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(����	 �	� ������	 ���  ��� %�������	� � &��������	 �� 8��������	
(������A� �����	� � ���� ��	��� !I�	���� $31<"�

• ���
���� �� '������ .��	����� �	� ,���� D� ;�����	� H� 8���� -����
&�	�������	 ���� .�	��� M�������� &�	���� �� ������
� ������	 ���
 ���� ��� ����
� .��� ����
�����	A� �����	� � ���� ��	��� !(����
$31<"�
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◦ C��	��� (��� .��	���� '������ �	� I������ )��	0� H9	������ -��
���	��  �	����	 ���  �	���������	��� ��������� � 8������������� ��������A�
9	 ����	�	��	 ����		������ ���  !  � �"�# ��$ %������ &'((� :��
��	�� ! ."� $311�

◦ '������ .��	����� H������
� ������	 ���  ���� ��� ����
� .���
-�������	A� 9	 ����		����� �� $� ��� �	����� �� ���� ��	��� ��
����
	� %����� ,�������	��� %���� @	�
������ �� ����	����� $311�

◦ '������ ���	�����  ������� N����� ,���� ,� 8���	��	� (�� C��	��� �	�
.��	���� '������ H8��������	� �� � -���� ���� ����
� %���������
������	 ���  ���� �	 )�������� 9	���� &��������	 �� �������� <%
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���� ��� '������ .��	����� �	� .��� &� )�	�����	� H&����� &�	�
���� :�����0����	 ��� � 8���� -����A� 9	 ����		����� �� +� ��� �	��
���� �� ���� ��	��� �� ����
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• ���
���� ��� )�	�����	� .���� .��	���� '������ �	� ;���� '� �	�
�����	� H� (���� '���� &�	���� (��������� &����	�	 '���� ;����
�	� ������
� ������	 ���  ���� �	 � &����	  ��������A� 9	 ����
�		����� �� ����
	�� ���� ��	���  ��������� ����	�	��	� L��		��
�������� $31<�
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1�1 ;������ �
��
��� �	� ����� �� ��� ��� � � � � � � � � � � � � � � <

1�$ 8���� �� ��� ���� �	� ���6��� �����	� � � � � � � � � � � � � � � 4

# $����	
��� %���������
 !!

$�1 )�*&$ ����������� ���� � � � � � � � � � � � � � � � � � � � � � 11

$�$ ,-�. / (* -�����	�� *�	� �����	� � � � � � � � � � � � � � 1<

" &�	� ��	�'� !(

<�1 %���	 .��� &���� � � � � � � � � � � � � � � � � � � � � � � � � 14

<�$ &�	��������	� �� ��� ������ ����� � � � � � � � � � � � � � � $3

<�$�1 ;������� �	� ���������� �����	�	�� � � � � � � � � � � � $3

<�$�$ (��	 ��	� ����� � � � � � � � � � � � � � � � � � � � � � $$

<�$�<  ��+��	�� ��	��������	� �� ������ ����� � � � � � � � $$

<�< ������	���� ����� �����E������	�� �#���� �	 ���� ���������	 $/
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) ��% �	� �����'�	��� *���� #+

F�1 �������� ��� ��	����� � � � � � � � � � � � � � � � � � � � � � <3

F�$ %�	���� ����� ����� � � � � � � � � � � � � � � � � � � � � � � � <1

F�< (���� 
��������	 � � � � � � � � � � � � � � � � � � � � � � � � � <$

( ��	�
��� ��	����, %�,�  �	� ��
�� ���-,��	
��� ""

/�1  ��� ������ ������	���� ���������� � � � � � � � � � � � � � � � <F

/�$  ��� �������	� ���	 ��� ����� ���	 � � � � � � � � � � � � � � </

/�<  ��� ���	���� �E��	���	 � � � � � � � � � � � � � � � � � � � � � <5

/�F ;������� ��� ����� ��	�������	 � � � � � � � � � � � � � � � F1

. ��������	�' ����
�,	
��� ��
� ���������	�� �'���� ���
��� )(

G�1 &����� ��	���� ��� ����� ���� ����
�����	 � � � � � � � � � � � � � FG

G�$ &����� ��	���� ��� �	��	��� ����� ������� � � � � � � � � � � � /1

G�$�1 ;������	��� '�( �	������ � � � � � � � � � � � � � � � � /1

G�$�$ &����� ������0����	 � � � � � � � � � � � � � � � � � � � � /F

/ *���� �	�� ���
��� 	�,���
�� ��� 	 ��
�� ��
� ��% (+

4�1 :
��
��� �	 ��	���� ��������� � � � � � � � � � � � � � � � � � G3

4�1�1 %��	����	 �� ��� ��	���� ������ � � � � � � � � � � � � � G3

4�1�$ :������ ��	������� ��������� � � � � � � � � � � � � � � G$

4�$ 898: .�	��� M�������� ��	���� ��� ����
� ���� ����
�����	 � � � GF

4�< (9(: (���� ;�������
� &�	���� � � � � � � � � � � � � � � � � 43

0 $���	�' �� -����, 	�� ��
��� ���1 /(

J�1 ������	���� ����� � � � � � � � � � � � � � � � � � � � � � � � � 4/

J�$ .��� �	������ � � � � � � � � � � � � � � � � � � � � � � � � � � � 44

J�< 8���� ����� ��	�������	 �	� �������	��� �
�������	 � � � � � 4J

J�F ����
� .��� ����
�����	 ���� ������
� ������	 ���  ���� � � 45

J�/ &��� �� �	��� ���������	 � � � � � � � � � � � � � � � � � � � � J$

J�G 9	�������	� �	 ��� �������� ��+������	�� � � � � � � � � � � � � J<

+ ��������� 0/
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��� �����	� ��	���	� ��� ����	 �� ��	 ���

%���	 ��� ���� $/ ������ ��� ��0� �� ������� ����� ����0�	��� �E�� ��	� �����	��
��� �	�	���������� ��	���	��� �����	 � ��������	 �� ��� ���� �� �	����
���� 1�1� �� ��� ����� ��0� �	�������� ��� ��	� �����	� �����	�	��� �	� ���
������ �	 ����������� ��
� �� �������	� ����� �����7 �	 ��� ����� ��� �����
���������� ��+������	�� ���� ���	�� �������� �� �	������	 ��� ����� �� ���
���������� �� �� �������	 ���� �E��	��
� ������	�� ���� �	 ����� �������
����	��� 8����� �� ��� O//P �	� -�0����� �� ��� O/1P ��	����� ���� ���� ����	
���	� �� ������ �� ��� � ������ ���
� ����� ������� �������	 �� ��� �����	�
��0� ����� 	�� ����� �	� ��	��� �	 ����� �� ���� �� �	��� ��������	� �	����
����	������� ����������� ��� �	�������� �� ����� ��� ������� �������	 �	
� ������Q���	� ����

��� �������	 ������� ����� �� ���
�� �� ������	 ����	������ ������� ��
������	 ��� ������	���� ����� ��� ����� ��� �� �������	�� ������ ���� ����
��
� �� ����
� ���� ��	���� �������	�� ;����
� ���� ��	���� ����� �� �����
�� ��
��	������� ����������� ������	 �� ��� ������ ����������	�� ��� ������ �����




 ����������

������ ���	 ��� ����� �	
�� ��� ��� �	�	� ��� 	� ����� ������ �	��	���� ��� 
�� ����
���� ���� ���� �	����	���� ��	
�� �	� ��� ���� �� ������ ��� ������ ��	�	���� ���
� 	�����	� ��� � ������� 	� ��� �� ����� �	���� 
�� ������� 	�� 	� ���
������� �������� �	��� ���������� !	����" #�
��� ����� ���� ��� �	���	��
�	� ���� ����� 
�� ������� $%�&

�����	� �� �	 �	������ �� ��� ������	���� ������ ���� � ������	 ����������	
���� ������ ��� ����� ������ ����� �	��� �� ������� �	� ��������� �������
��� ������	���� ����� O$3� FGP� ����
� ���� ��	���� �� �	����� �����
�� ��
� ��	� �����	� ����� ����� ������ � �����	����	 �� ��	����� ��	���� �	����
�	� ���������� �����	����� ��� ��� 
�������	� �	 ��� ��	� ���� ����� �� ���
������� �	� ���� ����
��� ������� ��� ������	���� ����� �� ��� �� �������	��
��� ��	���� �� ����	 �������� �� �� ���� ���� 7 �������� ��
���� �� ��� ������
����� �	 ��� ���6��� ��� �������� �� '����� �	� 
�	 D��� O5P� �	� I��	��	
�� ��� O<<P�

8���� ������ ��	 ������ ��#���	� �������� ����� �� ������ ��� ������	����
������ �	 ��� �����	� �������  �� �	���	��� ��� ��������	�� ����� ����� ����
��� ��	 �� �	��	��� �� ��	���� ���� ����� �	��
�������� �	� ���� ������
�����	���� ��� ��� ���� 
�������	� ��� ����� ����� �	���	��� �� ��#���	� �0�
������� �������	�� ��� ��� �	���	�� ��� �	
��������	� �� '����	�� O15P� .����	
�� ��� O<5P� �	� '����	�� �� ��� O1JP� :���� ����� �� ����� ����� �������� ���



��� ������� �������� ��� ��� �� �� �� �


���� �����	���� �	����� ��� 
�������	� �	 ��� �	����	 ��	� ���� �� �������
�	 ��� ����� ������ ������� �� �������� �������	� ���	 ��� ����� ���	7 ���
������ ������� �	� ��	�� ��� ������	���� ������ ��� ������� �� ��
����
�� ��������� OFF�/4P� ���� ������	 ����	 ���� O/4P� �� ������	 ��� ���� ����
� ��	��	���� ����������	 ������ ��� ������ ��� ���� ��#���	����� ���� ���
��������	�� ����	 �	� �� ��� ��� ������ � ����������	 �� ��� ������� ������
������� ���� �� ��	��	����� �	� ���� �
���� ��� ��� ��� �	� ��� �������
�����	��	������ �
�	 �� ���� ������	 ����	� ����� ��	� ���	��  ���� ����
� ��	��	���� ����������	 ����� ��
� ���� ������ ������	���� +�������� O/GP
�	� �������� ����� 	���� �������	� ���	 ������	 �����

8�
���� ������� ��
� ������� �	 ������	 ��� ���� ���� � ��	��	���� ��������
���	 ������ �	 �	������ ���� �� ���� �������� �� ��� ��������� �� ����	����	�
���� ���������� ���� �� �������� ��� �� ��� �����
��� �� ��� 	���	 ������
�	�� �� ��������� ���� �
�	 �	���� ��� ���� �	
��������	 ����� �� ���� ��
������ �� ������������ ���� ���� �� ��� ��#���	� 	���� ���� ����	��� ����
���� ��
���� ��� �	���� ������� �� ����
� ������	���� ��	���� ��
����
����������� ���	 ��� ����� ���	� ��	�� ����	 ��� ���� �� ��	�������� ���
���	 �������� �� ��� ����
� ������	���� %�
���� !��%" O/P� ����
�  ���
&�	���� !� &" O1<P� ����
� ������	���� .��� &�	���� !��.&" O1/P� (���
������������ � ������	 ��� ��� ���� � ��	��	���� ����������	 ����� ���
���	 �������� �� ��� ������	 ��� ��� O11P� ������	 ������	 ��� ��� OG$P�
L������� ������	 ��� C������� !L��C" O$1P� %��������� ������	 ���
C������� !%��C" O<P� %��������� ������	 ���  ��� !%�� " O$P� �	�� ���
�����	 �� ��� ������ ������	� ������
� ������	 ���  ��� !��� " OF� $<P�
����� �� ��� ��	���	����	 ���� ���� �� ������� ��������� ���� �����

��� �����	�� �� ����
� ���� ���	 ��� ��	� �����	� ������ ��+����� �����
��	���� ������ ���� �����	� ��� ���� ��� ������ �	� ��� ��	���� �#����
���� ��� ��� ��������	 ������ �	 ��� ������	���� ������� ;��
���� �����
��� ��
� ��������� ��� ������� �� ��������	 �	������ ������	���� ������
�	 � $% ������� ������	 ���� ���� �� ���	� ���	 ������� ,�
����8�����
���
��� O<3� /4P� ��	�� ���� ������� OF/P� 
��������	
����� �	��������	 ����
��� OF5�/$P� �	� ������� �	�	����	 �������� ����� ��	������� ������ +�����
������ �����E������	� O<GP� �� �������� ��� ������ OJ�$1P� �� ��	����������
���� �� ������ O1� /� $<P� :	 �����	� �� ����� ����� ����������	�� ��+�����
��	��� �	�	����	 ������� ��
� ����	 ���	 �	������� �	 '���� �����	�
(���	��� !'�(" ����� ����������� ������ ������	 ���� �� �������� ���



 ����������

���� �����	�� �� � �����	� ���� ������
� ������	 ��� �����

�	����� ����� ������� �� ����� ������ �� ��� �� ����	 ��� ����� H����	A� �
��	���� �������� ����� ����� �	 ��� �	��������	 �����
�� ���� ��� ��	�����
����� �������	� ��� ���� ����������� ��	���� �����	� ��� ��������� ������
��� �	 ����� �� ����� ��� ��	������� ��	� �����	� ������ �	 ��� ������� ������	�
��� ���� ������� �	 ��	� �����	� ������ ���� ������
� ������	 ��� ����
������ ����� ��� ��	���� ��������� ����� �	 ;9% �������� ������� ������
�� ���� ����� �	����	��	��� O$� <� /� /3� /<P� �� �� ��� ����� ����� ������
����������� ������	��� ���	���������	 OJ� <GP� .���� ������� ��
� �	�����
��	������� ���� ��
�	��� ����� ����� ��	���� ���������� ���� �� .�	���
M�������� -�������� !.M-" OG$P� (���� ;�������
� &�	���� !(;&" O11�$<P�
�� H∞ ��	���� OG3P� ��� ��� ����� ��	���� ��������� ��� �� ����
����	 ���

�������	� �� ��� ����� �
�� ��� ����� ����� �	� ���� ��+���� ���������	��
���� ���
��� �	�������	� �� ��� �����	� ���� ����� �
�� ��� ������� (��� �� ���
��������� ������
� ��� �	��������	 ���� ��� �����	� ����� ����������	 �����7
���� ������� ������ ��� �
���������� �� ��	���� ���� ���
��� ���������	�� ��
��� ����� ��������	 �	� ��������	 ���� O/�1<�/3�G$P� ������� ����� ��	��������
��� �	����� ���������	�� �� ��� ����� ������� ��	��	 ����	�� ������ ��
�������� �������	� ���	 ��� ���	 O$� <P� ��� ���� ������� �� ��� ����� ����
O11� 1$� $<� <GP� 8��� ������� ��
� ���� ��	������� ��	���� ��������� �����
�������	�� �	��������	 �	 ��� �	���� ��	�����	 ���	 ��� ������ ��� ���
�����
��� �	���	��� �� ���������	�� ��������� ���� ;����A� ����� ���	��� �	 ���
����� �����	 ��� O<� 11� $<P�

��� ������� ����� �� ������
� ������	 ��� ���� ��� ���	 �� ��� ��� ����
���
���	 �� ��� ������ ����� ������ �� ��� ���������	 �� ��� ������	���� ������
�	 ��� ����� ������� ��� ��� ����	���� ��� ���� ����
�����	 ��� ���� ��������
�	 $% ������� ������	�� ���� ���������	� O$1�<<P� �	� ���� ��	� ��		�� �E����
���	�� �	 	�	�������	 ��� OG� /5P7 ��� 
�������	 �� ��� ����������� ���������
����� !������ �����" ��� ��� $% ������� ������	 ���� ������
� ������	 ��� ����
��� ���	 �	
�������� �� '����� �	� C��	�� O1GP� ��� ��������	��� ��
������	 ��� ���� �	 ���� ��	� �����	� ������ ��
� ���	 �
������� ���	��
�� ���	� �� ����������� ���������	�� �� �	 ���� �� ��� ����� ����� �	 ���
���
���� �	� ��� �������	 ���������� ��� ������	 �E������	�� ��
� ���	
���� ���������� ��� %@*9,% ���� �� %���� �	�
������ ������ � ��� ������
����������� �	 �	 ���	 6�� ��	� ��		�� O1$� G3P� �	� &�����	�� �� ��� O$FP
������� ��� � ���� ����� �E������	� �	 � $$/ �* �����	� ���� ���� �	 �	� ��
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��� ����� �������

��� ��� �	
��������	� ��	����� ���� ����� ������ ���� ������
� ������	
��� ���� ��
� � ����	���� ��� ������	 ��� ������ ����� �E�����	��� ��
��� �����	�7 ������������ ��� ������� ���� .���	�� �	� 
�	 D��� O<4P �	�
&�����	�� �� ��� O$$P �������� ���� ����
� ��� ��	����� ����	�� ��� ������
����
�����	 ��� ������ �� ������ ���� ���� �� ��� �E����� ������ 9	 ����� ��
������ ���� ����
�����	� ��� ��������	�� ���������	� ���	� �	 ���������� ���
������ ����������� ���� ����� ��	�	 ���� / �� F4 �����	�� ��� ��� ����
���� �������� �� '����� �� ��� O11P� ��� ��#���	��� ��� ������ ��� �� ���

������ �� ����� ����� ��	�������	� ��	������� �	 ��� ����������� �	 �����
�� �����	� ��0� �	� ��������� �E��	���	 �� ��� ������	 ��� ��� ����������
��	���� �������� �	� ��	����� ����� ���� ����� ��� ��	� ���� ���������	
��	�����	� ���� ��
� � ��	����	� ������ �	 ��� ������ ����
�����	 ��������
�	� ���������	� ��������� ���� ��� �������	�� �	��	������ ��� ������ �� ���
���	 ���� ����� ���� ����
�����	 ��������	��� ���	 ������� ����� �	 ����
��������� ��	� ���� ��	�����	� O/P� 9� �� ��������� �������	� ���� �
�������	�
�	� ���������	� �� ����� ����� �������	� ��� ����� �	 ������� �	� ���������
���������	 ��	�����	�� �������	 ��� �	���	��� ��� �����������	� �
�	 �� ���
9�& ���	���� G1F33 �	 ��	� �����	� ����	 ��+������	�� O$GP�

��� ����	 �� ��	 ���� ��� ����	�� �
����	

��� �����	� ���� ��������� ��� ��
������	� �� � ����� ����� ���� �	 ���
��
� ���� ����
�����	 ������ �������	 ������
� ������	 ��� ���� �	 ��� ���
��� ������7 ��� ����� ����� ��
������	� �� �	
�������� ���� �	 �	����	�1��
	-���� ���������
�� ��� ����� �� ��� ���6��� �� ���� �� ��������� �	 �����
���
��������� ���������	 ���� ���� �� �����	� ��� ��� �����	�� �� ��� ������
�
������	 ��� ����� �	� ���� �� ��	 �	 �	���� �	 ��� �#���� ��� ���� ��
� �	
��� ������	���� ������� ��	������� �	 ��� �����	�� �� ��� ���������� �	� �	
��� ����� �E�����	��� �� ��� �����	� �����	�	��� ��� �	���� �� �E�������
�� ��������� ��� ����
� ���� ��	���� ���������� ����� ���	 ����� �� �� �����

���� ��� ����� �	 ��� �����	� ������ �	�� �	 ����������� �� ������ ��� ������
����� �� ��� ����� ���� ���� ������� ��������	�� ����� �� ����	 ��	����
���� � �������� ����	 ���������� ��� ���� ��	��	��� ��� ����� ���	�� ��
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��� ;��%� ������ �� �	�����	 OFP� �	� �� ������ ��
������ �	 �������� ����
��� ;��%� ������� �� '����� O13P� '��� O/P� �	� &�����	�� O$/P� ���� �#���	
	������� ���	��� �� ������ �	��������	� �	� �� �������� ������������	�

��� ������	 ���	� �� ���� ����� �� ��� ����������� �	������ �� � ���	���� ��	�
�����	� �	 ��� ������	� ��	�������	� ������� �	� ��� �� ����� ����
� ����
��	���� ��
���� ������� <� ��� ���� ������ ��������	 ��� �����	� �����	��
��� �����	�� ���� ���������	� ��������� ���� ��� ���������������� ���������
��� ���� )�*&$� ����� �� ������ ��������� �	 ������� $7 ��� ���� �������
�����	�� ��� ���	 ��������������� �� ��� ,-�. / (* ��	� �����	�� �����
���� �� ���� �� ������	�� ����� ��������� ��� ������ ��� ����������� �	���
���� �� ��� ������	� ��	� �����	� �� ���� ���� �� +��	���� ��� ���� ������ ��
������������	� �� ��� ������	���� ����� �	 ��� ���������	�� ���� ���
���	
�	 �	�������	 �� ��� ��+������	�� ��� ��� ��
������	� �� ��� ������	����
����� ���� ����� �����	� ��� ��� ��� �#����� 8���	���� �� ��� ������� ���
6����
� �� ��� ����� ����� ��	���� �� �� ����
���� ��� ����� �	 ��� �����	� ������
��� �������	��� �	������ ���
���� � ������ �	���� �	 ����� ���� �����	����
��� ��� ����	�	� �	��� ������� <�

&������ F �	�������� ���  ��,-�
 ������	���� ������ �	 �	�	����	 ����
�� ����� ���� �����	�� ��� ��� ������ �	� ��	���� �#���� �� ��� ��������	�
�	 � $% ������� ������� ��� ����� �� 
�������� ���	�� 	�������� ��������
�	� �������	��� �	 ��� )�*&$ ����� ���� ���
���	 � �������� �����������
���������	 ���� ��� �����	�� ���� ������
� ������	 ��� ����� � ����� �����
��	�������	 ���� ���� �� �������� �	 ������� /� �	� �� ���� �	 ��� �������	
�	
��������	�� � �������	��� �
�������	 �� ��� ��� �#���� �� ��������� ����
� ��������� ������ ��	���� ��������� ��	������	 ���� ���� ����
�����	 �	�
����� �	��	����	� ��6����
��� ������� G�  �	����� ��� ����� ����� ��	����
��������� ��� ����
� ���� ����
�����	 ���� ���� ��� ��
������ �	 ������� 4�
��� ���� �������� ������� � ������ ��������� ����� ��� ��� ��	���� �	��
������� �	 ����
����	 ��� ����� ���� ������� ��	��	 ����	� 
�������	� �	�
���� ����� �� ������� �	����	��	��� ���� ��� ���� �� ��� ���������� ���
����	� �������� �������� �	����� �	 H��������A ��	���� ���������� �����
��� ���� ��	������� �� �����	����� ��� ����� ������	 �	� ���� ����
�����	�
�	� ��	��� ���� ����� ����� �	� ��� ��������	 �����	�� ��� ����� �����
��������	��� ��� �
������� �� ���	� �� ����������� ���������	� ���������	
��� ��	� ���� ��	�����	� ���������� �� ��� 9�& ���	���� O$GP� �	� ��� �#����
�� ��� ��� ����
� ���� ����
�����	 ��� �������0�� �	 ����� �� ������ �����
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��������	�� &������ J ������� ��� ��������� �� ��� ��	����� �	� �����	�� �
��	���� ������� �� ��� ���	 �	��	�� � ��� ��	���������	� �	 ��� ��������
�� ���� �� �������� ������ ���� ������7 ������� 5 ��	������ ��� �����������	
��	������

 �� ���� ���	 �	 �E������
� �	������ �	 ��� ����� ����� ���6���� ��� ����
����� �� ��	����� 
������ ����� ������� �� � ����� ����� �������	�����	7
���	 ������� ��	���������	� �	 ���	���� ����������� �	� �	 ��� ��	��������	
�� �������� ��� �������� ��
���� ��� ����	�� '� 	� ���	� ��� �������	 �������
���� ���� ������� ��� ��	������� �� ���� �������	�� ���	 ��� ��������
���������
�	��7 �	 ��� ��	������ �� �� �	�� �� ��	������	 ��� ����� ������� ������� ����
�� ���� �� �������� �� �������	� ������� ����� ����� �������	� ���� ������
�
������	 ��� ���� ��
� ��� ����	���� �� ���� ��� ��� ��� ��� 	�E� �	������	
�� ��	� �����	���



�( ����������



������� �

��
������ �����������

� ������	���� ���� �� ��� �	
��������	� �����	��� �	 ��� �����������	 �	
��
��
���������	� �� ��� ����������� �����	�� �� � ������	�� ��	� �����	� ������ ���
��� ���������	� ��� ��������� ���� ��� �	������ ����������� ���� )�*&$�
��� ������� ������ �����	�� ��� ���	 ��������������� �� ��� ����������� �����
�	� �	�������� ��� ,-�. / (* ��	� �����	�� ����� ���� �� ���� �� ������	��
������ ���� �	 ��� ������	� ��	�������	� �	� ���������� �	 � ����� �����
��	�������	 �������	 ������
� ������	 ��� �����

��� �� !� �	��	������ ���	

��� ���� )�*&$ !)���0�	��� �E�� *�	� �����	� &���� $	� �	������	" ��
� ���� �� ������� ���� ������	 ���������	� �� ��� ����������� �����	�� ��
�	 ����0�	��� �E�� ��	� �����	�� ��� ���� ������� � ��������� ����������
����� ���� � '���� �����	� (���	��� !'�(" ������	���� ������ �	�
�	������ � ��	� ���� �	������ ���� �� ��������� ��� ��	�����	� ����������
�� ��� 9	���	����	�� �����������	���� &��������	A� !9�&" ���	���� �	 ��	�
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�����	� ����	 O$GP7 ��� ��	� ���� ���������� �������	�� ��E �� �	������
�������	 (�		A� ������ ��� ����������	���	�� ��	� ���������	� OF<P� �E�
��	��
� �����	 �	� 
��������	 �� ��� ����������� ���� �	� ��� �����	�	�� ���
������� ��� �	 ��� ����� ������ �	��� ��� 9�� ���� $< H:#����� &��� &���
������	 &�����������	 !:&<"A O</� F4P� �	� �� �����	��� ��	��	��� �	��� ���
:&F ���6��� OFJP�

��� ��������� ���������� ����� ������ � �����	 ����� �� ������	�� ����
�������	 O/FP� ���� ���� �� ���	�� �	 ��� ��	 ������	�� ������ ����� ��	
���	����� �	� ������ ���� ������� �� �	����� ���� �� �� ��� �	������ ������	��
������ ��� ��	� �����	� ��������� �� ������� �� �	 ������ �� �������
�	� ���� ���� �� ������� �� � ��+��	�� �� �������	�� ���� �����	��� ����
�	���	������� �����	��	 ��� ��� ������	�� ����� �� �������� ��� ��������
���	 ����� �� ���� �� ��� ������ �� �������� ���� ������� �� ��� ��	 �����
������	��� ������� �	� �	��� ��� ��	��� ���������	 �� ����� ��������	� �	�
�������	�� '������ �� ����� �����	� �����	�	�� ���6��� �� ���� ��������	��
��� ��������� �� � ������ �� ������� ����� ��� !��	���" ����������	 ����� ��
��� ���� �����	� �	 � ���� ���� ��� ���	������	 �	� �������	 �� ��� �������	
���� ������	�� ������ ��� 	�	���	��� �#���� ������ �� ���� ��������	 ���
���� �����	��� ����

��� ������	���� ���� �� ��� ����� ������� ��� '���� �����	� (���	���
!'�(" ����������	� ��� �����	� ����� ���� �� ��������0�� �	�� � ����� ����
�	� ���� �		���� ������ �� ��� ��� �� ������� �	����	��	� ���� ��� ����
���� ������	���� ������ �	� ����	�� ��� �������� �� ������ ������	� ���	
��� ����� ���	 ���� $% ������ ���� �����	� ��� �	������ ��	����� �	 ���
������ �	� ��������� ��� ��	�����	�� ��� ��	���� ����� ����� ���������
�� )�	��	 �� ��� O$JP �� ���� �� ����� �	� �� ���	 ����������� �� ��� ����
 ��� ����� �� �����	� ��� ��� ������	���� �#���� �� ��� ��������	� �������
F7 ��� ��� ������ �����	 �E����� ��� ���� ������� �	 ���� �� 	��� ��� ���
������	� ��� �	����� 
��������� �
�� ��� ����� ���� ��� �����
�� ��� ����
���� �� ��� ����� ��� OF$P� �	� ����	� �	 ���� ������ �	� �0������� �����
���	� ��� ������ ���
���� � ������ �������	�����	 �� ��� ����� ������	�����
�	 	�	��	����� �	��� ���	 �
�	 �� ��� ���	���� '�( ����������� �����
������ �	����� �		���� ������ �	�������� �	� �0������� �	����	��	�� OF$P�
��� ����� �	������ C������ �	� ;��	��� ���������	�� �	� �����	�� ��� ���
�#���� �� ��	���� �	��� �� ������	 R��A� ����	� ����� �������� ����� �	
��� �	����� 
��������� O$5P�



!�! �)�* � +, )�������� ,��� ������� �-

��� '�( ���������	 �� �	����	��	� �		���� �����	�� �� �	�� 
���� ��� �����

�������	� �� ��� ������ ���Q���	� ���	 ��� ����� ������� ��� ��	�����	 ��
������ �� �� 
������� �	 � ����� ����� ���� ���	����� ����������� ������	����
��	����� � ����� ������	 ���� �������� ���� 6��� ��6���	� �� �	� �������
���� ����	 �	������� ����	 �����	��	������ �	 ��� ������ �����������	�  �����
���� ������ ��	����� �	
�������	 ��� �����	�� �� � �����	� ���� ���� ���	
���� ��
�	��� ������	���� ������� �� ��� �	���	�� 
����E ���� �������
�� &���������	��  ���� %�	���� O4P� �	� ���� ������ ��� �������	�� �� ���
���������	� ������� �� ��� '�( ������� �	� ����� ������ �	 ��� �
�����
����� �	� ����
�����	 ���������	��

��� "�#$ % & �	�	�	��	  ��� '
����	

��� ����������� ���������	� �����	��� �	 ��� �������	 �������� ��� ��� �����
�	 ��� ,-�. / (* ������	� ��	� �����	� ����� �	 ��� �	������ ��	�����
���	� ��� ����� ��������� � ��	������� �����	� ����	 ���� �� �������	����
�
�� �����	 ������������� ������������� �����	��� ��� �����	� ������� �
����� ����� �� / (* �	� ��� �	 ����	� ����� ������ ����� �� 1$G � �����
����� ����� $�17 ��� ����	 ��������������� ��� �������� �
������� �	� ���� ���
�����	��� �	 ��� ����	���� ������ �� I�	���	 �� ��� O<FP� ��� ������� ������
��	�����	 �� ��� ��	� �����	� ����������� ����� �� 
������ �� �������	 ���
�����	� ���������� ���+��	���� �	� ������ ��������	 ���
�� �����	�� �� ���
)�*&$ ���� ���	�� ��� ���� ���
���� �	 I�	���	 �� ��� O<FP O-����� �P�

��� ������	� �����	� ��	������� �������� � 
������� ����� �	������� �	� ����
�����
� ���������������� ���������	 �� ��� ����� ������ ���
� ����� ��	�����	��
��� ��	���� �������� ���� � ;9 �������� �	 �������� ������� ���������	��
�� ��� ��� ����� ����� �������	�� ������ �	� ��� ��	���� ��	 �� ��������
���� �� � ��	����	 �� ��� ��������
� ����� �	�� O<FP� (��� �� ��� �����������
���������	� �����	��� �	 ��� ���� ��� �����	�� ���� ��� ������	� �����	�
��	�������� ����� �� ���	���	�� ���� ���	 ��� ��� ���� ����
�����	 ������
�� ����
�� ����� ��� �	�� ��� �	���	��� ����� ��� ,-�. ������	� ��	�������
�� ����������� �� ����� ����������  ����� ����	 ��� ���� ����	 ���� �����
�	������ !������	 <�1" � ������� ;9������ �������� O<JP� �������� �� �� H-��=
��	�������A� �� �	����� ���� �	 ����� �� �	����� ���� ���	 �
�	�� �	 ��� ����



�
 	�������� ����������

23�4 5 "� 3	�	�	��	 ���� ������	
-���� ;���� / (*
,���'����� <
-���� :���	�� ����	�
-���� %���� 1$G �
'���� ��	�� G1�/ �
)�� ����� 53 �
-���� -���� 8�� 1�$G4 ���K�
-���� *�	� 8�� 11�F �K�
&���9	� &������ *�	� 8�� < �K�� $/ �K�
'�����	� &���� ;9� ;-L8


��� ���	 '�� ������������� 	� ��� ()*+ � ', ������� 
�� ������ $-�&� 
��� �
���� �� ��������� �	��� �	� ��� ��� ���	������ ������	�� ��������� � ��� 
	�� 

������	�� ��� ����� �E������	 �� �	 ��� �����	� ����� ����� ��	�������	
�����	��� �	 ������	 4�<� ����� ��� ������	� ��	������� �� ����������� �� �
����� ����� ��	�������� ����� ������� ���� ����� ��������	 �	� ���� �����

�����	 ��6����
�� �� �����	�	 ����� �	� ��� �����	��



������� �

���	 ��������

� ���� ������ �� ����������� ���������	� �� ��������� �	 ��� ,-�. / (*
�����	� �	 ��� ������	� ��	�������	 O<FP� ��� ��6����
� �� �� ���	���� ���
��������	�� ��	�����	� ���� �
� ���� �� ����� ���� ��� �������� ��� ��� �����	�
����	7 ����
� ���� ����
�����	 �	 ���� ��	�����	� ����� �� �	 ���� ������������
��	������� �� �� ����� ����� ��� ����� ���������� ����	 ��+������	���

��� ��������	�� ��	�����	� ��� ����������0�� �	 ����� �� %���	 .��� &����
!%.&"� �������� �����������	� �� ���������	� ��	� ����� �	� ��	� �����	�
��	�����	� ���������� �� ��� 9�& ���	���� �	 *�	� �����	� ����	 O$GP�
��� �	������ �������� � ������� ��� �� ����	 ���� ������ ����� �������� ���
���������	 ��	�����	� ����� �������� ����� �����7 ��� ������� ��� ���� ���
����
� ��	
�	��	� �������	�� �� ����� �
������ ��� ��������	�� �� ��� ����� ������

��� 9�& ���	���� ����� � �����	����	 ������	 �������� ����� S ��� ��E��
��� ����� �E������ �	 ��� ��������� S �	� ������ ����� S �
�	 �� ������
����� �����������	 ��������� ��� �����	� ��������� %�#���	� ���� �� %.&
��� ���������� ��� ������ �	� �������� ����� �	������� ��� ���� ���� �� ���
������� ����� ���� ���� ������ �	� �������� ����� �	� �	������� � �������
���� �� %.& ��� ���� ���� ����� ��� ���� �� ��� �	
��������	 ���� ����� �	��



� *��� .���/���

�	 ������ ������ �	� ��� ��������	�� �� ��� �������� ����� ����� ��	���
�����	� ���� �� �
������� �	 ����� �� ������ ���� ����
�����	 �	��� � ����
�	 ����� �	
��������	 �� ��� ������ ����� �����	 ����	 	����� ��������	
�� �����	��� �	 ��� ����	� ���� �� ��� �������� ��� ��� �� �� �������	� ���
��������������� �� ��� ����� ���� ���	 ��� ������ ��	��������	 �� ��� �����	�
������ ������ � ������ �	������ �� ��� ����� ��� ����� ��� �� ���� ����
�� �	 ���� ������� �	 �������	�	 ��� ��������������� �	� ��+������	�� �� ���
����
� ���� ����
�����	 ������ �	� ��� ��	���� ���������

��� �������� �
�	 �	 ��� ��� �	
��������	 �� ������ ����� ����	 	�����
��������	� �	� �������� ����� ����
�����	� ����
�� ���� � ������ ��	���������	
�	 ��� ���� ����	� �� ���� � �����	� �� �E������ �� ������� �	 	����� ����
������	� ,�	��������� �� ���� 	�� ����� ���� �������� ����� ��� �� ������
�������	��� :	 ��� ��	������ �	 �
����� �
�������	 �� ��� ����� ����� ���
��	���� ������ ���� �	����� ��� ������
� �� 	����
� �#���� ���� ����
� ����
����
�����	 ��������� ���� ��
� �	 ��� �������� ������ �� ���� ���� ������
����	����
�	 ��+������	���

9	 ��� ����� ���� �� ��� �������� ���� �	������ �� ���� �� +��	���� ��� �#����
�� ����������	� �	� ������������	� �� ��� ������	���� ����� ����������	
O������� 9� -����� �P� 9	 ����������� ��� �#���� �� ��#���	� �����E������	� �	
������	 ��� �������� �	� ��������� ��� ��	����� ��� �
������� �	 ����� ��

�������	� �� ��� ��������� ������ ������ �������� ������ �	� ������ ���������
������� ��� ������� �	������ ���� ��� ������	���� ����� ��+����� �� ��������
��� �#���� �� ����
� ��� ��	���� ������ �	����� ���� �������� ���� �	� �����
��	����� �	 ����� �� �
��� ��	����	� ������ �	 ��� ��������� ������

��� ���� ���� �� ��� ������� ������� ��� �	��	� �� ��� ����	 ���� �����
�	������ ������
 ��7 ��� ����	� ���� �����	�� � ���� �������� ����������
�0����	 �� ��� ������ ����� ������ � ���6��� ��
���� ���	�� �	 ���
����
���� ��� ���� ������	 ������� ��� �#���� �� ��� ������	���� ����� �������
�	 ��� ��������� ������ ���	�� ��������� �	 ���
���� ��� ;����� ����� �� ���
����������	� �	������ �	 ��� ����	� ���� �� ��� �����������	 ��� ���� �������
�	 ��� ������� �	� ��� ��������



-�� 0���1� *��� ����� �%

(�� )	��*� $��� !��	�

��� �����	�� �� ��� ,-�. / (* �����	� O<FP �� ��������� ���� ��� ������
������ ���� )�*&$� ������	 $�1� ���������	 ��� ��	�����	� ���������� ��
��� %���	 .��� &���� !%.&" �������� �� ��� 9�& ���	���� O$GP� :��������
�	�������� ��� ���������	� ��� ������� ��� �	 ��� ��	�����	� �������� ��� � �����
99� �����	�� ��� ��	� ����� ������� � -������ �����������	 ���� �
���� J�/
�K�� �	� ��� ������	�� �������	�� �	��	���� �� 1/ �K� �� 1G 2�

��� �������� ����� ��� ������ ������
�� �� ��� ��E���� ����� �������� �	 ���
��������� ������������ ������� ��� ������ ����� ��������� ��� �������0��
�	 ����� �� ������ ����� �+��
���	� ����� !%�."� ��� ����� �+��
���	�
����� ��� �������� ���	 � ���	���� ���	��	 ��������� �	� ;�����	�
(�	�� ���� ��� ��	��� ������ ����� �����������	 O-����� �P7 ���������
��������� *T��� ���
� �E��	�	�� m = 4 ��� ��� ������� �	� m = 10 ��� ���
���� �� ��� ��������� ��� �����

��� ����	 ���� ���� ���� ��������	�� �� 	����� ��������	 �	� ����� ����
������	 !%.& 1�1" ���	� ��� ������ ��	��������	� �� ��� �����	� �������� ���
���� ������ ���� <�1� ���	�� �� � ��	��+��	�� �� ��� ��	��������� ����	�
�� ���� ��� �����	� �� �E������ �� ������� �	 	����� ��	�����	�� %.& 1�1
����	���� ��� ������ ����� ��� ��� ��	������ ��	����7 ��� ��� ����� �������
��	��	 ����	�� ��� ������ ������ ������ ����	 	����� ��������	 ���
�������� �	 ���� �� ������
� ��� ������	��	�� ����� ������� ����� ����� ���	
�	 ��� ���	�� ���� ����� ���� � 	����
� ��� ������ � %.& 1�1 �� ��� ���� ����
���
�	 ��� �����	� ������ ��+������	��� �	� ����
� ���� ����
�����	 �������
����	 �� ������	 ������ ����� ������ ��������� ����� �	 ����
�����	 ����	
	����� ��������	 �	� ���������	�

��� �������� ���� �	������ �����	� � ��������	 �� ����� ����	 ���� ����� ����
�����	 	����� ��� ���� ��E���� ����� �� �����
�� ���� � �������� ����
����� �	������� ���� <�$� ��� �����	�� �� �	 �E����� ������	� ��� ���� ���
������	 ���	� !�&% ��	� ����� %.& 1�F" ��� ��� �������� ����� �� ��� �����
���� ������� ��	��	 ����	�� %.& 1�<� �E����� �������	�� ��	� ����� ����

���� �������	� 	
 �	����� ��� ������� ��� ����� 
	��	�� ��� ����� ��
������ �������
� �	���� ��� ����� ������� ���� ��� ����� ���� ���� 	
 ��� �	�	� ��		���� �	������� ��
�	�� �	 �������� ��� ��� ��
� ���� ���� �� ���� ���  � ��� ����!



�& *��� .���/���

������ ���	 )������ �	������	�� �	 ��� ������ �.������� �	��� /0*+1 ��	� 2*3 �����
���� $�%& ����� �	�� ����� /0+31 $)��	�� 4& ��� �	�����	���� 0+3 ������ �
���	���� � �������� � ��� ������5 0+3 � � �	�����	��� �	 �	���� 	�����	� ���
��	����	� ��� 0*+ ��� ��������� �	� ��� ����� �		� 6��
�� /Mx1� ����
��
/My1� ��� �	��	� /Mz1 ������ �	�����5 �	� ��� �	
�� �	������ /MFA1� �����	�
��� /MSS1� ��� ��
 /M���1 �	����5 �	� ��� ��������� �	��	� /MDT 1 	� ���
�	
 ����� ����� 4 ������� ������ ���	���� m = 4 � ���� �	� �	
�� ��� ����
����� m = 10 �	� ��� ����� 

����� ��� ������ ����� �	 ��� ���
������	 ������	� �	 ��� ����� ��� ����	��
�	� ���� �	 ��� ����� ������ ������������ ����	�� �� ��� ������ �����	�
����� G�1�G�< ���� ����������� ��� �E����� ������	� ��� ���� !�:C ��	�
����� %.& $�<" �����	� ��� ������ ����� �	 ��� �����	� ������� ��	��	
����	�� �	� �	 ��� ����� �������� ��	��	 ����	�� �� �	 ��� ������ ������
��� �������� ����� �� ��� ����� ������ ��� ����	�� ����	��	� �	 ��� �����	�
��������	 �������� ����� �� 	�� �	�
������ ���	�� ��� ��� ������	�� �����	��
���� ����	 �	 �����	� �� �	������	��7 ��� �������� ����� �
�	 �� ��� ����
�E����� ��	� ��	�����	� ������� � �������	���� �����	� ��������	 �����
�� ����� !�� �67� ��- �	 ��<�$"�

��� ������� ��� �� ����	 ���� ����� ��������� �� ��� �������� ���� �	������
�� ���� �� �
������ ��� �#��� �� ���	�� �	 ��� ������	���� ������ ������	 <�<�
� ���� ���� ����� 	� ������� ������� �	 �������� ����� ���� ������� ��� ����	
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������ ���	 #������ �	�� �������� $)��	�� 4& ��� �	����� ������ ��� ������ �	���
���	���� � ���� 	� ��� 0+3 ��������� �� ��� 2*3 �������� 0+3 � - � ����	����

�� �
	 �	�7�����	��" �� ������� � ��������	�� ��� �	�� ����� ��� ����� ����
��� ������	
�� ��� ��� ������� ����� ��	����� ����� ��� ���� 
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���� �	
��������	� 9� �� ���� �� ������ ���� �� �
������ ������� ��� ��������
����� ����� ��	�������	� ����� ���	 �	� ��	��� �� �����
�	��� �� �����	�
��������	� �	��� �E����� ��	�����	�� �	� �� �
�	������ ������	 ��� �	������
�� �	����� �����	���� ������� ���	����� �� ��� ������
� ��� ��������

(�� !������
����� �� ��	 ����*
	 ����*	

:	�� ����������� ���� ���� �� ��� ������ ����� �E�����	��� �� ��� ����
��	� �� �������� ����	 	����� ��������	� �	 ������� �� ���� �� �����	�
��� ��������������� �� ��� ����������� ���� �����	�	�� ���� ���	 ��� ������
������ ��	��������	� O������� 99P� ��� ���� ��������������� ���� ���
��� ������
�	�������	� ��� ��� ��
������	� �� ��� ����
� ���� ����
�����	 ������ �	� ���
��	���� ���������

����� �������� �� ���������� ��������

� ���� ����������0����	 �����	������ ��� ����� �	 ��� ����� ���� �	�� � 
	���
���� �����	�	� �	� � �������� �	�� ��� �������� !�� �������	�����" ������
	�	� �� ��� ����� ��	 �� �	��������� �� ��� ������ �� ��	���	� �� ���� 
����	
��������	��� �	 ��� ��	� ���� !��� ����� ����� ��� ������	��	�� ����� ����
��� �#����� ������	 �����"� ����� ������� �������� 
�������	� �� ��� �����
�	 ��� ������	 ������ ;������� ���� 
�������	� ��� ���� �� �������� �� ����
��	 �� ������ ������� �� ��� ����� �0������� �������	� :	 ��� ��	������
��� �������� �����	�	� ������ 
�������	� ���� ��
����� �	 ��� �� ��� �����
���� �	��� �	� �� 	�� ������ � ����� �	� ����������� ������	7 �	 ��� ���������
������ ���� ����	��� ���� ��� ��	� ���� �������	��� 9	 ��� �	
�������� ������
��� �������� ���� �����	�	� �� ���	����� �� ��� �
���� ���� ��� ���� �����
�0������� �������	 �
�� �	� ���� �������	� ��	� ���� ���������	� O�������
99P7 ��#���	� ������� ���� ��	�� �� �����	�� ���� ��#���	� ���� �
����	
��	�����

.���� �� ��� ����� ���� �	 ��� ������� ��������	 ��� ����	���� �� ���
���������� �����	�	�� ���� <�<� ��� ���� 
�������	� ������� �� ��� �����
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������ ���	 8���� �		� 6��
�� ������ �	���� �����	�� �� �����	� 	� ���� 
��
������ $4����� 22& �	��� �����	� ��	� ������	�� /��� ����1� �����	� 
�� �
���	������������� ������ /�����1� ��	������ �	�� �����	� /����1 4 ���� 
��
��
 ���������� � ���� �	� �	�����	�� ������ ���� 

���� �����	�	� ��� ���� ��	����	�� ���������� �� ����� ���	 ��	� �������
9������ ����
����	 ���� 
�������	� ���� ��� ����� �������� �����	�	� �����
������ ��� ����� ������� �������� ������ ����� �� �����E������� 11 2�
���� <�F�

�� �����
� ������ ����� ��������	� ����	� ��� 11 2 ���������� ��� �����

�����	 ������ ������ ���� ����� ���������� ���� 
�������	�7 �� ��� ��������
��� �����	�	�� ��� 	�� ������������ ��� ����� ����� ����� ��+���� �	������
���	 �	 ��� ������ ���� ��	�����	�� �� �
�	 ��� �	���	�� �� ���������	��
�� ��� ������ ��	��	 ����	��� ��� 11 2 ������ ����� ��	��������	
�� ��� �������� ���� �����	�	�� ���� ������ ���� � ����� ����� ��	����
�������� ���� ��	��� ���� �����	��	 ��� ��� ����������� �������� ����

�������	�� ������ �������� O1$�<$�G3P �� ������ ���������� ������	��� ���	��
��������	 OJ� 15� <GP�
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DEL: Orig. 1.41e+004 kNm. DEL: NoPer. 1.25e+004 kNm

 

 

Sim.Series,m=10
No Per.Var,m=10
m=8

������ ���	 8���� �		� 6��
�� �	����� ������ ������ �.������� �	��� �	� �9�����
���� 
�� ����� 	�����	� /
������ �� ��� 
�� �������	�1� $4����� 22& )������
�	� �������� �	��� /����� ���1 ��� �	� ����� 
�� �� ���� �	������ �������	� 	�
��� ���	�� �	�� �	��	���� /���� ����1 

����� ��� ��� �����

��� ������ ����� �+��
���	� ����� !%�." �
������� �� ��#���	� ���	 ��	�
������ �	������� ����� �
�	 �����	��	 ��� ��� ���� ���+��	� �������	��� ���
������	 ���
� ����� ��	� ����� �����	� ��� ���� �� ��� ����� ������� �����
���� ������ ������ ���� <�F� ����
� ����� ���� ����
�����	 ����� �����
��	� ����� ������ �	�� � ��	�� ��	��������	 �� ��� �
����� ������ �����7
�� ���� �� ���� ��	������ �� �E����� ��� ����� ����� ������������ ��� �����
������ ����� ����� ��	�����	�� ��� �	���	�� �� �	������ ��� �	��� �������� �
�������	��� ������� �	 ���� ��������	 �� �������� �	 ������	 G�$�

����� ��� ���� �����	����� �� ����!�� ����!�

��� ����� �������� ��	���� !;8%" �� ��� ����� ���� ������� ��	��	 ����	�
�������� � ����� �	� ����	�	� ���� �� ��� 1; ���+��	��� ��������	��	 ��
��� ����� ��
������	 ������� ���� <�/� ��� ���� �� ������� �	 ��� ���� ������
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���� ����� ����
�����	 �� ��� �������� ���� �����	�	��� ��� ����� ����	����
��� ��������� ���� �	������	 ���� ��� � ������	 ����� ���� ��������	��� ��
���������� 	����� �����	 ����� ���� ����	�	� ���+��	���� ����� �� ��� �����
���	�� �	��
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������ ���	 8���� �		� 6��
�� �	����� :	
�� !������� 0����� /:!01 �	� ��� �	���
��� ����� 
�� ���� 
�� ����� 	� �% �;� )������ �	� �������� �	��� /�����
���1 ��� �	� ����� 
��	�� ���������� �	�� �����	�� /���� ����1 

� ������ �� �������� ��� ������ ����� ��	��������	� ���� ��#���	� ����
+��	�� ��	�� �� �������� �	 O������� 99P� ��� ����� ��	��������	� ��� ���	
���	�0�� �� ��	����	� �� ���� ��� �������	 ���	 ��	� ����� �	� ��� ����
���+��	�� ��	�� �	� ��� ������� �� ���� �� H�����������A ���� ���	 ��	�
����� �	 ��� ����0�	��� �E��� ���� ���+��	�� �	 ��� 
������� �E��� �	� ������
��� ������ �� �	������ ����� ������ ��	��������	�� ���� <�G� ��� ����� ���
���	����� ��� ��� ������ ������ ����� �	 ��� ����� ��� ����������0�� ��
���+��	���� ����� �� ��� �������	�� �	�� �	� ����� �� ��	� ����� ���
� ������
���� <�G� 8��������� 	�	�������	 ����� �� ��� ��������� �����
� �������	�
������ ����� ��	��������	� ���� ����� ���� ���+��	���� ����� ����� ��� ���
�����	�� �	� !<;"7 ��� ����� �������� ����������� ���� <�4� ���� �����	��
������ ��	��������	� ���� ��� ����� 	������ ���+��	�� !3�< )0"� �	� � ����
���	���� �	������ �� ��� ������ ����� �� �����
�� �� ��� ��	� ����� �� ���
����� ������ ���+��	�� ���������� ��� ����� 	������ ���+��	���
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������ ���	 !�����	���� 	� ��� �	������	� ��� ���.����� ��� 	������� ���� 
�� �����
�	 ��� ������ ������ ������ 	� ��� ����� 6��
�� �	����� $4����� 22& 0����� ���
�	�	�� ������� ����� ������ ������ �	������	��5 ��� ������ 
��� ���� ����
��� �	���	��� ���.����� �:� ��� -: 

��� ������ ����� �� ���	�� ���
�	 �� ����� ����������0�� �� ���+��	����
����� 1 )0� ��� ��	��������	 ���� ����� ���
� $ )0 �� �������� ��	����	�7 �
������ ��	����� �� ���	 ��� ���	��	 ������ �	������ �� ��� ���� ���� ������
��������� ���� ��� ���� ������ O������� 99P� ��� �������	� ���� ���� �������	��
�	� ��� ���+��	���� ���� �	 ��� ����� ������ ����� ���
���� �	 �	�������	
�� ��� ���+��	�� ��	� �� �	������ ��� ��� ����
� ���� ����
�����	 ������� &�	�
���� �����	� ������� �	 ��� ��� ���+��	�� ��	� ��� ���� �E������ �� ���	
��� ������ ��	��������	 �� ����
� ���� ����
�����	� ��	���� ����
��� �	 ��� ���
���+��	���� ��	 �� �������� ���� ������	 �������� ���� �	� ��� ��������	
���� ��+������	��� � �����	����	 �� ��� ����
��� ����� ��� �	���	��� ������
����� �����	� ���� ���� �	������ ��� ����
�����	 ����	�����
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������ ���	 !�����	���� 	� ��� �	������	� ��� ���.����� ��� 	������� ���� 
�� �����
�	 ��� ������ ������ ������ 	� ��� �	
�� �	������ ������ �	����� $4����� 22& 
0����� ��� �	�	�� ������� ����� ������ ������ �	������	��5 ��� ������ 
���
���� ���� ��� �	���	��� ���.����� �:� ��� ��� ����� ������� ���.����� -: 

(�( �	���+����� ���	� �����,��������- 	.	���

�� ���� ���
������

��� ������� ��� �� ����	 ���� ������ ���	����� �	 ������	 <�1� �� ���� ��
�
������ ��� ��� ����� ��������� �� ����������� ���������	� ����� �� �#�����
�� ��#���	� �����E������	� �� ��� $% ������	���� ������	� ���� �	 �����
�� ������ ������ ����� <�1� �	� �������� ������ ����� <�$� ��� �#���� ��
��	���� ������	 �	 �������� ��� ��� �������� �	 ���� �� +����������� ���
���������	 !Δ 8������#"� �	� �	 ���� �� �	������ ���� �����	�� ��	����	� ��	��
�� ��������� ��� �	������ �����	�� �� � �	��� �����	��� ������� !Δ �� &5' "
O������� 9P� ��� �#���� �� �E�����	 ��� ����� ��	����� ��� ���	 �
������� ��
�����	 ��� ��������	��	 ���� ��	���	�� !Δ 2� ���#�#" �� 0��� O-����� 9P�
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Seq 8���� 8���� 8���� �	
�� �	
�� �	
�� !����
<���
 *���
 �	�� <4 !! �	�� �	�� 

)�� <� :� $'(�& "#!$# "%!&' %!�( $$!"� #'!(( �%!&% #!)&

Δ =����!� (!*' + "!"% + �%!(* + &!** + #!)' + '!"( + "(!%( +

Δ 0# ��> ,"!%& + %!%% + ,�!*) + ,"!%� + ,%!#' + ,"!)# + ,�!�" +

Δ (	 0�� !� ,%!(* + ,%!%& + ,�!"( + ,%!(# + ,%!"% + ,"!"$ + ,"!%# +


��� ���	 <����� 0����� *.������� +	��� /0*+1� �����	�� ��� �	 ������� 	� ���
����� ��� ����	��� �	�?����� $4����� 2& ��� ����� ������� $)��	�� 2& !�����	��
�	�" @	���A� 6�� ����� ����� ����	��� �	�?����� /��������� ����� 7��� �	
1� =����
!����� ����� ����	���� 0# B��,����> ����� ����	��� �	�?������ ����� �������
��	��� /6�� ����� ����	��� � �������� 6	
1 ��� �����	�� Δ ��� �	������� ��
��� �.������� �	��� 	� ��� 6�� ����� ��������� ���� ��� ������� ����� �	 �� �.�������
������ 	� �	�� ������ neq = 106� �� ����� ������� ,C��� ������� ������ ���	����
m = 10 �	� ����� �	���� m = 4 �	� �	
�� ��� ��������� 

max(|M |) 8���� 8���� 8���� �	
�� �	
�� �	
�� !����
<���
 *���
 �	�� <4 !! �	�� �	�� 

)�� <� :� $'(�& "*!'* &!'� %!�� ""�!*& *(!%) "$!** &!&�
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��� ���	 #������ �	��� ��	� ������� ��� 	� ������ �����	�� ��� �	 ������� 	� ���
����� ��� ����	��� �	�?����� $4����� 2& ��� ����� ������� $)��	�� 2& !�����
�	�� �	�" @	���A� 6�� ����� ����� ����	��� �	�?����� /��������� ����� 7��� �	
1�
=����!����� ����� ����	���� 0# B��,����> ����� ����	��� �	�?������ �����
������� ��	��� /6�� ����� ����	��� � �������� 6	
1 D����	�� Δ �	������� ��
��� ������� �	��� 	� ��� 6�� ����� ��������� ���� 

,������	 �������� ��� ��	����� ���� � +����������� �����E������	 ������
��	����	� ������ �	 ��� ��������� ������ ���� �	 ����� �� ������ ������
����� <�1� �	� �������� ������ ����� <�$7 ��� ������ ��������� ����� ����� ��
���� �	������������ �� 	����� $/ 2� ���� <�J� ,������	 ��� ���������	
��	����� ��� �	�� ����� �#���� �	 ��� ������ ������ �� �	 	����� ��������	
�������� ��� ��	�����	� ���
���7 �	 ��� ��	������ ��� �������� ������ ����	
�������� ����	 ����	 ���� ����� ����� ������	� �� ��� �����	� ������ ���
������ �	 ��������� ��� ��	�����	�� ��� �	����� �
����������� �� 	������	
��� ����� ��	������

&��	�	 ��� �	������ �����	�� ��	����	 �� � �	��� �����	��� ������� �	� ������
�	�� ��	�� 
�������	� �� ��� �
����� �����	� ����� �	� ��������� �������� :	
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������ ���	 3����� �� ����� �� 
��� �������� /6�����1 ��� �	 �	�	� 	�����������
�����" �����	�� ��� �	 ������� 	� ��� ����� ��� ����	��� �	�?������ $4���
��� 2& !�����	�� �	�" @	���A� 6�� ����� ����� ����	��� �	�?����� /����� 
��
�����1� =����!����� ����� ����	��� /��� 
�� ��������1� 0# B��,����> �����
����	��� �	�?����� /���� 
�� ������1 ��� ������ ��� ��	���� ������ ��� ������
����	� ������ �	 ��� ����� �	��	��� ��9���� 

�� ��	������ ��� ������	���� ����� ��� �	 ������� �+������ ���� ������	 ���
���� ������ �	����� �	������ ������	������ ���� ��� �������� �	� ���������
��� ��	�����	�7 ���������� ��� ����������� ���������	� ���� �����	 ����	��
������ ����� �	� ��������� �������
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��� ���� �	������ ��� ��������� ��� �������	�� �� �	 ������	���� �����
���� �� �������� 	�� �	�� ��� ������ !�� +�����������" �#���� �� ������� ���
���	 �	� ��� ��������	� ��� ���� ��� �	������ ��	����� �� ��� ������ �	�
����	��� ���� �	 �������� �	� ������� ��� ��	�����	�� ��� ����� ������
���� ��
� ��� ����������	�� ��+������	�� �� ����� ��� �	 �Q���	� �	�������	
���� ��� '�(������ ���������	 �	
���	��	� �� ��� ����������� ���� )�*&$�
������	 $�1�
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�� ��	����	� �� ���� �	�� �� ������ �	� ��� ��������	� ���� F�1� �	� �����	�
��� �	������ �	����� ������	���� ������ �	� ������	 ����	�� ��� ��� �������
������	 �	�����	 ��������� �����	 �	� ��� ��������	� ��� ����������	��
��+������	�� ��� ���� ��� �� ������	 C��	��A� O$4P ����	���� ��� �������	�
������� ���� ��� '�������.������		 ��	���� ����� ����� �� )�	��	 �� ���
O$JP� �	 �������� ���� ������� �� �	�����	 �� ��� O1P�
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��� �������� ��� ���� �� ��� ����� ������� ��� ����������	 ����
�� �� C���
	�� O$4P ��� � ���	 ������� �	 ����	���� ���� ��� ��	���� �#���� ��� �����
����� �	�� � ���������-���� ��	��������	� �	� � �����-���� �	�� ��� 	�	�
����������� !�� ����� ����" ��	��������	 �	�� ����	�� �	 ��� �	���	��	����
�����	 �� ��� ������� �� ��� ��� ��������	7 ��� ����������� ��	��������	� �����
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�	 �� ��� 
�������� ���� �	�� ��� ���� �� ��� �������
����������	 ���	��� ���� ����	�� �	 ��� �	�� �� ������ �	� ��� ��������	
����������

��� ����������� �#���� ��� ��������� �� ��� ����� �� � ������������	 �� �	�
������ ���� �����	���� &���������� ���� 
�������	� ������ �� ������ ���	�� ��
�	�� �� ������ �� ��� ��������	 ��� ��� ��������� �� ��� ���� *�	�������
�	������ �����	�� ��	����	� ����� �� ���������� �	 �E��	�	���� ����� �� �����
��� �Q���	� ���� �	�������	 O-����� 'P�

������� ������	� ���� �	��� �����	��� ��
� �	������ �����	�� ��	����	� ���� ����
��� ���� ��� ��� ����� �	� O������� 9P� ������� ��� ��#���	�� ��� �	�� ��	��
�#���� �	 ��� �
����� �����	� ����������� ������ ������	 <�<� �� ���� ��
� �

������ ������ �	 ��� �	������ ������	���� ����� ��������� �� � $% �������
������	� ������	 �	 �	������ �����	�� ��	����	 ���� �����	�� ��� ��� �������
�����	��� �����
�� ��� ������	� ������	 ��� ������ ��������� �� ��� ����
 ��� ����� �	� ��� ������� �� ���� ������E ����������	�� ������� O�������
9P� ���� ���	�	 � 
������� ��	��������	 �� ��� 
��������	 �	� ���������	
������� O������� 999P�
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��� ���� �� ��� ����� ���� ��������� ��� ��	����� �� ��� ���������	 �������
��� ����������	 �� ��� '�������.������		 ����� �����	��� �� )�	��	 ��
��� O$JP� ��� ���� �� �E������� �� � ������� ��� �� � ����� �������� ����
��	��������	� �	� � ����� ��������� �	�7 ��� ���������	 ��	����� ��� �������
������ ��� ����� ������ �� ��� ���� ����� �	�������� � ��� ���� �����
����
����

��� ����� ��������� ����� ��������� ���� �����	�	��� �	� ��� ������ �����
������� ��� ������
�� ���� ��� ������ ���� �	���� �	� ��� ���� ��	����	� ��
���� �	�� �� ������ �	� ��� ��������	� ���� F�1� ��� ������
�� �������
���� �
� ���� �� ��	������� ���	�� ���� ����� ���� ��� ����� ������� ��
��� ������� �� ��������� � �������� ������ ���� ����� ������������� ���� ���
��� ��	������� ���	�� ��� �	������������� ��� ������
�� ������� �� ���������
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/�( &��	� ����������

� ���� 
���������	 �� ��� ������� ����� �������	�����	 �� ������� ��� �� ����
�����	 ��� ������	���� ������ �	� ������	 ����	� �	 �	 ������� ������	 �	�
�����	 �����	�� ������	 �����	 ����� ��� ��� �� ���	���	�� �	���������
��� ������� ����  ��,-�
 ��� �������� ���	�� ��� �	�� ���� ��� �����
�� )�	��	 �� ��� O$JP �������	��� �	 )�*&$� ��� ������ �	� ����	�� ����
��������� ��������� �� ��� ��� ������ ��� �
�������	� ������	 F�1 �	 O-�����
'P�

 ������ 
��������	 �� ��� ����� ��������	��� ��� �����	��� �	 O������� 999P�
����� ��� ������� �� ��� ��� ��� ����� ��� �������� ���	�� ������	����
������ �	� ����	�� ��������� ���� &���������	��  ���� %�	����� !& %"�
�	� ���� ��� 
��������	
����� �	��������	 ���� ��
������ �� ,�@�� ��� ����
������	� ��� ��������� ��� �	 ������� �	�����	 �����	�� ������	 �����	
�	� �����	�� ������	 ��� ��� ��������	7 ���� ��
�� ���� ��������� �	� ����
������ ��� ��	�����	�� ���� ��#���	� �����	����	� �� ����������	 ����������
�	� ������� ���+��	�����

9	 �������� ��� ��	�����	�� ��� ���������	 ����� � 
��� ��� ������	��
���� �	 �����	�� �� �	�� �� ������ �	� ��� ��������	 
�������	�� �� ���
��	�����	� ���������� ��� �� ����� ���������	� ��������	���� ����� ������	
��� ��� ��� ������� �	� ��� �	�� ���� ��� ���� ������E ������� �������
���� ������ ��������	��� �	 ������� ��	�����	� ���	 �	 �������� ��� �� �����
�����	 �������� ������ �� ���� �	�	����	 ���� �� ������	���� ������� ���
��� ��� ����� �� 6���� ���+���� �� �������� ��� ��	����� �� ��� �	������
������ �	� ����	� �� �	 ������� �+������ ���� � ������	 ��� ���� ��� �����
�� �������	��� �	 ��� )�*&$ ����� ���� ���
���	 �	 ��������
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������	 ���� ��� � �����	� ���� ��� �
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�����	�� �� ���� ��������	� �� ���� ������� �� ��#���	� �������	� ���	 ���
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	� ±5◦� ��� 6�� ��6���	� ����� � ���� �� ��� ��� E	��� ��� ���	� ������ ����
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�	 � (434 %����G ���	� ��	7��� ��� �	�7�����	� � ���� �	 �������� ��� ������
���	������ ������������� 	� ��� 6�� 
�� 3	������	��� <��� 0������ $4�����
222& 

��� ������ ������	���� ���������� ��� ����
�� �� ��������	 & % �����
�����	� �� � ,�&� GF�F1J ������� ����� ��� ��� ������	 �� ��� ���������	�
�� �������� �������	 ��� ��� ��������	 ����� ��� ��#���	� �	��� O�������
999P7 ������ & % ���������	� ��� �������� ��� ��#���	� ��� ��������	 �	���
�	� �� ��#���	� ������� �	��� �� ������� ��� ��� �#���� ��� +��	����� �	
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����� �� ������ ����� ���� �	� ����	� ���Q���	� 
�������	� ���� ��� ������
���Q���	�� �����	�� ��� ��� ������� ���� �	�������� ���� ���� /�$� �	� ���
���� ���Q���	� 
�������	� ��� ���	 ������������ �� ��� ������ ���Q���	�
���
�� �� ��� ������� ������� �	���	����� �	 ��� ,-�. / (* ������� ���
��� ��������	 �� ������� �� ±10◦� �	� �����	� ��E���� ���� ���Q���	� 
����
����	� ��	�	 ���� �3�F/ �� U3�F1� � ���� /�$!�"� ����� ������ ��������	�
�� �	��� �� ������ ���	�� ���� −3.9◦ �� +3.6◦7 ��� ��� ��������	 �	����
����� �	�� � ��	�� ��� ��	���� �� ����� �	�� �� ������� �� /�$!�"� ��� �
��	��������� 
�������	 �� ��� ������	���� ������	 ����	�� �� /�$!�"�

%�� ��� ����	�	�� ����* ��	 ����	 ����

9	 ���� ����� ������
� ������	 ��� ���� ��� ����� �� ��� �����	� ������
���� ��� ���	 ����� �� ����
����	 ��� ���������	 �� ������� ����� �� ���
����� ����� ����� �������	�	 ���	 ��� ����� ���	 �� ��	�� �
������� ��
��	������	 ��� �#���� ���� ����� ��������	 �������� �	 ��� ����� ���� ����
���� ��	��	 ����	�� ��� ����� �� ��
���� �	�� ������	� $�/ � ��	� ����
���	��	 � ������	 ��� ��� ���� ��� ������	���� ��������������� �����	���
�	 ��� ���
���� ������	� ��� �����	�� �� ��� ����� ���� ������� ��	��	
����	� �� ��� ���� ��������	 �� ���� �� ��� ��� ������	� �� ��������� �	
)�*&$� �	� �� �� ����������0�� �	 ����� ��� ��	��	 ����	� ������ 
�����
���	 !Mt=∞−Mt=0"� ��	���� ��	��	 ����	� 
�������	� �	� �����	�� ����
��� �
�	 �� ��� ���� ��+����� ��� ��� ��	��	 ����	� �� ����� /3 2 �	�
J3 2 �� ��� ����� ������ ��	��	 ����	� 
�������	� ���� /�<�

�� ��� �������	 �� ��� �������� ��� �� ��
�� ��������� ��� ������ 
�������	
�����
�� �	 ��� ����� ���� ������� ��	��	 ����	� �	�������� ��� �� ����
��� ����� �	 ��� �����	��� ������� ��� �����	��� ������� �	 ���� /�< ���
�	������	�� �������� ��� �������	���  ����������� ���� ������� �	 ���
�������� ���� �� ��� ����� �	����� � �����	�� ���� � ������ 	�	���	����
����� ���	���	�� ��� ��	��	 ����	� 
�������	 �� ���� 	����
�� �	�� �	��
����� ������	 � ��	����� �	������� ������ ��� ������
� 
���� ������� �	
������ ��	�����	��

9	 ��� ;��%� ������� '��� O/P ��������� ��� ������� �� ��� �������	� ���	
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������ ���	 4��	� ����	� ������ ���	������ �	�?���� �����	�� ������� �� ��� ��
��������� 4������ ������ *��� <���� 8��� ���� ������ �	���� /�	
�
���1
6�� ��6���	��� ��� ���� ������� /��
����1 ��6���	��5 ���� ���� �	�����	��� �	
��� ������ ��6���	�� 	� ±10◦� ������ ���� �	 ±5◦� ��� ��� �	���� ���� �	
±2.5◦ ��� ±7.5◦ 
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������ ���	 8���� �		� 6��
�� ������ �	���� ����	��� �	 ��6���	� ����� 	� 6�� �����
��	�� �	����� �� ����� �	��	�� ��	�� ��� ����� ����� ��	� ��	��� /�	�1 �	 	���	���
/�	��	� ��	�1 4��	������ ������	�� 	� ��� ���� ����	���� ��� ����	���� � ����
�	���	��" ���	�� �6	
� ���� ��� ��� ������� ��9 �	
�� ��� ����� 
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��� ����� ���	� �	� �������	�� � ���� ����	� �������� �� ��� ��������
��� ��E���� ����� �� ��������� �� � ��	��� ����������� ������ ����� ��� ����

�������	� ���� ��� ��� ��������	 ��� �� �E���	�� ������ �	 ��� ������7 ��
���	 �������� ��� ����� ���	������� �	� �
������� ��� �#���� �� ��� ���
���������	 �	 ��� ����� ������� ��	��	 ����	� �	 ����� �� ��	����������
��� �����	� ��� ��� ��	��� ������� '��� ���� ������� 	�	���	���� �����
�����	��� �	 ��� ����� ���� ��	��	 ����	�� �	� �E����	� ���� �� � ��	���
+��	�� �� ��� ���� ���� ��� ����	� ����� ������� ��	��	 ���� ����	����
��� �	����� ���	���	� �� ��� �����	�� �� ��� ���� ��������	 �� � ��� �������
��������� 9	 ����� ��� ���
����� �� ��� ����	� ���	����� 	��� ��� �����
���� �� �������� �� ��� ���� ���� ���
������ ���� �����	 ��	��	 ����	�

�������	� �� �������� ��	� 9� �� ��������	 �� �����
� ���� ��� 	�	���	���
���� �����	�� ���������	� �����	��� �	 ���� ������� �����	 ������� ������� ��
'���A� ���������� ��	��� ����� �	�������

��� ��������������� �� ��� ��������� ��	��	 ����	� �����	��� ��� �������
�� ��	����	 �� ��� ���	����� �������	 �� ��� ��� ������	� ���� /�F� � ����
���������	 �� ��� ������ ����	� 
�������	 �� ��	����	 �� ��� ��� �������	
��	 �� �����	�� ���� ��� �	�������� �E�������	 �� ��� ��	��������	 �� ���
����� ���� ����	� 
�������	 �
�	 �� � ΔLdr ���� 
�������	 �	 ��� dr ��	
����� ������	� ������� r ������ ���� ��� ����� �����

ΔMdr
x = r ·ΔLdr = r

1

2
ρU2

r c(r)ΔCl. !/�1"

'� ������	 ���� ��� ΔCl 
�������	 ���� ��� ��� ��������	 �� 	�� ����	��	
�	 ��� ������ �������	 �	� �����E�����	 ��� �+����� ��� ����� �� ��� ����
���	 Ur �� ��� ������	 �������	�� ����� Ω2(r+r���)

2� �+�����	 !/�1" ���������
�� � ���� ���������	�� �� ��� ������	 ����� ��	��� ��� ���	����� �������	 r�
�	� ��� ��� ������ r����  �� ����� ��� ������ ��� �+�����	 ������� ���������
�� � ��	����	 �� ��� ����� ��	�� �	� ��� ���� �� ��� ���	����� �������	�

ΔMdr
x ∝ (r + r���)

2 r · c(r) ≈ r3 · c(r), !/�$"

��� ���
� ��������	��	 �� ��� ��	��	 ����	� ��	��������	 �E������ ����
��� �	�������� �+�����	 �� ������� ��� ���������	 �	 ���� /�F !������ ���
��	�"�

��� ������� �� ��� ����������� ���� �	������ !��	� ���� ����� �������" ��� �	 ���
������	� ���� ��� �	�������� ���
� ���	�� �	� �	������ ���� ��� ��E����
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������ ���	 3������������ 	� ��� ����� �		� 6��
�� ������ �	���� ����	��� �� �����
�	� 	� ��� ����
�� �	���	� 	� ��� 6�� ������	� ��� ����� 	������ ��	� ���
����7�� ��������� �.���	� �(!�� � ���	���� �� �	�����	� /������ ���� ���15
��� ��������� ����� � ������ �	 ���� �� ������ �� ΔMx = 400 �(� 

������ 
�������	 �� ��� ����� ���� ������� ��	��	 ����	� �� �����
�� ����
���� ������� ����	� 53 2 �� ��� ����� ���	� :	 ��� ����� ��	�� ��������
�������	� �� ��� ���� ���� ������� ��	�� ������ �	 ��� �����	��� �	� ������
	�	���	���� ����� ���	���	���

%�( ��� �������	 	,�	�����

� ����� �	������ �	 ��� �#���� �� ��� ���	���� �E��	���	 �� ��� ��� ���������
�� ������� ��� �������	 � ������� ���������� ��� ��������������� �� ��� ��	��	
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����	� �����	�� ��� 	�� ������� �� ��	����	 �� ��� ��� ���	����� �E��	���	
��� ��� ��������� ������	 �� G3 � ���	� �	� ��������
��� �E��	��	 �	������
���� /�/� @	��������	��� ��� ���� �E��	��� ��� ����� ���	 ��
���� ��
��� ���������� ��� ����� ��� 
�������	 �����
�� �	 ��� ����� ���� ��	��	
����	�� �	� ��� ������� ��� ���� ����� �	 ��� �����	��� ��� �	������ ��
	����� ��	��� ��� ��� ���� 1/�$3 2 �� ����� ���	� �	� �� ��������
��� �������
����������� ���� ����� �� ��	� �� ��� ���
���� �	�� O/�11�<GP� ���� ��	����� �
����� ����� ��	�������	 ���� ������
� ������	 ��� ���� �E��	��	 ��� $3
2 �� ��� ����� ���	�
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������ ���	 3������������ 	� ��� ����� �		� 6��
�� ������ �	���� ����	��� �� �����
�	� 	� ��� ����
�� ������	� 	� ��� 6�� ������	� ��� 6�� ������	�� ����� �� %>
� ����� ���� ��� ������� ��	��� �� ��� ������ 	� ��� � ��� 
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%�/ ������	� �'# ����� ���1*
������

��� ���	����	 �� �	 ������� ��� �������� �������	� ���	 ��� ����� ���	
�� 
��� ��� ���� ���	 �	�
����� �
�	 �� ���������	 ��� ����	 �	
����� ��
� ������� ����� ���������� �	� �� ��� ������� ��� �� ����
����	 ����� ����
������� ��	��	 ����	� 
�������	� ����	 	����� ��������	� ���� ���	 �	�
H�������A ��� �������	� ��	 ����� �� ���	���  �� �	���	��� ������	 �� ����
��	���� ��� ��� ����� �	 ���������	�� �� ��� ��	��	 ����	� �� ��� �����
����� ��	���� ��������� ��	����
� �� ������ ������ �	� 	�	���	���� �����
�����	��� ���� ������� ������ ���� �	����� �������	�� �� ��� ����7 �	 ���
��	������ � ��	���� �������� ������ ����	 ���� ��� �����	�� ���������������
���� ��������	� �� �	 H�������A ��� �������	� ������� ��������� �� �� �����
�
����� ����	� 
�������	�� ��� ���	����	 �� �	 ������� ��� �������	� ����
�������	�� �	 �E����� �� �	������� ����	 �������� ����� � ����� �������
�������	 �� �	�� �����
�� �� ��� ��� �����	�� !������	������ ���������� ���
���	��� ��	���� ��������" ��� ��	������� �������	������� ���� ������	 �	
�	������� ��������
��������� ����	 ������0����	�

�� ��� 	��� � ���� ������� �������� �� �������� �	������ ��� ����� �����
��	���� ��������� ���� ���� �� �������	��� ��� ������� �� �� ���� �� ����
���� ��� ������� 	�	���	���� ����� �����	��7 ���������� ��� ��� ���������
��� ������ �� �����
� ��� ��E���� ������ ������� ��	��	 ����	� 
�������	
�� ��� ����� ����� 9	 ��� �������� ����� ����� ��	�������	� ��� ���� �E��	�
��� $3 2 �� ��� ����� ��	��� ���� F4�4 � �� G3�3 � ���	7 ����� /�1 �������0��
��� ���	 ��������������� �� ��� ����� ����� ����� ���� ���� �� ��	������� �	
��� �������	 �	
��������	��

9	 ���� ��	�������	� ��� ���� ���� �� � ��E���� 
�������	 �� ��� �����
���� ������� ��	��	 ����	� �� ����� ±1100 �,�� ���
� ����� ��	� �����
��	�����	�� ��� ��E���� ��	��	 ����	� 
�������	 +��	����� ��� �����
H������ �����A �
������� �� ��� ����� ����� ��� ����
� ���� ����
�����	� �
���������	 �� ��� ��	��	 ����	� 
�������	 �����
�� �	 ��� ����� ����
����	 	����� ��������	� ������	 <�$� ���� ��� 
�������	 ���� ��E���� ���
��������	 �
�� �	 �	�������	 �� ��� ������ �� ��� ��� ���� ����
�����	 ���
��	����� ���� /�G� ��� ���������	 ������ ���� ��� �����
�	 ����� ����
����
�����	� � ���� �������� �������� ����� ����� �� ��+������ .���� ��
��	�� ��� ��������� ����� �� ����� ����� � ����	�� ��	�������	 ����� ��
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 ��, ���� ���� ���9�������
 ��� ��������� �E�� 10%
%������������ ±10◦

(�E� Δ&� −0.45 ∼ +0.41
8��	���� ��	�� 1$�< � !20% ����� ��	��"
8��	���� ���� ���� F4�4 � �� G3�3 � ���	
(�E�Δ(E�'��-� �����E� ±1100 �,�


��� ���	 '�� ������������� 	� ��� ��	�	��� ����� �	�	� �	�7�����	� 
�� 4������
������ *��� <���� ��� �	�7�����	� � ���� � ��� ��� �	��	
�� ����� �	�� �����
���	� ������	�� 

�����	�� �� �����	�	 ��� ��� ��������� �� ����� ����� ����
���� ������ ���
����� ������ �	� ��+����	 ���� �������� ������ ������ �� ����� ����� ����

�������	�� ���� /�G� 9	 ��� �������	 �	
��������	�� ��� ��� �������� ��0�
���� 	�� �� ���	��� ������� � �����	����	 �� ��� �	� ����� �����	� ����
�� ��	������� �	 ��� ��������� ������ ��	���� ������ ������	 G�1� �	� �	 ���
�����	�� ����� ��������
� ��	���� ��������� �����	��� �	 ������	 4�<�
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Sim.Tot.Var.
Det.Var.
Stoch.Var.
Δ Flap 10 deg
Δ Pitch 2 deg
Δ Pitch 4 deg

������ ���	 8���� �		� 6��
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��	� 	������� ����� �	���� ��	����	�� ��� 	� ��� �����	� 	������ �� ������
��� 
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������� �

����������� �������������� ����

���	 ������	 ������ �������

;������	��� �	
��������	� �	 ��� ����� ����� ����	���� ��� ������� ��� ����
� ��������� ������������ ��	���� ��������� ��� ��������	� �	� ����� �����
�	��� ������ �����������	�� ������ ���6��������7 ��� ��	���� ��	��� ��� ����
�	�� ��	����	 �� ��� ����� �0������� �������	� �	� ��� �������� ���	�������
�� ���� ����� ��
������	� ��� ������ ���6�������� ��� �������	�� �V�	� ��
���
�	 � ��	�����	� ������0����	 ������� ���� �������� ������ ��� ��	����
��6����
��� ����� ���� ������� ��	��	 ����	� 
�������	� �	� ������	����
����� �������

��� ������������ ������ ��	���� �������� ���� 	�� ��+���� �	� �������	��
�	��������	 	�� ���������	�� �� ��� ������ �� ��	����� �	� �� ���� 	��
����	� �	 ���������� ������� �� �������� ��	���� ���������� ���	�� �� ���
����������� ��� ������ �������� ������ ��� � �������	��� �
�������	 �� ���
����� ����� ��������� ��������	��� �	� ����� ���
��� � ���	���� ���������
�� ������� ��#���	� ����� ����� ��	�������	� �	� �������� ����� �	 �������
��	�����	��

��� ��	���� ��������	�� �� ������� �� ��� ���� ���� ��� ������������ ��������




 ����������/ ������1����� ��� ����6������� �/���� ������

��	 �	�� ������� �������� ��������	���7 ������� ��� �������� �����	�	� ���
� ��	����	� ������ �	 ��� �����	� �����	�� !��� ��� ���� �	������ �	 ������	
<�$"� ��� �
����� ��������	�� �� � ����� ����� ����	�� ����	� �	 ��� �������
�� �����	���� ��� ���������� ��������	��� �� ����� ��� �����	�� �� ��������
��� 
�������	� ��	 	�� �� �
������� ���� ��� �������� ������������ ������7
�	 ����� �	 ����� �� ������� ��� ���������� �����	�	� �� ��� ���� 
�������	�
��� ����� ����� ����� ��+���� �������	�� �	��������	 �	 ��� �����	� �����	�
������ �	� ���� ������E ��	���� ���������� �� �����	��� �	 ��� 	�E� ��������
�	����� ���������	 �� ��� ������ ������ ���� ��� ������0����	 ���������� ��
���� ������0����	 ��������	 ��+����� ���� ������	 ����������� ���������	�� �	
����� �� ���	���	 �����	���� ����������	�� ���� ��+������	��� ��� �������
���	� ��� ��������� �E�����	 ��� �#���� �� ����������� �������	��� �	� ���
���������	 ���� �� ������� ������� �� ������	 � ���# �����	�� ��� �������
�����	��� �	 ���� ������� ���� ���
� ������ �� � �������	��� �	�������	 �� ���
����� ����� ����	�����

��� ������0�� ������ ��	���� �� ���� ������� ���� ��� ��6����
� �� �
������ ���
���� ����
�����	 ����	���� �� ��� ����� ����� ��	�������	 �����	��� �	 ���
���
���� �������7 ���� ����� �	� ��� ������ ��	���� �����	� ��� ��	������� �	�
��������� ��� ������ ���� ����
�����	 ������� ��� �������� �	 ���
���� ����
�	� ������ �������0�� �	 ��� ���� ���� �� ��� �������� 9	 ��� ����	� ����
�� ��� �������� ��� ��������� ����� ����� ������ ��	���� �������� �� �	�����
�E������� �� �
������ ��� ����������� �� �	������	 ��� �	��� �������� �����
����� ��	�����	��

2�� !+���� ������� ��� ����	 ���� ���	�������

��� ������������ ������ ��	���� �� ���� �������� �� ������ ��� ����� ����
������� ��	��	 ����	� 
�������	 ������ �� �������� ��������	��� ���
�
����� ��	� ������ &����� ��	���� ���6�������� ������ ���� ���
�	 � ��	�����	�
������0����	 �������� ������ �� ����� ��� ������� ����	���	� ��� ��	��	��
��� ��	���� ��	�� ���6������ �� ��������0�� �� � ��� �� 
����� �� �������	��
�0������� �������	�� �	� ��������� ����� )������ �	����������	 �� �������
������	 ��� �E�� ���	�� O������� 9LP�



 �� �/���� ������ ��� ����� ���� ���������� 
%

��� �	
��������	 ��	������ �	� ������	�� ���� �	� ����� ����� ����� ��	��
������	��

• -�����	�� !3	�#"� ��� ,-�. ������	� ��	���� ������ ��� ����� ������
�� ��������
� ������	 �� �������� ���� ����
�����	 �� 	�� ����������

• &����� ����� !��� "� ��� ����� ����� ������� ��� ������ ��	���� ���6���
����7 ��� ���	 ����� �	�� �� �������� �� ��� ,-�. ������	� ��	�������
��� ����� ���������	�

• &����� ��� !�,� "� ��� ��� ��������	 ������� ��� ������0�� ������ ��	�
���� ���6������7 ��� ��������
� ����� ����� �	�� �� �������	�� �� ���
,-�. ������	� ��	��������

• &����� ����� �	� ��� !���, "� ��� ������0����	 �����	� � ��	���� ����
6������ ��� ��� ����� ����� �	���� �	� �	����� ��� ��� ��� ��������	

������

��� ���� ����
�����	 ��������	�� �� �������� �	 ����� �� �������� ������ ����
�� �+��
���	� ����� ��� ��� ����� ���� ������� ��	��	 ����	�� � ����
��������	� �� ��������� ��� ��� ���� ����� ��	�����	� ��	������� ����	 ���
������ ���6������ ������0����	� ��� ��	� ���� ��� 	� �������	��� �	� ��� ����
��	� �� ���#� ���� ��� ����� ���� ��	��	 ����	� �� �	�� ��� ������ �� ���
�	������� ������	���� ������� ���� G�1� �� ���� ����� �� ����� ��	�����	��
��� �������	 ������ ����� �+��
���	� ����� !%�." �
� �	�� �	 �����E��
���� �	�������	 �� ��� ��E���� ����
�����	 ����	���� ���� ��	 �� �����
��
�� ��� ����� ����� �������� ��	�������	��

��� ������0�� ������ ��	���� �����	� �#����
��� ������ ��� ����	� 
�������	�
!������ ����� �	 �� G�1"� �	� ��� ������ ����� �����	 ������� ����� ����
�����	
����	���� ���	 ��� ������ ���� �	 ����� ��	�����	�� ��� �������� %�. �� ���
������	���� ����	� ������ �� �������� ��������	��� �� ������� �� 4$ 2
���� ������ ������ �	� �� G3 2 ���� ������ ���� �
�	 ����� ����
�����	
����	���� !44 2" �� �����
�� �� �����	�	 ������ ����� �	� ������ ��� �����	�
!���� ��	� ���� �����	� ����� �	 �� G�1"� �� ����� ��	� ������� ����� ���
�������	����� ���� 
�������	 �� ������ ��� ����
�����	 ����	���� �� ����� ���	
�� ����� ��	� ������� ���������� �� ��� ��� ������ ��� ����� �� ��� ���������
��������	 ������ ��� ��������
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Ref.no flap
CPC
CFC
CPCF

������ ���	 !�9 ������� ���������� 
�� �	���	�� 4������	� 	� ��� 0�����
*.������� +	�� 	� ��� ���	������ 6��
�� ������ �	���� �� ��� ����� �		�

�� 	������ ������	�
��� ����� �	���	� ���E���	��� �	�" ����� ���� /3:31� 6��
��6���	� /3<31� ��� �	�� /3:3<1 ��� 0*+ ����� �	 ��� ������ ������ ���
���	��� �	� ��� ���� 
�� ����� 	��������� 

�	 ������� �� ���� �� �������� ��� �	��� ��+������	�� ��� ��� �	� �����
��	���� �����	� ���� ��� �����������	 �� ������	���� ������ �	 ��� �������
������� �	� ���	 ��� ����� O������� 9LP� ������� ������ �����E������ ���
�	������ ��	��� ��� �	������	 ���� ��� �	��� ��+����� �� ������ ��� ������
�
������	 ��� ���� �� ���� ���� ���	 �� ����� ��� ����� ������ ��� �	���
��� �	� ����� ��������	 �� ��� $32 ���	 ��� �� ��������� $3 �� 53 �����
����� ���	 ��� �	� ����� ����� 
�������	� ������� ��� �	��� ��	�������	
���� 	�� �� ���� �� � ��	���	 �������� �� ��� �����	� ����� �������
��� ����� �
� � ���� �	�������	 �	 ��� ��������� ��+������	��� ��0�	�
�	� ����� ��� ����� �	��� ����	� �� ����� �	� ��� ������ ��	���� �����	�
�	��� ��� ��#���	� ��	���� ��	�������	� �� �������� �	 ���� G�$� �������
�����
�	 ����� ���� ����
�����	� ��� ������ ��� ��	�������	 !�,�� ��� ��	�
���� �������" ��+����� �����E������� ��	 ����� ���� �	��� ���	 ��� ������
����� ��	����� '� �����	�	 ��� ��� �����	��� ����
��� ���� ��� ����� ����

�������	 ����	����� ��� �����	�� ��	���� ��	�������	 !���, " �����
�� ���
������ ���� ����
�����	 ���� � ����� ��������� ���� ���� 	����� ���� ��� �	�



 �� �/���� ������ ��� ����� ���� ���������� 
'

���� ������ ����� ���	�� ��� �����	����	 �� ����� �	� ��� ��	���� �����	 ���
���� �	 �	�������	 ����	���� ��� ����� ����� ����������	� �	� ���� �� �������
�	
�������� �	 ������	 4�< �	 � �����	�� ����� ����� ��	���� ��	�������	�
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������ ���	 *�����	� 	� ��� ������ ��.�������� �	� ����� �	���	� ���	�� ���� ��
������� ��� 6��
�� ������ �	���� �����	� *����� ��.�������� �	� 	�� �����
���� ������	� /�	� ��	�1� ��� 	�� ����� 4�*< ������	� /�	��	� ��	�15 ������	�
���
����� �	���	� �	�7�����	�� 
��" 6�� ������	�� 	��� /3<31� ���� ������	�� 	���
/3:31� ��� � �	�����	� 	� ��� �
	 /3:3<1 3	����� 6�� ��� ���� ������	��
������ ���� ��� 
	�� �	�� 	� ��� ���� 

��� ���� ������ ��	���� ���6�������� ������0�� ��� ��� ���# �����	� ����� ���
������ �	 ��������� ���������	 ��	�����	�� ���� G�<� ��� ���������� ������ ��
������� ��� �	������� �	� ��� ��	� ���� �����	�� ��� ����������� �������	��
�� ���������� �� ��� 9�& ���	���� O$GP ��� � ����� ' �����	�7 � ����� �� �	�
���� �������	� ��	� ���� �� ��	������� ��� ���� ���	 ��	� ����� !G �����
13 ��	���� �������	�� ������"� ��� ���������� 
�������	� �	�������� �� ���
��	� �������	�� �	������� ��� ������ ������ �	�� �� ��� ������ ��	���� ��	
	�� �����	���� ��� ��� ���������� ���� 
�������	�� ��� ����� ����
�����	 �� ���
	����	��� �������� ��� ��	���� ���6�������� ��� 	�� ������0�� ��� ��� ��E����



�( ����������/ ������1����� ��� ����6������� �/���� ������

�����	�7 	�
���������� ��� ������� �
� �	 �	�������	 �� ��� ��	���� �������
��	�� � ��	���� �������� ����� �	 ��� ���� ��������� ����� �� �E������
�� ����
��� ��� ����
�����	 �����	�� ���� ������ ����� !5�F 2" �� ����� �����
���	 �����	�� ���� ��� ��� !4�1 2"� ��� ������� ��� �	 ��� ������	� ����
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Ref.no flap
CPC
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CPCF

������ ���	 3	������ ������ �	���� ��������� 
�� 7��� �� ��������� �� 2*3 �������� 
4������	� 	� ��� ������ 0����� *.������� +	�� 	� ��� 6��
�� ������ �	����
�� ��� ����� �		� 
�� 	������ ������	�
��� ����� �	���	� ���E���	��� �	�" �����
���� /3:31� 6�� ��6���	� /3<31� ��� �	�� /3:3<1 ��� 0*+ ����� �	 ��� ������
������ ��� ���	��� �	� ��� ���� 
�� ����� 	��������� ��� ����� 
��	�� ���
��� ������ ��� 0*+ �������	� ���	���� � ���� 	� ��� �> ������ ��� ������

������ ��� ���� ������ ��� ������� 0*+ 	��� 	�� �	�� ������	� 



 �! �/���� ������ ��� �������� "���� ��"��� ��

2�� !+���� ������� ��� 	�����	� ���	� ����
�	

����
� ���� ����
�����	 ����� ����� ��	�����	� �
�� �	�� � ����� ��	��������	
�� ��� ��������	 �� ��� �
����� �������� ������ ����� �� ��� �����	� �����
!��� ���� <�F"� �	�� �� ��� ���� ����� ���� ������ ��� �����	� �����
������� ��� ��� ������� �� &�����	�� O$/P� 9� �� ���� ����� �� ��	����� �������
� ����� ����� ��	�������	 ����� �� �E������� ��� ������ ����� ���	 ����
����
�����	 ����� ����� ��	�����	�� ��� �	���	�� �� �	��	�� ��� �����	� �	���
��������

"���� ���
������ #$� ��
����

� ���� �	
��������	 �� ������� ��� ���� � ������ ����� �����	� ����	���
!'�(" ����� �� ��� ,-�. / (* �����7 ��� ����� ������� � ���	���� ������
�����	 ���� �	������ C������A� �	� ;��	���A� ���������	� O$5P�  ��� ��������	�
������ ��� ������ ���� �	� ��� ������ �� ��� ����� ������	�7 ���������� ���
����� ����� �	� ������ ���Q���	��� �� ���� �� ��� �	����� 
���������� ����	�
	�� �	�� �	 ��� ����� ��������� ������ �	� ��� ��������
� ������ ��� ���� �	 ���
��������
� ��� ��������	 �	��� ��� ����� ����� ���Q���	� �� �
������� �
��
� ��	� �� ��� ����� ������ λ� �	� ��� ������ ��������	��	 �� ��� ����� �����
���������� �� ��� ������	� ,-�. / (* ��	������� ��� ������ �� �+����� �	
���� G�F� 	��� ���� �� ��� ��	� ������ ��� �����	� �������� �� ������
���
����� λ� �� ��� ����� ����� �� 	�� ������� ������� �	 ����� �� �
��� �E����	
��� ����� 	������ ���+��	��� ��� �	������ �� ��������� �	 ������ ��	�����	��
��� � ���# ������ �	� �	����� �	��� �
�� ��� ��� ����� �����

��� ������	� ,-�. / (* ��	������� �������� �� ��	���	� 0��� ����� �����
����� ��	�����	�� ��� ��������	��	 ����� ���Q���	� Cp ���
� �� ������ ��
��� ����� ��	� �	 ���� G�F7 ��� ��E���� ����� ���Q���	�� �����	�� ���	
��� ��������
� ����� ����� �� ������� �� 
��� ��� �	����� ������ �� ��� ����
��	� ���� ������ ������� ��� ��� ��	� ���� ������� �	������� ��� ��E����
Cp �����	�� ���	 ���� ��������
� ����� �	� ��������
� ��� ��	 
����  ����
G�G ������� ��� ��������
� ����� �	� ��� �����	� ���� �����	 ��� ��E����

���� �	�	� ���,����� ����	 �� ������ �� ��� �	����	��� ����� 	
 ���  ���� ��� �	�����1��
 � ��� 2�����2� �� ���� ������ λ = ωR/U0!
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Ref. Pitch 0
Col.P.
Col.F.

������ ���	 !����� 8*' ������� 	� ��� ()*+ � ', �	�	�� �	
�� �	�?���� Cp ��
�����	� 	� ��� �	�	� �������� ���	 λ5 ����� ���� 7��� �	 ���	 /)�� 1� �	�������
���� �	� ������ �	
�� �	�?���� /3	� : 1� �	������� ���� ��� �	������� 6��
/3	� < 1 �	� ������ Cp ��� �.���� ����� ������ ��� �������� ���	� �� 
���
��� ������� ()*+ � ', ������ 	������� �� ��� ���� 
�� ������ /��� ���	
 �����
�	���	��1 

Cp� �	� ���� G�/ ����� ��� ��������	��	 ����� ������ ���Q���	�� Ct� ���
��E���� ����� ���Q���	� �� ������� ��� ����� ����� �� 	�� �	������� ��
��6����	 ��� ��������
� ����� ����� 	�� �� �������	 ��� ����� ���� G�F7
�	 ��� ����� ��	�� ������� ��������
� ����� �	� ��� �����	� �����	 ������
Cp ���
��� �	� ���� �
� ����� ����� ���Q���	�� �� ����������� ���������
������� �� ��� �����	� ����	 �������� �� ��������� ������ ��� ���� ��� �������
�	�� ���������� �� ��� ��	� ����� ��� ��� ����� ���+��	�� ��	�����	��� �����
�	� ��� ��	���� ����� ����� ��	� ����� ��	� �� ����� �	 ������� �	������
��� ����� �������� �	 ���������	 �� ��� ����� �	������ �	 ����� �� �		���
�	��� ;��������	 �� �
�	 �	 ��� 	�E� ������	�

�� ��������� ������ ������� ����� ��� ������� �	� !λ = 5 ∼ 6"� ��� �����
�	� ��� �����	� ��� ��E���� Cp �	������ ���� ��� ��E���� ����� ������
�� �����	�� �� �	������	 ��� �����	 �	 ��� ������ �� �������	 ��� ��� ��
������
� �	��� �	� ������	 ��� ����� �� 	����
� �	��� !�	������� �	��� ��
������"� ���� G�G� ��� ��������	��	 ������ ���
� �� ���� ����� ���	 ���
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Ref. Pitch 0
Col.P.
Col.F.

������ ���	 !����� 8*' ������� 	� ��� ()*+ � ',� �	�	� ������ �	�?���� Ct �	��
����	���� �	 ��� ������ �	
�� �	�?���� ������� �� �9����� �������� ���	�
λ !.���� ����� ������ ��� 	������� �	��� ���	���� �	� ��� ()*+ � ', � ��
������� �	�7�����	� �	� ��� ���� 
�� ����� �	���	�� 

������	�� �	�� ���� G�/� :	 ��� ��	������ �� ��� ��������� ����� �� �������
�	�������� ������� ����� ������ ��+����� � �������� �� ��� ����� �����	
��� �	������	 λ� �� ������	 ������ ������� �	� �������	 ��� ��� �������
!	����
� ��� ��������	"7 ��� ��������	��	 ������ ���
�� �	 ��� �����	�
�������	 ����� ��
� ���� � ������ ����� ���	 �	 ��� �E�������� ������	��
�����

��� '�( ����������	 �����	��� �	 ���� ������	 ���� �� ����� ���� �� ���	�
� ��	��� �����E������	 �� ��� ������ ������	����� �� � ����� ���� ������
�
������	 ��� ����� ��� �����E������	 ���� �� �	������ �	 ��� ��	��� �����
���� �� ��� ��������
� ��	���� �������� �����	��� �	 ������	 4�1�
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Col.P
Col.F.
Pitch Col.F.

������ ���	 !����� 8*' ������� 	� ��� ()*+ � ',� �	������� ���� /3	� :1� ��� �	��
������ 6�� /3	� < 1 ������� ���� ������ ��� ������ �	
�� �	�?���� �� ����
�������� ���	 λ5 ��� ������ ���� ��� 3���� �	�!4! ������� ��� 	����� �	�������
���� ������� 
��� ��� 6��� ��� ��6����� 

"���� %��
�� ������&����

��� ����������� �� ��	������	 ��� ����� ����� �� �	������ ��� �����	� �	���
������ ����� ����� ��	� ����� �� �E������ �	 ����� ��	�����	� �� ������	
��� ������������ ������ ��	���� ��������� �����	��� �	 ��� ���
���� ������	7
��� ������0����	 ���� ��	����	 �� 	�� ������ �
�	 �� ��� �+���� �� ��� �����
������	���� ������

 ����� ��� ������0����	 ������� �	 ��� ��������
� ����� �	�� !��-#�# �� �	 ��
G�4"� �	� �	 ��������
� ����� �	� ��� ��������	 !��-#,# ��"� ����������� ���
����������� �� ������� �	������ ��� �	��� ������� �� �����	����	 ��� ���
�������� ��	� ����� 
�������	� ���� ������	 ����� �	� ����� ������ �� �	
���
������ �� �	�����	 ������ ��	���� ���6�������� ��� ��� ����� !��� "� �	� ���
��� !�,� "� ���� G�47 ��� ������ ��	���� ���6�������� ��� ���� ������������
�� ��� ������0�� ��������
� ����� �	��� ��� ������� ��� �	 ��� ������	�
���� ��� '�( �	������� ��� ������ ��	��������	 �� ��� ����� �	������ �����
���� ��� ������0�� ��������
� ����� �	�� !�����E������� $ 2"� �	� ��� �����
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������ ���	 2������� 	� �	�	� ���	������ �	
�� 	����� ���	
 ����� �	���	�� 
�� 	���
���� �	������� ���� /3	� : 1� �	������� 6�� ��� ���� /3	� < 1� ��� ������	�
���
����� �	���	� 	� ����� ���� /3:31� ��� 6�� ��6���	� /3<31 !�9 ()*+ � ',
������� 
�� 7��� 
�� ������ ������ �	
�� ����	
 ��� �	 ���������� 

��0�� ��������
� ��� ��������	 ����� �� � ������� �	������� ����� �� ��	����	�
�� ��� ��	� ����� !< 2 ����� �� G�4"� ��� ������ ����� ����������

��� �	������ �	 ����� ������� ����� ����� ��	�����	 �� �������0�� �	 �����
�� �		��� �	��� ;��������	 !��;" ��� � -������ ��	� �����������	 ����
J�/ �K� ���	� ����� ��������	�� �� � ����� 99 �����	� �	 ��� 9�& ���	�
���� O$GP� ����� G�1� ��� ��������
� ����� ������0����	 ������� �	 ��; �	�
������ �� 	����� 1 2� ��� ��������
� ��� ������0����	 �	������� ��� ��; ��
�	 �������	�� 3�34 2� �	� ��� ������ ��� ��	���� ���� � ������� ��; �	������
�� 3�$ 2� �	 ������� �� ���� �� ���� ��� ���� ������0�� ��	���� ���6��������
�	 ���������	� ���� � ��E���� �����	� ����� �	� 9�& ���	���� ��	� ������
��	��� ��� ���������	� ���� �������	�� ��
� ��	����� ��� �	������ �� ��;
�� ��6����	 ��� ��������
� ����� �	�� !$ 2 �	������ ��� ��� ������ �����"�
�	� �	 �������	�� 3�1F 2 �	������ �� ��6����	 ��� ��������
� ��� ��������	7



� ����������/ ������1����� ��� ����6������� �/���� ������

��� ������ ��	���� �����	� ��� 	�� ���	 �	� �����
���	�� �	� ���� �����
�������� 	��� �� �� �����	�� �� �����	� ��� ��� ��	����� �� ��� ��E����
�����	��

3	�# ��-#�# ��-#,# ��� �,�
 �� :7��; 15�J4 $3�3J $3�35 $3�11 $3�1<

Δ  �� :<; S U3�55 U1�3G U1�1G U1�$F


��� ���	 <�����	�
��� �	���	� �	� �������� �	
�� ������� ���	
 ����� �	���	��� ��
������ � ��� ������ 4����� *����� :�	����	� /����� 22 
�� �������	�1 2����
������	� �	���	�� 
�� � ��9 
�� ������ ��� 
�� 7��� 
�� ������ ������
�	
�� ����	
� ��� �	 ���	������ ���������� 

&����� ��	���� �����	� �� �	��	�� ��� �	��� ������ ����� �� �	 �	�
������
�	������ �� ��� ������	���� ���� 
�������	 �
�� ��� ����� ����� 9	 ����� ��
��� ��	� ����� ��������� !����� ��
�	 ���	������ ������ �0����� 0◦"� ���
������ ��	���� ���6�������� ������0�� ��� ����� ������� ������� �������� ���
�����	 �	 ��� ����� �� ������ �������	 ��� ��� ������� �� �� ������	 ��
�������� ���� G�J7 ��� ����� ��� ����	� �� ��� ��	� ����� �	�������� ����
��������	 ��� 
�������	� �� ��� ����� �	 ��� ������ ��� ����
��� �� ��������
�	 ��� ����� ������ ������	����� ��������� �� ��� '�( �	������� �	 ���
�������	 ��������� ��	�� ��� ������ ���
�� ��� ������� ����� �E�������	
��
� � ������� ����� ���	 ��� ������	�� ���
�� ���� G�/� ���� �	������	 �
���� ����� �	������ �	 ������ ���Q���	� �� ��� ��������� ����� �� ����	����
��� �������� �	 ��� ���� ��	� ����� ���	 �� ��� ����� ��
�	 ���	�����
��	 �� �	��������� �� �	 �	������ �	 ��� H�����A ����� ��������� �����7 ����� �	
��� ������	�� 	�����	������� ���� ��� H�����A ������ ���Q���	� ����� �	������
���� ��� ����� ������� ��� ��	���� �����	� ����� �� ������	 ��� ��E����
����� ���Q���	� ��	�� �� ���	���	 � ��	���	� ����� ����� ������ ���Q���	��
���������� ��� �������� �� ��� ������ ����� �	 ��� ����� ������ �� ��� ��	�
����� ��������	 �� 	�� �����	����� �� ��� �	������ �	 ��� ������ ���Q���	�
�� ���� �� �	 ��� ������	�� ����� ���� �����	 ����� 
�������	� �� ��� �����
�	 ��� ������

'���� ����� ��	�����	�� ��� ��	���� �����	� ����	 �� ����
����	 ��� �������
���� 
�������	 �	 ��� ����� ���� �	�
������ ����� � �������� �� ��� �	���
������� �	� 
��� 
����� ��� ����� ����� ��	 ���� �	������ ��� �	��� ������
�� ��� �����	� ����� ����� ��	� ����� !�� �	 ���+���� ��	������� �� ����������
��� ��������� ����������	�"7 	�	��������� ��� ��	���� ���� ��� �	������� �		���



 �! �/���� ������ ��� �������� "���� ��"��� �%

�	��� ������ ������ �� ������� ���	�� ��� �	������ �� ������ ����� �	 ���
�����	� ��������� ���� ��� ���� ��	���� �����	� ���� �	������ 9	 ��� ������
��	���� ������ ��� ����� ���� ������� ������ ����� �+��
���	� ���� �� �	 ����
�	������� �� 	����� 1J 2 ��� ��� J �	� 13 �K� ���	 ��	� ����� ���� ������7
��� ������ �	 ��� �
����� �������� %�. �� ����
�� �E������ �� �� ������

−150 −100 −50 0 50 100 150
−4

−3

−2

−1

0

Azimuth [deg]

Pi
tc

h 
[d

eg
]

Wind Speed: 10.0 m/s

 

 

Ref.
Col.P.
Col.F.
CPC
CFC

−150 −100 −50 0 50 100 150
−5

0

5

10

Azimuth [deg]

Fl
ap

 [
de

g]

������ ���	 H������ ����� �	���	� ���E���	�� �	� �������� �	
�� �������	� ���	
 �����
�	���	�� ���� /�	�1 ��� 6�� /�	��	�1 ������ H������	� ����� 	� ��9 ()*+
� ', ������ �	��� 4����� 0◦ �	�����	��� �	 ��� ����� �	���� �	
�
��� 



�& ����������/ ������1����� ��� ����6������� �/���� ������



������� �

��	�� !���	 ������� ����������

��� � ����� ���� ����

��� ������� �����	�� ��� ��	���� ��������� ���� ��� �� ����
��� ����
����	
��� ���� 
�������	� �	 ��� �����	� ��������� ���	 ��� ��� ����� ����� ��	�
�������	 �����	��� �������� ��� ��	���� ��������� �	����� �������� ����
���������	�� �� ��� ������ �����	� ���������� ����������	�� �	� ��� ����
���� �� ������� ���� 
�������	� �� ���� �������� �	� ���������� 	������ �
���
����	 ��� ���������	� �� ��� ������������ ������ ��	���� �����	��� �	 ���
���
���� ��������

��� ���� ��	���� �������� ������ � ������ �������� ����� ���� �� ��� �����
������ �� ������� �	����	��	���� ��� ��������	 �� ��� ��� �	 �	� ����� �	��
����	�� �	 ���������	�� �� ��� ������� ��	��	 ����	� �� ��� ���� �� ���
���� ������ ��� ��	���� ������� ���� ��������� �� � ������ �� �	����	��	�
8�	�� 9	����8�	�� :����� !898:" �������� �	� �� �� ���
�� ���	 � ��	���
+�������� !.M" ����������	� ��� ����	� ��	���� �������� �����	�� � ����
������E �	� ��������	��
� ��������� ��� ����� �����	� �� ��	������ �� �	�
��	�������� ����� �������� 	�� �	�� ��� ��� ��������	 �	���� ��� ���� ���
������ ����� �	� ��� �	������ ���+��7 ��� �������	 (������� 9	����(�������
:����� !(9(:" ��	���� ������� �� ���
�� ���� � (���� ;�������
� ������



 ( +���� 7���� ������ ��1������ ��� � ���� ��� .��4

!(;&"� ��� (9(:�(;& ��	���� �������� ��� ���� ��
������ �� )�	�����	
�� ��� O<1P� �	� �� ���� �E��	��� �� �����	� ��� ��� �����	�� �� ��� ��� 
��������� �	 ��� ����� ������ O������� L9P�

��� ���� ����
�����	 ��������	��� �� ��� ��� ��	���� ��������� ��� ��������
�� ���	� �� ����������� ���������	� �� ��� �����	� �����	�� ����	 	�����
��������	� �	� �	���� +��	����� �	 ����� �� ������ ����� ��������	� ���
���� ��	���� �������� �� ��������� �	 ���
���� ��� �	������ �	 ��� ����	�
���� �� ��� �����������	� �	� ������	 4�$ ������ �����	�� ��� �����
�� ����
����
�����	 �������� ��� ����	� ��	���� �������� �	� ��� ��������	��� ���
�	����� ������	��� �	 ���
���� ���� �	� ������	 4�< ������� ��� ���	 ���
������ ��� �������	 ������	 �
�� �	 �
��
��� �� ��� ��� ��	���� ����������
�	� �������� ����� ������������ �	� ��#���	���7 ������ ����� �� ��� �	������
�������� ��� � ���� �������� ����������	� �� ��� ����������

3�� 4�	���	� �� ������� ��*�������

'���� (�)���� �� ��� �����
 ����
�

���� ����� �������� �	� �	
�������� ��� ��	���� ��������� ��� ����
� ����
����
�����	 �	 � ����� ������ � 8�	�� 9	����8�	�� :����� .�	��� M��������
!898:�.M" ��	����� �	� � (������� 9	����(������� :����� (���� ;������
��
� &�	���� !(9(:�(;&"� ��� ��� ��������� �E����� ������ ��#���	� ���
�������� �� ��� ��	���� �������� ��� ���� ��
� ���� ���	�� �	 �����	� '���
��	����� ��� �� ��
� �����-� ���������	�� �� ��� ������ �0������� �������	�
�	� �� ��� ������� ��	��	 ����	� �� ��� ���� �� ��� ������7 �	 �������	�
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�� � �	���� ��	���������	� ������	 ��� ��� ������	 ���������� ����� �	
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�	�� ��	���� ����
����� ���� ���� �� ���	����
��������
��

��� ������0����	 ��	���� ������� �� ���� �	 � >������� �����-����� ���
.M �������� ���
�� ��� +�������� ������0����	 ������� �
�� �	 �	�	��� ����
����0�	� �	�� �� ���
�	 �#���	� � %������� ����  -�	����� 3����� �>�����
!%�-�"� �����	� �	 ������� ��	 �����E� ������ ���������� �� ��� ����� 
���
��� ��������� �� � D����	 ������ �
�� �� ���� ���� ���� ��� ������� ��	����
�����	7 ��� ���	���� .M ����������	 �� ���� ������� �� ��	��� �	���������	
�� ��� ���� 
�������	 ���� �������� ��������	��� OF3P� ��� (;& ��������
�	����� ���
�� ��� ������0����	 ������� �� ���� ���� ���� ��������	� �	� ��
��	������ � ������	 �	� �	��� ���� ����0�	 ������0����	7 ��� ������0����	
������� �� ���6��� �� ��	�����	�� �	� �� ���
�� �� �������
� 8������� ����
�������� �������� ��� ������0����	 �����	� �������� � ��+��	�� �� ��	����
�����	�� �	� 	�� � ��	 �����E �� �	 ��� .M �����

.��
�	 ����� ��� ������ ��#���	��� �	� ��� �������� �������� ����	� ��� .M
�	� (;& ��	���� ����������	�� ���� � ��������� ���	� �� 
���� .M ���
����
� ���� ������ �������	 �� ��� ��	���� �������� �� ��� ������� ��	 �����E ��
�������� �	��� �	� ��	 �� ������� �� ��	 �� ��� ������ ����� ���� 	��

���� ��� (;& ���
�� �	����� ��� ��	�����	�� ������0����	 ������� �� �
���
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���� ���� ��������	� �	� ���� �����	�� ����� ����������	�� ��+������	���
����� ���� �� ���� ������	�	 �� ���� �	 ���� ���� ��������	� �� ���
������	 ���+��	����� ���������� ��� ������ ������ ���� � ���� 	����� ��
������� �	����� ��	��� �� ��� .M ��������� ������� ��
�	 � ����������	 ����
������� �� 	�	���	���� ���������� �� �� �E����� ��� ��	���� �����	 �� � ��������
�	 ��� ������� ���� ������	 ��� � ������ ���� �������	�����	 �� ��� �������
������� ��� ����� ��� 	�� ��������� �	 ���� ������ � ������ ���� ��������
��
������� ����������	 �� ��� ������ ���� �� ������ �� ����������� ���	����
��������� ������� ����� ���� �� ����
�	� ��� ������ �+������ ���� ������	 ���
���� O1GP7 ������������ � ������ ���� ����������	 ����� �� �
�	������ �	������
�	 �	 �	������� ��������
��������� ��	�����	� ����	 ������� O$3P� :	 ���
����� ��	�� ���� ��	������ ���� �� ��� (;& ���������� ����� ��
� ���	
��	������ ���� �	 ��� 898: ���� ����� .M ��� ���� �	������ ���� 	������
��� ������� �� ��� ��	���� �������� �� �������� ��	��� ��� ��	�����	�� �	
��� ��� ����� ��������	 �	��� 9	 ����� �� ��� ���� 
�������	� ������ ��
��� ��������	��� �	 ��� ����� ��� ����� ���	 ��� 
�������	 �����
�� �� ���
���� !������	 /�F"� ��� ����� ��������	 ��� ����	 �������7 �	 ��� .M �����
��� ��������	 ��	�����	� �� ������ �	������ �� ���	����	 ��� ��	���� ��	��
����	 ���� ��� ��	�������� 9	 ������ ����� �� ���� �� �	�������	 �� �����
�	 (;& �������� �� ��� ���� 898: ��� ��	���� �������� �	� ������ ���
��#���	��� �	 ��������	��� ���� ��� .M ��	��������

3�� �5�4 $��	�� 6
������� ������� ��� �����	

���� ���	�������

��� 898: ������� �� ��	������	 ��� ��� �	 ���� ����� ����� �	 ��������
��	�� �� ��� ����� ���� ������� ��	��	 ����	� �	 ��� ���� ����� �� ���
��
���� ��� .�	��� M�������� ��	�������� ��� ���� ����
�����	 .M ��	���� �� ����
��� ������������ �� ��� ������	� ,-�. ��	����� ����� ����� ���� �� ���
����� ��������	 �� ��6����	 �	������ ���+�� �	� ��������
� ����� �	��7
������ �	��������	 ������	 ��� ���� ����
�����	 �	� ��� ����� ��	������� ��
���	� �� �� 	��������

��� ��	������� �	������ � �������� ��������	�� ���� ���� ����	�� �	 ���



%�! 	�	� *����� 8������� ������ ��� ����� ���� ����������  �

����� �0������� �������	 �	� �� ���� �� ��	��� �	���������	 �� ��� ��������
���� 
�������	� O������� LP� ����� ��	�������	� ���� ��#���	� �������� ����
�����	�� ����� ��� �E�������

• � ''� ��� .M ��	���� �����
�� 	� �	��������	 ����� ��� �������� ����
�����	���� �� ���� �	�� �	 �������� ���� ��� ��	��	 ����	� ��������
��	��

• � �������� ��� �������� ��������	�� ��	�� �� �
�	 �� � ������� ����
��	�� ��	�� ���� ��	� �	� ����	� ��	����	� �� ��� ����� �0�������
�	���

• � ��
� ��� �������� ��������	�� ��	�� �� � ������ ��	����	 �� ���
����� �0������� �������	 ������
�� ���� � ����� ����� �� ��� ���� ��	�
����� 
�������	 ������ �� ������	 ����� �	� ����� ������ O������� LP�

��� ��	���� ��	�������	� ��������	��� ��� �
������� ��� 	����� ��������	
�� ��#���	� ���	 ��	� ����� ���
� ������ �	� �������� �� ��� ������	�� ����
�
�	 �� ��� ������	� ,-�. ��	������� ���� 	� ����
� ���� ����
�����	� ���
���������	� ��� ��������� ���� � �������	� ��	� ����� �� ���������� �� ���
9�& ���	���� ��� � ����� ' �����	� O$GP� 8��� �� ��� ������� ��� �������0��
�	 ��� �������	 ���������� ������ ����� �� O������� LP ��� ������� �����	��
�	 ��� ���������	 ��������

��� ����� ����� ���� .M ��� ��	���� �� ���� �� ����
���� ���� ��� ��������
�	� ��� ���������� �����	�	� �� ��� ����� ���� ������� ������ ���� 4�1� ����
������	 ��� ���� ���	���� ��
�����	� �� ���� �� ��� ��E���� ���� ��	��
��� ����� ��	���� ��	�������	� ��
� ������� ��������	��� ��	���	�	 ���
����
�����	 �� ��� ���������� �����	�	�� �� ��� ����� !���	�� ��������� ��
��� �������� ���� �� ��� .M ��	����"� ������� ��� � ������� �	� � ��

��	�������	�� �� �E������� ������� ������ �	 ����
����	 ��� �������� ����
�����	�	�� �	� ���� ������ ��� ������� ��	��	 ����	� ���	���� ��
�����	
�� ��� ����� ���� �� �����E������� $$ 2� ��� ����
�����	 �� ��� ����� ������
�� ���� �� ��� ��� ����
���� ��� ���	�� ��	��	������ �� ���+��	���� ����� ��
��� 1; ����� ��
������	 ���+��	�� !3�$ )0� ���
� ����� ��	�����	�" ��� ���
����� ��	���� ��	�������	� O������� LP�
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������ ���	 8���� �		� 6��
�� ������ �	���� ������ ����� �������� �	��	� )������
�	� � �� ������	� �� ���� 
�� ����� 	� �% �;� <	� ���� �������� �	��	� ���
����� 	� ��� �������� �	��� /���� 
�� �������1 ������ ��� ���	�� �	��	����
	� ��� �	�� �����	�� ��� �������� �����	�� /������ ����1 ��� ������ ��	�	��	���
�	 ��� ��	������ �	�� �����	� 4���� 6�� �	���	� ������� �	�� �	��	����� 	� ���
6��
�� �	�� �����	� $4����� D& 

��� ���� ����
�����	 ��������	�� �� ��� ����� ����� ���� .M ��� ��	����
�� �
������� �	 ����� �� ������ ����� �+��
���	� ���� !%�." ��������	7
���������	� �� ��#���	� ���	 ��	� ������ ��� ���������� ���� 4�$� �	� ���
����� �������� ������ ����� ����
�����	 �� ��������� ��� � -������ ��	�
����� �����������	 ��� � ����� 99 �����	� O$GP� ��� � '' ��	���� ��	�������	
������ ��� �������� %�. �	 ��� ����� ���� ������� ��	��	 ����	� �� 13
2� ������� ��� ��	�������	� ���� �������� ����� �	���������	� ����� �����
����
�����	�� 1<�J 2 ���� ��� � ������� ��	�������	� �	� 1F�/ 2 ���� �
��
� ��� �	������ �	 ���� ����
�����	 ����	���� �� 	����� F 2 �����
�� ��
�	�����	 �������� ���� �	���������	 �� ���������� �� ��� �	������ ���
����
�	
��������	� ��
� �����	�� ���	 �������	�� �	���� ��	���� O<�11P� ���� ���
��
�	��� ���� ��� �������� ���� �	���������	 �������� ���� 	�� ��+���� �
��	��� ����� �� ���������� �	� �������� �� ����	��� �	����� �� �	���� ����
������	��� 8������ ����
�����	� �� ��� ������ ����� �+��
���	� ����� �	 ���
����� ������� ��	��	 ����	� ��� ���� ��	����� �	 ����� �	��� ��	�����	��

��� ��#���	��� �	 ���� ����
�����	 ��������	��� �����
�� ���	 ��� 13 ��	�
���� �������	� ��	� ������� ��������� �� ��� ������� �	 ���� 4�$� ��� ���
������ �	 ������ �	 ���� 4�< ��� � ��	�� ���	 ��	� ����� ����� %����	 �
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������ ���	 <����� 0����� *.������� +	��� /0*+1 �� ��� ����� �		� 6��
�� ������
�	���� ��� 0*+ ����� �	 � �� �� ������ ��� �> ���	�� �.������� �������
��� 7����� �� ���� ���� 
�� ����� ��� 
������ �� ��� 	��������� 	� ��� ����

�� ����� ���	���� �	 � )������ �������	� �	� � ����� 22� ������ ��� �	��
���	�� ��� �������� 	� ������ ������ ������	� ���	���� � ���� 	� ��� �> ������
������	� ����� $4����� D& 

��	������	 �	 ��� ���� ����
�����	 ����	���� ����� �	 �	�� 13 ��	���� �������
���	� ���� ����� �� 
�������	� �� ��� %�. ��������	 ���������	� �� �� ±3%7
�� �� ���� �������	� ���� ������ ���������	� �� �E������	�� �	 ���������� ����
����	� ��	�����	� ���� ��	����� �� ����� F3 ��	���� �� ���� ��� ���� ��	�
����� ����� �� �� ����� ����
�����	 ���������	� �����	 ±1% �� ���� �����	��
�� G3 ��	���� �������	� ��	� ���������	� ����� �� ��� ��	���� ��+������	�
���������� �� ��� ���	���� ��� �����	� ���� �	������ O$GP�

��� ��	���� �����	 ��+����� �� ��� ��� ��������� �� �������� �� ��� �����
�	���� �����	�� ���
���� �� ��� ��� ������ ���� ������ �� ���	���� ������
���	�7 ��� �	���� �����	�� �� ���	 	������0�� �� ��� ����� ��������	 �����
���� �����	�	 �	 �
���� ��������	 ������ ���� 4�F� ��� � ��
 ��	����
��	�������	� ����� �����
�� ����� ��������	� �� ��� ������� ����� ���	����
��
�����	� ���� ����	�� ����� ��� ����
���7 ��� � '' ��	�������	 �	������
�	 ����� �� ����� ����
�����	 ��������	���� ��+����� ����� ��� ����
��� ���	
��� � ������� ��	�������	� ��� ��E���� ��������	 ���� �� ��� ��� �����
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������ ���	 !����� 	� ������ 0*+ �������	� �������� 	� ��� ������	� ��� +=�
!2!H �	���	� ���	���� �	� ��������� 
�� 
�� �% �;� ����5 ������� ���� �� ����
������� �����	�� ��	� ��� ��������� ������� ���� 
��	�� ����� �	�� �������	� 
��� ���� ���� ������ ��� ������� 	������ 
�� %> ������ ��������� ������	�� 

���� �� 	�� ��	�����	�� �	 ��� ���������	�� ,�
���������� ���� ��� ���+��	��
������	 ��	���0�	 ��� ���+��	�� ��� ����
���� 55 2 �� ��� ��� �����	�
�����
�� �	 ��� ���������	� ����� ���� ��������	 ����� ����� 53 ��K��

��� .M ��	���� ���� ��	����	 �	�� �	������ ���� 
�������	� �� ��� ����� ����7
	�
���������� �	 ����� �� 	�� ���	 �������� ��������� �� ��� ����
� ��	�����
������
� ����
�����	� �� ��� �������� ������ %�. ��� �������� ���� �� ���
����� ������ ��	� �	 ��� �������� ��������	� ���� 4�/� G�/ 2 ���� ��� �
'' ��	�������	� /�G 2 ���� � ��
 �	� < 2 ���� � �������� :	 ��� �����
��	�� ��� %�. �� ����� ����� �� ��� ��������� ��� �	������� �� ��� ����
�
��	���� �����	�� ���� 	������� ��� �������� ������ %�. �� ��� ����� ����
������	 ����	� �� �	������� �� 	����� 13 2 �� � ������ �� ��� �������	��
������	���� ������	 ����	� 
�������	� �	�������� �� ��� ��� ��������	�
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3�( &5&4 &��	� ��	������	 !������

��� (9(:�(;& ��	���� �� ����� �	 � ��������� �	� ��	����0�� ����� ��
��� ����� ��	� �����	�� �	� �������	������ ��	����� ��� �	������ ���+���
��� ������ ����� �	��� �	� ��� ��������	 �� ��� ������
� ������	 ��� ����7
��� ���� ��	������� ���� �����	�� ���� ����� ������	 �	� ���� ����
�����	
��6����
�� O������� L9P� %�#���	� ��	���� ��	�������	� ��� �����	�� �� 
����
�	 ��� ������ �	 ��� ���� ��	����	 ���� �������	� ��� ���� ��� ��	����
������ ����� �	 ����� ���� ����
�����	� �	� ������� ��� ��	���� ������ ��
��
�	��
����� ����� ����� �� ��� ��������	 �����	�� ����������� ���������	� ���
��������� ���� � ���	 ��	� ����� �� 1J �K�� �	�� �	�� ���	� ��� �������
��� �������0�� �	 ����� �� ������ ����� �+��
���	� ���� !%�." 
�������	�
���� ��� ������	� ������	�� ���� ���� ��� ,-�. ���	���� ��	���� �	� 	�
����
� ���� ����
�����	�

9� �� ����������
� �� ���� ��� %�. ����
�����	 ������� �� ��	����	 �� ��� ��	����
����
��� ���� �� ��+����� �� �����
� ����� ���� 4�G� ���� �	 ����� �� �����
����� 
�������	 !����0�	��� �E��" �	� ��� ��������	 !
������� �E��"� ;���� �	�
��� ����
������ �� �	 ��� .M ����� ��� +��	����� �� ��� ����� �	���� �����	��
���
���� �� ��� ���������� 	������0�� �� ��� ��������	 ����7 �� � ���� ��
���������	� ��� ,-�. ������	� ��	������� ��+����� �	 �
���� ����� ����
���
�� 3�< ��K� ��� ����� ������	� ��� �����������	 �� ��� ���� ����
�����	
�������� ���� 4�G� ��	���� ���� �� �����
� ����� ���� ����
�����	� �����
��	���� ����
��� �� ��+������ ������ ���� �	��
����� ����� ����� �� ���� ����
����������

'� ���	 �E�����
��� ��� �����	� �� ����� ��� ���� 
�������	�� ��� %�. ���
������� �� �����E������� 1/ 2 !����� ���� ���	�� �	 �� 4�G"� )���� ����
��
����	� ��� �������� ��� ��� ��	���� ��	�������	 ���� �	�� �	��
����� �����
����� �����	�� 	����� 15 2� ������ ���� ��E ����� �� ���� ����� ����
��� �� �	
��� ������	�� ���� !����� ���� ���	�� �	 �� 4�G"� '� �����	�	 �	����� �����
����� �	� ��� ��������	 �����	�� ��� ������ %�. ��	 �� ������� �� �� �� <3
2� �	����� ��
�	��� �� ��� �����	�� ��	���� �������� �� ��� ����������� ��
����� ��� ����
�����	 �������� ������	 ��� ����� �	� ��� ��� ���������� �	�
���� ��
� ��� �����	 �� ��	���� �	� ����� ��� ��������� �����  �� �	���	���
�	 �
���� ����� ����
��� �� 1�/ ��K� ����� �� ��+����� �� ������ ��� %�.
�� 1G 27 ��� ���� ����
�����	 ��	 �� �����
�� ���� �	� ����� �� ��� �����



%�- +�+� +���� ��������� ������ %�

������ ���	 <����� 0����� *.������� +	��� /0*+1 �������	� 	� ��� ����� �		� 6���

�� ������ �	����� ,C���� ����� ���	���� 	� �> ��� �	�	�� ������ 0*+
�����	�� ��	� ��� ������� ()*+ � ', ������� ��� ��� �	�	� ����� �������
������	�� ������ ��	� � F �	 ������ -> F ��� �	�� �������	� � ��	���� �� �
�����	� 	� �	�� ��� ����� ���� ������	� �������� ������� /�	��	���� ���1� ��� ���
6�� ������	� �������� ������� /������� ���1� ��� ������� ()*+ �	���	� ��.����
� �	������� ���� ������ 	� > - ���;� !�����	� ���� ��� 	��� �������� �	� ���
�	��� ������� �� ��� ���� ������ 

����
��� ���	 ��� ��� ��������� ���� ���� �	 ��� �����

� ������ ���������	 ������	 ��� (9(:�(;& ������� �	� ��� 898:�.M �	��
�� ���� ��Q���� �� ��� ������ ��#���	��� ���� �	 ��� ��	���� ������	 ���
������� �	� �	 ��� ��	���� �������� ����������	� �	� ��6����
��� ,�
���
�������� �	 ��� ���� �� ����
� ���� ����
�����	 ���� �E�����
��� ��� ��������	
�����	�� ���� ����� ����� ��	������� �����
� ������� %�. ��������	�� �����E�
������� 1/ 2 �� 1J �K� ���	 ��	� ������ ��� (9(:�(;& ��+����� 	�����
<3 2 ���� ��� ����
��� ���	 �	 ��� 898:�.M ����7 �� ����� �� �	�������	 �	
��� ������ �� �������	� ������� ��� ��#���	�� �� ��� �� � ���� ��������
����� �� ��� ������ ��	����� �	 ��� (9(: ��������� �� �� � ������ ��	�
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����	� �� ��� ��E���� ��� ��������	 ��	�����	� �� ��� (;& ����������	�
�� � �����	����	 �������� �	����� ��6�� ��#���	�� ������	 ��� ��� ����
������ ��	���	� ��� ����
�����	 �� ����� �� ��� ����� ������ ��	�� ����
4�4� ����� ����� ���� 	�� �	������ �	 ��� 898:�.M ����� 	�� �	 ��� ��	����
��6����
��� 	�
��������� ����
�����	� �	 ��� ����� �� / 2 ���� �������� �	 ���
�������� ��������	� :	 ��� ��	������ ��� (9(:�(;& �������� �	������ ���
����� ��	����� �	 ��� ������ ��	������ ����� ��� �����������	 ���������	���
�	� �������� ������ ��� ����� ����� �	 ��� ��	���� ���� ��	����	7 ��� ������
�� � ���� ����� ����
�����	 �� ��� ����� ������ %�.� 	����� 1F 2 ���� ���
��������� �	� ��������
� ������ �	� �� �� <3 2 ���� � �����	����	 �� ���
�	� �	��
����� ����� �����	��

�� ��	������ ������	 �	 ���+���� ����� �� ��� ������ �� ��	���� �	� ��Q�
���	� ����������	�� ����� ��� ���� ���� ����������	� ��� �
�������� �	 H������
���A ��	���� �������� ���� ��	������ ��� �����	�� �� ��� ����� �����	�� ��������
���������	�� ���� ��� ��� �
������� ��	����� �	� ������	���� ��� ��� �
����
���� ��	���� ��������� !�	������� ����� ������ ��� ��������	" ������� �� �
�
������ ��������	��� ���	 ��� ��������	�� ��������� ����� �������	���� �����
�� ��� ������� ��� ����� ���� �� � ������ �� �	����	��	� ��	���� ����������
���� �E�����
��� ������� �	 ��� ��	 ������� �����
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�� �	��	�
6���� �	������ ������ �	����� ,C���� ����� ���	���� 	� � ��� �	�	�� ������
0*+ �����	�� ��	� ��� ������� ()*+ � ', ������� ��� ��� �	�	� ����� �������
������	�� ������ ��	� - F �	 -> F !�����	� ���� ��� 	��� �������� �	� ���
�	��� ������� �� ��� ���� ������ 
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��� ������� ������ ������� ��� ����� �	�������	 �	 ��� ��
������	� �	� ���
�	������ �� ��� ����� ����� ��	�������	�  ����� ��� ���	 �	��	� ���� ���
���
���� �������� ��� �������0��� �������	��� �� �������	� ��� ������
�������� ����� ���	� � ����� ���������	 �	 ��� ���������	 �� ��� ���� �� �	���
���� � ����� ����� ��	�������	 �������� �	� ��� ������� �� ��	������ �� ���
�	�������	� �	 ��������� ��������������� ��� �	 ������
� ������	 ���  ���
���������

7�� �	���+����� ���	�

� �������� ������	���� ����� ���� �����	�� ��� ��� ��� �#���� �� � �����+�
������ ��� ��������	 �	� �������	 ��� ��������
��������� �����	�� �� � �����
����� ���� ������
� ������	 ���  ����� � ������� �������	�����	 �� ���
�������� ��� ��	����� �� 	�������� �� �
��� ������ ���������	� �� ��� ����
������ ������� �	� �� ��� �����	� ����� ����	 	����� ��������	� 9	 ����� �



% 	�����/ �� 5����1� ��� ����� ���#

+����������� �����E������	 �� ��� ������	 ������	����� ����� �����	 / ��
$3 2 ����� �������� ������ ����� ���������	�� �	� 	����� $/ 2 ����� �����
������ ��������� ������7 � ����� ���� 	������ ����� ���������	 ��	����� �����
���	�� �#��� ��� �������� ����� ���������	�� ���� ������ �� �� 13 2�

��� ��� ��� ����� ��
������ �	 ���� ����� ��������� ��� ������ �	� ���
	���� �#���� �� �	�� �� ������ ���	� �	� ��� ��������	 �	 � $% ��������
���� �	 �������� �	� ��������� ��� ��	�����	�� ��� �������� ��� ���� ��
��� ����� ���� � ������������	 �� �	������ �����	��� �� �������	� ��� ��	���
��� �� ��� ����������� ���� �����	�	�� ��� �	������ �����	�� ��	����	 ��� �	���
�����	��� �������� ��#��� ���� ��� ������� ��� ����� �	�� �	� 
����� ����	��	
�	 ��� ������� ���������� ���������������� �	 �����E����� ������ �� ������
�
�	 �	������ ��	����	 ���� ������ ��� ��� �����	�� �� � �	��� �����	��� �������
�� ��������7 ������� ��� �	������ ��	����	 
�������	 �� �������� 	��������� �	
��� ��	� �����	� ���� ���������	�� �� ���� �����
� ��� ������	���� �����
���������	 �	 ��� $% ��������

��� ��� ��� ����� �� 
�������� ���	�� ��� ������� ���� ����������	�� ����
��	������ �	� � 
��������	
����� �	��������	 ����� 9	 �������� ��� ��	���
���	�� ��� ����� ���������� 
��� ���� ��� ��	����� �� ��� �	������ ���� ������
���� ��� ����� �	� ��� ��������	 
�������	�7 �� ����� �	��� �� ������� ���
������� ��� ���� ��������� ��� ����� ������� ��� ���	 ��������������� �� ��� ���
	���� ���� �����	��� ��� ����� �����	� ������� ��� �	� ����	� ��	������
���� � ����� �
������������	 �� ��� ��	���� �#���� ���� ���	�� �	 ��� �	��
�� ������� �	� � ������ ����� �	 ��� ��	����� ���� ��� ��������	� ���
������	���� ����� �� �	���� �������	��� �	 ��� ����������� ���� )�*&$�
���� ���
���	 � ���� ���� �� ���� �� ������� ���� ������	 ���������	� ��
��� ��������
��������� �����	�� �� � ��	� �����	� ���� ������
� ������	 ���
�����

��� )�*&$ ������	���� ����� �	������ ���� �� ��� ���������	� �������
�� � '�( ����������	� 9	 ����������� ��� ����� ������� �	����	��	� ������
������	� �
�� ��� ����� ���	� ���� 	������	 ���� ����� ���	�� �� �������
	���� ����� ������ �� ��� ��� ��������	 ���� ���� �#��� ��	������ �����
������	�� 9	 ������ ����� ��� �������	�� �� ���� �#���� ������ �� ��������
�� �������	 ��� '�( ������� ���	��� ��� �	���	��� 	��� ���� ������ �� <%
& % ����������	��  ����� ���� ���� ���� ��	����� �������	 ��� �������
	���� ������ �����	�� �� ��� 	�������� ������ ���	�� ���������	�� ����



&�! *��� ����/��� %%

��	� ��		�� �E������	��� ���� �	 ������ �	� ��	���� ��	�����	��

7�� $��� ����+���

��� ���� �	������ �	 ��� ������(* �����	� �	 ��� ������	� ��	�������	
������ ���� 	����� ��������	�� ��	�����	� ��� �����	����� ��� ���� �� ���
�������� ������ ����� �	 ��� ����� ������� �	�� �	 ����� �� �������	 ����
���+��	���� ��������	� �� ��� ��	� ����� ����� ��� ������ ��	��������	� ��
��� ������� ������ ������ ��� ������
� ������	 ��� ���� ������ ��	��
����� �	 ����
����	 ��� ����� ��� ��� �����	� �	 	����� ��������	� �	� �����
������ �� ���	 ��	� ����� ���
� ������ �� ����
� ���� ����
�����	 ����� �����
��	�����	� ����� ���	 �	�� � ����� ��	��������	 �� ��� ����� �������� ������
����� ��������	�

��� ������ ��	��������	 �� ��� ������ ����� ����	���� ���� ���� 
�������	�
�� ���������� 	������ ���� ���	�� ������� �� ��� ��	� ����������� �������	��7
	�
���������� ��� �������� ���� �����	�	� ���� ������ � ��	����	� ��	������
���	� ����� �� ��������� �� �����	� ��� 11 2 �� ��� �������� ������ �����
�	 ��� ����� ���� ������� ��	��	 ����	�� )�	�������� ��� �	������ �	�
���������	 �� ��� �������� ���� 
�������	 ��	 �� �E������� �� ��� ����
� ����
����
�����	 ������ �� �	��	�� ��� ������ ����� ��������	7 �������� �����
�
�	 ���� ����
�����	� ���
� ��� 112 ��������� ��+����� ��������	 ���� �����
�� ���������� 	������ ��� �	������ ��������� ���� ���� 
�������	� �������
����0�� �� ���+��	���� ����� 1 )0� �	�� �	 ����������� �� ���+��	���� ����� ��
��� �������	�� �	� !3�$ )0" ��� �����	����� ��� ��� ������ ��	��������	 �� ���
����� ������ ������ 9� �� ��������� ��	
�	��	� �� ����� ��� ����
��� �� ��� ����
����
�����	 ��
���� �� ����� ���+��	����� �� ��� ���+��	�� ���������	 �����
������ ��� ��� �	� ���� �� ��� ��������� ������� � ��	����	� ��������	 ��
��� ���� ����
�����	 ��������	���
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� ����� ����� ��	�������	 ���� ������
� ������	 ���  ���� ��
���	 $3 2
�� ��� ����� ���	 ��� ��������7 ��� ��� �E��	�� ��� 13 2 �� ��� ���������
��	�� �� ��� ����� ������	�� �	� ��
��� � ����� ������� �� $�J$ m2� �����
��������	�� �� �����E������� 1�< 2 �� ��� ����� ����� �������� ��� ����
��� ������ �	 ��� ����� ���� �� ��� ������ ���� 44 2 �� 54 2 ����� ���	�
�� �� ��E���0� ��� ������ ������� ��	��	 ����	� 
�������	 �����
�� ��
�������	 ��� ����7 �	 ��� ����� ��	�� ��� �������� �������	� �� ��� ����
������ � 	�	���	���� ����� ���	���	� �	� � ��	����	� ����� �	 ��� ��	��	
����	� �����	�� �����
�� �� ��� �����  ����� ���� ���� ��	����� ���
�	
��� ������� �� ������0�	 ��� ��� �������	� ���	 ��� ����� �	 � ��	�����	�
����	 ������0����	 ���������� �� ��� ���	����	 �� �	 H�������A �������	� ��
��� ���� �	�
������ ����	�� ���� �	 ��� ��	���� �������� �	� �	 ��� ��	����
���� ���� �� �����

��� �����	�� �	� ��� ��������	�� �� ��� �����	� ���� ��� ���� �	���0��
���� )�*&$ ���������	� ���������	 ��� �������	� ��	� ���� �������� ��
��� 9�& ���	���� ��� � ����� ' �����	�� ��� )�*&$ ����� �	������ ��� �����
������	 ����� �� �������� ����� �� �� ���������� �������	�� �
�	 ��� ����
������	���� ������	 ����	� �	�������� �� ��� ��� ��������	7 ������	 ��
��	����� ��� ����� ������	 �������	�� ����� �	 ���� ����� �	 �
�����������	
�� ��� ��� �#���� �	 ��� ����� ���� ����	� 
�������	�

� �������	��� �
�������	 �� ��� ����� ����� ����	���� ��� ��������� ���	 �
������ ��	���� ��������� ������ ������ ������� �� ����� ���������	 ��	�����	��
������ ��������� ��� ������� �� ���������	 � �������� ��	���� ���������
��� �	������ ������ ���� �� ������	 ��� �������� ���� 
�������	� ��� ����
��	� ������ ����� ��	 �� ������� �� 	����� 5 2� �	� ���� � �����	����	
�� ��� �	� �	��
����� ����� �����	� �
�� ����� ����
�����	 ����	���� ���	
���	 ������ ��� �� ����� ��������� ���	�� ��� ��������� ��	���� ��������
��� ���� ���� �� �	
������� ��� ����������� �� �	��	��	 ��� �����	� �����
������ ����� ����� ��	�����	�� ��� ������� ������ ���� ��� ������ ��	�
��������	 �� ��� �	��� �	������ ����� ���� ���� ��� ������0����	 �� ���
��������
� ����� �	�� !�����E������� $ 2 �	������ �� ��� ��;"� �	� �	 ���
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�����	�� �	������ �� 3�1F 2 ����� �� �����	�� �� ��6����	 ��� ��������
� ���
��������	7 ������ ��	���� �����	�� �� ��������� ��������� ���� ���� ���� �� �
������� �	������� ����� �� ��������� ����	� 3�1�3�$ 2 �� ��� ��;� �	� ������
�� ������ �
������� �	 ������ ����� '��� ��� ������ ��	���� ���������	�� �	�
��� ������ '�( �	������ ��������� ���� ������ �����	� ����	 �� �	������	
��� �	��� ������� ���� �	�
������ ����	� ��� ������	���� ���� 
�������	
�	 ��� ����� ������7 
��� 
����� ����
� ����
�����	 �� ��� ����� ����� �����
����� ����� ����� ������ ��� �	��� ������ �� ��� �����	�� ����� ���	�	
�	�� � ����	�� ��	��� �	 ����� �� �������� ������ ����� ��������	�

7�/ �����	 $��� ���	������� ���� �������	 '����8

��* #�*	 ����

��� ������� �� ���	�	 � �������� ��	���� �������� ��� ����
� ���� ����
��
����	 ��� �	
�������� �� �E�����	 ��� ����� ����� ��	���� ����������	��
 ���� � ������ 898:�.M ��	������� ��� ��	�������� ����� ��� ��� �	 ����
����� �� ��	������� �	����	��	��� ���� ��� ����� ������7 ������ � ���� ����
���E (9(:�(;& �������� ���� �����	�� ��� ��� ����� �����	� �����	��
��� ������� ��� ��	��� ���� �	
����	� ������ ��+����� �� ��� ��	���� ���
������� ���� ���������� ���	 ������ ���	��������	 �	 �	� ����� �	� ����
���	����� ������	 �	 ��� ������ '��� ������	 ���������� ���
���� ���
����������	� �� ��� ����
�	� ��	����� �� ��� ������� �� �	������� �	� ���
��
���+���� �� ����� ��	���� ������� 9� ������ �� ��	���	�� ����� ���� ����
��� ���	��������	 ��� ������� �� � ������
��� ������ 898: �������� �	� ���
(9(: ���� ���	������ ������	 ��	����� ���� ��� �
���������� �� ��������
���� �� �������� ��� ��	������� �����	�� 9	 ���� ��
������ ��	�����	� �� ����
�� ��	
�	��	� �� ��� � �����	�� H��� ��EA ��������� ����� ������ ���	�
��������	 ����	�+��� ��� ������� �� ���	� �	� ��	� � ����� ���� ��������
���� �������� ���	�������  ����������� ������ ���� ������ ���� ��	����� �
����� ����������	 �������� ��� ��������	 �� 
������� ���	 ��	� ������ ��
���� 
������� ��	� ������ ��� �	���	�� �� ���	 ��	��� ��������� 
�������	
����������	�� �� ������
� ��	���� �����������

'� ��������	 ��������
��������� ���������	� �� ��� ����� ����� ��	�������	
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���� ���� ��	������� �� ��� ��� ��������� �� �� �����
�� �����

• @��	 ������
� ������	 ���  ��� ��������� �	� ����� ���� ��	��	
����	� ��	����� ���� ��	���� ��������� ������ ��� �������� ������
����� �+��
���	� ���� �� ��� ����� ���� ������� ��	��	 ����	� ��
	����� 1/ 2� � ������ �	 ��	� ���� ���
���� ������� ���� ��	������� �
������� ����� O/P�

• 9� �� ��	������ �� �����	� ��� ��� �������� ���� 
�������	� �������	
�	 ��� ������	 ������� ������ �� ���	� �� �������� ��������	�� �����
!898:�.M ����������	"� �� ���� ����������� ������	��� ���	���������	
!(9(:�(;& ����������	"� ��� �	������ ��������� �	 ��� 898:�.M
���� ������ ���� �	�����	 �������� ��������	�� �	���������	 �	 ��� ��	�
���� �������� �����	�� ��� 	����� F 2 �� ��� �������� %�. ����
�����	�
��� ���� �� ����� �� ��� �	������ �� ��� ���� ����
�����	 ����	���� ����
���
���� �	
��������	� ��
� �����	�� �� ���	 �������	�� �	���� ��	�
���� O11P7 �������� ���� �	���������	 ��� ����������� ��� ��
�	��� ��
��+����	 �	�� ���������	�� �� ��� ����� �0������� �������	� �����
��	 �� �����
�� ���� � ���� ������� �	� ������ ��	��� ����� ���	
��+����� ��� �	���� ���������	���

•  ��+��	�� ������	 �� ��� ��	���� �����	 ������� ��	���0�� ��� ���
����
��� �	 ��� ��� ���+��	�� ��	�� ���� ���
���	 �	 �Q���	� ������
�� ����� ��� �
����� ��� ���� �	� �������� ����� ���� �	�� � ��	��
��������	 �� ��� ���� ����
�����	 ����	�����

• ��� ���� ����
�����	 ����	���� �����
�� �� ��� ������
� ������	 ���
 ��� ����� ��	�������	 ������� �� �� ���	�� ��	�����	�� �� ��� ����
���� ����	�� �� ��� ��� ������ ������ ���	 �� ��� H����	�����A �� ���
��	���� ��������� 9	 ����� ��� 
�������	 �� ��� ����� ���� �������
��	��	 ����	� �����
�� �� �������	 ���������� ��� ���� �� ������
��� ����� �� �����	���� �� �	 ����� ����� ��� ��� ��	��	 ����	�

�������	� �	���	����� ����	 	����� ��������	� � �������	 �� �����	
���� ��������	 ����� �� �������� �� ��� (9(:�(;& �����	�� ��	�
���� ��������� ����� ������� ��� ���� ����
�����	 ��6����
� ���	 ����
��� ���� �	� ��� ����� ����� ���������7 ��� ���� ����
�����	 ����	����
�� ���� �	������� �� <3 2 �� ��� ����� ������� �������� %�.�
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• ��� ��������	 �� ��� ����� �	 ��� ����� ���� ������� ��	��	 ���
��	� �	� �	 ��� ����� �� �������	��� �� �	 �	������ �� ����� ����� �	
��� ���������� ���� 	������� ��� ����� ������	 ������ ����� ����� ��
	����� 13 2 �� ��� ����� ����� �� �������	� ��� ������ �� ����
� ����
����
�����	 �	 ��� �
����� ���������� ��+������	��� ������ ���� ������
���� �	����� �	 �E������
� �	������ �� ��� �����	� ���������� �� �� ����
��� ���	���� ����� ����� ���
� ��� ����	 ��+������	��� 9	 ���� ��	���
�� �� �������	� �� �
������ ��� �����	�� �� � ����� ����� ���� ����	
�������� ���� �
�	��� �	� �� �	����� ��������� ���	����� �� ��� ��������
��������� �� ����	����
�	 ����� ���� ������ ���� ���� �
�	���

� ���������	 �� ��� ����
� ���� ����
�����	 �����	�� ���� ��� ��� ��	����
��������� ������� �	 ��
�� �� ��� (9(:�(;& �����	�� ��	���� ���������
����� �����	��� ���� ��
�	���� �
�� ��� ������� 898:�.M ����������	�

• '� �����	�	 ���� ������
� ������	 ��� ���� �	� �	��
����� �����
����� ���������� ��� (9(:�(;& �������� ��	 �����
� ����� �����
������ ���� ��������	� !�� �� <3 2"�

• ��� ��� ����
��� ��+����� �� ��� (9(:�(;& �������� �� �����E��
������ </ 2 ����� ���	 ����	��� �� ��� 898:�.M ��	�������� 9	 ���
������� �� ����� �� �	�������	 �� �	
������� ������� ��� ��#���	�� ��
��� �� � ������ ����� ����������	� �� �� � ������ ��	����	� �� ���
��� ��������	 ��	�����	�� �	 ��� (9(:�(;& �����

• ��� (9(:�(;& �����	�� �������� ������ �� ��	���� ��� ���������
���	 �� ��� �������� ������	 ���� �	� �	��
����� ����� ������ ����
����	������ �	������	 ��� �������� �� ��� ���������� �
�	������� �	 ����
��	����	 ���� �	 �������� ���� ��	�����	 ������� ��� �������� ����
��������	 ����� �� �������� �� ������� ���� �������� ���� �	 �����
�� ����� ��� 	��� ��� 	�	���������� ���	��	�	�� �	���
�	���	��

• ��� (9(: ����� ���
���� � ����������	 �� ��� �	���� ��	� �����	��
���� ������	 ��� ��	���� �������� ���� ��	����	 �� �	������� ��#���
�	� ��6����
��� �	� �� ��	�� ���� ��������	 �� ��#���	� �������	� �	
��� ���������� �	 �E����� �� �
�	 �� ��� ����� �� ��� ����� ��������
��	��	 ����	�� ��� 898:�.M ��	���� ���� 	�� ����� ����� ������
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��� ����� ������� ���� ��������	� ����� �� / 2 �� ��� �������� ������
%�.� 9	������ ��� (9(:�(;& ��������� ����� �E�������� �	������
��� ����� ���� �	 ��� ��	���� ����������	� ������� ��� ����� ��������
�������� %�. �� 1/ 2 !� ��������	 �� <3 2 �� ������� ���	 ���� ���
�	� ����� �����	�"�

7�% !��� �� #�	�*+ 	���������

��� �������� ��� �� ��
�����	 ����� ������ ���� ����
� ���� ����
�����	 ���
�����	� �� �� ������ ��� ���� �� �	��� �������� �� ��� ��	� �����	�7 ����
���
������� ��� ��������	 �� ����� �	� �� ���������� ��+������	�� �����
�� ����
��� ��� �� ��Q���	� �� ����	��� � ����� ���� �� �	��� ����� �����	� �	
���	 +������	� '�� �� ��� O1F� 1/P ��������� �	 �	���� �� ��������	 ���
�	������ �� ����� ��0� ���� ����
� ���� ����
�����	 ����� �����7 ��� ���������
�	��	 �� 7��?���	�3��� @7�3A� ������� ���� ����� ������ ����� ��� �����
��� ������� �� ����
� ����
�����	 ��� ���	���� �	��� ��� ����� ������� ����
�� �+��
���	� ���� ������� ��� ����� �������� �	 ��� ����	�� ����� �����
��� ����
� ���� ��	����� ��� �	������ �	 ����� ��0� ������ �	 �	������ �� ���
�����	� �		��� �	��� ;��������	 !��;"� ��	��� ������� ���� �	 ��������
�� ��� ���� �� ��� ������
� ��� ������� ��� �������� ������ ��� �	 �
�������	
�� ��� ���� �� �	��� �������� ���� ��� ����� ����� ��	�������	�  �� � 1�/
(* �����	�� '�� �� ��� O1/P ������ � ����� ������� ������ ����� ����
��������	 �� $G 2� ����� ���� �
������ ����� ������ � 13 2 �	������ �� ���
����� ��0�� ��	�� �	 ��; �	������ ���� 13 2 �� 1F 27 ���� ���� �������� �
��������	 �� ��� ���� �� �	��� ��	�	 ������	 / 2 �	� J 2� ����	��	 �	
��� ���	 ��	� ����� �� ��� �����

'��� O/P ������� � ������� �������� �� � ����� �� ��� ,-�. / (* �����	�
�+������ ���� ������
� ������	 ��� ����� )� ��������� ���� � 1/ 2 ������
���	 �� ��� ����� ������� ������ ����� ������ �� �	������ ��� ����� ��0�
�� J 2 �	��� ��� ������� ������ ����� �� ��� ������	� �����	� �� ��������
��� �� ���� ���	� ���� ����� ����� ����� �E���� ��� ����	�� ����	 �	
�����
������� ���� � $ 2 �	������ �� ��� ����� ��0�� ��� �	������ �	 ��; ���������
�� '��� �� ���� ������� / 2 ���� J 2 �	������ �� ��� ����� ��0�� �	� 1�/ 2
�� �	�� � $ 2 ��0� �	������ �� ��������
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9	 ���� ����� ��� ���� ����
�����	 �����
�� ���� �E�����
��� ��� �����	�
�� ����� �� '���A� �	�� ��������� ������� ��; ����� ������ �� �E�������
)���� ����� ������ ���� ����
�����	� !�� �� <3 2" ��� �������� �	 ��� ����
�� �����	�� ��� �	� �	��
����� ����� ����� ��	���� �����	�� ���� 6�������	
����� �E��������	� ��� ��� ��; �	������7 ����
��� ��� �E��������	� ����
	��� �� �� 
������ �	� +��	����� �	 ������ �	
��������	� ��	�����	 ���
�������� ���� ����	 �	
������ 9	 �������	� �	 ����� �� �������� ��� ������
�� ��� ��� �	 ��� ���� �� �	���� ������ �	
��������	� ���� ���� ��+����
������ �������� ���������	� �� ��� �	������ �� �	���������	 �	� ��������	��
����� 	�������� ��� ������(* ����� ����� ��	�������	��

7�2 5���������� �� 0�� ���
���� �	9
��	�	���

��� ��������� �����0����	 �� �������� ������
� ������	 ���  ��� ���������
�������	�� � ��6�� ������	� �� ��� �������	�����	 �� ��� ������� �	
������ �����	� ������� ��� ������� �� 	�� ��������� �	 ��� �����	� �����
	�
���������� ��� ������� ���� ��� ��������
��������� �	������ �	� ���� ����

���� ��������� �	
��������	� O1GP ��	 ���
��� ���� �	�������	� �� ���������
������	���� �	� ���������� ��������������� �� ��� ����������

• '� �������	 ��� ����� ���� ������� ��	��	 ����	� 
�������	 �����
��
�� �������	 ��� ���� �� ��� ����	� 
�������	 ������ �� ��� �������
��	��� �	 ��� ��	� ����� �� �� ��	������ ���� � ��� �������� ����� ���
���	�	 ����� ���� 
�������	� ����� �� ���������� 9� ��� ����� ���������
�	� ��� �������	 ����	�� ������ ��� ��������� �E��	��	 ���� ���	 13
2 �� ��� ������ ����� ���� ���� �� �����
� ����� ���� 
�������	��

• ��� ��	� �����	� ������	� ���� ��� ������� �� ����� �	��� �� ���
����� ��� ������� ��6����
� ��� ��� ������	���� ����	 �� ��� ���
��������� ������ ��	�� �� �� �����
� ���� ���� 
�������	� �	 ��������
��� ��	�����	�� .��� 
�������	� ���� ��� ��������	 �� ����� �	��� ��
������ ��� 	�� �� �������	��

• �� ��� ������� ������	� ���� ��� ������� �� ����� �	��� �� ������� �	�
��� ��	���� ��� ����
� ���� ����
�����	 �� ���	�� �������	��� ���
�
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����� ��	�����	�� �����	�	 � ��� ��� ��	���� ���� ��� ��������	 ���
����� ���� �������	� ���	 �����
�	 ��� ���� 
�������	��

• %�� �� ��� ������	 �������	�� �� ��� �������� ���� �� ��� �����	�
������� ��� ������	���� ����	� 
�������	 �	�������� �� ��� ��� ����
���� ��� ������� �	�� �� ������ �	 � ��� ���� ���	������� ��� ��� ����

�������	� 9� ��������� ��� �	���������	 �� ��� ��������� ������ 	��
������ ��� ����� ������	�� ���#	����

• ��� ��� ��������� ������ �� �� ���� �� �������� �� ����� ��� �����
�	������ �	 ��� ����� ���	 �� ��� ����� �	� ���� ��� ��
��� �����	�
 ����������� ��� ����� ����� �� ��� ������	 ��� ������ �� ��� �	
����� �� ���� ��� �������	 �� ��� ��	��� �� ��
��� �� ���� �� ���������
�	� ���� ����� ����� ������ ��������� �������� O1GP� 9� ���� �� �����
�� ��	����� �������� �������	� ����� ��� ��� �� ��
�� �� ���	� �� ����
�	� ��� ���
� ���� �� ��� �����	��� �� ���� ����� �� ��� ����� �������
�E���

• ��� ��� ������ �� ��Q���	��� ���# 	�� �� ������ �E�����
��� �	���
��� �����	� �� ��� �	������ ������ �� ��� ������	���� �������� ��#���	���
��� ��� ������ �� ���� �� ���	���	 ��Q���	� ���#	��� ���� �	 ���� ��
�������� �	 ��� �������� ������� ��������� ��� ����� ������ ����� ����
�� ���������� ������� O1GP� ��� ��	�� �� �������� �������	 �	 ���#	���
���� �� �������� ����� ��� ���� �����	 �	 �	������� ��������	 ��������

• �� ��� ��� �� ������� �� ��� ������ ������	 ���� ��� ���� ��+����� ��
������ ���	�� ��� ������	���� �������� ��#���	�� �� ��������� �� ��
������ ���� �����E������� $�FJ J/(degm2) ��� � ��� ������ �� ��� ���
13 2 ������	 �� ��� ������� ����� ��	���

• ��� ��� ��������	 ����� ��+������	�� ���� ������ ������ ������� %��
�� ��� ���+��	�� ������� ��	���� ��������� ������	 ��� ��� ����
+��	�� ��� ����
���� � ��E���� ��������	 ���� �� 53 deg /s �� ����
+���� �� ���� ���� ��� ����
��� ����	��� �� ��� .M ��	����7 �
�	
����� ��E���� ��������	 ����� ��� �������� ���� ��� (;& ��������
!/3 deg /s"�

• ��� ����� ������	� �� ��� ��� ��������� �������� ����� ���� ���
���� ����	� �� ���� ������ ���� ������ �	����� 9	 ��� ��������� ������
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��� ���
���� �����	�� ���� ��� ��� �� ��
�� ����	�� �� 	����� F< �����
��	� ������ ��� ���� ���� �� ��������	 ���� ��� .M ��	�������� �	�
�����E������� </ 2 ���� ���� ��� (;& �������� !$J �deg /��"�

��� ������	�� ��� ����
�� ��� ��� ������� ��� �	� �����	� ����� ��	�������	
��	������� �	 ���� �����7 ������� �	
��������	� ����� �� ��	�� ��+����� �����
�� ��	��� ��� �	��	� �	� �
�	������ �	�����0� ���� �� ����� ����� �����
��	�������	��
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������� 	

�����
����

��� ����� �����	��� ��� ��
������	� �� � ����� ����� ��	�������	 ����
������
� ������	 ���  ���� !��� " ��� ����
� ���� ����
�����	� ��� �����
����� ��������	�� �� �
������� �� ���	� �� ���������	� ���� ��� ��������
��
������� ���� )�*&$� ���������	 ��� ��	� ���� ��	�����	� �������� �� ���
9�& ���	����� ��� ��� ��� ������	���� ����� �� �������	��� �	 ���
���������	 ���� �� �����	� ��� ��� ������ �	� ��	���� �#���� �� ��� ���
��������	 �	 ��� ������	���� ������ �	� ������	 ����	� �� $% ������� ����
���	�7 � ��� ������	� ������	 ��� ����� �	� ����������	�� ���� ��	����
���������	� �� �������� ���� �	 �������� �	� ��������� ��� ��	�����	��

��� ����� ����� ��	������� �	 ��� �����	� ���� �������� ��� �	 ��� �����
$3 2 �� ��� ����� ���	� �	� �� ��	������� �� ���� ����
�����	 ��������� ����
���	�� ��� �� ������	 ��� ����� ���� ������� ������ ������ ��� �����
����� ��	���� ��������� ��� ��������� � ������ 8�	�� 9	����8�	�� :���
��� .�	��� M�������� !898:�.M" ��	�������� �	� � �����	�� (������� 9	����
(������� :����� (���� ;�������
� &�	���� !(9(:�(;&"� ��� 898:�.M ���
������ ������ ���� ����� �� �	 �	����	��	� ������� �	� ��	����� ��� ��� 
����� �	 ���������	�� �� ��� ����� �0������� �������	 �	� �� ��� ����� ����
������� ��	��	 ����	�� ��� (9(:�(;& ������� ���� ����� ��	���� �	�
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���� ����
�����	 ��6����
��� �� ��	����� ��� ��� ����� ��� ����� ����� ����������
�	� ��� �	������ ���+��7 �	 �������	 �� ��� ������ �0������� �������	� �	�
��� ���� ��	��	 ����	��� ��� ��	������� ���� ������� ���������	�� �� ���
����� ��� �����������	 �	� �� ��� ���
������	 �������	�� ������

��� ��������
��������� �	������ �� ��� ����� ������ ��������� ��	������	 ����
����	� ��	���� ��	�������	�� ����� �� ��� �������	 ��	������	��

• ����
� ����
�����	 �� ��� ����� ����� ������ ����� �	 ��������	�� ��	�
�����	� ���
� ����� ��	� ������ 9	 ����� ��� ������ ��	��������	� ��
��� �������� ������ ����� ����� ����	 ��������	 ���
� ����� ��	�����	��
�����
��� ����
� ����
�����	 ����� ����� ��	� ����� ����� �������� ���
�����	� �	��� ������� '���� ����� ��	�����	�� ��� ����� ����� ��	��
������	 ����� �� �	����� �E������� �� �	������ ��� �	��� ���������	�

• ��� ���� ����
�����	 ��������� ������ ��������� ����� ����� ����� �	
��� ��� ���+��	�� ��	� !����� 1 )0"� ����� ��� �����	����� ��� ���
������ ��	��������	 �� ��� ����� ���� ������ ������ &�	���� �����	�
�	 ��� ��� ���+��	�� ��	� ��	 �� ��	�� �
����� �� ������ ���+��	��
������	� ���� �#����
��� ������	 �������� ���� �	� �����

• ��� ���� ����
�����	 ��������� ��	��� ���� ��� �	������ �� ��� ���
������ 
�������	� �� ��� ������	���� ����� �	 ��� ������	 ������ 8���
�	������ �� ���� �� ��������� ��	���� �����	� ���� �	�������� ���� ��
��� ���� 
�������	� �	� ���� �����
� ����� ������ ����� ��������	�

• '� ���	 ��� ��� ��� ����� ���� ������� �������� ������ �����
�+��
���	� ���� �� ������� �� 1/ 2� ��� ����
�����	 ����	���� �����
�� �� ���	�� ������� �� ��� ����� ������	���� ����� 
�������	 ���� ��
�����
�� �� ��� �	
�������� ��� ������ 9	 ����� �� �	������	 ���
�
������� ��������	 ����� ���� � �����	����	 �� ��� �	� �	��
���
��� ����� ��	���� �����	� ��� ����� ������� ����� �+��
���	� ���� ��
������� �� �� �� <3 2�

• ��� �����	�� (9(:�(;& ��	���� �������� �����	�� ��
���� ��
�	�
���� �
�� ��� ������ 898:�.M ��	�������� ����� �
����� ����� ����
����
�����	 ����	���� �� �����	�	 ��� �	� �	��
����� ����� ������
����� ����
�����	 �� ����� ����� !1/ 2 ���� ��� � <3 2 ���� ��� 
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�	� �	��
����� �����"� ����������� �� ���������� ��� ����
�����	 ��������
������	 ����� �	� ��� ���������� �	� ����� ��� ����
��� �������� ��
��� 898:�.M ��	�����

• ��� �	
��������	 �������� ���� � ��������	��
� ��	���� ��������
���� �����
�� �	��������	 ���� ��� ��� �
������� ��	���� �	� ��	������
������	���� ��� ��� �
������� ��������� �� ������ �� �����
� ������ �
���
��� ��������	��� ���	 � ��������	�� ��	���� ��������� ����� ��������
��	���� ������� ���� �	����	��	���� ���� ������	 ��� ��	 �	��
�����
��6����
��� ,�
���������� ���� �����+������� ��� 	�������� ��� �	 �#���
��
� ��	�����0�� ��	���� ��������� � ��Q���	��� �������� �	� ��������
����� �� ��� ������ �� ��	����� �	��� ����������	�� ����� ��� �	�
��	� ����������	�� �	� �������� ���������� ��	������� ��6����
�� �	� ����
��	����	�

• ��� ���� ����
�����	 ����	���� ��	 �� ��	
����� �� �	 �	������ �� �	�
	��� �	��� ;��������	 !��;" �� ���	 ��� C��������-���� ��������
�	������� �� '�� �� ��� O1/P� )���
��� ��� ���������	 �� ��� ��; �	�
������ �� ����� �	������	� �	�� ����� �	 ��� ������� ���� '�� �� ��� O1/P
�	� '��� O/P� �� ���� ��	� ���� 1�/ 2 �� 1F 2� ��� ���������	 ���
��	�� 	�� �	�� �	 ��� ������ ����� ��������	 �����
��� ��� ���� �	
���������	� �	 ����� ����� ���
� ��� ����� ����	 ��+������	��� 9	
����� ����� ������	 ��� �������� ������ ����� �� ��� ����� ���� �	
��� ������� ��������	 �	� �� ��� ����� ������� ��� ����
� ���� ��	����
��� 	� �#��� �� �
�	 �	������� ��� ����� �	 ����� ����� �� ��� ����������
���� 	������� �	 ��� ����� ������	�� ����	�� �	 �������� ���������	
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����� ����� �� ��	������� ������� ����� ������ ��� �����
� �	� �	�������
�����
�K����
� ���� ����
�����	� ���� ��	���� ����� L���!��������� �	�
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����� $311�

O$GP 9	���	����	�� �����������	���� &��������	� 9�& G1F33�1� *�	� ����
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finite-thickness airfoils, and effects on aeroelastic
simulations
Leonardo Bergami 1, Mac Gaunaa1 and Joachim Heinz1

1Risø National Laboratory for Sustainable Energies - Technical University of Denmark, Roskilde, 4000 Denmark

ABSTRACT

The aeroelastic response of wind turbines is often simulated in the time domain using indicial response techniques.
Unsteady aerodynamics in attached flow are usually based on Jones’s approximation of the flat plate indicial response,
although the response for finite-thickness airfoils differs from the flat plate one.
The indicial lift response of finite-thickness airfoils is simulated with a panel code, and an empirical relation is outlined
connecting the airfoil indicial response to its geometric characteristics. The effects of different indicial approximations are
evaluated on a 2D profile undergoing harmonic pitching motion in the attached flow region; the resulting lift forces are
compared to CFD simulations. The relevance for aeroelastic simulations of a full wind turbine is also evaluated, and the
effects are quantified in terms of variations of equivalent fatigue loads, ultimate loads, and stability limits.
The agreement with CFD computations of a 2D profile in harmonic motion is improved by the indicial function
accounting for the finite-thickness of the airfoil. Concerning the full wind turbine aeroelastic behavior, the differences
between simulations based on Jones’s and finite-thickness indicial response functions are rather small; Jones’s flat-plate
approximation results in only slightly larger fatigue and ultimate loads, and lower stability limits.
Copyright c© 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Aeroelastic simulation tools require aerodynamic models accounting for unsteady aerodynamic effects. The aerodynamic
model should be computationally light, as to limit the resources required in time marching simulations, but, at the same
time, complex enough to predict with sufficient accuracy the aerodynamic loads arising on the blade, both in attached and
separated (stalled) flow conditions.

A large contribution to the total aerodynamic loading is generated on the outer sections of the blades, which, in modern
wind turbines, operate most of the time in attached flow conditions. Unsteady aerodynamic forces in attached flow are
frequently described in the time domain using indicial formulations, as described by Beddoes [1] and Leishman [2]. Wind
turbine simulation tools based on this approach include, among others, the aeroelastic code HAWC2[3, 4], Bladed [5], and
FAST[6, 7].

The unsteady lift force in attached flow is described, following Theodorsen’s theory [8], as the sum of two contributions:
a non-circulatory and a circulatory one. The non-circulatory lift, or added mass term, represents the lift force that would
arise on the airfoil in a non-circulatory flow due to the reaction of the fluid accelerated with the airfoil motion; the non-
circulatory term has no dependency on time, and only depends on the instantaneous acceleration of the fluid around the
airfoil. The circulatory lift, on the contrary, carries a memory effect, which originates from the vorticity shed into the
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wake to compensate the change of circulation around the airfoil, as governed by Kelvin’s theorem on the constancy of 2D
vorticity [9].

The circulatory lift for an airfoil undergoing arbitrary motion is computed in the time domain applying Duhamel’s
superposition integral of indicial step responses [9]:

Lc = 2πρUb

[
w3/4(0) · Φ(τ ) +

∫ τ

0

dw3/4

dσ
Φ(τ − σ)dσ

]
. (1)

Where, b is the half-chord length, w3/4 is the downwash at the three-quarters chord, and the dimensionless variable τ
expresses the time dependency, as the distance in half-chords traveled by the airfoil:

τ =
Ut

b
. (2)

The indicial response function Φ(τ ) represents the ratio between the actual unsteady circulatory lift, and the
corresponding steady value, following a unit step change in the quasi-steady loading. Wagner[9] determines the indicial
response for a flat plate in incompressible flow as a function that tends asymptotically to unit, and starts from a value of
0.5 at τ = 0, indicating that half the change in circulatory lift is obtained at the initial instant. Wagner’s function is not
formulated in simple analytical terms, rendering Duhamel integration rather complex; to obviate the problem, the response
function is approximated as a linear combination of exponential terms [9]:

Φ ≈ 1−
Nterms∑

i=1

Ai exp
biτ ; (3)

The exponential form of the response function allows for a very efficient numerical integration of Duhamel’s expression.
In fact, Duhamel’s integral, eq. (1), at time t+Δt can be then evaluated as the sum of a decay, and an increment term; the
decay term depends on the integral value at the previous time step t, while the increment term only includes an integration
from time t to t+Δt, thus avoiding to perform integration from the time origin t = 0 at every new time step [9].

Using the exponential form of the indicial lift response function, Jones[10] proposes a two terms approximation for the
flat plate indicial response(figure 3):

Φ = 1− 0.165 exp−0.045τ −0.335 exp−0.3τ . (4)

Several references report indicial lift responses for airfoils with finite thickness that differ from the flat plate response.
Giesing[11] shows indicial curves below the flat plate one for the response of Von Mises and Jukowsky airfoils; similar
results are obtained by Basu and Hancock[12], who simulate the step response of a Von Mises airfoil with a panel code.
Chow[13] concludes that finite thickness airfoils have a slower step response, and the response speed decreases as the
airfoil thickness and trailing edge angle are augmented.

More recently, Gaunaa [14] applies a panel code method to compute the response of NACA symmetric airfoils with
different thicknesses, and shows that the response curve tends to the flat plate one as the thickness is reduced. In Hansen
et al. [4], the same panel code method is used to simulate the step response of a 24% thick airfoil; the resulting indicial
response is approximated by a two term exponential function which is then supplied to the Beddoes-Leishman model
described in the report. Hansen et al. show that, for an airfoil undergoing harmonic pitch variations, the unsteady lift force
based on the finite-thickness response is in better agreement with CFD simulations.

Nevertheless, Jones’s approximation for the flat plate response remains a widespread standard in incompressible
attached flow models, and, to the authors knowledge, no investigations evaluating the effects that different indicial response
approximations would cause on wind turbine aeroelastic simulations are reported in literature.

The present work proposes an empirical function relating the geometric characteristics of an airfoil to its indicial lift
response. Gaunaa’s[14] panel code is used to compute the indicial response for a set of airfoils with different geometries;
the indicial response curves are approximated with Jones-like two-term exponential functions, in the form of eq. (3). The
different airfoils and corresponding indicial responses provides the dataset on which regression methods are applied to
outline the empirical function, which is then tested on airfoils outside the dataset.

The effects of modified lift response functions are investigated for an airfoil undergoing harmonic pitching motion, and
the resulting unsteady lift histories are compared to CFD simulations. The consequences on aeroelastic computations for
a full wind turbine are evaluated by running time marching simulations of the NREL 5-MW baseline turbine [15] with the
aeroelastic tool HAWC2 [3].

The method described in this article builds on the work presented by Gaunaa et al. [16] at the 49th AIAA-ASME
conference. Compared to the preliminary results reported in the conference paper [16], the present article broadens the
analysis on how changes in the indicial lift function affects aeroelastic loads simulations, and also includes an investigation
on the effects on stability limits prediction.
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2. MODEL AND METHOD

In order to estimate the effects that different airfoil geometries have on the indicial lift response function, several airfoil
profile shapes have been considered. Each airfoil profile is discretized into panels, and the circulatory indicial lift response
is simulated using a panel code. The simulated indicial lift response is fitted with a two term exponential function,
and an empirical relation is sought in order to link the coefficients defining the exponential indicial response function
(A1,A2,b1,b2, eq. (3)) to the airfoil geometric characteristics.

2.1. Airfoil profiles

A preliminary investigation considered airfoil shapes taken from the modified NACA 4-digits family[17]. The profiles
have a simple geometry, which is obtained as a superposition of thickness distribution to the airfoil mean line, and it is
fully described by a set of five parameters.

The investigation needs then to be widened to include additional airfoil shapes, as the profiles in the 4-digits family
have wider trailing edge angles than airfoils with the same thickness from other families (fig. 1); as well as that, throughout
the NACA 4-digits family, the ratio of airfoil thickness over trailing edge angle shows very small variations.

To overcome such limitations, the investigated database is widened by modifying the thickness distribution, which
is scaled with an half-cosine function aft the point of maximum thickness xthm. The scaling function depends on an
additional parameter kcos:

tmod

tNACA
=

{
1 for x ≤ xthm

0.5 + 0.5 cos
(
π x−xthm

1−xthm
kcos

)
for x > xthm

. (5)

The thickness modification allows for profiles with sharper trailing edges (figure 1), and introduces further variation in
the dataset of investigated airfoil shapes.
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Figure 1. Airfoil shapes and Trailing Edge angle. The NACA-3825 airfoil (blue line) has the same thickness and maximum camber
as the DU91-W2-250 (black line), but a wider TE angle. The cosine thickness modification (red and green lines) yields to a sharper

trailing edge.
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2.2. Panel code simulation

The indicial response of each airfoil in the dataset is first obtained from panel code simulations. The code has been
developed by Gaunaa[14], following Hess’s formulation[18], where the singularity elements are given by: constant strength
source distribution, constant strength vortex distributions, and two dimensional point vortices in the wake. A detailed
description of the model, and its validation are presented in Gaunaa[14].

As previously mentioned, the unsteady aerodynamic forces in attached flow can be described as the sum of a non-
circulatory (added mass), and a circulatory contribution. Von Karman and Sears [19] adopt a similar description in their
study on unsteady aerodynamic forces of a thin airfoil undergoing motion, under the plane wake approximation. Von
Karman and Sears further split the circulatory contribution in a quasi-steady and a wake memory part; the wake memory
part represents the deficiency, with respect to the quasi-steady force, following a change in the airfoil quasi-steady loading,
and, thereof, a change in the airfoil circulation. They show that the wake memory effects do not depend on how the change
in quasi-steady loading is generated.

The same behavior is reported in the work by Gaunaa [20], where the aerodynamic forces due to arbitrary motion
and deformation of an airfoil are derived under thin airfoil assumptions. Gaunaa shows that the quasi-steady loading
of the airfoil can be represented by an equivalent three-quarters chord downwash w3/4; the equivalent downwash w3/4

encompasses, in a single term, all the sources of quasi-steady loading, as, for instance, the airfoil linear motion, the angle of
attack and its angular rate, the camberline deformation and its time derivatives. The wake memory effect depends directly
on the change in the equivalent three-quarter chord downwash w3/4, and not on which source has caused the change.

It can be thus concluded from thin airfoil analysis that the indicial response function accounting for the wake memory
effects will be the same, independently of the cause of the step change in the quasi-steady loading (impulsively started
flow, step in angle of attack, step in a trailing edge flap deflection, step in heave velocity, etc.); consequently, under the
usual assumptions of thin airfoil theory, the circulatory indicial lift response function derived from an impulsively started
flow is identical to the response function derived from a step change in angle of attack.

Furthermore, it is worth mentioning that the indicial lift response function for a step change in the airfoil quasi-steady
loading differs from response functions for disturbances traveling along the airfoil, as for instance the gust response
function. Nevertheless, most aeroelastic simulation codes do not distinguish between step-change (Wagner-type response),
and traveling disturbances (Küssner-type response), and a step change indicial response function is usually adopted in all
the cases; an evaluation of the error introduced by this approximation is reported in Buhl et al.[21].

Based on the previous considerations and for practical purposes, it is chosen to perform panel code simulations of the
indicial lift response by reproducing an impulsively started flow, where the free stream flow velocity is switched from zero
to a finite value simultaneously in the whole computation domain. The indicial lift response function is then determined
by letting the simulation advance in time, without further changes to the free stream speed. Preliminary computations have
verified the validity of the assumption that, also for finite thickness airfoils, the circulatory lift response for an impulsively
started flow matches the response following a step change in angle of attack.

By applying small time steps to the initial instants of the simulation, the panel code returns an unusual behavior of the
indicial lift, which starts decreasing from a value above the steady one. Such results are similar to the transient behavior
described by Graham [22] for an airfoil in impulsively started flow where the roll up of wake vorticity dominates the
unsteady aerodynamics. In these conditions, the indicial lift presents an initial singularity: it first decreases with time, and
only subsequently monotonically increases, as in Wagner’s indicial response function.

As observed by Graham, an airfoil does not encounter a truly impulsive start under realistic conditions. The wake
dynamic is thus generally dominated by downstream convection of the vorticity, rather than roll up, and the indicial lift
increases monotonically to the steady value. The present investigation focuses on the response of airfoils under realistic
conditions, therefore, time steps are selected as large as sufficient to avoid the singularity induced by the dynamics
associated with the rolling up of the initial part of the shed wake vortex sheet. The response at time zero is then obtained
from a quadratic extrapolation of the first computed points.

2.3. Exponential curve fitting

The simulated indicial response can be approximated by a n-term exponential function, eq. (3); the more terms, the better
the approximation. It is chosen to use a two-term function, which returns a sufficiently accurate approximation (figure 3)
and keeps similarity with Jones’s expression:

Φ = 1− A1 exp
b1·τ −A2 exp

b2·τ , (6)

with: b1 < b2 < 0.

The two-term function is defined by 4 indicial response coefficients: b1 giving the decay of the fast term, b2 for the slow
decaying term, and A1 and A2 giving the weights of the two components. The coefficients are found through minimization
of the weighted sum of the squared differences between the simulated response and the fitted curve.
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The weight function is set to be equal to the difference between the simulated indicial response, and the unit steady
value. In this way, the minimization algorithm values more the fitting for points in the initial part of the transient, reducing
the influence from the almost stationary tail of the indicial curve; for the same purpose, the curve tail is truncated where
the response reaches 99.9% of the final value.

2.4. Profile Surface Angle

A preliminary investigation indicates that the lift response coefficients are related to the angle between upper and lower
surface of the profile, especially close to the trailing edge, as it was also observed in Chow[13].

It is therefore chosen to represent the geometric characteristics of an airfoil in terms of a profile surface angle β(x).
For a given chord-wise coordinate x̃, β(x̃) is defined as the angle between two lines that originate at the trailing edge and
intersect the profile upper and lower surface at the points of chord-wise coordinate x̃, figure 2.

Each airfoil is thus characterized by a specific curve β(x) of profile angles along the chord; the same airfoil is also
associated to a set of indicial response coefficients (A1,A2,b1,b2). Therefore, a relation between the indicial response
coefficients and the angles β would allow to estimate the indicial lift response function of an airfoil from simple
measurement of its geometric characteristics.
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Figure 2. Profile angle β at chord-wise position x1 and x2

3. RESULTS

A preliminary investigation is carried out on simple airfoils shapes from the NACA 4-digits family. It is observed that
the indicial lift response function is scarcely influenced from variations of airfoil camber and leading edge radius; on
the contrary, the airfoil thickness and the location of the point of maximum thickness affect the shape of the indicial
response function. As also observed in Gaunaa[14] and Chow [13], thicker airfoils have a slower response and the indicial
lift response functions have a starting value below Φ(τ=0) = 0.5 of a flat plate; as the airfoil thickness is reduced, the
response tends to the flat plate one, figure 3.

The investigation is then enlarged to a wider dataset of airfoil profiles, including several combinations of airfoil
thickness and cosine scaling parameter. For each profile in the dataset, the panel code simulates the indicial lift response,
which is then fitted with the two term approximation; every airfoil profile i is thus associated with a set of four indicial
response coefficients (Ai

1, Ai
2, bi1, bi2, as in eq. (6)), and a set of profile angles measured at different chord-wise locations:

β(x)i. A relation is sought between the indicial response coefficients and the profile angle at few selected locations.
At first, it is assumed that the each of the four indicial response coefficients can be expressed as a quadratic function of

the profile angle measured at one single chordwise location x1:

ŷ = a0 + a1βx1 + a2β
2
x1 , where ŷ = Â1, Â2, b̂1, or b̂2. (7)

The problem is formulated as a linear model regression, where, for each profile i, the actual value of the indicial response
coefficient ζi,1 (ζi,1 = Ai

1, Ai
2, bi1, or bi2) is the dependent variable (regressand), and the profile angle at a selected location

β(x̃)i is the independent variable (regressor). The regression parameters a0, a1, a2 are constant throughout the dataset,
and a different set of regression parameters is associated to each indicial response coefficient.
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Figure 3. Indicial lift response function for NACA 44xx airfoils with different thicknesses and for a flat plate (Jones’s coefficients).
Dashed lines: response simulated by the panel code; full lines: two terms exponential approximation.

The problem is solved with an ordinary least square method, minimizing the squared sum of residuals (ŷi − ζi,1)
2; the

regression is repeated considering different locations x̃ of the profile angle measurement point.
For each chordwise location x̃, the quality of the regression is evaluated by the coefficient of determination r2(x̃); the

minimum points of the curves (1− r2) (figure 4, top) thus indicate the optimal locations x∗: the corresponding profile
angles β(x∗) give the regression with the best explanation of the variation observed in the indicial response coefficients.

Although optimally placed, measurements of the profile angle at only one point are not sufficient to account for all the
variation observed in the indicial response coefficients. A profile angle measured in a second point x2 is thus introduced
in the empirical function: ŷ = f (βx1, βx2).

The optimal location of the second point is determined from the coefficient of determination r2 in a second regression,
where the regressand variables ζi,2 are the residuals from the first regression: ζi,2 = ŷi,1 − ζi,1. The minima of the
(1− r2) curves (figure 4, bottom) give the optimal placement for the second profile angle measurement βx2. Note that,
since the second regression (figure 4, bottom) fits the residuals of the first, whenever the second measurement point x2
coincides with the first x1, the coefficient (1− r2) is one, which indicates that the second point, being identical to the first,
does not contribute to further data explanation.

The regression analysis indicates for each indicial response coefficient the optimal locations of the two measurements
points for the profile angle. The optimal locations are slightly moved from the curves minima so to reduce the total number
of points to 3; the resulting pair of measurement points are reported in the first columns of table I. For each indicial
response coefficient, one point is located close to the airfoil trailing edge, the other to mid-chord; thus indicating that the
geometric parameters that more affects the indicial lift response function are the airfoil thickness (roughly proportional to
the profile angle at mid-chord), and the profile ‘opening’ near the trailing edge.

Each indicial response coefficient is then estimated as a quadratic function of the profile angle β at the two selected
locations (x1 and x2) along the profile:

ŷi = a0 + a11βx1 + a12β
2
x1 + a21βx2 + a22β

2
x2. (8)

Both the profile angle location pair (x1 and x2), and the set of regression parameters ai depend on which of the four indicial
response coefficient is being considered: ŷi = Â1, Â2, b̂1, or b̂2 (table I); the regression parameters are again determined
by solving a least square regression problem.

Table I reports the profile angle location and the regression parameters for each indicial response coefficient. The
parameters for the quadratic terms (a12,a22) are rather close to zero, highlighting a dominant linear behavior; nevertheless,
no regression parameter admits the zero value inside its 95% confidence interval, thus also the quadratic terms are
significant in the fitting. Substituting the sets of regression parameters in equation (8) yields to a set of four empirical
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Figure 4. One minus coefficient of determination versus the location of the profile angle measurement point; the curve minima
correspond to the best regression. Top: location of the first profile-angle point x 1, regression on the dataset. Bottom: location of the

second profile-angle point x2, regression on the residuals.

equations, one for each indicial response coefficient; the equations allow to estimate the indicial lift response function of
an arbitrary profile by simply measuring its profile angle in three different locations.

Lift Coef. x1 x2 a0 a11 a12 a21 a22

A1 0.95 0.5 3.93E-01 -1.32E-03 3.41E-05 2.06E-05 5.33E-05
A2 0.88 0.5 1.01E-01 9.41E-03 -7.80E-05 2.35E-03 -9.24E-05
b1 0.95 0.5 -1.90E-01 -8.35E-03 1.04E-04 -7.16E-03 2.65E-04
b2 0.95 0.5 -2.83E-02 -1.29E-03 1.85E-05 -1.04E-03 3.44E-05

Table I. Empirical estimation of the indicial lift response coefficients. Location of the two profile angle measurement points: x 1, x2.
Regression parameters to be applied in equation (8) for coefficient estimation; the parameters refer to profile angles measured in

degrees.

3.1. Validation

The set of empirical equations derived in the previous section is tested for three airfoil profiles used on the reference
rotor of the MEXICO project[23]: DU 91-W2-250, RISOE A1-21, and NACA 64-418. The airfoils have profile shapes
commonly employed on wind turbine blades, they differ in thickness and camber characteristics, and none of them was
part of the dataset used in the regression.

For each airfoil, the indicial lift response coefficients are estimated with the empirical relation in eq. [3], and the
coefficients in table I (circles, in figure 5); the indicial response coefficients are then compared with the coefficients
resulting from the direct fitting of the indicial lift response function simulated by the panel code (stars). The estimated
values are found very close to the panel codes ones, and they give a better approximation of the indicial lift response than
Jones’s coefficients.
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Figure 5. Lift response coefficients as function of the airfoil profile angle at location x 1. Estimated (circles) and panel code (stars)
coefficients for the airfoils: DU 91-W2-250, RISOE A1-21, NACA 64-418 (from the left). The plot reports curves from the empirical

estimation function for three arbitrary βx2 profile angles, and the flat plate coefficients from Jones’s approximation.

The empirical equations are further tested to verify that plausible lift response functions are obtained for profile angles
ranges:

∀ profile

{
2◦ ≤ βx1 ≤ 50◦

3◦ ≤ βx2 ≤ 40◦
. (9)

The empirical equation might result in an unreasonable indicial lift response when applied to airfoils falling outside this
range.

4. RELEVANCE TO AEROELASTIC SIMULATIONS

4.1. CFD comparison

Changing the indicial lift response function conditions the dynamics of the aerodynamic forces. The effects are first
evaluated in the simple case of a 2D airfoil undergoing harmonic pitching motion. The same three airfoil profiles as in
the previous validation are considered; the profiles are hinged at the quarter chord point, and the angle of attack is changed
from 1◦ to 3◦ with two reduced frequencies: k = ωb/U = 0.1, and a faster one k = 0.5.

The unsteady lift force is computed with the analytical model described in Hansen et al.[4]; the model, here simplified
for attached flow conditions, is based on superposition of indicial lift response functions approximated by exponential
terms. For each airfoil, three sets of indicial response coefficients are considered: the ones from Jones’s flat plate expression,
the estimations from the empirical equation, eq.8, and the ones obtained by exponential fitting of the panel code response.

The resulting lift loops (figure 6) are compared against CFD simulations. The CFD results were obtained using EllipSys,
Risø’s in-house CFD code, developed as a cooperation between the Department of Mechanical Engineering at the Technical
University of Denmark and the Department of Wind Energy at RisøNational Laboratory [24, 25, 26]. Simulations are
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run with a standard set-up for 2D airfoils: fully turbulent flow, k-ω SST (Shear Stress Transport) turbulence model, and
Reynolds number of 6 millions.

The estimated indicial response coefficients are very close to the panel code ones (see figure 5): the corresponding
loops (respectively, blue line and red circles in figure 6) are thus practically overlapping. The loops based on the estimated
indicial response coefficients are closer to the CFD results (black lines) than the loops with flat plate coefficients, indicating
thus a better approximation of the airfoil indicial lift response function. The differences among the loops are increased as
the reduced frequency is augmented.

4.2. Full Wind Turbine Simulations

In most aeroelastic codes for wind turbine loads simulation, the indicial response coefficients are given by Jones’s
approximation of the flat plate response. As observed in the previous sections, the response of an airfoil with finite thickness
differs from the flat plate one, and the higher is the reduced frequency of the unsteady motion, the larger the difference in
the resulting aerodynamic forces.

To asses the impact of differences in the indicial lift response function on the simulated response of a full wind turbine,
the NREL offshore 5-MW baseline wind turbine [15] is modeled with the aeroelastic tool HAWC2[3]. Three different
set-ups of the aerodynamic model are considered in the simulations, where the indicial response coefficients are given by:

• Jones’s flat plate response. The default value in most aeroelastic simulation tools.
• Estimated coefficients for the DU 91-W2-250 airfoil. The airfoil has a thickness ratio of 25%, suitable for mid-span

sections. The current version of the aeroelastic tool does not allow to variate the indicial lift response coefficients
along the blade span, therefore, the DU 91-W2-250 indicial response approximation is applied to the whole blade.

• Quasi-Steady approximation (A1 = A2 = 0) for the circulatory lift contribution in attached flow; also a rather
common assumption.

The effects of the different indicial response approximations on aeroelastic simulations are quantified in terms of
variations of equivalent fatigue loads, ultimate loads, and stability limits.

4.2.1. Fatigue and Ultimate Loads
The equivalent fatigue loads are determined using a standard procedure [27] based on rain flow counting method, and

Palmgren-Miner linear damage assumption. The simulations reproduce power production load cases as described in the
IEC standard 61400-1 [28] (DLC 1.1); wind conditions for turbine class IIb are adopted, and a yaw misalignment of ±8◦

is included. The stochastic wind field is reproduced through Mann’s turbulence model [3], and the same turbulence seeds
are repeated for the three indicial response set-ups.

The ultimate load are computed as the maximum load among a reduced set of simulation cases from the same standard
[28]: production with extreme turbulence model (DLC 1.3), extreme coherent gust (DLC 1.4), and extreme operating gust
(DLC 2.3) without grid-loss.

Table II and III report the variation in simulated equivalent fatigue loads and ultimate loads for bending moments
measured at the blade root, and at the tower bottom flange, and torsion moments at the tower top, and on the low speed
shaft; the loads variations are normalized by the loads obtained with the default flat plate indicial response coefficients.

Although the figures might vary depending on the specific wind turbine and control model, it can be concluded that
the assumption of quasi-steady circulatory lift in attached flow leads to significantly higher estimations of both fatigue
and ultimate loads. Using the finite-thickness indicial lift response function leads to a reduction in the predicted loads, in
comparison with simulation based on a flat-plate indicial response, but the variations are on a much smaller scale than in
the quasi-steady case.

Seq Blade Blade Blade Tower Tower Tower Shaft
Flapw. Edgew. Tors. FA SS Tors. Tors.

Ref. Fl.Pl. [MNm] 13.73 10.69 0.25 77.12 39.55 20.60 3.86

Δ Quasi-St 5.49 % 1.10 % 20.54 % 6.44 % 3.89 % 9.15 % 15.05 %
Δ DU 250 -1.06 % 0.00 % -2.48 % -1.02 % -0.39 % -1.83 % -2.21 %

Table II. Equivalent fatigue loads, variations due to changes of the indicial lift response coefficients. Simulations for: Jones’s flat plate
indicial response coefficients (reference case, first row), Quasi-Steady indicial response, DU 91-W2-250 indicial response coefficients;
variations Δ normalized by the equivalent loads of the flat plate reference case. Results refer to an equivalent number of load cycles

neq = 106, material fatigue exponent m = 10 for blade loads, m = 4 for tower and drive-train.
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(a) NACA 64-418.
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(b) DU 91-W2-250.
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Figure 6. Lift coefficient loops for airfoils undergoing harmonic pitching motion. Comparison between CFD results (black) and
analytical model based on indicial response coefficients from: empirical estimation function (blue), panel code response (red line

with circles), Jones’s flat plate coefficients (green).
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max(|M |) Blade Blade Blade Tower Tower Tower Shaft
Flapw. Edgew. Tors. FA SS Tors. Tors.

Ref. Fl.Pl. [MNm] 14.94 6.92 0.22 112.46 45.08 17.44 6.62
Δ Quasi-St. 6.93 % 2.29 % 25.26 % -1.98 % 3.44 % 6.07 % 5.45 %
Δ DU 250 -0.73 % -0.39 % -2.21 % 0.41 % -0.55 % -1.14 % -1.33 %

Table III. Ultimate loads from reduced set of cases, variations due to changes of the indicial lift response coefficients. Simulations
for: Jones’s flat plate indicial response coefficients (reference case, first row), Quasi-Steady indicial response, DU 91-W2-250 indicial

response coefficients; variations Δ normalized by the ultimate loads of the flat plate reference case.

4.2.2. Stability limits
The wind turbine stability limits in the three indicial response cases are estimated by running simulations with a constant

wind inflow, and attached flow conditions on the blades; the rotor speed is progressively increased until unstable oscillations
are observed. The results are presented in figure 7 as the tip speed corresponding to the critical rotor speed at which
instability occurred; the torsional stiffness of the blade has been scaled (values on the abscissa) to verify the consistency
of the results for different stiffness values.

As discussed for fatigue and ultimate loads, neglecting the circulatory lift dynamics in attached flow causes the largest
variations in the simulated response. The stability limit encountered with the quasi-steady assumption is in fact much lower
than in the other two cases; Lobitz [29] reported a similar result for the flutter limit of an isolated blade. The finite-thickness
indicial lift response function results in slightly higher stability limits, but the difference from the flat plate case is rather
small; variations of similar magnitude were reported in the flutter analysis of a 2D profile [30].
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Figure 7. Critical tip speed at which instability (flutter) due to rotor over-speeding arises; variations due to changes of the indicial
lift response coefficients. Simulations for: Jones’s flat plate indicial response coefficients (black with stars), Quasi-Steady indicial
response (red with triangles), DU 91-W2-250 indicial response coefficients (blue with circles). The values are plotted versus the

scaling factor applied to the blade torsional stiffness.

5. CONCLUSION

Airfoils with finite-thickness have an indicial lift response function that is different from the flat plate one, which is usually
adopted in aeroelastic simulations through Jones’s approximation.

The indicial response of several airfoil shapes is determined using a panel code, and then approximated by a two-term
exponential function; the exponential function is similar to Jones’s expression for the flat plate, and is defined by four
indicial response coefficients, eq. (6).
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An empirical relation is proposed, where the four indicial response coefficients are estimated by quadratic functions
of the airfoil profile angles, measured at three locations along the chord. The relation allows to estimate the indicial lift
response function of a finite-thickness airfoil from simple geometric characteristics.

The indicial response function conditions the dynamics of the simulated unsteady aerodynamic forces. The effects are
evident in the case of a 2D airfoil undergoing harmonic pitching motion, where the indicial response accounting for the
thickness of the airfoil leads to a better agreement with results from CFD simulations.

The effects of different indicial response approximations on the overall estimation of the wind turbine aeroelastic
behavior are quantified for the NREL 5-MW baseline turbine [15]. The quasi-steady response function has a significant
impact on the simulated turbine response: fatigue and ultimate loads are larger, and the stability limits lower, than the
corresponding values obtained with a flat-plate indicial response. The indicial response function that accounts for the
airfoil thickness, in comparison to Jones’s flat-plate indicial response, leads to a slight reduction of the aeroelastic loads,
and a small increase of flutter stability limits; although the variations from the default flat-plate case are small.

To conclude, is important for an aeroelastic model to account for the dynamics of the circulatory lift also in the attached
flow region. The indicial response function accounting for the airfoil thickness yields to more accurate predictions of the
aerodynamic forces than Jones’s flat-plate indicial response; nevertheless, the difference induced by the finite-thickness
indicial response function with respect to the flat plate one becomes scarcely significant as the aeroelastic behavior of the
whole wind turbine is considered.
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Abstract. The paper presents an analysis of the aeroelastic loads on a wind turbine in normal
operation. The characteristic of the loads causing the highest fatigue damage are identified,
so to provide indications to the development of active load alleviation systems for smart-
rotor applications. Fatigue analysis is performed using rain-flow counting and Palmgren-Miner
linear damage assumption; the contribution to life-time fatigue damage from deterministic
load variations is quantified, as well as the contributions from operation at different mean
wind speeds. A method is proposed to retrieve an estimation of the load frequencies yielding
the highest fatigue contributions from the bending moment spectra. The results are in good
agreement with rain-flow counting analysis on filtered time series, and, for the blade loads,
show dominant contributions from frequencies close to the rotational one; negligible fatigue
contributions are reported for loads with frequency above 2 Hz.

1. Introduction
The size of modern utility-scaled horizontal-axis wind turbines (HAWT) shows a continuously
increasing trend. As the rotor size increases, so do the loads that act on the turbine. Recent
studies have proposed smart-rotor concepts, where the wind turbine actively alleviates the loads
it would have to withstand; several solutions have been investigated, using either conventional
pitch actuators [1, 2], or active aerodynamic devices distributed along the blade span, such as
micro-tabs [3], or trailing-edge flaps [4, 5].

In most cases, the primary objective of the smart-rotor is to reduce the fatigue loads that the
turbine experiences during normal production. The aim of this paper is to contribute to smart-
rotor research by identifying the characteristics of the aeroelastic loads that are responsible for
the largest fatigue contributions. The loads yielding to the higher fatigue contributions are the
one the active alleviation system should focus on; therefore, their characteristics will provide
useful indications for the design of a smart-rotor system.

The loads are here characterized in terms of: stochastic and deterministic components,
equivalent fatigue damage contribution from rain-flow counting analysis, spectral content, and,
a particular focus is given to the estimation of the frequency characteristics of the loads causing
the highest contribution to the fatigue damage. The four points determine the structure of the
paper, as each of them is dealt with in a separate section; general conclusions follow in the last
section.

The whole analysis starts from simulations of loads time series for the NREL 5-MW reference
wind turbine [6] in its on-shore configuration. The response of the turbine is simulated using the



aeroelastic code HAWC2 [7], which includes a multi-body structural model, and a BEM-based
aerodynamic model; modeling the unsteady effects of the airfoils aerodynamic forces has proved
necessary to avoid biased estimations of the fatigue loads [8], hence the aerodynamic model by
Hansen et al. [9] is adopted. The turbine has variable speed regulation below rated power, and
collective pitch-to-feather control above rated; the standard controller by Jonkman et al. [6] is
applied.

As most of the fatigue loads originate during normal operation, simulation conditions are set
according to the design load case (DLC) 1.1 in the IEC standard [10]. A turbulent wind field
is generated according to class IIb specifications, including the effects of tower shadow, and the
terrain shear, as prescribed in the standard [10]; six turbulent series of ten minutes each are
simulated for every mean wind speed.

2. Deterministic and stochastic characterization
The fatigue damage on the wind turbine structure originates from the load variations and,
in a first approximation, it does not depend on the mean load level. In this study, the load
variations at the blade root are classified as deterministic, or stochastic. It is chosen to define
as deterministic the load variations that present them self in regular cycles, where the cycle
period corresponds to the natural period of one rotor revolution; the remaining load variations
are defined as non-deterministic, or stochastic.

The blade root bending moment from the simulated time series are plotted as function of the
blade azimuthal position, green dots in figure 1. The variation of the loads around the mean level
directly relates to the fatigue damage, and is here described as three-times the loads standard
deviation, red lines in figure 1. The deterministic contribution is assumed to be responsible for
the underlying trend in the load variation, and is thus estimated as the mean load value for each
azimuthal position (black line in fig. 1). The remaining load variation, once the deterministic
one is filtered out, is considered as the stochastic contribution (blue lines in fig. 1).

The deterministic loads are related to variations in the wind field which are constant
throughout the simulated one hour series; in this case, they represent the effects of terrain
shear and rotor tilt as sampled by the rotating blade, as well as the tower shadow effect, which
gives the clearly marked notch after the tower passage at 0 deg azimuth. Different estimations of
the deterministic contribution would results from different choices in the definition: for instance,
adopting a shorter averaging time window to identify the deterministic variation would classify
as deterministic contribution also the effects of large scale turbulence, thus returning an higher
contribution.

Deterministic and stochastic contribution to the load variation are estimated at different mean
wind speeds for the blade root flapwise and edgewise bending moments. From the original load
time series, ‘stochastic-only’ time series are obtained by subtracting for each blade azimuthal
position the corresponding deterministic load variation. The stochastic-only load time series
would correspond to an ideal smart-rotor, with a cyclic control able to compensate for the
whole deterministic load variation. The processed time series will be considered in the following
sections in order to evaluate the fatigue contribution from the stochastic components of the
loads.

The load variation in the blade root flapwise bending moment increases with the mean wind
speed (red lines in fig. 2). The main contribution originate from stochastic load variations
(blue lines); nevertheless, deterministic variations are also relevant (black lines), and increase at
higher wind speed, which is partly due to gravity contributions, as the blade is pitched out of
the rotor plane. In case of yaw misalignment, the increase in the overall load variation is mainly
due to the deterministic component; a similar effect would be also expected in case of partial
wake operation.

The variations of loads at different mean wind speed provides a convenient term of comparison



Figure 1. Blade root flapwise bending moment variations versus blade azimuthal position.
Simulated time series (green dots), total variation of the simulated loads (red lines), deterministic
contribution (black), stochastic contribution (blue).
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Figure 2. Blade root flapwise bending moment variations as function of mean wind speed.
Simulated loads (red lines), deterministic load variation (black), stochastic load variation (blue).
A case with yaw misalignment is given for comparison, dashed lines.

to estimate the load-variation capability required to smart-rotor actuators. Furthermore, the
load variation due to deterministic component gives an estimate of the gain in load alleviation
performances that could be achieved by including measured periodic disturbances in the smart-
rotor controller, see for instance van Wingerden et al. [11].

3. Rain-flow counting fatigue analysis
Equivalent fatigue loads are computed from the loads time series by applying a rain-flow counting
(RFC) algorithm, and Palmgren-Miner rule for linear fatigue damage accumulation [12]. The life



time equivalent fatigue loads account for the amount of time the turbine is expected to operate
in each wind speed condition; the wind distribution follows a Rayleigh distribution with average
speed of 8.5 m/s, as prescribed by the IEC standard for a class II turbine [10].

Figure 3 shows the equivalent fatigue loads for the blade root flapwise bending moment
at different operating wind speed, and accounts for the amount of hours each wind speed is
encountered during the turbine life-time. High wind speeds are less frequent than low ones,
nevertheless, operation at high wind still causes the largest contribution to the life-time fatigue
damage. The equivalent fatigue loads computed with a lower material exponent (m = 8 instead
of 10) show nearly no change below rated speed, while for high winds, the fatigue loads are lower
than with exponent 10, thus indicating larger fatigue contribution from wide range load cycles.

The same RFC analysis is performed on the time series obtained by subtracting the
deterministic load variations (blue line with diamonds in fig. 3). The equivalent fatigue loads
are lowered, especially at wind speeds above rated; the overall lifetime equivalent fatigue load
is 11% lower than the lifetime fatigue load returned by the original time series. The measured
fatigue reduction gives an estimate of the upper-limit to the fatigue-load alleviation that could
be obtained by a smart-rotor control that only addresses cyclic load variations [13], and, at the
same time, quantifies the importance of inlcuding periodic disturbances rejection in a smart-rotor
control system.
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Figure 3. Blade root flapwise moment, equivalent fatigue loads for different mean wind speed
operation (weighted by the wind distribution). Results for simulated loads (black line) and for
series without deterministic load variations (blue lines).

A similar analysis is performed for the blade edgewise bending moment (fig. 5). As the
fatigue damage is mainly gravity driven, it shows higher contributions for the wind speed bins
that occur more frequently; furthermore, since the gravity load variation is periodic, the edgewise
equivalent fatigue load for the time series without deterministic variation is less than half the
original one.

Equivalent fatigue loads for the shaft tilting and yawing moments show higher contributions
for wind speeds at, and above rated (fig. 6). The tower bottom flange fore-aft lifetime fatigue
damage is mainly affected by operation at, and below rated wind speed (fig. 7); on the contrary,
the side-to-side moment receives most of the fatigue contribution from wind speed above rated.



4. Spectral load characterization: Power Spectral Density
The Power Spectral Density (PSD) of the load time series is computed using Welch’s method as
implemented in Matlab; the PSD obtained with different turbulence series for the same mean
wind speed are then averaged together. A similar procedure is applied to the blade root moments
time series where the deterministic variations of the load had been removed.

The blade root flapwise bending moment PSD (fig. 4) is characterized by high energy content
around the rotational frequency (1P = 0.2 Hz), and, less, at its first harmonic. The PSD rapidly
decreases above 1-1.5 Hz, and its energy content is nearly insignificant above 2.5 Hz. The PSD
of the series without deterministic loads variation shows, as expected, a marked reduction of
the peak at the rotational frequency 1P (blue lines in fig. 4); nevertheless, the peak at 1P still
dominates the spectrum, thus implying that the stochastic component of the loads accumulates
spectral energy contributions that, for a rotating blade, are mainly located around the rotational
frequency.
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Figure 4. Blade root flapwise moment, Power Spectral Density (PSD) for the loads time series
with mean wind speed of 16 m/s. Results for simulated loads (black line) and for series without
deterministic load variations (blue lines).

5. Estimation of frequency contributions to fatigue damage
5.1. From PSD to fatigue damage ratio
Benasciutti and Tovo [14] propose a method to estimate the rain-flow fatigue damage from
the stress power spectral density (PSD). The method is based on the assumption of Gaussian
stationary process, and linear Palmgren-Miner rule for fatigue damage. The rain-flow fatigue
damage ratio (DRFC) is estimated as a weighted sum of the damage rate for a narrow-banded
process (DNB), and the range-mean counting damage (DRC) [14]:

DRFC = bwgtDNB + (1 − bwgt)DRC . (1)

The range-mean counting damage is approximated as a function of the narrow-band damage
rate (DNB), the second bandwidth parameter α2, and the fatigue strength exponent m:

DRFC ≈ bwgtDNB + (1 − bwgt)DNBαm−1
2 =

(
bwgt + (1 − bwgt)α

m−1
2

)
DNB . (2)



The expression for the narrow-band damage reads

DNB =
1

Sm
0

ν0

(√
2λ0

)m
Γ (1 + 0.5 m) , (3)

where Sm
0 is the critical stress level, ν0 is the rate of mean upcrossings, λi is the i-th spectral

moment of the one-sided spectrum W (ω), and α1 and α2 are bandwidth parameters, as given
in [14]. The factor bwgt in eq. (1) determines the weight between the narrow-banded fatigue
damage and the range-mean counting damage; Benasciutti and Tovo [14] suggest an expression
derived from empirical data fitting for the weight value as a function of the first and second
bandwidth parameters α:

bwgt =
(α1 − α2)

[
1.112 (1 + α1α2 − α1 − α2) e2.11 α2 + α1 − α2

]

(α2 − 1)2
. (4)

The method proposed by Benasciutti and Tovo is applied to the spectra of the bending
moments computed in the previous section. The equivalent fatigue damage rates obtained at
each mean wind speed are weighted by the wind distribution function, so to obtain an indication
of the relative contribution that operations at different mean speeds yield to the total life-time
fatigue damage. The relative contributions obtained from the PSD method are compared to
results from the rain-flow counting analysis (fig. 5 – 7); relative contribution returned under the
narrow-banded process assumption (i.e. bwgt = 1) are also plotted (red lines with squares).

In spite of fundamental differences between the two methods, the relative contributions
computed by the frequency-domain PSD method are in good agreement with the figures from
the time-domain RFC method. The strongest contributions to fatigue on the blade flapwise
moment originate at high winds (fig. 5, left ), whereas the blade edgewise (fig. 5, right), and
the shaft bending moments (fig. 6), show higher contributions from wind speeds around rated,
which are more frequent. The narrow-banded (NB) approximation returns estimations very
close to the full model ones for the blade and shaft bending moments, while larger differences
are observed on the tower relative contributions (fig. 7).

5.2. From PSD fatigue damage to frequency band contributions
The contribution to the total fatigue damage from a single frequency band dfj is estimated
by comparing the equivalent fatigue damage computed on the full PSD, with the damage
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Figure 5. Blade root bending moments: flapwise (left), and edgewise (right). Relative
contributions to the total lifetime fatigue damage from operation at different mean wind speed,
from rain-flow analysis (RFC) and spectral methods.
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Figure 6. Shaft tilt (left) and yaw (right) moments, fatigue damage contributions from
operation at different wind speed. Estimations from spectral and rain-flow counting methods.
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Figure 7. Tower bottom flange fore-aft (left) and side-to-side (right) bending moments, fatigue
damage contributions from operation at different wind speed. Estimations from spectral and
rain-flow counting methods.

resulting from a spectrum where the energy content at the frequency band dfj is set to zero. By
repeating the same procedure for different frequency bins throughout the spectrum, is possible
to characterize the frequency range of the loads that are responsible for the largest fatigue
contributions.

To assess the validity of the spectral fatigue method, the results are compared with frequency
contribution estimations based on RFC analysis of filtered time series. The series are filtered
with a Butterworth low pass filter, and the RFC equivalent fatigue loads are computed for
increasing cutoff frequency fc,LPF (fig. 8(a), top); as the cutoff frequency is raised, the fatigue
loads converge to the ones of the original unfiltered time series.

The gradient of the curve gives an indication of the contribution brought to the total fatigue
damage by loads in the specific frequency range (fig. 8(a), bottom), and provides a term of
comparison for the frequency fatigue contribution computed with the spectral method, figure
8(b) top. The agreement between the two methods is rather good; in both cases the highest
fatigue contributions are characterized by loads with frequency close to 1P, whereas very low
fatigue contribution are reported for frequencies above 2 Hz. In the series where the deterministic
variations of the loads have been removed (lighter colored lines) the contribution from frequencies
around 1P is lower, but still remains the dominant one in the spectrum. A good agreement
between the RFC results and the ones based on spectral analysis is also reported for the edgewise,



the shaft, and the tower bottom bending moments.

5.3. Fatigue damage spectrograms
The frequency contributions to the life-time fatigue damage are organized in ‘spectrogram-like’
plots, where the load frequency is on the abscissa, and the mean wind speed on the ordinate.
The surface color gives a qualitative indication of the contribution to the overall fatigue damage:
dark red colors indicate ‘harmful’ loads, heavily contributing to the fatigue damage; blue colors
indicate ‘harmless’ loads. The dashed white lines highlight the 1P and 3P rotational frequencies.

Fatigue on the blade root flapwise bending moment (fig. 8(b)) is characterized by strong
damage contributions from operation at high wind speed, and from loads with frequencies close
to 1P; loads with frequencies above 2 Hz are found to be nearly ‘harmless’.

The shaft fatigue damage (fig. 9(a)) shows marked contributions close to 3P, and at the
lower frequency range; the highest contributions to the life-time fatigue damage are reported
from wind speed close to the rated one.

The spectrogram for the tower bottom fore-aft bending moment (fig. 9(b)) also displays
clear fatigue contributions from loads with frequency of 3P; in addition, the contribution of
frequencies close to the first tower mode (0.3 Hz) are also well marked. It is worth noticing the
considerable fatigue damage contribution uprising at low wind speeds, where the 3P rotational
frequency approaches the tower natural frequency.

6. Conclusion
The paper presents an analysis of the aeroelastic loads acting on a wind turbine during normal
operation, and highlights the characteristics of the loads that are responsible for the strongest
contributions to the fatigue damage.

The fatigue damage caused by deterministic load variations is estimated to be 11% of the
total life-time damage, for the specific turbine model. The figure indicates the potential benefit
of including deterministic (periodic) disturbance rejection in a smart-rotor control system. At
the same time, it fixes an upper limit to the load alleviation achieved by purely cyclic control
actions; information on the stochastic variations of the loads have to be included in the control
algorithm to overcome this threshold.

The contribution to the blade root flapwise life-time fatigue damage from wind speeds above
rated was found significantly higher than below rated conditions. It should be thus consider to
exploit the control potentiality of a smart-rotor for different objectives below rated power, as,
for instance, to increase the energy capture.

A method to characterize the load frequencies that cause the highest fatigue contributions is
proposed, and proved reliable by comparison with rain-flow counting fatigue analysis. Results
show that the loads inflicting the strongest fatigue damage on the blades are characterized by
frequencies close to the rotational one, both in the case of deterministic, and stochastic load
components. Accordingly, fatigue loads on fixed frames, as the shaft bearings or the tower
bottom flange, show marked contributions from the 3P frequency; in addition, the fatigue
damage on the tower receives important contributions also from loads with frequencies close
to the structural ones. In all cases, only minor contributions are received from loads with
frequency above 2 Hz, thus giving an indication on the bandwidth requirements for the active
load alleviation system.

The paper identifies the loads that most heavily contribute to the structure fatigue damage.
Active alleviation of these loads would return a direct benefit on the overall design requirements;
the loads characteristics highlighted by the study can therefore provide useful indications for
the future design of a smart-rotor with active load alleviation.
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Figure 8. Blade root flapwise moment, frequency contribution to the total fatigue damage.

(a) Shaft tilt moment (b) Tower bottom fore-aft moment

Figure 9. Spectrograms of the estimation of the frequency fatigue contribution.
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ABSTRACT

The study presents and compares aerodynamic simulations for an airfoil section with an adaptive trailing edge flap,

which deflects following a smooth deformation shape. The simulations are carried out with three substantially different

methods: a Reynolds Averaged Navier-Stokes solver, a viscous-inviscid interaction method with single and double wake

implementations, and an engineering dynamic-stall model suitable for implementation in aeroelastic codes based on Blade

Element Momentum theory. The aerodynamic integral forces and pitching moment coefficients are first determined in

steady conditions, at angles of attack spanning from attached flow to separated conditions, and accounting for the effects

of flap deflection. The paper characterizes then the dynamics of the unsteady forces and moments generated by the

airfoil undergoing harmonic pitching motions, and harmonic flap deflections. The dynamic responses produce important

variations of the aerodynamic coefficients over their corresponding steady values. The dynamics characteristics of the

unsteady response are predicted with an excellent agreement among the investigated methods in attached flow conditions,

both for airfoil pitching and flap deflection. For higher degrees of flow separation, the methods still depict similar overall

dynamics, but larger discrepancies are reported, especially for the simpler engineering method.
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1. INTRODUCTION

Several research projects have highlighted the potential benefits of a new generation of wind turbine rotors, which would

allow for enhanced active load alleviation by including active aerodynamic devices distributed along the blades [1, 2].

Active aerodynamic devices are able to alter the aerodynamic forces locally along the blade span by modifying the

geometry of the airfoil section; they thus allow to vary the aerodynamic loading on the whole blade, without acting

on its pitch angle. Particularly promising results in terms of fatigue load alleviation have been reported by simulations

considering adaptive trailing edge flap (ATEF) devices [3, 4, 5, 6]. The adaptive trailing edge flap modifies the geometry

Copyright c© 2012 John Wiley & Sons, Ltd. 133
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of the airfoil by deflecting the aft portion of its camber-line; Troldborg et al. [7] have shown that deflections following a

smooth continuous deformation shape return better aerodynamic performances compared to a classic rigid flap rotating

around its hinge point.

The presence of the active flaps poses new challenges to the aerodynamic models used in the design and aeroelastic

simulation of the turbine response; the steady aerodynamic forces and moment on the blade sections as well as their

unsteady dynamics will in fact depend not only on the section angle of attack, but also on the flap deflection. Previous

studies have addressed the problem of simulating unsteady aerodynamic forces on an airfoil section with flaps by using,

among others, Navier-Stokes solvers [8, 9], panel code methods [10], viscous-inviscid interaction models [11, 12], and

simpler engineering methods, which considered either quasi-steady approximations [13], or attached flow models [3, 14],

or dynamic-stall type of models [15, 5]. On account of their lower computational requirements, engineering methods have

often been integrated in Blade Element Momentum (BEM) based aeroelastic codes, allowing thus to simulate the full

response of a turbine with active flaps.

The paper considers three state-of-the-art methods to simulate the integral aerodynamic forces and moment coefficients

of a 2D airfoil section undergoing pitching motion, and trailing edge flap deflections. The methods are, in decreasing order

of computational requirements: EllipSys 2D, a Reynolds Averaged Navier-Stokes (RANS) solver [9]; NTUA viscous-

inviscid interaction method [16] with a double wake, and a single wake implementation; ATEFlap, a dynamic-stall

engineering model [17].

The aim is to characterize the unsteady aerodynamic response of the airfoil to changes in the angle of attack or the flap

deflection, and to compare the responses simulated by the three methods. Similarities and differences among the simulated

responses provide an indication of the codes modeling performances; in particular, the comparison of the simpler ATEFlap

dynamic-stall model against more complex methods will serve to validate the model capabilities, and to highlight its

limitations. The ATEFlap model, thanks to its low computational requirements, can be conveniently integrated in a BEM-

based aeroelastic simulation tool, and thus employed to design and assess the response of a wind turbine with active

flaps. The paper further develops the code comparison task carried out initiated within the frame of the UpWind European

project, work package 2 “Aerodynamics and aero elastics”[18].

The following section briefly describes the investigated methods, and their prominent characteristics, thorough

descriptions are provided in the bibliographic references. Section 3 lists the specification of the test case considered in

the simulations, and describes the airfoil and trailing edge flap set-up. Aerodynamic forces for different angles of attack

and flap deflections are first computed with EllipSys and the NTUA codes in steady conditions; the results, presented

in section 4, serve as input to the ATEFlap model. Simulations are then performed for the airfoil undergoing prescribed

harmonic pitching motion, and harmonic flap deflection; the aerodynamic response is simulated at different mean angles

of attack, covering attached flow conditions, separation onset, and stalled flow, section 5.

2. COMPUTATIONAL METHODS

2.1. EllipSys

EllipSys 2D is a CFD (Computational Fluid Dynamic) code originally developed by Michelsen [19, 20], and Sørensen

[21]. The code solves the incompressible Reynolds Averaged Navier-Stokes (RANS) equations in general curvilinear

coordinates, using a multiblock finite volume discretization. The computations shown in this work are all carried out under

the assumption of fully turbulent flow, and applying the k-ω Shear Stress Transport (SST) eddy-viscosity turbulence model

from Menter [22].

The motion of the airfoil is simulated by moving the computational grid, and accounting for the additional fluxes that

are generated as the grid cells vertices are displaced. The flap deflection is modeled through a grid morphing routine [9],

where the position of the grid points for an arbitrary flap deflection are determined by linear interpolation of the two meshes
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generated with the flap at maximum upwards and downwards deflection (±5◦ in this study); the additional fluxes caused

by the displacement of the cell vertices are also accounted for.

Among the investigated methods, the EllipSys RANS solver is the one with the highest computational requirements:

simulations of a 10 seconds time series of the aerodynamic forces on a typical 2D airfoil section, as the one presented here,

require approximately 3 minutes when parallelized on 4 CPUs.

2.2. NTUA 1W and NTUA 2W

NTUA 1W and NTUA 2W are viscous-inviscid interaction codes that have been developed at NTUA [23, 12, 16]. In

both codes the potential flow part is simulated by singularity distributions along the airfoil geometry and along the wake

(sources and vortices). The wake is represented by vortex particles (point vortices), which are allowed to freely move

with the local flow velocity (free wake approach). The viscous flow solution is obtained by solving the unsteady integral

boundary layer equations. The coupling of the two sets of equations is achieved through a transpiration velocity distribution

along the airfoil surface that represents the mass flow difference over the boundary layer height between the real viscous

flow and the equivalent inviscid flow. The boundary layer equations are discretized using finite differences, and the final

set of non-linear equations (potential and boundary layer) is solved simultaneously using Newton-Rapshon algorithm. The

boundary layer solution is supplemented by a transition prediction model based on the eN spatial amplification theory, and

by a dissipation closure equation for the maximum shear stress coefficient Ct over the turbulent part.

The main difference between the NTUA 1W and NTUA 2W codes is that in NTUA 1W the boundary layer equations

are integrated over the whole airfoil surface and the trailing edge wake, while in NTUA 2W they are only solved up to

the position where flow separation takes place. Thereafter, a second vortex sheet is shed from the separation location and

interacts with the trailing edge vortex sheet; together they form the separation bubble. By introducing this second vortex

sheet, convergence of the solution can be achieved even in deep stall conditions. This is the main advantage of the double

wake approach against conventional boundary layer methodologies.

Among the different methods tested in the paper, NTUA 1W and NTUA 2W models are intermediate in terms of

computational cost. A 10 seconds simulation of a 2D airfoil is resolved in about two minutes on a single CPU. Although

the simulation gets slower, as the number of particles in the wake increases, hybrid wake acceleration techniques have been

developed with the aim to keep computational effort constant [24].

2.3. ATEFlap

The ATEFlap is an engineering model, which couples a potential flow solution with a Beddoes-Leishmann-type dynamic

stall model. The model develops, and partially amends the shortcomings of the dynamic-stall model presented in Andersen

et al. [15]; a more detailed description is reported in Bergami and Gaunaa [17].

The potential flow part of the model is based on Gaunaa’s [25] model for a thin airfoil undergoing arbitrary motion and

camber-line deformation; the dynamics effects on the circulatory forces are described through a superposition of indicial

response functions of the Wagner type. The indicial response function is formulated in exponential terms to allow for an

efficient time integration scheme, and the function coefficients are tuned to fit the indicial response of the investigated

airfoil, table I, as it differs from Jones’s standard flat-plate response [26].

Flow separation dynamics are represented by a Beddoes-Leishmann type dynamic stall model, as described in Hansen

et al. [27], where the total circulatory lift force is computed as a weighted sum of a fully attached contribution, and a fully

separated one. The separation dynamics are enclosed in the weight factor of the sum, which result from a sequence of

two first-order low-pass filters, whose time constants depend on two non-dimensional parameters τP and τB [27, 17]. The

values used in the computations are reported in table I.

The model requires as input the airfoil steady integral forces and moment coefficients at various angles of attack, as

well as the coefficient variations caused by steady flap deflections. In the study, three set of steady input referring to the

same airfoil and flap configuration are considered: one generated from steady computations with EllipSys 2D, and two sets

retrieved from steady simulations with the NTUA code, using either the single or the double wake configuration.
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Ai 0.1784 0.07549 0.3933 τP 1.5
bi 0.8000 0.01815 0.1390 τB 6.0

Table I. Computation set-up for the ATEFlap dynamic-stall model. Indicial lift response function coefficients for NACA 64-418 airfoil,
and dynamic stall non-dimensional time parameters.

Simulations with the ATEFlap model have very low computational requirements, rendering the model particularly

attractive for implementation in time marching aeroelastic simulation codes [17]; as an indication, a 10 seconds simulation

of unsteady forces on a 2D airfoil section is resolved in less than one second on a single CPU.

3. TEST CASE

The airfoil considered in the study has a NACA 64-418 profile, and is fitted with an adaptive trailing edge flap, which

extends for the last 10% of the chord. At null flap deflections, the airfoil has the standard NACA 64-418 profile, while

positive flap angles corresponds to a downwards deflection of the trailing edge (increased lift), and vice-versa for negative

flap angles, figure 1.
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Figure 1. Camber-line deformation corresponding to flap deflections of ±5 ◦ on the investigated NACA 64-418 airfoil profile.

The deflection of the flap is modeled as a deformation of the camber-line, leaving the airfoil thickness unchanged. The

camber-line points are displaced normally to the chord-line by a distance Δycamb = β · yfl, where β is the flap deflection

(in degrees), and the function yfl describes the flap deflection shape, i.e. the camber-line variation for a unitary flap

deflection. The deflection shape for a unit chord length airfoil is defined as a circular arc starting at 90 % of the chord

length; the radius of the circle is set so that the line connecting the point on the arc at the trailing edge with the flap starting

point forms an angle of 1 degree with the undeformed chord-line, figure 1:

yfl/c

⎧
⎨
⎩

yfl/c = 0.0 for x/c < 0.9

yfl/c =
√

R2
c − (x/c− 0.9)2 −R2

c for x/c ≥ 0.9
(1)

where the radius of the circular arc is given by

Rc =
0.12 + δ2y

2δy
, (2)

δy = 0.1 tan (1 · π/180) . (3)
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Simulations are carried out for the airfoil undergoing harmonic variations of the angle of attack (aoa), obtained by

prescribed pitch motion with respect to a rotation axis located at the quarter-chord of the airfoil. A combination of

different amplitudes and mean angles of attack is considered, table II, spacing from fully attached to stalled flow conditions.

Additional simulations evaluate the response to prescribed harmonic flap deflections of various amplitudes, table II, and

with the airfoil fixed at the same mean angles of attack as specified before; note that, in this study, the airfoil angle of attack

is always defined with respect to the chord-line corresponding to the undeflected flap.

The simulations are replicated for harmonic variations with three reduced-frequencies k, also listed in table II.

The reduced-frequency is a dimensionless quantity, which gives an indication of the degree of ‘unsteadiness’ of the

aerodynamic problem; it is defined as

k =
ωbhc
U∞

, (4)

where ω is the frequency of the harmonic variations, bhc is the half-chord length, and U∞ the free-stream flow speed.

The investigation comprises reduced frequencies that fall within the intervals of what are typically defined as quasi-steady

(k = 0.02), unsteady (k = 0.1), and highly-unsteady (k = 0.5) conditions; the first two values corresponds to the reduced

frequencies typically encountered on wind turbine blades in relation to the rotational frequency. All the simulations are

carried out with a Reynolds number of six millions based on the airfoil chord.

Mean Aoa [deg] 0, 8, 12, 16, 18
Aoa ampl. [deg] 0.5, 1.0, 2.5
Flap ampl. [deg] 1.0, 2.0, 5.0
Red.frq. k [-] 0.02, 0.1, 0.5

Table II. Test matrix for the code comparison unsteady simulations. Each combination of mean angle of attack and oscillation
amplitude (for either the angle of attack or the flap) is replicated for each of the three reduced frequencies.

4. STEADY AERODYNAMIC RESPONSE COMPARISON

The steady aerodynamic responses of the airfoil and flap are simulated with EllipSys, and the NTUA codes, with single

(1W), and double wake (2W) configurations; the double wake implementation is considered exclusively in separated flow

conditions, for angles of attack from 11 to 22 degrees. The steady data provide a baseline indication of the unsteady loops

mean values; as the three methods return different steady responses, each method will provide a separate set of steady

input data for the ATEFlap model.

The steady responses are presented first for the airfoil with the flap fixed in neutral position, thus corresponding to a

standard NACA 64-418 profile; the steady effects of flap deflection are then reported as variations around the baseline

values for the integral aerodynamic forces and moment at different angles of attack.

4.1. Baseline airfoil

The steady lift coefficients returned by EllipSys and NTUA 1W are in very good agreement in the attached flow linear

region, figure 2(a); the curves have nearly the same slope, and only a small offset on the angle of attack corresponding to

zero lift. The agreement deteriorates at higher angles of attack, where, due to more pronounced flow separation, the thin

wake assumption made in the single wake method is no longer valid, and the NTUA 1W code returns higher lift values.

The double wake method returns slightly lower lift coefficients, with a marked dip around 18◦ not seen in the EllipSys

results.

The prediction of drag forces, figure 2(b), is more problematic for the boundary layer methods, as the drag force

returned by direct pressure integration is biased by the suppression of the streamline curvature effects [12]. The bias is

particularly marked in the NTUA 1W response, which predicts very low drag coefficients, initially decreasing with the
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(b) Drag Coefficient. The steady drag computations based on momentum theory for the NTUA 1W result are included
for comparison (1W Cd MT).
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Figure 2. Steady aerodynamic response for the NACA 64-418 and flap in neutral position.

angle of attack. The drag coefficients returned by the momentum equation applied to a control volume around the airfoil

are in better agreement with the CFD results, although the drag increase at higher angles of attack is more marked, as

shown by the dashed blue line in figure 2(b); a steep drag increase at high angles of attack is also reported in the NTUA

2W results, red line in figure 2(b).

The three codes agree in predicting negative (‘nose-down’) aerodynamic moments, figure 2(c) and display similar trends

of the moment coefficient versus angle of attack, although, especially at higher angles, the coefficient values predicted by

the codes are rather different.

4.2. Trailing edge flap variations

The steady aerodynamic responses to trailing edge flap deflection are presented as variations of the steady coefficients

from the baseline airfoil with undeflected flap.
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(b) Drag Coefficient. The steady drag computations based on momentum theory for the NTUA 1W result are included
for comparison (1W Cd MT).
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Figure 3. Steady aerodynamic response for flap deflection. The steady effects are expressed in terms of variations from the
aerodynamic coefficients of the airfoil with undeflected flap.

The maximum lift increase predicted by EllipSys for +5◦ flap deflection is approximately equivalent to an increase

of angle of attack of 1.8◦ , figure 3(a). NTUA 1W predicts higher maximum lift variations (equivalent to a 2.3◦ increase

in angle of attack), and a marked decline of the flap effects with increasing angle of attack, especially for positive flap

deflections: at 10◦ angle of attack the lift variation is already half the maximum one. The decline predicted by EllipSys is

smoother, the flap effects are halved above 17◦ aoa, and nearly symmetric for positive and negative flap deflections. For

higher angles of attack, NTUA 2W returns steady lift variations that are on average closer to EllipSys results, but displays

a marked dip around 18◦ aoa, which has no correspondence in EllipSys, figure 3(a).

The drag predictions from direct pressure integrations of the boundary layer methods are affected by the same bias

discussed in the previous section, and the single wake code returns a decrease in drag for positive flap deflections, figure

3(b). The results based on the momentum theory are closer to EllipSys, and both methods indicate that for lower angles

of attack the flap deflection does not involve significant drag variations. As the angle of attack is increased and the flow
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starts to separate, the steady drag variation produced by the flap is increased, rather mildly according to EllipSys, whereas

a steeper increase of the drag penalty is predicted by the NTUA 1W momentum theory and NTUA 2W results, dashed blue

and red lines in figure 3(b).

The variation in the aerodynamic moment, figure 3(c), resemble the variations in the lift coefficient, with NTUA 1W

predicting larger variations at low angles of attack, but also a steeper decrease. Note that a positive flap deflection, which

would displace the trailing edge downwards, results in an increase in lift and drag, and in a negative (i.e. ‘nose-down’)

aerodynamic moment.

5. UNSTEADY RESPONSE COMPARISON

5.1. Harmonic pitching motions

The simulation capabilities of the codes are evaluated in dynamic conditions by first comparing the unsteady aerodynamic

responses in the ordinary case of an airfoil undergoing harmonic pitch variations, while the flap is fixed to its neutral

position. The responses from the ATEFlap model consider three sets of input data, which are generated from the steady

responses computed by, respectively, EllipSys, NTUA 1W, and NTUA 2W. As the drag based on momentum theory is

not available in dynamic conditions, the NTUA 1W drag data refer to the pressure integration results, and will reflect the

biases already observed in the steady responses.

The codes show an excellent agreement when simulating the dynamics of the unsteady lift force in attached flow

conditions, figure 4. All the methods characterize the unsteady lift with counter-clockwise loops (the loop direction is

marked in the plots by the sequence of a larger and a smaller mark), with an effective slope slightly below the steady curve

one; the differences in lift coefficients observed in the steady simulations, fig. 2(a), is reflected in the offset between

the loops. The ATEFlap engineering model performs very well, and returns unsteady lift responses that overlie the

corresponding curves. Both EllipSys and NTUA 1W predicts similar dynamics on the drag force, figure 4, while the

responses from ATEFlap display loops with similar slopes, but slightly wider openings, and thus larger drag variations.

The moment coefficient loops have small differences in slopes, as also observed in the steady data; as in the drag case,

the ATEFlap code overestimates the dynamic effects and returns wider loops. The curve from NTUA 1W is corrupted by

some wiggles, which originate from numerical instabilities in the boundary layer solution close to the transition point, and

from the transition point traveling along the airfoil surface and switching to a different panel along the suction side.

By further increasing the reduced frequency to k = 0.5, figure 5, the unsteady lift responses trace loops with lower

slopes, wider opening, and direction changed to clockwise; all the methods return similar changes in the dynamics, and

the agreement with the ATEFlap is only slightly worse than in the previous case. The unsteady drag response displays a

‘knot’ in the loops, captured both by EllipSys and NTUA 1W; ATEFlap fails to predict this feature, and returns loops with

wider openings in the drag and moment coefficients.

For harmonic oscillations of reduced frequency k = 0.1 around 12◦ aoa, figure 6, the influence of dynamic stall effects

on the aerodynamic responses is evident, as the unsteady lift coefficients reach higher values than their steady counterparts;

the effect is well captured by all models. ATEFlap returns loops with similar slope and openings for both steady input sets,

and it is in fairly good agreement with EllipSys; NTUA 1W predicts larger lift variations. Apart from the offset observed in

the steady data, the dynamics on the drag coefficient predicted by EllipSys and NTUA 1W are in good agreement, whereas

ATEFlap overestimates the opening and slopes of the loops and, as for lower angles of attack, returns larger drag variations,

figure 6. The wiggles in the drag and moment responses from NTUA 1W are again related to numerical instabilities from

the transition point travelling and the boundary layer solution in its proximities.

As the angle of attack is increased, flow separation along the airfoil becomes more marked, and the thin-wake

assumption is no longer valid; the NTUA 2W double-wake implementation is thus necessary to avoid significant biases

in the response predicted by the viscous-inviscid interaction method. Figure 7 displays the responses simulated in the

challenging case of well developed stalled conditions, harmonic pitch motion occurring around 18◦ aoa, with a reduced
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Figure 4. Attached flow conditions. Unsteady aerodynamic response for harmonic pitching motion around 0 ◦ aoa, reduced frequency
k = 0.1. The markers show the direction of the dynamic loops, unfolding from larger to smaller markers. Unless otherwise specified,

the ATEFlap loops have the same direction as the corresponding loops from EllipSys or NTUA codes.

frequency k = 0.1, and an amplitude of ±2.5◦. Besides the offset already observed in the steady data, the numerical

methods EllipSys and NTUA 2W return similar dynamic responses: the unsteady lift loops have steeper slopes than the

corresponding steady curves, and displays a total lift variation much higher than the corresponding steady one, due to stall

hysteresis effects; on the contrary, the drag coefficient loops have less steep slopes and smaller drag variations than given

by the steady curves, figure 7.

EllipSys and NTUA 2W display similar high frequencies oscillations in the down stroke response, which are caused

by unsteady vortex shedding in the wake of the airfoil, resembling the classic von Karman vortex street behind a cylinder.

The agreement with ATEFlap is deteriorated in such highly separated flow conditions. The engineering model predicts

correctly the direction of the loops, but has a tendency to under-predict the variations in the lift force, and to over-predict

the drag dynamics in comparison to the results of the more complex models. The moment variations predicted by ATEFlap
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Figure 5. Attached flow, highly unsteady conditions. Unsteady aerodynamic response for harmonic pitching motion around 0 ◦ aoa
(attached flow), reduced frequency k = 0.5. The ATEFlap results trace clockwise loops for the lift and drag, and counterclockwise

loops for the moment coefficients.

have a similar range as in EllipSys and NTUA 2W, but a different phase, thus yielding to different slopes in the dynamic

loops.

5.2. Harmonic flap deflections

The ability of the codes to describe the dynamic effects of the flap motion is determined by comparing the unsteady

responses for the airfoil undergoing harmonic flap deflections, while the angle of attack is maintained unchanged; a few

representative cases are discussed in the following paragraphs.

The flap deflection generates unsteady aerodynamic forces with dynamics similar to the ones caused by variations in

angle of attack. In attached flow, figure 8, the lift force delineates dynamic loops with an effective slope slightly below the

steady one; as the deflection frequency increases, the effective slope is further reduced. The ATEFlap engineering model

shows excellent agreement with the unsteady lift simulated by the numerical models, figure 8, while the dynamics on the
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Figure 6. Separation onset. Unsteady aerodynamic response for harmonic pitching motion around 12 ◦ aoa, reduced frequency
k = 0.1. The ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys or NTUA 1W.

drag force are slightly over-estimated; a good agreement on the lift force prediction is also maintained at higher reduced

frequencies, not shown here. All models agree in predicting moment coefficient responses where the steady variation

caused by the flap deflection is by far dominant over the dynamic effects; the loops outlined by the dynamic responses

remain very close to their steady curve values, as also predicted by thin-airfoil theory. The offsets between the mean values

of the dynamic response loops reflect the difference in the airfoil steady coefficients (see fig. 2), whereas the differences in

the slopes are related to the steady coefficient variations given by the flap deflection (see fig. 3).

At higher angles of attack, figure 9, the reduction of the flap effects on the lift force returns both steady curves and

dynamic lift loops with less steep slopes than reported in the attached flow case; the reduction is particularly evident on

the NTUA 1W simulations. All the models, including ATEFlap, display good agreement on the drag response simulations,

which maintain similar dynamics to the ones observed at lower angles of attack.

The ATEFlap model, while correctly reproducing the lift dynamics predicted by EllipSys, shows an interesting

mismatch in the lift response based on the NTUA 1W steady data: the loop simulated by ATEFlap is much closer to
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Figure 7. Airfoil in stalled conditions. Unsteady aerodynamic response for harmonic pitching motion around 18 ◦ aoa, reduced
frequency k = 0.1. The ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys or NTUA

2W.

the steady curve and rotates clockwise, figure 9. The cause of the mismatch roots in the steady input data, where, for

higher angles of attack, NTUA 1W predicts a more marked reduction of the steady lift variation achieved by the flap than

EllipSys does, see fig. 3(a); the reduction in the flap lift effectiveness is reckoned by the ATEFlap model as caused by

flow separation, consequently, the model assumes the degree of flow separation to vary considerably as the flap deflection

changes. The lift response predicted by ATEFlap based on the NTUA 1W data at 12◦ aoa is thus largely affected by flow

separation dynamics, which are not present to such an extent in the corresponding unsteady simulations by NTUA 1W.

As the flow separation dynamics are much slower than the attached flow ones, the lift response from ATEFlap and the

corresponding NTUA 1W loop display a considerable mismatch. A comparison with experimental data reproducing this

particular condition would be of greatest interest.

At an angle of attack of 16◦, which is above the maximum lift one, the lift response loops get closer to the steady

curves, figure 10; the behavior is captured by all models, although ATEFlap returns loops with slightly lower slopes, and

144 Wind Energ. 2012; 00:133–150 c© 2012 John Wiley & Sons, Ltd.

DOI: 10.1002/we

Prepared using weauth.cls



L. Bergami et al. Aerodynamic response of an airfoil section with flap

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
0.2

0.25

0.3

0.35

0.4

0.45

0.5

Flap Defl.  [deg]

C
l  

[−
]

Aoa 0.00 deg. k=0.10

 

 
EllipSys
NTUA 1W
Steady
ATEFlap

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
2

3

4

5

6

7

8

9

10

11
x 10

−3

C
d 

 [
−

]

Flap Defl.  [deg]

−2 −1.5 −1 −0.5 0 0.5 1 1.5 2
−0.1

−0.09

−0.08

−0.07

−0.06

−0.05

C
m

  [
−

]

Flap Defl.  [deg]

Figure 8. Attached flow conditions. Unsteady aerodynamic response for harmonic flap deflections, angle of attack fixed at 0 ◦ aoa,
reduced frequency k = 0.1. The markers show the direction of the dynamic loops, unfolding from larger to smaller markers. The

ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys or NTUA 1W.

thus smaller lift variations. EllipSys and NTUA 2W return unsteady drag loops with similar shapes, and larger openings

than at lower angles of attack; the loops are fairly well predicted by the ATEFlap model, which returns similar drag

variations, although with less open loops. The moment coefficients still maintain very close to their steady values.

Due to highly stalled conditions, the simulation of the response at 18◦ angle of attack and for flap deflections of ±5◦

poses the greatest challenges, figure 11. Both EllipSys and NTUA 2W display high frequency oscillations, again related

to the unsteady vortex street shed in the wake of the airfoil. The unsteady response from EllipSys develops around a mean

value different from the steady one; offset aside, ATEFlap is able to capture the characteristics of the EllipSys response,

and returns loops with similar opening, and the same direction: counter-clockwise for the lift coefficient, and clockwise for

the drag. The lift response simulated with NTUA 2W outlines instead a clockwise loop, with a similar opening for negative

flap deflection, but a marked decrease in lift and an increase in drag as the flap starts to move upwards; the behavior is
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Figure 9. Separation onset. Unsteady aerodynamic response for harmonic flap deflections, angle of attack fixed at 12 ◦ aoa, reduced
frequency k = 0.1. The ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys; the ATEFlap

loop based on NTUA 1W data are clockwise both for drag, and lift coefficients.

driven by the local deep in the steady Cl curve around 18◦ aoa noted in NTUA 2W results, which suggests local stall

conditions and gives rise to higher dynamic stall hysteresis effects. ATEFlap returns loops with the same direction, but

fails to capture the lift drop, and instead returns a figure-eight loop. The moment coefficients are also affected by high

frequency oscillations, but the response is still largely dominated by the steady moment variations.

6. CONCLUSION

The aerodynamic response of an airfoil section with a trailing edge flap has been characterized in steady and unsteady

conditions, simulating the effects of changes in angle of attack, and flap deflection. Simulations were carried out with three
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Figure 10. Stalled flow conditions. Harmonic flap deflections, angle of attack fixed at 16◦ aoa, reduced frequency k = 0.1. The
ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys or NTUA 2W.

different codes: EllipSys Navier-Stokes solver, NTUA viscous-inviscid interaction method, and the ATEFlap engineering

model.

In steady conditions, simulations of the flap effects with EllipSys and the NTUA viscous-inviscid codes outline the

same trends: a downward deflection yields an increase in lift, and a downward pitching moment; as the angle of attack is

increased, the lift and moment variations brought by the flap deflection decrease, whereas the drag increment increases.

Although they describe similar trends, the codes return steady coefficients with different values, a discrepancy which is

then reflected throughout the dynamic response simulations.

The unsteady response is characterized by significant differences of the integral aerodynamic forces and moment

coefficients from their steady counterparts. In attached flow conditions, harmonic pitching motion returns smaller lift

variations, and larger drag and moment variations than returned by a simple look-up of the steady values. The response to

harmonic flap deflections is characterized by similar dynamics on the unsteady lift and drag forces, whereas the variations

in moment are dominated by the steady component. As flow separation develops along the airfoil, stall dynamics modify
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Figure 11. Highly stalled conditions. Harmonic flap deflections, angle of attack fixed at 18◦ aoa, flap variations ±5◦, reduced
frequency k = 0.1. The ATEFlap loops have the same direction of revolution as the corresponding loops from EllipSys (counter-

clockwise Cl, clockwise Cd) or NTUA 2W (clockwise loops).

the response, and harmonic pitch motions result in unsteady lift variations larger than the steady ones. The effect is not

observed in the unsteady lift response from flap deflections, which instead get closer to the steady curves.

A comparison of the characteristics of the unsteady responses simulated by EllipSys and the NTUA 1W code highlights

an excellent agreement of the dynamics of integral forces and moments predicted by the two methods in attached flow

conditions, both for harmonic pitching motion, and flap deflection. The agreement deteriorates at higher angles of attack,

as more complex stalled flow dynamics affect the unsteady response. Nonetheless, the unsteady responses from the

two methods still display similar characteristics, and the differences in the dynamic responses produce anyway smaller

variations than the ones observed in the steady data.

Similar considerations hold for the ATEFlap engineering model. In attached flow conditions, the model reproduces very

well the dynamics of the unsteady lift force, both for pitch and flap deflection variations; at higher angles of attack, the

responses simulated by ATEFlap start to diverge from the ones returned by more computationally expensive methods. No
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effort is made in this study to reduce the differences by re-tuning the parameters τP and τB , which regulate the dynamics

of the Beddoes-Leishmann type dynamic-stall model. Concerning the drag force and the aerodynamic moment, ATEFlap

seems to slightly over-predict the dynamic effects from changes in the angle of attack, while a closer match is achieved on

the unsteady drag and moment responses from flap deflection.

The ATEFlap engineering model has much lower computational requirements than the investigated numerical methods,

a quality highly appreciated in aeroelastic simulation tools: the requirements are indicatively 500-800 times lower than

EllipSys and 10-15 times lower than the viscous-inviscid interaction methods. Yet, in spite few differences from the

response returned by the more complex methods, the ATEFlap model proved able to describe with sufficient accuracy the

relevant dynamics of the unsteady forces and moments, originated both from airfoil motion and flap deflection. Considering

also that the outer part of the blades on a pitch regulated turbine operates most of the time in attached flow conditions,

the ATEFlap model is judged suitable for implementation in a BEM-based aeroelastic simulation tool. The aerodynamic

response for an airfoil in highly stalled conditions computed by the ATEFlap model -as probably by any other engineering

dynamic stall model- should be instead considered with greater circumspection.

The ATEFlap model, as many of the models used in aeroelastic simulations, relies on steady input data, which are

generated by other methods. The simulations have shown that discrepancies in the steady input data might affect the

aerodynamic response to a much higher degree than differences in the unsteady force modeling. In this sense, future

work should consider a comparison between the steady aerodynamic responses predicted by the numerical methods and

experimental data, including the effects of trailing edge flap deflections. Experimental data for the unsteady aerodynamic

responses originated by flap deflection would certainly also be of great interest.
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ABSTRACT
The paper presents a method to determine cyclic con-

trol trajectories for a smart rotor undergoing periodic-
deterministic load variations. The control trajectories re-
sult from a constrained optimization problem, where the
cost function to minimize is given by the variation of the
blade root flapwise bending moment within a rotor revolu-
tion. The method is applied to a rotor equipped with trail-
ing edge flaps, and capable of individual blade pitching.
Results show that the optimized cyclic control significantly
alleviates the load variations from periodic disturbances;
the combination of both cyclic flap and pitch allows to re-
duce the action (and hence the wear) on the pitch actuators,
and still to achieve considerable load alleviation.

NOMENCLATURE
GF generalized aerodynamic forces
J optimization cost function
Mx blade root flapwise bending moment
u control action
β flap deflection angle
ψ blade azimuthal position
Abbreviations
Ref. reference control
Col.P. collective pitch
Col.F. collective flap

CPC cyclic pitch control
CFC cyclic flap control
CPCF cyclic pitch and flap control

INTRODUCTION
Several research works have recently focused on smart-

rotor concepts [1]: wind turbine rotors that, through a com-
bination of sensors, processing units, and actuators, are
able to actively alleviate the variation of the loads they are
subject to, thus reducing the load requirements the structure
has to withstand. Most of the load variations experienced
by the wind turbine rotor originate from fluctuations in the
flow field encountered by the rotating blades; the variations
have a stochastic nature, mainly related to wind turbulence,
but also an important deterministic periodic component [2],
which originates, for instance, from terrain shear effects,
tower passage, rotor misalignment. The periodic load vari-
ation, as such, is easily predictable, and its knowledge can
enhance the load alleviation performances of the smart ro-
tor. In their smart rotor controller, Van Wingerden et al. [3]
include predictions on periodic load variations in the form
of a feed-forward term; Houtzager et al. [4], starting from
a lifted system representation, propose a repetitive control
where cyclic pitch variation address exclusively periodic
load variations.
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The present work proposes a simple cyclic control for-
mulation, where the control signal only depends on the
blade azimuthal position, and follows a periodic trajectory,
repeated at each rotor revolution. The control trajectory re-
sults from a constrained optimization problem, where the
cost function is given by the variations of the flap root flap-
wise bending moment. The optimization is simply based
on measurements of the bending moment, and does not re-
quire any further knowledge on the controlled system.

The literature reports widespread figures on the load
alleviation performances of smart rotors, see for instance
the summary compiled in Barlas et al. [5]. Load allevia-
tion depends, in fact, on a multitude of factors (simulation
conditions, sensors choices, actuator setup, and control al-
gorithm, among others), and is often difficult to distinguish
the impact on load alleviation from each single factor. The
control setup proposed in the study does not depend on ad-
ditional sensors measurements, nor on a particular control
algorithm, therefore, due to its simplicity, it could provide
a standard ground to evaluate the performances of differ-
ent smart rotor concepts, and would facilitate the compar-
ison between actuator types and setups. The results from
the cyclic optimization will also provide a useful term of
comparison for future implementations of more complex
feedback control algorithms.

The smart rotor configurations investigated in this
study include collective flap deflection (Col.Fl.), cyclic
pitch (CPC), cyclic flap (CFC), and a combination of both
cyclic pitch and cyclic flap acting together (CPCF). To bet-
ter evaluate the different control strategies, an attempt is
made to estimate the energy requirements for each of the
investigated control strategies.

The proposed method has some important limitations,
which are inherent in the chosen optimization procedure.
The method can not be used to assess the performances
of smart rotors in alleviating the effects of stochastic load
variations, caused, for instance by wind turbulence, as the
proposed control algorithm can only address periodic dis-
turbances. Furthermore, the method can not be directly ap-
plied to more realistic conditions. In fact, as the optimiza-
tion procedure receives no other information on the state of
the plant, any variation in the cost function is reckoned as a
consequence of a variation in the control optimization vari-
ables. Therefore, the optimization procedure can be carried
out only with no other disturbances affecting the state of the
plant, so that atmospheric turbulence, and time variations

of the wind speeds have to be excluded from the simula-
tion. More complex cyclic control methods could eventu-
ally overcome such limitations, for instance using iterative
learning or repetitive control algorithms, as in Houtzager et
al. [4].

In spite of its limitations, the proposed method allows
for simple preliminary studies of smart rotor set-ups, and
allows to compare different actuators configurations on the
same basis, and set a term of reference for future controller
development.

METHOD
The cyclic control trajectories are determined by solv-

ing a constrained optimization problem where the cost vari-
able is evaluated from aeroelastic simulations of the NREL
5 MW reference turbine [6]. The turbine standard con-
troller is applied, and the pitch control signals returned by
the optimization are simply super-imposed to the reference
signal from the standard controller. The turbine blades are
equipped with trailing edge flaps, which cover 20% of the
blade span, from 77.6% to 97.6% of the blade radius. The
flaps extend for 10% of the chord length, and their deflec-
tion is limited to ±10 degrees, returning variations of the
steady lift coefficient from −0.45 to +0.41. The wind field
in the simulations is purely deterministic; it accounts for
tower shadow effects, and for the terrain shear as prescribed
in the IEC standard [7].

The response of the turbine is simulated with the aeroe-
lastic code HAWC2 [8], which couples multi-body struc-
tural dynamics with a BEM-based aerodynamic formula-
tion; in order to capture the aerodynamic effects of the flap
deflection, the unsteady aerodynamic model ATEFlap [9] is
adopted. To reduce the simulation time, in this study aeroe-
lastic simulations are run with a simplified model, where
the structural degrees of freedom have been excluded, thus
describing an ideally stiff turbine. The results are then com-
pared, for selected wind speeds, against the ones returned
by the full model, which includes all the structural degrees
of freedom and multi-body dynamics; similarity and differ-
ences from the stiff turbine results are commented in the
text.

The solution to the constrained optimization problem
returns the cyclic control trajectory u(ψ), which prescribes,
as function of the blade azimuthal position ψ , the control
actions to be repeated at each rotor revolution, and on each
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of the three blades. The optimization cost function J is
evaluated within a complete rotor revolution, yielding to
the constrained optimization problem:

min
u(ψ)

Jψ :[−π,+π], (1)

subject to the control signal constraints:

u(ψ) ∈R|−10◦ ≤ u ≤ +10◦, for the flap actuators, and

u(ψ) ∈R|−90◦ ≤ u ≤ +90◦, for the blade pitch.

The problem is solved iteratively using the gradient-based
constrained optimization algorithm described in Waltz et
al. [10].

The cyclic control trajectory u(ψ) is a continuous sig-
nal, which would render the optimization problem infinite-
dimensional. To limit the problem dimension, the contin-
uous trajectory u(ψ) is described by a finite set of values
xi, which prescribe the control value at fixed azimuthal lo-
cations ψi; the control signal among the fixed points is
determined using Piecewise Cubic Hermite Interpolating
Polynomials (PCHIP) [11]. The optimization variables are
given by the values of the the fixed points xi, plus an ad-
ditional variable returning the phase shift of the predeter-
mined azimuthal locations of the points. In this work, six
points are used to describe the cyclic control trajectories,
giving thus six plus one optimization variables.

The cost function minimizes the amplitude of the vari-
ations on the blade root flapwise bending moment Mx; in
addition, to avoid the trivial solution of down rating the tur-
bine operation to reduce the loads, a strong penalization is
added for power output Pavg descending below rated power
P0:

Jar = (maxMx(ψ)−minMx(ψ))2 +ρpow
(
max

[
P0 −Pavg,0

])2
.

(2)
The case of both cyclic pitch and cyclic flap acting together
(CPCF) also includes a small penalty on the amplitude of
the pitch angle variation, so to favor the less energy con-
suming flap action.

The operating wind speed considered in the optimiza-
tion are 12, 16, 20, 24 m/s, and the following control strate-
gies are considered:

- Reference (Ref.), the NREL standard controller keeps
the rotor near rated rotational speed, and power limita-
tion is achieved by collective pitching to feather.

- Collective flap (Col.F.), all the flaps sections are de-
flected to negative values, so to decrease the load on
the outer part of the blades, while decreasing the col-
lective pitch value allow to maintain the same power
output. The solution is conceptually similar to a col-
lective partial pitch on the outer span of the blades.

- Cyclic pitch (CPC), the blade pitch follows the cyclic
control trajectory returned by the optimization; the
pitch angle of each blade is a function of the azimuthal
position, while the mean pitch level is regulated by the
standard controller.

- Cyclic flap (CFC), the flap deflection follows the opti-
mized control trajectory; the collective blade pitch an-
gle is determined by the standard controller.

- Cyclic pitch and flap (CPCF), the optimization returns
a control trajectory for the blade pitch angles, and an-
other for the flap deflection values.

ESTIMATION OF ACTUATION ENERGY
An attempt is made to quantify the energy required to

modify the blades pitch angle, and the deflection of the flap
sections. The problem is rather complex, and highly de-
pendent on the actuator devices used to perform the con-
trol action. Only a very simplified estimation is given here,
assuming steady conditions, linearity, and neglecting the
energy requirements of the physical actuator devices; the
results are thus to be intended more as general guidelines,
and indications of the actuator wear, rather than as rigorous
figures.

The energy required to modify the blade pitch angle of
one degree Edθ is evaluated simply as the mean pitch mo-
ment at the blade root Mz over a complete rotor revolution:

Edθ =
1

2π

∫ π

−π
Mz(ψ)

π
180

dψ [J/deg] (3)

The estimation of the energy requirement for one de-
gree flap deflection Edβ is derived from the expression of
the aerodynamic general forces on an airfoil with flap, as
expressed in [12], and [13]. The generalized force on the
airfoil is computed as the sum of four contributions, de-
pending on: angle of attack at three-quarter chord GFα3/4,
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airfoil camber-line GFcmb, flap deflection GFβ , and flap de-
flection rate GFβ̇ :

GF = GFα3/4 +GFcmb +GFβ +GFβ̇ ,

GFα3/4 = −2ρbhcU
2
0 PIβ

5 ·α3/4,

GFcmb = ρbhc
U2

0

π

(
PIβ ,cmb

8 + PIβ
5 Hcmb

dydx −Hcmb
dydxPIβ

7

)
,

GFβ̇ = ρbhc
U0

π

(
PIβ

5 Hβ
y +bhcPIβ

3 −Hβ
y PIβ

7 + PIβ
9

)
· β̇ ,

GFβ = ρbhc
U2

0

π

(
PIβ ,β

8 + PIβ
5 Hβ

dydx −PIβ
7 Hβ

dydx

)
·β ,

(4)

where, bhc is the chord half length, and U0 is the relative
flow speed on the airfoil. PIx

#, and Hx
# are deflection shape

integrals, as specified in Gaunaa [12]; the suffix β refers
to shape integrals of the flap circular arc deflection shape,
while cmb refers to integrals of the camber-line shape (a
NACA 6417 camber is assumed).

The energy required to deflect the flap from zero to Δβ
on a unit span airfoil section EdZ

dβ is then evaluated as the
integral of the generalized forces times the flap deflection.
Assuming the terms on the angle of attack, and camber are
constant in β , and that the flap deflection rate β̇ is also
constant, the integral simplifies to:

EdZ
dβ =

1
Δβ

∫ Δβ

0
GFdβ

= GFα3/4 +GFcmb +GFβ̇ +
1

Δβ

∫ Δβ

0
GFβ dβ . (5)

The term depending on the flap deflection rate is scarcely
significant when compared to the other terms, and is there-
fore omitted. The energy estimation is then depending on
the considered flap range Δβ , which is here chosen to 10
degrees, corresponding to half the total flap range. The to-
tal energy required to deflect all the flaps on a blade is then
computed as the summation of the energy at each airfoil
section times its spanwise extension.

The energy requirements for flap deflection and pitch
variation are estimated at different operating mean wind
speed, assuming steady conditions. The requirements are
referred to a single degree actuation (fig. 1), and assume

that the same energy is required for actions in both direc-
tions. Although largely approximative, the estimations in-
dicate that the energy required to pitch the whole blade of
one degree is from 20 to 90 times larger than the energy
required to deflect the flaps covering the outer 20 % span
of the same blade.
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FIGURE 1. Indicative estimation of the energy requirements
for actuators actions, comparison between pitch variation (top)
and flap deflection (bottom); values referred to one degree actu-
ation for a single blade with flaps covering 20% span.

OPTIMIZED CONTROL FOR LOAD ALLEVIATION
First, a very simple control strategy is investigated by

deflecting completely the flaps upwards. The aerodynamic
loads on the outer part of the blade are reduced, while rated
power is maintained by decreasing the blades pitch angle.
The setup is similar to a partial blade pitch, and the mean
blade root bending moment is lowered, but its azimuthal
variation, and the fatigue loads, are nearly the same as in
the reference case (fig. 2).

The optimized cyclic trajectories for the pitch (CPC)
and flap (CFC) control returns slightly higher mean load-
ing on the blade, but a significant reduction of the blade
root load variation (fig. 2, top). The corresponding equiv-
alent fatigue loads (fig. 3, top) are nearly one-quarter of
the fatigue loads reported in the reference case; Houtzager
et al. [4] report similar reductions with an individual pitch
repetitive controller.
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FIGURE 2. Load alleviation, example at 20 m/s of load varia-
tion on the blade root flapwise bending moment (top), and thrust
on rotor (bottom) with the reference controller and the optimized
control trajectories.
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FIGURE 3. Load alleviation, equivalent fatigue loads for the
reference controller, and the optimized control trajectories. The
equivalent loads correspond to a full rotor revolution referred to
600 cycles, and are based on the blade root flapwise bending
moment (top), and on the rotor thrust force (bottom).

The optimized control trajectories (fig. 4) try to com-
pensate for the variations in the wind field encountered by
the rotating blade: when the blade is pointing downwards
(0◦ azimuth) the aerodynamic forces are increased by re-
ducing the pitch angle, or increasing the flap deflection, so
to compensate for the decrease in wind speed. The trajec-

tories reach their maximum (or minimum) before the blade
passes in front of the tower; the optimization procedure is
thus able to correctly identify, and anticipate, the delay in
the response of the system.

Cyclic pitch control achieves higher load alleviation
than cyclic flap, especially at wind speed of 20 and 24 m/s,
where the flap has reached the limits of the deflection range
(fig. 4). The required flap deflection is much higher (ap-
proximately five times) than the variation in pitch angle;
on the other hand, the energy required by the cyclic pitch
control is from 10 to 20 times higher than required by the
cyclic flap (fig. 5).
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FIGURE 4. Load alleviation, example at 20 m/s of the cyclic
control trajectories optimized for blade root load alleviation.
Pitch (top) and flap (bottom) control signals.

By combining cyclic pitch and cyclic flap control, and
adding a small penalty to the pitch action, the advantages
of the two strategies are combined (CPCF series in fig.4–
5). The cyclic flap control compensate for most of the load
variation at lower wind speeds, while the cyclic pitch con-
tribution takes over once the flap has reached the deflection
limits. The energy consumption, and hence the actuators
wear, is lowered to nearly half the case of the cyclic pitch
control alone, and the equivalent fatigue loads are reduced
to 15% of the reference ones.

The variation in the thrust force (fig. 2), and the corre-
sponding equivalent fatigue loads (fig. 3), which were not
part of the optimization, are increased by the cyclic con-

157



12 14 16 18 20 22 24
0

0.5

1

1.5

2
x 10

4

Wsp [m/s]

Pi
tc

h 
[J

/r
ev

.]

Actuators approx. energy

 

 
Ref. Col.F. CPC CFC CPCF

12 14 16 18 20 22 24
0

200

400

600

800

1000

Wsp [m/s]

Fl
ap

 [
J/

re
v.

]

FIGURE 5. Load alleviation, estimation of the energy require-
ments for the flap and the pitch control actions performed at each
rotor revolution following the optimized control trajectories.

trol actions. Simulations including all the structural de-
grees of freedom return similar figures in terms of blade
root load alleviation, although the displacement required to
both pitch and flap actuators is higher, as the flexibility of
the blade reduces the effects of the control actions. Simula-
tions with the flexible turbine model also show a significant
increase in the variation of the tower bottom fore-aft bend-
ing moment, especially for the cases involving flap cyclic
action. If confirmed, future work should consider including
a penalty for the tower load variation in the optimization
cost function.

CONCLUSION
The optimized control trajectories show that cyclic

control can significantly reduce the fatigue loads on the
blade root flapwise bending moment caused by determin-
istic variations of the aerodynamic loads. Reductions of
nearly 75% are reported for cyclic pitch control, wheras
cyclic flap control returns a lower reduction, approximately
70%, since, especially at high wind speeds, the flap reaches
its deflection limits. Particularly good results are obtained
by combining the cyclic pitch and flap actions; the equiva-
lent fatigue loads from deterministic variations of the aero-
dynamic forces are reduced to 15% of the loads in the ref-
erence case, and the presence of the flaps lowers to nearly
half the requirements on the pitch actuators action.

Few simulations with a fully flexible model have con-
firmed the load alleviation potentiality, but have also high-
lighted an important increase in the tower bottom fatigue
load, which should be addressed in future investigations.

To conclude, within its limitation, the proposed op-
timization method proved adequate to quantify in a sim-
ple manner the potentiality of different smart-rotor control
configurations to compensate for periodic variations in the
wind field. The method can be also applied to other objec-
tives, as, for instance, to evaluate the potential of increas-
ing the energy output below rated conditions by exploiting
smart rotors control possibilities.
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A Smart Rotor configuration with Linear Quadratic control of
Adaptive Trailing Edge Flaps for active load alleviation
Leonardo Bergami*, Niels K. Poulsen‡

* DTU Wind - Department of Wind Energy, Technical University of Denmark, Denmark.
‡ DTU Informatics - Department of Informatics and Mathematical Modeling, Technical University of Denmark, Denmark.

ABSTRACT

The paper proposes a smart rotor configuration where Adaptive Trailing Edge Flaps (ATEF) are employed for active
alleviations of the aerodynamic loads on the blades of the NREL 5 MW reference turbine. The flaps extend for 20 % of the
blade length, and are controlled by a Linear Quadratic (LQ) algorithm based on measurements of the blade root flapwise
bending moment. The control algorithm includes frequency weighting to discourage flap activity at frequencies higher
than 0.5 Hz. The linear model required by the LQ algorithm is obtained from subspace system identification; periodic
disturbance signals described by simple functions of the blade azimuthal position are included in the identification to avoid
biases from the periodic load variations observed on a rotating blade. The LQ controller uses the same periodic disturbance
signals to handle anticipation of the loads periodic component.
The effects of active flap control are assessed with aeroelastic simulations of the turbine in normal operation conditions, as
prescribed by the IEC standard. The turbine lifetime fatigue damage equivalent loads provide a convenient summary of the
results achieved with ATEF control: a 10 % reduction of the blade root flapwise bending moment is reported in the simplest
control configuration, whereas reductions of approximately 14 % are achieved by including periodic loads anticipation.
The simulations also highlight impacts on the fatigue damage loads in other parts of the structure, in particular, an increase
of the blade torsion moment, and a reduction of the tower fore-aft loads.
Copyright c© 2012 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The continuously increasing size of modern utility-scaled wind turbines calls for technical solutions able to reduce the
loads the turbine has to withstand, thus allowing for lower structural requirements, and savings in rotor weight and material
usage. Several investigations have highlighted the potential of smart rotor concepts [1]: wind turbine rotors that, through
a combination of sensors, control units, and actuators, actively alleviate the aerodynamic loads the rotor is subject to.

Smart-rotors can employ traditional blade pitch actuators [2, 3], or active aerodynamic devices, which can modify the
aerodynamic forces locally along the blade span. Active devices as Adaptive Trailing Edge Flaps (ATEF) with a continuous
deflection shape have favorable aerodynamic characteristics [4]; their potential was first assessed on 2D airfoil sections,
with simulations [5, 6], and wind tunnel experiments on non-rotating rigs [7, 8]. The application of Adaptive Trailing Edge
Flaps to alleviate loads on wind turbines rotors was then investigated by means of aeroelastic simulations, and also by two
rotating experiments: the DUWIND group at Delft university tested a two bladed smart-rotor in an open jet wind tunnel
[9, 10], and Castaignet et al. [11] carried out a full scale experiment on a 225 kW turbine with flaps on one of the three
blades.

All the investigations confirmed that smart rotors with trailing edge flaps have a potential for reducing the fatigue loads
experienced by the turbine; nevertheless, they reported rather widespread results, with load reductions figures ranging from

Copyright c© 2012 John Wiley & Sons, Ltd. 163
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5 to 47 percent, see the summary compiled by Barlas et al. [12]. Differences in the alleviation performances can originate
from several sources: the models used in the aeroelastic simulations, the conditions of the wind field and its turbulence
levels, the maximum deflection and extension of the flap actuators, and also the choices made in designing the flap control
system, as the assumptions on the available sensors and measurements, and the type of control algorithm implemented.

Most of the studies opted for control algorithms based on classic PID methods, applied either to each blade
independently [13, 14, 15, 16, 17], or to the whole rotor through multi-blade coordinate transformation [18, 19]; other
investigations have instead applied model based control algorithms, as Linear Quadratic Regulators (LQR) [20], Model
Predictive Control (MPC) [12, 21], or H∞ control [9]. The flap control actions respond to the deformation state of the rotor
blades; in some cases, rotor sensors are assumed to provide direct measurements of the blade deflection and deflection rate
[15, 20, 22, 17], whereas other controllers use measurements of the blade flapwise bending moment, either at selected
locations along the span [14, 16], or, more simply, at the blade root [19, 12, 21, 10]. Some studies have also investigated
flap control algorithms where additional information on the in-flow condition along the blade are provided, for instance,
by measurements performed with Pitot’s tubes mounted on the blade leading edge [14, 12, 21].

The present work considers a setup where the flaps on each of the blades are controlled based on measurements of
the flapwise bending moment at the root of the same blade. The setup has the advantage of relying on a simple sensor
arrangement, relatively easy to implement and maintain. Furthermore, the controller aim is to alleviate fatigue loads at
the blade root, taking measurements at the same location guarantees that the control unit processes measurement signals
describing the same loads it has to alleviate. Measuring the flapwise bending moment at the blade root though poses some
challenges to the control algorithm, as the effects of the flap deflection on the root moment are observed with a delay, and
display non-minimum phase behavior: the variation in the measured signals has an initial transient of sign opposite to the
load variation reached at the end of the transient. A model based Linear Quadratic (LQ) regulator is chosen to better cope
with the large delay and the non-minimum phase response.

The LQ control algorithm, described in section 3.2, adopts a state-space formulation, where the states are estimated
from the blade root flapwise bending moment measurements with a Kalman observer [23]. Each blade is treated as an
independent Single Input Single Output (SISO) system, and the control and the Kalman observer models are obtained by
subspace system identification [24]. Frequency weighting of the control action is introduced to reduce the flap activity
at high frequency, and thus limit actuator wear. The classic LQ formulation is modified to handle periodic disturbance
rejection [25]. An important contribution to the load variation on a wind turbine blade has in fact a deterministic
periodic nature [26, 27]: constant or slow varying sources of disturbances (as gravity, tower shadow, tilt, wind shear, yaw
misalignment) produce on the rotating blade load variations with marked periodic components, which depend on the blade
azimuthal position and occur at every rotor revolution. Knowledge of the periodic, and hence predictable, disturbances is
exploited in the control algorithm, which anticipates, and try to compensate for, the load variations caused by the periodic
components. The periodic disturbances are described by simple functions of the blade azimuthal position, and disturbance
anticipation does not require additional measurements other than the blade azimuthal position, which again can be obtained
with relatively simple and low-maintenance sensors.

The investigation on the flap potential is carried out by means of aeroelastic simulations performed with the code
HAWC2 [28], which couples a multi-body structural model with a Blade Element Momentum (BEM) aerodynamic
model including steady and dynamic effects of the flap deflection [29]. The load alleviation potential is evaluated for
wind conditions prescribed by the IEC standard [30], with turbulence intensity for a class B turbine and a 3D turbulent
field generated according to Mann’s model [31]; the flap performances are evaluated at mean wind speed above rated,
ranging from 12 to 24 m/s. The following section describes the simulation environment, the flap actuator setup, and briefly
introduces the models used by the aeroelastic code HAWC2. The LQ control algorithm is presented in section 3, and
section 4 reports the results of the aeroservoelastic simulations and quantifies the load alleviation potential achieved by the
active flap control.

2. SIMULATION ENVIRONMENT

2.1. Aeroelastic code HAWC2

All the simulations in the study are carried out using the aeroelastic code HAWC2 [28], which features a structural model
based on a multi-body finite element formulation. The wind turbine structure is represented by a number of bodies, each
of them modeled as a sequence of Timoshenko beam elements, which include beam shear and torsion properties. The
torsion degree of freedom, of particular importance given the significant aerodynamic torsional moment generated by the
flaps, is thus innately included in the structural model. The turbine blades are then represented by a series of bodies, thus
accounting for the non-linear and coupling effects introduced by large blade deflections.

The aerodynamic part of the code follows a Blade Element Momentum (BEM) formulation: a 2D model is used to
compute the integral aerodynamic forces and pitching moments on each blade section, and is coupled with a rotor induction
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Reference Wind Turbine Flap Setup
Rat. Power 5 MW Chordwise ext. 10%

Num.Blades 3 Deflect.limits ±10◦

Rotor Diam. 126 m Max. ΔCl −0.45 ∼ +0.41
Blade length 61.5 m Spanwise length 12.3 m (20% blade length)
Rat. Rot.Sp. 1.267 rad/s Spanwise loc. from 47.7 m to 60.0 m span
Hub height 90 m Max.ΔMx.Bl.Rt approx. ±1100 kNm

Table I. Main characteristics of the NREL reference wind turbine [36], and the adaptive trailing edge flaps setup considered in the
investigation.

model that includes Glauert and Prandtl corrections, as well as a dynamic inflow model [32]. The ATEFlap model [29]
is used to describe the dynamics of lift, drag, and moment on 2D blade sections with flaps, and consists essentially of
a potential flow solution [33] coupled with a Beddoes-Leishmann type of dynamic stall model [34]; the potential flow
solution is based on a superposition of Wagner-type indicial response functions, here the classic flat plate response function
is slightly modified to account for the thickness of the airfoil [35].

2.2. Reference wind turbine and flap setup

The study considers a smart rotor setup where adaptive trailing edge flaps are applied to the NREL 5-MW reference wind
turbine [36], which has a rotor of 126 m diameter and a 3 bladed up-wind configuration typical of modern multi-MW
turbines, table I. The turbine baseline controller operates the rotor at variable speed below rated conditions, and limits the
power above rated by collectively pitching the blades to feather based on low-pass filtered measurements of the shaft speed
[36]. The baseline controller is left unchanged, and the active flap load control is simply superimposed; in the investigated
cases, the mutual interference between the flap load control and the pitch power limitation was found to be very small.

The load alleviation achieved with active flap control greatly depends on the extension and type of flap actuators. The
adaptive trailing edge flaps in this investigation, table I, extend for 10% of the airfoil chord, and introduce a smooth
deflection shape in the airfoil camber-line that outlines a circular arc [29]. The flaps are applied to the NACA 64 airfoil of
17% thickness found in the outboard part of the turbine blades; the flap deflection is limited to ±10◦, and the corresponding
variations of the steady aerodynamic coefficients for the airfoil section are computed with Computational Fluid Dynamics
[29], figure 1. The maximum steady lift coefficient variation ranges from -0.45 to +0.41, which indicatively corresponds
to the lift coefficient variation obtained with angle of attack changes from −3.9◦ to +3.6◦; due to the smooth deformation
shape only a minor drag penalty is reported at small angles of attack, figure 1(b).

The flaps cover 20% of the blade spanwise length, from 47.7 m to 60.0 m of the blade span; when deflected to their
+10◦ limit they cause a variation in the blade root flapwise bending moment (ΔMx.Bl.Rt) of approximately 1100 kNm
(fig.3), which is roughly equivalent to the variation achieved by 1◦ change of the whole blade pitch angle. In this study, flap
sections located on the same blade are all deflected according to the same control signal, which is based on measurements
of the blade azimuthal position, and the flapwise bending moment at the root of the same blade.

2.3. Wind conditions

The aim of the aeroelastic simulations is to evaluate the load alleviation potential achieved with the adaptive flaps in
realistic operation conditions. The simulations are thus carried out in wind conditions prescribed by the IEC standard
design load case 1.1 [30], which corresponds to normal wind turbine operation. The wind field is characterized by a
normal terrain shear, described by the power law relation with exponent 0.2; the effects of tower shadow are accounted
for, and Mann’s turbulence model [31] is applied to generate a 3D turbulent field for a class B turbine, with turbulence
intensity ranging from 17 % at 12 m/s to 14 % at 24 m/s.

Bergami and Gaunaa [27] report that wind turbine operations below rated wind speed are responsible for only minor
contribution to the blade flapwise lifetime fatigue damage; furthermore, active alleviation of the rotor loads below rated
power would reduce the turbine energy capture. Therefore, in this case, the flap load alleviation control is only applied to
operation above rated wind speed, and aeroelastic simulations are performed for mean wind speeds from 12 to 24 m/s. A
total of 1 hr turbulent wind field is simulated at each mean wind speed (6 seeds of 10 minutes), and identical turbulent
fields are used to compare the different control configurations. The mean wind speed distribution, used to evaluate lifetime
equivalent loads on the turbine structure, follows a Rayleigh probability density function, with average wind speed of 8.5
m/s (class II turbine in the IEC standard [30]).
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Figure 1. Airfoil section steady aerodynamic coefficient variations achieved by the investigated Adaptive Trailing Edge Flaps. Blue
lines indicate positive (downward) flap deflections, red lines negative (upwards) deflections; full lines corresponds to the maximum

deflections of ±10◦, dashed lines to ±5◦, and the dotted lines to ±2.5◦ and ±7.5◦.

3. CONTROL DESIGN

The active flap control presented here relies on a model based control algorithm that requires a linear time invariant model
of the system to be controlled. The control model should be as simple as possible, and, at the same time, sufficiently
complex to capture the relevant dynamics of the system, and to outline, with an accuracy adequate to the control scope,
the relation between the measured output y, the control input u, and the disturbances acting on the system. In this case, the
measured output y consists of the blade root flapwise bending moment (Mx.Bl.Rt), the control signal u determines the flap
deflection angle, and the disturbances are split into a stochastic component e, and a periodic (measurable) component d.
The control model is described by a state-space system in discrete time, where the system states at time step i are collected
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by the vector xi. The discrete time state-space system is cast in innovation form [23], thus reading:

{
xi+1 = Axi +Bui +Gdi +Kei,
yi = Cxi + ei.

(1)

Each of the three rotor blades, with its flap actuators and bending moment sensor, is described by a separate Single Input
Single Output (SISO) system, eq. (1), which is assumed independent from the others; although based on a rather crude
assumption, the approximation is a convenient practice to simplify the blade load control problem.

3.1. System Identification

A model for the system to control could be retrieved from the same first principle models that are used in the aeroelastic
simulation code. Such models though would return a rather complex description, characterized by non-linearities and
a large number of states, and would require further processing in order to obtain a model suitable for our control
purposes. Instead, a model of the system dynamics of interest is obtained by applying system identification techniques
to ‘measurements’ of the system response, which are collected from simulations performed with the aeroelastic code
HAWC2.

System identification on a rotating blade is complicated by the strong influence of periodic disturbances, which violate
the assumption of measurements noise of stochastic nature. The periodic component would produce a bias in the identified
system, as the identification process would try to explain the periodic variations observed in the measurements by altering
the system dynamics. Van der Veen et al. [37] propose an elegant solution by including in the identification process
additional input signals, which are generated by periodic signals with the same period as the blade rotation.

The additional periodic input signals are formulated as an external periodic disturbance term, d in eq. (1); the periodic
disturbance signals are simple functions that only depend on the blade azimuthal position, and are hence easy to measure,
and predict. Two types of periodic disturbance signals are considered in the study:

• d Sin-Cos: following the classic approach [37, 9, 10], a two components signal is built by taking the sine and the
cosine of the blade azimuthal position, blue lines in the top plot of figure 4.

• d Wsp: a single component periodic signal is retrieved from a simple model of the free wind speed variations
observed in the blade rotating frame. The wind speed variation only account for terrain shear and tower shadow
effects, the latter causing the marked indentation of the signal around 0◦ azimuth, red line in the top plot of figure
4.

The identification is performed on set of ‘measurements’ of the blade root flapwise bending moment that are retrieved
from aeroelastic simulations of the turbine in normal operation while the flap actuators excite the blade following a Pseudo
Random Binary Signal (PRBS) that spans the maximum available deflection range of ±10◦. The identification is carried
out with the subspace method described by Ljung [24], which supports the narrow-banded additional input signals given
by the periodic disturbance terms, and returns a system description in state-space innovation form, eq. (1), hence providing
a direct estimation of the Kalman gain matrix K , eq. (13).

A linear system description with four states was found adequate for the control purposes of this study. The frequency
response from flap deflection to blade root flapwise bending moment of the identified four state linear model (blue line
in the Bode plots of fig. 2) is compared to the response outlined with spectral estimation (black full line), and to the
frequency response obtained from a series of aeroelastic simulations where the flap deflection follows a single-frequency
sinusoidal signal and all the sources of periodic disturbances have been ideally removed from the simulation (gray circles
in fig. 2). The identified model describes fairly well the response for frequencies up to the second blade flapwise mode
(at approximately 1.7 Hz), with a small discrepancy in the low frequency range. Both the simulated response and the
spectral estimation show a small indentation slightly above 0.3 Hz, not captured by the identified model; the indentation
corresponds to the first natural frequency of the tower, which absorbs part of the energy from the flap actuation. The
presence of tower dynamics in the blade response to the flap deflection indicates that the assumption of each blade being
independent from the rest of the structure is not entirely correct; nevertheless, its effects are only of secondary importance
for the control aim of the study. The Bode plots also report the frequency response obtained with a spectral estimate where
the additional periodic disturbance inputs are not taken into account (dashed line Spa npt in fig. 2); the estimate in this case
would display a clear bias close to the 1P rotational frequency of 0.2 Hz. The effects of neglecting the blade torsional degree
of freedom are assessed by simulating the frequency response from flap action with a turbine model where the blades are
stiff in torsion (gray line with diamonds in fig. 2); the results indicate an overestimation of the response magnitude ranging
between 2 and 3.5 dB. A correct representation of the blade torsion degree of freedom is hence important in aeroelastic
simulation evaluating the effects of active flap control, as neglecting it would yield to an overestimation of the flap effects,
which, in this particular case, ranges between 20 and 45 %.

The identified models are verified in the time domain by comparing the response to a step flap deflection against the step
response simulated with HAWC2, figure 3; again, ideal conditions are enforced in the HAWC2 simulations by removing
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Figure 2. Bode plot, frequency response from flap action to blade root flapwise bending moment Mx.Bl.Rt. The response from the
identified system (blue line) is compared to a spectral estimate (full black line), and to the response from a series of sinusoidal flap
action simulations in ideal conditions (gray circles). The response for spectral estimate without periodic term correction (dashed black

line), and for simulations with blades stiff in torsion (gray diamonds) are given for comparison.

the sources of periodic disturbances (gravity, wind shear, tower shadow, rotor misalignment). The identified linear model
reproduces the main characteristics of the simulated step response: the non-minimum phase transient, the raising time,
and the total variation achieved in the root flapwise bending moment. The simulated response presents a low frequency
oscillation that is not captured by the identified model, and probably corresponds to the offset observed in the low frequency
range of the Bode plots.

The identified systems also describe the influence that periodic disturbances have on the blade flapwise moment. The
bending moment variations predicted by the identified linear systems in response to the periodic disturbance signals d
Sin-Cos and d Wsp are compared against the bending moment variation observed in HAWC2 simulations of the turbine
operating in a non-turbulent wind field, lower plot in figure 4. Both identified models capture the bending moment variation
related to terrain shear effects, and correctly estimate the amplitude and phase of the load variation. The linear system with
the d Wsp disturbance signal also captures the effects of the tower passage, and correctly reproduces the phase lag observed
in the sytem dynamics, as the the blade flapwise bending moment variation is felt with a phase delay of approximately
20◦ after the tower passage. Note that the flapwise bending moment variation from periodic components (approx. ±2000
kNm) is already larger than the variation achieved by the flap actuators (approx. ±1100 kNm). The flaps will thus often
operate close to their deflection limits; future work might investigate whether a model predictive control algorithm, which
takes into account the flap deflection constraints, would deliver better load alleviation performances than the chosen Linear
Quadratic controller.

Finally, the identified linear model is tested by reproducing the response to gaussian random activity of the flap actuator
on the rotating blades, and comparing the time series against the one simulated with the complete aeroelastic turbine model
in HAWC2, figure 5. With low wind turbulence intensity (2%), the identified model is able to reproduce the simulated
output with a good approximation. The agreement between the linear models predictions and the aeroelastic simulation
results is quantified in terms of variance-accounted-for (VAF) [37, 10]. The linear model with the d Sin-Cos periodic
disturbance signal accounts for 94.3% of the variance observed in the simulated output; whereas, the model with the d
Wsp disturbance signal reaches higher VAF (95.4 %), and better captures the sharp bending moment variations caused by
the blade tower passage.

The dynamics of the bending moment response from flap deflection maintain similar characteristics at different
operating wind speed, as long as the rotor speed keeps close to its rated value. On the contrary, the system response
to the periodic disturbance signals depends on the wind speed, as the amplitude of the periodic load variation increases

168 Wind Energ. 2012; 00:163–180 c© 2012 John Wiley & Sons, Ltd.
DOI: 10.1002/we

Prepared using weauth.cls



L. Bergami et N.K. Poulsen A smart rotor configuration with Linear Quadratic control of ATEF

9 10 11 12 13 14 15 16 17 18 19 20

−6500

−6000

−5500

−5000

Time  [s]

M
x.

B
l.R

t. 
 [

kN
m

]

 

9 10 11 12 13 14 15 16 17 18 19 20
−10

−5

0

5

10

Time  [s]

Fl
ap

  [
de

g]

 

 

Sim Step
SysID
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Figure 5. System identification validation time series, blade root flapwise bending moment response to deflection of flap following a
GRS series. Comparison of the response predicted from the identified linear models with aeroelastic simulation.

with the mean wind speed. In this investigation, the problem is tackled by simply retrieving a linear model description
for each of the operating mean wind speed that will be considered in the load alleviation simulations. Future works might
consider solutions more suitable to ‘real-life’ applications, as control algorithms including linear parameter variation or
on-line system identification.

3.2. Linear Quadratic regulator with disturbance rejection

Given the dynamic system described by the discrete time affine linear time invariant model in eq. (1), the objective of the
Linear Quadratic regulator is to return a control signal u that minimizes the cost function

J =
N∑

i=0

zTi W zi, (2)

where the augmented error vector z includes both the controlled output y and the control action u:

zi =

[
ŷi
ui

]
=

[
C
0

]
xi +

[
0
I

]
ui = Czxi +Dzui. (3)

The objective of the controller is thus to limit the variation of the output signal y, and, at the same time, limit the control
action u. The weight on the control action is adjusted by the tuning parameter ρu, which is included in the cost function
weight matrix W :

W =

[
1 0
0 ρ2u

]
. (4)

The cost function can be rewritten as

J =
N∑

i=0

[
xT
i uT

i

] [Q N
NT R

] [
xi

ui

]
, where (5)

Q = Cz
TWCz, R = Dz

TWDz, N = Cz
TWDz;

which is the standard formulation of a Linear Quadratic (LQ) problem with cross coupling terms.
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The LQ problem is solved taking into account the disturbance signal d, here given by simple functions of the blade
azimuthal position (see fig. 4). The periodic disturbance signals d thus serve a double scope: first they avoid biases from
periodic variations during the system identification step; then, the relation between the same signals and the output is
exploited by the LQ controller, which is thus able to anticipate future load variations caused by the periodic disturbance
components.

Lewis et al.[25] indicate a stationary solution (for N → ∞) to the LQ problem, where the control signal ui is given
by a sum of a feedback on the system states xi, on the current disturbance di, and on a signal vi+1 that includes future
disturbances:

ui = − (Lxi +Uvi+1 +MGdi) , where: (6)

L =
(
R+BTSB

)−1 (
BTSA+ NT

)
, U =

(
R+BTSB

)−1

BT , M =
(
R+BTSB

)−1

BTS, (7)

a closed-loop description of the system is thus available. The matrix S in the control action terms is the solution to the
algebraic Riccati equation:

S = ATSA+Q−
(
ATSB + N

)(
R+BTSB

)−1 (
BTSA+ NT

)
. (8)

The signal vi is given by the adjoint of the closed loop system with a backwards recursion on the (predicted) future
disturbance signals:

vi = (A−BL)T (vi+1 + SGdi) , (9)

with terminal condition vN = 0, where, in practice, N is a finite number sufficiently large as to avoid any transient effect.

3.2.1. Frequency weighting
Frequency weighting is introduced in the LQ cost function, eq. (2), in order to penalize output variations or flap actions

in certain frequency ranges. The error signal z is given by filtered versions of the output yf and the control action uf ,
which are obtained through linear state-space descriptions chosen as to increase the response gain in the frequency range
to penalize:

u :

{
xu
i+1 = Auxu

i +Buui

uf
i = Cuxu

i +Duui
and ŷ :

{
xy
i+1 = Ayxy

i +By ŷ

yf
i = Cyxy

i +Dy ŷ
(10)

The state vector of the system is extended xext to include the filter states xu and xy, the extended error signal z is
computed as

zi =

[
yf
i

uf
i

]
=

[
DyC Cy 0
0 0 Cu

]⎡
⎣
xi

xy
i

xu
i

⎤
⎦+

[
0

Du

]
ui = Cext

z xext
i +Dext

z ui, (11)

and the state equation, eq. (1), is reformulated in terms of extended state vectors and extended matrices:

xext
i+1 =

⎡
⎣
xi+1

xy
i+1

xu
i+1

⎤
⎦ =

⎡
⎣

A 0 0
ByC Ay 0
0 0 Au

⎤
⎦
⎡
⎣
xi

xy
i

xu
i

⎤
⎦+

⎡
⎣

B
0
Bu

⎤
⎦ui +

⎡
⎣
G
0
0

⎤
⎦ di = Aextxext

i +Bextui +Gextdi. (12)

The frequency weighting is included in the controller by using the extended matrices in the equations for the cost function
matrices eq. (5), the algebraic Riccati equation (8), and the LQ gain matrices eq. (7).

In this investigation, frequency weighting is only applied to the control signal u, and penalizes control actions with
frequencies above 0.5 Hz. The frequency weighting reduces flap activity and flap deflection speed, thus potentially
increasing the life-time of the flap actuators; the effects on the fatigue load alleviation reduction are minor, as the largest
contribution to the blade fatigue damage originates at lower frequencies [19, 27].

3.2.2. State estimation
The control action is based on a feedback from the system states x. The states though, are not measured directly, in their

place the control uses estimated states x̂, which are retrieved with a Kalman filter estimator [23] from measurements of the
blade root flapwise bending moment yi:

x̂i+1 = Ax̂i +Bui +Gdi +K (yi −Cx̂i) . (13)

The linear model descriptions used by the Kalman filter estimator, as well as the Kalman gain matrix K, are also retrieved
from the innovation state-space description returned by the subspace system identification, eq. (1), thus avoiding the need
of further tuning the Kalman observer.
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4. AEROELASTIC SIMULATION RESULTS

The LQ regulator is implemented in the simulation tool, and the blade load alleviation performances of the smart rotor
set-up are assessed with a series of aeroelastic simulations during normal production, above rated wind speed, and with
the turbulent wind field prescribed by the IEC standard [30] for a class B turbine.

Three flap control configurations are investigated, and the resulting loads are compared to the reference case of no active
flap control. In the first control configuration (denoted as d 00), the LQ regulator has no information about the periodic
disturbances: it does not anticipate the periodic load variation, and it only acts based on the measurement feedback. The d
Sin-Cos configuration handles periodic disturbance anticipation based on the harmonic sine and cosine disturbance signals;
the d Wsp configuration anticipates instead the periodic load variation based on the disturbance signal of the simplified free
wind speed variation. All the control configurations are tuned by acting on the control weight, ρu in eq. (4), so to reach a
compromise between blade flapwise fatigue damage alleviation, and flap activity.

An extract of the simulated time series of the blade root flapwise bending moment, and of the corresponding flap actions
is displayed in figure 6; the load series with active flap control have the same mean value as the reference one, but the load
variations are decreased and some peaks smoothed out, thus indicating correct operation of the active flap control in all
the three configurations. The time series of the flap actions remark how the load variation achieved by the flap actuators
is far less than the load variations caused by the disturbances, often pushing the flap actuators to their deflection limits of
±10◦. Future work should thus investigate the benefit of a control algorithm, e.g. model predictive control, that accounts
for the flap deflection constraints, and it should determine whether higher load alleviations could be achieved with a more
powerful actuator setup.
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Figure 6. Extract of time series simulation at mean wind speed of 16 m/s. Blade root flapwise bending moment (top), and flap activity
(bottom). The reference case of no active flap control is reported with the light gray line, the active flap configurations with green, blue,

and red lines.
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The loads on the rotating blade obtained from one hour simulation with mean wind speed 16 m/s are plotted versus the
blade azimuthal position, figures 7 and 8. The mean load at each azimuthal position is indicative of the periodic component
of the load variation (lines with markers); whereas, the dashed lines displaying the standard deviation range represent the
influence of the stochastic load component, which is mainly generated by the atmospheric turbulence. The active flap
control reduces both the periodic variations of the flapwise bending moment (fig. 7), and the stochastic component of the
loads. The reduction of the stochastic component is similar for the three control configurations, as it mainly depends on the
feedback mechanism of the LQ control. On the contrary, the alleviation of the periodic load variation is more marked in the
d Sin-Cos and d Wsp configurations, which handle periodic disturbance anticipation; the loads from d Wsp simulations also
displays a slightly smoother variation around the tower passage (notch at 20◦ azimuth), although the positive effects of the
more accurate periodic disturbance description (cfr fig. 4) are partly limited by the flap actuators reaching their deflection
limits.
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Figure 7. Blade root flapwise bending moment versus blade azimuthal position. Results for 1 hr simulation at mean wind speed of 16
m/s. For each azimuthal position the means of the simulated loads (lines with markers) indicate the periodic component of the load
variation, the standard deviations (dashed lines) are instead proportional to the stochastic load variation. Active flap control reduces

both component of the flapwise load variation.

The reduction of the blade flapwise bending moment comes at the price of increased variations of the blade torsion
moment (fig. 8), which are caused by the aerodynamic pitching moment introduced by the flaps. Usually, the blade torsion
loads are not a driving parameter in rotor design, nevertheless the substantial increase that might be generated by active
aerodynamic devices should be taken into account in future smart rotor designs. Active flap control slightly increases the
range of load variations also on the blade edgewise bending moment, but gravity loads are by far still dominating in this
direction.

The effects of the active load control are verified for the whole range of mean wind speeds above rated conditions,
from 12 to 24 m/s. For each mean wind speed and each control configuration simulations are carried out for a total of
one hour turbulent wind (divided into six ten minutes turbulence seeds), as prescribed by the normal turbulence model in
the IEC standard [30]. Statistics on the simulated loads confirm the observations of the azimuthal load analysis: the mean
flapwise bending moment is unchanged (fig. 9), whereas the maximum load variations (distance between the upper and
lower dashed lines) are reduced by approximately 13 %. The standard deviation of the flapwise load displays significant
variations among the turbulence seeds, but still shows a marked reduction in the cases with active flap control; on average,
the standard deviation with the d 00 active control configuration is 15.5 % lower than in the not controlled case, and higher
reduction are achieved with the d Sin-Cos configuration (22 %) and the d Wsp one (24 %). As already observed, active flap
control has also an effect on other loads on the structure: the standard deviation of the blade torsion moment is increased,
whereas a reduction of the load variation is observed at the tower bottom flange, where the standard deviation in the fore-aft
bending moment is 7 % lower than in the reference case. Minor reductions in standard deviation are also observed on the
shaft yaw and tilting moments, and on the tower top yaw moment.

The total activity required by the active load control to the flap actuators is measured as the total angular distance traveled
by the flap, either with upward or downward deflections; the angular distance is then normalized by the total operation time,
thus returning an average deflection speed, figure 10. The d Wsp control configuration, which achieves higher reductions
of the flapwise loads standard deviation, also demands higher flap activity; the d 00 configuration, instead, in spite of lower
alleviation performances, requires higher flap activity than the d Sin-Cos configuration. The reduction of flap activity as
the mean wind speed increases, in spite of increased loads variations, is probably explained by the flap reaching more
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Figure 8. Blade root torsion moment versus blade azimuthal position. Results for 1 hr simulation at mean wind speed of 16 m/s. As
before, the plot displays the periodic component of the loads (mean), and the stochastic one (standard deviation). Active flap control

produces an increase in the torsion load variations.
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Figure 9. Load statistics: blade root flapwise bending moment mean and load ranges (top), and loads standard deviation (bottom).
Each of the mark in the standard deviation plot corresponds to a single 10 minutes time simulation. Active flap control reduces the

load range, and the standard deviation.

often the actuator deflection limits. The maximum deflection rate of the flap actuator is not constrained in the simulations.
Nevertheless, with the frequency weighting penalizing high frequency flap activity, 99 % of the flap activity observed in
the simulations requires deflection rates below 90 deg/s; the introduction of deflection rate constraints close or above this
limit is thus expected to have no significant effects on the smart rotor load alleviation potential.

The power spectral density of the blade flapwise moment, figure 11, shows that most of the load alleviation occur for
frequencies close to 1P, the rotor revolution frequency (0.2 Hz). A small increase in the spectral energy content is instead
observed around 1 Hz. The increase is limited by the frequency weighting, but the introduced penalization appear not
sufficient to keep the power spectrum below the baseline value in this frequency range; attempts to further increase the
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Figure 10. Flap activity for the three control configurations. Total flap traveled distance normalized by the simulation time, for each of
the investigated mean wind speeds.
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Figure 11. Power spectral density of the blade root flapwise bending moment; the plot refers to simulations with mean wind speed of
16 m/s, similar figures are obtained for the other investigated wind speed. The load reduction from the active flap control is mainly

concentrated in the frequency range around 1P, the rotor revolution frequency of 0.2 Hz.

frequency penalization resulted in lower flap activity, but also lower blade load alleviation. The power spectrum of the flap
activity (fig. 12) is dominated by the 1P rotational frequency and its harmonics; the frequency content of the flap activity
decreases significantly above 1 Hz, both as an effect of the frequency weighting, and also for the lower energy content in
the loads addressed by the flap control.

The performance of the smart rotor is finally quantified in terms of reduction of fatigue damage equivalent loads (DEL).
The equivalent loads are computed under Palmgren-Miner linear damage assumption [38], and a Wöhler curve exponent
of 10 is used for the loads on the blades, and 4 for the rest of the structure. The damage equivalent loads are here referred
to 25 years of operation, and 10 millions equivalent cycles; the mean wind speed occurrence is weighted according to a
Rayleigh distribution with 8.5 m/s average wind speed, as prescribed by the IEC standard [30] for a class II turbine.

The active flap control succeeds in all the investigated configurations in reducing the fatigue damage of the blade root
flapwise bending moment, figure 13. The d 00 configuration, acting exclusively on the feedback from bending moment
measurements, has the poorest performance, with alleviations ranging from 7.5 to 12.6 % at low wind speed, and a
total lifetime fatigue equivalent damage load by 10.2 % lower than the reference case without active flap control. The
control configurations with periodic disturbances anticipation achieve higher reductions: the d Sin-Cos control alleviates
the lifetime fatigue damage by 13.8 %, and the d Wsp configuration reaches a lifetime reduction of 14.5%, albeit with
higher flap activity. Looking at each of the 10 minutes turbulence series individually, markers in figure 13, a large spread
in the load alleviation potential is reported among the different simulation series, ranging from 9 % to 19 %. Experiment or
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Figure 12. Power spectral density of the flap activity. For the three control configurations most of the flap activity is concentrated
around the rotational frequency 1P (0.2 Hz) and its harmonics.
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Figure 13. Fatigue Damage Equivalent Loads (DEL) at the blade root flapwise bending moment. The DEL refer to a 25 yr lifetime and
10 millions equivalent cycles, the figures at each mean wind speed are weighted by the occurrence of the mean wind speed according
to a Rayleigh distribution for a class II turbine. The dots report the spreading of fatigue damage reduction recorded in each of the 10

minutes simulation series.

simulation in turbulent wind conditions should thus consider time series of sufficient length to ensure statistically relevant
conclusions on the load alleviation potential; in the investigated case, at least 40 minutes of simulation are required to
reach alleviation estimations within one point percent of the result obtained by turbulent wind simulation of 60 minutes,
which is the minimum requirement specified by the IEC standard [30].

The active flap control also affects the fatigue damage of components not included in the control objectives. The lifetime
damage equivalent load on the blade root torsion moment is increased by about 10 %; the blade edgewise bending moment
and the shaft torsion DEL are also increased by about 6%. On the other hand, a reduction in the fatigue damage is observed
at the tower bottom flange, in the fore-aft direction, figure 14: the d 00 configuration reduces the tower lifetime damage by
6.5 %, and smaller figures are obtained with d Wsp (5.6 %), and d Sin-Cos (3 %). In spite of a reduction in the standard
deviation, the tower side-to-side loads and the bending moment on the shaft do not report relevant changes in the lifetime
fatigue damages.
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Figure 14. Fatigue Damage Equivalent Loads (DEL) at the tower bottom flange in fore-aft direction. The DEL at each mean wind
speed account for the time each mean speed is expected to occur (higher wind speeds are less likely, hence they yield lower fatigue

damage).

To verify the performance of the active flap control in operation conditions slightly different from the control design
ones, a series of simulation is performed with a yaw misalignment error. The blade flapwise damage equivalent loads are
computed for one hour simulation with mean wind speed of 16 m/s and yaw misalignment of ±8◦, figure 15; the same flap
control configurations as in the normal production cases are used, without any re-tuning nor modifications of the periodic
disturbance signals. The fatigue damage equivalent load is higher than in the aligned case for positive yaw misalignment,
i.e. the right hand side part of the rotor (looking downwind) is displaced to leeward; the fatigue reduction from the active
flap control is also slightly higher than in the alligned rotor case: 12.2 % for d 00, 15.5 % for d Sin-Cos, and 15.7 % for
d Wsp. On the contrary, for the negative yaw misalignment, the fatigue damage is slightly lower, and so is the reduction
from the active flap control, with figures ranging from 11.2 % to 14.2 %, figure 15. As in the aligned case, the flap control
reduces the loads at the tower bottom flange in the fore-aft direction, while it increases the blade torsion and edgewise
bending fatigue damages. The tower and shaft yaw fatigue damage loads, in both cases higher than in the aligned case, are
nearly left unchanged by the active flap control, but the maximum loads are instead reduced by approximately 14 % when
the flap load control is active.

5. CONCLUSION

Simulations of a smart rotor with adaptive trailing edge flaps are carried out with the aeroelastic code HAWC2, which
features an aerodynamic model describing both attached and stalled flow dynamics, and a multibody structural model that
accounts also for the blade torsion degree of freedom. Blade torsion is particularly relevant for aeroelastic simulations
of a rotor with flaps, as the flap deflection introduces a significant aerodynamic pitching moment; therefore, by omitting
the blade torsion compliance, the flap ability to alleviate the loads on the blade would be overestimated. The adaptive
trailing edge flaps are applied to the NREL 5 MW reference turbine rotor [36]; they cover 20 % of the blade span, and
are controlled by a linear quadratic (LQ) algorithm based on a simple sensor arrangement: the flap on each of the blades
is controlled based on the root flapwise bending moment and azimuthal position of the same blade. The effects of the
active flap control are quantified in terms of load statistics, spectra, and fatigue damage equivalent loads, reproducing the
simulation conditions prescribed by the IEC standard [30] for a class IIb turbine.

Active flap control allows to reduce the maximum load range on the blade root flapwise bending moment by
approximately 13 %, and the standard deviation of the bending moment is 15-24 % lower than in the reference case
without active control. The adaptive flap controllers alleviate loads mainly in the low frequency range of the spectrum
(0.1-0.5 Hz), and especially around the 1P rotational frequency (0.2 Hz). As the loads in the low frequency range are
responsible for the largest contribution to the blade root flapwise fatigue damage [19, 27], it is beneficial to discourage
the activity of the flap actuators at higher frequencies by introducing a frequency-dependent weighting in the LQ control
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Figure 15. Fatigue Damage Equivalent Loads (DEL) at the blade root flapwise bending moment for the rotor in yawed conditions for
operation at a single mean wind speed (16 m/s); positive yaw angles imply that the right hand side of the rotor (looking downwind)
is displaced to leeward. The dashed black line correspond to the DEL reported for the aligned rotor in the reference case of no flap

control.

algorithm. The frequency weighting penalizes control activity at frequencies above 0.5 Hz, thus limiting the total flap
movement and the maximum deflection rate, hence effectively reducing the wear of hypothetical flap actuators.

Ultimately, the effects of the adaptive trailing edge flap control are quantified in terms of lifetime fatigue damage
equivalent load reduction. The control configuration based on only measurements feedback (d 00) lowers the lifetime
fatigue equivalent damage on the blade root flapwise bending moment by about 10 %, a result in line with previous
investigations that considered similar setups [12, 17]. Periodic load anticipation, which is based on the blade azimuthal
position and handled by the LQ algorithm as a prediction on periodic disturbance signals, allows to reach higher
lifetime damage alleviation: 13.8 % with the d Sin-Cos configuration, and 14.5 % with d Wsp. The increase in load
alleviation potential by nearly 4 % achieved by including periodic load anticipation is comparable to the increase previous
investigations have attained using additional in-flow sensors [12, 14], with the advantage that the periodic load anticipation
approach does not require a sensor setup as complicate and delicate as demanded for in-flow measurements. As an effect of
active load alleviation with adaptive trailing edge flaps, a significant increase of the blade torsion fatigue damage equivalent
load is reported (nearly 10 %); the increase of the torsional loads, and, to a lesser extent, of loads on other components,
should be hence taken into account in the design of smart rotor structures. Positive reduction of damage equivalent loads
are instead reported for the tower bottom flange fore-aft bending moment (by approx. 5%); the load alleviation on the blade
flapwise moment and on the tower bottom flange are also confirmed in yawed inflow conditions.

To conclude with a consideration on possible future work, according to the results reported in this study and in the
literature, the load alleviation potential achieved by the smart rotor appears to be mainly limited by the strength of the
aerodynamic actuators employed on the rotor. In fact, the variation of blade root flapwise bending moment obtained by
the current flap setup is simply too small to compensate to an higher degree for the load variations observed on the blade
during normal operation. Future work should thus consider, first, whether a control algorithm that handles flap deflection
constraints, as for instance model predictive control [21, 12], could improve the load alleviation performances. Secondly,
future investigations might focus on whether fatigue loads could be further reduced by fitting the smart rotor with a more
powerful actuator setup, either by augmenting the blades surface covered by adaptive flaps, or by complementing the flap
efforts with individual blade pitch actions.

ACKNOWLEDGMENT

It is gratefully acknowledged that this work is partly funded by the Danish project Development of Adaptive Trailing Edge
Flap (ATEF) System for Wind Turbines by the Advanced Technology Foundation, Advanced Technology Projects 2007.

178 Wind Energ. 2012; 00:163–180 c© 2012 John Wiley & Sons, Ltd.
DOI: 10.1002/we

Prepared using weauth.cls



L. Bergami et N.K. Poulsen A smart rotor configuration with Linear Quadratic control of ATEF

REFERENCES

1. Barlas TK, van Kuik G. State of the art and prospectives of smart rotor control for wind turbines. Journal of Physics:
Conference Series 2007; 75(1):012 080 (20 pp.). Journal Article.

2. Bossanyi EA. Individual blade pitch control for load reduction. Wind Energy 2003; 6(2):119–128. Journal Article.
3. Larsen TJ, Madsen HA, Thomsen K. Active load reduction using individual pitch, based on local blade flow

measurements. Wind Energy 2005; 8(1):67–80. Journal Article.
4. Troldborg N. Computational study of the Riso-B1-18 airfoil with a hinged flap providing variable trailing edge

geometry. Wind Engineering 2005; 29(2):89–113. Journal Article.
5. Buhl T, Gaunaa M, Bak C. Potential load reduction using airfoils with variable trailing edge geometry. Transactions

of the ASME.Journal of Solar Energy Engineering 2005; 127(4):503–516.
6. Johnson SJ, Baker JP, van Dam CP, Berg D. An overview of active load control techniques for wind turbines with an

emphasis on microtabs. Wind Energy Mar 2010; 13(2-3):239–253, doi:10.1002/we.356.
7. van Wingerden JW, Hulskamp AW, Barlas T, Marrant B, van Kuik GAM, Molenaar DP, Verhaegen M. On the proof

of concept of a ’Smart’ wind turbine rotor blade for load alleviation. Wind Energy 2008; 11(3):265–280. Journal
Article.

8. Bak C, Gaunaa M, Andersen PB, Buhl T, Hansen P, Clemmensen K. Wind tunnel test on airfoil risø-
b1-18 with an active trailing edge flap. Wind Energy 2010; 13(2-3):207–219, doi:10.1002/we.369. URL
http://onlinelibrary.wiley.com.globalproxy.cvt.dk/doi/10.1002/we.369/abstract.

9. van Wingerden J, Hulskamp A, Barlas T, Houtzager I, Bersee H, van Kuik G, Verhaegen M. Smart dynamic rotor
control: Part 3, advanced controller design. Proc. of the 3rd conference, The Science of Making Torque from Wind,
Eraklion, Crete, Greece, 2010; 702–708.

10. Barlas T, van Wingerden W, Hulskamp A, van Kuik GM, Bersee HN. Smart dynamic rotor control using active flaps
on a small-scale wind turbine: aeroelastic modeling and comparison with wind tunnel measurements. Wind Energy
2012; Early View(published on-line), doi:10.1002/we.1560.

11. Castaignet D, Wedel-Heinen JJ, Kim T, Buhl T, Poulsen N. Results from the first full scale wind turbine equipped with
trailing edge flaps. Proceedings of 28th AIAA Applied Aerodynamics Conference, American Institute of Aeronautics
and Astronautics: Chicago, IL (US), 2010, doi:10.2514/6.2010-4407.

12. Barlas TK, van der Veen GJ, van Kuik GA. Model predictive control for wind turbines with distributed
active flaps: incorporating inflow signals and actuator constraints. Wind Energy 2011; doi:10.1002/we.503. URL
here-is-the-test-url.

13. Riziotis VA, Voutsinas SG. Aeroelastic modeling of the active flap concept for load control. Scientific proceedings.
2008 European Wind Energy Conference and Exhibition, Brussels (BE), 2008; 22–26. Conference Proceedings.

14. Andersen PB, Henriksen LC, Gaunaa M, Bak C, Buhl T. Integrating deformable trailing edge geometry in modern
mega-watt wind turbine controllers. Scientific proceedings. 2008 European Wind Energy Conference and Exhibition,
Brussels (BE), 2008; 15–21. Conference Proceedings.

15. Resor B, Wilson D, Berg D, Berg J, Barlas T, van Wingerden JW, van Kuik GAM. Impact of higher fidelity models
on simulation of active aerodynamic load control for fatigue damage reduction. Proceedings of the 48th AIAA/ASME,
Orlando, FL, 2010.

16. Andersen PB, Henriksen L, Gaunaa M, Bak C, Buhl T. Deformable trailing edge flaps for modern megawatt wind
turbine controllers using strain gauge sensors. Wind Energy Mar 2010; 13(2-3):193–206, doi:10.1002/we.371.

17. Baek P. Unsteady flow modeling and experimental verification of active flow control concepts for wind turbine blades.
Ph.D. thesis, Risoe DTU, Technical University of Denmark, Roskilde, Denmark Dec 2011.

18. Barlas TK, Van Kuik GAM. Aeroelastic modelling and comparison of advanced active flap control concepts for load
reduction on the upwind 5MW wind turbine. European Wind Energy Conference, Marseille, France, 2009; 16–19.

19. Lackner MA, van Kuik G. A comparison of smart rotor control approaches using trailing edge flaps and individual
pitch control. Wind Energy Mar 2010; 13(2-3):117–134, doi:10.1002/we.353.

20. Wilson D, Resor B, Berg D, Barlas T, van Kuik G. Active aerodynamic blade distributed flap control design procedure
for load reduction on the UpWind 5MW wind turbine. Proceedings of the 48th AIAA Aerospace Sciences Meeting,
2010; 4–7.

21. Castaignet D, Poulsen NK, Buhl T, Wedel-Heinen JJ. Model predictive control of trailing edge flaps on a wind turbine
blade. Proceedings of the American Control Conference 2011, San Francisco, CA, USA, 2011.

22. Berg D, Wilson D, Resor B, Berg J, Barlas T, Crowther A, Halse C, House R. System ID modern control algorithms
for active aerodynamic load control and impact on gearbox loading. Proceedings of the Conference on the Science of
Making Torque from Wind, 2010.
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Abstract:

This work investigates how adaptive trailing
edge flaps and classical blade pitch can work in
concert using a model-based state space con-
trol formulation. The trade-off between load
reduction and actuator activity is decided by
setting different weights in the objective func-
tion used by the model-based controller. The
combined control approach allow to achieve
higher load alleviations, furthermore, in the
presence of e.g. deterioration of an actuator, it
enables an online re-tuning of the workload dis-
tribution of blade pitch and trailing edge flaps,
thus potentially increasing the smart rotor re-
liability.

Keywords: aeroelasticity, active load control,
smart rotor

1 Introduction

Wind turbines are constantly exposed to un-
steady loads due to turbulence and gusts in
the incoming flow and this increases signifi-
cantly the cost. Therefore, researchers and in-
dustry are aimed at finding technical solutions
that can alleviate the loads on the turbines.
Local control of the aerodynamic forces along
the blade span, as well as active pitching of
the whole blade, can be used to compensate
for the variations in the incoming flow, and

thus reduce the loads arising on the turbine
rotor, a concept often referred to as smart-
rotor [1]. Local aerodynamic control with
Adaptive Trailing Edge Flaps (ATEF) with
a smooth and continuous deformation shape
has been under development in several research
institutions; the load alleviation potential is
confirmed by several aeroelastic simulations
[2, 3, 4, 5, 6], and experiments [7, 8].

Most of the investigations documented in
the literature follow a control design approach
where the turbine power control part is de-
veloped separately from the active load al-
leviation control, which is often designed in
a second phase and exclusively manages the
flap activity. Mutual interference between the
two control algorithms is then avoided by fre-
quency separation, with the power control tar-
geting low frequency variations, and the active
load control the rest of the range. This pa-
per presents an innovative control design ap-
proach where both load alleviation and power
control objectives are managed by the same
model based control algorithm; the algorithm
returns the reference control signals for the
turbine generator torque, for the blade pitch
angles, and for the deflection of the adaptive
trailing edge flaps (ATEF) distributed along
the blades. The control problem is solved in a
model predictive formulation, where the con-
trol design model is retrieved from first princi-
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ples considerations.

The proposed control algorithm is applied
to the NREL 5 MW reference turbine [9] in
a smart rotor configuration with ATEF; the
turbine response is simulated with the aero-
servo-elastic code HAWC2 [10]. The paper is
structured as follows: the control design model
is presented in Section 2, with particular fo-
cus on the modeling of the Adaptive Trailing
Edge Flap (ATEF) contributions. A brief in-
troduction to the controller is found in Section
3. Finally, results are presented and discussed
in Section 5, and conclusions are drawn in Sec-
tion 6.

2 Model for controller design

The control design model is derived from first
principles considerations, and follows a similar
formulation to the one presented in Henriksen
et al. [11]. The structural model includes: 1
drive-shaft torsion degrees of freedom (DOF),
1 tower fore-aft DOF, 1 tower side-side DOF, 2
blade edgewise and 2 flapwise DOFs. Models
for the blade-wide distribution of the turbu-
lent wind speed and the wind speed normal to
the rotor plane are also included in the control
design model.

The aerodynamic part of the model is ex-
tended to include the effect deformable trail-
ing edge flaps. In Henriksen et al. [11] the
lift and drag coefficients, Cl and Cd, are only
functions of the angle of attack α; the model
is now extend to describe the dependency on
the ATEF angle β [12]. In the model used in
this work, the flap effect is approximated by a
linear formulation:

Cl(α, β) ≈ Cl(α, 0) +
∂Cl(α, 0)

∂β
β (1)

Cd(α, β) ≈ Cd(α, 0) +
∂Cd(α, 0)

∂β
β (2)

The change in lift and drag forces cause a
change in induction factors, which are thus
functions of the pitch angle θ, the tip-speed
ration λ, and the flap deflection β. The depen-
dency on the flap deflection is also simplified
by a linear approximation:

an(θ, λ, β) ≈ an(θ, λ, 0) +
∂an(θ, λ, 0))

∂β
β (3)

at(θ, λ, β) ≈ at(θ, λ, 0) +
∂at(θ, λ, 0))

∂β
β (4)

The control model is transformed from a
time-varying system to a linear time-invariant
description using the Coleman transform [13].
The correct implementation of the linearized
model, and its ability to capture the relevant
system dynamics are verified by comparing
the frequency response predicted by the lin-
ear model against the response simulated with
the multi-body time-marching aeroelastic code
HAWC2. Figure 1 reports the corresponding
Bode plots of the frequency response from har-
monic pitch actions (on the left column), and
from harmonic flap deflection (right column);
the response is measured at the blade root flap-
wise bending moment (first row), and at the
tower top acceleration in the fore-aft direction
(second row). The linearized model used in
the control formulation (indicated by the pur-
ple dashed lines) describes sufficiently well the
dynamics of the system to be controlled, espe-
cially in the low frequency range.

3 Controller

The controller presented in this work is based
on the one by Henriksen et al. [11], extended to
account for the presence of the Adaptive Trail-
ing Edge Flap devices. The controller setup
is sketched in Figure 2, where an extended
Kalman filter estimates the states of the con-
trol design using the following set of sensors:

• Pitch angle of each blade
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Col. flaps ref. to tower top fore-aft at 16 m/s
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Figure 1: Bode plots of the frequency response at a mean wind speed of 16 m/s, comparison of
the response given by the linearized model (dashed lines) with the response simulated by the
aeroelastic code HAWC2 (black dots).
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Figure 2: Setup of the hybrid controller. An extended Kalman filter (EKF) provides estimates
of states used by other blocks in the diagram. Supervisor block provides partial or full load
control objectives to controller depending on switching conditions. Reference and reference
filter blocks provide references for the controller to track depending on whether partial or full
load operation is active.
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• Generator torque

• Generator power

• Generator speed

• Rotor Speed

• Tower top fore-aft acceleration

• Tower top side-side acceleration

• Flapwise blade root bending moment of
each blade

• Edgewise blade root bending moment of
each blade

The estimated states are used by a Model
Predictive Control algorithm, which calculates
the optimal control actions that minimizes the
objective cost function. The cost function is
given by the summation of several contribu-
tions, and includes:

• Weight on generator power

• Weight on generator speed

• Weight on tower top fore-aft velocity

• Weight on tower top side-side velocity

• Frequency dependent weight on collective
pitch angle

• Frequency dependent weight on cyclic
pitch angles

• Frequency dependent weight on generator
torque

• Frequency dependent weight on collective
ATEF

• Frequency dependent weight on cyclic
ATEF: Weight ATEF act.

• Weight on cyclic flapwise blade root bend-
ing moments: Weight ΔMx Cycl.

The weight on the last two elements of the cost
function will be varied in the following inves-
tigations, so to explore different control con-
figurations and combinations of pitch and flap
activity.

4 Test Case

The NREL 5 MW baseline wind turbine in
its on-shore configuration is taken as reference
model for the aeroelastic simulations presented
in this work. The wind turbine, thoroughly
described by Jonkman et al. [9], is representa-
tive of modern multi-megawatt models, it has a
three bladed rotor of 126 m diameter with up-
wind orientation, variable speed and pitch-to
feather control. Jonkman et al. [9] also define
a baseline PI control algorithm, where power
regulation above rated is obtained by collective
blade pitch actions based on low pass filtered
measurements of the drive train speed. The
load results obtained with the baseline PI con-
trol will be used as a term of reference in the
following analysis.

The turbine rotor is equipped with adap-
tive trailing edge flaps, which extend for 10
% of the airfoil chord and cover 20 % of the
blade length, from 47.7 m to 60.0 m span. The
maximum flap deflection is limited to ±10◦, re-
sulting in maximum steady lift coefficient vari-
ations of ±0.42. All the flaps on the same
blade are controlled by the same signal, and
no constraints are applied on the flap max-
imum deflection speed; nevertheless, the fre-
quency weighting on the control cost function
inhibits high frequency activity of the flap,
thus giving flap deflection signals that very
rarely require maximum deflection rates above
50 deg/s. The pitch and generator actuator dy-
namics are modeled as second and first order
low pass filters, respectively.

Aeroelastic simulations are performed with
the HAWC2 code [10], reproducing the wind

186



field conditions prescribed by the IEC standard
[14] for a class A turbine. In this paper, only
results referring to mean wind speed 18 m/s
are considered, and a total of 40 minutes (4 x
10 minutes seeds) turbulent wind is simulated
for each control configuration.

5 Results

The performances of the combined model
based control are investigated by running
aeroelastic simulations of the NREL 5 MW tur-
bine under different control weight configura-
tions. Several combinations of pitch and flap
activity are obtained by acting on two of the
weight parameters of the control cost function
introduced in section 3:

• Weight ATEF act. determines the pe-
nalization imposed on the flap activity.
Low values corresponds to a control set-
ting that favor the flap activity, whereas
high values favor the blade pitch action.

• Weight ΔMx Cycl. determines the penal-
ization on cyclic variation of the blade root
flapwise bending moment. Higher values
indicate a control configuration that fo-
cuses more on blade root flapwise bending
moment alleviation.

The blade pitch and ATEF activities are
quantified as the total distance traveled by the
actuators (in degrees), then normalized by the
simulation time. The activity registered with
the investigated control weight combinations
is reported in figure 3 for the blade pitch, and
figure 4 for the flap. As expected, the highest
pitch activity (dark red color in fig. 3) occurs
for weight settings that penalize flap action
(high ATEF act. weights), and focus on cyclic
load alleviation (high ΔMx Cycl weights); as
a term of reference, the pitch activity with the
NREL 5 MW baseline PI controller is around
0.3 deg/s, at the bottom of the color scale.

Figure 3: Blade pitch activity for differ-
ent combinations of the control cost function
weights. The actuator activity is measured as
the total traveled distance (in degrees), nor-
malized by the simulation time.

Figure 4: Adaptive Trailing Edge Flap activ-
ity for different combinations of the control
cost function weights. The actuator activity
is measured as the total traveled distance (in
degrees), normalized by the simulation time.

High flap activity is obtained with high ΔMx

Cycl weights, and low ATEF act. penalization;
the gray circles in the plots mark the weight
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combinations where simulations were actually
performed.

Figure 5: Performance of the active control in
terms of alleviation of Fatigue Damage Equiv-
alent Loads (DEL) at the blade root flapwise
bending moment, Wöhler curve exponent of
10. Results given as percentage variation from
the DEL measured on the baseline NREL 5
MW turbine with its standard PI controller
[9]; simulations are performed in the points in-
dicated by the gray circles.

Load alleviation performances of the com-
bined control system are measured in terms
of fatigue Damage Equivalent Loads (DEL),
which are computed under Palmgren-Miner
linear damage assumption by applying rain-
flow counting to the simulated time series; a
Wöhler curve fatigue exponent of 10 is used
for the blade DEL, and an exponent of 4 for
the tower loads. The load alleviation is ex-
pressed as the DEL difference between the ac-
tive load control case, and the reference base-
line one; negative values thus indicate a reduc-
tion of fatigue loads. The difference is then
normalized by the DEL in the reference case.
Among the investigated control weight combi-
nations, higher fatigue load alleviation on the
blade root flapwise bending moment are ob-

tained by increasing the weight on the bend-
ing moment cyclic variation, and the highest
DEL alleviation is achieved by using a combi-
nation of both flap and pitch control actions,
dark blue area in figure 5.

Figure 6: Fatigue Damage Equivalent Loads
(DEL) alleviation at the blade root flapwise
bending compared to the baseline NREL 5
MW turbine, Wöhler curve exponent of 10.
The load alleviation is plotted as a function of
both the blade pitch actuator traveled distance
(horizontal axis), and the flap actuator trav-
eled distance (vertical axis). Simulation data
are only available for the points indicated by
the gray circles.

A more informative display of the controller
performances is obtained by remapping the
load alleviation results as a function of both
the blade pitch and the flap activity, figure
6. The plot immediately highlights that larger
load alleviations require higher control activ-
ity, either with pitch or flap actuators. Active
load alleviation with exclusively blade pitch
actuators reaches to 18-20 % DEL reduction,
whereas lower figures (approximately 15 %) are
achieved when the flap actuators alone target
the cyclic loads, a result in-line with previous
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investigations featuring similar smart rotor se-
tups [6]. The highest load alleviation perfor-
mances are achieved when the controller em-
ploys a combination of both the blade pitch
and the flap actuators: load alleviation is in-
creased from 18 % for the pitch alone, to nearly
30 % for the combined control actions.

Another advantage of the combined control
formulation lies in the possibility of one actu-
ator to partly take over and reduce the work
load of the other. For instance, actively reduc-
ing the DEL by 16 % with blade pitch alone
would require an average activity of 1.5◦ pitch
variation every second of operation; by includ-
ing flap action in the task, the work load on the
pitch actuator is lowered down to one third,
without compromising on the DEL alleviation.
The possibility of one actuator relieving the
work load of the other could be exploited to
decrease actuator wear, and eventually post-
pone maintenance operations.

Figure 7: Fatigue Damage Equivalent Loads
(DEL) alleviation at the tower bottom flange
fore-aft bending moment compared to the
baseline NREL 5 MW turbine, Wöhler curve
exponent of 4. Simulation data are only avail-
able for the points indicated by the gray circles.

To avoid increasing the loads on the tower
as a consequence of the alleviation on the ro-
tor, estimations of the tower top velocities are
included in the control cost function, section
3. The model based control algorithm is thus
able to reduce at the same time the loads on
the blades, and at the tower bottom flange: in
the fore-aft direction fatigue DEL alleviation
up to 30 % are achieved, with a distribution
similar to the one observed for the blade root
flapwise DEL, figure 7.

6 Conclusion

The paper presented an algorithm that com-
bines generator torque, blade pitch, and adap-
tive trailing edge flaps in the same model pre-
dictive control framework. The control model
is retrieved from first principle models of the
turbine structural components and from a lin-
earized BEM-based aerodynamic formulation;
comparisons of the frequency response predic-
tions with the results from aeroelastic simula-
tions show that the control linear model is able
to describe the dominant system dynamics.

The performances of the proposed control al-
gorithm are evaluated in terms of fatigue dam-
age equivalent loads alleviation on the NREL
5 MW reference turbine, with a smart rotor
configuration featuring flaps on the outer 20
% span of the blades. Aeroelastic simulations
have highlighted some advantages of a model
based control strategy able to combine and su-
pervise both flap and pitch activity:

• Higher fatigue load alleviation is achieved
by combining flap and pitch control ac-
tions. Reduction of fatigue damage equiv-
alent loads (DEL) in the blade root flap-
wise bending moment up to 30 % are re-
ported when both pitch and flap are in
use; in comparison, active alleviation with
either flap or pitch actions alone bring
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DEL reductions of 15 % and 18 %, respec-
tively.

• The combined framework allows to shift
the control activity required for load al-
leviation between the pitch and the flap
actuators. By including flap actions, the
blade pitch workload, and thus the actu-
ator wear, is significantly reduced, while
still achieving the same reduction of fa-
tigue damage.

Fatigue damage at the tower bottom flange
is also reduced by active load alleviation, the
variation of the tower fore-aft DEL from the
reference case shows a maximum reduction
close to 30%, and an overall trend similar to
the blade flapwise load alleviation.

The combined model based control method-
ology proved rather powerful and efficient in
pursuing the blade and tower load alleviation
objectives; future work should consider extend-
ing the methodology to other objectives, as, for
instance, increase of power capture below rated
conditions, or reduction of the drive train loads
and generator speed variations. Independent
flap actuators and sensors distributed along
the blade span are other topics that might be
worth consider in future investigations.
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������ A1 A2 b1 b2 τp τb
���� ���� ��� I ;:$ I 66$ I I0: I 6 ; $ :
��������� I I F F ; $ :
�� ��� I ;H I 0;: I I0; I *:* ; $ :
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����� ���� +�&����� ������ �� ��� �+ ����	-����� ��	�� ��� ��� �������2��- ����-��� ��
������� ��	 �������� ���	�� ��� 6��� ��� ��2�� ��� ���������� �� ��� 	������ ����*
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Seq Mx My Mz MFA MSS Myaw MDT

�������� ��� �� 	! ;6 +6 ;I :H I *$ ++ ;* 6H $$ *I :I 6 B:
Δ ��������� �"! $ 0H ; ;I *I $0 : 00 6 BH H ;$ ;$ I$
Δ �� ��� �"! �; I: �I II �* 0B �; I* �I 6H �; B6 �* *;
Δ �� τ �"! �I $0 �I I: �* ;$ �I $6 �I ;I �; ;+ �; I6

����� ���� %������2��- �� ��� ������� 	����� ����2����� ���	� 7+"#8 �� ������� �� ��� �+
����	-����� ��	��� ��� ��� 2��������� Δ ��� ���������	 ���� ������� �� ��� ���������
���� 76��� ����8* ���������	��� �� ��� ����2����� ���	� �������	 ���� ��� 	������ �����
��	 ��� �������� ������� �-����� ���	� +"# ��� �������	 ���� k = 10* ��� ��� ������
���� k = 4. ��� 6����� ����� �� � ��������� ������ �� �-���� neq = 106 ��	 �1 -����
������� ���������

������� Mx My Mz MFA MSS Myaw MDT

�������� ��� �� 	! ;0 H0 : H* I ** ;;* 0: 0$ IB ;+ 00 : :*
Δ ��������� �"! : H6 * *H *$ *: �; HB 6 00 : I+ $ 0$
Δ �� ��� �"! �I +6 �I 6H �* *; I 0; �I $$ �; ;0 �; 66
Δ �� τ �"! ;I $* �; BH ;; +6 �; HH ; +* �* ;H �; I*
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• 0 < f st < 1 �	������
� 	���
��

&�� �����%������� ��	�� Catt
l �
		���
�� �
 ��� ���� 
� ��� ��	�
�� �� ����

��� ����
�� �F���� 
� ,
- ����	���
� -�	� ��������: ���	 ���� ��������
�:



��� 
��������� ��� ��	���	��� �� 

��� ����� ������� ���� �
�;����� �
	 � 	��� ��	�
�� �� ���	�#� #� ��� �����	
	�����
�+

Catt
l ≈ C lin

l (α) =
∂Cl

∂α
(α− α0), D���E

-��	� α0 �� � ��	�����	 �
		���
���� �
 ��� ����� 
� ������ ���� 	���	�� �
���� ����� �����

4� �� ���� ������ ���� ����� ���� ������ #��
- ��� �
		���
���� �����	

��� �	� ����� #� ��	���� ,
- ����	���
� ��
�� ��� ��	�
��� &�� ��	�� 
�
����	���
� �� �@�	���� ��	
��� ��� ����	���
� ������
� f st: -���� �� �	���
�	
� ��� �@�	����
� 
� ��� ,�� ����� ���� �� G�	��
F ,
-:

(
1 +

√
f st

2

)2

=
Cst

l

C lin
l

, D���E

��: ���	�
�:

f st =

(
2

√
Cst

l

C lin
l

− 1

)2

. D�� E

&�� ����� ���� �
	�� �� �@�	���� �� � -������ ��� 
� ��� ����� �������
D�����	E �
��
���� �� � ����� ����	��� 
�� Cfs

l : �5� D���E? ��� 	��������

Cfs
l �
��
���� �� ���	���� �� ��� �	������
� 	���
� 0 < f st < 1 �	
� �5�

D���E+

Cfs
l =

Cst
l − C lin

l f st

1− f st
. D���E

&
 ���
��� �
	 ��� �F��� 
� � �	������ ��� ,�� <�=: ��� ����� ���� �
�;�����
Cst

l ����� �
� 
��� 
� ��� ����� 
� ������ α: #�� ���
 
� ��� ,�� �,����
�
β? ��� ����� ���� �
�;�����: �� -��� �� ��� ��
��%*�������� �
��
�����
Catt

l : Cfs
l : �� f st: �	� ������
� 
� #
�� ����� 
� ������ α: �� ,�� �,����
�

β: �� ��� #� 	��	������ #� ��	�����: 8��	� ����

7��� ������ �
 �� ��	�
�� -��� �	������ ��� ,��: ��� �5����
� �
	 ��� ���%
�	���
� ������
� D���E ����� 	��� �
 �������	��� �
����: 	�������� �� ��	
�� ��%
�
���������� �� ��� ����� �
��
������ (�	���	�
	�: ����� ���� �
�;�����
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������ ���
 ��	� 
���
��� Cst
l � ��� 
��� �	 � ���	��� ���� ������� ���� ����  �� ��	�

�� � 	�
��� �	 ���� ���� �	 ����
! α �� ��� ����
��� β� �� 
� �� ����������
�� � ���	�
��

	��	���� �	
� ������ �����	����� 
	 ��������
�� 	�	��� �
��
-� � ��	������
�����	 �	�� ���� �� ��� ������� ,
- 	���
�: ������ ���� ����
��� ��%
�
���������� �� ��� ����� ��
��%*�������� ���� �
��
����� ��� #� ���
��	
������ �
���

&�� �F���� 
� ��� ���
���������� �� ��� ����� ����� ��� ����� #� �����%
8� #� ��� ��	
������ �
��: 	�������� �� �
�%�������� D�� 	����	 ���
�%
���E ������ �� ��� ��	
������ �
	��� ���� ����
	���� � ���	 ����	�����
� ��
	�5��	� �
 ����	� ���� ��� ����� �
��
����� ����� �
 ��� ��	
������
�
�� �	� �	�� �	
� ���
����������: �� �
 ��;������� 	����#�� ���
	����� -�	�
�
�� �
 ���
��������� 	��
�� ���� ���
����������? ����� ��� ��� �
	 �� �@%
��	��� �	��	
����
	 ���������
��

&�� ���������
� ��� #��� ���������� �� �� �@�����#�� �	
�	��: ��	���
�	���� ��� ������� ������� ����� ��
	�� �	���� !: -���� �	
���� ��� ���	
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-��� � �	������� ����	���� �
 �����: �� ���������� �
		���: ��� ����� ��	
%
������ �
��
���� ������ ���� -��� #� ����� �
 ��� ������ ����� �
���
&�� �	��	
����
	 
����� �� � 8�� ���� �
������ ��� ��� #������� ����� ��	
%
������ ��� 	�5��	� #� ��� �
��: �� ��� ���� �
	��� 	�5��	� #� ���
��	
������ �
�� �� /�7��? ������@ � ����� �	������� ������ 
� 8���
�
	���: �� ��� 
� ��� �	��	
����
	 �	
�	���

��� �	��	
����
	 ���
	����

����� �����	
���
�� 	
���� ��
�

&�� ����� �
 ��� �	��	
����
	 �
������ 
� �-
 ���� 
� ���+ � "�	�� �������:
�� � ���� �	�����	�
� ������ &�� "�	�� ������� ��� �
������ ��� ���� �����
��� 	�5��	� �
	 � �����	 ��	
������ �
�� -���
�� ,��: �� �	
����
����� ����: 	��: �� �
���� �
�;������ �� ������
� 
� ��� ����� 
� �������
&�� ���� �	�����	�
� ����� �����: �
	 �F�	��� ������ 
� ������: ��� �����
��	����
�� �� ����: 	��: �� �
���� �
�;������ ����� #� ,�� �,����
��?
������ 	���	 �
 ������@ ��� �
	 ������ 
� ��� ����� 8��� �
	�����

&�� ����� ��� 
� ���� Cst
l : 	�� Cd: �� �
���� Cm �
�;������ �	� �
�%

���� �� ������
� 
� #
�� ����� 
� ������ �� ,�� �,����
�? ��� �
�;������
�� ��� "�	�� ������� ����� �	� ����� �
 ��� 	��������� ��	����
�� �� ���
���� �	�����	�
� ������ *����	 ����	�
����
� �� ������ �
 �
��	 � 	���� 
�
����� 
� ������ �	
� %�!3 �
 H�!3? ��� �
�;������ �
		���
���� �
 ������

� ������ 
����� ��� 	���� �����8� �� ��� ����� 8�� �	� ����� �5��� �
 ���
��
���� ������#�� �������

����� �����
� ����� ��
 ������
��	

�� �����
��: ��� ����� ��� �
	 ��� ������ ����� �
�� �	� 
#����� #�
��������� ��� ����� ���� �
�;����� Cst

l ���
 � ����� ������� �
��
���� Catt
l :

�� � ����� ����	��� Cfs
l 
��: -������ #� ��� ����� ����	���
� ������
�



��� �����	 
� ������ �����

f st+

Cst
l = Catt

l f st + Cfs
l (1− f st). D���E

&�� ����� ������� �
��
���� Catt
l �� �
����� �������� ���� ��� ���� ��

����� ������� ,
- �� ����� #� � �����	 ������
� 
� ����� 
� ������ α �� ,��
�,����
� β+

C lin
l =

∂Cl

∂α
(α− α0) +

∂Cl

∂β
(β); D��$E

&�� ������
� ���	�#�� � ,�� ����� �� ��� (α, β, Cst
l ) ������ (
	 � ��� 
� �����

��� �
		���
���� �
 � �����8� ��	�
�� �� ,��: ��� ����� ������� ���� �����
�� ����
����� ���	����	�I� #� ��	�� ��	�����	�+ ∂Cl/∂α: ∂Cl/∂β: �� α0�

-
���� ��������� ∂Cl/∂α &�� �	����� ∂Cl/∂α ����� ��� ����� ���� ��	�%
���
�� ����� #� ���� ������ �� ����� 
� ������: �
	 � 8@� ,�� �,����
�:
-���� �� �����8� #� ��� ���	� 4� ��� ���� 
� � �����	 ��	�
�� -���
�� ,��:
��� �	����� ∂Cl/∂α �
		���
�� �
 ��� ��
�� 
� ��� ���� ��	�� �� ��� �����	
	���
�: 8��	� ���? �
	 � ,�� ����� �� �
������� ,
- ∂Cl/∂α = 2π�

&�� �	����� ∂Cl/∂α �� ���	���� ����� ��� ���� ���
	���� �� ����������
�� ��� /�7�� ��	
������ �
�� �
	 �����	 ��	�
��� ��� <��=? ��� ���
%
	���� �� ���	�#� �� ������@ ������

-
���� ��������� α0 &�� ����� α0 �
		���
�� �
 ��� ����� 
� ������
���� 	���	�� � ���� �����	 ����� ���� C ���

l,α0
= 0: �
	 ���� ,�� �,����
�� 4� ���

���� 
� � �����	 ��	�
�� -���
�� ,��: 8��	� ���: α0 ���� ��� ����	���� 
� ���
�����	 ���� ���� -��� ��� I�	
 ���� �@���

&�� ����� 
� α0 �� �
����� �
�����	 -��� ��� ∂Cl/∂α �	�����? ��� ���
	����
�� �	������ �� ������@ ������



��� "�������##�� ������	$� ��&

-
���� ��������� ∂Cl/∂β &�� �	����� ∂Cl/∂β ����� ��� ��	����
� 
�
����� ������� ���� �
		���
���� �
 ���� ,�� �,����
�: �
	 � 8@� ����� 
�
�������

&�� ����� 
� ������ �� 8@� �� ��� ����� α0� &�� �	����� �� ���� ��������
�� ��� ��	����
� ΔCst

l /Δβ �
	 ,�� �,����
� ������ 
� ±1◦ �	
� ��� ���	
�����8� ������

��� ��� ��	�����	� 	�5��	� #� �5����
� D��$E �	� ���� ���	����: �� ���
�����	 ���� �
�;����� C lin

l �� �
����� �� ��� -�
�� 	���� 
� ������ 
� ������
�� ,�� �,����
���

����� �����
� 	�����
�� ����
��

&�� ��@� ���� �� �
 �
����� ��� ������ 
� ��� ����� ����	���
� ������
� f st�
&�� �@�	����
� �
	 ��� ,��%����� ���� �� G�	��
F ,
- �5� D���E ���� �
+

f(α, β) =

(
2

√
Cst

l

C lin
l

− 1

)2

. D�� E

&�� ����� ����	���
� ������
� f st ��
�� #� 	��� �� #
��� 0 ≤ f st ≤ 1:
���� �������	����� �	��� -���+

• Cst
l /C

lin
l < 0: ��� �������	��� �� �
���: �� ���� 
� �������� Cst

l : #� �
	����
��� ������
� �
 3? �� ���� 
� �
������ Cst

l : #� �
	���� ��� ������
� �
 ��

• Cst
l /C

lin
l > 1: �
��� #� �
	���� f st = 1�

(�	���	 �A�������� �
 ��
� ���
���������� �� ��� f st ������
� �	� ���� �

���	>� �
		����
��: -���� �	� �������� ������ ��	
��� ��� �	������� ����	%
����� &�� ���	 ��� ���
 ��� �
���#����� �
 ������� ��� 	���� 
� ������ 
� ������
�
		���
���� �
 ����� ����	��� ,
- �
����
��? �� ��� �����8� 	����: ���
����	���
� ������
� �� �
	�� �
 I�	
: f st = 0�



��� �����	 
� ������ �����

����� �����
� ����� �

����� ��� ����� 	�����
�� ��


�������
	

&�� ����� 
� ��� ����	���
� ������
� f st 
������� ��	�� 	���
��: �
		���
����:
	�����������: �
 ����� �������: ����� ����	���: �� �	������
� ,
- �
����
���
4� ���� 
� ��� ��	�� 	���
�� ��� �
�;������ �	� �
����� �� �
��
-�+

• (���� ������� 	���
�: ��� ����	���
� ������
� �� f st = 1� 4� 
	�	 �

���� ��� ����� ���� �
�;����� �5��� �
 ��� ����� 
��: ��� Catt

l �� �����
�5��� �
 Cst

l : 	����	 ���� C lin
l �

f st = 1 →
{

Catt
l = Cst

l

Cfs
l = Cst

l /2
; D���E

• (���� ����	��� 	���
�: ��� ����	���
� ������
� �� f st = 0�

f st = 0 →
{

Cfs
l = Cst

l

Catt
l = C lin

l

; D��!E

• &	������
� 	���
�+

0 < f st < 1 →
{

Catt
l = C lin

l

Cfs
l =

Cst
l −Clin

l fst

1−fst

. D��)E

����� ������ ������
��	 �� 
�� �	��

&�� ����� �
�;������ �� ��� ��
��%*�������� ���� �
��
����� 	�5��	�
#� ��� ������ ����� �
�� ���� �
- #��� �
����� �� ������
� 
� #
��
����� 
� ������: �� ,�� �,����
�� .�� �
 ����	���� ������: ��� ����� �
��%
8����� ������ ����� �	����� ���
����������: -���� -
�� ���������� �F��� ���
������ 
����� 
� ��� ��	
������ �
��� &�	
��� ��� �	������� ����	����:
��� ���	 ��� ��� �
���#����� �
 �������� ��

�� 
�� ���
���������� �� ���
����� �
�;������
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7������	 ��� ���	 �
�8�� ��� f st ����	���
� ������
�: ��� �
		���
����
Cfs

l ������ �	� 	��
����� �� �����8� �� ��� �	���
�� ��	��	���: �
 ����
��� �
��� ����� ���� �� ���� �5��� �
 ��� ����� 
�� Cst

l �

4� ��� ����� ����	��� ����� ������ Cfs
l �	� �
�8� #� ��� ���	: �� 
	�	 �


���� ��� �
��� ����� ���� �5��� �
 ��� ����� 
��: ��� ����	���
� ������
� ��
	��
����� ��

f =
Cst

l − Cfs
l

C lin
l − Cfs

l

. D���3E

&�� ���	 ��� ���
 ��� �
���#����� �
 �
��� ��� ������ 
� ��� ����� �������
���� �
��
���� Catt

l : ����
��� ��� ����
� -
�� 	����� �� � �
��� ����� ����:
�5� D���E: �F�	��� �	
� ��� Cst

l ����� 
���

����� ��������		�� ��
��
  !"#$��� ���


&�� ����� �
�;������ �� ��
��%*�������� ���� �
��
����� 	���	�� #�
��� �	��	
����
	 �� �
		���� #� ��� ���	 �	� ���� �� � 8��: -���� -��� #�
��� �� ����� #� ��� ��	
������ �
��: ������ 	���	 �
 ������@ ��� �
	
������ 
� ��� 8�� �
	����

4� 
	�	 �
 	���� ��� ���	���I���
� 	�5��	� #� ��� 	����� 8��: � ���	�� ����	%
�
����
� �� ��	�
	��? ��� ����	�
����
� ���
	���� �� ��� ���� �� ��� �����
��� �&'(��� �
��: �� �� ���	�#� �� ������@ ������

��� ��� 
��	���
�� 	�5��	� �� ��� �	��	
������� ����� �	� �
������ �� �
����%��
�� ���������
�: -���� ���
-� ��� ���	 �
 �����: �� ���������� �
	%
	���: ��� ��� #������� ����� ��� ���� -��� #� ��� �� ��� ������� ��	
�%
����� �
��? ��� ���������
� ���	>� ���� �� 	��
	�� �� ������@ �� &�� 8��
	���	�� #� ��� �	��	
����
	 ���������
� �� 	��� �
	 ��� #� ��� �������

�
�� �� ��� /�7�� ��	
������� ��������
� �

��
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� ������ �����



������� �

������� ����	������ ��	��

&�� ������� ��	
������ �
�� 	���	�� ��� ����: 	��: �� �
���� ������

� �� ��	�
�� ���	�
��� �	#��	�	� �
��
� �� �	������ ��� ,�� �,����
�
D�	#��	�	� �� ��� ������ 
� ��� ����� -��� ��������
�E� &�� ����� �
 ���
��	
������ �
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� 0�����>� <$= �
�� �
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	������
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	��
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� ���
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	� ���� �
		���
�� �
 ��� ���� �
	�� ���� -
�� ���

� ��� ��	�
�� �� ��� ��		��� ��
	����
� D�� �
��
�E �
����
�� -�	� ���
�
������ �
	 �� ��8���� ����� &�� �
��	�#���
� �� �	��� �� � ������ �

�%��
�� ��� ����� ����� ���+

Cqs
l = Catt

l [αqs, βqs]. D���E

&�� K5����%�����> ��������
� ������ 	���	� �
 ��� ���� ���� ������� �� ���
,
- �
����
�� ����� #� ��� �����%�
������ 
� ��� ��	�
�� �	� ���
����
�
	� (
	 ��������: ��� 5����%����� ����� 
� ������ αqs ������� ��� ��	�� ��
�
 ��� ����� ����� 
� ������ αst: ��� ����� ���
���� ẏ: �� ��� ����� 	���

α̇? ��� 5����%����� ����� 
� ������ �� �������� �� ��� ��	��%5��	��	 ��
	
�
���: �������� ��� ��	�
�� ������� �@�� �
 #� �
���� �� εea D%� �� *': H� ��
&': �� bhc �� ��� ����%��
	 ������E+

αqs = α3/4 = αst −
1

U0
ẏ +

(0.5− εea)bhc
U0

α̇. D���E

&�� 5����%����� �5�������� �
	 ��� ,�� �,����
� ������� � �,����
�%	���
��	�: -�
�� �
��	�#���
� �� �	��� �	
� 0�����>� <$= -
	� 
� ����%��	�
��
���
	�+

βqs = β − 1

U0

Hy

∂Cl/∂β
β̇, D���E

-��	� Hy �
		���
�� �
 ��� ,�� �,����
� ����� �����	�� ����� �� 0�����
<$=� Hy: -���� ��� ������
� 
� ����	�: �� 
#����� �� ��� �
� #� �����������
��� ������
����� ����� H∗

y -��� ���� ��� ��
	 ������+ Hy = H∗
ybhc: ���

������@ ��������
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-��� � ����%������ �� ��� ��	�
�� ��	������
� D�� �
	 �������� � ���� ������
�� ����� 
� ������: 
	 ,�� �,����
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-�%
-��� ���� w��� (
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� � 	��� ��	�
��: ��� �F������ 
-�-��� 	������
�
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� ������ �� α�� = w��/U0? ��� �F������ �����

� ������ �
		���
�� �
 ��� ����� ���� 	���	�� � �����%���� ����� �5��� �
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��� 
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� G�	��� �� 2��	� <��=: �� /����� �� ��� <!= ���
�F������ 
-�-��� �	
� �� �	#��	�	� �
��
� �� �
����� �� � ����	�
����
�

� ���� 	���
����� &�� ���� 	���
��� �� ���	�#� #� �� �@�
������� �������
	���
��� ������
� Φ+

Φ = 1−
N���∑

i=1

Ai exp
biτ , τ =

U0t

bhc
; D�� E

��� �
�;������ Ai: �� bi �8�� ��� ����� 
� ��� ������� ������
�� L
���>� <)=
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weff = wqs

⎛
⎝1−

N���∑

i=1

Ai

⎞
⎠ +

N���∑

i=1

zi, D���E

-��	� wqs �� ��� 5����%����� �5�������� 
-�-��� �� ��� ��	�� 5��	��	 ��
	
�
���� &�� ��	�� zi �	� ����� ��	��#��� ���
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	�
�F��� �
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��+

żi = − 1

bhc
U0bi zi +

1

bhc
U0biAi wqs, D��$E

-����: �������� �����-��� �
������ ������: �� �������� �� � ���� ��������
�����	���
� ��+

zi,t = zi,t−Δt exp

(
−U0bi

bhc
Δt

)
+ Aiwqs,t

(
1− exp

(
−U0bi

bhc
Δt

))
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-��� � ��	����
� ��
��� ��	�
�� 5����%����� �
���� ��� #� �
��� �	
��� �� �F������ 
-�-���:
����������� �	
� ��� �
�	�� 
� ��� 5����%����� �
���� ��	����
�? ��� ����
������� 	���
��� ���	
��� ��� #� ��� �
	 �����	 � ������ �� ��� ����� 
�
������: 
	 �� ��� ����� ����������� ���
����: 
	 � ���#�	 ���� ��
	����
��



� � �����	 
� ������ �����

&�� ���� �
�� ��� #� ���� ��� �
 ���	�#� ��� -��� ���
	� �F���� �����
#� ,�� �,����
���

4� ��� ��		��� �
	������
�: ��� �5�������� �F������ 
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����� �	
� ��� 	��������� 5����%����� ������+

1�2��

{
αqs = αst − 1

U0
ẏ + (0.5−εea)bhc

U0
α̇

βqs = β − 1
U0

Hy

∂Cl/∂β
β̇

; D��!E

�� ��� �
		���
���� �F������ ��	��#���+

'F�

{
α�� = αqsΦ(0) +

∑N��� zαi
β�� = βqsΦ(0) +

∑N��� zβi
, D��)E

-��	� Φ(0) ����� ��� ������� 	���
��� ����� �� ��� ������� �������+

Φ(0) = 1−
N���∑

i=1

Ai. D���3E

&�� -��� ���
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������
���� �����	���
� ��

zi

⎧
⎨
⎩

zαi,t = zαi,t−Δt exp
(
−U0bi

bhc
Δt

)
+ Aiαqs,t

(
1− exp

(
−U0bi

bhc
Δt

))

zβi,t = zβi,t−Δt exp
(
−U0bi

bhc
Δt

)
+ Aiβqs,t

(
1− exp

(
−U0bi

bhc
Δt

)) . D����E
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	� ���� �� ������� ,
-: ���
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�� 5����%�����
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�� �
 ��� �F������
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� ������ �� ,�� �,����
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C����	
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l = Catt

l [α��; β��]. D����E

&�� �
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��	�#���
� ���
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�� �
	��
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�,����
� 	���? ��� �
��	�#���
� �	
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	�	 ��	�� -�� �
�� �������#��+

Cnc
l = π

bhc
U0

α̇�� +
F������

π

bhc
U0

β̇; D����E
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����
�� f = 1: ���
����� 	�� �	
� ,�� �,����
� ��
�� ����� ��� ����� �
����� ���	
�
������� ,
- ��������
�: -����: 
��� ��� ,
- �� ����� ����	��� f = 0: ���
,�� ����� 	�� ��� � �������#�� �F��� 
� ��� �
��� 	��� (�	���	�
	�: ���
��	������ -��� �(. 	������ �� ���	
�� #� �������� ��� f dyn ������� ����
	�

&�� ����� 	�� �
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��� ������ �� 	�� �� �
 ��� ����	���
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� ��� ������ �
�%�	����
� 	�� D��	�
�� ��� 8	�� ��	��������E -��� � ������
� 
� ��� ������ �� ����	������
����	���
� ������
� ������+

Cf
d,ind =

(
C��

d − Cd,[α0;0]

)
·

⎡
⎣
(
1−

√
f dyn

2

)2

−
(
1−

√
fCl,���

2

)2
⎤
⎦

=
(
C lu

d,dyn − Cd[α0;0]

)
· 1
4

[
f dyn − fCL,��� + 2

(√
fCl,��� −

√
f dyn

)]
.

D����E



�!! �����	 
� ������ �����

��! "
����

&�� �
���� �
�;����� �� �������� -��� 	������ �
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	� �
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	��
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,�� �,����
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Cm = Cqs
m + Cnc,α̇

m + Cnc,β̇
m . D���!E

&�� 5����%����� ��	� �� ����� #� � �

�%�� 
� ��� ����� ����� ���� &��
����� ,�� �,����
� βst �� ���: �� �
������� ,
- ���
	� �������� ���� �

���
	� ��	�� �F��� ��� �
���� �������� �� ��� 5��	��	%��
	 �
���: ���
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	�: ���
 �
	 �
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����
�: ��� 	�����%
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� �(. ��������
��:
���� ��� 	������ 
#����� #� ����� ��� βeff ��	�� (
	 ��� ����� 
� ������: ���
αeff ����� �� ��� �� ��� �

�%��: �
 ���� �
��������� -��� ��� ��� /�7��
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������ �
�� �
	 �����
�� -���
�� ,��+

Cqs
m = Cm[αeff ; βst]. D���)E

&�� �
�%��	�����
	� �
��	�#���
� �	
� ��� �
	��
� 	��� �� �
����� ��

Cnc,α̇
m = −0.5π

bhc
U0

α̇��. D���3E

&�� �
�%��	�����
	� �
��	�#���
� �	
� ��� ,�� �,����
� �� �	��� �	
�
0����� <$=: �� ��	� 
��� ������� ��	�� 	����� �
 ��� �,����
� 	���? ���
��	� �� ������8� #� �
����	��� ��� �
���� -��� 	������ �
 ��� 5��	��	%
��
	 �
���: ������@ ���� +

Cnc,β̇
m = β̇

[
−0.5

b

U0

1

π
(G������ + 0.5F������) + 0.5

1

U0

(
Fy,LE

π
+

Hy

2

)]
.
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��
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� ����	�: �� �	� 
#����� #� ����������� ��� ������
����� ������
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	 ������ D	���	 �
 ������@ ������� �
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��I� �����	�� ������ �� ��� ����� 8�� E+

Hy = H∗
y · bhc, D����E

Fy,LE = F ∗
y,LE · bhc. D����E

&�� ������ �
��	�#���
� �
 ��� �
���� ���� �	���� �	
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� ��@ �����
��: �� �
	 ��	�
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 ��� �����
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	� <�=�

� B��� $ % �! ��	�
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��	��� ��� ���� 10%

� ��� ��
	� &�� ���#�	���� ��
	����
� Δy���� �� �
 ��� ,�� �,����
�
β �� ����� �� Δy���� = β ·yfl� &�� ������
� yfl ���	�#�� ��� �,����
� �����

� ��� ,��: ���� ��� ���#�	%���� ��	����
� �
	 � �����	� ,�� �,����
��

&�� �,����
� ����� �
	 � ���� ��
	 ������ ��	�
�� �� �8�� �� � ��	����	
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	 ������ xh = 0.9? ��� 	���� 
� ��� ��	���
�� ��� �
 ���� ��� ���� �
�������� ��� �
��� 
� ��� �	�� �� ��� �	������ ���
xTE = 1.0 -��� ��� �
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� � ��	�� -��� ���
@%�@��: 8��	�  �� +

yfl/c
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yfl/c = 0.0 �
	 x/c < 0.9

yfl/c =
√

R2
c − (x/c− 0.9)2 − R2

c �
	 x/c ≥ 0.9
D ��E

-��	� ��� 	���� 
� ��� ��	����	 �	�� �� ����� #�

Rc =
0.12 + δ2y

2δy
, D ��E

δy = 0.1 tan (1 · π/180) . D ��E
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���������� �� ��� ��
��%*�������� �
��
������

� �� ������ ������ �� ��� >�����
����� 	�� % <8��� �����
 ����� ����� ������	 %�,-�
	� �� ��� % <8��� ����
	��� ����� �������	��� �	 !"#$% ������	 ',�.� �������
�	 /������ %,''� 0���� ����� �� ��� !"#$% ������	 ��� �� �����
 ������� ��	��� �� ���
% <8��� ����� ��� �������� �	 �������	� ������	��
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� ������ �����

�� ������������ ��� �	��	
����
	 ���
	����� �� �� �@��	��� ���������
�: ���
���	 �� ����� ��� �
���#����� �
 ��	��� �� �
		��� ��� ����� ��� #��
	� ����	
��� �� ��� ��	
������ �
���

�	���
�� ��	��
�� 
� ��� ����� ��� �	��	
����
	 -�	� #��� 
� ���
	�����
���� �F�	 �	
� ��� ��		��� 
��: ������ �� ��� �
��
-��� �������+

!���� )�����
 ∂Cl/∂α ��� %�� ��%��
��

4� ��	���	 ��	��
�� 
� ��� ���
	����: ��� �	����� ∂Cl/∂α ��� �
 ���	����
��� �����	 ���� C ���

l -�� �
����� ����	����� �
	 ���� ,�� �,����
�� &��
�	����� -�� ���� � ������
� 
� ��� ,�� ����� β? �� � 	�����: ��� C lin

l �
	
f st < 1 #��
��� �
�%�����	 �� β� 4� ����: ��� β �
��	�#���
�� �����	� �
�

��� �� ��� ��	� ∂Cl/∂β D�����	 �
��	�#���
�E: #�� ���
 ��	
��� ��� ��	�
∂Cl/∂α|β : ������ �� �
�%�����	�

&��� �
�%�����	 ������� �	
� ��� ,�� �,����
� β �
 ��� Catt
l �
�;�����

�����: �� ��� ��	
������ �
��: �
 � �
�%�����	 �	����
	����
� �	
� ���
,�� �,����
� ����� �
 ��� ���� �
	�� 
������ &�� �
�%�����	��� �� 	���
���#��
�
	 �
�� 
� ��� ���
���������� �� ��� ���� �
�;����� �

�� 
#��	�� �� ��	������
����	��� ,
- f st < 1: �� �� �����	� �� �
�� 
� ��� �

�� �� ��� C�7��
	��
	� <�=�

!���� ∂Cl/∂α �����
��

4� �	���
�� ��	��
�� 
� ��� �	��	
����
	: ��� �	����� ∂Cl/∂α -�� �
�����
�� ��� ���	��� 
� ��� �	����� �#
�� 50% 
� ��� ��@���� �	������ 4�
��� ��		��� ��	��
�: ��� ���� ���
	���� �� ���������� �� ��� /�7�� ���

�
�� �� ���: ������ �
 � #����	 �
��������� 
� ��� ��	
������ �
	���
�	����� #� ������� �
�� �� ��� ��� �
�� �
	 ��	�
��� -���
�� ,���
&�� ���
	���� �� �	������ �� �����
� ������
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!���� Cfs
l ��� Catt

l �
 f = 1 ��� f = 0

4� ����� �
����
��: �� ����� ������� ,
- f = 1: ��� ��	� Cfs
l ����� �


�
��	�#���
� �� �
�� ���� ���� ��� �	#��	�	� ������ B���	�������: ���� 
��
�
� ����� �� ������ �
����
�� -��	� �F�	��� ������� �
������� #��-���
����	���
� ������
� �� ����� 
� ������ ����� ��� �
 ��� � Cfs

l ���� -
��
������ �
		���
� �
 f st = 1 �� ����� �
����
���

4� �	���
�� ��	��
��: �� ����� ����� ������� �
����
�� f st = 1: ��� �����

� Cfs

l -�� ������ ��� �5��� �
 Cst
l : ������ ���� � ��	
�� ���
�������� �� ���

Cfs
l ������� &�� ���
�������� �
�� ���
 	����� �� ������ �� ��� ��	
������

�
	�� �

�� 
#����� -��� ��� �	���
�� ��	��
��: �� 
#��	�� �� <�=�

4� ��� ��		��� ��	��
�: �
 ��
� ���
���������� �� ��� ����� ����� ���: Cfs
l

�� ��� �
 0.5Cst
l : �� �	���	�#� #� ������� ��
��%*�������� �
���� 2�����	

�
����	���
�� �
� �
	 Catt
l �� ����� ����	��� �
����
� f st = 0: ��	� Catt

l ��
��� �5��� �
 C lin

l ���
 �
	 f st = 0�

!���� Cd %�� 	
���� ���
���
��

&�� ����� ��� �	
��� #� ��� �	��	
����
	 ���
��� �
	 ��� ����� �F����

� ,�� �,����
�� 
� ��� 	�� �
�;������ 4� �
	��	 ������������
�� ���
����� 	�� �
�;����� -�� ��� �
������ �
	 ��� ,�� �,����
� �����: ��
��� 	�� �
��	�#���
� �	
� ��� ,�� -�� �
	������ �� ��	�� 
� �� �5��������
������ 
� ����� 
� ������: ��� �
��
-��� �����
��

��� ��	
������ �
�� �
	 �� ��	�
�� �����
�

���� ���

&�� ���
	����� 
� ��� ������� �
�� ����� ����� ��� ��	
������� ����%
����
� �

� �	������ �
�� �F�	����� �	
� �	���
�� ������������
�� 
� ���
��	
������ �
��� &�� �
�8����
�� -�	� ���� �
 � #����	 �
���������



�&� �����	 
� ������ �����

-��� ��� �����	 �
�� �
	 ��	�
��� -���
�� ,��: �� �
 �� ���	
�� ��	��%
���� -��� ����� 	������ �� ������ �(. ��������
��� &�� �
�8����
��
������ �
���	�� ��� �
��
-��� �������+

!���� *��	 +
���� %�� ��%��
��

4� �	���
�� ��	��
�� 
� ��� �
��: ��� ��	� β̇ -�� �
����	� ����	�����: ��
�� �5�������� ����� 
� ������ αβ̇:

⎧
⎨
⎩

αqs = αst − 1
U
ẏ + (0.5− ε)bα̇

αβ̇ = β̇ 1
2π

1
U
Hy

βst

; D���E

��� �5�������� ����� 
� ������ αβ̇ -�� ���� ����� �
 ��� αqs �
��	�#���
��

4� ��� ���� ���� 
� ����� �
������� ,
- �� �����	 #�����
	 
� ��� ���� �
��%
8�����: ���� ���	
��� ��
�� 	���	� �5�������� 	������ �
 ��� ���
	���� �%
��	�#� ��	���	� 6� ��� 
���	 ���: ��� 	������ ����� �F�	 �� ��� ���� 
� �
	�
	�������� ����� ����� ���� 4� �� ���� ���� �
 �
�� ��� β̇ �
��	�#���
� �%
	����� �
 ��� βqs ��	�: -���� ���
 �������� ������	��� -��� ��� ���	
��� ���
�
	 ��� 5����%����� ����� 
� ������ �
��	�#���
�: �5� D��!E�

!���� ,�
������
� 	�����
�� ����
�� fCL,���

4� �	���
�� ��	��
� 
� ��� �
�: ��� ����	������ ����	���
� ������
� fCL,���

-�� �
����� ��

fCL,��� = f st +
(
fCL,lag − fCinv

L,tot

)
, D���E

-��	� ��� ����	���
� ������
� ��	�� -�	� 
#����� �	
� � �

�%�� 
� ���
����� ����� ���: �� �
		���
����� 
� ��� ����� 
� ������ �� ,�� �,����
�
	��
	�� �� ��#�� ����

&�� �
	������
� ����	� ���� ��� ����	���
� ������
� -
�� �
���	�� �
 ���
����� ����� �� ����� ����� �
����
��: �� ��� ��	�� fCL,lag �� fCinv

L,tot ���%
��� 
�� �� ����� �
����
��: ����������� �	
� ��� ������ 
� ��� �	�����
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0#�1 α+ β+
f st αqs βst

fCL,lag
Clag

l

∂Cl/∂α
3

fCinv
L,tot

CPot
L

∂Cl/∂α
3

���� ��	
 >������� �������� ;���� 	�� ������ ���!��� �	 ��� ��������� 	�
��� �������

∂Cl/∂α� 4� ��� ��		��� �
	������
�: �5� D���)E : ��� ����� ����� ����� ��
	����� 
��� �� ��� �	������ ∂Cl/∂α �� ∂Cl/∂β ���� ��� ���� ������ ����
-�	� ��� �� �	��	
������� ��� ����� ����� ����

4� ���� 
� 	����	 ����� ��	����
�� 
� ��� ,�� �,����
� ����� β �� �
������
����� 
� ������ α: ��� �-
 �
	������
�� 	���	� ������	 	������� 6� ��� 
���	
���: -������	 ��	����
�� 
� ��� ����� 
� ������ �	
�� ��� ����� �
��� �	�
�
����	� D�� ���� ��	��	 ��	����
�� �� ��� ����	���
� ������
�E: ��� ��		���
�
	������
� ���� 	������ �� #����	 ��	������ -��� �(. �
�������
��: 8��	�
���� (�	���	�
	�: ��� ��		��� �
	������
� ���
 ���
���� �
	 ��� �F���� 
� ���
,�� �,����
� β �� ��� ����	���
� ����������

!���� $��� 	
���� ���� ���
���
��

4� ��� ��		��� ��	��
�: ��� ����� �F���� 
� ,�� �,����
� 
� ��� 	�� �
	��
�	� ���
���� �
	 �� ��� ����� ����� ���: -��	� ��� 	�� �
�;����� �� �
������
� 
� #
�� ����� 
� ������ �� ,�� �,����
�� 4� �
	��	 ��������%
����
�� 
� ��� �
��: ��� 	�� �
�;����� -�� 
��� ������
� 
� ��� ����� 
�
������? ��� ����� �F���� 
� ��� ,�� 
� ��� 	�� -�	� ���� ���	�#� ��	
���
�� �5�������� ������ �� ����� 
� ������+

ΔαCd��� =
∂Cl/∂β

∂Cl/∂α
β. D���E

&�� ��		��� ������������
� ���
-� � �
	� ����	��� �	������ 
� ��� �����
	�� �
	��: ���������� �� ��� �
�%�����	 	���
� 
� ��� ����� �
�;�������
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4� ��� ��		��� �
	������
� ��� �
��	�#���
� 
� ��� ����	���
� ������
� f �

��� ����� 	�� �� �
����� -��� 	������ �
 ��� f dyn �� fCL,��� � 4� ���
��
��%*�������� �
�� ���	�#� �� /����� �� ��� <!=: ��� fCL,��� ��	� ��
��#������� #� �� f eff 
��: #��� 
� � �

�%�� 
� ��� ����� ��	��� -��� ���
�F������ ����� 
� ������ αeff �

2���	�� ������ ��������
�� ���� 	���	�� �
 ���	����#�� �F�	���� �� ���
�-
 �����? -���� �� ����� �
����
��: �� f eff ��� #� �������� �F�	��� �	
�
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fCl: ��� f eff �
	������
� ��� 	����� �� � ����� �
�%I�	
 �
��	�#���
� �
 ���
����� 	��: �� ���� � ����� 
F��� �	
� ����� ���� ����
��� �
 ���
%
	������ A����8����
� �� �����: �� �� ��
��� �
 ���� ��� fCL,��� �
	������
�: ����
������ ���
 �� �@�	� ��	� �� ��� f eff �

�%�� 
��	���
��

!���� $��� ��������
�� 
��� � ��� ������
��� ���
� 

��
��	

4� �	���
�� ��	��
��: ��� �
�%��	�����
	� �
���� �
��	�#���
� ������ � ,��
�,����
� ������	���
� ��	� β̈? ��� ��	� �� �������� �� ��� ������ �
	������
��
4� ��� #��� ��	�8� ���� ��� ,�� ������	���
� ��	� β̈ ��� �� �F��� ���� ��
����������� #��
- ��� 5% 
� ��� �
��� �
��	�#���
� �
	 	���� �	�5������� ��
�
 k = 1.5? ������	 �
����	���
�� �
� �
	 ��� �
��	�#���
� 
� ��� ������	���
�
��	� α̈�
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����	
�� �

 ������ �� �������

�������������� �� !�"�#

��	�

&�� �&'(��� ��	
������ �
�� �
	 �� ��	�
�� �����
� -��� �	������ ���
,�� �� �����	��� �� ��� ��	
������� ��������
� �

� /�7��� &�� �
��
-���
�����
�� 	��
	� �
�� �
�8����
�� �� K����	�	�����
��> �
 ��� ��	
������
�
��: -���� ���	�� �	��� ��� ������������
� 
� ��� �
�� �� ��� �����%
#
� ��	
������� �
� /�7���

��� ��	�
�� �����
� 	���	���� ������

-���� !���� �� !

��.

4� ��� -
	���� �	��� 
� ��� �����#
� �
� /�7�� �� 	����	 ��	 �
 �%
��	���� ��� ����� ��
���	�� ����� 
� ������ 
� ��� �	
8�� �����
� αst� &��
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��	
������ �
�� �� ���� ����� ��� 	
�	 ������� �����: -���� ���
����
�
	 ��� ��	����	�� ��
	����
� �� �
		���
�� �
 ��� 5����%����� �����
�������� �� ��� ��	�� 5��	��	 ��
	 �
��� αqs = α3/4�

-���� $��& 	����

&�� ,
- ���� ����� U0 �
	 ��� ��	
������ �
�� �� ����� �5��� �
 ���
�����
� ���
: -���� ���
���� �
	 ��� �	�� -�� ����: ��� ����� ���
������:
�� ��� ����� �
��
� 
� ��� #���: �������� �� ��� ��	��%5��	��	 ��
	 �
����

-���� /���
�� �� �����	

4� ��� ��	
������� �
� /�7��: ��� �	����
� 
� ��� ��	
������ �
	���
	���	�� #� ��� �
�� �� 	���		� �
 ��� �	����
� 
� ��� 	������� ���
���� 
�
��� �����
�: �������� �� ��� ��	��%5��	��	%��
	 �
���� &�� ���� ���� -��� �
�	����
� ��	��������	 �
 ��� 	������� ���
����: �� ��� 	�� ��	����� �
 ���
&�� �	����
� 
� ��� 	�� 	���	�� #� ��� �
�� ��� ���� �� ����� 
� αqs

�	
� ��� ��	�
�� ��
	: -���� ��	��� ������� 
� ��� �
	��
� ���
���� α̇ 
�
��� �����
��

7���� ��� �������� 
� ��� 	���	���� �	����
� ��� � �������#�� ������ 
�
��� �������� 
� ��� ���� �
	��: ��� 	������� ��,����� 
� ��� 	�� ��������
��� #� �����8����� � ��
	
��� �������� �� ����� �� ��� ������@ 
� ���� ��
��� <�=: ����
���� �	
� ��� �
������� ,
- ���
	� �	������ �� 0����� <$=�
&�� ��� �
���� �	� 	������ �� ��� �
��
-��� ��	��	���: �� 	�����
� �
 ���
/�7�� ������������
� 
� ��� �&'(��� �
���

&�� �������� 
� ��� 	�� �
	�� ����� 
� -���� �
����
� ε ��
�� ��� ��	�
��
��
	 �� ��� 	���	���� �	����
� �����:

Cε
d,ind = C����	���

l

(
Cl,qs

∂Cl/∂α
− C����	
��

l

∂Cl/∂α

)
+C����	
��

l (0.5+ ε)− π

2

(
bhcα̇

U0

)2

,

D���E
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-��	� ��� �
����
� ��
�� ��� ��
	 �� ����� #� ��� ������
����� �

	�����
ε: -���� �� ε = −1 �� ��� ������ ��� �� ε = +1 �� ��� �	������ ����

&�� ���
� 
	�	 ��	�: ������� 
� α̇2: �� ������� ��������: �� ��� �
��	�#�%
��
� �� �
�� �������8���� �
	 	���� �	�5������� �� �
 k = 0.5� (�	���	�
	�:
#� 	���		��� ��� 	�� �
 ��� ,
- �	����
� �������� �� ��� 5��	��	%��
	
�
��� ε = −0.5: ��� �@�	����
� ������8�� �
+

C
1/4
d,ind = C����	���

l

(
Cl,qs

∂Cl/∂α
− C����	
��

l

∂Cl/∂α

)
. D���E

&�� �5����
� �
	 C1/4
d,ind �
		���
�� �
 ��� �@�	����
� ���� �� �������� ��� ��

��� /�7�� ������������
� 
� ��� �&'(��� �
��: �5� D����E: ��%����� ���
	�� �� 	���		� �
 ��� 	������� ,
- ����
	 �� ��� ��	��%5��	��	%��
	 �
����
&�� ���	
@�����
�: -���� �� ���
 �
��� �� ��� ��� �
��: �� ���-�� �@%
����� �
 ���� �������#�� �F���� 
� ���� -��%��	#��� ��	
������� ��������
���

-���� �
���� �����
 �
 
�� 0���
�� ����� ���


&�� ��	
������ �
����: �5� D���!E: �� �������� �� ��� 5��	��	%��
	
�
���� 4� ��� #� ��
-� �	
� ����%��	�
�� �
������� ,
- ���
	� <$= ���� ���
������� 
� ��� ����%��	�
�� 5��	��	%��
	 �
���� �	� �@��������� ����� #�
�
�%��	�����
	� �
	���: -���� ���� �
 ���
	� ��	�: �� ��� ��	�����
	� �
	���
�F�������� ��� �� ��� 5��	��	%��
	 �
��� <��=� 4� �
������� ,
- ���
	� ���
�
���� �
�;����� �� 
��� ������
� 
� ��� ,�� �,����
� D������ � ���#�	%����
��
	����
�E: �� ��� �
�%��	�����
	� ��	��+

C
��	
m = f

(
β, α̇, β̇, α̈, β̈

)
. D���E

4� ��� ��		��� �
	������
�: �5� D���!E: ��� ������	���
� ��	�� α̈ �� β̈ �	�

�����: �� ����	 �
��	�#���
� �� �
�� �������#�� �
	 ��� 	���� �	�5�������

� ����	��� �� -�� ��	#��� ���������
��� (�	���	�
	�: � �

�%�� ��	�: �5�
D���)E: �� ������ �
 ���
��� �
	 ����
�� �F���� ���
���� #� ��� �����
����� ���+

Cm = Cqs
m + Cnc,α̇

m + Cnc,β̇
m . D���!E
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&�� ����� �

�%�� ��	� Cqs
m �� α �� β 	���	�� ��� ��	���� �
��	�#���
� �


��� �
����: -���� ��� ��	� ������ ���
	� �F���� �	
� ��� �
	������ ���
���
 ��� -��� ������� 
��� 4� ����: ��� �
���� �� ��� 5��	��	 ��
	 �
���
ε = −0.5 	���:

M1/4 = Mεea − Lbhc (εea + 0.5) , D�� E

-��	� Mεea �� ��� ��	
������ �
���� �������� �	
�� ��� ������� �@��
D��� 	
����
� �@�� �
	 ��� �����
� �������� �
��
��E: �� ����� �� 0����� <$=�

&�� �
���� �� ���� �
��
����� �
�������� ��� ���
	� �F���� �	� ����� ��
��	�� 
� ��� �5�������� ��	��%5��	��	 �F������ 
-�-��� w��? ���� 	�� <$=+

Mw��
εea = 2πρb2hcU0 (0.5 + εea) · w��, D���E

Lw�� = 2πρbhcU0 · w��. D��$E

�� ��#��������� �5� D���E �� D��$E �� �5� D�� E: ��� �F������ 
-�-���
��	�� ������ 
��: �� 	���	�

Mw��

1/4 = 0. D���E

&�� �
���� ��� �
 �������� 
� ��� ���
	� �F���� 
� ��� �
	������ ���
���
 ��� -���: �� �� �� ���� ���	
�	���� �
 ��� 5����%����� ������ �� ���
����� ��	�� �

�%��� 4� �5� D���)E: ��� ����� ,�� �,����
� βst �� ���:
-����: �
 �������� �
��������� -��� ��� ��� �
�� �
	 ��	�
��� -���
�� ,��:
��� �F������ ����� 
� ����� 
� ������ α�� �� ����

(�	���	�
	�: #� 	���		��� ��� �������� �
���� �
 ��� 5��	��	%��
	 �
���:
���
 ��� �
�%��	�����
	� ��	� ������8��: �� ��� �
 �������� 
� ��� �
��%
��
� 
� ��� �����
� ������� �@�� εea� 4� ����: #� �@������ ��� �
�%��	�����
	�
��	�� �� α̇ �� β̇ �	
� �5� D�� E ����� �


M α̇
1/4 = −πb3hcρU0(0.5− εea)α̇− πb3hcρU0(εea + 0.5)α̇

M α̇
1/4 = −πb3hcρU0α̇ →

C α̇
m,1/4 =

M α̇
1/4

2ρU2
0 b

2
hc

= −0.5π
bhc
U0

α̇; D��!E




�� ���# (�� ���.�������	��+ ���	��/�	���# �&�

M β̇
1/4 = b3hcρ

U0

π
εeaF������β̇ − b3hcρ

U0

π
F������(εea + 0.5)β̇

M β̇
1/4 = −0.5b3hcρ

U0

π
F������β̇ →

C β̇
m,1/4 =

M β̇
1/4

2ρU2
0 b

2
hc

= −0.25π
bhc
U0

F������β̇; D��)E

�� ���� ���
 ��� �������� 
� ��� ������� �@�� �
����
� εea ������� 
���

��� %�	�� �
	 �
�&��	�����
	� �
��	�'���
��

-���� $��� ��%��
�� ��
� β̇

&�� ��	� β̇ �� �
����� ����	����� �� ��� ������� �
��: �� �� ��������
������ �� ��� �F�	���� #��-��� ��� ������ �� ��� �	���
�� ���� ���� ,��
�,����
� �����: ���� #� ��� ���� �����

-���� +��
�� 
��	�� ��
� α̇

&�� �
	��
� 	��� α̇�� 
��� ������� ��	����	�� �
��	�#���
��: �� �
 �F����
�	
� ������� �� ��� ����� 
� ������ �� �
 -�� ���� �������� &�� �
	%
��
� 	��� �� �
����� �� ��� �	
A����
� 
� ��� ��
#�� 	
����
� 
� ��� ���%
��
� �
�����	 
� ��� �
��� ��	
������ �����? 
��� ��� 	
����
� �
��
����
�	
�� ��� �
��� ����%-��� �@�� 2 �� �
����	�� &�� ��	� ���
���� �
	 ��	��%
��	�� ��
	����
�� 
� ��� #��� 
	 
���	 ��	�� 
� ��� ��	����	�: #�� ���
:
�� ���� 
� � �
�� 	
�
	: �� ������� � �
������ �
��	�#���
� �	
� ��� 	���%
#
� 	
����
� Ω 
� ��� -�
�� 	
�
	: -���� �� �	
A���� �� �
��� �

	������
�� α̇��

Ω = Ωsin γ����� 4� ��� K����%��
��>������������
� 
� ��� �
��: �
	 ��
��
���� �. ��	�
�� �����
�: ��� α̇�� �� ������ �
����� �� α̇�� = dα3/4/dt�



��� �����	 
� ������ �����

��� (��	���
��� ������� �� )�*#�

-���� /�1��� � ��
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&�� �&'(��� �
�� �� 	�� �� /�7�� #� ��������� ��� �����	

������

���#�	 �: �� ��� 	��� �
���� #�
��: �� ��� /�7�� ��� ����� 8��? ������
	���	 �
 �� ����� ������ 	������ <��= �
	 ������ 
� ��� �
����� �����@�

!/�/�/� 1�2�
��� 
���� ����

&�� �
����
� 
� ��� ,��� 
� ��� 	
�
	 �� �8�� �� ��� ���� ��� �����
8��: �� ��� �����	

�	���
	� ��#%�
���� #�
��� (
	 ���� ,�� �����
�
��� �
���� �
	� �� �����: �
��
-� #� ��� ����-��� �
����
�� 
� ��� ,��
�����
� ���	���� �� ����� �
����: �� ��� 8�� ���� �
	 ��� �
		���
����
��� ����� ����� 8�� D-���� �� 	���	�� #� ��� �	�%�	
����
	E�

&�� �
����
�� ��
�� ��� #��� �	� 	���		� �
 ��� K��	�����> #���: ���� ��
��
��� ��	�� ���� �8�� #� ��� ������ ����%��
	 �

	������� &�� �	���	��
�
	 �� ��	
������ �
�������
� �
��� �
���� �� rpt �
 #� ������ �� � ,��
�����
� �� r���� ≤ rpt < r���? �
���5������: � �
�������
� �
��� ������� 
� ���
��� 
� �-
 �
��������� ,�� �����
�� -��� #� ������� �
 ��� 
���	�
�� ,���

6��	������� ,�� �����
�� �	� 	��
��� #� ��������� ��� 
��	����� �
	��
� 
�
��� #��� ���� �
 ��� ,�� �����
�� ���
��� �� ��� 
��	��� ���� -�� �8��
���� �� ��� ��� ������

� ��@���� ���#�	 
� )) ,�� ��	 #���� ��� #� �8��: �� � ��@����

� �33 �
�������
� �
���� ��� �	��� ��� ���� ,�� �����
�: ��� ������ �	�
��	%�
��

&�� ������� ����
 ������� ��� ���
	���� ���	�#� �� ��� �	���
�� ������	
�
 �
����� ��� ��	
������ �
	��� 
� ��� ��	
������ �
�������
� �
����
���� ���� -����� � ,�� �����
�� &�� �
�������
��� �
���� ����� ��� ����
,�� �����
� ��� 	���	 �
 ��� ���� ����� ����� ���? �� �� ���� ����� �
 �����
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� D���� #������ 
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	 #��� �
����
�� -��	� �
%,�� �� �8��: ��� �
�� ���� ��� ���� �
���%
����
� ��#	
������ �� ��� �����	 ��� �
��� 4� ���� ���� ��� ����� �����
��� �	� 	��	���� �	
� ��� �����	 /�7�� �	� �� ��� ����� 8���� (
	
�����
�� -���
�� ,��: ��� ���� �
��
����� �
	 ��� ������ ����� �
�� �	�
�
����� ����	�����: �� -��� �� ��� �����	 ����� ��	�����	� ∂Cl/∂α �� α0:
-���� �	� �������� �
��
-��� ��� ���
	���� ���	�#� �� �����
� ������

!/�/�/� 3��
���� 
���� ����

4� ��� ���� �����	

�	���
	� ��#%�
���� #�
�� �� ��� ��� ����� 8��:
��� ���	 ��� ������� ����
��� ����� �
�����: � �
������ ���� �� 	��
	��
�� ��� /�7�� ������ <��=�

&�� ����
��� ����� ���
- �
 ����
��I� ��� ��
����� �	�����	 �#������: ���
�����
� ���: #� ���������� � ��� 
� ��	�� ���	� 
� �@�
������� ��	��� ��	�����	�
Ai �� bi D	�� �� ��� �
�����E� 4� ��� �
����� �	� 
�����: ��� ������
������ �	� ���: -���� ���	�#� ��� ������� 	���
��� 
� � ���P ��%�! �	
8��:
-��� ��������� 	���
 
� �!� �� ����	���� ����
 �
 �������� ������� ������
�
��	�����	� �
	 8����%��������� ��	�
��� �� ���	�#� �� ��	���� �� ��� < =�

4� ��� ���� ��#%�
���� #�
�� ��� ���	 ��� ���
 ������� ��� ������ 
� ���

	&	����� ����	 ���	*����: ���� ���: -���� ���� 
� ��� ���#�	%���� �%
�
	����
� ����� ����� #� �����	� ,�� �,����
�: 	���	 �
 0����� <$= �
	
�������

&�� �,����
� ����� �����	��� ��� �� ��� ������� �
�� ������������
�
�	� D��� �
		���
���� �
���� �
	 ��� ��� 8�� �� ����� �� ��	��������E+

• F������ D�����
�E: �� G������ D�����
�E

• H∗
y D���	�E: �� F ∗

y,LE D��
���	�E: -���� �
		���
� �
 ��� �����	���
Hy �� Fy,LE �� 0����� <$=: ��� ������
����� #� �
	����I���
� #�
��� ����%��
	 ������+ H∗

y = Hy/bhc: F
∗
y,LE = Fy,LE/bhc�
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&�� ������ ������ �
		���
� �
 � 10% ��
	%������ �	������ ��� ,�� -���
��	����	 �	� ��
	����
� �����: �� ��� �� ��� C�7�� �
���	��
� 	��
	� <�=:
�� ���	�#� �� �����
�  ��� ������ 	���	 �
 0����� <$= �
	 ��� �5����
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�
����� �,����
� ����� �����	��� -��� �F�	��� ,�� �,����
� �������

-���� #	
��
�� ����� ������
��	 ∂Cl/∂α ��� α0

&�� �����	 ��	�����	� ∂Cl/∂α �� α0 �	� �������� �	
� ��� ����� �����
��� ������ ��� ���� �
�;����� Cst

l �� ������
� 
� ��� ����� 
� ������ α� &��
���� ���
	���� �� ������ #
�� �� ��� �	��	
����
	 ���������
� D�
	 �����
��
-��� ,��E: �� �� /�7�� �� ��� ��������I���
� ����� D�
	 �����
�� -���
��
,��E� &�� ���
	���� ��� ��� �
��
-��� �����+

�� � 8	�� ����� 
� ��� ����� 
� ������ 	���	���� I�	
 ���� α∗
0 �� ���: ������

#� ����	�
������ ��� Cst
l ��	�� ����� �� ������

�� �� ���	����� �	
���	� �� ��		�� 
�� �
 8� ��� ����� 
� ������ α+:
������ ��� ����	 ����� �
 ��� K�����	%����> 	���
�� &�� ���	���
�� �	�
��		�� 
�� �
	 ��� ��� �
���� 
� ��� ����� ���� ��	�� -��� �
������ ����
Cst

l > 0? �
	 ���� �
��� k 
� ��� ��	�� �	� ��
	�+

• &�� ����� 
� ������ αk �
		���
���� �
 ��� �
����

• &�� �	����� ΔCl/Δα|k 
� ��� ���� �
�������� ��� I�	
 ���� �
���
α∗
0 �
 ��� αk �
����

• &�� 	������� �		
	 �		k 	�������� �	
� ���	
@������� ��� Cst
l ��	��

�
 � ��	����� ���� C����
l #��-��� α∗

0 �� αk� &�� �		
	 �� ��������
�
	 Npt = 50 �
���� �5����� ����� #��-��� α∗

0 �� αk ��+

�		k =

(
Npt∑

j=1

Cst
l,αj

− C����
l,αj

C����
l,αj

)
· 1

Npt
,

-��	� ��� ���	
@����� �����	 ���� ����� ��

C����
l,αj

=
ΔCl

Δα

∣∣∣∣
k

(αj − α∗
0) .
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�� ��� �� 
� ��� ���	���
��: ��� ����� α+ �� ����� #� ��� ������� �����
#��-��� ��� αk∗ �
��� ���� 	���	�� ��� ��@���� ΔCl/Δα|k: �� ���
��� αk∗ �
���� �
	 -���� ��� ���	
@�����
� �		
	 �		k < 0.01+

α+ = max
(
α(maxΔCl/Δα), ∀αk∗ : �		k∗ < 0.01

)
.
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���	� �� ��		�� 
�� �
 8� ��� ����� 
� ������
α−: -���� ����� ��� ��$	� ����� �
 ��� K�����	%����> 	���
�� &�� ���	���
��
�	� �
- ��		�� 
�� �
	 ��� �
���� 
� ��� ����� ���� ��	�� -��� ��������
���� Cst

l < 0�

 � &�� ������ 
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