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Abstract—Deployment of low cost power beacons (PBs) is a
promising solution for dedicated wireless power transfer (WPT)
in future wireless networks. In this paper, we present a tractable
model for PB-assisted millimeter wave (mmWave) wireless ad
hoc networks, where each transmitter (TX) harvests energy
from all PBs and then uses the harvested energy to transmit
information to its desired receiver. Our model accounts for
realistic aspects of WPT and mmWave transmissions, such as
power circuit activation threshold, allowed maximum harvested
power, maximum transmit power, beamforming and blockage.
Using stochastic geometry, we obtain the Laplace transform of
the aggregate received power at the TX to calculate the power
coverage probability. We approximate and discretize the transmit
power of each TX into a finite number of discrete power levels in
log scale to compute the channel and total coverage probability.
We compare our analytical predictions to simulations and observe
good accuracy. The proposed model allows insights into effect of
system parameters, such as transmit power of PBs, PB density,
main lobe beam-width and power circuit activation threshold on
the overall coverage probability. The results confirm that it is
feasible and safe to power TXs in a mmWave ad hoc network
using PBs.

Index Terms—Wireless communications, wireless power trans-
fer, millimeter wave transmission, power beacon, stochastic
geometry.

I. INTRODUCTION

Wireless power transfer (WPT) can prolong the lifetime
of low-power devices in the network and is currently in
the spotlight as a key enabling technology in future wire-
less communication networks [1]-[3]. Compared to energy
harvesting from ambient energy sources, e.g., solar, wind or
ambient radio frequency (RF) sources, which may change
rapidly with time, location and weather conditions, WPT
has a significant advantage of being always available and
controllable [1]. There are currently two main approaches
to WPT: (i) simultaneous information and power transfer
(SWIPT) and (ii) power beacon (PB) based approach. While
SWIPT, which proposes to extract the information and power
from the same signal, has been the subject of intense research
in the academic community [1], [4], [5], industry has preferred
to adopt the PB approach. In this approach, low cost PBs,
which do not require backhaul links, are deployed to provide
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dedicated power transfer in wireless networks. For example,
the Cota Tile is a PB designed to wirelessly charge devices
like smartphones in a home environment and was showcased
at the 2017 Consumer Electronics Show (CES) [6].

There are two key challenges in the application of PBs to
wider networks. The first challenge is the lack of tractable
models for analysis and design of such networks. Although
simulations can be used in this regard, exhaustive simulation
of every possible scenario of interest will be extremely time-
consuming and onerous. Hence, it is important to explore
tractable models for PB-assisted communications in wireless
networks. The second challenge is the use of practical models
for WPT, which capture realistic aspects of WPT. For instance,
WPT receivers (RXs) can only harvest power if the incident
received power is greater than the power circuit activation
threshold (typically around —20 dBm [1]). Similarly, WPT
transmitters (TXs) have to adhere to maximum transmit power
constraints due to safety considerations. Hence, it is important
to adopt a realistic and practical model for WPT.

A. Related Work

Microwave (below 6 GHz) systems: Recently, the investiga-
tion of PBs has drawn attention in the literature from different
aspects. For point-to-point or point-to-multipoint communica-
tion systems, the resource allocation for PB-assisted system
was considered in [7], [8], where the authors mainly aimed
at finding the optimum time ratio for power transfer (PT) and
information transmission (IT). In [9], the authors studied the
PB-assisted network in the context of physical layer security,
where an energy constrained source is powered by a dedicated
PB. For large scale networks, some papers have character-
ized the performance of PB-assisted communications using
stochastic geometry, which is a powerful mathematical tool to
provide tractable analysis by incorporating the randomness of
users. Specifically, the feasibility of PB deployment in a cel-
lular network, under the outage constraint at the base station,
was investigated in [10], where cellular users are charged by
PBs for uplink transmission. By considering that the secondary
TX is charged by the primary user in a cognitive network,
the authors derived the spatial throughput for the secondary
network in [11]. Adaptively directional PBs were proposed
for sensor network in [12] and the authors found the optimal
charging radius for different sensing tasks. In [13], three WPT
schemes were proposed to select the PB for charging in a
device-to-device-aided cognitive cellular network. The authors
in [14] formulated the total outage probability in a PB-assisted




ad hoc network by including the energy harvesting sensitivity
into the analysis. Note that all the aforementioned works
considered the conventional microwave frequency band, i.e.,
below 6 GHz.

MmWave systems: Millimeter wave (mmWave) communi-
cation, which aims to use the spectrum band typically around
30 GHz, is emerging as a key technology for the fifth gener-
ation systems [15]. Considerable advancements have already
been made in the understanding, modelling and analysis of
mmWave communication using stochastic geometry [16]-[19].
From the prior work, we can summarize two distinctive
features of mmWave communication: (i) owing to the smaller
wavelength, mmWave allows a large number of antenna arrays
with directional beamforming to be equipped at the TX and
RX; (i) since the mmWave propagation is susceptible to
blockage, it causes the large difference for path-loss and fading
characteristics between line of sight (LOS) and non light of
sight (NLOS) environment.

MmWave communication can be beneficial for WPT since
both technologies inherently operate over short distances and
the narrow beams in mmWave communication can focus the
transmit power. Very recently, some papers have used stochas-
tic geometry to analyse mmWave SWIPT networks [20], [21].
The statistics of the aggregate received power from PBs in
a mmWave ad hoc network were studied in our preliminary
work in [22]. To the best of our knowledge, the study of a PB-
assisted mmWave network using stochastic geometry, taking
into account realistic and practical WPT and mmWave char-
acteristics such as building blockages, beamforming, power
circuit activation threshold, maximum harvested power and
maximum transmit power, is not available in the literature.

B. Our Approach and Contributions

In this paper, we consider a PB-assisted wireless ad hoc
network under mmWave transmission where TXs adopt the
harvest-then-transmit protocol, i.e., they harvest energy from
the aggregate RF signal transmitted by PBs and then use the
harvested energy to transmit the information to their desired
RXs. Both the PT and IT phases are carried out using antenna
beamforming under the mmWave channel environment, which
is subjected to building blockages. Using tools from stochastic
geometry, we develop a tractable analytical framework to in-
vestigate the power coverage probability, the channel coverage
probability and the total coverage probability at a reference RX
taking a mmWave three-state propagation model and multi-
slope bounded path-loss model into account. In the proposed
framework, the power coverage probability is efficiently and
accurately computed by numerical inversion using the closed-
form expression for the Laplace transform of the aggregate
received power! at the typical TX. The novel contributions of
this paper are summarized as follows:

o We adopt a realistic model of wirelessly powered TXs by
taking into consideration (i) the power circuit activation
threshold, which accounts for the minimum aggregate
received power required to activate the energy harvesting

'In this paper, we use the Laplace transform of a random variable to denote
the Laplace transform of the distribution of a random variable for brevity.

circuit, (ii) the allowed maximum harvested power, which
accounts for the saturation of the energy harvesting circuit
and (iii) the maximum transmit power, which accounts
for the safety regulation and the electrical rating of the
antenna circuit.

o For tractable analysis of the channel coverage proba-
bility and the total coverage probability, we propose to
discretize the transmit power of each TX into a finite
number of discrete power levels in the log scale. Using
this approximation, we derive the channel coverage prob-
ability and the total coverage probability at the typical
RX. Comparison with simulation results shows that the
model, with only 10 discrete levels for the transmit power
of TXs, has good accuracy in the range of 5%-10%.

o Based on our proposed model, we investigate the impact
of varying important system parameters (e.g., PB transmit
power, PB density, allowed maximum harvested power,
directional beamforming parameters etc.) on the network
performance. These trends are summarized in Table V.

o We investigate the feasibility of using PBs to power up
TXs while providing an acceptable performance for IT
towards RXs in mmWave ad hoc network. Our results
show that under practical setups, for PB transmit power
of 50 dBm and TXs with a maximum transmit power
between 20—40 dBm, which are safe for human exposure,
the total coverage probability is around 90%.

C. Notation and Paper Organization

The following notation is used in this paper. Pr(-) indicates
the probability measure and E[-] denotes the expectation
operator. j is the imaginary number and Re|-] denotes the real
part of a complex number. I'(z) = fooo t*~L exp(—t)dt is the
complete gamma function and I'(a,z) = [ t*~ " exp(—t)dt
is the upper incomplete gamma function, respectively.
Fi(a,bc;2) = ) VOO gy s the Gaus-
2515, 9 6 T (c—b) Jo (1—tz)e
sian hypergeometric function. fx(z) and Fx(x) denotes the
probability density function (PDF) and the cumulative distri-
bution function (CDF) of a random variable X. Lx(s) =
Elexp(—sX)] denotes the Laplace transform of a random
variable X. A list of the main mathematical symbols employed
in this paper is given in Table I.

The rest of the paper is organized as follows: Section II
describes the system model and assumptions. Section III
focuses on the PT phase of the system and derives the power
coverage probability. Section IV details the IT phase, which
covers the analysis of transmit power statistics and channel
coverage probability. Section V summaries the total coverage
probability. Section VI presents the results and the effect of
the system parameters on the network performance. Finally,
Section VII concludes the paper.

II. SYSTEM MODEL

We consider a two-dimensional mmWave wireless ad hoc
network, where TXs are first wirelessly charged by PBs and
then they transmit information to RXs. The locations of PBs
are modeled as a homogeneous Poisson point process (PPP)
¢, in R? with constant node density \,. TXs are assumed to



TABLE I: Summary of Main Symbols Used in the Paper.

Symbol Definition
bp PB PPP
bt TX PPP
[ nth level TX PPP
Ap Density of PB PPP
At Density of TX PPP
AP Density of nth level TX PPP
do Length of desired TX-RX link
T'min Radius of the LOS region
Tmax Exclusion radius of the OUT region
ag, LOS link path-loss exponent
aN NLOS link path-loss exponent
gL LOS link channel fading
gN NLOS link channel fading
m Nakagami-m fading parameter

max min
GI™_ G,
G;nax s Gl;ﬂln R et
GI;I:IHX’ G}',I:llll’ 97'

PB beamforming parameters
TX beamforming parameters
RX beamforming parameters

P, PB transmit power

P TX transmit power

PP nth level TX transmit power

kn Portion of TXs at the nth level

N Number of battery levels

w Step size of each battery level

o? Noise power

n Power conversion efficiency

p Time switching parameter
YPT Power circuit activation threshold
P Allowed maximum harvested power at active TX
Py Maximum transmit power of active TX
YTR SINR threshold
Pl Power coverage probability
IP’CCOV Channel coverage probability
Peov Total coverage probability

be randomly independently deployed and their locations are
modeled as a homogeneous PPP ¢; with node density \;. For
each TX, it has a desired RX located at a distance dy in a
random direction. Throughout the paper, we use X; to denote
both the random location as well as the ith TX itself, Y; to
denote both the location and the corresponding ith RX and
Z; to denote both the location and the ith PB, respectively.
Note that we assume the indoor-to-outdoor penetration loss is
high. Therefore, all the PBs, TXs and RXs can be regarded as
outdoor devices.

A. Power Transfer and Information Transmission Model

We assume that each PB has access to a dedicated power
supply (e.g., a battery or power grid) and transmits with a
constant power P,. Time is divided into slots and 7" denotes
one time slot. TXs adopt the harvest-then-transmit protocol to
perform PT and IT. Specifically, each time slot 7" is divided
into two parts with ratio p € (0, 1): in the first pT" seconds each
TX harvests energy from the RF signal transmitted by PBs and
stores the energy in an ideal (infinite capacity) battery?. In the
remaining (1 — p)7" seconds, TXs use all the harvested energy
to transmit information to their desired RXs. Hence, there is
no interference between the PT and IT stages. We make the
following assumptions for realistic modelling of PT:

« Different from previous works [10], [21], [24], where

energy harvesting activation threshold is not considered

2In this work, we do not consider the impact of battery imperfections [23].

and the devices can harvest power from any amount of
incident power, we assume that the TX can scavenge
energy if and only if the instantaneous aggregate received
power from all PBs is greater than a power circuit
activation threshold yp7. If this condition is met, then
the TX is called an active TX. Otherwise, the TX will be
inactive and will not scavenge any energy from the PBs.

e Once the energy harvesting circuit is activated, the har-
vested power at the active TX is assumed to be linearly
proportional to the aggregate received power with power
conversion efficiency 7. Due to the saturation of the
energy harvesting circuit, the harvested power at the
active TX cannot exceed a maximum level denoted as
P [25]. In addition, the active TX cannot transmit
information with a power greater than P3"* because
of the safety regulation and the electrical rating of the
antenna circuit [26].

B. MmWave Blockage Model

Under outdoor mmWave transmissions, each link between
the PB and the TX (i.e., PB-TX link) or between the TX
and the RX (i.e., TX-RX link) is susceptible to building
blockages due to their high diffraction and penetration charac-
teristics [16]. In this work, we adopt the state-of-the-art three-
state blockage model as in [17], [27], where each PB-TX or
TX-RX link can be in one of the following three states: (i)
the link is in LOS state if no blockage exists, (ii) the link is
in NLOS state if blockage exists and (iii) the link is in outage
(OUT) state if the link is too weak to be established.

Given that the PB-TX or TX-RX link has a length of r,
the probabilities pros(-), pnros(-) and pour() of it being
in LOS, NLOS and OUT states, respectively, are

pouT(r) = w(r — Tmax);
PNLOs(T) = u(r — Tmin) — w(” — Tmax); )]
pros(r) =1 —u(r — rmin),

where u(-) denotes the unit step function, rp, is the radius of
the LOS region and ry,y is the exclusion radius of the OUT
region3, as illustrated in Fig. 1. The values of ry;, and 7pax
depend on the propagation scenario and the mmWave carrier
frequency [17]. Moreover, the communication link between
TX and its desired RX is assumed to be always in LOS state.

C. MmWave Channel Model

It has been shown by the measurements that mmWave links
experience different channel conditions under LOS, NLOS and
OUT states [30]. Thus, we consider the following path-loss
plus block fading channel model.

For the path-loss, we adopt and modify a multi-slope path-
loss model [31] and define the path-loss of PB-TX or TX-RX

3Note that the two-state blockage model in [28], [29], which does not
consider the OUT region, can be considered as a special case of the three-
state blockage model with rmax = co.
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Fig. 1: Tllustration of mmWave blockage model.

link with a propagation distance of r as follows

1, 0<r<1

~
ro oL 1 <r < 7min
iry=4" , @)
Br y o Tmin <7 < Pmax
0, Tmax <7

where the first condition is added to avoid the singularity as
r — 0, a1, denotes the path-loss exponent for the link in
LOS state, an denotes the path-loss exponent for the link in
NLOS state (2 < a1, < an), the path-loss of the link in OUT
state is assumed to be infinite [17] and the continuity in the
multi-slope path-loss model is maintained by introducing the
constant 3 £ 72N [31].

As for the fading, the link under LOS state is assumed to
experience Nakagami-m fading, while the link under NLOS
state is assumed to experience Rayleigh fading*. Furthermore,
both the LOS and the NLOS links experience additive white
Gaussian noise (AWGN) with variance o2. However, under
the PT phase, the AWGN power is too small to be harvested
by TXs. Hence, we ignore it in the PT phase.

D. Beamforming Model

To compensate the large path-loss in mmWave band, direc-
tional beamforming is necessary for devices [33]. In this work,
we consider that mmWave antenna arrays perform directional
beamforming at all PBs, TXs and RXs. Similar to [16], [17],
the actual antenna array pattern can be approximated by a
sectorized gain pattern which is given by

max < 0o
GMZ{GG b ()

1 . ?
G otherwise

where subscript a = p for PB, a = ¢ for TX and a = r
for RX, G is the main lobe antenna gain, Gg’i" is the side
lobe antenna gain, 6 € [—7, ) is the angle off the boresight
direction and 6, is the main lobe beam-width. Note that,
as shown in Section VI-C, this model can be easily related
to specific array geometries, such as an /N element uniform
planar or linear or circular array [18].

The main beam at the PBs are assumed to be randomly
and independently oriented with respect to each other and

4We do not consider shadowing but it can be included using the composite
fading model in [32].

TABLE II: Probability Mass Function of G;; and D;;.

PB-TX gain G TX-RX gain D;;
k | Gain G, [ Probability py Gain D), [ Probability gy
0,0 0:0,

1 Ggax G;nax 4;; 2t G;nax GTax 4t7'r2
2 ngaxGrtnin 91)(1"7:52—9;) G?axGTin Gt(i:;er)

i 27 —0, i 2m—604¢)0,
3 GgﬂnG;nax ( 7’47sz) t G;mnGTax ( 7"4Tr2t)
4 GglinG;nin (2”_9;2;(227"_90 G?inG?‘]in (27"—914)75577—97‘)

uniformly distributed in [—m, 7). Given a sufficient density
of the PBs, this simple strategy ensures that the aggregate
received power from PBs at different locations in the network
is roughly on the same order and avoids the need for channel
estimation and accurate beam alignment. In addition, it has
been shown in [33] that the random directional beamforming
can perform reasonably well given that more than one users
need to be served.

Let G;; be the effective antenna gain on the link from the
ith PB to the jth TX. Under sectorization, G;; is a discrete
random variable with probability p,, = Pr(G;; = Gi) and k €
{1,2,3,4}, where its distribution is summarized in Table IL

With regards to TX and RX, we assume that each TX points
its main lobe towards its desired RX directly. Therefore, the
effective antenna gain of the desired TX-RX link is Dy =
GG and the orientation of the beam of the interfering
TX is uniformly distributed in [—m, 7). Let D;;(i # j) be
the effective antenna gain on the link from the ¢th TX to the
jth RX. Similar to G;;, D;; is a discrete random variable
with probability g, = Pr(D;; = Dy), where its distribution is
given in Table II.

E. Metrics

In this paper, we are interested in the PB-assisted mmWave
wireless ad hoc network in terms of the total coverage proba-
bility for RXs (i.e., the probability that a RX can successfully
receive the information from its TX after the TX successfully
harvests energy from PBs). Based on the system model de-
scribed above, the success of this event has to satisfy two
requirements, which are:

o The corresponding TX is in power coverage. Due to the
random network topology and the fading channels, the
aggregate received power from all PBs is a random vari-
able. If the aggregate received power at a TX is greater
than the power circuit activation threshold, the energy
harvesting circuit is active and this TX can successfully
harvest energy from PBs. As a result, the TX is under
power coverage and IT then takes place.

o The RX is in channel coverage. The instantaneous trans-
mit power for each active TX depends on its random
received power. RX can receive the information from its
desired TX (i.e., in channel coverage) if the signal-to-
interference-plus-noise ratio (SINR) at the RX is above
a certain threshold.

By leveraging the Laplace transform of the aggregate
received power at a typical TX and the interference at a
typical RX, we compute the power coverage probability and
channel coverage probability in the following sections. In the



subsequent analysis, we condition on having a reference RX
Yy at the origin (0,0) and its associated TX X, located at a
distance dg away at (do, 0). According to Slivnyak’s theorem,
the conditional distribution is the same as the original one for
the rest of the network [34].

III. POWER TRANSFER

In this section, we focus on the PT phase of the system.
We analyze the aggregate received power at a reference TX
from all PBs and find the power coverage probability at the
corresponding RX.

Since the power harvested from the noise is negligible, the
instantaneous aggregate received power at the typical TX X
from all the PBs can be expressed as

Ppr =P, Z Giogiol(ri), “4)
Zi€Edp

where P, is the PB transmit power, G is the effective antenna
gain between Z; and X, g;o is the fading power gain between
the ith PB Z; and the typical TX X, which follows the
gamma distribution (under Nakagami-m fading assumption)
if the PB-TX link is in LOS state and exponential distribution
(under Rayleigh fading distribution) if the PB-TX link is in
NLOS state. {(r;) is the path-loss function given in (2) and
r; = |Z; — Xo| is the Euclidean length of the PB-TX link
between Z; and Xj. Using (4), the power coverage probability
is defined as follows.

Definition 1: The power coverage probability is the proba-
bility that the aggregate received power at the typical TX is
higher than the power circuit activation threshold vpr. It can
be expressed as

P (vpT) =Pr(Ppr > yp1). (5)

Remark 1: Analytically characterizing the power coverage
probability in (5) is a challenging open problem in the lit-
erature. Generally, it is not possible to obtain a closed-form
power coverage probability because of the randomness in the
antenna gain, mmWave channels and locations of PBs. The
closed-form expression only exists under the unbounded path-
loss model with @ = 4 and Rayleigh fading for all links,
which is shown to be Lévy distribution [34]. To overcome this
problem, some works [20], [28], [35] employed the Gamma
scaling method. This approach involves introducing a dummy
Gamma random variable with parameter N’ to reformulate the
original problem. However, the approach can sometimes lead
to large errors with finite N’ value. Other works adopted the
Gil-Pelaez inversion theorem [36] . This approach involves one
fold integration and is only suitable for the random variable
with a simple Laplace transform. If the Laplace transform is
even moderately complicated, this method is not very efficient
even if the Laplace transform is in closed-form.

In this work, we adopt a numerical inversion method, which
is easy to compute, if the Laplace transform of a random
variable is in closed-form, and provides controllable error
estimation. Following [37], [38], the CDF of the aggregate

received power Ppr is given as

1 a+joo
Fp..(z) = 27 - Lppy, (s) exp(sx)ds (62)
a—joo
1 a+joo
= 7/ Lrer(5) exp(sz)ds. (6b)
271—] a—joo S

where (6a) is obtained according to the Bromwich integral
[39] and (6b) follows from probability theory that Lp..(s) =
SLpp,. (s). Using the trapezoidal rule and the Euler summa-
tion, the above integral can be transformed into a finite sum.
Therefore, we can express the power coverage probability as

PE ypr) =1— %ZB: <§ >§ 1) cRe|:£PPT(S):|’

PTG = De 5
(N
where Re]] is the real part operator, s = A;; JfT’TC, Lppr(8) is

the Laplace transform of Ppr, D, =2 (if c=0) and D. =1
(if c=1,2,...,C +b). A, B and C are positive parameters
used to control the estimation accuracy.

From (7), the key parameter in order to obtain the power
coverage probability is £p,..(s). By the definition of Laplace
transform of a random variable, we express L p,..(s) in closed-
form in the following theorem.

Theorem 1: Following the system model in Section II, the
Laplace transform of the aggregate received power at the
typical TX from all the PBs in a mmWave ad hoc network
is

4
Lpo(s) = Hexp (ﬂ)\p’f‘?nmpk (m™(m+sr ot P,Gy)~™—1)
k=1
+ Ak (SP,G)™ (Z1 (1) — E1 (rmin))
+ WApkaPkaﬁ (E2 (Tmin) - EZ rmax))

A
g Dr Py Ci)™ (Ea(rin) =3 )}, ®)

2+«
where
=5 (r) mm(r=sP,Gy) Tt mar I(1 + m)
Ei(r) =
! (2 4+ mar,)T'(m)
mrot
X o F1 (1 +m,m + 0p;1+m+9dr,;— ) , 9
sP,Gy,
(r) L (10)
= (r) =
2 roN 4+ sP,Gr’
_ (r=oNsP,GB) o1 (
= = P,Gi5(2
) = G TGkt an)
G 5 =B
—2(r*~4sPh, (1 1;2 ;—
(T +s D kﬂ)Q 1<7 N+ ) + N> SPka)>’
1D
and T'(+) is the complete gamma function, oFy(-,;-;-) is the
Gaussian (or ordinary) hypergeometric function, d;, £ % and
on 22 |
N ‘
Proof: See Appendix A. [ ]

By substituting (8) into (7), we can compute the power
coverage probability. As shown in Theorem 1, the Laplace
transform of Ppr is in closed-form; hence, PZ (ypr) is just
a summation over a finite number of terms. Following the
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Fig. 2: Power coverage probability versus power circuit activation threshold
ypt for different PB densities. Other system parameters follow Table IV.

selection guideline of parameters A, B and C' in [38], we can
achieve a stable numerical result by carefully choosing them.

Finally, we validate the analysis for the power coverage
probability. Fig. 2 plots the power coverage probability versus
power circuit activation threshold. The simulation results are
generated by averaging over 102 Monte Carlo simulation runs.
We set A = 24, B = 20 and C = 30 in order to achieve
an estimation error of 1071, The other system parameters
follow Table IV. From the figure, we can see that the analytical
results match perfectly with the simulation results, which
demonstrates the accuracy of the proposed approach. Fig. 2
also shows that the power coverage probability increases with
the density of PBs, because the aggregate received power at
TX increases as the PB density increases.

IV. INFORMATION TRANSMISSION

In this section we focus on the IT phase between the TX and
RX. We assume that the TX uses all the harvested energy in
the IT phase. As indicated in Section II-A, the transmit power
of an active TX is a random variable which depends on its
harvested power. Hence, we first evaluate the transmit power
for an active TX. Then, we calculate the channel coverage
probability at the reference RX. Note that the derived channel
coverage probability is in fact a conditional probability, which
is conditioned on the reference TX-RX link being active.

A. Transmit Power and Locations of Active TX

Using the PT assumptions in Section II-A, the instantaneous
transmit power for each active TX is

Pmax 1—p

o %PPT7X min(——, ,,ppfxmai)>PPT >7PT7
pP;
min(5 1p , Py*), Ppp > min(—L - 7n—ppP5“ax)
(12)
where 0 < 1 < 1 is the power conversion efficiency. Note

that the first condition in (12) comes from the fact that the
received power at an active TX must be greater than ypt. For
the second condition in (12), P{™* is the maximum harvested
power at an active TX when the energy harvesting circuit is

saturated and P is the maximum transmit power for an

active TX. Thus, the second condition caps the transmit power
by the allowed maximum harvested power constraint or the
maximum transmit power constraint.

The following remarks discuss the modelling challenges and
proposed solution for characterizing P;.

Remark 2: To the best of our knowledge, the closed-form
expression for the PDF of P, is very difficult to obtain.
This is because P; and Ppr are correlated and the closed-
form CDF of Ppr is not available according to Section III.
In the literature, some papers [21], [40] have proposed to
use the average harvested power as the transmit power for
each TX. However, this does not always lead to accurate
results. Hence, inspired from the approach in [41], we propose
to discretize P; in (12) into a finite number of levels. We
show that this approximation allows tractable computation
of the channel coverage probability. The accuracy of this
approximation depends on the number of levels. Our results
in Section VI-A show that if we discretize the power level in
the log scale, a reasonable level of accuracy is reached with
as little as 10 levels.

Remark 3: From (12), we can see that P, depends on Ppr.
Hence, the motivation for discretizing P, in the log scale
comes from looking into two important measures of Ppr,
the skewness and the kurtosis. The skewness and the kurtosis
describe the shape of the probability distribution of Ppr. As
presented in [22], the distribution of the aggregate received
power is skewed to the right with a heavy tail, because both
the skewness and the kurtosis of Ppr are much greater than
0 for most cases. Therefore, most of the TXs will be at the
lowest power level if we discretize P, in linear scale. Hence,
we discretize the power level in the log scale. This improves
the accuracy of the approximation.

Let N 4+ 1 and w denote the total number of levels and
the ste( size of each level, respectively. They are related by

min —1Pmax’ 1—p pmax) _
w = (0PI 22 P) e dBm. We further define &,

as the portion of TXs whose F; is at the nth level, i.e., k, =
Pr ((nw + ypr) dBm < Ppr < ((n+ 1) w + ypr) dBm) for
n = {0,1,2,...N — 1} and ky = Pr(Ppr >
min(n~1 PR, %Pg‘“)). Combining with the power cover-
age probability derived in Section III, we can express k,, as

P2 ((nw+vypTt)dBm)
k,={ —PL . ((h+1) w+vpr) dBm), n={0,1,2,...,N-1}.
3 P — max
]Pg)v (mm( ;} 7%P2 )) , n=N
(13)

The above expression allows us to determine the portion of
TXs whose P, is at the nth level. The transmit power for the
active TX at the nth level is

pr (77 10 30) W. (14)

L—p
The next step is to decide how to model the locations of
the TXs whose P, is at the nth level. This is discussed in the
remark below.



Remark 4: In general, the location and the transmit power
of an active TX are correlated, i.e., a TX has higher chance to
be activated and transmits with a larger power, if its location
is closer to a PB. However, it is not easy to identify and
fit a spatial point process with local clustering to model the
location of active TXs [14], [42]. In this paper, for analytical
tractability, we assume that the location and the transmit power
of an active TX are independent, i.e., a TX in ¢; can have
a transmit power of P* with probability &, independently
of other TXs. Therefore, using the thinning theorem, we
interpret the active TX at the mth level as an independent
homogeneous PPP with node density A} = k,\;, denoted
as ¢p. The accuracy of this approximation will be validated
in Section VI-A.

B. Channel Coverage Probability

Given that the desired TX is active, the instantaneous SINR
at the reference RX, Yj, is given as

PXODOhol(dO)
ZXiE(bacuve PthDiOhiol(Xi) 402’

where hy and h;y denote the fading power gains on the
reference link and the <th interference link respectively, Dy
and D,y denote the beamforming antenna gain at the RX from
its reference TX and the ith interfering TX respectively and
o2 is the AWGN power. Px, and Px, are the transmit power
for the reference TX and the active TX X, respectively. Using
(15), the channel coverage probability is defined as follows.

Definition 2: The channel coverage probability is the prob-
ability that the SINR at the reference RX is above a threshold
~yrr and can be expressed as

SINR =

15)

PS  (yrr) =Pr(SINR > yrR). (16)

Remark 5: 1t is possible to employ the numerical inversion
method in Section III to find the channel coverage probablhty
In doing so, the Laplace transform of the term %
is required. This Laplace tranform cannot be expressed in
closed-form because of the random variables Px, and hg
in the denominator. Although it is still computable, it leads
to greater computation complexity. Consequently, we employ
the reference link power gain (RLPG) based method in [38]
to efficiently find the channel coverage probability. The basic
principle of this approach is to first find the conditional outage
probability in terms of the CDF of the reference links fading
power gain and then remove the conditioning on the fading
power gains and locations of the interferers, respectively.
In order to apply this method, the reference TX-RX link
is assumed to undergo Nakagami-m fading with integer m.
The result for the conditional channel coverage probability is
presented in the following proposition.

Proposition 1: Following the system model in Section II,
the conditional channel coverage probability at the reference
RX in a mmWave ad hoc network is

le

Ldl kn
=y ! T Lix+o2(s )W, a7

n=0 [=0 cov

COV ’YTR

where Iy = Y0 > xien Pl Diohiol(X;) and s =
Ptn%vojlﬂ(Rdo) :
Proof: See Appendix B. [ ]

(17) needs the Laplace transform of the interference plus
noise. Using stochastic geometry, we can derive it and the
result is shown in the following corollary.

Corollary 1: Following the system model in Section II and
the discretization assumption in Section IV-A, the Laplace
transform of the aggregate interference plus noise at the
reference RX in a mmWave ad hoc network is

HHexp( A i (m"(mebsr o Pl D) 1)

n=0k=1
+ A G (SPnDk) (21 (1) =21 (rmin))
EQ(TmaX))

+ AL qes Pl DB (25 (rmin) —

£1X+0-2

AP _
+3 +;N G (PP DB (2, (rmin) — g(rmdx))) exp(—s0?),
(18)
where
- (T) - m (TﬁaLSPtnDk)iaLimOéLF(l + m)
i 2 + mag)0(m)
<o Fy (14 mom + Spsldmop;— ot (19)
21471 ) L, L; gPtnDk ,
/ ’I“2
=) = TSP D 20
2(7) roN + sPP Dy’ (20)
= (r*“NsPt”Dkg)féNﬂ( .
=3\l) = PDyB(2
3( ) rex 4+ sPrDy3 sP"Dyf3(2 + an)
(N P"D Fl1s 192468 TQNﬂfl
—2(r“+sP*Dy3)2 1(, ~n+1;2+ N’sPt”Dk>)'
21

Proof: Following the definition of Laplace transform, we
have

=By [exp(—s(Ix +0°))]
=Er, [exp(—slx)]exp(—sa?)
=L, (s) exp(—s0?),

where the Laplace transform of the aggregate interference can
be expressed as

’CIX (S)

‘CIX +o02 (S)

(22)

= Ery[exp(—slx)]

N
:EDm,hio,(ﬁ? exp —SZ Z PtnDzohzol(Xl)

n=0 X, o}

—HEDLO,M,@ exp|—s > Pl'Diohiol(X;)
X;€¢n

(23)

Then, following the same steps as the proof of Laplace
transform of aggregate received power in Appendix A, we can
find the expectation in (23) and arrive at the result in (18). ®

The Laplace transform shown in Corollary 1 is in closed-
form. Substituting (18) into (17), we can easily compute the
conditional channel coverage probability. Note that (17) re-
quires higher order derivatives of the Laplace transform of the
interference plus noise %C Ix+o2(s), which can be yielded



TABLE III: Summary of the Analytical Model for PB-assisted mmWave Ad
Hoc Networks.

TABLE IV: Parameter Values.

Parameter Value Parameter Value
Performance metrics General form Key factor(s) Ap 50 /km? m 5
Power coverage probability ) Lppr(s) in (8) At 100 /km?2 Gg‘dX’ Ggm, 6, | [20 dB, —10 dB, 30°]
P
Channel coverage probability an cov(VPT) in (Zz)a do 20m | G G0 g, | [10 dB, —10 dB, 45°]
IX +(02( )) in (18) Tmin 100 m | G, GM™® g, | [10 dB, —10 dB, 45°]
. ypr) in (7) s 200 m a? -30 dBm
Total coverage probabilit 24 “0" max
gep Y 24) EIX +o2 (s) in (18) ar, 2 p 0.5
aN 4 n 0.5
P, 40 dBm PT -20 dBm
. _ . . . . P{nax 20 dBm YTR 30 dBm
in closed-form using chain rules and changing variables. For P 30 dBm N 0

brevity, the details are omitted here.

V. ToTAL COVERAGE PROBABILITY

As discussed in Section II-E, the event that the information
can be successfully delivered to RX has two requirements, i.e.,
satisfying power coverage and channel coverage. Based on our
definition, the total coverage probability is

Peov ('YPTa 'YTR)
=Pr(
=Pr(

x Pr(RX is in channel coverage | TX is in power coverage)

TX is in power coverage & RX is in channel coverage)

TX is in power coverage)

Combining our analysis presented in Section III and IV, we
have

Peov (791, 1TR) =Pioy (797)Peoy (VTR)
N m-—1
(—s)! dl
=y g Lot (9)kn,  (24)
n=0 1=0
where s = #l(do) L1, 1o2(8) is given in Corollary 1, k,, is

presented in (13) which is determined by the power coverage
probability. The key metrics are summarized in Table III.

VI. RESULTS

In this section, we first validate the proposed model and
then discuss the design insights provided by the model. Unless
stated otherwise, the values of the parameters summarized in
Table IV are used. The chosen values are consistent with the
literature in mmWave and WPT [1], [16], [17]. Note that the
values of 7y, and ryx correspond to 28 GHz mmWave carrier
frequency [16]. We mainly focus on illustrating the results for
total coverage probability and channel coverage probability.
As for the power coverage probability, it will be explained
within the text.

Table V summarizes the impact of varying the important
system parametersS, i.e., SINR threshold yrr, PB density A,
TX density \;, PB transmit power P,, radius of the LOS
region iy, power circuit activation threshold ~vpr, the beam-
width of the main lobe of TX 6;, RX’s main lobe beam-
width 6., allowed maximum harvested power at active TX
P, time switching parameter p and TX maximum transmit
power P3"™ on the three network performance metrics. In
Table V, 1, | and - denote increase, decrease and unrelated,
respectively. 1| represents that the performance metric first

SNote that the trends reported in Table V remain the same for a two-state
blockage model.

TABLE V: Effect of Important System Parameters.

Power Channel Total
Parameter
coverage | coverage | coverage
Increasing yrRr - 1 1
Increasing A\p T I T
Increasing A¢ - 1 1
Increasing P, T T T
Increasing 7min T T T
Increasing ypT 1 T 1
Increasing 6; and 0, B 1 1
Increasing P/"™ - T ™
Increasing p - T T
Increasing Py - 1 1

increases then decreases with the system parameter. Please
note that the trends in Table V originate from the analysis
of the numerical results, which is presented in detail in the
following subsections.

A. Model Validation

In this section, we validate the proposed model for the
channel coverage probability and the total coverage proba-
bility. Fig. 3 plots the channel coverage probability and the
total coverage probability for a reference RX against SINR
threshold for different densities of PBs and TXs. The analytical
results are obtained using Proposition 1 and (24) with 10
discrete levels for P;. The simulation results are generated
by averaging over 108 Monte Carlo simulation runs and do
not assume any discretization of power levels.

From the figure, we can see that our analytical results
provide a good approximation to the simulation. The small gap
between them comes from two reasons: (i) discretization of the
power levels, as discussed in Remark 3, and (ii) ignorance of
the correlation between the location and the transmit power of
active TX, as discussed in Remark 4. From Fig. 3, we can see
that the gap between the simulation and the analytical results
is smaller, when vy is higher. At ypr = 30 dBm, which
is a typical SINR threshold, the relative errors between the
proposed model and the simulation results for both channel
coverage probability and total coverage probability are be-
tween 5% to 10%. This validates the use of 10 discrete levels
for P, which provides good accuracy.

Insights: Comparing the four cases for the different PB and
TX densities, Fig. 3 shows that: (i) The channel coverage
probability decreases while the total coverage probability
increases as PB density increases. As the PB density increases,
the aggregate received power at TX increases as well as the
number of active TXs. Therefore, interfering power received
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Fig. 3: Channel coverage probability and total coverage probability versus SINR threshold yrr. The PB density is 50 and 10 per km? and the TX density

is 500, 100, 250 and 50 per km?2.

by the RX is higher and the channel coverage probability
decreases. However, the total coverage probability increases
because the power coverage probability increases with the
PB density. (ii)) When the PB density is low, the TXs are
very likely to be inactive and the total coverage probability is
dominated by the power coverage probability. When the PB
density is high, the TXs are very likely to be active. Hence,
the interference is strong and the channel coverage probability
dominates the total coverage probability. (iii) For the same PB
density, both the total coverage probability and the channel
coverage probability are higher, when the TX density is lower.
This is because more interfering TXs exist if TX density
increases.

B. Effect of PB Transmit Power

Fig. 4(a) illustrates the effect of PB transmit power P, on
the total coverage probability and channel coverage probabil-
ity, with different radius of the LOS region rp;, = 50m, 100m.
The simulation results are also plotted in the figure, which are
averaged over 10® Monte Carlo simulation runs. The accuracy
is between 3% to 8%, which again validates the proposed
model. Hence, in the subsequent figures in the paper we only
show the analytical results and discuss the insights.

Fig. 4(b) plots the total coverage probability against the
transmit power of PB. We also plot an asymptotic result when

P, approaches infinity. This result is obtained as follows. As
P, approaches infinity, if one or more PBs fall into the LOS or
NLOS region of a TX, this TX will be active and transmit with
a power of P, = min(fppr’a", P3x). Hence, the asymptotic
power coverage probability is equivalent to the probability that
at least one PB falls into the LOS or NLOS region of the TX,
which is given by

lim P

P,—o0

=1 —exp(—ﬂ')\priax) . (25)
The asymptotic conditional channel coverage probability and
the asymptotic total coverage probability can be found by (17)
and (24) respectively with the portion of TXs at the nth level
as

0 =40,1,2,....N —1
lim k, =<, n={012., }
P,—o00 P n=N

cov?

(26)

From the figure, we can see that the analytical and asymptotic
results converge as P, gets large, which validates the deriva-
tion of the asymptotic results. In addition, in Fig. 4(b), we
have marked the safe RF exposure region with a PB transmit
power less than 51 dBm, equivalently power density smaller
than 10 W/m? at 1 m from the PB [26]. We will discuss in
detail later in the feasibility study in Section VI-E.

Insights: Fig. 4(a) shows that: (i) The channel coverage
probability first slightly decreases and then increases with the
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Fig. 4: Coverage probabilities versus PB transmit power P.

increase of P,. This can be explained as follows. At first,
both the transmit power of the desired TX and the number
of interfering TX increase with P,. The interplay of this two
factors results in the slightly decreasing trend for the channel
coverage probability. As P, further increases, the increase in
the number of interfering TX is negligible, while the transmit
power of the desired TX continues to increase, which leads
to the increase of the channel coverage probability. (ii) The
total coverage probability increases as PB transmit power P,
increases. When P, is small, the desired TX might not receive
enough power to activate the IT process. So the total coverage
probability is small and is limited by the power coverage
probability. When P, is large, the channel coverage probability
becomes the dominant factor in determining the total coverage
probability. Hence, eventually the channel coverage probability
and total coverage probability curves merge. (iii) The total
coverage probability increase with 7, because more PBs
falls into the LOS region and the path-loss is less severe,
which improves the power coverage probability. The benefit
of increasing the radius of the LOS region is less significant
for the channel coverage probability.

C. Effect of Directional Beamforming at PB, TX and RX

Fig. 5 plots the total coverage probability and channel cov-
erage probability against the power circuit activation threshold
of TX for different beamforming parameters at TX and RX,
i.e., [20 dB, —10 dB, 30°] and [10 dB, —10 dB, 45°].

Insights: Fig. 5 shows that, for both sets of beamforming
parameters, as the power circuit activation threshold ~pr
increases, the channel coverage probability is always increas-
ing, while the total coverage probability stays roughly the
same at first and then decreases. This can be explained as
follows. When ~pr increases, the power coverage probability
decreases. The reduction in the number of active TXs improves
the channel coverage probability. With regards to the total
coverage probability, its trend is determined by the interplay of
channel coverage probability and power coverage probability.
At first, the drop in power coverage is relatively small as

shown in Fig. 2; so the total coverage probability is almost
unchanged. After a certain point, the power coverage proba-
bility drops a lot, which mainly governs the total coverage
probability. Hence, the total coverage probability decreases
later on.

Comparing the curves for the different beamforming pa-
rameters, we can see that TX and RX with [20 dB, —10
dB, 30°] gives a higher total coverage probability in the low
power circuit activation threshold region. This is because a
narrower main lobe beam-width gives a larger main lobe gain
and makes less interfering TXs fall into its main lobe which
results in higher channel coverage probability. However, the
total coverage probability is limited by the power coverage
probability when ~vypr is large.

Impact of number of antenna elements: The beamforming
model adopted in this paper can be related to any specific
array geometry by substituting the appropriate values for the
three beamforming parameters. For instance, a uniform planar
square array with half-wavelength antenna element spacing
can be used at the PBs, TXs and RXs. The values for the
main lobe antenna gain G™, side lobe antenna gain G™" and
main lobe beamwidth €, depend on the number of the antenna
elements A, and can be calculated by using the equations
below [18]:

Ga™ =N, 27

Gmin — a T@Na Sin( 2\/\/%) (28)
a N, — Lsin(s j%g)

0, = ﬁ (29)

where a = p for PB, a =t for TX and a = r for RX.

Fig. 6 plots the total coverage probability versus the num-
bers of antenna elements at the TX and RX A and N, with
different PB antenna element number N,,. The figure shows
that the total coverage probability increases with the numbers
of antenna elements at the TX and RX, which agrees with
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our previous findings. However, under our considered system
parameters, the total coverage probability stays roughly the
same after having more than about 15 TX and RX antenna
elements, as the side lobe antenna gain and the main lobe
beamwidth stay almost constant with further increase in the
number of antenna elements. In addition, the number of
antenna elements at the PB does not significantly impact the
total coverage probability.

D. Effect of Allowed Maximum Harvested Power at TX

Fig. 7 plots the total coverage probability and channel
coverage probability against the allowed maximum harvested
power of TX P/ for different time switching ratios 0.2,
0.5 and 0.8. Note that both the time switching ratio and the
allowed maximum harvested power do not affect the power
coverage probability.

Insights: Fig. 7 shows that the channel coverage probability
and the total coverage probability both first increase with P™,
then decrease. The rise of the channel coverage probability is
because the possible transmit power of the desired TX in-
creases with its allowed maximum harvested power. However,
as P/" further increases, the accumulated harvested energy
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Fig. 6: Total coverage probability versus the numbers of antenna elements
at TX and RX N; and N, with different numbers of antenna elements at
PB.
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during the PT phase is higher and the transmit power of
other active TX also goes up. As a result, the interfering
power received at the RX is higher and the channel coverage
probability decreases. The channel coverage probability will
converge to a constant value as P"™ increases even further,
because the maximum transmit power of active TX has limited
the channel performance.

Comparing the curves for different p, we can see that for
a given maximum harvested power of TX P™*, increasing p
improves the coverage probabilities. When p is higher, more
energy is captured during the PT phase. Therefore, the transmit
power of active TX is now limited by the maximum transmit
power Py, As a result, the channel coverage probability and
total coverage probability converge and do not vary much with
the changes in the allowed maximum harvested power.

E. Feasibility of PB-assisted mmWave Wireless Ad hoc Net-
works

Finally, we investigate the feasibility of PB-assisted
mmWave wireless ad hoc network. Fig. 8 is a plot of the
total coverage probability and channel coverage probability
versus maximum TX transmit power Py with varied PB



transmit power, 50 dBm and 30 dBm. To better highlight the
impact of the maximum transmit power at TX, we have set
P"* equal to 50 dBm which is much higher than P;"**. From
the figure, we can see that the channel coverage probability
and total coverage probability do not change much with the
considered maximum TX transmit power, which means that
the probability mass function (PMF) of the transmit power for
the desired TX remains almost the same. Note that the power
coverage probability is independent of the maximum transmit
power of TX.

Insight: From Fig. 8, the total coverage probability and
the channel coverage probability are around 90% if P, is
50 dBm. If PB transmits with a constant power of 50 dBm,
the power density at a distant of 1 m from the PB is 7.95
W/m?. This power density is smaller than 10 W/m?, which
is the permissible safety level of human exposure to RF
electromagnetic fields based on IEEE Standard. Under this
safety regulation, the maximum permissible PB transmit power
would be 51 dBm. We have marked this value in Fig. 4(b).
From Fig. 4(b), we can see that the total coverage probability
with a PB transmit power less than 51 dBm can be up to
93.4% of the maximum system performance, as given by the
asymptotic analysis in Section VI-B, based on our considered
system parameters. The results in Fig. 4(b) and Fig. 8 show
that PB-assisted mmWave ad hoc networks are feasible under
practical network setup.

VII. CONCLUSION

In this paper, we have presented an approximate yet accurate
model for PB-assisted mmWave wireless ad hoc networks,
where TXs harvest energy from all PBs and then use the
harvested energy to transmit information to their correspond-
ing RXs. We first obtained the Laplace transform of the
aggregate received power at the TX to compute the power
coverage probability. Then, the channel coverage probability
and total coverage probability were formulated based on
discretizing the transmit power of TXs into a finite number of
levels. The simulation results confirmed the accuracy of the
proposed model. The results have shown that the total coverage
probability improves by increasing the transmit power of
PB, narrowing the main lobe beam-width and decreasing the
maximum harvested power at the TX. Our results also showed
that PB-assisted mmWave ad hoc network is feasible under
realistic setup conditions. Future work can consider extensions
to other MAC protocols such as carrier-sense multiple access
(CSMA) [43], [44] and optimal allocation of the transmit
power of an active TX.

APPENDIX A
PROOF OF THEOREM 1
Following the definition of Laplace transform, the Laplace
transform of the aggregate received power can be expressed
as

’CPPT(S) = EPPT [exp(_SPPT)]
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The first term A; is evaluated as follows

Ay =exp (=7, (1 — Eg,q g5 [exp(—sP,Giogio)]))

o)
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) , 3D

where we use the fact that the link in LOS state experiences

Nakagami-m fading with fy, (9) = mZg™ Fl(fy’;)p (=mg),

The second term Ao is evaluated as follows
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where (32a) follows from changing variables and integration
by parts and (32b) is obtained after taking the expectation over
g1, then G.

Similarly, the third term A3 can be worked out by taking the
expectation over g, which has a PDF as fq (h) = exp(—g).
The details are omitted for sake of brevity. Finally, the Laplace
transform in Theorem 1 is obtained by substituting A;, A5 and
As into (30).

APPENDIX B
PROOF OF PROPOSITION 1

By substituting (15) into (16), we can express the condi-
tional channel coverage probability as

Px, Dohol(do)
PS, =P 0 >
cov(YTR) r ZXiE%M Px., Diohiol(X;) + 02 YTR
Px,Dohol(d
~Pr =x 0 Dolol(do) >R | (332)
> on—0 2x,egp P Diohiol(Xi)+0?
I 2
: (ho - VTRU“))
Px, Dol(dp)
yrr(Ix + 0?)
~E - B, (BRX T 33b
ool { o < Px,Dol(do) )|’ (330)

where approximation in (33a) comes from our power level dis-
cretization, Ix = Y0_o >y cgn P Diohiol(X;) and Fi, (-)
is the CDF of the fading power gain on the reference TX-
RX link. Since the desired link is assumed to experience
Nakagami-m fading with integer m, the CDF of hy has a
nice form, which is Fj,, (h) = 1 — ;’101 L(mh)! exp(—mh).
Hence, we can re-write (33b) as
Yrr(Lx + 02))l

m—1
1
= ]EPXO,IX ; ﬁ (m PXODOZ(dO)

P (vrR)

X exp (—m
!
1R (Ix +02)>

N m-—1 1
= _E
2 ; Tt <m P Dol(do)
1R (Ix —1-02))}
Pl Dyl(dy)

where the PMF of Py, is Pr(Px, = P{*) =
as we assume that the desired TX is active.

The general form of the Laplace transform of Ix + o
Lry102(s) = Er[exp(—s(Ix + 02))]. Taking lth derivative
with respect to s, we achieve

" [ expl=s(Lx + %)

@EIX +o2 (5) =Er,
=Er, [(Ix—0*) exp(=s(Ix +07))] .

Comparing (35) with the expectation term in (34), we have

(34)

kny,
I[Dg)v (vpr)’

in (34),

X exp (—m

PL (’YPT)

(35)

N m-— 1 k
IEDCOV fYTR Z Z | dSl IX-HT ( )PP ( )7 (36)
n=0 1=0 cov
where s = %. Hence, we arrive the result in Proposi-
tion 1.
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