
●r❛♣❤ ❙tr✉❝t✉r❡s ❢r♦♠

❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥ ❛♥❞

❘✐❣✐❞✐t② ❚❤❡♦r②

P❤❉ ❚❤❡s✐s

❆✉t❤♦r✿ ❈s❛❜❛ ❑✐rá❧②

❊öt✈ös ▲♦rá♥❞ ❯♥✐✈❡rs✐t②

■♥st✐t✉t❡ ♦❢ ▼❛t❤❡♠❛t✐❝s

❉❡♣❛rt♠❡♥t ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤

❉♦❝t♦r❛❧ ❙❝❤♦♦❧✿ ▼❛t❤❡♠❛t✐❝s

❉✐r❡❝t♦r✿ ▼✐❦❧ós ▲❛❝③❦♦✈✐❝❤✱ ♠❡♠❜❡r ♦❢ t❤❡ ❍✉♥❣❛r✐❛♥ ❆❝❛❞❡♠② ♦❢ ❙❝✐❡♥❝❡s

❉♦❝t♦r❛❧ Pr♦❣r❛♠✿ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s

❉✐r❡❝t♦r✿ ●②ör❣② ▼✐❝❤❛❧❡t③❦②✱ ❉♦❝t♦r ♦❢ ❙❝✐❡♥❝❡s

❙✉♣❡r✈✐s♦r✿ ❆♥❞rás ❋r❛♥❦✱ ❉♦❝t♦r ♦❢ ❙❝✐❡♥❝❡s

❇✉❞❛♣❡st✱ ✷✵✶✺





❆❝❦♥♦✇❧❡❞❣❡♠❡♥t

❋✐rst✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ♠② s✉♣❡r✈✐s♦r ❆♥❞rás ❋r❛♥❦ ❢♦r t❡❛❝❤✐♥❣ ♠❡ ❛ ❧♦t ♦♥ ❝♦♠✲

❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✳ ❍✐s ✐♥t❡r❡st✐♥❣ q✉❡st✐♦♥s ❛♥❞ ♦✉r ✐♥s♣✐r✐♥❣ ❞✐s❝✉ss✐♦♥s ❤❡❧♣❡❞

♠❡ ❛ ❧♦t ❞✉r✐♥❣ ♠② ✇♦r❦✳ ❚❤❡ ❊●❘❊❙ ❣r♦✉♣ ❢♦✉♥❞❡❞ ❜② ❆♥❞rás ♣r♦✈✐❞❡s ❛ ❣r❡❛t ♦♣✲

♣♦rt✉♥✐t② ❢♦r ②♦✉♥❣ r❡s❡❛r❝❤❡rs t♦ ❤❛✈❡ ✐♥s♣✐r✐♥❣ ❞✐s❝✉ss✐♦♥s ♦♥ ❝✉rr❡♥t ♣r♦❜❧❡♠s ✇✐t❤

❡❛❝❤ ♦t❤❡r ❛♥❞ s❤❛r❡ t❤❡✐r r❡s✉❧ts ✇✐t❤ ❛ ♣r♦❢❡ss✐♦♥❛❧ ❛✉❞✐❡♥❝❡✳ ■ ❛♠ ❣r❛t❡❢✉❧ t♦ ❛❧❧ t❤❡

❣r♦✉♣✱ ❡s♣❡❝✐❛❧❧② ❢♦r ❆♥❞rás ❛♥❞ ♠② r♦♦♠♠❛t❡s ❱✐❦✐ ❑❛s③❛♥✐t③❦②✱ ❑r✐stó❢ ❇ér❝③✐ ❛♥❞ ❋❡r✐

Pét❡r❢❛❧✈✐ ❢♦r t❤✐s ✐♥s♣✐r✐♥❣ ❛t♠♦s♣❤❡r❡✳

■ ❛♠ ❛❧s♦ ✈❡r② ❣r❛t❡❢✉❧ t♦ ❚✐❜♦r ❏♦r❞á♥ ❢♦r t❡❛❝❤✐♥❣ ♠❡ ❛ ❧♦t ♦♥ ❝♦♠❜✐♥❛t♦r✐❛❧ r✐❣✐❞✐t②

t❤❡♦r② ♦♥ ❤✐s s❡♠✐♥❛rs✳ ❈❤❛♣t❡rs ✹✱ ✻✱ ✼ ❛♥❞ ✽ ❛r♦s❡ ❢r♦♠ ❛ ❤♦♠❡✇♦r❦ ❢♦r t❤❡s❡ s❡♠✐♥❛rs✳

❍✐s ❝♦♠♠❡♥ts ❤❡❧♣❡❞ ❛ ❧♦t ❞✉r✐♥❣ ♠② ✇♦r❦ ♦♥ r✐❣✐❞✐t② t❤❡♦r②✳

■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ ♠② ❝♦✲❛✉t❤♦rs✱ ❆♥❞rás ❋r❛♥❦✱ ❇✐❧❧ ❏❛❝❦s♦♥✱ ❚✐❜♦r ❏♦rá♥✱

❱✐❦tór✐❛ ❑❛s③❛♥✐t③❦②✱ ❋❡r❡♥❝ Pét❡r❢❛❧✈✐ ❛♥❞ ❙❤✐♥✲✐❝❤✐ ❚❛♥✐❣❛✇❛ t❤❡ ❥♦✐♥t ✇♦r❦✳ ■ ❛❧s♦

✇❛♥t t♦ t❤❛♥❦ ❱✐❦tór✐❛ ❑❛s③❛♥✐t③❦② ❛♥❞ ❚❛♠ás ❑✐rá❧② ❢♦r ❝♦♠♠❡♥t✐♥❣ s♦♠❡ ❝❤❛♣t❡rs ♦❢

t❤✐s t❤❡s✐s ❛♥❞ ❑r✐stó❢ ❇ér❝③✐ ❢♦r t❤❡ ❞✐s❝✉ss✐♦♥s ♦♥ ❛r❜♦r❡s❝❡♥❝❡ ♣❛❝❦✐♥❣s✳

▼② P❤❉ st✉❞✐❡s ✇❡r❡ ❢♦✉♥❞❡❞ ❜② t❤❡ ❉♦❝t♦r❛t❡ ❙❝❤♦♦❧ ♦❢ t❤❡ ❊öt✈ös ▲♦rá♥❞ ❯♥✐✈❡r✲

s✐t②✳ ▼② r❡s❡❛r❝❤ ✇❛s ❛❧s♦ s✉♣♣♦rt❡❞ ❜② t❤❡ ▼❚❆✲❊▲❚❊ ❊❣❡r✈ár② ❘❡s❡❛r❝❤ ●r♦✉♣✱ ❜②

t❤❡ ❍✉♥❣❛r✐❛♥ ❙❝✐❡♥t✐✜❝ ❘❡s❡❛r❝❤ ❋✉♥❞ ✕ ❖❚❑❆✱ ❑✶✵✾✷✹✵ ❛♥❞ ❜② t❤❡ ◆❛t✐♦♥❛❧ ❉❡✈❡❧♦♣✲

♠❡♥t ❆❣❡♥❝② ♦❢ ❍✉♥❣❛r②✱ ❜❛s❡❞ ♦♥ ❛ s♦✉r❝❡ ❢r♦♠ t❤❡ ❘❡s❡❛r❝❤ ❛♥❞ ❚❡❝❤♥♦❧♦❣② ■♥♥♦✈❛t✐♦♥

❋✉♥❞ ✭♥♦✳ ❈❑ ✽✵✶✷✹✮✳

❋✐♥❛❧❧②✱ ■ ✇♦✉❧❞ ❧✐❦❡ t♦ t❤❛♥❦ ❛❧❧ ♠② ❢❛♠✐❧② ❢♦r t❤❡✐r ❤❡❧♣✱ ■ ❝❛♥♥♦t ✐♠❛❣✐♥❡ ❤♦✇ ■

✜♥✐s❤❡❞ t❤✐s t❤❡s✐s ✇✐t❤♦✉t t❤❡✐r ❡♥❝♦✉r❛❣❡♠❡♥t✳ ▲❛st ❜✉t ♥♦t ❧❡❛st✱ ■ ❝❛♥♥♦t ❜❡ t❤❛♥❦❢✉❧

❡♥♦✉❣❤ t♦ ♠② ✇✐❢❡ ❘❡♥✐ ❢♦r ❤❡r ♣❛t✐❡♥❝❡✱ ❡s♣❡❝✐❛❧❧② ❞✉r✐♥❣ t❤❡ ❧❛st ❢❡✇ ♠♦♥t❤ ♦❢ ✇r✐t✐♥❣

t❤✐s t❤❡s✐s✳





❈♦♥t❡♥ts

▲✐st ♦❢ ✜❣✉r❡s ✈✐✐

◆♦t❛t✐♦♥s ✶

✶ ■♥tr♦❞✉❝t✐♦♥ ✸

✶✳✶ ❈♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❞✐❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹

✶✳✷ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺

✶✳✷✳✶ ❙♣❡❝✐❛❧ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾

✶✳✷✳✷ ◆♦❞❡✲ ❛♥❞ ❡❞❣❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✷✳✸ ■♥❞✉❝t✐✈❡ t❡❝❤♥✐q✉❡s ♦♥ r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✹

✶✳✸ ❙♣❛rs❡ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✹ ❙♦♠❡ ♦t❤❡r ♥♦t✐♦♥s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✷✸

✷✳✶ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✹

✷✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❢✉❧❧ tr✉♥❝❛t✐♦♥ ♦❢ b ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻

✷✳✸ ❆❧❣♦r✐t❤♠✐❝ ❛s♣❡❝t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✹ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✳✹✳✶ ❆ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ✸✷

✷✳✹✳✷ ❆ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ✳ ✳ ✸✺

✷✳✹✳✸ ❆ q✉✐❝❦❡r ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ✳ ✸✽

✷✳✺ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾

✸ ❆r❜♦r❡s❝❡♥❝❡✲♣❛❝❦✐♥❣s ✹✸

✸✳✶ Pr❡❧✐♠✐♥❛r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✷ ▼❛✐♥ r❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✻

✸✳✸ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✵

✹ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✺✶

✹✳✶ Pr❡❧✐♠✐♥❛r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✹✳✷ 3✲r❡❣✉❧❛r 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✐✐✐



✹✳✸ ❖✉r ❝♦♥str✉❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✻

✹✳✹ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✹✳✶ ❙♠❛❧❧ (k, k + 1)✲❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✹✳✹✳✷ ❆ ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✺ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✻✼

✺✳✶ Pr❡❧✐♠✐♥❛r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✽

✺✳✷ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤ ✳ ✳ ✳ ✳ ✳ ✳ ✼✵

✺✳✷✳✶ ❆❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛ s♠❛❧❧ ❝♦✈❡r✐♥❣ r♦♦t❡❞ ❛t ❛ s✐♥❣❧❡ ♥♦❞❡ ✳ ✳ ✳ ✳ ✳ ✼✶

✺✳✷✳✷ ❆❧❣♦r✐t❤♠ t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ❝♦✈❡r✐♥❣ ♦❢ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✳ ✼✹

✺✳✸ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ t♦ (m, ℓ)✲r❡❞✉♥❞❛♥t ❢♦r m ≥ ℓ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✺✳✹ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✹✳✶ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✺✳✹✳✷ ❆♥ ◆P✲❤❛r❞♥❡ss r❡s✉❧t ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✵

✻ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✽✸

✻✳✶ ❚❤❡ ❡✛❡❝t ♦❢ ❝♦♥✐♥❣ ♦♥ ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✹

✻✳✷ ▲♦✇❡r ❜♦✉♥❞s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✻✳✸ ❯♣♣❡r ❜♦✉♥❞ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✼

✻✳✹ ❙tr♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✾

✻✳✺ ❊①❛♠♣❧❡s ❢♦r ♠✐♥✐♠❛❧❧② ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✷

✻✳✻ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✹

✼ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✾✼

✼✳✶ Pr❡❧✐♠✐♥❛r✐❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✽

✼✳✷ ❚r✉♥❝❛t❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ❛♥❞ s❦❡❧❡t♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✼✳✸ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✵

✼✳✸✳✶ ■♥✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❍✲❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✼✳✸✳✷ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✹

✼✳✹ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✺

✼✳✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✻

✽ ❙tr♦♥❣❧② r✐❣✐❞ t❡♥s❡❣r✐t② ❣r❛♣❤s ♦♥ t❤❡ ❧✐♥❡ ✶✵✼

✽✳✶ ❚❡♥s❡❣r✐t✐❡s ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✽

✽✳✷ ❚❤❡ ❤❛r❞♥❡ss ♣r♦♦❢ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✾

✽✳✸ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶✵

❇✐❜❧✐♦❣r❛♣❤② ✶✶✾

❆❜str❛❝t ✶✷✶



Öss③❡❢♦❣❧❛❧ás ✭✐♥ ❍✉♥❣❛r✐❛♥✮ ✶✷✸





▲✐st ♦❢ ❋✐❣✉r❡s

✶✳✶ ❆ r✐❣✐❞ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❛ ♥♦♥✲tr✐✈✐❛❧ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ w✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷ ❚❤❡ ❞♦✉❜❧❡ ❜❛♥❛♥❛ ❣r❛♣❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽

✶✳✸ ❇♦❞②✲❜❛r ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵

✶✳✹ ❇♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✶

✶✳✺ ❆ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❢♦r t❤❡ ❝♦♥❥❡❝t✉r❡ ♦❢ ❬✶✺❪✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✷

✶✳✻ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶ ❆ ❢❛♠✐❧② ♦❢ ✹ s❡ts ✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ zs̄✲s❡ts ❞♦ ♥♦t ❢♦r♠ ❛ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧②✳ ✷✺

✹✳✶ ❚❤❡ ❣r❛♣❤ ❣✐✈❡♥ ❜② ●rü♥❜❛✉♠ ❛♥❞ ▼❛❧❦❡✈✐t❝❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✸

✹✳✷ ❚❤❡ ❣r❛♣❤ S1 ❝♦♥str✉❝t❡❞ ❜② ❇♦♥❞② ❛♥❞ ❙✐♠♦♥♦✈✐ts✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✺

✹✳✸ ❆ ❝♦♣② ♦❢ ❛ ❜❡rr②✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✹ ❆❞❥❛❝❡♥❝✐❡s ♦❢ ❜❡rr✐❡s ✐♥ t❤❡ ❜❧❛❝❦❜❡rr② ❣r❛♣❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✼

✹✳✺ ❙♦♠❡ ❜❡rr✐❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✹✳✸✳✸✳ ✳ ✳ ✳ ✳ ✳ ✻✶

✹✳✻ ❚❤❡ ❙✐♥❣❧❡t♦♥✲❣r❛♣❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✼ ❆ ❝♦♣② ♦❢ ❛ ❜❡rr② ✇✐t❤ t✇♦ ❛❞❥❛❝❡♥t ✐♥♥❡r ♥♦❞❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸

✹✳✽ ❚❤❡ ❜❧❛❝❦❜❡rr② ❣r❛♣❤ ♦❢ t❤❡ ❙✐♥❣❧❡t♦♥✲❣r❛♣❤✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

✹✳✾ ❚❤❡ t✇♦ ♦♣❡r❛t✐♦♥s ✉s❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✺

✻✳✶ ❇✉✐❧❞✐♥❣ ✉♣ C3
13 − E(L3)− v6 ✉s✐♥❣ ❍❡♥♥❡❜❡r❣ ♦♣❡r❛t✐♦♥s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✵

✻✳✷ ❇✉✐❧❞✐♥❣ ✉♣ C3
12 − {u, v}✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✶

✻✳✸ Y 3
6 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✸

✼✳✶ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❍✲❣r❛♣❤ ✐♥ R3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✾✾

✼✳✷ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Sv
H ❢r♦♠ SH ✐♥ R5✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✵✶

✈✐✐





◆♦t❛t✐♦♥s

❲❡ ❧✐st s♦♠❡ ♥♦t❛t✐♦♥s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s t❤❡s✐s✳ ❲❡ ♥♦t❡ t❤❛t s♦♠❡ s✉❜✲ ♦r s✉♣❡r✲

s❝r✐♣ts ✐♥ t❤❡ ♥♦t❛t✐♦♥s ✇✐❧❧ ❜❡ ♦♠✐tt❡❞ ❧❛t❡r ✐❢ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✳

●r❛♣❤s ❛♥❞ ❞✐❣r❛♣❤s

❆❧❧ t❤❡ ❣r❛♣❤s ❝♦♥s✐❞❡r❡❞ ❤❡r❡ ❛r❡ ❧♦♦♣❧❡ss ❜✉t ♠❛② ❝♦♥t❛✐♥ ♣❛r❛❧❧❡❧ ❡❞❣❡s ✐❢ ♥♦t st❛t❡❞

♦t❤❡r✇✐s❡✳

G = (V,E) ❆ ❣r❛♣❤ ✇✐t❤ ♥♦❞❡ s❡t V ❛♥❞ ❡❞❣❡ s❡t E✳

G = (S, T ;E) ❆ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ✇✐t❤ ❝♦❧♦r ❝❧❛ss❡s S ❛♥❞ T ❛♥❞ ❡❞❣❡ s❡t E✳

G = (V ;E,E ′) ❆ ❣r❛♣❤ ✇✐t❤ ♥♦❞❡ s❡t V ❛♥❞ ❡❞❣❡ s❡t ♣❛rt✐t✐♦♥❡❞ t♦ E ❛♥❞ E ′✳

D = (V,A) ❆ ❞✐❣r❛♣❤ ✇✐t❤ ♥♦❞❡ s❡t V ❛♥❞ ❡❞❣❡ s❡t ✭❛❧s♦ ❝❛❧❧❡❞ ❛r❝ s❡t✮ A✳

NG(v) ❚❤❡ s❡t ♦❢ t❤❡ ♥❡✐❣❤❜♦rs ♦❢ ❛ ♥♦❞❡ v ✐♥ G✳

dG(v) ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ♥♦❞❡ v ∈ V ✳

EG(X, Y ) ❚❤❡ ❡❞❣❡s ♦❢ G ✇✐t❤ ♦♥❡ ❡♥❞♣♦✐♥t ✐♥ X − Y ❛♥❞ ❛♥♦t❤❡r ✐♥

Y −X ❢♦r X, Y ⊆ V ✳

dG(X, Y ) = |EG(X − Y, Y −X)|✳
dG(X) = dG(X, V −X)✳

δD(v) ❚❤❡ ♦✉t✲❞❡❣r❡❡ ♦❢ ❛ ♥♦❞❡ v ∈ V ✳

̺D(v) ❚❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ ♥♦❞❡ v ∈ V ✳

δD(X) ❚❤❡ ♦✉t✲❞❡❣r❡❡ ♦❢ ❛ s❡t X ⊆ V ✳

̺D(X) ❚❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ s❡t X ⊆ V ✳

̺Dx (X) =
∑{x(e) : e ❡♥t❡rs X} ❢♦r X ⊆ V ❛♥❞ x : A→ R✳

δDx (X) =
∑{x(e) : e ❧❡❛✈❡s X} ❢♦r X ⊆ V ❛♥❞ x : A→ R✳

G[X] = (X,E[X]) ❚❤❡ s✉❜❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② ❛ s❡t X ⊆ V ✳

D[X] = (X,A[X]) ❚❤❡ s✉❜❞✐❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② ❛ s❡t X ⊆ V ✳

✶



✷

G/X ❚❤❡ ❣r❛♣❤ t❤❛t ❛r✐s❡s ❢r♦♠ G ❜② ❝♦♥tr❛❝t✐♥❣ X ⊆ V ✐♥t♦ ❛ s✐♥❣❧❡ ♥♦❞❡✳

D/X ❚❤❡ ❞✐❣r❛♣❤ t❤❛t ❛r✐s❡s ❢r♦♠ D ❜② ❝♦♥tr❛❝t✐♥❣ X ⊆ V ✐♥t♦ ❛ s✐♥❣❧❡ ♥♦❞❡✳

G1 ⊆ G2 ❚❤❡ ❣r❛♣❤ G1 ✐s ❛ s✉❜❣r❛♣❤ ♦❢ G2✳

iG(X) = |E[X]|✳
eG(P) ❚❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❝♦♥♥❡❝t✐♥❣ ❞✐st✐♥❝t ♠❡♠❜❡rs ♦❢ ❛ ♣❛rt✐t✐♦♥ P ♦❢ V ✳

G−X = G[V −X] ❢♦r X ⊆ V ✳

G− F = (V,E − F ) ❢♦r F ⊆ E✳

G+ F = (V,E ∪ F ) ❢♦r ❛♥♦t❤❡r ❡❞❣❡ s❡t F ♦♥ t❤❡ ♥♦❞❡ s❡t V ✳

G+G′ = (V ∪ V ′, E ∪ E ′) ❢♦r ❛♥♦t❤❡r ❣r❛♣❤ G′ = (V ′, E ′)✳

G ∗ v = G+G′ ✇✐t❤ G′ = (V + v, {uv : u ∈ V }) ❢♦r v 6∈ V ✱ t❤❡ ❝♦♥❡ ❣r❛♣❤ ♦❢ G✳

kG ❚❤❡ ✭♠✉❧t✐✮❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❡❞❣❡ e ♦❢ G ❜② k

♣❛r❛❧❧❡❧ ❝♦♣✐❡s ♦❢ e✳

Gk ❚❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❝♦♥♥❡❝t✐♥❣ ❡✈❡r② ♣❛✐r ♦❢ ♥♦❞❡s ✇❤♦s❡

❞✐st❛♥❝❡ ✐s ❛t ♠♦st k ✐♥ G✳

Kn ❆ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦♥ n ♥♦❞❡s✳

K(X) ❆ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦♥ s❡t X✳

Ks,t ❆ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ✇✐t❤ ❝♦❧♦r ❝❧❛ss❡s ♦❢ s✐③❡ s ❛♥❞ t✳

Pn ❆ ♣❛t❤ ✇✐t❤ ♥♦❞❡ s❡t {v1, . . . , vn} ❛♥❞ ❡❞❣❡ s❡t {vivi+1 : 1 ≤ i ≤ n− 1}✳
Cn = Pn + v1vn✱ ❛ ❝②❝❧❡ ♦♥ n ♥♦❞❡s✳

▼❛tr♦✐❞s

M = (S,F) ❆ ♠❛tr♦✐❞ ♦♥ ❣r♦✉♥❞ s❡t S✳

❚❤❡ ♠❡♠❜❡rs ♦❢ F ❛r❡ t❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡ts ♦❢M✳

rM ❚❤❡ r❛♥❦ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♠❛tr♦✐❞M✳

r(M) = rM(S)✳

▼✐s❝❡❧❧❛♥❡♦✉s

R+,Z+ ❚❤❡ s❡ts ♦❢ ♥♦♥✲♥❡❣❛t✐✈❡ r❡❛❧s ❛♥❞ ✐♥t❡❣❡rs✳

x̃(X) =
∑

v∈X x(v) ❢♦r ❛ ❢✉♥❝t✐♦♥ x : V → R ❛♥❞ ❛ s❡t X ⊆ V ✳

h̃(F) =
∑

F∈F h(F ) ❢♦r ❛ s❡t ❢✉♥❝t✐♦♥ h : 2V → R ❛♥❞ ❛ ❢❛♠✐❧② F ⊆ 2V ✳

X − v = X − {v} ❢♦r ❛ s❡t X ❛♥❞ ❛♥ ❡❧❡♠❡♥t v✳

X + v = X ∪ {v} ❢♦r ❛ s❡t X ❛♥❞ ❛♥ ❡❧❡♠❡♥t v✳

〈., .〉 ❚❤❡ ❊✉❝❧✐❞❡❛♥ s❝❛❧❛r ♣r♦❞✉❝t ✐♥ Rd✳

||.|| ❚❤❡ ❊✉❝❧✐❞❡❛♥ ♥♦r♠ ✐♥ Rd✳



❈❤❛♣t❡r ✶

■♥tr♦❞✉❝t✐♦♥

❈♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐s ❛ ❢❛st✲❣r♦✇✐♥❣ ❛r❡❛ ♦❢ ❞✐s❝r❡t❡ ❛♣♣❧✐❡❞ ♠❛t❤❡♠❛t✐❝s✱

❞❡❛❧✐♥❣ ✇✐t❤ ❛❧❣♦r✐t❤♠✐❝ ❛♣♣r♦❛❝❤❡s t♦ ✜♥❞✐♥❣ ♦♣t✐♠❛❧ ♦❜❥❡❝ts ✐♥ ❞✐s❝r❡t❡ str✉❝t✉r❡s✳ ❋♦r

t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠s✱ ✐t r❡q✉✐r❡s t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ♦❢

t❤❡ ✉♥❞❡r❧②✐♥❣ str✉❝t✉r❡s✳ ❖♥❡ ♦❢ t❤❡ ♠❛✐♥ str✉❝t✉r❡s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛r❡

❣r❛♣❤s✳ ❙t❛rt✐♥❣ ❢r♦♠ t❤❡ ✇♦r❦s ♦❢ ❊❞♠♦♥❞s ✐♥ t❤❡ ✶✾✻✵s✱ t❤❡ ♠❛✐♥ t♦♦❧s ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧

♦♣t✐♠✐③❛t✐♦♥ ✇❡r❡ ❞❡✈❡❧♦♣❡❞ ❜② ❡①❛♠✐♥✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ s♣❡❝✐❛❧ ❣r❛♣❤ str✉❝t✉r❡s s✉❝❤

❛s tr❡❡s ❛♥❞ ❛r❜♦r❡s❝❡♥❝❡s✳

❘✐❣✐❞✐t② t❤❡♦r② ✐s ❛♥ ❛r❡❛ ✇✐t❤ ❧♦ts ♦❢ ✐♥❞✉str✐❛❧ ❛♥❞ ❜✐♦✐♥❢♦r♠❛t✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s ✐♥

t❤❡ ❜♦r❞❡r ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❛❧❣❡❜r❛✐❝ ❣❡♦♠❡tr②✳ ■ts ♠❛✐♥ ♣r♦❜❧❡♠ ✐s t♦

❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ❢r❛♠❡✇♦r❦ ✭✐♥ Rd ❢♦r ❛ ❣✐✈❡♥ ❞✐♠❡♥s✐♦♥ d✮ ❝♦♥s✐st✐♥❣ ♦❢ ❥♦✐♥ts ❝♦♥✲

♥❡❝t❡❞ ❜② r✐❣✐❞ ❜❛rs ✐s r✐❣✐❞ ♦r ♥♦t✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r d = 1✱ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ t❤❡

✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ✐s ❛ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ r✐❣✐❞✐t② ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✳

❍♦✇❡✈❡r✱ t❤✐s q✉❡st✐♦♥ t✉r♥s t♦ ❜❡ ◆P✲❤❛r❞ ❢♦r d ≥ 2✳ ❇✉t✱ ✐❢ ✇❡ ❛ss✉♠❡ t❤❛t t❤❡ ❥♦✐♥ts

❛r❡ ✐♥ ❣❡♥❡r✐❝ ♣♦s✐t✐♦♥s ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥ ❧❛t❡r✮✱ t❤❡ r✐❣✐❞✐t② ♦❢ s✉❝❤ ❛ ❢r❛♠❡✇♦r❦ ♦♥❧②

❞❡♣❡♥❞s ♦♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ str✉❝t✉r❡ ✇❤❡r❡ t❤❡ ❥♦✐♥ts ❛r❡ t❤❡ ♥♦❞❡s ♦❢ t❤❡ ❣r❛♣❤

❛♥❞ t❤❡ ❜❛rs ❛r❡ t❤❡ ❡❞❣❡s✳ ■♥ ✶✾✼✵✱ ▲❛♠❛♥ ❬✼✼❪ s♦❧✈❡❞ t❤✐s s♣❡❝✐❛❧ ❝❛s❡ ❢♦r d = 2✳ ❖♥❡ ♦❢

t❤❡ ♠❛✐♥ ♦♣❡♥ ♣r♦❜❧❡♠ ✐♥ r✐❣✐❞✐t② t❤❡♦r② ✐s t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧ ❛♥❛❧♦❣✉❡ ♦❢ t❤✐s q✉❡st✐♦♥✳

❲✐t❤ t❤❡ s❛♠❡ t❤r❡❛❞✱ ❧♦ts ♦❢ ✐♥t❡r❡st✐♥❣ ❣r❛♣❤ str✉❝t✉r❡s ❝♦♠❡ ❢r♦♠ r✐❣✐❞✐t② t❤❡♦r②✳

■♥ t❤✐s t❤❡s✐s✱ ✇❡ ❢♦❝✉s ♦♥ t❤❡s❡ str✉❝t✉r❡s t♦❣❡t❤❡r ✇✐t❤ s♦♠❡ ♦t❤❡r r❡❧❛t❡❞ str✉❝t✉r❡s

❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥✳

◆♦✇✱ ✇❡ ❣✐✈❡ ❛ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ t❤❡ t♦♣✐❝s ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s t❤❡s✐s✳ ❲❡ ♥♦t❡

t❤❛t ✇❡ ❞♦ ♥♦t ✐♥tr♦❞✉❝❡ ♠❛tr♦✐❞s ❛❧t❤♦✉❣❤ ✇❡ ♠✉st ✉s❡ s♦♠❡ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡♠ ❛t

s♦♠❡ ♣♦✐♥ts✳ ❍♦✇❡✈❡r✱ ❛❧❧ ♣r♦♣❡rt✐❡s ♦❢ ♠❛tr♦✐❞s ✉s❡❞ ❤❡r❡ ❛r❡ ♣❛rt ♦❢ ❛♥② ❜❛s✐❝ ♠❛tr♦✐❞

t❤❡♦r② ❝♦✉rs❡✳ ❲❡ r❡❢❡r t♦ ❬✸✶✱ ❈❤❛♣t❡r ✺❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳



✹ ✶✳✶✳ ❈♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❞✐❣r❛♣❤s

✶✳✶ ❈♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❞✐❣r❛♣❤s

❖♥❡ ♦❢ t❤❡ ♠♦st st✉❞✐❡❞ ♣r♦♣❡rt② ♦❢ ❣r❛♣❤s ✐s t❤❡ ❝♦♥♥❡❝t✐✈✐t②✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❧✐st

s♦♠❡ ♥♦t✐♦♥s t❤❛t ♠❡❛s✉r❡ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s✳

▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❋♦r ❛ s✉❜s❡t X ⊂ V ✱ E(X, V − X) ✐s t❤❡ ❡❞❣❡✲❝✉t

❝♦rr❡s♣♦♥❞✐♥❣ t♦ X✳ ❲❡ ❛❧s♦ s❛② t❤❛t X ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❡❞❣❡✲❝✉t✳ ■❢ 2 ≤ |X| ≤ |V |−2
t❤❡♥ t❤❡ ❡❞❣❡✲❝✉t ✐s ♥♦♥tr✐✈✐❛❧✳

❆ ❣r❛♣❤ G = (V,E) ✐s k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ dG(X) ≥ k ❢♦r ❡✈❡r② ∅ 6= X ⊂ V ✳ ❆

❞✐❣r❛♣❤ D = (V,A) ✐s k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ ̺D(X) ≥ k ❢♦r ❡✈❡r② ∅ 6= X ⊂ V ✳ ❇②

▼❡♥❣❡r✬s t❤❡♦r❡♠✱ t❤❡s❡ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② t✇♦ ♥♦❞❡s u ❛♥❞ v t❤❡r❡

❛r❡ k ❡❞❣❡✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ u t♦ v ✇❤❡r❡ ❛ ♣❛t❤ ✐♥ ❛ ❞✐❣r❛♣❤ ♠❡❛♥s ❛ ♦♥❡✲✇❛② ♣❛t❤✳

❆ ✶✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❞✐❣r❛♣❤ ✐s ❝❛❧❧❡❞ str♦♥❣❧② ❝♦♥♥❡❝t❡❞✳ ❆ ❣r❛♣❤ G ✐s ❡ss❡♥t✐❛❧❧②

k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ ❛❧❧ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉ts ♦❢ G ❝♦♥t❛✐♥ ❛t ❧❡❛st k ❡❞❣❡s✳ ❆ ❣r❛♣❤

♦r ❞✐❣r❛♣❤ ♦♥ ❛t ❧❡❛st k + 1 ♥♦❞❡s ✐s k✲❝♦♥♥❡❝t❡❞ ✐❢ ✐t r❡♠❛✐♥s ❝♦♥♥❡❝t❡❞ ♦r str♦♥❣❧②

❝♦♥♥❡❝t❡❞✱ r❡s♣❡❝t✐✈❡❧②✱ ❛❢t❡r ❞❡❧❡t✐♥❣ ❛♥② s❡t ♦❢ ❛t ♠♦st k − 1 ♥♦❞❡s✳ ❇② ▼❡♥❣❡r✬s

t❤❡♦r❡♠✱ t❤❡s❡ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥② t✇♦ ♥♦❞❡s u ❛♥❞ v t❤❡r❡ ❡①✐st k

✐♥t❡r♥❛❧❧② ♥♦❞❡✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ u t♦ v✳

❆♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤ G = (V,E) ✐s ❝❛❧❧❡❞ (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞ ✐❢

eG(P) ≥ k(|P| − 1) + ℓ

❢♦r ❡✈❡r② ♣❛rt✐t✐♦♥ P ♦❢ V ✱ ✇❤❡r❡ eG(P) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t❤❛t ❛r❡ ♥♦t ✐♥❞✉❝❡❞

❜② ❛♥② s❡t ♦❢ t❤❡ ♣❛rt✐t✐♦♥✳ ❆ (k, 0)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐s ❝❛❧❧❡❞ k✲♣❛rt✐t✐♦♥✲

❝♦♥♥❡❝t❡❞✳ ◆♦t❡ t❤❛t (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ❝♦✐♥❝✐❞❡s ✇✐t❤ k+ℓ✲❝♦♥♥❡❝t✐✈✐t② ✇❤❡♥

ℓ ≥ k✳ G = (V,E) ✐s ❝❛❧❧❡❞ (k, ℓ)✲tr❡❡✲❝♦♥♥❡❝t❡❞ ✐❢ G−F ❝♦♥t❛✐♥s k ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣

tr❡❡s ❢♦r ❛❧❧ F ⊆ E ✇✐t❤ |F | ≤ ℓ✳ ❲❤❡♥ ℓ = 0, 1 ♦r 2 ❛ (k, ℓ)✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤

✐s ❛❧s♦ ❝❛❧❧❡❞ k✲tr❡❡✲❝♦♥♥❡❝t❡❞✱ ❤✐❣❤❧② k✲tr❡❡✲❝♦♥♥❡❝t❡❞ ♦r ❞♦✉❜❧②✲❤✐❣❤❧② k✲tr❡❡✲

❝♦♥♥❡❝t❡❞✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❢❛♠♦✉s r❡s✉❧ts ♦❢ ❚✉tt❡ ❬✶✵✺❪ ❛♥❞ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✻❪ ✐♠♣❧②

❛ ❝♦♥♥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ ♥♦t✐♦♥s✱ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✶✳✶✳✶✳ ❆ ❣r❛♣❤ G = (V,E) ✐s (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞ ❢♦r ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r

k ❛♥❞ ❛ ♥♦♥✲♥❡❣❛t✐✈❡ ✐♥t❡❣❡r ℓ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s (k, ℓ)✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❆♥ ❛r❜♦r❡s❝❡♥❝❡ ✐s ❛♥ ♦r✐❡♥t❡❞ tr❡❡ T = (V,A) ✇❤❡r❡ ❡✈❡r② ♥♦❞❡ v ∈ V −r0 ✐s r❡❛❝❤❛❜❧❡
♦♥ ❛ ♦♥❡✲✇❛② ♣❛t❤ ❢r♦♠ ✐ts r♦♦t r0 ∈ V ✳ ❖♥❡ ❝♦✉❧❞ ❛s❦ ❢♦r ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ s✐♠✐❧❛r t♦

❚❤❡♦r❡♠ ✶✳✶✳✶ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ♦♥❡ ✇❛♥ts t♦ ♣❛❝❦ ❛r❜♦r❡s❝❡♥❝❡s✳ ❚❤✐s ❝❤❛r❛❝t❡r✐③❛t✐♦♥

❤❛s ❜❡❡♥ ❢♦✉♥❞ ❜② ❊❞♠♦♥❞s ❬✷✶❪ ❛♥❞ ✉s❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥♥❡❝t✐✈✐t② ♣r♦♣❡rt②✳ ❋♦r ♣♦s✐t✐✈❡

✐♥t❡❣❡rs k ❛♥❞ ℓ✱ ❛ ❞✐❣r❛♣❤ D = (V,A) ✇✐t❤ ❛ r♦♦t ♥♦❞❡ r0 ∈ V ✐s ❝❛❧❧❡❞ r0✲r♦♦t❡❞ (k, ℓ)✲

❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ δD(X) ≥ k ❛♥❞ ̺D(X) ≥ ℓ ❢♦r ❡✈❡r② s❡t X ⊂ V ✇✐t❤ r0 ∈ X✳ ❇②

▼❡♥❣❡r✬s t❤❡♦r❡♠✱ t❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣✿ t❤❡r❡ ❛r❡ k ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✺

r0 t♦ ❡✈❡r② ♦t❤❡r ♥♦❞❡ ❛♥❞ t❤❡r❡ ❛r❡ ℓ ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ ❡✈❡r② ♥♦❞❡ t♦ r0✳ ❆ r♦♦t❡❞

(k, 0)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❞✐❣r❛♣❤ ✐s ❝❛❧❧❡❞ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❊❞♠♦♥❞s✬ r❡s✉❧t ✐s

t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✶✳✷ ✭❊❞♠♦♥❞s✬ ✇❡❛❦ ❛r❜♦r❡s❝❡♥❝❡ t❤❡♦r❡♠ ❬✷✶❪✮✳ ■♥ ❛ ❞✐❣r❛♣❤ D = (V,A)✱

t❤❡r❡ ❛r❡ k ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ ❛r❜♦r❡s❝❡♥❝❡s ✇✐t❤ r♦♦t r0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ D ✐s r0✲r♦♦t❡❞

k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

❲❡ s✉♠♠❛r✐③❡ t❤❡ ❣❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳✷ ❛♥❞ ❣✐✈❡ ❛ ❝♦♠♠♦♥ ❣❡♥❡r❛❧✐③❛t✐♦♥

♦❢ t❤❡s❡ r❡s✉❧ts ✐♥ ❈❤❛♣t❡r ✸✳

❖♥❡ ✐♥t❡r❡st✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ✐s t♦ ♦r✐❡♥t ❛ ❣✐✈❡♥ ❣r❛♣❤ ✭♦r

♠✐①❡❞ ❣r❛♣❤ ✇❤✐❝❤ ❤❛s ❜♦t❤ ❞✐r❡❝t❡❞ ❛♥❞ ♥♦♥✲❞✐r❡❝t❡❞ ❡❞❣❡s✮ s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ s♦♠❡

❝♦♥♥❡❝t✐✈✐t② ♣r❡s❝r✐♣t✐♦♥s ❢♦r t❤❡ ♦✉t♣✉t✳ ❲❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦♥ t❤✐s t♦♣✐❝ ✐♥ ❈❤❛♣t❡r

✷✳ ❲❡ ♥♦t❡ t❤❛t s✉❝❤ ♦r✐❡♥t❛t✐♦♥ r❡s✉❧ts ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✶✳✶✳✶ ✭❢♦r ℓ = 0✮

❢r♦♠ ❚❤❡♦r❡♠ ✶✳✶✳✷✳

✶✳✷ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

❆s t❤❡ ♠♦st ♦❢ t❤❡ ❣r❛♣❤ str✉❝t✉r❡s ♦❢ t❤✐s t❤❡s✐s ❛r❡ s♦♠❡❤♦✇ r❡❧❛t❡❞ t♦ r✐❣✐❞✐t② t❤❡♦r②✱

✇❡ ❣✐✈❡ ❛ ❜r✐❡❢ ✐♥tr♦❞✉❝t✐♦♥ t♦ ✭❝♦♠❜✐♥❛t♦r✐❛❧✮ r✐❣✐❞✐t② t❤❡♦r②✳ ❲❡ r❡❢❡r t♦ ❬✹✽✱ ✶✵✽❪ ❢♦r

♠♦r❡ ❞❡t❛✐❧s✳

❆ d✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐s ❛ ♣❛✐r (G, p)✱ ✇❤❡r❡ G = (V,E) ✐s ❛ ❣r❛♣❤ ❛♥❞

p ✐s ❛ ♠❛♣ ❢r♦♠ V t♦ Rd✳ ❲❡ ✇✐❧❧ ❛❧s♦ r❡❢❡r t♦ (G, p) ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ G✳ ❚✇♦

r❡❛❧✐③❛t✐♦♥s (G, p) ❛♥❞ (G, q) ♦❢ G ❛r❡ ❡q✉✐✈❛❧❡♥t ✐❢ ||p(u) − p(v)|| = ||q(u) − q(v)||
❤♦❧❞s ❢♦r ❛❧❧ ♣❛✐rs u, v ✇✐t❤ uv ∈ E✳ ❋r❛♠❡✇♦r❦s (G, p) ❛♥❞ (G, q) ❛r❡ ❝♦♥❣r✉❡♥t ✐❢

||p(u)− p(v)|| = ||q(u)− q(v)|| ❤♦❧❞s ❢♦r ❛❧❧ ♣❛✐rs u, v ✇✐t❤ u, v ∈ V ✳

❲❡ s❛② t❤❛t (G, p) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❡✈❡r② d✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✇❤✐❝❤ ✐s

❡q✉✐✈❛❧❡♥t t♦ (G, p) ✐s ❛❧s♦ ❝♦♥❣r✉❡♥t t♦ (G, p)✳ ❆ ❢r❛♠❡✇♦r❦ (G, p) ✐s r✐❣✐❞ ✐❢ t❤❡r❡ ❡①✐sts

❛♥ ε > 0 s✉❝❤ t❤❛t✱ ✐❢ (G, q) ✐s ❡q✉✐✈❛❧❡♥t t♦ (G, p) ❛♥❞ ||p(u) − q(u)|| < ε ❢♦r ❛❧❧ v ∈ V ✱

t❤❡♥ (G, q) ✐s ❝♦♥❣r✉❡♥t t♦ (G, p)✳

■♥t✉✐t✐✈❡❧②✱ ✇❡ t❤✐♥❦ ♦❢ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦ (G, p) ❛s ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❜❛rs ❛♥❞

❥♦✐♥ts ✇❤❡r❡ t❤❡ ✐♠❛❣❡ ♦❢ t❤❡ ♥♦❞❡ s❡t ❝♦rr❡s♣♦♥❞ t♦ ❥♦✐♥ts ❛♥❞ ❡❛❝❤ ❡❞❣❡ t♦ ❛ r✐❣✐❞ ❜❛r

✭✇✐t❤ ✜①❡❞ ❧❡♥❣t❤✮ ❜❡t✇❡❡♥ ✐ts ❡♥❞✲♣♦✐♥ts✳ ■♥ t❤✐s ♠♦❞❡❧✱ t❤❡ ❢r❛♠❡✇♦r❦ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞

✐❢ ✐ts ❜❛r ❧❡♥❣t❤s ❞❡t❡r♠✐♥❡ ✐ts r❡❛❧✐③❛t✐♦♥ ✉♣ t♦ ❝♦♥❣r✉❡♥❝❡✱ ❛♥❞ ✐t ✐s r✐❣✐❞ ✐❢ ✐t ❤❛s ♥♦

♥♦♥✲tr✐✈✐❛❧ ❝♦♥t✐♥✉♦✉s ❞❡❢♦r♠❛t✐♦♥s ✇❤❡r❡ t❤❡ ❜❛r ❧❡♥❣t❤s ❛r❡ ♣r❡s❡r✈❡❞✳

❲❡ ❛ss✐❣♥ t♦ (G, p) ❛ ♠❛tr✐①✱ ❝❛❧❧❡❞ ❛ r✐❣✐❞✐t② ♠❛tr✐① R(G, p) ∈ R|E|×d|V | t❤❛t ✐s

❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s✳ ❲❡ ❛ss✐❣♥ ❛ r♦✇ ♦❢ R(G, p) ❢♦r ❡❛❝❤ ❡❞❣❡ uv ∈ E ❛♥❞ d ❝♦❧✉♠♥s ❢♦r

❡❛❝❤ v ∈ V ✳ ▲❡t t❤❡ r♦✇ ♦❢ R(G, p) ❛ss✐❣♥❡❞ t♦ uv ∈ E ❝♦♥s✐sts ♦❢ ✵ ❡❧❡♠❡♥ts ❡①❝❡♣t

♦♥ t❤❡ d ❝♦❧✉♠♥s ❛ss✐❣♥❡❞ t♦ u ❛♥❞ ♦♥ t❤❡ d ❝♦❧✉♠♥s ❛ss✐❣♥❡❞ t♦ v ✇❤❡r❡ ✇❡ ✇r✐t❡ t❤❡



✻ ✶✳✷✳ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

d ❝♦♦r❞✐♥❛t❡s ♦❢ p(u) − p(v) ❛♥❞ p(v) − p(u)✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❧✐♥❡❛r ♠❛tr♦✐❞ R(G, p)

♦♥ t❤❡ r♦✇s ♦❢ R(G, p) ✐s t❤❡ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮ r✐❣✐❞✐t② ♠❛tr♦✐❞ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦

(G, p)✳

❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ♦❢ ❛ ❜❛r✲❥♦✐♥t ❢r❛♠❡✇♦r❦ (G, p) ✐s ❛♥ ❛ss✐❣♥♠❡♥t m : V →
Rd ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡❧♦❝✐t✐❡s t♦ t❤❡ ♥♦❞❡s✱ s✉❝❤ t❤❛t

〈p(u)− p(v),m(u)−m(v)〉 = 0 ❢♦r ❛❧❧ ❡❞❣❡s uv ∈ E✱ ✭✶✳✶✮

t❤❛t ✐s✱ R(G, p)m = 0✳ ❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ✐s tr✐✈✐❛❧ ✐❢ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡

❞❡r✐✈❛t✐✈❡ ♦❢ ❛ r✐❣✐❞ ❝♦♥❣r✉❡♥❝❡ ♦❢ ❛❧❧ ♦❢ Rd r❡str✐❝t❡❞ t♦ t❤❡ ♥♦❞❡s ♦❢ (G, p)✱ t❤❛t ✐s✱ ✐❢ ✐t ✐s ❛

♠❛♣ ❢♦r ✇❤✐❝❤ m(v) = S p(v)+t ❤♦❧❞s ❢♦r ❛❧❧ v ∈ V ✱ ❢♦r s♦♠❡ d×d s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐①

S ❛♥❞ s♦♠❡ t ∈ Rd✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡s❡ ❛r❡ ✐♥❞❡❡❞ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥s✳ (G, p)

✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛❧❧ ♦❢ ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥s ❛r❡ tr✐✈✐❛❧✳ ■♥✜♥✐t❡s✐♠❛❧

r✐❣✐❞✐t② ♦❢ (G, p) ❢♦❧❧♦✇s ✐ts r✐❣✐❞✐t② ❜✉t t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ✐s ♥♦t tr✉❡ ✭s❡❡ ❋✐❣✉r❡ ✶✳✶ ❢♦r ❛♥

❡①❛♠♣❧❡✮✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡ ♦❢ t❤❡ tr✐✈✐❛❧ ✐♥✜♥✐t❡s✐♠❛❧

p(v5)

p(v1)

p(v4)

p(v3)p(v2) w(v1)

w(v2)
w(v3)

w(v5)

w(v4)

❋✐❣✉r❡ ✶✳✶✿ ❆ r✐❣✐❞ ❢r❛♠❡✇♦r❦ ✇✐t❤ ❛ ♥♦♥✲tr✐✈✐❛❧ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ w✳

♠♦t✐♦♥s ♦❢ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐s
(
d+1
2

)
✳ ❍❡♥❝❡ t❤❡ ❞✐♠❡♥s✐♦♥ ♦❢ t❤❡ ✈❡❝t♦r s♣❛❝❡

♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥s ✐s ❛t ❧❡❛st
(
d+1
2

)
✱ t❤❛t ✐s✱ ❞✐♠✭❑❡r(R(G, p))) ≥

(
d+1
2

)
✳ ❚❤❡r❡❢♦r❡✱

(G, p) ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ r❛♥❦(R(G, p)) = d|V | −
(
d+1
2

)
✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t✱ ❢♦r d = 1✱ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ G ✐s ❛ s✉✣❝✐❡♥t ❛♥❞ ♥❡❝❡ss❛r②

❝♦♥❞✐t✐♦♥ ♦❢ t❤❡ r✐❣✐❞✐t② ♦❢ ❛♥② r❡❛❧✐③❛t✐♦♥ (G, p)✳ ❍♦✇❡✈❡r✱ ✐t ✐s ✉s✉❛❧❧② ❛ ❤❛r❞ ♣r♦❜❧❡♠

t♦ ❞❡❝✐❞❡ ✐❢ ❛ ❣✐✈❡♥ ❢r❛♠❡✇♦r❦ ✐s r✐❣✐❞ ♦r ❣❧♦❜❛❧❧② r✐❣✐❞✿ ❙❛①❡ ❬✾✷❪ s❤♦✇❡❞ t❤❛t ✐t ✐s

◆P✲❤❛r❞ t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r ❡✈❡♥ ❛ ✶✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ❛♥❞ ❆❜❜♦t

❬✶❪ s❤♦✇❡❞ t❤❛t t❤❡ r✐❣✐❞✐t② ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ❢♦r ✷✲❞✐♠❡♥s✐♦♥❛❧ ❢r❛♠❡✇♦r❦s✳ ❚❤❡s❡

♣r♦❜❧❡♠s ❜❡❝♦♠❡ ♠♦r❡ tr❛❝t❛❜❧❡✱ ❤♦✇❡✈❡r✱ ✐❢ ✇❡ ❝♦♥s✐❞❡r ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s ✐♥ ✇❤✐❝❤

t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s❡t {p(vi)j : i = 1, ..., |V |, j = 1, ..., d} ❛r❡ ❛❧❣❡❜r❛✐❝❛❧❧② ✐♥❞❡♣❡♥❞❡♥t

♦✈❡r Q✳

■❢ p0 ✐s ❣❡♥❡r✐❝✱ t❤❡♥ ✐t ❢♦❧❧♦✇s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s t❤❛t

r❛♥❦(R(G′, p0)) = max{r❛♥❦(R(G′, p)) : p : V → Rd}



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✼

❢♦r ❛♥② s✉❜❣r❛♣❤ G′ ♦❢ G✳ ■t ✐s ❦♥♦✇♥ t❤❛t ❛ ❣❡♥❡r✐❝ ❢r❛♠❡✇♦r❦ ✐s r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t

✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞✳ ❚❤✉s t❤❡ r✐❣✐❞✐t② ♦❢ ❢r❛♠❡✇♦r❦s ✐♥ Rd ✐s ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt②✱ t❤❛t

✐s✱ t❤❡ r✐❣✐❞✐t② ♦❢ (G, p) ❞❡♣❡♥❞s ♦♥❧② ♦♥ t❤❡ ❣r❛♣❤ G ❛♥❞ ♥♦t t❤❡ ♣❛rt✐❝✉❧❛r r❡❛❧✐③❛t✐♦♥

p✱ ✐❢ (G, p) ✐s ❣❡♥❡r✐❝ ✭s❡❡ ❬✶✵✽❪✮✳ ❲❡ s❛② t❤❛t t❤❡ ❣r❛♣❤ G ✐s r✐❣✐❞ ✐♥ Rd ✐❢ ❡✈❡r② ✭♦r

❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ s♦♠❡✮ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥ ♦❢ G ✐♥ Rd ✐s r✐❣✐❞✳ G = (V,E) ✐s s❛✐❞ t♦ ❜❡

♠✐♥✐♠❛❧❧② r✐❣✐❞ ✐❢ G − e ✐s ♥♦t r✐❣✐❞ ❢♦r ❛♥② e ∈ E✳ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞✐t②

♠❛tr♦✐❞ Rd(G) ♦❢ ❛ ❣r❛♣❤ G ✐s t❤❡ r✐❣✐❞✐t② ♠❛tr♦✐❞ ♦❢ ❛♥② ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥ (G, p)

♦❢ G✳ ✭❲❡ ✉s✉❛❧❧② ❝♦♥s✐❞❡r t❤✐s ♠❛tr✐♦❞ s✉❝❤ t❤❛t ✐ts ❣r♦✉♥❞ s❡t ✐s t❤❡ ❡❞❣❡ s❡t ♦❢ t❤❡

❣r❛♣❤ ❜② ✉s✐♥❣ t❤❡ ❜✐❥❡❝t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r♦✇s ♦❢ t❤❡ r✐❣✐❞✐t② ♠❛tr✐① ❛♥❞ t❤❡ ❡❞❣❡s✳✮ ❆

❝✐r❝✉✐t ✭t❤❛t ✐s✱ ❛ ♠✐♥✐♠❛❧ ❞❡♣❡♥❞❡♥t s❡t✮ ♦❢ Rd(G) ✐s ❝❛❧❧❡❞ ❛♥ ▼✲❝✐r❝✉✐t ♦❢ G✳ ❲❡

❝❛❧❧ ❛♥ ❡❞❣❡ ♦❢ G ❛♥ ▼✲❜r✐❞❣❡ ✐❢ t❤❡ ❞❡❧❡t✐♦♥ ♦❢ e r❡❞✉❝❡s t❤❡ r❛♥❦ ♦❢ Rd(G)✱ t❤❛t ✐s✱

r(Rd(G− e)) = r(Rd(G))− 1✳

❚❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ r✐❣✐❞✐t② ♦❢ ❛ ❣r❛♣❤ ✐s r✐❣✐❞ ✐♥ Rd ❤❛s ❜❡❡♥ s♦❧✈❡❞ ❢♦r d = 1, 2✱

❛♥❞ ✐s ❛ ♠❛❥♦r ♦♣❡♥ ♣r♦❜❧❡♠ ❢♦r d ≥ 3✳ ❆s ✇❡ ❤❛✈❡ ♥♦t✐❝❡❞ ❜❡❢♦r❡✱ ❛ ❣r❛♣❤ ✐s r✐❣✐❞ ♦♥

t❤❡ ❧✐♥❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❝♦♥♥❡❝t❡❞✳ ❖♥ t❤❡ ♣❧❛♥❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✇❛s

❣✐✈❡♥ ❜② ▲❛♠❛♥ ❬✼✼❪✳

❚❤❡♦r❡♠ ✶✳✷✳✶ ✭❬✼✼❪✮✳ ❆ ❣r❛♣❤ G = (V,E) ✐s ♠✐♥✐♠❛❧❧② r✐❣✐❞ ✐♥ R2 ✐❢ ❛♥❞ ♦♥❧② ✐❢

✭✐✮ |E| = 2|V | − 3✱

✭✐✐✮ i(X) ≤ 2|X| − 3 ❢♦r ❡✈❡r② X ⊆ V ✇✐t❤ |X| ≥ 2✳

❋♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝❤❛r❛❝t❡r✐③✐♥❣ r✐❣✐❞✐t② ✐s st✐❧❧ ♦♣❡♥✱ ❛♥❞✱ ❢♦r

d = 3✱ ✐t ✐s ♦♥❡ ♦❢ t❤❡ ♠❛✐♥ ♦♣❡♥ q✉❡st✐♦♥s ✐♥ r✐❣✐❞✐t② t❤❡♦r②✳ ■t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ ❢r♦♠

♦✉r ♣r❡✈✐♦✉s ♦❜s❡r✈❛t✐♦♥s ❢♦r t❤❡ r✐❣✐❞✐t② ♠❛tr✐① t❤❛t s♦♠❡ ▲❛♠❛♥✲t②♣❡ ❝♦♥❞✐t✐♦♥s ❛r❡

♥❡❝❡ss❛r② ❢♦r ♠✐♥✐♠❛❧ r✐❣✐❞✐t② ❤♦✇❡✈❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛r❡ ♥♦t s✉✣❝✐❡♥t ✭s❡❡ ❋✐❣✉r❡ ✶✳✷

❢♦r ❛ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❝♦✉♥t❡r❡①❛♠♣❧❡✮✳

❚❤❡♦r❡♠ ✶✳✷✳✷ ✭❬✶✵✽❪✮✳ ▲❡t G = (V,E) ❜❡ ♠✐♥✐♠❛❧❧② r✐❣✐❞ ✐♥ Rd ✇✐t❤ |V | ≥ d✳ ❚❤❡♥

✭✐✮ |E| = d|V | −
(
d+1
2

)
✱

✭✐✐✮ i(X) ≤ d|X| −
(
d+1
2

)
❢♦r ❡✈❡r② X ⊆ V ✇✐t❤ |X| ≥ d✳

❇❡❢♦r❡ ✇❡ t✉r♥ t♦ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ ❣❧♦❜❛❧ r✐❣✐❞✐t②✱ ✇❡ ♥♦t❡ t❤❛t r✐❣✐❞✐t② ✐s ♥♦t ❛❧✇❛②s

❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt②✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ r✐❣✐❞✐t② ♦❢ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s ✭s❡❡ t❤❡ ❞❡✜♥✐t✐♦♥

✐♥ ❈❤❛♣t❡r ✽✮ ✐s ♥♦t ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt② ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡r❡ ❛r❡ t❡♥s❡❣r✐t② ❣r❛♣❤s ✇❤✐❝❤

❤❛✈❡ r✐❣✐❞ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s ❜✉t ♥♦t ❛❧❧ ♦❢ t❤❡✐r ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s ❛r❡ r✐❣✐❞✳

●♦rt❧❡r✱ ❍❡❛❧② ❛♥❞ ❚❤✉rst♦♥ ❬✹✼❪ ♣r♦✈❡❞ t❤❛t t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧

❢r❛♠❡✇♦r❦s ✐s ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt② ❢♦r ❛❧❧ d ≥ 1✳ ❲❡ s❛② t❤❛t ❛ ❣r❛♣❤ G ✐s ❣❧♦❜❛❧❧② r✐❣✐❞

✐♥ Rd ✐❢ ❡✈❡r② ✭♦r ❡q✉✐✈❛❧❡♥t❧②✱ ✐❢ s♦♠❡✮ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥ ♦❢ G ✐♥ Rd ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳

❲❡ ♥♦t❡ t❤❛t✱ ❝♦♥tr❛r② t♦ ✭✐♥✜♥✐t❡s✐♠❛❧✮ r✐❣✐❞✐t②✱ ✐t ✐s ♥♦t ❡♥♦✉❣❤ t♦ ❤❛✈❡ ❛ ❣❧♦❜❛❧❧② r✐❣✐❞

r❡❛❧✐③❛t✐♦♥ ❢♦r t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❛ ❣r❛♣❤ ✭❢♦r ❡①❛♠♣❧❡✱ C4 ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ R2✱



✽ ✶✳✷✳ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

❋✐❣✉r❡ ✶✳✷✿ ❚❤❡ s♦ ❝❛❧❧❡❞ ❞♦✉❜❧❡ ❜❛♥❛♥❛ ❣r❛♣❤ ❤♦❧❞s ❜♦t❤ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✷

❜✉t ✐s ♥♦t r✐❣✐❞ ✐♥ R3✳

❜✉t ✐ts r❡❛❧✐③❛t✐♦♥ ✇✐t❤ p(vi) = (0, i) (i = 1, . . . , 4) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✮✳ ❍♦✇❡✈❡r✱ ❈♦♥♥❡❧❧②

❛♥❞ ❲❤✐t❡❧❡② ❬✶✼✱ ❈♦r♦❧❧❛r② ✶✹❪ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✶✳✷✳✸ ✭❬✶✼❪✮✳ ■❢ ❛ ❣r❛♣❤ G ❤❛s ❛♥ ❣❧♦❜❛❧❧② r✐❣✐❞ r❡❛❧✐③❛t✐♦♥ (G, p) ✐♥ Rd s✉❝❤

t❤❛t (G, p) ✐s ❛❧s♦ ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞✱ t❤❡♥ G ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳

❍❡♥❞r✐❝❦s♦♥ ❬✺✷❪ ♣r♦✈❡❞ t✇♦ ❦❡② ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❛ ❣r❛♣❤✳

❲❡ s❛② t❤❛t G ✐s r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✐♥ Rd ✐❢ r❡♠♦✈✐♥❣ ❛♥② ❡❞❣❡ ♦❢ G r❡s✉❧ts ✐♥ ❛ r✐❣✐❞

❣r❛♣❤✳

❚❤❡♦r❡♠ ✶✳✷✳✹ ✭❬✺✷❪✮✳ ▲❡t G ❜❡ ❛ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤ ✐♥ Rd✳ ❚❤❡♥ ❡✐t❤❡r G ✐s ❛ ❝♦♠♣❧❡t❡

❣r❛♣❤ ♦♥ ❛t ♠♦st d+ 1 ♥♦❞❡s✱ ♦r G ✐s

✭✐✮ (d+ 1)✲❝♦♥♥❡❝t❡❞✱ ❛♥❞

✭✐✐✮ r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✐♥ Rd✳

❍❡♥❞r✐❝❦s♦♥ ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✹ ❛r❡ ❛❧s♦ s✉❢✲

✜❝✐❡♥t t♦ ✐♠♣❧② t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ t❤❡ ❣r❛♣❤ ✐♥ Rd✳ ■t ✐s ✐♥❞❡❡❞ s♦ ❢♦r d = 1, 2✿ ■t ✐s

♥♦t ❤❛r❞ t♦ ✈❡r✐❢② t❤❛t ❛ ✶✲❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r✐❝ ❢r❛♠❡✇♦r❦ (G, p) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐❢ ❛♥❞

♦♥❧② ✐❢ ❡✐t❤❡r G ✐s K2 ♦r G ✐s 2✲❝♦♥♥❡❝t❡❞✳ ❋♦r d = 2✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ✇❛s ❣✐✈❡♥ ❜②

❏❛❝❦s♦♥ ❛♥❞ ❏♦r❞á♥ ❬✺✼❪✱ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✶✳✷✳✺ ✭❬✺✼❪✮✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡♥ G ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ R2 ✐❢ ❛♥❞ ♦♥❧② ✐❢

❡✐t❤❡r G ✐s ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ♦♥ t✇♦ ♦r t❤r❡❡ ♥♦❞❡s✱ ♦r G ✐s 3✲❝♦♥♥❡❝t❡❞ ❛♥❞ r❡❞✉♥❞❛♥t❧②

r✐❣✐❞ ✐♥ R2✳

❍♦✇❡✈❡r✱ t❤❡r❡ ❡①✐st ❝♦✉♥t❡r❡①❛♠♣❧❡s t♦ ❍❡♥❞r✐❝❦s♦♥✬s ❝♦♥❥❡❝t✉r❡ ❢♦r d ≥ 3 ✭s❡❡ ❬✶✶❪✮✳

❈♦♥♥❡❧❧② ❬✶✹✱ ✶✼❪ ❝♦♥❥❡❝t✉r❡❞ t❤❛t ♦♥❧② t❤❡ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ K5,5 ✐s ❝♦✉♥t❡r❡①✲

❛♠♣❧❡ ❢♦r t❤❡ ✸✲❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ♦❢ t❤✐s ❝♦♥❥❡❝t✉r❡✳ ■♥ ❈❤❛♣t❡r ✼✱ ✇❡ ❞✐s♣r♦✈❡ t❤✐s

❝♦♥❥❡❝t✉r❡ ❜② s❤♦✇✐♥❣ ✐♥✜♥✐t❡❧② ♠❛♥② ❝♦✉♥t❡r❡①❛♠♣❧❡s ❢♦r ❡✈❡r② ❞✐♠❡♥s✐♦♥ d ≥ 3✳



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✾

✶✳✷✳✶ ❙♣❡❝✐❛❧ ❝❧❛ss❡s ♦❢ ❣r❛♣❤s

❆❧t❤♦✉❣❤ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞✐t② ❛♥❞ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛r❡ ♥♦t ❝❤❛r❛❝t❡r✐③❡❞

❢♦r d ≥ 3✱ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❤❛s ❜❡❡♥ ❢♦✉♥❞ ❢♦r s❡✈❡r❛❧ ✐♠♣♦rt❛♥t ❣r❛♣❤ ❝❧❛ss❡s✳

❇♦❞②✲❜❛r ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s

❇♦❞②✲❜❛r ❢r❛♠❡✇♦r❦s ❝♦♥s✐st ♦❢ ❢✉❧❧✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞ ❜♦❞✐❡s ❝♦♥♥❡❝t❡❞ ❜② ❞✐s❥♦✐♥t

❜❛rs✳ ❚❤❡ ❜♦❞✐❡s ❛r❡ ❢r❡❡ t♦ ♠♦✈❡ ❝♦♥t✐♥✉♦✉s❧② ✐♥ Rd s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t t❤❛t t❤❡

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡✐r ♣♦✐♥ts ❝♦♥♥❡❝t❡❞ ❜② ❜❛rs ♠✉st ❜❡ ❝♦♥st❛♥t✳ ■♥ t❤❡ ✉♥❞❡r❧②✐♥❣

✭♠✉❧t✐✮❣r❛♣❤ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✱ t❤❡ ♥♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜♦❞✐❡s ❛♥❞ t❤❡ ❡❞❣❡s ❝♦rr❡✲

s♣♦♥❞ t♦ t❤❡ ❜❛rs✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❜❛r✲❥♦✐♥t ❢r❛♠❡✇♦r❦ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤

❜♦❞② ❜② ❛ ❜❛r✲❥♦✐♥t r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❧❡t❡ ❣r❛♣❤ s✉❝❤ t❤❛t t❤❡ ❜❛rs ♦❢

t❤❡ ❜♦❞②✲❜❛r ❢r❛♠❡✇♦r❦ ❛r❡ r❡♣r❡s❡♥t❡❞ ❜② ❞✐s❥♦✐♥t ❡❞❣❡s ❜❡t✇❡❡♥ t❤❡s❡ ❧❛r❣❡ ❝♦♠♣❧❡t❡

❣r❛♣❤s✳ ❚❤❡ ❣r❛♣❤ ♦❢ s✉❝❤ ❛ ❜❛r✲❥♦✐♥t ❢r❛♠❡✇♦r❦ ✐s ❛ ❜♦❞②✲❜❛r ❣r❛♣❤✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r

❛ ❣r❛♣❤ H = (V,EB)✱ t❤❡ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮ ❜♦❞②✲❜❛r ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② H✱ ❞❡♥♦t❡❞ ❜②

GBB
H ✱ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♥♦❞❡ v ∈ V ❜② ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ B(v) ✭t❤❡

❜♦❞② ♦❢ v✮ ♦♥ dH(v) + d+ 1 ♥♦❞❡s✱ ✐♥ ✇❤✐❝❤ d+ 1 ♥♦❞❡s ✐♥❞✉❝✐♥❣ ❛ Kd+1 ❢♦r♠ t❤❡ ❝♦r❡

C(v) ♦❢ t❤❡ ❜♦❞② ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦❞❡s ❛r❡ t❤❡ ❡♥❞ ♦❢ t❤❡ ❜❛rs ❝♦♥♥❡❝t✐♥❣ t❤❡ ❜♦❞✐❡s✳

❋♦r ❡❛❝❤ ❡❞❣❡ e = uv ♦❢ H✱ ✇❡ ❛❞❞ ❛♥ ❡❞❣❡ t♦ GBB
H ❜❡t✇❡❡♥ B(u)−C(u) ❛♥❞ B(v)−C(v)

s✉❝❤ t❤❛t t❤❡s❡ ❡❞❣❡s ❢♦r♠ ❛ ✭♣❡r❢❡❝t✮ ♠❛t❝❤✐♥❣ ♦♥
⋃

v∈V B(v) − C(v)✳ ❚❤❡ ❜♦❞✐❡s ❛r❡

♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ✭❙❡❡ ❋✐❣✉r❡ ✶✳✸✳✮

❚❛② ❬✶✵✵✱ ✶✵✷❪ ♣r♦✈✐❞❡❞ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ r✐❣✐❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❜❛r ❣r❛♣❤s✱ ❛s

❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✶✳✷✳✻ ✭❬✶✵✵✱ ✶✵✷❪✮✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡♥ t❤❡ ❜♦❞②✲❜❛r ❣r❛♣❤ GBB
H

✐s r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ H ✐s
(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

■t ✐s ♥♦t ❤❛r❞ t♦ ❣❡t ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✻ t❤❛t GBB
H ✐s r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧②

✐❢ H ✐s ❤✐❣❤❧②
(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ ✐♥ t❤✐s ❝❛s❡ t❤❡ d + 1✲❝♦♥♥❡❝t✐✈✐t② ♦❢ GBB

H ❛❧s♦

❢♦❧❧♦✇s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢ ❈♦♥♥❡❧❧②✱ ❏♦r❞á♥✱ ❛♥❞ ❲❤✐t❡❧❡② ❬✶✺❪ ✕ t❤❛t

❣✐✈❡s ❛ ❝♦♠❜✐♥❛t♦r✐❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❣❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❜❛r ❣r❛♣❤s ✐♥ Rd ✇✐t❤ ❤✐❣❤(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ H ✕ s❤♦✇s t❤❛t ❍❡♥❞r✐❝❦s♦♥✬s ❝♦♥❥❡❝t✉r❡

✐s tr✉❡ ❢♦r ❜♦❞②✲❜❛r ❣r❛♣❤s✳

❚❤❡♦r❡♠ ✶✳✷✳✼ ✭❬✶✺❪✮✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡♥ t❤❡ ❜♦❞②✲❜❛r ❣r❛♣❤ GBB
H ✐s

❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ H ✐s ❤✐❣❤❧②
(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

■t ✐s ❦♥♦✇♥ t❤❛t t❡st✐♥❣ ❤✐❣❤ k✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ✐s ♣♦❧②♥♦♠✐❛❧ ✭s❡❡ ❋r❛♥❦ ❬✷✽❪✮✳ ■♥

❈❤❛♣t❡r ✷✱ ✇❡ ❛❧s♦ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛♥❞ ❢❛st ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s ♣r♦❜❧❡♠✳



✶✵ ✶✳✷✳ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

✭❛✮ ❆ ❜♦❞②✲❜❛r ❢r❛♠❡✇♦r❦ ✐♥ R3✳

u v

✭❜✮ ■ts ✉♥❞❡r❧②✐♥❣

❣r❛♣❤ H✳

Bu

Cu

✭❝✮ ❚❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GBB
H ♦❢ H✳

❋✐❣✉r❡ ✶✳✸✿ ❇♦❞②✲❜❛r ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s✳

❇♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s

❆ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦ ✐s ❛ str✉❝t✉r❛❧ ♠♦❞❡❧ ❝♦♥s✐st✐♥❣ ♦❢ r✐❣✐❞

❜♦❞✐❡s ❛♥❞ ❤✐♥❣❡s✳ ❊❛❝❤ ❤✐♥❣❡ ✐s ❛ (d − 2)✲❞✐♠❡♥s✐♦♥❛❧ ❛✣♥❡ s✉❜s♣❛❝❡ t❤❛t ❥♦✐♥s s♦♠❡

♣❛✐r ♦❢ ❜♦❞✐❡s✳ ❚❤❡ ❜♦❞✐❡s ❛r❡ ❢r❡❡ t♦ ♠♦✈❡ ❝♦♥t✐♥✉♦✉s❧② ✐♥ Rd s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t

t❤❛t t❤❡ r❡❧❛t✐✈❡ ♠♦t✐♦♥ ♦❢ ❛♥② t✇♦ ❜♦❞✐❡s ❥♦✐♥❡❞ ❜② ❛ ❤✐♥❣❡ ✐s ❛ r♦t❛t✐♦♥ ❛❜♦✉t t❤❡ ❤✐♥❣❡✳

❚❤❡ ❢r❛♠❡✇♦r❦ ✐s r✐❣✐❞ ✐❢ ❡✈❡r② s✉❝❤ ♠♦t✐♦♥ ♣r❡s❡r✈❡s t❤❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ ❛❧❧ ♣❛✐rs ♦❢

♣♦✐♥ts ❜❡❧♦♥❣✐♥❣ t♦ ❞✐✛❡r❡♥t r✐❣✐❞ ❜♦❞✐❡s✱ t❤❛t ✐s✱ t❤❡ ♠♦t✐♦♥ ❡①t❡♥❞s t♦ ❛♥ ✐s♦♠❡tr② ♦❢

Rd✳ ■♥ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ♦❢ t❤❡ ❢r❛♠❡✇♦r❦✱ t❤❡ ♥♦❞❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❜♦❞✐❡s ❛♥❞

t❤❡ ❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤✐♥❣❡s✳ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❜❛r✲❥♦✐♥t ❢r❛♠❡✇♦r❦

❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❜♦❞② ❜② ❛ ❜❛r✲❥♦✐♥t r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❧❡t❡ ❣r❛♣❤ ✐♥

s✉❝❤ ❛ ✇❛② t❤❛t t✇♦ ❜♦❞✐❡s ❥♦✐♥❡❞ ❜② ❛ ❤✐♥❣❡ s❤❛r❡ d − 1 ❥♦✐♥ts✳ ❚❤❡ ❣r❛♣❤ ♦❢ s✉❝❤ ❛

❜❛r✲❥♦✐♥t ❢r❛♠❡✇♦r❦ ✐s ❛ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ❣r❛♣❤ H = (V,EH)✱

t❤❡ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② H✱ ❞❡♥♦t❡❞ ❜② GBH
H ✱ ✐s ♦❜t❛✐♥❡❞

❢r♦♠ H ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♥♦❞❡ v ∈ V ❜② ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ B(v) ✭t❤❡ ❜♦❞② ♦❢ v✮ ♦♥

(d− 1)dH(v) + d+ 1 ♥♦❞❡s✱ ✐♥ ✇❤✐❝❤ d+ 1 ♥♦❞❡s ✐♥❞✉❝✐♥❣ ❛ Kd+1 ❢♦r♠ t❤❡ ❝♦r❡ C(v) ♦❢

t❤❡ ❜♦❞② ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦❞❡s ❛r❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ s❡ts ♦❢ d − 1 ♥♦❞❡s s♦ t❤❛t ❡❛❝❤

s❡t ✐s ❛ss✐❣♥❡❞ t♦ ♦♥❡ ❡❞❣❡ ✐♥❝✐❞❡♥t ✇✐t❤ v✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = uv ♦❢ H✱ t❤❡ ❜♦❞✐❡s B(u)



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✶✶

❛♥❞ B(v) s❤❛r❡ t❤❡ d − 1 ♥♦❞❡s ❛ss✐❣♥❡❞ t♦ e ✐♥ t❤❡s❡ ❜♦❞✐❡s✳ ❚❤✐s s❡t ♦❢ d − 1 ♥♦❞❡s

❛ss✐❣♥❡❞ t♦ e✱ ❞❡♥♦t❡❞ ❜② H(e)✱ ✐s ❛ ❤✐♥❣❡ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦❞✐❡s✳ ❚❤❡ ❝♦r❡s

♦❢ t❤❡ ❜♦❞✐❡s ❛r❡ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳ ✭❙❡❡ ❋✐❣✉r❡ ✶✳✹✳✮

✭❛✮ ❆ ❜♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦

✐♥ R3✳

u

e

v

✭❜✮ ■ts ✉♥❞❡r❧②✐♥❣

❣r❛♣❤ H✳

Cu

He

Bu

✭❝✮ ❚❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GBH
H ♦❢ H✳

❋✐❣✉r❡ ✶✳✹✿ ❇♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s✳

❇♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ✭❛♥❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✮ ❛r❡ ❡①t❡♥s✐✈❡❧② st✉❞✐❡❞ ♦❜❥❡❝ts ✐♥

r✐❣✐❞✐t② t❤❡♦r② ✇✐t❤ ✈❛r✐♦✉s ❛♣♣❧✐❝❛t✐♦♥s✳ ❆♠♦♥❣ ♦t❤❡rs✱ t❤❡② ❝❛♥ ❜❡ ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡

t❤❡ ✢❡①✐❜✐❧✐t② ♦❢ ♠♦❧❡❝✉❧❡s✱ ❞✉❡ t♦ t❤❡ ❢❛❝t t❤❛t ♠♦❧❡❝✉❧❛r ❝♦♥❢♦r♠❛t✐♦♥s ❝❛♥ ❜❡ ♠♦❞❡❧❡❞

❜② ❜♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ✇✐t❤ ❝❡rt❛✐♥ ❛❞❞✐t✐♦♥❛❧ ❣❡♦♠❡tr✐❝ ❝♦♥str❛✐♥ts✱ s❡❡ ❬✻✼✱ ✶✵✽❪✳

❚❛② ❬✶✵✶✱ ✶✵✸❪ ❛♥❞ ❲❤✐t❡❧❡② ❬✶✵✼❪ ❝❤❛r❛❝t❡r✐③❡❞ r✐❣✐❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ✐♥

t❡r♠s ♦❢ t❤❡✐r ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤s✳

❚❤❡♦r❡♠ ✶✳✷✳✽ ✭❬✶✵✶✱ ✶✵✸❪✱ ❬✶✵✼❪✮✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡♥ t❤❡ ❜♦❞②✲❤✐♥❣❡

❣r❛♣❤ GBH
H ✐s r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢

((
d+1
2

)
− 1

)
H ✐s

(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❈♦♥♥❡❧❧②✱ ❏♦r❞á♥ ❛♥❞ ❲❤✐t❡❧❡② ❬✶✺❪ ❝♦♥❥❡❝t✉r❡❞ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❣❧♦❜❛❧

r✐❣✐❞✐t② ♦❢ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳ ❲❡ ❣✐✈❡ ❛♥ ❛✣r♠❛t✐✈❡ ❛♥s✇❡r t♦ t❤❡✐r ❝♦♥❥❡❝t✉r❡ ✐♥ ❈❤❛♣t❡r

✼✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥❥❡❝t✉r❡❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ ♥❡❝❡ss❛r②✳



✶✷ ✶✳✷✳ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

❙q✉❛r❡ ❣r❛♣❤s

■♥ ❛ ♠♦❧❡❝✉❧❡✱ ♥♦t ♦♥❧② t❤❡ ❞✐st❛♥❝❡s ❜❡t✇❡❡♥ t❤❡ ❛t♦♠s ❝♦♥♥❡❝t❡❞ ❜② ❝❤❡♠✐❝❛❧ ❜♦✉♥❞s

❛r❡ ❞❡t❡r♠✐♥❡❞✱ ❜✉t ❛❧s♦ t❤❡ ❛♥❣❧❡ ❜❡t✇❡❡♥ t❤❡ ❝❤❡♠✐❝❛❧ ❜♦✉♥❞s✳ ❲❡ ❝❛♥ ❛❞❞ t❤✐s ❝♦♥✲

❞✐t✐♦♥ t♦ ♦✉r ❣r❛♣❤ ❜② t❛❦✐♥❣ ✐ts sq✉❛r❡✱ t❤❛t ✐s✱ ❛ ♠♦❧❡❝✉❧❡ r❡♣r❡s❡♥t❡❞ ❜② ❛ ❣r❛♣❤ G

✭✐♥ ✇❤✐❝❤ t❤❡ ♥♦❞❡s r❡♣r❡s❡♥t t❤❡ ❛t♦♠s ❛♥❞ t❤❡ ❡❞❣❡s r❡♣r❡s❡♥t t❤❡ ❝❤❡♠✐❝❛❧ ❜♦✉♥❞s✮

✐s ✭❣❡♥❡r✐❝❛❧❧②✮ r✐❣✐❞ ✭♦r ❣❧♦❜❛❧❧② r✐❣✐❞✱ r❡s♣❡❝t✐✈❡❧②✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts sq✉❛r❡ G2 ✐s r✐❣✐❞

✭♦r ❣❧♦❜❛❧❧② r✐❣✐❞✱ r❡s♣❡❝t✐✈❡❧②✮✳ ❙q✉❛r❡ ❣r❛♣❤s ❛r❡ s✐♠✐❧❛r t♦ ✸✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❤✐♥❣❡

❣r❛♣❤s ✇✐t❤ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ G ❜✉t t❤❡ ❤✐♥❣❡s ✐♥❝✐❞❡♥t ❛ ❜♦❞② ❣♦ t❤r♦✉❣❤ t❤❡ s❛♠❡

♣♦✐♥t✳ ❍♦✇❡✈❡r✱ t❤❡ r✐❣✐❞✐t② ♦❢ G2 ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ s✐♠✐❧❛r ❛s t❤❡ r✐❣✐❞✐t② ♦❢ t❤❡

❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ♦❢ G✳ ❚❤✐s ✇❛s ❝♦♥❥❡❝t✉r❡❞ ❜② ❲❤✐t❡❧❡② ❬✶✶✵❪ ❛♥❞ ✇❛s ♣r♦✈❡♥ r❡❝❡♥t❧②

❜② ❑❛t♦❤ ❛♥❞ ❚❛♥✐❣❛✇❛ ❬✻✼❪✳

❚❤❡♦r❡♠ ✶✳✷✳✾ ✭❬✻✼❪✮✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ✇✐t❤ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ 2✳ ❚❤❡♥ G2 ✐s r✐❣✐❞ ✐♥ R3

✐❢ ❛♥❞ ♦♥❧② ✐❢ 5G ✐s 6✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❈♦♥♥❡❧❧②✱ ❏♦r❞á♥ ❛♥❞ ❲❤✐t❡❧❡② ❬✶✺❪ ❝♦♥❥❡❝t✉r❡❞ t❤❛t G2 ✐s ❣❧♦❜❛❧❧② ✐❢ 5G ✐s ❤✐❣❤❧②

6✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ G ❤❛s ♥♦ ❝②❝❧❡s ♦❢ ❧❡♥❣t❤ ≤ 5✳ ❍♦✇❡✈❡r✱ ✇❡ ❝❛♥ ❞✐s♣r♦✈❡ t❤✐s

❝♦♥❥❡❝t✉r❡ ❡❛s✐❧② ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✹✳ ■❢ 5G ✐s ❤✐❣❤❧② 6✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ G ❤❛s ♥♦

❝②❝❧❡s ♦❢ ❧❡♥❣t❤ ≤ 5 ❛♥❞ v ✐s ❛ ♥♦❞❡ ✐♥ G ♦❢ ❞❡❣r❡❡ 2✱ t❤❡♥ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤❡ ❝♦♥❥❡❝t✉r❡

r❡♠❛✐♥ ✈❛❧✐❞ ❢♦r t❤❡ ❣r❛♣❤ G′ t❤❛t ✇❡ ❣❡t ❜② ❣❧✉✐♥❣ t✇♦ ❝♦♣✐❡s ♦❢ G ❛t v ❜✉t G′2 ✐s ♥♦t

4✲❝♦♥♥❡❝t❡❞ ✭s❡❡ ❋✐❣✉r❡ ✶✳✺✮✳

u

v
w

❋✐❣✉r❡ ✶✳✺✿ ❆ ❝♦✉♥t❡r❡①❛♠♣❧❡ ❢♦r t❤❡ ❝♦♥❥❡❝t✉r❡ ♦❢ ❬✶✺❪ ♦♥ t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ sq✉❛r❡

❣r❛♣❤s✳ ❚❤❡ sq✉❛r❡ ❣r❛♣❤ ♦❢ t❤❡ ❜♦❧❞ ❣r❛♣❤ G ✐s ♥♦t ❝♦♥♥❡❝t❡❞ ❛❢t❡r r❡♠♦✈✐♥❣ u, v ❛♥❞

w✱ ❜✉t 5G ✐s ❤✐❣❤❧② 6✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❇♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s ❛♥❞ ❣r❛♣❤s

❆ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦ ✐s ❝♦♥s✐st✐♥❣ ♦❢ r✐❣✐❞ ❜♦❞✐❡s ❝♦♥✲

♥❡❝t❡❞ ❜② ❜❛rs ❛♥❞ ❤✐♥❣❡s✳ ❚❤❡ ♠♦t✐♦♥s ♦❢ s✉❝❤ ❛ ❢r❛♠❡✇♦r❦ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛♥❛❧♦❣♦✉s❧②



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✶✸

t♦ ❜♦❞②✲❜❛r ❛♥❞ ❜♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s✳ ◆♦✇ t❤❡ ❡❞❣❡ s❡t ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤

H = (V ;EB, EH) ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ s❡ts EB ❛♥❞ EH s♦ t❤❛t t❤❡ ♥♦❞❡s ❝♦rr❡s♣♦♥❞

t♦ t❤❡ ❜♦❞✐❡s ❛♥❞ t❤❡ ❡❞❣❡s ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ❤✐♥❣❡s✳ ✭■♥ ✇❤❛t ❢♦❧❧♦✇s✱ ✇❡ s❤❛❧❧ ❝❛❧❧ ❛

♣❛rt✐t✐♦♥ ♦❢ t❤❡ ❡❞❣❡ s❡t ♦❢ ❛ ❣r❛♣❤ ✐♥t♦ k ❝❧❛ss❡s ❛ k✲❧❛❜❡❧✐♥❣ ❛♥❞ s❛② t❤❛t t❤❡ ❣r❛♣❤

✐s k✲❡❞❣❡✲❧❛❜❡❧❡❞✳ ❚❤✉s H ✐s 2✲❡❞❣❡✲❧❛❜❡❧❡❞✳✮ ❲❡ ❝❛♥ ♦❜t❛✐♥ ❛♥ ❡q✉✐✈❛❧❡♥t ❜❛r✲❥♦✐♥t

❢r❛♠❡✇♦r❦ ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ❜♦❞② ❜② ❛ ❜❛r✲❥♦✐♥t r❡❛❧✐③❛t✐♦♥ ♦❢ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❧❡t❡

❣r❛♣❤✱ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ✐❞❡❛s ♦❢ ❜♦❞②✲❜❛r ❛♥❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❢♦r ❛ ✷✲

❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ H = (V ;EB, EH)✱ t❤❡ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤

✐♥❞✉❝❡❞ ❜② H✱ ❞❡♥♦t❡❞ ❜② GBBH
H ✱ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♥♦❞❡ v ∈ V ❜② ❛

❝♦♠♣❧❡t❡ ❣r❛♣❤ B(v) ✭t❤❡ ❜♦❞② ♦❢ v✮ ♦♥ dEB
(v)+(d−1)dEH

(v)+d+1 ♥♦❞❡s✱ ✐♥ ✇❤✐❝❤ d+1

♥♦❞❡s ✐♥❞✉❝✐♥❣ ❛ Kd+1 ❢♦r♠ t❤❡ ❝♦r❡ C(v) ♦❢ t❤❡ ❜♦❞②✱ dEB
(v) ♥♦❞❡s ❛r❡ t❤❡ ❡♥❞♣♦✐♥ts

♦❢ t❤❡ ❜❛rs ✐♥❝✐❞❡♥t t♦ t❤❛t ❜♦❞② ❛♥❞ ❛r❡ ❞❡♥♦t❡❞ ❜② R(v)✱ ❛♥❞ t❤❡ r❡♠❛✐♥✐♥❣ ♥♦❞❡s ❛r❡

♣❛rt✐t✐♦♥❡❞ ✐♥t♦ s❡ts ♦❢ d − 1 ♥♦❞❡s s♦ t❤❛t ❡❛❝❤ s❡t ✐s ❛ss✐❣♥❡❞ t♦ ♦♥❡ EH✲❡❞❣❡ ✐♥❝✐❞❡♥t

t♦ v✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = uv ∈ EB✱ ✇❡ ❛❞❞ ❛♥ ❡❞❣❡ t♦ GBBH
H ❜❡t✇❡❡♥ R(u) ❛♥❞ R(v) s✉❝❤

t❤❛t t❤❡s❡ ❡❞❣❡s ❢♦r♠ ❛ ✭♣❡r❢❡❝t✮ ♠❛t❝❤✐♥❣ ♦♥
⋃

v∈V R(v)✳ ❋♦r ❡❛❝❤ ❡❞❣❡ e = uv ∈ EH ✱

t❤❡ ❜♦❞✐❡s B(u) ❛♥❞ B(v) s❤❛r❡ t❤❡ d− 1 ♥♦❞❡s ❛ss✐❣♥❡❞ t♦ e ✐♥ t❤❡s❡ ❜♦❞✐❡s✳ ❚❤✐s s❡t ♦❢

d−1 ♥♦❞❡s ❛ss✐❣♥❡❞ t♦ e✱ ❞❡♥♦t❡❞ ❜② H(e)✱ ✐s ❛ ❤✐♥❣❡ ❜❡t✇❡❡♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❜♦❞✐❡s✳

❚❤❡ s❡ts C(v), R(v) (v ∈ V ) ❛♥❞ H(e) (e ∈ EH) ❛r❡ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t✳

❏❛❝❦s♦♥ ❛♥❞ ❏♦r❞á♥ ❬✺✺❪ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ r✐❣✐❞✐t② ♦❢ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s✱

❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✶✳✷✳✶✵ ✭❬✺✺❪✮✳ ▲❡t H = (V ;EB, EH) ❜❡ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤✳ ❚❤❡ ❜♦❞②✲❜❛r✲

❛♥❞✲❤✐♥❣❡ ❣r❛♣❤ GBBH
H ♦❢ H ✐s r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ H ′ =

(
V,EB ∪

((
d+1
2

)
− 1

)
EH

)

✐s
(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❲❡ ✇✐❧❧ ❝❤❛r❛❝t❡r✐③❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✐♥ ❈❤❛♣t❡r ✼✳

✶✳✷✳✷ ◆♦❞❡✲ ❛♥❞ ❡❞❣❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❣r❛♣❤s

■❢ ♦♥❡ ✇❛♥ts t♦ ❝♦♥s✐❞❡r ♥♦t ♦♥❧② r✐❣✐❞ ❜✉t s♦♠❡❤♦✇ s❛❢❡ ❢r❛♠❡✇♦r❦s✱ ✐t ✐s ♦❜✈✐♦✉s t♦

❞❡✜♥❡ s♦♠❡ ♥♦t✐♦♥s s✐♠✐❧❛r t♦ k✲❝♦♥♥❡❝t✐✈✐t② ❛♥❞ k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✳ ❆ ❣r❛♣❤G = (V,E)

✐s ❝❛❧❧❡❞ k✲r✐❣✐❞ ✐♥ Rd✱ ♦r s✐♠♣❧② [k, d]✲r✐❣✐❞✱ ✐❢ |V | ≥ k + 1 ❛♥❞✱ ❢♦r ❛♥② U ⊆ V ✇✐t❤

|U | ≤ k − 1✱ t❤❡ ❣r❛♣❤ G − U ✐s r✐❣✐❞ ✐♥ Rd✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ❣r❛♣❤s t❤❛t

❛r❡ r✐❣✐❞ ✐♥ Rd [1, d]✲r✐❣✐❞✳ ❆ ❣r❛♣❤ G = (V,E) ✐s ❝❛❧❧❡❞ k✲❡❞❣❡✲r✐❣✐❞ ✐♥ Rd✱ ♦r s✐♠♣❧②

[k, d]✲❡❞❣❡✲r✐❣✐❞✱ ✐❢ |V | ≥ k + 1 ❛♥❞✱ ❢♦r ❛♥② F ⊆ E ✇✐t❤ |F | ≤ k − 1✱ t❤❡ ❣r❛♣❤

G − F ✐s r✐❣✐❞ ✐♥ Rd✳ ■♥ t❤✐s ❝♦♥t❡①t✱ ✇❡ ✇✐❧❧ ❝❛❧❧ ❣r❛♣❤s t❤❛t ❛r❡ r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✐♥

Rd [2, d]✲❡❞❣❡✲r✐❣✐❞✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❛♥❞ ❣❧♦❜❛❧❧②

[k, d]✲❡❞❣❡✲r✐❣✐❞ ❣r❛♣❤s ❜② s✉❜st✐t✉t✐♥❣ ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥st❡❛❞ ♦❢ r✐❣✐❞ ✐♥ t❤❡ ❞❡✜♥✐t✐♦♥s✳

❊✈❡r② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ✐s [ℓ, d]✲r✐❣✐❞ ❜② ❞❡✜♥✐t✐♦♥ ❢♦r 1 ≤ l ≤ k✳ ❲❡ r❡♠❛r❦ t❤❛t ❛♥♦t❤❡r

❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ♦❢ [k, d]✲r✐❣✐❞✐t② ✐s ❛❧s♦ ✉s❡❞✳ ❇② t❤✐s ❡q✉✐✈❛❧❡♥t ❞❡✜♥✐t✐♦♥ ❛ ❣r❛♣❤



✶✹ ✶✳✷✳ ❘✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ❛♥❞ ❢r❛♠❡✇♦r❦s

✐s [k, d]✲r✐❣✐❞ ✐❢ |V | ≥ k + 1 ❛♥❞ t❤❡ ❞❡❧❡t✐♦♥ ♦❢ ❛♥② s❡t ♦❢ k − 1 ♥♦❞❡s r❡s✉❧ts ✐♥ ❛ ❣r❛♣❤

t❤❛t ✐s r✐❣✐❞ ✐♥ Rd✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ❬✶✶✶❪ s❤♦✇s t❤❡ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡s❡ t✇♦

❞❡✜♥✐t✐♦♥s✳

▲❡♠♠❛ ✶✳✷✳✶✶ ✭❬✶✶✶❪✮✳ ❆ ❣r❛♣❤ G = (V,E)✱ ✇✐t❤ |V | ≥ k + 1✱ ✐s [k, d]✲r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧②

✐❢ t❤❡ ❞❡❧❡t✐♦♥ ♦❢ ❛♥② s❡t ♦❢ k − 1 ♥♦❞❡s r❡s✉❧ts ✐♥ ❛ ❣r❛♣❤ t❤❛t ✐s r✐❣✐❞ ✐♥ Rd✳

❖♥❡ ❝❛♥ ♦❜s❡r✈❡ ❛ s✐♠✐❧❛r st❛t❡♠❡♥t ❢♦r [k, d]✲❡❞❣❡✲r✐❣✐❞✐t②✱ ❣❧♦❜❛❧ [k, d]✲r✐❣✐❞✐t② ❛♥❞

❣❧♦❜❛❧ [k, d]✲❡❞❣❡✲r✐❣✐❞✐t②✳ ■♥ t❤✐s t❤❡s✐s✱ ❜♦t❤ ❞❡✜♥✐t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞✳

G ✐s ❝❛❧❧❡❞ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ✐❢ ✐t ✐s [k, d]✲r✐❣✐❞ ❜✉t G − e ❢❛✐❧s t♦ ❜❡ [k, d]✲r✐❣✐❞

❢♦r ❡✈❡r② e ∈ E✳ G ✐s s❛✐❞ t♦ ❜❡ str♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ✐❢ ✐t ✐s ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞ ❛♥❞ t❤❡r❡ ✐s ♥♦ ✭♠✐♥✐♠❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤ ♦♥ t❤❡ s❛♠❡ ♥♦❞❡ s❡t ✇✐t❤ ❧❡ss

❡❞❣❡s✳ ■❢ G ✐s ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❜✉t ♥♦t str♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞✱ t❤❡♥ ✐t ✐s ❝❛❧❧❡❞

✇❡❛❦❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞✳ ❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❞❡✜♥❡ ✇❡❛❦❧②✴str♦♥❣❧② ♠✐♥✐♠❛❧❧②

❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✱ ❛♥❞ s♦ ♦♥✳

❚❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ [k, d]✲r✐❣✐❞ ❣r❛♣❤s ✇❛s ❝♦♠♠❡♥❝❡❞ ✐♥ t❤❡ ♣❧❛♥❡ ❜② ❇✳ ❙❡r✈❛t✐✉s

❬✾✹❪ ❛♥❞ ✇❛s ❝♦♥t✐♥✉❡❞ r❡❝❡♥t❧② ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ❛♥❞ ❛❧s♦ ❢♦r ❣❧♦❜❛❧ [k, d]✲r✐❣✐❞✐t② ❜②

❆♥❞❡rs♦♥✱ ▼♦♥t❡✈❛❧❧✐❛♥✱ ❙✉♠♠❡rs ❛♥❞ ❨✉ ❬✽✵✱ ✽✶✱ ✽✷✱ ✾✻✱ ✾✼❪ ♠♦t✐✈❛t❡❞ ❜② ♠✉❧t✐✲❛❣❡♥t

❢♦r♠❛t✐♦♥s ❛♥❞ s❡♥s♦r ♥❡t✇♦r❦s✳ ■♥ ❈❤❛♣t❡r ✻✱ ✇❡ ❝♦♥t✐♥✉❡ t❤✐s ✇♦r❦ ❜② ♣r♦✈✐♥❣ ✉♣♣❡r

❛♥❞ ❧♦✇❡r ❜♦✉♥❞s ♦♥ t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

❆ r❡❝❡♥t r❡s✉❧t ♦❢ ❚❛♥✐❣❛✇❛ ❬✾✾❪ s❤♦✇s ❛♥ ✐♥t❡r❡st✐♥❣ ♣r♦♣❡rt② ♦❢ [2, d]✲r✐❣✐❞ ❣r❛♣❤s

❛♥❞ ❣✐✈❡s ❛ ✉s❡❢✉❧ t♦♦❧ t♦ ✐♥✈❡st✐❣❛t❡ ❣❧♦❜❛❧ r✐❣✐❞✐t②✳

❚❤❡♦r❡♠ ✶✳✷✳✶✷ ✭❬✾✾❪✮✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t x ∈ V ✳ ❙✉♣♣♦s❡ t❤❛t G − x

✐s r✐❣✐❞ ✐♥ Rd ❛♥❞ G− x +K(NG(x)) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳ ❚❤❡♥ G ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥

Rd✳

❚❤❡♦r❡♠ ✶✳✷✳✶✸ ✭❬✾✾❪✮✳ ■❢ G ✐s ✷✲r✐❣✐❞ ✐♥ Rd✱ t❤❡♥ ✐t ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❝♦♥✈❡rs❡ ❞✐r❡❝t✐♦♥ ✐s ♥♦t tr✉❡✱ ❛s t❤❡ ✇❤❡❡❧ ❣r❛♣❤ Cn ∗ v ✭t❤❛t ✐s✱

t❤❡ ❝♦♥❡ ❣r❛♣❤ ♦❢ ❛ ❝②❝❧❡✮ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ R2 ❜✉t Cn ✐s ♥♦t r✐❣✐❞ ❢♦r ❛♥② n ≥ 4 ✐♥ R2✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ♦❜s❡r✈❛t✐♦♥ ❢♦❧❧♦✇s ✐♥❞✉❝t✐✈❡❧② ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✶✸✳

❈♦r♦❧❧❛r② ✶✳✷✳✶✹✳ ■❢ G ✐s k✲r✐❣✐❞ ✐♥ Rd t❤❡♥ ✐t ✐s ❣❧♦❜❛❧❧② (k − 1)✲r✐❣✐❞ ✐♥ Rd✳

✶✳✷✳✸ ■♥❞✉❝t✐✈❡ t❡❝❤♥✐q✉❡s ♦♥ r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s

❈♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥s ❛r❡ ✉s❡❢✉❧ t♦♦❧s ✐♥ ❝♦♠❜✐♥❛t♦r✐❛❧ r✐❣✐❞✐t②✳ ❊✈❡♥ t❤♦✉❣❤

✇❡ ❞♦ ♥♦t ❤❛✈❡ ❛ ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ❛❧❧ ♦❢ t❤❡ ❝❧❛ss❡s ♦❢ r✐❣✐❞ ❛♥❞

❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✐t ❝❛♥ ❜❡ ✈❡r② ✉s❡❢✉❧ t♦ ✜♥❞ ♦♣❡r❛t✐♦♥s t❤❛t ♣r❡s❡r✈❡ r✐❣✐❞✐t②✳ ■♥ t❤✐s

s❡❝t✐♦♥ ✇❡ ♠❡♥t✐♦♥ s♦♠❡ ♦❢ t❤❡s❡ ♦♣❡r❛t✐♦♥s✳



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✶✺

❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❍❡♥♥❡❜❡r❣✲✵ ❡①t❡♥s✐♦♥✱ ♦r s✐♠♣❧② ✵✲❡①t❡♥s✐♦♥✱ ♦♥ G ❛❞❞s

❛ ♥❡✇ ♥♦❞❡ ❛♥❞ ❝♦♥♥❡❝ts ✐t t♦ d ❞✐st✐♥❝t ♥♦❞❡s ♦❢ G✳ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ❍❡♥♥❡❜❡r❣✲

✶✲❡①t❡♥s✐♦♥✱ ♦r s✐♠♣❧② ✶✲❡①t❡♥s✐♦♥✱ ❞❡❧❡t❡s ❛♥ ❡❞❣❡ uw ∈ E✱ ❛❞❞s ❛ ♥❡✇ ♥♦❞❡ v ❛♥❞

❝♦♥♥❡❝ts ✐t t♦ u, v ❛♥❞ d−1 ♦t❤❡r ♥♦❞❡s ♦❢ G✳ ❚❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ✵✲❡①t❡♥s✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞

d✲✈❛❧❡♥t ♥♦❞❡ ❛❞❞✐t✐♦♥ ❛♥❞ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧ ✶✲❡①t❡♥s✐♦♥ ✐s ❛❧s♦ ❝❛❧❧❡❞ d + 1✲✈❛❧❡♥t

❡❞❣❡ s♣❧✐t✳

❚❤❡♦r❡♠ ✶✳✷✳✶✺ ✭❬✶✵✹❪✮✳ ■❢ G ✐s r✐❣✐❞ ✐♥ Rd ❛♥❞ G′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛ d✲❞✐♠❡♥s✐♦♥❛❧

✵✲❡①t❡♥s✐♦♥ ♦r ✶✲❡①t❡♥s✐♦♥✱ t❤❡♥ G′ ✐s r✐❣✐❞ ✐♥ Rd✳

❆s ❛ ✵✲❡①t❡♥s✐♦♥ ❛❞❞s ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ d t♦ t❤❡ ❣r❛♣❤✱ ✐t ❞♦❡s ♥♦t ♣r❡s❡r✈❡ ❣❧♦❜❛❧

r✐❣✐❞✐t②✳ ❍♦✇❡✈❡r✱ ❈♦♥♥❡❧❧② ❬✶✸❪ ♦❜s❡r✈❡❞ t❤❛t ✶✲❡①t❡♥s✐♦♥ ♣r❡s❡r✈❡s ❣❧♦❜❛❧ r✐❣✐❞✐t②✳

❚❤❡♦r❡♠ ✶✳✷✳✶✻ ✭❬✶✸❪✮✳ ■❢ G = (V,E) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✇✐t❤ |V | ≥ d+ 2 ❛♥❞ G′ ✐s

♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ✶✲❡①t❡♥s✐♦♥✱ t❤❡♥ G′ ✐s r✐❣✐❞ ✐♥ Rd✳

■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❛ ❣r❛♣❤ ✐s ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❣r❛♣❤ ✐♥ R2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❝❛♥

❜❡ ❜✉✐❧t ✉♣ ❢r♦♠ ❛♥ ❡❞❣❡ ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ✵✲ ❛♥❞ ✶✲❡①t❡♥s✐♦♥s✳ ❚❤❡r❡ ✐s ♥♦ s✐♠✐✲

❧❛r ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ r❡s✉❧t ❢♦r ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

❙t✐❧❧✱ t❤❡r❡ ❛r❡ s♦♠❡ ♦♣❡r❛t✐♦♥s t❤❛t ❛r❡ ❦♥♦✇♥ t♦ ♣r❡s❡r✈❡ r✐❣✐❞✐t② ✐♥ ❤✐❣❤❡r ❞✐♠❡♥✲

s✐♦♥s✳ ❆♥ ❡①❛♠♣❧❡ ❢♦r s✉❝❤ ❛♥ ♦♣❡r❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t ✇❡ ❝❛❧❧ ❛ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮

s✐♠♣❧❡①✲❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t✳ ▲❡t d ≥ 2 ❛♥❞ ❧❡t a, b, w1, . . . , wd−2 ❜❡ ❛ ❝♦♠♣❧❡t❡

s✉❜❣r❛♣❤ ♦❢ G ❛♥❞ cd ∈ E ❛♥ ❡❞❣❡ ✇❤✐❝❤ ✐s ♥♦❞❡✲❞✐s❥♦✐♥t ❢r♦♠ t❤❡ s✐♠♣❧❡①✳ ❚❤❡ d✲

❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡①✲❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t ❞❡❧❡t❡s ab, cd✱ ❛❞❞s ❛ ♥❡✇ ♥♦❞❡ v ❛♥❞ ❝♦♥♥❡❝ts

✐t t♦ a, b, c, d, w1, . . . , wd−2✳ ❆ 3✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡①✲❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t ✐s ❛❧s♦ ❝❛❧❧❡❞ ❛

tr✐❛♥❣❧❡✲❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ♣r❡✲

s❡r✈❡s r✐❣✐❞✐t② ✭❢♦r ❛ ♣r♦♦❢ s❡❡ ❬✻✺❪✮✳

▲❡♠♠❛ ✶✳✷✳✶✼✳ ▲❡t G ❜❡ r✐❣✐❞ ✐♥ Rd ❛♥❞ ❧❡t G′ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ d✲❞✐♠❡♥s✐♦♥❛❧ s✐♠♣❧❡①✲

❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t ❛♣♣❧✐❡❞ t♦ G✳ ❚❤❡♥ G′ ✐s r✐❣✐❞ ✐♥ Rd✳

❲❡ s❤❛❧❧ ❛❧s♦ ♠❡♥t✐♦♥ t❤❡ ✇❡❧❧✲❦♥♦✇♥ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤✱ ❧❡t

v1 ∈ V ✱ ❧❡t v1v2, ..., v1vd ❜❡ d−1 ❞❡s✐❣♥❛t❡❞ ❡❞❣❡s ✐♥❝✐❞❡♥t ✇✐t❤ v1✱ ❛♥❞ ❧❡t v1vd+1, ..., v1vd+k1

❛♥❞ v1vd+k1+1, ..., v1vd+k1+k2 ❜❡ ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ t❤❡ r❡♠❛✐♥✐♥❣ ❡❞❣❡s ✐♥❝✐❞❡♥t ✇✐t❤ v1✳ ❚❤❡

✭d✲❞✐♠❡♥s✐♦♥❛❧✮ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥ ❛t v1 r❡♠♦✈❡s t❤❡ ❡❞❣❡s v1vd+1, ..., v1vd+k1 ✱

❛❞❞s ❛ ♥❡✇ ♥♦❞❡ v0✱ ❛♥❞ ❛❞❞s t❤❡ ♥❡✇ ❡❞❣❡s v0v1, v0v2, ..., v0vd, v0vd+1, ..., v0vd+k1 ✳ ❲❤✐t❡✲

❧❡② ❬❄❪ ♣r♦✈❡❞ t❤❛t t❤✐s ♦♣❡r❛t✐♦♥ ♣r❡s❡r✈❡s t❤❡ r✐❣✐❞✐t② ♦❢ ❣r❛♣❤s ✐♥ Rd✳

❚❤❡♦r❡♠ ✶✳✷✳✶✽ ✭❬❄❪✮✳ ▲❡t G ❜❡ ❛ r✐❣✐❞ ❣r❛♣❤ ✐♥ Rd ❛♥❞ ❧❡t G′ ❜❡ t❤❡ r❡s✉❧t ♦❢ ❛ d✲

❞✐♠❡♥s✐♦♥❛❧ ♥♦❞❡ s♣✐tt✐♥❣ ❛♣♣❧✐❡❞ t♦ G✳ ❚❤❡♥ G′ ✐s r✐❣✐❞ ✐♥ Rd✳



✶✻ ✶✳✸✳ ❙♣❛rs❡ ❣r❛♣❤s

❚❤❡ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥ ✐s ♥♦♥✲tr✐✈✐❛❧ ✐❢ k1 ≥ 1 ❛♥❞ k2 ≥ 1 ❤♦❧❞✳ ❚❤❡ ♥❡✇ ❡❞❣❡

v0v1 ✐s ❝❛❧❧❡❞ t❤❡ ❜r✐❞❣✐♥❣ ❡❞❣❡ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ✐s ❞✉❡ t♦

❈♦♥♥❡❧❧② ❬✶✹✱ ❙❡❝t✐♦♥ ✶✶❪✳

❚❤❡♦r❡♠ ✶✳✷✳✶✾ ✭❬✶✹❪✮✳ ▲❡t G ❜❡ ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ❛♥❞ ❧❡t G′ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜②

❛ ♥♦♥✲tr✐✈✐❛❧ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥✳ ■❢ t❤❡ ❜r✐❞❣✐♥❣ ❡❞❣❡ e ✐s r❡❞✉♥❞❛♥t ✭✐✳❡✳ G′ − e ✐s

r✐❣✐❞ ✐♥ Rd✮ t❤❡♥ G′ ✐s ❛❧s♦ ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳

❲❡ s❤❛❧❧ ❛❧s♦ ✉s❡ ❛♥♦t❤❡r t②♣❡ ♦❢ ♦♣❡r❛t✐♦♥ t❤❛t ♥♦t ♦♥❧② ♣r❡s❡r✈❡s t❤❡ r✐❣✐❞✐t② ♦r

❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❛ ❣r❛♣❤ ❜✉t ❛✉❣♠❡♥ts ✐t ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ✐s t❤❡

❝♦♥✐♥❣✳ ❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❝♦♥❡ ❣r❛♣❤ G ∗ v ♦❢ G ❛r✐s❡s ❢r♦♠ G ❜② ❛❞❞✐♥❣ ❛ ♥❡✇ ♥♦❞❡ v

❛♥❞ ❡❞❣❡s vu ❢♦r ❡✈❡r② u ∈ V ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ r❡s✉❧ts ♦❢ ❲❤✐t❡❧❡② ❬✶✵✻❪✱ ❛♥❞ ❈♦♥♥❡❧❧②

❛♥❞ ❲❤✐t❡❧❡② ❬✶✼❪ s❤♦✇s ❤♦✇ ❝♦♥✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧②

r✐❣✐❞ ❣r❛♣❤s✳

❚❤❡♦r❡♠ ✶✳✷✳✷✵ ✭❬✶✵✻❪✮✳ ❆ ❣r❛♣❤ G ✐s r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦♥❡ ❣r❛♣❤ G ∗ v ✐s

r✐❣✐❞ ✐♥ Rd+1✳

❚❤❡♦r❡♠ ✶✳✷✳✷✶ ✭❬✶✼❪✮✳ ❆ ❣r❛♣❤ G ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❝♦♥❡ ❣r❛♣❤

G ∗ v ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd+1✳

✶✳✸ ❙♣❛rs❡ ❣r❛♣❤s

❆ ❣r❛♣❤ G = (V,E) ✐s ❝❛❧❧❡❞ (k, ℓ)✲s♣❛rs❡ ✐❢ iG(X) ≤ k|X| − ℓ ❢♦r ❛❧❧ X ⊆ V ✇✐t❤

|X| ≥ 2✱ ✇❤❡r❡ k ❛♥❞ ℓ ❛r❡ ✐♥t❡❣❡rs ✇✐t❤ k > 0 ❛♥❞ ℓ < 2k✳ ❆ (k, ℓ)✲s♣❛rs❡ ❣r❛♣❤ ✐s

❝❛❧❧❡❞ (k, ℓ)✲t✐❣❤t ✐❢ |E| = k|V | − ℓ✳ ❆ ✇❡❧❧✲❦♥♦✇♥ ❝❧❛ss ♦❢ (k, ℓ)✲s♣❛rs❡ ❣r❛♣❤s ❛r❡ t❤❡

(k, k)✲s♣❛rs❡ ❣r❛♣❤s t❤❛t ❛r❡ ❡①❛❝t❧② t❤❡ ❣r❛♣❤s t❤❛t ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ k ❢♦r❡sts ❜②

t❤❡ ❢❛♠♦✉s r❡s✉❧t ♦❢ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✺❪✳ ❚❤✉s (k, k)✲t✐❣❤t ❣r❛♣❤s ❛r❡ t❤❡ ♠✐♥✐♠❛❧ k✲tr❡❡✲

❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳ ❙♣❛rs✐t② ♣r♦♣❡rt✐❡s ❛r❡ ❛❧s♦ ✐♠♣♦rt❛♥t ✐♥ r✐❣✐❞✐t② t❤❡♦r② ❛s t❤❡② ❝❛♥ ❜❡

✉s❡❞ ✐♥ t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♠❛♥② r✐❣✐❞✐t② ❝❧❛ss❡s✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✻ ❛♥❞ ❜② ♦r ♣r❡✈✐♦✉s

♦❜s❡r✈❛t✐♦♥✱ ❛ ❣r❛♣❤ ✐s t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ ♦❢ ❛ ❣❡♥❡r✐❝❛❧❧② ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❜♦❞②✲❜❛r

❢r❛♠❡✇♦r❦ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s
((

d+1
2

)
,
(
d+1
2

))
✲t✐❣❤t✳ ❇② ▲❛♠❛♥✬s t❤❡♦r❡♠ ✭❚❤❡♦r❡♠ ✶✳✷✳✶✮✱

❛ ❣r❛♣❤ ✐s (2, 3)✲t✐❣❤t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ♠✐♥✐♠❛❧❧② r✐❣✐❞ ✐♥ R2✳ ✭(2, 3)✲t✐❣❤t ❣r❛♣❤s ❛r❡

❛❧s♦ ❝❛❧❧❡❞ ▲❛♠❛♥ ❣r❛♣❤s✮✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ❛♣♣❡❧❧❛t✐♦♥s ♦❢ r✐❣✐❞✐t② t❤❡♦r②✱ ✇❡ ❝❛❧❧ G

(k, ℓ)✲r✐❣✐❞ ✐❢ G ❤❛s ❛ (k, ℓ)✲t✐❣❤t s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ❛♥ ❡❞❣❡ e ♦❢ G ❛ (k, ℓ)✲

r❡❞✉♥❞❛♥t ❡❞❣❡ ✐❢ G − e ✐s (k, ℓ)✲r✐❣✐❞✳ ❆ ❣r❛♣❤ G ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ (k, ℓ)✲r❡❞✉♥❞❛♥t

❣r❛♣❤ ✐❢ ❡❛❝❤ ❡❞❣❡ ♦❢ G ✐s (k, ℓ)✲r❡❞✉♥❞❛♥t✳

❙♣❛rs✐t② ✐s ❛❧s♦ ❞❡✜♥❡❞ ✐♥ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ✇❛② t❤❛t ✇❡ ✇✐❧❧ ❛❧s♦ ♥❡❡❞ ❧❛t❡r✳ ▲❡t G =

(V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ m : V → Z+ ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ ℓ < m(u) +m(v) ❢♦r ❡✈❡r② ❡❞❣❡

uv ∈ E✳ ❆ ❣r❛♣❤ G = (V,E) ✐s ❝❛❧❧❡❞ (m, ℓ)✲s♣❛rs❡ ✐❢ iG(X) ≤ m̃(X)− ℓ ❢♦r ❛❧❧ X ⊆ V



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✶✼

✇✐t❤ |X| ≥ 2✳ ❆♥ (m, ℓ)✲s♣❛rs❡ ❣r❛♣❤ ✐s ❝❛❧❧❡❞ (m, ℓ)✲t✐❣❤t ✐❢ |E| = m̃(V ) − ℓ✳ ❆ ❣r❛♣❤

G ✐s ❝❛❧❧❡❞ (m, ℓ)✲r✐❣✐❞ ✐❢ G ❤❛s ❛♥ (m, ℓ)✲t✐❣❤t s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ❛♥ ❡❞❣❡

e ♦❢ G ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡ ✐❢ G − e ✐s (m, ℓ)✲r✐❣✐❞✳ ❆ ❣r❛♣❤ G ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛♥

(m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤ ✐❢ ❡❛❝❤ ❡❞❣❡ ♦❢ G ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳

■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❡❞❣❡ s❡ts ♦❢ t❤❡ (m, ℓ)✲s♣❛rs❡ s✉❜❣r❛♣❤s ♦❢ ❛ ❣✐✈❡♥ ❣r❛♣❤ ❢♦r♠ ❛

♠❛tr♦✐❞✱ ❝❛❧❧❡❞ t❤❡ (m, ℓ)✲s♣❛rs✐t② ♠❛tr♦✐❞ ♦r ❝♦✉♥t ♠❛tr♦✐❞ ✭s❡❡ ❬✸✶✱ ✶✵✽❪✮✳ ❆ ❝✐r❝✉✐t

♦❢ t❤✐s ♠❛tr♦✐❞ ✐s ❝❛❧❧❡❞ ❛♥ (m, ℓ)✲❝✐r❝✉✐t✳ ❍❡r❡✱ t❤❡ ♥♦t✐♦♥ ♦❢ (m, ℓ)✲❝✐r❝✉✐t ✇✐❧❧ ❜❡ ✉s❡❞

❢♦r ❣r❛♣❤s ❛♥❞ ♥♦t ♦♥❧② ❢♦r ❡❞❣❡ s❡ts✳ ❋♦❧❧♦✇✐♥❣ ❬✺❪✱ ✇❡ ❝❛❧❧ ❛ (2, 3)✲❝✐r❝✉✐t ❛ ❣❡♥❡r✐❝

❝✐r❝✉✐t✳ ✭❚❤❡ t❡r♠ ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢❛❝t t❤❛t t❤❡ (2, 3)✲s♣❛rs✐t② ♠❛tr♦✐❞ ✐s ✐s♦♠♦r♣❤✐❝ t♦

t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ ✭❣❡♥❡r✐❝✮ r✐❣✐❞✐t② ♠❛tr♦✐❞✳✮

■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t (m, ℓ)✲s♣❛rs✐t② ❝❛♥ ❜❡ t❡st❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ✭s❡❡ ❬✸✶✱ ❙❡❝t✐♦♥

✶✸✳✺✳✹❪ ❢♦r ❛ s✉r✈❡②✮✳ ✭❚❤✐s ❛❧❣♦r✐t❤♠ ✐s ❛❧s♦ ❝❛❧❧❡❞ ♣❡❜❜❧❡ ❣❛♠❡ ❛❧❣♦r✐t❤♠ ❬✼✽❪ ✇❤❡♥

ℓ ≥ 0✳✮ ❚❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❛❧s♦ ❞❡t❡r♠✐♥❡ t❤❡ r❛♥❦ ♦❢ ❛♥② ❡❞❣❡ s❡t ✐♥ t❤❡ (m, ℓ)✲s♣❛rs✐t②

♠❛tr♦✐❞ ❛♥❞ ♦✉t♣✉t ❛ ♠❛①✐♠✉♠ ✐♥❞❡♣❡♥❞❡♥t s❡t✳

✶✳✹ ❙♦♠❡ ♦t❤❡r ♥♦t✐♦♥s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛✲

t✐♦♥

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❝♦❧❧❡❝t s♦♠❡ ♦t❤❡r r❡❧❛t❡❞ ❞❡✜♥✐t✐♦♥s ✉s❡❞ ✐♥ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣✲

t✐♠✐③❛t✐♦♥✳ ✭❚❤❡s❡ ♥♦t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❞ ♦♥❧② ✐♥ ❈❤❛♣t❡rs ✷ ❛♥❞ ✸✳✮ ❲❡ ❛❧s♦ ❧✐st s♦♠❡

✇❡❧❧✲❦♥♦✇♥ ❜❛s✐❝ t❤❡♦r❡♠s✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s✱ ✇❡ r❡❢❡r t♦ ❬✸✶❪✳

❙❡ts ❛♥❞ s❡t ❢❛♠✐❧✐❡s

❚✇♦ s✉❜s❡ts A ❛♥❞ B ⊆ V ❛r❡ ❝r♦ss✐♥❣ ✐❢ A − B 6= ∅, B − A 6= ∅, A ∩ B 6=
∅, V − (A ∪ B) 6= ∅✳ A ❛♥❞ B ⊆ V ❛r❡ ✐♥t❡rs❡❝t✐♥❣ ✐❢ A − B 6= ∅, B − A 6= ∅ ❛♥❞

A∩B 6= ∅✳ ❆ ❢❛♠✐❧② F ♦❢ s✉❜s❡ts ♦❢ V ✐s ❛♥ ✐♥t❡rs❡❝t✐♥❣ ♦r ❝r♦ss✐♥❣ ❢❛♠✐❧② r❡s♣❡❝t✐✈❡❧②

✐❢ A ∩ B ∈ F ❛♥❞ A ∪ B ∈ F ❢♦r ❛♥② t✇♦ ✐♥t❡rs❡❝t✐♥❣ ♦r ❝r♦ss✐♥❣ ♠❡♠❜❡rs A,B ∈ F ✱
r❡s♣❡❝t✐✈❡❧②✳ ❆ ❢❛♠✐❧② F ✐s ❝❛❧❧❡❞ ❧❛♠✐♥❛r ✐❢ t❤❡r❡ ❛r❡ ♥♦ ✐♥t❡rs❡❝t✐♥❣ ♣❛✐rs ✐♥ F ✳ ❆

❢❛♠✐❧② F ✐s ❝❛❧❧❡❞ ❝r♦ss✲❢r❡❡ ✐❢ t❤❡r❡ ❛r❡ ♥♦ ❝r♦ss✐♥❣ ♣❛✐rs ✐♥ F ✳
▲❡t T = (U,A) ❜❡ ❛ ❞✐r❡❝t❡❞ tr❡❡✳ ❋♦r ❛♥ ❡❞❣❡ e ∈ A✱ ❧❡t Ue ❞❡♥♦t❡ t❤❡ ❝♦♠♣♦♥❡♥t

♦❢ T − e t❤❛t ❝♦♥t❛✐♥s t❤❡ ❤❡❛❞ ♦❢ e✳ ❊❞♠♦♥❞s ❛♥❞ ●✐❧❡s ❬✷✷❪ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧✐❡s✿

▲❡♠♠❛ ✶✳✹✳✶ ✭❬✷✷❪✮✳ ❋♦r ❡✈❡r② ❝r♦ss✲❢r❡❡ ❢❛♠✐❧② F ♦♥ ❛ ❣r♦✉♥❞ s❡t V ✱ t❤❡r❡ ❡①✐sts ❛

❞✐r❡❝t❡❞ tr❡❡ T = (U,A) ❛♥❞ ❛ ♠❛♣ ϕ : V → U s♦ t❤❛t t❤❡ s❡ts ✐♥ F ❛♥❞ t❤❡ ❡❞❣❡s ♦❢ T

❛r❡ ✐♥ ❛ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡✱ ❛s ❢♦❧❧♦✇s✳ ❋♦r ❡✈❡r② ❡❞❣❡ e ∈ A✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

s❡t F ✐s ϕ−1(Ue)✳



✶✽ ✶✳✹✳ ❙♦♠❡ ♦t❤❡r ♥♦t✐♦♥s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

❲❡ ❞❡♥♦t❡ t❤❡ ❡❞❣❡ ♦❢ t❤❡ tr❡❡ r❡♣r❡s❡♥t✐♥❣ ❛ s❡t F ❜② eF ✳

❘❡♠❛r❦ ✶✳✹✳✷✳ ✶✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❢♦r F ∈ F ❛ r❡♣r❡s❡♥t✐♥❣ tr❡❡ ♦❢ F − {F} ✐s
T/eF ✇✐t❤ t❤❡ ♠❛♣ ϕ′ t❤❛t ❛r✐s❡s ❢r♦♠ ϕ ❜② ❝♦♠❜✐♥✐♥❣ ✐t ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ✐❞❡♥t✐❢②✐♥❣

♠❛♣ π : U → U/eF ✳

✷✳ ■t ❝❛♥ ❜❡ ♣r♦✈❡❞ ❜② ✐♥❞✉❝t✐♦♥ t❤❛t ❛ ❞✐r❡❝t❡❞ tr❡❡ F = (U,A) ❛❞♠✐ts ❛ ❧❡✈❡❧

❢✉♥❝t✐♦♥ π : U → Z+ s♦ t❤❛t π(v)− π(u) = 1 ❢♦r ❡✈❡r② uv ∈ A✳ ■❢ (T, ϕ) ✐s ❛ tr❡❡✲

r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧② F ♦♥ t❤❡ ❣r♦✉♥❞ s❡t V ❛♥❞ π ✐s ❛ ❧❡✈❡❧ ❢✉♥❝t✐♦♥

♦❢ T ✱ t❤❡♥ ♦♥❡ ❝❛♥ ❣❡t π(ϕ(v))− π(ϕ(v′)) = dF(v)− dF(v
′) ❢♦r ❡✈❡r② v, v′ ∈ V ❛❢t❡r

♣r♦✈✐♥❣ t❤❡ st❛t❡♠❡♥t ✇❤❡♥ ϕ(v)ϕ(v′) ∈ A✳

❆ ❢❛♠✐❧② K ♦♥ t❤❡ ❣r♦✉♥❞ s❡t V ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ∅ 6= X ⊆ V ✐❢ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r

∆ ∈ Z+ ❢♦r ✇❤✐❝❤ ❡✈❡r② ❡❧❡♠❡♥t ♦❢ X ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❡①❛❝t❧② ∆ + 1 ♠❡♠❜❡rs ♦❢ K ❛♥❞

❡✈❡r② ❡❧❡♠❡♥t ♦❢ V −X ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❡①❛❝t❧② ∆ ♠❡♠❜❡rs ♦❢ K✳ ◆♦t❡ t❤❛t ❛ ❝♦♠♣♦s✐t✐♦♥

♦❢ V ✐s ❛ r❡❣✉❧❛r ❤②♣❡r❣r❛♣❤ ✇❤✐❧❡ ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ ♣r♦♣❡r s✉❜s❡t ∅ 6= Z ⊂ V ❜❡❝♦♠❡s

❛ r❡❣✉❧❛r ❤②♣❡r❣r❛♣❤ ❜② ❛❞❞✐♥❣ V −Z t♦ ✐t✳ ❚❤❡ ✐♥t❡❣❡r ∆ ✐s ❝❛❧❧❡❞ t❤❡ ❣r♦✉♥❞✲❞❡❣r❡❡

♦❢ K ❛♥❞ ✐s ❞❡♥♦t❡❞ ❜② ∆(K)✳ ❚❤✉s t❤❡ ❣r♦✉♥❞✲❞❡❣r❡❡ ♦❢ ❛♥ r✲r❡❣✉❧❛r ❤②♣❡r❣r❛♣❤ ✐s

r − 1✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♥❞✲❞❡❣r❡❡ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡

♦❢ ❛ ❝♦♠♣♦s✐t✐♦♥ ✐s ✶✳

❙♣❡❝✐❛❧ ❝♦♠♣♦s✐t✐♦♥s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ❆ ♣❛rt✐t✐♦♥ ♦❢ Z ⊆ V ✐s ❛ ❢❛♠✐❧② ❢♦r♠❡❞ ❜②

❞✐s❥♦✐♥t s❡ts Z1, Z2, ..., Zt ✇✐t❤
⋃t

i=1 Zi = Z✳ ❲❡ ❝❛❧❧ ❛ ♣❛rt✐t✐♦♥ ♦❢ ❛♥② s✉❜s❡t ♦❢ V ❛

s✉❜♣❛rt✐t✐♦♥ ♦❢ V ✳ ■❢ {V1, V2, ..., Vt} ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V ✱ t❤❡♥ {V − V1, V − V2, ..., V −
Vt} ✐s ❝❛❧❧❡❞ ❛ ❝♦✲♣❛rt✐t✐♦♥ ♦❢ V ✳ ▲❡♠♠❛ ✶✳✹✳✶ ❛♥❞ ❘❡♠❛r❦ ✶✳✹✳✷ ✐♠♣❧② t❤❡ ❢♦❧❧♦✇✐♥❣

♦❜s❡r✈❛t✐♦♥ ❬✸✺❪✿

▲❡♠♠❛ ✶✳✹✳✸✳ ▲❡t K ❜❡ ❛ ❝r♦ss✲❢r❡❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ✐ts ❣r♦✉♥❞ s❡t V ✳ ❚❤❡♥ K ❝❛♥ ❜❡

♣❛rt✐t✐♦♥❡❞ ✐♥t♦ ♣❛rt✐t✐♦♥s ❛♥❞ ❝♦✲♣❛rt✐t✐♦♥s ♦❢ V ✳

▲❡t {Z1, Z2, ..., Zt} ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢ Z ⊆ V ✱ ❛♥❞ ❧❡t {Z1
i , Z

2
i , ..., Z

ti
i } ❜❡ ❛ ♣❛rt✐t✐♦♥ ♦❢

V −Zi ✭i = 1, ..., t✮✳ ❚❤❡♥ t❤❡ s❡t✲s②st❡♠ D := {V −Zj
i : 1 ≤ i ≤ t, 1 ≤ j ≤ ti} ✐s ❝❛❧❧❡❞ ❛

❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♦❢ Z✳ ❚❤✐s D ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ Z ✇✐t❤ ❣r♦✉♥❞✲❞❡❣r❡❡
∑t

i=1(ti − 1)✳

■❢ ❡❛❝❤ ti = 1✱ t❤❡♥ D ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ Z✳

❋♦r ∅ 6= Z ⊂ V ✱ ❛ ❝r♦ss✲❢r❡❡ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ T ♦❢ Z ♦♥ t❤❡ ❣r♦✉♥❞ s❡t V ✐s ❝❛❧❧❡❞ ❛

tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z ✐❢ u ∈ ϕ(V − Z), v ∈ ϕ(Z) ❢♦r ❡❛❝❤ ❡❞❣❡ uv ♦❢ ❛ r❡♣r❡s❡♥t✐♥❣

❞✐r❡❝t❡❞ tr❡❡ ♦❢ T ✳ ❇② ❘❡♠❛r❦ ✶✳✹✳✷✳✷ ❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥s✱ π(u) =

π(u′) = π(v)+ 1 ❤♦❧❞s ❢♦r ❡✈❡r② u, u′ ∈ ϕ(Z) ❛♥❞ v ∈ ϕ(V −Z) ✇❤❡r❡ π ❞❡♥♦t❡s t❤❡ ❧❡✈❡❧

❢✉♥❝t✐♦♥ ♦❢ ❛ r❡♣r❡s❡♥t✐♥❣ tr❡❡ (T, ϕ)✳ ❚❤✉s ϕ(Z) ❛♥❞ ϕ(V − Z) ❛r❡ ❞✐s❥♦✐♥t✳ ▼♦r❡♦✈❡r✱

ϕ−1(u) 6= ∅ ❢♦r ❛♥② ♥♦❞❡ u ♦❢ t❤❡ tr❡❡ s✐♥❝❡ ❛ tr❡❡ ✐s ❝♦♥♥❡❝t❡❞ ❛♥❞ ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡

r❡♣r❡s❡♥t✐♥❣ tr❡❡ ❝♦♥♥❡❝ts ϕ(Z) ❛♥❞ ϕ(V − Z)✳ ❚❤❡r❡❢♦r❡✱ ❛ tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ ❝❛♥ ❜❡

❝♦♥str✉❝t❡❞ ❜② t❛❦✐♥❣ t❤❡ ♠❡♠❜❡rs ❛ ♣❛rt✐t✐♦♥ ♦❢ Z ❛♥❞ ❛ ♣❛rt✐t✐♦♥ ♦❢ V − Z ❛s ✐ts



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✶✾

♥♦❞❡ s❡t✱ ♠❛♣♣✐♥❣ ❡❛❝❤ ♥♦❞❡ ✇✐t❤ ϕ t♦ t❤❡ s❡t ❝♦♥t❛✐♥✐♥❣ ✐t ❛♥❞ t❛❦✐♥❣ t❤❡ ❡❞❣❡s ✇✐t❤

t❛✐❧s ✐♥ ϕ(V − Z) ❛♥❞ ❤❡❛❞s ✐♥ ϕ(Z) ✭s❡❡ ❋✐❣✉r❡ ✶✳✻❛✮✳ ❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ✉s❡ t❤✐s

tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥✳ ◆♦t❡ t❤❛t ❛ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧② T ✇✐t❤ s✉❝❤ ❛

tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ ✐s ❛❧✇❛②s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥✳ ❚♦ ♣r♦✈❡ t❤✐s✱ ♦♥❡ ♥❡❡❞s t♦ ♣r♦✈❡ t❤❛t

T ✐s ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❡❞❣❡s ♦❢ t❤❡ tr❡❡ ❡♥t❡r✐♥❣ ❛

♥♦❞❡ u ∈ ϕ(z) r❡♣r❡s❡♥ts t❤❡ ❝♦♠♣❧❡♠❡♥t ♦❢ ❛ ❝♦✲♣❛rt✐t✐♦♥ ♦❢ V − ϕ−1(u)✳ ❲❡ ✇✐❧❧ s❛②

t❤❛t t❤❡ ♣❛rt✐t✐♦♥s ❛♥❞ ❝♦✲♣❛rt✐t✐♦♥s ♦❢ t❤❡ ❣r♦✉♥❞ s❡t V ❛r❡ t❤❡ tr❡❡✲❝♦♠♣♦s✐t✐♦♥s ♦❢

V ✳ ❲❤✐❧❡ ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♠❛② ❝♦♥s✐st ♦❢ Ω(|V |2) ❡❧❡♠❡♥ts✱ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ❛❧✇❛②s

❤❛s ❛t ♠♦st |V | − 1 ❡❧❡♠❡♥ts✳

❆ss✉♠❡ t❤❛t ✇❡ ❛r❡ ❛❧s♦ ❣✐✈❡♥ ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G = (S, T ;E) ❛♥❞ V = S ∪ T ✳ ❲❡

s❛② t❤❛t ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ T ❝♦♠♣❧✐❡s ✇✐t❤ G ✐❢ ϕ(s)ϕ(t) ∈ A ❢♦r ❡✈❡r② ❡❞❣❡

st ∈ E ✇✐t❤ s ∈ S, t ∈ T ✱ ✇❤❡r❡ F = (U,A) ✐s ❛ ❞✐r❡❝t❡❞ tr❡❡ r❡♣r❡s❡♥t✐♥❣ T ✇✐t❤ t❤❡

s✉r❥❡❝t✐✈❡ ♠❛♣ ϕ : (S ∪ T )→ U ✭s❡❡ ❋✐❣✉r❡ ✶✳✻❜✮✳

Z

V − Z

✭❛✮ ❚❤❡ tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ ❛

tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ Z ✇❤❡r❡

t❤❡ ♥♦❞❡ s❡t ♦❢ t❤❡ tr❡❡ ✐s ❢♦r♠❡❞

❜② ❛ ♣❛rt✐t✐♦♥ ♦❢ Z ❛♥❞ ❛ ♣❛rt✐✲

t✐♦♥ ♦❢ V − Z ❛♥❞ t❤❡ ❞❛s❤❡❞

❡❞❣❡ ♦❢ t❤❡ tr❡❡ r❡♣r❡s❡♥ts t❤❡

❞❛s❤❡❞ ♠❡♠❜❡r ♦❢ T ✳ ✭❋♦r s✐♠✲

♣❧❡♥❡ss t❤❡ ♦t❤❡r ♠❡♠❜❡rs ♦❢ T
❛r❡ ♥♦t s❤♦✇♥ ✐♥ t❤✐s ✜❣✉r❡✳✮

T

S

✭❜✮ ❚❤❡ t❤✐❝❦ ❞✐r❡❝t❡❞ ❡❞❣❡s

❣✐✈❡ t❤❡ tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ ♦❢

❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T t❤❛t

❝♦♠♣❧✐❡s ✇✐t❤ t❤❡ ❜✐♣❛rt✐t❡

❣r❛♣❤ ❢♦r♠❡❞ ❜② t❤❡ t❤✐♥

❡❞❣❡s✳

❋✐❣✉r❡ ✶✳✻✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s✳

❙❡t✲❢✉♥❝t✐♦♥s

❯♥❧❡ss ♦t❤❡r✇✐s❡ st❛t❡❞✱ ✇❡ ❛ss✉♠❡ t❤❛t ❛ s❡t✲❢✉♥❝t✐♦♥ ✐s ③❡r♦ ♦♥ t❤❡ ❡♠♣t② s❡t✳

❋♦r ❛ ✈❡❝t♦r x ∈ RV ❛♥❞ X ⊆ V ✱ ❧❡t x̃(X) :=
∑

v∈X x(v)✳ ❲❡ ❛❧s♦ ✉s❡ t❤❡ ♥♦t❛t✐♦♥

h̃(F) :=
q∑

i=1

h(Fi) ❢♦r ❛ s❡t✲❢✉♥❝t✐♦♥ h : 2V → R ❛♥❞ ❢♦r ❛ ❢❛♠✐❧② F := {F1, F2, ..., Fq}
♦❢ s✉❜s❡ts Fi ⊆ V ✳ ❆ s❡t✲❢✉♥❝t✐♦♥ b : 2V → R ∪ {∞} ✐s ✭❝r♦ss✐♥❣✮ s✉❜♠♦❞✉❧❛r ✐❢



✷✵ ✶✳✹✳ ❙♦♠❡ ♦t❤❡r ♥♦t✐♦♥s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥

b(X) + b(Y ) ≥ b(X ∩ Y ) + b(X ∪ Y ) ❢♦r ❡✈❡r② ✭❝r♦ss✐♥❣✮ X, Y ⊆ V ✳ ❆ s❡t✲❢✉♥❝t✐♦♥

p : 2V → R∪{−∞} ✐s ✭❝r♦ss✐♥❣✮ s✉♣❡r♠♦❞✉❧❛r ✐❢ p(X)+p(Y ) ≤ p(X ∩Y )+p(X ∪Y )

❢♦r ❡✈❡r② ✭❝r♦ss✐♥❣✮ X, Y ⊆ V ✳ ■♥ s♦♠❡ ❝❛s❡s ✇❤❡♥ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❤✐❣❤❧✐❣❤t t❤❛t t❤❡

❢✉♥❝t✐♦♥ ✐s s✉❜♠♦❞✉❧❛r ✭r❡s♣❡❝t✐✈❡❧② s✉♣❡r♠♦❞✉❧❛r✮ ♦♥ ❡✈❡r② ♣❛✐r ♦❢ s❡ts✱ ✇❡ ❝❛❧❧ ✐t ❢✉❧❧②

s✉❜♠♦❞✉❧❛r ✭r❡s♣❡❝t✐✈❡❧② ❢✉❧❧② s✉♣❡r♠♦❞✉❧❛r✮✳

▲❡t b ❜❡ ❛ s❡t✲❢✉♥❝t✐♦♥ ♦♥ V ❢♦r ✇❤✐❝❤ b(V ) <∞✳ ❚❤❡ ❜❛s❡✲♣♦❧②❤❡❞r♦♥ B(b) ❞❡✜♥❡❞

❜② b ✐s ❛s ❢♦❧❧♦✇s✳

B(b) := {x ∈ RV : x̃(X) ≤ b(X) (X ⊂ V ), x̃(V ) = b(V )}.

❚❤✐s ♣♦❧②❤❡❞r♦♥ ✐s ✉s❡❞ ♠❛✐♥❧② ✇❤❡♥ b ✐s ❛ ❢✉❧❧② ✭✐♥t❡rs❡❝t✐♥❣✱ ❝r♦ss✐♥❣✮ s✉❜♠♦❞✉❧❛r

❢✉♥❝t✐♦♥✳ ❋♦r ❛ s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ p✱ ❛ r❡❧❛t❡❞ ♣♦❧②❤❡❞r♦♥ B′(p) ✐s ❝♦♥s✐❞❡r❡❞✿

B′(p) := {x ∈ RV : x̃(X) ≥ p(X) (X ⊂ V ), x̃(V ) = p(V )}.

❋♦r ❛♥ ❛r❜✐tr❛r② s❡t✲❢✉♥❝t✐♦♥ h : 2V → R ∪ {+∞,−∞} ❢♦r ✇❤✐❝❤ h(V ) ✐s ✜♥✐t❡✱ ✇❡

❞❡✜♥❡ t❤❡ ❝♦♠♣❧❡♠❡♥t h ♦❢ h ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✉❧❛✳

h(X) := h(V )− h(V −X).

❖❜✈✐♦✉s❧②✱ h(∅) = 0✱ h(V ) = h(V ) ❛♥❞ h = h✳ ❚❤❡ ❝♦♠♣❧❡♠❡♥t p ♦❢ ❛ ✭❝r♦ss✐♥❣✮

s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ b ✐s ✭❝r♦ss✐♥❣✮ s✉♣❡r♠♦❞✉❧❛r ❛♥❞ B′(p) = B(b)✳ ❚❤❡r❡❢♦r❡✱ t❤❡

r❡s✉❧ts ♦♥ ✭❝r♦ss✐♥❣✮ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ❝❛♥ ❛✉t♦♠❛t✐❝❛❧❧② ❜❡ tr❛♥s❢♦r♠❡❞ ✐♥t♦ ♦♥❡s ♦♥

✭❝r♦ss✐♥❣✮ s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ❜② ✉s✐♥❣ t❤❡ ❝♦♠♣❧❡♠❡♥t✳

■t ✐s ❦♥♦✇♥ t❤❛tB(b) ✐s ❛ ♥♦♥✲❡♠♣t② ✐♥t❡❣❡r ♣♦❧②❤❡❞r♦♥ ✇❤❡♥❡✈❡r b ✐s ❢✉❧❧② s✉❜♠♦❞✉❧❛r

❛♥❞ ✐♥t❡❣❡r✲✈❛❧✉❡❞✳ ❆ ❜❛s✐❝ t❤❡♦r❡♠ ♦❢ ❋✉❥✐s❤✐❣❡ ❬✹✵❪ ❝❤❛r❛❝t❡r✐③❡s ♥♦♥✲❡♠♣t✐♥❡ss ♦❢ B(b)

❢♦r ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r b✳

❚❤❡♦r❡♠ ✶✳✹✳✹ ✭❬✹✵❪✮✳ ▲❡t b ❜❡ ❛ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s✉❜s❡ts ♦❢ V ❢♦r

✇❤✐❝❤ b(V ) ✐s ✜♥✐t❡✳ ❚❤❡ ♣♦❧②❤❡❞r♦♥ B(b) ✐s ♥♦♥✲❡♠♣t② ✐❢ ❛♥❞ ♦♥❧② ✐❢ ❜♦t❤

∑

i

b(Vi) ≥ b(V ) ❛♥❞
∑

i

b(Vi) ≤ b(V ) ✭✶✳✷✮

❤♦❧❞ ❢♦r ❡✈❡r② ♣❛rt✐t✐♦♥ F = {V1, . . . , Vt} ♦❢ V ✳

❚❤❡r❡ ✐s ❛♥♦t❤❡r ✐♠♣♦rt❛♥t r❡s✉❧t ♦♥ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s✳ ■❢ b ✐s ❛ ❝r♦ss✐♥❣

s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s✉❜s❡ts ♦❢ V ❛♥❞ B(b) 6= ∅✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ❢✉❧❧② s✉❜♠♦❞✲

✉❧❛r ❢✉♥❝t✐♦♥ b↓ ❢♦r ✇❤✐❝❤ B(b) = B(b↓). ❚❤✐s ❢❛❝t ❛♣♣❡❛r❡❞ ✐♠♣❧✐❝✐t❧② ✐♥ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r

✜♥❞✐♥❣ s✉❜♠♦❞✉❧❛r ✢♦✇s ❝♦♥✜♥❡❞ ❜② ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ❬✷✾❪ ❛♥❞ ✇❛s ❢♦r♠✉✲

❧❛t❡❞ ❡①♣❧✐❝✐t❧② ❜② ❋✉❥✐s❤✐❣❡ ✐♥ ❬✹✵❪✳ ❚❤❡ ❢✉♥❝t✐♦♥ b↓ ✐s ✉♥✐q✉❡ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠

✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ ❬✷✵❪✮✳



❈❤❛♣t❡r ✶✿ ■♥tr♦❞✉❝t✐♦♥ ✷✶

❚❤❡♦r❡♠ ✶✳✹✳✺✳ ▲❡t b∗ ❜❡ ❛ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s✉❜s❡ts ♦❢ V ✳ ❚❤❡♥ b∗(Z) =

max{m̃(Z) : m ∈ B(b∗)} ❢♦r ❡✈❡r② Z ⊆ V ✳ ■❢ b∗ ✐s ✐♥t❡❣❡r✲✈❛❧✉❡❞✱ t❤❡♥ t❤❡ ♠❛①✐♠✉♠ ✐s

❛❝❤✐❡✈❡❞ ❜② ❛♥ ✐♥t❡❣❡r ✈❡❝t♦r✳ ❆♥ ❛♥❛❧♦❣♦✉s st❛t❡♠❡♥t ❤♦❧❞s ❢♦r s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s✳

❚❤✐s ✉♥✐q✉❡ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ✐s t❤❡ ❢✉❧❧ ✭❧♦✇❡r✮ tr✉♥❝❛t✐♦♥ ♦❢ b✳ ■t ✐s ❛❧s♦ ❦♥♦✇♥

❬✸✵✱ ✸✽✱ ✹✵❪ t❤❛t ✐❢ b(V ) = 0 ❛♥❞ B(b) 6= ∅✱ t❤❡♥ b↓ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

❢♦r♠✉❧❛ ❢♦r ❡✈❡r② ∅ 6= Z ⊆ V ✿

b↓(Z) = min{b̃(D) : D ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♦❢ Z}. ✭✶✳✸✮

❙✐♠✐❧❛r❧②✱ ✐❢ p ✐s ❛ ❝r♦ss✐♥❣ s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ t❤❡ s✉❜s❡ts ♦❢ V ❛♥❞ B′(p) 6= ∅✱
t❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢✉❧❧② s✉♣❡r♠♦❞✉❧❛r p↑✱ ❝❛❧❧❡❞ t❤❡ ❢✉❧❧ ✭✉♣♣❡r✮ tr✉♥❝❛t✐♦♥

♦❢ p✱ ❢♦r ✇❤✐❝❤ B′(p) = B′(p↑)✳ ■❢ B′(p) 6= ∅✱ t❤❡♥ p↑ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣

❢♦r♠✉❧❛ ♦❢ ❬✹✵❪ ❢♦r ❡✈❡r② ∅ 6= Z ⊆ V ✿

p↑(Z) = max{p̃(D)−∆(D)p(V ) : D ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♦❢ Z}.





❈❤❛♣t❡r ✷

❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❣r❛♣❤s ✇✐t❤

❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s

❙❡✈❡r❛❧ r❡s✉❧ts ❛♥❞ ❛❧❣♦r✐t❤♠s ✐♥ s✉❜♠♦❞✉❧❛r ♦♣t✐♠✐③❛t✐♦♥ ❛r❡ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❢❛❝t ❬✷✾✱ ✹✵❪✳ ❋♦r ❡✈❡r② ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ b ❢♦r ✇❤✐❝❤ t❤❡ ❜❛s❡ ♣♦❧②❤❡❞r♦♥ B(b)

✐s ♥♦♥✲❡♠♣t②✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ❢✉❧❧② s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ b↓ ❢♦r ✇❤✐❝❤ B(b↓) = B(b)✳

❚❤❡ ❢✉♥❝t✐♦♥ b↓ ✐s ❝❛❧❧❡❞ t❤❡ ❢✉❧❧ ✭❧♦✇❡r✮ tr✉♥❝❛t✐♦♥ ♦❢ b✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ♦❢ ❋r❛♥❦

❬✸✵❪ ♣r♦✈✐❞❡s ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❢♦r♠✉❧❛ ❢♦r b↓✳ ❍❡r❡ ❛♥❞ ✐♥ s♦♠❡ ♦t❤❡r t❤❡♦r❡♠s ♦❢ t❤✐s

❝❤❛♣t❡r✱ ✇❡ ❛ss✉♠❡ b(V ) = 0✳ ❚❤❡ ❣❡♥❡r❛❧ ❝❛s❡ ❝❛♥ ❜❡ ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❝❛s❡ b(V ) = 0✱

t❤♦✉❣❤ t❤❡ ❢♦r♠✉❧❛s ❣❡t ❛ ❜✐t ♠♦r❡ ✐♥✈♦❧✈❡❞✳

❚❤❡♦r❡♠ ✷✳✵✳✶✳ ▲❡t b ❜❡ ❛ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r s❡t✲❢✉♥❝t✐♦♥ ♦♥ t❤❡ s✉❜s❡ts ♦❢ ❛ ❣r♦✉♥❞

s❡t V ❢♦r ✇❤✐❝❤ b(V ) = 0 ❛♥❞ B(b) 6= ∅✳ ❚❤❡♥✱ ❢♦r ∅ 6= Z ⊆ V ✱

b↓(Z) = min
{ ∑

X∈T

b(X) : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z
}
. ✭✷✳✶✮

❚❤✐s r❡s✉❧t ✇❛s ♦r✐❣✐♥❛❧❧② ♣r♦✈❡❞ ❜② ✉s✐♥❣ t❤❡ ✉♥❝r♦ss✐♥❣ ♣r♦❝❡❞✉r❡✳ ■♥ ❙❡❝t✐♦♥ ✷✳✷✱

✇❡ ❡①❤✐❜✐t ❛ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤ ✐♥ ✇❤✐❝❤ t❤❡ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✐s ❣✐✈❡♥ ❞✐r❡❝t❧②

✇✐t❤♦✉t ✉s✐♥❣ ✉♥❝r♦ss✐♥❣✳ ❚❤✐s s✐♠♣❧✐✜❡s t❤❡ ✇❛② ❤♦✇ ❛ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ❝❛♥

❜❡ ❢♦✉♥❞ ❛❧❣♦r✐t❤♠✐❝❛❧❧② ✭s❡❡ ❙❡❝t✐♦♥ ✷✳✸✮✳ ❚❤❡ ♣r♦♦❢ ✐s ❜❛s❡❞ ♦♥ ❛ str✉❝t✉r❛❧ r❡s✉❧t ♦♥

tr❡❡✲❝♦♠♣♦s✐t✐♦♥s t❤❛t ❝❛♥ ❜❡ ✉s❡❞ t♦ ✜♥❞ ❛ s✉❜✲tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛ s♣❡❝✐❛❧ ❢❛♠✐❧② ✭s❡❡

❙❡❝t✐♦♥ ✷✳✶✮✳

■♥ ❙❡❝t✐♦♥ ✷✳✹✱ ❛❢t❡r r❡❝❛❧❧✐♥❣ t❤❡ ♦r✐❣✐♥❛❧ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ ❋r❛♥❦ ❬✸✵❪✱ ✇❡ ❣✐✈❡ ❛ ♥❡✇

♣r♦♦❢ ♦❢ ❛ ❣r❛♣❤ ♦r✐❡♥t❛t✐♦♥ t❤❡♦r❡♠ ♦❢ ❬✷✽❪✳ ❖♥❡ ♦❢ ✐ts ♠❛✐♥ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❛ ❝♦♥♥❡❝t✐♦♥ ❜❡✲

t✇❡❡♥ (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛♥❞ ❣r❛♣❤s t❤❛t ❛r❡ r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

♦r✐❡♥t❛❜❧❡✳

❇② ❚❤❡♦r❡♠ ✶✳✷✳✼✱ t❤❡ ❜♦❞②✲❜❛r ❣r❛♣❤ GBB
H ♦❢ ❛ ❣r❛♣❤ H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞

♦♥❧② ✐❢ H ✐s ❤✐❣❤❧②
(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤✐s r❡s✉❧t ♠♦t✐✈❛t❡s ✉s t♦ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛❧❣♦✲

r✐t❤♠ ❢♦r t❡st✐♥❣ ❤✐❣❤ k✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t②✱ t❤❛t ✐s (k, 1)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t②✳ ❆❧t❤♦✉❣❤✱



✷✹ ✷✳✶✳ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s

t❤✐s ✐s t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ℓ = 1 ♦❢ t❤❡ ✉♣♣❡r r❡s✉❧t✱ ✜rst ✇❡ ❣✐✈❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡

❝❛s❡ ♦❢ ℓ = 0 ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✹ ❛s t❤✐s ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ s✉❜r♦✉t✐♥❡ ✐♥ t❤❡ ❧❛tt❡r

❛❧❣♦r✐t❤♠s✳ ◆❡①t✱ ✇❡ ❣✐✈❡ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✹ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ = 1 ✐♥ ❙❡❝✲

t✐♦♥ ✷✳✹✳✷✳ ❚❤✐s ♣r♦♦❢ s❤♦✇s ❛ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r t❡st✐♥❣ ❤✐❣❤ k✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t②✳ ❇②

❝♦♠❜✐♥✐♥❣ t❤❡ ✐❞❡❛s ♦❢ t❤❡s❡ t✇♦ ❛❧❣♦r✐t❤♠s✱ ✇❡ ♦❜t❛✐♥ ❛♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣

❛ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✸✳

❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✷✳✺✱ ❛ ♥❡✇ ❛♣♣❧✐❝❛t✐♦♥ ✐s ❞❡s❝r✐❜❡❞ ✐♥ ✇❤✐❝❤ ✇❡ s❤♦✇ t❤❛t t❤❡

♠❛①✐♠✉♠ s✐③❡ ♦❢ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T ❝♦♠♣❧②✐♥❣ ✇✐t❤ ❛ ✷✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❜✐♣❛rt✐t❡

❣r❛♣❤ G = (S, T ;E) ✐s ❡q✉❛❧ t♦ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❡♥t❡r✐♥❣ T ✐♥ ❛ str♦♥❣❧②

❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G✳

■♥ t❤✐s ❝❤❛♣t❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❛♥❞ ❡❞❣❡s ✐♥ ❛ ❣r❛♣❤ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② n ❛♥❞

m✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛♣♣❡❛r❡❞ ✐♥ ❛ ❥♦✐♥t ✇♦r❦ ✇✐t❤ ❆♥❞rás ❋r❛♥❦ ❬✸✷❪ ✭❙❡❝t✐♦♥s

✷✳✶✕✷✳✹ ❛♥❞ ✷✳✺✮ ❛♥❞ ✐♥ ❬✼✸❪ ✭❙❡❝t✐♦♥s ✷✳✹✳✶✕✷✳✹✳✸✮✳

✷✳✶ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s

❇② ❛ zs̄✲s❡t ✇❡ ♠❡❛♥ ❛ s❡t ❝♦♥t❛✐♥✐♥❣ z ❛♥❞ ♥♦t ❝♦♥t❛✐♥✐♥❣ s✳ ▲❡t Z ❜❡ ❛ ♥♦♥✲❡♠♣t②

♣r♦♣❡r s✉❜s❡t ♦❢ ❛ ❣r♦✉♥❞ s❡t V ✳ ❆ ❢❛♠✐❧② Z ♦❢ s✉❜s❡ts ♦❢ V ✐s Z✲s❡♣❛r❛t✐♥❣ ✐❢ ✐t ❝♦♥t❛✐♥s

❛ zs̄✲s❡t ❢♦r ❡✈❡r② ♣❛✐r {z, s} ♦❢ ❡❧❡♠❡♥ts ✇✐t❤ z ∈ Z ❛♥❞ s ∈ V − Z✳ ❍❡r❡✱ Z ✐s s❛✐❞ t♦

❜❡ ♠✐♥✐♠❛❧ ❢♦r t❤✐s ♣r♦♣❡rt② ✐❢ ♥♦ ♣r♦♣❡r s✉❜❢❛♠✐❧② ♦❢ Z ✐s Z✲s❡♣❛r❛t✐♥❣✳

❖✉r ✜rst ❣♦❛❧ ✐s t♦ s❤♦✇ t❤❛t ❛ ❝r♦ss✐♥❣ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧② F ❛❧✇❛②s ✐♥❝❧✉❞❡s ❛

❝r♦ss✲❢r❡❡ Z✲s❡♣❛r❛t✐♥❣ s✉❜❢❛♠✐❧② Z✳ ❲❡ ♣r♦✈❡ t❤✐s ❜② ❞❡s❝r✐❜✐♥❣ ❛ ❞✐r❡❝t ❝♦♥str✉❝t✐♦♥

♦❢ Z t❤❛t ❞♦❡s ♥♦t r❡❧② ♦♥ t❤❡ ✉♥❝r♦ss✐♥❣ t❡❝❤♥✐q✉❡✳ ❙✐♥❝❡ F ✐s ❝r♦ss✐♥❣✱ t❤❡ ✐♥t❡rs❡❝t✐♦♥

Mzs̄ ♦❢ ❛❧❧ zs̄✲s❡ts ♦❢ F ❜❡❧♦♥❣s t♦ F ❢♦r ❡✈❡r② ❝❤♦✐❝❡ ♦❢ z ∈ Z✱ s ∈ V − Z✳ ❆❧s♦✱ ✐❢

s♦♠❡ ♠❡♠❜❡rs ♦❢ F ❢♦r♠ ❛ ❝♦♥♥❡❝t❡❞ ❤②♣❡r❣r❛♣❤ ♦♥ ❛ s✉❜s❡t U ⊂ V ✱ t❤❡♥ U ❜❡❧♦♥❣s

t♦ F ✳ ■t ❢♦❧❧♦✇s ❢♦r ❡✈❡r② s ∈ V − Z t❤❛t t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❤②♣❡r❣r❛♣❤

Hs := (V, {Mzs̄ : z ∈ Z}) ✐♥t❡rs❡❝t✐♥❣ Z ❢♦r♠ ❛ s✉❜♣❛rt✐t✐♦♥ Ps ♦❢ V −s✳ ❇② ❝♦♥str✉❝t✐♦♥✱

Ps ⊆ F ❛♥❞ Ps ❝♦✈❡rs Z✳

❚❤❡♦r❡♠ ✷✳✶✳✶✳ ▲❡t Z ❜❡ ❛ ♥♦♥✲❡♠♣t② ♣r♦♣❡r s✉❜s❡t ♦❢ ❛ ❣r♦✉♥❞ s❡t V ❛♥❞ ❧❡t F ❜❡ ❛

❝r♦ss✐♥❣ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧② ♦❢ s✉❜s❡ts ♦❢ V ✳ ❚❤❡♥ F ✐♥❝❧✉❞❡s ❛ ❝r♦ss✲❢r❡❡ Z✲s❡♣❛r❛t✐♥❣

s✉❜❢❛♠✐❧②✳ ◆❛♠❡❧②✱ Z :=
⋃{Ps : s ∈ V − Z} ✐s s✉❝❤ ❛ s✉❜❢❛♠✐❧②✳

Pr♦♦❢✳ ❙✐♥❝❡ Ps ✐s ❛ s✉❜♣❛rt✐t✐♦♥ ♦❢ V − s ❝♦✈❡r✐♥❣ Z ❢♦r ❡❛❝❤ s ∈ V −Z✱ t❤❡ ❢❛♠✐❧② Z ✐s

Z✲s❡♣❛r❛t✐♥❣✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t Z ✐s ❝r♦ss✲❢r❡❡✳

❈❧❛✐♠ ✷✳✶✳✷✳ ▲❡t s1, s2 ∈ V − Z ❛♥❞ z ∈ Z ❜❡ ❡❧❡♠❡♥ts ❢♦r ✇❤✐❝❤ Mzs̄1 6= Mzs̄2 . ❚❤❡♥

s1 ∈Mzs̄2 ❛♥❞ s2 ∈Mzs̄1 .



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✷✺

Pr♦♦❢✳ ❙✉♣♣♦s❡ ❜② ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t✱ s❛②✱ s1 6∈ Mzs̄2 ✳ ❙✐♥❝❡ Mzs̄1 ✐s ❛ ♠✐♥✐♠❛❧ zs̄1✲s❡t

✐♥ F ✱ Mzs̄1 ⊆ Mzs̄2 ✳ ❇✉t Mzs̄2 ✐s ❛❧s♦ ❛ ♠✐♥✐♠❛❧ zs̄2✲s❡t ✐♥ F ❢r♦♠ ✇❤✐❝❤ Mzs̄1 = Mzs̄2 ✱

❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❤②♣♦t❤❡s✐s ♦❢ t❤❡ ❝❧❛✐♠✳

❋♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ s✉♣♣♦s❡ t❤❛t Z ❝♦♥t❛✐♥s t✇♦ ❝r♦ss✐♥❣ s❡ts F1 ❛♥❞ F2✳ ❙✐♥❝❡ t❤❡

♠❡♠❜❡rs ♦❢ Ps ❢♦r ❛ ❣✐✈❡♥ s ∈ V −Z ❛r❡ ❞✐s❥♦✐♥t✱ t❤❡r❡ ❛r❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts s1, s2 ∈ V −Z
s♦ t❤❛t F1 ∈ Ps1 ❛♥❞ F2 ∈ Ps2 ✳

❈❛s❡ ✶ s2 ∈ F1 ❛♥❞ s1 ∈ F2✳ ❚❤❡♥ t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t z ∈ Z ∩ F1 ❢♦r ✇❤✐❝❤ s2 ∈ Mzs̄1 ✳

❙✐♥❝❡ s2 6∈ Mzs̄2 ✱ ✇❡ ❤❛✈❡ Mzs̄1 6= Mzs̄2 ❛♥❞ ❤❡♥❝❡ ❈❧❛✐♠ ✷✳✶✳✷ ✐♠♣❧✐❡s t❤❛t s1 ∈ Mzs̄2 ✳

❙✐♥❝❡ F2 ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Hs2 ❝♦♥t❛✐♥✐♥❣ s1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t Mzs̄2 ⊆ F2✱

❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱ z ∈ F2✳ ❆s F1 ❛♥❞ F2 ❛r❡ ❝r♦ss✐♥❣✱ F1 ∩ F2 ∈ F ✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡

♠✐♥✐♠❛❧✐t② ♦❢ Mzs̄1 ✳

❈❛s❡ ✷ s2 6∈ F1 ♦r s1 6∈ F2✳ ❇② s②♠♠❡tr②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t s2 6∈ F1✳ ❇② ❈❧❛✐♠

✷✳✶✳✷✱ Mzs̄1 = Mzs̄2 ❢♦r ❡✈❡r② z ∈ F1 ∩ Z✳ ❍❡♥❝❡✱ ❛s F1 ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Hs1 ✱

F1 = ∪(Mzs̄1 : z ∈ F1 ∩ Z) = ∪(Mzs̄2 : z ∈ F1 ∩ Z) ❛♥❞ t❤❡r❡❢♦r❡ t❤❡r❡ ✐s ❛ ❝♦♠♣♦♥❡♥t ♦❢

Hs2 ✐♥❝❧✉❞✐♥❣ F1✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t F2 ♦❢ Hs2

❝r♦ss❡s F1✳ � �

❘❡♠❛r❦ ■♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ s✉❜♣❛rt✐t✐♦♥ Ps ❢♦r ❛ ❣✐✈❡♥ s ∈ V −Z✱ ✇❡ ❝♦♥s✐❞❡r❡❞

t❤❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❤②♣❡r❣r❛♣❤ Hs ✐♥t❡rs❡❝t✐♥❣ Z✳ ❖♥❡ ♠❛② ❢❡❡❧ t❤❛t ✐t

✇♦✉❧❞ ❜❡ ♠♦r❡ ♥❛t✉r❛❧✱ ❛♥❞ ❝❡rt❛✐♥❧② s✐♠♣❧❡r✱ t♦ ❞❡✜♥❡ ❛ s✉❜♣❛rt✐t✐♦♥ P ′
s ♦❢ V − s ❜②

❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠❛①✐♠❛❧ ♠❡♠❜❡rs ♦❢ F ♥♦t ❝♦♥t❛✐♥✐♥❣ s ❛♥❞ ✐♥t❡rs❡❝t✐♥❣ Z✳ ❋✐❣✉r❡ ✷✳✶✱

❤♦✇❡✈❡r✱ s❤♦✇s t❤❛t t❤❡ ❢❛♠✐❧② Z ′ :=
⋃{P ′

s : s ∈ V − Z} ✐s ♥♦t ❝r♦ss✲❢r❡❡✳

Z

V − Z

❋✐❣✉r❡ ✷✳✶✿ ❆ ❢❛♠✐❧② ♦❢ ✹ s❡ts ✇❤❡r❡ t❤❡ ♠❛①✐♠❛❧ zs̄✲s❡ts ❞♦ ♥♦t ❢♦r♠ ❛ ❝r♦ss✲❢r❡❡ ❢❛♠✐❧②✳

❲❡ ❝❧❛✐♠ t❤❛t ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ Z ✐s ❛ ❝r♦ss✲❢r❡❡ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧②✳ ■♥❞❡❡❞

❢♦r s ∈ V − Z ❛♥❞ z ∈ Z✱ t❤❡r❡ ✐s ❛♥ ✉♥❞✐r❡❝t❡❞ ♣❛t❤ ❜❡t✇❡❡♥ ϕ(s) ❛♥❞ ϕ(z) ♦♥ t❤❡

r❡♣r❡s❡♥t✐♥❣ tr❡❡ t❤❛t ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ✇✐t❤ t❤❡ ♣r♦♣❡r ❞✐r❡❝t✐♦♥ ✭♥❛♠❡❧② t❤❡

❡❞❣❡ ♦❢ t❤❡ ♣❛t❤ ❡①✐t✐♥❣ ϕ(s)✮ t❤❛t r❡♣r❡s❡♥ts ❛ zs̄✲s❡t✳ ▼♦r❡♦✈❡r✱ T ✐s ♠✐♥✐♠❛❧ s✐♥❝❡

❛♥ ❡❞❣❡ uv ♦❢ t❤❡ tr❡❡ r❡♣r❡s❡♥ts t❤❡ ♦♥❧② zs̄✲s❡t ❢♦r z ∈ ϕ−1(v) ❛♥❞ s ∈ ϕ−1(u)✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ r❡s✉❧t s❤♦✇s t❤❛t t❤❡ ❝♦♥✈❡rs❡ ✐s ❛❧s♦ tr✉❡✳

❚❤❡♦r❡♠ ✷✳✶✳✸✳ ❋♦r ❛ ♥♦♥✲❡♠♣t② ♣r♦♣❡r s✉❜s❡t Z ♦❢ V ✱ ❛ ♠✐♥✐♠❛❧ ❝r♦ss✲❢r❡❡ Z✲s❡♣❛r❛t✐♥❣

❢❛♠✐❧② Z ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z✳



✷✻ ✷✳✷✳ ❈♦♠♣✉t✐♥❣ t❤❡ ❢✉❧❧ tr✉♥❝❛t✐♦♥ ♦❢ b

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✶✳✹✳✶✱ Z ❤❛s ❛ tr❡❡✲r❡♣r❡s❡♥t❛t✐♦♥ (T, ϕ) ✇❤❡r❡ T = (U,A) ✐s ❛ ❞✐r❡❝t❡❞

tr❡❡✳ ❙✐♥❝❡ Z ✐s Z✲s❡♣❛r❛t✐♥❣✱ ✇❡ ♠✉st ❤❛✈❡ ϕ(s) 6= ϕ(z) ✇❤❡♥❡✈❡r s ∈ V −Z ❛♥❞ z ∈ Z✳

❈❧❛✐♠ ✷✳✶✳✹✳ ◆♦ ❡❞❣❡ ♦❢ T ❡♥t❡rs ϕ(s) ❢♦r ❡✈❡r② s ∈ V − Z✳ ◆♦ ❡❞❣❡ ♦❢ T ❧❡❛✈❡s ϕ(z)

❢♦r ❡✈❡r② z ∈ Z✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ♦♥❧② t❤❡ ✜rst ❤❛❧❢ ❛s ✐t ✐♠♠❡❞✐❛t❡❧② ✐♠♣❧✐❡s t❤❡ s❡❝♦♥❞ ♦♥❡ ❜② r❡✈❡rs✐♥❣

t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ T ❛♥❞ ❝♦♠♣❧❡♠❡♥t✐♥❣ ❡❛❝❤ ♠❡♠❜❡r ♦❢ Z✳
❆ss✉♠❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t t❤❡r❡ ✐s ❛♥ ❡❞❣❡ f = uϕ(s) ∈ A ♦❢ T ❡♥t❡r✐♥❣ ϕ(s)✳

▲❡t Zf ❜❡ t❤❡ ♠❡♠❜❡r ♦❢ Z ✇❤✐❝❤ ✐s r❡♣r❡s❡♥t❡❞ ❜② f ✳ ❇② ❘❡♠❛r❦ ✷✳✷✳✶✱ T ′ := T/f

r❡♣r❡s❡♥ts t❤❡ ❢❛♠✐❧② Z ′ := Z − {Zf}✳ ❚❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ Z s❤♦✇s t❤❛t Z ′ ✐s ♥♦t Z✲

s❡♣❛r❛t✐♥❣✱ t❤❛t ✐s✱ t❤❡r❡ ❛r❡ ❡❧❡♠❡♥ts z ∈ Z ❛♥❞ s′ ∈ V − Z s✉❝❤ t❤❛t Zf ✐s t❤❡ ♦♥❧②

♠❡♠❜❡r ♦❢ Z ❢♦r ✇❤✐❝❤ z ∈ Zf ❛♥❞ s′ ∈ V − Zf ✳ ■t ❢♦❧❧♦✇s t❤❛t✱ ❣♦✐♥❣ ❛❧♦♥❣ t❤❡ ✉♥✐q✉❡

✭✉♥❞✐r❡❝t❡❞✮ ♣❛t❤ P ♦❢ T ❢r♦♠ ϕ(s′) t♦ ϕ(z)✱ t❤❡ ♦♥❧② ❢♦r✇❛r❞ ❡❞❣❡ ✐s f ✳ ❚❤❡r❡❢♦r❡✱ ❡❛❝❤

❡❞❣❡ ♦❢ t❤❡ s✉❜♣❛t❤ ♦❢ P ❝♦♥♥❡❝t✐♥❣ ϕ(s) ❛♥❞ ϕ(z) ✐s ♦r✐❡♥t❡❞ t♦✇❛r❞ ϕ(s)✱ ✐♠♣❧②✐♥❣ t❤❛t

Z ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ zs̄✲s❡t✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

▲❡t A′ ⊆ A ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ ❡❞❣❡s ♦❢ T ❧❡❛✈✐♥❣ ϕ(V − Z)✳ ▲❡t s ∈ V − Z ❛♥❞

z ∈ Z ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ✉♥✐q✉❡ ♣❛t❤ P ♦❢ T ❝♦♥♥❡❝t✐♥❣ ϕ(s) ❛♥❞ ϕ(z)✳ ❇② ❈❧❛✐♠ ✷✳✶✳✹✱

✐ts ✜rst ❡❞❣❡ f ❛t ϕ(s) ❧❡❛✈❡s ϕ(s) ❛♥❞ ❤❡♥❝❡ Zf ✐s ❛ zs̄✲s❡t ✇❤❡r❡ Zf ❞❡♥♦t❡s t❤❡ ♠❡♠❜❡r

♦❢ Z r❡♣r❡s❡♥t❡❞ ❜② f ✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ Z ✐♠♣❧✐❡s t❤❛t A′ = A✱ t❤❛t ✐s✱ ❡✈❡r②

❡❞❣❡ ♦❢ T ❧❡❛✈❡s ϕ(V − Z)✳ ❆♥❛❧♦❣♦✉s❧②✱ ❡✈❡r② ❡❞❣❡ ♦❢ T ❡♥t❡rs ϕ(Z)✳ ❚❤❡r❡❢♦r❡✱ T ✐s ❛

tr❡❡ s✉❝❤ t❤❛t ❡❛❝❤ ♦❢ ✐ts ❡❞❣❡s ✐s ♦❢ ❢♦r♠ ϕ(s)ϕ(z) ❢♦r s♦♠❡ s ∈ V − Z ❛♥❞ z ∈ Z✱ t❤❛t

✐s✱ Z ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z✳ � �

❇② ❝♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠s ✷✳✶✳✶ ❛♥❞ ✷✳✶✳✸✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r②✳

❚❤❡♦r❡♠ ✷✳✶✳✺✳ ❋♦r ❛ ❣✐✈❡♥ ♥♦♥✲❡♠♣t② ♣r♦♣❡r s✉❜s❡t Z ♦❢ V ✱ ❛ ❝r♦ss✐♥❣ ❛♥❞ Z✲s❡♣❛r❛t✐♥❣

❢❛♠✐❧② Z ♦❢ s✉❜s❡ts ♦❢ V ✐♥❝❧✉❞❡s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z✳

✷✳✷ ❈♦♠♣✉t✐♥❣ t❤❡ ❢✉❧❧ tr✉♥❝❛t✐♦♥ ♦❢ b

❆s ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✷✳✶✳✺✱ ✇❡ ♣r♦✈✐❞❡ ❛ s✐♠♣❧❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✵✳✶✳

Pr♦♦❢✳ ❙✐♥❝❡ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✐s ❛ s♣❡❝✐❛❧ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ❜② ❞❡✜♥✐t✐♦♥✱ ✭✶✳✸✮ ✐♠♣❧✐❡s

t❤❛t b↓(Z) ≤ min{∑F∈T b(F ) : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z}✱ t❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ s❤♦✇ ❛

tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ❢♦r ✇❤✐❝❤ ❡q✉❛❧✐t② ❤♦❧❞s✳

❖❜✈✐♦✉s❧②✱ b↓(V ) = b(V )✱ ❛♥❞ b(V ) = min{b̃(T ) : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ V } ❜②

❚❤❡♦r❡♠ ✶✳✹✳✹✳ ❍❡♥❝❡ ❢r♦♠ ♥♦✇ ♦♥ ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t Z ✐s ❛ ♣r♦♣❡r s✉❜s❡t ♦❢ V ✳

B(b) = B(b↓) ❜② ❞❡✜♥✐t✐♦♥✳ ❚❤❡♦r❡♠ ✶✳✹✳✺ ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛♥ ❡❧❡♠❡♥t m ♦❢ B(b)

❢♦r ✇❤✐❝❤ m̃(Z)(:=
∑

z∈Z m(z)) = b↓(Z)✳ ❈❛❧❧ ❛ s✉❜s❡t X ⊂ V m✲t✐❣❤t ✐❢ m̃(X) = b(X)



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✷✼

❛♥❞ ❧❡t F ❜❡ t❤❡ ❢❛♠✐❧② ♦❢m✲t✐❣❤t s❡ts✳ ❚❤❡♥ F ✐s ❛ ❝r♦ss✐♥❣ s❡t s②st❡♠ ❜② s✉❜♠♦❞✉❧❛r✐t②✿

m̃(X)+m̃(Y ) = b(X)+b(Y ) ≥ b(X∩Y )+b(X∪Y ) ≥ m̃(X∩Y )+m̃(X∪Y ) = m̃(X)+m̃(Y )

✇❤❡♥❡✈❡r X, Y ⊆ V ❛r❡ ❝r♦ss✐♥❣✳

❈❧❛✐♠ ✷✳✷✳✶✳ ❚❤❡r❡ ❡①✐sts ❛♥ m✲t✐❣❤t ts✲s❡t ❢♦r ❡✈❡r② s ∈ V − Z, t ∈ Z✱ s♦ F ✐s Z✲

s❡♣❛r❛t✐♥❣✳

Pr♦♦❢✳ ■❢ t❤❡r❡ ✐s ❛♥ s ∈ V − Z, t ∈ Z ❢♦r ✇❤✐❝❤ ♥♦ m✲t✐❣❤t ts✲s❡t ❡①✐sts✱ t❤❡♥ ❢♦r

ε := min{b(X)−m̃(X) : X ✐s ❛ ts✲s❡t} t❤❡ ✈❡❝t♦r m′ ❢♦r ✇❤✐❝❤ m′(s) := m(s)−ε, m′(t) :=

m(t) + ε, m′(v) := m(v) (v ∈ V − {s, t}) ✇♦✉❧❞ ❜❡❧♦♥❣ t♦ B(b) ❜✉t ✇♦✉❧❞ ♥♦t ❜❡❧♦♥❣ t♦

B(b↓) t❤❛t ✐s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❇② ❚❤❡♦r❡♠ ✷✳✶✳✺ t❤❡r❡ ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ Z ❝♦♥s✐st✐♥❣ ♦❢ m✲t✐❣❤t s❡ts✳ ❚❤✉s

❢♦r t❤✐s tr❡❡✲❝♦♠♣♦s✐t✐♦♥✱
∑

X∈T b(X) =
∑

X∈T m̃(X) = ∆(T )m̃(V − Z) + (∆(T ) +
1)m̃(Z) = ∆(T )m̃(V ) + m̃(Z) = ∆(T )b(V ) + m̃(Z) = 0 + b↓(Z). � �

❲✐t❤ ❛ s✐♠✐❧❛r ♣r♦♦❢ ♦♥❡ ❝❛♥ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✷✳✷✳✷✳ ▲❡t p ❜❡ ❛ ❝r♦ss✐♥❣ s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ B′(p) 6= ∅✳ ❚❤❡♥

p↑(Z) = max
{
p̃(T )−∆(T )p(V )

}
,

✇❤❡r❡ t❤❡ ♠❛①✐♠✉♠ ✐s t❛❦❡♥ ♦✈❡r ❛❧❧ tr❡❡✲❝♦♠♣♦s✐t✐♦♥s T ♦❢ Z✳

✷✳✸ ❆❧❣♦r✐t❤♠✐❝ ❛s♣❡❝t

❲✐t❤ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ❋r❛♥❦ ❛♥❞ ❚❛r❞♦s ❬✸✽✱ ✽✸❪ ♦♥❡ ❝❛♥ ❝♦♠♣✉t❡ t❤❡

✈❛❧✉❡ ♦❢ t❤❡ ❢✉❧❧ tr✉♥❝❛t✐♦♥ ♦❢ ❛ ❝r♦ss✐♥❣ s✉❜✲ ♦r s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ ❛ s❡t Z ⊆ V

♣r♦✈✐❞❡❞ ❛ s✉❜r♦✉t✐♥❡ ✐s ❛✈❛✐❧❛❜❧❡ t❤❛t ❝♦♠♣✉t❡s min{b(Y ) − ã(Y ) : Y ⊆ X} ❛♥❞ t❤❡

♠✐♥✐♠✐③✐♥❣ s❡t ❢♦r ❛ ✈❡❝t♦r a ∈ RV ❛♥❞ ❛ s✉❜s❡t X ⊆ V ✳ ■♥ s❡✈❡r❛❧ ❛♣♣❧✐❝❛t✐♦♥s t❤✐s

♠✐♥✐♠✐③✐♥❣ ♦r❛❝❧❡ ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ✈✐❛ ❛ ✢♦✇✲❛❧❣♦r✐t❤♠ ❤❡♥❝❡ ✐ts r✉♥♥✐♥❣ t✐♠❡ ✐s ✉s✉❛❧❧②

ϑ = O(n3)✳ ■❢ B(b) 6= ∅✱ t❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦✉t♣✉ts ❛ ✈❡❝t♦r m ∈ B(b) ✇✐t❤ ♠❛①✐♠✉♠

✈❛❧✉❡ ♦❢ m̃(Z)✱ ❤❡♥❝❡ m̃(Z) = b↓(Z) ❜② ❚❤❡♦r❡♠ ✶✳✹✳✺✳ ❍♦✇❡✈❡r✱ t❤❡ ❛❧❣♦r✐t❤♠ ❞♦❡s ♥♦t

❝♦♠♣✉t❡ t❤❡ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥✳

◆♦✇ ✇❡ ✇✐❧❧ ❣✐✈❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ t❤❡ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✐♥

❢♦r♠✉❧❛ ✭✷✳✶✮ ✐❢ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ✈❡❝t♦r m ∈ B(b) ✇✐t❤ ♠❛①✐♠✉♠ ✈❛❧✉❡ ♦❢ m̃(Z)✳ ❚❤❡ ♣r♦♦❢

♦❢ ❚❤❡♦r❡♠ ✷✳✵✳✶ ✐♠♣❧✐❡s t❤❛t ✐❢ m̃(Z) ✐s ♠❛①✐♠✉♠ ❢♦r m ∈ B(b)✱ t❤❡♥ t❤❡ m✲t✐❣❤t s❡ts

❢♦r♠ ❛ ❝r♦ss✐♥❣ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧② F ✳ ❇② ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ❜❡❣✐♥♥✐♥❣

♦❢ ❙❡❝t✐♦♥ ✷✳✶✱ ♦♥❡ ❝❛♥ ❣❡t ❛ ❝r♦ss✲❢r❡❡ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧② Z ✐❢ t❤❡ ♠✐♥✐♠❛❧ m✲t✐❣❤t s❡ts

❛r❡ ❝♦♠♣✉t❛❜❧❡✳ ❚❤❡r❡❢♦r❡✱ ❛ss✉♠❡ t❤❛t t❤❡ ♠✐♥✐♠✐③✐♥❣ ♦r❛❝❧❡ ✉s❡❞ ✐♥ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥

❛❧❣♦r✐t❤♠ ❝❛♥ ❝♦♠♣✉t❡ ❛❧s♦ t❤❡ ♠✐♥✐♠✐③✐♥❣ s❡t ♦❢ min{b(Y ) − ã(Y ) : v ∈ Y ⊆ X} ❢♦r



✷✽ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❛ ✈❡❝t♦r a ∈ RV ❛♥❞ ❛ s✉❜s❡t X ⊆ V ✐♥ r✉♥♥✐♥❣ t✐♠❡ ϑ✳ ❚❤❡♥ t❤❡ ♠✐♥✐♠❛❧ zs̄✲s❡t ❝❛♥

❜❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤✐s ♦r❛❝❧❡ ✇✐t❤ a := m✱ X := V − s ❛♥❞ v := z✳ ❚♦ ❣❡t Z ♦♥❡ ♥❡❡❞s

t♦ r✉♥ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♦r❛❝❧❡ O(n2) t✐♠❡s ❛♥❞ ❛❢t❡r t❤❛t s♦♠❡ s❡❛r❝❤ ❛❧❣♦r✐t❤♠ ✐s ♥❡❡❞❡❞

t❤❛t r✉♥s ✐♥ O(n3) t✐♠❡✳ ❚❤✉s ✇❡ ❣❡t Z ✐♥ O(n2ϑ+n3) t✐♠❡✳ ❆❢t❡r t❤❛t ✇❡ ♥❡❡❞ t♦ ♦♠✐t

s♦♠❡ ❡❧❡♠❡♥ts ♦❢ Z t♦ ❣❡t ❛ ♠✐♥✐♠❛❧ Z✲s❡♣❛r❛t✐♥❣ ❢❛♠✐❧② t❤❛t ♥❡❡❞s O(n4) r✉♥♥✐♥❣ t✐♠❡✳

❚❤❡ ❢❛♠✐❧② ✇❡ ❣❡t ✇✐❧❧ ❜❡ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ Z ❜② ❚❤❡♦r❡♠ ✷✳✶✳✸✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧

r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✐s O(n2ϑ+n4) t❤❛t ✐s O(n5)

✐♥ ♣r❛❝t✐❝❡ ✐❢ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♦r❛❝❧❡ ✐s ❣✐✈❡♥ ❜② ❛ ✢♦✇✲❛❧❣♦r✐t❤♠✳

❘❡♠❛r❦✿ ❲✐t❤ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦♥❡ ❝❛♥ ❣❡t ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ t❤❛t ♠✐♥✲

✐♠✐③❡s ✭✶✳✸✮✳ ❖♥❡ ❝❛♥ ❛❧s♦ r❡❛❞ ♦✉t ❛♥ ❛❧❣♦r✐t❤♠ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✵✳✶ ❣✐✈❡♥

✐♥ ❬✸✵❪ t♦ ♦❜t❛✐♥ ❛ ♠✐♥✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥✱ ❜✉t t❤✐s ❛❧❣♦r✐t❤♠ ♥❡❡❞s t♦ ✉♥❝r♦ss t❤❡

❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♣r♦✈✐❞❡❞ ❜② t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤❡ ✉♥❝r♦ss✐♥❣ ♠❡t❤♦❞

♠❡❛♥s t❤❛t ✇❡ ❦❡❡♣ r❡♣❧❛❝✐♥❣ t✇♦ ❝r♦ss✐♥❣ ♠❡♠❜❡rs ♦❢ F ✇✐t❤ t❤❡✐r ✉♥✐♦♥ ❛♥❞ ✐♥t❡r✲

s❡❝t✐♦♥ ✉♥t✐❧ t❤❡ ❝✉rr❡♥t ❢❛♠✐❧② ❣❡ts ❝r♦ss✲❢r❡❡✳ ❆♥ ✉♥❝r♦ss✐♥❣ st❡♣ ✐♥❝r❡❛s❡s t❤❡ ✈❛❧✉❡ ♦❢∑
F∈F |F |2✱ ❛♥❞ ❤❡♥❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ✉♥❝r♦ss✐♥❣ ♠❡t❤♦❞ ♦♥ ❛ ❞♦✉❜❧❡✲♣❛rt✐t✐♦♥ ♦❢

s✐③❡ Ω(n2) ✐s ♠♦r❡ t❤❛♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✭❢♦r ✜♥✐t❡✲✈❛❧✉❡❞ b✮ r✉♥s ✐♥ t✐♠❡ O(n2ϑ+ n3) ✇❤❡r❡ ϑ ✐s t❤❡

r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ♠✐♥✐♠✐③✐♥❣ ♦r❛❝❧❡ ✉s❡❞ ✐♥ t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❤✐❧❡ t❤❡ ✉♥❝r♦ss✐♥❣ ♣r♦❝❡✲

❞✉r❡ ❢♦r s✉❝❤ ❛ ❢❛♠✐❧② ♥❡❡❞s O(n7) r✉♥♥✐♥❣ t✐♠❡✳ ✭■❢ b ❝❛♥ ❤❛✈❡ ✐♥✜♥✐t❡ ✈❛❧✉❡s✱ t❤❡♥ t❤❡

r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐s O(n3ϑ)✳✮ ❲✐t❤ ❛♥ ❛❞❛♣t❛t✐♦♥ ♦❢ ❋❧❡✐♥❡r✬s

♠❡t❤♦❞ ❬✷✸❪✱ t❤✐s ❜♦✉♥❞ ❢♦r t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ✉♥❝r♦ss✐♥❣ ♣r♦❝❡❞✉r❡ ❝❛♥ ❜❡ ❧♦✇❡r❡❞

t♦ O(n5)✳

✷✳✹ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❘♦❜❜✐♥s✬ t❤❡♦r❡♠ ❬✾✵❪ st❛t❡s t❤❛t ❛ ❣r❛♣❤ G ❤❛s ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐❢

❛♥❞ ♦♥❧② ✐❢ G ✐s ✷✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❆ ♥❛t✉r❛❧ ❡①t❡♥s✐♦♥ t♦ ♠✐①❡❞ ❣r❛♣❤s ✇❛s ❣✐✈❡♥ ❜②

❇♦❡s❝❤ ❛♥❞ ❚✐♥❞❡❧❧ ✐♥ ❬✼❪✳

❆ s✐❣♥✐✜❝❛♥t❧② ❞❡❡♣❡r ❡①t❡♥s✐♦♥ ♦❢ ❘♦❜❜✐♥s✬ t❤❡♦r❡♠ ✐s ❞✉❡ t♦ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✹❪

✇❤♦ ♣r♦✈❡❞ t❤❛t ❛ 2k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❤❛s ❛ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥✳ P❡r❤❛♣s

s✉r♣r✐s✐♥❣❧②✱ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ♠✐①❡❞ ❣r❛♣❤ ✐s

♠✉❝❤ ♠♦r❡ ❝♦♠♣❧❡① s✐♥❝❡ ✐♥ t❤✐s ❝❛s❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ r❡❧✐❡s ♦♥

tr❡❡✲❝♦♠♣♦s✐t✐♦♥s✳

❙✉♣♣♦s❡ t❤❛t M = (V,E ∪ F ) ✐s ❛ ♠✐①❡❞ ❣r❛♣❤ t❤❛t ❝♦♥s✐sts ♦❢ ❛♥ ✉♥❞✐r❡❝t❡❞ ❣r❛♣❤

G = (V,E) ❛♥❞ ❛ ❞✐❣r❛♣❤ H = (V, F )✳ ❲❡ ✇❛♥t t♦ ✜♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥
−→
G = (V,

−→
E ) ♦❢ G

s♦ t❤❛t t❤❡ ❞✐❣r❛♣❤ (V,
−→
E ∪ F ) ✐s k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ r❡q✉✐r✐♥❣ t❤❛t



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✷✾

t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❝♦✈❡rs hk ✇❤❡r❡

hk(X) :=





k − ̺H(X) ✐❢ ∅ 6= X ⊂ V,

0 ✐❢ X ∈ {∅, V },

❛♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥
−→
G ✐s s❛✐❞ t♦ ❝♦✈❡r h ✐❢ ̺−→

G
(X) ≥ h(X) ❢♦r ❛❧❧ X ⊆ V ✳

❋♦r ❛ ❣r❛♣❤ G = (V,E)✱ ❛ s❡t✲❢✉♥❝t✐♦♥ h : 2V → R ✐s ✭❝r♦ss✐♥❣✮ G✲s✉♣❡r♠♦❞✉❧❛r

✐❢ h(X) + h(Y ) ≤ h(X ∩ Y ) + h(X ∪ Y ) + dG(X, Y ) ❢♦r ❡✈❡r② ✭❝r♦ss✐♥❣✮ X, Y ⊆ V ✳ ■t

✐s ❡❛s② t♦ s❡❡ t❤❛t hk ✐s ❝r♦ss✐♥❣ G✲s✉♣❡r♠♦❞✉❧❛r✱ ❤❡♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ♦❢ ❬✸✵❪

❣✐✈❡s ❛ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ t♦ t❤❡ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ♣r♦❜❧❡♠

❢♦r ♠✐①❡❞ ❣r❛♣❤s✳

❋♦r ❛♥ ❡❞❣❡ e = uv ❛♥❞ ❢♦r ❛ ❢❛♠✐❧② F ❧❡t we(F) ❞❡♥♦t❡ t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ♥✉♠❜❡r

♦❢ uv✲s❡ts ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ vu✲s❡ts✳

❚❤❡♦r❡♠ ✷✳✹✳✶ ✭❬✸✵❪✮✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t h : 2V → Z ∪ {−∞} ❜❡ ❛

❝r♦ss✐♥❣ G✲s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ h(V ) = 0✳ ❚❤❡r❡ ✐s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ G

❝♦✈❡r✐♥❣ h ✐❢ ❛♥❞ ♦♥❧② ✐❢

∑

e∈E

we(T ) ≥ h̃(T ), ✭✷✳✷✮

❤♦❧❞s ❢♦r ❡✈❡r② tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ ❡❛❝❤ s✉❜s❡t ♦❢ V ✳

❚❤❡♦r❡♠ ✷✳✹✳✶ ✇❛s ❞❡r✐✈❡❞ ✐♥ ❬✸✵❪ ❢r♦♠ t❤❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ❢❡❛s✐❜✐❧✐t② t❤❡♦r❡♠✳ ❙✉❜✲

♠♦❞✉❧❛r ✢♦✇s ✇❡r❡ ✐♥tr♦❞✉❝❡❞ ❛♥❞ ✐♥✈❡st✐❣❛t❡❞ ❜② ❊❞♠♦♥❞s ❛♥❞ ●✐❧❡s ✐♥ ❬✷✷❪✳ ▲❡t

D = (V,A) ❜❡ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✱ f : A → Z ∪ {−∞}, g : A → Z ∪ {∞} t✇♦ ✐♥t❡❣❡r✲

✈❛❧✉❡❞ ❜♦✉♥❞✐♥❣ ❢✉♥❝t✐♦♥s ❢♦r ✇❤✐❝❤ f ≤ g✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛r❡ ❣✐✈❡♥ ❛ ❝r♦ss✐♥❣ s✉❜✲

♠♦❞✉❧❛r s❡t✲❢✉♥❝t✐♦♥ b : 2V → Z ∪ {∞} ❢♦r ✇❤✐❝❤ b(∅) = 0 ❛♥❞ b(V ) ✐s ✜♥✐t❡✳ ❆

❢✉♥❝t✐♦♥ ✭♦r ✈❡❝t♦r✮ x : A → R ✐s ❝❛❧❧❡❞ ❛ s✉❜♠♦❞✉❧❛r ✢♦✇ ♦r s✉❜✢♦✇ ❝♦♥✜♥❡❞ ❜②

b ✐❢ Ψx(Z) := ̺x(Z) − δx(Z) ≤ b(Z) ❢♦r ❡✈❡r② Z ⊆ V ✱ ✇❤❡r❡ ̺x(Z) :=
∑{x(uv) : u ∈

V − Z, v ∈ Z, uv ∈ A}, δx(Z) :=
∑{x(uv) : u ∈ Z, v ∈ V − Z, uv ∈ A}✳ ❙✐♥❝❡ Ψx(V ) = 0

✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t b(V ) = 0✳ ❆ s✉❜✢♦✇ x ✐s ❢❡❛s✐❜❧❡ ✐❢ f ≤ x ≤ g✳

❚❤❡ ❜❛s✐❝ ❝❛s❡ ♦❢ t❤❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ❢❡❛s✐❜✐❧✐t② t❤❡♦r❡♠ ✐s ✇❤❡♥ b∗ ✐s ❢✉❧❧② s✉❜♠♦❞✉❧❛r

❛♥❞ ✐♥t❡❣❡r✲✈❛❧✉❡❞ ✇✐t❤ b∗(∅) = b∗(V ) = 0 ✇❛s ♣r♦✈❡❞ ✐♥ ❬✷✾❪✿ ❣✐✈❡♥ ❛ ❞✐❣r❛♣❤ D = (V,A)

❛♥❞ ❜♦✉♥❞✐♥❣ ❢✉♥❝t✐♦♥s f : A → Z, g : A → Z ✇✐t❤ f ≤ g✱ t❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r ❢❡❛s✐❜❧❡

s✉❜♠♦❞✉❧❛r ✢♦✇ ❝♦♥✜♥❡❞ ❜② b∗ ✐❢ ❛♥❞ ♦♥❧② ✐❢

̺f − δg ≤ b∗. ✭✷✳✸✮

❇② ❝♦♠❜✐♥✐♥❣ t❤✐s r❡s✉❧t ✇✐t❤ ❚❤❡♦r❡♠ ✷✳✵✳✶✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❣❡♥❡r❛❧ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✿



✸✵ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❚❤❡♦r❡♠ ✷✳✹✳✷ ✭❬✸✵❪✮✳ ▲❡t b ❜❡ ❛ ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ b(V ) = 0✳

❚❤❡r❡ ✐s ❛♥ ✐♥t❡❣❡r ❢❡❛s✐❜❧❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ❝♦♥✜♥❡❞ ❜② b ✐❢ ❛♥❞ ♦♥❧② ✐❢

̺f (Z)− δg(Z) ≤ b̃(T ) ✭✷✳✹✮

❢♦r ❡✈❡r② ♥♦♥❡♠♣t② Z ⊆ V ❛♥❞ ❡✈❡r② tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ Z✳

◆♦t❡ t❤❛t ✐❢ b ✐s ❢✉❧❧② s✉♣❡r♠♦❞✉❧❛r✱ t❤❡♥ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ❛❧❣♦r✐t❤♠s ❢♦r ✜♥❞✐♥❣ ❛

❢❡❛s✐❜❧❡ ✭✐♥t❡❣❡r✮ s✉❜♠♦❞✉❧❛r ✢♦✇ ✭❢♦r ❛ s✉r✈❡② s❡❡ ❬✹✷❪✮✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s ❝❛♥ ❛❧s♦ ❜❡

❛♣♣❧✐❡❞ t♦ ❝♦♠♣✉t❡ ❛ ❢❡❛s✐❜❧❡ s✉❜✢♦✇ ✇❤❡♥ b ✐s ❝r♦ss✐♥❣ s✉❜♠♦❞✉❧❛r✳ ❇✉t✱ ✐♥ t❤❡ ❝❛s❡

✇❤❡♥ ♥♦ ❢❡❛s✐❜❧❡ s✉❜♠♦❞✉❧❛r ✢♦✇ ❡①✐sts✱ ❡①tr❛ ✇♦r❦ ✐s ♥❡❡❞❡❞ t♦ ❝♦♠♣✉t❡ ❛ ✈✐♦❧❛t✐♥❣

tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✭s❡❡ ❬✸✵✱ ✸✻❪✮✳ ❲✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✱ ✐t ✐s s✐♠♣❧❡r

t♦ ✜♥❞ t❤✐s ❛♥❞ ❤❡♥❝❡ t❤❡ ♣r❡s❡♥t ♠❡t❤♦❞ s✐♠♣❧✐✜❡s t❤❡ ✜♥❞✐♥❣ ♦❢ ❛♥ ♦❜st❛❝❧❡ ✐❢ ❛ ♠✐①❡❞

❣r❛♣❤ ❤❛s ♥♦ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥✳

■♥ ❬✷✽❪ ✐t ✇❛s ♣r♦✈❡❞ t❤❛t ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡♥ h ≥ 0✱ ✭✷✳✷✮ ✐s r❡q✉✐r❡❞ ♦♥❧② ❢♦r

tr❡❡✲❝♦♠♣♦s✐t✐♦♥s ♦❢ V ✱ t❤❛t ✐s✱ ❢♦r ♣❛rt✐t✐♦♥s ❛♥❞ ❝♦✲♣❛rt✐t✐♦♥s ♦❢ V ✳ ❍❡r❡ ✇❡ s❤♦✇ ❤♦✇

❚❤❡♦r❡♠ ✷✳✹✳✶ ✐♠♣❧✐❡s t❤✐s s♣❡❝✐❛❧ ❝❛s❡✳

❚❤❡♦r❡♠ ✷✳✹✳✸✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t h : 2V → Z+ ❜❡ ❛ ❝r♦ss✐♥❣ G✲

s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ❢♦r ✇❤✐❝❤ h(V ) = 0✳ ❚❤❡r❡ ✐s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❝♦✈❡r✐♥❣ h ✐❢

❛♥❞ ♦♥❧② ✐❢

e(P) ≥
q∑

i=1

h(Vi) and e(P) ≥
q∑

i=1

h(V − Vi) ✭✷✳✺✮

❤♦❧❞ ❢♦r ❡✈❡r② ♣❛rt✐t✐♦♥ P = {V1, V2, ..., Vq} ♦❢ V ✳

Pr♦♦❢✳ ❆s t❤❡ ♥❡❝❡ss✐t② ♦❢ ✭✷✳✺✮ ✐s str❛✐❣❤t❢♦r✇❛r❞✱ ✇❡ ♦♥❧② ♣r♦✈❡ ✐ts s✉✣❝✐❡♥❝②✳ ❆ss✉♠❡

t❤❛t G ❤❛s ♥♦ ♦r✐❡♥t❛t✐♦♥ ❝♦✈❡r✐♥❣ h✳ ❇② ❚❤❡♦r❡♠ ✷✳✹✳✶ t❤❡r❡ ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T
♦❢ X ⊆ V ✇✐t❤

∑
e∈E we(T ) < h̃(T )✳ ❚❤❡♥ T ′ := T ∪ {V − X} ✐s ❛ ❝♦♠♣♦s✐t✐♦♥ ♦❢ V ✳

❆ss✉♠❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t we(T ′) > we(T ) ❢♦r ❛♥ ❡❞❣❡ e = uv✳ ❚❤❡♥ e ♠❛② ❤❛✈❡

❡①❛❝t❧② ♦♥❡ ❡♥❞♣♦✐♥t✱ s❛② u✱ ✐♥ V − X✳ ❍♦✇❡✈❡r✱ ✐♥ t❤✐s ❝❛s❡✱ dT (u) = dT (v) − 1✱ t❤✉s

❛❢t❡r s✉❜tr❛❝t✐♥❣ t❤❡ ♥✉♠❜❡r ♦❢ s❡ts ❝♦♥t❛✐♥✐♥❣ ❜♦t❤ u ❛♥❞ v✱ ✇❡ ❣❡t t❤❛t t❤❡ ♥✉♠❜❡r ♦❢

vū✲s❡ts ✐s ♠♦r❡ t❤❛♥ t❤❡ ♥✉♠❜❡r ♦❢ uv̄✲s❡ts ✐♥ T ✳ ❍❡♥❝❡ we(T ′) = we(T )✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✉s
∑

e∈E we(T ′) =
∑

e∈E we(T )✳ ❚❤❡r❡❢♦r❡✱ s✐♥❝❡ h ✐s ♥♦♥✲♥❡❣❛t✐✈❡✱
∑

e∈E we(T ′) =∑
e∈E we(T ) < h̃(T ) ≤ h̃(T ′)✳

❇② ✉♥❝r♦ss✐♥❣ T ′✱ ✇❡ ❣❡t ❛ ❝r♦ss✲❢r❡❡ ❝♦♠♣♦s✐t✐♦♥ K ♦❢ V ❢♦r ✇❤✐❝❤
∑

e∈E we(K) <

h̃(K) ❤♦❧❞s s✐♥❝❡ h ✐s ❝r♦ss✐♥❣✲G✲s✉♣❡r♠♦❞✉❧❛r✳ ❇② ▲❡♠♠❛ ✶✳✹✳✸✱ K ❝❛♥ ❜❡ ♣❛rt✐t✐♦♥❡❞

✐♥t♦ ♣❛rt✐t✐♦♥s ❛♥❞ ❝♦✲♣❛rt✐t✐♦♥s ♦❢ V ❛♥❞ ❤❡♥❝❡ ❛t ❧❡❛st ♦♥❡ ♦❢ t❤❡♠ ✈✐♦❧❛t❡s ✭✷✳✺✮✳

◆♦t❡ t❤❛t T ′ ❤❛s ♦♥❧② O(n) ♠❡♠❜❡rs ❤❡♥❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ✉♥❝r♦ss✐♥❣ ♣r♦❝❡✲

❞✉r❡ ✐s ❧❡ss t❤❛♥ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❍❡♥❝❡ ✇✐t❤ t❤❡ ♣r❡s❡♥t



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✸✶

♠❡t❤♦❞ ♦♥❡ ❝❛♥ ✜♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥ ❝♦✈❡r✐♥❣ h ♦r ❛ ♣❛rt✐t✐♦♥ ✈✐♦❧❛t✐♥❣ ✭✷✳✺✮ ✐♥ t❤❡ r✉♥♥✐♥❣

t✐♠❡ ♦❢ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠✳ ❚❤✐s ✐s t❤❡ ❜❡st ❦♥♦✇♥ r✉♥♥✐♥❣ t✐♠❡ ❢♦r t❤✐s ♣r♦❜❧❡♠

t❤❛t ❝❛♥ ❛❧s♦ ❜❡ ❛❝❤✐❡✈❡❞ ❜② t❤❡ ❛❧❣♦r✐t❤♠ t❤❛t ❝❛♥ ❜❡ r❡❛❞ ♦✉t ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♦❢

♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸ ❣✐✈❡♥ ✐♥ ❬✸✹❪✿

Pr♦♦❢✳ ▲❡t p(X) = h(X)+i(X)✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t p ✐s ❝r♦ss✐♥❣ s✉♣❡r♠♦❞✉❧❛r ❛♥❞ t❤❛t

❛♥ ✐♥t❡❣❡r ✈❡❝t♦r ✐♥ t❤❡ ❜❛s❡✲♣♦❧②❤❡❞r♦♥ B′(p) ✐s t❤❡ ✐♥✲❞❡❣r❡❡ ✈❡❝t♦r ♦❢ ❛♥ ♦r✐❡♥t❛t✐♦♥

❝♦✈❡r✐♥❣ h✳ ❆ ❧✐tt❧❡ ❝❛❧❝✉❧❛t✐♦♥ s❤♦✇s t❤❛t ✭✷✳✺✮ ✐♠♣❧✐❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❋✉❥✐s❤✐❣❡✬s

t❤❡♦r❡♠ ✭s❡❡ ❚❤❡♦r❡♠ ✶✳✹✳✹✮✳ ❍❡♥❝❡ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣❡r ✈❡❝t♦r z ∈ B′(p)✳ ❇② t❤❡

❖r✐❡♥t❛t✐♦♥ ❧❡♠♠❛ ♦❢ ❍❛❦✐♠✐ ❬✺✶❪ t❤❡r❡ ❡①✐sts ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ✇✐t❤ ✐♥✲❞❡❣r❡❡ ✈❡❝t♦r

z✱ ❝♦♠♣❧❡t✐♥❣ t❤❡ ♣r♦♦❢✳

❋r♦♠ ❚❤❡♦r❡♠ ✷✳✹✳✸ ✐t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ❛♥❞ (k, ℓ)✲

❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ❛r❡ ❡q✉✐✈❛❧❡♥t ❢♦r k ≥ ℓ✳ ✭❚♦ ♣r♦✈❡ t❤✐s✱ ❥✉st ✉s❡ t❤❡ t❤❡♦r❡♠

t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥✿ h(X) = k ✐❢ r0 6∈ X 6= ∅✱ h(X) = ℓ ✐❢ r0 ∈ X 6= V ✱ l(X) = 0 ✐❢

X ∈ {∅, V }✳✮

❚❤❡♦r❡♠ ✷✳✹✳✹✳ ❋♦r k, ℓ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✇✐t❤ k ≥ ℓ ❛ ❣r❛♣❤ ✇✐t❤ ❛ r♦♦t ♥♦❞❡ r0 ❤❛s ❛♥

r0✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸ ✐♥ ❬✷✽❪ ❣✐✈❡s r✐s❡ t♦ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛ r♦♦t❡❞

(k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✭❛♥❞ ❜② t❤✐s ❢♦r t❡st✐♥❣ (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t②✮❀

t❤❡ ❛❧❣♦r✐t❤♠ ✐s r❛t❤❡r ✐♥✈♦❧✈❡❞✳

❋♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ = 0✱ ✇❤❡♥ ✇❡ ✇❛♥t t♦ ❣✐✈❡ ❛ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥

♦❢ ❛ ❣r❛♣❤✱ t❤❡ ♣r♦♦❢ ♣r❡s❡♥t❡❞ ✐♥ ❬✷✻❪ ❛♥❞ ✐♥ ❬✸✶✱ ❙❡❝t✐♦♥ ✾✳✶❪ ❣✐✈❡s r✐s❡ t♦ ❛ s✐♠♣❧❡r ❛❧❣♦✲

r✐t❤♠✳ ❨❡t ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠ ✇❛s ❣✐✈❡♥ ❜② ●❛❜♦✇ ❛♥❞ ▼❛♥✉ ✐♥ ❬✹✸❪✳ ❚❤❡s❡ ❛❧❣♦r✐t❤♠s

♦✉t♣✉t ❡✐t❤❡r ❛ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ✐♥♣✉t ❣r❛♣❤ G = (V,E) ♦r ❛

♣❛rt✐t✐♦♥ P ♦❢ V ❢♦r ✇❤✐❝❤

eG(P) < k(|P| − 1),

s❤♦✇✐♥❣ t❤❛t G ✐s ♥♦t k✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳

❆ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ❝❛♥ ❜❡ r❡❛❞

♦✉t ❢r♦♠ ♦✉r s❡❝♦♥❞ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸ ✭t❤❛t ✉s❡❞ t❤❡ t❡❝❤♥✐q✉❡ ♦❢ ❬✸✹❪✮✳ ❚❤❡

❝♦♠♣❧❡①✐t② ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s O(n5 + n2m)✳ ❚❤❡ ✐♥✈♦❧✈❡❞ ♣❛rt ♦❢ t❤✐s ❛❧❣♦r✐t❤♠ ✐s t❤❛t

✐t ✉s❡s t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ❋r❛♥❦ ❛♥❞ ❚❛r❞♦s ❬✸✽✱ ✽✸❪✳

▼♦r❡♦✈❡r✱ t❤✐s ✐❞❡❛ ♦❢ ✉s✐♥❣ t❤❡ ❖r✐❡♥t❛t✐♦♥ ❧❡♠♠❛ ❧❡❛❞s t♦ ❛ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠

❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ = 0 ❜❡❝❛✉s❡ t❤❡♥ ♦♥❧② t❤❡ tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ❋r❛♥❦ ❛♥❞ ❚❛r❞♦s

❬✸✽❪ ✐s ♥❡❡❞❡❞ ✭s❡❡ ❬✼✶❪ ❛♥❞ ❬✸✶✱ ❙❡❝t✐♦♥ ✶✺✳✹✳✹❪✮ t❤✉s ✇❡ ❣❡t ❛ ❜♦✉♥❞ O(n4 + n2m) ❢♦r

t❤❡ r✉♥♥✐♥❣ t✐♠❡✳ ❙✐♥❝❡ ✇❡ ✉s❡ t❤❡ tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠ ✐♥st❡❛❞ ♦❢ t❤❡ ❜✐✲tr✉♥❝❛t✐♦♥

❛❧❣♦r✐t❤♠✱ t❤✐s ❛❧❣♦r✐t❤♠ ✐s ❧❡ss ✐♥✈♦❧✈❡❞✳ ❚❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❛❧❣♦r✐t❤♠ ♦❢ ●❛❜♦✇



✸✷ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❛♥❞ ▼❛♥✉ ❬✹✸❪ ❤❛s ❛ t✐♠❡ ❜♦✉♥❞ ♦❢ O(min{n, log(N)}n2m∗ log(n2/m∗)) ✇❤❡r❡ m∗ ✐s t❤❡

❡❞❣❡ ♥✉♠❜❡r ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✐♠♣❧❡ ❣r❛♣❤ ❛♥❞ N ✐s t❤❡ ♠❛①✐♠✉♠ ♥✉♠❜❡r ♦❢ ♣❛r❛❧❧❡❧

❝♦♣✐❡s ♦❢ ❛♥ ❡❞❣❡✳

❆s ♥♦t❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r✱ ♦✉r ♥❡①t ❛✐♠ ✐s t♦ ❣✐✈❡ ❛ s✐♠♣❧❡ ❛♥❞

❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✹ ✇❤❡r❡ ℓ = 1✱ ❜✉t ✇❡ ❜❡❣✐♥ ❜② ❣✐✈✐♥❣ ❛

♥❡✇ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❝❛s❡ ♦❢ ℓ = 0 ❛s t❤✐s ❛❧❣♦r✐t❤♠ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛ s✉❜r♦✉t✐♥❡ ✐♥ t❤❡

❧❛tt❡r ❛❧❣♦r✐t❤♠s✳ ❚❤✐s ❛❧❣♦r✐t❤♠✱ t❤❛t ❛r✐s❡s ❢r♦♠ ♠♦❞✐❢②✐♥❣ ❋r❛♥❦✬s ❡❛r❧✐❡r ❛❧❣♦r✐t❤♠

❬✷✻❪ ❢♦r ✜♥❞✐♥❣ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✕ ✉s✐♥❣ ❛ s✐♠♣❧❡ ❞❛t❛ str✉❝t✉r❡ ✕ ❤❛s

❛ t✐♠❡ ❜♦✉♥❞ ♦❢ O(n4+n3k)✳ ◆❡①t✱ ✇❡ t✉r♥ t♦ ❣✐✈✐♥❣ ❛ ♥❡✇ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✹ ❢♦r t❤❡

❝❛s❡ ✇❤❡r❡ ℓ = 1✳ ❚❤✐s ♣r♦♦❢ s❤♦✇s ❛ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r t❡st✐♥❣ ❤✐❣❤ k✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t②✳

❚❤❡ ❛❧❣♦r✐t❤♠ ✉s❡s t❤❡ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ❛s ❛ s✉❜r♦✉t✐♥❡✳

✭❚❤✐s ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❤②♣❡r❣r❛♣❤s✳✮ ❋✐♥❛❧❧②✱ ❜② ❝♦♠❜✐♥✐♥❣ t❤❡ ✐❞❡❛s ♦❢

t❤❡s❡ t✇♦ ❛❧❣♦r✐t❤♠s✱ ✇❡ ♦❜t❛✐♥ ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

♦r✐❡♥t❛t✐♦♥ ♦❢ ❣r❛♣❤s t❤❛t r✉♥s ✐♥ t✐♠❡ O(n4 + n3k)✳

❲❡ ♥♦t❡ t❤❛t t♦ ❤❛✈❡ ❛ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✭❢♦r k ≥ ℓ✮✱ t❤❡ ❣r❛♣❤ ♥❡❡❞s

❛ ♠❛①✐♠✉♠ ♦❢ 2k ♣❛r❛❧❧❡❧ ❡❞❣❡s ❜❡t✇❡❡♥ t✇♦ ♥♦❞❡s✱ ❛♥❞ t❤✉s m = O(n2k)✳ ❍♦✇❡✈❡r✱ ❛t

s♦♠❡ ♣♦✐♥ts t❤✐s ❝❛♥ ❜❡ r❡❞✉❝❡❞ t♦ t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ s✐♠♣❧❡ ❣r❛♣❤✱ t❤❛t

✐s✱ t♦ ♠❛①✐♠✉♠O(n2)✳ ❚♦ ❛❝❤✐❡✈❡ t❤✐s ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠s✱ t❤❡ ❣r❛♣❤ ✭r❡s♣❡❝t✐✈❡❧②✱

✐ts ♦r✐❡♥t❛t✐♦♥✮ ✇✐❧❧ ❜❡ st♦r❡❞ ✈✐❛ ✐ts ❛❞❥❛❝❡♥❝② ♠❛tr✐① ((ai,j)) ✇❤❡r❡ ai,j ✐s t❤❡ ♥✉♠❜❡r ♦❢

ij✲❡❞❣❡s ✭r❡s♣❡❝t✐✈❡❧② ❛r❝s✮✳

✷✳✹✳✶ ❆ ♠♦r❡ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐✲

❡♥t❛❜✐❧✐t②

❆s ♥♦t❡❞ ❜❡❢♦r❡ t❤❡r❡ ❡①✐sts ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r ✜♥❞✐♥❣ ❛ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥✲

t❛t✐♦♥ ♦❢ ❛ ❣r❛♣❤ t❤❛t ❤❛s ❛ r✉♥♥✐♥❣ t✐♠❡ ♦❢ O(n4 + n2m)✳ ❍♦✇❡✈❡r✱ t❤✐s ❛❧❣♦r✐t❤♠ ✉s❡s

❛ ♣♦❧②❤❡❞r❛❧ t❡❝❤♥✐q✉❡✳ ❍❡r❡ ✇❡ ❞❡s❝r✐❜❡ ❛♥♦t❤❡r ❛❧❣♦r✐t❤♠ ❜❛s❡❞ ♦♥ ❋r❛♥❦✬s ❛❧❣♦r✐t❤♠

❬✷✻❪ ✇✐t❤ ❛ r✉♥♥✐♥❣ t✐♠❡ ♦❢ O(n4+n3k) t❤❛t ✉s❡s ♦♥❧② ❜❛s✐❝ ❣r❛♣❤ t❤❡♦r❡t✐❝❛❧ ❛r❣✉♠❡♥ts✳

❋✐rst ✇❡ s❦❡t❝❤ ❋r❛♥❦✬s ❛❧❣♦r✐t❤♠✿

❆❧❣♦r✐t❤♠ ✷✳✹✳✺ ✭❋r❛♥❦ ❬✷✻❪✮✳ ■♥♣✉t✿ ❆ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ r♦♦t r0 ∈ V ✳

❖✉t♣✉t✿
−→
G = (V,

−→
E ) ❛♥ r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❖❘ ❛ ♣❛rt✐t✐♦♥ P

♦❢ V ✇✐t❤ eG(P) < k(|P| − 1)✳

P❤❛s❡ ✶✿ ❲❡ ❛❞❞ ♥❡✇ ❡❞❣❡s t♦ t❤❡ ❣r❛♣❤ ❢r♦♠ t❤❡ r♦♦t r0 t♦ s♦♠❡ ♥♦❞❡s s♦ ❛s t♦ ♦❜t❛✐♥

❛ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ D = (V,A) ♦❢ t❤❡ ❡①t❡♥❞❡❞ ❣r❛♣❤ ✇✐t❤ ̺D(r0) = 0✳

▼♦r❡ ♣r❡❝✐s❡❧②✱ ✇❡ ❛❞❞ k ♣❛r❛❧❧❡❧ r0v✲❡❞❣❡s ❢♦r ❡✈❡r② v ∈ V − r0✱ ✇❡ ♦r✐❡♥t ❛❧❧ r0v✲❡❞❣❡s

t♦✇❛r❞s v ❢♦r ❡✈❡r② v ∈ V − r0 ❛♥❞ ✇❡ ♦r✐❡♥t t❤❡ r❡♠❛✐♥✐♥❣ ❡❞❣❡s ❛r❜✐tr❛r✐❧②✳



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✸✸

P❤❛s❡ ✷✿ ❲❡ tr② t♦ ♦♠✐t ♦♥❡ ❜② ♦♥❡ t❤❡ ♥❡✇❧② ❛❞❞❡❞ ❛r❝s ❢r♦♠ D ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t❤❡

r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐s ♣r❡s❡r✈❡❞✳ ■❢ t❤❡ ♦♠✐ss✐♦♥ ♦❢ ❛ ♥❡✇ ❛r❝ r0t ❞❡❝r❡❛s❡s

t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ tr̄0✲s❡t✱ ✭t❤❛t ✐s✱ ❛ s❡t ❝♦♥t❛✐♥✐♥❣ t ❜✉t ❛✈♦✐❞✐♥❣ r0✮ ❜❡❧♦✇ k✱ t❤❡♥ ✇❡

r❡✈❡rs❡ ❛ ♣❛t❤ st❛rt✐♥❣ ❛t t ❛♥❞ ❡♥❞✐♥❣ ❛t ❛ ♥♦❞❡ v ∈ V s✉❝❤ t❤❛t t❤❡ ❞✐❣r❛♣❤ ❜❡❝♦♠❡s

r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ✭❋r❛♥❦ s❤♦✇❡❞ ✐♥ ❬✷✻✱ ✸✶❪ t❤❛t ♦♥❡ ❝❛♥ ✜♥❞ s✉❝❤ ❛ v ✐❢ t❤❡ ❣r❛♣❤

✐s k✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳✮ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s st❡♣ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ❛♥ ❡❧✐♠✐♥❛t✐♦♥ st❡♣✳

■❢ t❤❡r❡ ✐s ♥♦ ❛♣♣r♦♣r✐❛t❡ v ❢♦r ❛ ♥❡✇ ❡❞❣❡✱ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ st❡♣ ❢❛✐❧s ❛♥❞ t❤❡ ❛❧❣♦r✐t❤♠

r❡t✉r♥s ❛ ♣❛rt✐t✐♦♥ ✈✐♦❧❛t✐♥❣ eG(P) ≥ k(|P| − 1) t❤❛t ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ O(n4) r✉♥♥✐♥❣

t✐♠❡ ✭s❡❡ ❬✷✻❪✮✳ ♣

❲❡ ♥❡❡❞ t♦ r❡s♦❧✈❡ t✇♦ ✐ss✉❡s t♦ r❡❞✉❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡✳ ❋✐rst✱ ❛♥ ❡❧✐♠✐♥❛t✐♦♥ st❡♣ ✐s

r❡❧❛t✐✈❡❧② s❧♦✇ s✐♥❝❡ ♦♥❡ ♥❡❡❞s t♦ r✉♥ ❛ ✢♦✇ ❛❧❣♦r✐t❤♠ O(n) t✐♠❡s t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r

t❤❡r❡ ✐s ❛♥② r❡✈❡rs✐❜❧❡ ♣❛t❤✳ ❙❡❝♦♥❞✱ t❤❡r❡ ❛r❡ O(nk) ♥❡✇ ❡❞❣❡s r❡s✉❧t✐♥❣ ✐♥ O(nk)

❡❧✐♠✐♥❛t✐♦♥ st❡♣s t❤❛t ♥❡❡❞ t♦ r✉♥ ❛ ✢♦✇ ❛❧❣♦r✐t❤♠ O(n2k) t✐♠❡s✳ ❚♦ r❡❞✉❝❡ t❤❡ r✉♥♥✐♥❣

t✐♠❡ ♦❢ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ st❡♣s✱ ✇❡ ♣r❡s❡♥t ❤❡r❡ ❛ ♥❡✇ s✐♠♣❧❡ ❞❛t❛ str✉❝t✉r❡ ✇❤❡r❡ k ❛r❝✲

❞✐s❥♦✐♥t ♦♥❡✲✇❛② ♣❛t❤s ✇✐❧❧ ❜❡ ♠❛✐♥t❛✐♥❡❞ ❢r♦♠ r0 t♦ v ❢♦r ❡✈❡r② v ∈ V − r0✳ ❯s✐♥❣ t❤❡s❡

♦♥❡✲✇❛② ♣❛t❤s ✐t ✇✐❧❧ ❜❡ ❡❛s② t♦ ❝❤❡❝❦ t❤❡ r❡✈❡rs✐❜✐❧✐t② ♦❢ ❛ ♣❛t❤ ✐♥ t❤❡ s❡❝♦♥❞ ♣❤❛s❡ ♦❢

❆❧❣♦r✐t❤♠ ✷✳✹✳✺ ❛♥❞ ✐t ✇✐❧❧ ❜❡ r❡❛❞✐❧② ✉s❛❜❧❡ ✐♥ ❛ ❧❛tt❡r ❛❧❣♦r✐t❤♠✳ ❯s✉❛❧❧②✱ t❤❡s❡ ♣❛t❤s

❝❛♥ ❜❡ ❜✉✐❧t ✉♣ ❜② r✉♥♥✐♥❣ n − 1 ✢♦✇ ❛❧❣♦r✐t❤♠s❀ ❤♦✇❡✈❡r ✐♥ ♦✉r ❝❛s❡s t❤❡ t❛s❦ ✇✐❧❧ ❜❡

s✐♠♣❧❡r✳ ▼♦r❡♦✈❡r✱ t❤❡s❡ ♣❛t❤s ❝❛♥ ❜❡ ✉♣❞❛t❡❞ ❡❛s✐❧② ✇❤❡♥ ❛♥ ❛r❝ ✐s ♦♠✐tt❡❞ ♦r ❛ ♣❛t❤

✐s r❡✈❡rs❡❞ ✭❛❢t❡r ❛♥ ♦♠✐ss✐♦♥ ♦❢ ❛♥ ❛r❝✮✱ ❛s ❢♦❧❧♦✇s✳ ❲❤❡♥ ❛ ♥❡✇ ❛r❝ r0t ✐s ♦♠✐tt❡❞✱ ✇❡

♦♠✐t t❤❡ r0v✲♣❛t❤ ❝♦♥t❛✐♥✐♥❣ t❤✐s ❛r❝ ❢r♦♠ t❤❡s❡ k ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ✐❢ ❛♥② ❡①✐sts ❛♥❞ ✜♥❞

k ♣❛t❤s ✕ ✐❢ ♣♦ss✐❜❧❡ ✕ ✉s✐♥❣ ♦♥❡ ❛✉❣♠❡♥t✐♥❣ ♣❛t❤✲s❡❛r❝❤✐♥❣ st❡♣ ♦❢ t❤❡ ❋♦r❞✕❋✉❧❦❡rs♦♥

❛❧❣♦r✐t❤♠ ❬✷✺❪✳ ◆♦t❡ t❤❛t ✐❢ ✇❡ ✉♣❞❛t❡ t❤❡ ❞❛t❛ str✉❝t✉r❡ ✇✐t❤ t❤✐s ♠❡t❤♦❞✱ t❤❡♥ t❤❡r❡

♠❛② r❡♠❛✐♥ ♦♥❧② k − 1 ♣❛t❤s t♦ s♦♠❡ ♦❢ t❤❡ ♥♦❞❡s ❛♥❞ ♦✉r ❛❧❣♦r✐t❤♠s ✇✐❧❧ ♠❛❦❡ ❛ ♣❛t❤

r❡✈❡rs❛❧ st❡♣ t♦ r❡st♦r❡ t❤❡ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✳ ❆❢t❡r ❛ ♣❛t❤ P0 ✐s r❡✈❡rs❡❞✱ ✇❡

✜rst ♠♦❞✐❢② t❤❡ P0✲❛r❝✲✐♥t❡rs❡❝t✐♥❣ r0v✲♣❛t❤s✱ t❤❛t ✐s✱ t❤❡ r0v✲♣❛t❤s ✐♥t❡rs❡❝t✐♥❣ P0 ✐♥ ❛t

❧❡❛st ♦♥❡ ❛r❝✳ ❲❤❡r❡ ❛ ♣❛t❤ P ❡♥t❡rs P0 ❛t ❛ ♣♦✐♥t x ✇❡ ♠♦❞✐❢② P s✉❝❤ t❤❛t ❢r♦♠ x ✇❡

❢♦❧❧♦✇ t❤❡ r❡✈❡rs❡❞ ♣❛t❤
←−
P0 ✉♥t✐❧ ❛♥♦t❤❡r P0✲❛r❝✲✐♥t❡rs❡❝t✐♥❣ r0v✲♣❛t❤ P ′ ❧❡❛✈❡s P0 ♦r ✇❡

❛rr✐✈❡ ❛t t❤❡ st❛rt ♣♦✐♥t ♦❢ P0✳ ❚❤✉s ✇❡ ♦❜t❛✐♥ ❛t ❧❡❛st k − 2 ♦♥❡✲✇❛② ♣❛t❤s ❢r♦♠ r0 t♦ v

✭❛❧♦♥❣ ✇✐t❤ s♦♠❡ ❝✐r❝✉✐ts ❛♥❞ s♦♠❡ ♦t❤❡r ♣❛t❤s✮ ✕ ❛s t❤❡r❡ ✇❡r❡ ❛t ❧❡❛st k − 1 r0v✲♣❛t❤s

❜❡❢♦r❡ t❤❡ r❡✈❡rs❛❧ ♦❢ P0✳ ❲✐t❤ t❤❡s❡ k − 1 ♣❛t❤s ✇❡ ♥❡❡❞ ♦♥❧② r✉♥ ♦♥❡ ❛✉❣♠❡♥t✐♥❣

♣❛t❤✲s❡❛r❝❤✐♥❣ st❡♣ ♦❢ t❤❡ ❋♦r❞✕❋✉❧❦❡rs♦♥ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ k r0v✲♣❛t❤s✳ ❲❡ ❝❛❧❧ ❜♦t❤

♠❡t❤♦❞s ✕ t❤❛t ✐s✱ ❜♦t❤ t❤❡ ♦♥❡ ✇❡ ♣❡r❢♦r♠ ❛❢t❡r t❤❡ ♦♠✐ss✐♦♥ ♦❢ ❛♥ ❛r❝ ❛♥❞ t❤❡ ♦♥❡ ✇❡

♣❡r❢♦r♠ ❛❢t❡r ❛ ♣❛t❤ r❡✈❡rs❛❧ ✕ ❛ v✲♣❛t❤ ✉♣❞❛t❡ ♦r ❛ v✲♣❛t❤ ❝❤❡❝❦✱ ✇❤❡♥ ✇❡ ❥✉st ✇❛♥t

t♦ ❝❤❡❝❦ ✇❤❡t❤❡r ❛❢t❡r r❡✈❡rs✐♥❣ ❛ ♣❛t❤ t❤❡r❡ r❡♠❛✐♥ k ❛r❝✲❞✐s❥♦✐♥t r0v✲♣❛t❤s✳ ❖♥❡ ❝❛♥

s❡❡ t❤❛t t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❛ v✲♣❛t❤ ✉♣❞❛t❡ ♦r ❝❤❡❝❦✱ r❡s♣❡❝t✐✈❡❧②✱ ✐s O(n2)✳ ❲❡ ❝❛❧❧ t❤❡

♠❡t❤♦❞ ✇❤❡♥ ✇❡ ❝❛❧❧ ❛ v✲♣❛t❤ ✉♣❞❛t❡ ❢♦r ❛❧❧ v ∈ V − r0 ❛♥ ❛❧❧✲♣❛t❤ ✉♣❞❛t❡✳

❯s✐♥❣ t❤✐s ❞❛t❛ str✉❝t✉r❡ ✇❡ ♠♦❞✐❢② ❆❧❣♦r✐t❤♠ ✷✳✹✳✺ ❛s ❢♦❧❧♦✇s✳



✸✹ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❆❧❣♦r✐t❤♠ ✷✳✹✳✻✳ ■♥♣✉t✿ ❆ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ r♦♦t r0 ∈ V ✳

❖✉t♣✉t✿
−→
G = (V,

−→
E ) ❛♥ r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❛❧♦♥❣ ✇✐t❤ t❤❡

❞❛t❛ str✉❝t✉r❡ ♦❢ t❤❡ k ❛r❝✲❞✐s❥♦✐♥t r0v✲♣❛t❤s ❢♦r ❡✈❡r② v ∈ V − r0 ❖❘ ❛ ♣❛rt✐t✐♦♥ P ♦❢ V

✇✐t❤ eG(P) < k(|P| − 1)✳

P❤❛s❡ ✶✿ ❚❤❡ s❛♠❡ ❛s P❤❛s❡ ✶ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✺✳

P❤❛s❡ ✷✿

❙t❡♣ ✶✿ ■♥✐t✐❛❧✐③❡ t❤❡ ❞❛t❛ str✉❝t✉r❡ ♦❢ k ♦♥❡✲✇❛② ♣❛t❤s✿ t❛❦❡ t❤❡ k ♥❡✇❧② ❛❞❞❡❞ ❛r❝s t♦

❡✈❡r② v ∈ V − ro ❛s t❤❡ k r0v✲♣❛t❤s✳ ▲❛❜❡❧ ❡✈❡r② ♥♦❞❡ ✐♥ V − r0 ✇✐t❤ ♥♦♥✲✐♥s♣❡❝t❡❞✳

❙t❡♣ ✷✿ ▲❡t t ❜❡ ❛ ♥♦♥✲✐♥s♣❡❝t❡❞ ♥♦❞❡✳

❙t❡♣ ✸✿ ❆s ❧♦♥❣ ❛s t❤❡r❡ ✐s ❛ ♥❡✇❧② ❛❞❞❡❞ r0t✲❛r❝✱ ♦♠✐t ✐t✱ ❛♥❞ ❞♦ ❛♥ ❛❧❧✲♣❛t❤ ✉♣❞❛t❡❀

❛♥❞ ✐❢ t❤❡r❡ r❡♠❛✐♥ ♦♥❧② k− 1 ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ r0 t♦ t✱ t❤❡♥ ❢♦r ❡❛❝❤ v ∈ V t❤❛t ✐s

r❡❛❝❤❛❜❧❡ ❢r♦♠ t ✐♥ ❛ ♣❛t❤ P0✱ ❞♦ ❛ v✲♣❛t❤ ❝❤❡❝❦ ✇✐t❤ t❤❡ r❡✈❡rs❡❞ ♣❛t❤ P0 ✉♥t✐❧ ✇❡ ✜♥❞ ❛

♥♦❞❡ t♦ ✇❤✐❝❤ t❤❡r❡ r❡♠❛✐♥ k ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ❛♥❞ ✇❡ ❝❛♥ ✜♥✐s❤ ✇✐t❤ ❞♦✐♥❣ ❛♥ ❛❧❧✲♣❛t❤

✉♣❞❛t❡ ❢♦r t❤❡ ❝✉rr❡♥t r❡✈❡rs❡❞ ♣❛t❤✳ ■❢ t❤❡r❡ ✐s ♥♦ ❛♣♣r♦♣r✐❛t❡ v✱ t❤❡♥ t❤❡ ❡❧✐♠✐♥❛t✐♦♥

st❡♣ ❢❛✐❧s ❛♥❞ ✇❡ ❝❛♥ r❡t✉r♥ ❛ ♣❛rt✐t✐♦♥ ✈✐♦❧❛t✐♥❣ eG(P) ≥ k(|P| − 1) ❛s ✐♥ ❆❧❣♦r✐t❤♠

✷✳✹✳✺✳

❙t❡♣ ✹✿ ▼♦❞✐❢② t❤❡ ❧❛❜❡❧ ♦❢ t t♦ ✐♥s♣❡❝t❡❞✳ ■❢ t❤❡r❡ ✐s ❛ ♥♦♥✲✐♥s♣❡❝t❡❞ ♥♦❞❡ ❣♦ t♦ ❙t❡♣ ✷ ❀

♦t❤❡r✇✐s❡ r❡t✉r♥ t❤❡ ❝✉rr❡♥t ♦r✐❡♥t❛t✐♦♥ ❛♥❞ t❤❡ ❝✉rr❡♥t st❛t❡ ♦❢ t❤❡ ❞❛t❛ str✉❝t✉r❡✳ ♣

❆❧❣♦r✐t❤♠ ✷✳✹✳✻ ✇♦r❦s s✐♥❝❡ ✐t ✐s s✐♠✐❧❛r t♦ ❆❧❣♦r✐t❤♠ ✷✳✹✳✺✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✇✐t❤

t❤❡ ❞❛t❛ str✉❝t✉r❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❛♥ ❡❧✐♠✐♥❛t✐♦♥ st❡♣ ✐s r❡❞✉❝❡❞ ❢r♦♠ O(n4) ✭t❤❛t ✐s✱

t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ O(n) ✢♦✇ ❛❧❣♦r✐t❤♠s✮ t♦ O(n(n+m)) ≤ O(n3) ✭t❤❛t ✐s✱ t❤❡ r✉♥♥✐♥❣

t✐♠❡ ♦❢ O(n) ❛✉❣♠❡♥t✐♥❣ ♣❛t❤✲s❡❛r❝❤✐♥❣ st❡♣s ♦❢ t❤❡ ❋♦r❞✕❋✉❧❦❡rs♦♥ ❛❧❣♦r✐t❤♠✮✳ ❚❤❡

♠❛✐♥ ♣♦✐♥t ✐♥ ❙t❡♣ ✸ ✐s t❤❛t ✇❡ ♦♠✐t t❤❡ ♥❡✇ ❛r❝s ❣♦✐♥❣ t♦ t❤❡ s❛♠❡ ♥♦❞❡ s❡q✉❡♥t✐❛❧❧②❀

t❤✉s ✇❡ ❝❛♥ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✷✳✹✳✼✳ ■❢ t❤❡ ♦♠✐ss✐♦♥ ♦❢ γ r0t✲❡❞❣❡s ❢♦r ❛ ♥♦❞❡ t ∈ V − r0 ✐s ♣♦ss✐❜❧❡ ✐♥ ❙t❡♣

✸ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻✱ t❤❡♥ ✐♥ t❤❡s❡ ❡❧✐♠✐♥❛t✐♦♥ st❡♣s ✇❡ ♥❡❡❞ t♦ ❝❤❡❝❦ t❤❡ r❡✈❡rs✐❜✐❧✐t② ♦❢

O(n + γ) ♣❛t❤s st❛rt✐♥❣ ❛t t✳ ❚❤❡ r❡✈❡rs✐❜✐❧✐t② ♦❢ ❛ tv✲♣❛t❤ ❝❛♥ ❜❡ ❝❤❡❝❦❡❞ ❜② ❛ v✲♣❛t❤

❝❤❡❝❦ t❤✉s t❤❡ ♦♠✐ss✐♦♥ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ O(n+γ) ♣❛t❤ ❝❤❡❝❦s ❛♥❞ O(γ) ❛❧❧✲♣❛t❤ ✉♣❞❛t❡s✳

Pr♦♦❢✳ ▲❡t T ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ✭❝✉rr❡♥t❧②✮ r❡❛❝❤❛❜❧❡ ❢r♦♠ t✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t

❛❢t❡r r❡✈❡rs✐♥❣ ❛ tv✲♣❛t❤ ♥♦ ♥♦❞❡s ✐♥ V − T ❜❡❝♦♠❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ t✳ ❍♦✇❡✈❡r✱ T ❝♦✉❧❞

❜❡❝♦♠❡ ❛ s♠❛❧❧❡r s❡t✳

❆❢t❡r ♦♠✐tt✐♥❣ ♦♥❡ ♦❢ t❤❡s❡ ♥❡✇ ❡❞❣❡s✱ ❛ ♣❛t❤ r❡✈❡rs❛❧ ✐s ♥❡❡❞❡❞ ✐❢ t❤❡r❡ ❛r✐s❡s ❛ s❡t ♥♦t

❝♦♥t❛✐♥✐♥❣ r0 ✇✐t❤ ✐♥✲❞❡❣r❡❡ k−1✳ ❚❤✐s s❡t ♠✉st ❝♦♥t❛✐♥ t s✐♥❝❡ t❤❡ s✐♥❣❧❡ ♦♠✐tt❡❞ ❡❞❣❡ ✐s

r0t ❛♥❞ ❜❡❢♦r❡ ✐ts ♦♠✐ss✐♦♥ t❤❡ ❞✐❣r❛♣❤ ✇❛s r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ ❜② ▼❡♥❣❡r✬s



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✸✺

t❤❡♦r❡♠✱ ✐❢ t❤❡r❡ r❡♠❛✐♥ k ❛r❝✲❞✐s❥♦✐♥t r0t✲♣❛t❤s✱ t❤❡♥ t❤❡ ❞✐❣r❛♣❤ r❡♠❛✐♥s r♦♦t❡❞ k✲❡❞❣❡✲

❝♦♥♥❡❝t❡❞✳ ❚❤✉s ❛❢t❡r t❤❡ ♦♠✐ss✐♦♥ ✇❡ ♠✉st ❞♦ ❛♥ ❛❧❧✲♣❛t❤ ✉♣❞❛t❡ ❛♥❞ ❝❤❡❝❦ ✇❤❡t❤❡r

t❤❡r❡ ❛r❡ st✐❧❧ k ❛r❝✲❞✐s❥♦✐♥t r0t✲♣❛t❤s✳ ■❢ t❤❡r❡ ❛r❡ ♥♦t✱ t❤❡♥ ❛ ♣❛t❤ r❡✈❡rs❛❧ ✐s ♥❡❡❞❡❞✳

❚❤❡ r❡✈❡rs❛❧ ♦❢ ❛ tv✲♣❛t❤ ✐s s✉✣❝✐❡♥t t♦ r❡st♦r❡ t❤❡ r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t② ✐❢ ❛❢t❡r

✐ts r❡✈❡rs❛❧ t❤❡ ✐♥✲❞❡❣r❡❡s ♦❢ t❤❡ tr̄0✲s❡ts ❜❡❝♦♠❡ ❛t ❧❡❛st k ❛♥❞ t❤❡ ✐♥✲❞❡❣r❡❡s ♦❢ t❤❡ vr̄0✲

s❡ts ❛r❡ ♥♦t r❡❞✉❝❡❞ ✉♥❞❡r k s✐♥❝❡ t❤❡ ✐♥✲❞❡❣r❡❡s ♦❢ t❤❡ ♦t❤❡r s✉❜s❡ts ♦❢ V − r0 ❞♦ ♥♦t

❝❤❛♥❣❡✳ ❚❤✉s ❢♦r ❛ ♥♦❞❡ v✱ t❤❡r❡ ✐s ❛ r❡✈❡rs✐❜❧❡ ♣❛t❤ ✐❢ v ∈ T ✱ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛♥② vr̄0✲s❡t

✐s ❛t ❧❡❛st k ❛♥❞ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛♥② s❡t ❝♦♥t❛✐♥✐♥❣ v ❛♥❞ ♥♦t ❝♦♥t❛✐♥✐♥❣ t ❛♥❞ r0 ✐s ❛t

❧❡❛st k+1✳ ❙✐♥❝❡ t❤❡ r❡✈❡rs❛❧ ♦❢ ❛ ♣❛t❤ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛♥② s❡t ❜② ❛t ♠♦st 1✱

✐❢ t❤❡r❡ ✇❛s ❛ tr̄0✲s❡t X ✇✐t❤ ✐♥✲❞❡❣r❡❡ k−1 ❛❢t❡r r❡♠♦✈✐♥❣ s♦♠❡ r0t✲❡❞❣❡s ❛♥❞ ✇❡ r❡st♦r❡

✐ts ✐♥✲❞❡❣r❡❡ ✇✐t❤ ❛ ♣❛t❤ r❡✈❡rs❛❧✱ t❤❡♥ t❤❡ ♦♠✐ss✐♦♥ ♦❢ t❤❡ ♥❡①t r0t✲❡❞❣❡ r❡❞✉❝❡s ̺(X) t♦

k−1✳ ❚❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ s❡t ♥♦t ❝♦♥t❛✐♥✐♥❣ t ❛♥❞ r0 ❝❛♥♥♦t ✐♥❝r❡❛s❡ ❛♥❞✱ ❛s ♥♦t❡❞ ❜❡❢♦r❡✱

T ❜❡❝♦♠❡s s♠❛❧❧❡r ❛♥❞ s♠❛❧❧❡r✳ ❚❤❡r❡❢♦r❡✱ ✐❢ ❛❢t❡r t❤❡ ♦♠✐ss✐♦♥ ♦❢ s♦♠❡ r0t✲❡❞❣❡s t❤❡r❡

✐s ♥♦ r❡✈❡rs✐❜❧❡ tv✲♣❛t❤✱ t❤❡♥ ✐t ✐s ♥♦t ♥❡❝❡ss❛r② t♦ ❝❤❡❝❦ v ❛❣❛✐♥✳ ❚❤✉s ❡✈❡r② ♥♦❞❡ v ✐s

❝❤❡❝❦❡❞ ❛t ♠♦st ♦♥❝❡ ♣❧✉s ❛s ♠❛♥② t✐♠❡s ❛s t❤❡r❡ ❤❛✈❡ ❜❡❡♥ tv✲♣❛t❤ r❡✈❡rs❛❧s✳ ❍❡♥❝❡ ✇❡

♥❡❡❞ t♦ ❝❤❡❝❦ O(n + γ) t✐♠❡s✳ ❆s ✇❡ ♦♠✐tt❡❞ γ ❡❞❣❡s ❛♥❞ r❡✈❡rs❡❞ ❛t ♠♦st γ ♣❛t❤s t❤❡

♥✉♠❜❡r ♦❢ ❛❧❧✲♣❛t❤ ✉♣❞❛t❡s ✐s ❝❧❡❛r❧② O(γ)✳

❚❤❡r❡❢♦r❡✱ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r② ❛s ✇❡ ♥❡❡❞ t♦ ♦♠✐t k r0t✲❡❞❣❡s ❢♦r ❡❛❝❤ ♥♦❞❡

t ∈ V − r0✳

❈♦r♦❧❧❛r② ✷✳✹✳✽✳ ❚❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻ ✐s O(n(n+ k)n2 + n4) = O(n4 +

n3k)✳

✷✳✹✳✷ ❆ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛✲

❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❣✐✈❡ ❛ ♥❡✇ ❛❧❣♦r✐t❤♠✐❝ ♣r♦♦❢ ❢♦r ❚❤❡♦r❡♠ ✷✳✹✳✹ ✇❤❡♥ ℓ = 1✳ ❚❤❡

♣r♦♦❢ ✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s✐♠♣❧❡ ❧❡♠♠❛s✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② rR t❤❡ ♥❡✇

✭❝♦♥tr❛❝t❡❞✮ ♥♦❞❡ ✐♥ G/R ♦r D/R ❢♦r R ⊆ V ✳

▲❡♠♠❛ ✷✳✹✳✾✳ ▲❡t D = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ✇✐t❤ ❛ r♦♦t ♥♦❞❡ r0 ∈ V ✳ ▲❡t R ⊂ V ❜❡ ❛ s❡t

♦❢ ♥♦❞❡s ❝♦♥t❛✐♥✐♥❣ r0 ❢♦r ✇❤✐❝❤ D[R] ✐s r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ D/R ✐s rR✲r♦♦t❡❞

k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ D ✐s r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❋♦r ❛ s❡t r0 ∈ X ⊂ V ✱ ✐❢ R 6⊆ X✱ t❤❡♥ δD(X) ≥ δD(X,R − X) ≥ δD(X ∩
R,R − X) = δD[R](X ∩ R) ≥ k ✇❤❡r❡ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❤♦❧❞s ❜❡❝❛✉s❡ ♦❢ t❤❡ r0✲r♦♦t❡❞

k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t② ♦❢ D[R]✳

❋♦r ❛ s❡t r0 ∈ X ⊂ V ✱ ✐❢ R ⊆ X✱ ✇❡ ❣❡t δD(X) = δD/R(X − R + rR) ≥ k ❜② t❤❡

r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t② ♦❢ D/R✳



✸✻ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❚❤❡ ♥❡①t ❧❡♠♠❛ ❤♦❧❞s ❢♦r ❣❡♥❡r❛❧ ℓ✱ ❛❧t❤♦✉❣❤ ✇❡ ✇✐❧❧ ♥❡❡❞ ✐t ♦♥❧② ❢♦r ℓ = 1✳

▲❡♠♠❛ ✷✳✹✳✶✵✳ ▲❡t D = (V,A) ❜❡ ❛ ❞✐❣r❛♣❤ ✇✐t❤ ❛ r♦♦t r0 ∈ V ✳ ▲❡t R ⊂ V ❜❡ ❛ s❡t ♦❢

♥♦❞❡s t❤❛t ❝♦♥t❛✐♥s r0 ❛♥❞ ❢♦r ✇❤✐❝❤ D[R] ✐s r0✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ D/R ✐s

rR✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ D ✐s r0✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❇② ✉s✐♥❣ ▲❡♠♠❛ ✷✳✹✳✾ ❜♦t❤ ❢♦r D ❛♥❞ ❢♦r t❤❡ r❡✈❡rs❡ ❞✐❣r❛♣❤
←−
D ✭❢♦r ℓ ✐♥ ♣❧❛❝❡

♦❢ k✮✱ ✇❡ ❣❡t t❤❛t D ✐s r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❛♥❞
←−
D ✐s r0✲r♦♦t❡❞ ℓ✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

❍❡♥❝❡ D ✐s r0✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

■♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ℓ = 1✱ ❚❤❡♦r❡♠ ✷✳✹✳✹ ✐s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✹✳✶✶✳ ❆ ❣r❛♣❤ G = (V,E) ✇✐t❤ ❛ r♦♦t ♥♦❞❡ r0 ❤❛s ❛♥ r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲

❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s (k, 1)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❆s t❤❡ ♥❡❝❡ss✐t② ♦❢ (k, 1)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ✐s str❛✐❣❤t❢♦r✇❛r❞ ✭❛❢t❡r ♦❜s❡r✈✐♥❣

t❤❛t ✐♥ ❛♥ r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G✱ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ ♠❡♠❜❡r ♦❢

❛ ♣❛rt✐t✐♦♥ ♦❢ V ✐s ❛t ❧❡❛st 1 ✐❢ ✐t ❝♦♥t❛✐♥s r0✱ ❛♥❞ ❛t ❧❡❛st k ♦t❤❡r✇✐s❡✮✱ ✇❡ ♦♥❧② ♣r♦✈❡

s✉✣❝✐❡♥❝②✳ ❲❡ ✇✐❧❧ ✉s❡ ✐♥❞✉❝t✐♦♥ ♦♥ |V |✳ ▲❡t e0 = r0u ∈ E ❜❡ ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✳ ❇②

t❤❡ (k, 1)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ♦❢ G✱ G− e0 ✐s k✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ G− e0 ❤❛s

❛♥ r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥✳ ❚❤✐s ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡s ✉s ❛♥ ♦r✐❡♥t❛t✐♦♥ D

♦❢ G ✐❢ ✇❡ ♦r✐❡♥t e0 t♦✇❛r❞s r0✳ ▲❡t R ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ✐♥ D ❢r♦♠ ✇❤✐❝❤ t❤❡r❡ ✐s ❛

♣❛t❤ t♦ r0✳ ❚❤✉s ̺(R) = 0 ❛♥❞ ̺D[R](X) ≥ 1 ✇❤❡♥❡✈❡r r0 ∈ X ⊂ R✳ ❇② t❤❡ r♦♦t❡❞

k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✱ t❤❡r❡ ❛r❡ k ❛r❝✲❞✐s❥♦✐♥t ♣❛t❤s ❢r♦♠ r0 t♦ v ❢♦r ❡✈❡r② v ∈ R−r0✳ ❙✐♥❝❡

̺D(R) = 0✱ t❤❡s❡ ♣❛t❤s ❝❛♥♥♦t ❧❡❛✈❡ R✳ ❚❤❡r❡❢♦r❡✱ ❜② ▼❡♥❣❡r✬s t❤❡♦r❡♠✱ δD[R](X) ≥ k

✇❤❡♥❡✈❡r r0 ∈ X ⊂ R✳ ❍❡♥❝❡ D[R] ✐s r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❲❡ ❛❧s♦ s❡❡ t❤❛t

|R| ≥ 2 ❜❡❝❛✉s❡ r0, u ∈ R✳ ■❢ R = V ✱ t❤❡♥ ✇❡ ❛r❡ ❞♦♥❡✳

■❢ R 6= V ✱ ✇❡ ❞♦ t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ P = {X1, X2, ...Xt} ✐s ❛ ♣❛rt✐t✐♦♥ ♦❢ V − R + rR✱

✇❤❡r❡ rR ∈ X1✱ t❤❡♥ eP(G/R) = eP ′(G) ≥ k(|P|−1)+1 ❢♦r t❤❡ ♣❛rt✐t✐♦♥ P ′ = {X1−rR∪
R,X2, X3, ...Xt} ♦❢ V ✳ ❍❡♥❝❡ G/R ✐s (k, 1)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t❡❞✳ ❇② ✐♥❞✉❝t✐♦♥ t❤❡r❡ ✐s ❛♥

rR✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ D′ ♦❢ G/R✳ ▲❡t
−→
G ❜❡ t❤❡ ♥❡✇ ♦r✐❡♥t❛t✐♦♥ ♦❢

G ♦❜t❛✐♥❡❞ ❜② ❦❡❡♣✐♥❣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ D ♦♥ R ❛♥❞ ❜② ♦r✐❡♥t✐♥❣ t❤❡ ♦t❤❡r ❡❞❣❡s ❧✐❦❡ ✐♥

D′✳ ❯s✐♥❣ ▲❡♠♠❛ ✷✳✹✳✶✵ ❢♦r
−→
G ✇❡ ❣❡t t❤❛t

−→
G ✐s r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

❲❡ ♥♦t❡ t❤❛t t❤✐s ❛♣♣r♦❛❝❤ ❞♦❡s ♥♦t s❡❡♠ t♦ ✇♦r❦ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ > 1 s✐♥❝❡ D[R]

♥❡❡❞ ♥♦t ❜❡ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐♥ t❤✐s ❝❛s❡✳ ■❢ ✇✐t❤ ❛♥♦t❤❡r ❞❡✜♥✐t✐♦♥ ✇❡ ❞❡✜♥❡ D[R]

t♦ ❜❡ t❤❡ ♠❛①✐♠❛❧ r0✲r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤ ♦❢ D✱ t❤❡♥ t❤❡ ❛♣♣r♦❛❝❤ ✇✐❧❧

❛❧s♦ ❢❛✐❧ ❢♦r ℓ > 1 ❛s D[R] ✇✐❧❧ ❜❡ ❛❜❧❡ t♦ ❝♦♥s✐st ♦❢ t❤❡ s✐♥❣❧❡ ♥♦❞❡ r0✳ ❋r♦♠ t❤❡ ♣r♦♦❢

♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ♦♥❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✷✳✹✳✶✷✳ ■♥♣✉t✿ ❆ ❣r❛♣❤ G = (V,E) ❛♥❞ ❛ r♦♦t r0 ∈ V ✳



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✸✼

❖✉t♣✉t✿
−→
G = (V,

−→
E ) ❛♥ r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❖❘ ❛ ♣❛rt✐t✐♦♥

P ♦❢ V ✇✐t❤ eG(P) < k(|P| − 1) + 1✳

▲❡t e0 ∈ E ❜❡ ❛♥ ❛r❜✐tr❛r② ❡❞❣❡ ❛❞❥❛❝❡♥t t♦ r0✳ ❘✉♥ ❆❧❣♦r✐t❤♠ ✷✳✹✳✺ ✭♦r ✷✳✹✳✻✮ ♦♥

G − e0 t♦ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛♥ r0✲r♦♦t❡❞ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G − e0✳

■❢ ♥♦ s✉❝❤ ♦r✐❡♥t❛t✐♦♥ ❡①✐sts✱ t❤❡ s✉❜r♦✉t✐♥❡ ♦✉t♣✉ts ❛ ♣❛rt✐t✐♦♥ P ✇✐t❤ eG(P) − 1 ≤
eG−e0(P) < k(|P| − 1) ❛♥❞ ✇❡ r❡t✉r♥ t❤✐s ♣❛rt✐t✐♦♥✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤✐s s✉❜r♦✉t✐♥❡ ❤❛s ❢♦✉♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ❧❡t D = (V,
−→
E

′

) ❜❡

t❤❡ ❞✐❣r❛♣❤ t❤❛t ✇❡ ❣❡t ❜② t❛❦✐♥❣ t❤✐s ♦r✐❡♥t❛t✐♦♥ ♦♥ G− e0 ❛♥❞ ♦r✐❡♥t✐♥❣ e0 t♦✇❛r❞s r0✳

❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♦r✐❡♥t❡❞ ♠❛t❡ ♦❢ e ∈ E ✐♥ D ✇✐t❤ −→e
′

✳ ▲❡t R ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s ❢r♦♠

✇❤✐❝❤ r0 ✐s r❡❛❝❤❛❜❧❡ ✐♥ D t❤❛t ✇❡ ❝♦✉❧❞ ❣❡t ❜② r✉♥♥✐♥❣ ❛♥② s❡❛r❝❤ ❛❧❣♦r✐t❤♠✳ ■❢ R = V ✱

t❤❡♥ D ✐s (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ s♦ ✇❡ ❝❛♥ r❡t✉r♥
−→
G := D✳ ❖t❤❡r✇✐s❡✱ ❢♦r e ∈ E[G]✱ ❧❡t

−→e ∈ −→E ❜❡ −→e
′

∈ −→E
′

❛♥❞ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ r❡❝✉rs✐✈❡❧② ♦♥ G/R ✇✐t❤ r♦♦t rR ✭s❡❡ ❘❡♠❛r❦

✷✳✹✳✶✸✮ ❛♥❞ ♦r✐❡♥t t❤❡ ❡❞❣❡s ♥♦t ✐♥ G[R] ❛s t❤✐s ❛❧❣♦r✐t❤♠ ❞♦❡s✳ ♣

❘❡♠❛r❦ ✷✳✹✳✶✸✳ ■♥ ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✷✱ |R| > 1 ❜❡❝❛✉s❡ r ❛♥❞ t❤❡ ♦t❤❡r ❡♥❞♣♦✐♥t ♦❢ e0
❛r❡ ✐♥ R✳ ❍❡♥❝❡ ✇❡ ❝❛♥ r✉♥ t❤❡ ❛❧❣♦r✐t❤♠ ♦♥ G/R r❡❝✉rs✐✈❡❧②✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐❢ t❤❡ s✉❜r♦✉t✐♥❡ ♦✉t♣✉ts ❛ ♣❛rt✐t✐♦♥ P ′ ♦❢ t❤❡ ♥♦❞❡ s❡t ♦❢ t❤❡

♣♦ss✐❜❧② ❝♦♥tr❛❝t❡❞ ❣r❛♣❤ G′ ✇✐t❤ eG′−e0(P ′) < k(|P ′| − 1)✱ t❤❡♥ ✇❡ ❝❛♥ ♠♦❞✐❢② ✐t ❡❛s✐❧②

t♦ ❣❡t ❛ ♣❛rt✐t✐♦♥ P ♦❢ V ✇✐t❤ eG(P) < k(|P| − 1) + 1✳ ◆❛♠❡❧②✱ ❧❡t P ❜❡ t❤❡ ♣❛rt✐t✐♦♥

t❤❛t ✇❡ ❣❡t ❜② ❝❤❛♥❣✐♥❣ t❤❡ ♥❡✇ ♥♦❞❡ r∗ t❤❛t r❡♣r❡s❡♥ts t❤❡ ❝♦♥tr❛❝t❡❞ s❡t t♦ t❤❡ s❡t

t❤❛t ✐t r❡♣r❡s❡♥ts ✐♥ t❤❡ ♠❡♠❜❡r ♦❢ P ′ ❝♦♥t❛✐♥✐♥❣ r∗✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ❛❧❣♦r✐t❤♠ r✉♥s t❤❡ s✉❜r♦✉t✐♥❡ ❛♥❞ t❤❡ s❡❛r❝❤ ❛❧❣♦r✐t❤♠ O(n)

t✐♠❡s❀ ❤❡♥❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ✐s O(n(ϑ+n+m)) ✇❤❡r❡ ϑ ✐s t❤❡ r✉♥♥✐♥❣

t✐♠❡ ♦❢ t❤❡ s✉❜r♦✉t✐♥❡✳

❊①t❡♥s✐♦♥ t♦ ❤②♣❡r❣r❛♣❤s

❚♦ ❡①t❡♥❞ t❤❡ ❛❧❣♦r✐t❤♠ t♦ ❤②♣❡r❣r❛♣❤s ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r ❞✐r❡❝t❡❞ ❤②♣❡r❣r❛♣❤s✳

❆ ❞✐r❡❝t❡❞ ❤②♣❡r❣r❛♣❤ ♦r ❞②♣❡r❣r❛♣❤ D = (V,A) ❝♦♥s✐sts ♦❢ t❤❡ ♥♦❞❡ s❡t V ❛♥❞ t❤❡

s❡t A ⊆ 2V ♦❢ ❞✐r❡❝t❡❞ ❤②♣❡r❡❞❣❡s✳ ❍❡r❡✱ ❛s ✐♥ ❬✸✹❪✱ ❛ ❞✐r❡❝t❡❞ ❤②♣❡r❡❞❣❡✱ ❝❛❧❧❡❞ ❛

❞②♣❡r❡❞❣❡✱ ❤❛s ♦♥❡ ❤❡❛❞ ♥♦❞❡ ✇❤✐❧❡ ❛❧❧ ♦❢ ✐ts ♦t❤❡r ♥♦❞❡s ❛r❡ t❤❡ t❛✐❧s✳ ✭❲❡ ❛ss✉♠❡

t❤❛t ❛ ❞②♣❡r❡❞❣❡ ♦❢ ❛ ❞②♣❡r❣r❛♣❤ ❛♥❞ ❛ ❤②♣❡r❡❞❣❡ ♦❢ ❛ ❤②♣❡r❣r❛♣❤ ❝♦♥s✐st ♦❢ ❛t ❧❡❛st t✇♦

♥♦❞❡s✳✮

❖♥❡ ❝❛♥ ❞❡✜♥❡ (k, ℓ)✲♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ♦❢ ❤②♣❡r❣r❛♣❤s ❛♥❞ r♦♦t❡❞ (k, ℓ)✲❡❞❣❡✲

❝♦♥♥❡❝t✐✈✐t② ♦❢ ❞②♣❡r❣r❛♣❤s ❧✐❦❡ ❢♦r ❣r❛♣❤s ✭s❡❡ ❬✸✹❪✮✳ ❲❡ ♥♦t❡ t❤❛t ▼❡♥❣❡r✬s t❤❡♦r❡♠ ❝❛♥

❜❡ ❡①t❡♥❞❡❞ t♦ ❞②♣❡r❣r❛♣❤s ❜② ✉s✐♥❣ ▼❡♥❣❡r✬s t❤❡♦r❡♠ ❢♦r t❤❡ ❞✐❣r❛♣❤ t❤❛t ✇❡ ❣❡t ❜②

❝❤❛♥❣✐♥❣ ❡✈❡r② ❞②♣❡r❡❞❣❡ t♦ ❛ ♥❡✇ ♥♦❞❡ ❛♥❞ ❛r❝s ❢r♦♠ ❡✈❡r② t❛✐❧ ♦❢ t❤❡ ❞②♣❡r❡❞❣❡ t♦ t❤✐s

♥♦❞❡ ❛♥❞ ♦♥❡ ❛r❝ ❢r♦♠ t❤❡ ♥❡✇ ♥♦❞❡ t♦ t❤❡ ❤❡❛❞ ♦❢ t❤❡ ❞②♣❡r❡❞❣❡✳ ❋r❛♥❦✱ ❚✳ ❑✐rá❧② ❛♥❞



✸✽ ✷✳✹✳ ❖r✐❡♥t❛t✐♦♥s ❝♦✈❡r✐♥❣ s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s

❩✳ ❑✐rá❧② ❬✸✹❪ ❡①t❡♥❞❡❞ ❚❤❡♦r❡♠ ✷✳✹✳✹ t♦ ❤②♣❡r❣r❛♣❤s ✇✐t❤ ❛♥ ❛❧❣♦r✐t❤♠✐❝ ♣r♦♦❢✳ ❚❤❡

❝❛s❡ ✇❤❡r❡ ℓ = 0 ❝❛♥ ❜❡ s♦❧✈❡❞ ❜② ✉s✐♥❣ ❊❞♠♦♥❞s✬ ♠❛tr♦✐❞ ♣❛rt✐t✐♦♥ ❛❧❣♦r✐t❤♠ ❬✶✾❪✳ ❚♦

❡①t❡♥❞ ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✷ ♦♥❡ ♥❡❡❞s t❤✐s ❛❧❣♦r✐t❤♠ ❛s ❛ s✉❜r♦✉t✐♥❡✳ ❖❜s❡r✈❡ t❤❛t t❤❡ ♣r♦♦❢

♦❢ t❤❡ ❧❡♠♠❛s ❛♥❞ ❚❤❡♦r❡♠ ✷✳✹✳✶✶ ✐s ♥❡❛r❧② t❤❡ s❛♠❡ ❛s ❢♦r ❣r❛♣❤s✳ ❚❤❡ s✐♥❣❧❡ ✐ss✉❡ ✐s

t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ▲❡♠♠❛ ✷✳✹✳✶✵ ✇❡ ❝❛♥♥♦t ✉s❡ t❤❡ ❡①t❡♥❞❡❞

▲❡♠♠❛ ✷✳✹✳✾ ❢♦r t❤❡ r❡✈❡rs❡ ❞②♣❡r❣r❛♣❤ ❛s ✐t ❝❛♥♥♦t ❜❡ ✇❡❧❧ ❞❡✜♥❡❞✳ ❍❡♥❝❡ ✇❡ ♥❡❡❞ t♦

♣r♦✈❡ ❛ ❤②♣❡r❣r❛♣❤✐❝ ❝♦✉♥t❡r♣❛rt ♦❢ ▲❡♠♠❛ ✷✳✹✳✾ ✇❤❡r❡ r♦♦t❡❞ (0, ℓ)✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t② ✐s

❝♦♥s✐❞❡r❡❞✳ ❋♦rt✉♥❛t❡❧②✱ t❤❡ s❛♠❡ ♣r♦♦❢ ✇♦r❦s❀ ♦♥❡ ♦♥❧② ♥❡❡❞s t♦ s✉❜st✐t✉t❡ δ ✇✐t❤ ̺ ✐♥

t❤❡ ♣r♦♦❢✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✷ ✇♦r❦s ✇❡❧❧ ❢♦r ❤②♣❡r❣r❛♣❤s✳

✷✳✹✳✸ ❆ q✉✐❝❦❡r ❛❧❣♦r✐t❤♠ ❢♦r r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐✲

❡♥t❛❜✐❧✐t②

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♠♦❞✐❢② ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✷ t♦ ❛❝❤✐❡✈❡ ❛ r✉♥♥✐♥❣ t✐♠❡ ♦❢ O(n4 + n3k)

❢♦r ❣r❛♣❤s✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ♦❢ t❤✐s ♠♦❞✐✜❝❛t✐♦♥ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■♥st❡❛❞ ♦❢ r❡♦r✐❡♥t✐♥❣

❡✈❡r② ❡❞❣❡ ♦❢ G/R ✐♥ ❡❛❝❤ st❡♣✱ ✇❡ ❦❡❡♣ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❣✐✈❡♥ ❜② D/R ❛♥❞ ❛✉❣♠❡♥t ✐t

✉s✐♥❣ t❤❡ ✐❞❡❛ ♦❢ ❙t❡♣ ✸ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✶ ❢♦r ❡✈❡r② v ∈ V − r0✱ k

❛r❝✲❞✐s❥♦✐♥t ♦♥❡✲✇❛② ♣❛t❤s ✇✐❧❧ ❜❡ st♦r❡❞ ❢r♦♠ r0 t♦ v✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡s❡ ♣❛t❤s

❣✐✈❡ t❤❡ s❛♠❡ str✉❝t✉r❡ ♦♥ D/R ❢♦r ❛ s❡t R ✇✐t❤ r0 ∈ R ⊆ V ✐❢ ✇❡ ❝✉t ❞♦✇♥ t❤❡ ✜rst ♣❛rt

♦❢ t❤❡♠ ❢r♦♠ r0 t♦ t❤❡✐r ❧❛st ♥♦❞❡ ✐♥ R✳ ◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ❞❡s❝r✐❜❡ t❤❡ ❛❧❣♦r✐t❤♠✳

❆❧❣♦r✐t❤♠ ✷✳✹✳✶✹✳ ■♥♣✉t✿ ❆ ❣r❛♣❤ G = (V,E)❀ ❛♥❞ ❛ r♦♦t r0 ∈ V ✳

❖✉t♣✉t✿
−→
G = (V,

−→
E ) ❛♥ r0✲r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❖❘ ❛ ♣❛rt✐t✐♦♥

P ♦❢ V ✇✐t❤ eG(P) < k(|P| − 1) + 1✳

❙t❡♣ ✶✿ ▲❡t e0 = r0u ∈ E ❜❡ ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✳ ❉❡❝✐❞❡ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛♥ r0✲r♦♦t❡❞

k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G−e0 ✇✐t❤ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻✳ ■❢ ♥♦ s✉❝❤ ♦r✐❡♥t❛t✐♦♥ ❡①✐sts✱

t❤❡ s✉❜r♦✉t✐♥❡ ♦✉t♣✉ts ❛ ♣❛rt✐t✐♦♥ P ✇✐t❤ eG(P) − 1 ≤ eG−e0(P) < k(|P| − 1) ❛♥❞ ✇❡

r❡t✉r♥ t❤✐s ♣❛rt✐t✐♦♥✳

❙t❡♣ ✷✿ ❙✉♣♣♦s❡ ♥♦✇ t❤❛t ❆❧❣♦r✐t❤♠ ✷✳✹✳✻ ❤❛s ❢♦✉♥❞ ❛♥ ♦r✐❡♥t❛t✐♦♥ ❛♥❞ ❧❡t D = (V,
−→
E ′)

❜❡ t❤❡ ❞✐❣r❛♣❤ t❤❛t ✇❡ ❣❡t ❜② t❛❦✐♥❣ t❤✐s ♦r✐❡♥t❛t✐♦♥ ♦♥ G− e0 ❛♥❞ ♦r✐❡♥t✐♥❣ e0 t♦✇❛r❞s

r0✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ❞✐r❡❝t❡❞ ♣❛✐r ♦❢ e ∈ E ✐♥ D ✇✐t❤ −→e ✳ ◆♦t❡ t❤❛t t❤❡ k ❛r❝✲❞✐s❥♦✐♥t

r0v✲♣❛t❤s ❢♦r ❡✈❡r② v ∈ V − r0 ❣✐✈❡♥ ❜② ❆❧❣♦r✐t❤♠ ✷✳✹✳✻ ❢♦r t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ G− e0 ❛r❡

st✐❧❧ ♣r❡s❡♥t ✐♥ D✳

❙t❡♣ ✸✿ ❘✉♥ ❛♥② s❡❛r❝❤ ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ t❤❡ s❡t ♦❢ ♥♦❞❡s R ❢r♦♠ ✇❤✐❝❤ r0 ✐s r❡❛❝❤❛❜❧❡

✐♥ D✳ ■❢ R = V ✱ t❤❡♥ D ✐s (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ s♦ ✇❡ ❝❛♥ r❡t✉r♥
−→
G := D✳ ❖t❤❡r✇✐s❡✱

❣♦ t♦ ❙t❡♣ ✹✳

❙t❡♣ ✹✿ ▲❡t −→e ❜❡ ❛♥ ❛r❝ ♦❢ D/R ❧❡❛✈✐♥❣ rR✳ ❘✉♥ ❛♥ ❡❧✐♠✐♥❛t✐♦♥ st❡♣ ❢♦r −→e ❛s ✐♥ ❙t❡♣ ✸

♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻✳ ■❢ t❤❡ ❡❧✐♠✐♥❛t✐♦♥ st❡♣ ❢❛✐❧s ♦✉t♣✉t t❤❡ ♣❛rt✐t✐♦♥ t❤❛t ✐s ❣✐✈❡♥ ❜② ❙t❡♣



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✸✾

✸ ♦❢ ❆❧❣♦r✐t❤♠ ✷✳✹✳✻ ✭❛❢t❡r s✉❜st✐t✉t✐♥❣ rR ✇✐t❤ ❛❧❧ t❤❡ ♥♦❞❡s ✐♥ R ✐♥ t❤❡ ♠❡♠❜❡r ♦❢ t❤❡

♣❛rt✐t✐♦♥ ❝♦♥t❛✐♥✐♥❣ rR✮✳ ❖t❤❡r✇✐s❡✱ ✉♣❞❛t❡ D t♦ t❤✐s ♥❡✇ ❣r❛♣❤ ❛❧♦♥❣ ✇✐t❤ ❛❞❞✐♥❣ t❤❡

r❡✈❡rs❡❞ ♣❛✐r ←−e ♦❢ −→e t♦ ✐t ❛♥❞ ❣♦ t♦ ❙t❡♣ ✸✳ ♣

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✹ ✇♦r❦s ❛s ✐t ✐s ❥✉st ❛ ♠♦❞✐✜❝❛t✐♦♥ ♦❢ ❆❧❣♦r✐t❤♠

✷✳✹✳✶✷✳ ❍❡♥❝❡ ✇❡ ♦♥❧② ♣r♦✈❡ t❤❛t ✐ts r✉♥♥✐♥❣ t✐♠❡ ✐s O(n4 + n3k)✳

❚❤❡♦r❡♠ ✷✳✹✳✶✺✳ ❆❧❣♦r✐t❤♠ ✷✳✹✳✶✹ r✉♥s ✐♥ t✐♠❡ O(n4 + n3k)✳

Pr♦♦❢✳ ❆s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ ❈♦r♦❧❧❛r② ✷✳✹✳✽✱ ❙t❡♣ ✶✲✷ r✉♥s ✐♥ t✐♠❡ O(n4 + n3k)✳ ❙t❡♣ ✸✲✹

r✉♥s O(n) t✐♠❡s s✐♥❝❡ |R| ✐♥❝r❡❛s❡s ✐♥ ❡❛❝❤ r✉♥ ♦❢ ❙t❡♣ ✸✳ ■♥ ❙t❡♣ ✸ ✇❡ r✉♥ ❛ s❡❛r❝❤

❛❧❣♦r✐t❤♠ ❤❡♥❝❡ t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ t❤✐s st❡♣ ✐s O(n2)✳ ❇② ▲❡♠♠❛ ✷✳✹✳✼ t❤❡ r✉♥♥✐♥❣ t✐♠❡

♦❢ ❙t❡♣ ✹ ✐s O(n3) ✐❢ ✇❡ ✜♥❞ ❛♥ ❛✉❣♠❡♥t✐♥❣ ♣❛t❤ ❛♥❞ O(n4) ♦t❤❡r✇✐s❡✱ ❜✉t t❤✐s ❝❛s❡ ❝♦✉❧❞

♦♥❧② ❤❛♣♣❡♥ ♦♥❝❡✱ ✇❤❡♥ t❤❡ ❛❧❣♦r✐t❤♠ t❡r♠✐♥❛t❡s ❜② ♦✉t♣✉tt✐♥❣ ❛ ♣❛rt✐t✐♦♥✳ ❚❤✉s t❤❡

t♦t❛❧ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❙t❡♣ ✸✲✹ ✐♥ t❤❡ ✇❤♦❧❡ ❛❧❣♦r✐t❤♠ ✐s O(n4)✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❧❣♦r✐t❤♠

r✉♥s ✐♥ t✐♠❡ O(n4 + n3k)✳

✷✳✺ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s

❆ t❤❡♦r❡♠ ♦❢ ❬✸✼❪ ❣✐✈❡s ❛ ♠✐♥✲♠❛① ❢♦r♠✉❧❛ ❢♦r t❤❡ ♠✐♥✐♠✉♠ ✐♥✲❞❡❣r❡❡ ♦❢ T ✐♥ ❛

str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G = (S, T ;E)✳ ❲❡ s❤❛r♣❡♥ t❤✐s

t❤❡♦r❡♠ ❜② ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ tr❡❡✲❝♦♠♣♦s✐t✐♦♥s✱ ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✷✳✺✳✶✳ ▲❡t G = (S, T ;E) ❜❡ ❛ 2✲❡❞❣❡ ❝♦♥♥❡❝t❡❞ ❜✐♣❛rt✐t❡ ❣r❛♣❤✳ ❚❤❡♥

min
{
̺−→
G
(T ) :

−→
G str♦♥❣❧② ❝♦♥♥❡❝t❡❞

}
=

max
{
|T | : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T ❝♦♠♣❧②✐♥❣ ✇✐t❤ G

}
.

❲❡ ❛r❡ ❣♦✐♥❣ t♦ ❞❡r✐✈❡ t❤✐s t❤❡♦r❡♠ ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧t✳

❚❤❡♦r❡♠ ✷✳✺✳✷✳ ▲❡t G = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t h : 2V → Z+ ❜❡ ❛ ❝r♦ss✐♥❣ G✲

s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ✇✐t❤ h(V ) = 0 ❢♦r ✇❤✐❝❤ ✭✷✳✺✮ ❤♦❧❞s✳ ❋♦r ❛ ❣✐✈❡♥ s✉❜s❡t ∅ 6= T ⊂ V ✱

min
{
̺−→
G
(T ) :

−→
G ❝♦✈❡rs h

}
=

max
{
h̃(T ) + ĩ(T )−∆(T )|E| − i(T ) : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T

}
.

■♥ ❙❡❝t✐♦♥ ✷✳✹ t❤❡ ♣r♦❜❧❡♠ ♦❢ ✜♥❞✐♥❣ ❛♥ ♦r✐❡♥t❛t✐♦♥ ❝♦✈❡r✐♥❣ ❛ G✲s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝✲

t✐♦♥ ✇❛s ❢♦r♠✉❧❛t❡❞ ❛s ❛ s✉❜♠♦❞✉❧❛r ✢♦✇ ♣r♦❜❧❡♠✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❢✉♥❞❛♠❡♥t❛❧ r❡s✉❧t ♦❢

❊❞♠♦♥❞s ❛♥❞ ●✐❧❡s ♦♥ t♦t❛❧ ❞✉❛❧ ✐♥t❡❣r❛❧✐t② ♦❢ t❤❡ ❧✐♥❡❛r s②st❡♠ ❞❡s❝r✐❜✐♥❣ ❛ s✉❜♠♦❞✉❧❛r

✢♦✇ ♣♦❧②❤❡❞r♦♥ ✐♠♣❧✐❡s ❛ ♠✐♥✲♠❛① r❡s✉❧t ❢♦r t❤❡ ♠✐♥✐♠✉♠ ♦❢ ̺−→
G
(T )✳ ❚❤❡ ♣♦✐♥t ✐♥ ❚❤❡✲

♦r❡♠ ✷✳✺✳✷ ✐s t❤❛t ❛ ♠✐♥✲♠❛① ❢♦r♠✉❧❛ ❝♦✉❧❞ ❜❡ ❣✐✈❡♥ ✐♥ ❛ r❡❧❛t✐✈❡❧② s✐♠♣❧❡ ❛♥❞ ❝♦♠♣❛❝t

❢♦r♠✳



✹✵ ✷✳✺✳ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ♦❢ ❜✐♣❛rt✐t❡ ❣r❛♣❤s

Pr♦♦❢✳ ■♥ t❤❡ s❡❝♦♥❞ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸✱ ❛♥❞ ❧❡t p := i + h ✐t ✇❛s s❤♦✇♥ t❤❛t

B′(p) 6= ∅ ❢♦❧❧♦✇s ❜② ✭✷✳✺✮ ❢♦r p = i + h✳ ❖❜s❡r✈❡ t❤❛t ❛♥ ✐♥t❡❣❡r ✈❡❝t♦r x ∈ B′(p) ❢♦r

✇❤✐❝❤ x̃(T ) = min{m̃(T ) : m ∈ B′(p)}✱ ❢♦r♠s t❤❡ ✐♥✲❞❡❣r❡❡ ✈❡❝t♦r ♦❢ ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦❢ G

❝♦✈❡r✐♥❣ h ❢♦r ✇❤✐❝❤ ̺(T ) ✐s ♠✐♥✐♠❛❧✳ ❚❤✉s t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❜❛s✐❝❛❧❧② ❢r♦♠ ❚❤❡♦r❡♠

✶✳✹✳✺ ❛♥❞ ❚❤❡♦r❡♠ ✷✳✷✳✷✳

❚❤❡♦r❡♠ ✷✳✺✳✷ ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ♠♦st ✐♠♣♦rt❛♥t ❝♦r♦❧❧❛r✐❡s ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✸✳

❋♦r ❡①❛♠♣❧❡ ✭✇✐t❤ h(X) := k ❢♦r ∅ 6= X ⊂ V ✮ ✇❡ ❝❛♥ ✜♥❞ ❛ k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥

♦❢ ❛ 2k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ ❛ ❣✐✈❡♥ s✉❜s❡t ♦❢ ♥♦❞❡s T ⊆ V ✐s

♠✐♥✐♠❛❧✳ ❲❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✿

❚❤❡♦r❡♠ ✷✳✺✳✸✳ ▲❡t G = (V,E) ❜❡ ❛ 2k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ❛♥❞ ❧❡t ∅ 6= T ⊂ V ✳ ❚❤❡♥

min
{
̺−→
G
(T ) :

−→
G k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

}
=

max
{
ĩ(T ) + k|T | −∆(T )|E| − i(T ) : T ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T

}
.

✭✷✳✻✮

Pr♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳✶✳ ❈♦♥s✐❞❡r t❤❡ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳✸ ✇❤❡♥ G = (S, T ;E) ✐s

❛ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❛♥❞ k = 1✳ ■♥ t❤✐s ❝❛s❡ ✇❡ s❤♦✇ t❤❛t t❤❡r❡ ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T

❝♦♠♣❧②✐♥❣ ✇✐t❤ G ♠❛①✐♠✐③✐♥❣ ✭✷✳✻✮✳ ◆♦t❡ t❤❛t ✐❢ ♦♥❡ ❡❞❣❡ e ♦❢ G ✐s ✐♥❞✉❝❡❞ ❜② uT (e)

♠❡♠❜❡rs ♦❢ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ T ♦❢ T ✱ t❤❡♥ uT (e) ≤ ∆(T ) s✐♥❝❡ ✐ts ❡♥❞♣♦✐♥t ✐♥ S ✐s

❝♦✈❡r❡❞ ❜② ∆(T ) ♠❡♠❜❡rs ♦❢ T ✳ ■❢ T ✐s ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ t❤❛t ❝♦♠♣❧✐❡s ✇✐t❤ t❤❡ ❣r❛♣❤✱

t❤❡♥ uT (e) = ∆(T ) ❢♦r ❡✈❡r② e ∈ E✳ ▲❡t t❤❡ ❞❡✜❝✐t ♦❢ ❛♥ ❡❞❣❡ ❜❡ ∆(T ) − uT (e) ❛♥❞

γ(T ) := ∑
F∈T

∆(T )|E| − i(F )✳ ❚❤❡r❡❢♦r❡✱ γ(T ) ✐s t❤❡ s✉♠ ♦❢ t❤❡ ❞❡✜❝✐ts✳ ◆♦t❡ ❛❧s♦ t❤❛t

i(T ) = 0✳

▲❡t T ❜❡ ❛ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T ♠❛①✐♠✐③✐♥❣ ✭✷✳✻✮ ❢♦r ✇❤✐❝❤ γ(T ) ✐s ♠✐♥✐♠✉♠✳ ▲❡t

F = (US∪UT , A) ❜❡ t❤❡ ❞✐r❡❝t❡❞ tr❡❡ r❡♣r❡s❡♥t✐♥❣ T ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠❛♣ ϕ : V → US∪UT ✳

❈❧❛✐♠ ✷✳✺✳✹✳ T ✐s ❝♦♠♣❧②✐♥❣ ✇✐t❤ G✳

Pr♦♦❢✳ ❋♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❛ss✉♠❡ t❤❛t ϕ(s∗)ϕ(t∗) 6∈ A ❢♦r s∗ ∈ S, t∗ ∈ T, s∗t∗ ∈ E✳

▲❡t P ❜❡ t❤❡ ✉♥❞✐r❡❝t❡❞ ♣❛t❤ ♦❢ ❧❡♥❣t❤ 2r + 1 ❜❡t✇❡❡♥ ϕ(s∗) ❛♥❞ ϕ(t∗)✳ ❙❤r✐♥❦ t❤❡ s❡t

V (P ) ∩ UT ✐♥ F ❛♥❞ ❧❡t F ′ ❜❡ t❤❡ r❡s✉❧t✐♥❣ tr❡❡ ❛♥❞ T ′ t❤❡ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T t❤❛t

✐s r❡♣r❡s❡♥t❡❞ ❜② F ′✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t |T ′| = |T | − r ❛♥❞ γ(T ′) ≤ γ(T ) − r✱ s✐♥❝❡

t❤❡ ❞❡✜❝✐t ♦❢ t❤❡ ❡❞❣❡ s∗t∗ ❜❡❝♦♠❡s ✵ ❢r♦♠ r ❛♥❞ t❤❡ ❞❡✜❝✐t ♦❢ t❤❡ ♦t❤❡r ❡❞❣❡s ❞♦❡s ♥♦t

✐♥❝r❡❛s❡✳ ❚❤❡r❡❢♦r❡✱ ĩ(T ) + |T | − ∆(T )|E| = |T | − γ(T ) ≤ |T ′| + r − (γ(T ′) + r) =

ĩ(T ′) + |T ′| −∆(T ′)|E| t❤✉s T ′ ✐s ❛❧s♦ ❛ ♠❛①✐♠✐③✐♥❣ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ♦❢ T ✇✐t❤ s♠❛❧❧❡r

❞❡✜❝✐t✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✐s ❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✷✳✺✳✶✳ � �



❈❤❛♣t❡r ✷✿ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥s ✹✶

❋✐♥❛❧❧②✱ ✇❡ ♥♦t❡ t❤❛t ✉s✐♥❣ ❚❤❡♦r❡♠ ✷✳✺✳✶ ♦♥❡ ❝❛♥ s✐♠♣❧✐❢② ❢♦r♠✉❧❛ ✭✷✳✻✮ ❢♦r k = 1

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐❞❡❛✳ ▲❡t G = (V,E) ❜❡ ❛ ✷✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤✱ ∅ 6= T ⊂ V ❛♥❞

C ❜❡ t❤❡ s❡t s②st❡♠ ❢♦r♠❡❞ ❜② t❤❡ ❝♦♠♣♦♥❡♥ts ♦❢ G[T ] ❛♥❞ G[V − T ]✳ ◆♦✇ t❤❡ ❣r❛♣❤

G/C ✭t❤❛t ✐s t❤❡ ❣r❛♣❤ t❤❛t ❛r✐s❡s ❢r♦♠ G ❜② ❝♦♥tr❛❝t✐♥❣ ❡❛❝❤ ♠❡♠❜❡r ♦❢ C✮ ✐s ❜✐♣❛rt✐t❡
❛♥❞ ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G ❞❡t❡r♠✐♥❡s ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥

♦❢ G/C✳ ❈♦♥✈❡rs❡❧②✱ ❛♥② str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G/C ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛

str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ G✳ ❚❤✐s ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② ❢r♦♠ ❛ t❤❡♦r❡♠ ♦❢ ❇♦❡s❝❤

❛♥❞ ❚✐♥❞❡❧❧ ❬✼❪ st❛t✐♥❣ t❤❛t ❛ ♠✐①❡❞ ❣r❛♣❤ ❤❛s ❛ str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ✐❢ ❛♥❞

♦♥❧② ✐❢ t❤❡r❡ ✐s ♥♦ ❝✉t✲❡❞❣❡ ❛♥❞ t❤❡r❡ ✐s ♥♦ ♦♥❡✲✇❛② ❝✉t✳ ❚❤❡r❡❢♦r❡✱ ✐t s✉✣❝❡s t♦ ✜♥❞ ❛

str♦♥❣❧② ❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛t✐♦♥ ♦❢ t❤❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ G/C ✇❤❡r❡ t❤❡ ✐♥✲❞❡❣r❡❡ ♦❢ T/C ✐s

♠✐♥✐♠✉♠✳





❈❤❛♣t❡r ✸

❆r❜♦r❡s❝❡♥❝❡✲♣❛❝❦✐♥❣s

❘❡❝❡♥t r❡s❡❛r❝❤ ✐♥ r✐❣✐❞✐t② t❤❡♦r② s❤♦✇❡❞ t❤❛t s♦♠❡ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ ✇❡❧❧ ❦♥♦✇♥

r❡s✉❧ts ♦❢ ❚✉tt❡ ❬✶✵✺❪ ❛♥❞ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✻✱ ✽✺❪ ♦♥ ♣❛❝❦✐♥❣ tr❡❡s ❛♥❞ ❝♦✈❡r✐♥❣ ✇✐t❤ tr❡❡s

❝❛♥ ❜❡ ❛♣♣❧✐❡❞ t♦ s♦♠❡ r✐❣✐❞✐t② ❝❧❛ss❡s✳ ❆ r❡❝❡♥t r❡s✉❧t ✐s ❢r♦♠ ❑❛t♦❤ ❛♥❞ ❚❛♥✐❣❛✇❛ ❬✻✻❪

✇❤♦ ♣r♦✈❡❞ t❤❛t ♠✐♥✐♠❛❧ r✐❣✐❞✐t② ♦❢ ❵❜❛r✲s❧✐❞❡r ❢r❛♠❡✇♦r❦s✬ ✐s ❡q✉✐✈❛❧❡♥t t♦ s♦♠❡ ❝♦❧♦r❡❞

r♦♦t❡❞✲❢♦r❡st ♣❛❝❦✐♥❣ ♣r♦♣❡rt✐❡s✳ ❚❤✐s r❡s✉❧t ✐♥s♣✐r❡❞ ❛♥ ❡①t❡♥s✐✈❡ r❡s❡❛r❝❤ ♦♥ t❤❡ ♣♦ss✐❜❧❡

❡①t❡♥s✐♦♥s ♦❢ ❚✉tt❡✬s ❛♥❞ ◆❛s❤✲❲✐❧❧✐❛♠s✬ r❡s✉❧ts✳ ❑❛t♦❤ ❛♥❞ ❚❛♥✐❣❛✇❛ ❬✻✽❪ ♣r♦✈❡❞ ❛

t❤❡♦r❡♠ ♦♥ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❝♦❧♦r❡❞ r♦♦t❡❞✲❢♦r❡st ♣❛❝❦✐♥❣s✳ ■♥ ❬✻✾❪✱ t❤❡② ❣❡♥❡r❛❧✐③❡❞ t❤✐s

r❡s✉❧t ✇✐t❤ s♦♠❡ ❝♦♥str❛✐♥s ❛r✐s✐♥❣ ❢r♦♠ ♠❛tr♦✐❞s ❛❧♦♥❣ ✇✐t❤ s❤♦✇✐♥❣ ❛ ✇✐❞❡ ♦✈❡r✈✐❡✇ ♦❢

♣♦ss✐❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ r✐❣✐❞✐t② t❤❡♦r②✳

❋r❛♥❦ ❬✷✻❪ s❤♦✇❡❞ ❤♦✇ t♦ ❞❡r✐✈❡ ◆❛s❤✲❲✐❧❧✐❛♠s✬ ❛♥❞ ❚✉tt❡✬s r❡s✉❧t ❬✶✵✺✱ ✽✻❪ ✭t❤❡

ℓ = 0 ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✶✳✶✳✶✮ ❢r♦♠ ❊❞♠♦♥❞s✬ t❤❡♦r❡♠ ❬✷✶❪ ✭❚❤❡♦r❡♠ ✶✳✶✳✷✮ ✉s✐♥❣ t❤❡

s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❚❤❡♦r❡♠ ✷✳✹✳✹ ✇❤❡r❡ ℓ = 0✳ ❋♦❧❧♦✇✐♥❣ t❤✐s ✐❞❡❛ ❉✉r❛♥❞ ❞❡ ●❡✈✐❣♥❡②✱

◆❣✉②❡♥ ❛♥❞ ❙③✐❣❡t✐ ❬✶✽❪ ❣❡♥❡r❛❧✐③❡❞ ❊❞♠♦♥❞s✬ ✇❡❛❦ t❤❡♦r❡♠ t♦ ❣✐✈❡ ❛♥ ❛❧t❡r♥❛t✐✈❡ ♣r♦♦❢

♦❢ t❤❡ ♣❛❝❦✐♥❣ ♣❛rt ♦❢ ❬✻✾❪✳ ❖♥❡ ❝❛♥ ✜♥❞ t❤❛t ❬✶✽❪ ❛❧s♦ ❣❡♥❡r❛❧✐③❡s t❤❡ str♦♥❣ ❢♦r♠ ♦❢ t❤❡

r❡s✉❧t ♦❢ ❊❞♠♦♥❞s✳ ❚❤✐s r❛✐s❡s t❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r t❤❡ ❡❛r❧✐❡r ❡①t❡♥s✐♦♥s ♦❢ ❬✷✶❪ s✉❝❤ ❛s

t❤❡ ♦♥❡ ♦❢ ❑❛♠✐②❛♠❛✱ ❑❛t♦❤ ❛♥❞ ❚❛❦✐③❛✇❛ ❬✻✹❪ ❛♥❞ ♦❢ ❋✉❥✐s❤✐❣❡ ❬✹✶❪ ❝❛♥ ❜❡ ❣❡♥❡r❛❧✐③❡❞

t♦ s✉❝❤ ❛ ❢♦r♠✳ ❲❡ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ♣♦s✐t✐✈❡❧② ❜② ❡①t❡♥❞✐♥❣ ❬✻✹❪ ❛♥❞ s❤♦✇✐♥❣ t❤❛t

❬✹✶❪ ✐s ❛♥ ❡❛s② ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬✻✹❪✳ ✭❋♦r ❛ s✉r✈❡② ♦♥ tr❡❡ ❛♥❞ ❛r❜♦r❡s❝❡♥❝❡ ♣❛❝❦✐♥❣✱ s❡❡

❬✸❪ ❛♥❞ ❬✸✶✱ ❈❤❛♣t❡r ✶✵❪✳✮

❲❡ ❝♦♥❝❧✉❞❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ❜② ✐♥tr♦❞✉❝✐♥❣ s♦♠❡ ❞❡✜♥✐t✐♦♥s ✉s❡❞ t❤r♦✉❣❤♦✉t t❤✐s

❝❤❛♣t❡r✳ ❋♦r ❛ ♥♦♥✲❡♠♣t② s❡t R ⊆ V ✱ B = (V,A′) ✐s s❛✐❞ t♦ ❜❡ ❛♥ R✲❜r❛♥❝❤✐♥❣ ✐❢ ✐t

❝♦♥s✐sts ♦❢ |R| ♥♦❞❡✲❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s ✇❤♦s❡ r♦♦ts ❛r❡ ✐♥ R✳ ▲❡t D = (V,A) ❜❡ ❛

❞✐❣r❛♣❤✳ ❚❤❡♥ ❛♥ R✲❜r❛♥❝❤✐♥❣ ✐s s❛✐❞ t♦ ❜❡ s♣❛♥♥✐♥❣ ✐❢ ✐t s♣❛♥s t❤❡ ♥♦❞❡ s❡t V ❛♥❞ ✐t

✐s s❛✐❞ t♦ ❜❡ ♠❛①✐♠❛❧ ✐❢ ✐t s♣❛♥s ❛❧❧ t❤❡ ♥♦❞❡s t❤❛t ❛r❡ r❡❛❝❤❛❜❧❡ ❢r♦♠ R ✐♥ D✳ ❋♦r ♥♦♥✲

❡♠♣t② s❡ts X,Z ⊆ V ✱ ❧❡t Z 7→ X ❞❡♥♦t❡ t❤❛t X ❛♥❞ Z ❛r❡ ❞✐s❥♦✐♥t ❛♥❞ X ✐s r❡❛❝❤❛❜❧❡

❢r♦♠ Z✱ t❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ❞✐r❡❝t❡❞ ♣❛t❤ ❢r♦♠ Z t♦ X✳

❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ D = (V,A) ✐s ❛ ❞✐❣r❛♣❤✱ M ✐s ❛ ♠❛tr♦✐❞ ♦♥ S ✇✐t❤ r❛♥❦



✹✹ ✸✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

❢✉♥❝t✐♦♥ rM ❛♥❞ π : S → V ✐s ❛ ✭♥♦t ♥❡❝❡ss❛r✐❧② ✐♥❥❡❝t✐✈❡✮ ♠❛♣✳ ❚❤❡ ✐♥❞❡♣❡♥❞❡♥t s❡ts

♦❢ M ❛r❡ t❤❡ s❡ts P ⊆ S ✇✐t❤ |P| = rM(P)✳ ❋♦r P ⊆ S✱ ✇❡ ✇✐❧❧ ❞❡♥♦t❡ ❜② ❙♣❛♥M(P)

t❤❡ s✉❜s❡t ♦❢ S s♣❛♥♥❡❞ ❜② P✱ t❤❛t ✐s✱ t❤❡ ♠❛①✐♠❛❧ s❡t X ⊆ S ❢♦r ✇❤✐❝❤ P ⊆ X ❛♥❞

rM(X) = rM(P)✳ ❋♦r r❡❧❛t❡❞ ❞❡✜♥✐t✐♦♥s ❛♥❞ ♣r♦♣❡rt✐❡s ♦❢ ♠❛tr♦✐❞s ✇❡ r❡❢❡r t♦ ❬✸✶❪✳ ❲❡

s❛② t❤❛t t❤❡ q✉❛❞r✉♣❧❡ (D,M, S, π) ✐s ❛ ♠❛tr♦✐❞✲❜❛s❡❞ r♦♦t❡❞✲❞✐❣r❛♣❤✳ ❆s ✐♥ ❬✶✽❪✱ π

✐s ❝❛❧❧❡❞M✲✐♥❞❡♣❡♥❞❡♥t ✐❢ π−1(v) ✐s ✐♥❞❡♣❡♥❞❡♥t ✐♥M ❢♦r ❡❛❝❤ v ∈ V ✳ ❋♦r X ⊆ V ✱ ✇❡

✇✐❧❧ ❞❡♥♦t❡ ❜② SX t❤❡ s❡t π−1(X)✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s✉♠♠❛r✐③❡ ♣r❡✈✐♦✉s r❡s✉❧ts ♦♥ ❛r❜♦r❡s❝❡♥❝❡ ♣❛❝❦✐♥❣s t❤❛t ✇❡

❣❡♥❡r❛❧✐③❡ ✐♥ ❙❡❝t✐♦♥ ✸✳✷✳ ❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❜❛s❡❞ ♦♥ ❬✼✷❪✳
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❚❤❡ ✇❡❛❦ ❢♦r♠ ♦❢ t❤❡ r❡s✉❧t ♦❢ ❊❞♠♦♥❞s ❬✷✶❪ ✭❚❤❡♦r❡♠ ✶✳✶✳✷✮ ❛ss❡rts t❤❛t ❛ ❞✐❣r❛♣❤

❤❛s k ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ ❛r❜♦r❡s❝❡♥❝❡s ✇✐t❤ r♦♦t r0 ✐❢ ❛♥❞ ♦♥❧② ✐❢

̺(X) ≥ k ✭✸✳✶✮

❤♦❧❞s ❢♦r ❡✈❡r② ∅ 6= X ⊂ V − r0✳

❚❤❡ str♦♥❣ ❢♦r♠ ♦❢ ❊❞♠♦♥❞s✬ t❤❡♦r❡♠ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ✇❤❡♥ ✇❡ ❛r❡ ❣✐✈❡♥ k ❡❞❣❡✲

❞✐s❥♦✐♥t s✉❜❛r❜♦r❡s❝❡♥❝❡s ♦❢ D ✇✐t❤ r♦♦t r0 ❛♥❞ ✇❡ ✇❛♥t t♦ ❡①t❡♥❞ t❤❡s❡ ❛r❜♦r❡s❝❡♥❝❡s t♦

❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ ❛r❜♦r❡s❝❡♥❝❡s✳ ❲❡ ❢♦r♠✉❧❛t❡ t❤✐s t❤❡♦r❡♠ ✐♥ ❛♥♦t❤❡r ❜✉t ❡q✉✐✈✲

❛❧❡♥t ❢♦r♠ ✉s✐♥❣ t❤❡ ♥♦t✐♦♥ ♦❢ ❜r❛♥❝❤✐♥❣s✳ ❋♦r ❛ ❢❛♠✐❧② R := {R1, ..., Rk} ♦❢ ♥♦♥✲❡♠♣t②

s✉❜s❡ts ♦❢ V ❛♥❞ X ⊆ V ✱ ❧❡t ✉s ❞❡♥♦t❡ ❜② pR(X) t❤❡ ♥✉♠❜❡r ♦❢ t❤❡ ♠❡♠❜❡rs ♦❢ R ❞✐s❥♦✐♥t

❢r♦♠ X ❛♥❞ ❧❡t ✉s ❞❡♥♦t❡ ❜② p′R(X) t❤❡ ♥✉♠❜❡r ♦❢ Ri✬s ❢♦r ✇❤✐❝❤ Ri 7→ X✳

❚❤❡♦r❡♠ ✸✳✶✳✶ ✭❬✷✶❪✮✳ ■♥ ❛ ❞✐❣r❛♣❤ D = (V,A)✱ ❧❡t R := {R1, ..., Rk} ❜❡ ❛ ❢❛♠✐❧② ♦❢ ♥♦♥✲

❡♠♣t② s✉❜s❡ts ♦❢ V ✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ Ri✲❜r❛♥❝❤✐♥❣s ❢♦r i = 1, ...k ✐❢

❛♥❞ ♦♥❧② ✐❢

̺(X) ≥ pR(X) ✭✸✳✷✮

❤♦❧❞s ❢♦r ❡✈❡r② X ⊆ V ✳

❑❛♠✐②❛♠❛✱ ❑❛t♦❤ ❛♥❞ ❚❛❦✐③❛✇❛ ❬✻✹❪ ❡①t❡♥❞❡❞ t❤❡ r❡s✉❧t ♦❢ ❊❞♠♦♥❞s✳ ❲❡ ❢♦r♠✉❧❛t❡

t❤❡✐r t❤❡♦r❡♠ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠ ✭❛s ❬✸✶❪✮✱ t❤❛t s❡❡♠s t♦ ❜❡ ❛ ❜✐t str♦♥❣❡r ❛t ✜rst s✐❣❤t✳

❍♦✇❡✈❡r✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t ✐t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ♦r✐❣✐♥❛❧ ❢♦r♠ ✇❤❡r❡ ❡❛❝❤ Ri ❝♦♥s✐sts

♦❢ ❛ s✐♥❣❧❡ ♥♦❞❡✳

❚❤❡♦r❡♠ ✸✳✶✳✷ ✭❬✻✹❪✮✳ ■♥ ❛ ❞✐❣r❛♣❤ D = (V,A)✱ ❧❡t R := {R1, ..., Rk} ❜❡ ❛ ❢❛♠✐❧② ♦❢

♥♦♥✲❡♠♣t② s✉❜s❡ts ♦❢ V ✳ ❚❤❡♥ t❤❡r❡ ❛r❡ k ❡❞❣❡✲❞✐s❥♦✐♥t ♠❛①✐♠❛❧ Ri✲❜r❛♥❝❤✐♥❣s ✐♥ D ✐❢

❛♥❞ ♦♥❧② ✐❢

̺(X) ≥ p′R(X) ✭✸✳✸✮



❈❤❛♣t❡r ✸✿ ❆r❜♦r❡s❝❡♥❝❡✲♣❛❝❦✐♥❣s ✹✺

❤♦❧❞s ❢♦r ❡✈❡r② X ⊆ V ✳

❋✉❥✐s❤✐❣❡ ❬✹✶❪ ❡①t❡♥❞❡❞ t❤✐s t❤❡♦r❡♠✳ ❲❡ ♣r❡s❡♥t ❤❡r❡ ❛ ♣r♦♦❢ ❢♦r ❋✉❥✐s❤✐❣❡✬s t❤❡♦r❡♠

✇❤✐❝❤ s❤♦✇s t❤❛t ✐♥ ❢❛❝t ✐t ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶✳✷✳ ❆ s❡t ♦❢ ♥♦❞❡s U ✐s ❝❛❧❧❡❞

❝♦♥✈❡① ✐❢ t❤❡r❡ ✐s ♥♦ ♥♦❞❡ v ∈ V − U ❢♦r ✇❤✐❝❤ v 7→ U ❛♥❞ U 7→ v✳

❚❤❡♦r❡♠ ✸✳✶✳✸ ✭❬✹✶❪✮✳ ■♥ ❛ ❞✐❣r❛♣❤ D = (V,A)✱ ❧❡t R := {r1, ..., rk} ⊆ V ❜❡ ❛ ❧✐st ♦❢

✭♣♦ss✐❜❧② ♥♦t ❞✐st✐♥❝t✮ ♥♦❞❡s ❛♥❞ ❧❡t Ui ⊆ V ❜❡ ❝♦♥✈❡① s❡ts ✇✐t❤ ri ∈ Ui✳ ❚❤❡♥ t❤❡r❡ ❛r❡

❡❞❣❡✲❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s ✇✐t❤ r♦♦t ri s♣❛♥♥✐♥❣ Ui ✐♥ D ❢♦r i = 1, ..., k ✐❢ ❛♥❞ ♦♥❧② ✐❢

̺(X) ≥ p
{U1,...,Uk}
R (X) ✭✸✳✹✮

❤♦❧❞s ❢♦r ❡✈❡r② X ⊆ V ✱ ✇❤❡r❡ p{U1,...,Uk}
R (X) ❞❡♥♦t❡s t❤❡ ♥✉♠❜❡r ♦❢ Ui✬s ❢♦r ✇❤✐❝❤ Ui∩X 6=

∅ ❛♥❞ ri 6∈ X✳

Pr♦♦❢✳ ❆s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡❝❡ss✐t② ♦❢ ✭✸✳✹✮ ✐s str❛✐❣❤t❢♦r✇❛r❞ ✇❡ ♦♥❧② ♣r♦✈❡ ✐ts s✉✣❝✐❡♥❝②✳

▲❡t Zi ❜❡ t❤❡ s❡t ♦❢ ♥♦❞❡s r❡❛❝❤❛❜❧❡ ❢r♦♠ ri ❛♥❞ ❧❡t Ri := Zi− (Ui− ri) ❢♦r i = 1, ..., k✳

❚❤❡♥ ✇❡ ❝❧❛✐♠ t❤❛t ❛ ♠❛①✐♠❛❧ Ri✲❜r❛♥❝❤✐♥❣ ❝♦♥s✐sts ♦❢ t❤❡ s✐♥❣❧❡ ♥♦❞❡s ❛s r♦♦ts ✐♥

Ri − {ri} ❛♥❞ ❛♥ ❛r❜♦r❡s❝❡♥❝❡ ✇✐t❤ r♦♦t ri s♣❛♥♥✐♥❣ Ui ❢♦r i = 1, ..., k✳ ❚❤✐s st❛t❡♠❡♥t

❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♦❜s❡r✈❛t✐♦♥s✳ ❋✐rst✱ ❢♦r i = 1, ..., k✱ δD(Zi) = 0 ❜② ❞❡✜♥✐t✐♦♥

t❤✉s δD(Ri − ri) = δD(Zi −Ui) = 0 ❜② ❝♦♥✈❡①✐t② ♦❢ Ui ❛s Ui 7→ v ❢♦r v ∈ Ri − ri✳ ❙❡❝♦♥❞✱

❢♦r i = 1, ..., k✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡r❡ ✐s ❛♥ ❛r❜♦r❡s❝❡♥❝❡ ✇✐t❤ r♦♦t ri s♣❛♥♥✐♥❣ Ui ❜②

✭✸✳✹✮✳ ❚❤✉s t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❡❞❣❡✲❞✐s❥♦✐♥t Ri✲❜r❛♥❝❤✐♥❣s ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡①✐st❡♥❝❡ ♦❢

❡❞❣❡✲❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s ✇✐t❤ r♦♦t ri s♣❛♥♥✐♥❣ Ui✳

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t p{U1,...,Uk}
R (X) ≥ p′{R1,...,Rk}

(X) ❢♦r X ⊆ V ✳ ❚❤✉s ❢♦r X ⊆ V ✱ ✐❢

✭✸✳✹✮ ❤♦❧❞s✱ t❤❡♥ ✭✸✳✸✮ ❛❧s♦ ❤♦❧❞s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✸✳✶✳✷✳

◆❡①t ✇❡ ♣r❡s❡♥t t❤❡ r❡❝❡♥t r❡s✉❧t ♦❢ ❉✉r❛♥❞ ❞❡ ●❡✈✐❣♥❡②✱ ◆❣✉②❡♥ ❛♥❞ ❙③✐❣❡t✐ ❬✶✽❪

t❤❛t ❣❡♥❡r❛❧✐③❡s ❊❞♠♦♥❞s✬ r❡s✉❧ts ❬✷✶❪ ✐♥ ❛♥♦t❤❡r ❞✐r❡❝t✐♦♥✳ ❋♦❧❧♦✇✐♥❣ ❬✶✽❪ ✇❡ ✉s❡ t❤❡

❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥s✳ ❚❤❡ ♠❛tr♦✐❞✲❜❛s❡❞ r♦♦t❡❞✲❞✐❣r❛♣❤ (D,M, S, π) ✐s ❝❛❧❧❡❞ r♦♦t❡❞✲

M✲❝♦♥♥❡❝t❡❞✱ ✐❢

̺(X) ≥ rM(S)− rM(SX) ✭✸✳✺✮

❤♦❧❞s ❢♦r ❡❛❝❤ X ⊆ V ✳ ❆♥ M✲❜❛s❡❞ ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s ✐♥ (D,M, S, π) ✐s ❛

s❡t {T1, ..., T|S|} ♦❢ ♣❛✐r✇✐s❡ ❡❞❣❡✲❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s ✐♥ D s✉❝❤ t❤❛t Ti ❤❛s r♦♦t π(si)

❢♦r i = 1, ..., |S| ❛♥❞ t❤❡ s❡t {sj ∈ S : v ∈ V (Tj)} ❢♦r♠s ❛ ❜❛s❡ ♦❢M ❢♦r ❡❛❝❤ v ∈ V ✳ ❚❤❡

r❡s✉❧t ♦❢ ❬✶✽❪ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✸✳✶✳✹ ✭❬✶✽❪✮✳ ▲❡t (D,M, S, π) ❜❡ ❛ ♠❛tr♦✐❞✲❜❛s❡❞ r♦♦t❡❞✲❞✐❣r❛♣❤✳ ❚❤❡r❡ ❡①✐sts

❛♥ M✲❜❛s❡❞ ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s ✐♥ (D,M, S, π) ✐❢ ❛♥❞ ♦♥❧② ✐❢ π ✐s M✲✐♥❞❡♣❡♥❞❡♥t

❛♥❞ (D,M, S, π) ✐s r♦♦t❡❞✲M✲❝♦♥♥❡❝t❡❞✳



✹✻ ✸✳✷✳ ▼❛✐♥ r❡s✉❧t

▲❡t R = {R1, ..., Rk} ❜❡ ❛ ♠✉❧t✐s❡t s✉❝❤ ❛s ✐♥ ❚❤❡♦r❡♠ ✸✳✶✳✶✳ ■❢ S :=
⋃R ✭❛s ❛

♠✉❧t✐s❡t✮✱ π ♠❛♣s ❡❛❝❤ ♦❝❝✉rr❡♥❝❡ ♦❢ r ✐♥ S t♦ t❤❡ ♥♦❞❡ r ∈ V ✱ ❛♥❞ M ✐s t❤❡ ♣❛rt✐t✐♦♥

♠❛tr♦✐❞ ♦♥ S ❣✐✈❡♥ ❜② R ✇❤❡r❡ ❛ s❡t P ⊆ S ✐s ✐♥❞❡♣❡♥❞❡♥t ✐❢ ❛♥❞ ♦♥❧② ✐❢ |P ∩ Ri| ≤ 1

❢♦r i = 1, ..., k✱ t❤❡♥ t❤❡ ♣r♦❜❧❡♠ ♦❢M✲❜❛s❡❞ ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s ❛♥❞ t❤❛t ♦❢ ❡❞❣❡✲

❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ Ri✲❜r❛♥❝❤✐♥❣s ❢♦r i = 1, ...k ❝♦✐♥❝✐❞❡✳ ▼♦r❡♦✈❡r✱ ✐♥ t❤✐s ❝❛s❡ π ✐s ❛❧✇❛②s

M✲✐♥❞❡♣❡♥❞❡♥t ❛♥❞ ✭✸✳✺✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ ✭✸✳✷✮✳ ❚❤❡r❡❢♦r❡✱ ❚❤❡♦r❡♠ ✸✳✶✳✶ ❢♦❧❧♦✇s ❢r♦♠

❚❤❡♦r❡♠ ✸✳✶✳✹✳ ❍♦✇❡✈❡r✱ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❝❛♥♥♦t ❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ t❤✐s t❤❡♦r❡♠✳ ■♥ t❤❡

♥❡①t s❡❝t✐♦♥ ✇❡ ✇✐❧❧ ❡①t❡♥❞ ❚❤❡♦r❡♠ ✸✳✶✳✹ t♦ ❛ t❤❡♦r❡♠ ❢r♦♠ ✇❤✐❝❤ ❚❤❡♦r❡♠ ✸✳✶✳✷ ❢♦❧❧♦✇s✳

■♥ ♦✉r ♣r♦♦❢✱ ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡❝❤♥✐❝❛❧ ❝❧❛✐♠ ✭✐♠♣❧✐❝✐t❧②✮ ♣r♦✈❡❞ ✐♥ ❬✶✽❪✿

❈❧❛✐♠ ✸✳✶✳✺ ✭❬✶✽❪✮✳ ▲❡t M ❜❡ ❛ ♠❛tr♦✐❞ ♦♥ S ✇✐t❤ r❛♥❦ ❢✉♥❝t✐♦♥ rM ❛♥❞ P,Q ⊆ S

s✉❝❤ t❤❛t rM(P) + rM(Q) = rM(P ∩ Q) + rM(P ∪ Q)✳ ❚❤❡♥ ❙♣❛♥M(P) ∩ ❙♣❛♥M(Q) ⊆
❙♣❛♥M(P ∩ Q)✳

✸✳✷ ▼❛✐♥ r❡s✉❧t

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t✳ ▲❡t P (X) := X ∪ {v ∈ V − X : v 7→ X}✳
❲❡ ❝❛❧❧ ❛ ♠❛①✐♠❛❧ M✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s ❛ s❡t {T1, ..., T|S|} ♦❢
♣❛✐r✇✐s❡ ❡❞❣❡✲❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s ❢♦r ✇❤✐❝❤ Ti ❤❛s r♦♦t π(si) ❢♦r i = 1, ..., |S|✱ t❤❡ s❡t

{sj ∈ S : v ∈ V (Tj)} ✐s ✐♥❞❡♣❡♥❞❡♥t ✐♥M ❛♥❞ |{sj ∈ S : v ∈ V (Tj)}| = rM(SP (v))✳ ✭❲❡

✇✐❧❧ ❛❧s♦ s❛② t❤❛t si ✐s t❤❡ r♦♦t ♦❢ Ti✳✮

❚❤❡♦r❡♠ ✸✳✷✳✶✳ ▲❡t (D,M, S, π) ❜❡ ❛ ♠❛tr♦✐❞✲❜❛s❡❞ r♦♦t❡❞ ❞✐❣r❛♣❤✳ ❚❤❡r❡ ❡①✐sts ❛

♠❛①✐♠❛❧M✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s ✐♥ (D,M, S, π) ✐❢ ❛♥❞ ♦♥❧② ✐❢ π ✐sM✲

✐♥❞❡♣❡♥❞❡♥t ❛♥❞

̺(X) ≥ rM(SP (X))− rM(SX) ✭✸✳✻✮

❤♦❧❞s ❢♦r ❡❛❝❤ X ⊆ V ✳

❖♥❡ ❝❛♥ s❡❡ t❤❛t ❚❤❡♦r❡♠ ✸✳✶✳✷ ❢♦❧❧♦✇s ❢r♦♠ t❤✐s t❤❡♦r❡♠ ✐♥ t❤❡ s❛♠❡ ✇❛② ❛s ❚❤❡♦r❡♠

✸✳✶✳✶ ❞✐❞ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶✳✹✳

Pr♦♦❢✳ ❆s t❤❡ ♥❡❝❡ss✐t② ♦❢ ✭✸✳✻✮ ❛♥❞ M✲✐♥❞❡♣❡♥❞❡♥❝② ✐s str❛✐❣❤t❢♦r✇❛r❞ ✇❡ ♦♥❧② ♣r♦✈❡

t❤❡ s✉✣❝✐❡♥❝②✳

❋♦r X ⊆ V ✱ ❧❡t p(X) := rM(SP (X))− rM(SX)✳ X ✐s ❝❛❧❧❡❞ t✐❣❤t ✐❢ p(X) = ̺(X)✳ ❲❡

❝❛❧❧ t✇♦ s❡ts X ❛♥❞ Y ✐♥t❡rs❡❝t✐♥❣ ✐❢ X − Y, Y − X ❛♥❞ X ∩ Y ❛r❡ ♥♦♥✲❡♠♣t② s❡ts✳

❆❧t❤♦✉❣❤ t❤❡ s✉♣❡r♠♦❞✉❧❛r✐t② ♦❢ p ❝❛♥♥♦t ❜❡ ♣r♦✈❡♥✱ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t ❧❡♠♠❛ ✇❡

✇✐❧❧ ♣r♦✈❡ ✐t ✐♥ ❛ s♣❡❝✐❛❧ ❝❛s❡ ❛♥❞ ✉s❡ ✐t t♦ ♣r♦✈❡ t❤❛t ✐♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡ t❤❡ ✐♥t❡rs❡❝t✐♦♥

♦❢ t✇♦ t✐❣❤t s❡ts ✐s t✐❣❤t✳



❈❤❛♣t❡r ✸✿ ❆r❜♦r❡s❝❡♥❝❡✲♣❛❝❦✐♥❣s ✹✼

▲❡♠♠❛ ✸✳✷✳✷✳ ▲❡t X ❛♥❞ Y ❜❡ t✇♦ ✐♥t❡rs❡❝t✐♥❣ t✐❣❤t s✉❜s❡ts ♦❢ V ✳ ■❢ v 7→ X ∩ Y ❢♦r

❡✈❡r② v ∈ Y −X✱ t❤❡♥ X ∩ Y ✐s t✐❣❤t ❛♥❞ ❙♣❛♥M(SX) ∩ ❙♣❛♥M(SY ) ⊆ ❙♣❛♥M(SX∩Y )✳

Pr♦♦❢✳ ▲❡t X ❛♥❞ Y ❜❡ t✇♦ ✐♥t❡rs❡❝t✐♥❣ t✐❣❤t s✉❜s❡ts ♦❢ V ❢♦r ✇❤✐❝❤ Y − X 7→ X ∩ Y ✳

❋✐rst ✇❡ ♣r♦✈❡ t❤❛t

p(X) + p(Y ) ≤ p(X ∪ Y ) + p(X ∩ Y ). ✭✸✳✼✮

❆s v 7→ X ∩ Y ❢♦r ❡✈❡r② v ∈ Y − X ❛♥❞ t❤❡ r❡❛❝❤❛❜✐❧✐t② ✐s tr❛♥s✐t✐✈❡✱ ✇❡ ❣❡t P (Y ) ⊆
P (X∩Y )✳ ❋✉rt❤❡r♠♦r❡✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t P (X) ⊆ P (X∪Y )✳ ❚❤✉s ❜② t❤❡ ♠♦♥♦t♦♥✐❝✐t②

♦❢ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥✱

rM(SP (X)) + rM(SP (Y )) ≤ rM(SP (X∪Y )) + rM(SP (X∩Y )). ✭✸✳✽✮

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t SX ∩ SY = SX∩Y ❛♥❞ SX ∪ SY = SX∪Y ✳ ❚❤✉s ❜② t❤❡ s✉❜♠♦❞✉❧❛r✐t②

♦❢ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥✱

rM(SX) + rM(SY ) ≥ rM(SX∪Y ) + rM(SX∩Y ). ✭✸✳✾✮

❙✉❜tr❛❝t✐♥❣ ✭✸✳✾✮ ❢r♦♠ ✭✸✳✽✮ ✇❡ ❣❡t ✭✸✳✼✮✳

❋r♦♠ t❤❡ t✐❣❤t♥❡ss ♦❢ X ❛♥❞ Y ✱ ✭✸✳✼✮✱ ✭✸✳✻✮ ❛♥❞ s✉❜♠♦❞✉❧❛r✐t② ♦❢ ̺✱ ✇❡ ❣❡t

̺(X) + ̺(Y ) = p(X) + p(Y ) ≤ p(X ∩ Y ) + p(X ∪ Y ) ≤

≤ ̺(X ∩ Y ) + ̺(X ∪ Y ) ≤ ̺(X) + ̺(Y ). ✭✸✳✶✵✮

❍❡♥❝❡ p(X ∩ Y ) + p(X ∪ Y ) = ̺(X ∩ Y ) + ̺(X ∪ Y )✳ ❚❤✉s X ∩ Y ❛♥❞ X ∪ Y ❛r❡ t✐❣❤t✳

▼♦r❡♦✈❡r✱ p(X)+p(Y ) = p(X∩Y )+p(X∪Y )✳ ❍❡♥❝❡ ✐♥ ✭✸✳✾✮ ❡q✉❛❧✐t② ♠✉st ❤♦❧❞✳ ❚❤✉s ❜②

❈❧❛✐♠ ✸✳✶✳✺ ❛♥❞ SX ∩ SY = SX∩Y ✱ ✇❡ ❣❡t ❙♣❛♥M(SX)∩ ❙♣❛♥M(SY ) ⊆ ❙♣❛♥M(SX∩Y )✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠ ❢♦❧❧♦✇s ❡❛s✐❧② ❢♦r ▲❡♠♠❛ ✸✳✷✳✷

❈❧❛✐♠ ✸✳✷✳✸✳ ▲❡t X ❛♥❞ Y ❜❡ t✇♦ ✐♥t❡rs❡❝t✐♥❣ s✉❜s❡ts ♦❢ V s✉❝❤ t❤❛t X ✐s t✐❣❤t ❛♥❞

̺(Y ) = 0✳ ■❢ v 7→ X ∩ Y ❢♦r ❡✈❡r② v ∈ Y − X✱ t❤❡♥ X ∩ Y ✐s t✐❣❤t ❛♥❞ ❙♣❛♥M(SX) ∩
❙♣❛♥M(SY ) ⊆ ❙♣❛♥M(SX∩Y )✳

Pr♦♦❢✳ ❇② ✭✸✳✻✮ ❛♥❞ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ♦❢ t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥✱ ✇❡ ❣❡t

0 = ̺(Y ) ≥ rM(SP (Y ))− rM(SY ) ≥ 0.

❚❤✉s Y ✐s t✐❣❤t ❛♥❞ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✸✳✷✳✷✳



✹✽ ✸✳✷✳ ▼❛✐♥ r❡s✉❧t

❋♦❧❧♦✇✐♥❣ ❬✶✽❪✱ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ❞❡✜♥✐t✐♦♥s✳ ❋♦r X, Y ⊆ V ✱ Y ❞♦♠✐♥❛t❡s X ✐❢

SX ⊆ ❙♣❛♥M(SY )✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❞♦♠✐♥❛t✐♦♥ ✐s ❛ tr❛♥s✐t✐✈❡ r❡❧❛t✐♦♥✳ ❆♥ ❡❞❣❡

uv ∈ A ✐s s❛✐❞ t♦ ❜❡ ❣♦♦❞ ✐❢ v ❞♦♠✐♥❛t❡s u✱ ♦t❤❡r✇✐s❡ ✐t ✐s ❜❛❞✳ ❲❡ ❝❛❧❧ ❛ ❜❛❞ ❡❞❣❡

s✲❜❛❞✱ ✐❢ π(s) = u ❛♥❞ s 6∈ ❙♣❛♥M(Sv)✳ ◆♦t❡ t❤❛t ❛ ❜❛❞ ❡❞❣❡ ✐s s✲❜❛❞ ❢♦r ❛t ❧❡❛st ♦♥❡

s ∈ S✳ ❋♦r s ∈ S✱ ✇❡ ❝❛❧❧ ❛ t✐❣❤t s❡t X ⊆ V s✲❝r✐t✐❝❛❧ ✐❢ s ∈ ❙♣❛♥M(SX) ❛♥❞ t❤❡r❡ ❡①✐sts

❛ ♥♦❞❡ v ❢♦r ✇❤✐❝❤ π(s)v ✐s ❛♥ s✲❜❛❞ ❡❞❣❡ ♦❢ D t❤❛t ❡♥t❡rs X✳

❇② tr❛♥s✐t✐✈✐t② ♦❢ t❤❡ ❞♦♠✐♥❛t✐♦♥✱ ✐❢ t❤❡r❡ ✐s ♥♦ ❜❛❞ ❡❞❣❡✱ t❤❡♥ SP (v) ⊆ ❙♣❛♥M(Sv)✳

❚❤✉s t❤❡ ❛r❜♦r❡s❝❡♥❝❡s ❝♦♥s✐st✐♥❣ ♦❢ t❤❡ r♦♦ts✱ ✭t❤❛t ✐s✱ ❡❛❝❤ ♥♦❞❡ v ✐s ❛♥ ❛r❜♦r❡s❝❡♥❝❡

❝♦♥s✐st✐♥❣ ♦❢ t❤✐s s✐♥❣❧❡ ♥♦❞❡ |Sv| t✐♠❡s✮✱ ❢♦r♠ ❛ ♠❛①✐♠❛❧ M✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢

❛r❜♦r❡s❝❡♥❝❡s✳ ✭◆♦t❡ t❤❛t t❤❡ M✲✐♥❞❡♣❡♥❞❡♥❝② ♦❢ π ❡♥s✉r❡s t❤❡ ✐♥❞❡♣❡♥❞❡♥❝② ♦❢ t❤❡

r♦♦ts✳✮ ❋r♦♠ ♥♦✇ ♦♥✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ |A|✳
▲❡t π(s)v ❜❡ ❛♥ s✲❜❛❞ ❡❞❣❡ s✉❝❤ t❤❛t ✐t ❡♥t❡rs ♥♦ s✲❝r✐t✐❝❛❧ s❡t ✇❤❡r❡ s ∈ S✳ ▲❡t

D′ := D−π(s)v✱ S′ := S∪{s′} ✇❤❡r❡ s′ 6∈ S✱ π′ : S′ → V s✉❝❤ t❤❛t π′|S ≡ π ❛♥❞ π′(s′) = v

❛♥❞ ❧❡tM′ ❜❡ t❤❡ ♠❛tr♦✐❞ ♦♥ S′ t❤❛t ✐s ♦❜t❛✐♥❡❞ ❢r♦♠M ❜② ❝♦♥s✐❞❡r✐♥❣ s′ ❛s ❛♥ ❡❧❡♠❡♥t

♣❛r❛❧❧❡❧ t♦ s✳ ❋♦r X ⊆ V ✱ ❧❡t P ′(X) := X ∪ {v ∈ V : v 7→D′ X} ❛♥❞ S′
X := π−1(X)✳

◆♦✇ π′ ✐sM′✲✐♥❞❡♣❡♥❞❡♥t s✐♥❝❡ π(s)v ✇❛s ❛♥ s✲❜❛❞ ❡❞❣❡✳ ❲❡ ❝❧❛✐♠ t❤❛t

̺D′(X) ≥ rM′(S′
P ′(X))− rM′(S′

X) ✭✸✳✶✶✮

❤♦❧❞s ❢♦r ❡✈❡r② X ⊆ V ✱ ❤❡♥❝❡ t❤❡r❡ ❡①✐st ❛ ♠❛①✐♠❛❧M′✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s✲

❝❡♥❝❡s P ′ ✐♥ (D′,M′, S′, π′) ❜② ✐♥❞✉❝t✐♦♥✳ ❚❛❦❡ ❛♥ ❛r❜✐tr❛r② s❡t X ⊆ V ✳ ❚♦ ♣r♦✈❡ ✭✸✳✶✶✮✱

✜rst ♦❜s❡r✈❡ t❤❛t P ′(X) ⊆ P (X) ❛♥❞ t❤❡② ❛r❡ ♥♦t ❡q✉❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ v ∈ P ′(X) ❛♥❞

π(s) 6∈ P ′(X) ❜♦t❤ ❤♦❧❞✳ ❚❤✉s rM′(S′
P ′(X)) ≤ rM(SP (X)) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M′✳ ❆❧s♦

❜② ❞❡✜♥✐t✐♦♥✱ rM(S′
X) ≥ rM(SX)✳ ❚❤✉s t❤❡ r✐❣❤t s✐❞❡ ♦❢ ✭✸✳✻✮ ❞♦❡s ♥♦t ✐♥❝r❡❛s❡ ✐♥ ✭✸✳✶✶✮✳

❚❤❡r❡❢♦r❡✱ ✐❢ X ⊆ V ✐s ♥♦t t✐❣❤t✱ t❤❡♥ ✭✸✳✶✶✮ ❤♦❧❞s tr✐✈✐❛❧❧② ❛s ̺D′(X)+1 ≥ ̺(X) ❛♥❞ ✭✸✳✻✮

❤♦❧❞s ✇✐t❤ ❵>✬❀ ✐❢ X ⊆ V ✐s t✐❣❤t ❜✉t π(s)v ❞♦❡s ♥♦t ❡♥t❡r X✱ t❤❡♥ ✭✸✳✶✶✮ ❤♦❧❞s tr✐✈✐❛❧❧②

❛s ̺D′(X) = ̺(X)✳ ■❢ X ✐s t✐❣❤t ❛♥❞ π(s)v ❡♥t❡rs X✱ t❤❡♥ rM(S′
X) > rM(SX) ❜❡❝❛✉s❡

s ∈ SpanM′(S′
X) ❛s s

′ ∈ S′
X ❜✉t s 6∈ ❙♣❛♥M(SX) s✐♥❝❡ π(s)v ❡♥t❡rs ♥♦ s✲❝r✐t✐❝❛❧ s❡t✳ ❚❤✉s

✐♥ t❤✐s ❝❛s❡✱ ̺(X) = ̺D′(X) + 1 ❛♥❞ rM(SP (X)) − rM(SX) ≥ rM′(S′
P ′(X)) − rM′(S′

X) + 1

❤❡♥❝❡ ✭✸✳✶✶✮ ✐s ❛❣❛✐♥ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ✭✸✳✻✮✳

❙✐♥❝❡ s ❛♥❞ s′ ❛r❡ ♣❛r❛❧❧❡❧ ✐♥ M′✱ t❤❡ ❛r❜♦r❡s❝❡♥❝❡s T, T ′ ∈ P ′ r♦♦t❡❞ ❛t s ❛♥❞ s′

❛r❡ ♥♦❞❡✲❞✐s❥♦✐♥t✳ ❚❤❡r❡❢♦r❡✱ T ∪ T ′ ∪ π(s)v ✐s ❛♥ ❛r❜♦r❡s❝❡♥❝❡ r♦♦t❡❞ ❛t π(s) ❛♥❞ P =

P −{T, T ′}∪{T ∪T ′∪π(s)v} ✐s ❛ ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s r♦♦t❡❞ ❛t S ✐♥ D✳ ❚♦ s❡❡ t❤❛t

P ✐s ❛ ♠❛①✐♠❛❧M✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s✱ ✜rst ♦❜s❡r✈❡ t❤❛t t❤❡M✲r❛♥❦

♦❢ t❤❡ r♦♦t s❡t ♦❢ t❤❡ ❛r❜♦r❡s❝❡♥❝❡s ✐♥ P ❝♦✈❡r✐♥❣ ❛♥ ❛r❜✐tr❛r② ♥♦❞❡ u ✐s t❤❡ s❛♠❡ ❛s t❤❡

M′✲r❛♥❦ ♦❢ t❤❡ r♦♦t s❡t ♦❢ t❤❡ ❛r❜♦r❡s❝❡♥❝❡s ✐♥ P ′ ❝♦✈❡r✐♥❣ u ❜② t❤❡ ❞❡✜♥✐t✐♦♥s ♦❢ M′

❛♥❞ P ′✳ ❆s P ′ ✐s ❛ ♠❛①✐♠❛❧M′✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s t❤✐s ❧❛tt❡r ✈❛❧✉❡ ✐s

❡q✉❛❧ t♦ rM′(S′
P ′(u))✳

❚♦ ♣r♦✈❡ t❤❛t P ✐s ❛ ♠❛①✐♠❛❧M✲✐♥❞❡♣❡♥❞❡♥t ♣❛❝❦✐♥❣ ♦❢ ❛r❜♦r❡s❝❡♥❝❡s✱ ✇❡ s❤♦✇ t❤❛t



❈❤❛♣t❡r ✸✿ ❆r❜♦r❡s❝❡♥❝❡✲♣❛❝❦✐♥❣s ✹✾

rM′(S′
P ′(u)) = rM(SP (u)) ❢♦r ❛❧❧ u ∈ V ✳ ❖❜s❡r✈❡ t❤❛t rM′(S′

P ′(u)) ≤ rM(SP (u)) ✐s ♦❜✈✐♦✉s

❤❡♥❝❡ ✇❡ ♦♥❧② ♣r♦✈❡ ❵≥✬✳ ❙✉♣♣♦s❡ t♦ t❤❡ ❝♦♥tr❛r②✱ t❤❛t rM′(S′
P ′(u)) < rM(SP (u)) ❢♦r ❛ ❣✐✈❡♥

u ∈ V ✳ ❙✐♥❝❡ rM′(S′
Q) ≥ rM(SQ) ❤♦❧❞s ❢♦r ❛♥② Q ⊆ V ✱ P ′(u) 6= P (u) ✐♥ t❤✐s ❝❛s❡✳ ❍❡♥❝❡

v ∈ P ′(u) ❜✉t π(s) 6∈ P ′(u) ❜❡❝❛✉s❡ D ❛♥❞ D′ ❞✐✛❡r ♦♥❧② ♦♥ t❤❡ ❡❞❣❡ π(s)v✳ ❚❤❡r❡❢♦r❡✱

π(s)v ✐s t❤❡ s✐♥❣❧❡ ❡❞❣❡ ♦❢ D t❤❛t ❡♥t❡rs P ′(u)✳ ❚❤✉s ✐♥❡q✉❛❧✐t② ✭✸✳✻✮ ❢♦r X = P ′(u) ✐s

1 = ̺(P ′(u)) ≥ rM(SP (P ′(u)))− rM(SP ′(u)) = rM(SP (u))− rM(SP ′(u))

❛♥❞ ❤❡♥❝❡✱ ❜② ♦✉r ❛ss✉♠♣t✐♦♥✱

rM(SP ′(u)) + 1 ≥ rM(SP (u)) ≥ rM′(S′
P ′(u)) + 1 ≥ rM(SP ′(u)) + 1.

❚❤❡r❡❢♦r❡✱ ❡q✉❛❧✐t② ❤♦❧❞s✳ ❋r♦♠ rM(SP ′(u)) + 1 = rM(SP (u))✱ ✇❡ ❣❡t t❤❛t P ′(u) ✐s t✐❣❤t✱

❛♥❞ ❜② rM′(S′
P ′(u)) = rM(SP ′(u))✱ ✇❡ ❣❡t t❤❛t s ∈ ❙♣❛♥M(SP ′(u))✳ ❚❤✉s P ′(u) ✐s s✲❝r✐t✐❝❛❧✱

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚♦ ✜♥✐s❤ ♦✉r ♣r♦♦❢✱ ✇❡ ♠✉st s❤♦✇ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ s ∈ S ❛♥❞ ❛♥ s✲❜❛❞ ❡❞❣❡ ♦❢ t❤❡

❢♦r♠ π(s)v s✉❝❤ t❤❛t ✐t ❡♥t❡rs ♥♦ s✲❝r✐t✐❝❛❧ s❡t✳ ❋✐rst ✇❡ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✇❤❡r❡

D[X] ❞❡♥♦t❡s t❤❡ s✉❜❣r❛♣❤ ♦❢ D s♣❛♥♥❡❞ ❜② X✿

▲❡♠♠❛ ✸✳✷✳✹✳ ❋♦r s ∈ S✱ ❧❡t π(s)v ❜❡ ❛♥ s✲❜❛❞ ❡❞❣❡ ❛♥❞ X ❜❡ ❛ ♠✐♥✐♠❛❧ s✲❝r✐t✐❝❛❧ s❡t

✇✐t❤ v ∈ X✳ ❚❤❡♥ X ⊆ P (v)✳ ▼♦r❡♦✈❡r✱ v ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛❧❧ ♣♦✐♥ts ♦❢ X ✐♥ D[X]✳

Pr♦♦❢✳ ❆ss✉♠❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t X ✐s ♥♦t ❛ s✉❜s❡t ♦❢ Y := P (v)✳ ❚❤❡♥ X ❛♥❞ Y

❛r❡ ✐♥t❡rs❡❝t✐♥❣ s❡ts✱ ̺(Y ) = 0 ❛♥❞ v ∈ X ∩Y ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛❧❧ ♣♦✐♥ts ♦❢ Y −X✳ ❆s X

✐s t✐❣❤t✱ X ∩Y ✐s ❛❧s♦ t✐❣❤t ❜② ❈❧❛✐♠ ✸✳✷✳✸✳ ▼♦r❡♦✈❡r✱ X ✐s s✲❝r✐t✐❝❛❧ ❤❡♥❝❡ s ∈ ❙♣❛♥MSX ❀

❢✉rt❤❡r♠♦r❡✱ s ∈ ❙♣❛♥MSY ❛s π(s) ∈ Y ✳ ❚❤✉s s ∈ ❙♣❛♥M(SX∩Y ) ❛❧s♦ ❤♦❧❞s ❜② ❈❧❛✐♠

✸✳✷✳✸✳ ❚❤❡r❡❢♦r❡✱ X ∩ Y ⊂ X ✐s ❛♥ s✲❝r✐t✐❝❛❧ s❡t s✉❝❤ t❤❛t π(s)v ❡♥t❡rs ✐t✱ ❝♦♥tr❛❞✐❝t✐♥❣

t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ X✳

❚♦ ♣r♦✈❡ t❤❡ s❡❝♦♥❞ ♣❛rt✱ ❛ss✉♠❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t v ✐s ♥♦t r❡❛❝❤❛❜❧❡ ❢r♦♠

❛❧❧ ♥♦❞❡s ♦❢ X ✐♥ D[X]✳ ▲❡t Y ′ ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ X ❢r♦♠ ✇❤✐❝❤ v ✐s r❡❛❝❤❛❜❧❡ ✐♥

D[X]✳ ❚❤❡♥ ̺(Y ′) ≤ ̺(X)✳ ❋✉rt❤❡r♠♦r❡✱ P (Y ′) = P (X) = Y ❜② t❤❡ ✜rst ♣❛rt✳ ❆s Y ′

✐s ♥♦t s✲❝r✐t✐❝❛❧ ❜② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ X✱ s 6∈ ❙♣❛♥M(SY ′) ❛♥❞ t❤✉s rM(SY ′) < rM(SX)✳

❚❤❡r❡❢♦r❡✱

̺(Y ′) ≤ ̺(X) = rM(SP (X))− rM(SX) < rM(SP (Y ′))− rM(SY ′),

❝♦♥tr❛❞✐❝t✐♥❣ ✭✸✳✻✮✳

❙✉♣♣♦s❡ t❤❛t ❢♦r ❛❧❧ s ∈ S ❛♥❞ ❢♦r ❡❛❝❤ s✲❜❛❞ ❡❞❣❡✱ t❤❡r❡ ❡①✐sts ❛♥ s✲❝r✐t✐❝❛❧ s❡t t❤❛t ✐s

❡♥t❡r❡❞ ❜② π(s)v✳ ❲❡ ❝❛❧❧ ❛ s❡t ❝r✐t✐❝❛❧ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ s ∈ S ❢♦r ✇❤✐❝❤ ✐t ✐s s✲❝r✐t✐❝❛❧✳

❈❤♦♦s❡ ❛ ♠✐♥✐♠❛❧ ❝r✐t✐❝❛❧ s❡t X✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t✱ s❛②✱ X ✐s s✲❝r✐t✐❝❛❧ ❢♦r s ∈ S ❛♥❞

π(s)v ✐s ❛♥ s✲❜❛❞ ❡❞❣❡ ❡♥t❡r✐♥❣ X✳



✺✵ ✸✳✸✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

■❢ t❤❡r❡ ✐s ♥♦ ❜❛❞ ❡❞❣❡ s♣❛♥♥❡❞ ❜② X✱ t❤❡♥ ❙♣❛♥M(SX) ⊆ ❙♣❛♥M(Sv) ❜② t❤❡ ♠✐♥✐♠❛❧✲

✐t② ♦❢ X ❛♥❞ ▲❡♠♠❛ ✸✳✷✳✹✳ ▼♦r❡♦✈❡r✱ ❛s X ✐s s✲❝r✐t✐❝❛❧ s ∈ ❙♣❛♥MSX ✳ ❚❤✉s s ∈ ❙♣❛♥MSv✱

t❤❛t ✐s✱ v ❞♦♠✐♥❛t❡s π(s) ❝♦♥tr❛❞✐❝t✐♥❣ t❤❛t π(s)v ✐s ❛♥ s✲❜❛❞ ❡❞❣❡✳

❚❤✉s t❤❡r❡ ✐s ❛ ❜❛❞ ❡❞❣❡ u′v′ s♣❛♥♥❡❞ ❜② X✳ ❇② ♦✉r ❛ss✉♠♣t✐♦♥✱ t❤❡r❡ ✐s ❛♥ s′✲

❝r✐t✐❝❛❧ s❡t X ′ ❢♦r ❛♥② s′ ∈ Su′ − ❙♣❛♥M(Sv′) s✉❝❤ t❤❛t u′v′ ❡♥t❡rs X ′✳ ▲❡t ✉s ✉s❡ t❤❡

♥♦t❛t✐♦♥ Z := P (v′)✳ ❚❤❡♥ ✉s✐♥❣ ❈❧❛✐♠ ✸✳✷✳✸✱ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t Z ∩ X ✐s t✐❣❤t ❛s

̺(Z) = 0 ❛♥❞ v′ ∈ Z ∩ X ✐s r❡❛❝❤❛❜❧❡ ❢r♦♠ ❛❧❧ ♣♦✐♥ts ♦❢ Z − X✳ ▼♦r❡♦✈❡r✱ s✐♥❝❡

(Z ∩ X) − X ′ ⊆ Z − v′ = P (v′) − v′ 7→ {v′} ⊆ Z ∩ X ∩ X ′✱ ✇❡ ❣❡t t❤❛t Z ∩ X ∩ X ′

✐s t✐❣❤t ❜② ▲❡♠♠❛ ✸✳✷✳✷✳ ❚❤✉s Z ∩ X ∩ X ′ ✐s s′✲❝r✐t✐❝❛❧ ❛♥❞ Z ∩ X ∩ X ′ ⊂ X ❜❡❝❛✉s❡

u′ ∈ X −X ′ ❛♥❞ v′ ∈ Z ∩X ∩X ′✳ ❚❤❡r❡❢♦r❡✱ Z ∩X ∩X ′ ✐s ❛ ♣r♦♣❡r ❝r✐t✐❝❛❧ s✉❜s❡t ♦❢ X✱

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤✐s ✜♥✐s❤❡s t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✳ � �

❖♥❡ ❝❛♥ s❡❡ t❤❛t t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶ ❣✐✈❡s r✐s❡ t♦ ❛♥ ❛❧❣♦r✐t❤♠ ✐❢ t❤❡ ♠❛tr♦✐❞

✐s ❣✐✈❡♥ ❜② ❛♥ ♦r❛❝❧❡ ❢♦r t❤❡ r❛♥❦ ❢✉♥❝t✐♦♥✳

✸✳✸ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❉✉r❛♥❞ ❞❡ ●❡✈✐❣♥❡②✱ ◆❣✉②❡♥ ❛♥❞ ❙③✐❣❡t✐ ❬✶✽❪ ❛❧s♦ ❣❛✈❡ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✇❡✐❣❤t❡❞

❝❛s❡ ♦❢ t❤❡✐r ♣r♦❜❧❡♠ ✉s✐♥❣ ♣♦❧②❤❡❞r❛❧ t❡❝❤♥✐q✉❡s✳ ❚❤✐s✱ ❛❧♦♥❣ ✇✐t❤ t❤❡✐r ♣r♦♦❢ ❢♦r t❤❡

✉♥❞✐r❡❝t❡❞ ❝❛s❡✱ ✉s❡s t❤❡ ❢❛❝t t❤❛t t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ❢✉♥❝t✐♦♥ ♦❢ ✭✸✳✺✮ ✐s s✉♣❡r♠♦❞✉❧❛r✳

❆s ♥♦t❡❞ ❛t t❤❡ ❜❡❣✐♥♥✐♥❣ ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✸✳✷✳✶✱ t❤❡ s✉♣❡r♠♦❞✉❧❛r✐t② r✐❣❤t✲❤❛♥❞

s✐❞❡ ♦❢ ✭✸✳✻✮ ❝❛♥♥♦t ❜❡ ♣r♦✈❡❞ ❜✉t ✐♥ ❛ ✈❡r② s♣❡❝✐❛❧ ❝❛s❡✳ ▼♦r❡♦✈❡r✱ ✇❡ ❞♦ ♥♦t s❡❡ ❛♥②

♠❡t❛✲♣r♦♣❡rt② ♦❢ t❤✐s ❢✉♥❝t✐♦♥✳ ❍♦✇❡✈❡r✱ ❞❡✈❡❧♦♣✐♥❣ s✉❝❤ ❛ ♣r♦♣❡rt② ❝♦✉❧❞ ❤❡❧♣ t♦ ❣✐✈❡

❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ ❝❛s❡✳ ❇ér❝③✐✱ ❚✳ ❑✐rá❧② ❛♥❞ ❑♦❜❛②❛s❤✐ ❬✹❪ ♣r♦✈❡❞ r❡❝❡♥t❧②

❚❤❡♦r❡♠ ✸✳✷✳✶ ❜② ❡①t❡♥❞✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❋r❛♥❦ ❬✷✼❪✱ ❙③❡❣➤ ❬✾✽❪ ❛♥❞ ❋r❛♥❦ ❛♥❞ ❇ér❝③✐

❬✷❪✳ ❚❤❡✐r ♣r♦♦❢ ✐s ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ t❤❛♥ t❤❡ ♣r♦♦❢ ❣✐✈❡♥ ✐♥ t❤✐s ❝❤❛♣t❡r ❤♦✇❡✈❡r ✐t ❛❧s♦

❣✐✈❡s r✐s❡ t♦ ❛♥ ❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ✇❡✐❣❤t❡❞ ❝❛s❡ ❛s ✐♥ t❤❡✐r ❡①t❡♥s✐♦♥ t❤❡ ❜♦✉♥❞✐♥❣ ❢✉♥❝t✐♦♥

✐s ❛ ♣♦s✐t✐✈❡❧② ✐♥t❡rs❡❝t✐♥❣ s✉♣❡r♠♦❞✉❧❛r ❢✉♥❝t✐♦♥ ♦♥ s❡t ♣❛✐rs✳



❈❤❛♣t❡r ✹

❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣

♣❛t❤s

❆❧❧ ❣r❛♣❤s ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ s✐♠♣❧❡ ✭t❤❛t ✐s✱ ♠❛② ♥♦t ❝♦♥t❛✐♥ ❧♦♦♣s ♦r

♠✉❧t✐♣❧❡ ❡❞❣❡s✮✳ ❲❡ r❡❝❛❧❧ t❤❡ r❡s✉❧t ♦❢ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✺❪ t❤❛t ❛ ❣r❛♣❤G ✐s ❞❡❝♦♠♣♦s❛❜❧❡

✐♥t♦ k s♣❛♥♥✐♥❣ ❢♦r❡sts ✐❢ ❛♥❞ ♦♥❧② ✐❢ i(X) ≤ k(|X| − 1) ❢♦r ❛❧❧ ♥♦♥✲❡♠♣t② s✉❜s❡ts X ⊆ V ✳

❋r♦♠ t❤✐s t❤❡♦r❡♠ ✐t ❢♦❧❧♦✇s t❤❛t ❡✈❡r② ❣❡♥❡r✐❝ ❝✐r❝✉✐t ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥t♦ t✇♦ s♣❛♥♥✐♥❣

tr❡❡s✱ ♠♦r❡♦✈❡r ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✹✳✵✳✶✳ ❆ ❣r❛♣❤ G ✐s ❛ ❣❡♥❡r✐❝ ❝✐r❝✉✐t ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞

✐♥t♦ t✇♦ s♣❛♥♥✐♥❣ tr❡❡s s✉❝❤ t❤❛t ♥♦ ♣❛✐r ♦❢ ♣r♦♣❡r s✉❜tr❡❡s✱ ❡①❝❡♣t s✐♥❣❧❡ ♥♦❞❡s✱ s♣❛♥s

t❤❡ s❛♠❡ ♥♦❞❡ s❡t✳

❍❛✈✐♥❣ t❤✐s r❡s✉❧t ♦♥❡ ♠❛② ❛s❦ ✇❤❡t❤❡r ❛ tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✇✐t❤ s♦♠❡ s♣❡❝✐❛❧ ♣r♦♣✲

❡rt✐❡s ❡①✐sts✳ ●r❛✈❡r✱ ❇✳ ❙❡r✈❛t✐✉s ❛♥❞ ❍✳ ❙❡r✈❛t✐✉s ♣♦s❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠✳

❖♣❡♥ q✉❡st✐♦♥ ✹✳✵✳✷ ✭❬✹✽❪✱ ❊①❡r❝✐s❡ ✹✳✻✾✮✳ ❉♦❡s ❡✈❡r② ❣❡♥❡r✐❝ ❝✐r❝✉✐t ✇✐t❤ ♥♦❞❡s ♦❢

❞❡❣r❡❡s ✸ ❛♥❞ ✹ ♦♥❧②✱ ❤❛✈❡ ❛ t✇♦ tr❡❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ t✇♦ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s❄

❖♥❡ ❝❛♥ ❡①t❡♥❞ t❤✐s q✉❡st✐♦♥ ❢♦r (k, k+1)✲❝✐r❝✉✐ts t❤❛t ❤❛s ♥♦❞❡s ✇✐t❤ ❞❡❣r❡❡s 2k− 1

❛♥❞ 2k ♦♥❧②✳ ❙✉❝❤ ❛ ❣r❛♣❤ ✐♥ ✇❤✐❝❤ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠❛①✐♠✉♠ ❛♥❞ ♠✐♥✐♠✉♠

❞❡❣r❡❡ ✐s ❛t ♠♦st ♦♥❡ ✐s ❝❛❧❧❡❞ ❜❛❧❛♥❝❡❞✳ ◆♦t❡ t❤❛t t❤❡ s♠❛❧❧❡st ✭s✐♠♣❧❡✮ (k, k+1)✲❝✐r❝✉✐t

✐s K2k s✐♥❝❡ ❛ ❣r❛♣❤ ✇✐t❤ k|V | − k ❡❞❣❡s ❝❛♥♥♦t ❜❡ s✐♠♣❧❡ ✐❢ ✐t ❤❛s ❧❡ss t❤❛♥ 2k ♥♦❞❡s✳ ❆

❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐t ❤❛s ♥♦❞❡s ✇✐t❤ ❞❡❣r❡❡s 2k − 1 ❛♥❞ 2k ♦♥❧② ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢

♥♦❞❡s ✇✐t❤ ❞❡❣r❡❡ 2k − 1 ✐s ❡①❛❝t❧② 2k✳ ❍❡♥❝❡ ♦♥❡ ♠❛② ❛s❦ ✐❢ ✐t ✐s ❞❡❝♦♠♣♦s❛❜❧❡ ✐♥t♦ k

❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ ❜❛❧❛♥❝❡❞ (k, k+1)✲❝✐r❝✉✐ts ❢♦r ❛❧❧ k ≥ 2 ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛

❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤✳ ❚❤✉s ❛ ❜❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐t ❞♦❡s ♥♦t ❛❧✇❛②s ❤❛✈❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

❞❡♠❛♥❞❡❞ ✐♥ ❖♣❡♥ q✉❡st✐♦♥ ✹✳✵✳✷✳ ▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ ❛ str♦♥❣❡r r❡s✉❧t ♦♥ t❤❡ ❧❡♥❣t❤

♦❢ t❤❡ ❧♦♥❣❡st ♣❛t❤s ✐♥ ❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐ts✳ ❋♦r ❛ ❣r❛♣❤ G✱ ❧❡t h(G) ❛♥❞ h∗(G)
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❞❡♥♦t❡ t❤❡ ❧❡♥❣t❤ ♦❢ ❛ ♠❛①✐♠✉♠ ❝②❝❧❡ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✐♥ ❛ ♠❛①✐♠✉♠ ♣❛t❤ ♦❢

G✱ r❡s♣❡❝t✐✈❡❧②✳ ❋♦❧❧♦✇✐♥❣ ❬✺✵❪ ✇❡ ❞❡✜♥❡ t❤❡ s❤♦rt♥❡ss ❡①♣♦♥❡♥t σ(G) ❢♦r ❛ ❢❛♠✐❧② G ♦❢

❣r❛♣❤s✱ ❛s ❢♦❧❧♦✇s✿

σ(G) = lim inf
G∈G

log h(G)

log |V (G)| .

❈♦♥❝❡r♥✐♥❣ ♣❛t❤s ✐♥st❡❛❞ ♦❢ ❝②❝❧❡s ✇❡ ❛❧s♦ ❞❡✜♥❡ t❤❡ ♣❛r❛♠❡t❡r σ∗(G) ✐♥ ❛ s✐♠✐❧❛r ✇❛②

❜✉t ✇✐t❤ h∗(G) ✐♥ ♣❧❛❝❡ ♦❢ h(G)✳ ▲❡t Cbal.k,k+1 ❞❡♥♦t❡ t❤❡ ❢❛♠✐❧② ♦❢ ❜❛❧❛♥❝❡❞ (k, k+1)✲❝✐r❝✉✐ts✳

❲❤❛t ✇❡ ♣r♦✈❡ ✐s ❛s ❢♦❧❧♦✇s✿

❚❤❡♦r❡♠ ✹✳✵✳✸✳ σ∗(Cbal.k,k+1) ≤ log 8
log 9

❢♦r ❛❧❧ k ≥ 2✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ r❡❢♦r♠✉❧❛t❡ t❤❡ q✉❡st✐♦♥ t♦ ❛ s✐♠✐❧❛r q✉❡st✐♦♥ ♦♥ ❣r❛♣❤s ✇✐t❤

❝♦♥♥❡❝t✐✈✐t② ♣r❡s❝r✐♣t✐♦♥s✳ ❚❤✐s ❛❧♦♥❣ ✇✐t❤ ❛ r❡s✉❧t ♦❢ ●rü♥❜❛✉♠ ❛♥❞ ▼❛❧❦❡✈✐t❝❤ ❬✹✾❪

✐♠♠❡❞✐❛t❡❧② ❣✐✈❡s ❛ ♥❡❣❛t✐✈❡ ❛♥s✇❡r t♦ ❖♣❡♥ q✉❡st✐♦♥ ✹✳✵✳✷✳ ■♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ s✉♠♠❛r✐③❡

s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳ ❇♦♥❞② ❛♥❞ ❙✐♠♦♥♦✈✐ts ❬✶✵❪ s❤♦✇❡❞ t❤❛t

t❤❡ s❤♦rt♥❡ss ❡①♣♦♥❡♥t ♦❢ t❤✐s ❣r❛♣❤ ❝❧❛ss ✐s ❛t ♠♦st log 8
log 9

✳ ❲❡ ✉s❡ t❤✐s r❡s✉❧t ❢♦r t❤❡

♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✵✳✸ ✐♥ ❙❡❝t✐♦♥ ✹✳✸✳ ❋✐♥❛❧❧② ✐♥ ❙❡❝t✐♦♥ ✹✳✹✱ ✇❡ s❤♦✇ ❛ s♠❛❧❧ ❣❡♥❡r✐❝

❝✐r❝✉✐t ✇✐t❤♦✉t ❛ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ❛♥❞ ✇❡ ❣✐✈❡ ❛ ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ t❤❡♦r❡♠

❢♦r 4✲r❡❣✉❧❛r ❡ss❡♥t✐❛❧❧② 6✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❥♦✐♥t ✇✐t❤ ❋❡r❡♥❝ Pét❡r❢❛❧✈✐ ❬✼✺❪✳

✹✳✶ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ r❡❝❛❧❧ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❡ss❡♥t✐❛❧ k✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✳ ❆ ❣r❛♣❤ G ✐s ❡ss❡♥t✐❛❧❧② k✲

❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ ❛❧❧ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉ts ♦❢ G ❝♦♥t❛✐♥ ❛t ❧❡❛st k ❡❞❣❡s✳ ❖✉r ❝♦♥str✉❝t✐♦♥

✇✐❧❧ ❜❡ ❜❛s❡❞ ♦♥ t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐ts ❛r❡ ❥✉st t❤❡ 2k✲r❡❣✉❧❛r

❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ♠✐♥✉s ❛ ♥♦❞❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✿

▲❡♠♠❛ ✹✳✶✳✶✳

✭✐✮ ▲❡t G = (V,E) ❜❡ ❛ ❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐t✳ ■❢ ✇❡ ❛❞❞ ❛ ♥❡✇ ♥♦❞❡ s t♦ G ❛♥❞

❝♦♥♥❡❝t ✐t t♦ t❤❡ ♥♦❞❡s ♦❢ G ✇✐t❤ ❞❡❣r❡❡ 2k−1 t❤❡♥ t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤ G′ = (V ′, E ′)

✐s 2k✲r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

✭✐✐✮ ▲❡t G′ = (V ′, E ′) ❜❡ ❛ 2k✲r❡❣✉❧❛r ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤✳ ■❢ ✇❡

♦♠✐t ❛♥ ❛r❜✐tr❛r② ♥♦❞❡ s ♦❢ G′ t❤❡♥ t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤ G = (V,E) ✐s ❛ ❜❛❧❛♥❝❡❞

(k, k + 1)✲❝✐r❝✉✐t✳



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✺✸

Pr♦♦❢✳ ✭✐✮ ■t ✐s ❝❧❡❛r t❤❛t G′ ✐s 2k✲r❡❣✉❧❛r✳ ❙✉♣♣♦s❡ t❤❛t ✐t ✐s ♥♦t ❡ss❡♥t✐❛❧❧② (2k+2)✲❡❞❣❡✲

❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ t❤❡r❡ ✐s ❛ s✉❜s❡t X ⊆ V ′✱ 2 ≤ |X| ≤ |V ′| − 2 ✇✐t❤ dG′(X) ≤ 2k✳ ✭❆s G′

✐s ❛♥ ❊✉❧❡r✐❛♥ ❣r❛♣❤ dG′(X) = 2k + 1 ❝❛♥♥♦t ❤♦❧❞✳✮ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t s /∈ X✳ ❚❤❡♥

2iG(X) = 2iG′(X) = (
∑

v∈X dG′(v))− dG′(X) ≥ 2k|X| − 2k✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✭✐✐✮ ▲❡t X ⊆ V ❜❡ ❛ s✉❜s❡t ✇✐t❤ 2 ≤ |X| ≤ |V | − 1✳ ❚❤❡♥ t❤❡ s❛♠❡ ❝❛❧❝✉❧❛t✐♦♥ ❛s ❛❜♦✈❡

❛❞♠✐ts t❤❛t iG(X) = iG′(X) ≤ k|X| − k − 1✳

❲❡ ❝❛❧❧ t❤❡ ❣r❛♣❤ G′ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐t G ❛s ❞❡s❝r✐❜❡❞ ✐♥

▲❡♠♠❛ ✹✳✶✳✶ ✭✐✮ t❤❡ ✉♥❞❡r❧②✐♥❣ r❡❣✉❧❛r ❣r❛♣❤ ♦❢ G✳

■♥ t❤❡ ❝❛s❡ ♦❢ ❜❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇❡ ♦❜t❛✐♥ 4✲r❡❣✉❧❛r ❡ss❡♥t✐❛❧❧② 6✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

❣r❛♣❤s✳ ◆♦✇ ✇❡ ❝❛♥ ❡❛s✐❧② ♣r♦✈❡ t❤❛t ♥♦t ❛❧❧ ❜❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞

✐♥t♦ t✇♦ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s✳ ■t ✐s ❝❧❡❛r t❤❛t ✐❢ ❛ ❜❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐t G ❛❞♠✐ts s✉❝❤

❛ ❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡♥ t❤❡ ❢♦✉r ❡♥❞✲♥♦❞❡s ♦❢ t❤❡ t✇♦ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s ♠✉st ❜❡ ❞✐s❥♦✐♥t

❛♥❞ ❝❛♥ ♦♥❧② ❜❡ t❤❡ ❢♦✉r ♥♦❞❡s ✇✐t❤ ❞❡❣r❡❡ 3✳ ❚❤✉s ✐♥ t❤❡ ✉♥❞❡r❧②✐♥❣ 4✲r❡❣✉❧❛r ❣r❛♣❤ G′

t❤❡② ❡①t❡♥❞ t♦ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥t♦ t✇♦ ❍❛♠✐❧t♦♥✐❛♥ ❝②❝❧❡s✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐s s✉✣❝✐❡♥t t♦

s❤♦✇ ❛ 4✲r❡❣✉❧❛r ❡ss❡♥t✐❛❧❧② 6✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✇❤✐❝❤ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

✐♥t♦ t✇♦ ❍❛♠✐❧t♦♥✐❛♥ ❝②❝❧❡s✳

 

❋✐❣✉r❡ ✹✳✶✿ ❚❤❡ ❣r❛♣❤ ❣✐✈❡♥ ❜② ●rü♥❜❛✉♠ ❛♥❞ ▼❛❧❦❡✈✐t❝❤✳

●rü♥❜❛✉♠ ❛♥❞ ▼❛❧❦❡✈✐t❝❤ ❬✹✾❪ ❣❛✈❡ ❛♥ ❡①❛♠♣❧❡ ❢♦r ❛ 4✲r❡❣✉❧❛r 4✲❝♦♥♥❡❝t❡❞ ♣❧❛♥❛r

❣r❛♣❤ ✇✐t❤♦✉t ❛ ❍❛♠✐❧t♦♥✐❛♥ ❞❡❝♦♠♣♦s✐t✐♦♥ ✭s❡❡ ❋✐❣✉r❡ ✹✳✶✮✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t ✐t

✐s ❡ss❡♥t✐❛❧❧② 6✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ t❤❡r❡❢♦r❡ t❤✐s ✐s ❛ ❣♦♦❞ ❡①❛♠♣❧❡ ❢♦r ♦✉r ♣r♦❜❧❡♠ ❛s ✇❡❧❧✳✶

✭❋♦r ❛♥ ❡❧❡❣❛♥t ♣r♦♦❢ t❤❛t t❤✐s ❣r❛♣❤ ✐s ♥♦t ❞❡❝♦♠♣♦s❛❜❧❡✱ ✉s✐♥❣ t❤❡ ❢❛❝t t❤❛t ✐t ✐s t❤❡

♠❡❞✐❛❧ ❣r❛♣❤ ♦❢ t❤❡ ❍❡rs❝❤❡❧ ❣r❛♣❤✱ s❡❡ ❬✽❪✳✮

✶ ❚❤✐s r❡s✉❧t ✇❛s ♦❜s❡r✈❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❬✼✵❪✳



✺✹ ✹✳✷✳ 3✲r❡❣✉❧❛r 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s

✹✳✷ 3✲r❡❣✉❧❛r 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s

■♥ ♦✉r ❢✉rt❤❡r ❝♦♥str✉❝t✐♦♥s✱ ✇❡ ✇✐❧❧ ✉s❡ 3✲r❡❣✉❧❛r 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛s ❛ st❛rt✐♥❣

♣♦✐♥t✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ r❡✈✐❡✇ s♦♠❡ ♦❢ t❤❡✐r ♣r♦♣❡rt✐❡s✳ ▲❡t ✉s ❞❡♥♦t❡ t❤❡ s❡t ♦❢ t❤❡s❡

❣r❛♣❤s ✇✐t❤ B✳
❊①❛♠✐♥✐♥❣ t❤❡✐r s❤♦rt♥❡ss ♣❛r❛♠❡t❡rs ❇♦♥❞② ❛♥❞ ❙✐♠♦♥♦✈✐ts ❬✶✵❪ ❝♦♥str✉❝t❡❞ ❣r❛♣❤s

❝❡rt✐❢②✐♥❣ t❤❛t σ(B) ≤ log 8
log 9
≃ 0.9464 ❛♥❞ ❏❛❝❦s♦♥ ❬✺✸❪ ❣❛✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ σ(B) ≥

log2(1 +
√
5) − 1 ≃ 0.6942✳ ❚❤❡ ❧♦✇❡r ❜♦✉♥❞ ✇❛s r❡❝❡♥t❧② ✐♠♣r♦✈❡❞ ✐♥ ❬✻❪ t♦ λ ≃ 0.753✱

✇❤❡r❡ λ ✐s t❤❡ r❡❛❧ r♦♦t ♦❢ 41/x − 31/x = 2✳ ◆♦✇ ❝♦♥s✐❞❡r✐♥❣ t❤❡ ❝❛s❡ ♦❢ ❧♦♥❣❡st ♣❛t❤s ✇❡

❤❛✈❡ t❤❡ s❛♠❡ ❧♦✇❡r ❜♦✉♥❞ ❢♦r σ∗(B) ❛s h∗(G) ≥ h(G) ❢♦r ❛♥② ❣r❛♣❤ G✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞

❇♦♥❞② ❛♥❞ ▲♦❝❦❡ ❬✾❪ s❤♦✇❡❞ t❤❛t h∗(G) ≤ 3
2
h(G)− 2 ❢♦r ❛❧❧ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s

G✱ ✇❤✐❝❤ ✐♠♣❧✐❡s σ∗(B) = σ(B)✳ ❲❡ ❝❛♥ ❛❧s♦ ♦❜s❡r✈❡ t❤❛t t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❇♦♥❞② ❛♥❞

❙✐♠♦♥♦✈✐ts ❛❝t✉❛❧❧② ✇♦r❦s ❢♦r ♣❛t❤s ❛s ✇❡❧❧✳ ❚❤❡ ❢❛❝t t❤❛t ❛ ❣r❛♣❤ ❝♦♥str✉❝t❡❞ ✐♥ s✉❝❤ ❛

✇❛② ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ❡✐t❤❡r ✇❛s ❛❧s♦ ✉s❡❞ ❜② ❙✐♥❣❧❡t♦♥ ❬✾✺❪✳ ■♥ ✇❤❛t

❢♦❧❧♦✇s ✇❡ ✇✐❧❧ ❜r✐❡✢② s❦❡t❝❤ t❤❡ ❝♦♥str✉❝t✐♦♥✳

❋✐rst ✇❡ ♥❡❡❞ t♦ ❞❡✜♥❡ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ♦❢ ❝♦♥tr❛❝t✐♦♥✳ ❋♦r t❤✐s✱ ✇❡ r❡❝❛❧❧ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ❝♦♥tr❛❝t✐♦♥✳ ❋♦r ❛ ❣r❛♣❤ G = (V ∪ X,E) ✇✐t❤ V ∩ X = ∅✱ ❧❡t s ❜❡ ❛ ♥❡✇

♥♦❞❡✳ ❲❡ s❛② t❤❛t t❤❡ ✭♠✉❧t✐✮❣r❛♣❤ G′ = (V + s, E ′) ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❝♦♥tr❛❝t✐♥❣

X ✐♥t♦ s ✐❢ E ′ ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ E ❜② ❞❡❧❡t✐♥❣ t❤❡ ❡❞❣❡s E[X] ❛♥❞ r❡♣❧❛❝✐♥❣ ❛❧❧ ❡❞❣❡s ✐♥

{uv : u ∈ X, v ∈ V } ✇✐t❤ ❛♥ ❡❞❣❡ sv✳ ◆♦t❡ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❛❞♠✐ts G′ t♦ ❤❛✈❡ ♠✉❧t✐♣❧❡

❡❞❣❡s ❜✉t ✐♥ ♦✉r ❝❛s❡ t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤s ✇✐❧❧ ❜❡ s✐♠♣❧❡✳ ❲❡ ✇✐❧❧ ❛❧s♦ ❞❡♥♦t❡ ✇✐t❤ G/X

t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❝♦♥tr❛❝t✐♥❣ X✳ ❚♦ ✇❡❧❧ ❞❡✜♥❡ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ✇❡

♥❡❡❞ t♦ s♣❡❝✐❢② ❢r♦♠ ✇❤✐❝❤ ❡❞❣❡s ♦❢ G ❛r❡ ♦❜t❛✐♥❡❞ t❤❡ ❡❞❣❡s ♦❢ G′✳ ▲❡t F ❜❡ ❛ ❣r❛♣❤ ♦♥

t❤❡ ♥♦❞❡ s❡t X + t ✇✐t❤ t /∈ V ∪X + s✳ ❲❡ s❛② t❤❛t G ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G′ ❜② ✐♥✢❛t✐♥❣

(F,X) ✐♥t♦ s ✐❢ G/X = G′ ❛♥❞ G/V = F ✳

❈♦♥s✐❞❡r✐♥❣ 3✲r❡❣✉❧❛r 3✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇❡ ❝❛♥ ❡st❛❜❧✐s❤ s♦♠❡ s♣❡❝✐❛❧ ♣r♦♣❡rt✐❡s ♦❢

t❤❡s❡ ♦♣❡r❛t✐♦♥s✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t ✐❢ G ✐s 3✲r❡❣✉❧❛r t❤❡♥ ✐t ✐s 3✲❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✐t ✐s 3✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ ✭❬✺✸❪✮✳ ▲❡t G = (V,E) ❜❡ ❛ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t C =

E(X, V − X) ❜❡ ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t ♦❢ s✐③❡ ✸✳ ❚❤❡♥ G/X ❛♥❞ G/(V − X) ❛r❡ ❛❧s♦

✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ✭s✐♠♣❧❡✮ ❣r❛♣❤s✳

Pr♦♦❢✳ ❚❤❡② ❛r❡ s✐♠♣❧❡ ❜❡❝❛✉s❡ C ❝♦♥s✐sts ♦❢ ✸ ✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s ❜② t❤❡ ✸✲✭♥♦❞❡✮✲

❝♦♥♥❡❝t✐✈✐t② ♦❢ G✳ ❚❤❡ ✸✲❝♦♥♥❡❝t✐✈✐t② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ❛♥② ❡❞❣❡✲❝✉t ✐♥ G/X ♦r

G/(V −X) ✐s ❛❧s♦ ❛♥ ❡❞❣❡✲❝✉t ✐♥ G✳

Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✳ ▲❡t G′ ❛♥❞ F ❜❡ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ♦♥ ♥♦❞❡ s❡ts V +s ❛♥❞

X + t r❡s♣❡❝t✐✈❡❧②✳ ▲❡t G ❜❡ ❛ ❣r❛♣❤ ♦♥ V ∪X ♦❜t❛✐♥❡❞ ❢r♦♠ G′ ❜② ✐♥✢❛t✐♥❣ (F,X) ✐♥t♦

s✳ ❚❤❡♥ G ✐s ❛❧s♦ ✸✲r❡❣✉❧❛r ❛♥❞ ✸✲❝♦♥♥❡❝t❡❞✳



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✺✺

Pr♦♦❢✳ ❋✐rst ♦❜s❡r✈❡ t❤❛t G[X] = F [X] ❛♥❞ G[V ] = G′[V ] ❛r❡ ✷✲❝♦♥♥❡❝t❡❞ ❜❡❝❛✉s❡ t❤❡②

❛r❡ ❜♦t❤ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❜② ❛ ❞❡❧❡t✐♦♥ ♦❢ ❛ ♥♦❞❡✳ ◆♦✇ ❧❡t u, v ∈ G

❜❡ ❞✐✛❡r❡♥t ♥♦❞❡s✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t G − {u, v} ✐s ❝♦♥♥❡❝t❡❞✳ ■❢ {u, v} ⊆ V t❤❡♥

(G−{u, v})/X ✐s ❝♦♥♥❡❝t❡❞ ❜② t❤❡ ✸✲❝♦♥♥❡❝t✐✈✐t② ♦❢ G′✳ ❙✐♥❝❡ F−t ✐s ❝♦♥♥❡❝t❡❞✱ ✐♥✢❛t✐♥❣
(F,X) ✐♥t♦ s ♣r❡s❡r✈❡s ❝♦♥♥❡❝t✐✈✐t②✳ ❚❤❡ ❝❛s❡ {u, v} ⊆ X ✐s s✐♠✐❧❛r✳ ■❢ |{u, v} ∩ V | = 1✱

s❛② u ∈ V ❛♥❞ v ∈ X t❤❡♥ G− {u, v} ❝♦♥s✐sts ♦❢ t❤❡ t✇♦ ❝♦♥♥❡❝t❡❞ s✉❜❣r❛♣❤s G[V ]− u

❛♥❞ G[X]− v ❛♥❞ ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ❝♦♥♥❡❝t✐♥❣ t❤❡♠✳

 

❋✐❣✉r❡ ✹✳✷✿ ❚❤❡ ❣r❛♣❤ S1 ❝♦♥str✉❝t❡❞ ❜② ❇♦♥❞② ❛♥❞ ❙✐♠♦♥♦✈✐ts✳

▲❡t GP = (VP , EP ) ❜❡ t❤❡ P❡t❡rs❡♥ ❣r❛♣❤ ❛♥❞ ❧❡t t ❜❡ ❛♥ ❛r❜✐tr❛r② ♥♦❞❡ ♦❢ GP ✳

◆♦✇ ✇❡ ❝❛♥ ❞❡s❝r✐❜❡ t❤❡ s❡q✉❡♥❝❡ ♦❢ ❣r❛♣❤s S0, S1, . . . , Si, . . . ❝♦♥str✉❝t❡❞ ❜② ❇♦♥❞② ❛♥❞

❙✐♠♦♥♦✈✐ts✳ ▲❡t S0 = GP ❛♥❞ ✐❢ Si ✐s ❛❧r❡❛❞② ❝♦♥str✉❝t❡❞ ❧❡t Si+1 ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ Si

❜② ✐♥✢❛t✐♥❣ (GP , VP − t) ✐♥t♦ ❡❛❝❤ ♥♦❞❡ ✭s❡❡ ❋✐❣✉r❡ ✹✳✷✮✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷ ❛❧❧ Si

❛r❡ ✸✲❝♦♥♥❡❝t❡❞✳ ❖❜s❡r✈❡ t❤❛t ✐❢ ❢♦r ❛ ❣r❛♣❤ G = (V ∪ X,E)✱ G/X ∼= GP ❛♥❞ P ✐s ❛

♣❛t❤ ✐♥ G ✇✐t❤ ❜♦t❤ ♦❢ ✐ts ❡♥❞s ✐♥ X✱ t❤❡♥ P ❛✈♦✐❞s ❛t ❧❡❛st ♦♥❡ ♥♦❞❡ ♦❢ V ✳ ❖t❤❡r✇✐s❡✱

P/X ✐s ❛ ❍❛♠✐❧t♦♥✐❛♥ ❝②❝❧❡ ✐♥ G/X ✇❤✐❝❤ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ P❡t❡rs❡♥ ❣r❛♣❤✳ ❍❡♥❝❡

h∗(Si+1) ≤ 8h∗(Si) + 2✳ ❙✐♥❝❡ |V (Si)| = 10 · 9i ✜♥❛❧❧② ✇❡ ❣❡t limi→∞
log h∗(Si)
log |V (Si)|

= log 8
log 9

✳

◆♦✇ ✇❡ ❝♦♥s✐❞❡r ♦t❤❡r ♣r♦♣❡rt✐❡s ♦❢ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳ ❆❝❝♦r❞✐♥❣ t♦ P❡✲

t❡rs❡♥✬s t❤❡♦r❡♠ ❬✽✽❪ ❛❧❧ t❤❡s❡ ❣r❛♣❤s ❤❛✈❡ ❛ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣✳ ▼♦r❡♦✈❡r✱ ❜② ❙❝❤ö♥❜❡r❣❡r✬s



✺✻ ✹✳✸✳ ❖✉r ❝♦♥str✉❝t✐♦♥

r❡s✉❧t ❬✾✸❪ ❛❧❧ ❡❞❣❡s ♦❢ t❤❡ ❣r❛♣❤ ❛r❡ ✐♥❝❧✉❞❡❞ ✐♥ s♦♠❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣✳ ❲❡ ❝❛❧❧ ❛ ♣❡r❢❡❝t

♠❛t❝❤✐♥❣ M ❛❞♠✐ss✐❜❧❡ ✐❢ |M ∩ C| ≤ 1 ❢♦r ❛❧❧ ❡❞❣❡✲❝✉ts C ♦❢ s✐③❡ ✸✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣

❧❡♠♠❛ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❛ r❡s✉❧t ♦❢ ❑❛✐s❡r ❛♥❞ ➆❦r❡❦♦✈s❦✐ ❬✻✸❪ ✇❤❡r❡ t❤❡ st❛t❡♠❡♥t✬s

❝♦♠♣❧❡♠❡♥t ✐s ♣r♦✈❡❞✳ ❋♦r ❝♦♠♣❧❡t❡♥❡ss ✇❡ ❣✐✈❡ ❤❡r❡ ❛ ❞✐r❡❝t ♣r♦♦❢✳

▲❡♠♠❛ ✹✳✷✳✸✳ ▲❡t G = (V,E) ❜❡ ❛ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t e ∈ E ❜❡ ❛♥

❛r❜✐tr❛r② ❡❞❣❡ ♦❢ G✳ ❚❤❡♥ G ❤❛s ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ✇❤✐❝❤ ✐♥❝❧✉❞❡s e✳

Pr♦♦❢✳ ■❢ t❤❡ s✐③❡ ♦❢ ❡✈❡r② ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t ♦❢ G ✐s ❣r❡❛t❡r t❤❛♥ 3 t❤❡♥ ❡✈❡r② ♣❡r❢❡❝t

♠❛t❝❤✐♥❣ ✐s ❛❞♠✐ss✐❜❧❡✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t C = E(X, V −X)

♦❢ s✐③❡ ✸✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✶ G1 = G/X ❛♥❞ G2 = G/(V − X) ❛r❡ ✸✲r❡❣✉❧❛r ❛♥❞ ✸✲

❝♦♥♥❡❝t❡❞ t♦♦ s♦ ❜② ✐♥❞✉❝t✐♦♥ t❤❡② ❜♦t❤ ❤❛✈❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ✐♥❝❧✉❞✐♥❣

❛♥ ❛r❜✐tr❛r② ❞❡s✐❣♥❛t❡❞ ❡❞❣❡✳

❈❛s❡ ✶✿ e ∈ C✳ ❈♦♥s✐❞❡r ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ Mi ✐♥ Gi ✐♥❝❧✉❞✐♥❣ e ❢♦r

i = 1, 2✳ ❲❡ ❝❧❛✐♠ t❤❛t t❤❡ ✉♥✐♦♥ M ♦❢ M1 ❛♥❞ M2 ✭✇✐t❤ ♦♥❡ ❝♦♣② ♦❢ e✮ ✐s ❛♥ ❛❞♠✐ss✐❜❧❡

♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ✐♥ G✳ ❚♦ ♣r♦✈❡ t❤✐s ❧❡t D ❜❡ ❛♥ ❡❞❣❡✲❝✉t ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♥♦❞❡

s❡t Z✳ ■❢ Z ♦r V − Z ✐s ❛ s✉❜s❡t ♦❢ X ♦r V −X t❤❡♥ D ✐s ❛❧s♦ ❛♥ ❡❞❣❡✲❝✉t ✐♥ G1 ♦r G2

s♦ ✐t ❞♦❡s ♥♦t ✈✐♦❧❛t❡ ❛❞♠✐ss✐❜✐❧✐t②✳ ◆♦✇ s✉♣♣♦s❡ t❤❛t D ❝✉ts ❜♦t❤ X ❛♥❞ V −X✳ ❆s ✇❡

❛❧r❡❛❞② ♦❜s❡r✈❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✷✳✷✱ G[X] ❛♥❞ G[V −X] ❛r❡ ✷✲❝♦♥♥❡❝t❡❞

s✉❜❣r❛♣❤s✳ ❙♦ |D| ≥ |E(X ∩ Z,X − Z)|+ |E((V −X) ∩ Z, (V −X)− Z)| ≥ 2 + 2 = 4.

❈❛s❡ ✷✿ e /∈ C✳ ❲❡ ♠❛② ❛ss✉♠❡ ❜② s②♠♠❡tr② t❤❛t e ∈ I(V −X)✳ ◆♦✇ ❝♦♥s✐❞❡r ❛♥

❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ M1 ✐♥ G1 ✇❤✐❝❤ ✐♥❝❧✉❞❡s e✳ ▲❡t f ❜❡ t❤❡ ❡❞❣❡ ✐♥ M1 ✐♥❝✐❞❡♥t

✇✐t❤ t❤❡ ♥♦❞❡ ✐♥ G1 ❝♦rr❡s♣♦♥❞✐♥❣ t♦ X✳ ◆♦✇ ❧❡t M2 ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣

✐♥ G2 ✇❤✐❝❤ ✐♥❝❧✉❞❡s f ✳ ❏✉st ❛s ✐♥ ❈❛s❡ ✶ t❤❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ❝♦♠❜✐♥✐♥❣ M1 ❛♥❞ M2 ✐s

❛❞♠✐ss✐❜❧❡ ✐♥ G✳

✹✳✸ ❖✉r ❝♦♥str✉❝t✐♦♥

◆♦✇ ✇❡ ♣r❡s❡♥t ♦✉r ❝♦♥str✉❝t✐♦♥ ♦❢ ❜❛❧❛♥❝❡❞ (k, k + 1)✲❝✐r❝✉✐ts ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥

❧♦♥❣ ♣❛t❤s✳ ■t ✐s ❝❧❡❛r t❤❛t h∗(G) ≤ h∗(G′) ❢♦r ❛ (k, k + 1)✲❝✐r❝✉✐t G ❛♥❞ ✐ts ✉♥❞❡r❧②✐♥❣

2k✲r❡❣✉❧❛r ❣r❛♣❤ G′✳ ❚❤❡r❡❢♦r❡✱ t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✵✳✸ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❡ s❛♠❡

♣r♦♣♦s✐t✐♦♥ ❢♦r 2k✲r❡❣✉❧❛r ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❜② ▲❡♠♠❛ ✹✳✶✳✶✳

❋♦r t❤❡ ❝♦♥str✉❝t✐♦♥ ✇❡ ✉s❡ ❛ s♣❡❝✐❛❧ ♦♣❡r❛t✐♦♥ s✐♠✐❧❛r t♦ ✐♥✢❛t✐♥❣ t❤❛t ✇❡ ❝❛❧❧ ❜❧❛❝❦✲

❜❡rr✐③✐♥❣✳ ❚❤✐s ♦♣❡r❛t✐♦♥ ❵s✉❜st✐t✉t❡s✬ ❛❧❧ ♥♦❞❡s ♦❢ ❛ t✲r❡❣✉❧❛r ❣r❛♣❤ ✇✐t❤ ❛ s♣❡❝✐❛❧

❛✉①✐❧✐❛r② ❣r❛♣❤ t❤❛t ✇❡ ❝❛❧❧ ❛ ❜❡rr②✳ ❆ ❜❡rr② ✐s ❛ s✐♠♣❧❡ ❣r❛♣❤ t❤❛t ❝♦♥s✐sts ♦❢ t✇♦ t②♣❡s

♦❢ ♥♦❞❡s t❤❛t ✇❡ ❝❛❧❧ ✐♥♥❡r ♥♦❞❡s ❛♥❞ ♦✉t❡r ♥♦❞❡s✱ r❡s♣❡❝t✐✈❡❧② ✭s❡❡ ❋✐❣✉r❡ ✹✳✸✮✳ ❲❡

✇✐❧❧ ✉s❡ ❛ ❜❡rr② ✇✐t❤ t ♦✉t❡r ♥♦❞❡s ❢♦r ❜❧❛❝❦❜❡rr✐③✐♥❣ ❛ t✲r❡❣✉❧❛r ❣r❛♣❤ G = (V,E)✳ ❲❡

t❛❦❡ |V | ❞✐s❥♦✐♥t ❝♦♣✐❡s ♦❢ t❤❡ ❜❡rr② ❛♥❞ ❝♦rr❡s♣♦♥❞ t❤❡♠ t♦ t❤❡ ♥♦❞❡s ♦❢ G✳ ■❢ t✇♦ ♥♦❞❡s

❛r❡ ❛❞❥❛❝❡♥t ✐♥ G ✇❡ ❝❤♦♦s❡ ♦♥❡ ♦✉t❡r ♥♦❞❡ ♦❢ ❜♦t❤ ❝♦rr❡s♣♦♥❞✐♥❣ ❜❡rr✐❡s ❛♥❞ ✐❞❡♥t✐❢②



♣ ✿ ✐ ✐ ✉✐ ✇✐ ✉ ♣ ✼

 

❋✐✉ ✿ ♣ ✇✐ ✉ ✐ k=2

✉ ✇✐ ✐

♠ ❋ t ✐ ✇ ✉ t✐✛ ✉ ✐

❋✐ ✐ ♣ ✐ ✐ ♣

✉ ♣ ✐ ♣ ❋✐✉

 

❋✐✉ ✿ ✐ ✐ ✐ ♣

2k ✉ ♣ ✐✐ ✇ ✐

2k ✉ k ■ ✉ ✉ ✐ ✇ ✇✐ ✉

♣ Si ✐ ✐ ✐ ✐ ♣

✐ k ♣ ✇✐ k✇✐

2k ✇ ♣ ✐ ✇ ♣ ✐✐ ✐

♣ ✐ ✉ ✐✉ t ✉ ♣ ♣ ♠ ✐

✉ ✐✉✐ ✇✐ ♣ ✐ ✉✇ ✉ ♣✐ ✇ ♣ ✐



✺✽ ✹✳✸✳ ❖✉r ❝♦♥str✉❝t✐♦♥

❚❤❡ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡ ♦❢ ❛ ❜❡rr② t❤❛t ✐s s✉❜st✐t✉t❡❞ t♦ ❛ ♥♦❞❡ v ✇✐❧❧ ❜❡ ✐❞❡♥t✐✜❡❞

✇✐t❤ t❤❡ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡ ♦❢ t❤❡ ❜❡rr② t❤❛t ✐s s✉❜st✐t✉t❡❞ t♦ t❤❡ ♦t❤❡r ❡♥❞♣♦✐♥t ♦❢

t❤❡ ♠❛t❝❤✐♥❣ ❡❞❣❡ ✐♥❝✐❞❡♥t t♦ v✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ k ✐s ♦❞❞ ✇❡ ✇✐❧❧ t❛❦❡ ❛ ❜❛s✐❝ ❣r❛♣❤ Si

✭❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✮ t❤❛t ❤❛s ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣M ❜② ▲❡♠♠❛ ✹✳✷✳✸❀ ❛♥❞

✇❡ ✇✐❧❧ ♣❛r❛❧❧❡❧ ❜❧❛❝❦❜❡rr✐③❡ Si ❛❧♦♥❣ M ✳ ❲❡ ✇✐❧❧ ✉s❡ t✇♦ ❜❡rr✐❡s ✇❤✐❝❤ ❤❛✈❡ ✐♥♥❡r ♥♦❞❡s

♦❢ ❞❡❣r❡❡ 2k✱ t✇♦ ♥♦♥✲❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡s ♦❢ ❞❡❣r❡❡ k ❛♥❞ ❛ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡ ♦❢

❞❡❣r❡❡s k − 1 ❛♥❞ k + 1✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤♦✉❣❤ ✐t ✐s ♥♦t ❛ r❡q✉✐r❡♠❡♥t ♦❢ t❤✐s ♦♣❡r❛t✐♦♥✱

❢r♦♠ ♥♦✇ ♦♥ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t t❤❡ t✇♦ ❜❡rr✐❡s ✉s❡❞ ✐♥ ♣❛r❛❧❧❡❧ ❜❧❛❝❦❜❡rr✐③✐♥❣ ❤❛✈❡ t❤❡

s❛♠❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s✳

❆ ❣r❛♣❤ t❤❛t ❛r✐s❡s ❜② ✭♣❛r❛❧❧❡❧✮ ❜❧❛❝❦❜❡rr✐③✐♥❣ ❛ r❡❣✉❧❛r ❣r❛♣❤ ✐s ❝❛❧❧❡❞ ❛ ❜❧❛❝❦❜❡rr②

❣r❛♣❤✳ ❚❤❡r❡❢♦r❡✱ ✐♥ ❜♦t❤ ❝❛s❡s ✇❡ ❣❡t ❛ 2k✲r❡❣✉❧❛r ❣r❛♣❤ H ❛s ❜❧❛❝❦❜❡rr② ❣r❛♣❤✳

❊①❛♠✐♥✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤✐s ♦♣❡r❛t✐♦♥ ✇❡ ✜rst s❤♦✇ t❤❛t ✐❢ t❤❡ ❜❛s✐❝ ❣r❛♣❤ ❞♦❡s

♥♦t ❝♦♥t❛✐♥ ❛ ❧♦♥❣ ♣❛t❤✱ t❤❡♥ ♥❡✐t❤❡r ❞♦❡s ✐ts ❜❧❛❝❦❜❡rr② ❣r❛♣❤✳ ❚❤❡ ♣r♦♦❢ ✐s s✐♠✐❧❛r t♦

t❤❡ ♦♥❡ ✐♥ ❬✽✼❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✳ ▲❡t S ❜❡ ❛ 3✲r❡❣✉❧❛r ❣r❛♣❤ ❛♥❞ ❧❡t H ❜❡ ✐ts ❜❧❛❝❦❜❡rr② ❣r❛♣❤✳ ▲❡t b

❜❡ t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ✐♥ t❤❡ ❜❡rr✐❡s ✉s❡❞ ✐♥ t❤❡ ✭♣❛r❛❧❧❡❧✮ ❜❧❛❝❦❜❡rr✐③❛t✐♦♥✳ ❚❤❡♥

✭✐✮ h∗(H) ≤ (b− 1) · h∗(S) + 1✱

✭✐✐✮ h∗(H) ≤ |V (H)| − (|V (S)| − h∗(S))(b− 3)✳

Pr♦♦❢✳ ❚❛❦❡ ❛♥ ❛r❜✐tr❛r② ♣❛t❤ P ✐♥ H ❛♥❞ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ s❡q✉❡♥❝❡ ♦❢ ✐ts ❡❞❣❡s

e1, e2, e3, . . . , em✳ ❚♦ t❤✐s s❡q✉❡♥❝❡ ✇❡ ❛ss♦❝✐❛t❡ ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦❞❡s ♦❢ S ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

✇❛②✿ ✇❡ r❡♣❧❛❝❡ ❡✈❡r② ❡❞❣❡ ❜② t❤❡ ♥♦❞❡ ♦❢ S ✇❤✐❝❤ t❤❡ ❜❡rr② ✐♥❝❧✉❞✐♥❣ t❤❡ ❡❞❣❡ ❝♦r✲

r❡s♣♦♥❞s t♦✳ ■❢ t❤❡ r❡s✉❧t✐♥❣ s❡q✉❡♥❝❡ ❝♦♥t❛✐♥s ✐❞❡♥t✐❝❛❧ ♥❡✐❣❤❜♦r✐♥❣ ❡❧❡♠❡♥ts t❤❡♥ ✇❡

❞❡❧❡t❡ s♦♠❡ ✉♥t✐❧ ♦♥❧② ♦♥❡ r❡♠❛✐♥s ❝♦♥s❡❝✉t✐✈❡❧②✳ ▲❡t v1, v2, . . . , vr ❞❡♥♦t❡ t❤❡ r❡♠❛✐♥✐♥❣

s❡q✉❡♥❝❡✳

■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t t❤❡ ❝♦♥s❡❝✉t✐✈❡ ♠❡♠❜❡rs ♦❢ t❤✐s s❡q✉❡♥❝❡ ❛r❡ ♥❡✐❣❤❜♦rs ✐♥ S

❛♥❞ t❤✉s ✐t ❞❡s❝r✐❜❡s ❛ ✇❛❧❦ ✐♥ S✳ ❲❡ ❝❧❛✐♠ t❤❛t ✐❢ {i, j} ∩ {1, r} = ∅ ✇✐t❤ i < j t❤❡♥

vi 6= vj✳ ❙✉♣♣♦s❡ ❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t vi = vj✱ ❧❡t B ❜❡ t❤❡ ❜❡rr② ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤✐s

♥♦❞❡ ♦❢ S ❛♥❞ ❧❡t ep ❛♥❞ eq ❜❡ t❤❡ ❡❞❣❡s ♦❢ H ❝♦rr❡s♣♦♥❞✐♥❣ t♦ vi−1 ❛♥❞ vj+1✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡♥ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣❛t❤ ✐♥ H✱ ❜❡t✇❡❡♥ ep ❛♥❞ eq ✇❡ ❡♥t❡r ❛♥❞ ❧❡❛✈❡ B t✇♦ t✐♠❡s✱ ✇❤✐❝❤

❝♦♥tr❛❞✐❝ts t❤❛t B ❤❛s ♦♥❧② 3 ♦✉t❡r ♥♦❞❡s✳

❚❤❡r❡❢♦r❡✱ ✐❢ ❛ ♥♦❞❡ ♦❝❝✉rs ♠♦r❡ t❤❛♥ ♦♥❝❡ ✐♥ t❤❡ s❡q✉❡♥❝❡ v1, . . . , vr t❤❡♥ ✐t ✐s v1 ♦r vr✳

■♥ t❤✐s ❝❛s❡ ❞❡❧❡t❡ v1 ♦r vr ♦r ❜♦t❤ ✉♥t✐❧ ❡✈❡r② ♥♦❞❡ ♦❝❝✉rs ❡①❛❝t❧② ♦♥❝❡✳ ◆♦✇ ✇❡ ♦❜t❛✐♥❡❞

❛ ♣❛t❤ P ′ ✐♥ S✳ ❋♦r ❛♥② ❡❞❣❡ e ✐♥ H t❤❡ ♥♦❞❡ ♦❢ S ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❜❡rr② ✐♥❝❧✉❞✐♥❣

e ✐s ♣r❡s❡♥t ♦♥ P ′✳ ❲❡ ❝♦♥❝❧✉❞❡ t❤❛t P ❝♦♥t❛✐♥s ❡❞❣❡s ❢r♦♠ ❛t ♠♦st h∗(S) ❜❡rr✐❡s✳ ❙✐♥❝❡

❛ ♣❛t❤ ❝♦♥t❛✐♥s ❛t ♠♦st b − 1 ❡❞❣❡s ❢r♦♠ ❛ ❜❡rr② ✇❡ ❤❛✈❡ ✭✐✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❛

♣❛t❤ ❞♦❡s ♥♦t ✉s❡ ❛♥② ❡❞❣❡ ❢r♦♠ ❛ ❜❡rr② t❤❡♥ ✐t ❛✈♦✐❞s ❛❧❧ ✐ts ✐♥♥❡r ♥♦❞❡s✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

✭✐✐✮✳



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✺✾

◆♦✇ ✇❡ s❤♦✇ t❤❛t ✐❢ ✇❡ ❝❤♦♦s❡ ❛♣♣r♦♣r✐❛t❡ ❜❡rr✐❡s t❤❡ ❜❧❛❝❦❜❡rr② ❣r❛♣❤ ✐s ❡ss❡♥t✐❛❧❧②

(2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❚♦ ♦❜t❛✐♥ t❤✐s✱ ✇❡ ♣r♦✈❡ ♠♦r❡ ❣❡♥❡r❛❧ r❡s✉❧ts ❢♦r ✭♣❛r❛❧❧❡❧✮

❜❧❛❝❦❜❡rr✐③✐♥❣✳

▲❡♠♠❛ ✹✳✸✳✷✳ ▲❡t t ≥ 3 ❛♥❞ α ≥ 3 ❜❡ t✇♦ ✐♥t❡❣❡rs ❛♥❞ ❧❡t G ❜❡ ❛ 3✲❝♦♥♥❡❝t❡❞ t✲r❡❣✉❧❛r

s✐♠♣❧❡ ❣r❛♣❤ ❛♥❞ ❧❡t β ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ✇✐t❤ β ≤ α
3
✳ ▲❡t B ❜❡ ❛ ❜❡rr② ✇✐t❤ t ♦✉t❡r

♥♦❞❡s✳ ▲❡t O ❛♥❞ I ❞❡♥♦t❡ t❤❡ s❡t ♦❢ t❤❡ ♦✉t❡r ❛♥❞ t❤❡ ✐♥♥❡r ♥♦❞❡s ♦❢ B r❡s♣❡❝t✐✈❡❧②✳

❆ss✉♠❡ t❤❛t B s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

✭✐✮ dB(v) = α− β, ∀v ∈ O✱

✭✐✐✮ dB(v) = 2α− 2β, ∀v ∈ I✱

✭✐✐✐✮ ✐❢ X ⊆ I, |X| ≥ 2 t❤❡♥ dB(X) ≥ 2α✳

✭✐✈✮ ✐❢ X ⊆ I ∪ O, 2 ≤ |X| ≤ |I ∪ O| − 2 t❤❡♥ dB(X) ≥ α + β✳

❚❤❡♥ t❤❡ ❣r❛♣❤ H ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❜❧❛❝❦❜❡rr✐③✐♥❣ ✇✐t❤ B ✐s (2α − 2β)✲r❡❣✉❧❛r ❛♥❞

❡ss❡♥t✐❛❧❧② 2α✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

▲❡♠♠❛ ✹✳✸✳✸✳ ▲❡t t ≥ 3 ❛♥❞ α ≥ 4 ❜❡ t✇♦ ✐♥t❡❣❡rs✳ ▲❡t G ❜❡ ❛ 3✲❝♦♥♥❡❝t❡❞ t✲r❡❣✉❧❛r

s✐♠♣❧❡ ❣r❛♣❤ ✇✐t❤ ❛♥ ❛❞♠✐ss✐❜❧❡ ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ M ❛♥❞ ❧❡t β ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r ✇✐t❤

β ≤ α−1
3

✳ ▲❡t B1 ❛♥❞ B2 ❜❡ t✇♦ ❜❡rr✐❡s ✇✐t❤ t ♦✉t❡r ♥♦❞❡s✳ ▲❡t Oi ❛♥❞ Ii ❞❡♥♦t❡ t❤❡

s❡t ♦❢ ♦✉t❡r ❛♥❞ ✐♥♥❡r ♥♦❞❡s ♦❢ Bi r❡s♣❡❝t✐✈❡❧② ❢♦r i = 1, 2✳ ❆ss✉♠❡ t❤❛t Bi s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s ❢♦r i = 1, 2✿

✭✐✮✬ ❢♦r t❤❡ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡ ui ∈ Oi : dBi
(ui) = α − β + (−1)i ❛♥❞ dBi

(v) =

α− β, ∀v ∈ Oi − {ui}✱

✭✐✐✮✬ dBi
(v) = 2α− 2β, ∀v ∈ Ii✱

✭✐✐✐✮✬ ✐❢ X ⊆ Ii, |X| ≥ 2 t❤❡♥ dBi
(X) ≥ 2α✳

✭✐✈✮✬ ✐❢ X ⊆ Ii ∪ Oi, 2 ≤ |X| ≤ |Ii ∪ Oi| − 2 t❤❡♥ dBi
(X) ≥ α + β + 1✳

❚❤❡♥ t❤❡ ❣r❛♣❤ H ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ♣❛r❛❧❧❡❧ ❜❧❛❝❦❜❡rr✐③✐♥❣ ❛❧♦♥❣ M ✇✐t❤ B1 ❛♥❞ B2 ✐s

(2α− 2β)✲r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② 2α✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

❚♦ ✉s❡ t❤❡ ❛❜♦✈❡ ❧❡♠♠❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥s ✇✐❧❧ ❜❡ ✉s❡❢✉❧✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹✳ ▲❡t B ❜❡ ❛ ❜❡rr② ✇✐t❤ 3 ♦✉t❡r ♥♦❞❡s✳ ▲❡t O ❛♥❞ I ❞❡♥♦t❡ t❤❡ s❡t

♦❢ t❤❡ ♦✉t❡r ❛♥❞ t❤❡ ✐♥♥❡r ♥♦❞❡s ♦❢ B r❡s♣❡❝t✐✈❡❧②✳ ■❢ B s❛t✐s✜❡s ♣r♦♣❡rt✐❡s ✭✐✮✲✭✐✐✐✮ ❢r♦♠

▲❡♠♠❛ ✹✳✸✳✷✱ t❤❡♥ ✐t ❛❧s♦ s❛t✐s✜❡s ♣r♦♣❡rt② ✭✐✈✮✳



✻✵ ✹✳✸✳ ❖✉r ❝♦♥str✉❝t✐♦♥

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺✳ ▲❡t B1 ❛♥❞ B2 ❜❡ t✇♦ ❜❡rr✐❡s ✇✐t❤ 3 ♦✉t❡r ♥♦❞❡s✳ ▲❡t Oi ❛♥❞ Ii
❞❡♥♦t❡ t❤❡ s❡t ♦❢ ♦✉t❡r ❛♥❞ ✐♥♥❡r ♥♦❞❡s ♦❢ Bi r❡s♣❡❝t✐✈❡❧② ❢♦r i = 1, 2✳ ❆ss✉♠❡ t❤❛t Bi

s❛t✐s✜❡s t❤❡ ♣r♦♣❡rt✐❡s ✭✐✮✬✲✭✐✐✮✬ ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳✸ ❛♥❞ ✐t s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②

❢♦r i = 1, 2✿

✭✐✐✐✮∗ ✐❢ X ⊆ Ii, |X| ≥ 2 t❤❡♥ dBi
(X) ≥ 2α + 2✳

❚❤❡♥ ✐t ❛❧s♦ s❛t✐s✜❡s ♣r♦♣❡rt② ✭✐✈✮✬ ❢♦r i = 1, 2✳

❲❡ ♣r♦✈❡ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ♣❛r❛❧❧❡❧✳ ■❢ ✇❡ ♥❡❡❞ s♦♠❡ s♣❡❝✐❛❧

❛r❣✉♠❡♥t ❢♦r t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺ ✇❡ ✇✐❧❧ ♣✉t ✐t ❜❡t✇❡❡♥ ❜r❛❝❦❡ts✳

▲❡t B := Bi, O := Oi, I := Ii✳ ❇② t❛❦✐♥❣ ❛ ❝♦♠♣❧❡♠❡♥t ✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t |X∩O| ≤ 1✳

■❢ |X ∩ O| = 0✱ t❤❡♥ ✭✐✈✮ ❬✭✐✈✮✬❪ ❢♦❧❧♦✇s ❜② ✭✐✐✐✮ ❬✭✐✐✐✮∗❪✳ ❖t❤❡r✇✐s❡ t❤❡r❡ ❛r❡ t✇♦ ❝❛s❡s✳ ■❢

|X∩I| ≥ 2✱ t❤❡♥ dB(X∩I) ≥ 2α[+2] ❜② ✭✐✐✐✮ ❬✭✐✐✐✮∗❪✳ ❙✐♥❝❡ dB(X) ≥ dB(X∩I)−dB(X∩O)✱
✭✐✈✮ ❬✭✐✈✮✬❪ ❢♦❧❧♦✇s ❜② ✭✐✮ ❬✭✐✮✬❪✳ ■❢ |X ∩ I| = 1✱ t❤❡♥ |X| = 2✱ dB(X ∩ I) = 2α − 2β ❜②

✭✐✐✮ ❬✭✐✐✮✬❪ ❛♥❞ dB(X ∩ O) ≥ α − β[−1] ❜② ✭✐✮ ❬✭✐✮✬❪✳ ❙✐♥❝❡ t❤❡ ❜❡rr✐❡s ❛r❡ s✐♠♣❧❡ ❣r❛♣❤s

dB(X) ≥ dB(X ∩ I) + dB(X ∩ O) − 2 ≥ dB(X ∩ I) ≥ 2α − 2β ≥ α + β[+1] ❜② ✭✐✮✕✭✐✐✮

❬✭✐✮✬✕✭✐✐✮✬❪✱ β ≤ α[−1]
3

❛♥❞ α ≥ 3✳

◆♦✇ ✇❡ ✇✐❧❧ ♣r♦✈❡ ▲❡♠♠❛ ✹✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✹✳✸✳✸✳ ■❢ ✇❡ ♥❡❡❞ s♦♠❡ s♣❡❝✐❛❧ ❛r❣✉♠❡♥t

❢♦r t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✸ ✇❡ ✇✐❧❧ ♣✉t ✐t ❜❡t✇❡❡♥ ❜r❛❝❦❡ts ❛❣❛✐♥✳ ■♥ t❤❡ ♣r♦♦❢ ✇❡ ✇✐❧❧

❛❧s♦ ✉s❡ ♣r♦♣❡rt✐❡s ✭✐✈✮ ❛♥❞ ✭✐✈✮✬✳

Pr♦♦❢✳ ❋♦r X ⊂ V (H) ✇❡ ❝❛❧❧ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❡❞❣❡✲❝✉t ♣r♦♣❡r ✐❢ ❜♦t❤ ♦❢ G[X] ❛♥❞

G[V −X] ❝♦♥t❛✐♥ ❛ ❜❡rr②✳ ❇② ✸✲❝♦♥♥❡❝t✐✈✐t② ♦❢ G✱ ✐♥ ❛ ♣r♦♣❡r ❡❞❣❡✲❝✉t ❛t ❧❡❛st ✸ ❜❡rr✐❡s

♠✉st ❜❡ ❝✉t✳ ❆♥ ❡❞❣❡✲❝✉t t❤❛t ❝✉ts ❛t ❧❡❛st ✸ ❜❡rr✐❡s ✐♥❝❧✉❞❡s ❛t ❧❡❛st 3(α−β) ≥ 2α ❡❞❣❡s

❜② ✭✐✮✲✭✐✈✮ ❛♥❞ β ≤ α
3
✳ ❬■♥ ✭✐✮✬ ✐t ♠❛② ❤❛♣♣❡♥ t❤❛t ❛ ❝✉t ✐♥t❡rs❡❝ts ♦♥❧② α − β − 1 ❡❞❣❡s

❢♦r ❛ ❜❡rr② B✱ ♥❛♠❡❧② t❤❡ ❡❞❣❡s ❡①✐t✐♥❣ ❛ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡ ♦❢ B✳ ❇✉t t❤❡♥ t❤❡ ❡❞❣❡

♦❢ G ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤✐s ♦✉t❡r ♥♦❞❡ ✐s ✐♥❝❧✉❞❡❞ ✐♥ M ✳ ❙✐♥❝❡ M ✐s ❛❞♠✐ss✐❜❧❡ t❤❡r❡ ❝♦✉❧❞

❜❡ ❥✉st ♦♥❡ s✉❝❤ ❛ ❜❡rr②✲❝✉t ✐❢ ✇❡ ❝✉t ♦♥❧② ✸ ❜❡rr✐❡s✳ ❍❡♥❝❡ ✐❢ ✇❡ ❝✉t ✸ ❜❡rr✐❡s✱ t❤❡♥ t❤❡

❡❞❣❡ ❝✉t ✐♥❝❧✉❞❡s ❛t ❧❡❛st 3(α− β)− 1 ≥ 2α ❡❞❣❡s ❜② ✭✐✮✬✲✭✐✈✮✬ ❛♥❞ β ≤ α−1
3
✳ ■❢ ✇❡ ❝✉t ❛t

❧❡❛st ✹ ❜❡rr✐❡s✱ t❤❡♥ t❤❡ ❡❞❣❡✲❝✉t ✐♥❝❧✉❞❡s ❛t ❧❡❛st 4(α − β − 1) ≥ 2α ❡❞❣❡s ❜② ✭✐✮✬✲✭✐✈✮✬✱

β ≤ α−1
3

❛♥❞ α ≥ 4✳❪ ❚❤❡r❡❢♦r❡ ✇❡ ♦♥❧② ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤♦s❡ ❝❛s❡s ✇❤❡♥ t❤❡ ❡❞❣❡✲❝✉t

✐s ♥♦♥✲♣r♦♣❡r ❛♥❞ ✐t ❝✉ts ❛t ♠♦st t✇♦ ❜❡rr✐❡s✳

■❢ ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t ✐♥t❡rs❡❝ts ♦♥❧② ♦♥❡ ❜❡rr② B′✱ t❤❡♥ ❢♦r ♦♥❡ ♦❢ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣

♥♦❞❡ s❡ts✱ s❛② ❢♦r X✱ X ⊆ I ′ ✇❤❡r❡ I ′ ❞❡♥♦t❡s t❤❡ s❡t ♦❢ ✐♥♥❡r ♥♦❞❡s ♦❢ B′✳ ❚❤❡r❡❢♦r❡

s✐♥❝❡ |X| ≥ 2✱ d(X) ≥ 2α ❜② ✭✐✐✐✮ ❬✭✐✐✐✮✬❪✳

◆♦✇ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t ❝✉ts t✇♦ ❜❡rr✐❡s B′ ❛♥❞ B′′✳ ▲❡t

I ′, I ′′, O′ ❛♥❞ O′′ ❜❡ t❤❡ s❡t ♦❢ t❤❡ ✐♥♥❡r ❛♥❞ t❤❡ ♦✉t❡r ♥♦❞❡s ♦❢ B′ ❛♥❞ B′′ r❡s♣❡❝t✐✈❡❧②

❛♥❞ ❧❡t X ❜❡ t❤❡ s❡t ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❝✉t t❤❛t ✐s ✐♥❝❧✉❞❡❞ ❜② V (B′) ∪ V (B′′)✳ ◆♦t❡



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✻✶

t❤❛t X ❝♦♥t❛✐♥s ❛♥ ♦✉t❡r ♥♦❞❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s ❛♥ ♦✉t❡r ♥♦❞❡ ♦❢ ❜♦t❤ B′ ❛♥❞ B′′✱ ❜❡❝❛✉s❡

♦t❤❡r✇✐s❡ t❤❡ ❡❞❣❡✲❝✉t ✇♦✉❧❞ ❝✉t ❛♥♦t❤❡r ❜❡rr②✳ ❍❡♥❝❡ ✐❢ |X ∩V (B′)| = |X ∩V (B′′)| = 1✱

t❤❡♥ |X∩I ′| = |X∩I ′′| = 1 ❜❡❝❛✉s❡ ♦t❤❡r✇✐s❡ |X| = 1✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ✐♥ t❤✐s

s✉❜❝❛s❡ d(X) = 2(2α−2β) ≥ 2α ❜② ✭✐✐✮ ❬✭✐✐✮✬❪ ❛♥❞ β ≤ α[−1]
3

✳ ◆♦✇ ❜② ❝❤❛♥❣✐♥❣ t❤❡ ✐♥❞✐❝❡s

✇❡ ❝❛♥ ❛ss✉♠❡ t❤❛t |X ∩ V (B′)| ≥ 2✳ ❚❤❡♥ ❜② ✭✐✈✮ ❬✭✐✈✮✬❪ dB′(X ∩ V (B′)) ≥ α + β[+1]✱

❛♥❞ ❜② ✭✐✮✕✭✐✈✮ ❬✭✐✮✬✕✭✐✈✮✬❪✱ dB′′(X ∩ V (B′′)) ≥ α− β[−1]✳ ❍❡♥❝❡ d(X) ≥ 2α✳

❇② ♣✐♥❝❤✐♥❣ t♦❣❡t❤❡r k ❡❞❣❡s ♦❢ ❛ ❣r❛♣❤ ✇❡ ♠❡❛♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥✿ t❛❦❡ k

✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s u1v1, u2v2, . . . , ukvk ✭t❤❛t ✐s t❤❡② ❤❛✈❡ ♥♦ ❡♥❞✲♥♦❞❡s ✐♥ ❝♦♠♠♦♥✮✱ ❞❡❧❡t❡

t❤❡♠✱ ❛♥❞ ❛❞❞ ❛ ♥❡✇ ♥♦❞❡ s ❛♥❞ t❤❡ 2k ❡❞❣❡s su1, sv1, su2, sv2, . . . , suk, svk t♦ t❤❡ ❣r❛♣❤✳

✭❛✮ ❇❡rr② B2✳ ✭❜✮ ❇❡rr② B3
1 ✳

 

✭❝✮ ❇❡rr② B3
2 ✳

❋✐❣✉r❡ ✹✳✺✿ ❙♦♠❡ ❜❡rr✐❡s ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳✷ ❛♥❞ ▲❡♠♠❛ ✹✳✸✳✸✳ ❖✉t❡r

♥♦❞❡s ✐♥ ❜❧❛❝❦✱ ✐♥♥❡r ♥♦❞❡s ✐♥ ✇❤✐t❡✳ ❚❤❡ ❞❛s❤❡❞ ❡❞❣❡s ❛r❡ t❤❡ ♣✐♥❝❤❡❞ ❡❞❣❡s t❤❛t ❛r❡

♥♦t ✐♥❝❧✉❞❡❞ ✐♥ t❤❡ ❜❡rr②✳

◆♦✇ ✇❡ ❞❡✜♥❡ t❤❡ ❜❡rr✐❡s t❤❛t ✇❡ ✉s❡ t♦ ❜❧❛❝❦❜❡rr✐③❡ t❤❡ ❣r❛♣❤s ❞❡s❝r✐❜❡❞ ✐♥ ❙❡❝t✐♦♥

✹✳✷✳ ❋♦r ❛♥② k ≥ 2 ✇❡ t❛❦❡ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ K2k ❛♥❞ ✇❡ t❛❦❡ ❛ ♣❛rt✐t✐♦♥ {V2, V3} ♦❢
✐ts ♥♦❞❡s ✇✐t❤ |V2| = |V3| = k✳ ❲❡ ❛❞❞ t✇♦ ♥❡✇ ♥♦❞❡s v2 ❛♥❞ v3 ❛♥❞ ✇❡ ❝♦♥♥❡❝t vi t♦ ❛❧❧

♥♦❞❡s ♦❢ Vi ❢♦r i = 1, 2. ❋♦r ❡✈❡♥ k ✇❡ ♣✐♥❝❤ t♦❣❡t❤❡r k
2
✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s ♦❢ K2k ✇✐t❤ ❛

♥❡✇ ♥♦❞❡ v1✳ ❲❡ ❞❡✜♥❡ t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤ ❛s t❤❡ ❜❡rr② Bk ✇✐t❤ t❤❡ ♦✉t❡r ♥♦❞❡s v1, v2, v3✳

✭❙❡❡ ❋✐❣✉r❡ ✹✳✺❛✳✮ ❋♦r ♦❞❞ k ✇❡ ♣✐♥❝❤ t♦❣❡t❤❡r k+(−1)i

2
✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s ♦❢ K2k ✇✐t❤ ❛

♥❡✇ ♥♦❞❡ v1✳ ❲❡ ❞❡✜♥❡ t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤ ❛s t❤❡ ❜❡rr② Bk
i ✇✐t❤ t❤❡ ❞❡s✐❣♥❛t❡❞ ♦✉t❡r

♥♦❞❡ v1 ❛♥❞ ♥♦♥✲❞❡s✐❣♥❛t❡❞ ♦✉t❡r ♥♦❞❡s v2, v3 ❢♦r i = 1, 2✱ r❡s♣❡❝t✐✈❡❧②✳ ✭❙❡❡ ❋✐❣✉r❡ ✹✳✺❜

❛♥❞ ✹✳✺❝✳✮ ✭❲❡ ♥♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ k = 2 ✐t ✐s ❡❛s② t♦ ✜♥❞ s♠❛❧❧❡r ❜❡rr✐❡s✱ ❡✳❣✳ ❛ tr✐❛♥❣❧❡

✇❤✐❝❤ ✐s ❛ ❜❡rr② ✇✐t❤♦✉t ❛♥② ✐♥♥❡r ♥♦❞❡s ✇♦r❦s ❛♥❞ ✉s✐♥❣ t❤✐s ❜❡rr② t❤❡ ❜❧❛❝❦❜❡rr② ❣r❛♣❤

✐s ✐♥ ❢❛❝t t❤❡ ❧✐♥❡ ❣r❛♣❤ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡✳ ❖♥❡ ❝❛♥ s❡❡ t❤❛t ✐❢ k > 2 t❤❡ ❜❡rr② ❤♦❧❞✐♥❣

♣r♦♣❡rt✐❡s ✭✐✮ ❬✭✐✮✬❪ ❛♥❞ ✭✐✐✮ ❬✭✐✐✮✬❪ ❢r♦♠ ▲❡♠♠❛ ✹✳✸✳✷ ❬▲❡♠♠❛ ✹✳✸✳✸❪ ♠✉st ❤❛✈❡ ❛t ❧❡❛st 2k

✐♥♥❡r ♥♦❞❡s ❤❡♥❝❡ t❤❡r❡ ❛r❡ ♥♦ s✐♠♣❧❡r ❵❣♦♦❞✬ ❜❡rr✐❡s t❤❛♥ t❤❡ ♦♥❡s ❞❡s❝r✐❜❡❞ ❤❡r❡✳✮

❲❡ s❤♦✇ t❤❛t t❤❡s❡ ❜❡rr✐❡s ❤♦❧❞ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸✳✷ ❬▲❡♠♠❛ ✹✳✸✳✸❪✳

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✻✳ ▲❡t k ≥ 2 ❜❡ ❛♥ ❡✈❡♥ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡ ❜❡rr② B := Bk ❤♦❧❞s t❤❡

❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸✳✷ ✇✐t❤ t = 3, α = k + 1 ❛♥❞ β = 1✳



✻✷ ✹✳✹✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✼✳ ▲❡t k ≥ 3 ❜❡ ❛♥ ♦❞❞ ✐♥t❡❣❡r✳ ❚❤❡♥ t❤❡ ❜❡rr✐❡s B1 := Bk
1 ❛♥❞ B2 := Bk

2

❤♦❧❞ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸✳✸ ✇✐t❤ t = 3, α = k + 1 ❛♥❞ β = 1✳

❲❡ ❣✐✈❡ ❛❣❛✐♥ ❛ ♣❛r❛❧❧❡❧ ♣r♦♦❢ ❢♦r t❤❡ t✇♦ ♣r♦♣♦s✐t✐♦♥s✳

Pr♦♦❢✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✹ ❬Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✺❪ ✐t ✐s ❡♥♦✉❣❤ t♦ s❤♦✇ t❤❛t ♣r♦♣❡rt✐❡s ✭✐✮

❬✭✐✮✬❪✱ ✭✐✐✮ ❬✭✐✐✮✬❪ ❛♥❞ ✭✐✐✐✮ ❬✭✐✐✐✮∗❪ ❤♦❧❞✳ ✭✐✮ ❬✭✐✮✬❪ ❛♥❞ ✭✐✐✮ ❬✭✐✐✮✬❪ ❢♦❧❧♦✇s ❜② ❞❡✜♥✐t✐♦♥ ❤❡♥❝❡

✇❡ ✇✐❧❧ s❤♦✇ ♦♥❧② ✭✐✐✐✮ ❬✭✐✐✐✮∗❪✳ ▲❡t X ⊆ I[i] ✇✐t❤ |X| ≥ 2✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t

dBk
[i]
(X) ≥ 2α[+2]✳ ■t ✐s ❡❛s② t♦ s❤♦✇ t❤❛t K2k ✐s ❡ss❡♥t✐❛❧❧② (4k − 4)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

❤❡♥❝❡ dBk
[i]
(X) ≥ dK2k

(X) + |X| ≥ 4k − 4 + 2 = 4α − 6✳ ❋♦r α = 3✱ 4α − 6 = 2α ❛♥❞ ❢♦r

α ≥ 4✱ 4α− 6 ≥ 2α + 2 ≥ 2α[+2]✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ ❚❤❡♦r❡♠ ✹✳✵✳✸✳ ▲❡t ✉s ❞❡♥♦t❡ ❜② Gk
i t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞

❢r♦♠ t❤❡ ❜❛s✐❝ ❣r❛♣❤ Si ❜② ❬♣❛r❛❧❧❡❧❪ ❜❧❛❝❦❜❡rr✐③✐♥❣ ✐t ✇✐t❤ t❤❡ ❜❡rr② ❬❜❡rr✐❡s❪ Bk ❬Bk
1

❛♥❞ Bk
2 ❪✳ ❬❋♦r ❡✈❡♥ k✱ |V (Bk

1 )| = |V (Bk
2 )| ❛♥❞ |I(Bk

1 )| = |I(Bk
2 )| s♦ ✇❡ ♠❛② s✐♠♣❧②

❞❡♥♦t❡ t❤❡s❡ ✈❛❧✉❡s ✇✐t❤ |V (Bk)| ❛♥❞ |I(Bk)|❪✳ ❇② ▲❡♠♠❛ ✹✳✸✳✷ ❬▲❡♠♠❛ ✹✳✸✳✸❪ Gk
i ✐s

2k✲r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❢♦r ❛❧❧ i✳ ❇② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ ✭✐✮✱

h∗(Gk
i ) ≤ |V (Bk)| · h∗(Si)✳ ❍❡♥❝❡

lim inf
i→∞

log h∗(Gk
i )

log |V (Gk
i )|
≤ lim

i→∞

log(|V (Bk)| · h∗(Si))

log(|I(Bk)| · |V (Si)|)
= lim

i→∞

log |V (Bk)|+ log h∗(Si)

log |I(Bk)|+ log |V (Si)|
=

= lim
i→∞

log h∗(Si)

log |V (Si)|
=

log 8

log 9
.

❲❡ ♥♦t❡ t❤❛t ❛❝❝♦r❞✐♥❣ t♦ ❬✺✸❪ t❤✐s ✉♣♣❡r ❜♦✉♥❞ ❝❛♥♥♦t ❜❡ ❡ss❡♥t✐❛❧❧② ✐♠♣r♦✈❡❞ ❜②

♦✉r ♠❡t❤♦❞ t❤❛t ✐s ✐t r❡♠❛✐♥s |V |λ ❢♦r ❛ ❝♦♥st❛♥t λ > log2(1+
√
5)−1 ❢♦r ❛♥② ✸✲❝♦♥♥❡❝t❡❞

✸✲r❡❣✉❧❛r ❜❛s✐❝ ❣r❛♣❤ ❛♥❞ ❢♦r ❛♥② ❜❡rr② ❬❜❡rr✐❡s❪ ❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✹✳✸✳✷

❬✹✳✸✳✸❪ ❤♦❧❞✳

✹✳✹ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

✹✳✹✳✶ ❙♠❛❧❧ (k, k + 1)✲❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s

❲❡ ❝❛❧❧ t❤❡ ❞❡✜❝✐t ♦❢ ❛ ❣r❛♣❤ G = (V,E) t❤❡ ✈❛❧✉❡ ❞❢(G) = |V (G)| − h∗(G)✳ ❖✉r

❣r❛♣❤s Gk
i ❛r❡ r❛t❤❡r ❜✐❣ ❣r❛♣❤s✿ ❡✈❡♥ S1 ❤❛s ✾✵ ♥♦❞❡s ❜❡❢♦r❡ t❤❡ ❜❧❛❝❦❜❡rr✐③❛t✐♦♥✳ ❚❤❡②

♣r♦✈❡❞ t♦ ❜❡ ✉s❡❢✉❧ ❢♦r s❤♦✇✐♥❣ ❚❤❡♦r❡♠ ✹✳✵✳✸ ❜✉t ❞♦ ♥♦t ♣r♦✈✐❞❡ s♠❛❧❧ ❡①❛♠♣❧❡s ❢♦r

(k, k + 1)✲❝✐r❝✉✐ts ✇✐t❤♦✉t ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s ♦r ✇✐t❤ ❛ ✜①❡❞ s♠❛❧❧ ❞❡✜❝✐t✳ ❍❡r❡ ✇❡ ❣✐✈❡

❛ ♠❡t❤♦❞ t♦ ♦❜t❛✐♥ s♦♠❡ s♠❛❧❧ ❣r❛♣❤s ✇✐t❤ t❤✐s ♣r♦♣❡rt②✳



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✻✸

 

❋✐❣✉r❡ ✹✳✻✿ ❚❤❡ ❙✐♥❣❧❡t♦♥✲❣r❛♣❤✳

❋✐rst ✇❡ ♥♦t❡ t❤❛t s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ✉s❡❞ ❢♦r t❤❡ ❇♦♥❞②✲❙✐♠♦♥♦✈✐ts✲❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥

✹✳✷ ♦♥❡ ❝❛♥ ♣r♦✈❡ t❤❛t ❣✐✈❡♥ ❛♥ ❛r❜✐tr❛r② ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ❛♥❞ ❛ ♣♦s✐t✐✈❡

✐♥t❡❣❡r t ≤ |V (G)|✱ ✐♥✢❛t✐♥❣ (GP , VP − s) ✐♥t♦ ❡❛❝❤ ♦❢ t ♥♦❞❡s ♦❢ G✱ ❞❢(Gt
P ) ≥ ❞❢(G) + t−

2 + 8 ·max{t− h∗(G), 0} ❢♦r t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤ Gt
P ✳ ■❢ ✇❡ ❝❤♦♦s❡ K4 ❛s t❤❡ ✐♥✐t✐❛❧ ❣r❛♣❤

❛♥❞ t = 3 ✇❡ ❣❡t ❛ ✸✲r❡❣✉❧❛r ✸✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G ✇✐t❤ ♦♥❧② 28 ♥♦❞❡s ✇❤✐❝❤ ❞♦❡s ♥♦t

✐♥❝❧✉❞❡ ❛ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ✭s❡❡ ❋✐❣✉r❡ ✹✳✻ ♦r ❬✾✺✱ ❋✐❣✉r❡ ✺✳✹❪✮✳ ❲❡ ❝❛❧❧ t❤✐s ❣r❛♣❤ t❤❡

❙✐♥❣❧❡t♦♥✲❣r❛♣❤✳ ❯s✐♥❣ t❤✐s ❛s t❤❡ ❜❛s✐❝ ❣r❛♣❤ ✐♥ t❤❡ ❜❧❛❝❦❜❡rr✐③❛t✐♦♥ ✇❡ ♦❜t❛✐♥ r❡❧❛t✐✈❡❧②

s♠❛❧❧ (k, k + 1)✲❝✐r❝✉✐ts ✇✐t❤♦✉t ❛ ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤✳ ❈♦✉♥t✐♥❣ ♣r❡❝✐s❡❧② t❤❡✐r ❞❡✜❝✐t ✐s

|I| − 1 ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ ✭✐✐✮✳

❋✐❣✉r❡ ✹✳✼✿ ❆ ❝♦♣② ♦❢ ❛ ❜❡rr② ✇✐t❤ t✇♦ ❛❞❥❛❝❡♥t ✐♥♥❡r ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❛❞❥❛❝❡♥t t♦

❛❧❧ 3 ♦✉t❡r ♥♦❞❡s✳ ❚❤✐s ❜❡rr② ❝❛♥ ❜❡ ✉s❡❞ ✐♥ ❝❛s❡ k = 2✳

■♥ t❤❡ ❝❛s❡ k = 2 t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ❜❡rr② ✐♥❝❧✉❞✐♥❣ ✐♥♥❡r ♥♦❞❡s ✐s t❤❡ ♦♥❡ ✇✐t❤ t✇♦

❛❞❥❛❝❡♥t ✐♥♥❡r ♥♦❞❡s ✇❤✐❝❤ ❛r❡ ❜♦t❤ ❛❞❥❛❝❡♥t t♦ ❛❧❧ 3 ♦✉t❡r ♥♦❞❡s ✭s❡❡ ❋✐❣✉r❡ ✹✳✼✮✳ ❲✐t❤

t❤✐s ❜❡rr② ✇❡ ♦❜t❛✐♥ ❛ ❜❧❛❝❦❜❡rr② ❣r❛♣❤ ✇✐t❤ 98 ♥♦❞❡s ❛♥❞ ❞❡✜❝✐t ✷ ❢r♦♠ t❤❡ ❙✐♥❣❧❡t♦♥✲

❣r❛♣❤ ✭s❡❡ ❋✐❣✉r❡ ✹✳✽✮✳ ❚❤❡ r❡s✉❧t✐♥❣ ❣❡♥❡r✐❝ ❝✐r❝✉✐t ✇✐t❤ 97 ♥♦❞❡s ✐s t❤❡ s♠❛❧❧❡st ❣❡♥❡r✐❝

❝✐r❝✉✐t ✇✐t❤♦✉t ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤s t❤❛t t❤❡ ❛✉t❤♦rs ❦♥♦✇✳

▲❡t c ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ❲❡ ❣✐✈❡ ❛ ♠❡t❤♦❞ ❢♦r ❞❡r✐✈✐♥❣ ❛ (k, k+1)✲❝✐r❝✉✐t ✇✐t❤ ❞❡✜❝✐t



✻✹ ✹✳✹✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❋✐❣✉r❡ ✹✳✽✿ ❚❤❡ ❜❧❛❝❦❜❡rr② ❣r❛♣❤ ♦❢ t❤❡ ❙✐♥❣❧❡t♦♥✲❣r❛♣❤✳

❞❢(G)+ c ❢r♦♠ ❛ (k, k+1)✲❝✐r❝✉✐t G ❝♦♥str✉❝t❡❞ ✇✐t❤ ❜❡rr✐❡s ✐♥❝❧✉❞✐♥❣ ✐♥♥❡r ♥♦❞❡s✳ ❋✐rst

♦❜s❡r✈❡ t❤❛t t❤❡ ♣✐♥❝❤✐♥❣ ♦♣❡r❛t✐♦♥ ♣r❡s❡r✈❡s 2k✲r❡❣✉❧❛r✐t② ❛♥❞ ❛❧s♦ ❡ss❡♥t✐❛❧ (2k + 2)✲

❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✳

▲❡♠♠❛ ✹✳✹✳✶✳ ▲❡t k ≥ 2✳ ■❢ ✇❡ ♣✐♥❝❤ t♦❣❡t❤❡r k ❡❞❣❡s u1v1, u2v2, . . . , ukvk ♦❢ ❛ 2k✲

r❡❣✉❧❛r✱ ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ G = (V,E)✱ t❤❡♥ t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤

G′ = (V ′, E ′) ✐s ❛❧s♦ 2k✲r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② (2k + 2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ▲❡t E ′(X, V ′ −X) ❜❡ ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t ✐♥ G′✳ ❲❡ ♠❛② s✉♣♣♦s❡ t❤❛t t❤❡ ♥❡✇

♥♦❞❡ s ✐s ✐♥❝❧✉❞❡❞ ✐♥ V ′ −X✳ ■❢ |V ′ −X| ≥ 3 t❤❡♥ E(X, V −X) ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❡❞❣❡✲❝✉t

✐♥ G✱ ❛♥❞ t❤✉s ❝♦♥t❛✐♥s ❛t ❧❡❛st 2k + 2 ❡❞❣❡s✳ ❙✉♣♣♦s❡ t❤❛t t❤❡ ❝✉t ❝♦♥t❛✐♥s t ❡❞❣❡s

ui1vi1 , . . . , uitvit ♦✉t ♦❢ t❤❡ ♣✐♥❝❤❡❞ ♦♥❡s✳ ❲❡ ♠❛② ❛ss✉♠❡ t❤❛t ui1 , . . . , uit ∈ X✳ ❚❤❡♥

sui1 , . . . , suit ❛♥❞ t❤❡ 2k+2− t r❡♠❛✐♥✐♥❣ ♦r✐❣✐♥❛❧ ❡❞❣❡s ❛r❡ 2k+2 ❡❞❣❡s ♦❢ t❤❡ ❝✉t ✐♥ G′✳

❚♦ ❝♦♠♣❧❡t❡ t❤❡ ♣r♦♦❢ ♦❜s❡r✈❡ t❤❛t ✐♥ ❛ 2k✲r❡❣✉❧❛r ❣r❛♣❤ ❢♦r ❛ s✉❜s❡t ♦❢ ♥♦❞❡s X ✇✐t❤



❈❤❛♣t❡r ✹✿ ❇❛❧❛♥❝❡❞ ❣❡♥❡r✐❝ ❝✐r❝✉✐ts ✇✐t❤♦✉t ❧♦♥❣ ♣❛t❤s ✻✺

|X| = 2 t❤❡ ✐♥❡q✉❛❧✐t② d(X) ≥ 4k − 2 ≥ 2k + 2 ❛❧✇❛②s ❤♦❧❞s ✭k ≥ 2✮✳

◆♦✇ ❧❡t G ❜❡ ❛ ❜❧❛❝❦❜❡rr② ❣r❛♣❤✳ ■❢ ✇❡ s✉❝❝❡ss✐✈❡❧② ♣❡r❢♦r♠ c ❛r❜✐tr❛r② ♣✐♥❝❤✐♥❣

♦♣❡r❛t✐♦♥s ✐♥ ❡✈❡r② ❜❡rr②✱ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶ r❡♠❛✐♥s ✈❛❧✐❞ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞❡✜❝✐t ✐♥❝r❡❛s❡❞ ❜② c✳ ❚❤❡ ❢❛❝t t❤❛t t❤❡ ♦❜t❛✐♥❡❞ ❣r❛♣❤ ✐s 2k✲

r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② (2k+2)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ▲❡♠♠❛ ✹✳✹✳✶ ✇✐t❤♦✉t

✉s✐♥❣ ▲❡♠♠❛s ✹✳✸✳✷ ♦r ✹✳✸✳✸✳

✹✳✹✳✷ ❆ ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥

❲❡ ♦♥❧② s❤♦✇❡❞ ✐♥ ▲❡♠♠❛ ✹✳✹✳✶ t❤❛t ♣✐♥❝❤✐♥❣ ♣r❡s❡r✈❡s ❡ss❡♥t✐❛❧ (2k + 2)✲❡❞❣❡✲

❝♦♥♥❡❝t✐✈✐t②✳ ■♥ ❢❛❝t ❛ ♠✉❝❤ str♦♥❣❡r t❤❡♦r❡♠ ✐s tr✉❡ ✐♥ t❤❡ ❝❛s❡ k = 2✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦

t❤❛t ❵r❡♣❧❛❝✐♥❣✬ ❛ tr✐❛♥❣❧❡ ✇✐t❤ t❤❡ ❜❡rr② ✐♥ ❋✐❣✉r❡ ✹✳✼ ❛❧s♦ ♣r❡s❡r✈❡s ✹✲r❡❣✉❧❛r✐t② ❛♥❞

❡ss❡♥t✐❛❧ 6✲❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✳ ❚❤✐s✱ t♦❣❡t❤❡r ✇✐t❤ ❬✷✹✱ ▲❡♠♠❛ ✸✳✷❪ ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥✿

❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❆ ❣r❛♣❤ G = (V,E) ✐s 4✲r❡❣✉❧❛r ❛♥❞ ❡ss❡♥t✐❛❧❧② 6✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞

♦♥❧② ✐❢ ✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ K5 ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♣❡r❛t✐♦♥s ✭s❡❡ ❛❧s♦ ❋✐❣✉r❡ ✹✳✾✮✿
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❋✐❣✉r❡ ✹✳✾✿ ❚❤❡ t✇♦ ♦♣❡r❛t✐♦♥s ✉s❡❞ ✐♥ ❚❤❡♦r❡♠ ✹✳✹✳✷✳ ❚❤❡ ❞❛s❤❡❞ ❡❞❣❡s ❛r❡ ❞❡❧❡t❡❞

❢r♦♠✱ t❤❡ s♦❧✐❞ ♦♥❡s ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ❣r❛♣❤✳

✭❛✮ ♣✐♥❝❤ t♦❣❡t❤❡r t✇♦ ✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s✱

✭❜✮ t❛❦❡ ❛ tr✐❛♥❣❧❡ uvw ✭✇❤✐❝❤ ♠❡❛♥s t❤❛t uv✱ uw✱ vw ❛r❡ ❛❧❧ ❡❞❣❡s✮✱ ❞❡❧❡t❡ ✐ts ❡❞❣❡s

❛♥❞ ❛❞❞ t✇♦ ♥❡✇ ♥♦❞❡s s, t ❛♥❞ ❡❞❣❡s st, su, sv, sw, tu, tv, tw t♦ t❤❡ ❣r❛♣❤✳

❚❤✐s t❤❡♦r❡♠ ✐s ❛❧s♦ ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❝♦♥str✉❝t✐✈❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢

❣❡♥❡r✐❝ ❝✐r❝✉✐ts ❣✐✈❡♥ ✐♥ ❬✺❪ ❛♥❞ ♦❢ ▲❡♠♠❛ ✹✳✶✳✶✳





❈❤❛♣t❡r ✺

❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t②

❲❡ r❡❝❛❧❧ t❤❛t ❛ ❣r❛♣❤ G = (V,E) ✐s ❝❛❧❧❡❞ (k, ℓ)✲r✐❣✐❞ ✐❢ ✐t ❤❛s ❛ s♣❛♥♥✐♥❣ (k, ℓ)✲

t✐❣❤t s✉❜❣r❛♣❤ ❛♥❞ ✇❡ ❝❛❧❧ G (k, ℓ)✲r❡❞✉♥❞❛♥t ✐❢ G − e ✐s st✐❧❧ (k, ℓ)✲r✐❣✐❞ ❢♦r ❛♥② ❡❞❣❡

e ∈ E✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❛✉❣♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠ t❤❛t ✇❡ ❝❛❧❧ ❤❡r❡ t❤❡ ❣❡♥❡r❛❧

✭❛✉❣♠❡♥t❛t✐♦♥✮ ♣r♦❜❧❡♠✳

Pr♦❜❧❡♠✳ ▲❡t k ❛♥❞ ℓ ❜❡ ✐♥t❡❣❡rs ✇✐t❤ k ≥ 0 ❛♥❞ ❧❡t G = (V,E) ❜❡ ❛ ❧♦♦♣❧❡ss (k, ℓ)✲

r✐❣✐❞ ❣r❛♣❤✳ ❋✐♥❞ ❛ ❣r❛♣❤ H = (V, F ) ♦♥ t❤❡ s❛♠❡ ♥♦❞❡ s❡t ✇✐t❤ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢

❡❞❣❡s✱ s✉❝❤ t❤❛t G+H = (V,E ∪ F ) ✐s (k, ℓ)✲r❡❞✉♥❞❛♥t✳

❲❡ ❝❛❧❧ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ t❤✐s ♣r♦❜❧❡♠✱ ✇❤❡r❡ t❤❡ ✐♥♣✉t ❣r❛♣❤ G ✐s (k, ℓ)✲t✐❣❤t✱ t❤❡

r❡❞✉❝❡❞ ✭❛✉❣♠❡♥t❛t✐♦♥✮ ♣r♦❜❧❡♠✳

❲❡ r❡❝❛❧❧ ❢r♦♠ ❙❡❝t✐♦♥ ✶✳✸ t❤❛t s♣❛rs✐t② ♣r♦♣❡rt✐❡s ❛r❡ ✐♠♣♦rt❛♥t ✐♥ r✐❣✐❞✐t② t❤❡♦r②✳

■t ✐s ♥❛t✉r❛❧ t♦ ❛s❦ ❤♦✇ ♠❛♥② ♥❡✇ ❡❞❣❡s ❛r❡ ♥❡❡❞❡❞ t♦ ♠❛❦❡ ❛ r✐❣✐❞ ❣r❛♣❤ r❡❞✉♥❞❛♥t❧②

r✐❣✐❞✱ t❤❛t ✐s✱ t❤❡ ❛✉❣♠❡♥t❡❞ ❣r❛♣❤ r❡♠❛✐♥s r✐❣✐❞ ✐❢ ✇❡ ♦♠✐t ❛♥ ❛r❜✐tr❛r② ❡❞❣❡ ♦❢ ✐t✳

●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ❬✹✹❪ s❤♦✇❡❞ t❤❛t t❤✐s ✐s ◆P✲❤❛r❞ ❢♦r (2, 3)✲r✐❣✐❞ ❣r❛♣❤s ❜✉t ❝❛♥ ❜❡ s♦❧✈❡❞

♣♦❧②♥♦♠✐❛❧❧② ❢♦r ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❣r❛♣❤s✱ t❤❛t ✐s✱ ✇❤❡♥ G ✐s (2, 3)✲t✐❣❤t✳ ✭❚❤❡ ✐❞❡❛ ♦❢

t❤✐s ❛❧❣♦r✐t❤♠ ✇❛s ❛❧s♦ ✉s❡❞ ❧❛t❡r ❜② ❑♦❤t❛ ❡t ❛❧✳ ❬✼✻❪ t♦ ❣✐✈❡ ❛ ✷✲❛♣♣r♦①✐♠❛t❡ s♦❧✉t✐♦♥

❢♦r t❤❡ r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❵❚r✉ss ❚♦♣♦❧♦❣② ❉❡s✐❣♥✬ ♣r♦❜❧❡♠✳✮ ❋r❛♥❦ ❛♥❞ ❚✳ ❑✐rá❧② ❬✸✸❪

❣❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t♦ ❛✉❣♠❡♥t ❛ ❣r❛♣❤ t♦ ❛ (k, h)✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤ ✉s✐♥❣

♣♦❧②❤❡❞r❛❧ t❡❝❤♥✐q✉❡s✳ ■t ❢♦❧❧♦✇s ❜② ❛ r❡s✉❧t ♦❢ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✺❪ t❤❛t t❤❡ ❣r❛♣❤s t❤❛t

t❤❡ k✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❛r❡ t❤❡ (k, k)✲r✐❣✐❞ ❣r❛♣❤s✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❋r❛♥❦

❛♥❞ ❚✳ ❑✐rá❧②✱ ✇✐t❤ ♣❛r❛♠❡t❡rs k ∈ Z+ ❛♥❞ h = 1✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❣✐✈❡ ❛ ♣♦❧②♥♦♠✐❛❧

❛❧❣♦r✐t❤♠ ❢♦r t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✇❤❡♥ ℓ = k✳ ❚❤✐s ❛❧❣♦r✐t❤♠ ✇✐t❤ ✐♥♣✉t ♣❛r❛♠❡t❡r

k =
(
d+1
2

)
✱ t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✶✳✷✳✻ s❤♦✇s t❤❛t t❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t❤❛t

✜♥❞s ❛♥ ❡❞❣❡ s❡t F ♦❢ ♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛ ❣r❛♣❤ H ✭✇✐t❤ r✐❣✐❞ d✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲

❜❛r ❣r❛♣❤ GBB
H ✮ s✉❝❤ t❤❛t t❤❡ ❜♦❞②✲❜❛r ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② H ′ = (V,E ∪F ) ✐s r❡❞✉♥❞❛♥t❧②

r✐❣✐❞✳ ✭▼♦r❡♦✈❡r✱ GBB
H′ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✼✳✮ ❚❤❡ ❛❧❣♦r✐t❤♠✱ t❤❛t ✇✐❧❧ ❜❡

♣r❡s❡♥t❡❞ ❤❡r❡✱ ✇✐❧❧ ❜❡ ❛ r❛t❤❡r s✐♠♣❧❡ s♦❧✉t✐♦♥ ❢♦r t❤❡s❡ ♣r♦❜❧❡♠s ❤♦✇❡✈❡r ✐t ❞♦❡s ♥♦t



✻✽ ✺✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

❞❡❛❧ ✇✐t❤ t❤❡ ❝❛s❡ ♦❢ h ≥ 2✳

❲❡ ✇✐❧❧ ✉s❡ t❤❡ ✐❞❡❛ ♦❢ ●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ❬✹✹❪ t♦ ❣✐✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t❤❛t

s♦❧✈❡s t❤❡ r❡❞✉❝❡❞ ♣r♦❜❧❡♠ ❢♦r ℓ ≤ 3
2
k ✐♥ ❙❡❝t✐♦♥ ✺✳✷✳ ❲❡ ✇✐❧❧ ✉s❡ t❤✐s ❛❧❣♦r✐t❤♠ t♦ ❣✐✈❡

❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t❤❛t s♦❧✈❡s t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❢♦r ℓ ≤ k ✐♥ ❙❡❝t✐♦♥ ✺✳✸✳ ❲❡ ❣✐✈❡

s♦♠❡ ❢✉rt❤❡r ❡①t❡♥s✐♦♥s ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✶ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❬✹✹❪ s❤♦✇❡❞ t❤❛t t❤❡ ❣❡♥❡r❛❧

♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ❢♦r k = 2 ❛♥❞ ℓ = 3✳ ❚❤✐s r❡s✉❧t ✇✐❧❧ ❜❡ ❡①t❡♥❞❡❞ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡

k ✐s ❡✈❡♥ ❛♥❞ ℓ = 3
2
k ✐♥ ❙❡❝t✐♦♥ ✺✳✹✳✷✳

❚♦ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥ ❢♦r t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠✱ ✇❡ ♥❡❡❞ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝♦♥❝❡♣ts ♦❢

✴t✐❣❤t✴r✐❣✐❞✴r❡❞✉♥❞❛♥t ❣r❛♣❤s✳ ❚❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✱ ✇❡ ✇✐❧❧ ❛ss✉♠❡ t❤❛t

m(v) ≥ ℓ for all v ∈ V or m ≡ k for a positive integer k for which k < ℓ ≤ 3

2
k. ✭✺✳✶✮

◆♦t❡ t❤❛t✱ ✇❤❡♥ m ≡ k✱ ❛♥ (m, ℓ)✲s♣❛rs❡✴t✐❣❤t✴r✐❣✐❞✴r❡❞✉♥❞❛♥t ❣r❛♣❤ ✐s (k, ℓ)✲s♣❛rs❡✴

t✐❣❤t✴r✐❣✐❞✴r❡❞✉♥❞❛♥t✱ r❡s♣❡❝t✐✈❡❧②✳

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❜❛s❡❞ ♦♥ ❬✼✹❪✳

✺✳✶ Pr❡❧✐♠✐♥❛r✐❡s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❧✐st s♦♠❡ ✇❡❧❧✲❦♥♦✇♥ ♣r♦♣❡rt✐❡s ♦❢ (m, ℓ)✲s♣❛rs❡ ❣r❛♣❤s✳ ❲❡ s❦❡t❝❤

t❤❡✐r ♣r♦♦❢s ❢♦r ❝♦♠♣❧❡t❡♥❡ss✳ ❙❡❡ ❬✸✶✱ ✶✵✽❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥

t❤❛t ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ ❛ (m, ℓ)✲s♣❛rs❡ ❣r❛♣❤ ✐s ❛❧✇❛②s ❛♥ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤✳

❚❤❡r❡❢♦r❡✱ ✐❢ G1 = (V1, E1) ❛♥❞ G2 = (V2, E2) ❜♦t❤ ❛r❡ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ♦❢ ❛♥

(m, ℓ)✲s♣❛rs❡ ❣r❛♣❤ G✱ t❤❡♥ G1∩G2 = (V1∩V2, E1∩E2) ✐s ❛❧s♦ ❛ ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ ♦❢ G✳

▲❡♠♠❛ ✺✳✶✳✶✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲s♣❛rs❡ ❣r❛♣❤✱ ✇❤❡r❡ ✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V →
Z+ ❛♥❞ ℓ ∈ Z✱ ❛♥❞ ❧❡t Gi = (Vi, Ei) ❜❡ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ♦❢ G ❢♦r i = 1, 2, 3✳

✭❛✮ ■❢ m̃(V1 ∩ V2) ≥ ℓ✱ t❤❡♥ G1 ∪G2 ❛♥❞ G1 ∩G2 ❛r❡ (m, ℓ)✲t✐❣❤t ❣r❛♣❤s ❛♥❞ t❤❡r❡ ❛r❡

♥♦ ❡❞❣❡s ❜❡t✇❡❡♥ V1 − V2 ❛♥❞ V2 − V1✳ ❖t❤❡r✇✐s❡✱ G1 ∪G2 ✐s ♥♦t (m, ℓ)✲t✐❣❤t✳

✭❜✮ ■❢ V1∩V2 = {i1}✱ V2∩V3 = {i2} ❛♥❞ V3∩V1 = {i3} ✇❤❡r❡ i1, i2, i3 ❛r❡ t❤r❡❡ ❞✐✛❡r❡♥t

♥♦❞❡s ♦❢ V ✱ t❤❡♥ m ≡ k = 2
3
ℓ ❛♥❞ G1 ∪G2 ∪G3 ✐s (k, ℓ)✲t✐❣❤t✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ✭❛✮ ❤♦❧❞s ❛❧✇❛②s ✇❤❡♥ Ei ∩ Ej 6= ∅✳

Pr♦♦❢✳ ✭❛✮ ❚❤❡ st❛t❡♠❡♥ts ❢♦❧❧♦✇ ❡❛s✐❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✳ |E1 ∪ E2| + |E1 ∩ E2| = |E1| +
|E2| = m̃(V1)− ℓ+ m̃(V2)− ℓ = m̃(V1 ∪ V2)− ℓ+ m̃(V1 ∩ V2)− ℓ✳

✭❜✮ ❚❤❡ st❛t❡♠❡♥ts ❢♦❧❧♦✇ ❡❛s✐❧② ❜② t❤❡ ❢♦❧❧♦✇✐♥❣✳ |E1 ∪ E2 ∪ E3| = |E1| + |E2| + |E3| =
m̃(V1) − ℓ + m̃(V2) − ℓ + m̃(V3) − ℓ = m̃(V1 ∪ V2 ∪ V3) + m̃({i1, i2, i3}) − 3ℓ✳ ❚❤✉s

3minv∈V m(v) ≤ m̃({i1, i2, i3}) ≤ 2ℓ✳

❲✐t❤ t❤❡ s❛♠❡ ✐❞❡❛ ❛s ✐♥ ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✻✾

▲❡♠♠❛ ✺✳✶✳✷✳ ▲❡t ℓ > k > 0✱ ❧❡t G = (V,E) ❜❡ ❛ (k, ℓ)✲s♣❛rs❡ ❣r❛♣❤ ❛♥❞ ❧❡t Gi = (Vi, Ei)

❜❡ (k, ℓ)✲s♣❛rs❡ s✉❜❣r❛♣❤s ♦❢ G ❢♦r i = 1, 2✳ ■❢ |V1 ∩ V2| ≤ 1✱ t❤❡♥ G1 ∪ G2 ❝❛♥♥♦t ❜❡ ❛

(k, ℓ)✲t✐❣❤t ❣r❛♣❤✳ ❚❤❡r❡❢♦r❡✱ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✐s ✷✲❝♦♥♥❡❝t❡❞ ❢♦r ℓ > k✳

▲❡♠♠❛ ✺✳✶✳✸✳ ■❢ ℓ ≥ 0✱ t❤❡♥ t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ♦❢ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ G = (V,E) ✇✐t❤

n ≥ 3 ♥♦❞❡s ✐s ❜❡t✇❡❡♥ k ❛♥❞ 2k − 1✳

Pr♦♦❢✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❛✈❡r❛❣❡ ❞❡❣r❡❡ ✐♥ G ✐s ❧❡ss t❤❛♥

2k✳ ❚♦ ♣r♦✈❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞✱ ❧❡t v ❜❡ ❛ ♥♦❞❡ ♦❢ ♠✐♥✐♠✉♠ ❞❡❣r❡❡✳ ❚❤❡♥ G − v ❤❛s ❛t

♠♦st k(n− 1)− ℓ ❡❞❣❡s t❤✉s t❤❡ ❞❡❣r❡❡ ♦❢ v ✐s ❛t ❧❡❛st k ❛s |E| = kn− ℓ✳

❲❡ r❡❝❛❧❧ t❤❛t t❤❡ ❡❞❣❡ s❡ts ♦❢ t❤❡ (m, ℓ)✲s♣❛rs❡ s✉❜❣r❛♣❤s ♦❢ ❛ ❣✐✈❡♥ ❣r❛♣❤ ❢♦r♠ ❛

♠❛tr♦✐❞ ✇❤❡♥ m(u)+m(v) ≥ ℓ ❢♦r ❡❛❝❤ ❡❞❣❡ uv ❛♥❞ ❛ ❝✐r❝✉✐t ♦❢ t❤✐s ♠❛tr♦✐❞ ✐s ❝❛❧❧❡❞ ❛♥

(m, ℓ)✲❝✐r❝✉✐t✳✳ ✭❍♦✇❡✈❡r✱ t❤✐s ❛ss✉♠♣t✐♦♥ ♦♥ m ❛♥❞ ℓ ❢♦❧❧♦✇s ❜② ✭✺✳✶✮✳✮ ❲❡ s✉♠♠❛r✐③❡

s♦♠❡ ♣r♦♣❡rt✐❡s ♦❢ (m, ℓ)✲❝✐r❝✉✐ts ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳ ❚❤❡ ♣r♦♦❢ ✇✐❧❧ ❜❡ s❦✐♣♣❡❞ ❛s ✐t

❞✐r❡❝t❧② ❢♦❧❧♦✇s ❜② s♦♠❡ ♠❛tr♦✐❞ ♣r♦♣❡rt✐❡s✳

▲❡♠♠❛ ✺✳✶✳✹✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ❛♥❞ i, j ∈ V ✳

✭❛✮ ❚❤❡ ❣r❛♣❤ G+ij ❝♦♥t❛✐♥s ❛♥ ✉♥✐q✉❡ (m, ℓ)✲❝✐r❝✉✐t✱ t❤❛t ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② CG
(m,ℓ)(ij)✳

❍❡♥❝❡ t❤❡ s✉❜❣r❛♣❤ ♦❢ G TG
(m,ℓ)(ij) := CG

(m,ℓ)(ij)− ij ✐s (m, ℓ)✲t✐❣❤t✳

✭❜✮ ❋♦r ❡✈❡r② ❡❞❣❡ e′ ♦❢ CG
(m,ℓ)(ij)✱ G

′ = G + ij − e′ ✐s ❛❧s♦ (m, ℓ)✲t✐❣❤t ❛♥❞ t❤❡ ✉♥✐q✉❡

(m, ℓ)✲❝✐r❝✉✐t ♦❢ G′ + e′ ✐s ❛❣❛✐♥ CG
(m,ℓ)(ij)✳ ▼♦r❡♦✈❡r✱ ✐❢ e′′ 6∈ E(CG

(m,ℓ)(ij))✱ t❤❡♥✱

G′ + ij − e′′ ✐s ♥♦t (m, ℓ)✲t✐❣❤t✳

✭❝✮ ■❢ G′ = (V ′, E ′) ✐s ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ✇✐t❤ i, j ∈ V ′✱ t❤❡♥ TG
(m,ℓ)(ij) ⊆ G′✳

❍❡♥❝❡ TG
(m,ℓ)(ij) =

⋂{Th : Th ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G s♣❛♥♥✐♥❣ ❜♦t❤ i ❛♥❞

j}✳

❆s ✐t ✇✐❧❧ ❜❡ ✉s✉❛❧❧② ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✱ ✇❡ ✇✐❧❧ ♦♠✐t t❤❡ s✉❜s❝r✐♣t (m, ℓ) ❛♥❞ t❤❡

s✉♣❡rs❝r✐♣t G ✇❤❡♥ ✇❡ s♣❡❛❦ ❛❜♦✉t CG
(m,ℓ)(ij) ♦r TG

(m,ℓ)(ij)✳ ❋r♦♠ ♥♦✇ ♦♥✱ ❧❡t E(ij) :=

E(T (ij)) ❛♥❞ V (ij) := V (T (ij))✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤G′ ♦❢G ❣❡♥❡r❛t❡❞

✐❢ t❤❡r❡ ❛r❡ ♥♦❞❡s i, j s✉❝❤ t❤❛t T (ij) = G′❀ ✐♥ t❤✐s ❝❛s❡✱ i ❛♥❞ j ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ t❤❡

❣❡♥❡r❛t♦rs ♦❢ G′✳ ❲❡ ✇✐❧❧ ✉s❡ t❤❡ ❛♣♣❡❧❧❛t✐♦♥ ♦❢ ✭(m, ℓ)✲✮▼●❚ s✉❜❣r❛♣❤ ❢♦r t❤❡

♠❛①✐♠❛❧ ❣❡♥❡r❛t❡❞ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ♦❢ G = (V,E) t❤❛t ❛r❡ t❤❡ ❣❡♥❡r❛t❡❞ s✉❜❣r❛♣❤s

T (ij) s✉❝❤ t❤❛t t❤❡r❡ ✐s ♥♦ i′, j′ ∈ V ✇✐t❤ T (ij) ⊂ T (i′j′)✳

▲❡t RG
(m,ℓ)(i1j1, . . . , irjr) = (V (i1j1, . . . , irjr), E(i1j1, . . . , irjr)) ❞❡♥♦t❡ t❤❡ s✉❜❣r❛♣❤

✐♥❞✉❝❡❞ ❜② t❤❡ (m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡s ♦❢ G = (V,E) ✐♥ t❤❡ ❣r❛♣❤ G+ {i1j1, . . . , irjr} ❢♦r
i1, . . . , ir, j1, . . . , jr ∈ V ✳ ✭❆❣❛✐♥ ✇❡ ✉s✉❛❧❧② ♦♠✐t t❤❡ s✉❜s❝r✐♣t (m, ℓ) ❛♥❞ t❤❡ s✉♣❡rs❝r✐♣t

G ❛s ✐t ✇✐❧❧ ❜❡ ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✳✮ ◆♦t❡ t❤❛t R(ij) = T (ij) ❢♦r ❛♥② i, j ∈ V ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ✐❢ G ✐s (m, ℓ)✲t✐❣❤t✱ t❤❡♥ R(i1j1, . . . , irjr) = T (i1j1) ∪



✼✵ ✺✳✷✳ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤

· · · ∪ T (irjr)✳ ❚❤❡r❡❢♦r❡✱ t♦ ♠❛❦❡ G (m, ℓ)✲r❡❞✉♥❞❛♥t✱ ✇❡ ♥❡❡❞ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢

❣❡♥❡r❛t❡❞ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ♦❢ G s✉❝❤ t❤❛t t❤❡✐r ❡❞❣❡s ❝♦✈❡r ❛❧❧ ❡❞❣❡s ♦❢ G✳ ❲❡ ❝❛♥

❛ss✉♠❡ t❤❛t t❤❡s❡ ❣❡♥❡r❛t❡❞ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ❛r❡ ▼●❚ s✉❜❣r❛♣❤s ♦❢ G✳

▲❡♠♠❛ ✺✳✶✳✺✳ ■❢ G ✐s (m, ℓ)✲t✐❣❤t✱ t❤❡♥ R(i1j1, . . . , irjr) = T (i1j1) ∪ · · · ∪ T (irjr)✳

Pr♦♦❢✳ R(i1j1) = T (i1j1) ❜② ❞❡✜♥✐t✐♦♥ ❤❡♥❝❡ T (i1j1) ∪ · · · ∪ T (irjr) ⊆ R(i1j1, . . . , irjr)✳

❋♦r t❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥✱ ❧❡t e ∈ E(i1j1, . . . , irjr) ❜❡ ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✳ ◆♦✇✱ G − e ✐s

(m, ℓ)✲s♣❛rs❡ ❛♥❞ |E − e| = m̃(V ) − ℓ − 1✳ G + {i1j1, . . . , irjr} − e ✐s (m, ℓ)✲r✐❣✐❞ ❤❡♥❝❡

E ∪{i1j1, . . . , irjr}− e ❤❛s ❛ r❛♥❦ ♦❢ m̃(V )− ℓ ✐♥ t❤❡ (m, ℓ)✲s♣❛rs✐t② ♠❛tr♦✐❞✳ ❚❤✉s t❤❡r❡

✐s ❛♥ ❡❞❣❡ f ✐♥ {i1j1, . . . , irjr} ❢♦r ✇❤✐❝❤ E−e+f ✐s ❛ ❜❛s✐s ♦❢ t❤❡ (m, ℓ)✲s♣❛rs✐t② ♠❛tr♦✐❞✳

❙✐♥❝❡ E−e+f ✐s ✐♥❞❡♣❡♥❞❡♥t ✐♥ t❤❡ (m, ℓ)✲s♣❛rs✐t② ♠❛tr♦✐❞✱ ✇❡ ♠✉st ❤❛✈❡ e ∈ T (f)✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ s❤♦✇s t❤❛t ❡✈❡r② (k, ℓ)✲▼●❚ s✉❜❣r❛♣❤ ✐♥❞✉❝❡s ❛t ❧❡❛st ✸ ♥♦❞❡s✳

✭❆ s✐♠✐❧❛r st❛t❡♠❡♥t ❤♦❧❞s ❢♦r t❤❡ ❣❡♥❡r❛❧ (m, ℓ) ❝❛s❡✱ ❜✉t ✇❡ ✇✐❧❧ ♥♦t ✉s❡ ✐t✳✮

▲❡♠♠❛ ✺✳✶✳✻✳ ❆ss✉♠❡ t❤❛t G = (V,E) ✐s ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ k < ℓ ≤ 3
2
k✳ ■❢ T (ij)

✐s (k, ℓ)✲▼●❚ ❛♥❞ n ≥ 4✱ t❤❡♥ |V (ij)| ≥ 3✳

Pr♦♦❢✳ (2k − ℓ)Kn ✐s ❛❧✇❛②s (k, ℓ)✲r❡❞✉♥❞❛♥t ❢♦r n ≥ k+1
2k−ℓ

+ 1 ✭t❤❛t ❤♦❧❞s ❢♦r n ≥ 4 ❜②

ℓ ≤ 3
2
k✮✳ ❍❡♥❝❡ R(E((2k− ℓ)Kn)−E) = G✳ ❋♦r ❛♥② ij ∈ E((2k− ℓ)Kn)−E✱ |V (ij)| ≥ 3

s✐♥❝❡ |V (ij)| = 2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡r❡ ❛r❡ 2k − ℓ ♣❛r❛❧❧❡❧ ❡❞❣❡s ❜❡t✇❡❡♥ i ❛♥❞ j ✐♥ G✳ ❇②

▲❡♠♠❛ ✺✳✶✳✺✱ G = R(E((2k − ℓ)Kn)− E) =
⋃

ij∈E((2k−ℓ)Kn)−E T (ij)✳ ❍❡♥❝❡ t❤❡ ❡❞❣❡s ♦❢

G ❝❛♥ ❜❡ ❝♦✈❡r❡❞ ❜② ❣❡♥❡r❛t❡❞ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ✇✐t❤ ❛t ❧❡❛st ✸ ♥♦❞❡s✳ ❚❤❡r❡❢♦r❡✱

❡❛❝❤ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G ♠✉st ✐♥❞✉❝❡ ❛t ❧❡❛st ✸ ♥♦❞❡s✳

✺✳✷ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡✲

❞✉♥❞❛♥t ❣r❛♣❤

❇❡❢♦r❡ ✇❡ ♣r❡s❡♥t t❤❡ ❛❧❣♦r✐t❤♠✱ ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛t❛✳

▲❡♠♠❛ ✺✳✷✳✶✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✭✇❤❡r❡ ✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V →
Z+ ❛♥❞ ℓ ∈ Z✮ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ❛♥❞ ❧❡t T (ij) ❜❡ ❛♥ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G✳ ❚❤❡♥

m̃(V (ij) ∩ V (ij′)) ≥ ℓ ❛♥❞ T (ij) ∪ T (ij′) ✐s (m, ℓ)✲t✐❣❤t ❢♦r ❛♥② j′ ∈ V − i✳

Pr♦♦❢✳ ❚❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ m ≥ ℓ✳ ❆ss✉♠❡ ♥♦✇ t❤❛t

m ≡ k < ℓ ≤ 3
2
k✳ ❚❤❡♥ t❤❡ st❛t❡♠❡♥t ❤♦❧❞s ❢♦r j′ ∈ V (ij) ❜❡❝❛✉s❡ t❤❡♥ T (ij′) ⊆ T (ij)

❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳

❙✉♣♣♦s❡ t❤❛t j′ 6∈ V (ij) ❛♥❞ s✉♣♣♦s❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t |V (ij) ∩ V (ij′)| < 2✳

❈❛s❡ ✶✿ ■❢ |V (ij′)∩ V (jj′)| ≥ 2✱ t❤❡♥ T (ij′)∪ T (jj′) ✐s ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ❜② ▲❡♠♠❛

✺✳✶✳✶✭❛✮✱ ❛♥❞ ❛s ✐t ❝♦♥t❛✐♥s i ❛♥❞ j✱ ✇❡ ❤❛✈❡ T (ij) ⊆ T (ij′) ∪ T (jj′) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳

❇✉t ❛s E(ij)∩E(ij′) = ∅✱ ✇❡ ❤❛✈❡ T (ij) ⊂ T (jj′) ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ T (ij)✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✼✶

❈❛s❡ ✷✿ ■❢ |V (ij) ∩ V (jj′)| ≥ 2✱ t❤❡♥ T (ij) ∪ T (jj′) ✐s ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ❜② ▲❡♠♠❛

✺✳✶✳✶✭❛✮✱ ❛♥❞ ❛s ✐t ❝♦♥t❛✐♥s i ❛♥❞ j′✱ ✇❡ ❤❛✈❡ T (ij′) ⊆ T (ij) ∪ T (jj′) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳

❇✉t ❛s E(ij) ∩ E(ij′) = ∅✱ ✇❡ ❤❛✈❡ T (ij′) ⊂ T (jj′) ❛♥❞ ✇❡ ❛r❡ ❛❣❛✐♥ ❛t ❈❛s❡ ✶✳

❈❛s❡ ✸✿ ❋✐♥❛❧❧② ✐❢ ✇❡ ❛r❡ ♥❡✐t❤❡r ✐♥ ❈❛s❡ ✶ ♥♦r ✐♥ ❈❛s❡ ✷✱ ✐t ✐s ❜❡❝❛✉s❡ G1 =

T (ij), G2 = T (ij′) ❛♥❞ G3 = T (jj′) s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺✳✶✳✶✭❜✮✱ ❤❡♥❝❡

ℓ = 3
2
k ❛♥❞ G1 ∪ G2 ∪ G3 ✐s (k, ℓ)✲t✐❣❤t✳ ▼♦r❡♦✈❡r✱ ❜② t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ G1 ❛♥❞

|V | ≥ 4✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❛❞❞✐t✐♦♥❛❧ ♥♦❞❡ i′ /∈ {i, j} ✐♥ G1 ❜② ▲❡♠♠❛ ✺✳✶✳✻✳ ◆♦✇✱

T (i′j′) ⊆ G1∪G2∪G3 ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳ ❙✐♥❝❡ ❛♥② ♣❛t❤ ❜❡t✇❡❡♥ i′ ❛♥❞ j′ ✐♥ G1∪G2∪G3

♠✉st ❝♦♥t❛✐♥ i ♦r j❀ ❛♥❞ s✐♥❝❡ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✐s ✷✲❝♦♥♥❡❝t❡❞ ❢♦r ℓ > k ❜② ▲❡♠♠❛

✺✳✶✳✷✱ i ❛♥❞ j ♠✉st ❜❡ ✐♥ V (i′j′)✳ ❍❡♥❝❡ T (ij) ⊂ T (i′j′) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✱ ❝♦♥tr❛❞✐❝t✐♥❣

❛❣❛✐♥ t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ T (ij)✳

❆s E(ij)∩E(ij′) 6= ∅✱ k|V (ij)∩ V (ij′)| ≥ ℓ ❛♥❞ ❤❡♥❝❡ T (ij)∪ T (ij′) ✐s (k, ℓ)✲t✐❣❤t ❜②
▲❡♠♠❛ ✺✳✶✳✶✭❛✮✳

▲❡♠♠❛ ✺✳✷✳✷✳ ▲❡t k < ℓ ≤ 3
2
k ❛♥❞ ❧❡t G ❜❡ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ❛♥❞

❧❡t i ❜❡ ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ ❜❡t✇❡❡♥ k ❛♥❞ 2k− 1✳ ❚❤❡♥ E(ij)∩E(ij′) 6= ∅ ❛♥❞ T (ij)∪T (ij′)
✐s (k, ℓ)✲t✐❣❤t ✐❢ j, j′ ∈ V − i✱ j 6= j′ ❛♥❞ min(|V (ij)|, |V (ij′)|) ≥ 3✳

Pr♦♦❢✳ ❆s t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ♠♦r❡ t❤❡♥ ✸ ♥♦❞❡s ✐s ❛t ❧❡❛st k

❜② ▲❡♠♠❛ ✺✳✶✳✸✱ dT (ij)(i) ≥ k ❛♥❞ dT (ij′)(i) ≥ k✳ ❚❤✉s t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ ❡❞❣❡ ✐♥❝✐❞❡♥t

t♦ i t❤❛t ✐s ✐♥ ❜♦t❤ T (ij) ❛♥❞ T (ij′) s✐♥❝❡ dG(i) ≤ 2k − 1✳

❆s E(ij) ∩ E(ij′) 6= ∅✱ T (ij) ∪ T (ij′) ✐s (k, ℓ)✲t✐❣❤t ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✳

✺✳✷✳✶ ❆❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛ s♠❛❧❧ ❝♦✈❡r✐♥❣ r♦♦t❡❞ ❛t ❛ s✐♥❣❧❡ ♥♦❞❡

◆♦✇ ✇❡ s❤♦✇ t❤❛t t❤❡ s✉❜r♦✉t✐♥❡ ♦❢ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ✇♦r❦s s✐♠✐❧❛r❧②

❢♦r (m, ℓ)✲t✐❣❤t ❣r❛♣❤s ❛s ✐t ✇♦r❦❡❞ ❢♦r ▲❛♠❛♥ ❣r❛♣❤s✳ ❚❤✐s s✉❜r♦✉t✐♥❡ ♦✉t♣✉ts ❛ ❝♦✈❡r✐♥❣

♦❢ t❤❡ ♥♦❞❡ s❡t ♦❢ G ✇✐t❤ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ s❡ts ♦❢ t❤❡ ❢♦r♠ V (i1j) ❢♦r ❛ ❣✐✈❡♥ ♥♦❞❡ i1
t❤❛t ✇❡ ❝❛❧❧ t❤❡ r♦♦t ♦❢ t❤❡ ❝♦✈❡r✐♥❣✳

❆❧❣♦r✐t❤♠ ✺✳✷✳✸✳ ■♥♣✉t✿ m : V → Z+, ℓ ∈ Z ❤♦❧❞✐♥❣ ✭✺✳✶✮ ❛♥❞ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤

G = (V,E) ✇✐t❤ ❛ ❣✐✈❡♥ ♥♦❞❡ i1 ∈ V ❛♥❞ ❛ s❡t L ⊆ V ✳

❖✉t♣✉t✿ ❆ ❧✐st V ′(i1, L) = {j2, . . . , jr} ♦❢ ♥♦❞❡s s✉❝❤ t❤❛t V =
⋃r

s=2 V (i1js)✳ ❬■❢ L ✐s ∅
t❤❡♥ ✇❡ ✇✐❧❧ r❡❢❡r t♦ t❤✐s s❡t ❛s V ′(i1)✳❪

✶✳ ■♥✐t✐❛❧✐③❡ V ′(i1, L) = ∅✳ ❆❧❧ ♥♦❞❡s ❛r❡ ✉♥♠❛r❦❡❞✳ ▼❛r❦ i1✳

✷✳ ❊①♣❧♦r❡ ❛❧❧ ♥♦❞❡s j ∈ L ❛♥❞ ❛❢t❡r t❤✐s ❛❧❧ ♦t❤❡r ♥♦❞❡s j ∈ V − L✿

■❢ j ✐s ✉♥♠❛r❦❡❞ ❞♦

❈❛❧❝✉❧❛t❡ T (i1j)❀



✼✷ ✺✳✷✳ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤

▼❛r❦ ❛❧❧ ✉♥♠❛r❦❡❞ ♥♦❞❡s ✐♥ T (i1j)❀

V ′(i1, L) := [V ′(i1, L)− V (i1j)] + j✳

❲✐t❤ t❤❡ ❛❧❣♦r✐t❤♠ ♦❢ ❬✸✶✱ ❙❡❝t✐♦♥ ✶✸✳✺✳✹❪ T (i1j) ❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡

t❤✉s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❧❛✐♠ ❤♦❧❞s✳

❈❧❛✐♠ ✺✳✷✳✹✳ ❚❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✷✳✸ ✐s ♣♦❧②♥♦♠✐❛❧✳

◆❡①t✱ ✇❡ s❤♦✇ ❤♦✇ t♦ ✉s❡ ❆❧❣♦r✐t❤♠ ✺✳✷✳✸ t♦ ❝♦✈❡r ✐ts ❡❞❣❡ s❡t ✇✐t❤ ▼●❚ s✉❜❣r❛♣❤s✳

❚❤❡ ♣r♦♦❢s ✇✐❧❧ s❧✐❣❤t❧② ❞✐✛❡r ❢♦r t❤❡ ❝❛s❡ ♦❢ m ≡ k < ℓ ≤ 3
2
k ❛♥❞ ❢♦r t❤❡ ❝❛s❡ ♦❢ m ≥ ℓ✳

❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡ s✉❜❣r❛♣❤s T (i1js) (s = 2, . . . , r) ❝♦✈❡r t❤❡ ❡❞❣❡s ♦❢ G ✐❢ i1 ✐s ❛

♥♦❞❡ ♦❢ ♠✐♥✐♠✉♠ ❞❡❣r❡❡✳

▲❡♠♠❛ ✺✳✷✳✺✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ✭✇❤❡r❡ ✭✺✳✶✮

❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮✳ ❙✉♣♣♦s❡ t❤❛t i1 ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ❚❤❡♥

E =
⋃

js∈V ′(i1)
E(i1js) ❛♥❞✱ ✐❢ m ≡ k < ℓ✱ |V (i1js)| ≥ 3 ❢♦r ❡✈❡r② js ∈ V ′(i1)✳

Pr♦♦❢✳ ■❢ r = |V (i1)|+ 1 = 2✱ t❤❡♥ V (i1j2) = V t❤✉s T (i1j2) = G t❤❛t ♣r♦✈❡s t❤❡ ❧❡♠♠❛✳

❋r♦♠ ♥♦✇ ♦♥ ❛ss✉♠❡ t❤❛t r ≥ 3✳

❆ss✉♠❡ ✜rst t❤❛t m ≥ ℓ✳ ❚❤❡♥
⋃

js∈V ′(i1)
T (i1js) ✐s (m, ℓ)✲t✐❣❤t ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮ ❛s

i1 ∈ V (i1js) ∩ V (i1js′) ❢♦r ❛♥② js, js′ ∈ V ′(i1)✳ ❆s G ✐s (m, ℓ)✲t✐❣❤t ❛♥❞
⋃

js∈V ′(i1)
T (i1js)

✐s ❛♥ ✐♥❞✉❝❡❞ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G✱ t❤❡s❡ t✇♦ ❣r❛♣❤s ♠✉st ❝♦✐♥❝✐❞❡✳

◆❡①t ❛ss✉♠❡ t❤❛t m ≡ k < ℓ✳ ❆s t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ♦❢ G ✐s ❜❡t✇❡❡♥ k ❛♥❞

2k − 1 ❜② ▲❡♠♠❛ ✺✳✶✳✸✱ E(i1js) ∩ E(i1js′) 6= ∅ ❛♥❞ T (i1js) ∪ T (i1js′) ✐s (k, ℓ)✲t✐❣❤t ✐❢

|V (i1js)| ≥ 3 ❛♥❞ |V (i1js′)| ≥ 3 ❢♦r js, js′ ∈ V ′(i1) ❜② ▲❡♠♠❛ ✺✳✷✳✷✳ ❆s d(i1) ≤ 2k − 1

❛♥❞ ℓ ≤ 3
2
k✱ i1 ❤❛s ❛t ♠♦st ✸ ♥❡✐❣❤❜♦rs v′ ✇✐t❤ d(i1, v

′) = 2k − ℓ✳ ❚❤✉s t❤❡r❡ ✐s ❛t

❧❡❛st ♦♥❡ ♥♦❞❡ j ∈ V − i1 s✉❝❤ t❤❛t dG(i1, j) < 2k − ℓ✳ ✭◆♦t❡ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢

n = 4✱ ✐❢ dG(i1, v
′) = 2k − ℓ ❢♦r ❡✈❡r② v′ ∈ V − i1✱ t❤❡♥ ❜② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ t❤❡

❞❡❣r❡❡ ♦❢ i1 ❛♥❞ ℓ ≤ 3
2
k✱ |E| ≥ 3(2k−ℓ)4

2
≥ 9

2
k − ℓ > 4k − ℓ t❤✉s G ✐s ♥♦t (k, ℓ)✲s♣❛rs❡✳✮

❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s ❛t ❧❡❛st ♦♥❡ js ∈ V ′(i1) s✉❝❤ t❤❛t T (i1js) ❤❛s ❛t ❧❡❛st ✸ ♥♦❞❡s✳ ▲❡t

T :=
⋃{T (i1js) : js ∈ V ′(i1), |V (i1js)| ≥ 3}✳ ❚❤✐s ✐s ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ❛s ✇❡ ❤❛✈❡ s❡❡♥

❜❡❢♦r❡✳

❙✐♥❝❡ T ✐s (k, ℓ)✲t✐❣❤t ❛♥❞ |V (T )| ≥ 3✱ dT (v) ≥ k ❜② ▲❡♠♠❛ ✺✳✶✳✸✳ ❆s dG(i1, v′) = 2k−ℓ
❢♦r v′ ∈ V − V (T )✱ dG(i1) ≥ k + |V − V (T )|(2k − ℓ) ≥ k + |V − V (T )|k

2
❜② ℓ ≤ 3

2
k✳

❚❤❡r❡❢♦r❡✱ |V − V (T )| ≤ 1 ❜② ▲❡♠♠❛ ✺✳✶✳✸ ❛s t❤❡ ❞❡❣r❡❡ ♦❢ i1 ✐s ♠✐♥✐♠✉♠✳ ▼♦r❡♦✈❡r✱

✐❢ V − V (T ) = {v′} t❤❡♥ dG(v
′) ≥ dG(i1) ≥ 3k − ℓ✳ ❚❤✉s ✐❢ |V − V (T )| = 1 t❤❡♥

kn−ℓ = |E| ≥ (k+2k−ℓ)+ |E(T )| = (2k−ℓ)+k|V (T )|−ℓ = kn−ℓ+(k−ℓ) > kn−ℓ+1✱

❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❍❡♥❝❡ |V − V (T )| = 0 ❛♥❞ T ✐s ❛ (k, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ❝♦✈❡r✐♥❣ V ✳

❚❤❡r❡❢♦r❡✱ G = T =
⋃

js∈V ′(i1)
T (i1js)✱ ❛s ✇❡ ❝❧❛✐♠❡❞✳

❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❧❡♠♠❛ ✇❡ ❛❧s♦ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✼✸

❈♦r♦❧❧❛r② ✺✳✷✳✻✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ✭✇❤❡r❡

✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮✳ ❙✉♣♣♦s❡ t❤❛t i1 ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ❚❤❡♥

T (i1j) ∪ T (i1j
′) ✐s (m, ℓ)✲t✐❣❤t ❢♦r ❡✈❡r② j, j′ ∈ V (i1)✳

❲❡ s❛② t❤❛t ❛ s❡t J ⊆ V ✐s ❛♥ ▼●❚✲❣❡♥❡r❛t♦r ♦❢ G ✐❢ T (jj′) ✐s ▼●❚ ❢♦r ❡✈❡r②

t✇♦ ❞✐st✐♥❝t ❡❧❡♠❡♥ts j, j′ ∈ J ❀ j′′ 6∈ T (jj′) ❢♦r ❡✈❡r② t❤r❡❡ ❞✐st✐♥❝t ❡❧❡♠❡♥ts j, j′, j′′ ∈ J ❀

❛♥❞ ❢♦r ❡✈❡r② ▼●❚ s✉❜❣r❛♣❤ T ♦❢ G t❤❡r❡ ✐s ❛ ♣❛✐r j, j′ ∈ J ❢♦r ✇❤✐❝❤ T = T (jj′)✳ ❚❤❡

❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ❣✐✈❡s ❛ ❝♦♥str✉❝t✐✈❡ ♣r♦♦❢ ❢♦r t❤❡ ❡①✐st❡♥❝❡ ♦❢ ▼●❚✲❣❡♥❡r❛t♦rs✳

▲❡♠♠❛ ✺✳✷✳✼✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ✭✇❤❡r❡ ✭✺✳✶✮

❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮✳ ❙✉♣♣♦s❡ t❤❛t i1 ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ❚❤❡♥

V ′(i1) ♦r V ′(i1) ∪ {i1} ✐s ❛♥ ▼●❚✲❣❡♥❡r❛t♦r ♦❢ G✳

Pr♦♦❢✳ ■❢ r = 2✱ t❤❡♥ G = T (i1j2) ✐s ▼●❚ ❤❡♥❝❡ {i1, j2} ✐s ❛♥ ▼●❚✲❣❡♥❡r❛t♦r ♦❢ G✳

❆ss✉♠❡ t❤❛t r ≥ 3✳

❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ V ′(i1)✱ js 6∈ V (i1js′) ❢♦r s, s′ ∈ {2, . . . , r}✱ s 6= s′✳ ❆s ❜② ▲❡♠♠❛

✺✳✷✳✺ E =
⋃r

s=2 E(i1js)✱ ❛❧❧ t❤❡ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ js ❛r❡ ✐♥ T (i1js)✳

▲❡t T (vv′) ❜❡ ❛♥ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G✳ ▲❡t j ∈ V ′(i1) s✉❝❤ t❤❛t v ∈ V (i1j)✳ ■❢

v′ ∈ V (i1j)✱ t❤❡♥ T (vv′) ⊆ T (i1j) ❤❡♥❝❡ T (vv′) = T (i1j) ❜② ♠❛①✐♠❛❧✐t②✳ ❚❤✉s ✇❡ ❝❛♥

❛ss✉♠❡ t❤❛t v′ ∈ V (i1j
′) ❢♦r j′ ∈ V ′(i1), j′ 6= j✳ E(i1j) ∩ E(jj′) 6= ∅ s✐♥❝❡ T (i1j)

s♣❛♥s ❛❧❧ ❡❞❣❡s ✐♥❝✐❞❡♥t t♦ j✳ ❚❤✉s T (i1j)∪ T (jj′) ✐s (m, ℓ)✲t✐❣❤t ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✳ ❆s

i1, j
′ ∈ V (i1j) ∪ V (jj′)✱ T (i1j′) ⊂ T (i1j) ∪ T (jj′)✳ ❙✐♥❝❡ v′ ∈ V (i1j

′) ❜✉t v′ 6∈ V (i1j)✱

v′ ∈ V (jj′)✳ ❙✐♠✐❧❛r❧②✱ v ∈ V (jj′) ❛♥❞ ❤❡♥❝❡ T (vv′) ⊆ T (jj′)✳ ❚❤✉s T (vv′) = T (jj′) ❜②

t❤❡ ♠❛①✐♠❛❧✐t②✳

T (i1j) ∪ T (i1j
′) ✐s (m, ℓ)✲t✐❣❤t ❜② ❈♦r♦❧❧❛r② ✺✳✷✳✻✳ ❍❡♥❝❡ T (jj′) ⊆ T (i1j) ∪ T (i1j

′)✳

❚❤✉s j′′ 6∈ V (vv′) ❢♦r j′′ ∈ V ′(i1), j′′ 6= j, j′✳

❚❤❡r❡❢♦r❡✱ ❡❛❝❤ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G✱ t❤❛t ❝♦✈❡rs ❛t ❧❡❛st ✷ ❡❧❡♠❡♥ts ♦❢ V ′(i1)✱ ❝♦✈❡rs

❡①❛❝t❧② ✷ ♦❢ t❤❡♠ ❛♥❞ t❤❡s❡ ✷ ❡❧❡♠❡♥ts ❛r❡ ✐ts ❣❡♥❡r❛t♦rs✳ ❆s ❛♥② t✇♦ ♥♦❞❡ ♦❢ G ✐s

❝♦✈❡r❡❞ ❜② ❛♥ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G✱ ✇❡ ❣❡t t❤❛t T (jj′) ✐s ▼●❚ ❢♦r ❡✈❡r② j, j′ ∈ V ′(i1)✳

▼♦r❡♦✈❡r✱ ✇❡ ❤❛✈❡ s❡❡♥ t❤❛t ❡✈❡r② ▼●❚ s✉❜❣r❛♣❤ ♦❢ G ❤❛s t❤❡ ❢♦r♠ ♦❢ T (jj′) ❢♦r s♦♠❡

j, j′ ∈ V ′(i1) + i1✳

◆♦✇✱ ✇❡ t✉r♥ t♦ s❤♦✇ t❤❛t ✐❢ T (i1j) ✐s ▼●❚ ❢♦r ❛ j ∈ V ′(i1)✱ t❤❡♥ T (i1j
′) ✐s ▼●❚ ❢♦r

❡✈❡r② j′ ∈ V ′(i1)✳ ❆ss✉♠❡ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t T (i1j′) ✐s ♥♦t ▼●❚ ❢♦r ❛ j′ ∈ V ′(i1)✳

❚❤❡♥ T (i1j
′) ⊆ T (j′j′′) ❢♦r s♦♠❡ j′′ ∈ V ′(i1) s✐♥❝❡ ❛❧❧ ✭♣♦ss✐❜❧❡✮ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G

❝♦✈❡r✐♥❣ j′ ❤❛s t❤❡ ❢♦r♠ ♦❢ T (j′j′′) ✇✐t❤ j′′ ∈ V ′(i1) + i1✳ ❇② ▲❡♠♠❛ ✺✳✷✳✶✱ ✇❡ ❤❛✈❡

T (j′j′′) ⊆ T (jj′) ∪ T (jj′′) s✐♥❝❡ t❤❡s❡ ❧❛tt❡r t✇♦ ❣r❛♣❤s ❛r❡ ▼●❚ ♦r j = j′′✳

◆♦✇ i1 ∈ V (j′j′′) ⊆ V (jj′) ∪ V (jj′′) ❤❡♥❝❡ i1 ∈ V (jj∗) ✇❤❡r❡ j∗ = j′ ♦r j′′ ✭❜✉t

j∗ 6= j✮✳ ❚❤❡r❡❢♦r❡✱ T (i1j) ⊆ T (jj∗)✳ ❇✉t ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ V ′(i1)✱ j∗ 6∈ V (i1j) t❤❛t

❝♦♥tr❛❞✐❝ts t❤❡ ♠❛①✐♠❛❧✐t② ♦❢ T (i1j)✳ ▼♦r❡♦✈❡r✱ t❤✐s ❛r❣✉♠❡♥t s❤♦✇ t❤❛t ✐❢ i1 ∈ V (jj∗)

❢♦r j, j∗ ∈ V ′(i1)✱ t❤❡♥ T (i1j) ✐s ♥♦t ❛♥ ▼●❚ s✉❜❣r❛♣❤ ♦❢ G✳



✼✹ ✺✳✷✳ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤

◆♦✇ ✇❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦r♦❧❧❛r✐❡s✳

❈♦r♦❧❧❛r② ✺✳✷✳✽✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ✭✇❤❡r❡

✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮✳ ❙✉♣♣♦s❡ t❤❛t i1 ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G ❛♥❞

dG(i1) = m(i1)✳ ❚❤❡♥ V ′(i1) + i1 ✐s ❛♥ ▼●❚✲❣❡♥❡r❛t♦r ♦❢ G✳

Pr♦♦❢✳ ❆s dG(i1) = m(i1)✱ ✐❢ T ✐s ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ✇✐t❤ i1 ∈ V (T ) ❛♥❞

|V (T )| ≥ 3✱ T − i1 ✐s ❛❧s♦ (m, ℓ)✲t✐❣❤t✳ ❚❤✉s i1 ✐s t❤❡ ❣❡♥❡r❛t♦r ♦❢ ❛❧❧ ▼●❚ s✉❜❣r❛♣❤s

❝♦♥t❛✐♥✐♥❣ i1 ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡ ❜② ▲❡♠♠❛ ✺✳✷✳✼✳

■❢ ❈♦r♦❧❧❛r② ✺✳✷✳✽ ❝❛♥♥♦t ❜❡ ❛♣♣❧✐❡❞✱ t❤❡♥ ✇❡ ✇✐❧❧ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r i1 ✐s ♥❡❡❞❡❞ t♦

▼●❚ s✉❜❣r❛♣❤s ✇✐t❤ ❛♥♦t❤❡r r✉♥ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✷✳✸✳

❈♦r♦❧❧❛r② ✺✳✷✳✾✳ ▲❡t G = (V,E) ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ ❛t ❧❡❛st 4 ♥♦❞❡s ✭✇❤❡r❡

✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮✳ ❙✉♣♣♦s❡ t❤❛t i1 ❤❛s ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ▲❡t

j2 ∈ V ′(i1) ❛♥❞ ❧❡t V ′′ = V ′(j2, V
′(i1) − j2 + i1)✳ ❚❤❡♥ V ′′ + j2 ✐s ❛♥ ▼●❚✲❣❡♥❡r❛t♦r ♦❢

G✳ ▼♦r❡♦✈❡r✱ G =
⋃

j∈V ′′ T (j2j)✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✺✳✷✳✼ ❛♥❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ V ′′✱ V ′′ = V ′(i1)−j2 ♦r V ′′ = (V ′(i1)−
j2) + i1 ❛♥❞ ✇❡ ❤❛✈❡ t❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ❝♦r♦❧❧❛r②✳ ❇✉t t❤❡♥ ✇❡ ❤❛✈❡ G =

⋃
j∈V ′′ T (j2j)

❜② ▲❡♠♠❛ ✺✳✷✳✶ ❛♥❞ ❜② t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ V ′′✳

✺✳✷✳✷ ❆❧❣♦r✐t❤♠ t♦ ✜♥❞ t❤❡ ♠✐♥✐♠✉♠ ❝♦✈❡r✐♥❣ ♦❢ ❛♥ (m, ℓ)✲t✐❣❤t

❣r❛♣❤

❚❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ♣r♦♣❡rt✐❡s ♦❢ ▼●❚ s✉❜❣r❛♣❤s ✇✐❧❧ ❜❡ ✉s❡❢✉❧ t♦ r❡❞✉❝❡ t❤❡ ♥✉♠❜❡r

♦❢ ▼●❚ s✉❜❣r❛♣❤s ❝♦✈❡r✐♥❣ G✳

▲❡♠♠❛ ✺✳✷✳✶✵✳ ▲❡t G1 := T (i1j1) = (V1, E1) ❛♥❞ G2 := T (i2j2) = (V2, E2) ❜❡ t✇♦ ▼●❚

s✉❜❣r❛♣❤s ♦❢ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ G✳

✭❛✮ ❙✉♣♣♦s❡ t❤❛t m ≡ k < ℓ ❛♥❞ E1 ∩E2 = ∅✳ ❚❤❡♥ E(i1i2)∩E(j1j2) 6= ∅ ❛♥❞ s✐♠✐❧❛r❧②

E(i1j2) ∩ E(j1i2) 6= ∅✳

✭❜✮ ❙✉♣♣♦s❡ t❤❛t m ≥ ℓ > 0 ❛♥❞ V1 ∩ V2 = ∅✳ ❚❤❡♥ V (i1i2) ∩ V (j1j2) 6= ∅ ❛♥❞ s✐♠✐❧❛r❧②

V (i1j2) ∩ V (j1i2) 6= ∅✳

▼♦r❡♦✈❡r ✐♥ ❜♦t❤ ❝❛s❡s✱ G1 ∪ G2 ⊂ T (i1i2) ∪ T (j1j2) ❛♥❞ T (i1i2) ∪ T (j1j2) = T (i1j2) ∪
T (j1i2)✳

Pr♦♦❢✳ ❈❛s❡ ✭❛✮✿ ❆s E1 ∩ E2 = ∅ ❛♥❞ G1, G2 ❛r❡ ❜♦t❤ ▼●❚✱ i1, i2, j1, j2 ❛r❡ ✹ ❞✐✛❡r❡♥t

♥♦❞❡s ❜② ▲❡♠♠❛ ✺✳✷✳✶✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✼✺

▲❡t ✉s ❝❤♦♦s❡ ♦♥❡ ♦❢ t❤❡ (k, ℓ)✲t✐❣❤t ❣r❛♣❤s T (i1i2), T (j1j2), T (i1j2), T (j1i2)✱ s❛② T (i1i2).

❇② ▲❡♠♠❛ ✺✳✷✳✶✱ E ′ := E(i1i2) ∩E1 6= ∅ ❛♥❞ E ′′ := E(i1i2) ∩E2 6= ∅✳ ❙✐♥❝❡ E1 ∩E2 = ∅✱
E ′∩E ′′ = ∅✳ ❚❤✉s E ′∪E ′′ ❝❛♥♥♦t ❜❡ t❤❡ ❡❞❣❡ s❡t ♦❢ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮

❛♥❞ ❤❡♥❝❡ F (i1i2) := E(i1i2) − (E ′ ∪ E ′′) 6= ∅✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♥♦♥✲❡♠♣t②

❡❞❣❡ s❡ts F (j1j2), F (i1j2), F (j1i2)✳

❇② ▲❡♠♠❛ ✺✳✷✳✶✱ T := G1 ∪ T (i1i2) ∪ G2 ✐s ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ t❤❡ ❡❞❣❡ s❡t

E1∪E2∪F (i1i2)✳ ❆s j1, j2 ∈ V (T )✱ T (j1j2) ⊆ T ❛♥❞ ❤❡♥❝❡ F (j1j2) ⊆ F (i1i2)✳ ❲✐t❤ t❡❧❧✐♥❣

t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡ ♦t❤❡r ♣❛✐rs✱ ✇❡ ❣❡t F (i1i2) = F (j1j2) = F (i1j2) = F (j1i2) =: F ✳

❚❤❡r❡❢♦r❡✱ E(i1i2)∩E(j1j2) 6= ∅ ❛♥❞ ❤❡♥❝❡ T (i1i2)∪T (j1j2) ✐s (k, ℓ)✲t✐❣❤t ❝♦♥t❛✐♥✐♥❣ ❛❧❧
t❤❡ ✹ ♥♦❞❡s i1, i2, j1, j2✳ ❚❤✉s G1, G2 ⊆ T (i1i2)∪T (j1j2)✳ ▼♦r❡♦✈❡r✱ (E(i1i2)∪E(j1j2))−
(E1 ∪ E2) = F 6= ∅✳ ❚❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❢♦r T (i1j2) ∪ T (j1i2)✳

❈❛s❡ ✭❜✮✿ ❆s V1 ∩ V2 = ∅ ❛♥❞ G1 ❛♥❞ G2 ❛r❡ ▼●❚ ❣r❛♣❤s✱ i1, i2, j1, j2 ❛r❡ ✹ ❞✐✛❡r❡♥t

♥♦❞❡s✳

▲❡t ✉s ❝❤♦♦s❡ ♦♥❡ ♦❢ t❤❡ (m, ℓ)✲t✐❣❤t ❣r❛♣❤s T (i1i2), T (j1j2), T (i1j2), T (j1i2)✱ s❛② T (i1i2)✳

◆♦✇✱ i1 ∈ V ′ := V (i1i2) ∩ V1 6= ∅ ❛♥❞ i2 ∈ V ′′ := V (i1i2) ∩ V2 6= ∅✳ ▼♦r❡♦✈❡r✱ ❜♦t❤ V ′

❛♥❞ V ′′ s♣❛♥ ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G✳ ❙✐♥❝❡ V1 ∩ V2 = ∅ ✱ V ′ ∩ V ′′ = ∅✳ ❚❤✉s

V ′ ∪ V ′′ ❝❛♥♥♦t s♣❛♥ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮ ✭❛s ℓ > 0✮ ❛♥❞ ❤❡♥❝❡

W (i1i2) := V (i1i2) − (V ′ ∪ V ′′) 6= ∅✳ ❙✐♠✐❧❛r❧②✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ♥♦♥✲❡♠♣t② ♥♦❞❡ s❡ts

W (j1j2),W (i1j2),W (j1i2)✳

❇② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✱ T := G1 ∪ T (i1i2)∪G2 ✐s ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ ✇✐t❤ t❤❡ ♥♦❞❡ s❡t

V1 ∪ V2 ∪W (i1i2)✳ ❆s j1, j2 ∈ V (T )✱ T (j1j2) ⊆ T ❛♥❞ ❤❡♥❝❡ W (j1j2) ⊆ W (i1i2)✳ ❲✐t❤

t❡❧❧✐♥❣ t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❢♦r t❤❡ ♦t❤❡r ♣❛✐rs✱ ✇❡ ❣❡t W (i1i2) = W (j1j2) = W (i1j2) =

W (j1i2) =: W ✳

❚❤❡r❡❢♦r❡✱ V (i1i2)∩ V (j1j2) 6= ∅ ❛♥❞ ❤❡♥❝❡ T (i1i2)∪T (j1j2) ✐s (m, ℓ)✲t✐❣❤t ❝♦♥t❛✐♥✐♥❣

❛❧❧ t❤❡ ✹ ♥♦❞❡s i1, i2, j1, j2✳ ❚❤✉sG1, G2 ⊆ T (i1i2)∪T (j1j2)✳ ▼♦r❡♦✈❡r✱ (V (i1i2)∪V (j1j2))−
(V1 ∪ V2) = W 6= ∅✳ ❚❤❡ s❛♠❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ♣r♦✈❡❞ ❢♦r T (i1j2) ∪ T (j1i2)✳

❚❤✐s ❣❡♥❡r❛❧ ❧❡♠♠❛ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✳

❈♦r♦❧❧❛r② ✺✳✷✳✶✶✳ ▲❡t T (ij1), T (ij2) ❛♥❞ T (ij3) ❜❡ t❤r❡❡ ❞✐✛❡r❡♥t ▼●❚ s✉❜❣r❛♣❤s ♦❢

t❤❡ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ G ✭✇❤❡r❡ ✭✺✳✶✮ ❤♦❧❞s ❢♦r m : V → Z+ ❛♥❞ ℓ ∈ Z✮ ❛♥❞ ❧❡t T

❜❡ t❤❡ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ T (ij1) ∪ T (ij2) ∪ T (ij3)✳ ❚❤❡♥ ❛t ❧❡❛st t✇♦ ♦❢ t❤❡ t❤r❡❡ ❣r❛♣❤s

T (ij1) ∪ T (j2j3)✱ T (ij2) ∪ T (j1j3) ❛♥❞ T (ij3) ∪ T (j1j2) ❝♦✐♥❝✐❞❡ ✇✐t❤ T ✳

◆♦t❡ t❤❛t T ✐s t✐❣❤t ❜② ▲❡♠♠❛ ✺✳✷✳✶ ✐♥ t❤❡ ❝❛s❡ ♦❢ m ≡ k < ℓ ≤ 3
2
k ❛♥❞ ❜② ▲❡♠♠❛

✺✳✶✳✶✭❛✮ ✐♥ t❤❡ ❝❛s❡ ♦❢ m ≥ ℓ✳

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t ✐❢ ℓ ≤ 0✱ t❤❡♥ ❛❧❧ t❤❡ t❤r❡❡ ❣r❛♣❤s ❝♦✐♥❝✐❞❡ ✇✐t❤ T ❜② ▲❡♠♠❛t❛

✺✳✶✳✶✭❛✮ ❛♥❞ ✺✳✶✳✹✭❝✮✳ ▲❡t ✉s ❛ss✉♠❡ ♥♦✇ ℓ > 0✳



✼✻ ✺✳✷✳ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥❞❛♥t ❣r❛♣❤

◆♦t❡ t❤❛t ✐❢ E(ijs1) ∩ E(js2js3) 6= ∅ ❛♥❞ m ≡ k < ℓ ♦r ✐❢ V (ijs1) ∩ V (js2js3) 6= ∅
❛♥❞ m ≥ ℓ > 0✱ t❤❡♥ T (ijs1) ∪ T (js2js3) ⊆ T ✐s (m, ℓ)✲t✐❣❤t ❢♦r ❡✈❡r② s1, s2, s3 ✇✐t❤

{s1, s2, s3} = {1, 2, 3} ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✳ ❍❡♥❝❡ T = T (ij1)∪T (ij2)∪T (ij3) ⊆ T (ijs1)∪
T (js2js3) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮ ❛s i, j1, j2, j3 ∈ V (ijs1) ∪ V (js2js3)✳ ▼♦r❡♦✈❡r✱ ✐❢ ❢♦r ❛ tr✐♣❧❡

{s1, s2, s3} = {1, 2, 3}✱ E(ijs1) ∩ E(js2js3) = ∅ ❛♥❞ m ≡ k < ℓ ♦r V (ijs1) ∩ V (js2js3) = ∅
❛♥❞ m ≥ ℓ✱ t❤❡♥ ✇❡ ❝❛♥ ❛♣♣❧② ▲❡♠♠❛ ✺✳✷✳✶✵ ❛♥❞ ✇❡ ❣❡t t❤❛t t❤❡ ♦t❤❡r t✇♦ ✐♥t❡rs❡❝t✐♦♥s

❛r❡ ♥♦♥✲❡♠♣t②✳

◆♦✇ ✇❡ ❛r❡ r❡❛❞② t♦ ♣r♦✈❡ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❧❣♦r✐t❤♠ ✭t❤❛t ❡①t❡♥❞s t❤❡ ❛❧❣♦r✐t❤♠

♦❢ ●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ❬✹✹❪ ❢♦r (m, ℓ)✲t✐❣❤t ❣r❛♣❤s✮ ❣✐✈❡s t❤❡ ♠✐♥✐♠✉♠ ❝♦✈❡r✐♥❣ ♦❢ ❛♥ (m, ℓ)✲

t✐❣❤t ❣r❛♣❤ ✇✐t❤ ✐ts ▼●❚ s✉❜❣r❛♣❤s✳

❆❧❣♦r✐t❤♠ ✺✳✷✳✶✷✳ ■♥♣✉t✿ m : V → Z+, ℓ ∈ Z ✇✐t❤ ✭✺✳✶✮ ❛♥❞ ❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤

G = (V,E) ✇✐t❤ ❛t ❧❡❛st ✹ ♥♦❞❡s✳ ❖✉t♣✉t✿ ❆ ❧✐st ♦❢ ❡❞❣❡s F ❢♦r ✇❤✐❝❤ G + F ✐s

(m, ℓ)✲r❡❞✉♥❞❛♥t✳

✶✳ ❙❡❛r❝❤ ❢♦r ❛ ♥♦❞❡ ✇✐t❤ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ▲❡t v ❜❡ ❛ ♥♦❞❡ ♦❢ ♠✐♥✐♠✉♠ ❞❡❣r❡❡✳

■❢ dG(v) = m(v) t❤❡♥ ❧❡t i1 := v, V ′ := ∅ ❛♥❞ ❣♦ t♦ st❡♣ ✸✳

❖t❤❡r✇✐s❡✱ ❧❡t i1 := v✳

✷✳ ❘✉♥ ❆❧❣♦r✐t❤♠ ✺✳✷✳✸ ✇✐t❤ ✐♥♣✉ts m, ℓ,G, i1 ❛♥❞ L := ∅✳ ▲❡t t❤❡ ♦✉t♣✉t V ′(i1) =

{j2, . . . , jr}✳
■❢ r = 2✱ t❤❡♥ ❘❊❚❯❘◆ F := {i1j2}.
❊❧s❡ ❧❡t L := V ′(i1)− j2 + i1 ❛♥❞ ❧❡t i1 := j2✳

✸✳ ❘✉♥ ❆❧❣♦r✐t❤♠ ✺✳✷✳✸ ✇✐t❤ ✐♥♣✉ts m, ℓ,G, i1 ❛♥❞ L✳ ▲❡t t❤❡ ♦✉t♣✉t ❜❡ V ′(i1, L) =

{i2, . . . , ih}✳
■❢ h = 2 t❤❡♥ ❘❊❚❯❘◆ F := {i1i2}.
❊❧s❡✱ ❧❡t V ′ := V ′(i1, L) + i1 = {i1, . . . , ih} ❛♥❞ ❧❡t F = ∅✳

✹✳ ❲❤✐❧❡ h ≥ 4 ❞♦✿

❈❛❧❝✉❧❛t❡ T (i1ih−2) ❛♥❞ T (ih−1ih)✳

■❢ m̃(V (i1ih−2) ∩ V (ih−1ih)) ≥ ℓ✱ t❤❡♥

F := F + ih−1ih✳

❊❧s❡

F := F + ih−2ih✱

ih−2 := ih−1✳

h := h− 2✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✼✼

✺✳ ❋✐♥❛❧ st❡♣✳

■❢ h = 2✱ t❤❡♥ F := F + i1i2✳

■❢ h = 3✱ t❤❡♥ F := F ∪ {i1i2, i1i3}✳
❘❊❚❯❘◆ F ✳

❚❤❡♦r❡♠ ✺✳✷✳✶✸✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ❡❞❣❡s F =

{e1, . . . et} ♦❢ ♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛♥② ✐♥♣✉t ♦❢ m : V → Z+, ℓ ∈ Z ✇✐t❤ ✭✺✳✶✮ ❛♥❞ ♦❢

❛♥ (m, ℓ)✲t✐❣❤t ❣r❛♣❤ G✱ s✉❝❤ t❤❛t G = T (e1) ∪ · · · ∪ T (et)✳

Pr♦♦❢✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t ❆❧❣♦r✐t❤♠ ✺✳✷✳✶✷ ❝❛❧❝✉❧❛t❡s ❛♥ ♦♣t✐♠❛❧ ❝♦✈❡r✐♥❣ ♦❢ G ❛♥❞ ✐t r✉♥s

✐♥ ♣♦❧②♥♦♠✐❛❧ t✐♠❡✳ ■❢ t❤❡ ❛❧❣♦r✐t❤♠ ✜♥✐s❤❡s ✐♥ st❡♣ ✷ ♦r ✸✱ t❤❡♥ ✐t ✐s ❜❡❝❛✉s❡ G = T (e1)

t❤✉s ✇❡ ❤❛✈❡ ❢♦✉♥❞ t❤❡ ♠✐♥✐♠✉♠ ❝♦✈❡r✐♥❣✳

❖t❤❡r✇✐s❡✱ ❈♦r♦❧❧❛r✐❡s ✺✳✷✳✽ ❛♥❞ ✺✳✷✳✾ s❤♦✇ t❤❛t ❛♥② ▼●❚ s✉❜❣r❛♣❤ ♦❢ G ❝♦✈❡r✐♥❣

t✇♦ ❞✐✛❡r❡♥t i, i′ ∈ V ′′ = {i1, . . . , ih} ❝♦✐♥❝✐❞❡s ✇✐t❤ T (ii′) ❛♥❞ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② ♦t❤❡r

i′′ ∈ V ′′✳ ❚❤❡r❡❢♦r❡✱ ❛t ❧❡❛st ⌈h
2
⌉ ▼●❚ s✉❜❣r❛♣❤s ❛r❡ ♥❡❡❞❡❞ t♦ ❝♦✈❡r t❤❡ ♥♦❞❡ s❡t V ′′✳

❇② ▲❡♠♠❛ ✺✳✷✳✺ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷✳✾G =
⋃h

s=2 T (i1is)✳ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ E
′✱ ▲❡♠♠❛

✺✳✶✳✶✭❛✮ ❛♥❞ ❈♦r♦❧❧❛r② ✺✳✷✳✶✶ ♣r♦✈✐❞❡s t❤❛t ❛❢t❡r ❡❛❝❤ ✐t❡r❛t✐♦♥ ✐♥ st❡♣ ✹ t❤❡ s❡t ♦❢ ❡❞❣❡s

❝♦✈❡r❡❞ ❜②
⋃h

s=2 T (i1is) ∪
⋃

e∈F T (e) ❞♦❡s ♥♦t r❡❞✉❝❡✳ ❚❤❡r❡❢♦r❡✱ G =
⋃

e∈F T (e) ❛t t❤❡

❡♥❞ ♦❢ ❆❧❣♦r✐t❤♠ ✺✳✷✳✶✷✳ ✭◆♦t❡ t❤❛t ❢♦r ℓ ≤ 0 t❤❡ ❛❧❣♦r✐t❤♠ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ✐♥ t❤✐s ♣♦✐♥t

❜② t❛❦✐♥❣ ❛♥ ❛r❜✐tr❛r② ♣❡r❢❡❝t ♠❛t❝❤✐♥❣ ♦♥ L ✭♦r ❛ ♠❛t❝❤✐♥❣ t❤❛t ❝♦✈❡rs ❛❧❧ ❜✉t ♦♥❡ ♥♦❞❡

v ❛♥❞ ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡❞❣❡ ❝♦✈❡r✐♥❣ v✮ t❤❛t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✺✳✷✳✶✶✳✮

❲❡ ❤❛✈❡ s❡❡♥ t❤❛t ❆❧❣♦r✐t❤♠ ✺✳✷✳✸ ✐s ♣♦❧②♥♦♠✐❛❧✳ ❚❤✉s t❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ st❡♣s ✶✲✸

✐s ♣♦❧②♥♦♠✐❛❧✳ ❚❤❡ r✉♥♥✐♥❣ t✐♠❡ ♦❢ st❡♣ ✹ ✐s ❛❧s♦ ♣♦❧②♥♦♠✐❛❧ s✐♥❝❡ ✐t ❤❛s O(n) ✐t❡r❛t✐♦♥s

❛♥❞ ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ ✇❡ ♥❡❡❞ t♦ ❝❛❧❝✉❧❛t❡ ✷ ❣❡♥❡r❛t❡❞ (m, ℓ)✲t✐❣❤t ❣r❛♣❤s✳ ❋✐♥❛❧❧②✱ t❤❡

r✉♥♥✐♥❣ t✐♠❡ ♦❢ st❡♣ ✺ ✐s O(1)✳

✺✳✸ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ t♦ (m, ℓ)✲r❡❞✉♥✲

❞❛♥t ❢♦r m ≥ ℓ

❚❤r♦✉❣❤♦✉t t❤✐s s❡❝t✐♦♥✱ R = (V, Ē) ✇✐❧❧ ❞❡♥♦t❡ ❛♥ (m, ℓ)✲r✐❣✐❞❣r❛♣❤ ❛♥❞ G = (V,E)

✇✐❧❧ ❞❡♥♦t❡ ❛♥ (m, ℓ)✲t✐❣❤t s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤ ♦❢ R✳ ❖❜✈✐♦✉s❧②✱ ❡✈❡r② ❡❞❣❡ ✐♥ Ē − E ✐s

(m, ℓ)✲r❡❞✉♥❞❛♥t ✐♥ R✳ ❇② ▲❡♠♠❛ ✺✳✶✳✺✱ t❤❡ (m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡s ♦❢ G ✐♥ R ❛r❡ t❤❡

❡❞❣❡s ♦❢ RG(Ē − E) =
⋃

uv∈Ē−E TG(uv)✳ ❆s ✇❡ ❤❛✈❡ s♦❧✈❡❞ t❤❡ ❛✉❣♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠

❢♦r (m, ℓ)✲t✐❣❤t ❣r❛♣❤s✱ ✇❡ ❛ss✉♠❡ t❤❛t Ē − E 6= ∅✳
❚❤❡ ✐❞❡❛ ♦❢ ♦✉r ♣r♦♦❢ ❝♦♠❡s ❢r♦♠ ❏❛❝❦s♦♥ ❛♥❞ ❏♦r❞á♥ ❬✺✹❪ ✇❤❡r❡ t❤❡ ❛✉t❤♦rs ♣r♦✈❡❞

t❤❛t t❤❡ (k, k)✲r❡❞✉♥❞❛♥t ❡❞❣❡s ♦❢ ❛ (k, k)✲r✐❣✐❞ ✭t❤❛t ✐s✱ ❛ k✲tr❡❡✲❝♦♥♥❡❝t❡❞✮ ❣r❛♣❤ R ❢♦r♠

✐♥❞✉❝❡❞ s✉❜❣r❛♣❤s ♦❢ R ✇✐t❤ ❞✐s❥♦✐♥t ♥♦❞❡ s❡ts✳

❲❡ ❞✐✈✐❞❡ t❤❡ ♣r♦❜❧❡♠ ✐♥t♦ t✇♦ ❝❛s❡s ❞❡♣❡♥❞✐♥❣ ♦♥ ✇❤❡t❤❡r ℓ < 0 ♦r ℓ ≥ 0✳



✼✽ ✺✳✸✳ ❆✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ t♦ (m, ℓ)✲r❡❞✉♥❞❛♥t ❢♦r m ≥ ℓ

❚❤❡ ❝❛s❡ ♦❢ ℓ ≥ 0

❋✐rst✱ ❧❡t ✉s ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ m ≥ ℓ ≥ 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ (m, ℓ)✲r❡❞✉♥✲

❞❛♥t ❡❞❣❡s ♦❢ G ❢♦r♠ s♦♠❡ ♥♦❞❡ ❞✐s❥♦✐♥t (m, ℓ)✲t✐❣❤t ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤s ♦❢ G ❜② ▲❡♠♠❛

✺✳✶✳✶✭❛✮✳ ❇② s❤r✐♥❦✐♥❣ ❡❛❝❤ ♦❢ t❤❡s❡ s✉❜❣r❛♣❤s Ti✬s t♦ ❛ s✐♥❣❧❡ ♥♦❞❡ ❛♥❞ ❜② ❞❡✜♥✐♥❣ m′

t♦ ❜❡ ℓ ♦♥ t❤❡ s❤r✉♥❦❡♥ ♥♦❞❡s ❛♥❞ t♦ ❜❡ m(v) ♦♥ ❡❛❝❤ ♥♦♥✲s❤r✉♥❦❡♥ ♥♦❞❡ v✱ ✇❡ ❣❡t t❤❡

s❤r✉♥❦❡♥ ❣r❛♣❤ G′ = (V ′, E ′)✳ ❲❡ ❝❧❛✐♠ t❤❡ ❢♦❧❧♦✇✐♥❣✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✳ G′ ✐s (m′, ℓ)✲t✐❣❤t✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ ❛♥② (m′, ℓ)✲t✐❣❤t s✉❜✲

❣r❛♣❤ ♦❢ G′ ✐s (m, ℓ)✲t✐❣❤t ❛♥❞ t❤❡ s❤r✉♥❦❡♥ ✐♠❛❣❡ ♦❢ ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ✐s

(m′, ℓ)✲t✐❣❤t✳

Pr♦♦❢✳ G′ ✐s (m′, ℓ)✲t✐❣❤t ❛s t❤❡ ♥✉♠❜❡r ♦❢ G′✲❡❞❣❡s ✐♥ X ′ ⊆ V ′ ❡q✉❛❧s t❤❡ ♥✉♠❜❡r ♦❢

G✲❡❞❣❡s ✐♥ ✐ts ♣r❡✲✐♠❛❣❡ X ✭t❤❛t ✐s✱ ❛t ♠♦st m̃(X)− ℓ✮ ♠✐♥✉s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ t❤❡

s❤r✉♥❦❡♥ ❝♦♠♣♦♥❡♥ts Ti✬s ♦❢ X ✭t❤❛t ✐s✱
∑

(m̃(V (Ti))− ℓ)✮✳

◆♦✇ ❧❡t T ′ ❜❡ ❛♥ (m′, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G′✱ t❤❛t ✐s✱

widetildem′(V (T ′)) = m̃(V (T ′)−S)+ℓ|V (T ′)∩S|−ℓ = |E(T ′)| ✇❤❡r❡ S ❞❡♥♦t❡s t❤❡ s❡t ♦❢

s❤r✉♥❦❡♥ ♥♦❞❡s ✐♥ V ′✳ ▲❡t T ❜❡ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ T ′✳ ❚❤❡♥ |E(T )| = |E(T ′)|+∑∗ |E(Ti)|
✇❤❡r❡ t❤❡ s✉♠ ✐s ♦♥ t❤❡ s❤r✉♥❦❡♥ ❝♦♠♣♦♥❡♥ts ✇✐t❤ ✐♠❛❣❡ ✐♥ V (T ′)✳ ❚❤❡r❡❢♦r❡✱ |E(T )| =
m̃(V (T ′) − S) + ℓ|V (T ′) ∩ S| − ℓ +

∑∗(m̃(V (Ti)) − ℓ) = m̃(V (T )) − ℓ✱ t❤❛t ✐s✱ T ✐s

(m, ℓ)✲t✐❣❤t❛s t❤❡ (m, ℓ)✲s♣❛rs✐t② ❢♦❧❧♦✇s ❜② t❤❡ (m, ℓ)✲s♣❛rs✐t② ♦❢ G✳

❋♦r t❤❡ ❧❛st st❛t❡♠❡♥t ❧❡t T ❜❡ ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G✳ ❆s ✐❢ ✇❡ t❛❦❡ t❤❡ ✉♥✐♦♥

♦❢ T ✇✐t❤ t❤❡ s❤r✉♥❦❡♥ Ti ❝♦♠♣♦♥❡♥ts ✇❤♦s❡ ♥♦❞❡ s❡t ✐s ✐♥t❡rs❡❝t❡❞ ❜② V (T )✱ ✇❡ ❣❡t

❛♥♦t❤❡r (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮ ❛♥❞ ❤❡♥❝❡ ✐ts s❤r✉♥❦❡♥ ✐♠❛❣❡✱

t❤❛t ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ s❤r✉♥❦❡♥ ✐♠❛❣❡ ♦❢ T ✱ ✐s (m′, ℓ)✲t✐❣❤ts✐♠✐❧❛r❧② ❛s G′✳

❚❤❡r❡❢♦r❡✱ ❛ ❝♦✈❡r✐♥❣ ♦❢ G ✇✐t❤ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ❣✐✈❡s ❛ ❝♦✈❡r✐♥❣ ♦❢ G′ ✇✐t❤

(m′, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s✳ ❍❡♥❝❡ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t❤❛t ✇❡ ♥❡❡❞ t♦ ♠❛❦❡

G (m, ℓ)✲r❡❞✉♥❞❛♥t ✐s ❛t ❧❡❛st t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t❤❛t ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ G′

(m′, ℓ)✲r❡❞✉♥❞❛♥t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t s❤♦✇s t❤❛t t❤❡s❡ t✇♦ ✈❛❧✉❡s ❛r❡ ❡q✉❛❧✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✷✳ ▲❡t F ′ ❞❡♥♦t❡ ❛♥ ❡❞❣❡ s❡t ♦❢ ♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ♦♥ V ′ ❢♦r ✇❤✐❝❤

G′ ∪ F ′ ✐s (m′, ℓ)✲r❡❞✉♥❞❛♥t✳ ▲❡t F ❜❡ ❛♥ ❛r❜✐tr❛r② ♣r❡✲✐♠❛❣❡ ♦❢ F ′ ✇✐t❤ t❤❡ s❛♠❡ ❝❛r✲

❞✐♥❛❧✐t②✱ t❤❛t ✐s✱ ✇❡ ❣❡t F ′ ❢♦r♠ F ❜② s❤r✐♥❦✐♥❣ t❤❡ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s ♦❢ r❡❞✉♥❞❛♥t

❡❞❣❡s ♦❢ G✳ ❚❤❡♥ R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳

Pr♦♦❢✳ ❚❤❡ s❤r✉♥❦❡♥ ✐♠❛❣❡ ♦❢ TG
(m,ℓ)(uv) ✐s ❛♥ (m′, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G′ t❤❛t s♣❛♥s

t❤❡ ✐♠❛❣❡ u′ ❛♥❞ v′ ♦❢ u ❛♥❞ v ❜♦t❤ ❜② Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✳ ❚❤✉s ✐t ✐s ❛ s✉❜❣r❛♣❤ ♦❢

TG′

(m′,ℓ)(u
′v′) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳ ❙✐♥❝❡ t❤❡ ✐♠❛❣❡ ♦❢ ❡❛❝❤ ♥♦♥✲(m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡ ♦❢

R ✐s ✐♥ G′ ❛♥❞ t❤❡ s✉❜❣r❛♣❤s {TG′

(m′,ℓ)(u
′v′) : u′v′ ∈ F ′} ❝♦✈❡r t❤❡ ❡❞❣❡ s❡t ♦❢ G′✱ t❤❡

s✉❜❣r❛♣❤s {TG
(m,ℓ)(uv) : uv ∈ F} ❝♦✈❡r ❡✈❡r② ♥♦♥✲(m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡ ♦❢ R✳ ❍❡♥❝❡

R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✼✾

❲❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥✲

❞❛♥t ❣r❛♣❤ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉❣♠❡♥t✐♥❣ ❛♥ (m′, ℓ)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m′, ℓ)✲r❡❞✉♥❞❛♥t

❣r❛♣❤ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❛s m′ ≥ ℓ ❤♦❧❞s ♦❜✈✐♦✉s❧②✳ ❲❡ ❤❛✈❡

❣♦t t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✸✳✸✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ❡❞❣❡s F ♦❢

♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛♥② ✐♥♣✉t ♦❢ m : V → Z+, ℓ ∈ Z+ ✇✐t❤ m ≥ ℓ ❛♥❞ ♦❢ ❛♥

(m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ R✱ s✉❝❤ t❤❛t R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳

❚❤❡ ❝❛s❡ ♦❢ ℓ < 0

◆♦✇✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ ℓ < 0✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ (m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡s ♦❢

G ❢♦r♠ ♦♥❡ (m, ℓ)✲t✐❣❤t ✐♥❞✉❝❡❞ s✉❜❣r❛♣❤ T ♦❢ G ❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✳ ❇② s❤r✐♥❦✐♥❣ T

t♦ ❛ s✐♥❣❧❡ ♥♦❞❡ ❛♥❞ ❜② ❞❡✜♥✐♥❣ m′ t♦ ❜❡ 0 ♦♥ t❤❡ s❤r✉♥❦❡♥ ♥♦❞❡ ❛♥❞ t♦ ❜❡ m(v) ♦♥

❡❛❝❤ ♥♦♥✲s❤r✉♥❦❡♥ ♥♦❞❡ v✱ ✇❡ ❣❡t t❤❡ s❤r✉♥❦❡♥ ❣r❛♣❤ G′ = (V ′, E ′)✳ ■❢ X ⊆ V ✐s ❞✐s❥♦✐♥t

❢r♦♠ V (T )✱ t❤❡♥ iG(X) ≤ m̃(X) s✐♥❝❡ iG(X) + m̃(V (T )) − ℓ = iG(X) + iG(V (T )) ≤
iG(X ∪ V (T )) ≤ m̃(X) + m̃(V (T )) − ℓ✳ ❍❡♥❝❡ ✐❢ X ⊆ V ′ ❞♦❡s ♥♦t ❝♦♥t❛✐♥ t❤❡ s❤r✉♥❦❡♥

♥♦❞❡✱ t❤❡♥ iG′(X) ≤ m̃′(X)✳ ▼♦r❡♦✈❡r✱ t❤❡ ♥✉♠❜❡r ♦❢ G′✲❡❞❣❡s ✐♥ X ′ ⊆ V ′ ❝♦♥t❛✐♥✐♥❣

t❤❡ s❤r✉♥❦❡♥ ♥♦❞❡ ❡q✉❛❧s t♦ t❤❡ ♥✉♠❜❡r ♦❢ G✲❡❞❣❡s ✐♥ ✐ts ♣r❡✲✐♠❛❣❡ X ✭t❤❛t ✐s ❛t ♠♦st

m̃(X) − ℓ✮ ♠✐♥✉s t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ T ✭t❤❛t ✐s m̃(V (T )) − ℓ✮✳ ❚❤❡r❡❢♦r❡✱ G′ ✐s

(m′, 0)✲t✐❣❤t✳ ▲✐❦❡ ✐♥ Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✶✱ t❤❡ ✐♠❛❣❡ ♦❢ ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G ✐s

(m′, 0)✲t✐❣❤t✭❛s ✐❢ ✇❡ t❛❦❡ ✐ts ✉♥✐♦♥ ✇✐t❤ t❤❡ T ✱ ✇❡ ❣❡t ❛♥♦t❤❡r (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G

❜② ▲❡♠♠❛ ✺✳✶✳✶✭❛✮✮✳ ▼♦r❡♦✈❡r✱ ❜② ❛ s✐♠✐❧❛r ❛r❣✉♠❡♥t✱ t❤❡ ✉♥✐♦♥ ♦❢ t❤❡ ♣r❡✲✐♠❛❣❡ ♦❢ ❛♥②

(m′, 0)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G′ ❛♥❞ T ✐s (m, ℓ)✲t✐❣❤t✳ ✭◆♦t❡ t❤❛t ❛♥ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢

G ♠✉st ✐♥t❡rs❡❝t T ✐♥ t❤✐s ❝❛s❡✳✮ ❚❤❡r❡❢♦r❡✱ ❛ ❝♦✈❡r✐♥❣ ♦❢ G ✇✐t❤ (m, ℓ)✲t✐❣❤t s✉❜❣r❛♣❤s

❣✐✈❡s ❛ ❝♦✈❡r✐♥❣ ♦❢ G′ ✇✐t❤ (m′, 0)✲t✐❣❤t s✉❜❣r❛♣❤s✳ ❍❡♥❝❡ t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s

t❤❛t ✇❡ ♥❡❡❞ t♦ ♠❛❦❡ G (m, ℓ)✲r❡❞✉♥❞❛♥t ✐s ❛t ❧❡❛st t❤❡ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s t❤❛t

✇❡ ♥❡❡❞ t♦ ♠❛❦❡ G′ (m′, 0)✲r❡❞✉♥❞❛♥t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t s❤♦✇s t❤❛t t❤❡s❡ t✇♦

♥✉♠❜❡rs ❛r❡ ❡q✉❛❧✳

Pr♦♣♦s✐t✐♦♥ ✺✳✸✳✹✳ ▲❡t F ′ ❞❡♥♦t❡ ❛♥ ❡❞❣❡ s❡t ♦❢ ♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ♦♥ V ′ ❢♦r ✇❤✐❝❤

G′ ∪ F ′ ✐s (m′, 0)✲r❡❞✉♥❞❛♥t✳ ▲❡t F ❜❡ ❛♥ ❛r❜✐tr❛r② ♣r❡✲✐♠❛❣❡ ♦❢ F ′ ✇✐t❤ t❤❡ s❛♠❡ ❝❛r❞✐✲

♥❛❧✐t②✱ t❤❛t ✐s✱ ✇❡ ❣❡t F ′ ❢♦r♠ F ❜② s❤r✐♥❦✐♥❣ T ✳ ❚❤❡♥ R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳

Pr♦♦❢✳ ❚❤❡ s❤r✉♥❦❡♥ ✐♠❛❣❡ ♦❢ TG
(m,ℓ)(uv) ✐s ❛♥ (m′, 0)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ G′ t❤❛t s♣❛♥s t❤❡

✐♠❛❣❡ u′ ❛♥❞ v′ ♦❢ u ❛♥❞ v ❜♦t❤✳ ❚❤✉s ✐t ✐s ❛ s✉❜❣r❛♣❤ ♦❢ TG′

(m′,0)(u
′v′) ❜② ▲❡♠♠❛ ✺✳✶✳✹✭❝✮✳

❙✐♥❝❡ t❤❡ ✐♠❛❣❡ ♦❢ ❡❛❝❤ ♥♦♥✲(m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡ ♦❢ R ✐s ✐♥ G′ ❛♥❞ t❤❡ s✉❜❣r❛♣❤s

{TG′

(m′,0)(u
′v′) : u′v′ ∈ F ′} ❝♦✈❡r t❤❡ ❡❞❣❡ s❡t ♦❢ G′✱ t❤❡ s✉❜❣r❛♣❤s {TG

(m,ℓ)(uv) : uv ∈ F}
❝♦✈❡r ❡✈❡r② ♥♦♥✲(m, ℓ)✲r❡❞✉♥❞❛♥t ❡❞❣❡ ♦❢ R✳ ❍❡♥❝❡ R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳



✽✵ ✺✳✹✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❲❡ ❤❛✈❡ r❡❞✉❝❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉❣♠❡♥t✐♥❣ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤ t♦ ❛♥ (m, ℓ)✲r❡❞✉♥✲

❞❛♥t ❣r❛♣❤ t♦ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉❣♠❡♥t✐♥❣ ❛♥ (m′, 0)✲t✐❣❤t ❣r❛♣❤ t♦ ❛♥ (m′, 0)✲r❡❞✉♥❞❛♥t

❣r❛♣❤ t❤❛t ✇❡ ❝❛♥ s♦❧✈❡ ✇✐t❤ ♦✉r ♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠ ❛s m′ ≥ 0 ❤♦❧❞s ♦❜✈✐♦✉s❧②✳ ❲❡ ❤❛✈❡

❣♦t t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✺✳✸✳✺✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ❡❞❣❡s F ♦❢

♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛♥② ✐♥♣✉t ♦❢ m : V → Z+, ℓ ∈ Z− ❛♥❞ ♦❢ ❛♥ (m, ℓ)✲r✐❣✐❞ ❣r❛♣❤

R✱ s✉❝❤ t❤❛t R ∪ F ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳

✺✳✹ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

✺✳✹✳✶ ❋✉rt❤❡r ❡①t❡♥s✐♦♥s

▲❡t G ❜❡ ❛ ❣r❛♣❤ s✉❝❤ t❤❛t cG ✐s (m, ℓ)✲t✐❣❤t ✭❢♦r s♦♠❡m ❛♥❞ ℓ ✇✐t❤ ✭✺✳✶✮✮✳ ❇② ▲❡♠♠❛

✺✳✶✳✺✱ R(i1j1, . . . , icjc) = T (i1j1)∪ · · · ∪T (icjc) ❤❡♥❝❡ R(ij, . . . , ij) = T (ij)∪ · · · ∪T (ij) =
T (ij)✳ ❚❤✉s ✐❢ ✇❡ ❣❡t G′ ❜② ❛❞❞✐♥❣ s♦♠❡ ❡❞❣❡s t♦ G ✇❡ ❣❡t t❤❡ s❛♠❡ (m, ℓ)✲r❡❞✉♥❞❛♥t

❡❞❣❡s ✐♥ cG′ ❛s ✐❢ ✇❡ ❛❞❞ ❥✉st ♦♥❡ ✭❛♥❞ ♥♦t c✮ ❝♦♣② ♦❢ t❤❡s❡ ❡❞❣❡s t♦ cG✳ ❍❡♥❝❡ ♦✉r

♣r❡✈✐♦✉s ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦r♦❧❧❛r✐❡s✳

❈♦r♦❧❧❛r② ✺✳✹✳✶✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ❡❞❣❡s F ♦❢

♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛♥② ✐♥♣✉t ♦❢ m : V → Z+, ℓ ∈ Z, c ∈ Z+ ✇✐t❤ ✭✺✳✶✮ ❛♥❞ ♦❢ ❛

❣r❛♣❤ G ❢♦r ✇❤✐❝❤ cG ✐s (m, ℓ)✲t✐❣❤t✱ s✉❝❤ t❤❛t c(G+ F ) ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳ ▼♦r❡♦✈❡r✱

cG+ F ✐s ❛❧s♦ (m, ℓ)✲r❡❞✉♥❞❛♥t✳

❈♦r♦❧❧❛r② ✺✳✹✳✷✳ ❚❤❡r❡ ✐s ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ♦❜t❛✐♥ ❛ s❡t ♦❢ ❡❞❣❡s F ♦❢

♠✐♥✐♠✉♠ ❝❛r❞✐♥❛❧✐t② ❢♦r ❛♥② ✐♥♣✉t ♦❢ m : V → Z+, ℓ ∈ Z, c ∈ Z+ ✇✐t❤ m ≥ ℓ ❛♥❞ ♦❢ ❛

❣r❛♣❤ G ❢♦r ✇❤✐❝❤ cG ✐s (m, ℓ)✲r✐❣✐❞✱ c(G+F ) ✐s (m, ℓ)✲r❡❞✉♥❞❛♥t✳ ▼♦r❡♦✈❡r✱ cG+F ✐s

❛❧s♦ (m, ℓ)✲r❡❞✉♥❞❛♥t✳

❆♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡s❡ ❛❧❣♦r✐t❤♠s ✇✐❧❧ ❜❡ s❤♦✇♥ ✐♥ ❈❤❛♣t❡r ✼✳

✺✳✹✳✷ ❆♥ ◆P✲❤❛r❞♥❡ss r❡s✉❧t

❋✐♥❛❧❧②✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ✐♥ t❤❡ ❝❛s❡ ✇❤❡r❡ k ✐s ❡✈❡♥ ❛♥❞

ℓ = 3
2
k✳

❚❤❡♦r❡♠ ✺✳✹✳✸✳ ▲❡t k ❜❡ ❛ ✜①❡❞ ♣♦s✐t✐✈❡ ❡✈❡♥ ♥✉♠❜❡r✳ ❚❤❡♥ t❤❡ ❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❢♦r

(k, 3
2
k)✲r✐❣✐❞ ❣r❛♣❤s ❝❛♥♥♦t ❜❡ s♦❧✈❡❞ ✇✐t❤ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ✉♥❧❡ss P❂◆P✳

Pr♦♦❢✳ ●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ❬✹✹❪ ♣r♦✈❡❞ t❤❡ st❛t❡♠❡♥t ♦❢ t❤✐s t❤❡♦r❡♠ ❢♦r k = 2✳ ◆♦✇ ❧❡t

k ≥ 4✳ ❋♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ ❧❡t ✉s ❛ss✉♠❡ t❤❛t ✇❡ ❤❛✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ A ❢♦r t❤❡

❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❢♦r (k, 3
2
k)✲r✐❣✐❞ ❣r❛♣❤s✳ ❲❡ ✇✐❧❧ s❤♦✇ t❤❛t A ❝❛♥ ❜❡ ✉s❡❞ t♦ s♦❧✈❡ t❤❡



❈❤❛♣t❡r ✺✿ ❍♦✇ t♦ ❛✉❣♠❡♥t r✐❣✐❞✐t② ✽✶

❣❡♥❡r❛❧ ♣r♦❜❧❡♠ ❢♦r (2, 3)✲r✐❣✐❞ ❣r❛♣❤s✱ ❝♦♥tr❛❞✐❝t✐♥❣ ❬✹✹❪✳ ❚♦ t❤✐s ❡♥❞✱ ❧❡t G = (V,E) ❜❡

❛ (2, 3)✲r✐❣✐❞ ❣r❛♣❤✳ ■t ✐s ❡❛s② t♦ ❝❤❡❝❦ t❤❛t k
2
G ✐s (k, 3

2
k)✲r✐❣✐❞✳ ▲❡t F ❜❡ ❛ s❡t ♦❢ ♥❡✇

❡❞❣❡s t❤❛t A r❡t✉r♥s ♦♥ t❤❡ ✐♥♣✉t ❣r❛♣❤ k
2
G✳ ❇② ✉s✐♥❣ ▲❡♠♠❛ ✺✳✶✳✺ ❢♦r ❛♥ ❛r❜✐tr❛r②

(k, 3
2
k)✲t✐❣❤t s✉❜❣r❛♣❤ ♦❢ k

2
G✱ ✇❡ ❣❡t t❤❛t F ❞♦❡s ♥♦t ✐♥❝❧✉❞❡ ♣❛r❛❧❧❡❧ ❡❞❣❡s✳ ❲❡ ✇✐❧❧ s❤♦✇

t❤❛t G∗ = G + F ✐s (2, 3)✲r❡❞✉♥❞❛♥t ❛♥❞ t❤❡r❡ ✐s ♥♦ s♠❛❧❧❡r s❡t ♦❢ ♥❡✇ ❡❞❣❡s ✇✐t❤ t❤✐s

♣r♦♣❡rt②✳

▲❡t G′ = (V,E ′) ❜❡ ❛ (2, 3)✲t✐❣❤t s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤ ♦❢ G✳ ❚❤❡♥ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t
k
2
G′ ✐s (k, 3

2
k)✲t✐❣❤t✳ ▲❡t e ∈ E ′ ❜❡ ❛♥ ❛r❜✐tr❛r② ❡❞❣❡✳ ❆s k

2
G + F ✐s (k, 3

2
k)✲r❡❞✉♥❞❛♥t✱

t❤❡r❡ ✐s ❛♥ ❡❞❣❡ f ∈ k
2
(E − E ′) ∪ F s✉❝❤ t❤❛t t❤❡ ❣r❛♣❤ k

2
G′ − e+ f ✐s (k, 3

2
k)✲t✐❣❤t✳ ❲❡

s❤♦✇ t❤❛t k
2
(G′− e+ f) ✐s ❛❧s♦ (k, 3

2
k)✲t✐❣❤t ❛♥❞ ❤❡♥❝❡ G′− e+ f ✐s (2, 3)✲t✐❣❤t✳ ❚♦ ♣r♦✈❡

t❤❡ (k, 3
2
k)✲s♣❛rs✐t②✱ ✐t ✐s ❡♥♦✉❣❤ t♦ ♣r♦✈❡ ✐t ♦♥ ❡✈❡r② X ⊆ V ❢♦r ✇❤✐❝❤ f ✐s ✐♥❞✉❝❡❞ ❜② X

❛s i k
2
(G′−e+f)(X) = i k

2
(G′−e)(X) ≤ k|X| − 3

2
k ✇❤❡♥❡✈❡r X ❞♦❡s ♥♦t ✐♥❞✉❝❡ f ❛♥❞ |X| ≥ 2✳

❙✐♥❝❡ t❤❡ ❣r❛♣❤ k
2
G′ − e+ f ✐s (k, 3

2
k)✲s♣❛rs❡✱ 0 < k|X| − 3

2
k − i k

2
G′−e(X) ≤ k|X| − 3

2
k −

i k
2
(G′−e)(X)✳ ❇② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ k

2
(G′−e)✱ k

2

∣∣∣i k
2
(G′−e)(X) ❛♥❞ t❤✉s k

2

∣∣∣k|X|−3
2
k−i k

2
(G′−e)(X)

❢♦r ❡✈❡r② X ⊆ V ✳ ❆s k
2

∣∣∣k|X|− 3
2
k−i k

2
(G′−e)(X) > 0✱ k|X|− 3

2
k−i k

2
(G′−e)(X) ≥ k

2
❛♥❞ ❤❡♥❝❡

i k
2
(G′−e)(X) + k

2
≤ k|X| − 3

2
k ❢♦r ❡✈❡r② X ⊆ V ❢♦r ✇❤✐❝❤ f ✐s ✐♥❞✉❝❡❞ ✐♥ X✳ ❚❤❡r❡❢♦r❡✱

k
2
(G′−e+f) ✐s ❛❧s♦ (k, 3

2
k)✲s♣❛rs❡✳ ❚❤✉s✱ ❜② ❝♦✉♥t✐♥❣ t❤❡ ❡❞❣❡s✱ ✇❡ ❣❡t t❤❛t k

2
(G′−e+f)

✐s (k, 3
2
k)✲t✐❣❤t ❛♥❞ ❤❡♥❝❡ G′ − e+ f ✐s (2, 3)✲t✐❣❤t✳ ❚❤❡r❡❢♦r❡✱ G∗ ✐s (2, 3)✲r❡❞✉♥❞❛♥t ❛s e

✇❛s ❛r❜✐tr❛r✐❧② ❝❤♦s❡♥✳

❋✐♥❛❧❧②✱ ❛ss✉♠❡ t❤❛t G∗∗ = G+F ′ ✐s (2, 3)✲r❡❞✉♥❞❛♥t ❢♦r ❛ s❡t ♦❢ ♥❡✇ ❡❞❣❡s F ′✳ ❚❤❡♥

✐t ❢♦❧❧♦✇s ❡❛s✐❧② t❤❛t k
2
G∗∗ ✐s (k, 3

2
k)✲r❡❞✉♥❞❛♥t✳ ❇② ▲❡♠♠❛ ✺✳✶✳✺✱ ✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡ t❤❛t

k
2
G+ F ′ ✐s ❛❧s♦ (k, 3

2
k)✲r❡❞✉♥❞❛♥t✱ ❛♥❞ ✇❡ ❣❡t |F | ≤ |F ′| ❜② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ |F |✳





❈❤❛♣t❡r ✻

◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧②

r✐❣✐❞ ❣r❛♣❤s

❚❤❡♦r❡♠ ✶✳✷✳✷ ❣✐✈❡s ❛ ❢♦r♠✉❧❛ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❣r❛♣❤s✳ ❆s

t❤❡ ❡❞❣❡ s❡t ♦❢ ❛ ♠✐♥✐♠❛❧❧② [1, d]✲r✐❣✐❞ ❣r❛♣❤ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❜❛s❡ ♦❢ t❤❡ d✲❞✐♠❡♥s✐♦♥❛❧

r✐❣✐❞✐t② ♠❛tr♦✐❞ ♦❢ t❤❡ ❣r❛♣❤✱ ✐t ✐s ♥♦t s✉r♣r✐s✐♥❣ t❤❛t t❤❡ ❡❞❣❡ s❡ts ♦❢ ♠✐♥✐♠❛❧❧② [1, d]✲r✐❣✐❞

❣r❛♣❤s ♦♥ t❤❡ s❛♠❡ ♥♦❞❡ s❡t ❤❛✈❡ t❤❡ s❛♠❡ ❝❛r❞✐♥❛❧✐t②✳ ❍♦✇❡✈❡r✱ ❛s ✇❡ ✇✐❧❧ s❡❡ ❧❛t❡r✱

t❤✐s ✐s ♥♦t tr✉❡ ❢♦r [k, d]✲r✐❣✐❞ ❣r❛♣❤s ✇❤❡♥ k ≥ 2✱ t❤❡r❡ ❛r❡ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s

❢♦r ❛❧❧ k ≥ 2 ❛♥❞ d ≥ 1 ✇✐t❤ ❞✐✛❡r❡♥t ❡❞❣❡ ♥✉♠❜❡rs✱ t❤❛t ✐s✱ t❤❡ s❡t ♦❢ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞ ❣r❛♣❤s ✐s ♥♦t ❡♠♣t② ❢♦r ❛♥② d ✐❢ k ≥ 2✳

❚♦ s❡❡ ❛ s✐♠♣❧❡ ❡①❛♠♣❧❡✱ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ d = 1✳ ■t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t G ✐s

r✐❣✐❞ ✐♥ R1 ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ✐s ❝♦♥♥❡❝t❡❞✳ ❍❡♥❝❡ G ✐s ♠✐♥✐♠❛❧❧② [k, 1]✲r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

✐t ✐s ♠✐♥✐♠❛❧❧② k✲❝♦♥♥❡❝t❡❞✳ ■t ✐s ❡❛s② t♦ ❝♦♥str✉❝t ♠✐♥✐♠❛❧❧② k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ✇✐t❤

❞✐✛❡r❡♥t ❡❞❣❡✲♥✉♠❜❡rs✱ ❢♦r ❡①❛♠♣❧❡✱ t❤❡ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ Kn−k,k ✐s ♠✐♥✐♠❛❧❧② k✲

❝♦♥♥❡❝t❡❞ ✇✐t❤ k(n− k) ❡❞❣❡s ❛♥❞ t❤❡r❡ ❡①✐st ✭❛❧♠♦st✮ k✲r❡❣✉❧❛r ♠✐♥✐♠❛❧❧② k✲❝♦♥♥❡❝t❡❞

❣r❛♣❤s ✇✐t❤ ⌈kn/2⌉ ❡❞❣❡s✳
■t ✇❛s s❤♦✇♥ ❜② ❇✳ ❙❡r✈❛t✐✉s ❬✾✹❪ t❤❛t t❤❡ s♠❛❧❧❡st ♣♦ss✐❜❧❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ❛

[2, 2]✲r✐❣✐❞ ❣r❛♣❤ ✐s 2|V |− 1 ❛♥❞ t❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳ ▲❛t❡r✱ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ✇❡r❡

♣r♦✈✐❞❡❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❢♦r d = 2 ❛♥❞ 3 ❜② ❆♥❞❡rs♦♥

❡t ❛❧✳ ✐♥ ❬✽✵✱ ✽✷✱ ✾✻✱ ✾✼❪✮✳ ■♥ ❬✽✶❪✱ ▼♦♥t❡✈❛❧❧✐❛♥✱ ❨✉ ❛♥❞ ❆♥❞❡rs♦♥ ❣❛✈❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r

t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, 2]✲r✐❣✐❞ ❣r❛♣❤s✳ ❲❡ s✉♠♠❛r✐③❡ t❤❡s❡ r❡s✉❧ts ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠✳

❚❤❡♦r❡♠ ✻✳✵✳✶✳ ▲❡t G = (V,E) ❜❡ ❛ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥ t❤❡r❡ ❛r❡ s♦♠❡

❝♦♥st❛♥ts Nk,d ❛♥❞ ck,d ❢♦r k, d ∈ Z+ s✉❝❤ t❤❛t

✭✐✮ |E| ≥ 2|V | − 1 ✐❢ k = d = 2 ❛♥❞ |V | ≥ N2,2✳ ❚❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳

✭✐✐✮ |E| ≥ 2|V |+ 2 ✐❢ k = 3✱ d = 2 |V | ≥ N3,2✳ ❚❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳



✽✹ ✻✳✶✳ ❚❤❡ ❡❢❢❡❝t ♦❢ ❝♦♥✐♥❣ ♦♥ ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s

✭✐✐✐✮ |E| ≥
⌈
k+1
2
|V |

⌉
✐❢ k ✐s ❛r❜✐tr❛r②✱ d = 2 ❛♥❞ |V | ≥ Nk,2✳

✭✐✈✮ |E| ≤ ck,d
(
k+d
2

)
n ✐❢ k ✐s ❛r❜✐tr❛r② ❛♥❞ d = 2 ♦r ✸✳

■❢ ❛ ❣r❛♣❤ G′ = (V ′, E ′) ✐s ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, 2]✲r✐❣✐❞✱ t❤❡♥ t❤❡r❡ ✐s ❛ ❝♦♥st❛♥t N ′
k s✉❝❤

t❤❛t

✭✈✮ |E ′| ≥
⌈
k+2
2
|V |

⌉
✐❢ k ✐s ❛r❜✐tr❛r② ❛♥❞ |V | ≥ N ′

k✳ ❚❤✐s ❜♦✉♥❞ ✐s s❤❛r♣ ✇❤❡♥ k = 2 ♦r

3✳

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ ♣r❡s❡♥t ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ♠✐♥✐✲

♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ❖✉r ❧♦✇❡r ❜♦✉♥❞ ✐s s❤❛r♣ ❢♦r k = 2 ❢♦r ❛❧❧ d ❛♥❞ ❢♦r k = 3, d ≤ 3

❛♥❞ ♦✉r ✉♣♣❡r ❜♦✉♥❞ ✐s s❤❛r♣ ❢♦r ❡✈❡r② ♣❛✐r [k, d]✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ✇❡❛❦❧② ♠✐♥✐✲

♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❡①✐st ❢♦r ❡✈❡r② ♣❛✐r [k, d]✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❥♦✐♥t ✇✐t❤ ❱✐❦tór✐❛

❊✳ ❑❛s③❛♥✐t③❦② ❬✻✺❪✳

■♥ ❬✻✺❪✱ ✇❡ ♥♦t❡❞ t❤❛t ♦✉r ♣r♦♦❢s ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ♦❜t❛✐♥ s✐♠✐❧❛r r❡s✉❧ts ❢♦r ❣❧♦❜❛❧❧②

r✐❣✐❞ ❣r❛♣❤s✳ ■t ✐s ❡❛s② t♦ ❞❡❞✉❝❡ ❢r♦♠ ❚❤❡♦r❡♠s ✶✳✷✳✷ ❛♥❞ ✶✳✷✳✹ t❤❛t ❛ ❣❧♦❜❛❧❧② r✐❣✐❞

❣r❛♣❤ ✐♥ Rd ❤❛s ❛t ❧❡❛st d|V | −
(
d+1
2

)
+ 1 ❡❞❣❡s ✐❢ |V | ≥ d + 2✳ ▼♦r❡♦✈❡r✱ Cn ✐s ❛ s❤❛r♣

❡①❛♠♣❧❡ ❢♦r t❤✐s r❡s✉❧t ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❤❡♥❝❡ Cn ∗ v1 ∗ · · · ∗ vd−1 ✐s ❛ s❤❛r♣ ❡①❛♠♣❧❡ ❢♦r Rd

❜② ❚❤❡♦r❡♠ ✶✳✷✳✷✶✳ ❍♦✇❡✈❡r✱ ♥♦ ✉♣♣❡r ❜♦✉♥❞ ✐s ❦♥♦✇ ♥♦t ❡✈❡♥ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢

♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [1, 2]✲r✐❣✐❞ ❣r❛♣❤s✳ ✭❆❣❛✐♥✱ t❤❡ ❝❛s❡ ♦❢ R1 ✐s s✐♠♣❧❡ ❛s ❣❧♦❜❛❧❧② k✲r✐❣✐❞

❣r❛♣❤s ♦♥ t❤❡ ❧✐♥❡ ❛r❡ t❤❡ k + 1✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s✳✮ ❆s ❛♥ ❡①t❡♥s✐♦♥ ♦❢ t❤❡s❡ r❡s✉❧ts✱ ✇❡

❛❧s♦ ❣✐✈❡ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ s❤♦✇ ❤♦✇ ❝♦♥✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ ✐♥ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥ ♦❢ [k, d]✲r✐❣✐❞

❛♥❞ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ❚❤✐s ✐s ♦✉r ♠❛✐♥ ♥❡✇ ♣r♦♦❢ t❡❝❤♥✐q✉❡ t❤❛t ✇✐❧❧ ❜❡ ✉s❡❞

✐♥ ❙❡❝t✐♦♥ ✻✳✸✱ t♦ ❣✐✈❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞

❣r❛♣❤s✱ ❛♥❞ ✐♥ ❙❡❝t✐♦♥ ✻✳✺ t♦ ❝♦♥str✉❝t ❡①❛♠♣❧❡s ❢♦r ✭✇❡❛❦❧②✮ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❛♥❞

❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ■♥ ❙❡❝t✐♦♥ ✻✳✷✱ ✇❡ ❣✐✈❡ ♦✉r ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r

♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ❲❡ s❤♦✇ t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡s❡

❜♦✉♥❞s ✐♥ s♦♠❡ ❝❛s❡s ✐♥ ❙❡❝t✐♦♥ ✻✳✹✳

✻✳✶ ❚❤❡ ❡✛❡❝t ♦❢ ❝♦♥✐♥❣ ♦♥ ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s

❋✐rst✱ ✇❡ ♣r♦✈❡ s♦♠❡ ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡s ♦❢ ❚❤❡♦r❡♠s ✶✳✷✳✷✵ ❛♥❞ ✶✳✷✳✷✶ t❤❛t ✇✐❧❧

❜❡ ✉s❡❢✉❧ t❤r♦✉❣❤♦✉t t❤✐s ❝❤❛♣t❡r✳

▲❡♠♠❛ ✻✳✶✳✶✳ ▲❡t e ∈ E ❜❡ ❛♥ ▼✲❜r✐❞❣❡ ✐♥ Rd(G)✳ ❚❤❡♥ e ✐s ❛ ▼✲❜r✐❞❣❡ ✐♥ Rd+1(G∗v)✳

Pr♦♦❢✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t G ✐s r✐❣✐❞ ✐♥ Rd✳ ✭■❢ ✐t ✐s ♥♦t r✐❣✐❞ t❤❡♥ ✇❡ ❛❞❞ ❛ ♠✐♥✐♠✉♠

s❡t ♦❢ ❡❞❣❡s t❤❛t ♠❛❦❡s ✐t r✐❣✐❞ ❛♥❞ s♦ e ✐s st✐❧❧ ❛ ❜r✐❞❣❡✳✮ ❚❤❡♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✷✵ G ∗ v
✐s r✐❣✐❞ ✐s Rd+1 ❜✉t (G− e) ∗ v = (G ∗ v)− e ✐s ♥♦t✳ ❍❡♥❝❡ e ✐s ❛ ❜r✐❞❣❡ ✐♥ Rd+1(G ∗ v) ❛s
✇❡ ❝❧❛✐♠❡❞✳



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✽✺

❲❡ r❡♠❛r❦ t❤❛t ❚❤❡♦r❡♠ ✶✳✷✳✷✵ ✭❚❤❡♦r❡♠ ✶✳✷✳✷✶✱ r❡s♣❡❝t✐✈❡❧②✮ ❝❛♥♥♦t ❜❡ ❣❡♥❡r❛❧✐③❡❞

t♦ ✭❣❧♦❜❛❧❧②✮ k✲r✐❣✐❞ ❣r❛♣❤s✳ ❚❤❛t ✐s✱ ✐❢ G ✐s ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❢♦r s♦♠❡ k ≥ 2✱ t❤❡♥

G∗v ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ✭❣❧♦❜❛❧❧②✮ [k, d+1]✲r✐❣✐❞✳ ❋♦r ❡①❛♠♣❧❡✱ Cn ✐s [2, 1]✲r✐❣✐❞✱ ❜✉t Cn ∗v
✭✇❤✐❝❤ ✐s t❤❡ ✇❤❡❡❧ ❣r❛♣❤ ✇✐t❤ n + 1 ♥♦❞❡s✮ ✐s ♥♦t [2, 2]✲r✐❣✐❞✳ ❍♦✇❡✈❡r✱ t❤❡ ❢♦❧❧♦✇✐♥❣

r❡s✉❧ts s❤♦✇ t❤❛t ❝♦♥✐♥❣ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝♦♥str✉❝t ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

▲❡♠♠❛ ✻✳✶✳✷✳ ▲❡t G ❜❡ ❛ [k, d+ 1]✲r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥ G ✐s [k + 1, d]✲r✐❣✐❞✳

▲❡♠♠❛ ✻✳✶✳✸✳ ▲❡t k ≥ 2 ❛♥❞ d ≥ 1 ❜❡ ✐♥t❡❣❡rs ❛♥❞ ❧❡t G = (V,E) ❜❡ ❛ [k − 1, d]✲r✐❣✐❞

❣r❛♣❤✳ ❚❤❡♥ G ∗ v ✐s [k, d]✲r✐❣✐❞✳

❲❡ s❦✐♣ t❤❡ ♣r♦♦❢s ♦❢ ▲❡♠♠❛t❛ ✻✳✶✳✷ ❛♥❞ ✻✳✶✳✸ ✭t❤❡② ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✻✺❪✮ ❛s ✇❡ ❣✐✈❡

s✐♠✐❧❛r ♣r♦♦❢s ❢♦r t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♦♥ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

▲❡♠♠❛ ✻✳✶✳✹✳ ▲❡t G ❜❡ ❛ ❣❧♦❜❛❧❧② [k, d+1]✲r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥ G ✐s ❣❧♦❜❛❧❧② [k+1, d]✲r✐❣✐❞✳

Pr♦♦❢✳ ▲❡t G′ ❜❡ ❛ ❣❧♦❜❛❧❧② [1, d+1]✲r✐❣✐❞ ❣r❛♣❤ t❤❛t ✇❡ ♦❜t❛✐♥ ❢r♦♠ G ❜② ❞❡❧❡t✐♥❣ k− 1

❛r❜✐tr❛r② ♥♦❞❡s✳ ❙✉♣♣♦s❡✱ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t t❤❡r❡ ✐s ❛ ♥♦❞❡ u ∈ V (G′) s✉❝❤ t❤❛t

G′ − u ✐s ♥♦t ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞✳ ❚❤❡♥ (G′ − u) ∗ u ✐s ♥♦t ❣❧♦❜❛❧❧② [1, d + 1]✲r✐❣✐❞ ❜②

❚❤❡♦r❡♠ ✶✳✷✳✷✶ ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts t❤❡ ❣❧♦❜❛❧ [1, d+ 1]✲r✐❣✐❞✐t② ♦❢ G′ ⊆ (G′ − u) ∗ u✳

▲❡♠♠❛ ✻✳✶✳✺✳ ▲❡t k ≥ 2 ❛♥❞ d ≥ 1 ❜❡ ✐♥t❡❣❡rs ❛♥❞ ❧❡t G = (V,E) ❜❡ ❛ ❣❧♦❜❛❧❧② [k−1, d]✲

r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥ G ∗ v ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞✳

Pr♦♦❢✳ ❲❡ ♥❡❡❞ t♦ s❤♦✇ t❤❛t✱ ❛❢t❡r ❞❡❧❡t✐♥❣ k − 1 ♥♦❞❡s✱ G ∗ v r❡♠❛✐♥s ❣❧♦❜❛❧❧② [1, d]✲

r✐❣✐❞✳ ■❢ v ✐s ♦♠✐tt❡❞✱ t❤❡♥ ✇❡ ❛r❡ ❞♦♥❡ ❜② t❤❡ ❣❧♦❜❛❧ [k − 1, d]✲r✐❣✐❞✐t② ♦❢ G✳ ❖t❤❡r✇✐s❡✱

❧❡t u1, ..., uk−1 ❜❡ t❤❡ ♦♠✐tt❡❞ ♥♦❞❡s✳ G − {u1, ..., uk−2} ✐s ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞ ❛♥❞ v

✐s ❝♦♥♥❡❝t❡❞ t♦ ❡✈❡r② ♥❡✐❣❤❜♦r ♦❢ vk−1✳ ❍❡♥❝❡ (G ∗ v) − {u1, ..., uk−1} ❤❛s ❛ s✉❜❣r❛♣❤

✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞ ❣r❛♣❤ G− {u1, ..., uk−2} s❤♦✇✐♥❣ t❤❛t ✐t ✐s ❣❧♦❜❛❧❧②

[1, d]✲r✐❣✐❞✳

✻✳✷ ▲♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ✭❣❧♦❜❛❧❧②✮

[k, d]✲r✐❣✐❞ ❣r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r❡s❡♥t s❡✈❡r❛❧ ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ [k, d]✲r✐❣✐❞

❛♥❞ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❢♦r ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs k ❛♥❞ d✳ ❚❤❡♦r❡♠ ✻✳✵✳✶

✭✐✮✲✭✐✐✐✮ ❛♥❞ ✭✈✮ s✉♠♠❛r✐③❡s t❤❡ ❧♦✇❡r ❜♦✉♥❞s t❤❛t ✇❡r❡ ❦♥♦✇♥ ❡❛r❧✐❡r✳ ❆❣❛✐♥✱ ✇❡ ♦♥❧②

♣r♦✈❡ t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ✈❡rs✐♦♥s ♦❢ t❤❡s❡ r❡s✉❧ts✳ ✭❋♦r t❤❡ ♦♠✐tt❡❞ ♣r♦♦❢s ✇❡ r❡❢❡r t♦

❬✻✺❪✳✮ ❋✐rst ✇❡ ❡①t❡♥❞ ✭✐✮ ❛♥❞ ✭✐✐✮ t♦ ❡✈❡r② ❞✐♠❡♥s✐♦♥ d✳



✽✻ ✻✳✷✳ ▲♦✇❡r ❜♦✉♥❞s

❚❤❡♦r❡♠ ✻✳✷✳✶✳ ■❢ ❛ ❣r❛♣❤ G = (V,E) ✐s [k, d]✲r✐❣✐❞ ✇✐t❤ |V | ≥ d2 + d+ k t❤❡♥

|E| ≥ d|V | −
(
d+ 1

2

)
+ (k − 1)d+max

{
0,

⌈
k − 1− d+ 1

2

⌉}
. ✭✻✳✶✮

◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ✭✻✳✶✮ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❜♦✉♥❞s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✵✳✶

✭✐✮✲✭✐✐✮ ❢♦r [k, d] = [2, 2], [3, 2]✱ ❛♥❞ ❤❡♥❝❡ ✐t ✐s s❤❛r♣ ❢♦r t❤❡s❡ ✈❛❧✉❡s ♦❢ k ❛♥❞ d✳ ■♥ ❙❡❝t✐♦♥

✻✳✹✱ ✇❡ s❤♦✇ t❤❛t t❤✐s ❧♦✇❡r ❜♦✉♥❞ ✐s ❛❧s♦ s❤❛r♣ ❢♦r [k, d] = [2, d] ✇❤❡r❡ d ✐s ❛r❜✐tr❛r②✱

❛♥❞ ❢♦r [k, d] = [3, 3]✳

❚❤❡♦r❡♠ ✻✳✷✳✷✳ ■❢ ❛ ❣r❛♣❤ G = (V,E) ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ✇✐t❤ |V | ≥ d2 + d + k + 1

t❤❡♥

|E| ≥ d|V | −
(
d+ 1

2

)
+ (k − 1)d+ 1 +max

{
0,

⌈
k − 1− d+ 1

2
+

1

d

⌉}
. ✭✻✳✷✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ t❤✐s t❤❡♦r❡♠ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ k✳ ❋♦r k = 1✱ ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ✐♥tr♦✲

❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r t❤❛t t❤❡ t❤❡♦r❡♠ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠s ✶✳✷✳✷ ❛♥❞ ✶✳✷✳✹✳

◆♦✇✱ ❧❡t G = (V,E) ❜❡ ❛ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ❢♦r k ≥ 2 ✇✐t❤ |V | ≥ d2+d+k+1

❛♥❞ ❛ss✉♠❡ t❤❛t t❤❡ t❤❡♦r❡♠ ✐s tr✉❡ ❢♦r k − 1✳ ▲❡t v ∈ V ❜❡ ❛ ♥♦❞❡ ♦❢ ♠❛①✐♠✉♠ ❞❡❣r❡❡

✐♥ G✳ ❆s G− v ✐s ❣❧♦❜❛❧❧② [k − 1, d]✲r✐❣✐❞ ✇✐t❤ ❛t ❧❡❛st d2 + d+ k − 1 ♥♦❞❡s✱

|E(G− v)| ≥ d(|V | − 1)−
(
d+ 1

2

)
+ (k− 2)d+ 1+max

{
0,

⌈
k − 2− d+ 1

2
+

1

d

⌉}

❜② ✐♥❞✉❝t✐♦♥✳ ❯s✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t②✱ ✇❡ ❤❛✈❡

|E| ≥ d(|V | − 1)−
(
d+ 1

2

)
+ (k − 2)d+ 1 +max

{
0,

⌈
k − 2− d+ 1

2
+

1

d

⌉}
+∆(G)

= d|V | −
(
d+ 1

2

)
+ (k − 1)d+ 1 +max

{
0,

⌈
k − 2− d+ 1

2
+

1

d

⌉}
+ (∆(G)− 2d)

✇❤❡r❡ ∆(G) ❞❡♥♦t❡s t❤❡ ♠❛①✐♠✉♠ ❞❡❣r❡❡ ✐♥ G✳ ❍❡r❡✱ max
{
0,
⌈
k − 2− d+1

2
+ 1

d

⌉}
= 0 =

max
{
0,
⌈
k − 1− d+1

2
+ 1

d

⌉}
✐❢ k − 1 + 1

d
≤ d+1

2
❀ ❛♥❞ max

{
0,
⌈
k − 2− d+1

2
+ 1

d

⌉}
+ 1 =⌈

k − 2− d+1
2

+ 1
d

⌉
+ 1 =

⌈
k − 1− d+1

2
+ 1

d

⌉
= max

{
0,
⌈
k − 1− d+1

2
+ 1

d

⌉}
✐❢ k − 1 + 1

d
>

d+1
2
✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ♥❡❡❞ t♦ ♣r♦✈❡ t❤❛t ∆(G) ≥ 2d ❢♦r ❛❧❧ k ❛♥❞ ∆(G) ≥ 2d+ 1 ❛❧s♦ ❤♦❧❞s

✐❢ k − 1 + 1
d
> d+1

2
✳

❚♦ ♣r♦✈❡ t❤❛t ∆(G) ≥ 2d ❢♦r ❛❧❧ k✱ ❧❡t ✉s ♦❜s❡r✈❡ t❤❛t ✐❢ ❛ ❣r❛♣❤ H = (V ′, E ′) ✐s [1, d]✲

r✐❣✐❞ ✇✐t❤ |V ′| ≥ d2 + d + 2 t❤❡♥ ∆(H) ≥ 2d✳ ✭❚♦ s❡❡ t❤✐s s✉♣♣♦s❡ t❤❛t ∆(H) ≤ 2d− 1✳

❚❤❡♥ |E ′| ≤ |V ′|d − |V ′|
2

< |V ′|d −
(
d+1
2

)
✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ❚❤❡♦r❡♠ ✶✳✷✳✷✳✮ ❙✐♥❝❡ ❛

❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ✐s ❛❧s♦ [1, d]✲r✐❣✐❞ ❛♥❞ ✇❡ ❤❛✈❡ |V | ≥ d2 + d+ k+1✱ ✇❡ ❣❡t t❤❛t

∆(G) ≥ 2d✳ ❇✉t t❤❡♥

|E| ≥ d|V | −
(
d+ 1

2

)
+ (k − 1)d+max

{
0,

⌈
k − 2− d+ 1

2
+

1

d

⌉}



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✽✼

❛♥❞ ❤❡♥❝❡ |E| > d|V | ✐❢ k−1+ 1
d
> d+1

2
✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t ∆(G) ≥ 2d+1 ✐❢ k−1+ 1

d
> d+1

2

❛s ✇❡ ✇❛♥t❡❞✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ t❤❡♦r❡♠ ❣✐✈❡s ❛ ❜❡tt❡r ❧♦✇❡r ❜♦✉♥❞ ✐❢ k ✐s ❧❛r❣❡ ❝♦♠♣❛r❡❞ t♦ d✳ ❚❤✐s

r❡s✉❧t ❡①t❡♥❞s ❚❤❡♦r❡♠ ✻✳✵✳✶ ✭✐✐✐✮ ❢♦r ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

❚❤❡♦r❡♠ ✻✳✷✳✸✳ ▲❡t k ≥ d+2 ❛♥❞ ❧❡t G = (V,E) ❜❡ ❛ [k, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ |V | ≥ d+k✳

❚❤❡♥ |E| ≥
⌈
d+k−1

2
|V |

⌉
✳

❆❣❛✐♥ ✇❡ ♦♥❧② ♣r♦✈❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ t❤✐s r❡s✉❧t ❢♦r ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s t❤❛t

❡①t❡♥❞s ❚❤❡♦r❡♠ ✻✳✵✳✶ ✭✈✮✳ ✭❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✻✳✷✳✸ ✐s s✐♠✐❧❛r ✐♥ ❬✻✺❪✳✮

❚❤❡♦r❡♠ ✻✳✷✳✹✳ ▲❡t k ≥ d + 1 ♦r ❧❡t k = d ∈ {1, 2} ❛♥❞ ❧❡t G = (V,E) ❜❡ ❛ [k, d]✲r✐❣✐❞

❣r❛♣❤ ✇✐t❤ |V | ≥ d+ k + 1✳ ❚❤❡♥ |E| ≥
⌈
d+k
2
|V |

⌉
✳

Pr♦♦❢✳ ■❢ ✇❡ ❞❡❧❡t❡ k− 1 ♥❡✐❣❤❜♦rs ♦❢ ❛ ♥♦❞❡ v ✇❡ ❣❡t ❛ ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ ❛t

❧❡❛st d+2 ♥♦❞❡s✳ ❙✐♥❝❡ t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ♦❢ s✉❝❤ ❛ ❣r❛♣❤ ✐s ❛t ❧❡❛st d+1 ❜② ❚❤❡♦r❡♠

✶✳✷✳✹✱ ✇❡ ❣❡t dG(v) ≥ k + d✳ ❚❤✉s t❤❡ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ G ✐s ❛t ❧❡❛st k + d ❤❡♥❝❡

|E| ≥
⌈
d+k
2
|V |

⌉
✳

◆♦t❡ t❤❛t t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✹ ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❡ ❜♦✉♥❞ ♦❢ ❚❤❡♦r❡♠

✻✳✷✳✷ ✇❤❡♥ k = d = 2✳ ❲❡ ❛❧s♦ r❡♠❛r❦ t❤❛t t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✹ ❝♦✐♥❝✐❞❡s

✇✐t❤ t❤❡ ❜♦✉♥❞ ♦❢ ❚❤❡♦r❡♠ ✻✳✵✳✶ ✭✈✮ ✇❤❡♥ d = 2✳ ❍❡♥❝❡ ✐t ✐s s❤❛r♣ ❢♦r d = 2 ❛♥❞

k ∈ {2, 3}✳ ●❡❧❡❥✐ ❬✹✻❪ ♣r♦✈❡❞ t❤❡ s❤❛r♣♥❡ss ❛❧s♦ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ k + d ✐s ❡✈❡♥ ❛♥❞

k ≥ 3d + 6✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ✇❡ ❝❛♥♥♦t ❣✐✈❡ ❛ s✐♠✐❧❛r ❜♦✉♥❞ ❢♦r k = d = 3 ❛s ✐t ✐s ♥♦t

❤❛r❞ t♦ s❡❡ t❤❛t C3
n − v1v2 ✐s ❣❧♦❜❛❧❧② [2, 3]✲r✐❣✐❞ ✇❤❡♥ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳ ✭❖♥❡ ❝❛♥

✉s❡ ✶✲❡①t❡♥s✐♦♥✱ t❤❛t ♣r❡s❡r✈❡s ❣❧♦❜❛❧ r✐❣✐❞✐t② ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✻✱ t♦ ♦❜t❛✐♥ ❛ s✉❜❣r❛♣❤ ♦❢

C3
n − v1v2 − vi ❢r♦♠ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤ K5❀ ✇❡ s❦✐♣ t❤❡ ❞❡t❛✐❧s ❛s t❤✐s ♥♦t ❣✐✈❡s ❛ s❤❛r♣

❡①❛♠♣❧❡ ❢♦r ❚❤❡♦r❡♠ ✻✳✷✳✷✳✮

✻✳✸ ❯♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ✐♥ ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞ ❣r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❣✐✈❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ♥✉♠❜❡r ♦❢ ❡❞❣❡s ♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞

❣r❛♣❤s✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✻✳✸✳✶✳ ❙✉♣♣♦s❡ t❤❛t G ✐s ❛ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥ G ✐s ✐♥❞❡♣❡♥❞❡♥t

✐♥ Rd+k−1(G)✳

Pr♦♦❢✳ ❇② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ G✱ ❢♦r ❡❛❝❤ e✱ t❤❡r❡ ✐s ❛ s❡t Ue ⊆ V s✉❝❤ t❤❛t |Ue| = k − 1✱

e ✐s ♥♦t ✐♥❝✐❞❡♥t t♦ Ue ❛♥❞ G− Ue − e ✐s ♥♦t r✐❣✐❞✳ ✭G− Ue ✐s r✐❣✐❞ ❜② t❤❡ [k, d]✲r✐❣✐❞✐t②



✽✽ ✻✳✸✳ ❯♣♣❡r ❜♦✉♥❞

♦❢ G✳✮ ▲❡t Ue = {v1, ..., vk−1}✳ ❚❤❡♥ e ✐s ❛♥ ▼✲❜r✐❞❣❡ ✐♥ Rd(G − Ue)✳ ❇② ▲❡♠♠❛ ✻✳✶✳✶

e ✐s ❛♥ ▼✲❜r✐❞❣❡ ✐♥ Rd+k−1((. . . ((G − Ue) ∗ v1) ∗ . . . ) ∗ vk−1) ❛♥❞ s♦ ✐t ✐s ❛♥ ▼✲❜r✐❞❣❡

✐♥ Rd+k−1(G)✳ ❚❤❡r❡❢♦r❡✱ ❡✈❡r② ❡❞❣❡ ♦❢ G ✐s ❛♥ ▼✲❜r✐❞❣❡ ✐♥ Rd+k−1(G)✱ t❤❛t ✐s✱ G ✐s

✐♥❞❡♣❡♥❞❡♥t ✐♥ Rd+k−1(G)✳

❇② ❝♦♠❜✐♥✐♥❣ ▲❡♠♠❛ ✻✳✸✳✶ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✷✱ ✇❡ ✐♠♠❡❞✐❛t❡❧② ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣

✉♣♣❡r ❜♦✉♥❞✳

❚❤❡♦r❡♠ ✻✳✸✳✷✳ ▲❡t G = (V,E) ❜❡ ❛ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤✳ ❚❤❡♥

|E| ≤ (d+ k − 1)|V | −
(
d+ k

2

)
.

❚❤❡ s❤❛r♣♥❡ss ♦❢ t❤✐s ❜♦✉♥❞ ❢♦r d ≥ 2 ✇✐❧❧ ❜❡ ♣r♦✈❡❞ ❧❛t❡r ✐♥ ▲❡♠♠❛ ✻✳✺✳✹✳ ❆s ❛

❣r❛♣❤ ✐s [k, 1]✲r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s k✲❝♦♥♥❡❝t❡❞ ▼❛❞❡r✬s s❤❛r♣ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡

❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② k✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ❝❛♥ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢

♠✐♥✐♠❛❧❧② [k, 1]✲r✐❣✐❞ ❣r❛♣❤s✱ s❡❡ ❬✼✾❪✳ ❚❤✐s ❣✐✈❡s ✉s t❤❡ ❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✻✳✸✳✸✳ ▲❡t G = (V,E) ❜❡ ❛ ♠✐♥✐♠❛❧❧② [k, 1]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ |V | ≥ 3k − 1✳

❚❤❡♥

|E| ≤ k|V | − k2

❛♥❞ t❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳

■❢ ✇❡ tr② t♦ ♣r♦✈❡ ❛ s✐♠✐❧❛r ❜♦✉♥❞ ❢♦r ❣❧♦❜❛❧ [k, d]✲r✐❣✐❞✐t②✱ t❤❡♥ ✇❡ ✇✐❧❧ ♥❡❡❞ ❛♥ ✉♣♣❡r

❜♦✉♥❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ❏♦r❞á♥ ❬✺✽❪ ❛s❦❡❞

✐❢ ♦✉r ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ❢♦r ♠✐♥✐♠❛❧❧② [2, d]✲r✐❣✐❞ ❣r❛♣❤s ✐s ✈❛❧✐❞ ❢♦r

♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✐♥ Rd ❛s ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✸ [2, d]✲r✐❣✐❞ ❣r❛♣❤s ❛r❡ ❣❧♦❜❛❧❧②

r✐❣✐❞✳ ❲❡ ❝♦♥❥❡❝t✉r❡ t❤❛t t❤❡ ❛♥s✇❡r ✐s ②❡s✱ ♠♦r❡♦✈❡r✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤❛t

✇✐❧❧ ❛♥s✇❡r ❏♦r❞á♥✬s q✉❡st✐♦♥ ♣♦s✐t✐✈❡❧② ✇✐t❤ t❤❡ s❛♠❡ ♣r♦♦❢ ❛s ✇❡ ✉s❡❞ ❢♦r ❚❤❡♦r❡♠ ✻✳✸✳✷

❢r♦♠ ▲❡♠♠❛ ✻✳✶✳✶❀ ♠♦r❡♦✈❡r✱ ✐t ✇✐❧❧ ✐♥❞✉❝❡ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦❢ (d + k)|V | −
(
d+k+1

2

)
❢♦r

t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

❈♦♥❥❡❝t✉r❡ ✻✳✸✳✹✳ ▲❡t G ❜❡ ❛ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤ ✐♥ Rd ❛♥❞ ❧❡t e ❜❡ ❛♥ ❡❞❣❡ ♦❢ G s✉❝❤

t❤❛t G− e ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞✳ ❚❤❡♥ e ✐s ❛♥ ▼✲❜r✐❞❣❡ ✐♥ Rd+1(G)✳

❚❤❡ ✐❞❡❛ ❜❡❤✐♥❞ ❈♦♥❥❡❝t✉r❡ ✻✳✸✳✹ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✳ ■❢ e ✐s ❛♥ ❡❞❣❡ ♦❢ ❛ r✐❣✐❞ ▼✲❝✐r❝✉✐t

♦❢ Rd+1(G)✱ t❤❡♥ ✐ts ❡♥❞ ♥♦❞❡s ❛r❡ ✐♥ t❤❡ ♥♦❞❡ s❡t ♦❢ ❛ [1, d+ 1]✲r✐❣✐❞ s✉❜❣r❛♣❤ ♦❢ G− e

❛♥❞ ❤❡♥❝❡ t❤✐s s✉❜❣r❛♣❤ ✐s ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞ ❜② ▲❡♠♠❛ ✻✳✶✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✶✳✷✳✶✸✳

❚❤❡r❡❢♦r❡✱ G− e ✐s ❛❧s♦ ❣❧♦❜❛❧❧② [1, d]✲r✐❣✐❞✳ ❍♦✇❡✈❡r✱ ❛♥ ▼✲❝✐r❝✉✐t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② r✐❣✐❞



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✽✾

✐❢ d ≥ 2 ✭❢♦r ❡①❛♠♣❧❡ t❤❡ ❞♦✉❜❧❡ ❜❛♥❛♥❛ ❣r❛♣❤ ✭❋✐❣✉r❡ ✶✳✷✮ ✐s ❛ ♥♦♥✲r✐❣✐❞ ▼✲❝✐r❝✉✐t ✐♥ t❤❡

3✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✮✳

◆♦t❡ t❤❛t ❢♦r d = 1 ✇❡ ❛❣❛✐♥ ❣❡t ❛ ❜❡tt❡r ✭s❤❛r♣✮ ✉♣♣❡r ❜♦✉♥❞ ❜② ▼❛❞❡r✬s t❤❡♦r❡♠

❬✼✾❪ ❛s ❛ ❣r❛♣❤ ✐s ❣❧♦❜❛❧❧② [k, 1]✲r✐❣✐❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s k + 1✲❝♦♥♥❡❝t❡❞✳

❚❤❡♦r❡♠ ✻✳✸✳✺✳ ▲❡t G = (V,E) ❜❡ ❛ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, 1]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ |V | ≥
3k + 2✳ ❚❤❡♥

|E| ≤ (k + 1)|V | − (k + 1)2

❛♥❞ t❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳

✻✳✹ ❙tr♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ s❦❡t❝❤ ✇❤② t❤❡ t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✶ ✐s s❤❛r♣

❢♦r k = 2 ✐♥ ❛♥② ❞✐♠❡♥s✐♦♥ ❛♥❞ ❢♦r k = d = 3✳ ✭❲❡ r❡❢❡r t♦ ❬✻✺❪ ❢♦r t❤❡ ❢✉❧❧ ♣r♦♦❢s✳✮

❈♦♥s✐❞❡r ❣r❛♣❤ Cd
n ❛♥❞ ✐ts s✉❜❣r❛♣❤ Ld ✐♥❞✉❝❡❞ ❜② ♥♦❞❡s vn−d+1, . . . , vn✳ ✭◆♦t❡ t❤❛t

Ld ✐s ✐s♦♠♦r♣❤✐❝ t♦ Kd✳✮ ▲❡t Hd
n,2 = Cd

n − E(Ld)✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t Hd
n,2 ✐s [2, d]✲r✐❣✐❞✳

▲❡♠♠❛ ✻✳✹✳✶✳ Hd
n,2 ✐s [2, d]✲r✐❣✐❞ ✐❢ n ≥ 3d✳

Pr♦♦❢✳ ▲❡t vi ∈ V (Hd
n,2) ❜❡ ❛r❜✐tr❛r②✳ ❲❡ ❝❛♥ ♣r♦✈❡ t❤❛t Hd

n,2 − vi ✐s [1, d]✲r✐❣✐❞ ❜② ❝♦♥✲

str✉❝t✐♥❣ ✐t ❢r♦♠ ❛ s✉❜❣r❛♣❤ ✐s♦♠♦r♣❤✐❝ t♦ Kd ✉s✐♥❣ ✭d✲❞✐♠❡♥s✐♦♥❛❧✮ ✵✲ ❛♥❞ ✶✲❡①t❡♥s✐♦♥s✳

❲❡ s❦✐♣ t❤❡ ❞❡t❛✐❧s✱ s❡❡ ❋✐❣✉r❡ ✻✳✶ ❢♦r ❛ s❦❡t❝❤✳

■❢ G = (V,E) ✐s [2, d]✲r✐❣✐❞ t❤❡♥ |E| ≥ d|V |−
(
d+1
2

)
+ d = d|V |−

(
d
2

)
✐❢ |V | ≥ d2+ d+2

❜② ❚❤❡♦r❡♠ ✻✳✷✳✶✳ |E(Hd
n,2)| = dn −

(
d
2

)
s✐♥❝❡ Cd

n ❤❛s dn ❡❞❣❡s ✐❢ n ≥ 2d + 1 ❛♥❞ t❤❡

❞❡❧❡t❡❞ ❡❞❣❡s ❢♦r♠ ❛ ❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤ ✇✐t❤ d ♥♦❞❡s✳ ❍❡♥❝❡ ❜② ▲❡♠♠❛ ✻✳✹✳✶ ✇❡ ❣❡t t❤❡

❢♦❧❧♦✇✐♥❣✳

❚❤❡♦r❡♠ ✻✳✹✳✷✳ ■❢ G = (V,E) ✐s ❛ str♦♥❣❧② ♠✐♥✐♠❛❧❧② [2, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ |V | ≥
d2 + d+ 2 t❤❡♥ |E| = d|V | −

(
d
2

)
✳

◆❡①t ✇❡ s❤♦✇ t❤❛t t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✶ ✐s ❛❧s♦ s❤❛r♣ ✇❤❡♥ k =

d = 3✳

▲❡♠♠❛ ✻✳✹✳✸✳ C3
n ✐s [3, 3]✲r✐❣✐❞ ✐❢ n ≥ 9✳

Pr♦♦❢✳ ▲❡t vi, vj ∈ V (C3
n) ❜❡ ❛r❜✐tr❛r②✳ ❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t j = n ❛♥❞ i ≥ ⌈n

2
⌉✳ ▲❡t

σ : Z→ {1, 2} ❜❡ ❛ ❢✉♥❝t✐♦♥ ✇✐t❤ σ(t) := 2 ✐❢ t ≡ ℓ− 2 (♠♦❞ 3) ❛♥❞ σ(t) := 1 ♦t❤❡r✇✐s❡✳

❲❡ ✇✐❧❧ ♣r♦✈❡ t❤❛t C3
n−{vi, vj} ✐s [1, 3]✲r✐❣✐❞ ❜② ❝♦♥str✉❝t✐♥❣ ✐t ❢r♦♠ ❛ s✉❜❣r❛♣❤ ✐s♦♠♦r♣❤✐❝

t♦ K4 ✉s✐♥❣ 3✲❞✐♠❡♥s✐♦♥❛❧ ✵✲ ❛♥❞ ✶✲❡①t❡♥s✐♦♥s ❛♥❞ tr✐❛♥❣❧❡✲❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥ts✳ ❲❡

s❦✐♣ t❤❡ ❞❡t❛✐❧s✱ s❡❡ ❋✐❣✉r❡ ✻✳✷ ❢♦r ❛ s❦❡t❝❤✳



✾✵ ✻✳✹✳ ❙tr♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s

v7

v6

v5

v4

v2

v1

v3

v9

v8

v11

v10

v12

v13

✭❛✮ ❆❞❞ v5 ✇✐t❤ ❛ ✵✲❡①t❡♥s✐♦♥✳

v7

v6

v5

v4

v2

v1

v3

v9

v8

v11

v10

v12

v13

✭❜✮ ❆❞❞ v7, v8, v9 ✇✐t❤ ✵✲

❡①t❡♥s✐♦♥s ❜② ❛❞❞✐♥❣ t❤❡ ❡①tr❛

❡❞❣❡s vjv1 ❢♦r 7 ≤ j ≤ 9✳

v7

v6

v5

v4

v2

v1

v3

v9

v8

v11

v10

v12

v13

✭❝✮ ❆❞❞ v10 ✇✐t❤ ✶✲❡①t❡♥s✐♦♥ ♦♥

t❤❡ ❡①tr❛ ❡❞❣❡ v7v1 ❜② ❛❞❞✐♥❣ t❤❡

❡①tr❛ ❡❞❣❡ v10v1

v7

v6

v5

v4

v2

v1

v3

v9

v8

v11

v10

v12

v13

✭❞✮ ❆❞❞ v11, v12, v13 ✇✐t❤

✶✲❡①t❡♥s✐♦♥s ♦♥ t❤❡ ❡❞❣❡s

v8v1, v9v1, v10v1✱ r❡s♣❡❝t✐✈❡❧②✳

❋✐❣✉r❡ ✻✳✶✿ ❇✉✐❧❞✐♥❣ ✉♣ C3
13 − E(L3)− v6 ✉s✐♥❣ ❍❡♥♥❡❜❡r❣ ♦♣❡r❛t✐♦♥s✳

❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❛t C3
n ✐s [3, 3]✲r✐❣✐❞✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t C3

n ❤❛s 3n ❡❞❣❡s ✐❢ n ≥ 7✳

❚❤❡s❡ t♦❣❡t❤❡r ✇✐t❤ ❚❤❡♦r❡♠ ✻✳✷✳✶ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❚❤❡♦r❡♠ ✻✳✹✳✹✳ ■❢ G = (V,E) ✐s ❛ str♦♥❣❧② ♠✐♥✐♠❛❧❧② [3, 3]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ |V | ≥ 15✱

t❤❡♥ |E| = 3|V |✳

■t r❡♠❛✐♥s ♦♣❡♥ ✇❤❡t❤❡r t❤❡ ❧♦✇❡r ❜♦✉♥❞s ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠s ✻✳✷✳✶✱ ✻✳✷✳✷✱ ✻✳✷✳✸ ❛♥❞

✻✳✷✳✹ ❛r❡ t✐❣❤t ❢♦r s♦♠❡ ♦t❤❡r ♣❛✐rs [k, d] ❞✐✛❡r❡♥t ❢r♦♠ [2, d]✱ [3, 2] ❛♥❞ [3, 3] ✐♥ t❤❡ r✐❣✐❞✐t②

❝❛s❡ ❛♥❞ ❢r♦♠ [2, 2]✱ [3, 2] ❛♥❞ [k, d] ✇✐t❤ k+ d ❡✈❡♥ ❛♥❞ k ≥ 3d+6 ❢♦r t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t②

❝❛s❡✳ ❚❤✐s q✉❡st✐♦♥ s❡❡♠s t♦ ❜❡ ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❢♦r ❧❛r❣❡r ✈❛❧✉❡s ♦❢ k ❛♥❞ d ❛s t❤❡r❡

❛r❡ ❥✉st ❛ ❢❡✇ ♦♣❡r❛t✐♦♥s ❦♥♦✇♥ t❤❛t ♣r❡s❡r✈❡ r✐❣✐❞✐t② ✐♥ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s✳

❲❡ ♥♦t❡ t❤❛t ❛ ♣r♦♦❢ s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✻✳✹✳✸ ✇♦r❦s ✐❢ ♦♥❡ ✇❛♥ts t♦ ♣r♦✈❡ t❤❛t

Cd
n ✐s [3, d]✲r✐❣✐❞ ❢♦r ❛♥② ♦t❤❡r d ≥ 4✳ ❆s t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ t❤❡s❡ ❣r❛♣❤s ❞♦❡s ♥♦t ❝♦✐♥❝✐❞❡



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✾✶

v6

v13

v1

v2
v3

v4

v5

v7

v8

v9
v10

v11

v12

✭❛✮ ❆❞❞ u5 ✇✐t❤ ❛ ✵✲❡①t❡♥s✐♦♥✳

v6

v13

v1

v2
v3

v4

v5

v7

v8

v9
v10

v11

v12

✭❜✮ ❆❞❞ v7, v8, v9 ✇✐t❤ ✵✲

❡①t❡♥s✐♦♥s ❜② ❛❞❞✐♥❣ ❡①tr❛ ❡❞❣❡s

vi+mvσ(i)✳

v6

v13

v1

v2
v3

v4

v5

v7

v8

v9
v10

v11

v12

✭❝✮ ❆❞❞ v10 ❛♥❞ v11 ✇✐t❤ ✶✲

❡①t❡♥s✐♦♥s ♦♥ ❡❞❣❡s v7v2, v8v1✱ r❡✲

s♣❡❝t✐✈❡❧②✳ ❇② ♣❡r❢♦r♠✐♥❣ t❤❡

✜rst ♦❢ t❤❡s❡ ❡①t❡♥s✐♦♥s ✇❡ ❝r❡❛t❡

t❤❡ ❡①tr❛ ❡❞❣❡ v10v2✳

v6

v13

v1

v2
v3

v4

v5

v7

v8

v9
v10

v11

v12

✭❞✮ ❆❞❞ v12 ✇✐t❤ tr✐❛♥❣❧❡✲

❜❛s❡❞ ❳✲r❡♣❧❛❝❡♠❡♥t ♦♥ ❡❞❣❡s

v2v10, v1v9✳ ✭◆♦t❡ t❤❛t v1v9v11 ✐s

❛ tr✐❛♥❣❧❡✳✮

❋✐❣✉r❡ ✻✳✷✿ ❇✉✐❧❞✐♥❣ ✉♣ C3
12 − {u, v}✳

✇✐t❤ t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✶✱ ✇❡ s❦✐♣ t❤❡ ❞❡t❛✐❧s✳ ❍♦✇❡✈❡r✱ ✇❡ ❝♦♥❥❡❝t✉r❡ t❤❛t

t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✶ ✐s s❤❛r♣ ❢♦r k = 3 ❢♦r ❛❧❧ d ≥ 3✳ ❚♦ ❢♦r♠✉❧❛t❡ t❤❡

❝♦♥❥❡❝t✉r❡ ♠♦r❡ ♣r❡❝✐s❡❧②✱ r❡❝❛❧❧ t❤❛t Ld ❞❡♥♦t❡s t❤❡ ❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤ ♦❢ Cd
n s♣❛♥♥❡❞

❜② ♥♦❞❡s vn−d+1, . . . , vn✳ ▲❡t L′
d ❞❡♥♦t❡ t❤❡ ❣r❛♣❤ t❤❛t ✇❡ ❣❡t ❢r♦♠ Ld ❜② ❞❡❧❡t✐♥❣ t❤❡

❝②❝❧❡ t❤❛t ❝♦♥s✐sts ♦❢ ❡❞❣❡s vivi+1 ❢♦r n− d+1 ≤ i ≤ n− 1 ❛♥❞ vn−d+1vn✳ ◆♦t❡ t❤❛t L′
3 ✐s

t❤❡ ❡♠♣t② ❣r❛♣❤ ♦♥ t❤r❡❡ ♥♦❞❡s✳ ▲❡♠♠❛ ✻✳✹✳✸ st❛t❡s t❤❛t Cd
n − L′

d ✐s str♦♥❣❧② ♠✐♥✐♠❛❧❧②

[3, 3]✲r✐❣✐❞✳ |E(Cd
n −L′

d)| = dn−
(
d
2

)
+ d = dn−

(
d+1
2

)
+ 2d ✇❤✐❝❤ ♠♦t✐✈❛t❡s t❤❡ ❢♦❧❧♦✇✐♥❣

❝♦♥❥❡❝t✉r❡✳

❈♦♥❥❡❝t✉r❡ ✻✳✹✳✺✳ Cd
n − L′

d ✐s ❛ str♦♥❣❧② ♠✐♥✐♠❛❧❧② [3, d]✲r✐❣✐❞ ❣r❛♣❤ ✐❢ n ✐s s✉✣❝✐❡♥t❧②

❧❛r❣❡✳ ❚❤✉s t❤❡ ❧♦✇❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✶ ✐s s❤❛r♣ ❢♦r k = 3 ❛♥❞ d ≥ 3✳



✾✷ ✻✳✺✳ ❊①❛♠♣❧❡s ❢♦r ♠✐♥✐♠❛❧❧② ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s

◆♦✇ ✇❡ t✉r♥ t♦ t❤❡ ❝❛s❡s ✇❤❡r❡ k ≥ d + 2✳ ❖✉r ❝♦♥❥❡❝t✉r❡ ✐s t❤❛t t❤❡ ❜♦✉♥❞ ❣✐✈❡♥

✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✸ ✐s t✐❣❤t ✐♥ t❤❡s❡ ❝❛s❡s✱ t❤❛t ✐s✱ t❤❡r❡ ❛r❡ k + d− 1✲r❡❣✉❧❛r [k, d]✲r✐❣✐❞

❣r❛♣❤s ❢♦r ❡✈❡r② k ≥ d + 2✳ ❚❤✐s ✇♦✉❧❞ ❛❧s♦ ✐♠♣❧② t❤❡ s❤❛r♣♥❡ss ♦❢ t❤❡ ❜♦✉♥❞ ❣✐✈❡♥ ✐♥

❚❤❡♦r❡♠ ✻✳✷✳✹ ❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ k ≥ d+ 1✳

✻✳✺ ❊①❛♠♣❧❡s ❢♦r ♠✐♥✐♠❛❧❧② ✭❣❧♦❜❛❧❧②✮ [k, d]✲r✐❣✐❞ ❣r❛♣❤s

❚❤❡ q✉❡st✐♦♥ ✇❤❡t❤❡r ✇❡❛❦❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❡①✐st ❢♦r ❡✈❡r② ♣❛✐r [k, d]

✇✐t❤ k ≥ 2 ❝❛♥ st✐❧❧ ❜❡ s♦❧✈❡❞ ✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ ❡❞❣❡ ❝♦✉♥t ♦❢ str♦♥❣❧② ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞ ❣r❛♣❤s ❢♦r d ≥ 2✳ ❚❤❡r❡ ❛r❡ ❡①❛♠♣❧❡s ❢♦r ✇❡❛❦❧② ♠✐♥✐♠❛❧❧② [2, 2]✲r✐❣✐❞ ❣r❛♣❤s

✐♥ ❬✾✹✱ ✾✻✱ ✾✼❪ ❜✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❢♦r ♦t❤❡r ✈❛❧✉❡s ♦❢ k

❛♥❞ d ≥ 2 ✇❛s ♦♣❡♥ s♦ ❢❛r✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇✐❧❧ ❣✐✈❡ ❡①❛♠♣❧❡s ❢♦r ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞

❣r❛♣❤s ✇✐t❤ t❤❡ s❛♠❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s ❜✉t ✇✐t❤ ❞✐✛❡r❡♥t ♥✉♠❜❡r ♦❢ ❡❞❣❡s✳ ❙✉❝❤ ❛ ♣❛✐r ♦❢

❣r❛♣❤s s❤♦✇s t❤❛t t❤❡ ❣r❛♣❤ ✇✐t❤ t❤❡ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ❡❞❣❡s ❤❛s t♦ ❜❡ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❡①❛♠♣❧❡s ❢♦r ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s ❛❧♦♥❣ ✇✐t❤

♣r♦✈✐♥❣ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳

▲❡t Hd
n,i ❞❡♥♦t❡ t❤❡ ❝♦♥❡ ❣r❛♣❤ ♦❢ Hd

n,(i−1) ❢♦r i ≥ 3✳ ✭❋♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ Hd
n,2 s❡❡

❙❡❝t✐♦♥ ✻✳✹✳✮ ❇② ▲❡♠♠❛ ✻✳✶✳✸ ❛♥❞ ▲❡♠♠❛ ✻✳✹✳✶✱ ✇❡ ❝❛♥ ❣❡t ❣❡t ❛ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞

❣r❛♣❤ ❜② ❞❡❧❡t✐♥❣ s♦♠❡ ❡❞❣❡s ♦❢ Hd
t,k ✭t♦ ♦❜t❛✐♥ ♠✐♥✐♠❛❧✐t②✮✳

❈♦r♦❧❧❛r② ✻✳✺✳✶✳ ▲❡t t, d ❛♥❞ k ❜❡ t❤r❡❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t t ≥ 3d ❛♥❞ k ≥ 2✳

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ Hd
t,k, reduced ✇✐t❤ n = t + k − 2 ♥♦❞❡s ❛♥❞

❛t ♠♦st (d+ k − 2)n−
(
d
2

)
+
(
k−2
2

)
− (d+ k − 2)(k − 2) ❡❞❣❡s✳

▲❡t C∗d−1

n = Cn ∗ w1 ∗ · · · ∗ wd−1✳

▲❡♠♠❛ ✻✳✺✳✷✳ ▲❡t n, d ❛♥❞ k ❜❡ t❤r❡❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs s✉❝❤ t❤❛t d ≥ 2 ❛♥❞ n ≥
d + k + 1✳ ❚❤❡♥ C∗d+k−2

n−d−k+2 ✐s ❛ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ n ♥♦❞❡s ❛♥❞

(d+ k − 1)n−
(
d+k
2

)
+ 1 ❡❞❣❡s✳

Pr♦♦❢✳ ❆s Cn−d−k+2 ✐s ❣❧♦❜❛❧❧② [1, 1]✲r✐❣✐❞✱ C∗d+k−2

n−d−k+2 ✐s ❣❧♦❜❛❧❧② [1, d + k − 1]✲r✐❣✐❞ ❜②

❚❤❡♦r❡♠ ✶✳✷✳✷✶✳ ❍❡♥❝❡ C∗d+k−2

n−d−k+2 ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❜② ▲❡♠♠❛ ✻✳✶✳✹✳

■t ❢♦❧❧♦✇s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t C∗d+k−2

n−d−k+2 ❤❛s n ♥♦❞❡s✳ ❚♦ ❣❡t t❤❡ ❡❞❣❡✲♥✉♠❜❡r✱ ♦❜s❡r✈❡

t❤❛t Cn−d−k+2 ❤❛s n−d−k+2✱ t❤❡r❡ ❛r❡ (n−d−k+2)(d+k−2) ❡❞❣❡s ❜❡t✇❡❡♥ Cn−d−k+2 ❛♥❞

{w1, . . . , wd+k−2}✱ ❛♥❞
(
d+k−2

2

)
❡❞❣❡s ❛r❡ s♣❛♥♥❡❞ ✐♥ {w1, . . . , wd+k−2}✳ ❍❡♥❝❡ C∗d+k−2

n−d−k+2

❤❛s (n−d−k+2)(d+k−1)+
(
d+k−2

2

)
= (d+k−1)n−(d+k−1)(d+k−2)+ (d+k−2)(d+k−3)

2
=

(d + k − 1)n − (d+k−2)(d+k+1)
2

= (d + k − 1)n − (d+k−2)(d+k+1)
2

= (d + k − 1)n −
(
d+k
2

)
+ 1

❡❞❣❡s✳ ❚❤❡r❡❢♦r❡✱ ✇❡ ❣❡t t❤❡ ❢♦❧❧♦✇✐♥❣ ❜② ❚❤❡♦r❡♠ ✻✳✷✳✷✳

❈❧❛✐♠ ✻✳✺✳✸✳ C∗d+k−2

n−d−k+2 ✐s ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [1, d+ k − 1]✲r✐❣✐❞✳



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✾✸

❋✐♥❛❧❧②✱ ✇❡ ♣r♦✈❡ t❤❛t C∗d+k−2

n−d−k+2 ✐s ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ✐❢ d ≥ 2✳ ❙✉♣♣♦s❡

❢♦r ❝♦♥tr❛❞✐❝t✐♦♥ t❤❛t C∗d+k−2

n−d−k+2 − e ✐s ❛❧s♦ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞✳ ❇② s②♠♠❡tr②✱ ✇❡ ❝❛♥

❛ss✉♠❡ e = v1w1 ♦r e = w1w2✳ ❇✉t t❤❡♥ C∗d+k−2

n−d−k+2 − e − {w3, . . . , wk+1} ✐s ✐s♦♠♦r♣❤✐❝

t♦ C∗d−1

n−d−k+2 − e✳ ❇✉t C∗d−1

n−d−k+2 − e ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ❛s C∗d−1

n−d−k+2 ✐s ♠✐♥✐♠❛❧❧②

[1, d]✲❣❧♦❜❛❧❧② r✐❣✐❞ ❜② ❈❧❛✐♠ ✻✳✺✳✸✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ � �

❉❡✜♥❡ ❣r❛♣❤ Y c
t ❛s ❢♦❧❧♦✇s ❢♦r ❛♥② ✐♥t❡❣❡rs c ❛♥❞ t✳ ❚❛❦❡ t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❛♥

✐♥❞❡♣❡♥❞❡♥t s❡t It ♦❢ t ♥♦❞❡s ✭♦♥ t❤❡ ♥♦❞❡ s❡t {v1, . . . , vt}✮ ❛♥❞ ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ Kc ✭♦♥

t❤❡ ♥♦❞❡ s❡t {w1, . . . , wc}✮ ❛♥❞ ❛❞❞ ❡❞❣❡s viwj ❢♦r ❡✈❡r② ♣❛✐r 1 ≤ i ≤ t, 1 ≤ j ≤ c ✭s❡❡

❋✐❣✉r❡ ✻✳✸✮✳

I6

K3

❋✐❣✉r❡ ✻✳✸✿ Y 3
6 ✳

■t ❢♦❧❧♦✇s ❡❛s✐❧② ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✷✵ ❛♥❞ ▲❡♠♠❛ ✻✳✶✳✷ t❤❛t Y d+k−1
t ✐s [k, d]✲r✐❣✐❞✳

▼♦r❡♦✈❡r✱ ✐t ✐s ♥♦t ❤❛r❞ t♦ s❡❡ t❤❛t ✐t ✐s ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ✭❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥ t❤✐s

♣r♦♦❢ s❡❡ ❬✻✺❪✮✳ ❇② ❝♦✉♥t✐♥❣ t❤❡ ❡❞❣❡s ♦❢ Y d+k−1
t ✱ ✇❡ ❣❡t t❤❛t t❤❡ ✉♣♣❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥

❚❤❡♦r❡♠ ✻✳✸✳✷ ✐s s❤❛r♣ ❢♦r d ≥ 2✳

▲❡♠♠❛ ✻✳✺✳✹✳ ▲❡t t ≥ 1, k ≥ 1 ❛♥❞ d ≥ 2 ❜❡ t❤r❡❡ ✐♥t❡❣❡rs✳ ❚❤❡♥ Y d+k−1
t ✐s ❛ ♠✐♥✐♠❛❧❧②

[k, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ n = t+ d+ k − 1 ♥♦❞❡s ❛♥❞ (d+ k − 1)n−
(
d+k
2

)
❡❞❣❡s✳

❈♦r♦❧❧❛r② ✻✳✺✳✺✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ❣✐✈❡♥ ✐♥ ❚❤❡♦r❡♠ ✻✳✸✳✷ ✐s s❤❛r♣ ❢♦r ❛❧❧ ♣❛✐r [k, d] ✇✐t❤

k, d ≥ 2✳

❆s Y d+k
t ✐s [k + 1, d]✲r✐❣✐❞ ❢♦r d ≥ 2✱ ✐t ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❜② ❈♦r♦❧❧❛r② ✶✳✷✳✶✹✳

❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ s✐♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ st❛t❡s t❤❛t ✐ts

s✉❜❣r❛♣❤✱ t❤❛t ❛r✐s❡s ❜② ❞❡❧❡t✐♥❣ ❛❧❧ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❢♦r♠ wiwj ✭1 ≤ i < j ≤ d+ k✮✱ ✐s ❛

♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ✇❤❡♥ t ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

▲❡♠♠❛ ✻✳✺✳✻✳ ▲❡t k ≥ 1, d ≥ 1 ❛♥❞ t ≥
(
d+k
2

)
+ 1 ❜❡ t❤r❡❡ ✐♥t❡❣❡rs✳ ❚❤❡♥ t❤❡ ❝♦♠♣❧❡t❡

❜✐♣❛rt✐t❡ ❣r❛♣❤ Kd+k,t ✐s ❛ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ✇✐t❤ n = d + k + t ♥♦❞❡s

❛♥❞ (d+ k)n− (d+ k)2 ❡❞❣❡s✳

Pr♦♦❢✳ ❋✐rst ✇❡ ♣r♦✈❡ t❤❛t Kd+k,t = ({w1, . . . , wd+k}, {v1, . . . , vt}; {wivj : i = 1, . . . , d +

k; j = 1, . . . , t}) ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞✳ Y d+k

t−(d+k

2 )
✐s [2, d+ k− 1]✲r✐❣✐❞ ❜② ▲❡♠♠❛ ✻✳✺✳✹ ❛♥❞

t❤✉s ✐t ✐s ❣❧♦❜❛❧❧② [1, d+k−1]✲r✐❣✐❞ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✸✳ ◆❡①t ✇❡ ❝❛♥ ❛❞❞ vt−(d+k

2 )+1, . . . vt ✐♥

t❤✐s ♦r❞❡r ✇✐t❤ ✭(d+k−1)✲❞✐♠❡♥s✐♦♥❛❧✮ ✶✲❡①t❡♥s✐♦♥ ♦♥ t❤❡ ❡❞❣❡s wiwj ✭1 ≤ i < j ≤ d+k✮



✾✹ ✻✳✻✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❜② ❝♦♥♥❡❝t✐♥❣ t❤❡♠ t♦ w1, . . . , wd+k✳ ❚❤✉s ✇❡ ❣❡t t❤❛t Kd+k,t ✐s ❣❧♦❜❛❧❧② [1, d+k−1]✲r✐❣✐❞

❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✻✳ ❚❤❡r❡❢♦r❡✱ Kd+k,t ✐s ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❜② ▲❡♠♠❛ ✻✳✶✳✹✳

❚♦ ♣r♦✈❡ t❤❡ ♠✐♥✐♠❛❧✐t②✱ ♦❜s❡r✈❡ t❤❛t dKd+k,t
(vj) = k + d (j = 1, . . . , t)✳ ❆s t❤❡

♠✐♥✐♠✉♠ ❞❡❣r❡❡ ✐♥ ❛ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ✐s k + d✱ ♥♦ ❡❞❣❡ ❝❛♥ ❜❡ ♦♠✐tt❡❞ ❢r♦♠ Kd+k,t

s✉❝❤ t❤❛t ❣❧♦❜❛❧ [k, d]✲r✐❣✐❞✐t② ✐s ♣r❡s❡r✈❡✳

❋✐♥❛❧❧②✱ ✐t ✐s ❡❛s② t♦ s❡❡ t❤❛t Kd+k,t ❤❛s n = d+k+ t ♥♦❞❡s ❛♥❞ (d+k)t = (d+k)(n−
(d+ k)) = (d+ k)n− (d+ k)2 ❡❞❣❡s✳

❲❡ ❝❛♥ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❢r♦♠ ❈♦r♦❧❧❛r② ✻✳✺✳✶ ❛♥❞ ▲❡♠♠❛ ✻✳✺✳✹ ✭s❡❡ ❬✻✺❪✮✳

❚❤❡♦r❡♠ ✻✳✺✳✼✳ ▲❡t d ❛♥❞ k ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs ✇✐t❤ k ≥ 2✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ✇❡❛❦❧②

♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✱ t❤❛t ✐s✱ t❤❡r❡ ❛r❡ ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s t❤❛t ❛r❡ ♥♦t

str♦♥❣❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞✳

❆❣❛✐♥ ✇❡ ♦♥❧② ♣r♦✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❣❧♦❜❛❧ [k, d]✲r✐❣✐❞✐t② ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✻✳✺✳✼ ❢r♦♠

▲❡♠♠❛t❛ ✻✳✺✳✷ ❛♥❞ ✻✳✺✳✻✳

❚❤❡♦r❡♠ ✻✳✺✳✽✳ ▲❡t d ❛♥❞ k ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡rs✳ ❚❤❡♥ t❤❡r❡ ❛r❡ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧②

❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✱ t❤❛t ✐s✱ t❤❡r❡ ❛r❡ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s t❤❛t ❛r❡

♥♦t str♦♥❣❧② ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞✳

Pr♦♦❢✳ ❲❡ ♦♥❧② ♣r♦✈❡ t❤❡ t❤❡♦r❡♠ ❢♦r d ≥ 2 ❛s ✇❡ ❤❛✈❡ s❡❡♥ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s

❝❤❛♣t❡r t❤❛t t❤❡r❡ ❛r❡ ♠✐♥✐♠❛❧❧② (k + 1)✲❝♦♥♥❡❝t❡❞ ❣r❛♣❤s ♦♥ t❤❡ s❛♠❡ ♥♦❞❡ s❡t ✇✐t❤

❞✐✛❡r❡♥t ❡❞❣❡ ♥✉♠❜❡rs ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ k✳ ❇② ▲❡♠♠❛ ✻✳✺✳✷✱ t❤❡r❡ ❡①✐sts ❛ ♠✐♥✐♠❛❧❧②

❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ♦♥ n ♥♦❞❡s ✇✐t❤ (d+ k− 1)n−
(
d+k
2

)
+1 ❡❞❣❡s ✐❢ n ≥ d+ k+1✳

❇② ▲❡♠♠❛ ✻✳✺✳✻✱ Kd+k,n−d−k ✐s ❛ ♠✐♥✐♠❛❧❧② ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤ ♦♥ n ♥♦❞❡s ✇✐t❤

(d+k)n−(d+k)2 ❡❞❣❡s ✐❢ n ≥
(
d+k
2

)
+d+k+1 =

(
d+k+1

2

)
+1✳ ❙✐♥❝❡ (d+k−1)n−

(
d+k
2

)
+1 <

(d+ k)n− (d+ k)2 ✐❢ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✱ Kd+k,n−d−k ✐s ❛ ✇❡❛❦❧② ♠✐♥✐♠❛❧❧② [k, d]✲r✐❣✐❞

❣r❛♣❤ ❢♦r ❛❧❧ ♣❛✐r [k, d] ✇✐t❤ d ≥ 2 ✐❢ n ✐s s✉✣❝✐❡♥t❧② ❧❛r❣❡✳

✻✳✻ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ r❡s✉❧ts ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ❝❤❛♣t❡r ❛r❡ ❛❜♦✉t t❤❡ ❡❞❣❡ ♥✉♠❜❡rs ♦❢ ♠✐♥✐♠❛❧❧② [k, d]✲

r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② [k, d]✲r✐❣✐❞ ❣r❛♣❤s✳ ❖t❤❡r ✈❡rs✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s [k, d]✲❡❞❣❡✲r✐❣✐❞✐t②

✭❛♥❞ ❣❧♦❜❛❧ [k, d]✲❡❞❣❡✲r✐❣✐❞✐t②✮✳ Pr♦✈✐♥❣ s✐♠✐❧❛r r❡s✉❧ts ♦♥ t❤❡s❡ ✈❛r✐❛♥ts ♦❢ t❤❡ ♣r♦❜❧❡♠

✐s ❛ ♣♦ss✐❜❧❡ ❞✐r❡❝t✐♦♥ ♦❢ ❢✉t✉r❡ r❡s❡❛r❝❤✳ ❙♦♠❡ ♦❢ ♦✉r ♠❡t❤♦❞s ✭❢♦r ❡①❛♠♣❧❡ ♦✉r ❧♦✇❡r

❜♦✉♥❞ ❢♦r ❧❛r❣❡ k ✐♥ ❚❤❡♦r❡♠ ✻✳✷✳✸✮ ❝❛♥ ❜❡ ✉s❡❞ ❡❛s✐❧② ❢♦r t❤❡s❡ ❣r❛♣❤ ❝❧❛ss❡s✳ ❲❡ ♥♦t❡

t❤❛t ❛ s❤❛r♣ ✉♣♣❡r ❜♦✉♥❞ ❢♦r t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧❧② ❬✷✱✷❪✲❡❞❣❡✲r✐❣✐❞ ❣r❛♣❤s ✇❛s

r❡❝❡♥t❧② ❣✐✈❡♥ ❜② ❏♦r❞á♥ ❬✻✵❪✱ ❛s ❢♦❧❧♦✇s✳



❈❤❛♣t❡r ✻✿ ◆♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✾✺

❚❤❡♦r❡♠ ✻✳✻✳✶ ✭❬✻✵❪✮✳ ▲❡t G = (V,E) ❜❡ ❛ ♠✐♥✐♠❛❧❧② [2, 2]✲❡❞❣❡✲r✐❣✐❞ s✐♠♣❧❡ ❣r❛♣❤ ✇✐t❤

|V | ≥ 7✳ ❚❤❡♥

|E| ≤ 3|V | − 9.

❚❤❡ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ ❣r❛♣❤ K3,n−3 s❤♦✇s t❤❛t t❤✐s ❜♦✉♥❞ ✐s s❤❛r♣✳

❆ ❞✐✛❡r❡♥t ❞✐r❡❝t✐♦♥ ✐s t♦ ❝❤❛r❛❝t❡r✐③❡ ✐♥❞✉❝t✐✈❡❧② t❤❡ ❝❧❛ss ♦❢ ❣r❛♣❤s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡

❢♦r s♦♠❡ ✈❛❧✉❡s ♦❢ [k, d] ✇❤✐❝❤ s❡❡♠s t♦ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❛♥❞ ❞✐✣❝✉❧t ♦♣❡♥ q✉❡st✐♦♥✳





❈❤❛♣t❡r ✼

●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞

❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s

❖♥❡ ♦❢ t❤❡ ✐♠♣♦rt❛♥t st❡♣s t♦✇❛r❞s ❛ ♣♦ss✐❜❧❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❣❧♦❜❛❧ r✐❣✐❞✐t② ✐♥

❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s ✐s t♦ ✐❞❡♥t✐❢② ♥❡✇ ♥❡❝❡ss❛r② ♦r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r ❣❧♦❜❛❧ r✐❣✐❞✐t②

❛♥❞ t♦ ❝❤❛r❛❝t❡r✐③❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ s♣❡❝✐❛❧ ❣r❛♣❤ ❝❧❛ss❡s✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✜♥❞✐♥❣ ♠♦r❡

❝♦✉♥t❡r❡①❛♠♣❧❡s t♦ ❍❡♥❞r✐❝❦s♦♥✬s ❝♦♥❥❡❝t✉r❡ ✐s ❛ ❝❤❛❧❧❡♥❣✐♥❣ ♣r♦❜❧❡♠✳ ❲❡ s❛② t❤❛t ❛

❣r❛♣❤ G ✐s ❛♥ ❍✲❣r❛♣❤ ✐♥ Rd ✐❢ ✐t s❛t✐s✜❡s ❍❡♥❞r✐❝❦s♦♥✬s ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ✐♥ Rd ✭s❡❡

❚❤❡♦r❡♠ ✶✳✷✳✹✮ ❜✉t ✐t ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳ ❋♦r d = 3✱ ❈♦♥♥❡❧❧② ❬✶✶❪ s❤♦✇❡❞ t❤❛t

t❤❡ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤ K5,5 ✐s ❛♥ ❍✲❣r❛♣❤✳ ❍❡ ♣r❡s❡♥t❡❞ ❍✲❣r❛♣❤s ❢♦r ❛❧❧ d ≥ 3

❛s ✇❡❧❧✳ ❚❤❡s❡ ❍✲❣r❛♣❤s ❛r❡ ❛❧❧ ❝♦♠♣❧❡t❡ ❜✐♣❛rt✐t❡ ❣r❛♣❤s ♦♥
(
d+2
2

)
♥♦❞❡s✳ ❋r❛♥❦ ❛♥❞

❏✐❛♥❣ ❬✸✾❪ ❢♦✉♥❞ t✇♦ ♠♦r❡ ✭❜✐♣❛rt✐t❡✮ ❍✲❣r❛♣❤s ✐♥ R4 ❛♥❞ ✐♥✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❍✲❣r❛♣❤s

✐♥ Rd ❢♦r d ≥ 5✳ ❙♦♠❡ ♦❢ t❤❡✐r ❍✲❣r❛♣❤s ✐♥ Rd✱ d ≥ 5✱ ❝♦♥t❛✐♥ t❤❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤

Kd+1 ❛s ❛ s✉❜❣r❛♣❤✳ ❲❡ r❡♠❛r❦ t❤❛t ❛ d✲❞✐♠❡♥s✐♦♥❛❧ ❍✲❣r❛♣❤ G ❝❛♥ ❜❡ t✉r♥❡❞ ✐♥t♦ ❛

d+ 1✲❞✐♠❡♥s✐♦♥❛❧ ❍✲❣r❛♣❤ ❜② ❛♣♣❧②✐♥❣ t❤❡ ❝♦♥✐♥❣ ♦♣❡r❛t✐♦♥✱ s❡❡ ❬✶✼✱ ✸✾❪✳

❈♦♥♥❡❧❧② ❝♦♥❥❡❝t✉r❡❞ t❤❛t K5,5 ✐s t❤❡ ♦♥❧② ❍✲❣r❛♣❤ ✐♥ R3 ❬✶✹✱ ✶✼❪✳ ❈♦♥♥❡❧❧② ❛♥❞

❲❤✐t❡❧❡② ❬✶✼❪ ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡r❡ ❡①✐st ♥♦ ❍✲❣r❛♣❤s ✐♥ Rd ❝♦♥t❛✐♥✐♥❣ Kd+1 ❛s ❛ s✉❜✲

❣r❛♣❤✳ ❚❤❡② ❛❧s♦ ❝♦♥❥❡❝t✉r❡❞ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ❍✲❣r❛♣❤s ✐s ✜♥✐t❡ ✐♥ Rd✱ ❢♦r ❛❧❧ d ≥ 3✳

❆❧t❤♦✉❣❤ t❤❡ ❛❜♦✈❡ ♠❡♥t✐♦♥❡❞ ❡①❛♠♣❧❡s ❬✸✾❪ ❞✐s♣r♦✈❡❞ t❤❡ ❧❛tt❡r ❝♦♥❥❡❝t✉r❡s ❢♦r d ≥ 5✱

t❤❡② r❡♠❛✐♥❡❞ ♦♣❡♥ ✐♥ t❤❡ t❤r❡❡✲ ❛♥❞ ❢♦✉r✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✳ ❚❛♥✐❣❛✇❛ ❬✾✾❪ ♥♦t❡❞ t❤❛t

❡✈❡r② ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✇❤✐❝❤ ✐s r✐❣✐❞ ✐♥ Rd s❛t✐s✜❡s ❍❡♥❞r✐❝❦s♦♥✬s ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s

❛♥❞ ❝♦♥t❛✐♥s Kd+1 ❛s ❛ s✉❜❣r❛♣❤✳ ❚❤✐s ♠♦t✐✈❛t❡❞ ❤✐♠ t♦ ❝♦♥❥❡❝t✉r❡ t❤❛t ❛ ❜♦❞②✲❤✐♥❣❡

❣r❛♣❤ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t ✐s r✐❣✐❞ ✐♥ Rd✱ t❤❛t ✐s✱ ✐❢ ❢♦r ✐ts ✉♥❞❡r❧②✐♥❣

❣r❛♣❤ H✱
((

d+1
2

)
− 1

)
H ✐s

(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❈♦♥♥❡❧❧②✱ ❏♦r❞á♥✱ ❛♥❞ ❲❤✐t❡❧❡② ❬✶✺❪ ❛❧s♦ ❝♦♥❥❡❝t✉r❡❞ ❛ str♦♥❣❡r s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r

t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳ ❲❡ ❣✐✈❡ ❛♥ ❛✣r♠❛t✐✈❡ ❛♥s✇❡r t♦ t❤❡✐r ❝♦♥❥❡❝t✉r❡✳

❋✉rt❤❡r♠♦r❡✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ❝♦♥❥❡❝t✉r❡❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦ ♥❡❝❡ss❛r② ✭t❤❛t



✾✽ ✼✳✶✳ Pr❡❧✐♠✐♥❛r✐❡s

✐♠♠❡❞✐❛t❡❧② ❞✐s♣r♦✈❡s t❤❡ ❝♦♥❥❡❝t✉r❡ ♦❢ ❚❛♥✐❣❛✇❛✮✳ ❖✉r ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ❝❤❛♣t❡r ✐s ❛s

❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✼✳✵✳✶✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ d ≥ 3✳ ❚❤❡♥ t❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GBH
H

✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ (
(
d+1
2

)
− 1)H ✐s ❤✐❣❤❧②

(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

❲❡ ♣r♦✈❡ ❚❤❡♦r❡♠ ✼✳✵✳✶ ✐♥ ❙❡❝t✐♦♥ ✼✳✸ ❛❢t❡r s✉♠♠❛r✐③✐♥❣ s♦♠❡ ♦❜s❡r✈❛t✐♦♥s ♦♥ t❤❡

tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t② ♦❢ ❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✼✳✶ ❛♥❞ s❤♦✇✐♥❣ t❤❛t t❤❡

❞❡❧❡t✐♦♥ ♦❢ t❤❡ ❝♦r❡s ♦❢ t❤❡ ❜♦❞✐❡s ✐♥ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ❞♦❡s ♥♦t r❡❛❧❧② ❡✛❡❝t ❣❧♦❜❛❧

r✐❣✐❞✐t②✳ ❲❡ ❛❧s♦ s❤♦✇ ❛ s✐♠✐❧❛r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r ❣❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡

❣r❛♣❤s ✐♥ ❙❡❝t✐♦♥ ✼✳✹✳

❆s ❛ ❜②✲♣r♦❞✉❝t ♦❢ ❚❤❡♦r❡♠ ✼✳✵✳✶ ✇❡ s❤❛❧❧ ❞✐s♣r♦✈❡ ✭t❤❡ r❡♠❛✐♥✐♥❣ ❝❛s❡s ♦❢✮ ❡❛❝❤ ♦❢

t❤❡ ♣r❡✈✐♦✉s❧② ♠❡♥t✐♦♥❡❞ ❝♦♥❥❡❝t✉r❡s ❜② ❝♦♥str✉❝t✐♥❣ ✈❛r✐♦✉s ✐♥✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❍✲❣r❛♣❤s

❢♦r ❛❧❧ d ≥ 3✳ ❙♦♠❡ ♦❢ t❤❡s❡ ❢❛♠✐❧✐❡s ❛r❡ ✐♥ ❢❛❝t ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳

❲❡ ❝❧♦s❡ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤✐s ❝❤❛♣t❡r ❜② ❛♥❛❧②③✐♥❣ ♦♥❡ ♦❢ ♦✉r 3✲❞✐♠❡♥s✐♦♥❛❧ ❍✲

❣r❛♣❤s ✇❤✐❝❤ ✇✐❧❧ ❛❧s♦ ✐❧❧✉str❛t❡ s♦♠❡ ♦❢ ♦✉r ❛r❣✉♠❡♥ts✳ ❚❤❡ ❣r❛♣❤ G ♦❢ ❋✐❣✉r❡ ✼✳✶❛ ✐s

4✲❝♦♥♥❡❝t❡❞ ❛♥❞ ♠✐♥✐♠❛❧❧② r✐❣✐❞ ✐♥ R3✳ ▼✐♥✐♠❛❧ r✐❣✐❞✐t② ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② ✉s✐♥❣ s♦♠❡ ♦❢

t❤❡ ✇❡❧❧✲❦♥♦✇♥ ✐♥❞✉❝t✐✈❡ ❝♦♥str✉❝t✐♦♥s ♦r ❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✽✳ ◆♦t❡ t❤❛t ✐t ❝❛♥ ❜❡

♦❜t❛✐♥❡❞ ❢r♦♠ t❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② ❛ s✐①✲❝②❝❧❡ ❜② ❞❡❧❡t✐♥❣ t❤❡ ❝♦r❡s ♦❢ t❤❡

❜♦❞✐❡s✳

❚❤❡♦r❡♠ ✶✳✷✳✹ ✐♠♣❧✐❡s t❤❛t G ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ R3✳ ❚❤❡ ❣r❛♣❤ Ĝ ♦❢ ❋✐❣✉r❡ ✼✳✶❜

✐s ♦❜t❛✐♥❡❞ ❢r♦♠ G ❜② ❛tt❛❝❤✐♥❣ ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ ❢♦✉r t♦ ❡❛❝❤ ♦❢ ✐ts s✐① K4 s✉❜❣r❛♣❤s✳

❚❤✉s Ĝ ✐s 4✲❝♦♥♥❡❝t❡❞ ❛♥❞ r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✐♥ R3✳ ❙✐♥❝❡ t❤❡ ♥❡✇ ♥♦❞❡s ❛r❡ ❛tt❛❝❤❡❞ t♦

❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤s✱ t❤❡ ❢❛❝t t❤❛t G ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♠♣❧✐❡s t❤❛t Ĝ ✐s ♥♦t ❣❧♦❜❛❧❧②

r✐❣✐❞ ❡✐t❤❡r ✐♥ R3✳ ❲❡ ♦❜t❛✐♥ t❤❛t Ĝ ✐s ❛♥ ❍✲❣r❛♣❤ ✐♥ R3✳

❇② ✉s✐♥❣ t❤❡ s❛♠❡ ❛r❣✉♠❡♥t ✇❡ ❝❛♥ ❞❡❞✉❝❡ t❤❛t t❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✐♥❞✉❝❡❞ ❜② t❤❡

s✐①✲❝②❝❧❡ ✐s ❛ 3✲❞✐♠❡♥s✐♦♥❛❧ ❍✲❣r❛♣❤✱ t♦♦✳ ❋✉rt❤❡r♠♦r❡✱ ❛s ✇❡ s❤❛❧❧ s❡❡✱ ✇❡ ❝❛♥ ❝♦♥str✉❝t

❛♥ ✐♥✜♥✐t❡ ❢❛♠✐❧② ♦❢ ❍✲❣r❛♣❤s ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤ ♥♦❞❡ ♦❢ t❤❡ s✐①✲❝②❝❧❡ ❜② s♦♠❡ ❣r❛♣❤ M

❢♦r ✇❤✐❝❤ 5M ✐s 6✲tr❡❡✲❝♦♥♥❡❝t❡❞ ✭❛♥❞ t❛❦✐♥❣ t❤❡ ✐♥❞✉❝❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤✮✱ s❡❡ ❙❡❝t✐♦♥

✼✳✸✳✶✳

❚❤❡ r❡s✉❧ts ♦❢ t❤✐s ❝❤❛♣t❡r ❛r❡ ❥♦✐♥t ✇✐t❤ ❚✐❜♦r ❏♦r❞á♥ ❛♥❞ ❙❤✐♥✲✐❝❤✐ ❚❛♥✐❣❛✇❛ ❬✻✶❪✳

✼✳✶ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ❤❛✈❡ ♥♦t❡❞ ✐♥ t❤❡ ■♥tr♦❞✉❝t✐♦♥ t❤❛t (k, ℓ)✲tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ❝♦✐♥❝✐❞❡s ✇✐t❤ (k, ℓ)✲

♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t② ❜② t❤❡ ❢❛♠♦✉s r❡s✉❧ts ♦❢ ❚✉tt❡ ❬✶✵✺❪ ❛♥❞ ◆❛s❤✲❲✐❧❧✐❛♠s ❬✽✻❪✳ ❲❡

✇✐❧❧ ✉s❡ ❤❡r❡ t❤❡ ❛♣♣❡❧❧❛t✐♦♥ ♦❢ tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ❜✉t s♦♠❡t✐♠❡s ✇❡ r❡❢❡r ❞✐r❡❝t❧② t♦ t❤❡

❞❡✜♥✐t✐♦♥ ♦❢ ♣❛rt✐t✐♦♥✲❝♦♥♥❡❝t✐✈✐t②✳ ❚♦ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥✱ D ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r(
d+1
2

)
✱ ✇❤❡r❡ d ✭t❤❡ ❞✐♠❡♥s✐♦♥✱ ✐♥ ♠♦st ❝❛s❡s✮ ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✳ GH ✇✐❧❧ ❞❡♥♦t❡



❈❤❛♣t❡r ✼✿ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✾✾

✭❛✮ ❆ 4✲❝♦♥♥❡❝t❡❞ ♠✐♥✐♠❛❧❧② r✐❣✐❞

❣r❛♣❤ G ✐♥ R3✳

✭❜✮ ❆ 4✲❝♦♥♥❡❝t❡❞✱ r❡❞✉♥❞❛♥t❧② r✐❣✐❞

❣r❛♣❤ Ĝ ✐♥ R3✱ ✇❤✐❝❤ ✐s ♥♦t ❣❧♦❜❛❧❧②

r✐❣✐❞ ✐♥ R3✳

❋✐❣✉r❡ ✼✳✶✿ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥ ❍✲❣r❛♣❤ ✐♥ R3✳

t❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GBH
H ♦❢ H✳ ❋♦r ❛ ❣r❛♣❤ H ❝♦♥t❛✐♥✐♥❣ ❛t ❧❡❛st k ❝♦♣✐❡s ♦❢ s♦♠❡ ❡❞❣❡

e✱ ✇❡ ✉s❡ ke t♦ r❡❢❡r t♦ k ❝♦♣✐❡s ♦❢ e ✐♥ H✳ ❚❤❡ ♥❡①t ❧❡♠♠❛ s❤♦✇s ❤♦✇ ❛ ❝❡rt❛✐♥ r❡❞✉❝t✐♦♥

st❡♣ ❛t s♦♠❡ ♥♦❞❡ ✇✐t❤ t✇♦ ♥❡✐❣❤❜♦rs ♣r❡s❡r✈❡s t❤❡ tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ♣r♦♣❡rt✐❡s ♦❢ t❤❡

❣r❛♣❤✳

▲❡♠♠❛ ✼✳✶✳✶✳ ▲❡t H ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t v ❜❡ ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ t✇♦ ✐♥ H ✇✐t❤ NH(v) =

{u, w}✳ ▲❡t Hv = H − v + uw ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② r❡♠♦✈✐♥❣ v ❛♥❞ ❛❞❞✐♥❣ ❛ ♥❡✇ ❡❞❣❡

uw✳ ❙✉♣♣♦s❡ t❤❛t (D − 1)H ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❢♦r s♦♠❡ d ≥ 2✳ ❚❤❡♥ (D − 1)Hv

✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ (D − 1)Hv − 2(uw) ✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t✱ ♣✉t H ′ = (D−1)Hv ❛♥❞ s✉♣♣♦s❡✱ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱

t❤❛t H ′ ✐s ♥♦t ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ t❤❡r❡ ✐s ♣❛rt✐t✐♦♥ P ′ = {X1, X2, ..., Xt} ♦❢
V (H ′) ✇✐t❤ t ≥ 2 ❢♦r ✇❤✐❝❤ eH′(P ′) ≤ D(t− 1)✳ ■❢ u ❛♥❞ w ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ ♠❡♠❜❡r✱

s❛② P1✱ t❤❡♥ ❜② ❛❞❞✐♥❣ v t♦ P1 ✇❡ ♦❜t❛✐♥ ❛ ♣❛rt✐t✐♦♥ P ♦❢ V ✇✐t❤ e(D−1)H(P) = eH′(P ′) ≤
D(t−1)✱ ❝♦♥tr❛❞✐❝t✐♥❣ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t (D−1)H ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ■❢ u ❛♥❞

v ❛r❡ ✐♥ ❞✐✛❡r❡♥t ♠❡♠❜❡rs t❤❡♥ ❜② ❛❞❞✐♥❣ ❛ ♥❡✇ ♠❡♠❜❡r {v} t♦ P ′ ✇❡ ♦❜t❛✐♥ ❛ ♣❛rt✐t✐♦♥

P ♦❢ V ✇✐t❤ t + 1 ♠❡♠❜❡rs s❛t✐s❢②✐♥❣ e(D−1)H(P) = eH′(P ′) − (D − 1) + 2(D − 1) ≤
D(t− 1) + (D − 1) = Dt− 1✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ✐s s✐♠✐❧❛r✳

❚❤❡ ❝♦♥♥❡❝t✐✈✐t②✱ ❡❞❣❡✲❝♦♥♥❡❝t✐✈✐t②✱ ❛♥❞ tr❡❡✲❝♦♥♥❡❝t✐✈✐t② ♣❛r❛♠❡t❡rs ♦❢ H✱ (D−1)H✱

❛♥❞ GH ❛r❡ r❡❧❛t❡❞ ❛s ❢♦❧❧♦✇s✳ ❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ♥❡①t s✐♠♣❧❡ ❧❡♠♠❛ ✐s ♦♠✐tt❡❞✳

▲❡♠♠❛ ✼✳✶✳✷✳ ✭✐✮ ❙✉♣♣♦s❡ t❤❛t (D − 1)H ✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ H ✐s 2✲❡❞❣❡✲

❝♦♥♥❡❝t❡❞✳



✶✵✵ ✼✳✷✳ ❚r✉♥❝❛t❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ❛♥❞ s❦❡❧❡t♦♥s

✭✐✐✮ ❙✉♣♣♦s❡ t❤❛t H ✐s k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ GH ✐s (d− 1)k✲❝♦♥♥❡❝t❡❞✳

✭✐✐✐✮ ❙✉♣♣♦s❡ t❤❛t (D − 1)H ✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❢♦r s♦♠❡ d ≥ 3✳ ❚❤❡♥ GH ✐s (d + 1)✲

❝♦♥♥❡❝t❡❞✳

✼✳✷ ❚r✉♥❝❛t❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ❛♥❞ s❦❡❧❡t♦♥s

❲❡ s❤❛❧❧ ❝♦♥s✐❞❡r ❣r❛♣❤s ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GH ✱ ✐♥❞✉❝❡❞ ❜② s♦♠❡

❣r❛♣❤ H✱ ❜② ❞❡❧❡t✐♥❣ ♦♥❡ ♥♦❞❡ ♦❢ t❤❡ ❤✐♥❣❡ s❡t H(e)✱ ❢♦r s♦♠❡ e ∈ E(H)✳ ■♥ t❤✐s ❣r❛♣❤

t❤❛t ✇❡ ❞❡♥♦t❡ ❜② G(H,e)✱ t❤❡ t✇♦ ❜♦❞✐❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡♥❞♥♦❞❡s ♦❢ e s❤❛r❡ ♦♥❧②

d− 2 ♥♦❞❡s✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ✐♠♣❧✐❝✐t ✐♥ ❬✾✾✱ ❚❤❡♦r❡♠ ✺✳✷❪✳

▲❡♠♠❛ ✼✳✷✳✶✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ e ∈ E(H)✳ ❙✉♣♣♦s❡ t❤❛t (D − 1)H − 2e

✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ G(H,e) ✐s r✐❣✐❞ ✐♥ Rd✳

▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤✳ ❚❤❡ s❦❡❧❡t♦♥ SH ♦❢ t❤❡ ✐♥❞✉❝❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GH

✐s ♦❜t❛✐♥❡❞ ❜② ❞❡❧❡t✐♥❣ t❤❡ ❝♦r❡s C(v) ❢♦r ❛❧❧ v ∈ V ✳ ❚❤❡ r✐❣✐❞✐t②✱ ❣❧♦❜❛❧ r✐❣✐❞✐t②✱ ❛♥❞

❝♦♥♥❡❝t✐✈✐t② ♣r♦♣❡rt✐❡s ♦❢ GH ❛♥❞ SH ❛r❡ t❤❡ s❛♠❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ s❡♥s❡✳

▲❡♠♠❛ ✼✳✷✳✷✳ ▲❡t H ❜❡ ❛ ❣r❛♣❤ ✇✐t❤ ♠✐♥✐♠✉♠ ❞❡❣r❡❡ ❛t ❧❡❛st t✇♦ ❛♥❞ ❧❡t d ≥ 3 ❜❡ ❛♥

✐♥t❡❣❡r✳ ❚❤❡♥ GH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✭r✐❣✐❞ ✐♥ Rd✱ (d+1)✲❝♦♥♥❡❝t❡❞✱ r❡s♣✳✮ ✐❢ ❛♥❞ ♦♥❧②

✐❢ SH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✭r✐❣✐❞ ✐♥ Rd✱ (d+ 1)✲❝♦♥♥❡❝t❡❞✱ r❡s♣✳✮✳

Pr♦♦❢✳ ❚❤❡ ❧❡♠♠❛ ❢♦❧❧♦✇s ❜② ♦❜s❡r✈✐♥❣ t❤❛t GH ✐s ♦❜t❛✐♥❡❞ ❢r♦♠ SH ❜② ✐t❡r❛t✐✈❡❧② ❛t✲

t❛❝❤✐♥❣ ❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤s t♦ ❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤s ♦❢ s✐③❡ ❛t ❧❡❛st 2(d− 1) ≥ d+ 1✳

❚❤❡ s❦❡❧❡t♦♥ ♦❢ G(H,e) ✐s ❞❡✜♥❡❞ ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r ❛s t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ G(H,e)

❜② ❞❡❧❡t✐♥❣ t❤❡ ❝♦r❡s C(v) ❢♦r ❛❧❧ v ∈ V ✳

✼✳✸ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s

❇❡❢♦r❡ t❤❡ ♣r♦♦❢ ♦❢ ♦✉r ♠❛✐♥ r❡s✉❧t✱ ✇❡ ♣r♦✈❡ ♦♥❡ ♠♦r❡ ❧❡♠♠❛ t❤❛t ✇❡ ♥❡❡❞ ♦♥❧② ✐♥

t❤❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡s✱ ✇❤❡♥ d ≥ 4✳ ❚♦ ✈❡r✐❢② t❤❡ t❤r❡❡✲❞✐♠❡♥s✐♦♥❛❧ ❝❛s❡ t❤❡ ♥❡①t

❧❡♠♠❛ ❛♥❞ t❤❡ ♣r❡❝❡❞✐♥❣ ❞✐s❝✉ss✐♦♥ ❝❛♥ ❜❡ s❦✐♣♣❡❞✳

▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ s✉♣♣♦s❡ t❤❛t H ❝♦♥t❛✐♥s ❛ ♥♦❞❡ v ♦❢ ❞❡❣r❡❡ t✇♦ ✇✐t❤

NH(v) = {u, w}✳ ▲❡t H(uv) = {x1, . . . , xd−1} ❛♥❞ H(vw) = {y1, . . . , yd−1} ❞❡♥♦t❡ t❤❡

❤✐♥❣❡ s❡ts ❛ss♦❝✐❛t❡❞ ✇✐t❤ uv ❛♥❞ vw ✐♥ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ d✲❞✐♠❡♥s✐♦♥❛❧ s❦❡❧❡t♦♥ SH ✳ ■❢

d = 3 t❤❡♥ ✇❡ s✐♠♣❧② ♣✉t Sv
H = SH ✳ ❖t❤❡r✇✐s❡✱ ✇❤❡♥ d ≥ 4✱ ✇❡ ❞❡♥♦t❡ ❜② Sv

H t❤❡ ❣r❛♣❤

♦❜t❛✐♥❡❞ ❢r♦♠ SH ❜② ❝♦♥tr❛❝t✐♥❣ t❤❡ ❡❞❣❡s xiyi ❢♦r ❛❧❧ 3 ≤ i ≤ d−1✳ ❙❡❡ ❋✐❣✉r❡ ✼✳✷✳ ❚❤✐s

♦♣❡r❛t✐♦♥ ❝❤❛♥❣❡s t❤❡ ❜♦❞✐❡s ♦❢ u, v, w ❛♥❞ r❡s✉❧ts ✐♥ ❞❡❢♦r♠❡❞ ❤✐♥❣❡ s❡ts ❛ss♦❝✐❛t❡❞ ✇✐t❤



❈❤❛♣t❡r ✼✿ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✶✵✶

❡❞❣❡s uv ❛♥❞ vw✳ ❲❡ s❤❛❧❧ ✉s❡ Bv(a) ❛♥❞ Hv(e) t♦ ❞❡♥♦t❡ t❤❡ ❜♦❞✐❡s ❛♥❞ ❤✐♥❣❡s ✐♥ Sv
H

❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ♥♦❞❡s ❛♥❞ ❡❞❣❡s ♦❢ H✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤✉s |Bv(u) ∩ Bv(w)| = d − 3

❛♥❞ Bv(v) ✐♥❞✉❝❡s ❛ ❝♦♠♣❧❡t❡ ❣r❛♣❤ Kd+1✳

B(w)− C(w)B(u)− C(u) B(v)− C(v)

✭❛✮ SH

Bv(u) Bv(w)Bv(v)

✭❜✮ Sv
H

❋✐❣✉r❡ ✼✳✷✿ ❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Sv
H ❢r♦♠ SH ✐♥ R5✳ ❚❤❡ ✜❣✉r❡ s❤♦✇s t❤❡ ❜♦❞✐❡s ❝♦rr❡✲

s♣♦♥❞✐♥❣ t♦ ♥♦❞❡ v ✇✐t❤ NH(v) = {u, w} ♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ H ❜❡❢♦r❡ ❛♥❞ ❛❢t❡r t❤❡

❡❞❣❡ ❝♦♥tr❛❝t✐♦♥s✳

▲❡♠♠❛ ✼✳✸✳✶✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ v ❜❡ ❛ ♥♦❞❡ ♦❢ ❞❡❣r❡❡ t✇♦ ✐♥ H✳ ❙✉♣♣♦s❡

t❤❛t d ≥ 3✳ ❚❤❡♥ SH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ Sv
H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❡ ✏♦♥❧② ✐❢✑ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♦t❤❡r ❞✐r❡❝t✐♦♥ ❝❛♥ ❜❡ ♣r♦✈❡❞ ✐♥ ❛

s✐♠✐❧❛r ❢❛s❤✐♦♥✳ ❆s ❛❜♦✈❡✱ ❧❡t NH(v) = {u, w}✱ H(uv) = {x1, . . . , xd−1}✱ ❛♥❞ H(vw) =

{y1, . . . , yd−1}✳ ❉❡♥♦t❡ t❤❡ ♥♦❞❡ ♦❜t❛✐♥❡❞ ❜② t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ ❡❞❣❡ xiyi ❜② zi✱ ❢♦r 3 ≤
i ≤ d− 1✳

❈♦♥s✐❞❡r ❛ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥ (SH , p) ♦❢ SH ✐♥ Rd✳ ❚❤❡♥ t❤❡ ✐♥t❡rs❡❝t✐♦♥ L ♦❢ t❤❡ t✇♦

❛✣♥❡ s✉❜s♣❛❝❡s s♣❛♥♥❡❞ ❜② t❤❡ ❤✐♥❣❡ s❡ts H(uv) ❛♥❞ H(vw)✱ r❡s♣❡❝t✐✈❡❧②✱ ✐s ❛ (d − 4)✲

❞✐♠❡♥s✐♦♥❛❧ ❛✣♥❡ s✉❜s♣❛❝❡ ♦❢ Rd✳ ❚❛❦❡ d − 3 ♣♦✐♥ts a3, . . . , ad−1 ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t

t❤❡✐r ❛✣♥❡ s♣❛♥ ✐s ❡q✉❛❧ t♦ L ❛♥❞ ❞❡✜♥❡ p′ : V (Sv
H) → Rd s♦ t❤❛t p′(j) = p(j) ❢♦r ❛❧❧

j ∈ V (Sv
H) ✇✐t❤ j 6= zi ❛♥❞ ❜② ♣✉tt✐♥❣ p′(zi) = ai ❢♦r 3 ≤ i ≤ d − 1✳ ■t ❢♦❧❧♦✇s t❤❛t

t❤❡ ❛✣♥❡ s✉❜s♣❛❝❡s s♣❛♥♥❡❞ ❜② H(e) ❛♥❞ Hv(e) ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ e ∈ E(H)✳ ❚❤✉s✱

✐♥❢♦r♠❛❧❧② s♣❡❛❦✐♥❣✱ t❤❡ ❢r❛♠❡✇♦r❦s (SH , p) ❛♥❞ (Sv
H , p

′) ❣✐✈❡ r✐s❡ t♦ t❤❡ s❛♠❡ ❜♦❞②✲❤✐♥❣❡

str✉❝t✉r❡✱ s✐♥❝❡ t❤❡✐r ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤s ❛s ✇❡❧❧ ❛s t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤✐♥❣❡ s✉❜s♣❛❝❡s ❛r❡

❛❧❧ t❤❡ s❛♠❡✳

❚❤✐s ❡q✉✐✈❛❧❡♥❝❡ ✐s ♥♦t ❡♥t✐r❡❧② ♦❜✈✐♦✉s ✐♥ ♦✉r ❜❛r✲❛♥❞✲❥♦✐♥t s❡tt✐♥❣✳ ❚❤❡ ❢❛❝t t❤❛t

t❤❡s❡ str✉❝t✉r❡s ❛r❡ ✐♥❞❡❡❞ ❡q✉✐✈❛❧❡♥t ❛s ❢❛r ❛s ❣❧♦❜❛❧ ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧ r✐❣✐❞✐t② ❛r❡ ❝♦♥✲

❝❡r♥❡❞ ❝❛♥ ❜❡ ♠❛❞❡ ♣r❡❝✐s❡ ❛s ❢♦❧❧♦✇s✳

▲❡t (Sv
H , q

′) ❜❡ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ Sv
H ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ (Sv

H , p
′)✳ ❚❤❡♥ ❢♦r ❡❛❝❤

i ∈ V (H) t❤❡r❡ ✐s ❛♥ ✐s♦♠❡tr② fi s✉❝❤ t❤❛t q′(x) = fi(p
′(x)) ❢♦r ❡❛❝❤ x ∈ Bv(i)✳ ◆♦t❡ t❤❛t

❢♦r ❛♥② ❡❞❣❡ e = ij ✇❡ ❤❛✈❡ fi(s) = fj(s) ❢♦r ❛❧❧ ♣♦✐♥ts s t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ❛✣♥❡ s♣❛♥ ♦❢



✶✵✷ ✼✳✸✳ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s

p′(Hv(e))✳ ❍❡♥❝❡✱ ✐❢ ✇❡ ❞❡✜♥❡ ❛ r❡❛❧✐③❛t✐♦♥ (SH , q) s✉❝❤ t❤❛t q(x) = fi(p(x)) ❢♦r x ∈ B(i)

❢♦r ❡❛❝❤ i ∈ V (H)✱ t❤❡♥ q ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ◆♦t❡ t❤❛t (Sv
H , p

′) ✐s ❝♦♥❣r✉❡♥t t♦ (Sv
H , q

′) ✐❢

❛♥❞ ♦♥❧② ✐❢ t❤❡ ✐s♦♠❡tr✐❡s fi ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ i ∈ V (H)✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣

t❤❛t (SH , p) ✐s ❝♦♥❣r✉❡♥t t♦ (SH , q)✳ ❚❤✉s (Sv
H , p

′) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐❢ ✭❛♥❞ ♦♥❧② ✐❢✮ (SH , p)

✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳

❙✐♠✐❧❛r❧②✱ ♦♥❡ ❝❛♥ ❝❤❡❝❦ t❤❛t (Sv
H , p

′) ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞ ✐❢ (SH , p) ✐s ✐♥✜♥✐t❡s✐♠❛❧❧②

r✐❣✐❞✳ ▲❡t m′ : V (Sv
H)→ Rd ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ♦❢ (Sv

H , p
′)✳ ❙✐♥❝❡ ❡❛❝❤ r✐❣✐❞ ❜♦❞②

❛✣♥❡❧② s♣❛♥s Rd✱ ❢♦r ❡❛❝❤ i ∈ V (H)✱ t❤❡r❡ ✐s ❛ s❦❡✇✲s②♠♠❡tr✐❝ ♠❛tr✐① Si ❛♥❞ ❛ ✈❡❝t♦r

ti ∈ Rd s✉❝❤ t❤❛t m′(x) = Sip
′(x) + ti ❢♦r x ∈ B(i)✳ ◆♦t❡ t❤❛t✱ ❢♦r ❡❞❣❡ e = ij✱ ✇❡ ❤❛✈❡

Sis + ti = Sjs + tj ❢♦r ❛❧❧ ♣♦✐♥ts s t❤❛t ❜❡❧♦♥❣ t♦ t❤❡ ❛✣♥❡ s♣❛♥ ♦❢ p′(Hv(e))✳ ❍❡♥❝❡✱ ✐❢

✇❡ ❞❡✜♥❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ m ♦❢ (SH , p) s✉❝❤ t❤❛t m(x) = Sip(x) + ti ❢♦r x ∈ B(i)✱

❢♦r ❡❛❝❤ i ∈ V (H)✱ t❤❡♥ m ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ◆♦t❡ t❤❛t m ✐s tr✐✈✐❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ♣❛✐rs

(Si, ti) ❛r❡ t❤❡ s❛♠❡ ❢♦r ❛❧❧ i ∈ V (H)✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ s❛②✐♥❣ t❤❛t m′ ✐s tr✐✈✐❛❧✳

❚❤❡ r❡❛❧✐③❛t✐♦♥ (SH , p) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ❛♥❞ ❣❡♥❡r✐❝✳ ❍❡♥❝❡ ✐t ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞✳

❚❤✉s t❤❡ ❛❜♦✈❡ ❛r❣✉♠❡♥ts ✐♠♣❧② t❤❛t (Sv
H , p

′)✱ ✇❤✐❝❤ ♠❛② ♥♦t ❜❡ ❣❡♥❡r✐❝✱ ✐s ❛❧s♦ ❣❧♦❜❛❧❧②

r✐❣✐❞ ❛♥❞ ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞✳ ❇② ❚❤❡♦r❡♠ ✶✳✷✳✸✱ t❤✐s ✐♠♣❧✐❡s t❤❛t Sv
H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✱

❛s r❡q✉✐r❡❞✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ✏✐❢✑ ❞✐r❡❝t✐♦♥ ✐♥ ▲❡♠♠❛ ✼✳✸✳✶ ❛❧s♦ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✶✾ ❜②

♦❜s❡r✈✐♥❣ t❤❛t SH ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❢r♦♠ Sv
H ❜② ❛ s❡q✉❡♥❝❡ ♦❢ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥s

❛♥❞ ❛❞❞✐♥❣ ❡❞❣❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t ✐♥ ❡❛❝❤ ✐t❡r❛t✐♦♥ t❤❡ ❜r✐❞❣✐♥❣ ❡❞❣❡ ✐s ♣❛rt ♦❢ ❝♦♠♣❧❡t❡

s✉❜❣r❛♣❤ Kd+2 ✭❛♥❞ ❤❡♥❝❡ ✐t ✐s r❡❞✉♥❞❛♥t✮ ✐♥ t❤❡ r❡s✉❧t✐♥❣ ❣r❛♣❤✳

❲❡ ❛r❡ ♥♦✇ r❡❛❞② t♦ ♣r♦✈❡ ♦✉r ♠❛✐♥ r❡s✉❧t ✭❚❤❡♦r❡♠ ✼✳✵✳✶✮ t❤❛t ✇❡ r❡st❛t❡ ❤❡r❡ ❢♦r

❝♦♥✈❡♥✐❡♥❝❡✳

❚❤❡♦r❡♠ ✼✳✸✳✷✳ ▲❡t H = (V,E) ❜❡ ❛ ❣r❛♣❤ ❛♥❞ d ≥ 3✳ ❚❤❡♥ t❤❡ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ GH

✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ (D − 1)H ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ❚♦ ♣r♦✈❡ ♥❡❝❡ss✐t②✱ s✉♣♣♦s❡✱ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❛t GH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd

❜✉t (D − 1)H ✐s ♥♦t ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡r❡ ✐s ❛ ♣❛rt✐t✐♦♥ P ♦❢

V ✇✐t❤ t ≥ 2 ♠❡♠❜❡rs s❛t✐s❢②✐♥❣ e(D−1)H(P) ≤ D(t−1)✳ ❇② ❛❞❞✐♥❣ s✉✣❝✐❡♥t❧② ♠❛♥② ♥❡✇

❡❞❣❡s ✐♥s✐❞❡ t❤❡ ♥♦♥✲s✐♥❣❧❡t♦♥ ♣❛rt✐t✐♦♥ ❝❧❛ss❡s t♦ ♠❛❦❡ t❤❡✐r ✐♥❞✉❝❡❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s

❣❧♦❜❛❧❧② r✐❣✐❞ ❛♥❞ t❤❡♥ ❝♦♥tr❛❝t✐♥❣ ❡❛❝❤ ♦❢ t❤❡♠ ✐♥t♦ ♦♥❡ ♥♦❞❡ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t ❡❛❝❤

♣❛rt✐t✐♦♥ ♠❡♠❜❡r ✐s ❛ s✐♥❣❧❡ ♥♦❞❡✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t

(D − 1)|E(H)| = D|V (H)| −D. ✭✼✳✶✮

❍❡♥❝❡ t❤❡r❡ ✐s ❛ ♥♦❞❡ v ♦❢ ❞❡❣r❡❡ t✇♦ ✐♥ H✳

❇② ▲❡♠♠❛s ✼✳✷✳✷ ❛♥❞ ✼✳✸✳✶✱ Sv
H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳ ❈❛❧❧ ❛♥ ❡❞❣❡ ❛ ❤✐♥❣❡✲❡❞❣❡ ✐❢ ✐t ✐s

✐♥❞✉❝❡❞ ❜② s♦♠❡ ❤✐♥❣❡ s❡t✳ ❘❡♠♦✈❡ ♥♦♥✲❤✐♥❣❡ ❡❞❣❡s ❢r♦♠ ❡❛❝❤ ❜♦❞② ♦❢ Sv
H s♦ t❤❛t t❤❡



❈❤❛♣t❡r ✼✿ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✶✵✸

s♣❛rs✐✜❡❞ s❦❡❧❡t♦♥✱ ❞❡♥♦t❡❞ ❜② TH ✱ s♣❛♥s ❛ ♠✐♥✐♠❛❧❧② r✐❣✐❞ ❣r❛♣❤ ♦♥ t❤❡ ♥♦❞❡ s❡t ♦❢ ❡❛❝❤

❜♦❞② ♦❢ Sv
H ✳ ❚❤✐s ❝❛♥ ❜❡ ❞♦♥❡✱ s✐♥❝❡ ❡❛❝❤ ❤✐♥❣❡ s❡t ✐♥❞✉❝❡s ❛ s♠❛❧❧ ❝♦♠♣❧❡t❡ ❣r❛♣❤ Kd−1

❛♥❞ t❤❡ ❤✐♥❣❡ s❡ts ❛r❡ ♣❛✐r✇✐s❡ ❞✐s❥♦✐♥t ✭❡①❝❡♣t ✐♥ t❤❡ ❜♦❞② ♦❢ v✱ ✇❤✐❝❤ ✐♥❞✉❝❡s Kd+1 ❛♥❞

❤❡♥❝❡ ✐s ❛❧r❡❛❞② ♠✐♥✐♠❛❧❧② r✐❣✐❞✮ ❛♥❞ ❤❡♥❝❡ t❤❡② ❝❛♥ ❜❡ ❡①t❡♥❞❡❞ t♦ ❛ s♣❛♥♥✐♥❣ ♠✐♥✐♠❛❧❧②

r✐❣✐❞ ❣r❛♣❤ ✇✐t❤✐♥ ❡❛❝❤ ❜♦❞②✳ ■t ✐s ❝❧❡❛r t❤❛t TH ✐s r✐❣✐❞✳ ❲❡ ❝❧❛✐♠ t❤❛t TH ✐s ♠✐♥✐♠❛❧❧②

r✐❣✐❞✳ ❚❤✐s ❢♦❧❧♦✇s ❜② ❝♦✉♥t✐♥❣ t❤❡ ❡❞❣❡s ❛♥❞ ✉s✐♥❣ ✭✼✳✶✮✿

|E(TH)| =
∑

u∈V (H)\{v}

(
d[(d− 1)dH(u)]−

(
d+ 1

2

))
+

(
d+ 1

2

)
−

(
d− 1

2

)
|E(H)|

=
∑

u∈V (H)

(
d(d− 1)dH(u)−

(
d+ 1

2

))
− d(d− 3)−

(
d− 1

2

)
|E(H)|

= (d− 1)

(
3

2
d+ 1

)
|E(H)| −

(
d+ 1

2

)
|V (H)| − d(d− 3)

= d((d− 1)|E(H)| − (d− 3))−
(
d+ 1

2

)

= d|V (Sv
H)| −D

= d|V (TH)| −D.

■t ❢♦❧❧♦✇s t❤❛t t❤❡ ❡❞❣❡s ♦❢ Kd+1 ✐♥❞✉❝❡❞ ❜② B(v) ❛r❡ M ✲❜r✐❞❣❡s ✭✐✳❡✳ ❡❞❣❡s t❤❛t ❜❡❧♦♥❣

t♦ ❛❧❧ r✐❣✐❞ s♣❛♥♥✐♥❣ s✉❜❣r❛♣❤s✮ ✐♥ Sv
H ✳ ❙♦ Sv

H ✐s ♥♦t r❡❞✉♥❞❛♥t❧② r✐❣✐❞✳ ❲❡ ❝❛♥ ❝♦♥❝❧✉❞❡✱

❜② ✉s✐♥❣ ❚❤❡♦r❡♠ ✶✳✷✳✹ ❛♥❞ ▲❡♠♠❛ ✼✳✸✳✶✱ t❤❛t SH ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞✳ ❇② ▲❡♠♠❛ ✼✳✷✳✷

t❤✐s ✐♠♣❧✐❡s t❤❛t GH ✐s ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ❡✐t❤❡r✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❚❤✐s ♣r♦✈❡s ♥❡❝❡ss✐t②✳

❚♦ ♣r♦✈❡ s✉✣❝✐❡♥❝②✱ s✉♣♣♦s❡ t❤❛t (D − 1)H ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤❡ ♣r♦♦❢ ✐s

❜② ✐♥❞✉❝t✐♦♥ ♦♥ |V |✳ ❚❤❡ st❛t❡♠❡♥t ✐s tr✐✈✐❛❧ ❢♦r |V | = 1✳ ■❢ (D − 1)H ✐s ❞♦✉❜❧② ❤✐❣❤❧②

D✲tr❡❡✲❝♦♥♥❡❝t❡❞ t❤❡♥ ✇❡ ❝❛♥ ✉s❡ ▲❡♠♠❛ ✼✳✷✳✶ t♦ ❞❡❞✉❝❡ t❤❛t GH ✐s ♥♦❞❡✲r❡❞✉♥❞❛♥t❧②

r✐❣✐❞ ✐♥ Rd ❛♥❞ t❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠ ✶✳✷✳✶✸ t❤❛t GH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✱ ❛s

r❡q✉✐r❡❞✳ ❚❤✉s ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t t❤❡r❡ ✐s ❛ ♣❛rt✐t✐♦♥ P = {P1, ..., Pt} ♦❢ V ✇✐t❤

t ≥ 2 ❛♥❞ (D − 1)e(P) = D(|P| − 1) + 1✳ ❲❡ ❝❛♥ ❛❧s♦ ❛ss✉♠❡ t❤❛t H[Pi] ✐s ❤✐❣❤❧②

D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❢♦r ❛❧❧ i ✭❢♦r ♦t❤❡r✇✐s❡ ✇❡ ❝♦✉❧❞ r❡✜♥❡ P ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡ ♣❛rt✐t✐♦♥

♦❢ Pi✮✳ ❇② ✐♥❞✉❝t✐♦♥✱ GH[Pi] ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ❢♦r ❛❧❧ i✳ ■❢ ♦♥❡ ♣❛rt✐t✐♦♥ ❝❧❛ss✱ s❛② P1✱ ✐s

♥♦t ❛ s✐♥❣❧❡t♦♥ t❤❡♥ ❝♦♥s✐❞❡r H ′ ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ❝♦♥tr❛❝t✐♥❣ P1 t♦ ❛ ♥♦❞❡ v1✳ ❚❤❡♥

(D − 1)H ′ ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❛♥❞ ❤❡♥❝❡✱ ❜② ✐♥❞✉❝t✐♦♥✱ ✐ts ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✐s

❣❧♦❜❛❧❧② r✐❣✐❞✳ ❙♦ ✇❡ ♠❛② s✉♣♣♦s❡ t❤❛t ❡❛❝❤ ♣❛rt✐t✐♦♥ ❝❧❛ss ✐s ❛ s✐♥❣❧❡t♦♥ ❛♥❞ ❤❡♥❝❡

(D − 1)|E| = D|V | −D + 1✳ ❚❤✉s t❤❡r❡ ✐s ♥♦❞❡ ✐♥ H ✇✐t❤ dH(v) = 2✳

❇② ▲❡♠♠❛s ✼✳✷✳✷ ❛♥❞ ✼✳✸✳✶✱ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t Sv
H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳ ▲❡t NH(v) =

{u, w}✳ ▲❡t H(uv) \ Bv(v) = {x1, x2} ❛♥❞ H(vw) \ Bv(v) = {y1, y2} ❜❡ t❤❡ t✇♦ ♣❛✐rs ♦❢

❤✐♥❣❡✲♥♦❞❡s ♥♦t ✐♥✈♦❧✈❡❞ ✐♥ t❤❡ ❝♦♥tr❛❝t✐♦♥s ✇❤❡♥ ❝♦♥str✉❝t✐♥❣ Sv
H ❢r♦♠ SH ✳ ◆♦t✐❝❡ t❤❛t

x1y1 ✐s ✐♥❝✐❞❡♥t t♦ d − 1 tr✐❛♥❣❧❡s ✐♥ Sv
H ✱ ❛♥❞ ❤❡♥❝❡ t❤❡ ❝♦♥tr❛❝t✐♦♥ ♦❢ x1y1 ❝♦rr❡s♣♦♥❞s

t♦ t❤❡ ✐♥✈❡rs❡ ♦♣❡r❛t✐♦♥ ♦❢ ♥♦❞❡ s♣❧✐tt✐♥❣✳ ▲❡t S ′ ❜❡ t❤❡ ❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ Sv
H ❜②



✶✵✹ ✼✳✸✳ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s

❝♦♥tr❛❝t✐♥❣ x1y1✳ ❚❤❡♥ ♦❜s❡r✈❡ t❤❛t S ′−x2y2 ✐s t❤❡ s❦❡❧❡t♦♥ ♦❢ G(Hv ,uw)✱ ✇❤❡r❡ Hv = H−
v+uw✳ ❙✐♥❝❡ H ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✱ ▲❡♠♠❛ ✼✳✶✳✶ ✐♠♣❧✐❡s t❤❛t (D−1)Hv−2(uw)

✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❚❤✐s ✐♥ t✉r♥ ✐♠♣❧✐❡s t❤❛t S ′−x2y2 ✐s r✐❣✐❞ ❜② ▲❡♠♠❛ ✼✳✷✳✶✳ ■t ❢♦❧❧♦✇s

❢r♦♠ ❲❤✐t❡❧❡②✬s ♥♦❞❡✲s♣❧✐tt✐♥❣ t❤❡♦r❡♠ t❤❛t Sv
H − x2y2 ✐s r✐❣✐❞✱ ❛♥❞ xiyj ✐s r❡❞✉♥❞❛♥t ✐♥

Sv
H ❢♦r ❛♥② i = 1, 2 ❛♥❞ j = 1, 2 ❜② s②♠♠❡tr②✳

❙✐♥❝❡ S ′ − x2y2 ✐s r✐❣✐❞✱ S ′ − x2 ✐s ❝❧❡❛r❧② r✐❣✐❞ ✭s✐♥❝❡ x2 ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ ❛♥② ♦❢ t❤❡

✏❤✐♥❣❡ s❡ts✑ ✐♥ S ′−x2y2✮✳ ❖❜s❡r✈❡ t❤❛t S ′−x2+K(NS′(x2)) ✐s t❤❡ s❦❡❧❡t♦♥ ♦❢ GHv
✳ ❙✐♥❝❡

(D − 1)Hv ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ✇✐t❤ |V (Hv)| < |V (H)|✱ S ′ − x2 + K(NS′(x2)) ✐s

❣❧♦❜❛❧❧② r✐❣✐❞ ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡r❡❢♦r❡ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✷ S ′ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳

❙✐♥❝❡ SH ✐s ❝♦♥str✉❝t❡❞ ❢r♦♠ S ′ ❜② ❛ ♥♦❞❡ s♣❧✐tt✐♥❣ ♦♣❡r❛t✐♦♥ ❛♥❞ x1y1 ✐s r❡❞✉♥❞❛♥t

✐♥ Sv
H ✱ ✇❡ ❝❛♥ ❛♣♣❧② ❚❤❡♦r❡♠ ✶✳✷✳✶✾ t♦ ❝♦♥❝❧✉❞❡ t❤❛t SH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳

✼✳✸✳✶ ■♥✜♥✐t❡ ❢❛♠✐❧✐❡s ♦❢ ❍✲❣r❛♣❤s

❇② ✉s✐♥❣ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦r❡♠ ✼✳✵✳✶ ✇❡ ❝❛♥ ❡❛s✐❧② ❝♦♥str✉❝t ✐♥✜♥✐t❡

❢❛♠✐❧✐❡s ♦❢ d✲❞✐♠❡♥s✐♦♥❛❧ ❍✲❣r❛♣❤s ❢♦r ❛❧❧ d ≥ 3✳ ▲❡t H ❜❡ ❛ ❣r❛♣❤ ❢♦r ✇❤✐❝❤ (D − 1)H

✐s D✲tr❡❡✲❝♦♥♥❡❝t❡❞ ❜✉t ♥♦t ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✱ ♦r ❡q✉✐✈❛❧❡♥t❧②✱ ❢♦r ✇❤✐❝❤ (D −
1)H ❝♦♥t❛✐♥s D ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s ❛♥❞ ❛t t❤❡ s❛♠❡ t✐♠❡ ❤❛s ❛ ♣❛rt✐t✐♦♥ P =

{X1, X2, ..., Xt} ♦❢ V ✇✐t❤ t ≥ 2 s❛t✐s❢②✐♥❣

eH(P) =
D(t− 1)

D − 1
.

❋♦r ❡①❛♠♣❧❡ ✇❡ ♠❛② ♦❜t❛✐♥ s✉❝❤ ❣r❛♣❤s H ❢r♦♠ ❛ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ D ❜② r❡♣❧❛❝✐♥❣ ❡❛❝❤

♥♦❞❡ ❜② ❛♥② s✉❜❣r❛♣❤ H ′ ❢♦r ✇❤✐❝❤ (D − 1)H ′ ❝♦♥t❛✐♥s D ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s✳

❚❤❡♥ GH ✐s r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ✭✐t ❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✶✳✷✳✽ ❛♥❞ t❤❡ ❢❛❝t t❤❛t ❡❛❝❤

❡❞❣❡ ❜❡❧♦♥❣s t♦ ❛ ❧❛r❣❡ ❡♥♦✉❣❤ ❝♦♠♣❧❡t❡ s✉❜❣r❛♣❤✮✱ ❛♥❞ (d + 1)✲❝♦♥♥❡❝t❡❞ ✭❜② ▲❡♠♠❛

✼✳✶✳✷✭✐✐✐✮✮✱ ❜✉t ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✭❜② ❚❤❡♦r❡♠ ✼✳✵✳✶✮✳ ❚❤✉s ✐t ✐s ❛ d✲❞✐♠❡♥s✐♦♥❛❧

❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ✇❤✐❝❤ ✐s ❛❧s♦ ❛♥ ❍✲❣r❛♣❤✳

■t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t s❡✈❡r❛❧ ♦t❤❡r ❡①❛♠♣❧❡s✱ ✐♥❝❧✉❞✐♥❣ ❢❛♠✐❧✐❡s ✇❤✐❝❤ ❛r❡ ♥♦t

❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳ ❋♦r ❡①❛♠♣❧❡✱ ❛s ♥♦t❡❞ ❡❛r❧✐❡r✱ t❤❡ ❝♦♥❡ ♦❢ ❛♥ ❍✲❣r❛♣❤ ✐s ❛❧s♦ ❛♥

❍✲❣r❛♣❤✳ ❆♥♦t❤❡r ✇❛② t♦ ❝r❡❛t❡ ❡①❛♠♣❧❡s ✐s t♦ t❛❦❡ ❛ ❜♦❞②✲❤✐♥❣❡ ❍✲❣r❛♣❤ ❛♥❞ t❤❡♥

r❡♣❧❛❝❡ ♦♥❡ ✭♦r ♠♦r❡✮ ♦❢ ✐ts ❜♦❞✐❡s ❜② ❛ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤✱ ❦❡❡♣✐♥❣ t❤❡ s❛♠❡ ♥♦❞❡s ♦❢

❛tt❛❝❤♠❡♥t✳

✼✳✸✳✷ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s ✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s

❚❤❡♦r❡♠ ✶✳✷✳✺ ❣✐✈❡s ❛ ❝♦♠♣❧❡t❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✐♥ R2✳ ❲❡ ❝❛♥ ✉s❡

t❤✐s r❡s✉❧t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤♦s❡ ❣r❛♣❤s H t❤❛t ✐♥❞✉❝❡ ❣❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s

✐♥ t✇♦ ❞✐♠❡♥s✐♦♥s✳ ■t t✉r♥s ♦✉t t❤❛t t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ✐s ❞✐✛❡r❡♥t



❈❤❛♣t❡r ✼✿ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s ✶✵✺

❢r♦♠ t❤❛t ♦❢ t❤❡ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ✈❡rs✐♦♥ ✐♥ ❚❤❡♦r❡♠ ✼✳✵✳✶✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❝❛♥

❜❡ ❞❡❞✉❝❡❞ ❢r♦♠ ❚❤❡♦r❡♠s ✶✳✷✳✹✱ ✶✳✷✳✶✸ ❛♥❞ ▲❡♠♠❛ ✼✳✷✳✶✳

❚❤❡♦r❡♠ ✼✳✸✳✸✳ ▲❡t H ❜❡ ❛ ❣r❛♣❤ ❛♥❞ ❧❡t GH ❜❡ t❤❡ t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤

✐♥❞✉❝❡❞ ❜② H✳ ❚❤❡♥ GH ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ R2 ✐❢ ❛♥❞ ♦♥❧② ✐❢ H ✐s 3✲❡❞❣❡✲❝♦♥♥❡❝t❡❞✳

■❢ H ✐s 3✲r❡❣✉❧❛r t❤❡♥ SH ✐s ❛ s♦✲❝❛❧❧❡❞ ❝♦♠❜✐♥❛t♦r✐❛❧ ③❡♦❧✐t❡ ✐♥ t❤❡ ♣❧❛♥❡✳ ❆ ❞✐✛❡r❡♥t

♣r♦♦❢ ❢♦r t❤✐s s♣❡❝✐❛❧ ❝❛s❡ ✇❛s ❣✐✈❡♥ ✐♥ ❬✺✾❪✳

✼✳✹ ●❧♦❜❛❧❧② r✐❣✐❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ♣r♦✈❡ ❛♥ ❛♥❛❧♦❣✉❡ ♦❢ ❚❤❡♦r❡♠ ✼✳✵✳✶ ❢♦r ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤s✳

❖✉r r❡s✉❧t ✐s ❛s ❢♦❧❧♦✇s✳

❚❤❡♦r❡♠ ✼✳✹✳✶✳ ▲❡t H = (V ;EB, EH) ❜❡ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ ❛♥❞ d ≥ 3✳ ❚❤❡♥

t❤❡ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❣r❛♣❤ GBBH
H ♦❢ H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❣r❛♣❤

H ′ =
(
V ;EB ∪

((
d+1
2

)
− 1

)
EH

)
✐s ❤✐❣❤❧②

(
d+1
2

)
✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

Pr♦♦❢✳ ▲❡t ✉s ❛ss✉♠❡ ✜rst t❤❛t GBBH
H ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳ ❙✉♣♣♦s❡✱ ❢♦r ❛ ❝♦♥tr❛❞✐❝t✐♦♥✱

t❤❛t H ′ ✐s ♥♦t ❤✐❣❤❧②✲D✲tr❡❡✲❝♦♥♥❡❝t❡❞✱ t❤❛t ✐s✱ t❤❡r❡ ✐s ❛ ♣❛rt✐t✐♦♥ P ♦❢ V ✇✐t❤ t ≥ 2

s❛t✐s❢②✐♥❣ eH′(P) ≤ (t− 1)|P|✳ ■❢ t❤❡r❡ ✐s ❛♥ EB✲❡❞❣❡ e t❤❛t ❝♦♥♥❡❝ts t✇♦ ♠❡♠❜❡rs ♦❢ t❤❡

♣❛rt✐t✐♦♥ t❤❡♥ GBBH
H−e ✐s ♥♦t r✐❣✐❞ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✵ ❤❡♥❝❡ GBBH

H−e ✐s ♥♦t r❡❞✉♥❞❛♥t❧② r✐❣✐❞

❛♥❞ ❤❡♥❝❡ ♥♦t ❣❧♦❜❛❧❧② r✐❣✐❞ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✹✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳ ❖t❤❡r✇✐s❡✱ ✇❡ ❝❛♥ ✉s❡

t❤❡ s❛♠❡ r❡❛s♦♥✐♥❣ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✼✳✵✳✶✳

◆❡①t ✇❡ ♣r♦✈❡ t❤❡ s✉✣❝✐❡♥❝② ❜② ✐♥❞✉❝t✐♦♥ ♦♥ |EB|✳ ❖❜s❡r✈❡ t❤❛t t❤❡ st❛t❡♠❡♥t

❢♦❧❧♦✇s ❜② ❚❤❡♦r❡♠ ✼✳✵✳✶ ✐❢ EB = ∅✳ ◆♦✇✱ ❧❡t H = (V ;EB, EH) ❜❡ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞

❣r❛♣❤ ❢♦r ✇❤✐❝❤ EB 6= ∅ ❛♥❞ H ′ = (V,EB ∪ (D − 1)EH) ✐s ❤✐❣❤❧② D✲tr❡❡✲❝♦♥♥❡❝t❡❞✳

▲❡t e = uv ∈ EB ❜❡ ❛♥ ❛r❜✐tr❛r② EB✲❡❞❣❡✳ ■t ✐s ❡❛s② t♦ s❡❡✱ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✵✱ t❤❛t

GBBH
H − ue ✐s r✐❣✐❞✳ ❍❡♥❝❡✱ t♦ ❢✉❧✜❧❧ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ❚❤❡♦r❡♠ ✶✳✷✳✶✷✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡

t❤❛t G′ = GBBH
H − ue + K(NGBBH

H
(ue)) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳ ❆❣❛✐♥ ❜② ❚❤❡♦r❡♠ ✶✳✷✳✶✵ ❛♥❞

❚❤❡♦r❡♠ ✶✳✷✳✶✷✱ ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t G′′ = G′ − ve + K(NG′(ve)) ✐s ❣❧♦❜❛❧❧② r✐❣✐❞✳

❇✉t G′′✱ ❛s ❛ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦ ✐s t❤❡ s❛♠❡ ❛s GBBH
H/e ✳ ▼♦r❡ ♣r❡❝✐s❡❧② t❤❡

♥♦♥✲❝♦♥♥❡❝t❡❞ ♥♦❞❡s ♦❢ G′′ ✐♥ B(u) ∪ B(v)− ue − ve ❛r❡ ❣❧♦❜❛❧❧② ❧✐♥❦❡❞ ✐♥ G′′✱ ❤❡♥❝❡ ✇❡

❞♦ ♥♦t ♠♦❞✐❢② t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ t❤❡ ❣r❛♣❤ ❜② ❝♦♥♥❡❝t✐♥❣ t❤❡♠❀ ❛♥❞ ❛❢t❡r t❤❛t ✇❡ ❝❛♥

❞❡❧❡t❡ t❤❡ d + 1 ♥♦❞❡s ♦❢ C(v)✱ r❡s✉❧t✐♥❣ ❛t GBBH
H/e ✱ ❛❣❛✐♥ ✇✐t❤♦✉t ♠♦❞✐❢②✐♥❣ t❤❡ ❣❧♦❜❛❧

r✐❣✐❞✐t② ♦❢ t❤❡ ❣r❛♣❤✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t H/e ❢✉❧✜❧❧s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ t❤✐s t❤❡♦r❡♠ ❛♥❞

❤❛s ❧❡ss ❜❛r✲❡❞❣❡s✳ ❚❤✉s GBBH
H/e ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ❜② ✐♥❞✉❝t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ ❛s ✇❡ ❤❛✈❡ ❥✉st

s❡❡♥✱ GBBH
H ✐s ❛❧s♦ ❣❧♦❜❛❧❧② r✐❣✐❞✱ ✜♥✐s❤✐♥❣ ♦✉r ♣r♦♦❢✳



✶✵✻ ✼✳✺✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

✼✳✺ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡♦r❡♠ ✼✳✵✳✶ ❣✐✈❡s r✐s❡ t♦ ❛ ♣♦❧②♥♦♠✐❛❧ t✐♠❡ ❛❧❣♦r✐t❤♠ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❛ ❜♦❞②✲

❤✐♥❣❡ ❣r❛♣❤ ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❛t✱ ❛ ❣r❛♣❤ H ✐s ❤✐❣❤❧② m✲tr❡❡✲

❝♦♥♥❡❝t❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ H − e ❝♦♥t❛✐♥s m ❡❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s ❢♦r ❛❧❧ e ∈ E(H)✳

❚❤✉s ❡✣❝✐❡♥t tr❡❡✲♣❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠s ❝❛♥ ❜❡ ✉s❡❞ t♦ t❡st ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❣r❛♣❤ ✐s ❤✐❣❤❧②

m✲tr❡❡✲❝♦♥♥❡❝t❡❞✳ ❆♥ ❡✣❝✐❡♥t ❛❧❣♦r✐t❤♠ ❢♦r t❤✐s ♣r♦❜❧❡♠ ✇❛s ❛❧s♦ s❤♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✷✳✹✳✸✳

❆♥♦t❤❡r ❛❧❣♦r✐t❤♠✐❝ ♦❜s❡r✈❛t✐♦♥ ✐s t❤❛t ♦♥❡ ❝❛♥ ❡❛s✐❧② t❡st ✇❤❡t❤❡r ❛ ❣✐✈❡♥ ❣r❛♣❤ G ✐s

❛ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤✿ t❤❡ ♥♦❞❡s ♦❢ G ✇✐t❤ ❛ ♥♦♥✲❝♦♠♣❧❡t❡ ♥❡✐❣❤❜♦r s❡t ❛r❡ t❤❡ ❝❛♥❞✐❞❛t❡s

❢♦r ❜❡✐♥❣ t❤❡ ❤✐♥❣❡ ♥♦❞❡s✳ ■❢ G ✐s ❛ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ t❤❡♥ t❤❡s❡ ♥♦❞❡s ❛r❡ ♣❛rt✐t✐♦♥❡❞

✐♥t♦ ❝❧❛ss❡s ✐♥ s✉❝❤ ❛ ✇❛② t❤❛t t✇♦ ♥♦❞❡s u, v ❛r❡ ✐♥ t❤❡ s❛♠❡ ❝❧❛ss ✐❢ ❛♥❞ ♦♥❧② ✐❢ uv ∈ E

❛♥❞ N(u)− v = N(v)− u✳ ❚❤✐s ♣❛rt✐t✐♦♥✱ ✐❢ ✐t ❡①✐sts✱ ❝❛♥ ❜❡ ✉s❡❞ t♦ ❝❤❡❝❦ ✇❤❡t❤❡r G ✐s

✐♥❞❡❡❞ ❛ ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤ ❛♥❞ ✐❢ ②❡s✱ t♦ ❞❡t❡r♠✐♥❡ t❤❡ ✉♥❞❡r❧②✐♥❣ ❣r❛♣❤ H✳

❖♥❡ ❝❛♥ ❛s❦ ❤♦✇ t♦ ❛✉❣♠❡♥t ❛ r✐❣✐❞ ❜♦❞②✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦ t♦ ❛ ❣❧♦❜❛❧❧② r✐❣✐❞ ♦♥❡

✇✐t❤ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❤✐♥❣❡s✳ ❚❤✐s q✉❡st✐♦♥ ❝❛♥ ❜❡ ❛s❦❡❞ ♣♦❧②♥♦♠✐❛❧❧② ❜② ❈♦r♦❧❧❛r②

✺✳✹✳✷ ❛♥❞ ❚❤❡♦r❡♠s ✶✳✷✳✽ ❛♥❞ ✼✳✵✳✶✳ ▼♦r❡♦✈❡r✱ ✐t ❢♦❧❧♦✇s t❤❛t ✐t ✐s ❡♥♦✉❣❤ t♦ ❛❞❞ ❜❛rs

✐♥st❡❛❞ ♦❢ ❤✐♥❣❡s ❜② t❤❡ ❧❛st st❛t❡♠❡♥t ♦❢ ❈♦r♦❧❧❛r② ✺✳✹✳✷ ❛♥❞ ❚❤❡♦r❡♠ ✼✳✹✳✶✳ ❲❡ ♥♦t❡

t❤❛t t❤❡ ♣r♦❜❧❡♠ ♦❢ ❛✉❣♠❡♥t✐♥❣ ❛ r✐❣✐❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦ t♦ ❛ ❣❧♦❜❛❧❧② r✐❣✐❞

♦♥❡ ✇✐t❤ ♠✐♥✐♠✉♠ ♥✉♠❜❡rs ♦❢ ❜❛rs✴❤✐♥❣❡s ❝❛♥ ❜❡ s♦❧✈❡❞ s✐♠✐❧❛r❧②✳

❲❡ ❞✐❞ ♥♦t ❞✐r❡❝t❧② r❡❢❡r t♦ ❍❡♥❞r✐❝❦s♦♥✬s (d + 1)✲❝♦♥♥❡❝t✐✈✐t② ❝♦♥❞✐t✐♦♥ ♦❢ ❚❤❡♦✲

r❡♠ ✶✳✷✳✹ ✐♥ ♦✉r ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ❢♦r d ≥ 3 ✐♥ ❚❤❡♦r❡♠ ✼✳✵✳✶✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ (d + 1)✲

♥♦❞❡✲❝♦♥♥❡❝t✐✈✐t② ❢♦❧❧♦✇s ❢♦r ❵❢r❡❡✬ ❢♦r ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s GH ✇❤❡♥ (D − 1)H ✐s ❤✐❣❤❧②

D✲tr❡❡✲❝♦♥♥❡❝t❡❞✱ ♣r♦✈✐❞❡❞ d ≥ 3✳ ❆♥♦t❤❡r r❡❧❛t❡❞ ♦❜s❡r✈❛t✐♦♥✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡✲

♦r❡♠s ✼✳✵✳✶ ❛♥❞ ✼✳✸✳✸✱ ✐s t❤❛t ✐❢ GH ✐s 2d✲❝♦♥♥❡❝t❡❞ t❤❡♥ ✐t ✐s ❣❧♦❜❛❧❧② r✐❣✐❞ ✐♥ Rd✳ ❚❤✉s

t❤❡ ❣❡♥❡r❛❧ ❝♦♥❥❡❝t✉r❡✱ s❛②✐♥❣ t❤❛t s✉✣❝✐❡♥t❧② ❤✐❣❤ ❝♦♥♥❡❝t✐✈✐t② ✐♠♣❧✐❡s ❣❧♦❜❛❧ r✐❣✐❞✐t② ✐♥

Rd ❢♦r ❛❧❧ d ≥ 1 ❬✶✺❪✱ ❤♦❧❞s ❢♦r ❜♦❞②✲❤✐♥❣❡ ❣r❛♣❤s✳



❈❤❛♣t❡r ✽

❙tr♦♥❣❧② r✐❣✐❞ t❡♥s❡❣r✐t② ❣r❛♣❤s ♦♥ t❤❡

❧✐♥❡

❆ t❡♥s❡❣r✐t② ❣r❛♣❤ T = (V ;C, S) ✐s ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ ♦♥ ♥♦❞❡ s❡t V =

{v1, v2 . . . , vn} ✇❤♦s❡ ❡❞❣❡ s❡t ✐s ♣❛rt✐t✐♦♥❡❞ ✐♥t♦ t✇♦ s❡ts C ❛♥❞ S✱ ❝❛❧❧❡❞ ❝❛❜❧❡s✱ ❛♥❞

str✉ts✱ r❡s♣❡❝t✐✈❡❧②✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ E = C ∪ S ❛r❡ t❤❡ ♠❡♠❜❡rs ♦❢ T ✳ ❚❤❡ ✉♥❞❡r✲

❧②✐♥❣ ❣r❛♣❤ ♦❢ T ✐s t❤❡ ✭✉♥❧❛❜❡❧❡❞✮ ❣r❛♣❤ T = (V ;E)✳ ❆ d✲❞✐♠❡♥s✐♦♥❛❧ t❡♥s❡❣r✐t②

❢r❛♠❡✇♦r❦ ✐s ❛ ♣❛✐r (T, p)✱ ✇❤❡r❡ T ✐s ❛ t❡♥s❡❣r✐t② ❣r❛♣❤ ❛♥❞ p ✐s ❛ ♠❛♣ ❢r♦♠ V t♦ Rd✳

❲❡ ✇✐❧❧ ❛❧s♦ r❡❢❡r t♦ (T, p) ❛s ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ T ✳ ■❢ ❛❧❧ ♣❛✐rs ♦❢ ❛❞❥❛❝❡♥t ♥♦❞❡s ♦❢ T ❛r❡

❥♦✐♥❡❞ ❜② ❜♦t❤ ❛ ❝❛❜❧❡ ❛♥❞ ❛ str✉t t❤❡♥ ✇❡ ❝❛❧❧ T ❛ ❜❛r ❣r❛♣❤ ❛♥❞ ❛ r❡❛❧✐③❛t✐♦♥ (T, p) ❛

❜❛r ❢r❛♠❡✇♦r❦✳

❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ♦❢ ❛ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦ (T, p) ✐s ❛♥ ❛ss✐❣♥♠❡♥t q : V →
Rd ♦❢ ✐♥✜♥✐t❡s✐♠❛❧ ✈❡❧♦❝✐t✐❡s t♦ t❤❡ ♥♦❞❡s✱ s✉❝❤ t❤❛t

(pi − pj)(qi − qj) ≤ 0 ❢♦r ❛❧❧ vivj ∈ C✱

(pi − pj)(qi − qj) ≥ 0 ❢♦r ❛❧❧ vivj ∈ S✱

✇❤❡r❡ p(vi) = pi ❛♥❞ q(vi) = qi ❢♦r ❛❧❧ 1 ≤ i ≤ n✳ ❆♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ✐s tr✐✈✐❛❧ ✐❢

✐t ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛s t❤❡ ❞❡r✐✈❛t✐✈❡ ♦❢ ❛ r✐❣✐❞ ❝♦♥❣r✉❡♥❝❡ ♦❢ ❛❧❧ ♦❢ Rd r❡str✐❝t❡❞ t♦ t❤❡

♥♦❞❡s ♦❢ (T, p)✳ ❚❤❡ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦ (T, p) ✐s ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞ ✐♥ Rd ✐❢ ❛❧❧

♦❢ ✐ts ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥s ❛r❡ tr✐✈✐❛❧✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t t❤❡ ✐♥✜♥✐t❡s✐♠❛❧ r✐❣✐❞✐t② ♦❢

t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s ✐s ♥♦t ❛ ❣❡♥❡r✐❝ ♣r♦♣❡rt②✿ t❤❡ s❛♠❡ t❡♥s❡❣r✐t② ❣r❛♣❤ ♠❛② ♣♦ss❡ss

✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞ ❛s ✇❡❧❧ ❛s ✐♥✜♥✐t❡s✐♠❛❧❧② ♥♦♥✲r✐❣✐❞ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s ✐♥ ❛♥② ✜①❡❞

❞✐♠❡♥s✐♦♥ d ≥ 1✳ ❚❤✉s ✇❡ ♠❛② ❞❡✜♥❡ t✇♦ ✭❞✐✛❡r❡♥t✮ ❢❛♠✐❧✐❡s ♦❢ t❡♥s❡❣r✐t② ❣r❛♣❤s ✐♥

❞✐♠❡♥s✐♦♥ d✿ ✇❡ s❛② t❤❛t ❛ t❡♥s❡❣r✐t② ❣r❛♣❤ T ✐s r✐❣✐❞ ✐♥ Rd ✐❢ ✐t ❤❛s ❛♥ ✐♥✜♥✐t❡s✐♠❛❧❧②

r✐❣✐❞ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥ (T, p) ✐♥ Rd ❛♥❞ str♦♥❣❧② r✐❣✐❞ ✐❢ ❛❧❧ ❣❡♥❡r✐❝ r❡❛❧✐③❛t✐♦♥s (T, p)

✐♥ Rd ❛r❡ ✐♥✜♥✐t❡s✐♠❛❧❧② r✐❣✐❞✳ ❲❡ r❡❢❡r t❤❡ r❡❛❞❡r t♦ ❬✶✷✱ ✶✻✱ ✾✶✱ ✶✵✾❪ ❢♦r ♠♦r❡ ❞❡t❛✐❧s ♦♥

t❤❡ r✐❣✐❞✐t② ♦❢ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s✳



✶✵✽ ✽✳✶✳ ❚❡♥s❡❣r✐t✐❡s ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s

■t ✐s ♥♦t ❦♥♦✇♥ ✇❤❡t❤❡r t❤❡ r✐❣✐❞✐t② ♦❢ t❡♥s❡❣r✐t② ❣r❛♣❤s ❝❛♥ ❜❡ t❡st❡❞ ✐♥ ♣♦❧②♥♦♠✐❛❧

t✐♠❡ ❢♦r d ≥ 2✳ ✭❚❤❡ s♦❧✉t✐♦♥ ❢♦r d = 1 ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✽✾❪✳✮

■♥ t❤✐s ❝❤❛♣t❡r✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❝♦✲◆P✲❝♦♠♣❧❡t❡ t♦ t❡st ✇❤❡t❤❡r ❛ t❡♥s❡❣r✐t② ❣r❛♣❤

✐s str♦♥❣❧② r✐❣✐❞ ✐♥ R1✳ ❚❤❡s❡ r❡s✉❧ts ❛r❡ ❥♦✐♥t ✇✐t❤ ❇✐❧❧ ❏❛❝❦s♦♥ ❛♥❞ ❚✐❜♦r ❏♦r❞á♥ ❬✺✻❪✳

✽✳✶ ❚❡♥s❡❣r✐t✐❡s ♦♥ t❤❡ ❧✐♥❡ ❛♥❞ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s

▲❡t G = (V ;C, S) ❜❡ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ ✇❤✐❝❤ ♠❛② ❝♦♥t❛✐♥ ♣❛r❛❧❧❡❧ ❡❞❣❡s ✇✐t❤

❞✐✛❡r❡♥t ❧❛❜❡❧s✳ ❆ ❝②❝❧❡ ✐♥ G ✐s ❛❧t❡r♥❛t✐♥❣ ✐❢ ♥♦ t✇♦ ✐♥❝✐❞❡♥t ❡❞❣❡s ❛❧♦♥❣ t❤❡ ❝②❝❧❡ ❤❛✈❡

t❤❡ s❛♠❡ ❧❛❜❡❧✳ ◆♦t❡ t❤❛t ❛ ♣❛✐r ♦❢ ♣❛r❛❧❧❡❧ ❡❞❣❡s ✇✐t❤ ❞✐✛❡r❡♥t ❧❛❜❡❧s ❢♦r♠ ❛♥ ❛❧t❡r♥❛t✐♥❣

❝②❝❧❡✳ ❲❡ s❛② t❤❛t G ❤❛s t❤❡ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ♣r♦♣❡rt② ✐❢ ❢♦r ❛❧❧ ♣r♦♣❡r ❜✐♣❛rt✐t✐♦♥s

(U, V −U) ♦❢ V t❤❡r❡ ✐s ❛♥ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ✐♥ t❤❡ ❜✐♣❛rt✐t❡ s✉❜❣r❛♣❤H = (V,E(U, V −U)

♦❢ G ✐♥❞✉❝❡❞ ❜② t❤❡ ❜✐♣❛rt✐t✐♦♥✳ ❋♦r s✉❝❤ ❛ ❜✐♣❛rt✐t✐♦♥ ♦❢ G ❧❡t D ❜❡ t❤❡ ❞✐r❡❝t❡❞ ❣r❛♣❤

♦❜t❛✐♥❡❞ ❢r♦♠ H ❜② ♦r✐❡♥t✐♥❣ t❤❡ ❡❞❣❡s ✐♥ C ❢r♦♠ U t♦ V − U ❛♥❞ t❤❡ ❡❞❣❡s ✐♥ S ❢r♦♠

V − U t♦ U ✳ ■t ✐s ❡❛s② t♦ ✈❡r✐❢② t❤❛t ❛ ❝②❝❧❡ ♦❢ H ✐s ❛❧t❡r♥❛t✐♥❣ ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♦r✐❡♥t❡❞ ❝②❝❧❡ ✐♥ D ✐s ❛ ❞✐r❡❝t❡❞ ❝②❝❧❡✳

❚❤❡♦r❡♠ ✽✳✶✳✶✳ ▲❡t G = (V ;C, S) ❜❡ ❛ t❡♥s❡❣r✐t② ❣r❛♣❤✳ ❚❤❡♥ G ✐s str♦♥❣❧② r✐❣✐❞ ✐♥ R1

✐❢ ❛♥❞ ♦♥❧② ✐❢ G✱ ✇✐t❤ t❤❡ ❝❛❜❧❡✲str✉t ❧❛❜❡❧✐♥❣✱ ❤❛s t❤❡ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ♣r♦♣❡rt②✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ✜rst t❤❛t G ❤❛s ❛ ❜✐♣❛rt✐t✐♦♥ (U, V − U) s✉❝❤ t❤❛t t❤❡ ❣r❛♣❤ H =

(V,E(U, V − U)) ❝♦♥t❛✐♥s ♥♦ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡✳ ❚❤❡♥ t❤❡ ❞✐❣r❛♣❤ ♦❜t❛✐♥❡❞ ❢r♦♠ H ❜②

♦r✐❡♥t✐♥❣ t❤❡ ❡❞❣❡s ✐♥ C ❢r♦♠ U t♦ V −U ❛♥❞ t❤❡ ❡❞❣❡s ✐♥ S ❢r♦♠ V −U t♦ U ✱ ✐s ❛❝②❝❧✐❝

❛♥❞ ❤❡♥❝❡ ✐t ❤❛s ❛ t♦♣♦❧♦❣✐❝❛❧ ♦r❞❡r✐♥❣ ♦❢ t❤❡ ♥♦❞❡s✱ t❤❛t ✐s✱ ❛♥ ♦r❞❡r✐♥❣ v1, v2, ..., vn ❢♦r

✇❤✐❝❤ i < j ✇❤❡♥❡✈❡r vivj ✐s ❛♥ ❛r❝✳ ❚❤✉s✱ ❢♦r ❡❛❝❤ ❡❞❣❡ e = vivj ♦❢ H✱ ✇❡ ❤❛✈❡✿ vi ∈ U

❛♥❞ vj ∈ V −U ✐❢ e ∈ C❀ vi ∈ V −U ❛♥❞ vj ∈ U ✐❢ e ∈ S✳ ▲❡t (G, p) ❜❡ ❛ r❡❛❧✐③❛t✐♦♥ ♦❢ G

♦♥ t❤❡ ❧✐♥❡ t❤❛t ❦❡❡♣s t❤✐s ♦r❞❡r✱ t❤❛t ✐s✱ p(vi) < p(vj) ✐❢ i < j✱ ❢♦r ❛❧❧ 1 ≤ i < j ≤ n✳ ◆♦✇✱

❧❡t q : V → R ❜❡ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ✇✐t❤ q(v) = 1 ✐❢ v ∈ U ❛♥❞ q(v) = 0 ♦t❤❡r✇✐s❡✳

❚❤❡♥ q ✐s ❛ ♥♦♥✲tr✐✈✐❛❧ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ♦❢ (G, p)✳ ❍❡♥❝❡ (G, p) ✐s ♥♦t ✐♥✜♥✐t❡s✐♠❛❧❧②

r✐❣✐❞✳ ❚❤❡r❡❢♦r❡✱ G ✐s ♥♦t str♦♥❣❧② r✐❣✐❞ ❛s p ♠❛② ❜❡ ❝❤♦s❡♥ t♦ ❜❡ ❣❡♥❡r✐❝✳

◆❡①t s✉♣♣♦s❡ t❤❛t G ❤❛s t❤❡ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ♣r♦♣❡rt②✳ ▲❡t (G, p) ❜❡ ❛ ✶✲❞✐♠❡♥s✐♦♥❛❧

✭❣❡♥❡r✐❝✮ r❡❛❧✐③❛t✐♦♥ ♦❢ G ❛s ❛ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦ ❛♥❞ s✉♣♣♦s❡ t❤❛t ✐t ❤❛s ❛ ♥♦♥✲tr✐✈✐❛❧

✭t❤❛t ✐s✱ ♥♦♥✲❝♦♥st❛♥t✮ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ q✳ ▲❡t U = {v ∈ V : q(v) > 0}✳ ❲❡ ♠❛②

❛ss✉♠❡ t❤❛t ∅ 6= U 6= V ❛s q + a ✐s ❛❧s♦ ❛♥ ✐♥✜♥✐t❡s✐♠❛❧ ♠♦t✐♦♥ ♦❢ (G, p) ❢♦r ❛♥② r❡❛❧ a✳

▲❡t X = u1v1u2v2...utvtu1 ❜❡ ❛♥ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ✐♥ G ✇✐t❤ ui ∈ U ❛♥❞ vi ∈ V − U ❢♦r

1 ≤ i ≤ t✱ ❛♥❞ u1v1 ∈ C✳ ❚❤❡ ❢❛❝ts t❤❛t X ✐s ❛❧t❡r♥❛t✐♥❣ ✭✇✐t❤ uivi ∈ C ❛♥❞ viui+1 ∈ S✮✱

q(ui) > 0 ❛♥❞ q(vi) ≤ 0 ❢♦r ❛❧❧ 1 ≤ i ≤ t ✐♠♣❧② t❤❛t p(ui) < p(vi) < p(ui+1) ❢♦r ❛❧❧

1 ≤ i ≤ t ✇❤❡r❡ ut+1 := u1✳ ❚❤✉s p(u1) < p(v1) < p(u2) < ... < p(vt) < p(u1) ✐s ❛ str✐❝t❧②

✐♥❝r❡❛s✐♥❣ s❡q✉❡♥❝❡✱ ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳



❈❤❛♣t❡r ✽✿ ❙tr♦♥❣❧② r✐❣✐❞ t❡♥s❡❣r✐t② ❣r❛♣❤s ♦♥ t❤❡ ❧✐♥❡ ✶✵✾

✽✳✷ ❚❤❡ ❤❛r❞♥❡ss ♣r♦♦❢

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ♣r♦✈❡ t❤❡ ❤❛r❞♥❡ss r❡s✉❧t✳ ❋✐rst ✇❡ s❤♦✇ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦❜❧❡♠

✐s ❝♦✲◆P✲❝♦♠♣❧❡t❡✳

❆❈P✳ ●✐✈❡♥ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ G = (V ;C, S)✱ ❞❡❝✐❞❡ ✇❤❡t❤❡r G ❤❛s t❤❡ ❛❧t❡r♥❛t✐♥❣

❝②❝❧❡ ♣r♦♣❡rt②✳

❲❡ s❤❛❧❧ r❡❞✉❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s❛t✐s✜❛❜✐❧✐t② ♣r♦❜❧❡♠ t♦ ❆❈P✳ ■t ✐s ✇❡❧❧✲❦♥♦✇♥ t❤❛t

✸✲❙❆❚ ✐s ◆P✲❝♦♠♣❧❡t❡✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬✹✺❪✳

✸✲❙❆❚✳ ●✐✈❡♥ ❛ ❇♦♦❧❡❛♥ ❢♦r♠✉❧❛ ✐♥ ❝♦♥❥✉♥❝t✐✈❡ ♥♦r♠❛❧ ❢♦r♠✱ ✐♥ ✇❤✐❝❤ ❡❛❝❤ ❝❧❛✉s❡ ❝♦♥t❛✐♥s

❡①❛❝t❧② t❤r❡❡ ❧✐t❡r❛❧s✱ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡r❡ ✐s ❛ tr✉t❤ ❛ss✐❣♥♠❡♥t ❢♦r t❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤

♠❛❦❡s t❤❡ ❢♦r♠✉❧❛ tr✉❡✳

❚❤❡♦r❡♠ ✽✳✷✳✶✳ ❆❈P ✐s ❝♦✲◆P✲❝♦♠♣❧❡t❡✳

Pr♦♦❢✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t ❆❈P ✐s ✐♥ ❝♦✲◆P✿ ❣✐✈❡♥ ❛ ❜✐♣❛rt✐t✐♦♥ (U, V − U) ♦❢ V ✱ ♦♥❡

❝❛♥ ✈❡r✐❢② t❤❛t H = (V,E(U, V − U)) ❝♦♥t❛✐♥s ♥♦ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s ❜② s❤♦✇✐♥❣ t❤❛t t❤❡

❞✐r❡❝t❡❞ ❣r❛♣❤ D ✭❞❡✜♥❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✳✶✮ ✐s ❛❝②❝❧✐❝✳ ■t ✇✐❧❧ ❜❡ ❝♦♥✈❡♥✐❡♥t

t♦ ❝❛❧❧ ❛ ❜✐♣❛rt✐t✐♦♥ (U, V − U) ✇✐t❤ ♥♦ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s ♣✉r❡✳

❈♦♥s✐❞❡r ❛ ❢♦r♠✉❧❛ ϕ✱ ❛♥ ✐♥st❛♥❝❡ ♦❢ ✸✲❙❆❚✳ ❙✉♣♣♦s❡ t❤❛t ϕ ❝♦♥t❛✐♥s c ❝❧❛✉s❡s ❛♥❞ n

✈❛r✐❛❜❧❡s ❛♥❞ ❧❡t ci ❛♥❞ c̄i ❞❡♥♦t❡ t❤❡ ♥✉♠❜❡r ♦❢ ♦❝❝✉rr❡♥❝❡s ♦❢ ✈❛r✐❛❜❧❡ xi ❛♥❞ x̄i ✐♥ ϕ✱

r❡s♣❡❝t✐✈❡❧②✱ ❢♦r 1 ≤ i ≤ n✳ ❈♦♥str✉❝t ❛ 2✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ G = (V ;C, S) ❛s ❢♦❧❧♦✇s✳

❚❛❦❡ 2n + 2 ♥♦❞❡✲❞✐s❥♦✐♥t ♣❛t❤s T, F, P1, ..., Pn, P̄1, ..., P̄n s✉❝❤ t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ ♥♦❞❡s

♦♥ T ❛♥❞ F ❛r❡ 2n+1+3c ❛♥❞ 2n+1✱ r❡s♣❡❝t✐✈❡❧②✱ ✇❤✐❧❡ Pi ✭P̄i✮ ❤❛s 3+ ci ✭r❡s♣✳ 3+ c̄i✮

♥♦❞❡s ❢♦r 1 ≤ i ≤ n✳ ❚❤❡ ♣❛t❤s Pi, P̄i ❝♦rr❡s♣♦♥❞ t♦ t❤❡ ✈❛r✐❛❜❧❡s ❛♥❞ t❤❡ ❧♦♥❣ ♣❛t❤s T, F

❝♦rr❡s♣♦♥❞ t♦ t❤❡ tr✉❡ ❛♥❞ ❢❛❧s❡ ❛ss✐❣♥♠❡♥ts✱ ❛s ✇❡ s❤❛❧❧ s❡❡ ❧❛t❡r✳ ❆❧❧ ♥♦❞❡s ♦❢ G ❧✐❡ ♦♥

t❤❡s❡ ♣❛t❤s ❛♥❞ ✇❡ ♣✉t ❛♥ ❡❞❣❡ ✐♥ C ❛♥❞ ❛♥ ❡❞❣❡ ✐♥ S ❢♦r ❡❛❝❤ ❡❞❣❡ ♦❢ t❤❡ ♣❛t❤s✳ ❚❤✐s

❡♥s✉r❡s t❤❛t ♥♦♥❡ ♦❢ t❤❡s❡ ♣❛t❤s ❝❛♥ ❝r♦ss ❛ ♣✉r❡ ❜✐♣❛rt✐t✐♦♥ ♦❢ G✳

◆❡①t ✇❡ ❞❡s❝r✐❜❡ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❡❞❣❡s ♦❢ G t❤❛t ❝♦♥♥❡❝t t❤❡s❡ ♣❛t❤s✳ ❲❡ ❝♦♥♥❡❝t

t❤❡ ✜rst t✇♦ ♥♦❞❡s ♦❢ ❡❛❝❤ ♣❛t❤ Pi, P̄i✱ 1 ≤ i ≤ n✱ t♦ t❤❡ ✜rst ♥♦❞❡ ♦❢ ♣❛t❤ T ❛♥❞

F ✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❧❛❜❡❧ t❤❡♠ s♦ t❤❛t ❡❞❣❡s {vi,1t1, v̄i,1t1, vi,2f1, v̄i,2f1} ⊆ C ❛♥❞ ❡❞❣❡s

{vi,2t1, v̄i,2t1, vi,1f1, v̄i,1f1} ⊆ S✳ ❚❤❡s❡ ❡❞❣❡s ❡♥s✉r❡ t❤❛t T ❛♥❞ F ❜❡❧♦♥❣ t♦ ❞✐✛❡r❡♥t s✐❞❡s

♦❢ ❛ ♣✉r❡ ❜✐♣❛rt✐t✐♦♥ ♦❢ G✳ ❲❡ t❤❡♥ ❝♦♥♥❡❝t t❤❡ t❤✐r❞ ♥♦❞❡ ♦❢ ❡❛❝❤ ♣❛t❤ Pi, P̄i✱ 1 ≤ i ≤ n✱

t♦ t❤❡ ♥♦❞❡s t2i, t2i+1 ❛♥❞ f2i, f2i+1 ♦❢ t❤❡ ♣❛t❤ T ❛♥❞ F ✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ ❧❛❜❡❧ t❤❡♠ s♦

t❤❛t {vi,3t2i, vi,3f2i, v̄i,3t2i+1, v̄i,3f2i+1} ⊂ C ❛♥❞ {vi,3t2i+1, vi,3f2i+1, v̄i,3t2i, v̄i,3f2i} ⊂ S ❤♦❧❞✳

❚❤❡s❡ ❡❞❣❡s ❡♥s✉r❡ t❤❛t ✐♥ ❛ ♣✉r❡ ❜✐♣❛rt✐t✐♦♥ ♦❢ G ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡ ♣❛t❤s Pi ❛♥❞ P̄i ✇✐❧❧

❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ s✐❞❡ ❛s ♣❛t❤ T ✱ ❢♦r ❛❧❧ 1 ≤ i ≤ n✳

❋✐♥❛❧❧②✱ ✇❡ ❛❞❞ ❛♥ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ♦❢ ❧❡♥❣t❤ s✐① ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ ❝❧❛✉s❡ ♦❢ ϕ✳

❋♦r ❡①❛♠♣❧❡✱ ❢♦r t❤❡ ❝❧❛✉s❡ (x2 ∨ x5 ∨ x̄8) ✇❡ ❛❞❞ ❛ ❝②❝❧❡ ❛s ❢♦❧❧♦✇s✿ ✇❡ t❛❦❡ t❤❡ ♥❡①t



✶✶✵ ✽✳✸✳ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

t❤r❡❡ ✉♥✉s❡❞ ♥♦❞❡s ♦♥ T ✱ s❛② a, b, c✱ ❛♥❞ t❤❡ ♥❡①t ✉♥✉s❡❞ ♥♦❞❡ ♦♥ ❡❛❝❤ ♦❢ t❤❡ ♣❛t❤s

P2, P5, P̄8✱ ❝❛❧❧ t❤❡♠ x, y, z✱ r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❛❞❞ t❤❡ t❤❡ ❡❞❣❡s ax, by, cz✱ ❧❛❜❡❧ t❤❡♠ C✱

❛♥❞ ❛❞❞ az, bx, cy✱ ❛♥❞ ❧❛❜❡❧ t❤❡♠ S✳ ❚❤✐s ❡♥s✉r❡s t❤❛t ✐♥ ❛ ♣✉r❡ ❜✐♣❛rt✐t✐♦♥ ❛t ❧❡❛st ♦♥❡

♦❢ P2, P5, P̄8 ♠✉st ❜❡❧♦♥❣ t♦ t❤❡ s❛♠❡ s✐❞❡ ❛s ♣❛t❤ T ✳

❚❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ G ❛♥❞ t❤❡ ❛r❣✉♠❡♥ts ❛❜♦✈❡ ✐♠♣❧② t❤❛t t❤❡r❡ ✐s ❛ tr✉t❤ ❛ss✐❣♥♠❡♥t

❢♦r t❤❡ ✈❛r✐❛❜❧❡s ✇❤✐❝❤ ♠❛❦❡s ❢♦r♠✉❧❛ ϕ tr✉❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ G ❤❛s ❛ ♣✉r❡ ❜✐♣❛rt✐t✐♦♥✱ t❤❛t

✐s✱ G ❞♦❡s ♥♦t ❤❛✈❡ t❤❡ ❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡ ♣r♦♣❡rt②✳ ❚❤❡r❡❢♦r❡ ❆❈P ✐s ❝♦✲◆P✲❤❛r❞✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❚❤❡♦r❡♠s ✽✳✶✳✶ ❛♥❞ ✽✳✷✳✶ t❤❛t ✐t ✐s ❛❧s♦ ❤❛r❞ t♦ t❡st ✇❤❡t❤❡r ❛ t❡♥s❡❣r✐t②

❣r❛♣❤ ✐s str♦♥❣❧② r✐❣✐❞ ♦♥ t❤❡ ❧✐♥❡✳ ❚❤❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠ ✐s ❛s ❢♦❧❧♦✇s✳

❙❚❘❖◆●▲❨ ❘■●■❉ ❚❊◆❙❊●❘■❚❨✳ ●✐✈❡♥ ❛ t❡♥s❡❣r✐t② ❣r❛♣❤ G = (V ;C, S)✱ ❞❡❝✐❞❡

✇❤❡t❤❡r G ✐s str♦♥❣❧② r✐❣✐❞ ✐♥ R1✳

❚❤❡♦r❡♠ ✽✳✷✳✷✳ ❙❚❘❖◆●▲❨ ❘■●■❉ ❚❊◆❙❊●❘■❚❨ ✐s ❝♦✲◆P✲❝♦♠♣❧❡t❡✳

✽✳✸ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s

❚❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✽✳✶✳✶ s❤♦✇s t❤❛t ✐❢ ✇❡ r❡♣❧❛❝❡ ❵❣❡♥❡r✐❝✬ ❜② ❵❣❡♥❡r❛❧ ♣♦s✐t✐♦♥✬

✐♥ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ str♦♥❣ r✐❣✐❞✐t② ✐♥ R1✱ t❤❡♥ t❤❡ ❢❛♠✐❧② ♦❢ str♦♥❣❧② r❡❣✉❧❛r ❣r❛♣❤s ✇✐❧❧

r❡♠❛✐♥ t❤❡ s❛♠❡✳ ❚❤✐s ✐s ♥♦t tr✉❡ ✇❤❡♥ d ≥ 2✱ ❡✈❡♥ ❢♦r ❜❛r ❣r❛♣❤s✳

▲❡t G = (V ;C, S) ❜❡ ❛ ✷✲❡❞❣❡✲❧❛❜❡❧❡❞ ❣r❛♣❤ ❛♥❞ ❧❡t B ❜❡ ❛ s❡t ♦❢ ❡❞❣❡s ✭❜❛rs✮

❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❛❧t❡r♥❛t✐♥❣ ✷✲❝②❝❧❡s ♦❢ G✳ ❚❤❡♦r❡♠ ✽✳✶✳✶ ✐♠♣❧✐❡s t❤❛t ✐❢ G ✐s str♦♥❣❧②

r✐❣✐❞ ✐♥ R1 t❤❡♥ ❡❛❝❤ ♥♦❞❡ ♦❢ G ✐s ✐♥❝✐❞❡♥t ✇✐t❤ ❛♥ ❡❞❣❡ ♦❢ B✳ ▲❡t c ❜❡ t❤❡ ♥✉♠❜❡r ♦❢

❝♦♠♣♦♥❡♥ts ♦❢ t❤❡ ❣r❛♣❤ (V,B)✳ ❚❤❡♦r❡♠ ✽✳✶✳✶ ❣✐✈❡s ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ ❢♦r ❝❤❡❝❦✐♥❣

✐❢ G ✐s str♦♥❣❧② r✐❣✐❞ ✇❤❡♥ c ✐s ✜①❡❞ s✐♥❝❡ ✇❡ ♥❡❡❞ ♦♥❧② ❝❤❡❝❦ 2c ❜✐♣❛rt✐t❡ ❣r❛♣❤s ❢♦r

❛❧t❡r♥❛t✐♥❣ ❝②❝❧❡s ✭✇❤✐❝❤ ❝❛♥ ❜❡ ❞♦♥❡ ❜② ❝❤❡❝❦✐♥❣ ✐❢ t❤❡ ❛ss♦❝✐❛t❡❞ ❞✐❣r❛♣❤ ✐s ❛❝②❝❧✐❝✮✳

❲❡ ❝❛♥ ✉s❡ ❚❤❡♦r❡♠ ✽✳✶✳✶ t♦ ❝♦♥str✉❝t ❣r❛♣❤s ✇❤✐❝❤ ❛r❡ ♥♦t str♦♥❣❧② r✐❣✐❞ ✐♥ R1 ❛♥❞

❢♦r ✇❤✐❝❤ t❤❡ ❝♦♥♥❡❝t✐✈✐t② ♦❢ ❜♦t❤ (V,C) ❛♥❞ (V, S) ✐s ❛r❜✐tr❛r✐❧② ❧❛r❣❡✳ ❋♦r ❡①❛♠♣❧❡ ❧❡t

(V,B) ❝♦♥s✐st ♦❢ t✇♦ ❧❛r❣❡ ❝♦♠♣❧❡t❡ ❣r❛♣❤s ❛♥❞ ❥♦✐♥ t❤❡♠ ❜② 2k ✐♥❞❡♣❡♥❞❡♥t ❡❞❣❡s✱ ❤❛❧❢

✐♥ C ❛♥❞ ❤❛❧❢ ✐♥ S✳

❆ ♥❛t✉r❛❧ ♦♣❡♥ q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r ♦✉r ❤❛r❞♥❡ss r❡s✉❧t ❝♦♥❝❡r♥✐♥❣ str♦♥❣ r✐❣✐❞✐t②

❡①t❡♥❞s t♦ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥s d ≥ 2✳

❆♥♦t❤❡r q✉❡st✐♦♥ ✐s ✇❤❡t❤❡r t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❛❜❡❧✐♥❣ ♣r♦❜❧❡♠ ✐s ❤❛r❞✿ ❣✐✈❡♥ ❛ ❣r❛♣❤

G✱ ❞❡❝✐❞❡ ✇❤❡t❤❡r t❤❡ ❡❞❣❡s ♦❢ G ❝❛♥ ❜❡ 2✲❡❞❣❡✲❧❛❜❡❧❡❞ s♦ t❤❛t t❤❡ r❡s✉❧t✐♥❣ t❡♥s❡❣r✐t②

❣r❛♣❤ ✐s str♦♥❣❧② r✐❣✐❞ ✐♥ R1 ✭❛♥❞ ✜♥❞ ❛ ❣♦♦❞ ❧❛❜❡❧✐♥❣✱ ✐❢ ✐t ❡①✐sts✮✳ ■❢ ✇❡ r❡♣❧❛❝❡ str♦♥❣❧②

r✐❣✐❞ ❜② r✐❣✐❞✱ ✇❡ ♦❜t❛✐♥ ❛ ❧❛❜❡❧✐♥❣ ♣r♦❜❧❡♠ ✇❤✐❝❤ ✐s ♣♦❧②♥♦♠✐❛❧❧② s♦❧✈❛❜❧❡ ✐♥ Rd ❢♦r

d = 1, 2✱ s❡❡ ❬✻✷❪✳



❇✐❜❧✐♦❣r❛♣❤②

❬✶❪ ❚✳●✳ ❆❜❜♦t✳ ●❡♥❡r❛❧✐③❛t✐♦♥s ♦❢ ❑❡♠♣❡✬s ✉♥✐✈❡rs❛❧✐t② t❤❡♦r❡♠✳ ▼❛st❡r✬s t❤❡s✐s✱

▼■❚✱ ✷✵✵✽✳ ❤tt♣✿✴✴✇❡❜✳♠✐t✳❡❞✉✴t❛❜❜♦tt✴✇✇✇✴♣❛♣❡rs✴♠t❤❡s✐s✳♣❞❢✳

❬✷❪ ❑✳ ❇ér❝③✐ ❛♥❞ ❆✳ ❋r❛♥❦✳ ❱❛r✐❛t✐♦♥s ❢♦r ▲♦✈ás③✬ s✉❜♠♦❞✉❧❛r ✐❞❡❛s✳ ■♥ ▼✳ ●röts❝❤❡❧✱

●✳❖✳❍✳ ❑❛t♦♥❛✱ ❛♥❞ ●✳ ❙á❣✐✱ ❡❞✐t♦rs✱ ❇✉✐❧❞✐♥❣ ❇r✐❞❣❡s✱ ✈♦❧✉♠❡ ✶✾ ♦❢ ❇♦❧②❛✐ ❙♦❝✐❡t②

▼❛t❤❡♠❛t✐❝❛❧ ❙t✉❞✐❡s✱ ♣❛❣❡s ✶✸✼✕✻✹✳ ❙♣r✐♥❣❡r ❇❡r❧✐♥ ❍❡✐❞❡❧❜❡r❣✱ ✷✵✵✽✳

❬✸❪ ❑✳ ❇ér❝③✐ ❛♥❞ ❆✳ ❋r❛♥❦✳ P❛❝❦✐♥❣ ❛r❜♦r❡s❝❡♥❝❡s✳ ■♥ ❙✳ ■✇❛t❛✱ ❡❞✐t♦r✱ ❘■▼❙ ❑♦❦②✉r♦❦✉
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❇✉❞❛♣❡st✱ ✷✵✶✸✳ ✇✇✇✳❝s✳❡❧t❡✳❤✉✴❡❣r❡s✳
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❬✼❪ ❋✳ ❇♦❡s❝❤ ❛♥❞ ❘✳ ❚✐♥❞❡❧❧✳ ❘♦❜❜✐♥s✬s t❤❡♦r❡♠ ❢♦r ♠✐①❡❞ ♠✉❧t✐❣r❛♣❤s✳ ❆♠✳ ▼❛t❤✳

▼♦♥t❤❧②✱ ✽✼✿✼✶✻✕✶✾✱ ✶✾✽✵✳

❬✽❪ ❏✳❆✳ ❇♦♥❞② ❛♥❞ ❘✳ ❍ä❣❣❦✈✐st✳ ❊❞❣❡✲❞✐s❥♦✐♥t ❍❛♠✐❧t♦♥ ❝②❝❧❡s ✐♥ ✹✲r❡❣✉❧❛r ♣❧❛♥❛r

❣r❛♣❤s✳ ❆❡q✉❛t✐♦♥❡s ▼❛t❤✳✱ ✷✷✿✹✷✕✺✱ ✶✾✽✶✳

❬✾❪ ❏✳❆✳ ❇♦♥❞② ❛♥❞ ❙✳❈✳ ▲♦❝❦❡✳ ❘❡❧❛t✐✈❡ ❧❡♥❣t❤s ♦❢ ♣❛t❤s ❛♥❞ ❝②❝❧❡s ✐♥ ✸✲❝♦♥♥❡❝t❡❞
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▼❛t❤✳ ❚❤❡♦r❡t✳ ❈♦♠♣✉t✳ ❙❝✐✱ ♣❛❣❡s ✶✹✼✕✺✺✳ ❆▼❙✱ ✶✾✾✶✳
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❬✷✾❪ ❆✳ ❋r❛♥❦✳ ❆♥ ❛❧❣♦r✐t❤♠ ❢♦r s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ♦♥ ❣r❛♣❤s✳ ❆♥♥❛❧s ♦❢ ❉✐s❝r❡t❡

▼❛t❤❡♠❛t✐❝s✱ ✶✻✿✾✼✕✶✷✵✱ ✶✾✽✷✳

❬✸✵❪ ❆✳ ❋r❛♥❦✳ ❖r✐❡♥t❛t✐♦♥s ♦❢ ❣r❛♣❤s ❛♥❞ s✉❜♠♦❞✉❧❛r ✢♦✇s✳ ❈♦♥❣✉r❡ss✉s ◆✉♠❡r❛♥t✐✉♠✱

✶✶✸✿✶✶✶✕✶✹✷✱ ✶✾✾✻✳

❬✸✶❪ ❆✳ ❋r❛♥❦✳ ❈♦♥♥❡❝t✐♦♥s ✐♥ ❈♦♠❜✐♥❛t♦r✐❛❧ ❖♣t✐♠✐③❛t✐♦♥✳ ❖①❢♦rs ❯♥✐✈❡rs✐t② Pr❡ss✱

✷✵✶✶✳

❬✸✷❪ ❆✳ ❋r❛♥❦ ❛♥❞ ❈✳ ❑✐rá❧②✳ ❚r❡❡✲❝♦♠♣♦s✐t✐♦♥s ❛♥❞ ♦r✐❡♥t❛t✐♦♥s✳ ❖♣❡r✳ ❘❡s✳ ▲❡tt✳✱

✹✶✭✹✮✿✸✸✻✕✹✷✱ ✷✵✶✸✳

❬✸✸❪ ❆✳ ❋r❛♥❦ ❛♥❞ ❚✳ ❑✐rá❧②✳ ❈♦♠❜✐♥❡❞ ❝♦♥♥❡❝t✐✈✐t② ❛✉❣♠❡♥t❛t✐♦♥ ❛♥❞ ♦r✐❡♥t❛t✐♦♥ ♣r♦❜✲

❧❡♠s✳ ❉✐s❝r❡t❡ ❆♣♣❧✳ ▼❛t❤✳✱ ✶✸✶✭✷✮✿✹✵✶✕✹✶✾✱ ✷✵✵✸✳

❬✸✹❪ ❆✳ ❋r❛♥❦✱ ❚✳ ❑✐rá❧②✱ ❛♥❞ ❩✳ ❑✐rá❧②✳ ❖♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ♦❢ ❣r❛♣❤s ❛♥❞ ❤②♣❡r❣r❛♣❤s✳

❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✸✶✭✷✮✿✸✽✺✕✹✵✵✱ ✷✵✵✸✳

❬✸✺❪ ❆✳ ❋r❛♥❦ ❛♥❞ ❩✳ ❑✐rá❧②✳ ●r❛♣❤ ♦r✐❡♥t❛t✐♦♥s ✇✐t❤ ❡❞❣❡✲❝♦♥♥❡❝t✐♦♥ ❛♥❞ ♣❛r✐t② ❝♦♥✲

str❛✐♥ts✳ ❈♦♠❜✐♥❛t♦r✐❝❛✱ ✷✷✭✶✮✿✹✼✕✼✵✱ ✷✵✵✷✳

❬✸✻❪ ❆✳ ❋r❛♥❦ ❛♥❞ ❩✳ ▼✐❦❧ós✳ ❙✐♠♣❧❡ ♣✉s❤✲r❡❧❛❜❡❧ ❛❧❣♦r✐t❤♠s ❢♦r ♠❛tr♦✐❞s ❛♥❞ s✉❜♠♦❞✲

✉❧❛r ✢♦✇s✳ ❏❛♣❛♥❡s❡ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❛♥❞ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✷✾✭✻✮✿✹✶✾✕✹✸✾✱

✷✵✶✷✳

❬✸✼❪ ❆✳ ❋r❛♥❦✱ ❆✳ ❙❡❜➤✱ ❛♥❞ ➱✳ ❚❛r❞♦s✳ ❈♦✈❡r✐♥❣ ❞✐r❡❝t❡❞ ❛♥❞ ♦❞❞ ❝✉ts✳ ▼❛t❤❡♠❛t✐❝❛❧

Pr♦❣r❛♠♠✐♥❣ ❙t✉❞✐❡s✱ ✷✷✿✾✾✕✶✶✷✱ ✶✾✽✹✳

❬✸✽❪ ❆✳ ❋r❛♥❦ ❛♥❞ ➱✳ ❚❛r❞♦s✳ ●❡♥❡r❛❧✐③❡❞ ♣♦❧②♠❛tr♦✐❞s ❛♥❞ s✉❜♠♦❞✉❧❛r ✢♦✇s✳ ▼❛t❤❡✲

♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✹✷✿✹✽✾✕✺✻✸✱ ✶✾✽✽✳

❬✸✾❪ ❙✳ ❋r❛♥❦ ❛♥❞ ❏✳ ❏✐❛♥❣✳ ◆❡✇ ❝❧❛ss❡s ♦❢ ❝♦✉♥t❡r❡①❛♠♣❧❡s t♦ ❍❡♥❞r✐❝❦s♦♥✬s ❣❧♦❜❛❧

r✐❣✐❞✐t② ❝♦♥❥❡❝t✉r❡✳ ❉✐s❝r❡t❡ ✫ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr②✱ ✹✺✭✸✮✿✺✼✹✕✺✾✶✱ ✷✵✶✶✳
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❬✹✵❪ ❙✳ ❋✉❥✐s❤✐❣❡✳ ❙tr✉❝t✉r❡s ♦❢ ♣♦❧②❤❡❞r❛ ❞❡t❡r♠✐♥❡❞ ❜② s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s ♦♥ ❝r♦ss✲

✐♥❣ ❢❛♠✐❧✐❡s✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✷✾✿✶✷✺✕✶✹✶✱ ✶✾✽✹✳

❬✹✶❪ ❙✳ ❋✉❥✐s❤✐❣❡✳ ❆ ♥♦t❡ ♦♥ ❞✐s❥♦✐♥t ❛r❜♦r❡s❝❡♥❝❡s✳ ❈♦♠❜✐♥❛t♦r✐❝❛✱ ✸✵✭✷✮✿✷✹✼✕✺✷✱ ✷✵✶✵✳

❬✹✷❪ ❙✳ ❋✉❥✐s❤✐❣❡ ❛♥❞ ❙✳ ■✇❛t❛✳ ❆❧❣♦r✐t❤♠s ❢♦r s✉❜♠♦❞✉❧❛r ✢♦✇s✳ ■❊■❈❊ ❚r❛♥s❛❝t✐♦♥s

♦♥ ■♥❢♦r♠❛t✐♦♥ ❛♥❞ ❙②st❡♠s ✭❙♣❡❝✐❛❧ ■ss✉❡ ♦♥ ❆❧❣♦r✐t❤♠ ❊♥❣✐♥❡❡r✐♥❣✿ ❙✉r✈❡②s✮✱

❊✽✸✲❉✿✸✷✷✕✾✱ ✷✵✵✵✳

❬✹✸❪ ❍✳◆✳ ●❛❜♦✇ ❛♥❞ ❑✳❙✳ ▼❛♥✉✳ P❛❝❦✐♥❣ ❛❧❣♦r✐t❤♠s ❢♦r ❛r❜♦r❡s❝❡♥❝❡s ✭❛♥❞ s♣❛♥♥✐♥❣

tr❡❡s✮ ✐♥ ❝❛♣❛❝✐t❛t❡❞ ❣r❛♣❤s✳ ▼❛t❤✳ Pr♦❣r❛♠✳✱ ✽✷✿✽✸✕✶✵✾✱ ✶✾✾✽✳

❬✹✹❪ ❆✳ ●❛r❝í❛ ❛♥❞ ❏✳ ❚❡❥❡❧✳ ❆✉❣♠❡♥t✐♥❣ t❤❡ r✐❣✐❞✐t② ♦❢ ❛ ❣r❛♣❤ ✐♥ R2✳ ❆❧❣♦r✐t❤♠✐❝❛✱

✺✾✭✷✮✿✶✹✺✕✶✻✽✱ ✷✵✶✶✳

❬✹✺❪ ▼✳❘✳ ●❛r❡② ❛♥❞ ❉✳❙✳ ❏♦❤♥s♦♥✳ ❈♦♠♣✉t❡rs ❛♥❞ ■♥tr❛❝t❛❜✐❧✐t②✿ ❆ ●✉✐❞❡ t♦ t❤❡ ❚❤❡♦r②

♦❢ ◆P✲❈♦♠♣❧❡t❡♥❡ss✳ ❙❡r✐❡s ♦❢ ❜♦♦❦s ✐♥ t❤❡ ♠❛t❤❡♠❛t✐❝❛❧ s❝✐❡♥❝❡s✳ ❲✳ ❍✳ ❋r❡❡♠❛♥✱

✶✾✼✾✳

❬✹✻❪ ❏✳ ●❡❧❡❥✐✳ ❖♥ t❤❡ ❡❞❣❡ ❝♦✉♥t ♦❢ str♦♥❣❧② ♠✐♥✐♠❛❧ ❦✲❣❧♦❜❛❧❧② r✐❣✐❞ ❣r❛♣❤s ✐♥ d ❞✐♠❡♥✲

s✐♦♥s ❢♦r k + d ❡✈❡♥ ❛♥❞ k ≥ 3d+ 6✱ ❖❝t♦❜❡r ✷✵✶✷✳ ▼❛♥✉s❝r✐♣t✳

❬✹✼❪ ❙✳❏✳ ●♦rt❧❡r✱ ❆✳❉✳ ❍❡❛❧②✱ ❛♥❞ ❉✳P✳ ❚❤✉rst♦♥✳ ❈❤❛r❛❝t❡r✐③✐♥❣ ❣❡♥❡r✐❝ ❣❧♦❜❛❧ r✐❣✐❞✐t②✳

❆♠❡r✐❝❛♥ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✸✷✭✹✮✿✽✾✼✕✾✸✾✱ ✷✵✶✵✳

❬✹✽❪ ❏✳❊✳ ●r❛✈❡r✱ ❇✳ ❙❡r✈❛t✐✉s✱ ❛♥❞ ❍✳ ❙❡r✈❛t✐✉s✳ ❈♦♠❜✐♥❛t♦r✐❛❧ ❘✐❣✐❞✐t②✳ ❆▼❙ ●r❛❞✉❛t❡

st✉❞✐❡s ✐♥ ♠❛t❤❡♠❛t✐❝s ❱♦❧✳ ✷✳ ❆♠❡r✐❝❛♥ ▼❛t❤❡♠❛t✐❝❛❧ ❙♦❝✳✱ ✶✾✾✸✳

❬✹✾❪ ❇✳ ●rü♥❜❛✉♠ ❛♥❞ ❏✳ ▼❛❧❦❡✈✐t❝❤✳ P❛✐rs ♦❢ ❡❞❣❡✲❞✐s❥♦✐♥t ❤❛♠✐❧t♦♥✐❛♥ ❝✐r❝✉✐ts✳ ❆❡✲

q✉❛t✐♦♥❡s ▼❛t❤✳✱ ✶✹✿✶✾✶✕✻✱ ✶✾✼✻✳

❬✺✵❪ ❇✳ ●rü♥❜❛✉♠ ❛♥❞ ❍✳ ❲❛❧t❤❡r✳ ❙❤♦rt♥❡ss ❡①♣♦♥❡♥ts ♦❢ ❢❛♠✐❧✐❡s ♦❢ ❣r❛♣❤s✳ ❏✳ ❈♦♠❜✳

❚❤❡♦r②✱ ❙❡r✳ ❆✱ ✶✹✭✸✮✿✸✻✹✕✽✺✱ ✶✾✼✸✳

❬✺✶❪ ❙✳▲✳ ❍❛❦✐♠✐✳ ❖♥ t❤❡ ❞❡❣r❡❡s ♦❢ t❤❡ ✈❡rt✐❝❡s ♦❢ ❛ ❞✐r❡❝t❡❞ ❣r❛♣❤✳ ❏✳ ❋r❛♥❦❧✐♥ ■♥st✳✱

✷✼✾✭✹✮✿✷✾✵✕✸✵✽✱ ✶✾✻✾✳

❬✺✷❪ ❇✳ ❍❡♥❞r✐❝❦s♦♥✳ ❈♦♥❞✐t✐♦♥s ❢♦r ✉♥✐q✉❡ ❣r❛♣❤ r❡❛❧✐③❛t✐♦♥s✳ ❙■❆▼ ❏✳ ❈♦♠♣✉t✳✱

✷✶✭✶✮✿✻✺✕✽✹✱ ✶✾✾✷✳

❬✺✸❪ ❇✳ ❏❛❝❦s♦♥✳ ▲♦♥❣❡st ❝②❝❧❡s ✐♥ ✸✲❝♦♥♥❡❝t❡❞ ❝✉❜✐❝ ❣r❛♣❤s✳ ❏✳ ❈♦♠❜✳ ❚❤❡♦r②✱ ❙❡r✳ ❇✱

✹✶✭✶✮✿✶✼✕✷✻✱ ✶✾✽✻✳

❬✺✹❪ ❇✳ ❏❛❝❦s♦♥ ❛♥❞ ❚✳ ❏♦r❞á♥✳ ❇r✐❝❦ ♣❛rt✐t✐♦♥s ♦❢ ❣r❛♣❤s✳ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s✱

✸✶✵✭✷✮✿✷✼✵✕✷✼✺✱ ✷✵✶✵✳
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❬✺✺❪ ❇✳ ❏❛❝❦s♦♥ ❛♥❞ ❚✳ ❏♦r❞á♥✳ ❚❤❡ ❣❡♥❡r✐❝ r❛♥❦ ♦❢ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡ ❢r❛♠❡✇♦r❦s✳

❊✉r✳ ❏✳ ❈♦♠❜✳✱ ✸✶✭✷✮✿✺✼✹✕✽✽✱ ✷✵✶✵✳

❬✺✻❪ ❇✳ ❏❛❝❦s♦♥✱ ❚✳ ❏♦r❞á♥✱ ❛♥❞ ❈✳ ❑✐rá❧②✳ ❙tr♦♥❣❧② r✐❣✐❞ t❡♥s❡❣r✐t② ❣r❛♣❤s ♦♥ t❤❡ ❧✐♥❡✳

❉✐s❝r❡t❡ ❆♣♣❧✐❡❞ ▼❛t❤❡♠❛t✐❝s✱ ✶✻✶✭✼✲✽✮✿✶✶✹✼✕✾✱ ✷✵✶✸✳

❬✺✼❪ ❇✳ ❏❛❝❦s♦♥ ❛♥❞ ❚✳ ❏♦r❞á♥✳ ❈♦♥♥❡❝t❡❞ r✐❣✐❞✐t② ♠❛tr♦✐❞s ❛♥❞ ✉♥✐q✉❡ r❡❛❧✐③❛t✐♦♥s ♦❢
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st✉❞② ♦❢ r♦❜✉st♥❡ss t♦ t❤❡ ❧♦ss ♦❢ ♠✉❧t✐♣❧❡ ❛❣❡♥ts✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✺✵t❤ ■❊❊❊

❈❉❈✲❊❈❊✱ ♣❛❣❡s ✸✻✵✷✕✼✱ ✶✾✾✻✳
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❬✽✶❪ ❙✳❆✳ ▼♦t❡✈❛❧❧✐❛♥✱ ❈✳ ❨✉✱ ❛♥❞ ❇✳❉✳❖✳ ❆♥❞❡rs♦♥✳ ❘♦❜✉st♥❡ss t♦ t❤❡ ❧♦ss ♦❢ ♠✉❧t✐♣❧❡

♥♦❞❡s ✐♥ t❤❡ ❧♦❝❛❧✐③❛❜✐❧✐t② ♦❢ s❡♥s♦r ♥❡t✇♦r❦s✳ ■♥ Pr♦❝✳ ♦❢ t❤❡ ✶✽t❤ ■❋❆❈ ❲♦r❧❞

❈♦♥❣r❡ss✱ ✷✵✶✶✳

❬✽✷❪ ❙✳❆✳ ▼♦t❡✈❛❧❧✐❛♥✱ ❈✳ ❨✉✱ ❛♥❞ ❇✳❉✳❖✳ ❆♥❞❡rs♦♥✳ ❖♥ t❤❡ r♦❜✉st♥❡ss t♦ ♠✉❧t✐♣❧❡ ❛❣❡♥t

❧♦ss❡s ✐♥ ✷❞ ❛♥❞ ✸❞ ❢♦r♠❛t✐♦♥s✳ ■♥t✳ ❏✳ ♦❢ ❘♦❜✉st ❛♥❞ ◆♦♥❧✐♥❡❛r ❈♦♥tr♦❧✱ ✷✵✶✹✳

❬✽✸❪ ❚✳ ◆❛✐t♦❤ ❛♥❞ ❙✳ ❋✉❥✐s❤✐❣❡✳ ❆ ♥♦t❡ ♦♥ t❤❡ ❋r❛♥❦✲❚❛r❞♦s ❜✐✲tr✉♥❝❛t✐♦♥ ❛❧❣♦r✐t❤♠

❢♦r ❝r♦ss✐♥❣✲s✉❜♠♦❞✉❧❛r ❢✉♥❝t✐♦♥s✳ ▼❛t❤❡♠❛t✐❝❛❧ Pr♦❣r❛♠♠✐♥❣✱ ✺✸✿✸✻✶✕✸✻✸✱ ✶✾✾✷✳

❬✽✹❪ ❈✳❙t✳❏✳❆✳ ◆❛s❤✲❲✐❧❧✐❛♠s✳ ❖♥ ♦r✐❡♥t❛t✐♦♥s✱ ❝♦♥♥❡❝t✐✈✐t② ❛♥❞ ♦❞❞ ✈❡rt❡① ♣❛✐r✐♥❣s ✐s

✜♥✐t❡✳ ❈❛♥❛❞✐❛♥ ❏♦✉r♥❛❧ ♦❢ ▼❛t❤❡♠❛t✐❝s✱ ✶✷✿✺✺✺✕✺✻✼✱ ✶✾✻✵✳

❬✽✺❪ ❈✳❙t✳❏✳❆✳ ◆❛s❤✲❲✐❧❧✐❛♠s✳ ❉❡❝♦♠♣♦s✐t✐♦♥ ♦❢ ✜♥✐t❡ ❣r❛♣❤s ✐♥t♦ ❢♦r❡sts✳ ❏✳ ▲♦♥❞♦♥

▼❛t❤✳ ❙♦❝✳✱ ✸✾✿✶✷✱ ✶✾✻✶✳

❬✽✻❪ ❈✳❙t✳❏✳❆✳ ◆❛s❤✲❲✐❧❧✐❛♠s✳ ❊❞❣❡✲❞✐s❥♦✐♥t s♣❛♥♥✐♥❣ tr❡❡s ♦❢ ✜♥✐t❡ ❣r❛♣❤s✳ ❏✳ ▲♦♥❞♦♥

▼❛t❤✳ ❙♦❝✳✱ ✸✻✿✹✹✺✕✹✺✵✱ ✶✾✻✶✳

❬✽✼❪ P✳❏✳ ❖✇❡♥s✳ ❙❤♦rt♥❡ss ♣❛r❛♠❡t❡rs ♦❢ ❢❛♠✐❧✐❡s ♦❢ r❡❣✉❧❛r ♣❧❛♥❛r ❣r❛♣❤s ✇✐t❤ t✇♦ ♦r

t❤r❡❡ t②♣❡s ♦❢ ❢❛❝❡✳ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s✱ ✸✾✭✷✮✿✶✾✾✕✷✵✾✱ ✶✾✽✷✳

❬✽✽❪ ❏✳ P❡t❡rs❡♥✳ ❉✐❡ ❚❤❡♦r✐❡ ❞❡r r❡❣✉❧är❡♥ ●r❛♣❤s✳ ❆❝t❛ ▼❛t❤✳✱ ✶✺✿✶✾✸✕✷✷✵✱ ✶✽✾✶✳

❬✽✾❪ ❆✳ ❘❡❝s❦✐ ❛♥❞ ❖✳ ❙❤❛✐✳ ❚❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s ✐♥ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ s♣❛❝❡✳ ❊✉r✳ ❏✳

❈♦♠❜✳✱ ✸✶✭✹✮✿✶✵✼✷✕✾✱ ✷✵✶✵✳

❬✾✵❪ ❍✳❊✳ ❘♦❜❜✐♥s✳ ❆ t❤❡♦r❡♠ ♦♥ ❣r❛♣❤s ✇✐t❤ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ t♦ ❛ ♣r♦❜❧❡♠ ♦❢ tr❛✣❝

❝♦♥tr♦❧✳ ❆♠✳ ▼❛t❤✳ ▼♦♥t❤❧②✱ ✹✻✿✷✽✶✕✸✱ ✶✾✸✾✳

❬✾✶❪ ❇✳ ❘♦t❤ ❛♥❞ ❲✳ ❲❤✐t❡❧❡②✳ ❚❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s✳ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳✱

✷✻✺✭✷✮✿✹✶✾✕✹✹✻✱ ✶✾✽✶✳

❬✾✷❪ ❏✳❇✳ ❙❛①❡✳ ❊♠❜❡❞❞❛❜✐❧✐t② ♦❢ ✇❡✐❣❤t❡❞ ❣r❛♣❤s ✐♥ k✲s♣❛❝❡ ✐s str♦♥❣❧② ◆P✲❤❛r❞✳ ❚❡❝❤♥✐✲

❝❛❧ r❡♣♦rt✱ ❈♦♠♣✉t❡r ❙❝✐❡♥❝❡ ❉❡♣❛rt♠❡♥t✱ ❈❛r♥❡❣✐❡✲▼❡❧❧♦♥ ❯♥✐✈❡rs✐t②✱ P✐tts❜✉r❣❤✱

P❆✱ ✶✾✼✾✳

❬✾✸❪ ❚✳ ❙❝❤ö♥❜❡r❣❡r✳ ❊✐♥ ❇❡✇❡✐s ❞❡s P❡t❡rs❡♥s❝❤❡♥ ●r❛♣❤❡♥s❛t③❡s✳ ❆❝t❛ ❙❝✐✳ ▼❛t❤✳

✭❙③❡❣❡❞✮✱ ✼✿✺✶✕✼✱ ✶✾✸✹✕✶✾✸✺✳

❬✾✹❪ ❇✳ ❙❡r✈❛t✐✉s✳ ❇✐r✐❣✐❞✐t② ✐♥ t❤❡ ♣❧❛♥❡✳ ❙■❆▼ ❏✳ ❉✐s❝r❡t❡ ▼❛t❤✳✱ ✷✭✹✮✿✺✽✷✕✾✱ ✶✾✽✾✳

❬✾✺❪ ❏✳❊✳ ❙✐♥❣❧❡t♦♥✳ ▼❛①✐♠❛❧ ◆♦♥tr❛❝❡❛❜❧❡ ●r❛♣❤s✳ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❙♦✉t❤

❆❢r✐❝❛✱ ✷✵✵✺✳
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❬✾✻❪ ❚✳❍✳ ❙✉♠♠❡rs✱ ❈✳ ❨✉✱ ❛♥❞ ❇✳❉✳❖✳ ❆♥❞❡rs♦♥✳ ❘♦❜✉st♥❡ss t♦ ❛❣❡♥t ❧♦ss ✐♥ ✈❡❤✐❝❧❡

❢♦r♠❛t✐♦♥s ✫ s❡♥s♦r ♥❡t✇♦r❦s✳ ■♥ Pr♦❝❡❡❞✐♥❣s ♦❢ t❤❡ ✹✼t❤ ■❊❊❊ ❈♦♥❢❡r❡♥❝❡ ♦♥

❉❡❝✐s✐♦♥ ❛♥❞ ❈♦♥tr♦❧✱ ❈❉❈ ✷✵✵✽✱ ❉❡❝❡♠❜❡r ✾✲✶✶✱ ✷✵✵✽✱ ❈❛♥❝ú♥✱ ▼é①✐❝♦✱ ♣❛❣❡s

✶✶✾✸✕✾✳ ■❊❊❊✱ ✷✵✵✽✳

❬✾✼❪ ❚✳❍✳ ❙✉♠♠❡rs✱ ❈✳ ❨✉✱ ❛♥❞ ❇✳❉✳❖✳ ❆♥❞❡rs♦♥✳ ❆❞❞r❡ss✐♥❣ ❛❣❡♥t ❧♦ss ✐♥ ✈❡❤✐❝❧❡ ❢♦r♠❛✲

t✐♦♥s ❛♥❞ s❡♥s♦r ♥❡t✇♦r❦s✳ ■♥t✳ ❏✳ ♦❢ ❘♦❜✉st ❛♥❞ ◆♦♥❧✐♥❡❛r ❈♦♥tr♦❧✱ ✶✾✭✶✺✮✿✶✻✼✸✕✾✻✱

✷✵✵✾✳

❬✾✽❪ ▲✳ ❙③❡❣➤✳ ❖♥ ❝♦✈❡r✐♥❣ ✐♥t❡rs❡❝t✐♥❣ s❡t✲s②st❡♠s ❜② ❞✐❣r❛♣❤s✳ ❉✐s❝r❡t❡ ▼❛t❤❡♠❛t✐❝s✱

✷✸✹✭✶✕✸✮✿✶✽✼✕✾✱ ✷✵✵✶✳

❬✾✾❪ ❙✳ ❚❛♥✐❣❛✇❛✳ ❙✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❣r❛♣❤s✳ ❚❡❝❤♥✐❝❛❧ ❘❡♣♦rt

❛r❳✐✈✿✶✹✵✸✳✸✼✹✷✱ ✷✵✶✹✳

❬✶✵✵❪ ❚✳✲❙✳ ❚❛②✳ ❘✐❣✐❞✐t② ♦❢ ♠✉❧t✐✲❣r❛♣❤s ✐✱ ❧✐♥❦✐♥❣ r✐❣✐❞ ❜♦❞✐❡s ✐♥ ♥✲s♣❛❝❡✳ ❏✳ ❈♦♠❜✳

❚❤❡♦r②✱ ❙❡r✳ ❇✱ ✸✻✭✶✮✿✾✺✕✶✶✷✱ ✶✾✽✹✳

❬✶✵✶❪ ❚✳✲❙✳ ❚❛②✳ ▲✐♥❦✐♥❣ (n − 2)✲❞✐♠❡♥s✐♦♥❛❧ ♣❛♥❡❧s ✐♥ n✲s♣❛❝❡ ■■✿ (n − 2, 2)✲❢r❛♠❡✇♦r❦s

❛♥❞ ❜♦❞② ❛♥❞ ❤✐♥❣❡ str✉❝t✉r❡s✳ ●r❛♣❤s ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✺✭✶✮✿✷✹✺✕✼✸✱ ✶✾✽✾✳

❬✶✵✷❪ ❚✳✲❙✳ ❚❛②✳ ❍❡♥♥❡❜❡r❣✬s ♠❡t❤♦❞ ❢♦r ❜❛r ❛♥❞ ❜♦❞② ❢r❛♠❡✇♦r❦s✳ ❙tr✉❝t✉r❛❧ ❚♦♣♦❧♦❣②✱

✶✼✿✺✸✕✽✱ ✶✾✾✶✳

❬✶✵✸❪ ❚✳✲❙✳ ❚❛②✳ ▲✐♥❦✐♥❣ (n − 2)✲❞✐♠❡♥s✐♦♥❛❧ ♣❛♥❡❧s ✐♥ n✲s♣❛❝❡ ■✿ (k − 1, k)✲❣r❛♣❤s ❛♥❞

(k − 1, k)✲❢r❛♠❡s✳ ●r❛♣❤s ❛♥❞ ❈♦♠❜✐♥❛t♦r✐❝s✱ ✼✭✸✮✿✷✽✾✕✸✵✹✱ ✶✾✾✶✳

❬✶✵✹❪ ❚✳✲❙✳ ❚❛② ❛♥❞ ❲✳ ❲❤✐t❡❧❡②✳ ●❡♥❡r❛t✐♥❣ ✐s♦st❛t✐❝ ❢r❛♠❡✇♦r❦s✳ ❙tr✉❝t✉r❛❧ ❚♦♣♦❧♦❣②✱

✶✶✿✷✶✕✻✾✱ ✶✾✽✺✳

❬✶✵✺❪ ❲✳❚✳ ❚✉tt❡✳ ❖♥ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❞❡❝♦♠♣♦s✐♥❣ ❛ ❣r❛♣❤ ✐♥t♦ n ❝♦♥♥❡❝t❡❞ ❢❛❝t♦rs✳ ❏✳

▲♦♥❞♦♥ ▼❛t❤✳ ❙♦❝✳✱ ✸✻✿✷✷✶✕✷✸✵✱ ✶✾✻✶✳

❬✶✵✻❪ ❲✳ ❲❤✐t❡❧❡②✳ ❈♦♥❡s✱ ✐♥✜♥✐t② ❛♥❞ ♦♥❡✲st♦r② ❜✉✐❧❞✐♥❣s✳ ❙tr✉❝t✉r❛❧ ❚♦♣♦❧♦❣②✱ ✽✿✺✸✕✼✵✱

✶✾✽✸✳

❬✶✵✼❪ ❲✳ ❲❤✐t❡❧❡②✳ ❚❤❡ ✉♥✐♦♥ ♦❢ ♠❛tr♦✐❞s ❛♥❞ t❤❡ r✐❣✐❞✐t② ♦❢ ❢r❛♠❡✇♦r❦s✳ ❙■❆▼ ❏✳

❉✐s❝r❡t❡ ▼❛t❤✳✱ ✶✭✷✮✿✷✸✼✕✺✺✱ ✶✾✽✽✳

❬✶✵✽❪ ❲✳ ❲❤✐t❡❧❡②✳ ❙♦♠❡ ♠❛tr♦✐❞s ❢r♦♠ ❞✐s❝r❡t❡ ❛♣♣❧✐❡❞ ❣❡♦♠❡tr②✳ ■♥ ❏✳❊✳ ❇♦♥✐♥✱ ❏✳●✳

❖①❧❡②✱ ❛♥❞ ❇✳ ❙❡r✈❛t✐✉s✱ ❡❞✐t♦rs✱ ▼❛tr♦✐❞ ❚❤❡♦r②✱ Pr♦❝✳ ♦❢ ❆▼❙✲■▼❙✲❙■❆▼ ❏♦✐♥t

❙✉♠♠❡r ❘❡s❡❛r❝❤ ❈♦♥❢❡r❡♥❝❡ ♦♥ ▼❛tr♦✐❞ ❚❤❡♦r②✱ ❯♥✐✈❡rs✐t② ♦❢ ❲❛s❤✐♥❣t♦♥✱ ❙❡❛t✲

t❧❡✱ ✶✾✾✺✱ ✈♦❧✉♠❡ ✶✾✼ ♦❢ ❈♦♥t❡♠♣♦r❛r② ▼❛t❤❡♠❛t✐❝s✱ ♣❛❣❡s ✶✼✶✕✸✶✶✳ ❆▼❙✱ ✶✾✾✻✳



❇■❇▲■❖●❘❆P❍❨ ✶✶✾

❬✶✵✾❪ ❲✳ ❲❤✐t❡❧❡②✳ ❘✐❣✐❞✐t② ❛♥❞ s❝❡♥❡ ❛♥❛❧②s✐s✳ ■♥ ❏✳❊✳ ●♦♦❞♠❛♥ ❛♥❞ ❏✳ ❖✬❘♦✉r❦❡✱

❡❞✐t♦rs✱ ❍❛♥❞❜♦♦❦ ♦❢ ❉✐s❝r❡t❡ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ●❡♦♠❡tr② ✭✷♥❞ ❡❞✐t✐♦♥✮✱ ♣❛❣❡s

✶✸✷✼✕✺✹✳ ❈❘❈ Pr❡ss✱ ❇♦❝❛ ❘❛t♦♥✱ ✷✵✵✹✳

❬✶✶✵❪ ❲✳ ❲❤✐t❡❧❡②✳ ❈♦✉♥t✐♥❣ ♦✉t t♦ t❤❡ ✢❡①✐❜✐❧✐t② ♦❢ ♠♦❧❡❝✉❧❡s✳ P❤②s✐❝❛❧ ❇✐♦❧♦❣②✱

✷✭✹✮✿❙✶✶✻✕❙✶✷✻✱ ✷✵✵✺✳

❬✶✶✶❪ ❈✳ ❨✉ ❛♥❞ ❇✳❉✳❖✳ ❆♥❞❡rs♦♥✳ ❉❡✈❡❧♦♣♠❡♥t ♦❢ r❡❞✉♥❞❛♥t r✐❣✐❞✐t② t❤❡♦r② ❢♦r ❢♦r♠❛t✐♦♥

❝♦♥tr♦❧✳ ■♥t✳ ❏♦✉r♥❛❧ ♦❢ ❘♦❜✉st ❛♥❞ ◆♦♥❧✐♥❡❛r ❈♦♥tr♦❧✱ ✶✾✭✶✸✮✿✶✹✷✼✕✹✻✱ ✷✵✵✾✳





❆❜str❛❝t ✶✷✶

❚❤✐s t❤❡s✐s ✐♥✈❡st✐❣❛t❡s s❡✈❡r❛❧ t♦♣✐❝s ❢r♦♠ ❝♦♠❜✐♥❛t♦r✐❛❧ ♦♣t✐♠✐③❛t✐♦♥ ❛♥❞ ❝♦♠❜✐♥❛✲

t♦r✐❛❧ r✐❣✐❞✐t② t❤❡♦r②✳ ❚❤❡s❡ t♦♣✐❝s ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❆ tr❡❡✲❝♦♠♣♦s✐t✐♦♥ ✐s ❛ tr❡❡✲❧✐❦❡ ❢❛♠✐❧② t❤❛t s❡r✈❡s t♦ ❞❡s❝r✐❜❡ t❤❡ ♦❜st❛❝❧❡s t♦

k✲❡❞❣❡✲❝♦♥♥❡❝t❡❞ ♦r✐❡♥t❛❜✐❧✐t② ♦❢ ♠✐①❡❞ ❣r❛♣❤s✳ ❲❡ ❞❡r✐✈❡ ❛ str✉❝t✉r❛❧ r❡s✉❧t ♦♥

tr❡❡✲❝♦♠♣♦s✐t✐♦♥s t❤❛t ❣✐✈❡s r✐s❡ t♦ ❛ s✐♠♣❧❡ ❛❧❣♦r✐t❤♠ ❢♦r ❝♦♠♣✉t✐♥❣ ❛♥ ♦❜st❛❝❧❡

✇❤❡♥ t❤❡ ♦r✐❡♥t❛t✐♦♥ ❞♦❡s ♥♦t ❡①✐st✳ ❲❡ ❛❧s♦ ✐♥✈❡st✐❣❛t❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤✐s r❡s✉❧t

t♦ t❤❡ ♦r✐❡♥t❛❜✐❧✐t② ♦❢ ❣r❛♣❤s ✇✐t❤ s❡✈❡r❛❧ ♦t❤❡r ❝♦♥♥❡❝t✐✈✐t② ♣r❡s❝r✐♣t✐♦♥s✳ ❲✐t❤ ❛

❞✐✛❡r❡♥t ♠❡t❤♦❞ ✇❡ ❣✐✈❡ ❛ s✐♠♣❧❡r ❛❧❣♦r✐t❤♠ t♦ ✜♥❞ ❛ r♦♦t❡❞ (k, 1)✲❡❞❣❡✲❝♦♥♥❡❝t❡❞

♦r✐❡♥t❛t✐♦♥ ♦❢ ❛ ❣r❛♣❤✳

• ❲❡ ❣✐✈❡ ❛ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❛ r❡s✉❧t ♦❢ ❑❛♠✐②❛♠❛✱ ❑❛t♦❤ ❛♥❞ ❚❛❦✐③❛✇❛ ❬✻✹❪ ♦♥

❛r❜♦r❡s❝❡♥❝❡ ♣❛❝❦✐♥❣s ✇❤❡r❡ ❛ ♠❛tr♦✐❞ ✐s ❣✐✈❡♥ ♦♥ t❤❡ r♦♦ts ♦❢ t❤❡ ❛r❜♦r❡s❝❡♥❝❡s ❛s

✐♥ t❤❡ ♣❛♣❡r ♦❢ ❉✉r❛♥❞ ❞❡ ●❡✈✐❣♥❡②✱ ◆❣✉②❡♥ ❛♥❞ ❙③✐❣❡t✐ ❬✶✽❪✳

• ❲❡ ♣r♦✈❡ t❤❛t t❤❡r❡ ❡①✐st ❝✐r❝✉✐ts ♦❢ t❤❡ ✷✲❞✐♠❡♥s✐♦♥❛❧ r✐❣✐❞✐t② ♠❛tr♦✐❞ ✇✐t❤ ♠❛①✐✲

♠✉♠ ❞❡❣r❡❡ ✹ ✇❤✐❝❤ ❞♦ ♥♦t ❝♦♥t❛✐♥ ❛♥② ❍❛♠✐❧t♦♥✐❛♥ ♣❛t❤ ♥♦r ❛ ♣❛t❤ ❧♦♥❣❡r t❤❛♥

|V |λ ❢♦r λ > log 8
log 9
≃ 0, 9464✳ ▼♦r❡♦✈❡r✱ ✇❡ ♣r♦✈❡ ❛ s✐♠✐❧❛r st❛t❡♠❡♥t ❢♦r ❡✈❡r②

(k, k + 1)✲s♣❛rs✐t② ♠❛tr♦✐❞✳

• ❲❡ ❡①t❡♥❞ t❤❡ r✐❣✐❞✐t② ❛✉❣♠❡♥t❛t✐♦♥ ❛❧❣♦r✐t❤♠ ♦❢ ●❛r❝í❛ ❛♥❞ ❚❡❥❡❧ ❬✹✹❪ ❢♦r ❡✈❡r②

(k, ℓ)✲s♣❛rs✐t② ♠❛tr♦✐❞ ✇❤❡r❡ ℓ ≤ 3
2
k✳ ❚❤❛t ✐s✱ ✇❡ ❣✐✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠ t♦ t❤❡

❢♦❧❧♦✇✐♥❣ ❛✉❣♠❡♥t❛t✐♦♥ ♣r♦❜❧❡♠ ❢♦r ℓ ≤ 3
2
k✳ ●✐✈❡♥ ❛ (k, ℓ)✲t✐❣❤t ❣r❛♣❤ G = (V,E)✱

✜♥❞ ❛ ❣r❛♣❤ H = (V, F ) ✇✐t❤ ♠✐♥✐♠✉♠ ♥✉♠❜❡r ♦❢ ❡❞❣❡s✱ s✉❝❤ t❤❛t G+H − e ❤❛s

(k, ℓ)✲t✐❣❤ts♣❛♥♥✐♥❣ s✉❜❣r❛♣❤ ❢♦r ❡✈❡r② e ∈ E✳ ❲❡ ❛❧s♦ ❣✐✈❡ ❛ ♣♦❧②♥♦♠✐❛❧ ❛❧❣♦r✐t❤♠

❢♦r t❤❡ ❝❛s❡ ✇❤❡r❡ G = (V,E) ✐s ♥♦t (k, ℓ)✲t✐❣❤t ❜✉t ❤❛s ❛ s♣❛♥♥✐♥❣ (k, ℓ)✲t✐❣❤t

s✉❜❣r❛♣❤ ✇❤❡♥ ℓ ≤ k ❛♥❞ s❤♦✇ t❤❛t t❤✐s ♣r♦❜❧❡♠ ✐s ◆P✲❤❛r❞ ✇❤❡♥ ℓ = 3
2
k✳

• ❲❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❡❞❣❡ ♥✉♠❜❡r ♦❢ ♠✐♥✐♠❛❧ ❤✐❣❤❧② ♥♦❞❡✲r❡❞✉♥❞❛♥t❧② r✐❣✐❞ ❛♥❞ ❣❧♦❜✲

❛❧❧② r✐❣✐❞ ❣r❛♣❤s✳ ❲❡ ❣✐✈❡ s❡✈❡r❛❧ ❧♦✇❡r ❛♥❞ ✉♣♣❡r ❜♦✉♥❞s ❛❧♦♥❣ ✇✐t❤ s♦♠❡ t✐❣❤t

❡①❛♠♣❧❡s✳

• ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ❣❧♦❜❛❧ r✐❣✐❞✐t② ♦❢ ❣❡♥❡r✐❝ ❜♦❞②✲❤✐♥❣❡ ❛♥❞ ❜♦❞②✲❜❛r✲❛♥❞✲❤✐♥❣❡

❢r❛♠❡✇♦r❦s✳ ❆ s✉r♣r✐s✐♥❣ ♣♦✐♥t ✐♥ t❤✐s r❡s✉❧t ✐s t❤❛t ✐t ❞✐s♣r♦✈❡s s❡✈❡r❛❧ ✇❡❧❧✲❦♥♦✇♥

❝♦♥❥❡❝t✉r❡s ♦♥ ❣❧♦❜❛❧ r✐❣✐❞✐t② ✐♥ d ≥ 3 ❜② ❣✐✈✐♥❣ ✐♥✜♥✐t❡❧② ♠❛♥② ❝♦✉♥t❡r❡①❛♠♣❧❡s

❢♦r ❍❡♥❞r✐❝❦s♦♥✬s ❝♦♥❥❡❝t✉r❡ ✐♥ ❡✈❡r② ❞✐♠❡♥s✐♦♥ d ≥ 3✳

• ❚❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦s ❛r❡ ❞❡✜♥❡❞ ♦♥ ❛ s❡t ♦❢ ♣♦✐♥ts ✐♥ Rd ❛♥❞ ❝♦♥s✐st ♦❢ ❜❛rs✱ ❝❛❜❧❡s✱

❛♥❞ str✉ts✱ ✇❤✐❝❤ ♣r♦✈✐❞❡ ✉♣♣❡r ❛♥❞✴♦r ❧♦✇❡r ❜♦✉♥❞s ❢♦r t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥

t❤❡✐r ❡♥❞♣♦✐♥ts✳ ❲❡ ♣r♦✈❡ t❤❛t ✐t ✐s ◆P✲❤❛r❞ t♦ ❞❡t❡r♠✐♥❡ ✇❤❡t❤❡r ❡✈❡r② ❣❡♥❡r✐❝

r❡❛❧✐③❛t✐♦♥ ♦❢ t❤❡ ✭❡❞❣❡✲❧❛❜❡❧❡❞✮ ❣r❛♣❤ ♦❢ ❛ t❡♥s❡❣r✐t② ❢r❛♠❡✇♦r❦ ✐s r✐❣✐❞ ♦♥ t❤❡ ❧✐♥❡✳

❚❤❡ r❡s✉❧ts ❛r❡ ❜❛s❡❞ ♦♥ ❬✸✷✱ ✺✻✱ ✻✶✱ ✻✺✱ ✼✷✱ ✼✸✱ ✼✹✱ ✼✺❪✳





Öss③❡❢♦❣❧❛❧ás ✶✷✸

❆ ❞♦❧❣♦③❛t tö❜❜✱ ❛ ❦♦♠❜✐♥❛t♦r✐❦✉s ♦♣t✐♠❛❧✐③á❧ás és ❛ ❦♦♠❜✐♥❛t♦r✐❦✉s ♠❡r❡✈sé❣❡❧♠é❧❡t

t❡rü❧❡tér➤❧ ér❦❡③➤ té♠á✈❛❧ ❢♦❣❧❛❧❦♦③✐❦✳ ❊③❡❦ ❛③ ❛❧á❜❜✐❛❦✿

• ❊❣② ❢❛✲❦♦♠♣♦③í❝✐ó ❡❣② ❢❛✲s③❡r➯ ❤❛❧♠❛③❝s❛❧á❞✱ ♠❡❧② s❡❣ítsé❣é✈❡❧ ❧❡ír❤❛tó ♣é❧❞á✉❧ ❛ ✈❡✲

❣②❡s ❣rá❢♦❦ k✲é❧öss③❡❢ü❣❣➤✈é ✐rá♥②í❤❛tósá❣ár❛ ✈♦♥❛t❦♦③ó ❜✐③♦♥②íté❦✳ ❋❛✲❦♦♠♣♦③í❝✐ó❦

str✉❦túrá❥áró❧ ❜✐③♦♥②ít✉♥❦ ❡❣② tét❡❧✱♠❡❧② s❡❣ítsé❣é✈❡❧ ❡❣②s③❡r➯ ❛❧❣♦r✐t♠✉s ❛❞❤❛tó ❛♥✲

♥❛❦ ❛ ❜✐③♦♥②íté❦á♥❛❦ ♠❡❣t❛❧á❧ásár❛✱ ❤♦❣② ♥❡♠ ❧ét❡③✐❦ ✐❧②❡♥ ✐rá♥②ítás✳ ❆③ ❡r❡❞♠é♥②

❡❣②é❜ ❦ü❧ö♥❜ö③➤ öss③❡❢ü❣❣➤sé❣✐ ❢❡❧tét❡❧❡❦❡t t❡❧❥❡sít➤ ❣rá❢ ✐rá♥②ítás✐ ♣r♦❜❧é♠á❦r❛ tör✲

té♥➤ ❛❧❦❛❧♠❛③❤❛tósá❣át ✐s ✈✐③s❣á❧❥✉❦✳ ❊❣② ♠ás✐❦ ♠ó❞s③❡rr❡❧ ❡❣② ❡❣②s③❡r➯❜❜ ❛❧❣♦r✐t✲

♠✉st ❛❞✉♥❦ ❣rá❢♦❦ ❣②ö❦❡r❡s (k, 1)✲é❧öss③❡❢ü❣❣➤ ✐rá♥②ításá♥❛❦ ♠❡❣t❛❧á❧ásár❛✳

• ➪❧t❛❧á♥♦sít❥✉❦ ❑❛♠✐②❛♠❛✱ ❑❛t♦❤ és ❚❛❦✐③❛✇❛ ❬✻✹❪ ❢❡♥②➤♣❛❦♦❧ás✐ tét❡❧ét ❛rr❛ ❛③ ❡s❡t✲

r❡✱ ❛♠✐❦♦r ❡❣② ♠❛tr♦✐❞ ❛❞♦tt ❛ ❢❡♥②➤❦ ❣②ö❦❡r❡✐♥✱ ♠✐♥t ❉✉r❛♥❞ ❞❡ ●❡✈✐❣♥❡②✱ ◆❣✉②❡♥

és ❙③✐❣❡t✐ ❬✶✽❪ ❝✐❦❦é❜❡♥✳

• ❇❡❧át❥✉❦✱ ❤♦❣② ❛ ❦ét❞✐♠❡♥③✐ós ♠❡r❡✈sé❣✐ ♠❛tr♦✐❞❜❛♥ ✈❛♥♥❛❦ ♦❧②❛♥ ❦örö❦✱ ♠❡❧②❡❦❜❡♥

❛ ♠❛①✐♠á❧✐s ❢♦❦s③á♠ ✹✱ ❞❡ ♥✐♥❝s ❜❡♥♥❡ ❍❛♠✐❧t♦♥✲út✱ s➤t |V |λ✲♥á❧ ❤♦ss③❛❜❜ út s❡♠

λ > log 8
log 9

≃ 0, 9464✲r❡✳ ❍❛s♦♥❧ó á❧❧ítást ❜✐③♦♥②ít✉♥❦ ♠✐♥❞❡♥ (k, k + 1)✲r✐t❦❛sá❣✐

♠❛tr♦✐❞r❛✳

• ❑✐t❡r❥❡s③t❥ü❦ ●❛r❝í❛ és ❚❡❥❡❧ ❬✹✹❪ ♠❡r❡✈sé❣ ♥ö✈❡❧➤ ❛❧❣♦r✐t♠✉sát ♠✐♥❞❡♥ ♦❧②❛♥ (k, ℓ)✲

r✐t❦❛sá❣✐ ♠❛tr♦✐❞r❛✱ ❛❤♦❧ ℓ ≤ 3
2
k✳ ❆③❛③ ♣♦❧✐♥♦♠✐á❧✐s ❛❧❣♦r✐t♠✉st ❛❞✉♥❦ ❛ ❦ö✈❡t❦❡③➤

♥ö✈❡❧és✐ ♣r♦❜❧é♠ár❛ ℓ ≤ k ❡s❡té♥✿ ❆❞♦tt (k, ℓ)✲❦r✐t✐❦✉s G = (V,E) ❣rá❢❤♦③ ❦❡r❡s✲

sü♥❦ ♠✐♥✐♠á❧✐s é❧s③á♠ú H = (V, F ) ❣rá❢♦t✱ ❤♦❣② t❡ts③➤❧❡❣❡s e ∈ E✲r❡ G + H − e

t❛rt❛❧♠❛③③♦♥ (k, ℓ)✲❦r✐t✐❦✉s ❢❡s③ít➤ rés③❣rá❢♦t✳ ❆rr❛ ❛ ❜♦♥②♦❧✉❧t❛❜❜ ♣r♦❜❧é♠ár❛ ✐s

♣♦❧✐♥♦♠✐á❧✐s ❛❧❣♦r✐t♠✉st ❛❞✉♥❦ ℓ ≤ k✲r❛✱ ❛♠✐❦♦r G ♥❡♠ (k, ℓ)✲❦r✐t✐❦✉s✱ ❞❡ t❛rt❛❧♠❛③

✐❧②❡♥ ❢❡s③ít➤ rés③❣rá❢♦t❀ ✈❛❧❛♠✐♥t ♠❡❣♠✉t❛t❥✉❦✱ ❤♦❣② ❡③ ❛ ♣r♦❜❧é♠❛ ℓ = 3
2
k ❡s❡té♥

♠ár ◆P✲♥❡❤é③✳

• ▼✐♥✐♠á❧✐s tö❜❜s③örös❡♥ ❝sú❝s✲r❡❞✉♥❞á♥s❛♥ ♠❡r❡✈ és ❣❧♦❜á❧✐s❛♥ ♠❡r❡✈ ❣rá❢♦❦ é❧s③á♠át

✈✐③s❣á❧❥✉❦✳ ❚ö❜❜ ❛❧só és ❢❡❧s➤ ❦♦r❧át♦t ❛❞✉♥❦✱ ♥é❤á♥② é❧❡s ♣é❧❞á✈❛❧✳

• ❑❛r❛❦t❡r✐③á❧❥✉❦ ❛ ❣❡♥❡r✐❦✉s t❡st✲③s❛♥ér és t❡st✲rú❞✲és✲③s❛♥ér s③❡r❦❡③❡t❡❦ ❣❧♦❜á❧✐s ♠❡✲

r❡✈sé❣ét✳ ❆③ ❡r❡❞♠é♥② ♠❡❣❧❡♣➤ ♠❡❧❧é❦t❡r♠é❦❡✱ ❤♦❣② tö❜❜ ❦♦rá❜❜✐ ❥ó❧✲✐s♠❡rt ❣❧♦❜á❧✐s

♠❡r❡✈sé❣r❡ ✈♦♥❛t❦♦③ó s❡❥tést ✐s ♠❡❣❝á❢♦❧ ❛③③❛❧✱ ❤♦❣② ✈é❣t❡❧❡♥ s♦❦ ❡❧❧❡♥♣é❧❞át s③♦❧✲

❣á❧t❛t ❛ ❍❡♥❞r✐❝❦s♦♥✲s❡❥tésr❡ ♠✐♥❞❡♥ d ≥ 3 ❞✐♠❡♥③✐ó❜❛♥✳

• ❆ rú❞✲❝s✉❦❧ó s③❡r❦❡③❡t❡❦♥é❧ á❧t❛❧á♥♦s❛❜❜ t❡♥s❡❣r✐t② s③❡r❦❡③❡t❡❦❜❡♥ ❛ ❝s✉❦❧ó❦ ❦ö③t

❦öt❡❧❡❦ és ❞ú❝♦❦ ✐s ❧❡❤❡t♥❡❦✱ ♠❡❧②❡❦ ❝s❛❦ ❢❡❧s➤ ✐❧❧❡t✈❡ ❛❧só ❦♦r❧át♦t ❛❞♥❛❦ ✈é❣♣♦♥t❥❛✐❦

tá✈♦❧sá❣ár❛✳ ❇❡❧át❥✉❦✱ ❤♦❣② ◆P✲♥❡❤é③ ❡❧❞ö♥t❡♥✐✱ ❤♦❣② ❡❣② t❡♥s❡❣r✐t② s③❡r❦❡③❡t❤❡③

t❛rt♦③ó ✭é❧✲❝í♠❦é③❡tt✮ ❣rá❢ ♠✐♥❞❡♥ ❣❡♥❡r✐❦✉s r❡❛❧✐③á❝✐ó❥❛ ♠❡r❡✈✲❡ ❛③ ❡❣②❡♥❡s❡♥✳

❆ ❞♦❧❣♦③❛t ❛ ❬✸✷✱ ✺✻✱ ✻✶✱ ✻✺✱ ✼✷✱ ✼✸✱ ✼✹✱ ✼✺❪ ❝✐❦❦❡❦❡♥ ❛❧❛♣✉❧✳
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