B → Xc`ν background can be
done using truth matching of the final state charged pions, as shown in Fig. 5.15, which reiterates the
aforementioned statements. The biggest contribution comes from decays where the two pions shared
the same mother but one massive particle failed to be reconstructed as is the case for KL mesons, the
kinematic reflection at Mπ+π− = 1.75 GeV is caused by misidentified pions, other notorious peaking
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Figure 5.11: Projection of the mother ID of the pions for the B → Xc`ν background in the B− → π+π−`− ν̄`
channel. The first and the second particle in the legend correspond to the mother of the π+ and π−, respectively.
In the case where there is only one particle, indicates that both pions come from the same mother. The figures
reveal that peaking structures in the di-pion mass come from processes in the sidebands, for instance the light green
component peaks in the di-pion mass around 0.7 GeV corresponding to events where both pions come from a ρ0

meson, however this component is only present in the sidebands in the M2
miss distribution, from which it can be

inferred that there are additional particles missing in the reconstruction and hence the ρ0 originates at some point in
a cascade decay.

structure such as the one around Mπ+π− = 1.87 GeV corresponds to correctly reconstructed particles, in
this case the D0 meson which proceeds according to the decay chain B− → D0`− ν̄` with D0

→ π+π−.
Up to now the focus of the background has been the B → Xc`ν` background in the whole range of

the M2
miss distribution. However, at the moment of signal extraction, the background that dominates the

signal region will have a major impact in the correct determination of the signal yields. An estimate of
the contributions from different processes after the event selection and BDTG cut in the signal region is
presented in table 5.9. This table also shows the effect of the complete selection on each physical process
since the merging of objects in the reconstruction of B+ → π+π−`+ν decays. This effect is denoted as
relative efficiency. According to this table, the contributions from other processes but the B → Xc`ν`
are expected to be tiny in the signal region and hence an additional selection to reject them is not
necessary. The B → Xc`ν` component has been separated into three contributions: B+ → D0`+ν` with
D0
→ π+π−, other B+ → D0`+ν` and rest of B → Xc`

+ν` . The lighter intermediate charm resonance in
the B → Xc`ν` component is the D0 meson, this meson has a large number of decay channels, some of
them have a large contribution in the signal region, especially the D0

→ π+π− channel whose topology
is exactly the same as the signal but does not involve a b→ u quark transition. Separating it from the
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Figure 5.12: Projection of the dipion mass in the signal region. Here, two prominent peaks are present, one
originating from the decay B+ → D0`νwith D0

→ π+π− with the same final state as the signal around Mπ+π− = 1.87
GeV, and another one from B+ → D0`ν with D0

→ K−π+ where one of the pions has been misidentified as a kaon
producing the reflection around Mπ+π− = 1.75 GeV.
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Figure 5.13: Invariant mass distribution after BDTG cut for the B → Xc`ν background, where the charged pions
have been identified as different particles: electron (red), muon (green), pion (blue) and kaon (yellow). The plot on
the right side corresponds to the distributions of the positively charged pion, while the second to the negatively
charged oney. It can be seen that is very unlikely to misreconstruct electrons as a pions; but it is possible to
misidentify muons as a pions due to the similarities in their masses, however their contribution to the di-pion mass
is tiny and almost constant. Finally, kaons misidentified as pions produce a peak around Mπ+π− = 1.75 GeV, in this
case one or both reconstructed pions are actually kaons.

other B+ → D0`+ν` channels serves as a probe to validate the signal selection, this however will be
treated in the next chapter. The last component, rest of B → Xc`

+ν` , contains excited intermediate charm
resonances, which are combinations of a D0 or D+ meson with additional pions or photons. They tend to
populate the sideband region due to an increase in the multiplicity of final state particles.

5.2.5 Data/MC comparison of input variables in the sidebands

One way to verify that the MC describes the data is by comparing them in the sidebands, where little
signal events are expected. This procedure also serves as a validation of the BDTG algorithm, in the
sense that an alteration of the data and MC agreement after the cut on the BDTG output may be a sign of
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Figure 5.14: Contributions of different categories to the invariant mass distribution after BDTG cut. (a) Leptons
and pions coming from the same B meson at some point in the decay chain dominates the di-pion mass, however
cases where one of the particle may originate from different B mesons is also possible, that means that one of
the three charge particles may come from the Btag. (b) After the selection most of the leptons used in the analysis
come directly from the Bsig, contributions from fake leptons (other charged particles misidentified as leptons) or
secondary leptons (leptons stemming from intermediate resonances) are negligible. (c) The dominant source of
background are due to the B+ → D∗0`+ν` , followed by B+ → D0`+ν` and in a smaller scale by semileptonic
decays with an orbitally excited charm meson resonance.
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Figure 5.15: Truth matching for the two final state pions after signal selection. The background comes mostly from
decays where the two pions originate from the same mother but a third massive particle failed to be reconstructed.
One peaking structure in the di-pion mass is due to two particles stemming from the same mother with at least one
of them not correctly classified as pion. The majority of the peaking structures come from cases where the two
pions match perfectly an intermediate resonance, but it may in turn be produced at some point in a decay chain.
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overtraining. In this section the distributions of the input variables, in data and MC, before and after
the cut on the BDTG response, are presented. In both cases, within the limited statistical size of the
samples, the MC reproduce reasonably well the data and hence one can state that the procedure is free
from overtraining.

Finally, the distributions of the selection variables before the application of the BDTG cut are shown in
Fig. 5.16, and those after the cut on the BDTG output are presented in Fig. 5.17.
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Figure 5.16: Distributions of the input variables after the pre-selection and before the cut on the BDTG response
in the sidebands. The dominant background, B → Xc`ν, describes the data reasonably well in the sidebands as
indicated in the plots underneath the figures where the majority of the pull = Ndata−NMC

σdata
values, (Ni the bin content

for either data or MC and σdata the statistical error in data), lie in the range from -2 to 2.
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Figure 5.17: Distributions of the input variables after the cut on the BDTG output in the sidebands. The dominant
background, B → Xc`ν, describes the data reasonably well in the sidebands as indicated in the plots underneath
the figures where the majority of the pull = Ndata−NMC

σdata
values, (Ni the bin content for either data or MC and σdata

the statistical error in data), lie in the range from -2 to 2.
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CHAPTER 6

SIGNAL EXTRACTION

Up to this point, the selection and optimization have been done based solely on the MC samples.
Section 6.1 discusses the use of the signal as well as other alternatives to simulate the B+ → π+π−`+ν`
decay to determine the signal reconstruction efficiencies and study model dependence. This section also
presents a procedure to extract the event yields for the signal and background processes in bins of phase
space variables, as well as the determination for an appropriate bin size, to perform the measurement.
Section 6.2 describes the fitting procedure implemented in this thesis, which has been approved by the
Belle Collaboration to unblind the method and carry out the measurement on data. Finally, section 6.3
outlines three methods to validate the fit procedure.

6.1 Study of the signal reconstruction efficiency and model dependence

An efficiency correction is necessary in order to compare physics spectra of kinematic variables, such
as the di-pion mass Mπ+π− or the di-lepton mass squared (also known as momentum transfer squared)
q2, to theoretical predictions or even with other experimental results. However, such a correction may
lead to a different distribution of the physical variables, showing features according to the model used to
generate the signal instead of the underlying structure. In this case, one speaks of model dependence. As
the decay rate for the B+ → π+π−`+ν` decay is expressed in terms of form factors that are calculated
from theory, which in turn are functions of Mπ+π− and q2. These variables can be used to determine a
model dependence in the analysis. To do so, the signal reconstruction efficiency, which is defined as
the ratio between the reconstructed signal after the complete selection with the MC corrections and the
generated signal, is examined as a function of either q2 or Mπ+π− . A significant deviation from a flat
efficiency would indicate a model dependence, implying as well that the analysis does not have access to
the complete phase space of the decay. In practice, a perfectly flat efficiency is difficult to attain, since
the selection requirements to reduce the background also affect the signal, which necessitates the use of
low correlated variables in the BDTG training. As a consequence, the selection requirements should
guarantee an efficiency distribution as flat as possible to avoid model dependence.
Another approach to test the impact of model dependence in the measurement is by comparing the

efficiency distributions using different models to simulate the same final state and confirm that they
provide a similar estimation of the efficiency. As the signal was produced with the PHSP generator
in this analysis, given the lack of inclusive generators that simulate this decay, the alternative was to
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simulate semileptonic B decays with an intermediate resonance reconstructed in a π+π− final state.
Nonetheless, resonances do not span the whole range in the phase space as an inclusive simulation
since they have a finite width and hence their coverage in the dipion mass is limited to the interval
[MR − 2ΓR, MR + 2ΓR], with MR the nominal mass of the resonance and ΓR its decay width. The range
of momentum transfer squared q2 varies with the resonant state, as the maximum value depends on
the mass of the resonance through q2

max = (MB − MR)2, where MB is the mass of the B meson. To
compare the signal reconstruction efficiency with other models, four resonant channels are produced with
different generators such as PHSP, ISGW2 and SLPOLE of the EvtGen [83] package, which are based
on different theoretical calculations. These resonant channels are B+ → f0(500)`+ν` , B+ → ρ0`+ν` ,
B+ → f2(1270)`+ν` and B+ → ρ0(1450)`+ν` . Form factors from the LCSR calculations for the
B+ → ρ0`+ν` and B+ → f2(1270)`+ν` decays are taken from references [98]and [99], respectively, and
enter the SLPOLE generator as input values. The comparison of the signal reconstruction efficiency of
the inclusive model with resonant channels are displayed in Fig. 6.1 in bins of Mπ+π− and in Fig.6.2 in
bins of q2. In both cases, taking into consideration the statistical uncertainties, the estimated value of the
efficiency is comparable in the different cases while its distribution is approximately flat implying that the
selection provides a model independent measurement. Since the generator used in the production of the
signal MC is not based on a QCD calculation, (form factors for the B+ → π+π−`+ν` decay), a systematic
uncertainty due to the modeling of the signal is assigned, which will be discussed in section 7.1.1.

6.1.1 Strategy for a model independent measurement

Ideally a model independent measurement of the B+ → π+π−`+ν` channel would involve the five phase
space variables that describe the decay, which can be accomplished through a five dimensional unbinned
fit. However, the low statistics after the selection for this channel makes the implementation of this
strategy difficult and the search for an alternative solution necessary. One possible approach for extracting
the signal is to carry out a fit to M2

miss in bins of phase space variables such as Mπ+π− or q2. The use of the
M2

miss distribution is driven by its separation power between signal and background, an advantage of the
implementation of the full reconstruction technique. The minimum bin size for the phase space variables
is determined by their detector resolution, which is given as the difference between the reconstructed and
true values of the variable. The true values depend only on generator-level information. At this level, for
example, the momentum of the neutrino is fully determined, contrary to the case at the reconstructed
level. The distributions of the resolution for the Mπ+π− and q2 variables are presented in Fig. 6.3(a) and
Fig.6.3(b), respectively. The Mπ+π− resolution is modeled as the sum of two Gaussian functions, whereas
the q2 resolution is model as the sum of a Crystal Ball [100–102] and two Gaussian functions, resulting
in σM

π+π−
= (4.35 ± 0.07) × 10−3 GeV and σ

q2 = (4.5 ± 0.2) × 10−2 GeV2. These small resolutions
are good enough to discard corrections such as unfolding. To avoid large statistical fluctuations and
systematic uncertainties, the bin size of these variables must be wide enough to extract a significant
number of events for the signal. Two configurations are explored in this thesis to perform a measurement
of the B+ → π+π−`+ν` decay, one in bins of Mπ+π− and another one in bins of Mπ+π− and q2.
To determine the bin width in Mπ+π− and q2 to be used in the measurement, a toy MC technique1 is

employed. For that aim, a fit to fake data in the M2
miss distribution is performed, for which four histogram

templates are used. These templates correspond to the signal, B → D0`ν, the rest of B → Xc`ν and a
fixed background. The latter contains small amounts of events from the B → Xu`ν, e+e− → qq̄ and rare
B decay processes, as well as events from B+ → D0`+ν` with D0

→ π+π−; they are then normalized to
their MC expectation. A total of 1000 toy MC are generated to study the mean relative error on the signal

1 A toy MC is generated as a set of fake data following a Poisson distribution based on the sum of the MC processes.
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(b) B+ → ρ0`+ν`
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(c) B+ → f2(1270)`+ν`
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(d) B+ → ρ0(1450)`+ν`
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Figure 6.1: Signal reconstruction efficiency as a function of the di-pion mass for five channels simulating the
B+ → π+π−`+ν` decay using different generators. The distinct ranges in the di-pion mass for each channel is a
consequence of the finite width of the resonances. Within the statistical uncertainties for each bin in Mπ+π− , the
efficiency is approximately flat and the value for the efficiency is similar for the inclusive and resonant decays
indicating that the selection provides a model independent approach to the measurement. However, as the model is
not based on a QCD calculation a systematic uncertainty due to signal modeling is assigned.
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(b) B+ → ρ0`+ν`
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(d) B+ → ρ0(1450)`+ν`
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Figure 6.2: Signal reconstruction efficiency as a function of the momentum transfer squared for five channels
simulating the B+ → π+π−`+ν` decay using different generators. The upper bound for the q2 interval varies for
each resonant channel as q2

max = (MB − MR)2, with MR and MB the masses of the resonance and the B meson,
respectively. Considering the statistical uncertainties for each bin in q2, the efficiency is approximately flat and the
estimated efficiency is similar for the different decay channels indicating indicating that the selection provides a
model independent approach to the measurement. However, as the model is not based on a QCD calculation a
systematic uncertainty due to signal modeling is assigned.
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Figure 6.3: Detector resolution of the phase space variables for: (a) Mπ+π− and (b) q2, after signal selection for the
B+ → π+π−`+ν` with the PHSP generator. The resolution is modeled as the sum of either two Gaussian functions
in (a) or as a Crystal Ball function with two Gaussian functions in (b). The standard deviation gives and indication
of the minimal bin width that can be used on these variables to extract the signal.

yield. The values of the signal yields and their errors are taken as the mean of a Gaussian fit to these
distributions.

Choice for the bin size in Mπ+π−

As the π+π− mass threshold is approximately 0.3 GeV, different histogram templates for the M2
miss

distribution are created with di-pion mass bin sizes, varying from 40 to 90 MeV from this value. Although
a small bin width is preferred to perform a model independent measurement, it is limited by the sample
size. The goal is to look for a uniform bin width that allows to extract a significant amount of signal
events, without having large statistical fluctuations from one bin to the next. The percent error on the
signal yield as a function of the di-pion mass for different bin sizes is presented in Fig. 6.4, where it can
be noticed that above Mπ+π− = 1.6 GeV and below Mπ+π− = 0.5 GeV, the error is dominated by statistical
fluctuations. To reduce the error, the first two bins can be merged into one and a large bin can be formed
for Mπ+π− > 1.6 GeV. In the intermediate values of the di-pion mass the statistical errors obtained from
bin sizes of 70 MeV, 80 MeV and 90 MeV are similar, but for the first two bins the error is greater for
70 MeV than for the other cases. A bin width of 80 MeV is thus selected to carry out the measurement.
When performing the measurement on real data, bins above Mπ+π− = 1.42 GeV yielded results consistent
with zero signal events, and consequently all bins above this value were merged into a large bin. The final
configuration contains 14 bins in the di-pion mass. To study migration effects bin by bin in the analysis,
the percentage of events in the reconstructed di-pion mass that lie outside the same range in the true
di-pion mass for each of the 14 bins of the fit configuration is calculated. The results are presented in
Table 6.1 where the maximum value is 6.3%, and therefore a correction due to migration effects is not
necessary.
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Figure 6.4: Percent error on the signal yield as a function of the di-pion mass for different bin sizes, after performing
1000 toy MC fits.

M truth
ππ Bin [GeV] Events [%] M truth

ππ Bin [GeV] Events[%]

M truth
ππ ≤ 0.46 1.4 0.94 < M truth

ππ ≤ 1.02 3.8
0.46 < M truth

ππ ≤ 0.54 4.2 1.02 < M truth
ππ ≤ 1.10 4.6

0.54 < M truth
ππ ≤ 0.62 3.8 1.10 < M truth

ππ ≤ 1.18 4.8
0.62 < M truth

ππ ≤ 0.70 2.8 1.18 < M truth
ππ ≤ 1.26 6.3

0.70 < M truth
ππ ≤ 0.78 4.3 1.26 < M truth

ππ ≤ 1.34 5.9
0.78 < M truth

ππ ≤ 0.86 4.6 1.34 < M truth
ππ ≤ 1.42 5.7

0.86 < M truth
ππ ≤ 0.94 3.8 1.42 < M truth

ππ 0.1

Table 6.1: Percentage of reconstructed mass events outside the bin in the true hadronic mass.

Choice for a two dimensional binning in the (Mπ+π− ,q
2) space.

The maximum q2 value decreases with an increment in the di-pion mass value, as can be seen in Fig. 6.5.
This fact must be taken into account when deciding on the length of the interval for q2 and Mπ+π− . The
range of q2 extends to values above 20 GeV2 for low di-pion masses, but does not surpass 12 GeV2 for
high di-pion masses. To search for suitable binning sizes on these variables, different configurations are
tested by combining different bin widths in q2 and Mπ+π− . For the di-pion mass three configurations are
evaluated: seven 200 MeV width bins, six 250 MeV width bins and five 300 MeV width bins. On the
other hand, five different configurations for q2 are tried out, with bin widths of 2 GeV2, 3 GeV2, 4 GeV2,
5 GeV2 and 6 GeV2. The last bin contains events above either q2

= 10 GeV2 or q2
= 12 GeV2. The

percent error on the signal yield for the discussed combinations of bins in the (q2, Mπ+π− ) arrangement is
illustrated in Fig. 6.6. Note that the larger the bin number in a configuration, the larger the statistical
fluctuation, especially the cases with a bin widths in q2 of 2 GeV2 and 3 GeV2. To further reduce the
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Figure 6.5: Projection of the q2 distribution in different regions of the invariant mass Mπ+π− . Note that the length
of the interval q2 decreases as the Mπ+π− increases.

statistical error on the measurement, the last two bins in q2 are merged. The final configuration consists
of five bins in Mπ+π− and three bins in q2 as presented in table 6.2 for a total of 15 bins.
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Figure 6.6: Percent error on the signal yield as a function of the bin number in the (q2, Mπ+π− ) two dimensional
space after 1000 toy MC fits. The code number for the bin number starts with the lower bin in Mπ+π− segmented in
the q2 intervals and continues this sequence for the next bin in Mπ+π− .
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6.2 Fit procedure and measurement in data

6.2 Fit procedure and measurement in data

Having selected the appropriate bin size in phase space variables to extract the signal, the MC can now
be used to estimate the contributions of each process in the B+ → π+π−`+ν` decay from on-resonance
data. This estimation is achieved by using a fit procedure, that in the present analysis is based on a binned
extended maximum likelihood. This section introduces the formalism of this method and presents the
event yields from each process extracted from the fit.

6.2.1 Binned extended maximum likelihood formalism

In the standard maximum likelihood approach the parameters relevant to the shape of distributions are
determined assuming that the absolute normalization corresponds to the total number of events [103].
Conversely, in the extended maximum likelihood method (EML), the absolute normalization is also a free
parameter in the fit that has to be estimated. The derivation of the formulas and notation used in this
section follow that of reference [104].
Consider that an experiment yielded ntot observations of a random variable x distributed according

to a PDF f (x; θ), which in turns depends on unknown parameters θ = (θ1, · · · , θm). The observations
are arranged in a histogram with Nbins containing a certain number of entries n = (n1, · · · , nN ), with
expected values ν = (ν1, · · · , νN ) given by

νi (θ) = ntot

∫ xmax
i

xmin
i

f (x; θ)dx, (6.1)

where xmin
i (xmax

i ) is the lower (upper) edge of the bin i. Equation 6.1 divided by ntot gives the
probability pnii to be in bin i. As a result, the histogram can be interpreted as a single measurement of an
N-dimensional vector whose joint PDF is given by a multinomial distribution2,

f joint(n; ν) =
ntot!

n1! · · · nN !
pn1 · · ·nN

1

=
ntot!

n1! · · · nN !

(
ν1
ntot

)n1

· · ·

(
νN
ntot

)nN

. (6.2)

In the case that ntot is treated as a random variable distributed according a Poisson probability with mean
νtot, the joint PDF can be expressed as the product of the Poisson distribution of ntot and the multinomial
2 It describes the probability that n1 entries end up in the first bin, n2 entries in the second one and so on.

Mππ bin [GeV] q2 Bin [GeV2]

Mππ ≤ 0.6 q2
≤ 4

0.6 < Mππ ≤ 0.9 4 < q2
≤ 8

0.9 < Mππ ≤ 1.2 8 < q2

1.2 < Mππ ≤ 1.5
1.5 < Mππ

Table 6.2: Two dimensional arrangement in (q2, Mπ+π− ) space to carry out the measurement.

83



Chapter 6 Signal Extraction

distributions of the N bins, hence

f joint(n; ν) =
ν
ntote

−νtot

tot
ntot!

ntot!
n1! · · · nN !

(
ν1
ntot

)n1

· · ·

(
νN
ntot

)nN

. (6.3)

Defining νtot =
∑N

i=1 νi and ntot =
∑N

i=1 ni, the joint PDF becomes

f joint(n; ν) =
N∏
i=1

ν
ni
i e−νi

ni!
, (6.4)

with νi a function of the parameters θ and νtot given by

νi (νtot, θ) = νtot

∫ xmax
i

xmin
i

f (x; θ)dx. (6.5)

Equation 6.4 indicates that the problem of fluctuating the overall normalization according to a Poisson
distribution is equivalent to multiplying the Poisson distributions, characterized with number of entries ni
and mean value νi, for each bin in the histogram.
The joint PDF in Eq. 6.4 is identified as the extended likelihood, and in order to determine the best

estimator for the parameter θ, it is computationally convenient to maximize the logarithm of the extended
likelihood with respect to the parameter θ [105], as it is easier dealing with sums than with products, thus
the estimators θ̂1 · · · θ̂m are the solutions of the equations

∂ log L(νtot; θ1 · · · θm)
∂θ j

= −
∂νtot
∂θ j
+

N∑
i=1

∂ni log νi (νtot; θ1 · · · θm)
∂θ j

= 0, ∀ j . (6.6)

6.2.2 Fit parameters and inputs

The shapes and PDFs of the processes are taken fromMC simulation as histogram templates, which consist
of the B+ → π+π−`+ν signal, the B+ → D0`+ν` decays, the rest of B → Xc`

+ν` and the fixed background.
The first three components are allowed to float in the fit. The rest of B → Xc`

+ν` decays contain B+ and
B0 meson decays to charm intermediate resonances different from the D0 meson. The fixed background
includes tiny contributions from continuum, B → Xu`ν, rare B and B+ → D0(π+π−)`+ν` decays (see
table 5.9), since these processes are statistically limited they are fixed to their predicted number of events
to avoid unrealistic values. The B+ → D0(π+π−)`+ν` is only present in the di-pion mass region from
1.85 GeV to 1.88 GeV, where contributions from other processes are almost negligible. This component
is fixed to the measured value in data. The details about the event yield of the B+ → D0(π+π−)`+ν`
decay will be discussed in section 8.1.1. The fit is carried out on the M2

miss distribution to exploit the
good discriminating power between the signal and background using a bin width of 0.2 GeV2 in the range
from -1 GeV2 to 6 GeV2. The event yields for each component are reported in two binning configurations,
one in 14 bins of the Mπ+π− (see table 6.1) and another in 15 two dimensional bins in (Mπ+π−, q

2) as
shown in table 6.2.

6.2.3 Fit results

The event yields for signal and background processes after performing the fit are presented in tables 6.3
and 6.4 for the one and two dimensional binning configuration, respectively. The signal is not uniformly
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6.2 Fit procedure and measurement in data

distributed across the di-pion mass, being dominant in the region from 0.62 GeV to 0.94 GeV, and
statistically limited in the regions above 1.42 GeV and below 0.46 GeV. From the two dimensional
configuration results, it can be observed that most of the signal events in the dominant region in the di-pion
mass are concentrated in the high q2 region (q2 > 8GeV2). The goodness of fit is verified following the
chi-square calculation by Baker and Cousins [106], which is applicable to fits derived from a maximum
likelihood method where the data obey the Poisson statistics. The chi-square is defined as:

χ2
= −2

∑
i

[
−yi + ni + ni ln

(
yi
ni

)]
, (6.7)

where yi and ni are the result from the fit and the value of the data for a given bin i, respectively. The
distributions for the M2

miss in bins of Mππ are shown in figures 6.7, 6.8 and 6.9. The corresponding figures
in the two dimensional binning configuration are presented in the appendix A.2. From these figures, one
can notice that underneath the signal, for the majority of the bins, there is little contamination from the
background. The pull distribution below each M2

miss distribution, calculated as the difference between
the data and the fit curve divided by the data error in each bin, does not exceed 2σ, indicating a good
consistency between the data and the fit result.
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Bin Mππ bin [GeV] Signal B+ → D0`ν
Rest of

B+ → Xc`ν

Fixed
background Data χ2/NDF Prob.[%]

1 Mππ ≤ 0.46 6.6±3.6 117.5±38.9 79.1±37.4 20.2 225.0 25.6/32 78.2
2 0.46 < Mππ ≤ 0.54 9.8±3.9 66.6±28.0 80.5±27.9 17.1 179.0 29.7/32 58.3
3 0.54 < Mππ ≤ 0.62 10.1±3.9 130.2±43.9 60.8±42.5 14.8 216.0 37.3/32 23.9
4 0.62 < Mππ ≤ 0.70 23.3±5.8 61.9±37.8 123.5±38.7 9.3 220.0 27.9/32 67.2
5 0.70 < Mππ ≤ 0.78 89.9±10.3 112.3±53.1 123.0±52.7 12.4 337.0 45.4/32 5.8
6 0.78 < Mππ ≤ 0.86 50.9±7.7 17.9±38.4 133.2±41.3 12.3 214.0 29.6/32 58.8
7 0.86 < Mππ ≤ 0.94 29.2±6.1 51.3±29.9 57.6±29.4 7.8 146.0 42.8/32 9.6
8 0.94 < Mππ ≤ 1.02 10.2±3.8 20.5±30.7 81.9±32.5 6.1 119.0 15.0/32 99.5
9 1.02 < Mππ ≤ 1.10 8.9±3.3 37.2±22.4 90.4±23.6 4.0 140.0 26.3/32 75.1
10 1.10 < Mππ ≤ 1.18 5.7±2.7 41.8±19.8 107.4±21.2 2.9 158.0 40.0/32 15.6
11 1.18 < Mππ ≤ 1.26 15.7±4.6 62.7±31.5 123.9±32.5 3.0 205.0 41.2/32 12.8
12 1.26 < Mππ ≤ 1.34 11.8±3.8 118.5±47.1 102.9±47.1 3.1 236.0 29.8/32 57.9
13 1.34 < Mππ ≤ 1.42 8.4±3.5 56.5±15.9 41.4±15.0 1.8 108.0 29.1/32 61.6
14 1.42 < Mππ 12.4±13.4 153.7±36.9 215.3±31.7 66.2 448.0 25.3/32 79.5

Table 6.3: Event yields for the signal and background processes in the B+ → π+π−`+ν decay obtained from an extended binned maximum likelihood fit to the
Mmiss2 distribution in bins of Mπ+π− . The χ

2 and number of degrees of freedom (NDF) as well as the probability of the fit are also provided. The χ2 calculation is
based on the Baker-Cousins method [106].

86



6.2
Fitprocedure

and
m
easurem

entin
data

Bin Mππ bin [GeV] q2 bin [GeV2] Signal B+ → D0`ν
Rest of

B+ → Xc`ν

Fixed
background Data χ2/NDF Prob.[%]

1 Mππ ≤ 0.6 q2
≤ 4 2.3±2.2 64.6±17.9 29.2±16.4 6.3 104 42.8/32 9.6

2 Mππ ≤ 0.6 4 < q2
≤ 8 6.2±3.3 126.8±18.9 0.1±137.7 9.3 145 28.1/32 66.2

3 Mππ ≤ 0.6 8 < q2 15.8±5.0 91.1±43.6 185.2±44.2 33.1 329 30.3/32 55.3
4 0.6 < Mππ ≤ 0.9 q2

≤ 4 28.9±5.9 119.4±33.9 16.7±30.7 9.8 175 28.3/32 65.5
5 0.6 < Mππ ≤ 0.9 4 < q2

≤ 8 33.9±6.5 125.8±42.1 92.3±41.0 9.9 262 22.4/32 89.7
6 0.6 < Mππ ≤ 0.9 8 < q2 116.7±11.9 8.1±257.0 309.9±63.4 22.5 457 37.7/32 22.4
7 0.9 < Mππ ≤ 1.2 q2

≤ 4 8.2±3.3 29.4±17.5 81.1±18.6 5.8 124 20.2/32 94.7
8 0.9 < Mππ ≤ 1.2 4 < q2

≤ 8 8.8±3.5 135.5±35.4 55.2±34.1 4.9 204 26.7/32 73.0
9 0.9 < Mππ ≤ 1.2 8 < q2 27.8±6.0 0.5±188.4 169.2±28.1 6.6 204 39.0/32 18.5
10 1.2 < Mππ ≤ 1.5 q2

≤ 4 11.2±3.9 85.0±24.3 57.4±23.7 4.1 158 35.9/32 29.2
11 1.2 < Mππ ≤ 1.5 4 < q2

≤ 8 9.4±3.8 105.4±27.9 122.0±27.9 2.5 239 25.6/32 78.2
12 1.2 < Mππ ≤ 1.5 8 < q2 13.1±4.1 40.7±19.6 91.9±20.6 2.4 148 27.1/32 71.2
13 1.5 < Mππ q2

≤ 4 8.5±9.4 72.1±17.3 63.1±13.2 36.2 180 25.4/32 79.1
14 1.5 < Mππ 4 < q2

≤ 8 7.0±5.5 80.0±17.4 53.6±14.9 22.5 161 20.2/32 94.7
15 1.5 < Mππ 8 < q2 1.4±4.0 6.6±11.5 45.6±11.6 5.3 61 9.4/9 39.7

Table 6.4: Event yields for the signal and background processes in the B+ → π+π−`+ν decay obtained from an extended binned maximum likelihood fit to the
Mmiss2 distribution in bins of Mπ+π− and q2. The χ2 and number of degrees of freedom (NDF) as well as the probability of the fit are also provided. The χ2

calculation is based on the Baker-Cousins method [106].
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6.3 Fit validation

To study the stability and possible bias in the fit procedure, different tests are carried out and discussed
in this section. They are intended to verify the reproducibility of the central values and their statistical
errors obtained in the nominal fit to on-resonance data. In case a bias is found, the central values and
their statistical errors are corrected and a systematic uncertainty is assigned due to the fit procedure.

6.3.1 Generation of fake date from one stream of Generic MC (GSim test)

The first test consists in generating ten fake data sets by combining one stream of generic MC with the
signal MC, B → Xu`ν and rare decay processes. All samples, except the signal, are scaled according to
their luminosities. The signal is normalized according to the fit results. The fitting templates are formed
with the remaining streams for the generic MC (nine streams for the generic B → Xc`ν and five streams
for the continuum MC), and the same histogram templates for the other processes as used in the formation
of the fake data. Given that there are only six streams of continuum MC, four of them are reused to
make up the ten fake data samples. The next step is to carry out a fit to the M2

miss distribution for each
of the ten fake data in bins of phase space variables, and hence obtain ten points for the fitted signal
yields with their statistical errors to compare with the nominal results. A graphical representation of these
results are presented in Fig. 6.10 and Fig. 6.11 for the one and two dimensional binning configurations,
respectively. It can be noticed that for most bins the errors obtained from a fit to fake data reproduce
the errors measured in on-resonance data. However, for bins with poor statistics, for example bin 14 in
the one dimensional configuration and bins 13, 14, and 15 in the two dimensional configuration, the
error exhibits statistical fluctuations and do not reproduce the measured errors. On the other hand, the
central values are consistent with the measured signal yields within statistical uncertainties. With these
ten points, one can calculate the mean and standard deviation of the pull to find out which bins show a
tendency to give biased results, the standard deviation is used in this case as the error of the pull. The
pull is defined as follows:

Pull =
Nfit − Ninput

σfit
, (6.8)

where Nfit and σfit are the fitted signal yields and their statistical errors, respectively, and Ninput is the
expected value, in this case the measured signal yield on real data. The results of the pull study are
arranged in Table 6.5, where no apparent bias is observed for the different bins. In some cases the average
of the pull is quite different from zero suggesting a biased measurement, however the error on the pull is
also large preventing a definitive statement on the bias in the measurement.

6.3.2 Linearity test

The next step is to produce 1000 toy MC using the same histogram templates used in the measurement
to on-resonance data, which are scaled according to the nominal fit results. One way to validate the fit
procedure is by evaluating the linearity of the event yield. This implies that an increment in the event
yield used as input should result in a similar increment in the output from the fit. For the signal yield, the
normalization is varied between 0.6 and 1.5 times the nominal values with an increment of 0.1, resulting
in ten points that are subsequently used to fit a linear function. The signal yield distribution for each
variation is fitted with a Gaussian function, and the signal output and its error are taken as the mean and
the standard deviation of the Gaussian. In some bins, due to the lack of statistics, the Gaussian peaks at
negative values and as the signal yield is a positive defined quantity, the negative values are ignored in the
linearity test. The linear regression for each bin is presented in Fig. 6.12 and Fig. 6.13 for the one and
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1D binning 2D binning
Bin pull average pull SD pull average pull SD

1 0.01 0.22 -0.01 0.24
2 0.01 0.18 -0.01 0.21
3 -0.01 0.20 0.00 0.18
4 0.00 0.16 -0.01 0.27
5 0.00 0.26 0.01 0.17
6 0.00 0.19 0.00 0.21
7 0.02 0.19 -0.03 0.34
8 0.01 0.22 -0.02 0.32
9 -0.02 0.28 0.00 0.17
10 -0.02 0.36 -0.01 0.35
11 -0.02 0.36 -0.01 0.31
12 0.00 0.28 0.00 0.40
13 -0.01 0.36 -0.72 2.55
14 -6.77 21.3 -0.42 1.60
15 – – -0.08 0.76

Table 6.5: Average and standard deviation of the pull for the ten points in gsim test for each bin in the two
configurations. If the standard deviation is taken as the error of the pull, the pull is consistent with zero and thus
there is not a conclusive determination of the bias from this approach.

two dimensional binning configurations, respectively. In the majority of the bins, the slope is consistently
one indicating a stable and bias free fit. Nevertheless, for bins especially in regions with the highest Mππ

and q2, the slope is far off one, but the sizable error does not allow to conclude if there is a bias in the
measurement. The method to study the linearity does not work on the last bin in the two dimensional
configuration due to the small data sample, resulting in a sizable error on the signal yield comparable to,
or larger than, the central value.

6.3.3 Pulls from Toy MC

Given that for some bins the signal yields are small with sizable statistical uncertainties, a large number of
pseudo-experiments (toy MC) are necessary to correctly determine a bias in the fit procedure. This bias
is introduced by imperfections in the fit variables due, for example, to poorly modeled observables in the
MC and correlations between them. To ascertain a bias in the fit procedure, the pull distribution is drawn
from 20000 toy MC, which are executed using histogram templates normalized according to the nominal
fit results. For an unbiased result, the pull distribution is described by a unit normal distribution, i.e. a
Gaussian with mean zero and standard deviation one. Deviations of the mean from zero or the standard
deviation from one indicate that the event yields from the fit are not correctly estimated. This could either
be because the central values or the statistical errors are underestimated, overestimated, or both. The pull
distributions for the signal component are presented in Figures A.4 and A.5 in Appendix A.2 for the one
and two dimensional binning configuration, respectively. It can be inferred from these figures that the
mean and width of the Gaussian are not consistent with zero and one, respectively, within their statistical
uncertainties. Except for the bin 14 in the one dimensional configuration, and bins 1, 13, 14, and 15 in
the two dimensional configuration, the pull distribution exhibits a Gaussian shape and consequently the
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fit results are corrected according to [107]:

Y cor
= Y fit

− µpull∆Y fit,

∆Y cor
= σpull∆Y fit,

(6.9)

where Y fit and ∆Y fit are the yields and errors from the nominal fit, µpull and σpull are the mean and
width of the Gaussian fitted to the pull distribution, and Y cor and ∆Y cor are the corrected values for the
yield and errors. The bias is then given by:

Bias = µpull∆Y fit. (6.10)

The mean and width of the pulls from the toy MC studies, as well as the bias and the corrected signal
yields, are presented in Table 6.6 from the two binning configurations. After repeating the 20000 toy MC
with the corrected values of the signal yields and their errors, it was confirmed that the fit procedure with
the corrected values is free of bias. For completeness, the pull distributions for the remaining floating fit
parameters are presented in figures A.6, A.7, A.8 and A.9.

The GSim and the linearity tests serve to validate the fit procedure, which means that the output of the
fit behaves according to what is expected. However, a small bias is observed with the pull distribution
from 20000 toy MC, and the signal event yields are corrected accordingly.
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(c) 0.54 GeV < Mππ ≤ 0.62 GeV
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(d) 0.62 GeV < Mππ ≤ 0.70 GeV
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(e) 0.70 GeV < Mππ ≤ 0.78 GeV
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(f) Fit components

Figure 6.7: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion

mass in the range from 2Mπ to 0.78 GeV. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν
and a fixed background. The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due
to their poor statistics remains constant in the fit with a value equal to the prediction of the MC simulation. The pull
values for each bin are presented underneath every plot, to show the accuracy of the fit with respect to the data. In
most of the cases the pull values do not exceed 2σ, indicating a good consistency between the data and the fit result.
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(b) 0.86 GeV < Mππ ≤ 0.94 GeV
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(c) 0.94 GeV < Mππ ≤ 1.02 GeV
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(d) 1.02 GeV < Mππ ≤ 1.10 GeV
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(e) 1.10 GeV < Mππ ≤ 1.18 GeV
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Figure 6.8: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion mass

in the range from 0.78 GeV to 1.18 GeV. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν
and a fixed background. The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due
to their poor statistics remains constant in the fit with a value equal to the prediction of the MC simulation. The pull
values for each bin are presented underneath every plot, to show the accuracy of the fit with respect to the data. In
most of the cases the pull values do not exceed 2σ, indicating a good consistency between the data and the fit result.
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(a) 1.18 GeV < Mππ ≤ 1.26 GeV
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(b) 1.26 GeV < Mππ ≤ 1.34 GeV
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(c) 1.34 GeV < Mππ ≤ 1.42 GeV
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Figure 6.9: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion mass

above 1.18 GeV. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν and a fixed background.
The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due to their poor statistics
remains constant in the fit with a value equal to the prediction of the MC simulation. The pull values for each bin
are presented underneath every plot, to show the accuracy of the fit with respect to the data. In most of the cases the
pull values do not exceed 2σ, indicating a good consistency between the data and the fit result.
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Figure 6.10: Comparison of the fitted signal yields from the ten fake data sets with the nominal result from real
data (the central value is shown in the red dashed line and its statistical uncertainty is represented as the box). The
fake data sets correspond to the sum of one stream of generic MC with the complete MC sample for the signal,
B → Xu`ν and rare samples. The histogram templates, used to perform the fit, are formed from the remaining
streams of generic MC (nine for B → Xu`ν and five for continuum MC) and the complete MC sample for the
signal, B → Xu`ν and rare samples. These results come from the one dimensional binning configuration.
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Figure 6.11: Comparison of the fitted signal yields from the ten fake data sets with the nominal result from real
data (the central value is shown in the red dashed line and its statistical uncertainty is represented as the box). The
fake data sets correspond to the sum of one stream of generic MC with the complete MC sample for the signal,
B → Xu`ν and rare samples. The histogram templates, used to perform the fit, are formed from the remaining
streams of generic MC (nine for B → Xu`ν and five for continuum MC) and the complete MC sample for the
signal, B → Xu`ν and rare samples. These results come from the two dimensional binning configuration.
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Figure 6.12: Linear regression for the output (fitted signal yield from Toy MC) as a function of the normalization of
the signal yield from the one dimensional binning configuration.
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6.3 Fit validation
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Figure 6.13: Linear regression for the output (fitted signal yield from Toy MC) as a function of the normalization of
the signal yield from the two dimensional binning configuration. The signal yield is a positive defined quantity,
however, when performing the toy MC analysis for different strengths of the signal yield for the last bin, the mean
of the fitted Gaussian gave negative values and consequently a negative slope from the linearity test.
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C
hapter6

SignalExtraction

1D binning 2D binning
Bin µpull σpull Bias [%] Y cor

∆Y cor µpull σpull Bias [%] Y cor
∆Y cor

1 −0.096±0.009 0.916±0.005 5.24 6.9 3.3 −− −− – 2.3 2.2
2 −0.098±0.008 0.930±0.005 3.90 10.2 3.6 −0.110±0.009 0.921±0.005 5.85 6.6 3.0
3 −0.097±0.008 0.943±0.005 3.75 10.5 3.7 −0.108±0.008 0.956±0.005 3.42 16.3 4.8
4 −0.098±0.008 0.960±0.005 2.44 23.9 5.6 −0.066±0.007 0.960±0.005 1.35 29.3 5.7
5 −0.055±0.007 0.976±0.005 0.63 90.5 10.1 −0.067±0.008 0.972±0.005 1.28 34.3 6.3
6 −0.069±0.007 0.965±0.005 1.04 51.4 7.4 −0.055±0.007 0.985±0.005 0.56 117.4 11.7
7 −0.078±0.008 0.974±0.005 1.63 29.7 5.9 −0.106±0.008 0.933±0.005 4.27 8.5 3.1
8 −0.106±0.008 0.931±0.005 3.95 10.6 3.5 −0.108±0.008 0.984±0.005 4.30 9.2 3.4
9 −0.105±0.008 0.956±0.006 3.89 9.2 3.2 −0.110±0.008 0.972±0.005 2.37 28.5 5.8
10 −0.138±0.009 0.944±0.005 6.54 6.1 2.5 −0.114±0.008 0.954±0.005 3.97 11.6 3.7
11 −0.092±0.008 0.967±0.005 2.70 16.1 4.4 −0.108±0.009 0.912±0.005 4.37 9.8 3.5
12 −0.104±0.008 0.944±0.005 3.35 12.2 3.6 −0.1±0.008 0.962±0.005 3.13 13.5 3.9
13 −0.108±0.008 0.944±0.005 4.50 8.8 3.3 −− −− – 8.5 9.4
14 −− −− – 12.4 13.4 −− −− – 7.0 5.5
15 −− −− – – – −− −− – 1.4 4.0

Table 6.6: Mean and width of the pulls from a 20000 toy MC for each bin in the two binning configurations. The bias of the fit procedure and the corrected signal
yields are also presented. The highlighted values in red are the original values and have not been corrected since their pull distributions do not exhibit a Gaussian
shape.
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CHAPTER 7

SYSTEMATIC UNCERTAINTIES

In the measurement of physical parameters, the uncertainties associated with them are classified into
two categories: statistical and systematic uncertainties. Statistical uncertainties appear due to random
fluctuations originating from using data of finite sample size to carry out the measurement. On the other
hand, systematic uncertainties are related to the nature of the experimental apparatus, the model used and
the assumptions made to extract the physical parameters from data. In this chapter, an overview of the
sources of systematic uncertainties in the measurement of the branching ratio of the B+ → π+π−`−ν`
decay is given. Section 7.1 discusses the impact of the modeling of the signal and background processes
in the measurement, section 7.2 presents the systematic uncertainties associated with the detector
performance, section 7.3 describes the effect of the fitting procedure in the measurement and finally
section 7.4 comments on other sources of systematic uncertainties.
In the majority of cases, the systematic uncertainties are computed by varying each parameter in the

simulation by one standard deviation1, up and down (±1σ), and repeating the fit to the M2
miss. The

difference between the signal yields from the nominal fit and the ones with the varied parameter are taken
as ±1σ systematic error. Unless a different procedure is mentioned, this will be the standard procedure
used to compute the systematic uncertainties throughout this chapter. The individual sources of systematic
uncertainties are, to a good approximation, uncorrelated, so they can be added in quadrature to state the
total relative contribution of these errors.

7.1 Modeling of Physical Processes

The use of a given model to simulate a physical process carries with it an implicit systematic uncertainty.
They arise from the lack of precise knowledge of the parameters used in the simulation, for example
the form factors that describe the model have errors associated with their theoretical calculations; when
these form factors are varied according to their uncertainties, they cause a change in the shape of the
distributions on which the measurement is performed. Another source of uncertainty is the relative
contribution of each physical process, which is expressed as a branching ratio. A description of the
procedure used to assess the contribution of the systematic uncertainties due to signal and background
modeling is given in the following.

1 These roughly corresponds to a 68% confidence level interval in Gaussian statistics.
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Chapter 7 Systematic Uncertainties

7.1.1 Signal Modeling

To estimate the systematic uncertainties arising from the signal model, the signal reconstruction efficiency
for each bin in Mππ , or (Mππ, q

2), is calculated using the inclusive PHSP B+ → π+π−`+ν` decay. This
value is then compared with the reconstruction efficiencies of semileptonic B decays with an intermediate
resonance decaying to a π+π− pair. As these channels simulate the same final state, the resulting efficiency
should be similar. The resonant channels implemented for this comparison, as well as their valid Mππ

(q2) range, were discussed in section 6.1. A weighted average between the signal and the resonant models
and its error are calculated according to the following formulas:

xavg =

∑N
i=1

xi

σ2
i∑N

i=1
1
σ2
i

, σavg =
1√∑N
i=1

1
σ2
i

. (7.1)

Here, the number of resonant channels vary from one bin to another depending on whether the range in
Mππ or q2 is valid for that resonance. The percent difference between the signal reconstruction efficiency
and the average efficiency is quoted as the systematic uncertainty due to the signal modeling.

7.1.2 Rare Decays

The amount of rare decay events in the final selection for each bin of phase space variables (Mππ or q2) is
insignificant. At first, to evaluate their effect on the total systematic uncertainty, the difference between
the nominal fit and a fit excluding the rare sample is taken as the error. However, this renders large
fluctuations from bin to bin, especially for high di-pion mass regions. To reduce the statistical fluctuations
effects on the estimation of this systematic uncertainty, 1000 toy MC are executed with two scenarios,
one where the histograms templates for the fixed component contains the rare sample and another where
it is absent. The average percent difference between these two scenarios is regarded as the uncertainty.

7.1.3 Continuum Description

After the complete selection, the MC expectation for continuum events is almost negligible. In order
to assign an uncertainty on the modeling of this background, it is necessary to check the agreement
with off-resonance data. Nevertheless, due to the limited sample size of the off-resonance data, it is not
possible to do such a comparison after the signal selection. An alternative is to relax the selection at an
earlier stage, e.g. the pre-selection stage, which is the step previous to applying the BDTG cut. Since the
off-resonance data was taken just below the mass threshold used to produce the BB̄ pairs, it has to be
corrected by a scale factor in order to be compared with the continuum MC. This scale factor is defined
as α = Lon

Loff

Soff
Son

, with Lon ∼ 711 fb−1, Loff ∼ 88 fb−1, Son = (10.58 GeV)2 and Soff = (10.52 GeV)2.
Distributions of some variables after pre-selection are shown in Fig. 7.1. Based on these histogram

comparisons, one can define a χ2-like quantity to determine the possible normalization variation for the
continuum MC to be used in the uncertainty calculation. This quantity is used to obtain an asymmetric
error, one for the upper and another for the lower variation. They are given by

χ2
up =

∑
i

(Di + ∆Di − MCup
i )2

MCup
i

χ2
down =

∑
i

(Di − ∆Di − MCdown
i )2

MCdown
i

,

(7.2)
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Figure 7.1: Comparison between off-resonance data and continuum MC after pre-selection for some variables,
showing a good consistency between both distributions as evidenced by the pull distributions underneath each
plot. To get the appropriate variation on the MC to estimate the uncertainty due to the continuum modeling, the
normalization of the MC is changed such that it matched the off-resonance data within error bars.

where i runs on the bins of the histogram, D and ∆D are the bin content of the data histogram and its error,
MCup

i is the bin content of the MC histogram with normalizations in the range (1,2) and MCdown
i is the

bin content of the histogram with normalizations in the range (0,1). These quantities are minimized as a
function of the normalization variation and are applied to different distributions with different bin widths.
The minimum for the upper normalization variation falls in the range (40%,60%), whereas for the lower
in (10%,25%). To be conservative, a down variation of 20% and an up variation of 50% are assigned.

7.1.4 Background Shapes

The general idea to determine the effects of the background shape on the calculation of the branching
ratio is to reweigh a specific decay in the MC with another model. In this manner, the changes relative to
the nominal fit are taken as the systematic uncertainty. The background shapes considered in this analysis
are the following:

1. Form factors for B → D(∗)`ν: The Belle MC uses a generator for these decays based on HQET2
with outdated values for the form factors. This component is reweighted to the most recent values
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Chapter 7 Systematic Uncertainties

for these form factors following the procedure indicated in reference [94], which was described in
section 5.1.1. The contributions from each form factor are added in quadrature.

2. Form factors for B → D∗∗`ν: In an analogous fashion to the previous case, the four narrow
excited charm states D1, D′1, D∗0 and D2 are reweighted from the ISGW2 to the LLSW model
according to reference [94]. The systematic uncertainties due to each form factor are summed in
quadrature to claim the total error associated with the B → D∗∗`ν shape.

3. Modeling of B+ → ω`+ν and B0
→ ρ−`+ν: The Belle MC generator for these decays is based

on LCSR calculations using the Ball98 model [98], which has the same form factor definition as the
SLPOLE package from the EVTGEN package. The most recent calculations from LCSR are based
on Ball05 [108], for which the form factor parametrization differs from the SLPOLE package. To
simulate a decay with another form factor parametrization not available in the EVTGEN package,
it is first produced with the FLATQ2 generator and then reweighted to the new model following the
procedure indicated in reference [109]. Hence, 10 million events of these decays are generated
according to the Ball98 and FLATQ2 models, the last one is reweighted to the Ball05 model and
finally weights from the Ball98 to the Ball05 are calculated in terms of the true q2 and the lepton
momentum. The fit procedure is performed using the nominal MC sample (Ball98) on one hand
and the reweighted sampled (from Ball98 to Ball05) on the other. The difference in the signal yield
from these two models is taken as the systematic uncertainty.

4. Modeling of B → π`+ν: This decay is generated with the Ball98 [98] form factor parametrization
in the Belle MC. To study effects due to the shape of this background, the Bourrelly-Caprini-
Lellouch (BCL) model [110] is implemented. This model combines the LCSR (valid for low q2)
and LQCD (restricted to the high q2) calculations to form a model independent parametrization for
B → π`+ν. As in the previous cases, 10 million events of B → π`+ν decay are produced using the
Ball98 and FLATQ2 generators, reweight the last one to the BCL parametrization, and produced
weights in terms of (q2

true, p` ). The relative difference in the signal event yield between a fit using
the nominal MC sample for B → π`+ν (Ball98) and the reweighted sample (from Ball98 to BCL)
is taken as the uncertainty.

5. Modeling of B → η (′)`+ν: The Belle MC generator used to simulate these decays is based on the
ISGW2 model. To assess the error due to the shape of this background, weights from the ISGW2
to the Ball07 [111] model are computed following an analogous procedure to the previous cases.
These decays are simulated with 10 million events using the ISGW2 and FLATQ2 generators,
reweigth the last one to the Ball07 and generate weights as a function of (q2

true, p` ). The relative
difference in the signal event yield between a fit using the nominal MC sample for B → η ′`+ν

(ISGW2) and the reweighted sample (from ISGW2 to Ball07) is taken as the uncertainty.

6. Modeling of other exclusive charmless semileptonic decays: Other exclusive charmless semileptonic
B decays are simulated in the Belle MC with the ISGW2 generator. These decays do not have a
well established form factor parametrization, so the strategy is to generate 10 million events using
the generators PHSP, FLATQ2 and ISGW2, and produce weights with respect to the last one in
terms of (q2

true, p` ). To quote an error for the modeling of these decays, the average between the
effects of reweighting the MC to the PHSP and to the FLATQ2 model is taken as the uncertainty.
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7.2 Detector Simulation

7.1.5 Branching Ratios of Main Background Contributions

The decays B → (D, D∗, D∗∗)`ν` as well as the exclusive B → (π, η, ρ+, ω, η ′)`ν` have already been
corrected to the world average, as described in section 5.1.1. Since the world average involves an error,
the branching ratio for each decay component in the MC is varied separately within their measured
uncertainties, according to the HFLAV [41] or PDG [1]. As of 2018, there are no reported measurements
of other exclusive charmless semileptonic decays, which constitute the rest of the B → Xu`ν sample,
to compare with. For these decays, the branching ratio is varied with a conservative uncertainty of
100%. The systematic uncertainties due to branching ratios are reported separately for B → Xc`ν` and
B → Xu`ν` , where the individual contributions for each decay were added in quadrature.

7.1.6 Secondary Leptons

Background leptons not stemming from semileptonic B decays are primarily produced in continuum
events or as decay products of charm intermediate resonances such as the D or D∗ mesons. To
assess the magnitude of the effect of the secondary leptons to the total error, one has to determine
the total uncertainty in the production of leptons via charm meson decays. This can be estimated
using the decay chain B+ → Xc`

+ν` with Xc → `+ + anything. The reference values [1] for these
decays are: B(B+ → Xc`

+ν` ) = (10.4 ± 0.4)%, B(Xc → e+ + anything) = (6.49 ± 0.11)% and
B(Xc → µ+ + anything) = (6.7 ± 0.6)%. The total branching ratio of the decay chain is (1.37 ± 0.10)%,
from which a total uncertainty of 7.3% is obtained. Therefore, the number of secondary leptons in the
MC is varied by 7.3%, and the deviation of the signal yield with respect to the nominal fit result is taken
as the systematic uncertainty.

7.2 Detector Simulation

Given that the analysis is optimized using a MC simulation, the detection of final state particles affects
the reconstruction of the decay and the subsequent extraction of the signal yields used in the calculation
of the branching ratios. The efficiency for detecting these particles in data usually differs from that in the
MC, for which a correction to the latter is applied. This correction is derived from independent control
samples and the total uncertainty associated with it is taken as as systematic uncertainty. In the following,
a discussion of the uncertainties dependent on the detector performance is presented.

7.2.1 Track Finding Efficiency

The recommended uncertainty at Belle of 0.35% per number of charged particles for track finding
efficiency [112] is implemented, resulting in a total uncertainty of 1.05% for the B+ → π+π−`+ν` decay.
This study was performed by the Belle tracking group comparing the track finding efficiency in data and
MC using the decay chain D∗+ → D0πslow+ , D0

→ π+π−K0
S and K0

S → π+π−. This channel offers a clean
sample with enough statistics to carry out tracking studies. The reconstruction of the decay chain does
not require the detection of one of the charged pions from the K0

S decay, instead its four-momentum can
be inferred from kinematic constraints. The track finding efficiency is then calculated as the ratio between
the yields of the fully reconstructed D∗+ to those partially reconstructed using kinematic constraints on
the pion from the K0

S decay. Finally, the ratio of the tracking efficiencies of data and MC is found to be
consistent with unity and its uncertainty is assigned as the systematic uncertainty per track.
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7.2.2 Lepton Identification

The lepton identification efficiency correction was discussed in section 5.1.1, and the error associated
with this correction is taken as a systematic uncertainty.

7.2.3 Pion Identification

Similar to the previous case, the error associated with the charged pion efficiency correction is regarded
as a systematic uncertainty ( see section 5.1.1 for more details). The uncertainties are calculated for each
pion individually and added linearly.

7.2.4 Fake Leptons

In a similar manner to secondary leptons, charged tracks misidentified as leptons, i.e. fake leptons,
can also originate from continuum and charm semileptonic B decays. To inspect the misidentification
probability, i.e. fake rate, for a hadron to be classified as a lepton, an enriched hadronic sample is utilized.
This sample corresponds to the D∗+ → D0(K−π+)π+slow decay2, that is studied using the on-resonance
data and the generic MC (a composition of continuum events and B decays to charm mesons as discussed
in section 5.1). The fake rates are calculated via:

fake rate =
No. of non-` tracks found by tracking with L`id > X

No. of non-` tracks found by tracking
, (7.3)

where L`id is the probability of identifying a track as a lepton and was defined in equations 3.1 and
3.2 for electrons and muons, respectively, and X is the cut-off value used in the analysis, that for both
leptons is 0.9. Subsequently, the fake rates in data and MC for each lepton type to pions and kaons
are calculated and a weight is assigned as the ratio between the fake rates in data and MC. Afterwards,
the average between the weights for kaons and pions is prepared for each lepton type. Thus, the final
weight for electron (muon) to hadrons is 1.42 ± 0.32 (1.06 ± 0.04). For each lepton type in the MC, the
contribution of fake leptons is corrected by the central value of the weight and varied by its uncertainty.
The systematic uncertainty associated with fake leptons is obtained by taking the difference between the
fit to the samples corrected with the central values, and the ones with the variation by their errors.

7.3 Fit Procedure

As the central values and statistical errors from the signal yields are corrected due to a small bias in the fit
procedure, a systematic uncertainty is assigned accordingly. The uncertainty is defined as half the bias
shown in Table 6.6. However, the correction to the signal yields is only applicable to those bins where the
pull distribution exhibits a Gaussian shape. For the bins without correction, the average of the bias is
calculated as < Nfit − Ninput > with 20000 Toy MC and a systematic uncertainty is assigned as half the
percent error with respect to nominal fit result (Ninput).

7.4 Other Systematics

Other sources of systematic uncertainties are discussed in the following.

2 The slow pion, π+slow, is characterized by its low momentum, and given the charge correlation with the other tracks allows to
determine the flavor and charge of the other particles in the decay.
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7.5 Summary of Systematic Uncertainties

7.4.1 Number of BB̄ Pairs

The total number of BB̄ events is a quantity required to calculate the branching ratio for the B+ → π+π−`+ν`
decay. The Belle collaboration has measured this value to be NBB̄ = (771.581 ± 10.566) × 106, from
which an uncertainty of 1.4% is ascribed.

7.4.2 Final State Radiation (FSR)

The signal MC includes QED radiation corrections due to processes such as Bremsstrahlung, which are
simulated using the PHOTOS package. This simulation includes electroweak corrections for the charged
leptons, but not for the quarks. To estimate the effects of the FSR, a sample with the same size as the
signal is generated without PHOTOS. Histogram templates are produced with PHOTOS switched on (for
the nominal fit) and switched off. However, to avoid an overestimation of the uncertainties associated
with these processes, it has to be taken into consideration that corrections achieved with PHOTOS
agreed with a precision around 1% with decays for which the radiative corrections have been calculated
analytically [113]. Measurement of branching ratios of charmless semileptonic B decays performed by
BaBar [43, 114], calculate the FSR uncertainty as 20% of the difference between the signal yields with
PHOTOS switched on and switched off. A similar procedure is implemented in this thesis, but instead of
using the fit results to on-resonance data, fake data are produced with the histogram templates scaled
according to the fit results using the nominal signal MC and 4000 toy MC are carried out. Another 4000
toy MC are performed replacing the signal histogram template with one with PHOTOS switched off,
without changing the fake data. A 20% of the difference between the mean values of the signal yields with
PHOTOS switched on and switched off is taken as the systematic uncertainty. The idea of using a toy MC
is to diminish the effect of the statistical fluctuations in the determination of the systematic uncertainty.

7.4.3 Tagging Efficiency Correction

The description of the hadronic tag efficiency correction was presented in section 5.1.1. For more details
about this correction the reader is referred to reference [47]. Following the suggestion of this reference,
the error associated with the tagging efficiency correction for B+ mesons is assigned to be 4.2%.

7.5 Summary of Systematic Uncertainties

The breakdown of systematic uncertainties is presented in tables 7.1 and 7.2 for the one and two
dimensional binning configurations, respectively. As the errors are uncorrelated, they are added in
quadrature to quote a semi-total uncertainty. The latter does not include uncertainties due to the
number of BB̄ pairs, the track finding efficiency and the tagging efficiency correction, which altogether
represents a 4.55% error. These three uncertainties are not computed for each bin, since they are common
normalization errors to all the subsamples decided by the Mππ and/or q2 regions, otherwise they will be
counted multiple times as a function of the number of bins.
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Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14

FF B → D(∗)`ν +0.05
−0.22

+0.07
−0.08

+0.11
−0.60

+0.12
−0.10

+0.05
−0.06

+0.11
−0.13 ±0.11 ±0.16 +0.16

−0.15
+0.12
−0.02

+0.17
−0.07

+0.08
−0.10

+0.30
−0.24

+0.79
−0.60

FF B → D∗∗`ν ±0.34 ±0.23 ±0.22 ±0.49 ±0.24 ±0.11 ±0.46 ±0.45 ±0.67 ±0.33 ±0.18 ±0.08 ±0.57 ±1.89

Shapes B → Xu`ν ±1.62 ±1.35 ±0.74 ±1.09 ±0.19 ±0.45 ±0.41 ±0.62 ±0.09 ±1.52 ±0.13 ±0.09 ±0.17 ±0.43

B(B → D(∗)`ν) +0.10
−0.37 ±0.01 +0.34

−0.28
+0.17
−0.19

+1.70
−0.04

+0.12
−0.16

+0.05
−0.03 ±0.14 +0.08

−0.23 ±0.14 +0.31
−0.22

+0.12
−0.10

+0.31
−0.41

+14.24
−15.27

B(B → D∗∗`ν) +0.12
−0.09 ±0.08 +0.38

−0.24
+0.12
−0.21 ±0.05 ±0.08 +0.14

−0.09
+0.08
−0.12

+0.10
−0.14 ±0.09 +0.14

−0.09
+0.20
−0.11

+0.31
−0.39

+1.09
−1.06

B(B → Xu`ν) +5.93
−6.54

+2.99
−3.02

+3.48
−4.14

+3.21
−3.44

+0.92
−0.87

+1.74
−1.66

+1.83
−5.13

+3.10
−3.48 ±0.55 +0.19

−0.41
+0.32
−0.43

+0.19
−0.31

+0.94
−0.33 ±0.35

Continuum +0.91
−0.34

+0.98
−0.29

+0.09
−0.14

+0.53
−0.19

+0.17
−0.09

+0.04
−0.00

+0.41
−0.15

+2.02
−0.76

+0.00
−0.26

+0.57
−0.20

+0.03
−0.08

+0.29
−0.23

+1.19
−0.10

+12.76
−6.85

Rare ±1.19 ±1.60 ±1.08 ±1.23 ±0.28 ±0.47 ±0.80 ±0.79 ±0.95 ±3.20 ±0.98 ±0.78 ±2.74 ±4.11

Sec. Leptons +0.04
−0.28

+0.16
−0.07

+0.10
−0.18

+0.21
−0.17

+0.02
−0.06

+0.09
−0.01

+0.10
−0.08

+0.14
−0.08

+0.16
−0.21

+0.03
−0.04

+0.07
−0.10

+0.21
−0.26

+0.25
−0.06

+2.78
−2.85

Fake leptons ±0.44 ±0.10 +0.07
−0.03

+0.30
−0.17

+0.01
−0.05

+0.08
−0.10

+0.02
−0.07

+1.05
−0.81

+0.04
−0.20

+0.22
−0.21

+0.56
−0.25

+0.14
−0.23

+0.59
−0.26

+3.01
−3.83

`ID ±1.85 ±1.90 ±1.90 ±1.87 ±1.93 ±1.90 ±1.93 ±1.83 ±1.89 ±1.85 ±1.89 ±1.89 ±1.91 ±2.02

πID ±0.98 ±0.98 ±0.95 ±1.00 ±0.98 ±1.00 ±1.01 ±0.99 ±1.00 ±1.01 ±1.04 ±1.02 ±1.02 ±1.19

FSR ±0.08 ±0.72 ±0.81 ±1.13 ±0.60 ±0.02 ±0.30 ±0.15 ±0.50 ±0.72 ±0.34 ±0.91 ±1.66 ±1.15

Signal model ±1.65 ±2.59 ±9.94 ±10.65 ±9.11 ±5.73 ±6.64 ±8.49 ±1.29 ±0.93 ±4.47 ±4.44 ±0.41 ±9.38

Fit procedure ±2.62 ±1.95 ±1.88 ±1.22 ±0.32 ±0.52 ±0.82 ±1.98 ±1.95 ±3.27 ±1.35 ±1.68 ±2.25 ±5.26

Semitotal +7.37
−7.84

+5.48
−5.41

+11.03
−11.27

+11.59
−11.65

+9.60
−9.44

+6.42
−6.40

+7.36
−8.77

+9.82
−9.74

+3.46
−3.49

+5.44
−5.43

+5.31
−5.28

+5.37
−5.37

+4.85
−4.59

+22.96
−21.16

Table 7.1: Relative systematic uncertainties in percent for the fits in Mππ bins.
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Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14 bin 15

FF B → D(∗)`ν +0.37
−0.41

+0.30
−0.04

+0.07
−0.06

+0.06
−0.15

+0.06
−0.05

+0.10
−0.10

+0.13
−0.14

+0.00
−0.18

+0.12
−0.11

+0.42
−0.33

+0.31
−0.10

+0.11
−0.24

+1.86
−2.84

+0.79
−0.83

+5.00
−8.37

FF B → D∗∗`ν ±1.08 ±0.35 ±0.16 ±0.14 ±0.20 ±0.13 ±0.73 ±0.47 ±0.21 ±0.63 ±0.33 ±0.24 ±1.79 ±2.05 ±2.23

Shapes B → Xu`ν ±3.39 ±1.54 ±2.38 ±0.85 ±0.64 ±0.59 ±0.62 ±0.67 ±0.39 ±0.59 ±0.58 ±0.34 ±0.70 ±0.24 ±3.12

B(B → D(∗)`ν) +0.25
−0.51

+0.19
−0.30 ±0.07 +0.22

−0.23
+0.06
−0.01

+0.13
−0.08

+0.09
−0.07

+0.23
−0.39

+0.17
−0.35

+0.63
−0.86

+0.50
−0.68

+0.25
−0.33

+8.30
−7.46

+3.84
−4.10

+6.72
−5.86

B(B → D∗∗`ν) +0.38
−0.64

+0.38
−0.12 ±0.04 +0.16

−0.17
+0.02
−0.05

+0.12
−0.05

+0.25
−0.34

+0.47
−0.19

+0.11
−0.13

+0.77
−0.81

+0.53
−0.56

+0.22
−0.13

+0.65
−0.52 ±0.79 +2.43

−1.48

B(B → Xu`ν) +19.80
−19.78

+4.86
−6.34

+2.96
−3.22

+0.65
−0.92

+1.56
−1.82

+1.79
−1.94

+1.01
−1.06

+0.94
−1.56

+1.51
−1.34

+0.62
−0.46

+0.65
−0.50

+0.25
−0.18

+1.25
−0.91

+0.73
−0.28

+5.99
−3.83

Continuum +4.39
−1.65

+0.21
−0.04

+0.43
−0.14

+0.90
−0.49

+0.02
−0.03

+0.02
−0.10

+0.97
−0.46

+1.08
−0.71

+0.82
−0.16

+1.29
−0.01

+0.26
−0.25

+0.34
−0.02

+1.83
−0.02

+5.18
−2.76 ±0.00

Rare ±4.17 ±1.41 ±0.58 ±1.89 ±0.44 ±0.19 ±4.25 ±0.54 ±0.22 ±3.97 ±0.02 ±0.78 ±5.95 ±1.53 ±1.01

Sec. Leptons +0.35
−0.04

+0.16
−0.22

+0.01
−0.07

+0.09
−0.15

+0.02
−0.05

+0.02
−0.05 ±0.03 +0.30

−0.57
+0.21
−0.01

+0.56
−0.17

+0.24
−0.27

+0.11
−0.04

+0.70
−1.43

+0.17
−0.34

+0.32
−0.77

Fake leptons +1.48
−0.27

+0.01
−0.04

+0.55
−0.57

+0.23
−0.01

+0.06
−0.16

+0.14
−0.09

+0.79
−0.83

+0.39
−0.16

+0.14
−0.46

+0.23
−0.59

+0.13
−0.12

+0.10
−0.08

+1.16
−1.03

+0.81
−1.13

+1.53
−0.38

`ID ±1.78 ±2.04 ±1.85 ±1.86 ±2.00 ±1.90 ±1.83 ±1.97 ±1.83 ±1.89 ±1.97 ±1.83 ±2.08 ±1.98 ±1.81

πID ±1.14 ±1.10 ±0.81 ±1.14 ±1.04 ±0.85 ±1.10 ±1.05 ±0.90 ±1.08 ±1.08 ±0.97 ±1.23 ±1.16 ±1.11

FSR ±1.40 ±2.40 ±0.98 ±0.48 ±0.90 ±0.24 ±0.76 ±0.54 ±0.36 ±1.24 ±1.12 ±0.76 ±0.84 ±0.64 ±1.68

Signal model ±9.84 ±1.44 ±2.04 ±4.76 ±1.83 ±5.42 ±12.54 ±3.04 ±1.79 ±5.07 ±2.00 ±1.44 ±7.50 ±5.67 ±6.25

Fit procedure ±0.90 ±2.93 ±1.71 ±0.68 ±0.64 ±0.28 ±2.14 ±2.15 ±1.19 ±1.99 ±2.19 ±1.57 ±3.66 ±4.42 ±22.67

Semitotal +23.41
−23.00

+7.09
−8.16

+5.24
−5.37

+5.81
−5.80

+3.57
−3.69

+6.12
−6.17

+13.73
−13.71

+4.77
−4.86

+3.49
−3.37

+7.48
−7.38 ±4.09 +3.24

−3.22
+13.96
−13.54

+10.39
−9.55

+26.28
−26.42

Table 7.2: Relative systematic uncertainties in percent for the fits in Mππ and q2 bins.
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CHAPTER 8

RESULTS AND DISCUSSION

The results obtained in chapters 6 and 7 are now employed to measure the total branching ratio of
the B+ → π+π−`+ν` decay using the formula defined in section 8.1. In the subsection 8.1.1, the
B(B+ → D0`+ν` ) with the D0 meson decaying to a charged pion pair is calculated to validate the signal
selection. The nominal result of this thesis is provided in subsection 8.1.2, which utilizes the results
of the one dimensional fitting configuration (the measurement in bins of the dipion mass); the other
branching ratios calculations in this subsection are intended to support the nominal result. An study
with control samples to validate the branching ratio measurement is presented in subsection 8.1.3. In
spite of the poor statistics after signal selection, an attempt to study possible resonances in the dipion
mass spectrum is carried out using different approaches in section 8.2. The first approach uses shapes
from MC simulation for the B+ → ρ0`+ν and B+ → f2(1270)`+ν decays, and scalar from factor derived
from dispersion theory to model the remainder of the events. The second approach models the dipion
mass as a incoherent sum of resonances. The last approach takes into account the interferences of the
resonances in the second approach to analyze the dipion mass. The three approaches give consistent
results for the B(B+ → ρ0`+ν` ), while the branching ratios for the other assumed resonances are not
statistically significant. In section 8.3, a comparison of the values of |Vub| using the total branching
ratio for B+ → ρ0`+ν decay obtained in this thesis and previous measurements is discussed. The final
comments about the results for this thesis are addressed in section 8.4.

8.1 Branching Ratio calculation

The main result of this thesis is the measurement of the total branching ratio for the B+ → π+π−`+ν`
decay, which as of 2018 has not been measured in the whole phase space available to the decay. Since
this measurement is carried out in bins of the kinematic variables Mππ or q2, the total branching ratio is
calculated as the sum over all bins of the partial branching ratios. The latter are defined as

∆B(B+ → π+π−`+ν` ) =
1
4

Ysignal

ε

1
B(Υ(4S) → B+B−)NBB̄

, (8.1)

where Ysignal is the corrected signal yield in a given bin as presented in Tab. 6.6, ε is the signal
reconstruction efficiency for a specific bin, B(Υ(4S) → B+B−) = (51.4 ± 0.6)% a factor that corrects
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Chapter 8 Results and Discussion

B → D0(π+π−)`ν 47.4±8.5
Other B → D0`ν 0.0±2.8
Rest of B → Xc`ν 35.5±7.7
Fixed background 3.0
Data 86

χ2/ndf 14.15/10
ε [10−4] 7.42±0.48

Table 8.1: Events yields and reconstruction efficiency for the B+ → D0(π+π−)`+ν` decay.

for the number of charged B meson-pairs produced in the decay of the Υ(4S) resonance1, and NBB̄ =

(771.6 ± 10.6) × 106 is the number of BB̄-pairs produced for the complete Belle dataset. The signal
reconstruction efficiency is determined from MC simulations, with corrections for differences between
data and simulated detector performance. The factor of 4 in the denominator appears as an average among
four channels B+ → π+π−e+νe, B+ → π+π−µ+νµ, B− → π+π−e− ν̄e and B− → π+π−µ− ν̄µ.

8.1.1 Measurement of B(B+ → D0`+ν`) with D0
→ π+π− using the B+ → π+π−`+ν`

selection

The B+ → D0`+ν` decay undergoes a b→ c transition at the quark level, the dominant decay process at
B decays. As such, this decay channel can be used as a control sample to validate the measurement of the
signal. Usually, a decay channel can be used as a control sample if its topology is similar to that of the
signal. Because the D0 meson can decay into a pair of charged pions, the current data sample can be used
to measure the branching ratio of the B+ → D0`+ν` decay and compare this result with the world average.
For that purpose, a small region in the dipion mass, where the D0 meson is dominant, is selected. This
region is limited to the interval [1.85 GeV, 1.88 GeV] corresponding to a 3σ mass window around the
nominal D0 mass; in this region the contributions from charmless semileptonic B decays are negligible.
Given that the D0 meson is an intermediate resonance in the dipion mass, Eq. 8.1 has to be modified to

B(B+ → D0(π+π−)`+ν` ) =
1
4

Ysignal

ε

1
B(Υ(4S) → B+B−) NBB̄ B(D0

→ π+π−)
, (8.2)

where B(D0
→ π+π−) = (1.420 ± 0.025) × 10−3 is the world average [1] branching ratio of the

D0
→ π+π− decay.
Following the same procedure as for the signal extraction, the event yields for the B+ → D0(π+π−)`+ν`

decay are obtained from an extended binned maximum likelihood fit to the M2
miss distribution. The

fitted M2
miss distribution for this decay channel is shown in Fig. 8.1. The event yields for each process

involve in this decay as well as the B+ → D0(π+π−)`+ν` reconstruction efficiency is presented in
Tab. 8.1. Plugging in these values into Eq. 8.2, one obtains B(B+ → D0`+ν` ) = (2.83 ± 0.54)%,
where the quoted uncertainty is statistical only. This value is consistent with the HFLAV [41] value
B(B+ → D0`+ν` ) = (2.33 ± 0.10)%.

1 In the production of the MC samples samples at Belle, the production rate of neutral and charged B mesons from an Υ(4S) is
assumed to be the same (50%).
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Figure 8.1: Distribution of M2
miss after the fitting procedure for the B+ → D0(π+π−)`+ν` decay.

8.1.2 Measurement of B(B+ → π+π−`+ν`)

The measurement of the total branching ratio for the B+ → π+π−`+ν` decay is made using two
configurations. The one dimensional (1D) configuration is performed in 14 bins of the dipion mass,
whereas the two dimensional (2D) configuration is carried out in 15 bins of the dipion mass and the
momentum transfer. The values of the corrected signal yields, signal reconstruction efficiency and partial
branching ratios (calculated according to Eq. 8.1) for each bin in the 1D and 2D configurations are
presented in Tab. 8.2 and Tab. 8.3, respectively. The statistical significance, Z , for each measured partial
branching ratio is also presented and is computed as Z =

√
−2∆L. Here, ∆L = LS+B − LB where

LS+B and LB are the values of the constructed profile Log-Likelihood, with the inclusion of systematic
uncertainties, at its minimum (signal plus background hypothesis) and for zero signal (background only
hypothesis), respectively.

Adding the partial branching ratios in Tab. 8.2, the total branching ratio in the 1D configuration results
in

B(B+ → π+π−`+ν` )[1D] = (22.4 ± 1.9stat ± 0.8syst1 ± 1.0syst2) × 10−5

= (22.4 ± 1.9stat ± 1.3syst) × 10−5,
(8.3)

where the index syst1 stands for the systematics uncertainties calculated bin by bin and added in
quadrature, and syst2 represents the additional 4.55% systematic uncertainty that must be included in the
total branching ratio calculation due to the combined effect of the tagging efficiency correction, track
finding efficiency and the number of BB̄-pairs. The index syst corresponds to the sum in quadrature of the
of the two aforementioned systematic uncertainties. The total statistical significance of the measurement
is calculated as Ztotal =

√
−2

∑
i ∆Li and determined to be Ztotal = 28.4σ for the 1D configuration.

Analogously, the total branching ratio in the 2D configuration is

B(B+ → π+π−`+ν` )[2D] = (23.2 ± 1.8stat ± 0.6syst1 ± 1.1syst2) × 10−5

= (23.2 ± 1.8stat ± 1.2syst) × 10−5,
(8.4)

with a statistical significance Ztotal = 29.8σ. Both measurements provide consistent results. Hereafter,
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the branching ratio from the one dimensional configuration is regarded as the nominal measurement from
this thesis.

It is also useful to crosscheck these results using subsamples of the final dataset, for example separating
the decay into contributions by lepton flavor or by the charge of the B meson. The tables containing
the signal yields, signal reconstruction efficiency and partial branching ratios for each bin in the 1D
configuration for these four subsamples are given in the Appendix A.4. The summary of the systematic
uncertainties for these subsamples is also provided.
If the samples are separated into electron and muon channels, the total branching ratio reads as

B(B± → π+π−e±νe) = (22.0 ± 2.6stat ± 1.3syst) × 10−5 (8.5)

and
B(B± → π+π−µ±νµ) = (22.2 ± 2.7stat ± 1.5syst) × 10−5, (8.6)

respectively. The two values are comparable and consistent with the nominal value in the 1D
configuration, and thus supporting the SM assumption of lepton universality by which the interactions of
the charged leptons differ only by their different masses [115]. As the masses of the electron and the
muon are negligible compared to the mass of the B meson, their branching ratios have to be equal for
lepton universality to hold.

If on the other hand, the samples are separated according to the charged of the B meson, the values of
the total branching ratio for B− and B+ are:

B(B− → π+π−`− ν̄` ) = (20.2 ± 2.7stat ± 1.2syst) × 10−5 (8.7)

and
B(B+ → π+π−`+ν` ) = (23.2 ± 3.1stat ± 1.2syst) × 10−5, (8.8)

respectively. Note the difference in the central values in both cases, but since they are consistent within
error bars a conclusive statement cannot be formulated. In reference [116], the authors estimate that
CP violation can be observed in the B+ → π+π−`+ν` channel, but it would require a dataset containing
around 1018 BB̄-pairs to observe an asymmetry in the decay rates for B+ and B− at the 1σ level. The
current Belle dataset contains around 109 BB̄-pairs, for which a task to verify such an asymmetry is
entrusted to Belle II.
A summary of the results obtained in this section is illustrated in Fig. 8.2. Notice that, within error

bars all branching ratio calculations are consistent.

8.1.3 Study of Control Samples

To validate the signal selection, the fit procedure and the measurement of the signal branching ratio, one
can use decays with a large sample size as control channels. Their main feature lies in the similarity
in the event topology with that of the signal channel, in other words, the configuration of final state
particles resembles that of the signal. Due to its large branching ratio, semileptonic decays to a D0 meson
(B+ → D0`+ν) serve as control samples, with the final state particles consisting of three tracks as the
signal, one lepton, and two charged hadrons, and the possibility to include a neutral pion. Hence, the
D0 meson is reconstructed in the following channels: D0

→ K−π+, D0
→ K−K+, D0

→ π−π+π0 and
D0
→ K−π+π0. To ensure the reconstruction of a real D0 meson a 3σ mass window is chosen around

its nominal mass, corresponding to the interval (1.85 GeV, 1.88 GeV) for modes with two tracks, and
(1.83 GeV, 1.9 GeV) for modes with two tracks and a neutral pion. The same variables as used in the
B+ → π+π−`+ν` analysis are used in the control samples to train a BDTG. These BDTGs have been
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Figure 8.2: Comparison of the branching ratios for semileptonic B decays to two pions as function of the lepton
flavor (` = e or ` = µ), the charged of the B meson, and the combined results in the two fitting configurations
studied in this thesis. The results from the one dimensional configuration are quoted as the main result of this
analysis.

optimized for each mode using the figure of merit FOM = S/
√

S + B. The extraction of the event yields
for each channel is carried out with an extended binned maximum likelihood fit to M2

miss with a bin size of
0.2 GeV2. As the D0 exhibits a large variety of decay modes, the B+ → D0`+ν is separated into a sample
containing the reconstructed channel and another with the rest of the B+ → D0`+ν decays. Thus, the fit
parameters are : the reconstructed channel B+ → (D0

→ X )`+ν, other B+ → D0`+ν decays, the rest
of the B → Xc`

+ν and the fixed background (continuum, B → Xu`ν` and rare decays). The fit results,
as well as the calculated branching ratios for each control channel, are presented in Tab. 8.4. The fitted
M2

miss distributions for each control channel are shown in Fig. 8.3. Table 8.5 shows a summary of the
systematic uncertainties for the branching ratio calculation.
The individual measured branching ratios for each control channel are consistent with the world

average [41] B(B+ → D0`+ν` ) = (2.33 ± 0.10)%, reassuring the branching ratio measurement of the
B+ → π+π−`+ν` decay.
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Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5] LS+B LB Z [σ]

1 6.9±3.3 7.86±0.66 0.55 ± 0.27 ± 0.04 -592.8 -588.7 2.9
2 10.2±3.6 8.13±0.77 0.79 ± 0.29 ± 0.04 -383.9 -366.5 5.9
3 10.5±3.7 7.75±0.68 0.85 ± 0.31 +0.09

−0.10 -514.9 -501.5 5.2
4 23.9±5.6 7.82±0.64 1.93 ± 0.48 ± 0.22 -522.5 -493.0 7.7
5 90.5±10.1 9.32±0.66 6.12 ± 0.81 +0.59

−0.58 -990.8 -793.3 19.9
6 51.4±7.4 7.76±0.58 4.18 ± 0.68 ± 0.27 -523.9 -442.3 12.8
7 29.7±5.9 8.18±0.57 2.29 ± 0.48 +0.17

−0.20 -278.1 -235.7 9.2
8 10.6±3.5 8.47±0.57 0.79 ± 0.27 ± 0.08 -119.5 -185.0 5.4
9 9.2±3.2 8.79±0.56 0.66 ± 0.23 ± 0.02 -265.8 -252.2 5.2
10 6.1±2.5 8.98±0.56 0.43 ± 0.18 ± 0.02 -323.2 -316.2 3.7
11 16.1±4.4 9.04±0.55 1.12 ± 0.31 ± 0.06 -484.0 -464.2 6.3
12 12.2±3.6 8.20±0.52 0.94 ± 0.28 ± 0.05 -617.5 -585.7 8.0
13 8.8±3.3 8.51±0.52 0.65 ± 0.25 ± 0.03 -168.4 -157.9 4.6
14 12.4±13.4 7.40±0.10 1.06 ± 1.14 +0.24

−0.22 -1694.7 -1694.2 1.0

Table 8.2: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) for each bin in the one dimensional configuration. The first quoted uncertainty is statistical
and the second is systematical. The values of the profile likelihood, including systematic uncertainties, for the
signal plus background (LS+B) and for the background only (LB) hypotheses are also presented. They are used to
calculate the statistical significance Z of the branching ratio measurement for each bin in terms of σ. The reader is
referred to Tab. 6.3 to see the convention for the bin number.
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Figure 8.3: Fitted distributions of the missing mass squared for the four D0 reconstructed modes used as control
samples.
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8.1 Branching Ratio calculation

Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5] LS+B LB Z [σ]

1 2.3±2.2 6.71±0.62 0.22 ± 0.21 ± 0.05 -148.9 -147.9 1.4
2 6.6±3.0 8.18±0.73 0.51 ± 0.24 ± 0.04 -278.7 -271.7 3.7
3 16.3±4.8 8.50±0.53 1.21 ± 0.36 +0.06

−0.07 -948.1 -933.3 5.5
4 29.3±5.7 8.61±0.50 2.14 ± 0.43 ± 0.12 -382.5 -337.9 9.5
5 34.3±6.3 8.35±0.53 2.59 ± 0.50 +0.09

−0.10 -692.8 -641.7 10.1
6 117.4±11.7 8.00±0.39 9.25 ± 1.03 ± 0.57 -1490.0 -1276.0 20.7
7 8.5±3.1 7.23±0.38 0.75 ± 0.27 ± 0.10 -210.5 -202.2 4.1
8 9.2±3.4 9.07±0.47 0.64 ± 0.24 ± 0.03 -483.6 -473.2 4.6
9 28.5±5.8 9.78±0.42 1.83 ± 0.38 ± 0.06 -497.0 -452.9 9.4
10 11.6±3.7 7.85±0.36 0.94 ± 0.30 ± 0.07 -312.8 -297.3 5.6
11 9.8±3.5 8.48±0.41 0.73 ± 0.26 ± 0.03 -622.3 -610.6 4.8
12 13.5±3.9 9.00±0.41 0.95 ± 0.28 ± 0.03 -337.1 -317.0 6.3
13 8.5±9.4 6.78±0.10 0.79 ± 0.87 ± 0.11 -506.8 -506.2 1.1
14 7.0±5.5 8.48±0.19 0.52 ± 0.41 ± 0.05 -449.3 -446.1 2.5
15 1.4±4.0 8.79±0.35 0.10 ± 0.29 ± 0.03 -137.039 -136.975 0.4

Table 8.3: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) for each bin in the two dimensional configuration. The first quoted uncertainty is statistical
and the second is systematical. The values of the profile likelihood, including systematic uncertainties, for the
signal plus background (LS+B) and for the background only (LB) hypotheses are also presented. They are used to
calculate the statistical significance Z of the branching ratio measurement for each bin in terms of σ. The reader is
referred to Tab. 6.4 to see the convention for the bin number.

D0
→ K−π+ D0

→ K−K+ D0
→ K−π+π0 D0

→ π−π+π0

Data 5912 484 8884 1123
Fixed Background 62.2 5.6 98.5 38.9
B → Xc`ν 4078±74 326±25 6086±111 753±41
Other B → D0`ν 0±94 12.6±16.7 328±122 76.5±65.4
B → (D0

→ X )`ν 1772±56 139±16 2371±96 256±48

B
PDG (D0

→ X ) [%] 3.89 ± 0.04 0.397 ± 0.007 14.2 ± 0.5 1.47 ± 0.06
ε [10−3] 1.37 ± 0.01 1.07 ± 0.03 0.468 ± 0.004 0.50 ± 0.01

B
this(B → D0`ν) [%] 2.10 ± 0.07 ± 0.11 2.06 ± 0.24 ± 012 2.25 ± 0.09 ± 0.15 2.20 ± 0.41 ± 0.15

B
HFLAV(B → D0`ν) [%] 2.33±0.10

Table 8.4: Fitted event yields, world average for the branching ratio of the D0 decay modes and reconstruction
efficiencies for the four D0 decay channels used as control samples. The calculated branching ratios for the
B+ → D0`+ν) decay in each control sample are also shown, where the first and second uncertainties are of statistical
and systematical nature, respectively.
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Source D0
→ K−π+ D0

→ K−K+ D0
→ K−π+π0 D0

→ π−π+π0

FF B → D(∗)`ν +0.28
−0.33

+0.33
−0.34

+0.46
−0.52

+0.57
−0.59

FF B → D∗∗`ν ±0.05 ±0.08 +0.15
−0.08

+0.25
−0.57

Shapes B → Xu`ν ±0.00 ±0.00 ±0.00 ±0.01

B(B → D(∗)`ν) +0.17
−0.18

+0.12
−0.11

+0.43
−0.44

+0.40
−0.39

B(B → D∗∗`ν) ±0.12 +0.11
−0.08

+0.37
−0.40

+0.47
−0.50

B(B → Xu`ν) ±0.00 +0.00
−0.03 ±0.01 +0.29

−0.24

Continuum ±0.01 +0.01
−0.02

+0.17
−0.07

+0.32
−0.08

Rare ±0.02 ±0.05 ±0.35 ±0.38

Sec. Leptons ±0.20 +0.14
−0.11

+0.39
−0.42

+0.20
−0.22

Fake leptons +0.00
−0.01

+0.04
−0.01

+0.02
−0.03

+0.16
−0.21

`ID ±1.92 ±2.01 ±1.94 ±1.93

K/πID ±0.93 ±1.86 ±0.83 ±0.89

π0 reconstruction ±0.00 ±0.00 ±2.50 ±2.50

B(D0
→ X ) ±1.03 ±1.76 ±3.52 ±4.08

Fit procedure ±0.02 ±0.65 ±0.08 ±0.15

Tag efficiency ±4.20 ±4.20 ±4.20 ±4.20

NBB̄ ±1.40 ±1.40 ±1.40 ±1.40

Track finding ±1.05 ±1.05 ±1.05 ±1.05

Total ±5.15 ±5.65 +6.68
−6.69

+7.02
−7.04

Table 8.5: Relative systematic uncertainties in percent for the branching ratio calculation for four D0 decay channels
used as control samples.

116



8.2 Search for resonance structures in the dipion mass

8.2 Search for resonance structures in the dipion mass

lθcos 
1− 0.5− 0 0.5 1

E
ve

nt
s 

0

20

40

60

(a) cos θ`

πθcos 
1− 0.5− 0 0.5 1

E
ve

nt
s 

0

20

40

60

(b) cos θπ

χ
2− 0 2

E
ve

nt
s 

0

20

40

60

(c) χ

 [GeV]-π+πM
0 1 2 3

E
ve

nt
s 

0

20

40

60

80

(d) Mπ+π−

]2 [GeV2q
0 5 10 15 20

E
ve

nt
s 

0

10

20

30

40

(e) q2

Figure 8.4: Background-subtracted data distributions of the phase space variables describing the B+ → π+π−`+ν`
decay projected in the signal region (M2

miss < 0.8 GeV2): (a) the cosine of the of the polar angle θ` of the charged
lepton `+ in the dilepton rest frame, (b) the cosine of the of the polar angle θπ of the π+ in the dipion rest frame,
(c) the azimuthal angle χ between the dilepton and dipion decay planes, (d) the dipion mass Mπ+π− and (e) the
momentum transfer q2.

The ρ0 resonance dominates the dipion invariant mass in the B+ → π+π−`+ν` channel. Ideally, to
disentangle this resonance from other contributions, an angular analysis has to be carried out. Such an
analysis would require the five kinematic variables that describe the B+ → π+π−`+ν` decay, namely,
Mπ+π− , q2, and the angles θπ , θ` and χ. The distributions of these variables, using the fit results of the one
dimensional configuration, after background subtraction and projected in the signal region (M2

miss < 0.8
GeV2) are presented in Fig. 8.4. Note the limited statistics available, especially in the dipion mass region
above 1 GeV, which makes the implementation of an angular analysis unfeasible. This section attempts to
determine the ρ0 content in the dipion mass using three alternative methods. These methods employ only
the dipion mass assuming different line-shape distributions for the hypothesized particles that make up the
π+π− invariant mass spectrum. Furthermore, it also provides the results into two regions: first, the whole
phase space region using the fit results from the one dimensional configuration, and the region defined by
q2 < 8 GeV2 and Mπ+π− < 1.5 GeV using the fit results from the two dimensional configuration. The
general procedure is to perform an unbinned extended maximum likelihood fit to the dipion mass in the
signal region, using different mass line-shapes for the possible π+π− states and fixing the background
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according to the fit results from the one (or two) dimensional configuration.

8.2.1 Study of particle content in the whole phase space

The background-subtracted data distribution of the dipion mass (see Fig. 8.4(d)) shows a large peak
at Mπ+π− ≈ 0.8 GeV, a small bump at Mπ+π− ≈ 1.3 GeV and an excess near the π+π− mass threshold.
Based on this observation, any model of the dipion mass starts with a minimum of two resonances,
the ρ0 and the f2(1270) mesons, and an assumed shape for the remaining contributions. The latter is
presumably due to nonresonant states dominated by an S-wave (or scalar) component [45], that can also
receive contributions, to a lesser extent, from other states such as the ππ P-wave (vector) component.
The nonresonant component may then originate from interferences among the different ππ states. In the
following, three cases for modeling these components are studied. In the first case, the mass line-shapes
of the ρ0 and the f2(1270) are taken from MC simulations, and the third component is modeled as a
scalar form factor derived from dispersion theory. The second case uses an incoherent sum of possible
resonances decaying to π+π− final states, modeled with an analytical mass line-shape, which is a modified
version of a Breit-Wigner function. Finally, the resonances in the second case are allowed to interfere in a
coherent sum.

Mass line-shapes for the ρ0 and the f2(1270) resonances taken from MC and a scalar form factor

In the MC, the B+ → ρ0`+ν and B+ → f2(1270)`+ν decays are simulated using LCSR form factors from
the references [98] and [99], respectively. The PDFs for these resonances are modeled in the unbinned
fit using the RooKeysPdf module from the RooFit framework [117]. The ρ0 resonance corresponds to
a P-π+π− state, also referred to as vector component, which is characterized by an angular momentum
(J) and parity (P) set of JP

= 1−. The f2(1270) resonance is a D-wave π+π− state (tensor meson) with
quantum numbers JP

= 2+. The decay rate for the B+ → π+π−`+ν` process is defined in Eq. 2.44,
with the hadronic matrix element expanded in terms of S- and P-wave contributions given in Eq. 2.45.
The scalar (S-wave JP

= 0+) form factor f0(Mπ+π−, q
2) can be calculated in a model-independent way

through dispersion theory, using the accurately known ππ phase shifts and a coupled channel treatment
with the kaon-antikaon system [118]. Therefore, this approach removes the necessity of specifying any
possible resonance or additional nonresonant states. In this formalism, the pion and kaon scalar form
factors2 are intertwined through the relation:



Γπ (s)
2√
3
ΓK (s)


=

[
Ω11(s) Ω12(s)
Ω21(s) Ω22(s)

] 

Γπ (0)
2√
3
ΓK (0)


, (8.9)

where the matrix Ω is known as the Omnès matrix, and in the case of B+ and B0 mesons, the form factor
normalizations are Γπ (0) = 0.984 ± 0.006 and ΓK (0) = 0.5 ± 0.1 [118]. This coupled channel formalism
is applied as the scalar mesons can decay into a pair of pseudo-scalar mesons, such as ππ, KK or ηη,
and some states can also decay to a four-pion channel. For instance, the scalar meson f0(980) can only
decay into ππ and KK channel, and is produced near the mass threshold of the latter, and consequently
affecting the phase of the scalar pion form factor. The pion scalar form factors in Eq. 8.9 can only be
solved numerically3 and its shape together with the impact of the uncertainties of Γπ (0) and ΓK (0) is
shown in Fig. 8.5. Strictly speaking, the pion scalar form factor is valid up to Mπ+π− ≈ 1.2 GeV, since

2 The pion (kaon) scalar form factor describes the B meson decay into a pair of pions (kaons) in a S-wave state.
3 The numerical results of the scalar form factors for the B+ → π+π−`+ν` used in this analysis were provided by Prof. Dr.
Christoph Hanhart and Stefan Ropertz from the University of Bonn.
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Figure 8.5: The pion scalar form factor describing the S-wave contribution of the B+ → π+π−`+ν` decay as
obtained from dispersion theory using the ππ phase shift and a kaon-antikaon coupled channel. The effect on the
shape due to the uncertainties on the form factor normalizations Γπ (0) and ΓK (0) are also shown. This form factor
is only valid up to Mπ+π− ≈ 1.2 GeV, but are used here as an approximation to model the S-wave π+π− component.

X Fit fraction [%] Event yield B(B+ → X`+ν` ) × B(X → π+π−) [10−5] Z[σ]

ρ0 68.4±9.1 209.8±19.2 17.1 ± 1.6stat ± 1.0syst
+0.1
−0.0 sff 13.7

f2(1270) 7.1±3.6 21.7±10.8 1.8 ± 0.9stat ± 0.1syst
+0.2
−0.1 sff 2.2

Scalars 24.5±6.9 75.2±19.9 6.1 ± 1.6stat ± 0.4syst
+0.1
−0.0 sff 4.4

Table 8.6: Fit fractions, event yields, the product of branching ratios B(B+ → X`+ν` ) × B(X → π+π−) and
statistical significance (without systematic uncertainties) for the π+π− state X using shapes for the ρ0 and f2(1270)
mesons from MC and a scalar from factors derived from dispersion theory. The uncertainties in the product of
branching ratios are statistical (stat), systematical (syst) and those due to the shape of the scalar form factors (sff),
respectively. The signal reconstruction efficiency is assumed to be the same for all the π+π− states, and calculated
to be ε = (7.73 ± 0.09) × 10−4 using the PHSP B+ → π+π−`+ν` MC, as in the main measurement, in the signal
region and fitted dipion mass.

other channels can also contribute to its shape. However, in this section, the scalar form factor is used
up to Mπ+π− ≈ 2.0 GeV as an approximation to model the remaining contribution in the dipion mass.
An additional systematic is calculated in this case to account for the variation in shape due to Γπ (0) and
ΓK (0).
The contributions of the ρ0 and f2(1270) mesons, as well as the scalar π+π− are shown in Fig. 8.6.

The corresponding event yields and branching ratios are presented in Tab. 8.6. According to these results,
the ρ0 resonance make up a (68.4 ± 9.1)% of the π+π− states in the semileptonic B+ → π+π−`+ν` decay.
As the B(ρ0

→ π+π−) = 100%, the B(B+ → ρ0`+ν` ) = (17.1 ± 1.6stat ± 1.0syst) × 10−5. The product
of branching ratios can also be calculated by using

B(B+ → X`+ν` ) × B(X → π+π−) =
ffit
κ
B(B+ → π+π−`+ν` ), (8.10)
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Resonance m0 [GeV] Γ0 [GeV] JP Line-shape Source

f0(500) 513±32 335 ± 67 0+ Bugg CLEO [119]
ρ0 775.26±0.25 147.8 ± 0.9 1− GS PDG [1]

f0(980) 965±10 NA 0+ Flatté BES II [120]
f2(1270) 1275.5±0.8 186.7+2.2

2.5 2+ RBW PDG [1]
ρ0(1450) 1493±15 427 ± 31 1− GS BaBar [121]
ρ0(1700) 1861±17 316 ± 26 1− GS BaBar [121]

Table 8.7: Properties of the candidates for π+π− final state, line-shapes that describe them and the source were they
are taken from. The mass and decay width of the f0(500) do not enter as input parameters in the Bugg line-shape,
they are just shown to give a sense of its position and large width in the dipion mass spectrum. The decay width
of the f0(980) is not required by the Flatté parametrization; however, different experiments report decay widths
ranging from 10 MeV to 100 MeV.

where ffit is the fraction of the fit for a given resonance or nonresonant component in the dipion mass
and κ is a factor that accounts for a change in efficiency due to the use of the signal region and dipion
masses below 2.0 GeV in the unbinned fit. This equation also implies that the systematic uncertainties
in the measurement of B(B+ → π+π−`+ν` ) can be propagated into the measurements of the product
B(B+ → X`+ν` ) × B(X → π+π−). Instead of determining κ, the latter is calculated using the fitted
event yields and the signal reconstruction efficiency in the signal region and for dipion masses below 2.0
GeV, ε = (7.73± 0.09) × 10−4, in the same way as in the main measurement. Equation 8.10 is only shown
to clarify the calculation of the systematic uncertainties from the main measurement. The shape of the
scalar component does not have a significant impact in the systematic uncertainties for the ρ component
but affect those involving the f2(1270) meson.

Incoherent sum of resonances decaying to a charged pion pair

In this case, instead of using the scalar form factor and shapes from MC simulation for the ρ and the
f2(1270) resonances, one can assume contributions from explicit particles decaying into the π+π− final
state. Each particle is modeled with an analytical function to describe its mass line-shape, either with a
Breit-Wigner function or a modified version of it. A list of these particles with their respective masses
and decay widths is provided in Tab. 8.7. This list is not exhaustive as the majority of these particles are
not well established states and the current statistics does not allow to use them all in the fit. In some
cases, the values of the width and mass are taken from an experiment rather than the PDG, as there is not
a consensus for their average. Dependent on the angular momentum of the particle, how broad its decay
width is, or because it is produced near the KK̄ mass threshold, different mass line-shapes are used. A
list of these functions is given in the following:

1. Relativistic Breit-Wigner (RWB). It is the standard function to describe the mass line-shape of a
resonance, however, it fails to describe particles with a broad decay width such as the f0(500) and
the ρ-family mesons. In this thesis, it is used to model the f2(1270) meson and given by [122, 123]

R(m) =
m2

0

m2
0 − m2

− ım0Γ(m)
, (8.11)
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where

Γ(m) = Γ0
m0
m

[
k (m)
k (m0)

]2J+1
F (z, z0),

FJ=0(z, z0) = 1, FJ=1(z, z0) =

√
1 + z0
1 + z

, FJ=2(z, z0) =

√
(z0 − 3)2

+ 9z0

(z − 3)2
+ 9z

,

k (m) =
m
2

√
1 − 4

m2
π

m2 , z = rBW k (m).

Here, m0 and Γ0 are the nominal mass and decay width of the resonance, J is the angular momentum
of the particle, mπ is the mass of the π+ meson and rBW is the mean radius of the meson, taken as
rBW = 1.5 GeV−1 (≈ 0.3 fm) for the f2(1270) [124].

2. Gounaris-Sakurai (GS) [125]. This line-shape is used to describe vector mesons such as ρ0,
ρ0(1450) and ρ0(1700). It is defined as:

R(m) =
m2

0(1 + dm0Γ0/m0)

m2
0 − m2

+ f (m) − ım0Γ(m)
, (8.12)

where

f (m) = Γ0
m2

0

k3(m0)

[
k2(m)[h(m) − h(m0)] + (m2

0 − m2)k2(m0)
dh

dm2
����m2
=m2

0

]
,

h(m) =
2k (m)
πm

ln
(

m + 2k (m)
2mπ

)
,

dh

dm2
����m2
=m2

0
= h(m2

0)



1
8k2(m0) − 1

2m2
0


+

1
2πm2

0
,

d =
3m2

π

πk2(m0)
ln

(
m0 + 2k (m0)

2mπ

)
+

m0
2πk (m0)

−
m2
πm0

πk3(m0)
,

Γ(m) = Γ0
m0
m

[
k (m)
k (m0)

]2J+1
.

3. Flatté [126]. This parametrization is used to model the f0(980) line-shape. This resonance is
produced near the mass threshold of K+K− and can also decay to this final state, as such the Flatté
function incorporates a coupled channel treatment for this meson with the following form:

R(m) =
m2

0

m2
0 − m2

− ım0(ρππg1 + ρKKg2)
, (8.13)
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where

ρππ =
2
3

√
1 −

4m2
π±

m2 +
1
3

√√
1 −

4m2
π0

m2 ,

ρKK =
1
2

√
1 −

4m2
K±

m2 +
1
2

√√
1 −

4m2
K0

m2 .

Here, the parameters g1, g2 and mr are taken from reference [120] with the following values:
mr = 965 ± 10 MeV, g1 = 165 ± 18 MeV and g2 = 695 ± 53 MeV.

4. Bugg [127]. This function is used to describe the broad resonance f0(500) that is dominant at the
low dipion mass, it is defined as:

R(m) =
M2

M2
− m2

− g2
1
m2
−m2

A

M2
−m2

A

[
j1(m2) − j1(M2)

]
− ıM

∑4
i=1 Γi (m

2)
, (8.14)

where

j1(m2) =
1
π

[
2 + ρ1 ln

(
1 − ρ1
1 + ρ1

)]
,

g2
1 (m2) = M

(
b1 + b2(m2)

)
exp

(
−(m2

− M2)/A
)
,

MΓ1(m2) = g2
1 (m2)

m2
− m2

A

M2
− m2

A

ρ1(m2),

MΓ2(m2) = 0.6g2
1 (m2)

m2

M2 exp
(
−α

���m
2
− 4m2

K
���
)
ρ2(m2),

MΓ3(m2) = 0.2g2
1 (m2)

m2

M2 exp
(
−α

���m
2
− 4m2

η
���
)
ρ3(m2),

MΓ4(m2) = Mg4π
ρ4π (m2)

ρ4π (M2)

ρ4π =
1

1 + exp
(
7.082 − 2.845m2) ,

ρi (m
2) =

√
1 − 4

m2
i

m2 with 1,2 and 3 = π, K and η.

The parameters are taken from reference [127] and fixed to mr = 0.953, SA = 0.41m2
π , b1 = 1.302

GeV2, b2 = 0.340, A = 2.426 GeV2 and g4π = 0.011 GeV.

The total PDF for the resonant states is taken as the sum of the magnitude squared of each line-shape.
An additional systematic is calculated taking into account the uncertainties on the input parameters for
each mass line-shape function. Different options were tested to model the nonresonant contribution, as
there is not an analytical function available for the π+π− state. These options include a constant, a linear,
a polynomial or an exponential function. The shape of the PHSP B+ → π+π−`+ν` MC was also tested as
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8.2 Search for resonance structures in the dipion mass

X Fit fraction [%] Event yield B(B+ → X`+ν` ) × B(X → π+π−) [10−5] Z[σ]

f0(500) 5.3±3.7 16.1±11.2 1.3 ± 0.9stat ± 0.1syst ± 0.1ls 1.5
ρ0 70.8±10.6 216.0±20.0 17.6 ± 1.6stat ± 1.1syst ± 0.7ls 14.9
f0(980) 6.9±4.0 21.0±11.8 1.7 ± 1.0stat ± 0.1syst ± 0.2ls 2.0
f2(1270) 11.1±4.8 34.0±14.0 2.8 ± 1.1stat ± 0.2syst

+0.4
−0.7 ls 2.6

ρ0(1450) 2.4±6.1 7.4±18.5 0.6 ± 1.5stat ± 0.0syst
+0.1
−0.0 ls 0.4

ρ0(1700) 3.4±3.3 10.5±10.0 0.9 ± 0.8stat ± 0.1syst ± 0.1ls 1.2

Table 8.8: Fit fractions, event yields, the product of branching ratios B(B+ → X`+ν` ) × B(X → π+π−) and
statistical significance (without systematic uncertainties) for the π+π− state X using an incoherent sum of
resonances. The uncertainties in the product of branching ratios are statistical (stat), systematical (stat) and
those due to the variation of the parameters of the line-shape functions within their uncertainties, respectively.
The signal reconstruction efficiency is assumed to be the same for all the π+π− states, and calculated to be
ε = (7.73 ± 0.09) × 10−4 using the PHSP B+ → π+π−`+ν` MC, as in the main measurement, in the signal region
and fitted dipion mass.

a nonresonant model. These models did not affect the results from the incoherent sum of resonances4,
and consequently, are ignored for the rest of the analysis.

The resonance content in the dipion mass, as well as their corresponding product of branching ratios is
given in Tab. 8.8. In this case, the ρ0 meson make up a (70.8±10.6)% of the total π+π− states and the
branching ratio is measured to be B(B+ → ρ0`+ν` ) = (17.6 ± 1.6stat ± 1.3syst) × 10−5. The measured
product of branching ratios for the other resonances is not statistically significant. The functional shape
for each resonance is shown in Fig. 8.7.

Coherent sum of resonances decaying to a charged pion pair

In this case the resonances are allowed to interfere by the introduction of a phase in the mass line-shape.
The total PDF of the π+π− states is given by

PDF (m) =
������

∑
i

ciRi (m)eıθi
������

2

, (8.15)

where ci is a positive real number that accounts for the contribution of each resonance and is referred
to as the amplitude in this context, and θi ∈ [−π, π] is the phase. The Fit fraction for the resonance i is
calculated as

f ifit =

∫ ���ciR(m)eıθi ���
2

dm∫ ���
∑

i ciR(m)eıθi ���
2

dm
, (8.16)

and the interference between resonances i and j is given by

f i jfit =

∫
2<

[
cic
∗
j Ri (m)R∗j (m)eı(θi−θ j )

]
dm∫ ���

∑
i ciR(m)eıθi ���

2
dm

. (8.17)

4 The event yield with nonresonant models were consistent with zero in the fit.
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X Sc1 Sc2 Sc4 Sc4 Sc5

f0(500) ! ! ! ! !

ρ0 ! ! ! ! !

f0(980) % ! % % !

f2(1270) ! ! ! ! !

ρ0(1450) % % ! ! !

ρ0(1700) % % % ! !

Table 8.9: Scenarios to combine the mass line-shapes of different resonance candidates in a coherent way.

The inclusion of the phase for each resonance increases the number of free parameters and consequently
the statistical error in the fit fraction, which is larger compared to the previous cases. Since the dominant
resonance in the dipion mass is the ρ0 meson, the values for its coefficient and phase are fixed to one and
zero, respectively.

Five scenarios are considered with different combinations of possible π+π− states with three common
resonances: f0(500), ρ0 and f2(1270). These scenarios are summarized in Tab. 8.9. The fit results
containing the amplitude, phase and fit fraction for each resonance in the different scenarios is given
in 8.10. The corresponding shape of the total contribution to the line-shape from a coherent sum of
resonances using the fifth scenario is visualized in Fig. 8.8. The statistical uncertainties in the amplitude,
phase and total (coherent) yield are propagated into the fit fraction, leading to asymmetrical uncertainties.
As these uncertainties are large, no additional systematic uncertainties are considered.

The calculated product of branching ratios B(B+ → X`+ν` ) × B(X → π+π−) for each resonance in
the considered scenarios are presented in Tab. 8.11. Despite the fluctuation in these values from one
scenario to the other, they agree within error bars. For instance, the branching ratio of semileptonic
B± to the ρ meson varies from B(B+ → ρ0`+ν` ) = (14.8+4.7

−4.1stat ± 0.9syst) × 10−5 in the fifth scenario
to B(B+ → ρ0`+ν` ) = (17.5+4.3

−5.8stat ± 1.0syst) × 10−5 in the second scenario. One can argue that the
difference in the central values is due to the low statistics in the high dipion mass region (above 1.4
GeV), and consequently resonances in this region, such as ρ0(1450) and ρ0(1700), can be neglected in
the modeling of contributing π+π− states. On the other hand, as the study of resonances is carried out
using only the dipion mass without angular variables, the interference effects can be ignored. Thus, the
previous two cases are enough to study the resonance component of the dipion mass. Overall, the three
cases studied, provide consistent results for the ρ0 channel. Apart from the ρ0 meson, the other states are
measured with a small statistical significance, indicating that either a larger data sample is needed to
confirm these decays with a hadronic tag B meson reconstruction or another analysis must be carried out
using another B meson reconstruction method such as the untagged technique.
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Figure 8.6: Contributions of the ρ0 and f2(1270) mesons, as well as the scalar π+π− states after performing an
unbinned extended maximum likelihood fit to the dipion mass in the signal region (M2

miss < 0.8 GeV2). The event
yields of the background are fixed according to the fit results in the one dimensional configuration. The distributions
in the dipion mass are presented in a linear (a) and logarithmic (b) scale to appreciate the mass line-shape of each
contribution.
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Figure 8.7: Mass line-shapes for possible particles decaying to a π+π− final state after performing an unbinned
extended maximum likelihood fit to the dipion mass in the signal region (M2

miss < 0.8 GeV2) using a incoherent
sum of resonances. The event yields of the background are fixed according to the fit results in the one dimensional
configuration.
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Figure 8.8: Results from using scenario 5 after performing an unbinned extended maximum likelihood fit to the
dipion mass in the signal region (M2

miss < 0.8 GeV2) using a coherent sum of resonances. The event yields of the
background are fixed according to the fit results in the one dimensional configuration.
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Sc1 Sc2 Sc3
c θ [rad] ffit [%] c θ [rad] ffit [%] c θ [rad] ffit [%]

f0(500) 0.73±0.28 −1.08±0.33 7.5+5.6
−4.6 0.48±0.31 −0.55±1.00 3.4+4.8

−3.1 0.62±0.30 −0.86±0.65 4.8+4.9
−3.7

ρ0 1.00 0.00 69.4+12.3
−9.1 1.00 0.00 72.5+17.8

−24.0 1.00 0.00 61.9+16.9
−20.7

f0(980) − − - 0.22±0.15 −1.80±0.77 3.6+7.7
−3.5 − − -

f2(1270) 0.23±0.05 −1.20±0.45 6.8+2.7
−2.6 0.30±0.08 −0.97±0.50 12.0+5.9

−6.1 0.16±0.10 −1.32±0.70 2.9+3.9
−2.6

ρ0(1450) − − - − − - 0.15±0.16 −1.75±1.44 1.8+4.6
−1.8

ρ0(1700) − − - − − - − − -
Sum of interferences − − 18.3+7.0

−10.6 − − 8.5+23.0
−28.0 − − 7.3+57.5

−35.6

Coherent yield 295.5±19.4 295.6±19.5 300.2±20.4

Sc4 Sc5
c θ [rad] ffit [%] c θ [rad] ffit [%]

f0(500) 0.63±0.26 −0.49±0.59 4.8+4.1
−3.1 0.72±0.37 0.42±0.88 6.2+6.2

−4.7
ρ0 1.00 0.00 59.6+17.7

−11.6 1.00 0.00 59.3+18.7
−16.3

f0(980) − − - 0.27±0.18 −2.30±0.59 4.5+9.1
−4.2

f2(1270) 0.18±0.06 −1.45±0.58 3.6+2.5
−2.0 0.27±0.09 −1.41±0.58 8.0+5.3

−4.5
ρ0(1450) 0.00±0.12 −0.55±4.32 0.0 0.00±0.35 −0.72±4.26 0.0
ρ0(1700) 0.20±0.08 −3.14±1.16 5.1+3.9

−3.5 0.20±0.07 −3.14±1.20 5.1+4.1
−3.2

Sum of interferences − − 7.0+3.2
−6.6 − − 17.0+21.3

−24.7

Coherent yield 308.7±19.2 306.9±19.5

Table 8.10: Amplitude, phase and fraction of the fit for each resonance for the five different scenarios considered in the coherent sum of mass line-shapes. The
total event yield for the coherent sum of resonances is also provided as well as the total fraction of the interferences. The amplitude (c) and phase for the ρ meson
are fixed to one and zero, respectively.
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X Sc1 Sc2 Sc4 Sc4 Sc5

f0(500) 1.8 +1.3
−1.1 ± 0.05 0.8 +1.2

−0.7 ± 0.1 1.2 +1.2
−0.9 ± 0.1 1.2 +1.0

−0.8 ± 0.1 1.6 +1.6
−1.2 ± 0.1

ρ0 16.7 +3.0
−2.2 ± 1.0 17.5 +4.3

−5.8 ± 1.0 15.2 +4.1
−5.1 ± 0.9 15.0 +4.5

−2.9 ± 0.9 14.8 +4.7
−4.1 ± 0.9

f0(980) - 0.9 +1.9
−0.8 ± 0.1 - - 1.1 +2.3

−1.1 ± 0.1
f2(1270) 1.6 +0.7

−0.6 ± 0.1 2.9 +1.4
−1.5 ± 0.2 0.7 +1.0

−0.6 ± 0.04 0.9 +0.6
−0.5 ± 0.1 2.0 +1.3

−1.1 ± 0.1
ρ0(1450) - - 0.4 +1.1

−0.4 ± 0.03 0.0 0.0
ρ0(1700) - - 1.3 +1.0

−0.9 ± 0.1 1.3 +1.0
−1.3 ± 0.1

Table 8.11: Product of branching ratiosB(B+ → X`+ν` ) × B(X → π+π−) [10−5] for each resonance in the different
scenarios of the coherent sum case. The first uncertainty is statistical and the second is systematical.

X Fit fraction [%] Event yield B(B+ → X`+ν` ) × B(X → π+π−) [10−5]

ρ0 56.9±12.9 71.8±11.8 6.0 ± 1.0stat ± 0.3syst
+0.05
−0.007 sff

f2(1270) 15.7±7.3 19.8±8.6 1.6 ± 0.7stat ± 0.1syst
+0.05
−0.07 sff

Scalars 27.4±11.5 34.5±13.4 2.9 ± 1.1stat ± 0.1syst
+0.17
−0.24 sff

Table 8.12: Fit fractions, event yields and the product of branching ratios B(B+ → X`+ν` ) × B(X → π+π−) for
the π+π− state X in the low q2 region (q2 < 8 GeV2), using shapes for the ρ0 and f2(1270) mesons from MC
and a scalar from factors derived from dispersion theory. The uncertainties in the product of branching ratios
are statistical (stat), systematical (stat) and those due to the shape of the scalar form factors (sff), respectively.
The signal reconstruction efficiency is assumed to be the same for all the π+π− states, and calculated to be
ε = (7.60 ± 0.12) × 10−4 using the PHSP B+ → π+π−`+ν` MC, as in the main measurement, in the signal region
and fitted dipion mass.

A comparison of previous measurements of the total branching ratio of semileptonic B decays to a ρ0

meson, with the one obtained in the first case (the use of the scalar form factor) is shown in Fig. 8.9.

8.2.2 Study of dipion mass in the low momentum transfer region (q2 < 8 GeV2)

As pointed out in the previous section, the modeling of the dipion mass should be restricted to resonances
below 1.4 GeV because of the limited statistics. Since the three cases studied for the whole phase space
gave consistent results for the branching ratio of the B+ → ρ0`+ν` channel, one can restrict the analysis
of the π+π− states in the low q2 region to the use of the scalar form factor and shapes derived from MC
simulation. This method has the advantage of reducing the statistical uncertainties of the event yields as
the number of fit parameters is smaller compared to the other cases. The fit fraction, event yields and
product of branching ratios for each resonance are presented in Tab. 8.12.
In the case of the ρ0 meson, the partial branching ratio in the low q2 is

∆B(B+ → ρ0`+ν` ) |
q2< GeV2 = (6.0 ± 1.0stat ± 0.3syst) × 10−5. (8.18)
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Figure 8.9: Previous measurements of B(B+ → ρ0`+ν` ) used in the calculation of the world average [1]. They
include an untagged measurement by CLEO [128], an untagged measurement by BaBar [43], a semileptonic tag
measurement by Belle [129] and a hadronic tag measurement by Belle [47]. They are compared with the result
from the first case studied using scalar form factor and shapes from MC. The result from this thesis treats the
B+ → π+π−`+ν` channel as a four body decay using the full phase space, whereas the reported measurements for
the ρ0 are optimized based on a three body decay using a mass window around the nominal mass of this meson.
This mass window is specified in the plot for each measurement in terms of the ρ0 decay width (Γρ).

8.3 Implications for |Vub | from the B+ → ρ0`+ν` decay

The magnitude of the CKM matrix element Vub is related to the partial branching ratio ∆B within a
certain region of q2 through

|Vub | =

√
cv∆B
τB+∆ζ

, (8.19)

where Cv = 2 for B+ decay modes, τB+ is the lifetime of the B+ meson, and ∆ζ is the normalized decay
rate calculated in the same q2 region as ∆B within a theoretical framework. Values of ∆ζ are available
for the B+ → ρ0`+ν` decay from form factor predictions such as LCSR (low q2), LQCD (high q2) or
quark models (some calculations cover the full q2 range). To reduce the statistical uncertainty in the
branching ratio calculation, the values obtained from a fit using the scalar form factors and the MC shapes
for the decays are employed in this section. The predictions from the ISGW2 [39] and UKQCD [130]5
are used for the measurement in the full q2 range, whereas the LCSR [108] is used for the measurement
in the q2 < 8 GeV2. The theoretical uncertainties from the ISGW2 calculation are not available. The
lifetime of the B+ meson is taken as τB+ = 1.638 ± 0.004 ps [1]. The calculated values of |Vub | using the
5 The UKQCD calculation uses a quenched lattice QCD and other assumptions to extrapolate ∆ζ to the full q2 range.
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Theory q2 [GeV2] ∆B [10−5] ∆ζ ps−1
|Vub | [10−3]

UKQCD [130] all 17.1 ± 1.6 ± 1.0 16.5+3.5
−2.3 3.56 ± 0.17 ± 0.10 +0.38

−0.25
ISGW2 [39] all 17.1 ± 1.6 ± 1.0 14.1 3.85 ± 0.18 ± 0.11
LCSR [108] q2 < 8 6.0 ± 1.0 ± 0.3 5.4 ± 0.4 3.68 ± 0.31 ± 0.09 ± 0.14

Table 8.13: Calculated values of |Vub | for different predictions of form factors for the B+ → ρ0`+ν` decay, using
the results from a fit to MC shapes and scalar form factors. The uncertainties are statistical, systematical and
theoretical, respectively.

aforementioned predictions are provided in Tab. 8.13. These results are consistent at the 0.6σ level. Note
that the theoretical uncertainty for the UKQCD calculation is larger than the statistical uncertainty in the
full q2 range. On the other hand, the result at low q2 is dominated by the statistical uncertainty due to the
small sample size at this region.
Using the UKQCD calculation for ∆ζ and previous measurements of B(B+ → ρ0`+ν` ), one can

compare the central values for the |Vub |. The values for this matrix element for each experiment are lower
compared with its exclusive value (|Vub | = (3.65 ± 0.14) × 10−3 ) [41]. The latter is currently the most
precise measurement of |Vub | derived from global fits to the B → π`ν channel. In the literature [44–46],
this difference in central values has been associated to the use of a limited dipion mass region around
the nominal ρ0 mass, suggesting access to a small fraction of the phase space available to the decay.
This argument would imply that the experimentalists did not correct their analyses for signal efficiencies.
What truly happens is that previous analyses could not separate the S-wave/nonresonant contribution
from the ρ resonance, due to the high levels of background contamination in untagged analyses. From
the previous measurements, the most precise result for |Vub | comes from a hadronic tag measurement by
Belle [47] using a dipion mass window around twice the decay width of the ρ0 meson, for which the
central value is consistent with the exclusive determination. The result from this thesis is also consistent
with the exclusive value, and even though it uses a hadronic tag method, the statistical error is larger than
that in the latter. This difference is mainly due to the treatment of the final state particles, in this thesis the
B+ → π+π−`+ν` channel is considered as a four body decay, while the other cases used a three body
decay approach. This combined with the restricted phase space give rise to differences in the signal
selection and background level contamination. The exclusive results hold up the disagreement at the 3σ
level with the inclusive value (|Vub | = (4.52 ± 0.15exp ± 0.13theo) × 10−3) [41].
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Figure 8.10: Calculated values of |Vub | using the UKQCD [130] normalized decay rate and previous measurements
ofB(B+ → ρ0`+ν` ), together with the result from this thesis, in the full q2 range. The branching ratio measurements
include an untagged measurement by CLEO [128], an untagged measurement by BaBar [43], a semileptonic tag
measurement by Belle [129] and a hadronic tag measurement by Belle [47]. They are compared with the exclusive,
based on a global fit using the B → π`ν` channel, and the inclusive values of |Vub | as reported by HFLAV [41].
Note that the mass window used in the analysis to select ρ0 candidates affects the |Vub | value, measurements that
take into account the broad width of this meson (Γρ) give |Vub | values in agreement with the exclusive value.

8.4 Final comments

The present analysis of the B+ → π+π−`+ν` is by no means complete given the poor statistics obtained
after signal selection, especially for dipion mass regions above 1 GeV. The hadronic tag method,
implemented in this thesis, yields a signal reconstruction efficiency for this channel at the 7 × 10−4 level.
This implies, that in order to study and measure relations between form factors and other resonance states
as suggested in [48], another B meson reconstruction method has to be utilized, at the expense of large
systematic uncertainties. For instance, the untagged (inclusive B reconstruction) method will provide an
increased signal data sample to accomplish such studies.

In summary, a total branching ratio of the four-body decay B+ → π+π−`+ν` has been measured to be

B(B+ → π+π−`+ν` ) = (22.4 ± 1.9stat ± 1.3syst) × 10−5,

from which approximately a (69 ± 9)% corresponds to the resonance state involving the ρ0 vector meson.
The branching ratio for the latter is measured to be

B(B+ → ρ0`+ν` ) = (17.1 ± 1.6stat ± 1.0syst) × 10−5, (8.20)
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this result can be used together with the theoretical calculation of the normalized decay rate from the
UKQCD collaboration to compute

|Vub | = (3.56 ± 0.17 ± 0.10 +0.38
−0.25) × 10−3, (8.21)

in accordance with the exclusive result using global fits to the B → π`ν` channel. Other resonances
lack evidential value as can be seen, for example,in the case of the semileptonic B+ decay to the tensor
meson f2(1270) has a branching ratio of

B(B+ → f2(1270)`+ν) × B( f2(1270) → π+π−) = (1.8 ± 0.9stat
+0.2
−0.1syst × 10−5, (8.22)

with a statistical significance (without including systematic uncertainties) of 2.2σ.
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SUMMARY AND OUTLOOK

9.1 Summary

In this thesis, exclusive charmless semileptonic B decays to two charged pions were studied using a 711
fb−1 data sample collected at the Υ(4S) resonance with the Belle detector. The events are selected by
fully reconstructing one B meson into hadronic decay modes. The other B meson is further studied
to extract the signal. As the dominant processes in B decays involve a b → c quark transition, they
become an irreducible source of background to the B+ → π+π−`+ν` decay. Since the kinematics of both
processes are similar, this thesis implements a Boosted Decision Tree algorithm to reduce this background
efficiently.
The main advantage of the hadronic tag in reconstructing B mesons is that it allows determining the

properties of the signal via energy and momentum conservation laws. In this manner, one can infer the
neutrino kinematics from the missing four-momentum of the event. As the neutrino is the only particle no
reconstructed, the missing mass squared is zero. In contrast, the background usually contains intermediate
decays, giving rise to massive particles not reconstructed in the event, and consequently, a missing mass
squared different from zero. Therefore, the missing mass squared becomes the primary discriminator
to obtain the signal. The measurement is carried out in bins of the dipion mass Mππ to reduce model
dependence. For each bin, an extended binned maximum likelihood fit to the missing mass squared is
performed to determine the signal yields.

The measured total branching ratio, derived from the sum of partial branching ratios for each bin in the
dipion mass, is

B(B+ → π+π−`+ν) = (2.24 ± 0.19stat ± 0.13syst) × 10−4.

Here, the dominant uncertainty to the branching ratio is of a statistical nature due to the small size of the
signal samples as a direct consequence of the hadronic tag reconstruction. The most significant source
of systematic uncertainty comes from the tagging efficiency correction, which is assigned to be 4.2%.
This branching ratio is the first reported measurement for this decay. As such, a comparison with other
experiments is yet not possible. Instead, different tests were carried out to validate this measurement.
One trial consisted of repeating the procedure in subsamples for this channel, by lepton type or by the
charge of the B meson, yielding compatible results with the one previously quoted. Another inspection
was carried out using control samples. In this case, semileptonic B decays to a charmed meson (the D0),
in four decay channels, were analyzed using a selection procedure similar to the one used in the signal.
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The measured branching ratios are in agreement with the ones quoted by the Particle Data Group [1].
An attempt to resolve possible π+π− states was also carried out using the dipion mass spectrum solely

in the signal region. To that end, three approaches were implemented. The first approach used mass
line-shapes from MC simulations for the ρ0 and f2(1270) mesons, generated with form factor predictions
from the Light Cone Sum Rule calculations [98, 99]. The remaining states are assumed to originate from
S−wave contributions to the dipion mass, and modeled with a scalar form factor derived from dispersion
theory. These scalar form factors were provided by Prof. Dr. Christoph Hanhart and Stefan Ropertz from
the University of Bonn. The second approach employed analytical mass line-shapes for each possible
resonance, such that the incoherent sum of these functions describes the dipion mass spectrum. These
functions correspond to a modified version of a Breit-Wigner functions adapted to a particular resonance.
The last approach modeled the dipion mass spectrum as a coherent sum of resonances, using the shapes
from the second approach. The three methods gave consistent results for the ρ0 meson, which accounts
for (69 ± 9)% of the total π+π− states. However, the other particles lacked evidential value due to the
poor statistics of the signal sample.

Using the first approach, the branching ratio of semileptonic B decays involving the ρ0 meson reads as:

B(B+ → ρ0`+ν) = (1.71 ± 0.16stat ± 0.10syst) × 10−4,

in agreement with previous measurements. The preceding result together with the normalized decay
rate from the UKQCD [130] calculation are used to compute the CKM matrix element Vub, which is
measured to be:

|Vub | = (3.56 ± 0.17stat ± 0.10syst
+0.38
−0.25 theo) × 10−3.

This result supports the exclusive value, |Vub | = (3.65± 0.14) × 10−3, from global fits to the B → π`ν`
channel and holds up the tension at the 3σ level with the inclusive value, |Vub | = (4.52 ± 0.15exp ±

0.13theo) × 10−3 [41]. Some measurements have reported branching ratios that resulted in |Vub | values
much lower than the average exclusive value. Contrary to the discussion in the literature [44–46], this
effect is not a consequence of selecting a narrow window in the dipion mass for the analyses, but a result
of the treatment of the background underneath the ρ resonance, which has a large impact in untagged
analyses.
The product of branching ratios for the f2(1270) meson is measured to be

B(B+ → f2(1270)`+ν) × B( f2(1270) → π+π−) = (1.8 ± 0.9stat
+0.2
−0.1 syst × 10−5,

with a 2.2σ statistical significance without taking into account systematic uncertainties.

9.2 Outlook

The signal sample size attained with the hadronic tag method poses an impediment for further analysis of
the data. Angular studies, resolution of resonances, measurement of ratios between form factors or even
form factors themselves, are not possible with the current statistics. With the full dataset accumulated by
the Belle detector, this task can be pursued using an untagged method. Typical signal reconstruction
efficiencies achieved with this method are about 2% [43, 131], rendering around 7000 B+ → π+π−`+ν`
events to perform such studies. However, as the background contamination is higher than in the hadronic
method, the systematic uncertainties are expected to dominate the experimental error. To obtain that
same amount of signal events with the hadronic tag, a data sample around 18 ab−1 would be necessary.
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Such a large dataset will be possible to collect in the not so distant future with the Belle II detector.
Complementary studies with other four-body decay channels such as B+ → π0π0`+ν` and B0

→

π−π0`+ν` , can add more information to the resonance composition in B+ → π+π−`+ν` . Because of
the arrangement of the angular momentum of the dipion system, the B+ → π0π0`+ν` channel admits
only scalar mesons, while the B0

→ π−π0`+ν` contains only vector mesons. In contrast, both meson
types are found in the B+ → π+π−`+ν` decay [48]. Research on these channels can also be useful in
the establishment of some resonances, that currently are still controversial such as the f0(500) or the
excited states of the ρ meson (ρ(1450), ρ(1700)). Thus, semileptonic decays of heavy mesons like B or
D constitute a probe to study the internal structure of light mesons due to the QCD factorization [132], by
which one can disentangle the leptonic and hadronic part of the decay. The information gained on these
mesons, for example form factors, can be extended to improve predictions for hadronic decays involving
these mesons [49].
Finally, one of the primary concerns in the flavor physics sector is the striking difference in the

measured values of the CKM matrix element |Vub | between the inclusive and exclusive approaches.
Global fits using SM parameters by the CKMfitter [20] and UTfit [133] groups, as well as measurement
in decays of bottom baryons [88], reinforce the latter. This fact may suggest a reconsideration of the
theoretical model for inclusive charmless semileptonic B decays. On the experimental side, there is still
much work to do, as the measured exclusive modes correspond to approximately a quarter of the total
inclusive rate [1]. Therefore, the remaining states demand a separate study to reduce this gap and help to
improve the inclusive modeling, since the lack of knowledge on all exclusive b→ u`ν modes is one of
the contributions to the systematic uncertainty in the inclusive approach. These mesons have masses
above 1 GeV and decay to multi-pion states that, from a theoretical point of view, represents a challenge.
Consequently, a prediction of form factors for such particles treated as multi-body states may not be
available soon from lattice QCD or sum rules.
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APPENDIX A

APPENDIX

A.1 MC modelling

B+ Mode B(×10−2) (MC) B(×10−2) (PDG) FF model and FF’s

D∗0`ν 5.79 5.68±0.19 ρ2
= 1.24 ± 0.04, R1 = 1.41 ± 0.049, R2 = 0.844 ± 0.027

D0`ν 2.31 2.23±0.11 ρ2
= 1.18 ± 0.04 ± 0.04

D0
1`ν 0.81 ISGW2

D∗02 `ν 0.39 ISGW2
D∗00 `ν 0.91 ISGW2
D∗01 `ν 0.81 ISGW2

D0(2S)`ν 0.02 ISGW2
D∗0(2S)`ν 0.05 ISGW2
D(∗)

non−res`ν Goity-Roberts

B0 Mode B(×10−3) (MC) B(×10−3) (PDG) FF model and FF’s

D∗+`ν 5.33 5.11±0.23
D+`ν 2.13 2.17±0.12 ρ = 1.18 ± 0.04 ± 0.04
D+1 `ν 0.74 ISGW2
D∗+2 `ν 0.36 ISGW2
D∗+0 `ν 0.84 ISGW2
D∗+1 `ν 0.74 ISGW2

D+(2S)`ν 0.02 ISGW2
D∗+(2S)`ν 0.05 ISGW2
D(∗)

non−res`ν Goity-Roberts

Table A.1: Summary of the b→ c`ν modes used in the Monte Carlo simulation.
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Figure A.1: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion

mass and q2. The plots are presented in different regions of di-pion mass with a bin width of 300 MeV, and for
q2 < 4 GeV2. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν and a fixed background.
The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due to their poor statistics
remains constant in the fit with a value equal to the prediction of the MC simulation. The pull values for each bin
are presented underneath every plot, to show the accuracy of the fit with respect to the data. In most of the cases the
pull values do not exceed 2σ indicating a good consistency between the data and the fit result.
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Figure A.2: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion

mass and q2. The plots are presented in different regions of di-pion mass with a bin width of 300 MeV, and for q2

in the range from 4 GeV2 to 8 GeV2. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν and a
fixed background. The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due to
their poor statistics remains constant in the fit with a value equal to the prediction of the MC simulation. The pull
values for each bin are presented underneath every plot, to show the accuracy of the fit with respect to the data. In
most of the cases the pull values do not exceed 2σ indicating a good consistency between the data and the fit result.
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Figure A.3: Distributions of the M2
miss after a binned extended maximum likelihood fit in bins of the the di-pion

mass and q2. The plots are presented in different regions of di-pion mass with a bin width of 300 MeV, and for
q2 > 8 GeV2. The fit components include the signal, B+ → D0`+ν` , other B → Xc`ν and a fixed background.
The latter contains contributions from continuum, B → Xu`ν and rare B decays, that due to their poor statistics
remains constant in the fit with a value equal to the prediction of the MC simulation. The pull values for each bin
are presented underneath every plot, to show the accuracy of the fit with respect to the data. In most of the cases the
pull values do not exceed 2σ indicating a good consistency between the data and the fit result.
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Figure A.4: Pull distribution for the signal yield drawn from 20000 toy MC for the one dimensional binning
configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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Figure A.5: Pull distribution for the signal yield drawn from 20000 toy MC for the two dimensional binning
configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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Figure A.6: Pull distribution for the rest of the B → Xc`ν fit component drawn from 20000 toy MC for the one
dimensional binning configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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Figure A.7: Pull distribution for the rest of the B → Xc`ν fit component drawn from 20000 toy MC for the two
dimensional binning configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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Figure A.8: Pull distribution for the B → D0`ν fit component drawn from 20000 toy MC for the one dimensional
binning configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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Figure A.9: Pull distribution for the B → D0`ν fit component drawn from 20000 toy MC for the two dimensional
binning configuration. The mean and width of the pull are obtained from a fit to a Gaussian function.
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A.4 Fit Results and systematic uncertainties for subsamples in B → π+π−`ν` separated by lepton type
and B meson charge

A.4 Fit Results and systematic uncertainties for subsamples in
B → π+π−`ν` separated by lepton type and B meson charge

Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5]

1 5.7±3.0 9.07±1.00 0.79 ± 0.43 +0.06
−0.06

2 4.6±2.7 8.66±1.12 0.67 ± 0.40 +0.03
−0.03

3 9.5±3.6 8.99±1.04 1.33 ± 0.53 +0.21
−0.21

4 13.9±4.2 7.73±0.90 2.27 ± 0.73 +0.30
−0.31

5 39.9±6.9 9.84±0.97 5.11 ± 1.02 +0.35
−0.35

6 27.4±5.7 8.77±0.87 3.94 ± 0.91 +0.40
−0.40

7 19.2±4.7 8.36±0.82 2.90 ± 0.76 +0.21
−0.21

8 5.0±2.6 8.64±0.81 0.73 ± 0.39 +0.09
−0.10

9 3.9±2.2 8.51±0.79 0.58 ± 0.33 +0.04
−0.04

10 3.3±2.2 9.28±0.80 0.45 ± 0.30 +0.02
−0.02

11 6.6±2.9 9.68±0.81 0.86 ± 0.38 +0.03
−0.03

12 3.6±2.1 8.11±0.73 0.56 ± 0.33 +0.05
−0.05

13 3.8±2.4 9.24±0.77 0.52 ± 0.33 +0.04
−0.04

14 8.2±10.2 8.05±0.15 1.28 ± 1.60 +0.28
−0.27

Table A.2: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) ratios for each bin in the one dimensional configuration. These values correspond to a
sample containing only electrons (B± → π+π−e±νe).
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Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5]

1 0.7±1.9 6.67±0.86 0.13 ± 0.36 +0.04
−0.04

2 5.0±2.7 7.60±1.04 0.83 ± 0.46 +0.05
−0.05

3 2.3±1.8 6.64±0.89 0.44 ± 0.35 +0.03
−0.03

4 7.6±3.5 8.01±0.91 1.20 ± 0.57 +0.12
−0.12

5 48.0±7.2 8.71±0.90 6.95 ± 1.27 +0.84
−0.84

6 23.8±5.2 6.68±0.76 4.49 ± 1.11 +0.15
−0.15

7 10.1±3.5 7.92±0.80 1.61 ± 0.58 +0.12
−0.12

8 5.2±2.6 8.22±0.79 0.80 ± 0.41 +0.05
−0.05

9 4.8±2.5 9.00±0.81 0.67 ± 0.36 +0.02
−0.02

10 2.6±1.8 8.61±0.77 0.38 ± 0.27 +0.03
−0.03

11 10.1±3.5 8.34±0.75 1.53 ± 0.55 +0.12
−0.12

12 8.2±3.1 8.22±0.73 1.26 ± 0.49 +0.03
−0.03

13 4.7±2.6 7.73±0.70 0.77 ± 0.43 +0.06
−0.06

14 6.4±8.5 6.74±0.14 1.20 ± 1.59 +0.96
−0.77

Table A.3: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) for each bin in the one dimensional configuration. These values correspond to a sample
containing only muons (B± → π+π−µ±νµ).

Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5]

1 2.0±2.1 7.98±0.94 0.32 ± 0.33 +0.04
−0.03

2 6.3±3.1 7.41±1.03 1.07 ± 0.55 +0.09
−0.08

3 4.3±2.6 6.89±0.91 0.79 ± 0.49 +0.09
−0.10

4 14.8±4.5 8.43±0.94 2.21 ± 0.72 +0.28
−0.28

5 49.7±7.4 10.50±1.00 5.97 ± 1.05 +0.45
−0.45

6 30.5±5.9 8.22±0.84 4.68 ± 1.02 +0.29
−0.29

7 15.4±4.3 8.36±0.82 2.32 ± 0.69 +0.19
−0.19

8 6.9±3.0 8.64±0.81 1.01 ± 0.45 +0.08
−0.08

9 7.5±3.1 8.65±0.79 1.09 ± 0.46 +0.06
−0.06

10 5.2±2.3 8.57±0.77 0.76 ± 0.35 +0.04
−0.04

11 10.4±3.7 9.97±0.82 1.32 ± 0.48 +0.07
−0.07

12 4.7±2.3 8.13±0.73 0.73 ± 0.36 +0.04
−0.05

13 6.3±3.0 8.27±0.73 0.96 ± 0.47 +0.03
−0.03

14 0.0±12.6 7.25±0.15 0.00 ± 2.19 +0.00
−0.00

Table A.4: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) for each bin in the one dimensional configuration. These values correspond to a sample
containing only negatively charged B mesons (B− → π+π−`− ν̄`).
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A.4 Fit Results and systematic uncertainties for subsamples in B → π+π−`ν` separated by lepton type
and B meson charge

Bin Cor. Ysignal ε [10−4] ∆B(B+ → π+π−`+ν` ) [10−5]

1 4.8±2.9 7.86±0.93 0.77 ± 0.47 +0.05
−0.06

2 3.6±2.4 8.99±1.14 0.50 ± 0.34 +0.04
−0.04

3 6.2±2.8 8.74±1.02 0.89 ± 0.42 +0.09
−0.09

4 9.1±3.6 7.32±0.88 1.57 ± 0.65 +0.20
−0.20

5 39.1±6.8 8.24±0.88 5.99 ± 1.22 +0.64
−0.64

6 20.1±5.0 7.39±0.80 3.43 ± 0.93 +0.20
−0.20

7 13.7±4.2 8.07±0.80 2.13 ± 0.68 +0.17
−0.17

8 3.6±2.5 8.38±0.80 0.54 ± 0.38 +0.06
−0.06

9 2.0±1.8 9.00±0.81 0.28 ± 0.25 +0.02
−0.02

10 0.0±2.0 9.46±0.81 0.00 ± 0.27 +0.00
−0.00

11 5.4±2.8 8.19±0.74 0.83 ± 0.44 +0.06
−0.06

12 7.7±3.1 8.33±0.74 1.17 ± 0.48 +0.08
−0.08

13 2.8±2.0 8.82±0.75 0.40 ± 0.29 +0.02
−0.02

14 10.3±9.9 7.56±0.15 1.72 ± 1.65 +0.27
−0.27

Table A.5: Corrected signal yields (Ysignal), signal reconstruction efficiency (ε) and partial branching ratios
(∆B(B+ → π+π−`+ν` )) for each bin in the one dimensional configuration. These values correspond to a sample
containing only positively charged B mesons (B+ → π+π−`+ν`).
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Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14

FF B → D(∗)`ν +0.11
−0.13

+0.09
−0.08

+0.06
−0.08

+0.11
−0.16

+0.13
−0.08

+0.04
−0.05

+0.04
−0.13

+0.19
−0.18

+0.24
−0.70

+98.88
−103.91

+0.14
−0.18

+0.14
−0.18

+0.61
−0.20

+2.36
−1.10

FF B → D∗∗`ν +0.20
−0.20

+0.54
−0.54

+0.22
−0.22

+0.70
−0.70

+0.09
−0.09

+0.09
−0.09

+0.45
−0.45

+1.08
−1.08

+1.95
−1.95

+53.85
−53.85

+0.42
−0.42

+0.10
−0.10

+0.27
−0.27

+1.96
−1.96

Shapes B → Xu`ν ±2.41 ±1.44 ±0.36 ±0.82 ±0.42 ±0.57 ±0.49 ±1.05 ±0.49 ±187.05 ±0.22 ±0.14 ±0.12 ±0.81

B(B → D(∗)`ν) +0.14
−0.07

+0.08
−0.08

+0.27
−0.09

+0.18
−0.63

+0.21
−0.15

+0.07
−0.04

+0.12
−0.13

+0.37
−0.48

+0.49
−1.04

+166.94
−170.93

+0.67
−0.44

+0.25
−0.22

+0.18
−0.31

+5.26
−6.58

B(B → D∗∗`ν) +0.11
−0.18

+0.11
−0.11

+0.59
−0.24

+0.22
−0.22

+0.19
−0.14

+0.08
−0.08

+0.15
−0.14

+0.42
−0.34

+0.57
−0.66

+198.65
−135.42

+0.35
−0.06

+0.26
−0.23

+0.29
−0.42

+0.79
−1.04

B(B → Xu`ν) +5.14
−6.04

+2.53
−2.78

+1.71
−1.88

+2.58
−2.85

+1.38
−1.08

+2.17
−2.25

+2.68
−3.31

+4.07
−4.14

+0.38
−0.28

+218.15
−189.82

+0.28
−0.61

+0.21
−0.25

+0.91
−1.04

+0.76
−1.50

Continuum +0.66
−0.05

+0.55
−0.37

+0.03
−0.08

+1.27
−0.57

+0.03
−0.05

+0.28
−0.11

+0.37
−0.30

+0.21
−0.14

+0.22
−0.11

+99.50
−99.96

+0.01
−0.07

+0.53
−0.30

+1.56
−0.86

+6.03
−4.58

Rare ±1.38 ±1.94 ±0.97 ±1.68 ±0.26 ±0.62 ±0.41 ±0.59 ±0.79 ±0.00 ±0.93 ±0.94 ±2.94 ±2.07

Sec. Leptons +0.03
−0.13

+0.19
−0.13

+0.08
−0.01

+0.31
−0.44

+0.01
−0.07

+0.03
−0.03

+0.14
−0.21

+0.36
−0.12

+1.02
−0.69

+91.49
−87.30

+0.14
−0.16

+0.08
−0.26

+0.06
−0.28

+0.97
−3.09

Fake leptons +0.23
−0.16

+0.07
−0.05

+0.06
−0.01

+0.32
−0.17

+0.07
−0.00

+0.02
−0.14

+0.07
−0.09

+0.72
−0.70

+0.81
−0.66

+48.55
−92.50

+0.60
−0.66

+0.10
−0.15

+0.35
−0.08

+1.27
−1.29

`ID ±1.86 ±1.88 ±1.79 ±1.80 ±1.92 ±1.93 ±1.89 ±1.85 ±1.96 ±1.87 ±1.91 ±1.92 ±1.91 ±2.05

πID ±0.94 ±0.96 ±0.91 ±1.00 ±0.98 ±1.01 ±1.01 ±1.01 ±1.03 ±1.01 ±1.03 ±1.04 ±0.99 ±1.19

FSR ±0.34 ±0.54 ±1.04 ±0.65 ±0.23 ±0.26 ±0.20 ±0.34 ±0.24 ±0.00 ±0.19 ±0.17 ±0.64 ±1.81

Signal model ±1.63 ±5.93 ±9.59 ±11.95 ±10.40 ±4.80 ±6.93 ±9.70 ±3.74 ±5.10 ±5.97 ±5.95 ±0.88 ±11.64

Fit procedure ±0.30 ±3.20 ±1.16 ±0.24 ±0.33 ±0.15 ±0.25 ±0.77 ±1.54 ±83.30 ±1.27 ±0.75 ±1.82 ±4.02

Semitotal +6.47
−7.18

+7.94
−8.01

+10.14
−10.16

+12.65
−12.67

+10.73
−10.70

+5.78
−5.81

+7.79
−8.03

+10.93
−10.95

+5.34
−5.38

+436.10
−406.71

+6.64
−6.65

+6.49
−6.48

+4.66
−4.48

+15.58
−15.79

Table A.6: Relative systematic uncertainties in percent for the fits in Mππ bins, for a sample containing only negatively charged B mesons (B− → π+π−`−ν`).
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A.4
FitResultsand
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uncertaintiesforsubsam
plesin

B
→

π
+
π
−
`ν
`
separated

by
lepton

type
and

B
m
eson

charge
Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14

FF B → D(∗)`ν +0.21
−0.07

+0.25
−0.33

+0.51
−0.40

+0.11
−0.21

+0.04
−0.09

+0.08
−0.10

+0.08
−0.07

+0.17
−0.22

+0.09
−0.08

+0.14
−0.25

+0.15
−0.09

+0.18
−0.24

+0.22
−0.78

+22.74
−10.61

FF B → D∗∗`ν +0.45
−0.45

+0.55
−0.55

+0.65
−0.65

+0.32
−0.32

+0.27
−0.27

+0.09
−0.09

+0.25
−0.25

+0.19
−0.19

+2.93
−2.93

+0.13
−0.13

+0.33
−0.33

+0.14
−0.14

+0.38
−0.38

+19.84
−19.84

Shapes B → Xu`ν ±3.52 ±2.23 ±1.42 ±1.88 ±0.16 ±0.49 ±0.55 ±0.52 ±0.23 ±0.32 ±0.30 ±0.17 ±0.45 ±54.64

B(B → D(∗)`ν) +0.45
−1.00

+0.69
−0.63

+0.58
−0.39

+0.32
−0.09

+0.09
−0.12

+0.08
−0.10

+0.12
−0.14

+0.37
−0.14

+0.21
−0.23

+0.27
−0.34

+0.53
−0.09

+0.40
−0.73

+0.33
−0.38

+100.98
−113.79

B(B → D∗∗`ν) +0.76
−0.79

+0.54
−0.64

+0.60
−0.75

+0.17
−0.10

+0.07
−0.06

+0.14
−0.08

+0.27
−0.07

+0.39
−0.14

+1.09
−0.83

+0.32
−0.33

+0.24
−0.22

+0.77
−0.34

+0.36
−0.59

+24.29
−98.97

B(B → Xu`ν) +9.96
−9.52

+3.98
−3.46

+6.16
−8.20

+3.91
−4.32

+0.70
−0.69

+1.70
−1.46

+1.24
−1.74

+3.16
−3.97

+2.10
−2.08

+0.38
−0.08

+0.38
−0.80

+0.28
−0.96

+0.45
−0.31

+15.53
−22.28

Continuum +1.64
−0.34

+0.94
−0.06

+0.15
−0.39

+0.08
−0.02

+0.27
−0.11

+0.04
−0.02

+0.12
−0.14

+2.88
−1.39

+0.07
−0.09

+0.72
−0.45

+0.21
−0.08

+0.20
−0.16

+0.33
−0.43

+44.13
−8.56

Rare ±0.92 ±1.18 ±1.23 ±0.91 ±0.31 ±0.35 ±1.25 ±0.84 ±0.78 ±1.59 ±0.96 ±0.44 ±2.23 ±0.01

Sec. Leptons +0.20
−0.39

+0.36
−0.18

+0.20
−0.18

+0.03
−0.09

+0.02
−0.04

+0.01
−0.06

+0.04
−0.11

+0.09
−0.01

+0.02
−0.08

+0.15
−0.11

+0.04
−0.14

+0.13
−0.14

+0.20
−0.26

+27.82
−11.80

Fake leptons +0.45
−0.73

+0.05
−0.06

+0.01
−0.24

+0.16
−0.18

+0.01
−0.04

+0.03
−0.11

+0.11
−0.11

+1.11
−1.08

+0.02
−0.11

+0.07
−0.07

+0.30
−0.52

+0.02
−0.08

+0.19
−0.11

+37.87
−37.58

`ID ±1.83 ±1.92 ±2.02 ±1.94 ±1.93 ±1.86 ±1.97 ±1.82 ±1.83 ±1.83 ±1.86 ±1.85 ±1.91 ±2.00

πID ±1.03 ±1.01 ±0.99 ±1.00 ±0.98 ±0.99 ±1.02 ±0.98 ±0.99 ±1.01 ±1.06 ±1.01 ±1.05 ±1.18

FSR ±0.18 ±0.24 ±0.25 ±0.18 ±0.06 ±0.07 ±0.25 ±0.17 ±0.16 ±0.32 ±0.19 ±0.09 ±0.45 ±0.05

Signal model ±1.63 ±5.93 ±9.28 ±11.70 ±7.13 ±5.56 ±7.42 ±6.68 ±2.99 ±4.40 ±4.30 ±5.65 ±0.09 ±8.77

Fit procedure ±0.73 ±0.51 ±0.27 ±0.25 ±0.21 ±0.50 ±0.54 ±0.83 ±0.08 ±0.88 ±0.30 ±0.05 ±0.79 ±72.00

Semitotal +11.14
−10.68

+8.03
−7.73

+11.59
−12.79

+12.72
−12.84

+7.51
−7.50

+6.24
−6.18

+7.99
−8.08

+8.39
−8.34

+5.31
−5.26

+5.30
−5.27

+5.00
−5.03

+6.13
−6.19

+3.40
−3.52

+156.03
−183.36

Table A.7: Relative systematic uncertainties in percent for the fits in Mππ bins, for a sample containing only positively charged B mesons (B+ → π+π−`+ν`).
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Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14

FF B → D(∗)`ν +0.10
−0.18

+0.21
−0.16

+0.11
−0.68

+0.13
−0.15

+0.04
−0.05

+0.14
−0.12

+0.05
−0.19

+0.14
−0.24

+0.07
−0.04

+0.27
−0.29

+0.08
−0.08

+0.22
−0.21

+0.27
−0.31

+0.16
−2.18

FF B → D∗∗`ν +0.59
−0.59

+0.35
−0.35

+0.41
−0.41

+0.12
−0.12

+0.09
−0.09

+0.54
−0.54

+0.47
−0.47

+0.34
−0.34

+4.72
−4.72

+0.36
−0.36

+0.16
−0.16

+0.26
−0.26

+0.28
−0.28

+1.79
−1.79

Shapes B → Xu`ν ±1.65 ±0.77 ±0.37 ±0.59 ±0.21 ±0.63 ±0.31 ±1.62 ±0.26 ±4.39 ±0.33 ±0.11 ±0.26 ±0.49

B(B → D(∗)`ν) +0.16
−0.01

+0.01
−0.02

+0.35
−0.08

+0.13
−0.12

+0.04
−0.07

+0.13
−0.13

+0.06
−0.06

+0.22
−0.17

+0.15
−0.14

+0.35
−0.36

+0.18
−0.32

+0.12
−0.14

+0.28
−0.34

+8.29
−8.44

B(B → D∗∗`ν) +0.25
−0.21

+0.07
−0.24

+0.36
−0.31

+0.19
−0.13

+0.05
−0.06

+0.10
−0.13

+0.17
−0.19

+0.18
−0.10

+1.01
−1.12

+0.40
−0.35

+0.26
−0.30

+0.36
−0.05

+0.45
−0.52

+0.33
−0.38

B(B → Xu`ν) +5.14
−5.58

+3.36
−3.30

+2.65
−2.80

+2.92
−3.46

+0.64
−0.78

+1.97
−2.05

+2.19
−2.72

+6.29
−9.20

+0.98
−1.72

+1.13
−0.71

+1.48
−1.65

+0.33
−0.28

+1.53
−1.82

+0.24
−0.36

Continuum +0.04
−0.02

+0.43
−0.02

+0.04
−0.02

+0.45
−0.05

+0.07
−0.04

+0.00
−0.01

+0.55
−0.28

+2.19
−0.61

+0.02
−0.04

+0.04
−0.24

+0.05
−0.10

+0.05
−0.01

+0.37
−0.41

+5.03
−3.38

Rare ±0.05 ±0.18 ±0.53 ±0.30 ±0.05 ±0.06 ±0.01 ±0.21 ±0.54 ±0.19 ±0.90 ±0.76 ±1.87 ±0.08

Sec. Leptons +0.02
−0.09

+0.03
−0.12

+0.04
−0.04

+0.12
−0.16

+0.10
−0.12

+0.05
−0.05

+0.08
−0.00

+0.08
−0.04

+0.04
−0.04

+0.21
−0.56

+0.18
−0.10

+0.23
−0.01

+0.03
−0.22

+1.04
−1.19

Fake leptons +0.38
−0.80

+0.09
−0.07

+0.03
−0.25

+0.11
−0.02

+0.01
−0.02

+0.25
−0.03

+0.04
−0.06

+1.70
−1.58

+0.03
−0.04

+0.19
−0.09

+0.19
−0.41

+0.21
−0.02

+0.22
−0.26

+1.41
−1.36

`ID ±1.77 ±1.86 ±1.75 ±1.75 ±1.77 ±1.77 ±1.76 ±1.78 ±1.78 ±1.74 ±1.81 ±1.86 ±1.92 ±2.07

πID ±0.98 ±0.94 ±0.95 ±0.94 ±0.93 ±0.94 ±0.97 ±0.99 ±0.98 ±0.95 ±1.02 ±1.00 ±0.98 ±1.16

FSR ±0.48 ±0.30 ±0.20 ±0.02 ±0.03 ±0.01 ±0.28 ±0.04 ±0.19 ±0.19 ±0.38 ±0.86 ±0.44 ±0.44

Signal model ±5.10 ±1.94 ±15.24 ±12.88 ±6.58 ±9.72 ±6.45 ±10.59 ±3.20 ±0.04 ±1.80 ±7.91 ±5.94 ±17.45

Fit procedure ±0.25 ±0.03 ±0.29 ±0.20 ±0.06 ±0.39 ±0.49 ±0.35 ±0.47 ±0.58 ±0.28 ±0.56 ±0.45 ±7.29

Semitotal +7.75
−8.08

+4.53
−4.47

+15.63
−15.67

+13.39
−13.51

+6.91
−6.93

+10.17
−10.18

+7.17
−7.34

+12.91
−14.38

+6.27
−6.44

+5.05
−5.00

+3.33
−3.44

+8.31
−8.30

+6.84
−6.93

+21.55
−21.40

Table A.8: Relative systematic uncertainties in percent for the fits in Mππ bins, for a sample containing only electrons (B± → π+π−e±ν`).
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Source bin 1 bin 2 bin 3 bin 4 bin 5 bin 6 bin 7 bin 8 bin 9 bin 10 bin 11 bin 12 bin 13 bin 14

FF B → D(∗)`ν +0.71
−1.20

+0.17
−0.24

+0.26
−0.19

+0.29
−0.13

+0.02
−0.06

+0.10
−0.10

+0.46
−0.15

+0.18
−0.16

+0.16
−0.45

+0.27
−0.20

+0.09
−0.04

+0.09
−0.18

+0.29
−0.62

+4.91
−7.16

FF B → D∗∗`ν +2.32
−2.32

+0.29
−0.29

+0.16
−0.16

+1.00
−1.00

+0.22
−0.22

+0.09
−0.09

+0.08
−0.08

+0.66
−0.66

+0.50
−0.50

+0.19
−0.19

+0.09
−0.09

+0.28
−0.28

+0.51
−0.51

+12.58
−12.58

Shapes B → Xu`ν ±10.36 ±1.46 ±0.93 ±2.03 ±0.17 ±0.25 ±0.59 ±0.84 ±0.42 ±0.17 ±0.03 ±0.10 ±0.08 ±5.19

B(B → D(∗)`ν) +0.62
−1.53

+0.22
−0.20

+0.16
−0.42

+0.65
−0.19

+0.08
−0.09

+0.08
−0.07

+0.37
−0.16

+0.22
−0.18

+0.26
−0.30

+0.51
−0.51

+0.11
−0.15

+0.25
−0.12

+0.11
−0.14

+36.18
−39.05

B(B → D∗∗`ν) +0.65
−1.02

+0.29
−0.19

+0.27
−0.21

+0.40
−0.20

+0.07
−0.05

+0.09
−0.16

+0.19
−0.36

+0.23
−0.33

+0.57
−0.26

+0.61
−0.23

+0.09
−0.01

+0.19
−0.16

+0.14
−0.65

+1.59
−1.61

B(B → Xu`ν) +24.94
−24.97

+3.60
−4.24

+3.43
−3.73

+3.63
−3.95

+1.03
−1.08

+1.27
−1.45

+1.13
−0.93

+1.53
−1.97

+0.30
−1.05

+0.12
−0.10

+0.04
−0.15

+0.28
−0.43

+0.40
−0.31

+8.03
−8.64

Continuum +3.86
−1.52

+0.14
−0.38

+0.35
−0.11

+1.32
−0.61

+0.23
−0.06

+0.19
−0.12

+0.46
−0.25

+1.63
−0.88

+0.20
−0.14

+0.94
−0.51

+0.03
−0.02

+0.46
−0.14

+1.22
−0.16

+66.67
−41.57

Rare ±5.37 ±2.68 ±1.95 ±2.76 ±0.46 ±1.03 ±2.23 ±1.50 ±1.05 ±6.15 ±0.94 ±0.73 ±3.24 ±5.74

Sec. Leptons +0.87
−0.50

+0.04
−0.27

+0.08
−0.05

+0.01
−0.53

+0.02
−0.00

+0.05
−0.06

+0.16
−0.03

+0.02
−0.44

+0.03
−0.19

+0.37
−0.10

+0.01
−0.04

+0.25
−0.35

+0.11
−0.04

+4.63
−14.36

Fake leptons +3.35
−0.70

+0.23
−0.02

+0.01
−0.18

+0.46
−1.16

+0.05
−0.08

+0.13
−0.04

+0.09
−0.05

+0.33
−0.23

+0.42
−0.19

+0.61
−0.30

+0.11
−0.13

+0.02
−0.07

+0.28
−0.39

+13.58
−14.86

`ID ±1.94 ±1.96 ±2.08 ±2.04 ±2.13 ±2.07 ±2.14 ±1.93 ±2.04 ±1.99 ±2.01 ±1.95 ±1.94 ±1.98

πID ±0.99 ±1.05 ±0.95 ±1.08 ±1.04 ±1.06 ±1.06 ±1.00 ±1.03 ±1.08 ±1.08 ±1.05 ±1.08 ±1.23

FSR ±0.02 ±0.07 ±0.11 ±0.03 ±0.05 ±0.20 ±0.27 ±0.02 ±0.13 ±0.81 ±0.36 ±0.34 ±0.16 ±0.82

Signal model ±2.00 ±3.33 ±5.02 ±8.46 ±11.73 ±1.63 ±6.83 ±5.10 ±0.47 ±2.62 ±7.54 ±0.49 ±7.13 ±1.61

Fit procedure ±2.00 ±0.17 ±0.12 ±0.13 ±0.19 ±0.45 ±0.40 ±0.34 ±2.13 ±0.73 ±0.51 ±0.00 ±0.00 ±9.34

Semitotal +28.36
−28.03

+6.22
−6.62

+6.87
−7.03

+10.27
−10.36

+12.03
−12.03

+3.34
−3.41

+7.73
−7.68

+6.28
−6.27

+3.50
−3.62

+7.29
−7.20

+7.96
−7.96

+2.52
−2.51

+8.27
−8.23

+79.78
−64.21

Table A.9: Relative systematic uncertainties in percent for the fits in Mππ bins, for a sample containing only muons (B± → π+π−µ±ν`).
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