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We study the crucial role played by the solid-state environment in determining the photon emission

characteristics of a driven quantum dot. For resonant driving, we predict a phonon enhancement of the

coherently emitted radiation field with increasing driving strength, in stark contrast to the conventional

expectation of a rapidly decreasing fraction of coherent emission with stronger driving. This surprising

behavior results from thermalization of the dot with respect to the phonon bath and leads to a nonstandard

regime of resonance fluorescence in which significant coherent scattering and the Mollow triplet coexist.

Off resonance, we show that despite the phonon influence, narrowing of dot spectral sideband widths can

occur in certain regimes, consistent with an experimental trend.
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As described by Mollow, the spectrum of light scattered
from a resonantly driven two-level system (TLS) depends
crucially on the relative size of the laser driving strength
to the TLS radiative decay rate [1]. For weak driving, the
light is predominately coherently (or elastically) scattered,
resulting in a single (delta function) peak in the emission
spectrum at the laser frequency. At larger driving strengths,
however, coherent scattering is strongly suppressed, and
the emission becomes dominated by incoherent (inelastic)
scattering from the TLS-laser dressed states [2]. This
results in a triple-peak structure in the spectrum, known
as the Mollow triplet.

Whereas these fundamental predictions have long been
confirmed in the traditional quantum optical setting of
driven atoms [3], more recently interest has turned to their
observation in solid-state TLSs (artificial atoms) such as
semiconductor quantum dots (QDs) [4–10], single mole-
cules [11], and superconducting circuits [12]. In the par-
ticular case of QDs, many of the archetypal features of
atomic quantum optics have now been demonstrated, such
as resonance fluorescence [4–10], coherent population
oscillations [7,13–15], photon antibunching [16,17], and
two-photon interference [18–20]. Aside from being of
fundamental interest, these observations also pave the
way towards using QDs as efficient single-photon sources
[21–24] and for other quantum technologies [25].

Thus, under appropriate conditions, the emission prop-
erties of a driven QD can bear close resemblance to the
more idealized case of a driven atom in free space. QDs are,
nevertheless, unavoidably coupled to their surrounding
solid-state environments. For coherently driven (ground
state) excitonic transitions in typical arsenide QDs, cou-
pling to acoustic phonons has been demonstrated to domi-
nate the QD-environment interaction [14,15], leading to the
appearance of an excitation-induced dephasing contribution
with a rate that varies with the square of the Rabi frequency

(dot-laser coupling strength) [9,14,15,26]. This driving de-
pendence is theoretically understood as resulting from pho-
nons that induce transitions between the dressed states of
the QD at the Rabi energy [26–29], making it the relevant
energy scale in the three-dimensional phonon environment.
We shall show here that such transitions can lead to QD

emission characteristics that deviate fundamentally from
the well-established quantum optical behavior outlined
above. Specifically, we investigate the competition between
photon emission and phonon effects in both the coherent
and incoherent scattering properties of a drivenQD [30–34].
As our main result, we show that in the presence of phonon
coupling the coherent contribution to the QD resonance
fluorescence can actually increase with driving strength,
in a striking departure from the conventional behavior in
the atomic case. This stems from phonon transitions driving
thermalization among the dot dressed states in the system
steady state, an effect that arises naturally in our micro-
scopicmodel of the phonon bath but cannot be captured by a
simplified treatment in terms of a phenomenological pure
dephasing process. As the total scattered light is limited
by the photon emission rate, a corresponding decrease of
incoherent emission occurs in the same regime, a trend
which a standard quantum optics treatment is again unable
to reproduce. We also find that, in an appropriate parameter
regime, our model predicts a narrowing of the Mollow
sidebands as the QD-laser detuning is increased, consistent
with recent experimental observations [9].
We model the QD as a TLS with ground state j0i and

excited (single exciton) state jXi, split by an energy @!0.
The dot is driven by a laser of frequency!l, with Rabi freq-
uency �, and coupled to two separate harmonic oscillator
baths to account for both phonon interactions and sponta-
neous emission into the radiation field. In a frame rotating at
frequency!l and after a rotating wave approximation on the
driving term, our Hamiltonian takes the form (@ ¼ 1)
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where � ¼ !0 �!l is the QD-laser detuning, �þ¼jXih0j
(�� ¼ �y

þ), �x ¼ �þ þ ��, and H.c. denotes the
Hermitian conjugate. The phonon bath is represented by

creation (annihilation) operators byk (bk) for modes with

frequency !k, which couple to the QD with strength gk.

The photon bath is similarly defined, with operators ayq (aq),
frequencies �q, and couplings hq.

Obtaining an equation of motion for the QD dynamics
can be achieved in various ways, such as through master
equations of weak coupling [26,27], polaron [29–31,35],
and variational type [36] as well as by several numerical
methods [28,37,38]. For our purposes, master equations
are particularly attractive since, with use of the quantum
regression theorem [2], they can readily be applied to
investigate emitted field correlation properties [30,31].
Thus, we opt here to extend the variational approach of
Ref. [36] to include the photon bath, in order to calculate
field correlations, as it is limited neither to weak phonon
coupling nor to the small driving limit of polaron theory.

To the full Hamiltonian, we apply a QD-state-dependent
phonon displacement transformation HV ¼ eVHe�V , with

V ¼ jXihXjPkðFð!kÞ=!kÞðgkbyk � g�kbkÞ. The magni-
tudes of the displacements are chosen to minimize a free
energy bound on the resulting interaction terms in HV [39].
Applying the time-convolutionless projection operator tech-
nique to second order in the transformed frame, we find a
master equation of the form (Supplemental Material [40])

_� V ¼� i

2
½��zþ�r�x;�V�þKphð�VÞþKspð�VÞ: (1)

Here, �V ¼ TrBðeV�e�VÞ, with � the complete density
operator, is the reduced state of theQDTLS in the variational
frame, � ¼ � þ R1

0 Jphð!Þ!�1Fð!Þ½Fð!Þ � 2�d! and

�r¼�exp½�ð1=2ÞR1
0 Jphð!Þ!�2Fð!Þ2 cothð�!=2Þd!�,

with temperature T ¼ 1=ðkB�Þ, are the phonon renor-
malized detuning and Rabi frequency, respectively,
whereas Kspð�VÞ ¼ �1ð���V�þ � ð1=2Þf�þ��; �VgÞ
accounts for spontaneous emission. The variational factor

Fð!Þ ¼ ½1�ð�=�Þ tanhð��=2Þ�½1�ð�=�Þ tanhð��=2Þð1�
ð�2

r=2�!Þcothð�!=2ÞÞ��1, with �¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2þ�2

p
, is bounded

between zero (for no transformation) and unity (for
the polaron transformation), and the QD-phonon
spectral density is usually parametrized by Jphð!Þ ¼
	!3 exp½�ð!=!cÞ2� for coupling to acoustic phonons
[14,15]. The term Kphð�VÞ, defined in full in the

Supplemental Material [40], contains all phonon effects
other than those included in � and �r, representing the
various processes induced by phonon interactions, such as
pure dephasing, phonon emission, and absorption.
We characterize the QD photon emission through

the steady-state first-order field correlation gð1Þð
Þ ¼
limt!1h�þðtÞ��ðtþ 
Þi. The coherent contribution,

defined as gð1Þcoh ¼ lim
!1gð1Þð
Þ, is related to the off-

diagonal elements of the QD density operator in the steady

state, gð1Þcoh ¼ j�0Xj2, and is thus a direct consequence of

nonvanishing QD coherence. The incoherent contribution

is then given by gð1Þincð
Þ ¼ gð1Þð
Þ � gð1Þcoh, which determines

the incoherent QD emission spectrum via Sincð!Þ /
ð1=�ÞRe½R1

0 eið!�!lÞ
gð1Þincð
Þd
�.
Enhanced coherent scattering.—We begin our analysis

by investigating the emission properties of the QD when
driven on resonance with the polaron-shifted transition
frequency [�Fð!Þ!1 ¼ 0]. We are interested in examining

the detailed effects induced by the coupling to phonons
as the driving strength is varied. In particular, we would
like to explore deviations from the phenomenological—
though often employed and standard in quantum optics
[2]—treatment of environmental interactions (beyond
radiative decay) as giving rise simply to sources of pure
dephasing. In fact, we find that the full phonon
influence can only be represented by a pure dephasing
form (Supplemental Material [40]), Kphð�VÞ �
ð1=2Þ�PDð�z�V�z � �VÞ, for weak resonant driving
strengths satisfying �< kBT <!c, consistent with ex-
perimental results in this regime [5,7,9,14,15]. Here, the

rate reduces to that given by polaron theory [29,30], �PD ¼
ð�r=2Þ2

R1
�1 cosð�rsÞðeðsÞ � e�ðsÞÞds, where ðsÞ ¼R1

0 Jð!Þ!�2ð cosð!sÞ cothð�!=2Þ � i sinð!sÞÞd!, while

Fð!Þ ! 1 in Eq. (1). Within this limit, we can derive an

analytic expression for gð1Þð
Þ, giving

gð1Þincð
Þ ¼
�2

r

2�2
r þ 2�1�2

�
1

2
e��2
 þ e�1=2ð�1þ�2Þ
ðN cosð�
Þ �M sinð�
ÞÞ

�
; (2)

where �2 ¼ ð1=2Þ�1 þ �PD, � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

r � ð1=4Þð�1 � �2Þ2
p

,
N ¼ ½�2

r � �1ð�1 � �2Þ�=ð2�2
r þ 2�1�2Þ, and M¼

½�2
rð�2�3�1Þþ�3

1�
2
2ð��1

1 ���1
2 Þ2�=½4�ð�2

rþ�1�2Þ�, and

gð1Þcoh ¼
�

�1�r

2�1�2 þ 2�2
r

�
2
: (3)

Note that in the pure dephasing model, gð1Þcoh ! 0 if �r is
allowed to become large, precisely as in the atomic case.
In fact, Eqs. (2) and (3) are essentially the standard

atomic gð1Þ expressions when extended to include pure
dephasing [5,7]. The only difference here is that we explic-
itly include a driving-dependent pure-dephasing rate
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�PD ��2
r (for ��r, �r=!c � 1) and that the driving is

itself renormalized by phonons through �r. While both
of these features are important to approximate the full
dynamics, neither will give rise to the kind of pronounced,
phonon-induced deviations from standard atomic behavior
in which we are interested.

To exemplify the breakdown of the pure-dephasing

model, in Fig. 1 we plot gð1Þð
Þ calculated using the full
variational theory (solid blue curves) and calculated using
Eqs. (2) and (3) (black dashed curves). As expected,
for weaker driving, �< 0:1 ps�1, the pure dephasing
model gives a good approximation to the full theory.
Nevertheless, as the driving strength is increased, signifi-
cant discrepancies soon become apparent. In particular,
from the different long-time values approached when
��0:33ps�1, we conclude that the coherent contribution
surprisingly becomes important in this regime and that this

feature is not captured by the pure dephasing approxima-
tion. Indeed, when�¼4ps�1, the full phonon theory gives

gð1Þcoh � 0:25, in clear distinction to the pure dephasing case.
That Eqs. (2) and (3) cannot capture these effects signi-

fies that above a driving strength of�� 0:1 ps�1 (for these
realistic parameters), the field correlation properties of the
QD emission fundamentally depart from the atomic case.
At driving above saturation, photons mediate transitions
between manifolds of the dot-laser dressed states, while
phonons mediate transitions between dressed states in a
single manifold. Hence, photon emission acts in this regime
to completely suppress QD coherences in the steady state,
whereas phonons drive thermalization among the dressed
states, thus leading to QD steady states with non-negligible
coherence. When phonon processes dominate over photon
emission, as in the strong-driving regime, we then find that
the level of coherent emission correspondingly grows.
Though the pure dephasing model correctly captures the
fact that phonon-induced damping remains driving depen-
dent across the full parameter range, it fails here because
it does not lead to the correct equilibration of the QD with
the phonon bath. In this regard, it assumes a high tempera-
ture limit with respect to the driving strength, and thus the
quantum nature of the environment is lost.
For resonant driving, we can (approximately) rectify this

by the modificationKphð�VÞ� ð1=2Þ�PDð�z�V�z��VÞþ
ði=4Þ�½�y;f�z;�Vg�, where � ¼ ð�r=2Þ2

R1
�1 sinð�rsÞ�

ðeðsÞ � e�ðsÞÞds, such that �=�PD ¼ tanhð��r=2Þ. We
now find

gð1Þcoh ! Gð1Þ
coh ¼

�
�1�r

2�1�2 þ 2�2
r

�
2 þ

�
�r�=�

�1 þ 2�PD

�
2
; (4)

where the first term is precisely the contribution in the
strict pure-dephasing case [see Eq. (3)], which quickly
becomes negligible for large �r. Conversely, the second
term, now arising due to equilibration with the quantum
mechanical phonon bath, becomes important as �r

increases. To see this, we note that once�r is large enough

such that �1 � �PD, we can approximate Gð1Þ
coh �½�r tanhð��r=2Þ=2��2. In the upper three plots of

Fig. 1, increasing the driving moves the QD from an
effective high-temperature regime, where ��r � 1 and

Gð1Þ
coh � 0, to an effective low-temperature regime, where

��r 	 1 and Gð1Þ
coh � ð�r=2�Þ2. These observations are

borne out in the lower part of Fig. 1, where we plot the
coherent, incoherent, and total scattering as a function of
�. The lower left plot shows the region close to the origin,
the only regime in which the pure dephasing model pre-
dicts a non-negligible level of coherent emission. From
the lower right plot, we see also that as the total scattering
is fixed at strong driving, the incoherent contribution
decreases in our full phonon model as the coherent con-
tribution increases. Again, this is not captured by the pure
dephasing treatment. In fact, this represents a hitherto
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FIG. 1 (color online). Upper three plots: First-order field cor-
relation function for various driving strengths, as indicated,
calculated from the full variational theory (blue solid curves)
and the pure dephasing approximation of Eqs. (2) and (3) (black
dashed curves). The rightmost parts show enlargements of the

long-time behavior. Lower plots: Coherent (gð1Þcoh), incoherent

(gð1Þinc), and total (g
ð1Þ) scattering as a function of driving strength,

calculated using the full (blue solid curves) and pure dephasing
(black dashed curves) theories. The total scattering is indistin-
guishable on this scale between the two models. However, the
left plot shows the only region where the pure dephasing model
gives a non-negligible coherent contribution, close to the origin;
i.e., in the pure dephasing case, all light is incoherently scattered

in the right plot. Shown also is gð1Þcoh calculated from Eq. (4)

(orange dotted curve). Parameters: T1 ¼ 700 ps, 	 ¼ 0:027 ps2,
!c ¼ 2:2 ps�1, and T ¼ 4 K.
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unexplored regime of resonance fluorescence at strong
driving, in which both significant coherent scattering and
a well-defined Mollow triplet can coexist.

QD resonance fluorescence experiments are usually per-
formed at Rabi frequencies up to around 25 GHz (� ¼
0:16 ps�1), at which point the coherent fraction is of order
1% from our full phonon model, compared to 0.01% in the
pure dephasing model (for the parameters of Fig. 1). Upon
a fourfold increase of �, around 15% of the light is then
coherently scattered in the full model, compared to less
than 0.0003% in the pure dephasing case. Upon a reduction
of the temperature to 2 K, the coherent fraction could be
increased to about 35% at this driving strength.

Spectrum.—We now turn our attention to the QD emis-
sion spectrum, concentrating on cases where the incoher-
ent contribution dominates (i.e., relatively weak driving),
and Eq. (2) is thus approximately valid on resonance. From
a Fourier transform of Eq. (2), we find that the resonant
Mollow sideband widths are determined by �1 þ �2 ¼
ð3=2Þ�1 þ �PD, with approximate positions 
�r. We
therefore expect a systematic broadening and splitting
with increasing driving strength [9,30]. Off resonance,
we might then also expect sideband broadening and split-
ting with increasing detuning � (for fixed �) if we were to

replace �r with the generalized Rabi frequency �0
r ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2
r þ �2

p
[9], leading to similar trends for increasing �

as for �. However, the experiments of Ref. [9] showed a
systematic narrowing of the Mollow sidebands with
increasing detuning, leaving open the question as to why
this might be the case.

In fact, off resonance the expressions for the spectrum
become significantly more complicated than in the reso-
nant case, and the above simple reasoning does not hold.
To illustrate this, in Fig. 2, from top to bottom, we plot the
incoherent emission spectrum, extracted sideband split-
ting, and extracted full width at half maximum (¼ �) of
the Mollow sidebands, calculated from the full phonon
theory. In the latter two cases, the spectrum is fitted by a
sum of three Lorentzian functions of the form Lð!Þ ¼
0:5�=½ð!�!pÞ2 þ ð0:5�Þ2�. The left column corresponds

to varying the driving frequency on resonance, whereas the
right column corresponds to varying the detuning with a
fixed driving strength.

As can be seen by the sideband splittings in the middle
left plot, increasing the driving strength on resonance does,
as expected, cause the sidebands to move apart linearly
with �. Also, we see in the middle right plot that moving
off resonance appears to alter the sideband splitting in
exact accordance with the simple procedure of replacing

�r !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

r þ �2
p

. The extracted sideband widths in the
lower plots, however, reveal something quite different.
On resonance, in accordance with �PD ��2

r , we see a
systematic broadening of the sidebands with increasing
driving strength. In contrast, as we move off resonance,
we now see a systematic narrowing of the sidebands,

consistent with recent experimental results [9]. To further
confirm this point, the insets of the plots in the top row
show the red sidebands in each case plotted on top of each
other. We can gain some approximate analytical insight
into this behavior for small detuning by again considering
the pure dephasing limit. Allowing for off-resonant driv-
ing, we expand the sideband widths to second order in
the detuning, from which we find that they are determined

by ð3=2Þ�1 þ �PD � ð�= ffiffiffi
2

p
�rÞ2ð�1 � 2�PDÞ. Hence, for

�1 > 2�PD, as in Fig. 2, we expect narrowing as we detune
from resonance, whereas broadening occurs for �1<2�PD.
Note that while we do not include detailed cavity effects
here, which give rise to qualitatively different behavior
in Refs. [30,31], our results demonstrate that for a QD
TLS at least, an increase in sideband splitting off resonance
does not necessarily imply an associated phonon-induced
increase in sideband width.
Summary.—We have shown that the balance of coherent

to incoherent emission from a driven TLS can be funda-
mentally altered by environmental interactions, leading to
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FIG. 2 (color online). From top to bottom, incoherent emission
spectrum, extracted sideband splitting, and extracted sideband
width for varying driving strength on resonance (left) and vary-
ing detuning (right). The solid black curves in the emission
spectra are for � ¼ 0, and a driving strength of � ¼
0:025 ps�1 (which sets our x-axis units in the rest of the plots).
The dashed red curves are for � ¼ 0:094 ps�1 on resonance,
and � ¼ � ¼ 0:025 ps�1 off resonance (which has been en-
hanced by a factor of 5). The insets show the red sidebands
shifted and rescaled to lie on top of each other. The solid blue
curves in the middle row show the functions 2�r (left) and

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2

r þ �2
p

(right). The symbols in the bottom row correspond to
the red (� ) and blue (þ) sidebands. Parameters: T1 ¼ 400 ps,
	 ¼ 0:027 ps2, !c ¼ 2:2 ps�1, and T ¼ 10 K.
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a nonstandard regime of resonance fluorescence attainable
in solid-state emitters. In the context of driven QDs,
enhanced coherent scattering can occur with increasing
driving strength, due to thermalization in the QD steady
state with respect to the phonon bath. This mechanism is in
fact rather general and could occur for any emitter in which
the steady state becomes dominated by dressed state ther-
malization. For off-resonant driving, we have shown that
QD-phonon interactions do not necessarily lead to broad-
ening in the spectral sideband widths with increasing
detuning. In fact, narrowing can occur in certain regimes,
consistent with an observed experimental trend [9]. Again,
this behavior is not QD specific, and so we expect the
emission features outlined above to be of importance in a
wide variety of experimental settings.

During the completion of this work we became aware of
similar results for the spectral narrowing obtained inde-
pendently [41]. We thank Stephen Hughes and co-workers
for bringing these to our attention. We also thank Clemens
Matthiesen, Brendon Lovett, Erik Gauger, and Sean
Barrett for fruitful discussions. D. P. S.M. acknowledges
support from the EPSRC, CHIST-ERA project SSQN, and
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