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Abstract

This thesis considers probabilistic finite automata (PFA), distributions of sequences over
finite alphabets, the links between them and the learnability thereof. Pervasive in scientific
fields ranging from computer science to electrical engineering to information theory, PFA
models also find numerous practical applications in speech recognition, bioinformatics and
natural language processing.

PFA models are the most general among the myriad of syntactic objects providing
probabilistic extensions of finite state machines. Closely related to hidden Markov models
(HMMs), PFAs have been the focus of extensive research, but continue to pose interesting
theoretical and practical problems to this day.

The thesis presents geometric insights into the PFA learning problem, a characteriza-
tion theorem for the family of distributions induced by PFA models, as well as a number
of applications of this theorem. For a subclass of PFA called probabilistic deterministic fi-
nite automata (PDFA), a number of learnability results are presented. These results place
limits on the PDFA subclasses which are learnable using a class of algorithms collectively
known as state merging.

The sample complexity of learning general distributions over countable sets is consid-
ered, and lower and upper bounds, which asymptotically match up to a logarithmic factor
are developed. An example is constructed exhibiting a class of PDFA models which is
efficiently learnable using state merging. It is demonstrated that distributions induced
by this class are not efficiently learnable by direct estimation (making no assumptions on
the distribution’s source) in the sense that the sample complexity is bounded below by an

exponential in the number of states.
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Chapter 1

Introduction

The concept of a state machine is fundamental to the field of computer science. The
subject of extensive investigation tracing back to the 1940’s and 1950’s, the state machine
continues to pose interesting and open problems to this day.

The research presented in this thesis revolves around an extension of the state ma-
chine concept to the probabilistic framework, namely the probabilistic finite automaton
(or PFA). The PFA is the most general among several syntactic objects providing prob-
abilistic extensions to the finite state machine concept!. The hidden Markov model (or
HMM), probabilistic (or stochastic) deterministic finite automata (PDFA), Markov chains,
n-grams and probabilistic suffix trees are among the numerous special cases of PFA which
have been proposed to model and generate distributions over sequences.

The PFA concept is widely used and studied in a number of theoretical as well as
practical communities. In the information theory literature, PFA models (typically un-
der the name finite state sources) are frequently used to model communication channels,
alongside their hidden Markov model (HMM) counterparts (sometimes referred to as hid-
den Markov processes). A comprehensive survey paper providing an overview of hidden
Markov processes from the statistical and information-theoretic viewpoints was written
by Ephraim and Merhav [2002].

In a recent pair of survey papers [Vidal et al., 2005a], [Vidal et al., 2005b], the the-
oretical machine learning aspects of PFA were outlined. Aiming to enhance the thesis’
readability, we will attempt to adhere to the notation used in these papers where relevant
and introduce new notation only where necessary.

From the practical perspective, many engineering disciplines including speech recogni-
tion, language modeling, machine translation and bioinformatics utilize the probabilistic
finite state machine concept.

The remainder of this thesis is organized as follows:

e In the subsequent sections of this chapter we will rigorously define the concepts

!The term deterministic finite automaton (DFA) is sometimes used instead of finite state machine. We
generally make no distinction between “machine” and “automaton” in this context.

3



Introduction

relating to probabilistic finite state machines, and provide detailed descriptions of

their inter-relationships.

e In Chapter 2 we will describe the intrinsic geometry of the PFA models. We will
examine the geometry of the interplay between the PFA’s parameterization, the
mapping into distribution space, and the resulting distribution. Our focus will be on

convexity properties, which will highlight the difficulty of the PFA learning problem.

e In Chapter 3 we will extend the well-known Myhill-Nerode theorem of finite state
machines to PFA. Subsequently, we will show how the extension theorem can be
used to prove certain distributions cannot be induced by PFA or PDFA models.
The chapter will be concluded with applications of the Myhill-Nerode extension,
placing bounds on the relative expressive power of the PFA and PDFA models in

approximating arbitrary probability distributions over bounded-length strings.

e In Chapter 4 we will summarize and extend the theoretical results regarding the
inference of PFA and PDFA models from data. Focusing on the PDFA models’
learnability, we will present a novel extension to a class of algorithms collectively
known as state merging. We will then formulate and prove extended positive and
negative learnability results. We will provide analysis showing learnability of novel
PDFA subclasses that strictly include families already known to be learnable. We
will conclude with a negative result, proving that state merging algorithms have a
high likelihood of failure on another PDFA subclass.

e The sample complexity of PFA and discrete distribution learning is discussed in
Chapter 5. We will summarize known results in the field, present and provide a
novel analysis of a baseline algorithm against which any other algorithm’s sample
complexity can be measured. Our analysis comprises a pair of sufficient conditions
on the sample size required for learnability, as well as a sufficient condition for failure
mode. The conditions are tight up to a logarithmic factor. We will perform a critical
comparison between our analysis and the existing state-of-the-art results. In con-
clusion, we will construct an example on which the state-merging algorithm requires
polynomial computational complexity, while the baseline algorithm’s complexity is

exponential in the number of states.

e In Chapter 6 we present our conclusions and a discussion of possibilities for further

research.
e In Appendix A we provide proofs for a number of technical lemmas.

e Appendix B contains a number of results repeated from [Clark and Thollard, 2004],
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serving to make the document self-contained. In order to enhance clarity, we have

translated the results to the notation used throughout the thesis.

1.1 Notational Conventions

Throughout the thesis, standard symbols will assume the usual meaning, unless otherwise

stated. The symbols O and o will have the usual meaning;:

f(2) =0(g(z)) as z—w means f(z)/g(z) is bounded as z — w;

f(z) =0(9(2)) as z—w means f(z)/g(z) >0 asz— w.

When an asymptotic relation is stated for an integer variable n, it will implicitly be taken
to apply only for integer values of n, and the limit will always be co. Logarithms will be
natural (to base e) by default, or to base 2 (when explicitly stated).

Given a random variable denoted by X, the expected value of X is denoted E X, the
variance of X is denoted var(X), and the probability of some statistical event f(X) is
denoted as Pr (f(X)). Given some probability distribution D, the notation X ~ D means
X is randomly drawn according to the distribution D.

The delta distribution §(z) where z € X (X denoting some set) will denote a distrib-

ution with all probability concentrated on the (single) element x:

1 ify=u=,
Vy € X, Pry~6(:c) (y) =
0 otherwise.

We denote by X a finite alphabet and by ¥* the set of all sequences (or strings) of
characters taken from ¥, including the empty string denoted by €. The set of all strings of
length n (resp. less than, at most n) will be denoted by X (resp. £<",X="). The length
of a string s € X* is denoted by |s|. The substring of s from position ¢ to position j is
written s;...s;. Given two strings z,y € X*, their concatenation zy € ¥* is the string
obtained by appending the suffix y to the string x.

A sample multiset S is a multiset of strings. Since they are typically obtained by
sampling, a particular string may appear more than once. The total number of strings
in a sample S is denoted by |S|, and the empirical distribution associated with S is
5(s) := #{s € S}/|S| (with #{s € S} denoting the number of occurances of a specific
string s in the multiset S).

We will (for the most part, unless explicitly stated otherwise) follow the symbol con-

ventions summarized in the Glossary of Symbols (page 117).
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1.2 Basic Tools of Probability

The following basic probabilistic results are used in the thesis:

Theorem 1.1 (Markov’s inequality) Let X be a nonnegative random variable. Then

for every t > 0,
EX

Theorem 1.2 (Chebyshev’s inequality) Let X be a random variable with finite vari-

ance. Then for everyt > 0,

var(X)
2

Pr(X -EX|>t)<

1.3 Stochastic Languages

A language is a subset of ¥*. A stochastic language L is a probability distribution over
¥*. We denote by Pr(s|L) the probability of the string s given the language L. The
distribution defined by L must satisfy ) 5. Pr(s|L) = 1. The probability of any set (i.e.
not multiset) X C X* given L is given by:

Pr(X|L) =) Pr(z|L).
zeX

Given a set of probability distributions {D;}};, the convex hull of {D;}I, is the
set of distributions of the form D = "7 ; A\;D;, where the coefficients Ay,..., A, are
such that A\; > 0 for every ¢ € {1,...,n} and > " ; A\; = 1. For such a set of convez
coefficients it follows immediately that D is indeed a distribution. We will use the notation
co(D1,...,Dy) to denote such a set of distributions.

In the following definitions we (roughly) adopt the notation of [Carrasco and Oncina,
1999]. Some of the symbols below are also used to denote other concepts, but any confusion

is avoided by the context.

Definition 1.3 A stochastic regular grammar is a 5-tuple G = (,V,S,R,p), with &
a finite alphabet, V a finite set of variables, S a starting symbol, and R a finite set of

derivation rules® with either of the following structures:

X — aY
X — ¢

2See e.g. [Hopcroft and Ullman, 1979] for an explanation of the concept of derivation rules.
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where a € X, X,Y € V, and a real-valued function p : R — [0, 1] giving the probability of
derivation. The sum of the probabilities for all derivations from a given variable X must

equal to one.

Definition 1.4 A stochastic regular grammar G is deterministic if for all X € V and for
all a € T there is at most one Y € V' such that p(X — aY) # 0.

Every stochastic deterministic regular grammar G defines a stochastic deterministic reg-
ular language (SDRL), Lg, through the probabilities p(w|Lg) = p(S = w), where the
probability p(S = w) that the grammar G generates the string w € ¥* is defined recur-

sively:

p(X =€)
p(X = aw) = p(X —aY)p(Y = w),

p(X —€)

where Y is the only variable satisfying p(X — aY') # 0 (if such a variable does not exist
then p(X — aY) = 0).

Definition 1.5 The quotient language z7 'L is the stochastic language defined by the

probabilities of the strings in L starting with x, properly normalized:

wlg-1L) . PEwll) _ plew|L)
PWla™ L) = ST Saes pAlE)

If 3 ,esep(zz|L) = O then by convention 'L = § and p(w|z~'L) = 0. Note that
eL=L.

Esposito et al. [2002] used residual language to denote the quotient language.

1.4 Finite State Machines

We now introduce the finite state machine (FSM), a fundamental concept to the theory
of computer science. Also referred to as the deterministic finite automaton (DFA), it is

formally defined as follows®:
Definition 1.6 A DFA A is a five-tuple A= (Q, %, 6, qo, F), with:
e Q a finite set of states,

e X an alphabet or a finite set of symbols,

3We adhere to the notation of Hopcroft and Ullman [1979).
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e §:Q x X — @ a transition function,
® qo € Q a start state,
o FFC @ a set of final or accepting states.

The transition function admits a recursive extension ¢ using the recursion:

8(ge) = g VgeQ,

~ ~

(g, (wr...wg)) = 6(6(q,wi... wg—1),wg) Yw=wiwy... wr € XT*.
The DFA A accepts a (possibly empty) subset of ¥*, defining the language L a:
Li={weX* | &(q,w)e F}.

For a complete introduction to the theory of DFA, the reader is referred to [Hopcroft
and Ullman, 1979].

1.5 Probabilistic Finite Automata

The probabilistic finite automaton (or PFA) model has been extensively investigated in
a number of scientific fields. Due to this, discussions of PFA models use widely differing
terminology and notation®.

In the machine learning community, the PFA terminology is the most commonly used,
occasionally creating confusion with the closely related hidden Markov model (or HMM,
see Section 1.8.1 for a more detailed discussion of the relationship between the two models).
In the information theory literature, the term finite state source (or FSS) is typically used
(see [Ephraim and Merhav, 2002] for a thorough survey).

We now formally define the PFA model:

Definition 1.7 A PFA is a tuple A = (QA,%,54,14,Fa, P4), where:
e Q4 is a finite set of states,
e 3 is a finite alphabet,
0 4 C QaxExXQyis aset of transitions,
o I4:Q4 — [0,1] are the initial state probabilities,

e Py:64— [0,1] are the transition probabilities,

4Parts of the exposition in the following sections include segments repeated from the survey papers
[Vidal et al., 2005a} and [Vidal et al., 2005b).
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o Fp:Qa — [0,1] are the final state probabilities.

The transition set é 4 should not be confused with the delta distribution due to the different

number of arguments. When understood from context, the subscript .A will be dropped.
The transition probabilities of non-existing transitions are null, i.e. P4(q,a,q’) =0 for

all (g,a,q’) ¢ 4. The initial state probabilities 14 have quQ 1a(g) = 1, while for the

transition and final state probabilities we have:

Fal)+ Y. Palg,a,¢)=1, VYg€Qa
a€s
d€Qa
PFA are often represented as directed labeled graphs. Figure 1.1 shows a graphic
depiction of a PFA with four states, @ = {qo,q1,92,¢3} and a single initial state go (i.e.
a state ¢ with I(q) > 0) using a four-symbol alphabet, ¥ = {a,b,c,d}. The numbers

below each state and above each arrow are the final-state and transition probabilities

respectively.
c(2/5)
b(2/5)
Ta(q0) =1 d(1/16) Q
——.’
q3
1)

Figure 1.1: Graphical representation of a PFA.

We define a concept introduced by Abe and Warmuth [1992] and used in PFA training

scenarios where a subset of the PFA’s transition probabilities are forced to zero:

Definition 1.8 A PFA constraint is a tuple C := (I,G) where I is the initial state set®
and G C Q4 X X X Q4 is a subset of all possible transitions. We denote the size of the
constraint, written |C| by: |C| = |I| + |G|.

®In this context, any state not in I is constrained to zero initial probability.
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1.6 Probabilistic Finite Automata as Distribution Genera-

tors

Probabilistic finite automata can be viewed as mechanisms for generating strings randomly
from a probability distribution. Given a PFA A, the process of generating a string proceeds

as follows:

o Initialization: Choose (with respect to the distribution I 4) one state gop € @ as the

initial state. Define ¢¢ as the current state.

o Generation: Let g be the current state. Decide whether to stop, with probability
F(q), or to produce a move (g,a,q") with probability P(q,a,q’), where a € Z U {¢}
and ¢’ € Q. Output a and set the current state to ¢'. Repeat.

Formally, the PFA A induces a probability distribution over ¥* in the following manner.
Let 0 = (so, 21, 81, 22,82, - - -, 8k—1,%k, Sk) denote a path traversed while passing through
the states (so,...,sk) and producing the string x = (2122 ...zx). Equivalently, there is a
sequence of transitions (sg,z1,81), (81,2, $2),-- -, (Tk—1, Tk, Sk) € 4. The probability of

generating such a path is:

Pra(8) = La(so) - (U?:x Pa(sj-1,7;, Sa’)) + Fa(sk)- (1.1)

Definition 1.9 Given a string x € X*, a valid path for z is a path with probability greater

than zero.

In general, a string z can be generated by A through multiple valid paths. The set of all
valid paths for z in A is denoted © 4(x). The set of all paths in .4 which are valid for
some string z € ¥* will be denoted by © 4.

The probability of generating z with A is:

Pra(z) = E Pra(6). (1.2)

€0 4(z)

A natural question is “under which conditions do the probabilities of Equation (1.2)
sum up to 17”. A PFA for which this holds is called consistent. A sufficient condition for
PFA consistency established in [McAllester and Schapire, 2000] is the following:

Definition 1.10 A state of a PFA A is useful if it appears in at least one valid path of
O4.

Proposition 1.11 A PFA is consistent if all its states are useful.
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Note that the condition of Proposition 1.11 is sufficient but not necessary: a non useful
state is harmless if it is inaccessible; i.e., if no string can reach it with probability greater
than zero. In the remainder of the thesis we will limit our discussion to consistent PFAs

(unless stated otherwise).
Definition 1.12 A distribution is regular if it can be generated by some PFA.

The distribution over ¥* induced by the PFA A will be denoted D 4.
A concept closely related to (and which indeed usually assumes the same name as) the
PFA is the non-terminating PFA (see e.g. [Abe and Warmuth, 1992]):

Definition 1.13 A non-terminating PFA is a PFA A with F4(q) = 0 for all states q €
Qa-

In this model, the termination probabilities are null for every state, and therefore the
model cannot generate any finite-length string. However, for any chosen integer £ € N
the model defines a distribution over %¢. Specifically, given a length £ string = € X¢, the
individual paths’ probabilities are calculated by:
4
Pra(0) = La(so) - | [ Pa(sj-1,5,85) |, (1.3)

=1

and the string’s probability is again given by (1.2):

Pra(z)= > Pra(6). (1.4)

9€0 4 ()

Sometimes, use of a non-terminating PFA allows a clearer exposition.

Example 1.1

In the PFA of Figure 1.1, there is only one valid path for the string accb:

@A(GCCb) = {(qo, a,q1,¢q1,¢6,4, b, q3)}

The probability of accb is:

Pra(aced) = I(q)- P(qo,a,q1) - Plar,¢,q1) - P(g1,¢,q1) - P(qu1,b,q3) - F(g3)
= 1.0125-0.4-04-04-1
0.008.

For the string a, there are two wvalid paths:

©.4(a) = {(g0,a,91), (90, a,92)}.
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Therefore, the probability of a is:

Pr(a)

I(q0) - P(go0,a,q1) - F(q1) + I(q0) - P(go,a,q2) - F(g2)
= 1-0.125-02+1-05-1
= 0.525.

Definition 1.14 If a PFA’s underlying graph is acyclic, the model is called an acyclic
probabilistic finite automaton or APFA.

The set © 4(x) can potentially have cardinality proportional to |Q _A|'$!, exponential in
the length of the string being generated. This precludes any attempt at direct calculation
of Pr4(z). However, a simple dynamic programming recursion known as the forward
algorithm was discovered by Chang and Hancock [1966] and later rediscovered by Baum
et al. [1970], which reduces the computational complexity to O(|z| - |§]), where |z| is the

length of z and |§| is the number of transitions in .4. We now describe their recursion.

1.6.1 The Forward and Backward Algorithms

In describing the forward algorithm we follow the notation of [Vidal et al., 2005a} and
repeat the relevant parts of their exposition. Let a;(i,q), for ¢ € Q and 0 < ¢ < |z|,
denote the probability of generating the prefix z; ...z; and reaching state g:

az(i,q) := Z I(so) - H P(Sj_1,1:j,8j) . 1{(1=5i}’ (1.5)
(50,81,..-,5:)EO A (Z1...T4) j=1

where 1;,_,3 = 1 if ¢ = ¢’ and 0 if ¢ # ¢’. Equation (1.5) can be calculated using the

following recursion (usually referred to as the forward recursion or Baum recursion):

al‘(O:Q) = I(q)> (163’)
(g = Y ou(i—1,¢)-P(d,zi,9), 1<i<|al. (1.6b)
7€Q

Given a string x € ¥*, it is straightforward to see that:

Pra(z) = Y ax(|zl,q) - F(g)- (1.7)
q€Q

A closely related recursion called the backward algorithm calculates the probability

(1.2) by introducing the backward density (;(i,q) as the probability of generating the



§1.6 Probabilistic Finite Automata as Distribution Generators 13

suffix z;41 ... 2|5 from the state ¢:

||

Bz(i,q) := Z 1{g=si} H P(sj-1,2j,55) | - F(s))- (1.8)

(si,...,8|x|)GGA(:E«;+1.”$|2|) Jj=i+1

The backward density can be calculated using the backward recursion:

Bz(lzl,q) = F(q), (1.9a)
,Bz(i,Q) = Z lBJJ(Z + 1aq/) . P(q7miaq’)’ 0 < { < ]‘T| -1 (lgb)
7eq

For a string z € X* we have:

Pra(z) =) 1(q) - B:(0,q). (1.10)

9€Q

The calculation of both o and  can be performed with a time complexity of O(|z| - |4]).

1.6.2 The Viterbi Algorithm

In Equation (1.2), the probability of generating = by the PFA A is given by the sum of
the probabilities over all valid paths that generate x. However, in some applications it is

desirable to search for a valid path 6 that generates = with the maximal probability,

b, 1= argmaxgeg , (z) Pra(6)- (1.11)

The probability of this optimal path 6, will be denoted Pr 4(z). In practice, often the
probability given by (1.2) is mainly distributed among a few paths close to the optimal
one, in which case (1.11) is an adequate approximation. The optimal path 6 is of practical
interest in many pattern recognition applications, since useful information can be attached
to the states, and in many cases the problem is to search for the information that is in the
optimal path. This path is also useful for an efficient estimation of the parameters of the
model from a training sample (see e.g. [Ephraim and Merhav, 2002, Section VII]). The
computation of 6 can be efficiently performed by defining a function v(i,9) Vg€ Q,0<
i < |z|, as the probability of generating the prefix z1,...,; through the best path and

reaching state ¢:

)
) = I(s0) - TT P(sio1,3,85) - Lrgeanr - 1.12
’Yz(z q) (30,31,...,sgéaéxA(a:l,...,xi) (SO) E (S] Ly SJ) {g=si} ( )
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An efficient algorithm for calculating the above path is given by the following well-known
recursion due to Viterbi [1967]:

72(0,9) = I(g),

Y2(i,q) = g}gg%(i—1,q')-P(q',wi,q), 1<i< |z,

with Pr4(z) determined by:

Pra(z) = max v, (|al, 4) - F(a)- (1.13)

The calculation of v has the same asymptotic time complexity as the calculation of a or
(. In practice, however, the implementation becomes simpler and the running time faster,

as the complicated floating point operations are no longer required.

1.7 Probabilistic Deterministic Finite Automata

A special case of the PFA occurs when the following restrictions are imposed:
e Jgo € Q (initial state), such that I4(go) = 1,
e VgeQ,VoeX, |{¢ :(q,0,4) €da}| <1

In words, the restrictions amount to requiring a single initial state, and at most a single
outgoing edge from any given state, emitting a given alphabet letter. These conditions
ensure that for any given string, at most a single path generating the string exists in the
automaton.

The resulting model is termed a probabilistic deterministic finite automaton, or PDFA,
also referred to as the deterministic probabilistic finite automaton (DPFA) or the stochastic
deterministic finite automaton (SDFA). The corresponding term in the information theory
literature is the unifilar finite-state source or unifilar source.

In the PDFA model, the single path through states can be deterministically recovered,
given the generated string. This fact enables the following recursive notation, which will
prove useful in the sequel. Given a PDFA A = (Q4,%,04, 14, Fa, Pa), the transition
function and transition probabilities can be recursively defined. Given a state ¢ € Q4 and

a string s = s1... 58y,
® 34(q,8) :=04(04(g,51),52- .. 50),

i P-A(qa 8) = PA(qa 6A(q7 31), S]) ' P.A(CSA(q, 81)732 e 82)'
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The probability that A4 will generate a s and terminate, given the current state of the
PDFA is g will be denoted by:

P4 (s) := Pa(g, s) - Fa(6.4(g, 9)).
Definition 1.15 A distribution is regular deterministic if it can be generated by a PDFA.

The regular deterministic distributions are a strict subset of the regular distributions®.
This observation was proved by a simple counterexample in [Vidal et al., 2005a, chapter

IV], which we reproduce in Figure 1.2 below.

a(1/2)

3.

o (1/2)

a(1/3)

5.

(2/3)

Figure 1.2: A simple PFA inducing a distribution which cannot be generated by a PDFA, using
the single-letter alphabet ¥ = {a}.

In Section 3.3.1 we will discuss this example again and offer an alternative proof.

We mention that the concept of a PFA constraint naturally extends to the so-called
deterministic constraint, the situation (corresponding to a PDFA subclass with a fixed
structure but variable transition probabilities) wherein a PFA has one initial state and
for every given state ¢; and alphabet letter o € X, there is at most one transition from g;

labeled with o in the transitions probabilities matrix.

1.8 Connections to Related Probabilistic Models

We now mention a number of related probabilistic models, and briefly discuss their relation

to the PFA. The discussion is arranged in an increasing order of the models’ expressivity.

5Which correspond to the stochastic deterministic regular grammars introduced in Section 1.4.
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We repeat parts of the exposition of Vidal et al. [2005b, Section II], where a more complete
exposition is offered.

The class of probabilistic residual finite state automata (PRFA) was introduced in
[Esposito et al., 2002] and shown to have expressive capability (strictly) greater than
PDFA and (strictly) less than PFA models. We defer the definition of PRFA to Section
3.1, as it relies on technical concepts introduced in that section (and is discussed solely in

a context relevant to Chapter 3).

1.8.1 Connections to the Hidden Markov Model

PFA models are closely related to the well-known hidden Markov models (HMMs), which
are used in numerous practical applications including speech recognition [Rabiner, 1989],
handwritten text recognition [Raviv, 1967], machine translation [Jelinek, 1998], and bioin-
formatics [Abe and Mamitsuka, 1997]7. We define the HMM below and briefly discuss its
relation to the PFA.

Definition 1.16 A HMM is a 6-tuple M = (Q, %, I,q¢,T, E), where:

e () is a finite set of states,

Y. is a finite alphabet of symbols,

T:(Q\{gr}) x Q = R* is a state to state transition probability function,

I:Q\{qs} — R" is an initial state probability function,

E:(Q\{gr}) x T — RY is a state-based symbol emission probability function,
® gr € Q is a special (final) state,

subject to the following normalization conditions:

Y I = 1,

a€Q\{as}

> T(g,d) = 1,YgeQ\{gs},
q€Q

Y E(g,a) = 1,VYgeQ\{gs}.
a€x

The main distinction between the PFA and the HMM is the manner in which the
models’ output is generated. Specifically, in the HMM, the output is generated at the

"See [Vidal et al., 2005a] for additional references.
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states, while in the PFA the output is generated upon traversal of the edges®. Keeping
this distinction in mind, the following propositions proven in [Vidal et al., 2005b] are

intuitive (Das denotes the distribution generated by M):

Proposition 1.17 Given a PFA A with m transitions and Pr4(e) = 0, there ezxists an
HMM M with at most m states such that D4 = Dpy.

Proposition 1.18 Given an HMM M with n states there erists a PFA A with at most
n states such that D4 = Dpy.

Figure 1.3 summarizes the relative expressive capabilities of the probabilistic models
mentioned above. Note that each class is unbounded in the number of states, and no

attempts are made at approximation of any class by another.

PFA / HMM

Figure 1.3: A hierarchy of probabilistic models. The models are arranged in order of expressive
capabilities, with the assumption that the number of states in each class is unbounded.

Many practical applications involving HMMs generalize the alphabet to (typically high
dimensional) continuous spaces. The discussion of the ensuing conceptual and algorithmic

modifications lies beyond the scope of this thesis.

8There are (uncommon) exceptions to this rule, wherein HMMs are defined to produce emissions on
transitions instead of states, see e.g. [Casacuberta, 1990] and [Bahl et al., 1983].
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1.9 Distance Functions Between Distributions

Given two distributions D, and Ds over ¥*, we will use the following notions of distance:

For 1 < p < oo, the L, distance between D; and D, is defined as:

D1 = Dallp = [ 3 11(s) ~ Dot ]
sEX*

In the limit p — 00, we obtain the L, distance:
|D1 — Dalloo = max|Di(s) — Da(s)].
sEL*
The distance between a given distribution D’ and a class of distributions D is defined as:
|D-D'| := inf ||D - D'|.
DeD

An additional notion of proximity between distributions with deep roots in the infor-

mation theory literature is the KL-divergence, defined as:

— D (s)
KL(D: || D) := s;; D (s) log (Dg(s)) .

The KL-divergence can be interpreted as the expected extra message-length per datum
that must be communicated if a code that is optimal for a given (wrong) distribution Ds is
used, compared to using a code based on the (correct) distribution D;. Note that although
frequently used as a criterion for proximity between distributions, the KL-divergence is
not a metric. Pinsker’s inequality (see e.g. [Cover and Thomas, 1991]) states that for any

pair of distributions D; and Dy the following holds:

1
>t _ 2
KL(D1||D3) > 21112||D1 D1,

which in turn upper-bounds all L,-distances, making this notion of distance stronger.
We mention that certain refinements of Pinsker’s inequality have been proposed. These
refinements are usually not dependent on the distributions D; and D, with the exception

of a result discussed in [Weissman et al., 2003].



Chapter 2

The Geometry of Probabilistic

Automata

In this chapter we discuss aspects of the geometry underlying probabilistic finite automata
models, especially convexity, which is relevant for learnability. As we will discuss in
Chapter 4, a number of hardness results show that the general problem of PFA learning
is a difficult one. In this chapter we will try to illuminate some of the geometrical aspects

behind PFA learning, providing insight into the general problem’s difficulty.

2.1 Basic Geometric Properties of PFA

In this section, we will discuss the geometric relationship between a PFA’s parameters
and its induced distribution. We will focus on the transient (as opposed to stationary)
behaviour induced by the model. At the end of the section, we will relate our observations
to some existing results describing stationary behaviour.

Following Definition 1.13 of Section 1.6, we will use the (n-state) non-terminating PFA
model in order to streamline the exposition. Denoted by A, the model is parameterized by
its initial state probabilities I4 (n parameters') and its transition probabilities P4 (|X|n?
parameters?). Given these, the set of transitions 4 can be inferred. Graphically, the
transition matrix can be pictured as a “stack” composed of |X| matrices of size n x n ,
as illustrated in Figure 2.1. This is the most common parameterization of PFA, which we

will refer to as the usual parameterization.

2.1.1 Extreme Points of the n-State PFA Set

Definition 2.1 Let C be a convex subset of a vector space X. A point x € C is called an
extreme point if it is not an interior point of any line segment in C. That is, x is extreme
if and only if z = Ay + (1 — A)z, A € (0,1) implies eithery ¢ C orz ¢ C.

!More precisely (n — 1) free parameters, due to the sum-to-one constraint.
2Rather |Z|n(n—1) free parameters via similar reasoning. We will henceforth neglect the (inconsequen-
tial) effects of the sum-to-one constraints on the number of parameters.

19
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/ Output letter 0

Output letter 1

[e]e]e}

Output letter k-1

Figure 2.1: Matrix stack representing a PFA transition function. The red “slice” on the left-hand
side denotes all outgoing edges from state ¢ = 1, and its entry sum is 1.

Proposition 2.2 The number of extreme points of the n-state PFA set (in the usual

parameterization) is n(|Z|n)".

Proof For each o € X, the n X n matrix [P(gi, 7, 9;)] ;=1 is a row stochastic matrix (i.e.
all entries nonnegative with rows summing to one). An easy observation in nonnegative
matrix theory [Bapat and Raghavan, 1997] shows that the set of row stochastic matrices of
order 7 is isomorphic to a polytope in R™*" . This polytope has n™ “vertices” or extreme
points, specifically the matrices with a single entry of 1 in each row.

For the transition parameters P4, the number of extreme points is (|X|n)", specifically
the transition matrices with exactly one entry 1 on each || x n “slice” (see red highlight
in Figure 2.1) with all other entries 0’s. In other words, the location of the 1 entries can
be chosen independently on n slices, each offering |X|n possible positions, hence (|X|n)”
combinations. The proof that these are indeed the extreme points of the relevant set
follows immediately from the non-negativity and sum-to-one properties. The additional
degree of freedom stemming from the initial state distribution I4 adds a multiplicative

factor of n to the number of extreme points, arriving at a total of n(|X|n)". [ ]

We will next use the PFA as a means of generating a probability distribution over
¥¢, using Equation (1.4) as a mapping from parameter space onto the ]Z|£ probability
simplex. Note that in the space of probability distributions over Xf, the number of pa-

rameters required to fully characterize an arbitrary distribution is |£|¢, while the number
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of parameters characterizing a PFA is merely |Z|n? 4+ n. Note also that the PFA’s states
may always be permuted without affecting the induced distribution. This ambiguity can
be removed by ordering the states.

The extreme points described above denote extreme PFA which are “deterministic” in
the sense that given a specific starting state, the ensuing state transitions as well as the
automaton’s output are uniquely determined. However, they should not be confused either
with finite state machines, with deterministic PFA constraints, or with PDFAs. Rather,
they are maximally degenerate cases of PFA. In general, finite state machines (aside from
the extreme PFA special cases) generate (generally infinite) languages as opposed to (valid)

distributions. For any £ > 0, an extreme PFA generates a delta distribution §(z), = € X¢.

2.1.2 Geometry of the n-State PDFA Subset

Proposition 2.3 Assuming n > |X|, the PDFA subset (in the n-state PFA parameter
[z-1

set) occupies a union of ( g (m— z))n convez hulls of |X|n extreme points each.
Proof Assuming n > |X|, the largest set of PFA extreme points whose convex hull still
includes only PDFAs contains |X|n points. Such a set is readily constructed by taking at
each n x |X| slice any |X| extreme points with only a single “1” on each row, and repeating
the process n times independently along the direction 3.

The number of ways such a maximal set may be chosen is (Hlilo_l(n - z))n Thus, the

n
PDFA subset occupies a union of (H,‘Lilo_l(n - z)) convex hulls of |X|n extreme points

each. |

The PDFA subset includes many (intersecting) linear sections of the complete PFA poly-
tope, and is non-convex. For a single linear section defining a deterministic constraint,
however, an efficient method for determining the optimal set of parameters exists. This
is due to the fact that the optimization problem involved is convex. We will discuss this

fact again in Section 4.1.1.

2.1.3 Geometric Properties of the PFA Mapping

We now develop some intuition regarding the PFA parameters’ mapping onto the |X|¢-
dimensional probability simplex (Equation (1.4)). In order to avoid degeneracies in our
presentation, we restrict our attention to the case £ > n. We will present a series of
propositions regarding the PFA mapping onto the probability simplex. A visualization is
given in Figure 2.2 below:

In the figure, the left hand side corresponds to the convex polytope describing the
PFA parameterization (of dimensionality |X|n? + n). The right hand side describes the
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Parameter space Probability simplex

Figure 2.2: Visualization of the interplay between convex combinations of row stochastic matrix
stacks parameterizing PFA (on left) and the induced distributions over £¢ (on right).

resulting set on the (|X|’-dimensional) probability simplex. For n = 1, ¥ = {0,1} and

¢ = 2, a visualization of the probability simplex is provided in Figure 2.3.

2.1.4 Extreme PFA and the PFA Mapping

We now consider the interplay between extreme points in parameter space and on the

probability simplex.

Proposition 2.4 FEach extreme point in the parameter space is mapped to an extreme
point on the probability simplexr. However, assuming { > n, not all strings in X¢ can be

induced by extreme PFA (i.e. corresponding to extreme points in parameter space).

Proof An extreme point in the parameter space always induces a delta distribution on
¥¢, which is an extreme point on the probability simplex. In the example of Figure 2.3,
the strings 00 and 11 can be induced by extreme single-state PFA, while the strings 01

and 10 cannot, proving the proposition’s second statement. |

Proposition 2.5 The mapping from matriz stack space to the probability simplex is not
one-to-one. Furthermore, the set of extreme PFA which induce identical delta distributions

on £ are not only those with permuted states, as the example in Figure 2.4 shows.

This proposition is graphically depicted in Figure 2.2 by the mappings a,a’ — A.

Proof The automata (a), (b) and (c) of Figure 2.4, all of which are extreme points

of the set of 3-state automata over ¥ = {0, 1}, induce an identical distribution for any ¢. B
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5(00)
G e

Figure 2.3: Visualization of the probability simplex for automata of the family n = 1,% = {0, 1}
and ¢ = 2, graphically depicted in Figure 2.5(d). The space of all possible probability distributions
over ¥? is depicted by the pink region (which should actually be a 3-dimensional hyperplane in

a 4-dimensional space), while the distributions which can be induced by one-state automata are
depicted by the curved red line.

We now establish bounds on the number of distinct images of extreme PFA on the

probability simplex.

Proposition 2.6 The number of distinct delta distributions induced by the set of extreme

n-state PFA is lower-bounded by |X|™ and upper-bounded by n|X|™.

Proof In this context, we restrict our attention to extreme PFA for which all states are
accessible?. An immediate lower bound on the number of distinct produceable strings is

[2]™, the number of different length-n prefixes of length-¢ strings.

All extreme PFA have only one outgoing edge from each state. In order to ensure no
inaccessible states, all states must point to an as-yet unseen state, except the last state,

which is free to point to any one of the n states. Thus, an upper bound on the number of

distinct images of extreme PFA is n|X|".

31t is easy to show that any distribution generated by an extreme PFA with inaccessible states may
also be generated by an extreme PFA with no inaccessible states.
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0

o OO

Figure 2.4: A set of extreme PFA inducing identical delta distributions.

2.2 Convexity Properties

It seems natural in this context to ask when the image set under the PFA mapping (1.4)
of a particular PFA constraint is convex. A convex combination of two extreme points
in parameter space results in a valid PFA, a fact which follows immediately from the
definitions. An example based on the PFA displayed in Figure 2.5 is instructive. We
consider the space of 1-state PFA over the alphabet ¥ = {0,1}. In parameter space, this
set has 2 extreme points, namely the automata shown in (a) and (b) of Figure 2.5. A
convex combination of the two extreme points in parameter space takes the form of Figure
2.5(d), which induces the distribution:

Pr(z) = A%@) . (1 — \)m@), (2.1)

where no(z) and n;(z) denote the number of zeros and ones respectively in the word z.
The function is continuous in A (as is depicted in Figure 2.3). For any fixed £ € N, a convex
combination of the two automata (a) and (b) of Figure 2.5 on the probability simplex will

induce a distribution of the form:

0¢ wp. A
xTr =

¥ wp. 1-M\

This distribution cannot be induced by a single-state PFA (as it does not match Equation
(2.1) for any value of A), and requires a two-state automaton, depicted in Figure 2.5(c).
This example shows that the image under the PFA mapping of n-state PFAs is (in general)
not convex. In general, a convex combination (on the probability simplex) of ¥ PFAs of n

states each requires a (kn)-state PFA to realize (by a trivial construction).
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0:1 1:1 0:1 1:1
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Figure 2.5: Extreme points and convex combinations of single state PFA over ¥ = {0,1}. The
automata (a) and (b) denote the two extreme points, the automaton (c) shows the resulting convex
combination on the probability simplex, while the automaton (d) shows the convex combination
induced in parameter space. The parameters A and 1 — A of (¢) denote the initial probabilities of
each state.

2.2.1 Convexity of Distributions Induced by PFA Constraints

We now present two sufficient conditions for a PFA constraint set to be mapped to a

non-convex set. We require the following definition:

Definition 2.7 Let C be a PFA constraint, and let C be the set of PFA allowable by the
constraint C. If a transition parameter can assume all values in [0, 1] given the constraint

C, then it is called a free parameter.

The first condition shows that free parameters on cycles immediately imply non-

convexity.

Proposition 2.8 Let C be a PFA constraint with a cycle of strictly positive probability
containing a free parameter. Let C be the set of PFA parameters allowable by the constraint

C. Then the image (on the probability simplex) of C is non-convez.

Proof Let D®%(C,£) be the set of extreme distributions over %¢ induced by all A € C.
Let V = g;, - - - g;, denote a cycle with a free parameter. Let v € £* be the sequence of
letters emitted while traversing V. Fix all free parameters, and let zvz € ¢ be some
positive probability string emitted by A, as depicted in Figure 2.6.

This implies that for all zv* € £<¢, k € N, there exist strings with prefixes zv* which
A generates with strictly positive probabilities. Therefore, A generates an unbounded
number of strings with positive probability.

The number of distinct extreme distributions induced by .A, however, is bounded.

Appealing to Proposition 2.6, we obtain the upper bound

| D™, 0] < nf3[".
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Figure 2.6: Construction used for showing all PFA constraints with free parameters on cycles
induce non-convex distribution sets.

This upper bound does not depend on £. Thus, for some large enough ¢, there exists a
string z ¢ D™*(C,¢) such that Prs(z) > 0, implying D4 ¢ co (D***(C,¢)), implying the

image set is non-convex. |

The second condition illustrates a different situation, showing that cycles are not the

only culprits responsible for non-convexity.

Proposition 2.9 Let C be a deterministic PFA constraint with no free parameters on
cycles. Let |C| denote the number of free parameters in C. Let C be the set of PFA
allowable by the constraint C and let D*™(C,£) be the set of extreme distributions over X¢
induced by all A € C. Then if for some £ € N

IC| < |D*HC, 0,

then the image (on the probability simplex) of C is non-convez.

Proof By the assumption, for some £ € N, the number of free parameters is strictly
smaller than the number of extreme distributions. The PFA constraint C is deterministic,
and therefore each string generated with positive probability by A follows a single path.
Therefore, by the pigeonhole principle there exists a free parameter py and (at least) two
strings s1, s2 € £¢ (both extreme distribution) such that p; = 0 = Pr4(s1) = Pra(sz) = 0.
A convex combination with Pr4(s;) = 0 and Pr4(s2) > 0 can therefore not be obtained

by A, proving the proposition. |

Despite the results above, the problem of training a PFA with a deterministic con-
straint* is a convex optimization problem, and is indeed efficiently solvable. This fact was
proved in [Abe and Warmuth, 1992, Chapter 4)>. However, the general PDFA learning

4Namely, setting the PFA’s parameters to maximize the likelihood of a given sample multiset, as defined
rigorously in Section 4.1.1.
5The original proof, however, predates the paper.
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problem (i.e. over the set of all deterministic constraints) is readily shown to be non-
convex, even when the PDFA structure is constrained to be acyclic. Indeed, the acyclic
n-state PDFA learning problem is widely believed to be hard, as implied by the reduction

of Kearns et al. [1994] which we will discuss in detail in Section 4.3.1).

2.2.2 Convex Optimization in Distribution Space

The following result shows that direct optimization® of PFAs in distribution space cannot

amount to useful learning.

Proposition 2.10 Let R = {r1,...,7,} be an arbitrary finite set of distributions over
¥, Let DHL) = {d§™, ..., ds™} be the set of all extreme distributions induced by n-state
PFA over T¢.

Then for all possible sets R such that z = |R| = co|Z|™ for some cp < 1, there ezists
a distribution d§* € D**(€) such that:

Co

leo(R) —d§|l, 2 1 = -

Proof Using Proposition 2.6, the number of distinct delta distributions induced by the set
of extreme n-state PFA is lower-bounded by |E|™. The fact that z = ¢o|2|™ with ¢p < 1 has
the following implication. All distributions r € R are over ¢, and we assume £ > n. The
distribution d** € D™*(¢) is a delta distribution inducing the string s; € . Therefore,
there exists at least one distribution d** € D**(¢) such that for all distributions r € R,
the following holds:

As a direct consequence, we have:

xt Co
leo(R) = dgll, > [maxr(sy) = 1| 21 = s,
proving the proposition. n

It follows that even for n = £, an exponentially large number of distributions would be

needed to directly approximate the entire PFA set on the probability simplex.

2.3 Related Results

We briefly mention a number of relevant results from the information theory and statistics

literature, placing the chapter’s results in a larger context. The results mentioned below

5Namely, an approximation of the target distribution using a mixture of distributions.
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were formulated for HMMSs, but can be straightforwardly adapted to PFA.

Equivalence Classes of Identifiable PFAs

The identifiable HMM subclass was defined to resolve some of the degeneracies discussed
above. This class, however, is defined only for stationary HMMs (those for which the
likelihood of occupying a given state is independent of the time). An adaptation of the
definition for PFA follows:

Definition 2.11 A stationary PFA A° with initial and state transition parameters I and
PY is said to be identifiable if for every PFA A such that (L4, Pa) # (I, PY), there exists

some £ > 0 for which the distributions over X¢ induced by A° and A are not identical.

Leroux [1992, Lemma 2] showed that the equivalence class of the parameters of an identi-
fiable HMM comprises all parameters obtained by permutation of the HMM’s states. This

result trivially carries over to the PFA model.

Exponential Forgetting

A property related to stationarity termed exponential forgetting was formulated and shown
for HMMs with primitive transition matrices in [LeGland and Mevel, 2000, Theorem
2.2]. In non-technical terms, the likelihood function associated with PFAs exhibiting this

property has an exponential rate of forgetting of the initial conditions.

Lipschitz Continuity of the Forward Mapping

We also mention a relevant Lipschitz continuity result shown in [LeGland and Mevel, 2000,
Theorem 2.1], who showed that for an HMM with a primitive state transition matrix’, a
Lipschitz continuity property holds for the forward recursion (1.6). Their result places an

upper bound on the Lipschitz constant.

2.4 Discussion: Implications for Automata Learning

General PFA or PDFA learning is a non-convex problem of exponential dimensionality
(in the number of states), and therefore need be approached with due caution. Indeed, in

their comprehensive survey paper Ephraim and Merhav [2002] comment that:

Algorithms for global maximization of the likelihood function p(y™;¢) over
¢ € @ [the usual HMM parameterization] are not known for most interesting
HMMs.

7 A stochastic matrix Q is primitive if there exists an integer r such that the matrix Q" is positive
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We will briefly discuss a number of established local optimization methods suited to
PFA learning in Section 4.1.1. Moreover, in subsequent sections of Chapter 4 we will
discuss and analyze a number of algorithms dealing with learning (certain subclasses of)
PDFA under certain (restrictive) frameworks. The positive learnability results which will
be discussed there are not geometric (i.e. relying on convex optimization), but are rather
due to efficient branching algorithms utilizing provably accurate statistical tests.

An interesting avenue for extending the research presented in this chapter involves the
construction of distribution families which enable efficient learnability (and evaluation)
on one hand, while providing good approximation to (interesting subsets of) PFA on the

other.
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Chapter 3

The Myhill-Nerode Theorem for
PFA

Characterization of distribution families is an important step toward gaining an under-
standing of the families’ expressive capabilities. In the context of formal languages, the
classical Myhill-Nerode characterization theorem provides a useful tool for proving certain
languages do not belong to the regular language class. In the present chapter we extend
the Myhill-Nerode theorem to PFA, and present a number of applications.

After reviewing related work (Section 3.1), we present an extension of the well-known
Myhill-Nerode theorem of finite state machines to the PFA family in Section 3.2. We
then show how the Myhill-Nerode extension theorem provides a tool for proving that
certain distributions cannot be modelled by PDFA or PFA models (Section 3.3), and
show how it implies bounds on the relative expressive power of PFA and PDFA models

in approximating arbitrary probability distributions over bounded length strings (Section
3.4).

3.1 Related Work

We begin by stating the original Myhill-Nerode theorem [Hopcroft and Ullman, 1979],

followed by an explanation of the terms and the theorem’s significance:
Theorem 3.1 (Myhill-Nerode) The following three statements are equivalent:
1. A formal language L C ¥* is accepted by some finite automaton.

2. L is the union of some of the equivalence classes of an extension invariant equivalence

relation of finite index.
3. The equivalence relation on X* induced by L is of finite indez.

The Myhill-Nerode theorem is concerned with a natural equivalence relation on strings

induced by a DFA. Given a DFA A4 and two strings z,y € ¥*, we say that z and y

31
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are equivalent modulo A if after their generation the DFA reaches the same state. The
resulting relation between strings constitutes an equivalence relation.

An equivalence relation induces equivalence classes, (possibly infinite) sets of strings
which are equivalent. The (possibly infinite) number of equivalence classes in an equiv-
alence relation is called its index. An equivalence relation F on ¥* is called extension
invariant iff for all z,y, 2z € ¥, zEy = x2Fyz.

The Myhill-Nerode theorem states that a DFA is characterized by two properties:
that the equivalence relation it induces is of finite index and that it is invariant under the
extension of the strings by the same characters.

A related DFA result which is also sometimes called the Myhill-Nerode theorem, is
described in the following [Hopcroft and Ullman, 1979]:

Theorem 3.2 The minimum state automaton accepting L is unique up to an isomorphism

(i.e. a permutation of the states).

3.1.1 A PDFA Extension to the Myhill-Nerode Theorem

For the class of PDFA models, Theorem 3.2 was generalized and proved by Carrasco and

Oncina [1999]. We repeat their result here (using somewhat different terminology):

Theorem 3.3 If L is a SDRL', then a canonical generator, or a minimal PDFA gener-

ating L exists.

We repeat the construction of the minimal PDFA generating a stochastic deterministic
regular language (termed the canonical generator), which was shown in [Carrasco and
Oncina, 1999]. This construction is based on the definition of an equivalence relation
between strings on the one hand and between states on the other. Given an SDRL L, the

minimal PDFA generating L is given by M = (Qa1, Z, dam, 9o g, P, Fa), where:

Qm = {g7'L#0D:ze%*}
Sm(z'L,a) = (za) 'L,

gopm = € 'L
Pm(z7'L,a) = p(aX*|z71L).

A characterization theorem complementing the result in [Carrasco and Oncina, 1999)
and completing the Myhill-Nerode extension for PDFA models was formulated (using
somewhat different notation) and proved by Esposito et al. [2002, Theorem 3]:

Le., stochastic deterministic regular language, see definition in Section 1.3.
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Theorem 3.4 (Myhill-Nerode Extension for PDFA Models) Let ¥ be a finite al-

phabet. The following two statements are equivalent:
1. A distribution D over ¥* can be induced by an n-state PDFA.

2. There ezists a set of n fized distributions D = {Ds,...,Dyp} over £* such that all

quotient languages of D are members of D.

3.1.2 A PRFA Extension to the Myhill-Nerode Theorem

Esposito et al. [2002] also formulated and proved a characterization theorem for the class
of probabilistic residual finite automata (PRFA)?, which we define now.

Let A be a PFA, and let e, be a vector with the k** entry equal to 1 and all other
entries 0. Define the PFA 4, (k=1,...,n) by A, = (Q4,X,94, ek, Fa, P4) (ie. a PFA
identical to A, except for the initial state distribution which is concentrated on the k"

state, gx), and let Lg, be the stochastic language induced by Ay, .
Definition 3.5 A PRFA is a PFA A= (Qu,%,04,14,F 4, Py4) such that
Vg € Qa, Ju € X* suchthat Ly =u"'Ly,

where L 4 is the stochastic language induced by A and Lg is the stochastic language induced
by Ag.

In other words, a PRFA is a PFA such that every state defines a quotient language.
In order to describe the PRFA characterization theorem, we define a number of addi-
tional concepts. Let L be a stochastic language on ¥ and let U be a finite subset of X*.

The set of linearly generated residual languages of L associated with U is:

LGL(U) := {z €SLT):1=) -u-lL} :
u€l
where SL(X) is the set of all stochastic languages on ¥ and {\,}ucv is a set of convex
coeflicients (i.e. non-negative, sum-to-one). The set U is a finite residual generator of L if
every quotient language of L belongs to LGL(U). The class Ly(X) is defined as the class
of stochastic languages on ¥ having a finite residual generator. The PRFA characterization
result [Esposito et al., 2002, Theorem 4] states that the class of all stochastic languages
induced by PRFA is the class of languages having finite residual generators:

2In their paper, the term residual language was used for a quotient language, shedding light on the
naming of the PRFA.
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Theorem 3.6
Lﬁy(z) = LPRFA(Z).

3.2 A PFA Extension to the Myhill-Nerode Theorem

In this section we formulate and prove an extension of the classical Myhill-Nerode theorem
to PFA models. We begin by formally defining the notions of a suffiz distribution, Dy
(the distributional analogue to the quotient language 2~ 'L, defined mainly for enhancing

the clarity of exposition) and the suffiz set:

Definition 3.7 Given a distribution D over ¥* and a string z € £* such that D(z) > 0,
the suffiz distribution Dy, is defined by:

D[z] (CE) = _Q‘é(iz—x)) Yz € %, (3.1)

If D(2) = 0 then Dp,)(z) is undefined.

Definition 3.8 The set of all suffiz distributions of a given distribution D is denoted by
suff(D):
suﬁ‘(D) = {D[z]}zez,‘ .

Note that D € suff (D).
We are now in a position to present the following characterization theorem for PFA

distributions:

Theorem 3.9 (Myhill-Nerode Extension for PFA Models) The following two

statements are equivalent:
1. A distribution D over ¥* can be induced by an n-state PFA.

2. There ezist n fized distributions {D1,...,Dyp} over £* such that:

suff(D) C co(Dx, ..., Dy).

Proof 1 = 2: Assuming the distribution D is induced by some PFA A =
(QA,X,04,14,Fa,Py) with |Q4| < n, we show that the set of its suffix distributions
is contained in the convex hull of (at most) n fixed distributions. For simplicity we as-
sume |Q 4| = n. In order to clarify the proof, we will use s;, to denote the k! state in the
context of it being used as an nitial state, and the notation g to denote the k! state in

other contexts.
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Let z € X* be a prefix, z € ¥* a suffix, and let Dy, k = 1,...,n, denote the distribution
induced by Ag,. In analogy to Equation (1.5), the forward density for A, is given by:

af:(i» Q) = I.A(sk) : Z HPA(Sj—l,xj,sj) : l(qa Si)a

(81 ,...,si)eeA (:1:1 :l:,,) j=1

or in other words, af(i,q) denotes the probability of generating the prefix z; ...z; and
reaching state g after starting from state si. As there exist only n possible states to reach,

we have the following equalities:

=> of(lzl,q);  Di(zz) = Za (12], ge) De(zz), (3.2)
=1

where Dy (z) denotes the probability of generating a string z € ¥* conditioned on the fact
that we started from state sx. Since the probability of starting in the state si is given by
Ia(sk), the overall probability of generating « becomes D(z) = Y p_; La(sg)Dk(z). Using
Definition 3.7 and plugging in (3.2), we get:

Do) = 262) _ i Ia(se)Dr(za)
12 D(z) ~ Yp1La(sk)Di(2)
_ ha La(sk) - X5 o(12], 9¢) De(z)
Ek-aI.A(Sk) 2 1— Q7 (lzl ae)

5 > hen La(sk) - ok(12], ge) .
_Z—‘; [ZZ=1 La(sk) - 2y a§(|z|,q£,)] Dy(z). (33)

The bracketed coeflicients are nonnegative, sum to 1, and do not depend on z, so the
resulting expression is a convex combination of the distributions {Dg(-)}}_;, proving the

claim.

2 = 1: The distribution D is in suff (D) and therefore in co(Ds, ..., Dy) (the convex
hull of (Dy,...,Dy)). Thus, there exist nonnegative, sum-to-one (i.e., convex) coefficients
{m1,...,mn} such that D =Y | m;D;.

For every o € & the distribution (D;)s is in co(Dy, ..., Dy), and hence can be written
as (Ds))(z) = 35; N, ;Dj(x) for some set of convex coefficients /\f” When generating
a string z = 2129...2;, we first pick D; with probability 7;. We then pick D; with

probability /\z 4i» output z1, and proceed to generate 23 ...2. But since (Dj)[zz] is itself
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in co(Dy,...,Dy), the process is recursively repeated. Written formally, we have:
n
D(z) = Zﬂ'iDi(ZjZQ.. Zﬂ’, [zl] zk)

n n

= ZW Z ZW’Z’\ZHZ’\zzn )
i=1 1=1 i=1  ji=1 Je=1
n n .
— J ,
- Z Z ’\21 i Z )‘Z2 g /\z:,j(k_l)DJk (€)-
i=1  j1=1 Ja2=1 Jk=1

In order to construct an n-state PFA A = (Q4,%, 84,14, F4, P4) which induces the
above distribution, we proceed as follows: identify each D; with a state ¢; of A and set
I4 = (m,...,m). The transition probabilities P4(gi,0, g;) are set to )‘i,v and the final
state probabilities are set to Fi4(g;) = Di(e). Using Equation (1.7) and writing out the

recursion in (1.6), we have Pr4(z) = D(z) for any string z € *. [

Theorem 3.4 follows as a special case. In the first direction, the forward densities
and initial state probabilities of (3.3) reduce to delta distributions, implying the suffix
probabilities are in the set {D1,...,Dyp}. In the second direction, the PDFA case has a
delta initial distribution, setting the initial state. The parameters {)\ ij=1 satisfy the
PDFA constraints, and the constructed automaton A reduces to a PDFA.

3.2.1 Connections to PRFA

We now elaborate on the distinction between PFAs and PRFAs, in light of their respective
characterization theorems. The example presented in [Esposito et al., 2002] and repeated

in Figure 3.1 is instructive.

a:B? a:f

Figure 3.1: A simple PFA using the single-letter alphabet ¥ = {a} and inducing a distribution
which cannot be generated by a PRFA. The initial state probabilities are 1/2 for each state, and
the termination probabilities are denoted within the states.

In their paper, the authors showed that the distribution induced by the depicted PFA
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cannot be induced by a PRFA. For this example, the probabilities of termination after

emitting the string af were shown to be:

2
Pr (e\(al)_lL) =1-p2- ge +ﬂl )

Assuming (§ < 1, the expression tends to 1 — f strictly monotonically as £ — oo. This
implies that for a given value of ¢, the probability Pr (e](ae"'l)‘lL) cannot be expressed
as a convex combination of the preceding probabilities {Pr (e|(ai)‘1L)}f=1. In turn, this
implies the same for the suffix distributions, implying further that the distribution cannot
be modelled by a PRFA.

A PFA, in contrast, can model the above suffix distributions by a convex combination

of the two fixed distributions D; and D3, defined in this case by:

Di(a®) = B*(1 - B%);  D(a®) = 41 - B).

3.3 Applications of the PDFA and PFA Myhill-Nerode Ex-

tension Theorems

In this section we give two examples where applications of the Myhill-Nerode extension
theorems provide immediate proofs that certain stochastic languages are either not regular
or not deterministic regular. The first example was discussed in [Vidal et al., 2005a] (and

mentioned in Section 1.7), while the second is novel.

3.3.1 A Stochastic Non-Deterministic Regular Language

We recall the example presented in Section 1.7 (page 15), which we repeat below in Figure
3.2

We now provide an alternative proof of the fact that no PDFA can induce an identical

distribution:

Proposition 3.10 No PDFA can generate the stochastic language induced by the PFA of
Figure 3.2.

Proof Define the stochastic language L to be that induced by the PFA of Figure 3.2.

For the string = = a*, the quotient 'L is calculated as follows:

Pr (wl(@*) L) = Prdbulr) 3 [ D2 @)+ ()" D2(w)]
"~ Ysexe Pr(aFz|L) 1 [(l)k—l %)k—l]

(3.4)
ALS +
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Figure 3.2: A simple PFA using the single-letter alphabet ¥ = {a} and inducing a distribution
which cannot be generated by a PDFA.

For the specific string w = a, we have D;(w) =1/2-1/2 = 1/4, while Dy(w) =1/3-2/3 =
2/9. Plugging this specific case into (3.4), we get:

1.1kt 2 (1yk-1

Expression (3.5) assumes different values for different values of k, implying the number

(3.5)

of quotient languages is not finite, which by Theorem 3.4 (the PDFA extension to the
Myhill-Nerode theorem) implies the distribution cannot be induced by a PDFA. |

3.3.2 A Stochastic Non-Regular Language
We now construct a distribution over {0,1}* that cannot be induced by any PFA.
Proposition 3.11 The distribution specified by:

2™n z=0"1" n>1,

Pr(z) =
(=) otherwise

cannot be induced by any PFA model.

Proof Corresponding to the set of prefixes {0’“1}2‘;1, we obtain the following set of
_quotient languages: {6(1%¥71)}$2, (with &(-) denoting the delta function). For any finite
n > 0, the set {6(1¥~1)}£2, cannot be contained in the convex hull of any n distributions.

Indeed, for any set of distributions {Ds,...,D,} over £*, there exists an £ < n + 1 for



83.4 Approximation of Distributions over Bounded Length Strings 39

which:

max D;(1%) <1,
D;€{Dx,...Dn}

implying 6(1¢) ¢ co(Dy,...Dy). [ |

3.4 Approximation of Distributions over Bounded Length

Strings

Little is known about the relative power of PFA and PDFA models in approximating
arbitrary probability distributions. In this section we provide bounds which answer the
following question: how well can (n-state) PFA and PDFA models approximate arbitrary
distributions over bounded length strings. We also show that the task of approximating

arbitrary distributions over strings with a given expected length is (in some strong sense)
hard.

3.4.1 Upper Bound on PDFA Approximation of Bounded Length Dis-
tributions

We begin by presenting an immediate upper bound on the number of PDFA states required

to represent a bounded length distribution:

Lemma 3.12 Let D be a distribution with length bounded by L (i.e. w ~ D implies

|w| < L). Then a PDFA A with |S|E+! — 1 states can be constructed which induces the
distribution D.

Proof We construct a |X|-ary tree of depth (at most) L+ 1 and set A’s initial state go to
be the tree’s root. For g; denoting one of the tree’s internal nodes, we let w(g;) denote the
sequence of letters that had been traversed while reaching ¢; from gg. For each alphabet
letter o € ¥ and internal node ¢; we label one outgoing edge from ¢; with o, thus defining
the state transition function §4. For a pair of nodes (g;, g;) such that (g;,0,q;) € 64, we
set the transition probability P4(g;, o, ;) to:

2zese D(w(g;)z)
Lzes- D(w(gi)z)

Pa(gi,o,q;) =

if 3 csw D(w(g;)z) > 0 and remove the transition otherwise. The final state probability

for state ¢; is set to:
D(w(g:))

Falg) = > ses+ D(w(gi)z)’

(3.6)

where Tt = ¥* \ {e}.
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We now show that the PDFA A4 thus constructed induces the distribution D. For a
string z = z; ... zg with £ < L, there exists a unique state g(z) € @ 4 such that w(q(z)) = z.
Calculating the probability of the (unique) path in A from go to ¢(z), we get:

.
HPA (q(z1-.-2i-1),2i,q(21 - - - 7))
=1

Ysex D(212) Yiewe D(nizoz) Yo D(2122... 27)
Yoges D(x) Y iexe D(21%) > zexs D(2122 ... 2_12)

Z D(z122...22) = Z D(zz),

TEL* TEL*

where the first term in the product (i.e. g(21...20)) is taken to mean go. The final state
probability for ¢(z) is (via (3.6)):
D(z129...2 D(z
Falg(s)) = gzt )

vese D(z122. .. 202) Y pexe D(zz)

Pulling the calculated expressions together, we obtain:

¢
Pra(z) = [[Pala(zr - 2i-1), 21,4(21 - .. 2)) - Fa(q(2)) = D(2).
i=1

3.4.2 Lower Bounds on PDFA and PFA Approximations of Bounded
Length Distributions

We will now present lower bounds for approximation of bounded length distributions by
PDFA / PFA models. The techniques used for obtaining the lower bounds are illustrated
in Figure 3.3. In both cases, the target distribution is composed of a uniform prefix

distribution followed by a “symmetry-breaking” set of suffixes.

In the case of the PFA, we require each suffix to be be poorly approximable by the
convex hull of all other suffixes, so all the chosen suffixes are distinct delta distributions.
Thus, the L;-distance between each suffix distribution and the convex hull of all other
suffix distributions equals 2. In the PDFA case, we require a weaker condition, namely
that the Li-distance between each suffix pair is at least 1/2. Therefore, (exponentially)
shorter suffix lengths suffice.
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L2 L/2

A

L, Lo

e -

Figure 3.3: An illustration of the techniques used for proving lower bounds on the approximation
ability of PFA (top) and PDFA (bottom) models. The triangles on the left illustrate uniform
distributions, while the suffix distributions on the right hand side serve as “symmetry-breakers”
(with 6;,0; denoting two different delta distributions).

Lower bound for PFA Approximation of Bounded Length Distributions
In this section we apply the Myhill-Nerode theorem for PFA to derive a lower bound on

the models’ approximation ability.

Theorem 3.13 There exists a distribution D* of bounded length L such that for any
distribution D induced from a PFA with no more than |E|(%'1) states, ||D* — ]5“1 > 1f2.

Before proving the theorem, we define the notion of suffix mass:

Definition 3.14 The suffix mass of a family of probability distributions D is defined by:

SM(D) := max S(w).

max max
S wens Sesuff(D)
For the family of distributions induced by n-state PFA we now show:

Lemma 3.15 Let D,, = {D : D is induced by an n-state PFA }. Then SM(D,) < n.

Proof Denote the n-dimensional probability simplex by A" = {a € R" : a; > 0, i =
1,...,n, >, = 1}. By the Myhill-Nerode extension for PFA (Theorem 3.9), all
suffix distributions S € suff(D) in Definition 3.14 reside in the convex hull of at most n

distributions, which we denote by {Dy,...,D,}. We thus have:

n
S = Di(w).
Sesufi(D) 5 Z acAn ; e Deleo)

weL* wex*
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However, for each w € X* there exists an index i(w) € {1,...,n} such that Dj,(w) =
maxXaean ey 0 Dj(w). Observing that {i(w) : w € £*} C {1,...,n}, we have:

> mx YD) = X D) 31

wWEL* wED*

and the proof immediately follows. |

We will also require the following technical lemma, for which a proof is supplied in

Appendix A:

Lemma 3.16 Let D denote a distribution over {1,...,N} with individual probabilities
(di,...,dn), such that d; > 0 and Zf\f___ldZ =1. Let T = (t1,...,tn) be some sequence
such that 0 < t; < 1. Then the following inequality holds:

N

Z

1 N
l—ﬁ;ti'

We are now in a position to prove the negative result mentioned earlier:

Proof (Theorem 3.13)
Define the target distribution D* as follows:

D*(w) = { |E|—L/2 w=uwv, we »L/2

0 otherwise.

Let D be some family of distributions with SM(D) < |2|(_‘1 let D € D be an
approximating distribution and enumerate the set /2 as wy, ..., wy with N = |E|L/ 2,

We proceed to lower-bound the L;-distance:

ID*=Dl =) ID*(w)-Dw)| 2 Y ID*(w) - D(w)|

weD* wEEL
N
= Z'D (wzwz) wlwz)| +Z Z |D wzw, (wsz)|
i=1 i=1 y,;exnl

wjFwW;

Plugging Lemma 3.15 above into Lemma, 3.16, we have shown |[D* — D|; > 1/2. ®
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The preceding analysis is loose in the sense that (asymptotically) a square factor in the
number of states separates the upper and the lower bounds of Lemma 3.12 and Theorem

3.13 respectively. A tighter analysis for PDFA models follows.

Lower bound for PDFA Approximation of Bounded Length Distributions

We now present a sharper lower bound when the approximating class is restricted to n-
state PDFA models. We assume for simplicity that the alphabet’s cardinality is 2, and
accordingly all logarithms used below are to base 2. Before presenting the bound we state

the following lemma regarding the packing number on the probability simplex:

Lemma 3.17 Let A% denote the d-dimensional probability simplex. Then the number of
distributions on A% which are at least e-separated in the L1-norm (denoted M (e, A%, ||-||1))
is lower-bounded by:

2¢

M A% 1> (5 )d.

The proof of Lemma 3.17 is provided in Appendix A.

Theorem 3.18 Suppose ¥ = {0,1}. For any positive integer L, there exists a distribution
D* over XEtloeL sych that for any distribution D induced by a PDFA with no more than
2L states, | D* — D||; > 1/16.

Proof We set all L-length prefixes of D* to be equiprobable (i.e. of probability 2~ each)
and let Ny = 2. For i € {1,..., N}, we denote the target suffix distribution following
prefix ¢ by Df. For the same prefix, we denote the approximating distribution’s prefix
probability by &; and its corresponding suffix distribution by D;.

We construct D* such that each suffix distribution D] is composed solely of strings of
length Lo. We wish to construct a set of suffix distributions of cardinality N7, such that
each pair is at least (1/4)-separated (i.e. | D —Dj, |1 > 1/4, 41 # i2). Denoting Ny = 2Lz
(the number of possible length-Lo strings), we appeal to Lemma 3.17. In this case, the
dimensionality d of the simplex is Na. Setting Lo = log L and using Lemma 3.17, we see
that the number of possible distributions conforming to the demands is lower-bounded by

N1, as desired.

We now proceed to lower-bound ||D* — 13”1. Given that the approximating PDFA
has (at most) N;/2 states, there exist (at least) N1/2 “coupled” pairs (i1,i2) such that
f)il = ﬁiz. Writing out ||D* — D1, we get:
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|ID*- Dy =Y |D*(w)-Dw)|> Y |D*(w)-D(w)
weD* weS(L+L2)
Ny

=5
i=1

1 ~~
N Di - diD;

1

Using the standard norm inequality ||z — y| > |||33H — |lyll |, we find that each term in

the sum is lower-bounded by |NL1 - cZ| For the coupled pair (i1,i2), we therefore have:

t:=| D} —d; D}, — d;, D;
-2 |2
> ‘m—dil +‘F1_di2 > |diy — diy| -
However, as 1311 = ﬁiz, we also have that:
t= H—D* d; H—D* — d;,D;,
1
H N - Df ) — (d,L1 — dzz) Dy, .
1 ~
= (D}, — D},) L di; — di,
1 - o~
= 4_]\/-1 - dil - d‘l.z

Hence for all coupled pairs (i1,12), t > ma.x(ﬁ — b, b) where b = |d;, — di,|. Since
1/(4N1)—b > bfor b < 1/(8N1), we have t > 1/(8N;) for any possible value of b. In other

words, for all possible values of (d;, d;,) We have:

i 7 1
—Dj, - —D}, —d;, D, =
I~ wrs- a0 2y
Summing over (at least) N;/2 coupled pairs, we obtain |[D* — D|; > =, [ ]

3.4.3 Approximation of Bounded Expected Length Distributions

A natural question in this context regards the PFA / PDFA models’ ability to approx-
imate the class of bounded ezpected length distributions. The difficulty of such PFA

approximation is shown in the following lemma:

Lemma 3.19 Given any € > 0 and L € N, there exists a distribution D** of expected
length bounded by L (i.e. Eyp+ |w| < L), such that for any PFA A with no more than
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(Lt1) . )
|2\ 78 states, the following will hold:
[D** = Dallx > €.

Proof The proof relies on the lower bound for PFA approximation presented in Section
3.4.2. Let the distribution D* be as defined in Section 3.4.2 with L replaced by Lo. We

define D** as follows:

1—4e w=0.

D**(w) :=
(w) de - D*(w') w=1w', Vo' e &*.

It follows from the definition that Ey.p« |w| =1 —4e +4e(1 + Lo) = 1+ 4eLy. Selecting

Ly < L—;s—l guarantees E,.p+= |w| < L. An e-approximation of D** can only be achieved

if D* is approximated to accuracy 1/2, which by Lemma 3.13 cannot be achieved using a
L

PFA of less than |E|(_2Q_1) states. Substituting Lo = % concludes the proof. |

An analogous result for PDFA-based approximation can also be formulated, based on the

lower bound shown in Section 3.4.2.

3.5 Discussion and Conclusion

The lower bounds presented in Section 3.4.2 are conceptually loose in the following sense:
we made only partial use of the Myhill-Nerode extension theorems. Namely, when con-
structing the PFA lower bound, we only used Theorem 3.9 indirectly via Lemma 3.15.
The lemma does not utilize the fact that all PFA suffix distributions must recursively and
exclusively contain suffix distributions which also conform to the conditions of the theo-
rem. A proof technique utilizing this additional information could potentially provide a
tighter result. In the PDFA case, a similar criticism holds true, but the result obtained is
tight to a logarithmic factor, leaving little room for improvement.

Our main goal for extending the research presented in this chapter is to attain a com-
plete understanding of the relationship between distributions induced by PFA and PDFA
families. Specifically, we seek to understand how well (and under which circumstances)
PDFA models can approximate distributions induced by PFA models. This problem was
addressed in [Zeitouni et al., 1992], where assuming a certain condition (a lower bound
on all the approximated PFA’s transition probabilities), an L-approximation result was
shown. In this result, however, the number of states required grows exponentially with
the (inverse of the) accuracy parameter; the approximation is in the (weak) L, sense,
and the condition assumed may be unnecessarily strong. A more complete understanding

would be theoretically desirable, and could potentially have practical implications.
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Chapter 4

Computational Complexity of
PFA Learning

In this chapter we consider the computational complexity of PDFA learning. Given a finite
multiset of samples drawn from a target distribution generated by a PDFA, under which
conditions can we guarantee “learnability”, and under which conditions is a learning algo-
rithm likely to fail? Learnability of PFA and PDFA models has been widely investigated.
Characterization of the family of PDFA which can be learned efficiently is a deep question
for which only partial answers are known so far. There are indications that the general
PDFA learning problem is hard. For instance, Kearns et al. [1994] showed that KL-PAC
learnability of PDFA implies the computability of the noisy parity function, thus violating
the noisy parity assumption, widely believed to be true in the cryptography community
(see e.g. [Kearns, 1993]). We seek to understand the criteria and algorithms which enable
efficient PDFA learning, and the results presented in this chapter form a step in that
direction.

The chapter is composed of the following sections:

e In Sections 4.1 and 4.2 we discuss a number of learning frameworks relevant to our

discussion, and mention key results regarding PFA / PDFA learnability within each

framework.

e In Section 4.3 we present a thorough overview of existing PFA / PDFA learnability
results, and introduce the notation used when necessary. We discuss both negative
and positive existing results, set the stage for our novel results, and highlight the

incomplete aspects of the current understanding.

e In Section 4.4 we present an extension to a central negative result, justifying our

selection of learning framework in the subsequent sections.

e In Section 4.5 we discuss and generalize the most important class of PDFA learning

algorithms, namely the state merging (SM) algorithms.

47
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e In Section 4.6 we present a novel analysis and an accompanying algorithm which
improves on (and asymptotically tightens) a recent result on testing Lo proximity
between distributions. Using this result and the generalized SM algorithm of Section
4.5, we extend the class of efficiently learnable PDFAs to the us-distinguishable
family.

e In Section 4.7 we present a novel analysis of the SM algorithm, further extending

the efficiently learnable PDFA family to the p-distinguishable subclass.

e In Section 4.8 we summarize the results presented in the chapter and discuss avenues

for extending the research.

4.1 PFA Learning Models

Reflecting the extensive applicability of the models, numerous PFA “learning” algorithms
have been proposed, alongside a host of learning frameworks. In this section we discuss the
leading learning frameworks, the most commonly used algorithms within each framework,
and present some relevant learnability results.

The learning frameworks discussed below all pertain to the non-terminating PFA
model, and assume all sample strings have the same length £. This streamlines the pre-
sentation. However, all the algorithms discussed have general (variable-length) versions,
and all hardness results carry over to the normal PFA setting trivially.

To enhance the clarity of our discussion, we will use the following notation for the

probability of generating a string s € ¥* induced by A4:
A(s) =Pra(s).

4.1.1 Parameter Estimation

The simplest and most commonly used PFA learning framework is parameter estimation,
typically in the maximum likelihood (ML) setting®. In this framework, the PFA’s under-
lying graph structure has been preselected, and the models’ transition parameters and
initial distribution are to be inferred from a given data sample.

Formally, the ML PFA parameter estimation problem is posed as follows:

Definition 4.1 (Maximum Likelihood PFA Parameter Estimation) Given a fi-
nite multiset S = {s1,...,Sm} of strings s; € ¢, find an n-state PFA A" which, among

the set of all n-state (non-terminating) PFA having a given underlying graph structure,

! A number of Bayesian PFA parameter estimation results are discussed in [Ephraim and Merhav, 2002].
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assigns the mazrimum generation probability (i.e. mazimum likelihood) to S:

m m
H.A"”t(si) = max {H A(si) 1 |Qal = n} . (4.1)
i=1 i=1

Lacking precision (&) and confidence (§) parameters, the definition above cannot di-
rectly be utilized to quantitatively study learning algorithms. To facilitate a quantitative
discussion, the “approximate ML PFA parameter estimation” problem is defined, following
[Abe and Warmuth, 1992]2.

Definition 4.2 (Approximate ML PFA Parameter Estimation) A randomized al-
gorithm T is said to approximate the ML PFA parameter estimation problem for the class
of n-state PFA within factor K (possibly a function of various parameters of the problem)
in time t, if given a multiset S = (s1,...,5m), 8i € B¢ for some £ > 0, T terminates in t

steps and outputs an n-state PFA A, which with probability at least 1/2 satisfies:

™ Aopt(s,)
1=1 ? < K
i Alsi) T

1=

where AP is an n-state PFA satisfying (4.1).

This framework, however, is still not a probably approximately correct (PAC) defin-
ition. The following PAC model has been shown in {Abe and Warmuth, 1992] to match
Definition 4.2 (in the sense defined in Theorem 4.4 below):

Definition 4.3 (Distribution Free PAC Computational Complexity) Let S =
{s1,---,5m}, (where s; € %¢), be a multiset and let Q over Xt be a class of distributions.
Let | Q| denote some measure of complezity associated with the class Q.

A (possibly randomized) algorithm T trains Q if there exists some My =
q(e™1,671,£,| Q|) such that for an arbitrary distribution D over T*, if m > My then
with probability at least 1 — &, T outputs a distribution @ € Q such that either of the

following criteria holds:

KL(D | Q) — KL(D || Q%) <, (4.2)
”‘D - Q”l - ”D - QoptHI <eg, (43)

where Q°Pt € Q is a distribution satisfying (by the respective context):

KL(D || Q°"") = min{KL(D || P) : P € Q},
|\D - Q%||, = min{||D - P|, : P Q}.

2In that paper, the problem is called the “approximate sample MLM problem”.



50 Computational Complexity of PFA Learning

When (4.2) is the chosen optimization criterion (and assuming min{KL(D || P): P € Q}
exists), the runtime of T defines the (distribution free) KL computational complexity,
while for (4.3) it defines the Ly computational complexity. If the runtime of T is polyno-

mial, the computational complexity is said to be polynomial.

A polynomial computational complexity immediately implies the function ¢(-) (which will
be referred to as the sample complezity in the sequel) is also polynomial in all its arguments.

In practice, aside from limiting the number of states, further constraints are usually
placed on the optimization process. Typically, a set of transition probabilities are forced to
zero, leaving the maximization process to deal with the complementary set (see definition
of PFA constraint in Section 1.5).

The following result linking Definitions 4.2 and 4.3 was established in [Abe and War-
muth, 1992, Theorem 4.1]:

Theorem 4.4 Let t denote the size of the input constraint to be trained, m the sample
size, and £ the length of each sample string. For an arbitrary PFA constraint C, the

following three statements are equivalent:

1. There exists a training algorithm for C with sample complexity polynomial in

e~1,671,t and £, running in time polynomial in the total sample length.

2. There exists a training algorithm for C with sample complexity polynomial in

€71, log(671),t and £, running in time polynomial in the total sample length.

3. The ML parameter estimation problem (Definition 4.2) for C is approzimable within

a factor 1 + €, with probability at least 1/2, in time polynomial in =1 t,£ and m.

In most theoretical contributions within this framework, the ML problem discussed
is usually the degenerate case where the input consists of a single string (i.e. m = 1).
In most of the problems studied3, the complexity associated with the single-string ML
estimation problem equals the general problem’s (i.e. multiple string).

We briefly discuss the key results in these frameworks.

Parameter Estimation Algorithms

Two common algorithms for PFA parameter estimation are the (iterative) Baum algorithm
(sometimes referred to as the Baum-Welch algorithm), which is a particular instance of the
EM algorithm of Dempster et al. [1977], and the closely related Baum-Viterbi algorithm,

essentially an approximation to the Baum algorithm. For a complete discussion of these

3With the exception of the result of Farago and Lugosi [1989] mentioned below.
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algorithms, we refer the reader to [Ephraim and Merhav, 2002]. These algorithms provably

converge to a local optimum, but convergence to the global optimum is not guaranteed.

A non-iterative, provably globally convergent maximum likelihood parameter estima-
tion algorithm has been developed for the special case of a left-to-right PFA* [Farago
and Lugosi, 1989]. This algorithm, however, is valid only when presented with a single
sequence, limiting its practical applicability.

Abe and Warmuth [1992, Corollary 4.2] show that for any deterministic constraint,
the computational complexity associated with learning is polynomial. This result, how-
ever, does not qualify as a PDFA learning algorithm, rather as a degenerate case of PFA

parameter estimation (of limited practical value).

Hardness Results

Abe and Warmuth [1992] proved that for the class of 2-state PFA, the computational

complexity of Definitions 4.2 or 4.3 cannot be a polynomial in ||, unless RP = NP®.
Despite the hardness results mentioned, the parameter estimation framework (cou-

pled with additional heuristics) lies at the heart of practical applications such as speech

recognition and handwritten character recognition.

4.1.2 Structure Estimation

When a PFA’s structure is not assumed to be known in advance, the models’ structure
has to be estimated as well as its parameters. The hardness result of Abe and Warmuth
[1992] regarding PFA parameter estimation is immediately inherited by the (more gen-
eral) structure estimation problem. Approaches for dealing with the difficulty inherent to
structure estimation range from the use of heuristic algorithms (with either asymptotic or
no performance guarantees) to the adoption of various restrictions on the learning model,

as we discuss in the next sections.

We mention that the related problem of order estimation, i.e. the estimation of the
number of states in the PFA, has received significant theoretical attention. A number
of information-theoretic approaches (of limited practical applicability) are described in
[Ephraim and Merhav, 2002, Section VIII].

“The class of left-to-right PFA consists of all acyclic PFA with self-loops on any (and possibly all)
states. This class is particularly useful in speech recognition applications, where PFA (or HMMs) are used
to model temporal behaviour.

5The conjecture that RP is strictly contained in NP is widely held in the theoretical computer science
community.
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4.2 PDFA Learning Frameworks

Although technically a subfield of PFA learning, PDFA learning is most often discussed
separately, and consists of a largely separate toolbox of learning frameworks, theoreti-
cal results and algorithms. Most notably, in PDFA learning, the rule (rather than the

exception) is that both structure and parameters must be inferred from the data.

4.2.1 Identification in the Limit With Probability One

In this early learning paradigm due to E. M. Gold [Gold, 1967}, [Gold, 1978], there is an
infinite source of examples that are generated following the distribution induced by the
(hidden) target. The learning algorithm is expected to return after each new example
some hypothesis. The class is said to be identifiable in the limit with probability one if for
all targets within the class, the algorithm identifies the target (i.e. there is a point from
which all hypotheses are equivalent to the target) with probability one. The paradigm

bears some obvious drawbacks:

e it does not entail complexity constraints,

e one typically does not know if the amount of data required by the algorithm has

already been supplied,

e an algorithm can be proven to identify in the limit, but might return arbitrarily bad

answers if the required amount of data is not provided.

Despite these drawbacks, the identification in the limit paradigm can be seen as a necessary
condition for the potential learnability of a given class of models. If this condition is not
met, the target class is surely not learnable.

Identification in the limit with probability one of the PDFA structure was shown in
[Carrasco and Oncina, 1999], and the proof was extended to include identification of the
probabilities in [Higuera and Thollard, 2000].

4.2.2 PAC Frameworks for PDFA Learning

The following PAC framework was proposed in [Ron et al., 1995] and more recently used
in [Clark and Thollard, 2004]:

Definition 4.5 (KL-PAC Learning) Given a class of distributions D over ¥*, an al-
gorithm KL-PAC learns D if there is a polynomial q(-) such that for all D € D, € > 0 and
& > 0, the algorithm is given a sample multiset S of size m drawn from D, and produces a
hypothesis D, such that Pr [KL(D | D) > e] < § whenever m > q(1/€,1/6,|D|). By |D|
we denote some measure of the complexity of the target. The algorithm’s running time is

bounded by a polynomial in m plus the total length of the strings in S.



84.3 Related Work 53

The definition of L,-PAC learnability is analogous, with the corresponding change in
distance measure. We mention that the novel results presented in this chapter all pertain
to the L1-PAC learning framework, for reasons which we will establish below.

In this learning framework, the samples are drawn from a target distribution which
is known to be regular deterministic, and therefore the framework differs from the usual
(distribution-free) PAC setting. Results obtained within this learning framework do not
provide performance guarantees for situations wherein the samples drawn are from an

arbitrary distribution.

4.3 Related Work

We now present related work in the field, focusing on central results which will set the

stage for our novel contributions.

4.3.1 Negative Results for PDFA Learnability

In this section we discuss the main hardness result for PAC-learning of PDFA, due to
Kearns et al. [1994]. In this result, a reduction is constructed showing that KL-PAC
learnability of PDFA implies learnability of mnoisy parity functions, thus violating the
noisy parity assumption, widely believed to be true in the cryptography community (see
e.g. [Kearns, 1993]). We repeat the reduction here, and will extend it to the L;-PAC
learning model in Section 4.4.

The reduction is demonstrated by showing how by KL-PAC learning a specific family
of (acyclic) PDFA, one can learn the class of noisy parity functions. Placing the concepts

on formal ground, we now define the parity function:

Definition 4.6 (Parity Function) Leta € {0,1}" be a fized but unknown binary vector.
For any x € {0,1}", define fo(zx) =Y 1 aizi(mod 2).

Definition 4.7 (Noisy Parity Problem) Letn < 0.5 denote a “bit flipping” noise pa-
rameter, and let fg’(x) denote a random variable which with probability 1 —n equals fo(z),
and with probability n equals —f,(z). Given a set of examples (z, fg(a:)), drawn uniformly
at random, the noisy parity problem is to infer the vector a within the PAC framework.

It is widely believed that the noisy parity problem is hard (see e.g. [Kearns, 1993]).

A noisy parity PDFA (see example in Figure 4.1) can be used to generate a noisy parity
function. It consists of n layers, each of which encodes one bit of the vector a. The PDFA
comprises of two parallel, upper and lower tracks. A layer where all transitions remain

on the same track encodes a “0” bit, while a crossover layer (for which the “1” transition
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crosses tracks) encodes a “1”. The last layer of the PDFA introduces noise, parameterized
by n < 0.5.

Figure 4.1: Noisy parity PDFA family. In the specific example above, the first layer encodes a
“0”, the second a ”1”, and so forth, encoding the binary vector 01...10. The last layer introduces
noise via the parameter n < 0.5.

The distribution (over {0,1}") induced by such a PDFA will be denoted D,. Given
D, represented as a PDFA and a vector € {0,1}""!, we can compare between D,(z0)
and D, (z1) and subsequently determine fg(x).

Kearns et al. [1994] show that if one could efficiently KL-PAC learn the noisy parity

PDFA, one could then compute f,(z) with arbitrary precision, violating the hardness

assumption.

4.3.2 Positive Results for PDFA Learnability

In this section we discuss positive PAC-framework PDFA learnability results, due to Ron
et al. [1995], Clark and Thollard [2004] and Palmer and Goldberg [2005].

As shown in Kearns et al. [1994], the general PDFA PAC-learning problem is hard, and
therefore additional conditions must be imposed before attempting to provide an efficient
PAC learning algorithm. The concept of u-distinguishability was first introduced by Ron
et al. [1995], where it was shown to be sufficient for KL-PAC learnability of acyclic PDFA.
Namely, (a variant of) the state merging algorithm (defined below) was shown to require
sample and computational complexities polynomial in g~! (in addition to 71,67, n and

|Z|), where y is defined as follows®:

Definition 4.8 (u-distinguishability) Let ¢ > 0. Given a PDFA A =
(Qa,%,04,90,Fa,P4), the state pair (g;,q;) € Qa x Q.4 is said to be p-distinguishable if

1D% = DX lloo > 1

A PDFA A is p-distinguishable if each of its state pairs is p-distinguishable.

5We use the notation D% to denote the distribution induced by Ag;.
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Clark and Thollard {2004] extended the result to general PDFA learning, while impos-
ing an additional condition, namely an upper bound on the expected string length from

all states. The theorem’s formal statement is:

Theorem 4.9 (Clark, Thollard) Suppose A is an n-state p-distinguishable PDFA such
that the expected length of strings generated from every state is upper-bounded by L. Then
for every § > 0 and € > 0, Algorithm 4.1 outputs a hypothesis PDFA A such that with
probability greater than 1 — 6, KL(D4 || Dy) <e.

The sample and computational complexities of Algorithm 4.1 are polynomial in
{p=Ye 1,671, |2, n, L}.

We relegate a number of definitions of concepts used in Algorithm 4.1 to Section 4.5,

where a more general algorithm is discussed in detail.

Algorithm 4.1: State Merging

Input: €,§ (accuracy, confidence parameters), u (lower bound on the target’s
distinguishability), nmax (upper bound on the number of states of the
target) and L (upper bound on the expected length of strings generated
from any state of the target). The algorithm is also supplied with a random
source of strings generated independently by A, the target PDFA.

Output: A, a hypothesis PDFA such that KL(D4 || D3) < & with probability at

least 1 — 4.

1 Compute myg, a threshold on the size of a multiset required for statistical testing;
M, the size of the sample we draw at each step of the algorithm, and py,, a small
smoothing constant.

2 repeat

3 Draw M strings from A

4  foreach u € V and o € ¥ such that §5(u,0) is undefined do

5

6

Compute S, (suffix multiset of (u, o))
if |Sy,s| > mp then foreach v €V do

7 if §u,g -5 < u/2 then
8 Add arc 1al§?31ed with o from u to v.
9 end
10 end
11 else if ’ Suo—S|| >p/2 VYveV then
12 Create new nodgo in graph G
13 Add an edge labeled with ¢ from u to the new node
14 end
15 end

16 until no candidate node has a suffix multiset of cardinality (at least) my.
17 Complete G by adding a ground node which represents low frequency states.
18 Add a final state gy and transitions labeled with ¢ from each state to gy.

In Section 4.5 we will discuss aspects of the theorem’s proof in detail and generalize the

result. Specifically, we will relax the p-distinguishability condition and extend the result
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to a strictly larger PDFA class called po-distinguishable. In Section 4.7 we will further
extend the class of SM-learnable PDFA to the so-called p-distinguishable class.

Clark and Thollard [2004] gave a counterexample showing that when the upper bound
(L) on the expected string length from each state is lifted, KL-PAC learnability cannot
be guaranteed. Moreover, their counterexample specifically shows that a bound on the
PDFA’s overall expected string length cannot guarantee KL-PAC learnability.

In contrast, Palmer and Goldberg [2005] showed that in the (weaker) L;-PAC learning
framework, the upper bound L can be lifted altogether. Their result uses Algorithm 4.1,
with the modification that the graph completion and final state addition (lines 17 and 18

respectively) are no longer required.

4.4 An Extended Negative PDFA Learning Result

We presently show that even in the weaker L,-PAC learning model, general PDFA learn-
ability still violates the noisy parity assumption. This implies that the difficulty is inherent
to PDFA learning, and not merely an artifact of the KL-divergence. In the following we use
the notation of Murphy [1996]. We repeat the noisy parity PDFA graphic for convenience
in Figure 4.2:

Figure 4.2: Noisy parity PDFA family. In the specific example above, the first layer encodes a
“0”, the second a ”1”, and so forth. The last layer introduces noise via the parameter n < 0.5.

Theorem 4.10 L,-PAC learnability of the noisy parity PDFA family violates the noisy

parity assumption.

Proof As before, let D, denote the distribution induced by the noisy parity PDFA. To
prove the theorem it is enough to show that given an L;-approximation to D,, we can
determine f,(x) to arbitrary precision.

Let D be the estimated distribution, such that | Da — 5||1 < e. Given the specific
architecture of noisy parity PDFAs, all correct parity strings xp such that p = f,(x) are
assigned probability n - 27", while all incorrect parity strings zn (such that n = —f,(z))
are assigned probability (1 —n) -27".

For any z € {0,1}", an error in the evaluation of f,(z) is encountered when

ﬁ(:rn) > ﬁ(:rp) Each such error contributes at least (1 —2n) - 27" to |D, — ﬁ”l, and
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thus the total number of errors cannot exceed 12_1_12577 Reconciling this with the fact that
there are 2" strings = € {0,1}", we have that the probability of error is bounded above

by 1—;’%5 Thus, by varying € we can approximate f,(z) to arbitrary precision. [

We mention that this particular method of reduction does not extend to the L,-PAC
learning framework for p > 1. To show this, we set the approximating distribution D to
be the “opposite” of D, in the following manner: D(zn) = Dy(zp), D(zp) = Dqo(zn) for

every z € {0,1}". Calculating the consequences, we find:
|2e- 2], -
P

— [ n [(1 _ 2,’7)2—71.]1’]
= 2r(1-2n)27"
= (1-2n9)26™,

1/p

For a large enough number of layers (i.e. n), however, the expression above can be made
arbitrarily small. This example depicts a situation in which a good approximation in
the L,-PAC framework does not amount to useful learning”. Thus motivated, we will

consider only the KL.-PAC and L;-PAC learning frameworks throughout the remainder of
this thesis.

4.5 Learnability of PDFA via Oracles

As discussed in Section 4.3.2, efficient learnability using the state merging algorithm is
known for the u-distinguishable PDFA subclass. In this section, we show that state merg-
ing algorithms can be extended to efficiently learn a larger subclass of PDFAs called
po-distinguishable®. We will draw heavily on the positive result of Clark and Thollard
[2004], and our result can indeed be seen as a direct extension of their work.

As discussed in Section 3.1.1, Carrasco and Oncina [1999] showed that corresponding
to every distribution induced by a PDFA there exists a canonical PDFA with the minimal
number of states which induces the same distribution. Furthermore, the suffix distributions
of the states of the canonical PDFA are unique. Therefore, if we are given an oracle which
can distinguish between two suffix distributions, we can learn the PDFA.

In this section we prove that for the Lo distance, a simple statistical test can effi-

ciently distinguish between sample multisets drawn from identical distributions and mul-

"Indeed, in a prominent density estimation textbook [Devroye and Lugosi, 2001, Section 6.5], a complete
section is titled “La Distances Are To Be Avoided”.
8The work described in this section was published in [Guttman et al., 2005].
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tisets drawn from (sufficiently) distant distributions. We consequently show how the state
merging algorithm can use an oracle to learn ps-distinguishable PDFA. Our definition of
p distinguishability is a generalization of p-distinguishability. Namely, the suffix distri-
butions of any two states of a p,-distinguishable PDFA are at least p apart in the L,

distance for some 1 < p < 0.

4.5.1 The Generalized State Merging Algorithm: Introduction

The general PDFA learning problem is hard, and therefore additional conditions are re-
quired before attempting to provide an efficient learning algorithm. We seek to understand
which criteria indeed enable efficient testing for discrimination between distributions. To
this end, we present the SM algorithm in a more general setting using the concept of an
oracle, which will be rigorously defined below.

In order to describe how state merging algorithms can use oracles to learn PDFA
distributions, we first provide a modular analysis of the proof due to Clark and Thollard
[2004], and then extend it to deal with oracles. In particular, we show that the state

merging algorithm may be decoupled into two parts:

e A construction algorithm which iteratively builds the PDFA graph and sets the

transition probabilities.

e An oracle, providing an accurate test for deciding whether or not two sample mul-

tisets were drawn from two distinct suffix distributions.

Given such an oracle, the state merging algorithm will induce a PDFA such that with
high probability, the KL-divergence between target and induced distributions can be made

arbitrarily small.

Generalized State Merging: Detailed Description

Pseudocode for generalized state merging (GSM) is given in Algorithm 4.2 below. The
learning algorithm is given the following parameters as input: an alphabet X, an upper
bound L on the expected length of strings generated from any state of the target, an upper
bound n on the number of states in the target, a confidence parameter § and a precision
parameter e. We will show that given a matching oracle (defined below), the algorithm
will (with high probability) learn a PDFA class H.

The algorithm maintains a digraph G = (V, E) with labeled edges, V being the set of
vertices (or nodes) and E C V x X xV a set of edges. The graph holds a current hypothesis
about the structure of the target PDFA. A particular vertex vy € V corresponds to the
initial state of the hypothesis. Each arc in the graph is labeled with an alphabet letter,
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Algorithm 4.2: Generalized State Merging

Input: ¢,§ (accuracy, confidence parameters), nmax (upper bound on the number
of states of the target) and L (upper bound on the expected length of
strings generated from any state of the target). The algorithm is also
supplied with Oy (a (81, m1)-matching oracle for H), and a random source
of strings generated independently by .4, the target PDFA.

Output: A, a hypothesis PDFA such that KL(D4 || D) < e with probability at

least 1 — 6.

Data: The algorithm maintains a graph G = (V, E) with labeled edges (i.e.

E CV x ¥ x V), which holds the current hypothesis about the structure of
the target automaton.

1 repeat

2 Draw M strings from A

3 foreach u € V' and o € ¥ which does not yet label an edge out of u do
4 Hypothesize a candidate node, referred to as (u, o)

5 Compute S, (suffix multiset of candidate node (u,0) )

6 if |Syo| > mp then

7 foreach v €V do

8 Query Oy to compare Sy, with S,

9 if Oy returns ACCEPT then
10 Add arc labeled with ¢ from u to v.
11 end
12 end
13 if Oy returns REJECT on all comparisons then
14 Create new node to graph G
15 Add an edge labeled with o from u to the new node
16 end
17 end
18 end

19 until no candidate node has a suffiz multiset of cardinality (at least) my.
20 Complete G by adding a ground node which represents low frequency states
21 Add a final state gy and transitions labeled with ¢ from each state to gy
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and there is at most one edge labeled with a particular letter from each node. For some
node v € V, the notation dg(v, o) refers to the node reached by the arc from v labeled

with o, if such a node exists.

If S is a multiset of strings from ¥*, for each s € ¥*, S(s) denotes the multiplicity
of s in S, the cardinality of S is defined as |S| := ) 5. S(s), and for every o € X,

S(0) := ) ez S(09).

Initially, the graph G consists of a single node representing the initial state go of the
target PDFA, and an accompanying multiset that is a sample of strings generated by
the target PDFA. At any given moment in the course of the algorithm’s run, (with high
probability) the graph is isomorphic to a subgraph of the target PDFA. For each node

v € V, the suffix multiset S, represents the multiset of suffixes of strings incident on v.

At each iteration (line 2) the algorithm is supplied with M strings generated indepen-
dently by the target PDFA. For each node u in the graph and each letter o € ¥ which
does not yet label an arc out of u, a candidate node is hypothesized, referred to by the
pair (u,o) (always in a relevant context, avoiding confusion). The algorithm computes
Su,s, the multiset of suffixes associated with (u,o). This is performed by deleting from
each string incident on u the prefix emitted before arrival at u. If a suffix begins with
the symbol o, the symbol is deleted and the resulting string is added to the multiset S, .

Intuitively, this sample represents the suffix distribution of the relevant state.

If at any point in the algorithm (line 6) a suffix multiset’s size, |S, |, achieves the
threshold myg, the oracle O is queried, comparing Sy, to all multisets S,, v € V. If all
comparisons to existing nodes in the graph are negative, a new node is created, and an arc
from u to the new node is added, labeled with . When a node is added to the graph, its

accompanying multiset is kept and remains unchanged for the remainder of the algorithm.

After each iteration, all candidate nodes are deleted. The algorithm terminates when
a sample had been drawn where no candidate node has a sufficiently large multiset. Sub-
sequently, the hypothesis PDFA graph is completed. If there are strings not accepted by
the graph, a new node called the ground node is added, representing all low frequency
states. The graph is then completed by adding all possible arcs from all states leading to
the ground node, including from the ground node to itself. Since the hypothesis PDFA
must accept every string, every state must have an arc leading out of it for each letter in
the alphabet.

The transition probabilities are estimated using a simple additive smoothing scheme

introduced in [Ron et al., 1995]. For a state u € Q@ and a symbol o € ¥, the transition
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probability is set to:

Py(@o0) = (ﬁ?j))-(1—(|E|+1)pmm)+pmin, with (4.4)
£
Pmin = AT DD+ 1)

A quick analysis shows that the number of oracle queries performed at each step of
the GSM algorithm is upper bounded by n2|%|, as there are at most n nodes in the graph
at any time and at most n|X| candidate nodes. When the algorithm runs correctly there
are at most n|X| + 2 iterations. Therefore, over the course of a complete successful run,
the number of oracle calls is at most n%|X|(n|Z| + 2).

The main distinction between Algorithms 4.1 and 4.2 lies in GSM’s decoupling of
the oracle (in the pseudocode, and more importantly in the ensuing analysis) from the

remaining parts of the algorithm.

Formal Definition of Oracle

For our purposes, an oracle is a black-box which can distinguish between suffix distribu-

tions. More formally, we have:

Definition 4.11 (Oracle) Given a class H of PDFA, an oracle Oy is said to (8, m)-
match the class H if for any PDFA A € H and for any pair of states q,q' in A, given
sample multisets of at least m samples drawn as suffizes from q and ¢, the oracle can
determine with probability at least 1 — & whether or not the two multisets were drawn from

suffiz distributions of the same state.

The definition provides for an accurate test for deciding whether or not two distributions
over strings are similar (i.e. drawn from the same suffix distribution). We argue in
Section 4.5.2 below that such accurate testing can in fact be achieved efficiently under
relaxed conditions compared to [Clark and Thollard, 2004], which in turn still guarantee
KL-PAC learnability.

4.5.2 The Generalized State Merging Algorithm: Analysis

The learning algorithm we use is analogous to the state merging algorithm described in
[Clark and Thollard, 2004], with the oracle Oy testing whether to merge a hypothesized
candidate state (see Definition 4.13) with an existing one, or to construct a new state.

Our main result is:

Theorem 4.12 Let H be a class of PDFAs over the alphabet ¥, & > 0,5 > 0, L and n
positive integers, and 81,062,€1, m2 as defined in (4.9) and (4.10) below.
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Suppose Oy is a (81, m1)-matching oracle for H. For every n-state PDFA A € H such
that the expected length of the string generated from every state is upper-bounded by L,
with probability at least 1 — & over a random draw of max(my,ma) samples generated by
A, Algorithm 4.2 produces an hypothesis PDFA A such that KL(D 4 || D4y) <e.

Our proof closely follows the proof in [Clark and Thollard, 2004], with two key changes:

¢ In the original proof, distinguishability between two states’ suffix distributions (with
high probability) is inherent to the sample size bounds. In our case, the oracle
provides the distinguishing test, so the size of the multiset drawn at each step of the

algorithm is reformulated to reflect this (see (4.9)).

¢ In our case, two sources of randomness are present: the randomly drawn multisets
and the oracle. To bound the probability of error, both sources need to be accounted

for.

With the exceptions noted above, the original proof is directly transferable to our
setting. In order to make the exposition self-contained, we repeat the statements and
proofs of lemmas and theorems from [Clark and Thollard, 2004] in Appendix B, translated
to the notation conventions used throughout the thesis.

We decompose our proof into the following modules:

(i) Given sufficiently many samples randomly drawn from .4, a multiset is likely to be
“good”. Namely, every string will appear with an empirical probability that is close

to its actual probability.

(ii) Assuming an oracle which matches the PDFA family under consideration, at each
step the hypothesis graph will be isomorphic to a subgraph of the target with high
probability.

(iii) With high probability, when the algorithm stops drawing samples, there will be
in the hypothesis graph a state representing each frequent state in the target. In

addition, all frequent transitions will also have a representative edge in the graph.

(iv) After the algorithm terminates, (again with high probability) all transition proba-

bility estimates will be close to their correct target values.

(v) A KL-PAC result between target and hypothesis PDFAs follows.

Additional Notation

The following definitions quantify the notion of weight for the various elements of a PDFA:
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e For all g € Q4 and £ € N, define

We(g):== > Palgo,s).

5Af50)?~:):=q
This quantity is the probability that A will generate at least ¢ characters and be
in the state g after having generated the first £ characters. Note that the defini-
tion addresses prefix probabilities rather than string probabilities, as the final state
probabilities are not included in the summation. This quantity may be expressed
recursively:

We(@)= D Wea(®) Y Pa(b,0). (4.5)

beQa a:64(b,0)=q

e For /¢ € N, define the probability that A will generate a string of length at least £,

We= > Wig).

q€Qa

e The weight of a state ¢ € Q 4 is defined as:

W(g) =) Wilg)= D, Palg,)-
=0

s€L*:
d.4(g0,8)=¢
The expected length of strings generated from any state can be defined using these
terms. The (assumed) bound L on the expected string length generated from any state

q € Q4 is expressed as:

> Palg,s) <L+1.
seEX*

Using this bound, we can establish that for any string length k&,

D We=> Wil@)) Y Palg,s) < LW

>k qeQa £>0 sext

This enables the following bound, which will be useful in the sequel:

o0 o0 oo oo
S tWiq) Y W=D Y Wi <> LW, < L(L+1). (4.6)
£=0 £=0 £=0 k>¢ £=0

The following definitions quantify the joint weight of state pairs in the target and
hypothesis PDFAs, A and A respectively. Formally, given two PDFA A, A and a pair
of states ¢ € Q4,7 € Qy, the joint weight W(q,q) is the expected number of times the

automata are simultaneously in the states ¢ € Q4 and § € Q4, when strings are being
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generated by A and parsed by A. The definitions proceed along similar lines to the single

state weights.

For a string s € ¥*, define

Wi(q,7) := Z Pa(g09)-

5:04(g0,8)=9
64 (0,8)=7
|s|=¢

Letting Wy(qo,q0) = 1, the definition can be expressed recursively:

Welg, @)= . > We(hd) Y. Palb,o).

beQa BEQ,’A a’(;&,,z,l(;b,o)’)iq
A\0,0)=¢q

We now define the expected number of times the first automaton will be in state ¢ and

the second in state q,

W(q,q) := ZWg q,9), noting that
¢eN

W) = Y W9 (4.7)
qeQy

Given these quantities we can now use the following decomposition of the KL-

divergence shown in [Carrasco, 1997]:

KL 2) = 33 3 Wia,0)Pa(a, o) log 1207

gEA G4 0€T ( )

The following notions define relationships between PDFA states to sets of strings:

e The set of strings that reach ¢ for the first time (i.e. have no proper prefix that

reaches ¢),

Ra(q):={s€X* : 64(q0,8) =qA (Pr,y€T*st. y#e€ A zy =35 A §(qo,z) = q)}-

e The probability of 4 being in state g at least once,

P(Q) = z PA(QOvS)'

s€RA(q)

e The exit probability of a graph G with respect to a PDFA A defines the probability
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that for a randomly generated string s, there exists no node v such that dg(vo, s) = v.

Pexit(G) = Z PA(QO,S)'

SEL*
s exits G

Definition Modifications

The following definitions from [Clark and Thollard, 2004] have been modified for the

purposes of our proof. Definition B.1 of a candidate node is generalized to the following:

Definition 4.13 (Candidate node) A candidate node is a pair (u, o) where u is a node
in the graph G underlying the current hypothesis PDFA, o € X, and dg(u, o) is undefined.
It will have an associated suffiz multiset Sy, ». A candidate node (u,0) and a node v in a
hypothesis graph G are similar if and only if the matching oracle Oy returns ACCEPT
when queried with §u,g and §v, where S denotes the empirical distribution induced by a

multiset S.

Definition B.2 of a good multiset is relaxed, with the original distinguishability condi-
tion ||§ - P|| < u/4 lifted:
Definition 4.14 (good multiset) A multiset S is €1-good for a state q if for every o €
3, |(S(0’)/|S|) — Pj(a)l < e€1.

The concept of a good hypothesis graph (Definition B.3) has been relaxed accordingly,
with the (only) modification inherited from Definition 4.14.

Definition 4.15 (good hypothesis graph) A hypothesis graph G for a PDFA A is
good if there is a bijective function @ from a subset of states of A to all the nodes of
G such that ®(qo) = o, and if 5g(u,0) = v then 64(®"1(u),0) = ®~1(v), and for every
node u in G, the multiset S, attached to u is 1-good for the state ®~1(u).

Finally, the concept of a good sample (Definition B.4) has been relaxed in a similar

manner, with the modification inherited from Definition 4.14.

Definition 4.16 (good sample) Given a good hypothesis graph G, a sample of size M
is good if for every candidate node (u,o) such that |Sy | > mo, Syus is €1-good for the
state 54(®1(u),0) and if Peit(G) > €6 then the number of strings that ezit the graph is
more than %N Pi:(G).

Note that if there are no candidate nodes with multisets larger than mg, then the total
number of strings that exited the graph must be less than n|X|mg (since there are at
most n nodes in a good graph, and therefore at most n|X| candidate nodes). Therefore in
this circumstance, if the samples are good, we can conclude that either Pet(G) < €6 or
Poyit (G) < 2n|X|mgy/M.

We proceed to analyze the algorithm, adhering to the module structure defined above.
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Module (i)

The threshold mg on the minimal multiset size required for testing distribution proximity
in Algorithm 4.2 is set to

mo = max(my, ma), (4.8)

where m; is the number of samples required by the matching oracle Oy to guarantee an
error probability of at most 4,1, and my is the multiset size defined below, shown in Lemma

B.5 to guarantee a good sample (according to Definition 4.14 above) with probability at

least 1 — #‘[22—[:

_— %log(24n|2|(|2|+1)(n|2l+2))’ with (4.9)
2¢y 92

€2

16(|Z) + 1)(L+ 1)

g1 =

The parameters §; and J; are related to the confidence parameter § by Equations (4.10),

and the number of samples drawn at each iteration of the algorithm is:

4n|T|L2(L + 1)3
M = n|2| ag +1) max (2n|2|m0,410g ________2(n|2;| + 2)> , Wwith
3

€
2(n+ Dlog (4(L+1)(|Z]+1)/e)’

€3

Module (ii)

We use the matching oracle to prove that with high probability, at all times over the course

of the algorithm’s run, the hypothesis graph is good, as specified in Definition 4.15.

Lemma 4.17 Let H be a PDFA class and let Oy be a (81, m1)-matching oracle. As-
sume Gj, the hypothesis graph at the it iteration, is good. Assume further that for every
candidate node (u,0) such that |Sy .| > mo, the multiset Sy, is €1-good for the state
6¢(®7(u),0), and there erists at least one such candidate node. Then with probability at
least 1 — 61n?|Z|, the hypothesis graph Giy1 is also good.

Proof Consider a candidate node (u,o0) and a node v. If both are representative of
the same state, the oracle errs with probability at most d;, and otherwise the (good)
hypothesis graph G; remains unchanged. If no node v representative of the same state
exists, the algorithm constructs a new node v and sets ®~1(v) to 6¢(®~*(u), ), in which
case the new graph G;; is also good. Additionally, since the candidate node multisets
are €1-good, the multiset of this node will also be good.

The algorithm queries Oy at most n%|X| times at each iteration. By applying the

union bound and using the definition of a matching oracle we obtain the lemma. [ |
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Module (iii)

This module’s statements and proofs are given in Lemmas B.7 and B.8. Aside from nota-

tion, the two lemmas and their proofs remain unchanged relative to [Clark and Thollard,
2004].

Module (iv)

Lemma B.9 rigorously formulates the relevant claim and presents its proof, both of which

require no changes relative to [Clark and Thollard, 2004].

Module (v)

We now derive a KL-PAC bound. In comparison to the result in [Clark and Thollard,
2004], our framework contains an additional degree of randomness due to the probabilistic
nature of the oracle. However, if this probability of error is controlled, the same KIL-

divergence bound between target and hypothesis PDFA (namely ¢) follows. Setting:

é

e TSI

(4.10a)

62 =46/2, (4.10b)

using multisets of size my = max(m;,mg), and applying the union bound, we bound the
probability of error by §.

In order to prove the desired ¢ approximation accuracy, we appeal to Theorem B.10.
The proof of Theorem 4.12 follows.

4.6 Learnability of p.-Distinguishable PDFA

4.6.1 Related Work

We now discuss a recent result on testing distribution proximity in Ly due to [Batu et al.,
2000], which was used in [Guttman et al., 2005] to show efficient learnability of the uo-
distinguishable PDFA class. The result applies to distributions over finite sets, and the

computational complexity does not depend on the cardinality of the set.

Theorem 4.18 ([Batu et al., 2000]) Let § > 0 be a given confidence parameter and
let A denote a finite set of cardinality |A|. Let D; and Dy be two distributions over
A. Givenm = O(e7*log(})) samples drawn from Dy and Da, if ||Dy — Dal2 < €/2,
Algorithm 4.3 will output CLOSE with probability at least 1—6. If | D1 — Da||2 > € then the
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algorithm outputs FAR with probability at least 1 — §. The running time of the algorithm
is O (5‘4 log (%))

In Algorithm 4.3, 7p denotes the number of self-collisions in the multiset Fp, namely
the count of i < j such that the i*! sample in Fp is same as the ;! sample in Fpp. Similarly,
¢D, D,, the number of collisions between D; and Dy is the count of (i, 5) such that the it

sample in D; is same as the j* sample in Ds.

Algorithm 4.3: Ls-Distance-Test
Input: Samples from Dy and D, parmeters m,e,d
Result: CLOSE or FAR
1 repeat
2 Draw Fp,, a multiset of m samples from D,
3 Draw Fp,, a multiset of m samples from D,
4  Let rp, = |Fp, N Fp,| (the number of self-collisions in Fp,)
5 Let ’I‘D2=|FD2HFD2|
6
7
8
9

Draw Qp,, a multiset of m samples from D,
Draw Qp,, a multiset of m samples from Dy
Let cp,p, = |QD1 n QD2|
Let r = %(7‘[)1 +7p,)
10 Let s = 2¢p, p,
11 if 7 — s > m?€? /2 then declare trial FAR else declare trial CLOSE
12 until O (log (3)) iterations
13 if magority of trials declared FAR then return FAR else return CLOSE

Note that Algorithm Lo-Distance-Test’s running time is independent of the cardinality
[A].

4.6.2 A Novel Distribution Proximity Testing Result

We now propose a novel analysis and an accompanying algorithm for testing distribution
proximity in the Lo distance, improving the sample and computational complexities of
Theorem 4.18 from O(e~%) to O(¢72). We use the trivial empirical proximity test for-
mally described in Algorithm 4.4, and our analysis involves a symmetrization inequality.

Formally, we prove the following theorem:

Theorem 4.19 Let £,6 > 0 be accuracy and confidence parameters and let A denote a
finite set of cardinality |A|. Let Dy and Dy be two distributions over A. Given m =
8192¢72log (}) samples drawn from each of the distributions D1 and D, if D1 = Dy,
Algorithm 4.4 will output CLOSE with probability at least 1 — 6. If | D1 — Da|la > €
then the algorithm outputs FAR with probability at least 1 — §. The running time of the
algorithm is O (2 log (3))-

We will need the following (symmetrization) lemma, proved in Appendix A.
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Algorithm 4.4: Improved Ls-Distance-Test
Input: Samples from D;, Dg,€,6
Result: CLOSE or FAR
Draw 1024¢~21og () samples from the distributions D; and D
repeat
Draw m samples from D;, obtaining empirical distribution ﬁl
Draw m samples from D,, obtaining empirical distribution 132
if ||131 - 132||2 > ¢ /2 then declare trial FAR else declare trial CLOSE
until 8log (%) iterations
if majority of trials declared FAR then return FAR else return CLOSE

O 0N -

Lemma 4.20 Let {X;}; be i.i.d. random variables. Then:

E

m
ZsiXi

i=]1

1 m
—> Xi—EX

i=1

§ IEX ]Es

’

2
m

where {€;}7%, are Rademacher random variables, which assume the values —1 and 1 with
probability 1/2 each. The expectations EX are with respect to the (random) draw of
the random variables, while E. are expectations with respect to the Rademacher random

variables.

We will also use the following lemma.

Lemma 4.21 Let {X;}*, be i.i.d. Bernoulli random variables with EX; < p, p < 1/2.
LetY =37, X;. Then form = clog} with c = 6:227)7’

1 & 1
Pr{E;Xi > 5} <.

Proof By the Hoeffding bound [Motwani and Raghavan, 1995}, for m i.i.d. Bernoulli
random variables {X;}7; and any t > 0,

m m

Pr {ZXz > ZEXl + t} < e~2%/m,
=1 =1

Substituting t = (3 —p)m, § = e~2°/m and solving for m, we obtain the desired

expression. [

Proof (Theorem 4.19)
Let {X;}7., be iid. random variables such that X; ~ D. Let J:n = %Z;nzl 1ix,-i)

denote the estimates of d;, and D™ = {c’l;m}gl the corresponding distribution. We first
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bound the expected Lo-deviation between D™ and D:

|| -], -

[A] m

1
E [E = Lix=ip ~Elgx—y

|

2:|
-IAI 1/2

Sk,
_i=1

|A|

szE

i=1

(Lemma 4.20) 2E

1 m
—> & 1x=0)
=1

1/2

2E

Z €j I{XJ =i}

j=1

1A

mQZE

1

J

>

Jj=1

(EE EjEk = 0)

1/2
1 X,:i}}

1/2

(Jensen’s inequality)

1/2

(S-S5

k=1

1/2

1/2
€5 €k 1{x;=0) 1{Xk—z})}

(4.11)

This result is independent of the distribution D and of the cardinality | A |. For any k € N,

plugging m = f; into (4.11), we get:
o nl, <
2~ k

Using the Markov inequality, we have the upper-bound:

GE

1

pe{[Bm 0], 2 <4

(4.12)

The analysis of HB{” - ﬁg‘“z proceeds along standard lines. Let {X;}7; and {¥;}7,

be i.i.d.

random variables such that X; ~ D; and Y; ~ Da,.

Applying the triangle
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inequality, we establish the following:

241/2
n

1 m
D= =iy~ Ly =

=1 j=1
= [}Br -2z,

H.ﬁin —D1+D; - ng + Dgy — D2H2

v

ID: = il - |B7 - i, - |5 - 2o

S (G R s B

Using (4.12) and applying the union bound, we have:

Pr{“ﬁ{n—ﬁg‘“zs.e(l—(%+%))}S%+%=%. (4.13)

Plugging k = 32 into (4.13),

Pr{Hﬁqn - 1331”2 < %} <1/4, form= 12—34 (4.14)

Let 13{” and ]5{” denote two independent empirical distributions, each using m samples

drawn from D,. Using similar reasoning for “15’1" - 5’{‘“2, we get:

Pr{“f);n - 15;”||2 > i-} <1/4. (4.15)

Thus, the correctness of the statistical test described above can be considered a
Bernoulli random variable, with probability of failure bounded above by 1/4. Algorithm
4.4 uses a majority vote, so by Lemma 4.21, repeating the statistical test 8log (%) times,

the probability of error is bounded by §, proving the theorem. |

The sample complexity proved above matches the lower-bound of Q(¢~2) shown in

[Batu et al., 2000, Theorem 24], establishing the asymptotic tightness of our analysis.

4.6.3 Efficient Learnability of u,-Distinguishable PDFA

We will now use Theorem 4.12 to prove efficient learnability of a new class of PDFA
strictly larger than the p-distinguishable class. We begin by generalizing the notion of
p-distinguishability:

Definition 4.22 (p,-distinguishability) Let 1 > 0 and 1 < p < 0. Given a
PDFA A = (Qa,%,04,9,Fa, Pa), the state pair (gi,q;) € Qa x Q4 is said to be pp-
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distinguishable if
0% - DY, > 1

A PDFA A is pp-distinguishable if each of its state pairs is pp-distinguishable.

Note that for p = co we recover the original u-distinguishability condition. Moreover,
for any distribution D over ¥*, if 1 < p; < pa < oo then we have || D||p, > ||D||p,; hence
the p,,-distinguishable class properly contains the p,,-distinguishable class.

As a consequence of Theorem 4.18, the Lo proximity test of Algorithm 4.4 can serve as
a (6, %)-matching oracle for the uo-distinguishable PDFA class, where C5 is a constant
hidden in the asymptotic notation. Thus, as a direct consequence of Theorem 4.12 and

the Lo matching oracle, we have the following theorem:

Theorem 4.23 The uy-distinguishable class is efficiently learnable.

A Case for ps-Distinguishability

A natural question in this context involves the relative efficiency of generalized state
merging (Algorithm 4.2) and “standard” state merging (Algorithm 4.1). We now show
that for the noisy parity PDFA family described in Section 4.3.1, the GSM algorithm
outperforms SM by an arbitrary polynomial factor.

In the n-state noisy parity PDFA family, the u;-distinguishability is a constant, while
the po-distinguishability is O(27/2) and the poo-distinguishability is O(2~"). Setting
n = alogt, we obtain a uo-distinguishability of O(t“’/ 2), and a peo-distinguishability of
o(t™®).

For this example, comparing between u., and po and using Theorem 4.19, we have
exhibited a PDFA learning problem for which GSM outperforms the SM by an arbitrary

polynomial factor.

Learnability of pu,-distinguishable Automata

For the case of p,-distinguishable PDFA with 1 < p < 2, a modification of Algorithm 4.4
with || - ||2 replaced by || - ||, and an accompanying analysis similar to that of Theorem
4.19, the sample size required can be shown to be m = O (I A |%_1 g2 log(%)), which is no
longer independent of | A |. We conjecture that for 1 < p < 2, no algorithm can guarantee
a sample size that is independent of | A |, suggesting that the class of u,-distinguishable
PDFA is not efficiently learnable.

For the specific case p = 1, the result in [Batu et al., 2000, Theorem 19] places a lower-
bound of Q(| A [*/3) samples in order to distinguish between two (specific) distributions
which have an L; distance of 1. This result is in line with the reduction to the noisy parity

problem discussed in Section 4.3.1.
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4.7 Learnability of p-Distinguishable PDFA

As mentioned earlier, the positive PDFA learnability result of Theorem 4.9 [Clark and
Thollard, 2004] requires a constraint on the expected string length of all states’ suffix dis-
tributions. In [Palmer and Goldberg, 2005], this constraint was lifted, and the algorithm’s
correctness was shown for the (weaker) L1-PAC learning framework. In the present section
we will prove that a PDFA subclass called p-distinguishable, which strictly includes the
p-distinguishable class, maintains learnability using the state merging algorithm.

The example shown in Figure 4.3 motivates the novel sufficient condition for learn-
ability presented in this section. In the figure, the target PDFA’s true distinguishability
(u) tends to 0 as € tends to 0. Running SM,, (defined in Algorithm 4.5 below) on (suf-
ficiently many) samples drawn from the target PDFA will (for most values of v) result
in a hypothesis PDFA with the top and bottom states merged. The distribution induced
by the hypothesis will, however, constitute a good approximation of the target distribu-

tion. By relaxing the distinguishability condition we show that even when two significant

L:p+e

)
0:1-p+¢

Figure 4.3: a PDFA which can be learned using SM,, with v > u. In the example, u = | D% —
D%|, — 0 as ¢ — 0. However, (given enough samples) running SM, will result in a good
approximation for many values of v.

states are wrongly merged, if their suffix distributions are sufficiently similar the resulting

approximation remains good.

4.7.1 Effects of Merging States on Induced Distribution

Let A be a PDFA inducing the distribution D 4. Assume that some state ¢; € Q 4 has been
deleted from @ 4, and that all edges pointing to ¢; have been diverted to another state g;.
Denoting the resulting PDFA .:l[qi’qﬂ (and noting that the definition is not symmetric in

its arguments), we seek to calculate the distances between distributions induced by the
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original and merged PDFAs.
We now calculate the KL-divergence and the L;-distance between the original PDFA

distribution, D 4, and the post-merge distribution DE{“Qj !

Lemma 4.24 Let A be a PDFA, and let .:l[qi’qﬂ be the PDFA obtained by deleting the
state ¢; € Q4 and diverting all edges incident on g; to q¢; € Qa. Then the Li-distance

_ between the distributions induced by pre-merge and post-merge PDFAs can be expressed

as:
|D4— D& = Paga)- |D% - DY, (4.16)

while the KL-divergence can be expressed as:
KL (Da || D) = Po(a) - KL (P || P) (4.17)

Proof We use the definition of R 4(q), the set of strings reaching state g for the first time,

which we repeat for convenience, noting P4(q) = Z P4(qo, 8):
s€ERA(q)

Ra(g)={s€X* : 64(q0,8)=q N Bz, yeT* st. y#e A zy=35 A 8(q,z) =q)}.

Calculating the L;-distance,

HDA - D}g"’qj] L=
= 3 |Dats) - DEs)|
sExr*

= Z > |Pa(go, 51)P%(s2) — Pa(qo, 51)PF (s2)]
31€RA(q:) 52€Z*

= Z P4(qo,51) Z lpﬁ(sﬁ - Pj'lj(32)|

81€RA( ) 8pEX*

= Pal@)-[PZ - PLl,-

Performing a similar calculation for the KL-divergence,

KL (D || D) =

= Z D4(s) log [q:;(]s)
SEX* D ’ ( )

, P4(qo,s1)P% (s
= S Y Paao,s1)P%(s5)log PA(QO I)Péj( 2)
s1€RA(q:) 5265 490, 51) P (s2)

Py (s
= Z PA QO,Sl Z qu(s log QJ( 2)

s1€R4 () 52€%* Py (s2)
= Pa(a) KL (P | P7).
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The expressions show that in both cases, the operation is not symmetric in the roles of
the states g; and g;. For the L;-distance, we see that if either P4(g:) or ||P} — P% “1 is
negligibly small, the effect of the merge will be negligible (as the first term is bounded by
1 and the second by 2).

For the Kl-divergence this is not generally the case, due to the unboundedness of
KL (P_f{ | Pf{). Moreover, if two successive merges are performed then lacking a trian-
gle inequality for the KL-divergence, the analysis is more involved. However, given the
bounded expected suffix lengths from all states and the smoothing procedure inherent to

the induction algorithm, a similar statement holds true as is detailed below.

4.7.2 Definition of p-Distinguishability

We now prove that a larger class of PDFA is efficiently learnable by using a generalization
of Algorithm 4.1. The ensuing analysis is a further refinement of the results of Sections
4.5 and 4.6.

Definition 4.25 (p-distinguishability) A PDFA A is said to be p-distinguishable if for
every state pair (g;,q;) such that g; # gq;, the following holds:

max{Pa(g:), Palgs)} - KL (P4 | PX)
1P% = P21,

< p.

In Algorithm 4.5, we present a version of state merging which includes two additional
free parameters mg and v, used to obtain our positive result. The algorithm uses the Lo
distribution proximity test described in Section 4.6.2.

The algorithm’s inputs include the usual accuracy (¢) and confidence (§) parameters,
as well as a free distinguishability parameter (v) and a minimal sample size for distribution
proximity testing (mgp). The distinguishability parameter v supplied to the algorithm may
be different from the target PDFA’s true distinguishability u. We will use the notation
SM,, to denote the SM algorithm run with parameter v.

We state our result:

Theorem 4.26 Let v and my be as defined in (4.19). Let A be a p-distinguishable PDFA
such that the expected length of strings generated from every state is upper-bounded by L.
Then Algorithm 4.5 run with the parameters v and mg will output a PDFA A such that
KL (D4 || Dy) < € with probability at least 1 — 4.

Before proving the theorem, we define a number of new concepts and modify a num-

ber of existing definitions. An (ordered) state pair (g;,q;) is called first category if
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Algorithm 4.5: State Merging with Free Parameters v, mg

Input: €, 6, v (accuracy, confidence and distinguishability parameters), mg
(minimal sample size for distribution proximity testing). The algorithm is
also supplied with a random source of strings generated independently by
A, the target PDFA.

Output: .:1, a hypothesis PDFA such that KL(D 4 || D,i) < € with probability at

least 1 — 6.

Data: The algorithm maintains a graph G = (V, E) with labeled edges (i.e.

E CV x ¥ x V), which holds the current hypothesis about the structure of
the target automaton.

1 repeat

2 Draw M strings from A

3 foreach u € V and 0 € ¥ which does not yet label an edge out of u do

4 Hypothesize a candidate node (u, o)

5 Compute S, (suffix multiset of candidate node (u,0) )

6 if |Sy,s] > mo then foreach v eV do

7 if |[Suo — Sy , <v/2 then
8 Add arc labeled with ¢ from u to v.
9 end
10 end
1 else if i :S'\u,g -5, \ >v/2 Vv eV then
12 Create new node to graph G
13 Add an edge labeled with o from u to the new node
14 end
15 end

16 Complete G by adding a ground node which represents low frequency states
17 Add a final state gy and transitions labeled with ¢ from each state to gy
18 until no candidate node has a suffix multiset of cardinality (at least) my.
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9

KL (P% || P?) < €10, and second category otherwise®. For a state ¢ € Q4, we define

the set Z(q) of all states ¢’ such that (q,q’) is a first category pair:
Z(q) = {q' €Qu: KL (Pj I Pj’) < 510} .

Note that g € Z(q).
In the analysis, Definition 4.15 of a good hypothesis graph is relaxed to the following:

Definition 4.27 A hypothesis graph G for a PDFA A is good if there is a bijective
function ® from a subset of states of A to all the nodes of G such that ®(qp) = vo and
if 6g(u,0) = v then §4 (27 (u),0) € Z (271 (v)). Moreover, for every node u in G, the
multiset S, attached to u is £1-good for the state 71 (u).

The relaxed version of good hypothesis graph (Definition 4.27) necessitates restating
Lemmas B.7 and B.9. The lemmas’ proofs, however, are identical, as they accommodate

the relaxed definition of a good hypothesis graph (Definition 4.27).

Restatement of Lemma B.7

Lemma 4.28 For any state ¢ € Qa of the target PDFA such that W(q) > eq, if all
sa,mplé multisets are good, then there will be a node u in the final hypothesis graph such
that @Y (u) = ¢, with ¢ € Z(q). Furthermore, for such a state ¢ and any o € T such
that Pa(q,0) > €5, the node §g(u,0) is defined and is equal to ®(64(q',0)).

Restatement of Lemma B.9

Lemma 4.29 Let g € Q4 be a state with W(q) > 2. Then there exists a state q € A
such that § = ®(q¢') with ¢ € Z(q), and

W(d)-W(d,q) <es.

Note that ®(q) may be undefined, in which case there exists a single ¢’ € Q4 to the above
specification.

Proof (Theorem 4.26)

Our analysis refines that of Clark and Thollard [2004] in that we consider the target
PDFA’s state pairs, providing additional control over the approximation error. We first
present a proof sketch. As shown in Theorem B.10, given the bound on expected string
length (L) and the smoothing procedure inherent to the algorithm (pmin), all negligible-

weight states may be effectively disregarded. For the remaining states, we show that if the

9We use double-digit indices to avoid confusion with earlier sections.
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pair (g;, g;) is first category then assuming ®(g;) exists, the hypothesis PDFA A may have
®(g;) substituted for the (undefined) ®(g;), again causing no significant approximation
error. For the remaining state pairs, the p-distinguishability condition implies a large
distinguishability parameter pg, in turn implying a correct merge / non-merge decision
with high probability.

Confidence Bound and Sample Complexity
Let (gi, g;) be a second category state pair (i.e. KL (P% || P{) > €10) , with both states’

weights greater than e5. Therefore, by the p-distinguishability condition,

|25 - Py, > 222,

Appealing to Theorem 4.19, the number of samples required to achieve a confidence of &

mo = 8192p1 (1) (4.18)

is:

This expression corresponds to the sample complexity required for a single Lo proximity
test. For a complete (successful) run of the state merging algorithm, the required number
of samples is therefore upper-bounded by mon?|X|(n|%| + 2), as shown in Section 4.5.
Proceeding in an identical manner to Section 4.5, we use the expressions for §; and &

provided in Equations (4.10):

0

b= 2n2|S|(n[S] + 2)°

8y = 6/2.

Running Algorithm 4.5 with the parameters v and mg set to

_ &2 610, my = 81292p log ( ! ) (4.19)
2p e2ed, 01

and appealing to Theorem 4.12, we obtain a confidence of 4, while the algorithm’s com-

putational and sample complexities are polynomial in {n, ||, p,e~1,571}.

Approximation Error Bound

We now bound the approximation error, using the decomposition of Carrasco [1997]:

4(9,0)

LA A =3 " W(q,9)Palg,0 )logp( 2"

q€EAGc A 0ED

Defining
D(g,d) = W(a,d) Y Pa(a, o) log 2L

oEL (A )
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we decompose the summation into four non-intersecting parts:

D, = Z Z D(q"’j)

g€Qa: GEQy:
W(a)>e2 ®(q)=g

Dy, = Z Z D(q,?f),

qEQ A GEQy:
W(@)>e2 3(g) 24,
§€Z(q)

D; = Z Z D_(Q:@

9€QA: GEQy:
W(@)>e2 9(g)24,
a¢Z(q)

Dy = Z Z D(q,q), such that

q€QA: FEQy
W(q)<e2

KL(A || A) = Di+Dy+Ds+ Dy

The terms D;, D3 and D4 above are analogous to Dy, D2 and Dj3 respectively in the

analysis of Theorem B.10, and their respective bounds remain valid, as shown below.

Using Lemma B.8 and recalling that W(q) > W (g, 9),

Di< ) Wi(g)log(l+es) < (L+1)log(l+e4) < (L+1)eq.

q€QA:
W(g)>e2

For a state ¢ with W(g) > e2 for which ®(q) is undefined, Lemma 4.29 ensures the
existence of a (single) state ¢’ € Z(gq) such that ®(g’) is defined and W (¢') - W (¢, 2(¢')) <
e3. This situation corresponds to the elements in the sum D,. Consider a pair (g;,¢;) in

the sum Ds above. Writing out the pair’s contribution to the KL-divergence,
Z (‘IzaQJ) A(¢i,0) Og P (A )
g€EX aj,

P (q,’,O') PA(Qj’U)
- W P4(gi,0)] '
(qz,qn% A% >°gPA<q,-,a> P;(g,0)

Wig,q; <1 < Pu(gi,0)lo M

W <) < 3 Patano) ow 51

(QJa o)

£ Palgs,0)log 1A

o€D PA(q” o)

(by Lemma B.8) < 810+ZPA gj,0) log(1 +&4)
geX
€10+ €4 -

IA
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The number of merges is upper-bounded by n, implying:
Dy < nfe1o+e¢4).

As a consequence of Lemma, 4.29, Z W (q,q) < 3. Therefore,

7€Qy:
2(q)#7

Dy < Y Y Wl(g,d) ) Palg0)log &

g€EQA: TEQy: oceD Pmin
Wla)>e2 3(q)#5

1 1
< E ezlog — < neglog—.
qu.A: pmm pmm
W(q)>e2

The sum Dy is bounded using (4.7) and the condition on W (g),

. 1 1
Dy< Y D) W(q,9) ) Palg,0)log— < neylog—.
qeQA: 66@2 gEYD Prmin Pmin
W(q)<e2

Summing up the bounds, we have

1
—+ney log —.

min min

KL(A | .71) <Dy+Dy+ D3+ Dy < (L+1)eqg+n(e10+¢€4) +neslog

Setting
€

R WY §

and using the existing values for all other ¢;, i € {1,2,3,5,6}, we have KL(A || ;l) < e,

as desired.

The definition of p can be varied in the following manners:

e Substituting |[D% — D%||; in the numerator for KL (P% || P}). In this case, the
result becomes a (strict) generalization of the result of Palmer and Goldberg [2005],
and the upper-bound condition (L) on the expected string length from each state
can be lifted. We mention without proof that in this case, an Li-PAC learnability

result follows.

e Substituting ||P§ — P} ]|oo for |P% — P¥ ||2 in the denominator, a (strict) general-
ization of the result in [Clark and Thollard, 2004] follows.
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4.8 Discussion

In this chapter we presented a number of positive PDFA learnability results. We have dis-
cussed the relevance of PDFA learning frameworks, and the learnability of PDFA families
using state merging algorithms. Figures 4.4 and 4.5 provide a graphical summary of our

current understanding in these regards.

KL-PAC L;-PAC L,-PAC Lo-PAC

Figure 4.4: PAC-learning framework ordering displaying the relative difficulty and relevance of
PDFA learning frameworks (hardest on left). In both the KL-PAC and the L;-PAC frameworks,
general PDFA learnability implies a contradiction to the noisy parity assumption. For L,-PAC
(p > 1), the reduction to noisy parity does not apply, and successful learning does not amount to
“useful” information.

p-distinguishable po-distinguishable Hoo-distinguishable

|____/, |

po-distinguishable p-distinguishable

Figure 4.5: An ordering of distinguishability conditions (strongest on right). For p > 2, the p,-
distinguishability condition guarantees (L;-PAC) learnability, as is the case for p,-distinguishability
(and for poo-distinguishability by a straightforward extension). As implied by the noisy parity
counterexample, p;-distinguishability does not imply learnability, as is likely the case for p,-
distinguishability, 1 < p < 2.

The general question of which PDFA subclasses are efficiently learnable (and which
algorithm enables learnability) is not fully answered, but we feel the contributions in this
chapter are a step in that direction.

A natural extension to the research presented in this chapter involves gaining an un-
derstanding of the behaviour of the SM algorithm when presented with samples drawn
from non-PDFA distributions. This would be highly desirable theoretically, and may point

the way to practical algorithmic modifications.
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Chapter 5

Sample Complexity of PFA and

Discrete Distribution Learning

In this chapter we consider the sample complexity of PFA and discrete distribution learn-
ing. In contrast to the computational complexity, even the most general PFA learning
problem has only polynomial sample complexity (as detailed in Section 5.2).

We introduce and formally define the problems (Section 5.1), and provide an overview
of known results (Section 5.2). We establish a pair of distribution dependent upper and
lower sample complexity bounds for (general) discrete distribution learning (Section 5.3).
We then present two instructive examples which compare our novel sample complexity
bounds to the existing state-of-the-art. We construct (Section 5.4) an example on which
the memorizer algorithm provably fails to learn a distribution (i.e. has a sample complexity
lower-bounded by an exponential function in the number of states), while the state merging

algorithm provably succeeds (i.e. has polynomial sample and computational complexities).

5.1 Sample Complexity Frameworks and Notation

We will (mostly) adhere to notation introduced in previous chapters, with a number of
additions. D and @ will denote probability distributions, while D and Q will denote
classes of probability distributions. A will denote a finite discrete set of a elements:
A={1,...,a}, and F will denote a countably infinite set.

A multiset X = {X;}72, will denote a collection of independent identically distributed
random variables X; drawn from some arbitrary set. The multiset S = {s;}7, is a string
multiset, i.e. s; € X*.

Given a distribution D over F and a sample multiset X = {X;}7>; € F", X; ~ D,

the empirical estimate (or memorizer) to.D is defined as:

~

m m P 1 ¢
D™ = {di }ieF, di* = -T;L';l{xﬁiy (5.1)

83
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We will also refer to the empirical estimate (5.1) as the memorizer algorithm.

We will use the following notion of learning for distributions:

Definition 5.1 (Distribution learning) Let D = {(i, d;) }icF be an arbitrary probability

distribution over F:

0<d;<1 VieF ; Zd,-:l.
i€F

For 1 < p < 00, an algorithm T is said to (e,8,mp)p-learn the distribution D if for any

m > myp, given m sample‘s T will output a distribution D such that:
Pr {||D - D, > e} <.

For the specific situation of PFA learning, the closely related notion of sample com-

plexity is defined as:

Definition 5.2 (Sample Complexity) Let S = {s1,...,8m}, si € * denote a sample
multiset, let Q denote a distribution class over ¥*, and let | Q| denote some measure
of complezity associated with the class Q. For an arbitrary distribution D over ¥*, let

QP € Q be a distribution satisfying either of the two conditions (1 < p < 00):

KL(D || Q°**) = min{KL(D || P): P € Q},
ID — Q% = min{||D - P|l, : P € Q}.

An algorithm T learns Q if there exists some M = f(e™1,671,| Q|) such that for an
arbitrary distribution D over ¥*, if m > M then with probability at least 1 — 6§, T outputs
a distribution Q € Q such that either of the following criteria holds:

KL(D || Q) - KL(D || Q) <¥, (5.2)
ID=Qllp — 1D - Q™[p <e. (5.3)

When (5.2) is the chosen optimization criterion, the function f(-) defines the KL sample
complexity, while for (5.3) it defines the Ly, sample complexity. If the function f(-) is

polynomial in all its arguments, the sample complexity is termed polynomial.

5.2 Overview of Existing Results

Polynomial KL sample complexity for the class of distributions over ¢ defined by non-
terminating PFA was shown by Abe and Warmuth [1992, Corollary 3.1]:
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Theorem 5.3 The class of distributions over £ induced by n-state non-terminating PFA

s learnable with KL sample complexity:

e 3 |3
O ((E) n“|X| - log = log(S log? log(S (5.4)

Theorem 5.3 shows that the PFA and PDFA learnability hardness results of Sections 4.1.1
and 4.3.1 are due to the computational, rather than the sample complexity aspects of the
problem. Abe and Warmuth [1992] conjecture that the bound (5.4) may be loose, and

discuss various possible sources of looseness which could potentially be tightened.

5.2.1 Discrete Distribution Learning Results

Weissman et al. 2003, Theorem 2.1] presented a distribution-dependent bound for the L;
deviation between the true and empirical distributions. We now repeat the relevant part
of their result. For 0 < p;,p2 < 1, let Dp(py || p2) denote the binary divergence, defined
as:
2

P2

Dg(p1 || p2) = m log— il —pl)log o

For p € (0,1/2), define:
1 1 =7

1—2p 0g B
setting ¢(1/2) = 2. A graph of the function ¢(-) is shown in Figure 5.1:

e(p) =

381

36

34+

3.2

28

26

241

22

Figure 5.1: The function (p) graphed over the interval p € [0,1/2).
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For a probability distribution D on A, define:
Tp = T&imm{D(A)’ 1-D(A)},

noting that 7p < 1/2 for all D.

Theorem 5.4 (Weissman et al.) Let D be a probability distribution on the finite set
A={1,...,a}. Let X = {Xy,...,Xp}, Xj ~D. Then for alle >0,

Pr{HD - D™||; > 5} < (2% — 2)e~mminaca Da(D(A)+3(1D(A))] (5.5a)
< (29— 2)e~me(mD)e? /4, (5.5b)

Rearranging Inequality (5.5b), we arrive at the following sufficient condition on the num-

ber of samples guaranteeing (e, §, m);-learnability:

S 4 ((log.2) -a+1log (3))

> e (5.6)

5.3 Sample Complexity of Learning Discrete Distributions

In this section we develop a novel distribution dependent sample complexity bound associ-
ated with memorization, and show that up to a logarithmic term, the bound is (asymptot-
ically) tight. Therefore, the bound can serve as a baseline against which one can compare

other results and algorithms.

5.3.1 Learning by Memorization: Sufficient Conditions

The next result shows a pair of novel sufficient conditions on the number of samples

required by the memorization algorithm to guarantee (g, §, m);-learnability:

Theorem 5.5 (Learning by Memorization: Sufficient Conditions) Let F be a

countable set, and let D = {(i,d;) }scF be an arbitrary probability distribution over F:

0<d;<1 VieF ; Edi=1.
i€F

Let £,6 > 0 be arbitrary precision and confidence parameters. Define the set R CF by:

R=minVCF s.t. di>1—-¢€/2,
7 iEZV" /
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set a = |R| and dmin = mind;. Let
i€ER

2

my = 12log(%) E%—Q—, (5.7)
my = djin log (%), (5.8)
ms = 4(E'G—Rd’)2 (5.9)

§2¢2

If m > min{max{mi,mz2},m3} then the memorization algorithm is guaranteed to

(e,8,m)1-learn the distribution:
Pr{||f)m — Dl > e} <.

In the theorem’s proof, we will use the following form of Chernoff’s bound [Motwani
and Raghavan, 1995]:

Theorem 5.6 Let {X1,Xs,...,Xn} be independent Bernoulli random variables with
Pr(X;=1)=p;, let X =31~ X, and let p=E(3"7", X;). Then

Pr{X<(1-&u}< em/2  0<6<1, (5.10a)
I
Pr{X > (1+06)u} < [(H—;)“(H—&;] , 6> 0. (5.10b)
Ifp; =p, i=1,...,m, we have the following corollary:

Corollary 5.7 Let {X1,X2,...,Xm} be independent Bernoulli random variables with
Pr(Xi=1)=p, and let pm =L 37, 1(x;=1)- Then:

gq—p22

Pr{pf"<q}< e 2 7 q<p, (5.11a)
_Ln_..s_L— 2

Pr{p">ql< e T 7  p<q<2p, (5.11b)

Pr{p™>q}< e 57 g>2p (5.11c)

Proof Inequality (5.11a) is an immediate consequence of (5.10a), with the substitution
g = (1—0)p. The two inequalities (5.11b) and (5.11c) require the following basic inequality
[Hagerup and Rub, 1990]:

e 4 . 9

Using (5.12) for ¢ < 2p and plugging g = (1 + §)p into (5.10b), we readily obtain (5.11b).
Using the same technique for ¢ > 2p, we obtain Pr(p™ > ¢q) < e~3@P) which can
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trivially be relaxed to (5.11c). |

Proof (Theorem 5.5)

For each 7 € R, we set the number of samples to guarantee that with probability at least
1 — o, the quantity |d; — cim is not greater than ’/(%) d;log (5—10). We then apply the
union bound and show that with probability at least 1 — adg, this bound applies to all
di, 1 € R.

Let Z ~ B(p,m) be a binomially distributed random variable (i.e., the sum of m
Bernoulli random variables, each with probability of success p) with p < 0.5, and let X =
%Z be its associated normalized random variable. It is well known (see e.g. [Bertsekas
and Tsitsiklis, 2002]) that for binomial random variables, E(Z — E Z)? = mp(1 — p). It

follows immediately that for the normalized variable X = %Z ,
E(X ~EX)? = p—p)
m

The Chernoff bound (5.11b) for the probability d; gives

m_(9;—d;)?

Pr{a?}">qi}<e_3 4

Equating the right-hand side of the inequality to §p and solving for g;, we get:

3 1
g =d; + \/(E) d;log (30—)

The condition ¢; < 2d; of (5.11b) now becomes m > 5’: log (}), which is included in the

theorem’s statement as the condition on mg, (5.8). Using (5.11a) we obtain an analogous

expression for the situation ¢; < d;, namely

2 1
g =d; — \/(E) d;log (%)

Collecting the inequalities, we have

Pr{|di—(2§n\ > \/(i) dzlog(l)} S&o, i€ R.
m 50

Applying the union bound over d;, i € R, |R| = a, we obtain

Pr {Z |di —d| > (%) d; log (%)} < adp.

i€ER i€ER
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Setting

§ = adp, Z (%) d;log (%) = g—,

i€ER

and solving for m, the theorem’s condition on m; follows:

oy

2
g2 )

my > 12log (%)

Since |D — D™||; < 2icrldi — dr| + £, pulling the results above together we have
established the first part of the theorem.

To obtain the condition on mg we bound the expectation E|X —E X| using the

Cauchy-Schwarz inequality:

EIX -EX|<E(X-EX)’= \/7&7—;@ < \/%

efor—o, =T E+5

Using the Markov inequality, for all k € N:

Setting k = [3] and m =4672e72 (X ;cp \/82)2, we get:

Therefore:

Pr {Z cz;"—d,; > %} <4, implying Pr {IE”ﬁm—DH 26} <94,
i€ER !
showing the condition on mg in (5.9) is sufficient. n

5.3.2 Learning by Memorization: a Failure Mode

We now present a sufficient condition for failure of learning discrete distributions using
memorization. Namely, we show that when the number of samples provided to the al-
gorithm is upper-bounded, a non-approximability situation ensues. Up to a logarithmic
term (or an inverse-square confidence term), the number of samples in this condition as-
ymptotically matches that of Theorem 5.5, implying that the sum of probabilities’ square

roots is the key quantity controlling the difficulty of learning discrete distributions.
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Theorem 5.8 (Learning by Memorization: a Failure Mode) Let F be a countable
set, let D = {(i,d;) }ier be an arbitrary probability distribution over F, and assume d; <
1/2 VieTF. Let e >0 and define the set R C F by:

R=minVCF s.t d;>1—¢/2.
4 ;, ' /

Let dpin = rzxél}il d;. If

2
0 1 (Senvd)
@min 640000 g2

(5.13)

then Pr {||f)m ~Dh > e} > 2¢.

The condition m > 20/dmin may seem counterintuitive, as it places a lower bound on
the number of samples needed to establish a non-approximability result. However, the
requirement is a result of the techniques used in proving the theorem. Specifically, our
use of the Chernoff bound requires m (at least) on the order of magnitude of d;liln. It
) (e.g. m < 20/dmin), the

approximation error for dp,;, is a constant fraction of dp;,, implying a relative error at least

can be shown in a straightforward manner that for m = o (d_ L,
as large for all d;, i ¢ R, in turn guaranteeing a non-approximability result. We will not
treat this case, however, as it does not illuminate any particular distribution dependent

bound.

Before proving Theorem 5.8, we need two lemmas.

Lemma 5.9 (Converse to Markov’s inequality) Suppose X is a nonnegative random
variable bounded above by B: 0 < X < B and u=EX. Then for all 0 <t < u,

u—t
> > — .
Pr{X >t} > B
Proof
p = E(X1px<py) =E (X ocx<y) +E (X 1pcx<ny)
< tPr{X <t}+ BPr{X >t} <t+ BPr{X > t}.
Rearranging terms, the lemma follows. |

Lemma 5.10 Let Z ~ B(p,m) be a binomially distributed random variable with p < 0.5,
and let X = —T};Z be its associated normalized random variable. Then if m > 20/p, there

exist absolute constants ¢c; > 0 and ca > 0 such that at least one of the following two
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inequalities holds:

E(X — EX)? (5.14a)

=] =

E [(X -EX)’ 1{p+c1\/§§X §p+cz\/§}] Z

E [(X ~EX? 1, o roxcpa \/g}] > %]E(X ~EX)? (5.14b)

Proof We show that for specific values of ¢; and ¢z, the second moment’s contribution in

each of the intervals [O,p—02\/g], [p—cl\/—%',p], [p,p+c1\/ﬂ and [p—i—cz\/;%-,oo)

amounts to not more than p%—;f’l, i.e., less than a constant fraction of E(X — E X)2. We

prove the assertion for the interval [p,p +ey /2 ., and the result follows for the interval
[p —c14/E, p] using the exact same reasoning (since EX = p):

2 2
2 ¢ip p P
B[ B pxgpaymy) < PP X spray[Rl< T

Since p < 0.5 by assumption, choosing ¢; = 0.25 leads to:

Ap _ p(l-p)
e LD QA i
m 8m

We proceed to bound the contribution of the tail [p—i— c2 \/%, oo), using the Chernoff
bounds (5.11b) and (5.11c). We first deal with the interval [p +co \/_;5’—;, 2p]:

E [(X -EX)? l{pm\/gsmp}]

gémp
2
2

< E|(X-EX) 2:1 Lptneay/E<X<pt(nt1)esy/T}

n=
Vimp
<2 2
((n+1)ca)"p
= T; m E [1{P+nc2\/_-E<X <p+(n+l)ca/Z }]
VAmp
<

2 <
P (n+1)2Pr{X>p+ncm/£}.
m m

n=
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o . _(nep)? . .
Using inequality (5.11b), we have Pr {X > p+n02w/%} < e 3 . Plugging this

back into the tail calculation above:

E [(X - ]EX)2 1{p+c2\/_-,%—SX<2p}]

3 < 2 —{rea)
< = Z (n+1)
n=1
2 2
(ncg)
< B2NT(n41)2e
m n=1

In this infinite series the polynomial term is dominated by the decaying exponential. For

¢2 = 5, we obtain by a straightforward calculation:

[eo}
(ncz)?
3 Z(n +1)2% 3 <1/32,

n=1

giving the bound:

1—
]E[(X—]EX)Q 1{p+c2ﬁsx<2p}] < 3é’m < p(lep)_ (5.15)

The exact same argument (using Chernoff’s bound (5.11a)) also applies to the interval

[Oap - 62\/ % .
Next, we need to bound E [(X —EX)? 15, < x < c}]- To this end, we employ in-

equality (5.11c) and proceed in a similar manner:

E[(X -EX)® L{z < X < o0}]

o
< Z(n +1)%pPe 55" (define co = e~ ")

n=2
[ee}
= Y (n+ 17
n=2
9c2 7c3 2¢5
2 0 0 o s o .
= + + by a standard infinite series sum).
P [1—00 (1—co)?  (1-co)? (by )

Performing the arithmetic, we see that for m > %:

<« P pl-p)
—32m ~  16m

E[(X -EX)* L{op< X < oo} (5.16)

Collecting (5.15) and (5.16), we have the lemma. ]
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Proof (of Theorem 5.8)
Using Lemma 5.10 and assuming without loss of generality that of the two inequalities

(5.14) inequality (5.14a) holds, we have (conditioned on m > %):

E [(X -EX)’ 1{p+c1\/’£—; <X SP+02\/:E}} (5.17)

On the other hand:

E|X -EX|

> E[|X-EX| YptayE<x< p+cz\/§}]

c1 £Pr{p—}—cl £<X<p+cz 2-}.
Vm V'm Vm

Combining the results, we have:

v

E|X —EX]|

Cl m 2
> =,/ —EX-EX
= 42\ p ( )

& [P &1 [P
A JE1—p)y> 2L 2
4c2 m(1 Pz 4GV m

Applying this inequality to the set of probabilities {d;};cr, we get:

~ ~ A C1
mo_ >§ .—->——-§\/<.
E|D D, > E|d™ dl‘_4cg\/mieR d;

i€ER

Defining pimin = 4—29\1/—% Y icR V/d; and using Lemma 5.9 leads to:

€2

~ 1
Pr{”Dm_Dlll Zt} > §(Nmin_t), Vt<ﬂmin-

2 ) -\ 2
Setting the number of samples to m = 6_4011% . 1@:2—@—, using the values of ¢; and co

determined above and plugging in t = pmin/2, we have proved Theorem 5.8. |

An inspection of the first sufficient condition (5.7) and the failure conditions (5.13)
shows they asymptotically match, up to a factor O (log (2)). The second sufficient condi-
tion (5.9) asymptotically matches (5.13) up to a factor O (672).
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5.3.3 Critical Comparison Between Results

In this section we carry out a critical comparison between our results and the results of
Weissman et al. [2003]. We present two instructive examples which serve to highlight the
differences between the bounds of Theorems 5.4 and 5.5. We then end the chapter with a

discussion of the results’ significance.
Example 5.1

We compare the bounds (5.5b) and (5.7) for the uniform distribution over the finite set
A={1,...,a}, ie. {p}’,; = 1/a. We perform no comparison to the bound (5.9), as it
includes a 62 term that cannot directly be compared to the bound (5.5b).

In this case, assuming a is an even number, we have 7p = 1/2 and therefore p(7p) = 2
(in the case of a odd, ¢(wp) may become slightly larger, but still bounded by 2.5 for all
a > 5). Inequality (5.5b) therefore implies the following sufficient condition for (g, 4§, m);-

learnability: )
log2-a+1
m > 2108 a;r %8(3) (5.18)
€
The sufficient condition implied by (5.7) is:
m> 12alog (§) _ 12aloga +12alog (1) . (5.19)

g2 g2

In this example, the bound implied by (5.18) is tighter, by an asymptotic term of loga.

Our second example portrays a converse situation.
Example 5.2

Let €0 < €, and consider a distribution with a small number of large probabilities spread

uniformly about k of the a elements of A, with small probabilities on all other elements:

k
Lo i= k+1,...,a

Assuming an even k, Inequality (5.5b) implies the same sufficient condition as in Example

5.1, namely
2log2-a+log (3
> 2og2a+log(5) (5.20)
€
As gp < ¢, Inequality (5.7) implies the sufficient condition
12k log (5
> 0g (5) ) (5.21)

e2
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Holding the parameter § fixed and assuming k = o (@), the condition of Inequality

(5.21) is tighter than that of (5.20) by an asymptotic multiplicative term of ﬁga.

The two examples illustrate that for “flat” distributions, the condition of Inequality
(5.5b) is tighter, while for even moderately “peaked” distributions, i.e. where a large
proportion of the probability mass is concentrated on a subset of cardinality £ = o (ﬁ),
Inequality (5.7) is tighter.

We mention that even in case (the tighter) Inequality (5.5a) is used, an immediate
calculation of Dg (3 + 5 || 1) shows that the same asymptotic result, leading to the same

conclusions.

5.4 Sample Complexity of Learning p-Distinguishable
PDFA

We now construct a family of PDFA for which learning by memorization provably requires
an exponential number of samples (in the number of states), while the sample complex-
ity associated with state merging remains polynomial (in the number of states). Stated

formally, we prove the following theorem

Theorem 5.11 There exists a family of PDFA {A,,}72, such that A,, has ©(n) states, the
sample and computational complexities of learning A, using state merging are polynomial
in n, but the sufficient condition for a failure mode using memorization (Theorem 5.8) is

exponential in n.

The theorem’s proof is constructive and uses the family depicted in Figure 5.2.

O O ©) ©)

2:2¢

2: 269 2: 264 2iiaes o 4 00n

0:0.5 - &

0:0.5— &g 0°:0:8 =t - 1 0:0.5—-¢&n
B

0:0.5//’ 1:0.5—-¢&; W]
1:1—1n
Ou
1:0.5 1i:.0.5—¢q Ol/n/
S 0:1—1n
0:0.5— €9 0:05—€,_1 | 0:05-¢n
3: 263

0:0.5— ¢
3:2¢; 3: 26

) O

3:26n 1 8 06

(®)

Figure 5.2: A modification of the noisy parity PDFA family for which the inverse distinguishability
(u~1) is a polynomial function of n (as opposed to exponential, as in the “original” family in Figure
4.1). The alphabet has been augmented to include the symbols {2, 3}, which serve to “distinguish”
between the upper and lower tracks. The parameters & = 2(++z)

We prove two lemmas, the conjunction of which implies Theorem 5.11:
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Lemma 5.12 The computational and sample complexities of learning A, via state merg-

ing are polynomial in n.

Proof Let A, be an n-layer member of the PDFA family depicted in Figure 5.2. A,, uses
the alphabet ¥ = {0,1,2,3}, and the parameters {{;}-; are set to & = ﬂnl_ﬂj We will
calculate A,,’s distinguishability parameter (1) and appeal to Theorem 4.9 to establish
polynomial computational and sample complexities.

From the upper and lower matching states on the i** layer, the probabilities of
emitting the (single character) string z = (2) are 2§, = 1/(n + i) and 0 respectively.
Thus, the distinguishability between these state pairs is 1/(n + ). Between any two top
(or bottom) layer pairs, using similar reasoning, the distinguishability is lower-bounded
by 1/(4n?). Thus, A, is (ﬁg)—distinguishable. Plugging into Theorem 4.9, we see that

the computational complexity of learning A, is polynomial in n. [ |

Lemma 5.13 The sample complezity of learning A,, using memorization is lower-bounded

by an exponential in n.

Proof For a given n, we show that the probability of reaching the rightmost state g¢ (see
Figure 5.2) is 1/2, and therefore the set of length n+2 strings has a cumulative probability

of 1/2:
(-w1) (-72) - (- m)
(2D ()

Assuming (e.g.) € < 1/4, at least half of the length n + 2 strings need to be approxi-
mated. Calculating the sum of square roots >, csms2 /D(w), we see that the resulting

expression grows exponentially with n:

Prgy4 {z reaches gy}

S VD) =2"- %% g-n — 932,

wexn+2

Appealing to Theorem 5.8, the result follows. n

5.5 Discussion

We have established a novel pair of sample complexity conditions for success and failure

modes of the memorization algorithm. The conditions asymptotically match up to a
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logarithmic factor. Together, the two results can serve as a baseline against which any
distribution learning algorithm can be compared.

Using these “memorization” bounds, we constructed an example showing that when
provided with the knowledge that a distribution can be generated by a PDFA, the com-
putational and sample complexities can be reduced from exponential to polynomial.

The PFA sample complexity result of [Abe and Warmuth, 1992] mentioned in Section
5.2 may be loose. An analysis using more modern tools of probability may yield a tighter

result. Such an analysis would make an interesting avenue for further research.
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Chapter 6

Conclusions

In this thesis we have studied a number of problems relating to probabilistic automata,
distributions of sequences over discrete alphabets, the links between and the learnability
thereof. By studying the geometry of PFA models we have obtained insights into the
factors which conspire to make the PFA learning problem hard.

Owing in part to the PFA extension to the Myhill-Nerode theorem presented in Chapter
3, the distribution families induced by PFA, PRFA and PDFA models have been fully
characterized. These insights have enabled us to place bounds on the PFA and PDFA
models’ ability to approximate arbitrary distributions over bounded-length strings.

Although still incomplete, our understanding of the sample complexity of PFA learning
is at a more advanced stage than the problem’s computational complexity. Indeed, as
a number of hardness results show, the general PFA learning problem’s richness is a
consequence of purely computational difficulties.

The field of probabilistic automata learning remains a rich field with many open ques-
tions that are interesting from the theoretical as well as practical perspective. The rich
structure offered by probabilistic automata models belies their practical attractiveness, but
presents great difficulties in their inference. We feel that despite the considerable effort
spent on the theoretical study of PFA learning, the most practically relevant contributions

to the field remain heuristic.

6.1 Novel Contributions

Our novel contributions in this thesis include the following:

e A PFA extension to the classical Myhill-Nerode theorem (Section 3.2), and an ap-
plication thereof, bounding the PFA and PDFA’s approximation ability of general
distributions over bounded-length strings (Section 3.4).

e An extension of a negative PDFA learnability result (the noisy parity reduction)
from the KL-PAC to the L;-PAC learning framework (Section 4.4).

e A decomposition of the state merging algorithm and its analysis (Section 4.5).

99
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e A tight analysis and an accompanying algorithm for Lo-proximity testing between
discrete distributions, leading to a positive (uz-distinguishable PDFA) learnability
result (Section 4.6).

e A relaxed condition and an accompanying analysis proving efficient learnability of

p-distinguishable PDFA using the state merging algorithm (Section 4.7).

e A pair of distribution dependent upper and lower sample complexity bounds for
(general) discrete distribution learning (Section 5.3). The bounds asymptotically

match up to a logarithmic factor.

6.2 Ideas for Future Research

Throughout the thesis we have pointed out a number of open questions which we feel are

important. These include the following:

e The construction of distribution families which enable efficient learnability (and eval-
uation) and which also provide good approximation to (interesting subsets of) PFA.
This question is intimately related to the problem of determining which PFA sub-

families are efficiently learnable.

e An understanding of how well (and under which circumstances) PDFA models can
approximate distributions induced by PFA models. This problem was addressed in

previous research, but is still not well understood.

e An understanding of the state merging algorithm’s behaviour when presented with
samples taken from non-PDFA distributions is still lacking. Such an understanding

may also be desirable from the practical perspective.
e Tight sample complexity bounds for the PFA and PDFA learning.

e The relatively simple case of PFA learning using a finite alphabet is still not well
understood. The analysis of PFA learning with continuous, high dimensional alpha-
bets, while theoretically daunting, may lead to novel insights as well as practically

appealing algorithms.



Appendix A

Proofs of Technical Lemmas

A.1 Proof of Lemma 3.16

We follow a two step approach. The first step is a reduction to an equivalent problem.

The second step shows a bound on the equivalent problem, proving the inequality.

We start by partitioning the summands dit,...,dyty into two mutually exclusive

sets I1, Is according to the following rule:

, . 1
tel if dit; < N,
1
i€ Is if dit; > —.
i€ly if dit; > N

Adding and subtracting » ;c;, (1/N — d;t;), we get:

N N .
D /N —diti| =1 _;diti +2) (d,—t,» - W) ,

i=1 i€l

On the right hand side of the equality above, any term with d;t; > 1/N is “doubly
penalized” by the last sum. Indeed, we now show that given a specific pair {D,T} we can
construct an alternative pair {D, T'} such that dit; < 1/N for all i, and Zfil |1/N —df) <
Zfil |[1/N — d;t;|. The constructive proof is detailed in algorithm 6.

To prove the algorithm’s correctness we note that no operation performed over the
algorithm’s run will increase Zfil |1/N — d;t;|, and that the algorithm terminates after a

finite number of steps.

If at any stage of the while loop of line 1 a suitable ¢ is found, the existence of a
suitable j in line 2 is assured (dit; > 1/N = d; > 1/N = 3d; < 1/N). The number
of steps performed is bounded by the number of pairs (¢, j) and is therefore finite. In all
reassignment operations, the values of both |1/N —d;t;| and |1/N —d;t;| are not increased,
assuring that upon termination we have 3V | [1/N — dity] < SN |1/N — dit;|. We have
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Algorithm A.1: Reduction to a Uniformly Bounded Distribution d
Input: A distribution D = {d;,...,dy} and aset T = {t1,...,tn} with 0 <¢; < 1.
Output: A distribution d and a set ¥ with 0 < 1 <1, Zfil ti< Efil t;, such that
dit; < 1/N for all 4, and "N |1/N — diti| < N [1/N — dit].
1 while 3i e {1,...,N} such that d;t; > 1/N do

2 Find j € {1,..., N} such that d; < 1/N
3 if diti - 1/N > 1/N - dj then

4 Set di:di—(l/N—dj)

5 Set dj = l/N

6 else

7 Set d; =1/N

8 Set dj = dj et (1/N - dztz)

9 end

10 end

11 Set d = D,t=T.

thus shown that:

)

N N
in ST L/N — diti| = mi UN —dity) st diti <1/N Vi
{rglg}gﬁ /N — diti| {%}g};( N —dits) s N Vi

We now examine how the selections of dy and t; affect both (1/N —dit;1) and
Zfiz(l/N — d;t;), under the condition d;t; < 1/N. If d; = 1/N — ¢, we immediately

have 1/N — dit; > ¢, due to t; < 1. If dy = 1/N + € we have:

N N N
(/N —dit;) 2> (1/N—di) > > 1/N-[(N-1)/N —¢] =e.
=2 =2 =2

1

Writing t; as 1 — 81, 0 < §; < 1, we again examine the effect of the choice on
IP, = (1/N —dit1) (denoting “immediate penalty”) and on SP; = Ef\; (1/N — dit;)
(denoting “subsequent penalty”):

IP, = 1/N —dit; =1/N —di(1-6y),
N
SPl = Z(l/N—— d,;t,;) > max{dl - l/N, 0}

=2
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We can now deduce IP; + SP; > §;/N by considering the following cases:

(4 <1/N IP, > §,/N.
1/N§dl§(—1j§IW SP, >d; - 1/N
< = IP1+SP121/N—d1t1+d1—1/N
=dy(1-t1) > &/N.
{ di > m Violates the constraint ¢;d; < 1/N.
Summing over i = 1,..., N we get:

N N

N 1 1 N 1 N
DN —dit) =Y IR +8P2 5> =5 (1-t)=1-%> t

i=1 i=1 =1

proving the lemma. |

A.2 Proof of Lemma 3.17

The d-dimensional probability simplex, A4, is a subset of the E‘f sphere, which we denote
by B{. The probability simplex consists of the positive quadrant of Bf, and therefore the

following volume relation holds:

vol(BY)

vol(A%) = 5

(A1)

Let A be a mazimal packing of e-volume £¢ balls in A?. Due to A’s maximality it is also
a cover of B (otherwise we would be able to fit in an additional e-volume ball). We

therefore have:

A? C U a+eB§i, implying
acA

vol (U a+ 6B‘11> < Zvol(a + e Bf) = |A|e?vol(BY).

a€A acA

1 d
>({=—1 .
|A| - (25)

A.3 Proof of Lemma 4.20

vol(A%)

IN

Plugging in (A.1), we have:

Let {Y;}*, be i.i.d. random variables distributed identically to the random variables Xj.

The Rademacher random variables {¢;}7*, are symmetric binary valued, so for the random
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variable X; — Y; we have:
X —Y, ~e(Xi - Y5).

Therefore,
1 & 1 &
E|Ly7™ Xi-EX| =Ex|=) Xi-Ey—> Y

mia mia

1 m
(by the triangle inequality) < Ex Ey |— Z(Xi -Y)
mi4
1 m
=ExEy - €i(Xi—Y;;) .

m =1

The inequality holds for all selections {e;}~;, and therefore holds also when taking the

expectation with respect to {&;}™;:

Ex Ey

1 m
— 3 a(Xi-Y)
m

i=1

1 m
=E.ExEy ;n—;ai(Xi ~Y)
m
- 1
(by Fubini’s theorem) =ExEy E. |— Z ei(X; - Yi)
m i=1

m

1

m &%
m
Sex,

i=1

(by the triangle inequality) < Ex Ey E. ( +

1 m
m 25
i=1

)

= E]EX]E5
m



Appendix B

Excerpts from [Clark and
Thollard, 2004]

In order to make the document self-contained, we repeat a number of results from [Clark
and Thollard, 2004] which are used in the thesis. In order to enhance clarity, we have

translated the original notation to that used throughout the thesis.

B.1 Definitions

The following definitions of Clark and Thollard [2004] have been modified in the thesis.

We repeat the original definitions’ statements using our notation, pointing to the relevant

definitions in the paper.

Definition B.1 [Clark and Thollard, 2004, Definition 4]

A candidate node is a pair (u, o) where u is a node in the graph and o € X, where §g(u, o)
is undefined. It will have an associated multiset S, ». A candidate node (u,o) and a node
v in a hypothesis graph are said to be similar if and only if for all strings s € 3*,

§ua_§v

3

< w/2.
o0

Definition B.2 [Clark and Thollard, 2004, Definition 7]

A multiset S is p-e1-good for a state g € Q4 if and only if Hg— Pj”oo < p/4 and for
every o € X, |S(0)/|S| — Pa(g,0)| < e1-

Definition B.3 [Clark and Thollard, 2004, Definition 8]

A hypothesis graph G for a PDFA A is good if there is a bijective function ® from a
subset of states of A to all the nodes of G such that ®(q) = vy, and if dg(u,0) = v

then 0g(®~1(u),0) = ®~1(v), and for every node u in G, the multiset S,, attached to u is
p-€1-good for the state ®~1(u).

Definition B.4 [Clark and Thollard, 2004, Definition 11]
Given a good hypothesis graph G, a sample of size M is good if for every candidate
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node (u,0) such that |Sys| > mo, Syus is p-€1-good for the state 54(®~1(u),0) and if
Pyit(G) > e then the number of strings that exit the graph is more than %N Peit(G).

B.2 Lemmas and Theorems

We repeat the statements and proofs of lemmas and theorems from [Clark and Thollard,

2004] used in the thesis, with the relevant revisions in notation.

Lemma B.5 [Clark and Thollard, 2004, Section 6.1]
Let:

1 24n|2|(|IZ] + 1)(n|Z] + 2)
my = 2¢2 10g< % ;

&2

16(|Z] + 1)(L+1)*°

€1

Drawing a multiset of ms samples from a PDFA A, the probability of generating a good
multiset (according to Definition 4.14) is at least 1 — ;1—%[.

Proof We need to show that for every o € %,

Su(a)

PA(Q,O‘) - IS'ul

SE].

Using the Chernoff bound, the probability of this occurring is less that e~2™2 . Plugging

in the expressions for mo and €;, we have:

e—?mze% — 62
24n|Z|(|1Z] + 1) (n|Z] + 2)’
and therefore:
—2mg €2 52
(IZ]+1)e 1< ST

Applying the union bound, the lemma follows. |

Lemma B.6 [Clark and Thollard, 2004, Lemma 6]
Let A be a PDFA such that the expected length from any state is at most L. Then for all

9 € Qa, Palg) 2 W(q)/(L +1).

Proof Intuitively, after reaching the state g, the expected number of times we reach ¢

again will be at most the expected number of times we reach any state after this, which
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is bounded by L. Formally:

W(g) = Y. Palg,s)
s€S5(g):
d.4(q0,5)=q

= > > Palqrs)

r€ER4(q) s€X™:
6.4(g0,m8)=q

= Z Z PA(QO,T)PA((LS)

r€ER4(g) sE€ET™:
d.a(go,rs)=q

= Y Pa(@,r) Y. Palgs)

r€R4(q) SEX*:
d4(g0,r8)=¢

= Pal)) )Y, Palgs)
s

8 H

P4(q) > Pa(g,s)

sEX*
Pa(g)(L +1).

IA

IA

Lemma B.7 [Clark and Thollard, 2004, Lemma 12]
Define the following accuracy bounds:
€3 €3 €265

STNLEL+1) T IAU

2= Ll + 1)
Then for any state q € Q 4 of the target PDFA such that W (q) > €2, if all sample multisets
are good, then there will be a node u in the final hypothesis graph such that ®(q) = u.
Furthermore, for such a state ¢ and any o € X such that Pa(g, o) > €5, the node 6g(u, o)
is defined and is equal to ®(64(q,0)).

Proof Since W(q) > €2, by Lemma B.6 it follows that Pa(q) > €2 /(L + 1). From the
definitions of M and &g

2n|Z|myg

% < g6 < Pa(q) e5 < Palq).

If there were no representative node u for the state g, then all strings that reached
the state would exit the graph, and thus we would have Peit(G) > Py(g). Similarly,
if there were no edge labelled o from the node, then Puit(G) > Pa(g)es. By the
goodness of the sample we know that either Peit(G) < €6 or Pexit(G) < 2n|X|mo/M,
and in both cases Pexit(G) < Pa(q) 5. Therefore, there is a suitable state u and edge in
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the graph, and since the final hypothesis graph is £1-good, dg will have the correct value. B

Assuming that all the samples drawn are good, the following lemma shows that the

final smoothed transition probabilities will be close to the correct values.

Lemma B.8 [Clark and Thollard, 2004, Section 4.3]
Let q € Q4 be a state with W(q) > €2 such that u = ®(q), and define

S £ . o &4
YTy 0 PR TR+

Then for every symbol o € %,

Pu(g,0

Proof By the goodness of the multisets we have:

S,
Pa(g,0) — IuS—(fl) <er.

Plugging in the definitions of pmin and &4, the claim is easily verified. |

The following lemma, shows that for every frequent state ¢ € @ 4 and its corresponding
state in the hypothesis § = ®(¢) (which exists with high probability), the expected number

of times A “visits” ¢ is close to the expected number of times A visits ¢ and A visits q.

Lemma B.9 [Clark and Thollard, 2004, Lemma 13]
Let g € Q4 be a state with W(q) > e2. Then there exists a state § € A such that §= ®(q)

and
W(q) - W(q’ Zf) S 3.

Proof The lemma is proved by induction on £. For £ = 0 the claim is clearly true. Assume
by induction that the claim holds for £ — 1. Using the symbols b € Q4 and be Q3 to

denote states, we rewrite the joint weight as

Welg,d) =Y. Y Wea(b,d) Y. Palb,0).

PO g o6 A(br)=a
22 51(3(b)0)~0

Considering only the cases where W (b) > &2 and ®(b) = b, we see that

We(g,@) > Y, Wea(5,2(0) D Pa(b0).

bEQ 4: a8 4(b,0)=¢q
W (b)>e2 34 (®(b),0)=0
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By the inductive assumption, for these frequent states:

es(f— 1))
s > o (-250) Y o
beQ 4: L(L + 1) o:ba
W (b)>e2 62(2(b),0)=7
Using the fact that W, < 1 for all £ € N and using the recursive definition of Wy, the

previous expression can be written as:

-1
Wee,® > ) Wea(t) D Palbo)- L((L + 1;
beQ 4: 0:04(b,o)=q
W(b)>e2 03(2(0),0)=7
> > Wea(d) D Palbo)
beQ 4: 06 4(bo)=q
W (b)>e2
Z Wg_l(b) Z PA(b’ 0)
beEQ 4: o:8.4(b,0)=q
W (b)>e2 52(B(6),0)#d
_ £3 (e — 1)
L +1) (B

We next show that most of the weight from Wy_; must be from states b with W(b) > es.
This enables changing from Wy_;(b) to Wp(d).

Using Equation (4.5), we have:

Welg) = D, Wea® D Pabyo)+ D Wea(d) Y Pab,o)
beQ 4: 0:8 4(b,0)=b beQa: 0:5.4(b,0)=b
W(b)<e2 W(b)>e2
< nept+ y o Wea(®) D Pa(bo)
beQ a: o:64(b,0)=b
W(b)>e2

Using this expression to replace the right-hand side of Equation (B.1), we get

We(b,B)zWAq)—nez—L(L - 2 W) 3 Pabo).

bEQ A: o:84(b,o)=¢

W (b)>e 63 (2(b),0)#q
Since by Lemma B.7 all of the transitions from frequent states with probability greater
than e5 must go to the correct states, we know that the values of P4(b, o) in the final term

must be less than e5.

e3(£—1)
Welg:0) > Welg) - 2_L3(L+1) - be%i; Wz_l(b)aezzes
W(b)>e2
e3(£—1)

\%

S

—~

-y
3
™
[
|

|2!65
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By the definitions of €5 and €5,

€3
<=3
neg+|X|es < IT+D’ and therefore
ez LW,
Wilo) - Wila,) < 0.

By Equation (4.6), > 00 ¢We(q) < L(L +1). For any ¢ € Qa, W(q) = > 520 We(a)-

Summing over all £ € N:

Wa) - Wia,d) = > Wila) ~ Wilard) < 2533”’@(‘1))_53.
£=0

Note that as a direct consequence of Lemma B.9,

> W(g,9) <es. (B.2)

T®(9)#q

We now duplicate the proof of the main result, showing approximation of 4 by A

Theorem B.10 [Clark and Thollard, 2004, Section 5] Assuming all samples drawn are
good, KL(A || A) <.

Proof In order to bound the approximation error, we recall the decomposition of the

KL-divergence presented in [Carrasco, 1997):

LA D) = 35 3 Wla ) Palao)los TR

geA GeA o€

The summation is divided into three (non-overlapping) parts. Define

(Qaa) qufj)ZPA Q7 logP Eq U;
o€X
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and split the state pairs into three categories:

Dl = Z Z D(q7a),

gEQA: FEQy:
WaSe a(02

Dy = Z E D(qvé\)a

9€Qu GeQy;
W(a)>e2 2(q)#q

D3 = Z Z D(q,9), such that

q€QA: FEQ5
W(g)<e2

KL(A||4) = Di+Ds+Ds.
Note that for the frequent states with W(q) > €2, ® will be well-defined.

The bound on D; uses Lemma B.8, recalling that W(q) > W(q,q):

Di< ) W(g)log(l+es) < (L+1)log(l+eq) < (L+1)eq.

q€Q 4:
W(g)>e2

Bounding D; is achieved by using Equation (B.2), the fact that P4(g,0) < 1 and that
P4(@,0) > pmin by the smoothing technique.

1
D, < ), > W(g,) ) Palg,0)log—
qEQ A FEQy 0€D Pmin
W@>e2 (0
1 1
< eslo < neslo .
- Z 3708 min 3 gpmin
qEQ 4:
W(q)>e2

With regard to D3, using (4.7) and the bound on W(q) we can see that

D3 < Z Z W(q,@ZPA(q,a) log < neslog 1. .

gEQA: 3€Q, oes Dmin DPmin
W(g)<e2

Substituting in the definitions of €2 and €5 (Lemma B.7) and assuming L > 1,

. €3 1
KLA|A) < (L+1)64+<n83+2nL(L+1))logpmin
1
< (L+1)es+(n+1)ezlog—.

p min

Substituting in the values of pmin, €3 and &4 gives

KLA| A <e.
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Glossary of Symbols

B 2

S M

Pr

Prx

E(X)
var(X)
Liay

5(x)

z~ 1L

the set of natural numbers

the set of real numbers

accuracy par ameter

confidence parameter

finite alphabet of symbols (letters)

a single symbol (letter) of the alphabet ¥
strings over the alphabet X

the empty string

length of a string

upper-bound on length of a string

probability with respect to all random variables
probability with respect to the distribution of random X
expectation with respect to all random variables
expectation with respect to the measure p

expectation of the random variable X

variance of the random variable X

indicator of the event A

distribution
class of distributions

distribution with all probability concentrated on x

stochastic language
quotient language, defined by the probabilities of the strings in L
starting with x, properly normalized

family of stochastic languages
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A a probabilistic automaton (PFA or PDFA)
Qa the set of states of a PFA or PDFA A

o4 set of transitions in A

Iy initial state probabilities of 4

Py transition probabilities of A

Fy final state probabilities of A

n number of states in an automaton (n = |Q.4|)
% the i** state of a PFA or PDFA A

Dy distribution induced by the PFA or PDFA A

P4(q,s8) probability of the PDFA A generating the prefiz s starting from state ¢
Pi(s) probability of the PDFA A generating the string s starting from state ¢
P4(q) probability of reaching state g

R4(q)  set of strings that reach state g for the first time

A a hypothesis PDFA induced by an induction algorithm

G graph underlying a hypothesis PDFA A

S a multiset of strings

s a single string in the multiset S

S(s) multiplicity of the string s in multiset S

S(o) number of strings beginning with ¢ in S

Sy multiset of suffixes incident on node v of hypothesis graph G

Su,o multiset of suffixes incident on candidate node (u, o) of hypothesis graph G

W(q) weight of state ¢
Wi(q,q) joint weight of (target) state ¢ and (hypothesis) state g

H class of PDFA
Oxn an oracle matching the PDFA class H



