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LEBESGUE DENSITY AND EXCEPTIONAL POINTS
ALESSANDRO ANDRETTA, RICCARDO CAMERLO, AND CAMILLO COSTANTINI

ABSTRACT. Work in the measure algebra of the Lebesgue measure on “2: for
comeager many [A] the set of points  such that the density of x at A is not
defined is Eg—complete; for some compact K the set of points x such that the
density of x at K exists and it is different from 0 or 1 is Hg—complete; the set of
all [K] with K compact is TI3-complete. There is a set (which can be taken to
be open or closed) in R™ such that the density of any point is either 0 or 1, or
else undefined. Conversely, if a subset of R™ is such that the density exists at
every point, then the value 1/2 is always attained. On the route to this result
we show that Cantor space can be embedded in a measured Polish space in a
measure-preserving fashion.

1. STATEMENT OF THE MAIN RESULTS

In this paper we study from the point of view (and with the methods) of descrip-
tive set theory, some questions stemming from real analysis and measure theory. In
order to state our results we recall a few definitions. The density of a measurable
set A at a point € X is the limit Z4(z) = lim. o u(ANB(z;¢))/u(B(z;¢)), where
p is a Borel measure on the metric space X and B(x;¢) is the open ball centered at
x of radius €. Let Shrp(A) be the collection of all points x where 0 < Z4(x) < 1,
and let Blr(A) be the collection of all points « where the limit Z4(x) does not
exist. The Lebesgue density theorem says that AA {z € X | Za(z) = 1} is null,
and hence Blr(A) U Shrp(A) is null, when (X, d, p) is e.g. the Euclidean space R”
with the usual distance and the Lebesgue measure, or the Cantor space “2 with the
usual ultrametric and the coin-tossing measure. If Blr(A) = 0, i.e. Z4(z) exists
for any x, then A is said to be solid; at the other extreme of the spectrum there
are the spongy sets, that is sets A such that there are no points of intermediate
density and there are points © where Z4(x) does not exist, i.e., Shrp(A4) = () and
Blr(A) # 0. (Examples of solid sets are the balls in R™ and the clopen sets in the
Cantor space; it is not hard to construct a spongy set in the Cantor space, but the
case of R™ is another story.) All these notions are invariant under perturbations
by a null set, so they can be defined on the measure algebra MALG(X, ).

We prove a few results on these matters. Theorem [B.14] shows that for a large
class of spaces (X,d, ), the set # of all [K] € MALG with K compact is in
F,5\ Gs,, i€ it is Hg—complete, in the logicians’ parlance. The result still holds
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for .7 the set of all [F] € MALG with F' closed. The result is first proved for the
Cantor space “2 with the usual coin-tossing measure, and then extended to the
general case by means of a construction enabling us to embed the Cantor space
into (X, p) in a measure preserving way (Theorem [B.2]). Restricting ourselves to
the Cantor space, we show that for comeager many [A] € MALG the set Blr(A)
is Gss \ Fos, i.e. 33-complete (Theorem [B.)), and that Shrp(K) is II3-complete,
for some compact set K (Theorem [6.3)). Finally we address the issue of solid and
spongy sets in Euclidean spaces: we show that if A is solid, then it has density
1/2 at some point (Corollary [7.9)), and that spongy sets exist (Theorem [7.2)).

The paper is organized as follows. Section [2] collects some standard facts and
notations used throughout the paper, while Section 4 summarizes the basic results
on the density function and the Lebesgue density theorem; these two section can
be skipped on first read. Section B is devoted to the problem of embedding the
Cantor space in a Polish space, while a characterization of compact sets in the
measure algebra is given in Section 5l Section [6]is devoted to the study of Blr(A)
and Shrp(A), while the study of solid sets in R™ and the construction of spongy
subset of R"™ is carried out in Section [1l

2. NOTATION AND PRELIMINARIES

The notation of this paper is standard and follows closely that of [Kec95; I AC13],
but for the reader’s convenience we summarize it below.

2.1. Polish spaces. In atopological space X, the closure, the interior, the frontier,
and the complement of ¥ C X are denoted by ClY, IntY, FrY, and Yt A
topological space is Polish if it is separable and completely metrizable. In a metric
space (X,d), the open ball of center x and radius » > 0 is B(z;7), with the
understanding that B(x;0) = (). The collection BOR(X) of all Borel subsets of
X is stratified in the Borel hierarchy X2 (X), TI2(X), A2(X), with 1 < a < w;.
Namely: XY is the collection of open sets, X is the collection of sets | J, A, with
A, € H%n and 3, < a, and II? = {AC | Ae =2}, We also set A) = =) NIID.
Thus AY are the clopen sets, ITY are the closed sets, 39 are the F, sets, IT) are
the Gy sets, Hg are the F 4 sets, and so on. The collections of all compact and of
all o-compact subsets of X are denoted by K(X) and K,(X), respectively. If X
is Polish, then K(X) endowed with the Vietoris topology is Polish.

A function f: X — Y between Polish spaces is of Baire class ¢ if the preimage
of any open U C Y is in X9 +¢- The collection of all Baire class ¢ functions from
X to Y is denoted by %¢(X,Y) or simply by % when X and Y are clear from
the context.

A measurable space (X,S) consists of a g-algebra S on a nonempty set X.
A measurable space (X, S) is standard Borel if S is the o-algebra of the Borel
subsets of X, for some suitable Polish topology on X.
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2.2. Sequences and trees.

2.2.1. Sequences. The set of all functions from J to I is denoted by “I. The
set <“I = |J, "I is the set of all finite sequences from I, and =“I = <“J U“J.
The length of # € =“I is the ordinal lh(z) = dom(x). The concatenation of
s € Y] with © € =“[ is s"2 € =¥] defined by s"z(n) = s(n) if n < lh(s),
and s"x(n) = x(i) if n = ¢ + lh(s). We often blur the difference between the
sequence (i) of length 1 with its unique element ¢ and write ¢4 instead of ¢~ (i).
The sequence of length N < w that attains only the value i is denoted by i™).

2.2.2. Trees. A tree on a nonempty set [ is a ' C <“I closed under initial seg-
ments; the body of T'is [T] = {be“I |Vn€w((bneT)}. A tree T on [ is
pruned if Vt € T3s € T (t C s). The set [T] is a topological space with the
topology generated by the sets
N =No={zell]|z21}
with ¢ € T'. This topology is induced by the metric dr(x,y) = 27" where n is least
such that z(n) # y(n). This is actually a complete metric, and an ultrametric, i.e
the triangular inequality holds in the stronger form d(z, z) < max {d(z,y), d(y, z)}.
Therefore [T is zero-dimensional, i.e. it has a basis of clopen sets. A nonempty
closed subset of [T'] is of the form [S] with S a pruned subtree of T'. If T' is a tree
on a countable set I, then [T is separable, and therefore it is a Polish space.
The localization of X C <“J at s € <“[ is

XLSJ = {tE swr I SAtEX}.
Thus if A C“I then s”Aj;; = AN N, where X = [*“I]. Note that if T is a tree
on [ and ¢t € T, then [T}] = [T 4)-
A function ¢: S — T between pruned trees is
e monotone if s; C s9 = (s1) C p(s2),

e Lipschitz if it is monotone and lh s < lh¢(s),
e continuous if it is monotone and lim, lh p(x[n) = oo for all x € [5].

If ¢ is Lipschitz then it is continuous, and a continuous ¢ induces a continuous
function

Jor [S]= 111, folz) =Jelaln),

and every continuous function [S] — [T arises this way. If ¢ is Lipschitz, then f,
is Lipschitz with constant < 1, that is dr(f(x), f(y)) < ds(z,y), and every such
function arises this way. These definitions can be extended to similar situations.
For example, letting <“*“I =, "*"I, we say that ¢: ~“*“I — T is Lipschitz if

VnV¥m < nVa € "I (p(am xm) C ¢(a)).

Such ¢ defines a continuous map from the space “*“I (which is homeomorphic to
“I) to [T].
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2.3. The Cantor and Baire spaces. The Cantor space “2 is the body of the
complete binary tree <“2. A subset of a separable metric space is a Cantor set
if it is nonempty, compact, zero-dimensional, and perfect (i.e. without isolated
points). By a theorem of Brouwer’s [Kec95, Theorem 7.4] every Cantor set is
homeomorphic to “2, whence the name. The typical example of such set is E 3,
the closed, nowhere dense, null subset of [0; 1] usually known as Cantor’s middle-
third set. See Section [3] for more examples of Cantor sets.

The Baire space “w is the body of <“w. If T' is pruned, then [T] is compact iff
T is finitely branching, and therefore every compact subset of “w has empty interior.
The Baire set is homeomorphic to [0; 1]\D, where D = {k-27" |0 < k < 2" An € w}
is the set of dyadic numbers, via the map

(1) G:“w— [1\D,  {G(x)} =()I(zIn)

where the I(s) (for s € <“w) are the closed intervals with endpoints in D) defined
as follows: I(0) = [0;1], and if I(s) = [a; )], then

I(s°k) = b—(b—a)27%b— (b—a)27%1 iflhsis odd,
e+ (—a)2Fa+ (b—a)27* iflhsis even,

see [Lev02, Chapter VII, §3]. By Cantor’s theorem D\ {0, 1} is order isomorphic to
any countable dense set D C R, and hence there is a homeomorphism (0;1) — R
that maps (0;1) \ D onto R\ D. In other words, “w is homeomorphic to R\ D
where D is countable dense set; in particular, it is homeomorphic to the set of
irrational numbers.

2.4. Measures. A measure space (X, S, i) consists of a o-algebra S on a nonempty
set X and a c-additive measure p with domain §. We always assume that p is
nonzero, that is u(X) > 0. Given a measure space (X, S, i) we say that p is non-
singulan] or diffuse if p({z}) =0 for all x € X it is a probability measure if
pw(X) =1, it is finite if 4(X) < oo, it is o-finite if X = J, X,, with X,, € S and
p(Xy) < oco. Following Carathéodory, S can be extended to MEAS,,, the o-algebra
of p-measurable sets, and the measure can be uniquely extended to a measure
(still denoted by ;) on MEAS,. A set N € MEASs,, is null if 4(N) = 0, that is if
there is A € S such that N C A and p(A) = 0. A set A € MEAS,, is nontrivial
if A, A® ¢ NuLL,.
For A, B € MEAS, set AC, B u(A\ B) =0, and

A=, B&AC, BANBC, A& u(AAB)=0.

In the literature these measures are also called non-atomic or continuous, but in this paper
the adjective continuous is reserved for a different property (Definition 21).
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Taking the quotient of MEAS, by the ideal NULL, or equivalently by the equiva-
lence relation =,, we obtain the measure algebra of

—.
MEaAs, S
NuiL, SNNuLL,’

MALG(X, u) =

which is a boolean algebra. (Whenever possible we will drop the mention to X
and/or u in the definition of measure algebra.) The measure p induces a function
on the quotient

fi: MALG — [0 40c],  ([A]) = u(A).

We often write p([A]) or p[A] instead of i([A]). The set MALG,, is endowed
with the topology generated by the sets By, = {[B] | u(AA B) < r} for [A] €
MALG and r > 0. When  is finite, this topology is metrizable with the distance
0([A], [B]) = u(A A B), and therefore By, = B([A];r).

A Borel measure on a topological space X is a measure ;1 defined on BOR(X),
the collection of all Borel subsets of X; we say that p is fully supported if
uw(U) > 0 for all nonempty open set U. A Borel measure is inner regular
if w(A) = sup{u(F) | F C AANF isclosed}; it is outer regular if p(A) =
inf{u(U) | U D AAU isopen}. A finite Borel measure on a metric space is
both inner and outer regular. A Borel measure is locally finite if every point
has a neighborhood of finite measure; hence in a second countable space a locally
finite measure is automatically o-finite. A Radon space (X, ) is a Hausdorff
topological space X with a locally finite Borel measure which is tight, that is
p(A) =sup{u(K) | K CAANK € K(X)}. A metric measure space (X, d, ) is
a metric space endowed with a Borel measure; if the underlying topological space
is Polish we will speak of Polish measure space. Every finite Borel measure on
a Polish space is tight. In this paper, unless otherwise stated, we work in a fully
supported, locally finite metric measure space. The space MALG,, is Polish when
X is Polish and p is Borel and finite. If moreover y is a non-singular, probability
measure on X then MALG,, is isomorphic to the measure algebra constructed from
the Lebesgue measure A on [0; 1] [Kec95, Theorem 17.41].

If 41 is nonsingular, then lim. o u(B(z;€)) = 0, for all z € X. The next definition
strengthens this fact.

Definition 2.1. Let (X, d, 1) be fully supported, locally finite metric masure space.

Then p is

e continuous if for all z € X the map [0;+00) — [0;+o0], r — u(B(z;71)), is
continuous,

e uniform if u(B(z;r)) = u(B(y;r)) for all x,y € X, i.e. if the measure of an
open ball depends only on its radius.

The Lebesgue measure on R” is the typical example of a continuous and uniform
measure. If a measure is continuous, then a much stronger form of continuity holds.
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Lemma 2.2. If p is continuous, then the function
B: X x [0;400) — MALG, (z,7) — [B(x,r)]

is continuous. In particular the map X X [0; +00) — [0; +00], (z,7) — pu(B(x, 7))
18 continuous.
Proof. Fix (z,7) € X X [0;4+00), in order to prove continuity of B in (z,r). Fix
also € € [0; +00). There is 0 € [0;+00) such that

vr' € [0;+00) (Ir = r'| <6 = [u(B(xz; 7)) — p(B(x; 7)) <e).
Let (2/,7") € X x [0;400) with d(z,2') < §/4 and |r —¢/| < §/4. If r > £, then

B(z;r — g) C B(z;r' —2) CB(2/;r') C B(a;r' +2) CB(a;r + 2),
p(B(x;r) AB("s 7)) = p(B(; ) \ B(«s 7)) + p(B(z’; 7)) \ B(w; 7))
< u(B(@;7) \ B(air — 3)) + u(B(a;r + 3) \ B(;7))
< 2e.
On the other hand, if r < 2, then B(2';7') C B(x;r + 2) as well, so
p(B(x;r) AB(; )) p(B(a;r) \ B(a'; ) + p(B('; ') \ B(z; 7))

p(B(x; 1) + p(B(z;r + 5) \ B(w; 7))
<2€. O

Using an argument as in Lemma one can prove
Lemma 2.3. The function B from LemmalZ.2 is uniformly continuous if
Ve > 038 >0Ve € XVr,r’' > 0(|r—1'| <= |uB(z;r) — u(B(z;r))| <e).

2.4.1. Measures on the Cantor and Baire spaces. A zero-dimensional Polish space
can be identified, up to homeomorphism, with a closed subset of “w. Let T" be
a pruned tree on w; a locally finite Borel measure p on [T] C “w is completely
described by its values on the basic open sets INy with s € T', so it can be identified
with a map
w: T — [0; M]

where M = pu([T]) < +oo, and such that w(@) = M, T,o = {t € T | w(t) = oo} is
a well-founded (possibly empty) tree, and for all t € T\ T,

wt)= Y w(t™i).
trieT icw
Thus if the measure is finite then T,, = (). If we require the measure to be fully
supported, just replace in the definition above [0; M| with (0; M]. The measure is
non-singular just in case

lim w(z[n) = 0.
n—o0
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The Lebesgue measure € on “2 is determined by w: <“2 — (0; 1], w(s) = 271,
it is also known as the Bernoulli or coin tossing measure. The Lebesgue
measure 5 on “w is determined by w: <*w — (0;1], w(s) = [Ticmes) 27s0)—1,
Both p© and uP are non-singular, and neither is continuous, as the next result
shows. The reasons for tagging u© and pP with the name “Lebesgue” is that they
are induced by the Lebesgue measure on R via suitable embeddings—for p® apply
G: “w — [0;1] of (@), and for u© see Example B.11

Proposition 2.4. Let T' be a pruned tree on w, and let p be a locally finite, non-
singular, fully supported Borel measure on [T]. Then for each x € [T] the set of
discontinuity points of r — uw(B(x;r)) accumulates to 0.

Proof. Let w: T — [0, 00] be the map inducing p. As p is fully supported and non-
singular, then [T] has no isolated points and Vs € T3t € T'(s C t Aw(s) > w(t)).
Thus for each x € [T] and each n such that w(xz[n) < 400 and [ n has more than
one immediate successor in 7T,

w(zfn) = lm u(B(z;€)) > p(B(2;27)) = wlzln+1). 0

In particular, Proposition 2.4 applies to u© and uP.

3. CANTOR SETS

3.1. Cantor-schemes. A Cantor-scheme in a metric space (X, d) is a system
(Ug | s € <“2) of nonempty open subsets of X such that

e Cl(Uy~;) C U, for all s € <“2 and i € {0, 1},

o Cl(Usg) NCl(Ugny) = 0.
If it also satisfies

o lim, . diam(U,,) = 0, for all z € “2,
we say that it has shrinking diameter. A Cantor-scheme of shrinking diameter
in a complete metric space yields a continuous injective F': “2 — X

(2) F(z) = the unique point in ﬂ Cl(Uspn)-

Thus ran F' is a Cantor subset of X. Conversely, if F': “2 — K C X witnesses that
K is a Cantor set, then there is a Cantor-scheme of shrinking diameter that yields
K: let Uy = X, and for each s € <“2 let Ky = F(Ng) and let Uy~; = B(K,~;;75/3)
where 7y = d(K 4, Ko~1).

Ezample 3.1. Fix €, > 0 such that ) > 2", = 1, and consider (U, | s € <“2),
the Cantor-scheme on R defined as follows: each Uy is an open interval (as;bs)
with ag = 0, by = 2, and

Ag~o = As, bs“O - (as + bs - Elhs)/27 Ag~1 = (a's + bs + glhs)/za bg“l - bs~
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In other words, U~y and U,~; are obtained by removing from Uy a closed centered
interval of length e, ;. This scheme has shrinking diameter, so we obtain a Cantor
set K C [0;2]. Note that for this Cantor scheme the function F', defined as in (2), is
measure preserving between “2 with 4¢ and K with the induced Lebesgue measure
A

Cantor-schemes on R can be generalized by using ternary sequences instead
of binary ones. Let (K, I7, I} | s € ¥{—1,0,1}) be such that K, = [a,;b,]

Sy+sg 1 +s

and I = (¢;;dy), IT = (¢f;df), with as < ¢; < dy < ¢f < df < bs and

s 1S s s

Koc1y = las;c5], Ke~o) = [dy;ct], and Kgqy = [df;bs]. In other words, the
intervals K~y with i € {—1,0,1} are obtained by removing from K, two open

intervals I; and . Let

K™ = U K, and K = ﬂ K™,

s€™{-1,0,1} n€w

We dub this a triadic Cantor-construction. Note that K is the disjoint
union of the closed intervals K, for s € "{—1,0,1}; in other words these K, are
the connected components of K. We say that this construction has shrinking
diameter if lim, 00| K,1n| = 0 for all z € “{—1,0,1}, and in this case we have a
homeomorphism just like in (2)), that is F': “{—1,0,1} — K, F(z) = the unique
element of (N, K. Since “2 and “3 are homeomorphic, this is just a Cantor-
construction in disguise.

If the triadic Cantor-construction is of non-shrinking diameter, a map like in (2))
is undefined, and the map “{—1,0,1} — K(R), z — [, ., K= is not continuous.
On the other hand, regardless whether the Cantor-construction is of shrinking
diameter, there is a continuous surjection

(3) G: K —»“{-1,0,1}, K>z G(x): w—{-1,0,1}
defined as follows: if K, is the connected component of K™ to which = belongs,
G(z)(n) =1 & v € Koy

Note that the connected components of K are the [ K, for z € “{—1,0,1}.
In Section [7.1] we define a spongy subset of R via a triadic Cantor-construction of
non-shrinking diameter.

3.2. Embedding the Cantor set in a measure preserving way. A basic
result in Descriptive Set Theory states that an uncountable Polish space contains
a Cantor set. The next result shows that the embedding can be taken to be
measure-preserving.

Theorem 3.2. Suppose i and v are nonsingular Borel measures on a Polish space
(X,d) and on the Cantor set “2, respectively. Suppose also v is fully supported,
and that

(%) Y € Bor(X) (v(*2) < u(Y) < 00).
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Then there is a continuous injective H: “2 — X that preserves the measure.

The assumption (%) holds when p is o-finite and v(“2) < pu(X). The proof of
Theorem is based on a simple combinatorial fact, which can be formulated
as follows: if we have empty barrels of capacity bq,...,b, and sufficiently small
amphore of capacity ay, ..., a,, so that a;+---+a,, < by +---+b,, it is possible to
pour the wine of the amphorae into the barrels so that the content of each amphora
is poured into a single barrel.

Lemma 3.3. Let 0 < a < b and 0 < A < B be real numbers.

(a) For all by,...,b, > 0 such that b = by + --- + b, there is an r > 0 with the
following property: for all 0 < ay,...,a, < r such that a = ay + -+ + a,
there are pairwise disjoint (possibly empty) sets Iy U---UI, = {1,...,m} such
that for allk =1,...,n

(4a) Zai < by.
i€l
(b) Forall Ay, ..., Axy > 0 such that A = A;+-- -+ Ay there is an R > 0 with the
following property: for all0 < By, ..., By < R such that By +---+ By = B,
there are pairwise disjoint nonempty sets JyU---UJy = {1,..., M} such that
forallk=1,...,N

JE€Jk
Moreover the Jys can be taken to be consecutive intervals, that is there are nat-

ural numbers jo =0 < j1 < -+- < jny = M such that Jy = {jr—1+1,..., jx}-

Proof. @Given bi,..., by, let r = (b—a)/n. Suppose we are given 0 < ay, ..., a, <
r. By induction on k, construct pairwise disjoint sets I, C {1,...,m} that are
maximal with respect to (4al), and let I = I, U---U1,. If I # {1,...,m}, then by
maximality of I,

so we would have

b:Zbk < (b—a)+Zai < (b—a)+2ai =b—a+a=0b,
k=1 iel i=1
a contradiction.

[(b)] The proof is similar to the one of[(a)] If N =1 there is nothing to prove, so
we may assume otherwise. Given Ay, ..., Ay, let R = (B — A)/(N —1). Suppose
we are given 0 < By, ..., By, < R. By induction on £, we shall construct jo = 0 <
J1 < -+ < jn = M such that each Jy = {jr_1+1,..., i} satisfies (4L, and it is
least such, except possibly the last one jy. The definition of j; is clear: it is the
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least j < M such that Y ;_, B, > A;, and such number exists since 4; < A < B.
We must show that the other jis exist, i.e. that the construction does not break-
down before step N. Towards a contradiction, suppose 1 < N < N is least such
that jy.q is not defined. By construction Ay + R > ZieJk B; for all K < N, and

therefore
N N -
> Ay>> Bi—NR,
k=1 i=1

and by case assumption Az, > Zz]\imﬂ B;, if j5 < M. Then

N+1 M
A>Y A>> Bi~NR>B-(N-1)R=A4,
k=1 =1

a contradiction. O

We now turn to the proof of Theorem The Cantor scheme construction with
shrinking diameters guarantees that there is a continuous embedding f: “2 — X,
but the map f need not be measure preserving—in fact it can happen that f(“2)
is p-null. Of course we could modify the Cantor scheme by using Borel subsets of
X of appropriate measure, but then we would have no control on the diameters
of these Borel sets. The cure is to carefully mix these two approaches, so that the
construction succeeds.

Proof of Theorem[3.3. We claim it is enough to prove the result when v(¥2) <
u(X) < +o0. In fact if Y € Bor(X) and v(“2) < u(Y) < 400 then there is a
finer topology 7 on X so that Y with the topology induced by 7 is Polish [Kec95,
Theorem 13.1], so that any continuous injective measure preserving map H: “2 —
(Y, 7) is also continuous as a function H: “2 — X when X is endowed with the
original topology. Therefore we may assume that

V(#2) < p(X) < +oo.

By a result of Lusin and Souslin [Kec95, Theorem 13.7], X is the continuous
injective image of a closed subset of the Baire space, so we may fix a pruned tree
T on w and a continuous bijection f: [T] — X. To avoid ambiguity we write

N, ={z€[T]|tC 2}, N,={z€“2|sCz}

to denote the basic open neighborhood of [T] and of “2 determined by ¢t € T and
s € <“2. The measure p together with f induces a measure ' on [T] defined by

() = p(f(ING)),
and by tightness, there is a pruned, finite branching 7" C T such that v(¥2) <
/' ([T']). Without loss of generality we may assume 7" is normal, that is the
set of successors of t € T" is {t"(i) | i <n} for some n € w. Therefore, it is
enough to show that there is an injective, continuous g: “2 — [T”], such that
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v(Ng) = i/ (g(INy)), for all s € <“2 since then fog: “2 — X would be injective,
continuous, and it follows that f o g is measure-preserving, as required. Therefore,
it all boils-down to prove that:

If T is a pruned, normal, finitely branching tree on w, and u: <“2 —
(0; +00) and w: T'— (0; +00) induce fully supported, nonsingular,
Borel measures v on “2 and p on [T, respectively, such that u(0) =
v(“2) < pu([T]) = w(D), then there is a continuous ¢: <“2 — T such
that the induced function f,: “2 — [T7] is injective and v (IN;) =

Suppose we are given T, v and w as above. The function ¢: <“2 — T is first
defined on | J,,, L9 for some suitable increasing sequence (L), and then extended
to all of <“2 by requiring that when Ly < lhs < Ly,1, then ¢(s) = p(s| Lg).

We require that

s €2 = p(s) € Levy, (T) & {t € T | In(t) = M},

where (My);, is a suitable increasing sequence. The function f, will be injective,
but the same need not be true of the map ¢: even if x| Ly # y[ Ly one might
need to reach a much larger L,, in order to witness p(x| L,) # ©(y| L,) and hence

fo(x) # fo(y). For each t € p(**2) = {p(s) € M2 | s € L+2} let
Ai(t) = {s € 2] p(s) = t}

so that {Ax(t) | t € p(**2)} is the partition of “*2 given by the fibers of .
Set (@) = 0, Ly = My = 0 and let &y be a positive real such that u(0) < w(f) <
Fix k € w and suppose that L, My, and J, have been defined, together with
the values o(s) for all s € #2, and suppose that for every t € p(*+2),

(5) > uls) <w(t) <o+ Y uls).

sEAR(t) s€A(t)

The goal is to define Ly i, M1, 0p41 and the values ¢(s) € Levyy,,, (T) for
s € 12 Let 84y = 2725k, (The actual values of the d;s are only used in
Claim [3.3.4] to certify that f, is measure preserving, and play no significant role
in the construction of ¢.)

Claim 3.3.1. Let R > 0. Then there is M such that w(t) < R for allt € Levy (T).
Moreover, this relation implies that VM' > MVt € Levyp (T) (w(t) < R).
Similarly, IM Vs € M2u(s) < R, thus YM' > M Vs € ™2 (u(s) < R).

Proof. Otherwise, the tree {t € T' | w(t) > R} would be infinite. Since it is finitely
branching, it would be ill-founded, contradicting non-singularity of pu. O
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Fix a t € o(¥*2). Applying Lemma to the numbers

Ay = u(s7i), (for (s,i) € Ag(t) x 2)
A= ZseAk(t) u(s),
B = w(t)

a value R; is obtained such that whenever B, ..., By < R; and B1+...+By = B,
there exists a partition of {1,..., M} into sets J,~; such that u(s™i) <), ., By.

Let R = min {841, Ry | t € o(**2)}. Applying Claim B3] let My > M, be
such that w(t') < R for all ¢’ € Levyy,,, (7). Let

Dt = {t/ € LeVMk_H(T) I t/er = t}
It follows that By = w(t') < R for t' € Dy, and B = ) ., By so there is a
partition {Jy~; | (s,7) € Ak(t) x 2} of D, such that
(6) u(s™i) < Y w(t).
ted
Choose
Cs“i - Js“i
minimal so that u(s™i) <>, ., w(t'). By the choice of R one also has

(7) > wt') <u(s7i) + Opga.

t'eC ~,
Now, for each (s,i) € Ag(t) x 2, apply Lemma to the numbers
by = w(t'), (for t' € Cy~;)
b= Zt/ecsﬂi w(t')
a=u(s"1)
to get a value r,~; such that whenever 0 < aq,...,a,, <7re~; and a1 +...+a,, = a,

there are pairwise disjoint, possibly empty, subsets I, of {1,...,m} such that
Urec  fv = {1,...,m} and >, an < w(t'). Let r be the least of all ry~;.
By Claim B3], there is Ly,; > Lj such that u(s) < r for all s € “+12. Set
Eo;={s e™n2|siCs'}, sothat >, u(s) =u(s"i). By Lemma B3 (a)
E-; is partitioned into sets Iy, for ' € Cy~;, such that >, u(s') < w(t'). By (@)
we have w(t') < 41+ ger, u(s'). Let (s') =t for s" € Iy, so that ¢ is defined
on “+12. This concludes the definition of ¢: <“2 — T'. Note that by construction
Ap1(t') = Iy, so (B) holds for k + 1.

Claim 3.3.2. The function @: <“2 — T is continuous.

Proof. First notice that ¢ is monotone, directly from the definition. Moreover,
limy 00 th (2] L) = limy_y00 My, = 400, since the sequence M, is increasing. [
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Claim 3.3.3. f,: “2 — [T] is injective.

Proof. Let z,y be distinct elements of “2, and let k € w such that x| Ly # y[ L
Since @(x] Lrt1) € Copns1), W Lig1) € Cypprn), and Coprrn) N Cyrgr1) = 0,
it follows that @(x| Liy1) # @(y[ Liy1), whence f,(z) # fo(y). O

Claim 3.3.4. Vs € ““2[v(N;) = p (f,(Ns))].

Proof. It is enough to establish the claim for s € ©#2, for some k& > 0. For h > k
let X(h,s) =J{Cy~; |8 2 sAIh(s") =L, Ni€E2}.
First remark that

®) AN =N U N

h>k+1peX(h,s)

To prove that left-hand side is contained in the right-hand side argue as follows.
Given x D s, for h > k+ 1 choose s C s’ € ¥2. i € 2, and s” € <“2 such that
Ih(s") = Lpy1 — Ly — 1 and (i) s” C x; then cp( (i >“ ") € Cy~;. Conversely,
pick y in the right-hand side of the equation: for every h > k+1 there are s, € 2,
in € 2, pp, € C§,~;, such that s C s, and p;, C y, and since all p;, are compatible,
all s, must be compatible as well by construction, so their union is an element
x € N, such that f,(z) =y.

Equation (8) yields f, as a decreasing intersection of disjoint unions, so

n(fe(N)) = inf > w(p).
- peX(h,s)

Now, for any given h > k + 1, letting Y (h; s) = {s’“i |sCselr2ic 2},
v(Ny) = Z u(s")
s"€Y (h;s)

< w(p)
peCy,s" €Y (h;s)

= > w(p)

peX(h,s)
< > (") + )
s"€Y (h;s)
= Z u(s”) 4 2505, .
s"€Y (h;s)
As imp o0 30 gney (g w(s”) + 2Lnt15, 1 = v(IN,) the claim is proved. O

This completes the proof of Theorem OJ
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4. THE DENSITY FUNCTION

Let (X,d, ) be a fully supported, locally finite metric measure space and let
A € MEAs,,. For z € X, the upper and lower density of = at A are
: p(ANB(z;¢)) - (AN B(z6))
27 (x) = limsup , P, (x) = liminf .
A =l = B e) A0 = B )
The oscillation of = at A is
Oa(x) = D3 (x) = D4 (2).
<

When O4(x) = 0, that is to say: 24 (z) < Z,(z), the value I (z) = Z,(z) is
called the density of = at A

PDa(x) = lim AN Bl 8>).
B (B
It is important that in the computation of Z4 and &4 balls of every radius € be
considered, and not just for € ranging over a countable set — see Section 4.3l Note
that if u({z}) > 0 and = € A, then Z4(z) = 1 for trivial reasons.
The limit Z4(x) does not exist if and only if &4(x) > 0. In any case if A =, B
then

Dau(x) =1 = Da(x), Pa(x) = Ip(x),
O e(z) = Oa(2), Oa(r) = Op(x),

in the sense that if one of the two sides of the equations exists, then so does the
other one, and their values are equal. Let

(9) D(A) = {z € X | Zalx) = 1}.
The set of blurry points of A is
Blr(A) = {z € X | Oa(x) > 0},
the set of sharp points of A is
Shrp(A) = {z € X | Za(z) € (0;1)}

and
def

Exc(A) = Blr(A) U Shrp(A)
is the set of exceptional points of A. For x € X let
exca(z) =sup{0 < 1/2 |06 < Z,(z) < 2} (z) <1-46}
=min {Z; (z),1 — Z}(x)},
<1/2.
If 2 € ®(A) U B(AL) then excy(x) = 0, so this notion is of interest only when

x € Exc(A). Let
04 =sup{exca(z) |z € X} <1/2.
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If A is either null or co-null, then d4, = 0, so this justifies the restriction to
nontrivial sets in the following definition:

(10) 0(X) =inf{d4 | [A] € MaLc \{[0], [X]}}.

The following are easily checked.

(11a) Ox(x) =0 = exca(z) = min{Za(x),1 — Da(x)}

(11b) exca(x) =1/2 & Da(z) =1/2

(11c) exca(z) =0 & z€ DA UBAY) v 2(x) =0V Zi(z)=1

(11d) d4 =0 = Shrp(4) = 0.

Remarks 4.1. (a) If A is clopen and nontrivial in X, then 4 = 0, so if X is
disconnected, then §(X) = 0. In particular §(X) = 0 when X is a closed
subset of the Baire space “w. The case when X = R is completely different—
see Section

(b) The notions above are =,-invariant, that is if A =, B then exc4(z) = excp(z),
8,4 = 05, and Blr(A) = Blr(B) = Blr(A%), and similarly for Shrp and Exc.

4.1. Density in the real line. Let A be the Lebesgue measure on R. For A C R
a measurable set, the right density of A at x is defined as

@A(er) — lim MAN (752 + 5))’
el0 9

and the left density Z4(x7) is defined similarly. If Z4(z") and Za(x~) both
exist, then Z4(z) exists, and in this case

_ Da(xt) + Da(x7)

= 5 _

.@A(ZL‘)
Conversely,
.@A(x) c {O, 1} = .@A<SL’+) = 9A<5L’7) = .@A<5L’)

This result cannot be extended to other values.
Ezxample 4.2. The set
A — U(_Q_Qn_l; _2—277,—2) U (2—277,—1; 2—277,)

is open and such that Z4(0) = 1/2, but Z4(07) and Z4(07) do not exist.

4.2. Density in the Cantor and Baire spaces. Suppose T is a pruned tree
on w, u is a finite Borel measure on [T] induced by some w: T — [0; M] as in
Section [24.1]. Since the metric attains values in {0} U {27 | n € w}, then
M(Aﬂsz) Aﬂsz)

o P /1
_@A(z)—hin_)s;p w(ztn) @A(z)—hglorgf w(zTn)
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In particular, when T' = <“2 and p = u©, then w(s) = 274 50 % = u(A)),
and the equations above become

.@:{(z) = limsup p(Azn)), P, (z) = liminf p(A2p)).

n—o00 n—oo

4.3. Bases for density. Let (X,d, u) be a fully supported, locally finite metric
measure space. Although the definition of 27 (z) requires that balls centered in
x of all radii be considered, it is possible to compute the limit along some specific
sequences converging to 0.

Definition 4.3. Suppose €,/0 and let x € X.
(i) (en)n is a basis for density at z if for all A € MEAS, and all r € [0; 1]
ANB(z;
no p(B(xien))
(ii) (en)n is a strong basis for density at x if for all A € MEAS,,

. N<A0B<x§5n))
i sup = B en))

=r = YDalx)=r.

= 9% (z).

If (e,), is a strong basis for density at z, then by taking complements

for all A € MEAS,. The sequence €, = 27" is a strong basis for density at every
point, both in the Cantor and in the Baire space.
Theorem 4.4. Suppose ¢,]0.

(a) If lim, % =1 then (g,), is a strong basis for density at x.

(b) If (en)n is a basis for density at x, and r — p(B(z;r)) is continuous, then

p(B(zient1))
1(B(zien))

Proof. @ Let A be measurable, and suppose
B(z;e,) N A
lim sup H(B(z; en) ) =r.
n—00 1(B(z;en))

Thus 2} (x) > r. To prove the reverse inequality we must show that
(B(z;m) N A)
(B(z;n))
For each £ > 0 choose ny = n;(¢) € w be such that

B(z;e,) N A
pBen)nd) e

p(B(z;em)) 2
We must takes cases depending whether r is null or otherwise.

lim,, =1, and hence (g,)n 1S a strong basis for density at x

v6>035>0v0<77<5“ <r+el.

m>n; =
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Suppose first 7 = 0. For 0 < ¢ < 1 and let ny = ns(e) € w be such that
p(B(@;em))
p(B(@;em1))

We claim that § = e; will do, when 7 = max(ny,n2). Let 0 < 1 < 4. Since &,/0
fix £ > n such that

m > ng = <l+e.

(12)

Then

€kl <N < €

p(B(xz;n) NA) _ p(B(a;ep) NA)
WB) ~ aB(e) by )
 p(Brsed) N A) p(Blie)
a(B(r;20) (Bl err)
e(1+¢)
2

< E.
Suppose now r > 0, and choose 0 < ¢ < r. Let ny = ny(e) be such that

pBen) _ |

m > ng = .
=T uB@iEmn)) T Ar

The argument is as before: let § = e where n = max(ny,ns), and given 0 < n < ¢
fix k > n such that 511 < n <¢eg. Then

pBrin) NA) _ pBx;er) NA) p(B(x;er))

WBn) — mBen) B )
<(r+3) 0+ 5)
<r+e.

Towards a contradiction, suppose there is 7 < 1 and a subsequence (&, )k
such that

i ABE En1))
k—oo p(B(z;€,,))

For each n, let 6, € (e,41;6,) be such that p(B(z;d,)) =
w(B(x;e,))]. Define

s[n(B(xieni)) +

A = UB(a:8.) \ Blas v
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Then p(ANB(x;e,))/u(B(z;e,)) = 5. On the other hand,
1
2

ANB(2;6,) _ 5ln(B(;€n)) — p(B(w; eng1))] + 3u(B(x;€n 1))
1(B(;d,)) slB(@;eni)) + u(B(a;e,))]
_ 1(B(z;en))
p(B(z;ent1)) + p(B(z;€n))
_ <M<B<l’;€n+1)) + 1)1'

p(B(z;en))
Since (%ﬂ +1)_1 — TJ%I > £, then (g,), is not a basis for density at z. O

The next Example shows that “lim” cannot be replaced by “limsup” in the
statement of Theorem .4l

Ezample 4.5. If p is nonsingular then for any x € X there is a set A € MEAS,
such that for some sequence ¢,]0,
i MANB(zse2)) o MANB(@e9041))
oo p(B(x; €2n)) n—oo  (i(B(x; €ant1))

hence O 4(x) = 1. Moreover A can be taken to be open or closed.
Choose (e,), strictly decreasing, converging to 0, and such that

o BB En))
(13) (Bl e))

This can be done as p is nonsingular. Let

A= UB(xv 52n) \ B(l‘, 52n+1)'

=0,

=0.

Then
MANB(@;€20))  p(B(wion) \ B(wieonin)) _ | p#B(&;E2041))
1(B(@; £2,)) p(B(z; €2n)) n(B(; €20))

and

(AN B(x;e9n41)) < p(B(x; e9n42))

pB(z5e2n11))  p(B(520n41))
To construct an A which is open or close, argue as follows. Let (£,),J0 and
satisfying (I3) and let €, = &,. Then |, B(z;e9,) \ C1B(2;€2,41) and {z} U
U,, C1B(z;€2,,) \ B(w; €2541) are as required, and are open and closed, respectively.

— 0.

4.4. The function ®. Let us list some easy facts about the map ® introduced

in (@):

e AC, B= ®(A) C ¢(B), and therefore A =, B = ®(A) = ¢(B). Thus the
map MALG, = Z(X), [A] — ®(A), is well-defined,;

e &(AN B) = ®(A) N ®(B) hence &(AL) C (®(A))E;
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e O(U) DU, for U open, and ®(C) C C, for C closed;
o O(CLUCY) =d(Ch) UD(Cy), if C1,Cy are disjoint closed sets.

Definition 4.6. A Radon metric space (X,d, 1) has the Density Point Prop-
erty (DPP) if AA ®(A) € NULL for each A € MEAS,,.

Thus in a DPP space almost every point is in ®(A) U ®(AL), so Exc(A), Blr(A),
and Shrp(A) are null. The Lebesgue density theorem states that R™ with the
Lebesgue measure A" and the ¢,-norm has the DPP, and this result holds also
for 2 with y© and the standard ultrametric. In fact if x is a Borel measure on
an ultrametric space (X, d), then (X, d, ) has the DPP [Mil0g]. Not every Polish
measure space is DPP [KRS a, Example 5.6].

4.5. The complexity of the density function.

Proposition 4.7. If (X, d, 1) is separable and p finite, then the map
X % [0;400) = [0; +00), (x,7) — p(B(x;r))

1s Borel.

Proof. By multiplying by a suitable number, we may assume that p is a probability
measure. By [Kec95, Theorem 17.25] with

A={(z,r,y) € X x[0;400) x X | d(x,y) <1}
then (z,7) — u(A@,) = p(B(x;7)) is Borel. O

Several results can be proved under the assumption that either the measure is
continuous or else that the space is a closed subset of the Baire space. The next
definition aims at generalize both situations.

Definition 4.8. A fully supported Radon metric space (X, d, p) is amenable if
there are functions ¢,,: X — [0;+00) such that

e (2,(x)), is a strong basis for density at x, for all z € X,
e the map X — MALG, = — [B(z;¢e,(z))] is continuous, for all n € w.

Ezamples 4.9. (a) If p is continuous, then (X, d, p) is amenable. In fact | let &, (x)
be largest < 1 such that pu(B(z;e,(x))) < 1/n. By Theorem 4] (g, (z)), is
a strong basis for density; since the ¢, are continuous, by Lemma T
[B(x;e,(x))] is continuous.

(b) If X is a closed subset of the Baire space and d is the induced metric, then
(X,d, ) is amenable, as taking €, (z) = 27" the map x — B(z;¢,(2)) is locally
constant.
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Lemma 4.10. Suppose (X,d, ) is amenable. Then
AN B(z;en(2)))
p(B(z;en(1)))

fo: X x MALG — [0;1], (x,[4]) —

18 continuous.

Proof. 1t is enough to show that (z, [A]) — p(ANB(z;e,(x))) is continuous. This
follows from the continuity of fi: MALG — [0; +o0], and
|1 (B(; en(x)) N A) — 1 (B(a'; 2n(2')) N A')]
< ((Blasza(@)) N A) B(B(' 20(2') N A'))
< (B en(2) DB en(a))) + p(AA A). D
Lemma 4.11. If (X, d, u) is amenable, then 2% : X x MALG — [0; 1], (z, [4]) —
D5 (x) is in By, and similarly for P~ and O.

Proof. Let f, be as in Lemma [L.10. Then g,(x, [A]) = sup,,>, fm(z, [A4]) is in A,
and therefore lim sup,, f,,(z, [A]) = lim,, g,.(x, [A]) is in B,. As (e,(7)), is a strong
basis for density in z, it follows that 2} (z) = lim,, g, (x, [4]). The case of 2~ and
of 0 is similar. O

By taking the preimage of {1} via the map Z, we get
Corollary 4.12. If (X,d, ) is amenable, then ®(A) € II3.

The complexity cannot be lowered in Corollary when X is the real line or
the Cantor space. When A C “2 is nontrivial, if ®(A) has empty interior, then it
is TI3-complete [AC13, Theorem 1.3]. If K C R is a sufficiently regular Cantor set
of positive measure, then ®(K) is TI3-complete [Car15].

Notice that

x € Shrp(A4) & Oax) =0A3q € Qi V7 n (g < fulz, A) <1—q)
where f, is as in Lemma [£10l Thus in the hypotheses of Lemma [£.1T],
Blr(A) € 33, Shrp(A) € TI3, Exc(4) € X9.

4.6. Solid sets.

Definition 4.13. Let (X, d, ;) be a Radon metric space. A measurable A C X is
solid iff Blr(A) = 0,

quasi-dualistic iff Shrp(A4) = 0,

dualistic iff it is quasi-dualistic and solid iff Exc(A) = 0,

spongy iff Blr(A) # (0 = Shrp(A) iff it is quasi-dualistic but not solid.
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The collections of sets that are solid, dualistic, quasi-dualistic, or spongy are
denoted by SLD, DL, QDL, and SPNG. Also

A’ C DL = SLpNQDL.

Therefore if the space X is disconnected, e.g. X = “2, there are nontrivial du-
alistic sets so adopting the notation of (I0), we conclude that §(X) = 0. In the
Cantor space there are examples of dualistic sets that are not =, to any clopen
set, see [AC13, Section 3.4].

The situation for R is completely different: V. Kolyada [Kol83] showed that
0 < 8(R) < 1/2, thus, in particular, there are no nontrivial dualistic subsets of R.
The bounds for §(R) were successively improved in [Szell;/CGO12], and in [Kurl2]
it is shown that 6(R) ~ 0.268486 . .. is the unique real root of 8z% + 8z + = — 1.
A curious consequence is that for each € > 0 there are nontrivial sets A C R
such that ran(Z4) N (6(R) + &;1 — §(R) — ) = 0; in other words, for any real
either Z4(x) € [0;8(R) +e]U[1 —6(R) —&;1] or Zt(x) > 1— 8(R) — ¢ or else
7, (x) < d(R) + . In particular, there is a set A that does not have points of
density 1/2, in contrast with our intuition that a measurable subset of R should
have a “boundary” like an interval. We will show in Theorem [7.6]that this intuition
is correct when solid sets are considered.

Spongy subsets of “2 (or more generally, of closed subsets of “w) are easy to
construct, see [Example 3.8 in|AC13]. The existence of spongy subsets of connected
spaces is more problematic. Theorem shows that there exist a spongy subset
S of [0;1], and for such S we have §g > 1/3.

The families of sets SLD, DL, QDL, and SPNG are invariant under =,, so they
can be defined on the measure algebra as well, that is to say: we can define

SLD = {[A] € MALG | A € SLD},
and similarly for ]51, Q/D\L and SPNG.

Proposition 4.14. Let (X,d, 1) be amenable and suppose that A is solid. Then

Da: X — [0;1] is in B.

Proof. Notice that

(AN B(z;en(x)))
u(B(z;en(x)))

and apply Lemma [LT0. Similarly for Z4(z) < b. O

.@A(:U)>a<:>5|q€@+v0°n< Za+q)

By the Baire category theorem we get:

Corollary 4.15. Let (X, d, ) be amenable and completely metrizable. If there are
0<r<s<1suchthat {x | Za(z) <1} and {z | Da(x) > s} are dense in some
nonempty open set, then A ¢ SLD.

Proposition 4.16. Let (X,d, n) be amenable and suppose that A is solid. Then
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(a) @A), B(A°) € T,

(b) Exc(A) = Shrp(A) € X9,

(c) if 1 is an isolated value of P4, that is to say ran P4 C [0;r] U {1} for some

r <1, then ®(A) € AY.

In particular, if A is dualistic, then ®(A) € AY.

Proof. By Proposition .14 7, is Baire class 1, and since ®(A) is the preimage of
the singleton {1}, then it is a G4. If 1 is an isolated value of the density function,
then ®(A) = 2, (r; 1] is also F,, thus it is a Aj. O

The (possibly partial) function Z,: “2 — [0; 1] has graph I3, since
Da(x) =1 & VeInVk > n|w(Apgw) —r| <€

and has domain “2 \ Blr A. So perhaps it is more natural to look at its extension
D% “2 — [0;1] U {*}, where x means undefined. It is an isolated point in [0; 1] U

{*}.

Proposition 4.17. graph(Z7) is a boolean combination of T3 sets.

Proof. (z,7) € graph(Z73) < (Oa(z) = 0N Da(z) =7r)V (Oa(z) >0ATr=%) O
By [Theorem 1.7/IAC13], working in the Cantor space we have that {[A] € MALG |

®(A) is TI3-complete} is comeager.

Corollary 4.18. {[A] € MALG(“2) | Blr(A) # 0} = MALG\S/I;) is comeager.

We will prove later (Theorem B.I)) that the set of blurry points can be X5-
complete, and in fact this is the case on a comeager set in the measure algebra.

5. COMPACT SETS IN THE MEASURE ALGEBRA

Suppose (X,d,u) is a separable Radon metric space and A € MEAS,. The
p-interior of A is

It (4) = | {U € Z(X) | U €, A},
the p-closure of A is
Clu(A) = {C e M(X) | AC, C}
=X\ J{U € B)(X) | ANU € Nurr,},
and the u-frontier of A is
Fr, (A) = C1,(A) \ Tnt, (A)
={reX|VWeXNX)(zeU=uAnU),u(U\ A) >0)}.

Thus Int,(A) is open, and Cl,(A) and Fr,(A) are closed, and they behave like
the usual topological operators, i.e. (Cl, A)® = Int,(A®) and (Int, A)t = C1,(A°%).
(In [AC13] the sets Cl,(A) and Int,(A) were called the outer and inner supports of
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A, and were denoted by suptt(A) and supt™ (A), respectively.) The support of
is supt(p) = Cl,(X), and therefore 4 is fully supported if and only supt(p) = X.

Clearly Int,(A) C ®(A), and the inclusion can be proper; for example if (X, d, 1)
is fully supported, locally finite and DPP take A to be closed of positive measure
with empty interior. We start with a trivial observation, that will turn out to be
useful in the proof of Theorem [7.6

Lemma 5.1. Let (X,d,u) be a fully supported locally finite and DPP, and let
A € MEAS,. Suppose Fr, A has nonempty interior. Then ®(A) and ®(A) are
dense in Int(Fr, A), so if (X, d, n) is amenable and completely metrizable, then A
s not solid.

Proof. Let U C Fr, A be nonempty and open in X: as U is disjoint from Int,(A)U
IntM(AC), then p(ANU), (U \ A) > 0, and therefore by DPP U intersects both
®(A) and ®(AL). That A is not solid follows from Corollary I35 O

By separability Cl, A is the smallest closed set C' such that A C,, C', and there-
fore Cl1,(Cl, A) = Cl, A by transitivity of C,. If C is closed, then C =, Cl,(C),
SO

vC, D € IIY (Cl,(C) =, Cl,(D) = C =, D)
hence, since the operator Cl, is =,-invariant,
VA, B € MEas,, (Cl,(A) =, Cl,(B) = Cl,(A) = ClL,(B)).
Therefore Cl, is a selector for the family .%# defined below.

Definition 5.2. If X is a topological space with a Borel measure p, let
F (X, n) =A{[C] € MALG(X, ) | C is closed}
(X, pu) = {[K] € MALG(X, p) | K is compact}.

As usual the reference to X and/or p will be dropped whenever possible.

Lemma 5.3. If (X,d, u) is a separable Radon metric space, A is measurable, and
AC, ®(A), then Cl1P(A) = Cl, A.

Proof. First, ®(A) C Cl, A, since any point in (Cl, A)t is contained in some open
U with u(ANU) = (. Consequently, C1®(A) C Cl, A.

Conversely, given € Cl, A and any open neighborhood U of x, one has p(U N
A) > 0, thus u(UNP(A)) > 0, whence UNP(A) # 0. It follows z € C1P(A). O

Note that when X is DPP then the assumption A C, ®(A) is automatically
satisfied. If X is a closed subset of “w, that is X = [T] for some pruned tree T on
w, then X is DPP and Cl, A = [D(A)] where

(14) D(A) = {te T | u(ANN;) > 0}

is the tree of those basic open sets in which A is non-null [AC13, Definition 3.3].
Therefore
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Corollary 5.4. D[D(A)] = D(A), i.e. D(C1®(A)) = D(A).

A metric space is Heine-Borel if every closed ball is compact. It is easy to see
that any such space is K, and Polish.

Theorem 5.5. Let (X,d, ) be a Heine-Borel space such that every compact set
has finite measure. Then (X, i) and F(X, 1) are II in MALG(X, ).

Proof. Fix z € X, and let B, = {y € X | d(z,y) <n+ 1} be the closed ball of
center  and radius n > 0.
First we prove that # (X, u) is II3. Note that

[Al e # < In(AC, B,) N p(A) > pu(Cl, A)
and the right hand side is equivalent to
(A Cu Bn) AVq € Qi (3n(A Cu Ba) Ap(Cl, A) > g = pu(A) > q).
I — | L | L |
@(A) V(A,q) X(4,9)

The formulee @(A) and x(A4, q) are easily seen to be ¥3 and MY respectively, so it
suffices to show that (A, q) is £3. Let (U,), be a countable basis for X.

P(A4,q) & In(AC, B,) ANIe € QuVng,...,np Ew
ClLLACU,,U---UU,, =q+e<uU,U---UlU,,)
& In(AC, By) ANJe € QpVng,...,np Ew
[Fmo,...,mp(By \ (Upy U---U Uy, ) CUpyU---UUp, A
AN (U U+ UUp, ) =0) = q+e < p(Upy U---UUp,, ).

The premise of the implication is ¥3, so B (4, q) is LI, as required.
We now prove that % (X, i) is ITI3. Notice that it is enough to show that

[A] € F & Vnew([A]N[B,] € #)

and use the fact that MaLG? — MaLG, ([X],[Y]) = [X NY], is continuous.
To establish the equivalence, suppose that A =, F' for some closed F. Then
[A]N[B,] = [F'N B,] € % . Conversely, let C,, be compact such that C,, =, ANB,;
if =, Cn, then A=, F, concluding the proof. O

Lemma 5.6. Let X be compact, metric. Then the function f: MALG(X) — K(X)
defined by f([A]) = Cl, A is in %.

Proof. Let (U,), be a basis of X and fix an open subset U C X. If A C X is
measurable, then

ClL,ACU < 3ng,...,n (U C U, U...UU,, A (AN (UpyU...UT,,)) =0)

new

and this condition is 39 on [A]. Moreover,

CLANU #0< pu(ANU) >0,
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which is an open condition on [A]. So the preimage under f of any open subset of
K(X)is 9. O

Lemma 5.7. Let X be a separable metrizable Radon space whose measure is outer
regular. Then the function g: K(X) — [0;400] defined by g(K) = p(K) is in A;.

Proof. Let (Uy,)n<. be a basis of X. Fix a > 0; then, for K € K(X), one has

a< pu(K) <
de > 0Vng,...,np, (K CU,U...UU,, =a+ec<pulU,U...UU,,)).
This condition is 39 on K. For b > 0, one has
p(K) <b < 3ng,...,np (u(UpU...UU,,)<bANKCU,U...UU,,),

an open condition on K. So, the preimage under g of an open subset of [0; +00]
is 39. O
Definition 5.8. Suppose p is a Borel measure on a topological space X, U is open
and nonempty, and A is measurable. We say that A is

e thick in U if u(ANV) > 0 for all open nonempty sets V' C U,
e co-thick in U if AC is thick in U.
If U =, X we simply say that A is thick/co-thick.

Note that A is thick in U if and only if Cl,(A) D U. In a DPP space, A is thick
in an open set U iff ®(A) is dense in U.

Lemma 5.9. Let (X, d, p) be a separable Radon metric space, with . nonsingular.
If 0 < p(A) < oo then for all € > 0 there is a compact set K C A with empty
interior and such that p(A) —e < p(K).

Proof. Fix A and ¢ as above. Without loss of generality we may assume that
e < p(A). Let FF C A be compact and such that pu(F) > u(A) —e/2. Let
{¢n | n € w} be dense in X and by our assumption on p choose r, > 0 such that
1(B(gn; ) < €272 g0 that U = U, B(¢n;7») has measure < /2. Then
K = F\U C A is compact with empty interior and u(K) > pu(F) —¢e/2 >
u(A) —e. O

Theorem 5.10. Suppose (X, d, p) is separable, fully supported Radon metric space,
with p nonsingular. Then there is a K, set which is thick and co-thick.

Proof. As X is second countable and p is locally finite, fix a base {U,, | n € w} for
X such that 0 < u(U,,) < oo for all n. We inductively construct compact sets C,,
for n € w with empty interior such that Vi < n (u(U; NU,, Cj) > 0). Let i > n
be least such that U, C U, \ Uj<n C;. By Lemma (.9 choose C,, C Uj compact
with empty interior and such that 0 < u(C,) < 27" 2 min{u(Uz) | m < n}.
Clearly F' =, C), is K, and thick. In order to prove it is co-thick, it is enough
to show that u(U, \ F)) > 0 for each n. Fix n € w: as Uy C U,, it is enough to
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show that u(Uz N F) < u(Uz). By construction if C,, N U; # @, then m > n, and
hence pu(C,,) < 27 2u(Uz) and therefore u(F N U) < u(Us)/2. O]

Theorem [5.10 emphasize a difference between measure and category, since in a
topological space any nonmeager subset with the Baire property is comeager in
some open set.

Working in “2, the function

d: MALG — I3, O([A]) = ®(A),

is Borel-in-the-codes [AC13, Proposition 3.1], while f: MaLc — [0;1], a[A] =
1(A), is continuous. The K, set F' constructed in Theorem can be of arbi-
trarily small measure, and hence AU F' can be arbitrarily close to any measurable
set A. Therefore the map MALG — PrTry, [A] — D(A), where PrTr; is the Polish
space of all pruned trees on {0, 1}, is not continuous, but it is in %;. To see this
apply Lemma together with the fact that [D(A)] = Cl, A and that the map
K(“2) — PrTry, K — Tk, is continuous. If A is dualistic, then ®(A) and ®(AL)
are A) by Proposition EI6. In [AC13, Section 3.4] examples of dualistic, solid,
spongy sets are constructed.

For any Polish measure space (X, d, i) the set £ (X) is dense by tightness of p,
and it is meager by [AC13, Theorem 1.6]. (The proof in that paper is stated for
“2, but it works in any Polish measure space.)

In a DPP space, if C' is closed and thick in some nonempty open set U, then
®(C) is dense in U, and therefore C' O U. Therefore

Lemma 5.11. In a DPP space (X,d,pn), if A is thick and co-thick in some
nonempty open set U, then [A] ¢ F (X ,u)

Theorem 5.12. 7 (<2, u®) is II3-complete in MALG.

Proof. By Proposition ¢ is TI3, so it is enough to prove IT3-hardness. We
define a continuous f: “*“2 — MALG witnessing P3 <w £, where

P;={ze“*2|VYnamVk > mz(n,k) =0}
is TI3-complete [Kec93, p. 179]. More precisely, set f(z) = [f(z)] where

ng n X n)

for some suitable function ¢: <“*“2 — K(“2) such that for all a € <“*¥2

(15a) Int p(a) =0,
(15b) bCa= o) C pla),
(15¢) a € MY = 1€ (p(a) \ plaln x n)) < 2702,

For a,b € <“*“2 let §(a,b) be the largest n such that aln xn=>bln x n. Equa-
tion G]EEI) implies that if @ € "*"2 then a C ' = u® (¢(a’) \ ¢(a)) < 2="*+Y; thus
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if a,b € <“**2 are such that d(a,b) = n, then p(a) A p(b) C (¢(a) \ ¢(aln xn))U
(o(b) \ @b n x n)) and hence u® (p(a) A (b)) < 27™. Therefore if z,w € “*“2
and n is largest such that z[n x n = w|n x n, then p® (f(2) A f(w)) < 27", and
therefore f is continuous. We arrange that

(16a) z€ Py = f(z) e K(*2)
(16b) z ¢ Py = f(z) € K,(¥2) is thick and co-thick in some Nyj)~;.

By Lemma [5.11] equation (IBh) guarantees that if z ¢ P then f(z) ¢ ¢, and

therefore f witnesses that P3 <y £ .

Here are the details. Fix (s ),, an enumeration without repetitions of the nodes
extending 091, and such that longer nodes are enumerated after shorter ones,
that is: 1h(s)) < lh(s?)) = n < m.

e Set () = {0“)}. Then (I5al) holds, and (I5H) and (I5d) do not apply.

e Suppose a € "2 and that ¢(a|n x n) satisfies ([5a)—(I5d), and let’s construct
o(a). If a(j,n) = 0 for all j < n, then set p(a) = p(aln xn) so that ([Hal)—(I5d)
are still true. Otherwise, let j < n be least such that a(j,n) = 1. Then by (I5al)
for p(alnxn), we can define k to be the least such that M(Nsiﬂgo(a[nxn)) =0,
and let K C NS?; be compact with empty interior and such that

7) 0 < uCUK) < HO(N) /2,

Then ¢(a) = ¢(aln x n) U K satisfies ([I5al)—(I5d).

The proof is complete once we check that (IGal) and (L6D) hold. Suppose first
z € P3. Then for each j there is N; € w such that z(j,n) =1 = n < N;, and hence
Nyor~1 N f(z) = Ny~ Ne(z] N; x Nj) is compact, so f(z) is compact. Suppose
now z ¢ Pj, and let j be least such that {n | z(j,n) = 1} is infinite. Then f(z) is
thick in Ny~ fix k € w, then for N such that {M < N | z(j, M) = 1} has size at
least k + 1, one has that u“(p(2] N x N)N Nsi) > 0. Moreover f(z) is co-thick in
Nyi)~;. To see this fix k € w and let N be such that {M < N | z(j, M) = 1} has
size k, and let H = (2] N x N) N Nsi . Since H is closed with empty interior, let

k' > k be least with s, C s}, and HN N, = . Then u°(f(2) "N, ) < uS(N,; )
K/ K/ K/

by (7). O

Corollary 5.13. Let (X, d, ) be a Polish measure space such that ju is nonsingular.

If there is a Y C X such that 0 < pu(Y) < oo, then (X, u) and F(X,u) are
I13-hard.

Proof. We may assume that Y is Ggy. Choose r > 0 small enough so that The-
orem can be applied, so that there is an injective continuous H: 2 — Y
such that ru®(A) = u(H[A]) for all measurable A C “2. The map H induces an
embedding between the measure algebras

H: MALG(¥2, 7€) — MALG(K, 1), [A] — [H[A]],
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where K =ran H. There is a natural embedding j: MALG(K, u) — MALG(X, p),
sending each [A], = {B € MeAs, NP(K) | B =, A} to [A]y = {B € MEas, |

B =, A}. Then jo H is a reduction witnessing both ¢ (“2,7uC) <w # (X, u1) and
H(“2,ru®) <w Z (X, p). For the second reduction, argue as follows: if H(A) =,
F for some closed F' C X, then H(A) =, F N K hence [A] € 2 (“2,ru°). O

By Proposition (.5 and Corollary £.13]

Theorem 5.14. Let (X, d, p) be a Heine-Borel space such that every compact has
finite measure, and suppose p is nonsingular. Then (X, u) and F (X, u) are
I13-complete.

6. THE SET OF EXCEPTIONAL POINTS

Theorem 6.1. Suppose ) # A C “2 has empty interior, and A = ®(A). Then
Blr(A) is X3-complete.

Proof. For any z € “*¥2 let 2/ € “**“2 be defined by the conditions

2'(24,25) = 2 (20 4+ 1,25 + 1) = 2(4,7)
220,25 +1) = (2 +1,2§) =0
for all 4, j € w. The function “*¥2 — “*¥2 2+ 2/ is continuous.

Recall the tree D(A) defined in ([I4)). Given a € "*"2, a node ¢(a) € D(A) is
constructed with the property that

aCb=1(a) CYP(d)
so that defining
f: "2 = [D(A) U@/} [n xn),

new
the function f is continuous and will witness Pg <w BIlr(A4). Define I,, p as
in the proof of [AC13, section 7.1], that is I,, = [1 — 271 —27""1) and p(s) =
n < ,UC<A|_5J) e l,.
Let ¥(0) = 0. Given a € "FV*"+D2 define 9)(a) = t as follows:
e IfVj < nfa(j,n) = 0], by [AC13, Proposition 3.5] let t € D(A) be a proper
extension of ¢(aln x n) such that p(t) > n+ 1 and

Va [(aln x n) CuCt = plu) = p(lalnx ).

|
e If 35 < nla(j,n) = 1], let jo be the least such j. By [AC13, Proposition 3.5
and Claim 7.0.1], let t € D(A) be a proper extension of ¢)(a[n x n) with
p(t) = 250 and

Vu [P(afnxn) CuCt = p(u)>min{p((aln xn)),2j}.
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Suppose z € Pj3, so that 2z’ € P3 as well. For every k € w choose m;, € w such
that VYm > my [2/(k,m) = 0] and let M} = max {my, ..., my}. Therefore for every
n > max{k, My}, the least j < m such that 2/(j,n) = 1—if such a j exists—is
larger than k and thus p (¢)(2'[ n x n)) > k. This shows that lim; .. p(f(2)[i) =
+00 hence f(z) € ®(A).

Conversely, suppose z ¢ P3. Let ng be the least n such that 3%°m z(n,m) =
1. This means that 2ng is the least n such that 3*°m[z/(n,m) = 1]; moreover,
whenever 2/(2ng, m) = 1, then 2'(2ng,m+1) =0 and 2/ (2no+1,m+1) = 1. Then
there are arbitrarily large values of n such that

p(U( Tnx n) =4dng, p((] (n+1) x (n+1))) = 4ng+2

hence p(f(z)[ i) = 4ny for infinitely many values of ¢ and p(f(2)[i) = 4ng + 2 for
infinitely many values of i. From this it follows that f(z) € Blr(A). O

In [AC13, Theorems 1.3 and 1.7] it is shown that in the Cantor space the set
[A] € MALG such that A = ®(A) and Int(A) = () is comeager in MALG.

Corollary 6.2. {[A] € MaLG(“2) | BIr(A) is X3-complete} and {[A] € MALG(*2) |
Exc(A) is X3-complete} are both comeager in MALG.

Theorem 6.3. There is a K € K(“2) such that ®(K) is open, and Shrp(K) is
I13-complete. Moreover for any given r € (0;1) we can arrange that {x € “2 |
Dy (x) = r} is TI3-complete.

Proof. We will construct a compact set K C “2 together with a continuous injective
f: 9“2 — “2 such that ran f C Exc(K) and f witnesses that P3 <y Shrp(K).
The construction is arranged so that

(18a) z€ P3s = Ix(f(2) =r,

(18b) z2¢ P3s = Ok(f(2)) >0,

where 7 € (0;1) is some fixed value that can be chosen in advance.

We will define a collection C; C <¥2 whose elements are called good nodes such
that its closure under initial segments

(19) T={te<2|3seG(tCs)}
is a pruned tree. The set
(20) K =[TIulJs"U,,

s€G

where the U are clopen, is compact. We will arrange the construction so that
(21a) pe([1) =0,

(21b) Vs € G ([T)N(s°Uy) = 0),

(21c) ran f C [T] = Exc(K).
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Therefore ®(K) = (J,.5 5 Us is open.
We define the function p: T'— w + 1

(22) plt) = & 2772 < |uC(Kyy) —r] < 27,

where p(t) = w just in case u®(K|) = r. The construction will ensure that
p(@) = 0, that is

(23) 1/4 < |pC(K) —r| < 1/2.

We require that any good node ¢ can be gently extended to a good node s having
any prescribed value of the p function, that is to say: for every t € G

(24a) m>pt) = 3s€ G (sDtAp(s)=mAVu(t Cucs= plu)>pt)))
(24b) m<pt) = 3s€ G (sDtAp(s)=mAVu(t CucCs= plu)>m)).

Assuming all this can be done, we can define the reduction.
The construction of f. For a € "*"2 let v(a) be the first row (if it exists) where
a 1 appears in column n — 1:

(@) the least j such that a(j,n —1)=1 if3j<n (a(jyn—1)=1),
a) =
! n otherwise.

The function f is induced by a Lipschitz : <wxw9 — T in fact ¢ will take values
in G and will satisfy that

Here is the definition of .

e Set (@) = 0. Then p(v(0)) = p(@) =0 =~(0) by [23).

e Let us define ¢(a) for a € (n+D)x(nt1)g. assuming (a[n x n) has been defined.
By (24al) choose a good node t O y(a[n x n) such that p(t) = n + 1 and such
that p(afn xn) Cu Ct= p(u) >y(aln xn)=plplafn xn)).

Case 1: v(a) =n+ 1. Then set p(a) =t.
Case 2: y(a) < n. Apply [24D) to get a good node s D t such that p(s) = v(a)
and t Cu C s = p(u) > v(a) and set p(a) = s.

Let us check that the function f = f, is indeed the required reduction.

Suppose z € Pj: for all j there is N; such that if n > N; then Vj' <

j (2(5',n) = 0), and therefore v(z[n x n) = p(p(z]n x n)) > j. Since

VjINVn > N (p(p(zIn x n)) > j) = Dx(f(2)) =,

then Zk(f(z)) =r and f(z) € Shrp(K). Thus (I8al) holds.

Suppose z ¢ Ps: let j be least such that I = {n € w | 2(j,n) =1} is infinite.

Choose N > j such that for all n > N if j/ < j then z(j',n) =0. Fix n’ >n > N
such that n — 1 and n’ — 1 are consecutive elements of I. Then for m € {n,n’}

27772 <O (K p(etmxmy)) — 7] <2777
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while by definition of ¢ there is ¢ such that p(f) = n and p(z]n x n) C t C
o(zIn' x n'). Therefore, asn > N > j

272 < uC(K ) —r| <27 <2792
hence Ok (f(z)) > 0 and f(z) € Blr(K). Thus (I8h) holds.

Therefore it is enough to construct G, and hence T and K, so that ([2Tal)—(21d),
[23), and (24a)-([24L) are satisfied.

The construction of Q, T, and K. Choose r,, € D such that
(25) 272 Ly, — | < 27 2
Let D, be clopen such that u©(D,,) = r,, let u, = 0"*% and v, = 1"*9 and
E,= |J (0“"17D,u1%"0"D,)
0<i<n+5

Thus wg, vo, and FEy can be visualized as follows (the grey area is Dy):

Therefore

(26) pe(Ey) =1, (1—27"75)
and

(27) N, NE,=N, NE,=10.

We are now ready to define G and T'. Let
Y={u, |newtU{v,|new\{0}}
= {0(’?)7 1 (k+1) | k> 6} )
A sequence o € <“Y is

e ascending if it is of the form (u,, w11, ..., Upsx) With n, k& > 0,
e descending if it is of the form (v,,v,_1,...,v,_¢) With n > k > 0,
e good if either
— o =0, or else
— it is positive, that is a concatenation of an odd number of blocks of as-
cending and descending sequences, where the ascending and descending
sequences alternate:

0= (Ug, s Ung) (Ungt1s -+ V) (Uny—ty ooy Ung) oo (Unpets oy Uy ),
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U

FIGURE 1. The first few nodes of the tree G

or else

— it is negative, that is a concatenation of an even number of blocks of
ascending and descending sequences, where the ascending and descending
sequences alternate:

~

0= (Ug, ., Ung) (Vngt1s -+ V) (Uny—1s o5 Ung) " oo (Vg ls - - 5 Ungyy ) -

The collection G of all good sequences ¢ is a tree on ¥, and can be defined as
follows (see Figure [II):

e (ug) is the least nonempty node,
e if a node o ends with wug, then its immediate successors are o~ (uxy1) and
0" (Vk41),
e if the node o ends with v, then:
— if k > 1 there are two immediate successors o~ (ug_1) and o~ (vy_1),
— if k = 1 then there is a unique immediate successor o (ug).

Given o € G let 6 € <“2 be the sequence obtained by concatenating the sequences
in 0. In other words, if o is positive as above then

~ ~ ~

u"°| IUVLOJFI ’Unll Iun1,1 coe Upy v Upy—1 - - - unk+17
I

5'IUOA
L

and similarly for negative o. Let
G={5|0eG}C ¥

Note that any s € G determines a unique o € G such that s = . Using the same
notation as before, let n(s) for s € G be defined by

ngr1+ 1 if s is positive,
n(s) = < npy1 — 1 if s is negative,

0 if s =10.
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A branch of G is a sequence (w,, | n € w) of elements of ¥ such that each o, &f

{(wo, ..., w,) € G, so any branch of G yields a branch of T" by letting

(28) xr = wOAwlA e U 5'n

Conversely, any = € [T] yields a branch of G. A branch x of [T] is oscillating if
{n € w| o, is positive} and {n € w | o, is negative} are both infinite; otherwise
o, is positive for all sufficiently large n, and x is said to be positive. Let

Us = En(s)

so that the definition of K as in (20) is complete.
Checking that the construction works. First of all we check that the function
p of [22]) is defined on G.

Claim 6.3.1. Vs € G (p(s) = n(s)).
Proof. Fix s € G and let n = n(s). Equation (28) yields that
(K 5) =70l < (K s) = (B + [ (En) = 1| <2777 47,2777 <2774
The triangular inequality and (25) imply that
2772 < ey — | = (K s) =l < |RC(K(s) =7
< [ (Kpsp) =l + |rn — v <277,
which is what we had to prove. O

Note that taking s = ) we obtain that 1/4 < |u®(K) — r| < 1/2 hence ([23)
holds. Next we check that p is defined on all of T
Fix s€ G and let n =n(s). For 0 <k <n+5 and i€ {0,1} we have that

0<j<n+5-k
hence
(29) ,uC (KLsAi(’c)J) = 2—n—6+k,u0 (KLsAi(n%)J) + 7y (1 — 2_"_6+k) .

Since | (K| jnre)) — 7| < 1/2 and |r, — 7| < 1/2 by (28), it follows that
1O (K |s~i0)) — 7| < 1/2. Therefore p: T — w41 is well-defined.

In order to verify (24al) and (24h), it is enough to prove them when m = p(t) +1
and m = p(t) — 1, if p(t) # 0. So fix t € G and let n = n(t) = p(t). If n = 0, then
either t = () or else it ends with v;, and therefore it has exactly one immediate
successor sT in G, and p(st) = 1. If n > 0 then it has two immediate successors
st and s~ in G, that is sT = t°0*% and s~ = t°1t9 and p(st) = n+ 1 and
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p(s7) = n —1. We must check that if ¢ C v C s then p(u) > n, and that if
t Cu C s~ then p(u) >n—1. If u=1t"0" then

C
12 (K s+ ) 1
|MC(KU“0(’“)J) —rl= ‘TﬁLkJ T 7n (1 T onte-k ) "

by ([29)

1 1
= 2n+6fk"uC<KL5+J> —rl+ (1 B W) Ira =71

1 27n72 1 1 27n71 b
< ook T e v (25)
<2 b

and if u = t~1%®) with similar computations we obtain
1 1 T
o) = 7] € gaamglh®) = 1+ (1 g ) Ir vl <27

Therefore (24al) and (24L]) hold.
Let us check that (2Ia)-(21d) hold. Equation (2Ial) follows from the fact that

h(uy),h(v,) > 6 for all n, equation (21D) follows from (27)), equation (2Id) follows
by definition of ¢. O

Remark 6.4. Corollary G.2khows that Blr(A) is X3-complete for most [A] in the
measure algebra, while Theorem [6.3] constructs some specific compact K such that
Shrp(K) is IT3-complete. This asymmetry is to be expected as the proof (and the
statement) of Theorem hinges on the choice of the value 7.

7. SPONGY AND SOLID SETS IN R”"

In this section we shall construct a spongy subset of R (Theorem [[.2]) and we
shall show that a solid subset of R™ has always points of density 1/2 (Corollary [7.9)).

7.1. Spongy sets. The goal of this section is to prove the following

Theorem 7.1. For each n > 1, there is a bounded spongy set S C R™. Further-
more S can be taken to be either open or closed.

The crux of the matter is establishing the result for R (Theorem [7.2)), and this is
achieved by a triadic Cantor-construction of non-shrinking diameter (Section B.1))

7.1.1. Some notation. Before we jump in the technical details, let us introduce
some notation that will be useful in this section.

For a < b, [a; b] denotes either the closed interval with endpoints a,b, when a < b
or else the singleton {a}, when a = b.

Given an interval [a;b] of length < 1 let

- b—a < 1
S S 37 oM S 3420




LEBESGUE DENSITY AND EXCEPTIONAL POINTS 35

K,
Elh(s)—i-l Mglh(s)—i-l Mglh(s)+1 glh(s)+1 )
(OF » U
Kom(—1y | Is Ko (0 | 13 | Komq1y
Ag~(—1y be~(—1) s (0) bs~(0) as~1y  be~q1y

FIGURE 2. Where the intervals K1y, Ky~ gy, Ko~1y lie in K.

where M is some number greater that 1, and let W.([a; b]) be the set obtained by
removing from [a; b] two open intervals (a—l—e, a+(14+M)e) and (b—(1+M)e; b—e),
each of length Me, that is

V. ([a;0]) = [a;a+¢c]Uja+ (1 4+ M)e;b— (1 4+ M)e] U [b—e;b).

The set W.([a;b]) has three connected components: two side intervals of length ¢,
and a middle interval of length b—a—2(14 M )e. By choice of &, the middle interval
is of length > . Since € < £/(3 + 2M) and since each of the three intervals has
length > ¢, we can apply the operation W,2 to each of the three intervals obtained
so far, obtaining nine closed intervals. This procedure can be iterated: at stage n
we have 3" closed intervals, and we apply the operation W..+1 to them. Let

H(a,b) = [a+(1+M Ze b—(1+M)zn: ]

k=1

be the center-most interval constructed at stage m, i.e. the one containing the

point (a+b)/2. As (1+ M) S0, ek = 0HMe

[e.e] (e o]

(30) () Hula,b) = [a+(1+M)Zek;b—(1+M)Zek]

=1

is a closed interval.

7.1.2. The construction. Fix M > 1 and let 0 < ¢ < 3+2M Consider the triadic
Cantor-construction obtained by applying the W .+1 operations, that is let
(Ko, I, I | s € ={-1,0,1})

be a sequence of intervals such that

o K, = [as;bs] and Ky = [0;1], that is ag = 0 and by = 1,

o [, = (ag+ MO g 4+ (14 M)e™®)+1) and I = (bs —(1+M) th(s)+1.p —
Elh(s)—‘,—l).

Figure 2l may help to visualize the construction. Following the notation in Sec-
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tion Bl let

KM — U K,
s€™{-1,0,1}
K=(E"= | [)Em
new 2€¥{-1,0,1} n€w

By induction on lhs, one checks that |K,| > " and ™)+ < |K,|/(3 + 2M),
and if Ths > 0 then
(31) s(lh(s) —1) € {-1,1} & |K,| = ™"
Recall that the connected components of K are the sets

ﬂ Kz(n = [a27 bz]

new
where a, = sup,,_,, @z, and b, = inf,, . b.1,. By B0) and B1)) a, < b, & z € F,
where

F={2e“{-1,0,1} | 3InVYm >n(z(n) = 0)}.
Therefore Int(K) = |J{(a.;b.) | z € F} and A\(K) > 0.
Let s € =“{—1,0,1}. By induction on lhs, it can be checked that

<32) ((a’s - Mglhs; as) U (bs; bs + Mé?lhs)) N K(lhs) = @,
hence (as — Me™% a,) U (by; bs + Me™#) is disjoint from K, and that

ME,NK) = |K,| —2M Y gleheH
(33) leh(() -
= |K,| — 72]‘145_ -
Clearly K = K(M,¢e) C [0;1] is compact, and depends on M and €. Note that the
construction above requires that & < 3 +12 =7+ If this requirement is strengthened by
imposing that

O<e<e ™ M-l
€ Eo =
T M(3+2M) -3

a spongy set is obtained.
Theorem 7.2. VM > 1Ve € (0;¢9) the sets K(M,e) andInt (K(M,¢)) are spongy.

Proof. We are going to show that for M > 1 and € < ¢
Vz € “{-1,0,1} (Ok(a.), Ox(b.) > 0).

Therefore Ok (z) > 0 for all z € K\ Int(K) = {a,,b, | z € “{—1,0,1}}, thus K
is spongy and closed. Since Fr(K) = Exc(K), by the Lebesgue density theorem
K =, Int(K), so Int(K) is spongy and open.
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The idea behind the proof is an elaboration of the argument used in Examples
and
Let z € K~(_y). By ([82)) we have (see Figure [2):

(34) (.ﬁU _glh(s)—f—l; .T+€lh(8)+1) NK - (.ﬁU . Mglh(s)—‘,—l; $‘+M€1h(s)+1) NK C KSA<,1>
hence

)\((ZL‘ _ Mglh(s)Jrl; x4+ Mglh(s)Jrl) N K) |K3A<71>|

(35) 2M€lh(s)+1 < 2M€lh(s)+1
1
oM by BI)

and by (B3]) with s~(—1) in place of s,

M(z — @+l g 4 O+ O ) 1 [ h(syp1 | 2MeMF?
251h(5)+1 281h(5)+1 1— 3¢
(36) _1-(3B+2M)e
n 2 — 6¢
def
= f(M,e).

Note that for fixed M we have that lim.yo f(M,e) = %, and since M > 1 and
£ < ggp, then
1
Me)> —.
Therefore if z € “{—1,0,1} has infinitely many —1, then letting s = z[n with
z(n) = —1, it follows that a, = b, € K4 (_yy, so (35]) implies that

(37) Dy(a,) < —
and since ¢ < €q, then (B6]) implies that

(38) Di(a,) > f(M,e).

Thus Ok(a,) > 0. A similar argument applies to the case when z has infinitely
many 1.

Suppose now z € F, and let s be any large enough initial segment of z so that z =
s~0@) . Then a, and b, are the endpoints of the closed interval N, [@s~otm); bg~gim ]
We only show that Ok (b,) > 0, the argument for Ok (a,) > 0 being similar. Since
(b,—7;b,) C K for sufficiently small r, it is enough to prove that Z;-(b}) > P (b7).
For ease of notation, set

MK N (b
g(l’) = H, for x > bz.

We will show (see (4I)) below) that for any s as above, the numbers g(a,~(;y) and
g(bs) are sufficiently far apart so that Z;-(b7) > 2, (bF) holds.
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Qs~(001) Qs~(01) As~(1)
b. - | b,
bs~(001) bs“LOl} bs“‘(1>
F1GUre 3.

Recall that b, = inf, b,~gm) = inf, G sm0(m)~(1) and

bsmgn+1) < Qgngmn(1y < Dgmgmn(1) = Dsom)
as summarized by Figure [3l

(39a)

Agrngm~(1) = Dgmotm) — glh(s)+n+1
(39b) beom+1) = Doy — (1 + M)Elh(s)+n+1
1+ M)elh(s)+1
(39¢) bz:bs—( +1 )e |
—€

Since K N (bz;bs] € U,ew[@smom~ )3 bsmom~1y] = Unew Komotm~ g1y, then

1—¢ -
g(bs) = (1 + M)glh(s)+1 ZA(K N KSAO(”)“Q)) by (B%)
n=0
1—¢ 2M€1h(s)+n+2
- Th(s)+1 s~0m~ (1) _
n=0
1—¢ 00 (e} tnt1 2M€1h(8)+n+2
— s)+n _ b
(1 + M) 2[‘6 e y ED
l—¢ «— 2Me
e 1 _ T |
(1+ M) nzzo[ ek
1—e(3+2M)
(14 M)(1—3¢)
For fixed M, the map ¢ — % is decreasing, and since € < g,
1
bs) > ——.
90:) > 150
By the equations (39),
" oo~ bl _ 1+ M)/(1—2)

|bz_a5“(1)| B M+(1+M)E/(1_E)
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As K 0 (bs~(); as~(1y) = 0, then

AU O (b:5b5-0)])
|bZ - a’s’*(l)|

g(as”(1)> =
< ‘bz - bs”(O)‘
(1+ M)[b. — a1y

_ e/(1—¢)
M+ (14 M)e/(1—e¢)

by (@0)

€
 M+e
For fixed M the map € — 37 Is increasing, and since € < £, then
M—-1 1
41 ~y) < < < g(b,).
(41) o) < imraE—anr—1 < aar ey -9
Therefore P (b)) < 2;-(b) as required. O

Remarks 7.3. (a) Since 0 = a_,w) = ag and 1 = b;w) = by, equations (B7) and (B8]
imply that 0s(0), Os(1) > 0, where S = K or S = Int K.

(b) Choosing suitable M and ¢, a spongy set S C R is obtained so that S x R is
spongy in R?. This result will appear elsewhere.

Corollary 7.4. For every m € (0;1) there is a spongy set X C [0;1] such that
inf X =0, supX =1, and \(X) = m. Moreover X can be taken to be open or
closed. Furthermore we can arrange the construction so that 0 < Ox(0), Ox(1) or

Ox(0) = Ox(1) = 0.

Proof. Let S be an open, spongy set as in Theorem [[.2]and let 0 < M = A(S) < 1.
By Remark [C3(a)] 0 < O5(0), Os(1). We first prove the existence of an open
spongy set X of measure m and such that Ox (i) = Og(i) for i = 0,1. The affine
map [0;1] — [a;0], © — a + (b — a)z, preserves densities, thus the image of S
under this map, call it S,, is a spongy subset of [a; b] such that Oy, ,(a) = O5(0)
and Og, ,(b) = Os(1), and \(S,p) = (b —a)M. For each 0 < a < 1/2 the sets
X7 (@) = SpaUS1_a1 and X (a) = X~ (a)U(a; 1 — «) are open, spongy, and have
measure 2Ma and 1 — 2a(1 — M), respectively, and therefore for each m € (0; 1)
there is an open X as in the statement. The requirement “X closed” can be
fulfilled by starting with a closed S and using [«; 1 — ] in the definition of X («).

Let us now show how to modify the construction in order to attain Ox(0) =
Ox(1) = 0. Choose ¢,]0 be such that gy < 1/2 and let X° C (9,41;€2,) and
X! C (1 —e9n;1 —e9,41) be spongy sets such that A\(X?)/(g2n — €2np1) < 277, for
i=0,1. Then X =J _ X°U X} is spongy and Ox(0) = Ox(1) = 0. O

new
7.2. Solid sets. Balls in R" are typical examples of solid sets. A ball in R of

center x and radius r is just the interval (x — r;z + r) and the points of its
frontier {x — 7,z + r} have density 1/2. The same is true for B, = {y € R"*! |
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ly — x|, < r}, the ball in R™* with center x and radius r: its frontier is the n-
dimensional sphere Sy = {y | ||y — x||, = r} which, being a differentiable manifold,
can be smoothly approximated with a hyperplane at every point, and therefore
D5, (y) = 1/2 for all y € S;. The index 2 refers to the fact that we used the
ly-norm, but a similar argument works for the ¢,-norm, with 1 < p < 400. When
p € {1,400} the ball B, is still solid, but S, is no longer smooth, and we get the
weaker result that Zp,(y) = 1/2 for comeager many (in fact: all but finitely many)
y € Sp.

Definition 7.5. A Polish measure space (X,d,u) is quasi-Euclidean if it is
locally compact, connected, p is continuous, fully supported, locally finite and
satisfies the DPP.

Thus R™ with the ¢,-metric (1 < p < oco) and the n-th dimensional Lebesgue
measure is quasi-Euclidean. Note that all £, metrics on R" are equivalent.

Theorem 7.6. Suppose (X,d,u) is quasi-FEuclidean and that A C X is non-
trivial and solid. Suppose d' is an equivalent metric such that every B'(x;r) =
{z€ X |d(z,z) <r} is solid and there is a p € (0;1) such that
Ve,y € XVr >0 [d'(y,x) =7 = Dyan(y) = p] .

Then

(a) Fr,(A) is closed and nonempty,

(b) {x € X | Za(z) = p} is a dense subset of Fr,(A), and

(c) p=1/2.

Remark 7.7. The density function & in Theorem refers to the metric d, not to
d.

By Proposition 14 {z € X | Za(x) = p} is Gs for any p, so
Corollary 7.8. If X,d,d', u, A are as in Theorem[7.6, then{x € X | Da(x) =1/2}
is G dense in Fr,(A), and {x € X | Da(x) = p} is not dense in Fr,(A) for any
pe (0:1)\ {172}

Corollary 7.9. Work in R™ with the €, metric (1 < p < co) and the Lebesgue
measure. If A C R"™ is nontrivial and solid, then P4(x) = % for comeager many
x € Fr,(A).

In particular, there are no nontrivial dualistic sets.

Proof of Theorem[7.4. [(a)] follows from the fact that A is nontrivial and X is con-
nected. For the sake of notation let F' = Fr,(A).

The crux of the matter is the proof of @ Towards a contradiction, suppose
that Pa(x) # p for all x € U N F, where U is open in X and U N F # (). Then
the sets

Ft={ze FNU| Pa(x) > p}
F-={z e FNU| %a(x) < p}
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partition F'NU. Since
t=UF,, ad F =JF,
m,k m,k

where

Ff, = {a; EFNU |Yn>m [ (i(x(;/;z/)nr;)fl) p+ 2—@ }
Foy= {;1: eFNU|VYn>m [ <M<(x(;7/?/)n(;)j4> <p- 242] } ;

by the continuity property of the measure in the Definition [TF], the sets Ft, and
F . are closed in F'NU, and hence both F'* and F~ are 39, and therefore are

AY. If we show that both F* and F~ are dense in F'N U, a contradiction follows
applying the Baire category theorem.

Fix x € F N U towards proving that = € CI(F*) N CI(F~). The solidity of A
together with Lemma [B.] yield that Int(F") = ().

Claim 7.9.1. If z € Fr(Int, A) then x € CI(F'T).

Proof. Towards a contradiction, choose d such that B'(z;¢) is compact and such
that

(42) B'(z;0) N FT = 0.

Pick y € Int,(A) NB'(x;6/2). By compactness there is w € B'(z;0) \ Int,(A) such
that

0<r=d(y,X \Int,(A) =d(y,w) < /2.

Since d'(z,w) < d'(z,y) + d'(y,w) < 6/2+ 1 < 4, then w € B'(z;0), so w €
Int,(A%) U F~ by [@2), and therefore Z4(w) < p. Moreover, z € B'(y;r) = 2 €
Int,(A); so B'(y;7) C Int,(A). By assumption Z/(,..,(w) = p hence Doty (W) 2
p- Since Int,(A) € ®(A) =, A, then Zy ,(w ) < Pa(w), contradicting the
preceding calculations. 0

Similarly, if 2 € Fr(Int, A®) then x € CI(F~). Therefore if x € Fr(Int, A) N
Fr(Int, A%) then 2 € CI(F*) N CI(F~), as required.

Claim 7.9.2. If x ¢ Frint,(A%) then z € CI(F™).

Proof. Fix 7 sufficiently small such that B(z;v) NInt,(A%) = ). Since = ¢ Int,(A),
then p(B(z;v)NA) < pu(B(z;7)) so by DPP there is y € B(x;y) such that _@A( )=
0, and therefore y € F~. O

Similarly if « ¢ FrInt,(A) then z € C1(FT).
Therefore we have shown that if x € F N U then x € CI(F*) N CI(F~). This
concludes the proof of part @ of the theorem.
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Now we argue for part . Fixy € X andr > 0, and A = B'(y; T)C, so by part@
there is zy € X such that Z4(z9) = p. On the other hand Z4(x) = 1 — P e(x),
and Z,c(x) € {0,p,1}. Thus p=1—p=1/2. O
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