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Abstract

We consider the risk model with capital injections studied by Nie et al. (2011,
2015). We construct a Gerber-Shiu function and show that whilst this tool is not
efficient for finding the ultimate ruin probability, it provides an effective way of
studying ruin related quantities in finite time. In particular, we find a general
expression for the joint distribution of the time of ruin and the number of claims
until ruin, and find an extension of Prabhu’s (1961) formula for the finite time
survival probability in the classical risk model. We illustrate our results in the
case of exponentially distributed claims and obtain some interesting identities. In
particular, we generalise results from the classical risk model and prove the identity
of two known formulae for that model.

Keywords: Capital injections; Gerber-Shiu function; ruin probability; finite time ruin;
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1 Introduction

In this paper we analyse some ruin related quantities in the risk model with capital
injections which was introduced by Nie et al. (2011). In this model the insurer’s surplus
starts at a level u ≥ k, where k > 0 is a fixed constant. On any occasion that the surplus
falls between the levels 0 and k from above k, a capital injection restores the surplus level
to k. If the surplus falls below 0 from a level above k, ruin occurs.

Nie et al. (2011) explain how the capital injections can be provided by reinsurance and
how an insurer can both reduce its ultimate ruin probability by effecting such reinsurance
and release capital to other parts of its business. In a subsequent paper, Nie et al.
(2015) consider finite time ruin probabilities under this framework. They obtain a general
expression for the finite time ruin probability which can be evaluated in certain cases,
and they find an expression for the density of the time of ruin when the underlying
risk process is a Sparre Andersen process with Erlang claim arrivals and exponentially
distributed claim amounts.

In this paper we take a different approach, with the aim of obtaining more general
results than those obtained in Nie et al. (2015). We perform analysis based on the
Gerber-Shiu function introduced in Landriault et al. (2011) which extends the original
Gerber-Shiu function (Gerber and Shiu (1998)) by incorporating the number of claims
until ruin into the analysis. We obtain some general results relating to finite time ruin
problems on the assumption that the underlying risk process is a classical risk process, and
we obtain specific results in the case of exponentially distributed claim amounts. Gerber-
Shiu functions have been studied for a variety of risk models, for example by Gerber and



Shiu (2005) for a Sparre Andersen model, by Li and Lu (2008) for a Markov-modulated
risk model, and by Lin et al. (2003) for a classical risk model with dividends. There
seems to be little new to say about Gerber-Shiu functions. A contribution in this paper
that differs from previous analyses is that we are interested in a Gerber-Shiu function
defined for initial surplus u ≥ k, meaning that our analysis requires construction of a
function when u = k. However, the bigger contribution here is a surprising result that
our analysis yields, namely that an extension of Prabhu’s (1961) formula for the finite
time ruin probability for the classical risk model exists for the risk model with capital
injections.

This paper is organised as follows. In Section 2 we give details of our model, introduce
some notation and motivate our study. Then, in Section 3, we define our Gerber-Shiu
function and obtain an expression for its Laplace transform and for the Gerber-Shiu
function itself when the initial surplus is k. We show in Section 4 how a formula for the
ultimate ruin probability can be found from our Gerber-Shiu function, then in Section
5 we consider the joint distribution of the time of ruin and the number of claims until
ruin. In particular, we obtain a version of Prabhu’s (1961) formula for the density of the
time of ruin and we obtain a more compact solution for this density when claim amounts
are exponentially distributed compared with the formula obtained by Nie et al. (2015).
Finally, in Section 6 we consider an alternative view of our Gerber-Shiu function and
obtain a neat expression for the probability function of the number of claims until ruin,
and show how the ultimate ruin probability can be found from this probability function.

2 Model, notation and motivation

The underlying model for our study is the classical risk model which we now describe.
The surplus process in the classical risk model is {U(t)}t≥0 where U(t) = u + ct − S(t),
with u being the initial surplus, and c being the rate of premium income per unit time
(assumed to be received continuously). Further S(t) =

∑N(t)
i=1 Xi where {N(t)}t≥0 is a

Poisson process with Poisson parameter λ and {Xi}∞i=1 is a sequence of independent and
identically distributed random variables, where Xi represents the amount of the ith claim.
Let F = 1 − F̄ be the distribution function of X1, with F (0) = 0, and density function
f . Let G(x, t) = Pr(S(t) ≤ x) with density function

g(x, t) =
d

dx
G(x, t) =

∞∑
n=1

e−λt
(λt)n

n!
fn∗(x)

for x > 0, where fn∗ denotes the n-fold convolution of f with itself.
Throughout we assume that the premium is calculated as c = (1 + θ)λE(X1) where

θ > 0 is the premium loading factor.
The time of ruin is denoted by T and is defined as T = inf{t: U(t) < 0 |U(0) = u}

with T = ∞ if U(t) ≥ 0 for all t > 0. The ultimate ruin probability is defined as
ψ(u) = Pr(T <∞|U(0) = u) = 1− φ(u); the finite time ruin probability is

Pr(T ≤ τ |U(0) = u) =

∫ τ

0

w(u, t) dt

where w(u, t) is the defective density of the time of ruin. The deficit at ruin is denoted
by |U(T )| and the probability and severity of ruin function is

G(u, x) = Pr(T <∞ and |U(T )| ≤ x |U(0) = u) =

∫ ∞
0

∫ x

0

w(u, y, t) dy dt
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where w(u, y, t) is the defective joint density of |U(T )| and T . It is well known, e.g.
Gerber et al. (1987), that

g(0, x) =
d

dx
G(0, x) =

λ

c
F̄ (x).

Our risk model of interest is a classical risk model modified by capital injections.
Specifically, starting from initial surplus u ≥ k > 0, if the surplus process falls between 0
and k a capital injection restores the surplus level to k, and ruin occurs only if the surplus
process falls below 0 from a level above k; Figure 5.3 shows a realisation of the surplus
process with capital injections for which ruin occurs. For the surplus process with capital
injections we use the same notation as for the classical risk model, but with a subscript
k, so that, for example, Tk denotes the time of ruin and ψk(u) denotes the ultimate ruin
probability from initial surplus u.

Throughout this paper the Laplace transform of a function α will be denoted by α̃ so
that α̃(s) =

∫∞
0
e−sx α(x) dx. An important Laplace transform is that of S(t) which is

given by ∫ ∞
0

e−sx dG(x, t) = e−λt +

∫ ∞
0

e−sx g(x, t) dx = exp{λt(f̃(s)− 1)}. (2.1)

Nie et al. (2015) consider finite time ruin probabilities for the risk model with capital
injections. Their approach is based on the number of capital injections and the times
between capital injections. They obtain a general expression for the distribution function
of Tk, but are only able to implement their results if the joint density w(u, y, t) (in the
classical risk model) can be decomposed in a particular way. Our motivation is to find
a more general expression, and we do this by considering the density function wk(u, t).
A natural tool to find this is a Gerber-Shiu function. We therefore construct such a
function, focussing on the time of ruin and the number of claims until ruin, denoted by
NTk , which allows us to generalise some existing results on these two variables for the
classical risk model. The reason for including NTk in our analysis is that it allows us to
see that the density wk(u, t) is expressed in terms of the joint density of Tk and NTk in a
very transparent way.

3 A Gerber-Shiu function

As in Landriault et al. (2011), we define our Gerber-Shiu function in terms of Tk, NTk ,
and a general penalty function ω(x, y), defined for x ≥ k and y > 0, as

mr,δ(u) = E[rNTke−δTkω(U(T−k ), |U(Tk)|)I(Tk <∞)|U(0) = u], (3.1)

for δ ≥ 0, 0 < r ≤ 1 and u ≥ k, where U(T−k ) is the surplus immediately prior to ruin.
As in Landriault et al. (2011), we interpret δ as the parameter of a Laplace transform
and r as the parameter of a probability generating function. Further, mr,δ(u) is defined
to be 0 for 0 ≤ u < k.

Theorem 3.1 The Laplace transform of Gerber-Shiu function mr,δ(u) satisfies

m̃r,δ(s) =
1

cs− λ− δ + rλf̃(s)

(
ce−skmr,δ(k)− rλ

∫ ∞
k

e−su
(
F̄ (u− k)− F̄ (u)

)
mr,δ(k)du
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−rλ
∫ ∞
k

e−su
∫ ∞
u

f(x)ω(u, x− u) dx du

)
. (3.2)

Further,

mr,δ(k) =
rλ
c

∫∞
k

∫∞
u
e−ρ(u−k)f(x)ω(u, x− u) dx du

1− rλ
c

∫∞
k
e−ρ(u−k)

(
F̄ (u− k)− F̄ (u)

)
du
. (3.3)

Proof 3.1 Using the standard argument of conditioning on the time and the amount of
the first claim we obtain for u ≥ k

mr,δ(u) =
rλ

c

∫ ∞
u

e−(λ+δ)(τ−u)/c
(∫ τ−k

0

f(x)mr,δ(τ − x)dx+

∫ τ

τ−k
f(x)mr,δ(k)dx

+

∫ ∞
τ

f(x)ω(τ, x− τ)dx

)
dτ

=
rλ

c

∫ ∞
u

e−(λ+δ)(τ−u)/cγ(τ)dτ

where

γ(u) =

∫ u−k

0

f(x)mr,δ(u− x)dx+

∫ u

u−k
f(x)mr,δ(k)dx+ ζ(u)

and

ζ(u) =

∫ ∞
u

f(x)ω(u, x− u)dx.

Using the operator Ts introduced by Dickson and Hipp (2001), and defined for an inte-
grable function f as

Tsf(x) =

∫ ∞
x

e−s(u−x)f(u)du

we have

mr,δ(u) =
rλ

c
Tλ+δ

c
γ(u). (3.4)

Noting that mr,δ(u) = 0 for 0 ≤ u < k we have

Tsmr,δ(k) =

∫ ∞
k

e−s(x−k)mr,δ(x)dx = eskm̃r,δ(s),

and similarly Tsγ(k) = eskγ̃(s). Applying the Dickson-Hipp operator to equation (3.4) we
obtain

Tsmr,δ(k) =
rλ

c
TsTλ+δ

c
γ(k) =

rλ

c

Tλ+δ
c
γ(k)− Tsγ(k)

s− λ+δ
c

, (3.5)

where we have used properties of the operator Ts given in Dickson and Hipp (2001).
Further,

Tsγ(k) =

∫ ∞
k

e−s(u−k)γ(u)du

= esk
∫ ∞
k

e−su
∫ u−k

0

f(x)mr,δ(u− x)dx du+mr,δ(k)

∫ ∞
k

e−s(u−k)
(
F̄ (u− k)− F̄ (u)

)
du
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+

∫ ∞
k

e−s(u−k)ζ(u)du

= eskf̃(s)m̃r,δ(s) +mr,δ(k)

∫ ∞
k

e−s(u−k)
(
F̄ (u− k)− F̄ (u)

)
du+ Tsζ(k)

= f̃(s)Tsmr,δ(k) +mr,δ(k)

∫ ∞
k

e−s(u−k)
(
F̄ (u− k)− F̄ (u)

)
du+ Tsζ(k).

Substituting in (3.5) we obtain

Tsmr,δ(k) =
rλ

cs− λ− δ

(
Tλ+δ

c
γ(k)− f̃(s)Tsmr,δ(k)

−mr,δ(k)

∫ ∞
k

e−s(u−k)
(
F̄ (u− k)− F̄ (u)

)
du− Tsζ(k)

)
which can be written in terms of Laplace transforms as

eskm̃r,δ(s) =
rλ

cs− λ− δ

(
c

rλ
mr,δ(k)− f̃(s)eskm̃r,δ(s)

−mr,δ(k)

∫ ∞
k

e−s(u−k)
(
F̄ (u− k)− F̄ (u)

)
du−

∫ ∞
k

e−s(u−k)ζ(u)du

)
.

Rearranging this identity we obtain formula (3.2).
To obtain formula (3.3) we first note from formula (41) of Landriault et al. (2011)

that there exists ρ ≡ ρ(δ, r) which is the unique positive solution of cs−λ−δ+rλf̃(s) = 0.
Then, as ρ is a zero of the denominator of the right-hand side of (3.2), it must also be a
zero of the numerator, giving

mr,δ(k) =
rλ
c

∫∞
k

∫∞
u
e−ρ(u−k)f(x)ω(u, x− u) dx du

1− rλ
c

∫∞
k
e−ρ(u−k)

(
F̄ (u− k)− F̄ (u)

)
du
.

2

By choosing different forms of the penalty function, equations (3.2) and (3.3) can be
inverted to obtain several ruin related quantities. In the next section we consider the
ultimate ruin probability, and in Section 5 we consider the joint density of Tk and NTk .

4 The ultimate ruin probability

We now consider the ultimate ruin probability ψk(u), for u ≥ k. Nie et al. (2011) obtain
expressions for this probability in the cases u = k and u > k by using probabilistic
arguments. We now show that their results can be obtained from formulae (3.2) and
(3.3). Setting r = 1, δ = 0 and ω(x, y) = 1 for x ≥ k and y > 0 in expression (3.1), we
see that mr,δ(u) reduces to ψk(u). Our first result is easily obtained.

Theorem 4.1 When the initial surplus is k we have

ψk(k) =
λ
c

∫∞
k
F̄ (u) du

1− λ
c

∫∞
k

(
F̄ (u− k)− F̄ (u)

)
du

=
ψ(0)−G(0, k)

1−G(0, k)
. (4.1)

Proof 4.1 From Gerber and Shiu (1998) we know that ρ = 0 when r = 1 and δ = 0.
The result immediately follows from formula (3.3). 2
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Theorem 4.2 When the initial surplus is u > k we have

ψk(u) = ψ(u− k)−G(u− k, k)[1− ψk(k)]. (4.2)

Proof 4.2 Using the fact that cφ(0)

φ̃(s)
= cs − λ + λf̃(s) (e.g., Dickson (2005)) equation

(3.2) becomes

ψ̃k(s) =
φ̃(s)

cφ(0)

(
ce−skψk(k)− λ

∫ ∞
k

e−su
(
F̄ (u− k)− F̄ (u)

)
ψk(k) du

−λ
∫ ∞
k

e−su
∫ ∞
u

f(x) dx du

)

= e−sk
φ̃(s)

φ(0)
ψk(k)− λφ̃(s)

cφ(0)
ψk(k)

∫ ∞
0

e−s(u+k)
(
F̄ (u)− F̄ (u+ k)

)
du

−λφ̃(s)

cφ(0)

∫ ∞
0

e−s(u+k)F̄ (u+ k) du

= e−sk

(
φ̃(s)

φ(0)
ψk(k)− φ̃(s)

φ(0)
ψk(k)

∫ ∞
0

e−su
(
g(0, u)− g(0, u+ k)

)
du

− φ̃(s)

φ(0)

∫ ∞
0

e−sug(0, u+ k) du

)
. (4.3)

We now apply the following results from Dickson (1998):

g̃(0, s) =

∫ ∞
0

e−sug(0, u) du = 1− φ(0)

sφ̃(s)

and

G̃(s, k) =

∫ ∞
0

e−suG(u, k) du =
Φ̃(s, k)

1− g̃(0, s)
=

Φ̃(s, k) sφ̃(s)

φ(0)

where Φ̃(s, k) =
∫∞
0
e−suΦ(u, k) du, and Φ(u, k) =

∫ u+k
u

g(0, x) dx . Next, we can use
properties of the Laplace transform of a derivative to write

G̃(s, k) =
φ̃(s)

φ(0)

(
Φ̃

′
(s, k) +G(0, k)

)
(4.4)

with Φ̃
′
(s, k) =

∫∞
0
e−suΦ

′
(u, k) du = sΦ̃(s, k)−G(0, k). Further,∫ ∞

0

e−suΦ
′
(u, k)du =

∫ ∞
0

e−su (g(0, u+ k)− g(0, u)) du.

Using these results we can write formula (4.3) as

ψ̃k(s) = e−sk

(
φ̃(s)

φ(0)
ψk(k) +

φ̃(s)

φ(0)
ψk(k)Φ̃

′
(s, k)

− φ̃(s)

φ(0)

∫ ∞
0

e−su (g(0, u+ k)− g(0, u) + g(0, u)) du

)
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= e−sk

(
φ̃(s)

φ(0)
ψk(k) +

φ̃(s)

φ(0)
ψk(k)Φ̃

′
(s, k)− φ̃(s)

φ(0)
Φ̃

′
(s, k)− φ̃(s)

φ(0)
g̃(0, s)

)
.

(4.5)

By rearranging formula (4.4) and substituting for Φ̃
′
(s, k) in (4.5) we get

ψ̃k(s) = e−sk

(
φ̃(s)

φ(0)
ψk(k) + ψk(k)

[
G̃(s, k)− φ̃(s)

φ(0)
G(0, k)

]

−

[
G̃(s, k)− φ̃(s)

φ(0)
G(0, k)

]
− φ̃(s)

φ(0)

[
1− φ(0)

sφ̃(s)

])

= e−sk

(
φ̃(s)

φ(0)

[
ψk(k)− ψk(k)G(0, k) +G(0, k)− 1 +

φ(0)

sφ̃(s)

]

−G̃(s, k)[1− ψk(k)]

)
.

Inserting the right-hand side of equation (4.1) for ψk(k) in the first square bracket gives

ψ̃k(s) = e−sk

(
φ̃(s)

φ(0)

[
−φ(0) +

φ(0)

sφ̃(s)

]
− G̃(s, k)[1− ψk(k)]

)
= e−sk[1/s− φ̃(s)]− e−skG̃(s, k)[1− ψk(k)].

Inversion of ψ̃k(s) yields

ψk(u) = ψ(u− k)−G(u− k, k)[1− ψk(k)]. (4.6)

2

Formulae (4.1) and (4.6) appear in Nie et al. (2011) where the derivation is simpler. So,
although Gerber-Shiu functions are very useful, they are not always the most efficient
tools. However, we show in the next section that our Gerber-Shiu function can be used
to obtain more general results relating to finite time ruin than those given in Nie et
al. (2015).

5 The joint density of Tk and NTk

We now consider the joint density of the time of ruin and the number of claims until ruin
by setting 0 < r < 1, δ > 0 and ω(x, y) = 1 for x ≥ k and y > 0 in expression (3.1). (For
convenience, we use the term joint density throughout when referring to two variables,
even if one of the variables is discrete.) In this case the Gerber-Shiu function is

mr,δ(u) = E[rNTke−δTkI(Tk <∞)|U(0) = u] =
∞∑
n=1

rn
∫ ∞
0

e−δtwk(u, n, t) dt

where wk(u, n, t) denotes the joint density of Tk and NTk , given initial surplus u, defined
for n = 1, 2, 3, . . . and t > 0.
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5.1 General results

Theorem 5.1 When the initial surplus is k, the joint density of Tk and NTk is given by

wk(k, 1, t) = λe−λtF̄0,1(ct) = λe−λt F̄ (ct+ k), (5.1)

and for n = 1, 2, 3, . . .

wk(k, n+ 1, t) =
λn+1

cn

n∑
m=0

(−1)m
(
n

m

)
e−λtF̄m,n+1(ct)

+
n−1∑
j=0

e−λt
λn+1

cj+1

tn−j−1

(n− j)!

j∑
m=0

(−1)m
(
j

m

)∫ ct

0

yf (n−j)∗(ct− y)F̄m,j+1(y) dy,

(5.2)

where for n = 1, 2, 3, . . . and m = 0, 1, 2, . . . , n− 2,

F̄m,n(u) =

∫ u

0

A(n−1−m)∗(x)B
(m+1)∗
k (u− x) dx, (5.3)

A(x) = F̄ (x) and Bk(x) = F̄ (x+ k), and F̄n−1,n(u) = Bn∗
k (u).

Proof 5.1 We start by re-writing formula (3.3) as

mr,δ(k) =
rλ

c

∫ ∞
k

e−ρ(u−k)F̄ (u) du
∞∑
n=0

(
rλ

c

∫ ∞
k

e−ρ(u−k)
(
F̄ (u− k)− F̄ (u)

)
du

)n
,

and using the binomial expansion we obtain

mr,δ(k) =
∞∑
n=1

(rλ)n

cn

n−1∑
m=0

(−1)m
(
n− 1

m

)(∫ ∞
0

e−ρuF̄ (u) du

)n−1−m(∫ ∞
0

e−ρuF̄ (u+ k) du

)m+1

,

giving

mr,δ(k) =
∞∑
n=1

(rλ)n

cn

n−1∑
m=0

(−1)m
(
n− 1

m

)∫ ∞
0

e−ρuF̄m,n(u) du. (5.4)

To invert formula (5.4) we use formula (44) of Landriault et al. (2011) to obtain

∞∑
n=1

rnwk(k, n, t) =
∞∑
n=1

(rλ)n

cn

n−1∑
m=0

(−1)m
(
n− 1

m

)(
e−λtcF̄m,n(ct)

+
∞∑
j=1

e−λt
(rλ)j

j!
tj−1

∫ ct

0

yf j∗(ct− y)F̄m,n(y) dy

)

=
∞∑
n=1

(rλ)n

cn

n−1∑
m=0

(−1)m
(
n− 1

m

)
e−λtcF̄m,n(ct)

+
∞∑
n=1

rn+1

n−1∑
j=0

e−λt
λn+1

cj+1

tn−j−1

(n− j)!

j∑
m=0

(−1)m
(
j

m

)
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×
∫ ct

0

yf (n−j)∗(ct− y)F̄m,j+1(y) dy.

(5.5)

Formulae (5.1) and (5.2) then follow by equating coefficients of powers of r in equation
(5.5). 2

We remark that if we set r = 1 in (5.5) then we obtain an expression for the density of
the time of ruin, wk(k, t).

Theorem 5.2 When u > k,

wk(u, 1, t) = λe−λtF̄ (u+ ct), (5.6)

and for n = 1, 2, 3, . . . we have

wk(u, n+ 1, t) = e−λt
(λt)n

n!

∫ u+ct−k

0

fn∗(u+ ct− x− k)λF̄ (x+ k)dx

+

∫ t

0

wk(k, n, t− τ)λe−λτ
(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
dτ

+
n−1∑
m=1

∫ t

0

e−λτ
(λτ)m

m!

∫ u+cτ−k

0

fm∗(u+ cτ − k − x)

×λ
(
F̄ (x)− F̄ (x+ k)

)
dxwk(k, n−m, t− τ)dτ

−c
n∑

m=1

∫ t

0

e−λτ
(λτ)m

m!
fm∗(u+ cτ − k)wk(k, n+ 1−m, t− τ)dτ,

(5.7)

with the usual convention that
∑b

j=a = 0 if b < a.

Proof 5.2 We start by noting that

m̃r,δ(s) =

∫ ∞
k

e−sumr,δ(u)du =
∞∑
n=1

rn
∫ ∞
k

e−su
∫ ∞
0

e−δtwk(u, n, t)dtdu.

Next, we re-write formula (3.2) as

m̃r,δ(s) =
1

δ + λ− rλf̃(s)− cs

(
− ce−skmr,δ(k)

+rλmr,δ(k)

∫ ∞
k

e−su
(
F̄ (u− k)− F̄ (u)

)
du+ rλ

∫ ∞
k

e−suF̄ (u)du

)
,

(5.8)

and our approach is to invert first with respect to δ, and then with respect to s. Our
derivation uses ideas in Panjer and Willmot (1992) and is based on the Laplace transform
of S(t); see also Willmot (2015). Our starting point is to define a function Ar(u, t) whose
Laplace transform with respect to u is Ãr(s, t), and its bivariate Laplace transform is given
by

˜̃Ar(s, δ) =

∫ ∞
0

e−δtÃr(s, t)dt =
1

δ + λ− rλf̃(s)− cs
.

9



Inverting this expression with respect to δ gives Ãr(s, t) = exp{λrt(f̃(s)− 1) +λrt−λt+
sct}. From the Laplace transform of S(t) in formula (2.1) we deduce that Ãr(s, t) is the
product of the Laplace transform of Sr(t), where Sr(t) is as S(t) except that its Poisson
parameter is λrt (and its density is denoted by gr), and the term exp{λt(r − 1) + sct}.
Hence we can write formula (5.8) as

m̃r,δ(s) = ˜̃Ar(s, δ)
(
− ce−skmr,δ(k) + rλmr,δ(k)C̃(s) + rλB̃(s)

)
, (5.9)

where C(u) =
(
F̄ (u− k)− F̄ (u)

)
I{u > k} and B(u) = F̄ (u) I{u > k}. Inverting

equation (5.9) with respect to δ yields

∞∑
n=1

rn
∫ ∞
k

e−suwk(u, n, t)du

= −c
∞∑
n=1

rne−sk
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1) + sc(t− τ)}dτ

+λrC̃(s)
∞∑
n=1

rn
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1) + sc(t− τ)}dτ

+λrB̃(s) exp{λrt(f̃(s)− 1) + λt(r − 1) + sct}.

Multiplying both sides by e−sct gives

∞∑
n=1

rne−sct
∫ ∞
k

e−suwk(u, n, t)du

= −c
∞∑
n=1

rne−sk
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1)− scτ}dτ

+λrC̃(s)
∞∑
n=1

rn
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1)− scτ}dτ

+λrB̃(s) exp{λrt(f̃(s)− 1) + λt(r − 1)}. (5.10)

The left-hand side of equation (5.10) can be written as

∞∑
n=1

rn
∫ ∞
k

e−s(u+ct)wk(u, n, t) du =
∞∑
n=1

rn
∫ ∞
ct+k

e−suwk(u− ct, n, t) du,

and (minus) the first term on the right-hand side as

c

∞∑
n=1

rne−sk
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1)− scτ}dτ

= c
∞∑
n=1

rne−sk
∫ t

0

wk(k, n, τ)
(

g̃r(s, t− τ) + e−λr(t−τ)
)
eλ(t−τ)(r−1)−scτdτ

= c

∞∑
n=1

rn
∫ t

0

wk(k, n, τ)

∫ ∞
0

e−s(x+cτ+k)gr(x, t− τ) eλ(t−τ)(r−1) dx dτ

+c
∞∑
n=1

rn
∫ t

0

wk(k, n, τ) e−s(cτ+k)e−λ(t−τ) dτ

10



= c
∞∑
n=1

rn
∫ t

0

wk(k, n, τ)

∫ ∞
0

e−s(x+cτ+k)
∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(x) dx dτ

+
∞∑
n=1

rn
∫ ct+k

k

wk(k, n, (u− k)/c) e−sue−λ(t−(u−k)/c) du

= c

∞∑
n=1

rn
∫ t

0

wk(k, n, τ)

∫ ∞
cτ+k

e−su
∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(u− cτ − k) du dτ

+
∞∑
n=1

rn
∫ ct+k

k

wk(k, n, (u− k)/c) e−sue−λ(t−(u−k)/c) du

= c
∞∑
n=1

rn
∫ ct+k

k

e−su
∫ (u−k)/c

0

wk(k, n, τ)
∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(u− cτ − k) dτ du

+c
∞∑
n=1

rn
∫ ∞
ct+k

e−su
∫ t

0

wk(k, n, τ)
∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(u− cτ − k) dτ du

+
∞∑
n=1

rn
∫ ct+k

k

e−suwk(k, n, (u− k)/c) e−λ(t−(u−k)/c) du.

We can treat the second term of the right-hand side of equation (5.10) similarly to show
that

λrC̃(s)
∞∑
n=1

rn
∫ t

0

wk(k, n, τ) exp{λr(t− τ)(f̃(s)− 1) + λ(t− τ)(r − 1)− scτ}dτ

= λr
∞∑
n=1

rn
∫ ∞
ct

e−su
∫ t

0

wk(k, n, τ)

∫ u−cτ−k

0

∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(x)

×
(
F̄ (u− cτ − k − x)− F̄ (u− cτ − x)

)
dx dτ du

+λr
∞∑
n=1

rn
∫ ct

0

e−su
∫ u/c

0

wk(k, n, τ)

∫ u−cτ

0

∞∑
m=1

e−λ(t−τ)
(λr(t− τ))m

m!
fm∗(x)C(u− cτ − x) dx dτ du

+λr
∞∑
n=1

rn
∫ ∞
ct

e−su
∫ t

0

wk(k, n, τ)

×
(
F̄ (u− cτ − k)− F̄ (u− cτ)

)
I(u− cτ > k) e−λ(t−τ)dτ du

+λr
∞∑
n=1

rn
∫ ct

0

e−su
∫ u/c

0

wk(k, n, τ)C(u− cτ) e−λ(t−τ)dτ du.

Finally the third term on the right-hand side of equation (5.10) can be expressed as∫ ∞
0

e−su

(
λre−λtF̄ (u) I(u > k) + λr

∞∑
n=1

e−λt
(λrt)n

n!

∫ u−k

0

F̄ (x+ k)fn∗(u− x− k)dx

)
du.

By equating the coefficients of e−su for u > ct+ k we obtain

∞∑
n=1

rnwk(u− ct, n, t) = λre−λtF̄ (u)

+λr
∞∑
n=1

e−λt
(λrt)n

n!

∫ u−k

0

F̄ (x+ k)fn∗(u− x− k)dx

11



+
∞∑
n=1

rn+1

∫ t

0

wk(k, n, τ)
[
λe−λ(t−τ)

(
F̄ (u− k − cτ)− F̄ (u− cτ)

)
+λ

∞∑
m=1

e−λ(t−τ)
[λr(t− τ)]m

m!

∫ u−cτ−k

0

fm∗(x)

×
(
F̄ (u− k − cτ − x)− F̄ (u− cτ − x)

)
dx
]
dτ

−c
∞∑
n=1

rn
∞∑
m=1

∫ t

0

wk(k, n, τ)e−λ(t−τ)
[λr(t− τ)]m

m!
fm∗(u− cτ − k)dτ.

This results in

∞∑
n=1

rnwk(u, n, t) = λre−λtF̄ (u+ ct)

+λr
∞∑
n=1

e−λt
(λrt)n

n!

∫ u+ct−k

0

F̄ (x+ k)fn∗(u+ ct− x− k)dx

+
∞∑
n=1

rn+1

∫ t

0

wk(k, n, t− τ)
[
λe−λτ

(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
+λ

∞∑
m=1

e−λτ
(rλτ)m

m!

∫ u+cτ−k

0

fm∗(x)

×
(
F̄ (u+ cτ − k − x)− F̄ (u+ cτ − x)

)
dx
]
dτ

−c
∞∑
n=1

rn
∞∑
m=1

∫ t

0

wk(k, n, t− τ)e−λτ
(rλτ)m

m!
fm∗(u+ cτ − k)dτ.

(5.11)

To obtain wk(u, n, t) we proceed as follows. We rewrite expression (5.11) as

∞∑
n=1

rnwk(u, n, t) = λre−λtF̄ (u+ ct)

+
∞∑
n=1

rn+1e−λt
(λt)n

n!

∫ u+ct−k

0

fn∗(u+ ct− x− k)λF̄ (x+ k)dx

+
∞∑
n=1

rn+1

∫ t

0

wk(k, n, t− τ)λe−λτ
(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
dτ

+
∞∑
n=1

rn+1

∫ t

0

wk(k, n, t− τ)λ
∞∑
m=1

rme−λτ
(λτ)m

m!

×
∫ u+cτ−k

0

fm∗(x)
(
F̄ (u+ cτ − k − x)− F̄ (u+ cτ − x)

)
dxdτ

−c
∞∑
n=1

rn
∞∑
m=1

rm
∫ t

0

e−λτ
(λτ)m

m!
fm∗(u+ cτ − k)wk(k, n, t− τ)dτ.

(5.12)

Applying the Cauchy product
∑∞

n=1 an
∑∞

m=1 bm =
∑∞

n=1

∑n
m=1 an+1−mbm to the double
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summations in (5.12) we have

∞∑
n=1

rnwk(u, n, t) = λre−λtF̄ (u+ ct)

+
∞∑
n=1

rn+1e−λt
(λt)n

n!

∫ u+ct−k

0

fn∗(u+ ct− x− k)λF̄ (x+ k)dx

+
∞∑
n=1

rn+1

∫ t

0

wk(k, n, t− τ)λe−λτ
(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
dτ

+
∞∑
n=1

rn+2

n∑
m=1

∫ t

0

wk(k, n+ 1−m, t− τ)e−λτ
(λτ)m

m!

×
∫ u+cτ−k

0

fm∗(x)λ
(
F̄ (u+ cτ − k − x)− F̄ (u+ cτ − x)

)
dxdτ

−c
∞∑
n=1

rn+1

n∑
m=1

∫ t

0

e−λτ
(λτ)m

m!
fm∗(u+ cτ − k)wk(k, n+ 1−m, t− τ)dτ.

(5.13)

Formulae (5.6) and (5.7) then follow by equating coefficients of powers of r in equation
(5.13). 2

Formula (5.7) generalises formula (8) of Dickson (2012) for the joint density of the time
of ruin and the number of claims until ruin in the classical risk model – if we set k = 0
we recover the result for the classical risk model.

Further, as wk(u, t) =
∑∞

n=1wk(u, n, t), we obtain the following result.

Theorem 5.3 For u > k, the density of Tk is

wk(u, t) = λe−λtF̄ (u+ ct) + λ

∫ u+ct−k

0

F̄ (x+ k) g(u+ ct− x− k, t) dx

+

∫ t

0

wk(k, t− τ)
[
λe−λτ

(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
+

∫ u+cτ−k

0

g(u+ cτ − k − x, τ)λ
(
F̄ (x)− F̄ (x+ k)

)
dx
]
dτ

−c
∫ t

0

wk(k, t− τ) g(u+ cτ − k, τ) dτ. (5.14)

Formula (5.14) generalises formula (5) of Dickson (2007) for the density of the time of
ruin in the classical risk model. Once again, setting k = 0 gives the result for the classical
risk model.

To understand formula (5.14), it is helpful to consider realisations of the surplus
process that are representative of the different terms in the formula. Interpretation of
components of formula (5.14) is similar to that given in Dickson (2007). However, there
is one important difference. Consider

g(u+ cτ − k − x, τ)λ
(
F̄ (x)− F̄ (x+ k)

)
wk(k, t− τ).

This term is associated with (i) an aggregate claim amount of u + cτ − k − x at time
τ , resulting in a surplus of x + k at time τ in a classical risk model, (ii) a claim whose
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amount is between x and x + k at time τ (so that a capital injection occurs), and (iii)
ruin occurring after a further time period of t−τ with the possibility of capital injections
in this time period. Note that the term g(u+ cτ − k− x, τ) refers to aggregate claims in
a classical risk model, not the risk model with capital injections, and this term includes
the possibility that a realisation of a classical risk model which is at level x + k at time
τ has fallen below k prior to time τ . Figures 5.1 and 5.2 show realisations of the surplus
process representing the first two terms in formula (5.14) where the surplus immediately
prior to ruin is above k. Figures 5.3 and 5.4 show realisations of the surplus process
representing the second integral term, with a capital injection occurring at time τ . In
these realisations, the surplus prior to time τ is always above k, and we distinguish
between there being further capital injections after time τ (Figure 5.3) and no further
capital injections (Figure 5.4). Figures 5.5 and 5.6 are as Figures 5.3 and 5.4 except that
the surplus falls below k prior to time τ . Figures 5.7 and 5.8 show realisations of the
surplus process representing the final term in formula (5.14). In these, τ is the last time
at which the (classical) surplus process upcrosses through k, and we have distinguished
between the cases where there are capital injections after time τ (Figure 5.7) and there
are no capital injections after time τ (Figure 5.8). Only Figures 5.1, 5.3 and 5.4 show
realisations of the surplus process with capital injections that result in ruin at time t.
As in Prabhu’s (1961) formula, the final term in formula (5.14) is a compensation term.
Realisations like those in Figure 5.2 are compensated for by realisations such as that in
Figure 5.8. Similarly, realisations such as those in Figures 5.5 and 5.6 are compensated
for by realisations such as that in Figure 5.7. To see this, note that there is a last time
(before time τ) at which the surplus process upcrosses through k in Figures 5.5 and 5.6.

k

u

t
0

Figure 5.1: Classical surplus process
always above k prior to t

u

t

k

0

Figure 5.2: Classical surplus process
below k prior to t
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u

k

0
tτ

Figure 5.3: Classical surplus process
above k prior to capital injection at
τ ; capital injected after τ

u

k

0
tτ

Figure 5.4: Classical surplus process
above k prior to capital injection at
τ ; no capital injected after τ

u

k

0
tτ

Figure 5.5: Classical surplus process
below k prior to capital injection at
τ ; capital injected after τ

u

k

0
tτ

Figure 5.6: Classical surplus process
below k prior to capital injection at
τ ; no capital injected after τ

u

k

0
tτ

Figure 5.7: Classical surplus process
upcrosses k at τ ; ruin at t with cap-
ital injections between τ and t.

u

k

0
tτ

Figure 5.8: Classical surplus process
upcrosses k at τ ; ruin at t without
capital injections between τ and t

From these figures it is not difficult to see that there exists a version of Prabhu’s
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formula for the risk model with capital injections. Defining ϕk(u, t) = Pr(Tk > t|U(0) =
u) to be the finite time survival probability we have

ϕk(u, t) = G(u+ ct− k, t) + λ

∫ t

0

ϕk(k, t− τ)

[
e−λτ

(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
+

∫ u+cτ−k

0

g(x, τ)
(
F̄ (u+ cτ − x− k)− F̄ (u+ cτ − x)

)
dx

]
dτ

−c
∫ t

0

ϕk(k, t− τ) g(u+ cτ − k, τ) dτ,

which reduces to Prabhu’s formula when k = 0. We remark that this formula can be
obtained by establishing a partial integro-differential equation for ϕk(u, t).

Given the nature of the surplus process with capital injections, where the full amount
of claims may not be paid by the insurer, it is rather remarkable that formulae for wk(u, t)
and ϕk(u, t) exist in terms of G and g .

5.2 Exponentially distributed claims

We now consider the case when F̄ (x) = e−αx, where x ≥ 0 with α > 0, and obtain three
main results. We first find an expression for the joint density of Tk and NTk when the
initial surplus is k. We next show that formula (5.14) leads to a more concise expression
for wk(u, t) for u > k than that obtained by Nie et al. (2015), then we show that the
formulae are equivalent. The derivation of this equivalence is of interest not just for the
risk model with capital injections, but also for the classical risk model as in the case k = 0
Nie et al.’s (2015) formula for wk(u, t) reduces to the expression for w(u, t) that can be
found in Drekic and Willmot (2003), whilst our new expression reduces to the formula
for w(u, t) first given in Dickson et al. (2005). Our approach is to adapt procedures in
Dickson (2007).

Result 5.1 When the initial surplus is k, for n = 1, 2, 3, . . .,

wk(k, n+ 1, t) = λn+1e−αk−(λ+αc)t
n∑
j=0

(αc)n−j t2n−j

(n− j)!
(1− e−αk)j j + 1

(n+ 1)!
,

and wk(k, 1, t) = λe−αk−(λ+αc)t.

Derivation 5.1 We apply formula (5.2). For this we require F̄m,n(x), which can be
obtained from (5.3) with A(x) = e−αx and Bk(x) = e−α(x+k). Using Laplace transforms
we find that

F̄m,n(u) =
e−αk(m+1)e−αuun−1

Γ(n)
.

Then formula (5.2) yields

wk(k, n+ 1, t) = λn+1e−αk−(λ+αc)t
(

(1− e−αk)n t
n

n!

+
n−1∑
j=0

tn−j−1 αn−j

cj+1 (n− j)!
(1− e−αk)j

∫ ct

0

yj+1 (ct− y)n−j−1

(n− j − 1)! j!
dy

)
.
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As ∫ ct

0

yj+1 (ct− y)n−j−1 dy = (ct)n+1 (j + 1)! (n− j − 1)!

(n+ 1)!
,

we obtain

wk(k, n+ 1, t) = λn+1e−αk−(λ+αc)t
n∑
j=0

(αc)n−j t2n−j

(n− j)!
(1− e−αk)j j + 1

(n+ 1)!
.

The formula for wk(k, 1, t) follows immediately from formula (5.6). 2

Further, we can find wk(k, t) by summing wk(k, n, t), and if we do this we obtain

wk(k, t) = λe−αk−(λ+αc)t
∞∑
n=1

(λt(1− e−αk))n−1

(n− 1)!
0F1

(
n+ 1; λαct2

)
(5.15)

where 0F1(b; x) =
∑∞

n=0 (Γ(b)xn)/(Γ(b+ n)n!) is a hypergeometric function. We remark
that formula (5.15) was obtained by Nie et al. (2015) using a different approach.

Result 5.2 When u > k,

wk(u, t) = λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)nλntn/2

(αλ(u+ ct− k))n/2

×
(
In

(√
4αλt(u+ ct− k)

)
− ct

u+ ct− k
In+2

(√
4αλt(u+ ct− k)

))
(5.16)

where

Iν(t) =
∞∑
n=0

(t/2)2n+ν

n!(n+ ν)!

is the modified Bessel function of order ν.

Derivation 5.2 The first two terms of equation (5.14) can be written as

λe−λtF̄ (u+ ct) + λ

∫ u+ct−k

0

F̄ (u+ ct− x) g(x, t) dx

= λe−αu−(λ+αc)t I0

(√
4αλt(u+ ct− k)

)
.

Next we consider the third term of equation (5.14). Inserting for F̄ the first term in the
bracket gives us

λe−λτ
(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
= λe−λτ (1− e−αk)e−α(u+cτ−k),

and the second term in the bracket becomes∫ u+cτ−k

0

g(x, τ)λ
(
F̄ (u+ cτ − x− k)− F̄ (u+ cτ − x)

)
dx
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= λ
∞∑
n=1

e−λτ
(λτ)n

n!

[α(u+ cτ − k)]n

n!
e−α(u+cτ−k)(1− e−αk).

Further wk(k, t − τ) comes from formula (5.15). Hence, switching τ and t − τ , we can
write the third term in (5.14) as∫ t

0

wk(k, t− τ)
[
λe−λτ

(
F̄ (u+ cτ − k)− F̄ (u+ cτ)

)
+

∫ u+cτ−k

0

g(x, τ)λ
(
F̄ (u+ cτ − x− k)− F̄ (u+ cτ − x)

)
dx
]
dτ

= λ

∫ t

0

∞∑
r=0

e−λ(t−τ)
(λ(t− τ))r

r!
(1− e−αk)α

re−α(u+c(t−τ)−k)

r!
(u+ c(t− τ)− k)r

×
∞∑
n=1

(1− e−αk)n−1e−αkλnτn−1ne−τ(λ+αc)
∞∑
m=0

(αcλτ 2)m

m!(n+m)!
dτ

= λe−αu−(λ+αc)t
∞∑
n=1

(1− e−αk)nλnn
∫ t

0

η1(τ)η2(t− τ)dτ,

where

η1(t) = tn−1
∞∑
m=0

(αcλt2)m

m!(n+m)!
=

t−1

(αcλ)n/2
In

(√
4αcλt2

)
and

η2(t) =
∞∑
n=0

[αλt(u+ ct− k)]n

n!n!
= I0

(
(4αλc)1/2

√
t2 +

u− k
c

t

)
.

We need two auxiliarly results, the first of which was used in Dickson (2007). First, from
Erdélyi (1954, page 201) we have that if

φ(t) =
tν/2

(t+ β)ν/2
Iν

(
A
√
t2 + βt

)
then

φ̃(s) =
Aν√
s2 − A2

1

(s+
√
s2 − A2)ν

exp
{β

2
(s−

√
s2 − A2)

}
. (5.17)

Second, from Gradshteyn and Ryzhnik (2007, page 1117), we have that if

ϕ(t) = t−1Iν(At),

then

ϕ̃(s) =
Aν

ν

(
s+
√
s2 − A2

)−ν
.

Applying these results with A =
√

4αλc and β = (u− k)/c, we find

η̃1(s)η̃2(s) =
1√

s2 − 4αcλ
exp

{u− k
2c

(s−
√
s2 − 4αλc)

}2n

n

(
s+
√
s2 − 4αλc

)−n
,
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and using formula (5.17) this can be inverted to∫ t

0

η1(τ)η2(t− τ)dτ =
(αλc)−n/2

n

tn/2

(t+ u−k
c

)n/2
In

(√
4αλt(u+ ct− k)

)
.

The last term in equation (5.14) can be evaluated as

−c
∫ t

0

wk(k, t− τ)g(u+ cτ − k, τ)dτ

= −c
∫ t

0

∞∑
r=1

e−λ(t−τ)
(λ(t− τ))r

r!

αre−α(u+c(t−τ)−k)

(r − 1)!
(u+ c(t− τ)− k)r−1

×
∞∑
n=1

(1− e−αk)n−1e−αkλnnτn−1e−τ(λ+αc)
∞∑
m=0

(αcλτ 2)m

m!(n+m)!
dτ

= −ce−αu−(λ+αc)t
∞∑
n=1

(1− e−αk)n−1λnn
∫ t

0

η1(τ)η3(t− τ) dτ,

where η3 is given by

η3(t) =
αλt√

αλt(u+ ct− k)
I1

(√
4αλt(u+ ct− k)

)
=

√
αλt/c√
u−k
c

+ t
I1

(√
4αλc

√
u− k
c

t+ t2
)
,

and by (5.17) the Laplace transform of η3 is found as

η̃3(s) =

√
αλ/c

√
4αλc√

s2 − 4αλc

1

s+
√
s2 − 4αλc

exp
{u− k

2c
(s−

√
s2 − 4αλc)

}
.

Therefore η̃1(s)η̃3(s) inverts to∫ t

0

η1(τ)η3(t− τ)dτ =
αλ

n(
√
αλc)n+1

( t

t+ u−k
c

)(n+1)/2

In+1

(√
4αλt(u+ ct− k)

)
.

As a result we can use simple algebra to write equation (5.14) as

wk(u, t) = λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)nλntn/2

(αλ(u+ ct− k))n/2

×
(
In

(√
4αλt(u+ ct− k)

)
− ct

u+ ct− k
In+2

(√
4αλt(u+ ct− k)

))
.

2

Setting k = 0 in formula (5.16) yields formula (3.9) in Dickson et al. (2005) for the density
of the time of ruin in the classical risk model.

Formula (5.16) is a simpler expression than that given for wk(u, t) by Nie et al. (2015)
as it is based on infinite sums of Bessel functions, whereas the formula given by Nie et al.
(2015) involves double infinite summation of Bessel functions. We now show how formula
(5.16) can be manipulated to obtain the expression given in Nie et al. (2015).
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Result 5.3 We can express formula (5.16) as

wk(u, t) = e−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n
∞∑
j=1

[α(u− k)]j−1

Γ(j)
(λt)n+jt−1

× 1

Γ(n+ j)
0F1(n+ j + 1;αλct2).

Derivation 5.3 Expanding the modified Bessel functions in formula (5.16) yields

wk(u, t) = λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n
∞∑
m=0

[αλt(u+ ct− k)]m

m!(n+m)!

−ce−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n+2α

∞∑
m=0

[αλt(u+ ct− k)]m

m!(m+ n+ 2)!
,

and using a binomial expansion gives

wk(u, t)

= λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n
∞∑
m=0

(αλt)m

m!(n+m)!

m∑
j=0

(
m

j

)
(u− k)j(ct)m−j

−ce−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n+2

∞∑
m=0

α(αλt)m

m!(m+ n+ 2)!

m∑
j=0

(
m

j

)
(u− k)j(ct)m−j.

Interchanging the order of the inner summations we find

wk(u, t)

= λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)nλntn
∞∑
j=0

∞∑
m=j

(αλt)m

m!(n+m)!

(
m

j

)
(u− k)j(ct)m−j

−ce−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n+2

∞∑
j=0

∞∑
m=j

α(αλt)m

m!(m+ n+ 2)!

(
m

j

)
(u− k)j(ct)m−j,

and changing the variables of summation we obtain

wk(u, t)

= λe−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)nλntn
∞∑
j=1

∞∑
m=0

(αλt)m+j−1(u− k)j−1(ct)m

m!(j − 1)!(n+m+ j − 1)!

−ce−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n(λt)n+2

∞∑
j=1

∞∑
m=0

α(αλt)m+j−1(u− k)j−1(ct)m

m!(j − 1)!(n+m+ j + 1)!

= e−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n
∞∑
j=1

[α(u− k)]j−1

Γ(j)
(λt)n+jt−1

×
{ ∞∑
m=0

(αλct2)m

m!(m+ n+ j − 1)!
−
∞∑
m=0

(αλct2)m+1

m!(m+ n+ j + 1)!

}
= e−αu−(λ+αc)t

∞∑
n=0

(1− e−αk)n
∞∑
j=1

[α(u− k)]j−1

Γ(j)
(λt)n+jt−1
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× 1

(t
√
αλc)n+j−1

{
In+j−1

(
2t
√
αλc

)
− In+j+1

(
2t
√
αλc

)}
.

Application of the identity Iν−1(t)−Iν+1(t) = 2νIν(t)/t (see, e.g., Abramowitz and Stegun
(1972, formula 9.6.26)) yields the formula for wk(u, t) in Nie et al. (2015), namely

wk(u, t) = e−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n
∞∑
j=1

[α(u− k)]j−1

Γ(j)
(λt)n+jt−1

× n+ j

(t
√
αλc)n+j

In+j

(
2t
√
αλc

)
(5.18)

= e−αu−(λ+αc)t
∞∑
n=0

(1− e−αk)n
∞∑
j=1

[α(u− k)]j−1

Γ(j)
(λt)n+jt−1

× 1

Γ(n+ j)
0F1(n+ j + 1;αλct2)

where we have used the identity

Iν(z) =
1

Γ(ν + 1)

(z
2

)ν
0F1

(
ν + 1; z2/4

)
.

2

Setting k = 0 in formula (5.18) gives formula (2.7) of Drekic and Willmot (2003). Thus,
our technique also establishes the identity of their formula with the comparatively simpler
formula for w(u, t) given in Dickson et al. (2005).

5.3 Discussion

Unfortunately it appears to be difficult to obtain relatively simple expressions for wk(u, t)
for other individual claim amount distributions. However, by using numerical integra-
tion it should be possible to obtain values for wk(u, t) using formula (5.14). For example,
Willmot (2015) gives an expression for g(x, t) when the individual claim amount distribu-
tion is an infinite mixture of Erlangs. Alternatively, we might approximate g(x, t) using
Panjer’s (1981) recursion formula, or we could use approximation techniques discussed
by Seal (1978) who considers finite time non-ruin probabilities in the classical risk model.

Applying techniques in Albrecher and Boxma (2005) we can obtain moments of Tk
and NTk as well as quantities like Cov(Tk, NTk). Details are relatively straightforward
and so we have omitted them. We conducted a number of experiments in calculating the
correlation coefficient between Tk and NTk when the individual claim amount distribution
is exponential. We observed that for a range of values of u and k and different premium
loading factors the correlation coefficient was (unsurprisingly) very close to 1 in all our
scenarios.

6 An alternative approach

We now consider an alternative representation of the Gerber-Shiu function. Let wk(u, x, y, n, t)
denote the joint density of the surplus prior to ruin (x), the deficit at ruin (y), the
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number of claims until ruin (n), and the time of ruin (t), with corresponding notation
w(u, x, y, n, t) for the classical risk model. Further let

w(u, y, n, t) =

∫ ∞
0

w(u, x, y, n, t) dx.

Then

mr,δ(u) = E[rNTke−δTkω(U(T−k ), |U(Tk)|)I(Tk <∞)|U(0) = u]

=
∞∑
n=1

rn
∫ ∞
0

e−δt
∫ ∞
k

∫ ∞
0

ω(x, y)wk(u, x, y, n, t) dy dx dt (6.1)

=
∞∑
n=1

rn
∫ ∞
0

e−δt
{∫ ∞

0

∫ k

0

w(u− k, x, y, n, t)mr,δ(k) dy dx

+

∫ ∞
0

∫ ∞
k

ω(x+ k, y − k)w(u− k, x, y, n, t) dy dx
}
dt. (6.2)

From this expression we now derive an expression for the probability function of the
number of claims until ruin when claims are exponentially distributed, and we show how
this expression leads to an expression for the ultimate ruin probability ψk(u). Our results
both generalise and simplify some existing results for the classical risk model.

If we set δ > 0, 0 < r < 1 and ω(x, y) = 1 for all x and y in equations (6.1) and (6.2),
they respectively become

mr,δ(u) =
∞∑
n=1

rn
∫ ∞
0

e−δt
∫ ∞
k

∫ ∞
0

wk(u, x, y, n, t) dy dx dt

=
∞∑
n=1

rn
∫ ∞
0

e−δtwk(u, n, t) dt =
∞∑
n=1

rnwk,δ(u, n) (6.3)

where wk,δ(u, n) =
∫∞
0
e−δtwk(u, n, t) dt (with wδ(u, n) similarly defined), and

mr,δ(u) =
∞∑
n=1

rn
∫ ∞
0

e−δt
∫ ∞
0

∫ k

0

w(u− k, x, y, n, t)mr,δ(k) dy dx dt

+
∞∑
n=1

rn
∫ ∞
0

e−δt
∫ ∞
0

∫ ∞
k

w(u− k, x, y, n, t) dy dx dt.

Defining wδ(u, y, n) =
∫∞
0
e−δtw(u, y, n, t) dt and µr,δ(u, y) =

∑∞
n=1 r

nwδ(u, y, n) we get

mr,δ(u) = mr,δ(k)

∫ k

0

µr,δ(u− k, y) dy +

∫ ∞
k

µr,δ(u− k, y) dy. (6.4)

In particular, when u = k we have

mr,δ(k) =

∫∞
k
µr,δ(0, y) dy

1−
∫ k
0
µr,δ(0, y) dy

. (6.5)

For the remainder of this section we consider the case F̄ (x) = e−αx for x ≥ 0 with
α > 0, and let pk(u, n) = Pr(NTk = n |U(0) = u) for n = 1, 2, 3, . . . denote the probability
function of the number of claims until ruin.
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Result 6.1 When the initial surplus is k, for n = 1, 2, 3, . . .

pk(k, n) = e−αk
n−1∑
j=0

(1− e−αk)j
(

αc

λ+ αc

)n−j−1(
λ

λ+ αc

)n
(j + 1) (2n− j − 2)!

n! (n− j − 1)!
.

(6.6)

Derivation 6.1 It is easy to show from results for the classical risk model in Dickson
(2012) that w(u, y, n, t) = w(u, n, t)αe−αy, which gives µr,δ(u, y) = µr,δ(u)αe−αy where
µr,δ(u) =

∫∞
0
µr,δ(u, y) dy. Hence formula (6.5) can be written as

mr,δ(k) =
µr,δ(0)e−αk

1− µr,δ(0)(1− e−αk)
=
∞∑
i=0

e−αk(1− e−αk)iµr,δ(0)i+1, (6.7)

where for i = 0, 1, 2, . . .

µr,δ(0)i+1 =
∞∑

n=i+1

rn
∫ ∞
0

e−δtw(i+1)∗(0, n, t)dt,

and for i = 1, 2, 3, . . .

w(i+1)∗(0, n, t) =
n−1∑
j=1

∫ t

0

wi∗(0, j, s)w(0, n− j, t− s) ds.

Inverting formula (6.7) with respect to δ yields

∞∑
n=1

rnwk(k, n, t) =
∞∑
i=0

e−αk(1− e−αk)i
∞∑

n=i+1

rnw(i+1)∗(0, n, t). (6.8)

Applying the techniques in Nie et al. (2015) we can show that

∞∑
n=i+1

rnw(i+1)∗(0, n, t) = (rλ)i+1 e−(λ+αc)tti (i+ 1)
∞∑
n=0

(rαcλt2)n

n! (n+ i+ 1)!
, (6.9)

and inserting this in equation (6.8) we obtain

∞∑
n=1

rnwk(k, n, t) =
∞∑
n=1

(rλ)n e−αk(1− e−αk)n−1 e−(λ+αc)t tn−1 n
∞∑
j=0

(αrcλt2)j

j! (j + n)!
.

Integration over t yields the probability generating function of NTk given u = k, denoted
by p̃k,r(k), as

p̃k,r(k) = e−αk
∞∑
n=1

(rλ)n (1− e−αk)n−1 n
∞∑
j=0

Γ(2j + n)

j! Γ(n+ 1 + j)

(αrcλ)j

(λ+ αc)2j+n
,

and applying the identity
∑∞

n=1

∑∞
j=0 tn,j =

∑∞
n=1

∑n−1
j=0 tj+1,n−j−1 we obtain

p̃k,r(k) = e−αk
∞∑
n=1

(rλ)n
n−1∑
j=0

(1− e−αk)j (j + 1) Γ(2n− j − 1)

(n− j − 1)! Γ(n+ 1)

(αc)n−j−1

(λ+ αc)2n−j−1
,

from which the result follows. 2
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Setting k = 0 in formula (6.6) yields the probability function of the number of claims
until ruin from initial surplus 0 in the classical risk model; see, for example, Landriault
et al. (2011).

Result 6.2 When u > k, for n = 1, 2, 3, . . .

pk(u, n) = e−αu
n−1∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
αc

λ+ αc

)n−i−1(
λ

λ+ αc

)n
×(i+ 1)(2n− i− 2)!

n! (n− i− 1)!
. (6.10)

Derivation 6.2 Formula (6.4) can be written as

mr,δ(u) = mr,δ(k)µr,δ(u− k) (1− e−αk) + µr,δ(u− k) e−αk

=
∞∑
i=0

e−αk(1− e−αk)i µr,δ(0)i µr,δ(u− k). (6.11)

To apply this expression we need an expression for µr,δ(u) in terms of µr,δ(0), and to
obtain this we extend the approach in Dickson and Li (2010). We first note that

w(u, 1, t) =

∫ ∞
u

w(0, y, 1, t) dy = w(0, 1, t) e−αu (6.12)

and for n = 2, 3, 4, . . . ,

w(u, n, t) =
n−1∑
j=1

∫ t

0

∫ u

0

w(0, y, j, τ)w(u− y, n− j, t− τ) dy dτ +

∫ ∞
u

w(0, y, n, t) dy

=
n−1∑
j=1

∫ t

0

∫ u

0

w(0, j, τ)αe−αy w(u− y, n− j, t− τ) dy dτ +

∫ ∞
u

w(0, n, t)αe−αy dy.

(6.13)

Define

µ̃r,δ(s) =

∫ ∞
0

e−su µr,δ(u) du =
∞∑
n=1

rn
∫ ∞
0

∫ ∞
0

e−su−δtw(u, n, t) dt du =
∞∑
n=1

rn w̃δ(s, n).

Taking the bivariate Laplace transform of formula (6.12) gives

w̃δ(s, 1) = wδ(0, 1)
1

α + s

and the Laplace transform of formula (6.13) with respect to t is

wδ(u, n) =
n−1∑
j=1

wδ(0, j)

∫ u

0

αe−αy wδ(u− y, n− j) dy + wδ(0, n) e−αu. (6.14)

Now take the Laplace transform of formula (6.14) with respect to u, which results in

w̃δ(s, n) =
n−1∑
j=1

wδ(0, j) w̃δ(s, n− j)
α

α + s
+ wδ(0, n)

1

α + s
. (6.15)
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Multiplying formula (6.15) by rn and summing over n, we have

∞∑
n=2

rn w̃δ(s, n) =
∞∑
n=2

rn
n−1∑
j=1

wδ(0, j)w̃δ(s, n− j)
α

α + s
+
∞∑
n=2

rnwδ(0, n)
1

α + s
. (6.16)

Adding rw̃δ(s, 1) to both sides of (6.16) gives

∞∑
n=1

rnw̃δ(s, n) =
∞∑
n=2

rn
n−1∑
j=1

wδ(0, j) w̃δ(s, n− j)
α

α + s
+
∞∑
n=1

rnwδ(0, n)
1

α + s

which can be written as

µ̃r,δ(s) = µr,δ(0) µ̃r,δ(s)
α

α + s
+ µr,δ(0)

1

α + s

=
µr,δ(0) 1

α+s

1− µr,δ(0) α
α+s

=
1

α

∞∑
n=1

µr,δ(0)n
(

α

α + s

)n
.

Inverting µ̃r,δ(s) with respect to s yields

µr,δ(u) =
∞∑
n=1

µr,δ(0)n
(αu)n−1e−αu

(n− 1)!
,

and applying this in equation (6.11) we get

mr,δ(u) =
∞∑
i=0

e−αu(1− e−αk)i
∞∑
n=1

µr,δ(0)i+n
[α(u− k)]n−1

(n− 1)!
,

which by (6.9) inverts with respect to δ to

∞∑
i=0

e−αu(1− e−αk)i
∞∑
n=1

(rλ)i+ne−(λ+αc)tti+n−1(i+ n)
∞∑
j=0

(rαcλt2)j

j!(j + n+ i)!

[α(u− k)]n−1

(n− 1)!
.

Integrating with respect to t we find the probability generating function of NTk as

p̃k,r(u) =
∞∑
i=0

e−αu(1− e−αk)i
∞∑
n=0

(rλ)i+n+1

∞∑
j=0

(rαcλ)j(i+ n+ 1)

j!(j + n+ i+ 1)!

[α(u− k)]n

n!

× (2j + i+ n)!

(λ+ αc)2j+i+n+1
.

We can then apply the identity

∞∑
i=0

∞∑
n=0

∞∑
j=0

ti,n,j =
∞∑
i=0

i∑
n=0

n∑
j=0

tj,n−j,i−n,

(see, for example, Graham et al. (1994, p.355)) giving

p̃k,r(u) =
∞∑
i=0

ri+1e−αu
i∑

n=0

n∑
j=0

(1− e−αk)j (α(u− k))n−j

(n− j)!

(
αc

λ+ αc

)i−n(
λ

λ+ αc

)i+1
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×(n+ 1)(2i− n)!

(i− n)! (i+ 1)!
.

It follows that pk(u, 1) = λ e−αu/(λ+ αc), and for n = 2, 3, 4, . . . ,

pk(u, n) = e−αu
n−1∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
αc

λ+ αc

)n−i−1(
λ

λ+ αc

)n
×(i+ 1)(2n− i− 2)!

n! (n− i− 1)!
(6.17)

which also holds for n = 1. 2

We remark that setting u = k in formula (6.17) yields formula (6.6). Further, setting
k = 0 in formula (6.17) gives p(u, n), the probability function of the number of claims
until ruin in the classical model, as

p(u, n) = e−αu
n−1∑
i=0

(αu)i

i!

(
αc

λ+ αc

)n−i−1(
λ

λ+ αc

)n
(i+ 1)(2n− i− 2)!

n! (n− i− 1)!
.

We remark that this formula is new, and can also be obtained by manipulation of formula
(23) of Landriault et al. (2011). We end by obtaining an expression for ψk(u) by summing
formula (6.17).

Result 6.3 For u ≥ k, the ultimate ruin probability is

ψk(u) =
λ

αc

e−(α−λ/c)(u−k)e−αk

1− (λ/(αc))(1− e−αk)
.

Derivation 6.3 We have

ψk(u) =
∞∑
n=1

pk(u, n)

= e−αu
∞∑
n=1

n−1∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
αc

λ+ αc

)n−i−1(
λ

λ+ αc

)n
×(i+ 1)(2n− i− 2)!

n! (n− i− 1)!

= e−αu
∞∑
i=0

∞∑
n=i+1

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
αc

λ+ αc

)n−i−1(
λ

λ+ αc

)n
× i+ 1

2n− i− 1

(
2n− i− 1

n

)
= e−αu

∞∑
i=0

∞∑
t=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
αc

λ+ αc

)t(
λ

λ+ αc

)t+i+1

× i+ 1

2t+ i+ 1

(
2t+ i+ 1

t

)
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= e−αu
∞∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
λ

λ+ αc

)i+1

×
∞∑
t=0

(
2t+ i+ 1

t

)
i+ 1

2t+ i+ 1

(
λαc

(λ+ αc)2

)t
= e−αu

∞∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
λ

λ+ αc

)i+1

B2
(

λαc

(λ+ αc)2

)i+1

where B2 is the generalised binomial series given by

B2(z) =
∞∑
k=0

(
2k + 1

k

)
zk

2k + 1
=

1−
√

1− 4z

2z

with the property that

B2(z)r =
∞∑
k=0

(
2k + r

k

)
r zk

2k + r
.

See Graham et al. (1994). It is easily seen that

B2
(

λαc

(λ+ αc)2

)
=
λ+ αc

αc

giving

∞∑
n=1

pk(u, n) = e−αu
∞∑
i=0

i∑
j=0

(1− e−αk)j (α(u− k))i−j

(i− j)!

(
λ

αc

)i+1

= e−αu
∞∑
j=0

(1− e−αk)j
∞∑
i=j

(α(u− k))i−j

(i− j)!

(
λ

αc

)i+1

=
λ

αc
e−αu

∞∑
j=0

(1− e−αk)j
(
λ

αc

)j ∞∑
m=0

(λ(u− k)/c)m

m!

=
λ

αc

e−(α−λ/c)(u−k)e−αk

1− (λ/(αc))(1− e−αk)
. (6.18)

2

From formula (4.6) and results in Gerber et al. (1987) we can easily verify that (6.18)
does indeed equal ψk(u).

7 Concluding remarks

Our Gerber-Shiu analysis is not as helpful in dealing with infinite time ruin problems as
it is with dealing with finite time ruin problems. For the latter it has led us to the rather
surprising conclusion that both the density of the time of ruin and the finite time survival
(or ruin) probability for our risk model with capital injections can be expressed in terms
of the aggregate claims distribution for the classical risk model.

Our analysis in the case of exponentially distributed individual claims has extended
existing results for the classical risk model, and has shown the connection between two
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known formulae for the density of the time of ruin in the classical risk model. Our
analysis in Section 6 can be extended to other problems, but it is difficult to obtain neat
explicit solutions when we consider individual claim amount distributions other than the
exponential distribution.
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