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Abstract
Multivariate descriptions of ocean parameters are quite important for the design and risk assessment of
offshore engineering applications. A reliable and realistic statistical multivariate model is essential to
produce a representative estimate of the sea state for understanding the ocean conditions. Therefore, an
advanced modeling of ocean parameters helps towards improving ocean and coastal engineering practices.
In this paper, we introduce the concepts of asymmetric copulas for the modeling of multivariate ocean data.
In contrast to extensive previous research on the modeling of symmetric ocean data, this study is focused
on capturing asymmetric dependencies among the environmental parameters, which are critical for a
realistic description of ocean conditions. This involves particular attention to both nonlinear and
asymmetrically dependent variates, which are quite common for the ocean variables. Several asymmetric
copula functions, capable of modeling both linear and nonlinear asymmetric dependence structures, are

examined in detail. Information on tail dependencies and measures of asymmetric dependencies are
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exploited. To demonstrate the advantages of asymmetric copulas, the asymmetric copula concept is
compared with the traditional copula approaches from the literature using actual environmental data. Each
of the introduced copula models is fitted to a set of ocean data collected from a buoy at the US coast. The
performance of these asymmetric copulas is discussed and compared based on data fitting and tail
dependency characterizations. The accuracy of asymmetric copulas in predicting the extreme value contours
is discussed.

Keywords: ocean engineering, joint distribution, multivariate analysis, asymmetric copula

1. Introduction

Offshore and coastal structures facilitate the exploitation of the vast ocean resource, which contributes
significantly to technological and economic development. Compared with normal structures on land,
offshore structures are bulky, expensive and in most cases constructed in a complex marine environment.
The marine environment for offshore structures can be severe, adverse, varying and uncertain. It covers a
broad area of climatic factors, which generally include tide, current, wind, waves, ice and other sometimes
devastating events such as hurricanes. When addressing different environmental risks for the offshore
engineering applications designers are usually required to estimate the environmental conditions at the
ocean site, and usually a multivariate analysis is performed (Zhang and Cheng, 2016). For example, the
environmental contour method developed by Winterstein et al. (1993) is popular for this purpose. As a basis
to produce realistic results it requires a reliable multivariate environmental model for finding the maximum
system response associated with a given exceedance probability. In this context the interaction among
various environmental influences plays an important role. In practical applications, offshore and coastal
structures can suffer from severe damages because of the occurrence of critical combinations of the ocean
environmental variables which coexist in extreme weather events such as sea storms (Zhang and Lam, 2014;
2015). In turn, deficiencies in modeling their joint statistics may severely overestimate the safety and
effectiveness of coastal and offshore structures, hence lead to unsafe design and consequently lead to

expensive and unexpected catastrophes (Bitner-Gregersen, 2015; Zhang et al. 2017a,b). Particularly, the
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modeling of the joint distribution of wave height and wave period is normally a must in marine engineering
applications since the sea state at a specific location primarily depends on these two ocean parameters
simultaneously (DNV, 2014). However, the ocean climate system is an extremely complex system that
contains many more natural factors from both the ocean and the atmosphere. There are various sources of
uncertainties and potential biases that influence the ocean conditions (Zhang and Cao, 2015). Specifically,
the uncertainties related to the parameter dependencies are one of the most influencing factors. It was
recognized that the understanding of the nonlinear dependency between ocean parameters remains one of
the most difficult tasks, and the statistical modeling of the multivariate ocean data remains challenging due
to their complicated relationships (Ewans and Jonathan, 2014).

Lots of attempts to cope with multivariate statistical analysis can be found in the literature, involving
the use of a conditional distribution model (Lucas and Guedes Soares, 2015), a bivariate logistic model
(Morton and Bowers, 1996), a Pareto distribution model (Muraleedharan et al., 2015) and so on. Clearly,
the traditional conditional joint distribution model is only applicable to the multivariate problem to a certain
extent. If the variables contain slightly more complex relationships such as non-constant correlation between
pairs of random variables (e.g. the correlation coefficient value may change at extremes), the traditional
joint statistical model is not appropriate any more. Therefore, many more advanced techniques have been
employed in the multivariate analysis. Among all the developments, the application of copulas has been
increasingly popular in recent years. Many initial studies have illustrated that application of copula theory
can produce more realistic joint models for the ocean multivariate data. De Michele et al. (2007) have
utilized copulas to characterize sea storms in terms of significant wave height, sea storm duration, sea storm
inter-arrival (waiting) time, and sea storm direction. Antdo and Guedes Soares (2014) have established
copula based bivariate models for individual wave steepness and wave height. A similar copula model for
description of water levels and waves are also presented by Masina et al. (2015). Montes-Iturrizaga and
Heredia-Zavoni (2015) have proposed a formulation for expressing the environmental contours as functions
of copulas and show that the dependence structure of sea state parameters can be well presented in this

manner. Until recently, Jane et al. (2016) have employed the copula model to predict the wave height at a
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given location by considering the spatial dependence of the wave height at nearby locations. In contrast to
the traditional joint model, a copula approach has the advantage that the dependency structure between the
variables can be defined independently of the choice of the marginal distribution. This flexibility is highly
desirable in modeling the environmental parameters as the natural factors often exhibit non-obvious
dependencies. Moreover, it was also found that the copula model can save numerical effort when it is utilized
to characterize the environmental loading in the offshore structural analysis. For instance, Zhang et al. (2015)
have demonstrated an approach of using a copula model to characterize the sea load for the reliability
analysis of a real jacket structure, which reduces the numerical effort by a factor of five. A practical guideline
for using a copula in the design of coastal and offshore engineering applications can be found in Salvadori
et al. (2014). Thorough guidelines involving the use of copulas in a structural approach are given in
Salvadori et al. (2015). In general, from the recent advances in coastal engineering, it is now widely
recognized that a copula approach is very efficient and powerful to model the statistical behavior of ocean
dependent variables.

As exciting as the copula approach is, there are some obvious issues, which need to be addressed
for a successful application. In former studies it was criticized that most families of parametric copulas can
only model data having symmetric dependency (Genest and Favre, 2007). For example, the well established
Archimedean copula families are all symmetric. If the data dependencies exhibit asymmetric behavior, the
traditional copula model may no longer be adequate. Asymmetric Archimedean copulas are discussed in
Grimaldi and Serinaldi (2006). Unfortunately, ocean data, fall into this category; they have been found as
asymmetrically dependent in various previous studies. This is especially obvious for the sea state parameters,
which are important for in engineering design (deWaal and van Gelder, 2005). Ignoring the asymmetric
effects in the modeling of ocean data can be quite critical as it affects the estimates of the response statistics
and eventually compromises the quality of the structural reliability assessment. A reason explaining the
frequent (possibly unjustified) usage of symmetric (Archimedean) copulas might be that these are the ones
provided by the Matlab package, the one traditionally used by maritime engineers. However,, asymmetric

copulas can remedy this problem. Asymmetric copulas can be constructed based on the families of
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symmetric copulas. This compounded procedure can significantly improve the fit (Jondeau, 2016). The
modeling of the ocean data utilizing the asymmetric copulas has received much attention recently (Vanem,
2016). The well known Khoudraji-Liebscher family, introduced in (Durante and Salvadori, 2010; Salvadori
and De Michele, 2010), gives the possibility to construct asymmetric copulas. The application of this family
in a maritime context has been mentioned in Salvadori et al. (2014, 2015). De Michele et al. (2013) have
also used it for the modeling of drought. Besides, the conditional mixture construction (Vine copulas), first
introduced in maritime engineering by De Michele et al. (2007), also provides the possibility to construct
asymmetric copulas starting from symmetric ones. However, the theoretical concepts and procedures of
constructing an asymmetric copula have not yet been studied in detail. Despite this, it is recognized that
there are many candidate asymmetric copulas in theory. These choices provide potent features and practical
meaning in ocean and coastal engineering applications. This potential can readily be utilized once the
applicability of asymmetric copulas for the modeling of ocean data has been verified and demonstrated. We
aim to contribute to this development with the present real case study for demonstrating and highlighting
the features, merits as well as limitations associated with asymmetric copulas.

The remainder of this paper is organized as follows. Section 2 presents a general literature review
of the existing techniques in modeling multivariate ocean data. Section 3 presents the fundamental
knowledge of copula theory and the basic dependence measure concepts. Basic concepts of asymmetry
measure as well as the procedures of constructing asymmetric copula models are explained in detail in
Section 4. Specific asymmetric copula models for ocean data are developed in Section 5 and compared
against traditional parametric copula models based on collected, preconditioned ocean data. To understand
the features of using asymmetric copulas in the ocean data modeling, a comparative study between
symmetric and asymmetric copula models is presented in Section 6. The concluding remarks of this paper
form Section 7.

2. Joint statistical models for ocean data

Among the probabilistic models available in the literature, the most commonly recommended model
adopted in offshore engineering design codes is the conditional joint distribution model, which is widely
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applied to various kinds of ocean data (Burton et al. 2001; Jonathan and Ewns et al. 2011; Ernst and Seume
2012). The most pertinent joint distribution model that is applied in ocean engineering is for the significant
wave height and peak period, which characterize the spectrum of a sea state. For instance, Guedes Soares
et al. (1988) and Bitner-Gregersen and Haver (1989) have demonstrated the use of a joint environmental
model, which was constructed based on the combination of the marginal distribution of wave height and
conditional distribution of the wave period. Later on, Ochi (1992) introduced a bivariate log-normal
distribution in the modeling of the significant wave height and peak period. Generally, these conditional
bivariate distribution models assume significant wave height follows a Weibull distribution while wave peak
period follows a log-normal distribution whose model parameters are conditional on significant wave height.
The primary reason for using such conditional distribution model is generally that the significant wave
height is the most important parameter, which affects design conditions of ocean structures whereas other
parameters have less influence. This also agrees well with the practice design code (DNV 2010), which
utilizes a bivariate conditional model for the wave height and wave period. This concept of conditional
distribution models can also be extended to modeling other ocean parameters.

Beyond these fundamental developments, many of the current studies demonstrate that the joint
models could be further developed. Prince-Wright (1995) showed that a multivariate model using the Box
and Cox transformation can model the collected ocean data well, especially under the presence of non-
stationarities. This has been proven through a comparative study done by Bitner-Gregersen et al. (1998), in
which the analysis has been applied to a dataset containing both wave and wind. Repko et al. (2004)
developed a bivariate model of significant wave height and peak period based on a given independent value
of wave steepness. A comparison of several of these approaches with maximum entropy principle, including
clarifying the differences and performance in estimating a return value, by utilizing a specific data set can
also be found in (Dong et al. 2013). Ewans and Jonathan (2014) have incorporated the offshore structural
response properties in the multivariate sea state parameter modeling and utilized the reliability concepts to
derive the response based environment contours. The conditional multivariate extreme models for ocean

parameters considering covariate effects in directionalities are also discussed in Jones et al. (2016). An
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overview of different methods for multivariate modeling of ocean data such as the conditional modeling
approach can be found from Ferreira and Guedes Soares (2002) and Jonathan et al. (2010). Although the
use of a conditional joint distribution model is quite convenient, its drawback is also very obvious. That is,
the marginal distributions and the dependence structure are both defined within one bivariate model, which
reduces the degree of freedom of the model. In fact, it should be noticed that conditional models are simple
special cases of copula models. As explained later via the Sklar’s Theorem representation (see Section 3.1

and Eq. (3)), the bivariate joint density fxy is simply given by

fXY(X!y):CXY(FX (X)’Fv(y))‘fx (X)‘fy(y)’ 1)
where cxv (.) is the copula density, Fx, Fy are the univariate distribution functions, and fx, fy are the univariate
marginal densities. In turn, the conditional density used in conditional bivariate models is a function of the

copula at play, i.e.

fX|Y(X|Y):M=CXY(FX (X)’Fv(y))'fx (x)- @

fy ()
Here, the point is that, in general, it is easier to identify/construct a bivariate copula model than a conditional
model, especially when the sample size is scarce. In addition, changing the marginals in a copula model is
easy, whereas it may be awkward in a conditional model. This point has also been mentioned by many other
studies, which also suggested further development of the conditional bivariate models.

Besides the traditional joint models, some researchers have dedicated their efforts to the study of
establishing multivariate models using transformation approaches. Quite popular is the Nataf transformation
approach to construct joint probability models in offshore engineering applications (Nataf, 1962). Wist et
al. (2004) have applied a Nataf model to capture successive wave heights and found that they can be well
approximated by this joint bivariate model. A more complicated methodology has been presented by Sagrilo
et al. (2011) for creating a Nataf model which includes the wave, wind and water current parameters. It is
also applied in a structural reliability analysis where an environmental contour is estimated from the Nataf
model (Silva-Gonzélez et al. 2013). More recently, the maximum entropy distributions, which are developed

based on Nataf transformation, have been utilized in the modeling of wave height and wind speed (Dong et
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al. 2015). The features of the approximation for the distribution of the physical variables depend on whether
the vector of the transformed standard normal variables is close to being multi-normal. Otherwise, it is
criticized that certain transformation procedures might not be necessary (Huseby et al., 2013). For
comparison, a 4-dimensional model was easily constructed in De Michele et al. (2007) via conditional
mixtures of copulas (now generalized by the so-called Vine copulas).

Generally, under certain conditions each of the provided models has its own advantages. Quite a
few of these models are flexible enough to provide a realistic characterization of ocean parameter
dependencies under various conditions. With the aim of advancing the field of offshore reliability
engineering, there is a strong need for establishing a multivariate model that can handle nonlinear
dependencies. We found that only little attention has been devoted to the research of non-symmetric
multivariate models for ocean parameters. Studies in this direction with greater depth seem useful in order

to improve the modeling of dependencies in ocean data.

3. Copula theory and dependence measures

An alternative modeling approach to the multivariate ocean data is to use copulas for constructing
multivariate data. Copulas provide a powerful tool for modeling multivariate data, and are widely used in
Finance and Economics (see, e.g., Cherubini et al. 2004; McNeil et al. 2005), as well as in Hydrology and
Environmental Sciences. In this latter instance, as seminal references, the following ones provide a thorough
survey: for a theoretical introduction see Nelsen (2006); Joe (2014); Durante and Sempi (2015), for a
practical engineering approach see Genest and Favre (2007); Salvadori et al. (2007); Salvadori and De
Michele (2007).

3.1 Definition and basic properties

Copula is a model, which “couples” univariate marginal distributions to form a multivariate distribution. In
theory, a copula model is constructed by combining the marginal distributions of variables and a specific
dependence structure. The formal definition of a copula as a multivariate distribution with specified
marginal distributions is originally introduced in Sklar’s theorem (Sklar, 1959):

8
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Sklar’s Theorem: Let F be an n-dimensional distribution function with marginal distributions F4, ..., Fn.
There exists an n-dimensional copula C such that for all x € R™

F (4K, %) =C(R(x).K,F(x,)) (3)
If F4, ..., Fnare all continuous, then C is unique. Conversely, if C is a copula and Fy, ..., F, are distribution
functions, then the function defined in Eq. (3) is a multivariate distribution function with marginal
distributions Fy, ..., Fn.

On account of Sklar’s theorem, it is easy to see that the copula model does not need to consider the
characteristics of the individual random variables in the multivariate problem. This results from the
probability integral transform which states that the random variables U;=Fi(Xi) are uniformly distributed on
[0, 1]. Note that the probability integral transform works for continuous random variables, since F; should
be invertible. In other words, the copula model is a multivariate model for all the variables after their
transformation through the cumulative distribution function. Copula is a multivariate cumulative
distribution function with uniform marginals. Hence, the domain and the range values for an n-dimensional
copula function are

c:[01]" —»[01].

Compared to the other joint distribution models, the copula approach has the advantage that the
dependency structure between the variables can be defined independently of the choice of the marginal
distributions. The freedom of selecting any marginal distributions for the variables in a copula makes this
approach quite flexible in characterizing individual variable’s behaviors. This flexibility is highly desirable
in the modeling of ocean parameters as the environmental factors often show non-obvious dependencies.
Various kinds of parametric copula families and classes can be found in the literature, see e.g. (Hutchinson
and Lai 1990; Nelsen 2006; Salvadori et al. 2007; Joe 2014). Each family or class of copulas can characterize
a certain kind of dependence in multivariate data. Most of these copulas are used for bivariate data. However,
they can be expanded to a multivariate model through straightforward transformations. Examples of copulas,

like Archimedean copulas, are presented in Appendix B.
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3.2 Dependence measures

To highlight the significance of the copula approach in offshore engineering applications, a detailed
interpretation of dependence concepts is provided herein. The dependence structure is generally the most
important characteristic in a copula model. The most common and convenient way for measuring the data
dependence is using the Pearson’s correlation coefficient p. It is widely applied in many statistical
approaches because of its simplicity and ease of handling. However, the weakness of p is also obvious as it
can only represent linear dependencies. Therefore, other concepts of dependencies such as Kendall’s 7 and
Spearman’s ps were introduced in the literature (Joe, 2014). Compared to Pearson’s coefficients, these two
dependency measure concepts are much more robust. Kendall’s 7w measures the possible excess of
concordance/discordance in the sample, while Spearman’s ps is a measure of the “distance” (in the L!
integral sense) between the chosen copula and the one modeling independent variables (see Salvadori et al.
(2007)). Pearson coefficient requires the existence of the second order moments, and may depend on the
marginals, whereas Kendall and Spearman ones are nonparametric measures of association and do always
exist. Furthermore, the influence of unequal variances, outliers and non-linearity, which could cause
distortions in Pearson’s correlation coefficient, are greatly minimized in Kendall’s z« and Spearman’s ps. In
other words, from engineering point of view, Kendall’s and Spearman’s dependencies are more focusing on
the concordance of the ranking whereas Pearson’s dependence is focusing on the value. Copula model can
describe various kinds of dependencies which include association concepts such as concordance, linear
correlation and other related measures. A copula is thus much more flexible than traditional concepts for
characterizing dependencies and includes these concepts. However, there are a few issues associated with
traditional copulas (e.g. Archimedean copulas) when they are applied to ocean data. A key drawback is that
some copulas are symmetric while most ocean data display non-symmetric dependencies. The reason for

these asymmetric dependencies can be summarized as follows:
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Different ocean variables respond differently to the same environment conditions. For example, when
there is a hurricane, the wind speed is the most directly affected variable. A sudden increase of wind
speed is expected to be observed. The value of wind speed has a very quick response to the hurricane.
However, this effect may not be reflected in the wave height values instantaneously. There is normally
a delay in the observed wave height due to the change of wind speed. Such a delay causes some
deviations in the co-movement of wave height and wind speed time series data. Thus, a nonlinear
dependency is observed in the data and asymmetric dependencies evolve. This effect can be illustrated

by means of scatter plots as shown in Fig. 1.

® “.. Caused by
° ° delay
[ X
(]
Wind s % Wind
speed o Fo © speed
[ X))
0s® ° o
[ “. [ ...
® o © ...
) .. ° ..
Wave height Wave height
Perfect linear relationship Nonlinear relationship and asymmetric

dependency

Figure 1 Asymmetric dependency of ocean data caused by delay.

The feasible domain of parameters restricted by the physical phenomenon is another significant reason
for asymmetric dependencies. For example, a large value of wave height is unlikely to be accompanied
by a small wave period because of the breaking wave limit. In other words, the observation of some
variable combinations is physically impossible. This effect is illustrated in Fig. 2. As can be seen, there
is no observation in the right-lower region (marked with a cross), while observations can be seen in the
left-upper region (marked with a tick). That is, implicit physical phenomena can limit the possibility of

occurrence for some data combinations. The feasible domain is therefore reduced and becomes
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asymmetric. Implementing such physical feature in the copula model is not straightforward and is still

in its infancy stage of development.
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Figure 2 Asymmetric domain of wave data caused by physical phenomenon.

These effects can be commonly observed in most collected ocean datasets. The ignorance of such
asymmetric dependencies would lead to unreliable multivariate models and associated estimates, for
example, of long term return values. However, the traditional copula approach is not capable of handling

these effects efficiently. A more advanced statistical approach is therefore required.

4. Asymmetric copulas

In general, as discussed in the above, the most commonly used copulas cannot meet the current needs for
modeling ocean data. An accurate modeling of the asymmetric dependencies is highly demanded. To remedy
this problem, we introduce several groups of asymmetric copulas as well as the basic concepts in measuring
the asymmetry of a copula.

4.1 Measure of asymmetry and tail dependency

First of all, it is necessary to introduce the basic definition of symmetry for the copula model. For a given

copula C(uy, ..., uy), if
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C(ul,...,ui,...,uj,...,un):C(ul,...,uj,...,ui,...,un) is true for any pair u;, u; €1,

then u; and u; are said to be exchangeable and the copula C(uy, ..., u,) is said to be symmetric (Genest and
Neslehova, 2013). On the other hand, if a copula function does not satisfy the above condition, it is
considered to be asymmetric. Based on this idea, a measure of asymmetry in a copula was developed by
Klement and Mesiar (2006).

For instance, a natural measure of asymmetry for a 2-dimensional copula can be calculated by the

following equation Klement and Mesiar (2006)

np(c):{ [l () - (0, u)f dulduz}lxp "

where p can be set at any value that is greater than or equal to 1, p = 1. In other words, the measure of
asymmetry is represented as the distance between C and its transpose C', like the norm. Moreover, it is

usually more convenient to compute the value when p approaches infinity, which leads to

7,(C)= sup |C(uy,U,)—C(uyu,). (5)

(uy,)ef01]"
Thus, when this measure goes up to a certain value, the copula is considered as non-exchangeable and is
understood to be asymmetric. In the observation of bivariate ocean data, the measure of asymmetry as
calculated by Eq. (5) could serve as a measure of exchangeability for the data. An extension of Eq. (4) and
Eq. (5) for measuring the asymmetry of two variables in high dimensional copula can also be derived as

following

7.(C)= sup [C(u)-C(u,), (6)

(u.u, )efo]"
where u=(u,...,Un) and Uz=(Ux),...,Um), T € S, is a permutation of {1,...,n}. Generally, it calculates the
maximal distance between a copula and a version of it where the arguments are permuted (Harder and
Stadtmuller, 2013).
Besides the measure of asymmetry, the asymmetric characteristics can also be observed from the

differences in the tail dependencies. According to the coefficient of tail dependence proposed by Joe (2014),
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there are four coefficients that can be used to describe the tail dependence for bivariate data, namely, lower-
lower, lower-upper, upper-lower, upper-upper tail dependence coefficients. For example, if an n-

dimensional copula C(u4, ..., uy) is given, these tail coefficients can be calculated as follows:

A1 (C) = lim P(x1 <SF (U)X SF (U)o X, < F (U)X < F.’l(u)), (7)

i u—0+

A ()= lim P < W)t (), <P (1) < (W), B

i u—0+

2 (C) = lim P(x <R (U)X S B (U)o Xy <F (U)X 2 F(2-0)), (9)

i u—0+

A5 (C)= lim P(x1 <SEH(u)y 2 FH(L=U),en X, <FH(U)] X = Fj’l(l—u)) ,(10)

il u—0+
where F71(0),..., E;1(.) are inverse marginal distribution functions for the variables xi,...,x». Therefore,
these four equations provide measures of the dependence in four different tails of two variables in a
multivariate setting. More commonly, if a bivariate copula C (u4, u,) is analyzed, the tail dependence can

be derived as (Nelsen (2006))

(€)= lim P(x < K (0) b < (u) = fim L), (11)
Ay (C):ulir(r)LP(xl >R (1-u) |, <K (u)) :1—uliry+w, (12)
Ay (C):ulir(r)LP(xl <SFEH(u)|x, = F;l(l—u)) =l—ulir(r)1+@, (13)

1-C(1-u,1-u)

245(C)= lim P4 2 R (1-u) 1%, 2, (1-u)) =2 lim

(14)
u—0+ u—>0+

The value range of these four coefficients is [0, 1], i.e. A, Ab%, A%l A%% € [0,1] where a value of 0

indicates asymptotical independence. Equations (11) and (14) are also known as coefficients of upper and

lower tail dependence. For multivariate case, if the copula function is known, Egs. (7) to (10) can be further

expressed as follows

A(C) = tim SW1). (15)

il u—0+ u

14



336

337

338

339

340

341

342

343

344

345

346

347

348

349

350

351

352

353

354

355

356

357

358

359

Ci(u,...,u)

A1 (C)= Jim === (16)
ﬂf.lfj’l (C)ZUIL%M’ 17
A (€)= i S ae)

where C;(.) and (fj (.) are copulas modified from the base copula C(.) which can be shown by the following

relationship

Cy (ul""'un):C(ul’""uk—l’l’uk+1""’un)_C(ul""’uk—l’l_uk’uk+1""1un) , (19)

and éj,i(.) can be expressed by

Cji (Upsty ) =C; (Upy Uy g LUy Uy ) = C (U Upg 1= U Uy, Uy ). (20)

Tail dependencies can help to understand differences in the dependence structure for different tails.
This provides useful information about the properties of extreme values from the intrinsic dependencies. In
other words, tail dependencies provide a measure for relating one margin exceeding a certain quantile
threshold while the other has already exceeded that quantile threshold. When assessing the asymmetry of a
copula, the lower-upper and upper-lower tail coefficients can be utilized. The special case of a symmetric
copula is included in this model. A symmetric copula can have its variables exchanged, the copula function
values C(u, 1 —u) in Eqg. (12) and C(1 — u, u) in Eq. (13) are identical. Further, for the symmetric case,
the value of the lower-upper tail coefficient equals the upper-lower tail coefficient. If these coefficients are
different, the copula is asymmetric. However, it should be noticed that the number of coefficients will grow
exponentially as the dimension increases, and the interpretation of each coefficient becomes more difficult
and indeterminate/vague. More detailed explanations are required when tail dependences are calculated for
high dimensional data.
4.2 Asymmetric copulas constructed by products
The construction of asymmetric copulas can be pursued in various ways. In recent years, many methods

have been developed in this direction (Grimaldi and Serinaldi, 2006; Mesiar and Najjari, 2014; Mazo et al.,
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2015). These include plenty of techniques that are utilized to capture the asymmetric dependencies in the
multivariate data (Patton, 2006). However, not all of the asymmetric copulas can be practically applied. The
application of some asymmetric copulas may need extra functions to characterize the complex dependencies.
For instance, the well known Archimax copula, which is proposed by Capéraa et al. (2014), needs to have
the Pickands dependence function for its construction. The construction of Pickands dependence is quite
difficult and sometimes required complex statistical derivations (Pickands, 1981). Therefore, from a
practical point of view, the most popular and practical alternatives among these asymmetric copulas are
reviewed in this study. We choose to focus on the asymmetric copula families that can be easily constructed
from various base copulas, e.g. Archimedean copulas. Asymmetric copulas with a very complicated way of
construction are not explored in the present study.

One popular construction principle for asymmetric copulas is to formulate a product of copulas (see

Liebscher, (2008)). A general form to obtain an asymmetric copula is

k
Cproduct (ul""'un ) = HC| ( fil(ul)""’ fin (un )) ' (21)
i=1
where Cj, ..., C: [0,1]¢ - [0,1] are all n-dimensional copulas, fij-[0,1] = [0,1] fori=1,... )k, j=1,...,nare

functions that are strictly increasing or identically equal to 1. To ensure this product of copulas is also a

copula, the functions f;; have to satisfy the following additional properties:
2. fi; is continuous on (0,1],

3. If there are at least two functions fil,-:fiz,- with 1 < i,i, < k which are not identically equal to 1, then

fij(x) > x holds for x € (0,1), i=1,... k.

From the above it is easy to see that the constructed copula is generally an asymmetric copula. The
properties of these asymmetric copulas are derived from the fundamental properties of copula model. All

the functions f;; play a role in the asymmetric dependence modeling. This technique is also known as an
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extension of Khoudraji’s device (1995). For example, by utilizing type | individual function (see Table 1)
and set k, n=2, Eq. (21) becomes exactly the Khoudraji copula. The n-dimensional copulas Cy, ..., C;, can be
selected from various groups of parametric copulas, e.g. the Gumbel, the Clayton, the Frank, the Gaussian and
etc. It is also possible to use independent or Fréchet-Hoeffding bounds for the individual copulas. As for the
individual functions f;;, Liebscher (2008) has provided a list of candidate functions which are suitable for the
application. The most applicable individual functions are presented in Table 1. This flexibility can allow this
asymmetric copula to be extended to much more complex multivariate models. However, even with these
individual functions provided, the number and type of individual copulas are still unknown and need to be decided.
Moreover, more advanced numerical methods are required for the simulation and use of this type of copula.
Fortunately, certain simulation techniques have already been developed and utilized in the statistical analysis
software. For example, the simulation of Khoudraji copula can be easily done by using a package named “copula”
in R (Hofert et al., 2016). The use of Khoudraji-Liebscher copulas has already been very popular in the
hydrology community, for example, both in terrestrial hydrology (e.g., Durante and Salvadori (2010); De
Michele et al. (2013)) and in maritime hydrology (e.g., Salvadori et al. (2013, 2014, 2015)).

Table 1 Examples of individual functions

Individual function Parameters Value range
O k
l. fiy (u)=u™ 0 =1 0; <[0.1]
k
1. f (u)= ufi el Ve izlgij =1, 9” € (0’1) o Gij € (—oo,l),
" ;=0 O + o 20
i=

m. <y (u):exp(ej—,/|lnu|+9j2),

9; for je{l...n} 0 >1
f(u)=uexp(-0; +|Inu|+67) 2

]

*Note: type Il individual functions can only be used for the asymmetric copula having two individual copulas
(e.g. k=2).

4.3 Asymmetric copulas constructed by linear convex combinations

Another way of an algebraic construction of an asymmetric copula is by linear convex combinations of
copulas. However, the direct linear convex combination of copulas is not suitable to create asymmetric

copulas. Since most fundamental copulas are symmetric, the linear convex combination of these copulas
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would also only produce symmetric copulas. Wu (2014) has proposed a way to modify the fundamental

copulas in order to account for asymmetric properties. In his theorem, a new kind of copula is proposed as

Cpy (U, Uy ) = C (g, Up g LU g ooy Uy ) = C (Ugy ey Uy 1= U U g, Uy ) (22)

where C(.) is the original n-dimensional base copula. It can be seen that the variable un is not exchangeable
with other variables in the developed copula. This type of copula is also known as flipped copula as specified
by Salvadori et al. (2007). Such copulas which have flipped dependence structures are already available in
the R package “copula” (e.g. rotCopula()).

Therefore, with such amendment, C,,(.) can be used to fit data exhibiting unequal tail dependencies
along the hth variable. Furthermore, in order to model asymmetric properties in multiple variables, one may

use the following equation to construct the copulas:

Cagaition (Upy -+ Up ) = Z::o PrCp (U, ) (23)
where p,, is a weighting factor satisfying the conditions 0 < p, <1 and Y}_,pn = 1. When h=0,
Co(uy, ..., uy) = C(uq, ..., u,). That is, an asymmetric copula is obtained by linear convex combinations of
copulas. The compound copula is now a combination of various base copulas with different individual tail
dependencies. As in the approach in Section 4.2, a large group of copula families can be selected for the

base copula C(u4, ..., u,). For the case of a bivariate copula C (uq,u,), Eg. (22) can be further expressed as
C,(upu,)=u, —-C(1-u,,u,), (24)
C, (U uy)=u, —C(up,1-u,), (25)

which can also be called the horizontal- and vertical-flipped copulas (Salvadori et al. 2007). Therefore, the

constructed asymmetric copula can be generally written as

Coadition (U1: uz) = p,C (Ul’ u, ) +pC (Uv u, ) +p,C, (UI’ Uz) (26)
where py, p1,p2 = 0 and p, + p; + p, = 1. Using this formula, we can easily adjust the values of weight
factors assigned to each base copula in order to characterize the asymmetry properties of bivariate data along

different variables. In other words, the individual copula C;(uy,u;) or C,(uy,u,) can only capture the
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asymmetry in one variable. As such, we can also point out the differences between the current construction
method and Liebscher’s method. That is, the current method constructs asymmetric copulas that present the
asymmetric property in one variable each at a time, whereas Liebscher’s method constructs the copulas for
variables having asymmetric properties all at a time.

4.4 Skewed copula

Besides the algebraic construction methods, another way of modeling asymmetrically dependent data is
utilizing skewed copulas. This approach originated from skewed multivariate distributions and generalizes
the original distribution to allow non-zero skewness. The idea is to transform a multivariate distribution to
an asymmetric one by introducing a parameter, which can regulate the skewness (Koll et al., 2013). However,
there are only few skewed copulas available in the literature. The most popular one is the skew Gaussian
copula.

Before introducing the skew Gaussian copula, we recall some basics about the Gaussian copula. An

n-dimensional Gaussian copula is defined by

Coaussian (Upsoo Uy ) = P (@7 (1), @7 (U, ) Z) (27)
where ®7(.) denotes the inverse of the standard normal distribution function, ®,(.) represents the n-
dimensional normal distribution function, and > stands for the covariance matrix. The Gaussian copula is a
member of the elliptical copula family. The function is very like a multivariate normal distribution function
and therefore can only be used to model variables having symmetric dependencies. To overcome this

limitation, the basic formula is modified to account for asymmetries based on skew Gaussian distribution

functions. A general n-dimensional skew Gaussian copula is given by
Cskew—Gaussian (Ul,...,Un;y,Z,ﬂ) = Fn,skew(Flr;}ew (ul;:uliliﬁl)""' Fl;klew (un ;/un ’Lﬂn );;U’Z’ﬂ) (28)
where Fy g () is the inverse of the univariare skew normal distribution SN(wi, 1, 1), Fpskew (. ) is the n-

dimensional skew normal distribution with mean parameter u, shape parameters f# and covariance matrix Y.

The density function of a multivariate skew normal distribution for n-dimensional random variables
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X(X,...,Xn) IS given by
fo (X515, 8) = 24, (X5 11, 2) @, (BT X 11,%) (29)

where ¢, (-; 1, Y)) and @, (;; 1, X)) represent the probability density function and cumulative distribution
function of n-dimensional normal distribution with mean x and covariance > (Azzalini and Dalla Valle,
1996). Usually, for the ease of modeling, the mean values are all set at zero. The asymmetric property thus
only results from the shape parameters. When $=0, the copula becomes the standard Gaussian copula with
no skewness. If g increases, the skewness of the distribution increases. Once g changes its sign, the skewness
is reflected in the opposite side of the axis. The asymmetric properties can be characterized by the shape
parameters either for the marginals or for the multivariate distribution.

From the comparison between Eq. (28) and Eq. (21), it can be seen that the skew copula s in fact a
special case of the constructed copulas as given in Section 4.2. Compared to the general form, the skew
copula has only one individual copula (k=1) and this individual copula (C;) and the individual function (f;;)
are coming from the same family (skew Gaussian distribution). However, it is still interesting to discuss the
use of skew copulas since no previous work has been done on its application in the modeling of ocean data.

5. Data analysis

To demonstrate the advantages of asymmetric copulas over the other models in a real case application, a
comparative study is performed based on ocean data from the National Data Buoy Center, US (NDBC,
2016). The data were collected at a site in the Aleutian Trench, off the south coast of Alaska (52.785°N
155.047°W Buoy No. 46066) which has a water depth of 4545 m. The hourly recorded ocean data from the
years 2014 and 2015 are extracted for the investigation (2014/1/1 01:00-2015/12/31 23:00). We choose to
study three ocean parameters: significant wave height (Hw), average wave period (Ta) and wind speed (Vw).
The unit of the measured wave height is in meters, while the units of wave periods and wind speed are
second and meter per second, respectively. Here, only non-braked waves are recorded. The record of the
ocean data shows a clear seasonal variation as depicted in Fig. 3. The data indicate more severe conditions

in winter compared to summer.
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As the time varying feature of the data record is very obvious, it is not reasonable to consider a
simple statistical analysis to all the multivariate data at one time. A data partitioning is necessary to separate
different groups of data for the analysis. To simplify the problem, we analyze a specific period of data which
are critical and short. On this basis we can assume that all ocean data are quasi stationary for the statistical
analysis. In this study, the ocean data covering the most severe period from November to February are
chosen for the investigation. Figure 3 shows the variations of the mean and standard deviation of Hy, Ta and
V. over this period. However, the statistical testes are required to check whether the data are significantly
different from each other in different months. Here, t-tests are applied to test whether the data of Hw, Ta and
V. are significantly different in different months. The highest p-values for Hw, Ta and Vy are 0.324, 0.187
and 0.443 which imply that the hypothesis of data from different months show statistically different means
is rejected. Therefore, it is believed that the data within the period from November to February may
approximately be represented by the same statistical model. Although the data within this period might not
be perfectly homogeneous, the time varying effects associated with Hy, Vw and Ta can be neglected.
Therefore, the data set (Hw, Vw, Ta) from the four months winter season in 2014 and 2015 are used for the
subsequent statistical analysis. However, it should be pointed out the ocean data at this ocean site for the
whole period is not completely collected. It has an amount of missing data in the hourly record. Only 3910
out of 5952 observations are collected. The detailed information and a general statistical summary of Hy,
Vw and Ta is provided in Table 2. The differences in statistical properties between different ocean data are

large. Individual characteristics of the ocean parameters Hyw, Vw and T, have to be investigated separately.
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Figure 3 Monthly box plot of Hw, Vi and Ta over one year

Table 2 Basic statistics of Hw, Vwand To.

Dataset Number of data | Mean Std. Deviation Skewness Kurtosis
Hw 3910 3.509 1.276 1.041 1.802
Vi 3910 7.687 3.726 0.324 -0.318
Ta 3910 7.814 1.073 0.277 0.248

Another issue that needs to be considered before the statistical modeling is the serial correlation. To

observe the serial dependence, the autocorrelation functions for Hy, Vw and T, are plotted in Fig. 4. The

figure shows the autocorrelation function values of the time series are not very strong when time lag is about

3 hours. In fact, the dependence between the observation and the one 3 hours later can be negligible (e.g.

autocorrelation function value is within the rejection region for test of individual autocorrelations, see Fig.

4). Therefore, in this study, we generally assume the serial dependence is weak and the collected data can

be directly used for statistical analysis. However, it should be realized the time series data need to be pre-

processed when serial correlation is very strong. The current analysis only adopts a relaxed assumption in

this data pre-processing. Typical steps about how to remove the serial correlations contained in time series

data can be found in Vanem (2016).

22



516

517

518

519

520

521

522

523

524

525

526

]
1.0

(a) Hw (b) Vw

08
I

06
I

ACF
04
ACF

0.2
I

00 02 04 06 08

02 00
|
':_
04
|
__":

| | | | | | | | | | | |
0 10 20 30 40 50 0 10 20 30 40 50

Lag Lag

1.0

©) Ta

ACF
02 00 02 04 068 08

0 10 20 30 40 50

Lag

Figure 4 Autocorrelation function of Hy, Vi and T, for the selected period

As a first step, like in all the copula approaches, marginal distributions are determined for the
variables to put up an asymmetric copula. In order to make a fair judgment, a group of distributions are
utilized to fit the individual ocean data. These include Weibull, Normal, Lognormal, Rayleigh, Extreme
value, Exponential and Gamma distributions. Maximum likelihood method is used to estimate the model
parameters for each variable. The Akaike Information Criterion (AIC) is used to select the best models.
Table 3 summarizes the calculated statistics for each model. It indicates the best models are Lognormal
distribution for Hy, Weibull distribution for V, and Gamma distribution for Ta. The goodness of fitting of

these models to the variables can be seen from Fig. 5. The 95% bounds of the empirical cumulative

23



527

528

529

530
531

532
533
534

535
536
537
538

539

distribution function are also included. The p-value in the Kolmogorov-Smirnov test shows that the fitted

model is a valid option at a significant level of 1% for each of the ocean variables.

=)
T

Cumulative probability
@

p-value=0.0238

Empirical CDF

- confidence bounds (95%) |

Cumulative probability

0.4r

p-value=0.0336

Empirical CDF

"""""" confidence bounds (95%) | |

Lognormal —_—Weibull
0 : : 0 : : :
2 3 4 5 6 7 8 9 10 0 5 10 15 20
H“_ V“_
1
0.9F
0.8F
2oy
:% 0.6
;TEJ_S r
04T p-value=0.0174
S o3t
0.2 Empirical CDF
e confidence bounds (95%)
0.1 m— Gamma
0 : : : : : :
5 6 7 8 9 10 11 12
T,
Figure 5 Distribution fitting to the collected ocean data
Table 3 Calculated AIC statistics for the marginal distribution model fitting
Weibull Normal Lognormal Rayleigh Extreme Exponential Gamma
value
H. | 125814 128922 119792* 127976 149104 156506 121004
Vw | 139494* 151950 151300 187970 162430 228980 151000
Ta 186032 187578 188190 189672 198086 218644 186006*

*The lowest AIC value indicates the best model.

Despite the differences in the individual characteristics, the multivariate statistical properties in

between the ocean variables are studied. The dependence measure concepts including Kendall’s tau,

Spearman’s rho and correlation coefficient are calculated for each pair of the dataset as summarized in Table
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4. Furthermore, the measure of the asymmetry is computed for the paired data and presented in the table.
Here, the calculation of the measure of asymmetry adopts an infinity value for p as following Eq. (5). As
can be seen from this table, the dependence measure concepts show similar values. The dependence in (Hu,
Vw) and (Huw, Ta) is relatively stronger than that in (Vw, Ta) (as indicated by the value and independence tests).
On the other hand, the results of asymmetric measures for (Hw, Ta) and (Vw, Ta) are slightly higher than (Hw,
Vu). A test of exchangeability is also conducted for the bivariate data based on pseudo observations. The
calculated p-values for (Hw, Ta), (Vw, Ta) and (Hw, V) are 0.001, 0.003 and 0.008 according to the method
given by Genest et al. (2012). This indicates all the bivariate data show obvious asymmetric dependency. A
general feeling of these complicated dependencies can be developed using the scatter plot in Fig. 6. It can
be seen that all the dependencies between the ocean variables are not perfectly linear. For example, (Hw, Ta)
data points are only available in the left upper domain in the scatter plot. Moreover, it should be noticed that
the tail dependency of these bivariate data is quite different. (Hw, Ts) data has a very strong tail dependency
in the maxima extremes whereas (Hw, V) data has a weak tail dependency in the maxima extremes (can be
seen as the linearity). The characteristics of tail dependency must also be accounted for in the multivariate

data modeling.

Table 4 Summary of the ocean bivariate data (p-values of the independence tests are provided in the bracket)

Data Number of | Kendall’s tau Spearman’s rho | Correlation Measure of
data coefficient asymmetry
7’]oc

Hw, Vw 3910 0.342 0.492 0.545 0.005
(<2.2:10°19) (<2.2:10°19) (<2.2:1019)

Hw, Ta 3910 0.483 0.666 0.652 0.028
(<2.2:10%9) (<2.2:10%9) (<2.2:1019)

Vw, Ta 3910 -0.070 -0.105 -0.095 0.023
(0.7029) (0.6732) (0.7112)
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Figure 6 Scatter plot of Hy, Ta and Vy

For the dataset (Vw, Ta), all the dependence measure values are close to zero implying a nearly
independent relationship between the variables. From a statistical point of view, for such a weak dependency,
a multivariate modeling is not necessary. Therefore, the subsequent study is limited to the datasets (Hw, Ta)
and (Hw, V) for the copula modeling. Based on the selected marginal distribution models, the multivariate
ocean data are transformed to the copula domain. A scatter plot of (Hw, Ta) and (Hw, V) in the copula domain
is presented in Fig. 7. The pseudo-observations show clear asymmetric dependence structures. Compared
to (Hw, Ta), the bivariate data (Hw, Vw) are distributed over a broader region in the copula domain. From the
scatter plot it can be observed that the data (Hw, Ta) centralize at both the minimum and the maximum
extremes, while the data (Hw, V) only centralize at maximum extremes. This can be seen even clearer from
the probability density plot. As shown in Fig. 8, the peak density values appear at both extremes in (Hw, Ta)

but only at the maximum extremes for (Hw, V).
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Figure 8 Empirical probability density of (Hw, Ta) and (Hw, V) in the copula domain

To better understand tail dependencies of (Hw, Ta) and (Hw, V), the four tail dependence measure
concepts as discussed in Section 4.1 are applied to the two data sets. For varying quantile values, the tail
dependence coefficient values are plotted in Figs. 9 and 10. It can be seen that the upper-upper (4*") and the
lower-lower (") tail dependence coefficients show similar values with respect to each other for both (Hu,
Ta) and (Hw, Vu). However, the value of the upper-lower (2“!) and the lower-upper tail (1Y) dependence
coefficients show large differences when the quantile values change. This is especially obvious for the high
guantile tail extremes (e.g. u — 0). Compared to (Hw, Ta), the data of (Hw, Vw) do not show too much
difference in the value of the upper-lower and the lower-upper tail dependence coefficients. Generally, the

results show that the dependence between Hy, and T, is asymmetric and nonlinear whereas the dependence
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between Hy, and Vy is almost symmetric and linear. These tail dependence characteristics are considered in the

subsequent evaluation of the copula approaches.
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Figure 9 Estimated empirical tail dependences for the data (Hw, Ta)
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Figure 10 Estimated empirical tail dependences for the data (Hw, V)

Before proceeding with the multivariate analysis, it is important to address the problem of repeated
observations in the data sample (Genest et al. 2011; Biicher and Kojadinovic, 2016). In particular, when a
copula is chosen and fitted on a set of collected data, it is believed that the considered variables originate

from a continuous joint distribution. However, due to the limitations of measurement equipment, the
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collected data of Hy, Ta and Vy, are rounded to a numeric number having two decimal places in the current case.
A summary of the quantity of tied data among the collected ocean data is provided in Table 5. It can be seen the
amount of repeated observations are quite large. Such discretized version of the actual measurement may cause
some errors in the statistical analysis. In fact, if the marginals are discontinuous, the data might contain ties
(repeated observations) and perhaps the probabilistic model associated with the underlying random vectors
cannot be uniquely determined, see the exact survey by Genest and Neslehova (2007) and also the simulation
study by Pappada et al. (2016). Therefore, herein, a reasonable procedure to test how much the randomization
of the data may affect the statistical analysis is carried out in advance to the multivariate modeling.

Table 5 Summary of the quantity of tied data.

Hw Vi Ta (Hw, V) (Hw, Ta)
Percentage of | 84.78% 86.32% 91.12% 81.46% 76.11%

repeated
observations

An easy and practical way to tackle this issue is to add random components to each of the
observations (De Michele et al. 2013; Salvadori et al. 2014). Here, the multivariate ocean data are modified

to contain a random term by the following formulas

V,, =V, +Ava;, H, =H, +Ay5 and T, =T, +Ary, i=1..n, (30)
where n is the sample size, Av, An and Ar are the data resolutions for Hy, Taand Vi and a, § and y are random
samples drawn from the standard uniform distribution between 0 and 1. For the collected data, the
resolutions are Ay =0.01m/s, Ay =0.01m and Ay =0.01s. Therefore, through such procedures, the original
data becomes randomized. ¥, H,, and T, are now continuous and could represent the continuous original
variables wrongly recorded as discrete ones.

As discussed in the above, it is necessary to show how significant the tie effects are. In other words,
we need to test whether the randomization procedure affects the statistical analysis. Generally, this can be
seen from the comparison between the original data and the randomized data. In this work, we test both the
univariate marginals and the joint behavior of the bivariate data. Figure 11 shows the CDF plot of original

and randomized data for Hw, Vi and T, respectively. The adopted parametric models as given in Table 3 are
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also plotted in the figure. The differences between CDFs of the original data and of the randomized data are
quite small. The adopted models fit well in both cases. The model parameters of the marginal distribution
are estimated for the randomized data and compared with the original data as shown in Table 6. The
calculated p-values show that the randomized data can be well fitted by the adopted marginal distributions.
Furthermore, the scatter plots of (Hw, V) and (Hw, Ta) are also presented in Fig. 12. It is observed that the
randomized data almost overlaps the original data when they are plotted in the same figure. Finally, the KS
test is performed in all these comparisons. All the statistics results indicate the randomized data and the
original data show nearly the same characteristics. The fitted parametric models are also accepted since the
calculated p-values are all larger than 5%. As a result, in all cases, the randomized data do not show any
significant differences with respect to the original data. In other words, the randomization procedure does
not significantly spoil the statistical analysis of the data. As a consequence, from a practical point of view,
we believe that the collected data could represent the continuous random variables and thus can be used for

performing the further analysis.
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Figure 11 CDF plots of original and randomized data for Hy, Vi and Ta
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Figure 12 Scatter plots of original and randomized data for (Hw, V) and (Hw, Ta)

Table 6 Comparison of the estimated model parameters between original and randomized data (p-values of the
KS tests between the simulated data and the fitted model for the original data are provided in the bracket)

HW VW Ta
Original data u=1.1924, 6=0.3561 a=8.6267, b=2.1107 k=53.0181, 6=0.1474
Simulated data p=1.1940, 6=0.3555 a=8.6379, b=2.1197 k=53.0824, 6=0.1473
(p-value=0.271) (p-value=0.167) (p-value=0.165)

The asymmetric copulas discussed in Section 4 are used to model the bivariate data. In order to make
a comparison between asymmetric copulas and the traditional ones, the commonly applied symmetric
copulas are also considered. Nevertheless, it is still difficult to choose the candidate copula models as many
parametric copula families and combination rules are available in the literature. To simplify the problem,
this work is limited to the use of Archimedean copulas. That is, the Gumbel, Clayton and Frank copulas,
which feature different tail dependencies, are used to construct the asymmetric copulas. The asymmetric
copulas are formed according to the options discussed for combining the three selected copula models.

Specifically, based on different rules, the following four categories of copula models are considered:

I.  One parameter copula: The first group considers the traditional symmetric copulas from the

Archimedean family. These are Gumbel, Clayton and Frank copulas.

Il.  Asymmetric copulas constructed by products: The second group of copulas is constructed by the

product of copulas which are following the rules given in Section 4.2. The model combines two base
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copulas from the selected Archimedean copulas. These include three combinations, namely, Gumbel-
Clayton, Gumbel-Frank and Clayton-Frank. To see the influence of individual functions in Eq. (21),

all the three types of individual functions in Table 1 are considered in the construction.

I11. Asymmetric copulas constructed by linear convex combinations: The third group of copulas is
constructed based on linear convex combination of copulas as presented in Section 4.3. The selected

Gumbel, Clayton and Frank copulas are considered as the base copulas in Eq. (23).

IV. Skewed copula: The fourth group of copula is the skewed Gaussian copula, which was introduced in

Section 4.4. Since this copula does not need any base copulas, there is only one model in this category.

To make a fair comparison amongst all the candidate models, the corrected Akaike Information

Criterion (AICc) is used. This is given by

2(p+1)(p+2)

AlCc=-2I 2
c (p)+2p+ p_2

(1)

where n is the sample size, p is the number of parameters used in each model, and I(p) is the maximum log-
likelihood for the model. The AIC measures the relative quality of statistical models for a given set of data
whereas AICc gives a correction for finite sample sizes. A smaller AIC value indicates a better model. Note
there are several other ways to judge the quality of a multivariate model. For example, the Bayesian
information criterion and the cross-validation criterion can be found in (Grgnneberg and Hjort, 2014). A
discussion on the performances of these criterions is also provided by Jordanger and Tjgstheim (2014).

6. Comparison of symmetric and asymmetric copulas

The parameter estimates, log-likelihood and AICc statistics values for each of the models are presented in
Table 7 and Table 8. The values of the model parameters are estimated based on the minimization of Cramer-
von Mises statistic, which is explained in Appendix A. The best models in each of the four categories

including different types of individual functions are highlighted in the tables.

Table 7 Comparison of parameter estimates and AlCc values for the data of (Hw, Ta)
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870
871
872
873
874
875
876
877

Copula type Parameter estimate Total log- | No. of | AlCc
likelihood | parameters
I. One parameter Gumbel y=1.744 -10973 5 21956
copula Clayton y=1.253 -10950 5 21910
Frank y=5.291 -10856 5 21722*
I1. Asymmetric copulas | Gumbel-Clayton Typel | y1=3.766, y,=3.917, -10700 10 21420*
constructed by 611=0.616, 61,=0.287,
products 6021=0.384, 0,,=0.713
Gumbel-Frank Typel y11=4.417, y,=6.019, -10735 10 21490
91120.517, 91220.238,
92120.483, 92220.762
Frank-Clayton Typel y1=6.053, y2=5.021, -10873 10 21766
91120.548, 91220.818,
92120.452, 92220.182
Gumbel-Clayton Type2 | y1=2.876, 7,=8.743, -10636 14 21300
91120.785, 91220.739,
921:0.215, 922:0.261,
a11:-0.061, a12:-0.538,
a21:0.061, 0(22:0.538
Gumbel-Frank Type2 71=3.025, y,=10.468, -10627 14 21282*
911:0.722, 912:0.663,
921:0.278, 922:0.337,
0(112-0.014, a12=-0.467,
0(21:0.014, 0!2220.467
Frank-Clayton Type2 71=6.302, y,=16.588, -10684 14 21396
91120.741, 91220.831,
92120.259, 92220.169,
0(112-0.655, a12=-0.275,
0(21:0.655, 0!2220.275
Gumbel-Clayton Type3 | y1=2.017, y,=2.454, -10868 8 21752
6:=0.899, 6#,=0.835
Gumbel-Frank Type3 71=1.879, y,=6.091, -10837 8 21690*
0:=1.024, 6,=0.987
Frank-Clayton Type3 71=-0.976, y,=4.296, -11098 8 22212
0:=1.912, 6,=1.479
[11. Asymmetric Gumbel-LCC y=2.122, po=0.968, -11336 8 22688
copulas constructed by p:1=0.031, p»=0.001
linear convex Clayton-LCC y=3.460, po=0.891, -11398 8 22812
combinations (LCC) p1=3.79:107, p,=0.108
Frank-LCC y=5.961, po=0.964, -11132 8 22280*
p:=0.015, p»=0.020
IV. Skewed copula Skew-Gaussian S1=-0.418, 5,=0.964, -9661 8 19338*
p=[-3.002, 3.884]
*Minimum AICc value indicates the best model in each type.
Table 8 Comparison of parameter estimates and AlCc values for the data of (Hw, V)
Copula type Parameter estimate Total log- | No. of | AlCc
likelihood | parameters
I. One parameter Gumbel y=1.507 -16108 5 32226*
copula Clayton y=0.461 -16571 5 33152
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878
879

880

881

882

883

884

885

Frank

y=3.397

-16240

32490

I1. Asymmetric copulas
constructed by
products

Gumbel-Clayton Typel

Gumbel-Frank Typel

Frank-Clayton Typel

71=1.898, 7,=10,
911:0.590, 912:0.958,
921:0.410, 922:0.042
»1=1.718, 7,=5.373,

91120.820, 91220.999,
92120.180, 92220.001
y1=3.574, y2=5.202,

91120.999, 91220.999,
92120.001, 92220.001

-16155

-16128

-16241

10

10

32330

32276*

32502

Gumbel-Clayton Type2

Gumbel-Frank Type2

Frank-Clayton Type?2

y1=1.606, y2=16.797,
91120.999, 91220.001,
92120.001, 92220.999,
a11:-0.237, a12:0.723,
0[21:0.237, a22:-0.723
»1=1.001, 7,=6.160,
911:0.999, 912:0.001,
921:0.001, 922:0.999,
a11:-0.001, a12:1.001,
0[21:0.001, 0(22:-1.001
y1=5.111, y,=4.987,
91120.999, 91220.001,
92120.001, 92220.999,
0(1120.001, 0!1220.999,
0(21:-0.001, 0!222-0.999

-16060

-16136

-16163

14

14

14

32148*

32300

32354

Gumbel-Clayton Type3
Gumbel-Frank Type3

Frank-Clayton Type3

y1=1.676, y2=1.001,
9120.537, 9220.500
y1=3.130, y2=0.435

61=0.957, 6,=0.841
71=-9.589, 7,=6.129,
61=1.372, 6,=1.052

-16177

-16262

-16359

32370*

32540

32734

1. Asymmetric
copulas constructed by
linear convex
combinations (LCC)

Gumbel-LCC
Clayton-LCC

Frank-LCC

7=1.586, po=0.998,
p1=1.225:10%, p,=0.001
y=0.501, po=0.981,
p1=0.003, p,=0.016
y=3.767, po=0.979,
p1=0.020, p,=0.001

-16116

-16723

-16420

32248*

33462

32856

IV. Skewed copula

Skew-Gaussian

$1=-0.877, f=0.081,
p=[-1.416, 0.593]

-16722

33460*

*Minimum AICc value indicates the best model in each type.

Again, in order to see the influence of

“ties” to the multivariate data, a randomization

study is

conducted. Following the same procedures provided in Section 5, the randomized multivariate data are

generated by adding the random component. The dependency measures including the Kendall’s =,

Spearman’s ps and correlation coefficient for the randomized data are estimated and compared with the

original data in Table 9. It can be seen the differences in the values of dependency measures are really small

(around 1%) indicating the influence of ties is minimal in the degree of dependencies for multivariate data.
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A further comparison is also done for the copula parameter estimates. The parameter estimates for the best
copula model for both the original data and randomized data are also provided in Table 9. The estimates are
based on the average value over 1000 randomized data set. The uncertainties of the associated parameters
are quite small. This can be seen from the box plot for showing the uncertainties of parameter estimates
from the randomized data samples, see Fig. 13. The differences between the parameter estimates are very
small. The calculated p-value also implies the randomized data can be well fitted by the adopted copula
model. Therefore, it is believed that the ties of data will not largely affect the statistical properties of the
multivariate data and thus the data can be analyzed by the copula model.

Table 9 Comparison of the estimated model parameters between original and randomized data (p-values of the
KS tests between the randomized data and the fitted model for the original data are provided in the bracket)

Kendall’s 7 Spearman’s ps Correlation Best copula model
coefficient p parameter

(HW| Ta)

Original data 0.483 0.666 0.652 $1=-0.418, $,=0.964,
Randomized data | 0.478 0.661 0.644 $1=-0.416, $,=0.965,

(p-value=0.106)

(Hw, Vu)

Original data 0.342 0.492 0.545 y1=1.606, y2=16.797,

911:0.999, 912:0.001,
921:0.001, 922:0.999,
0111:-0.237, a12:0.723,
a21:0.237, a22:-0.723
Randomized data | 0.347 0.498 0.552 71=1.611, y,=16.820,
91120.999, 91220.001,
92120.001, 92220.999,
0(112-0.242, 0!1220.758,
a21=0.249, 0!222-0.751
(p-value=0.213)
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Figure 13 Estimates of the parameters from randomized data sets

For the data (Hw, Ta), the result shows that the best model is the skewed Gaussian copula. Compared to the
symmetric copula, nearly all the best asymmetric copula models show an AICc value lower than the
symmetric copula. However, this does not imply the all the asymmetric copulas are better choices. The
quality of an asymmetric copula model can be significantly affected by the selection of base copulas. For
example, when the asymmetric copula is constructed by products of copulas, the combination of Clayton
and Frank copulas is not a good choice. If the base copulas are Clayton and Frank, the AICc value becomes
quite large compared to other combinations no matter which individual functions are applied, as can be seen
in the tables. This indicates that the combination of Clayton and Frank cannot characterize the dependency
among the data very well. Besides the selection of the base copulas, the construction rules are also a
dominant factor in the construction of asymmetric copulas. From the comparison, it can be seen that a
skewed copula and an asymmetric copula constructed by products of copulas show a better performance
than the other two categories of copulas. This results from the fact that these two kinds of copulas are not
only good for modeling asymmetric dependencies but also capable of for capturing the nonlinear
dependencies. Apparently, the samples investigated in this work suggest that copulas constructed by linear
convex combinations may suffer from a potential weakness.

The situation changes quite a lot for the other data set. For the data (Hw, V), the Gumbel-Clayton

product copula with Type 2 individual function outperforms all the other copula models. Compared to the
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data (Hw, Ta), the asymmetric copula does not show very significant advantages over the symmetric copula
in modeling (Hw, V). In fact, the Gumbel copula is even a better choice than most constructed asymmetric
copulas. For the asymmetric copulas constructed by products, all the candidate models yield similar results.
This indicates that the selection of base copulas and individual functions is not critical in this case. The
asymmetric copulas constructed by linear convex combinations are still showing poor performance for the
bivariate data. Additionally, the skewed copula does not show a good performance in this modeling. It
actually produces the largest AICc value amongst all choices. The major reason for such a big difference is
the only very weak asymmetry of the bivariate data (Hw, V) compared to (Hw, Ta). Clearly, quasi symmetric
data do not require an asymmetric modeling. In such cases, the use of asymmetric copulas is even
disadvantageous.. Since most asymmetric copulas are utilizing quite a number of parameters, the model can
somehow tend to be over parameterized. Some of the degrees of freedom created by the parameters are
therefore not necessarily to be added. Therefore, the symmetric model would be the better choice.

Another reason why symmetric and asymmetric copulas perform so differently in modeling
bivariate data sets is the link to physical phenomena. As for (Hw, Ta), the breaking wave limit is causing
asymmetry in the bivariate data. This physical feature can be implemented by the asymmetric copula while
the traditional copula cannot capture this feature. However, as for (Hw, Vu), there is no such limit. The
asymmetric copula would, thus, lose its advantage in the modeling.

In the final part of this study, a short reference is made to the comparison between symmetric
and asymmetric copula models for the prediction of extreme values. This can be achieved through a
comparison of simulated data from the established models with the empirical data. The simulated data
for (Hw, Ta) and (Hw, Vw) are plotted in Figs. 14 and 15, respectively. It can be seen that the nonlinear
dependencies are well displayed in the simulated data for (Hw, Ta). The asymmetric dependency is also
obvious in the scatter plot, especially for the skewed copula model. This agrees well with the AlCc result,
which indicates that the skewed copula is the best choice for modeling (Hw, Ta). Moreover, compared to
the symmetric model (Frank copula), the data simulated from the skewed copula are closer to reality. For

example, there are no data beyond the breaking wave limit in the data simulated from the skewed copula.
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This physical phenomenon is well captured by the skewed copula. In fact, all the asymmetric copulas
show a better performance in capturing the breaking wave limit while the symmetric copula cannot
capture this phenomenon, see Fig. 14. On the other hand, the simulated data for (Hw, V) do not have this
problem. As can be seen in Fig. 15, there are no clear nonlinear dependencies in the simulated data. The
simulated data for (Hw, V) are scattered over the whole copula domain without any limits. Some even
clearer view can be obtained from the contour plots of the simulated data in the original domain of ocean
parameters as shown in Figs. 16 and 17. The contour lines are obtained based on the procedures provided
in Montes-lturrizaga and Heredia-Zavoni (2015). The inverting Rosenblatt transformation is used to
derive the contour points corresponding to a certain exceeding probability (sometimes is referring to a
reliability index in the first order reliability method) whereas the copula model provides the conditional
joint distribution. Five levels of the probability density function values are plotted in the figures. The
plots indicate that the quality of model fitting to the empirical data is decreasing with the decrease of
contour level values. In fact, the low value contour lines are representing extremes in different directional
tails. Therefore, a good quality of fitting to the low value contour lines indicates a good characterization
of tail values. From the comparison of all these plots it can be observed that the asymmetric copulas
either constructed by products or by linear convex combinations do not lead to a good prediction of
lower-upper tail extremes in the domain of (Hw, Ta). And symmetric copula cannot predict the upper-
lower tail extremes very well for (Hw, Ta). As for the data (Hw, Vw), the skewed copula shows a bad fitting
at both the upper-lower and the lower-upper tails. These models cannot predict all the extremes with
sufficient quality. The selection of the most appropriate model for predicting the extreme values has to
be made based on the tail fitting capabilities. Nevertheless, the comparative studies do tell that the

asymmetric copulas are very applicable to ocean data where asymmetric dependencies are obvious.
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It is noted that the results derived in the current study need to be interpreted separately for different
kinds of ocean multivariate data. Asymmetric copulas are suitable for modeling asymmetrically dependent
variables. In this context, the bivariate data (Hw, Ta) can be well modeled by the asymmetric copula. The
results can only be explained specifically for the studied data set for the filtered time period. This analysis
of ocean data is only valid for the investigated specific ocean location. Another important limitation of
present study is the simplified data pre-processing. It should be realized the pre-processing of the data is
very arbitrary. The analyzed ocean data in the current analysis is influenced by many environmental factors
which may need to be removed before the statistical analysis. Also, the serial correlation is not removed in
the present work. If the collected time series data show very strong serial correlation, this simplification is
not allowed. A more accurate data pre-processing is required. However, the results can be used to explain
significant features of using asymmetric copulas for modeling ocean data in general. The modeling of
asymmetric dependencies can produce more reliable and realistic statistical joint models. Physical
phenomena can be well handled in this manner. Additionally, it should also be noted that asymmetric copula
models are much more flexible compared to the traditional copula models. A large number of base copulas
and combination rules can be implemented for constructing an asymmetric copula. This provides great
flexibility and needs to be considered in the application of asymmetric copulas and in the interpretation of
the results.

Finally, the findings of the present study may help design engineers, marine exploiters or ship
owners who are working in the open sea. Offshore engineering practitioners may be empowered to make
better decisions based on more insight into the dependencies between the ocean variables. This can support
the design of more robust offshore structures to resist the environmental loading when considering the ocean
dependencies. It can also help to identify which environmental factors are the most dominant ones that affect
other factors in the ocean. Moreover, the empirical results from this study may help researchers to exploit

features of asymmetric copulas in a targeted manner.
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7. Conclusions

In this research, asymmetric copulas were utilized to model ocean parameters in a multivariate setting. The
fundamentals associated with asymmetric copulas including the measures of asymmetric dependencies and
tail dependencies have been reviewed in detail in the context of ocean data modeling. Three different ways
of constructing an asymmetric copula were introduced. The asymmetric copulas were compared with the
traditional copula, specifically on the modeling of bivariate data (Hw, Ta) and (Hw, V) collected from an
ocean site in the south coast of Alaska in an example study. The copula models were constructed for the
ocean data after preconditioning to obtain quasi stationary data records. It was found that the asymmetric
copula models can be more realistic in describing ocean data with asymmetric dependencies. The results
suggest that one may utilize the asymmetric copula models when the observed data show an asymmetric
dependence structure as inferred by the scatter plot of the pseudo-observations. However, the construction
of a robust asymmetric copula model largely depends on the selection of the base copulas and combination
rules. The study also shows that asymmetric copula models are more powerful than the symmetric copulas
in capturing extreme contours for the present analyzed ocean data. Thus, it is expected that asymmetric
copulas have great advantages in risk assessment of marine and coastal structures due to extreme ocean
environment. Future work seems necessary to investigate the significance of this approach, including

uncertainties, on the offshore engineering practical designs and operation of coastal structures.
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Appendix A Fundamental knowledge of asymmetric copulas
We briefly introduce the fundamentals of parameter estimation and simulation for using asymmetric copulas.
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All the related theoretical proofs and mathematical justifications can be found in Nelson (2006) and Joe
(2014). Some discussions of these methods are simplified to a bivariate problem. However, the same concept
can be generalized to higher dimensional problems.

The estimation of the parameters of asymmetric copulas can be realized in various ways. The most
widely applied approach is the maximum likelihood estimation. In general, the maximum likelihood
estimation method selects that set of values of the model parameters, which maximizes the likelihood
function. This concepts is very convenient for estimating copula parameters especially for one parameter
copulas. However, the major difficulty in applying this approach for asymmetric copula models is the
maximization of the likelihood function. Since most asymmetric copulas contain multiple parameters, such
maximization requires a very robust and efficient optimization algorithm in searching the optimum solution
from the parameter domain. The computational effort can become tremendous when the number of
estimated parameters increases.

Alternatively, the parameters can be determined through a distance based estimation method. For
seeking the most appropriate model parameters @ = {6, ..., 6,,} of the copula, the Cramer-von Mises
statistic S can be employed. The Cramer-von Mises statistic S calculates the distances between the
theoretical copula distribution function and the empirical copula distribution function. The estimates for the
copula parameters are determined in such a way that they minimize this statistic. For a bivariate copula, this
parameter estimation method can be formulated as

N

©®= arg minS = arg min Z{Cempirica, (u;,v;)—Cq (. V; )}2 (A1)

6,....6, 6.6, =y
where Cempirical Stands or the empirical copula function, Ce represents the candidate parametric copula and
O is the set of copula parameters which need to be determined. Therefore, the distance between the
theoretical copula and empirical copula is evaluated for each of the observed data points (ui, vi). One should
note this “distance based method” is same as the Least Square estimation. However, the dimension of the
parameters’ space does not change, and, in general, there is no guarantee that this approach performs better

than the traditional maximum likelihood method. Meanwhile, it should be pointed out this method is just a
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numerical interpolation method, not a “statistical” one.

The simulation from asymmetric copulas can be performed using the same algorithm as for
traditional copulas. The most general approach is based on a sequence of conditional distributions derived
from the copula function. For example, the conditional approach developed in Devroye (1986) has utilized
the Rosenblatt transform to simulate the random vector. Other similar concepts regarding the simulation of
random vectors from asymmetric copulas can be found in Mai and Scherer (2012). However, it should be
pointed out that the random generation requires a root finding procedure. A robust and efficient method is needed

for this purpose to achieve reasonable computational efficiency.

Appendix B Examples of copulas
Many copula families and classes have been developed in the literature. Each one has its own advantages

which could characterize certain types of data.

Archimedean copulas

In practice, the Archimedean copulas are most frequently applied. The family of Archimedean copulas
consists of a wide range of parametric copula groups. They have been applied widely in data modeling
utilizing their feature to be constructed easily. Generally, an n-dimensional Archimedean copula can be

constructed based on an algebraic method using a generating function ¢(.):

CArchimedean (u1’ T un;e) = ¢7[_1] ((P(Ul; 0) to.+ (P(Un ; ‘9)’0) (Bl)
where ¢: [0, 1]xO—[0,0) is a completely monotone function with ¢(1)=0. 8 is a parameter with the domain
0. ¢ is the pseudo-inverse of ¢ defined by

@ (t0) if 0<t<¢(0;0)

[ (+-p) —
4 (w)_{o if p(0;0)<t<oo’ (8.2)

Therefore, the construction of a multivariate copula model depends on the generating functions used in Eq.

(B.2). Many well known copula families are Archimedean, as widely studied in the literature (Embrechts,
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2009). The generating functions of the most popular single parameter Archimedean copulas such as Gumbel,
Frank and Clayton are presented in Table B.1.

Table B.1 Examples of Archimedean copulas

Copula Bivariate Formula C,(u, v) Generating Function ¢,(t) Ve

Gumbel 1 (_Int)J’ [1,+00)
exp —[(—Inu)7+(—lnv)q7

Frank 7" _ (o0, +00)
L[ &6 =
—In| 1+ e’ -1
y e’ -1

Clayton 1 t7 —1 (1, +o0)
(u’y +v7 —1) Y

x2

X1 X1 X1

(@ Gumbel (b) Clayton (c) Frank

Figure B.1 Comparison of different bivariate copulas for correlation coefficient equals to 0.7.

An illustration of these Archimedean copulas is provided by means of scatter plots shown in Fig.
B.1. Each generating function in an Archimedean copula characterizes a special tail dependency. For
example, the Gumbel copula is an appropriate candidate model for data having stronger dependencies at
high values (less spread) compared to low values, whereas the Clayton copula can characterize data
exhibiting strong low value dependencies. On the other hand, the Frank copula is deemed quite appropriate
for data having relatively weak dependencies at both tails. For the coastal engineering practice, in some
ocean data sets, stronger dependencies are observed at the extremes. For instance, storms usually induce
large wave heights associated with high wind speed, and thus one can expect the data to show stronger

dependencies between wave height and wind speed for large values than for smaller values of wave height
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and wind speed. Hence, to be suitable, a copula model for this case should capture these characteristics

observed in the data.
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