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Operations and poly-operations in Algebraic Cobordism *

Alexander Vishik

Abstract

In the case of a field of characteristic zero, we describe all operations (including non-additive
ones) from a theory A* obtained from Algebraic Cobordism Q* of M.Levine-F.Morel by change of
coefficients to any oriented cohomology theory B* (in the sense of Deﬁnition. We prove that such
an operation can be reconstructed out of it’s action on the products of projective spaces. This reduces
the construction of operations to algebra and extends the additive case done in [22], as well as the
topological one obtained by T.Kashiwabara - see [6]. The key new ingredients which permit us to
treat the non-additive operations are: the use of poly-operations and the ” Discrete Taylor expansion”.
As an application we construct the only missing, the 0-th (non-additive) Symmetric operation, for
arbitrary p - see [23], which permits to sharpen results on the structure of Algebraic Cobordism - see
[24]. We also prove the general Riemann-Roch theorem for arbitrary (even non-additive) operations
(over an arbitrary field). This extends the case of multiplicative operations proved by I.Panin in [I3].
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1 Introduction

In Topology, the notion of a generalized cohomology theory was introduced and applied with great
success to provide invariants for topological spaces. This permitted to answer various old questions and
to enhance the topological world with a lot of structure.

*MSC classes: 14F99, 19110, 55N20


https://core.ac.uk/display/162672639?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

In algebraic geometry the respective development was lagging behind. Although such algebro-
geometric cohomology theory, as algebraic K-theory, preceded it’s topological counterpart, for a long
time, it was one of the few theories available in the algebraic context. Another notable exception was
the Chow groups.

The situation changed dramatically with the works of V.Voevodsky in the 1990’s who brought effective
topological methods into algebraic geometry and introduced the motivic category - [25] which provides
the natural environment for motivic cohomology - an algebro-geometric version of singular cohomology
(earlier constructed by S.Bloch in the form of higher Chow groups- [1]), and together with F.Morel defined
the Al-homotopic category - [I1] which permitted to treat algebraic variety with the same flexibility as
topological spaces. This provided the necessary tools for the construction of the generalized cohomology
theories, and such theories, as well as cohomological operations on them, played a crucial role in the
proof of Milnor’s and Bloch-Kato conjectures by V.Voevodsky and M.Rost-V.Voevodsky.

The algebro-geometric homotopic world is more complex than the topological one. This is manifested
by the presence of two natural independent ”suspensions” (1) and [1] which makes algebro-geometric
homology groups numbered by two numbers. The groups related to the direction (1)[2] behave generally
better and have substantially simpler geometric interpretation. This is the, so-called, pure part of the
theory. In the case of motivic cohomology H*’*,, these are classical Chow groups CH*. At the same
time, such a ”pure part” is sufficient for many purposes, so it would be useful to have tools which would
permit to work with the ”"pure part” alone. One of the main quests here was to find an ”elementary”
construction of the pure part of the universal theory - the MGL** of V.Voevodsky (an algebro-geometric
analogue of the complex-oriented cobordism MU* in topology). This problem was solved by M.Levine
and F.Morel who constructed Q* - the algebraic cobordism of Levine-Morel [9] (see also [7] and [4]) .

Two groups of authors independently invented the notion of an oriented cohomology theory for smooth
algebraic varieties (the conference at Oberneys, year 2000). The axioms were slightly different. I.Panin
and A.Smirnov in [I4] (see also [13, Definition 1.1.7]) employed the localisation axiom, which appeared
to be a very efficient tool, in particular, in the proof of the Riemann-Roch theorem - [I3, Theorems 2.5.3,
2.5.4]. While the main axioms of M.Levine and F.Morel [9, Definition 1.1.2] didn’t include localization.
The version of an oriented cohomology theory we are using is some breed of the two. Namely, it is
obtained by substituting the localization axiom of Panin-Smirnov by the strong version of it, where
one requires the surjectivity of an open restriction homomorphism (such an axiom appears in [9] as an
optional extra). This, on the one hand, restricts us to pure parts of theories, but on the other hand,
provides the right tool to study such small theories which permits to prove something interesting about
them.

The theory Q* is very rich, and the classical theories of Chow groups and Ky can be both obtained
from it by a simple change of coefficients, and so are small ”faces” of this theory. Thus, we get a much
"larger” invariant of algebraic varieties. But to work with such an invariant one needs some structure
on it. The structure is provided by cohomological operations. The most important among them - the
stable operations of Landweber-Novikov were constructed in [9] (using [14], see also [12],[18]). But it was
observed (see [20]) that to treat the torsion effects one needs more subtle unstable operations. No general
methods of constructing such operations in algebro-geometric context were available up to recently. The
solution was found in [22], where the notion of a theory of rational type was introduced. For such a
theory, A*(X) permits a description inductive on the dimension of X, and these appear to be exactly
the theories obtained from algebraic cobordism of Levine-Morel Q* by change of coefficients (in the case
of a field of characteristic zero). In [22] the additive cohomological operations from a theory of rational
type elsewhere were classified. It was shown that such an operation is completely determined and can
be reconstructed from its action on products of projective spaces. This provides an effective tool in
constructing operations, since everything is reduced to defining a set of power series satisfying certain
conditions (that is, to "algebra”). At the same time, the methods of [22] permitted to treat the additive



case only, as the proof used many formulas involving sums.

In the current paper we extend the methods of [22] to the case of arbitrary (non-additive) operations.
The new ingredients which permitted this are: the Discrete Taylor Expansion - the method of describing
non-additive maps between additive objects, and the use of poly-operations. As in the additive case of
[22] we prove that operations from a theory of rational type elsewhere are in 1-to-1 correspondence with
transformations on the category Proj whose objects are (P>)*!, for all /, and morphisms are generated
by: the action of the symmetric group &;, the partial projections, the partial diagonals, the partial point
embeddings, and the partial Segre embeddings (the only natural maps you can write) - see Theorem
The topological variant of this result was obtained by T.Kashiwabara in [6], Theorem 4.2]. We
actually prove a more general poly-operational case of this statement (Theorem . The use of poly-
operations is really essential, as we extend our operation from Proj to (Smyg)<s x Proj by induction
on the dimension d of varieties, and the induction step goes only for all poly-operations (of arbitrary
foldness!) simultaneously.

The main result gives the classification of arbitrary (non-additive) operations from a free theory in
the sense of Levine-Morel elsewhere in terms of purely algebraic data - see Theorem [5.20] In particular,
we get such a classification in the case of operations on Algebraic Cobordism. In the case of Ky, it follows
from our Theorem that the ring of all operations from K (vector bundles of virtual dimension zero)
to an oriented cohomology theory A* is the power series ring A[[cf}, ¢4, ...]] over the coefficient ring of
A* with generators - the Chern classes (which are non-additive operations Ky — A*) - see [15, Theorem
2.1]. In particular, this shows that ”orientability” of a theory can be expressed as the existence of
a nice "coordinate system” on the set of all such operations. It also shows that our classical notion
of ”orientability” (that is, the existence of a push-forward structure for proper morphisms) is actually
”orientability with respect to Ky”, and raises the question, if there are orientabilities with respect to
other theories? The first non-trivial example here was constructed by P.Sechin, who in [I5] showed
using our Theorem that Chow groups are ”orientable” with respect to any higher Morava K-theory
K (n). In other words, that there are "Morava Chern classes” which generate the ring of the respective
(non-additive) operations K (n) — C H*. And, moreover, there are similar classes K(n) — K(n), that is,
K (n) is "orientable” with respect to itself - [I7]. These classes were then used to construct the Morava-
~-filtration and to approach Chow group elements which are inaccessible for classical Chern classes. The
Theorem and the methods of the current article is the main driving force behind these results and
ideas.

Theorem also permits us to construct the 0-th non-additive Symmetric operation for arbitrary p
(for p = 2 such an operation was constructed in [2I] by an explicit geometric construction) - see [23].
This completes the construction of a Total Symmetric operation and permits to sharpen some results on
the structure of algebraic cobordism. Namely, we show - see [24] that Q*(X) as a module over the Lazard
ring IL has relations in positive codimension. This extends the result of M.Levine and F.Morel claiming
that this module has generators in non-negative codimension - see [9], and also computes the algebraic
cobordism ring of a curve. This line of results was extended further by P.Sechin, who in [16] proved the
Syzygies conjecture of the author claiming that the Algebraic Cobordism of Levine-Morel of a smooth
variety X has a free LL-resolution whose j-th term has generators in codimensions > j. He also proved
other strong structural results on 2* and computed the algebraic cobordism ring of a surface. The main
tool there as in [24] are Symmetric operations of [23] (including the non-additive one), and so, the results
of the current article are again instrumental.

We also prove the general Riemann-Roch Theorem for arbitrary (not necessarily additive) operations
- see Theorem Such result was classically known only for multiplicative operations - proven by
I.Panin in [I3, Theorem 2.5.3] (announced in [14], see also [19]). It was extended to additive ones in [22].
Our Theorem is a version of so-called Riemann-Roch Theorems without denominators. These describe
the behavior of operations with respect to regular embeddings (in contrast to the usual Riemann-Roch



theorem which is applicable to arbitrary projective maps, but works only for multiplicative operations
with invertible Todd-genus - see [I3, Theorem 2.5.4]). This version of Riemann-Roch was first proposed by
A.Grothendieck for Chern classes from K to Chow groups (these are non-additive operations) and proved
by J.P.Jouanolou in [5]. Another case, related to Adams operations can be traced back to Yu.I.Manin -
see [10, Theorem 6.16].

The text is organized as follows. In Section [2] we recall the general definitions related to oriented
cohomology theories and introduce the theories of rational type admitting a description inductive on the
dimension of a variety which, in the end, permits to describe operations from such theories. In Section
[B| we introduce our main ”non-additive” tool - the Discrete Taylor Expansion. This elementary ”discrete
calculus” permits to work efficiently with non-additive maps between abelian groups. In Section [] we
discuss operations between theories, as well as (internal) and (external) poly-operations between them.
When all the above preparations are done, in Section 5] we state and prove the Main Theorem[5.1] Finally,
in Section [6] we mention some of the applications of the main result.

Acknowledgements: 1 would like to thank the Referees for very useful suggestions and remarks which
helped to improve the article.

2 Theories of rational type

Everywhere below &k will be a field of characteristic zero, unless specified otherwise. We will follow the
notations of [22] (which mostly agree with that of [9]). In particular, Smy will denote the category of
smooth quasi-projective varieties over k.

In this article, we work with the so-called small theories. This is a variant of an oriented cohomology
theory which shares some features of such a theory in the sense of Panin-Smirnov ([14],[12],[13],[18]) and
the one in the sense of Levine-Morel ([§],[9]). The imposition of the strong form of the localization axiom
narrows our choice of theories. Typical examples here are pure parts of large theories, such as: Chow
groups (as opposed to motivic cohomology), algebraic cobordism of Levine-Morel (as opposed to the
MGL of Voevodsky), Ky (as opposed to the whole K-theory). In contrast, the original definitions of
Panin-Smirnov and Levine-Morel cover a much larger class of theories. But this strong form of localization
permits to develop certain techniques and prove results which are not available for large theories.

Definition 2.1 Under the term ”oriented cohomology theory” we will understand any ”small theory”,
i.e. any theory on Smy, satisfying the axioms of [22, Definition 2.1] which are the standard axioms of [9,
Definition 1.1.2] plus the localization aziom:

(LOC) For a smooth quasi-projective variety X with closed subscheme Z Y X and open complement

UL X, one has an exact sequence:
A(Z) 2 A X)L ALU) > o,

where A (Z) = limy_,z A (V) - the limit taken over all projective maps from smooth varieties to
Z, and for a d-dimensional equi-dimensional variety T, A.(T) := A%=*(T).

Remark 2.2 Skipping in the aziom (LOC') the requirement on the surjectivity of the pull-back j*, we
get exactly [13, Definition 1.1.7]. So, alternatively, Deﬁm’tz’on can be given in the following form: an
“oriented cohomology theory” on Smy is an oriented cohomology theory in the sense of [13, Definition
1.1.7] with the additional requirement on the surjectivity of the pull-back map j* as in Definition .

We will be mostly interested in, so-called, ”constant” theories. (cf. [0, Definition 4.4.1)):



(CONST) The theory is called ”constant” if the natural map A*(k) — A*(L) is an isomorphism, for each
finitely generated field extension L/k,

where, following M.Levine and F.Morel ([9, Subsection 4.4.1]), we define A*(L) as colimycx A*(U) where
U runs over all open non-empty subsets of some smooth model X with k(X ) = L (recall, that we are in
characteristic zero, so all field extensions are separable).

For a constant theory we have a natural splitting:

A=A A
into a constant part and elements supported in positive codimension.

2.1 The short bi-complex c.

The main result of this article is valid only for a special kind of theories, the so-called, “theories of rational
type”. The definition of a theory of rational type is given in [22] Definition 4.1]. It appears that these
are exactly the theories of the form A* = Q* ®1, A obtained from Algebraic Cobordism of Levine-Morel
by change of coefficients - see [22] Proposition 4.7]. Such theories admit a description which is inductive
on the dimension of a variety - see Theorem 2.3 below.

Let X be a smooth quasi-projective variety. Consider the following resolution category RC(X) of X.
Objects of RC(X) are diagrams Z = X & X, where z is an embedding of a closed subscheme (which
may be singular), and p is a projective birational morphism of smooth varieties, which is an isomorphism
outside Z and such that V = p~1(Z) is a divisor with strict normal crossings.

Morphisms are commutative diagrams:

Zo2X2X, (1)

i | s
Al ?XﬁXl

Among these we will distinguish ones of especially simple kind:
type I: i =1id, 7 is a single blow-up over Vj permitted w.r.to V; - see [22, Definition 8.1];
type II: 7 = id.

We will denote respective morphisms as Mory and Mory, respectively. Note, that for morphisms of type
L W_l(vl) = ‘/2

Consider also the category RC(X) of diagrams Z 5 X x P! £ X x P!, where z is an embedding
of a closed subscheme, and p is projective birational map, isomorphic outside Z, where W = p~1(Z)
is a divisor with strict normal crossings having no components over 0 and 1, such that the preimages

Xy = p_l(NX x 0) and X; = p~ (X x 1) are smooth divisors on X x P!, and such that W N Xy — X

and W N X; < X; are divisors with strict normal crossings. Morphisms can be defined in the same way
as for RC(X), but we will not need them.

We have maps 0y, 01 : Ob(RC (X)) — Ob(RC(X)) defined by:

Z 5 XXxP EXxPY) = (22 x LX),

where Z; = (X x {l}) N Z.



On free theories we have a structure of refined pull-backs - see [0, Subsection 6.6]. That is, given a

cartesian square
W ——Y

b

J —— X

where f is an l.c.i. morphism of relative codimension d, we have a morphism f' : A,(Z) — A,_q(W)
satisfying a number of properties (see [9, Theorem 6.6.6]).
Consider the short bi-complex ¢ = ¢(A*):

di,0
C1,0 — €0,0

Tdo,l

0,1
where
0,0 := D Image(p' : Au(Z) = Au(V));
VEOb(RC(X))
cio = &) Image(p' : A,(Z1) = A.(1})) - see ;
Vo—ViEMory
il = D Image(p' : Au(Z2) — Au(V2)), 10 = ® el
Vo—ViEMoryy
Co,1 = SV Image(p' : Axt1(Z) = Aspr (W)).
WEOb(RC (X))

and the differentials are defined as follows:

dio((id, 7): Vo = Vi, z) = (Vi,2) — Vo, 7' (2)) where 7' : A, (V1) — A,(V3) is the refined pull-back
relative to m : )?2 — )2'1.

dify((iyid) : Vo = V1,y) = V1, (iv)«(y)) — (Va,y) where iy : Vo — Vi is the obvious inclusion.

dog W, 3 5(hs)«(ys)) = (QoW, 3 5(hs0)+050(ys)) — (W, 3o g(hs1)+15 1 (ys)) where hg : S — W
are the inclusions of the irreducible components of W, ys € A,11(S), and ig and ig ; are inclusions

of the divisors Sp and Sy in S. (The maps i§, and ig; are as in Definition )

Let us denote by H(c) the 0-th homology of the total complex Tot(c) of c.
For elements of ¢y we will also use the notation (V - X 5 X, 7) instead of (Z 5 X L X, v) as it
contains the needed maps. We have:

Theorem 2.3 ([22, Theorem 4.23]) Let A* = Q* ®1, A. Then there is a natural identification:

Vs (7)
px(1)

This permits to describe such a theory inductively on the dimension of X.

defined by: (V5 X 5 X,~) s £



2.2 Divisor classes and refined pull-backs

In any oriented cohomology theory A* one can introduce the notion of Chern classes cf of vector bundles,
and to any such theory one can associate a formal group law - see [22, Subsection 2.3], which expresses
the first Chern class of a tensor product of two line bundles in terms of the first Chern classes of the
factors. In the case of a theory of rational type, this group law determines the theory completely. We will
denote as x + 4 y, respectively [n] -4 =, the formal sum of = and y, respectively, the formal multiple of x
(that is, n copies of x, formally added), in the sense of the formal group law of the theory A*.

Recall that a strict normal crossing divisor D = »; -/ lr, - Dy, has a divisor class [D] € A%(D)

such that d,([D]) = ¢{(O(D)) € AY(X), for the embedding d : D — X. Hlaving AL, = c‘f‘(@(ll)[o)), the
idea is to write the ”formal sum” Z’;‘OeL[lIO] AA a8 Y (I er Aio) -FIfO’IOGL(X), where FJ?’IOGL =

o€\ A . ) ) .
(F Jio 0 ) is some power series with A-coefficients, and then define:

Definition 2.4 ([9, Definition 3.1.5])
lry:lo€L

[D]:= > (dn)«(1) - F, (),

ILCL

where dy, - Dy, = Npyer, D1, — | D] is the closed embedding.

The result does not depend on how you subdivide the above formal sum into pieces, but there is some
;IQEL

. . l .
standard way. The convention is (see [9, Subsection 3.1]) to define F’ Ifo as the sum of those monomials

which are made exactly of Ay, Iy € I divided by the ([[; ¢z, Ary) =: PE

Due to the results of M.Levine-F.Morel from [9] we have a structure of refined pull-backs for l.c.i.
morphisms for Algebraic Cobordism theory €*, and so, for any theory obtained from it by change of
coefficients. In the case of strict normal crossing divisors such maps can be described in an explicit
combinatorial way.

Definition 2.5 Having a divisor D = ) 1 1 li, - Dy, with strict normal crossings on X, we can define
the pull-back:
d*: Ad(X) = A1(D)

by the formula
l1g;I0€EL

d*(x) = Y (dr)dj, (@) - F2 07 (),

I CL

where dy, : Dy, — X is the regular embedding of the I;-st face of D.

Notice, that such a pull-back clearly depends on the multiplicity of the components. Also, since for
I} C I, for dy, 1« Dy, — Dy, we have: (dy, 17)«(1) = Hloell\I{ Al,, the projection formula shows that

. lr 3 Io€L . .
it does not matter, how one chooses the FIfO o< (in particular, one can choose these to be zero for
|11’ > 1)
Let
E-%Y (2)
Aol

be a Cartesian square, where X and Y are smooth and D %y X and E %5 Y are divisors with strict
normal crossings (closed codimension 1 subschemes given by principal ideals whose div is a strict normal



crossing divisor). Then we can define:
f*: A*(D) - A*(E)

as follows. Suppose, D = »; /1y, DIO, E =3 jem™i - By, where Dy, and Ej, are irreducible
components; \;, = c(O(Dy,)), iy, = c(O(Ey,)), and f*(Dy,) = ZjoeMPIO’JO - Ej,. Notice, that
if pry.5o # 0, for some Iy and Jp, then we have the natural map fy, 1, : £j, — Dr,, and so the map

PIO JoiJoEM .

fna : By — Dy, for any J; > Jo. Assume that the coefficents F; in the presentation of

plo JoiJoEM

ZJOGMLPIO,JO] “A JtJ, are chosen in such a way that F; =0, if pr,.j, = 0, for at least one Jy € J;

(notice, that there are no monomials divisible by qu in the Z Joem[Plo,Jol “A gy, SO any "reasonable”
choice will do).

Definition 2.6 Let x = ZIO<CZ[O>*($[O), for some x, € A*(Dy,). Define:

7J M *
=3 )k an) - FoR N () € AN(B),

IpeL J,CM

DIy, J, JOGM
where we ignore the terms with the zero F;

Again, , since for J{ C Ji, for ey, : Ejy — Ejy, we have: (e, /77)«(1) = HJoeJl\J{ fJ,, the projection

J M
formula shows that it does not matter, how we choose the F; pIO Joi0€

It follows from [22, Lemmas 7.20, 7.22] that the above maps are Just "refined pull-backs” d' and f'
of M.Levine-F.Morel (see [9, Section 6]).

The above combinatorial pull-backs satisfy some sort of ”excess intersection formula” - see [22, Propo-
sition 7.21], which (in the generality we use here) is just a particular case of [9, Theorem 6.6.6(2)(a)].

Proposition 2.7 (Multiple points excess intersection formula)
Let A* be a theory satisfying (CONST). Then, in the above situation, we have:

(1) Q
exo f*= f*od,.

(2) Suppose, f is projective. Then
ﬁkoe*:d*of*.

We also have the usual Excess Intersection Formula - see [21, Theorem 5.19] and [9, Theorem 6.6.9].

Consider cartesian square
f/

with f, f’ - regular embeddings, and (¢')*(Nycx)/Nwcz =: M a vector bundle of dimension d.
Proposition 2.8 Let A* be any theory in the sense of Definition[2.1. In the above situation,
g fo(v) = fllcd (M) - (¢) (v));

If g is projective, then also:
F*gi(u) = gl(cf (M) - ()" (w)-



We will also need some formulas related to the regular blow-up morphism. By a permitted blow up
we will mean a consecutive blow-up morphism with smooth centers which have normal crossings with
the respective exceptional divisor (of previous blow-ups) - see [22, Definition 8.1].

Proposition 2.9 ([22, Proposition 7.6]) Let A* be any generalized oriented cohomology theory in the
sense of Definition and p : X — X be a permitted blow up of a smooth variety with smooth centers
R; and the respective components of the exceptional divisor E; =5 R;. Then one has exact sequences:

(1) 0 A(X) 2 AL(X) «— @ Ker(AL(E) Y AL(R)).
2) 0= A*(X) 25 A*(X) — @; Coker(A*(R;) %4 A*(E))

Finally, we will require some generalization of the notion of a morphism of theories.

Definition 2.10 Let (B')*, (B")* be any theories in the sense of Definition [2.1. A pre-morphism of
theories is an additive morphism of functors F : (B")* — (B")* on Smy which, in addition, respects
push-forwards and maps of multiplications by the 1-st Chern classes of line bundles. That is,

(1) For amap f: X —Y in Smy, and u € (B")*(Y), we have: F(f*(u)) = f*(F(u));
(2) For a projective map g : X =Y in Smy, and v € (B')*(X), we have: F(g«(v)) = g«(F(v));
(3) For X € Ob(Smy,), a line bundle L on X and v € (B')*(X), we have: F(cP' (L)-v) = ¢ (L)-F(v).

In other words, we don’t require F' to be a ring homomorphism, but we still keep a rather firm grip on
the multiplicative structure with the help of (3) and (1). Clearly, the composition of pre-morphisms is a
pre-morphism and so is the usual morphism of theories. Considering P* and denoting 2¢ = clc(O(l)),
we get that for any power series a(t) € B'[[t] = (B')*(P>), we have: F(a(z"")) = F(a)(27"). Using the
fact that F' commutes with the pull-backs for the Segre embedding P> x P> — P we obtain:

Fla(z® +5y™)) = F(a)@” +51y""), (3)

where x and y are 1-st Chern classes of O(1) from two P>-factors.
Here is a typical situation where pre-morphisms appear.

Example 2.11 Let B* be some theory in the sense of Definition[2.1 and X', X" € OB(Smy). Then we
can consider theories (B')*(Y) := B*(Y x X') and (B")*(Y) := B*(Y x X"). Note, that although the
theories B’ and B" will almost never be constant, these will still satisfy the conditions of the Definition
(2.1 In this situation, we can produce two types of pre-morphisms:

e Let p: X' — X" be a projective morphism. Then the map (id x p). induces a pre-morphism of
theories F : (B')* — (B")*. Note, that in this case, the formal group laws of (B')* and (B")* are
the images of that of B* (under the natural morphisms from B* to these theories).

o Let 2’ € B*(X'), then multiplication by x’ defines a pre-endomorphism of the theory (B')*.

3 Discrete Taylor expansion

How to work with non-additive maps between additive objects? We need some sort of ”calculus”.

Definition 3.1 Let AL B be a map between abelian groups. Define 0f : A x A — B by the formula:

df(a1,a2) == f(a1 + az) — f(a1) — f(az).



This derivative is trivial if and only if the map is additive.

Define 99f inductively as a partial derivative 0; of 99~!f with respect to one of the coordinates
(where, from symmetry, it does not matter to which coordinate we apply 9). We get a symmetric
function 99f : A%t — B. We also set 9 1f : AXO — B to be the zero element of B. Since the
function 97f is symmetric, we can apply it to A7, for any set J of cardinality ¢ + 1.

Let My be a finite set. Define the collection of sets M; inductively by the formula: M; := 2i-1. We
have a map Supp : M; — M,_1, for i > 2, defined by: Supp(J;) = Uy,_ e, Ji—1. Denote also M;\{0} as
M; (for i > 1). Suppose, x,, Jo € My are elements of A, then we have:

Proposition 3.2 (Discrete Taylor Expansion)

FLYS 2| = D @ Haslnen):

Jo€My JieM;

The behavior of Taylor expansions under the composition of maps is described by the Chain Rule.
Let
AL %

be two composable maps of sets between abelian groups. Then

oV | Dz | =g D @ Nsluen) | =

JoEMj J1EM

> 077) (O )@ sen) e -

Jo€M2
On the other hand,
(o) | Do wn )| = D @ go N)@nlnen).
JoeMp JieM

Taking into account that this is some universal identity (valid for all A, B, C, f, g), we obtain:

Proposition 3.3 (Discrete Chain Rule)

@ o Maslnen) = 3 @) (04 Dslnes)lien)
Jo €My
Supp(J2)=J1

Remark 3.4 A similar sort of “discrete calculus” can be found already in Chapter I1.8 of [2] by S. Eilenberg
and S.MacLane.

4 Operations and poly-operations

Definition 4.1 Let A* and B* be cohomology theories in the sense of Definition[2.1. Under an operation
A* & B* we will understand a morphism of (contravariant) functors Smy, — Sets pointed by zero, that

is, a transformation commuting with all pull-back maps and mapping 0O to 0.

Consider the functor Sm,fr 11> Sm; mapping an r-tuple of varieties to their product over k. We

denote as M/_; A* the external product of theories Aj;i € 7 = {1,...,r} viewed as a functor on Sm;".
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Definition 4.2 Let A};i € T and B* be cohomology theories in the sense of Definition .

e Under an r-nary (internal) poly-operation we will understand an operation xX[_; AY — B* on Smy,
whose value is zero if one of the coordinates is zero.

e Under an r-nary (external) poly-operation we will understand the morphism of (contravariant)
functors (K]_; AY) K pro (IT") from Sm;" to Sets which is "poly-pointed” in the sense that it
vanishes if one of the coordinates is zero. In other words, for all r-tuples of smooth quasi-projective
varieties X;;1 € T we have a map: x]_; A¥(X;) Ri B*(xI_1X;) commuting with the pull-backs for

xXT_ . fi
r . 1=1J7 r g . .
xi_1 X xi_1Y; and vanishing as above.

The following diagram of functors (and morphisms of functors) permits to identify the sets of (exter-
nal) and (internal) poly-operations.
B*
Smy, /WIZI\ Sets
e — T

Smk

Xr
Sm,;

Namely, restricting the (external) poly-operation H along the ”diagonal” functor A (sending X to
the ”constant” r-tuple (X;i € 7)) and composing it (on the left) with the morphism of functors A (given

by the diagonal maps X - X X7) we obtain an (internal) poly-operation H:

A*(H *

(< An) () S B (x07) A5 B (X)),

Conversely, restricting the (internal) poly-operation H along the functor [[" and composing it (on the
left) with the morphism of functors x!_;m} (where 7; is the natural morphism of functors [[" = pr; :
Sm;" — Smy, given by the projection to the i-th factor) we get an (external) poly-operation H:

C ey S e an T ) s (T
X AF(X) — (< AN ([ %) — B[ x0)-
i=1 i=1

This provides a 1-to-1 correspondence between (internal) and (external) poly-operations.

Notice, that although the notions of (external) and (internal) poly-operations are equivalent on the
whole category Smy, this will not be so if we restrict the dimension d of our varieties. Below we prove
our main result by the induction on the dimension, and the proper tool in this situation will be provided
by the (external) poly-operations.

We will use the following two constructions with poly-operations:

e 7Internalization” of an (external) poly-operation is a particular case of the following more general
construction. Let ¢ : J — I be a surjective map of finite sets, and H : W;c A7 — B* o (H‘]) be an
(external) |.J|-ary poly-operation. Then we can define an (external) |I|-ary poly-operation H? : K;c;CF —
B*o (HI), where Cf = X (=4}, as the composition:

« , ALH) o, AL o
Mier(X p(j)=iA])(Xisi € I) "= B*(XjesXy(;)) —> B*(xierXi),

11



where A, : (Smy)*! — (Smy)*” is an obvious poly-diagonal functor, and A, : id — [[,04, is a
morphism of functors (Smy)*! — (Smy)*! given by the poly-diagonal maps x;crX; — X jes Xp(j)-
The (internal) version H is nothing else, but H™, where 7 : J — * is the projection to a set of cardinal-

ity one. Also, it is easy to see that if J AT f) K are composable surjective maps, then (H‘P)¢ = HWo¥),
In particular, (H?) = H.

e Let x : I — J be an injective map of finite sets, H : MjcjA7 — B*O(HJ) be an (external) |J|-ary poly-
operation and, for j ¢ I we fix some smooth quasi-projective varieties X; and some elements x; € A; (X;),
with & = {x;,j € J\I}. Then, restricting H to this choice of j-coordinates, for j ¢ I, we get an |I|-ary

(external) poly-operation H, z : M;crAf — (BXX)* o (IT"), where (BXX)*(Y) = B*(Y x (xjg1Xj)).

Note, that although the theory (BX )" is (almost always) not ”constant” (not to say ”of rational type”),

it still satisfies the Definition [2.1] Taken together for all choices of # such restrictions form a collection
H,. These are just "slices” of H along I-coordinates, which carry the same information as H itself.

The most well-known example of a poly-operation is given by the multiplication bi-operation:
A* x A¥ — A,

Poly-operations naturally appear as ” discrete derivatives” of operations: given an operation A* S B*,
we can produce the (external) bi-operation

A*(X7) x A*(X2) % B (X1 x X>)

by the rule: 0G(z,y) = G(nf(z) +75(y)) — G(nj(x)) — G(m3(y)). Analogously, one obtains the (external)
poly-operation: 3G : (A*)¥a+1) — B* o ([]?™), and the respective (internal) poly-operation

G : (A*)*a+h)  p*.

We have analogues of Propositions and in this situation.

5 Main result
The main purpose of this article is to prove the following statement.

Theorem 5.1 Let A* be a theory of rational type, and B* be any theory in the sense of Definition |2.1].

Then operations A* & B* on Smy, are in 1-to-1 correspondence with the families of pointed maps
A=) & BH((B*)), forl € Zzo

commuting with the pull-backs for:

(4)

(i)

(7i1) the partial Segre embeddings;
)
)

~

the action of &y,

~

the partial diagonals;

~

(tv) the partial point embeddings;

(v

the partial projections.
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The topological analogue of this result was obtained by T.Kashiwabara in [6, Theorem 4.2]. The
additive algebro-geometric case was done in [22] Theorem 5.1].

Denote as Proj the category with objects: (P>®)*!, for | € Z>, and morphisms generated by: the
action of the symmetric group, partial diagonals, partial projections, partial point embeddings, and partial
Segre embeddings. Then the Theorem claims that operations on Smy, are in one-to-one correspondence
with those on Proj.

We will prove a poly-operational version (which, in reality, is equivalent).

Theorem 5.2 Let r be a natural number, A};i € T be theories of rational type, and B* be any theory in

the sense of Definition . Then r-nary (external) poly-operations X]_, (A}) X Bro (IT") on Sm;" are
in 1-to-1 correspondence with the r-nary (external) poly-pointed poly-transformations

KT ALV B B (i () 0), for ;€ Zsg
commuting with the pull-backs for:
(7

(ii

the action of x|_,6y,;
the partial diagonals (for each i);

(iv

)
)

(131) the partial Segre embeddings (for each i);
) the partial point embeddings (for each i);
)

(v

the partial projections (for each i).

Similar results hold for "non-pointed” operations and poly-operations (follows from a ”pointed” ver-
sion by an obvious induction on r).

5.1 Transformations on products of projective spaces

Let
A((P®)1) S B((B®)!), for | € Zsg

be any family of maps satisfying (i) — (v) from Theorem Denote: A[[Efl}]] = A[z{', ..., 2], and
B[[Eﬁ}]] .= B[[,...,2P]]. Identifying C((P>°)*!) with C[[E{l}]], we get a map

Gy = Allz) = Bl -
Our conditions can be interpreted as follows: for any a(z(,) € A[[z,]],
(i) Gyy is symmetric w.r.to &; (with the diagonal action on two sets of variables);
(1) Guy(alzh)(EE 1y 2B = Gun(aEh 4 ))(EB )
(i) Guy(azgy)Ef 1y 20 +8 201) = Gy (@@ 4y 5" +a z5:)) EFy)i
(iv) G{z}(a(ff‘l}))(?ﬁ_l}ﬂ) = G{lfl}(@(gfl_l}’0))(55_1});

(v) Gy(a(zh))EE) = Guany(@Eh)(EE, ).
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Using the last property, we can combine all G;,’s together. Consider Al[z4]] = UZA[[Z?Z}]] and B[[zP]] =
UZB[[EE}]]. On these rings we have an action of &, = U;&;, where the group &; acts on the first [ vari-

ables. Denote as 74, the variables 271 |, 271 ,. ... (and similar for B). Denote as Hom gy (A[[z4]], B[[ZP]])
the set of maps respecting the above filtration. Then Gy;;’s give rise to the

G € Hompay(A[[24]], B[[2"]))
satisfying the following: For any a(z4) € A[[z4]],
) G is symmetric w. r. t0 Goo;
) Gla(z)(0,28)) = G(a(0,74,))(z");
(aiii) G(a(zh) (2 +5 23, 28,...) = Gla(a +a 23, 24, .. ))(ED);
) Gla(zh)(=4),28)) = Gla(z',74)) (Z5)).

Thus, we have identified the set of transformations on Proj with the set of G’s as above.

From symmetry it follows that it does not really matter how we call particular variables, so sometimes
we will use different letters to denote some of them. The important thing though is to keep parity between
A and B-coordinates, like: z4 - 2B, y4 - yB.

Our map G appears to be continuous, in some sense. It follows from (a;i), (a;), and (a;,) that, for

any monomial ideal <(EA)J), we have:

GUEHD) c (). (4)

In a similar fashion, an r-nary (external) poly-transformation H on Proj*"

H € Hompiy(xi_y A3 [[2(0) ")), B[[2(1)" |ier]])

satisfying the following: For any o;(Z(i)4%) € A;[[2(i)4]]; i € 7,

is given by

(a;) H is symmetric w. r. to xI_;S;
and, for each 1,
(ai)
H (ci(2(1)%), 0 (2(5) %)) (0,2(0) %1, 20) P ly) =
H (ai(oaf(i)ﬁﬁ)yaj(z(j) j)\j;ﬁi) (i), 2(5) ") ;
(@iiz)
H (aa(2(0)24), 05V i) (0P +5 208, 200 70) ) =
H (a2 +a, 205 2003, - ), 4y (209l ) (27,2
(aiv)

H (ai(20)), 05 (Z0)) i) (2008 205,20 > rﬁe» =
H (02003, 20)14), 05 (Z0) ) 01 20)%]4)

—~
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In particular, it again follows from (a;), (a;;), and (a;,) that since H (0, a;(2(5)%9)| ;1) = 0, for all 4,
then, for any choice of monomials (Z(i)41)4®);; € 7,
7. r -,
H((Z0)")" D) ier) < ([[EHZ)7D). (5)
i=1
And, for the respective (internal) poly-operation H:A* = X;AY — B*, one has:

-

H({(E)O)ier) € ((25)Ti=140), (6)

In other words, if each i-coordinate of the power series a(z ) is divisible by ( ) d(1) then H (a(EA)) is
divisible by (28)Z4®,

Let A* % B* be a transformation on Proj such that G(0) = 0. Then G : A* K A* — B*o ([]") is an
(external) bi-transformation on Proj? such that 0G(0, %) = 0G(*,0) = 0. Since, for a fixed z, OG(z, %) is

again a pointed transformation on Proj, we obtain from 1" that if y € ((z4)? > then 0G(z,y) € ((Z B)d>.
Since G(z +y) = G(z) + G(y) + 0G(x,y), we get:

Proposition 5.3 For any transformation A* & B* on Proj such that G(0) = 0,

-

{fz=a' (mod (YN} = {Glr)=G() (mod ("))},

In other words, G is continuous in the topology given by the monomial ideals, and we can approximate
G(x) by approximating x. Similar result is valid for poly-operations.

For a(z4) = Ydem O (fA)j, as in Proposition we have:

Gla(z") = 3 (@1716) (ag- (2 z,) (7)

IcM

where the sum is taken over all finite subsets of the set of all monomials M. Despite the fact that M is
infinite now, it follows from @ that the sum converges.

In the same way, we can expand an (external) poly-operation along each variable.

Below we will need also the difference variant of (a;;;):

(aii) Gla@F)(f —p 2,27, ) = Glalef —a 28, 24, ))(EP).

This clearly follows from (a;;;) and the identity for the formal inverse:
Gla(—az",701))(Z") = Gla(z") (21, 251). (8)

Let us prove that the latter property follows from (a;—,). It is an analogue of the fact that any group
homomorphism respects the inverse map. We just translate the classical proof of it to the language of
Hopf algebras. First, we observe that if v(Z4) is some power series and 3(z4, y4, z_‘ﬁl) = (x4 4y z+1)
then by (a;;) and (as),

G(B(x AvZ/A Zﬁl))(fﬂB = B,?JB = —BtBafi) = G(’Y(fU +4 ?/ Z+1))($B = tBayB = —BtB,Efl) =
GEY)EE =8 —5 1P, 25) = G(HEY)0,22) = GH(0,74)) ") = G, —ath, 74) (17, 25)),
(9)
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where the last expression does not really depend on t” (from the last identity). Consider now the
expression:

Gla(—au? +4 v + 4w, 7)) (WP = 8,08 = 5P wP = —5sB,28)).

Then, due to (a;,) applied to u, v variables, it is equal to:

Gla(—as™ +4 s +aw? 7)) (5, wP = —psP 28)) = Gla(w?, 7})))(w? = —psP 7).

On the other hand, by @ applied to v, w variables (with v(z{,u”,2z4,) == a(—au? +4 21, 77))), it is
equal to: Gla(—au? +4 st —4 51, 74))) (WP = sP,s8,28)) = G(a(—aut,z}y)) (uP = sB,Z8)). Thus, we

have proven and (a7 ).

Observe that all the considerations of this subsection apply to any operation G : A* — B* between
any two theories in the sense of Panin-Smirnov [I3, Definition 1.1.7] or in the sense of Levine-Morel [9,
Definition 1.1.2] over an arbitrary field.

5.2 Inductive assumption

Definition 5.4 Suppose, X is a smooth quasi-projective variety. Let us say that Gx s defined if we are
given Gx € Hompy(A*(X)[[24]], B*(X)[[P]]) satisfying (a;), (ai), (aiis), (ai). And similar for poly-
operations.

Denote as (Smy)<q the full subcategory of Smy, consisting of varieties of dimension < d. For different
varieties, the G x-structures should interact. To start with, altogether they should provide an operation
on (Smyg)<q X Proj. But, it appears, that one needs to carry along some Riemann-Roch type condition
as well.

Definition 5.5 Let d be a non-negative integer. Let us say that a compatible family G{(d) of dimension
< d is defined, if for all X of dimension < d, Gx is defined and it satisfies:

(b;) For any X Ly (with dim(X),dim(Y) < d),
Gx(f*a(z") = [*Gy(a(z"));

(bii) For any regqular embedding X %Y (with dim(X), dim(Y) < d), with the B-Chern roots u?, ..., ub
of the normal bundle N,

G e’ ZA ZB = g« Res i=1"1 2 i ) t
v (9«c(z7))(27) = g« Res [Tt +50B)

The condition H{d) for an r-nary external poly-operation is an obvious extension of the above definition
(with separate conditions (b;), (bi;) for each variable).

(Here w? is the 1-form invariant w.r.to the formal group law of B*; due to it may be replaced by dt.)
Conditions (a;—,) and (b;) mean exactly that G(d), respectively H(d), defines a morphism of functors
on (Smyg)<q X Proj, respectively ((Smy)<q X Proj)".

We will consider 4 types of manipulations with the H (d)-data:
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(1) For an r-ary poly-collection H(d) : K;ezAf — B*o(]]") and morphisms ®; : C — A} of theories of
rational type with ® = X,;c7®;, and a pre-morphism ¥ : B* — (B’)* of theories (Definition ,
we have the composition:

Vo (H(d)o®: RicrCf — (B) o ([])-

(2) For a |J|-ary poly-collection H(d) and a surjective morphism ¢ : J — I of finite sets, we have the
partial internalization (H(d))¥ which is an |I|-ary poly-collection.

(3) For a |J|-ary poly-collection H{d), natural m and i € .J, we have the partial derivative 0" ' (H(d)).

(4) For a |J|-ary poly-collection H(d) : Kjec ;A7 — B*o (IT7), a subset J’ 25 J and a choice of (smooth
quasi-projective) varieties X; of dimension < d and elements z; € Af(X;), for i € J\J', we have
the restriction (H(d)), z which is a |J'|-ary poly-collection.

Proposition 5.6 The above transformations map compatible family to a compatible family.

Proof: (1) Clearly, ¥ o (H(d)) o ® will satisfy (a;—;,), where for (a;;) we use the fact that ®; being
morphisms of theories, respect formal group laws, and the same holds for ¥ by . Since ®; and ¥
commute with push-forwards and pull-backs and respect formal group law, it will also satisfy (b;—;;).

(4) This is obvious as conditions for different coordinates are independent.

(2) Since (H¥)¥ = HY°%, it is sufficient to consider the case, where ¢ ”collapses” some subset I % .J
to a point, leaving everything else intact. Considering the "restriction” H, of H to this subset and using
(4), we reduce to the case of a ”complete internalization” H.

So, let H(d) : Kjer A7 — B*o([]") be an r-ary (external) poly-collection, and (H2d>) be the respective
(internal) poly-collection, which is just an operation from a theory A* := X;crA} to B* given by:
ﬁX(aj(EAﬂjg)(EB) = A Hx jer (o (Z()Y))jer) (Z()P = ZP|jer), where Ax : X — X" is the diagonal
map.

Clearly, if H(d) satisfies the conditions (a;—;,), then (H Zd)) does it too. The same holds for (b;) and
(bii). Indeed, for any morphism g : X — Y of smooth quasi-projective varieties of dimension < d we
have a cartesian square

Thus, the condition (b;) for H(d) (in each variable) implies the one for (H(d)) (just by commutativ-
ity of the above square). If g is a regular embedding as in (b;;), then A% (N, r)/N = (Ny)™!, and
by the Excess Intersection Formula (Proposition [2.8), A} gl(u) = g« (Hz i) A (u )), and so,
Hy (g.(cj(z%))ljer) (27) is equal to:

v o Hxyer(ITiey 2(5); " 0 Z(5) ) jer) (@()P =t +B 1(j) Plien, 2(5)® = Z%|jer) - wf
AY-g; Res - - B =
t=0 [T (T (E+s u()7) -t
EIX(I_E1 1[E?Oéj( )|J€7”)( _t+B iuz |l€n7 ) th
[Ty (t+B uP) -t

R
o Ty

which gives (b;;).
(3) The fact that 97" '(H(d)) satisfies (a;_s) is obvious. As for (b;_s;), we need to check it for all
j € J. Recall that 0" ' H (c;(1) e, 75 1) = Zlcm(—l)m_mH(Zlel a;(1),7;|ji) is a | J|-ary operation
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(X2 A7) K (A7)*™ — B* o (IT7)- So, clearly, if H(d) satisfies (b;) and (by;), for j # i, then oY (H(d))
will satisfy it as well. Finally, for the i-coordinate, we get (b;) and (b;;) simply because the pull-backs f*
and push-forwards g, respect addition. O

We will extend all the poly-operations of arbitrary fold-ness from (e x Proj)” to ((Smy)<q X Proj)”
simultaneously by induction on d. Moreover, we want this extension to be ”coherent” in some sense.

Definition 5.7 We say that a coherent compatible family of dimension < d is defined, if for every natural
r and every r-ary poly-operation H on (e x Proj)"” we assign a compatible family H(d) on ((Smg)<q X
Proj)" such that the assignment H — H(d) is additive and satisfies:

(¢;) For an r-ary poly-operation H : Wicz AT — B* o ([]") and morphisms ®; : C; — Af of theories of
rational type with ® = K;c7®; and a pre-morphism V : B* — (B')* of theories (Definition ,
we have:

Vo (H(d)o®=(VoHod)(d).

(cii) For a |J|-ary poly-operation H and a surjective map ¢ : J — I of finite sets, we have:

(H(d))? = (H?){d).

(ciii) For a|J|-ary poly-operation H, i € J and a natural m, we have:

o7~ (H(d)) = (9]"~"H){d).

(civ) For a |J|-ary poly-operation H : Kje A7 — B* o (1), a subset J' X J and a choice of (smooth
quasi-projective) varieties X; of dimension < d and elements x; € Af(X;), fori € J\J', we have:

(H(d))yz = (Hyz)(d).

To start the induction process we need to define a coherent compatible family of dimension < 0.

Let H be an |L|-ary poly-operation X,;c;A* — B* o (IT) on (e x Proj)*L. We would like to extend
it to ((Smy)<o x Proj)*’. Let us denote A* = A¥[[z4/]]. Let X (i) be some smooth variety of dimension
0. Then X (i) = [1;cx ;) X(i);, where K(i) = K(X(i)) is some finite set and X (i); is a field spectrum.

We have closed embeddings and projections X (7) M X(4); ﬂ e. Since A is constant, A¥(X(i)) =

@jeK(i)Ai: where any a(i) € A¥(X(i)) can be uniquely written as > jerc(iy((i);)«(m(é);)" (i), for some
a(i); € A;. For any choice of varieties X (i) of dimension 0 and elements a(i) € Af(X(i)), for i € L, let
us define:
Hygpier(@(@licr) == Y (hs)u(m;) " H(a(@) ) lier),
Jj(i)eK(3)yieL
where hy = Xieph(i);;) and 77 = Xierm(i) (). So, different connected components don’t interact. This
way, we get a family H(0). It is easy to see that it satisfies (a;—iy), (bi—i;) and (¢i—)-

Indeed, for (a;—;y,) it is obvious, since it is so for H, and pull-backs and push-forwards in our formula
are B-linear. For (b;;), the regular embedding g : X (i) — Y (), in our situation (dim = 0), is just an
inclusion of some part of the connected components, so g, commutes with our poly-operation, by the very
definition. For (b;), a map f: X (i) — Y (i) defines a map of sets K (X (i)) — K (Y (¢)) which completely
determines f*, and commutativity of it with H(0) is again clear from our formula.
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For (c¢;—4ii), it is sufficient to check the conditions over connected components, where identities hold,
since these hold over the e. Finally, for (¢;,), it is enough to consider the case where L\L' = {i} is a
one-point set. Then it follows from our formula that

(H(O)) oty = 2 (h(i); x id)u(m(i); x id)* (Hya(),)(0) = (Hy,a()){0)-
JEK(1)

Thus, we obtain a coherent compatible family of dimension < 0.

5.3 Induction step

Everywhere below we will assume that a coherent compatible family of dimension < (d — 1) is defined.
And Gx will always mean a map from this coherent compatible family (and similar for poly-operations).
We would like to extend it to a similar family of dimension < d.

Proposition 5.8 Suppose, G is some mono-transformation, X has dimension < (d—1), and L is a line
bundle on X with A and B-Chern roots N and \B. Then

Gx (oM, 21)(Z") = Gx(a(z?,2%) (@ = AP, 2P).
Similar result holds for any given coordinate of a poly-operation.

Proof: If H is a |J|-ary poly-operation, then considering the restriction H,, where {i} X Jis an
embedding of a one-pointed subset, and using (¢;,) we reduce to the case of a mono-operation.

We start with the case of a very ample bundle L. Here we claim (cf. [22] Lemma 5.5]) that, for any
power series (3,

Gx(A\ - B(EN)(ED) = Gx (e - B(Y) (27 = AP, 27).
Indeed, in our case, A = j,(1), for a smooth divisor ¥’ Jy X. Then using (b;;), (b;), and , we get:

2A L *B(zA)) (B = B =By . B
Gx (N B () = Gx (" BE) () = . Rey AT PENC 2Lt AL ZT) e

(t+B )\B)-t
i/ Res Gx(z? - BEY))(zP =t +5 \B,ZP). wP — Res (t+5AB) - Gx (a4 - B(zY) (2P =t +p \B,2P) cwP _
=0 (t+p \B) -t =0 (t+pAB) -t

Gx(z4 - B(zY)) (2P = AP, ZP).
as claimed. Then, by the above and (a;,), for a very ample L, one obtains:

Gx (O BEET) = Gx([ ]+ zf = M, 2%) = Gx ((v")" - BEN) (7 = A7, 27).
In the same way, we get the (external) poly-operational case:
Hx X\, (()\A")T'ﬁi(?Ai(')) aj(ZY () jw) (Z20), 25 (5) 1) =
HX:Xj\j;éi ((13 H(d)" ﬂl( (i), aj(z ]( ))|J¢1)( B() >‘B B(Z) EB(j)’jﬁ)-

A

Applying it to each term of the Taylor expansion (corresponding to z“*-monomials), we get:

Gx(a(M,29)(z7) = Gx (a(a?,24)) (2" = AP, 2Y),

for any very ample L.
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An arbitrary line bundle can be presented as L ® M ~!, for some very ample line bundles L and M.
Then, using (a;;;7) and the very ample case, we get:

Gx(a(A* =4 p?, 7)) (ZP) = Gx(a(a® —ay? 7)) (@P = NP P = 4P 2P) =
GX(a(wA’EA))(wB = )‘B -B MBaEB)v

which is equivalent to what we need. O

We would like to extend our poly-operation to varieties of dimension d. We start with elements having
positive co-dimension of support and, moreover, supported on some divisor with strict normal crossings.
Let G(d — 1) be a compatible family of dimension < (d — 1) for a mono-operation.

Let X 2% Spec(k) be a smooth quasi-projective variety of dimension < d. Let D % X be a divisor
d .
with strict normal crossings with components Dz, 0 D of multiplicity my,, Jo € My, dj, = d o dy,,
and /\?O = cP(O(Dy,)). Let v(z4) = ZJ()eMO(dJO)*(’yJO(EA)) € A*(D)[[z4]]. We would like to define
Gx(d«v(24))(2P). We do it using the Taylor expansion and (b;;). Define
O 1@, (Y v ZH ren) WE =t +5 A | en, 25) - wf
[Lyes,t+BAT) -t

)

G(v(z") 1 D)(E") = Z (d, )« Res
J1eMy
(10)
where M; = 2Mo ags in Section |3, and ~ Jo 1s restricted from Dj, to Dj . Notice, that this expression
makes sense since the dimensions of all Dy, ’s are < (d — 1). In particular, if dim(X) < (d — 1), then

— A —A * — A —A
(a‘(]” IG)DJl(yJOryJO(Z )|J0€J1): J1(6‘J1| IG)DJO‘JOQJI(yJO/yJO(Z )|J0€J1)7

which we have by (b;) applied to the embeddings Dy — Dj,; Jo € Ji and (c;;) (giving that the
”internalization” of the external derivative is the internal one). Then using the transversal cartesian

square:
X dJO

x Dj,—= x X | (11)
JoeJ1 JoeJ1
AJlT TAX,JI
d
Dy —2 X

G(yEN1D)E") = Y (0"17'G)x ((dig)svs B wen) B7) = Gx(dar(E))(EP),  (12)
J1EMy

so the "new” definition of G'x coincides with the ”old” one.
Analogously, suppose that H(d — 1) is a compatible family of dimension < (d—1) for a poly-operation

(Rier A7) — B* o (I["). Let X (i), i €T be smooth quasi-projective varieties of dimension < d, X (i) Gl
D(i) = X siyoemiyo M™().aaiyo - D(i)(i), be divisors with strict normal crossings, with d(i),(),. d(é)(),
and )\(i)?(i)o defined as above. Denote )\(i)?(i)o =t+p )\(i)?(i)o, (A(1)B) 0 = I 0escin )\(z’)?(i)o. Let

(@) (ZO™) = X 0enr ([d0).s0)« (@) sy (D)) € A7 (D(0))[[2(6)]]. Define

H (v(8)(Z(0)™) T D(i)]ier) (2(i)Plicr) = Z (Xi=1d(7) 7(5), ) E{:eos
J(@)1€M(i)1;i€T
(0l nl=Lieer py) (yf(’;)o 'VJ(i)O(Z(i)Ai)|J(i)oeJ(i)1;z‘eF) (yf?(i)o = X(i)ii)o|J(i)oeJ(i)1»?(i)B|ie?) wp
[Lier(A(@)2)7 1 -1

i
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where v;(;), is restricted from D(i) s, to D(i))
dimension < (d — 1),

.- As above, one can see that, for varieties X (i) of

H (y(@)(Z(1)™) t D(0)lier) = H (A(0)y(D)(Z(@0)")lier) - (13)

If (in the notations of Section D our 7 is given in the form v(z4) = > ent (ds,)«(7s,(Z4)), then we
can define:

GOENIDE) = Y (dsupm)- Res
@QJQGMQ

(8|J2|_1G)DSupp(J2) (HJOEJl y?@ "V (EA))|J1€J2) (y?o = )‘i‘JOGSupp(Jg)azB)th
(XB)Supp(Jg) .t

(14)

9

where )\f?o =cP(0(Dy,)), Xjfo =t+p )\Jj’; and (\B)/1 = [lsern Xi And similarly for poly-operations.
Note, that if v is concentrated on the components of the divisor (i.e., v(z4) = > JoeMo (dso)« (750 (ZY)),
then coincides with , as all the poly-operations involved (the derivatives) vanish if one of the
coordinates is zero (by (ci;) these "extensions” are the usual derivatives of (), and so, the non-trivial
summands will correspond to J3’s consisting only of one-element subsets J; = {Jp}. o
Denote A*(D) := & y; A*(Dy,). Our transformations G and H are defined so far on A* (D)[[24]],

respectively x;crA¥(D(7))[[Z(i)?/]]. But we have:
Proposition 5.9 Let H : Mjc A7 — B* o (IT) be an |L|-ary (external) poly-operation. Then
(0) H satisfies conditions (@i—iv).

(1) For any morphisms of free theories ®; : CF — A, i € L with ® = K ®; and a pre-morphism of

theories W : B* — (B')*, we have: (Vo Ho®) = Yo (H)od.

A~
— A

(2) For any surjective map ¢ : L — K of finite sets, (hﬁ”) = (H)w. In particular, H = H.

(3) (0H0<L ) = (FOILH ) as maps xser(AT(D()[2() ) O — B*([Tie, X)) P ier]

(4) For any subset x : L' — L and any choice of varieties X (i) of dimension < d with normal crossing
divisors D(i) on them and elements x(i) € Af(D(i))[[Z(1)4]], for i € I\L', with ¥ = {z(i)|i €
L\L'}, we have: (H), ;= (H, z)-

XL

Proof: (0) This follows from the fact that in the formula the map (9121-1@) Dsupp(Ja) satisfies (a;—v)
(by inductive assumption, since dim (D gypp(1,)) < d), while the push-forwards in this formula are B-linear
(and similar for poly-operations).

(1) The fact that our extension is respected by morphisms of theories is obvious from (¢;), since such
a morphism is additive and respects Chern classes, pull-backs and push-forwards. The same is true for

U by Definition and (3.

(4) Clearly, it is enough to consider the case when L\L’ is a one-point set {i}. Then H, . is an

operation M;er AT — (By x(i))" © (HL,), where (B, x(;)*(Y) = B*(Y x X(1)[[(#)P]]. And we have
(using the poly-version of and Proposition :

(H),y oty (V) T DG)ljerr) = H(v(j) 1 D(G)jerss 2(i) t D(3)) =

S (i dsuny) B (Pt 10) 1 DG )er)of
oIt Supp(J2))* 25 (A(i)B)Supp(J2) . ¢
2€M(2)2

)
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where Fj, = 8Z!J2|_1(H) is an |L|-ary poly-operation (Kjers A%) X (A5)*%2 = B* o (T") and u(Js) €
(A7) (D(8) supp(a) [[F*, 4], where, for Jy € Jo, u(Ja) g, = (A(@)*)t - 2(i) 1, restricted to D(i)gupp(sn)
(recall, that (i) = ZjleM(i) (ds,)sx(i)1,), where we treat t as an extra (P*)-coordinate, so )\(z')j}‘o =

)\(i)fo 44 t4 and we denote the ”outside” coordinate tZ simply as t.
Since dim(D (@) gupp(so)) < (d — 1), by (ci) of the inductive assumption and (1), we can rewrite it as:

(Fia)vain) (1) 1 DGl jer )P

)P = (Hya() (1) 1 D()jers),

Z (id x d(i)Supp(h))* It%:eos
O Jo€ M (i)2

where (id X d(i) supp(.))+ 15 @ pre-morphism of theories (By,Dg,,,,s,,)" = (By,x)"; while the division by

(A(3)B)Supp(2) is a pre-endomorphism of (BX,Dgupp(sy))” (With ¢ inverted) - see Example [2.11

(2) Since (H¥)¥ = H®%) we can reduce to the case where ¢ collapses some subset T % L to a
point, leaving everything else intact. Considering restrictions H, and using (4), we reduce to the case of
a complete internalization H.

Let X be a smooth quasi-projective variety of dimension < d with divisor D with strict normal
crossings on it (with notations as in ), and a(i)(z4) € A¥(D)[[z4]], for i € L. Taken together, these
give a(z4) € A%)[[EA]}. Let O & J(i)y € My, for i € L. To shorten notations, let us denote Supp(l2)
as S(Iz). We have a cartesian square

XieLds(J(i)g)

X Dg(j(iyy) —— > X"

el
5T Ax
ds(Usep 7()2)

Ds(Uierd(2) X

)

for which the Excess Intersection Formula (Proposition in B*-theory has the form:

Ay (Xierdg(y(i)y))« (W) = (dS(uieLJ(z‘»))*(H(AB)S(J(i)Q)mS(J(jm 0" (w)).
i#£j

Using this, and denoting (1) sy, = Ly1)oes0), () sa(@) (i), (Z(0) ) and &) )= E(E) s (i), | (i) € 7 ()2
and similarly for o, and applying a poly-version of (1 and (b;) (for the maps Dg(s,)—=Ds(1(i),)), We get:

Ha@E)1D)E) =A% Y (xierdsws)) Res
0 J(i)o€Mo;icL
(OO L H) i lien) @@ s s esinlien) (@) 5, = = (i) ) (ol T0es(I(0)2), 2(1) P
— B
[Lier(A@) )SV@2) ¢
D Uiep (i)a=ro (8|J(i)2|71;i€LH)DS(‘,2)(&(i)’J(i)z‘iEL)(yi = 3 Lpesny 20 )wf

(XB)S(JQ) ot

= 28icr)wf

Z (ds(15)) Res

@QJQGMQ

where in the last line all J(i)2’s are non-empty. Here, by (¢;;) and (¢44), the expression (8|J(i)2|*1?i€LH)DSU :
J2

is the partial derivative 8“](2')2‘_19"€L(ﬁps((,2)) of the internal poly-operation.
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Observe, that for any map of sets F' : C' = X;cC; — D between abelian groups, and any collection
of elements uy € C, where k € I - some finite set, with ”coordinates” (i) € C;, we have:

O F)(urler) = 3 @"OTHEER) i kyerlies),

UierI(i)=1
1()£0;ieL

(15)

where on the left we differentiate F' as a simple mono-function on C', and on the right we consider partial
derivatives of it as of poly-function on C;’s.
Now, using (c;;;), we can rewrite our expression as

o211 &l ) (y% =B 1
( )DS(Jz)( |i2)(yJ0 J0|J0€S(J2) ) t _ H(Q(EA)TD)(EB).
()\B)S(Jz) -t

Z (dS(JQ))* ];{:eos

O J2€ Mo

(3) It is sufficient to consider the case of a partial derivative (987)_1, where everything is reduced to

mono-transformations with the help of (4). Let G : A* — B* be such a mono-operation, X be a smooth
quasi-projective variety of dimension < d with divisor D with strict normal crossings on it (with notations

as in ) Then we need to compare (8”7:16‘) and 0™~ 1(G) as maps

(A (D)@ )™ = B (X)[[(2)7]].

This follows from the definition (14) and the identity: 9l72I=1(o™~1@) = 9™~ 1(dl’21=1G), where the
outer differentiations are non-partial, but ”global” (so, we get a map (A*)*™”2l — B*: note that this
identity holds, since evaluated on (z;;li € m,j € J2) both parts give >, J( )|I‘+|J|G(Ziel7jej xij),
where the sum is over all subsets I C m and J C J3). Indeed, for a(i) € A*( )[[24]], i € m, denoting:
a(i) g = 1sen yj‘o -a(i)(z4) and &(i)| g, == &)y, je0,, for i € m, by (ciii) we have:

. OO G @) i) 05, = M ey 7
m—1 N AN o 2li€Em Jo Jo lJo€S(J2)» t
0" G ) iem T D) = Y (dsun)- Res SOET -
@€J2€M2
A= (m=1G) (61(1) | gy liem) (W5, = /\JO’JOES (Ja)> ZD)wf
(XB)S(JQ) )

= (0™ 1G)(ali)(ZY) i t D).

> (dsy)) Res

@QJQGMQ

O

Proposition 5.10 G(v(z%) t D)(z8) is well-defined on A*(D)[[z%]]. In particular, we may use the
definition . And similar for poly-operations.

Proof: For a smooth quasi-projective X (of dimension < d) with divisor D with strict normal crossings on
it, it follows from Propos1t10n and Taylor expansion: G(y+81D) = G(v1D)+ G(<5 +D)+0G(y, 61 D)
that G(v(z4) t D)(2P) depends not on a particular presentatlon Y =D jenm (d7,)«(7vs,), but on v €

A*(D)[[z%]] only, as long as we know that any poly-operation H vanishes when one of the coordinates
has the form 6 = (dJ{) (d, /070 — (dy,)«v. Here djg; @ Dy — Dy is the natural map between
faces of our divisor. This is equivalent to the fact that any poly-operation does not change value when
we substitute 5 = <dAJ{)*(dJ1/J{)*/U in one of the coordinates by o = (dj,)sv (follows from the identities:
flz+a) = f(x)+ f(a)+0f(z,a), f(z+8) = f(z)+f(B)+0f(x,3)). The latter fact is clear. Indeed, since
everything is happening in one coordinate only, it is sufficient to consider a mono-operational case (by
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restricting to mono-operations H, ). Let this operation be G as above. Observing that d;, = d g ody
and using (b;;) for the map d;, 5 (note, that dimensions of our varieties here are < (d — 1)), we have:

G Gp, () (dgy ) w0 ENWF = N5 sgesys 27l
G(B1D) = (dy). Res — 1/ Jo = NolJoe T b

* =0 (AB)7i .t
G Ay (z4) (yB = B 2Bl
T U U e AT i A
t=0 ()\B)Jl .t
Thus, G (v(z4) t D)(2P) is well-defined on A*(D)[[z"]]. The same applies to poly-operations. O

It follows from the very definition that if D’ % D is a subdivisor with strict normal crossings
and v € A*[[z4]], then R n
G(ytD') =Glgyt D), (16)

and similar for poly-operations. R

Here comes the key step of the proof. We will show that the construction G(v(z4)1D)(z?) commutes
with the pull-back maps (where on the divisor side it is the ”combinatorial pull-back” of Definition .
Let

f

— X.
d

ey (17)
!

<>t

be a Cartesian square, where X and Y are smooth quasi-projective and D 4y X and E -5 Y are
divisors with strict normal crossings.

Proposition 5.11 For any cartesian diagram with X and Y of dimension < d and~y € A*(D)[[Z4]],
one has:

F6(1z1D)E) = G(F () 1 B)E).

More generally, for an r-nary (external) poly-transformation, for dim(X (7)), dim(Y (7)) < d, we have:
(xier (D) H (10 (Z(0)) T D()ier ) (2()Plier) = H(F@) 7)) 1 BG)licr ) (2()Plicr).

Proof: Let us treat the case of a smooth D first. Suppose, D is smooth, £ = ZJ@EM@ my, - Ejy,

AP = cB(Ox(D)), B =t+4p B and uf?o = cP(Oy(Ey,)), ﬁi =t+p ,uf?o (and similar for A). Denote

Ji|—I1|3B
B lech(*l)‘ 1=l 1|M11

~B\J1 _ ~B ~B _ B ~B ~B B _ (B (4 _

('LL ) b= HJ0€J1 Fjor Fg = ZJoEJ1 Mo "B Hjy» and CJ1 - nB)71 ) CJ1 - le (t - 0) (and
. B

similar for A). Note, that Cffl = (FZL‘]O’JOEMO) (i) of Subsection— see [22, (14) of Sect. 7.2].

Proposition 5.12 In the above situation, if diim(Y) < d (while dim(X) can be arbitrary), then

C -Gy, (v* - 15,00 (07 = £3,02,25) - w
FiAB -t

)

G(FOENTE)ER) = Y (en)Res

J1eM;

< <
where fr, : Ej5, — D is an obvious map, and f;, =do f,.
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More generally, if D(i) L0k X (i) are smooth divisors and dim(Y (7)) < d, then
H(f@ 0 EO™N 1 EO)ier) G0 lier) = Y. (xiere(i) i) Res
J(i)1EM(i)1;i€F
[ier C0 ey, - H (90 - (050, 7(D ) ier) (ymB = f<z‘>’3(i)1ATi>B,z<i>B|i@) -

Hie? f(i)j}(i)l)‘@) -1
Proof: Using and the Definition (as well as the notations of Section , we obtain:

GFOENTEIED) =G| Y (€n)f5(0E)-CALTE) @) = 3 (esumm)«Res

JieM; 0 Joe My

Jo|— A F A A B _ =B =B
(8| 2| 1G)ESupP(J2) <H]0€J{ yJO ’ fgupp(JQ)(fy(z )) ' CJ{ ’J{EJQ) (yjo - /"LJ()’J()ESupp(JQ)7 z )CL)t
(ﬁB)Supp(Jg) -t

By Proposition and we can swap C by 6’;‘,, since the difference of the respective numerators is
1 1

divisible by (7i?)5rP(/2) . ¢ (here we treat t as an extra (P*°)-coordinate, so it is actually, t* inside and
tB outside). Thus, our expression is equal to

(6]1)* Res RJ2 s W,
> (en):Res >

J1€M1 @€J2€M2
Supp(J2)=J1

where

(6|J2‘71G)EJ1 (HJOEJ{ yf?o £, () - Cj‘{’JiEJz) (v, = il en, 2%)

Ry, = (7B -t
@11, (F,0E) - (Shes (VI ) es, ) ()
B (RF)7 -1 |

by the poly-operational version of Proposition and the definition of 62
Consider the pair of composable maps (of sets) between abelian groups:

F * — G * _
ZIJ1] — A*(Ep)[t,z)] = B*(E;)[[t,Z7]],
where Z[Jl] @Joele L Jys and ZJ()EJl UJy Ty (Zjoejl (uJo mJo A HJO le )) Note, that:

O F) 2| gyes) = (0N - | Y (~n)Vi- 1A

IicJy

Then, by the Chain Rule (Proposition [3.3), (¢;;) and Proposition

> @H0s, | FOE | X O ) e,

0 J>€ My U

Supp(J2)=J1

(8|Jl|_1(GOF))(xJo‘JOEh) = Z (_1)‘J1|_|11‘GE ( fJ ( y _:uh’ )
I1CJy
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Thus,

S e (COPEIRIGE (A fr (7)) (P = 5B Z5) - w

G(FOENTE)E) =Res 3 ()

B Lt
J1€M1 (M )
G A.Q* —A B’fB
Using , we can introduce the power series U 7, (y?,z5) := B, W15 EJVB(Z ) (y® ZP) e B (5, [ly".2"]].
Then
G (f —|I1|~ \PJ (yB:/jB)ZB)'Wt
G( *( ( ))TE) ReS Z ejl Z 1)|J1| \I1|,Ul%31 1 (ﬁB)Jfll‘t '

JiEM Lic

The rest of the proof is identical to that of [22] Lemma 5.8], as no additive properties of G are used from
this point and it is just some statement about the power series ¥, (y?, z”) which uses only the fact that,
for Ly C Ji, (ej,/1,)* VL, = ¥, which we have by (b;). We still prov1de the details for the convenience
of the reader. From the definition of C’L we have the identity g /J,I = r.cn C’L1 (uB)Er (where the
summand for Ly = () is zero) which permits to rewrite our expression as

CP _ B
Res D (en) D prmmpmm @onm)™ | 2L COMITL @7 = 2% ) - wf,
Jiern O£l L LiChLCa
where the sum <I>J1/L1 = (ZLlclchl( D=y, (yB ,u zP)) is divisible by (B)\E (this is

true for any power series U - see the proof of [22, Lemma 5.8]). Observe that, for a fixed L,

e AT
(B \L
0,5, b (P)ynn

CL (eJl/Ll) (I)Jl/Ll
}{_GS (€J1/L1) : ~B\J:\L
=0 LiCJy L ('u ) nh

~B B
® B —R Cqu)Jl/Llwt
nwl =Res B, —m
LiCJy

due to mentioned divisibility. Then our expression is equal to > Lied (er,)« Resi—o S L1WtB , where
~B
CcB T, C

Ji|—|T ~B —B L B ~B =B
T Z (I)Jl/Ll Z Z | £l 1|\IJL ( =M1,z ) = tl\I/L1(y = Hpg> ? ).
LiCJy L1CJy L1CiCJr

So, Resj—o Sp,wf = C”LB1 Uy (yP = f}il)\B,ZB) and we obtain:

. CF - Gry, - fL, 0EIWP = [1,35,25) -
G(FOENTE)E) = 3 (en). Res PN .
LyeM; 1
In exactly the same way, if D(i) is a smooth divisor on X (i), for an r-nary (external) poly-transformation,
we get (using Proposition 4)):
7 (F@ @ EON T EDADEDY tEGDN#) G0 e = 3 (@i,  id). Res
J(i)1€M (i)

Cf, - (1 F 0500, COEO DA T EG4) (47 = 10500, 70 20 ber ) -t

— B )




since the restriction to the i-th coordinate is an extension of a mono-operation. O

It follows from Proposition [5.12} (b;) (applied to the maps f (4) 7s), ) and the Multiple Points Excess
Intersection Formula (Proposition [2.7]) that for an r-nary (external) poly-transformation H, smooth divi-

sors D(i) L0k X (i), maps Y (i) — 7@ X (i) fitting cartesian squares as above with dim(X (7)), dim(Y (i) < d,

and (1) ((9)*) € A*(D())[[2(3)"]], one has;
H(f@yG)E0)™) 1 EG)ier ) (20)lier) = (<ier f(0)* H (7D (E0)) T D()lier ) (2)ier).

Suppose now, D =3, . Dy, is arbitrary, and v(z4) = > lveLo (d1,)+71,(Z). Then from the above
we know the case of a smooth divisor Dj,, and vy, (z4) on it. But f* is additive and so is f*. Hence,

G(FEYTE)E) = 3 (0716) (F(di) () en ) (2P) =

Iely

S° @16) (i) 7 1 Blien )28 = 32 (00716) (Fim () 1 Blner, ) 22)

el ILely

where E7, = f~1(Dy,), by the Taylor expansion, Proposition [5.9(2),(3) and . By the case of a smooth
D, and again , Proposition (2),(3) and Taylor expansion, this can be rewritten as

> 0 6) (mE) 1 Dalien ) ) = Y0 £ (09716) ((dnan (5 § Dlner,) ) =
Lely el

> (076 ((di)ern (Y e 1 D) (27) = FG(1(z*) 1 D) (7).

Iel,

The case of a poly-transformation follows formally from a mono-operational one, since the restriction of
H to a given coordinate is (an extension of) a mono-operation by Proposition (4) O

Let X be a smooth quasi-projective variety of dimension < d. We would like to define Gx. Let us

A dy,0®d
start with the A -part. By Theorem [2.3] we know that A" = Coker(c1,0 @ co 1 D08dou, €0.0)-

Proposition 5.13 Suppose (V (i) @ X(4) o) X(i),7(i)(z4));i € T be some elements as in coo, and H
be some r-nary (external) poly-transformation. Then

H(y(i)(z4) 1 V(@) lier) € im(xerp(i)*).

Proof: From evident transversal cartesian squares, it is sufficient to prove that H (Y@ EY 1 V(i) |ier) €
im((p(i) x id)*), for each i (just apply the composition o;e7(p(7) X id)*(p(i) X id)+ to our element). Hence,
it is sufficient to consider the case of a mono-operation (since the restriction to the i-th coordinate is an
extension of a mono-operation by Proposition [5.9(4)). Here we follow the proof of [22, Proposition 5.9].
Start with the case where X 5 X is a permitted blow up Wlth smooth centers I7;, and the respective

components F; of the exceptional divisor of p with maps: R; ¥l E; “ X. Since p is an isomorphism
outside V', the components E; of the special divisor of p are components of V' (and so, numbered by
a subset of My). In partlcular these are transversal to all distinct components of V. Let v(z ) =

> toenty (010)s710 (Z 4), where v7, € A*(Vy,)[[24]]. By Propos1tlon to prove that G(v(z4)1V) € im(p*)
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one needs to show that eﬁo(@(’y(EA) tV)) € im(e},), for every component Ey, of the exceptional divisor.
If Vi, # Ej,, then we have a transversal cartesian square

Ul Jg
QIO,JO > EJO

QIO,JO\L \LGJO

Vo 5= X

By Proposition and , and since dim(Q7,, s, ), dim(Vy,), dim(Ey,) < (d — 1), we get:

B;OG(’}/[O (EA) T ‘/fo) = G(q?O,JO’YIo (zA) T QIO7J0) = G((u107c]0)*q;0,]07]0 (EA)) = G(e?}o (1)]0)*’}/[0 (EA))'
And, for the Ej -component, by the very definition , and Proposition

. A o i Gyt i E) (P = A8 Z8) - wy
€5 G (1 (Z4) T B )(Z7) = A, - Res : AB ¢ : B
Jo'

G(AJ, 70 (Z1)(Z7) = Gle, (o)1 (1)) (7).

Thus, ejoé(wo zN1Vg,) =G (%, (V1) s (z4)), for all components V7, of V. And similar equality holds
for any r-nary (external) poly-transformation H by Proposition (4) Then, from the diagram

~ e
Vs X< Ry,
| (N
Z— X <— R Jo
with the left square cartesian, using Taylor expansion with Prop051t10n . the above fact,

(i) and (c444), again Taylor expansion, the fact that v € im(p'), and (b;) (recalhng that dim(Ey,),dim(Ry,) <
(d —1)), we obtain:

enG VTV)—eJOZA* EWI‘ IG)((UIO)*WOTVhoeIl) BJOZA* 5“1' 1G)(710T‘/10’10€h>
IeM; LieM

> AL, n @G e, (v wm en) = D2 @) (€4, (i)l nen ) = Glel,va) =
I eM; IeMy
* ! * ok * % * *
G(eJov*p /B) = G(eJop Z*B) = G(gJOTJOZ*/B) = 6‘J()G(T.JOZ*/B)7

where Ay : Y — Y <! is the diagonal map. This proves the case of a permitted blow up p.

If p is an arbitrary projective bi-rational map, then (by the results of Hironaka [3]) there exists a
permitted blow up p’ = pom Wlth centers over Z, such that V' = 7*(V) is also a divisor with strict normal
crossings. By Proposition [5.11] 7*G(~(z4) 1 V) (7rvfy( A) 1+ V"), and the latter is in the im(7*p*) by
the already proven case (recall that 7}, = 7' and so, 75y € im((p')")). Because 7* is injective, we get:

G(v(z4) 1 V) € im(p"). O

Having defined an extension G of an operation G for elements supported on some divisor with strict
normal crossings (in a variety of dimension < d), we can now extend it to the group ¢ o of Subsection

Let X be a variety of dimension < d and (z4) = DieK <V{]} oy X{j} ™ aty X,V{j}(zA)> €cop = 064,07
where A* = A*[[z4]] and K is some finite set.
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Let us define:

A* X e ; 5\J|/:1G (A : je =B
G S % (x3eapli}) V1716 (V{14 § ViGHses ) (22) -

2 [ (U= |

where Ax ;: X — X 7 is the diagonal embedding. In exactly the same way one can define an r-nary

(external) poly-transformation H on xie;(céio(X (1))).

Proposition 5.14 Let H : R A* — B* o ([[") be an |L|-ary (external) poly-operation. Then
(0) H satisfies (ai—p).

(1) For any morphisms of free theories ®; : CF — A¥, i € L with ® = K ®; and a pre-morphism of

theories W : B* — (B')* (Definition , we have: (Vo Ho ®)=VTo (ﬁ) o ®.

~

(2) For any surjective map ¢ : L — I of finite sets, (hﬁ”) = (E[)w. In particular, H = H.
(3) (FOFL) = (9OIELET) as maps xier (ep(X (i) O —5 B ([T X)) et

(4) For any subset x : L' — L and any choice of varieties X (i) of dimension < d with elements

x(i) € céf)(X(i)), fori e L\L', with ¥ = {z(i)|i € L\L'}, we have: (E)xf = (H;j’)
Proof: (0) This follows from the fact that in the formula , the map (31/1-1Q) satisfies (a;_s) (by
Proposition (O)), while the push-forwards, pull-backs and the division by the denominator in this
formula are B-linear maps (and similar for poly-operations).
(1) Follows immediately from the fact that a pre-morphism of theories commutes with pull-backs and
push-forwards, using Proposition (1)

(4) Tt is clearly sufficient to consider the case where L\L' = {i} is a one-point set. Let z(i) =

> jek (V{j} "y X{j} Pl X,x(i){j}(zA)>. Then

_ = lidy X Ax ) (idp % p{] D07 ), 5, (0her)
(H)yz6)(Y(Dlierr) = JCZK L, (p{ih)(1) ’

where 5LJ|71H is a poly-operation with the set of coordinates Ly, with natural surjective map 6y : L; — L,
such that 0 (i) = J and the complement L' X2 Ly, where z(i); = <V{j} el X{j} 1 X{j},ﬂ:(l){j}),

for j € J, and p{J} = xjecsp{j}, while id/ is the identity map on the factors corresponding to the L'-
coordinates. Thus, we can reduce to the case, where the fixed elements are "simple”: |K| =1 (though,
the number of elements we fix may now be more than one). The fact that for such elements we can swap —
and restriction follows directly from the (poly-operational version of the) definition and Proposition
[5.9(4). Using also part (1), we can now rewrite our expression as

(idp x Ax,p)* (idp x p{J}) (O 7 H) . = Y ((D]er) _
Z : = ( : l_f J(Z{]}) (1) e - (Hxvx(i))(V(l”leL’)’
JCK Je *

where (idps x Ax 7)*(idp x p{J}), is a pre-morphism of theories (BXJXJ)* — (By,x)*, where X7 =
X jesX{j}, while the division by [[,c;(p{s})«(1) is a pre-endomorphism of the target theory.
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(2) Using the fact that (H?)Y = H®°?) we can reduce to the case where ¢ collapses some subset

L' S Ltoa point, leaving everything else intact. Considering restrictions H, and using (4), we reduce
to the case of a complete internalization H : A* = x;c A7 — B*.
Let J be some finite (non-empty) set. Consider two poly-operations (A*)%/ — B* o (TT”).

Pi= @7 H) and P"i= > (@OIFHELE) T o py o
UserJ(i)=J
J(i)£bie L
where pry @ (A" — Wi ;(X;.504)5;47) is the projection and @7 : [[;c; J(i) — J is the natural
surjective map. It follows from that our poly-operations agree on (e x Proj)*”’ (note, that the
external derivatives here are just the usual derivatives). From (¢;) and (¢;) (and additivity) of the
inductive assumption, they must also agree on ((Smy)<q_1 x Proj)*?, that is, P'{(d — 1) = P"(d — 1).
Let v(z4) = djek (V{j} oip X{j} Pl X,’y{j}(zA)> € Céo and y(i){j} be the Af-coordinates of

v{j}. Let 0 # J C K and UerJ(i) = J with all J(i)’s non-empty. Consider the commutative diagram
with bi-rational vertical maps and poly-diagonal horizontal ones:

A

oy X, 7)1 oy
Xjes X{Jj} XieL Xjey) X17}
P{J}i lp{f}
XjesX - XieL Xje @) X
X, J/J
We have the following easy result:
Lemma 5.15 ([22, Lemma 5.11]) Let
T-1.§
q ip

J

be commutative diagram of smooth varieties with p and q - projective bi-rational. Let x € im(p*). Then:

¢.(" (@) ()
e.() 7 <p*<1>>'

It follows from Proposition [5.13] and Lemma that, denoting

#5(9) = (B OE ) (30} § VT oo hew)

we have:

(Ax,) (Ax 5 ) plTHHAY)  (Bxs) p{T1(Dg 7)) H ()

icr Ieso(plih(1) [T;es(p{7}1)(1)
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Then using Proposition (2),(1) (in the 3-rd equality) we can rewrite H(7) as

xiertAx,) T} H 5(1) . By TR AY
AXﬁ gﬂmgnjej( POID 72 ST T 0l

. PR ) im0 o PIRP (G 1 Ve
D N | PR/ T3 NV D S | PR/ N R

J(i)CK;ieLl

o TP O} TV es) _ 5
P A | PR TN

where J = U;jerJ(4), all J(i)’s are non-empty, and Ax 1 : X — X1 X is a diagonal embedding.

(3) Tt is sufficient to consider the case of a simple partial derivative 6{”_1, where everything is re-
duced to the case of a mono-operation G : A* — B* using (4). Let J be some finite set. Then we
have the identity: 8/I=1(9™~1G) = 97,1 (3!/I=1G) between poly-operations Kjc;(A*)*™ — B* o I1)

n ((Smy)<q_1 x Proj)*’, where O, of an r-nary poly-operation H is given by: OrtH (u;, vilicr) =
H(u; + vilier) — H(uslicr) — H(vilier) (using (15), it may be expressed in terms of partial derivatives
and projections (A*)*%2 — A*). Indeed, this identity holds on (e x Proj)*’ where the external deriva-
tives are just the usual derivatives, and so on ((Smy)<q_1 X Proj)*’ by (¢;), (ci;) and additivity of
our coherent compatible family, since 8m_1 is expressible in terms of partial derivatives and projec-
tions. By the same reason, Proposition 3),(1) and additivity of the assignment H — H we have:

(5|J| 1(am 1G))—8m 1(5|J\ lG)
Let 7(i) (%) = ¥ex <V{j} X051 X () [} EY) ) € ey, for i € T, where we can assume

the set K to be the same for all . Then, denoting p{J} = Xcsp{j}, we have:

gy e A (D0 OGN (0 e § VA ies)
5 N ({10 OV1-1G) (4(3) {5 i 1 V {5} je)
JCK (p{J1)«(1)

= 0™ Y G)(v(i)]iem)-

g

To see that we indeed get the extension of the original operation from (Smk)g(d,l), observe that due
to Taylor expansion and Proposition (2),(3) it is sufficient to show that for any r-ary poly-operation
H, any smooth quasi-projective varieties X (i), ¢ € 7 of dimension < (d — 1), and ”simple” elements
(V(0) @ X (i) o) X (i), v(4)) € cég(X(i)), operation H takes the same value as H. Recall, that under
an isomorphism of Theorem [2.3/element (V % X & X, 5) e CéO(X) corresponds to f = p*v’é)) € A*(X)
which has the property that p*(38) = v«(y). Then, using and (b;), we get:

Frgpien(8(0)er) = L2 AO0) 1V XierD)- e D)
’ (Xierp(i))+(1) (Xierp(i))«(1)
(<ierbli) o g e 00 B0) |
oeep (). () = Hx(i);icr(B(9) lier)-

Thus, on (Smy)<(g—1) the "new” definition coincides with the "old” one.
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Let now X be a smooth quasi-projective variety of dimension < d. To show that H is well-defined
on A" (X)[[z4]], by Taylor expansion, one needs to show that this map, as well as all of its partial
derivatives, vanish on im(d o @ df ;) (in the respective coordinate, and anything in the remaining ones).
Thus, by Proposition and restrictions H, to one coordinate, it is sufficient to prove that any mono-
transformation G vanishes on such an image. Using Taylor expansion and Proposition again, we
see that it is sufficient to check this for each additive generator of the image. Here we mostly follow the
proof of [22] Theorem 5.1].

e The 1-st part of (df (): Suppose,

V/L’_)N(/
o

be the cartesian square, with V' and V'’ divisors with strict normal crossings, with 7 the blow up over
V permitted w.r.to V, and V = p~1(Z) for some closed subscheme Z 5 X. By the Taylor expansion
(combined with arguments of Proposition [5.10)) and Proposition it is enough to check that the pairs:

(V5 X LX) and (V5 X5 X0, w0 ()(Y)
produce the same result. This follows from Propositions and

PGty (EY 1 V)(ED) _ pmr*GEN TVIED) _ pGOEN TVIED)

P (1) pe*(1) p«(1)

e The 2-nd part of ( 570): It follows from 1) that if v is supported on some subdivisor V5 i> V1, then

G (vZ) 1 Ve) = @’( fv(ZY) 111). By the Taylor expansion (together with arguments of Proposition [5.10))
and Proposition this is all what we need.

e The (dal): Let X x P 2 X x P! be a projective birational map, isomorphic outside the strict normal

crossing divisor W, where W = p~1(Z) for some closed subscheme Z 5 X x P!, W has no components
over 0 and 1, such that the preimages Xo = p~ (X x {0}), and X; = p~!(X x {1}) are smooth divisors on
X x Pl and Wy =W NXy— Xgand Wi, = W N X; — X, are divisors with strict normal crossings. In
particular, for each component S "W of W with gs: S — ml, Sp = g;l(Xg) and S1 = ggl(Xl) are

h h
divisors with strict normal crossings on S with closed embeddings Sy Y Wo, S1 2 Wy of subdivisors
with strict normal crossings on Xy and X;. We have a diagram with cartesian squares:

15,0 15,1

Sp— s g g (20)

gs,ol igs \LQS,I

XO?XXIPl%Xl.

20 21

Let 0(z4) = 3 g(hs)«0s € im(p' : A*(Z) — A*(W))[[z]]. We need to prove that any poly-operation
H is trivial when one of the coordinates belongs to the image of (df)’l). By Taylor expansion combined
with Proposition and arguments of Proposition [5.10] it is enough to show that any mono-operation
G takes the same values on the pairs

(Wo — Xo B8 X), Zs(hs,o)*ig,oés(zf‘)) and (W) —» X1 B X), Zs(h&l)*z’g’lég(?“)).
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Or, in other words, that

(00)+G(Xg(hs0)+i%500s(Z4) T Wo)  (p1)G(Xg(hs,1)«ifs 05(z4) 1 w)

(Po)«(1) - (p1)«(1)

Let S be the set off all components of W. Using Taylor expansion (together with Proposition ,
and the fact that Sy is a subdivisor of Wy (and similar for S; and W), it is enough to show that, for any
subset 7 of S, and |T|-ary (external) poly-operation H, we have an identity:

(p0)-H (1% o35(Z4) 1 Solser)  (pr)-H(i%,95(Z4) £ Silser)
(po)«(1) B (p1)«(1) .

Since our theory A* is constant, any element dg as above can be written as mga + 3, for some ag €
A*(Spec(k))[[z4]] and Bs € A (S)[[z4]], where mg : S — Spec(k) is the projection. Hence, again using
Taylor expansion and Proposition it is sufficient to show that, for two (possibly intersecting) subsets
To, Tz € S with T = T, 11 75, clements ag € A*(Spec(k))[[z4]], for S € T, and Bs € A"(S)[[z4]], for
S € Tg, and any |T|-ary (external) poly-operation H, we have:

(o)« H(igom5as T Solseti508s T Solsers)  (p1)«H (i m5as T S1]sera;i518s T Silser;)

(P0)«(1) (p1)«(1) ‘

Moreover, due to the continuity of H (Proposition [5.3)), we can assume that 85 € A" (S)[Z4] (due to the
Taylor expansion and Proposition we can even assume that it is a monomial in z4). We have the
following simple result:

Lemma 5.16 ([22, Lemma 5.13]) Let S be quasi-projective variety, and R C S be a divisor. Then any

element of A*(S) can be represented as (0s)«(u), where u € A*(Yg) and Y %5 S is a closed subscheme
containing no components of R.

Thus, we can assume that our fg(z4) € Z*(S)[[fA]] is equal to (ps)«(gs)«zs, where the maps pg, qs
fit into the cartesian square

Qs -8

stl lps
0s

YSHSE

where pg is a permitted blow-up, isomorphism outside Yg, where Yg contains no components of Sp and

S1, Qs = pg'Ys is a divisor with strict normal crossings on S and zg € A*(Qg)[[z*']] (note, that the map

(pgs )« is surjective). Let vys(z4) :~p!S(pQS)*($S) € A*(Qg)[[EA]]. In particular, (gs)«(vs) = (ps)*(Bs)-
Let \E = c?(@m(S)) and A5 =t +5 A8 Let (A\P)T = [[gcr AL, (S)7* = x S and similar

S€Ta
for S and for Ts and T. Let m7, = x (mg) : (5)7:l — Spec(k), p7; = X (ps) : (§)TB N (S)Tﬁ and
SeTa SET
gr = % (gs):(8)T = (X x P17, Let us define:

- SeT

H(r%as(zY) 1 S|sera; Bs(z4) 1 Slser,) (Z°) =
(77)* % (o)) H(y# - as(ZY)|se7s v5 - VS(fAN) t Qslsers) WE = XBlser,25) - wf
(id7, X p1y)«(1) - AB)T -t

9

AT(97)« Res
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T ~
where A7 : X x P — X x P! is the diagonal embedding, and we consider the extension H of H along
Ts-coordinates, plugging particular values over Spec(k) into 7T, ones (so, we can treat it as a |7g|-ary
poly-operation). Note, that dim(Qg) < d — 1.

Lemma 5.17

igH(msas(Z4) 1 Slsern; Bs(Z4) T Slsery) = H(i5om5as T Solsern; i508s T Solsers),
and similar for the fiber over 1.

Proof: From symmetry, it is sufficient to treat Sy. Let Sy = ZkeK(S) ms kxS0,k, Where Sp i are smooth
divisors on Xy with normal crossings with each other. Let coeflicients C?(S)? for J(S) C K(S), be as in

: B -
Proposition |5.12| (that is, (Fzg,)k,keK(S)) (1B), where ,ugk = cP(Ox,(Sox)) - see Subsection and
S — ® < S0,7(5) alsy Xo be natural maps from faces of the divisor Sj.

By Proposition (applied to the left square of . ) we have:

1A (g7) (1) = AF o (ig 7 ) (97)(w) = A% > (X _9us <H Clis) * S s (U)>,

0£1(S)CK (S):seT 2T SeT

where A1 : Xo — XOT is the diagonal embedding. Hence,

i5H (t5a5(z%) T S|ser; Bs(ZY) 1 Slser;)(Z7) = A% g > (x_gxs)+| [ C%s)
0£J(S)CR(S):5eT °€T SeT

( % frs) Res (m7)* % (p75) ) H(yd - as(@N)ser; vd - 1s(Z) t Qslsers) W = MElser,25) - wf
ser ! 5o (idr, % pr)«(1) - (AB)T -t

If S € 74 and G - some mono-operation, then by Proposition and (b;) (applied to (750 f(g)) - note,
that dim(Sy j(s)) < d— 1), we get:

W*G A A B:XB7fB . _
3" (Gss))s ( g - Fis Res =2 s s w5 = A5,27) “’f> = G(i%omsas(z4) 1 50) (27).

B
0£J(S)CK(S) Ag -t

If S € 73 and G - some mono-operation, then consider one of the components Sy ;. By the results of

Hironaka (see [3]), we can find a permitted blow up §0,k Pok So,k, which fits into the diagram:

qs,k = DS,k 9S,k
QS,k SO,k S()’k XO
js,kl fSki lfs,k Jﬁo
q 1
QS qs S pPs S gs X x P

where the left square is cartesian, and Qg is a divisor with strict normal crossings on Sy .
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By Proposition @(y? v5(Z4) 1 QS) (yE = pgxg,EB) € im(p§). Using Lemma Proposition
m (together with (12))), and (b;) (applied to pgy), we get:

(15)G (y4s T Qs) (yE = AB) - wy R (ps,k)*fé,ké(yﬁ’ys 1Qs)(yE = AE) - w

Foris (ps)«(1) - AE -t s (ps)(1) - 3B - ¢ -

Res (ps)«G (Y8 - jhxvs 1 Qi,k)(yg =2E) w ~ Res (ps,e)G(y§ - f;,k(qks)w;q)(yg =) - w _
=0 (Psyk)«(1) - AG -t =0 (psk)«(1) - NG -t

feg P0G US D5 SEa05) W8 = X - Glud - fuPs) (0 = AE) -

t=0 (ps,k)*(l) . )\g -t t=0 )\g ot s

since (gsx) iy = f45,(as) (by Proposition [2.7) and (gs).vs = (ps)*Bs.
This clearly implies (using (b;)) that, for arbitrary ) # J(S) C K(S), we have:

o Ry PG 15GN 1 Qs) W = A8 2w G Fi IsED) 05 = 25,20 -
79 5 (ps)e(1) - \E -t =0 2t |

simply because fj(g) factors through some fgy. Then, from Proposition and Proposition we
obtain:

* (PS)*é(yé : ’YS(ZA) T QS) (yg = ngzB) : wt) N x _A _B
) A C8g - iR 2 = G (i%08s(ZY) 1 S0) (Z8).
@#J(S)CK((QS:)](S)) ( T S (ps)+(1) - AE -t (15055 0)

When we fix all but one coordinate in H we get an extension G of some mono-operation G by
Proposition (4) Applying the above considerations to these mono-operations for every S € 7, and
S € Tz, we obtain:

T H(n505(") 1 Slseras Bs(*) 1 Slsems)(2%) = Ao H (5 gmias(zY) T Solser i5005(7) 1 Solsers) (25) =

~

H(i§grbas () 1 Solsers s i508s(2*) 1 Solsers ) (2%)-

0

Since the special divisor of p has no components over 0 and 1, the following cartesian diagram is
transversal:

Xo— o X xPl<" X,

I

Xx{O}?XxIP’lTXx{l}.

From Lemma we obtain:

(po)« H (i% gmhaes T SolseTas i 0Bs t Solsers) _ poH (mhas(ZY) 1 S)seTa; Bs(Z4) 1 Slser, ) (ZP)

(po)a(1) o pe(1) -
. P*E(Wﬁ%aS(?A) t Slsetn; Bs(Z4) 1 Slsers) (Z5) _ (Pl)*ﬁ(i’éﬂgas T Silsetn:i518s T S1lseTs)
' p«(1) (p1)«(1) '
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Hence, G is trivial on the im(dg ), and so is well-defined on A"(X), and the same applies to any poly-
operation.
For the constant part, we define:

G(rya(z4)(ZP) == 75 G (a(z")) (ZP). (21)

Similarly, for any poly-operation H, we can define an extension H , where each coordinate is either
”constant”, or has support in positive co-dimension.
Then, for an arbitrary 7(z4) = m%a(z4) + (%), where a € A[[74]], 8 € A" (X)[[z*]], we define:

G(1(zY) == G(rkazh) + G(B(EY) + A% (0G)(mka(z"), B(zY)). (22)

We get a well-defined element Gy of Hom gy (A*(X)[[24]], B*(X)[[Z?]]). And similar for poly-operations.
Now we can, finally, complete the induction step. We closely follow [22], Proposition 5.16].

Proposition 5.18 Suppose, a coherent compatible family of dimension < (d — 1) is defined. Then it
extends uniquely to a coherent compatible family of dimension < d.

Proof: The uniqueness follows from the fact that the formulas and above are forced by the
conditions (bZ i) and (Cii—isi) (which, for , was proven in , and for - in ), while the
formulas and (22)) are clearly forced by (b ), Taylor expansion and (c;;), (¢ii)-

We already know that for arbitrary X of dimension < d, and arbitrary operation G we can define G x,
and similar for poly-operations. It remains to check that the whole collection H (d), for all poly-operations
H is additive and satisfies the conditions (a;—y), (bi—i;), as well as (¢;—s). Additivity and (a;—;,) follow
immediately from the (poly-operational version of the) formulas and using Proposition [5.14{0).

For (b;—;;), considering restrictions, it is clearly sufficient to treat the case of a mono-operation G. We

start with (b;). Let X LY bea map, with dim(X),dim(Y") < d. Using the definition of Gx, Gy, the
fact that f* preserves the A* = A A decomposition, using Taylor expansion and again reducing to the
case of a mono—operation we see that it is sufficient to treat the cases of ¥ = 3(z4) € A" (X)[[z*]] and of
v = 1 a(z4), for some a(z4) € A[[z4]]. The constant case follows straight from the definition. And for
the -case, by the continuity (Proposmon, it is enough to treat the case of 3(z%4) € A" (X )[z4]. Using
the definition 1.) of G and passing from poly to mono-operations, we can assume that [ is represented
by one element (Vy Ny & Y,~v(z4)), where py is a projective bi-rational map, isomorphism outside the
strict normal crossing divisor Vi, where v € im(p} : A*(Zy) — A*(Vy))[[z"]]. Then 3 = M.

(oy)«(1
Using the result of Hironaka [3], we can produce a commutative diagram:

L

where px is projective bi-rational, the left square is cartesian, and Vx X X is a divisor with strict normal
crossings. Using Proposition twice, Lemma Proposition and Proposition we obtain:

VXU—X>)Z'

| fi

WY 5

e (V)Y _ (o) GO T W)\ _ (0x)e /"Gt V) _ (px)-GU (1) 1 V) _

fGY( (ov)(1) > d < (or)-(1) > (0x)-(1) (px)-(1)
030 e\ o () F )Y o (oo (or)s(or)a()

GX< (ox)-(1) )‘GX< o)+ (1) )‘GX<f< (v ) (1) ))
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since (vy)«(y) € im(py). And (b;) is proven.

Pass to (b;;). Let X 2, Y be a regular embedding of codimension s, with normal bundle N; ; and
dim(Y’) < d. We can clearly assume that s > 0. Consider the cartesian blow-up diagram:
E—>Y
X ——— Y7
j
where B = Px (N;), and N5 = O(—1). Let M = &"N;/O(-1), 1/{4’3, U Vi 1 - be roots of M, and ¢4 -

be the root of O(—1). By the already proven (b;), Proposition the definition of G and Proposition

B3
7 Gy (j1(2) (27) = Gy (5131 (27) = Gy (eu(ely (M) - e79(24) ) (27) =
B

Gg (yA . cf,l(M) . 5*7(5‘4)> (y = EB,EB) Wy

ex Res = =
t=0 (Bt
-1 _ Iy ~ _
Gg (yA o U‘ZA . 5*’7(ZA)) (?JB =¢Buf =0p i€s—1 ZB) Wt
ex Res —
t=0 (B .t

Using , again (b;) and Proposition we can rewrite it as

1 _ =~ —

1 G TE e 5) (0 = Pl = 7P )
€x HVi 1}_608 TBTTS— 1~B -
i=1 B P ol

oo (M et ) 0F = Pl 27
ex | 51 (M) -€ E{_eos HS ,lNLB 1 -
- i=1M"
Gox (T v ) (0F = Pl 3°) -
[ 7 |

77« Res
=0

where we use that, by (a;), the expression G x (Hf 1 le-'y(fA)) (UB = iiPlies, 28 ) isa symmetric function

in {{12; i € s} divisible by [[;_; i and symmetric functions for {uf;i € 3} and {¢B,vP;i € s —1}
coincide. Now (b;;) follows from the injectivity of 7*

Turn now to (¢;—iy). The additivity of our assignment H — H(d) is clear. It remains to check that
results of Proposition can be extended from elements supported in positive codimension Z*( ) to
the whole theory A*(X). For part (1), this follows from Proposition[5.14(1) and the fact that morphisms
and pre-morphisms of theories commute with pull-backs, and we get (cz).

For part (4), it is clearly enough to consider the case where L\L' = {i} is a one-point set. Let
H : XjepA; — B* o (IT") be an |L|-nary poly-operation, and i € L. Let X; SEN Spec(k) be smooth
quasi-projective varieties, and v; = W;aj + ;€ A;, for j € L, be some elements. Then, by definition,

77,)

H(vjljer) = Z A% Amy, xid)* (0, H)(ajljern, Biliess):
JaUJ[;
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where J = J, N Jg, A)?,f D XjerX; — X]eL(J)X with L(J) = Jo ][ Js is the poly-diagonal map,
Tj, = XjeJ,Tj is the projection, and 8, H = 0%/ H. Let x : L' — L be the embedding. Then, denoting
Jo = Ja\i, Jy = Jg\i, by Proposition m(él) we have for the “slices of the extension of H”:

(H)xmrorrs (Giljer) = D> A% oAmy, x id)” ©sH)y, z,(5lien Biljer) =
JaUJ@

> A% (my, xid)* (OsH)y,.2,) (@jljer, Biljer),
JaUJB

where xs: J. 1] Jé — Jo [ Jp is the embedding and #; = {ailitic..,, Bilitics, }- From the definition, the
“extension of slices of H” is given by:

(Hymrai+8:)(Viljer) =(mi x id)* (Hy,a,) (Vjljers) + (Hy,p,) (Viljer)+
(Ax, x id)* (m; x id x id)*((0:H )y, (a;,8,) (Viljer));

where Ay, : X; — X? is the diagonal map, L(i) is L with i duplicated and x; : L' — L(i) is the
complement to this double i. Note, that here (; xid)* is a morphism of theories (By o)* = B* — (By x,)*
and (Ax, x id)*(m; x id x id)* = id. Then, using Proposition [5.14[1) we can rewrite our expression as

> A% 7T 3 id) @y (Hy mz a8, (ljers Biljer,) = (Hyaras) (vilier),
JLOTh=L
a~"g

where J' = J, N Jg. So, we get (ci).

For part (2), by the standard arguments using restriction and part (4), it is sufficient to consider the
case of a complete internalization H of a bi-operation H : A% ) A5 — B* o ([[?). Let v = 7*a; + f; €
Ax(X) = AX(X)[z4], for i = 1,2, where X > Spec(k) has dimension < d and f3; has a positive co-
dimension of support. Let A* = A} x A5. From the proof of Proposition m(Q) we have an equality of
two bi-operations (4*)¥2 — B* o ([]?) on (e x Proj)*2

O =Y (@OFEEE) Y opr,
J(1)UJ(2)=2
J(1)#0#£J(2)

where pr ;: (A*)¥2 D e5(X.0(i)3547) is the projection and ¢ 7 : [[;c5 J(i) — 2 is the natural surjective
map. Now, let us fix ay,as. Then (8H)((a1, ), (81, F2)) is a mono—operation A* — B* in f-variable
which by the above must coincide with - ;1) 52)=3 (al/@I- 1262H) o pri((ai,az), (£1,82)). Hence,

J(1)A0#J (2 )
extensions  of these operations along [J-variables coincide as well. By Proposition (1),(2), we have:

H{d)(y1,72) :=n"H, (041,042)+HX(51,52) (5;1).,)(((@1,@2) (B1,P2)) = (01,a2)+HX(51,52)
ST (@O, ¢ o pr((ar, a2), (B, B2)) = <H2d>><vl,w>,
J(1)UT(2)=2
J(1)#0#JI(2)

and we obtain (c¢;;).

For (cjs1), by considering the restrictions Hy, to a single coordinate and using part (4), we can reduce
to the case of a mono-operation G : A* — B*. As in the proof of Proposition 3), we have an
identity 9(0™'G) = 97,1 (3G) between poly-operations ((4*)*™)¥2 — B* o ([°) on (e x Proj)*?
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Let X 5 Spec(k) has dimension < d and +; = 7*q; + 8; € A*(X) for i € T (where f8; has positive
co-dimension of support). When we plug the fixed («;|;em) into our poly-operations, we get a mono-
Operation (0™ 1G)((viliem), (Biliem)) in B-variable. Then the extensions ~ of our operations along
riable coincide as well. Slnce 8Tot is expressible in terms of partial derivatives, by Proposition
5.14

3), we have that 971 3G 0 8m 1@)). Then, by (22)) and Proposition |5.14(3),
Tot

(@1 G)(d) (iliem) :F*(amilG)t(ai‘iem)+(8mZ1G)X(6i‘i6m) + (@™ '@)), x ((ailiem), (Biliem)) =
am_lﬂ'*(G) (viliem) + 0™~ 1( )x (Biliem) + (3;10;1(5b)).7x((a2|26m) (Biliem)) = 0™~ 1( (d))(viliem),

and we get (c;;;). So, we obtain a coherent compatible family of dimension < d. O

Thus, we extend any r-ary poly-operation H from (e x Proj)*" to (Smy x Proj)*", and the result

satisfies in addition (b;). The fact that the restriction of it to (Proj x e)*" coincides with the one to
(e x Proj)*" can be reduced by induction on r to the case of a mono-operation G : A* — B*, and further
with the help of continuity (Proposition and Discrete Taylor expansion to the case where respective
power series are monomials (here as well as in the Riemann-Roch Theorem below we abuse the notations
somewhat, as objects of Proj are only direct limits of objects of Smy). This latter case follows from (b;;)
and (b; ) Indeed, (considering partial diagonal embeddings) we can clearly assume that v = [[,5 yZA a,
where yi! = 6‘14(0(1)) on the i-th copy of P*° and a € A. Consider the co-dimension n regular embedding
g o (P~H? — (P*)" and projections 7 : (P*)" — e and ¢ = 7o j. Then v = j.(a), and denoting

7t = ylA|Z-€ﬁ, and using (b;), (b;) and we have:

AN By — i peg GO (i 2 - ) (@f = G lien)ws’
G(P”)X"(V(Z/A))(QB)ZJ*R:es ( ) € — en)wi

Hzen yB
. E*GO(H'G* af- a)(mB v; |z€n t
j*I%_GS i€n i i —7T*G | |l‘ _yz |z€n)
=0 Hieﬁyi : icn

So, our operation indeed extends the original transformation.

5.4 The uniqueness

Since the restriction of a poly-operation to a single variable is a mono-operation, it is clearly enough to
prove the uniqueness in the case of a mono-operation. Moreover, it is sufficient to show that the zero
mono-operation extends uniquely. Let G : A* — B* be such a mono-operation on Smy x Proj, whose
restriction to e x Proj is zero. Suppose, G is not zero, and X = Spec(k) is a smooth quasi-projective
variety of the smallest dimension d for which Gx is not zero. Since A* is constant, we can assume that
d > 0. Let v € A*(X)[[z4]] be such that G(v) # 0. Let a = Ylrex) € A*(k(X)) = A, and f = v — 7*a.
Then Gx(v7) = 7*Ge() + Gx (B) + (0G)e x (o, §). Here we may treat (0G)a,—(a, —) as a mono-operation
in 8 which is also trivial for varieties of dimension < d, since G is. Since G4 = 0, we get that one
of the other two summands is non-zero. Thus, we may reduce to the case of an element supported
in positive co-dimension (we still keep the name G for our operation). Let  be supported on some
closed subscheme Z — X. Then, by the results of Hironaka [3], there exists a permitted blow-up map
p: X — X, isomorphic outside Z and such that p~1(Z) is a divisor D with strict normal crossings on X.
Then p*(f) is supported on D. Since the map p* (in B*-theory) is injective, it is enough to consider the
case, where [ is supported on a divisor with strict normal crossings. In this case, what we need follows
from the Riemann-Roch Theorem below, which gives (b;;).

d
Indeed, let D % X be a divisor with strict normal crossings with components D j, X Dof Enultiplicity
my,, Jo € My, dj, = dody,, and )\ = cB(O(Dy,)). Let B = di(6), where § = ZJOGMO(dJO)*((SJO) €
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A*(D). Then, by the Taylor expansion (b;), (bi;) and transversal cartesian square , we have:

G(d6E))E) = 3 (OM171G) (da) b inen)FP) = 32 Ak, (0711G) (dy) b splspens ) (ZP) =
J1EM; JieM

Z (dy, ) Res (6‘J1|_1G)DJ1 (yJoéJo( )|J06J1)(y§0 =t+n /\i’JOGJuzB) 'th
JieM; B HJD€J1 (t +B Ai) -t

)

where §, is restricted from Dy, to Dj,. But (6‘J1|_1G)DJ1 = 0, since dim(Dy,) < d. So, G() =0 - a
contradiction. Thus, operations extend uniquely from Proj to Smy.

Finally, the General Riemann-Roch theorem for non-additive operations. Here I formulate only the
mono-operational case, the general one is an obvious extension:

Theorem 5.19 Let k be an arbitrary field, A* be any oriented cohomology theory in the sense of Levine-
Morel [9, Definition 1.1.2] (no (LOC) axiom), B* be any oriented cohomology theory in the sense of
Panin-Smirnov [13, Definition 1.1.7] (i.e, in the axiom (LOC) we don’t require surjectivity on the right).
Let A* & B* be some operation between them. Then the composition
I =
T
Sm;, x Proj —— Smy,, Ja Sets
~~—— T
B*

satisfies (bi;).

Proof. Since an arbitrary line bundle L on Z is the restriction of the bundle O(1); ® O(—1)2 via some
map of Z to (P>)*2, we obtain that, for A := ¢{!(L;) and 2 € A*(Z), one has:

A A B B
€ - H)‘i ) =Gz Hzi )z = A lien)-
=0 =0
Indeed, from functoriality, we have an equality

G\ = G(1(zY))(z8 =X7),

for any v € A*(Z)[[z4]] and very ample L;’s. And since G satisfies (a) (as it satisfies (a;_;y) - see
the end of Subsection 5.1), the same is true for arbitrary line bundles - cf. the proof of Proposition
Applying it to the regular embedding X % Z = Py (N 69 O), with the normal bundle N whose

Chern roots are \;|;cn with projection Z = X, and denoting )\ = (Y +¢ A\ where ¢ = £ (O(1)), by
functoriality, we get:

B

Glg(w) = G(= ) T ) = 6(= ) T[+) (F = & iew) =
1EN 1€EN
~B * 1A — TT. LAY (-B —Y\BJ|. _
(H A > . Re]% < G(u HzEn i )(z ;‘ |l€n (H)\ ) -£ Res G(u Hlen Zi )( - A |zen)wt
< t=¢ Hzen % ( C ) 1EN Hzen )\z -t
. A —\B|.
s ];{_GOS Glu Tlien =) (=7 N ien) (let us denote it g.(v) for later use),

Hzén AZB t

~B
since (HlEn i ) ¢B =0 (note also, that ¢? is nilpotent). So we obtain the statement for this case.
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For an arbitrary regular embedding X~£ Y we use the deformation to the normal cone construction.
We have varieties W = Bly,(ojcyxat, X = X x Al, Wy = Px(N; ® O), Wi =Y x {1} with natural

projections: X % X and W 5 Y. These fit into the diagram:

WOLW<LW1

T

Jo J1

with both squares transversal cartesian. Then G(g.(u)) = g«(v), where v is given by the above formula.
Since the localization sequence for A* is a complex and B* satisfies a weak form of (LOC') axiom (exactness
in the middle), we have that G(h.p*(u)) = h«(zx), for some z € B*(X). On the other hand,

G(g+(u)) = G(gsdop* (u)) = Gigh.p™ (u)) = igG(hap™ (u))-

Thus, g«(v) = ifh«(xz) = g+ji(x), and since g, is injective and jj is an isomorphism, we obtain that
x = p*(v). Hence,

G(fe(u)) = G(fegip"(w)) = Glithap™ (v)) = GG (hep™ (v)) = ithap™(v) = fi(v),

and we are done. O

This finishes the proof of Theorems and
Theorem together with the considerations of Subsection [5.1| provide the following algebraic de-
scription of operations from a theory of rational type.

Theorem 5.20 Let A* be a theory of rational type and B* - any theory in the sense of Definition (2. 1],
Then operations A* — B* are in one-to-one correspondence with the maps

G € Hompy (A[[24]], B[[27]))

satisfying (a;), (aii), (aii;) and (ai,) of Subsection .

6 Non-additive Symmetric operations

The current article was motivated by the desire to construct the last remaining, the 0-th Symmetric
operation, for all prime numbers. In contrast to all other Symmetric operations this one is non-additive.
The idea that such an operation should exist comes from the p = 2 case where it was produced (together
with all others) by an explicit geometric construction - see [21] long before the case of an odd p could be
approached.

Symmetric operations are related to Steenrod operations of Quillen’s type in Q*. The Total Steenrod
operation (modp)

* St({) *1e—1 -1
O — Q[
is a multiplicative operation, whose inverse Todd genus is given by the formula:

p—1

Vo) (@) = H(»’U +a [i] at),
i=1
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where {i;|j—1,. p—1} is some choice of representatives of non-zero cosets (modp), and i is their product.
Let [P denote the operation of the p-th power (a non-additive operation). Then it appears that the

part of ((0P — St(i)) corresponding to the non-positive powers of t is divisible by the formal [p] = p%’t.

Using our main result Theorem [5.1) we prove in [23] Theorem 7.1] that one can divide canonically and
get the Total Symmetric operation for a given p:

Theorem 6.1 There is unique operation ®(i) : Q* — Q*[i~1[t71], for which:
(O = St(3) — [p] - (D)) (") € Q[ [[H]e:

Symmetric operations encode all p-primary divisibilities of characteristic numbers, and in a sense,
plug the gap left by the Hurewitz map I < Z[by, ba, ...]. This permits to apply them to various questions
related to torsion effects. In [20] they were applied to the problem of field of definition of the Chow
group elements. In [24] we apply Theorem to determine the structure of Algebraic Cobordism as
a module over the Lazard ring. We prove in [24, Theorem 4.3] that Q*(X) has relations in positive
codimensions. This extends the result of M.Levine-F.Morel claiming that the generators of this module
are in non-negative codimensions. As an application we compute the Algebraic Cobordism ring of a
curve. In all these statements the use of non-additive 0-th Symmetric operation d" is essential as it
permits to sharpen the results.

References

[1] S.Bloch, Algebraic Cycles and Higher K -Theory, Adv. in Math. 61 (1986), 267-304.

[2] S.Eilenberg, S.MacLane, On the Groups H(II,n), II: Methods of Computation, Annals of Math.,
Second Series, 60, n.1 (Jul. 1954), 49-139.

[3] H.Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero.
LII, Annals of Math., (2) 79 (1964), 109-203; ibid. (2) 79 (1964), 205-326.

[4] M. Hoyois, From Algebraic Cobordism to Motivic Cohomology, J. reine angew. Math. 702 (2016),
173-226.

[5] J.P.Jouanolou, Riemann-Roch sans dénominateurs, Inventiones Math. 11 (1970), 15-26.
[6] T.Kashiwabara, Hopf rings and unstable operations, J. of Pure and Appl. Algebra 94 (1994), 183-193
[7] M. Levine, Comparison of cobordism theories, J. Algebra 322 (2009), no. 9, 3291-3317.

[8] M. Levine, F. Morel, Cobordisme algébrique I, C.R.Acad. Sci. Paris, Série I, Math 332 (2001) no. 8,
723-728.

[9] M. Levine, F. Morel, Algebraic cobordism, Springer Monographs in Math., Springer-Verlag, 2007.

[10] Yu.I.Manin, Lectures on the K-functor in algebraic geometry, Russian Math. Surveys, 24:5 (1969),
1-89.

[11] F.Morel, V. Voevodsky, Al-homotopy theory of schemes, Publ. Math. THES, 90 (1999), 45-143.

[12] I.Panin, Oriented Cohomology Theories of Algebraic Varieties, K-theory J., 30 (2003), 265-314.

42



[13]

[14]

[15]
[16]
[17]
[18]

[19]

[20]
[21]

22]

23]

[24]

[25]

[26]

[. Panin, Riemann-Roch theorems for oriented cohomology, In “Axiomatic, enriched and motivic
homotopy theory” (ed. J.P.C.Greenlees), NATO Sci. Ser. II, Math. Phys. Chem., 131, Kluwer Acad.
Publ., (2004)

I. Panin, A. Smirnov, Push-forwards in oriented cohomology theories of algebraic varieties, K-theory
preprint archive, 459, 2000. http://www.math.uiuc.edu/K-theory/0459/

P.Sechin, Chern classes from Algebraic Morava K-theories to Chow Groups, IMRN (2017): rnx022.
P.Sechin, On the structure of Algebraic Cobordism, Adv. Math. 333 (2018), 314-349.
P.Sechin, Chern classes from Morava K-theories to p™-typical oriented theories, arXiv:1805.09050

A.Smirnov, Orientations and transfers in cohomology of algebraic varieties, St. Petersburg Math. J.
18 (2007), n.2, 305-346.

A.Smirnov, Riemann-Roch theorem for operations in cohomology of algebraic varieties, St. Peters-
burg Math. J., 18, n.5, (2007), 837-856.

A.Vishik, Generic points of quadrics and Chow groups, Manuscr. Math. 122 (2007), No.3, 365-374.
A.Vishik, Symmetric operations in Algebraic Cobordism, Adv. Math. 213 (2007), 489-552.

A. Vishik, Stable and Unstable Operations in Algebraic Cobordism, Ann. Scient. de 1’'Ecole Norm.
Sup., 4-e série, 52 (2019), 561-630.

A.Vishik, Symmetric operations for all primes and Steenrod operations in Algebraic Cobordism,
Compositio Math. 152 (2016), no.5, 1052-1070.

A.Vishik, Algebraic Cobordism as a module over the Lazard ring, Math. Ann. 363 (2015), n.3,
973-983.

V. Voevodsky, Triangulated categories of motives over a field, in Cycles, transfers and motivic homology
theories, Annals of Math. Studies, Princeton Univ. Press (2000), 87-137.

V. Voevodsky, Motivic cohomology with 7 /2-coefficients, Publ. Math. IHES 98 (2003), 59-104.

address: Alexander Vishik, School of Mathematical Sciences, University of Nottingham, University Park,
Nottingham, NG7 2RD, United Kingdom;
email: alexander.vishik@nottingham.ac.uk

43



	Introduction
	Theories of rational type
	The short bi-complex c.
	Divisor classes and refined pull-backs

	Discrete Taylor expansion
	Operations and poly-operations
	Main result
	Transformations on products of projective spaces
	Inductive assumption
	Induction step
	The uniqueness

	Non-additive Symmetric operations

