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Abstract

The Mertens conjecture on the order of growth of the summatory function of the
Moébius function has long been known to be false. We formulate an analogue
of this conjecture in the setting of global function fields, and investigate the
plausibility of this conjecture. First we give certain conditions, in terms of the
zeroes of the associated zeta functions, for this conjecture to be true. We then
show that in a certain family of function fields of low genus, the average proportion
of curves satisfying the Mertens conjecture is zero, and we hypothesise that this
is true for any genus. Finally, we also formulate a function field version of Pélya’s

conjecture, and prove similar results.
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Chapter 1

The Mertens Conjecture in
Function Fields

1.1 The Mertens Conjecture

Let p(n) denote the Mobius function, so that for a positive integer n,

1 ifn =1,
p(n) =S (=1)¢ if n is the product of ¢ distinct primes,

0 if n is divisible by a perfect square.

The Mertens conjecture states that the summatory function of the Mobius func-
tion,
M(w) = p(n),
n<z
satisfies the inequality

M(2)] < Vo (L.1)

for all z > 1. This conjecture stems from the work of Mertens [I7], who in 1897
calculated M (z) from z = 1 up to x = 10000 and arrived at the conjecture
(1.1). Notably, this conjecture implies that all of the nontrivial zeroes of the
Riemann zeta function ((s) lie on the line R(s) = 1/2 (that is, that the Riemann
hypothesis is true), and also that all such zeroes are simple. However, Ingham
[12] later showed that the Mertens conjecture implies that the imaginary parts
of the zeroes of ((s) in the upper half-plane must be linearly dependent over
the rational numbers, a relation that seems unlikely; while there is yet to be

found strong theoretical evidence for the falsity of such a linear dependence,
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2 The Mertens Conjecture in Function Fields

some limited numerical calculations have failed to find any such linear relations
[1]. Using methods closely related to the work of Ingham, Odlyzko and te Riele

[22] disproved the Mertens conjecture, and in fact showed that

M(x)

lim su > 1.06,
RN
M
tmint @) _ 0.

me Ve
These bounds have since been improved to 1.218 and —1.229 respectively [15].
Despite this disproof, a single counterexample to the Mertens conjecture has
yet to be found. Indeed, numerical calculations of Amir Akbary and Nathan Ng
(personal communication), based on the paper [2I] of Ng, suggest that the set
of counterexamples to the Mertens conjecture is sparsely distributed in [1, 00).
More precisely, under the assumption of several strong yet plausible conjectures,
they have shown that the logarithmic density

5(P,) = lim — / dx

X—oo log X x
PuN[1,X]

of the set P, = {z € [1,00) : |[M(z)| < +/z} is extremely close to 1 but strictly
less than 1, satisfying the bounds

0.99999927 < § (P,) < 1. (1.2)

So although the Mertens conjecture is false, the inequality |M(x)| < y/z nev-
ertheless seems to hold for “most” x > 1; on the other hand, the set of = for
which this inequality fails to hold is nevertheless nontrivial, in the sense that it
has strictly positive, albeit extremely small, logarithmic density. The reason for
this stems from the following explicit expression for M (x) in terms of a sum over

the nontrivial zeroes p of the Riemann zeta function.

Proposition 1.1 (Ng [21]). Assume the Riemann hypothesis and the simplicity
of the zeroes of ((s). Then there exists a sequence {T,}52, withv < T, <wv+1

such that for each positive integer v, for alle > 0, and for x a positive noninteger,
1 af xlog x x
M(x) = —+ 0|1
@=2 ) p ( T, T logx) ’

where the sum is over the positive nontrivial zeroes p = 1/2 + iy of ((s) with
vl < To.
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So we see that for  a noninteger,

M(z) §~_ L a7 1
Va _Zp:C’(p) p +O<\/5>’ (1-3)

where the sum > ) is interpreted in the sense lim,,_, Z| I<T" Now the coefficients

of 277 = e1%8% are generally quite small (in particular, much smaller than 1),

so this sum is usually quite small. On the other hand, the coefficients are not

1
; ¢’ (p)]

diverges, which suggests that if the collection of angles {ylogx} are equidis-

insignificant, as the sum

tributed in [0, 27] as x tends to infinity, then we can find values of = for which the
right-hand side of is larger than 1. However, this does not occur for “most”
x in the sense of logarithmic density, and hence the inequality | M (x)| < y/z holds
“most” of the time.

1.2 Mertens Conjectures in Function Fields

A natural variant of this problem is to formulate a function field analogue of the
Mertens conjecture and determine how often this conjecture holds. The advantage
of this function field setting, as opposed to the classical case, is that we may
prove unconditional results about the behaviour of the summatory function of the
Mobius function function. In the function field setting, the Riemann hypothesis
is proved, and the hypothesis that the imaginary parts of the zeroes of the zeta
function of a function field are linearly independent over the rational numbers
— that is to say, the Linear Independence hypothesis — is, at the very least,
true in an averaged sense; see Theorem for the precise formulation of this
result. Throughout this thesis, the function fields we work with will be global
function fields, that is, of transcendence degree one over a finite constant field;
equivalently, these are the function field of a nonsingular projective curve over a
finite field.

We define the M6bius function of a function field as follows. Let ¢ = p™ be
an odd prime power, and let F, be a finite field with ¢ elements. Let C be a
nonsingular projective curve over F, of genus g; we write C/IF, for the function
field of C' over F,. Then for an effective divisor D of C, the Mdobius function of
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C/F, is given by

1 if D is the zero divisor,
peyr, (D) = ¢ (—1)t if D is the sum of ¢ distinct prime divisors,

0 if a prime divisor divides D with order at least 2.

We are interested in the summatory function of the Mobius function of C/FF:

Meyr, (X Z Z e yr, (D

N=0deg(D)=N

where X is a positive integer. We wish to determine the validity of the following

conjecture.

The Mertens Conjecture in Function Fields. Let C' be a nonsingular pro-
jJective curve over Fy of genus g, and let Mcyr, (X) be the summatory function of
the Mébius function of C'/F,. Then

[Moye,(X)| _ L

lim sup <
qx/2

X—o00

X/2 in the denominator, as opposed to \/z in the classical

The presence of ¢
case, is due to the fact that we are summing over divisors D with deg(D) < X —1,
whose absolute norms N'D are ¢38(°) as opposed to the classical case where we
sum over all positive integers n < x, whose norm in each case is simply n itself.

Several natural questions arise from formulating this conjecture. We may first
ask “local” questions: given a curve, how do we determine whether the Mertens

conjecture for the function field of this curve holds?
Question 1.2. For which curves does the Mertens conjecture hold?

An further local problem is to consider the Mertens conjecture for each positive

integer X.
Question 1.3. Given a function field C/F,, how frequently does the inequality

| Moyr, (X)| < ¢*? (1.4)
hold?

As there are many function fields of a given genus ¢ over a finite field ¢, we

may also consider a “global” question on the Mertens conjecture.
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Question 1.4. On average, in either the q or the g aspect, how often does the

Mertens conjecture hold?

We treat the local questions in Chapter There we find that the major
difference to the classical case is that Question [1.2]is non-trivial: there do exist
curves for which the Mertens conjecture is true. In Section [2.1] we formulate
certain conditions on the zeroes of Z¢/g, (u), the zeta function of C'/F,, to ensure
that the Mertens conjecture for C'//IF, is true, while in Section We discuss when
we can confirm that the Mertens conjecture for C'/F, is false. The results of these

two sections combine to prove the following theorem.

Theorem 1.5. Let C' be a nonsingular projective curve over Fy of genus g > 1.
Then the Mertens conjecture for C/F, is false if the associated zeta function
Zeoyr,(u) has zeroes of multiple order. If Zcyr,(u) has only simple zeroes, then

the Mertens conjecture for C/F, is true provided

1 gl
<1, 1.5
; Zop, (V) y =17 (15)

where the sum is over the inverse zeroes y of Zcyw,(u). Furthermore, if C satisfies

the Linear Independence hypothesis, then the converse is also true: the Mertens

congecture for C/F, is true only when (1.5)) holds.

We remark that this does not entirely answer Question [1.2} it is possible that
C/F, is such that does not hold but that the Mertens conjecture for C'/F,
is true; in order for this to happen, Z¢/r, (u) must only has simple zeroes but C
must fail to satisfy the Linear Independence hypothesis. In Section [3.2] we give
an example of a family of curves of genus one for which this occurs.

Question [1.3] is the function field analogue of the problem of determining
the logarithmic density of the set where the Mertens conjecture holds, as we
discussed in Section Section deals with this question, where we are
instead able to determine the natural density of the set of positive integers X for
which holds, under the proviso that the underlying curve satisfies the Linear
Independence hypothesis; unlike the classical case, where this is conjectured to

be true, this hypothesis can be violated for certain curves.

Theorem 1.6. Let C' be a nonsingular projective curve over Fy of genus g > 1,
and suppose that C' satisfies the Linear Independence hypothesis. The natural
density

1
d(PC/qu;u) :yh_r»%o?#{l <X<Y: |MC’/IE<‘q(X)| < qX/Q}
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exists and satisfies d (PC/Fq;M) > 0, with d (PC/Fq;M) =1 if and only if

2.

o

1 gl
<1.
Zomw, (v )y —1

We in fact describe this density d (730 /Fq: u) in terms of the Lebesgue measure
of the pullback of a certain function of C'/F,, which allows us to determine this
density exactly should we know the zeta function of the function field.

In Chapter [3] we analyse Questions [I.2] and [I.3] in the low genus case g = 1,
so that C/F, is the function field of an elliptic curve over a finite field. We give
an explicit classification of all elliptic curves satisfying the Mertens conjecture
in terms of the order g of the finite field ¢ and of the trace a of the Frobenius

endomorphism acting on the elliptic curve C', in the form of the following theorem.

Theorem 1.7. Let C be an elliptic curve over a finite field IF, of characteristic
p. Then the Mertens conjecture is true for C/F, if and only if the order of the
finite field ¢ and the trace a of the Frobenius endomorphism acting on C' over I,

satisfy precisely one of the following conditions:

(1) ¢ = p™ with a = 2, where either m is arbitrary and p # 2, or m = 1 and
p=2,

(2) q =p™ with a = \/q, where m is even and p # 1 (mod 3),
(3) q=p™ with a = 0, where either m is even and p Z 1 (mod 4), orn is odd.

In all these cases, we have that

| Meyr, (X))

e =1

lim sup
X—o0

Furthermore, the natural density
i 1
d (PC/IFq;u> = Ylgféo ?# {1 <X<Y: |MC/Fq(X)} < qX/Q}

exists, and this density is equal to 1 if and only if ¢ and a satisfy one of conditions

(1)—(3).

Finally, for Question |1.4], we study in Chapter [4] the average proportion of
curves in a certain family satisfying the Mertens conjecture as the finite field [F
grows larger. This allows us to use Deligne’s equidistribution theorem, a powerful

result that links the average properties of curves to the Haar measure on certain
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groups of random matrices. We choose to average over a certain family of curves,
namely a family of hyperelliptic curves Hgg4 1,47, for which most curves satisty
the Linear Independence hypothesis, where the notion of most curves satisfying
a certain property is defined in Definition [4.3l Together with our resolution
of Question this allows us to relate the average proportion of hyperelliptic
curves satisfying the Mertens conjecture to the Haar measure of the pullback of
the region where a certain function of random matrices is at most 1. For low
values of g, we may then calculate this Haar measure explicitly. Remarkably, we

find that most curves in this family do not satisfy the Mertens conjecture.

Theorem 1.8. Fiz 1 < g < 2, and suppose that the characteristic of F, is odd.
Then as n tends to infinity, most hyperelliptic curves C' € Haogy1 4» do not satisfy
the Mertens conjecture for C/F .

The proof involves checking that a certain function in g variables on [0, 7|9
is bounded below by 1: for large g, this becomes very difficult. Nevertheless, it
seems likely that this inequality holds for all g > 1, as we indicate in Section [£.2]

thereby leading us to formulate the following conjecture.

Conjecture 1.9. Fiz g > 1, and suppose that the characteristic of F, is odd.
Then as n tends to infinity, most hyperelliptic curves C € Hagy1,4n do not satisfy
the Mertens conjecture for C/Fgn.

We end Chapter [d] by discussing two variations of Question and showing
how minor modifications of the proof of Theorem lead to proofs of these new
questions.

These results build upon the work of Cha [5], who studies the closely related

problem of determining the average size of

| Mep, (X))

lim sup
P

X—o00

over Hog+1,47- Cha is able to show that a truncated form of this average converges
to a certain integral over a particular space of random matrices, and by analysing
this integral, Cha is led to conjecture the limiting behaviour of this average as
the genus g tends to infinity. The purpose of this result is to formulate a function
field analogue of a conjecture of Gonek (unpublished), which is studied by Ng in
[21], stating that

M (x) M(z)

0 < limsup = — lim inf < 00. 1.6
200 /T (loglog log 2)** v=oo /7 (log log log 2)** (16)
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While Cha’s results deviate in a different direction to the main results in this
thesis, much of the groundwork is identical. We reproduce the proofs of many
of these necessary results throughout this thesis, with attribution to Cha and

identification of the location of the original proof in Cha’s paper [5].



Chapter 2

Local Mertens Conjectures

2.1 An Explicit Expression for Mc/p (X)

In order to study the summatory function of the Mdébius function of a function
field C'/F,, we must first introduce the associated zeta function (¢, (s). Given
a curve C' over F, of genus g, the zeta function (o/r,(s) is defined initially for

R(s) > 1 by the absolutely convergent Dirichlet series

1
) = Y
‘ = ND
where the sum is over all effective divisors D of C, and N'D = ¢%&®) is the
absolute norm of D. Note that ¢~*, and hence (¢/r,(s), is periodic with period
2mi/logq. We also observe that much like the Riemann zeta function, {¢/r, (s)
has an Euler product for R(s) > 1,

1
Com,(8) = | | 5=
i

with the product over all prime divisors P of C. This in turn implies that (¢, (s)
is nonvanishing in the open half-plane $(s) > 1. More than this is true, however;

Ceyr,(s) extends meromorphically to the entire complex plane.

Theorem 2.1 ([24], Theorem 5.9]). Given a nonsingular projective curve C' over
F, of genus g, there exists a polynomial Por, (u) with integer coefficients of degree
2g such that for R(s) > 1,

Foye, (47°)
1—g=*)A—q')

9

Coyr,(8) =
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This yields a meromorphic extension of Cc/r,(s) to the whole complex plane, with
simple poles at s = 2mik/logq and s = 1+2mwik/logq for all k € Z. Furthermore,
Coyr,(s) satisfies the functional equation

¢ Cor, (s) = 4w, (1 - 5).

The constant term of the polynomial Pog,(u) is 1, and the coefficient of u?9 s
q?. Finally, the value Poyr, (1) is hoyr,, the class number of C/IF,.

The polynomial Pgr, (u) factorises over C as

2g
PC/IE‘q H 1_%

for some complex numbers ~;, which we call the inverse zeroes of (c/r,(s). By
the nonvanishing of (¢/r, (s) outside of 0 < (s) < 1 and the functional equation
for (c/r,(s), we must have that 1 < |y;| < ¢. Moreover, the structure of the
meromorphic continuation of (c/r, (s) to the entire complex plane shows that
m = (coyw,(5). By this, we may conclude that the inverse zeroes ; must
occur in reciprocal pairs; that is, we can order the inverse zeroes <; so that
Vi+g = 4V; Ufor all 1 < j < g. Much more about the inverse zeroes is known; it

has been proven that they all have absolute value ,/q.

Theorem 2.2 (Riemann Hypothesis for Function Fields [24], Theorem 5.10)).
Each inverse zero v; of Coyr,(s) has absolute value \/q. Equivalently, all of the
zeroes of (cyr, () lie along the line R(s) = 1/2.

Consequently, we may write the inverse zeroes in the form «; = \/gew(%' ) with
0<6(yj) <mand yj1y =7; = \/ae*w("ﬁ) for 1 < j < g. Note in particular that
the orders of the inverse zeroes v = £,/q of (¢/r,(s) must be even.

Observe that (o/r,(s) is in fact a function of ¢~*. This allows us to define the

zeta function Zgr, (u) via the identification v = ¢~*, so that

Peyr, (u)

0wl - qu) 21)

Zor, (u) = Cosr,(s) =

and hence Z¢r,(u) satisfies the functional equation

1
Zer, (u) = ¢ 9D Zo g, (-) ' (2.2)
qu
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Returning to the summatory function of the Mobius function of a function
field, we now approach the problem of obtaining an explicit description of this

function by studying the Dirichlet series
Z MC/]F
D>0 ND

As pcyr, (D) is multiplicative and satisfies pcyr, (P) = —1 and pcyr, (P*) = 0,
t > 2, for a prime divisor P of C, this Dirichlet series has the Euler product

S Emi D) (- wp)
P

D>0

expansion

for R(s) > 1, which upon comparing Euler products leads us to the identity

1
Z MC/IFq . 7 (2.3)

= Lo, ()

which is valid for all £(s) > 1. On the other hand, note that for R(s) > 1, we

may rearrange this Dirichlet series instead to be of the form

Z MC/Fq - Z Mcé/eIZqD)s Z Ns Z MC/]FII ’ (24)

D>0 D>0 deg(D)=

and so if we can determine an expression for the coefficients of the Dirichlet se-
ries for 1/(c/r,(s) using the known factorisation (2.1) of (c/r,(s), then upon

comparing coefficients, we will be able to construct an accurate formula for

X—1
Meyr, (X) = 3 NZ0 2deg(p)=n HeyE, (D).

This is particularly simple to do when g = 0, so that C' is the projective line
P!, and hence the function field C/F, is simply F,(¢). In this case, we have that

“ 1
Z u® Z pio/r, (D I S (1 —u)(1 —qu),
N=0  deg(D)=N c/e, ()

and so by equating coefficients, we obtain the following result.

Proposition 2.3. Let g =0. Then

1 ifX=1,
Meyp,(X) =49 —q if X =2,
0 ifX >3

In particular, the Mertens conjecture for C'/F, holds.
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For g > 1, our method for determining an expression for these coefficients is
via Cauchy’s residue theorem. We will deal only with the case where all of the
zeroes of Zcyr, (u) are simple, though it is nevertheless possible to determine an
explicit expression for M r, (X) when Zojr, (u) has zeroes of multiple order [3],
Proposition 2.2].

Proposition 2.4 (Cha [5, Proposition 2.2, Corollary 2.3]). Let g > 1, and sup-
pose that the zeroes of Zcr,(u) are all simple. Then as X tends to infinity,

Meye, (X) 1 Y e ( 1 )
—e =Y X0 104, (=7 | - 2.5
q*/? ~ Zew, (77 y =1 g 23)

In particular, the quantity

| Mer, (X))

B(C/F,) = limsup %72
q

X—o00

satisfies

gl
B(C/F,) < . 2.6
©/ ZZC/Fq (v1)y—-1 (2:6)
It is useful to compare the explicit expression (2.5)) to that for the classical
case, (|1.3). One can immediately see the similarities, with the chief difference
being the replacement of z in the classical setting by ¢* for the function field

case.

Proof. This is proved by Cha in [5, Proposition 2.2]; we include the details of the
proof for later comparison. Let Cr = {2z € C: |2| = ¢’} for T > 0, and consider
the contour integral

1 j{ 1 1 d
P U.
27 Cr ulN+1 ZC’/IFq (u)

We can write 1/Z¢/r, (u) in two ways; via (2.3) and (2.1), and via (2.4), yielding
the identities

(2.7)

_1 o N
Zog,(u) > Y new, (D), (2.8)

where the first identity is valid for all u € C\ {77",...,74, }, and the second
identity is valid for all |u| < ¢~*. So the singularities of the integrand inside Cr
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occur at u = 0 and at u = y~! for each zero y~! of Zeoyw,(u). At the singularity
u = 0, we have by (12.8)) that

1
Res He/F
w0 ut ZC/ 7, () deg% N ol

As Zcyr,(u) has a simple zero at each 4!, we obtain from ([2.7)) that

11 1 u—n! 1 N
Res = lim i
u=y—1 ulN+1 ZC/]Fq( ) u—y~1 uN+1 ZC/]F ( ) ZC/Fq/ (,.)/_1)")/

So by Cauchy’s residue theorem,

1 1 1 1
omi du=) —— 7" D). (2.9
2mi féT ulN+1 ZC/IFq (u> ! ; ZC/FqI (7_1)7 T Z ’uC/Fq( ) ( )

deg(D)=N

Summing over all 0 < N < X — 1 and evaluating the resulting geometric series,
we find that

1 T X
Meye (X) = — + Rx(q,9,7), 2.10
C/Fq< ) Z ZC’/]Fq, (7_1) N — 1’7 X( g ) ( )
where the error term Rx(q,g,7T) is
X1y 1
— du. 2.11
x(¢,9,T Z ZC/IFq -1) + Fort 2#2% uN+1 ZC/IFq( ) u ( )

Now (2.7) and the fact that |u| = ¢" and |vy;| = /g imply that

1 1 1
21 Je, uN+1 ZC/]Fq(u)

< (qT + 1) (q1+T + 1) —NT
(q1/2+T — 1)29 ’

<

1 j{ 1 1 d
— U
271 Je, uN+1 ZC/Fq(u)

As the right-hand side of is independent of T, we may take the limit as
T tends to infinity in order to find that the contour integral above is zero if
N > 3 —2g and at most ¢! in absolute value if N = 2(1 —g). As g > 1 and
N > 0, this implies that for all X > 1, the second term in Rx(q,g,T) vanishes
if g > 2, and is a constant of absolute value at most 1 if g = 1. Thus Rx(q,9,7)
is constant, and hence bounded as X tends to infinity. Upon dividing through
by ¢*/? and using the fact that v = ,/ge®"), we obtain the result. O
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As there are precisely 2g zeroes of Z¢yp, (u), the sum in is finite, and
hence Mcyr,(X)/q*/? is bounded. Furthermore, proves part of Theorem
in showing that if Zo/r, (u) has simple zeroes, then the inequality holding
implies that the Mertens conjecture for C'/F, is true.

We next show that the bound is sharp if the zeroes of Zor, (u) are
particularly well-behaved.

Definition 2.5. We say that C' satisfies the Linear Independence hypothesis,

which we abbreviate to LI, if the collection

T, 6(71)7 s 79(79)
is linearly independent over the rational numbers.
Notably, if C' satisfies LI, then all of the zeroes of Z¢/g,(u) are simple.

Theorem 2.6 (Cha [5, Theorem 2.5]). Suppose that C satisfies LI. Then

B/ = ¥ |7t

ZC/Fq

Consequently, if C' satisfies LI, then the Mertens conjecture for C/F, is true if
and only if the inequality (1.5) holds.

The proof follows from a direct application of the Kronecker-Weyl theorem,

which we prove in Appendix [A]in the following form.

Lemma 2.7 (Kronecker-Weyl Theorem). Let ti,...,t, be real numbers, and let

H be the topological closure in the g-torus
T ={(21,...,25) €CY:|z;| =1 forall1 < j < g}
of the subgroup
- {(e2m'Xt1’ o ’€2m‘th) cTI: X ¢ Z} .

Then H 1s a closed subgroup of T9. In particular, when the collection 1,t:, ..., 1,
18 linearly independent over the rational numbers, H is precisely T9. Furthermore,

for arbitrary t1, ..., t, and for any continuous function h : T9 — C, we have that

y
lim — (™ X0 L, ¥ X :/ h(z) dpg(z),
3o )= | he) dn(2)

Yoo Y
X=1

where g is the normalised Haar measure on H.
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Proof of Theorem[2.6. As ;44 = 7; for each 1 < j < g and as Zgyr, (0) =
ZC/IFq(u)7

Zoge, () v — 1 Zew, (V)7 — 1

g
Ui iX6(v)) 1 Vi ixe(y)
e + e j
; (ZC/Fq (% -1 Zeyw, (7)) % — 1

J
i Vi erG('yj) .
ZC/Fq ) Vi 1

J=1

g ~
1 P 1 ; ,
_ Z ( 5 eiX00) 4 R i e—zxa(yj))

Thus we may write Mcoyr, (X)/q*/? as

MC/JFQ<X) ! 1 Vi X005 1
W:_Qm Z () | 4+ 0,, 7 )

j=1 Zow, (73 )7 -1

The assumption that C' satisfies LI then allows us to apply the Kronecker—Weyl
theorem with ¢; = 6(y;)/2m for 1 < j < g, which tells us that the set

{(eixe(“), . ,eng(Wg)) eTI: X € N}

is dense (in fact, equidistributed) in TY9. This implies the existence of a subse-
quence (X,,) of N such that

AR Y

i (5000, (eo) = (00, 7))

m—o0

where for 1 < j < g,

1 7
w(y;) = arg | — = :
’ ( Zopw, (0;") 5 — 1)
Together with ({2.6]), this implies that

. MC/Fq ! ol

ZC/]Fq 7] )'}/ _1

X—o00

An analogous argument shows that

s
C/]Fq Y )’V —1

M,
lim ing 22em (X)) Z

X—oo X/2 ’ D
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2.2 Mcr,(X) and Zeroes of Multiple Order

To complete the proof of Theorem [I.5 it remains to consider the case where
Zcoyr,(u) has zeroes of multiple order; we will show that in this situation, the
Mertens conjecture can never hold. We first require the following trivial bound
on Mer,(X).

Lemma 2.8. For any nonsingular curve C' over F, of genus g > 1, we have that
Meyr, (X) = Ogyq (qX) : (2.12)

Proof. By taking absolute values, we trivially have that

X
‘MC’/FQ Z c/r,(IN),
N=0

where bo/r, (V) is the number of effective divisors of degree N. From [24] Lemma
5.8], there exists a constant ¢ dependent on C'/F, such that

ber,(N) ~ cq

for all N > 2g — 2, while bo/r,(N) is finite for 0 < N < 2¢g — 2. Summing over
all 0 < N < X — 1 yields the result. O

Corollary 2.9. For |u| < ¢!,

1
(1—u M, . 2.13
Zeyr, (u) u Z orm (X (2.13)

Proof. Via partial summation, we have that for |u] < ¢~* and for Y > 1 that

Y-1

Z u Z poe, (D) = Meyr, (Y Z Meyr, (X —u¥ ).

N=0  deg(D)=N

By taking the limit as Y tends to infinity and using (2.3) and (2.12]), we obtain
the result. O

The key result that we make use of is the following.

Lemma 2.10 (Landau’s Theorem). Let A(X) be real-valued sequence, and sup-

pose that there exists a positive integer Xo such that A(X) is of constant sign
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for all X > Xy. Furthermore, suppose that the supremum v. of the set of points
v € [0,00) for which the sum

Z A(X)p*

X=Xo

converges satisfies v. < 1. Then the function
Fu)=> AX)u*"
X=1

is holomorphic in the disc |u| < v. with a singularity at the point v..

Proof. By making the change of variables v = ¢~7, we have that

S Xt = -0 /XOOA([XJ)eX"dX

l1—e?
X=X
B oe’ /°° A(|logz]|) dx
 l—eC X0 x° ’

where | X | denotes the integer part of X, and the second equality follows from

the substitution x = eX. Similarly, letting u = e=* for R(s) > v., we have that

ZA(X)qulz_ se’ /OOA<UngJ) d_ZL’

1—e¢8 xs T
X=1

The result now follows directly from [19, Lemma 15.1]. O
Finally, we also require the following combinatorial identity.

Lemma 2.11. Let |u| < 1, and let r be a positive integer. Then

inluX — 1
~ (1 —wu)r

where the coefficients

Alr—1,k) = Ek: (r) (1) (k+1—j)*

=0

—_

<

Alr — 1, k)uft, (2.14)
0

i

are Eulerian numbers, which satisfy the identity

[y

<

Alr—1,k) =rl
0

i
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We first deal with the case where /g is an inverse zero of Z¢r, (u).

Proposition 2.12. Let g > 1, and suppose that v = \/q is an inverse zero of
Zoyr,(u). Then v has order r > 2, and

- [ Mcyr, (X))
In particular, the Mertens conjecture for the function field C/F, is false.

Proof. If u = ,/q is an inverse zero of Zgr,(u), then this zero must be of order

r > 2 due to the functional equation for Z¢ g, (u). In this case,

(u— q_1/2)r 7!
lim == )
u—rq—1/2 ZC/qu(U) ZC/Fq(r) (qq/z)

and this is nonzero and real as Z¢/r,(v) is real for all real v, so all derivatives of
any order of Z¢ /g, (v) at real values v must be real.

Now if (—l)T/ZC/]Fq(T) (q*1/2) is negative, then we suppose that there exists
some ¢ > 0 and a positive integer X, such that Meyr, (X) > —cX"1¢*/? for all
X > Xy; we will show that for this to be the case, we must have that ¢ > ¢q for

a certain ¢y > 0, and hence that

lim inf —MC/]FQ (X)
X 00 XT*qu/Q

Indeed, if Mcyr,(X) > —cX"1¢*/? for all X > X, then by ([2.13) and (2-14),

< —cy < 0.

Z (Moye,(X) + X" 2) 0

X=1
r—1
1 C
- + T Alr — 1, k)g®F D241 (2,15
(1 o u)ZC/]Fq(u) U (1 — \/au) ;0 ( )q ( )

The right-hand side of is holomorphic for |u| < ¢~'/? and has a singularity
at u = ¢~ '/?, so Landau’s theorem implies that the sum on the left-hand side of
converges for all [u| < ¢~'/2 and defines a holomorphic function F(u) on
this open half-plane. We then multiply both sides of by (1 — \/Eu)r and

consider the limit as u tends to ¢~'/2 from the left through real values; from the

right-hand side of (2.15]), we find that this limit exists and is equal to

(=1)"q"r!
(1 _ q—1/2) ZC/IFQ(T) (q_1/2)

+ c/qr!.
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Now if this were negative, then the left-hand side of would tend to negative

infinity as u approaches ¢~ /2 from the left. This, however, is impossible, as we

can split up this sum into two parts: a sum from X =1 to Xy — 1, and a sum

from X = X to infinity, and the former sum is uniformly bounded as u tends to

¢/, while the coefficients of the latter sum are nonnegative. Consequently, we

conclude that the inequality Mo/, (X) > —cX m=1¢X/2 for all X > X, can only
hold provided

(_1)r+1 qr/2

- (\/a_ 1) ZC’/]Fq(T) (q_l/Q)

If (=1)"/¢eym, ("(1/2) is positive, on the other hand, we instead suppose that

the inequality Mc/r,(X) < cX71¢%/? holds for all X > X, in which case an

analogous argument applied to the equation

> 0.

Z MC/Fq . CX’r‘—qu/Q) uX—l
X=1

r—1

1 c
- - -3 Al — 1 kg2
(I —uw)Zew,(u)  u(l—\/qu) ;

shows that
: Mcyr, (X) (=D)rg”?
lims J >
I)I(Ilﬁolip XT—1gX/2 = (\/a_ 1) ZC/IFE,(T) (¢~1/2)
The case when Zcyr, (¢7'/?) # 0 but Zcr,(u) nevertheless has a zero of

multiple order follows by a similar but slightly more complicated argument.

> 0. [l

Proposition 2.13. Let g > 1, and suppose that Zcr,(u) has an inverse zero
v = \/aeif)(v) of order r > 2, but that the order of the inverse zero at \/q is of
order strictly less than r. Then

| Mz, (X)]

152 > 0.

lim sup
X—o0 Xr=

In particular, the Mertens congecture for the function field C'/F, is false.

Proof. Suppose there exists some ¢ > 0 and a positive integer X, such that
Mer,(X) > —cX"1¢%/? for all X > X,. Once again, Landau’s theorem shows
that the equation

Z MC/]Fq +CXT_1qX/2) uX—l
X=1

1 c

= (1 — U)ZC/]Fq< ) (1 — \/_

r—1
ZAT—l k?) k+1/2 k+1
ur =0
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1/2

is valid for |u| < ¢~'/% and defines a holomorphic function F'(u) in this disc. Then

for |u| < ¢~/

Z MC’/]F X/2Xr—1) (14 cos (¢(y) — (X —1)0(7))) ™!

efzd’( ) ]_ — ue 9(7)
2 1—u

6 ( ) ]_ — ueiie(’Y)
2 1—u

=T —ar —(_1)7‘77‘
o(v) = g ( Zom® (7_1>> .

Upon multiplying both sides of (2.16) by (1 — \/Gu)r, we find via the right-hand
side of (2.16) that as u tends to ¢~'/2 from the left through real values, this

quantity converges to

= F(u) + F (ue ™) + F (ue®™) . (2.16)

where we let

q/?r!

Zep,"” (77)

c/qr! —

Y

(1=q)

which must be nonnegative: otherwise, the left-hand side of (2.16|) would tend
to negative infinity as u approaches ¢~/2 from the left, a contradiction given the
uniform boundedness of the sum from X = 0 to X, as u tends to ¢~/? and the

fact that the sum from X = X to infinity is nonnegative. Thus

qT/2
c> > 0,
(vi—1) ’ZC/FQ(T) ()
and so u X 2
lim inf Xf”iq(x/z) < - a <0.
o 4 (va-1) ‘ZC/IFq(” (7‘1)’
An analogous argument shows that we also have that
M X r/2
lim sup ore,(X) q > 0. O]

r—1,X/2 — r _
Koo X (g 1) |2y, (1)

2.3 The Limiting Distribution of M(;/FC](X)/QX/2

Let m denote the Lebesgue measure on [0,1]?. For a Borel set B C R and a
Borel-measurable function f : [0,1]Y — R, we write m(f(61,...,6,) € B) for

m({(01,...,0,) € [0,1)7: f(6,...,0,) € BY).
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Our main result for this section is the following expression for the natural density
of the set of positive integers X for which ‘MC/Fq (X )‘ < ¢*/?, the proof of which
is similar to that of the key result of Cha in [4] on Chebyshev’s bias in function
fields, which in turn is based on the seminal work of Rubinstein and Sarnak in
[25].

Proposition 2.14. Let C be a nonsingular projective curve over Fy, of genus

g > 1, and suppose that C' satisfies LI. The natural density
o1
d (PC/Fq;u) = Ylgrgo ?# {1 <X <Y |MC/JFq(X)| < QX/Q}
exists and is equal to

(7o) =123

1 Y
Zep, () v —1

cos(2m0;) < 1) . (217

From this, the proof of Theorem [1.6] follows quite easily: it is clear that this
density is strictly positive, as there exists an open neighbourhood of the point
(1/4,...,1/4) € [0,1]¢ such that

1 i
Zegw, (v;1) Vi —

. cos(2md;) <1

inside this neighbourhood, while it is immediate that d (PC/FQ;M) = 1 when

Sl

. Zew, () —1

<1.

If the inequality above does not hold, however, then d (PC/FW) < 1, for then
there exists an open neighbourhood of (0,...,0) € [0,1]Y such that

g

2

j=1

1 i
Zew, (1) i —

1 cos(2mf;) > 1

inside this neighbourhood.

In fact, we prove something slightly more general than Proposition 2.14} we
show that Mcr, (X)/ ¢*/? has a limiting distribution as X tends to infinity, the
construction of which is based off the Kronecker—Weyl theorem. For any nonsin-
gular projective curve C over F, of genus g > 1, allows us to write

Meyr,(X)
W = EC/Fq;u(X) + EC/IFq;#(X)v
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where

T iXe()
EC € v s
/quli EW : ZC/]Fq _ )7 1

1
5C/Fq;u<X) = Ogyg <qX/2> )

provided that all of the zeroes y~! of Zcr, (u) are simple. We begin by first
constructing the limiting distribution of E¢/r, ;. (X).

Lemma 2.15. Let C' be a nonsingular projective curve over F, of genus g > 1,
and suppose that all of the zeroes v~1 of Zcoyw,(u) are simple. There exists a

probability measure vor,,, on R that satisfies

Jim —Zf Beys,u(X) = [ 1) dvcye,(o)

for all continuous functions f on R.

Proof. By the Kronecker-Weyl theorem with ¢; = 6(v;)/2m for 1 < j < g, there

exists a subtorus H C TY satisfying

= iX60(71) iX0(vg)) —
Ylgrolo Zh ey € ) /Hh(z) dpp(2)

for every continuous function h on TY, where ppy is the normalised Haar measure
on H. We now define the probability measure vor,;, on R by

VC/IFq;u<B) = pup(B)

for each Borel set B C R, where

g9
- 1 i
B=<(z1,...,24) € H: 2R — Iz | €B;.
{ ’ <;ZC/F(;,(%‘1)%‘_1J

The function
_oR Zg: 1 Y
ZC/[F ( ) Y — 1

is continuous on H, so B is a Borel set in H, and v¢/p,,, is a probability measure

as py is the normalised Haar measure on H. So for a bounded continuous function
f on R, we define the function h(z, ..., 2,) on the g-torus T9 by

g
1 Vi
Mz, oy2g) = f | —2R —— 2. ,
! J < (; Zese, (V; Do —17
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so that h is continuous on TY with
f (EC/FW(X)) —h (ez’XG(’Yl)’ o ’e’iXG('yg)) .

Hence by the Kronecker—Weyl theorem,

/Rf(x) dyc/m(x):/Hh(zl,...,zg) dun (o, 2)

= lim — Z h (X000 ,eiXG(VQ))

Yoo Y

=Ylgr;oyzf Ecyegn(X). m

Next, we show using this construction that Mcyr,(X)/q*/* has a limiting
distribution on R. The key tool is the following result that allows us to show that

a sequence of measures is weakly convergent.

Lemma 2.16 (Portmanteau Theorem [2, Theorem 2.1]). Let {vy }5°_,, v be prob-

ability measures on a metric space X. Then the following are equivalent:

(1) The sequence of measures vy converges weakly to v; that is,

lim / f(z) dvy (z / f(z)dv(zx
Y —o0
for every bounded continuous function f: X — R.

(2) For every Borel set B C X whose boundary has v-measure zero,

Ylgrgo vy(B) = v(B).

(8) For every bounded Lipschitz continuous function f: X — R,

Ynjr;o/f ) dvy (2 /f ) dv(x

We also require the following lemma to show the existence of a weak limit of
measures. This relies on the notion of tightness of a sequence of measures: we
say that a family of probability measures {ry} on a metric space X is tight if for
every € > 0 there exists a compact set K C X such that vy (K) > 1—¢ for all Y.

Lemma 2.17 (Prohorov’s Theorem [2, Theorem 5.1]). Let {vy }$5°_; be probability
measures on a metric space X. If {vy}5°, is tight, then every subsequence of

{vy }5°_1 has a weakly convergent subsubsequence.
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Proposition 2.18. Let C be a nonsingular projective curve over F, of genus
g > 1, and suppose that all of the zeroes v~ of Zoyr,(u) are simple. The function
Meyr,(X)/q*? has a limiting distribution vos,,, on R. That is, there exists a

probability measure voyr,,, on R such that

1 o, [ Mg, (

. ]Fq

Ylgr;o?;f( 2 ) /f ) dve ()
for all bounded continuous functions f on R.

Proof. For each positive integer Y, let vy, be the probability measure on R given
by

1 M X

for any Borel set B C R, so that for any continuous function f on R,

Y
/f z) dvy ,(x — 2 Zf(MC/;F(q/z )).
=1

As Mcyr, (X)/ ¢*/? is bounded, the probability measures {vy,} are tight, so by
Prohorov’s Theorem, for every subsequence {Y};} there exists a subsubsequence
{Yi,} and a probability measure Ueyr,;, such that vy, ;. converges weakly to
Ve pgn- We will show that vep,., = vosr,, for every such subsequence, which
will imply that the probability measures {vy,} converge weakly to vor, ., as
required.

So if VY, CONVErges weakly to Uor,;,, then by the Portmanteau theorem,

Ykg
1 Mo, (X)) _ ~
gy ot (M) =t o) = [ 101

for every bounded Lipschitz continuous function f : R — R, that is, for every

function f for which there exists a constant ¢y > 0 such that

syeR [T — Y|
zAy

The Lipschitz condition implies that

Yke

Y,
1 Meyr, (X Z Z
f( ) f E " - ) "
Yy, Pt g X/ Yk)g C/Fqin lec/Fyn(

le
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As /¢ tends to infinity, the left-hand side converges to fR dyc/Fq u(x) by as-
sumption. On the right-hand side, the first term converges to fR r) dver,; ()
by Lemma m, while the second term tends to zero as egr,;.(X) = O(q*/?).

Thus
/ f(x) dveyr,;u( / f(x) dver,.. ().

Furthermore, the Lipschitz condition also implies that

) Yie, M Yie,
C/IFq

— — e Z E eo/r,u(X)|,

Yi, Xzzlf ( BYE ) Vi, £ Z F (Ecprn(X)) + Yk@ XE 1\ 0/ (X)]

and hence

/ £ (&) s, / £ () dvcys, ().

Combining both inequalities shows that vy, ;, converges weakly to veyr - By

the uniqueness of weak limits of measures, we conclude that ve/r, . = vospp- O

Proof of Proposition|2.14. The Portmanteau Theorem together with Proposition
implies that

1 M, X
lim ?#{1 <X <Y L() € B} = VC/IFq;u(B)

Y —oo qX/2

for every Borel set B C R whose boundary has vg/p,,,-measure zero. From
this, we can show that d (Peyr,,,) exists and is equal to veyw,,.([—1,1]) provided
ver,n({—1,1}) = 0. To prove this last point, we observe that the assumption
that C satisfies LI implies that the topological closure of

H = {(P0% . ?00X) e T9: X € 7}

in T9 is H = T9. So the normalised Haar measure on H is the Lebesgue measure

on the g-torus, and consequently for a Borel set B C R,

g
1 - .
vesrgu(B) =m (—23% (Z — "7] ezmej) c B)

=1 ZC/IFq ('Vj )7] -1

1 cos(2ml;) € B>

by the translation invariance of the Lebesgue measure. Note that

9 1 v

< Zew, () v —

1 cos(2mf;)
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is real analytic on [0, 1]9 and not uniformly constant. As the zero set of a non-

uniformly zero real analytic function has Lebesgue measure zero, we determine

that
g
m (2 Z
j=1

for any ¢ € R. Thus vgjr,,, is atomless, and hence d (PC/JFq;u) is equal to
vere([—1,1]). 0

1 i
Zeys, (7)1 =1

cos(2m0;) = c) =0



Chapter 3

Examples in Low (enus

3.1 Elliptic Curves over Finite Fields

In this chapter, we study local Mertens conjectures in the simplest nontrivial case,
namely g = 1, where we suppose that C'/F, is the function field of an elliptic curve
over a finite field. That is, we suppose that C' is a nonsingular projective algebraic
curve of genus one over I, with a given point defined over F,. Then Z¢ /g, (u) is

of the form ( 1 )
_ (=)l —7yu) _ 1—au+qu’
Zcyr, (u) = (1—u)(1— qu) N (1 —u)(1 — qu)

for some v = ,/ge”) with 0 < 6(y) < 7, so that the integer a satisfies

a=2R(y) = 2 /qcos (7).

Equivalently, v can be defined in terms of the integer a via

a
0(~) = arccos <—) :
2\/q
Geometrically, the integer a is the trace of the Frobenius endomorphism acting
on the elliptic curve C over F,. Notably, there are several restrictions on the
possible values that a may take. The following lemma fully characterises the

possible values of a.

Lemma 3.1 (Waterhouse [29, Theorem 4.1]). Let a be an integer. Then a is
the trace of the Frobenius endomorphism acting on some elliptic curve C over a
finite field F, of characteristic p if and only if one of the following conditions is
satisfied:

27
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(1) a # 0 (mod p) and |a| < 2./q; for such an integer a, the corresponding
angle 0(7) is such that 0(v)/m is irrational,

(2) (i) q=p™ with a = 2,/q, where m is even, so that 0(y) = 0,
(2) (i) q=p™ with a = —2,/q, where m is even, so that 0(y) = 7,

(3) (i) q = p™ with a = \/q, where m is even and p # 1 (mod 3), so that
0(v) =7/3,

(3) (i) q = p™ with a = —./q, where m is even and p # 1 (mod 3), so that
0(v) = 2m/3,

(4) (i) q=2™ with a = \/2q, where m is odd, so that 6(y) = 7 /4,
(4) (i) q=2™ with a = —/2q, where m is odd, so that () = 3 /4,
(4) (iii) q = 3™ with a = \/3q, where m is odd, so that 6(y) = /6,
(4) (iv) q = 3™ with a = —/3q, where m is odd, so that () = 57/6,

(5) q = p™ with a = 0, where either m is even and p Z 1 (mod 4), or m
is odd, so that 0(y) = m/2.

From the second part of this lemma, we may completely determine which

elliptic curves satisfy LI.

Corollary 3.2. Let C be an elliptic curve over a finite field IF, of characteristic
p, so that a and q satisfying one of conditions (1)—(5) of Lemma (3.1 Then C
satisfies L1 if and only if condition (1) is satisfied, Zcyw, (u) has zeroes of multiple
order if and only if condition (2) is satisfied, and C fails to satisfy LI but Zcp, ()
has only simple zeroes if and only if one of conditions (3)—(5) is satisfied.

Next, we determine an explicit expression for M¢r, (X)/ ¢*/? using Propo-
sition [2.4; remarkably, we may eliminate any error term for this expression.
We must consider two cases: when Z¢ /g, (u) has only simple zeroes, and when

Zcyw,(u) has a zero of order 2. For the first case, we have the following result.

Proposition 3.3. Let C' be an elliptic curve over Fy, and suppose that Zc s, (u)
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has only simple zeroes. Then

MC/]FQ(X) q—|—]_—CL
W — 2 WCOS (M+X9>, (31)

where a is the trace of the Frobenius endomorphism, and w € (—mw/2,7/2), 0 €

[0, 7] are given by

w = arctan (a——2> : (3.2)
2+/4q — a?
6 = arccos (L> : (3.3)
2Vq
We remark that is equivalent to
%q/i—‘;gm = cos(X0) — % sin(X6). (3.4)

Proof. The fact that Z¢ /g, (u) has only simple zeroes is equivalent to v # 7. Now
using the fact that

. Y= Y A=y
Zem, (v N =- = - — :
e (07) (=7 —gyv) y—-17-1
we find from (2.10)) that
Mo, (X) 7 =1 ixg y—1 1
— = el A/) + ——¢€ ZXH(,Y) + _RX q, 17 T
qX/? e Y—7 qX/? ( )
_ 71 ixem 1
—2§R (7_76 +qX/2RX<Q7]-7T)7

with Rx(¢,1,T) as in (2.11)). As y = /ge"™), we see that
7-—1 _ qcos 0(y) — 1 —iy/gsinf(v) _ Va+1—2/qcos 9(7)62.‘#(7)
¥—" —2i,/qsin6() 2,/qsin6(v)

where
Vacosf(ry) — 1)
Vasiné(y) ’

Y

w(vy) = arctan (
and consequently

MC/]Fq(X> — \/q + 1 _ 2\/6(3080(7) COS (w(v) —f‘ XQ(’)/)) + qT1/2RX(q7 1a T)

e Jasm ()
— cos(X6(7)) - ﬂ;;;fgg,y; S (X00)) + (a1 T)

(3.5)
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where the second equality follows from the cosine angle-sum formula. Now the
proof of Proposition shows that Rx(q,g,T) is constant for X > 3 — 2¢, and
hence for all X > 1 when ¢ = 1. We can therefore determine the value of
Rx(q,1,T) simply by taking X =1 in (3.5), so that

MC/IFq(]') =1+ Rl(q7 17T)

On the other hand,

Mo, (1) = > peys,(D) =1

deg(D)=0

as the only divisor of degree zero is the zero divisor, and so Rx(q,1,7) = 0. We
complete the proof by noting that a = 2,/gcos(y) with 0 < () <, so that

2/qsinf(y) = \/4q — a®. O

The analogous result in the case where Zc /g, (u) has a zero of multiple order
is the following.

Proposition 3.4. Let C be an elliptic curve over a finite field F, of characteristic
p, and suppose that Zcyw, (u) has zeroes of multiple order, so that ¢ = p™ with
a = *2,/q, where m is even. Then

Meyr,(X)

A —(£1)* (1 F %) X + (£1)*. (3.6)

q

Proof. 1f a = +2,/q, then v =7 = £,/g. From the proof of Proposition 2.4} we
have that for N > 0,

1 1 1 1 1
D)= — Res + _j[ du,
deg(ZD)::N MC/Fq( ) u=-+q-1/2 uNtL Zeyw, (u)  2mi e ulN+1 Zeyw, (u)

with the last term equal to zero for N > 1. Now

1 d (uTq V) (1—u)(l—
Res = lim — ( T4 ) (1 —u)( q2U)
u=tq=1/2 UM Zoyp (U)  ustq /2 du uN+1 (1 - \/QU)

— (:l:l)N+1 (\/C_]:F 1)2 Nq(Nfl)/Q.

This vanishes when N = 0, whereas > ;.. p)—o tteyr, (D) = 1, and so

1 1 1

— ———du = 1.
21 Jo, u Zeyw, (w)
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Consequently,
1 if N=0,
> o, (D) = ()N (Vg F 1) NV 4
deg(D)=N 0 otherwise,

which leads to the result upon summing over all 0 < N < X —1 and then dividing
through by ¢*/2. O

These two results can now be used to find the values

| Meyr, (X))

B(C/F,) = limsup X2
q

X—o0

1
d (Peye, i) :Yli_rgo?#{l <X <Y Mo, (X)| < 57}

for each elliptic curve C' over a given finite field IF,. In the following section, we
determine these two values for each possible combination of values for ¢ and a as
determined in Lemma [3.1], culminating in a proof of Theorem [1.7]

3.2 Proof of Theorem

We must determine B(C//F,) and d (Pcyr,,.) for the restricted values of ¢ and a
found in conditions (1)—(5) of Lemma

(1) If ¢ = p™ with @ # 0 (mod p) and |a| < 2,/q, then 6/7 is irrational,
with 6 as in (3.3). The Kronecker—Weyl theorem then shows that X6 is

equidistributed modulo 7 as X tends to infinity, and so from (3.1J),

g+1—a
27

B(O/E) =2/

1 1 | 49 — a?
d (,PC/IE‘q;M) =1- ; arccos <§ m) .

The Mertens conjecture for C/IF, therefore holds precisely when

1 —
0 JLT -7
4q — a?
Upon squaring both sides and simplifying, we arrive at the inequality

((1—2)2 < Oa
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which has only the solution a = 2, provided p # 2. Similarly, d (Pc/yq;u) =1

1 | 4q — a?
arccos [ =4/ ——— | =0,
2\ ¢g+1—a

which again holds only when a = 2 and p # 2.

if and only if

(2) If ¢ = p™ with a = £2,/q, where m is even, then from ({3.6)),
B(C/F,) = o0,
d (Pesp ) = 0.
For conditions (3)—(5), we find that Mcr, (X)/q*/? takes only finitely many
values, so that the limiting distribution of Mz, (X)/ ¢*/? is simply a finite sum

of point masses. The natural density d (PC/FW) in each case is therefore given

by the proportion of values taken by Mc/r,(X)/ ¢*/? that lie between —1 and 1.

(3) (i) If ¢ =p™ with a = /g, where m is even and p # 1 (mod 3), we have
from (3.4)) that

Mo oo () - v (- 7)= (%)

We calculate the 6 cases of X (mod 6):

X (mod 6) MC/Fq(X)/qX/2

0 1
1 1/\/5
2 —1—}-1/\/6
3 —1
4 1/
5) 1—1/\/6
So
B(O/Fq) =1,

d (PC/]FQW») = 1.

(3) (ii) Similarly, if ¢ = p™ with a = —,/q, where m is even and p #Z 1 (mod 3),
M, X 2 X 3 2 2 X
C/;F(—i):cos (L) +£ <1+—> sin (L>

q 3 3 NG 3
The 3 cases of X (mod 3) are
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X (mod 3) MC/Fq(X)/qX/2

0 1
1 1/
2 -1 - 1/\/6
This shows that
1
B(C/F,) =1+ —,
( / Q) \/a
2
d (PC/FqW) =3

(4) (i) If g = 2™ with a = /2¢, where m is odd, then

—MC/FW(X) = oS (e 1— 1 sin X
omX/2 - 4 2(m—1)/2 4 )

We analyse the 8 cases of X (mod 8):

X (mod 8) Mecyp,m (X)/2mX/2

0 1
1 27m/2
2 —1 4 2-(m=D/2
3 —V2 4272
4 —1
5 —27m/2
6 1 —2-(m=-1)/2
7 V2 —27m/2
So
1 if m =1,
1 ifm=1,
d (PC/F2m;#) =
3/4 if m > 3.

(4) (i) Likewise, if ¢ = 2™ with a = —+/2¢q, where m is odd, then

Mcrym (X) B 3rX 1 i 3rX
W—COS T + 1+m Sin T .

The table of values of X (mod 8) is
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X (mod 8)  Mcyp,. (X)/2m%/2

0 1
1 2-m/2

2 1 42 (m=1/2
3 V24+27m2
4 ~1

5 —27m/2

6 —1— 2 (m=-1)/2
7 —V/2 -2/

Thus

1
B(C/FQm) = \/§+ W’
1

d (PC/F2W;N) = 92"

(4) (iii) If ¢ = 3™ with a = /3¢, where m is odd, then
MC/IFgm(X) . X 1 2 . X
Tz T\ )\ T 3m) T T )

The 12 cases of X (mod 12) are

X (mod 12) M /pam (X)/3m5/2
0 1

1 (V3 —1)/2 + 3" m/2

2 —(V3—=1)/2 43 (m=D/2
3 —1+2x3m?2

4 —(V3+41)/2 -3 (m=1/2
5 —(V3+1)/2 432
6 ~1
7 —(v3—-1)/2 3™
8 (V3—-1)/2 =3~ (m=1/2
9 1—2x3 ™2

10 (V3+1)/2 4 3 (m-D/2
11 (V341)/2 — 3™/

Consequently,
B/ = L, L
4 (Poseyn) = 2

3
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(4) (iv) Next, if ¢ = 3™ with a = —/3¢, where m is odd, then

MC’/Fgm (X) b X 2 . b X
W = COS T + ]. + W S11 T .

Now

X (mod 12) M /pam (X)/3m5/2
0 1

1 ~(V3—=1)/2 43 ™2
2 ~(V3-1)/2 = 3~ (m=1/2
3 1+2x3 ™2
4 —(V3+41)/2 =3 (m-1/2
5 (V3+1)/2 — 3 m/2
6 ~1
7 (V3 —1)/2 — 3™/
8 (V3 —1)/2 4 3~ (m=1/2
9 —1—-2x3™?
10 (V3+41)/2 4 3 (m-1/2
11 —(V3+1)/2+3 ™M/
So we have that
B(C/F?)m) = \/§2+ ! + 3(m11)/2>

1
d (PC/FamW) = 5

(5) Finally, if ¢ = p™ with @ = 0, where either m is even and p # 1
(mod 4), or m is odd, then

The 4 cases of X (mod 4) are

X (mod 4) Mcyr,(X)/q~?
1

1/Vi

-1

~1/\/4

w NN = O
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—_

B(C/F,)
d (PC/]FQW‘)

Y



Chapter 4

Global Mertens Conjectures

4.1 Averages over Families of Curves

In this section, we find a matrix theoretic expression for the average proportion
of curves in a certain family for which the Mertens conjecture is true as the finite

field F, grows larger. This involves expressing the quantity

| Meyw, (X))

B(C/F,) = limsup 2

X—00
in the language of unitary symplectic matrices. The space of unitary symplectic
matrices USpy, (C) consists of 2g X 2g matrices U with complex entries satisfying
UU = I and UTJU = J, where J = <_(}g 10g> The eigenvalues of U lie on

the unit circle and come in complex conjugate pairs, so that we may order the

eigenvalues €', ... e such that 0;,, = —0; with 0 < 0; < 7 for 1 < j < g.
Conversely, given (64,...,60,) € [0, 7], the diagonal matrix with diagonal entries
e, e em® e lies in USp,,(C). Thus the set of conjugacy classes

USp,, (C)# of USp,,(C) corresponds to [0, )9

Definition 4.1. For each U € USp,,(C), we define the characteristic polynomial
Zy(0) for real 6 by

Zy(0) = det (I —Ue™).

Equivalently,
29 ' 9
Zy(0) = H (1—e%=0) =29 Hele (cosf — cos ;). (4.1)
j=1 j=1

37
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For a nonsingular projective curve C' over [, of genus g > 1, there exists a
conjugacy class ¥(C/F,) in Uszg((C)#, called the unitarised Frobenius conjugacy
class attached to C//F, satisfying

e—if 29 o
Zy(c/ry)(0) = Foyr, < > =[] (1= 0. (4.2)
\/a j=1
That is, the eigenangles (61, ...,6,) corresponding to the unitarised Frobenius

conjugacy class J(C/F,) are precisely (6(71),-..,60(7,))-
We shall find an expression for B(C/F,) in terms of Zyr,)(¢) in the large ¢
limit. For U € USp,,(C), we define the function p(U) by

2g 1
U) =% ——0,
)= 2 5w

W1 .., e"%s are the eigenvalues of U. We observe that ¢ depends only on

where e
the conjugacy class (61, ...,0,) of U, and that ¢ is always nonnegative, though it
blows up if U has a repeated eigenvalue. Note, however, that the set of matrices
in USp,,(C) with repeated eigenvalues has measure zero with respect to the

normalised Haar measure on USp,, (C).

Lemma 4.2 (Cha [5, Equation (26)]). Suppose that C' satisfies LI. Then we have
that

BIC/E,) = £ ((C/E) +0, (e (0(C/E)
i the large q limit.

Proof. As C satisfies LI, we have from Theorem [2.6] that

S

ZC/IFq

Now by (£.1),

v o 1-7
Zow, (V=1 Pow,/ (v
whereas differentiating (4.2)) shows that

, ie , e~
Zycsr,)'(0) = — ﬁPC/Fq 77 ) (4.3)

and so by taking 6 = 6(7), so that e/, /g =7, we find that

1 v je—20(7) 1 je— 00
ZC/IFq/ (’Y_ )’Y —1 Zﬁ(C/IFq) (6<’7)> \/gzﬂ(c/wq)’(e(’Y))'
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This yields the asymptotic

1 v 1 Lo < 1 1 >
Zew, (V) =11 | Zacmy) O] T \VA | Zocsm,) O))])

so by summing over all inverse zeroes 7, we obtain the desired identity. O]

We wish to determine the proportion of a family of curves that satisfy the
Mertens conjecture. While we would like to choose this family to be as general as
possible, it is imperative that we ensure that most curves in such a family satisfy
LI, for otherwise it becomes significantly more difficult to analyse the behaviour
of B(C/F,). For this reason, we choose a family of hyperelliptic curves, as we
shall show that we are then assured that LI holds for most such curves, with
the added bonus of a framework for certain equidistribution results to hold. Via
Theorem , the former property yields yield a precise formula for B(C/F,),
while the latter allows us to use random matrix theory to compute averages in
terms of integrals over USp,,(C).

Let ¢ = p™ be a prime power with p > 2, n > 1, and let Fj» be a finite
field with ¢" elements. For ¢ > 1, let f be a monic polynomial of degree 2g + 1
with coefficients in Fy» whose discriminant is nonzero; equivalently, let f be a
squarefree monic polynomials in F«[z] of degree 2g+ 1. Each such polynomial f
thereby defines a hyperelliptic curve Cy of genus g over Fy» via the affine model
y? = f(x). So we let Hayi 1,4 denote the set of these hyperelliptic curves C' = Cy
over F;». We are interested in properties of such curves C' shared by “most”
C € Hogyign-

Definition 4.3. We say that most hyperelliptic curves C' € Hag11 4, have the
property D = {D,}2, as n tends to infinity if

lim #1{C € Hogr1,4 : C satisfies D}

1.
n—oo #H29+1,q"

Theorem 4.4 (Chavdarov [6], Kowalski [16]; see [5, Theorem 3.1]). For fized q

and g > 1,
lim #{C € Hog1,4 : C satisfies LI}

1.
n—oo #HFHogi1,qn

That is, as n tends to infinity, most hyperelliptic curves C' € Hagy1,4n, satisfy LI

For brevity’s sake, we write C' € Hggt1,4 NLIif C satisfies LI, and conversely
if C' does not satisfy LI, we write C' € Hagi1,4n N LI
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Proposition 4.5 (Deligne’s Equidistribution Theorem [I3, Theorem 10.8.2]). Let
[ be a continuous function on USp,,(C) that is central, so that f is dependent
only on the conjugacy class (01, ...,0,) of each matriz U € USpy,(C). Then for
921,

. 1

im ———— S f@(C/F) = / F(U) dptiaan(U),

n—o0 n
#Hag+1,4 C€Hay11.4n USpy, (C)

where [igaar 1S the normalised Haar measure on USng(C).

Equivalently, consider the sequence of probability measures

1
= — 1)
Hn #H2g+1,q" CEHQZMLW ﬂ(C/IFqn)
on USp,,(C), where 0+ is a point mass at a conjugacy class U € USp2g(C)#.
Then Deligne’s equidistribution theorem merely states that the sequence of mea-
sures f1, converges weakly to fir..r as n tends to infinity. As USp,,(C) is a
connected Lie group, and hence metrisable, we may apply the Portmanteau the-
orem to the sequence of probability measures ji, in order to obtain an equivalent

reformulation of Deligne’s equidistribution theorem.

Corollary 4.6. Forg > 1,

lim # {C € HQg_t,_l,qn o, (O/Fqn) € B}

= HHaar B
n—oo #Hgg_;’_l’qn aa ( )

for any Borel set B C USp,,(C) whose boundary has Haar measure zero.

One can calculate this Haar measure precisely by using the following formula

to convert it into an integral over [0, 7]9.

Proposition 4.7 (Weyl Integration Formula [13, §5.0.4]). Let f be a bounded,

Borel-measurable complez-valued central function on USpy,(C). Then

[ O dunn @) = [ [ 1008 iy 01,0 (0)
USp,,(C) 0 0

where

29" d
dpusp (b, - ..,0,) = H (cos b, — cosb,,)° H sin® 6@, do, - - - db,. (4.5)
=1

g'lm9
1<m<n<g
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Lemma 4.8. Let B be an interval in R. Then the boundary of the set
{U € USp,,(C) : ¢(U) € B}

has Haar measure zero.

Proof. By differentiating , we have that

1< 2 1

=p(bh,...,0,) = E 0, . 4.

p(U) =01, 6y) 2071 = cosee jH|COSHk—COS9j| (0
k#j

So by the Weyl integration formula, we must show that for any interval B, the

boundary of the set
{(017 e ,Hg) S [O,’Tf]g : (,0(01, R ,09) S B}

has pusp-measure zero. Observe that pus, is absolutely continuous with respect

to the Lebesgue measure on [0, 7], and hence the sets

{(01,...,0,) €[0,7)7 : 0; = 0} for some 1 < j <k < g},
{(01,...,0,) €[0,7]?:6; € {0,7} for some 1 < j < g}

have pygp-measure zero; furthermore, the function ¢ is continuous on
{(01,...,99) € [0,7‘(‘]9 0 < 90(1) < ... < Qg(g) < 7'('}

for each permutation o of the set {1,...,g}. It therefore suffices to show that for

each ¢ € R and for each permutation o of {1,..., g}, the set
{<917'~'769) < [()’71']9 : 90(917"'?99) =6 0< 90(1) <. < 90(9) < W}

has pysp-measure zero. But in the region where 0 < O,(1) < ... < 05y < 7, the
function ¢(6y, ..., 6,) is not only continuous but real analytic and non-uniformly
constant. As the zero set of a non-uniformly zero real analytic function has
Lebesgue measure zero, and pysp is absolutely continuous with respect to the

Lebesgue measure, we obtain the result. O]

Lemma 4.9. For all g > 1, the function ¢ on USp,,(C) is integrable and satisfies
the bounds

220
0 S / SO(U) dﬂ'Haar(U) S - -
Usng((c)

™
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This result follows from the following lemma in conjunction with the bound
0 < [Z2y(0)] < 2%97D for all U € USpy, 1)(C) and @ € [0, ], which is found by
applying the triangle inequality to (4.1).

Lemma 4.10 (Cha [5, §4]). For g =1, we have that

4
/ o(U) dpistaan(U) = =,
USPQ (‘C) n

while for g > 2, we have the identity
2 [T
/ o(U) dptttaae(U) = = / sin 0 / 120(6)] dptstaan(U) do.
Uszg((C) ™ Jo USpZ(g—l)((c)

Proof. This is proved by Cha in [B, §4]; we include the details of the proof for
later comparison. The g = 1 case is trivial, as in this case ¢(U) = cosec#, and

hence by the Weyl integration formula,

A 4
/ o(U) dptraar(U) = —/ sinfdf = —.
USp,(C) T Jo ™

We note that, strictly speaking, we require ¢(U) to be bounded to use the Weyl
integration formula, but we may replace p(U) by ¢7(U) = min{p(U),T} and
then apply the monotone convergence theorem to obtain the above identity. For
g > 2, the Weyl integration formula together with the expression for p(U)
gives

2g 1

=77 Htaar(U)
/USpQg((C) ; 1Z0/(0;)] "
L L L R J 1
— S 0.
glmd /0 /0 29-1 jzlcosec ! 1!_11 |cos 0, — cos 6]
k#j

g
X H (cos b, — cos Gm)2 l_Isin2 6, db, - - - db,.
=1

1<m<n<g

Now the expression in the brackets above is symmetric in the 6,, variables, so the

summation on 7 may be replaced by g times a single summand, which we take to
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be 6,. This allows us to rewrite the right-hand side as

99 —g+1

g—1
b,
glm9 / / cosee H | [cos Oy, — cos@ o

X H (cos b, — cos Qm) H sin? 60, db, - - - dd,

1<m<n<g /=1

2 (" 20— )
:;/0 sin g, g—l'wgl/ /29 H|cos€k—cosé’|

X H (cos B, — cos Gm)2 H sin®6,dby - - - d09_1> db,.
=1

1<m<n<g—1

From (4.1)), we have that

g—1

291 H |cos by, — cosb,| = |2y (6,)],

k=1

where U is an element of USp,,_;)(C) in the conjugacy class (61,...,0,1). We
therefore have by the Weyl integration formula that

N
/ AU djtsgans (U) = > / sino, / 120 (8,)] dyirtees (U) dB,.
USpay (C) T Jo USpy(g—1)(C)

We have now developed the necessary machinery needed in order to study the

limit as n tends to infinity of the average

#{C € Hagy1,4 : C satisfies the Mertens conjecture}
#H2g+1,q" ’

which may be thought of as a geometric average of the number of hyperelliptic

curves in Hagi1 4 satisfying the Mertens conjecture. For brevity’s sake, we write

this average as

#{C € Hagy1,4 N Mertens}
#HZngl,q" .

Proposition 4.11. We have that

lim #{C € Hagy1,4» N Mertens}

n—00 #HQQ-i-l,q”

= ptrtaar ({U € USpy, (C) : p(U) < 1}).
Proof. For any € > 0, we may write

#{C € Hagy1,4» N Mertens} = Ay + Ay + Az + Ay + A5 + Ag + Ar,
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where

Ay =#{C € Hogr14n 1 0 (0 (C/Fpm)) < 1},

Ay = —#{C € Hogr1,,» NLI°: @ (I (C/Fyn)) < 1},

Az = #{C € Hagi1,4 N Mertens N LI},

Ay=#{C € Hogr1,o NL1: B(C/Fp) < 1,1 < (I (C/Fpn)) < 1+¢},
As = —#{C € Hagy1n NLL: B(C/Fp) > 1,1 —¢ < o (9(C/Fpm)) < 1},
Ag =#{C € Hogr1,4n NLL: B(C/Fgn) < 1,0 (0 (C/Fygn)) > 1+ ¢},

Ar = —#{C € Hogr140 NLL: B(C/Fpn) > 1,0 (I (C/Fp)) < 1—¢},

By Deligne’s equidistribution theorem,

Ay
lim ————— = aar U <1 )
nS00 #Hag 41 gn ftaar (P(U) )
while Theorem 4.4] implies that

I Ay ’ Az 0
im ———— = lim ————— = 0.
n—00 #H2g+1,qn n—00 #HQngl,q"

Next, we note that
|[Ag| + |As| < #{C € Hogr1,n : 1 —e < (I (C/Fpn)) < 1+¢},

and hence Ayl + |4
limsup¥ < piaar(l —e < (U) < 1+¢).

n—00 #H2g+1,q”

by Deligne’s equidistribution theorem. Finally, Lemma implies the existence

of a constant ¢(g) > 0 such that
|Ag| + |A7] < #{C € Hagr1,n 1 ¢ (0 (C/Fgn)) > ec(g)q™?} .

Lemma shows that ¢(U) is integrable, which implies that for any ¢’ > 0
there exists some T > 0 such that pigaa (9(U) > T) < €’ for all T > Ty. Thus

for any ¢’ > 0, we have by Deligne’s equidistribution theorem that

|[Ae| + 47| _ .. #{C € Hogr1n : 9 (0 (C/Fgn)) > ec(g)g"?}
lim sup < lim sup
n—00 HQg—i—l,q" n—00 #7‘[294_1#”
< lim #{C € Hogi1,9n 1 9 (U (C/Fyn)) > T}
T n—oo #’qu_‘_l,qn

= HUHaar (SO(U) > T)
<.
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As €’ > 0 was arbitrary,

I As . Az 0
11 = 111m = .
n—oo #FHogr14n  no00 #FHog 1 g

So we have shown that for any € > 0,

lim #{C € Hagy1,4» N Mertens}
n—00 #7—[29_’_17(171

— pHaar (P(U) < 1)
< it (1 — ¢ < 0(U) <1 +¢).
As € > 0 was arbitrary, and
l_i_f}(l)MHaar(l —e<pU) £1+¢€) = finaar (p(U) = 1) = 0,
we obtain the result. O

So in order to prove Theorem [1.8] we must show that pigaa (0(U) <1) =0
for 1 < g < 2. Here the minimum of ¢ can be determined explicitly, and in

particular it can be shown that the set

{(91,...,89) S [O,?T]QIQO(Ql,...,Qg) < 1}

is finite; this then implies the result via the Weyl integration formula, together
with the fact that the measure pysp is atomless, with pys, as in (4.5). More
precisely, for each permutation o of the set {1,...,g}, there is precisely one

global minimum of ¢ in the region

{(01,....0,) €0,7)7:0 < Op1) < ... <bpiq) <7},

with this minimum occurring at the critical point (50(1), e ,5U(g)>, where
~ ~ 3 29 — 1
(frn)) = (227, Bo D) (4.7
29 29 29
One can interpret this result via a geometric argument. If z;,...,2, are g

points on the unit circle in the complex plane, then we may consider the product
of the chord lengths of chords from a single point z; to the other g —1 points and
also to the complex conjugate of z;. We can then think of ¢ as the sum over the
inverse of this product for each starting point z;. Intuitively, we would expect the
product of chord lengths to be largest when averaged over the starting points when
the g-tuple of points on the unit circle are evenly spaced while simultaneously
being as far as possible from the points £1; consequently, we would expect ¢ to

be smallest at this same g-tuple.
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Proof of Theorem[1.8 For g =1, we have from (4.6 that
@ (01) = cosec by,

which is always at least 1, and is exactly 1 only at the point ¢, = 7/2.
For g = 2,
1

1
= 6 6
3 Tcos by — cos ] (cosec 6y + cosec 6s)

2 (917 92) =

so for this to be at most 1, we must have that
f(01,05) = 2|cos By — cos by — cosec By — cosec by > 0.

Now when 0 < 0 < 0y < 7, we have that

0 .

a_efl = —2sin 91 + cosec (91 cot (91,
8_f = 2sin 0y + cosec 65 cot 5.
004

We set both of these to zero, multiply through by sin®# (with § = 6, for the
former and 0, for the latter), subtract cosf, and then square both sides, finding

that in both cases,
a5 4+ 2% — 1= (2x2—1) (2x4+x2+1) =0,

where x = sinfl. As 0 < 6 < m, this has only the solution =z = 1/\/§7 or
equivalently 6 € {m/4,3m/4}. So the only critical point of f in the region 0 <
01 < 0y < moccurs at (61,02) = (7/4,37/4); we may easily confirm that df /06, =
Jf /002 = 0 at this point, and also determine that f (/4,37 /4) = 0. So it remains

to show that this is a local maximum of f. Indeed,

>’f 2 3
20 = —2cos ) — cosec 0y cot” #; — cosec” 01,
1
of 2 3
0= 2 cos By — cosec B cot” By — cosec” 5,
2
o*f B 0% f

90,00, 00,00, 0,

and in particular, the Hessian matrix of second partial derivatives of f evaluated

at (w/4,3m/4) is
—4/2 0
0 —2v2)’



4.2 The Critical Point 47

which is negative definite. So (7/4,37/4) is a local maximum of f, and as f tends
to negative infinity as either 6; or 6y tends to 0 or 7, and f (01, 6,) = —2cosecf; <
0, the point (/4,37 /4) is the unique global maximum of f on the set where
0 < 0y < 03 < . The same argument shows that the unique global maximum of
f when 0 < 0 < 0; < m occurs at the point (37/4,7/4), with f (37/4,7/4) = 0.
Consequently, these are the only two points where ¢ (0, 6;) < 1. O

While we we can prove this result for 1 < g < 2, we are in fact able to show
that the critical point is a local minimum of ¢ for every positive integer g;
however, we are yet to be able to prove that this is also a global minimum. The
proof is long, and so we dedicate the entirety of the next section to showing this

result.

4.2 The Critical Point

We first demonstrate that ¢(6,...,60,) =1 at the critical point.

Lemma 4.12. Let (51, e ,5g) be as in (4.7)). Then for each permutation o of
{1,...,9}, we have that

@ (90(1), PN ,«90(9)> =1.

Proof. Tt suffices to prove this when o is the identity, as ¢ is invariant under
permutations of the variables. So by differentiating (4.1]), we have that

@(81,..., _2Z|ZU 22@] 917..., 7

where for each 1 < j < g,

1
0 (01, ..., 0g) = 6219J| H }1 ei(0;—0) ‘ ‘1 6i(9j+ek)|
k#]

1 1
= — cosecl;
29 J}g |cos 0, — cos b;]’
=
so that

~ ~ 1 2 1
Py (91, R ,Qg> = |1 _ 627:1'(2];1)/(2g)| I}i[l |1 _ e27ri(jfk)/(29)| |1 _ e27ri(j+k71)/(2g)|
k]

2g—1

= H |1 627rzk/(29 |
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as for each j, the set {2j—1,j—k,j+k—1:1<k <g, k # j} forms a complete

set of residues modulo 2¢g but for an element 0 modulo 2¢g. Taking x = 1 in the

identity

2g—1 2g—1

Z = H (x _ 627rik/(29))7

j=0 k=1
we find that for each 1 < j < g,

~ ~ 1
2 (91,...,69) = %, (49)

which yields the result. [

To confirm that the point (51, ce (99> is indeed correctly identified as a critical

point, we must next show that the derivative of ¢ vanishes at (51, e ,§g>.

Lemma 4.13. Let (51, o ,§g> be as in (4.7). Then for each permutation o of
{1,...,9}, the derivative of ¢ vanishes at the point (50(1), o ,§U(Q)> )

Proof. Again, we need only prove this when o is the identity. Upon differentiating
(4.8), we have that for 1 < j,m < g with j # m,
dpj sin6,,

90,,  cos B, — cos 0; i

1 O — 0, O + 0,
——2((:0’5( 5 )+cot( 5 ))goj, (4.10)

with ¢; = ¢; (01,...,0,) as in (4.8)); here the second equality follows from the

sine angle-sum and cosine sum-to-product formulee. If j = m, then

g
(?;gm _ _% (COt (em 2— 9]) + cot (@)) Pm — cot ngpm (411)

Letting 6), = 6, = (2k — 1)7/(2g) for 1 < k < g and using (£.9), we find that for
j#m,

27“2 (51, . ,§g) = —% (cot (W) + cot (W)) o (412)

while when j = m,
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Now the cotangent function has period 7 and is odd about the origin, and con-

sequently
g o 1 2g9—1 .
j=1 29 29 =1 29
j#m j#2m—1 (4.13)
ot ((Qm — 1)7r)
29
50 0 1 (@em—1)
Pm (5 e L m — s
26, (01, . ,89> Y cot (—29 ) , (4.14)
while

as required. O

Next, we show that (51, . ,gg) is a local minimum of ¢, by calculating the

Hessian matrix of ¢ at (51, e ,99> and proving it to be positive definite.

Lemma 4.14. Let (51, e ,§g> be as in (4.7)). Then for each permutation o of

{1,...,g}, the point (50(1), . ,90(9)> is a local minimum of .

Proof. Again, we need only take o to be the identity. We first determine the
mixed partial derivatives of . When 1 < j,m,n < g with j, m,n distinct, we

differentiate (4.10) to find that
P p; P, 1 O — 0; Om +0;\ 0;
90,00, 00,00, 2 (COt ( > > ot ( 2 )) 96,
while when m # n, differentiating (4.11]) yields
Pom  Pom 1 ot 0, — 6, +cot O+ 0\ \ O0m
00,00,  00,,00, 2 2 2 90,

1 o (00 =00\ (0t
4 cosecC 9 cosec B Om-
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So taking 0, = 6, = (2k — 1)7/(2g) for 1 < k < g, we have by ([I.12) that
Poi (7 7 1 (m — j)m (m+j—1r
P (G) = (e (2) o (200
X (Cot (M) + COt (M)) .
29 29

By expanding this product and using the cosine and sine angle-sum formulae on

each term, as well as the fact that the cotangent function is odd about the origin,
we find that this is identical to

)
><<cot< )™ +cot<n+jg_1) ))
+§(cot( 7r>+cot(n+7;g_1) ))
(o () e
Also, and show that

s (05

() e (52 (200
e () e ().

We therefore find that for 1 < m,n < g with m # n,

2 - - 9 2, . - -
e (1) =2 (6

e (5) o (255)).
R )

where we have used (4.13), the fact that the cotangent function is odd about the

origin, and the Pythagorean trigonometric identity cosec?§ — cot? 6 = 1.
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When 1 < j,m < g with j # m, we also have by differentiating (4.10) that
D*p; 1 O — 0, O + 6\ O0p;

_ t [ Zm J ¢ [ 2m J i
002, ~ 2 (CO ( 2 ) oo ( 2 )) 90,

1 O — 0; O + 0
+ 1 (cosec2 (Tj) + cosec? ( 5 j)) P,

while differentiating (4.11]) shows that when j = m,

0?0y, 1< O — 0, O, + 0, 0o,
807271 ——5 ) <C0t<—2 )+cot( 2 )) 90,

J=1
Fm
1< —} O + 0,
+Z, (COSGC2( 5 ]>+cosec2( ;— ]>>g0m
7j=1
Fm
Opm
— cot Gma:%m + cosec? 0,, 0.

So when 6, = 0), = (2k — 1) /(2g) for 1 < k < g, we have by (4.12]) and (4.9))
that

Poi (5 F) L (m — j)m (m+j—Dm\Y’
ae?ﬂ (01,...,99> = @ (COt (T) + cot <T>)

1 -7 — 1
+ - COSGC2 M _|_ COS@CQ M ,
8¢ 29 29
while (£12), (13), and (L9) imply that

Pom (7 3 1 < o (((m—Jj)m o ((m+j—1m
W (91,...,99> = @ Z (cosec (T) + cosec (T))

Jj=1
j#m

P L (2R L e (i

3¢ 29 g 29

Thus
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where we have used the fact that cot? and cosec? § have period . Now using

the cosine and sine angle-sum formulee, as well as (4.13)), we determine that
1< —j i — 1 11 1 2m — 1
L3 cot =T\ o (ti=Dmy L 11 s (Gm=Dmy
2g “4 2g 2g 2 29 2g¢ 29

so our previous calculations simplify to
2g—1 2g—1 .
P [~ 1 g 1
— 64, ) cot? cosec? | Z= | + =,
002, ( ! Z 2g ]Zl 29) 2
where we have once again used the Pythagorean trigonometric identity.
So we have shown that the Hessian matrix of second partial derivatives of

¢ evaluated at <51, e ,09> is diagonal, and furthermore each diagonal entry is

strictly positive. Thus this matrix is positive definite, and so (51, e ,@;) is a

local minimum of ¢. O

This result does not preclude the possibility of the existence of other, possible
smaller, local minima of ¢. Brendan Harding (personal communication) has
performed numerical calculations for small values of g to find other possible local
minima of . Via the gradient descent method, he has searched for local minima
of ¢ for each 1 < g < 50; his results have so far only indicated the existence of
a local minimum at the critical point (51, e ,§g> as in . Nevertheless, this
does not eliminate the possibility of other such local minima, though it does seem
extremely unlikely.

We must also mention that despite these results being formulated only for
unitary symplectic matrices, they can easily be extended to hold for unitary

matrices. Indeed, if U is an N x N unitary matrix, so that U has eigenvalues

et e with —7 < 0; < mforall 1 <j <N, then for real 0,
Zy(0) =det (I —Ue™™) = H %0,
j=1
so that

SO(U):Z_; ZH ci(0k—0;)

Then the same methods as in Lemmata [4.12] |4.13|, and [4.14] show that any per-

mutation ¢ and any one-dimensional translation ¢ modulo 27 of the critical point

(... by = (JN_W W= M)

N 7 N 777 N
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is a local minimum of ¢, with

( )yt o, U(N +¢>—1

Furthermore, we are led to conjecture that these points are precisely the global
minima of ¢. We recover our conjecture for unitary symplectic matrices by letting
N = 2g and restricting ourselves to the subgroup of matrices for which 6,,, = —0,
with 0 < 6; <mfor1<j<g.

4.3 Variants of the Mertens Conjecture

It is worth noting that there are variants of M¢/r, (X) that can be studied. One
can consider certain weights involved in the summatory function of the Mobius
function. In the classical case, we may instead look at the properties of the

weighted sum
p(n)
M, (z) = S
n<x

for a € R. The function field analogue is

X-1
MC/IFq,a<X> ==

Z MC/Fq
deg

and we may well ask whether the a-Mertens conjecture,

|MC/]F¢170‘<X)’
q(1/2—)X

2

O

lim sup <1, (4.15)

X—o00

holds for the function field C'/F,. For a > 1, this is easily resolved; (2.3) and
(2.4]) show that Mg /]FW(X ) converges to the infinite series

1
— = — 4.16
Z q°N Z MC/Fq “Zoy, (g ( )

deg(D)=N

Though this series is only absolutely convergent for |u| < ¢~', one can show

that it is also conditionally convergent for |u| < ¢~1/2

due to the lack of poles of
1/Zc/w,(u) inside this disc, and so M¢yr, o(X) also converges to the quantity in
(4.16) for 1/2 < a < 1. For @ < 1/2, on the other hand, a minor modification of
the proof of Proposition [2.4] essentially involving dividing (2.9) by ¢+ and

summing over all 0 < N < X — 1, shows that

Meyr, o X) _ Z 1 T iemX +0 (—1 )
q(1/2—a)X - ZC’/IE'qI (7_ 9.9 q(1/2—a)X

Dy —qg*
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provided Zcr,(u) has only simple zeroes. A similarly simple modification of the
proof of Lemma then shows that if C' satisfies LI, the quantity

: |MC/quO‘ (X)’
Bo(C/F,) = hiﬂ_?ol(l)p q(l/Q—_a)X

satisfies the asymptotic

Bo(CJF,) = ¢ (0(CJF,)) + Oge (q/#w w(c/Fq»)

as ¢ tends to infinity. So for a < 1/2, the proof of Theorem can be adapted
essentially unchanged with the Mertens conjecture for the function field C'/F, re-
placed by . Thus for o < 1/2, while any formulation of a local Mertens con-
jecture for Mcyp, (X) may differ to those involving Mc g, (X), a global Mertens
conjecture would not.

For o = 1/2, it is more prudent to analyse the the properties of the M&bius

function more locally by merely studying the behaviour of

1

N2 Z peyr, (D)
deg(D)=N

for each N > 0, rather than M¢ g, 1/2(X), its average over 0 < N < X —1. While
this is not useful in the classical case, where this would simply be ascertaining

p(n) for each n > 1, the function field case is quite practical. From the proof of
Proposition
1 0(7) (N-+1) ( 1 )
eye O 0, ()
q(N-H degz N /e, (D Z Zow, (7Y 29 \ gN/2

and then a minor modification of the proof of Lemma shows that the quantity

i 1
By 2(C/F,) = limsup N2 Z peyr, (D
N—oo ( deg(D)=N

satisfies

Bya(C/F,) = ¢ (9(C/F,)) + O, (%w w(c/Fq)))

as ¢ tends to infinity, just as B(C/F,) does so, and hence that Theorem re-
mains true with the Mertens conjecture for the function field C'/F, being replaced

by the modified Mertens conjecture

. 1
lim sup IR Z e /Fq <1
N—oo ( deg(D)=N
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A further variant follows from noting that while the classical Mertens conjec-

ture states that the inequality
| M ()]
NZ

holds for all x > 1, the value 1 on the right-hand side above is, in some sense,

<1 (4.17)

not particularly special. Indeed, Stieltjes [27] claimed to have a proof that

M(z) = 0 (Va)

without specifying an explicit constant, before later rescinding his claim, though
he did postulate that (4.17) was true. Similarly, von Sterneck [26] conjectured

that the stronger inequality
| M ()]

VT
holds for all x > 200, based on calculations of M (x) up to 5000000. In spite of

these naive conjectures, however, it seems most likely that

<

DO | —

lim su M(x) = 00
el T ’
lim inf M(z) = —00

T—00 \/E

It is not difficult to prove this to be true should the Riemann hypothesis prove
to be false, while Ingham [12] showed that this result also follows if one as-
sumes the Riemann hypothesis and the Linear Independence hypothesis for the
Riemann zeta function. Furthermore, the work of Ng [21] does not merely con-
ditionally show that the set of counterexamples to the Mertens conjecture has
strictly positive logarithmic density: the same can actually be said for the set
{z €[l,00) : |M(x)| > B/} for any 5 > 0.

One may very well then ask if the value 1 on the right-hand side of the Mertens
conjecture in function fields,

| Moye,(X)] _ L

lim sup <
X2

X—o00

is crucial in our analysis so far. We may instead consider the following general-
isation of the Mertens conjecture in function fields: for 5 > 0, we say that the

function field of a curve C over a finite field [F, satisfies the 3-Mertens conjecture
if
| Mcye, (X))

limsup ——2—~ < 3.
X/

X—o00
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We can then study the average

#{C € Hayy1,4n : C satisfies the f-Mertens conjecture}
#H2g+1,q" ’

which we abbreviate to

#{C € Hagy1,4n N P-Mertens}
#H29+1,q" .

Theorem 4.15. If0 < <1, and if 1 < g < 2 is fizred, most hyperelliptic curves
C € Hagr1,4n of genus g do not satisfy the B-Mertens conjecture for C/Fyn. If
B > 1, then for any fixed g > 1,

0 < lim # {C € Hagy1,qn N B-Mertens} 1
n—o00 #HQQ-i-l,q"

(4.18)

Proof. A simple modification of the proof of Proposition |4.11] shows that
lim #{C € Hagy1,4 N S-Mertens}

= ftrraar ({U € USpy, (C) : (U) < B}) .

It is clear that this is nondecreasing in 3, and so the proof of Theorem implies
that this is equal to zero for 0 < f <1 and 1 < g < 2. To prove the inequalities
for B > 1, we recall from Lemma that the equality ¢ (6s,...,0,) =1
is attained in the region 0 < 6; < ... < 0, < 1, and ¢ is real analytic and not
uniformly constant in this region, and hence there exists an open neighbourhood
of the point in this region where 1 < ¢ (6;,...,60,) < . This open neighbourhood
must have positive pyg,-measure, as duusp (61, ..., 0,) does not vanish on open
subsets of [0, 7]9. Consequently, figaar (p(U) < ) > 0. On the other hand, we
must also have that fipa.: (9(U) < ) < 1, as ¢ blows up when 6; = ) for any
j # k, and so for any such point there exists some open neighbourhood with
¢ (64,...,60,) > [ in this neighbourhood. O

The situation in function fields is therefore markedly different to the classical
case. The work of Ng shows that in the classical case, the set of “local” coun-
terexamples x € [1,00) to the S-Mertens conjecture |M(z)| < 84/x has positive
logarithmic density for all 5 > 0. In the function field case, where we instead
“globally” consider the proportion of curves for which the g-Mertens conjecture
is true, the value § = 1 truly is the optimal value of [, in the sense that it is
the largest such 3 for which most hyperelliptic curves C' € Hggq1 4n, of genus

1 < g <2 do not satisfy the g-Mertens conjecture.



Chapter 5

Pdélya’s Conjecture in Function
Fields

5.1 Podlya’s Conjecture

The Liouville function A(n) is the arithmetic function that counts, modulo 2, the
number of prime numbers dividing a positive integer, counting multiplicity. That
is,

1 ifn=1,

A(n) = ¢ —1 if n has an odd number of prime factors, counting multiplicity,

1 if n has an even number of prime factors, counting multiplicity.

In particular, the Liouville function agrees with the Mobius function on the
squarefree positive integers. In 1919, Pdlya [23] conjectured that the summa-

tory function of the Liouville function,

L(z) =) An),

n<x

satisfies the inequality
L(z) <0 (5.1)

for all z > 2; Pélya remarked in [23] that he had checked the validity of his
conjecture up to x = 1500. Much like the Mertens conjecture, this conjecture
implies that the Riemann hypothesis is true and that the Riemann zeta func-
tion has only simple zeroes. Pélya’s conjecture also shared the same fate as the
Mertens conjecture, in that it was proven to be false; it was disproved by Hasel-
grove [9] in 1958 using methods closely related to the work of Ingham [I2]. The

57
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first counterexample was later shown to occur at # = 906 150 257 [28], and it is

now known [3] that

L
lim sup (z)

go00 VT

lim inf (7)

T—00 \/E

> 0.062,

< —1.389.
It seems likely that

imsu L(z)
fmsup =~
L(x)

lim inf = —00,

T—00 \/E

and this is known to follow from the assumption of the Linear Independence

= 00,

hypothesis for the Riemann zeta function [12].

In spite of these results, numerical evidence [3] suggests that regions for which
the conjectured inequality fails are distributed rather sparsely amongst the
positive integers. Analogously to the Mertens conjecture, this can be explained
heuristically through the following explicit expression for L(zx) in terms of a sum

over the nontrivial zeroes p of the Riemann zeta function.

Proposition 5.1 (Fawaz [8], Humphries [I1, Theorem 4.5]; ¢f. Proposition [L.1)).
Assume the Riemann hypothesis and the simplicity of the zeroes of ((s). Then
there exists a sequence {T,}>2, with v < T, < v+ 1 such that for each positive

integer v, for all € > 0, and for x a positive noninteger,
4 2p x" 1 xlogx x
O. | —= )
Z " 1+0e NZ3 * T, i T!—<logx
In particular, for  a positive noninteger,
L(x) 1 C(2p)x™ 1 (1)
= + —+—=+01|-, (5.2)
a2 s Tl
where the sum ) ) is interpreted in the sense lim,_, Z| Y|<Ty" The leading term

here is 1/{(1/2) ~ —0.685, which ought to lead to a negative bias of L(x), but

the sum over the zeroes of ((s) can be large enough for certain values of z to

L(x) =

1/2

overcome this bias. However, for “most” x, this does not occur, and hence the
inequality L(z) < 0 holds “most” of the time.

Once again, we can make this notion of “most” more rigorous by studying the
logarithmic density ¢ (Py) of the set Py = {z € [1,00) : L(z) < 0} of values where
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Pdlya’s conjecture holds. We can guarantee the existence of this logarithmic
density, and more, if in addition to the Riemann hypothesis we assume the Linear
Independence hypothesis as well as a certain conjecture on the growth rate of ('(p)
for each nontrivial zero p of ((s); that is, we assume that 3 _[¢"(p)|? < T as
T tends to infinity. We note that random matrix models suggest a more precise
bound, namely that >_, I’ (p)| 72 ~ 6T /73; see [10].

Theorem 5.2 (Humphries [11, Theorem 5.1]; cf. [21], [25]). Assume the Riemann
hypothesis, the Linear Independence hypothesis, and that 32, I(p) < T.
Then the function L(x)/+/z has a limiting logarithmic distribution. That is, there
exists a probability measure vy such that
: 1 dx
)}gnoo log X / T vA(B)
{ze1,X]:L(x)/vzEB}

for every Borel set B C R whose boundary has Lebesgue measure zero. Further-
more, the median of vy is 1/((1/2).

The last point here yields an upper bound on the logarithmic density of Py,

while a method of Montgomery [18] also yields a lower bound.

Corollary 5.3 (Humphries [I1, Theorem 1.5]). Under the same assumptions as
Theorem[5.3, we have the bounds

1/2 <38 (Py) < 1.

Richard Brent (personal communication) has subsequently performed calcu-

lations that suggest that the true value of this logarithmic density is
0 (Py) == 0.99988,

In any case, we may say that conditionally L(x) does indeed have a bias towards
being nonpositive, but that the set of counterexamples to Pdlya’s conjecture is

not insignificant, in that it has positive, although very small, logarithmic density.

5.2 Podlya Conjectures in Function Fields

Here we formulate several function field analogues of Pélya’s conjecture. We first

define the Liouville function of a function field. For C a nonsingular projective
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curve over [F, of genus g and D an effective divisor of C, the Liouville function
of C'/F, is given by

1 if D is the zero divisor,
Acyr, (D) = § —1 if the sum of the orders of the prime divisors of D is odd,

1 if the sum of the orders of the prime divisors of D is even.

We then study the summatory function of the Liouville function of C'/F,,

X-1

Lop,(X) =Y Y Aoy, (D).

N=0deg(D)=N

We wish to know whether there are biases in the behaviour of Leyr, (X). Like the

classical case, we find that L¢yp, (X) may have a bias towards being nonpositive.

Pélya’s Conjecture in Function Fields. Let C' be a nonsingular projective
curve over Fy of genus g, and let Loyr,(X) be the summatory function of the
Liowville function of C'/F,. Then

limsup Leyr, (X) <0.

X—o00

As with the Mertens conjecture, we may consider both local and global ques-

tions pertaining to Pdlya’s conjecture in function fields.
Question 5.4. For which curves does Pdlya’s conjecture hold?

Question 5.5. Given a function field of a curve C' over a finite field F,, how
frequently does the inequality

Leje,(X) <0 (53)
hold?

Question 5.6. On average, in either the q or the g aspect, how often does Pdlya’s

conjecture hold?

The local questions are addressed in Chapter [6] In Section [6.1], we formulate

certain conditions on the zeroes of Z¢/p,(u) to ensure that Pélya’s conjecture for
C/F, is true.
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Theorem 5.7 (cf. Theorem . Let C' be a nonsingular projective curve over
F, of genus g > 1. If Z¢w,(u) has only simple zeroes, then Polya’s conjecture for
C/F, is true provided

1 VE ather, 1 VA ghC/IFq Z ‘ Zop, V77
2/q+1Pom, (¢?)  2/q-1 PC/IF —q~12) — Zeyw,' ( 7—1 -1y
(5.4)
where hoyr, is the class number of the function field C'/F,. Furthermore, if C
satisfies LI, then the converse is also true: Pdlya’s conjecture for C/F, is true
only when holds.

This does not entirely answer Question ; it is possible that C//F, is such
that (5.4) does not hold but that Pdlya’s conjecture for C'/F, is true; in order for

this to happen, Zcr, (1) must only has simple zeroes but C' must fail to satisfy
LI

We deal with Question in Section 6.3, where we determine the natural
density of the set of positive integers X for which (/5.3 holds, provided that C
satisfies LI.

Theorem 5.8 (cf. Theorem . Let C' be a nonsingular projective curve over

F, of genus g > 1, and suppose that C' satisfies LI. The natural density
1
) = lim — < < : <
d(Poyr,) = Jim S#{1 <X <Y Lo, (X) <0}
exists and satisfies

d<PC/]Fq§)\) = 1/2 if _¢1(C/]Fq) + ¢2(C/Fq) > ¢3<C/Fq);
1/2 <d(Poyrn) <1 if —=¢3(C/Fy) < =¢1(C/Fy) + ¢2(C/F,) < ¢3(C/Fy),
d(Posrn) =1 if =1(C/Fy) + ¢2(C/Fy) < —¢3(C/Fy),
where

1 Va q heyr,

C/F,) =
le( / q) 2\/a+]‘PC/]Fq (q—1/2)7
1 \/a _ghc/F
C/F i
SRR S v R 59
Zcyw, (7 Y
#a(C/Ey) Z ‘qu =11

For Question[5.6 we study in Chapter[7]the average proportion of hyperelliptic

curves C' € Hagq1,4 satisfying Pélya’s conjecture as the finite field F, grows larger.
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Much as we do with the Mertens conjecture, we are able to relate this average
proportion to the Haar measure of the pullback of the region where a certain
function of random matrices is nonnegative, which we are then able to calculate
explicitly for low values of g. We find that most curves in this family do not

satisfy Polya’s conjecture.

Theorem 5.9 (cf. Theorem [1.8)). Fiz 1 < g < 2, and suppose that the char-
acteristic of Fy is odd. Then as n tends to infinity, most hyperelliptic curves

C € Hagi1,4n do not satisfy Polya’s conjecture for C/F .



Chapter 6

Local Pdélya Conjectures

6.1 An Explicit Expression for Lo, (X)

We obtain an explicit description for the summatory function of the Liouville

function in function fields by studying the Dirichlet series

Z Acyr, (D)
D>0 NDS

which converges absolutely for t(s) > 1. As A¢/r, (D) is completely multiplicative
and satisfies A\(P) = —1 for a prime divisor P of C, this has the Euler product

expansion
> =
N Ds S L+ NPT

D>0

for (s) > 1, which upon comparing Euler products leads us to the identity

Z Aoyr, (D) CC/IFq(QS) (6.1)

LTNDT T o ()

which is valid for all #(s) > 1. On the other hand, note that for R(s) > 1, we

may rearrange this Dirichlet series instead to be of the form

A A
Z C/C'FE)S :Z C@?ms Z e Z Aoy, (D (6.2)

D>0 D>0 deg(D)=N

We will determine an expression for the coefficients of the Dirichlet series for
Ceyr,(28)/Coyr, (5) using (2.1) and compare coefficients in order to find a formula
for Loyr, (X) = Z Zdeg _~nAcyr, (D). Along the way, we will require the

following lemma.

63
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Lemma 6.1 ([24, Proposition 8.16]). Let F,2 be the quadratic field extension of

F,, which is unique up to isomorphism, and let

PC/Iqu (U)
(1 —u)(1—¢*u)

be the zeta function of C'/F.. Then for all u € C,

ZC/]qu (U) =

Poys, (u?) = Poye, (w) Por, (—u).

Consequently,
hC’/F 2
q

Po,(=1) =

Y

hoyr,
where heyw, = Peyr, (1) is the class number of the function field C/F,.

Proposition 6.2 (cf. Proposition . Let C be a nonsingular projective curve
over Fy of genus g > 0, and suppose that all of the zeroes v~* of Zcw,(u) are
simple. Then for each N > 0,

> e (D

deg(D)=N

_1 \/5 -1 q ghCﬂF q(N+1)/2 o (_1)N+11\/6+ 1 q_ghC/qu q(N+1)/2
2 \/_—F 1 PC/IF ( 1/2) 2 \/C_] —1 PC/IFq (—q_1/2)

ZC/IF Y 2 N+1 Ny1q T 1 hC/IF 2
- d F(—)VH LT RN g g T, (6.3
Yz A OV R g 0T, (69

where the sum is over the inverse zeroes of Zcr,(u), T > 0 is sufficiently small,
and the error term R(N,q, g,T) satisfies R(N,q,g,T) = 0 if N > max{2g—1,0}.

Proof. We let Cr = {z € C : |z| = ¢''} for T > 0, and we study the contour

integral

1 j{ 1 ZC’/]Fq (u2) du

2mi op U Zoyr, (1)
There are two different identities for Zc/r, (u*) /Zcr, (1), obtainable from (6.1))
and ([2.1)) and from (6.2]), which give the identities

2
Zos, (W) 1—qu l—g[ 1 — ~u? (6.4)
Zep,(w) (11— /qu) (1+ /qu) (1 +u) ey
Z, 2) >
ZC/Fq ((u) Z u® Acyr, (D), (6.5)
C/Fg\U N=0  deg(D)=N
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with the first identity valid for all u € C\ {£¢"/2,=1,7;',...,75, }, and the
second identity valid for all |u] < ¢! If Zcyr, (iq*1/2) # 0, the singularities
of the integrand inside Cp occur at v = 0, u = —1, v = +¢~ /2, and u = !
for each zero v~ ! of Zcyr,(u); note that the assumption of the simplicity of the
zeroes of Zcyr,(u) means that none of these zeroes can occur at u = £¢~'/2. At
the singularity u = 0, we have by that

1 Z
Res C/]Fq Z >\C /IFq
deg(D

u=0 uN T Zeoyp, (u

At the singularity u = —1, (6.4]) and Lemma [6.1| show that

Res L Zor (@) watd Pom(U) et Lhers,”
u=-—1 UN+1 Zc/[g' ( ) q — 1 PC/]Fq(_].) q— 1 hC’/]FqQ

At the singularities u = 4¢~1/2,
1 Z 2
Res or, (4)
u=tq- 12UVt Zop (u)
(u F L) ! 1 —qu Peyr, (u?)
Vi ulN+1 (1 — \/ﬁu) (1 + \/Gu) (14 u) PC/]Fq(U)
_ (pVn VIR qhem, e
2/q+ 1 Poye, (£q712) ’

where we have used the fact that

= lim
u—+q—1/2

1 -~ _
Peyr, <5> =q Peyr,(1) = ¢ heyr,,

which follows from the functional equation (2.2)) for Z¢ /g, (u). Finally, as Zc /g, (u)
has a simple zero at each v,

1 ZC/]Fq( 2) _ ZC/]FQ (7_2) ,YNJrl
vt Zogg, (u)  Zew, (v7)
So by Cauchy’s residue theorem,
1 f 1 ZC/IFq (uz)
211 Jo, uN T Zoyr, (u)

_ l\/c_l -1 q_ghC/Fq (N+1)/2 (_1)N+11 Vait1 q_ghC/Fq q(N+1)/2
2/q+1 PC/IF ( _1/2) 24— 1Pew, (—q7'7?)

C/Fq N+1 N+19 1 hC/Fq
+ E — (=1 e g A , 6.6
ZC/IE'q B ( ) q—1 hC/IFqg de( C/Fq ( )

Re
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which yields (6.3]), with

1 1 Zc/[[r <U2)
R(N T)=— : du.
( 459, ) I7i féT U,N—H ZC/]Fq (u) u

By (6.4) and the fact that |u| = ¢" and |v;| = /4,

1 ZC/IFq (UQ)

N Zeg, (u)
29

5 (g7 +1) (¢/2+27 +1) o

T (@7 =) (¢ = 1) (¢ — 1)

1
R(V.0.0.7) < 5 ¢
T Je

(6.7)

If g >1and N = 2(g — 1), then the right-hand side tends to one as T tends to
infinity, while for all ¢ > 0 and for all N > max{2g — 1,0}, the right-hand side
tends to zero as T tends to infinity. As the right-hand side of is independent
of T', we may take the limit as T tends to infinity on both sides, which implies
that the left-hand side of has absolute value at most than one if g > 1 and
N =2(g — 1), while for N > max{2g — 1,0} the left-hand side of is equal
to zero. 0

We obtain an explicit expression for Lep,(X) by summing (6.3) over all
0 < N < X —1 and evaluating the resulting geometric progressions, which yields

1 o, 1 9,
Lejs,(X) = —= V4 q C/Iqu2 5% (—1)¥= V4 q C/IFq1 g R
24+ 1Peyw, (¢17?) 2\/6_1—1130/&(—(1‘/)
Zew, V) v x
— + Rx(q,9,T), (6.8
ZZC/Fq (v1) 7_17 x(¢,9,T), (6.8)
where
q ghC/IF Z Zow, ( Y
R , ’T — q q
x(a.9,T) = q—1PC/1F —1/2) ZC/IFq )y -1

(-1 —1q+1hcm g
+ * +> " R(N,q,9.T). (6.9
2 q— 1hC/]Fq2 Z:(] ¢ g ( )

In particular, after fixing 7" > 0 we have that Rx(q,¢,7) = Oy 4(1) as X tends to
infinity. The expression suggests that Lor, (X) grows at a rate comparable

X/2 Indeed, by using the fact that each simple inverse zero can be written

to g
in the form v = \/ﬁew”) with —7 < 6(y) < 7, we can convert into an

asymptotic equation for Leyr, (X) /g%
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Corollary 6.3. Let C' be a nonsingular projective curve over Fy of genus g > 0,

and suppose that all of the zeroes v~ of Zoyr,(u) are simple. Then as X tends

to infinity,
Low,(X) 1 VA q?how, (_1)X1 NG q har,
qX/2 2 \/C_] +1 PC/IF ( _1/2) 2 \/G —1 PC/IFq (—q_1/2)

Zeoyw, (¥ ) v i X0(y ( 1 )
— L e )+ 0 ——|. (6.10
Z ZC/IFq 7—1 v — 1 9,9 qx/g ( )

Recalling that Zor, (u) = CC/Fq(s) with u = ¢~*%, we see that we can rewrite

ET0) s

Lo, (X)
qX/z
1q(Va+1) ¢ %y

T3 1P Gomapy Y

xla(va—1) q *heyr,
2 (¢q—1)% (o, (1/2+ mi/logq)

Ce/F 20 iX3(e) 1
+1 2 + Oy
0g4q Z CC/]Fq ) qr — 1 X/2 J

where the sum is over the 2g zeroes p = 1/2 + 13(p) of Cosr,(s) that lie in the
range —m/logq < (p) < m/logg. On the other hand, we have the explicit

expression for L(z)/ \/5:
L(z) _ S 1
Fam T 0w

We see many similarities between our explicit expressions (5.2)) for L(z)/y/z and

for Ler,(X)/q*/?, though several new features appear in the function
field case, most notably additional leading terms. In the number field case, this
is merely the reciprocal of the zeta function evaluated at the critical point s =
1/2. In the function field case, the leading term is no longer constant: here we
have an additional critical point at s = 1/2 + mi/log ¢, halfway up the critical
line (recalling that (c/r,(s) is periodic with period 27i/logq), which leads to
oscillations of Leyp, (X)/q*/? according to whether X is even or odd. Finally, the
coefficients of these leading terms are heavily dependent on the genus of C' and
on the size g of the finite field F, over which C' is defined.

We are interested in using the explicit expression to study sign changes,
or lack thereof, of Leyr,(X). To understand the behaviour of Lo, (X) when the
genus of the curve C' is greater than zero, we must first determine the signs of
three important quantities that appear in : the class number h¢/r, and the
values Poyr, (£¢7/?).



68 Local Pélya Conjectures

Lemma 6.4 ([24, Proposition 5.11}). For the class number hcg, of the function
field C/F,, we have the bounds

(\/(—]_ 1)29 S hC/Fq S (\/a+1)29

In particular, ¢~ 9hcyr, is always positive, and we have the asymptotic
q heyp, =1+ 0y <L) (6.11)
Vi
as q tends to infinity.
Next, we observe we can write Pg/r, (j:q_l/ 2) explicitly in terms of the inverse

zeroes vy = \/Qeie(” of Z¢yr,(u). Using the fact that the 2g inverse zeroes v satisfy
Yitg = qvj_l for 1 < j < g, we see that

7j=1

From this, standard trigonometric identities allow us to show the following.

Lemma 6.5. We have that

g
Peyr, (—) H (1 —cosB(v))),
7=1
g
PC/IFq <——) H 1+COS€ ’y] )

In particular, Por, (:I:q_l/ 2) are both always nonnegative, and are strictly positive
when Zcr, (iqil/Q) # 0: that is, when £,/q are not inverse zeroes of ZC/Fq(u).

So by using the triangle inequality on (6.10]), we obtain the following bounds
for Leyr,(X)/q/?; in particular, we prove part of Theorem [5.7| in showing that

if Zcyr,(u) has simple zeroes, then Pélya’s conjecture for C'/F, is true when the
inequality ((5.4) holds.

Corollary 6.6. Let C' be a nonsingular projective curve over F, of genus g > 1,

and suppose that all of the zeroes v~ of Zeoyw,(u) are simple. Let
Loyr, (X)
X—o0 (IX/2 ’

Lo, (X
B~(C/F,) = liminf Loy, (X)

X—o0 qX/2

B*(C/F,) = limsup
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Then we have the bounds

1 ~9h 1 —9h
BAC/R) <~y VL
2\/§+1P0/Fq<q_/) 2\/6_1PC/IF <_q_/)

+Z Zoe, (7)o '

Zew, (v —1

1 ~9h 1 ~9h
B_(C/F ) > \/a q C/Fq \/a q C/Fq

V=2 g+ 1P, (2 2./G— 1 Posr, (—q7/?)

_ZZC/FW) ’Y'

Zow, (v )y =1

The assumption that all of the zeroes v~ ! of Z¢ /r, (1) are simple implies that
the bounds above are finite, that is, that Leys, (X)/¢*/? is bounded. This high-
lights a notable difference in the behaviour of Leyr, (X)/q*/? to that of L(z)/\/x.
While the former is bounded as X tends to infinity, the latter is conjectured to
grow unboundedly in both the positive and negative directions as x tends to in-
finity. The key difference here is that the explicit expression for L(z)/\/x
involves an infinite sum over the zeroes of ((s), while for L¢/r, (X)/q*/? the anal-
ogous sum has only finitely many terms, as there only finitely many zeroes of
Zeow, (1),

Next, we show that the bounds in Corollary are strict when C' satisfies
LI, from which it follows that when C satisfies LI, Pélya’s conjecture for C'/F, is
true if and only if the inequality holds.

Theorem 6.7 (cf. Theorem . Suppose that C satisfies LI. Then

S W SN < S B
1 2 \/a—{— 1 PC/IFq (q71/2) 2 \/a —1 PC’/IF (—q71/2)

Zew, (v ‘
+ 1 ,
Z Zoyw, ’Y_l 7—1

B(C/F,) =L YT _aChep, 1 VI 4 hepm,
4 2 \/G—F 1 PC/IE‘q (q_1/2) 2 \/a —1 PC/[F (— _1/2)

_Z Zew, (V) v '

Zegp, (v )y =11
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Proof. We have that

Zow, V) v N Zew, (7)o,
Z q _16X9( v) — 2R Z q ]_1) VjileXG('y]) :

ZC/IF‘ 771 j=1 ZC/Fq (’VJ
so that
Lo, X) 1 V@ _a%hop, ( gx1 VI 4hepm,
g/ 2/q+1Pcw, (¢V/?) 2/q— 1P, (—q'/?)

LA —2 .
_9R <Z C/Fq (7,7 ) Vs zX@('yj)> + Oq,g (ﬁ) )

j=1 ZC/Fq ( )% -1

The assumption that C satisfies LI along with the Kronecker—Weyl theorem in-

form us that the set
{(€7X, X0 ¢iX000)) e T X € N}

is equidistributed in {£1} x T9. This implies the existence of a subsequence (X,,)
of N such that

i Lo(Xm) 1 VG Cher, 1 VA ahep,
m—oo  qXm/2 2./q+ 1P, (q_1/2) 2./q—1Fcr, (—q=1/?)

DIt R

Zeow, (77 )7 — 1)
and hence the upper bound for BY(C/F,) is sharp. Similarly, a subsequence
exists that ensures that the lower bound for B~ (C/F,) is also sharp. O

We remark that we may also study the behaviour of L¢yr, (X) when Zgr, (u)
has multiple zeroes, but that the situation is not so easily resolved as with
Mecr,(X), as analysed in Section The key difference is the behaviour of
Leyr,(X) when Zeyr,(u) has a zero of multiple order at u = ¢~/2. If there is

a zero elsewhere of higher order than the zero at ¢~'/2, however, then one can

mimic the proofs of Propositions and to show that Lcyr, (X) changes

sign infinitely often; we omit the details.

6.2 Examples in Low Genus

When ¢g = 0, so that ¢ = P and hence that C/F, = F,(¢ ), it is particularly
casy to determine the limiting behaviour of L¢yr,(X) via and . as
heyw,, Poyr, (j:q_l/ 2) are all equal to 1 and there are no inverse zeroes 7.



6.2 Examples in Low Genus 71

Proposition 6.8 (cf. Proposition . Let g=0. Then

(X+1)/2 _ 1
q—l if X is odd,
q _—
Lem(X)=4 1°0 (6.12)
N — if X is even.
qg—1

Consequently, Ler,(X) changes sign infinitely often, and
BH(C/Ry) = YL
q—1
_ q
B (C/F,) = ———.
(/) = -
In particular, Pélya’s conjecture for C/F, is false.
Alternatively, one can prove the identity (6.12) by noting that from (6.4]) and
(6.5), we have that for |u| < ¢~ 1,

< . (1—qu
Zu Z /\C/Fq(D>—(1+u)(1—qu2)

N=0 deg(D)=N

o0 00
= (=) o () Y g
A=0 B=0
_ Z uN Z (_1)AqB/2 _ Z (_1)AqB/2+1
N=0 AgB:N A+BB=N71

Equating coefficients of vV, we find that > dea(p)=0 Ac/F, (D) = 1, while for N > 1,

2qN/2+1 —q— 1

_ ¢—1
Z Acyr, (D) = g2 L NN/
deg(D)=N _ . if N is odd.
q—

Summing over all 0 < N < X — 1 yields (6.12)).
Similar results can be determined when g = 1, so that C is an elliptic curve
over a finite field F;. When C' satisfies LI, we have the following result.

if N is even,

Proposition 6.9. Let C be an elliptic curve over F,, and suppose that C' satisfies
LI. Then

Vi g+1—a 2 g+1—a
_ —9 2 3aq — a3,
q_l 4q_a2 (a’ )+4q_a2 q+1+a\/q +Q+ aq a
g+1—a 2 g+1—a
(2(,]—(1,)— 2

4dqg—a*V g+1+a

where a s the trace of the Frobenius endomorphism.

B+(O/Fq) =

B(C/F,) = —Y1

2 3 —_ 3
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Proof. Using the fact that Po/p, (u) = 1 —au+ qu?, so that heyr, = ¢+1—a and
Posr, (£¢71?) = 2 F ag'/?, we have that

L Ve athow, 1 VG qCher, VI g+1-— %0 —2)
2Va+1Pem, (7)) 2\q—1Pcm, (—¢7?)  q—1 4g—a’ ’
1 \/a qighC/Fq 1 \/a qighC/Fq o \/a ¢+1- a(2q . a)

2. /q+1Pos, (V2 27— 1Pom, (—¢12) g—1 4q—a
Next, the fact that v = ,/ge””?) implies that

1-7HA -7

Zcyr, (7_2) - (1—~v2)(1=qv?)
_ Y7
(v=7(+1)

_ qeos20(y) — /GeosB(y) + igsin 20(7) +iy/gsin ()
2i/qsin 0(7) (g cos0(y) + 1 +iy/gsin (7))

So by the Pythagorean trigonometric identity and the cosine angle-difference and

triple-angle formulee,

B 1 G2+ q+ 6¢3/2 cos O(y) — 8q¢3/2 cos3 O(~y
e, () /J () 0

- 2,/qsin6(y) q+1+2\/qcosf(v)

_\/ ¢+ q+ 3aq — a?

(4g—a®) (¢ +1+a)

as

2y/qcosf(v) = a,

2\/qsinf(y) = /4q — a?.

Finally, the proof of Proposition [3.3] shows that

5 1 v ‘:2 qg+1—a
Zemw, (v )y —1 V 4g—a®’

and the result now follows from Theorem [6.7] O

Via Mathematica, we have found that for ¢ a prime power and a an integer

satisfying |a| < 2,/g, the function

q ¢g+1—a 2 qg+1—a
_\/_14 5 (a—2)+ 5
¢g—1 4g—a dg—a*Vqg+1l+a

V@ +q+ 3aq — a®
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is always positive; consequently, Pélya’s conjecture is always false for C'/F, when
the elliptic curve C' satisfies LI.

In spite of this, when ¢ is a perfect square, we are ensured an elliptic curve
C over F, for which Pdlya’s conjecture holds, via the curve whose trace of the

Frobenius a is equal to 2,/g, so that Z¢,r, (u) has a zero of order two at u = ¢~ /2,

Proposition 6.10. Let C' be an elliptic curve over a finite field F, of character-
2

istic p, and suppose that Zcyw, (u) has a zero of multiple order at u = g2, so
that ¢ = p™ with a = £2,/q, where m is even. Then

om0 1 A1

2 AyG i+l

In particular, Pélya’s conjecture holds for C/F,.

Proof. When a = 2,/q, we have that v =% = ,/q, and so the proof of Proposition
6.2 shows that for N > 0,

1 Zoys, (u?) Ne—1 (v
Aoy, (D) = — Res . + (=1)NI—gV+D/2
B U AT A O
B (_1)Nq+ L (Va—1\", 1 1 Zeogw, (u?) "
g—1\q+1 2mi Jo, uNtY Zog, (u)

with the last term equal to zero for N > 1. Now by the binomial theorem,
1 - N +k 1\"
_ _(N+1)/2 k k/2
. — (Ve (w2 )
UN—H kz—(] k \/a

whereas

Zops, ) (1—qu) (1= Jqu?)’
Zep,(w)  (14u) (14 /qu) (1—/qu)’

S () e () )

in a neighbourhood of u = ¢~/2, and as for fixed k,

N+k\ NF .
( . )zﬂm(zv )

in the large N limit, we find via Laurent series about v = ¢~/? that

) 3
Res 1 Zow, (u?) _ 1 (\/ﬁ — 1) N2gN+0/2 4 0 (Nq(NH)/z)
u=q—1/2 UN'H ZC/IE‘q (u) 4(] \/6 + 1 a
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as N grows large. Thus

3
1 q—1
Z Aoyr, (D) = _Z%NQQ(NH)/Z +0, (Nq(N-H)/z) ,
deg(D)=N q \/a

and summing over all 0 < N < X — 1 and then dividing through by ¢*/? yields
the result. N

6.3 The Limiting Distribution of L¢ g (X)/q*/?

This section mimics Section in determining the natural density of the set of
natural numbers for which Lejr, (X) < 0. From Corollary , for any nonsingular

projective curve C over F, of genus g > 1 we may write

Lo, (X)
~) = Eopr alX) + ccrpa(),
where
E (X) = 1 Va q *hoyr, ( 1)X1 V4 q heyr,
C/Fgi) =—= — — (= = —
/ 2./q+ 1 Peye, (¢172) 2\/5— 1PC/]Fq (—q~1/2)
. Z ZC/Fq g er@('y)
ZC/]Fq - —1 ’

1
ec/pn(X) = Ogyg (qX/2) ;

provided that all of the zeroes v~ ! of Zcyw,(u) are simple. Using this, we may
prove the existence of a limiting distribution of Le/r, (X)/q*/? by first construct-

ing the limiting distribution of Ec/p .\ (X).

Lemma 6.11 (cf. Lemma [2.15). Let C' be a nonsingular projective curve over
F, of genus g > 1, and suppose that all of the zeroes v~ of Zoyr,(u) are simple.

There exists a probability measure voyr,x on R that satisfies

lim — Zf EC/IFq )) = /Rf($) dVC/Fq;)\({L')

Yoo Y

for all continuous functions f on R.

Proof. The proof is essentially the same as that of Lemma [2.15 though notably
the subtorus H is different. This time, we apply the Kronecker-Weyl theorem
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with tg = 7/2, t; = 0(;)/27 for 1 < j < g, in order to deduce the existence of a
subtorus H C T9"! satisfying

Y
1 e A
lim ? XEI A (emX, erG(’Yl)7 o 761X9('Yg)) — /I:I h(Z) d,uH(z)

for every continuous function h on T9"!. We then define the probability measure
voyF,x on R by

VC/]Fq;)\(B) = pu(B)
for each Borel set B C R, where

g
B = {(2’0,21,...,29) eEH:—p1— dazg — 2R (ZQ%Z]) € B} .
j=1
Here for brevity’s sake ¢; = ¢1(C/F,) and ¢ = ¢o(C/F,) are as in (5.5), while
for 1 <j <y,
Zow,(7;?) ~;€000)

VY C/F.) = .
9253 ¢3( / l]) ZC/IFq/('Yj_l) ’Yj -1 ) (6 13)

so that .
b3 = 62(C/F,) =2 |03
j=1
For f a bounded continuous function on R, h(zg, 21, . .., z,) on T9*! is defined by

g
h(ZO7 AT ,Zg) = f <_¢1 — ¢220 — 2§R (Z d)%Z])) s
j=1
so that A is continuous on T9"!, and consequently
/ f(x) dvesp o (x) = / h(z0, 21, - .., 2g) dur (20, 215 - - -, 2g)
R H

Y
= lim l Z h (em’)ﬂ eiXﬁ(w)’ o 761‘)(9(79))
X=1

Y—oo Y
o
= Jlim. v XZ:l [ (Ecm,A(X)). U

The proof of the next result is essentially unchanged from the proof of Propo-

sition 2.18

Proposition 6.12 (cf. Proposition[2.18)). Let C' be a nonsingular projective curve
over B, of genus g > 1, and suppose that all of the zeroes v~* of Zeow,(u) are
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simple. The function Loy, (X)/q~'? has a limiting distribution ver,.\ on R.

That is, there exists a probability measure v p,» on R such that

Y

.1 Lo, (X
Ylglgo?;f( <72 ) /f ) dve e, ()

for all bounded continuous functions f on R.

We are now able to prove Theorem [5.8|

Proof of Theorem[5.8 The Portmanteau Theorem in conjunction with Proposi-

tion implies that

1 Leyr, (X)
Ylgl'olo?#{ngSYWEB :VC/Fq;A(B)
for every Borel set B C R whose boundary has v¢/p,;x-measure zero, and hence
d(Pcyr,:x) exists and is equal to vo/p i\ ((—00,0]) if veyr ;2 ({0}) = 0. This follows
as the assumption that C satisfies LI implies that H = {£1} x TY, that is, that
H is the union of two disjoint subtori, and hence the normalised Haar measure

on H is half the Lebesgue measure on each subtorus. Thus for a Borel set B C R,

g
vepgn(B) = %m (—d)l — ¢ — 2R (Z ¢§ezmej> c B>

j=1

g
+% (—m + ¢y — 2 (Z ¢ée2’”'9j> € B)
=1
1 I ]
= 5m ( b1 — g — 2; {gb%‘ cos(2m0;) € B)
% ( gbl—l—qbg—Q;‘qb]‘cos (2m0;) EB)

The function »79_ ‘qﬁ%‘ cos(2mf;) is real analytic on [0,1]? and not uniformly
constant, so m <Z§:1 |¢§| cos(2m6;) = c) = 0 for all ¢ € R, from which it follows
that vo/r,;» is atomless.

Finally, the fact that

m (zg: |¢}| cos(2m0;) ) <Zi: |¢}| cos(276;) )

J=1
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for any ¢ € R implies that

d(Pcyr,n) = % + %m <—¢1 —¢2 < 22 |45 cos(2m8;) < ¢ — ¢2>
j=1

g
—1_ %m (2; |¢}| cos(2m0;) < —¢1 — ¢2>

1 .
—5m (221 ‘¢§‘ cos(2m8;) < —¢1 + ¢2) :
]:
From this, it is clear that

172 if —=¢1(C/Fq) + ¢2(C/Fy) = ¢3(C/F,),

d(Peyr,n) = 1 if —¢1(C/F,) + ¢o(C/F,) < —p3(C/F,).

If —¢3 < —¢1 + @2 < ¢3, then there exists an open neighbourhood of (0,...,0) €
[0, 1]9 such that for all (6y,...,6,) in this neighbourhood,

[—01+ 92| <2 |03] cos(2m;) < 61 + ¢

J=1

and consequently 1/2 < d(Per,n) < 1. O
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Chapter 7

Global Pdélya Conjectures

7.1 Averages over Families of Curves

We wish to find the average, as the finite field I, grows larger, of the number of
curves for which Pdélya’s conjecture is true. Our first step is determine expressions
for ¢ (C/Fy), 1 < k < 3, in terms of Zy(c/r,.)(0), the characteristic polynomial
of 9(C/Fgn) € USpy,(C)#, in the large ¢ limit. The resulting expressions involve

particular functions related to Z(0); these are the functions

1 1
¢1(U) = §ZU(O)’
1 1
) =57 0
1 29 | cosec 0|

We also define the functions

V+(U) = =1 (U) £ 1h(U) £ 45(U).

Note that 11, ¥, 13 are always nonnegative, but that they can be infinite: ¢, (U)
blows up if U has an eigenvalue equal to 1 (which is necessarily a repeated eigen-
value), while 15 (U) blows up when U has an eigenvalue equal to —1 (which must
also be a repeated eigenvalue), and 13(U) blows up whenever U has a repeated
eigenvalue. Recall, however, that the set of matrices in USp,,(C) with repeated

eigenvalues has measure zero with respect to the normalised Haar measure on

USpQQ(C).

79
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Lemma 7.1 (cf. Lemma . Suppose that all of the zeroes v~ of Zcyw,(u) are
simple. Then for 1 < k < 3,

6u(C/F,) = (9(C/E,)) + O, (%w w(cmq))) .

Consequently,

B(C/F,) = v+ (J(C/E) + 0, (—%w— w(owq))) .

Proof. From the definitions of ¢1(C/F,) and ¢o(C/F,) and from (4.2)), we have
that

I Vg q%heyr,
(C/F,) = £ YL 1 There
24+ 1 Zg0/r,)(0)
1 Va4 qheor,
62(CfFy) = LT el

231 ﬁ(C/IFq)( m)
The desired identities for ¢1(C/F,) and ¢(C/F,) then follow from the asymptotic
(B11). For 6s(C/F,), we have by (1), (L2), and (L3) that

3

Zop,(V?) v Pop,(v)A-1
Zow, (v v =1 Pow,/ (v -17-7
 Pop,(v7?) -1 iy
 Zyem)'0()) 2 -1y =7

2

As v = ./q e0i) for each 1 < j < 2¢, we may rewrite this as

Zem,( (V7)o
Zew, () v —1

Hjil (1 —1/2 1(9(73 ) \/—6—19 iq€2i9('y)
B Zycr, (0(7)) qe?*0) — 1 \/_ et —Va e 00
Le @M cosecH(y) ¢ e 0 cosec(v)

T2 Zoepm)000) VA Zacyr) (07))

for some coefficient ¢ € C dependent on ¢, ¢,6(7),0(7), ..., 0(v,) and uniformly
bounded in ¢, 0(7),0(71), .. .,0(7,). This yields the asymptotic

Zep, (V%) v | _ 1 |cosect(y)] Lo (L | cosec 0(7)| )
Zegw, (V)Y =1 2|2y, (0(7))] VI Zscrm) 0)] )

and by summing over all inverse zeroes 7, we obtain the desired identity for

¢3(C/Fy). O
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Lemma 7.2 (cf. Lemma[d.§). Let B be an interval in R. Then the boundaries
of the sets
{U € USp,,(C) : v+(U) € B}

have Haar measure zero.

Proof. By (4.1)), we have that

1 g 1 1 J 1
I - — :i:
¢i<‘917 709) 29+1 H (1 — COoS 9]) 29+1 H (1 + cos 0])

Jj=1 j=1
1< . T 1
+ — cosec” 0 .
29 Z ! H |cos 0, — cos 6]
j=1 k=1
kA

It suffices to show that for each permutation o of {1,..., g} and for each ¢ € R,
the sets

{(90(1),...,90(9)) € [0,7?]9 : wi(Qa(l),...,ea(g)) =c 0< 9< o< 99 < 7T}

have Lebesgue measure zero, and this is true as when 0 < 6 < ... < 6, <, the

functions 14 (6,1, - - -, 0s(g)) are real analytic and non-uniformly constant. O

Lemma 7.3 (cf. Lemma [4.9). For all g > 1, the function 1¥_ on USp,,(C) is
9

integrable and satisfies the bounds
C1— 220D < / O (U) dpane(U) < —1.
USpQg((C)

The proof of this result follows from the following two lemmata, together with
the bound 0 < [Zy(6)] < 22971 for all U € USpy(, ,)(C) and 6 € [0, 7].

Lemma 7.4 (Keating—Snaith [14]). We have the identities

[ o) )= [ o) dun() = 5.
USpyy (C)

USp2g (C)

Proof. Keating and Snaith show that [14], §2.1 Equation (10)]

1
Ay (U) = 1.
/USpQQ((C) Zy(0) ©)

The Haar measure is invariant under left multiplication by matrices V' € USp,,(C),
so by taking V' = —1, so that Zy(0) = det(I + U) = Zy(w), we find that

1 1
= N dﬂHaar(U> = / = A\ d,uHaar(U) =L O
/UspQQ(C) Zy () USpy, (C) Zy(0)
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Lemma 7.5 (cf. Lemma[4.10). For g =1, we have that

/ ¢3(U) d:uHaar(U) = 17
USpQ((C)

while for g > 2, we have the identity

Lo @ ) =2 [ (0] duan ).
USpa, (C) USpy(,
Proof. The g = 1 case is trivial. For ¢ > 2, we differentiate (4.1]) in order to find

that
| cosecd;| cosec@ |
= — g,
Z |Zv' (6 Zcosec H " [cos Gk — cos 0|
k#]

By the Weyl integration formula,

1/ i | cosec 0| g )
a = 7~ AUHaar
2 Juspay(©) 4 120/ (0;)]
200 7 1< oy T 1
— — 0.
glm9 /0 /0 29 ]21 COSeC kl_I1 |cos 0, — cos 0]
hi

g
X H (cos 0, — cos Gm)2 l_Isin2 6, dby - - - db,,

1<m<n<g

and by the symmetry in the 6, variables, this is the same as

29(g—1) 7 gl 1
g// Cosec299H
glms 7 Jo  Jo <= |cos O, — cos 6|

g
X H (cos 0, — cos Qm)Q H sin® 0, db, - - -db,

1<m<n<g /=1

17 2 X
:;/0 (m/ /29 H[cos@k—0089|

X H (cos 0, — cos Qm)Q H sin® @, df; - - - d99_1> db,.
(=1

1<m<n<g—1

The result then follows via the Weyl integration formula m

We now study the limit as n tends to infinity of the average

#{C € Hagy1,4 : C satisfies Pdlya’s Conjecture}
#HQngl qm
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which we write as ,
#{C € Hagy142 N Polya}

#H2g+1,q"
Proposition 7.6 (cf. Proposition |4.11)). We have that

n P ,1
lim 1€ € P 0RO}y <)

n—oo #Hagr1,4n

Proof. For any € > 0, we may write
#1{C € Haygr14n NPOlya} = Ay + Ay + Az + Ay + As + A + Az,
where

A = #{C € Hagr1,9n 1 4 (V(C/Fgn)) <0},

Ay = —#{C € Hagi1,4n \LL: 9y (0 (C/Fyn)) < 0},

Az = #{C € Haogy1,4 NPélya\ LI},

Ay =#{C € Hagr1,4n NLL: BT (C/Fyn) < 0,0 < ¢y (9 (C/Fpn)) <},

As = —#{C € Hogr1,» NLL: BY (C/Fyn) > 0, —e < by (0 (C/Fn)) <0},
As =#{C € Hag1,» NLL: BT (C/Fyn) < 0,91 (9 (C/Fqn)) > €},

A7 = —#{C € Hagy1,4 NLL: BT (C/Fn) > 0,01 (¢ (C/Fyn)) < —€}.

Then we have that

Ay
hIIl _— = aar U S 0 ,
lim = (4 (0) <O
: A2 . Ag
lim = lim ——— =0.
Furthermore,
lim sup [Aal + 4] < lim #{C € Hagi1q e <Yy (V(C/Fp)) <e}

n—oo #H2g+17qn T n—oo #’H29+1’qn
= MHauauf(_6 < 1/}+(U) < 5)'
Finally, Lemma implies the existence of a constant ¢(g) > 0 such that
[As| + A7) < #{C € Hagir g+ —9— (0 (C/Fgn)) 2 ec(9)g™} .
As 1_ is integrable by Lemma for any &’ > 0 there exists some Ty > 0 such
that pgaar (—¢_(U) > T) < &' for all T' > Ty, and hence
n . —UW_ n >
oy s+ 147] _  #(C € Moy~ (0(C/F ) 2 T)
n—o00 #H29+1,q" n—00 #HQQ-FLQ"
= HHaar (_¢—(U) > T)
<.
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As ¢’ > 0 was arbitrary,

I Ag . Aq 0
11m = J11im — = .

Thus for any € > 0,

lim # {C S H29+17qn N Pélya}

— PHaar (V4+(U) < 0)
< fittaar (—€ < Y4 (U) <),
which yields the result because
g%MHaar (—e <Y (U) € €) = paar (W4 (U) =0) = 0. L

Proof of Theorem[5.9 We must show that pyaa (¢ (U) < 0) = 0. By making
the change of variables cos0; — x;, this is equivalent to showing that the set of

(x1,...,24) € [—1,1)9 for which the function
Yi(x,. .., xg)
1 £ 1 1 £ 1 1< 1 £ 1
:_2g+1H(1—a;.)+29+1H(1+m)+§ gy § Y pm——
j=1 j j=1 J =1 /=1 B
J

is nonpositive has measure zero with respect to the measure

2

_ 29
dﬂUSp(xla cee 7$g) = H (zk - zj)z

glm9
1<j<k<g

1—a?dxy - dx,

o~
Il Q
Hz

n [—1,1]9. Now we may write - f/h, with

9 9
flxr,..., 2y Hl—:c] H \:cg—:ck\—l—H(l—i—a:j) H |z — k]
7j=1

1<k<t<g j=1 1<k<t<g
g g
2
+2) [[0=ad) I lom—ad,
j=1 k=1 1<l<m<yg
k#j £,m#j

g
h(zy,...,x H (1—a3) H |z — ).

1<k<t<g

Note that h is positive on [—1, 1]¢ outside the fiysp-measure zero subset of [—1, 1]9
where either x; = £1 for some 1 < j < g or oy = x; for some 1 <k < ¢ < g. So
it suffices to show that the set

{(x1,...,2y) € [-1,1)9 : f(21,...,24) <0}
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has fiys,-measure zero. As f(zi,...,2,) is invariant under a permutation o of
{1,..., 9}, we will be done if we can show that for each such permutation o, the

function f(z4,...,z,) is always positive on the set
{(1‘1, ... ,l’g) € [—1, 1]9 -1 < To1) < ... < Tg(g) < 1} .
For g = 1, this is elementary, as

flay) =2(1 =),

which is always positive for —1 < xy < 1. In fact, one can show that

L~ 1
xlllgll V(1) = 4’

and that this is the global minimum of 1;+(x1).
For g = 2,

4(1—22) when —1 <z <zy <1,
f(xlaxQ): ( 2)

4(1—:1:%) when —1 < 9 < 21 < 1,

and in particular is always positive when x1, x5 # +1. Furthermore, it can be

shown that .
. Ty _ 40
Ym0 (21,-5) = G

and that this is the global minimum of 9, (zy, z2). O

Already when g = 3, the calculations become extremely complicated. How-
ever, numerical calculations suggest that the global minimum of 1, is approxi-
mately 0.530915.

7.2 Variants of Pdélya’s Conjecture

Just as we discussed the a- and [-variants of the Mertens conjecture, we may do

the same for Polya’s conjecture. Here the properties of the weighted sum

n<x

for @ € R have recently been studied by Mossinghoff and Trudgian [20]; they

ask whether for fixed o such sums are of constant sign for sufficiently large z.
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For a > 1, the inequality L, (z) > 0 will always hold for sufficiently large x, and

indeed, L,(z) converges to the absolutely convergent infinite series
$= A _ e
~ n* (o)

which is strictly positive. Under the assumption of the Riemann hypothesis, this

infinite series is conditionally convergent for 1/2 < o < 1, and as ((2a)/((«) is
negative in this range, we would expect the inequality L,(z) < 0 to hold for all
sufficiently large z. For 0 < a < 1/2 and « = 1, the eventual constancy of sign
of L,(z) implies the Riemann hypothesis and the simplicity of the zeroes of the
Riemann zeta function. However, Mossinghoff and Trudgian modify a result of
Ingham [12] to show that the Linear Independence hypothesis for the Riemann
zeta function implies that L, (z) changes sign infinitely often for these values of
a; consequently, we would expect L,(x) to change sign infinitely often for « in
this range.

Finally, for a = 1/2, Mossinghoff and Trudgian mimic the proof of Proposition
b1l in order to show that

_ logx w o C(1/2) ((2p) =™ .
L@ = 5cimy * cagm) " a2 o) i T @)

[v|<Tw

under the assumption of the Riemann hypothesis and that all of the zeroes of ((s)
are simple. Here 7 is the Euler-Mascheroni constant and R /s(x,T),) is a small
error term, similar to that in Proposition [5.1} Heuristically, one would expect the
leading term log«/(2¢(1/2)) in this explicit expression for L;y(x) to dominate
the other terms as = grows large; this is in accordance with the conjecture (1.6
of Gonek on the maximal order of growth of M(z). As ((1/2) < 0, this leads to
the following conjecture of Mossinghoff and Trudgian, which has has been verified

computationally up to z = 102 [20, Figure 2].
Conjecture 7.7 (The a = 1/2 Conjecture [20, Problem 3]). For all x > 17,

Lip(x) =) L\/%) <0.

n<x

Here we study the function field analogue of this problem, namely for which
a € R the weighted sum

)

1
qa(N+1) Z )\C/Fq (D)

deg(D)=N

LC/Fq,a(X> ==

2
Il

0
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is of constant sign. For o > 1/2, the weighted sum L¢r, o(X) converges to the

infinite series

—2a)

Zeoyr, (q
He/F = —"—".
OéN dcgz N / ‘1 qaZC/]Fq (q—a)

- Z
Thus for a > 1, Lok, «(X) is eventually positive, while Leyp, o (X) is eventually
negative in the range 1/2 < a < 1; however, Lor, 1(X) converges to zero, as
Zcoyr,(u) has a pole at u = q~!, so further analysis is necessary to determine sign
changes for this particular weighted sum. For a@ < 1/2, we divide by ¢“N+1)
and sum over all 0 < N < X — 1, showing that when Z¢/r, (u) has only simple

Z€eroes,

LC’/Fq,a(X)

((72—)X

_1 \/a \/a —1 qighC/Fq . (_1)X1 \/a \/C_]+ 1 qighc/ﬂ“q
24— q* i+ 1 Py, (a7?) 2\q+q*\/q—1Pcr, (=g

ZC/IF 2 Y 1
_Z T a+0q’9 q12=)X |

Zemw, (V) v —q

The proof of Lemma [7.1] can then be modified to show that as ¢ tends to infinity,

the quantity . x)
C/Fq,

B}(C/F,) = limsup —-1 "2
(C/F,) e

X—o0

satisfies the asymptotic

B (C/F,) = ¢+ (0(C/E,)) + Ope (—q%so <19<0/Fq>>)

when C' satisfies LI, and consequently the proof of Theorem is still true with
Pélya’s conjecture for the function field C'/F, replaced by the conjecture that for
fixed o < 1/2,

limsup Leyr, o X) < 0.

X—o00
It remains to study the function field version of the & = 1/2 conjecture. By
dividing (6.3) by ¢V +Y/2 and summing over all 0 < N < X — 1, we are able
to determine the following expression for Ler, 1/2(X) when Zgjr, (u) has only

simple zeroes.

Proposition 7.8. Let C' be a nonsingular projective curve over I, of genus g > 0,

and suppose that all of the zeroes v~1 of Zcoyw,(u) are simple. Then for each
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X >1,
L (X) = 1yVa—1 q%heyw, X — (D —1va+1 ¢ %hoym,
C/Fq,1/2 2./ + 1 Py, ( —1/2) 4 Va4 —1Poyr, (—q1/?)
_Z Zeoyr, (777) sin (X0(y )/2) i(X+1)6(7)/2
ZC/FQ —1) sin (6(y )/2)
(—1)Xq X2 —1q+1hew,”
Vi+1l  q—T1hem,

+ + RX,1/2(qagvT)7 (71>
where the sum is over the inverse zeroes of Zcr,(u), T > 0 is sufficiently small,

and the error term Rx 1,2(q,9,T) is constant for X > max{2g — 3,1}.

The notable difference here to the number field case is that there are only
finitely many zeroes of Zc/r, (u), and hence the sum over the inverse zeroes is
bounded. Consequently, we have that
1yq—1 q%hem,

L X)=-35
o/Fe2(X) = =3 Vi + 1 P, (¢ ?)

X +044(1)

as X tends to infinity, which resolves the function field analogue of the o = 1/2

conjecture.

Theorem 7.9 (The a = 1/2 Conjecture in Function Fields). Let C' be a nonsin-
gular projective curve over IFy of genus g > 0, and suppose that all of the zeroes

vt of Zeoyw,(u) are simple. Then for all sufficiently large X, the inequality

X-1
LC/]qul/2 Z q (N+1)/ Z )\C/]Fq <0 (72)
N=0 deg D)=N

holds.



Appendix A

Proof of the Kronecker—Weyl

Theorem

In this appendix, we prove the following lemma.

Lemma (Kronecker-Weyl Theorem). Let t1,...,t, be real numbers, and let
H be the topological closure in TY of the subgroup

H={(¥Xh, X)) e 9. X €7},

Then H s a closed subgroup of TY9. In particular, when the collection 1,1y, ...,1,
15 linearly independent over the rational numbers, H s precisely TY9. Furthermore,

for arbitrary ti, ..., t, and for any continuous function h : T9 — C, we have that

Y
1 . .
lim — E h(e™Xh, L et = / h(z) dup(2),
X=1 H

Y=o Y
where g is the normalised Haar measure on H.

The proof of this result makes use of several notable properties of T?; namely
that it is an abelian group that is also compact as a topological space. It is no
surprise then that the method of proof uses abstract harmonic analysis. We must

therefore first recall some definitions and results from this field.

Lemma A.1 (7, Lemma 1.1.3]). Let H be a subgroup of a locally compact abelian
group G. Then its topological closure H in G is also a subgroup of G.

Corollary A.2. Let ty,...,t, be arbitrary real numbers, and let H be the topo-

logical closure in T9 of
BT = (X0, &mi¥) ¢ To4 . X e 7).

Then H s a closed subgroup of TY.

89
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Proof. Indeed, H is the image of the group homomorphism ¢ : Z — TY given
by ¢(X) = (2™, ..., ™) and so H is a subgroup of T9. The result then
follows by Lemma [A.1] O

Definition A.3. Let GG be a locally compact abelian group. A character on G
is a continuous group homomorphism x : G — T, where T = {z € C: |z| =1} is
the circle group. The set of all characters on G is called the dual group of G and
is denoted G.

Proposition A.4 ([7, Theorem 3.2.1)). Let G be a locally compact abelian group.
Then the dual group G of G s also a locally compact abelian group.

Theorem A.5 (Pontryagin Duality [7, Theorem 3.5.5]). Let G be a locally com-

pact abelian group. Then the dual group G of G is canonically isomorphic to G
via the isomorphism x +— 0., where d,(x) = x(x) for each x € G.

The importance of showing earlier that H is a closed subgroup of TY becomes

evident through certain results involving the annihilator of H.

Definition A.6. Let H be a closed subgroup of a locally compact abelian group
G. The annihilator H+ of H is the set of all characters y € G satisfying x|z = 1.

Proposition A.7 ([7, Lemma 3.6.1]). Let G be a locally compact abelian group,
and H a closed subgroup of G. Then HL is isomorphic to G//?-I via the isomor-
phism x — X, where X(xH) = x(z) for allzH € G/H, and CAJ/HL is isomorphic
to H via the isomorphism YH* — x|u.

Finally, we must determine exactly the characters of T? and its dual group.

Lemma A.8. Let TY be the g-torus. Then a character x : T9 — T is of the form

X(zl,...,zg):zfl---z;fg

for some (ky, ..., k) € Z9. Conversely, for any (ki, ..., ky) € Z9, x is a character
of T9. In particular, the dual group of T9 is isomorphic to Z.9.

Of course, an analogous result holds for Z9.

Corollary A.9. A character x : Z9 — T is of the form

X(kl,...,kg):zf1~~-z§9

for some (z1,...,2,) € T9. Conversely, for any (z1,...,2,) € T9, x is a character
of Z9. In particular, the dual group of Z9 is isomorphic to TY.
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We now have the framework necessary to determine H+ for H the topological
closure in TY of the set H = {(62th1, e ,62”)“9) eT: X e Z}.

Lemma A.10. Let ty,...,t, be arbitrary real numbers, and let H be the topo-
logical closure of H = {(e*Xt, ..., e*™Xle) € T9: X € Z} in TY9. Then H*
is isomorphic to {k € Z9 : tyky + - - - + tyky, € Z}. In particular, if the collection

1,t1,..., kg is linearly independent over the rational numbers, then H = TY.
Proof. Each character x € H* is of the form x(z1,...,2,) = zfl e zg"” for some

(k1,...,ky) € Z9 with the property that for all X € Z,

2mi Xt e27rith) — e27ri(t1k1+...+tgkg)x
y .

1:)<(e e )

and hence t1ky + --- + t,k, € Z. Conversely, if t1ky + --- + t,k, € Z, then the
homomorphism x/(z1, ..., 2,) = 2* - - - 209 satisfies y|y = 1.
Now the set

{kelZ tiky+---+t,k, € Z}

is isomorphic to

{keZo" ko +tiky+ -+ tky =0},

and if 1,%,,...,k, forms a linearly independent collection over the rational num-
bers, then this is equal to the set {k = 0}. Thus H+ = {0}, and hence
H="T9. m

Next, we show that for any trigonometric polynomial h on TY,

y
. 1 miX1t T
lim ?Zh(eZ XL et ) :/ h(z) dpw(2).

Y —oo
X=1 H

The proof again makes use of the properties of the annihilator of H, this time via

the Poisson summation formula.

Definition A.11. Let G be a locally compact abelian group, and let h : G — C
be a continuous compactly supported function. The Fourier transform of h with

respect to a Haar measure pug on G is the function honG given by

B = /G h(o)X(@) dic(x).
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Proposition A.12 (Poisson Summation Formula [7, Theorem 3.6.3]). Let H be
a closed subgroup of a locally compact abelian group G, and let h : G — C be a

continuous compactly supported function. Then we have that

/H h(z) dup(z) = /H ﬁ(x) dppra (X)),

where g is a Haar measure on H and py. is the induced Haar measure on H*.

Lemma A.13. Let ty,...,t, be arbitrary real numbers, and let h : T9 — C be a

trigonometric polynomial; that is, a function of the form
= Z Cszl .. 259
keZ9

for z = (z1,...,25) € T9, where all but finitely many of the coefficients ¢, € C

are zero. Then we have that

lim — Z h (™0 L e ) = / h(z) duy(2),
H

Y—oo Y
where pg 1s the normalised Haar measure on H.

Proof. Let x : T9 — T be a character corresponding to k € Z9. Then

/]’;(X) == / dZ = / / Ck.zl .. k?ngl e Z;CZ le P ng.
T

keZ9
We may interchange the order of summation and integration as there are only

finitely many nonzero members in this sum. Thus

A chn/ v jdzj

keZ9 j=1
2
_ § :CkH/ 7rzk: k do
keZ9 j=1

N T

keze j=1 |0 otherwise,

Recalling that H* is isomorphic to {k € Z9 : t1ky + - -- + t,k, € Z}, so that the
Haar measure jy. on H' is simply the counting measure, we therefore obtain

by the Poisson summation formula that

[ @ e = [ A= ¥ o

keZ9
t1k‘1+~~-+tgk‘g€Z
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On the other hand,

Y
27ert1 2miXt
E h - g)
X=1

_ § Ck:§ 27rz(t1k1+ Ftgkg) X

kezZ9
27ri(t1k1+~~-+tgkg)Y _ 1)

Cp (6
— Z cY + Z 1 — e—2mi(tik1++tgkg)

keZ9 kez?
tiki+-Ftgkg€Z tiki+t+tgkgEZ

Thus

1 27ert 2miXty) _
Ylgr;O?Zh LR—e ) = Z Ck = Hh(z)duH(z). O

keZ9
t1k14-Ftgkg€Z

From this, we may easily obtain the result in the general case where h is
merely a continuous function. Indeed, this follows simply from the density of the
trigonometric polynomials in the space of continuous complex-valued functions
on TY with regards to the supremum norm, that is to say, the Stone-Weierstrass

theorem.

Lemma A.14. For any continuous function h : T9 — C, we have that

lim — Z h (™0 e ) = / h(z) dpy(2).
H

Proof. Given a continuous function A : T" — C and a fixed ¢ > 0, the Stone-

Weierstrass theorem shows the existence of a trigonometric polynomial
;i — k1 k
h(z) = g crzyt e 2,0,
kez9

where all but finitely many of the coefficients ¢, € C are zero, such that

—h 2.
max h(z) h(z)‘<€/
Then
Y €
: 2 i Xt 2miXt T 2miXt 2miXt
Sy XZ_\ T ) (e | <

and similarly

- e <
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as uy(H) = 1, and consequently

Y
1 A )
lim — E h(e2™Xh L 2T — / h(z)dpg(2)] < e.
X=1 H

Yoo Y

As € > 0 was arbitrary, we obtain the result.

This completes the proof of the Kronecker—Weyl theorem.
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