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In the Langevin formalism, the delicate balance maintained between the fluctuations in the system
and their corresponding dissipation may be upset by the presence of a secondary, space-dependent
stochastic force, particularly in the low-friction regime. In prior work, the latter was dissipated
self-consistently through an additional uniformsmean-fieldd friction fT. Shepherd and R.
Hernandez, J. Chem. Phys.115, 2430s2001d.g An alternative approach to ensure that equipartition
is satisfied relies on the use of a space-dependent friction while ignoring nonlocal correlations. The
approach is evaluated with respect to its ability to maintain constant temperature for two simple
one-dimensional, stochastic potentials of mean force wherein the friction can be evaluated explicitly
when there is no memory in the barriers. The use of a space-dependent friction is capable of
providing qualitatively similar results to those obtained previously, but in extreme cases deviations
from equipartition may be observed due to the neglect of the memory effects present in the
stochastic potentials. ©2005 American Institute of Physics. fDOI: 10.1063/1.1870875g

I. INTRODUCTION

In the theory of diffusion processes over fixed barriers,
numerous studies have shown that the dissipative term in the
Langevin equation is rarely constant along the reaction
coordinate.1–8 A general rate theory when the friction is both
space and time dependent has been developed to account for
this phenomenon over the entire friction regime.9–11 One
might naively expect that a space-dependent component
must be included in the friction kernel to capture the essen-
tial dynamics of a given system. However, this is not always
the case. Several groups have shown that the average dy-
namical properties may still be adequately described by a
generalized Langevin equation with space-independent fric-
tion even when the reaction coordinate has a strong spatial
dependence.2,4,6,12 An analysis by Haynes and Voth con-
cluded that the key factor is not whether the friction is space
dependent, since it generally will be, but rather how the fric-
tion varies along the reaction coordinate.13 In particular, they
suggest that the symmetry of the space-dependent friction
with respect to the barrier can be used as a metric for evalu-
ating the role of the friction in the dynamics. Similar product
and reactant states will give rise to similarssymmetricd fric-
tion components about the transition state. Perhaps surpris-
ingly, an antisymmetric friction does not have a significant
impact on the dynamics, while a symmetric friction can re-
sult in large deviations from the predictions of standard rate
theories for processes with space-independent
friction.3,4,6,8,13,14Thus, the Langevin model with a uniform
effective friction can often approximate the dynamics of pro-
jected variables even if the formal projection would have
required a space-dependent model.

The central question explored in this work is whether a
single uniform effective friction suffices even when the
Langevin system is subjected to an external space-dependent
stochastic potential. The behavior of a Brownian particle dif-
fusing across various subsets of this class of potentials has
been the subject of intense research.15–23 This activity has
largely been motivated by the discovery of resonant activa-
tion in which the rate of transport over a stochastic barrier
exhibits a maximum as a function of the correlation time in
the fluctuations of the barrier height.15

Simulations of these systems have only recently been
performed in the low-friction regime, where deviations from
equipartition may occur, due to an inability to adequately
describe the friction in the presence of an additional stochas-
tic force.24,25 The extension into this regime is essential to
properly model the diffusive dynamics of weakly bound ad-
sorbates on a metal surface.26,27As a phenomenological de-
scription for the substrate, the use of periodic stochastic
potentials—such as those used herein and
previously24,25,28—as a model for the effective potential ex-
perienced by the adsorbate allows one to account for the
time-dependent nature of the surface while retaining the sim-
plicity associated with the Langevin formalism. The incorpo-
ration of an additional stochastic force, however, may give
rise to an imbalance in the system leading to a deviation
from equipartition, particularly in the low-friction regime
where the magnitudes of the internal and external fluctua-
tions may become comparable. In previous work, the dissi-
pation of this excess energy was achieved through a self-
consistent approach in which the friction constant is
renormalized iteratively until equipartition is satisfied.24 This
renormalization is approximate because it does not explicitly
account for the correlations between the external stochastic
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forces across space and time, but rather uses a single mean
friction to dissipate these forces at times longer than their
correlation times.

A possible improvement to the self-consistent approach
can be obtained by allowing the friction to be space depen-
dent while explicitly ignoring the memory in the stochastic
potential. In the special case where the stochastic potential
has no memory, this treatment is exact. However, this ap-
proximation is often not justified when modeling real sys-
tems, and therefore the model potentials employed are cho-
sen to have an exponentially decaying memory of their past
states. In the most extreme cases, these correlations can re-
sult in deviations from equipartition during the course of the
simulation, although the space-dependent friction dissipates
such fluctuations correctly in most situations. The general
conclusion appears to be that the more detailed space-
dependent approach is in qualitative agreement with the self-
consistent approach and hence, as in the fixed barrier case,
Langevin systems with stochastic forces may be dissipated
by a singlesthough renormalizedd uniform friction.

The conclusions of this work are supported by a study of
two different classes of one-dimensional problems in which
the particle diffuses across a periodic array of coherent or
incoherent barriers. These two cases can be specified by
sinusoidal or merged-harmonic-oscillator potentials, respec-
tively. For such simple forms of the stochastic potential, ana-
lytic expressions for the friction as a function of the spatial
coordinate can readily be obtained and are presented in Sec.
II. The resulting Langevin dynamics across these potentials
dissipated either uniformly or through the space-dependent
friction are illustrated in Sec. III.

II. LANGEVIN MODEL WITH STOCHASTIC
POTENTIALS

An equation of motion describing the diffusion of a par-
ticle influenced by a stochastic potential of mean force can
be adequately described by a phenomenological Langevin
equation of the form

v̇ = − gstdv + jstd + Fsx;td, s1d

whereFsx; td;−=xUsx; td is an external stochastic force and
gstd is the friction required to dissipate both the thermal
forces and those due to the external stochastic potential. The
thermal bath is described byjstd, which is a Gaussian white
noise source with time correlation given by the fluctuation-
dissipation relationsFDRd

kjstdjst8dl = 2kBTgthdst − t8d. s2d

In the limit that Fsx; td=Fsx;0d for all t, these equations
reduce to the Langevin equation withgstd=gth. Otherwise,
the question remains as to what is the appropriate form of
gstd. Two approaches for addressing this question are pre-
sented in Secs. II B and II C, after first describing the explicit
forms of the stochastic potentials.

A. Stochastic potential representation

The space-dependent frictionsSDFd that arises from the
fluctuations inFsx; td can readily be evaluated analytically

for two different classes of one-dimensional stochastic po-
tentials. The first of these is a sinusoidal potential taking the
general form

Usx;td = FEb +
1

2
hstdGFsinSpx

2
D + 1G , s3d

in which the barriers fluctuatecoherentlywith each other.
The second is constructed using a series of merged-harmonic
oscillatorssMHOsd in which each barrier is allowed to fluc-
tuate independentlysincoherentlyd of one another, and is
specified by

Usx;td = 5
1
2k0sx − xm

0 d2 for xm
0 , x ø xm

−

Vm
‡ + 1

2km
‡ sx − xm

‡ d2 for xm
− , x ø xm

+

1
2k0sx − xm+1

0 d2 for xm
+ , x ø xm+1

0 ,

s4d

where themth well and adjacent barrier are centered atxm
0

=−l /2+ml andxm
‡ =ml, respectively. The connection points

are chosen to ensure continuity in the potential and its first
derivative such thatxm

± = ±k0l / s2k0−2km
‡ d+ml. As opposed

to the sinusoidal potential, the width of the MHO barriers
varies stochastically in time according to the relationkm

‡ =
−fk0+hsm,tdg, which, in turn, defines the barrier heightVm

‡

=−k0km
‡ l2/ s8k0−8km

‡ d. The remaining parameters in the po-
tentials are chosen such that the lattice spacing is 4 and the
thermal energy of the particle is 1/6 of the average value of
the barrier heights.

The stochastic termhstd is defined as an Ornstein–
Uhlenbeck process governed by the following differential
equation:

ḣstd = −
hstd
tc

+Î2s2

tc
zstd s5d

with the probability distribution

Pshftgd =
1

Î2ps2
expS−

hstd2

2s2 D s6d

and time correlation

khstdhst8dl = s2 expS−
ut − t8u

tc
D . s7d

The variance of the distribution is given bys2, tc is the
correlation time, andzstd is an additional white noise source.
The distribution of barriers heights for the sinusoidal poten-
tial is given directly by the distribution ofhstd, but due to the
nature of the expression for the barrier heights of the MHOs,
the resulting distribution for this potential takes on a more
complex form which is sharper and slightly skewed com-
pared with Eq.s6d. As a result, a much smaller range of
fluctuations is allowed for the MHO than the sinusoidal po-
tential to ensure that the distribution does not become sig-
nificantly non-Gaussian. More details on the exact behavior
of the MHO barrier heights are provided in Ref. 24.

B. Uniform dissipation

In previous work,24 a self-consistent procedure was de-
veloped to ensure that the evolution of the system using Eq.
s1d remains in thermal equilibrium. This was accomplished

114111-2 J. M. Moix and R. Hernandez J. Chem. Phys. 122, 114111 ~2005!

Downloaded 10 Apr 2013 to 130.207.50.154. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jcp.aip.org/about/rights_and_permissions



through an iterative procedure in which the friction, given by
the sum of the two contributions from the thermal bath and
the stochastic potential, i.e.,g;gth+gF, is renormalized ac-
cording to the relation

gsn+1d = gsndS kv2stdln

kbT
D . s8d

The friction for the next iteration is determined from the
value of the friction at the current step scaled by the magni-
tude of the deviation from equipartition seen in the dynamics
until convergence is reached to within a desired accuracy.
The main criticism to this approach lies in the approximation
made in developing Eq.s8d in which the stochastic potential
is treated as a local noise source,gF, obeying a fluctuation-
dissipation relation equivalent to Eq.s2d. However, the sto-
chastic potentials have memory and are therefore nonlocal in
nature leading to nonvanishing cumulants at third and higher
orders. These effects are included, but only in an average
manner, to second order in this approach.

C. Space-dependent dissipation

An alternative approach to dissipating the external sto-
chastic force relies on replacing the space- and time-
dependent frictiongsx,td by a space-dependent friction
gsxftgd, satisfying a local FDR. Given that the size of the
fluctuations inFsx; td depends onx at a givent, a Brownian
particle moving quickly across the surface will experience a
series of forces whose relative magnitudes depend on the
particle’s velocity. However, when the Brownian particle
moves slowly, the particle will sample only the local fluctua-
tions of the stochastic potential in the vicinity of its local
positionx. In this regime, the particle arrives at a local quasi-
equilibrium which must necessarily satisfy the FDR locally.
This suggests that the dissipation should not be uniform, but
rather should depend on position, and therefore indirectly on
time. It should be noted that while the mean-field approach,
described in the preceding section, is capable of including
the average of the correlations between the fluctuations, the
approximation made here does not account for any of the
memory effects. However, in the limit that there is no
memory in the external stochastic potential, the following
results are exact.

The question now arises of how to explicitly describe the
friction constant in the presence of an additional fluctuating
force resulting from the potentials of mean force given in
Eqs. s3d and s4d. The friction constant must dissipate the
excess energy that arises from the fluctuating forces through
a local space-dependent FDR,

2kBTgcsx;td = kdFcsx;td2l, s9d

where the cumulative force is simply the sum of the thermal
Gaussian noise and the stochastic force arising from the ex-
ternal potential,Fc=Fth+FU. Assuming the respective fluc-
tuations in the bath and potential are uncorrelated, i.e.,
kdFthdFUl=0, Eq.s9d reduces to

2kBTgcsx;td = kjstd2l + kdFUsx;td2l. s10d

The thermal fluctuations are Ohmic as given in Eq.s2d, and
the relationship for the fluctuations in the force isdFUsx; td
;FUsx; td−kFUsx; tdlh, where the average is taken with re-
spect to the auxiliary stochastic variableh. The average
value of the force can be determined according to the usual
integrals,

kFUsx;tdl =

−E
−`

`

dhPshd¹xUsx;td

E
−`

`

dhPshd
, s11d

where the fluctuations in the force are governed by the sto-
chastic Ornstein–Uhlenbeck process,h, whose probability
distribution is given by Eq.s6d.

The remaining steps of the derivation rely upon the spe-
cific form of the potential. As an illustration, the SDF is
evaluated explicitly below for the simpler sinusoidalscoher-
entd stochastic potential.sThe results for the incoherent
MHO potential can be found in the Appendix.d The deriva-
tion begins by direct evaluation of Eq.s10d for the specific
class of potentials. As remarked above, the first term repro-
duces the FDR, Eq.s2d, for the thermal forces. Ignoring the
correlation in the forces at different times, the second re-
duces to

kdFUsx;td2l =
p2

4
cos2Spx

2
DE

−`

`

dhSEb +
1

2
hD2

Pshd

− Fp

2
cosSpx

2
DE

−`

`

dhSEb +
1

2
hDPshdG2

. s12d

The Gaussian integrals are readily evaluated to yield

kdFUsx;td2l =
s2p2

16
cos2Spx

2
D . s13d

Upon substitution into Eq.s9d, the explicit form of the SDF
is

gcsx;td = Fgth +
s2p2

32kBT
cos2Spx

2
DG . s14d

This is the simplest possible form for this result, and is due
to the separability of the potential into a sum of deterministic
and linear stochastic terms. In fact, it is easily shown that for
any separable potential of the form

Usx;td = Usxd + hstdWsxd, s15d

whereUsxd is the deterministic component of the potential of
mean force, the additional friction due to the stochastic po-
tential is given by

kdFUsx;td2l = f=xWsxdg2E dhsh2 − hdPshd, s16d

provided the distribution is normalized. The MHO does not
satisfy the condition of Eq.s15d and hence its friction cor-
rection cannot be obtained by Eq.s16d. The form of the
friction correction for the MHO consequently contains more
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terms, but the requisite approximationsthat the forces are
uncorrelated at different timesd enters the derivation in a con-
ceptually equivalent way.

D. Mean first-passage times

The dynamics of the system were characterized by the
mean first-passage timesMFPTd of a particle to escape its
initial minima and establish a quasi-equilibrium within an-
other well. With periodic, stochastic potentials, this may be
accomplished by defining a region of the phase space of the
particle bounded by an energetic constraint.29 The MFPT is
simply the average of a sufficient number of first-passage
processes into this region, with the corresponding rate given
by the inverse of the MFPT. While the incorporation of a
space-dependent friction in the algorithm for the numerical
integration of the equations of motion would seemingly re-
sult in a dramatic increase in computational expense, the
actual effort is comparable to the previous mean-field ap-
proach because the preliminary convergence procedure for
the friction constant is now unnecessary.

III. RESULTS AND DISCUSSION

The analytic and numerical space-dependent compo-
nents of the friction over one period of the MHO and sinu-
soidal potentials can be seen in the bottom panel of Figs. 1
and 2, respectively, with the numerical results averaged over
500 representative trajectories. The top panels display the
fluctuations in the potential and the resulting forces that give
rise to the space-dependent friction. The analytic forms of
the SDF, displayed as the dotted white line, agree with the
corresponding numerical results, and exact agreement is ob-
tained upon further averaging. The fluctuations in the forces
reach a maximum at approximately the midpoint between the
minima and maxima, where deviations from the average
force take on the largest values. The fluctuations in the po-
tential are largest at the barriers, while the forces are zero at

these locations. This leads to a vanishing contribution to the
total friction from the space-dependent component at these
points. In the well region, the behavior of the SDF for the
sinusoidal and MHO potentials is inherently different. The
SDF for the MHO is zero outside of the barrier region since
the wells do not fluctuate by construction. However, the sinu-
soidal potential fluctuates continuously throughout leading to
a friction correction along the entire reaction coordinate.
Consequently, the magnitude of the friction correction in
simulations employing the sinusoidal potential are slightly
larger than that in those employing the MHO. But, as illus-
trated below, this effect does not have a dramatic effect on
the resulting dynamics.

Values of the friction corrections calculated from the it-
erative and space-dependent approaches for the MHO and
sinusoidal potentials are displayed in Table I with the values
of the thermal friction listed in the left-most column. The
variance and correlation time for both potentials is 0.22 and
1, respectively. The resulting temperaturesskBT;kv2ld, are
also listed for the space-dependent approach. The friction
correction in the self-consistent method ensures equipartition
by definition and therefore is not listed. The magnitude of the
SDF for all values oftc follow accordingly; however, this is
the only value with respect to the given variance for which
any deviation from equipartition is observed. As can be seen,
both the self-consistent and space-dependent components of
the total friction for each potential provide negligible contri-
butions for this variance since the magnitudes of the fluctua-
tions in the barrier height are relatively small. Therefore the
total friction is a sum of a large thermal component and a
space-dependent contribution. The slight differences in the
magnitudes of the SDF for the two potentials can be attrib-
uted to the piecewise nature of the MHO potential. The par-
ticles spend most of the simulation time in the wells which
do not fluctuate. A contribution to the total friction from the
space-dependent term is included only when the energeti-
cally limited particle accumulates enough energy to explore
the upper portion of the MHO potential.

FIG. 1. Representative fluctuations over one period of the MHO potential
and forcestop paneld, and the resulting space-dependent frictionsbottom
paneld. The numerical component in the bottom panel is displayed as the
solid black line, with the analytic result, given in the Appendix, as the dotted
white line. The temperature is 2/3, the variance is 0.22, and the thermal
friction is 0.08.

FIG. 2. Representative fluctations over one period of the sinusoidal potential
and forcestop paneld, and the resulting space-dependent frictionsbottom
paneld. The numerical result is displayed as the solid black line, with the
analytic result, given by Eq.s15d, shown as the dotted white line. The
parameters used are the same as in Fig. 1.
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To further explore the accuracy of the space-dependent
approach, the sinusoidal potential has been studied with a
tenfold increase in the variance from 0.22 to 2.2. The values
of the friction correction from these simulations are listed in
Table II. The displayed correlation timestc are those that
exhibit the largest resonant activation. Consequently, if
memory effects in the barrier heights are important in deter-
mining the friction constant, it should be manifested here.
Although not shown for brevity, outside this region of the
correlation time, the magnitudes of the deviations from
equipartition decrease rapidly, but the size of the space-
dependent components remains roughly constant. Similarly,
the corresponding corrections arising in the self-consistent
method also approach zero. As can be seen from Table II, the
space-dependent approach results in a correction that is
roughly constant for all values of the correlation time, while
the iterative approach does exhibit some variation withtc.
This is the expected result since the space-dependent friction
assumes the fluctuations in the potential are local and there-
fore, ignores any correlation in the barrier heights. The itera-
tive approach, however, is capable of incorporating the
memory of the potential into the friction correction, but only
in an average manner. As a consequence, significant devia-
tions from equipartition may be observed when simulations
are performed with a space-dependent friction that ignores
the correlation effects, as illustrated by this extreme example.

Figures 3 and 4 display the MFPTs obtained for the
MHO potential with the results from the space-dependent
and self-consistent approaches in the top and bottom panels,
respectively. The results in Fig. 3 have been calculated using
a variance ofs2=0.05, while those in Fig. 4 uses2=0.22.
The corresponding results for the sinusoidal potential using a
variance of 0.22 can be seen in Fig. 5. The values on the
broken axis represent the numerically calculated MFPTs in
the limits of correlation timetc. In the zero-correlation time
limit, the fluctuations in the potential are so rapid that the

particle effectively experiences the average, stationary poten-
tial from which the dynamics were calculated. In the limit of
infinite correlations, fluctuations in the potential are nonex-
istent, and therefore the particle experiences a single realiza-
tion of the potential with constant barrier heights determined
by the initial value sampled from the distribution. The MF-
PTs displayed in Fig. 4 obtained with a larger variance alters
the magnitude of the resonant activation, but influences the
results for the two approaches equally. The results from the
simulations with a space-dependent friction are systemati-
cally shifted to lower MFPTs as seen in all three figures. This
trend is most readily explained through the trends in Table I.
In the low-friction regime, an increase in the friction in-
creases the corresponding rate of transport. The average
space-dependent contribution is always larger than its re-
spective mean-field counterpart, and is expected to have the
largest effect on the results with the smallest thermal friction.
The fluctuations present along the entire reaction coordinate
of the sinusoidal potential do not appear to have a dramatic
effect on the dynamics. The results in Fig. 5 for the sinu-
soidal potential follow the same trend as those in Figs. 3 and
4 for the MHO potential indicating that the SDF approach is
capable of adequately describing the fluctuations in the sys-
tem. Aside from the shift, the general behavior of the MFPT
is adequately reproduced by both methods, particularly at
larger values of the thermal friction when the space-
dependent component becomes less significant. At this level
of description, each of the two approaches for constructing
the friction are capable of capturing the essential dynamics
of the system. However, some advantage is gained by using
the self-consistent method because it ensures the system is
kept at constant temperature for all values of the correlation
time throughout the simulation, while the space-dependent
approach may lead to deviations in extreme cases. The most
significant difference between the two methods can be seen
at intermediate correlation times, in which the resonant acti-

TABLE I. The average of the friction correctionsgF calculated by the iterative self-consistents0d and space-
dependentsSDFd approaches for the MHO and sinusoidal potentials. The resulting temperatures are also in-
cluded for the space-dependent friction. In all cases the temperature is 2/3sin units of a standard temperature,
kbT0d. The variances2=0.22 and the correlation timetc=1.

MHO Sin

gth kgFl0 kgFlSDF kv2lSDF kgFl0 kgFlSDF kv2lSDF

0.08 0.00 0.01 0.67 0.00 0.03 0.69
0.2 0.00 0.01 0.67 0.00 0.03 0.68
0.4 0.00 0.01 0.67 0.01 0.03 0.67

TABLE II. The average of the friction correctiongF calculated by the iterative self-consistents0d and space-
dependent approachessSDFd for the sinusoidal potential. The resulting temperatures are also included for the
space-dependent friction method. The temperature is 2/3 in all cases and the variances2=2.2.

tc=10−1 tc=100 tc=101

gth kgFl0 kgFlSDF kv2lSDF kgFl0 kgFlSDF kv2lSDF kgFl0 kgFlSDF kv2lSDF

0.08 0.04 0.28 0.72 0.05 0.29 0.74 0.01 0.28 0.68
0.2 0.04 0.28 0.71 0.05 0.29 0.72 0.01 0.28 0.68
0.4 0.04 0.28 0.70 0.06 0.29 0.71 0.01 0.28 0.67
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vation observed from the iterative approach is slightly more
pronounced. This can particularly be seen in the MFPTs
when the friction case takes on the smallest value ofgth

=0.08. Since the resonant activation arises from correlations
in the barrier heights, it is not surprising that simulations
incorporating a friction capable of accounting for this phe-
nomenon can have a noticeable impact on the dynamics,
even if it does so only in an average manner.

IV. CONCLUSIONS

The space-dependent friction arising from the presence
of a secondarysexternald stochastic potential in the Langevin
equation has been explicitly derived for two simple classes

of the stochastic potentials. The numerical results are in ex-
cellent agreement with analytic expressions describing the
space-dependent friction. The resulting dynamics have been
compared to those obtained using an alternate approach in
which a uniform correction is calculated self-consistently.
Although the latter approach does effectively include the
time correlation between the barrier fluctuations at long
times, the former does not in any sense. This neglect may
result in deviations from equipartition in some extreme
cases. However, both approaches are capable of capturing
the essential dynamics of the system and lead to the now-
expected resonant activation phenomenon. Consequently, the
central result of this paper is that the Langevin dynamics of
a particle under external stochastic potentials can be properly
dissipated by a single uniform renormalized friction without
loss of qualitativesand often quantitatived accuracy.

The role of the memory time in an external stochastic
potential acting on a particle described by a generalized
Langevin equation of motion is still an open question. In this
limit, there would presumably be an interplay between the
memory time of the thermal friction and that of the stochas-
tic potential. When the latter is small compared to the former,
the quasiequilibrium condition central to this work would no
longer be satisfied by the particle, and hence it is expected
that a nonuniformsand time-dependentd friction correction
would then be needed.
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FIG. 3. The mean first-passage timessMFPTd for a particle diffusing across
the MHO stochastic potential are displayed for two possible scenarios of the
dissipative mechanism. The top panel uses space-dependent friction and the
bottom displays the uniform friction determined by the self-consistent
method. The variance for both is 0.05, and the three lines correspond to
values of the thermal friction of 0.08ssolid curve with x symbolsd, 0.2
sdashed curve with trianglesd, and 0.4sdotted-dashed curve with squaresd.
The symbols on the broken axis represent the numerically calculated MFPTs
at the limits of the correlation time.

FIG. 4. The MFPT for a particle diffusing across the MHO stochastic po-
tential are displayed for two possible scenarios of the dissipative mecha-
nism. The parameters are the same as in Fig. 3, except the variance is 0.22.

FIG. 5. The MFPT for a particle diffusing across the sinusoidal stochastic
potential are displayed for two possible scenarios of the dissipative mecha-
nism. Other than for the change from the MHO to the sinusoidal potential,
the parameters are the same as in Fig. 4.
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APPENDIX: EXPECTATION VALUES OF FU

The piecewise nature of the MHO potential results in a
piecewise form for the associated SDF. Although incoherent,
every barrier gives rise to the same averages, and hence the
procedure needs to be carried out only over a small region
defined by the closed intervalfxm

0 ,xm
‡ g. The limits of integra-

tion over this region can be determined from the expression
for the connection points

xm
− = −

k0l

2k0 − 2km
‡ + ml, sA1d

wherekm
‡ =−fk0+hstdg. This can equivalently be expressed as

hstd = −
k0l

2sxm
− − mld

− 2k0. sA2d

At the top of the barrier, whenxm
− =xm

‡ , hstd=`. In the inter-
mediate region for arbitraryx,

hstd = −
k0l

2sx − mld
− 2k0 ; h* . sA3d

Otherwise, at the minimum whenxm
− =xm

0 , hstd=−k0.
Although it is apparent from the expression for the bar-

rier height that the corresponding distribution is non-
Gaussian, the resulting forces are Gaussian with the prob-
ability given by Eq.s6d. The average force for a givenx is
simply the weighted average of the forces whenx is in the
respective regions,sxm

0 ,xm
− d andsxm

− ,xm
‡ d, which correspond to

h regions ofs−k0,h*d andsh* ,`d. The resulting integral for
the average value ofFsx; td is now

kFUsx;tdl =

E
−k0

h*

dhFsxdPshd +E
h*

`

dhFsxdPshd

E
−k0

`

dhPshd
. sA4d

Here, one must be careful in determining which portion of
the force to use in the above equation. For example, when
h,h* , the majority of the force is due to the barrier portion
of the potential, not the well component. The average can
thus be expressed as

kFUsx;tdl = −E
h*

`

dhk0sx − xm
0 dP8shd

+E
−k0

h*

dhsk0 + hdsx − xm
‡ dP8shd, sA5d

whereP8shd is defined through the normalization condition,
i.e.,

E
−k0

h*

dhP8shd +E
h*

`

dhP8shd ; 1, sA6d

which leads to the probability distribution

P8shd =
2

Î2ps2

expS−
h2

2s2D
1 + erfS k0

Î2s2D
, sA7d

where erfsxd is the standard error function. Use of the nor-
malization condition reduces the average force to

kFUsx;tdl = k0sx − xm
‡ d − fk0sx − xm

0 d + k0sx − xm
‡ dg

3E
h*

`

dhP8shd + sx − xm
‡ dE

−k0

h*

dhhP8shd.

sA8d

The remaining integrals are readily computed; the explicit
form of the average force is

kFUsx;tdl = k0sx − xm
‡ d

− fk0s2x − xm
0 − xm

‡ dg31 − erfS h*

Î2s2D
1 + erfS k0

Î2s2D4
+

sx − xm
‡ d

Îp/2s23expS−
k0

2

2s2D − expS−
sh*d2

2s2 D
1 + erfS k0

Î2s2D 4 .

sA9d

The second quantity to be computed is the average of the
square of the force, and the derivation follows thatsaboved of
the average force. The limits of integration are the same and
the Gaussian integrals can be calculated in the same manner.
Again using the normalization requirement, the first integral
is eliminated such that

kFUsx;td2l = k0
2sx − xm

‡ d2

+ fk0
2sx − xm

0 d2 − k0
2sx − xm

‡ d2gE
h*

`

dhP8shd

+ 2k0sx − xm
‡ d2E

−k0

h*

dhhP8shd

+ sx − xm
‡ d2E

−k0

h*

dhh2P8shd. sA10d

The first two integrals are the same as before, and the third
can be obtained with little effort. The resulting mean squared
force is
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kFUsx;td2l = k0
2sx − xm

‡ d2

+ fk0
2sx − xm

0 d2 − k0
2sx − xm

‡ d2g31 − erfS h*

Î2s2D
1 + erfS k0

Î2s2D4
+

4k0s2

Î2ps2
sx − xm

‡ d2

33expS−
k0

2

2s2D − expS−
sh*d2

2s2 D
F1 + erfS k0

Î2s2DG 4
+ s2sx − xm

‡ d23erfS h*

Î2s2D + erfS k0

Î2s2D
1 + erfS k0

Î2s2D 4
−Î2s2

p
sx − xm

‡ d2

33h*expS−
sh*d2

2s2 D + k0 expS−
k0

2

2s2D
1 + erfS k0

Î2s2D 4 . sA11d

The SDF for the MHO potential is then obtained by appro-
priate substitutions into Eq.s9d.
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