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—— Abstract

Asada and Kobayashi [[CALP 2017] conjectured a higher-order version of Kruskal’s tree theorem,
and proved a pumping lemma for higher-order languages modulo the conjecture. The conjecture
has been proved up to order-2, which implies that Asada and Kobayashi’s pumping lemma holds
for order-2 tree languages, but remains open for order-3 or higher. In this paper, we prove
a variation of the conjecture for order-3. This is sufficient for proving that a variation of the
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1 Introduction

Kruskal’s tree theorem [7] says that the homeomorphic embedding relation <"® on finite
trees is a well-quasi-ordering, i.e., for every infinite sequence of trees mg, 71, 72, . . ., there exist
i < j such that ; <he 7;. Here, w <he 7/ means that there exists an embedding of the nodes
of 7 to those of 7/, preserving the labels and the ancestor/descendant relation. Asada and
Kobayashi [2] considered a higher-order version <!¢ of <P on simply-typed A-terms of type
k, and conjectured that <¢ is also a well-quasi-ordering, for every simple type x. Under the
assumption that the conjecture (which we call AK-conjecture) is true, they proved a pumping
lemma for higher-order languages (a la higher-order languages in Damm’s 10 hierarchy [3]),
which says that for any order-k tree grammar that generates an infinite language L, there
exists a strictly increasing infinite sequence my <"® m; <P¢ 7wy <he ... such that m; € L and
|7;| < expy(ci + d), where <2¢ is the strict version of the homeomorphic embedding, ¢ and
d are constants that depend on the grammar, and exp,(z) is defined by expy(z) = = and
exp; ., (z) = 2¢%Px (%) The pumping lemma can be used to prove that a certain language
does not belong to the class of order-k languages. They also proved that the conjecture is
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true up to order-2 types, and hence also the pumping lemma for order-2 tree languages and
(by the correspondence between tree/word languages [1, 3]) order-3 word languages. The
AK-conjecture is still open for order-3 or higher.

In the present paper, we consider a variation of the AK-conjecture (which we call nAK-
conjecture), where the homeomorphic embedding relation is replaced by <#. defined by
71 <% 7y if and only if, for every tree constructor a, #,(m1) < #4(m2); here #4(7) denotes
the number of occurrences of a in w. The correctness of the nAK-conjecture would imply the
following variation of the pumping lemma: for any order-k tree grammar that generates an
infinite language L, there exists a strictly increasing infinite sequence mg <# m <# mp <# ...
such that m; € L and |m;| < exp,(ci + d). We prove that the nAK-conjecture is true for the
order-3 case, i.e., that <¥ (the logical relation on simply-typed A-terms of type &, obtained
from <#) is a well-quasi-ordering for any type s of order up to 3. The variation of the
pumping lemma above is thus obtained for order-3 tree languages and order-4 word languages.
To our knowledge, pumping lemmas were known only for tree (word, resp.) languages of
order up to 2 (3, resp.) [2].

To prove the order-3 nAK-conjecture, we define a transformation ()h from order-3 M-
terms to order-2 numeric functions (that are also represented by A-terms), and prove (i)
the transformation reflects the quasi-orderings, i.e., t; =¥ ¢, if ;5 <N £,% for a certain
quasi-ordering <N on numeric functions, and (i) <V is a well-quasi-ordering.

Related work. We are not aware of directly related work, besides our own previous work [2].
Our reduction from the well-quasi-orderedness of order-3 A-terms to that of order-2 numeric
functions relies on the inexpressiveness of simply-typed A-terms as (higher-order) tree
functions. Zaionc [11, 12, 13] studied the expressive power of simply-typed A-terms. Pumping
lemmas for higher-order languages have been known to be difficult. After Hayashi [5] proved
a pumping lemma for indexed languages (i.e. order-2 word languages), it was only in 2017
that a pumping lemma for order-3 word languages was proved [2]. We have further improved
the result to obtain a pumping lemma for order-4 word (or, order-3 tree) languages.

The rest of the paper is structured as follows. Section 2 introduces basic definitions.
Section 3 explains the nAK-conjecture and the pumping lemma. Section 4 proves the
nAK-conjecture up to order-3. Section 5 concludes the paper.

2 Preliminaries

We give basic definitions on A-terms and quasi-orderings.

2.1 A-terms and higher-order languages

» Definition 1 (types and terms). The set of simple types, ranged over by &, is given by:
Kk =0 | k1 — k2. The order! of a simple type r, written order(x) is defined by order(o) = 0
and order(k; — k2) = max(order(x1) + 1,order(xz)). The type o describes trees, and
K1 — Ko describes functions from k1 to ke. A (ranked) alphabet ¥ is a map from a finite set
of constants (that represent tree constructors) to the set of natural numbers called arities.
The set of A\Y™-terms, ranged over by s,t,u,v, is defined by:

tu=x|aty -ty | tita | Ar ikt | Yt |61 Dty

1 For clarity, we use the word order for this notion, and ordering for relations such as <, <he ete.
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Here, x,y, ... ranges over variables, and a over dom(X). The term aty --- t; (where we
require ¥(a) = k) constructs a tree that has a as the root and (the values of) ti,...,t
as children. Y, and @ represent a fixed-point combinator and a non-deterministic choice,
respectively. We often omit the type annotation and just write Az.t and Y ¢ for Az : k.t and
Y. t. A A\Y"term is called: (i) a A "d-term if it does not contain Y7 (ii) a A= -term if it
contains neither Y nor @; and (iii) an applicative term if it contains none of A-abstractions,
Y, and ®. We often call a A7-term just a term. As usual, we identify AY™d-terms up to the
a-equivalence, and implicitly apply a-conversions.

A type environment T is a sequence of type bindings of the form x: k such that " contains
at most one binding for each variable z. A \Y™-term ¢ has type x under I' if T' Fgp ¢ : & is
derivable from the following typing rules.

Y(a) =k Phkgrtizo (foreachie{1,...,k}) Thlsgrt:n—k

Dyx:k, Vhsrao:k Therat, -ty :o0 Dhgr Ytk
Chgrty: ke — K I bgrto @ Ko I, z:k1 Fgrt: ko Fhgrty:o Fhgrita:o
Dhgrtits:k Thsr Az : k1t K1 — Ko Fhsrti ®ita:o

We consider below only well-typed A\Y"d-terms. Note that given I' and ¢, there exists at
most one type k such that T' Fgr ¢ : k. We call k the type of ¢ (with respect to I'). We often
omit “with respect to I'” if T is clear from context. Given a judgment I' - ¢ : k, we define
At by: M.t := ¢ and A\(T',x : k).t := AT Az.t. Also we define ' — k by: 0 — k := k and
(Tyz: k) = k:=T— (K — k); thus we have F AI'.t : T’ — sk if ' - ¢ : k. Given an alphabet
¥, we write A¥ for the set of A”-terms whose constants are taken from ¥. Also we define
A?,K ={teA*|TFt:x}and AZ := A(%,n'

For a AY"-term t with a type environment I, the (internal) order of t (with respect to
T'), written orderr(¢), is the largest order of the types of subterms of AI'.t, and the external
order of t (with respect to I'), written eorderr(t), is the order of the type of ¢ with respect
to I'. We often omit I when it is clear from context. For example, for t = (Az : o.x)e,
ordery(t) = 1 and eordery(t) = 0. We define the size |t| of a AY™-term ¢ by: |z| := 1,
laty - te| =1+t + -+ [tl, |st] == |s| + |t| + 1, [Az.t] .= [t] + 1, [Yet] := |t| + 1 and
|s @t == |s| + [t| + 1. We call a A\Y™-term t ground (with respect to I') if T Fgr t : 0. We
call t a (finite, 3-ranked) tree if ¢ is a ground closed applicative term (consisting of only
constants). We write Treey, for the set of X-ranked trees, and use the meta-variable 7 for a
tree. We often write = to denote a sequence (possibly with a condition on the range of the

. . —i<m
sequence in the superscript). For example, t; =" denotes the sequence ti, ..., L, of terms,

—i<m
and [t;/x; ] denotes the substitution [t1/x1,. .., tm/Tm].
We sometimes identify a ranked alphabet ¥ = {a; — 7r1,...,a; — 7} with the first-
order environment ¥ = {a; : o™ — o,...,a; : 0™ — o} (assuming an arbitrary fixed linear
ordering on X).

» Definition 2 (reduction and language). The set of (call-by-name) evaluation contexts is
defined by:

E = Htl"'tk | CL7‘(’1"'7TZ‘.E151"'75}c
and the call-by-name reduction for (possibly open) ground A\Y™d-terms is defined by:
E[(\z.t)t'] — E[t[t' /z]] E[Y t] — E[t (Y t)] Elt1 ®t] — Elt;] (i=1,2)

where t[t’/x] is the usual capture-avoiding substitution. We write —* for the reflexive
transitive closure of —. A call-by-name normal form is a ground \Y™I-term ¢ such that
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t -/ t' for any t'. For a ground closed \Y™-term ¢, we define the tree language L(t)
generated by t by L(t) := {m | t —* w}. For a ground closed A”-term ¢, £(¢) is a singleton
set {m}; we write T (t) for such 7 and call it the tree of t.

In the previous paper [2] we stated the pumping lemma for the notion of a higher-order
grammar; in this paper, following [8, 9], we use only the formalism by AY"d_terms for simpli-
city. Since there exist well-known order-preserving and language-preserving transformations
between higher-order grammars and ground closed AY™d-terms, we obtain corresponding
results on higher-order grammars immediately.

The notion of a word can be seen as a special case of that of a tree:

» Definition 3 (word alphabet). We call a ranked alphabet ¥ a word alphabet if it has a special
nullary constant e and all the other constants have arity 1. For a tree 7 = a1(--- (a, e)---) of
a word alphabet, we define word(rw) := ay - - - a,,, and we define utree as the inverse function
of word, i.e., utree(a; ---a,) := ai(- - - (ane)). The word language generated by a ground
closed A\Y™-term ¢ over a word alphabet, written £, (t), is defined as {word(w) | 7 € L(t)}.

A tree language (word language, resp.) over an alphabet (word alphabet, resp.) ¥ is called
order-n if it is generated by some order-n ground closed AY™-term of ¥; we note that
the classes of order-0, order-1, and order-2 word languages coincide with those of regular,
context-free, and indexed languages, respectively [10].

2.2 Some quasi-orderings and their logical relation extension

» Definition 4 ((well-)quasi-ordering). A quasi-ordering (a.k.a. preorder) on a set A is a
binary relation on A that is reflexive and transitive. A well-quasi-ordering (wqo for short)
on a set S is a quasi-ordering < on S such that for any infinite sequence (s;); of elements in
S there exist j and k such that j < k and s; < sp.

As a general notation, for a quasi-ordering denoted by <, we write ~ for the induced
equivalence relation (i.e., z ~ y if x < y and y < x), and write < for the strict version (i.e.,
x <yif x X yand y A x). Also, for a quasi-ordering denoted by <, we write ~ for the
induced equivalence relation and < for the strict version. We apply these conventions also to
notations with superscript/subscript such as <%, <, <%, <%, <;, and <§. Further, for any
quasi-ordering on the set of trees of a word alphabet, we use the same notation also for the
quasi-ordering on the set of words induced through utree.

» Definition 5 (logical relation extension). Let X be a ranked alphabet. We call < a base quasi-
ordering (with respect to X)) if < is a quasi-ordering on the set A¥ modulo Bn-equivalence
and every constant in 3 is monotonic on <. We define the logical relation extension of < as
the family (<, ), of relations <, on the set AZ modulo Bn-equivalence indexed by simple
types k where <,’s are defined by induction on k as follows:

11 <o t2 if t <t
11 <posw lo if  forany t,th, ] <. th, = t1t] <. tath.

Furthermore we extend the relation to open terms: for t1,ty € A%:’N, we define t; <r i to if
Al'.t; <r_, A'.ta. We omit the subscripts of <,; and <r if there is no confusion.

The next lemma follows immediately from the basic lemma (a.k.a. the abstraction theorem)
of logical relations (see the full version for details).



K. Asada and N. Kobayashi

» Lemma 6. Let < be a base quasi-ordering. Fach component <, of the logical relation
extension of < is a quasi-ordering. Further, <, is the point-wise quasi-ordering:

t1 <poyr to if and only if foranyt' € AZ, it <. tot.

Every quasi-ordering for higher-order terms used in this paper is a logical relation extension
(of some base quasi-ordering). The next ordering is used in the previous paper [2].

» Definition 7 (homeomorphic embedding). Let ¥ be a ranked alphabet. The homeomorphic
embedding ordering <"®> between Y-ranked trees? is inductively defined by the following
rules:

m; <heE o (for all i < k) k=3(a) 7 <heX o k=%(a) >0 1<i<k

amy T jhe’z a,fn'll...'n';c ﬂ'jheazaﬂ—l...ﬂ'k

We extend the above ordering to a base ordering by: t; <P ty if T(t;) <P T (t).

For example, br ab <" br (brac)b. The homeomorphic embedding on words is nothing
but the (scattered) subsequence ordering. The following is a fundamental result on the
homeomorphic embedding:

» Proposition 8 (Kruskal's tree theorem [7]). For any (finite) ranked alphabet ¥, the homeo-
morphic embedding <" on L-ranked trees is a well-quasi-ordering.

Also, we often use the Dickson’s theorem [6] which says that the product quasi-ordering
(component-wise quasi-ordering) of a finite number of wqo’s is a wqo.
The next is the quasi-ordering that is used in the theorems in this paper.

» Definition 9 (occurrence-number quasi-ordering). Let 3 be a ranked alphabet. For a € ¥
and a X-tree m, we define #,(m) as the number of occurrences of a in 7, and extend this
to a ground closed A7 -term t by #,(t) := #4(7(t)). Then we define a base quasi-ordering
5#72711 by:

t, <#Tay, if #Ha(t1) < F4(ta).
Also we define a base quasi-ordering <#> by:
t <*E 1y if for every a € B, t; <7 ¢,

Note that 7 <P 7/ implies 7 <#* 7/, shown by induction on the rule of <"®; and further
7 <he 7/ implies 7 <7* 7/ for any & since < and <7* are point-wise quasi-ordering. Also
note that <#* = N,exn(=27>9) for any k.

The next quasi-ordering is used just in proofs. We write Xy for the ranked alphabet
{0 0,1+~ 0,4+ +— 2, X — 2}; we write +¢t' as t +t' and xtt' as t x t’. We define a
set-theoretical denotational interpretation [—] of A¥ by: [o] := N, [x — &'] is the set of

functions from [«] to [£'], [0] := 0, [1] := 1, [+](n)(m) := n+m, and [x](n)(m) :=n x m.

For t,ty € AX we write t; =0 £, (or t; =00 ,) if [t1] = [t2].

» Definition 10 (natural number quasi-ordering). We define a base quasi-ordering <N on the
set AZN by:

ty <Nty if 1] < [ta]-

2 In the usual definition, a quasi-ordering on labels (tree constructors) is assumed. Here we fix the
quasi-order on labels to the identity relation.

14:5
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3  Numeric Pumping Lemma for Higher-order Tree Languages

Here we explain the nAK-conjecture and the pumping lemma for higher-order tree languages
with respect to <#2

» Conjecture 11 (nAK-conjecture). For any ¥ and x, =<%F is a well quasi-ordering.

Our main theorem (Theorem 14) is to show the above conjecture for k of order up to 3.
The above conjecture (and Theorem 14) can be used for the following pumping lemma:

» Theorem 12 (pumping lemma). Assume that Conjecture 11 holds. Then, for any order-n
ground closed \Y™-term t of a ranked alphabet > such that L(t) is infinite, there exist an
infinite sequence of trees my, m, w2, ... € L(t), and constants ¢, d such that:

(i) mo <*F m <*E my <FE ... and

(i) |m| < exp,,(ci +d) for each i > 0.
Furthermore, we can drop the assumption on Conjecture 11 when n < 3.

The proof of the above theorem is obtained as a simple modification of the proof of the
pumping lemma in [2]: see the full version.

» Remark. The theorem we prove in the full version is actually slightly stronger than
Theorem 12 above, in the following three points (see the full version for details):

(i) As in [2], we relax the assumption of nAK conjecture, so that <#* need not be the
logical relation; any higher-order extension of the base quasi-ordering that is closed
under application suffices.

(i) Asin [2], we use actually a weaker conjecture, called the periodicity, which requires
that, for any Fsr ¢t : k — k and Fgr s : K, there exist 4,7 > 0 such that t's <¥*
titd s <#HT 2] 5 <H#S L

(iii) Whilst Theorem 12 states a pumping lemma on <#'*  the generalized theorem states
a pumping lemma on arbitrary base quasi-ordering with certain conditions, which
includes <#> and <P as instances.

By the correspondence between order-n tree grammars and order-(n+1) word grammars [3,
1], we also have:

» Corollary 13 (pumping lemma for word languages). Assume that Conjecture 11 holds. Then,
for any order-n ground closed \Y " -term t of a word alphabet X (where n > 1) such that L,(t)
is infinite, there exist an infinite sequence of words wg, w1, ws, ... € Ly(t), and constants c,
d such that:

(i) wo <#F wy <#E wy <*E ... and
(ii) |w;| < exp,,_q(ci +d) for each i > 0.
Furthermore, we can drop the assumption on Conjecture 11 when n < 4.

4  Numeric Version of Order-3 Kruskal’s Tree Theorem
Here we prove the main theorem (Theorem 14 below), which states that the nAK-conjecture

(Conjecture 11) holds for order-3 types. In this whole section, by a term, we mean a A~ -term,
and we never consider a fixed-point combinator nor non-determinism.
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4.1 Main theorem
» Theorem 14. For any alphabet > and any type k of order up to 3, <%= on AT is a wqo.
The theorem above is obtained as a corollary of the following lemma.

» Lemma 15. For any alphabet 3, any a € 3, and any order-2 type environment T' (i.e.,
a type environment whose codomain consists of types of order up to 2), the quasi-ordering
j#’f’a on AL is a wqo.

Proof sketch of Theorem 14.
For Theorem 14, it is sufficient that <#*2 on A> is a wqo for every a € ¥ and  with
order(k) < 3, because <¥'* = Nyex(=7>*) and well-quasi-orderings are closed under
finite intersection.
For <#> to be a wqo for every order-3 type s, it is sufficient that the restriction
of <#=a to AY (ie. <#> N(A? x A?)) is a wqo for every order-3 type &, because
ty =<#20 ¢y holds if AX.t; (=22 N(AL_, x AL, ))AS.ty, and order(X — ) < 3.

Yok Y=k

For <#>2 N(A? x A?)) to be a wqo, Lemma 15 is sufficient, because ¢, (<#>2 N(A? x

Ag))tg holds if t1 21 --- 2 j#’oz’a toz1---25, Where Kk = K1 — --- — K — o and
I'=21:K1,..., 2k : K-
See the full version for details. <

Henceforth, we fix arbitrary agx € X, and show Lemma 15 for a = agx. We prove this
lemma in two steps: First we give a transformation ( -)h from order-3 terms in A%o (and their

type environment I') to order-2 terms in A?;"o (and to I'%) so that it reflects quasi-orderings:
£ jiﬁu’o #'* implies t j#,’oz’aﬁ" t' (Lemma 18). Then we show that jll\lhp on A?F’o is a wqo
(Lemma 19). From these two results, Lemma 15 follows immediately.

4.2 Transformation from order-3 terms to order-2 terms

The key observation behind the transformation ()tl is as follows. Let s be a closed term of
type o™ — o and tq,...,t,, be closed terms of type o. Then, we have:

#a(Stl"'tm):cl x#a(t1)+"'+cm X#a(tm)+d

for some numbers ¢y, ..., c¢n,d that do not depend on ty,...,t,,. This is because the order-
1 function s representable as a A7 -term can copy only arguments, and the number of
copies cannot depend on the arguments. Thus, if we are interested only in the number of
occurrences of a constant, information about an order-1 function can be represented by a
tuple (¢1, ..., ¢m,d) of numbers (order-0 values, in other words). By lifting this representation
to order-3 terms in A%o, we obtain order-2 terms in A??”o.

The actual transformation is non-trivial. Let us first ix I' = 1 : K1, ..., ©m  Em, f1:07 —
0,..., fr: 0% — o. Here, ¢;’s are order-2 variables and f;’s are variables of order up to 1.
Every element of A%o can be normalized to a term generated by the following syntax (which

we call an order-3 normal form):

tZZ:ylfj|t1t2|(pit1~'-tk|)\y.t.

Here, y is a local variable of order 0. We require that the order of ¢t - -ty is at most
1. For example, p: (0 > 0) 20 —=0—0, f:o0—=>0—0, z:0F Ay:o0. o(fx)((\y :
o. fy'y)y):0 — o — o is an order-3 normal form. It can be checked by induction that
for any order-3 normal form ¢, eorderr(t) < 1 (with a suitable environment I'). Since any

14:7
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long An-normal form in AIQVO with order(I' — o) = 3 is an order-3 normal form, considering
only order-3 normal forms does not lose generality. In the rest of this section, we use the
meta-variable ¢t for order-3 normal forms.

We now define the transformation for order-3 normal forms. Given a term ty € A%o, we
transform the term in a compositional manner, by transforming each subterm ¢ typed by:

O1: KLy Om i Bm, f1:00 =0, fe:o? s o5y1i0,. ., ypiobFti0" =0

to a term e with some suitable type environment. Here, y1,...,y, are order-0 variables that
are bound inside to (rather than t), order(k;) = 2 for i < m, and ¢; > 0 for ¢ < £. We call
fi and @, external variables and y; an internal variable. Note that an external variable f;
can be order-0.
We first explain how variables and environments are transformed.
The variables y1, ..., y, will just disappear after the transformation.
For each order-1 variable f; of type 0% — o, we prepare a tuple of variables (cy, 1, .-, Cf,.q:5
dy,). Each ¢y, ; expresses how often f; copies the j-th argument, and dy, expresses how
often agy occurs in the value of f;, so that the number of agx in f;t1,...,t, can be
represented by ¢y, 1 X #ag, (E1) + - ¢, g0 X Fagy (tq:) +dy, (recall the observation given
at the beginning of this subsection).
For each order-2 variable ¢; of type x; = (0% — 0) = -+ = (0% — o) — (0% — o)
(where g > 0), we prepare a tuple of order-1 variables (g, 1, - - - Gpi.q: P iLW). Basically,
9y,.; and h,, are analogous to cy, ; and dy,, respectively. Given order-1 functions t1, ...,
whose values are 1, ..., 4 (where each iy is a tuple of size g, + 1), for each j < g, the
function ¢; t1 - - - ti copies the j-th order-0 argument g, ;(@1,. .., Ur) times, and creates
he, (U1, ..., Ux) copies of the constant agx. The other function variable ?L% is similar to
he, but used for counting an internal variable y; rather than agy.

For a type environment

T'=p1:Kk1, s 0m: Bm, f1:00 = 0,..., fe:0¥ =0
where #; = (0% — 0) — -+ — (0%i — 0) = (07 — 0) (g, >0, i=1,...,k), we define:
- <mo i<y
_ j<q - i i< =
I = g%Jj_q shei b, ot - ot 0 ) Cfiyj]_q ydy zo

We now define the transformation of terms. A term ¢ such that

O1: KLy Om i Bm, f1:00 =0, ., fe:0¥ —osy1:0,...,yp:0bFt:0" =0
is transformed to a tuple (v1,...,v,;w1,. .., w,;e), using the transformation relation
PR, -« s Pmikm, f1:010 = o, .o, frio® = ojy1:0, .. ypro B D (V1. U W, ., W E)

defined below. Here, each component is constructed from variables cy, j,dy,, 94,5, P, » 71%.
above and x,+,0,1. The output of the transformation consists of three parts, separated by
semicolons: a (possibly empty) sequence vy, ..., v,, a (possibly empty) sequence wy, ..., wy,
and a single element e. The term v; represents how often y; is copied, w; represents how
often the j-th argument of ¢ is copied, and e represents how often the constant agy is copied.
The terms v; and w; are auxiliary ones for this transformation, and e plays the role of ¢*
explained in Section 4.1.
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The transformation relation is defined by the following rules, where I' = 1 1 K1, ..., Om :

Km, f1:01" = o,..., fr:0% — o is fixed.

(IVAR)
Iiyp:0,...,yn 0k y; > (0,...,0,1,0,...,0;;0)
—— =

Jj—1 n—j

(VAR)
Tiyiio,oo,yniob fin (0,...,05¢f,1,. -5 Ch g5 dy,)
———
n
Diyp:0,..yyn:o bty (V1. 05w, ..., wpse) r>1
Tiy1:0,...,yp:0bta> (v],...,00;5€) (APPO)
Tiy1:0,...,yn 0 tita > (1 +wiv], ..., 0n + w1l wa, ..., wrs e+ wie)

Tiyi:o,...,yn 0ot > (U595 e)) i = (dj; e5) (for each j € {1,...,k})
w g = (;0550) (for each j € {1,...,k} and j' € {1,...,n})
k > 1 and the type of ¢ is order-1

Tiyrio,c,yniob ity -t >

(hoi (W 1y Wt oo B (W1 e W )
gcpi,l(ﬁla-~-aﬂ:k)w-~7g<p,i,q1(a17~-~;ﬁk); hlpi(ﬁl,...,ﬁk))
(Arprl)
F,yl 0, .y Yn 10, Yp41 - 0 l_ t> (vl,...,vn,v,L+1;w1,...,wr;e)
(Lam)
Diyiio,eoyyn 0 F Aypgr b (V15000 Uni Ung1, W1, - Wy €)

Rules (IVAR) (for internal variables of type o) (VAR) (for order-1 variables), and (LAM)

should be obvious from the intuition on the tuple and the translation of an environment.
Rules (APP0) and (APP1) are for applications of order-1 and order-2 functions respectively.

(Note however that in (APPO), ¢; itself may be an application of order-2 function, of the
form pt11---t1%.) In (APPO), note that t1¢o creates wy copies of (the value of) ta, so that
the number of copies of y; can be calculated by v; + wyv], where v; and v} are the numbers
of copies created by t; and to respectively. Rule (APP1) is based on the intuition explained

above about the translation of order-2 variables. Note that the same function h.,. is used

Pi
for counting y1, ..., yn; this is because ¢; does not know y; (in other words, ¢; cannot be
instantiated to a term containing y; as a free variable), so that the information for counting
y; can only be passed through arguments er.

It should be clear that if I';yy:0,...,ypi0 Ft > (v1,...,Un; w1, ..., wr;e) then vj, wj, e €
A?{io and the order of ' — o is no greater than 2.

» Example 16. Let ' =¢: (0 =+ 0) = 0 — o, f : 0 — o. Then, we have
= g%l,hcp,fzq, 10?2 = o, cri,dy o
and t := Ay.p(¢ f) y is transformed to

" = hy(gpalcra,ds), holera,dr)) + g (ge(cr, df), hy(cri,dp)) x 0

14:9
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by the following derivation:

(VAR)
Ty ok of >F(hy(fF ,;;g(o <ffd2c> hotepdg)
T : : App1) (IVAR)
Ty ok (e f) > (hy(@'); g1 (@); hy (i) Tiy:okyw (1550) APPO)
Diy:okolefy (A( ") + 9,1 (@) X 1; 5 hy () + gp,1 (1) % 0) (L)
LB Ayo(e [y > (he(@') + g1 (@) X 13 he (@) 4 gp,1 (@) x 0)

where 4 = g,1(cr1,df), ke (cf 1,dy) and @ = gy 1(cpa,dy), Ew(cf 1,0). The terms in the
bottom line of the derivation, h o (@) + g1 (@) x 1 and 7 = hy, (@) + g1 (@) % 0, have type o
under the environment I'*, and eorder()\I‘h.tu) = order(I'* — o) = 2.

The next example is a slightly modified one involving an external variable x : o instead of
the internal variable y : 0. We have

(F,glc:o)h =TI% dy:o
and t' := p(p f) z is transformed to
¢ = ho (9o (craydg) ho(cr i df)) + 9o (9pa(cra,dy), ho(era, df)) X dq

by the following derivation:

(VAR)
T',z:0;F f> (0 i d
Tio f o (05cp1;dy) (App1)

F7$:O;|_(pf[>(hgo(cf,hO);gg&,l(cf,hdf);hcp(cf,lvdf)) (APPl) (V )

~ _ _, _ AR
Iz o ol f) > (he(U'); gp,1(4); by (1)) Iyz:ojk x> (0;55dy) (APPO)

T,z 05k 0@ f)a o (ho (@) + g (@) X 0; 5 hy (@) + gp1 (@) X do)
where @ and @ are the same as above. <

Lemma 17 below says that the transformation preserves the meaning of ground terms.

Here we regard constants in X as variables of up to order 1, and we define a substitution
65 by:

———sa€x,i<ar(a) ——acX\{aax}
0% = [1/cqs , 1/dag,., 0/dq .

(Recall that agx € ¥ above is the constant arbitrarily fixed at the end of Section 4.1.)
» Lemma 17 (preservation of meaning). If 3;-t > (;;e), then we have #q44, () = [eb57>].

The above lemma follows from a usual substitution lemma (on internal variables) and a
subject reduction property; see the full version for the proof.
The correctness of the transformation is stated as the following lemma.

» Lemma 18 (ordering reflection). Let: ¥ be an alphabet; agx € X; T' be an environment of
the form

F=v1 61, -, Om: Em, fr:0 = o0,..., fr:0¥ >0
where order(k;) =2 and q; > 0; t,t' € A%D; and
TiEte (5se) Ot > (55¢€).
Then we have:
txfoemdif e=f, €l

The proof of the above lemma is given in the full version, where we use Lemma 17 and
substitution lemmas on external variables.
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4.3 =< on order-2 terms is a wqo

The main goal of this subsection is to prove the following lemma.

» Lemma 19 (<} on order-2 terms is wqo). For I' = f; : 0%t — o,..., fn : 09" — o, the

wasi-ordering <N on AZY s a wqo.
I',o T',o

Lemma 15 follows as a corollary of Lemma 19 above and Lemma 18 in the previous
subsection:

Proof of Lemma 15. Let tg,t1,... € A%o be an infinite sequence. We have the infinite
sequence €g, e1,... € A??”o such that I';F ¢; > (;;¢e;), and by Lemma 18, ¢; j#f’aﬁ" t; if
€; fII\jn,o ej. By Lemma 19, there indeed exist 4, (i < j) such that e; jll\lhp ej. Thus, we
have t; j#ﬁ’oz’aﬁ" t; as required. <

To prove Lemma 19, we restrict (without loss of generality) A?Ii to the set of S-normal
forms (which we call order-2 polynomials), generated by the following grammar:

P:Z:0|1‘P1+P2|P1XP2|fP1"'Pq

Here, in f P, --- P,, f should have type 0? — o. We write P} for the set of all order-2
polynomials, and write PIR{O for A?No N PY. Note that the arity of f may be 0, so that, for
example, fi(fa X (fa+1)) € PI§1:0—>o,f2:o,o~ Thus, for Lemma 19, the following suffices:

» Lemma 20 (<} on order-2 polynomials is wqo). ForT' = f: 0% —o,..., f: 0" = o,
the quasi-ordering jlﬁj’o on PIPI’O is a wqo.

The idea for proving this lemma is as follows:

An order-2 polynomial is regarded as a tree. Thus, by Kruskal’s tree theorem (Proposi-
tion 8), the set PIR{O is well-quasi-ordered with respect to the homeomorphic embedding
<he.ZaUl Unfortunately, however, the relation P; <> P, does not necessarily imply
jll\{o; for example, if P, =1 and P> = f1(1), then P; j}}e’ZNUF P, holds but P, jll\f’o P,
does not, because f; may be instantiated to Az.0. Similarly for P, = fo and P, = fo x 0.
To address the problem above, we classify the values of f € PII\{O (i.e. elements of A2}, )
into a finite number of equivalence classes A, ..., A®) and use the classification to
further normalize order-2 polynomials, so that P; j?e’ENUF P, implies P; j§70 P> on
the normalized polynomials. For example, in the case of P; =1 and P> = f1(1) above,
the values of f; are classified to (i) those that use the argument, (ii) those that return a
positive constant without using the argument, and (iii) those that always return 0. We
can then normalize P, = f1(1) to f1(1) (in case (i)), f1(0) (in case (ii)), and 0 (in case
(iii)), respectively. (In case (ii), any argument is replaced with 0, because the argument
is irrelevant.) Thus, we can indeed deduce P; j?{o P, from P; j];e’ZNUF P> when the
value of f is restricted to just those in (i); and the same holds also for (ii) and (iii).
It follows that the restriction of the relation jlﬁlﬁo to each classification of the values of
fis-++, fe € dom(T") is a wqo. Since the number of classifications is finite, by Dickson’s
theorem (recall the sentence below Proposition 8), jIN’O (which is the intersection of the
restrictions of jll\l’o to the finite number of classifications) is also a wqo.

We first formalize and justify the reasoning in the last part (using Dickson’s theorem).

14:11
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» Definition 21 (finite case analysis). For I' = f; : K1,..., fn : kn, we call a finite case
analysis of T a family (A?)i<n je, of sets such that AZ" = U;<;, A7 for each ¢ < n. For
(A;)i<n such that A; C AE}’, we define a quasi-ordering j? (4;), On A?’\; as follows:

t = (an = YV €Ay, ty €A, [tti/ fi)i] < [t/ £ili]

. . N . N
We often omit the subscript I' of jF,(Ai)i and write j(A_)_.

i)i

The following lemma follows immediately from the fact that the intersection of a finite
number of wqo’s is a wqo (which is in turn an immediate corollary of Dickson’s theorem).
(see the full version for omitted proofs in the rest of this section).

» Lemma 22. ForI' = f1 : K1,..., fn : Kn and a finite case analysis (Ag)ign,jeJi of T, if
j(NA?i)i on A?i is a wqo for any “case” (j;)i<n € Hign J;, then so is =N on A?ﬁ

Thus, to prove Lemma 20, it remains to find an appropriate decomposition AEN = Uj<y, A{

(where k; is an order-1 type 0? — o), and prove that jl(\IAji)i is a wqo.

Henceforth we identify an element of A2,  with the corresponding element of the
polynomial semi-ring N[z1,...,z4]. For example, Az1.Az2.((Ay.y)x1) + @2 X 2 is identified
with the polynomial xy + 22 (which is obtained by normalizing and omitting A-abstractions,
assuming a fixed ordering of the bound variables). For ¢t € A2, we write poly(t) for the
corresponding polynomial.

We define the equivalence relation ~ as the least semi-ring congruence relation on
N[z1,...,2,] that satisfies (i) @ ~ 1 if a > 0 and (ii) 2 ~ x; if j > 0. For example,
223w + 3w122 + 21 +4 ~ 2129 + 21 + 1, and the quotient set N[z]/ ~ consists of:

01~ [t~ [a] s [0 + 1],

and N[z, x|/ ~ consists of

O]~, [1~s [21]~, [T2] s [m122] 0, [T 21 |0, [T @] 0, [T T 22 0y [T1+22) s - [TH2 1 2221 22 o
In general, P(P([q])) (where [q] denotes {1,...,q} and P(X) denotes the powerset of X)
gives a complete representation of the quotient set N[z1,...,xz4]/~, ie.,

Mool = {| 5 anen]| |eer@y)
{p1<-<pr}€P ~
Through poly : A2, — N[z1,...,24], we can induce an equivalence relation on AZN
from ~ on N[z1,...,x,], and let Ag’ be the equivalence class corresponding to @, i.e.,

A% = {t e AZY .

q

poly(t) ~ D ey ). (1)

{p1<--<pr}ed®

Then we have AEQN_M = uq>673(73([q]))A;1{). Now, given I' = f1 : 0% — o,..., f,, : 09" — 0, we
have obtained a finite case analysis of I" as (A )i<n.aoep(p(q.])); for (Pi)i € [Ti<,, P(P((@i])),

N : : N N
(4%5)," Thus it remains to show that =(@,); O Pr, is a wqo for each

(@:); € i< P(P(lai))-

The following lemma justifies the partition of polynomials based on ~.

we write j?ﬂbv)v for <

» Lemma 23 (zero/positive). For any I' = f1 : o — o,...,f, : 09" — o, (¥;); €

[Tic, P(P([a:])), and T' = P : o, we have either P 51(\]<I>i)i 0orl j(Ndn)i P.
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In other words, the lemma above says that, given an order-2 polynomial P, whether
Plt1/f1,...,tn/fn] evaluates to 0 or not is solely determined by the equivalence classes
t1,...,t, belong to.

» Example 24. Let I':= f : 0> — o, and ® := {0, {1,2}} € P(P([2])), which denotes the
equivalence class [1 + z125]~. We have 1 j{}i f Py P, for any P, and Ps, since any element of
the equivalence class is of the form a + - - - for some natural number a > 1.

Based on the property above, we define the rewriting relation —(4,),, to simplify order-2
polynomials by replacing (i) subterms that always evaluate to 0, and (ii) arguments of a
function that are irrelevant, with 0.

» Definition 25 (rewriting relation and (®;);-normal form). For I' = f; : o — o,..., fn :
o’ — o and (®;); € [[,<,, P(P([¢])), we define the relation —{y ) by the following two
rules.
P —0,, 0if P <{g, 0and P #0.
fg P qu —>?¢)i)i fg P Pk_10Pk+1 s Pqtz if (1) Py 75 0 and (ii) for all (]5 € o
such that k € ¢, there exists p € ¢ such that P, j?{bi)i 0.
We write Py —(,), P1 if P; = E[P]] and P _>(()q>i)i Py for some E, P} and PJ, where the
evaluation context E is defined by:

Eu=[]|E+P|P+E|ExP|PxE|fP ...P,1EPy, ... P,
We call a normal form of —(4,), a (®;);-normal form.

Intuitively, the condition (ii) in the second rule says that whenever the k-th argument Py
is used by f, it occurs only in the form of Py x P, x --- (up to equivalence) and P, always
evaluates to 0; thus, the value of Py is actually irrelevant.

» Example 26. We continue Example 24. Recall I = f : 0> — o and ® = {0, {1,2}}.

Consider the order-2 polynomial f1 (1 x 0). It can be rewritten to f 10 by using the first
rule (and the evaluation context E = f1[]). We can further apply the second rule to obtain
f10 —4 f00, because k = 1 satisfies the conditions ((i) and) (ii). In fact, if 1 € ¢ € D,
then ¢ = {1,2}; hence, the required condition holds for p = 2. Note that f00 is a ®-normal
form; the first rule is not applicable, as f00 Z} 0 by the discussion in Example 24.

The following lemma guarantees that any order-2 polynomial can be transformed to at
least one equivalent (®;);-normal form.

» Lemma 27 (existence of normal form).
1. —(a,), is strongly normalizing.

2. If P —(q,), P’ then P %(Ndn)i P,

{he,ENUF
—o

We can reduce the wqoness of jl(\lbi)i to that of by the following lemma:

» Lemma 28. ForI' = f; : o' — o,...,f, : 07" — o, (®;); € [Lic,, P(P(la])), and
(®;);-normal forms T+ P', P : o, if P <he=T P then P/ j%i)i P.
The proof is given by a simple calculation using Lemma 23 and that the given (®;);-normal
forms P’, P do not satisfy the condition for the rewriting —(4,),-

Now we are ready to prove Lemma 20.
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Proof of Lemma 20. By Lemma 22, it suffices to show that jl(\ibi)i on Pll\l’o is a wqo for each
(®:)i € [L;<,, P(P([gi])). By the Kruskal’s tree theorem, <t on P} | is a wqo, and

hence the sub-ordering jg‘e’ENUF on the subset
{P € ng | Pis a (®;);-normal form} C PII\{O

is a wqo. Therefore by Lemma 28, jl(\{bi)i on {P € PIN’O | Pis a (®;);-normal form} is a wqo.
By Lemma 27, {P € P} | P is a (®;);-normal form} and Py ; — both modulo n-equivalence
— are isomorphic (with respect to j%i)i and j?{bi)i); hence j%i)i on Plkf’o is a wqo. <

5 Conclusion

W have introduced the nAK-conjecture, a weaker version of the AK-conjecture in [2], and
proved it up to order 3. We have also proved a pumping lemma for higher-order grammars
(which is slightly weaker than the pumping lemma conjectured in [2]) under the assumption
that the nAK-conjecture holds. Obvious future work is to show the nAK-conjecture or the
original AK-conjecture for arbitrary orders. Finding other applications of the two conjectures
(cf. an application of Kruskal’s tree theorem to program termination [4]) is also left for future
work.
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