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a b s t r a c t

Arteriovenous malformations (AVMs) are neurological defects in which the arterial and
venous systems are connected directly, with no intervening capillaries. The absence of
capillaries allows blood at high pressure to enter the venous system directly, and so a
venous haemorrhage or a stroke is possible. AVMs can be treated by embolization in
which a glue is injected into a local artery with the aim of diverting the blood away
from the AVM and so reducing the risk of haemorrhage. The present study introduces a
novel mathematical model for the embolization procedure by considering a two-phase
fluid dynamical approach for the glue/blood interaction. The two fluids are treated as
incompressible and viscous, and their interaction is modelled using the volume-of-fluid
method, with the aim of analysing the dynamics of the glue after injection and examining
potential blocking strategies. The results obtained here include surface tension effects and
point to advantageous placement, blocking and effective solidification in particular.

© 2012 Elsevier Ltd. All rights reserved.

1. Arteriovenous malformations and endovascular embolization

Arteriovenousmalformations (AVMs) can be categorized as defects of the circulatory system,which are generally thought
to be congenital (present at birth or early in life and slowly developing over time): in fact usually no specific cause for the
AVMcan be identified. Although AVMs can occur inmany different areas of the human body, not just in the brain, the current
concern iswith cerebral AVMs because of the health consequences and their ability to lead to amortality. In an AVM, blood at
high pressure in the arterial system empties directly into the venous system (which is at low pressure) due to the absence of
intermediate capillaries. Veins have only very thin walls however, and they are capable of containing blood at relatively low
pressure only. The abnormally high flow rate causes the blood pressure to rise to dangerously high levels, and there is then
a distinct possibility that the wall of the vein may break due to the high pressure, causing a venous haemorrhage. Cerebral
AVMs occur in approximately 10 out of 100000 people [1] and are slightly more common in males. Although the lesion is
often present at the time of birth, symptoms may occur at any time and often present themselves when the patient is aged
between 20 and 40. Typical symptoms of AVMs include severe headache, weakness and paralysis, and even hallucinations
or dementia.

An AVM poses a complicated clinical problem. The clinician must determine the best strategy for treating or removing
the malformation without causing a haemorrhage, a challenge which can be difficult due to abnormally weak blood vessels.
Administration of drugsmay help to overcome the earlier-described symptoms that are associatedwith AVMs, but themain
aim is either to remove or to alter the lesion. There are currently three primary techniques used to do this: conventional
neurosurgery, endovascular embolization, and radio-surgery. The choice of technique is dependent on both the size and the
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Fig. 1. Two angiograms showing the blood flow when the AVM is present (left) and after treatment with embolization (right).

position of the AVM. Only complete obliteration of the AVM is a definitive cure, and this is possible only in a relatively small
number of cases.

In an AVM there is a reduced vascular resistance, and hence an increased flow rate occurs from the arterial to the venous
system. The two main surgical procedures used as mentioned earlier are clipping and glue-casting, to reduce the mass
flux through the AVM. Owing to the limited understanding of these procedures and their outcomes, these procedures tend
to err on the side of caution. The embolization procedure is described in the subsection immediately below, followed by
discussions of models and the present approach.

1.1. The embolization process

Embolization is one of the most common procedures in the treatment of AVMs, and it has the clear advantage of being
less invasive than forms of conventional neurosurgery. The technique was pioneered in the early 1960s by Lussenhop [2].
With improved technology and understanding, it is now possible to reach and successfully embolize quite complex AVMs
in functional-dependent areas of the brain. Embolization may be performed as the sole treatment for an AVM or it may
be combined with radio-surgery or conventional neurosurgery, and indeed patients having the latter treatments usually
require embolization first anyway if the lesion is larger than 3 cm across.

Embolization is almost always given to a patient under general anaesthetic. A small catheter is inserted into a blood vessel,
typically the femoral artery in the thigh, and then passed along the network of blood vessels to the feeding artery of the AVM,
using X-ray guidance of the catheter. Sometimes a very fine micro guide wire is used to achieve optimum positioning of the
catheter. A glue is then passed through the catheter into the AVM, with the tip of the catheter being positioned as close as
possible to the branching site of the AVM. The aim of the procedure is to make the glue occlude the abnormal blood vessels
so that blood is no longer able to flow through the malformation. This is illustrated in Fig. 1, which shows an angiogram of
an AVMbefore and after the embolization process.When there is no longer any blood passing through an AVM, there should
be no further risk of bleeding. For larger AVMs, embolization is often done in stages such that at each stage a certain section
of the AVM is blocked off. The glue that is used is initially in a liquid state in order to penetrate small vessels, and then it
hardens on contact with ions such as those present in the blood.

Sometimes more than one embolization is needed, as just stated, particularly when the AVM is comparatively large, and
also for the sake of avoiding too rapid or drastic alterations of the blood flow patterns in the brain. It should be noted that
even though the embolization procedure may have been carried out successfully the blood vessels may open again over
time as the body tries to remove a foreignmaterial such as the glue. If this occurs, the procedure can be repeated, or another
type of treatment may then prove more beneficial.

1.2. Models

There has been a considerable amount of research dedicated to the modelling of blood flow in arteries, as for example
[3–6], but much less on the haemodynamics associated with AVMs. Some models have aimed to simulate the flow in a
simplified geometric configurationwhere themodel ismade up of amultiple array of parallel compartmentalized vessels [7].
Another type of model for AVMs uses electrical circuit analysis [8], which aims to relate flow pressures to volume fluxes in
networks, primarily with the desire to explain steal phenomena. Here, ‘steal’ refers to strong throughput in the AVMwhich
weakens cerebral throughput elsewhere.

Typically an AVM has many feeding arteries, each one of which may branch into as many as 50 daughters and
granddaughters. Attempts have been made to analyse the flow structure in both the mother and the daughters: see [9–12].
The first of these considers a linear problem of a flow at high Reynolds number through a branching geometry, in both two-
and three-dimensional settings. The role of the geometrical structure aswell as themass flux in the daughters is analysed for
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multiple small daughters. Thework in [11] on the other hand gives a nonlinear analysis of the flow assuming that the fluid is
inviscid; this is justified in some contexts by the fact that the boundary layer thickness is nominally small compared to the
thickness of the vessel downstream. The model analyses flow over short length scales, finds recurrence relations between
the flow profiles in each of the daughters, and then solves the recurrence relations numerically and analytically. The model
is useful because it is able to deal with branchings that produce considerably less solid area downstream, and hence more
realistic geometriesmay be applied to thismodel. Fully three-dimensional effects of flow from onemother to two daughters
have also been studied [13–15]. In [14], a purely numerical finite-volume simulation is compared to slender flow analysis
where the streamwise length scale is of order of the Reynolds number and strictly larger than the two cross-sectional length
scales. Results for the wall shear and pressure as well as the velocity profiles are obtained in cases of one mother branching
to two daughters, and close agreement is found between the theory and the numerical computations.

Recently, lattice Boltzmann methods have been used to model AVMs [16,17]. These methods use a combination of
ideas from statistical mechanics and cellular automata to model the flow in complicated geometries. Lattice Boltzmann
methods aim to simulatemacroscopic flow conditions by considering the statistical distribution of particles representing the
microscopic fluid flow. This method is becoming ever more popular and appears to be potentially very useful for modelling
AVMs and their accompanying complicated geometry.

1.3. The present approach

It is intended that the present work will set up a basic mathematical model for the embolization process. Comparatively
little modelling of this kind has been done in the application area previously, to the best of our knowledge, and so the
approach is seen rather as a first step in modelling such a complex procedure in two spatial dimensions. Although some of
the simplifications made in the present work may oversimplify the complex chemical processes at work here, it is hoped
this can be incorporated into further studies on the subject. Factors such as solidifaction, polymerization, three-dimensional
effects, and the non-Newtonian properties of the glue and the bloodwill be studied in futurework. Section 2 belowdescribes
the generalmodel in appropriate detail, leading to the equations ofmotion and boundary conditions, alongwith the solution
methodology which is based on a volume-of-fluid approach. This is followed by Section 3 addressing a specific branching-
channel-flow model, with computational results and then potential blocking strategies being explored, while Section 4
examines the effects due to surface tension. Section 5 provides final comments on the study.

2. Mathematical model and equations of motion

The combined motion of two fluids in a multi-branching channel is considered with the walls of all the vessels involved
being fixed, similarly to the arrangements in [10,11]. Models of motion of a single fluid through a branched network with
moving walls can be found in [18,19] for comparison. The dimensional coordinates are given by x∗ and y∗, denoting distance
along the channel wall and perpendicular to it respectively. The pressure is denoted by p∗ and the interface between the
glue and blood is denoted y∗

= f (x∗, t). For the current relatively simple start-up model, we consider the case where both
fluids (the blood and glue) are incompressible Newtonian fluids. This should be quite an accurate assumption for the blood,
taking into account the size of the containing vessels considered here, but is it probably a rather more naive assumption for
the glue.

The diameter of the feeding artery is taken to be in the range l∗ = 0.001 to 0.005m,with the typical streamwise velocities
of blood flow in AVMs being as high as U∗

= 1.3–1.5 ms−1 [20]. The density for the commonly used glue N-butyl-2-
cyanoacrylate (Histoactyl) is 1.44 g/cm3, while that of the added radio-opaque oil, Lipiodol, is given as 1.280 g/cm3. Typically
the injected mixture consists of 80% Lipiodol and 20% N-butyl-2-cyanoacrylate, giving an overall density of approximately
1.32 g/cm3. This density is comparable to the density of blood,which is taken to be 1.063 g/cm3, and so in themodelwemay
fix the density ratio to be unity at a first approximation. Taking the kinematic viscosity of blood to be ν = 4.78×10−6 m2s−1,
we find that the Reynolds number Re = U∗l∗/ν for a typical flow in this setting ranges between 280 and 1500. Biomedical
flows of this type are very rarely turbulent even at such high relatively high Reynolds numbers, and in consequence all of
the modelling described in the present paper assumes laminar flow. Effects of the outer wall shape on the multiphase flow
similar to that considered here are introduced in a related study by [21].

2.1. The model equations and conditions

Throughout, all quantities associated with the glue are represented with subscript 1 and those associated with the blood
with subscript 2. The velocity fields of the respective fluids are given by u∗

i = (u∗

i , v
∗

i ), with corresponding density and
pressure fields ρ∗

i and p∗

i , with i = 1, 2, while the non-dimensional variables for the model are given by (ui, vi, p, t) =

(u∗

i /U, v∗

i /U, p∗/U2ρ2, t∗U/l). The non-dimensional coordinates are x = x∗/l and y = y∗/l, measuring distance along
the channel wall and perpendicular to it, respectively. The governing equations in each fluid are thus the non-dimensional
incompressible Navier–Stokes and continuity equations:

∂u1

∂t
+ (u1 · ∇)u1 = −


ρ2

ρ1


∇p1 +


ν1

ν2


1
Re

∇
2u1, ∇ · u1 = 0; (1)
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∂u2

∂t
+ (u2 · ∇)u2 = −∇p2 +

1
Re

∇
2u2 , ∇ · u2 = 0. (2)

In addition to the no-slip conditions applying at the containingwalls, the equations are complemented by conditions holding
at the unknown interface between the glue and the blood. These are made up of the kinematic condition, the continuity of
normal and tangential stress, and the continuity of velocity at the unknown interface y = f (x, t). The kinematic condition,

∂F
∂t

+ ui · ∇F = 0, (3)

where F = y − f (x, t), effectively states that a fluid particle on the interface must remain on the interface and is advected
with the local velocity field ui. The condition that the components of velocity normal to the interface are equal in each fluid
is written as

u1 · n = u2 · n, (4)

where n is the outward-pointing normal to the interface; the corresponding tangent vector t, defined at an angle of π/2
clockwise from the given normal vector, will also be utilized below. The dynamic condition at the interface is obtained by
applying a momentum balance to a volume element at the interface. This balance gives

− p1I + 2µ1D1 · n = −p2I + 2µ2D2 · n, (5)

where the stress tensorD is given by (∂iuj +∂jui)/2 in each fluid (see [22]) and I is the identity tensor. Forces such as surface
tension have been ignored for now, but the effects from surface tension will be studied anew in Section 4. The continuity of
tangential stress dictates that

µ1t · D1 · n = µ2t · D2 · n. (6)

Next, a brief outline of the solution procedure for the system (1)–(6) is given.

2.2. General outline of the method

We implemented the open-source Gerris flow solver (http://gfs.sourceforge.net) to solve the multiphase system.
Gerris solves the time-dependent incompressible Euler or Navier–Stokes equations on a quadtree adaptive mesh in two-
dimensional mode as used in this study, although the solver also has the capacity to deal with three-dimensional flows. The
well-known volume-of-fluid (VoF) method is used to track the interface [23]. We now outline the main steps of the VoF
algorithm in Gerris. An indicator or colour function C(x, t) is defined to track which phase occupies different grid cell(s) in
the computational domain: in our case this amounts to requiring C = 1 in the blood and C = 0 in the glue. The colour
function satisfies the advection equation

∂tC + u · ∇C = 0, (7)

which is essentially the analogue of the kinematic condition (3), with u being the interfacial velocity.
There are three main ingredients of the volume-of-fluid method. These are firstly advecting the interface, secondly

reconstructing the interface from a specific colour function field, and thirdly solving the governing Navier–Stokes equations.
The advection amounts to solving (7) and is carried out using a Lagrangian method to find updated values of the colour
function. Next, the interface is reconstructed, details of the method being found in [24], while extensions are presented in
[25]. The governing equations are solved in the so-called ‘one-fluid mode’ [26]. Here, the two momentum equations (1)
and (2) are replaced by a single momentum equation with variable viscosity and density which applies throughout the
computational domain,

∂u
∂t

+ (u · ∇)u = −
1
ρ

∇p +
1
ρ

1
Re

∇ · (2µD). (8)

Note here that the factor µ is now present inside the divergence operator. This is due to the fact that in the one-fluid
formulation the value ofµ defined below is no longer constant across the interface. Now, the values of density and kinematic
viscosity are given respectively byρ = Cρ1/ρ2+(1−C) andµ = Cµ2/µ1+(1−C). Thewell-knownprojectionmethod [27]
is used to solve the Navier–Stokes equations; full details can be found in [28]. This is essentially a fractional-step method
in which an intermediate velocity field is projected onto the space of divergence-free fields, yielding a Poisson equation
for pressure, when combined with the continuity equation. The main stages of the algorithm are listed below. First, the
intermediate velocity ũ is calculated from the discretized Navier–Stokes equations without the pressure gradient term:

ũ − u(n)

∆t
= −u(n+1/2)

· ∇u(n+1/2)
+

1
Reρ(n)

∇ ·


µ(n)(D(n)

+ D̃)

. (9)

Here, the superscript n refers to evaluation at the nth time step, while those variables with tildes are evaluated at the
(n + 1/2)th intermediate time step. The advection terms are discretized using the second-order Godunov unsplit upwind

http://gfs.sourceforge.net
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Fig. 2. Interface positions for the flow of an initially circular glue droplet, at Re = 400, from a single mother to two daughters. Plots shown are for ν = 1
(left) and ν = 10 (right), for non-dimensional times of 0, 5, 10, 15, and 20, from top to bottom.

method of [29], whereas a second-order Crank–Nicholson routine is used for the diffusive term. Using (9), an equation for
the velocity at the next time step can then be found:

u(n+1)
− ũ

∆t
= −

1
ρ(n)

∇p (n+1). (10)

Since the velocity field must be divergence free,

∇ · ũ = ∆t∇ ·


1

ρ(n)
∇p (n+1)


. (11)

This equation is solved with a multi-grid method to determine the pressure field, which then gives the velocity field
from (10).

3. A simple channel flow model and results

In the present very simplemodel, the glue is assumed to be injected in a singlemother vessel upstream. The resulting flow
into two ormore daughter vessels downstream and the flow interactions between themother and daughter vessels are then
analysed. In practice, the gluemust be injected into the feeding artery, since generally the vessel (daughter vessel) that needs
to be blocked is too small for the catheter. Another practical reason for injecting in the mother vessel is the reduced chance
of an embolic stroke occurring. Mathematically, it is taken that the glue is injected as a droplet rather than a continuous
stream as is usually the case in practice [30]. Studies of droplet dynamics in different applications are widespread and can
be found in the fields of aircraft icing, ink-jet printing, atomization, and many others. Moreover, studies of droplet flows in
microfluidics are common [31,32]. The former paper here uses the Gerris flow solver to analyse the dynamics of droplets in
T-junctions. The predictions for the flow of a droplet within another fluid from onemother to two symmetric daughters can
be found in [33], where conditions for droplet splitting based on the global capillary number are found. Numerical solutions
for the inviscid flow of two fluids in channels are given in [34,21]. The present study concentrates on flow from a single
mother vessel to daughter vessels; no modelling of the flow to grand-daughters is attempted, although this would be a
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Fig. 3. Interface positions for the flow of an initially circular glue droplet from a single mother to four symmetric daughters (left) and to three non-
symmetric daughters (right). Shown from top to bottom at non-dimensional times of 0, 5, 10, 12.5, 15, and 20.

simple extension of the current model in principle. Situations such as those above are described in [17,35] for a single fluid,
with the former study attempting analytical and numerical approaches while the latter is a purely numerical treatment
using a network model.

In all of the present computations the Reynolds number Re is fixed as 400, which is within the realistic range stated
earlier. Results with larger Reynolds numbers, but still within the range quoted earlier, give similar qualitative results. For
instance, considering flows at higher Reynolds numbers, the glue droplet enters the daughter at earlier non-dimensional
times, and there is less distortion to the upstream section of the interface shape. Thework here examines the channel flow in
a number of geometrical settings, although the dynamics near the branching of the daughter vessels is of prime importance.
The geometrical settings are relatively basic, comprising an incident channel with rigid walls and various combinations of
daughter vessel shapes modelled as solid parabolas downstream of the branch junctions. The domain is fixed as 0 ≤ x ≤ 4
and 0 ≤ y ≤ 1, and there are 211

× 29 grid cells in the respective dimensions. The adaptive mesh refinement used is based
on the vorticity field as well as the gradient of the interface and the solid boundaries. The inflow velocity is set to be the
fully developed Poiseuille form u = y(1 − y), while no-slip conditions are applied at the upper and lower walls as well as
the daughter walls. On the right-hand side of the domain standard outflow conditions are set, with Neumann conditions
imposed on all boundaries for the colour function. In most realistic cases the glue and the blood are of comparable density,
as mentioned earlier, and so the focus below is on cases where ρ1 = ρ2.

3.1. Basic results

Fig. 2 shows the interface positions for the glue droplet at non-dimensional times of t = 0, 5, 10, 15, and 20. Here the
droplet is initially circular with a radius of 0.2 and its centre is at y = 0.5. The two cases shown, both being from onemother
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Fig. 4. Aiming to block a small daughter (left) and a larger daughter (right). The viscosity of both the glue and the blood is taken as unity. Shown from top
to bottom at non-dimensional times 0, 2, 4 and 6.

to two daughters, have the viscosity of the glue being unity on the left and 10 on the right. The form of the divider starting
at x = 3 is given by (y − 0.5)2 = (x − 3)/50; hence the flow has symmetry about the line y = 0.5. Familiar shapes
of the glue interface position occur [36] for the case ρ = 1 of present concern relatively far upstream of the branching,
where an arrowhead-type shape is observed for the interface position, similar to those in [37]. The glue spreads into the two
daughter vessels with a thin layer of glue becoming attached to the daughter walls and a propagating head which travels
more freely into both daughters. At later times, the head proceeds out of the computational domain. The case where the
viscosity ratio ν1/ν2 is raised to 10 is also shown in this figure. Similar flow characteristics are observed at small times, but
the arrowhead-type shape seen when both fluids are of the same viscosity is now suppressed, and only a slight deviation
to the back upstream side of the droplet is observed. Calculations at even higher viscosity ratio confirmed the trend. The
droplet impinges on the daughter entrance at slightly later times than the first case, and a thicker layer of glue is observed
adhering to the daughter wall. Notice here also that the head of the daughter is of a different shape from that observed for
the single-fluid case.

Next, Fig. 3 shows the flow where there are four daughters, again with the glue injected in the centre of the feeding
artery and the viscosity ratio ν = 1. Again the arrowhead shape is found before the glue encounters the daughter vessels.
When the glue reaches the daughters it first enters the middle two daughters only, where the flow rates are higher, and
only at later times is a thin layer of glue observed on the walls of the upper and lower daughters, once the bulk of the glue
has passed through the outlet. On the right-hand side of Fig. 3 the case where the flow is non-symmetric is considered,
with one of the daughters being significantly larger than the other two. Here, the upstream part of the glue deforms as in
the previous example, but now the glue approaches the largest daughter and a deformed arrowhead shape is found in the
daughter tube also. These specific examples give a flavour of the dynamics of the injected fluid. We now move on in order
to model blocking scenarios for certain simple flow domains.

3.2. Simple blocking strategies

Fig. 4 shows cases where blocking of daughters is attempted, specifically, on the left, blocking a small daughter, and, on
the right, blocking a larger daughter vessel. In the first case, the glue veers towards the larger daughter and travels into a
smaller daughter and remains at themouth of that vessel, whereas themajority of the glue travels down the larger daughter,
where the flow rate is greater. On the right, it is intended to block the larger bottom daughter. As can be seen from the figure,
the droplet is distorted by the near-wall shear flow, similarly to that in [38]. As the flow rates are larger here, the glue passes
freely through the outlet at x = 4 and, as the last plot shows, only approximately half of the channel is taken up with glue.

Clearly, in both situations, neither of the intended vessels ends up being blocked! Other calculations show that for a small
daughter the glue must be injected as closely as possible to the mouth of the daughter. Fig. 5 shows two examples. On the
left is the case where the viscosity is kept constant at unity. Now, with the glue injected closer to the bifurcation, the glue
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Fig. 5. Interface positions for the flow of an initially circular glue droplet from a single mother to two daughters. On the left, ν1 = 1, and right, ν1 = et/10 ,
for non-dimensional times of 0, 5, 10, 15, and 20. For both cases, the dividing streamline is shown in red. (For interpretation of the references to colour in
this figure legend, the reader is referred to the web version of this article.)

Fig. 6. Left: Pressure for the flow shown on the left of Fig. 5 where ν = 1, at the upper mother wall, (⋆⋆) the upper daughter wall (++), and the lower
daughter wall (−). Note the pressure jump at the entrance to the daughter vessel. Right: Wall shear at the top mother wall (−) and upper daughter wall
(· · ·).

passes into the intended daughter, with the arrowhead shape being seen earlier in the mother vessel. Also, here, satellite
droplets are ejected from the bulk of the glue and end up entering the larger daughter vessel. The glue takes up most of the
daughter vessel, and in principle creates an effective barrier so that no blood can travel through the vessel; however, the
satellite droplets of glue entering the larger daughter could have potentially damaging consequences, such as the onset of
stroke. The right-hand side of Fig. 5 shows the case where the viscosity of the glue is allowed to vary with time, which is
perhaps amore realisticmodel of the embolization process.We chose the form ν1 = exp(t/10), so that the glue initially is of
the same viscosity as the blood, but then the glue viscosity rises to a value of e2 at t = 20, as if solidifying. There is very little
data available on polymerization time, but practice indicates that the polymerization time scale is such that solidification or



1320 A.H. White, F.T. Smith / Mathematical and Computer Modelling 57 (2013) 1312–1324

Fig. 7. Left: Pressure for the flow shown on the right of Fig. 5, where ν = et/10 , at the upper mother wall, (⋆⋆) the upper daughter wall (++), and the
lower daughter wall (−). Note the pressure jump at the entrance to the daughter vessel. Right: Wall shear at the top mother wall (−) and upper daughter
wall (· · ·).

Fig. 8. Interface positions for the flow of an initially circular glue droplet from a single mother to two daughters. On the left, We = 10 000; on the right,
We = 5000.

stoppage takes place typically within the mother–daughter interaction regions, a feature which controls the choice of this
functional form. In this case, the gluemoves steadily into the daughter without any of the droplet breakup found previously.
Also now, as the viscosity is larger, the arrowhead shape is not seen, and the droplet takes up most of the daughter channel.
Moreover, as time progresses, the velocity of the glue is reduced, and as can be seen in the figure there is little motion taking
place between the non-dimensional times t = 15 and 20.

Fig. 6 shows both the pressure and the wall shear for the case where ν = 1. As indicated in Fig. 5(a), the streamlines
seem to be approximately the same for all times after t = 5. In this steady-flow situation the results here can be compared
to those in [12], where the flow in the presence of a near-wall branch is investigated. It is found in the latter work that there
is in effect a pressure jump at an ‘Euler zone’, where the dynamics are inviscid to a close approximation, in the vicinity of the
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Fig. 9. Interface positions for the flow of an initially circular glue droplet from a single mother to two daughters. On the left, We = 1000; on the right,
We = 100.

branching. Although in the case studied here the entrance to the daughter vessel may be outside the O(Re−1/3) thick wall
layer of the feeding vessel, an effective jump in pressure can still be seen in this region. Fig. 6(b) shows the wall shear: as the
flow seems almost steady, only one plot is shown, which corresponds to the shear for the mother and upper daughter walls
at later times. It is observed that there is a decrease in shear on the mother wall until the flow reaches the small daughter.
There is then a gradual increase but the overall wall shear remains low, representing a potentially important feature in
the embolization process as high flow rates and hence high wall shear may damage the arterial wall. Also, significantly, no
separation (flow reversal) is seen in either fluid in any of the flow configurations studied. As with the pressure, the wall
shear in the daughter becomes very close to that of the continued mother vessel downstream.

The flow also becomes steady for the scenario where ν = et/10. Fig. 7 shows the pressure andwall shear for this scenario.
Similar features are seen here, with the effective pressure jump clearly evident, and the shear profiles at both the mother
and upper daughter walls being very close to the ν = 1 example, except at a small zone near the branching, where the
viscosity of the glue is now larger. The value for the wall shear stress reaches a minimum before the branching starts, and
once more no flow reversal is seen. The figure shows that the shear on the walls of both the continued mother and upper
daughter are very close, which could be explained by the flow developing a lubrication-like nature downstream in the upper
daughter vessel.

4. Effects of surface tension

To improve themodel and simulatemore realistic shapes of glue droplets, surface tension effects are now considered. The
momentum and continuity equations remain the same, but the normal-stress condition at the interface is now replaced by

− p1I + 2µ1D1 · n = −p2I + 2µ2D2 · n + σκn, (12)
where σ is the surface tension coefficient and κ is the non-dimensional curvature of the glue/blood interface. The rele-
vant non-dimensional parameter is the Weber number, given by We = ρU2L/σ . A capillary number can be defined as
Ca = µU/σ , so that Ca = We/Re. The same geometries and initial conditions as used for the scenario with no surface
tension (We, Ca → ∞) are considered here, so that direct comparisons can be made. As there is little data available for the
surface tension coefficient σ , we present the results as a function of Weber number. The Reynolds number is again set to
400, but similar results were found with Reynolds numbers still over the range quoted earlier in the text.
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Fig. 10. Interface positions for the flow of an initially circular glue droplet from a single mother to two daughters. On the left,We = 10 000; on the right,
We = 5000. The viscosity is assumed to be of the form ν1 = et/10 .

Results in Figs. 8–11 are presented for Weber numbers of 10000, 5000, 1000, and 100. For the flows at Weber number
10000, there is little difference in the results for interface shapes from the case where surface tension is neglected. As the
Weber number is reduced and surface tension effects comemore into play, the arrowhead shape seen in the limit of infinite
Weber number disappears. For instance, in Fig. 9, for the Weber number of 5000, the upstream portion of the glue droplet
retains its concave profile throughout the motion, a phenomenon also occurring at lower Weber numbers, as expected (see
Fig. 9). As the Weber number is lowered, the shape of the droplet is less distorted from its original circular shape. Indeed,
when the Weber number is 100, we see that the glue droplet is only slightly distorted, and moreover the droplet takes up
most of the daughter channel at t = 20; there is little motion after this time. It would seem then that, in the simplified
geometry modelled in Figs. 8 and 9, a flow with a Weber number of 100 is perhaps near the ideal in order for the glue to
block the channel. In this case, the glue enters the daughter, does not travel too far into the daughter vessel, and then takes
up the whole of the vessel.

Next, the effects of variable viscosity are again incorporated into the model. The same form of time-dependent viscosity
as previously is chosen for the computations, results being presented in Figs. 10 and 11 for Weber numbers 10000, 5000,
1000, and 100. For the case We = 10 000 the resulting glue/blood interface position is seen to be quite different from the
constant-viscosity case. When the viscosity is variable, the back of the glue droplet remains straight, and the droplet is less
elongated in the streamwise direction. For smaller Weber numbers, it seems that the effects of variable viscosity are less
important. The bottom figures on the right of Figs. 9 and 11, for instance, show that there is very little difference between the
interface shapes for the cases of variable and constant viscosity flows. Although themodelling here is very simple, the above
shows that the surface tension effect actually has a greater bearing on the dynamics in this simplified setting compared to
the form of the time variation of the viscosity.

5. Discussion and further work

With the focus on the dynamics of two-phase flow, a basic computational model for the embolization process has been
formulated in the present investigation. There appears to be no other such quantitative mathematical modelling predicting
glue outputs for example as in Figs. 2–5. Although the approachmay be simplistic in nature as regards the main application,
the governing equations are still rich enough that a fully numerical technique is the most appropriate.
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Fig. 11. Interface positions for the flow of an initially circular glue droplet from a single mother to two daughters. On the left, We = 1000; on the right,
We = 100. The velocity is assumed to be of the form ν1 = et/10 .

The flow to two, three, and four daughters was analysed with both symmetric and non-symmetric configurations of
daughter shapes and droplet positions considered. The results have interesting repercussions. Granted that the model used
in the current work is relatively simple, some tentative comments intended for medical practitioners may be relevant.
When the density of the glue and the blood are nearly the same, it seems that injecting the glue close to the bifurcation
is important if the artery to be embolized is smaller than neighbouring vessels. When the artery to be glued is larger, it
seems less important to inject close to the bifurcation, as the front of the droplet travels towards the largest daughter. In
this case however it would appear that the viscosity of the glue would need to be considerably larger than that in the cases
where the blocking of a smaller daughter is attempted. The large viscosity of the glue is needed in effect to try to stop the
glue passing through the vessel before it sets, due to the larger flow rates seen here.

Next, inclusion of surface tension forces leads to more realistic droplet shapes. Figs. 8–11 presented droplet shapes for
Weber numbers in the range 100 to 10000. Typically, for low Weber numbers, the droplet keeps its circular shapes and
moves smoothly into the daughter vessel and takes up the whole of the channel width. Results for glues with variable
viscosities show similar trends.

There are numerous extensions of the model that can make it more realistic. This is a relatively simple model for
an extremely complicated neurosurgical process. Perhaps the first factor to consider in future work would be the non-
Newtonian behaviour of the glue and the chemical reaction between the glue and the blood. Also, the assumption of the
downstream pressures in all vessels being equal could be replaced with more practical values. The geometries considered
in this work also are very simplified and could be extended, for instance to three dimensions, for pipe flow; compressibility
effects also could be studied. Further, as a referee has pointed out, wall flexibility merits attention likewise, with allowance
for passive and active responses. An ultimate goal would be patient-specific modelling. Although clearly this is a formidable
challenge, consisting of problems in imaging, meshing, and computational fluid dynamics, the latter two are certainly
tractable using the Gerris flow solver along with the gts meshing facility (http://gts.sourceforge.net), which has been
demonstrated to work well with Gerris in very complicated three-dimensional geometries.
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