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Abstract

This thesis is devoted to the development of new, Generalized Interpolation Material Point
Method (GIMP)-based algorithms for handling surface tension and contact (wetting) in
fluid-solid interaction (FSI) problems at small scales. In these problems, surface tension
becomes so dominant that its influence on both fluids and solids must be considered.
Since analytical solutions for most engineering problems are usually unavailable, numeri-
cal methods are needed to describe and predict complicated time-dependent states in the
solid and fluid involved due to surface tension effects. Traditional computational methods
for handling fluid-solid interactions may not be effective due to their weakness in solv-
ing large-deformation problems and the complicated coupling of two different types of
computational frameworks: one for solid, and the other for fluid. On the contrary, GIMP,
a mesh-free algorithm for solid mechanics problems, is numerically effective in handling
problems involving large deformations and fracture. Here we extend the capability of
GIMP to handle fluid dynamics problems with surface tension, and to develop a new con-
tact algorithm to deal with the wetting boundary conditions that include the modeling
of contact angle and slip near the triple points where the three phases — fluid, solid, and
vapor — meet. The error of the new GIMP algorithm for FSI problems at small scales, as
verified by various benchmark problems, generally falls within the 5% range. In this the-
sis, we have successfully extended the capability of GIMP for handling FSI problems under

surface tension in a one-solver numerical framework, a unique and innovative approach.
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Chapter 1
Introduction

1.1 Background

Fluid-structure interactions (FSI) can occur at small scales in unsaturated soil or porous
rock, as well as in micro/nano manipulation processes. For these situations, surface ten-
sion and contact angles become crucial in determining the interactions between fluids and
solids. The studies of fluid-solid interactions induced by surface tension can be applied
to many industrial processes, including oil recovery and chemical assay by lab-on-a-chip
devices [Kapur and Gaskell, 2007].

Theory of surface tension and contact angle was first described by Young [1805], who
developed the famous Young-Laplace equation for determining the liquid interface. Young
[1805] also proposed the Young’s equations to include contact angle as a boundary condi-
tion at the triple points of three phases (e.g., solid, fluid, and air). The Young-Laplace
equation and Young’s equation are the two fundamental equations for including the ef-
fects of surface tension and contact angles in FSI problems.

When it comes to engineering problems, which usually involve a complex topology of
fluid interfaces and contact conditions at fluid-solid interfaces, theoretical analysis can be
very difficult. Thus, numerical approaches are often sought to solve these problems. To
facilitate computational modeling of complicated immiscible interfaces in the presence of
contact angle, Brackbill et al. [1992] proposed the Continuous Surface Force (CSF) method
that has been widely adopted by most computational fluid dynamics codes. For solving
common FSI problems without surface tension, meshed methods have been developed,
such as the immersed boundary method [Xu and Wang, 2008, Gil et al., 2013], the Lattice
Boltzmann method [Shin et al., 2013], arbitrary Lagrangian-Eulerian (ALE) method, and
level set method [Basting and Weismann, 2013]. Generally, these methods are effective
for small deformation problems. For large deformation problems, they often suffer from
mesh entangling issues. Furthermore, these methods adopt different solvers for the solid
and fluid phases requiring oftentimes complicated coupling equations to bridge the solid
and fluid phases.

There is a current trend to use particle method or mesh-free method to solve prob-
lems where traditional meshed methods fail. In general, particle methods can minimize
mesh entangling issues and can deal with complicated contact problems involving mul-

tiple materials and bodies. One of the popular particle methods is the smoothed-particle



hydrodynamics (SPH) method. SPH has been applied to FSI problems [Lahooti et al., 2011]
and surface tension problems involving contact angles [Das and Das, 2010]. Compared to
SPH, the material point method (MPM) is an emerging method developed by Sulsky et al.
[1994, 1995] by extending the hydrodynamics fluid implicit particle (FLIP) method [Brack-
bill and Ruppel, 1986] to solid mechanics. Although MPM is devised to solve difficult
solid problems, it can also handle fluid problems in the same manner. Therefore, it has
also been applied to FSI problems such as membrane-gas interactions by York et al. [1999],
and water-soil interactions by Lee and Guilkey [2008].

Recently, many efforts have been made to improve the material point method, such
as the refinement of the contact algorithm by Bardenhagen et al. [2001] and the use of
Generalized Interpolation Material Point (GIMP) method proposed by Bardenhagen and
Kober [2004]. Despite all these improvements, there were still gaps to be filled in order to
use MPM or GIMP for solving FSI problems induced by surface tension. First, a systematic
study of GIMP for fluid dynamics was not found in the literature. Second, there was no
surface tension model implemented in GIMP before this work. Third, the existing contact

algorithm for GIMP does not consider the effect of surface tension and contact angle.

1.2 Objectives

The ultimate goal of this study is to extend the GIMP method for modeling fluid-solid
interactions induced by surface tension, providing a single computational framework that
is used for both the fluid and solid phases. To achieve this goal, the objectives are as

follows:

1. to investigate the capability of GIMP in modeling fluid dynamics in a systematic

way;
2. to develop a surface tension model in GIMP;

3. to develop a method to solve fluid-solid interactions induced by surface tension in
GIMP.

Since accurate modeling of the behavior of the fluid phase is important to model FSI
problems, systematic investigations of the GIMP method in fluid mechanics are first con-
ducted. A wide range of fluid mechanics problems are studied in GIMP, which are pre-

sented in Chapter 2. The results and findings there enable us to better understand both



the advantages and limitations of GIMP in the modeling and simulations of fluids. Chap-
ter 2 also reports special techniques that can be used to reduce errors in GIMP for fluid
dynamics. The work presented in Chapter 2 is referred to as GIMP-CFD.

In Chapter 3, we expand the modeling capability of the GIMP method to include sur-
face tension. An algorithm is developed to formulate the surface tension force in GIMP by
using the CSF method and named as GIMP-CSF. The newly developed algorithm is veri-
fied by a few numerical examples which are compared to analytical solutions. The results
show that our algorithm is effective in modeling surface tension with the GIMP method.
This Chapter has been published in Computer Modeling in Engineering and Sciences as
Chen et al. [2012].

In Chapter 4, a new method, which is named as GIMP-FSI, is presented for solving
FSI problems dominated by surface tension based on the GIMP method. The method
takes advantage of both GIMP-CFD (presented in Chapter 2) and GIMP-CSF (presented
in Chapter 3). Compared to GIMP-CSF which is for fluids only, GIMP-FSI considers the
surface tension effect as well as the contact angle effect for both fluid and solid. GIMP-CSF
also adopts a new contact algorithm that allows partial slip of fluid at the triple points.
Numerical examples are presented where three different examples are used to verify the
proposed algorithm.

Finally, Chapter 5 summarizes the key achievements and findings of this thesis and

discusses potential future work in using GIMP for FSI problems.
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Chapter 2
Using the Generalized Interpolation Material Point Method for Fluid Dynamics at
Low Reynolds Numbers!

2.1 Abstract

The generalized interpolation material point (GIMP) method is a finite-element-like par-
ticle method using both the Lagrangian particles and Eulerian computational meshes for
solving large-deformation problems in solid mechanics. In this paper, the capability of
GIMP is extended to computational fluid dynamics (CFD) for flows at low Reynolds num-
bers. GIMP-CFD is systematically benchmarked by five validation problems: hydrostatic
pressure, Rayleigh’s problem, Poiseuille flows, lid-driven cavity flow, and dam-break em-
ploying an equation of state for water. A reduced bulk modulus was used to speed up
computation. Pressure smoothing and more particles per cell were employed for prob-
lems with large pressure fluctuations. A comparison of the results using GIMP with those
using the B-spline interpolation function showing that GIMP has better performance than
B-spline. Evaluation of GIMP-CFD was conducted by comparing numerical solutions
against known solutions showing good agreement. Our work indicates that GIMP-CFD

is a promising method for fluid dynamics at low Reynolds numbers.

2.2 Introduction

Mesh-free, meshless and particle methods [Li and Liu, 2002, Nguyen et al., 2008] have
gained popularity in recent years to address issues, such as mesh entanglement in large
deformations and fragmentation of a body, that are difficult to handle by traditional com-
putational methods such as the finite element method.

Developed by Sulsky et al. [1994, 1995], MPM is a relatively new particle method which
extends the hydrodynamics fluid implicit particle (FLIP) method [Brackbill and Ruppel,
1986] to solid mechanics. Like many other particle methods, MPM discretizes the solid
body into a collection of particles (the material points). One unique feature of MPM is
the adoption of a background mesh as a computational "scratch pad’ to deal with im-
pact/contact and penetration types of problems [Chen and Brannon, 2002]. The back-
ground mesh, or grid, is discretized into a lattice of cells (elements) and grid points (nodes).

The background mesh at the end of a time step is deformed, but is usually reset before the

1This chapter will be submitted for publication as L. Chen, J. H. Lee, and C. -f. Chen. Using the Generalized
Interpolation Material Point Method for Fluid Dynamics at Low Reynolds Numbers.



next time step. Consequently, MPM can be considered as a hybrid finite-element-like par-
ticle method and has been contrasted with the finite element method [Chen and Brannon,
2002] and the popular smoothed-particle hydrodynamics (SPH) method [Ma et al., 2009].
To improve the accuracy and stability of MPM, Bardenhagen and Kober [2004] developed
the generalized interpolation material point method (GIMP), a variant of MPM. Analysis
and implementation choices of MPM have been reported in Steffen et al. [2008a,b].

Since its inception, MPM has been mainly applied to solve solid mechanics problems;
its application to fluid dynamics is, however, limited. For example, Chen et al. [2012]
tirst implemented a surface tension model using GIMP. Membrane-gas interaction prob-
lems involving gas dynamics were simulated by York et al. [1999]. Water-soil interactions
were investigated by Lee and Guilkey [2008]. The last two works are examples of fluid-
structure interaction (FSI) problems which can be challenging [Hou et al., 2012]. Extending
MPM to fluid dynamics, in addition to its own merit, has the potential of solving FSI prob-
lems within a single computational framework as opposed to using a coupled approach
[Guilkey et al., 2007]. To the best of our knowledge, no systematic studies of MPM for fluid
dynamics with validation have been reported in literature. The purpose of this paper is to
extend the capability of MPM to CFD using GIMP.

The rest of the paper is organized as follows. In Section 2.3, we first review MPM and
then introduce the numerical procedure of MPM-CFD to handle fluid dynamics problems.
In Section 2.4, we apply MPM-CFD to five benchmark examples and compare the results
with known solutions. In Section 2.5, we discuss our numerical experience in using MPM-

CFD for a balance between computational efficiency and accuracy, and draw conclusions.

2.3 MPM for fluid dynamics
In this section, essential elements of MPM are first reviewed. We then discuss the extension

of MPM for fluid dynamics problems.

2.3.1 MPM formulations

MPM and its variants share a common high-level algorithm which is briefly reviewed here.

Conservation of mass and momentum equations are shown, respectively, as:

— 4+ V-V = .



and

pa=V-c+pb (2.2)

where p is the density, v is the velocity, ¢ is the stress tensor, a is the acceleration, and b
is the specific body force. For fluid dynamics problems where surface tension or wetting
phenomenon is present, surface tension can also be modeled as a body force [Chen et al.,
2012].

In terms of spatial discretization, MPM uses a finite number of particles to represent the
object of interest. The positions of the particles, x,, are tracked throughout computation;
the subscript p denotes particles. In MPM, the particles carry all the state variables and
material properties including the mass M,, velocity vy, stress 6,, and deformation gradient
F. Since the mass of each particle remains unchanged over time, conservation of mass (Eq.
2.1) is automatically satisfied.

Besides the Lagrangian particles, MPM uses a background mesh as a scratch pad to
solve the momentum equation (Eq. 2.2). The acceleration on the i-th grid node is solved
using;:

m;a; = fth - f;:nt (2-3)

which is derived from the weak form of Eq. 2.2; m; denotes the grid mass, a; is grid accel-
eration, ff’“ represents the grid external force, and fﬁ”t is the grid internal force. Each of the
aforementioned grid variables is in turn obtained by mapping particle information via an

interpolation function S;,:

m; =Y Siy(x,)M, (2.4)
P
£ =M, Y Gi(x,) - o, (2.5)
14
£ =Y Sy (xp)bp + Y Sip ()T, (2.6)
p P

where Z denotes summation over particles, G;(xy) = VS, is the gradient of the interpo-

lation flinction, o, is the specific stress tensor, b, is particle body force, and 1, is particle
traction force.

There exist many options for the interpolation function S;, including the linear func-
tion (used in the original MPM), the GIMP interpolation function [Bardenhagen and Kober,
2004], and the B-spline interpolation function [Steffen et al., 2008a,b]. In this paper, we pri-
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marily used the GIMP interpolation function because it is computationally robust for gen-
eral applications. A B-spline interpolation function, reported to show good performance
[Steffen et al., 2008a], was also used for comparison.

After Eq. 2.3 is solved for the acceleration a; on the grid nodes, the new grid velocity,

VZ-L, can be calculated for a time increment At:

ViL =vVv;+a;At (27)

in which v; is the old grid velocity given by

Ly Sip(Xp)vpM,
V= —WI'
1

(2.8)

Then the gird acceleration and the new grid velocity are mapped (interpolated) to par-

ticles for the next computational cycle. The incremental particle velocity is given by
Av, =Y SjaAt (2.9)
i
and the incremental particle position is given by
Axy =Y SipviAt (2.10)
i

The particle stress is updated next using the update-stress-last (USL) algorithm which
was reported to outperform the update-stress-first (USF) algorithm [Wallstedt and Guilkey,

2008]. The increment of particle stress, Ac,, is obtained as:
AF, =T+AtY Gjvi (2.11)
i

and
Ao, =f(AF,) (2.12)

where AF,, is the increment of the deformation gradient tensor, I the identity tensor, and
f(AF,) describes the constitutive law of the material.
For explicit time integration of a dynamic problem, artificial damping is often used to

increase the energy dissipation to speed up computation. In MPM, artificial damping can
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be implemented by adding a damping term to the grid acceleration:

a?amp =a;—av (2.13)

where o is the damping coefficient chosen by the user suitable for the problem at hand.

2.3.2 Constitutive model for fluid

In MPM, a fluid material is treated just like a solid material but adopting a different consti-
tutive model. For a nearly-incompressible fluid, we adopt the constitutive law commonly

used in SPH and given in Cueto-Felgueroso et al. [2004] to calculate the stress:
6 = —pl+2ud’ (2.14)

where u is the dynamic viscosity, d’ is the rate of deformation tensor based on AF,, and p

is the hydrostatic pressure determined by an equation of state given by Monaghan [1994]

and Morris et al. [1997]: ;
p=K[<p> —1} (2.15)
Po

where K is the bulk modulus, p the fluid density, po the initial density, and y a constant
(e.g., 7.0 for water and 1.4 for air under room temperature and atmospheric pressure). We
use y=7.0 for all the examples in Section 2.4.

For time integration of explicit dynamic problems, the Courant-Friedrichs-Lewy (CFL)

condition needs to be satisfied for stability:

Ate = dci‘ (2.16)

where At is the critical time step, dx the minimum cell spacing, and ¢ the speed of sound:

c=/= (2.17)

The bulk modulus can be very high for a nearly incompressible fluid, such as water, re-
sulting in a very small time step. It is suggested that a reduced bulk modulus be used for
such a fluid as long as the change in density is less than 3% [Monaghan, 1994, Staroszczyk,
2010].
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In practice, the size of time step is a fraction of the value given in Eq. 2.17, typically 0.2-
0.4, to obtain desired results for the problem at hand. The stable time step size is updated

every computational cycle based on Eq. 2.16 and the chosen fraction.

2.3.3 Pressure stabilization

Pressure oscillation can occur for an incompressible fluid modeled using Eq. 4.37 in con-
junction with a high bulk modulus. A pressure smoothing technique, similar to conven-
tional finite element method for incompressible materials [Chen et al., 1995, Lee et al.,
1979], can be used to mitigate this oscillation. In this paper, we use a local-cell smoothing
scheme in which the particle pressure is recalculated by obtaining an averaged Jacobian of

the deformation gradient F using the following equation:

3 ):;Ig\]ﬂ]pvp

- 2.18
=7, (2.18)

Iy
where [, is the Jacobian of the deformation gradient tensor F, N the number of particles in

one cell, V), the particle volume, and I the averaged Jacobian. Note that ], = p/po.

2.4 Numerical examples and validations

In this section, five common examples for validating CFD codes are presented to demon-
strate the capability and limitation of our approach described in Section 2.3. The examples
are: the hydrostatic pressure of a water column subjected to gravity, the transient behavior
of viscous flow for Rayleigh’s problem, two-dimensional and three-dimensional Poiseuille
flows, the lid-driven cavity problem, and a simplified dam-break problem. In this paper,
we focus on flows at low Reynolds numbers.

To quantify numerical errors, we use the L., norm, defined as:

[ = max |Xtrue — Xcal 7 (2.19)
max ‘xtrue|

L= / Z(xtme 2_ xcal)2 (2‘20)
thrue

where x4, is the theoretical solution, and x; is the numerical solution.

and the L, norm, defined as:

We use two interpolation functions, GIMP and B-spline, in all of the benchmark ex-
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amples and compare their performance in terms of computational efficiency and accuracy.
To differentiate current work with the traditional MPM developed for solid mechanics,
the methodology presented here is called MPM-CFD in general, and GIMP-CFD when the
GIMP interpolation function is used.

All the results are obtained using the open-source software package Uintah [Parker
et al.,, 2006] running on a Sun Ultra 40 computer with a 2.4 GHz CPU.

24.1 GIMP-CFD
Hydrostatic pressure

Fluid at rest is a simple problem where the hydrostatic pressure is proportional to depth.
Since its solution is independent of viscosity, the problem can be used to evaluate the
equation of state specified in Eq. 4.37. The numerical error of GIMP-CFD can be compared
to the theoretical solution per Pascal’s law.

As illustrated in Fig. 2.1a, a two-dimensional water column in a rectangular tank is
subject to gravitational acceleration (¢=10 m/s?). The distribution of pressure in the prob-
lem domain, represented by a straight line, is schematically plotted per Pascal’s law. A
0.04 m x 0.1 m water column in a 0.04 m x 0.15 m tank is modeled. The problem domain
is meshed into square cells where each cell has a length (dx) of 0.01 m, one-tenth of the
height of water (h), i.e., dx/h=0.1. The number of particles per cell (PPC) is 2x2. For this
two-dimensional problem, only one particle and one cell are used in the third dimension
where the symmetric boundary condition is applied; this approach is used for all two-
dimensional examples in this paper. Symmetric boundary conditions are also used for
the vertical sides of the domain. At the bottom of the domain, a fixed Dirichlet boundary
condition is used.

The only external force is due to gravity activated at t=0 s. The viscosity of water,
0.001 Pa-s, is used. Two values of the bulk modulus are used: 2.2x10° Pa representing
water (Ky), and a reduced modulus (K;) of 1.54x10* Pa to speed up the computation per
discussions in Section 2.3.2.

Figure 2.1b shows numerical results of particle pressure versus height (measured from
the bottom of the tank) using the reduced modulus K, with good comparison to theory.
The results are based on t=0.2 s when a steady state is reached using an artificial damping

coefficient of 100. Note that the use of artificial damping does not affect the results since a
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Figure 2.1: (a) Problem setup for hydrostatic pressure simulation (left), dis-
cretization of the domain (fluid particles and background mesh) with bound-
ary conditions (right); (b) comparison of pressure vs. depth (measured from
the bottom of the tank) at equilibrium state between theory and numerical re-
sults at the particles using the reduced bulk modulus K,=1.54x10* Pa.



15

steady-state solution is sought.

The L., error is 2.5%, as opposed to the L, error which is 6%. It indicates that GIMP-CFD
performs well. For comparison, when Ky, is used, L., error remains at 2.5%, whereas the
L, error is slightly smaller than 4.1%. However, computation time using K, is 18 seconds,
and that using Ky, is significantly higher at 1644 seconds.

We also study the effects of mesh size and number of particles per cell (PPC) which are
summarized in Table 3.2 using the reduced modulus K,. Generally, the numerical error
decreases with a smaller mesh size, as expected. Increase in PPC slightly improves the
accuracy.

In summary, whether using K, or K,, GIMP-CFD is effective in calculating the hydro-

static pressure of water.

Rayleigh’s problem

The second numerical example is Rayleigh’s problem where the fluid motion is dominated
by the viscous force. The problem is illustrated in the left figure of Fig. 2.2a where an
initially stationary, viscous fluid is moving in the x direction due to an infinite rigid plate
coinciding with the x axis and traveling at a constant velocity U. This problem is typically
described as a one-dimensional flow in a 2D domain. The momentum equation is reduced
to:

ou  du

where u is the velocity of the flow in the x direction, and v the kinematic viscosity. Since

the rigid plate is infinite in the x direction, the continuity equation is reduced to:

d
%0 (2.22)
Jy

where v is the velocity in the y direction. The boundary conditions are # = 0 at y = o0, and
u =U at y = 0. The initial conditions are u =v =0 at t = 0. Under these conditions, v must
always be zero. The solution of u is mathematically identical to the well-known solution

of a corresponding heat conduction problem for a semi-infinite rod [Carslaw and Jaeger,
1986]:

e Y
u=U( HQJW) (2.23)
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Figure 2.2: (a) Problem setup for Rayleigh’s problem (left), discretization of
the domain (fluid particles and background mesh) with boundary conditions
(right); (b) calculated normalized velocity profile versus theoretical profile.
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The right figure of Fig. 2.2a shows the setup of the problem where a two-dimensional fluid
(0.2 m x 1.0 m) is modeled by 320 particles (8x40) in a 0.2 m x 1.1 m domain which has
4x22 cells, PPC=2x2. The bulk modulus of the fluid, assumed to have no influence on the
results, is taken as 1.5x10* Pa. Viscosity Vv is taken as 0.0005 m?/s. The Dirichlet boundary
condition is applied at the lower edge of the domain to simulate the moving plate with
U=0.001 m/s. Since the fluid flow is uniform along the x direction, a periodic boundary
condition is applied at the left and right edges.

The comparison of the theoretical and simulation results of the normalized velocity
u/U versus y at different times in Figure 2.2b shows a good agreement. Numerical error
is the largest at t=10 s with L.=23.0% and L,=17.4%, shown as the maximum values in the
first row of Table 2.2. However, the error decreases with time: the smallest error is at t=200
s with L,=4.57%, and L,=2.41%, shown as the minimum values in the first row of Table 2.2.

As shown in Table 2.2, the accuracy can be increased by using a refined mesh (4x40),

as expected. Table 2.2 shows that an increase of PPC improves slightly the accuracy in L.

Time-dependent Poiseuille flow

The Poiseuille flow is another typical problem where the viscous effect dominates the fluid
behavior. Time-dependent Poiseuille flows, which were previously simulated by the SPH
method [Sigalotti et al., 2003], are modeled in this paper. The theoretical solutions for
both the two-dimensional and three-dimensional Poiseuille flows can be found in litera-
ture [Sigalotti et al., 2003] to benchmark the accuracy of GIMP-CFD.

Transient 2D Poiseuille flow

As shown in Fig. 2.3a, the two-dimensional Poiseuille flow is bounded between two
parallel plates fixed at y = —R and y = R, and driven by a constant pressure gradient in the
x direction. The velocity in the x direction can be described by a series solution [Sigalotti
et al., 2003]:

_ R? 16(—1)"R%F
ulh) = SR+ Z B 2n+ 1)

_ 2.2
0S <(2n;1; )TC]/ > exp ((2714;{12) d ,u> (2.24)
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(c) Computed velocity profile versus theoretical profile for Re=5.

Figure 2.3: Simulation of plane Poiseuille flow by GIMP.
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where F is a constant body force that produces the needed pressure gradient to drive the
flow, v the kinematic viscosity, and 2R the distance between the plates. The maximum
velocity at the steady state along y =0 is:

’F

Umax(y =0, t = 00) = e (2.25)

Similar to the SPH simulations in Sigalotti et al. [2003], we used two Reynolds numbers

(Re): 0.0125 and 5.0. The Reynolds number is calculated by Re = 2Rzmax , or equivalently by
Re = Isz Therefore, for Re = 0.0125, we chose v = 10~°m? /s, and F = 10~*m /s?; for Re = 5,
we chose v =10"%m?/s, and F = 0.04m/s*>. The bulk modulus is 1.5x10* Pa, same as used
before.

Due to symmetry, only one half of the domain is modeled. As shown in Fig. 2.3a,
a symmetric boundary condition is applied at y = 0 with a fixed boundary condition at
y =0.0005 m. Since the flow is uniform in the x direction, the periodic boundary condition
is applied at the left and right edges of the domain. A 4x10 mesh is used in the discretized
domain with PPC=2x2.

The flow velocity profiles in the y direction at different times are plotted against the
theoretical solutions in Fig. 2.3b (Re = 0.0125) and Fig. 2.3c (Re = 5). Both flows eventually
reach the steady state at t=1.0's.

Table 2.3 summarizes the effects of mesh size and PPC on the simulation results. For
both Re = 0.0125 and Re =5, L., ranges from 3.5% to 5.6%, and L, from 1.1% to 1.7% at a
grid of 4x10 and PPC=2x2. These numerical errors provide evidence of the effectiveness

of GIMP-CFD. Similar to the results of the hydrostatic pressure example and Rayleigh’s

problem, the mesh size has a larger influence on accuracy than PPC.



Table 2.1: Effects of mesh size and PPC for the hydrostatic problem expressed
in L., and L, using the reduced bulk modulus K,=1.54x 10* Pa.

dx/h PPC Lu (%) Ly (%)

01 2x2 250 6.00
02 2x2 550 8.50
0.05 2x2 140 2.20

01 3x3 3.50 4.60
01 4x4 3.80 4.70

Table 2.2: Effects of mesh size and PPC on Rayleigh’s problems. For each case,
minimum and maximum of L., and L, are given.

Grid PPC L.(min, max)% Ly(min, max)%
4x20 2x2 (4.57,23.0) (2.41,17.4)
4x40 2x2 (2.51,10.2) (0.98, 5.74)
4x10 2x2 (9.42 45.0) (5.30, 40.4)
4%x20 3x3 (4.60, 22.6) (2.50, 15.5)
4%x20 4x4 (4.67,22.7) (2.25,14.9)

Table 2.3: Effects of mesh size and PPC on plane Poiseuille flow using GIMP.

Re=0.0125
Grid PPC Leo(min, max)% Ly(min, max)%
4x5 2x2 (7.37,7.78) (3.25,4.20)
4x10 2x2 (3.52,5.57) (1.14,1.69)
4x20 2x2 (1.81, 3.27) (0.42,0.67)
4x10 3x3 (3.20, 5.72) (1.35,2.12)
4x10 4x4 (3.15,5.59) (1.11,1.79)
Re=5
4x5 2x2 (7.37,7.77) (3.25,4.25)
4x10 2x2 (3.52,5.57) (1.14, 1.69)
4x20 2x2 (1.71, 3.12) (0.40, 0.64)
4x10 3x3 (3.20, 5.82) (1.35,2.12)
4x10 4x4 (3.15,5.59) (1.11,1.79)




21

Transient 3D Poiseuille flow

Figure 2.4 shows a schematic of the Poiseuille flow in three dimensions. Due to ax-
isymmetry, the flow can be described in the radial and axial coordinates (r, z) only. Similar
to the plane Poiseuille flow, the flow is driven by a pressure gradient, modeled by a body
force F, in the z direction. According to Sigalotti et al. [2003], the flow velocity v.(r,t) across
the radius at time f can be expressed in an analytical form:

vy(r,t) = i;(rz —~R%)+ i ER® Jo(etn)

2
Jo <r%ﬂ> exp (—Vgglt> (2.26)

where [y, [1, and |, are Bessel functions of the first kind at different orders, and o, is the

m-th roots of Jo. The maximum velocity at the steady state is given by:

R2F
Omax = v (2.27)

3

. R°F
, or equivalently as PR
This 3D Poiseuille flow problem was simulated using the axisymmetric form of GIMP

formulated by Narin and Guilkey [2013]. Fig. 2.4a shows the GIMP model of the problem

Umax

The Reynold’s number can be calculated as 2R

for a pipe with a radius of 0.05 m discretized into a 10x4 mesh, PPC=2x2. A symmetric
boundary condition is applied at the left edge of the domain (r = 0) due to axisymme-
try. The right edge is fixed with a no-slip Dirichlet boundary condition. Similar to the
plane Poiseuille flow, periodic boundary conditions are used in the direction of flow. Two
Reynold’s numbers are modeled: Re = 0.0125, and Re = 5.0. We chose v = 0.001 m?/s and
F =0.0002 m/s? for Re = 0.0125, and v = 0.0005 m2 /s and F = 0.02 m/s? for Re = 5.0.

The velocity profiles as a function of time are plotted against the theoretical solutions in
Fig. 2.4b (Re =0.0125), and Fig. 2.4c (Re = 5.0). The results show that the axisymmetric form
of GIMP is effective in simulating the 3D Poiseuille flow problem. The numerical errors
from various mesh sizes and PPC are also investigated and summarized in Table 2.4. The
L.. and L, are both smaller than 5% when a finer mesh is used. Based on Table 2.4, the

effects of PPC on the 3D Poiseuille flow are not as evident as mesh refinement.
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Figure 2.4: GIMP simulation of transient 3D Poiseuille flow in a pipe.



Table 2.4: Effects of mesh size and PPC on 3D Poiseuille flow using GIMP.

Re=0.0125
Grid PPC Le(min, max)% Ly(min, max)%
4x5  2x2 (8.70,10.0) (4.60, 6.40)
4x10 2x2 (4.10, 7.80) (1.40, 2.50)
4x20 2x2 (1.90, 4.70) (0.50, 1.10)
4x10 3x3 (3.80, 8.70) (1.60, 3.00)
4x10 4x4 (3.80, 7.90) (1.30, 2.50)
Re=5
4x5 2x2 (7.60, 9.80) (4.40, 6.40)
4x10 2x2 (4.00, 7.50) (1.40, 2.50)
4x20 2x2 (1.90, 4.70) (0.46, 1.10)
4x10 3x3 (3.80, 8.70) (1.60, 3.00)
4x10 4x4 (3.70, 7.80) (1.30, 2.50)
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Lid-driven cavity flow

The validation problems we have presented so far show that GIMP-CFD can accurately
model typical fluid dynamics problems where pressure follows a simple pattern, either
constant or linear. A more challenging problem is the lid-driven cavity problem [Shankar
and Deshpande, 2000] which has long been used to validate new CFD schemes since many
complicated flow patterns can be obtained within a well-defined domain for this problem.

This two-dimensional problem is illustrated in Fig. 2.5a where a square cavity of side
length L is filled with an incompressible fluid driven by a moving lid with a velocity U on
the top of the cavity. Numerical and experimental studies show that the flow will become
steady in the low Reynolds number regime (Re = %). Ghia et al. [1982] provided the
solutions for Reynolds numbers between 100-1000. In this paper, Re = 100 is used: v=0.01
m?2/s, U=10 m/s, and L=0.1 m. In Fig. 2.5a, a 20x20 mesh is used for the domain with
PPC=4 x4 resulting in a total of 6,400 particles.

In order to yield reasonable numerical results using GIMP, four modeling choices have
been considered: bulk modulus, PPC, boundary conditions, and pressure stabilization.

First, similar to the numerical examples presented before, a reduced bulk modulus
(1.5x10° Pa) is used here to prevent the calculation from diverging due to the very large

pressures around the corners of the cavity. Using a reduced bulk modulus makes the
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simulation stable while reducing the computation time.

The second aspect is that voids and clumped particles (i.e., particles that are very close
to one another due to fluid flow) can be formed after a certain time of computation. This
phenomenon has also been reported using the SPH method [Ma et al., 2009]. In GIMP-
CFD, we found that the issue can be resolved by using more particles per cell. As shown
in Fig. 2.5b, using PPC=4x4 yields far fewer voids and clumped particles than PPC=2x2,
and also gives a better approximation to the velocity field (shown as vectors).

The third aspect is that a minor modification of the boundary conditions for the lid-
driven cavity problem can effectively mitigate the so-called singularity issue caused by the
intersection of two different boundary conditions at the two corners of the top edge. For
this purpose, the boundary condition at the top edge is modified to simulate the moving
lid; as shown in Fig. 2.5a, only 80% of the top boundary, away from the corners, is allowed
to move at the given speed.

The fourth aspect is the use of a pressure stabilization scheme (Eq. 2.18) to improve
the results. As demonstrated in Fig. 2.5¢, with pressure stabilization, the flow can quickly
reach the steady state (after t=0.1 s), which cannot be achieved without pressure stabiliza-
tion. The x-component of the flow velocity (at x=0) is plotted against the data from Ghia
et al. [1982] at t=0.2 s. It can be seen that GIMP with pressure stabilization gives much
closer results to the experimental data than those without. The effectiveness of pressure
stabilization may be due to the alleviation of the high degree of pressure fluctuation and
distortion in the lid-driven cavity problem, both are not handled well in the original GIMP
method without pressure stabilization.

With the considerations described above, GIMP-CFD is able to yield results that match
well with experimental data (Fig. 2.5c).

Breaking of a dam

To further demonstrate the capability of GIMP-CFD, a dam-break problem is considered
here. Similar simulations using SPH can be found in Lee et al. [2008] and Staroszczyk
[2010]. Since theoretical solutions are not available for the problem, numerical solutions
from OpenFOAM [2013] are used as reference.

Figure 2.6 shows the geometry of a two-dimensional dam-break problem similar to the
simulation by Rivola [2007] by OpenFOAM. A 0.146 m x 0.292 m fluid column rests at

the left corner of a 0.584 m x 0.584 m container. The fluid column starts to collapse due
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to a downward gravitational force (¢=9.81 m/s?) from t=0 s. The flow is simulated us-
ing GIMP-CFD and OpenFOAM with the same fluid properties: viscosity u = 0.001Pa/s,
and density p = 1000 kg/m?. In OpenFOAM, the incompressible fluid is modeled while in
GIMP-CFD a nearly incompressible fluid is modeled using a bulk modulus of 1.5x10° Pa.
For OpenFOAM, a 100x100 mesh is used to discretize the problem domain. For GIMP-
CFD simulation, a 50x50 mesh is used as the computational domain; a total of 5000 parti-
cles are used to represent the fluid column with PPC=4x4. In both methods, slip boundary
conditions are used for all faces. For GIMP-CFD, slip boundary conditions are achieved
using symmetric boundary conditions.

Similar to the lid-driven cavity problem, pressure stabilization is applied to obtain a
smooth flow in the dam-break problem. Figs. 2.7a-2.7c show similar results obtained by
OpenFOAM and GIMP-CFD at different times. For the dam-break problem, a PPC of 4x4
is slightly helpful in reducing voids when compared with a PPC of 2x2. It is also found
that pressure stabilization becomes crucial when a bulk modulus higher than 1.5x10° Pa

is used.

Computation time

Table 2.5 shows the computation time for some of the numerical examples using GIMP-
CFD. For Poiseuille flow simulation, only the cases with Re=0.125 are listed since the cases
with Re=5.0 have similar computation time. For hydrostatic pressure problems, using
artificial damping and reduced bulk modulus speed up the computation; the CPU time
needed to reach stable pressures is generally less than a minute. For Rayleigh’s problems,
increasing grid resolution and PPC results in more computation time, as expected; with
the same number of total particles (e.g., 1280), a finer mesh (e.g., dx = 0.025 m) requires
more CPU time than a coarser mesh (e.g., dx = 0.05 m). Interestingly, simulation of the 3D
Poiseuille flow using the axisymmetric form of GIMP requires much less time than the 2D
Poiseuille flow, even though the grid resolution, PPC, and the time step size for both 2D
and 3D cases are similar. Thus the axisymmetric form of MPM seems to be quite efficient
in simulating the 3D Poiseuille flow. The computation time for the lid-driven cavity and
dam-break problems is also listed. For the dam-break problem, GIMP-CFD requires much
more time (5088 s) than OpenFoam (185 s), which is mainly due to the need in GIMP-CFD
to map variables between particles and the background mesh, as well as due to the smaller
time steps used in GIMP-CFD .
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Table 2.5: Summary of computation time using GIMP-CFD.

Problem  dx(m) PPC Particles CPU time (s) Physmal
time (s)

0.005 2x2 160 18 0.2

Hydrostatic  0.005 3x3 360 16 0.2

pressure 0.005 4x4 640 21 0.2

0.0025 2x2 640 36 0.2

0.05 2x2 320 9500 200

Rayleigh’s 0.05 3x3 720 17979 200

problem 0.05 4x4 1280 19655 200

0.025 2x2 1280 24200 200
"D 0.005 2x2 160 9148 1
Poiseuill 0.005 3x3 360 12774 1
Rof'g‘éll 2e5 0.005 4x4 640 17757 1
= 0.0025 2x2 640 23046 1
0.005 2x2 160 668 8
3D Poiseuille 0.005 3x3 360 752 8
Re=0.0125 0.005 4x4 640 1555 8
0.0025 2x2 640 1501 8

Liddriven 005 4x4 6400 1851 0.2

Cavity
Dam-break 0.0117 4x4 5000 5088 1.0

2.4.2 Alternative interpolation function — B-spline

To study the effect of interpolation function, results using the third-order B-spline interpo-
lation function are shown in Figs. 2.8-2.10 for the same validation examples given earlier
using GIMP.

For the hydrostatic problem (Fig. 2.8a), results using B-spline (dx/h=0.1, PPC=2x2)
give similar results as GIMP away from the boundary, but show poor performance near the
boundary. The L, error from B-spline is 9.6% which is higher than that of GIMP (6.0%). The
poor performance of B-spline near the boundaries is also found for Rayleigh’s problems
shown in Fig. 2.8b based on a grid of 4x40 and a PPC of 2x2. The maximum L, is 15.5%
which is higher than that of GIMP (5.74%). Furthermore, Fig. 2.9 shows that B-spline is
ill-suited in simulating both the 2D and 3D Poiseuille flows with L, ranging from 17% to
19% based on a grid of 4x10 and a PPC of 2x2, while GIMP with similar configurations

gives L, ranging from 1% to 4%.
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For the problems of lid-driven cavity and dam break, using B-spline without using pres-
sure stabilization, however, yields similar results as using GIMP with pressure stabiliza-
tion as shown in Fig. 2.10. This could be due to the fact that B-spline is a smoother interpo-
lation function than GIMP thus yields a similar smooth pressure field obtained by GIMP
with pressure stabilization. Also, for the lid-driven cavity problem using the B-spline in-

terpolation function, the effect of PPC is not significant as shown in Fig. 2.10.

2.5 Discussions and conclusions

In this paper, a numerical procedure extending MPM to fluid statics and dynamics prob-
lems was presented and validated by benchmarking five problems using analytical or
well-accepted numerical or experimental solutions. These examples cover applications
in hydrostatics, steady-state and transient 2D and 3D fluid flows in pipes, fluid dynamics
problems with Reynolds numbers up to 100, and the dam-break problem which features
very large deformations.

We have explored several options of MPM to obtain best results, balancing computa-
tional efficiency with accuracy. They include the choice of interpolation function (GIMP
or B-spline), mesh size, particles per cell, pressure stabilization, artificial damping, and
reduced bulk modulus. As in most numerical methods, mesh refinement leads to more ac-
curate results. A higher PPC is useful for situations where voids or clumped particles may
form in problems such as lid-driven cavity and dam-break. Artificial damping, used in
the hydrostatic pressure example, considerably speeds up the calculation. Since the equa-
tion of state is used for fluids in MPM, the bulk modulus should be carefully selected to
meet the compressibility requirement while reducing computation time. A reduced bulk
modulus is used throughout the benchmark examples. According to our experience, when
modeling water, a bulk modulus on the order of 10%-10° Pa seems to work for most cases.
Pressure stabilization is effective for more complicated flow such as the lid-driven cavity,
and the dam-break examples. The performance of B-spline is typically worse than that of
GIMP especially near boundaries. However, it performs reasonably well for the lid-driven
cavity and dam-break examples without the need of pressure stabilization.

It should be noted that the good results using GIMP are obtained with little changes
in the original components of MPM. Like SPH, MPM-CFD is capable of simulating typical
fluid dynamics problems with good results when compared to theory, as demonstrated

in this paper. Fluid is treated similarly in SPH and MPM-CFD since both methods dis-



28

cretize the fluid domain using particles, and adopt similar constitutive models including
the equation of state. For Poiseuille flows, Sigalotti et al. [2003] mentioned that SPH may
encounter instability for Re=5.0, but not so for MPM-CFD. SPH and MPM-CFD share chal-
lenges in problems like the lid-driven cavity flow where particles tend to clump together,
and voids can be produced due to large pressure fluctuations [Lee et al., 2008]. For SPH,
the problem was mitigated via the adoption of a truly incompressible fluid algorithm that
requires solving the pressure Poisson equation [Lee et al., 2008]. Although this algorithm
has not been implemented in MPM, the use of pressure stabilization and a higher PPC in
MPM does alleviate the issue and improves the results as demonstrated.

Our work shows that MPM-CFD is a promising computational method for fluid me-
chanics at low Reynolds numbers. Improved handling of incompressibility, and boundary
conditions for the B-spline interpolation function could further enhance the capability of

MPM for more complicated problems such as fluid-structure interaction.
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Figure 2.6: Setup of the dam-break problem for OpenFOAM and GIMP.



(c) Flow profile by OpenFOAM (left), and GIMP (right) at t=0.8 s.

Figure 2.7: Simulation of dam-break using OpenFOAM and GIMP.
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Chapter 3
On the Modeling of Surface Tension and its Applications by the Generalized
Interpolation Material Point Method!

3.1 Abstract

This paper presents a numerical procedure to model surface tension using the Generalized
Interpolation Material Point (GIMP) method which employs a background mesh in solving
the equations of motion. The force due to surface tension is formulated at the mesh grid
points by using the continuum surface force (CSF) model and then added to the equations
of motion at each grid point. In GIMP, we use the grid mass as the color function in CSF
and apply a moving average smoothing scheme to the grid mass to improve the accuracy
in calculating the surface interface. The algorithm, named as GIMP-CSF, is implemented
using the software package Uintah and benchmarked by three numerical examples: static
equilibrium of a 2D liquid drop, dynamic evolution of a square drop in 2D and 3D, and
the capillary rise. The benchmark results, when compared to analytical solutions and those
obtained by other approaches, demonstrated the accuracy and effectiveness of the GIMP-
CSF algorithm.

3.2 Introduction
Surface tension exists at the interface of two immiscible fluids or at the junctions of solid,
fluid, and gas. As a traction force that is proportional to the magnitude of curvature at
the interface, surface tension exists wherever the interface is not flat. In particular, at small
scales, surface tension becomes comparable in magnitude to other forces that govern fluid
motion due to the large surface-to-volume ratio at these scales. An effective numerical
method capable of modeling surface tension in its interaction with changing boundaries
can be very useful to solve surface tension related problems.

Surface tension has been modeled by the volume of fluid (VOF) method [Bussmann
et al., 1999, Gueyffier et al., 1999, Sussman, 2003], level set method [Sussman et al., 1994,
Chang et al., 1996, Liu et al., 2000, Sussman, 2003], and the smoothed particle hydrodynam-
ics (SPH) method [Nugent and Posch, 2000, Morris, 2000, Hu and Adams, 2009, Zhang,
2010]. These methods model surface tension approximately as a “volume force” based on

the continuum surface force (CSF) approach [Brackbill et al., 1992].

1Published as L. Chen, J.H. Lee, and C.-f. Chen. On the modeling of surface tension and its applications
by the generalized interpolation material point method. CMES:Computer Modeling in Engineering and Sciences,
86:199-223,2012.
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Meshless or meshfree methods, such as SPH, have been gaining popularity due to their
potential in dealing with complicated problems that involve failure, fragmentation and in-
teractions of bodies with contact [Li and Liu, 2002]. The material point method (MPM)
[Sulsky et al., 1994] and Generalized Interpolation Material Point (GIMP) method [Bar-
denhagen and Kober, 2004] are promising meshfree methods in solving solid mechanics
problems with large deformations to address mesh tangling and other issues. In particular,
the GIMP method was developed to improve the instability issue in the original material
point method. MPM has been applied to many engineering problems including contact
[Bardenhagen et al., 2001], crack and failure analysis [Nairn, 2003], explosion [Guilkey
et al., 2007], and brittle failure of disc particles under impact [Li et al., 2011].

MPM [Sulsky et al., 1994] is an extension to solid mechanics from the fluid-implicit
particle (FLIP) and particle in cell (PIC) methods in modeling highly distorted flow prob-
lems [Brackbill and Ruppel, 1986]. Consequently, MPM might be a suitable computational
method to model fluid, structure and their interactions. However, to this date, the applica-
tion of MPM for solving fluid-related problems has been limited [York et al., 1999, Lee and
Guilkey, 2008, Gan et al., 2011]. In particular, the feasibility of modeling surface tension,
as an important building block for the much more complicated problem of fluid-structure
interactions at small scales, using MPM has not been demonstrated.

The objective of this paper is then to expand the modeling capability of the GIMP
method to include surface tension. The paper is organized as follows. In Section 2 we
review the GIMP method. The formulation of surface tension force by the CSF method
for GIMP, and the numerical implementation of surface tension into an existing software
package Uintah [Parker et al., 2006] are given in Section 3. The newly developed algorithm
is verified in Section 4 by a few numerical examples and compared to analytical solutions.

Finally, discussions and major conclusion are given in Section 5.

3.3 Review of the GIMP Method

The numerical procedure of GIMP and other MPM-related methods consists of three ma-
jor steps. First, the objects of interest are discretized into particles (i.e., material points)
which carry all the material properties and history-dependent state variables. Second, a
computational grid is constructed to cover the anticipated domain of simulation. Particle
information is then mapped to the grid points where the equations of motion are solved

to update the acceleration, velocity, and displacement at the grid points. Third, the status
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of each material point (such as displacement, velocity, acceleration, and state variables) is
updated by mapping the information from the grid points. The procedure is repeated for
each time step; details follow.

Using a circular disk (Fig. 3.1) for illustration, we review the GIMP method with a focus

on the inclusion of the surface tension force in the equations of motion.
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Figure 3.1: Illustration of the procedure of GIMP. At the beginning of com-
putation, the disk Q is discretized into a collection of particles (i.e., material
points) which are distributed over a background mesh. Each particle carries
the local material properties and state variables of the disk: stress 6, mass m,,
volume V), deformation gradient F,, position x,, and velocity v,. An interpo-
lation function is then selected to map, in each time increment, the information
from the particles to the grid points such that acceleration at each grid point
can be solved via the equations of motion F; = m;a;. Information at the grid
points is then mapped back to the particles to complete the calculation of one
time increment.

At the beginning of computation, the disk which occupies the domain Q is discretized
into N, particles. A background mesh, also called the grid, is then constructed to cover
the domain of simulation. The mesh consists of cells and grid points (nodes). The sub-
script p denotes a particle (i.e., a material point) and the subscript i indicates a node of the
background mesh. In MPM, particles carry information including the material properties,
mass (1), volume (V)), all the state variables such as the stress tensor () and the defor-
mation gradient (F,), and kinematic variables such as the velocity (v;). The particles may
also carry external forces such as the body force b, and surface traction t,.

At the beginning of each time step, the mass of the particle is mapped (extrapolated) to
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node i:

m; = ZSip(xp)mp (3.1)
p

where m; is the mass at the node, Z denotes summation over particles, and S;, is the inter-

polation function. In this paper, v;\?re used the GIMP interpolation function [Bardenhagen
and Kober, 2004] for S;, which is computationally more robust than those used in the con-
ventional MPM. Additional discussions on the implications of the interpolation function
Sip can be found in Steffen et al. [2008].

The internal force at grid point i, f, is calculated from the particle stress o, as:
" =V, Y Gip(xp) - 0p (3.2)
p

where Gj, = VS;, is the gradient of the interpolation function, and V), is the discretized
volume at particle p.
The external force at grid point i, (f£%), includes contributions from the particle body

force (by), and particle traction force (t,):
£t = Zp: Sip(Xp)bp + Zp: Sip(Xp)Tp (3.3)
At the grid, the equations of motion are:
ma = £ — fint g g (3.4)

where m is the mass matrix, a is the acceleration vector, f**! is the external force vector,
f" is the internal force vector, and " represents the force contributed by surface tension
when present.

Here, except for the surface tension force £/, all the terms in Eq. 4.6 are alreadly ex-

plicitly formulated. The acceleration at grid point i can be calculated by:
a;= (£ — "+ £) /my (3.5)

The formulation of the surface tension force f;"" will be presented shortly in Section 3.4.2.

Once the grid acceleration is solved, the grid velocity v; can be calculated via conservation
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of momentum:

N VS M (3.6)

m;
After the grid velocity is calculated, one needs to update the state of each particle using
a; and v;. For a given time step At, the increment of the particle velocity, Av,, is calculated
from:
Avy, = AtZSip(xi)ai (3.7)
i

where ) denotes summation over the grid points. It should be noted that the same inter-

1
polation function is used for the mapping from grid to particles as well as from particles

to grid. The increment in the particle position, Ax,, is updated from v; and a;:
VZ-L =V;+ a;At (3.8)

Axp = Z Sipvr (3.9)
1

where v! is the updated grid velocity. Particle position and velocity are then updated using
Eq. 4.12 and Eq. 4.13.

The increment in the stress at particles, Ao, is updated using the update-stress-last
(USL) algorithm [Wallstedt and Guilkey, 2008]:

AF, =T+AtY Gjpvi (3.10)
i

AG = f(AF,) (3.11)

where AF, is the increment of the deformation tensor, I is the identity tensor, and f(AF,) is
a function associated with the constitutive law of the material.
For nearly-incompressible fluids of interest in this paper, we adopt the constitutive law

given in Monaghan et al. [1999], Cueto-Felgueroso et al. [2004] to calculate the stress:
o =—pl+2ud’ (3.12)

where p is the dynamic viscosity, d’ is the rate of deformation tensor based on AF,, and p
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is the hydrostatic pressure determined by an equation of state:

(Y
{(2)]

where K is the bulk modulus, p the fluid density, po the initial density, and y a constant.

This completes the computation of a typical time step.

3.4 Modeling of Surface Tension

Expression of the surface tension force f"" in Eq. 3.5 is elaborated in this section. We adopt
the CSF model [Brackbill et al., 1992] for the surface tension force since it is capable of han-
dling complicated immiscible interfaces in the presence of contact angle. In the following,

the CSF method is first reviewed, an approach is then proposed to include surface tension
in GIMP.

3.4.1 Review of the CSF method

Fig. 3.2 illustrates how the CSF method models the surface tension between two immiscible

computational grid

instil:frfce\ Ci A
>( ....... ?\\\///h‘(CH'Cz)/Q,
continuous|[ st \\ L /\C
interface N \_ \/ ve

C2

Figure 3.2: The CSF method for fluids with different colors (c; and c3). Over
the computational grid, contours of the continuous color function c(x) are il-
lustrated showing also a transition zone of width k. Surface tension force, F*,
is reformulated as a volume force F*” within the transition zone.

fluids. The fluids are represented by different color functions (c; and c;) (e.g., 0 and 1).
Although color functions should be discontinuous at the interface in reality, a transition

zone is used in the CSF method to bridge the discontinuity beween c; and ¢, using the color
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function c(x) over the transition zone (i.e., the continuous interface labeled in Fig. 3.2). c(x)
will converge to a step function as the width of the transition zone, h, approaches zero.

In the CSF method, the surface tension is modeled approximately as a body force or
volume force, as opposed to its physical meaning by which the surface tension is force per
length. The volume force, denoted by F°*?, acts within the transition zone, shown in Fig. 3.2,

in a continuous manner [Brackbill et al., 1992] :

Ve(x)
[c]

F(x) = 6Kk(x) (3.14)

where 6 is the coefficient of surface tension, Vc(x) is the gradient of the color function, and
[c] is the jump of color function across the fluid interface ([c] = |c1 — c2|). k represents the
curvature evaluated at x at the interface; in computation, however, this curvature term is

approximated by the gradient of the unit vector n at x:

(3.15)

k(x)=V-n(x)=V- ( vel) )

Ve
It should be noted that, in order to better approximate the curvature at the transition

zone, the color function c(x) can be further improved using a smoothed color function &(x)
[Brackbill et al., 1992, Sussman, 2003]:

E(x) = W c(x) = /Q (K —x)dx (3.16)

where Q is the smoothing range of the smoothing kernel y. Various smoothing kernels
have been developed such as the Nordmark kernel [Nordmark, 1991, Williams et al., 1999],
the B-spline kernel [Boor, 1967, Brackbill et al., 1992], and the quintic spline kernel used in
SPH [Morris et al., 1997, Hu and Adams, 2009]. In our study, a moving average smoothing

kernel is used to be discussed in Section 3.4.4.

3.4.2 Formulation of surface tension in GIMP

We include the force attributed to surface tension as an additional external force to the
equations of motion in Eq. 4.6. The modeling of surface tension is based on Eq. 3.14 to-
gether with a choice of the color function. Here we adopt the grid mass, m;, as the color

function c(x). Therefore, the volume force due to surface tension at grid point i can be
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formulated as:

Vm,;
SU . !
Fz = GKli[ 1‘] (3.17)

where each term is formulated as follows. First, Vm;, the gradient of grid mass, is calcu-
lated by:
Vmi = ZGip(Xi’)mi’ (318)
Z'/

where Y is a summation over the neighboring nodes at x;.
Second, [m;] is defined as (p1 — p2)V. , where p; and p, are the densities of the two
immiscible fluids, respectively, and V. is the volume of the cell of the background mesh.

Third, the curvature ¥; is calculated by:
Ki=V-ni=Y Gpxi)- (ny)" (3.19)
i/

where T denotes the transpose of a vector. In turn, the unit normal vector used in the

curvature calculation is based on a smoothed grid mass 7;:

o (32

where V7i; is evaluated using Eq. 3.18. In Section 3.4.4 we discuss the application of mov-

ing average to smooth the mass at each grid point.
Once the volume force is calculated, the force contributed by surface tension, £, in

the equations of motion in Eq. 4.6 can be calculated by:
£ = VF° (3.21)

It should be noted that Eq. 3.17 can be further improved [Brackbill et al., 1992] by:

Vmi m;
[mi] <m;>

F’ = ox; (3.22)

where < m; >= V.(p1 +p2)/2. Eq. 3.22 provides additional computational advantage in

calculating the acceleration using GIMP:

VCF?U Vm,‘
i = oK
m; (P2 —p1) <m>

sur _

;

(3.23)
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where a3, the acceleration at grid point i due to surface tension, depends solely on the

gradient of grid mass.

3.4.3 Treatment of contact angle as a boundary condition

In wetting problems, the balance in surface tension among solid, liquid, and gas results in
the formation of the contact angle whose orientation is defined by the tagent of the surface
profile at the point where the three phases meet. To expand GIMP’s capability of handling
the three-phase problem, we model the contact angle as a boundary condition illustrated
in Fig. 3.3.

non-equilibrium surface |yn,

equilibrium surface

Figure 3.3: Contact angle 6., as a boundary condition. n, is the unit vector
normal to the tagent along 6,,; n; is a unit vector tangent to the wall; n, is a unit
vector normal to the wall; and n; is the unit normal vector along the liquid-wall
contact line. During simulation, the profile of the liquid in equilibrium can be
determined when n; is aligned with n,,.

At the boundary where the wall interacts with two fluids (i.e., the liquid and gas), the

unit normal calculated earlier in Eq. 3.20 is replaced by n,y:
Ngg = Ny COS O, + 1 SIN Oy (3.24)

where n,, and n; are normal and tangent to the wall, respectively (Fig. 3.3). The replace-
ment of n; by n,; in Eq. 3.20 for all the grid points at the boundary (where the meniscus is)
will force the liquid profile to comply with a given contact angle. Consequently, the curva-
ture of the liquid profile at the boundary will be updated incrementally during simulation,

eventually reaching equilibrium when n; aligns with n,;.
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3.44 Implementation of GIMP-CSF

Fig. 3.4 outlines the main procedures discussed previously for our implementation of sur-

initial discretization
with particles:

X, V,,0,, F,,V,, m, compute Vmi [Eq. 18]

Y i

compute 7 with moving
averaging [Eq. 26]

map particle variables
>  to background mesh:
mi , £, and £ [Eqgs. 1-3]

compute n; [Eq. 20]
& n., [Eq. 24]

|

compute i [Eq. 19]

|

compute surface tension:
F" [Eq. 22]; a* [Eq. 23]

compute a;,v: [Eqgs. 4-6]

A

4
update particle variables

AXp y AV[) y Acp, AF[)
[Egs. 7-11]

Y @\N ;[end computationj

Figure 3.4: A flow chart for GIMP-CSE. Vm;—gradient of grid mass; ;-
smoothed grid mass; n;/—grid surface normal; ng;—surface normal based on con-
tact angle; k;—grid curvature; F;’—grid surface tension (volume) force; aj""—grid
surface tension (acceleration) force.

face tension in MPM. The algorithm is named GIMP-CSF since it integrates the CSF model
of surface tension with the GIMP method. GIMP-CSF is implemented in Uintah [Parker
et al., 2006], a comprehensive software package that includes the GIMP method. Our con-
tribution to the improvement of Uintah is threefold: calculation of the gradient of grid
mass, smoothing of the grid mass, and evaluation of the surface curvature; each aspect is

presented below.
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For illustration, we consider a 3D domain in Cartesian space meshed uniformly into
L x M x N cells in the x, y, and z direction, respectively. Each cell has volume V. = AxAyAz,
where Ax, Ay, and Az are the cell sizes. The position of a grid node is represented by
x(1,],k) = (iAx,jAy,kAz), where 1 <i<L[,1<j<M,and 1 <k <N.

The gradient of the grid mass for a grid node at x; ;x can be calculated by:

Vimjy = ‘Zk Gip(Xirjr k) M jp g (3.25)
ik
where my j 1s is the grid mass at the neighboring node x; j . With the GIMP interpolation
function, there are 27 neighboring nodes where the gradient of interpolation function G,
is evaluated at each node.
Smoothing of the grid mass is conducted by using moving average as the smoothing
kernel (cf. Eq. 3.16):

N 1
Mijk =13 Zmi/,j’,k’ (3.26)

where n is the number of neighboring nodes in each coordinate direction; the summation

2
and s

direction. We did not apply the smoothing average kernel at or near the boundaries since

is over neighboring nodes; 711}, ., and in!

Y i « are the smoothed grid mass along each

there are not sufficient neighboring nodes for Eq. 3.26. Further smoothing can be done by
conducting more iterations of the smoothing process by substituting the left-hand side of
Eq. 3.26 to its right-hand side.

With 7; ; x found, the unit normals are obtained by:
njr= o-—— (3.27)

where Vi is calculated similar to Vm in Eq. 3.25. It should be noted that if contact angle
is specified, the boundary conditions described in Section 3.4.3 will be applied to modify
n;;g.

The curvature is evaluated via:

Kijk = VN

Z GlP . 1’11?;7]-/7]{/ (3.28)
i j K
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3.5 Numerical Examples
Three numerical examples are given in this section to assess the efficacy of the GIMP-
CSF algorithm implemented in Uintah. These examples consider only single-phase fluids
with surface tension, applicable to situations when the effect of one phase on the other
is negligible [Blanchette and Bigioni, 2009, Zhang, 2010]. Although the algorithm is also
capable of simulating surface tension problems in multi-phase fluids, they are beyond the
scope of this paper.

We used the fluid properties listed in Tab. 3.1 and GIMP interpolation function given
in Bardenhagen and Kober [2004] for all the examples below.

Table 3.1: Fluid properties used in the numerical examples

Surface tension | Density | Bulk modulus | Dynamic viscosity
(dynes/cm) | (g/cm®) | (dynes/cm?) | (dynes-s/cm?) v
24 1 1.5 x10° 05 7.0

3.5.1 2D equilibrium droplet

A droplet in equilibrium experiences a pressure drop, psp, across the interface due to

surface tension. The theoretical solutions for p;,, are
Pirop = OK=0 /R, for 2D (3.29)

Parop = 20K = 26/R, for 3D (3.30)

where 6 is the surface tension coefficient, and R the radius of the droplet. In this example,
we simulate the 2D case with GIMP-CSF and compare the results with those obtained by
a different approach [Brackbill et al., 1992].

A 1-cm-radius droplet in the x—y plane is simulated with a typical set-up shown in
Fig. 3.5. The droplet has an initial non-circular shape and is discretized into 1264 particles;
the initial shape was chosen to be close to a circle to save computational time. The problem
domain is overlaid with a 4 x 4 cm grid with 40 x 40 cells; there are 2 particles per cell in
the x and y directions, respectively (PPC=2 x 2). In the z direction, there is only one layer
of particles and cells for this 2D case. Besides the set-up in Fig. 3.5, various numbers of
PPC and cells were also investigated.

As an example, Fig. 3.6 shows the contours of grid mass and its gradient (Vm) for the
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Total particles=1264 ; mesh= 40 x 40; PPC=2x2

2.0

-2.0_\ | - 1 |

20 1.0 0.0 10 20

Figure 3.5: Example set-up of 2D equilibrium drop with GIMP using Uintah.

2.0
T grid mass (g)
- inner -0.000025
H-mid -0.000250
I outer -0.000475
1.0 s ==
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20 [ L I I
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Figure 3.6: Contours of the grid mass and the gradients at t=0s.

situation in Fig. 3.5 at t=0 s. The grid mass is mapped from the particle mass by Eq. 4.7,
and its gradient calculated by Eq. 3.18. The contours of the grid mass define a transition
zone which is about two cells wide. Only within the transition zone are the gradients

nonzero, so is the surface tension force. Thus there is no need for the CSF model to track
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the evolution of the boundary. Since the surface tension force is zero when Vm is zero,
it can save computational time by skipping the calculation of the curvature and surface
tension when the gradient Vm is smaller than a threshold (e.g., 10 % of [m]/Ax). Fig. 3.7

shows the curvatures evaluated at the nodes when the gradient Vi is greater than the pre-

K, cm’!

104 (a)

2 2

Figure 3.7: Curvatures (t=0) with different smoothed grid mass: (a) zero itera-
tion of moving averaging; (b) 1 iteration of moving averaging ; (c) 2 iterations

of moving averaging; (d) 4 iterations of moving averaging. Theoretical curva-

tureis 1 cm™1.

defined threshold. It shows the influence of different smoothing schemes on the curvature.
Without smoothing, Fig. 3.7a shows that the curvature has a large error compared to the
theoretical value of 1 cm~! at the boundary of the droplet. With 1 iteration of moving av-
erage smoothing, the curvature (Fig. 3.7b) is improved. More iterations of moving average
smoothing can greatly improve the accuracy of the curvature, as shown in Fig. 3.7c and
Fig. 3.7d. Similar results were also found in [Brackbill et al., 1992].

Next we plot the surface tension in terms of acceleration a®" (cf. Eq. 3.23) in Fig. 3.8,
comparing the result of 1 iteration of the moving average smoothing with that of 4. The
directions of surface tension at the grid points in Fig. 3.8a and Fig. 3.8b are the same since
they are based on the gradient of unsmoothed grid mass (Fig. 3.6). However, the magni-
tude of the surface tension for each case is different since it is determined by the curvature
which, in turn, is affected by the smoothing scheme used.

In a dynamic simulation, the droplet oscillates and will reach an equilibrium state.

Given the initial configuration, we found that 0.25 second is sufficient for the droplet to sta-
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Figure 3.8: Surface tension, a*, at t=0 with different curvatures from (a) one
iteration of moving averaging; (b) 4 iterations of moving averaging.

bilize. The grid pressure is then obtained by mapping the particle stress to the background

mesh. Fig. 3.9 shows the distribution of pressure for different numbers of smoothing it-

(@) (b)

3 p (dynes/cm?) 35 p (dynes/cm?)

-

i
i
I
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|
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Figure 3.9: Pressure at t=2.5 s from different smoothing schemes: (a) one iter-
ation of moving averaging; (b) 4 iterations of moving averaging. Theoretical
pressure drop is 2.4 dynes/cm?.

erations. Accuracy of the calculated pressure can be assessed by the following measures

[Brackbill et al., 1992]:
Ny

1
<p>=— r 3.31
p N, iglpl,] (3.31)

Ly =

(3.32)

Zg'dﬂ (pi,j - pdrop)2
N, dp ﬁrop

where <p> is the average pressure, N; is the number of grid nodes within the droplet
radius, i and j are node indices, and L, is the root-mean-square (rms) error relative to the

theoretical pressure drop p,,,p which is 2.4 dyne/ cm? for our case (Eq. 3.29). With Eq. 3.31
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and Eq. 3.32, we have, for Fig. 3.9a, <p> /pdmp = 98.36% and L,= 0.043; for Fig. 3.9b, we
have <p>/pp = 98.16% and L, = 0.043. It shows that the results in pressure in Fig. 3.9 are
very close such that the number of smoothing iterations has little effect on the distribution
of pressure.

Tab. 3.2 shows the effects of grid resolution, number of particles per cell, and smoothing
schemes. Generally, the GIMP-CSF method with smoothing has the same order of accuracy
(less 5% error in <p>) as those in Brackbill et al. [1992]. Smoothing is shown to be very
important; when not used, the error could be as high as 125.7%. However, smoothing

once is adequate for this example as smoothing more times does not change the results

significantly.

Table 3.2: Comparison of results using GIMP-CSF to those using the arbitrary
Lagrangian-Eulerian (ALE) method for simulating a 2D equilibrium droplet.
(Ah is the mesh size; PPC—particles per cell.)

ALE [Brackbill et al., 1992]

R/Ah | # of particles (PPC) smoothing <p > /Pargp | tms error (Eq. 3.32)
10 / B-spline 1.034 0.056
20 / B-spline 1.016 0.028

GIMP-CSF
10 1264 (2x2) none 1.641 0.655
10 1264 (2x2) 1 moving averaging 0.983 0.043
10 1264 (2x2) 2 moving averaging 0.982 0.042
10 1264 (2x2) 4 moving averaging 0.984 0.043
10 5024 (4x4) none 1.212 0.279
10 5024 (4x4) 1 moving averaging 0.984 0.046
10 5024 (4x4) 2 moving averaging 0.992 0.045
10 5024 (4x4) 4 moving averaging 0.991 0.045
20 5024 (2x2) none 2.257 1.286
20 5024 (2x2) 1 moving averaging 0.967 0.040
20 5024 (2x2) 2 moving averaging 0.980 0.031
20 5024 (2x2) 4 moving averaging 0.978 0.033
20 20108 (4x4) none 1.941 0.971
20 20108 (4x4) 1 moving averaging 0.973 0.035
20 20108 (4x4) 2 moving averaging 0.989 0.026
20 20108 (4x4) 4 moving averaging 0.987 0.027

In terms of the effect of grid resolution, results in Tab. 3.2 indicate that a cell size (Ah)
10% of the droplet radius (R/Ah = 10) is adequate since the results are comparable to those
with R/Ah = 20. Regarding the effect of the number of particles per cell, PPC=4x4 gives
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slightly better results than PPC=2x2. For computational efficiency, we recommend a PPC=
2x2 (or 2x2x2 for 3D).

3.5.2 Evolution of non-equilibrium drops in 2D and 3D

In this example, we consider the evolution of a droplet from a square in 2D (or a cubic in
3D) to the circular (spherical) profile at equilibrium under surface tension. This example
has been studied by other numerical methods [Brackbill et al., 1992, Zhang, 2010] and
serves as another benchmark problem for our GIMP-CSF algorithm.

We first consider the 2D case where a square drop (1 x 1 cm) is simulated shown in

Fig. 3.10. The drop is discretized with 400 particles and overlaid with a 2 x 2 cm back-

t=0.00 s

Figure 3.10: A 2D 1 x 1 cm square drop evolves into a circular shape under
surface tension using two iterations of moving average smoothing. The arrows
represent the surface tension force.

ground grid of 40 x 40 cells with a PPC of 2x2. Similar to the previous example, there is a
single layer of particles and cells in the z direction. Initially, the surface tension forces, in-
dicated by the arrows, are concentrated at the corners where the curvatures are very large;

these forces cause the drop to evolve reaching an equilibrium state at t = 0.25 s. The the-
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(a) (b)

4, k,cm’! 6

Theoretical x = 1.77 p (dynesfem) Theoretical p =4.254

Figure 3.11: Distribution of the calculated curvature (a), and pressure (b) after a
2D non-equilibrium drop becomes stable at time = 0.25 s. The average pressure
is 4.09 (or 96.1% of the theoretical value), with an rms error L, = 0.044.

oretical equilibrium state is circular with an area equal to that of the initial square, 1 cm?,
which gives a theoretical radius of 0.56 cm, and a curvature of 1.77 cm~!; the pressure drop
across the interface is 4.25 dynes/cm?. Fig. 3.11 shows the calculated curvature and pres-
sure at t=0.25 s when equilibrium is reached; the average pressure <p> is 4.09 dynes/cm?
(or 96.1% of the theoretical value) with an rms error [,=0.044. A similar example was
studied in Brackbill et al. [1992] but the equilibrium state was not shown.

The same problem of a non-equilibrium drop evolving to its equilibrium state is sim-
ulated in 3D shown in Fig. 3.12. In this simulation, the drop is initialized asa 1 x 1 x
1-cm cube placed over a 2 x 2 x 2—cm background mesh. The drop is discretized into a
total of 27000 particles and the background mesh has 30 x 30 x 30 cells; the PPC is 2x2x2.
The theoretical radius of the final sphere is 0.62 cm corresponding to a curvature of 1.61
cm™!, and a pressure drop of 7.74 dynes/cm? (cf. Eq. 3.30). The calculated curvature and
pressure on a plane through the origin are shown in Fig. 3.13; the average pressure is 8.05
dyn/cm? (or 104.1 % of the theoretical value) with an rms error of 0.0451. The results sug-
gest that the GIMP-CSF algorithm is capable of handling 3D droplet simulation with good
accuracy.

In summary, the proposed GIMP-CSF algorithm can produce comparable results as
benchmarked by examples available in the literature or with known theoretical solutions

for a drop evolving to its equilibrium state in 2D or 3D.
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t=0.00 s lem x lem x Iem

t=0.05 s

Figure 3.12: Evolution of a 3D cubic drop into a sphere under surface tension
using two iterations of moving average smoothing.
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Figure 3.13: Distribution of the calculated curvature (a), and pressure (b) on a
plane through the origin of a 3D drop. The average pressure is 8.05 (or 104.1%
of the theoretical value) with an rms error L, = 0.0451.

3.5.3 Wall adhesion and capillary rise

The last example demonstrates the capability of the GIMP-CSF algorithm in problems in-

volving contact angles and the gravitational force. The contact angle problem was modeled
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in Brackbill et al. [1992] using the CSF method but without quantitative comparisons with
theoretical results. In this example, we simulate the problem of half-plane capillary rise

and compare the results with theoretical solutions.

y A
l g
A eq y(x) Horizotal surface
H| P (y=0)
\ A WA — % -
/ 7777 x

Figure 3.14: Schematic of half-plane liquid meniscus y(x) under gravitational
pull. The liquid is at rest in contact with a hydrophilic wall with a given contact
angle 6,,. H is the capillary rise to be simulated.

The problem is shown schematically in Fig. 3.14 where a contact angle 6, is specified.
The meniscus profile can be described by a closed-form solution derived from the work in
Anderson et al. [2006]:

= o (2) - /g VAT —5inE) —cosn” (ﬁ)

—sin0 (3.33)
+v2+2sin6

where the two dimensionless parameters are § = x/+/6/pg, { =y/\/0/pg; x is distance

measured from the wall, and g the gravitational constant (981 cm/s? in the negative-y
direction). The capillary rise H is measured from the horizontal surface at y = 0 shown in
Fig. 3.14.

The initial set-up of the capillary-rise simulation is shown in Fig. 3.15 where a 2D tank
(0.5 cm by 0.3 cm) is partially filled with a 0.20-cm-deep fluid. A 75 x 45 x 1 background
mesh with 6750 particles are used (PPC=2x2). It should be noted that the normal vector
to the initial meniscus, as shown in Fig. 3.15, points to the negative y—direction at all the
grid nodes lying on the meniscus except at the boundaries which join the walls. At the two
side boundaries, the vectors are set in the direction defined by the contact angle 6, as a
boundary condition (cf. Section 3.4.3). Such a boundary condition results in a net surface

tension force which drives the fluid upwards along the wall, while under the influence of
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gravitational pull, until an equilibrium state is established.

0.30-

0.00 010 020 030 040 osom
X

Figure 3.15: Set-up for the simulation of the capillary rise. The contact angle
0, is prescribed at the wall boundary; the surface profile will evolve toward
its equilibrium state under surface tension.

The evolution of the meniscus profile is shown in Fig. 3.16 with a contact angle grad-
ually approaching the specified 6., of 30°. The simulation is terminated when the contact
angle is equal to the specified 30°, shown in Fig. 3.16, at t=0.1 s. The profile of the meniscus
is obtained using particle positions.

We compare the simulation results for two different 6., values, 30° and 60 °, with the
theoretical solutions (Eq. 4.38) in Fig. 3.17. The agreement with the theoretical solutions
for various 8, is good suggesting that the proposed GIMP-CSF algorithm is capable of
handling problems with wetting or capillary rise such as liquid extraction in oil recovery

or capillary driven flows.

3.6 Discussions and Conclusion

Surface tension exists at the interface between two immiscible fluids and becomes signif-
icant at small spatial scales. In this paper, we presented a new particle-based algorithm,
GIMP-CSE, to model surface tension and capillary rise in the presence of contact angles.

The contribution of this paper is in the adaptation of the CSF surface tension model for the
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Figure 3.16: Evolution of the surface profile due to surface tension. Arrows
indicate the surface tension force which are in equilibrium with gravitational

pull at t=0.1 s (8, = 30°).

0.7
s 06 ¢ — Analytical 0,, =30°
€05
04 % o GIMP-CSF
PR
«
502 %m
<
01 \
0 :
03 -
b = Analytical 6, =60°
£ 025 4
£, \\ © GIMP-CSF
£0.1s
=)
Sl
=
S 0.05
0 :
1

(=

Distance from wall, mm

Figure 3.17: Comparison of the calculated capillary rise at t=0.1 s to theoretical
solutions for different contact angles (30° and 60°).

GIMP method. One key aspect of the algorithm is about calculating and adding the sur-

face tension force to the equations of motion at the nodes of the background mesh within
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the framework of the GIMP method. The algorithm used a moving average smoothing
scheme for the color function to improve the accuracy of the curvature at the interface.
The effects of smoothing, grid resolution, and number of particles per cell were also stud-
ied with practical suggestions regarding a balance between accuracy and computational
efficiency.

The computational time for each example is summarized in Tab. 3.3 based upon the
Uintah package installed on a Sun Ultra 40 computer with a 2.4 GHz CPU.

Table 3.3: Summary of computational time. Ak is mesh size, t, is physical time,
and t. is computational time.

Example Mesh Ah (cm) | # of particles | ty(s) | tc(s)
2D-equilibrium 40x40x1 0.1 1264 0.25 | 195
2D-equilibrium 40x40x1 0.1 5024 0.25 | 482
2D-equilibrium 80x80x1 0.05 5024 0.25 | 1304

2D-nonequilibrium | 40x40x1 0.1 1600 025 | 571
3D-nonequilibrium | 30x30x30 0.13 27000 0.25 | 4612
Capillary rise 75x45x1 | 0.0067 6750 0.1 | 4556

As demonstrated through the benchmarked examples, we have shown that the pro-
posed GIMP-CSF algorithm, using a nearly-incompressible constitutive law for fluids, can
be as effective and accurate as other methods in literature. This paves the way for applying
GIMP toward more difficult problems such as fluid-structure interactions at small scales

where surface tension plays an important role.
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Chapter 4
Using the Generalized Interpolation Material Point Method for Fluid-Solid
Interactions Induced by Surface Tension'

4.1 Introduction

Fluid-structure interactions (FSI) can take place at small scales in unsaturated soil or porous
rock, as well as in micro/nano manipulation processes. In those situations, the effects of
surface tension and contact angle are important in determining the interactions between
fluids and solids. The studies of fluid-solid interactions dominated by surface tension are
of practical interest for many industrial processes, including oil recovery and chemical
assay by lab-on-a-chip devices [Kapur and Gaskell, 2007].

Conducting analytical analysis on FSI problems involving surface tension can be very
difficult due to the complexity of the topology of fluid interface and the contact condi-
tions at fluid-solid interface. Thus, numerical approaches are often sought to solve these
problems.

For solving common FSI problems without surface tension, meshed methods have
been developed. These methods include the immersed boundary method [Xu and Wang,
2008, Gil et al., 2013], Lattice Boltzmann method [Shin et al., 2013], arbitrary Lagrangian-
Eulerian (ALE) method, and level set method [Basting and Weismann, 2013]. These meth-
ods often encounter mesh entangling issues in solving large deformation problems. Be-
sides, these methods could have issues in handling computational frameworks for both
solids and fluids due to their strategy in adopting different solvers for the solid and fluid
phases.

On the other hand, the mesh-free or particle methods, have also been developed to
solve FSI problems. These methods, which include smoothed-particle hydrodynamics
(SPH) method and material point method (MPM), are free of mesh entangling. Exam-
ple of SPH in simulating FSI problems can be found in Lahooti et al. [2011]. Modeling of
surface tension and contact angle using SPH can be found in Das and Das [2010]. Com-
pared to SPH, MPM is a relatively new method developed by Sulsky et al. [1994, 1995] by
extending the hydrodynamics fluid implicit particle (FLIP) method [Brackbill and Ruppel,
1986] to solid mechanics. Although MPM is mainly used for solid mechanics problems,

it has also been applied to FSI problems such as membrane-gas interactions by York et al.

LA version of this chapter is prepared for submission to Journal of Computational Physics as L. Chen, J.H.
Lee, and C.-f. Chen. Using the Generalized Interpolation Material Point Method for Fluid-Solid Interactions
Induced by Surface Tension.
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[1999], and water-soil interactions by Lee and Guilkey [2008].

Recently, surface tension has been implemented using the generalized interpolation
material point (GIMP) method by Chen et al. [2012] where surface tension force is incor-
porated into the solver. For the first time, GIMP is able to solve surface tension problems.
This revised GIMP method is thus named as GIMP-CSE. The capability of GIMP to sim-
ulate problems of computational fluid dynamics(CFD) at low Reynold’s number, on the
other hand, has been systematically evaluated by Chen et al. [2013], referred to as GIMP-
CFD. Building upon the capabilities of GIMP-CSF and GIMP-CFD, it is of interest to study
the feasibility of GIMP in solving FSI problems induced by surface tension at small scales
where the Reynolds number of fluids is small. One unique feature of MPM is that a single
computational framework is used for both the fluid and solid phases.

In this paper, we present a new method for solving the FSI problems dominated by sur-
face tension. Our method integrates GIMP-CFD and GIMP-CSF for general fluid dynamics
as well as surface tension forces.

The paper is organized as follows. We first review the concept of surface tension and
contact angle in Section 4.2 which is crucial to model properly FSI problems induced by
surface tension. In Section 4.3, we review the basic equations of MPM where surface ten-
sion forces are incorporated into the governing equations. In Section 4.4, the surface ten-
sion model is proposed to include the effects of surface tension, as well as contact angle on
both fluid and solid. Section 4.5 describes the contact algorithm for modeling the partial-
slip boundary condition at the triple point where the solid, liquid, and gas phases meet.
Numerical examples are presented in Section 4.6 in which three examples are used to ver-

ify the proposed algorithm. Discussion and conclusions are given in the end.

4.2 Review of surface tension and contact angle
Surface tension plays an important role in FSI problems at small scales. An appropriate
description of the fluid-solid contact situation is key in understanding FSI problems such
as water retention in unsaturated soils, and material deformation in micro/nano manipu-
lations.

Figure 4.1 shows a droplet resting on a solid substrate to illustrate the concept of surface

tension and contact angle. The state of equilibrium of this system can be described by force
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Figure 4.1: Schematic of surface tension and contact angle for a liquid-air-solid
system. Fluid is subject to capillary pressure AP, while solid is subject to capil-
lary pressure and the attraction force equal to 6, sin 6.

equilibrium in the horizontal direction:
GlaCOSGQq =Og; — GSI (4.1)

where o, 65, and o, represent the liquid-air, solid-air, and solid-liquid interfacial ten-
sions, respectively, and 6., is the contact angle. The pressure difference, AP, across the
fluid interface is dependent on the interface curvature k described by the Young-Laplace
equation [Young, 1805]:

AP =6,k (4.2)

The capillary force imposed on the solid is attributed to the Laplace pressure force exerted
from within the liquid, and the surface tension force exerted from the contact line of three-

phase interaction which can be expressed by:
Feap = AP - A+ 6,1 sin B, (4.3)

where A is the area of contact between the liquid and solid phases. Eqs. 4.1-4.3 are the
key ones for the accurate simulation of FSI problems induced by surface tension. Both
capillary pressures and forces must be modeled correctly by the computer code in order to

obtain the true interaction between the solid and the fluid, the goal of this paper.

4.3 Basic equations of MPM
To develop the algorithm of GIMP-FSI, we first review basic equations used in MPM pro-

cedures. According to conservation of mass and momentum, the following governing
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equations are solved in MPM for both fluid and solid materials:

dp

E+pV-v—0 (4.4)
and

pa=V-.-c+pb (4.5)

where p is the density, v is the velocity, G is the stress tensor, a is the acceleration, b is the
specific body force. Using the same governing equations for both solid and fluid materials
in MPM is a key difference from the meshed-based solvers for FSI problems.

For illustration of MPM procedures, Fig. 4.2 shows a two-dimensional, one-solid and

Background Mesh F=ma;=f &+ + 500
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| fluid particle:
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Figure 4.2: Example of GIMP-FSI. x;, particle position; v,-particle velocity; ;-

particle stress; Vp—particle volume; f?ur’(f)

f§ur,(s)
1

-surface tension force on grid nodes

acting around fluid interface;
near the triple points.

-surface tension force acting on the solid
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one-fluid system with the fluid resting on the solid plate. We use superscript “t” to denote
fluid variables, and superscript “s” for solid variables. To solve Eqgs. 4.4-4.5, the fluid and
solid objects are discretized by a number of particles with fixed mass (1n,). The particles
carry all the state variables of each material, including particle position x,, velocity x,,
stress 6, deformation gradient F, and volume V). Since particle mass m, is fixed, Eq. 4.4
representing the conservation of mass is automatically satisfied.

For solving Eq. 4.5, a background mesh, usually a regular Cartesian grid for computa-
tional convenience, is used in MPM as a scratch pad, a key difference from other particle
methods such as SPH. On each grid node i, the following equation, derived from Eq. 4.5,
is solved for each material:

mia; = £ — £ + £ (4.6)

in which m; denotes the grid mass, a; the grid acceleration; ff’“

represents the grid external
force, fﬁ”t is the grid internal force, and f;"" is the surface tension forces that are required
for solving FSI problems at small scales.

Since all the state variables are stored in particles, solving Eq. 4.6 requires mapping
between particles and grid nodes via an appropriate interpolation function S;, (e.g., GIMP
interpolation function). The grid variables needed in Eq. 4.6 can be obtained by the fol-

lowing equations (for both fluid and solid):

m; = Z Sip(xp)mp (4.7)
P
"' =M, ¥ Gi(x) o) (4.8)
P
£ =Y Sip(xp)by + Y Sin(xp)Tp (4.9)
P P

where Z denotes summation over particles, G;(xy) = VSj, is the gradient of the interpo-
P
lation function, 6}, is the specific stress tensor, b, is particle body force, and T, is particle

traction force.

For FSI problems, surface tension forces are also considered in solving equations of
sur,(f)

motion. As shown in Fig. 4.2, the fluid is subject to a surface tension force denoted by f;

at the fluid interface, and the solid is subject to fim"(f)

at the triple points. Calculations of
the two forces are given in Section 4.4.1 and Section 4.4.3, respectively.

Once Eq. 4.6 is solved, a new grid velocity, vl-L, can be calculated from the grid acceler-
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ation for a time increment At:

vi = vi+aAt (4.10)
in which v; is the old grid velocity given by

v, = 2o owCe)VeMy .11)
mi
With a; and vt calculated on a grid node, particle variables can be updated for the next
computational cycle by mapping the new grid variables back via the interpolation function
Sip:
AVP = ZSipaiAt (412)
i

and the incremental particle position is given by
Axp =Y SipviAt (4.13)
i
With appropriate constitutive law for each material, the particle stress is updated by:
AF, =T+AtY Gjpvi (4.14)
i

and

Ac, = f(AF,) (4.15)

where AF, is the increment of the deformation gradient tensor, I the identity tensor, and
f(AF,) describes the constitutive law of each material. In Eq. 4.14, the stress is updated
using the new grid velocity vk, which results in better performance than using the old
velocity v; [Wallstedt and Guilkey, 2008].

Note that, unwanted vibration in a dynamic system can take a long time for the system
to stabilize. In order to speed up computation, artificial damping can be added to the grid
acceleration Chen et al. [2013]:
™" = a; —&vh (4.16)

1

where & is the damping coefficient, the value of which is chosen by the user suitable for

the problem at hand.
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4.4 Surface tension model in GIMP-FSI
4.4.1 The CSF model for fluid

Solving the governing equations in Eq. 4.6 requires an appropriate surface tension model
for calculating the surface tension forces. To model surface tension forces for fluid, we
adopt the continuum surface force method (CSF) proposed by Brackbill et al. [1992], which
has been implemented in GIMP-CSF by Chen et al. [2012]. In GIMP-CSF, the following

equation was proposed to calculate the surface tension force, fzs-w’(f) (see Fig. 4.2):

urf) _y, OK ]
f; —Vc[m]<m>(f)(me), (4.17)

in which V. is cell volume, ¢ is surface tension coefficient of liquid-air interface (the super-
script “la” is omitted from now on), x is curvature of fluid interface, [m] and < m > are two
constants based on fluid density, and m; is fluid mass determined by Eq. 4.7. The curvature

K used in Eq. 4.17 can be calculate by:

k=V.# =v. (4.18)

in which @/ is a smoothed fluid normal calculated by the smoothed fluid mass 71;. Eqs. 4.17-
4.18 proved to be effective in simulating a single fluid with surface tension as reported by
Chen et al. [2012].

When a solid-fluid interface forms, difficulties arise in using Eq. 4.18 to calculate the
curvature near the triple points. The main reason is that smoothing of fluid mass may
not be applicable at triple points where the fluid interface changes sharply. This issue can
be demonstrated in Fig. 4.3a, which shows that the use of smoothed fluid mass r?z’: will
result in a greater error when calculating the curvature at the triple points. In addition,
when the smoothed fluid mass is used to calculate surface normals, surface normals at the
interface of two immiscible phases — such as the fluid-solid interface — will also arise thus
inducing surface tension force. However, in physics, surface tension should not exist at
the fluid-solid interface except at the triple points.

To overcome the difficulty of GIMP-CSF in dealing with the triple points, an alterna-
tive approach for estimating the curvature of fluid interface is proposed here shown in

Fig. 4.3b. Basically, rather than using smoothed fluid mass, the smooth normal & for cur-
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solid
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Figure 4.3: a) Curvature k calculated by divergence of &/ from the smoothed
fluid mass is problematic at the triple points; (b) curvature ¥ computed by

divergence of the smoothed n = Gipm; with a smoothing kernel . Gipm’; is
not calculated where solid mass (117) is non-zero to avoid the sudden change
of interface at the triple points.

vature calculation is computed via a smoothing kernel y :
i/ =yxn/ (4.19)

of = DOV i (m; = 0) (4.20)

X, Giprt|
in which the fluid normal is only calculated on the grid nodes without the solid mass.
Various smoothing kernels y can be used in Eq. 4.19, and examples can be found in Meier
et al. [2002]. According to Kalland [2008], the following smoothing kernel gives better

results for curvature estimation in 2D:
v=1[1,2,1,2,4,2,1,2,1] 4.21)

and
yv=[1,2,1,2,4,2,1,2,1],[2,4,2,4,8,4,2,4,2],[1,2,1,2,4,2,1,2,1] (4.22)
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for 3D smoothing. Note that in Eq. 4.20, the fluid normal is tapered by a zone influenced
by solid in order to avoid the sudden change of the fluid interface at the triple points as
well as the fluid-solid interface.

The smoothed fluid normal @ covers a wider region than the original n/, but may not
cover the triple points where surface tension force should also be calculated. To ensure
that the triple points are also covered by #/, one can use the smoothing kernel more than
once, so that:

i/ = y" «n/ (4.23)

in which ¢ denotes that the smoothing kernel v is applied 7 times. For curvature calcu-
lation, using W (n=2) is usually sufficient, and more smoothing may result in an interface
to be too far from the true interface.

In summary, GIMP-FSI adopts similar equations as GIMP-CSF to solve the surface ten-
sion forces of fluid except for the difference in curvature calculation. The new technique of
the curvature calculation is devised to avoid the sharp interface change at the triple points

and skip calculation of surface tension along the fluid-solid interface.

4.4.2 Treatment of contact angle

According to the Young-Laplace equation (Eq. 4.1), the contact angle is a result from the
energy balance of three phases at the triple points. In GIMP-FS], the effect of contact angle
can be achieved by following the CSF method, which replaces the fluid normal # at the
solid interface with fi.;:

Ny = n°cos O, +1°sin By, (4.24)

where the solid normal n® and solid tangent t* can be calculated by:

Zp Gipm;
f= L — 4.25
%, Gy (429
, o —i.n°
O (420

Similar treatment was also implemented in GIMP-CSF, in which the boundary normal and
tangent are used. Treatment of contact angle using Eq. 4.24 will force the fluid at the triple
points to move until the specified contact angle is reached, which will be demonstrated in

the verification examples
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4.4.3 Surface tension acting on solid

According to Eq. 4.3, the total capillary force exerting on solid consists of two components.
The first is the capillary pressure transferred from the interacting fluid via an appropriate
contact algorithm which will be described in Sec. 4.5. The second component is the tan-
gential surface tension force at the triple points. The force, denoted here by £*"(), can be
expressed by:

£ = (Gl )¢ (4.27)

in which [, is the length of the contact line, and t is the tangent of fluid interface at triple
points. Note that for a 2D problem, the contact line is in the third direction and I be-
comes the thickness of the domain. When the fluid-solid system is at equilibrium, the
angle formed between ¢ and the solid interface is then the so-called contact angle 6.

Although Eq. 4.27 is relatively simple, numerical calculation of £/ faces two chal-
lenging tasks. First, the positions of triple points must be accurately identified. Second,
the length of contact line /; must be calculated. We found that the accuracy of the results
are sensitive to both tasks, which are not trivial in MPM.

For a 2D problem, the length of the contact line is the depth of the third direction.
Therefore, it only needs to locate the triple points. We use the following criterion to identify
a candidate of triple points: a triple point can’t have all of its neighboring nodes lying in
the fluid domain. First, we exclude nodes that have zero fluid mass and zero solid normal
n® given in Eq. 4.25. Next, we examine the following condition to determine if the node is

a triple point or not:
if m;; 1m;j;1 =0,then node (i)j) is a triple point. (4.28)

in which we assume the x component of the solid normal is larger than the y component

(Inj | = [nf, ). If [n | < |n, |, the criterion in Eq. 4.28 becomes:
if m;_1;m;_1;=0,then node (i,j) is a triple point. (4.29)

Figure 4.4 shows a schematic of the search for triple points. With the steps discussed above,
the search in 2D usually leads to the identification of only one node near the triple point,
at which the force f*":¢) in Eq. 4.27 is applied.

It is also possible that more than one node will be found around a triple point. To avoid
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Figure 4.4: Schematic of triple point identification to apply surface tension
force £° on solid by a simple criterion. n°- solid normal;

overestimation of the surface tension effect on the solid, a 3x3 stencil is used to calculate

the average surface tension forces around each selected node:

Z3x3 fsun(S)

far@ == 4.30
ave N ( )

in which N is the number of nodes searched at the triple points. If there are no other
triple points around the current one, then N =1, i.e., no averaging is needed. According
to our experience, the above procedure is accurate enough for 2D problems simulated in
this paper. Although the same principle can be used for 3D, the inclusion of £*") in 3D is

more difficult than 2D, and is left as future work.

4.5 Contact algorithm with partial slip

One of MPM'’s advantages over conventional meshed methods (e.g., the finite element
method) lies in the fact that the contact of multiple bodies of a single material does not need
special treatment. More complicated contact situations involving friction, and multiple
materials have been implemented in MPM, e.g. Bardenhagen et al. [2001]. The no-slip
(single-velocity) contact is one of the simplest contact conditions for multiple materials

achieved by assigning the center of mass velocity v*" to each material:
V=7 = v (4.31)

Vi = (v} + vims) /(nd, + ) (4.32)
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Figure 4.5: Slip of fluid near the triple points. The slip zone involves the nodes
where n® and A% overlap.

Generally, no-slip contact using Eq. 4.31 is applicable for most FSI problems. However,
when surface tension and contact angle are involved, no-slip contact breaks down near the
triple points according to Yamamoto et al. [2013]. Illustration of slip at the triple points
is shown in Fig. 4.5. Because of surface tension at the triple points, fluid particles tend to
slip against the wall until the static contact angle is reached. The slip near the triple points
was also shown by Qian et al. [2003] using molecular dynamics simulations. It was also
shown in the front-tracking simulation that a desired capillary rise can only be achieved
by allowing slip near the triple points.

Taking the previous studies by Yamamoto et al. [2013] into account, a partial slip bound-
ary condition is also implemented in GIMP-FSI by assigning a slip velocity, st-lip, on the
nodes near the triple points. The first step is to define a slip zone by the overlapping area

of the solid normal n/, and a smoothed fluid surface normal n;%:
0P = y® sn/ (4.33)

As shown in Fig. 4.5, for the nodes in the slip zone, their velocities are replaced by a slip

. slip
velocity, v; " .
v?lzp

= vi— (" g (434

With Eq. 4.34, the fluid and solid are allowed to slip against each other at the triple points;
separation, however, is not allowed. According to Lemiale et al. [2010], selecting the appro-
priate contact-surface normal vectors is crucial for the contact algorithm to work properly.

In GIMP-FSI, we use the solid normal n® rather than the fluid normal n/ as the contact
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surface normal. In addition, we reject any n° when |}, G;pm;| is smaller than a threshold of
p°Ve
5dx
algorithm can be achieved which can prevent early enforcement of the contact as reported

in Lemiale et al. [2010].

(V¢ is cell volume, and dx is cell size). Consequently, an effective partial-slip contact

4.6 Numerical examples
In this section, three different FSI problems are used to verify the proposed GIMP-FSI
algorithm.The first is the half-plane capillary rise problem which was studied in a previous
work by Chen et al. [2012]. With the GIMP-FSI algorithm we see an improvement which
will be compared to our previous work in this section. The second problem is the modeling
of aliquid bridge between two parallel plates and two cylinders of equal radii, respectively.
The problem is used to show the accuracy of GIMP-FSI in estimating capillary attraction
forces caused by surface tension. The third problem is to simulate the abnormal bending
of a micro-beam caused by a droplet. The problem is used to demonstrate the capability of
GIMP-FSI in elastocapillary problems at small scales.

We simulate a one-solid and one-fluid system in all the examples (air phase is omitted
since its influence is limited). The constitutive law of the solid material is based on the

compressible Neo-Hookean hyperelastic model described by Simo and Hughes [1998]:
6 = —KJ(J — 1)I+GJ ?*dev(b) (4.35)

in which | is the determinant of the deformation tensor F, K the bulk modulus, G is the
shear modulus, b =F-F! is the left Cauchy stress tensor, and "dev" means deviatoric stress.
For fluid materials in GIMP-FSI, the following constitutive law is used [Cueto-Felgueroso
et al., 2004]:

o =—pl+2ud’ (4.36)

where p is the dynamic viscosity, d’ is the rate of deformation tensor based on AF, and p

is the hydrostatic pressure determined by an equation of state given by Monaghan [1994]

and Morris et al. [1997]: ;
p:KKp) —1} (4.37)
Po

where K is the bulk modulus, p the fluid density, po the initial density, and y a constant

(e.g., 7.0 for water and 1.4 for air under room temperature and atmospheric pressure).
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The examples presented in the following were run on a Linux cluster operated by the
Arctic Region Supercomputing Center (ARSC). The GIMP-FSI algorithm is implemented
in the software package Uintah which has parallel computing capability [Parker et al.,
2006]. Multiple CPUs have been used throughout the examples. Computation time is
reported in the end of this paper.

4.6.1 Half-plane capillary rise

The half-plane capillary rise problem, which is schematically shown in Fig. 4.6a, is a typical

y mesh:81x27 PPC=2x2 :

J - solid wall: } } %ﬂuid:‘ i

P g 0.52mx 0.32m 0.5mx 0.3m |

l 2052 particles 9000 particles !

A 1

KN Cea ¥00)

H . y=0
i !

/ 7 ] ] /I /I H{)rizotal Surf;xe

(a) ' (b)

Figure 4.6: (a) Half-plane capillary rise problem; (b) example setup in GIMP-
FSL

capillary rise problem. Due to wall adhesion and surface tension effect, the fluid tends to
flow along the solid surface until a static contact angle 6,; against the wall is formed. The
fluid profile can be described by a closed-form solution derived from the work in Anderson
et al. [2006]:

&=cosh™ (2) _ \/éfczﬂ/m_coshq <\/§>

1—sin6

(4.38)
+4/2+2sinB,y
where the two dimensionless parameters are & = (= - ; X is distance measured

_r
P8 P8
from the wall, and g the gravitational constant. The capillary rise H is measured from

the horizontal surface at y = 0. The problem was used to benchmark GIMP-CSF by Chen
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et al. [2012] in modeling contact angle. For comparison with previous work, the same
parameters are used in GIMP-FSI simulation, with ¢ = 981 cm/s?, 6 = 2.4 dyne/cm, and
two contact angles of 8,; = 30° and 60°.

Figure 4.6b shows the setup for the capillary-rise problem. A 0.52 cm x 0.32 cm solid
container with a thickness of 0.2 cm is modeled. Inside the container rests a fluid of 0.5 cm
x 0.2 cm. Initial fluid interface is set to be flat to allow the evolution of capillary rise into
the specified contact angle. The container is discretized with 2052 particles and the fluid
with 9000 particles. Both are covered within a 81 x48 mesh. The particles per cell (PPC) is
2x2 in the example, and the effects of PPC are investigated. We model the container as an
elastic solid with a bulk modulus of 5x10° and a shear modulus of 3x10°. For the fluid, a
bulk modulus of 1.5x10° and a viscosity of 0.5 is used. Throughout the paper, the unit for

the modulus is dyne/cm?2, and the unit for viscosity is dyne-s/cm?2.
y y
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Figure 4.7: Kernel smoothing (y) of fluid normal n/ for surface tension force

a?ur’(f) and sliding zone.

As an example, Fig. 4.7 shows examples of GIMP-FSI in calculating surface tension
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forces. In Fig. 4.7a, the fluid surface normal ny is calculated on grid nodes away from the
solid wall. Applying the smoothing kernel y twice results in a smoothed surface normal
shown in Fig. 4.7b. The smoothed surface normal is changed at the solid surface according
to the contact angle 6,; and Eq. 4.24 (6 = 30° is used in the example). By calculating the
divergence of the smoothed surface normal, the surface tension forces ") can be calcu-
lated as shown in Fig. 4.7c. The fluid normals are further smoothed by smoothing kernel
w®as shown in Fig. 4.7d to define a slip zone. As shown in Fig. 4.7e, slip velocities only
exist within the slip zone, while outside the slip zone single velocity contact is used (cf.
Eq. 4.31).

SRR A CHR AR
SRR A A R

Figure 4.8: Evolution of capillary rise. Partial slip can be seen near the triple
points. Arrows are surface tension forces.

Fig. 4.8 shows an example of fluid interface evolving with time due to surface tension
which is represented by arrows in the figure. The fluid rises along the solid until it forms
a contact angle equal to the static contact angle 6.;. The equilibrium state is approximately
reached at t=0.1 s. By looking at the particle distribution in Fig. 4.8, we can see that the
upper fluid particles have moved while the lower ones have not, due to the partial-slip

contact algorithm implemented in GIMP-FSL
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The equilibrium profiles of capillary rise are shown in Fig. 4.9, obtained by measuring
the position of the fluid particles. Results from two contact angles and three different PPC
numbers are shown. In general, the GIMP-FSI method provides reasonably good results
when compared with the theoretical profile. Fig. 4.9 also shows that the number of PPC
has little effect on the fluid profile. In Chen et al. [2012] and using GIMP-CSE, the capillary
rise at the triple points are higher than theory; this is not observed here when GIMP-FSI
with the partial-slip algorithm is used in contrast with the full slip used by GIMP-CSE.
Also, the partial-slip contact algorithm can take into account of the viscous effect of the

no-slip region which is more realistic.
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Figure 4.9: Comparison of capillary rise between GIMP-FSI and theory. Vari-
ous PPC numbers and contact angles are presented.

4.6.2 Modeling of liquid bridges

Liquid bridges can form in porous materials (e.g., soils and rocks) due to surface tension
and wall adhesion effect. The behavior of liquid bridges is crucial for understanding the
mechanism of many industrial applications such as nanotechnology and oil recovery pro-
cess. Liquid bridges have been widely studied by many researchers [Elliott and Voitcu,
2007, Aminu et al., 2004, Christenson and Claesson, 2000]. For verification purpose, the
liquid bridges between two parallel plates and solid cylinders are simulated by the GIMP-
FSI method. The behavior of liquid bridges between these two types of solid shapes have
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been studied by Stroud et al. [2001] and Willett et al. [2000].

Liquid bridges between two parallel plates

Liquid bridges between two parallel plates are numerically studied by the GIMP-FSI method

in this section. A schematic of the problem is shown in Fig. 4.10a. According to the Young-

Mesh: 72x48 PPC=2x2

solid: H Tiquid:
1.3x2.0 cm 1x1 em
L nacles - 1600 particles .
>
H ¢

DXy

(b)

Figure 4.10: (a)Schematic of liquid bridge between two parallel plates; (b) nu-
merical setup in GIMP-FSI for half of the domain.

Laplace equations, the liquid bridge is only at equilibrium when its interface reaches the
static contact angle 8,;. Assuming the plates are infinite in the z direction, the liquid bridge
can be simplified to a 2D problem. Without considering other external forces (e.g., gravity),
the pressure difference across the liquid interface is a constant (AP = %) such that the ra-
dius of fluid interface at equilibrium is also a constant. Therefore, for a static liquid bridge,
the radii of the interface R and the area of the fluid A can be obtained geometrically based
on Fig. 4.10a :

R=_1
€08 0, (4.39)
1
A =2ld+Rdsin6,, — ER2(n —204)

in which 24 is the distance of separation between the two plates, and / is the wetting length

atx= ig. The total capillary force, F*?, which includes the capillary pressure and the sur-
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face tension force at the triple points, can be expressed as (positive if the force is attractive):
FS% = (—AP-1+0sinfy,) (4.40)

For 2D, the contact line /; can be taken as a unit depth in the z direction.

Figure 4.6b shows the setup for simulating liquid bridges between two parallel plates
in GIMP-FSI. The plates are separated by 1 cm. Each plate has a size of 1.3 cm x 2.0
cm and is discretized by 4876 solid particles. The liquid between the platesis 1 cm x 1 cm
discretized by 1600 particles. We choose different contact angles (e.g., 30,45, 60°) so that the
shapes of the final liquid bridge can be different. The background mesh is 72x48 with the
+x faces fixed. The following material properties are used: solid bulk modulus K*= 5x10°;
solid shear modulus G° = 3x10°; fluid bulk modulus K= 1.5x10°; and fluid viscosity u=
0.5. With the numerical setup in Fig. 4.6b, where the values of d, A, and B¢, are given, one
can calculate the equilibrium radius R, the wetting length /, and the capillary forces F*¥
via Eq. 4.39, and compare with numerical results obtained by GIMP-FSI.

As an example, the evolution of the liquid bridge is shown in Fig. 4.11 for a specified
contact angle 8,; = 30° . At t =0, the liquid starts to wet the solid upwards due to surface
tension. Surface tension force (f"©)) acting on the solid is also shown. With the criterion
described in Section 4.4.3, a single surface tension force at the triple point was identified.
The equilibrium state of the system is approximately reached at ¢t = 0.27s, after which the
shape of the fluid no longer changes. To evaluate the static stress of the liquid and solid,
an artificial damping coefficient § = 1000 is applied after t=0.27 s to speed up the energy
dissipation. The contours of the capillary pressure in the fluid and the normal stress (511
in the x direction) in the solid are shown in Fig. 4.11e and Fig. 4.11f, respectively. It can be
seen that negative pressures are in the fluid, and positive normal stresses are in the solid
indicating a tensile stress state.

In Fig. 4.12, we plot the pressure distribution at x = 0 to compare with the theoretical
pressure with different PPC numbers. It can be seen that the pressure distribution given
by PPC=2x2 is a little closer to the theory than by PPC=4x4. However, the normal stress
S11 of the solid plate at x = 1.5 cm given by different PPC numbers are very close, as shown
in Fig. 4.13.

Table 4.1 compares the GIMP-FSI results with theory in terms of capillary pressure in
the fluid and the total capillary force acting on the solid. The theoretical values of AP and
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Figure 4.11: (a-d) Evolution of liquid profile with time; (e) pressure contour
in fluid at equilibrium; (f) normal stress Sy; in the x direction at equilibrium.
Arrows are surface tension forces.

F% are obtained by using the given constants (d, A, and 6,;) to solve Egs. 4.39-4.40. The
solutions are listed in Table 4.1 for comparison. Notice that the contact angle has little
effect on F*F, while AP changes greatly with contact angle. Numerically, AP is calculated
by the average pressure at x = 0, while F*? is computed by integrating the normal stress
S11 in Fig. 4.13. The ratio between numerical and theoretical values are listed in Table 4.1.
The error using GIMP-FSI is very small (less than 5%). A high PPC number seems to result

in a slightly higher pressure than a low PPC number, but the difference between different
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PPC number is usually less than 3%. From the results it can be concluded that GIMP-FSI is
quite effective in simulating the interacting forces for liquid bridges between two parallel

plates.

Theory —PPC=2x2 -—A—PPC=3x3 —6—-PPC=4x4

AP, dynes/cm?
=

liquid bridges
between
two paralell plates

-0.6 -0.4 -0.2 0 0.2 0.4 0.6

Jy, cm

Figure 4.12: Calculated capillary pressure AP versus theory with various PPC
numbers for liquid bridges between two parallel plates.
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Figure 4.13: Calculated normal stress S11 in the x direction in two parallel
plates. The total capillary force F*? caused by the liquid bridge is equal to the
area under the curve.

Liquid bridges between two cylinders

Previously, liquid bridges are studied theoretically and numerically for two parallel plates.
Since the geometry of the solid has great influence on the behavior of liquid bridges, we
further study the liquid bridges between two identical cylinders, which are slightly com-

plicated because of the curved fluid-solid interface.



Table 4.1: Capillary pressures (AP) and forces (F“?) by GIMP-FSI and theory
for liquid bridge between two parallel plates. Unit “dyne” for force and “cm”
for length.

APgye /AP o )

0, AP Fer  PPC PPC PPC PPC PPC PPC
2x2 3x3 4x4 2x2 3x3 4x4

60 72 2098 951 969 979 957 961 960
45 10.18 23.27 .984 1.022 1.039 959 952 972
30 1247 2378 .967 988 1.025 985 968 982

o e]
B R
R

2d=1cm

Figure 4.14: Simulation of liquid bridge between two solid cylinders with a
separation distance 2d =1 cm and a height 1 =1 cm.
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As shown in Fig. 4.14, a liquid bridge forms between two cylinders of equal radius R;
with a separation distance of 2d. Similar to the two-plate problem, the radii and total area

of the liquid bridge at equilibrium can be expressed as:

R =[Rs(1 —cosa)+d/2]/sinf;
A =1[d+2Rs(1 — coso] — 2R?(B — sin B cosP) — ZRf(oc —sinocos Q); (4.41)

. [ T
sm(xzz—RS; Bzi—a—eeq

in which R; is the radius of each sphere, o is the half filling angle, and P is the angle
between the fluid interface and the y axis where the numerical setup is also shown in
Fig. 4.14. The geometric parameters used in the modeling are as follows: Rs=2.5cm; d =0.5
cm; fluid height i = 0.5 cm. The fluid is discretized with 1632 particles. For efficiency, only
part of the sphere is modeled using 3471 particles. The background mesh is 60x80 with
the +x faces fixed. The center of the liquid coincides with the center of the mesh. The same
material properties for the two-plate problem are used here.

Evolution of the liquid bridge between two cylinders is shown in Fig. 4.15. The phe-
nomenon is quite similar to the two-plate problem, except that the liquid moves not only
vertically but also horizontally due to the curvature of the solid sphere. The equilibrium
state is found at t = 0.25s with artificial damping applied. The pressure for the fluid and
the capillary forces for the solid are shown in Figs. 4.15e-f. Calculated pressure and capil-
lary forces are also plotted in Fig. 4.16 and Fig. 4.17 from the cross section at x = 0 cm for
the fluid, and x = 1.35 cm for the solid.

Similar to the two-plate problem, Table 4.2 compares the calculated capillary pressure
and force with theory. Theoretical solutions are obtained via Eq. 4.41 and are given in the
table. Similar approach is used to obtain the numerical values of AP and F“P. Again, a
good agreement between GIMP-FSI and the theory is found. Capillary pressure AP in-
creases when the contact angle decreases. The attractive force F*F does not change much
with the contact angle. For GIMP-FSI, using PPC=4x4 tends to give a higher AP than
PPC=2x2. Although a high PPC number does not greatly improve the results, a PPC=3x3
can still be considered because more particles are used the less "void" is generated for

large-deformation problem [Chen et al., 2013].
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Figure 4.15: (a-d): Evolution of a liquid bridge between two cylinders of equal
radii; e): pressure in the fluid; f): normal stress in the solid.
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Figure 4.16: Calculated capillary pressure AP versus theory as a function of
PPC for liquid bridges between two cylinders.
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Figure 4.17: Calculated normal stress S11 in the solid as a function of PPC.

Table 4.2: Computed capillary pressure and force versus theory for a given
volume of liquid between two cylinders of equal radii. Unit “dyne” for force
and “cm” for length.

APy /AP Foum/F
0 AP Fer  PPC PPC PPC PPC PPC PPC
2x2 3x3 4x4 2x2 3x3 4x4

60 3.76 1795 0.930 0.995 1.027 0.985 1.010 1.02
45 641 20.17 0.979 1.007 1.021 1.028 1.037 1.048
30 850 21.73 0.992 0.978 0.996 1.017 1.018 1.042

89
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4.6.3 Bending of micro-cantilever plate

As the third verification example, we consider the abnormal bending of a micro-cantilever
plate induced by a droplet as reported in Liu et al. [2010]. The schematic of the problem is
shown in Fig. 4.18, where a 2D droplet is placed on a cantilever beam fixed at x =0. The

Y

N\

f sur,(s) f sur,(s)

Ll 261 L2 |

Figure 4.18: Schematic of cantilever-beam bent by a droplet.

droplet has a width of 22 and a height of h, with its left edge at x = L;. The beam has a
length of L equal to L1 +2a+Ly; L, is the distance between the right edge of the droplet and
the free end of the beam. When gravity g is present, the capillary pressure AP acting on the
plate can be determined as:

AP = 6c +pgh (4.42)

in which ¢ is the curvature at the apex of the droplet.

In addition to AP, the beam is also subject to surface tension forces f*":¢) at the triple
points. The force f5¢) is equal to o, with a direction determined by the contact angle ,,;
the length of the contact line /. is taken as one in 2D. Assuming the shape of the droplet is
known, the elastic deflection of the beam, y, caused by the capillary pressure AP and the

surface tension force fs“r’(s) can be determined as [Liu et al., 2010]:

1
Ely= g(Apa — (ssineeq)x3 +(Ly +a)(osinB,; — Apa)x2 0<x<Ly);

1 1 1
Ely = 5(05in 0L +205in 0,0 — EApL% — 2ApLya —2Apa®)x* — —Apx*

: 24 (4.43)
+ 6(2Apa +ApL; — osin qu)x3 +Crx+ D> (L1 < x < Lqi+2a);
Ely=Csx+Ds (L1+2a <x<Li+2a+Ly).

in which d is the thickness of the beam and I = d®/12 is the moment of inertia on the cross
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section of the beam, and the constants C,,Cs, D,,andDs are:

_ 30sin 6,3 + ApL3 Do — —405sin6,,L3 — ApL] '

2 6 7 2= 24 7
6G5in O,g0% + 665inO,0L1a + 305in6,,L2 — 4Apa® — 6ApL1a — 3ApL2a (4.4)
3 — " .
3
D, 0sin 6, (—4a® — 6L1a> — 3L3a — L3) + Apa(2a® + 4Lqa* + 3L2a + L3)
3 .

With gravity considered, the shape of the droplet is not a spherical cap, and the analyt-
ical solution is usually difficult to find. According to Liu et al. [2010], when the size of the
droplet is sufficiently smaller than the capillary length A~! (which is assumed as a constant
= \/Z ), the shape of the droplet can be approximated as a spherical cap. By introducing a
dimensionless number coA !, the curvature ¢y and the droplet width 24 has the following

relationship when oL ~! is relatively large (e.g., > 5):

28in 6,
Co =

; (4.45)

From Eq. 4.45 one can approximately determine the droplet shape given coh ™1, and the

deflection y can be calculated using Eqs. 4.43-4.44.

Mesh: 115x50 PPC: 3x3

Intial Shape of Droplet:
Benam: 0.79 x 0.1.4 mm
plpALURE B Ha IS TV ausi s RIS
7308 particles

Figure 4.19: Numerical setup of the cantilever-beam problem in GIMP-CSF.

A typical setup in GIMP-FSI is shown in Fig 4.19. For GIMP-FSI modeling, three coh !
values (2.0, 5.0, and 10.0) are used. Table 4.3 lists the parameters for different coh 1 values,

assuming the droplet has a shape of a spherical cap. For the example in Fig. 4.19, the
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Table 4.3: Parameters used in GIMP-FSI for the modeling of the cantilever
beam problem for different values of cod~!.

coA”!  pg,dyne- o, dyne- a, h, Ro, Li= d, Ocq,
/cmd /cm cm cm cm Lo, cm ©)
cm
2 -9.81 24 391 .103 782 391 .078 30
5 -9.81 12 221 .030 442 221 .044 30
10 -9.81 12 .055 .015 110 .055 011 30

value of coA ! is equal to 10. The initial shape of the droplet is set as rectangular (0.79
mm x0.14 mm) which is allowed to evolve. The rectangular fluid has the same area as
the assumed spherical cap shape at equilibrium. With a mesh of 115x50 and a PPC=3x3,
the fluid is discretized by 2472 particles, and the 2.21 mm x0.11 mm beam is discretized
by 7308 particles. Material properties for the solid are: K® = 4x 10° and G® = 1.93 x10° (the
corresponding Young’s modulus E is 5x10°). The fluid properties are: K = 1.5x10° and
u=1.

Given an initial shape of a rectangle, the droplet will evolve with time. Fig. 4.20 gives
an example of the evolution of the droplet on the beam. The upward bending of the beam
can be seen because the upward surface tension force F*? overcomes the downward force
caused by the capillary pressure AP. The pressure inside the fluid and the normal stress of
the beam are shown in Fig. 4.20. Compressive stress is found on the upper surface of the
beam and tensile stress is found on the lower surface of the beam, which is consistent with
the shape of the beam.

In Fig. 4.21, the final beam deflection for different cases are demonstrated. The results
show that the shapes of the droplet are close to a spherical cap, but they are not symmetric
due to the bending of the beam. To compare with theory, the beam deflection calculated
by GIMP-FSI is plotted in Fig. 4.22. The theoretical deflection is calculated using the as-
sumption of spherical cap for the droplet. It can be seen that, for a large cor 1, the beam
is bent upward. While for a small cpA !, the droplet shape is large and there is downward
deflection of the beam for the segment containing the droplet. Generally, the GIMP-FSI
method gives similar trend of bending for different coo~! values and agrees well with the
finding in the literature [Liu et al., 2010]. The error in computing the beam deflection may

be from the assumption used for the theoretical solutions.
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Figure 4.20: Evolution of parameters for the cantilever beam problem.

4.7 Discussion and conclusions
The GIMP-FSI method is presented and verified for solving fluid-structure interactions
induced by surface tension. The method is closely related to the previous work, GIMP-
CSF, as well as GIMP-CFD. The new algorithm is effective based on comparisons with
theoretical solutions.

Parallel computing is applied in all numerical examples, which greatly reduces the

computation time. The CPU time used for different examples is shown in Table 4.4. Gen-
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Figure 4.21: Cantilever beam problem with different numbers of A~ 1cy.
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Figure 4.22: Calculated beam deflections versus theory for different numbers
of 7\,_1C0.



Table 4.4: Example of CPU time for different cases.
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Case mesh PPC total particles ¢, (s) No.CPU tcpy (s)
capillary 81x48  2x2 11052 0.1 36 1600
rise 81x48  3x3 24867 0.1 36 2306
81x48  4x4 44208 0.1 36 3369
liquid bridge 72x48  2x2 10752 0.22 24 924
between 72x48  3x3 24192 0.22 24 1224
two plates 72x48  4x4 43000 0.22 24 2185
liquid bridge 60x80  2x2 8572 0.27 48 1398
between 60x80  3x3 19276 0.27 48 1949
two cylinders 60x80  4x4 34280 0.27 48 2304
cantilever beam 115x35 3x3 9780 0.02 50 7048

(7\,_1C0 =10)

erally, the computation time for each case is less than an hour. Using more PPC numbers

increases the CPU time, as expected, but does not significantly improve the results.
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Chapter 5
Conclusions
This study contributes to the field of numerical methods mainly in developing an algo-
rithm, based on an emerging particle method, for solving problems in fluid-solid interac-
tions induced by surface tension, and providing a promising solution to these problems
within a consistent computational framework.

In this thesis, we present the use of generalized interpolation material point (GIMP)
method in computational fluid dynamics at low Reynolds numbers, the implementation of
a surface tension model in GIMP, and also, with various verification examples, an effective
algorithm for solving problems of fluid-solid interactions induced by surface tension.

Capability of GIMP in modeling fluid dynamics is first investigated. The results show
that GIMP is very accurate in modeling hydrostatic pressure problems, Rayleigh’s prob-
lems, and Poiseuille flows. However, GIMP encounters difficulties in solving lid-driven
and dam-break problems in terms of clustered particles and the formation of non-physical
voids. The problem is partially solved by using a pressure stabilization scheme and more
particles per cell, which give much less error compared to the original GIMP method. We
have also shown that, the B-spline material point method, which is able to model lid-
driven and dam-break problems without pressure stabilization, performs poorly for other
verification problems mainly due to its treatment of boundary conditions. Thus, GIMP is
recommended over B-spline for simulating fluid-solid interactions according to our find-
ings.

Secondly, an algorithm for implementing surface tension in GIMP has been developed.
By utilizing a background mesh which makes GIMP different from other particle methods,
we have been able to integrate the continuous surface forces (CSF) method into GIMP in a
seamless way. Our work shows that employing a smoothing kernel is a key in obtaining a
more accurate curvature of the fluid interface. The benchmark problems show that GIMP-
CSF is effective in calculating capillary pressures in fluids subject to surface tension, and
in the modeling of capillary rise.

Finally, the GIMP-FSI method has been developed to simulate surface tension-dominant
FSI problems. Improvements have been made for better modeling surface tension at the
triple points based on GIMP-CSF. Particularly, we have fully included the effect of surface
tension on solids at the triple points by using a simple criterion that searches for neighbor-

ing nodes of the fluid mass. Numerical applications show that our method is accurate and
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effective in solving FSI problems induced by surface tension.

Future Work

The first extension of this work could be the realization of three-dimensional modeling
in GIMP-FSI. Since the 3D version of GIMP-CSF has already been developed, one of the
major tasks for 3D GIMP-FSI lies in the calculation of surface tension forces for solids at
triple points, which in turn requires locating accurately the contact line (the interface of
solid and fluid) and determining its length. Once the 3D version of GIMP-FSI is fully
accomplished, it can be applied to a wider range of problems.

In addition, it would be useful to improve the capability of GIMP in handling clustered
particles and voids. For example, a distance-weighted pressure stabilization scheme may
be helpful to produce a smoother pressure field. A predictive-corrective scheme may also
be used to improve the accuracy of GIMP in fluid dynamics. With GIMP’s capability in
solving complicated dynamic solid mechanics problems already demonstrated in litera-
ture, further improvement of GIMP in fluid dynamics is likely to bring a brighter future

for GIMP in the modeling and simulation of problems in fluid-solid interactions.



