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Ŝ+V⊂

(U
⊕
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s∈Ŝ [s,e]=0 1 H x

[x,e]=0 H p
[∑

h∈Hh,e
]
=[e,e]=1

x [x,e]=0 H={e1}∪{
∑
j̸=iej|2≤

i≤p+1}
∑
h∈Hh=e1 e2 ... ep+1 ≠
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ej,fi+

p+1∑

j=0

fj

⟩

=0

⟨

M2,1

p+1∑

i=1

ei,

p+1∑

j=0

fj

⟩

=0

σ(
∑p+1
j=1ej)∈C1

⟨

M2,1

p+1∑

i=1

ei,

p+1∑

j=0

fj

⟩

=1

G S={ s∈G|s∈G}

S 1 S G S̄=S∪ S ϕ

Cay(G,S) Cay(G,T) ϕ

Cay(G,S̄) Cay(G,T̄)

Cay(Z2p+3p ,S) Cay(Z2p+3p ,T) Z2p+3p S T

Cay(Z2p+3p ,̄S) Cay(Z2p+3p ,̄T)

p>3 Cay(Z2p+3p ,̄S)

Z2p+3p



p 2p+3

σ

σ(̄S)=T̄ σ∈GL(U
⊕
V)

σ(̄S)=T̄

V

σ p>3

σ (U
⊕
V)/V σ

S̃=

{

ei, ei,
∑

j̸=i

ej,
∑

j̸=i

ej1≤i≤p+1

}

∪

{
p+1∑

j=1

ej,

p+1∑

j=1

ej

}

,

S̃+V⊂(U
⊕
V)/V S̃

σ(S)=σ(T) S+V=T+V σ(̃S)=̃S

S̃=Ŝ∪ Ŝ Ŝ∩ Ŝ Ŝ

σ σ

Ŝ

σ Cay(U,S̃) σ(0)=0

0

e e 2p+2

σ(e)=e σ(e)= e σ σ

e e S̃ Ŝ

σ σ

S T

Z4p 2p Z
2p 1+(2p−1p )
p



p 2p+3

4p 2

U′∼=V′∼=Z2p 1p W′=U′
⊕
V′ {e′1,...,e

′
2p 1}

{f′1,...,f
′
2p 1} L

p 2p 1 L0i={x
n∈L|ni=0}

L+i =L\L
0
i xn∈L n

p {1,...,2p 1}

A′i=e
′
i+{v

′∈V′|⟨v′,f′i⟩=0}

B′i=
∑

j̸=i

e′j+

{

v′∈V′

⟨

v′,f′i+

2p 1∑

j=1

f′j

⟩

=0

}

C′0=

2p 1∑

j=1

e′j+

{

v′∈V′

⟨

v′,

2p 1∑

j=1

f′j

⟩

=0

}

C′1=

2p 1∑

j=1

e′j+

{

v′∈V′

⟨

v′,

2p 1∑

j=1

f′j

⟩

= 1

}

S′=
∪2p 1
i=1 (A

′
i∪B

′
i)∪C

′
0

T′=
∪2p 1
i=1 (A

′
i∪B

′
i)∪C

′
1 Cay(W′,S′)∼=Cay(W′,T′)

ϕ′(x1,...,x2p 1,y1,...,y2p 1)=

= x1,...,x2p 1,y1+l1(x1,...,x2p 1),...,y2p 1+l2p 1(x1,...,x2p 1)
)

li L0i i=1,...,2p 1

ϕ′



p 2p+3

xn∈L m∈{0,1}2p 1

U′

(∆mx
n)(x)=xn\m

∑

k n∩m

xk

(∆1x
n)(x)=

∑

k n

xk

∆e′ili=0

∆∑2p−1
j=1 e′j

(

2p 1∑

j=1

lj)= 1

∆∑
j̸=ie

′
j
(li+

2p 1∑

j=0

lj)=0

li xi

2p 1∑

j=1

lj=

2p 1∑

j=1

∑

xn∈L0i

xn=
∑

xn∈L

(p 1)xn=
∑

xn∈L

xn



p 2p+3

∆∑2p−1
j=1 e′j

(

2p 1∑

j=1

lj)= ∆∑2p−1
j=1 e′j

∑

xn∈L

xn=
∑

xn∈L

∆∑2p−1
j=1 e′j

xn

=
∑

n∈{0,1}2p−1

|n|=p

∑

k n

xk=
∑

|k|<p

xk
∑

k⊆n
|n|=p

1

=
∑

|k|<p

(
2p 1 |k|

p |k|

)

xk

2p 1 |k|
p |k|

)
p 1≤|k|<p

2p 1
p

)

Zp
2p 1
p

)
≡1(modp)

li+

2p 1∑

j=1

lj=
∑

xn∈L0i

xn
∑

xn∈L

xn=
∑

xn∈L+i

xn

∆∑
j̸=ie

′
j




∑

xn∈L+i

xn



=
∑

xn∈L+i

∆∑
j̸=ie

′
j
xn

=
∑

xn∈L+i

xi
∑

k n\{i}

xk= xi
∑

i/∈k
|k|<p 1

xk
∑

{i}∪k n
|n|=p

1

= xi
∑

i/∈k
|k|<p 1

(
2p 1 |k| 1

p |k| 1

)

xk

|k|<p 1 2p 1 |k|1
p |k|1

)
≡0(modp)



p 2p+3

ϕ′

b a∈A′i

ϕ′(b) ϕ′(a)∈A′i b a∈B′i

ϕ′(b) ϕ′(a)∈B′i b a∈C′0

ϕ′(b) ϕ′(a)∈C′1

S′ T′ p>3 p=3

σ′∈GL(U′
⊕
V′)

σ(S′)=T′ N=(
N1,1 N1,1

N2,1 N2,2

)

σ′

S′i=T
′
i=A

′
i S′i+2p 1=T

′
i+2p 1=B

′
i i=1,,...,2p 1

S′4p 1=C
′
0 T′4p 1=C

′
1

V′ σ′

S′ T′

4p 1 2p 2 1≤i≤

4p 1 1≤j≤4p 1 σ(S′i)=T
′
j

Span

(2p 1∪

i=1

{a b|a,b∈S′i}

)

=V′

σ′(V′)=V′

σ′ U′ σ′(S)=S

S=

{

e′i,
∑

j̸=i

e′j |1≤i≤2p 1

}
∪
{
2p 1∑

j=1

e′j

}



p 2p+3

N1,1 p>3

e′=
∑2p 1
i=1 e

′
i S

S σ′(e′)=e′

σ′(
∑
h∈H′h)=e

′ H′={σ(e′i)|1≤i≤2p 1}

σ′ σ′(e′)=e′ H′

(e′i,e e
′
i)

Z2p 1p [e′,e′i]=1

[e′,e′ e′i]= 2 1≤i≤2p 1 p≠3 1=[e′,e′]=

[e′,
∑
h∈H′h] H′ 0 p e′

e′i H′ (e′i,e e′i)

H′=

{e′i|1≤i≤2p 1} H′={e′i|1≤i≤p 1}∪{e′ e′i|p≤i≤2p 1}

H′ e′ H′={e′i|1≤i≤2p 1}

p≠3

p=3 ϕ ϕ(e′i)=e
′ e′i

ϕ ϕ(S)=S
{
e′ e′1,...,e

′ e′2p 1
}

U′ ϕ ϕ(e′ e′i)=e
′
i

1≤i≤2p 1

N1,1

σ′(e′i)∈A
′
i σ′(e′ e′i)∈B

′
i 1≤i≤2p 1

[N2,1e
′
i,f
′
i]=0

[

N2,1
∑

j̸=i

e′j,f
′
i+

2p 1∑

j=0

f′j

]

=0



p 2p+3

1≤i≤2p 1 4p 2

[

N2,1

2p 1∑

i=1

e′i,

2p 1∑

i=1

f′i

]

=0

σ′(
∑2p 1
i=1 e

′
i)=σ

′(e′)∈C′1
[

N2,1

2p 1∑

i=1

e′i,

2p 1∑

i=1

f′i

]

= 1

2p 1+2p 1
p

)

O={k⊂{1,...,2p 1} |k|=p} U′′∼=Z2p 1p V′′∼=

Z
(2p−1p )
p {e′′1,e

′′
2,...,e

′′
2p 1} {f′′k|k∈O}

|O| V′′ y′′ y′′=

(...,y′′k,...) k∈O x′′,y′′
)
∈U′′

⊕
V′′

ϕ′′(x′′,y′′)= x′′,...,y′′k+x
′′k,...

)

1≤i≤2p 1

A′′i=e
′′
i+





v′′∈V′′

⟨

v′′,
∑

i/∈k

f′′k

⟩

=0






k∈O p k1,...,kp O

|k∩ki|=1

B′′k=
∑

j∈k

e′′j+

{

v′′∈V′′
⟨
v′′,f′′k1+...+f

′′
kp

⟩
=0

}



p 2p+3

C′′0=

2p 1∑

j=1

e′′j+





v′′∈V′′

⟨

v′′,
∑

k∈O

f′′k

⟩

=0






C′′1=

2p 1∑

j=1

e′′j+





v′′∈V′′

⟨

v′′,
∑

k∈O

f′′k

⟩

=1






S′′=

(∪

i

A′′i

)

∪

(∪

k∈O

B′′k

)

∪C′′0

T′′=

(∪

i

A′′i

)

∪

(∪

k∈O

B′′k

)

∪C′′1

ϕ′′



8p

p>3 Q×Zp

Z32×Zp

p>3

8p

(V,E1,E2,...,El)

Ei⊂V
3 i=1,...,l

(V,E1,...,El)

G (V,E1,...,El)

G G

G

G

G 8p p

Z2×Z4 8

4

G Z8 Z
3
2 Q 8



8p 8

H=
⟨
a,z|ap=1,z8=1,z1az=a1

⟩

H

2 G Q Z32

Z32×Zp

p≥11

Z32×Zp

p̸=3 7

Z32×Zp p

p>8 p=5 p G

G

Z32×ZpQ×ZpZ
3
2 Zp Q Zp

Q Zp Z32 Zp

p=7 7 G

G 8 7 2 G

7 G

2 G∼=Z32 Z7

p=3 G 24

31

24 Q×Z3 Z8 Z3 Z32×Z3

Q×Z3

p>8 p=5,7

p≥3 Q×Zp



Q×Z3

Q×Zp p

p≥3 Z32×Zp

p>8

p=5 7

H Ω G

G≀ΩH G H

g∈G≀ΩH hk k∈K=
∏
ω∈ΩGω

h∈H K=
∏
ω∈ΩGω G≀ΩH

K Ω G g∈G≀ΩH

g=hk k (g)b Ω

H G≀H

Ω Sym(Ω) G

Ω G B

Ω GB B

G g∈G gB g

B

G Ĝ Sym(G)

G G



R Q Z32 A=Aut(Cay(G,S))≤

Sym(8p) R̊×Z̊p R̂×Ẑp

Z̊p Ẑp p

P Sym(8p) p>8 P Z8p P

8 p R̊ R̂ P

R̊ R̂ 2 NA(P)

P2 2 Sym(8) P2

∆

✏✏✏✏✏✏✏
❅
❅
❅
❅
❅

❅
❅
❅
❅
❅

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

✈

✈ ✈

✈ ✈ ✈ ✈

✈ ✈ ✈ ✈ ✈ ✈ ✈ ✈

∆

Aut(∆)

Sym(8)

P2

Q

P2

Z32

Q Aut(∆)



i j Q

1≤m ≤4 qm ∈Q

qm(2m 1)=2m ∆ qm(2m)=2m 1

Q qm 2

Q qm=i
2 1≤m≤4

i2 ∆ qm

i(1)=3 ∆

{1,2,3,4} i(3)=2i(2)=4 i(4)=1 i

4 Q ∆ i2(5)=6

i

i=(1324)(5768)ori=(1324)(5867)

j(1)=5 j(5)=j2(1)=

i2(1)=2 j(2)=6 j∈Aut(∆) j(6)=1

i j ∆ iji=j

3 j(3)=8 i=(1324)(5768) j(3)=7

i=(1324)(5867) j

i j Q

x∈Z32 x(1)=2

2 1 2 3 4

y∈Z32 y(1)=5

2 6 x(5)=6 x y

x x

y(3) y(3) =7 y=

(15)(26)(37)(48) y(3)=8 y=(15)(26)(38)(47)

Z32 1 3 x y

Z32



Aut(∆)≤Sym(8) Q

i1=(1324)(5768) j1=(1526)(3748)

i2=(1324)(5867) j2=(1526)(3847)

Aut(∆)

Ql Qr

Ql Qr

Q Q

{1,...,8} 1 2 3 4 5 6 7 8

Q 1 1 i i j j k k
.

A1= ⟨x1,x2,x3⟩ A2= ⟨y1,y2,y3⟩ Aut(∆)≤

Sym(8) Z32

x1=(12)(34)(56)(78) x2=(13)(24)(57)(68) x3=(15)(26)(37)(48)

y1=(12)(34)(56)(78) y2=(13)(24)(58)(67) y3=(15)(26)(38)(47)

G1≤P2

Qa Qb Aut(∆) Q G2≤P2

A1 A2 Aut(∆)

Z32 G1=G2



|P2|=|Aut(∆)|=2
7

G1 G2 G1

G2 V={A,B,C, D}

∆ V

G1 G2 G1 G2

P2 25

|Qa∩Qb|=2

|A1∩A2|=2 |G1|≥2
5 |G2|≥2

5

Q DCI(2)

Z32 DCI(2)

Qa Qb Sym(8)

Q

Qa Qb 2 H=⟨Qa,Qb⟩

2 Sym(8) 2

H 2 Sym(8)

Qa Qb Aut(∆)

π∈⟨Qa,Qb⟩
(2) Qπa=Qb

Qa≠Qb Qa

Qb (1324)(5768),(1526)(3748)

(1324)(5867),(1526)(3847)

H

(12)(34)=(1324)(5768)(1324)(5867)

(12)(56)=(1526)(3748)(1526)(3847)

(12)(78)=(1728)(3546)(1728)(3645)



(12) H(2)

Q
(12)
a =Qb

A1 A2 Sym(8)

Z32 H′ A1 A2

A1 A2

Aut(∆) 2

Sym(8) A1 A2

x1=(12)(34)(56)(78) x2=(13)(24)(57)(68) x3=

(15)(26)(37)(48) y1=(12)(34)(56)(78) y2=(13)(24)(58)(67)

y3=(15)(26)(38)(47)

H′ (12)(34)

(12)(56) (12)(78) H′(2) (12)

x1=y1 (12)x2(12)=y2y1

(12)x3(12)=y1y3 (12) A1 A2

A,B⊂V()

A∩B=∅ A∼B

a∈A b∈B a b

b a

a∈A b∈B b a

a b

a∈A b∈B a b

A B

A B



A B p

A∪B=Zp∪Zp ĝ Ẑp

ĝ(a1,a2)=(a1+1,a2+1) A∪B å

Z̊p å å(a1,a2)=(a1+b,a2+c) b,c∈Zp

b=c Ẑp Z̊p A∪B

A B b=c

A∼B π∈Sym(A∪B) A B

A∪B π|A∈Aut(A)

π|B∈Aut(B)

p>8

R×Zp p>8 R

Q Z32

p>8 R×Zp

=Cay(R×Zp,S) A=Aut() G̊=R̊×Z̊p

A R×Zp

α∈A G̊α=Ĝ=R̂×Ẑp

p>8 p Sym(8p) 8

p Ẑp Z̊p p P

Sym(8p) R̊ R̂ NSym(8p)(P)∩A

R̊ R̂ 2 NSym(8p)(P)∩A

2 A



p P B={B1,B2,...,B8}

|Bi|=p i=1,...,8 B P

B R̂ R̊

⟨̂G,G̊⟩≤Sym(p)≀Sym(8) G̊ Ĝ R̊

R̂ B R1 R2

R̊ R̂ 2 A

R1 R2 2 Sym(8)

R1≠R2 α∈A∩N(P)
(
R̊α
)B
=R2

0 B Bm Bn

Bm Bn B R1

R2 Aut(0) 0

R

R1≤Aut(0) B

0 8

1 B

8 Bm

Bn Bm′ Bn′ 1

ϕ

Bm∪Bn Bm′∪Bn′ ϕ(Bm)=Bm′

ϕ(Bn)=Bn′ 1 R

R1 R2 1 R

DCI(2) α′∈⟨R1,R2⟩
(2)≤Aut(1)

Rα
′

2 =R1 α′ α

αB=α′

0



R̊×Z̊p≤Ẑp≀Sym(8)

R̊×Z̊p≤Ẑp≀Sym(8) r̊∈R̊ (̊r)b=id

Ẑp=Z̊p x y Ẑp

Z̊p x y p

|B1|=p x|B1=y|B1

x|Bm =y|Bm 0 B1

Bm x=y 0

R̊×Z̊p≤Ẑp≀Sym(8) Z̊p

R̊

A′=A∩
(
Ẑp≀Sym(8)

)
R̊

R̂ 2 A′ r̊

R̊ (a,u)∈R×Zp r̊(a,u)=(b,u+t)

b∈R t∈Zp t r̊ a

r̊≤Ẑp≀Sym(8) Ĝ

r̂1,̂r2∈R̂ r̂1(1,u)=(a,u) r̂2(b,u+t)=

(1,u+t) r̂2̊r̂r1 2 r̂2,̊r,̂r1

2 t=0 (̊r)b=id

0 ⟨̊R,R̂⟩≤̂Zp≀Sym(8)

(r)b=id r∈⟨̊R,R̂⟩ α=α′idB

Ẑp≀Sym(8) α′idB

A αB=α′

0

⟨R1,R2⟩
(2)

0



R1 ≠R2 ⟨̊R,R̂⟩≤A β1 β2 β3

βB1=(B1B2)(B3B4),β
B
2=(B1B2)(B5B6),β

B
3=(B1B2)(B7B8)

⟨̂R,R̊⟩

R Q Z32 β1 β2 β3

R̊ R̂

R=Q

B2k 1 B2k

0 k=1,2,3,4

0 R1

(B2k 1,B2k) B1 B2

0 B1 B2 B1

B2 0 B1∼B2 0

B1 Bl l>2 B1 Bl

β∈A β(B1)=B2 β(Bl)=Bl

B2 Bl B1 B2 0

0

4 B1 B2

0 H1∪H2=B |H1|=

|H2|=4 B1,B2∈H1 H1

H2 0

α∈A αB=α′



H1={B1,B2,B3,B4}

α1 β2 H1 H2 β2

α1 ⟨̊R,R̂⟩(2)

H1={B1,B2,B5,B6} H1={B1,B2,B7,B8} α2

α2|H1=β1 α2|H2=id β1

α2∈A

αB1 =α
B
2 =(B1B2) A

α Rα
B

1 =R2

R1=R2

R1=R2 γ∈A R̊γ=R̂

x̂ x̊ Ẑp Z̊p

x̂|B1=x̊|B1

γ∈A x̊γ=̂x

0

x̊=̂x γ=1

0

C1,...,Cn

B1∈C1 x̂ x̊

Ẑp≀Sym(8) B

x̂(r,u)=(r,u+1) (r,u)∈R×Zp

x̊

1≤m≤n r̊m∈R̊ r̊m(C1)=Cm

r̊m ∈R̊ r̂m ∈R̂ r̊Bm =r̂
B
m γ



γ|∪C1=id

γ|∪Cm=r̊mr̂
1
m 2≤m≤n

(b,v)∈r̊m(Be) Be∈C1 r̊1m (b,v) (a,u)

x̊ Cm x̊s(b,v)=(b,v+cms) cm

Cm r̊m(a,u+s)=(b,v+cms) x̊ r̊m

x̊|Be =̂x|Be

γ(b,w)=r̊m(a,w)=r̊m(a,u+(w u))=(b,v+cm(w u))

(b,w)∈r̊m(Be) γ1(b,w)=(b,w v+ucm
cm

)

w∈Zp

γ1x̊γ(b,w)=γ1x̊(b,wcm+v ucm)=γ
1(b,wcm+v ucm+cm)=(b,w+1)

γ1x̊γ=̂x

γ∈A y z R×Zp

By Bz B y z

By Bz 0

γ By Bz r̊mr̂
1
m

⟨̊G,Ĝ⟩≤A γ(y)=y γ(z)=z

By Bz By∼Bz

γ γB=id

γ|By∪Bz By∪Bz

γ∈A

x̊=x̂ x̊ r̊

R̊×Z̊p≤Ẑp≀Sym(8)

(̊r)b=id r̊∈R̊ R̊=R̂ R1=R2

G̊=Ĝ



p>

8

G=Q×Zp G=Z32×Zp

p G̊=Q̊×Z̊p G̊=Z̊32×Z̊p

Aut() G

⟨̂G,G̊⟩ B={B1,B2,...,B8} V() |Bi|=p

i={1,...,8} Z̊p

Ẑp≀Sym(B) α

Ĝα=G̊

p=5 7

Q×Z5 Q×Z7 Z
3
2×Z5 Z32×Z7

Q×Z5 Q×Z7 Z
3
2×Z5 Z32×Z7

R Q Z32 p=5 7

R×Zp A=Aut() P p

A A

Ĝ=R̂×Ẑp G̊=R̊×Z̊p

Ẑp Z̊p P

P V() p

P Λ⊂G

|Λ|=p2 p3>|G| P p

2p2>8p



A

A

B={B0,B1,...,Bt1} V()=G B

A B |Bi|≤4p<p
2

i=0,1,...,t 1 B P P B

P p P p

C={C0,C1,...,Cs 1} P B Λ⊆∪s 1i=0Ci

Bi=Ci i=0,1,...,s 1 s

p s≥p2 ∪s 1i=0Ci ≥2p
2>8p

|C0|=|B0|<p
2 s=1 1<s<p2

s=p

i<s x∈P

j<s

(Bi∩Λ)
x=Bi

x∩Λx=Bj∩Λ

|B0∩Λ|=|Bi∩Λ|

0≤i<s

p2=|Λ|= ∪s 1i=0(Bi∩Λ)=s|B0∩Λ|=p|B0∩Λ|

|B0∩Λ|=p |B0| p 8 |B0|t=8p

|B0| t≥s p

|B0|=p Λ p A

B Λ′ P B Λ′≠Λ

Λ′≠Λ P y∈Ẑp∪Z̊p y(Λ′)=Λ′

y(B7)=B7

x′ Ẑp∪Z̊p x′(B0)=Bj j̸=0,7

x′(B7)=B7 Ĝ G̊ a∈CA(x
′)

a(B0)=B7 a x′ a(Bj)=B7

a(B0)=B7



|B0|=8 x̂ x̊ Ẑp Z̊p

Ĝ G̊ x̂B x̊B

x̂ x̊ B x̂B x̊B

Sym(B) p>2

r∈R̂∪R̊ rB

rB=id x̂ x̊ p P

x̂(Bi)=x̊(Bi)=Bi+1 i=0,1,...,p 1

p x̸̂=x̊

m l x̂lx̊l

Bm x̂≠ x̊ ABm|Bm

p p>|B0|
2

2

Bm m

Bm∼Bn 0≤m<n≤p 1

ĝ∈Ẑp≤P ĝ(Bm)=Bn

g̊∈Z̊p≤P ĝB=g̊B Zp

x̂≠ x̊ ĝ≠ g̊

ĝ|Bm ≠g̊|Bm ĝ≠g̊

Bm+c∪Bn+c m+c n+c

p

g̃=g̊̂g1 p Bn V()\Λ

P p x

Bi g̃ Bm∪Bn\Λ

g̃B=id

u∈Bm\Λ u v∈Bn

u Bn A

{(u,w)|w∈Bn}



A {(u,w)|w∈Bn∩supp(̃g)}={(u,w)|w∈Bn∩Λ}

g̃ u v∈Bn\Λ

a∈A a(u)=u a(v)∈Bn∩Λ

g̃ Bn p g̃

r̊|Bn r̊ R̊ r̊ g̊

u′∈Bm r̊̂g(u′)̸=ĝ̊r(u′) R̂

Bm r̂∈R̂ r̂(u)=u′

(̊r̂r)̂g(u)=r̊̂ĝr(u)=r̊̂g(u′)̸=̂g̊r(u′)=̂g(̊r̂r)(u)

a′∈A

a′ĝ(u)̸=̂ga′(u)

v=ĝ(u) ĝ(u) P

p ĝ(u)/∈Λ a′(v)̸=ĝa′(u) R̂|Bm

Bm ŝ∈R̂ ŝ(u)=a′(u) ŝ

ĝ ŝ(v)=ŝ̂g(u)=ĝ̂s(u)=ĝa′(u) ŝ(v)̸=a′(v)

ŝ1a′ u ŝ1a′(v)̸=v v̸=̂g(u)

p=7 v∈Bn∩Λ

p=5 t̂∈R̂

t̂(u)∈Bm\Λ=Bm\supp(̃g) t̂(v)∈Bn∩Λ=Bn∩supp(̃g)

ĝ(Bm∩supp(̃g))=Bn∩supp(̃g) ĝ

R̂ u,v∈Bm\supp(̃g) u̸=v

t̂∈R̂ t̂(u)∈Bm\supp(̃g) t̂(v)∈Bm∩supp(̃g)

gcd(|̂R|,5)=1

t̂1g̃l̂t u 0≤l≤4 t̂1g̃l1̂t(v)̸=

t̂1g̃l2̂t(v) l1 ≢l2(modp) t̂1g̃̂t

t̂1g̃2̂tt̂1g̃3̂tt̂1g̃4̂t A u v Bn∩supp(̃g)=

Bn∩Λ |Bn\supp(̃g)|=3 Bm∼Bn

0≤m≠n≤7



V() Bm m

a∈A x̊a=̂x

α∈A
(
R̂×Ẑp

)α
=R̊×Z̊p

Z3p×Zq q>p3

p>3 q>p3

Zq×Z
3
p

Z3p Zq

p

p 1

Z4p

p

Z3p p

Z3p

Z2p×Zq p q

p q>p3 Z3p×Zq

=Cay(Z3p×Zq,S) A=Aut() G̊=Z̊3p×Z̊q



A Z3p×Zq α∈A

G̊α=Ĝ=Ẑ3p×Ẑq

Ẑq Z̊q q Q Sym(p3q)

Z̊3p Ẑ3p NSym(p3q)(Q)∩A

Z̊3p Ẑ3p p NSym(p3q)(Q)∩A

p P A

q Q B={B1,B2,...,Bp3}

|Bi|=q i=1,...,p3 B

Ẑ3p Z̊3p ⟨̂G,G̊⟩≤Sym(q)≀Sym(p3)

G̊ Ĝ Z̊3p Ẑ3p

B H1 H2 Z̊3p

Ẑ3p p A H1 H2

p Sym(p3) P1

Ẑq≠Z̊q p3 q

α∈A Z̊αq=Ẑq

0 B

Z3p

1 B

Z3p H1 H2

1

H Sym(pn)

P≥H p Sym(pn) H Z(P)



P p z

Z(P) ⟨H,z⟩ ⟨H,z⟩

H z H

C′1,C
′
2,...C

′
k

V(0) Ci=∪C
′
i⊂V() i=1,...,k

α V() 1≤i≤k

α|Ci=ηi|Ci ηi∈Aut() αV(Γ0)

0 α

x y V() x

y α(x) α(y) x y

Ci 1≤i≤k α|Ci

Ci x∈Bm y∈Bn Bm∼Bn x y

Bm Bn αV(Γ0)∈Aut(0)

α(Bm) α(Bn) α(x) α(y)

x∈Bm y∈Bn Bm ∼Bn x

y α(x) α(y)

A B q

V() A={(a,x)|x∈Zq)} B={(b,x)|x∈Zq}

ĝ g̊

ĝ(a,x)=g̊(a,x)=(a,x+1) ĝ(b,x)=(b,x+1) g̊(b,x)=(b,x+d)

0̸=d∈Zq x∈Zq ŵ

ẘ ŵ(A)=ẘ(A)=B

ŵ ẘ ĝ g̊ α=ẘŵ 1

g̊α|B =̂g|B



C={(c,x)|x∈Zq} V()

A∩B=A∩C=∅ ĝ(c,x)=(c,x+1)

g̊(c,x)=(c,x+d) x∈Zq v̊∈Aut()

v̊(A)=C g̊ v̊

β=v̊̂w 1 g̊β|B =̂g|B

ŵ(a,0)=(b,b0) ẘ(a,0)=(b,b′0)

b0,b
′
0∈Zq ŵ ĝ ŵ(a,x)=

(b,b0+x) x∈Zq ẘ(a,x)=(b,b′0+dx)

α(b,x)=α(b,b0+(x b0))=ẘ(a,x b0)=(b,b
′
0+(x b0)d)

=(b,(b′0 db0)+dx)

α1(b,x)=
(
b,
x (b′0 db0)

d

)

α1g̊α|B(b,x)=α
1g̊(b,(b′0 db0)+dx)

=α1(b,(b′0 db0)+dx+d)=

(

b,
(b′0 db0)+dx+d (b′0 db0)

d

)

=(b,x+1)

v̊(a,0)=(c,c0) c0∈Zq v̊(a,x)=

(c,c0+dx) x∈Zq

β(b,x)=v̊̂w 1(b,b0+(x b0))

=v̊(a,x b0)=(c,c0+d(x b0))

β1(c,x)=(b,x c0+db0
d
)

β1g̊β(b,x)=β1g̊(c,c0+d(x b0))=β
1(c,c0+d(x b0)+d)

=

(

b,
c0+d(x b0)+d c0+db0

d

)

=(b,x+1)



0 1

Z3p r

p P1

r(a,b,c)=(a+x,b+sa,c+ta,b)

sa∈Zp a ta,b∈Zp a b

ĝ g̊ Ẑq Z̊q

ĝ|B1=g̊|B1

0

ĝ|Bi=g̊|Bj

0 Bi Bj ĝ=g̊ 0

0

Bm∈B r̂m∈Ẑ
3
p r̊m∈Z̊

3
p r̂m(B1)=

r̊m(B1)=Bm

α

α|B1=id

α|Bm =r̊mr̂
1
m 2≤m≤p3

αB=id α

g̊α=̂g

0 p

C′1,C
′
2,...,C

′
p2 0

1≤m≤p2 Cm =∪C
′
m C2,...,Cp2 ûm

Ẑ3p ûm(C1)=Cm B1⊂C1

H2 0 2≤m≤p2 ům



ům(B1)=ûm(B1) 2≤m≤p2 ũm =ůmû
1
m

α1|C1=id

α1|Cm =̃um 2≤m≤p2.

2≤m≤p2 ũm(Bj)=Bj Bj⊂Cm

H1 H2 p Sym(p3)

ũBm p Cm p

B 1≤m≤p2 αB1=id α1|Cm

m=1,...p

α1

g̊α1 =̂g

0 p2

D′0,D
′
1,...,D

′
p 1 Dm

D′m 0≤m≤p 1

H1∩H2 ≠{1} z

p H1∩H2 z1 z2 Ẑ3p

Z̊3p zB1=z
B
2=z (zi2z

i
1)
B=id

i=1,...,p 1

z1(D0)̸=D0 zi1(D0)=

Di i=0,1,...,p 1 α2

α2|D0=id

α2|Di=z
i
2z

i
1 1≤i≤p 1

zB1=z
B
2=z αB2=id

α2∈Aut() g̊α2 =̂g

z1(D0)=D0

z ⟨H1,H2⟩ E={Ea,b|a,b∈Zp} B



B=V(0)

Z3p Ea,b

(a,b)∈Z2p

Ea,b={(a,b,c)∈Z
3
p|c∈Zp}.

D′a=∪b∈ZpEa,b a∈Zp

H1 0 h1∈H1 h1(E0,0)=

E0,1 H2 h2∈H2 h2(E0,0)=

h1(E0,0) h1 h2 p h1(D
′
0)=h2(D

′
0)=D

′
0

h1(D
′
i)=h2(D

′
i)=D

′
i i=0,...,p 1

H1 H2 p

zh1 h2 Z3p

B

z(a,b,c)=(a,b,c+1)

h1(a,b,c)=(a,b+1,c)

h2(a,b,c)=(a,b+sa,c+ta,b)

sa ta,b Zp h1(E0,0)=h2(E0,0)=

E0,1 s0=1

sa=1 1≤a≤p 1 H2 0

k2∈H2 k2(0,0,0)=(a,0,0) h2 k2

k2(0,i,0)=(a,sai,wi) wi∈Zp

sa≠1 p P1

h2(a,b,c)=(a,b+1,c+ta,b) (a,b,c)∈Z3p

ta,b∈Zp a b

Ea,b p V(0) a,b∈Zp

∼ 0 Ea,b



a̸=a′ Zp

b b′ Zp Ea,b∼Ea′,b′ ta,b+n=ta′,b′+n

n∈Zp

sa =1 a∈Zp m ∈Zp

hm2h
m
1 Ea,b Ea′,b′

hm2h
m
1 (a,b,c)=(a,b,c+

m∑

i=1

ta,b i)

hm2h
m
1 (a

′,b′,c)=(a′,b′,c+

m∑

i=1

ta′,b′ i)

∑m
i=1ta,b i≠

∑m
i=1ta′,b′ i

m∈Zp Ea,b∼Ea′,b′ p
∑m
i=1ta,b i=

∑m
i=1ta′,b′ i m∈Zp ta,b+n=ta′,b′+n

n∈Zp

a∈Zp Zp Zp

ta(b):=ta,b

a,a′,b,b′∈Zp ta(b+

n)=ta′(b
′+n) n∈Zp k2

H2 (a,b,0) (a′,b′,0) k2(a,b+d,e)=(a
′,b′+d,e)

d,e∈Zp

k2 z k2(a,b,m)=(a
′,b′,m)

m∈Zp k2 h2

ta(b+n)=ta′(b
′+n) n∈Zp k2(a,b+d,e)=

(a′,b′+d,e) d,e∈Zp



k1

H1 k1(a,b,0)=(a
′,b′,0) k1|Ea,b=k2|Ea,b

{D′0,D
′
1,...,D

′
p 1}

D′a≡D
′
a′ b b′ Zp

ta,b+n=ta′,b′+n n∈Zp D′a ≢D′a′ D′a≡D
′
a′

(a,ba,0) D′a D′a≡D
′
a′

ta,ba+n=ta′,ba′+n n∈Zp 1≤a≤p 1

v̂a∈Ẑ
3
p v̊a∈Z̊

3
p v̂Ba(0,b0,0)=v̊

B
a(0,b0,0)=(a,ba,0)

H1 H2 B

α3|D0=id

α3|Da=v̊âv
1
a 1≤a≤p 1

α3

αB3 1

Bi∪Bj D′a a∈Zp α3

(Bi,Bj) D′a

a∈Zp

Bi∈Ea,b Bj∈Ea′,b′ α3

d∈Zp Ed,e αB3 αB3

Ed,e αB3|D′d p d∈Zp

D′a ≢D′a′ Ea,b∼Ea′,b′

αB3 Ea,b Ea′,b′ Bi

Bj αB3(Bi) αB3(Bj)

1



D′a≡D
′
a′ (̊vâv

1
a ,̊vâv

1
a )

α3 D′a∪D
′
a′ v̊a v̂1a

((̊vâv
1
a )

B,(̊va′̂v
1
a′)

B)

D′a∪D
′
a′ (idB,(̊v1a v̊a′̂v

1
a′v̂a)

B)

Z̊3p Ẑ3p

idB,(̊v1a v̊a′̂v
1
a′v̂a)

B
)
= idB,(̊va′̊v

1
a )

B(̂vâv
1
a′)

B
)

(̂vâv
1
a′)

B(a′,ba′,0)=(a,ba,0) (̊va′̊v
1
a )

B(a,ba,0)=

(a′,ba′,0)

idB,(̊va′̊v
1
a )

B(̂vâv
1
a′)

B
)
= idB,idB

)

D′a∪D
′
a′ αB3∈Aut(1)

Bi∼Bj α3(Bi)∼α3(Bj) αB3∈Aut(1) pi∈Bi⊂

V() pj∈Bj⊂V() α3(pi)

α3(pj)

Bi Bj a∈Zp Bi Bj⊂Da

α3 Da pi∈Bi

pj∈Bj α3(pi) α3(pj)

g̊α3 =̂g

ĝ∈Ẑq

g̊∈Z̊q g̊=̂g

g̊=ĝ Ẑ3p Z̊3p CA(̂g)

Ẑ3p Z̊3p



p CA(̂g)

Z̊3p×Z̊q≤Ẑq≀Sym(p
3)

Z̊3p×̊Zq≤Ẑq≀Sym(p
3) ů∈Z̊3p (̊u)b=id

Z̊3p×Z̊q≤ Ẑq≀Sym(p
3) Z̊3p ĝ

A′=A∩
(
Ẑq≀Sym(p

3)
)

Z̊3p

Ẑ3p p A′

p3 q ů Z̊3p

(b,s)∈Z3p×Zq ů(b,s)=(c,s+t) c∈Z3p

t∈Zq t ů b ů∈Ẑq≀Sym(p
3)

Ĝ û1,̂u2∈

Ẑ3p û1(0,s)=(b,s) û2(c,s+t)=(0,s+t)

û2̊ûu1 p û2,̊u û1

p t=0 (̊u)b=id

ů∈Z̊3p (u)b=id

1 B H1 H2

Aut(1) Z3p Z3p
(2) µ∈⟨H1,H2⟩

(2)

Hµ2=H1

η=µidB Zq≀Sym(p
3)

η∈⟨Ĝ,G̊⟩(2) η 0

Z̊3p Ẑ3p η η∈

CA(̂g) G̊η=Ĝ



H p DCI(2) q

q>|H| G=H×Zq (q 1)

G

Ĝ=Ĥ×Ẑq G̊=H̊×Z̊q A

G A=Aut() α∈A Ĝα=G̊

Ẑq Z̊q q Sym(G)

B=
{
B1,B2,...,B|H|

}
⟨̂G,G̊⟩≤Sym(q)≀

Sym(H) Ĥ H̊

p Ĥ H̊ B

H1 H2

q Bi Bj

Bi Bj 0

Ẑq=Z̊q

Ĥ,H̊ ≤ Ẑq≀Sym(H)

g∈⟨Ĥ,H̊⟩(2)

(g)b=id H (2)
1 H

H1 H2 η∈⟨H1,H2⟩
(2)

Hη2=H1 η

α=ηidB ηidB Ẑq≀Sym(H)

(ηidB)b=idB Ĝα=G̊

=Cay(G,S)

G

G1≤G G1≤H G1 H1×Zp



H1≤H

Cay(G,S)∼=Cay(G,T) α∈Aut(G1) α(S)=T

p

G1 G



V() S⊆V()

S ∂(S)

V()\S S

h()

h()=min

{
|∂(S)|

|S|
S⊂V()0<|S|≤

|V()|

2

}

he()=min

{
|∂e(S)|

|S|
S⊂V()0<|S|≤

|V()|

2

}

∂e(S)

S ϵ h()≥ϵ n

ϵ>0

n n ϵ d

he()

d
≤h()≤he(),

he()

n

d d



d

M 1,...,n

Mi,j=|{e∈E() i j}|

d N=M
d

M

n (1,...,1)∈Rn

d

[d,d]

d=λ1()≥λ2()≥...≥λn()≥ d.

d λ2()<d G

λn()= d d

Zp



d λ2(G)

λ() max{|λ2()|,|λn()|}

d λ2()

2
≤he()≤

√
2d(d λ2()).

n

d λ2(n)

d

|E(S,T)|
d|S||T|

|V()|
≤λ()

√
|S||T|

S,T⊂V() E(S,T)

S T

d|S||T|
|V(Γ)|

|S| |T| d n

d

c |E(S,T)| d|S||T|
|V(Γ)|

≤c
√
|S||T| S∩

T=∅ λ()≤Kc(1+log2(
d
λ(G)
))

d(x,y) x y



maxx,y∈V(Γ)d(x,y)

ϵ>0

ϵ n O(logn)

v1,v2,... vi+1

vi

|V()|=n

V()

un λ()

p=p1,p2,...,pn
∑n
i=1pi=1

n p

N

||Nkp un||2≤
(
λ(Γ)
d

)k

ϵ>0

d n ϵ 1

n d≥3

G H

π:G∀→U(H)

vn∈H ||vn||=1 K

G supg∈K||π(g)(vn) vn|| n



G

G G

SL(n,K) K

SL(n,R)

2

SL(d,Z) d≥3

G S G

(T) L G

{Cay(G/N,S)|N∈L} ϵ′ ϵ′>0

m

1 d 2 n m

1◦ 2 1 2 d2 nm

1 2

d d4n n

d≥3

n

10

0



k∈N 0<ϵ∈R

S

k Cay(G,S) ϵ

G

n a b G

Cay(G,{a,b,a1,b1})

ϵ 1 C|G|δ C δ ϵ n

Gn

Gn n Tn⊂Gn

Cay(Gn,Tn)

c∈R

clog(|SL(n,p)|)

Sn γ=(1,2) σn=

(1,2,...,n) n∈N



h(Cay(Sn,{γ,σn})) 0

Sn

Ω(n2)

A⊂SL(2,p)

|A3|≥|A|1+δ (A∪A 1∪e)k=SL(2,p) δ>0

k≥1

n≥3 A SL(n,3)

|A3|≤100|A|

SL(n,q)

q>2

q 7 Al(q),Bl(q),Cl(q)

Dl(q),
2A2n 1(q

2),2A2n(q
2),2Dn(q

2)

7

0

G l



AlBlCl Dl l≥5 GF(q)

T 10

S⊂V(Cay(G,T)) |S|≤|G|
2

|∂(S)|
|S|
≤ 6
l3

G 2A2n 1
2A2n

2Dn n≥

5 GF(q) T′

8 S′⊂V(Cay(G,T′)) |S′|≤|G|
2

|∂(S′)|
|S′|
≤ 6
n 2

PSL(n,q)

K=GF(q) Φ

Φ=Φ+∪Φ
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w ≠Kb 1≤i≤l 2 niw /∈Kb

Sb l 1 Kb

b ∂(Sb)

l2∪

i=0

(Kbn
i
w)nw

l2∪

i=0

(Kbn
i
w)n

1
w

l2∪

i=0

(Kbn
i
w)x1(1)

l2∪

i=0

(Kbn
i
w)x1(1)

l2∪

i=0

(Kbn
i
w)ht(λ)

l2∪

i=0

(Kbn
i
w)ht(λ)

1

Sb Kbn
i
wnw Sb 0≤i≤l3

Kbn
i
wn

1
w ⊂Sb 1≤i≤l 2

niwx1(±1)n
i
w =xr1+r2+...+ri+1(u)

u∈K∗ 0≤i≤l 2 xr1+r2+...+ri+1(u)∈Kb r1+r2+...+ri+1

r1,r2,...,rl1



Kb Bl1

Kbn
i
wx1(±1)=Kbn

i
w⊂Sb 0≤i≤l 2

ht(λ) ht(λ)
1=ht(λ

1)

Xt X t niwXtn
i
w =Xwi(t)=Xri+1

w niwX rn
i
w =X ri+1 i=1,2,...,l 2

niwht(λ)n
i
w niwht(λ

1)ni
w ⟨Xri+1,Xri+1⟩≤Kb 1≤i≤l 2

∂(Sb)⊂Kbn
l1
w ∪Kbn

1
w ∪Kbht(λ)∪Kbht(λ

1)
|∂(Sb)|
|Sb|
≤ 4|Kb|
(l1)|Kb|

= 4
l1

Char(K)=2

xs(1)xr1(1)nw ht(λ) s=r2+···+rl t=

2r1+r2+···+rl G Bl char(K)=2

xs(1)xr1(1)nw ht(λ)

G |K|>2 xs(1)xr1(1) nw G |K|=2

′
b=Cay G,

{
xs(1),xr1(1),n

±1
w,ht(λ)

±1
})

Sb

V(′b)

|∂(Sb)|
|Sb|

≤ 5
l1

|Sb|=(l 1)|Kb|

Kbn
i
wht(λ)

±1⊂Sb 1≤

i≤l 2 Sb Kbn
i
wnw⊂Sb 0≤i≤l 3

Kbn
i
wn

1
w ⊂Sb 1≤i≤l 2



w(r1)= w(r1) niwxr1(1)n
i
w ∈

Kb 0≤i≤l 2 wi(r1)=r1+r2+...+ri+1

Kbn
i
wxr1(1)=Kbn

i
w⊂Sb

niwxs(1)n
i
w Kb 1≤i≤l 2

∪l2i=1Kbn
i
w

)
xs(1)⊂Sb ∂(Sb)⊂Kbn

1
w ∪Kbn

l1
w ∪

Kbht(λ)∪Kbht(λ)
1∪Kbxs(1)

Cl

✉
r1

✉
r2

✉
r3

✉
rl1
⟨ ✉
rl

wl1(rl)=rl+2rl1

wl(rl1)=rl1+rl

w(ri)=ri+1 i=1,2,...,l 2

w(rl1)=w1w2...wl(rl1)=w1w2...wl1(rl+rl1)

=w1w2...wl2(rl+rl1)

rl r1,r2,...,rl2

w(rl1)=rl+w1w2...wl2(rl1)

wi(ri+1+...+rl1)=ri+ri+1+...+rl1 i=1...l 2

w1w2...wl2(rl1)=w1w2...wl3(rl2+rl1)=r1+...+rl2+rl1

w(rl1)=r1+r2+...+rl

⟨w⟩

r1



✲r1 ✲w r2 ✲w ✲wrl1 ✲w rl+rl1+rl2+...+r1✲

x1(1)nw hr1(λ) G

Al

c=Cay G,
{
x1(1),x1(1),nw,n

1
w,hr1(λ),hr1(λ)

1
})

Kc=⟨Xr2,Xr2,Xr3,Xr3,...,Xrl,Xrl⟩

Sc=
l2∪

i=0

Kcn
i
w

|∂(Sc)|
|Sc|

≤ 6
l1

ni
wKcn

i
w ni

wXri+1n
i
w =Xr1

1≤i≤l 2 niw Kc 1≤i≤l 2

|Sc|=(l 1)|Kc|

Kcn
i
wnw⊂Sc 1≤i≤l 3 Kcn

i
wn

1
w ⊂Sc i̸=0

niwx1(1)
±1ni

w =(xi+1(u))
±1 u∈

GF(q)∗ niwx1(1)
±1ni

w ∈Xri+1 niwhr1(λ)
±1ni

w

Xri+1 X ri+1 i=1,...,l 2

Kcn
i
wx1(1)

±1 Kcn
i
whr1(λ)

±1 Sc 1≤i≤l 2

∂(Sc)⊆Kcn
l1
w ∪Kcn

1
w ∪Kcx1(1)∪Kcx1(1)

1∪Kchr1(λ)∪

Kchr1(λ)
1 6 Kc |∂(Sc)|≤6|Kc|



Dl

✉r1
❅
❅

✉
r2

✉
r3 ✉

r4 ✉
rl1 ✉

rl

xr1(1)nw hr1(λ) G

G

xr1(1)xr1(1)x3(1)nw hr1(λ) G

G

⟨w⟩ r1

r1 r4,...,rl w(r1)=w1w2w3(r1)

w1w2w3(r1)=w1w2(r1+r3)=w1(r1+r2+r3)= r1+r2+r3+r1=r2+r3

w(r2)=w1w2w3(r2)=w1w2(r2+r3)=w1(r2+r3+r2)=r3+r1

w(ri)=ri+1 i=3,...,l 1

wi(r1) wi(r2)

ri+2+ri+1+...+r3+y

y=r1 y=r2



l

d=Cay G,
{
xr1(1),xr1(1)

1,nw,n
1
w,hr1(λ),hr1(λ)

1
})

Kd=⟨Xr1,Xr1,Xr2,Xr2,...,Xrl−1,Xrl−1⟩

Sd=

l3∪

i=0

Kdn
i
w

|∂(Sd)|
|Sd|

≤ 2
l2

0≤i≤l3 niwxr1(1)
±1ni

w =xwi(r1)(u)
±1∈Kd

u∈GF(q)∗ wi(r1)

r1,r2,...,rl1

niwhr1(λ)
±1ni

w ∈Kd ∂(Sd)⊆Kdn
l2
w ∪Kdn

1
w

Sd l 3

Kd niwKdn
i
w niwXrl−in

i
w =Xrl 1≤i≤l3

niw/∈Kd

l

′
d=Cay G,

{
xr1(±1),xr1(±1),xr3(±1),nw,n

1
w,hr1(λ),hr1(λ)

1
})

K′d=⟨Xr1,Xr1,Xr2,Xr2,...,Xrl−1,Xrl−1⟩



S′d=

l4∪

i=0

K′dn
i
w

|∂(S′d)|
|S′d|

≤ 2
l3

wi(r1)= wi(r1) wi(r1)

r1,r2,...,rl1 1≤i≤l 4

niwx±r1(±1)n
i
w =xwi(±r1)(u)∈K

′
d u∈GF(q)∗

niwhr1(λ)
±1ni

w ∈K
′
d 0≤i≤l 4

niwxr3(±1)n
i
w =xr3+i(t) t∈K∗

K′d 0≤i≤l 4 ∂(S′d)⊆K
′
dn
l3
w ∪K

′
dn

1
w

S′d l 3

K′d 1≤i≤l 4 niwK
′
dn

i
w

Xrl niw/∈K
′
d

ρ

2

Φ ρ

τ Φ

Aut(K) f 2 K=GF(q)

G 2

α xr(k)
α=xr(k) r∈±Π k∈K

k=f(k) r=τ(r) xr(k)
α=xr(γrk) r∈Φ

k∈K γr=±1



U G xr(t) r∈Φ+

t∈K V xr(t) r∈Φ

t∈K U1 u∈U uα=u

V1={v∈V|vα=v} G1

U1 V1 H1 N1 G1

H N H N

W1 w W τwτ1=w

W1 N1/H1

n1w N1≤N w1∈W1

Φ+

Z=
{
r|r∈Φ+ r=r

}

Z=
{
r,r|r∈Φ+ r+r/∈Φ

}

Z=
{
r,r,r+r|r∈Φ+ r+r∈Φ

}

Π1

Z wZ∈W
1

wr r∈Z wZ(Z)= Z

wZ=wr Z=
{
r|r∈Φ+ r=r

}

wZ=wrwr Z=
{
r,r|r∈Φ+ r+r/∈Φ

}

wZ=wr+r=wrwrwr Z=
{
r,r,r+r|r∈Φ+ r+r∈Φ

}

Π1 w(Z) w∈W1 Z

W1 {wZ|Z∈Π
1}

Z∈Π1 XZ

Xr r∈Z X1Z=XZ∩G
1



2A2n 1

Zn={rn},Zi={ri,r2n i} 1≤i≤n 1

W1

wZn=wn, wZi=wiw2n i 1≤i≤n 1

X1Z=
{
xr(t)|t=t

}
Z={r}

X1Z=
{
xr(t)xr(t)|t∈K

}
Z={r,r}

n1w=nw11nw12... he=hr1(λ)hr1(λ) λ

K=GF(q)

nw n1w

xe=xr1(1)xr2n−1(1) X1Z1
xr1(1)xr1(1)

α=xr1(1)xr1(1)

xe nw he G1

e=Cay G,
{
xe,x

1
e,nw,n

1
w,he,h

1
e

})

Ke=⟨X
1
Z2
,X1Z2,X

1
Z3
,X1Z3,...,X

1
Zn,X

1
Zn⟩

Se=

n 2∪

i=0

Ken
i
w



Ke

Xr2,Xr2,...,Xr2n−2,Xr2n−2

ρ

Φ2n 3 ρ

{r2,r3,...,r2n 2}

τ

Z∈Π1 X1Z Ke

Z⊂Φ2n 3 hr(t) ⟨X1Z,X
1
Z⟩⊂G

1 Z={r} r=r

Z={r,r} SL2(K) ⟨X1Z,X
1
Z⟩⊂G

1

xr(t)xr(t)∈G
1 hr(t)hr(t)∈G

1

niw∈N
1

ni
wX

1
Zn
i
w=n

i
w(XZ∩G

1)niw=n
i
wXZn

i
w∩n

i
wG

1niw=Xw−i(Z)∩G
1

=X1w−i(Z)

|∂(Se)|
|Se|

≤ 6
n 1

Se n 1 Ken
j
w=Ken

j′

w

nj j
′

w ∈Ke niw/∈Ke 1≤i≤n 2

wi(r1)=ri+1 1≤i≤n 2 k≤n 3

w(rk)=w1w2n 1...wkw2n kwk+1(rk)

rk rj j≥k+2

w(rk)=w1w2n 1...wk(rk+rk+1)

=w1w2n 1...wk 1(rk+1)=rk+1

rk+1 r2n k,...,r2n 1 rk+1

r1,...,rk 1 w i(Zi+1)=Z1

X1Z1⊂n
i
wKen

i
w 1≤i≤n 2 niw/∈Ke 1≤i≤n 2

|Se|=(n 1)|Ke|



Se Ken
i
wnw i=0,1,...,n 3 Se

Ken
i
wn

1
w i=1,2,...,n 2

Ken
i
wg=Ken

i
w niwgn

i
w ∈Ke

niwxr1(1)n
i
w =xwi(r1)(ξ) ξ∈K xe=xr1(1)xr1(1)

α

niwxr1(1)xr1(1)
αni
w =n

i
wxr1(1)n

i
wn

i
wxr1(1)

αni
w

=niwxr1(1)n
i
w(n

i
wxr1(1)n

i
w)
α=xwi(r1)(ξ)xwi(r1)(ξ)

α=xri+1(ξ)xri+1(ξ)
α

niwxen
i
w ∈X

1
Zi+1

i=1,2,...,n 2

niwx
±1
en

i
w ∈Ke Ken

i
wx
±1
e =Ken

i
w Zi+1⊂Φ2n 3

niwhr1(λ)hr1(λ)n
i
w =hri+1(θ)hwi(r1)(θ

′) θθ′∈K

w∈W1 wi(r1)=wi(r1) hri+1(θ)hwi(r1)(θ
′)=

hri+1(θ)hri+1(θ
′) niwhen

i
w ∈H

1 θ′=θ niwh
±1
en

i
w =(

hri+1(θ)h(ri+1)(θ)
)±1

∈Ke ri+1 ∈Φ2n 3 i=1,...,n 2

Ken
i
wh
±1
e =Ken

i
w i=1,...,n2 ∂(Se)⊂Ken

n 1
w ∪

Ken
1
w ∪Kexe∪Kex

1
e ∪Kehe∪Keh

1
e

2Dn

Z1={r1,r2},Zi={ri+1} 2≤i≤n 1

W1

wZ1=w1w2, wZi=wi+1 2≤i≤n 1

nw=nw11nw12...nw1n−1 hf=hr1(λ)hr1(λ) λ K∗

xf=xr1(1)xr2(1) xr1(1)xr1(1)
α=

xr1(1)xr1(1)



xf nw hf G1

f=Cay G,
{
xf,x

1
f,nw,n

1
w,hf,h

1
f

})

Kf=⟨X
1
Z1
,X1Z1,X

1
Z2
,X1Z2,...,X

1
Zn−2
,X1Zn−2⟩

Sf=
n 3∪

i=0

Kfn
i
w

Φn 1

r1,r2,...,rn 1

|∂(Sf)|
|Sf|

≤ 2
n 2

niw(rn i)=rn 0≤i≤n 3

Z2,Z3,...,Zn 1 niwSfn
i
w

X1wi(Zn−1−i)=Xwi(rn−i)=Xrn =X
1
Zn−1

1≤i≤n 3 Sf

X1n i 1≤i≤n 3 niw/∈Kf Sf

n 2 |Sf|=(n 2)|Kf|

Sf Kfn
i
wnw⊂Sf i=0,...,n4

Kfn
i
wn

1
w ⊂Sf i=1,...,n 3

niwxfn
i
w xr(t)xr(±t) r∈Φ

t∈K∗ Kf i=0,1,...,n3

r∈Φn 1

wi(r1) wi(r2)

r1+r3+r4+...+ri+1 r2+r3+r4+...+ri+1

r1,r2,...,rl1



i≤n 2 niwx
±
fn

i
w Kf 0≤i≤n 3

Sfx
±
f⊂Sf

niwhfn
i
w hr(t)hr(t) r∈Φ

t∈K∗ r∈Φn 1 0≤i≤n 3

niwh
±
fn

i
w Kf 0≤i≤n 3 Sfh

±
f⊂Sf

∂(Sf)⊆Kfn
n 2
w ∪Kfn

1
w

|∂(Sf)|
|Sf|

≤
2|Kf|

(n 2)|Kf|

2A2n

Z1={rn,rn+1,rn+rn+1},Zi={rn+1 i,rn+i} 2≤i≤n

n1w=nw11nw12...nw1n hg=hrn(λ)hrn(λ) λ K∗

xg=xrn(1)xrn+1(1)xrn+rn+1(k) k+k=1

xg nw hg G1

g=Cay G,
{
xg,x

1
g,nw,n

1
w,hg,h

1
g

})

Kg=⟨X
1
Z1
,X1Z1,X

1
Z2
,X1Z2,...,X

1
Zn−1
,X1Zn−1⟩

Sg=
n 2∪

i=0

Kgn
i
w

|∂(Sg)|

|Sg|
≤ 2
n 1



Sg n 1

niw/∈Kg i=1,...,n2

X1Zn niwKgn
i
w

wi(Zn i)=Zn i=1,...n 2

rk+1 Zn k

1≤k≤n 2

w(rk+1)=wnwn+1wnwn 1wn+2...w1w2n(rk+1)

=wnwn+1wnwn 1wn+2...wk+1w2n kwk(rk+1)

rk+1 rj j >n j <k 1

wk+1w2n kwk(rk+1)=rk

w(rk+1)=wnwn+1wn...wk+2w2n k 1(rk)=rk

rk

wi(ri+1)=r1 i=1,...n 2

w∈W1 wi(ri+1)=wi(ri+1)=r2n wi(Zn i)=Zn

i=1,...,n 2 niw(Kg)n
i
w X1Zn

|Sg|=(n 1)|Kg|

Sg Kgn
i
wnw⊂Sg i̸=n 2 Kgn

i
wn

1
w ⊂

Sg i̸=0 niwx
±
gn

i
w

niwh
±
gn

i
w

wi(rn)=rn+rn 1+...+rn i i≤n 2

rj rk |j k|≥2

w(rn)=wnwn+1wnwn 1wn+2...w1w2n(rn)

=wnwn+1wnwn 1(rn)=wnwn+1(rn 1)=rn 1+rn



1≤k≤n 2

w(rn k)=wnwn+1wnwn 1wn+2...w1w2n(rn k)

=wnwn+1wn...wn kwn+k+1wn k 1(rn k)

=wnwn+1wn...wn k+1(rn k 1)=rn k 1

w

wi(rn)=rn+rn 1+...+rn i

i=0,...,n 2 r1

r2n wi(rn) r1 r2n

wi(rn+1)=w
i(rn)=wi(rn)=rn+i+1

w′=wnwn+1wnwn 1wn+2...w2w2n 1

wi(rn)=(w
′)i(rn) wi(rn+1)=(w

′)i(rn+1) wi(rn+

rn+1)=(w
′)i(rn+rn+1) niwxgn

i
w =n

i
w′xgn

i
w′ niwhgn

i
w =

niw′hgn
i
w′

nw′∈Kg niw′x
±
gn

i
w′ niw′h

±
gn

i
w′

Kg i=0,1,...,n 2

S ∂(S) |S|≤|G|
2

Al(q):
1

(l+1,q1)
q
l(l−1)
2

∏l
i=1(q

i+1 1)

Bl(q):
1

(2,q1)
ql
2∏l

i=1(q
2i 1)

Cl(q):
1

(2,q1)
ql
2∏l

i=1(q
2i 1)

Dl(q):
1

(4,ql 1)
q
l(l−1)
2

∏l
i=1(q

2i 1)
2Al(q

2): 1
(l+1,q+1)

q
l(l−1)
2

∏l
i=1

(
qi+1 (1)i+1

)

2Dl(q
2): 1

(4,ql+1)
ql(l1) ql+1

)∏l
i=1(q

2i 1)



2l

S ∂(S)

Al=












1 1

1

1

1












Al∈GF(q)
(l+1)×(l+1)

Bl=

















0 0 0 ...0 0(1)l

1 0 0 ...0 0 0

0 1 0 ...0 0 0

0 0 ... 1 0 0 0

0 0 ... 0 1 0 0

0 0 ... 0 0 1 0

















Cl diag(1
λ
,λ,1,1,...,1)∈GF(q)(l+1)×(l+1)

λ GF(q)∗



ei,j 1 (i,j)

Ti,j(δ)=I+δei,j I

δ∈K Al=T1,2(1)

xr1(1)

Al nw

Bl Cl hr1(λ)

Ti,j(α)Ti,j(β)=Ti,j(α+β) [Ti,j(α),Tj,k(β)]=Ti,k(αβ)

i̸=k [g,h]=g1h1gh g h

l∈N {Al,Bl,Cl}

SL(l+1,q)

A=AlB=Bl

C=Cl H=⟨A,B,C⟩ Ti,j(δ)∈H

i̸=j δ∈GF(q)

AC
k
=T1,2(1)

Ck=T1,2(λ
2k) T1,2(α)T1,2(β)=

T1,2(α+β) T1,2(δ)∈⟨A,C⟩≤H δ∈GF(q) i̸=j

BkTi,j(δ)B
k=Ti+k,j+k(±δ)

l+1 Ti,i+1(δ)∈H 1≤i≤l δ∈GF(q)

1<l≤l+1 δ∈GF(q)

[...[[T1,2(δ),T2,3(1)],T3,4(1)]...,Tk 1,k(1)]=T1,k(δ)∈H

BkT1,l(δ)B
k=T1+k,l+k(±δ) Ti,j(δ)∈

H i̸=j δ∈GF(q)

S0=

{(
D 0

0 1

)

∈SL(l+1,q)D∈SL(l,q)

}

1≤i≤l

Si=S0B
i



S=
l1∪

i=0

Si

|S|<|SL(l+1,q)|
2

l≥1

|∂(S)|
|S|
≤6
l

S l 0

1 0 l 1 Si

S0

SL(l+1,q) Si S0 SL(l+1,q)

SB\S⊆S0B
l=Sl SB 1\S⊆S0B

1

∂(S) MA MC MA 1 MC 1

M ∈S

M ∈Si

M =

(
D 0 D′

0 1 0

)

D∈GF(q)l,l i D′∈GF(q)l,i M A

A 1 M

M ∈Si i̸=l,l 1 MA,MA 1∈Si

M C C 1

M M ∈Si i̸=l,l 1

MC±1∈Si

∂(S)⊆Sl∪S0B
1∪Sl1A∪Sl1A

1∪Sl1C∪Sl1C
1

S=∪l1i=0Si



BIBLIOGRAPHY

[Alo] N. Alon. Eigenvalues and expanders. Combinatorica, 6 (2) (1986),

83-96.

[A,C] N. Alon, F. R. K. Chung, Explicit construction of linear sized tolerant

networks, Discrete Math. 72 (1988), 15-19. 1 (2) (2004), 151-163 .

[A,N] B. Alspach, L. A. Nowitz, Elementary Proofs that Z2
p and Z3

p are

CI-groups, Eur. J. Combin. 20 (1999), 607-617.

[A,P] B. Alspach, T. D. Parsons, Isomorphism of circulant graphs and di-

graphs, Discrete Math. 25 (1979), 97-108.

[Ádá] A. Ádám, Research Problem 2-10, J. Combin. Theory, 2 (1967), 393.

[Bab1] L. Babai, Isomorphism problem for a class of point-symmetric struc-

tures, Acta Math. Acad. Sci. Hungar. 29 (1977), 329-336.

[Bab2] L. Babai, On a conjecture of M. E. Watkins on graphical regular

representations of �nite groups, Comp. Math, 37 3 (1978), 291-296.

[Bab3] L. Babai, Finite digraphs with given regular automorphism groups,

Period. Math. Hungar. 11 (1980), 257-270.

[Bab4] L. Babai, In�nite digraphs with given regular automorphism groups,

J. Combin. Theory, 25 (1978), 26-46.



Bibliography 111

[B,F1] L. Babai, P. Frankl, Isomorphisms of Cayley graphs I, Colloqzeria

Mathematica Societatis János Bolyai, 18 Combin. Keszthely, 1976,

North-Holland, Amsterdam (1978), 35-52.

[B,F2] L. Babai, P. Frankl, Isomorphisms of Cayley graphs II, Acta Math.

Acad. Sci. Hung. 34 (1979), 177-183.

[B,G] L. Babai, C. Godsil, On the Automorphism Groups of almost all

Cayley Graphs, Eur. J. Combin. 3 (1982), 9-15.

[B,K] Y. M. Barzdin, A. N. Kolmogorov, On the realization of nets in 3-

dimensional space, Probl. Kybernet, 8 (1967), 261-268.

[B,L] Y. Bilu, N. Linial, Lifts, discrepancy and nearly optimal spectral gap,

Combinatorica 26 (5) (2006), 495-513.

[B,T] F. Boesch, R. Tindell, Circulants and their connectivities, J. Graph

Theory 8 (1984), 487-499.

[B,G,G,T] E. Breuillard, B. Green, R. Guralnick, T. Tao, Expansion in �nite

simple groups of Lie type, arxiv: 1309.1975.

[B,G,T1] E. Breuillard, B. Green, T. Tao, Suzuki groups as expanders,

Groups Geom. Dyn. 5 (2011), 281-299.

[B,G,T2] E. Breuillard, B. Green, T. Tao, Approximate subgroups of linear

groups, Geom. Funct. Anal. 21 (4) (2011), 774-819.

[Car] R. W. Carter, Simple groups of Lie type, John Wiley & Sons, New

York, Reprint of the 1972 original; A Wiley-Interscience Publication

(1989).

[C,L] M. Conder, C. H. Li, On isomorphism of Cayley graphs, Eur. J.

Combin. 19 (1998), 911-919.



Bibliography 112

[D,F,M] C. Delorme, O. Favaron, M. Mahéo, Isomorphisms of Cayley Multi-

graphs of Degree 4 on Finite Abelian Groups, Eur. J. Combin. 13

(1992), 59-61.

[Dob1] E. Dobson, Isomorphism problem for Cayley graphs of Z3
p, Discrete

Math. 147 (1995), 87-94.

[Dob2] E. Dobson, J. Morris, Quotients of CI-groups are CI-groups, Graphs

and Combin. (2013), 1-4.

[Dob3] E. Dobson, The isomorphism problem for Cayley ternary relational

structures for some abelian groups of order 8p, Dicrete Math. 310

(2010), 2895-2909.

[Dob3] E. Dobson, Asymptotic automorphism groups of Cayley digraphs and

graphs of abelian groups of prime-power order, Ars Math. Contemp.

3 (2010), 201-214.

[D,S2] E. Dobson, P. Spiga, CI-groups with respect to ternary relational

structures: new examples, Ars Math. Contemp. 6 (2013), 351-364.

[D,S,V] E. Dobson, P. Spiga, G. Verret, Cayley graphs on abelian groups,

arXiv: 1306.3747.

[Dod] J. Dodziuk, Di�erence equations, isoperimetric inequality and tran-

sience of certain random walks. Trans. Amer. Math. Soc, 284 (2)

(1984), 787-794.

[Dj] D. �. Djokovi¢, Acta Math. Acad. Sci. Hungar. 21, Issue 3-4 (1970),

267-270.

[E,M] V. N. Egorov, A. I. Markov, On Adam's conjecture for graphs with

circulant adjacency matrices (Russian), Doklady Akad. Nauk SSSR

249 (1979), 529-532. = Soviet Math. Dokl. 20 (1979), 1292-1296.



SL2(Z/pZ)

pq



Bibliography 114

[Imr] W. Imrich, Graphs with transitive abelian automorphism group,

Combinatorial theory and its applications, Coll. Math. Soc. János

Bolyai 4, Balatonfüred, Hungary (1969), 651-656.

[Jos] A. Joseph, The isomorphism problem for Cayley digraphs on groups

of prime-squared order, Discrete Math. 141 (1995), 173-183.

[Kas1] M. Kassabov, Universal lattices and unbounded rank expanders, In-

vent. Math. 170 no. 2 (2007), 297-326.

[Kas2] M. Kassabov, Symmetric groups and expander graphs, Invent. Math.

170 no. 2 (2007), 327-354.

[K,L,N] M. Kassabov, A. Lubotzky, N. Nikolov, Finite Simple Groups as

Expanders, Proc. Natl. Acad. Sci. USA 103 no. 16 (2006), 6116-

6119.

[K,N] M. Kassabov, N. Nikolov, Universal lattices and property tau, Invent.

Math. 165 no. 1 (2006), 209-224.

[K,R] M. Kassabov, R. Riley, Diameters of Cayley graphs of Chevalley

groups, Eur. J. Comb. 28 (3) (2007), 791-800.

[Kaz] D. A. Kazhdan, Connection of the dual space of a group with the

structure of its close subgroup, Func. Anal. Appl. 1 (1) (1967), 63-67.

[K,P1] M. H. Klin, R. Pöschel, 'The isomorphism problem for cyclic graphs

with p2 or pq vertices', Abstract presented at the A. A. Zykov Seminar

on Graph Theory, Odessa, 1975 (Russian).

[K,P2] M. H. Klin, R. Pöschel, 'The Konig problem, the isomorphism

problem for cyclic graphs and the characterization of Schur rings',

Preprint, AdWd DDR, ZIMM, Berlin, March 1978.



Bibliography 115

[K,P3] M. H. Klin, R. Pöschel, 'The isomorphism problem for circulant

digraphs with pn vertices', Preprint P-34/80, Akademie der Wis-

senschaften der DDR, ZIMM, Berlin, 1980.

[K,P4] M. H. Klin, R. Pöschel, 'The Konig problem, the isomorphism prob-

lem for cyclic graphs and the method of Schur rings', Algebraic meth-

ods in graph theory, Szeged, 1978, Colloquia Mathematica Societatis

János Bolyai 25 (North-Holland, Amsterdam, (1981) 405-434.

[K,M] I. Kovács, M. Muzychuk, The group Zp2 × Zq is a CI-group, Comm.

Alg. 37 (2009), 3500-3515.

[K,M,P] M. H. Klin, M. Muzychuk, R. Pöschel, The isomorphism problem

for circulant graphs via Schur ring theory, Dimacs Ser. in Discrete

Math. and Theor. Comp. Sci, 56 (2001), 241-264.

[Li1] C.H. Li, "On Cayley isomorphism of �nite Cayley graphs- A survey"

Discrete Math. 256(1/2) (2002), 301-334.

[Li2] C.H. Li, Isomorphisms of connected Cayley digraphs, Graphs Com-

bin. 14 (1998), 37-44.

[Li3] C. H. Li, Finite CI-groups are soluble, Bull. London Math. Soc. 31

no. 4 (1999), 419-423.

[Li4] C. H. Li, On isomorphisms of �nite Cayley graphs- a survey, Discrete

Math. 256 (2002), 301-334.

[L,P] C. H. Li, C. E. Praeger, The �nite simple groups with at most two

fusion classes of every order, Comm. Algebra 24 (1996), 3681-3704.

[L,L,P] C. H. Li, Z. P. Lu, P. P. Pálfy, Further restrictions on the structure

of �nite CI-groups, J. Algebr. Combin. 26 (2007), 161-181.



Bibliography 116

[Lub1] A. Lubotzky, Discrete groups, expanding graphs and invariant mea-

sures, with an appendix by J. D. Rogawski, Reprint of the 1994 edi-

tion. Modern Birkhauser Classic. Birkhäuser Verlag, Basel, (2010).

[Lub2] A. Lubotzky, Expander Graphs in Pure and Applied Mathematics,

Bull. Amer. Math. Soc. 49 (2012), 113-162.

[Lub3] A. Lubotzky, Finite simple groups of Lie type as expanders, J. Eur.

Math. Soc. 13 (2011), 1331-1341.

[L,Z] A. Lubotzky, A. Zuk, On Property (τ), monograph in preparation.

[Mar] G. A. Margulis, Explicit constructions of expanders. (Russian) Prob-

lemy Pereda£i Informacii 9 (1973), no. 4, 71-80. English translation:

Problems of Information Transmission 9 no. 4, (1973), 325-332 .

[M,X] J. X. Meng, M. Y. Xu, On the isomorphism problem of Cayley graphs

of abelian groups, Discrete Math. 187 (1998), 161-169.

[Mor1] J. Morris, Isomorphic Cayley Graphs on di�erent Groups, J. Graph

Theory, 31 no. 4 (1999), 345-362.

[Mor2] J. Morris, Results towards showing Z2p 1
p is a CI-group. In: Pro-

ceedings of the Thirty-third Southeastern International Conference

on Combinatorics, Graph Theory and Computing, Boca Raton, FL,

2002. Congr. Numer, 156 (2002), 143-153.

[Mor3] J. Morris, Elementary proof that Z4
p is a DCI-group, arXiv:

1403.4557.

[Muz1] M. Muzychuk, Ádám's conjecture is true in the square-free case, J.

Combin. Theory, Ser. A, 72 (1995), 118-134.



Bibliography 117

[Muz2] M. Muzychuk, On Ádám's conjecture for circulant graphs, Discrete

Math. 167/168 (1997), 497-510; corrigendum 176 (1997), 285-298.

[Muz3] M. Muzychuk, An elementary abelian group of large rank is not a

CI-group, Discrete Math. 264(1-3) (2003), 167-185.

[Muz4] M. Muzychuk, A solution of the isomorphism problem for circulant

graphs, Proc. London Math. Soc. (3) 88 (2004), 1-41.

[Nik] N. Nikolov, A product decomposition for the classical quasisimple

groups, J. Group Theory 10 (2007), 43-53.

[Now] L. A. Nowitz, A non-Cayley-invariant Cayley graph of the elementary

abelian group of order 64, Discrete Math. 110 (1992), 223-228.

[N,W1] L. A. Nowitz, M. E. Watkins, On graphical regular representations

of non-abelian groups I, Canad. J. Math. 24 (1972), 993-1008.

[N,W2] L. A. Nowitz, M. E. Watkins, On graphical regular representations

of non-abelian groups II, Canad. J. Math. 24 (1972), 1009-1018.

[Pál1] P. P. Pálfy, Isomorphism Problem for Relational Structures with a

Cyclic Automorphism, Eur. J. Combin. 8 (1987), 35-43.

[Pál2] P. P. Pálfy, On regular pronormal subgroups of symmetric groups,

Acta Math. Hungar. 34, Issue 3-4, (1979), 287-292.

[Pin] M. S. Pinsker, On the complexity of a concentrator, 7th International

Teletra�c Conference, Stockholm, pages (1973), 318/1-318/4.

[P,P,S,Sz] Ch. E. Praeger, L. Pyber, P. Spiga, E. Szabó, Graphs with au-

tomorphism groups admitting composition factors of bounded rank,

Proc. Amer. Math. Soc. 140 (7), (2012) 2307- 2318.



p 2p+3

3



Bibliography 119

[Ste] R. Steinberg, Generators for simple groups, Canad. J. Math. 14

(1962), 277-283.

[Toi] S. Toida, A note on Ádáms conjecture, J. Combin. Theory, Ser. B,

23 (1977), 239-246.

[Tur] J. Turner, Point-Symmetric Graphs with a Prime Number of Points,

J. Austral. Math. Soc, Ser. A 44 (1988), 389-396.

[Wat1] M. E. Watkins, On the Action of Non-Abelian Groups on Graphs, J.

Combin. Theory 11 (1971), 95-104.

[Wat2] M. E. Watkins, Graphical regular representations of alternating, sym-

metric and miscellaneous small groups, Aequat. Math, 11 (1974),

40-50.

[Wat3] M. E. Watkins, On graphical regular representations of Cn × Q,

Graph Theory and its Applications, Lecture Notes in Mathematics

03, Springer, Berlin (1972), 305-311.

[Wie] H. Wielandt, Finite permutation groups, Academic Press, London-

New York, (1964).

[Xu] M. Y. Xu, Some work on vertex-transitive graphs by Chinese math-

ematicians, Group Theory in China, Kluwer Academic Publishers,

Dordrecht, (1996), 224-254.

[X,X,S,B] M. Y. Xu, F. Xingiu, H. S. Sim, Y. G. Baik, On a conjecture of

Li and Praeger concerning the isomorphisms of Cayley graphs of A5,

Science in China, Ser. A 44 (2001), 1502-1508.

[X,X] M. Y. Xu, S. Xu, Symmetry properties of Cayley graphs of small

valencies on the alternating group A5, Science in China, Ser. A Math.

47 No. 4 (2004), 593-604.



p

p>2

Z2p+3p

p>3

Q×Zp Q 8

Z32×Zp

p>3

8p

p>3 Zq×Z
3
p

q q>p3 G p
(2) G×Zq (q 1) q

q>|G|

10

0



p

Z2p+3p p

Q×Zp p>3

Q

Z32×Zp

8p

Z3p×Zq q p3

G (2) p q

G G×Zq (q 1) DCI


