Automorphism Groups of Metacyclic

p-Groups

[dham Arif Alias

July 2008

A thesis submitted for the degree of Doctor of Philosophy
of the Australian National University






For my mother Fatimah Mohamed and my late father Alias Khalid. Also for
Abang Mi, Kak Arni, Abang Pi, Hisyam, Irma and Afzan






Declaration

The work in this thesis is my own except where otherwise stated.

Idharf Arif Alias






Acknowledgements

No words can describe how much I want to thank my supervisors Dr Eliza-
beth Ormerod and Dr John Cossey, for all their valuable guidance, support and
kindness throughout my study here. My understanding and appreciation of the
subject are entirely due to their influence; I will always remember and value the
relationship with them.

I would also like to thank my advisor Dr Bob Bryce for his general advice,
and Professor Mike Newman for his general help.

Thanks to all fellow mathematics students for their friendship and tolerance
especially Kevin, Liu, Andrew, Bob, Sumaira and Khoo.

My special thanks to everyone in Mathematical Sciences Institute (MSI) for
helping me and providing a friendly environment especially Nick, Matthew, Kelly,
Michael and Katie. Not to forget Don, thank you for everything. Also Geoft who
has been a great help and to everybody in the Australian National University
(ANU) who gives me assistance and guidance.

I would like to acknowledge Malaysian Government and Universiti Putra
Malaysia for all the financial support, and my referees, Prof Kamel, Dr Hab-
shah and Dr Mat Rofa who supported my application to ANU.

My studies here have been made enjoyable with the company of all my
Malaysian and non-Malaysian friends here, especially Normi, Mosfi, Ifah, Kak
Ana, Abang Zabri and family, Siti, Khairil, Nadim, Su, Agus and Mona.

To my brothers and sisters, thank you for all the assistance and support. Also
many thanks to all my relatives especially Ayah Teh Da, Mak Teh and family.

I like to dedicate this work to my late father Alias who passed away in the
midst of my study here. I miss you a lot father and thank you for all your
guidance, teaching and love. May you be in peace.

Finally to my mother Fatimah, thank you for your prayer, love and everything
you do for me. Without you, I would be lost and you are always my inspiration.

vii






Abstract

A metacyclic group G is a group which possess a cyclic normal subgroup N such
that G/N is also a cyclic group. In this thesis, the automorphism group Aut(P)
of finite nonsplit metacyclic p-groups P where p is an odd prime, is investigated.
Menegazzo has shown in this case that Aut(P) is a p-group. The investigation is
divided into four cases but only two cases are considered by this thesis.

In these cases it is shown that Aut(P) can be written as a product of sub-
groups. Elements of Aut(P) can also be written in normal form in terms of
generators of Aut(P). In addition, the centre, the upper central series and hence
the class of Aut(P) are determined.
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Notation

In the following
e p is a fixed odd prime number;
e P is the finite nonsplit metacylic p-group with the presentation (2.1)
(page 8);
e z and y are generators of P (page 8);

e a, b, d and h are generators of the automorphism group of P (page 29)

In the following list of notation, we provide notation specifically used in this thesis
with the page they first appear. Other notation is standard and based on the
notation in Robinson [18].

Notation

?(G) the Frattini subgroup of G (page 1)
exp(Q) the exponent of the group G (page 2)
¢(G) the centre of G (page 2)

Aut(P) the automorphism group of P (page 3)
e’ 1+ p™ (page 9)

A(u,v) It a*+a®+...+a¥ V" (page 10)
U 1+ p?™ (page 11)

o* | c p* | ¢ but p**! { ¢ (page 12)

ord(g) the order of an element g in G (page 31)

Q Aut(P)/(h) (page 34)

X1il



Xiv

[Il>$27 -"axn]

[a,ib]

Ck(G)

g(h) (page 34)

[[$1,(E2, ---xn—l]: xn] (page 39)

[a,b,b, ...,b] (page 39)

i times

the k' centre of G (page 67)
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Chapter 1
Introduction

This thesis will be concerned with the structure of the automorphism group of
a finite metacyclic p-group for odd primes p. We begin with some history and
introductory notes about metacyclic groups, the automorphism group of a meta-
cyclic group and summary of main results in this thesis. All groups in this thesis
are finite.

1.1 Metacyclic groups

A metacyclic group G is a group which has a cyclic normal subgroup N such
that G/N is also a cyclic group. Some examples of metacyclic groups are cyclic
groups, direct products of two cyclic groups, dihedral groups and all finite groups
whose Sylow subgroups are cyclic. Subgroups and quotients of metacyclic groups
are also metacyclic.

Huppert [13] in 1953 studied a finite p-group G which is the permutable
product of two finite cyclic groups. In the paper he gave some results regarding
the structure of G, its Frattini subgroup ¢(G), its centre and the quotient group
G/¢(G).

In 1958 Blackburn [4] proved that if p is a prime, a p-group G is metacyclic
if and only if G/¢(G’)G3 is metacyclic, where G is the third term of the lower
central series of G. In addition, a p-group G is also metacyclic if it has at most
p + 1 subgroups of index p*.

If G is a p-group for odd prime p, Blackburn [4] also showed that G is meta-
cyclic if and only if |G : GP| is less than or equal to p?. In addition, G is also
metacyclic if G can be expressed as a product of two cyclic groups.

It is nice to know when two metacyclic groups are isomorphic. Let G; and G,

1



2 CHAPTER 1. INTRODUCTION

be two metacyclic groups with cyclic normal subgroups N; and N, respectively.
If |N,| = |N,| and |G /Ny| = |Ga/N,|, necessary and sufficient conditions for G,
and G to be isomorphic, were given by Basmaji [2] in 1969.

To classify metacyclic groups, we need to have presentations of the groups.
Presentations of metacyclic p-groups where p is any prime were given by King [14]
in 1973. However in the classification of metacyclic 2-groups in [14], Silberberg
[20] pointed out an error in the King’s result. In 1988, Newman and Xu [16] gave
a presentation for describing nonisomorphic metacyclic p-groups, with the aid of
an algorithm developed by them.

In later years, more properties of metacyclic p-groups were discovered. Ormerod
[17] in 1990 for example, identified the Wielandt subgroup of a metacyclic p-group.
In her paper, Ormerod gave a certain form of presentation of a metacyclic p-group
for both odd prime p and when p is equal to 2, using mainly the work of Newman
and Xu [16]. The relationship between the Wielandt length of the group and its
nilpotency class, was then found.

In 1994, Sim [21] gave a presentation of every metacyclic group of odd order.
His presentation was formed by choosing convenient generators of some specific
cyclic subgroups of the metacyclic group. Hempel [12] took it even further in
2000 when he classified metacyclic groups. Building on the work of Sim [21], his
work included the classification of metacyclic 2-groups.

1.2 Automorphisms of metacyclic groups

The automorphism group of a p-group was also a subject of interest, especially
regarding its order. If G is a group of order p™ with a Frattini subgroup #(G)
of index p", Hall [11] in 1933 proved that the order of automorphism group of G
divides np(™~=")" where n is the order of GL(r,p).

It had been an interesting question whether the order of a p-group divides the
order of its automorphism group. For an odd prime p-group G of class two that
has no abelian direct factor, Adney and Yen [1] in 1965 gave some conditions for
the solution of the question. Let A be the automorphism group of G, A, its group
of central automorphisms, ((G) its centre and G’ its commutator subgroup. They
proved that |G| divides |A] if one of the following holds: (1) ¢(G) is cyclic, (2)
exp ((G) = exp G, (3) exp ((G) > exp G/G’, (4) A, is abelian. Furthermore,
Faudree [10] in 1968 showed that the order of a nonabelian nilpotent p-group of
class two divides the order of its automorphism group.
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One of the earliest works on the automorphism group of a metacyclic p-group
was done by Davitt. In his work in 1970, Davitt [9] showed that for a noncyclic
metacyclic p-group of order strictly greater than p? (where p is an odd prime),
the order of its automorphism group is divisible by the order of the group.

It is known that the automorphism group of a p-group is not necessarily a
p-group. In 1990, Curran [6] investigated some p-groups whose automorphism
group is again a p-group. He showed the existence of some 2-groups of order
2", which have the same order as their respective automorphism groups, where
= 3

A metacyclic p-group is called split if it has a cyclic normal subgroup with
a cyclic complement, and nonsplit otherwise. For examples, dihedral 2-groups
are split metacyclic p-groups and the quaternion group is nonsplit. In 1993,
Menegazzo [15] established the presentation and the order of automorphisms of
p-groups with cyclic commutator subgroup, for odd primes p. In the paper he also
included his establishment of the order of the automorphism groups of nonsplit
and nonabelian split metacyclic p-groups.

In 2001, Schulte [19] proved that the automorphism of metacyclic p-groups
with cyclic maximal subgroups for odd prime p, is a semidirect product of its
unique Sylow p-subgroup and a cyclic group of order p— 1. More recently in 2006,
Bidwell and Curran [3] gave some results about the structure of the automorphism
group of a split metacyclic p-group for odd prime p, citing some materials from
Davitt’s work [9] in the process. Curran [8] then extended the study to split
metacyclic 2-groups in 2007.

In contrast to the split case, it turns out that in the nonsplit case the au-
tomorphism groups are p-groups. This year Curran [7] found generators of the
automorphism group of nonsplit metacyclic p-groups where p is an odd prime,
and wrote the automorphism group as a product of subgroups.

In this thesis, we study the automorphism group Aut(P) of a finite nonsplit
metacyclic p-group P, where p is an odd prime only. Our investigation will be
based on a presentation by King [14]. There are a number of presentations avail-
able (among them [17] and [21]), but we will use a variation of the presentation
given by King [14], as discussed in the first section of the next chapter.

The presentation involves several parameters where naturally we expect the
structure of the automorphism group will depend on the relationship between
these parameters. We have found it convenient to divide our investigation into
four distinct cases, based upon the work of King [14]. However, our study of the
automorphism group has been completed for the first two cases only. It turns out
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that the calculations involved in each case are mostly the same but in some parts
of the thesis are different enough to require them to be done separately. We find
that the structure of Aut(P) in the first two cases is the same.

For the last two cases we expect the structure of Aut(P) will be more complex.
The calculations involved are probably similar, but seem to be substantially more
complicated than the first two cases.

In his paper [7], Curran expressed Aut(P) (in our notation) as a product of
subgroups. He found generators of Aut(P) and wrote the automorphism group
as a product of a 3-generator subgroup and a cyclic subgroup. Although there
are some similarities, we used a different approach to obtain our results. Using
the algebra program MAGMA [5] to produce some examples so that we could
formulate conjectures, we found generators of Aut(P) and wrote Aut(P) as a
product of subgroups similar to Curran’s. While the generators are similar, the
main difference is that one of our generators is a central element of Aut(P).

The calculations in this thesis also give more informations about the structure
of Aut(P) than [7]. The fact that one of our generators is a central element of
Aut(P) is crucial to our work in this thesis. Much of what we want to do involves
calculations in Aut(P) modulo the subgroup generated by our central generator.
Another important feature of our result is that each element of Aut(P) can be
written in normal form in terms of our generators. With these, we are able to
determine the centre, the upper central series and hence, the class of Aut(P).
We choose to construct upper central series instead of lower central series, as
constructing the lower central series turns out to be much more difficult. We find
that the formula for the class depends on parameters in the presentation we use.

To end this section, we note that we have used the algebra program MAGMA
[5] extensively in conjunction with our calculations and investigation of the auto-
morphism group and its properties. Besides using MAGMA [5] to find generators
for Aut(P), we also looked at examples to conjecture about the normal form of
commutators of these generators and the class of the automorphism group.

1.3 Summary of main results

If P is a metacyclic p-group where p is an odd prime number, then P has a
presentation of the form

P = (I’y|xpm o l’ypt o= qu,yxy_l = .’L’l+pn>
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where the parameters m, t, ¢ and n satisfy some conditions. Our results are based

only on an odd prime p.

The order of automorphism group Aut(P) of P is p?"t9+t. This was proved
by Menegazzo [15] (Theorem 3.0.2 in this thesis), but can also be proved by our
method.

The four cases in the case of non-split metacyclic p-groups occur when:
1)2<n<qg<m<twhere m < 2n,
2)1<n<qg<m<twhere2n<m<q+n,
3= n<g<i<m'<2nand
4)2<n<g<t<mwhere2n<m<qg+n.

However, this thesis concentrates on cases 1 and 2. From now on, all the
results mentioned are only for cases 1 and 2.

Let = and y be generators of P satisfying the relation above. From the third
relation in the presentation of P we observe that any element of P can be written
uniquely in the form z%y" where 0 < u < p™ and 0 < v < p'. Therefore we

represent any automorphism ¢ of P in the form of a matrix notation, that is ¢

oS . In Theorem 3.0.5 we find restrictions on ¢, j, 7 and s which make ¢ an

S
automorphism of P.

We define automorphisms a, b,d and h of P as

m—q
bR 1Ll B 1+p 0 S il 0 i
0=l 0 1 i T ]

14 pmn 0

h ~

We show that these automorphisms are generators of Aut(P) where h is cen-
tral. In fact each element of Aut(P) can be written in normal form in terms of
these generators as shown by the following theorem.

Theorem 5.0.2. If a, b, d and h are the automorphisms of P defined earlier then
a) any element of (b,a,h) can be written in normal form as b®a"h® for 0 <
B=pi 0 <y <p?and 0.<0 < p*™*" 2 where
i) (b) N (a,h) =1 and
i) (b, a, h) = (8)(a) (h).
b) any element of Aut(P) can be written in normal form as d"bPa"h® for 0 <
ni<ipgtil = B= pli 0y <p? and 0 < 0 < ptt"? where
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i) (d) N (b, a,h) = (d”") and
ii) Aut(P) = (d)(b, a, h).

Many of our calculations are made easier by the following theorem.
Theorem 6.0.2 If h is as defined earlier then ((Aut(P)) = (h).

For example we find the upper central series of Aut(P) by calculating the
upper central series of Aut(P)/(h) (Lemma 7.0.1). From the upper central series
we determine the class. The result depends on the parameters in the presentation
of P and is given by the following theorem.

Theorem 7.0.2 Let Aut(P) be as defined earlier.

a) If m — q > q — n then the class of Aut(P) is [q—f;] 5,
b) If m — q < q — n then the class of Aut(P) is [m—"_a] + 1L



Chapter 2
Preliminaries

This chapter presents basic definitions and results that will be needed throughout
this thesis. We start by discussing presentations of a metacyclic p-group P in
section 1. Section 2 provides us with some properties of the powers and product
of generators of P. Section 3 presents some other necessary results, especially
important are results regarding expansions involving binomial coefficients.

The reader is referred to the list of notation on pages xuii—ziv. Other notation
will be defined as it is introduced.

2.1 Presentations of metacyclic p-groups

Let G be a metacyclic group that contains a cyclic normal subgroup N such that
G/N is cyclic. Hempel in his paper [12] called N a kernel of G. The following
lemma which is part of Lemma 2.1 in [12], gives a presentation of G. It is written

as it appeared in [12].
Lemma 2.1.1 A group G is metacyclic with a kernel of order m and of indezx k
if and only if it has a presentation of the form

Lo b e

where k, £, m and n are positive integers such that m|(n* — 1) and m|é(n — 1).

If P is a metacyclic p-group with p an odd prime, the presentation of P can

be written as
P = (z,y|lz"" = 1,y = 2*,yzy~" = 2")

i
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withm, n >0,0< 7, k < p™, r*" =1 (mod p™) and k(r — 1) = 0 (mod p™)
[14]. To be more specific, if P is a metacyclic p-group where P is noncyclic and

p is an odd prime, then P has a unique presentation of the form

P=(z,ylz"" =1,/ =2 ",yzy 'l =2 )
where s measures ‘how split P can be’ while ¢ measures ‘how commutative P can
be’ [14]. Furthermore, the presentation of a metacylic p-group where p is an odd
prime is said to be uniquely reduced up to isomorphism if and only if s = 0 and
s < ¢ < min{n+1,m} (which is the split case), or s > 0 and maz{l,m —n+1}
< s < min{c,m — c+ 1} (which is the nonsplit case). Distinct uniquely reduced
presentations will give nonisomorphic metacyclic p-groups [14].
To suit our work , the presentation above has been rewritten as

P= (CL‘,yll‘pm — l,ypt = .’I,‘pq,yilfy_l =S xl+p”>‘ (21)
Therefore for the nonsplit case we have
maz{l,m —t+ 1} <m—qg < min{m —n,n + 1}.

This can be broken as the following:
(am—-t+1<1<m-g<m-n<n+l
(b)m—-t+1<1<m-g<n+l<m-n
(c)l<m—-t+1<m—-—g<m-n<n+l
d1<m—-t+1<m—-g<n+1<m-n.

We take case (a) for example where the inequality shows that:

1) m —t+ 1 < 1 which implies m < t.

ii) 1 < m — ¢ which implies g < m.

iii) m — ¢ < m — n which implies n < gq.
iv) m — n < n + 1 which implies m < 2n.

We also can see that m — ¢ < n + 1 which implies m < g + n, which is true in

(b), (c) and (d) as well. Thus (a) can be rewritten as 2 < n < ¢ < m < t where

m < 2n. With a similar method we get the other three cases below.

Therefore we conclude that the four cases in the case of a nonsplit metacyclic

p-group for an odd prime p are as follows:
(1)2<n<qg<m<twhere m < 2n,
(2)1<n<g<m<twhere2n<m<q+n,
(8)3 < m < g <l ="m =2p and
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(4)2<n<g<t<mwhere2n <m<q+n.

However in this thesis, we will concentrate on cases 1 and 2 .

From the third relation in the presentation (2.1) we observe that any element
of P can be written uniquely in the form z%y?. In the split case we have /" = 1
and y” = 1sothat 0 < u < p™ and 0 < v < p'. In the nonsplit case we also have
2" =1 but y*" = 2?* where ¢ < m, which implies **"™ " = 1. Similar to split
case however, we assume throughout this thesis that 0 < u < p™ and 0 < v < pt
in the nonsplit case.

Throughout this thesis, p will be a fixed odd prime, P will always
denote a finite nonabelian nonsplit metacylic p-group with the presen-
tation (2.1) and z, y will always mean generators of P satisfying the
given relations . In addition, n, ¢, m and ¢ will have the meaning given in the
presentation.

2.2 Product of generators in P

The calculations in this thesis involve a lot of multiplications between generators
of P. A few results here are similar to those from Schulte [19]. His results only
considered metacyclic p-groups with cyclic maximal subgroups and we modify
them to suit our more general situations. We begin with the following lemma.

Lemma 2.2.1 (g90)"" = gfkggk for any g1,90 € P andk >m —n > 1.

Proof. With p an odd prime, P is a regular group [13] so that (g1gs)?" = gfkggk
2#* for any g1, g» € P and z € P.
Now, since P’ is generated by

= L4eerseo g —1, 1+p" n
5,97 =& lyay =271t = 2P

)

we have z = (zP")* for some integer 0 < s < p™ ™ . Hence for any integer

k>m-—n2>1,

zpk i (:Espn)pk = $3pn+k s 1

so that (glgz)"k = gfkggk. [ ]

From the third relation in (2.1) we have yz = z!*"y. We now put @ = 1 +p"
so that yz = z®y. « will have this meaning throughout this thesis. The next
lemma will show a similar relation between powers of x and powers of y.

Lemma 2.2.2 Let z,y be the generators of P and u, v be integers with v > 0.

Then iz — 2%y
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Proof . Suppose v > 0. Then
yvxu = yvmu(y—v)yv == (yvxuy—v)yv.

We will prove by induction that yz%y~" = z“*" for all integers v > 0.
For v = 1, y(z*)y~! = (z*)* which is true from the third relation in (2.1).

Now assume g’z%y~" = z**" for v > 1. Thus

v
(67 v uav?t!

b e e Y e

yv+1xuy—(v+1) 0 y(yvxuy—v)y

Hence y°z%y~" = z*" for any positive integer v. B

Before we proceed we need the following definition.
Definition 2.2.1 Let u > 0 and v > 1. We define A(u,v) by
Alu, v)= 1ok a¥et ol Fnprecto5 Y%,
The following result regarding A(u,v) is obvious.
Lemma 2.2.3 Let u >0 and v > 1. Then A(u,v)(a* —1) = o™ — 1.
The next lemma is a further result involving A(u,v).

Lemma 2.2.4 Letu >0 and v > 1.
A(u,v) = v+ 27 uw(v — 1)p™ (mod p*").

Proof.
We observe that (1 +p™)* = 1+ up™ (mod p*). Thus modulo p?* we have

Aw,v) =1+ (1 +up™)+ (1 +2up™) +. ..+ 1+ (v—1)up")
=Q+1+..+)+up1+2+...4+ (v—1))

v times

=v+27'uww(v—1)p". A

We will need to be able to write a power of (z%y") as a product of a power of
and a power of y.

Lemma 2.2.5 If x and y are the generators of P, u is any integer, v > 0 and
w Al then (ot = putvlpns



2.3. MISCELLANEOUS RESULTS 1

Proof . For u > 0, the proof is as in [19] and is included for completeness.

(a%y")" = 2" (y'=")(y'z"). . . . (y'2")y"

w—1 times

v
= Uy y2vxu. % Iuyv

u, ua’, ua’, 3v_u u, v

=0 e R O

v 2v (w—1)v
P xu(1+a +a“’+. . . +a )va

uA(v,w), vw

For u = 0 the result is clear.

For u < 0, the same proof with u replaced by — f for a positive integer f holds.
[ |

2.3 Miscellaneous results

In this section we present miscellaneous preliminary results which will be needed
in the following chapters. We begin with the following lemma which comes from
Proposition 4.10(ii) in [14] .

Lemma 2.3.1 If x and y are generators of P then the centre ((P) of P is

m-—n pm—n>

G

Throughout this thesis, we will often encounter the term ‘14 p?~"’. We represent
it as U and it will always have this meaning. Here is a result regarding U which

will be needed many times later.
Lemma 2.3.2 U™ — 1= —U~'p?™ (mod p*) for any positive integer k.

Proof . Let k be any positive integer. Calculating modulo pe

U—l — e pq—n A p2q—2n i p3q—3n o
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It follows that

U—l —1= _pq—n +p2q—2n P p3q——3n s B
= _pq—n(l 1y pq—n £ p2q—2n v p3q—3n iy )
=-U"'p™" N

In later chapters, our calculations involve a lot of expansion of terms where the
expansion involves binomial coefficients. The following lemma and its corollaries
are very useful in simplifying these expansions. Before proceeding, we remind the
reader that p* || ¢ means p* | ¢ but p**! { ¢ for an integer c.

Lemma 2.3.3 Let p® | w where e > 0, and u > 1.
If2 < k < w then the power of p dividing (})p™ is at least p+2*.

Proof. We divide our proof into two cases.

Case (i): 2 <k < p¢

Here it is clear that the power of p dividing k is the same as that dividing
w—k. So the power of p dividing (k—1)! is the same as that dividing (w—1)(w—
2). .. .(w—k+1). Now write k = £p” for a positive integer ¢ where (¢,p) = 1.
Also since k£ < p®, we have v < e. Hence the power of p dividing

W\ o Ww-Dw-2)..(w=—k+1) ,, ww-1)(w-2)...(w—k+1) .,
< )pk ¥ k(k — 1)! - k—1)! P

; i)

c—v+ku

is p Now,

e—v+ku=e—v+lp'u
=e+2u+ (p” —2u—v.

If v = 0, then k = ¢ where (¢,p) = 1. For any prime p > 3, ¢ > 2 so that
(lp* —2u—v=({—-2)u>0.
If v >0, since u > 1 and €p” > 2 + v where p > 3, then

(lp" —u—v>lp—-2—v>0.

Hence p*t2 divides (3)p*® for 2 < k.< p°.

Case (ii): k > p¢
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In this case it is enough to see that
ku>pu>(e+2u>e+2u

where p¢ > €+ 2 for p > 3. Hence pt** also divides (})p* for k > p*. B

Corollary 2.3.4 Ifp | w forw > 2, u > 1 and (c,p) = 1, then
(1% cp*)” =1+ cwp® + kpT+2

for an integer k.

Proof. We do the proof for (1 + ¢p*)* and the proof for (1 — c¢p*)" is very similar.

w U w U w, WU
(1+cp*)’ =1+ cwp —+—<2>(c2p2 S R ot

From Lemma 2.3.3, pt?* divides (})p* for 2 < k < w and thus we obtain the
result. W

We mention the next corollary as a special case of the previous one.

Corollary 2.3.5 p"** || (a*" — 1) for all integers k > 0.

Corollary 2.3.6 Ifp® | w forw > 2, u > 1 and (¢,p) = 1, then
(1£cp*)™ =1 F cwp® + k'pt* (mod p%)

for an integer k' and any positive integer £.

Proof. We do the proof for (1 + cp*)™™ and the proof for (1 —cp*)™" is very
similar.

Let ¢ be any positive integer. We know that (14 cp*)™ = ((1+ cp*)")
and we will show that there exists an integer k' such that

=

(14 cp*)™™ =1 — cwp® + k'p™* (mod p).
By using Corollary 2.3.4 for an integer k£ we have

1+ cp)*(1 — cwp* + k'p*+?*)

= (1 + cwp® + kp2*)(1 — cwp® + k'p*?*)

= 1 — w*p®™ + K'p (1 + cwp®) + kpt2(1 — cwp®) + kk'p*t*
— I P b1 — cwp) +E (PP F cwp®) + kp*tt).
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Now we show that we can find k&’ such that
1= u?p™ + kp (1 — cwp®) + K/ (p (1 + cwp") + kp***) = 1 (mod p')
or equivalently
K (pt2(1 + cwp®) + kp*+ ™) = Fw?p™ — kp?*(1 — cwp®) (mod o).

Put
2 w

€

K =(c*— — k(1 - cwp"))(1 + cwp" + kpt2) ™! (mod p)

where %; is clearly an integer, then calculate modulo p,

k/(pe+2u(1 +pru) 1L kp2€+4u)
2

= (c2—1;: — k(1 = cwp"))(1 + cwp” + kpt2) ™ (pt24(1 + cwp®) + kp*tiY)
= (621;—5 — k(1 — cwp))(1 + cwp® + kp>*) 7 (p (1 + cwp® + kptt))
= (sz;)_j — k(1 — cwp"))(1 + cwp® + kp€+2“)_1(1 + cwp® + kpst2)pst

= (@ k(1 - cup )+

= (@2~ K1 - cup ) 7).

(efi—1i= k(1 Seupt)ipi= cw? — kp*(1 — cwp") and hence
k( e+2u(1 + cwp )+ kp2e+4u) = c2w2 2u kpe+2u(1 ith. C’LUpu) m
The following lemma is particularly useful in Chapter 5.

Lemma 2.3.7 If x is a positive integer, p° || x and u > 1 then A(1, (1 + p*)X) —
1 = xp* + eps*V for an integer e where v > w.

Proof. Let V =1+ p* for u > 1. From Lemma 2.2.3, A(1,VX)(a — 1) = aV* — 1.
Now,

VX
MLV = (L VX ( ] >p2"+ oo S

= (Vx4 (Vx)pn-F e n(vx_l)) "
2 ) p".



2.3. MISCELLANEOUS RESULTS 15

Thus

X X
i <V2 >P" 18 (2 >P2" et

and hence

X X
AQ,V¥)—1=(VX-1)+ (VQ )p"+ <‘; >p2" SURe LT e

Using Corollary 2.3.4, VX — 1 = (1 + p*)X — 1 = xp“ + cp*+** for an integer c.

Now we will show that ps++" divides (% )p*~V" for 2 < k < VX,

We divide our proof into two cases.

Case (i) 2 = <pfht

Here it is clear that the power of p dividing k is the same as that dividing
VX — 1 — k. So the power of p dividing (k — 2)! is the same as that dividing
(VX =2)(Vx=3)....(VX—k+1).

Now at most one of k or (k — 1) is divisible by p. Assume maximum power of
p dividing k(k — 1) is p*. So k = €p” + € for e = 0 or € = 1 where { is a positive
integer such that (¢,p) = 1.

Hence the power of p dividing (‘;x) p*—1)" where

VA e VXX =1D)(VX=2).(VX=k+1) 4 1,
( )”(k Ao k(k— (k- 2) 4
VR = 1)

R TR (

(-2 0=k )

(k—2)! i

is pstutte—n—w Tf o = (, there is nothing further to prove.
Suppose w > 0.
We will show that (k — 1)n —w > n.

(k—1n—-—w= " +en—w
> p¥n —w
>(w+ln—-—w
2n+wn—w

=00

where for g = 8, p2i>w + L. Hence ps+vr-1n-v ig divisible by pfti++n).

o] pi < Jals VX
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Here it is enough to show that

(k—1Dn> (™ -1)n
> npte —n
>n(c+u+2)—n
>c+u+2n—n
> ¢+ (u+n).

Hence pst®+7) divides (‘:()p(k_l)" for po¥ = k< VX

Therefore we conclude that for integers ¢, ¢’ and e,

Vix VX
A(l,VX)—1=(VX—1)+(<2>P"+(3)P2"+ e

= (Xpu + cpc+2u) e (c/pc+(u+n))
— o e
where v > u. B

The following lemma will be needed especially in Chapter 5. The proof is
straightforward and is omitted.

Lemma 2.3.8 Let G, K, L be groups.

If G = KL where L = ({) and K N L = (¢*), then each element of G can be
written uniquely in the form k¢ fork € K, 0 < v < u.

In particular of KN L =1 then each element of G can be written uniquely in
the form kl for k € K and £ € L.



Chapter 3

Conditions to be an

automorphism

Before proceeding, we remind the reader that we are only considering the struc-
ture of the automorphism groups of nonsplit metacyclic p-groups in cases 1 and
2. From the presentation (2.1) of P which is

P= (x)y|~’17pm = Lypt = l'pq»yffy_l e xan),
we observe that ¢ is always less than m so that y?" is no longer equal to 1,
instead the order of y is p'*™~%. The calculations involved in this chapter will
take care of the fact that, if we have two single prime powers of y on both sides
of an equivalence relation modulo some normal subgroup for example, these two
powers in general are not necessarily congruent modulo p, unlike in the split

case.

In this chapter we look at restrictions on 7, j, r and s which give conditions for
ey : i :
a matrix z to represent an automorphism of P. We begin with the following

s
lemma.

[
Lemma 3.0.1 Let ¢ be an automorphism of P where ¢ ~ [ A If x, y are
g s

generators of P and m, n are parameters as in the presentation (2.1) of P then

ia’—rad ] i(AG.p™)+adP™) j
$r+za ra y] i xz(A(J,p )+a )y]oz'

17
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In particular, if m < 2n then

i +al?") i

i

Bs s
xr+wz ray]:x

Proof.

We apply ¢ to both sides of the third relation in presentation (2.1) which is

Yy gt

olyzy™') = e(y)p(z)e(y™)
= yic )z
= :L_rysxiyjy—sx—r
= 2y
=g (@2’ )z "y ) (by Lemma 2.2.2)

r ioz’( s —raj_s)yj—s

=giac v’y
=272 (277 "*y*)y’~* (by Lemma 2.2.2)
g l,r—H'a’—raj yj

whereas

p(a?") = (@'y') (a'y)
= g AOP")P" iy (by Lemma 2.2.5)
A xi/\(j,p")(yjp" xi)yj
= girGm) gial®" y’P"y7 (by Lemma 2.2.2)
= ZiAGP)+aT") 5" +1)

= giAGP)+a?") g
In particular if m < 2n so that m —n < n,

o(a” ) = (z'y)” (z')
= Py 2y (by Lemma 2.2.1)
— s
_ e e y?"y (by Lemma 2.2.2)
s xi(p"+a"’n)yj(p"+1)

i(p"+adP™) i
= giP"+a )yJa.
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Hence the lemma is obtained since p(yzy™!) = ¢(zP"*'). B

The order of the automorphism group of nonsplit metacyclic p-groups for odd
primes p, is p>"T9** (in our notation) as proved by Menegazzo in his result (A.2)
[15]. We write his result as a theorem, exactly as it appeared in [15] where G is
a nonsplit metacyclic p-group where p is an odd prime.

Theorem 3.0.2

h

G = (a,b|tP" = 1,b* = b'**" o? = b*")

where 1 <s<h<mandm—s< h</.
|Aut(G)| i p£+h+2s.

We will show that in both cases 1 and 2, ¢ is an automorphism of P if and only if

A . : s Gi it : s

1, J,r and s satisfy certain restrictions where p ~ | . With these restrictions,
'S

the number of distinct automorphisms ¢ is equal to p*"*9*t, that is the order of

Aut(P).

Before proceeding to the next proposition, we need the following two lemmas.
Lemma 3.0.3 If ¢ € Aut(P) where ¢ ~ [Z T], then is —rj # 0 (mod p).
s
Proof .
Since P is a 2-generator group, P/¢(P) = Z, x Z, and ¢ defines an automor-
phism on P/¢(P) with matrix Z‘ s , where 7, j,r and s are taken modulo p.
S

J)
This matrix is thus in GL(2,p) and so, is — rj is not congruent to zero modulo

p. A

Lemma 3.0.4 Recalla =1+ p" and let s > 1 be an integer.
Then o® — a = (s — 1)p™ + 27 1s(s — 1)p*" (mod p**).

Proof .
From Lemma 2.2.3, a® — 1 = A(1,s)(o — 1). From Lemma 2.2.4,

A(l,s) = s+ 271s(s — 1)p” (mod p™).

Thus
a® — 1= sp™ +271s(s —1)p*" (mod p*").
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Hence
o —a=(s—1)p" + 27 1s(s — 1)p*" (mod p°*). B

We now come to the main result in this chapter.

Theorem 3.0.5 Let ¢ ~ Z T] . Then ¢ € Aut(P) if and only if
Jiis

i)i1 =1 (mod p™9),

W) T € Lym,

ii) 3 =0 (mod p—"),

W) s =1+ cpT" (mod p™= ") where = ep=" for 0'= c< p*.

Proof. We will do the proof by each case and show that these restrictions are the
same for both cases 1 and 2. As before, we write ¢(x) = z'y’ and p(y) = z"y*
where ¢, r are taken modulo p™ and j, s are taken modulo p’. In the proof we
note that when necessary, we will write a as 1 + p". Otherwise we will leave it
as a.

Let @ € Aut(P).

Case 1:

The first case has the inequalities of the parameters as 2 <n < qg<m < t
where m < 2n.

By Lemma 3.0.1 since m < 2n,

Tfief—ned 5 xi(p"+ajpn)

P y Jj(1+p™)

Y

Hence
v i(p"+adP™) ipn
T iatsnals i xz(p +a )y]p

which implies jp" = 0 (mod p'), so that j = 0 (mod p*~™). It follows that i % 0
(mod p) and s # 0 (mod p) since from Lemma 3.0.3, is — 7j Z 0 (mod p).
Now from Corollary 2.3.5,

o =1 (mod p™) = 1 (mod p™)

and also since

we have



2l

or
s e
e = iL'mpr :

Now since j = 0 (mod p'~™), we write j = cp'~" for an integer ¢ where 0 < ¢ < p".
Thus z®° = zi@y®", It follows that z®" = z'*z". This implies

i(a® —a) = cp? (mod p™).

By referring to Lemma 3.0.4, a®* —a = (s —1)p™ (mod p™) since in case 1 m < 2n
and hence, i(s — 1)p™ = ¢p? (mod p™) so that,

s=1+i"1ep?™ (mod p™ ). (3.1)
Now, using the second relation in (2.1) we have p(y*") = ¢(z**). Thus (:c’ys)pt =

(ziy?)"". Since t > m —n and ¢ > m — n, by using Lemma 2.2.1 we have

t

R Sl

It follows that since t > m, (z")* = 1 and thus

But (3°)”" = (2°)”" and hence sp? = ip? + cp?*™" (mod p™). Therefore
i=s—cp’™" (mod p™7). (3.2)

We now calculate ¢ modulo p™~9. Putting s from (3.1) into (3.2) we have
modulo p™™4

q—n

i=1+443tep?™™ + zp™ ™ — cp?™" (for an integer 2)
=110 ol —ep’=
=W - (W-1)

=W -Wi+1
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where W =14 i~l¢p?™. Thus
Wi=W (mod p™™9)

or

W(i—1)=0 (mod p™~ %)
which implies @ = 1 (mod p™9) since W = 1 (mod p) and so W is invertible
modulo p™~9.

s

We now calculate s modulo p™™. Since i = 1 (mod p™~?), we have ¢~
1 (mod p™9). Replacing this into (3.1) and calculating modulo p™™",

s=14 (14 2'p™ 9cp?™ (for an integer 2')
=14+cp?™ +cp™™"
=14cpT™.
In addition, we have no further restriction about r and so r can be any element
in Zpm.
Case 2 :

The second case has the inequalities of the parameters as 1 <n<g<m <t
where 2n < m < g+ n.

By Lemma 3.0.1 where m > 2n in this case, we have

S g NG Dl i) n
$r+m ro y] ot ‘,LJ(A(J,P )+ )yi(H‘P )'

Hence

Sk 5 A jp™ P
grtiet—rad _ (AP )+ )pr

which implies jp" = 0 (mod p'), so that j = 0 (mod p'~"). Asin case 1, ¢ # 0
(mod p) and s # 0 (mod p) since from Lemma 3.0.3, is — rj # 0 (mod p).

Now let j = cpt™™ for any integer ¢ where 0 < ¢ < p". Hence by Corollary
2.3.5

o =1 (mod p*) =1 (mod p™),

which also implies a/?" = 1 (mod p™) and A(j,p") = p" (mod p™). Thus we have
ri® = gieyiP" and obtain as in case 1,

i(a® — a) = ¢p? (mod p™). (3.3)
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Now using Lemma 3.0.4, we can rewrite a® — « as
o' —a=(s—1)p" + kp™"
for an integer k, and putting this into (3.3) we have
Wbt Tkt = apf {mod p).

Hence
i(s — 1+ kp") = cp?™ (mod p™ ")

so that
s=14ilep"™ — kp® (mod p™ ™). (3.4)

Now by using the second relation in (2.1), we repeat the same steps as in case 1
to also have

i=s—cp’™" (mod p™ 7). (3.5)

We now calculate : modulo p™~9. Putting s from (3.4) into (3.5), for an integer
¢ we have modulo p™~9,

d=ll T gkt " =’ "
=1+431cp?™ —cp?™" (sincem < g+nand m—n>m-—q)
=W - (W -1)i
=W -Wi+1
where W = 1 + i~1¢p?™™. Thus as in case 1, i = 1 (mod p™9).

We now calculate s modulo p™~™. In case 2 due to m > 2n, the proof for
this part is more complicated and for that, we divide the proof into two subcases.

ajgq—n<n
Here, ¢ < 2n and so m < ¢+ n < 3n. Hence from Lemma 3.0.4,
o’ —a=(s—1)p"+ 27 s(s — 1)p*" (mod p™).

But from (3.4), s—1 = 0 (mod p?™") since n > ¢—n and so (s —1)p®" is divisible
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by p?="p*" = p*™ = 0 (mod p™). Thus a® —a = (s — 1)p" (mod p™). Using this
n(3.3),
i((s — 1)p") = cp? (mod p™)
so that
i(s—1)=cp?™" (mod p™™")
which implies
s=1+i"tep?™ (mod p™ ™).

Write i=! = 1 + ep™ 7 for an integer e, we have modulo p™~"
2= 1+ (1-+ep’ Llcp’y

=14cp?™.

b)gq—n>n

From (3.4), s = 1+ fp” where f is prime to p and v > n. Now we calculate
a® — a modulo p9. Since ¢ = 1 (mod p™~9) we have ¢ = 1 (mod p) and since
a =1+ p" we have a = 1 (mod p). Therefore ¢ and « are invertible modulo p?.
Hence by (3.3),

0=(a’—a)
=(a*' - 1)
= (aff’ - 1)
=(14+a” +a® +... +aY V") (a” — 1) (by lemma 2 253,
But
I+ +a® +... +aY V) = f (mod )
and thus

(1+a” +a® +... +aY=Y") £ 0 (mod p).

Hence o — 1 = 0 (mod p?). Since by Corollary 2.3.5 the highest power of
p dividing o?” — 1 is p"*¥, we must have p"*¥ is divisible by p? so that p is
divisible by p?~". Thus

sl =p
=0 (mod p™=5)
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Now we calculate a® — @ modulo p™. Here we first have to write
=S A0 )
=(s—1p" + (;)pz" + (;)p3" I e

We show that (Z) p*" = 0 (mod p™) for 2 < u < s. We note that we cannot use
Lemma 2.3.3 here because s # 0 (mod p), although the method used has some
similarities.

We divide the problem into two cases:
Case (1): 2 <u<p*"

Let u = ¢p® for k < ¢g—n and (¢, p) = 1. It is clear that the power of p dividing
s—1—uis exactly the same as the power of p dividing u. Thus if p¥ is the power of
p dividing (u—2)!, then s(s—1)(s—2). . . .(s—u+1) is divisible by p?~"** where
from before we have s —1 = 0 (mod p?™"). Then s(s—1)(s—2). . . .(s—u+1)p*"
is divisible by pZanrvtun,

Now, at most u or u — 1 is not divisible by p. Suppose the highest power of p
dividing either of them is p*. Since u! = u(u — 1)(u — 2)!, the highest power of p
dividing u! is p***. Thus

<s)pun _sle=D-2). . (s-utD)

U u!

isldivisibleiby plet Uit atat — pt e R T w =0 then (3)p*m is divisible by
p?~"t¥ which is divisible by p™, since g —n+un > g+n(u—1) 2 g+n=m
so that (3)p*" =0 (mod p™).

Now suppose w > 0.

Let u = k'p” + € for a positive integer k' where (k',p) = 1 and € = 0 or 1,
depending on which of u and u —1 coprime to p. We will show that un —w > 2n.

To see this, we observe that un — w > n(u — w) and so it will be enough to

show that
u—w=kp*—w+e>2
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For w = 1, we have

u—1=Fkp—1+e¢

=k'p+(e—1)
=l
=2

For w > 1, we observe that k’p” — w + € is a monotone increasing function of w
and thus the result follows.

So since we now have un — w > 2n,

g—n+un—w>qg—n+2n
24qdtn

>

so that, (¥)p“" = 0 (mod p™) in this case.
u

Case«(ii):. pIst s wi<s

In this case, the term (Z)p“" = 0 (mod p™) since p** > p™®' " > p™ as the
following shows.

For'p = 3:

np?™" >n(g—n+2)
>n(g—n)+2n
>qg—n+2n
=4g

= Tk
Hence we conclude, (i) p*™* =0 (mod p™) for 2 < u < s. Therefore
a®—a=(s—1)p" (mod p™)
and the rest of the proof is similar to case (a) above to obtain
s=1+4¢cp?™" (mod p™ ")

also.

In addition, we have no further restriction about r and so r can be any element



27

in Zpm.

Therefore ¢ € A where A is the set of mappings of P that satisfy these
restrictions, and so Aut(P) C A.

Now it is clear that the number of choices for i is p?, the number of choices
for j is p™ and the number of choices for r is p™ since r € Zym.

In addition for each j = ¢p'™™ where 0 < ¢ < p", the number of choices for s
is pt=(m=n) = pt=m+n From this, we see that the number of choices for the pair
(s () = pa e
Therefore the number of distinct mappings in A or the order of A is

Uil il i

which is also the order of Aut(P) by Theorem 3.0.2. Hence we get the result. B
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Chapter 4
The commutators

In this chapter we introduce particular automorphisms of P that we will show
in the next chapter to be generators of Aut(P) in cases 1 and 2. Our results on
the structure of Aut(P) in later chapters depend heavily on calculations involv-
ing these generators and it is convenient to collect calculations of their powers,
inverses and commutators between them together in this chapter.

4.1 Particular automorphisms

We now introduce the automorphisms a, b, d and h of P where they have the

following meaning:

m—q
T 1l i 1+ p 0 o 1 0 Lt
) | v

0 I
where U =1+ p?™".
Furthermore we calculate the powers we need of these automorphisms in the

1= p=r 0
0 iyt

following lemma.

Lemma 4.1.1 Leta, b, d and h be the automorphisms of P defined earlier. Then
for any integers m, 3, v and 6,

m—qﬁ
el o @ty e e 1 0
Pl 0 e

1l sy U
hé ~ (1+pm—")0 . ol -
0 (-t

and

29
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1
_U—-lpt—n U—l
for any positive integer k.

In particular, d=' ~ [ since U"! — 1= —U~1p?™ (mod p*)

Proof . The calculations for a”, b® and h? are straightforward and are omitted.
Now, d(z) = zy” " and d(y) = yY. We prove the result for d” for any positive
integer v > 1 by induction.
For v = 1, the result follows from the definition of d.
Now suppose d?(z) = zy? (U’ for any positive integer v > 1. Then

"+ (z) = d(d"(z))
= d(zy? 'V Y)
= g ) Y
= a;yp“"yp“"(U”‘)—Up“"
= xypt-q(pq—n+u'y+l_U)
= a’,‘y

= ajyp

pi (el @ pSr Bt

t=q(yrtl—1)

Now suppose d”(y) = yV” for any positive integer v > 1. Thus
o uv ¥
G e R =

and hence the result is proved inductively.

Now let
il 0

d’ ~
PRl 1)

and
1 0

d"~
peiU

We show that d"d* ~ [(1) (1)] and hence d* = d 7.

dd*(z) = ' (zy? YT
o

e e

Il
8
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On the other hand, d'd*(y) = d"(yV ") = (ym)U_7 = y. Therefore d* =d™. B
We now find the order of each automorphism.

Lemma 4.1.2 Leta, b, d and h be the automorphisms of P defined earlier. Then
OT‘d(a) = pm’ OTd(b) == pq} OT'd(d) = pt+m+n-—2q and Ord(h) = pt+n_q.

Proof . First we remind the reader that z*™ = 1 and y*" = z*".
Clearly ord(a) = p™ and ord(b) = p?.
Now we find ord(d). By using Corollary 2.3.4 where ¢ and ¢ are integers,

pt+m+n—2q

Upt+m+n—2(1 oA (1 _+_pq—n) =1 +pt+m—q L gpt+m—n

and
VR T
Hence from Lemma 4.1.1,
= P 3]
K —q(yr S

[ 1 0
& pt—q(pt+m—q i gpt+m—n) 1+pt+m—q i gpt+m—n:|
-1 L pm-H-q e eprn+t—n 0 e pm L gpm+q—n:|

0 il
1.0
~ s and
t+m+n—2q— [ 1 0
dp+ b e ~ pt_q(Upt+m+n-2q—l 24 1) Upt+m+n—2q—1]

[ 1 0
~ pt_q(pH_m_q—l+£/pt+m—n—l) 1+pt+m——q—1+€/pt+m—n—l}

:1+pm+t—q—1 +€/pm+t—n—1 0+pm—1 +elpm+q—n—1j|

-l pm—l

0

[1 0
i 0 1}
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and thus ord(d) = pt*™tn-2.
Now we find ord(h). From Lemma 4.1.1,

t+n—q

hpt+n—q 5 (]- + Pm_")p 0
0 (1 +pm—n)P
()
(/]!

since from Corollary 2.3.4 for an integer k,

t4+n—q

(1 +pm—n)pt+n—q | +pt+m—q AL k_pt+2m—q—n

= (mod g™ 7).

On the other hand from Lemma 4.1.1,

hp:+n—q-1 i —(1 +pm_n)pt+n—q—l 0 t+n_q~1:|

| 0 (1+pm—n)l’
1+pt+m—q—1 0

~ L 0 1+pt+m—q—1:|
-1 pm—l

i ]
i

i

since from Corollary 2.3.4 for an integer k’,

t4+n—q—1

(1 +pm—n)P = 1+pt+m—q—1 T k/pt+2m—q—n—1

=14 p*™ 7! (mod pH™ ).

Thus ord(h) = p*™™~ 7. K.

We now show that A commutes with the other three automorphisms and so
(h) is a normal subgroup of Aut(P).

Lemma 4.1.3 Ifa, b, d and h are the automorphisms of P defined earlier then
h commutes with a, b and d.

Proof . In the following proof we note that from Lemma 2.3.1, "™ " and yP" "
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and thus " ", are central elements of P where in cases 1 and 2, t > m. Now,
el e e

and

Bklg) = als'E D)=t .

On the other hand,
ha(y) — h(xy) = x1+pm—ny1+pm n

and

-n

y*" ") (by Lemma 2.2.1)

From that we conclude that [a, h] = 1. Now,

il m—gq Kl Sk
O T e WM RS R R e e Vi)

and e
Wbl bt ey (e UEIE) o (T By

On the other hand,
hb(y) = h(y) = y'*?

and S
dhlg il 2 A= .

Thus [b, h] = 1. Now,

-n m—n m—n\t—n m—n t—n t+m—2n
hd(:r)=h(:1:y”t )=$1+p (i tete o T e

and
g el = m—n t—n t+m—2n
) bt xH—p yp +p ;
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On the other hand,

m—n U m-n
I e

and
dhly) = dl TR = (7 S R

Hence [d,h] =1. W
Lemma 4.1.2 gives the order of each automorphism. However much of what

we want to do involves calculations in Aut(P)/(h) = Q, which is generated by
a(h) = a, b(h) = b and d(h) = d. We now find the order of each @, b and d.

Lemma 4.1.4 Let a,b and d be as defined above. Then ord(a) = p?, ord(b) = p*

and ord(d) = p".

Proof. Before we proceed, we remind the reader that z#" = 1 and Yy o= P,
First we have
<o 1]
0 |
and e
P [(1 + pnyP 0 t‘w] .
0 (gt}

Now by using Corollary 2.3.4 for an integer k,
(1 +pm_n)pt—m+n i +pt b kpt—}—‘m—-n
=1+ p' (mod p'*t™9)
sincet+m—n >t+m—q > m. Thus
h”t_mﬁ(x) — plipt i
and
R () = g = Py

On the other hand, a”’(z) = z and a”’(y) = 2”"y. Thus o’ = h*" ™" € (h).
We now show that a?*' & (h). We have

q—1
aP

(y) =2 'y & ().
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On the other hand for an integer k',
B¥(y) = y3" " € ().

Hence a” ' ¢ (h) and thus we conclude that ord(a) = p.

It is clear that ord(b) = p.

Now we find ord(d) and before we proceed we remind the reader that U =
1+ p?~™". From Lemma 4.1.1,

1 0
po Ut — 1) UP"

n

G

From Corollary 2.3.4 for an integer ¢,
UPn £ (1 +pq—n)p" i 1+pq i fpn+2(q_") s 1+pq T £p2q—-n'

Thus

n t—q(p" _
d" (z) = zyP (=)
= a;yp“"(p"+l’p2"‘")
t t+qg—n
Sl pt+E€p
= x”””“’zqﬁn

€ (x)
and

)

e
€ (y)

which shows @?" € (h). Now,

Also from Corollary 2.3.4 for an integer ¢,

D (1t e R e 2T = R gL,
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Thus d?" "' & (h) as the following shows:

n—1 t—q(ue™ L
& (z) = zyP U 1)
ypt—q(pq—l+elp2q-n—1)

pt—1+2/pt+q—n—l

=T
¢ (z). 1

A number of examples obtained by doing calculation using the algebra program
MAGMA [5], enable us to conjecture that all commutators involving these auto-
morphisms, can be written as the product d” Wiatih? foril0 € 3.=ip%, 0 =8 < P*,
0<7n<p’and 0 <@ < pt*"~9. We will show that this is the case and that in
fact gives us a normal form for the elements of Aut(P). Thus we find the matrix

associated with this product, which is shown in the following lemma.

Lemma 4.1.5 Leta, b, d and h be the automorphisms of P defined earlier. Then
A a"h for0<y<p", 0<B<pl,0<n<p? and 0 <0 < p*"7 can be
represented as

(Iepe s g A s
(U — H(L +p™ 9 (1 + )’ H

H=(1+p" " (n(1+p™ 9 p~9(U" = 1) + U").

Proof. We refer to Lemma 4.1.1 for the representations of a”, b?, d and R as
matrices. We find it easier to calculate h? d” b° a” and since h is a central element
of Aut(P) from Lemma 4.1.3, d % a” h® = h® & b° a. Also from lemma 4.1.4,
we have shown that @" € (h) and a*” € (h).

In the following proof we note that y? " is a central element of P from Lemma
2.3.1 as t > m. Also pt~9(U" — 1) is clearly a multiple of p*~™. Now,

Gl = = g1+’

Thus

DVPa'(z) = ' (zH")

t—q(U‘Y_l))(1+Pm_q)B

= (zy”

- x(1+p"‘_‘1)ayp‘_q(U‘Y——l)(1+pm"q)a‘
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Hence

Wd'a"(z) = h9(:c(“””m_")ﬁyp“"(U“f—1)(1+pm‘q)")

= (;L'(l+pm-n)9 )(1+pm—Q)ﬁ (y(H_pm_n)g)pt'q(Uw_l)(l+pm_q)g

— x(H”m_q)ﬂ(1+pm~n)ey(1+”m_q)ﬁ(l+p'"‘")"p‘“"(U7—1).
In addition,

Va'(y) = b¥(a"y)

= ("’

Yy

NG
= n(1+p™79) y

Thus
d'Pa"(y) = d"r(xn(Hpm“")By)
= (xyp“"(U’—l))"(””m_q)B(ym)
e xn(1+p’"“°)ﬁyp‘—q(m—l)n(1+p'"—0)"+uv
= 14" (4™ Pt UT-1)+UT
Hence

ROBBan(y) = hO (g™ )P ™0 U1 +07)

(m<1+pm—")9)"<l+pm_qw(y<1+pm‘">”)"(1+pm_q)ﬁ”t_"(U’-1)+Uv

= g ()’ () (™) R U - 14U g

4.2 The necessary commutators

In our effort to find the centre ((Aut(P)) of Aut(P) later in Chapter 6, we need
to use information regarding commutators between automorphisms a, b, d and
h of P defined earlier. In this section we show that those commutators can be
written as the product d” ¥ a” h? for 0 <y <p", 0 < B < p?, 0 <7 < p? and
0= f<piitat

We first calculate commutators between a and b but before that we need the

following lemma.

Lemma 4.2.1 Let a and b be the elements of Aut(P) defined earlier. Then
[b,a] = a®"* forc=(1 + p™9)7 (mod p™) and hence (a,b) is metabelian.
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Proof .. As defined earlier,

1ol 1+p™17 0
~ b~ :
: [0 1} 2 0 1]
We have
ba(z) = b(z) = 2P "
Thus
a_lba( ) = a—l(x1+p"‘_") Vibey AL pTnd
It follows that
b_la—lba(a:) iy b_l(xl+Pm_q) s (x(1+p’"_q)"1)1+1’"‘“’ e,

In addition,
6 ) o ot =V S

Thus

e tbalg) =t @ T = ey ="y
It follows that

D

b~'a ba(y) = b7} @"y) = (Y g

Hence :
1 ((l RSd i ()T d

so that
b.a] = a6 _ o
for c= (1+p™ 9" (mod p™) and thus (a,b) is metabelian. W

We remind the reader that the following identity holds in any metabelian
group G. For any positive integer k£ and v, w € G,

w,wf] = [T fo,iw) .

1<i<k

Lemma 4.2.2 Let a and b be the elements of Aut(P) defined earlier. Then for
c=(1+p™ 9" (mod p™) and v an integer such that 0 < v < p?,
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Z) [av) b] — a—vcpm—q}

’LZ) [a’bv] o a(l_cpm—q)v_I.

Proof . Before proceeding we remind the reader that [b,ia] means [b, a,a, ..., a].

i) [a¥,b] = [b,a”]"". Now, s
[b,a"] = E b, ia) ()
! Eb_;]v('f)[b, 24)(2)....[b, va]*)
i
for e = (1+p™ )" (mod p™) and therefore
[a®,b] = a " " (4.1)

ii) We first show by induction that [a, ¢b] = at=V @™ for any positive integer
7= g ke =

m—q

e gl s
0.t = poal™ = (@ =0
Now assume [a, (b] = a0 @™ for any positive integer ¢ > 1. Thus

[a, (€ + 1)b] = [a, £b, b]
= gDt
= gVEVHE™ N @™ (by (4.1))

£ VR gty

and hence the result is proved inductively. Now,

@, = ] la,it)(?

100,251,300 . g,
L el (e T S R TR e i

= a(l_cpm—q)”_l' |

We now calculate commutators between b and d which are more complicated.
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Lemma 4.2.3 Let b and d be the elements of Aut(P) defined earlier. Then

b, d 1 0
il SR

Jor 0= < p? and 0'< x < p*.

Proof. From Lemma 4.1.1,

m—q\H
g C R L R
0 1 0 1

CES s e 0] .

Also,

1 0

i 1 0
pPUx - 1) U

d (@)™~
and ()~ | ax— 1) U

In the following proof we note that y?" " is a central element of P from Lemma
2.3.1 as t > m. Note also that y?" “C™*~D is a central element of P since p'™
divides p~9(U~* — 1). Now,

b“dx(a;) = bﬂ(xypt—q(UX—l)) e x(1+pm—q>#ypt—q(ux_1)

and thus

)
= (dX)—l(I(1+pm‘q)“yp¢—q(ux_1))
_ (g @y P eyt o)
(et a0 IOy

L el s

It follows that

(0*) 7 () " b dX ()
— (bﬂ)—l (x(1+pm—q)llypt—q(U—X_1)((1+pm—q)#_1))

jalt ($(1+pm—q)—u)(1+l)m“q)"

e

R I ST )
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Now,
Fd(y) = ") =y

Thus

(@)X (y) = (@) @) = U =y

It follows that
() ()T (y) = () () =y. W

The following theorem shows that [b*, dX] can be written as the product d"b?h?.

Theorem 4.2.4 Let b, d and h be the elements of Aut(P) defined earlier and
U—1-F " Then
[B*, &' ="d"0"h¢

for0<v<p® 08 <pl, 0<0<p"™ L 0< u<p? and 0 < y < p* where

i) v 1is the solution modulo p™ to the congruence
VRt i s 0o )
i) 0 is the solution modulo p**™~9 to the congruence
LR —+—pm'")9 =1 and

iii) 3 is the solution modulo p™ to the congruence

[4

e 1 i)
Proof.. As a special case of Lemma 4.1.5,
m—q\B m—n)0
d’ybﬁhGN (1+p q) (1+Z; ) - 0 b
R e O B i W i e )

Let v, 6 and 3 be the solutions to the respective congruences as in the hypothesis.

From Lemma 4.2.3,

besds . -
W E o e - 4 pmop 1) 1)
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From our hypothesis (iii),
(14+p™ ) (1 +p"") =1 (mod p™)

so that the entries of the top left corner of both our matrix notations above are
equal. Now from (i),

U —1=(U*-1(1+p"9" — 1) (nod p™).
Hence modulo ptt™~-4

(s U g ) =0T

@)U = 1)A + ) (1 +pm ")

Il

by using (iii). Thus the entries of the bottom left corner of both our matrix
notations above are equal. Now from (ii),

U'(1+ pm_")e = 1 (mod p&22):

Thus the entries of the bottom right corner of both our matrix notations above
are equal.

Calculating commutators between a and d are the most complicated. We
repeat the same process as before.

Lemma 4.2.5 Let a and d be the elements of Aut(P) defined earlier. Then
[a*,dX] can be represented as

]+ pptr (U SRS (U~ — 1 )] B
pp? AU (U il bt S AL )

for0< p<pland0 < x <p", where
T = p(A(L,U%) — 1) — u2pt"4(U X — 1)A(1, UX).
Proof. From Lemma 4.1.1,

1

X ~
pt=I(UX — 1) UX

and (d¥)™' ~

1 0
PRI — 1T
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at ~ L and (a*)”' ~ YRl -
0l Ol

In the following calculations we use extensively the fact that 2™ " and y?

Also,

m—n

are central elements of P, which is from Lemma 2.3.1. Since ¢t > m in cases 1

and 2, 27" " and y*" " are central elements of P. Note also that z*' “©*-1 and

y?" "= are central elements of P since pt~" divides p!~9(UX — 1). Hence,
atd¥(z) = au(myp“"(U"—l))

ol ps

= g UX-1yp U1 (hy [emma 2.2.1)
= ST pta(x-1)

and thus

(@)™ a"dX(x)
= (dX)” ( 14+upt~9(UX— ly (U"—l))
(

14pupt=9(UX -1 —x\PtTI(UX-1)
& (L‘yt 9(U—x-1) (14up ( ))(yU X)p
= TSRt U S (T o Y UX = D) i (U7X
L o WO, U X)L b (TR 1)

IH i (USSR (U (s (LX)

)
Yy
Yy
=z W
y

— plhupt AUX<1), it TI(U XS (U1

It follows that

() (d) " o d ()
= (aﬂ)—l(x1+up“"(U"—l)yupz“z"(U*"—l)(U"—l))
e, x1+up‘—Q(UX—1)(x—uy)upz“zq(U"‘—1)(U"—1)

LB e e e e V Ut VT ek (il Uil (by using Lemma 2.2.1)

o $1+up“"(U"—1)(1—up““(U"‘—1))yuP2“2"(U"—1)(U"‘—1).

Now, v
X X
G (y) = ) = (@) = A0
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by using Lemma 2.2.5. Thus

5
= (@) (@)

pt=a pA(1,UX) Ux
— ez ) (s )
— gk

(lU")yl+up‘ #([Usx=1)A@,U%),

It follows that
(G ()
— (@)} (@HAQU) et I UTX DALY

iz qu(l,Ux) (:L,—u )1+#Pt_q(U_x—1)A(1wUX)

Y
) iy iy YDA

= x“A(l’UX)_"yx‘“z”t_q(U_X_l)A(l’UX)y“”t_q(U_x_I)A(I’Ux) (by using Lemma 2.2.1)
= m#(/\(lYU")—l)x—uzp“"(U"‘—l)A(lyU")y1+up“"(U‘X—1)/\(1,U")

= xu(A(l»U")—1)—uZP""(U_"—l)A(l1U")y1+#P‘_"(U"‘—l)A(lyU")_ B

The steps in the following theorem are similar to the previous one.

Theorem 4.2.6 Let a, b, d and h be the elements of Aut(P) defined earlier and
U=1+p?T". Then
[a*,dX] = d"bPa"h®

for: 0= i <iphrifiaipl 0 < < p?, 0 <@ < P70 0 < tprs pliand
0 < x < p™ where

i) 7y 1s the solution modulo p™ to the congruence
T+ e (L e (US> - 1)) = up = {(U* = (X 1]
i) 6 is the solution modulo p'*™~9 to the congruence
Lalbpmes) 4 o) =0 5 pr e (e a = N

where
= AL, DR 1) gl G
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i) (3 is the solution modulo p™ to the congruence

(LB (U o™ ) = 1 4t (0% — 1)L < " (U 1)) ond
iv) n is the solution modulo p™ to the congruence

&

ISP SR 1) (1= P (U% = 1))
Proof . From Lemma 4.1.5, d” b® a” h® can be represented as

(14 p™9°(1 + pm)? AU AR S i 8
pIUY — 1)1+ p™9)P(1 4 pmm)° H

where
H = (1 + Y+ 029540~ 1) + U).

Let v, 6, 8 and 7 be the solutions to the respective congruences as in the hypoth-

esis.

From Lemma 4.2.5, [a#, dX] can be represented as

1+ ppt=9(UX = 1)(1 — ppt~9(U ™ - 1)) T
pp®=2(UX = 1) (U~ = 1) 1+ upt~9(U~Xx — 1)A(1,UX)

where
T = u(A(L,UX) — 1) — 39U~ — DAL, UX).

From our hypothesis (iii),
(1 +p™ (1 + ™) = 1+ ppt (U — 1)(1 — pp" (U™ — 1)) (smod p™)

so that the entries of the top left corner of both our matrix notations above are

equal.
Now as in (i), let v be the solution modulo p™ to the congruence

(U= = (0 - T (U - 1)) = U LD =

t+m—q
)

Thus modulo p

gm0 (1 (U= O = (U = 1)
= pindppfe (O = 1)U 1)
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Hence

pp e (ks 1)
B S e B (U )

=9U7 - 1)1+ p™ ) (1 + ™)’ (by using (iii))

p
p

If

so that the entries of the bottom left corner of both our matrix notations above
are equal.

Now as in (iv), let  be the solution modulo p™ to the congruence

e ip SO 1)1 — pp WUR ) =T

Thus by using (iii) and calculating modulo p™,

0

77(1 +pm—q)ﬂ(1 +pm—n) =T

so that the entries of the top right corner of both our matrix notations above are
equal.

Now as in (ii), let 6 be the solution modulo p**™~9 to the congruence

U e = T U DA

Thus
Ul o) U T e = i = LA ).

Hence calculating modulo p**™~9 we have

Fpre et = e )
But from above,

T=n(1+p" ) (1+p")" (mod pT).

It follows that

(1 +p™ 01+ ™ U - 1) + UV + )
=1+ pp!™ YU - 1)A(1,UX)

and thus the entries of the bottom right corner of both our matrix notations
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above are equal. W

47
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Chapter 5
Product of subgroups

Curran (7] wrote Aut(P) as a product of subgroups where he used similar gen-
erators of Aut(P) as ours. However in this thesis, we have a central element
14pm™ " 0

0 1 p' s
tors of Aut(P).
This choice of generator has simplified our study of the structure of Aut(P) and

h ~ of Aut(P) which we can choose as one of the genera-

allows us to write Aut(P) as an ascending sequence of subgroups, each a product
of a cyclic group with the previous. It follows that we are able to write each
element of Aut(P) in normal form, as we will show in this chapter. From that,
we find the upper central series and hence the class of Aut(P), as shown in

Chapter 7.
Before we proceed we remind the reader that these automorphisms have the fol-

lowing meaning.

a~11,b
01

We start by first studying the subgroup (a, h).

m—q
AT : ,d ~ T and h ~
0 1 e ]

1=t 0
0 il dE e ;

Lemma 5.0.1 If a and h are the automorphisms of P defined earlier then (a, h)

= (a)(h), and each element of (a,h) can be written in normal form as a"h? for

O<p<pland <@ <p™ "

Proof .
Since (a, h) is abelian where [h,a] = 1 by Lemma 4.1.3, (a, h) = (a)(h). From

Lemma 4.1.4,
t—m+n>

(@) N (k) = (a™) = (h*

49
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and the result follows from Lemma 2.3.8. B

We now prove one of our major results in this thesis. We show that Aut(P)
can be written as the product (d) (b, a, h). This also implies that a, b, d and h are
generators of Aut(P). Furthermore, we also show that each element of Aut(P)

can be written in normal form in terms of these generators.

Theorem 5.0.2 Ifa, b, d and h are the automorphisms of P defined earlier then
a) any element of (b,a, h) can be written in normal form as b3ah? for 0 <
B<pl,0<n<p?and0 <0 < p™? where
i) (b) N {a,h) =1 and
ii) (b,a, h) = (b)(a)(h).
b) any element of Aut(P) can be written in normal form as d’ b am kO for
0<y<p", 0<B<p?,0<n<p?and0 <8 <pt™? where
i) {(d) N (b,a, h) = (d") and
u) Aui(P) = (d)(ba,h).

Proof. We remind the reader that z?™ = 1 and y?" = a?".

a)

i) First we find the intersection (b)N(a, h). From Lemma 4.1.1 for 0 < 8 < p?,

b ~
0 1

(18 7yl 0]

and for 0 < n < p? and 0 < 6 < p'*™~9, a straight forward calculation shows

ahE (L+p" ") gl +p™ ")
0 G

But
n(1+p™™")" #0 (mod p?)
since 0 < n < p9. Hence if a"h® # 1 then

a"ho(y) = xn(1+p’"‘")oy(1+p’"‘")0

Z (y).

On the other hand,
¥ (y) =y € (y).

It follows that b%(y) # a"h®(y) and thus b # a"h®. Therefore (b) N (a, h) = 1.



o1

ii) Since a is normalised by b from Lemma 4.2.1 and h is central from Lemma
4.1.3 we have,

(b, a, h) = (b)(a, h) = (b)(a)(h)

as (a,h) = (a)(h) by Lemma 5.0.1. Therefore by Lemma 2.3.8 we can write any

element of (b, a, h) uniquely as a product of an element of (b) and an element of
(a, h) as described.

b)

i) By Lemma 4.1.4, d*" € (h) which means d”" € (b, a, h). Now we show that
d”" " & (b,a,h). As a special case of Lemma 4.1.5 we have

o S R A R TR el
0 @ g

and from Lemma 4.1.1,

I} 0
pt__q(Upn—l = 1) Upn—l

n—1

PRRs

Also from Corollary 2.3.4 for an integer k,
Upn—l = (1 +pq_n)pn—1 s +pq_1 s kpn—l+2(q—n) o 1+pq—1 o k‘p2q_n-l.

Thus

AL n—1
& (z) = zy? 0T D
— myp“"(p"“+kp2q‘"‘1)

t—1 k t+g—n—1
g xyp +kp

¢ (z).
which shows d”"~" & (b, a, h), since b’a’h’(z) € (z). Therefore (d) N (b,a,h) =
().
if)

() Il (ba, )|
| (d)(b,a,h) | = | (d) N (b,a,h) |

t+2n+q

=P
= At P)i%
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That is (d)(b,a, h) is a subset of Aut(P) with the same order of Aut(P), which
implies (d)(b, a, h) = Aut(P).
By Lemma 2.3.8 we can write any element of Aut(P) as described. W
It would be nice to be able to give the normal form for a product in terms
of the powers involved in the normal form of each element. This turns out to
be very complicated, as the powers in the product are difficult to determine.
However as mentioned before, much of what we want to do involves calculations
in Aut(P)/(h) = Q, which is generated by @, b and d. Here we need the normal
form of commutators of these generators and we now calculate these forms.
Before we proceed, we need the following lemma. We remind the reader that
U =1 bt

Lemma 5.0.3 Let i and x be positive integers. If p” || u and p* || x then
e — W@t — 1) = —aup™ " -+ o imod ng)

for an integer £ where w is strictly greater than the power of p dividing —xup™™".

Proof . Using Corollaries 2.3.4 and 2.3.6 for integers k and k', and calculating
modulo p™,

(% =101 & p"d)il)

= (—xpT™"+ k:p‘”(q"”))(upm—q it k/pu+2(m—q))

= _X;U'pm_n T Xk/pu+2m——q—n i }Lkp<+m+q_2" 4 kklp§+y+2(m_n)
= —xpp" "+ Op°

for an integer £ where w is strictly greater than the power of p dividing —xup™™".
]

We now calculate v and 3.

Lemma 5.0.4 Let a, b, d and h be the generators of Aut(P) and a, b and d be
the generators of Q defined earlier. If as in Theorem 4.2.4 [b*,dX] = d" b° h® for
Dy <p®, 0B <pl 050 <p ™% 0<p<pl andl == pliuliere
P’ | 1 and p* || x, then

oy = klpm—q+l/+< and IB = kaq—n+u+<’

that is
[I‘)#’Jx] = Jklpm—q+u+<l—)k2pq—n+l/+<
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for ky and ky € Z, where (kiky, p) = 1. Similarly
[JX, 5#] o d-kllpm~q+U+<l—)képq—n+v+<
for ki and kj € Z, where (kjk},p) = 1.

Proof . Let [b#,dX] = d” b® hY as in Theorem 4.2.4.
Assume 7 and (3 are all nonzero and suppose p® || v and p® || S.
By Theorem 4.2.4(i),

U'—1=U>*-1)(Q1+p™ 9" -1) (mod p™).
Now on the LHS for an integer w, using Corollary 2.3.4 and calculating modulo p™,

Bt et ey
e1+2(q—-n).

= APiF tap
On the RHS by Lemma 5.0.3,
(= (G M= pp e e o )

for an integer ¢ where w is strictly greater than the power of p dividing —xup™™".
Thus comparing the term that has the lowest nonzero exponent of p on the LHS
and RHS we have

g—n+e =m-—n+v+g (modm)or
ee=m—q+v+s (mod m). (5:L)
Now by Theorem 4.2.4(iii),
1 +p™ )’ (1 +pm ™ =1 (mod p™).
But by Theorem 4.2.4(ii) we also have
U7(1+p™ ™)’ =1 (mod p*™ %) = 1 (mod p™).
Thus calculating modulo p™ we have

e
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This implies by using Corollary 2.3.4,
e e Zp€2+2(m—‘1) =1+ "+ w/p61+2(q—n)

for integers z and w’. Thus comparing the term that has the lowest nonzero
exponent of p on the LHS and RHS we have modulo m,

Gy ar i) — O] = Gl = 0] — 17
=(m—-q+v+g)+q—n (from (5.1))
== e 'S
and so
€2 =q—n+v+gs (modm).

With similar calculations,

(06,54 = @ g

for k} and kj € Z, where (k}k},p) = 1. Finally we note that if any of v or 3 is
zero, the proof will be similar but easier. il

We now calculate commutators involving a and d. Before that we need the

following three lemmas.

Lemma 5.0.5 If x is a positive integer and p° || x then
(UX = 1)(U™* = 1) = —)x*p* " + £p” (mod p™)
for an integer £ where w is strictly greater than the power of p dividing —x*p*?~*".

Proof. For integers k and k' and calculating modulo p™, by using Corollaries
2.3.4 and:2.3.6,

(U 1)
= (X" + k) (ot~ 4 )
= _X2p2q—-2n 4 k/Xp§+3(q—n) o kch+3(q—n) L kklp2c+4(q—n)

= _X2p2q—2n o4 epw

for an integer £ where w is strictly greater than the power of p dividing —y?p??~2".
|
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Lemma 5.0.6 If x is a positive integer and p° || x then
B e e~ 1)) = L iy +Ep” (inod p™)

for an integer € where w is strictly greater than the power of p dividing uxp'=™.

Proof . For integers k and k' and calculating modulo p™, by using Corollaries
2.3.4 and 2.3.6,

L - D e (U 1))

=R S e . S e T gl e T i)
= RGpat bk St Y ki)
=1+ uxp'™" + p*

for an integer ¢ where w is strictly greater than the power of p dividing uxp'™™.
s

Lemma 5.0.7 If x is a positive integer and p* || x then
B BP) — 1) — et MU X N1 U= ot -+ ep¥(mod pT)

for an integer ¢ where w is strictly greater than the power of p diwviding puxpi™".

Proof . For integers e and k and calculating modulo p™, by using Corollary 2.3.6
and Lemma 2.3.7 with v > ¢ — n,

BSOS — g (U 1AL TR

= u(xp™" + ep™) — wPp U (—xp" " + kpTE) (1 + xpT" + epH)
= pxp?™" + pep™ + (WPxpt " — kpTHHI (1 4 X" + ep™)

= pxp” " + 0p°

for an integer £ where w is strictly greater than the power of p dividing pxp?™".1l
We now find 7, 8 and 7.

Lemma 5.0.8 Let a, b, d and h be the generators of Aut(P) and a, b, d be the
generators of Q defined earlier. If as in Theorem 4.2.6 [a*,dX] = d" b5 a" hP for
0<7y<p",0<B<p,0<n<pl,020<p" %, 0<pu<p’and0<x<p",
where p* || u and p° || x then

y = klpt—n+x/+2<,ﬂ == k.2pt—m+q—n+u+c and n= kqu—n+u+<,
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that is
[(‘lﬂ, d-X] - Czklpt—n+u+2<l‘)kzpt—m+¢1~n+u+<C_L,‘:zmg;_,l_“,_,_c
for k1, ky and k3 € Z where (kikaoks,p) = 1. Similarly

[d—x (_1#] = djcllpt«nJru+2<Bklzpt—m+q—n+u+<aképq—n+u+c
)

Jor ky, k3, ki € Z where (kjkbkl, p) = 1.

Proof. Let [a*,dX] = d” b° a" h® as in Theorem 4.2.6.
Assume 7, 3 and 7 are all nonzero and suppose p || v, p || B and p® || n.
By Theorem 4.2.6(1),

(D7 =) pp A(U*=1) (1= pplT 2 (U %= 1)) =pn SO = 1) (U= 1) (mod p'7)

where U = 1 + p?~". Now, looking at the LHS and calculating modulo p™, by
using Corollary 2.3.4 and Lemma 5.0.6 for integers e and ¢, where w is strictly
greater than the power of p dividing pxp'™,

(B Syt T p R (e )
e R
— o R G R R

for an integer ¢ where «' is strictly greater than the power of p dividing epe1+2(@—m).

On the other hand on the RHS and calculating modulo p™, by using Lemma
5.0.5 and for an integer ¢’ where w” is strictly greater than the power of p dividing
_X2p2q—2n,

ppmU(UX — 1)(U™ = 1) = pp ™ (—x*p™ " + ¢'p")
= _'uX2pt+q—2n 4 e///pw’”

for an integer ¢” where w" is strictly greater than the power of p dividing
—px?ptt9=2". So we have modulo p™,

ot Hep G St (5.2)

Thus comparing the term that has the lowest nonzero exponent of p on the LHS
and RHS of (5.2) we have

g—n+e =t+q—2n+v+2 (mod m) or
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a=t—n+v+2 (mod m). (5.3)
Now by Theorem 4.2.6(ii) modulo p*t™-9,
G e e ) e L = DAQL )
where
T = w(A(L,UX) = 1) — p2p!=2(U = 1)A(L, UX).

This is equivalent to
(L+p™ ™) + Tp' ™ = U1+ p~(T + p(U™X — 1)A(L, UX))) or

e = s T (o = DAL PP = Tt (5.4)

By Corollary 2.3.4, the LHS of (5.4) can be written as
1+ 6p™ " + 2p¥

for an integer z where v is strictly greater than the power of p dividing 6p™~".
We are now focusing on the RHS of (5.4). Before we proceed, from lemma 5.0.7
we have

T = pxp™" + kp?' (mod p™)

for an integer k where 1’ is strictly greater than the power of p dividing uxp?™".
Also we calculate the following by using Corollary 2.3.6 and Lemma 2.3.7 where

c and ¢ are integers and v > q¢ — n.

ppt= (U = DA(L, UX) = pp*~9(—xp"™" + cp"2@™)(1 + xp*" + ¢'p*)
= (St Foppt 0N o)

= —pxp' " + 2P
(5.5)

for an integer 2’ where k is strictly greater than the power of p dividing —puxp'=".

Now we observe that by using (5.3) modulo m,

a+20@q-n)=t-n+v+2+2qg-—n)

(5.6)
=t+2¢q—3n+v+ 2.
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Replacing this into (5.2) we have modulo p™,

/

Ap? " = —NXZPHQ_% 1] empw”’ —ep
= _#X2pt+q—2n L g///pw"’ —ep

_ux2pt+q—2n+ fpf

e1+2(g—n) _ g’pw

’

t+2q—3n+v+2¢ _ f’p“’ (57)

for an integer f where £ is strictly greater than the power of p dividing —pux?p't7-"

where «’ is strictly greater than the power of p dividing ept*29=3"t**2 Now

by using Corollary 2.3.6 for an integer &' and using (5.6) and (5.7), we have
modulo p™,

g =1 ypt® ¢ ppt2an)
— ux2pt+q~2n o fp£ il k/p€1+2(q—n)
=l NXZPH"_Z" bl fp€ e klpt+2q—3n+u+2c
=1 e IuX2pt+q—2n ) f/p 4

(5.8)

for an integer f’ where £’ is strictly greater than the power of p dividing py2ptT9-2".

Therefore using (5.5) and (5.8) and for an integer €', the RHS of (5.4) can be writ-

ten in modulo p**™~4 as

(14 wlp e — f'p¥ + €p™) (1 + Tp™? + pp™I(U™ = 1)A(1,UX)) — Tp*™*

= (L+wPp " — fp¥)(1+ Tp™ + pp' (U™ — 1)A(L,UX)) — Tp™? + €'p™

(14 wlPpt o — ¥ )(1+ TP — pxp' ™ + 2'p") = Tp ™7 + €p™

(1+ Tp'™2 — pxp' ™™ + 2p%) + (wx*p+ " + £0¢) + (- £ + fp¢")
—Tp . Lep™

Il

0. st

= 1 Spunp bl i el

for an integer f” where £” is strictly greater than the power of p dividing py?ptt9-2",
for an integer f” where £” is strictly greater than the power of p dividing — f'p¢’
and for an integer z” where £’ is strictly greater than the power of p dividing
—pxp'™™. Thus comparing the terms on the LHS and RHS of (5.4) we have

/" n’

Op™ " + 2p¥ = —uxp' " + 2'p" + €'p™ (mod p™I). (5.9)
Now by Theorem 4.2.6(iii),

1+ 2™ 91+ ™) = 1+ pp(UX - 1)(1 - pp*~ 94U = 1)) (mod p™).
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Looking at the LHS, calculating modulo p™ and using Corollary 2.3.4 for an
integer e” as well as using (5.9), we have

m— —n\0
(e o7
= (1 -i-ﬂpm_q L e//pez+2m—-2q)(1 AL epm—n it zp‘/’)
(1 +ﬁpm—q +e//pe2+2m—2q)(1 —,UXpt_n It z//pn’ +elpm)
(1 g ﬁpm_q i e//pez+2m—2q)(1 0 prt_n + Z//pn’)
=14+ ﬁpm—q i el/p52+2m—2q - #Xpt—n i ,wp'r’

for an integer w where 7’ is strictly greater than the power of p dividing —uxp'™™.
On the other hand on the RHS, calculating modulo p™ and by Lemma 5.0.6

il el e el )
=1+ pxp" +w'p”

for an integer w’ where o is strictly greater than power of p dividing uxp'™™.
Thus comparing the terms on the LHS and RHS we have

ﬂpm_q 4 e//pez+2m—2q ol uxpt—n 4 wpr’ = luxpt—-n _+_w/pa (mod pm).
Calculating modulo p™, this is equivalent to
ﬁpm_q ER el/p€2+2m—2q = Zuxpt_" i w//po’

for an integer w” where o is strictly greater than the power of p dividing pxp'~".
It follows that by comparing the term that has the lowest nonzero exponent of p
on the LHS and RHS we have

m—q+e=t—n+v-+gs (modm)

or
¢ =t—m+q—n+v+s (modm).

Now by Theorem 4.2.6(iv) modulo p™,

T

n(1 + ppt~2(UX - 1)(1 — pp" (U™ - 1)))

Now looking at the RHS and calculating modulo p™, by Lemma 5.0.7 as seen
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earlier,

T = pxp*™" + kp*' (mod p™)
for an integer k where ¢/ is strictly greater than the power of p dividing puxp?™".
Thus comparing the term that has the lowest nonzero exponent of p on the LHS
and RHS we have

€3 =q—n+v+gs (modm).

With similar calculations,

[JX, au] = _k:’lpt—n+u+2<l—)k[zpt—m-4»q—n+u+<;C_Lk:,ﬂ)q_,H,L,+<
for ki, k5, ks € Z where (R kil p) =1
Finally we note that if any of v, 3 or 7 is zero, the proof will be similar but
easier.



Chapter 6

The centre

In this chapter we will show that the centre ((Aut(P)) of Aut(P) is cyclic and
generated by h. We have seen that h is a central element of Aut(P) and so
C(Aut(P))/(h) < ¢(Q) where @ = Aut(P)/(h). In the next chapter we will
calculate the upper central series of Aut(P) and so we need to find {(Q). It turns
out to be more efficient to calculate ((Q) first and then use this to show that
C(Aut(P)) = (h). As one might expect, ((Q) will depend on the relation between
the invariants defining P.

In the following lemma we show that in cases 1 and 2, ((Q) depends on
whether m — ¢ > ¢ — n or otherwise.

Lemma 6.0.1 Leta, b and d be as defined earlier. If Q = (a,b,d) then the centre
C(Q) of Q is (@, ") for = maz{2q — m,n}.

Proof .
First we remind the reader that from Lemma 4.1.4, the order of a is p?, the

order of b is p? and the order of d is p".
Now let Z be any element of () so that z = dbPanfor0 <y < p*, 0< B < p?
el 0) << i < e
Assume 7, ( and 7 are all nonzero and suppose p! || v, p* || 8 and p® || n.
Now, 7 is an element of ¢(Q) if and only if [Z,a] = [Z,b] = [z,d] = 1.
Let 7 € ((Q). We will look at each commutator, and first we calculate [z, b]:

[z,b] = [d"b%a", b]
= [, 5" [a", b).
Since [z,b] = 1 (and [a",b] is a power of @ from Lemma 4.2.2), by conjugating

61
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with a=" we have

Then conjugating by b= we get
1= [@,5[a", 5 .

Now, [c‘z”,l_)]g_ﬂ is just a power of @ from Lemma 4.2.2, while from Lemma 5.0.4

where p || v,
[JY,B] el Jflpm-q+616f2pq—n+el

for integers f; and f, such that (f;f2,p) = 1. Since the product
Y N

is in normal form, it follows that the power p for b must satisfy ¢ — n + € > ¢
or € > n. This tells us that d" = 1 and so T = b%@". Now recalculate the
commutators:

(z,0] = [0%a", b)
= (65,8 [a", ]
—at B[

Thus using Lemma 4.2.2,
1= [a",b]=a 2"

where ¢ = (1 + p™9)"" (mod p™). Therefore since p®® || 7, e34+m —q > g so that
€3 > 2g — m. Now,
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Hence using Lemma 4.2.2,
1= [#%,a] = g~ t-=™ "
where ¢ = (14 p™ %)~ (mod p™). Now from Corollary 2.3.4 for an integer k,
[ Cgp) Sl Bl A,

It follows that
1—((1- cpm_q)ﬂ) = cflp™ 1 — kp€2+2(m—0)

is divisible by p?. Since p®* || 3, we have €, + m — g > g so that e; > 2q — m.
Now,

[z,d] = [¥Pa", d]
= [%,d""[a",d]

(Jvlpm—qﬂz BU2p0—n+(2 )ET' (d—elpt—n+€3 'b'e2pt—m+q—n+¢3 a€3pq_"+e3 )

by using Lemmas 5.0.4 and 5.0.8 where vy, v2, €1, €2 and e3 are integers such that
(vivae1e0e3,p) = 1. We now look at the power p for d in this product:

Since €, and €3 are both at least 2¢ — m, we have
m—q+e>2m—q+2g—m=q>n

and
t—n+e>t—n+2g—m=>q>n.

Thus the powers on d disappear. Hence

= [.’Z‘,d] = (Bv2pq—n+52 )é"’(Bezpt—m+q—n+e3deapq—nJrcs)'

Now, conjugating by a~" we get

1o a0y S il )

Now using Lemma 4.2.2 for ¢ = (1 + p™=9) " (mod p™),

2 =k o a~" —oopt—M+a—n+e3 (T, pt—m+g—n+
(bezpt m+q "*‘3)“ — peeP =] [bezp gl 53,(—1_77]

L Bezpt—m+q—n+53 aepv
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for an integer e where v is strictly greater than the power of p dividing

= 2 — t_
cert m+q n+63pm g cesp n+€3‘

Thus

1 (Evzpq—n+52 )(Eezpt_m+q_"+e3 )a—n (&e3pq—"+€3)

(B e g (g )

which is in normal form. It follows that the power p for @ must satisfy g—n+e3 2> ¢
or €3 > n. Therefore

t—-m+q—n+e>t—-m+qg—n+n=t—-m+q=gq

so that

5 t—m+qg—n+teg
beeP = 1.

Hence
(l—)vzp"‘"“Z ) (aep" goir )=1

so that the power p for b must satisfy ¢ — n + €3 > g or €2 > n.

Therefore we conclude that for Z to be in ((Q), we have €3 and €, are at least
£ for £ = max{2q — m,n}.

Hence the centre ¢(Q) of Q is (@, b for £ = max{2q — m,n}.

Finally we note that if either , § or 7 is zero, the proof will be similar but
easier. l

We now look at the main result of this chapter.
Theorem 6.0.2 If h is as defined earlier then ((Aut(P)) = (h).

Proof. Since a, b, d and h are generators of Aut(P) by Theorem 5.0.2, and h
commutes with a, b and d by Lemma 4.1.3, we have (h) C ((Aut(P)).
On the other hand, let ' € ((Aut(P)). Write 2’ in normal form as

' = d'bPa"hb
for0<y<p*,0<B<p 0<n<p?and0<6<pt" 7% We then have
z =12'h™% = d'bPa" € ((Aut(P))

and we will show that = € (h).
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Assume (3 and 7 are nonzero and suppose p¢ || 3 and p || 7.
Now we consider z modulo (h) = Z so that

z =dbva".

From Lemma 6.0.1 we have
o ==y

Q) = (@ ,b")
for £ = max{2q — m,n}, so that if € ¢(Q) then d” = 1, that is v is divisible
by p".
But z € ((Aut(P)) implies € ¢(Q) and so, d” € (h).
Now since z € ((Aut(P)), we have [z,a] = [z,b] = [z,d] = 1. We now look at

the commutators.

[z,a] = [d"b°a", d]
= [d",a]” " [pa", ]
= [b%a", a]
= [v°, q
= 1l

Using Lemma 4.2.2 where ¢ # 0 (mod p), and Corollary 2.3.4 for an integer k,

e
[bﬂ,a] s

Cﬂpm—q+kp£2+2(m—q)

Since the order of a is p™ by Lemma 4.1.2, e2 + m — ¢ > m which implies €; > ¢
and thus b° € (h). Now,

[z,b] = [d"bPa", b]
= [d", 4" [tPa", b]
= [bPa", b]
= [a", b]
=1

But from Lemma 4.2.2 where ¢ # 0 (mod p),

m—q

[a",b] = ="

/n€3z+m—q
CiDSI
=0 p
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for an integer ¢’ such that (¢/,p) = 1, so that €3 + m — ¢ > m and thus €3 > g.
Hence a” € (h) since a** € (h).
Therefore
z = d'bPa"h’ € (h).

Finally we note that if either 3 or 7 is zero, the proof will be similar but easier.
|



Chapter 7

The class

The class of Aut(P) is found by constructing its upper central series. We find
that this is much easier than constructing its lower central series because in
this problem, it is easier to calculate higher centres than to calculate higher
commutators.

Since we have shown that ((Aut(P)) = (h), to construct the upper central
series of Aut(P) it will be enough to construct the upper central series of Q =
Aut(P)/(h). Lemma 6.0.1 gives the centre {(Q) of @ which depends on whether
m — q > q — n or otherwise, and the remaining terms of the upper central series
also depend on this dichotomy.

Lemma 7.0.1 gives the upper central series of ) and then Theorem 7.0.2 gives
the class of Aut(P).

Lemma 7.0.1 Let @, b and d be as defined earlier and k be a positive integer.
a) If m—q=>q—n then

i) for kn— (k- L)g >0, G(Q) = (@™, "7, )

and

i) for kn — (k—1)g <0, G(Q) = (a,b,d).

b) If m — q < q—n then
i) for (k—1)g—(k—=1)m+n > 0, G(Q) = @™, &
and
11) for (k—l)q—(k—l)m+n <0 < (k+1)g—km, C(Q) = <ap(k+l)q—km,l—)p(k+l)q~km’J>
and
iii) for (k+1)g — km <0, G(Q) = (a,b,d).

(k+1)g—km : CZp(k—l)q—(k—l)m+n>

67
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Proof .

Let T be any nontrivial element of @ so that z = d'bPa" for 0 < v < p",
0 =< 6l = i anel 1) K i) < 7

Assume v, 3 and 7 are all nonzero and suppose p® || v, p || 8 and p® || 7.

We will prove the result by induction. To begin, we know that

I € (re1(Q) if and only if [Z,a@] = [z,b] = [Z,d] = 1 (mod ((Q)).
We will calculate modulo (i (Q) throughout the proof.

Case(a): m—q>q—n

By Lemma 6.0.1, the result is true for £ = 1.
1) Now suppose for k > 1 and kn — (kK — 1)g > 0,

kn—(k—1)g T,kn—(k—1)g = kn—(k—l)q>
y :

(@) = (@ o @

Let z € (k4+1(Q). We will calculate each commutator. We have

(z,b] = [dbPa", b]
= (%, 5" [a", ]

and then since [Z,b] = 1 (and [@",b] is a power of @ from Lemma 4.2.2) we also
have

1= (3,8 = [@, 8", 8] = [@, 8" [a", . (7.1)
Conjugating by b=? we get
1= [, 5@, 5" (7.2)

Now from Lemma 5.0.4 where p || v,

(@3] = @omrgh

for integers f; and f, such that (fifs,p) = 1. Also from Lemma 4.2.2 for ¢ =
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(L+pm=9)™" (mod pm),
_ e Sl e
@ 5" = @y
= d—ncpm“’[a—ncz»'"""l‘)—ﬂ]

— m—q _ pw
= g nePm gt

for an integer £ where w is strictly greater than the power of p dividing —nep™ 9.
Since the product

1=[d, 5@, 5"
is in normal form, it now follows that the power p for b must satisfy

g—n+e >kn—(k—1)g

or
€1 > (k+ 1)n — kq.

We observe that this implies

m—q+e>m—q+(k+1)n—kqg=kn—kq+ (m+n-—gq)
> kn—(k—1)q

m—qg+e)

since m + n > 2q. Thus d/? = 1. Also by looking at the power p for a,
es+m—q>kn—(k—1)g

and therefore
€3 > kn — kqg+ (2¢ — m).

Now,
== cin an 4 TR al
1= [5,d) = [@Fa",a] = [@,a" = (@,a [Fa) . (7.3)
However [d”,a] = 1 as the following shows: From Lemma 5.0.8 where p | v,
t—n+2¢€) l—)ezpt‘m+q—n+cl (_Iequ—n+el

(@,a) =

for integers ey, e, and e3 such that (eiezes,p) = 1. Since €; > (k+ 1)n — kq, each
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oft—n+2€e,t—m+q—n+e and ¢—n+ € is at least kn — (k — 1)g. Hence
[z,a] = ([P%,a)" = [¥*,a]

since [b°,a] is a power of @ from Lemma 4.2.2. By using Lemma 4.2.2 again,

1= [Bf,a) = g~

where ¢ = (1+p™ %)~ (mod p™). Now by using Corollary 2.3.4, for an integer
k' and where p® || 3,

1— (1- m0)® = o=t — Kpino,
It follows that
ee+m—q>kn—(k—1)q

and hence
€3 > kn — kq+ (2¢ — m).

Now,
1= [z,d) = [@a",d) = |88, d)" [, d) = [%,d)" [a", d]. (7.4)

Using Lemma 5.0.4 where p®? || 3 and for integers f] and f; such that (f]f3,p) = 1,
1 2 12
[8%,d] = dtiem gt
= Efépq_"+€2
since
m—q+e>m—q+kn—kq+(2g—m)=kn—(k—1)q

so that dfiP" "2 = 1. Thus

1= (z,d = %, d" [@,d = & )" [a, d).
Now using Lemma 4.2.2,

(Efépq—"“z )‘i" — Pl [Efépq—wez @)

—phonttia en
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for an integer e where v is greater than or equal to the power of p dividing
ol = cfjp e
where ¢ = (14 p™ %)~ (mod p™). But

m-—n+e>2m—n+kn—kq+ (2¢g—m)=kn—(k—1)g+ (¢ —n)
> kn— (k—1)q

so that a®?” = 1. Hence
1 =imdli=bar T el d).
Now from Lemma 5.0.8 where p* || n,

e T . t—n+e3z 7 t—m+q—n+ez _ g—n+e€
[a", d] — pyzP 3 qusp J

for integers vy, v, and v3 such that (vjvevs, p) = 1. Since €5 > kn — kq+ (2¢ —m),
by looking at the power p for d we have

t—n+e>t—n+kn—kq+((2¢g—m)=kn—(k—1)g+(t—m+qg—n)
> kn — (k—1)q.

Thus d?' "™ = 1. It follows that

T =l g—Nn+e€g T t—m+qg—n+ez _ g—n+egz
1 = [z,d] = bP" T 2peP 7

which is in normal form. Hence by looking at the power p for @ we have
g—n+e >kn—(k—1)q

or
€3 > (k+ 1)n —kq

t—m+qg—n+egz

which also implies that bU2p = 1. So we have

1= [5,d) = Bt geet e
= [s,d =



w2 CHAPTER 7. THE CLASS
and so by looking at the power p for b,
g—n+e >kn—(k—1)q
or
€2 > (k+ 1)n — kq.

Therefore
= (k+1)n—kq = (k+1)n—kq

Gl Q) iylar B P

for (k+ 1)n — kq > 0.

) #Q

Now if £ > 1 and (k + 1)n — kg < 0 then it is clear that

<k+l(Q) T <5"5’ d> =Q.

ii) Suppose for k > 1 and for kn — (k — 1)g < 0, ((Q) = (@,b,d). It is then
clear that

Cer1(Q) = <5,,(_), d> = Q.
Case (b): m—-—q<q—n.

By Lemma 6.0.1, it is true for £ = 1. In this subcase we note that the power
p for d become zero and negative before the power p for @ and b.

) Suppose for k > 1 and (k — 1)g = (k = m+ 7> 0,
Ck(Q) = (Elp(kﬂ)q_km’gp(k“)q‘km’dp(k—l)q~(k—1)m+n>'

Let Z € (ry1(Q). Now by calculating [Z, ] with steps similar as in (a) we have
(7.2) which is,
- - — b8
1= [d,b)[a", 5

where
(@8] = @hom el

for integers f; and f, such that (f;f2,p) =1 and

@, 5" = a-m gt

for an integer ¢ where w is strictly greater than the power of p dividing —ncp™9,
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where ¢ = (1 + p™9)~" (mod p™). Therefore
1= (@, Q@ 5" = g gt
is in normal form and so we have the power of p for d must satisfy
m—-—q+e>(k—1)g—(k—1)m+n

or

€ > kq—km+n.
We observe that by looking at the power p for b we have
g—n+ea>qg-—n+kg—km+n=(k+1)g—km
so that /27" "' = 1. Also by looking at the power p for a we have,
es+m—q2>(k+1)g—km

and therefore
€3 > (k+2)g— (k+1)m.

Now by calculating [z, a] with steps similar as in (a), we have (7.3) which is
= 5o a"
1= (z,d = ([d,a] [t%a]) -
However [d",a] = 1 as the following shows: From Lemma 5.0.8 where p || v,

t—n+2¢€) Bezpt—m+q—n+q ae3pq_"+‘1

[@,a] = d**

for integers e;, e; and es such that (ejeze3, p) = 1. Since €; > kq — km + n, by
looking at the power p for d we have

t=n+2a =2t—-—n+1+¢&
>t—-n+kqg—km+n=kqg—km+t
>kg—km+(m+n—q)=(k—1)g—(k—1)m+n.

Also by looking at the power p for a we have,

g—n+e>qg—n+kg—km+n=(k+1)qg—km



74 CHAPTER 7. THE CLASS
and clearly by looking at the power p for b we have
t—m+q—-n+e >(k+1)g—km.

It follows that .
1=(z,a) = ([?%,a])" = [t%,al

since [b?, @] is a power of @ from Lemma 4.2.2. By using Lemma 4.2.2 again,

1=[tP,a) = alaf=e)

where ¢ = (14 p™ %)~ (mod p™). Now by using Corollary 2.3.4 for an integer
k' and where p® || 3,

1-(1- cpm—q)ﬁ = cBp™ 1 — k:lp52+2(m__q).

It follows that
ea+m—q>(k+1)g—km

and hence
€2 > (k+2)g— (k+ 1)m.

Now we show that commutativity with d imposes no further restrictions. By
calculating [z, d] with steps similar as in (a) we have (7.4) which is,

1=[z,d = [%%,d" [a",d.
However [b%,d] = 1 as the following shows: From Lemma 5.0.4 where p® || 3,

(B2, 0] = gret e g

for integers f, and f, such that (ff2,p) = 1. Since €3 > (k+2)g — (k + 1)m, by
looking at the power p for d we have

m—q+e>m—q+(k+2)g— (k+1)m=kq—km+gq
>kq—km+(m+n—q)=(k-1)g—(k—1)m+n



since 2¢ —m > n. Also by looking at the power p for b,
g—n+e>qg-—n+(k+2)qgq—(k+1)m=kq—km+q+ (2¢g—m—n)
>kq—km+q=(k+1)g—km.

Hence

1= [z,d] = [a",d).
From Lemma 5.0.8 where p || 7,

o, o o t—n+e3z 7 t—m+qg—n+te3 _ g—n+e
[a", d] = qUIP pvzP 3 gusp 3

for integers vy, vy and vz such that (vivuz, p) = 1. Since €3 > (k+2)g— (k+1)m

by looking at the power p for a we have

g—n+ea>qg-—n+(k+2)qg—(k+1)m=(k+1)g—km+(2¢—m—n)
> (k+1)g—km

since 2¢ — m — n > 0. Similarly by looking at the power p for b we have,
t—m+q—n+e > (k+1)g—km.
Now by looking at the power p for q,

t—nt+ea>t—-n+(k+2)g—(k+1)m=kq—km+ (t—n+2¢—m)
>kqg—km+(t—n+n)=kqg—km+t
>kqg—km+(m+n—q) =(k-1)qg—(k—1)m+n.

Therefore we have

Jvlpt—n+53 — szpt—m+q—n+53 = avqu—n+ea = 1

as required. We conclude that

_p(k+2)q~(k+1)m Tp(k+2)g—(k+1)m G kq—km+n

Ge+1(Q) = (@ 14 ,d” ) #Q

and the result is proved inductively.

Now if £ > 1 and kg — km +n < 0 < (k+ 2)g — (k + 1)m then it is clear that

<_p(k+2)f.1—(lc+l)m —r(k+2)g—(k+1)m

Cer1(Q) = (@ , b ,d) # Q.

75
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Now if k > 1 and (k + 2)g — (k + 1)m < 0 then it is clear that

G1(Q) = (@,b,d) = Q.

ii) Suppose for k > 1 and for (k—1)g— (k—1)m+n <0 < (k+ 1)g — km,
Ck(Q) - <(_Ilp(lc+1)q——km’ l—)p(k+l)q—km’ d—>

We again do our calculation modulo ¢, (Q). Now by calculating [z, b], with steps

similar as in (a), we have (7.1) which is
= P Eﬂ 44
L= [d",b] #la" b
But d = 1 so that
1= [a",b]
Using Lemma 4.2.2 where ¢ = (1 + p™9)~" (mod p™), we have

m—q

1=a™"?

so that
m—q+e > (k+1)g—km

and hence
€3> (k+2)g— (k+ 1)m.

Now, calculating [Z,a], with steps similar as in (a), we have (7.3) which is
= i a”
o= ([ ] Hl[B Jalll

But d = 1 so that

S0 acﬂpm—q_klpeg+2(m—q)

by using Lemma 4.2.2 and Corollary 2.3.4 where ¢ = (1 + p™ 97! (mod p™), K’
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an integer and p* || 8. Thus

ea+m—q>(k+1)g—km

and hence
€ > (k+2)g— (k+1)m.

We conclude that
<k+1(Q) L (ap(k+2)q—(k+1)m)Bp(k+2)q—(k+1)m’cz> 7& Q

Now if £ > 1 and (k + 2)g — (k + 1)m < 0 then it is clear that

Ck-i-l(Q) = ((i,l_),d> =Q.

iii) Suppose for k& > 1 and for (k+1)g — km < 0, (x(Q) = (@, b,d). It is clear
that

Ck+1(Q) T <dvi),d) = Q.

Finally we note that if any of y, 3 or 7 is zero, the proof will be similar but easier.
|

We now are able to calculate the class of Aut(P).
Theorem 7.0.2 Let Aut(P) be as defined earlier.

a) If m — q > q — n then the class of Aut(P) is fq_in] + 1.
b) If m — q < g — n then the class of Aut(P) is f;q_—q] + 1.

Proof .

Since ¢(Aut(P)) = (h), the class of Aut(P) is one more than the class of @
and hence it is enough to calculate the class of @ where Q = (a, b,d) such that
" = b*° = d" = 1. Let k be a positive integer.

Case(a): m—gq= 90

Since kn — (k — 1)g is a monotone decreasing function of k, it follows from
Lemma 7.0.1 that (x(Q) = @ for the smallest k such that

kn—(k—1)g <0< (k-1)n—(k—2).
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So we have

4 o dieny

qg—n i

or k = [.£] which is the class of Q. Therefore the class of Aut(P) is [=L-] + L.

Case (b):m-q<q—n.

Since (k —1)g — (k — I)m+n < (k + 1)g — km, we have (x(Q) # Q for
(k4+1)g—km > 0 by Lemma 7.0.1(i) and (ii), and (x(Q) = @ when (k+1)g—km <
0 by Lemma 7.0.1(iii).

Since (k + 1)qg — km is a monotone decreasing function of &, it follows that
(@) = Q for the smallest k such that

(k+1)g—km<0<kq—(k—1)m.

So we have
q <k< q
m—q m—q
or k = [-L] which is the class of Q. Therefore the class of Aut(P) is [;”_—q] +1.
w

Sl




Chapter 8

Further research

We remind the reader that the four cases in the case of finite nonsplit metacyclic

p-groups where p is an odd prime occur when:
1)2<n<qg<m<twhere m < 2n,
2)1<n<qg<m<twhere2n<m<q+n,

M F i< g <t <im < 2n'and

4)2<n<g<t<mwhere2n<m<q+n.

In this thesis, we find results for only cases 1 and 2. The extension of the
method to cases 3 and 4 is found to be more complicated. One of the com-
plications is that 2P and y*" " are no longer central elements of P because
t < m in cases 3 and 4. The calculations become even more complicated in case

4 especially, since m > 2n.
e
In checking the requirements for a matrix [ } to represent an automor-
s

phism of P we conjecture that in cases 3 and 4,

Conjecture 8.0.1 Let ¢ ~ {z r]' Then ¢ € Aut(P) if and only if
s

i) T € Zpm,

#)i=1+rp™? (mod p™79),

ii) j =0 (mod p'™"),

w) s = 1+ cp?™ (mod p™") where j = ep’ Y for0 =e<pt.

Furthermore, the set of generators of Aut(P) that we have for cases 1 and 2 are
no longer the same for cases 3 and 4. In particular the mapping a represented by

the matrix (1) 1 is no longer an automorphism of P in cases 3 and 4.

79
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Finding a new set of generators has proved difficult, but we conjecture that
the following automorphisms of P which can be represented by the following
matrices form a set of generators in these cases:

1t 1pie2 i I phat 0 1 0
) £ and 3
@ il 0 1 0 1= e pti s L4 pn

These generators are closely related to Curran’s generators when ¢ < m (in our
notation). If they are correct, we expect to be able to find the centre, the upper
central series and the class of Aut(P) by similar methods to those used in this
thesis.

Once these are done, there are still many questions remaining for the nonsplit
case. Perhaps, the most important are to find a presentation of Aut(P) and to
find its derived length. We expect the method and results obtained can lead to
solutions to these problems.

In addition, we have not considered the split case in this thesis. If G is a
finite nonabelian split metacyclic p-group where p is an odd prime, then the
automorphism group Aut(G) of G is no longer a p-group. Bidwell and Curran [3]
found generators and a presentation of Aut(G). Using similar methods to those
used in this thesis, we expect to find the class of the Sylow p-subgroup of Aut(G).
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