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Chapter 1

Introduction

This chapter provides a short summary to the topics covered by this thesis, includes a short
historical overview, and establishes the contributions of the thesis.

1.1 Overview and historical review

Linear programming is possibly the most often cited methodology of operations research. The
roots of linear programming go back to the 19th century: for example the Fourier-Motzkin
elimination, Farkas’ lemma, Minkowski’s theorem. For the development and applicability
of linear programming, the simplex algorithm invented by Dantzig had been a fundamental
result, which he published in 1947. For their models based on linear programming and their
application in economics, Kantorovich and Koopmans received a Nobel price in 1975.

Today, it is the golden age for applying linear programming. Each year, their are a large
number of new results and applications using linear programming are published. There are
several factors for the success of the application of linear programming, like the invention
of numerically efficient methods, the wide and cheap availability of powerful hardware, the
easily accessible low cost data, and the increasing number of operations research educated
professionals and analysts.

The simplex method is still the basis of many optimization methods (either directly,
or embedded say in a mixed integer programming problem (MIP) search). The primal
simplex method moves along the edges of the corresponding polyhedron from vertex to vertex
(feasible basis solution). Since Dantzig’s invention several alternative pivot methods have
been invented, like the dual variant, the monotonic build-up simplex methods of Anstreicher
and Terlaky from 1994, or the criss–cross method by Terlaky from 1985; these methods have
fundamentally different theoretical and practical behaviour.
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The simplex method is known to be able to cycle on some problems, i.e. may be able
to return to the same basis it has already visited before after a finite number of pivots. For
the simplex type methods where an objective is monotone, cycling may happen on so called
degenerate problems where the same vertex is described by multiple feasible solutions. For
handling cycling, at least in the theoretical variants, many pivot methods rely on secondary
index selection rules like the minimal index or most often selected variable rules. For the
simplex variants where the objective is monotone, finiteness can also be achieved by the
means of perturbation or lexicography (these two are known to be equivalent under specific
conditions). In fact, the application of perturbation had been the method of choice for
arguing for the finiteness of pivot methods in most early publications.

The application of an index selection rule presents significant restrictions to a numerical
implementation of the methods, and most often numerical stability and efficiency considera-
tions are preferred. In most numerical implementations the presence of numerical round off
error serves as natural perturbation and helps to break out of any cycle [49]. It is important
to note, that adding small, artificial perturbation to a problem may help to ensure that cy-
cling does not occur by enforcing an improvement on the objective for all pivots. However,
doing so also makes it necessary to have a final clean up phase of the method, where any
such perturbation is removed (otherwise it wouldn’t solve the same problem). Although this
is not a problem in most cases, it may introduce a secondary level of cycling.

Leonid Khachiyan published his ellipsoid method variant in 1979 (which is a specialization
of the method of Naum Z. Shor originally developed for nonlinear optimization problems).
The number of iterations needed by the ellipsoid method can be bounded by a polynomial
of the bit length of its input data and the number of rows and variables in the problem.
The simplex method is not known to have this important theoretical complexity property.
While most simplex variants are efficient in practice, with an observed expected number of
necessary pivot operations being around O(n + m), the ellipsoid method which is efficient
in theory has an impractical numerical efficiency as the theoretical and observed complexity
are close to each other, O(n8). This renders the ellipsoid method unusable as the problem
size grows.

Narendra Karmarkar published his projective scaling interior point method in 1984. Kar-
markar’s method is a polynomial method for solving linear programming problems which is
efficient in theory and is also the basis of many interior point method implementations.
Following the publications of his results, in the next 2 decades there were several thou-
sand publications for both linear and convex optimization problems, inspired by his method,
revolutionizing the theory and practice of both linear and convex optimization. Typical
professional implementations of the interior point method for linear programming do not
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require more than 50 iterations to solve a problem. An iteration count above 500 is rare.

Despite the theoretical complexity superiority and its efficiency in practice, interior point
methods are still do not dominate the solution methods of linear optimization problems, but
rather share it with simplex methods. This is due to the favourable warm starting properties
of simplex methods, which makes a difference when solving mixed integer problems (the dual
method) or column generation problems (the primal method). As interior point methods
return an approximate solution near the analytic centre, a basis solution returned by a
simplex method tends to have a simpler structure which is important in certain applications.

The thesis considers pivot algorithms for the standard linear programming, the linear
complementarity problem and the quadratic linear programming problem.

Starting from the linearly constrained quadratic optimization problem, the Karush-Kuhn-
Tucker conditions give a special case for the associated linear complementarity problem. The
general linear complementarity problem has received significant research attention, and has
been a popular field of research, having a diverse field of applications. To solve linear
complementarity problems, the first algorithms were based on pivot methods. Among the
most well known pivot methods for the linear complementarity problems are Lemke– [48]
and the criss–cross algorithm [41]. An algorithm from Terlaky [61] works without the need
to grow the pivot tableau (i.e. works on the original quadratic problem rather than the
associated Karush-Kuhn-Tucker system).

Solving linear complementarity problems is closely related to the properties of the matrix
of the problem. An interesting direction for research has been to identify what are those
matrices and matrix properties, for which the criss–cross method solves the linear comple-
mentarity problem in a finite numbers of pivots. The first results in this field were related
to the so called bisymmetric matrices – the class of linear complementarity problems that
we get when we formulate the Karush-Kuhn-Tucker conditions for a quadratic optimization
problem – for which the criss–cross algorithm is finite if anti-cycling index selection rules are
applied [4, 41, 64].

One of the most important theoretical questions has been to identify the matrix prop-
erties necessary such that the corresponding linear complementarity problem is a convex
optimization problem and that the pivot algorithms could solve it in a finite number of
steps (pivots). It has been shown that the class of sufficient matrices introduced by [16] is
sufficient for the solution space to be convex, and it was later proven that sufficient matri-
ces are exactly those for which the criss–cross method can solve (or prove infeasibility) the
linear complementarity problem with an arbitrary right-hand-side vector in a finite number
of iterations. It is natural to investigate what happens in the case when we have no a-priori
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information about the properties of the matrix. Fukuda and his co-authors were the first
to develop [26] such a variant of the criss–cross method that behaves exactly the same as
the original algorithm [23] for problems with a sufficient matrix, though for problems with
a matrix for which sufficiency does not hold it either still solves the problem or it provides
in a finite number of steps an easy to verify proof that the matrix provided is not sufficient.
Csizmadia and Illés [18] have shown that the criss–cross method can be extended to several
alternative index selection rules to work – in the same sense as for the Fukuda et al. ver-
sion – for solving general linear complementarity problems. Recently, Csizmadia et al. has
introduced a class of index selection rules – the so called s-monotone index selection rules
– that incorporate these index selection rules and provide a family of criss–cross variants
with the above extension [19]. A more detailed survey on the related matrix classes and the
s-monotone index selection rule can be found in the PhD thesis of Csizmadia [17].

For the solution of linear complementarity problems, primal-dual interior point ap-
proaches are widespread. Primal-dual methods are used to solve linearly constrained quadratic
problems by the means of iterating following the central path. The central path problems
solve for a smaller and smaller centrality parameter for each iteration. The termination
criteria for the primal dual interior point methods is the duality gap to shrink beneath an a
priory given ε > 0 value. In such cases, we say that the interior point method has produced
a ε-optimal solution.

The existence and uniqueness of the central path [43] is central to the workings of the
primal-dual interior point methods. Accurate solutions can be created by the method of Illés
et al. [37].

When comparing pivot methods to interior point algorithms, our expectations are that
for the most important matrix classes (positive definite, bisymmetric or sufficient), when
working with a linear complementarity problem given by rational numbers and vectors, we
expect the interior point algorithms to be efficient (i.e. to have a polynomial bound on their
iteration count) in theory as well.

For linear complementarity problems arising from linearly constrained quadratic pro-
gramming problems, Kojima et al. has generalized an existing, small-step primal-dual inte-
rior point algorithm [44] for which a polynomial iteration count could be proved [45]. For
linear complementarity problems given by bisymmetric matrices, Kojima et al. proved the
polynomial iteration complexity by means of an inequality derived from the positive semi-
definite part of the objective in the underlying quadratic optimization problem. The question
naturally arises, if there are matrix classes with similar properties that would confirm to the
same proof approach based on this inequality and yield a polynomial complexity. Kojima and
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his co-authors answered this question [43] by the introduction of the P*(κ) matrices, where
κ ≥ 0 is a real, pre-determined parameter. The class of P*(κ) matrices can be considered
as a possible generalization of positive semi-definite matrices that also have the important
property that the central path corresponding to the linear complementarity problem defined
by the matrix has a unique solution for any µ > 0 centrality parameter.

The definition of P* matrices, which is the union of all P*(κ) matrices – where κ is taken
to be all non-negative numbers – creates the connection between the P*(κ) matrices and
sufficient matrices, as Väliaho has shown that "P*(κ) matrices are just sufficient" [65], and
the opposite inclusion has been shown by Cottle and Guu [14, 15] and Kojima et al. [43],
showing that the two matrix classes are equal.

For linear complementarity problems with sufficient matrices, there is active research even
today, and new algorithms or proofs related to existing methods are still being published.
As an example, we mention two results [38, 36] that play an important role in the extension
to the solvability of linear complementarity problems. One of the interesting questions had
been if an interior point algorithm could be created that works in a similar way to Fukuda et
al.’s in the sense that for problems with a sufficient matrix they work exactly like the former
interior point methods [38, 36], while when the matrix is not sufficient, they either solve the
problem in polynomial time or provide a proof that the matrix is not sufficient. The first
detailed study related to this has been presented in the PhD thesis of Nagy [56].

For the latest publications related to pivot methods for linear complementarity problems,
it can be said that typically they consider linear complementarity problems given by sufficient
matrices.

1.2 The structure and contributions of the thesis

The first chapter has presented a introduction to linear optimization and has provided a
historical overview.

The thesis is organized around flexible index selection rules for the linear feasibility,
the linear programming, the linear complementarity, and the linearly constrained convex
quadratic programming problems. The analyses of flexible index selection rules are brought
into a common framework by applying the concept of s-monotone index selection rules
[17, 19].

The thesis contains contributions to both the theory, and the computational aspects of
s-monotone index selection rules; for algorithms for which finiteness proof already existed,
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the thesis presents numerical studies, while for some pivot algorithms it presents novel proofs
of finiteness.

The second chapter fixes the notations used throughout the thesis, and defines the vari-
ous problem classes including the linear programming problem, the linear complementarity
problem and the convex quadratic programming problem with linear constraints.

The third chapter presents the basic versions of the pivot algorithms considered by the
thesis: the primal simplex method, the primal monotonic build-up simplex method, the
criss–cross method for linear programming and the criss–cross method for the linear comple-
mentarity problem, and finally the primal simplex method for the quadratic programming
problem. An example is provided for all methods. The chapter is closed by presenting the
s-monotone index selection rules, providing several examples including the minimal index,
last-in-first-out and most-often-selected rules and some generalizations.

The forth chapter introduces a testing framework and the major data sets used in the
thesis. Comparing pivot algorithms and flexible index selection rules is not an easy task
as implementation details can easily bias the result dramatically. To address the issue, the
thesis proposes a framework that aims to minimize the effect of any algorithmic specific
feature when comparing the effectiveness of pivot algorithms and flexible index selection
rules. The framework is published in [34]. Two implementations are used for the numerical
study: one in Matlab used to solve smaller instances, and one using the linear algebra of
FICO Xpress that is used to solve a large set of problems from public benchmark sets. Some
implementation details and a summary to the format of the public benchmark is given.

The fifth chapter focuses on the pivot methods for linear programming. For the sake of
completeness, the finite proofs with s-monotone index selection rules of the primal simplex
method and the monotonic build-up simplex method are summarized. The traditional criss–
cross method for the linear programming problem is shown to be finite when s-monotone
index selection rules are used [54]. The computational effectiveness of the flexible index
selection rules is demonstrated using a Matlab implementation of the algorithm testing
smaller test instances, and an implementation based on the linear algebra of FICO Xpress
(through the public API) solving several larger instances from various well known public
benchmarks [34].

The sixth chapter looks at the criss–cross method for the linear complementarity problem.
The proofs presented for the finiteness when s-monotone rules are applied for problems with
sufficient matrices, in the thesis a new, more general proof is presented: the proofs do
not require the minimality of the cycling example. Although a small generalization (and
in theory equivalent to the original [20]). A Matlab implementation of the EP-theorem
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like generalized LCP criss–cross algorithm is used to solve linear complementarity problems
arising in market equilibrium and bimatrix game problems; these problems yield matrices
for the linear complementarity problem formulation for which the matrix is not sufficient;
the numerical results are part of [20].

The final, seventh chapter of the thesis considers the primal simplex method for linearly
constrained convex quadratic programming problems. Finiteness of the algorithm is proven
when s-monotone index selection rules are applied. The proof is rather general: it shows
that any index selection rule that only relies on the sign structure of the reduced costs /
transformed right hand side vector and for which the traditional primal simplex method is
finite is necessarily finite as well for the primal simplex method for linearly constrained convex
quadratic programming problems. The proof is based on the careful analysis of a cycling
situation and is based on showing that a cycling example necessarily includes a subproblem
that behaves like a traditional linear programming problem. To the best knowledge of the
author, finiteness of the primal simplex method for linearly constrained convex quadratic
programming problems has only been published before using perturbation arguments. The
result has been published in [33, 35].

The thesis is closed by a short summary.
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Chapter2

Notationsandproblemdefinitions

Inthischapter,wesummarizethenotationsusedinthisthesis,statethebasicformofthe

linearoptimizationproblemsandtheirextensionsthatareconsidered,andforthesakeof

completenessalsostatesomewellknown,fundamentalresults.

Throughoutthethesis,matricesaredenotedbyitaliccapitalletters,vectorsbybold,

scalarsbynormallettersandindexsetsbycapitalcalligraphicletters.Columnsofamatrix

areindexedasasubscriptwhilerowsareindexedbysuperscripts.A∈Rm×nandM ∈Rn×n

denotestheoriginalproblemmatrixforvariousproblemtypes,whilebandqtherighthand

sidesandctheobjectivevector.

Asallproblemsconsideredinthethesisarelinearlyconstrained,wecanassumewithout

lossofgeneralitythatthelinearconstraintmatricesareoffullrank,i.e.rank(A)=m.

Shouldthisassumptionnothold,wecaneliminate(orshowinfeasibility)anyredundant

constraintbytheapplicationoftheGauss-Jordanelimination.Aregularm×mrectangular

submatrixoftheconstraintmatrixiscalledabasis.

2.1 Thelinearprogrammingproblem

LetA∈IRm×n,c∈IRn,b∈IRm beamatrixandvectorsofappropriatedimensions,then

mincTx (2.1)

Ax=b (2.2)

x≥0 (2.3)
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isaprimallinearprogramming(P-LP)problem,whiletheduallinearprogramming(D-LP)

problemcanbedefinedasfollows

maxbTy (2.4)

ATy≤c (2.5)

wherex∈IRnandy∈IRm areprimalanddualdecisionvectors,respectively.

ForagivenbasisB,wedenotethenonbasicpartofAbyN;thecorrespondingset

ofindicesforthebasisandnonbasicpartaredenotedbyIB andIN respectively. The

correspondingshortpivottableauforBisdenotedbyT:=B−1N,whilethetransformed

righthandsideandobjectiveisdenotedbyb:=B−1bandc:=cTB−1. Thealgorithms

inthisthesiswillrefertotherowsandcolumnsoftheshortpivottableaucorrespondingto

agivenbasisBastj:=B
−1ajandt

(i):=(B−1N)(i)[40]. Wewilldenotetheindividual

coefficientsofthepivottableauastij.

Letusassociatetotheproblemthe(primal)pivottableau

A b

cT *

andletusassumethatABisanm×mregularsubmatrixofthematrixA,thusforminga

basisofthelinearsystemAx=b.Inthiscasethe(primal)basicpivottableauassociated

withthe(P-LP)problemandbasisABis

A−1BA A−1Bb

cT cTBA
−1
BA cTBA

−1
Bb

ThevariablescorrespondingtothecolumnvectorsofthebasisABarecalledbasicvariables.

Nowwearereadytodefine(column)vectorst(i)andtjwithdimension(n+2),corresponding

tothe(primal)basictableauofthe(P-LP)problem,wherei∈IBandj∈IN,respectively,

inthefollowingway:

(t(i))k=tik=






tik ifk∈IB∪IN

b̄i ifk=b

0 ifk=c

(2.6)
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and

(tj)k=tkj=






tkj ifk∈IB

1 ifk=j

0 ifk∈(IN\{j})∪{b}

c̄j ifk=c

(2.7)

wherebandcdenotesindicesassociatedwithvectorsbandc,respectively.Furthermore,

wedefinet(c)andtbvectorsinthefollowingway

(t(c))k=tck=






c̄k ifk∈IB∪IN

1 ifk=c

cTBA
−1
Bb ifk=b

(2.8)

and

(tb)k=tkb=






b̄k ifk∈IB

1 ifk=b

0 ifk∈IN

cTBA
−1
Bb ifk=c

(2.9)

andfromnowonweassumethatcisalwaysabasicindex,whilebisalwaysanonbasic

indexofthe(P-LP)problem.Thefollowingresultiswidelyusedintheproofsoffiniteness

ofsimplextypemethods.

Result2.1.1 [Orthogonalitytheorem,KlafszkyandTerlaky,1991]Leta(P-LP)problem

begiven,withrank(A)=mandassumethatIB′andIB′′aretwoarbitrarybasesofthe

problem.Then

(t′′(i))Tt′j=0 (2.10)

foralli∈IB′′andforallj̸ ∈IB′.

Thesolvabilityofalinearcomplementarityproblemiswelldescribedbythefamous

FarkasLemma[24]. Weuseaformthatisslightlydifferentfromtheoriginalformofthe

primalproblem(whichistheonefavouredbythedescriptionofthesimplexmethod)asthis

formisalittlemoreintuitivefortheFarkasLemma.Allformsareequivalent,andcanbe

deducedfromoneanotherbysimplemanipulationofthestatedforms.
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Theorem2.1.1(Farkas-lemma)LetA∈Rm×nandb∈Rm begiven.Thenexactlyone

ofthefollowingtwosystemshasasolution:

1.∃x∈RnsuchthatAx≤b.

2.∃y∈Rm suchthatATy=0andyTb<0.

Inwords,alinearsystemeitherhasasolution,orthereisanalgebraicproofthata

contradictioncanbederivedfromit’sdefiningconstraints. Asimilarlyfamousresultis

knownforcharacterizingtheoptimalsolutionsofalinearprogrammingproblem.

Theorem2.1.2(Dualitytheorem)LetA∈Rm×nandb∈Rm begiven. Assumethat

the

maxcTx (2.11)

Ax≤b (2.12)

systemhasanoptimalsolution.Thenitsdualpair

minbTy (2.13)

ATy=c (2.14)

y≥0 (2.15)

alsohasanoptimalsolution,andthetwooptimumareequal.

Anintuitiveinterpretationofthedualitytheoremisthatthemaximumoftheprimal

problemequalstothestrictestconstraintthatcanbededucedfromitsconstraintsthat

isparalleltotheobjective. Theexactdefinitionofthestrongdualitytheoremsarethe

following:

Theorem2.1.3(Weakdualitytheorem)Ifxisafeasiblesolutionoftheprimalproblem

andyisafeasiblesolutionofthedualproblem,thencTx≤bTy.

Theorem2.1.4(Strongdualitytheorem)Ifthereisafeasiblesolutiontotheprimal

problemandthereisafeasiblesolutiontothedualproblem,thenbothproblemshavean

optimalsolutionandtheoptimalvaluesoftheobjectivefunctionsareequal.
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Thefollowingtableshowstherelationshipoftheprimalanddualproblems.

Primal/Dual feasiblesolution ∃optimalsolution unboundedproblem

feasiblesolution
√

x
√

∃optimalsolution x
√
(Strongduality) x

unboundedproblem
√

x x(Weakduality)

Inthetableabove,
√
marksthecombinationsthatcan,andxmarksthecombinations

thatcan’texisttogether.

Becauseoftheweakdualitytheoremweknowthatthereisn’tsuchaproblemwhereboth

theprimalandthedualareunbounded.Inthiscaseifanyofthemhasasolution,thenit’s

objectivefunctionwouldbeaconstraint(bound)fortheotherobjectivefunction,sothus

shouldbefeasible.

Thefollowingproblemisanexampleforthatcasewhenneithertheprimalnorthedual

problemhasasolution:

max(2x1+x2)

x1+x2=2

x1+x2=1

Convertingthepreviousproblemtothefollowingform

max(2x+1+2x
−
1+x

+
2+x

−
2)

x+1 x−1+x
+
2 x−2≤ 2

x+1+x
−
1 x+2+x

−
2≤ 2

x+1 x−1+x
+
2 x−2≤ 1

x+1+x
−
1 x+2+x

−
2≤ 1

x+1,x
−
1≥ 0

x+2,x
−
2≥ 0

17



itiseasytoseethatthedualformofthisproblemisitself.Thusneitheroftheproblems

haveafeasiblesolution.

Linearprogrammingproblemsarepossiblythemostwidelyappliedmathematicalpro-

grammingtechnique,eitherbyitselforaspartofamorecomplexalgorithm(likeinan

integerprogram).Linearprogrammingproblemsareconsideredtoberelativelyeasilysolv-

able;theirtheoreticalcomplexityispolynomial(ellipsoidandinteriorpointmethods)and

eventhesimplexalgorithmsthatarenotefficientintheory(theymayhaveanexponential

complexity,likefortheprimalsimplexontheKlee-Mintycube[42])arestillveryefficient

inpractice.

2.2 Thelinearcomplementarityproblem

Linearcomplementarityproblemsareageneralizationoflinearprogrammingproblems,

wherethevariablesareorganizedintopairs,andtheproductofthesepairsarerequired

tobezero.

Letusconsiderthelinearcomplementarityproblem(P-LCP)inthestandardform:find

vectorsu,v∈Rn,suchthat

Mu+v=q, (2.16)

uv=0, (2.17)

u,v≥0 (2.18)

whereM ∈Rn×n,q∈Rnanduv=(u1v1,...,unvn)∈R
n.

The(ordered)setofallindicesisI:={1,2,...,n,̄1,̄2,...,̄n}∪{q}whichincludesthe

indexoftherighthandside,andso|I|=2n+1.Thecomplementarypairofanindexαis

denotedbyᾱ. Tosimplifynotation,̄α=αforanyindexα∈I\{q},inotherwordsthe

complementaryindexpairof̄αisα.

Similarlytothecaseofthelinearprogrammingproblem,foragivenbasisB,wedenote

thenonbasicpartofM byN;thecorrespondingsetofindicesforthebasisandnonbasicpart

aredenotedbyIBandIN,respectively.ForanygivenbasisBwedenotethecorresponding

shortpivottableauasT:=B−1NwhereN∈Rn×nisthenonbasicpartofthe[M,I]∈

Rn×2nmatrix,whilethetransformedrighthandsideisdenotedbyq:=B−1q.Individual

coefficientsoftheshortpivottableauwillbedenotedbytij.Thecomplementaryvariable

pairs(ul,vl)willusuallybereferredtoasvariablepairs. Whenitisadvantageous,the

elementwiseHadamardproductwillbeemphasizedby"·".
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Abasisofthelinearcomplementarityproblem(2.16)-(2.18)iscalledcomplementarityif

thesocalledcomplementarityconditionshold,i.e.xz=0andsy=0. Usingthenew

variables,wecanalsoexpresscomplementarityasuv=0.

Ingeneral,thelinearcomplementarityproblemsareNP-complete,asthecomplemen-

tarityconditionscanbeusedtorepresentthatavariablemustbebinary:letu=1 v,

0≤u≤1,thenuv=0isequivalentwithu∈{0,1}makingiteasytomodelmostknow

NP-completeproblemasgenerallinearcomplementarityproblems.

However,therearespecificmatrixclasses,forwhichthelinearcomplementarityproblem

iscomputationallytractable,andefficientalgorithmstosolvethemexist.Oneofthemost

generalsuchmatrixclassesistheclassofsufficientmatrices,thatcanbeconsideredtobe

thegeneralizationsofpositivesemi-definitematrices.

Definition2.2.1(Columnsufficient matrix) [13]AmatrixM ∈IRn×niscolumnsuffi-

cientifnovectorx∈Rnexists,forwhich

{
xi(Mx)i≤0 holds∀i∈{1,...,n}

xj(Mx)j<0 foratleastonej∈{1,...,n}
(2.19)

anditiscalledrowsufficientifitstransposedversioniscolumnsufficient. Finally,the

matrixM issufficientifitisbothcolumnandrowsufficient.

Ifthematrixofalinearcomplementarityproblemissufficient,thenit’ssolutionset

isconvex[13]. Notice,thatthismeansthatthecombinatorialstructureofthesolution

setislimitedcomparedtotheoriginalproblemstatement,asatleastonevariableofeach

complementaritypairwillbezeroinanysolution.Sufficientmatricesarealsofundamental

forthecriss–crossmethods,asthosearethematricesforwhichthecriss–crossmethodcan

alwaysbeappliedandwillbefinite(ifappropriateindexselectionrulesareapplied)[23].

Forlinearcomplementarityproblemswithsufficientmatrices,analternativetheorem

similartothelinearprogrammingcaseexists.Thedualofalinearcomplementarityproblem

isdefinedas

(x,y)∈V(M,q)⊥:=

{

(x,y)|
x+MTy=0,qTy= 1

xy=0,x,y≥0

}

(D LCP)

Wearereadytostatethealternativetheoremoflinearcomplementaryproblems.
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Theorem2.2.1[27]ForanysufficientmatrixM ∈Rn×nandrighthandsidevectorq∈Rn,

exactlyoneofthefollowingalternativesholds:

(1)theprimalLCPproblem(P-LCP)hasafeasiblecomplementarysolution(u,v),

(2)thedualLCPproblem(D-LCP)hasafeasiblecomplementarysolution(x,y).

Themostfrequentapplicationoflinearcomplementarityproblemsarisefromconvex

quadraticoptimizationproblems.

2.3 Thequadraticlinearprogrammingproblem

Sincethebeginningofthe1950s,thefollowinglinearlyconstrainedquadraticoptimization

problem(QP)hasreceivedsignificantattention.Foraquadraticoptimizationproblem,the

linearpartoftheobjectiveisdenotedbyc∈Rn,whilethequadraticmatrixbyQ∈Rn×n.

min
1

2
xTQx+cTx

Ax≤b

x≥0

whereQ∈Rn×nandA∈Rm×narematricesandc∈Rnandb∈Rmarevectorsandx∈Rn

isthevectorofunknowns.Thefeasibleregion

P={x∈Rn:Ax≤b,x≥0}⊂Rn (2.20)

isaconvexpolyhedronandtheobjectivef:P →Raquadraticfunctiongiveninthe

f(x)=
1

2
xTQx+cTx (2.21)

form.Afeasiblesolutionx∗∈Piscalledoptimal,if

f(x∗)≤f(x) holdsforallx∈P. (2.22)

Thesetofoptimalsolutionsisdefinedas

P∗={x∗∈P:f(x∗)≤f(x) holdsforallx∈P}. (2.23)
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Fromasearlyasthe1960s, mostresearchhasconcentratedontheversionsofthecon-

vexoptimizationproblemforwhichefficientalgorithmsandmatchingimportantpractical

applicationareashavebeenfound. Theclassofefficientlytractablesubclasshasquickly

beenidentified,forwhenQispositivesemi-definitematrix,theproblembecomesaconvex

optimizationproblem.

Forthesolutionofthelinearlyconstrained,convexquadraticprogrammingproblem,the

traditionalsimplexmethods(firsttheprimalthenfollowedbythedualversion)hasbeen

extendedinthelate1950s,early1960s,andseveralpublications[69,68,67,70,72]made

themwidelyrecognisedatthetime.Acommontraitofthesehavebeenthatfinitenesswas

ensuredbythemeansofperturbation.

When Qispositivesemi-definite,thequadraticoptimizationproblem(QP)isconvex

[22].TheLagrangefunctionassociatedwiththeproblem[22]isasfollows:

L : Rm+n⊕ →R

L(x,y,z) =f(x)+yT(Ax b) zTx (2.24)

ApplyingtheconvexKarush-Kuhn-Tuckertheorem,wegetthatx∗isanoptimalsolution

ifandonlyifthereexistsy∗∈Rm⊕,z
∗∈Rn⊕suchthat(y

∗,z∗)̸=0and(x∗,y∗,z∗)satisfies

the

Qx+c+ATy z=0 (2.25)

Ax b≤0 (2.26)

yT(Ax b)=0 (2.27)

zTx=0 (2.28)

x,y,z≥0 (2.29)

system.Introducingthes∈Rm⊕ variable,theabovesystemyieldsthefollowingcriteria

forourconvexoptimizationproblem:

21



Qx ATy+z=c (2.30)

Ax+s=b (2.31)

yTs=0 (2.32)

zTx=0 (2.33)

x,s,y,z≥0 (2.34)

Thesameexpressedinamatrixform,wegetthebisymmetriclinearcomplementarity

problemassociatedwiththelinearlyconstrainedconvexquadraticoptimizationproblem:

(
s

z

) (
A 0

Q AT

)(
x

y

)

=

(
b

c

)

(B LCP)

Linearcomplementarityproblemsintheaboveformareoftenreferredtoas(B-LCP)to

refertothatM isbisymmetric.TheproblemstillconformstothestandardLCPconditions:

yTs=0 (2.35)

zTx=0 (2.36)

x,s,y,z≥0 (2.37)

The matrixofthelinearcomplementarityproblemassociatedwiththelinearlycon-

strainedquadraticoptimizationproblemisdenotedbyM ∈RK×K whereK=n+m.The

fullrighthandsidevectorofthelinearcomplementarityproblemconsistingofboththeorig-

inalrighthandsidebandlinearobjectivecisdenotedbyq∈Rn+m (justastherighthand

sideofageneralLCPproblem).Tosummarize,thelinearlyconstrainedconvexquadratic

optimizationproblemisequivalenttothefollowinglinearcomplementaryproblem:weneed

tofindvectorsuandvsuchthat

Mu+v=q (2.38)

uTv=0 (2.39)

u,v≥0 (2.40)

holds,where
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M =

(
Q AT

A 0

)
, q =

(
c

b

)
where v =

(
z

s

)
and u =

(
x

y

)
.

Due to (2.40) and (2.39) we know that vjuj = 0, (j = 1,. . . ,m+n). Note that in the definition
of the M matrix, for the sake of notation we have swapped the order of rows.

The matrix of a linear complementarity problem arising from the Karush-Kuhn-Tucker
conditions of a convex quadratic optimization problem is called a bisymmetric matrix, and
has several known properties that are useful both in practice and theory [63].

A summary of the weak and strong duality theorems, the optimality conditions and
solving methods / algorithms for the convex quadratic optimization problem can be found
in the book by de Klerk et al. [22].
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Chapter 3

Algorithms and index selection rules

In this chapter we present the algorithms considered in this thesis, followed by the index
selection rules.

3.1 Pivot algorithms for linear programming

Most theoretical forms of the pivot algorithms work on the standard form of the problem
- all constraints are equations and all variables have a uniform lower bound of zero and no
upper bounds. Any LP problem can easily be converted to this form, although the practical
effect of such a conversion can be significant. This standard form and its dual is

min cTx

Ax = b

x ≥ 0

maxyTb

yTA ≤ c

3.1.1 The primal simplex method

The following pseudo code summarizes the primal simplex method [21]. After the pseudo
code, we describe the key steps of the primal simplex method, provide a connection between
the pseudo code and the description of the algorithm.
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Theprimalsimplexmethod

inputdata:

A∈Rm×n,b∈Rm,c∈Rn,I={1,...,n};

Theproblemisgiveninthecanonicalform:mincTx,Ax=b,x≥0;

Bfeasiblebasis,IBitsindexset,b:=B
−1b,thecurrentbasissolution;

begin

calculatec:=c (cTBB
−1)A,thereducedcosts;

I−:={i∈IN|ci<0},indicesofthenonoptimalcolumns; (1)

while(I− ≠∅)do

chooseq∈I−accordingtotheusedindexselectionrule; (3)

calculatetq:=B
−1aq,thetransformedincomingcolumns;

if(tq≤0)then

STOP:problemdualinfeasible; (5)

else

letϑ:=min
{
bi
tiq
|i∈IB,tiq>0

}
;(primalratiotest) (4)

choosep∈IBwhere
bp
tpq
=ϑaccordingtotheusedindexselectionrule;

endif

pivoting;

updateB−1,b,candI−; (6)

checkneedforre-inversion; (7)

endwhile

STOP:Anoptimalsolutionisfound; (2)

end

Thekeystepsofthealgorithmare

1.DeterminethepossibleincomingcolumnindexsetI−whichcontainsthosevariables

forwhichthereducedcostsarenegative.

2.IftheI−setisempty,therearenomoreimprovingcolumnsandthealgorithmtermi-

nates.

3.Otherwiseusetheindexselectionruletoselectanimprovingcolumn.

4.Performaprimalratiotesttodeterminethestepsize,andselecttheoutgoingcolumn

usingtheindexselectionrule.
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Dual infeasible

5.Iftherearenosuitablepivotelementsthentheproblemisdualinfeasible.

6.Carryoutthepivot,updatethebasisandthefactorization.

7.Checkifre-inversionisnecessary,andstartoveragain.

Thefollowingflowchartoftheprimalsimplexalgorithmcontainsthebasicpivottableaus,

nottheexactdescriptionfromthepseudocodeofthealgorithm.

-
⊖

⊖

I−=∅

⊕

⊕

Primalfeasible

no

Optimalsolution

yes

⊕
⊕

⊕

⊕...

...

...

determineI−

START

⊕

⊕
...

...

pivot
selection

yes no

...

-
⊕

⊕

+

• ...

STOP

STOP

* *

* *...

Figure3.1:Flowchartoftheprimalsimplexalgorithm.

Asignificantadvantageoftheprimalsimplexmethodisitssimplicity.Inthecaseofa

non-degeneratepivot,thevalueoftheobjectivefunctionincreasesmonotonically,ensuring

finiteness.

Thefollowingexampleshowshowtheprimalsimplexalgorithmworksonasmallproblem.
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Example 3.1.1 Let’s solve the following linear programming problem with the primal sim-
plex algorithm.

min( x1 2x2 4x3 x4)

x1 + x3 + x4 ≤ 5

x1 + x2 + x4 ≤ 6

x3 ≤ 7

x1, x2, x3, x4 ≥ 0

We have to convert this problem to a canonic linear programming problem:

min( x1 2x2 4x3 x4)

x1 + x3 + x4 + u1 = 5

x1 + x2 + x4 + u2 = 6

x3 + u3 = 7

x1, x2, x3, x4, u1, u2, u3 ≥ 0

As this is the first example in the thesis for which we present full simplex tableaus, it is
appropriate to note here that the pivot positions on the tableaus will be marked by both being
written in bold, and also by being boxed. Traditionally, the row of the objective is marked
with a ’z’. This ’z’ is sometimes thought of as the slack variable of a constraint made of the
objective. The solution with the primal simplex algorithm is the following:

1. x1 x2 x3 x4 u1 u2 u3 b

u1 1 0 1 1 1 0 0 5
u2 1 1 0 1 0 1 0 6
u3 0 0 1 0 0 0 1 7

z -1 -2 -4 -1 0 0 0 0

2. x1 x2 x3 x4 u1 u2 u3 b

x1 1 0 1 1 1 0 0 5
u2 0 1 -1 0 -1 1 0 1
u3 0 0 1 0 0 0 1 7

z 0 -2 -3 0 1 0 0 5

3. x1 x2 x3 x4 u1 u2 u3 b

x1 1 0 1 1 1 0 0 5
x2 0 1 -1 0 -1 1 0 1
u3 0 0 1 0 0 0 1 7

z 0 0 -5 0 -1 2 0 7

4. x1 x2 x3 x4 u1 u2 u3 b

x3 1 0 1 1 1 0 0 5
x2 1 1 0 1 0 1 0 6
u3 -1 0 0 -1 -1 0 1 2

z 5 0 0 5 4 2 0 32

So the optimal solution is x1 = 0, x2 = 6, x3 = 5, and x4 = 0. The optimal objective
function value is 32.
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3.1.2 The(primal)monotonicbuild-upsimplexmethod

Thefollowingpseudocodesummarizesthemonotonicbuild-upsimplexmethod.

The monotonicbuild-up(MBU)simplexalgorithm

inputdata:

A∈Rm×n,b∈Rm,c∈Rn,I={1,...,n};

Theproblemisgiveninthecanonicalform:mincTx,Ax=b,x≥0;

Bfeasiblebasis,IBitsindexset,b:=B
−1b,thecurrentbasicsolution;

begin

calculatec:=c (cTBB
−1)A,thereducedcosts;

I−:={i∈IN|ci<0},indicesofnonoptimalcolumns; (1)

while(I− ≠∅)do

chooses∈I−,thedrivingvariableaccordingtotheusedindexselectionrule; (3)

while(s∈I−)do

calculatets:=B
−1asandletKs={i∈IB|tis>0};

if(Ks=∅)thenSTOP:problemdualinfeasible; (5)

else

letϑ:=min
{
bi
tis
|i∈Ks

}
;(theprimalratiotest) (4)

chooser∈Ksaccordingtotheusedindexselectionrule,where
br
trs
=ϑ;

letθ1:=
|cs|
trs
andJ={i∈I|ci≥0andtri<0},wheret

(r):=eiB
−1A;

if(J=∅)thenθ2:=∞;

else

θ2:=min
{
ci
|tri|
|i∈J

}
;(thedualratiotest) (6)

chooseq∈J:θ2=
cq
|trq|
accordingtotheusedindexselectionrule;

endif

if(θ1≤θ2)thenpivotingonthetrselement; (7)

elsepivotingonthetrqelement;

endif

updateB−1,b,candI−indexset; (8)

checkneedforre-inversion; (9)

endif

endwhile

endwhile

STOP:Anoptimalsolutionisfound; (2)

end
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Thekeystepsofthemonotonicbuild-upsimplexmethodare

1.Ifthereisnoactivedrivingcolumn,thendeterminethepossibleincomingcolumn

indexsetI−whichcontainsthevariableswithnegativereducedcost.

2.IftheI−setisempty,therearenomoreimprovingcolumnsandthealgorithmtermi-

nates.

3.Otherwiseusetheindexselectionruletoselectsastheindexofanimprovingcolumn.

Thiscolumnwillserveasthedrivingcolumn,andit’svalueismonotonicallyincreased

untilitbecomesdualfeasible.

4.Performaprimalratiotestonthepositiveelementsofthetransformedpivotcolumn

tsofthedrivingvariableandselecttheoutgoingvariablerusingtheindexselection

rule.

5.Iftherearenosuitablepivotelementsthentheproblemisdualinfeasible.

6.Usingtherowtrselectedbytheprimalratiotest,carryoutadualratiotestoverJ

thedualfeasiblecolumnswithnegativepivotelementsinrowr,breakingtiesusing

theindexselectionrule.

7.Comparethevaluesofthetworatiotestθ1andθ2.Ifit’sratioisnotlarger,then

choosethepivottrsselectedbytheprimalratiotest,otherwisechoosethepivottrq

selectedbythedualone.

8.Carryoutthepivot,updatethebasisandthefactorization.

9.Checkifre-inversionisnecessary,anditerate.

Forthesakeofcompleteness,let’sseetheflowchartofthemonotonicbuild-upsimplex

algorithm.Intheflowchart,thedecisionhighlightedasgreenisanauxiliarypivotthat

keepsthesamedrivingdualvariable,whileredisthepivotthatmakestheselecteddual

drivingvariablefeasible.Thefollowingfigurecontainsthebasicpivottableaus,nottheexact

description,whichcanbefoundinthepseudocodeofthealgorithm.
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Figure3.2:FlowchartoftheprimalMBU-simplexalgorithm.

ItisnotstraightforwardwhytheMBUalgorithmiscorrectasitispresented,soitis

importanttorestatethefollowingresult:

Theorem3.1.1[6]ConsideranypivotsequenceoftheMBUalgorithm.Followingapivot

selectedbythedualsideratiotest,thenextbasisproducedbythealgorithmhasthefollowing

properties:

1.c̄s<0i.e.thedrivingvariableisstilldualinfeasible,

2.if̄bi<0thentis<0,and

3.max
{
b̄i
tis
|̄bi<0

}
≤min

{
b̄i
tis
|tis>0

}
.

Itisimportanttonotethattheproofofthisresultalsoshowsthatproperty(3)ofthe

theoremholdsforeverybasisproducedbyapivotofthealgorithmwherethedualratio
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test was smaller. Property (2) shows that whenever the primal ratio test is ill defined, the
problem is indeed unbounded, even if the current basis is primal infeasible.

Theorem 3.1.2 [6] When the MBU algorithm performs a pivot selected by the primal side
ratio test on trs, then the next basis is primal feasible.

Note that if the selected pivot is primal non-degenerate then the objective function strictly
increases, providing progress and finiteness.

The following example shows how the primal simplex algorithm works in a small problem.

Example 3.1.2 Let’s solve the following example with the monotonic build-up algorithm.

min( x1 2x2 4x3 x4)

x1 + x3 + x4 ≤ 5

x1 + x2 + x4 ≤ 6

x3 ≤ 7

x1, x2, x3, x4 ≥ 0

As we see related to the simplex method, the problem should be converted to the canonical
form:

min( x1 2x2 4x3 x4)

x1 + x3 + x4 + u1 = 5

x1 + x2 + x4 + u2 = 6

x3 + u3 = 7

x1, x2, x3, x4, u1, u2, u3 ≥ 0

The solution with the monotonic build-up simplex algorithm is the following. The driving
dual variable (reduced cost) is marked in bold.

1. x1 x2 x3 x4 u1 u2 u3 b

u1 1 0 1 1 1 0 0 5
u2 1 1 0 1 0 1 0 6
u3 0 0 1 0 0 0 1 7

z -1 -2 -4 -1 0 0 0 0

2. x1 x2 x3 x4 u1 u2 u3 b

x1 1 0 1 1 1 0 0 5
u2 0 1 -1 0 -1 1 0 1
u3 0 0 1 0 0 0 1 7

z 0 -2 -3 0 1 0 0 5

31



3. x1 x2 x3 x4 u1 u2 u3 b

x1 1 1 0 1 0 1 0 6
u1 0 -1 1 0 1 -1 0 -1
u3 0 0 1 0 0 0 1 7

z 0 -1 -4 0 0 1 0 6

4. x1 x2 x3 x4 u1 u2 u3 b

x2 1 1 0 1 0 1 0 6
u1 1 0 1 1 1 0 0 5
u3 0 0 1 0 0 0 1 7

z 1 0 -4 1 0 2 0 12

5. x1 x2 x3 x4 u1 u2 u3 b

x2 1 1 0 1 0 1 0 6
u1 1 0 1 1 1 0 0 5
u3 -1 0 0 -1 -1 0 1 2

z 5 0 0 5 4 2 0 32

So the optimal solution is x1 = 0, x2 = 6, x3 = 5, and x4 = 0. The optimal value of the
original problem is 32, just like we have seen with the primal simplex algorithm.

3.1.3 First phase for the primal simplex and the monotonic build-

up simplex method

For both methods, a standard first phase using artificial slacks is used. Assume a problem
in the form

Ax = b (3.1)

x ≥ 0 (3.2)

Here, we can assume that b ≤ 0 as otherwise we can multiply the appropriate rows by
1. By introducing an artificial identity matrix and matching non-negative variables, we

get a system with an obvious initial feasible basis. By minimizing the sum of these artificial
variables, we can use the same primal simplex method to find a feasible basis to the original
problem. If the minimum is nonzero, than the original problem has no feasible solution.

min1T s∗ (3.3)

Is∗ + Ax = b (3.4)

s∗,x ≥ 0 (3.5)

(3.6)

If the optimum is found and zero, but there are still artificial slack variables in the basis, we
can always perform degenerate pivots to remove any such artificial variable.

32



For practical purposes, if we transform the first phase objective 1T s to the basis of the
artificial slacks, as we only need to carry out simple elimination steps, it is easy to see that
the first phase objective becomes min 1TA.

To demonstrate the usage of the first phase, we will solve the same example with the
primal simplex and the monotonic build-up simplex method as well. Let’s see the first
phase of the primal simplex problem. Following the tradition of denoting the objective with
variable ’z’, the first phase objective will be denoted by z∗.

Example 3.1.3 Let’s solve the following problem:

min( x1 2x2 3x3 2x4 3x5)

x1 + 2x2 + x4 + x5 ≤ 110

x1 + 2x3 + x4 + x5 = 80

2x2 + x5 ≥ 40

x1, x2, x3, x4, x5 ≥ 0

Convert to the canonical from the problem above and introduce the secondary objective
function (z∗) as well:

z = min( x1 2x2 3x3 2x4 3x5)

z∗ = min( x1 2x2 2x3 x4 2x5 + u3)

x1 + 2x2 + x4 + x5 + u1 = 110

x1 + 2x3 + x4 + x5 + v∗2 = 80

2x2 + x5 u3 + v∗3 = 40

x1, x2, x3, x4, x5, u1, u3, v
∗
1, v

∗
2 ≥ 0

The solution with the primal simplex algorithm is the following:

1. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

u1 1 2 0 1 1 1 0 0 0 110
v∗1 1 0 2 1 1 0 0 1 0 80
v∗2 0 2 0 0 1 0 -1 0 1 40

z -1 -2 -3 -2 -3 0 0 0 0 0
z∗ -1 -2 -2 -1 -2 0 1 0 0 0
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2. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

u1 0 2 -2 0 0 1 0 -1 0 30
x1 1 0 2 1 1 0 0 1 0 80
v∗2 0 2 0 0 1 0 -1 0 1 40

z 0 -2 -1 -1 -2 0 0 1 0 80
z∗ 0 -2 0 0 -1 0 1 1 0 80

3. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

u1 0 2 -2 0 0 1 0 -1 0 30
x1 1 -2 2 1 0 0 1 1 1 40
x5 0 2 0 0 1 0 -1 0 1 40

z 0 2 -1 -1 0 0 -2 1 2 160
z∗ 0 0 0 0 0 0 0 1 1 120

Now, we can drop the column of the v∗1 and the v∗2 vectors and the secondary objective
function’s row. We get the following table:

4. x1 x2 x3 x4 x5 u1 u3 b

u1 0 2 -2 0 0 1 0 30
x1 1 -2 2 1 0 0 1 40
x5 0 2 0 0 1 0 -1 40

z 0 2 -1 -1 0 0 -2 160

Now a feasible solution is the x1 = 40, x2 = 0, x3 = 0, x4 = 0 and x5 = 40, but we would
like to find the optimal value of the objective function thus we have to continue the pivoting
on 3rd element in the 2nd row.

5. x1 x2 x3 x4 x5 u1 u3 b

u1 1 0 0 1 0 1 1 70
x3

1
2 -1 1 1

2 0 0 1
2 20

x5 0 2 0 0 1 0 -1 40

z 1
2 1 0 -1

2 0 0 -3
2 180

6. x1 x2 x3 x4 x5 u1 u3 b

u1 0 2 -2 0 0 1 0 30
x4 1 -2 2 1 0 0 1 40
x5 0 2 0 0 1 0 -1 40

z 1 0 1 0 0 0 -1 200

7. x1 x2 x3 x4 x5 u1 u3 b

u1 0 2 -2 0 0 1 0 30
u3 1 -2 2 1 0 0 1 40
x5 1 0 2 1 1 0 0 80

z 2 -2 3 1 0 0 0 240

8. x1 x2 x3 x4 x5 u1 u3 b

x2 0 1 -1 0 0 1
2 0 15

u3 1 0 0 1 0 1 1 70
x5 1 0 2 1 1 0 0 80

z 2 0 1 1 0 1 0 270
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We get the optimal solution which is the following: x1 = 0, x2 = 15, x3 = x4 = 0 and
x5 = 80. The optimal value of the objective function is 270.

Let’s solve the same problem with the monotonic build-up simplex algorithm.

Example 3.1.4 The original problem is the following:

min( x1 2x2 3x3 2x4 3x5)

x1 + 2x2 + x4 + x5 ≤ 110

x1 + 2x3 + x4 + x5 = 80

2x2 + x5 ≥ 40

x1, x2, x3, x4, x5 ≥ 0

Just like for the simplex algorithm, we have to convert the problem to the canonic form
and introduce the secondary objective function (z∗) as well:

z = min( x1 2x2 3x3 2x4 3x5)

z∗ = min(x1 2x2 2x3 x4 2x5 + u3)

x1 + 2x2 + x4 + x5 + u1 = 110

x1 + 2x3 + x4 + x5 + v∗2 = 80

2x2 + x5 u3 + v∗3 = 40

x1, x2, x3, x4, x5, u1, u3, v
∗
1, v

∗
2 ≥ 0

The solution with the monotonic build-up simplex algorithm is the following:

1. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

u1 1 2 0 1 1 1 0 0 0 110
v∗1 1 0 2 1 1 0 0 1 0 80
v∗2 0 2 0 0 1 0 -1 0 1 40

z -1 -2 -3 -2 -3 0 0 0 0 0
z∗ -1 -2 -2 -1 -2 0 1 0 0 0
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2. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

u1 0 2 -2 0 0 1 0 -1 0 30
x1 1 0 2 1 1 0 0 1 0 80
v∗2 0 2 0 0 1 0 -1 0 1 40

z 0 -2 -1 -1 -2 0 0 1 0 80
z∗ 0 -2 0 0 -1 0 1 1 0 80

3. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

x2 0 1 -1 0 0 1
2 0 -1

2 0 15
x1 1 0 2 1 1 0 0 1 0 80
v∗2 0 0 2 0 1 -1 -1 1 1 10

z 0 0 -3 -1 -2 1 0 0 0 110

z∗ 0 0 -2 0 -1 1 1 0 0 110

4. x1 x2 x3 x4 x5 u1 u3 v∗1 v∗2 b

x2 0 1 0 0 1
2 0 -1

2 0 1
2 20

x1 1 0 0 1 0 1 1 0 -1 70
x3 0 0 1 0 1

2 -1
2 -1

2
1
2

1
2 5

z 0 0 0 -1 -1
2 -1

2 -3
2

3
2

3
2 125

z∗ 0 0 0 0 0 0 0 1 1 120

Now, we can drop the column of the v∗1 and the v∗2 vectors and the secondary objective
function’s row. We get the following table:

5. x1 x2 x3 x4 x5 u1 u3 b

x2 0 1 0 0 1
2 0 -1

2 20
x1 1 0 0 1 0 1 1 70
x3 0 0 1 0 1

2 -1
2 -1

2 5

z 0 0 0 -1 -1
2 -1

2 -3
2 125

Now a feasible solution is the x1 = 70, x2 = 20, x3 = 5, x4 = 0 and x5 = 0, but we
would like to find the minimum value of the objective function thus we have to continue the
pivoting on 4th element in the 2nd row.

6. x1 x2 x3 x4 x5 u1 u3 b

x2 0 1 0 0 1
2 0 -1

2 20
x4 1 0 0 1 0 1 1 70
x3 0 0 1 0 1

2 -1
2 -1

2 5

z 1 0 0 0 1
2

1
2 -1

2 195

7. x1 x2 x3 x4 x5 u1 u3 b

x2 0 1 -1 0 0 1
2 0 15

x4 1 0 0 1 0 1 1 70
x5 0 0 2 0 1 -1 -1 10

z 1 0 1 0 0 0 -1 200
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8. x1 x2 x3 x4 x5 u1 u3 b

x2 0 1 -1 0 0 1
2
0 15

u3 1 0 0 1 0 1 1 70

x5 1 0 2 1 1 0 0 80

z 2 0 1 1 0 1 0 270

Nowwefindthattheoptimalobjectiveis270fortheoptimalsolution,whichisx2=5and

x5=80.

Astheexampledemonstrates,whentheratiotestconditionΘ1≤Θ2alwayshold,the

MBUsimplexperformsthesamepivotsasthetraditionalprimalsimplexwould.

3.1.4 Thecriss–crossmethodforlinearprogramming

Forcompleteness,westatethecriss–crossmethodforlinearprogrammingproblems.
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STOP STOP

I−=∅

pivot

determineI−

no

selection

* ... *

*...

*

⊕

⊕

⊕
⊕

yes

Optimalsolution

...

... -

-p

q

⊕

dualpivot
yes no

-

primalpivot
yesno

⊖

⊖

Dualinfeasible

... -⊕ ...
*

-
+

... -- ... *

Primalinfeasible

Figure3.3:Flowchartofthecriss–crossalgorithm.
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Thecriss–cross method

inputdata:

A∈Rm×n,b∈Rm,c∈Rn,I={1,...,n};

Theproblemisgiveninthecanonicalform:mincTx,Ax=b,x≥0;

Bbasis,IBitsindexset,b:=B
−1b,thecurrentbasicsolution;

begin

calculatec:=c (cTBB
−1)A,thereducedcosts;

calculateb=B−1b,thetransformedrighthandside;

I−:={i∈IN|ci<0}∪{j∈IB|bj<0}; (1)

while(I− ≠∅)do

letp:=min{i∈IB:bi<0};

letq:=min{j∈IN:cj<0};

letr:=min{p,q};

if(r=p)then

if(t(p)≥0)then

STOP:problemprimalinfeasible;

else

letq:=min{j∈IN:tpj<0}; (2)

endif

else

if(tr≤0)then

STOP:problemdualinfeasible;

else

letp:=min{i∈IB:tiq>0}; (3)

endif

endif

pivotingonthetpqelement;

updateI−andIB:=IB∪{q}\{p}; (4)

endwhile

STOP:anoptimalsolutionisfound;

end
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The main differences compared to the primal simplex algorithm:

1. Simultaneous primal and dual side pricing.

2. Dual type pivot on an infeasible row.

3. Primal type pivot on a non-optimal column.

4. Neither primal, nor dual side feasibility is maintained.

The following example shows how the criss–cross algorithm works on a small problem.

Example 3.1.5 Let’s solve the following problem with the criss–cross algorithm.

min( x1 2x2 4x3 x4)

x1 + x3 + x4 ≤ 5

x1 + x2 + x4 ≤ 6

x3 ≤ 7

x1, x2, x3, x4 ≥ 0

Convert the example to the canonical form:

min( x1 2x2 4x3 x4)

x1 + x3 + x4 + u1 = 5

x1 + x2 + x4 + u2 = 6

x3 + u3 = 7

x1, x2, x3, x4, u1, u2, u3 ≥ 0

The solution with the criss–cross algorithm is the following:

1. x1 x2 x3 x4 u1 u2 u3 b

u1 1 0 1 1 1 0 0 5
u2 1 1 0 1 0 1 0 6
u3 0 0 1 0 0 0 1 7

z -1 -2 -4 -1 0 0 0 0

2. x1 x2 x3 x4 u1 u2 u3 b

x1 1 0 1 1 1 0 0 5
u2 0 1 -1 0 -1 1 0 1
u3 0 0 1 0 0 0 1 7

z 0 -2 -3 0 1 0 0 5
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3. x1 x2 x3 x4 u1 u2 u3 b

x1 1 0 1 1 1 0 0 5
x2 0 1 -1 0 -1 1 0 1
u3 0 0 1 0 0 0 1 7

z 0 0 -5 0 -1 2 0 7

4. x1 x2 x3 x4 u1 u2 u3 b

x3 1 0 1 1 1 0 0 5
x2 1 1 0 1 0 1 0 6
u3 -1 0 0 -1 -1 0 -1 2

z 5 0 0 5 4 2 0 32

The solution of the problem is x1 = 0, x2 = 6, x3 = 5 and x4 = 0. The optimal value of
the objective function is 32.

Let’s see a little more complex example.

Example 3.1.6 With this problem, the primal simplex and the MBU-simplex algorithms
are using a first phase algorithm. With the criss–cross we don’t have to use any first phase
method.

Let’s solve the following problem:

min( x1 2x2 3x3 2x4 3x5)

x1 + 2x2 + x4 + x5 ≤ 110

x1 + 2x3 + x4 + x5 = 80

2x2 + x5 ≥ 40

x1, x2, x3, x4, x5 ≥ 0

Convert to the canonical from the problem above:

min( x1 2x2 4x3 x4)

x1 + x3 + x4 + u1 = 5

x1 + x2 + x4 + u2 = 6

x3 + u3 = 7

x1, x2, x3, x4, u1, u2, u3 ≥ 0

The solution with the criss–cross algorithm is the following:
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1. x1 x2 x3 x4 x5 u1 u2 v∗1 v∗2 b

u1 1 2 0 1 1 1 0 0 0 110
v∗1 1 0 2 1 1 0 0 1 0 80
v∗2 0 2 0 0 1 0 -1 0 1 40

-1 -2 -3 -2 -3 0 0 0 0 0

In those problems, where we have to introduce artificial slack variables because of the
greater than equal and the equality constraint when using the primal simplex or MBU simplex
methods; when solving the problem with the criss–cross algorithm, using the Gauss-Jordan
elimination algorithm, we have to exchange the slack variable with another item from the
basis. So now we have to pivot on the 7th element of the 3rd row.

2. x1 x2 x3 x4 x5 u1 u2 v∗1 v∗2 b

u1 1 2 0 1 1 1 0 0 0 110
v∗1 1 0 2 1 1 0 0 1 0 80
u2 0 -2 0 0 -1 0 1 0 -1 -40

c -1 -2 -3 -2 -3 0 0 0 0 0

3. x1 x2 x3 x4 x5 u1 u2 v∗1 v∗2 b

u1 1 2 0 1 1 1 0 0 0 110
x3

1
2 0 1 1

2
1
2 0 0 1

2 0 40
u2 0 -2 0 0 -1 0 1 0 -1 -40

c 1
2 -2 0 -1

2 -3
2 0 0 3

2 0 120

After we entered into the bases two elements in place of the artificial slack variables,
we get the following tableau. On this tableau we can start to solve the problem with the
criss–cross algorithm.

4. x1 x2 x3 x4 x5 u1 u2 b

u1 1 2 0 1 1 1 0 110
x3

1
2 0 1 1

2
1
2 0 0 40

u2 0 -2 0 0 -1 0 1 -40

c 1
2 -2 0 -1

2 -3
2 0 0 120

5. x1 x2 x3 x4 x5 u1 u2 b

x2
1
2 1 0 1

2
1
2

1
2 0 55

x3
1
2 0 1 1

2
1
2 0 0 40

u2 1 0 0 1 0 1 1 70

c 3
2 0 0 1

2 -1
2 1 0 230

6. x1 x2 x3 x4 x5 u1 u2 b

x5 1 2 0 1 1 1 0 110
x3 0 -1 1 0 0 -1

2 0 -15
u2 1 0 0 1 0 1 1 70

c 2 1 0 1 0 3
2 0 285

7. x1 x2 x3 x4 x5 u1 u2 b

x5 1 0 2 1 1 0 0 80
x2 0 1 -1 0 0 1

2 0 15
u2 1 0 0 1 0 1 1 70

c 2 0 1 1 0 1 0 270
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The solution is x1 = 0, x2 = 15, x3 = x4 = 0 and x5 = 80. The optimal objective value
is 270.

If the problem gets solved in the form which only contains less than equal constraints,
then the starting bases contains that new variables which we introduced when the problem
was converted to the canonical form. Otherwise when there is any equality or greater than
equal linear constraints in the problem, we have to introduce the so called slack variables.
In this case we can see that the first phrase is the same algorithm if we are using the simplex
and the MBU-simplex algorithms, but if we are using the criss–cross algorithm, we simply
have to use the Gauss-Jordan elimination algorithm to change the slack variables to any
other element to set the initial basis.

3.2 The criss–cross method for linear complementarity

problems

The criss–cross algorithms for LCP problems need a starting complementary solution, for
which u = 0 and v = q is a possible selection. Starting from the initial complementarity
solution, the criss–cross method performs a sequence of so called diagonal and exchange
pivots.

If in any complementary basis during the algorithm, the value of the basic variable vj is
infeasible and tjj < 0, then the algorithm performs a diagonal pivot during which variable
uj enters the basis and its complementary variable pair vj leaves it.

If tjj = 0 and the algorithm select vj to leave the basis, then it pivots on such an index
k for which tjk < 0. The next basis tableau is no longer complementary. To restore the
complementarity of the basis tableau and the solution, the algorithm carries out a pivot on
the transpose position at index pair (k, j) as well. According to Lemma 6.1.2, in the case
a special problem class of sufficient matrices tkj > 0 will hold in this situation. These two
pivots together are called an exchange pivot.

During an exchange pivot, variables uj and uk enter the basis and their complementary
pairs vj and vk leave it. To emphasize which index has been selected first, we say that uj and
vj have been selected actively, and to emphasize that index k has been selected afterwards,
we say that uk and vk have been selected passively : the terms passively and actively describe
the order in which the indices are selected, irrespective of the variable types (i.e. the same
rule applies to an exchange pivot involving different combinations like (vj, uk) exchanged
with (uj, vk)). The pivot tableau structures of a diagonal and an exchange pivot is presented
in Figure 3.4.
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uj

...
vj ... ...

...

Diagonalpivot

uk uj
...

vk +
...

vj ... ... 0 ...
...

Exchangepivot

Figure3.4:Diagonalandexchangepivots.

Thelinearcomplementaritycriss–cross method

inputdata:

T= M, q̄=q,r=1,initializeQands;

begin

determineJ:={i∈I|q̄i<0};

while(J̸=∅)do

Selectk∈Jaccordingtotheindexselectionrule;

if(tkk<0)then

diagonalpivotontkk,updates; (1)

else/*tkk=0*/

K:={α∈I|̄tkα<0};

if(K=∅)then

STOP:TheLCPproblemhasnofeasiblesolution;

else

letl∈Kbeselectedaccordingtotheindexselectionrule;

exchangepivotontklandtlk; (2)

endif

endif

endwhile

STOP:wehaveacomplementaryfeasiblesolution;

end
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Thecriss–crossmethodforlinearcomplementarityproblemsisdeceptivelysimple:

1.Ifadiagonalpivotismade,thebasisremainscomplementary.

2.Ifitisnotpossibletodoadiagonalpivot,thentomaintaincomplementaritytwopivots

aremadecalledanexchangepivot.

START

STOP

STOP

*

*
...

Comlementary

determineJ

no
⊕

⊕

yes...

yes no

J=∅

Complementaryfeasible
solution signoftkk

K=∅

tkk=0 tkk<0

-⊕ ⊕...

DLCPsolution

•
l k

Exchangepivot

-k•

Diagonalpivot

-k

l

• 0

Figure3.5:FlowchartoftheLCPcriss–crossalgorithm.

Example3.2.1Thebasicversionofthecriss–crossmethodreliesonthepropertiesofthe

matrixM ofthelinearcomplementarityproblem,andsoitisbettersuitedtopresentan

exampleoncetherelevantmatrixclasseshavebeendiscussed;anexampleispresentedin

Chapter6onpage118,Examples6.2.1.

Thematrixclassesunderwhichthecriss–crossalgorithmforlinearcomplementaryprob-

lemsarecapabletooperateaspresentedininthissectionwillbediscussedinChapter

6.
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3.3 Thequadraticprimalsimplexmethod

Weanalyzethequadraticsimplexmethodof Wolfe[72],whichiswellsummarizedand

explainedinthepaperofPanneetal.[67]aswell.

Thequadraticprimalsimplexalgorithmstartsfromacomplementary,primalfeasible

matrix. Suchabasiscaneasilybecreatedfromafeasiblebasisoftheoriginalprimal

feasibilityproblemextendedwiththeslackvariablesoftheaddednewdualconstraints,i.e.

withtheadditionofvariablesztothebasis(see(B LCP)).Aprimalfeasiblebasisofthe

originalproblemcanalsobecreatedusingvariantsoftheMBU-simplexorthecriss–cross

method[8,17,41].

Definition3.3.1 Assumeaproblem(B LCP)isgiven(asdefinedonpage22).Abasisof

thelinearcomplementarityproblemiscalledalmostcomplementary,ifitiscomplementary

withtheexceptionoftwoindexpairs,i.e.thereexists{i,j}∈{1...2n}suchthatukvk=0

holdsforallk∈{1...2n} {i,j}

Inbetweengeneratingtwocomplementarybases,thequadraticprimalsimplexmethod

cangenerateanarbitrarynumberofalmostcomplementarybasis.

Definition3.3.2 Letaproblem(B LCP)begiven.Asequenceofpivotscarriedoutbythe

quadraticprimalsimplexalgorithmbetweentwoconsecutivecomplementarybasisiscalleda

loop.

Acycleofthequadraticprimalsimplexalgorithmstartswithanarbitraryprimalfeasible,

complementarybasis.Inthecaseofsuchabasis,ifalldualvariablesarealsofeasible,

thenaccordingtotheKarush-Kuhn-Tuckerconditionsthealgorithmhasfoundanoptimal

solutiontotheoriginalproblem.Ifaninfeasibledualvariableexists,thenthequadratic

primalsimplexalgorithmselectsanarbitrary(indexselectionrule)infeasibledualvariable

fromthebasis. Theroleofanindexselectionrulehereistoensurethefinitenessofthe

algorithm.

Definition3.3.3 Theinfeasibledualvariableselectedbythequadraticprimalsimplexmethod

onacomplementarybasisiscalledthedualdrivingvariableorsimplythedrivingvariable.
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Figure3.6:Flowchartofthequadraticsimplexalgorithm.

Afterselectingadualdrivingvariable,thealgorithmcarriesoutaseriesofpivotsmaking

uptheloop,whiletheselecteddualvariablekeepsremaininginthebases,orthealgorithm

identifiesaninfiniteimprovingdirectionprovingthattheproblemisunbounded.

Aftertheselectionofthedrivingdualvariable–sostartingfromacomplementarybasis

–theenteringvariableisthecomplementarypairoftheselecteddrivingdualvariable.This

variable(anditstransformedcolumn)definesanimprovingdirection[68]. Tomaintain

primalfeasibility,thealgorithmperformsaprimalsideratiotestontheprimalvariablesin
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thebasis.

θ2=min

{
q̄s
tsj
|s∈IB,sprimalvariableforwhichtsj>0

}

. (3.7)

Thisθ2defineshowmuchthevalueoftheselectedprimalvariablecanbeincreasedbefore

thestepwouldbelimitedbyhittingaconstraint.

Thealgorithmalsocalculatesaratioθ1aswell,whichisthevalueoftheratiotestinthe

rowofthedrivingvariable,i.e.θ1:=
q̄v
tvj
;orisdefinedasθ1=∞ ifthecoefficientinthe

pivottableauistheintersectionofthedrivingdualvariableanditscomplementaryprimal

iszero(iftheproblemisconvexthenthediagonalpivotelementsarealwaysnon-positive).

θ1representsthesteplength,whenthechangeinthequadraticobjectiveflipssignswhen

thevalueoftheenteringprimalvariableisincreased.

Inthecasewhenθ1=θ2=+∞ theproblemisunbounded[68].

Ifθ1≤θ2holds,thenthealgorithmcarriesoutapivotintherowofthedriving(dual)

variable.Insuchcases,thenumberofprimalvariablesinthebasisisincreasedbyone,the

nextbasisisprimalfeasibleandcomplementarityremainsholding,thealgorithmclosesthe

loopinasinglepivot,andtheobjectiveimproves(astherowofthedrivingvariableisalways

non-degenerateduetothealgorithmsselectionrules).

Ifθ2<θ1thenthealgorithmcarriesoutapivotonthepositionidentifiedasminimal

bytheprimalratiotest.Iftheratiotestdoesnotuniquelydefinethatpivotrow,thenwe

applytheselectedanti-cyclingindexselectionruletobreakthetie.Theresultingtableau

afterthepivotwillbecomealmostcomplementary.

Inthecaseofanalmostcomplementaritybasis,thealgorithmselectsthedualvariable

ofthevariablepairoutsidethebasis,andselectsthepivotrowthesamewayasforthe

complementarycase:itcarriesoutaprimalratiotesttomaintainprimalfeasibility,and

extendstheratiotestwiththeextraratiocalculatedfromtherowoftheselecteddriving

variable.Iftheratiotestallowsapivotintherowofthedrivingvariable,thealgorithm

selectsthatforthepivotrowandclosestheloop[68].

Theflowchartofthequadraticprimalsimplexmethodforthe(B LCP)problemis

presentedonFigure3.6,whileit’spseudocodeisthefollowing:
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Thequadraticprimalsimplex method

inputdata:

AprimalfeasibleTcomplementarytableaucorrespondingtobasisB;

begin

I−:={k∈I
d
B|̄qk<0}theindicesofnegativedualvariablesinthebasis;

while(I− ≠∅)do

letv∈I−be(theindexof)anarbitrarydrivingdualvariable; (1)

letj∈IpN bethecomplementarypairofv(primal,outsidethebasis); (2)

while(visinthebasis)do

if(tvj=0)then

θ1:=∞;

else

θ1:=
q̄v
tvj
; (3)

endif

θ2:=min{
q̄s
tsj
|s∈IpB,sisaprimalvariableforwhichtsj>0} (4)

if(min(θ1,θ2)=∞)then

STOP:problemisunbounded;

endif

if(θ1≤θ2)then

pivotontableaucoefficienttvj;

else

letz∈IpBbesuchthat
q̄z
tzj
=θ2,usingtheindexselectionruletobreakties;

pivotontableaucoefficienttzj;

thereisexactlyonecomplementarypairoutsidethebasis;

letjbetheindexofthedualofthispair,thenewincomingvariable; (5)

endif

endwhile

I−:={k∈I
d
B|̄qk<0};

endwhile

STOP:thetableauisoptimal;

end
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The quadratic primal simplex incorporates both primal and dual side information into the
same tableau:

1. The driving variable represents the reduced cost of the incoming column.

2. The incoming column first is the complementary pair of the selected driving dual
variable.

3. The ratio test in the row of the driving variable represent when the sign of reduced
cost (gradient) the quadratic objective becomes zero.

4. The primal part ratio test represents when a constraint would become violated.

5. The incoming dual in the case of a loop is also an improving direction.

Example 3.3.1 The complexity of the algorithm justifies an example. With the use of this
example, we would like to draw attention to another property as well: that is, at least as long
as we use a full basis tableau to carry out the calculations, the first phase of the algorithm is
technically non-trivial, as if we would like to avoid having to calculate the full complemen-
tary problem (the Karush-Kuhn-Tucker extended) system by the means of a re-inversion,
it is much easier to perform the first phase already on the full pivot tableau of the linear
complementarity problem.

Consider the following simple problem:

min x2
1 + x2

3 2x1x3

x1 x2 + x3 = 1

x1 + x2 = 2

x1, x2, x3 ≥ 0

For the application of the Karush-Kuhn-Tucker problem, let us introduce the following
variable pairs: The pair of a primal variable xi is the variable zi representing the reduced
cost - which is the slack of the dual rows at the same time - and similarly the pair of the
primal slack variable sj are the dual variables denoted by yj.

The initial (short) pivot tableau for the problem when starting from an initial bases made
of the slack variables:
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1. x1 x2 x3 y1 y2

s∗1 1 -1 1 0 0 1
s∗2 1 1 0 0 0 2
z1 -1 0 1 -1 -1 0
z2 0 0 0 1 -1 0
z3 1 0 -1 -1 0 0

The first pivot follows the objective of the first phase of the primal simplex method select-
ing the column of x3. We only consider the first two rows when doing the ratio test, but we
do carry out the corresponding complementary pivot as well, in order to maintain comple-
mentarity. Notice, that this secondary pivot (in the complementary position) does not affect
primal feasibility, as as long as we do not make a pivot in the intersection of the original
primal columns and the new dual rows, the part of the matrix corresponding to the new dual
variables and original primal rows will remain the all zero matrix. The first two pivots are
carried out at positions x3 and s∗1 and next a y1 and z3.

2. x1 x2 s∗1 y1 y2

x3 1 -1 1 0 0 1
s∗2 1 1 0 0 0 2
z1 -2 1 -1 -1 -1 -1
z2 0 0 0 1 -1 0
z3 2 -1 1 -1 0 1

3. x1 x2 s∗1 z3 y2

x3 1 -1 1 0 0 1
s∗2 1 1 0 0 0 2
z1 -4 2 -2 -1 -1 -2
z2 2 -1 1 1 -1 1
y1 -2 1 -1 -1 0 -1

Still performing the first phase of the primal simplex method, the next pivots are x2 exchang-
ing with s∗2 and y2 exchanging with z2.

4. x1 s∗2 s∗1 y1 y2

x3 2 1 1 0 0 3
x2 1 1 0 0 0 2
z1 -6 -2 -2 -1 -1 -6
z2 3 0 1 1 -1 3
z3 -3 -1 -1 -1 0 -3

5. x1 s∗2 s∗1 y1 z2

x3 2 1 1 0 0 3
x2 1 1 0 0 0 2
z1 -9 -3 -3 -2 -1 -9
y2 -3 -1 -1 -1 -1 -3
y1 -3 -1 -1 -1 0 -3

The 5th tableau is now primal feasible. All three dual variables in the basis are dual infea-
sible, so all three primal variables outside the basis define an improving direction. However,
variables s∗1 and s∗2 are artificial slack variables, so they cannot return to the basis (we could
remove these from the tableau). So the improving primal variable is x1. According to the
extended primal ratio test, we can carry out a diagonal ratio test in the row of z1.
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6. z1 s∗2 s∗1 y1 z2

x3
2
9

1
3

1
3

4
9

2
9

1

x2
1
9

2
3

1
3

2
9

1
9

1

x1
1
9

1
3

1
3

2
9

1
9

1

y2
1
3

0 0 1
3

2
3

0

y1
1
3

0 0 1
3

1
3

0

Thetableauisnowfeasibleandoptimal.Theoptimalsolutionistheall1,i.e.x1=x2=

x3=1.

3.4 Flexibleindexselectionrules

Mostcommercialsolversemploysomekindofagreedyapproachinselectinganincoming

variableinsteadofanindexselectionrule;likesteepestedge.Also,aslongastheobjective

improves,noindexselectionisnecessary.Inthecaseofdegeneracy,theytypicallyperturb

theproblem.Oneofthesourcesofcyclingcouldbecomingfromremovingthisperturbation,

whichcausetherighthandsidetochange,needingsomecleanupiterations.Thisisasitu-

ationwhencyclingmightoccur,andwhenindexselectionrulesmighthaveaverypractical

role.

Toensurefinitenessofthealgorithminthepresenceofdegeneratepivots,weuseflexible

indexselectionrules. Asacommonframeworkoftheserules,weusetheconceptofs-

monotoneindexselectionrulesintroducedin[19].Thisframeworkdefinesapreferencevector

sforeachindexselectionrule,calledtheprimaryrule.Inatiesituationwhenthealgorithm

hastoselectanindexamongasetofcandidates,itpickstheonewiththemaximumvalue

ins.Ifthisvalueisnotuniquelydefined,thealgorithmcanselectanyindexwithmaximals

value(thisfreedomistheflexibilityoftherule),whilestillpreservingfiniteness.Thechoice

ofindexinthesesituationswillbebasedonasecondaryrule,aimingthebenefitfromthe

providedflexibility.

Thefollowingfinite[19]s-monotoneprimaryrulesareusedinthethesis,whichwepresent

withtheassociatedupdateofthesvector.

•Minimalindex/Bland: Thevariableswiththesmallestindexisselected.

Initializesconsistingofconstantentries

si=n i,i∈I (3.8)

wherenisthenumberofthecolumnsintheproblem.
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•Last-In-First-Out(LIFO):Themostrecentlymovedvariableisselected.

Initializesequalto0.Forapivotat(k,l)intherthiterationupdatesas

s
′

i=

{
r ifi∈{k,l}

si otherwise
(3.9)

•Most-Often-Selected-Variable(MOSV):Selectthevariablethathasbeenselectedthe

largestnumberoftimesbefore.

Initializesequalto0.Forapivotat(k,l)intherthiterationupdatesas

s
′

i=

{
si+1 ifi∈{k,l}

si otherwise
(3.10)

Theseprimarypivotrulesareusedincombinationwiththefollowingtwosecondaryrules:

•Bland’sortheminimalindexrule:selectthevariablewiththesmallestindex.

•Dantzig’sorthemostnegativerule:selectthevariablewiththesmallestreducedcost.

TheflexibilityoftheLIFOandMOSVruleswillbeusedbythesecondaryrule.Naturally,

benefitscanbeexpectedfromtheuseofDantzig’srule,andwewillrefertotheseas

•Hybrid-LIFO:whentheLIFOisnotunique,selecttheoneaccordingtothemost

negativerule.

•Hybrid-MOSV:whentheMOSVisnotunique,selecttheoneaccordingtothemost

negativerule.

3.4.1 Thes-monotoneIndexSelectionRules

Pivotbasedmethods(likethesimplexalgorithm[21], MBU-simplexalgorithm[6]orthe

criss–crossalgorithm[74,59,60])oftenfeaturethefollowingsimilarprinciples:

1.Themainflowofthealgorithmisdefinedbyapivotselectionrulewhichdefinesthe

basiccharacteristicsofthealgorithm,thoughthepivotpositiondefinedbyitisnot

necessaryunique(seeforinstance[21,51,12]),aseriesof"wrong"choicesmayeven

leadtocycling[51,12].

2.Toavoidthepossibilityofcycling,anindexselectionruleisusedasananti-cycling

strategy(seeforinstance[10,12,62]),whichmaybeflexible[17,31]butusuallyat

severalbasesduringthealgorithm,itdefinesthepivotpositionuniquely.
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For several pivot algorithms, – like simplex, MBU-simplex or criss–cross algorithms –
proofs of finiteness are often based on the orthogonality theorem (see Theorem 2.1.1) [40, 9],
considering a minimal cycling example [9]. In minimal cycling examples, all variables should
move during a cycle – if such exists – and following the movements of the least preferred
variable of the index selection rule [10, 58, 31, 39], using orthogonality theorem we obtain
contradiction. Examples of such pivot and index selection rules include

1. Pivot selection rules for (P-LP):

(a) simplex [21] (Pivot column selection: negative reduced cost. Pivot element se-
lection: using ratio test. Preserving non negativity of the right hand side.)

(b) MBU simplex [6] (Pivot column selection: negative reduced cost, choosing driv-
ing variable. Pivot element selection: defining driving and auxiliary pivots using
primal and after that dual ratio tests. Monotone in the reduced cost of the driving
variable.)

(c) criss–cross [60] (Pivot column/row selection is based on infeasibility – negative
right hand side or negative reduced cost –. Pivot element selection: admissible
pivot positions.)

2. Index selection rules:

(a) Bland’s or the minimal index rule

(b) Last-In-First-Out (LIFO)

(c) Most-Often-Selected-Variable (MOSV)

LIFO and MOSV index selection rules for linear programming problems were first used
by S. Zhang [58] to prove the finiteness of the criss–cross algorithm with these anti-cycling
index selection rules. Bilen, Csizmadia and Illés [9] proved that variants of MBU simplex
algorithm are finite with both LIFO and MOSV index selection rules, while Csizmadia in
his PhD Thesis [17] showed that the simplex algorithm is finite when the LIFO and MOSV
are applied. These results led to the joint generalization of the above mentioned anti-cycling
index selection rules.

The following general framework for proving the finiteness of several pivot algorithms
and index selection rule combinations is introduced, as in [17].
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Definition3.4.1(Possiblepivotsequence[17])Asequenceofindexpairs

S={Sk=(ik,ok):ik,ok∈INforsomeconsecutivek∈IN},

iscalledapossiblepivotsequence,if

(i)n=max{max
k∈IN

ik,max
k∈IN

ok}isfinite,

(ii)thereexistsa(P-LP)withnvariablesandtherank(A)=m,and

(iii)the(possiblyinfinite)pivotsequence,issuchthatthemovingvariablepairsof(P-LP)

correspondtotheindexpairsofS.

Theindexpairsofapossiblepivotsequencearethusonlyrequiredtocomplywiththe

basicandnonbasicstatus.Itisnoweasytoshowthat

Proposition3.4.1Ifapossiblepivotsequenceisnotfinitethenthereexistsa(sub)setof

indices,I∗,thatoccurinfinitelymanytimesinS.

Letusintroducetheconceptofpivotindexpreference.

Definition3.4.2(Pivotindexpreference[17]) Asequenceofvectorssk∈N
niscalled

apivotindexpreferenceofanindexselectionrule,ifiniterationj,inthecaseofambiguity

accordingtoapivotselectionrule,theindexselectionruleselectsanindexwithhighestvalue

insjamongthecandidates.

Theconceptofs-monotoneindexselectionruleaimstoformalizeacommonmonotonicity

propertyofseveralindexselectionrules.

Definition3.4.3(s-monotoneindexselectionrules[17])Letn∈INbegiven.Anin-

dexselectionruleiscalleds-monotone,if

1.thereexistsapivotindexpreferencesk∈N
n,forwhich

(a)thevaluesinthevectorsj−1afteriterationjmayonlychangeforijandoj,where

ijandojaretheindicesinvolvedinthepivotoperation,

(b)thevaluesmaynotdecrease.
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2.ForanyinfinitepossiblepivotsequenceSandforanyiterationjthereexistsiteration

r≥jsuchthat

(a)theindexwithminimalvalueinsramongI
∗∩IBrisunique(letitbel),where

IBristhesetofbasicindicesiniterationr,andI
∗isthesetofallindicesthat

appearinfinitelymanytimesinS,

(b)initerationt>rwhenindexl∈I∗occursagaininSforthefirsttime,the

indicesofI∗thatoccurredinSstrictlybetweenSrandSthaveavalueinst

higherthantheindexl.

Wenowprovideexamplesfor s-monotoneindexselectionrules.

Theorem3.4.1Thefollowingindexselectionrules:

1.theminimalindexrule,

2.theMost-Often-Selected-Variableruleand

3.theLast-In-First-Outindexselectionrule

ares-monotoneindexselectionrules.

Theproofofthistheorem[17]followsfromthefollowingobservationandtwolemmas.

Fortheminimalindexruleletusseteachvectorsktobeequaltothevector(n,n

1,...,1)T.Thenitiseasytoshowthattheminimalindexruleiss-monotone.

Lemma3.4.1TheLIFOindexselectionruleiss-monotoneindexselectionrule[19,20].

Proof. Letusinitiatethevectorstobetheallzerovector.Inapivotwhenxikleavesand

xokentersthebasisinthek
thiteration,thevaluesofsaremodifiedtofavorthesevariables:

s′i=

{
k ifi∈{ik,ok},

si otherwise,
(3.11)

andassumethatapossiblepivotsequenceSisgeneratedusingthepivotindexpreference.

Itisclearthattheseriesofsvectorsdefinedinsuchaway,formapivotindexpreference

fortheLIFOrule. Furthermore,itisobviousthattheproperties1(a)and1(b)ofthe

s-monotoneindexselectionrulearesatisfied.

Inthecaseofaninfinitepossiblepivotsequenceandanarbitraryiterationjeitherallthe

si,i∈I
∗∩IBjvaluesarealreadydifferentorifsomehavethesame(initial)value,meaning

theyhavenotmovedyet,thenthereshouldbeaniterationlaterwhenthesevariablesmove
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forthefirsttime.Letusdenotethatiterationbyrwhenthelastvariablehavingindexfrom

I∗movesforthefirsttime.Thenforthevectorsr2(a)holds.Property2(b)followsfrom

thedefinitionofupdateforvectors.

Weprovethatthemost-often-selectedvariableruleisans-monotoneindexselectionrule,

too.

Lemma3.4.2TheMOSVindexselectionruleisans-monotoneindexselectionrule[19,

20].

Proof. Letthevectorsbeinitializedasthezerovector.Inapivotwhenxikleavesand

xokentersthebasisinthek
thiteration,thevaluesofsaremodifiedtomaketheselectionof

thesevariablesmorefavourableforthealgorithm:

s′i=

{
si+1 ifi∈{ik,ok},

si otherwise,
(3.12)

andassumethatapossiblepivotsequenceSisgeneratedusingthepivotindexpreference

thatdefinesthepivotindexpreferenceforMOSV.DuetothedefinitionoftheMOSVupdate,

theproperties1(a)and1(b)ofthes-monotoneindexselectionruleissatisfied.

Foranyinfinitepossiblepivotsequence,defineI∗asthesetofindicesappearinginfinitely

manytimesinthesequence.LetusdenotebyINjthesetofnonbasicindicesforthej
th

iterationandletM N=INj∩I
∗andM B=I

∗\ MN. Wedefinethenumbersγiasfollows:

γi=

{
si, ifi∈ MN

si+1,ifi∈ MB
(3.13)

Let

P={i∈I∗|i∈argmin
k∈I∗

γk} and min
k∈I∗

γk=ρ. (3.14)

Wecontinuetoupdate saccordingtothepossiblepivotsequence.SinceP⊂I∗,thusfor

anyi∈Pthereexistsaniteration,suchthatvariablexientersthebasisforthefirsttime

afteriterationj. Whenthishappens,wedeleteitsindexfromP,thusP:=P\{i}.After

finitelymanyiterations,suchasetPisobtained,forwhich|P|=|{l}|=1.Oncethesize

ofPisone,letthefirstiterationwhenvariablexlentersber. Weshowthatiniterationr

thechoiceofxlisunique.Inthiscasesl=ρ,regardlesswhetherxlwasmovinginiteration

jornot.Becauseofthepivotrule,ρ<siifi∈I
∗\Pandsinceeveryvariablewithindex

i∈P\{l}hasatleastonceenteredthebasisafteriterationjandiscurrentlynotinthe
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basis,theirs-valuesmustbeatleastρ+2.Ontheotherhand,ifitwasabasicvariablein

iterationjthenitssvalueisatleastρ+1.Thus2(a)alsoholds.

Sincethevariablexlentersthebasisiniterationr,andeveryothervariablewithindex

inI∗enteringthebasisafterxlalreadyhasahighersvaluethanxlinbasisIBr,according

totheMOSVrule,thus2(b)alsoholds.

Analyzingtheproofsoftheprevioustwolemmaswecanconcludethatthe1(a)and1

(b)requirementsofthedefinitionofs-monotoneindexselectionrulearesatisfiedwiththe

properupdatestrategyusedtodefinethepivotindexpreference. Provingproperty2(a)

therearethreeimportantingredients:(i)theassumptionthatthepivotsequenceisinfinite,

(ii)thefinitenessoftheindexset,and(iii)themonotoneincreasingpropertyofthepivot

indexpreference,namelythatforthevectorssk+1,sk∈IR
n:sk+1 ≥skandsk+1 ≠sk

holdforanyiterationk∈IN.Property2(b)explainsthechangesinthes-valuesofthose

variablesthatbelongtotheindexsetI∗andhavemovedbetweentwoconsecutivemoves

oftheleastpreferredvariable.Thispropertydependsstronglyonthemonotonicityofthe

pivotindexpreferenceandontheproperty2(a)too.

Now,wearereadytointroducegeneralizationsoftheMOSVandLIFOrules.Letus

definetheserulesusingtheirpivotindexpreferences[19].

Letthevectorsbeinitializedasthezerovector.Inapivotwhenxik leavesandxok
entersthebasisinthekthiteration,thevaluesofsaremodifiedtoincreasethefavourof

thesevariables.

Generalized-Last-In-First-Outrule(GLIFO):Letusconsiderastrictly monotonein-

creasingsequenceofpositiverationalnumbers{pk:k∈N},namelyforallk∈INindices

pk+1>pk>0hold.

s′i=

{
pk ifi∈{ik,ok},

si otherwise,
(3.15)

ItisquiteeasytoshowthatthisslightmodificationofthepivotindexpreferenceofLIFO

rulewillleadtoans-monotoneindexselectionrule,too.Namely,allthestepsoftheproof

ofLemma3.4.1,remaintrue;infactaftereachvariablethatmovesatallhasmovedatleast

oncethesequencesdefinedbyGLIFOarethesameasthosebyLIFO.

However,thegeneralizationofMOSVdefineasignificantlymoregeneralclassofpivot

sequences. WecangeneralizetheMOSVruleaswellbymodifyingitspivotindexpreference.

Generalized-Most-Often-Selected-Variablerule(GMOSV):Letusconsideramonotone

increasingsequenceofpositiverationalnumbers{pk:k∈N},namelyforallk∈INindices
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pk+1≥pkhold.

s′i=

{
si+pk ifi∈{ik,ok},

si otherwise,
(3.16)

However,toshowthatGMOSVisans-monotoneindexselectionruleweneedaslightly

morecarefulanalysisoftheproofofLemma3.4.2.

Therequirements1(a)and1(b)aresimplysatisfiedbecauseofthedefinitionofthe

correspondingpivotindexpreference.Justifying2(a),weneedtomodifythedefinitionof

γiintroducedintheproofofLemma3.4.2,slightly.Let

γi=

{
si, ifi∈ MN

si+pj,ifi∈ MB
(3.17)

sincewewouldliketoanalyzethesituationintheiterationj.Takingintoconsiderationthe

monotoneincreasingnatureofthepksequenceweareabletoidentify–afterfinitelymany

iterations–theleastpreferredvariablexlinsomeiterationr.

Showingtheuniquenessofthechoiceofxlintheiterationrweneedtodoonlyaslightly

morecarefulanalysisofthesituation.Itremainstruethatsl=ρ,regardlesswhetherxlwas

movinginiterationjornot.Furthermore,becauseofthemonotoneincreasingnatureofthe

pksequence,ρ<siifi∈I
∗\Pandsinceeveryvariablewithindexi∈P\{l}hasatleast

onceenteredthebasisafteriterationjandnowisnotinthebasis,theirvaluesinsmust

beatleastρ+pu+pv,wherer>u,v>j.Ontheotherhand,ifitwasabasicvariablein

iterationjthanitssvalueisatleastρ+pu,wherer>u>j.Sincepu≥pjandpv≥pj

holdwehaveverifiedthat2(a)alsoholds.

Ourlasttaskistoshowthat2(b)holdsaswell. Forthis,letuscollectallavailable

information,namelyweknowthatattheiterationrthefollowinginequalities

srl<s
r
i, ∀i∈I∗\{l} (3.18)

holdandthatstl=s
r
l+pr.Leti∈I

∗\{l}betheindexofsuchvariablexithathasmoved

betweentheiterationrandt,atleastonce,forinstanceiniterationk,wheret>k>r

holds.Then

sti≥s
k+1
i =ski+pk≥s

k
i+pr≥s

r
i+pr>s

r
l+pr=s

t
l, (3.19)

thus2(b)isreallysatisfied.

Nowwearereadytostatethefollowingresult[19].
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Lemma3.4.3GLIFOandGMOSVindexselectionrulesares-monotoneindexselection

rules.

Itiseasytocheckthatwhenthesequenceisconstantpk=1forallk,thenGMOSV

becomesMOSV,andthatGMOSVisindeedageneralizationofMOSV(e.g.itallowsfor

switchingfromMOSVtoLIFO).

3.4.2 s-monotonerulesforthelinearcomplementarityproblem

Toapplythes-monotoneindexselectionrulesforthecriss–crossmethodforlinearcomple-

mentarityproblems,asmallextensionisnecessarycomparedtothatoneforlinearprogram-

ming[19].

Definition3.4.4 Wesaythatans-monotonepivotruleusedwhilesolvinganLCPproblem

issymmetric,ifforanyindexi∈Iitsanditscomplementarypair’ss-valueisthesame,

i.e.s(i)=s(̄i)foralli∈I.

Theaboveextensionisnotstrictlynecessaryforallpivotalgorithmsusings-monotone

indexselectionrulessolvinglinearcomplementarityproblems,asweshowforthecaseof

convexquadraticprimalsimplexinChapter7.
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Chapter 4

A test framework and test sets

To create a comprehensive, readily accessible and medium difficult set of test problems, we
have used a selection of problems from the following 3 databases:

1. NETLIB [2]

2. Miplib 3 [1]

3. Miplib 2010 [1]

From among the Miplib collections, we have only considered the linear part of the prob-
lem. The detailed description of the results will be in the next chapter.

Benchmark sets are typically compiled from problems that are either computationally
hard and/or otherwise complex and interesting; and while they provide suitable grounds
for testing they set a very high requirement standard. Some of the NETLIB problems are
known to be numerically challenging [57] - especially in the absence of presolve - and while
the Miplib sets were created to be difficult or large integer problems, their relaxations are
typically easier to solve. Many of the Miplib problems are known to be highly degenerate,
making them ideal for testing flexible index selection rules. In section 5.9, numerical results
are presented for a separate selection of industrial problems taken from the literature [46].

The purpose of these benchmarks is the comparison of solvers. Currently, the most
comprehensive collection of up-to-date tests are published by Hans Mittelmann on [50] .

4.1 Testing framework

Different practical implementations of the revised primal and dual simplex methods still form
one of the bases of most mathematical programming applications. Several different simplex
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algorithmvariantsanddifferentpivotselectionruleshavebeeninvented[62],butwiththe

exceptionofproblemspecificalternativeslikethenetworksimplexmethod,thealternative

methodshavenotgainedsimilarimportance,andaregenerallynotwidelyavailable.

Toensurefinitenessfordegenerateproblems,alargenumberofwellknowindexselection

rulesareavailable. Whilemanyoftheserulesaremainlyoftheoreticalinterest,thereare

asignificantnumber[19]offlexibleindexselectionrules[5],claimingpracticalapplicability

byofferingvariousdegreesofflexibilitywhilestillprovidingtheoreticalfiniteness[17].

Traditionalindexselectionrulesaretypicallynotapplieddirectlyinimplementationsof

thesimplexmethods,asinthecaseofstallingprogressismostoftenachievedbysomemeans

ofperturbation[49].Also,itisdifficulttoprovidesolidnumericalevidencetothepractical

benefitsofindexselectionrules.Thereasonsaremanyfold:

•implementationshavetoeithercompeteagainstwellestablishedcommercialandaca-

demicsolverswithseveralyearsofworkhoursinvestedinthem,

•oralternativelyarebasedonownimplementationswheretheimplementationefforts

areoftendominatedbyaddressingnumericalchallenges,

•efficiencyoftheimplementationstendtobeafunctionofmethodspecificalgorithmic

features(likeshiftingfortheprimalmethod,orboundflippingforthedualmethod,

qualityofthebasisfactorizationandupdates)makingdirectcomparisonsofthealgo-

rithmsmeasurethedepthofimplementationsinsteadofthealgorithmsthemselves.

•cyclingisarelativelyrarephenomenonasoftenclaimed,see[12](chapter3,Pitfallsand

HowtoAvoidThem)and[51](chapter9.4,Docomputercodesusethelexicominimum

ratiorule?).

Inconsequence,numericalresultsusingdifferentimplementationsarehardtojudgeand

tobeusedasareference(foradetaileddescriptiononimplementingthesimplexmethods

seeMaros’sbook[49]).

ThepurposeinChapter5willbetoprovidenumericalevidencethatthemonotonic

build-up(MBU)simplexmethod[6]isaviablealternativetothetraditionprimalsimplex

method,andtoprovideameasureoftheadvantagesoftheuseofflexibleindexselectionrules.

Chapter3ofthethesisstatedtheformofthelinearprogrammingproblemusedand

summarizedthealgorithmicresultsthepaperisbuilton:thetraditionalrevisedsimplex

methodandtheMBU-simplexmethod,thes-monotoneindexselectionrulesincludingthe

61



Last-In-First-Out(LIFO)andtheMost-Often-Selected-Variable(MOSV)rulesandsomeof

theirgeneralizationsthatmakeuseoftheflexibilityprovided.

Weproposetoaddressthedifficultiesincomparingdifferentpivotmethodsandindex

selectionrules.Themainhighlightsare

•thestandardformofthelinearproblemsisused,

•thetestsarecarriedoutonpublicbenchmarksetswhicharetransformedtothestan-

dardform,

•onlysuchalgorithmicfeaturesareusedthataregenerallyapplicabletoallofthe

investigatedalgorithms,

•thenumericallinearalgebrausedisbasedontheAPIofawellestablishedlinear

programmingsolver,

•theimplementationsaremadeavailableforreferenceandreproducibility[52].

Ourgoalistocomparethepropertiesandefficiencyoftheselectedpivotmethodswith

theflexibleindexselectionrulesinasuitablenumericalenvironment.Forthispurpose,we

workonthestandardformoftheproblemsandwithoutapplyingapresolver-whichwould

haveundonetheconversiontothestandardformanyway.

Weaimtoprovideaframeworkforthecomparisons,wherethecomparisonisbasedon

themainalgorithmicfeaturesandtheindexselectionrules,notbetweenthedepthofthe

implementation.Inordertoprovidetheuniformtestenvironmentfordifferentalgorithms

andtheirvariantsdependingontheanti-cyclingpivotrulesinourimplementations,the

basicversionofthealgorithmsareimplementedwithoutfurthercomputationaltechniques

thatusuallyacceleratethecomputations,butoftenarespecifictothealgorithminquestion,

andwouldthusmakeafaircomparisondifficult. Toimplementsuchimprovementsfor

bothalgorithmsinanappropriateandequallyefficientwayisanontrivial,challengingand

interestingtask.

Thealgorithmsareinitiatedfromaslackbasis,andthetraditionalfirstphasemethodis

usedtoproduceaninitialfeasiblebasesforbothalgorithms.

Oneofthecrucialnumericalpropertiesofmostsimplexmethodsistomaintainmono-

tonicityintheselected(etherprimalordual)formoffeasibility.Inthepresenceofnumerical

error,oneofthemostwidelyappliedmethodstoaddressinfeasibilityoccurringduetonu-

mericalerrorisshifting.Shiftingremovesnumericalinfeasibilitybyroundingsmallnegative
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numbers to zero in the transformed right hand side. In turn, to remove the side effects
when re-inverting (re-introducing infeasibility and change in the objective due to changes in
the solution can result in breaking the monotonicity of the objective that in turn can cause
cycling if not addressed in other ways even in the presence of the index selection rules), the
original right hand side is also shifted by adding the original column of the shifted variable
to the non-transformed right hand side by the same amount. This perturbation has to be
removed at the end, and a clean up phase applied. Our implementation does not apply this
technique.

On the other hand, maintaining the concept of dual monotonicity in the monotonic build-
up simplex method has proven to be crucial for its correctness (not only to its performance).
However, the required monotonicity can be achieved by simply not allowing it to chose a
column twice as a driving variable, even if the round of errors make a feasible dual value
slightly infeasible again (relative to the selected optimality tolerance).

To achieve a fair comparison, problems where these rules were causing significant deviance
from feasibility or optimality have been removed from the test sets.

To address scaling, most solvers automatically re-scale the problems. We have tested
the algorithms on the transformed (to standard from) original and on a re-scaled version
of the test sets. We used the exposed scaling functionality of the Xpress solver, and have
observed an increase of 2% in success rate on the selected test set. As the improvement was
not significant, we opted not to scale the problems.

The selected problems were converted to the standard form. The average increase in the
number of rows, columns and non-zeros is shown in Table 4.1:

Number of extra rows +2139%
Number of extra columns +143%
Number of extra nonzeros +27%

Table 4.1: The average increase in problem size as a result of the conversion to standard
form.

The very large increase in terms of row numbers is down to a relatively few problems
that are flat (have a much larger number of columns than rows and the columns are both
upper and lower bounded which is typical for several binary problems. On problems with
both lower and upper bounds, the conversion to the standard form introduces +n new rows,
which can be a significant increase if n≫ m where n is the number of original columns and
m is the number of original rows).
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As a note, Xpress itself takes 39% longer on average to solve the standard forms with
presolve off (the choice of the primal algorithm is important in this respect, as converting
the variables with both lower and upper bounds affects dual more through the missed op-
portunities of bound flips than primal, while the primal ratio test would need to consider
both bounds anyway).

The criteria for a problem to be included was the following:

1. all algorithm and index selection rule combinations solved the problem successfully,

2. the optimal objective matched the value reported by Xpress,

3. Xpress was able to solve the problem within 5 minutes,

4. a time limit of 1 hour was used for Netlib, and 5 minutes for the Miplib datasets.

Using this criteria, 108 problems were selected, with the average problem statistics pre-
sented in Table 4.2. The 11 assembly line balancing and workforce skill balancing problems
(Balancing) from [28] and [46] were treated as a separate set.

Total size Selected Average rows Average columns Average density

Netlib 98 43 505 1082 2.07%
Miplib3 64 28 660 1153 1.20%
Miplib2010 253 37 1493 2500 0.63%
Balancing 11 11 279 470 3.03%

Table 4.2: The average size statistics of the selected test problems. The average values are
calculated on the selected subset of problems, using the standard form.
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4.2 Implementationdetails

ThefirstversionofimplementationsforallalgorithmswereimplementedinMatlab(asa

continuationof[53]),usingMatlab’sQRdecompositionroutines. TheQRdecomposition

waschosenovertheLUdecompositionsimplybecauseMatlabhasabuilt-inrank1update

fortheQRdecomposition,butnosuchfortheLUdecomposition.

The Matlabimplementationwasusedsuccessfullyfortestingthecriss–crossmethod

forboththelinearprogrammingproblem,andthelinearcomplementaryrelatedproblems,

wherethebottleneckwasusuallythelackofsufficiencyofthematrixfortheLCPcase,and

thecombinatorialnaturefor"convergence"forthecriss–crossmethodforboth.Asaresult,

thesizeoftheproblemssolvedbythecriss–crossmethodremainedsmallcomparedtowhat

isconsideredaveragesizenormallyinlinearprogramming.Somerelevantresultshavebeen

publishedin[32].

Incontrasttothecriss–crossimplementation,inthecaseoftheprimalsimplexand

monotonicbuild-upsimpleximplementation,itquicklybecomesobviousthatthebottleneck

isinthenumericalbehaviorofthealgorithms.Itmustbenotedthough,thatitisalsotrue

thatinthecaseofthecriss–cross,thelackofindicatorsfornumericalerrorsalsomeansthat

thenumericalexperimentscouldsimplybeoblivioustothepresenceofnumericalissues.

Inpractice,thismeantconvergenceissuesforthecriss–cross. Forthesimplexvariants,

numericalissuesareoftenverysimpletonotice,withthesecasesbeingthemostprominent:

whenthebasisbecomesinfeasibleeventhoughtheratiotestsuggestsitshouldremain

feasible,orwhentheobjectivefunctiontakesabackwardstepeventhoughanimproving

direction(column)hasbeenselected.

Asexplainedearlierinthechapter,tobeabletoprovideanindependenttestingframe-

work,wehaveaimedtoavoidalgorithmspecificconsiderationstohandlenumericalissues,

andsothechoicehasbeentoreplacethenumericallinearalgebrausedwithonethatis

targetedatsolvinglinearprogrammingproblems,inthiscaseXpress’sCAPI(application

programminginterface).

Xpresshasbeenselectedduetotwomajorconsiderations.Theoptimizationmarkethas

changedconsiderablyinrecentyears,andtheseconsiderationsarenolongerasstraightfor-

wardastheyusedtobe,howevertheydonotinvalidateoroutdatethenumericalresults:

theysimplymeanthatthechoiceofXpresswouldnotbeasobviousasitwaswhenthe

researchandworkonthethesishavestarted.

•Fromamongthe2majorvendorsofthetime,IlogCPLEXandDashXpress,the

universityhadanuptodateXpresslicensewithsupportagreement,andonlyhada
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CPLEXversionthatwasseveralyearsbehind.

Since,thenneitherIlognorDashexists:thefirstwasboughtupbyIBM,thelaterby

FICO.Also,thereisathirdmajorvendor,GUROBI,consistingofdeveloperswhohave

leftCPLEX.Duetoincreasedcompetition,sincethenallthesevendorsprovidefree

licensesforacademicwork.Accordingtopublicbenchmarks(likeHansMittelman’s)

themajorvendorsperformanceisverycomparable,soXpresscouldhavebeenthe

choiceiftheothershadbeenanalternativebefore.

•Thereweretworeasonsfornotusinganarbitraryprecisionlinearalgebrapackage.

Onewasperformance/speedconsiderations,asarbitraryprecisionpackagescanbe

verycomputationallyextensive,whiletheotherwasavailability.

Theseconsiderationsarestillvalid,withtheamendmentthatSCIP,theacademicsolver

developedbytheZIBInstituteBerlinhasdevelopedaniterativerefinementtechnique,

thatcangeneratebasissolutionstoarbitraryprecisionsbyiterativelyrefiningthedigits

uptothedesiredaccuracy.Thistechnologycouldbecomeaframeworktoconsiderin

thefuture,butatthemomentitdoesnotefficientlytieontothebasisupdatestothe

bestknowledgeoftheauthor.

ThesupportagreementforXpressprovedtobeverybeneficial.Duringtesting,twoissues

werefoundandreportedtoXpress,bothfixedveryquickly,forwhichtheauthorwishesto

expresshergratitudetotheXpressdevelopmentteam.Bothissueswererelatedtohowthe

APIwasused:therelevantexposedAPIfunctionsweredesignedandtestedwithtoolsfor

generatingcutsduringaMIPsearchinminds,andhavenotbeenusedinthewayasinthese

testsbefore.

ItmustbementionedthattheauthorofthisthesishassincebeenemployedbyFICOasa

softwarequalityassuranceengineerfortheXpressoptimizationteam.Allnumericalresults

presentedhavebeenpreparedandsubmittedtopublicationbeforethedatetheauthorjoined

FICO.Theresultsafterthisdatearemoretheoretical/modellingfocused[33,35]and[55].

4.2.1 Functionsusedduringthestandardformcreation

ThissectionprovidestheminimaldocumentationoftheXpressfunctions[25]thatarenec-

essarytoreadthecoderelatedtothethesis.

Intheconversiontothestandardformandbeforestartingtoprocessthepivotalgorithm,

thecodeshoulddeclaretheproblemwiththeXPRSprobxprob;line.Thefollowingfunctions

wereusedduringthecreationofthestandardformofthelinearprogrammingproblem.After

allofthefunctionsasmallexampleshowstheusageofit,takenfromthecodeitself.
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XPRSreadprob reads in a problem from MPS or LP format

XPRSreadprob(xprob, argv[1], "") reads the MPS or LP format problem into the
xprob object variable from the 1st argument of the main function.

XPRSgetintattrib retrieves the value of an attribute of the problem

XPRSgetintattrib(xprob, XPRS_ROWS, &nrow) retrieves the number of the
rows from the problem and puts the value into the nrow variable. The second
parameter - XPRS_ROWS - sets which attribute of the problem is being re-
trieved.

XPRSgetintattrib(xprob, XPRS_COLS, &ncol) retrieves the number of the rows
from the problem and puts the value into the ncol variable. The second parameter
- XPRS_COLS - sets which attribute of the problem is being retrieved.

XPRSgetrowtype retrieves back the type of the row, which can be (N - neutral, L - less
or equal, E - equal, R - ranged, both lower and upper bounds, G - greater or equal)

XPRSgetrowtype( xprob, &rowtype, i, i); retrieves the type of the ith row and
puts it into the rowtype variable. The function could get back the type of more
than one row at the same time. The last two parameters sets the index range of
the rows.

XPRSgetrhs retrieves the right hand side of the problem

XPRSgetrhs(xprob, rhs, 0, nrow-1) retrieves the right hand side vector of the
problem and puts it into the rhs variable. The last two parameters set the range
of the right hand side indices to get.

XPRSgetrhsrange retrieves the range of the right hand side, which is the range of the
row

XPRSgetrhsrange(xprob, &range, i, i); retrieves the row range of the ith element
of the right hand side and puts it into the range variable. The function may
retrieve the range of more than one element at the same time. The last two
parameters sets the range for which the function retrieves the ranges.

XPRSgetobj retrieves the objective coefficients of the problem

XPRSgetobj(xprob, &dobj, j, j); retrieves one value from the objective function
coefficients of the problem and puts them into the dobj variable. The last two
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parameters set the index range of the objective function for which to retrieve the
values.

XPRSchgrowtype changes the type of a row (N, L, E, R, G) represents the same types
as for the get function above.

XPRSchgrowtype(xprob, 1, &i, &newtype); changes the type of the row to a
new type which is in the newtype variable. The function could change the type
of more than one row at the same time, indices described by the 3rd argument.
The second parameter sets the number of the row types to change.

XPRSgetcols retrieves a column or more columns as a sparse vector

XPRSgetcols(xprob, colstart, rowindices, colvalues, nrow, &ncoeff, j, j); retrieves
the non-zero elements of a column.

XPRSgetlb retrieves the lower bound of a column

XPRSgetlb(xprob, &dlb, j, j); retrieves the lower bound of the jth column in the
problem and puts into the dlb variable. The function could get back the lower
bound of more than one column at the same time. The last two parameters sets
the index range of the columns.

XPRSgetub retrieves the upper bound of a column

XPRSgetub(xprob, &dub, j, j); retrieves the upper bound of the jth column in
the problem the dub variable. The function could get back the upper bound of
more than one column at the same time. The last two parameters sets the index
range of the columns.

XPRSchgbounds changes the bounds of a column

XPRSchgbounds(xprob, 1, &j, &qubtype, &dpinf); changes the bounds of the
jth column. The function can change the bounds of more than one column at the
same time. The second parameter sets the number of the columns to change.
In this example, as used in the conversion code, the function changes the upper
bound of column j to infinity.

XPRSchgcoef changes some coefficients in the matrix

XPRSchgcoef(xprob, rowindices[k], j, -colvalues[k]); changes the coefficient of
the jth column to the values are in the last parameter. The second parameter sets
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the row index of the coefficient. The function changes only one coefficient in the
matrix at one time, there are other functions to change multiple ones efficiently.

XPRSchgrhs changes the right hand side in the matrix

XPRSchgrhs(xprob, 1, &i, &rhs[i]); This function changes the ith value of the
right hand side to the value in the rhs array. The function could change more
than one right hand side item at the same time. The second parameter sets the
number of the items, and the third parameter sets the indices for the rows for
which to change the values.

The following other functions were used for the implementation of the primal simplex
algorithm and the MBU-simplex algorithm.

XPRSloadbasis loads the (initial) basis

XPRSloadbasis(xprob, rstatus, cstatus) loads the basis and sets which variables
are in the basis.

XPRSgetpivotorder retrieves the pivot order: which variable is in the basis in which row

XPRSgetpivotorder(xprob, mpiv) returns the pivot order of the basis variables
and puts it into the mpiv variable.

XPRSpivot carries out a pivot

XPRSpivot(xprob, pcol+nrowspare, mpiv[prow]) does a pivot. The second pa-
rameter sets the index of the variable who enter the basis; the third parameter
sets the index of the variable who leave in the basis. It is important that col-
umn indices start from the sum of these two attributes: XPRS_ROWS and
XPRS_SPAREROWS.

XPRSftran multiplies with the inverse of the basis from left side

XPRSftran(xprob, rhs) calculates the transformed right hand side (B−1b), and
puts the result into the same vector (rhs). The rhs array in this case needs to be
initiated to be equal the original right hand side vector.

XPRSbtran multiplies with the inverse of the basis from right side

XPRSbtran(xprob,cb) calculates the cbB
−1, and puts the result into the same vec-

tor (cb). In this case the cb array needs to be initialed to be the basic part of the
objective function.
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4.2.2 The MPS file format

Although not directly relevant to the topic of the thesis, as all the public benchmark mod-
els the thesis works with are available in the so called MPS (Mathematical Programming
System) format, it is possibly useful to present a short description of the format.

The format has originally been introduced by IBM to describe linear and mixed integer
linear programming problems [29]. At the time of the invention of the format, punch cards
were still common and the format reflects this by prescribing fixed column positions for all
the various data; this version is called the fixed format MPS file. Since then, the column
position restrictions have been removed, called the free format, and several extensions exits
for example to store quadratic data either for the objective or the constraints.

Several of the public test problems are in the fixed format MPS, especially the ones in
NETLIB. Not all fixed format MPS files are compatible with the free format, as spaces were
originally allowed as part of the column and row names.

The format is columns oriented, in contrast to the traditional algebraic representations.
This also makes it necessary to name all rows. The fields in the fixed format version start
at positions 2., 5., 15., 25., 40., and 50. The one exception is the section headers, that
start at position 1. In the free format, they start anywhere, and are separated by spaces or
tabulators.

Typically, these files contain all capital letters, but with the exception of the section
headers small letters are also allowed. Obviously, the names of the rows and columns do not
directly affect the solves of the problems the MPS files describe. However, the order of the
columns and rows does.

In the original format, the sense of the optimization, i.e. if it is minimization or maximiza-
tion was not included. Interestingly, different solvers assume different default optimization
senses; other ones require the user to explicitly define the objective sense. Converting be-
tween minimization or maximization inside a model itself can be done by multiplying the
objective by 1, but we need to remember to multiply the optimal solution value with 1

as well (max cTx = max( c)Tx).

A line can be made a comment by putting a * in the first character. It is good practice
not to have spaces in the names.

An MPS file is made up of sections. Section NAME is followed by the name of the model.
The ROWS section describes the constraints, defining their names and type. A type E means
equal constraint, L a less or equal (≤) constraint, G a greater or equal one, (≥), and finally
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N for a constraint with no sense which is called a neutral, or free row. The first one of these
is taken as the objective. There may be multiple objectives described this way.

The largest part of most MPS files is the COLUMNS section describing the constraint matrix
A. The columns must follow one another continuously, but the order according to the rows
is flexible.

The RHS section defines the right hand side values. There can be several different right
hand side alternatives defined. The BOUNDS section, which is optional includes the bounds
for the variables, UP defining an upper or LO a lower bound. It is possible to define integrality
constraints in the bounds section. For example LI is the same as LO but the variable is also
required to be integer. For variables not listed in the bounds section, a default restriction of
x ≥ 0 applies.

Also optional is the RANGES section. This defines constraints that are both lower and
upper bounded, i.e. has both less or equal and greater or equal sides.

An MPS files is closed by the ENDATA section.

The free MPS format defines a few extensions. Most newer public benchmark sets are in
free format MPS, like the MIPLIB sets. The free MPS format is similar to the fixed format,
but it introduces several convenience features. As mentioned before, the fields are no longer
fixed, but can be arbitrarily separated by spaces or tabulators. The new OBJSENSE section
allows to define the objective sense, to be defined in between sections NAME and ROWS, with
the possible values of MAXIMIZE, MAX, MINIMIZE, MIN.

Normally, the first neutral row is used as the objective. The OBJNAME section allows to
select any row as the objective.

As an example, consider the following small problems:

max(x1 + 2x2 + 4x3 + x4)

x1 + x3 + x4 ≤ 5

x1 + x2 + x4 ≤ 6

x3 ≤ 7

x1,x2,x3,x4 ≥ 0
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max(x1 + 2x2 + 3x3 + 2x4 + 3x5)

x1 + 2x2 + x4 + x5 ≤ 110

x1 + 2x3 + x4 + x5 = 80

2x2 + x5 ≥ 40

x1,x2,x3,x4,x5 ≥ 0

and convert it to the free (it uses the OBJSENSE extension) MPS format:

NAME EXAMPLE1

OBJSENSE

MAX

ROWS

N OBJECTIVE

L CTR1

L CTR2

L CTR3

COLUMNS

XONE OBJECTIVE 1

XONE CTR1 1

XONE CTR2 1

XTWO OBJECTIVE 2

XTWO CTR2 1

XTHREE OBJECTIVE 4

XTHREE CTR1 1

XTHREE CTR3 1

XFOUR OBJECTIVE 1

XFOUR CTR1 1

XFOUR CTR2 1

RHS

RHS1 CTR1 5

RHS1 CTR2 6

RHS1 CTR3 7

ENDATA
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NAME EXAMPLE2

OBJSENSE

MAX

ROWS

N OBJECTIVE

L CTR1

E CTR2

G CTR3

COLUMNS

XONE OBJECTIVE 1

XONE CTR1 1

XONE CTR2 1

XTWO OBJECTIVE 2

XTWO CTR1 2

XTWO CTR3 2

XTHREE OBJECTIVE 3

XTHREE CTR2 2

XFOUR OBJECTIVE 2

XFOUR CTR1 1

XFOUR CTR2 1

XFIVE OBJECTIVE 3

XFIVE CTR1 1

XFIVE CTR2 1

XFIVE CTR3 1

RHS

RHS1 CTR1 110

RHS1 CTR2 80

RHS1 CTR3 40

ENDATA
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Chapter 5

Flexible index selection rules for linear
programming

This chapter investigates the well-known pivot algorithms like the primal simplex algorithm
[21] and the primal monotonic build-up simplex algorithm [6] with s-monotone index selection
rules which are finite algorithms for solving linear programming problems. We present proofs
that these algorithms are finite when s-monotone index selection rules are used, and present
a numerical study to demonstrate their practical efficiency.

This chapter is mainly based on [19]. The finiteness results using s-monotone index
selection rules are based on the results of [17, 19, 20]. The numerical study and results are
the author’s own results and have been published in [34] and partially in [19].

For the sake of completeness, we also show that the criss–cross algorithm [60] is also finite
with s-monotone index selection rules; the result has been published in [54]

5.1 The primal simplex algorithm with s-monotone index

selection rules

We show the important part of the proof (i.e. defining the almost terminal tableaus and
deriving the contradiction using the orthogonality theorem) for the primal simplex algorithm
(SA) first. The pseudo-code of the simplex algorithm with s-monotone index selection rule
is the following:
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Theprimalsimplexalgorithmwiths-monotoneindexselectionrules

inputdata:

A∈Rm×n,b∈Rm,c∈RnafeasiblebasisB,initializedsvector;

output:

Anoptimalsolution,oracertificatethattheproblemisunbounded;

begin

I−N:={i∈IN|̄ci<0};

while(I−N ≠∅)do

letq∈{i∈I−N|̄ci<0}bearbitrarywithamaximals-value;

if(tq≤0)then

STOP:problemisunbounded,certificateistq;

else

letϑ:=min
{
b̄i
tiq
|i∈IB,tiq>0

}
denoteberesultoftheprimalratiotest;

letp∈IBarbitraryforwhich
b̄p
tpq
=ϑandhasamaximals-value;

endif

pivoton(p,q);

endwhile

STOP:Thesolutionisoptimal;

end

Itiseasytoverifythatinaminimalcyclingexampleallthevariablesaremovingduring

acycleandthattherighthandsidevaluesarezeros(anynondegeneratepivotwouldimprove

theobjective).Thustheminimalcyclingexampleshouldbecompletelyprimaldegenerate,

otherwisetheobjectivewouldimprove.
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Figure5.1:Keytableausofaminimalcyclingexampleforsimplexalgorithmwiths-monotone
indexselectionrule.

ConsiderbasisB′oftheminimalcyclingexample,whentheleastpreferredvariablexl

entersthebasis(accordingtothes-monotoneruletheremustbesuchasituation).According

tothecolumnselectionruleofthesimplexalgorithm,theobjectivefunctionrowofthe

pivottableauforbasisB′musthaveanegativecoefficientforthenonbasicvariablexland

nonnegativecoefficientsforallothernonbasicvariables.(Thisisthestructureofthefirst

almostterminalpivottableau.)

Inaminimalcyclingexample,sinceeveryvariablemovesinfinitelymanytimes,variable

xlmustleavethebasis.ConsiderbasisB
′′whenthishappensthefirsttime,i.e.xlleaves

thebasisforthefirsttimeafterB′.Accordingtothes-monotoneindexselectionrule,the

choiceoftheleavingvariableisselectedfromthosebasicvariablesthatareleastpreferred,

inourcasexlissuchavariable.(Thisdefinesthesecondalmostterminalpivottableau.)

Considerthevectort′(c)correspondingtotheobjectivefunctionrowforbasisB′andthe

vectort′′kcorrespondingtotheenteringvariablexkforbasisB
′′.Let

K={i∈IB′′|t
′′
ik>0}\{l}, and L={j∈IB′′|t

′′
jk≤0}. (5.1)

Then

t(c)
′Tt′′k=

∑

i∈K

t′cit
′′
ik+
∑

j∈L

t′cjt
′′
jk+t

′
clt
′′
lk≤t

′
clt
′′
lk, (5.2)

sincet′cj≥0andt
′′
jk≤0holdsforallj∈L,andt

′
ci=0foralli∈Kbecauseofthe1

(b)criterion(ofDefinition3.4.3onpage54),thevaluesofsmaynotdecrease,andthose

variablesthathavebeenpivotedonafterbasisB′musthavealargers-valuethanvariable
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xl.Bythe2(b)criterionofs-monotoneindexselectionrule,thevariablescorrespondingto

theindexsetK,havenotmovedsincebasisB′andsohaveacorrespondingzerovaluein

t′(c).Sincet′cl<0andt
′′
lk>0,wehavet

(c)′Tt′′k<0,contradictingtheorthogonalitytheorem.

Thisprovesthattheprimalsimplexalgorithmwiths-monotoneindexselectionrulesare

finite.

Theorem5.1.1Theprimal(dual)simplexalgorithmwiths-monotoneindexselectionrules

arefiniteforlinearprogrammingproblems.

5.2 TheprimalMBU-simplexalgorithmwiths-monotone

indexselectionrules

Themonotonicbuild-upsimplexalgorithm(MBU-SA)wasintroducedin[6].Startingfrom

aprimalfeasiblebasis,thealgorithmachievesthefeasibilityofthedualvariablesonebyone

whilealsokeepingthosedualvariablesthathavebecomefeasiblebeforefeasiblethroughout

thealgorithm.Duringsuchamajoriterationofthealgorithm,theprimalsolutionmaybe-

comeinfeasible,howeverthesolutionisalwaysprimalfeasibleagainoncethedualfeasibility

oftheselectedcolumnisachieved.

Werepeatthepseudo-codeofthealgorithm,thistimespecializedtousingthes-monotone

indexselectionrule.
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Theprimal MBU-simplexalgorithmwiths-monotoneindexselectionrules

inputdata:

A∈Rm×n,b∈Rm,c∈RnafeasiblebasisB.

output:

Anoptimalsolutionoracertificatethattheproblemisunbounded;

begin

initializevectors;

I−N:={i∈IN|̄ci<0};

while(I−N ≠∅)do

letthedrivingvariables∈{i∈IN|̄ci<0}bearbitrary;

while(̄cs<0)do

letKs={i∈IB|tis>0};

if(Ks=∅)then

STOP:problemisunbounded,certificateists;

else

letϑ:=min
{
b̄i
tis
|i∈Ks

}
thevalueoftheprimalratiotest;

letr∈Ksarbitrarysuchthat
b̄r
trs
=ϑandhasamaximals-value;

letθ1:=
|̄cs|
trs
,andletJ={i∈IN|̄ci≥0,tri<0};

if(J=∅)thenθ2:=∞;

else

θ2:=min
{
c̄i
|tri|
|i∈J

}
thevalueofthedualratiotest;

letq∈Jarbitrarysuchthatθ2=
c̄q
|trs|
andwithmaximals-value;

endif

if(θ1≤θ2)then

pivoton(r,s)(drivingpivot);

else

pivoton(r,q)(auxiliarypivot);

endif

endif

endwhile

endwhile

STOP:thesolutionisoptimal;

end
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Apivotinthecolumnofthedrivingvariableiscalledadrivingpivot,whileanyother

pivotanauxiliarypivot.Theorems3.1.1and3.1.2statingthattheMBU-simplexalgorithm

iswell-defined[6].

Iftheproblemisnondegenerate(bothfromtheprimalandfromthedualside)thenas

theobjectivefunctionstrictlyincreasesineachiteration[6]thealgorithmmustbefinite,

justlikeinthecaseofthetraditionalsimplexmethod.

Intheoriginalpaper[6],lexicographywasusedtoensurefinitenessfordegenerateprob-

lems.In[19]ifwasshownthatthealgorithmisfinitewheneverans-monotonepivotruleis

applied.

Lemma5.2.1[19]Bothdriving-andauxiliarypivotsmayonlyincreasethereducedcostof

thedrivingvariable.

Proof. Afterapivotonthedrivingvariable-whichwastheselecteddualinfeasible

variable-itbecomesfeasible,whileanauxiliarypivotincreasesthereducedcostofthe

drivingvariablewithoutmakingitnonnegative,orleavesitunchanged.(Followsfromthe

Theorem3.1.1.)

ThereareothermonotonepropertiesthatcanbeprovedfortheprimalMBU-algorithm.

Lemma5.2.2Inanyinternalloop,i.e.asequenceofauxiliarypivotsmadebytheMBU-

algorithmwhileworkingonmakingthesamedrivingvariablexrfeasible,thevalue

max
{
b̄i
tis
|̄bi<0

}
neverdecreases[19].

Lemma5.2.3Foranya,b,Θ∈Rforwhichb̸=0anda
b
=Θandforc,d,λ∈Rforwhich

d·λ̸=0andb+λd̸=0holds,thenifa+λc
b+λd

=Θ,thenc
d
=Θ[19].

We arereadytoprovethatthe MBU-simplexalgorithmwiths-monotonepivotrules

isfinite. Theproofisbasedonacontradiction. Consideraminimalexampleonwhich

thealgorithmisnotfinite. Asthenumberofpossiblebasesisfinite,thisisonlypossible

ifthealgorithmcycles,andthesamebasisaregeneratedinfinitelymanytimes. Dueto

minimality,insuchanexampleeachvariablemustmoveinfinitelymanytimesexceptan

infeasiblevariablethatmustremaintheselecteddrivingvariableforallbasesofthecycle.
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Lemma5.2.4Assumethatwewouldliketosolveaminimalcyclingexampleusingthe

primalMBU-simplexalgorithm.Thefollowingpropertieshold:

1.Allpivottableausgeneratedbythealgorithmaredualdegenerateforallvariablesexcept

asinglevariable.Thisvariableremainsthesamethroughoutthealgorithmandnever

entersthebasis.

2.Allvariablemovesinfinitelymanytimes,exceptone,whichneverentersthebasis.

3.Nodrivingpivotismade.

4.Theprimalratiotestalwaysyieldsthesamevalue.Furthermore,inanybasisgenerated

bythealgorithm,forthecolumnrofthedrivingvariable,theratiob̄i
tir
isthesamefor

alli,wheretir≠0.

Proof. ByLemma5.2.1,apivotinanynondual-degeneratecolumnstrictlyincreasesthe

valueofthedrivingvariable. Whileapivotinanondegeneratecolumnleavesthecolumn

oftheshortpivottableaunondegenerate,adegeneratepivotdoesn’tchangetherowofthe

objectivefunctioninthetableau.

Ashadbeenarguedbefore,foraminimalcyclingexamplethereisaninfeasiblevariable

xrthatremainsthedrivingvariableandstaysinfeasible.Asaconsequence,onlyauxiliary

pivotsaremadebythealgorithm.Duetotheminimalityofthecyclingexample,allother

variablesmustmoveinfinitelymanytimes.Asc̄i=0foralli̸=ritfollowsthat1holds.

Statements2and3followimmediatelyfrom1.

SincethedrivingvariableneverchangesaccordingtoTheorem3.1.1andLemma5.2.2,

thevalueoftheratiotestbecomesaconstantafterfinitelymanyiterations.UsingLemma

5.2.3,itcanbestatedthatthevalueoftheratiotestremainsconstant.

AccordingtoLemma5.2.4aminimalcyclingexampleincludesasingleinfeasibledual

variable,whichthenmustbealsothedrivingvariable.Boththeprimalanddualratiotests

aretrivialandassuchtheselectionofindicesaresolelybasedontheindexselectionrule.

Letxrbethedrivingvariable.LetvariablexlinbasisB
′correspondtothesituationofthe

secondcriterionofs-monotoneindexselectionrules,andletB′′bethefirstbasiswhenthe

selectedvariablexlleavesthebasisafterB
′.(Observe,thatsincethedrivingvariablenever

entersthebasis,l̸=r.)UsingtheobservationsstatedinLemma5.2.4,thealmostterminal

pivottableausforbasesB′andB′′featureasignstructureaspresentedinFigure5.2.
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Figure5.2:AlmostterminalpivottableausfortheMBU-simplexalgorithm.

Theorem5.2.1TheMBU-simplexalgorithmwiths-monotoneindexselectionruleisfinite.

[19]

Proof. Assumetothecontrarythatthealgorithmisnotfinite,andconsideraminimal

cyclingexamplewithenteringvariablexlandleavingvariablexkinbasisB
′describedinthe

secondcriterionofs-monotoneindexselectionrules,andbasisB′′whenvariablexlbecomes

non-basicforthefirsttimeafterB′.

Considervectort′(k)forbasisB′andvectort′′rforbasisB
′′.Let

K={i∈IB′′|t
′′
ir>0}\{l},andL={j∈IB′′|t

′′
jr≤0}. (5.3)

Then

t(k)
′Tt′′r=

∑

i∈K

t′kit
′′
ir+
∑

j∈L

t′kjt
′′
jr+t

′
krt
′′
rr+t

′
klt
′′
lr≤t

′
krt
′′
rr+t

′
klt
′′
lr, (5.4)

usingthatt′kj≥0andt
′′
jr≤0forallj∈L,andt

′
ki=0foralli∈Kbecausebythefirst

criterion,thevaluesofsmayonlyincrease,andthosevariablesthathavemovedinourout

ofthebasissinceB′haveagreatervalueinsthanvariablexl.Bythethirdcriterionofs-

monotonicity,thesevariableshavenotmovedsincebasisB′,thusmusthaveacorresponding

zerovalueint′(c).Ast′kl<0,t
′′
lr>0,t

′
kr>0andt

′′
rr= 1,itfollowsthatt(k)

′Tt′′r<0which

contradictstheorthogonalitytheorem.

SimilarargumentsleadtothefinitenessproofsofthedualsimplexanddualMBU-simplex

algorithmswiths-monotoneindexselectionrule.
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Theorem 5.2.2 The MBU-simplex algorithm with s-monotone index selection rules are fi-
nite for linear programming problems.

Note that minimality is a technical assumption that simplifies the proofs, but the proofs
easily generalize to any infinite example as the variables that do not move have a zero
contribution to the t vectors. In these proofs there would not be direct value explicitly
writing these cases out, in contrast to the LCP case (chapter 6) where the constructs in the
proof become part of the algorithm.

5.3 The criss–cross algorithm with s-monotone index se-

lection rules

The finiteness proof of the criss–cross algorithm with s-monotone index selection rule is
reported in [54]. The skeleton of the proof follows that in [30].

Theorem 5.3.1 Let the standard linear programming problem be given. The criss–cross
algorithm is finite when an s-monotone index selection rule is applied.

Proof. The criss–cross algorithm terminates with one of it’s terminal tableaus: when the
problem is optimal, primal infeasible or dual infeasible.

Let us assume to the contrary, that the criss–cross method in not finite with an s-
monotone index selection rule. As the number of possible different bases is finite, the al-
gorithm must cycle in the sense that it must visit the same basis multiple times. Let us
consider a minimal cycling example, in which all variable moves; as the selection according
to the s vector always only relies on the value of the variables in s, which are only updated
for those variables that move in the bases, this assumption is not restrictive: the part of
each cycling example in which the variables move an infinite time is such an example.

According to the definition of s-monotone rules, there exists an iteration where the index
with the minimal s value is unique. Let this index be l. We can assume that the variable xl

is outside the basis (if not, we can consider the dual which is a symmetric case in the case
of the criss–cross method). Let the basis in which xl enters the basis be B′, while when it
leaves again be B′′.

We call a criss–cross iteration primal, if the negative valued index is selected from the
objective row, and a dual iteration if the index with a negative value is selected from the
right hand side vector.
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Thefollowing4casesarepossible.

(a)primal-primal:xlentersthebasisinaprimaliteration,andthenalsoleavesinaprimal

iteration.

(b)primal-dual:xlentersthebasisinaprimaliteration,andleavesinadualiteration

(c)dual-primal:xlentersthebasisinadualiteration,andleavesinaprimaliteration

(d)dual-dual:xlentersthebasisinadualiteration,andalsoleavesinadualiteration

Accordingtothedefinitionofsmonotoneindexselectionrules,thesvalueforthose

variablesthatmoveinbetweenB′andB′′islargerthanofxl.Lettheindexsetofthose

variablesthathavenotmovedinbetweenB′andB′′bedenotedbyKpartitionedtoKBand

KN basedonifk∈Kisinthebasisornot,whiletheindexsetofthosevariablesthathave

movedatleastoncebeL,withtheindexlnotbeingincludedineither.Thecorresponding

casesareshownonFigure5.3,describingthefollowingcases:

(1.)xlentersthebasisinaprimaliteration

(2.)xlentersthebasisinadualiteration

(3.)xlleavesthebasisinaprimaliteration

(4.)xlleavesthebasisinadualiteration
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Figure5.3:Thepossibletableausduringtheproof.

Wewillshowthatnoneofthetableaucombinationsexplainedbeforearepossible,by

showingthatitispossibletoselectacombinationoftvectorsforeachcasethatwould

violatetheorthogonalitytheorem,andthereforeprovethatthealgorithmcannotcycle.

Thepresentationoftherelevanttvectorswillfollowthesamestructureddecomposition

accordingtotheindexsetsofinterest:

t= KB KN LN\{l}LB\{l} b cl

Fromtable(1.),B′:

0 ... 0 ⊕ ...

0 0 0 ... 0⊕ ...

1... ... ⊕ -

t
′

b= -10...... ⊕

0 0t
′(c)= ⊕⊕

⊕ ⊕

ζ
′

ζ
′
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Fromtable(2.),B′:

⊕ ...... ⊕0 0 0 0- -010...0... ...t
′(s)=

s

⊕⊕

Fromtable(3.),B′′:

0 0t
′′

r= 0 -......... +⊖ ⊖

r

0 0 0...0... -1**

Fromtable(4.),B′′:

* *0 0

0 0

0 ... 0⊕ ...

⊕ ...0 ... 0

... -t
′′

b=

0

... ⊕ -1 ζ′′

...... ⊕ 1ζ′′* *t
′′(c)=

WearereadytoconsiderthecombinationsofthewaysxlmayenteratbasisB
′andleave

thebasisatbasisB′′.

Case(a),primal-primal:xlentersthebasisinaprimaliteration,andthenalsoleaves

inaprimaliteration.Itiseasytosee,thatinallcasesthatfollow,thecontributionfrom

indicesfromKiszero.

Considervectorst′(c)andt′′r.Ast
′
ci≥0andt

′′
ir≤0,foralli∈I\{n},andt

′′
br=0,and

t′cc=1,t
′′
cr<0,t

′
cn<0,t

′′
nr>0followsfromthecorrespondingsignstructures,wegetthat

0=(t′′r)
Tt′
(c)
=
∑

i∈I\{n}

t′cit
′′
ir+t

′
cnt
′′
nr+t

′
cct
′′
cr+t

′
cbt
′′
br≤t

′
cnt
′′
nr+t

′
cct
′′
cr<0. (5.5)

whichcontradictstheorthogonalitytheorem.

Case(b),primal-dual: xlentersthebasisinaprimaliteration,andleavesinadual

iteration.

Considervectorst′(c)andt′′b,andalsot
′′(c)andt′b.

Ast′ci≥0,t
′′
ci≥0,t

′
ib≥0andt

′′
ib≥0foralli∈I\{n},andt

′
cc=t

′′
cc=1,t

′
bb=t

′′
bb= 1,

andalsot′cb=ζ
′andt′′cb=ζ

′′,wegetthefollowing

(t′′b)
Tt′
(c)
=
∑

i∈I\{n}

t′cit
′′
ib+t

′
cnt
′′
nb+t

′
cct
′′
cb+t

′
cbt
′′
bb≥t

′
cnt
′′
nb+ζ

′′ ζ′ (5.6)
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and

(t′b)
Tt′′

(c)
=
∑

i∈I\{n}

t′′cit
′
ib+t

′′
cnt
′
nb+t

′′
cct
′
cb+t

′′
cbt
′
bb≥ζ

′ ζ′′, (5.7)

usingthatt′nb=t
′′
cn=0.Asthetwoscalarproductsmustbezeroaccordingtotheorthogo-

nalitytheorem,theirsumshouldalsoequaltozero.

0=(t′′b)
Tt′
(c)
+(t′b)

Tt′′
(c)
≥t′cnt

′′
nb+ζ

′′ ζ′+ζ′ ζ′′=t′cnt
′′
nb>0. (5.8)

ast′′nb<0,t
′
cn<0,contradictingtheorthogonalitytheorem.

Case(c),dual-primal: xlentersthebasisinadualiteration,andleavesinaprimal

iteration

Considervectorst′(s)andt′′r. Usingt
′
si≥0andt

′′
ir≤0foralli∈I\{n},andthat

t′sc=0andt
′′
br=0,andalsot

′
sn<0andt

′′
nr>0,wegetthat

0=(t′′r)
Tt′
(s)
=
∑

i∈I\{n}

t′sit
′′
ir+t

′
snt
′′
nr+t

′
sct
′′
cr+t

′
sbt
′′
br≤t

′
snt
′′
nr<0. (5.9)

contradictingtheorthogonalitytheorem.

Case(d),dual-dual: xlentersthebasisinadualiteration,andalsoleavesinadual

iteration

Considervectorst′(s)andt′′b.Ast
′
si≥0andt

′′
ib≥0foralli∈I\{n}andthatt

′
sc=0,

andalsothatt′sn<0,t
′′
nb<0,t

′
sb<0andt

′′
bb= 1wegetthat

0=(t′′b)
Tt′
(s)
=
∑

i∈I\{n}

t′sit
′′
ib+t

′
snt
′′
nb+t

′
sct
′′
cb+t

′
sbt
′′
bb≥t

′
snt
′′
nb+t

′
sbt
′′
bb>0. (5.10)

contradictingtheorthogonalitytheorem.

Aswehaveshownthatallcasesleadtoacontradiction,wehaveprovedthatthecriss–

crossalgorithmisfinitewithsmonotoneindexselectionrules.

Theorem5.3.2Thecriss–crossalgorithmwiths-monotoneindexselectionrulesarefinite

forlinearprogrammingproblems.
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5.4 Numerical experiments

For sake of completeness, we present both the results obtained from the Matlab implementa-
tion, as well as the C implementation, which dominates the result for the linear programming
test cases, as explained in Chapter 4.

We chose our test problems from the NETLIB data set [2]. This is a public, well-known
test set. Although these are considered to be easy problems for state of the art solvers nowa-
days, they are numerically non-trivial. This LP problem collection contains 98 problems.
The size and complexity of these problems are diverse.

5.5 Numerical tests on selected problems with Matlab

In this section, we summarize our numerical results of our simplex and MBU-simplex im-
plementations. We implemented the two algorithms using three s-monotone index selec-
tion rules, the minimal-index, the Last-In-First-Out (LIFO) and the Most-Often-Selected-
Variable (MOSV) index selection rules. In the following charts, SA denotes the simplex
algorithm, and MBU-SA the MBU-simplex algorithm.

Our purpose is to demonstrate some properties and efficiency of the selected simplex
methods and index selection rules. Our implementation works on the standard form of
the problems; we implemented the simple, textbook versions of the algorithms without
any significant numerical tricks and considerations, and without applying a presolver. The
purpose was not to obscure the behaviour of the base algorithm and index selection rules,
as explained in Chapter 4.

Tableau 1 presents the selected small problems.
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Problems Rows Columns Non zeros Density Opt. value

ADLITTLE 57 97 465 8,410% 2.255E+05
AFIRO 28 32 88 9,821% -4.648E+02

AGG 489 163 2541 3,188% -3.599E+07
AGG2 517 302 4515 2,892% -2.024E+07

BLEND 75 83 521 8,369% -3.081E+01
KB2 44 41 291 16,131% -1.750E+03

RECIPE 92 180 752 4,541% -2.666E+02
SC105 106 103 281 2,574% -5.220E+01
SC205 206 203 552 1,320% -5.220E+01
SC50A 51 48 131 5,351% -6.458E+01
SC50B 51 48 119 4,861% -7.000E+01

SCAGR25 472 500 2029 0,860% -1.475E+07
SCAGR7 130 140 553 3,038% -2.331E+06
SCFXM1 337 457 2612 1,696% 1.842E+04

STOCFOR1 118 111 474 3,619% -4.113E+04

Table 5.1: The selected problems.

Table 5.2 shows the iteration counts; the minimum is highlighted in blue, the maximums
are in red.

Problems SA MBU-SA
MIN LIFO MOSV MIN LIFO MOSV

AFIRO 29 81 76 39 71 64
KB2 139 232 242 121 209 167

SC50A 57 73 70 76 74 72
SC50B 64 58 60 58 59 59

ADLITTLE 186 404 384 244 347 376
BLEND 175 466 531 216 223 227
RECIPE 233 385 546 242 270 274

SC105 133 286 387 179 280 267
STOCFOR1 226 334 348 279 307 470

SCAGR7 314 544 602 270 339 378
SC205 283 958 1622 381 661 741

SCFXM1 949 2074 2685 1389 1372 1375
SCAGR25 2614 3236 2928 1464 1684 627

AGG 656 1275 1295 678 858 161
AGG2 1113 1138 1238 795 1780 1590

Table 5.2: Iteration counts.
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For both algorithms, the smallest iteration counts were produced by the minimal index
index selection rule. The worst iteration counts occurred with the MOSV index selection
rule, in the case of simplex method. For the MBU-simplex, the worst iteration counts were
reported for about 50% with the MOSV and about 50% with the LIFO index selection rule.

Observe, the MBU-simplex tended to need fewer iterations than the simplex method.
There are some problems, where it made less than half of the simplex iteration counts (e.g.
BLEND, RECIPE and SCAGR25 ). An iteration graph is presented on Figure 5.4.

Figure 5.4: Iteration counts.

The next tables summarize the average iteration counts of the 15 problems, where the
minimum average iteration counts are highlighted in red.
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Problem SA MBU-SA
MIN LIFO MOSV MIN LIFO MOSV

Sum Its 7171 11544 13014 6431 8534 6848
Average 478,067 769,6 867,6 428,734 568,934 456,534

Table 5.3: The sum and average iteration counts all the 15 problems.

One can see that the most efficient was the MBU-simplex algorithm with the minimal-
index index selection rule. The second fewest iterations on average was also by the MBU-
simplex algorithm, with the Most Often Selected Variable index selection rule.

In the next tableau, we summarize the sum of iteration counts and the average iteration
counts for the first 10 problems. These problems are easier and smaller than the last 5
problems, making such a separation interesting.

Problem SA MBU-SA
MIN LIFO MOSV MIN LIFO MOSV

Sum Its 1556 2863 3246 1724 2179 2354
Average 155,6 286,3 324,6 172,4 217,9 235,4

Table 5.4: The sum and average iteration counts for the first 10 problems.

Looking at the first 10 problems only, there is a change in the ordering. The fastest
is now the simplex method with the minimal-index index selection rule, followed by the
MBU-simplex algorithm with the minimal-index index selection rule, and then finally the
MBU-simplex algorithm with the Last-in-First-Out-index selection rule.

The next tableau summarizes the iteration counts for the last 5 larger problems.

Problem SA MBU-SA
MIN LIFO MOSV MIN LIFO MOSV

Sum Its 5615 8681 9768 4707 6355 4494
Average 1123 1736,2 1953,6 941,4 1271 898,8

Table 5.5: The sum and average iteration counts for the last 5 problems.

Looking at the large problems only, the quickest is the MBU-simplex algorithm with
the Most Often Selected Variable index selection rule, followed by the MBU-simplex algo-
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rithm with the minimal-index index selection rule, and finally the simplex method with the
minimal-index index selection rule.

This would suggest, that as the size of the problems get bigger, the MBU-simplex algo-
rithm is more efficient than the simplex method, and the secondary index selection rules are
also more useful than the minimal-index index selection rule. Although such a small test set
is naturally too small to draw any strong conclusions, it does demonstrate that the MBU
method can be more efficient than the simplex method, making it a worthy addition as an
alternative solution method.

If we are considering the results on a problem by problem basis, we get the best results
with the simplex algorithm and the minimal index rule, while the Most-Often-Selected-
Variable, and the Last-In-First-Out perform notably. It would be worth making use of the
extra flexibility of these methods in the implementations.

This set of problems is too small to draw any strong conclusions, and so the next section
present results achieved on a much larger problem set.

5.6 Numerical results using external linear algebra func-

tions

This section presents the numerical results obtained by the implementation using an the
linear algebra of Xpress.

We use the primal version of the simplex algorithm, as it is more comparable to the
MBU method than the dual. The MBU-simplex method is not a dual method in the sense
that it does not maintain dual feasibility, but instead it is complete when dual feasibility
is achieved, just like in the case of the primal simplex. However, it is not strictly a primal
method either, as primal feasibility is not maintained in every iteration, but rather it is
restored every time the feasibility of a new dual variable is achieved. Still, these properties
make the MBU arguably a primal like method, supporting the choice of selecting the primal
simplex method for comparison.

In comparison, the monotonic build-up simplex method is relatively complex, as the
design to maintain monotonicity in the feasibility of the dual variables (reduced cost) requires
an extra dual ratio test in each iteration. The monotonic build-up simplex algorithm selects
an infeasible dual variable (called the driving column), and works to achieve its feasibility
while keeping all the already dual feasible variables dual feasible.
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The basic form of the criss–cross method as presented in Section 3.1.4 is inferior in
practice to both the simplex and the monotonic build-up simplex method. This is due to
the combinatorial nature of it’s convergence properties, and the lack of a monotone merit
function.

There is a total of 108 problems in the selected test set (see Chapter 4 for the selection
criteria). However, it is interesting to see how large the selected test set would be if only
either the simplex or the MBU algorithm were used in the selection process.

All versions solved Number of extra problems

Simplex 131 131-108=23 (+21%)
MBU 118 118-108=10 (+9.2%)
Either MBU or Simplex 141 141-108=33 (+30.5%)

Table 5.6: Number of problems solved across all index selection rules using either the simplex
or the MBU algorithm.

The fact that our simple implementation of the MBU managed to solve fewer problems
is not surprising, as it is a more complex algorithm than the traditional primal simplex and
as such with more opportunities for numerical issues. It is notable how large the number
of problems discarded from the selection due to only one of the algorithms is, and clearly
indicates the very different solution path the algorithms take. It is also notable that even
though the traditional simplex method is more stable, it is not dominating the MBU variant.

The complete solution statistics is presented in Table 5.7:

Most Minimal LIFO MOSV Hybrid Hybrid
negative LIFO MOSV

Simplex 209 150 168 150 161 175
MBU 150 145 149 149 146 146

Table 5.7: Total number of problems solved by algorithm and index selection rule combina-
tions on all candidate problems.

The highest success rate is achieved by the simplex method with the Dantzig index se-
lection rule. The result using this method is provided as a reference only, as it is not a
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theoretically finite method. As this test primarily measures numerical stability, the most ro-
bust method proved to be the relatively simpler one, doing the smaller number of iterations.
Although this result is expected, its lead is larger than anticipated. It is also interesting
that the Dantzig rule is less dominant in the case of the MBU; intuitively this is because
the dual ratio test overwrites the original column selection. The question naturally arises:
what selection rule (possibly greedy without the need of theoretical finiteness) would yield
the best fit with the MBU method?

Definition 5.6.1 The multiplicity of a simplex type method on a given test problem set and
index selection rule is defined as the total sum of the number of all alternative pivot positions
in which the index selection rule had left the choice of the pivot position open (i.e. offered
flexibility).

A selection of detailed results are presented in Table 5.8 for the NETLIB, and in Table 5.9
for the Miplib sets. In these tables, for each model and algorithm combinations, 3 numbers
are presented: iteration, multiplicity and run time.
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5.7 Iteration and time

In this section, all results refer to the selected 108 test problems.

Table 5.10 presents the fastest solution times among the simplex and the MBU-simplex
algorithms, all timings rounded up to seconds (number of times a given algorithm was fastest
with ties included in all).

Most Minimal LIFO MOSV Hybrid Hybrid
negative LIFO MOSV

Simplex 84 36 32 40 48 69
MBU 31 25 31 28 30 31

Table 5.10: Fastest solution time achieved in the selected test set. Rounded to seconds, so
the numbers include some multiplicity.

Table 5.11 presents the total sums of iteration counts.

Most Minimal LIFO MOSV Hybrid Hybrid
Iteration negative index LIFO MOSV

Simplex 264 672 988 803 757 289 1 015 929 625 707 341 381

MBU 588 423 442 149 503 547 580 842 437 821 428 639

Table 5.11: The total sums of iteration counts.

As expected, for the primal simplex, the most negative variable rule is the most efficient.
From among the theoretically finite index selection rules, the Hybrid-MOSV proved to be
best. Although the MBU makes significantly less iterations, it does use more information in
all iterations: the MBU spends more time per iteration, as it needs to calculate the trans-
formed row as well (which is typically computationally significantly more expensive than the
transformed column). However, even though each iteration is more expensive, it seems to
pay off in terms of the average total time by doing fewer iterations. Table 5.12 presents the
total solution times.

96



Most Minimal LIFO MOSV Hybrid Hybrid
Time negative index LIFO MOSV

Simplex 1017 2626 2286 2744 2275 1100

MBU 2269 2086 2312 2498 2083 2036

Table5.12:Totalsolutiontimes.

TheMBUseemstobethefastestinaveragetimeaswell,sotheextrainvestmentper

iterationpaysoff,althoughpossiblynotsurprisingly,thefasterstrategyprovedtobethe

mostnegativerule.

Ourresultsindicatethat:

•Themost-negativerulewithsimplexisthefastestcombination:expected.

•NotefortheMBU:spendsmanyiterationsinthedualratioloops.

•Hybrid-MOSVisthemostefficientamongthetheoreticallyfiniteindexselectionrules.

•TheMBUtakeslessiterationonaveragebutthemoretimeconsumingiterationsoften

payoff.

5.8 Iterationandmultiplicityofchoice

Thequestionarises,whatwastheleveloffreedominchoosingtheincomingvariablein

thecaseoftheflexibleindexselectionrulesandifitexhibitstheexpectedcorrelationwith

efficiency.Thesumofthisfreedomwillbecalledmultiplicityinthenexttableaus.

InTable5.13and5.14,’I’standsforiteration,’MP’themultiplicity,’S’and’M’thesim-

plexandMBU-simplexalgorithmsrespectively.Themultiplicityisthesumofthepossible

indexselectionchoicesaddedtogetherforalliterationsandforallproblems.

Most Minimal LIFO MOSV Hybrid Hybrid SUM
I negative index LIFO MOSV

S 265k 989k 757k 1016k 626k 341k 2981k

M 588k 442k 504k 581k 438k 429k 3994k

Table5.13:Iterationcountsinthousanditerations.
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Most Minimal LIFO MOSV Hybrid Hybrid SUM
MP negative index LIFO MOSV

S 369M 239M 240M 223M 251M 1 322M

M 98M 98M 98M 89M 92M 475M

Table 5.14: Multiplicities expressed in millions of choices, extended version of table 5.10.

The expected correlation between speed and level of multiplicity is apparent, supporting
the benefits of flexible rules. The MBU appears to reduce flexibility faster, due to the larger
number of s updates through the dual ratio test, which makes the flexible index selection
rules more rigid much quicker than for the simplex; especially in the case of the LIFO rule.

Figure 5.5 plots the connection between multiplicity and total solution time (as presented
in Table 5.15 ). The horizontal axis shows the time, while the vertical one the multiplicity.

Figure 5.5: Connection between multiplicity and total solution time.

Time 1 017 1 100 2 036 2 083 . . .
Multiplicity 369 250 92 89 . . .

Table 5.15: Ordered set of total time and multiplicities.

Turning the previous observation around, we conclude that the longer it took to solve
the problems, the more rigid index selection rule was applied.
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5.9 Numerical results on selection of industrial problems

Detailed example run statistics are provided on a set of assembly line balancing and workforce
skill balancing problems, see [28] and [46] respectively. As with the Miplib sets, only the
linear part of the models was considered. These problems provide an insight to the solution
of simpler, but realistic problems. This set contains 11 problems. All algorithm and index
selection rule combinations solved all problems, except for SALBP-1-ESC-3LEV problem
on which all combinations of the MBU method failed due to numerical issues, incorrectly
declaring the problem infeasible.

On these problems, the increase in sizes due to the transformation to the standard form
were 1015%, 130% and 59% in the number of rows, columns and elements of the matrix,
respectively.

Table 5.16 collects the relevant run statistics. For each model and algorithm combina-
tions, 3 numbers are presented: iteration, multiplicity and run time; with the exception of
the first 9 problems, all running times are below 1 second and were omitted from the table.

5.10 Summary

We have demonstrated that the flexible index selection rules could be a viable alternative
in practice when cycling occurs possibly from the (removal of) auto-perturbation itself.
Another interesting field of application would be to use these flexible rules in exact arithmetic
implementations. The greedy approach in column selection is fastest and the flexible index
selection rules can successfully exploit such strategies and provide a significant performance
improvement over the more rigid rules - while maintaining theoretical finiteness as well.

We have also demonstrated that the MBU algorithm can be a practically competitive
alternative to the traditional (primal) simplex method, as it is demonstrated by Table 5.6
and Table 5.7; their theoretically finite versions are comparable both in terms of iteration
counts and in terms of solution times, as summarized in Table 5.11 and Table 5.12.

Some algorithmic concepts like the direct handling of both lower and upper bounded
variables, the handling of range and equality constraints or free variables could undoubtedly
be implemented in both algorithms in such a way that their presence does not deteriorate the
running times in favour of either methods. While we would expect that such extensions would
not change the analysis of this thesis, it would make a larger set of problems addressable by
the implementations.

It would be interesting to test the flexible index selection rules on special problem classes
like network problems, that are highly degenerate and numerically stable.
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It could also be argued, that as the monotone simplex method applies a dual ratio test,
it is not a primal algorithm, and it could be reasonable to include a dual simplex algorithm
in the comparisons.

The numerical experiments of this chapter have been published in [20].
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Chapter 6

Flexible index selection rule for
criss–cross algorithms of linear
complementarity problems

This chapter analyses the numerical behaviour of the criss–cross algorithm for the linear com-
plementarity problem. For the sake of completeness, we summarize the theory of s-monotone
index selection rules for the well-known criss–cross method and the relevant Existentially
Polynomial (EP)-type extensions [20]. This extension to the criss–cross method, in contrast
to most LCP solution methods that require a priori information about the properties of the
input matrix can attempt to solve any LCP problems.

One of the most general matrix properties often required for finiteness of the pivot algo-
rithms (or polynomial complexity of interior point algorithms) is sufficiency. However, there
is no known polynomial time method for checking the sufficiency of a matrix (classification
of column sufficiency of a matrix is co-NP-complete).

A simple extension of the criss–cross algorithm is presented for LCPs using existentially
Polynomial (EP)-type theorems with general matrices, following [17]. Computational results
obtained using the extended version of the criss–cross algorithm for bi-matrix games and for
the Arrow-Debreu market equilibrium problem with different market size is presented.

The extension to EP theorems of the criss–cross method is first presented in [26]. The
application of the s-monotone rule to this the EP extended version is first presented in [17].
The numerical experiments presented in [20] are the author’s addition.
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6.1 Sufficientmatricesandthecriss–crossmethod

Thealgorithmspresentedinthischapterwillusetheconceptofstrictlysignreversingand

strictlysignpreservingvectors:

Definition6.1.1 [26]Avectorx∈R2niscalledstrictlysignreversingif

xix̄i≤0 holdsforallindicesi=1,...,nand

xix̄i<0 holdsforatleastoneindexi∈{1,...,n}.
(6.1)

Avectorx∈R2niscalledstrictlysignpreservingif

xix̄i≥0 holdsforallindicesi=1,...,nand

xix̄i>0 holdsforatleastoneindexi∈{1,...,n}.
(6.2)

Tosimplifythedefinitionofthenextlemma,letusintroducethesubspaces

V:=
{
(u,v)∈R2n| Mu+v=0

}
(6.3)

and

V⊥:=
{
(x,y)∈R2n|x+MTy=0

}
, (6.4)

whereu,v,xandyareallvectorsoflengthn.VandV⊥ areorthogonalcomplementary

subspaces[26]ofR2n.

Lemma6.1.1[26]AmatrixM ∈Rn×nissufficientifandonlyifthereexistsnostrictly

signreversingvectorVandnostrictlysignpreservingvectorinV⊥.

Thefollowinglemmasummarizingthesignstructureofsufficientmatricesiscentralto

theworkingofthecriss–crossalgorithmforlinearcomplementarityproblems.

Lemma6.1.2[13]LetM beasufficientmatrix,BacomplementarybasisandM̄ =B−1M,

T=[tij|i∈JB,j∈JN]thecorrespondingshortpivottableau.Then

(a)tii:=m̄īi=≥0foralli∈JB,i.e.thediagonalsoftheshortpivottableauarenon-

negative,

(b)foralli∈JB,iftii:=m̄īi=0then̄mīj=m̄j̄i=0orm̄īj·̄mj̄i<0forallj∈JB,j̸=i

(tij=tji=0ortijtji<0inthenotationoftheshortpivottableau),i.e.thetranspose

positionsoftheshortpivottableauareofreveressign.
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TheproofofLemma6.1.2isconstructive,andprovidesacertificateconstructedfrom

thepivottableauthattheoriginalmatrixM isnotsufficientifthestructuredefinedbythe

lemmaisviolated[26,18].

GivenaperturbationmatrixP,thepermutationofmatrixM ∈Rn×nisdefinedas

PTMP.

Lemma6.1.3[23]ForanM ∈Rn×nrow(column)sufficientmatrix,anarbitraryPper-

turbationmatrixandD∈Rn×n+ isapositivediagonalmatrix,thefollowingholds:

1.theperturbedmatrixPTMP ofmatrixM isalsorow(column)sufficient,

2.theproductDMD(i.e.scaledM matrix)isalsorow(column)sufficient,

3.everyprincipalsub-matrixofM isalsorow(column)sufficient.

AsufficientmatrixM̄ isalsosufficientafteranynumberofarbitraryprincipalpivots.

Theclassofsufficientmatricesisclosedunderprincipalblockpivotoperations[66],andas

aconsequencetheirpropertiesarepreservedduringthecriss–crosstypealgorithms,asthe

exchangepivotoperationscarriedoutbythecriss–crossalgorithmsareequivalenttosingle

2×2blockpivot.

ThematrixofExample6.1.1willbeusedinallexamplesofthechapter.

Example6.1.1Asanexampleofanon-sufficientmatrix,consider

M =











1 1 1 0 1

1 2 0 0 1

1 2 1 2 0

4 1 1 2 4

1 0 2 0 1











Thismatrixisneithercolumn,norrowsufficient.Inthisexample,theoperator·denotes

theHadamard,elementwiseproduct.Considerthecolumnvector

xT=
(
0 0 1 0 0

)

then
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x·(Mx)=
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astrictlysignreversingvector.Similarly,forrowvector

y=
(
0 0 1 1 0

)

wehave

(yM)·y=
(
3 3 2 0 4

)
·
(
0 0 1 1 0

)
=
(
0 0 2 0 0

)

makingyaproofthatM isnotsufficientaccordingtoDefinition2.2.1onPage19.

Asaconsequence,itiswell-characterizedwhentheprimallinearcomplementarityprob-

lemhasnofeasiblecomplementarysolutioninthecasewhenthematrixM issufficientand

rational:asolutiontothecorrespondingduallinearcomplementarityproblemisapolyno-

mialsizedcertificatetotheinfeasibilityoftheprimalproblem.

Whenusing s-monotoneindexselectionrules,theroleofthes-vectoristomaintaina

historyaboutthemovementsofthevariables.RecallfromChapter5thesymmetricversionof

theupdate;intheLCPcasewhensolvingwiththecriss–cross,theseupdatesaregeneralized

asfollows:whenanexchangepivotismade,thevaluesofthesvectorareupdatedfirstfor

theindicesofthepassivelyselectedvariablepairfirst,andonlythenfollowedbytheupdate

fortheindicesoftheactivelyselectedvariablepair,thusmaintainingthesymmetryofvector

s(i.e.thevalueofanyvariablepair(ui,vi)insisthesameaftereachpivot).Thisway,the

svector’supdateinthecaseofanexchangepivotisthesameasiftwopivotssubsequential

diagonalpivotsweremade.

Note,thatLemma6.1.3guaranteesthatthepivottableau’smatrixremainssufficient,

whileitisclearthatboththediagonalandtheexchangepivotoperationspreservecomple-
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mentarity.

Thepseudo-codeandflowchartofthecriss–crosstypealgorithmusings-monotoneindex

selectionrulesispresentedbelowanditsflowchartinFigure6.1.

Criss–crosstypealgorithmwithsymmetrics-monotonepivotrule

inputdata:

problemin(2.16),whereM issufficient,T:= M,̄q:=q,r:=1andinitializes;

begin

determineJ:={i∈I:̄qi<0};

while(J̸=∅)dob

Jmax:={j∈J|s(j)≥s(α)forallα∈J},letk∈Jmaxarbitrary;

if(̄tkk<0)then

diagonalpivotont̄kk,updatevectorsforvariablepair(uk,vk);

letr:=r+1;

else/*tkk=0*/

K:={i∈I:̄tki<0};

if(K=∅)then

STOP:D-LCPsolution(TheLCPproblemhasnofeasiblesolution);

else

Kmax={β∈K|s(β)≥s(α),forallα∈K};

letl∈Kmaxarbitrary;

exchangepivoton̄tkland̄tlk;

updatevectorsforvariablepair(ul,vl)asiniterationr+1;

thenforvariablepair(uk,vk)asiniterationr+2;

letr:=r+2.

endif

endif

enwhile

STOP:Afeasiblecomplementarysolutionhasbeencomputed;

end

ThesufficiencyofmatrixM ensuresthat(Lemma6.1.2)thesignofthechosenpivot

elementswillbeasdesiredinthecaseofexchangepivot. Thealgorithmterminatesonly

ifthereisnosolutionorifithasfoundthesolution,soitissufficienttoprovethatitis
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finite.Asthenumberofpossibledifferentbasesisfinite,theproofoffinitenesscanrelyon

showingthatthecriss–crossalgorithmcannotcyclewhens-monotoneindexselectionrules

areapplied.

START

STOP

STOP

*

*
...

Comlementary

determineJ

no
⊕

⊕

yes...

yes no

J=∅

Complementaryfeasible
solution signoftkk

K=∅

tkk<0

-⊕ ⊕...

•
l k

Exchangepivot

-k•

Diagonalpivot

-k

l

• 0

DLCPsolution

tkk=0

Figure6.1:Flowchartofthecriss–crossalgorithmwithsymmetricpivotrule.

6.1.1 Almostterminaltableausofthecriss–crossmethod

Thefinitenessproofofthealgorithmisindirect,i.e. weassumethatthealgorithmcycles

andfindpropertiesofthealgorithm/pivottableausthatcausescontradictions,provingthat

theassumptionthatthealgorithmcyclesisincorrect.

Theresultsofthissectionareageneralizationoftheproofpresentedin[18]tothes-

monotonecase.Itisfurtherdifferentfromthatin[20]and[17]inthatinthisversionofthe

proofs,whiletheydofollowthesameconceptionalpath,aversionoftheproofispresented

thatismoredirectlyconnectedtothealgorithmicimplementationbyworkingontheoriginal
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problem,andbynotrequiringtheminimalityoftheproblem.Astheimplementationofthis

versionoftheLCPcriss–crosswilldependonthevectorsdiscussedintheproofs,thisisa

justifiedcomplication.

Assumethatanexampleexistsonwhichthealgorithmcycles(asthenumberofpossible

basesisatmost

(
2n

n

)

,thisisnecessaryifthealgorithmisnotfinite).Alsoassume,that

allvariablesthatonlymoveafinitemanytimesarenotbeingpivotedonanymoreinthe

example.

Thesecondcriterionofs-monotonicityaimsatcapturingthefundamentalideaofmost

finitenessproofsbasedonorthogonality,andletusconsiderthesituationitdescribes:let

thevariabledescribedinthedefinitionbeul,outsidethebases.Thebasiswherevariableul

entersthebasisthefirsttimeafterwardsthesituationdescribedbythesecondcriterionof

s-monotonicityisdenotedbyB′.

Fromamongthepossiblepivotchoices,ulandvlhavethesmallestsvalue,andusingthe

symmetryoftherulewegetthatvlistheonlyinfeasiblevariableinbasisB
′amongthose

variablesthatwillkeepchangingbasisstatusinthecyclingexample.

Similarlyasintheproofoffinitenessforthecriss–crossmethodforlinearprogramming

problems,KdenotesthesetofindicesnotmovedinbetweenbasisB′andthenexttimevari-

ableulmovesagain(whichwillhavetooccur,asthedefinitionofs-monotonicityconsidered

thevariablesthatmoveinfinityinanyinfinitepivotsequence).

ThestructureoftherelevantshortpivottableausarepresentedinFigures6.2and6.3:

1.Thealgorithmselectsulastheincomingvariabletothebasis.

Thediagonalelementtll<0isnegativeandadiagonalpivotismade[Figure6.2,

tableau(a)]:ulentersthebasisandvlleave.Thevectorsisupdatedsymmetrically

forthecomplementaryvariablepair(ul,vl).

2.Thealgorithmselectsultoenterthebasis,tll=0andanexchangepivotiscarried

out[Figure6.2,tableau(b)].Variablesulandujenterthebasisandvariablesvland

vjleaves. Thevectorsismodifiedsymmetrically(i.e.thecomplementaryvariable

pairsalwayshavethesamevalueins),firstforthevariablepair(uj,vj)followedby

forvariablepair(ul,vl)performingtheupdateasiftheyhavemovedinasubsequent

iteration(thelogicoftheupdatemimicstwosubsequentdiagonalpivots.
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KN

KB

vl

ul

*
...

*

⊕
...

⊕

--

q

(a) (b)

-

KN

KB

vl

ul

*
...

*

⊕
...

⊕

--

vj +

ujq

Figure6.2:Variableulisactivelyselectedtoenterthebases:firstasadiagonalpivot,second
asafirstpivotofanexchangeone.

Thecolumnofqisthesameintableau(b)andintableau(a),anditisindifferentfor

theproofswhetherujorvjisinthebasis.Considerthecasewhenvjisinthebasis;the

othercasecanbeproveninasymmetricway.

3.Variableujischosentoenterthebasis,tjj=0andanexchangepivotiscarriedout,

thealgorithmchoosesthevariableulasthesecondaryposition(passively),[Figure6.3,

tableau(c)].

KN

KB

vl

ul

...

⊕

...

⊕ -

(c)

uj

-

-

+

⊖

⊖

0...**vj ...

*

*

q

-

Figure6.3:Variableulispassivelyselectedasthesecondarypivotpositioninanexchange
pivottoenterthebasis. Theexpression ∗representsamirroredreversesignfromthe
transposedpositioninthematrix.

Whenulentersthebasis,inthetransformedrowofvjonlyinthecolumnscorrespond-

ingtoulandtherighthandsideqcanhaveanegativeelementoutsideofKN andas

tjj=0accordingtoLemma6.1.2thesignstructureofthecolumnofujshouldmirror

thesignstructurewiththesignsflipped.Itdoesnotmakeadifferencewhetherujor

vjisinthebasis,andsoweassumethatvjisinthebasis.Thevectorsisupdatedin
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thesymmetricwayfirstforvariablepair(ul,vl)followedbyvariablepair(uj,vj)asif

movedinthenextiteration(againmimickingasiftwodiagonalpivotsweremade).

Itwillbeimportantwhenextendingthealgorithmtohandleproblemswherethesuf-

ficiencyofthematrixmaynotbeknownbeforehand,thatcases1.and2.reliedonlyon

theconditionsdescribedbythes-monotoneruleforthesignstructures,whilethe3rdcase

consideredthesufficiencyofthematrixwhencalculatingthesignstructureforcolumnuj

bymirroringitwithaflippedsignstructure.

Asthealgorithmisassumedtocycleandulwasselectedfromamongthevariablesthat

moveaninfinitemanytimes,thentheremustbealaterbasisB′′inwhichulleavesthebasis

forthefirsttimeafterbasisB′.Thepossiblepivottableausforthisiterationarepresented

inFigures6.4and6.5).

A. Usingthepivotrulethealgorithmchoosesvariableultoleavethebasis,tll<0,anda

diagonalpivotiscarriedout[Figure6.4,tableau(A)

(A)

].

-

KN

KB

vl

ul -

+

KN

KB

vl

ul

*
...

*

⊕
...
⊕

--

L
′′

-
...
-

(B)

uk

0

vkq q

Figure6.4:Variableulisactivelyselectedtoleavethebases.

B.Variableulisselectedtoleavethebasis,tll=0andanexchangepivotiscarriedout:

vk(oruk)entersthebasisanduk(orvk)leaves[Figure6.4,tableau(B)].

C. Variableuk(orvk)isselected,tkk=0andanexchangepivottakesiscarriedout,vl

entersthebasisandukleavesit[Figure6.5,tableau(C)].
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KN

KB

vl

-

+

0

ul

vk

uk

(C)

-

q

Figure6.5:Variableulisselectedpassivelytoleavethebasisinthesecondpivotduringan
exchangepivot.

Theproofisbasedonshowingthatnoneoftable(a) (c)correspondingtobasisB′can

befollowedbyanyof(A) (C)correspondingtobasisB′′,assumingthatthematrixM

issufficient.Fortheextensiontothecasewhenthesufficiencyofthematrixisnotknown

beforehand,itwillbeimportanttodistinguishthecaseswheretheproofisbasedsolelyon

thecombinatorialpropertiesofthes-monotonerule,orwhenthesufficiencyofthematrix

isused;thislatteronewillmostlybenecessaryinthecasewhenthesignstructureofa

columnorrowismirroredwithareversesignstricturefromanotherpivotroworcolumn

usingLemma6.1.2.

Auxiliarylemmas

Thissectionsummarizesthelemmasusedintheproofsoffiniteness. Theresultsinthis

sectionfollowthatin[20]and[17]butmodifiedsuchthattheminimalityoftheexamples

arenotrequired, makingthemdirectlyapplicablefortheimplementations,keepingthe

workingarraysexactlyasseenwhencalculatedonactualexamples.

Theproofthattableau(c)willnotbefollowedbyeithertableaus(A)or(B)doesnot

dependonthesufficiencyofM.

Lemma6.1.4AtableauTB′correspondingtocase(c)cannotbefollowedbytableauTB′′

correspondingtoeithercaseA(orB),asvectorst′(̄j))andt′′qcreatedfromtherowofthe

basicvariablevjintableauTB′andfromthecolumnofqinTB′′has

(t′(̄j))Tt′′q>0. (6.5)

whichwouldcontradicttheorthogonalitytheorem.
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Proof.AsthevariablesinKhavenotmovedinbetweenB′andB′′,wehavethat

∑

i∈K

t′j̄kt
′′
iq=

∑

i∈KB

t′j̄i∗0+
∑

i∈KN

0∗t′′iq=0. (6.6)

asallvariablesmatchupbeinginthebasisandnotinthebasisinthepairsfort′andt′′as

thevariableshavenotmovedsince.

LetL′′:={i∈IB′′ |̄q
′′
i<0}denotetheindicesinthebasisthatarenotinKB and

havenegativerighthandside. Usingthethirdcriterionofthes-monotoneindexselection

rules,variablesinL′′ {̄j∪l}cannothavemovedsincebasisB′,orotherwisetheirs-value

wouldbehigherthanthatoful,andsotheindexselectionrulewouldhaveselectedfrom

amongL′′ {̄j∪l}insteadoful,soL
′′⊆IB′∩IB′′.Thusitholdsthatt

′
j̄i
=0forallindices

i∈L′′\{̄j,l},and
∑

i∈L′′\{̄j,l}

t′j̄it
′′
iq=0. (6.7)

Accordingtothesymmetricupdateofs-monotonerulesforLCPproblems,intheex-

changepivotcarriedoutonB′,thes-valuewasfirstupdatedforthecomplementarypair

(ul,vl)andonlyafterthatfor(uj,vj)asifitwasthenextpivot.Duetothisorganizationof

theupdate,weknowthatbotht′′jqandt
′′
j̄q
mustbenonnegative,asoneiszeroasnotinthe

basis,whiletheotherhasmovedsinceB′andduetosymmetricupdatehasalargers-value

thanthatoful,soitcannotbenegativeotherwiseitwouldhavebeenchoseninsteadoful.

Fromtableau(c)weknowthatt′
j̄j
=0,t′

j̄̄j
=1,(definitionoft′′)t′

j̄̄l
=0,t′

j̄l
<0and

t′
j̄q
<0so

t′j̄̄jt
′′
j̄q+t

′
j̄jt
′′
jq+t

′
j̄̄lt
′′
l̄q+t̄jlt

′′
lq+t

′
j̄qt
′′
qq≥t

′
j̄lt
′′
lq t′j̄q>0, (6.8)

ast′′qq= 1holdsbythedefinitionofthetvectors,andt′′lq<0alsoholdsduetothepivot

selection(tableaus(A)and(B)).

Inthecaseh/∈K∪L′′∪
{
j,̄j,l,̄l,q

}
thent′j̄h≥0asseenonthetableaus,andt

′′
hq<0

1

holdsforallindiceskinL′′byconstruction,andbytheindexselectionrulet′jh=0(these

variablesmustnothavemovedsincebasisB′,otherwisetheindexselectionrulewouldhave

notselectedl).
∑

h̸ ∈K∪L′′∪{j,̄j,l,̄l,q}

t′j̄ht
′′
hq≥0. (6.9)

1Thisisincorrectlypresentedin[17]and[20],butasarepairedupbyzerositdoesnotinvalidatethe
proof.
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⊕ ...

⊕ ...

0 0

0 0

- ⊕... * *... 0 ... 0 0 1 - 0

KB KN L
′′
\{j,l} j l l restq

t
′(j)=

j

⊕-...* ... * * ... * ⊕ ⊕ * -1t
′′

q=

Theresultfollowsaswesumupinequalities(6.7)-(6.9).

Similarly,usingorthogonalityitcanbeshownthattableaus(a)and(b)willnotbe

followedbytableau(C).

Lemma6.1.5AtableTB′correspondingtocase(a)(or(b))cannotbefollowedbyatableau

TB′′correspondingto(C),asthevectorst
′
qandt

′′(k)fromthecolumnofqintableauMB′

androwukoftableauMB′′wehave

(t′′(k))Tt′q>0. (6.10)

thatwouldcontradicttheorthogonalitytheorem.

Proof.AsthevariablesinKhavenotmovedsince,wehavethat

∑

i∈K

t′j̄kt
′′
iq=

∑

i∈KB

t′j̄i∗0+
∑

i∈KN

0∗t′′iq=0. (6.11)

asallvariablesmatchupbeinginthebasisandnotinthebasisinthepairsfort′andt′′as

thevariableshavenotmovedsince.

LetL′′:={i∈IN′′|t
′′
ki<0}.Becauseofthethirdcriterionofs-monotonicity,forall

indexh∈L′′thecorrespondingvariableshavenotmovedsinceB′,otherwisetheywould

havebeenchoseninsteadofl,sot′iq=0foreveryi∈L
′′\{l},thus

∑

i∈L′′\{l}

t′′kit
′
iq=0. (6.12)

Furthermore,foranindexh/∈K∪L′′∪{̄k,k,̄l,l,q},t′′kh≥0andt
′
hq≥0,therefore

∑

j̸∈K∪L′′∪{̄k,k,̄l,l,q}

t′′kjt
′
jq≥0. (6.13)

AccordingtotableausTB′andTB′′itholdsthatt
′
qq= 1,t′′kk=1,t

′′
k̄k
=t′′kl=t

′
lq=0and
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t′′
k̄l
<0,t′′kq<0,t

′
l̄q
<0,t′

k̄q
≥0andt′kq≥0so

t′′k̄kt
′
k̄q+t

′′
kkt

′
kq+t

′′
k̄lt
′
l̄q+t

′′
klt
′
lq+t

′′
kqt
′
qq=t

′
kq+t

′′
k̄lt
′
l̄q t′′kq≥t

′′
k̄lt
′
l̄q t′′kq>0.

⊕ ...

⊕ ...0 0 * *

⊕* *... 0 ... 0

KB KN l l restq

⊕-...... * ... *

t
′

q= 0 ... 0

L
′′
\{l} k k

⊕ ⊕ 0 - -1

t
′′(k)= 1 0 0 -

Theresultfollowsaswesumupinequalities(6.12) (6.14).

Nextweshowthattableaus(a)(or(b))willnotbefollowedbyeithertableaus(A)or

(B).Theseproofsareusingthesufficiencyofthematrixandsotheyaffectthealgorithmif

itaimstodetectthelackofsufficiency.

Lemma6.1.6Tableau(a)(or(b))cannotbefollowedbytableau(A)(or(B))asforthe

complementarysolutions(u′,v′)and(u′′,v′′)correspondingtotableaus(a)(or(b))and(A)

(or(B))respectively,theHadamardproduct

(u′ u′′)·M (u′ u′′) 0, (6.14)

i.e.(u′ u′′)isastrictlysignreversingvectorwithrespecttoM whichcontradictsthe

sufficiencyofthematrix.

Proof.Allfourcasescanbeprovenatthesametime.

First,wereducetheexpressioninthelemmatoacrossproductofthesolutionsonly,i.e.

removethematrixM fromtheexpression.

(u′ u′′)·M (u′ u′′) =(u′ u′′)·(q+Mu′ q Mu′′) (6.15)

=(u′ u′′)·(v′ v′′) (6.16)

= u′·v′ u′·v′′ u′′·v′+u′′·v′′ (6.17)

= u′·v′′ u′′·v′, (6.18)

wherethelastequationholdsasthesolutionsarecomplementary.
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Justlikeinthepreviouslemmas,asthevariablesinKhavenotmovedsince,wehave

that
∑

i∈K

u′iv
′′
i+u

′′
iv
′
i=0. (6.19)

asexactlyoneoftheindiceswillbeinthebasisoroutsidethebasisasthetableauis

complementary,andthesevariableshavenotmovedsince.

LetL′′:={i∈IB′′|̄q
′′
i<0}.Usings-monotonicityitisclearthatthevariablesindexed

byL′′musthavenotmovedsincebasesB′orotherwisethealgorithmwouldhaveselected

oneamongthem,andsoforalli∈L′′\{l}thevalueofu′i(orv
′′
i)andu

′′
i(orv

′
i)mustbe

zero:

u′iv
′′
i+u

′′
iv
′
i=0. (6.20)

Bythestructureoftableau(a)(or(b)),andtableau(A)(or(B))itisclearthatu′l=0,v
′
l<0

andu′′l<0,v
′′
l=0so,

u′lv
′′
l+u

′′
lv
′
l>0. (6.21)

Foranyh/∈L′′itholdsthatu′h,v
′
h,u

′′
h,v

′′
h≥0so

u′hv
′′
h+u

′′
hv
′
h≥0. (6.22)

Summingup,thevector(u′ u′′)issuchthat(u′ u′′)·M (u′ u′′) 0whichcontradicts

thesufficiencyofthematrix.

Itisimportanttonotethatvectoru′ u′′canbeusedasaproofforthelackofsufficiency

ofM,andcaneasilybecreatedfromthetableausofbasesB′andB′′(astheyarethebasis

solutions).

Finally,weshowthattableau(c)cannotbefollowedbytableau(C). Thiscasealso

dependsonthesufficiencyofmatrixM.

Lemma6.1.7TableauTB′correspondingtocase(c)cannotbefollowedbytableauTB′′cor-

respondingtocase(C),asforvectorst′jandt
′′(k)correspondingtothecolumnofujin

tableauTB′andtotherowofukintableauTB′′wewouldhave

(t′′(k))Tt′j<0, (6.23)

contradictingtheorthogonalitytheorem.
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Proof.AsthevariablesinKhavenotmovedsince,wehavethat

∑

i∈K

t′j̄kt
′′
iq=

∑

i∈KB

t′j̄i∗0+
∑

i∈KN

0∗t′′iq=0. (6.24)

asallvariablesmatchupbeinginthebasisandnotinthebasisinthepairsfort′andt′′as

thevariableshavenotmovedsince.

LetL′′={i∈IN′′:t
′′
ki<0}\{j}.Usingthesecondcriterionofs-monotonerulesagain,

thevariablesoftheindicesL′′havenotmovedsinceB′,so(IN′′\L
′′)⊂IB′andL

′′⊂IN′,

thust′ij=0ifi∈K
′′
k.Summingup,

∑

i∈L′′∪{q}

t′′kit
′
ij=0. (6.25)

Also,ifh/∈K∪L′′∪
{
q,l,̄l,j,̄j,k,̄k

}
thent′hj≤0accordingtotableau(c).According

tothedefinitionofL′′,t′′kh≥0,so

∑

h̸ ∈K∪L′′∪{q,l,̄l,j,̄j,k,̄k}

t′′kht
′
hj≤0, (6.26)

FromtableausTB′andTB′′usingthedefinitionofvectortitfollowsthat

t′lj=t
′′
k̄k=t

′
j̄j=t

′
qj=t

′′
kl=0,t

′′
kk=1,t

′
jj= 1 andt′kj≤0,t

′′
k̄l<0,t

′
l̄j>0 (6.27)

so

t′′kqt
′
qj+t

′′
klt
′
lj+t

′′
k̄lt
′
l̄j+t

′′
kjt
′
jj+t

′′
k̄jt
′
j̄j+t

′′
kkt

′
kj+t

′′
k̄kt

′
k̄j< t

′′
kj. (6.28)

Astheupdateofthesvectorhasbeendefinedtobesymmetric,duringtheexchange

pivotintableauctheupdateofsisfirstcarriedoutfor(ul,vl)followedby(uj,vj)asifin

asecondpivot.Thiswaythevariablepair(uj,vj)isalreadyconsideredtobemovedsince

B′andsousingthesecondcriterionofs-monotonepivotrulestheassociatedsvaluemust

belargerthanforindexl.Thiscanonlyholdift′′kj≥0eitherasitisnotinthebases,or

becauseofitscorrespondings

0 + -1 0 0

value.

0 0 * * ⊕ ...

* *... 0 ... 0

KB KN l l restq

⊕-...... * ... *

0 ... 0

k k

1 0 0

*t
′

j= ⊖ ⊖ ⊖...

L
′′
∪{q} j j

t
′′(k)= ⊕ **
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Theresultfollowsaswesumupinequalities(6.25) (6.28).

6.1.2 Finitenessofthecriss–crossmethod

Inthissectionweprovethefinitenessofthecriss–crossalgorithmusings-monotoneindex

selectionrules.

Theorem6.1.1Thecriss–crosstypealgorithmwiths-monotoneindexselectionrulesis

finiteforthelinearcomplementarityproblemwithsufficientmatrices.

Proof.Assumetothecontrarythatthealgorithmisnotfinite.Asthenumberofpossible

differentbasisarefinite,itisonlypossibleforthealgorithmtogenerateaninfinitenumber

ofiterationsifitcycles.Considersuchacyclingexample,andconsidertheindexldescribed

bythedefinitionofs-monotonerule,alsousedintheauxiliarylemmas. Oncevariableul

entersthebasisafterbasisB′,itcannotleaveitagain:

Ifitentersinthecase(a)or(b)andleavesthebasisinthecase(A)or(B),Lemma6.1.6.

contradictsthesufficiencyofmatrixM.

Ifitentersinthecase(c)andleavesthebasisinthecase(A)or(B),Lemma6.1.4.

contradictstheorthogonalitytheorem.

Ifitentersinthecase(c)andleavesthebasisinthecase(C),Lemma6.1.7.contradicts

theorthogonalitytheorem.

Ifitentersinthecase(a)or(b)andleavesthebasisinthecase(C),Lemma6.1.5.

contradictstheorthogonalitytheorem.

Thiscontradictsthedefinitionofindexlfromthedefinitionofthesmonotoneindex

selectionrule,provingthetheorem.

Figure6.6showsthecasesinwhichthesufficiencyofmatrixThasbeenusedintheproof

offinitenessofthecriss–crosstypealgorithm.

(a) (b) (c)

(A) ∗ ∗

(B) ∗ ∗

(C) ∗

Figure6.6:Thecaseswhensufficiencyofthepivotmatrixisused.
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6.2 EP theorems and the linear complementarity prob-

lem

This section presents as generalization if the algorithm in the sense of EP theorems as in
[17]. As motivation, Example 6.2.1 demonstrates that the criss–cross algorithm may solve a
LCP problem even if the matrix is not sufficient.

Example 6.2.1 To demonstrate the criss–cross method, consider the linear complementar-
ity problem with the matrix presented in Example 6.1.1 with the corresponding short pivot
tableau where the identity matrix corresponding to v is used as an initial complementary
basis.

Solving the problem with the cross-cross method, pivoting first on diagonal elements
(u1, v1) and (u2, v2):

1. u1 u2 u3 u4 u5 q

v1 -1 1 1 0 1 -1
v2 1 -2 0 0 1 -2
v3 -1 2 1 2 0 16
v4 4 1 1 -2 -4 6
v5 1 0 -2 0 -1 4

2. v1 u2 u3 u4 u5 q

u1 -1 -1 -1 0 -1 1
v2 1 -1 1 0 2 -3
v3 -1 1 0 2 -1 17
v4 4 5 5 -2 0 2
v5 1 1 -1 0 0 3

then (u4, v4):

3. v1 v2 u3 u4 u5 q

u1 -2 -1 -2 0 -3 4
u2 -1 -1 -1 0 -2 3
v3 0 1 1 2 1 14
v4 9 5 10 -2 10 -13
v5 2 1 0 0 2 0

4. v1 u2 u3 v4 u5 q

u1 -2 -1 -2 0 -3 4
u2 -1 -1 -1 0 -2 3
v3 9 6 11 1 11 1
u4 -9

2 -5
2 -5 -1

2 -5 13
2

v5 2 1 0 0 2 0

arriving at the solution u1 = 4, u2 = 3, v3 = 1, u4 = 6.5 and all other variables zero.
The method has found a feasible complementary solution for a problem with non-sufficient
matrix.

Example 6.2.1 compensated for an obvious matrix coefficient making the matrix non-
sufficient (diagonal entry for (u3, v3)) with a large right hand side value. As example 6.2.2
shows, this is not necessary.

118



Example6.2.2ConsiderthesameM matrixasinExample6.2.1,butwithadifferentright

handside.

1. u1 u2 u3 u4 u5 q

v1 -1 1 1 0 1 -1

v2 1 -2 0 0 1 2

v3 -1 2 1 2 0 -1

v4 4 1 1 -2 -4 5

v5 1 0 -2 0 -1 1

2. v1 u2 u3 u4 u5 q

u1 -1 -1 -1 0 -1 1

v2 1 -1 1 0 2 1

v3 -1 1 0 2 -1 0

v4 4 5 5 -2 0 1

v5 1 1 -1 0 0 0

Pivotingon(u1,v1)arrivesatafeasiblecomplementarysolution,eventhoughtherow

withthediagonalwithincorrectsigninrespecttosufficiencystartedouttobeinfeasible.

Thepurposeofthegeneralizationistobeabletosolve(someof)theinstancesthatlack

sufficiency.

ThemainideabehindanEPtheoremistoprovideasetofalternatives,oneofwhich

mustalwayshold,andonesthatcanbevalidatedbyaconstructiveproofthathasabit

lengthsizethatcanbeboundedbyapolynomialofthebitlengthsizeoftheinputdata.

ThegeneralformofanEP(ExistentiallyPolynomialtime)theoremisasfollows[11]:

[∀x:F1(x)orF2(x)or...orFk(x)] (6.29)

whereFi(x)isastatementoftheform

Fi(x)=[∃yiforwhich∥yi∥≤∥x∥
niandfi(x,yi)]. (6.30)

Theextendedalgorithmmakesuseofthefollowingtwotheorems.

Theorem6.2.1[26]LetthematrixM ∈IRn×nbenotsufficient.Inthiscase,acertificate

existsthatM isnotsufficient,thecodingsizeofwhichispolynomiallyboundedbytheinput

lengthofmatrixM .

Theorem6.2.2[26].ForanyrationalmatrixM ∈Qn×nandrationalvectorq∈Qn,at

leastoneofthefollowingmusthold:

(1)theprimalLCPproblem(P-LCP)hasacomplementaryandfeasiblesolution,thathas

abitlengthsizethatispolynomiallyboundedbythebitlengthsizeofinputmatrixM

andrighthandsidevectorq.
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(2) the dual LCP problem (D-LCP) has a complementary and feasible solution, that has a
bit length size that is polynomially bounded by the bit length size of the input matrix
M and right hand side vector q.

(3) in the case that matrix M is not sufficient, there exists a certificate for the M not being
sufficient, that has a bit length that is polynomially bounded by the bit length size of
the input matrix M .

Cases (1) and (2) are exclusive regardless of any properties of the matrix M , while case
(3) may hold separately or at the same time as either case (1) or (2).

The criss–cross algorithm can be modified to conform to the 3 cases of the Lemma, i.e.
either solve the primal LCP problem, or show that the primal problem is infeasible by finding
a solution to the dual problem, or finding a certificate that the input matrix is not sufficient.

According to Lemma 6.1.2, the pivots can always be made if the matrix is sufficient, and
if it is not its proof gives a recipe for creating the certificate that matrix M is not sufficient.

The extended version of the criss–cross type method for the general linear complemen-
tarity problem is presented below. The definition and role of Q as marked at (1)-(4) in the
pseudo code will be discussed afterwards.
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Thecriss–crosstypealgorithmwiths-monotoneindexselectionrulesinthe

formofEP-theorems

inputdata:

T= M, q̄=q,r=1,initializeQands; (1)

begin

J:={i∈I|q̄i<0};

while (J̸=∅)do

Jmax:={β∈J|s(β)≥s(α),forallα∈J};

letk∈Jmaxbearbitrary;

check u′·v′′ u′′·v′′withthehelpofQ(k); (2)

if(u′·v′′ u′′·v′′ 0)then

STOP:M isnotsufficient,certificate:u′ u′′;

endif

if(tkk<0)then

diagonalpivotontkk,updates;

Q(k)=[JB,̄tq],r:=r+1; (3)

elseif (tkk>0)then

STOP:M isnotsufficient,createcertificate;

else/*tkk=0*/

K:={α∈I|̄tkα<0};

if(K=∅)thenSTOP:DCLPsolution;

else

Kmax={β∈K|s(β)≥s(α),forallα∈K};

letl∈Kmaxbearbitrary;

if((tk,t
k)or(tl,t

l)signstructureisviolated)then

STOP:M isnotsufficient,createcertificate;

endif

exchangepivotontklandtlk,updatesfirstfor(uk,vk);

thenfor(ul,vl)asinanextiteration;

Q(k)=[JB,̄tq],Q(l)=[∅,0],r:=r+2; (4)

endif

endif

endwhile

STOP:wehaveacomplementaryfeasiblesolution;

end
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As Example 6.2.3 shows, in the case of lack of sufficiency the criss–cross method may
cycle.

Example 6.2.3 Consider the same M matrix as in Example 6.2.1 and Example 6.2.2 but
with another, different right hand side.

The criss–cross algorithm first pivots on (u1, v1). In the second tableau, an exchange
pivot is necessary, pivoting on (u3, v5) and then (u5, v3) leading to Tableau 4.

1. u1 u2 u3 u4 u5 q

v1 -1 1 1 0 1 -1
v2 1 -2 0 0 1 2
v3 -1 2 1 2 0 0
v4 4 1 1 -2 -4 10
v5 1 0 -2 0 -1 0

2. v1 u2 u3 u4 u5 q

u1 -1 -1 -1 0 -1 1
v2 1 -1 1 0 2 1
v3 -1 1 0 2 -1 1
v4 4 5 5 -2 0 6
v5 1 1 -1 0 0 -1

On Tableau 4, another exchange pivot takes place, (v3, u5) and then (v5, u3) resulting in
Tableau 6.

3. v1 u2 v5 u4 u5 q

u1 -2 -2 -1 0 -1 2
v2 2 0 1 0 2 0
v3 -1 1 0 2 -1 1
v4 9 10 5 -2 0 1
u3 -1 -1 -1 0 0 1

4. v1 u2 v5 u4 v3 q

u1 -1 -3 -1 -2 -1 1
v2 0 2 1 4 2 2
u5 1 -1 0 -2 -1 -1
v4 9 10 5 -2 0 1
u3 -1 -1 -1 0 0 1

5. v1 u2 v5 u4 u5 q

u1 -2 -2 -1 0 -1 2
v2 2 0 1 0 2 0
v3 -1 1 0 2 -1 1
v4 9 10 5 -2 0 1
u3 -1 -1 -1 0 0 1

6. v1 u2 u3 u4 u5 q

u1 -1 -1 -1 0 -1 1
v2 1 -1 1 0 2 1
v3 -1 1 0 2 -1 1
v4 4 5 5 -2 0 6
v5 1 1 -1 0 0 -1

Tableau 6 coincides with Tableau 2: the pivot choices have been unique as the negative
right hand side values were unique: the algorithm cycles.

The extended finiteness considerations to the algorithm in the case of matrices where
sufficiency is not known beforehand requires the algorithm to detect the lack of sufficiency.
This is required for two reasons. One is when the structure of the matrix would mean that
the selected pivot operations cannot be carried out because the sign structure of the matrix
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isnotasexpected.Thisisstraightforwardalgorithmically,asthepivotcolumns/rowneeds

tobecalculatedanyway.

Thehardertohandlesideeffectofthepotentiallackofsufficiencyisthepossibilityof

cycling.Itisnotviabletorecordthebasisthatthealgorithmhasalreadyvisitedandcatch

cyclingindirectly,duetotheexponentialnumberofpotential(evenifcomplementary)basis.

Instead,thealgorithmmakessurethatthesituationsanalysedintheproofsarevalid,which

inpracticemeansthatineachpivotthefullsignstructureoftheselectedpivotrowand

columnischecked.

Wehavepresentedaslightlymodifiedversionofthefinitenessproofscomparedtothe

originalpresentedin[20]and[17],inthatwedidnotassumeminimalityofthecycling

example.Thissimplifiestheargumentsthatthecheckingofthesignstricturesoftherele-

vantrowsandcolumnsofthepivottableauissufficienttoenforcecomplementarityinthe

implementation.

Inalltableaucombinationsoftheproofsabovewiththeexceptionoftableaus(a)-(b)

and(A)-(B),enforcingthematchofthesignstructure(i.e.thatitmatchestheresultsof

Lemma6.1.2)issufficienttoenforcethatduetotheorthogonalitytheorem,cyclingcannot

occur.

Inthecaseof(a)-(b)and(A)-(B),theproofsrelyontheproduct

u′·v′′ u′′·v′. (6.31)

Toenforcethatthesecasesarecovered,inalliterationsforthevariablechosenactively(in

otherwordsnotasaresultofasecondindexselectionduringanexchangepivot)therelevant

vectorsaresaved,thattheproductof6.31ischecked.Iftheproductisnotstrictlynegative,

thevectoru′ u′′proofsthelackofsufficiency.

Tosavetherelevantvectors,thealgorithmintroducesQ(p)(p=1,...,n),initializedto

Q(p):=

[
[1,...,n]

[0,...,0]

]

p=1,...,n. (6.32)

Foravariableulorvlthatleftthebasisactively,thealgorithmeitherbyadiagonalpivot

orasthefirstselectedoneofanexchangepivot,weupdatethecorrespondingvectorQ(l)

suchthatitcanbeusedasastoragetocheckthattheconditionsdescribedbytheauxiliary

lemmashold.Todothis,firsttheindicesofvariablesinbasisbeforethepivotoperationis

carriedoutissaved,whilethevaluesofthebasicvariablesaresavedtothesecondvector
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[19].

Q(l):=

[
[indicesofthebasisvariables]

[valuesofthebasicvariables].

]

(6.33)

Ifvariableulorvlentersthebasispassively(itsindexisthesecondselectionduringan

exchangepivot),thenthevaluesofQ(l)arecleared:

Q(l):=

[
[1,...,n]

[0,...,0]

]

(6.34)
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Figure6.7:Flowchartofthecriss–crossalgorithmintheformofEP-theorems.
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AnoperationQ(j)=[{I},{h}]meansthattotheentryofjinthelistQ,wewritelist

Itotheplaceofbasicindices,whilethevaluesofthevectorhintheplaceofq.

Whenthealgorithmhastoperformapivotonanactivelyselectedvariable,itchecksif

thevariableinquestionhasalsobeenselectedactivelythelasttimeitwaspivotedon.If

so,itcheckstheproductof(6.31)usingthecurrentsolutionvectorandthatwhichhasbeen

savedinQforthevariable(clearingittozeroswhenavariableisselectedpassivelymakes

thischeckautomaticbyresultinginazerointhecaseswhenthevariablewaslastselected

passively). Oncethecheckiscarriedout,thealgorithmupdatesQ. Note,thatsincethe

complementaryvariablepairsmovetogetherinandoutofthebasis,itisnotnecessaryto

reservespaceforbothinQ,as(6.31)assumedthattheproductischeckedwhenavariable

entersthebasis(soforacomplementarypair,Qisfilledoutfortheoneleavingthebasis

duringthepivot).

ItisnotnecessarytosaveallthedatatoQateachpivotoperation.However,byalways

storingthedatathealgorithmbecomessimpler,andtheworstcasestoragespacerequirement

isequivalenttostoringn2integerandn2rationalnumbers,whichiscomparabletothestorage

spacenecessarytostoretheoriginalmatrix(althoughinlargescaleimplementationsthisis

nottrueastheM matrixistypicallysparse).

Inthecasewhenthereisnosolutionto(P LCP)(K =∅intheflowchart),the

correspondingpivottableauispresentedinFigure6.8.Inthiscase,vector

(x′,y′)=t(k)|JN∪JB . (6.35)

isorthogonaltoeveryrowof[MT | I]accordingtotheorthogonalitytheorem,thus

MTx′+y′=0.Applyingthistothecolumnoftheright-handsidevectorqwehave

(x′,y′)Ttq|JN∪JB=(x
′,y′)T(q,0)=x′Tq=qk. (6.36)

whichmeansthat(x,y)=(x′,y′)/(qk)isasolutiontothedualLCPproblem(D

LCP),asthenonnegativityandcomplementaryrequirementsfollowfromthestructureof

thepivottableau.

Tosummarize,theextendedcriss–crossalgorithmcanbestartedfromanycomplemen-

taritybasicsolutionofanarbitrarylinearcomplementarityproblem,withouttheneedfora

prioriinformationonthepropertiesoftheM matrix,andusings-monotoneindexrulethe

algorithmwillterminateinafinitenumberofsteps,eithersolvingtheproblem,orproving

thatitisinfeasible,orgivingacertificatethatmatrixM isnotsufficient(asinTheorem
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+ + + +... ...0

6.2.2).

Thenextexampledemonstratesthatthemodifiedcriss–crossalgorithm(Figure6.7)

identifiesthelackofsufficiencyformatrixM.

k

q̄(̄u,̄v)

M I

1(̄x,̄y)
(x,y)i=






tki/̄qk ifi∈IN
1/̄qk ifi=k
0 otherwise.

Figure6.8:Assemblingadualsolutionincasenoprimalsolutionexists.

Example6.2.4Asanexample,considertheproblempresentedinExample6.2.3again.

TheextendedalgorithmwouldstoponTableau3:thesignofthesecondpivotpositionofthe

exchangepivotviolatestheexpectedsignstructure.

6.3 Computationalexperiences

Inthissectionweprovidesomenumericalexperienceusingtheproposedalgorithmforsolving

generalLCPproblemsarisingfromArrow-Debreuexchangematrixproblemsandbimatrix

games.TheexperimentshavebeencarriedoutinMatlab,usingthebuiltinQRdecompo-

sitionandupdateforthebasis.Tomaximizethechanceofsuccess,inpositionswhenthe

selecteds-monotonerule(MOSV)offeredflexibilityofpivotselection,arandompositionhas

beenselectedfromamongtheeligiblechoices.

WeimplementedouralgorithmsinMatlab[3],withtheinverseofthebasisbeingcal-

culatedusingdensematrixfactorization.Duringtheseexperiments,theuseofdenselinear

algebradidnotprovetobeabottleneck(moredetailscanbefoundinSection4.2).

Theresultspresentedhereemphasizetheapplicabilityofthenewvariantofthecriss–

crossmethodtogetherwiththeflexibilityofthes-monotoneindexselectionrules. Fora

comprehensivenumericalstudyconcentratingonthes-monotoneindexselectionrulessee

[34]andChapter5.

6.3.1 Amarketequilibriumproblem

Considertheexchangemarketequilibriumproblemasdescribedby Walras[71].Thereare

mtraders(players)andngoodsonthemarket,whereeachgoodtypejhasapricepj≥0.
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Eachtraderiisassumedtohaveaninitialendowmentofcommodities

wi=(wi1,...,win)∈R
n
⊕.Thetraderswillselltheirproductonthemarketandusetheir

incometobuyabundleofgoodsxi=(xi1,...,xin)∈R
n
⊕.Atraderihasautilityfunction

ui,whichdescribeshispreferencesforthedifferentbundleofcommoditiesandabudget

constraintpTxi≤p
Twi. Finally,eachtraderimaximizeshisindividualutilityfunction

subjecttohisbudgetconstraint.

Eachtraderoptimizeshisownutilityfunctionuiwiththesesideconstraints:

max ui(xi)

pTxi ≤ pTwi

xi ≥ 0,

(6.37)

wherethevectorofpricespisanequilibriumfortheexchangeeconomy;ifthereis

abundleofgoodsxi(p)(soamaximizeroftheutilityfunctionuisubjecttothebudget

constraint)foralltradersi,suchthat

m∑

i=1

xij(p)≤

m∑

i=1

wij forallgoodsj. (6.38)

Theexchangemarketequilibriumproblempursuespriceswherethedemand
∑
ixij(p)

doesnotexceedthesupply
∑
iwijforanygoodj.

ArrowandDebreau[7]provedthatundermildconditions,forconcaveutilityfunctions,

theexchangemarketsequilibriumexists.UsingtheLeontiefutilityfunction

ui(xi)=min
j

{
xij
aij
:aij>0

}

, (6.39)

whereA=(aij)∈R
n×n
⊕ istheLeontiefcoefficientmatrix,Ye[73]hasshownthatthesolution

oftheArrow-DebreucompetitivemarketequilibriumproblemwithLeontief’sutilityfunction

isequivalenttothefollowinglinearcomplementarityproblem:

ATu+v=e,u≥0,v≥0,uv=0andu≠0 (6.40)

wherethematrixAhasnon-negativeentries.

Itiseasytoseethatthisproblemwillalmostalwayshaveanon-sufficientmatrix,and

assuchisademandingproblemclassforthegeneralizedcriss–crossalgorithm.
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Thecomputationalexperienceshavebeencarriedoutusinga100problems,ranging

n∈{10,20,40,60,80,100,200,300,400,500}taking10randominstancesforeachvalueof

n.Forthisproblemthetrivialbasiscorrespondingtothecolumnsofvisnotvalid,asitis

afeasiblesolutiontotheproblem,butu≠0doesnothold.

Toaddressthisproblem,astructuralcrashheuristichasbeenused,basedonthefollowing

heuristics.StartfromtheemptyselectionB=∅.Foranysetofvectors,defineit’ssupport

assupp(B) ={j:∃i:ai∈B,aji≠0}.Ineachiterationofthecrashheuristicsforall

i∈1...n,ifthereissuchanindexjforwhichaji≠0andi/∈supp(B),thenaddai

toB,else,addthecorrespondingidentityvectoreitotheB.Itiseasytosee,thatthis

procedurewillyieldacomplementarybasis,andunlessA=0itwillcontainatleastone

columncorrespondingtou. WhentheselectionofthecolumnfromAwasnotunique,the

algorithmhasselectedrandomly.Eachexperimentwasrepeated10times,yieldingatotal

of1000testruns.

n Successfulsolves Meaniterations Maximumiterations

10 762 0.619 12
20 318 1.432 12
40 26 1.445 9
60 13 1.479 10
80 2 1.396 9
100 0 1.295 10
200 0 1.213 9

Table6.1:Numericalexperimentsonrandommarketequilibriumproblems.

Thenumberofsuccessfulsolvesdiminishedveryquicklywithsize,alsothealgorithm

terminatesafteraverysmalliterationcount,withdeclaringthematrixnotsufficientin

mostcases. Therehasbeennosuccessfulsolvesforn≥100suggestingthatmostofthe

successfulsolvesforsmallersizesstronglydependonluckassociatedwiththecrashheuristics

applied.

6.3.2 Abimatrixgame

Inthisproblem,twocompaniesareconsideringenteringnmarkets.Enteringamarkethas

bothfixed,andvariablecosts,andtherearefixedtransportcharges.Theproblemoffinding

optimalprofitstrategiescanbeformulatedasabimatrixgame[47]. Considerabimatrix

gamedefinedbyAandB.

128



Theorem6.3.1TheKarush-Khun-Tuckerconditionsofthebimatrixgamecanequivalently

beformulatedas

maxxT(A + B)y α β (6.41)

x,y ≥ 0 (6.42)

1Tmx = 1 (6.43)

1Tny = 1 (6.44)

Ay ≤ α1m (6.45)

BTx ≤ β1n (6.46)

wherethezerovaluedsolutionsaretheNash-equilibria.

ThisKarush-Khun-Tuckerconditionsforthisquadraticprogrammingproblemcanbe

statedas

(
Q PT

P O

)(
u

t

)

+

(
s

v

)

=

(
c

b

)

(6.47)

ut = 0 (6.48)

sv = 0 (6.49)

u,t,s,v ≥ 0 (6.50)

where

Q=

(
O A B

(A B)T O

)

u=

(
x

y

)

∈Rm+n

P=














BT O 0 0 1 1

O A 1 1 0 0

1T 0 0 0 0 0

1T 0 0 0 0 0

0 1T 0 0 0 0

0 1T 0 0 0 0














t=









α+

α−

β+

β−








∈R4.

AsAandBcanbechosenarbitrarily,itiseasytoseethattheresultingLCPwillnot

necessarilybesufficient.

Experimentshavebeencarriedoutforpayoffmatriceswithn=m=2,3,...,7,with

eachexperimentusingrandomvaluesforAandBandrepeated1000times. Asatrivial
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initial complementary bases, the identity columns corresponding to variables (s,v) have been
selected.

Payoff matrix Local solution Close to zero Local solution Close to zero
size (obj > 0.001) (obj < 0.001) (obj > 0.01) (obj < 0.01)

2x2 563 437 516 484
3x3 768 232 684 316
4x4 908 92 801 199
5x5 931 69 827 173
6x6 960 40 855 145
7x7 973 27 871 129

Table 6.2: Numerical experiments on random bimatrix games.

Although the number of successful solves where the objective of the original quadratic
problem is zero diminishes, the algorithm managed to find solution in a reasonable portion
of the problems. Computational results are summarized on Table 6.2, where the optimal
objective function value, due to numerical computational errors, claimed to be optimal in
the interval [0, ε). In the case of column two of the Table 6.2, ε = 0.001, while in column
three ε = 0.01. This shows that the computational precision may influence which problem
will be declared as solved.

6.4 Summary

After summarizing the theoretical results of [20] which presented a criss–cross method using
s-monotone index selection rules and has been extended in the sense of EP theorems, we have
presented numerical experiments that make use of the flexibility of the rules by increasing
the chance of finding feasible complementary basis even in the lack of sufficiency by selecting
the pivots randomly when the rank in s does not uniquely define the pivot position, when
solving general linear complementarity problems arising from bimatrix games and the Arrow-
Debreu market equilibrium problem, where the algorithm has proved to be applicable in small
dimensions.

The numerical experiments of this chapter have been published as part of [20].
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Chapter 7

The primal quadratic simplex method
using index selection rules

In this chapter, we prove the finiteness of the quadratic simplex method when applied to the
linearly constrained convex quadratic optimization problem, and when ties are resolved using
anti-cycling index selection rules. The original quadratic simplex method was developed by
Wolfe and Panne and Whinston, and was published in several papers in the 1960s. In the
original presentation, finiteness was ensured by the means of perturbation.

We show that for the quadratic simplex method to cycle, it is necessary that it is de-
generate (i.e. there are basis in which all variables in the basis taking part in the ratio test
has a primal value of zero), and that in the Karush-Kuhn-Tucker system associated with
the problem, all components in the transformed column that correspond to the quadratic
objective are zero. It follows from our proof that the quadratic simplex method is finite
with the application of all those index selection rules, that only rely on the sign structure
of the transformed right-hand-side and the reduced costs, and for which the tradition linear
programming primal simplex method is finite.

The results of this chapter are novel contributions that have been published in [33] and
reported in English in [35].

7.1 Finiteness of the quadratic primal simplex method

There were several publications related to the quadratic primal simplex method presented
in Figures 3.6 at the beginning of the 1960s [48, 69, 68, 67, 70, 72]. Originally, the finiteness
of the algorithm was ensured by the means of perturbation. We prove the finiteness of the
algorithm with the help of anti-cycling index selection rules.
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The s-monotone index selection rules have been used to show the finiteness of the criss–
cross algorithm for convex quadratic optimization problems (applied to their associated linear
complementarity problem) [4, 17, 19].

A key observation in terms of our results, is that the s-monotone index selection rules,
in the case of a tie (not unique selection of driving variable or ratio test) the rule selects
according to a well defined preference vector, and does not rely on the actual values of the
pivot tableau.

Our proof depends on the analysis of the properties of the algorithm, and the tableau of
the linear complementarity problem associated with the quadratic programming problem. In
general, unfortunately the bi-symmetry of the pivot tableau is not preserved directly, though
with a small extension a similar property can be proven.

Lemma 7.1.1 [63] Starting from a bisymmetric matrix corresponding to a quadratic pro-
gramming problem, any complementary pivot tableau that has been transformed from the
original tableau remains bi-symmetric, with the exception that in the intersection of the orig-
inal primal variables and the dual variables, instead of a zero matrix we have a positive
semi-definite matrix.

The exception part of the above theorem can be avoided, if we use the symmetric formu-
lation of the quadratic problem [41].

We prove finiteness by the means of deducing it to a known method. We first show,
that for a cycling example, all pivots are fully primal degenerate, so the primal solution
no longer changes. Intuitively, this means that the linearized problem corresponding to the
current solution no longer changes. We show that in such cases, the pivots carried out by the
algorithm can be matched on a one to one basis to the pivots of an appropriately selected
linear programming problem, on which the primal simplex method would carry out the
exact same pivots when the same index selection rule that only relies on the sign structure
of the transformed right hand side and reduced costs [19] is applied: as a consequence, a
cycling example for the quadratic primal simplex would indicate cycling of the primal simplex
method on the appropriately selected linear programming problem yielding a contradiction.
Our proof does not generalize in an immediate way to lexicography (to our best knowledge,
the finiteness of the quadratic simplex method using lexicography is not published).

Let us assume that the algorithm is not finite, and consider a cycling (counter) example.
Since the proof is based on deduction to a known case, it is not strictly necessary to assume
the minimality of the example, and it would not significantly simplify the reasoning.
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We first show, that in the case of a cycling counter example, the algorithm (after a while)
only carries out a single type of loop, which are loops of length two.

Lemma 7.1.2 Let us consider the convex quadratic programming problem given with the
associated linear complementarity problem. In the case of any cycling example, the quadratic
primal simplex method can only carry out a finite number of loops of length one.

Proof. From the statement of the quadratic primal simplex algorithm, we know that loops
of length one correspond to a single pivot carried out in the row of the driving variable, and
that in this case 0 < θ1 ≤ θ2 holds. Since we have selected the driving variable such that it
transformed right hand side value is negative, we know that this row and the pivot operation
is non-degenerate. In such cases, the transformed column of the incoming variable defines
a strictly improving direction, and the value of the original quadratic objective function
improves [68]. As the objective strictly decreases in the case of one long loops, and the
objective of the problem is monotone during the quadratic primal simplex method [68] and
the number of possible base is finite, we have proven that there can only be a limited number
of loops of length one. �

Now we consider the case of loops longer than two.

Lemma 7.1.3 Consider the convex quadratic programming problem given by its associated
linear complementarity problem. Then the quadratic primal simplex method, for any cycling
example, can only carry out a finite number of loops which have a length different from two.

Proof. According to Lemma 7.1.2 there can only be a finite number of loops of length one.
Notice that the number of primal variables in the basis can only ever increase in the case of
loops of length one. For loops of lengths other then one, after the first pivot, up until when
we do a loop closing pivot in the row of the driving dual variable, each pivot in between a
dual variable enters the basis, while a primal leaves. In other words if a loop is of length 3
or longer, then the number of dual variables in the basis increases monotonically. As their
number could only decrease with loops of length one, it is necessary that the number of loops
of length 3 or longer is finite. �

To summarize, we can state that for any cycling counter example, after a finite number
of pivot operations, the algorithm carries out an infinite sequence of loops of length two.

The question naturally arises if it would not be logical to deduce the proof back to
the finiteness of the criss–cross algorithm instead, as the loops of length two correspond to
the case of exchange pivots [41, 4, 17]. A potential difficulty is that the quadratic primal
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simplex,onceadrivingdualvariable(i.e.arowofthepivottableau)isselected,theselection

oftheincomingcolumnispre-determined(thecorrespondingprimalpairofthedrivingdual

variable),sothesecondindexselectionstepofthecriss–crossalgorithmisomitted.However,

wedohavethetwoindexselections:thedrivingvariable(dualvariable)andthentheratio-

test(primalvariable),butthedeductionwouldbemorecomplicated.

Lemma7.1.4Considertheconvexquadraticprogrammingproblemintheformof(B

LCP).Inthecaseofacyclingexample,afterafinitenumberofpivots,theprimalpartof

thebasis-solutionnolongerchanges.

Proof. Usinglemmas7.1.2and7.1.3wecanassumethatthealgorithmonlycarriesout

loopsoflengthtwoonthecyclingexample.

Inthecaseofaloopoflengthtwo,thefirstpivotoftheloopwouldimprovethevalueof

theoriginalobjectiveifthepivotwasnon-degenerate[68].

Forthesecondpivot,morepropertieshold;usingtheresultsof[63],weknowthatforthe

secondpivotsofaloopoflengthtwo,attheintersectionofthecolumnofthedualvariable

enteringthebasis,androwfromwhichtheprimalvariablehasleftthebasisintheprevious

iteration,thevalueofthepivottableaucoefficienttijisnon-positive,andifitisnegativethen

thepivotimprovesthevalueoftheoriginalquadraticobjective–meaningthatthiscasecan

onlyoccurforafinitenumberofiterations–orthatifitequalszerotheninthetransformed

pivottableaucolumnoftheincomingdualvariableallcoefficientthatcorrespondtoprimal

variablesinthebasisarezero.Ineffect,thismeansthatthosepartsofthepivottableauno

longerchange.

Usingtheresultsoftheproofabove[63],wecanprovethefollowingstrongerresults:

Lemma7.1.5Considertheconvexquadraticprogrammingprobleminthecorresponding

(B LCP)form. Onacyclingexample,afterafinitenumberofpivotiterations,the

quadraticprimalsimplexmethodonlycarriesoutloopsoflengthtwo,forwhichthefollowing

holds:

•Thefirstpivotoftheloopisadegeneratepivot,duringwhichaprimalvariableenters

thebasiswhileanotherprimalvariableleavesit.

•Inthesecond,finalpivotoftheloop,thedualvariablepairoftheprimalvariablethat

enteredinthepreviousiterationleavesthebasis,whilethedualpairoftheprimal

variablethathasleftthebasisinthepreviousiterationentersthebasis.

•Inthesecondpivotoftheloop,inthetransformedcolumnoftheenteringdualvariable,

allcoefficientsintherowscorrespondingtoprimalvariablesinthebasisarezero.
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Proof. ItfollowsfromLemmas7.1.1.–7.1.5,andsimilarlytotheproofofLemma7.1.5

fromtheresultsof[63].

Similarpropertiescanbeprovenforthedualpartofthefirstpivotoftheloopaswell.

Lemma7.1.6Considertheconvexquadraticprogrammingprobleminitscorresponding

(B LCP)form. Onacyclicexample,afterafinitenumberofpivots,inthequadratic

primalsimplexalgorithm,whenstatingaloopfromacomplementarytableau,inthetrans-

formedtableauoftheenteringprimalvariable,thecoefficientsintherowsthatcorrespond

todualvariablesinbasisarezero.

Proof.Usinglemma7.1.1,astheintersectionoftherowoftheselecteddrivingdualvariable

anditsincomingprimalpairisazerovalueddiagonalelementofapositivesemi-definite

matrix,itfollowsthattherowandcolumnofthispositivesemi-definitematrixhasall

zerocoefficientsasotherwiseitwouldnotbepositivesemi-definite,asthe2×2principal

submatrixdefinedbythesepositionswouldhaveanegativedeterminant.

Wehavealreadyprovenwiththepreviouslemmas,thatinthecaseofacyclingexample,

thetransformedcolumnsofthevariablesmovingareallzeros:intherowsforwhichthere

isadualvariablepivotedintothatrowifitisthefirstpivotofthe2longloop,andinthe

rowswherethereareprimalvariablespivotedintothebasisifitisthesecondpivotthe2

longloop.ThestructureofthesepivottableausareshownonFigure7.1.
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Figure7.1:Thestructureofthepivottableauforthefirstandsecondpivotsforaloopof
lengthstwoofacyclingexampleaftercyclinghasalreadystarted.

Consideracyclingexample,andaccordingtoLemmas7.1.2.and7.1.3assumethatthe

quadraticprimalsimplexalgorithmnowonlyperformsdegenerateloopsoflength2.Forany

complementarybasis,letusdenotebyIpBandI
d
Btheprimalanddualvariablesinthebasis

respectively.Similarly,letIpN andI
d
N denotethecorrespondingprimalanddualvariables

outsidethebasis.

LetG= M̄IpBI
p
N
thematrixdefinedbyindexsetsIpB andI

p
N,whiled= q̄IpB isthe

righthandsidecorrespondingtoindexsetIpB,andfurtherf=q̄IdB istherighthandside

correspondingtoindexsetIdB.
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AccordingtoLemma7.1.1,G=M̄IpBI
p
N
= M̄IdNIdB.ItcanbeseenthattheM̄ trans-

formedbasistableauisthesameastheKarush-Kuhn-Tuckerconditionsforproblem(LPsub):

minfTx

Gx≤d
(LPsub)

whenwedisregardthepartofthetableauthatdoesnotplayanyroleinthecycling.

UsingLemmas7.1.6.,7.1.5.and7.1.1,weseethatthepivottableautransformsthesame

wayasthelinearcomplementarityproblem’stableaufortheloopsoflengthtwo. Moreover,

theselectionofthedrivingdualvariablereferstothecolumnselectionaccordingtothe

reducedcosts,whiletheratiotestovertheprimalvariablescorrespondtotheprimalratio

testofthesmallerlinearcomplementarityproblem.

P G
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0

MN

...

0

0

GT

d

f

...

D

Figure7.2:Thestructureofthepivottableauforthequadraticprogrammingproblemin
thecaseofthevariablestakingpartofacyclingexample.

Sothequadraticprimalsimplexmethodworkingonthe(B LCP)problemcancycleif

andonlyifthecorrespondingprimalsimplexmethodcyclesonthe(LPs)linearprogramming

problem.

Wehavealreadyseenthattheprimalsimplexmethodcannotcycleifsuchanindex

selectionruleisappliedforensuringfinitenessthatiss-monotone(e.g.minimalindex,LIFO

ortheMOSVrule)[19].Thuswehaveproventhefollowing:

Theorem7.1.1Theconvexquadraticsimplexmethodworkingonthecorrespondinglinear

complementarityproblemisfinitewhens-monotoneindexselectionrulesareapplied.
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7.2 Summary

We have shown that the quadratic primal simplex algorithm is finite when s-monotone index
selection rules are applied. This result can straightforwardly be applied to the dual version
of the quadratic simplex method. The proof is general, and is applicable to other index
selection rules as well, for ones that only rely on the sign structure of the transformed right
hand side and reduced costs when applied to a linear programming problem.

The results of this chapter are novel, and have been published in [33] and reported in
English in [35].
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Summary

The thesis is organized around flexible index selection rules for the linear feasibility,
the linear programming, the linear complementarity, and the linearly constrained convex
quadratic programming problems. The analyses of flexible index selection rules are brought
into a common framework by applying the concept of s-monotone index selection rules
[17, 19].

The thesis contains contributions to both the theory, and the computational aspects of
s-monotone index selection rules; for algorithms for which finiteness proof already existed,
the thesis presents numerical studies, while for some pivot algorithms it presents novel proofs
of finiteness.

The traditional criss–cross method for the linear programming problem is shown to be
finite when s-monotone index selection rules are used [54]. For the linear complementarity
version of the criss–cross method, the thesis presents a slightly more general version of the
proof for the finiteness when s-monotone rules are applied: the proof does not require the
minimality of the cycling example; this version fits the numerical experiment [20] better.

For the primal simplex method for linearly constrained convex quadratic programming
problems finiteness is proven when s-monotone index selection rules are used [33, 35]. The
proof is rather general: it shows that any index selection rule that only relies on the sign
structure of the reduced costs / transformed right hand side vector and for which the tradi-
tional primal simplex method is finite is necessary finite as well for the primal simplex method
for linearly constrained convex quadratic programming problems. To the best knowledge of
the author, finiteness of the primal simplex method for linearly constrained convex quadratic
programming problems has only been published before using perturbation arguments.

The thesis presents a computational study for the effectiveness of flexible index selection
rules. For the linear complementarity problems, a Matlab implementation of the EP-theorem
like generalized LCP criss–cross algorithm is used to solve linear complementarity problems
arising in market equilibrium and bimatrix game problems [20]; these problems yield matrices
for the linear complementarity problem formulation for which the matrix is not sufficient.

Comparing pivot algorithms and flexible index selection rules is a non-trivial task as
implementation details can easily bias the result dramatically. To address the issue, the
thesis proposes a framework [34] that aims to minimize the effect of any algorithmic specific
feature when comparing the effectiveness of pivot algorithms and flexible index selection
rules. Two implementations are used for the numerical study: one in Matlab used to solve
smaller instances, and one using the linear algebra of Xpress that is used to solve a large
set of problems from public benchmark sets; the computational effectiveness of the flexible
index selection rules is demonstrated by both experiment sets [34].
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Összefoglalás
A tézis a lineáris megengedettségi feladatok, a lineáris programozási feladatok, a lineáris

komplementaritási feladatok, illetve a lineáris feltételes konvex kvadratikus programozási
feladatok rugalmas indexválasztási szabályainak az elméletét és gyakorlatát vizsgálja, az
analízist a [17, 19]-ben bevezetett s-monoton indexválasztási szabályok köré építve.

A tézis egyaránt tartalmaz numerikus, illetve új elméleti eredményt. Azon algoritmu-
sok esetén melyre már volt ismert végességi eredmény az s-monoton indexválasztási szabá-
lyok alkalmazása mellett a tézis numerikus eredményekkel támasztja alá azok gyakorlati
fontosságát, míg bizonyítja a végességet némely pivot módszerre melyre korábban nem volt
ismert a végesség az s-monoton szabályok alkalmazása esetén.

A hagyományos lineáris programozásbeli criss–cross módszer végessége közvetlen módon
az első alkalommal kerül bizonyításra s-monoton szabályok alkalmazása mellett. A lineáris
komplementaritási változat esetén a végesség a korábbiaknál egy árnyalattal általánosabb
módon kerül bizonyításra, melyben a vizsgált feladatok minimalitása nincs feltéve. Az így
nyert bizonyításokból származtatott módszer közvetlenebb módon alkalmazható a [20]-ban
bemutatott numerikus eredmények során.

A lineáris feltételes konvex kvadratikus programozási feladatra a tézis a végességet s-
monoton indexválasztási szabályok alkalmazása mellett bizonyítja [33]. A visszavezetésen
alapuló bizonyítás egy általános eredmény mely azt mutatja meg, hogy tetszőleges olyan
indexválasztási szabály, mely véges a hagyományos lineáris programozásbeli primál szim-
plex algoritmusra nézve és kizárólag a transzformált jobboldal és redukált költségek előjel-
szerkezetén alapul, az szükségképpen véges a lineáris feltételes konvex kvadratikus feladat
esetén is. A szerző legjobb tudomása szerint ez az első publikált eredmény, mely ezen algo-
ritmus végességét nem perturbációs megfontolásokkal bizonyítja.

A tézis számos, a flexibilis indexválasztási szabályokra vonatkozó numerikus hatékonysági
elemzést mutat be. A lineáris komplementaritási feladatokra az EP tételek szellemében
általánosított criss–cross módszert vizsgálja piaci egyensúlyi és bimátrix játékok megoldása
során felmerülő LCP feladatok megoldásának segítségével [20]; ezen feladatok mátrixa nem
elégséges, így alkalmasak az általánosított criss–cross módszer vizsgálatára.

Indexválasztási szabályok numerikus összehasonlítása nem nyilvánvaló probléma: az im-
plementálási részletek drasztikus mértékben befolyásolhatják az eredményeket. A tézis
javaslatot tesz összehasonlítási elvekre [34], melyek célja a megvalósítási részletekből adódó
hiba mértékének a minimalizálása. A konkrét összehasonlítást két implementáció segít-
ségével mutatja be: kisebb feladatokra egy Matlab implementáció, nagyobb feladatokra
pedig az Xpress megoldó lineáris algebrájára épülő implementációval demonstrálja a flexi-
bilis indexválasztási szabályok numerikus hatékonyságát [34].
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