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ej,fi+

p+1∑

j=0

fj

⟩

=0

⟨

M2,1

p+1∑

i=1

ei,

p+1∑

j=0

fj

⟩

=0

σ(
∑p+1
j=1ej)∈C1

⟨

M2,1

p+1∑

i=1

ei,

p+1∑

j=0

fj

⟩

=1

G S={ s∈G|s∈G}

S 1 S G S̄=S∪ S ϕ

Cay(G,S) Cay(G,T) ϕ

Cay(G,S̄) Cay(G,T̄)

Cay(Z2p+3p ,S) Cay(Z2p+3p ,T) Z2p+3p S T

Cay(Z2p+3p ,̄S) Cay(Z2p+3p ,̄T)

p>3 Cay(Z2p+3p ,̄S)

Z2p+3p



p 2p+3

σ

σ(̄S)=T̄ σ∈GL(U
⊕
V)

σ(̄S)=T̄

V

σ p>3

σ (U
⊕
V)/V σ

S̃=

{

ei, ei,
∑

j̸=i

ej,
∑

j̸=i

ej1≤i≤p+1

}

∪

{
p+1∑

j=1

ej,

p+1∑

j=1

ej

}

,

S̃+V⊂(U
⊕
V)/V S̃

σ(S)=σ(T) S+V=T+V σ(̃S)=̃S

S̃=Ŝ∪ Ŝ Ŝ∩ Ŝ Ŝ

σ σ

Ŝ

σ Cay(U,S̃) σ(0)=0

0

e e 2p+2

σ(e)=e σ(e)= e σ σ

e e S̃ Ŝ

σ σ

S T

Z4p 2p Z
2p 1+(2p−1p )
p



p 2p+3

4p 2

U′∼=V′∼=Z2p 1p W′=U′
⊕
V′ {e′1,...,e

′
2p 1}

{f′1,...,f
′
2p 1} L

p 2p 1 L0i={x
n∈L|ni=0}

L+i =L\L
0
i xn∈L n

p {1,...,2p 1}

A′i=e
′
i+{v

′∈V′|⟨v′,f′i⟩=0}

B′i=
∑

j̸=i

e′j+

{

v′∈V′

⟨

v′,f′i+

2p 1∑

j=1

f′j

⟩

=0

}

C′0=

2p 1∑

j=1

e′j+

{

v′∈V′

⟨

v′,

2p 1∑

j=1

f′j

⟩

=0

}

C′1=

2p 1∑

j=1

e′j+

{

v′∈V′

⟨

v′,

2p 1∑

j=1

f′j

⟩

= 1

}

S′=
∪2p 1
i=1 (A

′
i∪B

′
i)∪C

′
0

T′=
∪2p 1
i=1 (A

′
i∪B

′
i)∪C

′
1 Cay(W′,S′)∼=Cay(W′,T′)

ϕ′(x1,...,x2p 1,y1,...,y2p 1)=

= x1,...,x2p 1,y1+l1(x1,...,x2p 1),...,y2p 1+l2p 1(x1,...,x2p 1)
)

li L0i i=1,...,2p 1

ϕ′



p 2p+3

xn∈L m∈{0,1}2p 1

U′

(∆mx
n)(x)=xn\m

∑

k n∩m

xk

(∆1x
n)(x)=

∑

k n

xk

∆e′ili=0

∆∑2p−1
j=1 e′j

(

2p 1∑

j=1

lj)= 1

∆∑
j̸=ie

′
j
(li+

2p 1∑

j=0

lj)=0

li xi

2p 1∑

j=1

lj=

2p 1∑

j=1

∑

xn∈L0i

xn=
∑

xn∈L

(p 1)xn=
∑

xn∈L

xn



p 2p+3

∆∑2p−1
j=1 e′j

(

2p 1∑

j=1

lj)= ∆∑2p−1
j=1 e′j

∑

xn∈L

xn=
∑

xn∈L

∆∑2p−1
j=1 e′j

xn

=
∑

n∈{0,1}2p−1

|n|=p

∑

k n

xk=
∑

|k|<p

xk
∑

k⊆n
|n|=p

1

=
∑

|k|<p

(
2p 1 |k|

p |k|

)

xk

2p 1 |k|
p |k|

)
p 1≤|k|<p

2p 1
p

)

Zp
2p 1
p

)
≡1(modp)

li+

2p 1∑

j=1

lj=
∑

xn∈L0i

xn
∑

xn∈L

xn=
∑

xn∈L+i

xn

∆∑
j̸=ie

′
j




∑

xn∈L+i

xn



=
∑

xn∈L+i

∆∑
j̸=ie

′
j
xn

=
∑

xn∈L+i

xi
∑

k n\{i}

xk= xi
∑

i/∈k
|k|<p 1

xk
∑

{i}∪k n
|n|=p

1

= xi
∑

i/∈k
|k|<p 1

(
2p 1 |k| 1

p |k| 1

)

xk

|k|<p 1 2p 1 |k|1
p |k|1

)
≡0(modp)



p 2p+3

ϕ′

b a∈A′i

ϕ′(b) ϕ′(a)∈A′i b a∈B′i

ϕ′(b) ϕ′(a)∈B′i b a∈C′0

ϕ′(b) ϕ′(a)∈C′1

S′ T′ p>3 p=3

σ′∈GL(U′
⊕
V′)

σ(S′)=T′ N=(
N1,1 N1,1

N2,1 N2,2

)

σ′

S′i=T
′
i=A

′
i S′i+2p 1=T

′
i+2p 1=B

′
i i=1,,...,2p 1

S′4p 1=C
′
0 T′4p 1=C

′
1

V′ σ′

S′ T′

4p 1 2p 2 1≤i≤

4p 1 1≤j≤4p 1 σ(S′i)=T
′
j

Span

(2p 1∪

i=1

{a b|a,b∈S′i}

)

=V′

σ′(V′)=V′

σ′ U′ σ′(S)=S

S=

{

e′i,
∑

j̸=i

e′j |1≤i≤2p 1

}
∪
{
2p 1∑

j=1

e′j

}



p 2p+3

N1,1 p>3

e′=
∑2p 1
i=1 e

′
i S

S σ′(e′)=e′

σ′(
∑
h∈H′h)=e

′ H′={σ(e′i)|1≤i≤2p 1}

σ′ σ′(e′)=e′ H′

(e′i,e e
′
i)

Z2p 1p [e′,e′i]=1

[e′,e′ e′i]= 2 1≤i≤2p 1 p≠3 1=[e′,e′]=

[e′,
∑
h∈H′h] H′ 0 p e′

e′i H′ (e′i,e e′i)

H′=

{e′i|1≤i≤2p 1} H′={e′i|1≤i≤p 1}∪{e′ e′i|p≤i≤2p 1}

H′ e′ H′={e′i|1≤i≤2p 1}

p≠3

p=3 ϕ ϕ(e′i)=e
′ e′i

ϕ ϕ(S)=S
{
e′ e′1,...,e

′ e′2p 1
}

U′ ϕ ϕ(e′ e′i)=e
′
i

1≤i≤2p 1

N1,1

σ′(e′i)∈A
′
i σ′(e′ e′i)∈B

′
i 1≤i≤2p 1

[N2,1e
′
i,f
′
i]=0

[

N2,1
∑

j̸=i

e′j,f
′
i+

2p 1∑

j=0

f′j

]

=0



p 2p+3

1≤i≤2p 1 4p 2

[

N2,1

2p 1∑

i=1

e′i,

2p 1∑

i=1

f′i

]

=0

σ′(
∑2p 1
i=1 e

′
i)=σ

′(e′)∈C′1
[

N2,1

2p 1∑

i=1

e′i,

2p 1∑

i=1

f′i

]

= 1

2p 1+2p 1
p

)

O={k⊂{1,...,2p 1} |k|=p} U′′∼=Z2p 1p V′′∼=

Z
(2p−1p )
p {e′′1,e

′′
2,...,e

′′
2p 1} {f′′k|k∈O}

|O| V′′ y′′ y′′=

(...,y′′k,...) k∈O x′′,y′′
)
∈U′′

⊕
V′′

ϕ′′(x′′,y′′)= x′′,...,y′′k+x
′′k,...

)

1≤i≤2p 1

A′′i=e
′′
i+





v′′∈V′′

⟨

v′′,
∑

i/∈k

f′′k

⟩

=0






k∈O p k1,...,kp O

|k∩ki|=1

B′′k=
∑

j∈k

e′′j+

{

v′′∈V′′
⟨
v′′,f′′k1+...+f

′′
kp

⟩
=0

}



p 2p+3

C′′0=

2p 1∑

j=1

e′′j+





v′′∈V′′

⟨

v′′,
∑

k∈O

f′′k

⟩

=0






C′′1=

2p 1∑

j=1

e′′j+





v′′∈V′′

⟨

v′′,
∑

k∈O

f′′k

⟩

=1






S′′=

(∪

i

A′′i

)

∪

(∪

k∈O

B′′k

)

∪C′′0

T′′=

(∪

i

A′′i

)

∪

(∪

k∈O

B′′k

)

∪C′′1

ϕ′′



8p

p>3 Q×Zp

Z32×Zp

p>3

8p

(V,E1,E2,...,El)

Ei⊂V
3 i=1,...,l

(V,E1,...,El)

G (V,E1,...,El)

G G

G

G

G 8p p

Z2×Z4 8

4

G Z8 Z
3
2 Q 8



8p 8

H=
⟨
a,z|ap=1,z8=1,z1az=a1

⟩

H

2 G Q Z32

Z32×Zp

p≥11

Z32×Zp

p̸=3 7

Z32×Zp p

p>8 p=5 p G

G

Z32×ZpQ×ZpZ
3
2 Zp Q Zp

Q Zp Z32 Zp

p=7 7 G

G 8 7 2 G

7 G

2 G∼=Z32 Z7

p=3 G 24

31

24 Q×Z3 Z8 Z3 Z32×Z3

Q×Z3

p>8 p=5,7

p≥3 Q×Zp



Q×Z3

Q×Zp p

p≥3 Z32×Zp

p>8

p=5 7

H Ω G

G≀ΩH G H

g∈G≀ΩH hk k∈K=
∏
ω∈ΩGω

h∈H K=
∏
ω∈ΩGω G≀ΩH

K Ω G g∈G≀ΩH

g=hk k (g)b Ω

H G≀H

Ω Sym(Ω) G

Ω G B

Ω GB B

G g∈G gB g

B

G Ĝ Sym(G)

G G



R Q Z32 A=Aut(Cay(G,S))≤

Sym(8p) R̊×Z̊p R̂×Ẑp

Z̊p Ẑp p

P Sym(8p) p>8 P Z8p P

8 p R̊ R̂ P

R̊ R̂ 2 NA(P)

P2 2 Sym(8) P2

∆

✏✏✏✏✏✏✏
❅
❅
❅
❅
❅

❅
❅
❅
❅
❅

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

❇
❇
❇
❇
❇

✂
✂
✂
✂
✂

✈

✈ ✈

✈ ✈ ✈ ✈

✈ ✈ ✈ ✈ ✈ ✈ ✈ ✈

∆

Aut(∆)

Sym(8)

P2

Q

P2

Z32

Q Aut(∆)



i j Q

1≤m ≤4 qm ∈Q

qm(2m 1)=2m ∆ qm(2m)=2m 1

Q qm 2

Q qm=i
2 1≤m≤4

i2 ∆ qm

i(1)=3 ∆

{1,2,3,4} i(3)=2i(2)=4 i(4)=1 i

4 Q ∆ i2(5)=6

i

i=(1324)(5768)ori=(1324)(5867)

j(1)=5 j(5)=j2(1)=

i2(1)=2 j(2)=6 j∈Aut(∆) j(6)=1

i j ∆ iji=j

3 j(3)=8 i=(1324)(5768) j(3)=7

i=(1324)(5867) j

i j Q

x∈Z32 x(1)=2

2 1 2 3 4

y∈Z32 y(1)=5

2 6 x(5)=6 x y

x x

y(3) y(3) =7 y=

(15)(26)(37)(48) y(3)=8 y=(15)(26)(38)(47)

Z32 1 3 x y

Z32



Aut(∆)≤Sym(8) Q

i1=(1324)(5768) j1=(1526)(3748)

i2=(1324)(5867) j2=(1526)(3847)

Aut(∆)

Ql Qr

Ql Qr

Q Q

{1,...,8} 1 2 3 4 5 6 7 8

Q 1 1 i i j j k k
.

A1= ⟨x1,x2,x3⟩ A2= ⟨y1,y2,y3⟩ Aut(∆)≤

Sym(8) Z32

x1=(12)(34)(56)(78) x2=(13)(24)(57)(68) x3=(15)(26)(37)(48)

y1=(12)(34)(56)(78) y2=(13)(24)(58)(67) y3=(15)(26)(38)(47)

G1≤P2

Qa Qb Aut(∆) Q G2≤P2

A1 A2 Aut(∆)

Z32 G1=G2



|P2|=|Aut(∆)|=2
7

G1 G2 G1

G2 V={A,B,C, D}

∆ V

G1 G2 G1 G2

P2 25

|Qa∩Qb|=2

|A1∩A2|=2 |G1|≥2
5 |G2|≥2

5

Q DCI(2)

Z32 DCI(2)

Qa Qb Sym(8)

Q

Qa Qb 2 H=⟨Qa,Qb⟩

2 Sym(8) 2

H 2 Sym(8)

Qa Qb Aut(∆)

π∈⟨Qa,Qb⟩
(2) Qπa=Qb

Qa≠Qb Qa

Qb (1324)(5768),(1526)(3748)

(1324)(5867),(1526)(3847)

H

(12)(34)=(1324)(5768)(1324)(5867)

(12)(56)=(1526)(3748)(1526)(3847)

(12)(78)=(1728)(3546)(1728)(3645)



(12) H(2)

Q
(12)
a =Qb

A1 A2 Sym(8)

Z32 H′ A1 A2

A1 A2

Aut(∆) 2

Sym(8) A1 A2

x1=(12)(34)(56)(78) x2=(13)(24)(57)(68) x3=

(15)(26)(37)(48) y1=(12)(34)(56)(78) y2=(13)(24)(58)(67)

y3=(15)(26)(38)(47)

H′ (12)(34)

(12)(56) (12)(78) H′(2) (12)

x1=y1 (12)x2(12)=y2y1

(12)x3(12)=y1y3 (12) A1 A2

A,B⊂V()

A∩B=∅ A∼B

a∈A b∈B a b

b a

a∈A b∈B b a

a b

a∈A b∈B a b

A B

A B



A B p

A∪B=Zp∪Zp ĝ Ẑp

ĝ(a1,a2)=(a1+1,a2+1) A∪B å

Z̊p å å(a1,a2)=(a1+b,a2+c) b,c∈Zp

b=c Ẑp Z̊p A∪B

A B b=c

A∼B π∈Sym(A∪B) A B

A∪B π|A∈Aut(A)

π|B∈Aut(B)

p>8

R×Zp p>8 R

Q Z32

p>8 R×Zp

=Cay(R×Zp,S) A=Aut() G̊=R̊×Z̊p

A R×Zp

α∈A G̊α=Ĝ=R̂×Ẑp

p>8 p Sym(8p) 8

p Ẑp Z̊p p P

Sym(8p) R̊ R̂ NSym(8p)(P)∩A

R̊ R̂ 2 NSym(8p)(P)∩A

2 A



p P B={B1,B2,...,B8}

|Bi|=p i=1,...,8 B P

B R̂ R̊

⟨̂G,G̊⟩≤Sym(p)≀Sym(8) G̊ Ĝ R̊

R̂ B R1 R2

R̊ R̂ 2 A

R1 R2 2 Sym(8)

R1≠R2 α∈A∩N(P)
(
R̊α
)B
=R2

0 B Bm Bn

Bm Bn B R1

R2 Aut(0) 0

R

R1≤Aut(0) B

0 8

1 B

8 Bm

Bn Bm′ Bn′ 1

ϕ

Bm∪Bn Bm′∪Bn′ ϕ(Bm)=Bm′

ϕ(Bn)=Bn′ 1 R

R1 R2 1 R

DCI(2) α′∈⟨R1,R2⟩
(2)≤Aut(1)

Rα
′

2 =R1 α′ α

αB=α′

0



R̊×Z̊p≤Ẑp≀Sym(8)

R̊×Z̊p≤Ẑp≀Sym(8) r̊∈R̊ (̊r)b=id

Ẑp=Z̊p x y Ẑp

Z̊p x y p

|B1|=p x|B1=y|B1

x|Bm =y|Bm 0 B1

Bm x=y 0

R̊×Z̊p≤Ẑp≀Sym(8) Z̊p

R̊

A′=A∩
(
Ẑp≀Sym(8)

)
R̊

R̂ 2 A′ r̊

R̊ (a,u)∈R×Zp r̊(a,u)=(b,u+t)

b∈R t∈Zp t r̊ a

r̊≤Ẑp≀Sym(8) Ĝ

r̂1,̂r2∈R̂ r̂1(1,u)=(a,u) r̂2(b,u+t)=

(1,u+t) r̂2̊r̂r1 2 r̂2,̊r,̂r1

2 t=0 (̊r)b=id

0 ⟨̊R,R̂⟩≤̂Zp≀Sym(8)

(r)b=id r∈⟨̊R,R̂⟩ α=α′idB

Ẑp≀Sym(8) α′idB

A αB=α′

0

⟨R1,R2⟩
(2)

0



R1 ≠R2 ⟨̊R,R̂⟩≤A β1 β2 β3

βB1=(B1B2)(B3B4),β
B
2=(B1B2)(B5B6),β

B
3=(B1B2)(B7B8)

⟨̂R,R̊⟩

R Q Z32 β1 β2 β3

R̊ R̂

R=Q

B2k 1 B2k

0 k=1,2,3,4

0 R1

(B2k 1,B2k) B1 B2

0 B1 B2 B1

B2 0 B1∼B2 0

B1 Bl l>2 B1 Bl

β∈A β(B1)=B2 β(Bl)=Bl

B2 Bl B1 B2 0

0

4 B1 B2

0 H1∪H2=B |H1|=

|H2|=4 B1,B2∈H1 H1

H2 0

α∈A αB=α′



H1={B1,B2,B3,B4}

α1 β2 H1 H2 β2

α1 ⟨̊R,R̂⟩(2)

H1={B1,B2,B5,B6} H1={B1,B2,B7,B8} α2

α2|H1=β1 α2|H2=id β1

α2∈A

αB1 =α
B
2 =(B1B2) A

α Rα
B

1 =R2

R1=R2

R1=R2 γ∈A R̊γ=R̂

x̂ x̊ Ẑp Z̊p

x̂|B1=x̊|B1

γ∈A x̊γ=̂x

0

x̊=̂x γ=1

0

C1,...,Cn

B1∈C1 x̂ x̊

Ẑp≀Sym(8) B

x̂(r,u)=(r,u+1) (r,u)∈R×Zp

x̊

1≤m≤n r̊m∈R̊ r̊m(C1)=Cm

r̊m ∈R̊ r̂m ∈R̂ r̊Bm =r̂
B
m γ



γ|∪C1=id

γ|∪Cm=r̊mr̂
1
m 2≤m≤n

(b,v)∈r̊m(Be) Be∈C1 r̊1m (b,v) (a,u)

x̊ Cm x̊s(b,v)=(b,v+cms) cm

Cm r̊m(a,u+s)=(b,v+cms) x̊ r̊m

x̊|Be =̂x|Be

γ(b,w)=r̊m(a,w)=r̊m(a,u+(w u))=(b,v+cm(w u))

(b,w)∈r̊m(Be) γ1(b,w)=(b,w v+ucm
cm

)

w∈Zp

γ1x̊γ(b,w)=γ1x̊(b,wcm+v ucm)=γ
1(b,wcm+v ucm+cm)=(b,w+1)

γ1x̊γ=̂x

γ∈A y z R×Zp

By Bz B y z

By Bz 0

γ By Bz r̊mr̂
1
m

⟨̊G,Ĝ⟩≤A γ(y)=y γ(z)=z

By Bz By∼Bz

γ γB=id

γ|By∪Bz By∪Bz

γ∈A

x̊=x̂ x̊ r̊

R̊×Z̊p≤Ẑp≀Sym(8)

(̊r)b=id r̊∈R̊ R̊=R̂ R1=R2

G̊=Ĝ



p>

8

G=Q×Zp G=Z32×Zp

p G̊=Q̊×Z̊p G̊=Z̊32×Z̊p

Aut() G

⟨̂G,G̊⟩ B={B1,B2,...,B8} V() |Bi|=p

i={1,...,8} Z̊p

Ẑp≀Sym(B) α

Ĝα=G̊

p=5 7

Q×Z5 Q×Z7 Z
3
2×Z5 Z32×Z7

Q×Z5 Q×Z7 Z
3
2×Z5 Z32×Z7

R Q Z32 p=5 7

R×Zp A=Aut() P p

A A

Ĝ=R̂×Ẑp G̊=R̊×Z̊p

Ẑp Z̊p P

P V() p

P Λ⊂G

|Λ|=p2 p3>|G| P p

2p2>8p



A

A

B={B0,B1,...,Bt1} V()=G B

A B |Bi|≤4p<p
2

i=0,1,...,t 1 B P P B

P p P p

C={C0,C1,...,Cs 1} P B Λ⊆∪s 1i=0Ci

Bi=Ci i=0,1,...,s 1 s

p s≥p2 ∪s 1i=0Ci ≥2p
2>8p

|C0|=|B0|<p
2 s=1 1<s<p2

s=p

i<s x∈P

j<s

(Bi∩Λ)
x=Bi

x∩Λx=Bj∩Λ

|B0∩Λ|=|Bi∩Λ|

0≤i<s

p2=|Λ|= ∪s 1i=0(Bi∩Λ)=s|B0∩Λ|=p|B0∩Λ|

|B0∩Λ|=p |B0| p 8 |B0|t=8p

|B0| t≥s p

|B0|=p Λ p A

B Λ′ P B Λ′≠Λ

Λ′≠Λ P y∈Ẑp∪Z̊p y(Λ′)=Λ′

y(B7)=B7

x′ Ẑp∪Z̊p x′(B0)=Bj j̸=0,7

x′(B7)=B7 Ĝ G̊ a∈CA(x
′)

a(B0)=B7 a x′ a(Bj)=B7

a(B0)=B7



|B0|=8 x̂ x̊ Ẑp Z̊p

Ĝ G̊ x̂B x̊B

x̂ x̊ B x̂B x̊B

Sym(B) p>2

r∈R̂∪R̊ rB

rB=id x̂ x̊ p P

x̂(Bi)=x̊(Bi)=Bi+1 i=0,1,...,p 1

p x̸̂=x̊

m l x̂lx̊l

Bm x̂≠ x̊ ABm|Bm

p p>|B0|
2

2

Bm m

Bm∼Bn 0≤m<n≤p 1

ĝ∈Ẑp≤P ĝ(Bm)=Bn

g̊∈Z̊p≤P ĝB=g̊B Zp

x̂≠ x̊ ĝ≠ g̊

ĝ|Bm ≠g̊|Bm ĝ≠g̊

Bm+c∪Bn+c m+c n+c

p

g̃=g̊̂g1 p Bn V()\Λ

P p x

Bi g̃ Bm∪Bn\Λ

g̃B=id

u∈Bm\Λ u v∈Bn

u Bn A

{(u,w)|w∈Bn}



A {(u,w)|w∈Bn∩supp(̃g)}={(u,w)|w∈Bn∩Λ}

g̃ u v∈Bn\Λ

a∈A a(u)=u a(v)∈Bn∩Λ

g̃ Bn p g̃

r̊|Bn r̊ R̊ r̊ g̊

u′∈Bm r̊̂g(u′)̸=ĝ̊r(u′) R̂

Bm r̂∈R̂ r̂(u)=u′

(̊r̂r)̂g(u)=r̊̂ĝr(u)=r̊̂g(u′)̸=̂g̊r(u′)=̂g(̊r̂r)(u)

a′∈A

a′ĝ(u)̸=̂ga′(u)

v=ĝ(u) ĝ(u) P

p ĝ(u)/∈Λ a′(v)̸=ĝa′(u) R̂|Bm

Bm ŝ∈R̂ ŝ(u)=a′(u) ŝ

ĝ ŝ(v)=ŝ̂g(u)=ĝ̂s(u)=ĝa′(u) ŝ(v)̸=a′(v)

ŝ1a′ u ŝ1a′(v)̸=v v̸=̂g(u)

p=7 v∈Bn∩Λ

p=5 t̂∈R̂

t̂(u)∈Bm\Λ=Bm\supp(̃g) t̂(v)∈Bn∩Λ=Bn∩supp(̃g)

ĝ(Bm∩supp(̃g))=Bn∩supp(̃g) ĝ

R̂ u,v∈Bm\supp(̃g) u̸=v

t̂∈R̂ t̂(u)∈Bm\supp(̃g) t̂(v)∈Bm∩supp(̃g)

gcd(|̂R|,5)=1

t̂1g̃l̂t u 0≤l≤4 t̂1g̃l1̂t(v)̸=

t̂1g̃l2̂t(v) l1 ≢l2(modp) t̂1g̃̂t

t̂1g̃2̂tt̂1g̃3̂tt̂1g̃4̂t A u v Bn∩supp(̃g)=

Bn∩Λ |Bn\supp(̃g)|=3 Bm∼Bn

0≤m≠n≤7



V() Bm m

a∈A x̊a=̂x

α∈A
(
R̂×Ẑp

)α
=R̊×Z̊p

Z3p×Zq q>p3

p>3 q>p3

Zq×Z
3
p

Z3p Zq

p

p 1

Z4p

p

Z3p p

Z3p

Z2p×Zq p q

p q>p3 Z3p×Zq

=Cay(Z3p×Zq,S) A=Aut() G̊=Z̊3p×Z̊q



A Z3p×Zq α∈A

G̊α=Ĝ=Ẑ3p×Ẑq

Ẑq Z̊q q Q Sym(p3q)

Z̊3p Ẑ3p NSym(p3q)(Q)∩A

Z̊3p Ẑ3p p NSym(p3q)(Q)∩A

p P A

q Q B={B1,B2,...,Bp3}

|Bi|=q i=1,...,p3 B

Ẑ3p Z̊3p ⟨̂G,G̊⟩≤Sym(q)≀Sym(p3)

G̊ Ĝ Z̊3p Ẑ3p

B H1 H2 Z̊3p

Ẑ3p p A H1 H2

p Sym(p3) P1

Ẑq≠Z̊q p3 q

α∈A Z̊αq=Ẑq

0 B

Z3p

1 B

Z3p H1 H2

1

H Sym(pn)

P≥H p Sym(pn) H Z(P)



P p z

Z(P) ⟨H,z⟩ ⟨H,z⟩

H z H

C′1,C
′
2,...C

′
k

V(0) Ci=∪C
′
i⊂V() i=1,...,k

α V() 1≤i≤k

α|Ci=ηi|Ci ηi∈Aut() αV(Γ0)

0 α

x y V() x

y α(x) α(y) x y

Ci 1≤i≤k α|Ci

Ci x∈Bm y∈Bn Bm∼Bn x y

Bm Bn αV(Γ0)∈Aut(0)

α(Bm) α(Bn) α(x) α(y)

x∈Bm y∈Bn Bm ∼Bn x

y α(x) α(y)

A B q

V() A={(a,x)|x∈Zq)} B={(b,x)|x∈Zq}

ĝ g̊

ĝ(a,x)=g̊(a,x)=(a,x+1) ĝ(b,x)=(b,x+1) g̊(b,x)=(b,x+d)

0̸=d∈Zq x∈Zq ŵ

ẘ ŵ(A)=ẘ(A)=B

ŵ ẘ ĝ g̊ α=ẘŵ 1

g̊α|B =̂g|B



C={(c,x)|x∈Zq} V()

A∩B=A∩C=∅ ĝ(c,x)=(c,x+1)

g̊(c,x)=(c,x+d) x∈Zq v̊∈Aut()

v̊(A)=C g̊ v̊

β=v̊̂w 1 g̊β|B =̂g|B

ŵ(a,0)=(b,b0) ẘ(a,0)=(b,b′0)

b0,b
′
0∈Zq ŵ ĝ ŵ(a,x)=

(b,b0+x) x∈Zq ẘ(a,x)=(b,b′0+dx)

α(b,x)=α(b,b0+(x b0))=ẘ(a,x b0)=(b,b
′
0+(x b0)d)

=(b,(b′0 db0)+dx)

α1(b,x)=
(
b,
x (b′0 db0)

d

)

α1g̊α|B(b,x)=α
1g̊(b,(b′0 db0)+dx)

=α1(b,(b′0 db0)+dx+d)=

(

b,
(b′0 db0)+dx+d (b′0 db0)

d

)

=(b,x+1)

v̊(a,0)=(c,c0) c0∈Zq v̊(a,x)=

(c,c0+dx) x∈Zq

β(b,x)=v̊̂w 1(b,b0+(x b0))

=v̊(a,x b0)=(c,c0+d(x b0))

β1(c,x)=(b,x c0+db0
d
)

β1g̊β(b,x)=β1g̊(c,c0+d(x b0))=β
1(c,c0+d(x b0)+d)

=

(

b,
c0+d(x b0)+d c0+db0

d

)

=(b,x+1)



0 1

Z3p r

p P1

r(a,b,c)=(a+x,b+sa,c+ta,b)

sa∈Zp a ta,b∈Zp a b

ĝ g̊ Ẑq Z̊q

ĝ|B1=g̊|B1

0

ĝ|Bi=g̊|Bj

0 Bi Bj ĝ=g̊ 0

0

Bm∈B r̂m∈Ẑ
3
p r̊m∈Z̊

3
p r̂m(B1)=

r̊m(B1)=Bm

α

α|B1=id

α|Bm =r̊mr̂
1
m 2≤m≤p3

αB=id α

g̊α=̂g

0 p

C′1,C
′
2,...,C

′
p2 0

1≤m≤p2 Cm =∪C
′
m C2,...,Cp2 ûm

Ẑ3p ûm(C1)=Cm B1⊂C1

H2 0 2≤m≤p2 ům



ům(B1)=ûm(B1) 2≤m≤p2 ũm =ůmû
1
m

α1|C1=id

α1|Cm =̃um 2≤m≤p2.

2≤m≤p2 ũm(Bj)=Bj Bj⊂Cm

H1 H2 p Sym(p3)

ũBm p Cm p

B 1≤m≤p2 αB1=id α1|Cm

m=1,...p

α1

g̊α1 =̂g

0 p2

D′0,D
′
1,...,D

′
p 1 Dm

D′m 0≤m≤p 1

H1∩H2 ≠{1} z

p H1∩H2 z1 z2 Ẑ3p

Z̊3p zB1=z
B
2=z (zi2z

i
1)
B=id

i=1,...,p 1

z1(D0)̸=D0 zi1(D0)=

Di i=0,1,...,p 1 α2

α2|D0=id

α2|Di=z
i
2z

i
1 1≤i≤p 1

zB1=z
B
2=z αB2=id

α2∈Aut() g̊α2 =̂g

z1(D0)=D0

z ⟨H1,H2⟩ E={Ea,b|a,b∈Zp} B



B=V(0)

Z3p Ea,b

(a,b)∈Z2p

Ea,b={(a,b,c)∈Z
3
p|c∈Zp}.

D′a=∪b∈ZpEa,b a∈Zp

H1 0 h1∈H1 h1(E0,0)=

E0,1 H2 h2∈H2 h2(E0,0)=

h1(E0,0) h1 h2 p h1(D
′
0)=h2(D

′
0)=D

′
0

h1(D
′
i)=h2(D

′
i)=D

′
i i=0,...,p 1

H1 H2 p

zh1 h2 Z3p

B

z(a,b,c)=(a,b,c+1)

h1(a,b,c)=(a,b+1,c)

h2(a,b,c)=(a,b+sa,c+ta,b)

sa ta,b Zp h1(E0,0)=h2(E0,0)=

E0,1 s0=1

sa=1 1≤a≤p 1 H2 0

k2∈H2 k2(0,0,0)=(a,0,0) h2 k2

k2(0,i,0)=(a,sai,wi) wi∈Zp

sa≠1 p P1

h2(a,b,c)=(a,b+1,c+ta,b) (a,b,c)∈Z3p

ta,b∈Zp a b

Ea,b p V(0) a,b∈Zp

∼ 0 Ea,b



a̸=a′ Zp

b b′ Zp Ea,b∼Ea′,b′ ta,b+n=ta′,b′+n

n∈Zp

sa =1 a∈Zp m ∈Zp

hm2h
m
1 Ea,b Ea′,b′

hm2h
m
1 (a,b,c)=(a,b,c+

m∑

i=1

ta,b i)

hm2h
m
1 (a

′,b′,c)=(a′,b′,c+

m∑

i=1

ta′,b′ i)

∑m
i=1ta,b i≠

∑m
i=1ta′,b′ i

m∈Zp Ea,b∼Ea′,b′ p
∑m
i=1ta,b i=

∑m
i=1ta′,b′ i m∈Zp ta,b+n=ta′,b′+n

n∈Zp

a∈Zp Zp Zp

ta(b):=ta,b

a,a′,b,b′∈Zp ta(b+

n)=ta′(b
′+n) n∈Zp k2

H2 (a,b,0) (a′,b′,0) k2(a,b+d,e)=(a
′,b′+d,e)

d,e∈Zp

k2 z k2(a,b,m)=(a
′,b′,m)

m∈Zp k2 h2

ta(b+n)=ta′(b
′+n) n∈Zp k2(a,b+d,e)=

(a′,b′+d,e) d,e∈Zp



k1

H1 k1(a,b,0)=(a
′,b′,0) k1|Ea,b=k2|Ea,b

{D′0,D
′
1,...,D

′
p 1}

D′a≡D
′
a′ b b′ Zp

ta,b+n=ta′,b′+n n∈Zp D′a ≢D′a′ D′a≡D
′
a′

(a,ba,0) D′a D′a≡D
′
a′

ta,ba+n=ta′,ba′+n n∈Zp 1≤a≤p 1

v̂a∈Ẑ
3
p v̊a∈Z̊

3
p v̂Ba(0,b0,0)=v̊

B
a(0,b0,0)=(a,ba,0)

H1 H2 B

α3|D0=id

α3|Da=v̊âv
1
a 1≤a≤p 1

α3

αB3 1

Bi∪Bj D′a a∈Zp α3

(Bi,Bj) D′a

a∈Zp

Bi∈Ea,b Bj∈Ea′,b′ α3

d∈Zp Ed,e αB3 αB3

Ed,e αB3|D′d p d∈Zp

D′a ≢D′a′ Ea,b∼Ea′,b′

αB3 Ea,b Ea′,b′ Bi

Bj αB3(Bi) αB3(Bj)

1



D′a≡D
′
a′ (̊vâv

1
a ,̊vâv

1
a )

α3 D′a∪D
′
a′ v̊a v̂1a

((̊vâv
1
a )

B,(̊va′̂v
1
a′)

B)

D′a∪D
′
a′ (idB,(̊v1a v̊a′̂v

1
a′v̂a)

B)

Z̊3p Ẑ3p

idB,(̊v1a v̊a′̂v
1
a′v̂a)

B
)
= idB,(̊va′̊v

1
a )

B(̂vâv
1
a′)

B
)

(̂vâv
1
a′)

B(a′,ba′,0)=(a,ba,0) (̊va′̊v
1
a )

B(a,ba,0)=

(a′,ba′,0)

idB,(̊va′̊v
1
a )

B(̂vâv
1
a′)

B
)
= idB,idB

)

D′a∪D
′
a′ αB3∈Aut(1)

Bi∼Bj α3(Bi)∼α3(Bj) αB3∈Aut(1) pi∈Bi⊂

V() pj∈Bj⊂V() α3(pi)

α3(pj)

Bi Bj a∈Zp Bi Bj⊂Da

α3 Da pi∈Bi

pj∈Bj α3(pi) α3(pj)

g̊α3 =̂g

ĝ∈Ẑq

g̊∈Z̊q g̊=̂g

g̊=ĝ Ẑ3p Z̊3p CA(̂g)

Ẑ3p Z̊3p



p CA(̂g)

Z̊3p×Z̊q≤Ẑq≀Sym(p
3)

Z̊3p×̊Zq≤Ẑq≀Sym(p
3) ů∈Z̊3p (̊u)b=id

Z̊3p×Z̊q≤ Ẑq≀Sym(p
3) Z̊3p ĝ

A′=A∩
(
Ẑq≀Sym(p

3)
)

Z̊3p

Ẑ3p p A′

p3 q ů Z̊3p

(b,s)∈Z3p×Zq ů(b,s)=(c,s+t) c∈Z3p

t∈Zq t ů b ů∈Ẑq≀Sym(p
3)

Ĝ û1,̂u2∈

Ẑ3p û1(0,s)=(b,s) û2(c,s+t)=(0,s+t)

û2̊ûu1 p û2,̊u û1

p t=0 (̊u)b=id

ů∈Z̊3p (u)b=id

1 B H1 H2

Aut(1) Z3p Z3p
(2) µ∈⟨H1,H2⟩

(2)

Hµ2=H1

η=µidB Zq≀Sym(p
3)

η∈⟨Ĝ,G̊⟩(2) η 0

Z̊3p Ẑ3p η η∈

CA(̂g) G̊η=Ĝ



H p DCI(2) q

q>|H| G=H×Zq (q 1)

G

Ĝ=Ĥ×Ẑq G̊=H̊×Z̊q A

G A=Aut() α∈A Ĝα=G̊

Ẑq Z̊q q Sym(G)

B=
{
B1,B2,...,B|H|

}
⟨̂G,G̊⟩≤Sym(q)≀

Sym(H) Ĥ H̊

p Ĥ H̊ B

H1 H2

q Bi Bj

Bi Bj 0

Ẑq=Z̊q

Ĥ,H̊ ≤ Ẑq≀Sym(H)

g∈⟨Ĥ,H̊⟩(2)

(g)b=id H (2)
1 H

H1 H2 η∈⟨H1,H2⟩
(2)

Hη2=H1 η

α=ηidB ηidB Ẑq≀Sym(H)

(ηidB)b=idB Ĝα=G̊

=Cay(G,S)

G

G1≤G G1≤H G1 H1×Zp



H1≤H

Cay(G,S)∼=Cay(G,T) α∈Aut(G1) α(S)=T

p

G1 G



V() S⊆V()

S ∂(S)

V()\S S

h()

h()=min

{
|∂(S)|

|S|
S⊂V()0<|S|≤

|V()|

2

}

he()=min

{
|∂e(S)|

|S|
S⊂V()0<|S|≤

|V()|

2

}

∂e(S)

S ϵ h()≥ϵ n

ϵ>0

n n ϵ d

he()

d
≤h()≤he(),

he()

n

d d



d

M 1,...,n

Mi,j=|{e∈E() i j}|

d N=M
d

M

n (1,...,1)∈Rn

d

[d,d]

d=λ1()≥λ2()≥...≥λn()≥ d.

d λ2()<d G

λn()= d d

Zp



d λ2(G)

λ() max{|λ2()|,|λn()|}

d λ2()

2
≤he()≤

√
2d(d λ2()).

n

d λ2(n)

d

|E(S,T)|
d|S||T|

|V()|
≤λ()

√
|S||T|

S,T⊂V() E(S,T)

S T

d|S||T|
|V(Γ)|

|S| |T| d n

d

c |E(S,T)| d|S||T|
|V(Γ)|

≤c
√
|S||T| S∩

T=∅ λ()≤Kc(1+log2(
d
λ(G)
))

d(x,y) x y



maxx,y∈V(Γ)d(x,y)

ϵ>0

ϵ n O(logn)

v1,v2,... vi+1

vi

|V()|=n

V()

un λ()

p=p1,p2,...,pn
∑n
i=1pi=1

n p

N

||Nkp un||2≤
(
λ(Γ)
d

)k

ϵ>0

d n ϵ 1

n d≥3

G H

π:G∀→U(H)

vn∈H ||vn||=1 K

G supg∈K||π(g)(vn) vn|| n



G

G G

SL(n,K) K

SL(n,R)

2

SL(d,Z) d≥3

G S G

(T) L G

{Cay(G/N,S)|N∈L} ϵ′ ϵ′>0

m

1 d 2 n m

1◦ 2 1 2 d2 nm

1 2

d d4n n

d≥3

n

10

0



k∈N 0<ϵ∈R

S

k Cay(G,S) ϵ

G

n a b G

Cay(G,{a,b,a1,b1})

ϵ 1 C|G|δ C δ ϵ n

Gn

Gn n Tn⊂Gn

Cay(Gn,Tn)

c∈R

clog(|SL(n,p)|)

Sn γ=(1,2) σn=

(1,2,...,n) n∈N



h(Cay(Sn,{γ,σn})) 0

Sn

Ω(n2)

A⊂SL(2,p)

|A3|≥|A|1+δ (A∪A 1∪e)k=SL(2,p) δ>0

k≥1

n≥3 A SL(n,3)

|A3|≤100|A|

SL(n,q)

q>2

q 7 Al(q),Bl(q),Cl(q)

Dl(q),
2A2n 1(q

2),2A2n(q
2),2Dn(q

2)

7

0

G l



AlBlCl Dl l≥5 GF(q)

T 10

S⊂V(Cay(G,T)) |S|≤|G|
2

|∂(S)|
|S|
≤ 6
l3

G 2A2n 1
2A2n

2Dn n≥

5 GF(q) T′

8 S′⊂V(Cay(G,T′)) |S′|≤|G|
2

|∂(S′)|
|S′|
≤ 6
n 2

PSL(n,q)

K=GF(q) Φ

Φ=Φ+∪Φ

Π={r1,r2,...,rl}⊂Φ
+

W wr r∈Φ

W wr

r∈Π wi

wri ri∈Π xr(t)

G r∈Φ t∈K r=ri

ri∈Π xi(t) xri(t)

Xr={xr(t)|t∈K} r∈Φ G
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