
1 INTRODUCTION 

1.1 Background and conceptual framework 
Active control has been used in civil engineering 
structures for a variety of purposes. The most wide-
spread application so far has been in vibration con-
trol (Soong, 1988). Shape morphing has also been 
studied (Ramrakhyani, et al., 2005). The potential 
of using adaption to save material has been investi-
gated by a few (Teuffel, 2004) but whether the en-
ergy saved by using less material makes up the en-
ergy consumed through control and actuation is a 
question that has so far received little attention. The 
methodology presented in this paper aims to ad-
dress this. A design process is proposed that pro-
duces an optimum adaptive structure that minimiz-
es the total energy spent throughout the whole life 
of the structure (embodied in the materials + opera-
tional).  

The process is illustrated diagrammatically in the 
conceptual graph shown in Fig. 1. This graph 
shows the total energy as a function of some no-
tional degree of active control of the structure. The 
whole life energy is made of two components: op-
erational energy and the embodied energy. For a 
completely passive design the embodied energy 
(mass of material) dominates the whole life energy: 
members are designed to bear 100% of the maxi-
mum expected load to meet strength and servicea-

bility requirements. By contrast for a highly adap-
tive design, the embodied energy will be small but 
the operational energy necessary to control and ac-
tuate throughout the life of the structure will be 
high. The methodology proposed here seeks the 
minimum in whole life energy that lies between 
these two extremes. 

 
 
 
 
 
 
 
 
 
 
 

 
In a conventional design, members are sized 

based on a worst case scenario i.e. the maximum 
expected load combination. If embodied energy is 
to be saved, clearly, member sizing should not be 
governed directly by this worst load combination 
but by some fraction of it. As the loads approach 
their worst values, conventional members will 
reach their capacity. Then strategically located ac-
tive elements provide controlled output energy (ac-
tuators) in order to manipulate actively the internal 
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Figure 1 Whole-life energy vs. degree of adaptation 
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flow of forces and stresses. In this way stresses can 
be homogenized and deflections kept within desired 
limits. The active elements (actuators) are only ac-
tivated for compensation of the displacements and 
internal forces when the loads reach a certain 
threshold. Therefore operational energy is only 
used when necessary.  

It is intuitively clear that this design process will 
be particularly beneficial when the design is gov-
erned by large loading events that have a small 
probability of occurrence (storms, earthquakes, un-
usual crowds but also transient rolling loads such as 
trains). To illustrate this, Fig. 2 shows the cumula-
tive frequencies of occurrence for a generic sto-
chastic load. The pink line represents the activation 
threshold which demarcates two zones in the load 
range. On the left hand side are the more probable 
low levels of load that the passive load-bearing ca-
pacity of the structure will be able to withstand 
without actuation. On the right are rarer loads with 
higher magnitude which the structure will only be 
able to withstand using both passive and active 
load-bearing capacity. 

 
 
 
 

 
 
 
 
 
 
 
 
 
 

1.2 Case Study  
The design process is illustrated on a roof made of 
simple indeterminate cantilever planar trusses sup-
porting 10 meters of cover each (out of plane). Fig. 
3 shows the truss constrained at one end and sub-
jected to both dead load and live load. 

 
 
 
 
 

 
 
To test the effectiveness, the ratio of the cantile-

ver’s span to depth is deliberately set high at 25 
(depth=1.2 m). The dead load on the roof panels is 
set to 3kN/m^2 which means each truss supports a 
uniformly distributed load (UDL) of 30kN/m. The 
live load is modeled as a log-normal distribution 
with 0.5 standard deviation and mean at 20% of the 

max expected load. The load distribution acts on 
the structures for the 10% of structure’s life-cycle 
assumed to be 50 years. For the purpose of this case 
study, the type of distribution can be considered 
representative of the majority of loading scenarios 
such as earthquake, strong winds, snow, rolling 
loads or even occupancy patterns in building. In 
terms of magnitude the maximum expected live 
load is set equal to the dead load. 

 
 

2 DESIGN METHODOLOGY  

2.1 Load Path Optimization 
The first stage of the design process consists in 
minimizing the set of member cross-section areas 
Ai and the bar forces Fik subjected to satisfying 
equilibrium constraints as well as a set of inequality 
constraints expressing that the member’ forces are 
limited by material yield in tension and buckling in 
compression. At this stage, geometric compatibility 
is not yet respected.  This initial phase of the meth-
odology is inspired from Teuffel (Teuffel, 2004) 
but unlike Teuffel, the self-weight and buckling 
constraints are introduced making the problem non-
linear. The problem was solved using a nonlinear 
sequential quadratic solver (SQP) (Nocedal & 
Wright, 2006). The problem can be formulated as 
follows:  

min  𝑉 =  �A𝑖 ∗ 𝑙𝑖

𝑛
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where V is the total volume,  li is the length of the 
ith element and n is the total number of elements. 
Eq.2 is a set of equality constraints which repre-
sents the equilibrium equations: B is the cosine di-
rection matrix and k numbers the load cases. These 
constraints are nonlinear because the self-weight of 
the structure changes iteratively and so does the 
vector of external loads P. Ultimate limit states 
(ULS) are represented by the set of linear inequali-
ties in eq. 3 where 𝜎T and 𝜎C are material yield 
stress in tension and compression respectively. Set-
ting the material utilization factor (MUT) to 1, 
gives absolute minimum weight structures. The 
nonlinear stability constraints are represented in eq. 
4 where critical loads (𝜎crit) are computed iterative-
ly using the Euler buckling formulation. Eq. 3b and 
eq. 4 are mutually exclusive for each element.  

Figure 3 Cantilever pin-jointed truss 
30 m 

Figure 2  load activation threshold 



Fig. 4 shows the optimal (non-compatible) distri-
bution of axial forces and cross sectional areas ob-
tained for the cantilever case study.  
 
 
 

 
 

The set of section areas is found by optimizing 
against the maximum expected load. Then a mini-
mum set of bar forces must be found for any other 
instance of the load distribution. The problem can 
be formulated as: 
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where Fk
eq is the optimal equilibrium pattern of 

forces for lower levels of loads than the maximum 
expected load; CULS+buckling is the matrix of the con-
straints from eqs(3-4) and Pjk is jth component of 
load case k. If a determinate topology had been 
chosen for the truss, the actuator length changes 
would have only affected the geometry but not the 
state of stress of the structure (small displace-
ments), i.e.  Fk

eq is obtained by eq.5(c) directly. 
Fig.5 shows the difference ∆Fk between the op-

timal (non-compatible) forces and the compatible 
axial forces of the structure without active control. 
The x-axis shows the element numbers as labeled in 
Fig. 3 while vertical axis shows the force difference 
in kN. 

 
  
 
 

 
 
 
 
 
 
 

 
As can be seen from Fig. 6, the maximum dis-

placement is well beyond serviceability limits 
(span/180=16cm) 
 
 

 
 

For these reasons, active work in the form of ac-
tuator length change is needed for both forces and 
displacements correction. 
 
 

2.2 Active Element Topology  
The next stage in the design process involves find-
ing the best location for the actuators. The optimum 
actuator positioning is found by first choosing a set 
of nodes whose displacement must be controlled 
(CDofs). For the truss studied here, the vertical dis-
placements of all the nodes of the top chord are se-
lected and constrained so that the cantilever tip 
moves within span/180 (i.e. 16cm). The difference 
between compatible and optimal forces ∆Fk, and 
between the desired and compatible displacements 
∆uk, are the inputs to find the most efficient (mini-
mum operational energy) topology for the actua-
tors.  

The minimum desirable number of actuators is 
equal to the indeterminacy of the system plus the 
number of controlled DOFs which in this case is 
8+9=17. This is the minimum number of actuators 
necessary to turn the structure into a controlled 
mechanism. The most efficient positions for the ac-
tuators are those where the active elements have the 
largest effect on both axial forces and controlled 
displacements. This problem can be formulated as a 
least square optimization routine starting with the 
computation of the sensitivity matrices SU and SN 
for displacements and axial forces. These matrices 
store the effect of a unit length change for each el-
ement on nodal displacements (SU) and axial forc-
es (SF) on the other elements. Each element length 
is increased by one unit length at a time. The result-
ing axial forces and nodal displacements are ob-
tained using a flexibility approach (Patnaik, et al., 
1991). 

It is then possible to find the active element 
length changes ∆L that satisfy the desired con-
trolled DOFs (∆u) eq.6 and compatibility condi-
tions eq.7: 

min�𝑺𝑼 ∙ ∆𝑳𝒂𝒍𝒍  − ∆𝒖  ‖ 2                            (6) 

𝑺𝑭 ∙ ∆𝑳𝒂𝒍𝒍  = ∆𝑭                                     (7) 
At this stage ∆Lall is obtained considering all el-

ements as active. In order to derive the set of most 
efficient elements the contribution towards the de-
sired control displacement is evaluated as efficien-
cy (8) of each member as: 
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Figure 4 Optimal (non-compatible) forces distribution 
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Figure 6 Compatible displacements without active control 

Figure 5 Difference between compatible and non-compatible 
axial force for each element. 



where ∆𝐿 𝚤𝑘�  is the vector composed of the length 
change of element i for the load case k having all 
the others components set to 0 and nCDofs is the 
number of controlled Dofs. The global efficiency 
Effi of each member is obtained from eq. (9). Fig. 7 
shows the optimum positioning of the actuators for 
our cantilever truss structure, given a free choice of 
their number and location. 
 

 
 
 
 
 

Once the position of the actuators is known, their 
required length changes is computed to bring the 
controlled nodes as close as possible to their re-
quired limits while enforcing the compatibility 
conditions eq.(11) as constraints:  

min�𝐒𝒓𝒆𝒅𝑼   ∙ ∆𝐋 − ∆𝐮𝒓𝒆𝒅  ‖ 2                         (10) 

𝐒  𝒓𝒆𝒅
𝑭 ∙ ∆𝐋 = ∆𝐅                                    (11) 

Sred
U

 and Sred
F are reduced versions of Su and SF 

obtained by only keeping the columns correspond-
ing to the chosen active elements. Finally, the 
length changes (∆Li for each actuator as initial de-
formation) are imposed together with external loads 
to check that the displacements of the controlled 
DOFs are within the desired limits. Fig. 8 shows 
the comparison between the adaptive truss and the 
corresponding passive optimized version.  
 

 
 
 
 
 
 
 

 

2.3 Embodied-operational energy optimization 
The work done by the actuators can be expressed 
as: 

𝑊𝑘 = � �
�𝐹𝑖𝑘
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𝑎𝑐𝑡𝑀𝑒𝑐ℎ𝐸𝑓𝑓

𝑛𝑎
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𝑎𝑐𝑡𝑇ℎ𝑟

    (12) 

In eq. (12) it is assumed that an actuator exerts a 
total force sum of Fik

comp, the passive element con-
tribution with no active control (compatible), and 
additional force contribution ∆Fik performing a 
length change ∆Lik. The operational frequency is 
kept constant for any occurrence timek of each load 
case Pk (hours of occurrence). Working frequency 
and working efficiency of the actuators are set as 5 
Hz and 50% respectively as conservative assump-

tions. The total operational energy is the sum of the 
energy needed for compensation of forces and dis-
placements for all the loads above the activation 
threshold (actThre) and for all the actuators (na).  

In order to take into account the minimization of 
the operational energy, the design process de-
scribed in eqs.(1-10) is repeated iteratively within 
an outer loop. The main variable of the outer loop 
is the parameter MUT (material utilization factor). 
The active-passive system that corresponds to the 
minimum of the sum of embodied and operational 
energy is the optimum sought (fig.9). 

 
 

 
 
 
 
 
 
 
 

 
 

 
 
 
 

 
 
 
 
 
 
 
 

 
 
Fig. 10 shows the activation threshold that corre-

sponds to the optimal MUT value. Comparison be-
tween the adaptive and an analogous structure op-
timized using the same formulation of eqs.(1-4) 
with additional compatibility constraints K· uk = P 
shows that total energy savings remain substantial 
(55% in this case) even when considering the oper-
ational energy (fig. 11).  

 
 
 
 
 
 

 
 
 
 

 
 

Figure 10 load activation threshold (LAT) 

Figure 8 Optimal stress distribution passive vs. adaptive 

passive  

adaptive 
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Figure 7 Optimal actuators topology 

Figure 9 embodied & operational energy curves 

adaptive 

passive 

Figure 11 Energy savings comparison  



In both cases, embodied energy savings repre-
sent the major benefit when taken over the whole 
life of the structure, with other significant benefits 
in size reduction and construction transport and 
erection weight demands. The embodied energy is 
computed using the Bath Inventory of carbon and 
energy (Hammond & Jones, 2008). 
 

2.4 Modifying the method for determinate cases  
This section studies the behavior of the determinate 
version of the cantilever truss described in the pre-
vious section (Fig. 12). 

 
 
 
 

 
 
The only difference in the mathematical formu-

lation is in the computation of the actuators topolo-
gy. For the determinate case the actuators length 
change does not change the state of stress of the 
structure thus eq. (7) and eq. (11) are not necessary. 
The problems in eq. (6) and eq. (10) can be solved 
directly by computing the pseudo-inverse of the 
sensitivity matrix for displacements: 

∆𝑳 = 𝑺𝑼+ ∙ ∆𝒖                                      (12) 
which gives the actuators length change that com-
pensate for displacements. Applying eqs.(8-11) 
gives the optimum actuator configuration for the 
displacements compensation. This is shown in Fig. 
13.  
 

 
 
 
Displacement correction can be dealt with in 

several ways. The simplest consists in setting the 
desired nodal displacement so as to stay within ser-
viceability limits. A better way is to assign the de-
sired displacement by taking into account the rate 
of change of the curvature between consecutive 
bays to avoid the formation of kinks in the deflec-
tion. Fig.14 shows the difference of the controlled 
shape with and without curvature constraints. 
 
 
 
 
 
 
 
 
 

Comparison with an equivalent optimised pas-
sive truss gives energy savings of 60%. Optimal 

forces at maximum expected load for the adaptive 
and passive configuration are shown in Fig.15. 
 

 
 
 
 

 

 
3 DETERMINATE VS INDETERMIANTE 
 
In this section determinate and indeterminate truss-
es are compared in order to assess the effect of the 
load path redirection by the actuators for the control 
of internal forces and displacements.  The next case 
study focuses on a simply supported truss beam 
supported by a pin at the bottom left corner and a 
roller at the bottom right node (Fig.16). The dead 
load is again 3kN/m^2 supporting 10 m of roof out 
of plane. Two cases of live load are considered: in 
the first, a UDL is applied over the whole top cord 
whereas for the second only on the right half of the 
truss.  The magnitude of the first UDL is set to dead 
load for the first load case and to twice the dead 
load for the second. The same load probability dis-
tribution as previously is taken for both the load 
cases. 
 
 
 
 
 
 
 
 
 
 

The result of the optimization routine in terms of 
sections and actuators topology, only taking into 
account the first load case, are shown in Fig.17. 

 
 
 
 

 
 

 
 
The optimal forces for both determinate and in-

determinate adaptive/passive designs are shown in 
Fig. 18. For the determinate case the axial forces in 
the adaptive and passive structures are simply 
scaled version of each other. The material is more 
efficiently utilized and stresses tend to reach the 
maximum allowable values in the active structure.  

Figure 13 Optimal actuators topology determinate 

Figure 15 optimal stress distribution passive vs. adaptive 
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Figure 14    (a) curvature constr. (b) no curvature constr. 

a 

b 

Figure 17 Adaptive trusses with actuators positions  

Figure 16 determinate & indeterminate simply supported  

30 m 

Figure 12 Determinate cantilever truss  
30 m 



 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
By contrast, in the indeterminate case the axial 

forces in the passive and active truss are different. 
In the passive truss, the vertical elements work very 
little whereas the cross bracings are quite heavily 
used both in tension and in compression. The active 
indeterminate structure has all its vertical members 
in compression and in the cross bracing, the tension 
members have become dominant. Actuation has ef-
fectively turned the truss structure into a Pratt truss 
which is the best topology for the type of load act-
ing on it. 

 In terms of total energy savings, both determi-
nate and indeterminate designs achieve 50% with 
respect to the passive structures. Breaking down the 
total energy into embodied and operational shows 
that the adaptive indeterminate achieves 10% re-
duction for the former but a 40% increase for the 
latter compared to the adaptive determinate 
(Fig.19). The increase in operational energy is due 
to the load path redirection and the bigger number 
of actuators (Fig. 19). 
 

 
 
 
 
 
 
 
 
 

 
 

Similar results are obtained when the two load 
cases are applied as combination case (fig. 20). 

 
 

 
 
 
 

4 CONCLUSIONS 
 

5 CONCLUSIONS 

A design procedure was presented that allows the 
design of structures that minimize whole life ener-
gy by introducing actuations at optimum placement 
in pin-jointed truss structures. Maximum energy 
savings are achieved by embedding the actuators 
with optimum placement and by finding the load 
threshold at which active control becomes neces-
sary. Results from two planar structure case studies 
were presented. First for a determinate cantilever it 
was shown that the optimal active design allowed 
50% of the total energy to be saved compared to an 
optimized passive design with the same topology. 
The second structure studied was a simply truss 
beam. Both a determinate and an indeterminate to-
pology were tested. Similar savings around 50% 
were achieved for both. The indeterminate truss al-
lows load path redirection. This in principle could 
allow a better homogenization of the stresses inside 
the truss. However, the whole life energy costing 
showed that the extra actuation needed in the inde-
terminate truss allows only minor further substan-
tial energy savings with respect to the determinate 
case. 
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Figure 19 comparison passive vs det. & indet. trusses 
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