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Introduction

Thisdissertationconsistsoftwoparts.ThetopicofthefirstpartistheLaxtheoryof

thenumericalsolutionoflinearandnonlinearequations,seeChapter1. Thesecond

partdealswithdiscreteellipticandparabolicmaximumprinciples,seeChapters2–4.

Chapter5istheAppendix,whichcontainsthenecessarybasicswebuildupon.

Now,weintroducethetwotopicsofthethesisconsecutively.

Lax-typetheoremswerealreadyusedwhentheapplicationofsomenumerical

methodwasnecessaryinordertoapproximatethesolutionoflinearornonlinear

equations.Thefirstpaperwas[36,LaxandRichtmyer,1956],whichgeneralizedthe

precedingtheoremsandbroughtthemtoanabstractlevel.ItcontainedtheLaxequiv-

alencetheorem,whichwaslaterreformulatedforsemigroupsbythesameauthor[35,

Lax,2002].Thisfamoustheoremwasformulatedforlinearinitialvalueproblems.The

paper[44,PalenciaandSanz-Serna,1985]gaveaframeworkapplicablebothforinitial

valueandboundaryvalueproblems.

Thetheorywasgeneralizedforthenonlinearcaseinmanypapers. Theprimary

differencebetweenthesepapersisintheirstabilitydefinitions.See[33,Keller,1975],

[48,Stetter,1973],[37,Ĺopez-MarcosandSanz-Serna,1988]and[54,Trenogin,1980].

[47,Samarskii,Matus,Vabishchevich,2002]collectedmanydifferenttypesofstability

notions.

Insomeoftheworkstheerror(i.e.,thedistancebetweenthesolutionandthe

numericalapproximation)ismeasuredinthespaceofthesolutionusinginterpolation,

see,e.g.,theresultsofAubinin[53,Temam,1977],whilemostoftheearliermentioned

worksmadethecomparisoninthespaceoftheapproximatesolutionusingrestriction.

Whenwewanttoapproximatethesolution ūoftheequationF(u)=0,where

X andYarenormedspaces,D ⊂X andF:D →Y isa(nonlinear)operator,

usuallyanumericalmethodisused. Section1.1addressesthegeneral(nonlinear)

case. Thissectionisbasedonthepaper[23,Faraǵo, Mincsovics,Fekete,2012].In

Subsection1.1.1wegavethedefinitionsofthenotions“problem”,“numericalmethod”

and“discretization”.Thesuccessofanumericalmethodcanbemeasuredbythenotion
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INTRODUCTION

ofconvergence.Eventhisnotioncanbedefinedindifferentways,usinginterpolation

orrestrictionaswealreadymentioned.Ourchoiceisusingrestriction,butweshortly

investigatetheprosandconsoftheotherpossiblechoice,too.

Thedefinitionofconvergenceistheoreticalsinceitcontainstheunknownsolution

ū.Lax’sideawastosubstitutethisunverifiablenotionwiththenotionsofconsistency

andstability.InourframeworkweusethestabilitynotionofKeller.Firstly,theidea

workssincestabilityandconsistencytogetherimpliesconvergence,whichwasfirstly

provenbyStetterforthenonlinearcase.Secondly,fortheapplicationsthefollowing

recipeworks:itissufficienttocheckconsistencyforasetofelements,whichcan

bedoneinparallel,anditisenoughtocheckstability“neartothesolution”.In

Subsection1.1.3weformulatetheseresultsatanabstractlevel.InSubsection1.1.4

weinvestigatetherelationofthebasicnotions(consistency,stabilityandconvergence)

providingnumerousexamples.

Section1.2containsthelinearpartoftheframework.Notethatweusethename

affineinsteadoflinearsinceweformulatedtheproblemotherwise.Inthiscasestability

andconvergenceareequivalentundertheconsistencyassumption. ThisistheLax

equivalencetheorem,whichwepresentintheformgivenbyPalenciaandSanz-Serna.

Wecomparethebasicnotionsofthelinear(affine)casewiththebasicnotionsofthe

generalcaseaswell. Finally,inSubsection1.2.2wepresentexamplesshowinghow

theframeworkcanbeappliedforapproximatingthesolutionsofellipticandparabolic

PDE’s.

Thesecondpartofmydissertationdealswithdiscreteellipticandparabolicmaxi-

mumprinciples.

Whatistherelevanceofthediscretemaximumprinciples?

Whenchoosinganumericalmethodtoapproximatethesolutionofacontinuous

mathematicalproblem,thefirstthingtoconsideriswhichmethodresultsinangood

approximationfromaquantitativepointofview.Thisisinvestigatedinthefirstpartof

thethesis.However,inmostofthecasesitisnotenough.Theoriginalproblem(which

isusuallysomemodelofaphenomenon)possessesimportantqualitativeproperties

andanaturalrequirementfromthenumericalsolutionistopreservethesequalitative

properties.E.g.,whenweseekanapproximationoftheLaplace’sequationwherethe

boundaryconditionisdefinedtobenonnegative,thenthesolutionisnonnegative,

too,andagoodapproximationshouldbenonnegativeaswell.Forlinearellipticand

parabolicproblemsthemainqualitativepropertiesarethevariousmaximumprinciples.

Thefirstpaperinwhichadiscreteellipticmaximumprinciplewasformulatedis

probably[56,Varga,1966]. Thedefinitionofthediscreteweakmaximumprinciple
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INTRODUCTION

whichisusedtodayappearedfirstin[5,Ciarlet,1970](butitwasnameddifferently).

Whilethediscreteweakmaximumprinciplewasextensivelyinvestigatedinthelast

decades,see,e.g.,theworks[25,Hannukainen,Korotov,Vejchodsḱy,2009],[57,Ve-

jchodsky,2011],thediscretestrongmaximumprincipleshavenotbeenthoroughly

analysed.In[30,Ishihara,1987]andin[34,Knabner-Angermann,2003]asufficient

algebraicconditionwasgiven,whilein[8,Draganescu,Dupont,Scott,2005]thepos-

itivityofthediscreteGreenfunctionwasinvestigated(thisisinacloserelationwith

thediscretestrongmaximumprinciples)inaspecialcase. However,asufficientand

necessaryalgebraicconditionwasmissing.

Thefirstpaperonadiscreteparabolicmaximumprinciplewas[32,Keller,1960],

andfromtheearlyyearsthepaper[24]shouldalsobementioned. Fromtherecent

yearstheworks[11,Faraǵo,2008],[17,FaraǵoandHorv́ath,2009]containadetailed

investigationofawholefamilyofdiscrete(andcontinuous)parabolicmaximumprin-

ciples.

Discretemaximumprinciplescanbeinvestigatedattwolevels.Oneispurelyalge-

braic(andtheoretical),theotherismorerelatedtoapplication.Namely,foracertain

continuousproblem(whichpossessessomecontinuousmaximumprinciple)somedis-

cretizationisapplied. Thenthequestionishowweshouldchoosethemeshandthe

parametersofthediscretizationtogetadiscreteproblemwhichpossessesthecorre-

spondingdiscretemaximumprinciple.Thislattercaseisnaturallydependentbothon

theproblemandonthediscretization.Asaconsequence,therearecountlesspapersof

thissort.Inourworkbothtypesofinvestigationcanbefound,thepurelyalgebraic,

andtheotherwhenforaproblemacertaindiscretizationisapplied.

Wepresentashortintroductiononellipticandparabolicmaximumprinciplesin

Chapter2. Wenotethatwedefinemaximumprinciplesforanoperatorandnotfor

anequation. Chapters3and4containourworkondiscreteellipticandparabolic

maximumprinciples,respectively.

InSection3.1and4.1wegiveanalgebraicframeworkondiscreteellipticand

discreteparabolicmaximumprinciples,respectively.Attheellipticcasewefocusedon

thedifferencesbetweentheweakandstrongdiscretemaximumprinciples,seeSection

3.2.

InSection3.3weinvestigatesomeellipticproblemwhereaninteriorpenaltydis-

continuousGalerkinmethodisappliedasdiscretization. Wegivesufficientconditions

onthediscretizationparametersandonthemeshfulfillingthemostimportantdiscrete

ellipticmaximumprinciples.

InSection4.2weinvestigateaparabolicproblemwhensomeFEM+θ-method
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INTRODUCTION

discretizationisused. Wederivepracticalconditionsunderwhichthemostimportant

discreteparabolicmaximumprinciplescanbepreserved.

InSection4.3weintroduceanewnotion,thediscretestabilizationproperty(DSP),

andwepresentourresultsontherelationoftheDSPandthediscreteellipticand

discreteparabolicmaximumprinciples. Theseresultsexplainthepropertythata

non-adequatemeshcanalreadyhinderthefulfilmentofdiscreteparabolicmaximum

principles.

Throughoutthethesisweusethefollowingconvention. Wegivereferencesnextto

everyresult,lemmaortheorem,exceptifitisourresult.Inthislattercase,wesupply

thereferencesatthebeginningofthechapter/section/subsection,whichcontainsthe

result.Inthatchapter/section/subsectionalloftheresultswithoutreferencearefrom

thesameworkunlesstheresulthasnotbeenpublishedyet.
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Chapter1

Basicnotionsofnumericalanalysis

Thischaptercontainsanintroductiononthebasicnotionsofnumericalanalysis,defin-

inginanexactwaythemostlyintuitivelyusednotionsincludingthediscretizationand

thenumericalmethod.Theirimportantproperties(convergence,consistencyandsta-

bility)areintroducedandtherelationofthesepropertiesisinvestigatedinthenonlinear

andinthelinearcase,respectively.

1.1 Nonlineartheory

Weconsiderageneralnonlinearequationinanabstract(Banachspace)setting. We

seekanapproximatesolutionofthisequation.Theusualwaytoproceedistodiscretize

theproblemobtainingasimplerequationwhichcanbesolvedalready.Thisishowwe

cangetoneapproximatesolutionwhichisusuallyenoughinpractice.

However,fromatheoreticalpointofviewitisbettertodefinethenotionofdis-

cretizationasitresultsinasequenceofsimplerproblemswhichwillbecallednumerical

method.Themainaimistoguaranteetheconvergenceoftheapproximatesolutions

totheexactsolutionoftheoriginalproblem.However,theconvergenceisdifficultto

treatdirectly.

Itwillbeshownthatthisnotioncanbeguaranteedbytwoothernotions:the

consistencyandthestabilitytogetherensuretheconvergence,seeTheorem1.1.24and

Theorem1.1.36,andthesetwonotionscanbecheckeddirectly.Inthelinearcasethis

resultiswellknownastheLax(orsometimesLax-Richtmyer-Kantorovich)theorem,

whichstatesmore,actually,seeSection1.2.

Thenecessityoftheseconditionsisinvestigatedbygivingsuitableexamplesthat

showthatneitherconsistency,norstabilityisnecessaryfortheconvergence,ingeneral.

(Thelineartheoryisdifferentfromthisviewpoint.)Allthenotionsandtheresultson
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1.BASICNOTIONSOFNUMERICALANALYSIS

theseareillustratedbyshowingtheirmeaningforthenumericalsolutionofaCauchy

problemofordinarydifferentialequationbymeansoftheexplicitEulermethod.

Thesectionisbasedonthepaper[23].

1.1.1 Introduction

Whenwedescribesomereal-lifephenomenonwithamathematicalmodel,itresultsin

a–usuallynonlinear–problemoftheform

F(u)=0, (1.1)

whereXandYareassumedtobenormedspaces,D⊂XandF:D →Yisassumedto

bea(nonlinear)operator. Moreover,itisassumedthatthereexistsauniquesolution,

whichwillbedenotedbyū.

However,wenotethat,foranyconcreteappliedproblemswemustprovetheexis-

tenceofauniqueū∈D.Inmostcasestheproofisnotconstructive,c.f.[33].

Evenifitispossibletosolvedirectly,therealizationofthesolvingprocessisvery

difficultorevenimpossible.However,inpractice,weneedonlyagoodapproximation

forthesolutionofproblem(1.1),sinceourmodelisusuallyalreadyasimplificationofa

real-lifephenomenon.Thereforeweusesomediscretization,whichresultsinasequence

ofsimplerproblems,i.e.,anumericalmethod,seeDefinition1.1.3andDefinition1.1.5

fortheexactdefinitionofthesenotions.

Withthisapproachweneedtofacethefollowingdifficulties:

•weneedtocomparethesolutionsofthesimplerproblemswiththesolutionof

theoriginalproblem(1.1),whichmightbefoundindifferentspaces;

•naturally,thiscomparisonseemstobeimpossible,sincethesolutionoftheorig-

inalproblem(1.1)isunknown.

Togetridofthelatterdifficulty,theusualtrickistointroducethenotionsof

consistencyandstability,whichdonotrequiretheknowledgeofthesolutionofthe

originalproblem(1.1)andcanbeverified.Thus,theconvergencecanbereplacedwith

thesetwonotions.Sometimesthispopular“recipe”issummarizedinthe“formula”

Consistency+Stability⇒Convergence. (1.2)

Inthefollowingweintroduceandinvestigatethesenotionsinanabstractframe-

work,andwetrytoshedsomelightontheformula(1.2).Namely:
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1.1.NONLINEARTHEORY

•howtodefineconsistencyandstabilitytoensuretheformula(1.2);

•isitconsistencyor/andstabilitythatisnecessaryfortheconvergence(inthe

linearcasetheLaxequivalencetheoremdealswiththisquestion,too,seeSection

1.2).

Thefollowingismainlydevotedtoanswerthesequestions. First,westartwith

somedefinitionsandnotations,bygivinganexample.

Definition1.1.1. Problem(1.1)canbegivenasatripletP =(X,Y,F). Wewill

refertoitasproblemP.

Example1.1.2.Considerthefollowinginitialvalueproblem:

u(t)=f(u(t)) (1.3)

u(0)=u0, (1.4)

wheret∈[0,1],u0∈Randf∈C(R,R)isaLipschitzcontinuousfunction.

TheoperatorFandthespacesX,Yaredefinedasfollows.

•X=C1[0,1], uX=max
t∈[0,1]

|u(t)|;

•Y=C[0,1]×R,
u

u0
Y

=max
t∈[0,1]

(|u(t)|)+|u0|;

•F(u)=
u(t)−f(u(t))

u(0)−u0
.

Definition1.1.3. Wesaythatthesequence N =(Xn,Yn,Fn)n∈N isanumerical

methodifitgeneratesasequenceofproblems

Fn(un)=0, n=1,2,..., (1.5)

where

•Xn,Ynarenormedspaces;

•Dn⊂XnandFn:Dn→Yn.

Ifthereexistsauniquesolutionofthe(approximating)problems(1.5),itwillbe

denotedbyūn.

7



1.BASICNOTIONSOFNUMERICALANALYSIS

Example1.1.4.Forn∈Nwedefinethefollowingsequenceoftriplets:

•Xn=R
n+1,vn=(v0,v1,...,vn)∈Xn:vn Xn= maxi=0,...,n

|vi|;

•Yn=R
n+1,yn=(y0,y1,...,yn)∈Yn:yn Yn=|y0|+ maxi=1,...,n

|yi|;

•Fn:R
n+1→Rn+1,andforanyvn=(v0,v1,...,vn)∈R

n+1itactsas

(Fn(vn))i=






n(vi−vi−1)−g(vi−1),i=1,...,n,

v0−c, i=0.

(1.6)

Hereg:R→ Randc∈Rarearbitrarygivendataandonecanseethatthedefined

numericalmethodistheexplicitEulermethod.

Definition1.1.5.Wesaythatthesequence D=(ϕn,ψn,Φn)n∈Nisadiscretizationif

•theϕn-s(respectivelyψn-s)areoperatorsfromXintoXn(respectivelyfromY

intoYn),whereX,Xn,Y,Ynarenormedspaces;

•Φn:{F:D →Y|D⊂X}→{Fn:Dn→Yn|Dn⊂Xn}.

Example1.1.6.BasedonExamples1.1.2and1.1.4,inDefinition1.1.5wedefine

X=C1[0,1],Y=C[0,1]×R,andXn=Yn=R
n+1.Gn:={ti=

i
n
,i=0,...,n}.

Then,wedefinethetripletoftheoperatorsasfollows.

•Foranyv∈Xweput(ϕnv)i=v(ti),i=0,1,...,n.

•Foranyy∈Yweput

(ψny)i=






y(ti−1),1,...,n,

y(t0), i=0.

•InordertogiveΦn,wedefinethemappingΦn:C
1[0,1]→Rn+1inthefollowing

way:

[(Φn(F))v]i=






n(v(ti)−v(ti−1))−g(v(ti−1)),i=1,...,n,

v(t0)−c, i=0.

(1.7)
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1.1.NONLINEARTHEORY

Wenotethattheintroducednotionsofproblem P andnumericalmethodN are

independentofeachother. However,forourpurposesonlythosenumericalmethods

N areinterestingwhichareobtainedwhensomediscretizationmethodDisapplied

toacertainproblemP. WeintroducethenotationD(P) N forthesentence

“thediscretizationDisappliedtoproblemP resultinginthenumericalmethodN”.

Thus,thisnotationdenotesthewholeprocess.

Remark1.1.7.Theoretically,thenormedspacesXandYinthedefinitionsofthe

problemandofthediscretizationmightbedifferent. Howevertheapplicationofthe

discretizationtotheproblemispossibleonlywhenthesenormedspacesarethesame.

Inthesequelthiswillbealwaysassumed.

Example1.1.8.LetusdefinethenumericalmethodN forproblemP fromExample

1.1.2,andforthediscretizationDfromExample1.1.6. Thenwesolvethesequence

ofproblemsintheform(1.5),whereinthediscretizationforgandcweputfandu0

fromproblem(1.3)-(1.4),respectively.ThisyieldsthatthemappingFn:R
n+1→Rn+1

isdefinedasfollows:forthevectorvn=(v0,v1,...,vn)∈R
n+1wehave

(Fn(vn))i=






n(vi−vi−1)−f(vi−1),i=1,...,n,

v0−u0, i=0.

(1.8)

Hence,usingthenotationh=1/n,theequation(1.5)for(1.8)resultsinthetask:

weseekthevectorvn=(v0,v1,...,vn)∈R
n+1suchthat






vi−vi−1
h

=f(vi−1),i=1,...,n,

v0=u0, i=0.

(1.9)

Hence,theobtainednumericalmethodisthewell-knownexplicitEulermethodonthe

meshGnwithuniformstep-sizeh.

Inthesequelthefollowingassumptionwillbeused.

Assumption1.1.9.D(P) N possessesthefollowingproperties.

(a1)N possessesthepropertydimXn=dimYn<∞.

(a2)FniscontinuousontheballBR(ϕn(̄u))fromsomeindex.

(a3)ψn(0)=0holdsfromsomeindex.

Obviously,whenψnarelinearoperators,then(a3)isautomaticallysatisfied.

9



1.BASICNOTIONSOFNUMERICALANALYSIS

1.1.2 Basicnotionsandtheoreticalresults

Inthispartweintroducetheimportantproperties(convergence,consistencyandsta-

bility)relatedtotheprocessD(P) N.

Convergence. Ouraimistoguaranteetheexistenceofthesolutions ūnandits

closenesstoū. Wedefinethedistancebetweentheseelements,whichwillbecalled

globaldiscretizationerror.Sincetheseelementsbelongtodifferentspaces,thisisnot

straightforward.

Therearetwopossibleoptionsforwheretocomparethesolutions:inX,which

mightappearthemorenaturalatfirstsight,orinthespaceswherethesolutionsofthe

simplerproblemscanbefound,i.e.inthespacesXn. Wechoosethislatterpossibility,

however,bothpossibilitieswillbeinvestigatedshortly,givingtheirprosandcons.

Figure1.1:Thegeneralschemeofnumericalmethodswithinterpolationoperators.

•Itispossibletodefinethedistancebetweentheelementsūandūninthespace

X,withthehelpof(interpolation)operatorsϕ̄n:Xn→X,bythequantityū−

ϕ̄n̄un X.ForsuchanapproachseeFigure1.1.Inthisapproachtheconvergence

meansthatthenumericalsequence ū−ϕ̄n̄un Xtendstozero.

Atfirstsightthisapproachseemstobemorenatural,howevertodealwithiton

anabstractlevelismoredifficult.Thedifficultyisthattheconvergencedepends

ontwoprocesses,onthenumericalmethodandontheinterpolation.

Example1.1.10.Letuschoosethenumericalmethodsothatwechooseanarbitrary

ū1fromanarbitraryspaceX1andūn:=ū1,Xn:=X1. Weusetheinterpolationϕ̄n

definedasϕ̄n(vn)=̄uforallvn∈Xn,foralln.

Thenclearly, ū−ϕ̄n̄un Xtendstozero.

10



1.1.NONLINEARTHEORY

Thisdegenerateexampleshowsthatthewholeprocessisconvergentinspiteof

thefactthatthenumericalmethodissimplyunacceptable.Toavoidsuchcases,

usuallyitisassumedthatlim(̄ϕn◦ϕn)v=vforanyv∈X(orsomesimilar

property). Wenotethatthisrelationdoesnotmeanthatϕ̄nistheinverseofϕn,

becauseϕnisnotinvertible,typicallyitrepresentssomeinterpolation.

However,onthebasisofallthisitseemstobe moreappropriatetohandle

thenumericalmethodandtheinterpolationseparately.Thisleadstotheother

approach.

Figure1.2:Secondapproach(whichisourchoice):Thegeneralschemeofnumerical

methodswithoutinterpolation.

•ThegeneralschemeofthisapproachisillustratedinFigure1.2.

Definition1.1.11.Theelementen=ϕn(̄u)−ūn∈Xniscalledglobaldiscretization

error.

Clearly,ouraimistoguaranteethattheglobaldiscretizationerrorisarbitrarily

small,byincreasingn.Thatis,werequirethefollowingproperty.

Definition1.1.12.D(P) N iscalledconvergentif

limen Xn=0 (1.10)

holds. When

en Xn=O(n
−p)

wesaythattheorderoftheconvergenceisp.

11



1.BASICNOTIONSOFNUMERICALANALYSIS

Thus,thewholeprocessissplitintotwotasks,intothenumericalmethodand

intotheinterpolation.Naturally,foraconvergentD(P) N itismucheasier

tofindanappropriateinterpolation.

Thus,thisapproachismoreappropriateifthenumericalmethodisinourfocus

(withouttheinterpolationprocess)andthisisthereasonwhywechoosethisone.

However,itdoesnotmeanthattheinterpolationprocess(orthepossibilityofthis

process,whichdependsontheapproximationcapabilitiesofthespace-sequence

(Xn)n∈N)islessimportant. Tounderlinethisstatementthenextexampleis

shown.

Example1.1.13.Letuschoosethenumericalmethodsothatwechooseanarbitrary

ū1fromanarbitraryspaceX1and̄un:=̄u1,Xn:=X1withthenorm ·Xn:=
1
n
·X1.

Moreover,wechooseanarbitraryϕ1andϕn:=ϕ1.

Thenclearly,entendsto0thankstothefactor1/n.

Ontheotherhand,nobodywouldcallitaconvergentnumericalmethod. To

avoidsuchanexample,somekindofnorm-consistencycouldbeassumed,e.g.,

limϕn(v)Xn= vXforallv∈X.

Independentlyoftheformofthedefinitionoftheglobalerror,itishardlyapplicable

inpractice,becausetheknowledgeoftheexactsolutionūisassumed. Therefore,

weintroducesomefurthernotions(consistency,stability),whichhelpusingetting

informationaboutthebehavioroftheglobaldiscretizationerror.

Consistency. ConsistencyistheconnectinglinkbetweentheproblemP andthe

numericalmethodN.

Definition1.1.14.D(P) N iscalledconsistentattheelementv∈Dif

•ϕn(v)∈Dnholdsfromsomeindex,

•therelation

limFn(ϕn(v))−ψn(F(v))Yn=0 (1.11)

holds.

D(P) N iscalledconsistentifitisconsistentattheelementū.

12



1.1.NONLINEARTHEORY

Theelementln(v)=Fn(ϕn(v))−ψn(F(v))∈Ynin(1.11)playsanimportantrole

inthenumericalanalysis. Whenwefixsomeelementv∈D,wecantransformitinto

thespaceYnintwodifferentways(withthehelpoftheoperatorsF,ψnandϕn,Fn):

X →Y →YnandX →Xn→Yn(c.f.Figure1.2).Themagnitudeln(v)characterizes

thedifferenceofthesetwodirectionsfortheelementv.Hence,theconsistencyatthe

elementvyieldsthatinlimitthediagramofFigure1.2iscommutative.Aspecialrole

isplayedbythebehaviourofln(v)onthesolutionoftheproblem(1.1),thatarethe

elementsln(̄u).Lateronwewillusethefollowingnotions.

Definition1.1.15. Theelementln(v)=Fn(ϕn(v))−ψn(F(v))∈Yniscalledlocal

discretizationerrorattheelementv.Assuming(a3)ofAssumption1.1.9,theelement

ln=:ln(̄u)=Fn(ϕn(̄u))−ψn(F(̄u))=Fn(ϕn(̄u))iscalledlocaldiscretizationerror.

When

ln(v)Xn=O(n
−p),

wesaythattheorderoftheconsistencyatvisp(analogouslysimplyorderofthe

consistencyforv=̄u).

One mightaskwhetherconsistencyimpliesconvergence. Thefollowingsimple

exampleshowsthatthisisnottrueingeneral.

Example1.1.16.LetusconsiderthecaseX =Xn=Y=Yn=R,ϕn=ψn=

identity. OuraimistosolvethescalarequationF(x)=0,whereweassumethatit

hasauniquesolutionx̄=0. WedefinethenumericalmethodasFn(x)=(1−x)/n.

Clearly,duetothelinearityofϕnandψn,wehaveln=Fn(0)−0=Fn(0).Since

Fn(0)→ 0,thereforethisdiscretizationisconsistent. However,itisnotconvergent,

sincethesolutionofeachproblemFn(x)=0isx̄n=1.

Thus,convergencecannotbereplacedbyconsistencyingeneral.

Stability. Aswehavealreadyseen,consistencyinitselfisnotenoughforconvergence.

AssumingtheexistenceoftheinverseoperatorF−1n ,wecaneasilygettotherelation

en=ϕn(̄u)−ūn=F
−1
n (Fn(ϕn(̄u)))−F

−1
n (0)=F

−1
n (ln)−F

−1
n (0),

whichshowstheconnectionbetweentheglobalandlocaldiscretizationerrors. This

relationsuggeststhattheconsistency(i.e.,theconvergenceofthelocaldiscretization

errorlntozero)canprovidetheconvergence(i.e.,theapproachofentozero)when

(F−1n )n∈Nhasgoodbehavior.SuchapropertyistheLipschitzcontinuity:itwouldbe

usefultoassumethatthefunctionsF−1n uniformlysatisfytheLipschitzconditionat

13
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thepoints0∈Yn.However,generallyatthispointwehavenoguaranteeeventothe

existenceofF−1n ,thusweprovidethiswithsomepropertyofthefunctionsFn,without

assumingtheirinvertibility. Thefirststepinthisdirectionisdonebyintroducinga

simplifiedformofthenotionofsemistabilityin[37].

Definition1.1.17.D(P) N iscalledsemistableifthereexistS∈R,R∈(0,∞]

suchthat

•BR(ϕn(̄u))⊂Dnholdsfromsomeindex;

•∀(vn)n∈Nwhichsatisfyvn∈BR(ϕn(̄u))fromsomeindex,therelation

ϕn(̄u)−vn Xn≤S Fn(ϕn(̄u))−Fn(vn)Yn (1.12)

holds.

Semistabilityisapurelytheoreticalnotion,which,similarlytotheconsistency,

cannotbecheckeddirectly,duetothefactthatūisunknown.However,thefollowing

statementclearlyshowstherelationofthethreeimportantnotions.

Lemma1.1.18.Weassumethat D(P) N issuchthat

•(a3)ofAssumption1.1.9issatisfied;

•itisconsistentandsemistablewithstabilitythresholdR;

•equation(1.5)hasasolutioninBR(ϕn(̄u))fromsomeindex.

Thenthesequenceofthesesolutionsofequation(1.5)convergestothesolutionof

problemP ,andtheorderofconvergenceisnotlessthantheorderofconsistency.

Proof.First,usingthesemistabilitygives

en Xn= ϕn(̄u)−ūn Xn≤S Fn(ϕn(̄u))−Fn(̄un)Yn=S Fn(ϕn(̄u))Yn=Sln Yn

fromsomeindex.Finally,usingtheconsistencyprovesthestatement.

Thislemmahassomedrawbacks.Firstly,wecannotverifyitsconditionsbecause

thisrequirestheknowledgeofthesolution. Secondly,wehavenoguaranteethat

equation(1.5)hasa(possiblyunique)solutioninBR(ϕn(̄u))fromsomeindex. By

usingthefollowingmodifiedstabilitynotion,see[33],wecangetridofthesecond

problem.

14
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Definition1.1.19. D(P) N iscalledstableattheelementv∈Xifthereexist

S∈R,R∈(0,∞]suchthat

•forthestabilityneighbourhoodBR(ϕn(v))⊂Dnholdsfromsomeindex;

•∀(v1n)n∈N,(v
2
n)n∈Nwhichsatisfyv

i
n∈BR(ϕn(v)),theestimate

v1n−v
2
n Xn

≤S Fn(v
1
n)−Fn(v

2
n)Yn (1.13)

holds.

D(P) N iscalledstableifitisstableattheelementū∈X.

Remark1.1.20.Obviously,stabilityimpliessemistability.

Theimmediateprofitofthisdefinitionisinjectivityasitisformulatedinthenext

statement.

Corollary1.1.21. IfD(P) N isstableattheelementv∈X withstability

thresholdR,thenFnisinjectiveonBR(ϕn(v))fromsomeindex.

Thefollowingstatementsdemonstratetheusefulnessofthestabilitynotion,given

inDefinition1.1.19.Theseresultsfirstappearedin[48],however,basedonadifferent

notionofstability,seetheParagraph“Notesonthenotionofstability–otherpossi-

bilities.”ofthisdissertation. Thus,theseresultsareconvertedinordertofitinour

frameworkandarepresentedhereinthisconvertedform.

Lemma1.1.22.[48,VersionofLemma1.2.1.]

Weassumethat

•V,W arenormedspaceswiththepropertydimV=dimW <∞;

•G:BR(v)→W iscontinuousforsomev∈VandR∈(0,∞];

•forallv1,v2whichsatisfyvi∈BR(v),thestabilityestimate

v1−v2
V
≤S G(v1)−G(v2)

W
(1.14)

holds.

Then

•Gisinvertible,andG−1:BR/S(G(v))→BR(v);

•G−1isLipschitzcontinuouswiththeconstantS.

15
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Theproofofthislemmaisrathertechnical,thusitisplacedintotheAppendix.

Lemma1.1.23.[48,VersionofTheorem1.2.3.]

ForD(P) N weassumethat

•(a1)and(a2)ofAssumption1.1.9aresatisfied;

•itisconsistentandstablewithstabilitythresholdRandconstantS.

ThenD(P)generatesanumericalmethodN suchthatequation(1.5)hasaunique

solutioninBR(ϕn(̄u))fromsomeindex.

Proof.DuetoLemma1.1.22,Fnisinvertible,andF
−1
n :BR/S(Fn(ϕn(̄u)))→BR(ϕn(̄u)).

NotethatFn(ϕn(̄u)) =ln → 0,duetotheconsistency. This meansthat0∈

BR/S(Fn(ϕn(̄u)))holdsfromsomeindex.Thisprovesthestatement.

Hence,wecanformulatethefollowingtheorem.

Theorem1.1.24.[48,VersionofTheorem1.2.4.]

ForD(P) N weassumethat

•(a1)–(a3)ofAssumption1.1.9aretrue;

•itisconsistentandstablewithstabilitythresholdRandconstantS.

ThenD(P) N isconvergent,andtheorderoftheconvergenceisnotlessthanthe

orderofconsistency.

Proof.ThestatementisaconsequenceofLemmas1.1.23and1.1.18.

Notesonthenotionofstability–otherpossibilities. Wecompletethissub-

sectionwithsomeremarksw.r.t.thestabilitynotionbyDefinition1.1.19.

Thereareotherdefinitionsforstabilityintheliterature,thesearemostlygeneral-

izationsofthestabilitynotionofKeller. Welistsomeofthem.

•Thefirstoneofthemisthefollowingone,whichisgivenin[48].

Definition1.1.25.D(P) N iscalledstableinthesenseofStetterifthere

existS∈R,R∈(0,∞]andr∈(0,∞]suchthat

–BR(ϕn(̄u))⊂Dnholdsfromsomeindex;

–forall(v1n)n∈N,(v
2
n)n∈Nsuchthatv

i
n∈BR(ϕn(̄u)),andtheinclusionFn(v

i
n)∈

Br(Fn(ϕn(̄u)))istrue,theestimate(1.13)holds.

16
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NotethatthestabilitynotionbyStetterislessrestrictivethantheonegivenin

Definition1.1.19:ifweputr=∞ inDefinition1.1.25,thenwere-obtainthe

stabilitydefinitionbyKeller,giveninDefinition1.1.19.

•Thesecondonewasgiveninthepaper[37].

Definition1.1.26. D(P) N iscalledstableinthesenseofĹopez-Marcos

andSanz-SernaifthereexistS∈Rand(Rn)n∈N,Rn∈(0,∞]suchthat

–BRn(ϕn(̄u))⊂Dnholdsfromsomeindex;

–∀(v1n)n∈N,(v
2
n)n∈Nwhichsatisfyv

i
n∈BRn(ϕn(̄u))fromthatindex,theesti-

mate(1.13)holds.

Thisstabilitynotionallowsustovarytheradiusoftheballswhichcouldbe

necessaryasithasbeenshownin[37],whereanexampleispresentedforwhich

thisistheappropriatenotion,whiletheothersfail.

•Finallywementionanothergeneralizationwhichwasintroducedin[54](actually,

herewepresentaversionofit).

Definition1.1.27.D(P) N iscalledstableinTrenogin’ssenseifthereexist

S∈RandR∈(0,∞]suchthat

–BR(ϕn(̄u))⊂Dnholdsfromsomeindex;

–thereexistsacontinuousataneighbourhoodofzero,strictlymonotonically

increasingfunctionω(t)definedont≥0suchthatω(0)=0and

ω v1n−v
2
n Xn

≤ Fn(v
1
n)−Fn(v

2
n)Yn (1.15)

holdsforallv1n,v
2
n∈BR(ϕn(̄u)).

Ifwechooseωasidentity/L,were-obtaintheDefinition1.1.19.

Wementionthatsimilarlytothatdefinitionofstabilityandthecorresponding

built-upwechoosethewholeconstructioncanbecarriedthroughchoosingtheabove

mentionedstabilitydefinitions,too.

Naturallyitispossibletoconstructfurthertypesofstabilitynotions,e.g.,mixing

theabovementionedones.Butthiswouldbefruitfulonlyfromatheoreticalpointof

view,therealquestionisalwaysthatofhowthesecouldworkinpractice.Eventhe

stabilitynotionofStetterandthatofTrenogin’sseemtobetootheoreticaluntilnow.

17
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1.1.3 Basicnotions–revisitedfromtheapplicationpointof

view

Theorem1.1.24isnotyetsuitableforourpurposes:theconditionrequirestocheckthe

stabilityandtheconsistencyattheunknownelementv=̄u.Therefore,thisstatement

isnotapplicableforrealproblems.Sinceweareabletoverifytheaboveproperties

onsomesetofpoints(sometimesontheentireD),weconvertthepreviouslygiven

frameworkintoanotheronewhichfitsmorefortheapplicationandisbasedonglobal

propertiesinsteadofthelocal(pointwise)ones.

Definition1.1.28. D(P) N iscalleddenselyconsistentifthereexistsaset

D0⊂DwhoseimageF(D0)isdenseinsomeneighbourhoodofthepoint0∈Y,and

itisconsistentateachelementv∈D0.

TheorderofthedenseconsistencyonD0isdefinedasinf{pv:v∈D
0},wherepv

denotestheorderofconsistencyatthepointv.

Example1.1.29.LetusconsidertheexplicitEulermethod,giveninExamples1.1.4,

1.1.6and1.1.8. WeapplyittotheCauchyproblemofExample1.1.2,i.e.,tothe

problem(1.3)-(1.4). WeverifytheconsistencyanditsorderonthesetD0⊂D,where

D:=C1[0,1]andD0:=C2[0,1].Thenforthelocaldiscretizationerrorweobtain

[Fn(ϕn(v))−ψn(F(v))](ti)=






1
2n
v(θi),i=1,...,n,

0, i=0,

(1.16)

whereθi∈(ti−1,ti)aregivennumbersandv∈D
0isanarbitraryelement. Then

ln(v)Xn=O(n
−1)onD0.

Hence,fortheclassofproblems(1.3)-(1.4)withLipschitzcontinuousright-hand

sidef,theexplicitEulermethodisdenselyconsistent,andtheorderofthedense

consistencyonD0:=C2[0,1]equalsone.

Intheparagraph“Consistency.”inSubsection1.1.2(c.f. Example1.1.16)we

showedthat(pointwise)consistencyinitselfisnotenoughfortheconvergence. One

maythinkthatthenotionofdenseconsistency,givenbyDefinition1.1.28,ensures

convergence.Thefollowingexampleshowsthatthisisnottrue.

Example1.1.30.LetuschoosethenormedspacesasX =Xn=Y=Yn=R,

ϕn,=ψn=identity. OuraimistosolvethescalarequationF(x)=0,wherethe

18
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functionF∈C(R,R)isgivenas

F(x)=
|x|,ifx∈(−1,1),

1,ifx∈(−∞,−1]∪[1,∞).

Clearlythisproblemhasauniquesolutionx̄=0. Wedefinethenumericalmethodas

Fn(x)=






1
n
,ifx∈ −1

n
,1
n
,

x,ifx∈ 1
n
,1,

1,ifx∈(−∞,−1]∪[1,n)∪[n+2,∞),

−x,ifx∈ −1,−1
n
,

|x−(n+1)|,ifx∈[n,n+2).

ForthegivenproblemthisD(P) N isconsistentontheentireR,however,itis

notconvergent,sincethesolutionsofthediscreteproblemsFn(x)=0arex̄n=n+1,

andthereforex̄n x̄.

Whatismoreinterestingisthatdenseconsistencydoesnotimplyconsistencyeither

asthefollowingexamplesshow.

Example1.1.31.LetuschoosethenormedspacesasX =Xn=Y=Yn=R,

ϕn=ψn=identity. OuraimistosolvethescalarequationF(x)=0,wherethe

functionF∈C(R,R)istheidentity.Clearlythisproblemhasauniquesolution̄x=0.

Wedefinethenumericalmethodas

Fn(x)=
1−n|x|,ifx∈ − 1

n−1
,1
n+1

,

x,ifx∈ −∞,− 1
n−1

∪ 1
n+1
,∞ .

ItcanbeseenthatinthiscaseD(P) N isdenselyconsistent,sinceitisconsistent

atallx∈R\{0},however,itisnotconsistent.

Example1.1.32.WemodifyExample1.1.31onlyatsomepoints. Wechoosethe

functionF∈C(R,R)asF(x)=|x|. Wedefinethenumericalmethodas

Fn(x)=
1−n|x|,ifx∈ − 1

n+1
,1
n+1

,

|x|,ifx∈ −∞,− 1
n+1

∪ 1
n+1
,∞ .

Herewecanconcludethesameasinthelastexample.

ThealarmingdifferenceisthatinExample1.1.31wehaveauniquesolutionofthe

equationFn(x)=0foralln,moreoverx̄n→ x̄=0,whilehereFn(x)>0foralln.

Wenotethatbothexamplesfailinthestabilitytestduetothelackofinjectivity.
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Inspiteofallthis,thenotionofdenseconsistencyisextremelyusefulastheReader

willseebelow.

Inthesequel,besidesAssumption1.1.9,wewillusethefollowingnewassumptions.

Assumption1.1.33.D(P) N possessesthefollowingproperties.

(a4)TheproblemP issuchthatF−1existsinsomeneighbourhoodof0∈Yandis

continuousatthepoint0∈Y.

(a5)ThereexistsK1>0suchthatforallv∈Dtherelation

ϕn(̄u)−ϕn(v)Xn≤K1 ū−vX

holdsforalln∈N.

(a6)ThereexistsK2>0suchthatforally∈Ytherelation

ψn(y)−ψn(0)Yn≤K2 y−0Y

holdsforalln∈N.

Lemma1.1.34.Weassumethat D(P) N possessesthefollowingproperties.

•(a1)–(a3)ofAssumption1.1.9hold.

•(a4)and(a6)ofAssumption1.1.33hold.

•ItisdenselyconsistentandstablewithstabilitythresholdRandconstantS.

ThenFnisinvertibleatthepointψn(0)=0,i.e.,thereexistsF
−1
n (ψn(0))forsufficiently

largeindicesn.

Proof.Wecanchooseasequence(yk)k∈Nsuchthaty
k→0∈YandF−1 yk =:uk→

ū,duetothecontinuityofF−1. ThenthediscretizationD onproblemP atthe

elementukisstablewithstabilitythresholdR/2andconstantS,forsomesufficiently

largeindicesk. Moreover,FniscontinuousonBR/2(ϕn(u
k)).Thus,fortheseindicesk

andalsoforsufficientlylargenthereexistsF−1n :BR/2S(Fn(ϕn(u
k)))→ BR/2(ϕn(u

k))

moreover,itisLipschitzcontinuouswithconstantS,accordingtoLemma1.1.22.Let

uswriteatrivialupperestimate:

Fn(ϕn(u
k))

Yn
≤ Fn(ϕn(u

k))−ψn(F(u
k))

Yn
+ ψn(F(u

k))
Yn
.

Herethefirsttermtendsto0asn→ ∞,duetotheconsistency. Forthesecond

term,basedon(a3)and(a6)wehavetheestimate ψn(y
k)

Yn
≤K2 y

k
Xn
.Since

theright-handsidetendstozeroask→ ∞,thismeansthatthecentreoftheball

BR/2(Fn(ϕn(u
k)))tendsto0∈Yn,whichprovesthestatement.
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Corollary1.1.35.UndertheconditionsofLemma1.1.34,forsufficientlylargeindices

kandn,thefollowingresultsaretrue.

•ThereexistsF−1n (ψn(y
k)),sinceψn(y

k)∈BR/2S(Fn(ϕn(u
k))).

•F−1n (ψn(y
k))∈BR/2(ϕn(̄u)),

moreover,under(a5)ofAssumption1.1.33

•ϕn(F
−1(yk))∈BR/2(ϕn(̄u))holds,too.

Nowweareinthepositiontoformulateourbasicresult.

Theorem1.1.36.Weassumethat D(P) N possessesthefollowingproperties.

•(a1)–(a3)ofAssumption1.1.9and(a4)–(a6)ofAssumption1.1.33hold.

•ItisdenselyconsistentandstablewithstabilitythresholdRandconstantS.

Thenitisconvergent,andtheorderoftheconvergencecanbeestimatedfrombelowby

theorderofconsistencyonthecorrespondingsetD0.

Proof.ByuseofthetriangleinequalityandCorollary1.1.35,wecanwrite

ϕn(̄u)−ūn Xn= ϕn(F
−1(0))−F−1n (ψn(0))Xn≤

ϕn(F
−1(0))−ϕn(F

−1(yk))
Xn

I.

+

ϕn(F
−1(yk))−F−1n (ψn(y

k))
Xn

II.

+

F−1n (ψn(y
k))−F−1n (ψn(0))Xn

III.

,

(1.17)

wheretheelementsyk∈YaredefinedintheproofofLemma1.1.34.

Inthenextstepweestimatethedifferenttermsontheright-handsideof(1.17).

I.Forthefirstterm,onthebasisof(a5)ofAssumption1.1.33,wehavetheestimate

ϕn(F
−1(0))−ϕn(F

−1(yk))
Xn
≤K1 F

−1(0)−F−1(yk)
X
.

Sinceyk→0ask→∞,andF−1iscontinuousatthepoint0∈Y,thereforethis

termtendstozero,independentlyofn.
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II.DuetoCorollary1.1.35,wecanusethestabilityestimate,thereforeforthisterm

wehavetheestimate

ϕn(F
−1(yk))−F−1n (ψn(y

k))
Xn
≤

S Fn(ϕn(F
−1(yk)))−ψn(y

k)
Yn
=S Fn(ϕn(u

k))−ψn(F(u
k))

Yn
.

Inthisestimatethetermontheright-handsidetendstozerobecauseofthe

consistencyatuk.

III.FortheestimationofthethirdtermwecanusetheLipschitzcontinuityofF−1n ,

duetoLemma1.1.34andCorollary1.1.35. Hence,byusing(a3)and(a6)of

Assumption1.1.9andAssumption1.1.33,respectively,wehave

F−1n (ψn(y
k))−F−1n (ψn(0))Xn≤S ψn(y

k)−ψn(0)Yn≤SK2 y
k
Y
.

Theright-handsideoftheaboveestimatetendstozero,independentlyofthe

indexn.

Theseestimationscompletetheproof.

Thereisonlyonejobleft,toensurethestability.Analogouslytotheconsistency,in

thestabilitythelackofknowledgeofthesolution̄umakesthedirectapplicationofthe

Definition1.1.19impossible. Thus,weneedaconditionwhichcanbeeasilychecked

andimpliesstability.Thefollowingtriviallemmagivesahelpinghand.

Lemma1.1.37.Weassumethat D(P) N possesses(a5)ofAssumption1.1.33

anditisstablewithstabilitythresholdRandconstantS. Thenitisstableatall

v∈D∩BR(̄u)withstabilityconstantS.

Asaconsequence,weneedtocheckstabilityonasetofelementsthattheunion

oftheirstabilityneighbourhoodscontainsϕn(̄u)andtheinfimumoftheirstability

constantsispositive.

Example1.1.38.[54,VersionofParagraph38.2]

LetusanalysethestabilitypropertyoftheexplicitEulermethod,giveninExample

1.1.8.

Letv(1),v(2)∈Xn =R
n+1 betwoarbitraryvectors,andweusethenotation

=v(1)−v(2)∈Rn+1. Wedefinethevectorδ=Fn v
(1) −Fn v

(2) ∈Rn+1,where

Fnisdefinedin(1.6).(Inthenotation,forsimplicity,weomittheuseofthesubscript

nforthevectors. Werecallthatthecoordinatesofthevectorsarenumberedfrom

i=0toi=n.)

Forthecoordinatesofthevectorδwehavethefollowingrelations.
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•Forthefirstcoordinate(i=0)weobtain:δ0= Fn v
(1)

0
− Fn v

(2)
0
=

v
(1)
0 −u0 − v

(2)
0 −u0 = 0.

•Fortheothercoordinatesi=1,...,nwehave

δi=v
(1)
i −v

(2)
i =

n(v
(1)
i −v

(1)
i−1)−f(v

(1)
i−1)−n(v

(2)
i −v

(2)
i−1)+f(v

(2)
i−1)=

n(v
(1)
i −v

(2)
i )−n(v

(1)
i−1−v

(2)
i−1)−(f(v

(1)
i−1)−f(v

(2)
i−1))=

ni−ni−1−(f(v
(1)
i−1)−f(v

(2)
i−1)).

Wecanexpress ifromthisrelationasfollows:

i= i−1+
1

n
f(v

(1)
i−1)−f(v

(2)
i−1)+

1

n
δi.

Underourassumption,f∈C(R,R)isaLipschitzcontinuousfunction,thereforewe

havetheestimation|f(v
(1)
i−1)−f(v

(2)
i−1)|≤L|v

(1)
i−1−v

(2)
i−1|.Hence,weget

|i|≤|i−1|+
1

n
L|v

(1)
i−1−v

(2)
i−1|+

1

n
|δi|=|i−1|1+

L

n
+
1

n
|δi|.

Ifweapplythisestimateconsecutivelyto|i−1|,|i−2|,etc.,weobtain:

|i|≤|i−2|1+
L

n

2

+
1

n
|δi|+ 1+

L

n

1

n
|δi−1|≤...

|0|1+
L

n

n

+
1

n

n

i=1

|δi|1+
L

n

n−i

. (1.18)

Sinceδ0= 0and v
(1)−v(2)

Xn
= max
i=0,...,n

|i|,hencewecanwriteourestimationin

theform

v(1)−v(2)
Xn
≤|δ0|1+

L

n

n

+
1

n

n

i=1

|δi|1+
L

n

n−i

(1.19)

<eL(δ0+ max
i=1,...,n

|δi|)=e
L δYn=e

L Fn v
(1) −Fn v

(2)
Yn
. (1.20)

Thisshowsusthatthediscretization(1.8)appliedtotheproblemgiveninExample

1.1.2resultingintheexplicitEulermethodgiveninExample1.1.8isstableonthewhole

setX=C1[0,1]withS=eLandR=∞ forthisproblem.

Hence,onthebasisofTheorem1.1.36,theresultsofthisexampleandExample

1.1.29,wecanconcludethattheexplicitEulermethodisconvergent,andtheorderof

itsconvergenceisone.

Wenotethatthewholeprocesscanbedone(withsmallmodifications)when fis

onlylocallyLipschitzcontinuous.
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1.1.4 Relationbetweenthebasicnotions

Theorems1.1.24and1.1.36showthat,undertheassumptions(a1)–(a3)and(a1)–

(a6),theconsistencyordenseconsistencyandstabilityresultintheconvergence,i.e.,

consistencyandstabilitytogetherareasufficientconditionforconvergence.(Roughly

speaking,thisimplicationisshownin(1.2).)However,fromthisobservationwecannot

getananswertothequestionofthenecessityoftheseconditions.

Inthesequel,weraiseamoregeneralquestion: Whatisthegeneralrelationbetween

theabovelistedthreebasicnotions?Sinceeachofthemcanbetrue(T)orfalse(F),

wehavetoconsidereightdifferentcases,listedinTable1.1.

consistency/denseconsistency stability convergence

1 T T T

2 T T F

3 T F T

4 T F F

5 F T T

6 F T F

7 F F T

8 F F F

Table1.1:Thelistofthedifferentcases(T:true,F:false).

Beforegivingtheanswer,weconsidersomeexamples.IneachexamplesX=Xn=

Y=Yn=R,D=Dn=[0,∞),ϕn=ψn=identity. Ouraimistosolvethescalar

equation

F(x)≡x2=0, (1.21)

whichhastheuniquesolutionx̄=0.

Example1.1.39.Forsolvingequation(1.21)wechoosethenumericalmethodde-

finedbythen-thLagrangianinterpolation,i.e.,Fn(x)istheLagrangianinterpolation

polynomialofordern.SincetheLagrangianinterpolationisexactforn≥2,therefore

Fn(x)=x
2holdsforalln≥2.Hence,clearlythenumericalmethodisconsistentand

convergent.TheoperatorF−1n canbedefinedeasily,anditisF
−1
n (x)=

√
x.Onecan

seethatifF−1n exitsanditisdifferentiable,thenforthestability(F−1n )needstobe

boundedaroundthesolutionx̄nfromsomeindex.Sinceinthiscaseitisnotfulfilled,

thenumericalmethodisnotstable.
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Example1.1.40.Forsolvingequation(1.21)wechoosenowthenumericalmethod

Fn(x)=1−nx.TherootsofthediscreteequationsFn(x)=0arex̄n=1/n,therefore

x̄n→ x̄=0asn→ ∞. Thismeansthatthenumericalmethodisconvergent. We

observethatϕn(Fn(0))=ϕn(1)=1,andψn(F(0))=ψn(0)=0. Hence,forthe

localdiscretizationerrorwehave|ln|=1,foranyindexn. Thismeansthatthe

numericalmethodisnotconsistent. OnecaneasilycheckthatFnisinvertible,and

F−1n (x)=−x/n+1/n. Hencethederivativeoftheinverseoperatorsareuniformly

boundedon[0,∞)by1foranyn.Therefore,thenumericalmethodisstable.

Example1.1.41.Forsolvingequation(1.21)wechoosethefollowingnumericalmethod:

Fn(x)=1−nx
2.Thenx̄n=1/

√
n,andhencex̄n→ x̄=0asn→ ∞.Thismeans

thatthenumericalmethodisconvergent.Duetotherelationsϕn(Fn(0))=ϕn(1)=1

andψn(F(0))=ψn(0)=0,thismethodisnotconsistent.Sinceforthisnumerical

methodF−1n (x)= (1−x)/n,thereforethederivativesarenotbounded.Therefore,

thenumericalmethodisnotstable.

numberofthecase answer reason

1 alwaystrue Theorem1.1.24and1.1.36

2 alwaysfalse Theorem1.1.24and1.1.36

3 possible Example1.1.39/Example1.1.31

4 possible Examples1.1.16and1.1.30/Example1.1.32

5 possible Example1.1.40

6 uninteresting uninteresting

7 possible Example1.1.41

8 uninteresting uninteresting

Table1.2:Thepossibilityofthedifferentcases.

Now,weareinthepositiontoanswerthequestion,raisedatbeginningofthissec-

tion.UsingthenumerationofthedifferentcasesinTable1.1,theanswersareincluded

inTable1.2.(Wenotethattwocases(cases6and8inTable1.1)areuninteresting

fromapracticalpointofview,thereforewehaveneglectedtheirinvestigation.) The

resultsparticularlyshowthatneitherconsistency/denseconsistency,norstabilityisa

necessaryconditionfortheconvergence.
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1.BASICNOTIONSOFNUMERICALANALYSIS

1.2 Lineartheory

Itshouldbemadeclearinthefirstplacethatthenamelinearinthetitlecouldbe

misleading,thissectioncontainsthecasewhereFisanaffineoperatorFu=Lu−f,

whereLisalinearoperatorandf∈Y.Thenamecomesfromthelinearinhomogeneous

equationoftheformLu=f.

Comparingthenonlinearandthelineartheorysomeintroductoryremarksaremen-

tioned.First,thelineartheoryisaspecialcasecontainedbythenonlineartheory.As

wehaveseeninthenonlinearcase,stabilitywithconsistency(undersomeassumptions)

impliesconvergence,butnothingmorecanbestated,seeSubsection1.1.4.However,

inthespecialcasewheretheoperatorFisaffine,somethingmorecanbestated.Fi-

nally,wementionthatinthenonlineartheorythereisalargevarietyofthedefinitions

(c.f.theParagraph“Notesonthenotionofstability–otherpossibilities.”),whilethe

lineartheoryismorefixed,wewillseethateverystabilitynotionofthenonlinearcase

issimplifiedtoonestabilitynotioninthelinearcase. Ontheotherhand,this(and

other)simplificationsprovideapossibilitytohandleparallelafamilyofaffineoperators

(differingonlyintheconstantpart)bydefiningconsistency,stabilityandconvergence.

Thelineartheoryismoreelaborated,thefoundationsofthetheoryarealreadylaid

inthefamouspaper[36]andlaterdeveloped,e.g.,inthepapers[42,43,44]. Wealso

relyontheresultsofthesepapers.

1.2.1 Problemsetting,basicnotionsandtheoreticalresults

Problem,discretizationandnumerical method. Inthisparagraphwefollow

thepaper[44]. WhenFisanaffineoperator,theequation(1.1)tobesolvedreadsas

Lu=f, (1.22)

whereX andYareassumedtobenormedspaces,f∈Y,D ⊂X,R⊂Y and

L:D →Risassumedtobean(unbounded)linearoperator.

Itissupposedthattheproblem(1.22)iswell-posedinthefollowingsense. The

rangeRofLisdenseinYandthereexistsanoperatorE∈B(Y,X)suchthatEAis

theidentityinD.

Thisyieldsthatforf∈RtheuniquesolutionisEf.Iff/∈R,thenEfcanbe

regardedasageneralizedsolution,sinceEistheuniqueboundedextensiontoYof

L−1:R→D.Ineachcasestheuniquesolution(correspondingtof)willbedenoted

byuf.
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Weassumethat D(P) N (definedabove)generatesasequenceofproblemsin

thespecialform

Lnun=fn, n=1,2,..., (1.23)

whereXnandYnareassumedtobenormedspaces,fn∈Yn,andLn:Xn→Ynisa

linearoperator.

Weassumethattheproblems(1.23)arewell-posedinthesamesenseasproblem

(1.22)withsolutionoperatorsEn=L
−1
n.

Notethat(a1)ofAssumption1.1.9withstabilityimplieswell-posedness,buthere

wedonotwanttorestrictourselftothecasewherethespacesXn,Ynarefinite

dimensional.

OnD(P) N wemakesomefurtherassumptions.

Assumption1.2.1.D(P) N possessesthefollowingproperties.

(A1)ϕn,ψnareboundedlinearoperatorsforalln.

(A2)Fortheoperatorsϕn,ψntheestimates

ϕn B(X,Xn)≤C1, ψn B(Y,Yn)≤C2

holdwiththeconstantsC1,C2independentlyofn.

(A3)Therelationψnf=fnholds.

Notethat(a5)and(a6)ofAssumption1.1.33with(A1)ofAssumption1.2.1implies

(A2).

Werecallthatfromnowon(inthissection)weassumethattheproblemP islinear

andithastheform(1.22)withthepropertiesgivenabove,moreover,thatD(P) N

issuchthatthenumericalmethodN generatesasequenceofproblemsinthespecial

form(1.23)withthepropertiesgiventhereaswell.

Basicnotionsinthelinearcase. Basicnotionsasstability,consistencyandcon-

vergencearealreadydefinedinthenonlinearcase. Hereitisshownhowthosedefi-

nitionscanbetransformedtothedefinitionsofthelinearcase. Webeginwithsome

observations,andfinallywegivetheadequatedefinitions.

•Stability:duetothespecialformofF,therelation(1.13)canberewrittenas

Fn(v
1
n)−Fn(v

2
n)=Lnv

1
n−fn−(Lnv

2
n−fn)=Ln(v

1
n−v

2
n).
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1.BASICNOTIONSOFNUMERICALANALYSIS

Usingthenotationv1n−v
2
n:=wnitcanbewrittenas

wn Xn≤S Lnwn Yn,

thus,therelation(1.13)readsasEn B(Yn,Xn)≤Sinthelinearcase.

Notethatitmeansstabilityisentirelyindependentoffn,whichenablesusto

handleacompletefamilyofproblems(differingonlyinthetermf).Furthermore,

thenotionofstabilityisthepropertyofthenumericalmethodN only.

•Consistency:foragivenf,thelocaldiscretizationerrorcanbetransformedas

follows.

ln,f(v):=Fn(ϕn(v))−ψn(F(v))=Lnϕn(v)−fn−(ψn(Lv−f)).

Using(A1)and(A3)ofAssumption1.2.1impliesthat

ln,f(v)=Lnϕnv−ψnLv.

Aswecansee,consistencycanbedefinedforafamilyofproblems,too.

•Convergence:using(A1)ofAssumption1.2.1theglobaldiscretizationerrorreads

as

en,f:=ϕnuf−un,f=ϕnEf−Enψnf.

Inthelightofthepreviousitemswereformulatethebasicnotions.First,weintroduce

thenotations{P}={(X,Y,F):Fu=Lu−f,f∈Y}andD({P}) {N}for

thenotionsthatweapplythediscretizationonthefamilyofproblems{P}resulting

inthefamilyofnumericalmethods{N}.

Definition1.2.2.D(P) N iscalledconvergentattheelementf∈Yif

limϕnEf−EnψnfXn=0 (1.24)

holds. Whenitisconvergentforallf∈Y,wesaythatD({P}) {N}isconvergent.

Definition1.2.3.D(P) N iscalledconsistentattheelementv∈Diftherelation

limLnϕnv−ψnLv Yn
=0 (1.25)

holds. WecallD({P}) {N}consistentifthereexistsasetD0⊂DforwhichLD0

isdenseinYandD(P) N isconsistentateachelementinD0.

Definition1.2.4.D({P}) {N}iscalledstableiftheinequality

En B(Yn,Xn)≤S (1.26)

holdswithaconstantS(independentlyofn).
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Results. AgeneralizationoftheLaxequivalencetheoremispresented.

Theorem1.2.5.[44,Equivalencetheorem,part1]

Weassumethat D({P}) {N}possessesthefollowingproperties.

•(A1)–(A3)ofAssumption1.2.1isvalid.

•Itisconsistentandstable.

Thenitisconvergent.

ThistheoremisanalogoustoTheorem1.1.24,howeverthemaintaskbythattheo-

remwastoensuretheexistenceofthediscretesolutions.Thus,Theorem1.2.5israther

similartoLemma1.1.18.Theproofisalmostthesame(sinceTheorem1.2.5canbe

viewedasaspecialcaseofLemma1.1.18),butweneedtohandlegeneralizedsolu-

tions,too.ThismakestheproofsimilartotheproofofTheorem1.1.36(butsimpler).

Anotherdifferenceisthat,duetothelinearity,Theorem1.2.5dealswithafamilyof

problems,whileinthenonlinearcasethiswasimpossible.

Proof.Iff∈R,then

ϕnEf−EnψnfXn= En(Lnϕnuf−ψnLuf)Xn≤SLnϕnuf−ψnLuf Yn→0.

Iff/∈R,wecanchooseasequencefk
k∈N
,withfk∈Randlimfk=f.Then

ϕnEf−EnψnfXn≤

ϕnEf−ϕnEf
k
Xn

I.

+ ϕnEf
k−Enψnf

k
Xn

II.

+ Enψnf
k−EnψnfXn

III.

.

I.andIII.tendto0independentlyofn.II.tendsto0independentlyofkbecauseof

thefirstpartoftheproof.

Beforemovingontothesecondpartoftheequivalencetheoremwetakepreparation.

Assumption1.2.6.Weassumethat D({P}) {N}possessesthefollowingprop-

erties.

(A4)YisaBanachspace.

(A5)ThereexistsaconstantLsuchthat,forallnandforallgn∈Ynwith gn Yn≤1,

thereexistsanelementg∈YsuchthatgY≤Landψng=gn.
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(A5)establishesaconnectionbetweenthenormsofthespacesYandYn,see[44,

Rem.2.2.]andc.f. withtheParagraph“Convergence.”inSubsection1.1.2.) The

secondpartoftheequivalencetheoremisbasedmainlyonthefollowinglemma.

Lemma1.2.7.[42]LetZbeaBanachspace,(Wn)n∈Nasequenceofnormedspaces

andTn :Z → Wnlinearoperators.Ifforeachz∈Z,supTnzWn ≤ ∞,then

supTn B(Z,Wn)≤∞.

ThisisageneralizationoftheBanach-Steinhaustheorem.(Theproofcanbedone

inthesamewayasbytheoriginaltheorem.)

Readywiththepreparation,thesecondpartoftheequivalencetheoremispresented.

Theorem1.2.8.[44,Equivalencetheorem,part2]

AssumethatD({P}) {N}possessesthefollowingproperties.

•(A1)–(A3)ofAssumption1.2.1and(A4)–(A5)ofAssumption1.2.6arevalid.

•Itisconvergent.

Thenitisstable.

Thispartcontainsthenoveltycomparedtothenonlinearcase,i.e.convergenceis

necessaryforstability.

Proof.Foreachf∈Ythesequences(ϕnEf−EnψnfXn)n∈N,(ϕnEf Xn)n∈Nare

boundedduetotheconvergenceandAssumption1.2.1,respectively.Thisimpliesthat

thesequence(EnψnfXn)n∈Nisboundedaswell.

ThegeneralizedBanach-Steinhauslemma1.2.7impliesthatthereexistsacon-

stantK1suchthatEnψn B(Y,Xn)≤K1.Choosingasequence(gn)n∈N,gn∈Ynwith

gn Yn≤1andψng=gn,thenEngn Xn= EnψngXn≤ Enψn B(Y,Xn)gY=K1L

by(A5)ofAssumption1.2.6.Thus, En B(X,Xn)≤K1L.

Remark1.2.9.Herewenotethefollowing.

•Theorems1.1.24and1.1.36containedtheessenceofthenonlineartheory,that

resultcanbeillustratedwiththeformula(1.2). Meanwhile,theheartofthe

lineartheoryissummarizedinTheorems1.2.5and1.2.8. Thisresultcanbe

illustratedbytheformula

Consistency+Stability⇒Convergence

moreover,

Convergence⇒Stability.

(1.27)
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Thisexplainsthename“equivalencetheorem”(i.e.,stabilityisequivalentto

convergenceundertheassumptionofconsistency).

•(A4)and(A5)ofAssumption1.2.6arenecessary,see[43]and[44],respectively

forthedetails.

1.2.2 Examples

Untilnowwehaveshownthelinearframeworkontheabstractlevel.Inthefollowing

weillustratetheseabstractresultswithvariousexamples.

Problem1. LetΩ⊂Rdbeanopenandboundeddomainwithasmoothboundary

∂Ω. Weinvestigatetheellipticequation

Ku=f, inΩ,

u=g, at∂Ω,
(1.28)

whereKisanellipticoperatorgiveninadivergenceformas

Ku=−

d

i,j=1

∂u

∂xi
aij
∂u

∂xj
+

d

i=1

bi
∂u

∂xi
+cu, (1.29)

whereaij,bi,caresmoothcoefficientfunctions.

Remark1.2.10.[10,Ch.6.1.1] WecanmodelphysicalprocesseswithPDE’s.Theso-

lutionofthepreviouslydefinedproblemcanbeinterpretedasachemicalconcentration

(orthedensityofsomequantity)atequilibriumwithinaregionΩ.

Thenthesecond-ordertermrepresentsthediffusion,thefirst-ordertermrepresents

thetransportwithinΩandthezeroth-ordertermdescribesthelocalcreationordeple-

tionofthechemical(simplysayingthereactionterm).(Thecoefficientsaijdescribe

theanisotropicheterogeneousnatureofthemedium.)

Example1.2.11.Thisexampleisbasedon[44,Paragraph3.4.]. Wesetaho-

mogeneousDirichletboundarycondition(i.e., g≡ 0), moreover,weassumethat

K:L2(Ω)→ L2(Ω)isasymmetric,uniformlypositiveoperator(thiscanbeensured

bysomerestrictionsonthecoefficients)whosedomainisdomK =H10(Ω)∩H
2(Ω).

f∈L2(Ω)isagivenfunction.

Inthiscasethereexistsauniqueweak(generalized)solutionuf=Ef∈H
1
0(Ω),

andE:L2(Ω)→H10(Ω)ischaracterizedbythevariationalformula

a(Ef,v)=(f,v), ∀v∈H10(Ω), (1.30)
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wherea(·,·)isthebilinearformcorrespondingtoKwhichisdefinedas

a(u,v)=

Ω

d

i,j=1

aij
∂u

∂xi

∂v

∂xj
+

d

i=1

bi
∂u

∂xi
v+cuvdx (1.31)

and(·,·)denotestheL2innerproduct.

ThismeansthesettingX=H10(Ω)withtheenergynorm,D=H
1
0(Ω)∩H

2(Ω),

Y=L2(Ω)withtheL2norm,andconsequentlytheproblemiswell-posedinthesense

explainedatthebeginningofthissubsection.

Togetanapproximationun,fofthesolutionuf,afinitedimensionalsubspaceSn

inH10(Ω)ischosenandun,fisdefinedbytheequality

a(un,f,v)=(f,v), ∀v∈Sn. (1.32)

Itisknownthatinthiscaseun,fexitsuniquely.

WesetXnasSnwiththeenergynormandYnasSnwiththeL
2norm,ϕn:X →Xn

andψn:Y →Ynasthea(·,·)-and(·,·)-orthogonalprojections,respectively. Withthis

choiceAssumptions1.2.1and1.2.6arefulfilled.Thediscreteproblemsarewell-posed

withsolutionoperatorsEn:Yn→Xndefinedas

a(Enh,v)=(h,v), ∀v∈Sn. (1.33)

Thismeansthat

a(uf−un,f,v)=0, ∀v∈Sn, (Galerkin-orthogonality)

consequently,ϕnEf=ϕnuf=un,f=Enfn=Enψnf,thustheglobaldiscretization

erroris0,whichmeansthatthismethodisconvergentindependentlyofthechoiceof

thesubspacesSn.

This maysoundodd,butreflectswellontheargumentationoftheParagraph

“Convergence”inSubsection1.1.2i.e.thesuccessofthewholeproceduredependson

twotasks,onthenumericalmethod(inourterminologyconvergenceisanotionrelated

onlytothenumericalmethod)andontheapproximationcapabilitiesofthesubspaces

Xn.ThesecondtaskdependsonthechoiceofthesubspacesSn.Thiscanbeexplained

bytherelation

uf−un,f X≤ uf−ϕnuf X

approximationcapabilities

+ ϕnuf−un,f Xn

=0⇒convergence

. (1.34)

Thus,inthiscase

uf−un,f X= uf−ϕnuf X

approximationcapabilities

. (1.35)
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FEM. Aquestionis:howtoimplementthenumericalmethoddescribedabove?

Onepossiblewayisthefiniteelementmethod(FEM).TheFEMiswell-knowninthe

numericalanalysiscommunity,detaileddescriptionscanbefoundinmanytextbooks,

hereweprovideashortintroductioninordertointroducesomenotationswhichwill

beusedlater.

Torealize(1.32)weneedtodefineSn,whichcanbedonebygivingabasisofthis

subspace.Therearemanywaystodothis,hereisonlyoneapproachpresented.

ThefirststepistodefineameshonΩ. A1Dmeshconsistsofintervals. The

2Dmeshisaregulartrianglemeshandthe3Doneisatetrahedronmesh. Agiven

meshdeterminesthesetsP={x1,x2,...,xN}andP∂={xN+1,xN+2,...,xN+N∂}

containingtheverticesinΩandon∂Ω,respectively. Letusintroducetwo more

notations:N=N+N∂andP=P∪P∂.

Thebasisfunctionsaredenotedbyφi(x),i=1,...N.Onepossibilityistheuseof

theso-calledhatfunctionswhicharedefinedwiththefollowingproperties:

1.thebasisfunctionsarecontinuousfunctions;

2.thebasisfunctionsarepiecewiselinearfunctionsoverintervals/triangles/tetrahedrons;

3.φi(xi)=1fori=1,...N;

4.φi(xj)=0fori=1,...N,j=1,...N,i=j.

Wesetn=Nandseekun,fintheform
N
i=1uiφi.Thenthecoefficientsuicanbe

determinedbysolvingthelinearalgebraicequation

K0u0=f, (1.36)

whereK0∈R
N×N istheso-calledstiffnessmatrixwithentries

K0ij=a(φj,φi), (1.37)

u0∈R
N containstheunknowns,andfiisdeterminedbytheformula(f,φi).

ReturningtoExample1.2.11,whereaconvergentnumericalmethodwasdescribed,

Theorem1.2.8(Equivalencetheorem,part2)impliesthattheinversesofthematrices

K0areuniformlybounded(stability),i.e.thereexistsaconstantSindependentlyof

nsuchthat

K−10 ≤S (1.38)
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holdsinsomesuitablenorm.Notethat(1.36)and(1.32)canbeviewedastwodifferent

formsofthesameequation,however,inthiscasethismeansthatthenormscorrespond-

ingtothesecondform(1.36)aredetermined,i.e.f isdefinedasψnfL2andu

isdefinedasϕnuH10,andthesuitablenormin(1.38)isthe · , norm.

Ifwewanttodepartfromthischoicee.g. wechooseXn=Yn=(R
N,·2),

thenweneedtocheck(A2)ofAssumption1.2.1and(A5)ofAssumption1.2.6. When

f=
N

i=1

riφi,thenfL2 = rM andf=Mr,thusψn = M
1
2
2 andsimilarly

ϕn = H−1
1
2
2,whereHij=(gradφj,gradφi).Thismeansthatfor(A2)itisneeded

toshowthatH−1
1
2
2≤C1and M

1
2
2≤C2hold.Thiscanbedone,however,(A5)

doesnotgenerallyholdsince

1

M 1
≤

1

M 2
≤ M−1 2,

ande.g.fortheone-dimensionaluniformmesh M 1=h,wherethemeshsizeish,

showsusthatM−1 2→∞ whenh→0.Thismeansthatinthiscasetheframework

isnotapplicable.

WenotethattheFEMcanbeeasilyextendedtothecasewhereanonhomogeneous

Dirichletboundaryconditionisprescribed.Inthiscasethesetofthebasisfunctions

needtobesupplementedbythefunctionsφi,i=N+1,...Nwiththepropertieslisted

earlier.Theequationtobesolvedreadsas

Ku=f, (1.39)

whereK=(K0|K∂)∈R
N×N,u=(u0|u∂)

T∈RN andu∂canbedeterminedbyusing

theboundarycondition.

FDM. Thereareotherwaystoapproximatethesolutionoftheequation(1.28).In

thefollowingweoverviewthefinitedifferencemethod(FDM)inasameshortway

asearlierfortheFEM.TomakeeasierthepresentationoftheFDMwesimplifythe

problem(1.28)intothesimpleproblem

−u(x)=f(x), x∈(0,1),

u(0)=u(1)=0.
(1.40)

Inthefirststepameshisdefined(similarlyasfortheFEM),herewechooseauniform

meshwhichdeterminesthesetsP={x1=h,x2=2h,...,xN=Nh}andP∂={x0=

0,xN+1=1}containingtheverticesinΩandon∂Ω,respectively,withh=
1

N+1
.
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Thenweusetheapproximations






−u(x)≈
−u(x−h)+2u(x)−u(x+h)

h2
, x=xi,i=1,...,N,

u(x)=0, x=x0,xN+1,
(1.41)

resultinginthelinearalgebraicequation

K0u0=f,

whereK0=(N+1)
2tridiag(−1,2,−1)∈RN×N andu0∈R

N containstheunknowns

whosecoordinatesuiapproximatethevaluesofthefunctionuatthepointsxiand

similarlyfi=f(xi).

Example1.2.12.Tobepreciseweset

X=C4(0,1)∩{u∈C[0,1]:u(0)=u(1)=0}

withthemaximumnormandY=C2(0,1)withthemaximumnorm,too. Wemention

thatthischoiceisneededtogaintheusualsecondorderconsistency(andwiththat

thepossibilityofthesecondorderconvergence)butfortheconsistency(andforthe

convergence)insteadofC4C3wouldbesufficient.

Xn= u∈RN+2:u0=uN+1=0

andYn=R
N,bothwiththemaximumnorm.ϕn:X →Xnandψn:Y →Ynare

definedasu→u:u(xi)=uiandf→f:f(xi)=fi,respectively.

NotethathereYisnotaBanachspace,butthisisnotveryinterestingfroma

practicalpointofview,sincewewanttodefineaconvergentnumericalmethod. To

ensureconvergenceweneedtoshowthattheproceduredescribedaboveisconsistent

andstable,c.f.Theorem1.2.5(Equivalencetheorem,part1).

ConsistencycanbeobtainedeasilyusingtheTaylorseriestheorem.Themaintask

istoprovestability.

ToprovestabilitythenotionsofZ-andM-matrixandrelatedbasicresultsareused,

whichcanbefoundintheAppendix.

ThematrixK0=(N+1)
2tridiag(−1,2,−1)isaZ-matrix,moreoveritisanon-

singularM-matrix.Toshowthatitcanbeusedthe2ndpointoftheTheorem5.0.14

whichisusuallycalled”dominantvectorcondition”. Wechoosedasdi=xi(1−xi),

i=1,...,N.Thend>0andmin(K0d)i=2holdindependentlyofN.
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UsingLemma5.0.15,thechoiced:di=xi(1−xi),i=1,...,Nmeansthat

d∞ ≤
1
4
independentlyofN,hence

K−10 ∞ ≤
d∞

min(K0d)i
≤
1
4

2
≤
1

8
(1.42)

holdsindependentlyofN,andthisyieldsthestability.

Finally,returningtoExample1.2.12weobtainedthattheFDMappliedtothe

problem1.40isconsistentandstable,andsoitisconvergentaswell.

Remark1.2.13. Weobtainedabovethat K−10 isanonnegativematrix(i.e.,each

entriesarenonnegative)andthishasanimportantconsequence.Namely,

f≤0⇒u0=K
−1
0f≤0. (1.43)

Thispropertyiscalleddiscretenonpositivitypreservationproperty.Ifthedatais

nonpositive,thenthesolutionisnonpositiveaswell.

Itisimportanttonotethattheoriginalequation(1.40)possessesthisproperty

(continuousnonpositivitypreservationproperty),too.Naturally,anumericalmethod

whichcanreflectthispropertyisabetterchoice,thananotheronewhichlacksthis

property.

Wenotethatthemostimportantdifferencebetweenthenotionsconvergenceand

qualitativeproperties(suchasthediscretenonpositivitypreservationproperty)isas

follows.Convergenceisapropertyofasequenceandaqualitativepropertyisrelated

toonememberofthesequence.However,itcanhavethesameimportance.

WegaveaquicklookataqualitativepropertyinordertopreparetheReader

forthesubjectoftheforthcomingchapters,whichdealwithmaximumprinciples,a

generalizationofthenonpositivitypreservationproperty.

WenotethattheFDMcanbeextendedtononhomogeneousDirichletboundary

conditions.Theproblem






−u(x)=f(x), x∈(0,1),

u(0)=a

u(1)=b

(1.44)

transformsundertheFDMintothesystemoflinearequationsKu=f,whereK=
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(K0|K∂)with

K∂=

















0 −1

0 0
...

...

0 0
...

...

0 0

−1 0

















and u=(u0|b,a)
T. (1.45)

Naturally,consistency,stabilityandconvergencecanbeverifiedsimilarlytothehomo-

geneouscase.

Problem2. Inthisparagraphwewillstudythelinearparabolicproblem

∂v

∂t
+Kv=f inΩT (1.46)

withtheDirichletboundarycondition

v=g on∂Ω×[0,T] (1.47)

andwiththeinitialcondition

v=v0 onΩ×{t=0}, (1.48)

whereΩT=Ω×(0,T]forsomefixedT>0.Asinthepreviousparagraph,Ω⊂R
d

isopenandboundedwithboundary∂Ω,Ω=Ω∪∂Ω.u:ΩT→ R,v≡v(x,t)isthe

unknown,f:ΩT→ R,f≡f(x,t),g:∂Ω×[0,T]→ R,g≡g(x,t)andu0:Ω→ R,

v0≡u0(x)aregiven.ThedifferentialoperatorKisgivenindivergenceformas

Kv=−

d

i,j=1

∂

∂xj
aij
∂v

∂xi
+

d

i=1

bi
∂v

∂xi
+cv, (1.49)

withsufficientlysmoothcoefficientfunctionsaij(x,t),bi(x,t),c(x,t):ΩT→ R,i,j=

1,...,d.

Remark1.2.14.[10,Ch.7.1.1]InRem.1.2.10wementionedthatwecanmodelphysi-

calprocesseswithPDE’s.Thesolutionoftheabovedefinedproblemcanbeinterpreted

asthetimeevolutionofachemicalconcentration(orthedensityofsomequantity)

withinaregionΩ.
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1.BASICNOTIONSOFNUMERICALANALYSIS

Switchingtosemigroupviewpoint,weassumethatthecoefficientsoftheoperator

K aretime-independent,andK generatesastronglycontinuoussemigroupinthe

BanachspaceB. WechooseX=(C([0,T],B),·∞),L:v(·)→ (v(0),
dv
dt
−Kv),

D= v∈X:∃dv
dt
,dv
dt
−Kv∈F([0,T],B),Y=B×F([0,T],B)andweassumethat

f∈F([0,T],B),whereF=Lp,1≤p≤∞orF=C.

TheReadercanfindinformationaboutthewell-posednessoftheabovedefined

parabolicproblemin[44,Paragraph3.2.]andin[10,Ch.7.1.1andThm.3inCh.5.9.2,

Thm.3and4inCh.7.1.2c,Thm.5inCh.7.1.3].

Discretization withFEM + θ-method. Forthesakeofsimplicityweassume

ahomogeneousDirichletboundaryconditioni.e.g≡0on∂Ω×[0,T]. Wechoose

B=L2(Ω).Byusingtheweakformulation

∂v

∂t
,w−a(v,w)=(f,w),

where(·,·)denotestheL2innerproduct,anda(·,·)isthebilinearformcorresponding

toK(definedsimilarlyasintheellipticcase).Choosingasubspace(definedwiththe

basisfunctionsφi(x),i=1,...N)wearriveattheequations

N

i=1

v̇i(t)(φi,φj)−

N

i=1

vi(t)a(φi,φj)=fj(t), j=1,...,N,

wherefj(t)=(f(t),φj),whichcanbewritteninthematrixform

M0v̇0(t)−K0v0(t)=f(t),

wherev0(t)=(v1(t),...,vN(t))
T,f(t)=(f1(t),...,fN(t))

T,M0ij=(φj,φi)isthemass

matrixandK0ij=a(φj,φi)isthestiffnessmatrix.

Toobtainthefullydiscretizedformfromthesemidiscreteformonepossibleoption

istoapplytheθ-method.

M0
vn+10 −vn0
∆t

=θK0v
n+1
0 +(1−θ)K0v

n
0+f

θ,n+1, n=0,...,M,

whereauniformmeshisusedwithT=M∆t,θ∈[0,1].vn0approximatesv(n∆t),

fθ,n+1=θf((n+1)∆t)+(1−θ)f(n∆t)incaseofF=C,andfθ,n+1=
1

∆t

(n+1)∆t

n∆t

f(t)dt

incaseofF=Lp.

UsingthenotationX10=
1
∆t
M0−θK0andX20=

1
∆t
M0+(1−θ)K0itcanbe

rewrittenas

X10v
n+1
0 −X20v

n
0=f

θ,n+1, n=0,...,M.
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Inthefollowing,forthesakeofsimplicity,wedropthesuperscriptθfromtheexpression

fθ,n+1.Usingthenotations

L0=












I 0 ... ... 0

−X20 X10 0 ... 0

0 −X20 X10 0 ...
...

...
...

...
...

0 ... 0 −X20 X10












, ν0=












v00

v10
...
...

vM0












, µ=












v00

f1

...

...

fM












,

itcanbewritteninthecompactform

L0ν0=µ,

or

ν0=L
−1
0µ,

where

L−10 =












I 0 ...... 0

T I 0 ... 0

T2 T I 0 ...
...
...
...
...

...

TM ...T2 T I












, µ=












v00

0
...
...

0












(1.50)

incaseoff≡0,otherwise

L−10 =












I 0 ...... 0

T I 0 ... 0

T2 T I 0 ...
...
...
...
...

...

TM ...T2 T I























I 0 ... ... 0

0 X−110 0 ... 0

0 0 X−110 0 ...
...
...

...
...

...

0 ... 0 0 X−110












. (1.51)

WechooseXn=((R
N,· )M+1,·∞)andYn=((R

N,· )M+1,·1).Stability

meansthat

sup Ti , :1≤i≤M, <∞

holdsforalln(notethatthenotationnwasomittedearlier,heretheprocedurewas

presentedforafixedn)incaseoff≡0. Thisissimilartothestabilitycondition

obtainedinthefamouspaper[36]andinthepaper[44]forthesemidiscreteform.
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1.BASICNOTIONSOFNUMERICALANALYSIS

Thistypeofstabilityisusuallycalledstabilitywithrespecttotheinitialdatac.f.[47,

Paragraph2.3.].Inthegeneralcasestabilitymeansthat

sup TiX−110 , :1≤i≤M, <∞.

holdsforalln. Thistypeofstabilityisusuallycalledstabilitywithrespecttothe

initialdataandtotherighthandside,c.f.[47,Paragraph2.4.].

Heretheframeworkwaspresentedforahomogeneousboundarycondition,butitis

extendibletothenonhomogeneouscase. Moreover,heretheFEM+θmethodisused,

butFEMcanbesubstitutedwithe.g.FDM,too.

Summaryofthechapter. Inthischapterwegaveaframeworkonthenumerical

treatmentofapproximatingthesolutionoftheequationF(u)=0,whereXandY

arenormedspaces,D⊂XandF:D →Yisa(nonlinear)operator.Theframework

wassplitintotwoparts,thefirstcontainedthegeneral(nonlinear)casewhilethe

secondcontainedtheaffinecase.BothpartswerebasedonLax’sidea,namelyonthe

statementthatconsistencyandstabilityimpliesconvergence. Moreover,intheaffine

casestabilityandconvergenceareequivalentundertheconsistencyassumption(Lax

equivalencetheorem).

Section1.1containedthenonlineartheoryandthiswasbasedonthepaper[23,

Faraǵo,Mincsovics,Fekete,2012].Ourframeworkcontainedatheoreticalpart,where

werephrasedStetter’sresultsinordertofititintoourframework,andweillustrated

thebasicnotionsandresultsfortheexplicitEulermethod,seeSubsection1.1.2. We

extendedtheframeworkforapplications,seeSubsection1.1.3,includingourresults,

namelyLemma1.1.34,Theorem1.1.36etc.Finally,inthegeneralcaseweinvestigated

therelationofthebasicnotionswithnumerousexamples.

Section1.2containedtheaffinepartoftheframework. Herewecomparedthe

basicnotionsofthisspecialcasetothebasicnotionsofthegeneralcase,andwegave

anoverviewbyusingtheresultsofPalenciaandSanz-Serna. Finally,wepresented

examplesforthecasewheretheframeworkwasappliedtoellipticandparabolicPDE’s.

†
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Chapter2

Maximumprinciples

Inthischapterweoverviewthemostimportantpiecesofinformationsonmaximum

principlesbasedmainlyonthebook[10].

2.1 Ellipticmaximumprinciples

Inthissectionwelistthedefinitionsofcontinuousmaximumprinciplesforlinearelliptic

operatorsandtheimportanttheoremsaboutthem,basedmainlyon[10,Ch.6.4.1–

Ch.6.4.3]. Westudyellipticoperators,andnotellipticPDE’s,sincethisapproachis

morecomfortable,andclearlythequalitativepropertiesofsomePDE’sdependonthe

qualitativepropertiesofthecorrespondingoperators.

LetΩ⊂Rdbeanopenandboundeddomainwithboundary∂Ω,andΩ=Ω∪

∂Ω. WeinvestigatetheellipticoperatorK,domK=C2(Ω)∩C(Ω),definedinnon-

divergenceformas

Ku=−
d

i,j=1

aij
∂2u

∂xi∂xj
+

d

i=1

bi
∂u

∂xi
+cu, (2.1)

whereaij(x),bi(x),c(x)∈C(Ω),moreover,forthesakeofsimplicityweassumethat

aij(x)∈C
1(Ω),whichenablesustorewritethenon-divergenceformtodivergence

formandviceversa,c.f.(1.29).

Thefamilyofmaximumprinciplesconsistofmanymembers,themostknownare

thenon-positivitypreservationproperty(whichwasmentionedalreadyearlier)and

theweakandstrongmaximumprinciple.Here,besidesthesemaximumprincipleswe

investigatelessfrequentlyusedonesincludingnewlyintroduced,too.Thisisdonewith

thepurposetomakethediscussionclearer.Theirsimilaritywillprovidethepossibility
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2.MAXIMUMPRINCIPLES

wecanexploitmostlyinSection3intheproofs.Thus,inotherwords,wecanconsider

thefamilyofmaximumprinciplesasvariationsonatheme.

Firstwedefinetheweakandstrongnon-positivitypreservationproperties.

Definition2.1.1.Wesaythattheoperator K,definedin(2.1),possesses

•theweaknon-positivitypreservationproperty(nP)ifthefollowingimplication

holds:

Ku≤0inΩ, max
∂Ω
u≤0 ⇒ max

Ω
u≤0. (2.2)

•thestrongnon-positivitypreservationproperty(NP)ifitpossessesthenP,more-

over,thefollowingimplicationholds:

Ku≤0inΩ and max
Ω
u=max

Ω
u=0 ⇒ u≡0inΩ. (2.3)

We couldcallthesetwothe“parents”inthefamilyofmaximumprinciples.These

areclearlymaximumprinciplesandwitha(relatively)mildexpectation. Forthose

operatorspossessingthenPwecangiveanupperbound(whichis0)forthefunctionu

undersomeconditions,namelytheK-imageofuisnon-positiveanduisnon-positive

attheboundary.ForthoseoperatorspossessingtheNPwecanstatethatiftheK-

imageofuisnon-positive,anduattainsitsmaximumataninteriorpoint,andthis

maximumis0,thenu≡0.

Todefinefurtherandlessmildmaximumprinciplesweproceedinthefollowing

way. Wepushsomeconditionfromtheleftsideoftheimplication(2.2)totheright

sideresultinginsomethinglikethis:Ku≤0inΩ⇒ maxΩu≤max{0,max∂Ωu}.

Itmeansthatforthoseoperatorsfulfillingthisprinciple,iftheK-imageofuisnon-

positive,thenuisboundedfromabove,andthisboundisdefinedbytheboundary

valuesofuandthezero,moreprecisely,uattainsitsnon-negativemaximumatthe

boundary. Wecouldmakethisnotionmorerestrictiveomittingthe0fromtheupper

boundmax{0,max∂Ωu}.(Thismeansthatforthoseoperatorsfulfillingthisprinciple,

iftheK-imageofuisnon-positivethenuattainsitsmaximumattheboundary.)

Naturally,wewanttoproceedsimilarlywiththeimplication(2.3),butinthiscasewe

modifytherightsideofit.

Wesummarizethese“descendants”inthefollowingdefinition.

Definition2.1.2.Wesaythattheoperator K,definedin(2.1),possesses

•theweakmaximumprinciple(wMP)ifthefollowingimplicationholds:

Ku≤0inΩ ⇒ max
Ω
u≤max{0,max

∂Ω
u};
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2.1.ELLIPTICMAXIMUMPRINCIPLES

•thestrictlyweakmaximumprinciple(WMP)ifthefollowingimplicationholds:

Ku≤0inΩ ⇒ max
Ω
u=max

∂Ω
u;

•thestrongmaximumprinciple(sMP)ifitpossessesthewMP,moreover,the

followingimplicationholds:

Ku≤0inΩ and max
Ω
u=max

Ω
u=m≥0 ⇒ u≡minΩ;

•thestrictlystrongmaximumprinciple(SMP)ifitpossessestheWMP,moreover,

thefollowingimplicationholds:

Ku≤0inΩ and max
Ω
u=max

Ω
u=m ⇒ u≡minΩ.

WenotethatinthedefinitionofthesMPandSMPmisaconstant.Themeaning

ofSMP(sMP)isthefollowing.Forthoseoperatorsfulfillingthisprinciple,iftheK-

imageofuisnon-positiveanduattainsits(non-negative)maximumataninterior

point,thenuisaconstantfunction. Wecanseethattheoperator−∆possessesall

theabovedefinedmaximumprincipleswhenΩisconnected.

Remark2.1.3.Wemakesomecommentsontheabovedefinedmaximumprinciples.

•Itisclearthattherelationoftheabovedefinednotionsarethefollowing.

WMP ⇒ wMP⇒ nP

⇑ ⇑ ⇑

SMP⇒ sMP⇒ NP

•Sometimesthecasec=0iscalledstrongellipticmaximumprinciple,seee.g.

[10],butwewantedtoreservethisnametoanotherproperty.

•Wementionthatitispossibletodefineminimumprinciplessimilarly.E.g.the

weakminimumprinciple(thetwinofthewMP)readsasKu ≤0inΩ ⇒

minΩu≥min{0,min∂Ωu}.However,duetothelinearityoftheoperatorK,it

requiresthesamerestrictionforanoperatortofulfilit.

•Todefine maximumprincipleswefollowedarecipe. TheReadercouldask

whetherwecouldmakeitfurther,pushingKu,too,somehowtotherightsideof

theimplicationofthewMP.Thiscanbedoneanditcanbefoundintheseries

ofpapers[20,21,22],andincollectedformin[52](however,wenotethatthese

papersdiscussonlyacaseofaspecialoperator).
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•WedefinedmaximumprinciplesforthoseoperatorswhosedomainisdomK=

C2(Ω)∩C(Ω).Itispossibletoproceedsimilarlyforawiderclassofoperators,

namely,forthosedefinedonH1(Ω)(containinglesssmoothfunctions).Thiscan

befoundin[57].

Wecollectedtheresultsonmaximumprinciplesinthefollowingtheorem.

Theorem2.1.4.[10,Thm.2. andThm.1.inCh.6.4.1,Thm.4. andThm.3.in

Ch.6.4.2]IfoperatorK,definedin(2.1),isuniformlyellipticand

•c≥0,thenitpossessesthewMP;

•c=0,thenitpossessesthe WMP;

•c≥0,moreoverΩisconnected,thenitpossessesthesMP;

•c=0,moreoverΩisconnected,thenitpossessestheSMP.

Remark2.1.5.Wemakesomecommentsonthisresult.

•ThedefinitionofuniformellipticitycanbefoundintheAppendix.

•c≥0isnotnecessaryforthewMPandforthesMP.

•Therequirementsunderwhichtheoperatorpossessesaweakmaximumprinciple

canbeweakened,see,e.g.[5].

•OnecanseethattheconnectednessofΩisnecessary,too,forthesMPandSMP

aswell.

TheReadercanfindmoreinformationaboutmaximumandminimumprinciplesin

[10,Ch.6.4.1–Ch.6.4.3].

2.2 Parabolic maximumprinciples

Inthissectionwecouldproceedsimilarlytotheellipticcase,namely,wecouldintroduce

awholefamilyofmaximumprinciples,whichismoreplentifulinmembers.However,

herewerestrictourselvestothemostimportantones,only. Besidesthisweskip

thedetails(whicharesimilartotheellipticcase),thusweswitchtothebriefstyle.

Thissectionisbasedmainlyon[10,Ch.7.1.4]. Toamoreconcisestyleintroduction

containingvarioustypesofparabolicmaximumprincipleswerecommendtheworks

[11,17,19]besides[10].
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WeassumethatthedomainΩ ⊂Rdisopenandboundedwithboundary∂Ω,as

before.LetTbeapositiverealnumber. Fort∈(0,T]weintroducethenotations

Qt=Ω×(0,t),Qt=Ω×[0,t]andΓt=(∂Ω×[0,t])∪(Ω×{0})forapieceoftheparabolic

boundary. WeinvestigatetheparabolicoperatorL,domL=C2,1(QT)∩C(Qt)–where

thesymbolC2,1means:twicecontinuouslydifferentiablewithrespecttothespace

variableandcontinuouslydifferentiablewithrespecttothetimevariable–definedin

non-divergenceformas

Lv=
∂v

∂t
−

d

i,j=1

aij
∂2v

∂xi∂xj
+

d

i=1

bi
∂v

∂xi
+cv, (2.4)

whereaij(x,t),bi(x,t),c(x,t)∈C(Ω×[0,T])andaij(x,t)iscontinuouslydifferentiable

withrespecttothespacevariable,thisenablesustorewritethenon-divergenceform

todivergenceformandviceversa,c.f.,theparagraph“Problem2”inthelastchapter.

Definition2.2.1.Wesaythattheoperator L,definedin(2.4),possesses

•thenon-positivitypreservationproperty(nP)ifthefollowingimplicationholds

forallt∈(0,T]:

Lv≤0inQt, max
Γt
v≤0 ⇒ max

Qt

v≤0. (2.5)

•themaximumprinciple (mP)ifthefollowingimplicationholdsforallt∈(0,T]:

Lv≤0inQt ⇒ max
Qt

v≤max{0,max
Γt
v}. (2.6)

•thestrictmaximumprinciple (MP)ifthefollowingimplicationholdsforall

t∈(0,T]:

Lv≤0inQt ⇒ max
Qt

v=max
Γt
v. (2.7)

Wecanseethatthesemaximumprinciplesareoftheweektype(c.f.theelliptic

maximumprinciples)butweomittedthisattributeinordertosimplifythenaming

procedureandthenotations.Itisclearthattheirrelationcanbeexplainedwiththe

samerecipeastheconstructionofthefamilyofellipticmaximumprinciples.

Theorem2.2.2.[10,Ch.7.1.4,Thm.9.andThm.8.]IfoperatorL,definedin(2.4),

isuniformlyparabolicand

•c≥0,thenitpossessesthemP(andthenP);

•c=0,thenitpossessestheMP(andboththemPandthenP).

ThedefinitionofuniformparabolicitycanbefoundintheAppendix.
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Summaryofthechapter. Inthischapteranoverviewonellipticandparabolic

maximumprincipleswaspresentedbasedmostlyonthebook[10]. Fromdidactical

considerationsweintroducedanewnotion:theweaknon-positivitypreservationprop-

erty(nP).

†
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Chapter3

Discreteelliptic maximum

principles

Inthischapterwepresentanalgebraicframeworkfordiscretemaximumprinciples

formatriceswherewedefinetheseinaccordancewiththecontinuouscaseandwe

investigatetheirapplicability. Wegivealgebraicresultsondiscretemaximumprinciples

andwepresentnumericalexamplesdemonstratingthedifferencesbetweenthem.These

resultsare(mostly)fromthepaper[41].Finallyweendthischapterwithathorough

investigationofhowwecanhandleadiscretemaximumprinciplewhenadiscontinuous

Galerkinmethodisappliedasdiscretizationonaspecialoperator.Thisfinalpartis

basedonthepaper[28].

3.1 Algebraicframework

3.1.1 Discreteelliptic maximumprinciples

Firstweintroducesomenotations. Weusethefollowingtypesetting:Aformatrices,

aforvectors.0denotesthezeromatrix(orvector),eisthevectorallcoordinatesof

whichareequalto1. Thedimensionsofthesevectorsandmatricesshouldbeclear

fromthecontext.A≥0(A>0)ora≥0(a>0)meansthatalltheelementsofA

oraarenon-negative(positive).Thesymbolmaxastandsforthemaximalelementof

thevectoraandmax{0,a}denotesmax{0,maxa}.

Wewillusethenotionsofdifferenttypesofmatrices,suchasZ-,M-,irreducible,

diagonallydominant(DD),irreduciblydiagonallydominant(IDD)andStieltjesmatrix.

AllofthesenotionsandrelatedbasicresultscanbefoundintheAppendix.

Inthefollowingwedefinediscretemaximumprinciplesforadiscreteoperator,i.e.,
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foramatrixinthepartitionedform

K=(K0|K∂)∈R
N×N, (3.1)

whereK0∈R
N×N,K∂∈R

N×N∂,N=N+N∂,actingonthevector

u=(u0|u∂)
T∈RN, (3.2)

whereu0∈R
N,u∂∈R

N∂. WeassumethatN,N∂≥1.

Wechoosethenatural(whichisatthesametimethesimplest)waytodefine

discretemaximumprinciplesforthismatrix.Later,inSubsection3.1.3weinvestigate

theapplicabilityofthedefinitionsinthelightofdifferentdiscretizationmethods.

Thenaturalwaymeansthefollowing.

Definition3.1.1.Wesaythatthematrix K,givenintheform(3.1),possesses

•thediscreteweaknon-positivitypreservationproperty(DnP)ifthefollowingim-

plicationholds:

Ku≤0, maxu∂≤0 ⇒ maxu≤0.

•thediscretestrongnon-positivitypreservationproperty(DNP)ifitpossessesthe

DnP,moreover,thefollowingimplicationholds:

Ku≤0 and maxu=maxu0=0 ⇒ u=0.

Definition3.1.2.Wesaythatthematrix K,givenintheform(3.1),possesses

•thediscreteweakmaximumprinciple(DwMP)ifthefollowingimplicationholds:

Ku≤0 ⇒ maxu≤max{0,u∂}; (3.3)

•thediscretestrictlyweakmaximumprinciple(DWMP)ifthefollowingimplica-

tionholds:

Ku≤0 ⇒ maxu=maxu∂;

•thediscretestrongmaximumprinciple(DsMP)ifitpossessestheDwMP,more-

over,thefollowingimplicationholds:

Ku≤0 and maxu=maxu0=m≥0 ⇒ u=me;
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•thediscretestrictlystrongmaximumprinciple(DSMP)ifitpossessestheDWMP,

moreover,thefollowingimplicationholds:

Ku≤0 and maxu=maxu0=m ⇒ u=me.

Herewealsonote(asinthecontinuouscase)thatmisarealnumber,representing

thevalueofthemaximalentryofthevectoru.Thesedefinitionscorrespondclearlyto

theDefinitions2.1.1and2.1.2.Therelationbetweenthesediscretemaximumprinciples

isthesameasthatbetweenthecorrespondingcontinuousones.

DWMP⇒ DwMP⇒ DnP

⇑ ⇑ ⇑

DSMP⇒ DsMP⇒ DNP

Remark3.1.3.However,thereareotherwaystodefinediscretemaximumprinciples.

Aboutthiswecollectedsomeinformation.

•Thefirstpaperinwhichadiscretemaximumprinciplewasformulatedisprobably

[56],butthatdefinitiongiventherecontainsKu =0attheleftsideofthe

implication(3.3)insteadofKu≤0.Ontheotherhand,Kwasallowedtohave

complexentries.

•Thedefinitionofthediscreteweakmaximumprinciplewhichisusedtoday(inthe

sameformaswedefinedit)appearedfirstin[5](butitwasnameddifferently).

•InRemark2.1.3wementionedthatitispossibletodefinemorerestrictivecon-

tinuousmaximumprinciplesfollowingthepreviouslygivenrecipefurther.Inthe

works[20,21,22],collectedin[52],theReadercanfindinformationabouta

discretecase,too.

•Thereareothertypesofdiscretemaximumprinciplesbasedonothercontinuous

models. Wementionthepapers[49,50],whichcontainthedefinitionofadiscrete

maximumprinciplesuitableforinput-outputmodels.In[50]theconnectionof

thetwodifferentdiscretemaximumprinciplesisinvestigated,too.

3.1.2 Algebraicresultsondiscreteelliptic maximumprinci-

ples

Ouraimistogivenecessaryandsufficientconditionsfortheabovedefineddiscrete

maximumprinciples,moreover,bymeansofwhichwewouldalsoliketoshedsome
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lightontherelationsanddifferencesbetweenthem. Naturally,wealsotouchupon

usefulpracticalconditionswhichcanbeusefulfromanapplicationpointofview.

WebeginwiththeDnPandtheDNP.

Lemma3.1.4.ThematrixK(givenintheform(3.1))possessestheDnPifandonly

ifthefollowingtwoconditionshold:

(n1)K−10 ≥0; (n2)−K−10K∂≥0.

Proof. –First,weassume(n1)–(n2)andKu≤0,u∂≤0. ThenK
−1
0 existsby

(n1)andwecanusetheidentity

u0=K
−1
0Ku−K

−1
0K∂u∂, (3.4)

whichgivesimmediatelyu0≤0,therequiredrelationoftheDnP.

–Second,weassumethevalidityoftheDnP. WeusethesettingKu=0,u∂=0,

whichresultsinmaxu0≤0. Weusethesamesettingin−Ku=K(−u)inorder

togetmax−u0≤0,thuskerK0={0},andthismeansthattheidentity(3.4)

canbeapplied.Then(n1)followsfromsettingu∂=0,while(n2)followsfrom

settingKu=0.

Lemma3.1.5.WeassumethatN ≥2. ThematrixK (givenintheform(3.1))

possessestheDNPifandonlyifthefollowingtwoconditionshold:

(N1)K−10 >0; (N2)−K−10K∂>0.

Proof. –First,weassume(N1)–(N2). WehavetoshowthattherelationsKu≤0

andmaxu=maxu0=0togetherimplyu=0.Thenu0≤0havea0coordinate.

Usingtheidentity(3.4),(N1)–(N2)andthefactthatu0hasa0coordinateyields

thatKu=0andu∂=0.Theseimplyu0=0.

–Second,weassumetheDNP.ThentheDnPholds,thus(n1)–(n2)hold. Wecan

choosefreelyKu≤0,u∂≤0in(3.4).

First,wesetu∂=0andweassumethatK
−1
0 hasa0element,letitbetheij-th

entryofthematrix. Wechoosethej-thcoordinateofKuas−1,theothersas

0,thenthei-thcoordinateofu0is0.Ifinthej-thcolumnofK
−1
0 thereisa

positiveentry,thenu0=0,whichisacontradiction.Otherwise,thematrixK
−1
0

hasazerocolumn,whichisacontradiction,too,sinceitisinvertible.Thus,we

haveproventhat(N1)holds.
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Second,wesetKu=0,andassumethat−K−10K∂hasa0element,letitbethe

ij-thentryofthematrix. Wechoosethej-thcoordinateofu∂as−1,theothers

as0,thenthei-thcoordinateofu0is0,butu∂=0,whichisacontradiction.

Thus,wehaveproventhat(N2)holds,too.

NotethatthefollowingproofsinthissectionwillbesimilartotheproofsofLemma

3.1.4and3.1.5.NextweinvestigatetheDwMP.Thenextlemmawasfirstprovenby

Ciarlet,butwegivehereaslightlydifferentproofexploitingLemma3.1.4.

Lemma3.1.6.[5]ThematrixKpossessestheDwMPifandonlyifthefollowingthree

conditionshold:

(w1)K−10 ≥0; (w2)−K−10K∂≥0; (w3)−K−10K∂e≤e.

Proof.Wecanobservethat(w1)and(w2)areidenticalwith(n1)and(n2).

–Firstweassume(w1)–(w3),then

Ku≤0 ⇒ u0≤−K
−1
0K∂u∂≤−K

−1
0K∂max{0,u∂}e≤max{0,u∂}e.

–Second,toprovethereversedirectionweassumetheDwMP.DwMPimplies

DnPandthatgives(w1)and(w2)(≡(n1)and(n2)).(w3)followsfromputting

Ku=0,u∂=ein(3.4).

EarlierinChapter2wecreatedthedefinitionofwMPfromthedefinitionofnP

followingarecipe.Nowwepresentausefulresultinordertoexplainthisrecipe(and

relation)fromadeeperpointofview.

Lemma3.1.7.[11,L.2.3.26]ThematrixKpossessestheDwMPifandonlyifthe

followingtwoimplicationhold.

Ku≤0, u∂≤0 ⇒ maxu0≤0

and

Ku≤0, u∂≥0 ⇒ maxu0≤maxu∂.

Proof.ItistrivialthattheDwMPimpliesthetwoimplicationsgivenabove. The

converseisalmosttrivialbecausethefirstimplicationisequivalentto(w1)and(w2),

sinceitistheDnP.Toprove(w3)wesetu0=−K
−1
0K∂eandu∂=e. Withthis

settingwecanapplythesecondimplication,sinceKu=0,thusmax−K−10K∂e≤1,

andthisisexactly(w3).
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Practicalalgebraicconditionsforthe DwMP. Lemma3.1.6isatheoretical

resultwhichcannotusuallybeapplieddirectly.Thereareseveralwaystogetpractical

conditionsunderwhichtheDwMPholds.

•Thecondition(w2)isusuallyreplacedbytheassumption

(w2’)K∂≤0,

assuggestedin[5].Then(w2’)with(w1)clearlyimplies(w2),buttheconverse

isnottrue.

•Thecondition(w3)isusuallyreplacedbytheassumption

(w3’)Ke≥0,

assuggested,alsoin[5].(w3’)with(w1)implies(w3)buttheconverseisnot

trueagain.(w3’)correspondsto0≤cc.f.withthecontinuouscase.

•Butthemajortaskistoguarantee(w1).Inversenon-negativityisamoredifficult

notion.Inmostcases(w1)isrelaxedby

(w1’)K0isanon-singularM-matrix.

But(w1’)inthisformisatheoreticcondition,too.[5](seealso[34,Thm.1.9])

givesthecondition

(w1’a)K0isanIDDZ-matrixwithpositivediagonalentries.

(w1’a)impliesK−10 >0,see[55,Cor.3.20.].Boththeassumptionandtheresult

seemtobetoomuch.Actually,

(w1’b)K0isanirreducibleDDnon-singularZ-matrix

isenoughtoguaranteeK−10 >0.Thesecanbeprovenusing[3,Thm.2.7.in

Ch.6.2.](seetheAppendix). Wecangeneralizethisresultwith

(w1’bb)K0consistsofdiagonalblockswiththeproperty(w1’b)(or(w1’a))

(elsewhere0)
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c.f.[34,argumentationbelowtheThm.1.9,andEx.1.13].Thuswecanseethat

irreducibilityisfarnotnecessaryandassumingthiswegetthe”only”required

conditionK−10 ≥0.

In[25](see[8],too)thecondition

(w1’c)K0isaStieltjesmatrix

isproposedsince(w1’a)seemstobetoorestrictiveinsomecasesinthepractice.

Naturally,itisrecommendedonlyifKissymmetric.

Wecanusethe”dominant-vector”condition

(w1’d)K0isaZ-matrixforwhich∃v>0withK0v>0,

too,asitisdemonstratedinSubsection3.3.2. Wenotethatthisconditionis

equivalentto(w1’)infact,see[3,Thm.2.3inCh.6.2](seetheAppendix).

K0doesnotneedtobean M-matrix. Forotherpossibilitiessee[25]andthe

referencestherein.

Afterthis,theReadermightthinkthatitisneededtochooseatripletofpractical

conditionsinordertoguaranteetheDwMP.Thisisright,butwenotethatthelisted

practicalconditionsarenotentirelyindependentfromeachother.E.g.,ifwechoose

thefollowingtriplet

(w1’b–)K0isanirreducibleZ-matrix

(w2’+)K∂ 0

(w3’)Ke≥0,

then(w2’+)and(w3’)”canhelp”thecondition(w1’b–),sincethenK0isIDD,too.

Notethatthecondition(w2’+)iswhollynaturalinpracticalsituationsandwewill

seelaterthatasimilarcondition(s2’)playsanimportantroleinordertoguarantee

thediscretestrongmaximumprinciples.

WearegoingfurtherwiththeDWMP.

Theorem3.1.8.[11,L.2.3.29andL.2.3.30]or[12]The matrixK possessesthe

DWMPifandonlyifthefollowingthreeconditionshold:

(W1)K−10 ≥0; (W2)−K−10K∂≥0; (W3)−K−10K∂e=e.
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Proof.Wecanobservethat(W1)and(W2)areidenticalwith(w1)and(w2)(with

(n1)and(n2),too).

– Weassume(W1)–(W3)andKu≤0.Then

u0=K
−1
0Ku−K

−1
0K∂u∂≤−K

−1
0K∂u∂≤−K

−1
0K∂(maxu∂)e=(maxu∂)e,

whichimpliesmaxu0≤maxu∂.

–Inthereversedirectionitisclearthat(W1)and(W2)(≡(w1)and(w2))holds

sinceDWMPimpliesDwMP.

Toprove(W3)wepoceedsimilarlyasintheproofofLemma(3.1.7).First,we

setu0=−K
−1
0K∂eandu∂=e. Withthissettingwecanapplytheimplication

ofthedefinitionofDWMP,sinceKu=0,thusmax−K−10K∂e≤1.Second,we

setu0=K
−1
0K∂eandu∂=−e. WiththissettingwegetmaxK−10K∂e≤−1,

whichisequivalenttomin−K−10K∂e≥1.Finally,therelation

1≤min−K−10K∂e≤max−K
−1
0K∂e≤1

implies(W3).

•Notethat(W3)isequivalenttoKe=0,andthiscorrespondstoc=0c.f.the

continuouscase.

•In[34,Thm.1.10]itwasproventhat(w1’bb),(w2’),(W3)implytheDWMP,thus

theyformapracticaltripletofconditionstoguaranteeit.(Itistrivial,sincewe

sawearlierthat(w1’bb)implies(W1),and(w2’)with(W1)implies(W2).)

Wecompletethispartwiththetwostrongmaximumprinciples.

Theorem3.1.9.Weassumethat N≥2.ThematrixKpossessestheDSMPifand

onlyifthefollowingthreeconditionshold:

(S1)K−10 >0; (S2)−K−10K∂>0; (S3)−K−10K∂e=e.

Proof.Notethat(S1)and(S2)areidenticalwith(N1)and(N2),moreover,(S3)are

identicalwith(W3).
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–First,weassume(S1)–(S3),Ku ≤0andmaxu= maxu0=m. Wewrite

u0=me−h0,u∂=me−h∂,wherebothh0,h∂≥0havea0coordinate. We

puttheseintotheidentity(3.4)resultingin

me−h0=K
−1
0Ku−K

−1
0K∂me+K

−1
0K∂h∂. (3.5)

Using(S3)weget

−h0=K
−1
0(Ku)−K

−1
0K∂(−h∂). (3.6)

Using(S1),(S2)andthefactthath0hasa0coordinateyieldsthatKu=0and

h∂=0.Theseimplyh0=0.

–Second,weassumetheDSMP.DSMPimpliesbothofDNPandDWMP,thus

(S1)–(S2)(≡(N1)–(N2))and(S3)(≡(W3))hold,too.

Theorem3.1.10.WeassumethatN≥2.ThematrixKpossessestheDsMPifand

onlyifthefollowingthreeconditionshold:

(s1)K−10 >0; (s2)−K−10K∂>0;

(s3)−K−10K∂e<e or −K−10K∂e=e.

Proof.Notethat(s1)and(s2)areidenticalwith(N1)and(N2).

–First,weassume(s1)–(s3).

If−K−10K∂e=eholds,thenwecanadopttheproofoftheDSMPcase.

If−K−10K∂e<eholdsandm=0,thenwecanadopttheproofoftheDSMP

caseagain.

If−K−10K∂e<eholdsandm>0,then(3.6)ismodifiedas

−h0<K
−1
0(Ku)−K

−1
0K∂(−h∂),

whichexcludesthepossibilitythath0hasa0coordinate.(Thismeansthatthe

leftsideoftheimplicationinthedefinitionoftheDsMPisneverfulfilledand

consequentlyitisalwaystrue.)

–Second,weassumetheDsMP.DsMPimpliesDNP,thus(s1)–(s2)(≡(N1)–(N2))

hold. DsMPimpliesDwMP,too,thus(w3)holds,whichcanberewrittenas

e+K−10K∂e≥0.
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Toget(s3),weassumethat−K−10K∂e≮eand−K
−1
0K∂e=e,i.e.,e+K

−1
0K∂e

hasa0andapositivecoordinate,too.Choosingm=1,Ku=0,h∂=0in(3.5)

yields

h0=e+K
−1
0K∂e,

thush0hasa0andapositivecoordinate,too,whichisacontradiction.

Practicalalgebraicconditionsforthediscretestrong maximumprinciples.

Whilethediscreteweakmaximumprinciplewasextensivelyinvestigatedinthelast

decades,thediscretestrongmaximumprinciplehasnotbeenthoroughlyanalysed.

•Aswesawearlier,(w1’a)or(w1’b)isasufficientconditionfor(s1)(≡(S1)).

•Wecanseethat(s1)impliestheirreducibilitypropertyof K0.Irreducibilitycan

beinterpretedasthatallthediscreteinteriorpointsareincontactwitheach

other,whichisclearlysomediscreteinteriorconnectednessproperty.(C.f.the

continuouscase.)

•Toensure(s2)(≡(S2)),onepossibilityistorequire

(s2’)K∂≤0andatleastonenon-zeroelementineverycolumn.

(s2’)canbeinterpretedthatallofthediscreteboundarypointsareincontact

withthediscreteinteriorpoints,whichisinsomesensesomediscrete“boundary”

connectednessproperty.(s2’)with(s1)implies(s2).

•TheonlydifferencebetweentheconditionsinTheorem2.1.4fortheweakand

strongmaximumprinciplesistheconnectednessofthedomainΩ.(Thattheorem

gaveonlysufficientconditionsforthedifferentmaximumprinciples.) Now,we

haveseenthatconnectednessplaysanimportantroleinthediscretecase,too.

•(s3)canbereplacedby(w3’). Thisisbasedonthefollowing.(w3’)with(s1)

implies(s3).(Theconverseimplicationisnaturallynottrue.)

WecanconcludethatirreducibilityisnecessaryforDsMPandDSMP(butitisnot

sufficient).Anyway,thiswouldbethekey-conceptifwewantsomethingtoemphasize.
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•Probablythefirstpaperaboutstrongmaximumprincipleswas[30].Inthat

paperitwasproventhat(w1’a),(s2’),(w3’)implytheDsMP. Wenotethatthe

sametheoremcanbefoundin[34,Thm.1.9].

•In[8]thenon-negativityandpositivityofthediscreteGreenfunctionwereinves-

tigated(andillustratedwithinterestingnumericalexamples),whichisinclose

relationwithourtopic,namely,thenon-negativityofthediscreteGreenfunc-

tionmeans(w1)–(w2),andthepositivityofthediscreteGreenfunctionmeans

(s1)–(s2).

•Finally,[41]gavenecessaryandsufficientalgebraicconditionsfortheDsMPand

fortheDSMP.

3.1.3 Applicabilityoftheframework

Wehavedefinedthediscretemaximumprinciplesinanaturalwayforaself-standing

discreteoperatorindependentlyoftheoriginalcontinuousoperator.Nowwearegoing

toinvestigatetheapplicabilityofthesedefinitionsinthelightofdifferentdiscretization

methods. Thisistobeunderstoodasfollows. Usuallyweseekasolutionofagiven

continuousproblemKu=f(whereK isintheform(2.1)). Butweonlylookfor

anapproximationofthesolutionbysolvingasimplerproblem(usuallyitisalinear

algebraicsystemofequations),becausetosolvethecontinuousproblemdirectlyishard

orevenimpossible.InordertoconstructasimplerproblemintheformKu=f,a

discretizationmethodisappliedtotheoriginalproblem,seetheparagraphs“FDM”

and“FEM”inthepreviouschapter.

•InthecaseofFDMgenerallynoproblemoccurssincethecoordinatesofurep-

resentthevaluesoftheapproximationatgivenplaces.Ifu≤ 0,thenthe

approximationisalsonon-positiveatthegivenplaces,sowecanconcludethat

theDNPPisinharmonywiththeNPP,inotherwords,itisapplicable(thesame

canbesaidabouttheotherdiscretemaximumprinciples).

Butifwewantacontinuousapproximation,thenwecanconstructitwithsome

interpolationfromu.“Connectingthepoints”linearlywillnotcauseanyprob-

lem,however,if,weuseamoresophisticatedinterpolationmethod,thenthe

obtainedfunctioncanattainpositivevalues,too,inspiteofthefactthatuwas

non-positive.Andthisisaproblemshowingthelimitsofourdefinitions.

Anotherproblemcanbecausedbythe mesh.Inalotofcases(e.g.,ifthe

domainisarectangle)themeshcontainsso-calledcornerpoints.Cornerpoints
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aresuchboundarypointswhoseallneighboursareboundarypoints,too,thus

thesearenotconnectedtointeriormeshpointsandsothesehave(usually)no

effectontheprocess. Wecandefinetheirvalueaswelike,independentlyofthe

othervalues,andthismakesourdefinitionsmeaningless.Naturally,wewantto

avoidthissituation.Theeasiestwayistoomitthesepoints. Wewillfollowthis

solution,c.f.[34,Thm.1.8],butwementionthepaper[30],wherethedefinitions

aremodified.

•InthecaseofFEMtheapproximationisconstructedasalinearcombination

intheformu,Φ,whereΦisavectorwhosecoordinatesφi,i=1,...,Nare

basisfunctionsofsomefinite-dimensionalvector-space.Itisclearthatifthe

basisfunctionsarenon-negative(e.g.,theusualpiecewiselinearhatfunctions

areofthistype)thenthenon-positivityofuimpliesthenon-positivityofthe

approximation.Inthiscaseourdefinitionisapplicableagain.

Butifweusehigherorderelements,thentheusualchoiceofthebasisfunctions

clearlyshowsusthatourdefinitionisnotapplicableagain.Inthissituationan

otherapproachisneeded,theReadercanfindinformationaboutthisin[57,58],

wherepositiveresultsareobtained(only)forasimple1Dproblemand[29],where

negativeresultsareobtainedforahigherdimensionalsimpleproblem.

Anotherproblemcanbeifthecoordinatesofudonotrepresentthevaluesofthe

approximationatthegivenplaces(c.f.theFDM).Thisshouldbeunderstoodas

follows.Consideracontinuousproblemdefinedontheunitinterval. Weuseauni-

formmeshwhichdeterminatesthesetsP={x1,x2,...,xN}andP∂={xN+1=

0,xN+2=1}containingtheverticesinΩandon∂Ω,respectively.Nowconsider

thesetoftheusualhatfunctionswithasmallmodification:wechooseφN+1and

φN+2ashalfoftheusual.Thenforu=(1,...,1)maxu≤max{0,u∂}clearly

holds,ontheotherhand,maxxi∈P∪P∂ u,Φ(xi)≤max{0,maxxi∈P∂ u,Φ(xi)}

doesnotholdsincetheleftsideisequalto1andtherightsideisequalto1
2
.

Tosummarize,wecanconcludethatthedefinitionsofdiscretemaximumprinciples

asweintroducedthemareapplicableforFDM(exceptforthecasementionedabove),

andforFEMwiththeusuallinearandmultilinearelements(sinceinthesecasesthe

basisfunctionsarenonnegativeandpossessthe”valuerepresentingcondition”).
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3.2 Numericalexamplesonthedifferencesbetween

thediscreteellipticweakandstrongmaximum

principles

Inthissectionwepresentnumericalexamples,visualizedwiththehelpofMatlabin

ordertoshowthedifferencesbetweenthediscreteellipticweakandstrongmaximum

principles.Inallexamplesweusedlinearfiniteelementdiscretization(becauseinthis

casetheFDMislessinteresting). Wefocusontheirreducibilityproperty,i.e.,wegive

exampleswherethediscretedomainisnotconnectedfromsomepointofview.This

caneasilyhappenwhenthedomainconsistsoftworelativelylargeareasconnected

inthemiddlewithathin”path”.InthiscasetheprogrampackageCOMSOLcan

producequalitativelyincorrectmeshes,too.Thissectionisbasedonthepaper[41].

InthefirstthreeexamplesK=−∆,inthefourthitisdefinedasKu=−∆u+128u.

InallexamplesKu=0.Inthefirsttwocasesuisdefinedas1ontheboundaryof

theleftsquare,0ontheboundaryoftherightsquareandlinearlydecreasingfrom

1to0ontheboundaryofthemiddlesquare. Theboundaryconditionofthethird

examplediffersonlyonthemiddlepart:ontheleftpartoftheboundaryofit,i.e.on

{(x,y):x∈[3,3.5],y∈{1,2}},uis1,thenlinearlydecreasingfrom1to0ontheright

partoftheboundaryofthemiddlesquarei.e.on{(x,y):x∈[3.5,4],y∈{1,2}}.The

fourthexampleissimilartothefirsttwo.
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Figure3.1:1.Example:Themeshresultsinareduciblematrix. TheDsMPfailed,

whiletheDwMPwasfulfilled.

Thearrangementwithinthefiguresisasfollows.Thetopleftpanelpresentsthe
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Figure3.2:2.Example:Themeshresultsinanirreduciblematrix.BothoftheDsMP

andDwMPwerefulfilled.

mesh,thetoprightpanelpresentsthenonzeroelementsofthematrixK0,andinthe

bottompanelsuisplottedfromtwodifferentangles,therightoneshowsusbetter

wherethefunctionisconstant.

Thefirstexampleshowsushowaninadequate meshcanresultinareducible

matrixandsolosingtheDSMP(whiletheDWMPisfulfilled). Thesecondisthe

”good”example,herebothdiscretemaximumprinciplesarefulfilled.In[8]ameshis

presented,thisisthethirdexamplehere,whichseemstobegoodatfirstsight,but

thetworightanglesdamagetheconnectionofthetwoseeminglyconnectedpointsin

themiddle,c.f.[25],too.
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Figure3.3:3.Example:Themeshresultsinareduciblematrix. TheDsMPfailed,

whiletheDwMPwasfulfilled.
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Thefourthexamplepresentsamesh,whichresultsinlosingtheDsMP,whilethe

DwMPisfulfilled.Itiscausedsurprisinglybytheuseofequilateraltriangles.
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Figure3.4:4.Example:Themeshwhichcontainsequilateraltrianglescanresultina

reduciblematrix,too.TheDsMPfailed,whiletheDwMPwasfulfilled.

Withtheseexampleswedemonstratedtheusefulnessofthealgebraicframework.

3.3 Discretemaximumprinciplesforinteriorpenalty

discontinuousGalerkinellipticoperators

Intheprevioussectionsanalgebraicframeworkwaspresentedwithnumericalexamples.

Butourjobhasnotbeencompletedyet.Thealgebraicconditionsneedtobetranslated

intomeshconditions. Therearenumerouspapersdealingwithmeshconditionsfor

FDMandforFEMwithlinearandcontinuouselementswhichguaranteethemost

popular(andimportant)maximumprinciples,theDnPandtheDwMP,seee.g.,the

papersreferredtoinSection3.1besides[46].Insteadofgivinganoverviewofthese

resultsherewepresenthowtheDnPandDwMPcanbeguaranteedwheninterior

penaltydiscontinuousGalerkinmethod(IPDG)isappliedtoa1Dellipticoperator

(containingdiffusionandreactionterms). Weformulatetheproblemandwegivethe

constructionoftheIPDGoperator.Afterthisconditionsarederivedunderwhichthe

DnPandDwMPholds.Finally,thesharpnessofourconditionsisinvestigatedwith

thehelpofnumericalexamples.Thissectionisbasedonthepaper[28].
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3.3.1 Interiorpenaltydiscontinuous Galerkinellipticopera-

tors

Problemsetting. LetussetΩ=(0,1)andconsidertheellipticoperatorK,defined

as

Ku=−(pu)+k2u, (3.7)

wheredomK=H1(0,1),p,k∈R,p>0.

ItisclearthatforthisoperatorthenPandwMPholdsduetoTheorem2.1.4and

Remark2.1.3.

ThereareseveralsortsofdiscontinuousGalerkinmethodsintheliterature. Here

theinteriorpenaltydiscontinuousGalerkinmethodisconsidered.

ConstructionoftheIPDGellipticoperator. Theideabehindthediscontinu-

ousGalerkinmethodincomparisonwithFEMwithpiecewiselinearandcontinuous

basisfunctionsistogetbetterapproximationand/ortosparecomputationaltimeby

droppingthecontinuityrequirement(eveninthecasewhenthesolutionoftheoriginal

problemiscontinuous,whichholdsformanyapplications).

AsopposedtothestandardFEMapproach,herethefirststeptodiscretizethe

operator(3.7)withtheinteriorpenaltydiscontinuousGalerkinmethodistodefinea

meshon(0,1).Letusdenoteitbyτhanddefineitinthefollowingway:0=x0<

x1<x2<...<xN−1<xN =1. WeusethenotationsIn=[xn−1,xn],hn=|In|,

hn−1,n=max{hn−1,hn},(withh0,1=h1,hN,N+1=hN).

ThenextstepistodefinethespaceDl(τh)={v:v|In∈Pl(In),∀n=1,2,...,N}–

piecewisepolynomialsovereveryintervalwithmaximaldegreel.Forthesefunctions

weintroducetherightandlefthandsidelimitsv(x+n)=lim
t→0+
v(xn+t),v(x

−
n)=

lim
t→0+
v(xn−t),andjumpsandaveragesoverthemeshnodesas

[[u(xn)]]=u(x
−
n)−u(x

+
n), {{u(xn)}}=

1

2
(u(x−n)+u(x

+
n)).

Attheboundarynodesthesearedefinedas

[[u(x0)]]=−u(x
+
0),{{u(x0)}}=u(x

+
0),[[u(xN)]]=u(x

−
N),{{u(xN)}}=u(x

−
N).

Wefixthepenaltyparameterσ≥0andε,whichcanbeanyarbitrarynumber,but

itisusuallychosenfromtheset{−1,0,1}.Thevalueε=1givesthenonsymmetric,

ε=0theincomplete,andε=−1thesymmetricIPDG.
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Afterthesepreparationswearereadytodefinethe(discrete)IPDGbilinearform

as

aDG(u,v)=
N−1

n=0

xn+1

xn

pu(x)v(x)dx−
N

n=0

{{pu(xn)}}[[v(xn)]]+

ε
N

n=0

{{pv(xn)}}[[u(xn)]]+
N

n=0

σ

hn,n+1
[[v(xn)]][[u(xn)]]+

1

0

k2uvdx.

(3.8)

Notethatfixingtheparametersσ,εandthemeshτhcanbedoneinparallel.

Thecrucialstepisthefollowing. WefixabasisinthespaceDl(τh).Ifwewantto

usethealgebraicframeworkofSection3.1,thenl=1needstobechosen. Moreover,

thebasisfunctionsneedtobenon-negativeandhavetopossessthe“valuerepresenting

condition”atleastinageneralizedsense.Thiscanbedonewiththefollowingchoice,

whereontheotherhandwesetasidecontinuity.

WewilluseΦ1i(x)forthe(2(i−1)+1)thbasisfunctions,andΦ
2
i(x)forthe(2(i−

1)+2)thbasisfunctions,seeFigure3.5. OnintervalIithefunctionΦ
1
i(x)isthe

linearfunctionwithΦ1i(x
+
i−1)=1,Φ

1
i(x

−
i)=0andΦ

2
i(x)isthelinearfunctionwith

Φ1i(x
+
i−1)=0,Φ

1
i(x

−
i)=1,andthesefunctionsarezerooutsideIi,seeFigure3.5.Thus,

herethebasisfunctionscanbeassociatedtothesubintervalsopposedtothestandard

FEMapproachwherethebasisfunctionscanbeassociatedtotheverticesofthemesh.

0 0.5 1 1.5

−0.5

0

0.5

1

1.5

2

x
i−1

x
iI

i

Φ
i

1(x)

0 0.5 1 1.5

−0.5

0

0.5

1

1.5

2

x
i−1

x
iI

i

Φ
i

2(x)

Figure3.5:Φ1i(x)andΦ
2
i(x)

Finally,weconstructtheIPDGellipticoperatorK =(K0|K∂)similarlytothe

wayaswedidinthecaseofthestandardFEMapproach. However,therearesmall
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3.DISCRETEELLIPTICMAXIMUMPRINCIPLES

differencessincehereK∈R(2N−2)×(2N),K0∈R
(2N−2)×(2N−2),andK∂∈R

(2N−2)×2.

The2Nbasisfunctionareorderedasfollows:thefirst2N−2arethebasisfunctions

thatbelongtotheinteriornodesandtheyarenumberedfromlefttoright. The

(2N−1)thbelongstotheleftboundaryandthe2Nthbelongstotherightboundary.

AfewwordsgenerallyaboutinteriorpenaltydiscontinuousGalerkinmeth-

ods. DiscontinuousGalerkinmethodshavebeenthoroughlyinvestigatedinrecent

years[2,27,1].Thesemethodshaveseveraladvantages:

•built-instabilityfortime-dependentadvection-convectionequations,

•adaptivitycanbedoneeasily(thebasisfunctiondonothavetobecontinuous

overtheinterfaces),

•themeshdoesnothavetoberegular,hanging-nodescanbehandledeasily,

•conservationlawscouldbeachievedbythenumericalsolutions.

Therearesomedisadvantagesofthismethod,too,e.g.thereisnoguaranteethatfora

givenproblemitwillworkbetterthantheusualFEMapproach. Moreover,thereare

stillholesinthetheoryofthemethodincludingquestionsonthechoiceofthepenalty

parameter.

In[2],whereseveralDGmethodswereexamined,thefollowingconditionsonthe

convergencecanbefound.Thenonsymmetricversionconvergesforallσ>0,whilethe

twoother(symmetricandincomplete)convergeonlyforσ>σ∗,whereσ∗isunknown

forbothmethods. Thesymmetricmethodistheonlyoneofthemthatguarantees

optimalconvergenceorder.

WenoteanotherimportantdifferencebetweentheusualFEMandtheIPDG

method,anditisthetreatmentoftheboundaryconditions.IntheFEMitisstrongly

imposed,whileintheIPDGcaseitisimposedonlyweakly.Thismeansthatweneed

tosolve(nottrivial)equationstogetanapproximationfortheboundaryvalues.And

thisisoneargumentfordefiningmaximumprinciplesfortheoperatorandnotforthe

equation.

FormoredetailsaboutdiscontinuousGalerkinmethodssee[7,9,45].

TheexactformofK. InthefollowingwecalculatetheelementsofthematrixK.

Itiseasytocheckthat

∂xΦ
1
i(x)=−

1

hi
, ∂xΦ

2
i(x)=

1

hi
,
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whichmeansthattheaveragesare

∂xΦ
1
i(xk) =−

1

2hi
, ∂xΦ

2
i(xk) =

1

2hi

atbothendpointsxkofIi,withtheexceptionoftheboundarynodes,wherethereis

nodivisionby2.Similarly,thejumpsare

Φ1i(xi−1) =−1, Φ2i(xi) =1

andzeroelsewhere.Usingthesefactswecancalculatethematrixentries.

Summingthemupwehavethefollowingdiscretizationmatrices

K0=
























d1 r1 s2

t2 e2 q2 w2

w2 q2 d2 r2 s3

s2 t3 e3 q3 w3
...

wi qi di ri si+1

si−1 ti ei qi wi
...

wN−1 qN−1 dN−1 rN−1

sN−1 tN eN
























, K∂=






















v1 0

s1 0

0 0
...
...

...
...

...
...

0 0

0 sN

0 vN






















,

where

di=
p

2hi
+
σ

hi,i+1
+
pε

2hi
+k2

hi
3
, i=1,...,N−1,

ei=
p

2hi
+
σ

hi−1,i
+
pε

2hi
+k2

hi
3
, i=2,...,N,

wi=
pε

2hi
, i=2,...,N−1,

qi=−
p

hi
+
p

2hi
−
pε

2hi
+k2

hi
6
, i=2,...,N−1,

ri=
p

2hi+1
−
σ

hi,i+1
−
pε

2hi
, i=1,...,N−1,

si=−
p

2hi
, i=1,...,N,

ti=
p

2hi−1
−
σ

hi−1,i
−
pε

2hi
, i=2,...,N,

vi=−
p

hi
+
p

2hi
−
pε

hi
+k2

hi
6
, i=1,...,N

andzeroelsewhere.
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3.3.2 Discreteweaknon-negativitypreservationpropertyand

discrete weak maximumprincipleforinteriorpenalty

discontinuousGalerkinellipticoperators

Weremarkthatthespace H1(0,1)consistsofcontinuousfunctions. Continuityis

animportantqualitativeproperty,anditcannotbepreservedbythediscontinuous

Galerkinmethod. Thisisonereasonwhyweneedtobecareful,especiallywiththe

preservationofsomemilderqualitativepropertieswhichareinconnectionwiththe

continuity. Thisleadsdirectlytotheinvestigationofmaximumprinciplesforthe

discontinuousGalerkinmethod.

OuraimistogetusefulmeshconditionsthatguaranteetheDnPandtheDwMP.

DnPwillbeguaranteedbythecondition(w1’d),whiletheDwMPwillbeguaranteed

bytheconditions(w1’d),(w2’)and(w3’).

Firstwedealwiththecondition(w1’d).Herefirstweguaranteethatthediagonal

elementsofthematrixK0arenon-negativeandtheoff-diagonalelementsarenon-

positiveresultinginthatK0isaZ-matrix.Thismeansfortheelements

•di,ei:

wegetthefollowingconditionsforε:

ε≥−1−
2σhi
phi,i+1

−
2k2h2i
3p
, i=1,...,N−1

ε≥−1−
2σhi
phi−1,i

−
2k2h2i
3p
, i=2,...,N.

•wi:

wishouldbenon-positive,whichindicates

ε≤0 (3.9)

inthecasewherewehavemorethantwosubintervals. Seethethirdpartof

Remark3.3.4forthedegeneratecase. Thismeansthatforε=1generallywe

cannotguaranteetheDnPandtheDwMP.

•qi:

becauseofqiweneedtoguarantee−
p
2hi
−pε
2hi
+k2hi

6
≤0,i=2,...,N−1,which

meansthefollowingforε:

ε≥−1+
k2h2i
3p
, i=2,...,N−1.
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Or,rephrasingitforthemesh,wehave

h2i≤
3(1+ε)p

k2
, i=2,...,N−1

inthecasewherek=0.(Inthecasek=0wesimplyhaveε≥−1.)

•si:

Inequalitysi<0alwaysholds.

•ri,ti:

weneedtoguarantee p
2hi+1

− σ
hi,i+1

− pε
2hi
≤0and p

2hi−1
− σ
hi−1,i

− pε
2hi
≤0.After

re-indexingtiandreformulatingwehave

hi,i+1
hi+1

−
εhi,i+1
hi

≤
2σ

p
and

hi,i+1
hi
−
εhi,i+1
hi+1

≤
2σ

p
, i=1,...,N−1.

(3.10)

Thenweusethe“dominantvector”conditiontoguaranteethatK0isanon-singular

M-matrix,seeTheorem5.0.14intheAppendix.

Lemma3.3.1.Thereexistsv>0withK0v>0.

Proof.Fistweconsiderthecasek=0andp=1.

Wechoosethedominantvector vasthepiecewiselinearinterpolationofthefunc-

tiond(x)=c−x2withthebasesofΦjiintheinteriornodesandzeroatx=0,1,where

c≥1,seeFigure3.6. Weprovethatthischoiceissuitable.

LetusdenotethisinterpolationbyΠd(x)andthevectorofthecoefficientsby

v,soΠd(x)= (i,j)∈int(τh)
v2(i−1)+j−1Φ

j
i(x),wherethesummationgoesoverallbasis

functionswiththeexceptionofthetwothatbelongtotheboundarynodes,(Φ11(x)

andΦ2N(x)).Itisclearthatv>0,andweneedtoprovethatK0v>0holds.The

meaningofthisinequalityisthataDG(Πd(x),Φ
j
i(x))>0holdsforallbasisfunctions,

sincee.g.forthefirstcoordinateofK0v:

(K0v)1=
(i,j)∈int(τh)

v2(i−1)+j−1aDG Φ
j
i(x),Φ

2
1(x)=

aDG





(i,j)∈int(τh)

v2(i−1)+j−1Φ
j
i(x),Φ

2
1(x)



=aDG Πd(x),Φ
2
1(x).

Nextwecalculatethisbilinearform.ThefunctionΠd(x)iscontinuous,therefore

itsjumpsarezeroalloverthenodes,whichmeansthatwehavetotakeintoaccount

neitherε,northepenaltyterms.

ThederivativeofΠd(x)canbecalculatedoneveryIn.Itis
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Figure3.6:Πd(x)forc=1.3

•
c−x21
x1

onI1,

•−
x2i−x

2
i−1

xi−xi−1
=−(xi+xi−1)onIi i=2,...,N−1,

•
x2N−1−c

1−xN−1
onIN.

Thismeans

aDG(Πd(x),Φ
2
1(x))=

I1

∂xΠd(x)∂xΦ
2
1(x)dx−{{∂xΠd(x1)}} Φ

2
1(x1) =

c−x21
x1 I1

1

h1
dx

=1

−

c−x21
x1
−x1−x2

2
·1=

c−x21
2x1

+
x1+x2
2

. (3.11)

Similarly,

aDG(Πd(x),Φ
1
2(x))=

c−x21
2x1

+
x1+x2
2

.

Fori=1,N−1,N:

aDG(Πd(x),Φ
2
i(x))=

Ii

∂xΠd(x)∂xΦ
2
i(x)dx−{{∂xΠd(xi)}} Φ

2
i(xi) =

−(xi+xi−1)
Ii

1

hi
dx− −

xi+xi−1+xi+xi+1
2

·1=
xi+1−xi−1

2
. (3.12)
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Fori=1,2,N:

aDG(Πd(x),Φ
1
i(x))=

Ii

∂xΠd(x)∂xΦ
i
i(x)dx−{{∂xΠd(xi−1)}} Φ

2
i(xi−1) =

−(xi+xi−1)
Ii

−
1

hi
dx− −

xi+xi−1+xi−1+xi−2
2

·(−1)=
xi−xi−2
2

.

(3.13)

OnIN−1:

aDG(Πd(x),Φ
2
N−1(x))=

IN−1

∂xΠd(x)∂xΦ
2
N−1(x)dx−{{∂xΠd(xN−1)}} Φ

2
N−1(xN−1) =

−(xN−2+xN−1)
IN−1

1

hN−1
dx−




−(xN−2+xN−1)+

x2N−1−c

1−xN−1

2



·1=

−
xN−2+xN−1

2
+
c−x2N−1
2(1−xN−1)

. (3.14)

Finally,

aDG(Πd(x),Φ
1
N(x))=−

xN−2+xN−1
2

+
c−x2N−1
2(1−xN−1)

.

Wehavetoprovethatthesearepositivevalues. Thefirstthree(3.11)–(3.13)

aretrivial. Toprovethat(3.14)ispositive,somesimplecalculationisstillneeded.

−xN−2+xN−1
2

+
c−x2N−1
2(1−xN−1)

>0,
c−x2N−1
1−xN−1

>xN−2+xN−1andthisholds,since
c−x2N−1
1−xN−1

=
(
√
c−xN−1)(

√
c+xN−1)

1−xN−1
=
√
c−xN−1
1−xN−1

(
√
c+xN−1)>

√
c+xN−1>1+xN−1>xN−2+xN−1.

Whenp=1,weonlyhavetomultiplythematrixK0withp,whichmakesno

differenceinthesignoftheproduct.

When k=0,wehavetheextraterms
Ii
k2Φji(x)·Φ

l
i(k),wherej,l∈{1,2}. All

functionsarepositive,sotheseintegralsarealsopositive,hencewehavejustincreased

theelementsofK0,consequentlyincreasedthecoordinatesofK0v.

Property(w2’)meansthatv1andvN shouldbenon-positive,i.e.,

ε≥
−3p+k2h2i
6p

=−
1

2
+
k2h2i
6p
≥−
1

2
, i=1,N. (3.15)

Notethatthismeansthatinthecaseε=−1wecannotguaranteetheDwMP.

Property(w3’)meansthecondition0≤(K0|K∂)e.Itisequivalenttothecondition

aDG(1,Φ
j
i)≥0for(i,j)∈int(τh),forexample,forthefirstcoordinateof(K0|K∂)e
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thismeansthefollowing:

((K0|K∂)e)1=
N

i=1

2

j=1

1·aDG Φ
j
i(x),Φ

2
1(x)=

aDG

N

i=1

2

j=1

1·Φji(x),Φ
2
1(x) =aDG 1,Φ

2
1(x).

Theresultofthismatrix-vectorproductis

k2h1
2
−ε
p

h1
,
k2h2
2
,...,

k2hN−1
2

,
k2hN
2
−ε
p

hN

T

,

whichisnon-negativeif

ε≤
k2h2i
2p
, i=1,N. (3.16)

Wenotethatweneedtotakeitintoconsiderationonlyinthedegeneratecase,when

theintervalisdividedintotwosubintervals,since(3.9)isstricter.

Inequalities(3.15)and(3.16)canbepulledtogetheras

−
1

2
+
k2h2i
6p
≤ε≤

k2h2i
2p
, i=1,N (3.17)

orrephrasingitforthemesh,

2pε

k2
≤h2i≤

3p(2ε+1)

k2
, i=1,N. (3.18)

Meshconditions. Wesumupandsystematizetheconditionswehaveobtained.

Ourplanistogivea“recipe”onhowweshouldchoosetheparametersandthemesh

toguaranteetheDnPandDwMP.Thetrickisthatwefixtheorderofthechoices.

Firstwesupposethattheinterval(0,1)isdividedintomorethantwosubintervals.

Theorem3.3.2.LetK=(K0|K∂)bethematrixconstructedfrom(3.7)bytheIPDG

methodasdescribedearlier.ThismatrixhastheDnPifwechoose

•εas

−1≤ε≤0, when k=0,

−1<ε≤0, when k>0,

•σas
p(1−ε)

2
≤σ,
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•themeshτhas

h2i≤
3p(ε+1)

k2
, i=2,...,N−1, (finenessattheinterior)

hi,i+1
hi+1

−
εhi,i+1
hi

≤
2σ

p
and

hi,i+1
hi
−
εhi,i+1
hi+1

≤
2σ

p
, i=1,...,N−1.

(uniformity)

Theorem3.3.3.LetK=(K0|K∂)bethematrixconstructedfrom(3.7)bytheIPDG

methodasdescribedearlier.ThismatrixpossessestheDwMPifwechoose

•εas

−
1

2
≤ε≤0, whenk=0,

−
1

2
<ε≤0, whenk>0,

•σas
p(1−ε)

2
≤σ,

•themeshτhas

h2i≤
3p(2ε+1)

k2
, i=1,N, (finenessattheboundary)

h2i≤
3p(ε+1)

k2
, i=2,...,N−1, (finenessattheinterior)

hi,i+1
hi+1

−
εhi,i+1
hi

≤
2σ

p
and

hi,i+1
hi
−
εhi,i+1
hi+1

≤
2σ

p
, i=1,...,N−1.

(uniformity)

Proof(ofboththeorems).Almostalloftheconditionsaresimpleconsequencesofthe

abovecalculations.

Theconditionforσcanbederivedfrom(3.10)bytakingitsminimum

2σ

p
≥
hi,i+1
hi+1

−
εhi,i+1
hi

≥1−ε

Notethatwehavetwotypesofmeshconditions,oneisaboutthefinenessofthe

meshandtheotherisabouttheuniformity.Thefirstdeterminesthemaximumsize

ofthesubintervalsanditdependsonthechoiceofε,withε=0beingthelessrestric-

tiveone. Theseconddeterminesthemaximumratioofthesizeoftheneighbouring

subintervals,anditdependsonthechoiceofσ,σ=p(1−ε)
2
isthemostrestrictive.
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Remark3.3.4.Weinvestigatethepopularcases:ε∈{−1,0,1},too.

•ε=−1:

WecanguaranteeonlytheDnP,andonlyinthecaseif k=0holds.Inthiscase

(3.10)simplifiesto

hi,i+1
hi
+
hi,i+1
hi+1

≤
2σ

p
, i=1,...,N−1. (3.19)

Thishastheconsequencethatσneedstobechosen≥p.

•ε=0:

Wehavenoadditionalrestrictionsinthiscase.Theconditionssimplifyas

hi,i+1
hi+1

≤2σ
p
and

hi,i+1
hi
≤2σ

p
, i=1,...,N−1

whichcanbepulledtogetheras

hi,i+1
min{hi,hi+1}

≤
2σ

p
, i=1,...,N−1 (3.20)

sinceitisenoughtoguaranteethattheinequalityholdsforthegreaterleft-hand

side.Thus,σneedstobechosen≥p/2.

•ε=1:

WecanguaranteetheDnPinthiscaseonlyif(0,1)issubdividedintotwo

subintervals.Then(3.10)leadstothefollowingconditions

h1,2
h1
−
h1,2
h2
≤2σ

p
and

h1,2
h2
−
h1,2
h1
≤2σ

p
.

Theycanbepulledtogetheras

h1,2−min{h1,h2}

min{h1,h2}
≤
2σ

p
. (3.21)

FortheDwMPwehavemoreconditions,namelyk>0and

2p

k2
≤h2i≤

9p

k2
, i=1,2.

Remark3.3.5.Ifwechooseadifferentdefinitionforhn−1,n,namely,ifitisdefined

as=min{hn−1,hn}(c.f.[7,Ch.4,Definition4.5]and[45,Ch.1]),theconditionforσ

willcoincidewiththeconditionthatdescribestherelationbetweentheneighbouring

subintervals.
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3.3.3 Numericalexamples–onthesharpnessoftheconditions

Inthissubsectionwewillinvestigatethemeshconditionswederived. Naturally,the

obtainedconditionscannotbesharpsinceweusedpracticalconditionsandtheseare

onlysufficientandnotnecessary.However,wewillshowthatourconditionsaresharp

insomesense.

Example3.3.6.Letussetp=1,ε=0,σ=5,k=0.Firstofallitisclearthat

condition(3.17)holdsforεand(3.18)isoutofview.Inthiscaseforthemesh:

τh={0,0.02,0.22,0.8,1}

thecondition(3.20)issharpinthefollowingsense.Letusmodifythismeshas

τmh ={0,0.02,0.22+
1

10m
,0.8,1}.

Letusconsiderthevectorv=(−1,1
10m
,0,0,0,0)T,seeFigure3.7. Thefollowing

calculationshowsthattheresultingright-handsideisnon-positive,whichmeansthat

themaximumprinciplefails.

0 0.5 1 1.5
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x
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x
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Figure3.7:Left:thecounterexamplewithm=3. Right:thepositivevalueatthe

node0.221

TheproductKvhasfournon-zerocoordinates:(−d1+r1/10
m,−t2+e2/10

m,−w2+

q2/10
m,s2/10

m,0,0,0,0)T.Inthiscaseh1,2=h2.Letusexaminetheseterms.

−d1+
r1
10m

=−
1

2h1
−
5

h2
+
1

10m
1

2h2
−
5

h2
=−

1

2h1
−
5

h2
−
1

10m
·
9

2h2
<0.
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Thesecondoneis

−t2+
e2
10m

=−
1

2h1
+
5

h2
+
1

10m
1

2h2
+
5

2h2
=−25+

1

h2
5+

11

2·10m
=

−25+
25·10m+55/2

10m+5
<0.

Thelasttwotermsareeasier

−w2+
q2
10m

=0+
q2
10m

=
1

10m
−
1

h1
+
1

2h1
=−

1

2·10m·h1
<0,

s2
10m

=
1

10m
·−

1

2h1
<0.

Example3.3.7. Letussetp=1,ε=1,σ=5,k=0.Inthecasethatwasdiscussed

inthethirdpartofRemark3.3.4themesh

τh={0,1/12,1}

issharpinthesamesenseasinthelastexamplewithrespectto(3.21).Similarlyas

above,wemodifythemeshas

τmh ={0,1/12−1/10
m,1}

andchoosevasv0=(−1,
1
10m
)Tand0elsewhere.ThissettingbreakstheDnP.

Kvisnon-positivesinceK0v0=(−d1+r1/10
m,−t2+e2/10

m)T,where

−d1+
r1
10m

=−
1

2h1
−
5

h2
−
1

2h1
+
1

10m
1

2h2
−
5

h2
−
1

2h1
=

−
1

h1
−
5

h2
−

1

2·10m
9

h2
+
1

h1
<0

and

−t2+
e2
10m

=−
1

2h1
+
5

h2
+
1

2h2
+
1

10m
1

2h2
+
5

h2
+
1

2h2
=

−
1

2h1
+
1

2h2
11+

12

10m

andsimilarcalculationsasbeforegiveitsnegativity 1
12
− 1
10m
·11+12

10m
<11
12
+ 1
10m
,

andthisholdsforallm>0since11
12
+ 1
10m
− 11
10m
− 12
102m
<11
12
+ 1
10m
.

Conclusion. Firstofall,wehaveshownthatitispossibletoguaranteetheDnPand

DwMPwhentheIPDGdiscretizationisused.However,ourconditionsarerestrictive

atthefollowingpoints:
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•thechoiceofthebasisfunctions,

•ε=1isexcludedfromapracticalpointofview,

•wecanhandleε=−1onlyinspecialcases.

Ontheotherhand,wecouldstatethatε=0worksverywellfromtheviewpointof

thediscretemaximumprincipleandtheconditionssuggestthatweneedtotakeinto

considerationanon-integerε∈ −1
2
,0,too.

Wehaveshownwithnumericalexamplesthatourconditionsaresharpinsome

sense. Thenumericalexamplesandcomputationaltestssuggestthefollowingpoints

ofinterest:

•forthesymmetricIPDG(3.19)doesnotseemtobesharp,

•themeshcondition(3.20)seemstobesharponlyattheboundary,itcouldbe

slightlybrokenintheinteriorintervalswithoutlosingtheDwMP,

•formeshesthatconsistofmorethantwosubintervals,thecondition(3.21)seems

tobeirrelevantfortheneighbouringelements.

Summaryofthechapter. InSection3.1ofthischapterwepresentedanalgebraic

frameworkondiscretemaximumprinciplesformatrices. Theframeworkcontained

sufficientandnecessaryalgebraicconditions(foreachintroduceddiscretemaximum

principle)includingourownresultsondiscretestrongmaximumprinciples,namely,

Lemma3.1.5,Theorem3.1.10andTheorem3.1.9. Wegaveanoverviewofthepractical

conditionsensuringtheDwMP,theDsMPandtheDSMPbylistingtheknownresults

andcompletingthemwithourownconditions. Weinvestigatedtheapplicabilityof

theframework,too.InSection3.2weillustratedthedifferencesbetweentheweakand

strongdiscretemaximumprincipleswithseveralnumericalexamples.Section3.1and

3.2werebasedonthepaper[41,MincsovicsandHorv́ath,2012].

InSection3.3,usingthealgebraicframeworkweinvestigatedanellipticproblem

wheretheinteriorpenaltydiscontinuousGalerkinmethodwasappliedasdiscretiza-

tion. Herewegavesufficientconditionsontheparametersεandσandonthemesh

underwhichtheDnPandtheDwMParefulfilled,seeTheorem3.3.2andTheorem

3.3.3,respectively. Weinvestigatedthesharpnessofthenecessaryconditionsofthese

theoremswithnumericalexamplesaswell.Section3.3wasbasedonthepaper[28,

Horv́athandMincsovics,2013].

†
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Chapter4

Discreteparabolic maximum

principles

Inthischapterfirstwepresentanalgebraicframeworkontheimportantdiscretemax-

imumprinciplesdefinedforacertainclassofhyper-matrices. Wegivealgebraicresults

ondiscretemaximumprinciples,boththeoreticalandpracticalones,andweinvestigate

theapplicabilityoftheframeworkaswell.Furthermoreweapplytheframeworkand

presentpracticalconditionswhenFEMisappliedasthespacialdiscretizationandthe

θ-methodforthetimeintegrationonawideclassoflinearparabolicoperators.Thisis

basedonthepaper[39].Finallyinthischapterweinvestigatetherelationofdiscrete

ellipticandparabolicmaximumprinciples.Theseresultsarefromthepaper[40].

4.1 Algebraicframework

Inthissectionweappliedabriefstyle,sinceitisverysimilartoSection3.1bothin

itscontentandstructure.

4.1.1 Discreteparabolic maximumprinciples

Wedefinemaximumprinciplesforahyper-matrix Linaspecialform,actingona

hyper-vectorν

L=












I 0 ... ... 0

−X2 X1 0 ... 0

0 −X2 X1 0 ...
...

...
...

...
...

0 ... 0 −X2 X1












, ν=












v0

v1

...

...

vM












, (4.1)
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whereI=(I0|0∂),X1=(X10|X1∂),X2=(X20|X2∂)∈R
N×N;I0,X10,X20∈R

N×N;

0∂,X1∂,X2∂∈R
N×N∂,N=N+N∂.(ν)

n=vn=(vn0|v
n
∂)
T∈RN,vn0∈R

N,vn∂∈R
N∂.

Wementionthatthevectorsvn0andv
n
∂aresomeapproximationsoftheinterior

andboundaryvaluesofthefunctionvonsometime-level,respectively,andListhe

discreteparabolicoperatorcorrespondingtoLc.f.theparagraph“Problem2”in1.2.2.

Thus,wecanwrite(Lν)0=v0,(Lν)n=X1v
n−X2v

n−1,n=1,...,M. Withthis

notationandbytheassumptionthatX10isnon-singular,thefollowingiterationform

canbecreated

vn0=X
−1
10X2v

n−1−X−110X1∂v
n
∂+X

−1
10(Lν)

n, n=1,...,M, (4.2)

whichservestocompute(theoretically)vn0iftheboundaryvaluesv
n
∂,theinitialvector

v0and(Lν)naregiven.

Toformalizethediscretemaximumprinciplesweintroducethenotationsν0(k)=

{v10,...,v
k
0};ν∂(k

0)={v0∂,v
1
∂,...,v

k
∂};(Lν)(k)={(Lν)

1,...,(Lν)k}and(Lν)(k0)=

{(Lν)0,(Lν)1,...,(Lν)k}.

Thenthecorrespondingmaximumprinciplesreadasfollows.

Definition4.1.1.Wesaythatthehyper-matrix Lintheform(4.1)possesses

•thediscretenon-negativitypreservationproperty(DnP)ifforallk=1,2,...,M

thefollowingimplicationholds.

max(Lν)(k0)≤0, maxν∂(k
0)≤0 ⇒ maxν0(k)≤0;

•thediscretemaximumprinciple (DmP)ifforallk=1,2,...,Mthefollowing

implicationholds.

max(Lν)(k)≤0 ⇒ maxν0(k)≤max{0,(Lν)
0,maxν∂(k

0)}.

•thediscretestrictmaximumprinciple (DMP)ifforallk=1,2,...,Mthe

followingimplicationholds.

max(Lν)(k)≤0 ⇒ maxν0(k)≤max{(Lν)
0,maxν∂(k

0)}.

Remark4.1.2.Eventhoughthediscreteparabolicmaximumprinciplesarelessin-

vestigated,therearesomeimportantworksinthistopic. Wegiveashortlistofthe

recommendedliterature.
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•Probablythefirstpaperonadiscreteparabolicmaximumprincipleis[32].

•Fromtheearlyyearsthepaper[24]shouldbementionedwhichwasthestarting-

pointforalmosteverylaterpublishedworkinthistopic.

•Fromtherecentyearstheworks[11,17]containadetailedinvestigationofa

wholefamilyofdiscrete(andcontinuous)parabolicmaximumprinciples.

4.1.2 Algebraicresultsondiscreteparabolic maximumprin-

ciples

Ouraimistogivenecessaryandsufficientconditionsfortheabovedefineddiscrete

maximumprinciples,moreover,wealsotouchuponusefulpracticalconditionswhich

canbeusedfromanapplicationpointofview.

First,exploitingtheiterationform(4.2)wereformulateDefinition4.1.1intoamore

suitableform.

Lemma4.1.3.Thehyper-matrixLintheform(4.1)possesses

•theDnPifandonlyif(forallvn,vn−1)thefollowingimplicationholds.

(Lν)n≡X1v
n−X2v

n−1≤0, max{vn−1,vn∂}≤0 ⇒ maxvn≤0;

•theDmPifandonlyif(forallvn,vn−1)thefollowingimplicationholds.

(Lν)n≡X1v
n−X2v

n−1≤0 ⇒ maxvn≤max{0,vn−1,vn∂};

•theDMPifandonlyif(forallvn,vn−1)thefollowingimplicationholds.

(Lν)n≡X1v
n−X2v

n−1≤0 ⇒ maxvn≤max{vn−1,vn∂}.

Proof.The“if”partfollowsfrominduction,the“onlyif”partistrivial.

Now,basedonLemma4.1.3wecangivesufficientandnecessaryalgebraicconditions

fortheDnP.

Lemma4.1.4.[11,L.2.3.39]Thehyper-matrixLintheform(4.1)possessestheDnP

ifandonlyifthefollowingthreeconditionshold.

(n1)X−110≥0; (n2)−X−110X1∂≥0; (n3)X−110X2≥0.
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4.DISCRETEPARABOLICMAXIMUMPRINCIPLES

Proof.ThiscanbeprovenexactlyinthesamewayasLemma3.1.4,thuswerecallonly

theimportantsteps.

–First,weassume(n1)–(n3).Thentheidentity(4.2)givesimmediatelytheDnP.

–Second,weassumetheDnP.FirstwecanprovethatX10isnon-singular,and

thismeansthatitisallowedtousetheidentity(4.2).Then(n1)followsfromthe

settingvn−1=0,vn∂=0,(n2)followsfromthesetting(Lν)
n=0,vn−1=0,

and(n3)followsfromthesetting(Lν)n=0,vn∂=0.

WefinishwiththeDmPandtheDMP.

Theorem4.1.5.[40,11]Thehyper-matrixLintheform(4.1)possesses

•theDmPifandonlyifthefollowingfourconditionshold.

(m1)X−110≥0; (m2)−X−110X1∂≥0; (m3)X−110X2≥0;

(m4)X−110X2e−X
−1
10X1∂e≤e.

•theDMPifandonlyifthefollowingfourconditionshold.

(M1)X−110≥0; (M2)−X−110X1∂≥0; (M3)X−110X2≥0;

(M4)X−110X2e−X
−1
10X1∂e=e.

Proof. •TheDmPcase.Notethat(m1)–(m3)areidenticalwith(n1)–(n3).The

proofgoesinthesamewayastheproofofLemma3.1.6.

–Firstweassume(m1)–(m4),then

(Lν)n≤0 ⇒ vn0≤X
−1
10X2v

n−1−X−110X1∂v
n
∂

≤X−110X2max{0,v
n−1,vn∂}e−X

−1
10X1∂max{0,v

n−1,vn∂}e≤max{0,v
n−1,vn∂}e.

–Second,toprovethereversedirectionweassumetheDMP.DMPimplies

DnP,andthatgives(m1)–(m3)(≡(n1)–(n3)).(m4)followsfromputting

vn−1=e,vn∂=e,(Lν)
n=0in(4.2).

•TheDMPcase.Notethat(M1)–(M3)areidenticalwith(n1)–(n3).Thenwecan

proceedsimilarlyasintheproofofLemma3.1.8,thusweomitthedetails.
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Someremarksthistheorem:

•Notethat(m4)correspondstoc≤0(c.f.thecontinuouscase).

•(M4)isequivalenttoKe=0. Thiscorrespondstoc=0(c.f.thecontinuous

case).

•Therearemanypaperscontainingsomevariantsoftheabovelemmaandtheorem,

e.g.[13,14,15],butinmostcasesthediscretizationmethodisfixedatthe

beginning,thusthealgebraicframeworkisnotindependent. Anindependent

algebraicframeworkcanbefoundin[11]andin[40].

Practicalalgebraicconditionsforthediscretemaximumprinciples. Lemma

4.1.4andTheorem4.1.5arenotapplicabledirectly.Fromanapplicationpointofview

itisnecessarytogivemoreuseful(butonlysufficient)conditionsinordertoguarantee

theDnP/DmP/DMP.

•Thecondition(m2)isusuallyreplacedbytheassumption

(m2’)X1∂≤0.

Then(m2’)with(m1)implies(m2),buttheconverseisnottrue.

•Thecondition(m3)isusuallyreplacedbytheassumption

(m3’)X2≥0.

Then(m3’)with(m1)clearlyimplies(m3),buttheconverseisnottrue.

•Thecondition(m4)isusuallyreplacedbytheassumption

(m4’)Ke≥0.

Then(m4’)with(m1)implies(m4),buttheconverseisnottrue.

•Toensure(m1)isthehardesttaskhere,too,anditisusuallyreplacedbythe

assumption

(m1’)X10isanM-matrix

andwecanapplyeachonefromthelistthatcanbefoundintheparagraph

“PracticalalgebraicconditionsfortheDwMP”inSubsection3.1.2.

Theseconditionsappeared(alittlebithidden)alreadyin[24].
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Applicability. Finally,weturnourattentionontheapplicabilitytotheabovede-

fineddiscreteparabolicmaximumprinciples.Herewedefineddiscretemaximumprin-

ciplesinthenaturalway,too.Thus,theapplicabilityofthisframeworkdependsonthe

samequestionsasintheellipticcase,however,withsomeadditionalthingstoconsider.

•Thisframeworkisdesignedonlyforsomediscretizationmethods.Namely,only

forthosewhenthediscretizationisdoneinthefollowingtwoconsecutivesteps:

1.Thespatialdiscretization.Thiscanbedonee.g.byFDMorFEMasinthe

ellipticcase. Thismeansthatthesameapplicabilityproblemsoccurthat

weexplainedindetailsintheparagraph“Applicability”inSubsection3.1.1.

2.Thetime-integration. Thespecialstructureofthehyper-matrixL(4.1)

revealsthatonlyone-stepmethodsareallowed.(Naturally,thiscouldbe

extendedtocontain multistep methodsaswell.) This meansthatLis

approximatedbytheformula

(Lv)(xi,n∆t)≈(Lν)
n
i=(X1v

n−X2v
n−1)i,

wherexi∈P,n=1,2,...,Mand∆t=T/Misthetime-step.

Atthetime-integrationpartthesameproblemscanoccurthatweinves-

tigatedattheFDMcaseintheparagraph“Applicability”ofSubsection

3.1.1.

AtypicalchoiceisFEM+θ-method. ThenX1=
1
∆t
M +θK,X2=

1
∆t
M −

(1−θ)K,whereM istheso-calledmassmatrix,K(=X1−X2)istheso-called

stiffnessmatrixandθ∈[0,1]isaparameter.

•Anotherapplicabilityrestrictionwhichcomesfromtheformofthehyper-matrix

isthatseeminglywecanhandleonlythecasewherethecoefficientfunctionsare

timeindependent. However,thisdeficiencycanbestoppedeasily(introducing

onemoreindex),butthatwouldcomplicatemattersunnecessarily.

•Inthediscreteellipticcaseitwasdefinitivelyadvantageoustodefinemaximum

principlesfortheoperator,buthereithassomedisadvantages,too,c.f.the

notionsIAPandCAPin[11].
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4.2.DISCRETEMAXIMUMPRINCIPLESFORSOMEDISCRETEPARABOLICOPERATOR

4.2 Discretemaximumprinciplesforsomefiniteel-

ement+θ-methodparabolicoperator

InthissectionweinvestigatethewayhowtheDmPandtheDMPcanbeguaranteed

foragiven(prettygeneral)linearparabolicoperatorwhentheFEM+θ-methodis

appliedasdiscretizationmethod.Thesectionisorganizedasfollows.Firstweobtain

thehyper-matrixbythediscretizationappliedtothegivenoperator.Thenpractical

conditionsareobtainedincludingameshcondition,restrictiontotheparameterθand

restrictiontothetimestep∆tunderwhichtheDmP/DMPisfulfilledforthehyper-

matrix.Finally,numericalexamplesarepresentedinordertoinvestigatethesharpness

oftheconditions.Thissectionismainlybasedonthepaper[39],whichgeneralizesthe

resultsof[18].

4.2.1 Finiteelement+θ-methodparabolicoperators

Problemsetting. LetΩ⊂Rdbeanopenandboundeddomainthatcanbecovered

byaregularsimplicialmeshThwiththepropertythatthismeshisofnonobtusetype,

i.e.,alltheanglesmadebyanyfacesofeachsimplexS∈Tharenotgreaterthanπ/2.

Weconsidertheparabolicoperatorwhichisdefinedforthefunctions v(x,t)∈

C2,1(QT)∩C(̄QT)andwhichcanbedescribedas

La,b,cv=
∂v

∂t
−div(agradv)+b,gradv+cv, (4.3)

wherea,c:Ω→R,b:Ω→Rd,a,b,c∈C(Ω)anda∈C1(Ω).Thesymbol·,·stands

fortheusualscalarproductinRd.

Inthesequelweassumethat0<am ≤a≤aM,b≤bM and0≤c≤cM holds

withtheconstantsam,aM,bM,cM. ·denotesthenormofR
dinducedbythescalar

product·,·.

Then,byTheorem2.2.2theoperatorLa,b,csatisfiestheDnPandtheDmP,more-

over,theoperatorLa,b,0satisfiestheDMP.

Discretization. Weproceedinthesamewayasintheparagraph“Problem2”in

1.2.2. UsingtheFEM+θ-method,wherewecoverΩbyaregularsimplicialmeshTh

andweusetheusualhatfunctionsresultinginthediscreteparabolicoperator

M
vn+1−vn

∆t
+θKvn+1+(1−θ)Kvn,
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wheren=1,...,M,M∆t=T,θ∈[0,1]andthematricesM,K aredefinedby

bilinearformsas

(M)ij=B1(φj,φi)=

Ω

φjφidx,

(K)ij=B2(φj,φi)=

Ω

a gradφj,gradφi dx+

Ω

b,gradφjφidx+

Ω

cφjφidx,

wherei=1,...,N,j=1,...,N.Thiscanberewrittentothefamiliarform

X1v
n+1−X2v

n

whichwillbedenotedbyLa,b,corLa,b,0ifourstartingpointwastheoperatorLa,b,cor

La,b,0,withtherolesX1=
1
∆t
M+θK,X2=

1
∆t
M−(1−θ)K.

4.2.2 DiscretemaximumprinciplesforsomeFEM+θ-method

parabolicoperator

Firstwegivesomeusefulresults.

Lemma4.2.1.Theearlierdescribeddiscretizationmethodappliedtotheoperator(4.3)

resultsinahyper-matrixLa,b,cwiththeproperties

(i)M ≥0;

(ii)M0e>0;

(iii)Ke≥0.

Proof. (i)(M)ij=B1(φj,φi)=
Ω

φjφidx≥0,sincethebasisfunctionsarenon-

negative.

(ii)Itfollowsfromthepreviousitem,since(M)ii>0.

(iii)(Ke)i=
N

j=1

B2(φj,φi)=B2(
N

j=1

φj,φi)=B2(1,φi)=
Ω

cφidx≥0.

Lemma4.2.2.Undertheassumptions

(P1) (K)ij≤0, i=j,i=1,...,N,j=1,...,N,

(P2) ∆t(X1)ij=(M)ij+∆tθ(K)ij≤0, i=j,i=1,...,N,j=1,...,N,
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(P3) ∆t(X2)ii=(M)ii−∆t(1−θ)(K)ii≥0, i=1,...,N.

theconditions(m1’)–(m4’)aresatisfied.

Proof.Weorganizetheproofgoingfromsimpletodifficult.

(m4’)isindependentoftheconditions(P1)–(P3),itisensuredbythechoiceofthe

basisfunctions,seeLemma4.2.1.

(m2’)isensuredby(P2).

(m3’)isensuredby(P1),(P3)andthefactthatM ≥0(seeLemma4.2.1).

(m1’)isensuredby(P1),(P2)andbyLemma4.2.1.Indetails:X10isaZ-matrixby

(P2).

K0e=Ke−K∂e

≥0

≥Ke≥0

by(P1)andLemma4.2.1.Thus,

X10e=
1

∆t
M0+θK0 e=

1

∆t
M0

>0

+θK0e

≥0

>0

byLemma4.2.1,whichimpliesthatX10isSDD.Finally,werecallthataSDD

Z-matrixisanM-matrix(seetheAppendix).

Remark4.2.3.WelistsomecommentsontheconditionsofLemma4.2.2.

•Since(M)ij=(K)ij=0,(i=j)fortheindexpairswhichdeterminenon-

neighbouringvertices,weneedtoinvestigateonlytheremainder.

•(P1)isoneadditionalrestrictionforthemesh,(P2)and(P3)givealowerandan

upperboundforthetime-step∆t.Naturally,thelowerboundmustbesmaller

thantheupperbound,thiscanbeattainedbythecorrespondingchoiceofθ.

•Inthecaseθ=0thecondition(P2)cannotbefulfilled. Thus,wefixthat

θ∈(0,1].(However,ifweusethelumpedmasstechnique(seee.g.in[24]),then

θ=0ispossible,too.)Incaseθ=1(P3)isautomaticallyfulfilled.

•(P2)implies(P1).However,weneedtorequireastrictinequalityin(P1)forthe

indexpairswhichdetermineneighbouringvertices,tomake(P2)possible.Letus

denotethismodifiedconditionby(P1’).Sincewewanttogetausablecondition

forthemesh,weinvestigate(P1’)insteadof(P1)inthefollowing.
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Localconditionsforthe DmP/DMP. Wedefine/estimatetheelementsofthe

localmassandstiffnessmatricessimilarlyasin[4,18,26].

ThecontributionstothemassmatrixM overthesimplexS∈Thare

Mij|S=
measdS

(d+1)(d+2)
,(i=j); Mii|S=

2measdS

(d+1)(d+2)
. (4.4)

Weestimatethecontributiontothestiffnessmatrix KoverthesimplexSinthe

followingway.IfthesimplexSistightenedbythed+1pieceverticesxi,andwedenote

bySithe(d−1)-dimensionalfaceoppositetothevertexxi,thencosγijisthecosine

oftheinterioranglebetweenfacesSiandSj.Notethat(measdS)d=(measd−1Si)mi,

wheremiisthe(Euclidean)distancebetweenSiandxi.

Letusintroducethenotations: am(S) = minSa,aM(S) = maxSa,bM(S) =

maxS b,cM(S)=maxSc.Then,

S

agradφj,gradφi dx=−

S

agradφj gradφicosγijdx=

−
cosγij
mjmi

S

adx≤−
am(S)(measdS)

mimj
cosγij(≤0)incasei=j,

otherwise

S

agradφi,gradφi dx=

S

agradφi
2dx≤

aM(S)(measdS)

m2i

and

S

b,gradφjφidx≤

S

|b,gradφj|φidx≤

S

b gradφj φidx≤
bM(S)

mj
S

φidx=
bM(S)(measdS)

mj(d+1)

hold.

Thuswehavetheestimation

Kij|S≤(measdS)−
am(S)cosγij
mimj

+
bM(S)

mj(d+1)
+

cM(S)

(d+1)(d+2)
(4.5)

forthenon-diagonalelements,and

Kii|S≤(measdS)
aM(S)

m2i
+
bM(S)

mi(d+1)
+

2cM(S)

(d+1)(d+2)
(4.6)

forthediagonalelements.
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Ifwerequire(P1’)–(P3)oneverysimplexS∈Th,thenwegetasufficientcondition

tofulfil(P1’)–(P3).Thus,onecaneasilycheckonthebasisof(4.4)–(4.6)thatthe

followinglemmaisvalid.

Lemma4.2.4.LetusassumethatforthemeshThthegeometricalcondition

cosγij>
bM(S)

am(S)

mi
d+1

+
cM(S)

am(S)

mimj
(d+1)(d+2)

(4.7)

issatisfied.Then,for∆tchoseninaccordancewiththelowerbound

∆t≥
1

θ
am(S)cosγij

(d+1)(d+2)

mimj
−bM(S)

d+2

mj
−cM(S)

−1

(4.8)

andtheupperbound

∆t≤
1

1−θ

aM(S)

2

(d+1)(d+2)

m2i
+
bM(S)

2

d+2

mi
+cM(S)

−1

, (4.9)

respectively,La,b,c/La,b,0satisfiestheDmP/DMP.

GlobalconditionsfortheDmP/DMP. Lemma4.2.4isoflittleuseinpractice,

sinceconditions(4.7)-(4.9)shouldbecheckedforeachS∈Th,moreover,itdoesnot

containanyusefulinformationaboutthecorrespondingchoiceofθ.Inthefollowing

wedealwithgettingridoftheseproblems.ThetrickisthesameasinTheorems3.3.2

and3.3.3thatwefixtheorderofthechoices.

Inordertoformalizethetheorem,letusintroducethenotations

m=min
Th
mi, M=max

Th
mi, G=min

Th
cosγij,

♠=
aM
2

(d+1)(d+2)

m2
+
bM
2

d+2

m
+cM, ♥=amG

(d+1)(d+2)

M2
−bM

d+2

m
−cM.

Then,fromLemma4.2.4itfollows:

Theorem4.2.5.LetusassumethatforthemeshThthegeometrical-finenesscondition

0<♥ (meshcondition)

holds.

Moreoverthecondition

♠

♠+♥
≤θ (restrictionfortheparameterθ)

holds,too.Thenunderthecondition

1

θ

1

♥
≤∆t≤

1

1−θ

1

♠
(restrictionforthetimestep∆t)

La,b,c/La,b,0satisfiestheDmP/DMP.
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Remark4.2.6. •Weremarkthatthemeshconditioncanbesubstitutedforthe

lessrestrictivecondition

G>
bM
am

M

d+1
+
cM
am

M2

(d+1)(d+2)
.

However,withthisconditionwecannotguaranteethattherightsideofthe

condition“restrictionfortheparameterθ”isnotgreaterthanone.

•Themeshconditiongivesanupperboundfortheangles,anditdependsonhow

finethemeshis,i.e.,theratioM2/mcannotbetoolarge.NotethatG≤1
d
,and

heretheequalityholdsonlyinthecasewhereThisauniformlyregularsimplicial

mesh,i.e.,thatconsistingofthecongruentregularsimplices,see[18].Naturally,

thiscanbeattainedifΩisspecial.Thiscaseallowsusthewidestchoiceofthe

parametersθ,∆t.Howevereveninthiscase♠>♥ford>2,whichmeansby

usingthecondition“restrictionfortheparameterθ”thattheCrank–Nicolson

methodisexcludedforus.

•IfThandθissuchthattheconditions“meshcondition”and“restrictionfor

theparameterθ”hold,thenthelowerandupperboundsfor∆tdeterminea

non-emptyinterval,thisiscondition“restrictionforthetimestep∆t”.

•Notethatourboundscontainasspecialcasetheboundsobtainedin[18]–in

whichtheoperatorLa,0,cwithconstantcoefficientswasinvestigated–ifweset

theparametersasaM =am=a,bM =0,cM =c.

4.2.3 Numericalexamples

Asonecansee,theconditionscollectedinthelastsubsectionaresufficient,butnot

necessarytoguaranteetheDmP/DMP.Consequently,weneedtoinvestigatehowsharp

ourconditionsare.Thissubsectionisdevotedtoillustratethisquestionwithseveral

(extreme)numericalexamples.

Wefixthedimension d=2andtheparametersa≡1,b≡(6,0),c≡10. We

investigatetwooperatorsLa,b,cwithhomogeneousDirichletboundaryconditionswhich

differonlyintheirdomains,seeFigure4.1.

Inthefirstcasethedomainisarhombus,determinedbythevertices(0,0),(1,0),

(3/2,
√
3/2),(1/2,

√
3/2),whichallowsustouseauniformlyregularsimplicialmesh,

however,thefinermeshfromthetwoisstillrelativelycoarse.

Inthesecondcasethedomainisaunitsquare,hereweusedameshwhichcontains

right-angledtriangles,whichisproblematicalfromthepointofviewofTheorem4.2.5.
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Figure4.1: MeshandrefinedmeshontwodifferentdomainsΩ

ThequestioniswhichboundsweobtainfromTheorem4.2.5,seeTable4.1,andhow

thesecomparewiththerealboundsoftheDmP,seeTable4.2.

rhombus(l) rhombus(r) square(l) square(r)

meshcondition notfulfilled fulfilled notfulfilled notfulfilled

lowerboundforθ – 0.9644 – –

θ=1/2,boundsfor∆t – – – –

θ=1,boundfor∆t – 0.1399 – –

Table4.1:BoundsofDmPobtainedfromTheorem4.2.5

rhombus(l) rhombus(r) square(l) square(r)

somemeshcondition fulfilled fulfilled notfulfilled fulfilled

lowerboundforθ 0 0.8525 – 0.9809

θ=1/2,boundsfor∆t 0and0.0476 – – –

θ=1,boundfor∆t 0 0.0415 – 0.0699

Table4.2:TherealboundsofDmP

GivinganexplanationontheresultsshowedbyTables4.1and4.2wenotethatthe

symbol“–”meansinTable4.1thatwecannotchoosethecorrespondingparameterto

fulfiltheDmPbyTheorem4.2.5,andinTable4.2thatitisnotpossibletochoosethe

correspondingparametertofulfiltheDmPinfact.
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Thecolumncorrespondingtorhombus(l)isproblematicfromTheorem4.2.5since

themeshistoocoarse. Thecolumnscorrespondingtorhombus(r)arecompletely

comparable,inthiscaseTheorem4.2.5worksverywell.

Thesquare(l)wasproblematicinrealitynotonlyforourtheorem,therightangles

areintolerableforTheorem4.2.5andthesituationcannotalterbyrefiningthemesh,

however,inrealityithelpsalittlebit,butonlyalittlebitasitisshowninthecolumn

correspondingtosquare(r)ofTable4.2.

Finallyweturnourattentiontothecolumncorrespondingtosquare(l)ofTable

4.2again,sinceitseemstobemysterious.Afterfixingthemeshwecannotchoosethe

parameterθandthetimestep∆ttoensuretheDmP(inreality).Itmeansthatwe

canspoilthethingsalreadywithaninadequatechoiceofthemesh!Thisisrepresented

bytherow“somemeshcondition”inTable4.2. Weinvestigatethis(temporarily

unknown)propertyinthefollowingsection.

4.3 Relationbetweendiscreteellipticanddiscrete

parabolic maximumprinciples

Inthissectionwearelookingforananswertotheproblemthenumericalresultsgive

riseto.Thissectionisbasedonthepaper[40].

4.3.1 Discretestabilizationproperty,discreteellipticanddis-

creteparabolic maximumprinciples

Wereturntothealgebraicframework,thusweinvestigatethehyper-matrix L,which

canbedefinedbythematricesX1andX2.LetKbedefinedasK=X1−X2. We

recallthatifX10isnon-singular,thenwecanintroducethenotation

T=X−110X20 (4.10)

andwiththattheiterationform(4.2)canberewrittenas

vn0=Tv
n−1
0 +X−110X2v

n−1
∂ −X−110X1∂v

n
∂+X

−1
10(Lν)

n, n=1,.... (4.11)

Thediscretestabilizationproperty.

Definition4.3.1. Thehyper-matrixLpossessesthediscretestabilizationproperty

(DSP)ifK0isnon-singularandforallu,v
0
0theiteration

X1v
n−X2v

n−1=Ku, vn−1∂ =u∂, n=1,...
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isconvergent,moreover

vn→u

holds.

Remark4.3.2.DSPisrelatedtosomecontinuousproperty,whichiscalledinvarious

waysintheliterature,wefavourthenamestabilizationproperty(SP),butabsolute

stabilityisused,e.g.,in[31,Ch.10.1]insteadofSP,whereitisexplainedinasimple

wayfortheLaplaceoperator.

TocharacterisetheDSPweneedtorecallsomenotionsofthematrixsplitting

theory. ThiscanbefoundintheAppendix. Wecollectedtherethebasicresultsof

thattopicattheReader’sconvenience,too.

Lemma4.3.3.Thehyper-matrixLpossessestheDSPifandonlyifK0=X10−X20

definesaconvergentsplitting.

Proof.ThisisatrivialconsequenceofthecorrespondingpartoftheAppendix,namely

ofDefinition5.0.24,ofRemark5.0.25andoftheiterationform(4.11).

TherelationoftheDSP,theDwMPandtheDmP. Hereweshowtheconnec-

tionbetweenthediscretestabilizationpropertyandthediscreteellipticandparabolic

maximumprinciples. NotethatthenotationDnPisusedformatrices(ellipticcase)

andforhyper-matrices(paraboliccase)too,inthiscasewetriedtomakeitclearwhich

propertywearetalkingabout.

Theorem4.3.4.Weassumethatthehyper-matrix LpossessestheDnPproperty.

ThentheDnPpropertyofKisequivalenttotheDSPofL.

Proof. – WeassumetheDnPpropertyofKbesidestheDnPpropertyofL.It

meansthatK−10 ≥0holds,andthisimpliestheDSPofLbyLemma4.3.3and

Theorem5.0.26.

– WeassumetheDSPandtheDnPpropertyofL.

ThenK−10 ≥0holdsbyLemma4.3.3andTheorem5.0.26.

−K−10K∂=(I−T)
−1(−X−110K∂)=

∞

k=0

Tk

≥0

(X−110X2∂

≥0

−X−110X1∂

≥0

)≥0,(4.12)

dueto(m2),(m3)andLemma5.0.27(seeAppendix).
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Themaintheoremofthischaptercomes,whichwillgivethetheoreticalansweron

ouropenproblemfromthelastchapter.

Theorem4.3.5.Weassumethatthehyper-matrix Ldefinesanon-singularmatrix

K0.ThentheDmPofLimpliestheDSPforLandtheDwMPforK.

Inordertoprovethistheorem,firstwegiveseveralusefulresults.

Lemma4.3.6.TheDmPofLimpliesT ∞ ≤1.

Proof.From(m4)wehave

e≥X−110X2e−X
−1
10X1∂e=Te+X

−1
10X2∂

≥0

e−X−110X1∂

≥0

e≥Te,

dueto(m3)and(m2),respectively.Finally,theclaimedresultfollowsfromthenon-

negativityofT,whichisguaranteedby(m3).

Remark4.3.7.NotethatLemma4.3.6hasasimpleconsequence,namely,theDmP

ofLimpliesρ(T)≤1.IfforthematrixTintheform(4.10)thepropertyT ∞ ≤1

holds,thenin[14]Lissaidtopossessesthediscretemaximumnormcontractivity

(DMNC),however,thenamenon-expansivitywouldbecertainlymoreaccurate.

Lemma4.3.8.LetusfixthatK=X1−X2.IfK0andX10arenon-singular,then

I−Tisnonsingular,too.Thus,oneisnotaneigenvalueofT.

Proof.

X−110K0=I−T (4.13)

andtheleftsideisinvertible.

Nowwearereadywiththepreparations.

Proof.(ofTheorem4.3.5)

WeassumetheDmPof LandthatK0isnon-singular.

•First,weprovethattheDSPholds.Toshowthat,weneedtoprovethatρ(T)<

1,accordingtoLemma4.3.3. WealreadyknowfromLemma4.3.6andRemark

4.3.7thattheDPMPimpliesρ(T)≤1. Wesupposethatρ(T)=1. Then

oneisaneigenvalueofT,duetothenon-negativityofTandTheorem5.0.28

(consequenceofthePerron-Frobeniustheorem,seeAppendix). Ontheother

hand,usingLemma4.3.8contradictstothat.Thus,weprovedthatρ(T)<1.
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•Second,weprovetheDwMP.

(w1)and(w2)followsfromTheorem4.3.4.

(w3)resultsfrom(m4),whichisequivalentto

(I−T)e≥−X−110K∂e.

Multiplyingwith(I−T)−1≥0andusingthefirstpartoftheidentity(4.12)

givesthedesiredresult.

Remark4.3.9.TheconclusionisthattheDSPofLandtheDwMPofKarenecessary

tofulfiltheDmP,butnotsufficient,asthenextexample(constructedbyusing[38,

Ex.4.1])showsus:

K0=
4 −1

−1 1
X10=

14 4

0 2
K∂=

0

0
,

sinceinthiscase

K−10 =
1/3 1/3

1/3 4/3
X−110=

1/14 −2/14

0 1/2
0 T=

4/7 3/14

1/2 1/2
,

thusρ(T)<1,anditcanbeseenthat(w1)–(w3)hold,ontheotherhand,(m1)fails.

4.3.2 Numericalexamplesrevisited

Now,basedonTheorem4.3.5wecandefinethatunknown“somemeshcondition”of

Table4.2.ItistheDwMPforthematrixK.Onecancheckthatforsquare(l)already

theconditionK−10 ≥0fails,thustheDmPfails,too.

Inthefollowingmorenumericalexamplesareinvestigatedfromthesufficiencypoint

ofviewc.f.Remark4.3.9. WeassumethatK=− andL= ∂
∂t
− ,where denotes

theLaplacianoperator. Fortheseoperatorsthecorrespondingmaximumprinciples

hold. Wechoosedifferentdomains,methodsandparametersettings. Wefocusonthe

conditionsK−10 ≥0,T≥0andρ(T)<1.

Example4.3.10.InthiscasewesetΩ=(0,1). WeuseaFDMwithuniformmesh

tothespacediscretization–wedenotethemeshparameterbyh–andtheθ-method

tothetimediscretization.Theusualcalculationgives

X10=tridiag −
θ

h2
,
1

∆t
+
2θ

h2
,−

θ

h2
,
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X20=tridiag −
1−θ

h2
,
1

∆t
−
2(1−θ)

h2
,−
1−θ

h2
,

wherethematricesareofthesizen×n,andn=1
h
−1. Wesetn=4,θ=1/2(Crank-

Nicolsonscheme)and∆t=0.05.ThenonecancheckthattheconditionsK−10 ≥0and

ρ(T)<1hold,whiletheconditionT≥0fails.Refiningthetimestepto∆t=0.04

(andkeepingtheotherparameters)wefindthatallthethreeconditionshold.

Example4.3.11.InthiscasewesetΩ=(0,1)2. WeuseaFEMwithauniform

trianglemesh–seeFigure4.1,square–tothespacediscretization–wedenotethemesh

parameterbyh–andtheθ-methodtothetimediscretization.Theusualcalculation

gives

M0=
h2

2
tridiag[tridiag[0,1/6,1/6],tridiag[1/6,1,1/6],tridiag[1/6,1/6,0]],

K0=tridiag[−I,tridiag[−1,4,−1],−I],

wherethematricesM0andK0areofthesizen
2×n2,andn=1

h
−1.

Firstwesetn=3(Figure4.1,square(l)),θ=0.9and∆t=0.1.Thenonecancheck

thattheconditionsK−10 ≥0andρ(T)<1hold,whiletheconditionT≥0fails.

Choosingthetimestepas∆t=0.05(andkeepingtheotherparameters)wefindthat

theconditionsK−10 ≥0andρ(T)<1hold,aswellastheconditionT≥0.

Secondwesetn=7(Figure4.1,square(r)),θ=0.9and∆t=0.05.Thenonecan

checkthattheconditionsK−10 ≥0andρ(T)<1hold,whiletheconditionT≥0fails.

Choosingthetimestepas∆t=0.01(andkeepingtheotherparameters)wefindthat

theconditionsK−10 ≥0andρ(T)<1hold,aswellastheconditionT≥0.

TheaboveexamplesdemonstratethattheDmPimpliestheDwMPandtheDSP,

buttheconverseimplicationfails.

Summaryofthechapter. InthischapterinSection4.1analgebraicframework

waspresentedondiscretemaximumprinciplesforhyper-matrices.Boththeoreticaland

practicalconditionswerelistedondiscretemaximumprinciplesbesidesinvestigating

theapplicabilityoftheframework.

InSection4.2byusingthisframeworkweinvestigatedsomeparabolicoperator

whentheFEM+θ-methodwasappliedasadiscretization. Wegavesufficientcon-

ditionsonthemesh,onthetimestepandontheparameterθtofulfiltheDmPand

theDMP,seeTheorem4.2.5. Weinvestigatedthesharpnessoftheconditionsofthis

theoremwithseveralnumericalexamples. Section4.2wasbasedonthepaper[39,

Mincsovics,2010].

94



4.3.RELATIONBETWEENDISCRETEELLIPTICANDPARABOLICMAXIMUM
PRINCIPLES

InSection4.3therelationofdiscreteellipticandparabolicmaximumprincipleswas

investigated. WeintroducedthenotionofDSP.InTheorem4.3.4westatedthatunder

theparabolicDnPpropertytheellipticDnPpropertyisequivalenttotheDSP.In

Theorem4.3.5westatedthatDmPimpliesDwMPandDSP.Thepracticalconclusion

ofthesetheoremsisthatwithaninadequatemesh(independentlyofthechoiceofthe

timestepandparameterθ)theDmPcanbespoiled.Toillustratethisweaddedsome

numericalexamples.Section4.3wasbasedonthepaper[40,Mincsovics,2010].

†
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Chapter5

Appendix

Inthischapterwecollectedthedefinitionsandresultsweusedintheotherchapters.

1Basicnotionsinnumericalanalysis

proofofLemma1.1.22.ItisenoughtoshowthatBR/S(G(v))⊂G(BR(v)),dueto

Corollary1.1.21. Weassumeindirectlythatthereexistsw∈BR/S(G(v))suchthat

w/∈G(BR(v)). Wedefinethelinew(λ)=(1−λ)G(v)+λwforλ≥0,andintroduce

thenumber̂λasfollows:

λ̂:=
sup{λ>0|w(λ)∈G(BR(v))∀λ∈[0,λ)},ifitexists,

0,else.

Thenclearlytheinequalityλ̂≤1holds. Wewillshowthatŵ=:w(̂λ)∈G(BR(v)).

Forλ̂=0thistriviallyholds.Forλ̂>0weobservethatGisinvertibleonw(̂λ−ε),

(i.e.,theelementsG−1(w(̂λ−ε))∈BR(v)exist)forallε:̂λ≥ε>0.Thus,wecan

usethestabilityestimate(1.14)

G−1(w(̂λ−ε))−v
V
≤S w(̂λ−ε)−G(v)

W
=

S(̂λ−ε)w−G(v)W

=R
S
−δ
S

<λ̂(R−δ)≤R−δ,

forsomeδ >0,andusingagainthestabilityestimatewecanconcludethatthe

functionh(ε)=G−1(w(̂λ−ε))isuniformlycontinuousatε∈(0,̂λ].Thus,thereexists

limε 0h(ε)=:z∈BR(v).UsingthecontinuityofG,wegetG(z)=ŵ.

NowwecanchooseaclosedballB̄r(z)⊂BR(v),(r>0)whoseimageG(̄Br(z))

containsaneighbourhoodofŵ,duetoBrouwer’sinvariancedomaintheorem. This

resultsinacontradiction.
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Finally,theLipschitzcontinuitywiththeconstantSisasimpleconsequenceof

(1.14).

Definition5.0.12. ArealsquarematrixissaidtobeaZ-matrixifitsoff-diagonal

entriesarenonpositive.

Definition5.0.13.Wecallarealsquarematrix M-matrix ifitcanberepresentedas

sI−B,whereIistheidentitymatrixandB≤0(i.e.eachentriesofthematrixBare

nonpositive),moreovers≥ (B),where denotesthespectralradiusofamatrix.

ItisobviousthatanM-matrixisaZ-matrix,too.

Theorem5.0.14.[3,Ch.6,Th.2.3]WeassumethatthematrixAisaZ-matrix.Then

thefollowingstatementsareequivalent.

1.AisanonsingularM-matrix.

2.Thereexistsd>0withAd>0.

3.ThereexistsA−1,andA−1≥0.

Thefollowinglemma(whichcanbefounde.g.in[51,I/Lemma1.8.])providesa

tooltoestimatethenormoftheinverseofanM-matrix.

Lemma5.0.15.Weassumethatthematrix AisanonsingularM-matrixwiththe

dominantvectord.Then

A−1 ∞ ≤
d∞

min(Ad)i
. (5.1)

†

2 Maximumprinciples

Definition5.0.16.WesaythatK,definedin(2.1),isuniformlyellipticifthereexists

aconstantm>0suchthat

d

i,j=1

aij(x)ξiξj≥m|ξ|
2

holdsforallx∈Ω,ξ=(ξ1,ξ2,...,ξd)∈R
d.
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Definition5.0.17. WesaythatL,definedin(2.4),isuniformlyparabolicifthere

existsaconstantm>0suchthat

d

i,j=1

aij(x,t)ξiξj≥m|ξ|
2

holdsforall(x,t)∈Ω×(0,T],ξ∈Rd.

†

3Discreteelliptic maximumprinciples

Definition5.0.18. •A∈Rn×niscogredienttoE∈Rn×nifforsomepermutation

matrixP∈Rn×n,PAPT=E.

•Aisreducibleifitiscogredientto

B 0

C D
,

whereBandDaresquarematrices,orifn=1andA=0. Otherwise,Ais

irreducible.

Definition5.0.19. •A∈Rn×nisdiagonallydominant(DD)if

|Aii|≥
j=i

|Aij| (5.2)

holdsforall1≤i≤n.

•A∈Rn×nisstrictlydiagonallydominant(SDD)ifstrictinequalityisvalidfor

all1≤i≤nin(5.2).

•A∈Rn×nisirreduciblydiagonallydominant(IDD)ifitisirreducibleandDD,

moreover,strictinequalityisvalidforatleastoneiin(5.2).

Definition5.0.20.AZ-matrixA∈Rn×nisaStieltjesmatrixifitissymmetricand

positivedefinite.

Theabovedefinitionscanbefoundinalmosteverytextbookonthetheoryof

matricese.g.in[3],orin[55].Inthefollowingsomebasicresultsarepresentedonthe

introducednotions,basedalsoontheaforementionedbooks.
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Lemma5.0.21.[55,Cor. 3.20.]IfA ∈Rn×nisanIDDZ-matrixwithpositive

diagonalentries,thenA−1>0.

Theorem5.0.22.[3,partofThm.2.7.inCh.6.2.] WeassumethatA∈Rn×nis

anirreducibleZ-matrix.Thenthefollowingtwostatementsareequivalent.

(i)AisanonsingularM-matrix;

(ii)A−1>0.

Theorem5.0.23.[3,partofThm.2.3.inCh.6.2.] WeassumethatA∈Rn×nisa

Z-matrix.Thenthefollowingtwostatementsareequivalent.

(i)AisanonsingularM-matrix;

(ii)A−1≥0.

†

4Discreteparabolic maximumprinciples Matrixsplittingtheoryplaysafun-

damentalroleinsolvinglargesystemoflinearequations. Herewegiveonlyashort

introductionintothebasicdefinitionsandresultswhichwillbeimportantforus.The

Readercanfindmoreaboutthistopicin[3,55,59].

Definition5.0.24. Forthenon-singularmatrixA∈RN×N thedecompositionA=

M−NrepresentsasplittingofA,whereM,N∈RN×N.

•ThesplittingiscalledconvergentsplittingifM isnon-singularwithρ(M−1N)<

1.

•ThesplittingiscalledweakregularsplittingifM isnon-singularwithM−1≥0

andM−1N≥0.

Remark5.0.25.Theideabehindthenotionofconvergentsplittingcanbeexplained

asfollows.ConsiderthelinearsystemofequationsAx=b,whereAisnon-singular.

ThenfortheiterationMyn−Nyn−1=b,yn→ xforeveryinitialvectory0ifand

onlyifA=M−Ndefinesaconvergentsplitting.

Thefollowingtheoremsummarizestheessenceoftherelationoftheabovegiven

matrixsplittingtypes.
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Theorem5.0.26.[3,Ch.6,Th.2.3]Forthenon-singularmatrixA∈RN×N thefol-

lowingstatementsareequivalent.

(a)A−1≥0.

(b1)ThereexistsaconvergentweakregularsplittingofA.

(b2)ThereexistsaweakregularsplittingofAandeveryweakregularsplittingofA

isaconvergentsplitting.

ThefollowingtworesultsareusedintheproofsofTheorems4.3.4and4.3.5.

Lemma5.0.27.[55,Th.3.15]IfforanarbitrarymatrixT∈RN×N ρ(T)<1holds,

thenI−Tisnon-singularand

(I−T)−1=
∞

k=0

Tk=I+T+T2+.... (5.3)

ThefollowingtheoremisaconsequenceofthePerron–Frobeniustheorem,seee.g.

in[59,Th.2.2].

Theorem5.0.28.IfT≥0,thenρ(T)isaneigenvalueofthematrixT.

†
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Conclusions

Thisdissertationconsistedoftwoparts.ThetopicofthefirstpartwastheLaxtheory

ofthenumericalsolutionoflinearandnonlinearequations.Thesecondpartdealtwith

discreteellipticandparabolicmaximumprinciples.

Toapproximatethesolutionofsomeequation,usuallyanumericalmethodisused,

thesuccessofwhichdependsonitsconvergence.Thedefinitionofconvergenceistheo-

reticalsinceitcontainstheunknownsolution,however,thisproblemcanbesolvedwith

thefollowingidea.Thedirectlyunverifiablenotionofconvergencecanbesubstituted

withthenotionsofconsistencyandstability.Inthelinearcasestabilityandconver-

genceareequivalentundertheconsistencyassumption,thisistheLaxequivalence

theorem.

Inthefirstpartofthedissertation,ourgoalwastopresentaframeworkthatunifies

theknownresults,completesthetheoryandclarifiestherelationsbetweenthebasic

notionsofconsistency,stabilityandconvergence. Thesegoalswererealizedinthe

followingway.

•WereformulatedtheresultsofStetterinordertofitintoourframework(since

weusedadifferentstabilitynotion).

•WecompletedthenonlineartheorybyaddingourownresultsinSubsection

1.1.3,i.e.,weintroducedthenotionofdenseconsistency,seeDefinition1.1.28

andweprovedthatdenseconsistencytogetherwithstabilitytogetherimplies

convergence,seeTheorem1.1.36. Moreover,westatedthatstability“neartothe

solution”impliesstability,seeLemma1.1.37.Theseresultstogetherprovidethe

opportunityforusingournonlinearframeworkinapplications.

•Wegavenumerousexamplesinordertoshedsomelightontherelationofthe

basicnotionsinthenonlinearcase,seeSubsection1.1.4. Weproceededinthe

samewayinthelinearcase,too,seeSubsection1.2.2.
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Whenchoosinganumericalmethodtoapproximatethesolutionofacontinuous

mathematicalproblem,thefirstthingtoconsideriswhichmethodresultsinagoodap-

proximationfromaquantitativepointofview.Thiswasinvestigatedinthefirstpartof

thethesis.However,inmostofthecasesitisnotenough.Theoriginalproblem(which

isusuallysomemodelofaphenomenon)possessesimportantqualitativeproperties,

andanaturalrequirementfromthenumericalsolutionistopreservethesequalita-

tiveproperties.E.g.,whenweseekanapproximationoftheLaplace’sequationwhere

theboundaryconditionisdefinedtobenonnegativethenthesolutionisnonnegative,

tooandagoodapproximationshouldbenonnegativeaswell.Forlinearellipticand

parabolicproblemsthemainqualitativepropertiesarethevariousmaximumprinciples.

InChapter3,whichdealtwithdiscreteellipticmaximumprinciples,ouraimwas

twofold.Firstly,wewantedtopresentaunifiedalgebraicframeworkgivingtheknown

resultsandcompletingthetheorywithourresultsondiscretestrongmaximumprinci-

ples.Secondly,wewantedtoapplythisframeworkonacertainproblem.Thesewere

realizedinthefollowingway.

•InSection3.1,whichisbasedonthepaper[41,MincsovicsandHorv́ath,2012],

weinvestigatedsixdifferenttypesofmaximumprinciplesincludingthemost

knownones,likethediscreteweaknon-positivitypreservationproperty(DnP)

andthediscreteweakmaximumprinciple(DwMP). Wepresentedsufficientand

necessaryconditionsforeachofthesediscretemaximumprinciples,including

ourownresultsonthestrongmaximumprinciples.Seethediscretestrongnon-

positivitypreservationpropertyinLemma3.1.5,thediscretestrongmaximum

principle(DsMP)inTheorem3.1.10andthediscretestrictlystrongmaximum

principle(DSMP)inTheorem3.1.9.

•Inthesamesection,wegaveanoverviewonpracticalconditionsensuringthe

DwMP,theDsMPandtheDSMPlistingtheknownresultsandcompletingwith

ourownconditions.

•Wealsoinvestigatedtheapplicabilityofouralgebraicframework.SeeSubsection

3.1.3.

•Weillustratedthedifferencesbetweentheweakandstrongdiscretemaximum

principleswithseveralnumericalexamples.SeeSection3.2,whichisalsobased

on[41,MincsovicsandHorv́ath,2012].

•InSection3.3,basedon[28,Horv́athand Mincsovics,2013],usingthealge-

braicframeworkweinvestigatedsomeellipticproblemwhereaninteriorpenalty

104



CONCLUSIONS

discontinuousGalerkinmethodisappliedasdiscretization. Wegavesufficient

conditionsontheparametersεandσandonthemeshfulfillingtheDnPandthe

DwMP,seeTheorem3.3.2andTheorem3.3.3,respectively. Weinvestigatedthe

sharpnessofthenecessaryconditionsofthesetheoremswithnumericalexamples

aswell.

InChapter4,whichdealtwithdiscreteparabolicmaximumprinciples,ouraimwas

thefollowing.Firstly,topresentanalgebraicframeworkondiscreteparabolicmaxi-

mumprinciplescollectingtheknownresults.Next,wewantedtoapplythisframework

onacertainpracticalproblem.Finally,wealsowantedtofindsomeconnectionbe-

tweendiscreteellipticanddiscreteparabolicmaximumprinciples.Thesewererealized

inthefollowingsteps.

•InSection4.1wepresentedanalgebraicframeworkondiscreteparabolicmax-

imumprinciples. Westudiedthreetypesofmaximumprinciples,listingthe

knownsufficientandnecessaryconditionsforeachtype. Wealsoinvestigatedthe

applicabilityoftheframework.

•InSection4.2,basedon[39,Mincsovics,2010],weinvestigatedaparabolicprob-

lemwhensomeFEM+θ-methoddiscretizationisusedandwederivedpractical

conditionsunderwhichthemostimportantdiscreteparabolicmaximumprinci-

plescanbepreserved,seeTheorem4.2.5.

InSubsection4.2.3wepresentednumericalexamplesshowingthatanotcarefully

chosenmeshcanalreadyhindertofulfildiscreteparabolicmaximumprinciples.

•InSection4.3,basedon[40,Mincsovics,2010],weintroducedanewnotion,the

discretestabilizationproperty(DSP),seeDefinition4.3.1. Wegavesufficient

andnecessaryconditiontofulfilthispropertyinLemma4.3.3.Additionally,we

presentedourresultsontherelationoftheDSPandthediscreteellipticand

discreteparabolicmaximumprinciples,seeTheorems4.3.4and4.3.5.

Theseresultsexplaintheearliermentionedproperty,namely,thatanon-adequate

meshcanalreadyhindertofulfildiscreteparabolicmaximumprinciples.
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[57]Vejchodsḱy,T.: Discrete MaximumPrinciples.Habilitationthesis,Instituteof

MathematicsoftheAcademyofSciencesandFacultyofMathematicsandPhysics,

CharlesUniversity,Prague(2011)
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K̈osz̈onetnyilv́ańıt́as

Szeretńekk̈osz̈onetet mondanit́emavezet̃omnek,FaraǵoIstv́annak,akit̃olrengeteg

t́amogat́astéssokẗurelmetkaptamazelḿultévekben,illetvesźamtalanlehet̃ośeget

afejl̃od́esre. K̈osz̈on̈omHavasiÁginak,hogyb́armikorisfordultamhozźa,azonnal

seǵıtett.K̈osz̈onetazAlkalmazottAnaĺıziśesSźaḿıt́asmatematikaiTansźekmunkat́ar-

sainak,akikk̈oŕebenhasznośeveketẗolthettemel.

K̈osz̈onetazoknakak̈oz̈osśegeknek,melyeknektagjalehettem,baŕataimnakésa

csaĺadomnak,akiḱıgyegÿuttbiztosh́atteretnýujtottaksźamomra.

V́eg̈ul,k̈osz̈onetmindenkinek,akivalamilyenhat́assalvoltazéletemreazut́obbi

években,legyenazaḱarj́o,aḱarrossz.

‡

113





Summary

Thisdissertationconsistedoftwoparts.ThefirstpartaddressedtheLaxtheoryofnu-

mericalmethods.Thesecondpartdealtwithdiscreteellipticandparabolicmaximum

principles.

Toapproximatethesolutionofsomeequation,usuallyanumericalmethodisused

whichsuccessdependsonitsconvergence.Thedefinitionofconvergenceistheoretical

sinceitcontainstheunknownsolution,however,thisproblemcanbesolvedwiththe

followingidea.Thedirectlyunverifiablenotionofconvergencecanbesubstitutedwith

thenotionsconsistencyandstability.Inthelinearcasestabilityandconvergenceare

equivalentundertheconsistencyassumption,thisistheLaxequivalencetheorem.

Wepresentedanabstractframeworkwhichisusefulforapplication. Weshowed

thatitissufficienttocheckconsistencyforasetofelementswhoseimageisdensein

someneighbourhoodofthezero,whichcanbedoneparallel. Moreover,itisenough

tocheckstability“neartothesolution”. Weinvestigatedtherelationofthebasic

notions(consistency,stabilityandconvergence)providingnumerousexamplesbothin

thelinearandnonlinearcase.

Whenchoosinganumericalmethodtoapproximatethesolutionofacontinuous

mathematicalproblem,thefirstthingtoconsideriswhichmethodresultsinangood

approximationfromaquantitativepointofview. Thiswasinvestigatedinthefirst

partofthedissertation. However,inmostofthecasesitisnotenough.Usuallythe

originalproblempossessesimportantqualitativepropertiesandanaturalrequirement

isfromthenumericalsolutiontokeeppossessingthesequalitativeproperties. For

linearellipticandparabolicproblemsthemainqualitativepropertiesarethevarious

maximumprinciples.

Wegaveanalgebraicframeworkbothondiscreteellipticanddiscreteparabolic

maximumprinciples. Attheellipticcasewefocusedonthedifferencesbetweenthe

weakandstrongdiscretemaximumprinciples. Weinvestigatedsomeellipticproblem

whereinteriorpenaltydiscontinuousGalerkinmethodisappliedasdiscretization. We

gavesufficientconditionsonthediscretizationparametersandonthemeshfulfilling

themostimportantdiscreteellipticmaximumprinciples. Weinvestigatedaparabolic

problemwheresomeFEM+θ-methoddiscretizationisusedandwederivedpractical

conditionsunderwhichthemostimportantdiscreteparabolicmaximumprinciplescan

bepreserved. Weintroducedanewnotion,thediscretestabilizationproperty(DSP),

andwepresentedourresultsontherelationoftheDSPandthediscreteellipticand

discreteparabolicmaximumprinciples.Theseresultsexplainthepropertythatanon-

adequatemeshcanalreadyhindertofulfildiscreteparabolicmaximumprinciples.
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Összefoglaĺas

Ezadisszert́acíoḱetŕeszreoszlik.Azels̃oŕesznumerikusḿodszerekLax-f́eleelḿelet́et

tartalmazza, ḿıgaḿasodikŕeszadiszkŕetelliptikusésparabolikusmaximumelvvel

foglalkozik.

Egyegyenletmegold́aśanakapproxiḿacíoj́ahoźaltaĺabanvalamilyennumerikusḿod-

szerthaszńalunk,melyneksikeresśeǵetakonvergenciafogalḿanakseǵıtśeǵevelḿerhet-

j̈uk.Ezenfogalomdefińıcíojaviszonttartalmazzaazismeretlenmegold́ast. Vagyisa

konvergenciadirekt́utonnemelleñorizhet̃o.Ugyanakkorakonzisztenciáesastabilit́as

fogalmainakbevezet́eśevelkik̈usz̈ob̈olhetj̈ukeztaprobĺeḿat.Linéarisesetbenasta-

bilit́asésakonvergenciaekvivalensek,hafeltessz̈ukakonzisztencíat,ezaLax-f́ele

ekvivalenciat́etel.

Kidolgoztunkegy,alkalmaźasoknakismegfelel̃oabsztraktfeĺeṕıt́eśetat́emak̈ornek.

Megmutattuk,hogyakonzisztencíateĺegmegvizsǵalniegyhalmazon,melynekḱepe

s̃ur̃uanullaegyk̈ornyezet́eben. Ennekelleñorźeseṕarhuzamośıthat́o. Tov́abb́a,a

stabilit́astelegend̃o“a megold́ashozk̈ozel” megvizsǵalni. Sźamosṕeld́ankereszẗul

t́argyaltukazalapfogalmak(konzisztencia,stabilit́aśeskonvergencia)kapcsolat́atmind

alinéaris,mindanemlinéarisesetben.

Numerikus ḿodszerhaszńalataest́enazels̃oḱerd́esaz,hogykvantitat́ıvszem-

pontb́olmegfelel̃o-e.Eztadisszert́acíoels̃oŕeszetartalmazta. Ugyanakkorezsoke-

setbennemeĺegśeges.Áltaĺabanakiinduĺasifeladatfontoskvalitat́ıvtulajdonśagokkal

rendelkezik,́esterḿeszeteselv́aŕasegynumerikusḿodszert̃ol,hogyezentulajdonśago-

katõrizzemeg. Elliptikusésparabolikusparcíalisdifferencíalegyenletekeset́ebena

legfontosabbkvalitat́ıvtulajdonśagokak̈ul̈onb̈oz̃omaximumelvek.

T́argyaltukadiszkŕetelliptikuśesparabolikusmaximumelveketalgebraikeretben,

aholazelliptikusesetbenazer̃ośesgyengemaximumelvekk̈ul̈onbśegeiref́okusźaltunk.

Megvizsǵaltunkegyelliptikusprobĺeḿat,ahol“interiorpenaltydiscontinuousGalerkin”

ḿodszertalkalmaztunk.Eĺegśegesfelt́eteleketadtunkadiszkretiźacíosparaḿeterekre

ésaŕacsh́aĺora,amelyekmellettmeg̃orz̃odnekafontosabbdiszkŕet maximumelvek.

Megvizsǵaltunkegyparabolikusprobĺeḿat,aholv́egeselem+ θ-ḿodszertalkalmaz-

tunḱesagyakorlatbanhaszńalhat́ofelt́eteleketadtunk,amelyekmellettafontosmaxi-

mumelvekmeg̃orz̃odnek.Bevezetẗunkegýujfogalmat,a“discretestabilizationproper-

ty”-t(DSP). Megmutattuk,hogymilyenkapcsolatbanállnakegyḿassalaDSPésa

diszkŕetelliptikusésdiszkŕetparabolikusmaximumelvek. Ezekazeredḿenyekmu-

tatj́ak,hogynemmegfelel̃oŕacsh́aĺov́alaszt́asaegymaǵabanismegtudjaakad́alyozni

adiszkŕetparabolikusmaximumelvekteljes̈uĺeśet.
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