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Abstract

One of the main issues in ruin theory is that existing formulae for continuous time
models can only be applied to some special claim size distributions and the analytical
expressions for other claim size distributions do not exist. This thesis addresses this
issue by considering discrete time models as approximations to continuous time models,
including the classical risk model, the Markov-modulated risk model and the classical
risk model with dividends. It also shows that how these models are affected by the
introduction of capital injections.

In Chapters 3 and 4 we construct a Gerber-Shiu function and use this to analyse
the classical risk model with capital injections both analytically and probabilistically.
Quantities such as the ultimate ruin probability and the joint density of the time of
ruin and the number of claims until ruin are obtained by the inversion of the Laplace
transform of our Gerber-Shiu function.

In Chapter 5 we develop a discrete time model to approximate the probability of
ruin in infinite and finite time under the classical risk model with capital injections,
and show that capital injections can lead to a reduction in the probability of ruin even
when claim amounts follow a heavy-tailed distribution.

In Chapter 6 we extend our numerical algorithm from Chapter 5 to approximate the
ultimate probability of ruin under a two-state Markov-modulated risk model with and
without capital injections, and the density of the time of ruin under the same model
with more than two states.

The final chapter investigates dividend strategies with capital injections. We exam-
ine the effect of capital injections on the barrier and threshold strategies and consider
a reinsurance arrangement that covers any fall below a positive pre-determined surplus

level, so that the insurance company may operate indefinitely.
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Chapter 1
A survey of risk models

Classical ruin theory is motivated by the question of insolvency of an insurance company.
It considers a simplified version of a real life insurance operation and examines the
evolution of its funds over time. The theory assumes that the insurer starts with some
non-negative amount of money. The inflow and outflow of cash include the premium
income paid by policyholders and the claim expenses incurred by the insurer. Ruin
theory is concerned with the level of an insurer’s surplus. The initial goal of early
researchers was to determine the probability of the insurer’s surplus becoming negative;
the event that we call ruin.

The aim of this chapter is to review some results in ruin theory. In the first section,
we consider classical ruin theory in the continuous time case, then in Section 2 we
provide analogues of results given in the first section in the discrete time case. The final
section presents the Gerber-Shiu function and how it gives rise to a uniform treatment

of ruin-related quantities.

1.1 The continuous time case

Throughout this chapter we consider a simple model for an insurer’s surplus, which has
only three components: initial surplus (or surplus at time zero), premiums received and
claims paid. Thus, in this model we do not take into account investment income, tax
and other expenses, yet we can gain insight using such a simple model.

The surplus process of an insurance company in continuous time is modelled by

U(t) =u+ct —S(t)



where u is the initial surplus, ¢ is the rate of premium income per unit time, which
is assumed to be received continuously, and {S(¢)};>¢ is the aggregate claims process,
defined by

where {N(t)};>0 is a Poisson process with Poisson parameter A\, and N(¢) denotes
the number of claims that occur in the fixed time interval [0,¢]. Further, {X;}°,
is a sequence of independent and identically distributed random variables, where X;
represents the amount of the ith claim. Let F = 1 — F be the distribution function
of X, with F'(0) = 0, density function f, moment generating function My, and nth
moment E[X]] = m, with m; := m. Also, the process {S(t)}+>0 is a compound Poisson
process with Poisson parameter A. The positive loading condition is ¢ = (1 + 6)Am,
where 6 > 0 is the premium loading factor.

We denote by G(z,t) = Pr(S(t) < x) the distribution function of the random
variable S(t) with density function

g(z,t) = a%a(x,t) = Ze‘”%f"*(x) (1.1)

n=1
for x > 0, where f™ denotes the n-fold convolution of f with itself. See, for example,
Bowers et al. (1997).

Let a(x) be a function defined for all x > 0. Then, its Laplace transform is defined
as a(s) = [;° e a(x)dz. The Laplace transform of S(¢) which is the same as the

Laplace-Stieltjes transform of G is given by

/000 e*%dG (z, 1) = exp{\t(f(s) — 1)} (1.2)

See, for example, Panjer and Willmot (1992).

1.1.1 The probability of ultimate ruin

One of the questions considered in risk modelling is the probability that the surplus
level drops below 0. We denote the time of ruin from initial surplus u by 7}, and define
it as T, = inf{t : U(t) < 0| U(0) = u} with T,, = co if U(t) > 0 for all £ > 0. The

probability of ruin in infinite time is thus
Y(u) =Pr(T, <oo|U0) =u) =1—6(u)

2



where d(u) is the probability of survival from initial surplus w.

There are different approaches to evaluating the probability of ruin; some give exact
values of ¥ (u) and some only give an approximation. We will review these techniques
in the following theorems. We start by introducing the concept of the adjustment
coefficient, denoted by R, which plays an important role in ruin theory and is a crude
measure of risk for the surplus process {U(t)}+>0. The adjustment coefficient is the

unique positive solution of the so-called Lundberg’s equation, which is given by
A+ cr = AMx(r) (1.3)
assuming Mx exists. Normally, the higher R is, the less risky the surplus process is.

Theorem 1.1. (Lundberg’s inequality)
Lundberg’s inequality states that the ultimate ruin probability is bounded above by

¥(u) < exp{—Ru}
assuming that R exists.
Proof. See, for example, Lundberg (1932). O

Martingale and induction approaches can be used to prove Lundberg’s inequality
(see, for example, Gerber, 1979 and Dickson, 2005). Willmot and Lin (1994) presented a
Lundberg bound based on the tail of a compound geometric distribution. The Lundberg
upper bound depends on the existence of R. Willmot (1994) derived an upper bound
based on a new worse than used (NWU) distribution that can also be applied to heavy-

tailed distributions for which R does not exist.

Theorem 1.2. If B(x) is the distribution function of a non-negative random variable
and B(x) = 1 — B(x), then B(z) is NWU if B(z)B(y) < B(z +y) for x > 0, y > 0.
Suppose B(x) also satisfies

| (B@) i@ < co o)
where ¢(z) is a non-decreasing function for z > 0, then
(@) < e(x)B(z),  x20.
Proof. See Willmot (1994, Theorem 1 and Section 5). O

3



Dickson (1994a) introduced an upper bound for the ruin probability when the mo-
ment generating function Mx does not exist. His approach is based on a truncated

moment generating function.

Theorem 1.3. Let t be a real positive number and K; be the unique positive solution
to

/t eXp{KtSU}f(x) de =1+ 0.
0
Then, for 0 < u < t,

Y(u) < exp{—Ku} + B(t)

where (t) = (1 — P(t))/(1+6 — P(t)) and

t
Pt) = / (1= P(x)) dz/m (1.4)
0
is an equilibrium distribution function.
Proof. See Dickson (1994a, Section 2). O

Remark 1.1. The function P is also known as the ladder hight distribution (or inte-
grated tail distribution) of F.

Other references on upper bounds for the classical risk model include, for example,
De Vylder and Goovaerts (1984), Cai and Wu (1997), and Cai and Garrido (1999).

Theorem 1.4. (Cramér’s asymptotic formula)

Cramér’s asymptotic formula states that
Y(u) ~ Ce (1.5)

where R is the adjustment coefficient and

c/A—m
E[XelX] —c/X\

O:

Proof. See, for example, Gerber (1979). ]

Remark 1.2. Cramér’s asymptotic formula provides an estimate for the ruin proba-
bility when w is sufficiently large. This estimate is exact for exponentially distributed

individual claim amounts.



An exact expression for the probability of ruin can be obtained for some distributions
for which we can establish and solve an integro-differential equation for §(u).

Conditioning on the time and the amount of the first claim we obtain

u+ct
/ )\e’\t/ d(u+ct —x)dedt (1.6)

which can be manipulated to obtain an integro-differential equation.

Theorem 1.5. (Integro-differential equation)

The probability of survival satisfies

d

ws()_—(s ——/f (u — ) (1.7)
with §(0) =1 — Am/c.
Proof. See, for example, Gerber (1979). O

Remark 1.3. In the classical risk model, the probability of ruin for initial surplus 0 is

independent of the distribution function of the individual claim amounts.
We can also express the ruin probability as satisfying a defective renewal equation.

Theorem 1.6. (Defective renewal equation)

For v > 0, the probability of ruin satisfies the following defective renewal equation:
w() = 9(0) [ 6la = )dP(y) + v(0)P(a) (18)
0
where P(u) = 1 — P(u) is the ladder height distribution from (1.4)

Proof. See, for example, Gerber (1979). O

By successive substitution, we can write equation (1.8) as the so-called convolution

formula.

Theorem 1.7. (Beekman’s convolution formula)
The ruin probability can be stated as the tail of a compound geometric distribution,
ie.

Z n Pn*

n=1

where P™ is the n-fold convolution of P with itself.



Proof. See, for example, Beekman (1974). ]

Using equation (1.7), we can create a differential equation for certain forms of f
by eliminating the integral term. For example, when individual claim amounts are
exponentially distributed, differentiation of equation (1.7) can lead to a second-order
differential equation and when claim amounts have an Erlang(n) distribution, repeated
differentiation of equation (1.7) gives rise to a higher order differential equation. These
differential equations can then be solved by standard techniques. We can also solve

equation (1.7) via Laplace transforms.

Theorem 1.8. The Laplace transform of the survival function is given by

< c6(0)
o(s) = cs — A+ Mf(s) (1.9)

Proof. See, for example, Dickson (2005). ]

Gerber et al. (1987) argued that the probability of ruin is a crude measure of
stability, and that we need to know how serious the situation is if ruin occurs. The next

section addresses this question.

1.1.2 The severity of ruin
Let |U(T,)| be the deficit at the time of ruin. We define the probability that ruin occurs
and that the insurer’s deficit at ruin, or severity of ruin, is at most y by
o ry
Hy(u,y) = Pr(T, < 00 and |[U(Ty) < y | U(0) = u) = / / w(u, z,t) du dt
o Jo
where w(u,x,t) is the (defective) joint density of |U(T,)| and T,. We note that
lim, oo Hi(u,y) = 1¥(u), so that

Hl (U, y)
()

is a proper distribution function. Hence, for a given initial surplus u, H;(u,-) is a

(defective) distribution with (defective) density

— Pr([U(T,)| < y | Th < 00, U(0) = u)

0
hl(uv y) = 8_yH1(U7 y)



Lemma 1.1. When the initial surplus is 0,

A
h(0,y) = —(1 = F(y)).
Proof. See, for example, Bowers et al. (1997). ]

Using Lemma 1.1 and conditioning on the first occasion on which the surplus falls

below its initial level u, we have the following result.

Theorem 1.9. The probability and severity of ruin function satisfies

u u+y
Hi(u,y) :/ hy(0,2)Hy(u — z,y) d:v—i-/ hy(0, z) dx.
0 u
Proof. See Gerber et al. (1987). O

Gerber et al. (1987) found an explicit expression for h;(u,y) when claim amounts
follow a combination of exponential distributions and a combination of gamma distri-
butions. Further, Dufresne and Gerber (1988a) defined the function ¥ (u,y), satisfied
by Hi(u,y) = ¥(u) — 1 (u,y), to be the probability that ruin occurs and that the deficit
at the time of ruin exceeds y. They used this function to derive the probability and
severity of ruin function for claim amounts distributed as a translation of a combination

of exponential distributions.

1.1.3 The joint distribution of the surplus prior to ruin and

the deficit at ruin

In this section, we consider the joint distribution of the surplus immediately prior to
ruin and the deficit at ruin. First, we introduce the marginal distribution of the surplus
immediately before ruin.

Let T, be the time immediately prior to ruin, and let U(T, ) denote the surplus
level immediately prior to payment of the claim that causes ruin. Then, the probability
that ruin occurs from initial surplus v and that the surplus immediately prior to ruin

1S at most z is

Hsy(u,z) = Pr(T, < oo and U(T,) < z | U(O):u):/ / / w(u, z,y,t) dzdy dt
o Jo Jo



where w(u, z,y,t) is the (defective) joint density of U(T, ), |U(T,)| and T,. We note
that lim, o, Ha(u,z) = ¥ (u), so that Hs(u,x) is a (defective) distribution function
with the corresponding (defective) density

0
h2(uv .1') = a_QZHZ(u, iL‘)

The function Hs(u,x) is continuous at u = x but is not differentiable — see Dickson
(1992). Therefore, the two cases u < x and u > x must be considered separately.

We now define

H(u,z,y) = Pr(T, <oo,U(T,) <z, |UT,)| <y|U)=u)

/ / / w(u, z, s,t) dzds dt

to be the (defective) joint distribution of the surplus immediately prior to ruin and the
deficit at ruin with h(u, z,y) being the (defective) joint density.

Dufresne and Gerber (1988b) considered the joint density of the surplus prior to
ruin and the deficit at ruin in terms of the marginal density of the surplus prior to ruin
as

flz+y)

h(u, z,y) = ho(u, x) = Fla)

(1.10)

They derived an explicit expression for h(u,z,y) when claim amounts have an expo-

nential distribution and a combination of exponential distributions.
Lemma 1.2. The (defective) joint density of U(T},) and |U(T,)| from initial surplus 0
is given by
A
MO.2.9) = 2o+ ). (1.11)
Proof. See Dufresne and Gerber (1988b). O

Dickson (1992) derived an expression for h(u,z,y).

Theorem 1.10. The (defective) joint density of U(T, ) and |U(T,)| is given by

h(0, x, y)% if u < x,

h(u,z,y) = (1.12)

h(O,x,y)%W if u>x.

8



Proof. See Dickson (1992). O

Remark 1.4. Dickson (1992) used a duality argument to show that the distribution
function of the surplus prior to ruin is the same as the distribution function of the
deficit at ruin when u = 0, i.e. Hy(0,2) = Hy(0, ).

Up until now we have discussed ruin-related quantities in an infinite time horizon.
However, it is perhaps more realistic to look at the probability that ruin occurs before

a fixed time t. The finite time ruin probability is our next topic.

1.1.4 The probability of ruin in finite time

We define
W(u,t) = Pr(Ty < ¢ | U(0) = u) = /Ot wlu, 7 dr =1 — 5(u, 1) (1.13)

to be the finite time ruin probability, where §(u, t) is the finite time survival probability

and w(u,t) is the defective density of the time of ruin given by

w(u,t) = %@D(u, t).

There are two main approaches to the analysis of the distribution of the time of ruin:
(i) Prabhu’s (1961) formula, and (ii) the Gerber-Shiu function that we will introduce
later.

Prabhu (1961) provided an expression for the finite time survival probability.

Theorem 1.11. (Prabhu’s formula)

The survival probability in finite time satisfies the partial integro-differential equation:

25(u,t) =c

ot

(,%5(%75)—/\5(u,t)—|—)\/0u5(u—s,t)f(s) ds (1.14)

and the solution to (1.14) is expressed as
¢
du,t) = G(u+ct,t) — c/ g(u+cs,$)0(0,t — s)ds (1.15)
0
where g(u,t) is given by (1.1) and

5(0,1) = é/OCtG(x,t) da. (1.16)
9



Proof. See, for example, Prabhu (1961) or Seal (1974). O

Seal (1974) provided a probabilistic interpretation for (1.15) and calculated values
of §(u, t) numerically. Dickson (2007) used Prabhu’s (1961) formula to present a general

expression for the (defective) density of the time of ruin.

Theorem 1.12. When the initial surplus is © we have

u+-ct
w(u,t) = Ae MEF(u+ct) + )\/ g(u+ct —x,t)F(z)dz
0

¢
—c/ g(u+es, s)w(0,t — s) ds. (1.17)

0
Proof. See Dickson (2007). O

Dickson (2007) has given probabilistic interpretation to formula (1.17) and showed
that expression (1.17) can be extended to other ruin-related quantities in finite time
using similar interpretations. Recently, Willmot (2015) applied a partial differential
equation to study the (defective) joint distribution function of the time of ruin and the
deficit at ruin. We define

W(u,y,t) = Pr(T, < t,|U(Tu)| <y | U(0) =u)

to be the (defective) joint distribution function of the time of ruin and the deficit at

ruin. The following theorem is given by Willmot (2015).

Theorem 1.13. The function W (u,y,t) satisfies the partial integro-differential equa-
tion
0 0 “
0
+A (F(u) — F(u+y)) (1.18)

and the solution to (1.18) may be expressed as
u+ct
W(U, Y, t) = e_Atal(u + Ct7 y) — Qi (U, y) + / aq (U +ct — L, y)Q(I7 t) dx
0

—c/otW(O,x,y)g(u +c(t—x),t—a)de

where

) = g [ (L= 0w =) (Fa) = Fla+ ) do,

10



Proof. See Willmot (2015). O

One issue with Prabhu’s (1961) formula is that it is expressed in terms of g(z,t).
Therefore, to find explicit solutions for d(u,t), an explicit expression for g(x,t) must
exist. Otherwise, we can apply the numerical method provided by Seal (1974). Alterna-
tively, we can approximate g(x,t) by Panjer’s (1981) recursion formula (see Section 1.2)
and compute its values recursively. For example, Dickson and Waters (1992) considered
a discrete time risk model and presented a numerical algorithm that can provide ap-
proximations to W (u,y,t). Further, Dickson and Waters (2002) applied the algorithm
in Dickson and Waters (1991) to approximate w(u,t).

1.2 The discrete time case

Discrete time risk models are of interest to us, because we can use them to approxi-
mate risk models in continuous time. Analytical expressions for ruin-related quantities
in infinite time exist, provided that we have the Laplace transform of claim amount
distributions. Also, many of the expressions for ruin-related quantities in finite time
are expressed in terms of g(x,t). Therefore, to treat such expressions we need the func-
tional form of g(z,t) which does not always exist. In a discrete time model, we can
calculate numerical values of the aggregate claims distribution and compute different
ruin-related quantities. We now introduce a discrete time risk model.

The surplus process of an insurance company at time n, n = 1,2,3,... is denoted
by U?(n) and is defined by

U(n) :u+n—ZYi
i=1

for n = 1,2,3,..., where u = U?%(0) is the insurer’s initial surplus, n is the total
premium income up to time n — assuming that the insurer’s premium income per unit
time is 1. The insurer’s aggregate claim amount in the ¢th time interval is denoted by Y;
and {Y;}3°; is a sequence of independent and identically distributed random variables,
each distributed on the non-negative integers, with E[Y]] < 1, probability function
{g9(z)}22, and distribution function G.

In our discrete time model there are two possible definitions of ruin. In the first

definition, ruin occurs when the surplus falls below 0. In the second one, ruin occurs

11



when the surplus falls to 0 or below 0. We note that under the latter definition, ruin
does not occur at time 0 if w = 0. Dickson and Waters (1991, 1992) argued that the
second definition of ruin gives rise to a better approximation to the continuous time
model. Based on their definition of ruin, we denote the time of ruin from initial surplus

u by T and define it as
T% = min{n > 1:U%n) < 0| U%0) = u}
with T¢ = oo if U4(n) > 0 for n = 1,2,3,.... The probability of ultimate ruin is thus
Y (u) = Pr(T? < oo | U40) = u) = 1 — 6%(u)

where §%(u) is the probability of survival from initial surplus u. Also, for an integer

value of t, we define the finite time ruin probability as
i (u,t) = Pr(Ty] <t | UY0) = u).

Further, let H¢(u,y) denote the probability and severity of ruin function for u =
0,1,2,...,y=1,2,3,.... It is defined by

H'(u,y) = Pr(T¢ < oo and [UX(T)] < y | UX0) = u)

and the (defective) probability function of the severity of ruin for v = 0,1,2,... and
y=0,1,2,... is defined as

hd(u,y) = Pr(Tg < oo and |Ud(T1jl)| =y Ud(O) = u).

As we have described above, our interest in this discrete time model is because of its
capacity in the approximation of the classical risk model. The approximation procedure
involves both the rescaling of monetary units and time units. This means that in the
first step we discretise the individual claim amount distributions using a suitable scaling
parameter and then we change the time scale. If the scaling parameter is § > 0, for
i = 1,2,3,..., we can replace X; by X;; where X;; is a discrete random variable
distributed on 0,1/8,2/8,.... Then, we change the time scale. In particular, we
change the Poisson parameter to 1/(1 + #)8 which means that our premium income
per unit time is 1. Therefore, for example, ¥?(uf, (1 + 6)8t) and h(uB,yB) provide

approximations to ¢ (u,t) and hi(u,y). We would expect such approximation to be

12



good if the interval between the time points at which we check the surplus is small. In
this approximation, the larger ( is, the better the approximation is.

There are a number of ways in which a continuous distribution, F', with F'(0) = 0,
might be discretised. See, for example, Panjer and Lutek (1983). One approach is
through matching probabilities, proposed by De Vylder and Goovaerts (1988, Section
7).

Result 1.1. A discrete distribution with probability function {f(z)}52, and distribu-
tion function ¥ (z), can be created from a continuous distribution with distribution

function F' by
z z+1
F@)=Y 1) = [ Fldy (1.19)
j=0 @
Such a discretisation procedure is mean preserving. See, for example, De Vylder and

Goovaerts (1988) or Dickson (2005).

After we find the discretised version of the individual claim amount distribution
we can apply Panjer’s (1981) recursion formula to calculate the probability function of

aggregate claims.

Theorem 1.14. (Panjer recursion formula)

If a counting distribution with probability function {p,}2, satisfies the recursion

b
Pn = Pn—1 ((Z + _>
n

forn=1,2,3,..., where a and b are constants, and individual claims have probability

function £, then the probability function of aggregate claims is given recursively by

00 = Ty 2 (4 ) Ot = (1.20)

with g(0) = po + 2,21 paf (0)".
Proof. See Panjer (1981). O

Remark 1.5. When the counting distribution is Poisson with parameter A\, the Panjer

recursion formula is given by
)\ x
g(w) == kf(k)g(x — k) (121)
k=1
for x =1,2,3,..., with g(0) = exp{A(f(0) — 1)}.
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Similar to the classical risk model we can define an upper bound for %(u). The

following theorem gives Lundberg’s inequality for our discrete time model.

Theorem 1.15. (Lundberg’s inequality)

The ultimate ruin probability satisfies

d

V(u) < e (1.22)
where R? is the adjustment coefficient and is the unique positive root of
Elexp{r(Y1 —1)}] = 1. (1.23)

Proof. See, for example, Bowers et al. (1997, Section 13.2) or Dickson (2005, Section
6.5). 0

Gerber (1988) showed how a compound binomial model is analogous to the com-
pound Poisson model of classical risk theory. Extending Gerber’s (1988) results, Dick-
son (1994b) showed that the ultimate ruin probability for a compound binomial model
gives a good approximation to the ultimate ruin probability in the classical continuous

time compound Poisson model.

Theorem 1.16. The ultimate probability of survival is given by
04 (u) = 67(0) + > 6*(k)[1 — G(u — k)] (1.24)
k=1

foru=1,2,3,..., with 6¢(0) = 1 — E[Y}].
Proof. See Dickson (1994b). O

Dickson (1994b) derived an expression for §%(u) in terms of h%(0,y), which is inter-
preted as the probability that the surplus falls below its initial level for the first time

and by amount y.

Theorem 1.17. The probability of survival can be written as
04 (w) = 67(0) + > h¥(0,u — y)6*(y) (1.25)
y=1

foru=1,2,3,..., with 0%(0) = 1-3"7" h*(0,y) = 1—-E[Y1]. Further, §%(0) = 6/(1+6).
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Proof. See Dickson (1994b). O

Remark 1.6. Dickson et al. (1995) pointed out that expression (1.25) is stable for

recursive calculation, whereas expression (1.24) can be unstable for large values of u.

Dickson and Waters (1992) developed a recursive formula for the probability and

severity of ruin function.

Theorem 1.18. The probability and severity of ruin function H? satisfies

H(u+1,y) = g(0)™ <Hd(u, y) = > g(NH (u+1—j,y) + Gu) - Glu+ y))

J=1

(1.26)
foru=0,1,2,..., and H(0,y) = >-""(1 — G(j)).
Proof. See Dickson and Waters (1992). O

Explicit solutions for the finite time ruin probability are generally not available.
Dickson and Waters (1991) adapted the recursive algorithm of De Vylder and Goovaerts
(1988) to approximate the probability of ruin in finite time.

Theorem 1.19. The finite time ruin probability can be calculated recursively from

@Z)d(u?l) = Z g(k)
k=u+1

and for t > 1,
O ut) = 90w, 1) + Y g(k)d(u+1 -kt —1). (1.27)
k=0
Proof. See Dickson and Waters (1991). O

Remark 1.7. Dickson and Waters’ (1991, 1992) algorithms result in time consuming
calculations, particularly when u and ¢ are large. De Vylder and Goovaerts (1988)
presented a truncation procedure that could be applied to such algorithms. This pro-
cedure reduces the number of calculations involved by ignoring small probabilities, and

a bound can be placed on the error that is introduced.
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Dickson and Waters (2002) showed that the finite time ruin probability could be
used to approximate the density of T, at jh for some (small) h > 0 and j =1,2,3,...,

as:
Y (u, jh) — P, (j — 1)h)
t) ~ . 1.28
In the next section, we investigate ruin theory by means of the famous Gerber-Shiu
function.

1.3 Gerber-Shiu analysis

Up until now, we have looked at different ruin-related quantities individually. Gerber
and Shiu (1998) introduced a function that provides a uniform treatment of these
quantities. In this section, we review the classical risk model based on Gerber-Shiu
analyses.

The Gerber-Shiu discounted penalty function is defined as

¢5(u) = Ele"Mw ), \U(T)DI(T, < 00) | U(0) = u]

_/ // w(z, y)w(u, z,y,t) de dy dt (1.29)

for u > 0, where J is a non-negative parameter which can be considered either as the
parameter of a Laplace transform or the force of interest, I is the indicator function,
so that I(A) = 1 if the event A occurs and equals 0 otherwise and w(z,y) is a non-
negative penalty function, defined for x > 0 and y > 0. The function ¢s(u) represents
different ruin-related quantities depending on the form taken by w(z,y). For example,
if w(z,y) = 1, then ¢s(u) gives the Laplace transform of the time of ruin, and ¢g(u)
is the ruin probability ¢(u). For w(z,y) = I{x < yi}{y < yo}, ¢o(u) gives the
(defective) joint distribution function of the surplus immediately prior to ruin U(7},)
and the deficit at ruin |U(T,)|. For w(z,y) = 2™y™, ¢o(u) gives the joint moments of
U(T, ) and |U(Ty,)|.

Central to Gerber-Shiu analysis is the equation which Gerber and Shiu (1998) called

Lundberg’s fundamental equation. It is given by

S+ X —cs = Af(s). (1.30)
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Theorem 1.20. Lundberg’s fundamental equation has a unique positive root, denoted
p = p(9) with p(6) = 0 when § = 0. There may also be a negative root, denoted
—R = —R(9).

Proof. See Gerber and Shiu (1998). O

Remark 1.8. When § = 0, equation (1.30) is equivalent to (1.3) and R is the adjust-

ment coeflicient.

We now state a theorem that shows the Gerber-Shiu function ¢s(u) satisfies a de-

fective renewal equation.

Theorem 1.21. (Defective renewal equation)

For § > 0, ¢s(u) satisfies the following defective renewal equation

() = /0 (1 — z)a(z) dz + b(u) (1.31)
with
ale) =2 [T e s dy
and
) =% [T [ty - o)) dyda

where p > 0 is the unique positive solution of Lundberg’s fundamental equation.
Proof. See Gerber and Shiu (1998). O
The discounted joint density of U(T},) and |U(T,,)| for u > 0 is defined by
o) = [ ez, 0)d (1.32)
0
and for u = 0 by
A —px
hs(0,2,y) = —e™ f(z +y). (1.33)

Further, the discounted marginal probability density function of U(T, ) for v > 0 is
defined by

hsa(u, ) = / h(u, 2, y) dy
0
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and for u = 0 by

hs2(0,2) = %epxﬁ’(x). (1.34)

Gerber and Shiu (1998) provided an equivalent expression to (1.10) when § > 0, which

is given by

flz+y)

hs(u,x,y) = hsa(u, x) = Fla)

We note that if we set u = 0 in equation (1.31), ¢5(0) = b(0), so

A o0 o0 o o0
2 et payde = [ wwghs0.0.) dy ds
0 0 0 0

by (1.29) and (1.32). Since this identity holds for an arbitrary function w(z,y) we can
simply recover equations (1.33) and (1.34). Using these results, we can write a defective

renewal equation for hs(u,x,y) and hso(u, ).

Corollary 1.1. The defective renewal equations for hs(u, z, y) and hso(u, z), for z,y,u >

0 are, respectively, given by
b A (z—u)
h(g(U,x,y) = h5(u—z,$,y)a(z)dz+—e P f(:v+y)](x>u)
0 c
and
! A (z—u) 17
hs(u,z) = [ hs(u— z,x)a(z)dz 4+ —e™” F(x)I(z > u).
0 c
We can also write a defective renewal equation for ¢5(u) by probabilistic reasoning.

Theorem 1.22. The discounted penalty function can be written as
ost) = [ [ [ st o) dydear
+/OO /OO /OO e“stw(x +u,y — uw)w(0, z,y,t) dy dx dt
o Jo Ju
= /0°° /0“ ¢s(u —y)hs(0,2,y) dy dx + /000 /Oow(w +u,y —u)hs(0,z,y) dy dz.

Proof. See Gerber and Shiu (1998, formula 3.21). O
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An alternative approach to presenting the Gerber-Shiu function has been introduced
by Lin and Willmot (1999) where the general solution for ¢s(u) is expressed as the tail of
a compound geometric distribution function. Considering 6 > 0 and w(z,y) = 1, (1.29)

reduces to the Laplace transform of the time of ruin, denoted by K (u) and defined as
K(u) = E[e™*™I(T, < 00) | U(0) = u].
The next theorem gives an expression for K (u).

Theorem 1.23. The defective renewal equation for ¢s(u) can be expressed as

bs(u) = ﬁ /0 65 (1 — 2)c(x) dx + ﬁmu) (1.35)
where (14 8)7" = 2 [FeF(y)dy, c(z) = (14 B)a(z) and B(u) = (1 + B)b(u);

accordingly the Laplace transform of the time of ruin satisfies

Ku) = ﬁ /0 R = )e(@) de + ——C(u)

1+ 5
which can also be expressed as the tail of a compound geometric distribution as
_ >3 1\~
R(u) — ( ) o 1.36
W= 15(55) oW (1.30)

where C™(u) is the tail of the n-fold convolution of C(u) = [} ¢(z) dx.

Proof. See Lin and Willmot (1999). O

Lin and Willmot (2000) developed recursive relations for the moments of the time
of ruin, the surplus prior to ruin and the deficit at ruin. They provided examples in the
cases of claim amounts with exponential, combinations of exponential and mixtures of

Erlang distributions.

Theorem 1.24. (The nth moment of the time of ruin)

The nth moment of the time of ruin, given that ruin has occurred, is given by

E[TMT, < oo] = lfpn((;))

for n = 1,2,3,..., with ¢o(u) = ¢(u), the probability of ruin, and v, (u) is given

recursively by
) = s ( [ vt a@ ot s [ v@dn = [ d:c) .
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Proof. See Lin and Willmot (2000). O

The problem of the moments of ruin-related quantities has also been considered by
Albrecher and Boxma (2005a). Their approach is to find these moments by differenti-
ating the Laplace transform of the respective functions.

Dickson and Willmot (2005) found an expression for the density of the time of ruin
by inverting its Laplace transform through a Laplace transform relationship given in

the next theorem.

Theorem 1.25. For two functions A and B, if

/ e PLA(t) dt = / e ' B(t) dt
0 0
then
ct T
B(t) = ce ™M A(ct) + / ;g(ct —a,t)A(x) dz
0
where p is the unique positive solution of Lundberg’s fundamental equation.

Proof. See Dickson and Willmot (2005). O

Cheung et al. (2008) obtained general expressions for w(u, y,t) when claim amounts
follow a combination of exponential and mixed Erlang distributions. Using this result,
Dickson (2008) derived the bivariate Laplace transform of the joint density of the time of
ruin and the deficit at ruin and applied the Laplace transform relationship of Theorem
1.25 to invert the bivariate Laplace transform in the cases of individual claim amounts
with Erlang(2) and a mixture of two exponential distributions. Dickson (2007, 2008)
investigated the density of the time of ruin with two different approaches. The func-
tional form of w(u,t) in the case of exponential claim amount distribution in Dickson
(2007) corresponds to the result had been obtained by Dickson et al. (2005). Further,
Dickson (2008) pointed out that his approach could reproduce the result in Drekic and
Willmot (2003).

When w(zx,y) = e 5*7*¥_ the Gerber-Shiu function represents the trivariate Laplace
transform of the time of ruin, the surplus immediately prior to ruin and the deficit
at ruin. Landriault and Willmot (2009) found an explicit expression for the (defec-
tive) joint distribution of T3, U(T,, ) and |U(7,)| by inverting their trivariate Laplace
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transform. Landriault et al. (2011) extended the Gerber-Shiu function and applied La-
grange’s expansion theorem to find the (defective) distribution of the number of claims

until ruin. The extended Gerber-Shiu function is given by
Ors(u) = E[rNree " [(T,, < 00) | U(0) = u] = Zr”/ e w(u,n,t) dt
n=1 0

where 7 is the parameter of a probability generating function, Ny, is the number of
claims until ruin (including the claim causing ruin), and w(u, n, t) is the joint density of
Nr, and T, defined forn = 1,2,3, ..., and ¢ > 0. From this we can find quantities such
as the joint density of the time of ruin and the number of claims until ruin w(u,n,t),
the probability function of the number of claims until ruin p(u,n), and the moments of
the number of claims until ruin.

Dickson (2012) studied ¢, s(u) under the classical risk model by applying probabilis-
tic arguments from Prabhu (1961) to find w(u,n,t) and demonstrated that there is a
strong correlation between the number of claims until ruin and the time of ruin for the
exponential claim amounts case.

Gerber-Shiu functions have been studied for a variety of risk models, for example
by Li and Lu (2008) for a Markov-modulated risk model, discussed in the next chapter,
and by Schmidli (2015) for a risk model with interest.
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Chapter 2

Other risk models

In the previous chapter, we reviewed well-known discrete and continuous time risk
models. In this chapter, we explain other risk processes which can be obtained by
modifying the classical risk process. We start with the Markov-modulated model and
then consider barrier models. In particular, we introduce models under which the
surplus process is bounded by an upper value and/or cannot fall below a pre-determined

level.

2.1 The Markov-modulated risk model

In the classical risk model the Poisson parameter and the distribution of individual
claims are fixed throughout. It can be more realistic to relax this assumption and
to let the arrival intensities and claim size distribution change. For the first time,
this issue has been addressed by Ammeter (1948). He considered a model that starts
each year with a new intensity which is independent of the past intensities. To make
this model more realistic, we can assume that the arrival intensities are governed by
a continuous time Markov chain on a finite state space which represents, for example,
an environmental process. Discussions of risk models in a Markovian environment can
be found in, for example, Reinhard (1984), Asmussen (1989), Grandell (1991) and
Asmussen and Albrecher (2010); see also Neuts (1966) in the context of queuing theory.
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2.1.1 The continuous time case

We denote the surplus of an insurance company in a continuous time model by U(t)

and define it as
N(t)
Ul(t) :u+ct—ZX,-
i=1

where N (t) is the number of claims that have occurred up to time t. We assume that

{J(t) }+>0 is a homogeneous, irreducible and aperiodic continuous time Markov process

with finite state space M = {1,...,m}, and intensity matrix
o117 ... A1m
Am1 - Amm
where a;; = — ZZZH# a;j, for i € M, and © = (my,...,my) is the unique stationary

probability distribution of {.J(¢)};>0, given by

o am)/a
Z > it (Nimi) [

where 7); is the unique stationary probability distribution of the embedded Markov chain

(2.1)

with transition probabilities p; = 0, p;; = y;/a; and o;; = —oy; see Reinhard (1984,
formula 4.2). In this model, at time ¢, claims occur according to a Poisson process with
intensity \; if J(¢) =i and the corresponding claim amounts have distribution F; with
finite mean m;. The initial surplus is u and c is the premium income per unit of time.
We assume that c is fixed regardless of the state of the process and satisfies the positive

loading condition (see, for example, Albrecher and Boxma, 2005a):

i=1 i=1 "

Define T,, = inf{t : U(t) < 0| U(0) = u}, with T,, = oo if U(t) > 0, for all t > 0
to be the time of ruin given initial surplus u. Then, the probability that ruin occurs

in infinite time due to a claim in state j, given initial state ¢ and initial surplus wu, is

defined by
ij(u) = Pr(T, < oo, J(T,) = j | U(0) = u, J(0) = 7)
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with 0;;(u) = 1 —;;(u). Further, the probability that ruin occurs in infinite time given

initial surplus v and initial environment state ¢ is given by
i(u) = Pr(T, < oo | U(0) = u, J(0) = i) = Y ty(u)
j=1
and 6;(u) = 1 —1;(u). We denote by v;(u,t) the probability of ruin in finite time and
define it by
Yi(u,t) = Pr(T, <t | U(0) =u,J(0) =1).
Also, define

to be the probability that ruin occurs in state j and the deficit at ruin, or the severity

of ruin, is at most y, given initial state 7. Then
0
hyij(u,y) = a_yHl,ij(u>y)
is its (defective) density, and
Hyi(u,y) = Pr(T, < oo and [U(T,)| <y | U(0) = u, J(0) = 4)

is the probability that ruin occurs and the deficit at the time of ruin is at most y, given

initial state i. Similarly, we have that Iy ;(u,y) = 37", Hii(u,y).

Main results

The Markov-modulated risk model has been investigated by many researchers. Rein-
hard (1984) considered a semi-Markov risk model and derived a system of integro-
differential equations for the survival probabilities when claim amounts are exponen-
tially distributed. Asmussen (1989) examined the ruin probability for the Markov-
modulated risk model and obtained a Cramér-Lundberg approximation and a diffusion
approximation for the ultimate ruin probability. Bauerle (1996) considered the expected
value of the time of ruin. Lu and Li (2005) solved the system of integro-differential
equations derived by Reinhard (1984) through Laplace transform techniques. In their

model, the surplus process is given by
N(t)
Uty =u+C(t)— Y Xi, t>0
i=1
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where C(t) is the aggregate premium received during the interval (0, ¢], defined as

Ne(t)

C(t) = Z cap—1y (U(k) = U(k — 1)) + ey (t = T(Ne(2))), t>0

k=1

where N(t) = sup{n € N : U(n) <t} and U(n) is the time at which the nth transition
of the environment process occurs, J(n) is the state of the environment after its nth
transition, ¢; is the premium rate given that at that time the process is in state i.
The Laplace transform of the survival probability derived from the integro-differential

equation in Reinhard (1984) is given in the following theorem.

Theorem 2.1. The Laplace transform of ¢;(u) satisfies the following equation:

/\i + a; ~
- _fz :| i szk(sk 0)

&7

for i =1,2,...,m or in matrix form A(s)A(s) = A(0), where

M- fi(s)+oa o
c1 Cc1

A(s) = + P,

_ )\m(l_.fm(S))+Oém am

Cm Cm

A(s) = (A(s),...,An(s)T, A(0) = (A1(0),...,A,,(0)T and P = (pij)i=1 is the

transition probability matrix as defined above. Then, the solution to A(s) is
A(s) = [A(s)] " A(0)
where det[A(s)] = 0 is the characteristic equation.

Proof. See Lu and Li (2005). O

Lu and Li (2005) found an explicit form for the survival probability in a two-state
model for exponential claim sizes and when the claim amounts distributions belong
to the K, family, meaning that the Laplace transform of f; is in the form of ﬁ(s) =
yk 1( )/yk (s), where y,@l(s) is a polynomial of degree k — 1 or less, while y( '(s) is a
polynomial of degree k, satisfying yx_1(0) = yx(0).

Lu (2006) studied the probability and severity of ruin function and provided solu-
tions when claim amounts have exponential and a mixture of Erlang distributions by

inverting the Laplace transform of the system of integro-differential equations developed
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by Snoussi (2002). Li and Lu (2008) analysed a Gerber-Shiu discounted penalty func-
tion and found explicit formulae when u = 0 and when the claim amounts distribution
is from the K,-family.

Define for 6 > 0,u > 0 and 7,7 € M,

¢i(u) = Ble” P w(U(T, ), [U(TINI(Ty < 00, J(T,) = 5) | U(0) = u, J(0) = 1] (2.3)

to be the Gerber-Shiu function if ruin is caused by a claim in state j, given initial
surplus v and initial environment state i. Then, ¢;(u) = >°7", #;;(u), is the expected
discounted penalty function at ruin, given initial surplus v and initial state ;. When § =
0 and w(z,y) = 1, ¢; ;(u) simplifies to the infinite time ruin probability. The integro-

differential equation of the Gerber-Shiu function is given in the following theorem.

Theorem 2.2. For i € M, ¢; ;(u) satisfies

C¢;z( ) (>‘ +6 ¢zz (/ ¢zz )dx—}_fz ) Zazk¢k1

and for i # 7,
o6, () = (hs + 8)ds / D15 — 1) fi(@)dr — 3 cpe s (u)
k=1

where &(u) = [ w(u, z — u) fi(z)dx
Proof. See Li and Lu (2008). O
The next theorem gives the Laplace transform of ¢; ;(u).

Theorem 2.3. The Laplace transform of ¢; ;(u) for 4, j € M is given by

diate) =[5 = 224 20| (¢i,j<o>—ﬁéxs)f@:j)—%Zai,w%k,j(s))

or in matrix form by
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where ®(u) = (¢ ;(u))%=1, D(s) = ((B”(S));"]:l with B*(s) being the adjoint matrix of
B(s). Further,

Ai +0

() = 5= 201 N )
A = (o),

S;
B(s) = diag(Si(s),52(),...,5m(s)) + A/e,
(s) = dmg()\lfl(s)/c, )\252(3)/0, e )\mgm(s)/c).

Proof. See Li and Lu (2008). O

[1]2

Li and Lu (2008) applied divided differences to solve equation (2.4) and found an
expression for ¢;(0). The expected discounted penalty function in a semi-Markovian
dependent risk model was investigated by Albrecher and Boxma (2005a). They con-
sidered an irreducible discrete time Markov chain that governs the transition between
states. In this model, at each instant of a claim the Markov chain jumps to a new
state and the claim amounts distribution depends on this new state. Ma et al. (2010)
gave results on the duration of negative surplus for a two-state Markov-modulated risk
model. Ng and Yang (2006) presented a closed form solution for the joint distribution
of the surplus immediately before and after ruin when the initial surplus is zero and
when the claim amounts are phase-type distributed.

In the next section, we look at the literature on Markov-modulated risk models
in discrete time. We have explained in Chapter 1 that a discrete time model can be
used to approximate a continuous time model. We can also extend this fact to the
Markov-modulated risk model. For example, Cossette et al. (2004b) showed that the
compound binomial model in a Markovian environment can approximate a risk model

based on a particular Cox model and the marked Markov-modulated Poisson process.

2.1.2 The discrete time case

Suppose {J,}nen is a homogeneous, irreducible and aperiodic Markov chain with a

finite state space M = {1,...,m} and transition probability matrix
Pir - Pim
Pmi -+ Pmm
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where p;; = Pr(J, = j|Jo-1 =0,k kK <n—1),fori,j € M, and 7 = (my,...,7)
is the unique stationary probability distribution. The insurer’s surplus at time n,
n=1,2,3,... is denoted U%(n) and is defined by

U(n) :u+n—ZY;,
i=1

where v = U?(0) is the insurer’s initial surplus, or the surplus at time 0 and Y; is the
insurer’s aggregate claim amount in the sth time interval. In the Markov-modulated
model, the random variables Y; are no longer independent. In particular, the distribu-
tion of {Y,,}7, is influenced by the environmental Markov chain. The conditional joint

distribution of Y,, and J, given the previous state J,_; is defined by
gij(x) = Pr(Y,=ua,J,=jlJno1 =14, Jk, Y,k <n—1) (2.5)
pijg;(z),
where gi(z) = 377", gij(%), and Gi(y) = 370, >0 gij(z) for y = 0,1,2,....

Remark 2.1. Reinhard and Snoussi (2000, 2001, 2002) defined (2.5) such that zero
claims are only possible when the state prior to the occurrence of the claim is state

1. This condition, has been relaxed in Chen et al. (2014b) and throughout we assume
gij () is defined for  =0,1,2,. ...

For all 7,5 € M we define
(tn)ij = angij(x) <0
r=1

to be nth moment of the aggregate claim amount in state j given initial state i, with
(Ml)z‘j = Wig, and

m

(kn)i = Z(Nn)z’j (2.6)
j=1
with (g1); := p;. Also, we define the probability generating function of ¢;;(x) by g;;(s) =
Yo 0 5%gij(x). In the discrete time model we assume that the insurer’s premium income
per unit time is 1, so that n is the total premium income up to time n.
Let T¢ be the time of ruin given initial surplus u, and defined as 79 = min{n > 1 :
Ud(n) < 0] U40) = u} with T¢ = 0o if U%(n) >0 for n=1,2,3,....
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Remark 2.2. We remark that the definition of ruin, here, is based on papers by, for
example, Reinhard and Snoussi (2000, 2001, 2003) or Chen et al. (2014b), i.e. ruin
occurs when the surplus falls below 0, which is different from the definition of ruin in

Section 1.2, i.e. ruin occurs when the surplus falls to 0 or below 0.

The probability of ultimate ruin given initial surplus v and initial environment state

1 is given by
@D,Ld(u) = Pr(Tg < 00| Ud(()) =u,J(0)=14)=1-— 5g(u).

To make sure that ruin is not certain, we assume the positive loading condition holds,
that is > mu; < 1. See, for example, Chen et al. (2014b). Also, we define the
probability that ruin occurs in state j and the insurer’s deficit at ruin is y, given initial

environment state ¢, as
d d d d . d .
h;(u,y) = Pr(Ty < oo, |[U(TY)| =y, J(Ty) = j | US(0) = u, J(0) =)
and define
hi(u,y) = Pr(Ty} < 00, [U(T)| =y | U(0) = u, J(0) = 4)

to be the probability that ruin occurs and that the deficit at ruin is y given initial state
i. We then have hd(u,y) = >, hd.(u,y).

j=1"bij

Main results

The ruin probability in the semi-Markov model has been considered by Reinhard and
Snoussi (2000). They derived recursive formulae for the probability of ruin with the

following restrictions:
» g(0)>1 and Y g;(0) =0, for i#1L
J=1 j=1

That is, the claim size may be zero only in time periods starting from state 1. Assuming
these restrictions, Reinhard and Snoussi (2001) established a recursive system to find
the distribution of the surplus prior to ruin and in another paper, Reinhard and Snoussi
(2002), they studied the problem of the probability of ruin and the deficit at ruin.
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An extension to the compound binomial model is the compound Markov binomial
model. This model is based on the Markov Bernoulli process with a dependency be-
tween the occurrence of claims. Cossette et al. (2003) investigated the finite time and
infinite time ruin probability in a compound Markov binomial framework. They pre-
sented recursive formulae and found a Lundberg-type exponential bound for the ruin
probability under the condition that E[Y;|J(0) =] < 1. Later, Cossette et al. (2004a)
demonstrated that the infinite time ruin probability in the compound Markov binomial
model can be expressed as the tail of a compound geometric distribution. Using this
fact, they introduced a new upper bound for the ruin probability that can overcome the
restrictions of the exponential bound they had found in their previous paper. Reinhard
and Snoussi (2004) considered the probability of ruin and the deficit at ruin and relaxed
their previous assumptions that zero claims can only happen in state 1. They devel-
oped a system of equations for the probability of ruin by a monotonically converging
algorithm. Yang et al. (2009) derived an explicit expression for the discounted joint
probability function of the surplus prior to ruin and the deficit at ruin for initial surplus
0 under a Markov-dependent model and introduced a generalised Lundberg’s equation.
Chen et al. (2014a) analysed a discrete semi-Markov risk model in the presence of an
upper barrier and studied the dividend problem in a two-state and three-state model.
Chen et al. (2014b) also considered the survival probability and found recursive for-
mulae for the calculation of survival probability. They relaxed the restrictions in the
model of Reinhard and Snoussi (2000) and provided two equations from which it is

possible to find §¢(0). These two equations are given in the following theorem.

Theorem 2.4. The survival probability can be calculated recursively by

5d(k) _ % (hl(ci) - Zﬁ;é 5?(n>fk7n) if  fo#0,

f_ll(hlgz?rl - Zfz;(l) 52d(n)fk+1—n) if fo=0 and f;#0

for i =1,2 and kK € N where

9i(1) = ga(1) = 1, gu(k) = gu(k), i=1,2, k€ N \{1},

fie =Y _[(G11(n)gas(k = 1)) = g1 (n)ga(k — n)],

n=0
h;(:) = e1G22(k) — eag12(k), k€N,
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and fori =1,2,¢; = 2521 9:(0)0(0). Assuming that fo > 0, values of 67(0) for i = 1,2

can be found from

84(0)(g11(0)pa1 + g21(0)p12) + 65(0)(g12(0)par + g22(0)p12) = pra(1 — p2) + par (1 — 1)

and

[911(0)(g22(p) — p) — 921(0)§12(P)]5f(0) = [922(0)12(p) — g12(0)(Ga2(p) — p)]ég(O)

with p € (—1,0) being the root of

(911(p) = p)(G22(p) — p) — G21(p)d12(p) = 0.
Proof. See Chen et al. (2014b). O

The model presented by Chen et al. (2014b) covers the compound binomial model
(with time-correlated claims) and the compound Markov binomial model (with time-

correlated claims).

2.2 Barrier models

In this section, we look at the literature on surplus processes with barriers. We can
modify a surplus process by putting a constraint on it. In a surplus process with an
upper barrier, the surplus cannot move upwards without limit and with a lower barrier,
it cannot fall below a fixed value. We now explain how the former can include dividend
payments to an insurance company’s shareholders and how the latter can lead to a

reinsurance arrangement in the form of capital injections.

2.2.1 The dividend barrier

In the first chapter, we discussed some of the shortcomings of ruin theory. One of
the defects in the assumptions of classical risk theory is that the surplus process is
allowed to grow infinitely and that the sole objective of insurers is to minimise the
ruin probability. However, in the real world, insurance companies seek to maximise
profit as well. De Finetti (1957) tackled this problem by considering a situation in
which as an insurer’s surplus increases, some of it will be paid out as dividends to

the insurance company’s shareholders. He suggested that the expected future life time
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of the company or the expected discounted value of future dividends would represent
more useful criteria than would the probability of ruin. See, for example, Bithlmann
(1970). Dividends are distributed according to a certain strategy, such as the barrier,
threshold, linear barrier, multilayer strategies, and so on. Under a barrier strategy,
whenever the surplus attains an upper barrier, say level b, the premium income c is
paid to shareholders as dividends until the next claim occurs, so that in this modified
surplus process, the surplus never attains a level greater than . Under a threshold
strategy, whenever the surplus attains level b dividends are paid at a rate less than
c until the surplus drops below b. Unlike the barrier strategy, under the threshold
strategy, the surplus can grow above b. However, the rate of growth above b is lower
than the rate of growth below b. According to a linear barrier strategy, the upper
barrier is a straight line with intercept b and slope a with a < ¢. Under this strategy,
whenever the surplus attains the upper barrier, i.e. b+ at, dividends are distributed at
rate ¢ — a until the next claim causes the surplus to fall below the linear barrier, so that
the surplus never upcrosses b + at. A multilayer strategy is a strategy with multiple
thresholds. The rate of dividend payments to shareholders depends on the level of the
surplus. For example, whenever the surplus reaches level b;, the dividend is paid out at
rate d; until the surplus crosses a threshold at which point the rate of dividend payment
changes, possibly to 0.

Let the random variable D denote the sum of discounted dividends until ruin, with
Va(u,b) = E[D"]. Much of the literature on dividends aims to find the optimal strat-
egy such that Vj(u,b) is maximised. Borch (1967, 1990) built on De Finetti’s idea
and studied this problem in the continuous time case; see also Borch et al. (2014).
Biithlmann (1970) verified that if a barrier strategy is applied, Vj(u,b) satisfies an
integro-differential equation and found the optimal barrier b* for claim amounts with
an exponential distribution. Gerber (1974) investigated this problem under the linear
barrier strategy. Gerber and Shiu (1998) found an expression for the expected present
value of dividend payments until ruin, which is given by

e — U(u) 0<u<b

‘/I(u7 b) - pepb . \I//(b)’ —

where p is the positive root of Lundberg’s fundamental equation and ¥ (u) is the Gerber-

Shiu function for the classical risk model with w(z,y) = e”*. They also showed that b*
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satisfies the following condition:

0? .
%V(U b ) b =0.

Since the introduction of the Gerber-Shiu function, the study of different ruin-related

quantities has attracted the attention of researchers. Lin et al. (2003) defined a Gerber-
Shiu function by

¢sp(u) = E[e”Tutw(U(T,,), [U(Tup)]) | U(0) = u] (2.7)

where T, is the time of ruin, U(T, ) is the surplus prior to ruin and |U(T,4)| is the
deficit at ruin for a surplus process with dividends. Unlike in the classical risk model,
the Gerber-Shiu function for a risk model with dividends does not include I(-) as the
occurrence of ruin is certain in such a model. Lin et al. (2003) derived an integro-
differential equation for ¢s,(u) and presented its solution as a linear combination of
the Gerber-Shiu function without a dividend barrier and the solution of an associated

homogeneous integro-differential equation, as follows.

Theorem 2.5. The Gerber-Shiu function (2.7) satisfies the integro-differential equation

%%b(u) _ A ;L 6¢5,b(u) — %/Ou f(@)psp(u —y)dx — %/uoo f@)w(u,r — u)dx
(2.8)

for 0 < u < b and the boundary condition is %@;J,(u) ‘u:b = 0. Further, the solution to
(2.8) is given by

dunla) = ) — S0l (29)

where ¢5(u) is given by (1.29) and v(u) is the solution to the following homogeneous

integro-differential equation:

0 )\5
=)= ——/f o(u— 1)

Proof. See Lin et al. (2003). O

Assuming different forms of penalty function, Lin et al. (2003) found the Laplace

transform of the time of ruin, the distribution of the surplus prior to ruin and moments
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of the deficit at ruin. Dickson and Waters (2004) investigated the problem of optimal
dividend strategy in a discrete time risk model and showed that a discrete time risk
model can be used as an approximation to the continuous time model. They also

derived an integro-differential equation for V,,(u, b).

Theorem 2.6. If a barrier strategy is applied, V,,(u,b) satisfies the following integro-

differential equation:

Ay ) = 2y ) = 2 [ @)V — 2, b)de

du c c Jo

with boundary conditions

d
@Vn(u, b) b = nVn_l(b, b)
forn=1,2,3,..., with V(b,b) = E[D°] = 1.
Proof. See Dickson and Waters (2004). O

Dickson and Waters (2004) suggested an alternative approach to De Finetti’s in
which the shareholders are held responsible for the deficit at the time of ruin. Suppose
Y. is the deficit at ruin from initial surplus u. Dickson and Waters’ (2004) approach

requires the maximisation of L(u,b), given by
L(u,b) = Vi(u,b) — u — E[e™TwbY, 4]

Gerber et al. (2006b) studied Dickson and Waters’ (2004) modification and compared
the optimal barrier level obtained by maximising Vi (u,b) and L(u,b). Albrecher et al.
(2005b) developed a partial integro-differential equation for the Gerber-Shiu function
in the case when dividends are distributed according to a time-dependent linear barrier
strategy. Gerber et al. (2006a) extended the work of Lin et al. (2003) and introduced
the dividends-penalty identity through probabilistic reasoning, which is given by

bsp(1) = ds(u) — d5(b)Va(u, b). (2.10)

Yuen et al. (2007) showed that the idea of Lin et al. (2003) also holds under a surplus
process with interest — that is, the solution to an integro-differential equation for the
Gerber-Shiu function can be expressed as the sum of the Gerber-Shiu function with

no dividend barrier and another function which is independent of the penalty function.
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Extending their work, Cai et al. (2009) investigated the Gerber-Shiu function for a risk
model with two layers, A and b. Under this model, if the surplus process exceeds A,
the amount of surplus in excess of A earns interest and when it exceeds b dividends
are paid out at rate a to the shareholders of an insurance company. They found that
the dividends-penalty identity holds for their model as well. Gerber and Yang (2010)
provided an analytical interpretation for the dividends-penalty identity in equation
(2.10).

The threshold strategy is another topic considered, for example, by Gerber and
Shiu (2006) who derived expressions for the expected present value of dividend income
to shareholders when claims have an exponential or a mixed exponential distribution.
Dickson and Drekic (2006) considered the threshold strategy and found expressions for
Vi(u,b) by probabilistic reasoning. They derived formulae in terms of the joint density
of the time of ruin and the deficit at ruin and they illustrated their applications for
claim amount distributions which are subject to a particular factorisation. Their work
was extended by Cheung et al. (2008) who derived a recursive expression for V,,(u, b)
by probabilistic reasoning. They found the optimal threshold, by considering both the
maximisation of V;(u,b) and minimisation of the coefficient of variation of discounted
dividends.

Other references on the dividend strategy include, for example, Li and Lu (2008) who
considered the dividends-penalty identity under the Markov-modulated risk model. For
a comprehensive survey on dividend strategies, see Avanzi (2009). Recently, Albrecher
et al. (2011) studied a model under which dividends are paid periodically rather than
continuously and the surplus process can be observed at random times, so that it covers
the continuous time and discrete time models as limiting cases. They obtained explicit
expressions for the Gerber-Shiu function and provided numerical examples to examine

the effect of random observation times on different ruin-related quantities.

2.2.2 Capital injections

A modification to De Finetti’s model was introduced by Borch (1990). He considered
a lower limit on the surplus of an insurance company. In his model, new capital is
injected after an unfavourable underwriting period. Borch (1990) pointed out that such

an injection can be provided by a reinsurance arrangement. Pafumi (1998) suggested a

35



reinsurance contract under which whenever the surplus is negative, the reinsurer makes
the required payment to bring the surplus back to zero. Dickson and Waters (2004)
considered the reinsurance contract proposed by Pafumi (1998) in the presence of a
dividend barrier. They modified the surplus process by assuming that the initial capital
is provided by shareholders who also purchase a reinsurance policy which provides them
with the amount of the deficit each time that ruin occurs, so that the surplus at the
time of ruin is then 0 and the insurance operation can continue from this surplus level.
In such a modified process, the surplus moves indefinitely between 0 and b. Nie et al.
(2011) studied a risk model under which the insurer’s surplus starts at a level u > k,
where k£ > 0 is a fixed constant. On any occasion that the surplus falls between the
levels 0 and k from above k, a capital injection restores the surplus level to k. If the
surplus falls below 0 from a level above k, ruin occurs. Nie et al. (2011) explained how
the capital injections can be provided by reinsurance and how an insurer can reduce its
ultimate ruin probability by effecting such insurance.

Suppose T, is the time of ruin from initial surplus u in the model with capital

injections. Then
Uy(u) = Pr(T,, < 0o | U(0) = u).

Theorem 2.7. When the initial surplus is v > k, the ultimate ruin probability is given

by
() = (u— k) = Hy(u =k, k) (1 = ¢p(k)) (2.11)
where
Ui (k) = ¢§01;Ii5€0é)k). (2.12)
Proof. See Nie et al. (2011). 0

Remark 2.3. For the surplus process with capital injections we use the same notation

as for the classical risk model, but with a subscript k.

Scheer and Schmidli (2011) investigated a model with both an upper and a lower bar-
rier. In their model, if the surplus falls below 0, capital is injected which not only covers
the deficit at the time of ruin, but also provides additional capital C'. They showed that
the optimal strategy is of band type; that is a strategy under which dividends are paid
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according to the region where U(t) is located — for example, a barrier strategy has two
bands. Also, Scheer and Schmidli (2011) provided a method to determine the solution
to their integro-differential equation and the unknown value of C' numerically. Breuer
and Badescu (2014) analysed the problem of capital injections in the Markov-additive
risk model with phase-type claims. They generalised the Gerber-Shiu function by intro-
ducing the minimal risk reserve before ruin and presented numerical examples for some
ruin-related quantities. Nie et al. (2015) considered the finite time ruin probability for
their (2011) risk model with capital injections. Their approach is based on the number
of capital injections and the times between capital injections. They obtained a general
expression for the distribution function of T, 5, but were only able to implement their
results if the joint density w(u,y,t) admits a particular factorisation.

In this thesis, we consider the problem of capital injections under the classical risk
model, Markov-modulated risk model and risk models with dividends. We show how
capital injections can be incorporated into these models and how they would change
the underlying risk process. The rest of this thesis is organised as follows:

In Chapters 3 and 4 we apply a Gerber-Shiu discounted penalty function as a useful
tool to analyse the classical risk model with capital injections. We illustrate how the
Gerber-Shiu function can facilitate the derivation of the joint density of the time of ruin
and the number of claims until ruin. In Chapter 3 we take an analytical approach and
in Chapter 4 we demonstrate our results with probabilistic arguments. Both approaches
have advantages and disadvantages. We will see that the probabilistic approach can be
applied only to claim amounts distributions which are subject to a particular decompo-
sition, whereas the analytical approach can be applied to a wider range of distributions.

In Chapter 5 we develop a discrete time model and introduce an algorithm that
provides approximations to the continuous time model with capital injections. One
aim is to examine the effect of capital injections when claim amounts follow a heavy-
tailed distribution for which analytical expressions for ruin-related quantities do not
exist. In such cases, we need numerical methods to compute quantities such as the
probability of ruin. We investigate whether the introduction of the capital injections
gives rise to a reduction in the probability of ruin.

In Chapter 6 we consider a discrete time model and build a numerical algorithm to
approximate quantities such as the probability of ruin and the probability and severity

of ruin for a two-state Markov-modulated model. We will also consider approximating
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the density of the time of ruin for a Markov-modulated model with more than two states.
Then, we extend our results to a Markov-modulated model with capital injections.

In Chapter 7 we study dividend strategies with capital injections in a classical
risk model. We consider a reinsurance contract that provides compensation on any
occasion that the surplus falls below k, so that the company never goes out of business
and dividends could be paid indefinitely. We also investigate a threshold strategy both
by solving an inhomogeneous integro-differential equation directly and by probabilistic
arguments. Finally, we demonstrate that a dividends-penalty identity holds for our

model.
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Chapter 3

Gerber-Shiu analysis: analytical

approach

3.1 Introduction

In this chapter, we consider the classical risk model with capital injections studied by
Nie et al. (2011, 2015). We construct a Gerber-Shiu function and show that whilst this
tool is not efficient for finding the ultimate ruin probability and the joint distribution
of the surplus immediately prior to ruin and the deficit at ruin, it provides an efficient
way of studying ruin-related quantities in finite time. In particular, we find a general
expression for the joint distribution of the time of ruin and the number of claims
until ruin and find an extension of Prabhu’s (1961) formula for the finite time survival
probability in the classical risk model. We also consider the correlation coefficient
between the time of ruin and the number of claims until ruin. We then illustrate
our results in the case of claim sizes with exponential and Erlang(2) distributions and
obtain some interesting identities. In particular, we generalise results from the classical
risk model and prove the identity of two known formulae for that model in the case of

exponentially distributed claims.

3.2 A Gerber-Shiu function

We now construct a Gerber-Shiu function that allows us to analyse the probability of

ultimate ruin, the distribution of the surplus immediately prior to ruin, the distribution
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of the deficit at ruin, the density of the time of ruin and the probability function of
the number of claims until ruin. We denote our Gerber-Shiu function by ¢, s(u) and
define it by

Ons (1) = B [rVTur e Torwo(U (T, 0, |U (T N (Tup < 00) | U(0) =u|  (3.1)

for 6 > 0,0 <r <1 and u > k, where T, is the time of ruin, Np, PRt the number of
claims until ruin, U(T, ;) is the surplus immediately before ruin, |[U(7T, )| is the deficit
at ruin and w(x,y) is a penalty function defined for x > k and y > 0. As in Landriault
et al. (2011), we interpret ¢ as the parameter of a Laplace transform and r as the
parameter of a probability generating function. Further, ¢y, s(u) is defined to be 0 for
0<u<k.

Depending on different forms taken by w(z,y), we can obtain explicit results for
quantities like the probability of ultimate ruin, the joint distribution of the surplus
immediately prior to ruin and the deficit at ruin and the joint density of the time of
ruin and the number of claims until ruin by inverting the Laplace transform of the
Gerber-Shiu function. Therefore, we first need to derive the Laplace transform of the

Gerber-Shiu function.

Theorem 3.1. The Laplace transform of the Gerber-Shiu function ¢y, s(u) satisfies
q’gk,rﬁ(s)
1

T es— (A+0) 4+ Arf(s )( T ralk) - )\r(bk’“;(k)/k e (F(u—k) — F(u)) du

—)vr/ / F@)w(u,z — ) d:cdu). (3.2)

Further,

e fo e f@w(u, x — ) de du

— % fkoo e—p(u—Fk) (F(u — k) — F(u)) du’ (3.3)

¢k,r,6 (k)

Proof. Using similar arguments to Landriault et al. (2011), for u > k we can write
00 u+tct—k
Orro(u) = / )\re’\te5t/ f(@)prrs(u+ ct — ) dedt
0 0
o) u+tct
+¢r.r5(k) / >\7’6_M€_&/ f(x)dxdt
0 u-+tct—k

+/ Are Me 0t f@)w(u+ct,x —u — ct)dx dt.
0 u+-ct
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Setting s = u + ct we get

[e's) s—k s
Grro(u) = )\_Cr ’ e_(’\+5)(8_“)/c</0 f(@)brrs(s — ) de + Pprs(k) /Sk f(x)dx
+/OO f(x)w(s,x — S)dl’) ds
_ A_CT T O/ () d (3.4)
where
u—k u
y(u) = / [(x)Pprs(u— x)dx + / f()bprs(k) dz + ((u) (3.5)
0 u—k
and

C(u) = /OO f@)w(u,xz —u)de.

Using the operator T, introduced by Dickson and Hipp (2001), and defined for an

integrable function f as

T (u) = / e £ () dy

we have

A
Do) = = Tass(u). (3.6)

Noting that ¢y, s(u) = 0 for 0 < u < k we have

Ts¢k,r,6<k) = / e_S(x_k)¢k,r,6(x) dr = 6Skq~5k,r,6(s>7
k

and similarly, Tyy(k) = e**3(s). Applying the Dickson-Hipp operator to equation (3.6)
we obtain
A A Ar Doxsy(k) = Toy(k)
Tbirs(k) = = Tass Ty(k) = ZTTassny (k) = = ———p——.

C
c

(3.7)

C S
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where we have used properties of T given in Dickson and Hipp (2001). Further,
To) = [ e hdy
k

o] u—~k
= eSk’/ 6_5“/ [(@)prs(u — ) dedu
k 0

F&pors (k) /k ) (F(u k) — ﬁ(u)) dut | e ¢ (4) du

= e F(8)Pprs(s) + brra(k) /k st (F(u - F(u)) du + TyC (k)

= ) Tbrn0) + Gneslh) [ e (Flu— k) = F)) du+ TG ).
k
Substituting in (3.7) we obtain

A ~
Ts¢k,r,6(k> == CS——:\—é (T)‘C‘H;PY(]{) - f(S)TS¢k,T,5(k)

~uslh) [ (Plu— 1)~ Flw))du - Tscuc))

which can be written in terms of Laplace transforms as

AT

sk T
€ Prrals) cs—A—90

(ﬁqsw(@ — F()e™ B ras)

~bnnal®) [ (Pl ) = Fw)) du— [~ e P du) .

Rearranging this identity we obtain formula (3.2).

To obtain formula (3.3) we first note from formula (41) of Landriault et al. (2011)
that there exists p = p(d, ) which is the unique positive solution of cs—)\—5+>\7"f(s) =
0. Then, as p is a zero of the denominator of the right-hand side of (3.2), it must also

be a zero of the numerator, giving formula (3.3).

3.3 The probability of ultimate ruin

We now consider the ultimate ruin probability 1y (u), for u > k. Nie et al. (2011)
obtain expressions for this probability in the cases u = k and u > k by probabilistic

arguments. We now show that their results can be obtained from formulae (3.2) and
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(3.3). Setting r = 1,6 = 0 and w(x,y) =1 for x > k and y > 0 in expression (3.1), we

see that ¢y, s(u) reduces to ¥ (u). Our first result is easily obtained.

Theorem 3.2. When the initial surplus is k& we have

2 S F(w) du _ 0(0) — Hy(0.k)

Vi(k) = _ %f]:o (F'(u — k) — F’(u)) du 1 —H(0,k) )

Proof. From Gerber and Shiu (1998) we know that p = 0 when r = 1 and 0 = 0.
The result immediately follows by noting that h;(0,z) = 2F(z) and [.° hi(0, u)du =
»(0) — Hi(0, k). O

Theorem 3.3. When the initial surplus is u > k we have

Vi(u) = (u— k) = Hi(u — k, k)[1 — ()] (3.9)

Proof. Using the fact that cg((so)) = ¢s — A+ Af(s) (see, for example, Dickson, 2005)

equation (3.2) becomes

Duls) = c‘;((% <ce_8k¢k(k:) — Ade(k) /k e (Flu— k) — F(w) du

—/\/:o e /uoo (@) da du)

B €Sk%wk<k> - Af;((o; (k) [ e B (P) — Plut b)) du

Ad($)
~¢0(0)
[0 5(s)

_ ek 9(5) J—
= ¢k mwk(k‘) — W¢k(k)/o e (h(0,u) — hi(0,u + k)) du
o(s)

_m/o e *hi(0,u+ k) du). (3.10)

/ e SN E(y + k) du
0

We now apply the following results from Dickson (1998):

hi (0, 5) = / e *"hi(0,u)du=1—
0

and




where ®(s,k) = [;° e™*®(u, k) du, and ®(u, k) = fu+k h1(0, ) dw. Next, we can use

properties of the Laplace transform of a derivative to write

s)
(©

S
—~

Hy(s, k) = (®'(s,k) + Hi(0,k)) (3.11)

(o0
~

with &' ( = [T e (u, k) du = s®(s, k) — Hy(0, k). Further,

/ e~ (u, k) du = / e (h1(0,u + k) — hi(0,w)) du.
0 0

Using these results we can write formula (3.10) as

Jils) = et (%w )+ Sy ) )
—% /OOO e (hl(O, u+k)—hi(0,u) + hl(O,u)) du)
o 5(3) L) ~, 3(s) = 0(s) 5

(3.12)

By rearranging formula (3.11) and substituting for ®'(s, k) in (3.12) we get

(0) 5(0)
[Hl(s k) — §§§§ (07’@] - 28 {1 - jg(os))D

_ (M [wm (R HL(0, k) + HL(0.k) — 1+ ‘“0)]

Tuls) = -S’f(ﬂw )+ (k) [ﬁﬂs,k)—@ﬂlm,m]

5(0) sd(s)
—H,(s,k)[1 — wk(k)])

Inserting the right-hand side of equation (3.8) for ¢, (k) in the first square bracket gives

Bils) = e (%[_5@ n 5@] (s b —w’%k)])

s6(s)
= e F[1/s —0(s)] — e FHy (s, k)[1 — (k)]

Applying the shift property of the Laplace transform, i.e. fk “Uo(u — k) du
e~**a(s), we can invert ¢ (s) to get formula (3.9). O
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3.4 The joint distribution of U(T,) and |U(T, )|

)

In this section we consider the joint distribution of the surplus immediately prior to

ruin and the deficit at ruin, defined by
Hy(u, z,y) = Pr(Tu, < 00, U(T, ;) < 2, |U(Tur)| <y | U(0) = u)
with
Hya (u,y) = Pr(Tup < 00, [U(Tup)| <y [U(0) = u)
being the (defective) distribution of the deficit at the time of ruin and
Hyo(u, 2) = Pr(T, < 00, U(T, ;) < 2| U(0) = u)

being the (defective) distribution of the surplus immediately before ruin. Setting r = 1,
0 =0 and w(a,b) = I{a < x}I{b < y} we can write expression (3.1) as

Prrs(u) = EII(X < 2)[(Y < y)I(Typ < 00) | U(0) = uj
where X = U(T, ;) and Y = [U(T,x)|. In this case, ¢y rs(u) reduces to Hy(u,z,y).

Theorem 3.4. When the initial surplus is £ we have

LT @) Hu < 2H{e <yt uddedu 2 [7 (F(w) = F(uty)) du

ik, 2,y) = 1—2 [*(F(u—k)— F(u)) du 1—H1(0k)

(3.13)
for 2 > k and y > 0.
Proof. The proof follows from (3.3) since p = 0 when r = 1 and § = 0. O

Letting z — oo in equation (3.13) yields
[ (ha(0,u) — b (0, u+ y)) du

Hk,l(k>y) =

1— H,(0, k)
. Hl(O,k—i—y) —H1<O,]{3)
— TH R (3.14)

which is in agreement with Nie (2012). Also, letting y — oo in equation (3.13) gives

Hl(O, Z) - H1<O, k’)
1— H,(0, k)

Hia(k, z) = (3.15)
which is also in agreement with Nie (2012).
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Theorem 3.5. When the initial surplus is u > k we have

%/j (F(x) _F(m-l—y))](u < 2z2)dx

Hk(u,z,y) = Hk(kazvy)Hl(u_kak)+ c

A
c0(0)

(unz)—k
/0 (5(u—k)—6(u—k—x))<F(m—|—k:)—F(x—i—k:—i—y))dx.
(3.16)

Proof. We can write equation (3.2) as

Hy(s,z,y) = 2s) (ce_Ska(k, 2,Y) — )\/:O e % (F(u — k) — F(u)) Hy(k,z,y) du

c6(0)
_)‘/ / fx)(u < 2)1 $<U+y)dxdu>
5s) (s o
= 50 )( "Hyi(k, 2,y) — A/ e s(uth) <F(u) —F(u—{—k:))[{k(k:’z’y) du

e [ dm) (317

From Section 3.3 we know that ®'(u,k) = 2 (F(u+ k) — F(u)). Therefore, we can
rewrite (3.17) as

ﬁk(57z7y> = %€Skl{k(kvz7y) ZE(S); Ska(k z y)(i)/(S,k’)
N(s) [* (7 :
~3(0) /k e <F(u) — Fu+ y)) du. (3.18)

Rearranging formula (3.11) and substituting for ®'(s, k) in (3.18) we have

ﬁk(s,z,y) = g( %) “FHe(k, z,y) + e P Hy(k, 2,y) [ﬁl(s,k) — &S)Hl(o,k)]

0)° 5(0)
2:55((5)) /k e (F (u) = F(u+ y)) du
= Hi(k,z,y)e * Hy(s, k) + %Hk(k,z,y)esk[l — H,(0, k)]
0 [ ()= B ) o9



We can invert (3.19) by applying the shift property of the Laplace transform and noting
that

/Oooe—s(u+k) /()“5(U—$)<F(x+k) — F(az+k+y)) dx du
— Ooesu/uké(u_k’—x)<F(x+k)—F(x+k+y)) dr du.
k 0

We note that we need to consider separately the situations when v < z and v > z, since
in the former situation ruin may or may not occur on the first drop below the initial
level, but in the latter ruin may not occur with the surplus immediately prior to ruin

being at most z. Therefore, after inserting for Hy(k, z,y) the inverse of formula (3.19)

is given by
Hy(u,z,y) = Hp(k,z,y)H(u—k, k) + % /OZ_ (F(x +k)— Fz+k+ y)) dx
(unz)—k 3 _
—65?0) /O S(u—k—a) (Pl +k)~ Flz+k+y))do (3.20)

where u Az = min(u, z). For u < z, we can split the first integral so that formula (3.20)

gives

o u—k , B
Hifu2y) = Hk(k,z,y)Hl(u—k,k)Jr%( | (Fe+r = Fasi+y)a

+/2_k (F(x+k)—F(x+k+y)>dx>

—k

—65/(\0)/()” 5(u—k:—x)(F(:v+k)—F(w+k+y)>dm
= Hk(k,z,y)Hl(u—k,k)—k%/u; <F(x+k:)—F(x+k+y)>dx
+?>(\O)/Ou_ (0(u—k) —d6(u—k —x)) (F’(:U—l—k)—F(:U—i—k—i-y))dx

(3.21)
and for u > z, formula (3.20) yields
Hk(”? 2 y) = Hk(ka 2 y)Hl(u - ka k)

N ek _ _
+C(5(O) /0 (0(u—k)—d6(u—Fk—ux)) (F(as+k‘) — F(x+k‘+y)> dr.
(3.22)
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From identities (3.21) and (3.22), formula (3.16) follows.

Letting y — 00, equation (3.21) becomes
B Ao(u—k) [*7F
Hyo(u,z) = Hio(k,2)Hi(u—k,k)+ —0) /Uk F(z+k)dx
A u—k _
| W k) s k) P+ e
and formula (3.22) yields
Hio(u,z) = Hya(k,z)Hi(u—k, k)
A z—k N
+m/0 (Wu—x—k)—¢(u—k)) F(x+k)d.

which are in agreement with Nie (2012).
We can obtain Hj(u,y) by inverting its Laplace transform. To find the Laplace

transform of the (defective) distribution function of the deficit at ruin we let z — oo in

formula (3.19). Thus
- (Hm(k, ) Hi (s, k) + ggg; Hy1(k,y)[1 — Hy(0, k)]

ﬁfk,l(&y) -
A6(s) /ooesu<p(u+k)—ﬁ(u+k+y)>d )

We can modify formula (3.11) as
(& (s +9) + (0, + )

ﬁl(sa k + y) = 5(())

and
(s, k+y) = %/Oooesu(F(u +k+y)— F(u))du.
Then, we rewrite formula (3.23), giving
: - ; 3(s) _ _ )
Hy1(s,9) e Hy1(k,y)Hi(s, k) + 5(0) Hy1(k,y)[1 — Hi(0,k)] (0)<I>
3(5) &
+W® (s, k+ y))
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and substituting for é/(s, k) and @/(s, k+vy) yields

Hia(s,y) = (Hk 1(k,y)H (s, k) + %Hk 1(k, y)[1 = Hi(0, k)]

- []—-71(87 k) - ?Hl(oa k)

Hi(s, k+7y) — ®H1(0> k+y)

(0) 6(0)

)

= G_Sk (Hk,l(k7 y)ﬁl(sa k) - ﬁl(s’ kj) + ﬁl(s’ k + y)

+%Hk,l<k, y)[L = Hy(0.k)] - %[fh(o, k+y) = A0, ’fﬂ) |

(3.23)

Replacing the second Hy, 1 (k, ) in (3.23) by formula (3.14) and inverting Hj, (s, y) with

respect to s, we obtain

Hia(u,y) = Hia(k,y)Hi(u — k, k) — Hi(u — k, k) + Hi(u — k. k + y)
(3.24)

which is in agreement with Nie (2012).

In this section, we have derived existing results by applying the Gerber-Shiu func-
tion. Although, Gerber-Shiu functions are very useful, they are not always the most
efficient tools. However, we show in the next section that our Gerber-Shiu function
can be used to obtain more general results relating to finite time ruin and in the next
chapter, we see that probabilistic reasoning provides a much easier approach to finding

the results of this section.

3.5 The joint density of T, ; and N,

We now consider the joint density of the time of ruin and the number of claims until
ruin by setting 0 < r < 1, § > 0 and w(x,y) = 1 for x > k and y > 0 in expression
(3.1). (For convenience, we use the term joint density throughout when referring to two
variables, even if one of the variables is discrete.) In this case the Gerber-Shiu function

18
Orrs(u) = E |r™Ture Tk [(T, < 00) | U(0 Z / g (u, n, t) dt
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where wy(u,n,t) denotes the (defective) joint density of Nz, , and T, given initial

surplus u, defined for n =1,2,3,..., and ¢ > 0 so that

pk(u,n)Z/ wy(u,n, t) dt
0

is the probability mass function of the number of claims until ruin.
The next two results give expressions for the (defective) joint density of the number

of claims until ruin and the time of ruin.

Theorem 3.6. Let the initial surplus be k. Then, the joint density of Nz, , and Ty

is given by
wi(k,1,t) = Ae MFy(ct) = e MF(ct + k) (3.25)
and forn=1,2,3,...,
wk(k7 n+ 17 t)
/\n+1 n o -
= — Z_O<_1) <m> e ME i (ct)

)\nJrl = j—1 J

ct
+ Z o ot (n— )l £ ( ) /0 yf " (et = y) F g (y) dy
(3.26)

where forn =1,2,3,... and m=0,1,2,...,n — 2,

Fop(u) = / A=t=m= (o BUHD*() _ 2) do (3.27)
0

with A(x) = F(x), Bi(z) = F(z + k), and F,,_1,(u) = B*(u).

Proof. We start by rewriting formula (3.3) as

bursth) =2 [ ey (X [T e (pu—i) - ) )

n=0

and using the binomial expansion we obtain

rro(k) = i )" nzi (n— 1) (/000 e_p“F(u)du)nlm

=0

o0 _ m+1
X (/ e "F(u+ k)du) )
0
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giving

n

¢km5(k):§:(? n_lo(—1)M(”;1) /O e B () du. (3.28)

n=1 m=

To invert formula (3.28) we use formula (44) of Landriault et al. (2011), i.e.
—pu _ _—(A+6)u/c - (Ar/c)? = J—1 _—(+8)(z+u)/c pjx
e =e +z;—j! u i (x4+u)""e 7 (x) de.
]:

Substituting for e”#* in (3.28) we obtain

0o 00 Ar )™ n-1 -1 _
Z TTLIUk(ky n, t) = Z ( CTTL) Z<_1)m (nm ) (eAtCFm:n<Ct)
n=1 n=1 m=0
- Ar)l o =
+3 e jﬂ Al T n1n<y>dy>
j=1 '
[e%s} )\7“ n n—1 . n— 1 - :
- Z ( c”) (—1) < . )e MeFn(ct)
n=1 m=0
1 .

- +1 — AT . J
2 N T G Y (m)
n=1 7=0 m=0
ct
></ y fO" (ct —y) o (y) dy.
0
(3.29)

Formulae (3.25) and (3.26) then follow by equating coefficients of powers of r in equation
(3.29). O

We remark that if we set r = 1 in (3.29) then we obtain an expression for the density

of the time of ruin, wy(k,t).

Theorem 3.7. When u > k,

wi(u, 1,t) = Xe ™M F(u + ct) (3.30)
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and for n =1,2,3,..., we have

)™ u+ct—k 3
wi(u,n+1,t) = e"“%/ f(u+ct —x — k)AF(x + k) dx
*Jo

t
+/ wi(k,n,t — T)Ae (F_’(u +er—k)— Fu+ c7’)> dr
0

n—1 t
—A\T (AT)

x)\(F(:z:) — Fla+ k:)) dzwy(k,n —m,t —7)dr

m

u+cr—k
/ f™(u+cr—k—x)
0

n t m
_CZ /0 e‘”%fm*(u +cr —k)wg(k,n+1—m,t —7)dr
m=1
(3.31)

with the usual convention that Z;’.:a =0if b < a.

Proof. We start by noting that
5 o > oo 00
Grro(s) = / e oprs(u) du = Zr"/ G_SU/ e wy,(u, n, t) dt du.
k —  Jk 0
Next, we rewrite formula (3.2) as

7 — 1 _ .,—sk
Prra(s) = 0+ \— )\rf(s) —cs ( ce " brrs(k)

+ g 5(K) /koo e (F’(u —k)— F’(u))du + Ar /koo es“F(u)du)
(3.32)

and our approach is to invert first with respect to ¢, and then with respect to s.
Our derivation uses ideas in Panjer and Willmot (1992) and is based on the Laplace
transform of S(t); see also Willmot (2015). Our starting point is to define a function
A, (u,t) whose Laplace transform with respect to u is A, (s, t), and its bivariate Laplace

transform is given by

1
S+ A= Arf(s)—cs

A (s,6) = / A, (5, 8) dt —
0

Inverting this expression with respect to 0 gives A, (s,t) = exp{\rt(f(s) — 1) + \rt —
At + sct}. From the Laplace transform of S(t) in formula (1.2) we deduce that A,(s,t)
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is the product of the Laplace transform of S,(t), where S,.(t) is as S(t) except that
its Poisson parameter is Art (and its density is denoted by g,(z,t)), and the term

exp{At(r — 1) + sct}. Hence we can write formula (3.32) as
Do) = Arls,0)( = ce s () + Arnps(B)C(s) + ArB(s)),  (3.33)

where C(u) = (F(u — k) — F(u))I[{u > k} and B(u) = F(u)I{u > k}. Inverting
equation (3.33) with respect to ¢ yields

ZT” /:o e wy(u,n, t) du
— _CZ rne—sk/o wg(k,n, 7) exp{Ar(t — T)(f(s) — D+ AXt—7)(r—1)+sc(t—7)}dr

+ArC(s) Zr”/o wi(k,n, 7) exp{\r(t — 7)(f(s) = 1) + ANt — 7)(r — 1) + sc(t — 7)}dr
+ArB(s) exp{\rt(f(s) — 1) + At(r — 1) + sct}.

sct

Multiplying both sides by e™*“ gives

Zr” _SCt/ e wy(u,n, t) du
= —ch"e_Sk/O wi(k,n, 7) exp{Ar(t — 7)(f(s) = 1) + At — 7)(r — 1) — ser}dr
+ArC(s) Z r”/o wy(k,n, 7) exp{\r(t — 7)(f(s) = 1) + At — 7)(r — 1) — ser}dr

+ArB(s) exp{\rt(f(s) — 1) + At(r — 1)} (3.34)

The left-hand side of equation (3.34) can be written as

Z / st (u, n, t) du = Z r”/ e wg(u — ct,n,t) du (3.35)

n=1 t+k

and (minus) the first term on the right-hand side as
e o] t 5
CZ T"@‘Sk/ wi(k,n, 7)exp{Ar(t —7)(f(s) = 1)+ At —7)(r — 1) — seT} dr
= ch e Sk/ wg(k,n, T) (gT(s,t— T)+ e*’\r(H)) M=) (r=1)=se g7
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0

00 t 00 0 _ m
= Yo / wy(k,n,7) / rreerst) 30 e D) ) 4
0 0

m!
m=1

o0 ct+k
+Zr"/ wi(k,n, (u— k)/c)e e ==k gy
k
t

n=1
S > S Ar(t — 7)™
= ch" / wg(k,n, T) / e Z e_A(t_T)%fm*(u —cr —k)dudr
n=1 0 CT-‘rk' m=1 N
o ct+k
+ Z 7“"/ wi(k,n, (u — k)/c)e”ste M=k g
n=1 k
00 ct+k (u—k)/c o ()\T’(t _ T))m
= cy ™ e wp(k,n, T e Ny —or — k) drdu
S [ e [T wtnn) > — )
o oo t - Ar(t — 7)™
+CZ r" ) e ™ | wi(k,n,T) Z e_’\(t_T)%fm* (u—cr —k)drdu
n=1 ct+ 0 m=1 ‘
o0 ct+k
+ Z r / e wy(k,n, (u— k)/c)e MW=k gy
n=1 k

We can treat the second term of the right-hand side of equation (3.34) similarly to show
that

N 5)27“”/ wg(k,n, T) exp{Ar(t—T)(f(s)—1)+)\(t—7)(r—1)—scr}dr
:)\TZ / /wkknT/UCT Mfm*()

X(F(u—CT—k—x F(u—cr — 1)) dxdrdu

+)\7“Z / / k(k,n,T) /u Ay ’\(tT)—()\r(tTr_L! T))mfm*(ﬂv)

xC’(u—cr—x dx dr du

+)\7’Zr"/ 65“/ wg(k,n, T)
n—=1 ct 0

X (F(u—cr —k)— F(u—cr))I(u—cr > k)e A7) dr du
a ct u/c
Ay / e / wi(k,n, 7)C(u — er)e ™7 dr du. (3.36)
n=1 0 0
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Finally, the third term on the right-hand side of equation (3.34) can be expressed as

n!
n=1

/00 e (z\re_’\tF(u)](u > k) + Ar i e_)‘tw /“_k Fla +k) f™(u—z—k) dx) du.

By equating the coefficients of e™* for u > ¢t + k we obtain

Z r"wy(u — ct,n,t)
n=1

8
|
>
<
—~
>
3
~+~
S~—
3

.\ Z e—A(t—T)M / et £ (2)

x(F(u—k—CT—x)—F(u—m’—x))da:}dT

—CZ Z/wkknT A= T[Ar(t_T)] "™ (u —cT — k) dr.

This results in

o0
E r"wg(u, n, t)

n=1
_ o ()\Tf)n utct—k
= AreME(u+ct) + Ar Z e M i / Flx+k)f™(u+ct —x—k)dz
n=1 ’ 0
00 t - -
+ Z it / wg(k,n,t — 1) [Ae’” (F(u +er—k)— F(u+ CT))
n=1 0

00 B ()\r,,_)m /u-l—cr—k
FADY e ™ (@)
mz_:l m! 0

x(F(u+cr—k‘—x) —F(u—{—m‘—x)) d:r} dr
o o0 t m

ey / (ko t— T)e/\wam*(u +or—k)dr (3.37)
n=1 m=1"0 m

To obtain wy(u, n,t) we proceed as follows. We rewrite expression (3.37) as
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o
g r"wg(u, n,t)

n=1

— \re ’\tF(u—{—ct +Z n+1 —)\t(

n=1

oo t
+ Zr"“ / wi(k,n,t —7)Ae ™ (F(u +er—k)— Flu+ CT)) dr
= 0

Ok

u+tct—k
- / f™(u+ct—a—k)\F(x+ k) dx
bJo

o0

+§:r"+1/twk(k‘,n,t— )\Z e _’\T
n=1 0

></OU+CT kfm*( )( (u+c7'—k—x)—F(u—irCT—x))dxdT

_cirnirm/ —/\Tﬂf " (u+ et — k)wg(k,n,t — 1) dr. (3.38)

m!
n=1 m=1

Applying the Cauchy product Y07 1 an > > by =D o0/ D" | Ant1-mby to the double

summations in (3.38) we have

i rwk (u, t)

N (A"

_ —At TL+1 —At
= e MP(u+ ct) +Z -

u+tct—k
/ ™ (u+ct —x — k)AF(z + k) dx
0

—l—Zr"H/ wi(k,n t—T))\e’AT<F’(u+CT—k) —F(u—i—cr)) dr

+ Z rnt2 Z / wi(k,n+1—m,t — T)@‘AT—(AT)'
n=1 m=1v0 m:
u+cr—k 3
></ ™ (x)A ( (u—i—CT—k—x)—F(u—irCT—x))dxdT
0

_CZ ”HZ/ - fm*<U+CT—]€)wk<k,n+1—m,t—7‘)d7’.

(3.39)

Formulae (3.30) and (3.31) then follow by equating coefficients of powers of 7 in equation
(3.39). O

Formula (3.31) generalises formula (8) of Dickson (2012) for the joint density of the
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time of ruin and the number of claims until ruin in the classical risk model — if we set
k = 0 we recover the result for the classical risk model.

Further, we obtain the following result.

Theorem 3.8. For u > k, the density of T}, is
N u+ct—k N
wi(u,t) = /\e_’\tF(u+ct)+)\/ Flx+k)glu+ct —x—k)dx
0

—l—/ wy(k,t — )| Ae AT(F(qucr—k)—F(u—l—m'))
0

_|_

/“+CT ' glu+cr—k —x,T))\<F(x) - F(w+k)>dm] dr

—c | wg(k,t —71)g(u+cr —k,7)dr. (3.40)
0

Proof. Using formulae (3.30) and (3.31) we have
wi(u,t) = Zwk(u, n+1,1)

_ — At 17 - —At (At)n uhet=k nx o o n
= X VF(u+ct)+ g e f"u+ct —x—k)A\F(z+ k) de
n!Jo

n=1

+§:/twk(k‘,n,t—7'))\6_M<F(u+c7'— k) — F(U+CT)> dr

oo n—1

+22/wkkn—mt—r) M

m!
n=2 m=1

X /OU+CT kfm*(u+cr— k:—a:)A(F(x) — F(x—i—k‘)) drdr

—cZZ/wkkn—i—l—mt )_’\T%fm*(u%—m—k)dr

n=1m=1

Reversing the Cauchy product gives

Zwk(u,n—l—l,t) = e MF(u+ ct)

=Xt ()‘t)n etk % n
—I—)\Ze ) f(u+ct—x—k)F(x+k)dz
-1

00t
+ Z/o wi(k,n,t — )X (F(u +er—k)— Flu+ CT)) dr
n=1
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-I—ZZ/ wi(k,n,t — )_M()\;)!

m=1n=1

X /HCT kfm*(u +er—k— x)A(F(:(:) — F(z+ k)) dx dr

—c Z Z/ e fm*(u + 1 — k)wg(k,n,t — ) dr.

u+tct—k
= Xe MF(u+ct) —|—)\/ F(x+k)glu+ct —z—k)dx
0
ot
+ Z/ wi(k,n,t — T)Ae (F(u +er—k)— Flu+ CT)> dr
n=1"0
S t u+tcr—k
—i—Z/wk(k;,n,t—T)/ glu+cr—k—xz,7)
n=170 0

></\<F(x) — F(x + k:)) dx dr
o

—CZ/ wy(k,n,t —7)g(u+cr —k,7)dr,
n=1"0

and the result follows. O

Formula (3.40) generalises formula (5) of Dickson (2007) for the density of the time
of ruin in the classical risk model. Once again, setting k = 0 gives the result for the
classical risk model.

To understand formula (3.40), it is helpful to consider realisations of the surplus
process that are representative of the different terms in the formula. Interpretation
of components of formula (3.40) is similar to that given in Dickson (2007). We can

interpret formula (3.40) as follows.

e The term wy(u,t)dt represents the probability that ruin occurs within the time

period (¢,t 4+ dt), from initial surplus u.

e The first term on the right-hand side of (3.40) represents the situation that there
is no claim by time ¢ and that ruin occurs within (¢, ¢+ dt). For this to happen we
require a claim in this interval exceeding the initial surplus and the total premium

received up to time t. (Figure 3.1)

e In the second term, g(u+ ct —x — k, t) is the density associated with the situation

that the surplus in a classical risk model is at level x + k at time ¢. For ruin
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occurring in (¢,t 4 dt), we require a claim whose amount exceeds x + k. We note
that the term g(u + ¢t — x — k,t) refers to aggregate claims in a classical risk
model, not the risk model with capital injections and therefore this term includes

the possibility that the surplus is below k& before time ¢. (Figure 3.2)

We consider
glu+cr—k— x,T))\<F(x) — F(x + k))wk(k:,t —7)

in the third term of (3.40). This term is associated with (i) an aggregate claim
amount of u 4+ ¢r — k — x at time 7, resulting in a surplus of x + k at time 7 in
a classical risk model, (ii) a claim whose amount is between x and = + k at time
7 (so that a capital injection occurs), and (iii) ruin occurring after a further time
period of t — 7 with the possibility of capital injections in this time period. We
note that the term g(u + ¢t — k — x, 7) refers to aggregate claims in a classical
risk model, not the risk model with capital injections, and this term includes the
possibility that a realisation of a classical risk model which is at level x 4+ k at
time 7 has fallen below k prior to time 7. Figures 3.3 and 3.4 show realisations of
the surplus process representing the second integral term, with a capital injection
occurring at time 7. In these realisations, the surplus prior to time 7 is always
above k, and we distinguish between there being further capital injections after
time 7 (Figure 3.3) and no further capital injections (Figure 3.4). Figures 3.5 and
3.6 are as Figures 3.3 and 3.4 except that the surplus falls below & prior to time

T.

Figures 3.7 and 3.8 show realisations of the surplus process representing the final
term in formula (3.40). In these, 7 is the last time at which the (classical) surplus
process upcrosses through k, and we have distinguished between the cases where
there are capital injections after time 7 (Figure 3.7) and there are no capital
injections after time 7 (Figure 3.8). Only Figures 3.1, 3.3 and 3.4 show realisations
of the surplus process with capital injections that result in ruin at time ¢. As in
Prabhu’s (1961) formula, the final term in formula (3.40) is a compensation term.
Realisations like those in Figure 3.2 are compensated for by realisations such as
that in Figure 3.8. Similarly, realisations such as those in Figures 3.5 and 3.6 are

compensated for by realisations such as that in Figure 3.7. To see this, we note
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Figure 3.1: Classical surplus process
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Figure 3.7: Classical surplus process Figure 3.8: Classical surplus process
upcrosses k at 7; ruin at ¢ with capital upcrosses k at 7; ruin at ¢ without
injections between 7 and ¢ capital injections between 7 and ¢

that there is a last time (before time 7) at which the surplus process upcrosses
through £ in Figures 3.5 and 3.6.

From these figures it is not difficult to see that there exists a version of Prabhu’s
formula for the risk model with capital injections. Define dx(u,t) = Pr(T,, >t | U(0) =
u) to be the survival probability in finite time and dx(s,t) to be the Laplace transform
of the survival probability in finite time with respect to u. A more general version of

Prabhu’s formula is given in the following result.

Theorem 3.9. The finite time survival probability is given by

t
Op(u,t) = G(u+ct—k:,t)—c/ Op(k,t —7)g(u+cr — k,7)dr
0

—|—)\/0t5k(k:,t—7') e_’\T<F(u—|—CT—k) —F(u—f—CT))

. /Ou-f—cT—k g(z,7) (F(u +er—k—2)— Flu+cr — x)) dx] dr.
(3.41)

Proof. We distinguish between the situations where there is a claim in the infinitesimal

time interval (0, h], or there is no claim during this interval. Thus

u+ch—k
Op(u,t +h) = (1= Ah)dk(u+ ch,t) + \h (/ Op(u+ch —x,t) f(z) dx.
0

+05 (K, 1) /Hm f(z) dx) +o(h). (3.42)

+ch—k
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Noting that 8 (u + ch, t) = 8 (u,t) + ch-26(u, t) + o(h), we have

5k(u, t+ h) = 5k(u, t) + chagék(u, t) - )\h5k(u, t)
()

u+ch—k
—l—)\h/ dp(u+ ch —z,t) f(x)dx + o(h)
0

P ARG (K, 1) (F(u Ych—k) — Flu+ ch)).

Rearranging, dividing by h and letting h — 0, we obtain

) ) u—k
&5k(u t) = caék(u,t) — Mg (u, t) + )\/0 Op(u—z,t) f(z) dx

NGk, t) (F(u k) — F(u)).
Taking the Laplace transform with respect to u results in

%&(s,t) = ¢s0p(s,t) — ce "6 (k,t) — Nog(s, )
+)\/ / p(u—ax,t)f(z) de du

Ak, 1) / e (Flu— k)~ F(u)) du.

k
Rearranging we have

5 . .
aék(s, t)+ (A —cs — Af(s))ok(s, t)

= —e *edy(k,t) + Mp(k, 1) /k N —W(F( k:)—ﬂu)) du.

Solving this differential equation, yields

t ) t ~
/ 5 2 p(es=AS(s )7(5k(3 T)dr = —c/ e_Sk(Sk(k,T)e()‘_cs_)‘f(s))T dr
T 0

t 00
+/\/ 5k(k 7_) (A—cs=Af(s))T / e Su
0 k

The left-hand side in (3.43) is eX—es=M @G, (¢

or(s,0) :/ e 0 (u,0) du =
k

( (u— k) — F(u)) du dr. (3.43)
) —

0k (s,0) where

e—sk

S

Therefore,

5~k(£7 t)
—sk

_ t ~
— O et ce_Sk/ Op(k, 7)exp{A(t —7)(f(s) = 1) + sc(t — 1)} dr
S 0

A /koo s (F(u —k)— F(u)) du /Ot Ok, 7) exp{\(t — 7)(f(s) — 1) + sc(t — 7)} dr.
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C

Multiplying both sides by e~ gives

e st / e "o (u,t) dt
k

—sk

= & MFO-D) _ pmsh /Ot on(k, T) exp{\(t — 7)(f(s) = 1) — ser} dr

S

+A /koo e s <F(u —k)— F(u)) du /Ot Oon(k, T) exp{\(t — 7)(f(s) — 1) — ser} dr.
(3.44)

Applying the same argument as in Theorem 3.7 and using the Laplace transform of

S(t) in formula (1.2), equation (3.44) inverts with respect to s to

Op(u—ct,t) = Glu—k,t)— C/Ot(Sk(k,T)g(u —cr —k,t—71)dr
+A /t de(k, T) [e_k(t”) (F(u —k—cr)— F(u— CT))

) /Oukm' glz,t —7) (F(u —k—cr—x2)— F(u—cr— x)) dac] dr

and the result follows by replacing u — ct by w. O

We remark that dx(k, ) can be obtained by numerical integration of formula (3.41).
Alternatively, integrating wy(k,7) from 0 to t gives ¢y (k,t) from which we can find
Ok (k,t). Also, given the nature of the surplus process with capital injections, where
the full amount of claims may not be paid by the insurer, it is rather remarkable that

formulae for wy(u,t) and o (u,t) exist in terms of G' and g.

3.6 Examples

In this section, we apply the results of the previous section when the individual claim

amount distributions are exponential and Erlang(2).

3.6.1 Exponential claims

ax

We now consider the case when F(z) = e=*% where z > 0 with a > 0, and provide

results for wy(u,n,t) for u =k and u > k.
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Result 3.1. When the initial surplus is k, forn =1,2,3, ...,
O‘C)nithnij (1 - fak>j ] + 1

A " (
wi(k,n+1,t) = \n+1—ak ()\Jrac)tz '
=0 (n—Jj)! (n+1)!

(3.45)
and wy(k, 1,t) = Ae~ok=(AFadt,
Derivation. We apply formula (3.26). For this we require F, ,(z), which can be ob-

tained from (3.27) with A(z) = e~ and By(x) = e~*@*%. To evaluate the integral
we use the property of the Laplace transform of a convolution. Therefore we have
- - 1 n
A n—l—mB m+1l _ —ak(m+1)
()" B(s) ™ = e —

which inverts to
e—ak(m+1)€—auun—l

['(n)

Fm,n(u) =

Substituting Fy, ,(u) in formula (3.26) gives
At e—ak(m—l—l)e—acttncn-‘rl

- n
wk(k‘,n+1,t) = che_AtZ(—l)m<m> ol

m=0

n—1 A\ntl Y gn—i—1 /Ct yan*je*a(d*y) (Ct — y)nfjfl
!
0

—¢ : .
= ot (n—j)! (n—j—1)!

J ; —ak(m+1) ,—ay,,j

7!

t’n
n!
tn—i—1lamn—j T (e — I
‘(1 _ e—ak))] / y ( y) dy) .
: 0

() (n—j— 1)1

_ )\n+1€—ak—()\+ac)t <(1 i e—ak:)n

As
G+ n—j-1!
(n+1)!

ct
/1yﬁ1®ﬁ—w"jldy=(dW“
0

we obtain

m
wk(k‘, n + 17 t) — /\n+le—ak—(>\+ac)t ((1 N e_ak)n_'
n.

n—1 ; i .
t2’n7] n—j ) 1
(ac) (1 — e=aky J+ )

- J) (n+1)
(3.46)
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and the result follows. Also, the formula for wy(k, 1,t) follows immediately from formula
(3.25). 0
Further, we can find wy(k,t by summing wy(k,n,t), and if we do this we obtain

n— (AMac)t

_ - A" —ak(14+m) e nyn—1

n=1 m=0
= ac/\ (n+1)
1+
( JZI n—|—1+])>

1— ak\\n—1
gl — 1)v)) oFi(n+ 1 Aact?)
n — :

n=1

(3.47)

where

= I
Fi(b;
oFi(b;) ZF(b—i—nn‘

n=0
is a hypergeometric function. We remark that formula (3.47) was obtained by Nie et
al. (2015) using a different approach.

We next show that formula (3.40) leads to a more concise expression for wy(u,t)
for u > k than that obtained by Nie et al. (2015), then we show that the formulae are
equivalent. The derivation of this equivalence is of interest not just for the risk model
with capital injections, but also for the classical risk model as in the case k = 0, Nie et
al.’s (2015) formula for wg(u,t) reduces to the expression for w(u,t) that can be found
in Drekic and Willmot (2003), whilst our new expression reduces to the formula for
w(u,t) first given in Dickson et al. (2005). Our approach is to adopt procedures in
Dickson (2007).

Result 3.2. When u > k,

> — e—akyn \nym/2
_ fau (Aac)t ) A"
wi(u,t) = nZ:% a)\ U+ ct — k)2
X (In<\/4a)\t(u Yt — k)) . %IM <\/4a>\t(u Yt — k)))
u—+ct —

(3.48)

where



is the modified Bessel function of order v.
Derivation. The first two terms of equation (3.40) can be written as

u+tct—k
e MF(u+ ct) +/\/ F(u+ct —x)g(z,t)dx
0

u+tct—k e )\t)n anxn—le—az
—a(utct—zx) —At ( d
‘ 2 M Tn)

_ )\eau(/\Jrac)t_'_)\/

0 n=1

= e ou (et <\/4aAt(u +ct — k)) :

Next we consider the third term of equation (3.40). Inserting for F' the first term in

the bracket gives us
e (F(u +er—k)— Flu+ c7‘)> = Ae (1 — emok)emaluter—h)
and the second term in the bracket becomes

/OquCTkg(:U,T))\(F(u +er—x—k)— Flu+cr — a:')) dx

o n utcr—k n_—azx,.n—1
o § : —A\T (AT) * Qe T —a(uter—k—z) —ak
= )\n:1€ n' /0' We (1—6 )dx

N 0¥ L 1o (VI Re e o | L
Y e I -agarer-io
n=1

—ak
n! )

— €

Further wy(k,t — 7) comes from formula (3.47). Hence, switching 7 and ¢ — 7, we can
write the third term in (3.40) as

/Ot wy(k,t —7) [Ae’” <F(u +er—k)— Flu+ cr))

—a(utc(t—7)—k)

u+ter—k B N
+/ g(I,T)A(F(u—i—CT—IL‘—kJ)—F(u-i—CT—ZL'))dZL‘}dT
0
t o0 r T
—A(t—7) (At —=7)) ok &Y €
)\/0 ;e - (1 —e™")

= o )\ 2\m
X Z(l — emeRyn—lgmak \npn=ly emr(dtac) Z aeAT)™ dr

. (u+c(t—1)—k)

| |
n=1 m=0 m(n + m)
oo t
= e (Aot Z(l — e_"‘k)”/\”n/ m(T)n(t — 1) dr
n=1 0

where

= (acx?)m t! 5
m(t) =t" Z m(!(n+>m)! = (ac)\)"/QI" <v4ac)\t )

m=0

66



and

n!ln! c

Za)\tu+ct—k)] [0<(4Mc)1/2 t2+u—kt>‘

We need two auxiliary results, the first of which was used in Dickson (2007). First,
from Erdélyi (1954, page 201) we have that if

tV/2 5
olt) = (t+ B2 (Avt +5>
then
b(s) = A L ex 5 s—Vs2— A2

Second, from Gradshteyn and Ryzhnik (2007, page 1117), we have that if
p(t) =t7"1,(At),
then
. AV
o(s) = (s + Vs A2>
Applying these results with A = v4aAc and B = (u — k) /¢, we find

. . 1 u—k 2n -n
M1(s)72(s) = N exp { 5 (s —Vs?— 404)@)} — <s +Vs?— 4a)\c>

and using formula (3.49) this can be inverted to

(aXc)™/? /2
no(t+ )

/Ot m(T)na(t — 1) dr = 72l <\/4a)\t u+ct — k))

The last term in equation (3.40) can be evaluated as

t
—c/ wi(k,t —7)g(u+cr —k,7)dr

r —a(utc(t—7)—k)

- _C/ Zeiuﬂ t_T)) ae<r_1>! (u+c(t—7)— k)

S A
% Z(l — ok lgmak \nppn—lemT(Atac) Z m'%n 1 o dr

o] t
_ o= (AMac)t Z 1 _ efak n—lyn, / m (T)?”]g(t _ 7_) dr,
n=1
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where 73 is given by
aAt

m(t) = N I (\/4a)\t(u tet— k))

Vat
Vadije (\/ vk, t2>
e
and by (3.49) the Laplace transform of 7 is found as
a(s) = Var/evidale 1 {u—k
s
s Vst —4dale s+ /s? 4a/\c

Therefore, 7;(s)73(s) inverts to

t d o ct (nHWJ Lo 2
/o m{r)m(t =) dr = n(vae)n+! (ct +u— k;) e (\/ at(u + ct - )> '

As a result we can write equation (3.40) as

(S—M)}.

wi(u, t)

= e ou (et <\/4a)\t(u +ct — k:))

> _ p—ak\nynsn/2
—au—(Atac)t 2 : (1 € ) A\t ( = )
o [ae(t + 2=5)]n/2 L (VA4aAt(u + ct — k)
1 c

0 _ ,—ak\n—1_ \yn+1lg(n+1)/2
—ou—(Aac)t E : (1 € ) al 3
e [ade(t + 2=h)] D)2 T <\/4O‘At<“ et k)>

n=1

(3.50)
and after simple algebra the result follows. OJ

Setting k& = 0 in formula (3.48) yields formula (3.9) in Dickson et al. (2005) for the
density of the time of ruin in the classical risk model.

Formula (3.48) is a simpler expression than that given for wy(u,t) by Nie et al.
(2015) as it is based on infinite sums of Bessel functions, whereas the formula given by
Nie et al. (2015) involves double infinite summation of Bessel functions. We now show

formula (3.48) can be manipulated to obtain the expression given in Nie et al. (2015).

Result 3.3. We can express formula (3.48) as

wk(u,t) _ efozuf()\Jrac)tZ . fak nz ()\t)nJr]t 1
n= 7j=1
1
X ——— oF1(n+ j + 1; a)ct?). 3.51
NCET) oF7( J ) ( )
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Derivation. Expanding the modified Bessel functions in formula (3.48) yields

—au— ac - e« n = [a)\t(u +ct — k)]m
) = Sty 35 e
n=0 m=0
_Ce—au—(k-i-ac)t (1 _ e—ak )\t n+2 Z Of)\t u +ct — k)]
— — m!(m+n+ 2)!
and using the binomial expansion gives
wg(u, t)
e U= (Aac)t = —ak - O{)\t
= (ct
it S S (e
. ,—au—(Atac)t - . —ak n+2 CY)\t -
“ ;%( ") Zmlm+n+2|]z;( ) HC
Interchanging the order of the inner summations we find
wg(u, t)
= At)™ m , ,
— e U= (Aac)t —ak )\t @ u—kY (ct)Y"?
"S- Z();]mmm ()=
—ce” u—(Aac)t Z(l _ e—ak)n(/\t)n+2 i i Oé(()é)\t)m m (u _ k)j(ct)m—]
— oy m!l(m+n+2)'\ j

and changing the variables of summation we obtain
wk(“a t)

_ ypau-Obacy i(l Ry i i (aXt)™ =1 (4 — k)= (ct)™

m!(j—D!(n+m+j—1)!

=0
o0 . >® m+j—1 _ 1-\i—1 m
_Ce—au—(z\-&-ac)t Z(l _ e—ak)n()\t)n+2 Z Z Oé(()é)\t) (u k) (Ct)

— m! (j— 1! (n+m+j+1)

n=0 j=1 m=0
o [e.e] . ]_1
— eou (Aac)t Z(l efak)n Z [a(ur k)] ()\t>n+jt71
pard ‘= (4)
9 i (aXct?)™ B i (act?)m+l
—m!(m+n+j-1! “=ml(m+n+j+1)!
o o0 - -1
— eou (Aac) Z(l e—ak)nz « UJF k;)] (/\t>n+jt—1
- J
n=0 j=1

XW {Lsor (20V3¢) ~ Ly (20v/a0e) ).
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From Abramowitz and Stegun (1972, formula 9.6.26) we have the following recursive

relations

La(t) = La(t) = L),

Applying this identity we obtain

n=0 j=1 F('])
n-+j
1, (275 a)\c)
(tvVareym+ "
and using the identity
1 Z\V
I, :—(—) Fi(v+1:22/4 52
0= 5 (5) oFw+ 12/ (35)
the result follows. O

Setting k£ = 0 in formula (3.51) gives formula (2.7) of Drekic and Willmot (2003).
Thus, our technique also establishes the identity of their formula with the comparatively
simpler formula for w(u,t) given in Dickson et al. (2005).

The next result gives the probability mass function of the number of claims until

ruin.

Result 3.4. When the initial surplus is k, for n =1,2,3,...,

wmsv=c G- gl () B

(3.53)

and pi(k,1) = Xe™®* /(A + ac).
Derivation. Integrating over ¢ in formula (3.46) gives the required result. 0

Setting £ = 0 in formula (3.53) recovers formula (24) of Landriault et al. (2011).
In the next result, we demonstrate that py(k,n) is a defective probability function for
ac > X as discussed by Landriault et al. (2011).

Result 3.5. For u = k, the ultimate ruin probability is

Ui(k) = 1_<1j2/akai/ 0 Ze*“’“ a’“)”(&)n . (3.54)
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Derivation.

de(k) = > pu(kn)

= ey HZI (1= ety (A jcac)n_j_l <>\ ﬁ ac) " (2n<7; - ;E)S'JJ :

n=1 j=0
— eakii(l _efak)j A\ n+j+1 ac n (2714—]4—1)' ]+1
=0 n=0 At ac Atac) nl(n+j+1)!2n+j5+1
N j A AR Aac
= —ak(] _ o—akyj j+1
Z e (1 —e ™) N+ ac B, O rao?

7=0
where B; is the generalised binomial series given by

— [(th+1\ 1
Bt(z)zZ( ki )tk+1z

k=0

with the property that

Bi(2) = f: (““ ; T) T (3.55)

k=0

and for t = 2, By(2) = =¥=%. See Graham et al. (1994). Therefore, it is easily seen

that
B Aac _ Atac
N +a0)?)  ac
giving
S 00 /A G+1
Sk =S ek1- ey (2)
n=1 7=0 ac
which is the same as (3.54). O

The next result gives the probability mass function of the number of claims until

ruin for v > k.
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Result 3.6. When u > k, for n = 2,3,4,..., pi(u,n) is given recursively by

pk(ua n)
Nt lero — (n — 1) Au—k)" Y n+j5—1)!
(n—1)12 =\ (A + ac)nt
A
k -1 —a(u—k) 1 — —aky_ 7V
+pk( , I )6 ( € ))\ + ac

n—>2 m . . .
o . —a(u—k)(1 _ ,—ak (a/\)m m\ ¢ ('U, B k)m / (m + j)'
+A mzlpk(k’, n—m—1)e (1—e) 2 j:ZO j (A + ac)mtitl

n—1 m—1 . . .
(aX\)meau=k) m—1\d(u—k)" 7 (m+ j)!
—cz_:lpk(k,n -m) m!(m —1)! Z ' (A + ac)mtitl

=0~/

(3.56)
and pg(u, 1) = Xe /(X + ac).

Derivation. The formula for py(u, 1) is obtained by integrating over t in (3.30). For
n=2,3,4,..., we integrate over ¢ in formula (3.31). Taking a term by term approach,
the first term becomes

00 ut-ct—k
/ Y ()\t) / + f"*(x))\p(u+0t —x)drdt
0 0

nl

oo n utct—k n, —oax,,.n—1
— / e/\tﬂ/ uke*a(uﬂt*x) dx dt
0 0 ['(n)

N
— e (a ) / ef(AJrac)ttn(u +ct — k)n dt
0

o (AN = (M (u— k) (n +
~ el )Z(]) ((A+Lc)n(+]+lj). (3.57)

The second term in (3.31) can be written as

/00 /twk(k;,n,t — T)A@’AT(F(u%— cr—k)— F(u+ CT)) dr dt

= / / wi(k,n,t — 7)Ae (1 — e=F)emwter=h) qr gt

A

_ —a(u k) 1 — —ak
pi(k; (1-e ))\—I—ac

(3.58)

which can be obtained after switching the integrals and noting that
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pr(k,n) = fooo wg(k,n,t) dt. Then, we consider the third term. We have

x)\( (u—l—m’—k—x) F(u—i—m'—x)) dx wi(k,n —m,t —1)drdt

ka(k n—m t—T) dr dt

— _ —a(u—k) (1 _ 7o¢k - C] U—]{Z)m_](m—l—j)'
= A Zp’f (k, n (1 m'2 Z < ) O+ ag)mtitt
Jj=

(3.59)

The last term of formula (3.31) can be similarly evaluated, giving

—c/ / e fm*(u+cr—k)wk(k,n+1—m,t—r)drdt

(ce)meow—k) T3 (m — 1) (u— k)" (m + j)!
" e ; :
=0

m! (m — 1)! (A + ac)mtitl

= —chk(k,n—i—l—m)
m=1 J=

(3.60)

Combining (3.57), (3.58), (3.59) and (3.60) and changing n + 1 to n, the result follows.
U

Formula (3.56) generalises the formula for p(u,n) in the classical risk model — if we
set k = 0 we obtain the result in Dickson (2012) for the classical risk model.

We conclude this section by plotting the probability function of the number of
claims until ruin given that ruin occurs as it gives us a better insight as to the nature
of pr(u,n). Figure 3.9 shows values of pi(15,n)/vk(15) for n = 1,2,...,400, when
a=1,¢c=12,u=15and k = 2, so that ¥,(15) = 0.04623, which is in the range of
practical interest. We observe that it is positively-skewed with the maximum probability
being at n = 33. This feature is compatible to the plots of p(u,n)/v¥(u) in Egidio dos
Reis (2002) for the probability function of the number of claims until ruin given that
ruin occurs in the classical risk model. In addition, the plot of py(u,n)/1k(u) exhibits
a similar pattern to the graph of the density of the time of ruin as we would expect.

See, for example, Nie et al. (2015) or Figure 5.5.
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Figure 3.9: pr(15,n)/vr(15), Exponential(1)

3.6.2 Erlang(2) claims

We now consider the case when individual claim amounts have an Erlang(2, «) distri-
bution with F(z) = e **(1 + ax), where x > 0 with a > 0 and provide results for

wg(u,n,t) for u = k and u > k.

Result 3.7. When the initial surplus is k, forn =1,2,3, ...,

n j . mpi—myn+1 2n—m—j+14mn
(et 7\ apby, A (act) t
w(k,n+1,8) = e ZZ (m) (n—j )" 2n—m+1)!

=0 m=0
(1—ag),.. 2] —m—+2
27 — 1 1—b)——-—— .61
(oe-menra-wZ=222) e
and
wy(k, 1,1) = Ae™MN[(1 — ap) + (1 — by)act] (3.62)

where a, =1 — e — ake ™ and by, = 1 — e~ *.
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Derivation. We define

n—1

_ n—1 m =
U S G S0
m=0
“ [n—1 t
m=0 m 0
and solve the integral by applying properties of the Laplace transform of a convolution

as discussed in Result 3.2. Hence, the Laplace transform of F! is given by

n—1

= X (" ) umats e

Bk( )(A(s) — Bu(s))"

- (S e

) <a+s T A (zi‘s’; ) Ofi—zk)l
s G et

(
- (i) S0

-1

m=0

R (R (1t

m=

which inverts to

n—1 n—m42n—m—1
et n—1 mpn—1-m & t 1 —ay 1 — by
b .
Z( )kk F(2n—m—1)( Y Ta——

m=0

Writing formula (3.26) in terms of F! gives
wi(k,n+1,t)

v )\n+1 \ )\nJrl tn j—1 ct ( - .
_ _ e
NPl +§: e [t - R ay

" /n act)VTmn act
= A\l (ear Y <m) a;”b’,g—m—( ) ((1 —ay) + (1 - bk)#)

0 (2n —m)! 2n—m+1)
B t)\nJrl = j—1 ct (ni}e .
+ Z a+l(n— !/, yf (ct — )F]+1( ) dy. (3.63)
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We first consider the integral by noting that the (n—j)-fold convolution of an Erlang(2, «)
density with itself is the Erlang(2(n — j), @) density. Inserting for F}},, we get

ct
/ yFO I (et — y)FL () dy
0

— ot zj: J bj /Ct O‘3’3/042(” 7) ct y)2(N—j)—1 aj—me—ayy2j—m
%—%—D (2 —m)!

m=0

((1 —ap)+(1- bk)m) dy.

The integral can be evaluated by using a property of the beta function, giving

ct
/ y fO (et — y)FlL (y) dy
0

J . ) 2n—m—j(4)2n—m+l
— eact Z J aznbifma (C )
m (2n —m +1)!

(0= 2)

Inserting this in (3.63), formula (3.61) follows. We can obtain formula (3.62) by applying
(3.25). O

To find the probability mass function of the number of claims until ruin we integrate

over ¢ in formula (3.62), giving

A1 —ag)  ade(l—by)

k.1
pi(k, 1) A+ ac (A + ac)?
e~k ac
= 1 .64
)\+ac( +0zk—|—)\+&c) (3.64)

where the last line is obtained after substituting for a; and bg. Similarly, integrating

over t in formula (3.61), for n =1,2,3,..., yields
pr(k,n+1)
i i J o anmm=d A e (3n —m — j)!
m) *k A+ ac A+ ac (n—7)!2n—m+1)!

j<<01m;><2j 1) (- () B DB m )

(3.65)
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which also holds for n = 0.
In the next result we find the ultimate ruin probability for v = k. Although this can
be obtained from results in Nie et al. (2011) this new derivation is of some mathematical

interest.

Result 3.8. For u = k, the ultimate ruin probability is

(2e= 4 ake=**)\/(ac)

k) = . 3.66
Yilk) 1— (2= ake= —2e=*)\/(ac) (3.66)
Derivation. Summing over n in formula (3.65) yields
Yelk) = > pilk,n)
n=1
_ iii .] ampy anmm ! (3n_m_j)'
m) *k )\+ac ac (n—j)N(2n —m+1)!

+
(0t () o)
_ e j . i 2n—m—j +1 (Sn_m_j>[
= ZZZ( )kbk (>\+Oéc —l—OzC) (n—)(2n —m+1)!

A
Jj=0 n=j m=
ac (3
1— 27 — 1 1 —by)
(( a)(2) =m+ 1)+ (1= be) )\—l—ac

(e
)
(5
)
() et
)
(e
)
(5

(2n —m+2)

ac Bn—m+2j+1)(2j —m+2

)
(2n+2j —m+2)
ML (3n —m+ 29)!
(2n+ 25 —m+1)n!

A+ ac
2n+j—m

n

n—m —j+1)(2j—m+2))
n

A+ ac

n

ac Bn—m+2j+1)(2j —m+2)

(2n+ 25 —m+2)
)"““ (3n — m + 2j)!
(

A+ ac
2n+j—m

A+ ac 2n+ 27 —m+ 1)!n!

/:
—
|
S
T
o
<
|
3
+
[
S~—
+
—~
[
|
=
??‘
/"\\//\\//\\//\v/\\/

)
ac Bn—m+25+1)(2j —m+2)
A+ ac (2n+2j —m+2)

=SS (T e ()T (AT G2 )
B : m )%\ X ¥ ac A+ ac (2n+ 25 +m + 1)!n!




((1—ak)(2j+m+1)+(1_bk)( ac ) (3”+2j+m+1)(2j+m+2))

A+ ac (2n+2j +m+2)

and by (3.55) this can be written as

> o= (M A+ ac \’ A mtytl 0
kon) = apb] By(2)% !
;pk( ™) Z ( m ) ()\+ac) ()\—irozc) 3(2)

Eij%flb>T%§» | |

Ve (irar) 2 (%) (Reeir)

((1 —a)+ (1 - bk)o‘;ﬁ?’g) , (3.67)
where 2 = 525 (5352)°

Jain and Consul (1971) define the generalised negative binomial probability function
for a random variable X as

Bn +k ko, (G

forn=0,1,2,..., where k > 0,0 <p<land|Op| <1. As> > Pr(X =n)=1,

1-p*F=%" (ﬁnrj k) ﬁnli (1= )T = (B (p(1 - p)"))"

n=0

we see that

(1—p)'=Bs(p(1—p) ).

Hence, B; <>\+ac (/\jf‘;c)2> =(1- /\j‘ac)_l. Substituting for Bs(2)? and Bs(z) in equa-
tion (3.67) yields

St = 23 ()5 (") (%) 10w 1l

m=0 §=0

The result follows by applying the identity (see Graham et al., 1994)

g ()

k=0

where z = Aby/(«c). O
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Figure 3.10: pg(9,n)/vx(9), Erlang(2, 2)

For the case u > k we can follow techniques in Dickson (2007), but the resulting
equation is not suitable for computation as firstly, the expression involves triple and
quadruple summations and secondly, we may not find a robust truncation point. How-
ever we can use software to numerically integrate formula (3.26) over ¢ to find py(u,n).
Figure 3.10 illustrates the graph of the conditional probability function of the number
of claims until ruin for Erlang(2, 2) claims with A = 1 and ¢ = 1.2. We choose u = 9
and k£ = 2, so that ¥,(9) = 0.04324, which is in the range of practical interest. We
observe that similar to Figure 3.9 the graph of py(u,n)/vx(u) is positively-skewed. In
this case, the maximum probability is on the occurrence of the 20th claim. As we can
see it is more likely that ruin occurs when n < 30 compared to the exponential case in
Figure 3.9. In other words, py(u,n) takes higher values in this range and ruin, if it oc-
curs, occurs sooner for Erlang(2) claims than exponential claims. However, as pointed
out by Egidio dos Reis (2002) for the classical risk model, our experience with u = 9
for exponential claims has shown that the plot of py(u,n)/1x(u) has the same shape as

in Figure 3.10. Comparing Figure 3.10 with the figures in Egidio dos Reis (2002) we
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observe that the pattern of the probability mass function of the number of claims until
ruin given that ruin occurs in the classical risk model with capital injections is similar

to p(u,n) /v (u) in the classical risk model.

3.7 Covariance between T, and Nt ,

In this section, we consider the covariance between the time of ruin and the number of

claims until ruin given that ruin occurs which is given by
COV[NTqu,Tu’k‘Tu’k < OO] = E[NTukTu,k‘Tu,k < OO] — E[NTuk‘ka < OO]E[Tu,k’Tu,k < OO]

First, we derive an expression for the nth moment of T, ;, and then provide results
without proof for the first moment of N7, and the joint moment of T, and N7,
as the proofs are similar to those for the moments of T, ;. We conclude this section
by illustrating the application of our results in the case of individual claim amounts

following an exponential distribution.

3.7.1 Moments of T;,; and N7, ,

Moments of the time of ruin are other ruin-related quantities that can be obtained from
our Gerber-Shiu function. In this section, we adapt the recursive approach provided
by Albrecher and Boxma (2005a) to derive moments of the time of ruin for our model.
This problem is also considered by Nie et al. (2015). Their formulae for the moments
of the ruin time are based on the joint density of the time of ruin and the deficit at

ruin in the classical risk model and subject to the factorisation

m

w(u,y, t) = hi(u, t)7i(y)
i=1
for some functions {h;(u,t)}7, and densities {7;(y)},. This means that to implement
their method we need the density of the time of ruin, whereas our recursive approach
is based on the ultimate ruin probability which is simpler to calculate.
We set r = 1 and w(z,y) = 1 for z > k and y > 0 in equation (3.1). In this case

the Gerber-Shiu function is
Ors(u) = E [e " (T, ) < 00) | U(0) = u] .
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We now begin by denoting ¢y ,(u) to be the nth moment of the time of ruin in our risk

model with capital injections, which is given by

Ven(u) = E[T) I(Ty, < oo)]
]

with ¢y 0(u) = ¥ (u). Then, the nth moment of the time of ruin, given that ruin has

0=0

occurred, is given by

Yin (u)
Ur(u)

The following result provides expressions for the moments of the time of ruin.

E T} Tur < 00| =

Theorem 3.10. The nth moment of the ruin time, n = 1,2, 3, ..., is given recursively

by
E[T) (T, < 00)]

—Nn

u—k
= / §(u—k —x)E[T) 0 I (Togps < 00)] da

c6(0)
c§>(\0) (17 1(Th e < 00)] /0 R T (F(@ Fz+ k)) dz
+%E[TM [(Thy < 00)] (3.68)
where
BT}, I(Tix < 00)] = i Z(O,k)) /:O E[T2 1T < 00)] du. (3.69)
Proof. We can rewrite formula (3.2) as
7 1 —sk
Prals) = 54+ A= \f(s) —cs ( oo (k)

s (k) /k e (F(u k) F(u)) du + A /k e () du> .

The nth derivative of ¢~5k75(s) with respect to 0 by induction is found as

o B 1 B AR L
a§n¢k6() = e e () + ce” 85n¢ka(
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Defining

5 o -
i) = Fonalol]
and setting = 0 in equation (3.70) we obtain
P(s) = ! o 1(8) + (—1)"ce P (k)
" s — A+ Af(s) o o

To invert h,(s) we note that

ﬁn(s) = /koo e *(—=1)" g pn(u)du = (—=1)" /000 e’s(wk)z/}k,n(u + k) du.

Let A, ;(u) = Yg »(u+k). Then, the first term on the right-hand side of equation (3.71)

1S

n(=1)""'(s)

—sk A
o(0) An-14(5)

which inverts to
n(_l)n—l u—k
_— ne k)o(u —k —x)dx.
S| teale B k=)o

Using the shift property of the Laplace transform, the inverse of the second term on
the right-hand side of (3.71) is (—1)"ct;»(k)0(u — k)/cd(0). Finally, the inverse of the
last term in (3.71) is given by

(;51()0’;/\%7”(]{) /Ou—k (F(x) ~ Pt k))g(u —k —x)dz.

Combining these results, formula (3.68) follows.
To find formula (3.69) we apply the idea of Albrecher and Boxma (2005a, Lemma

6.1). We note that when § = 0, as s = 0 is a zero of the denominator of equation (3.70),
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it must also be a zero of the numerator. Thus

o" > —su 1 R —sk | _ nl
85”¢k s(k )‘6:0 (/\/k (F( — k) — F(u)) du — ce ) = nmék,g(s) o’
(3.72)
Letting s — 0 in the bracket on the left-hand side of (3.72) gives
: > —su [ 17 - I o —sk — .
il_rg%)\/k e <F(u k) F(u)) du — ce c[H1(0, k) — 1].
Rearranging (3.72) we obtain
o -n R
g 1.
85n¢k6( )‘520 [1—H1(0 IR e g o Pr.s(u) du o
= 1 _ Hl / 2pkn 1 du
[

Formulae (3.68) and (3.69) generalise results for the nth moment of the time of
ruin in the classical risk model first provided by Lin and Willmot (2000), and then by
Albrecher and Boxma (2005a). Indeed, their formulae can be obtained by setting k& = 0
in formulae (3.68) and (3.69).

We can obtain a simplified expression for the first moment of the time of ruin for
u = k. Substituting for wk(u) from formula (3.9) in formula (3.69) yields

—(0)
k) = ————H{(u—k,k)d
Vra(F) [1—H1 (/ Ylu 1—H1(0 gy Hilu =k k) du
E[L]
= Hi(u, k) du 3.73
c[l—Hl(O,k)] [1—H1 0 k)] / 1w, F) ( )
where E[L fo u) du = Z(C’Y;;“) with m; and msy being the first and the second

moments of the 1nd1v1dual claim amount distribution. See, for example, Dickson (2005).
We now consider the moments of the number of claims until ruin by setting 6 = 0,
w(z,y) =1for z > k and y > 0 in (3.1). In this case the Gerber-Shiu function is

Gr(w) = E [rNTu,kJ(Tu,k < 00) [ U(0) = ul .

Taking the nth derivative of ¢y, (u) with respect to r, then setting r = 1 gives

877,
%gb;”(u) = E[Nr, . (Nr,,, — 1) ... (Ng,, =0+ D)I(Typ < 00)].

The next two results give expressions for the first two factorial moments of the number

of claims until ruin.
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Theorem 3.11. When the initial surplus is © > k we have

E[Nr, , I(Tyx < o0)]

_ O(u— k)E[NTk,k (T, < 00)] A

/u_kF(x+k:)5(u—k—x)dx

6(0) c(0)
_%(O) (¢k(/€) + E[Ng, LT < oo)]) /Ou (F(x) — F(x + k))5(u —k—2x)dz
A u—k
¢6(0) /0 blu—k — )z + k) dx (3.74)

where b(u) = [*6(u — z) f(z) dz, and

0

(k) H1(0,k) + 0(0) — Hi(0,k) + 2 [t (u
1— H,(0,k)

ZZLAG%J:[(Tk$ <:OO)]::

(3.75)
Theorem 3.12. When u > k£ we have

E[Nz,, (N1, , — 1) (T < 00)]
d(u— k)

- WE[NTM(NTM — 1) I(Tip < 00)]

2A u—k
N c6(0) /0 blu—k - x>E[NTz+k,k I(Tx+k,k < 00)]dx

B A
c6(0)
u—k

X S(u—k — ) (F(:c) Pl k)) dx (3.76)

0

where b(u) = [} 6(u — ) f(2) dz and

(2E[Ng,,, I(Tip, < 00)] + E[Ngy, (N, = 1) I(Tip < 00)])

E[Nr, (N, = 1) I(Thop, < 00)]
2E [Ny, I(Thy, < 00)]H1(0,k) + 2 [ E[Ny, , I(T,x < 00)] du
1— Hl(O, k) '

(3.77)

We remark that if we set £ = 0 in formulae (3.74), (3.75), (3.76) and (3.77), we can
recover the results in the classical risk model without capital injections. See Dickson
(2012).
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Next we provide results for the joint moment of T, and N, . Setting w(z,y) =1

in equation (3.1) and noting that

o 0
_E%fbm,(s(u) T E[Nr, Ty I(Top < 00)] (3.78)

we can obtain the covariance between Nr , and T, .

Theorem 3.13. When u > k£ we have

E[Ng, , Tup I(Tur < o0)] = WE[NTk,kaJﬂ (T < 00)]
_%O) (Bl I(Ts < 00)] + B[N, Tis I(Tigx < 0)])
[ sk (P - P b) o
1 u—k
_65(0) /0 6(u — k- x)E[NTZ—Hc,k ]<Tz+k,k < OO)] dx
¢6(0) /Ou_ b(u—k —2)E[Tpypp I (Toypp < 00)]dx

where b(u) = [

o 0(u—m)f(x)dr and

E[NTMTM ](Tk,k < OO)]

1 | [
= —— | BT (T} 1 )
1— H,(0, k) < (Tyen I (Th . < 00)|H1(0,k) + C/k E[Ng, , (T < 00)] du
)\ o0
k

We show an application of our results in the next example.

ax

Example 3.1. Suppose F(z) = 1 — e **, where x > 0 with o > 0, then using the

above formulae and the following results

_ A lamra _
) = act - k) = ac — A1 — e—ak)’

)\e—(a—k/c)(u—k)—ak

ac— A1 — e ak)’

Vi(u) = H,(0,k) = ¢(0)(1 — ™),
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we obtain

ache ok

(ac — A) (o — A1 — e*o‘k))2;
20 \ce~ (a202 — A1 - e*ak)) ‘
(ac — A (ac— A(1 — 6—0”"3))3 ’
e~k <a02 + AMu — k) (e — A1 — e’o‘k))>e’(a”\/c)(“’k)
c(ac — ) (ac — A(1 — e—“"/’))2

° E[Tk,k I(Tk’k < OO)] =

o E[T,ik (T < )] =

(] E[ka ](ka < OO)] =

I

u—k
b E[Ti,k ](Tu,k < OO)] - / E[Tz+k,k I<Tz+k,k < OO)](S(U — k- I) dx
0

05_(0)

+5(Z(E)k)E[Tsz I(Ty 1 < 00)]
_%(O)E[T’ik [(Ty < 0)](1 — e“’“)é@ @y o).
[T, [T, < o] <a02 + AMu — k) (e — M1 — e*&k)))

¢ wkl|duk < OO =

clac — N)(ac— A(1 — e=F)) ’
(ac)?Ne=F .
(ac — A) (e — A(1 = e—o‘k))z’
2(ac)? A2 (ac(2 — e7%) —2M(1 —e "))
(ac — )3 (ae — A(1 — e*‘)"“))3 ,
ale” ok (oa:2 + Au — k) (ac— A1 - e‘o"“))>e_(a_*/c)(“_k)
(ac — A) (e — N1 — e*a’“))2 ’
a<ac2 + Au — k) (ac— A(1 — e_o‘k))) '
(ac — A) (e — A(1 — e=ok)) ’

° E[NTk,k I(Tk’k < OO)] =

d E[NTk,k (NTk,k - 1) I(Tk,k < OO)] =

° E[Nz, , I(Tu, < 00)] =

° E[NTu,k‘Tu,k < OO] =

olu—k
e E[Np,(Nr, —DI(Tu < o0)] = (5(0) ) B[Ny, (N1, — 1) I(Thy < 50)]
2\ u—Fk )
_05(0) 0 (1 —C )E[NTz+k,k I(Tx+k,k < OO)]dx
A

_C(S(O) <2E[NTk,k I<Tk,k < OO)] + E[NTk,k (]\/kaJC — 1) ](Tk,k < OO)])

X(l o e_o‘k)é(l . 6—(a—A/c)(u—k))

)

o Var[Tix|Tix < 00] = B[TE | T < 00] — (E[Tiux|Tx < o0])?
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ac(ac(ac + ) = 22%(1 — e—ak)>
(ac — A3 (ac— A(1 — e—ak‘))2
* Var[NTkvk’Tk’k < oo = E[N%c,k’Tkvk < 00| — (E[NTk,k‘Tk,k < OO])2
(040)2A(a2c2(2 — e %) — ade(1 — 2e7F) — X2(1 — e—ak))
(ac — )3 (e — A(1 — e—ak))2
(ac)re (%2 4+ ade(2 — e7) = 3X2(1 — e %))
(ac — )\)3(ac -1 - e*ak))g’ ’

Y

I

° E[NTkka,k I(T]ﬁk < OO)] =

° E[NTu,kTu,k I(ka < OO)] = —E[NTkka,k I(Tng < OO)}

_T)(\O) (E[Tkk I(Typ < 00)] + E[Ngy,, Tiep I (The < OO)]> (1 — e~ok)

1
Z (1 — p—(a=X/c)(u—k)
on(l e )
1

u—k

_05(0) /o O(u—Fk - x)E[NTZ+k,k I(Tyipp < 00)]dx
u—k

c(0) /0 (1—e VE Ty I(Toqoe < 00)] d;

Cov[Nr, ., Tup|Tup < 9]
\/Var[NTu,k|Tu7k < o] Var[Ng, , [Ty < 0]

o COI‘I"[NT%,C,TU,MTU,k < OO] = (380)

The relationship between the first moment of 7, ; and Nr,, is the same as in the

classical risk model without capital injections (see Dickson, 2012), i.e.
E[NTu7k|Tu7k < 00| = acE [Ty k| Tux < 0.

Table 3.1 shows the values of correlation coefficient when o« = 1 and A = 1 for different

values of u, k and c. The key to Table 3.1 is as follows:
(1) denotes the correlation coefficient when k = 0,
(2) denotes the correlation coefficient when k = 1,
(3) denotes the correlation coefficient when k = 3,
(4) denotes the correlation coefficient when k = 5.

We note the following from Table 3.1.
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(i) There is no significant difference between Corr[Nr, ,, Tyx|Tur < oo] in the clas-
sical risk model with and without capital injections. In both models, there is a
strong positive correlation between the time of ruin and the number of claims

until ruin which is unsurprising.

(ii) The greater the premium is, the smaller the correlation coefficient between T,

and Nr, , becomes.
(iii) As k increases, the correlation coefficient gets larger.

(iv) We cannot identify any relationship between the initial surplus and the correlation

coeflicient.

Table 3.1: Values of correlation coefficient

u c=1.1 c=1.3 c=1.5

5 (1) 0.998867 0.991552 0.980306
(2) 0.998869 0.991595 0.980449
(3) 0.998915 0.991982 0.981241
(4) 0.998980 0.992360 0.981922

15 (1) 0.998868 0.991581 0.980469
(2) 0.998868 0.991598 0.980528
(3) 0.998887 0.991739 0.980821
(4) 0.998917 0.991837 0.980970

25 (1) 0.998868 0.991588 0.980510
(2) 0.998868 0.991599 0.980548
(3) 0.998879 0.991684 0.980727
(4) 0.998897 0.991736 0.980807

3.8 Concluding remarks

We saw in this chapter that our Gerber-Shiu analysis is not as helpful in dealing with
infinite time ruin problems as it is with dealing with finite time ruin problems. For
the latter it has led us to the rather surprising conclusions that both the density of the
time of ruin and the finite time survival (or ruin) probability for our risk model with
capital injections can be expressed in terms of the aggregate claims distribution for the
classical risk model.

Our analysis in the case of exponentially distributed individual claims has extended
existing results for the classical risk model, and has shown the connection between two

known formulae for the density of the time of ruin in the classical risk model.
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We found a recursive expression for py(u,n) when claim amounts follow an expo-
nential distribution but for Erlang(2) claims were only able to calculate pg(u,n) by
numerical integration. In the next chapter, we show that an explicit expression for
pr(u,n) can be obtained for both exponential and Erlang(2) distributions using prob-
abilistic reasoning.

Unfortunately we could obtain relatively simple expressions for wy(u,t) only when
individual claim amounts are exponentially distributed. However, by using numerical
integration of formula (3.40), it should be possible to obtain values for wy(u, t) for other
individual claim amount distributions. For example, Willmot (2015) gives an expres-
sion for g(x,t) when the individual claim amount distribution is an infinite mixture of
Erlangs. Alternatively, we might approximate g(x,t) using Panjer’s (1981) recursion
formula. In Chapters 5 and 6 we discuss another method in more detail and introduce
a discrete time model that can approximate quantities such as wy(u,t). Another ap-
proach to calculating wy(u, t) is the approximation techniques discussed by Seal (1974)
who considers finite time non-ruin probabilities in the classical risk model.

Applying techniques in Albrecher and Boxma (2005a) we obtained moments of T,
and Nr,, as well as quantities like Cov(T,x, Nz, ,). We observed that for a range of
values of v and k and different premium loading factors the correlation coefficient was

(unsurprisingly) very close to 1 in all our scenarios.
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Chapter 4

Gerber-Shiu analysis: probabilistic

approach

4.1 Introduction

In this chapter, we introduce an alternative representation of the Gerber-Shiu function
to analyse the risk model that we considered in Chapter 3. Our approach in Chapter
3 gave rise to a general recursive expression for the probability function of the number
of claims until ruin. Here, we construct our Gerber-Shiu function using a probabilistic
argument so that we can obtain explicit expressions for the probability function of the
number of claims until ruin in the case of claim amounts with exponential and Erlang(2)
distributions. However, the main disadvantage of this method is that to invert the
Laplace transform of the Gerber-Shiu function, we need to specify the functional form
of the individual claim amount distribution. More specifically, this approach can only

be applied to distribution functions that admit a particular factorisation.

4.2 A Gerber-Shiu function

We denote by wg(u, z,y,n,t) the (defective) joint density of the surplus immediately
prior to ruin (z), the deficit at ruin (y), the number of claims until ruin (n) and the
time of ruin (¢), given initial surplus u for our risk model with capital injections, defined
formn=1,2,3,..., 2 >k, y >0 and t > 0, with corresponding notation w(u, z,y,n,t)
for the classical risk model, defined forn =1,2,3,..., 2 >0, y > 0 and ¢ > 0. Further,
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let
w(u,y,n,t):/ w(u, z,y,n,t)d.
0
Then

Orslt) = B [ ere tToro(U <T;k>,|U<Tu,k>|>z<Tu,k<oo>|U<o>=u

= r" ., t) dy dz dt (4.1)
; / / w(z, y)w(u, x,y,n,t) dy de
= Z / {/ / _kaxayan’t)¢k,r,6(k)dydx
+/ / w(z+ky—kwlu—kz,ynt)dy da:} dt. (4.2)
o Jk

From this expression, depending on the form taken by w(z,y), we can obtain different

ruin-related quantities.

4.3 The probability of ultimate ruin

We now consider the ultimate ruin probability 1 (u), for u > k. In Theorem 3.3 we
provided an expression for ¢, (u). In this section, we show that expression (3.9) can be

obtained with a much simpler method.

Theorem 4.1. When the initial surplus is © > k£ we have

Ur(u) = ¥(u — k) — Hi(u — k, k)[1 — oy (F)].

Proof. Setting r =1, § = 0 and w(z,y) = 1 for > 0 and y > 0 in equation (4.2), we

obtain

Gelu) = /Om/ooo/okw(u—k,x,y,t)wk(k)dydxdt
+/OO/OO/OOw(u—k,:c,y,t)dydxdt
_ // — ke y, Dtk dydt+// u—k,y,t) dydt

(4.3)
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where w(u, z,y,t) is the (defective) joint density of the surplus immediately prior to
ruin, the deficit at ruin and the time of ruin and w(u, y, t) is the (defective) joint density
of the deficit at ruin and the time of ruin in the classical risk model as defined in Chapter

1. Hence, equation (4.3) can be written as

Setting u = k and rearranging gives ¢ (k). O]

4.4 The joint distribution of U(7, ;) and |[U(T,)|

In this section, we provide an alternative proof to Theorem 3.5 which is based on the
results in the classical risk model and does not require the Laplace transform inversion

of the Gerber-Shiu function and consequently is more straightforward.

Theorem 4.2. When the initial surplus is u > k we have

Hy(u,z,y1) = Hy(k,z,y1)Hi(u—k, k) + % /uz (F’(:U) — F(z + y1)>I(u <z)dx
(unz)—k B B
_05/(\0) /0 (0(u—Fk)—0d(u—k—x)) (F(a: +k)—F(x+k ~|—y1)> dr.

Proof. Settingr =1,0 =0and w(x+k,y—k) = I{x < z—k}I{y < y; +k} in equation
(4.2) and noting that the occurrence of ruin in the classical model, from initial surplus
level u — k with the surplus prior to ruin z — k, and the severity of ruin y; + k, implies
ruin in the classical risk model with capital injections with initial surplus level u, the

surplus prior to ruin z and the severity of ruin y;, we get

oo poo  prk
Hk<u727y1) = / / / w(u_kv'ruyvt)[_[k(kaz7yl) dydIdt
0 0 0

00 z+k y1+k
+/ / / w(u —k,x,y,t)dy dedt
o Jo k

z—k y1+k
— Hy(u— b k) Hi(k, 2, g0) + / / hu— 2, y) dy da.
0 k
(4.4)

To proceed, we need to apply two formulae from Chapter 1. Recall that Dickson (1992)
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has shown for the classical risk model

h(0, z,y) iii((gg for wu < z,

h(u, z,y) =

h(O,z,y)%{&f(") for u>z.

Further, Dufresne and Gerber (1988b) have shown that h(0,z,y) = (M c)f(x + y).
Therefore, for u > z we have

Y(u—x) —P(u)
5(0)

z—k y1+k
Hk(u7zay1) = Hk(kazayl)Hl(u_kvk)+/ / h(O,x,y) dydI
0 k

= Hk(ka Z7y1)H1(u - k? k)

A z—k ) )
+c§(0) /0 (WY(u—Fk—x)—1(u—k)) (F(a: +k)—F(z+k+ y1)> dx.
(4.5)

For u < z we need to distinguish between the surplus level prior to ruin being below

u — k and above u — k. Hence formula (4.4) can be written as

u—~k y1+k
Hi(u,z,11) = Hi(u—k,k)Hi(k, z,y1) / / (u—k,z,y)dydx

y1+k
—|—/ / hu—k,z,y)dy dz

= Hi(u—k,k)H(k,z,y1) / /y1 h(0,z,y) (5<0)k)dydx
. 2=k , 3
= Hi(u—k,k)H(k,z,y1) + % . (F(w +k)—Flx+y + k)) dx
u—k
+c(5)(\0) /0 (b(u—k—xz)—(u—k)) <F(x +k)—Flx+k+ y1)> de.
(4.6)
The result follows after combining (4.5) and (4.6). O

Now, if we let y; — oo in (4.4), we can develop formulae (3.23) and (3.23). Thus

for u > z, we have

Hio(u,z) = Hi(u—k k)Hia(k, 2)

A z—k _
+m/0 (W(u— 1z — k) = (u— k) Fla+ k) do
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and for u < z,

Hypo(u,2z) = Hl(u—k;,k;)Hm(k;,z)—i—%/u: F(z +k)dx

A u—k _
+m/0 (W —a — k) — (u— k) F(z + k) da.

Setting u = k, gives us formula (3.15).

Now to derive formula (3.24) we let z — oo in (4.4), giving
yit+k
i) = Hiu=kDHalhp+ [ b= k) dy
k
= Hl(u — k’, k‘)HkJ(k, yl) -+ H1<U — k,yl + k) — H1<U — k’, k)

Putting u = k, yields (3.14).

In the previous chapter, our approach to deriving the ruin-related quantities in
infinite time involved the inversion of the Laplace transform of the Gerber-Shiu function
which was not efficient. Here, our technique is based on probabilistic arguments which
leads to the same results and is more efficient. In the next section, we apply the same
technique to find the joint density of the time of ruin and the number of claims until

ruin in finite time.

4.5 The joint density of T, ; and N,

If weset § >0,0<r<1andw(z,y) =1 for all z and y in equations (4.1) and (4.2),

2:: / / / wi(u, T, y,n, t) dy dx dt

:i /OO wi(u,n, t)dt = erk(;un)

where wy,s(u,n) = [° e wy(u,n,t) dt (with ws(u, n) similarly defined), and

Drrs(u Z / / / w—k,x,y,n,t)dprs(k) dy de dt

+ZT”A e5t/0 /k w(U—k,x,y,n,t) dydmdt.
n=1
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Defining ws(u, y,n) = [ e~ w(u,y,n,t) dt and ¢, 5(u,y) = > o0 " ws(u,y,n) we get

0

k 00
(1) = Snslh) [ on = ko) dy+ [ bnsl— ko) . (47)
0 k
In particular, when u = k£ we have

I 0r5(0,9) dy
Srrs(k) = . 4.8
’ 6( ) 1- fok ¢r,5(07y) dy ( )

Next we apply these formulae to find the probability function of the number of claims

until ruin in the case of claim amounts with exponential and Erlang(2) distributions.

4.5.1 Exponential claims

We consider the case F(x) = e™*® for z > 0 with o > 0. The next results give explicit

expressions for pg(u,n).

Result 4.1. When the initial surplus is k, forn =1,2,3, ...,

n—1 n—j—l n . .
~ o A (GJ+1)(2n—j—2)!
k — ak 1— ak\j ac )
pilk,n) = e jzo( ) (/\—i-ac A+ ac nl(n—j—1)!

(4.9)

Derivation. According to the results for the classical risk model in Dickson (2012, Sec-

tion 7) we have

(0,5, 1) = e (et + ) (110)
and for n = 2,3,4,...,
ct n—1
_ T A" e,
w(0,y,n,t) = /\/0 i 1) f (ct —x)f(x+y)de. (4.11)

Substituting for f, formula (4.10) can be written as

w(0,y,1,t) = e Mae Y
= X MF(ct) ™
= w(0,1,t) ae™ (4.12)
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where the last line in (4.12) comes from formula (4) of Dickson (2012). Also, we can

write formula (4.11) as

M\ t — n—2 . n—1
w(0,y,n,t) = )\/ Ze M ( ) e—olet=a) (ct—z)""a e ) gy
o ct (n—1)! (n —2)!
n gn—1 n—2 ,n—1

- t A"t / 7o¢(ct z) t _ LE) o e~ e~ Iy

(n—1)! ct (n—2)!

A\ 1 ct B
= M / zf("*l)"‘(ct —z)F(x) dr ce™

(n—1!J, ct
= w(0,n,t)ae” (4.13)

where the last line in (4.13) comes from formula (5) of Dickson (2012). Similarly,

w(u,y,1,t) = XeMf(u+ct+y)
= w(u,1,t)ae” (4.14)

and for n =2,3,4, ..

°

u+-ct n—1
w(u,y,n,t) = )\/0 e_”%f(”_l)*(u—i—ct—:B)f(:B+y) dx

n—1 t r
—CZ e‘AS@fT*(u—I—cs)w(O y,n—r,t—s)ds
— 0 7"! ) Y Y

n—1 u+ct
= (e‘” % / fOV*(u 4 et — 2) A F(z) d

—CZ/ s f”*(u +cs)w(0,n —r,t —s) ds) ae”
= w(u,n,t)ae” (4.15)

where the last line in (4.15) comes from formula (8) of Dickson (2012). Therefore, we

can conclude that w,s(u,y) = w, s5(u) ae”*¥. Hence formula (4.8) can be written as

_ ¢r6(0) ok - _ —akyi i+1
e =0

where for 1 =0,1,2, ..

)

7“7 H—l Z / —5t (i+1)* 0 n t)d

n=1+1
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and fori=1,2,3,...,

n—1
w (0, n,t) :Z/ “(0,4,8) w(0,n — j,t — s)ds.
7j=1

Inverting formula (4.16) with respect to 0 yields

ir"wk(k,n,t) :i TR — TRyl Z w0, n, t). (4.17)
n=1 =0

n=1+1

Applying the techniques in Nie et al. (2015) we can show that

> . > A t2
Z rn U)(H_l)*((), n, t) ()\T)H-l —(Atac) ttz Z OéC r (418)
, nl(n+i+1
n=i+1 n=0
and inserting in equation (4.17) we obtain
io: rn wkz k’ n, t io:()\r)n e—ak(l . e—ak)n—l e—(A-‘rozC)t tn—l n f: (CKC)\?"t2)j
n=1 n=1 =0 ]'(j_l_n)‘

Integrating over ¢ yields the probability generating function of Ny, ,, denoted by py..(k),

as
~ B > ['(2j +n) (achr)?
—ak —ak\n—1
(k) = (Ar)" (1 — :
P, Z 2 ) njzojlf(n+1+j) (A + ac)?i+n
(4.19)
and applying the identity
oo 00 oo n—1
DDt =D i,
n=1 j=0 n=1 j5=0
we obtain
e’} n—1 . .
i B B J +1)T@2n—j—-1) (ac)" 7!
Prr(k) = e o Z()‘T )" kY n—j—1
— a=0 (n—j—1DIMN(n+1) (A4 ac)?ni
from which the result follows. O

Formula (4.9) agrees with (3.53). Setting & = 0 in formula (4.9) yields the proba-
bility function of the number of claims until ruin from initial surplus 0 in the classical

risk model. See, for example, Landriault et al. (2011).
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Result 4.2. When u > k, forn=1,2,3,...,

pr(u,n) = e nZ_l i(l —e ) (MZ - fn);_m ()\ icac)n_i_l (A —:\Ozc>n

i=0 m=0
(i+1)(2n—i—2)!
4.2
n!(n—i—1)! (4.20)
Derivation. Formula (4.7) can be written as
¢k,r,5(u) = (bk,r,(s(k) (br,é(u - k) (1 - eiak) + ¢T,5 (u - k) eiak

= Y e (1 —e ) 4,5(0) ro(u— k). (4.21)

=0

To apply this expression we need an expression for ¢, s(u) in terms of ¢, 5(0), and to
obtain this we extend the approach in Dickson and Li (2010). We first note that

w(u, 1,t) = / w(0,y,1,t)dy = w(0,1,t) e”** (4.22)
and forn =2,3,4, ...,
w(u, n,t)
n—1 t U oo
= 3 [ [wominu—yn—je—ndydr+ [ w00
j=1 0 JoO u
n—1 t u 0
= Z/ / w(0,7,7)ae” Y w(u —y,n—j,t —7)dydr + / w(0,n,t) ae”* dy.
j=1 0 JO u
(4.23)

Define

Or5(s) = / e o s(u) du = Z " / / e Ohy(u,n, t) dt du = Z ras(s,n).
0 n=1 0 0 n=1

Taking the bivariate Laplace transform of formula (4.22) gives

1

UF‘)(;(S,]_) - w5(071) a+s

and the Laplace transform of formula (4.23) with respect to ¢ is

u
0

n—1
ws(u,n) = Z ws(0,7) / ae” " ws(u —y,n — j)dy + ws(0,n) e . (4.24)
j=1
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Now take the Laplace transform of formula (4.24) with respect to u, which results in

n—1

~ N o~ e 1
ws(s,n) = ;wg(o,j) ws(s,n —7) s + ws(0,n) P (4.25)
Multiplying formula (4.25) by " and summing over n, we have
00 n—1 1
ZT ws (s, Z;r”j:1w5 (0,7) ws(s, n—J)aJrSJFZT w;(0 ”)a+s‘
(4.26)

Adding rbs(s, 1) to both sides of (4.26) gives

[e’s) 0 n—1 0
Q
" ) = " 07. ly ) -7 — + " 07
;::17” ws(s,n) ;T ;wa( J)ws(s,n j)oH—s n:17“ wa( n)a+s
which can be written as
~ ~ 1
Dra(s) = Grgl0) Grs(s) ——— + brs(0) ——
¢r6( ) ¥ 1 > ( (0% )n
= ars - — - s(0)" .
1—¢r5()a+5 a;¢’6() a+s

Inverting ¢, 5(s) with respect to s yields

)n 16

¢r5 Z¢r6 n—l)'

and inserting this in equation (4.21) we get

fau e« z n — k)]n—l
Dr.rs(u Ze —e ) Z¢r - W;

which by (4.18) inverts with respect to  to

= = = Art?) a(u — k)]t
—au(] _ 7ak i )\ 1,+n —(Atao)t tern 1 (OéC )
Ze ( ; T) (i+n ]Zj'j—I—n—l-Z) =1

Integrating with respect to ¢ we find the probability generating function of Nr, , as

o0 o0

7o¢u . 7Otkl z+n+1 OCC)\T Z+n+1)[ (u_k)]n

(2] +i+n)!
()\ + ac)2j+i+n+1'
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We can then apply the identity

(see, for example, Graham et al., 1994, page 355) giving

i n

o) = YA eI 1y (a((un__?;!nj (A icm)i‘” <A f ac) B

n=0 j=0

It follows that pg(u,1) = Ae™ /(A + ac), and for n = 2,3,4, ...,

) = eSS ceeplaliz ) (o) (Y

=0 j=0 (i—7) A+ ac A+ ac
(t+1)(2n—i—2)!
Tl —i— 1) (4.27)
which also holds for n = 1. u

We remark that setting u = k in formula (4.27) yields formula (4.9). Further, setting
k =0 in formula (4.20) gives p(u,n), the probability function of the number of claims

until ruin in the classical model, as

We remark that this formula is new, and can also be obtained by manipulation of
formula (23) of Landriault et al. (2011).

In this section, we have illustrated the application of the Gerber-Shiu function by
finding the probability function of the number of claims until ruin through probabilis-
tic reasoning. We saw that this approach enables us to find an explicit formula for
pr(u, n), while our method in Chapter 3 gave rise to formula (3.56), which is a recursive
expression.

In Chapter 3 we were not able to find a simple formula for py.(u, n) for claim amounts
with an Erlang(2) distribution. In the next section, we show that with the approach
explained in this chapter, we can find an explicit result for the probability function
of the number of claims until ruin when the individual claim amount distribution is
Erlang(2).
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4.5.2 Erlang(2) claims

We now consider the situation when F(x) = e=**(1 + ax), where z > 0 with a > 0 and

present results for py(u,n).

Result 4.3. When the initial surplus is k, forn =1,2,3, ...,

n—1 m 2n—m—j—2
MY\ i A " ac nemed
wien = S35 (F)er (35) (555)

m=0 j=0

“n (_3? - K!(nj_}?!_ D)l <(1 —a) (2m —j+1)

ac Bn—m—j—2)(2m —j+2)
+(1 = by) ( ) @) > (4.29)

Derivation. Our proof is based on the technique in Dickson (2008). First we note that
if we set k = 0 in formula (3.3) we obtain ¢,,(0) = 2= [ [* e7#" f(z)w(u,  — u) dz du,
which is the same as formula (2.26) of Gerber and Shlu (1998) when r = 1. Thus, with
w(z,y) = e, formula (2) of Dickson (2008) can be generalised to

Z // “Vw(0,y,n, 1) dy dt = —/ / y) dydt. (4.30)

Inserting f(z) = a?xe™** on the right-hand side of equation (4.30) we get

Ar 1 o? a a
sw=t) “YWdydt = .
/ / o’ye Y c (a+p(0¢~|—s)2+(a~l—p)2a+s)

(4.31)

Inverting (4.30) with respect to s yields

brs(0,y) Zr ws(0,y,n) = 7,.5(0) ®ye Y + &.5(0) e (4.32)
where
0= [T =0
and
£15(0) = /O e (0,8 dt = Mﬁ-
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Further, from Cheung et al. (2008) we know that if f(z) =", Qi%}%}{_ﬁx} where
2?21 ¢; = 1 and each ¢; > 0 then

n /kan+iyk7n+ifl eXp{—By}
i(u,t) : :

Therefore, for n = 2 and ¢g» = 1 we have the following identity for u > 0:
br.s(u,y) Zr ws(u,y,n) = Yrs(u) ®ye™ + &.5(u) ae™ . (4.33)

Inserting (4.32) in formula (4.8) yields

Drrs(k) = (%,5(0)(1 —ay) + &5(0)(1 — by) ) > (ak%é( ) + bk&rs(0 ))”

n=

- N i(?)a{;%g( ) by €, 5(0) ](%5 (1 —ag) +&5(0 )(1_bk)>

n=0 j=0
(4.34)
where a;, =1 — e — ake ™ and b, = 1 — e~ **. We consider the term

(/\T)nJrl I

cntl (O( + p)Qn—j+1’

VT,J(O)jJrl ér,é(o)nij =
which is the Laplace transform with transform parameter p of

(&)"‘f‘l (at)nfj oot

c (2n — j)!
and by formula (44) of Landriault et al. (2011) is the Laplace transform with transform

parameter o of

Ar n >\+a6ti (Art)™ (cet)IH2m g et (2n — j + 1)
c m! (2n —2m — j + 1)!

m=0

(4.35)

Equation (4.35) generalises formula (10) of Dickson (2008). Similarly,

()\T)n—s-l it

et (a4 p)2nit?

Yrs(0)! & 5(0) 7 =
is the Laplace transform with transform parameter p of

(Ar) ntl (at)r—itlgn ot

c (2n —j+1)!
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and with the same method is the Laplace transform with transform parameter ¢ of

— e
c m! (2n +2m — j + 2)!

m=0
(4.36)
which generalises formula (13) of Dickson (2008). Indeed, it covers the case when r = 1.
Substituting equations (4.35) and (4.36) in (4.34) results in
(AP)" L (act)" It = (ra 3™ (2n — j + 1)
J(kt) = e (ot alby” i
fxclh) S5 () g e Y e
1-0 t 2n — g5+ 2
<<1_ak>+< e uyen
2n—j+1)(2n+2m—j+2)
Integrating formula (4.37) over ¢ yields

(4.37)

n

. > n—=1\ j 1 > Aro O\ ac \2mtroIl
r( by
P, Zz;( ' ) W% 2}()\4—@0) A+ ac

n=1 m=

J

2 3m —j —2)!

cnadm =g =2 (g en i
m! (2n 4+ 2m — j —1)!

(1—br)ac(2n+3m—j—1)(2n—j)
A+ ac (2n 4+ 2m — j) .

To find py(k,n) we proceed as follows. Changing the order of the first two sums we get

o 00 A n+m 2m4n—j—1
Per(k Z Z < ) i Jz:o()\ +rozc) (Aicozc)

7=0 n=75+1

" (2n+3m —j —2)!
m! (2n 4+ 2m — j — 1)!

(1—br)ac(2n+3m—j—1)(2n —j)
A+ ac (2n + 2m — j) .

((1 —ag)(2n—j—1)

Letting ¢ = n — 7 — 1 we have

_ n+j > Ao\ ac 2T
o = -3 () () (s

7=0 n=0 m=0

(2n +3m+ 7)!
m! (2n +2m + 5+ 1)!

(1—bk)ac(2n+3m+j+1)(2n+j+2)>.

A+ ac (2n+2m+j+2)
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Then, we apply the identity

oo o0 o0 oo j—1 n
Z Z Z tjnm = Z Z Z tmmn—m,j—n—1,
7=0 n=0 m=0 j=1 n=0 m=0
giving
3 o~ j—1 n n o \r J ac 2j—n—m—2
Prr(k) = ; 2.2 (m) ap'by ()\ " ac) <>\ ~ @C)

X —— ; ‘. : )!<(1_ak)(2n—m+1)

(1—0br)ac(3j —n—m—2)(2n —m+ 2)
A+ ac (25 —m)

) 0 o im\ 2 \" ac \ 2R
Prr(k) = ZZZ(j)aibk J<)\+ac) ()\+ac)

Sn-m=j-3) ‘<(1—ak)(2m—j+1)

“Cn—j—ln—m—1)

(1 —=bp)ac(Bn—m—j—2)(2m —j+2)
A+ ac (2n — j) '

This is the probability generating function of the number of claims until ruin from
which formula (4.29) follows. O

Formula (4.29) is in agreement with formula (3.65) in Chapter 3.

Result 4.4. When u > k, with the convention that Zf:a =0,if b < a, for j =
1,2,3,....

T
(o) (=)

ag alu —k)
[(1—%) ((n+i—2m)! +bk(n+z’—2m—|—1)!>
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X(2n+m—i—q+2)(3j+m—n—i—q—5)!
2 +m—i—q—2)
ap + by — 2ab alu—Fk ac
+(( (kn—i—];—Qr;)!k) +(1_bk)bk(n+i(— 2m)—|—1)!> ()\+ac)
X(2n—|—m—i—q+3)(3j—|—m—n—z‘—q—4)!
2j+m—i—q—1)!
(1 — be)by ac \?Cn+m—i—qg+4)Bj+m—n—i—q—3)
(n—2m+z’)! ()\—i—ac) (2j+m—1i—q)! ]

S (e () ()™

n=

(1 —ag)(2n—q+ )(3j—n—q—3)!+(1—bk)

a? (2j —q—1)! o
c (2n—q+2)(3j —n—q—2)! (u—k)
. ()\+ozc) (27 —q)! ) e T D
X@ﬂ—gé??ﬁ:grq—&1. (4.38)

Derivation. Inserting expression (4.33) in (4.7) we obtain

Prrs(u) = Orrs(k) (ak Yrs(t — k) + b &rs(u — k’))
—|—(1 —ap)Yrs(u— k) + (1 — bg)&rs(u — k)

= Z Z ( >a§€ by .5(0) &,.5(0)" <(1 — ag)ar Yr,s(0) Yrs(u — k)

n=0 j=0

(1 - bk)ak bk gr,zi(O) 77“,6(“ - k) + (1 - ak)bk %",5(0) gr,é(“ - k)
+u—mwgwmﬁmm—kyu1—%wmm—kyu1—mgmw—kﬁ.
(4.39)

To find the joint density of the time of ruin and the number of claims until ruin we
need to invert expression (4.39) with respect to 4. For the Laplace transform inversion
of 4,5(0)7&,5(0)"7 we can apply techniques in Result 4.3. To invert 7, s(u — k) and
&r6(u — k) we note that in the classical risk model the occurrence of ruin from initial
surplus u with a deficit of y at the first claim, is equivalent to ruin occurring from initial

surplus 0 at the first claim, with a deficit at ruin of u 4+ y. Hence
w(u,y,1,t) =w(0,u+y,1,t). (4.40)
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For n =2,3,4,..., we can modify equation (1) of Dickson (2008) as
w(u,y,n,t) = // w(0,z,j, ) w(u —x,y,n — j,t —7)drdr +w(0,u+y,n,t).

Taking the Laplace transform of w(w,y,n,t) with respect to t gives, ws(u,y,1) =
ws(0,u+1y,1) and for n =2,3,4,...,

1
s(u,y,n Z/ ws(0, z, j)ws(u — x,y,n — j) dx + ws(0,u + y,n). (4.41)

Multiplying both sides of (4.41) by "™ and summing over n, we get

00 00 n—1
Zr"wg(u,y,n):Zr”Z/ ws(0,z, ) ws(u — z,y,n — j dx—i—Zr ws(0,u +y,n).
=2 j=1 n=2

n=2 n
(4.42)

Adding rws(u,y, 1) to both sides of (4.42) gives

o0 00 n—1 u o0
Zr”wg u,y,n Zr" / ws(0, x, Jws(u — z,y,n dx+Zr”w5(0,u+y,n)

n=1 n=2 7j=1 n=1
which can be written as

¢r,5(u7 y) = ¢T,5(07 iU) ¢T,5(u — T, y) dx + ¢T,5(07 U+ y) (443)

0
Inserting (4.32) and (4.33) on both sides of (4.43) yields

Yrs(W)aPye ™ + &, s(u)ae™
= /Ou <%~5(0)a ze " +&.5(0)a 6“”) (%,g(u —z)alye ™ 4 &.5(u — x)ae“"y)dx
+7r.5(0) & (u + y)e T ¢, 5(0) e )
and equating the coefficients of a?ye=* and ae™* on both sides, we find
Yro(u) = /u <%,5(0) a2ze ™ + £,.5(0) ae*a‘”)%’(s(u —z)dz + .5(0)e”*
: (4.44)
and
&olu) = /u (%,5(0) TR () a(”)ﬁnts(u —z)dr +&.5(0)e
0g(0) e, (1.45)
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Define

Yrs(s / / —sumty (u,t) dt du
&rs(s / / TSmOt e (. t) dt du.

Taking the Laplace transform of (4.44) with respect to u gives

and

2 a
Ir = (0 rs(0 Yr (0 .
o) = (1080007 55z + (007 Jina(s) +90a00)
Therefore, we have
~ Fy’"‘s(o)als
%«75(8) = +
1 - 77’76(0) (CY—"-S gré( )a+s
 [— a? « "
= 0 2 (O 60035
1 oo n p o n+i+1
- gz ( )%5 (0)*&.5(0 )nz(aJrs) :
n=0 =0

Inverting 7, 5(s) with respect to s yields

Cantitl , nti —au
71”5 ZZ( >’Yr6 H_lgrﬁ( ) _Za (nlj_z)'e (446)

n=0 =0

and inverting v, s(u) with respect to § gives

—au— ac — n AT nH n n4i n—i 2n —1+1
e(u,t) = ce @ OF ”ZZ(Z) (7) oMt (et )? W

n=0 =0

(rha?c?t3)
4.47
x Z l(2n+2qg —i+1)! (447)

Similarly, we can show that

£6(s ZZ( )%«5 )"&rs(0)"” (ais)”ﬂ'“ (€T,5(0)+%,é(0)ais)-

n=0 =0

Inverting grg(s) with respect to s is

an—i—z—i—l n+ie—ozu

&rslu) = —ZZ( )W Ve O ) (5’“‘5(0”%5(0)%)

n=0 =0
(4.48)
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and inverting &, s(u) with respect to ¢ gives

o n n+1
_ —au—(Aac)t n & 2n+1, n+i 2n—i+1 1
&(u t) = ce ZZ (Z) < . ) a" T (et) )

n=0 =0

y i (rha?c?t3)e (ct( (2n —i+2) N (2n — 1+ 1))

— ¢! (2n+2¢ — 1+ 1)! 2n +2q —i+ 2) u(n—i—i—i—l)

(4.49)
Inserting (4.46) and (4.48) in equation (4.39) we get
o)
= () S () et rea0) oy
n=0j=0 M/ m=0i=o \"
( 0 0 a8+ = a4, 50) (0 (- )
A 0 s e = 1)+ B b (02 e - )
07w =) + T b0 6,000) eatu - k))
+(1 —ag) yrs(u—Fk) + (1 —bg) &5(u— k) (4.50)

where e; and eq are the Erlang(m+i+1, «) and Erlang(m+i+ 2, «) probability density

functions, respectively. Inverting ¢y . s(u) with respect to d we find

— (a0t Zzn:( ) ii( ) Tor I ()2 (et )t mid

— (A\ra? 2t3) (1—ar) (2n+2m—i—j+2)
— k) + brea(u— k
XZ ( a t(2n+2m+2q—i—j+2)![akel(u )+ brea(u )}

q=0
. (2n+2m—i—j—|—3)
(2n+2m+2q—i—j+3)!

|:(6Lk + bk — 2akbk>€1 (u - k) + (1 — bk)bkeg(u — ]{3)}

9 be(at)(2n+2m —i—j+4)
(- bk)(2n+2m+2q—z—]+4) (u—k))
+(1 = ag)yr(u — kt) + (1 — bp)&e(u — K, t), (4.51)
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from which we can find the joint density of the time of ruin and the number of claims
until ruin. Setting 7 = 1, in equation (4.51) we obtain the density of the time of ruin in
the case of claim sizes with Erlang(2, ) distribution as derived by Nie et al. (2015). For
computational purposes, (4.51) can be written in terms of Hypergeometric functions as

(see, for example, Graham et al., 1994)
W, (’LL, t)

B (1 —(lk;> _()H_ac)t o n oo m n /\Tt)n+m+2(act)n+m i—J
B a Z 0 ZZ b t2m+2n—i—j+1)!

n=0 m=0 =0

X [akel(u —k)+ bk@g(_ k‘)]

2m+2n —i—j+3 2m+2n—i—j+4 Mo’
><0F2< ) ; >
2 2 4
)\Tt)n+m+2(OéCt)n+m i—j+1
—(A+ac)t b
S (1) 23 ()

n=0 j=0

>{mh+m—2%@%&u—@+{1—%%wﬂu—@}

m=0 i=0

2m—+2n—i—j+4 2m+2n—i—j+5 IraPc’t?
XOFQ( ) : )
(1 - bk: —(A+ < ) it ()\,,at)n+m+2 (act)m+n—z;j+2
P oy S (M) 303 (T el I
— 7 — |
n=0 j=0 m=0 i=0 t(2n+2m 1 ]+3).
2 2n — i — 5 2 M —i—7i4+6 Aot
XOFQ( m+ n2l J+ 7 m+ 7122 J+ ; Toz4c )61(u—k;)

+(1 —ag)y(u—k,t) + (1 = bp)&(u — k, t).

Next, we find the probability generating function of the number of claims until ruin.

For this we integrate formula (4.51) over ¢, giving

Prr(w)
SRS )
;;Q%%%%y<T¥;)1G_W)QmﬁwW”%£$;f$)

y 2m+2n+3¢—i—j+ ) 2m+2n—i—j+2)
¢ (2q+2m+2n—i—j+2)!

+<mwu%5mmg+G_m%(am—k%)( ac >

(m +1)! +i+1 A+ ac
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X(2m+2n—|—3q—i—j—|—2)!(2m+2n—i—j—|—3)
¢'2¢+2m+2n—i—j+3)!
1—b)be [ ac \>(2m+2n+3¢—i—j+3) (2m+2n—i—j+4)
(m+14)! \ N+ ac ¢ (2qg+2m+2n—i—j+4)!

SO ) ) S

n=0 =0

(2n + 3q —1)!
q¢'(2¢+2n —i+1)!
alu—k)2n—i+1) (2n+3q—1)!

(n+i+1) Q' (2¢+2n—i+ 1)

(1 —ap)(2n—i+1)

+(1—bk)a(2n—i+2)( ¢ )

A+ ac

(2n+3¢—i+1)
¢ (2¢+2n — i+ 2)!

Then, we change the order of the first and the second pair of summations in the first

three terms and the order of the first two summations in the last three terms, giving

Prer (1)

e EE (S (et () ()

7=0 n=j =0 m=1

8 Z ( j:aacc )q <>\ j\—rac)Z [(1 ~ ax) ((ma-:i ST (wjé(ﬁ@_ﬂ)!)

X(2m+2n—|—3q—i—j+1)!(2m+2n—i—j+2) ((ak—i-bk—Qakbk)
¢ 2q+2m+2n—i—j+2) (m +1)!
alu—k A+ ac
<1_bk)bk( (—i-z—i-i))( ac )
X(2m+2n+3q—z—]+2)!(2m+2n—i—j+3)
¢ 2q+2m+2n—i—j+3)!
(1 — be)by (A+ac)2(2m+2n+3q—z‘—j+3)!(2m+2n—z—j+4)

(m +1)! ac ¢ (2¢+2m+2n —i—j+4)!
o—olu—Fk) ZZ — k)t 2o\ c ”_ii Va2 \ ¢
n—l—z) A+ ac A+ ac (A+ac)?
n=0 =0 q=0
(2n + 3q —1)!

(1 —ar)(2n—i+1)

+(1—bk)a(2n—i+2)( ¢ )

¢ (2¢+2n —i+1)! A+ ac

alu—k)2n—i+1) (2n+3q—1)!
(n+i+1) Q' (2¢+2n—i+ 1)

(2n+3¢—1+1)!
q'(2¢+2n — i+ 2)!

Letting [ =n — j and p = m — ¢ in the first three terms and z = n — ¢ in the last three
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terms, we have

Pr,r (1)
— eSS (TS S ( Yptatu -y (e )

j=0 n=0 i=0 m=0
20 a2 N\ o \'Y ay a(u — k)
1-— b
XZ((A+ac)3) ()\—irozc) ( ak)((m+2i)!+ k(m—l—Qz’—l—l)!)
q=0
A\ @m 420 +3¢+id+ i+ 1) (2m A 2n i+ 5+ 2)
A+ ac ¢ (2¢+2m+2n+i+j+2)!

* (<ak J(rnfk+_2§ﬁkbk) (1 b’“)b’“( iu2_f)1) ) ((ATZ;)?) (Afac)

X(2m—|—2n+3q+i+j+2)!(2m+2n—|—z—|—j+3)
¢ (2¢g+2m+2n+1i+ 35+ 3)!

(1—=be)by ([ drac \>(2m+2n+3¢+i+7+3)(2n+2m+i+j+4)
(m+2i)! \ (A + ac)? ¢ 2q+2n+2m+i+j+4)

S (") (0242 (o — k)

i (n+ 2i)!

y i "o\ A\ (2n+3¢+9)!
)\+ac (A + ac)? Atac) ¢ (2¢+2n+1i+1)!

[(1—ak)(2n+¢+1)< Al >+(1—bk)a(2n+i+2)((L)

A+ ac)?

alu—k)(2n+i+1) ( Ar )

(n+2i+1) A+ ac

(20434 it 1)
(2¢+2n+1+2)

+ (1 —by)

Applying the following identity to the first three terms

oo Jj—1 n 4

D) I)IIITED o) S5 50 D) X TN

7=0 n=0 i=0 m=0 ¢=0 7j=1 n=0 i=0 m=0 ¢=0

and

to the last three terms yields
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S EEEE () (e

j=1 n=0 =0 m=0 ¢q=0 q

: (@f‘;l ) (Aizc)m ()

1 a(u —k)
[(1_ak>((n+z—2m).+b (n—l—z—2m+1)!>

L (Atoc Yn+m—i—q+2)Bj+m—n—i—q—2)
ac (m—1i+42j—q)!
(ag, + bx — 2a,by) alu —k) A+ ac
1—10r)b
+( (n+i—2m)! + k)k(n—l—z'—Qm—l—l)! ac
X(2n—|—m—i—q—|—3)(3j—|—m—n—z’—q—1)!
(m—i+2j—q+ 1)
(1 — by )by (Qn—i—m—i—q+4)(3j+m—n—i—q)!]

(n—2m +1)! (m—1+2j—q+2)!
—au k) - rzii 2= u_k.)nJrq \c? ’ A+ ac ntg+l
: n—l—q (it—n—1'\ (A4 ac)? c
=1 n=0 ¢q=0
A+ ac 2n—q—|— 3z—n—q—3)
1-— 1—
X(2n—q+2)<3z—n—q—2).+(1_bk) alu —k) (/\—i-occ)
(2i — q)! (n+q+1) c
_ P — g — 3
X(2n q—i—})(?n n—q—3)! (4.52)
(2t —q—1)!
Formula (4.38) follows by equating coefficients of powers of r in (4.52). OJ

We conclude this section by remarking that with the approach in Chapter 3, we could
only calculate values of pi(u,n) by numerical integration of formula (3.26), whereas
using the method of this chapter we are able to find a computationally tractable result
for the probability mass function of the number of claims until ruin for claim amounts
with the Erlang(2) distribution.
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4.6 Concluding remarks

In this chapter, we have applied the probabilistic argument of the Gerber-Shiu func-
tion and obtained explicit results for ruin-related quantities in infinite and finite time.
Similar to Chapter 3, we have found general expressions for quantities such as ¥ (u)
and Hy(u,x,y). Our techniques in Sections 4.3 and 4.4 were only based on existing
results in the classical risk model and we did not need to invert the Laplace trans-
form of the Gerber-Shiu function. Therefore, the method that we adopted here is more
straightforward than in the previous chapter. Unlike in Chapter 3, we could not find
a general expression for wy(u,n,t). Our analysis in this chapter can be extended to
other distributions provided that they satisfy a particular decomposition. However, as
we have seen it is difficult to obtain neat explicit solutions even for individual claim
amount with an Erlang(2) distribution, we do not pursue further solutions.

In general, as explained before, it can be concluded that the method in this chapter
is useful in finding ruin-related quantities in infinite time. By contrast, the method
in the previous chapter is more helpful for quantities in finite time as the formula for

wg(u,n,t) in Chapter 3 can be applied to a wider range of distributions.
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Chapter 5

A discrete time risk model with

capital injections

5.1 Introduction

Many formulae in risk theory are only applicable to specific claim amount distributions.
For example, in Chapter 3 we saw that the formula for wy(u,t) can be implemented on
the condition that an explicit expression for g(x,t) exists. In this chapter, we explain
an alternative way of finding values of wy,(u,t) through an approximation method.
One purpose of this chapter is to present a numerical algorithm that can provide
approximations to the finite time probability of ruin in the classical risk model with
capital injections. Another purpose is to study the mechanism of such a risk model. Nie
et al. (2011) show how capital injections can be provided by reinsurance and how an
insurer can both reduce its ultimate ruin probability by effecting such reinsurance and
release capital to other parts of its business when individual claim amounts follow an
exponential and a mixed exponential distribution. In this chapter, we build a numerical
algorithm that enables us to carry out the same analysis in the case of individual claim
amounts following a heavy-tailed distribution for which analytical expressions for ruin

probabilities do not exist.
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5.2 Notation and definitions

In Chapter 3 we have explained that the underlying process for our risk model with
capital injections is the classical risk model. Since our purpose in this chapter is to
establish a risk model that can be used to approximate the classical risk model with
capital injections, we assume that the underlying process is the surplus process that
can be applied to approximate the classical risk model. In particular, we consider
the discrete time risk model that we have described in Section 1.2. Recall that for

n=1,2,3,... we define the insurer’s surplus by
Ud(n) :u—irn—ZYi
i=1

where u = U%(0) is the initial surplus and Y; is the insurer’s aggregate claim amount in
the ¢th time interval. We assume that the insurer’s premium income per unit time is 1,
so that n is total premium income up to time n. Also, T, 1%(u), ¥4 (u,t) and H(u,y)
are the time of ruin, the probability of ruin in infinite time, the probability of ruin in
finite time and the probability and severity of ruin function, respectively. See Section
1.2 for details.

We now introduce our model. We consider a modified surplus process such that on
any occasion the surplus falls below a positive integer k, but stays above 0 the deficit
is recovered either internally through coinsurance or externally through a reinsurance
arrangement and there is no capital injection when u = k. We say that ruin occurs
when the surplus falls from above k to either 0 or below 0. For our risk model we use
the same notation as in Section 1.2, but with a subscript k. Therefore, for example,
Ti . 1s the time of ruin from initial surplus v = k,k+1,... for the process modified by

capital injections. The ultimate probability of ruin is thus
W) = Pr(I, < o0 | U(0) = u).

Further, for an integer value of ¢, we define the finite time ruin probability as
Uilu, t) = Pr(Ty, < t | UY(0) = u).

In the following we build recursive formulae for ¢¢(u) and ¥¢(u,t) and explain how

we can use these formulae to compute their values.
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5.3 The probability of ultimate ruin

In this section, we use our discrete time risk model with capital injections to approx-
imate the continuous time classical risk model with capital injections. To do this, we
first provide a recursive expression for ¢¢(u) and then explain how we can apply this

to approximate ¢, (u) in the classical risk model with capital injections.

Theorem 5.1. When the initial surplus is u = k,k + 1, ..., we have

ut+1—Fk

W) = g0 (wzw) SN gt 1)
—(G(u) = Gu+1—-k)) @/J,‘f(k) — 1+ G(u)) (5.1)

Proof. Considering the aggregate claim amount, Y; in the first time period we have

three situations:
(i) if Yy =2,2=0,1,2,...,u+ 1 — k, then the surplus at time 1 is u+ 1 — z,

(ii)) if Yy =z, x =u+2—k, ..., u, then the surplus at time 1 is k, because whenever
the surplus falls to a positive level below k capital is injected to restore the surplus

to k,
(iii) if Y3 > u, then U%(1) < 0 and so ruin occurs at time 1.

Hence, foru=~Fk, k+1, ...,

u+1—k u 0
Uiw) = Y gl@yiurl—a)+ Y g@)ik) + Y g(x)
=0 r=u+2—k rz=u+1
which can be written recursively as (5.1). O

A recursive expression like (5.1) needs an initial value which is given by the following

result.

Theorem 5.2. When the initial surplus is & we have

i WH0) = HY0,k)
vilk) = 1 — H40, k)

where HY(0,k) = Y520 (1 — G(2)).
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Proof. Using the argument of conditioning on the amount of the first drop of the surplus

process below its initial level we have

k—1

Vik) =D n(0,2) (K +Zhd0x

=1

where h%(0, x) is defined in Section 1.2. After rearranging, formula (5.2) follows. O

We can calculate values of ¢(u) numerically to approximate ¥ (u). Our numerical
procedure is based on the algorithm introduced by Dickson and Waters (1991, 1992).
The idea is to rescale the time unit, so that the premium income is always 1 within
the unit of time. For this, we assume that the the number of claims follows a Poisson
distribution with parameter 1/[(1 + 0)f], where § is an integer-valued scaling factor.
Then, we observe the surplus of the company and the aggregate claim amount at times
0,1/5,2/5,.... We note that in this algorithm we need to change both monetary
units and time units. We can apply the method of De Vylder and Goovaerts (1988) to
discretise the individual claim amount distributions and then we use Panjer’s (1981)
recursion formula to find values of the aggregate claim probability function. In the
following we consider three distributions: exponential, Pareto and lognormal.

Applying Result 1.1 and rescaling with parameter 5, we can find the discretised

version of a scaled exponential distribution with parameter o by

F0) =12 o) (53)
and for x =1,2,3,..., by
f(z) = ée_o‘(lﬂ)/ﬁ(eo‘/ﬁ — 1) (5.4)

(67

The discretised version of a scaled Pareto distribution with parameters a and b is given
by

(8b)°

f(0)=1- 11— 4 ((1+p0)'7 = (8b)' ™) (5.5)
and for x =1,2,3,..., by
_(Bo) 1-a l-a _ _1y\l-a
F(z) = 1_a( (Bb+x+ 1)+ 2(8b+ x) (Bb+z—1)%). (5.6)
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The discretised version of a scaled lognormal distribution with parameters p and o is

F@) = (x4 1)P (log(:c+1)—(u+logﬁ)>_M)(logx—(wrlogﬂ))

—exp{ju +log 8+ 02/2} (B(Ls) — B(Ly)) (5.7)

logz—(ptlogh) - .14 Lo = log(z+1)—(u+log 8)
g g

where L, = — 0. We can apply formula
26.2.17 in Abramowitz and Stegun (1972) to calculate ®.

Further, we note that if uf, kB8 and yf are positive integers, then @/},‘fﬁ(uﬂ) and
H%(upB,yB) give approximation to ¥y (u) and H;(u,y), respectively. See Dickson and

Waters (1992, Section 1) or Dickson (2005, Section 7.9.2).

5.3.1 The premium for the reinsurance policy

We have explained that capital injections can be provided either as a reinsurance ar-
rangement or as coinsurance. Here, we consider a reinsurance contract under which
whenever the surplus falls between 0 and k, the reinsurance company provides pay-
ments. To evaluate the cost of such a contract, we first need to determine the expected
value of total amounts of payments to be made by the reinsurer. Let S, ; denote the ag-
gregate amount required to restore the process to level k given initial surplus u. Then,
the expected value of all payments to be made by the reinsurance company is given by

the following result.

Theorem 5.3. When the initial surplus is u = k, kK + 1,..., we have

k—

,_.

(y + E[Ski])h%(u — k,y) (5.8)
y=0
where
>, yh(0,y)
B[Sk = =% : 5.9
Sl == H(0, k) (5:9)
Proof. We can write
k—1 k—
E[Sur] = yh'(u—k,y) +ESMZ (u—Fk,y)
y=0 y=0

by noting that the first term is the expected payment resulting from the first drop below
k and the second term represents the expected value of the total payments that will

happen after that from level k. Setting v = k and rearranging yields (5.9). O
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Using these results, we can calculate the reinsurance premium based on the expected

value principle as Q(u, k) = (1 + 0g)E[Syx), where 0 is the reinsurer’s loading factor.

5.3.2 Numerical illustrations

One objective in the classical risk model with capital injections is to minimise the
probability of ruin. A large value of k£ for the insurer is a guarantee that if a large claim
causes the surplus to drop between 0 and k, it can restart from level k without incurring
a huge loss. However, this means that the reinsurance policy will be expensive for the
insurer and even unattractive to the reinsurer. On the other hand, a low level of k£ may
not help the company to be on the safe side. Thus, there is a trade-off between k and
the probability of ruin.

In this section, we consider three claim amount distributions:
(i) Exponential(1) with mean 1 and variance 1,
(ii) Pareto(4,3) with mean 1 and variance 2,
(iii) Lognormal(—0.69315,1.17741) with mean 1 and variance 3.

Further, we assume A = 1, § = 0.2, § = 100, g = 0.6 or 2. As in Nie et al. (2011)
let U be the available funds (before scaling) that the insurer allocates to a portfolio
U = u+Q(u, k), where u < U is the initial surplus and Q(u, k) is the cost of reinsurance.
Our goal is to find different combinations of v and k£ that minimise the probability of
ruin subject to the constraint U = u+(1+60p)E[S, k] and see under which circumstances
reinsurance is effective.

Figures 5.1, 5.2, 5.3 and 5.4 show the probability of ruin for different combinations
of u and the corresponding k that minimise t;(u). The red dashed line represents
the probability of ruin without capital injections from a pre-determined initial surplus
U and the green solid line represents the probability of ruin with capital injections
for surplus level u which is minimum and a unique k that satisfy the constraint U =
u+ (1 +0g)E[Suk]. We note that t(u) is approximated by the method in Section 1.2
and ¥y (u) by the method in Section 5.3. Also, all numbers in these figures are expressed
before scaling. Figures 5.1 and 5.2 illustrate the probability of ruin when claim amounts
follow a lognormal distribution. In Figure 5.1 ¥(15) = 0.225, k is found subject to
15 = u + 1.6 E[S, ] and reinsurance is always effective, that is ¥y (u) < ¢(U) for all u
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and k, whereas in Figure 5.2 ¢(20) = 0.1581, k is found subject to 20 = u + 3E[S, k]
and reinsurance is not always effective. As we can see for some combinations of v and
k, ¥r(u) exceeds ¥(U). In this figure, the minimum value of ¢y (u) = 0.1435 is obtained
when v = 17.5 and k& = 4.54, which is equal to a reduction of about 9.23% in the
probability of ruin. In Figure 5.1 when u = 11.5 and k£ = 5.90 the probability of ruin is
reduced by 15.4%, which is considerably larger than 9.23%.

Figures 5.3 and 5.4 illustrate the probability of ruin when claim amounts have a
Pareto distribution. Similar to the lognormal claim amounts, reinsurance is always
effective in Figure 5.3 where 1(15) = 0.158 and the probability of ruin is minimised
subject to 15 = u + 1.6 E[S,x]. In this figure, the ruin probability is minimised when
u = 11, k = 5.97 and the probability of ruin has decreased by 32.8% from 15.8%
to 10.62%. However, in Figure 5.4 reinsurance is not always effective. In this figure,
1(20) = 0.097 and the constraint is 20 = u + 3E[S, x]. We can see that the minimum
value of the probability of ruin is found for u = 16.5 and k = 5.38 where ¢ (u) decreases
by 27.73% from 0.097 to 0.0701. We note that, although the means of the Pareto and
lognormal distributions are the same, their variances are different and this has affected
the shape of the graphs in Figures 5.1 and 5.3.

We remark that our findings for claim amounts with heavy-tailed distributions are
compatible with the results in Nie et al. (2011). In other words, there are some
combinations of v and k for which reinsurance is not always effective.

Up until now, we have looked at the optimal values of v and & from the insurer’s
perspective. However, as mentioned before, large values of k£ can be costly for the
company and such reinsurance may not be provided by a reinsurance company. Now,
we keep the level of k constant and consider a value of u to be optimal if it minimises
Yr(u). Our purpose is to see the effect of capital injections on a portfolio whose claim
amounts follow a heavy-tailed distribution. The results are presented in Tables 5.1, 5.2

and 5.3. The key to these tables are as follows:

(1) approximate values of U, 1x(u) and the optimal u with the condition U = u +
1.2E[S,x],

(2) approximate values of U, 1x(u) and the optimal u with the condition U = u +
L.6E[S,x],
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Table 5.1: Claim sizes have an exponential distribution

U W(U) k=2 k=3

u i (u) u i (u)

16.88 5% (1) 16.69 0.0351 16.47 0.0213
(2) 16.63 0.0354 16.32 0.0219

(3) 16.39 0.0369 15.72 0.0242

(4) 16.63 0.0352 16.32 0.0216

18.22 4% (1) 18.07 0.0279 17.89 0.0168
(2) 18.02 0.0281 17.78 0.0171

(3) 17.84 0.0290 17.33 0.0185

(4) 18.02 0.0279 17.78 0.0170

19.95 3% (1) 19.84 0.0207 19.71 0.0124
(2) 19.80 0.0209 19.62 0.0126

(3) 19.67 0.0213 19.31 0.0133

(4) 19.80 0.0208 19.62 0.0125

22.38 2% (1) 22.30 0.0138 22.22 0.0082
(2) 22.28 0.0138 22.17 0.0083

(3) 22.19 0.0140 21.97 0.0085

(4) 22.28 0.0137 22.17 0.0082

26.54 1% (1) 26.50 0.0068 26.46 0.0040
(2) 26.49 0.0069 26.43 0.0041

(3) 26.44 0.0069 26.34 0.0041

(4) 26.49 0.0068 26.43 0.0040

(3) approximate values of U, 1;(u) and the optimal u with the condition U = u +
3E[Sux,

(4) exact values of U, 1 (u) and the optimal u with the condition U = u+ 1.6 E[S,, k]
for comparison with (2) — see Nie et al. (2011).

We consider three different situations to see how the results change with different
premium assumptions. To examine the accuracy of our algorithm we compare the
outputs in (2) with the exact results provided in Nie et al. (2011) in the case of
exponential claims. The first column gives the value of the capital required to keep the
ultimate probability of ruin at a pre-determined level. According to Tables 5.1, 5.2 and
5.3 the required U for the lognormal claims is higher than for the Pareto claims and the
least capital is required for exponential claims. When the price of the reinsurance policy
increases and the capital U is constant, less initial surplus u, can be allocated. This
pattern can be observed for all three distributions but the effect is not very significant
for lognormal claims and as U gets larger we cannot see any significant difference in
initial surplus with different constraints. Moreover, the probability of ruin has not
changed much when claims are lognormally distributed. If we look at different values

of u and their corresponding probabilities for different levels of k&, we notice that for
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Table 5.2: Claim sizes have a lognormal distribution

U »(U) k=2 k=3

u P (u) u i (u)

37.67 5% (1) 37.61 0.0469 37.55 0.0443
(2) 37.60 0.0469 37.52 0.0444

(3) 37.54 0.0471 37.39 0.0447

41.31 4% 1) 41.27 0.0375 41.22 0.0355
(2) 41.25 0.0375 41.19 0.0355

(3) 41.20 0.0377 41.09 0.0357

46.10 3% (1) 46.07 0.0282 46.03 0.0267
(2) 46.06 0.0282 46.01 0.0267

(3) 46.02 0.0282 45.94 0.0268

53.03 2% (1) 53.01 0.0188 52.98 0.0178
(2) 53.00 0.0188 52.97 0.0178

(3) 52.98 0.0188 52.92 0.0179

65.38 1% (1) 65.37 0.0094 65.36 0.0090
(2) 65.36 0.0094 65.35 0.0090

(3) 65.35 0.0094 65.33 0.0090

Table 5.3: Claim sizes have a Pareto distribution

U »(U) k=2 k=3

u P (w) u P (w)

27.01 5% (1) 26.92 0.0442 26.82 0.0392
(2) 26.89 0.0444 26.76 0.0394

(3) 26.79 0.0448 26.53 0.0403

29.44 4% (1) 29.37 0.0354 29.29 0.0314
(2) 29.35 0.0354 29.24 0.0315

3) 29.27 0.0357 29.06 0.0320

32.61 3% (1) 32.56 0.0265 32.50 0.0236
(2) 32.54 0.0266 32.46 0.0236

(3) 32.48 0.0267 32.33 0.0239

37.16 2% (1) 37.12 0.0178 37.09 0.0158
(2) 37.11 0.0178 37.06 0.0158

3) 37.08 0.0178 36.98 0.0160

45.25 1% (1) 45.23 0.0089 45.21 0.0080
(2) 45.22 0.0089 45.20 0.0080

(3) 45.21 0.0089 45.16 0.0080

larger k£ we have less initial surplus available, but as U increases the difference between

initial surplus for the same reinsurance policy is not noticeable.
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Table 5.4: The released capital given a fixed probability of ruin

’IZJ(U) U u E[Su,k] Ru,k(l) Ru,k(Q) Ru,k(3)
5% *) Exponential(k = 2) 16.88 14.53 0.2188 2.09 2.00 1.69
16.88 14.56 0.2183 2.06 1.97 1.67
(*)  Exponential(k =3)  16.88  11.30 0.8 4.62 4.30 3.18
16.88 11.36 0.7986 4.56 4.24 3.12
Lognormal (k = 2) 37.67 36.56 0.0456 1.06 1.04 0.97
Lognormal (k = 3) 37.67 35.58 0.1052 1.96 1.92 1.77
Pareto (k = 2) 27.01 25.59 0.0803 1.32 1.29 1.18
Pareto (k = 3) 27.01 24.18 0.2002 2.59 2.51 2.23
4% (*)  Exponential(k = 2) 1822  15.87 0.175 2.14 2.07 1.83
18.22 15.90 0.1746 2.11 2.04 1.80
(*)  Exponential(k =3) 1822  12.64 0.6438 481 455 3.65
18.22 12.70 0.6388 4.75 4.50 3.60
Lognormal (k = 2) 41.31 40.20 0.0358 1.07 1.05 1.00
Lognormal (k = 3) 41.31 39.23 0.0823 1.98 1.95 1.83
Pareto (k = 2) 29.44 28.02 0.0633 1.34 1.32 1.23
Pareto (k = 3) 29.44 26.61 0.1574 2.64 2.58 2.36
3% *) Exponential(k = 2) 19.95 17.60 0.1313 2.19 2.14 1.96
19.95 17.63 0.1309 2.16 2.11 1.93
(*)  Exponential(k =3)  19.95  14.36 0.4875 5.01 4.81 413
19.95 14.42 0.4796 4.95 4.76 4.09
Lognormal (k = 2) 46.10 44.99 0.0261 1.08 1.07 1.03
Lognormal (k = 3) 46.10 44.02 0.0600 2.01 1.98 1.90
Pareto (k = 2) 32.61 31.19 0.0465 1.36 1.35 1.28
Pareto (k = 3) 32.61 29.79 0.1153 2.68 2.64 2.47
2% (*)  Exponential(k =2)  22.38  20.03 0.0875 2.25 2.21 2.09
22.38 20.06 0.0873 2.22 2.18 2.06
(*)  Exponential(k =3)  22.38  16.80 0.3188 5.20 5.07 4.62
22.38 16.86 0.3193 5.14 5.01 4.56
Lognormal (k = 2) 53.03 51.93 0.0168 1.08 1.07 1.05
Lognormal (k = 3) 53.03 50.97 0.0385 2.01 2.00 1.94
Pareto (k = 2) 37.16 35.75 0.0301 1.37 1.36 1.32
Pareto (k = 3) 37.16 34.36 0.0744 2.71 2.68 2.58
1% *) Exponential(k = 2) 26.54 24.19 0.0438 2.30 2.28 2.22
26.54 24.22 0.0436 2.27 2.25 2.19
(*)  Exponential(k =3)  26.54  20.95 0.1625 5.40 5.33 5.10
26.54 21.01 0.1599 5.34 5.27 5.05
Lognormal (k = 2) 65.38 64.29 0.0080 1.08 1.08 1.07
Lognormal (k = 3) 65.38 63.33 0.0181 2.03 2.02 2.00
Pareto (k = 2) 45.25 43.84 0.0142 1.39 1.39 1.37
Pareto (k = 3) 45.25 42.46 0.0350 2.75 2.73 2.69

Table 5.4 shows how a company can release its capital by not allowing the surplus
to fall below a specified level. The key to Table 5.4 is as follows:

o Rx(1)=U —u—12E[S,],
e Rur(2)=U—u—1.6E[Suxl
(] R%k(g) = U —Uu— SE[Su,k]7

e (x) exact values in the continuous time case — see Nie et al. (2011).
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The outcomes of our algorithm for the exponential distribution are close to the exact
values in the continuous time case. Table 5.4 illustrates that even if capital injections
do not reduce the ruin probability considerably, they can still provide the company with
the opportunity to release capital. As we can see the amount of released capital for our
heavy-tailed claim distributions is not as much as for the exponential claim distribution.
For example when 6z = 0.6 the percentage of released capital for k£ = 2 when claims
are lognormally distributed ranges from 1.08 out of 65.38 available capital to 1.04 out
of 37.67 available capital, i.e. 1.7% to 2.8% and for k& = 3 ranges from 2.02 out of 65.38
to 1.92 out of 37.67, i.e. 3% to 5%. This amount for the Pareto claims distribution
with k& = 2 is from 3% to 5% and with k = 3 ranges from 6% to 9% which are obviously
less than for the exponential claims distribution. The percentage of released capital
for individual claim amounts with an exponential distribution is about 9% to 12% for
k =2 and 20% to 25% for k = 3.

5.4 The probability of ruin in finite time

In this section, we consider the probability of ruin in finite time and provide recursive
formulae which we can use to approximate the finite time ruin probability in the classical
risk model with capital injections. The method is based on the algorithm of Dickson
and Waters (1991).

Theorem 5.4. Foru=k,k+1,..., whent =1,

Y1) = > gla)=1-G(u)
and for t > 1,
u+1—k
Yhut) = Y gl@)fu+1—a,t— 1)+ (G(u) — Glu+1— k) ikt — 1)
- G, (5.10)

Proof. We start by considering 1¢(u,1). If ruin occurs in the first time period, the
aggregate claim amount must be greater than u so that in the first time period, the
surplus is less than or equal to 0. Further, for the case ¢t > 1 we note that if the

aggregate claim amount is less than w + 1 — k, ruin can subsequently occur from level
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u+ 1 — z, if the aggregate claim amount is greater than u + 1 — k, but less than wu,
then ruin can subsequently occur from level k. Finally, if the aggregate claim amount

exceeds u, ruin occurs. Hence, the expression for the probability of finite time ruin
follows. O

The probability of ruin at time t can be calculated from the probability of ruin
at times ¢t — 1,¢ — 2,...,1, recursively. To do this, first we must find ¢¢(w,1) for
w=k,k+1,...,u+t—1, then ¥&(w,2) for w =k, k+1,...,u+t—2, etc. See Dickson
and Waters (1991, Section 2). When we know the values of ¢¢(u,t), we can apply the
method of Dickson and Waters (2002, Section 6) to approximate the (defective) density
of the time of ruin in the classical risk model with capital injections for v > k£ and
j=1,2,...,(1+0)5t by

(1+9)B<¢Z(u,j) — i, j - 1)) (5.11)

where ¢ (u, j) is based on the values obtained from formula (5.10), i.e. after rescaling.
Dividing formula (5.11) by 1¢(u) gives the approximation for the proper density of the
time of ruin.

In Chapter 3 we found an explicit expression for the density of the time of ruin in the
classical risk model with capital injections that can be implemented in the case of claim
amounts for which g(z,t) can be explicitly identified. Our interest here is to show that
with our numerical method we can approximate the density of the time of ruin in the
classical risk model with capital injections even for claim sizes following a heavy-tailed
distribution. To examine the accuracy of our algorithm, we apply formula (3.48) and
select a suitable truncation point to graph the conditional density of the ruin time for
claim amounts that follow an exponential distribution. Figure 5.5 shows the exact and
approximate density of the time of ruin, given that ruin occurs for v = 10, g = 20,
0 = 0.2 and k = 1,2,3 with u and t being expressed before scaling. As we can see,
the exact and approximate densities are virtually indistinguishable. Now we apply our
numerical procedure to plot the density of the time of ruin when claim amounts have
Pareto and lognormal distributions. Figures 5.6 and 5.7 illustrate approximations to
the density of the time of ruin for Pareto and lognormal claim distributions. We observe
that when claim sizes have these heavy-tailed distributions, it is more likely that ruin
occurs earlier in time compared to the exponential distribution. However, looking at

Figures 5.5, 5.6 and 5.7 we can see that the likelihood of ruin occurring is higher for
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Pareto and lognormal claim distributions than the exponential claim distribution for
later time periods. However, the patterns are similar to those in Figure 5.5; the graph
for £ = 1 is located above k = 2 and k = 3. However, in the case of claim amounts with
a Pareto distribution, it is not easy to distinguish between the graphs for £ = 2 and
k = 3 and in the case of claim amounts with a lognormal distribution, the difference is
less clear for different levels of k. The density of the time of ruin has a fatter tail when
claims are lognormally distributed compared to the claims with exponential and Pareto
distributions. Further, we observe that the density of the time of ruin is positively-
skewed in the risk model with capital injections for claim amounts with heavy-tailed
distributions. This result is also noted by Dickson and Waters (2002) in the case of the
classical risk model without capital injections.

Figures 5.8, 5.9 and 5.10 illustrate approximations to the cumulative distribution
of the time of ruin for claims with exponential, Pareto and lognormal distributions,
respectively. In Figure 5.8 the upper 5th percentile corresponds to 7, = 150, 160 and
168 for k = 1,2 and 3, respectively. In the case of the lognormal distribution the upper
5th percentile is equivalent to T, , = 237,245 and 254 for k = 1,2,3. When claim sizes
have a Pareto distribution, the corresponding 7, for the upper 5th percentile is 193
for k =1, 202 for k£ = 2 and 211 for k£ = 3. We observe that the common feature of all
these figures is that the the graph for £ = 1 is over the graph for £ = 2 and the graph
for k = 3 is beneath the other two graphs, consequently the graph for k = 2 is between
k=1and k= 3.

5.5 Concluding remarks

In this chapter, we have presented a numerical algorithm to study the classical risk
model with capital injections. For this, we have introduced a discrete time risk model
with capital injections and produced analogues of the results in Nie et al. (2011).
We have applied our algorithm to approximate the finite time and infinite time ruin
probability in the classical risk model with capital injections when claim amounts have
Pareto and lognormal distributions. Comparing our results with Nie et al. (2011, 2015)
we have demonstrated that our algorithm produces close approximations to the exact
values. Further, we found that this model can lead to a reduction in the ultimate ruin

probability when claim amounts have heavy-tailed distributions.
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Chapter 6

The Markov-modulated risk model

6.1 Introduction

In this chapter, we study Markov-modulated risk models. In the continuous time model,
the arrival intensities and the distribution of the individual claim amounts in different
periods of time depend on a state process, representing, for example, different weather,
economic, or environmental conditions, and therefore can be considered more flexible
than the classical risk model. There is much research that considers different ruin-
related quantities in the framework of the continuous time Markov-modulated model —
see Chapter 2 and references therein. However, an issue is that, similar to the classi-
cal risk model, either explicit expressions for such quantities do not exist or they are
complicated to obtain.

An aim of this chapter is to introduce a discrete time model that can be used
to approximate ruin-related quantities in the continuous time Markov-modulated risk
model. For this, we first adapt ideas of Reinhard and Snoussi (2002) and Chen et
al. (2014b) to build recursive formulae for the probability of ruin and probability
and severity of ruin in a discrete time model. Then, we use these formulae and by
modifying Dickson and Waters’ (1991, 1992) algorithm for the approximation of the
classical risk model, create stable algorithms that can provide approximations to the
probability of ruin and probability and severity of ruin in the continuous time Markov-
modulated model. Following that we extend our algorithm from Chapter 5 to analyse
the (defective) density of the time of ruin in an m-state Markov-modulated model.

In the final section, we introduce capital injections to the continuous time Markov-
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modulated model and provide formulae for the probability of ruin. We then create
algorithms to approximate the probability of ruin and the (defective) density of the

time of ruin in the continuous time Markov-modulated model with capital injections.

6.2 Notation and definitions

In Section 2.1 we have introduced the continuous time Markov-modulated risk model.
Throughout this chapter we adopt the same notation and definitions as in Section 2.1.

In this section, we consider a discrete time model that can be used to approximate
the continuous time Markov-modulated model. Such a discrete time model has been
explained in detail in Section 2.1.2. Using the same notation, the surplus of an insurance

company at time n =1,2,3,... is modelled by
Ud(n):u—l—n—ZYi (6.1)
i=1

where u is the insurer’s initial surplus, n is the total premium income up to time n —
assuming that the insurer’s premium income per unit time is 1 — and Y; denotes the
insurer’s aggregate claim amount in the ith time interval. Let {J,},en be a homoge-
neous, irreducible and aperiodic Markov chain with a finite state space M = {1,...,m}
and transition probabilities p;; = Pr(J,, = j|Jp—1 =i, Jp k <n—1), for ¢,j,€ M. The

conditional joint distribution of Y,, and J, given the previous state J,_; is defined by
9ij(x) = Pr(Y, =z, Jp = jlJu1 =4, Jp, Yi, bk <n— 1) = pi;g;(x)

where g;(z) = > gij(%), and Gy(y) = >0, Y20 gij(w) for y = 0,1,2,.... Further,
Gij(s) = > 000 s%gi;(x). For all 4,5 € M we define (p1n)i; = Y .o, "gsi(x) < 0o to be
nth moment of the aggregate claim amount in state j, given initial state 1.

Let T? be the time of ruin given initial surplus u, and define as 7% = min{n > 1 :
Ud(n) <0 |U%0) = u} with T¢ = oo if U%(n) >0 for n =1,2,3,.... We remark that
in this chapter we adopt the same definition of ruin as in Chapter 5.

Denote by 1&(u) the ultimate probability of ruin given initial surplus u and initial

environment state ¢ which is given by

G (w) = Pr(TY < 00 | U(0) = u, J(0) = i) = 1 — 6} (w)
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where 0¢(u) is the probability of survival. Also, we denote by ¥%(u,t) the finite time
probability of ruin given initial surplus u and initial environment state ¢ which is given

by
Y (u,t) = Pr(T¢ < t | UY0) = u, J(0) = 7).

Also, we define the probability that ruin occurs in state j and the insurer’s deficit at

ruin is at most y, given initial environment state i, as

H(u,y) = Pr(Ty < oo, U] <y, J(TY) = j | U0) = u, J(0) = i)

u

with the probability mass function being h;(u,y) and hf(u,y) = 3™ hi;(u,y). Fur-

ther, H(u,y) = > H(u,y).

6.3 The probability of ruin and the probability and

severity of ruin

In this section, we present recursive formulae for 1¢(u) and h¢(u,y) when m = 2. As a
recursive formula needs an initial value, we first derive expressions for 1/¢(0) and hZ(0, y)
and then provide results which we can use to calculate the ultimate probability of ruin

and the probability and severity of ruin in our discrete time model.

6.3.1 Starting values v¢(0) and hglj(O,y)

Chen et al. (2014b) have derived two equations that define the relationship between
§4(0) and 64(0) under their definition of ruin. Here we develop the equivalent of their
equations for our definition of ruin. The first equation is obtained by a different method,
but for the second equation, we use the method of generating functions as in Chen et
al. (2014b).

Theorem 6.1. When m = 2 and u = 0, 6¢(0) and 64(0) satisfy

P1205(0) + pa10$(0) = pra(1 — p2) + par (1 — 1) (6.2)

and

(G11(p)(G22(p) — p) — G12(p)G21(p)) 67(0) = (G12(p)Fo2(p) — Gr2(p)(G22(p) — p)) 65(0),
(6.3)
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where p € (0, 1) is the solution to

Li(s) = (g11(5) = 5) (go2(s) — 8) — Gr12(5)Jar(s) = 0. (6.4)

Proof. We begin with

2 u

Z g u—l—l—x —i—ZZgZJ (6.5)

7j=1 = 7j=1 z=u+1

We assume that >~ ¥%(u) exists and discuss conditions under which this assumption
holds in the Appendix.

Summing over u from 0 to co in (6.5) gives

2 oo u

wa(u):ZZZgU ()9 u—l—l—x)—l—zz Z gij(x). (6.6)

j=1 u=0 =0 7j=1 u=0 x=u+1

Setting u 4+ 1 = n in the first term on the right-hand side of (6.6) we get

2 oo n-—1 2 o 0
de =Y 3> g@ein—n)+> > D gile).
7j=1 n=1 =0 7j=1 u=0 z=u+1

Then, changing the order of summation yields
00 2 0o
SEICIED 9] PIE) SETEED 9N
u=0 7j=1
( Dij Z w + /’%]) )

u=1

I
Mw

1

J

which for i = 1 can be written as
1(0) + Z Ui (u) = pu Z i (u) + par + pra Z W (u) + s (6.7)
u=1

and for i = 2,

5(0) + ) v5(u) = pa Z Vi () + pa1 + pao Z W5 (u) + pao. (6.8)
u=1
Rearranging (6.7) and (6.8) gives us

VH0) 4+ pra Yooy Vi(u) = pa + P12 ey 5 (u),
P3(0) + pa1 Yooy V§(u) = pig + par D uey Ui (u)
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and formula (6.2) follows.
We can build the second relationship between §¢(0) and 04(0) using the method of

generating functions similar to Chen et al. (2014b). After adjusting for our definition

of ruin, we can rewrite formula (3) of their paper as

ZZgZ] 5d (u+1—ux). (6.9)

7j=1 z=0

Multiplying both sides by s“*! and summing over u yields

2 oo u
Zsu+15d ZZSU—H Zglj 5d U+ 1— gj')
=0

7j=1 u=0

We define 07(s) = S°°°  s%0%(x). Setting u + 1 = n, we find that
B = S35 @ -

S (Z gy (2020 — 2) — s”gijm)a;’(m)

= i(i s"gij ()87 (n — ) Zs gij(n )

and by noting that

we get

= Z Gii($)07 () — ei(s), (6.10)

where ¢e;(s) = 23:1 3ij(5)04(0). We can rewrite (6.10) as a system of equations. Thus

() = ) 6 () + Gra(5)35(s) = ex(s),

G21(8)0{(5) + (Gaa(s) — 5) 65(s)

| |

l\?
—~
Va)
~—
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It follows that

((911(5) = ) (G22(s) — 8) — G12(5)Fa1(s)) 01 (s) = e1(s) (Gaa(s) — 5) — €a(s)Fr2(s)-
(6.11)

Equation (6.11) is similar to equation (5) of Chen et al. (2014b). The only difference is
the definitions of e;(s) and ey(s) on the right-hand side. In their paper, e;(s) is defined
in terms of g;;(0), whereas here, it is defined in terms of g;;(s). To find a relationship
between 6¢(0) and §4(0) we proceed as follows. Following Chen et al. (2014b), we can
write equation (6.11) as L (s)d%(s) = La(s), so that

Li(s) = (g11(s) — 8) (G22(s) — 8) — G12(8) g1 (). (6.12)
Substituting e;(s) and ey(s) on the right-hand side of (6.11) yields
Ly(s) = (gu1(s) (Ga2(s) — 8) — Gaa(s)g21(s)) 67(0)
+(912(5) (G22(s) — 5) — Gr2(s)ga(s)) 55(0). (6.13)
Then, by noting that §;;(0) = ¢,;(0), we have
L5(0) = (911(0)g22(0) — g12(0)g21(0)) 67(0)

and that g;;(1) = p;;, we get

Ly(1) = (p11(paz — 1) — p1apa1) 67(0) — p1265(0).

We assume Lo(0) > 0 which holds under the condition that pi1pas > piapa; — see case
2 in Chen et al. (2014b, page 210) — and applies to all our numerical examples that
follow. Further, given that Lo(1) < 0, we can conclude that there exists p € (0,1),
which is the solution to Li(p) = 0 so that Ls(p) = 0. Setting Lo(p) = 0 in expression
(6.13), we can find the second relationship between §¢(0) and 64(0) which is given by
(6.3). O

The next result gives starting values h%((), Y).

Theorem 6.2. When m = 2, the initial surplus is 0 and y = 0,1,2,..., h{,(0,y) and
hg,(0,y) satisfy

p12hg1(07 ?J) +p21hl1i1(07 y) = P12 (p21 - Gm(y)) + p21 (]911 - Gn(y)) (6.14)
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and

h1(0,9) (911(p) (G22(p) — p) = G12(p) 21 () + Gr2(p Z P g (u+1+y)

= 151(09) (G12(p)G22(p) — G12(p) (322(p) — p)) + (G22(p) — p) Z P g (et 1+ ).

u=0
(6.15)
Further, hd,(0,y) and hd,(0,y) satisfy
pmhgz(oa ) +p21hc112(07 Y) = p12 (P22 — G22(y)) + P21 (P12 — Gi2(y)) (6.16)
and
hi2(0,9) (G11(p) (G22(p) = p) = Gr2(p)Gar(p)) + Gra(p) Z P gaa(u+1+y)
u=0
= 15,(0,9) (G12(p)d2(p) — Gr2(p) (G22(p) = P)) + (G22(p) — ) D _ "M na(u+ 1+ ),
u=0
(6.17)
provided that P22P11 = P12P21 and
p12A21(1, y) +p21A11(1>?J) < | ((p22 - 1)2911 - p12p21) | h(1i1(0, y)
+ | ((p22 - 1)2912 - p12p22) | hgl<07 y>,
(6.18)

where A;;(s,y) =Y oey$“ gi(u+ 1+ y) and p is the solution to equation (6.4).

Proof. We adapt ideas in Reinhard and Snoussi (2002) to our ruin definition and write

Zzgzl hl] (u+1—2,y)+gij(u+1+y). (6.19)

=1 =0

Assuming Y- hdi(u,y) exists (which it will if Y j4f(u) exists), summing over u

yields

2 o] u

Zhuuy ZZZW hl]u—l—l )—l—Zgij(u—l—l—iry).

=1 u=0 z=0 u=0
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Setting u+1=mn, u+ 1+ y = x and changing the order of summation gives

2 oo n—1 o]
Zh” u,y) = 222921 z)his(n — z,y) + Z 9ij (@)
=1 n=1 z=0 rz=1+y
2
= Zzgd Z h (pzy Gl](y))
=1 =0 n=z+1

which can be rewritten as

2 e’}
O Y +Zhw u,y) Zpilzhzdj(uay)+(pij_Gij<y))-
=1 u=1

When ¢+ = j = 1, we have

R (0,y) + pi2 Y By (u,y) = pi2 Y By (u,y) + (o — G (y)) (6.20)
u=1

u=1

and when ¢ = 2 and j = 1, we have

1, (0,y) +par > g (w,y) = par Y Wiy (u,y) + (p2 — G (v)) - (6.21)
u=1

u=1
Multiplying (6.20) by pe; and (6.21) by py2 and adding the resulting equations, we obtain
the relationship between h¢,(0,y) and hd, (0, y), which is given by (6.14). Similarly, we
can derive equation (6.16) which shows the relationship between hd,(0,y) and hd,(0,y).
We apply the method of generating functions to build the second pair of equations.
Multiplying formula (6.19) by s“*! and summing over u yields

o] 2 00 u 0o
Z u-‘rlhd ZZZSU—HQZl U—|—1 )+ZS"+1g,](u+1+y)
u=0 =1 u=0 =0 u=0

(6.22)

We define fzfj(s,y) = >y s"hd(u,y), and set n = u + 1 in the first term on the
right-hand side of (6.22) to get

2 oo n—1
Sh?j(say) = Z angil(x)hldj(n_xay)+Aij(Say)'
=1 n=1 =0
Hence
~ 2 ~
shii(s,y) =Y Guls)hil(s,y) — eij(s,y) + Ayi(s,9) (6.23)
=1



where e;;(s,y) = Y7, Git(s)h{;(0,y). We can write (6.23) for i = 1,2 and j = 1 as

{@u(s) — )ity (5.9) + G1a(5)h (5,9) = exn(s,9) — Au(s,v)
Go1(s)hdy (s, y) + (Ga2(s) — $)hdy (s, ) = ean(s,y) — Az (s,y),
giving

((g11(5) = 5) (g22(5) = 5) = G12(s)G21(s)) bty (s, 1)
= (§22(8) - 8) 611(3, y) - §12(8)621(57 y) + ?]12(8)1421(5,9) - (5722(3) - S) A11(3>y)-
(6.24)

Similarly, for ¢ = 1,2 and j = 2 we have

{(!711(5) - Sﬁlilz(say) + 912(3)%212(8, y) = e1a(s,y) — Aia(s,y)
21 ()85 (5, y) + (Ga2(s) — 5)hda(5,y) = ea(s,y) — Ana(s,),
giving

((g11(5) = 5) (G22(5) = 5) = G12(s)G21(s)) hia(s, 1)
= (§22(8) - 8) 612(3, y) - §12(8)622(57 y) + ?]12(8)1422(8,9) - (5722(3) - S) A12(3>y)-
(6.25)

Inserting for ej;(s,y) and e (s,y), we can write equation (6.24) as Ly (s)h¢,(s,y) =
Lgl)(s), where L;(s) is given by (6.12), and

Lgl)(s) = ((g22(5) = 5) g11(s) — G12(5)G21(5)) hcli1(o>3/) + G12(8) A21 (8, )
+ ((g22(5) = 5) Gr2(s) — G12()G2(s)) B3, (0,) — (G22(s) — 5) A11(s,9).

Similarly, equation (6.25) can be written as Ly (s)hdy(s,y) = Lg)(s), where

LY(s) = ((G22(5) — 8) G11(5) — Gr2(5)G21 () 7y (0, y) + Gra(s) Asa(s, y)
+ ((G22(5) = 8) G12(8) — G12(8)G22(5)) h3a(0,y) — (Ga2(s) — 8) Ara(s,9).

Setting s = 0, and noting that A4;;(0,y) = 0, we have

LY (0) = (922(0)911(0) — g12(0)g21(0)) h1 (0, ).
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Also, setting s = 1, and noting that A;;(1,y) = > .- gij(u+1+y) < p;; gives

Lél)(l) = ((P22 - 1)]911 - p12p21) hill(oa y) +P12A21(173/)
+ ((pa2 — 1) P12 — P1ap22) b1 (0, ) + p2r A (1, ).

Assuming Lél) (0) > 0 and Lgl)(l) < 0, which holds under the assumptions stated in
the theorem and applies to all our numerical examples, we can conclude that there
exists p € (0,1) such that Li(p) = Lgl)(p) = 0, and by the same argument that
Li(p) = LY (p) = 0. Therefore, we can find the second pair of equations that define
the relationship between h11(0,y), h21(0,y) and h12(0,y), hao(0,y). O

6.3.2 The probability of ultimate ruin

In this section, building on the idea of Chen et al. (2014b), we first develop two recursive
formulae for the probability of ruin in our discrete time model when m = 2, then we
show that as these formulae are unstable for computation we need to construct an
algorithm in terms of {hfj(O, Y)}o2o, 4,5 = 1,2. Our approach is different from Chen
et al. (2014b) in one major respect: we follow the definition of ruin in Chapter 5, i.e.
ruin occurs when the surplus falls to or goes below zero. With our definition of ruin,
equation (3) of Chen et al. (2014b) changes to

Ui (u) = Z Y@ (u+1—a) + Z > gis(e). (6.26)

We can write (6.26) for each state as
) = fi (0000 - g 0)010)

+ > U+ 1= 2) (922(0)g11 () = 12(0)gan ()

+ Z @/)g(u + 1 — ) (922(0)g12(z) — 912(0)g22())
+922(0) (1 = G1(w)) — 912(0) (1 — Ga(ﬂ))) (6.27)
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for w = 0,1,2,..., where fy = ¢12(0)g21(0) — 911(0)g22(0) as defined by Chen et al.
(2014b, Section 3) and

Wt = g (gmw)wf(u) (0 (w)

+ Z U (u+1—2) (g11(0)g21(x) — g21(0)g11 ()

+ Z PI(u+1—12) (g11(0)ga2(z) — g21(0)g12())
£ 02(0) (1 — Ca(w)) — g1 (0) (1 — G (w) ) (6.28)

Proceeding numerically with formulae (6.27) and (6.28) we have faced a problem of
instability. This problem arises because these two formulae involve subtracting many
terms. According to Panjer and Wang (1993, Section 11.5) this is a reason for a recursion
scheme to be unstable. To solve this problem, we modify equation (6.5) of Dickson et

al. (1995). The result is given in the following.

Theorem 6.3. When m = 2, for u=1,2,3,..., we have

W) = [ ( (1= hy(0,0)) 4(0) + h(0,0)(0)

+ > i —x) (1= 73,(0,0)) b, (0, ) + 5 (0,0)h3,(0, z))
P37 — @) (1~ B0, 0)) Kh(0,2) 1 10, 0)h (0. 2))

— (1 = h3,(0,0)) i he(0,z) — h%,(0,0) i hd(0, x)) (6.29)
and

) = S ( (1= 14,(0,0)) 4(0) + 1 (0,0)4(0)

£ 3 0 — ) (1 - B (0,0)) 14y (0, 2) + ik (0, 0)h, (0, 2))
; iwsf(u ) (1= B (0,0)) (0, ) + B (0,0)h, (0, ))
— h$4(0,0)) Z — h¢,(0,0 uZhd 0,z ) (6.30)

=0
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where f = (1 — hi; (0, 0)) (1 — hg,(0, O)) — hi5(0,0)h3,(0,0).

Proof. We begin with

2 wu—1
=3 ) hd(0, )¢ (u— x) +ZZhd (0,z) (6.31)
j=1 z=0 j=1 z=u

By noting that ¢(0) = >>° h¢(0,z) we can write (6.31) as
Ui(w) = h(0,0)01(w) + hi(0, 0)us (u) + Zh (0, 2)9(u — )

+Zh (0, 2)vd(u — x) + 40 Zhd()x (6.32)
and

Su) = h$,(0,0)9(u) + h3,(0,0)5 (u +Zh (0,2)¢f(u — z)

+Zh (0, 2) ¢ (u — ) + (0 Zhd()x (6.33)

Rearranging (6.32) and (6.33), and solving a system of equations we can obtain (6.29)
and (6.30), respectively. O

We have not experienced any problem of numerical instability with formulae (6.29)
and (6.30) as discussed by Dickson et al. (1995) for the approximation of the classical
risk model. These formulae can be easily applied provided that we know the values of
¥(0) and h$(0,0) for i,j = 1,2.

Unfortunately, we were not able to calculate the ultimate ruin probability for m > 2.
This issue arises, because we need m equations to be able to find the initial values for
an m-state model. Using formulae (6.5) and (6.9), we can only obtain two equations
which are not sufficient for finding the initial values in a model with more than two
states. In Section 6.5.2 we suggest a method that gives us an estimate for the ultimate

ruin probability for a model with m > 2 states.

6.3.3 The probability and severity of ruin

In this section, we derive recursive formulae for the probability and severity of ruin

function in our discrete time model when m = 2. For this, we can modify equation
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(4.2) of Dickson et al. (1995), which can be used to approximate H;(u,y) in the classical
risk model, and write expressions for the probability and severity of ruin function from

which we can approximate Hy ;(u,y) in the Markov-modulated risk model.
Theorem 6.4. For m =2, u=1,2,3,... and y =0,1,2,... we have
Hi(u,y) = f ( (1 = h5,(0,0)) (HY(0,u+y) — H{(0,u))
+hd, (0 0) (H3(0,u+y) — H3(0,u))

+2Hd y) (h{1(0,2) (1 = h55(0,0)) + hix(0,0)hg, (0, ))

; ”z = 2.0) (40.2) (1= 1,(0.0) + ,0.0)(0.1)

z=1

(6.34)

and

Hi(uy) = fl(h;a(o,m (H(0,u + ) — HI(0,w)

+ (1= £{,(0,0)) (H5(0,u+y) — Hy(0,u))

+2Hf(u - x,y) ((1 - hllil(()? 0)) hgl(oa I) + hgl(oa O>h§l1(07 l‘))

+ZH3(U —z,Y) ((1 - hill(o’ 0)) hgz(O, ) + hg1(07 O)hcllz(oa 95)) )

(6.35)
where f = (1 = h{,(0,0)) (1 — £8,(0,0)) — h{,(0,0)hg, (0,0).
Proof. We start with
2 wu—1 2 uty—1
He(u,y) = Z hfj(O,I)Hd —i—Z Z hd 0,x)
j=1 =0 j=1 z=u
2 u—1
HY0,u+y) — HY0,u) +ZZhd Odeu—x,y) (6.36)
7=1 z=0

where the last line is obtained by noting that H{(0,y) = >.Y_, h¢(0,x). For i = 1,
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(6.36) can be written as
H{(u,y) = Hd(O u+y) — Hi(0,u) +h'f1(0 O)Hd(u y) + hi5(0,0) H3 (u, y)

+Zh (0, 2)H(u +Zh (0, 2)Hd(u — 2, %)
and for ¢+ = 2 we have

u—1

+Zh (0,2)Hi(u—z,y) + > _ (0, 2)H (u — z,y).

r=1

After rearranging and solving a system of equations we obtain (6.34) and (6.35). [

In the next section, we develop algorithms to approximate the probability of ruin
and probability and severity of ruin in the continuous time Markov-modulated model
by applying equations (6.29), (6.30), (6.34) and (6.35).

6.4 Numerical illustrations

In this section, we extend our numerical algorithm in Chapter 5, which is based on the
ideas of Dickson and Waters (1991, 1992), to approximate the probability of ruin and
the probability and severity of ruin in the continuous time Markov-modulated model.
Their idea is that if we split a time interval into a large set of small intervals we can use
a discrete time model as an approximation to a continuous time model. Therefore, the
application of our algorithms is based on rescaling of the time unit and the monetary
unit. To discretise a continuous distribution we apply Result 1.1. For the time unit,
without loss of generality we assume that premium income per unit of time is ¢ = 1,
and rescale the time period so that this assumption always holds. Therefore, if ct is the
total premium income up to time ¢ in the continuous time model, ¢ = 1/¢f would be
our time unit in the discrete time model, where [ is the scaling factor for discretisation.

We consider two claim amount distributions: exponential with mean 1/p;, i = 1,2,
for which explicit results can be obtained in the continuous time case (and therefore we
can compare our approximate values with the true values), and Pareto with parameters

a; and b; for which we cannot find analytical formulae.
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The first step is similar to our algorithm in the previous chapter. We need to
discretise the claim size distributions — the discretised versions of scaled exponential
and Pareto distributions are given by (5.4) and (5.5), respectively. Then, we can apply

Panjer’s (1981) recursion formula to calculate the aggregate claim amount distributions

2
4,j=1"

in states 1 and 2 given {p;;}

The next step is the computation of 1/¢(u), ¥¢(u) and their initial values. Equations
(6.3), (6.15) and (6.17) are based on the probability generating functions of the aggre-
gate claim amount with parameter p and in order to find p we need to solve Li(p) =0
from formula (6.4). In our model, where the distribution of the number of claims over

(0,t) in state j is Poisson with parameter \;¢, we can define g;; by
9ij(8) = pi9;(s) = pij exp{N;t(fi(s) — 1)},

where £(s) = 3.°° 5% (x). The probability generating function of the claim amount
distribution, has an explicit form in the case of the discretised exponential distribution.
Therefore, we can calculate §;;(s) and substitute in (6.4) and solve Li(p) = 0 to find
p. However, the explicit form for the probability generating function of the discretised
Pareto distribution does not exist, and we need to find p by numerical methods such

as the Newton-Raphson method, where we find a sequence {p,} given by

_ Li(pn)
Pt = o)
where
Li(pn) = (911(pn) = pn) (G22(Pn) — Pn) — G21(Pn)Gr2(pn)
and

Lll(pn) = g/11<pn)§22(pn) + §/22(/0n)§~]11(pn) - (gllz(pn)gm(pn) + §12(pn)gl21(pn)>

200 = (311(on) + Pudis(on) + Goaon) + pia(on) )
Further, we have
Gi5(pn) = DisAitf; (pu) exp{ Nt (fi(pn) — 1}

and fj/(pn) =Y xp= 1 f;(x) for which we require to truncate the summation. Let L
be the truncation point. Then, we choose L such that (L) = > 2, fi(z) < €, where €

is a small strictly positive value.

146



As the sojourn times in states 1 and 2 are exponentially distributed with intensity
rate «; in the continuous time model and as our time intervals are very short, we can

calculate the transition probability matrix as follows

e—a1/cB 1 — g—a1/cB
(1 _ g2/ pmaz/ch ) '

In our numerical examples, we consider the situations in which a; takes values of
0.1,0.3,0.5,0.7,0.9, and ay = 0.5 is fixed. Our aim is to examine the impact of the
length of stay on the probability of ruin in different states. Specifically, we will consider
situations when either both states have equal expected aggregate claim amount E[S;],
or one of them has greater E[S;]. Without loss of generality, we assume that the arrival
rate and the mean of the individual claims in state 1 is 1, i.e. Ay = m; = 1. Hence

E[S1] = 1, and we assume that E[S,] is either equal, greater or less than E[S;]. Our

numerical example is based on the following six cases for the continuous time model:
L. E[S1]=FE[Ss]: =1, =2,u1 =1,y = 2,
2. E[S)] > E[Sa): At =1, A =05, 01 =1, 1o = 2,
3. E[S1] < E[Sao]: =1, =2, =1,u3 =0.5,
4. E[S]|=FE[Ss]: =1, =2,a1 =2,b; = 1,a0 =3,by =1,
5. E[S1] > E[S2]: M1 =1, =05,a; =2,by = 1,a3 = 3,0y = 1,
6. E[S1] < E[S2]: =1 A =2,a1=2,by =1,a0 =3,by = 4.

Further, we assume that the notional premium loading factor 6 is 0.1 so that the positive
loading condition given by (2.2) is satisfied.

Our experiments with different scaling factors show that, contrary to the classical
risk model, § = 20 and 8 = 50 do not give satisfactory approximations and the approx-
imate values of ruin probabilities are equal to the exact values only up to two decimal
places. With g = 100 there are few cases that the approximations agree with the exact
values to four decimal places. With § = 300, the approximation improves further.
However, with § = 500 we did not observe significant improvement. Therefore, we set
£ = 300 throughout.
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The last thing to consider is the truncation point. We need to test how robust the
calculation of p is with respect to L. Table 6.1 shows the upper tail probability and the
calculated p for different values of L in the case of exponential and Pareto distributions
when E[S;] > E[Ss], i.e. Cases 2 and 5.

Table 6.1: Values of # (L), %(L) and p when 8 = 300

Scaled L 3000 6000 20000 65000
Exponential 1) 4.5 x 1072 2.1 x 102 1.1 x 10—29 8.0 x 109
2) 2.1 x 107° 4.3 x 10718 1.3 x 10758 6.4 x 107189
p 0.997108645688 0.997108645695 0.997108645695 0.997108645695
Pareto (1) 8.0 x 1073 2.1 x 1073 1.2 x 104 7.2 x 1076
(2) 7.5 x 104 1.1 x 1074 2.3 x 10~ 4.5 x 108
p 0.997284980997 0.997284981604 0.997284981604 0.997284981604

As we can observe, the calculated value of p is not highly sensitive to L and our
experiments with the above values show that it does not impact approximations con-
siderably. Since the choice of L affects the running time of our programmes, we set

(scaled) L = 3000 in all our numerical examples.

6.4.1 Approximations to ¢1(u) and Yo (u)

Tables 6.2, 6.3 and 6.4 show exact and approximate values for the ultimate ruin prob-

ability with initial surplus « in the continuous time model when the individual claim

amounts are exponentially distributed. We can apply the methods of Li and Lu (2008)

for u = 0 to show that

Aiti (€ = A+ cp™pj + apa(1 + p*py))
(L4 p* ) (e — Ajuj + cp*pu;)

Vii(0) = (6.37)

and
Odl)\]ﬂg
c(e = A + cp* )

¥i3(0) = (6.38)

where i,j = 1,2, and i # j with p* being the unique positive solution of the equation

(=220 ) (72 - 2a-A0)) - 252 =0 039

where f;(s) is the Laplace Transform of the claim size distribution and in the case

of claim amounts following exponential distributions with parameter 1/u;, is fi(s) =
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pt /(s 4+ p;t). Equation (6.39) is, in fact, equation (13) of Lu and Li (2005) adjusted
to our assumption of constant premium income regardless of the state being occupied.

For u > 0 we can apply the Gerber-Shiu function from Li and Lu (2008) given by
formula (2.3) and write a system of differential equations that can be solved through
the Laplace transform method after substituting for f. Define 1;1-]-(5) to be the Laplace
transform of the probability of ruin in the continuous time Markov-modulated model.

Then, we can show that

) stia(0) — 2 4 240 (((595(0) + 220 (o2 4 20)) ) a(s)

T (e [ R R
and
o sy(0) = (2 2 ) + 05 (0)/
Vij(s) = A(5) (6.41)
where
Afs) = 52— s (% _ Mi) _ CO‘M (6.42)

Formulae (6.40) and (6.41) can be readily inverted with mathematical software.
The key for Tables 6.2 to 6.7 is as follows:

(1) denotes the approximation to v (u),

(2) denotes the exact value of ¥ (u),

(3) denotes the ratio of the value in (1) to that in (2),
(4) denotes the approximation to (u),

(5) denotes the exact value of 19(u),

(6) denotes the ratio of the value in (4) to that in (5).
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Table 6.2: Exponential distribution when E[S;| = E[S5]

Unscaled a1 =0.1 a; =03 a1 =0.5 a1 = 0.7 a; =09
u as = 0.5 as = 0.5 az = 0.5 as = 0.5 ags = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1

0 (1) 0.90491 0.89968 0.89682 0.89523 0.89438
(2) 0.90491 0.89967 0.89680 0.89520 0.89434

(3) 1.00000 1.00001 1.00002 1.00003 1.00004

(4) 0.92997 0.92477 0.92136 0.91899 0.91727

(5) 0.92999 0.92479 0.92139 0.91901 0.91728

(6) 0.99998 0.99998 0.99997 0.99998 0.99999

5 (1) 0.55287 0.51824 0.49457 0.47734 0.46423
(2) 0.55288 0.51825 0.49458 0.47733 0.46421

(3) 0.99998 0.99998 0.99998 1.00002 1.00004

(4) 0.54820 0.51403 0.49076 0.47388 0.46106

(5) 0.54820 0.51403 0.49076 0.47386 0.46103

(6) 1.00000 1.00000 1.00000 1.00004 1.00007

10 (1) 0.33750 0.29784 0.27182 0.25346 0.23982
(2) 0.33750 0.29784 0.27183 0.25345 0.23979

(3) 1.00000 1.00000 0.99996 1.00004 1.00013

(4) 0.33434 0.29514 0.26949 0.25141 0.23799

(5) 0.33434 0.29515 0.26949 0.25139 0.23796

(6) 1.00000 1.00003 1.00000 1.00008 1.00013

15 (1) 0.20602 0.17116 0.14938 0.13457 0.12387
(2) 0.20602 0.17116 0.14939 0.13456 0.12385

(3) 1.00000 1.00000 0.99993 1.00007 1.00016

(4) 0.20408 0.16961 0.14810 0.13348 0.12293

(5) 0.20408 0.16961 0.14810 0.13346 0.12290

(6) 1.00000 1.00000 1.00000 1.00015 1.00024

20 (1) 0.12576 0.09836 0.08209 0.07145 0.06398
(2) 0.12576 0.09836 0.08210 0.07144 0.06397

3) 1.00000 1.00000 0.99988 1.00014 1.00016

(4) 0.12458 0.09747 0.08139 0.07087 0.06349

(5) 0.12457 0.09746 0.08140 0.07085 0.06348

(6) 1.00008 1.00010 0.99988 1.00028 1.00016

25 (1) 0.07677 0.05652 0.04512 0.03793 0.03305
(2) 0.07676 0.05652 0.04513 0.03793 0.03304

(3) 1.00013 1.00000 0.99978 1.00000 1.00030

(4) 0.07605 0.05601 0.04473 0.03762 0.03280

(5) 0.07604 0.05600 0.04474 0.03762 0.03279

(6) 1.00013 1.00018 0.99978 1.00000 1.00030

30 (1) 0.04686 0.03248 0.02479 0.02014 0.01707
(2) 0.04685 0.03247 0.02480 0.02014 0.01706

(3) 1.00021 1.00031 0.99960 1.00000 1.00059

(4) 0.04642 0.03219 0.02458 0.01998 0.01694

(5) 0.04641 0.03218 0.02459 0.01997 0.01693

(6) 1.00022 1.00031 0.99959 1.00050 1.00059

60 (1) 0.00242 0.00117 0.00068 0.00045 0.00032
(2) 0.00241 0.00116 0.00069 0.00045 0.00032

3) 1.00415 1.00862 0.98551 1.00000 1.00000

(4) 0.00240 0.00116 0.00068 0.00045 0.00032

(5) 0.00238 0.00115 0.00069 0.00045 0.00032

(6) 1.00840 1.00870 0.98551 1.00000 1.00000
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Table 6.3: Exponential distribution when E[S;] > E[S,]

Unscaled a; =0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9
u as = 0.5 as = 0.5 as = 0.5 az = 0.5 as = 0.5
c = 0.9625 c = 0.790625 c = 0.6875 = 0.61875 c = 0.569643

0 (1) 0.92023 0.92661 0.92758 0.92723 0.92652
(2) 0.92031 0.92673 0.92765 0.92719 0.92633

(3) 0.99991 0.99987 0.99992 1.00004 1.00021

(4) 0.85296 0.87965 0.89060 0.89640 0.89995

(5) 0.85300 0.87970 0.89053 0.89616 0.89951

(6) 0.99995 0.99994 1.00008 1.00027 1.00049

5 (1) 0.61221 0.62592 0.61928 0.60803 0.59608
(2) 0.61247 0.62630 0.61939 0.60766 0.59504

3) 0.99958 0.99939 0.99982 1.00061 1.00175

(4) 0.54953 0.57815 0.57972 0.57388 0.56586

(5) 0.54973 0.57845 0.57970 0.57332 0.56458

(6) 0.99964 0.99948 1.00003 1.00098 1.00227

10 (1) 0.40758 0.42361 0.41468 0.40028 0.38531
(2) 0.40788 0.42406 0.41479 0.39979 0.38404

(3) 0.99926 0.99894 0.99973 1.00123 1.00331

(4) 0.36584 0.39128 0.38818 0.37779 0.36577

(5) 0.36609 0.39166 0.38820 0.37719 0.36437

(6) 0.99932 0.99903 0.99995 1.00159 1.00384

15 (1) 0.27134 0.28669 0.27768 0.26351 0.24908
(2) 0.27163 0.28713 0.27777 0.26303 0.24786

(3) 0.99893 0.99847 0.99968 1.00182 1.00492

(4) 0.24356 0.26481 0.25993 0.24871 0.23644

(5) 0.24380 0.26519 0.25997 0.24816 0.23517

(6) 0.99902 0.99857 0.99985 1.00222 1.00540

20 (1) 0.18065 0.19403 0.18594 0.17348 0.16101
(2) 0.18090 0.19442 0.18602 0.17306 0.15997

3) 0.99862 0.99799 0.99957 1.00243 1.00650

(4) 0.16215 0.17922 0.17406 0.16373 0.15284

(5) 0.16236 0.17956 0.17409 0.16327 0.15178

(6) 0.99871 0.99811 0.99983 1.00282 1.00698

25 (1) 0.12027 0.13131 0.12451 0.11420 0.10408
(2) 0.12047 0.13164 0.12457 0.11386 0.10325

(3) 0.99834 0.99749 0.99952 1.00299 1.00804

(4) 0.10795 0.12129 0.11655 0.10779 0.09880

(5) 0.10813 0.12159 0.11658 0.10742 0.09796

(6) 0.99834 0.99753 0.99974 1.00344 1.00857

30 (1) 0.08007 0.08887 0.08337 0.07518 0.06728
(2) 0.08023 0.08914 0.08342 0.07491 0.06663

(3) 0.99801 0.99697 0.99940 1.00360 1.00976

(4) 0.07187 0.08209 0.07804 0.07096 0.06387

(5) 0.07201 0.08233 0.07807 0.07067 0.06322

(6) 0.99806 0.99708 0.99962 1.00410 1.01028

60 (1) 0.00698 0.00854 0.00752 0.00612 0.00491
(2) 0.00700 0.00861 0.00751 0.00608 0.00482

3) 0.99714 0.99187 1.00133 1.00658 1.01867

(4) 0.00626 0.00789 0.00704 0.00578 0.00466

(5) 0.00628 0.00795 0.00703 0.00573 0.00457

(6) 0.99682 0.99245 1.00142 1.00873 1.01969
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Table 6.4: Exponential distribution when E[S;] < E[S,]

Unscaled a; =0.1 a1 =0.3 a; =05 a1 = 0.7 a1 =0.9
u as = 0.5 az = 0.5 as = 0.5 az = 0.5 as = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 = 3.22143

0 (1) 0.89881 0.88536 0.87870 0.87592 0.87521
(2) 0.89869 0.88529 0.87868 0.87592 0.87523

(3) 1.00013 1.00008 1.00002 1.00000 0.99998

(4) 0.96109 0.94876 0.93948 0.93274 0.92785

(5) 0.96108 0.94876 0.93950 0.93278 0.92790

(6) 1.00001 1.00000 0.99998 0.99996 0.99995

5 (1) 0.70638 0.71981 0.71177 0.70512 0.70093
(2) 0.70608 0.71968 0.71176 0.70518 0.70104

3) 1.00042 1.00018 1.00001 0.99991 0.99984

(4) 0.82782 0.81297 0.79259 0.77682 0.76525

(5) 0.82771 0.81292 0.79259 0.77687 0.76534

(6) 1.00013 1.00006 1.00000 0.99994 0.99988

10 (1) 0.60098 0.61654 0.60085 0.58770 0.57856
(2) 0.60061 0.61637 0.60083 0.58779 0.57871

(3) 1.00062 1.00028 1.00003 0.99985 0.99974

(4) 0.71205 0.69814 0.67009 0.64819 0.63220

(5) 0.71184 0.69801 0.67002 0.64819 0.63227

(6) 1.00030 1.00019 1.00010 1.00000 0.99989

15 (1) 0.51621 0.52944 0.50798 0.49038 0.47795
(2) 0.51580 0.52924 0.50792 0.49044 0.47810

(3) 1.00079 1.00038 1.00012 0.99988 0.99969

(4) 0.61238 0.59962 0.56660 0.54093 0.52234

(5) 0.61210 0.59941 0.56644 0.54085 0.52237

(6) 1.00046 1.00035 1.00028 1.00015 0.99994

20 (1) 0.44387 0.45473 0.42951 0.40921 0.39487
(2) 0.44346 0.45448 0.42940 0.40922 0.39500

3) 1.00092 1.00055 1.00026 0.99998 0.99967

(4) 0.52664 0.51503 0.47914 0.45146 0.43161

(5) 0.52632 0.51474 0.47888 0.45129 0.43156

(6) 1.00061 1.00056 1.00054 1.00038 1.00012

25 (1) 0.38174 0.39058 0.36320 0.34151 0.32626
(2) 0.38130 0.39028 0.36302 0.34146 0.32633

(3) 1.00115 1.00077 1.00050 1.00015 0.99979

(4) 0.45293 0.44241 0.40523 0.37684 0.35668

(5) 0.45256 0.44203 0.40485 0.37656 0.35655

(6) 1.00082 1.00086 1.00094 1.00074 1.00036

30 (1) 0.32830 0.33550 0.30716 0.28504 0.26959
(2) 0.32787 0.33515 0.30690 0.28492 0.26961

(3) 1.00131 1.00104 1.00085 1.00042 0.99993

(4) 0.38953 0.38005 0.34277 0.31460 0.29479

(5) 0.38914 0.37959 0.34226 0.31421 0.29457

(6) 1.00100 1.00121 1.00149 1.00124 1.00075

60 (1) 0.13286 0.13502 0.11278 0.09673 0.08608
(2) 0.13252 0.13441 0.11205 0.09616 0.08573

(3) 1.00257 1.00454 1.00651 1.00593 1.00408

(4) 0.15765 0.15308 0.12609 0.10704 0.09439

(5) 0.15728 0.15223 0.12496 0.10604 0.09367

(6) 1.00235 1.00558 1.00904 1.00943 1.00769
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We note the following points about Tables 6.2, 6.3 and 6.4.

(i) In Tables 6.2 and 6.4 most of the approximations agree with the exact values up
to four decimal places with the best results being obtained in Table 6.2 when the
sojourn time is the same in both states, i.e. a; = ay = 0.5. The approximations
in Table 6.3 are in agreement with the exact values up to three decimal places.

In this table we get better approximations when oy < 0.9.

(ii) The ratios of the approximate values to the exact values show that some of our
approximations are overestimated and some are underestimated. For example, in
Table 6.3 when a; = 0.7,0.9, the ruin probability is overestimated and the ratios
are greater than one, whereas for a; = 0.1, 0.3, 0.5, it is mostly underestimated.
In Table 6.4, unlike in Table 6.3, if oy = 0.1,0.3,0.5, the ruin probability is
overestimated and if a; = 0.7,0.9, and u = 0,5, 10, 15, all the approximations
are underestimated. We cannot observe any pattern for the ratios with different

values of v and «; in Table 6.2.

(iii) Generally, we observe that the approximation in the case of exponential distribu-

tions performs better for small values of u and «;.

(iv) Regarding the relationship between v (u) and 1)9(u) we can see that as u increases,
Y (u) gets closer to ¥y(u). In Table 6.3, where E[S;] > E[Ss], values of 1, (u) are
always greater than t¢,(u). In Table 6.4, where E[S;] < E[Ss], 11(u) is always
less than ¢9(u), but in Table 6.2, where E[S;] = E[Ss], we cannot identify any
consistent pattern between ¢ (u) and ¥9(u) except that for a given value of u if
Y1 (u) > 1ho(u), it will hold across the table regardless of the mean of the sojourn

time. In fact, we can see that the values of ¥4 (u) and 5 (u) are very close.

Tables 6.5, 6.6, and 6.7 show the approximate values of v;(u) with initial surplus
u in the continuous time model for claim sizes with Pareto distributions. The Laplace

transform of a Pareto distribution with parameters a; and b; is given by (see Nadarajah
and Kotz, 2006)

fi(s) = a;(b;s)*I'(—ay, bis)ebis.
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Table 6.5: Pareto distribution when E[S;] = E[S,]

Unscaled a1 =0.1 a; = 0.3 a; = 0.5 a; = 0.7 a1 = 0.9
u as = 0.5 az = 0.5 az = 0.5 az = 0.5 az = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1
0 (1) 0.90486 0.89971 0.89703 0.89562 0.89492
(2) 0.90485 0.89970 0.89701 0.89559 0.89488
(3) 1.00001 1.00001 1.00002 1.00003 1.00004
(4) 0.93026 0.92472 0.92115 0.91872 0.91697
(5) 0.93028 0.92474 0.92118 0.91874 0.91699
(6) 0.99998 0.99998 0.99997 0.99998 0.99998
5 (1) 0.70355 0.67201 0.64976 0.63324 0.62050
(4) 0.70432 0.67279 0.65052 0.63397 0.62120
10 (1) 0.59768 0.55358 0.52211 0.49853 0.48019
(4) 0.59668 0.55265 0.52126 0.49775 0.47947
15 (1) 0.52112 0.47026 0.43413 0.40712 0.38616
(4) 0.51991 0.46914 0.43309 0.40616 0.38527
20 (1) 0.46135 0.40695 0.36866 0.34023 0.31827
(4) 0.46020 0.40589 0.36768 0.33932 0.31744
25 (1) 0.41284 0.35686 0.31789 0.28919 0.26719
(4) 0.41180 0.35591 0.31701 0.28839 0.26645
30 (1) 0.37250 0.31618 0.27743 0.24917 0.22765
(4) 0.37158 0.31534 0.27667 0.24847 0.22701
60 (1) 0.22491 0.17636 0.14518 0.12360 0.10783
(4) 0.22443 0.17596 0.14483 0.12329 0.10757

Table 6.6: Pareto distribution when E[S;] > E[Ss]
Unscaled a1 = 0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9
u ag = 0.5 ag = 0.5 ag = 0.5 as = 0.5 as = 0.5

c =0.9625 c = 0.790625 c = 0.6875 c = 0.61875 c = 0.569643

0 (1) 0.91660 0.92231 0.92389 0.92416 0.92396
(2) 0.91668 0.92242 0.92394 0.92410 0.92375
(3) 0.99991 0.99988 0.99995 1.00006 1.00023
(4) 0.87111 0.88682 0.89430 0.89860 0.90137
(5) 0.87116 0.88688 0.89425 0.89838 0.90095
(6) 0.99994 0.99993 1.00006 1.00024 1.00047
5 (1) 0.73206 0.73109 0.72392 0.71549 0.70717
(4) 0.70246 0.70751 0.70403 0.69816 0.69174
10 (1) 0.63301 0.62837 0.61737 0.60536 0.59376
(4) 0.61139 0.61124 0.60304 0.59297 0.58281
15 (1) 0.55976 0.55261 0.53935 0.52535 0.51199
(4) 0.54268 0.53914 0.52817 0.51575 0.50356
20 (1) 0.50151 0.49257 0.47793 0.46280 0.44851
(4) 0.48747 0.48156 0.46885 0.45506 0.44176
25 (1) 0.45346 0.44324 0.42779 0.41208 0.39736
(4) 0.44165 0.43403 0.42023 0.40568 0.39181
30 (1) 0.41291 0.40180 0.38590 0.36998 0.35516
(4) 0.40281 0.39395 0.37951 0.36459 0.35051
60 (1) 0.25906 0.24654 0.23156 0.21736 0.20456
(4) 0.25425 0.24291 0.22869 0.21500 0.20258
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Table 6.7: Pareto distribution when E[S;] < E[S,]

Unscaled a; =0.1 a1 =0.3 a; =05 a1 = 0.7 a1 =0.9
u as = 0.5 az = 0.5 as = 0.5 az = 0.5 as = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 c=3.22143

0 (1) 0.89905 0.88658 0.88077 0.87845 0.87790
(2) 0.89894 0.88651 0.88075 0.87845 0.87792

(3) 1.00012 1.00008 1.00002 1.00000 0.99998

(4) 0.95988 0.94672 0.93741 0.93094 0.92636

(5) 0.95987 0.94672 0.93743 0.93098 0.92641

(6) 1.00001 1.00000 0.99998 0.99996 0.99995

5 (1) 0.76919 0.76736 0.75968 0.75461 0.75168
(4) 0.85178 0.83295 0.81604 0.80408 0.79570

10 (1) 0.69679 0.69378 0.68181 0.67334 0.66785
(4) 0.77097 0.75055 0.72959 0.71469 0.70428

15 (1) 0.63713 0.63172 0.61635 0.60538 0.59808
(4) 0.70277 0.68139 0.65771 0.64088 0.62916

20 (1) 0.58523 0.57739 0.55944 0.54664 0.53804
(4) 0.64348 0.62131 0.59572 0.57758 0.56501

25 (1) 0.53922 0.52914 0.50925 0.49512 0.48560
(4) 0.59118 0.56829 0.54135 0.52236 0.50925

30 (1) 0.49805 0.48597 0.46461 0.44955 0.43939
(4) 0.54461 0.52104 0.49321 0.47369 0.46027

60 (1) 0.32095 0.30111 0.27719 0.26102 0.25025
(4) 0.34680 0.32053 0.29253 0.27364 0.26096

Applying the method in Li and Lu (2008), we can show that
Ai b, ,
Vi(0) = lai—1) <bi + (1= a; 4+ p*bi + (a; — D)ae” " (p*b)“T(—a;, p*b;))
x (o + A = ep” = azAie” " (p*by) T (~ay, p'by)) /(P*Bj(/)*))> (6.43)

and

(1 —a; .. - —1)a;e” % (p*b;)% T (—a;, p*b;
¥ (0) = QiAj ( aj + p 05 + ECLJ — )ag' *(P )T (—aj, p ]))’ (6.44)
cp (aJ 1) J(P)

where Bj(p*) = cp* — \j + a;\;e” % (p*b;) T (—a;, p*b;), @ # j, and p* can be found
from formula (6.39). The key to Tables 6.5, 6.6 and 6.7 is the same as before.

In the classical risk model, the expression for the starting value of the ruin probabil-

ity is independent of the individual claim amount distribution. Although this does not
hold here as 1,;;(0) depends on the Laplace transform of the claim amount distribution
in the continuous time case and on their probability generating function in the discrete
time case, we can see that the initial values for exponential and Pareto distributions are
fairly close for Cases 1 and 4, Cases 2 and 5 and Cases 3 and 6. We can identify a simi-

lar pattern between the approximate values of the ruin probability with claim amounts
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following Pareto distributions and claim amounts following exponential distributions.
For example, in Table 6.6 when «; = 0.7,0.9 the ruin probability when u = 0 is overes-
timated, whereas for a; = 0.1, 0.3 it is underestimated, which is different to Table 6.7
in which the ruin probability is overestimated for ay = 0.1,0.3, and underestimated for
a; = 0.7,0.9. In addition, similar to Table 6.2 no particular pattern can be observed
for Table 6.6.

This algorithm is a generalisation of that in Dickson and Waters (1991) for the
approximation of the classical risk model. It can be concluded that our algorithm
provides a reasonably close approximation to the exact values in the continuous time

Markov-modulated model.

6.4.2 Approximations to Hy;(u,y) and H;s(u,y)

In this section, we consider numerical approximations to the probability and severity of
ruin for the surplus levels u = 0, 20, 60, 100 in the continuous time model. The transition
rates are a; = 0.1,0.3,0.5,0.7,0.9 and ay = 0.5 and we set the level of the deficit at
ruin as y = 1 and y = 3. To calculate the exact starting values of the probability and
severity of ruin we can apply the method of Li and Lu (2008). It is well-known that
in the classical risk model when the individual claim amounts follow an exponential
distribution, we can decompose the severity of ruin function into the probability of ruin
and a function of y. Similarly, we can use this fact to find the initial values of the

probability and severity of ruin in the case of the Markov-modulated model. Thus
Hy35(0,y) = 1y (0)(1 — e¥/), (6.45)

for 7,7 = 1,2. Further, the exact values of the probability and severity of ruin for
u > 0 are calculated by applying the Gerber-Shiu function in formula (2.3) similar
to the probability of ruin. So, we can establish a system of differential equations and
solve them through the Laplace transform method. Define H 1j(s,y) to be the Laplace
transform of the probability and severity of ruin function in the Markov-modulated

model. We can show that

]:-Il,ii(87 ?J)

_ ﬁ (1 — e*y/“") + sH1,(0,y)

m@—(%+%ﬂ%+%ﬁmmﬂ ‘



L Hia0y) ((sHl,ﬂ(O,y) n M) (Sa" g )> /Aj<8)}

Hi Hj ¢ ClLi
(6.46)

and

st (0, y) — (% + %) Hiyji(5,y) + Hyig(0,9) /s

]:Il,ij(sa y) = Ay(s)

(6.47)

where A;(s) is given by (6.42). Formulae (6.46) and (6.47) can be inverted easily with
mathematical software.
The key for Tables 6.8 to 6.19 is as follows:

(1) denotes the approximation to Hi 1(u,y),

(2) denotes the exact value of Hy1(u,y),

(3) denotes the ratio of the value in (1) to that in (2),

(4) denotes the approximation to Hi 2(u,y),

(5) denotes the exact value of Hjo(u,y),

(6) denotes the ratio of the value in (4) to that in (5).
We note the following points about Tables 6.8 to 6.13.

(i) In all tables the approximation performs better for y = 3 than y = 1. This accords
with the classical risk model as pointed out by Dickson and Waters (1992) that

the approximation improves for higher values of y.

(ii) In Tables 6.10 and 6.11 the approximations for ay = 0.1,0.3,0.5 are underesti-
mated and for a; = 0.7,0.9 are overestimated when v > 0. This is in line with

what we had observed for the ruin probability.

(iii) In Tables 6.12 and 6.13 all the approximate values for cv; = 0.5,0.7,0.9 are under-

estimated and in this case the approximation performs better than other cases.
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Table 6.8: Exponential distribution, y = 1 and E[S;] = E[Ss]

Unscaled a; =0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9
u as = 0.5 az = 0.5 az = 0.5 az = 0.5 az = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1

0 (1) 0.58538 0.60443 0.61999 0.63297 0.64398
(2) 0.58587 0.60489 0.62045 0.63341 0.64441

(3) 0.99916 0.99924 0.99926 0.99931 0.99933

(4) 0.72919 0.73487 0.73947 0.74329 0.74650

(5) 0.72998 0.73566 0.74027 0.74409 0.74730

(6) 0.99892 0.99893 0.99892 0.99892 0.99893

20 (1) 0.08178 0.06689 0.05768 0.05146 0.04699
(2) 0.08185 0.06695 0.05774 0.05150 0.04703

(3) 0.99914 0.99910 0.99896 0.99922 0.99915

(4) 0.08102 0.06629 0.05718 0.05104 0.04663

(5) 0.08108 0.06634 0.05724 0.05108 0.04666

(6) 0.99926 0.99925 0.99895 0.99922 0.99936

60 (1) 0.00158 0.00080 0.00048 0.00032 0.00024
(2) 0.00157 0.00079 0.00049 0.00033 0.00024

(3) 1.00637 1.01266 0.97959 0.96970 1.00000

(4) 0.00156 0.00079 0.00048 0.00032 0.00024

(5) 0.00155 0.00078 0.00048 0.00032 0.00024

(6) 1.00645 1.01282 1.00000 1.00000 1.00000

100 (1) 0.00003 0.00000 0.00000 0.00000 0.00000
(2) 0.00002 0.00000 0.00001 0.00000 0.00000

(4) 0.00003 0.00000 0.00000 0.00000 0.00000

(5) 0.00002 0.00000 0.00001 0.00000 0.00000

Table 6.9: Exponential distribution, y = 3 and E[S;] = E[Ss]

Unscaled a1 = 0.1 a1 = 0.3 a1 = 0.5 a1 = 0.7 a1 =0.9
u a2 = 0.5 a2 = 0.5 a2 = 0.5 a2 = 0.5 a2 = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1

0 (1) 0.86249 0.86209 0.86292 0.86428 0.86583
(2) 0.86268 0.86224 0.86305 0.86437 0.86590

(3) 0.99978 0.99983 0.99985 0.99990 0.99992

(4) 0.91246 0.90935 0.90750 0.90633 0.90557

(5) 0.91260 0.90948 0.90762 0.90645 0.90568

(6) 0.99985 0.99986 0.99987 0.99987 0.99988

20 (1) 0.11995 0.09442 0.07918 0.06917 0.06213
(2) 0.11997 0.09443 0.07920 0.06917 0.06212

(3) 0.99983 0.99989 0.99975 1.00000 1.00161

(4) 0.11883 0.09356 0.07850 0.06861 0.06165

(5) 0.11885 0.09357 0.07852 0.06861 0.06165

(6) 0.99983 0.99989 0.99975 1.00000 1.00000

60 (1) 0.00231 0.00112 0.00066 0.00044 0.00031
(2) 0.00230 0.00111 0.00067 0.00044 0.00031

(3) 1.00435 1.00901 0.98507 1.00000 1.00000

(4) 0.00229 0.00111 0.00065 0.00043 0.00031

(5) 0.00227 0.00110 0.00066 0.00043 0.00031

(6) 1.00881 1.00909 0.98485 1.00000 1.00000

100 (1) 0.00004 0.00001 0.00000 0.00000 0.00000
(2) 0.00003 0.00000 0.00002 0.00000 0.00000

(4) 0.00004 0.00001 0.00000 0.00000 0.00000

(5) 0.00003 0.00000 0.00002 0.00000 0.00000
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Table 6.10: Exponential distribution, y = 1 and E[S;] > E[Ss]

Unscaled a; =0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9

u as = 0.5 as = 0.5 as = 0.5 az = 0.5 as = 0.5
c=0.9625 c = 0.790625 c = 0.6875 c=0.61875 c = 0.569643

0 (1) 0.58380 0.59470 0.60330 0.61136 0.61909

(2) 0.58442 0.59543 0.60405 0.61207 0.61972

(3) 0.99894 0.99877 0.99876 0.99884 0.99898

(4) 0.58572 0.61291 0.62916 0.64126 0.65112

(5) 0.58624 0.61356 0.62982 0.64188 0.65168

(6) 0.99911 0.99894 0.99895 0.99903 0.99914

20 (1) 0.11439 0.12377 0.11969 0.11276 0.10571

(2) 0.11467 0.12417 0.11990 0.11265 0.10518

3) 0.99756 0.99678 0.99825 1.00098 1.00504

(4) 0.10268 0.11433 0.11204 0.10643 0.10034

(5) 0.10292 0.11468 0.11221 0.10628 0.09980

(6) 0.99767 0.99695 0.99849 1.00141 1.00541

60 (1) 0.00441 0.00545 0.00484 0.00398 0.00322

(2) 0.00444 0.00550 0.00484 0.00396 0.00317

(3) 0.99324 0.99091 1.00000 1.00505 1.01577

(4) 0.00396 0.00503 0.00453 0.00375 0.00306

(5) 0.00398 0.00508 0.00453 0.00373 0.00300

(6) 0.99497 0.99016 1.00000 1.00536 1.02000

100 (1) 0.00017 0.00024 0.00020 0.00014 0.00010

(2) 0.00017 0.00025 0.00019 0.00014 0.00010

(3) 1.00000 0.96000 1.05263 1.00000 1.00000

(4) 0.00015 0.00022 0.00018 0.00013 0.00009

(5) 0.00015 0.00024 0.00018 0.00013 0.00009

(6) 1.00000 0.91667 1.00000 1.00000 1.00000

Table 6.11: Exponential distribution, y = 3 and E[S;] > E[Ss]

Unscaled ap =0.1 a1 =0.3 a; =0.5 ay; = 0.7 a1 =0.9

u as = 0.5 as = 0.5 as = 0.5 as = 0.5 as = 0.5
c=0.9625 ¢ = 0.790625 c = 0.6875 c=0.61875 ¢ = 0.569643

0 (1) 0.87473 0.88217 0.88470 0.88605 0.88703

(2) 0.87503 0.88255 0.88505 0.88631 0.88717

3) 0.99966 0.99957 0.99960 0.99971 0.99984

(4) 0.81989 0.84734 0.85963 0.86685 0.87178

(5) 0.82010 0.84760 0.85981 0.86689 0.87163

(6) 0.99974 0.99969 0.99979 0.99995 1.00017

20 (1) 0.17167 0.18457 0.17709 0.16544 0.15376

(2) 0.17195 0.18500 0.17723 0.16510 0.15283

3) 0.99837 0.99768 0.99921 1.00206 1.00609

(4) 0.15409 0.17048 0.16577 0.15615 0.14596

(5) 0.15434 0.17086 0.16586 0.15577 0.14500

(6) 0.99838 0.99778 0.99946 1.00244 1.00662

60 (1) 0.00662 0.00812 0.00716 0.00584 0.00469

(2) 0.00665 0.00819 0.00716 0.00580 0.00460

(3) 0.99549 0.99145 1.00000 1.00690 1.01957

(4) 0.00595 0.00750 0.00670 0.00551 0.00445

(5) 0.00597 0.00756 0.00670 0.00547 0.00437

(6) 0.99665 0.99206 1.00000 1.00731 1.01831

100 (1) 0.00026 0.00036 0.00029 0.00021 0.00014

(2) 0.00026 0.00038 0.00028 0.00020 0.00014

(3) 1.00000 0.94737 1.03571 1.05000 1.00000

(4) 0.00023 0.00033 0.00027 0.00019 0.00014

(5) 0.00023 0.00035 0.00026 0.00019 0.00013

(6) 1.00000 0.94286 1.03846 1.00000 1.07692
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Table 6.12: Exponential distribution, y = 1 and E[S;] < E[Ss]

Unscaled a; =0.1 a1 =0.3 a; =05 a1 = 0.7 a1 =0.9

u as = 0.5 az = 0.5 as = 0.5 az = 0.5 as = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 = 3.22143

0 (1) 0.49229 0.44055 0.42038 0.40962 0.40299

(2) 0.49267 0.44086 0.42067 0.40990 0.40327

(3) 0.99923 0.99930 0.99931 0.99932 0.99931

(4) 0.40556 0.38889 0.38119 0.37646 0.37325

(5) 0.40606 0.38926 0.38151 0.37676 0.37354

(6) 0.99877 0.99905 0.99916 0.99920 0.99922

20 (1) 0.18830 0.18459 0.17255 0.16364 0.15750

(2) 0.18838 0.18471 0.17271 0.16382 0.15769

3) 0.98996 0.99935 0.99907 0.99890 0.99880

(4) 0.22340 0.20903 0.19242 0.18045 0.17208

(5) 0.22357 0.20921 0.19261 0.18066 0.17229

(6) 0.99924 0.99914 0.99901 0.99884 0.99878

60 (1) 0.05634 0.05461 0.04502 0.03843 0.03416

(2) 0.05629 0.05463 0.04507 0.03849 0.03423

(3) 1.00089 0.99963 0.99889 0.99844 0.99796

(4) 0.06684 0.06184 0.05020 0.04238 0.03732

(5) 0.06681 0.06187 0.05026 0.04245 0.03740

(6) 1.00045 0.99952 0.99881 0.99835 0.99786

100 (1) 0.01686 0.01616 0.01175 0.00903 0.00741

(2) 0.01682 0.01616 0.01176 0.00905 0.00743

(3) 1.00238 1.00000 0.99915 0.99779 0.99731

(4) 0.02000 0.01830 0.01310 0.00995 0.00809

(5) 0.01996 0.01830 0.01312 0.00998 0.00812

(6) 1.00200 1.00000 0.99848 0.99699 0.99631

Table 6.13: Exponential distribution, y = 3 and E[S;] < E[S]

Unscaled a; =0.1 a1 =0.3 a; =05 a; = 0.7 a1 =0.9

u as = 0.5 as = 0.5 ag = 0.5 as = 0.5 as = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 = 3.22143

0 (1) 0.79895 0.75472 0.73680 0.72761 0.72245

(2) 0.79917 0.75496 0.73705 0.72787 0.72272

3) 0.99972 0.99968 0.99966 0.99964 0.99963

(4) 0.76636 0.74824 0.73811 0.73138 0.72665

(5) 0.76690 0.74865 0.73848 0.73173 0.72699

(6) 0.99930 0.99945 0.99950 0.99952 0.99953

20 (1) 0.35466 0.35726 0.33614 0.31972 0.30824

(2) 0.35643 0.35735 0.33632 0.31995 0.30851

(3) 0.99503 0.99975 0.99946 0.99928 0.99912

(4) 0.42078 0.40457 0.37483 0.35256 0.33676

(5) 0.42085 0.40473 0.37507 0.35284 0.33707

(6) 0.99983 0.99960 0.99936 0.99921 0.99908

60 (1) 0.10612 0.10570 0.08770 0.07508 0.06685

(2) 0.10596 0.10568 0.08776 0.07518 0.06696

(3) 1.00151 1.00019 0.99932 0.99867 0.99836

(4) 0.12590 0.11970 0.09779 0.08280 0.07303

(5) 0.12576 0.11970 0.09787 0.08291 0.07316

(6) 1.00111 1.00000 0.99918 0.99867 0.99822

100 (1) 0.03175 0.03127 0.02288 0.01763 0.01450

(2) 0.03166 0.03125 0.02290 0.01767 0.01453

3) 1.00284 1.00064 0.99913 0.99774 0.99794

(4) 0.03767 0.03541 0.02551 0.01944 0.01584

(5) 0.03758 0.03540 0.02554 0.01948 0.01588

(6) 1.00240 1.00028 0.99883 0.99795 0.99748
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(iv) Regarding the relationship between Hi;(u,y) and Hjs(u,y), we can see that
similar to the probability of ruin, as the initial surplus increases the values for
Hii(u,y) and Hya(u,y) get closer to each other. In Tables 6.8 to 6.11 the rela-
tionship between H; ;(u,y) and Hi 2(u,y) is constant for a given value of w. This
pattern holds in Table 6.12 when y = 1, but we cannot detect any consistent

relationship when y = 3.

Tables 6.14 to 6.19 show approximations to the probability and severity of ruin when
claim amounts follow Pareto(a;,b;) distributions. In this case using the method in Li
and Lu (2008), the exact values of Hy1(0,y), and H;2(0,y) can be obtained from
(1-F6) N
ey o ey

cp

i
Hl,ii(oay) = ?wi(O) +

and

Hl,ij (07 y) =

(6.49)

where fy(%) = ai(bip )" e T(—ag b, w(p") = Ji= o (Euty) — Fi(w) ) du, and
p* is the unique positive solution to equation (6.39).

As we can see, all approximations for u = 0 are underestimated. In Tables 6.14 and
6.15 the relationship between Hy 1 (u,y) and Hi o(u,y) does not change for a given value
of u, meaning that if Hy ;(u,y) > Hy2(u,y) for a given value of u, this relationship holds
across the table. In Tables 6.16 and 6.17, where E[S1] > E[Ss], H11(u,y) > Hi2(u,y).
In Tables 6.18 and 6.19, where E[S1] < E[S3], Hi1(u,y) is always less than Hi o(u,y).
Overall, our algorithm performs reasonably well and provides good approximations to

the exact values in the continuous time Markov-modulated model.
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Table 6.14: Pareto distribution, y = 1 and E[S;] = E[Ss]

Unscaled a; =0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9
u as = 0.5 az = 0.5 az = 0.5 az = 0.5 az = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1

0 (1) 0.47011 0.49533 0.51457 0.52980 0.54220
(2) 0.47039 0.49560 0.51484 0.53007 0.54248

(3) 0.99940 0.99946 0.99948 0.99949 0.99948

(4) 0.60203 0.61284 0.62096 0.62729 0.63238

(5) 0.60258 0.61340 0.62153 0.62787 0.63297

(6) 0.99909 0.99909 0.99908 0.99908 0.99907

20 (1) 0.07934 0.07815 0.07706 0.07610 0.07528
(4) 0.07920 0.07801 0.07693 0.07598 0.07516

60 (1) 0.02433 0.02046 0.01775 0.01577 0.01426
(4) 0.02426 0.02039 0.01770 0.01572 0.01421

100 (1) 0.01097 0.00835 0.00672 0.00561 0.00482
(4) 0.01094 0.00833 0.00670 0.00559 0.00480

Table 6.15: Pareto distribution, y = 3 and E[S;] = E[Ss]

Unscaled a1 =0.1 a1 = 0.3 a1 = 0.5 a1 = 0.7 a1 =0.9
u ag = 0.5 as = 0.5 as = 0.5 as = 0.5 as = 0.5
c=1.1 c=1.1 c=1.1 c=1.1 c=1.1

0 (1) 0.69467 0.71521 0.73073 0.74289 0.75270
(2) 0.69479 0.71530 0.73080 0.74295 0.75275

(3) 0.99983 0.99987 0.99990 0.99992 0.99993

(4) 0.78721 0.79629 0.80311 0.80842 0.81268

(5) 0.78740 0.79647 0.80329 0.80861 0.81287

(6) 0.99976 0.99977 0.99978 0.99977 0.99977

20 (1) 0.15715 0.14883 0.14273 0.13806 0.13436
(2) 0.15682 0.14852 0.14245 0.13779 0.13411

60 (1) 0.04923 0.03992 0.03378 0.02944 0.02623
(4) 0.04909 0.03980 0.03367 0.02935 0.02614

100 (1) 0.02235 0.01645 0.01291 0.01060 0.00897
(4) 0.02230 0.01641 0.01288 0.01057 0.00895

Table 6.16: Pareto distribution, y = 1 and E[S;] > F[S]

Unscaled a; =0.1 a1 =0.3 a; =0.5 ay; = 0.7 a; =0.9

u as = 0.5 as = 0.5 as = 0.5 as = 0.5 as = 0.5
c = 0.9625 c = 0.790625 c = 0.6875 c=0.61875 c = 0.569643

0 (1) 0.47610 0.50320 0.52022 0.53262 0.54246

(2) 0.47648 0.50371 0.52078 0.53319 0.54302

(3) 0.99920 0.99899 0.99892 0.99893 0.99897

(4) 0.40959 0.45140 0.47894 0.49912 0.51490

(5) 0.40979 0.45167 0.47922 0.49938 0.51511

(6) 0.99951 0.99940 0.99942 0.99948 0.99959

20 (1) 0.08634 0.09111 0.09179 0.09120 0.09025

(4) 0.08218 0.08767 0.08889 0.08870 0.08805

60 (1) 0.02902 0.02966 0.02869 0.02735 0.02602

(4) 0.02818 0.02898 0.02814 0.02690 0.02563

100 (1) 0.01378 0.01371 0.01290 0.01197 0.01111

(4) 0.01348 0.01347 0.01271 0.01182 0.01098
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Table 6.17: Pareto distribution, y = 3 and E[S;] > E[Ss]

Unscaled a; =0.1 a1 =0.3 a1 =0.5 a1 = 0.7 a1 =0.9
u ag = 0.5 ag = 0.5 ag = 0.5 az = 0.5 az = 0.5
c=0.9625 c = 0.790625 c = 0.6875 c=0.61875 c = 0.569643
0 (1) 0.70405 0.72886 0.74278 0.75221 0.75938
(2) 0.70427 0.72916 0.74308 0.75247 0.75956
(3) 0.99969 0.99959 0.99960 0.99965 0.99976
(4) 0.61814 0.66207 0.68865 0.70713 0.72106
(5) 0.61824 0.66220 0.68873 0.70711 0.72092
(6) 0.99984 0.99980 0.99988 1.00003 1.00019
20 (1) 0.17240 0.17801 0.17698 0.17414 0.17094
(4) 0.16431 0.17147 0.17154 0.16949 0.16688
60 (1) 0.05905 0.05906 0.05641 0.05330 0.05032
(4) 0.05736 0.05773 0.05534 0.05241 0.04958
100 (1) 0.02822 0.02749 0.02553 0.02349 0.02164
(4) 0.02759 0.02701 0.02516 0.02319 0.02140
Table 6.18: Pareto distribution, y = 1 and E[S;] < E[S,]
Unscaled a1 = 0.1 a1 = 0.3 a1 =05 a1 = 0.7 a1 =0.9
u ag = 0.5 as = 0.5 ags = 0.5 as = 0.5 agy = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 c = 3.22143
0 (1) 0.39573 0.35490 0.33890 0.33102 0.32676
(2) 0.03960 0.35510 0.33908 0.33119 0.32693
(3) 0.99932 0.99944 0.99947 0.99949 0.99948
(4) 0.40752 0.38036 0.36606 0.35725 0.35134
(5) 0.40803 0.38072 0.36637 0.35753 0.35161
(6) 0.99875 0.99905 0.99915 0.99922 0.99923
20 (1) 0.13030 0.12994 0.12349 0.11885 0.11575
(4) 0.15088 0.14381 0.13434 0.12782 0.12341
60 (1) 0.05880 0.05813 0.05274 0.04895 0.04643
(4) 0.06519 0.06272 0.05621 0.05172 0.04875
100 (1) 0.03030 0.02917 0.02537 0.02282 0.02118
(4) 0.03310 0.03121 0.02686 0.02398 0.02212
Table 6.19: Pareto distribution, y = 3 and E[S;] < E[Ss]
Unscaled a; =0.1 a1 =0.3 ap =05 a; = 0.7 a1 =0.9
u as = 0.5 as = 0.5 as = 0.5 as = 0.5 as = 0.5
c=1.65 c=2.3375 c=2.75 c=3.025 c=3.22143
0 (1) 0.63841 0.60345 0.58913 0.58258 0.57965
(2) 0.63855 0.60359 0.58927 0.58272 0.57979
(3) 0.99978 0.99977 0.99976 0.99976 0.99976
(4) 0.71220 0.68090 0.66275 0.65112 0.64320
(5) 0.71266 0.68124 0.66306 0.65141 0.64347
(6) 0.99935 0.99950 0.99953 0.99955 0.99958
20 (1) 0.26647 0.27051 0.25973 0.25157 0.24605
(4) 0.30738 0.29875 0.28207 0.27018 0.26202
60 (1) 0.12113 0.12180 0.11165 0.10432 0.09941
(4) 0.13419 0.13136 0.11896 0.11021 0.10434
100 (1) 0.06262 0.06126 0.05384 0.04876 0.04545
(4) 0.06837 0.06553 0.05699 0.05122 0.04747
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6.5 The probability of ruin in finite time

In this section, we consider the probability of ruin in finite time by extending our
technique in Chapter 5 which is based on the ideas of Dickson and Waters (1991).
First, we provide recursive formulae which can be used to approximate v;(u,t) for
it € M. Then, we explain how we can apply the modified truncation method of De
Vylder and Goovaerts (1988, Section 5) to improve the computational efficiency of our

numerical algorithm.

Theorem 6.5. For u=0,1,2,..., when t =1,

P, 1) =) > gij(x) =1 - Gi(u) (6.50)
7j=1 z=u+1
and for t > 1,
Vu,t) = ¢ (u, 1) Z g” (2)e(u+1—=z,t—1). (6.51)

Proof. We first consider 1¢(u, 1). For ruin to occur in the first time period, we require
that the aggregate claim amount, Y7, exceeds the initial surplus u. Hence (6.50) follows.

For t > 1 we note that if ruin occurs at or before time ¢, then either
(i) Y7 > w so that ruin occurs at time 1, or

(ii)) Y1 = x,2 = 0,1,2,...,u and ruin occurs in the next t — 1 time periods, from

surplus level u + 1 — z at time 1.
Thus, (6.51) follows. O

We can use formulae (6.50) and (6.51) to calculate finite time ruin probabilities,
recursively. First we need to calculate ¢¥¢(w, 1) for w = 0,1,2,...,u+t—1 from (6.50),
then using equation (6.51) we calculate ¢¢(w, 2) forw = 0,1,2, ..., u+t—2. We continue
this process until we reach to the point calculating ¥¢(w, t) for w = 0,1,2,..., u+t—7,
where 7 = t. This method requires a lot of time and computations, particularly when
the values of w and ¢ are large. Since many of the probabilities used in the calculations
will be very small, we can reduce the number of calculations involved by modifying the
truncation method of De Vylder and Goovaerts (1988, Section 5) which is based on
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ignoring small probabilities. Suppose k; ; is the least integer such that G;(k;1) > 1 —e,

where € is a small positive value. Then

. gi;j () for x=0,1,2,...,kiy
91;'(55) =
0 for szki71—|—1,ki’1+2,...
and
p 1—-Gi(u) for u=0,1,2,... ki1
i(u, 1) = (6.52)

0 for u:ki71+1,k‘i,1—|—2,...

Therefore, the upper truncation point in (6.50) is k;; and in (6.51) is min(u, k; ). For
example, the aggregate claim amount distribution in state 1 is truncated at k;; and in
state 2 at ko;. Further, if k;, is the least integer such that ¢%(k;,,t — 1) > €, we will
calculate w;l(u, t) foru=0,1,2,...,k;;. In other words, the lower truncation point in
(6.51) is max(0,u + 1 — k;j,—1). Thus, we can evaluate the finite time ruin probability

with the following expression

O (ust) = 9w, 1)+ Y g (u+1—a,t = 1) (6.53)

j=1 =L

where £ = max(0,u + 1 — kj;—1) and U = min(u,k;1). We can demonstrate that
similar to the classical risk model, the error introduced by using (6.52) and (6.53) in

the Markov-modulated model can be bounded.

Theorem 6.6. For ¢t = 1 we have
Ui (u,1) — € < ¢f(u, 1) < 9f(u,1)
and for t =2,3,... we have
Yi(u,t) — 2te < Y (u, t) < v (u,t). (6.54)

Proof. The proof is similar to De Vylder and Goovaerts (1988, Section 5) or Dickson
and Waters (1991, Section 6) for their discrete time models.

When t = 1, % (u, 1) = ¢d(u, 1) for u < k;; and 9@%(u, 1) = 0 for u > k; 1, therefore
Y (u, 1) < e.
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Now assume 9% (u,n) — 2ne < 9% (u,n) holds for n = ¢, then by induction we have

Ut +1) =¥ (u,t +1) = d(u,1) —i—ZZg” wdu-I—l x,t)
7j=1 =0
—apde(u, 1) — ZZgw ¢d€u+1—mt)
7j=1 z=0
S 6+Zz{gw gzj )}wéi<u+1_x7t)
j=1 =0

"‘ZZQU {w (u+1-— )—wjde(u—i-l—x,t)}

< Z Z‘[%;(@ — gi; (@)} + 2te Z ng;(x) te

j=1 z=0 j=1 =0
< e+ 2t +e < 2(t+1).

Therefore, we can conclude that (6.54) holds true for n = ¢ + 1. O

6.5.1 The density of the time of ruin for m = 2

The finite time ruin probability enables us to study the density of the time of ruin.
In particular, it is easier to interpret the graph of a density function rather than a

distribution function. Define

0
w;(u,t) = a%(u, t)

to be the (defective) density of the time of ruin in the continuous time Markov-
modulated model. Adjusting the technique of Dickson and Waters (2002), we can

approximate the (defective) density of the time of ruin in continuous time at ¢t = j/cf

by
e 8vt(u ) - vt (w ) (6.5%)

for j =1,2,...,cBt, where 1¢(u, t) is calculated by formulae (6.50) and (6.51). Dividing
(6.55) by ¥¢(u) using the algorithm described in Section 6.4 gives us an approximation

to the proper density of the time of ruin in the Markov-modulated model.
We now illustrate the application of (6.55) by considering the density of the time of

ruin for six cases that we discussed in Section 6.4. In all figures ay; = 0.1, 0 = 0.5, 5 =
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20, and 8 = 0.1. We remark that the accuracy of the approximations for the scaling
factor 20 is only up to two decimal places. However, this precision is sufficient for our
purpose here.

Figures 6.1, 6.2 and 6.3, show the proper density of the ruin time for exponential
claim amounts. For these figures, we have chosen the initial surplus such that the
ultimate ruin probability is in the range of practical interest. Figure 6.1 displays the
density of the time of ruin, given that ruin occurs when E[S;] = E[Sy] for u = 40
(unscaled), where 1;(40) = 0.01744 and 12(40) = 0.01727. In Section 6.4.1 we saw
that when E[S;] = E[Ss], the ultimate ruin probabilities in states 1 and 2 are fairly
close. Here, we observe that when E[S;] = E[Ss], the conditional density of the time
of ruin in state 1 coincides with that in state 2. Figure 6.2 shows the situation when
E[S1] > E[Ss], 1¥1(40) = 0.03418 and 1,(40) = 0.03071. We observe that for the time
interval ¢ € (170, 264) (unscaled) the density of the time of ruin, given that ruin occurs,
in state 1 is located above that in state 2. As we can see in Figures 6.1 and 6.2 the
maximum density is around ¢ = 200 (unscaled). In Figure 6.3 we choose u = 120
(unscaled) with 11(120) = 0.02304 and 15(120) = 0.02721. This figure presents the
density of the time of ruin, given that ruin occurs when E[S;] < E[S;]. We observe
that the conditional density of the time of ruin in state 2 is located above the density
in state 1. Therefore, we can conclude that the relationship between the density of
the time of ruin in states 1 and 2 is the same as the relationship between v, (u) and
o(u). Figures 6.4, 6.5 and 6.6 illustrate the density of the time of ruin, given that
ruin occurs when claim amounts follow Pareto distributions and initial surplus is 40
(unscaled). The pattern of these graphs is the same as the graphs for the exponential
claim amounts. In other words, in Figure 6.4, where E[S;] = E[Ss], the conditional
density of the time of ruin in both states is the same, in Figure 6.5 where E|[S;] > E[Ss]
the conditional density of the time of ruin in state 1 is above that in state 2, and in
Figure 6.6 when E[Si] < E[Ss], the conditional density of the time of ruin in state 1
is below the density of the time of ruin in state 2. We can observe that the common
feature of all these figures is that they are all positively-skewed and the skewness is

heightened when claim amounts follow a heavy-tailed distribution.
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6.5.2 The density of the time of ruin for m > 2

In Section 6.5 we provided an algorithm that can evaluate the probability of ruin in
finite time in an m-state discrete time model. We then showed how we can apply this
algorithm to approximate the density of the time of ruin when m = 2. In this section,
we apply our numerical procedure to the case m > 2. There is nothing new about this
algorithm except the estimation of the transition probabilities for which we suggest the

following two methods and our experiments show both give very similar results:
(i) pii = e~ /% and p;; = (1 — e *¥/F)ay; /v,
(i) pi =1 — cy/cf and p;; = ayj/cp.

We remark that (i) is in fact the method that we have already used in our numerical
calculations for the case m = 2.

We consider a three-state model with the following intensity matrix

—-0.6 02 04
0.1 —-03 0.2
0.5 03 -08

We calculate ¢ = 1.13548 in the continuous time model so that formula (2.2) is satisfied
and set § = 20. Figure 6.7 shows an approximation to the (defective) density of the time
of ruin when arrival intensities are 1 in each state and claim amounts are exponentially
distributed with means m; = 1,my = 0.5 and mz = 2. Figure 6.8 illustrates the
situation when claim amounts follow Pareto distributions with parameters a; = 2,6, =
1,a =3,bp =1 and a3 = 2,b3 = 1 and arrival intensities Ay = Ay = 1 and A3 = 2. We
observe that the common features of Figures 6.7 and 6.8 are that they are positively-
skewed and the graph for the (defective) density of the time of ruin in state 3, where
E[S5] is higher than the expected aggregate claim amount in the two other states, is
located on the top and for state 2, where E[Ss] is less than that in states 1 and 3, is
at the bottom with the graph for state 1, where E[S;] > E[S;] > E[S:], being in the
middle.

If we let the finite time period be sufficiently large, the graph of the cumulative
distribution of the time of ruin can give us an approximation to the ultimate ruin

probability for an m-state model. For example, our observation with the graphs of the
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cumulative distribution of the time of ruin for claim amounts with exponential distribu-
tions shows that for u = 10 (unscaled), ¥,;(10) for i = 1,2, 3 approaches 0.55864, 0.52368
and 0.58057, respectively and when claim amounts follow Pareto distributions we can
observe that for u = 10 (unscaled), v,;(10) for ¢ = 1,2, 3 approaches 0.60752,0.58292
and 0.62175, respectively. This method can be extended easily to m > 3. However,
we cannot verify the accuracy of the resulting v;(u) values, particularly, when claim
amount distributions are Pareto.

We remark that Li et al. (2014) considered the density of the time of ruin in
the continuous time Markov-modulated model. They derived a general expression for
w;(u,t) and using numerical integration, implemented their formulae for « = 0,5 when
claim amounts in state 1 follow an exponential distribution and in state 2 follow an
Erlang(2) distribution. As with the classical risk model, the formula for the (defective)
density of the time of ruin in the Markov-modulated risk model, is expressed in terms
of the density of the aggregate claim amount. However, in contrast to the classical risk
model, the solution to the integro-differential equation that satisfies the distribution of
the aggregate claim amount does not lead to a neat expression as formula (1.1). This
issue arises as G;;(x) is a matrix under the Markov-modulated risk model. In general,
it appears that our approach for the approximation of w;(u,t) is more straightforward

than their numerical integration.

6.6 The Markov-modulated model with capital in-

jections

In this section, we consider the Markov-modulated risk model with capital injections.
First, we provide formulae for the ultimate ruin probability in the continuous time case.
Then, we extend the algorithm used in Section 6.4 to approximate the probability of
ruin in infinite time. Following that we discuss the finite time ruin probability and
show how the algorithm in Section 6.5 can be modified to provide approximations to

the density of the time of ruin in our model.
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6.6.1 Notation and definitions

The underlying surplus process for a Markov-modulated risk model with capital injec-

tions is the Markov-modulated risk model which is defined by
N(t)
U(t) :u+ct—ZX,-
i=1

where N (t) is the number of claims that have occurred up to time t. We assume that
{J(t) }+>0 is a homogeneous, irreducible and aperiodic continuous time Markov process.
See Section 2.1.1 for details.

Our risk model of interest is a Markov-modulated risk model modified by capital
injections. Specifically, starting from initial surplus v > k > 0, if the surplus process
falls between 0 and k a capital injection restores the surplus level to k, and ruin occurs
only if the surplus process falls below 0 from a level above k. For the surplus process
with capital injections we use the same notation as for the Markov-modulated risk
model, but with a subscript k, so that, for example, T,  denotes the time of ruin from
initial surplus v > k and 9 ;(u) denotes the ultimate ruin probability given initial

surplus u and initial environment state i, defined by
Yri(u) =Pr(Ty, < oo |U0) =u,J(0) =1) =1 — ()
where d ;(u) is the survival probability. Also,
Yri(u,t) = Pr(Ty, <t | U(0) =u, J(0) = 1)

is the finite time ruin probability given initial surplus u and initial environment state i.

Our aim in this section is to develop a discrete time risk model which can be used to
approximate the continuous time Markov-modulated risk model with capital injections.
For this, we consider the discrete time surplus process that can be used to approximate
the continuous time Markov-modulated risk model as the underlying surplus process.

Therefore, for n = 1,2,3,... we define the insurer’s surplus by
U(n) :u+n—ZYi
i=1

where w is the insurer’s initial surplus and Y; is the insurer’s aggregate claim amount in

the ith time interval. We assume {J,, }en is a homogeneous, irreducible and aperiodic
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Markov chain with a finite space M = {1,...,m} and transition probabilities {p;; }]"_;.
See Section 6.2 for details. To approximate the continuous time Markov-modulated risk
model with capital injections, we consider this discrete time risk model with capital
injections. Using the same notation as in Section 6.2 with a subscript k, we denote by
Ti . the time of ruin from initial surplus v = k,k + 1,... for the process modified by

capital injections. Thus
Vi(u) = Pr(Ty, < 00 | UY(0) = u, J(0) = 7) = 1 — &} ;(u)

is the ultimate probability of ruin given initial surplus u and initial environment state
1. Further,

Vialu, ) = Pr(Ty, < t| UY(0) = u, J(0) = i)

is defined to be the finite time probability of ruin given initial surplus u and initial
environment state 7. In our model ruin occurs when the surplus falls to 0 or below 0,
and capital is injected when the surplus goes below a positive integer k, but stays above
0.

6.6.2 The probability of ultimate ruin in continuous time

In Chapters 3 and 4 we have derived expressions for the probability of ultimate ruin
in the classical risk model with capital injections. Here, we extend our results to the

Markov-modulated risk model with capital injections.

Theorem 6.7. When the initial surplus is k,

Z;n:l,i;éj Hl,ij(oa k)wk,_j(k) + wz(()) - Hl,i(07 k)

Ypa(k) = B 0.0 (6.56)

and when u > k,

Yri(u) = Yi(u—k) — Hyg(u—k k) (1 — (k)
— Y Higj(u—k k) (1= (k). (6.57)

J=Li#j

Proof. We start with the situation when v = k. Conditioning on the amount of the
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first drop below the initial surplus level we have
m k 0o
Uri(k) = Z/ hai5 (0, y) ¥k, (k) dy +/ h1,:(0,y) dy
= 7o k
= D Hug(0.k)t (k) + ¢i(0) = Hyi(0, k)
j=1

which can also be written as (6.56). Using the same argument for v > k, we can write

Vri(u) = Z/ haj(u =k, y); (k )dy—i—/ hii(u—k,y) dy
j=1"0 k
= Y Hig(u—k k) (k) + vi(u— k) — Hyi(u— k. k)
j=1
which can be expressed as (6.57). O

Setting m = 1 in (6.56) and (6.57), we can recover the results in the classical risk
model with capital injections given by Theorem 3.3. We can find analytical expres-
sions for (6.56) and (6.57) when individual claim sizes follow distributions for which
expressions for ¢;(u) and hy ;(u) exist. However, in the case of heavy-tailed claim dis-
tributions there is no closed form for these functions and we need a method that gives

approximation to ¢ ;(u).

6.6.3 The probability of ultimate ruin in discrete time

We now provide recursive formulae for w,‘fﬂ-(u), when ¢ = 1,2 that can be used to
approximate 1y ;(u) in the Markov-modulated risk model with capital injections when
m = 2.

Theorem 6.8. When m =2, foru=k,k+1,...,and i =1,
u—k—1
wg,l<u> = fil ( Z wlccl,l(u - .77) (hill(07 .%') (1 - th(Oa 0)) + hilZ(()? O)hgl(()? SC))
—k—

+ > o (u—x) (hfy(0, ) (1= 13,(0,0)) + hiy(0,0)h5,(0, 7))

+ (T_ th(O 0)) (Hfl(o u) — Hﬂ(o U — k)) @Z)gl(k)
+hcll2<070) (H21(07U) Hgl( )) ¢k 1 (K)
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+ (1 - th(Q 0)) (HijQ(O u) — Hfz(o u = kf)) wg,z(k/’)

+h(1i2(0a0) (ng(o)u) Hg?( )) 1/% 2 (k)
+ (1= 13,(0,0)) (¥1(0) — H{(0,u)) + 115(0,0) (¥5(0) — Hy(0, u)) )
(6.58)
and for ¢ = 2,
u—k—1
1?1?,2(“) = | 1( Z Uy i ( hllil(o 2)h5,(0,0) + hs, (0, z) (1 - htlil((]?o)))

-1

¢1§2 (u—x) h(ilQ(O $)h(211(0 0) + h 5(0,2) (1 - hill(0,0)))

uU—

+
MQ‘HMw

,O) (H 11 Hfll(O U — )) wk 1 (k)
( —h 1(070)) (Hgl 0, u) Hgl(o U — )) @Zfig,l(k)
,0) (Hflz(o Hii2(0 U = )) dz(k)

( h61l1(070)) (ng (0,u) HgQ(O U= )) wgz(@

+h31(0,0) (¥(0) — H{(0,w)) + (1 = h{;(0,0)) (¥5(0) — Hy(0, w)) )

(6.59)
where f = (1 — h{,(0,0)) (1 — h,(0,0)) — h{,(0,0)h3,(0,0) with
U1(0) — HY(0, k) + H5(0, k)i o (k)
Via(k) = 00 (6.60)
and
o) = V2O HEOR) + HE (0, By 8), 6.61)

11— HgQ(Oa k)

Proof. We start with the situation when u = k. In this case, either a claim causes the
surplus to fall between 0 and k, so the capital is injected in order to bring it back to
level k and subsequently ruin occurs from level k, or a claim results in ruin by causing

the surplus to fall to 0 or below 0. Thus

2 k-1
Ui (k) = h(0, 2)ep (K —I—ZZthx (6.62)
j=1 =0 =1 z=k



Rearranging (6.62) yields (6.60) and (6.61).

We can now write an expression for w,‘j’i(u) by noting that on the first occasion that

the surplus falls below its initial level u, we have three situations:

(i) the surplus falls to u — z such that it stays above k and ruin subsequently occurs

from this surplus level,

(i) the surplus falls below k& but remains above 0 so that capital is injected and ruin

occurs from level k,
(iii) ruin occurs when the surplus falls to either 0 or below 0.

Hence, we have

1

—k—
Z hzy(o oy wkj

u

]~

Yii(u) = +Z Z hi (0, 2 (k

+ZZhd (0, z)

j=1 z=0 71=1 x=u—k j=1 z=u
2 u—k—1 2
= hzy(owwk] +Z Hdou Hd( )),lvz)k]( )
j=1 z=0
+4i(0) = H{(0,u). (6.63)
For i = 1, we have
u—k—1
7/’1?,1(“) = h%(oao)@/’il(“) (0 0) ¢k2 )+ Z h 0,z ¢k1 (u—x)
r=1
u—k—1
+ Z hia (0, )9 o (u — &) + (Hiy (0, u) — HY1(0,u — k) i1 (k)
(Hé(OaU) Hiy(0,u — k) ¢ 5(k) +4{(0) — H{(0, u) (6.64)
and for i = 2,
u—k—1
1/11?,2@) = hgl(ovo)wg,l( )+ (0 0) wkz )+ Z h 0,z wkl — )
u—k—1
+ Z h(0 751%2 (u— ) + (H3,(0,u) — Hg (0, u ))1%1( )
+ (H§2(07U) — H35(0,u — k) ¥il o (k) + ¢5(0) — H(0,w). (6.65)

Rearranging (6.64) and (6.65) and solving a system of equations we obtain (6.58) and

(6.59), respectively.
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We can readily evaluate ¢f , (u) and 1 ,(u) if we know the values of h¥;(0,z). We

remark that if we set £ =0 in (6.63) we can recover equation (6.31).

6.6.4 Numerical illustrations

Tables 6.20, 6.21 and 6.22 show exact and approximate values of ¥y 1(u) and ¥ 2(u)
when individual claim amounts follow distributions of Cases 1, 2 and 3 in Section 6.4.
We can apply Theorem 6.7 and the methods in Sections 6.4.1 and 6.4.2 to calculate
exact values of 9y 1(u) and g 2(u). In all tables, a3 = 0.1,a9 = 0.5, and § = 0.1. The

key for these tables is as follows:
(1) denotes the exact value of ¥ 1(u) and ¥y 2(u),
(2) denotes the approximation to 1 (u) and vy 2(u) with 8 = 300,
(3) denotes the approximation to 1y 1(u) and 1y 2(u) with 8 = 100,
(4) denotes the approximation to ¢ 1(u) and ¥y o(u) with 8 = 20.
We note the following points about Tables 6.20, 6.21 and 6.22.

(i) As [ gets larger, approximations improve. We commented in Section 6.4 that the

best approximations were obtained when 5 = 300.

(ii)) We get a better approximation as u increases. This applies to all scaling factors

and is in line with what we have observed in Section 6.4.

(iii) Some of the approximate values are overestimated and some are underestimated

and unlike in Section 6.4 there is no general rule about how this can happen.

(iv) In general, for § = 300, the approximations are close to the exact values.
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Table 6.20: Exponential distribution when E[S;] = E[Ss]
Unscaled k=1 k=2 k=3
u Pr,1(u) Vp,2(u) Yp,1(w) Yp,2(w) Vr,1(w) Pr,2(w)
5 (1) 0.51762 0.51244 0.40086 0.39489 0.24428 0.23833
(2) 0.51789 0.51208 0.40158 0.39444 0.24529 0.23753
(3) 0.51828 0.51251 0.40273 0.39563 0.24685 0.23911
(4) 0.52061 0.51502 0.40951 0.40264 0.25607 0.24848
10 (1) 0.31597 0.31299 0.24467 0.24233 0.14907 0.14761
2) 0.31608 0.31310 0.24501 0.24267 0.14954 0.14807
(3) 0.31631 0.31334 0.24571 0.24337 0.15048 0.14901
(4) 0.31770 0.31475 0.24982 0.24748 0.15611 0.15460
20 (1) 0.11774 0.11664 0.09117 0.09032 0.05555 0.05502
(2) 0.11778 0.11667 0.09130 0.09044 0.05572 0.05520
(3) 0.11786 0.11675 0.09155 0.09069 0.05607 0.05554
(4) 0.11834 0.11724 0.09305 0.09220 0.05815 0.05761
40 (1) 0.01635 0.01620 0.01266 0.01254 0.00771 0.00764
(2) 0.01635 0.01620 0.01268 0.01256 0.00774 0.00766
(3) 0.01636 0.01621 0.01271 0.01259 0.00778 0.00771
(4) 0.01642 0.01627 0.01291 0.01279 0.00807 0.00799
120 (1) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
2) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(3) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
(4) 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000
Table 6.21: Exponential distribution when E[S;] > E[S,]
Unscaled k=1 k=2 k=3
u Y1 (w) Y2 (w) Y1 (w) Yy, 2(u) g1 (w) Py, 2(u)
(1) 0.58243 0.52276 0.47302 0.42454 0.30490 0.27355
(2) 0.58280 0.52145 0.47427 0.42259 0.30756 0.27103
(3) 0.58264 0.52137 0.47496 0.42329 0.30905 0.27245
(4) 0.58165 0.52092 0.47888 0.42729 0.31771 0.28074
10 1) 0.38787 0.34814 0.31502 0.28274 0.20305 0.18225
(2) 0.38770 0.34799 0.31515 0.28286 0.20350 0.18263
(3) 0.38734 0.34770 0.31541 0.28312 0.20437 0.18343
(4) 0.38520 0.34601 0.31682 0.28458 0.20941 0.18808
20 (1) 0.17202 0.15440 0.13971 0.12540 0.09005 0.08083
(2) 0.17183 0.15424 0.13968 0.12537 0.09019 0.08096
(3) 0.17145 0.15391 0.13961 0.12533 0.09046 0.08120
(4) 0.16919 0.15198 0.13915 0.12500 0.09197 0.08262
40 (1) 0.03384 0.03037 0.02748 0.02467 0.01771 0.01590
(2) 0.03375 0.03030 0.02744 0.02463 0.01772 0.01590
(3) 0.03359 0.03015 0.02735 0.02455 0.01772 0.01591
(4) 0.32640 0.02932 0.02685 0.02412 0.01774 0.01594
120 (1) 0.00005 0.00005 0.00004 0.00004 0.00003 0.00002
(2) 0.00005 0.00004 0.00004 0.00004 0.00003 0.00002
(3) 0.00005 0.00004 0.00004 0.00004 0.00003 0.00002
(4) 0.00005 0.00004 0.00004 0.00003 0.00002 0.00002
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Table 6.22: Exponential distribution when E[S;] < E[Ss]

Unscaled k=1 k=2 k=3

u i1 () P 2 () Pr,1 () Pr,2(w) i, (w) Pr,2(w)
(1) 0.69657 0.81802 0.66574 0.78578 0.61216 0.72808

(2) 0.69674 0.82063 0.66595 0.79031 0.61303 0.73617

(3) 0.69746 0.82092 0.66692 0.79085 0.61438 0.73712

(4) 0.70181 0.82268 0.67270 0.79405 0.62236 0.74272

10 (1) 0.59344 0.70349 0.56968 0.67572 0.52733 0.62603
(2) 0.59384 0.70396 0.57016 0.67645 0.52795 0.62718

(3) 0.59465 0.70445 0.57116 0.67718 0.52926 0.62831

(4) 0.59957 0.70746 0.57716 0.68154 0.53707 0.63497

20 (1) 0.43825 0.52014 0.42094 0.49961 0.38998 0.46286
(2) 0.43869 0.52050 0.42145 0.50004 0.39059 0.46343

3) 0.43958 0.52120 0.42246 0.50091 0.39181 0.46457

(4) 0.44494 0.52545 0.42855 0.50609 0.39911 0.47133

40 (1) 0.23957 0.28434 0.23011 0.27311 0.21318 0.25302
(2) 0.23996 0.28471 0.23053 0.27352 0.21366 0.25350

(3) 0.24076 0.28546 0.23138 0.27435 0.21460 0.25445

(4) 0.24558 0.29002 0.23654 0.27934 0.22029 0.26015

120 (1) 0.02139 0.02539 0.02055 0.02439 0.01904 0.02259
(2) 0.02148 0.02549 0.02064 0.02449 0.01913 0.02270

(3) 0.02167 0.02569 0.02082 0.02469 0.01931 0.02290

(4) 0.02279 0.02692 0.02195 0.02593 0.02045 0.02415

6.6.5 The probability of ruin in finite time

We take a similar approach to Section 6.5 to approximate ¥ ;(u,t) in the Markov-
modulated risk model with capital injections. We then discuss the truncation method
of De Vylder and Goovaerts (1988) to improve the computational efficiency of our

numerical algorithm.

Theorem 6.9. When t =1 and foru =k, k+1,...,

Yia(u, 1) = Z Y gyle) =1-Gilu), (6.66)

7j=1 z=u+1
and when ¢ > 1,
m u—~k
%ii(w t) = @Dg,i(ua 1)+ Z gij($)¢g,j(u +1-=z,t-1)
j=1 z=0
+Y 9ij (@)U 5 (R, t = 1). (6.67)

Proof. We first consider the case w;{i(u, 1). For ruin to occur within the first time

period, we require that the aggregate claim amount Y; exceeds the initial surplus wu.
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Hence (6.66) follows. Next we consider the case ¢ > 1. Ruin occurs at or before time ¢

under the following situations:
(i) Y7 > u, so that ruin occurs at time 1,

(ii) Y1 =z, =0,1,2,...,u— k and ruin occurs in the next ¢ — 1 time periods, from

surplus level © + 1 — z at time 1,

(iii) Y1 =z, z =u—k+1,...,uand ruin occurs in the next ¢ — 1 periods, from surplus

level k at time 1.
Therefore, (6.67) follows. O

We can use (6.66) and (6.67) to evaluate ¢, (w,t) by first calculating ¢ ;(w, 1) for
w=kk+1,...,u+1t—1. Then, we need to find w,ii(w,Z) forw=kk+1,...,u+
t — 2, and finally ¢f ;(w,t) for w = k,k+1,...,u+t — 7, where 7 = t. As stated
before, this is computationally intensive and time-consuming. To solve this problem,
we can modify De Vylder and Goovaerts’ (1988) algorithm for the approximation of
the classical risk model and truncate the summations by ignoring small values of g;;(z)
and ¢f ;(u +1 —z,t — 1). The summation in (6.66) can be truncated at k;;, where
ki1 is the least integer such that G;(k;1) > 1 — ¢, € > 0. The second term in (6.67) is
calculated only for values that max(0,u +1 —k;;—1) < = < min(u — k, k;1) and the
third term for v — k+ 1 < 2 < min(u, k;1). Thus

Alu, 1) =1-G5(u), u=kk+1,... Ky,

and for t > 1

lec‘?i(U,t) = ul —1—2291] ,wu+1—x,t—1)
j=1 z=L

m min(u,k; 1)

+> Y gkt — 1) (6.68)

7=1 z=u—k+1

where £ = max(0,u+1—k;;—1) and U = min(u — k, k;1).
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6.6.6 The density of the time of ruin

In this section, our aim is to illustrate the shape of the density of the time of ruin
under the Markov-modulated model with capital injections. We can apply the tech-
nique described in Section 6.5.1 and use formulae (6.66) and (6.67) to approximate the
(defective) density of the time of ruin in continuous time at ¢ = j/¢f by

f [w,‘i,i (. 5) —via(w ‘%)} (6.69)
for j = 1,2,...,¢Bt. Dividing (6.69) by z/z,ii(u) gives approximations to the proper
density of the time of ruin.

Figures 6.9 to 6.14 show the approximate density of the time of ruin, given that ruin
occurs, for a; = 0.1, 9 = 0.5, = 20 and 6 = 0.1. Figure 6.9 presents the situation
when claim amounts follow exponential distributions (Case 1), for u = 40 (unscaled).
As we can see, the conditional density of the time of ruin in state 1 and state 2 is
not distinguishable. This feature can also be observed in Figure 6.12 which shows the
density of the time of ruin, given that ruin occurs, when claim amounts follow Pareto
distributions (Case 4) and u = 40 (unscaled). In both these figures the expected value
of aggregate claim amount in state 1 and 2 is the same. Figures 6.10 and 6.13 display
the conditional density of T),; for Cases 2 and 5, respectively when u = 40 (unscaled).
In both these figures, the expected aggregate claim amount in state 1 is greater than
the expected aggregate claim amount in state 2 and we can see that the conditional
density of the time of ruin in state 1 is located above the conditional density of the time
of ruin in state 2. However, this is not quite clear in Figure 6.13 when claim amounts
follow Pareto distributions. Similarly, when the expected aggregate claim amount in
state 1 is less than the expected aggregate claim amount in state 2 we can see that the
conditional density of the time of ruin in state 2 is above that in state 1. Cases 3 and
6 are illustrated by Figures 6.11 and 6.14, respectively. Unlike in Figure 6.13, this is
obvious in Figure 6.14 where the dashed lines representing the density in state 2 are
above the smooth lines representing the density in state 1.

The consistent feature of these figures is that they are all positively-skewed. This
feature has been observed under the Markov-modulated model in Section 6.5.1 and the
classical risk model with capital injections in Section 5.4 as well. Also, we can see that
the density of the time of ruin for £ = 1 is located above the density for £ = 2 and
k = 3 and the density of the time of ruin for £ = 2 is above the density for k£ = 3.
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Figure 6.10: Exponential claim amounts when E[S1] > E[S9]
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This feature appears in all figures, although for Cases 4,5 and 6 when individual claim
amounts follow Pareto distributions, it is not quite obvious.

Figures 6.15 and 6.16 show the (defective) density of the time of ruin in a three-state
Markov-modulated model with capital injections for claim amounts following exponen-
tial and Pareto distributions, respectively when u = 10 (unscaled). We use the same
parameters as in Section 6.5.2. As we can see, the graphs exhibit the same pattern as in
Section 6.5.2, i.e. the density of the time of ruin in state 3 is located above the density
of the time of ruin in state 1 and the density of the time of ruin in state 1 is above
the density in state 2, which is not surprising as the expected aggregate claim amount
in state 3 is greater than that in state 1 and the expected aggregate claim amount in
state 1 is greater than that in state 2. Further, the densities follow the same order as
in Section 5.4. We observe that the density of the time of ruin when k£ = 2 is above
the density of the time of ruin when & = 3. As with the density of the time of ruin in
a two-state Markov-modulated model, the density of the time of ruin in Figures 6.15

and 6.16 is positively-skewed.

6.7 Concluding remarks

In this chapter, we have extended our numerical algorithm in Chapter 5, which is
based on the ideas of Dickson and Waters (1991, 1992), to the Markov-modulated risk
model with and without capital injections. We have developed a discrete time version
of the Markov-modulated model that can be used to approximate some ruin-related
quantities in the continuous time Markov-modulated risk model. We have considered
two distributions for individual claim amounts: exponential and Pareto. Comparing
our results with exact values when claim amounts are exponentially distributed, we
found that our algorithm can produce approximate values which are close to the exact
values. In Section 6.5.2 we have graphed the density of the time of ruin for m = 3
and explained that this method can be extended to m > 3. It may also be possible
to approximate the ultimate ruin probability by looking at the cumulative distribution
of the time of ruin. In the final section, we incorporated capital injections into our
model and showed how our modified algorithm can approximate the probability of ruin

in infinite time when m = 2 and probability of ruin in finite time when m > 2.
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Chapter 7

Dividend strategies with capital

injections

7.1 Introduction

In this chapter, we consider the question of dividend strategies. Our aim is to examine
the impact of capital injections on dividend payments to shareholders of an insurance
company. We begin with the situation introduced by De Finneti (1957) and find the
optimal level of surplus at which dividends start being distributed among shareholders
under our model, by maximising the expected discounted value of dividend payments.
Then, we propose a reinsurance arrangement under which any fall below the level £ is
compensated by this contract, meaning that the idea of capital injections is extended
to any situation when the surplus falls below k, and as a result the insurance company
may do business indefinitely. We illustrate the application of our results for individual
claim amounts with exponential and mixed exponential distributions. Following that
we discuss a threshold strategy and find the optimal value of the dividend barrier using
two methods. In the final section, we demonstrate that the dividends-penalty identity

given by Lin et al. (2003) holds for a model with capital injections.

7.2 Barrier strategy

In this section, we apply the idea of De Finneti (1957) to our risk model with capital

injections.
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We define Vi (u, b) to be the expected present value at force of interest d of dividends
payable to shareholders prior to ruin whenever the surplus attains level b in the presence
of capital injections. Let 7 denote the time at which the surplus would reach b if there
were no claims, so that u+ ¢ = b. Thus, by considering whether or not a claim occurs

before time 7 for k < u < b, we have

utct—k
Vi(u,b) = e MV (b, b) + /)\e (o)t / f(@) Vi(u+ ct — ) dz dt
u—lgt ‘
/ Ae~ A+ / f(x) Vi(k, b) dz dt.
0 utct—k

Substituting s = u + ¢t we obtain

A b s—k
Vi(u,b) = e OHIb=w/ey by 4+ —/ e(’\ﬂs)(s“)/c/ f(z) Vi(s — z,b) dxds
CJu 0

b s
2 / e~ WHO=w/e [ £\ Vi (k, b) da ds, (7.1)
u s—k

C

and then differentiating with respect to u we get

d A0 Ak
%Vk(u, b) = Vi(u,b) — Z/o f(@)Vi(u — z,b) dz
_% (Flu— k) — F(u) ) Vilh,b). (7.2)

Similarly, by considering dividend payments before and after the first claim, we have
00 b—k

Vi(b,b) = / e~ e 5 dt + / Ae~ (Aot f(2)Vi(b — z,b) dz dt

0 0 0

00 b
+ /0 A~ Aot . f(x) Vi(k, b) da dt (7.3)

where 35 = (e — 1)/§ is the accumulated amount at time ¢ of payments at rate 1

per unit time at force of interest 0 per unit time. Integrating out in equation (7.3) we

obtain

‘ b—k

Vk<b,b) = /\—+5+/\—+5 ; f(:c)Vk(b—:c,b) dx
LA (F(b k) — F(b))v (k, b) (7.4)

A 6 k 5 . .

From equation (7.2) we find that
c 0 A bk
A

_m(F(b - k) - F(b))wk, b)
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which, together with equation (7.3), gives the boundary condition

0

In the following results, we find an expression for Vj(u, b) in the case of exponential and
mixed exponential claim amounts.

Result 7.1. When F(z) =1—¢*, 2 >0, with a > 0,

_ Dy(k)er — Dy(k)e B
Vi(u,b) = Dy (k)per® + Do(k)Re— TP (7.6)

with

Di(k) = cla+p)e@ Bk _ \(ek —1)e BF
Dy(k) = cla— R)e@HPF — \(e®* — 1)er”, (7.7)

where p = p(d) > 0 and —R = —R(6) < 0 are the roots of Lundberg’s fundamental

equation, given by

52+(a—)\+5>s—&—6:0. (7.8)
c c

Derivation. Substituting for f, we write equation (7.2) as

0 A+9 A —a(u—x
%W(U, b) . Vi.(u, b) — E/k e WOV (2, b) dx
A
_Ee_au(eak - 1)‘/}6(1{:7 b)a (79)

and differentiation of equation (7.9) yields
A0 > 0 ad

2

a—Vk(u,b) + (a

ou? ou

C

The general solution of equation (7.10) is given by
Vi (u, b) = y1e/* + ype~ it (7.11)
and from (7.5) the boundary condition is

npe?’ —yRe”™ = 1.
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We can now insert the functional form (7.11) of Vi (u, b) into equation (7.9), giving

vipe — yoRe

= . (716’) + o€ R ) — Te / (716( +°) —i—%e( k) ) dx
k
A
—Ze’a”(eo‘k — 1) (y1€”" + y2e7 ) (7.12)

Rearranging this identity we obtain

o A+0  al 1 —Ru A+0 ad 1
meT |\ p— +— — 7e€ R+ -
c c a+p c c a—R

—ou | N ok ok —Rk A M1 (a+p)k 2 (a-Rk\| _
+e [C(e 1) (716 + 72e ) 3 +p6 + e = 0.
Since
A+0  ad 1 1 9 A+0 ad
p— +— pPr+la———|p——]=0
c ca+p a—+p c &
and
A+06 A1 -1 A
Ryl 4 _ R (0210 g2
c ca—R ao—R c c

by equation (7.8), the coefficients of e#* and e~ % are 0; consequently, we have

71 —(e®* —1)e fk 4 ela=Bkq /(a — R)

e (e~ D)ok — el@tRa(a t p)

By noting that (o + p)(a — R) = aA/c (see Dickson, 2005) we can write this as

7o clat p)e@ Ik — \(eoF — 1)e~BF _ Di(k)
Yo Meok —Derk — c(a— R)eletok — Dy(k)’

(7.13)

Using the boundary condition, formula (7.6) follows. O

To find the optimal values of b and k, we differentiate (7.6) once with respect to
b and once with respect to k and then equate to zero. Hence we need to solve the

following system of equations:

(D1(k)p?e” — Dy(k)R2e™1) (Dy(k)er™ — Dy(k)e R*) =0
(D (k)er™ — Dy(k)e=R) (Dy(k)per® + Dy(k)Re~ )
— (D} (k)pe + Dy(k)ReR) (Dy(k)er™ — Do(k)e ) =0
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S0,

(D1(k)pe” + Dy(k)Re™™) (D1 (k)p*e” — Do(k)R?e™ ™)
x (D’l(k)ef)“ - D;(k)e*R“) —0. (7.14)

To find the optimal value of b from (7.14) we have

Dy (k)p*e® — Dy(k)R*e R0 = 0. (7.15)
Thus
1 R2D,(k)
b = 1 . 7.16
P+ R 2Dy (k) (7.16)
Further, as

Dy(k) = cla+p)(a— R)e @ BF L \Re R (eF — 1) — Aaelo Pk
— )\Reka<€ak . 1))

and k£ > 0, D;(k) is an increasing function of k. Also, as

Dy(k) = cla—R)(a+ p)e®™PF — Nperk(e* — 1) — Aael*FPk
= et 1),

Ds(k) is a decreasing function of k and Ds(k) < 0 for k > =Llog w. There-
fore, expression (7.16) shows the relationship between b* and k that can lead to the
maximisation of Vj(u,b) on the condition that

A —c(a—R)

1 (7.17)

—1
0< k< —Ilog
a

We note that the numerator of (7.6) is independent of b. Therefore, we can get the
same result as (7.16) if we minimise the denominator of (7.6). If we set k = 0, (7.16)
gives the optimal value of b in Biithlmann (1970), who considered the classical risk
model with dividends, where he has shown that the first moment of discounted value
of dividend payments can be factorised by Vi (u,b) = C(b)h(u). (Recall from Chapter 1
that Vi (u, b) is the expected present value at force of interest 0 of dividends payable to
the shareholders prior to ruin whenever the surplus attains level b in the classical risk
model without capital injections.) We can see that such a factorisation applies to our

model as well.
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Figure 7.1: Vi (u,b) for k = 2, exponential claims
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Figure 7.2: Vj(10,b), exponential claims
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From equation (7.16) we can conclude that the optimal value of b is independent of
u. Now, to see the impact of capital injections on the optimal value of b we differentiate

identity (7.16) with respect to k. Then

d,._ 1 Dy(k)Di(k) — D (k) Da(k)

*

dk. ~ p+R D; (k) Dy (k)

We know that D,(k)Dy(k) < 0 and D|(k)Dy(k) > 0. Therefore, we can conclude
that the optimal value of b is a decreasing function of k, which is reasonable, since as
k increases, the likelihood of the surplus falling below 0 decreases and the insurance
company is more confident to start paying dividends earlier, and the earlier the insurer
starts distributing dividends, the higher Vi (u, b) is.

Figures 7.1 and 7.2 illustrate the values of Vj(u,b) when o = 1, A\ = 100,¢ = 110
and § = 0.1 for different values of u and k. From (7.17) we require that 0 < k < 4.70.
The fact that the optimal value of b is independent of u can be observed from Figure
7.1. Also, in Figure 7.2 as k increases, the optimal value of b decreases as we would

expect.

Result 7.2. When f(z) = pae™®* + gBe™* where p+¢ = 1,0 < p < 1and a < 3,

we have
Vi(u,b) = ﬁ ( (As(k)Bs(k) — Az (k) Bs(k)) e
+ (A3(k) By (k) — Ay (k) Bs(k)) e 4 (Ay (k) By(k) — Az (k) Bi(k)) €*R2“>
(7.18)
where

L(b) = pe (Ay(k)Bs(k) — As(k)Ba(k)) + Rie” ™" (A1 (k)Bs(k) — As(k)Bi (k)

+Rye 28 (Ay(k)By (k) — A1 (k)By(k)) (7.19)
and
Ay(k) = B LD (e — 1)er*,
a+p
Aalh) = e (k)
As(k) = > —aRQ ela—Bak _ (gok _ 1) Rak
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Bi(k) = ﬂije(Ber)k—(emf 1)er*,
Bik) = T £ e (@ = 1e
Bs(k) = 3 _ﬁ R26(6—R2)k — (ePF — 1)e ik, (7.20)

where p = p(6) > 0, —R; = —R;(0),7 = 1,2 are the solutions to Lundberg’s fundamen-
tal equation (see Gerber et al., 2006b, formula 7.13), given by

s° + (a+ﬁ—)\7+5) s* + (aﬁ+(pa+qm%—(0é+ﬁ))\7+5) 5_0475(5 = 0.
(7.21)
Derivation. Substituting for f, we write equation (7.2) as
a%vk(u, y = 2 - O Vi, b) - % /k " (pae ) 1 g8 Vi (., b) da
—% (pe=®(e™* — 1) + ge 7"(e"* — 1)) Vi(k, ). (7.22)

Next, we apply the operator (a% + a) (% + 6) to both sides of equation (7.22). To do

this, we differentiate equation (7.22) with respect to . Hence

0? A+6 0 A
ka(ua b) = c %‘/}c(ua b) — E(pa +qB)Vi(u, )
—1—5/ (pozze_a(“_r) + qﬁ%‘mu_m)) Vi(z,b) dx
¢ Jk

—i—% (poe (e — 1) + gBe™"(e”* — 1)) Vi(k, b). (7.23)

Differentiation of equation (7.23) with respect to u gives

o? A+6 02 A 0 A 5
—%/ (poz3e_a("_$) + qﬂ?’e_'g(u_m)) Vi(x,b) dx
k
A

- (pale™ (e — 1) + qBPe ("% — 1)) Vi(k, b), (7.24)

and hence we get

o? A+ 02
%Vk(% b) + <a + 08— 1_ > ka(u, b)
A A+0 1)
+ (aﬁ + (pa + q&); — (o + ﬁ)%) a%vk(u, b) — %Vk(u, b) = 0.

(7.25)
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Thus, the general solution of equation (7.25) is of the form

Vi(u, b) = noe”™ + me™ " 4 e, (7.26)
Further, from equation (7.5) the first boundary condition is given by

nope’® — m Rie 1% — nyRye 120 = 1. (7.27)

We can now insert the functional form (7.26) of Vi(u, b) into equation (7.22), giving
A+0

nope” — mRie” M — myRye” 2 = s (moe”™ + me~ T + pae24)
A U
_E/ (pae—a(u—x) + qﬁe—ﬁ(u—x)) (noepz + nle—Rlx + nze—Rzm) dr
k
)\ —ou « —pu — —
— (pe (e ko 1) + qe p (651€ — 1)) (noepk + e Rk 4 o€ RQk) )

Rearranging, we obtain

A+0  aX p BA ¢
pu an pA_ 4
e (p c T ca+p+ c B+p

—mp et (R1 +

A
_7726—R2u (R2 + 1—5 aA p B)‘ q )

A+d ad p BA ¢ )

A n - n
_ 2 —au (a+p)k (a—R1)k (a—R2)k
Ce LH_ppae —l—a_Rlpae +a_R2pae
A 1
ok k —Rik —Rok —Bu 0 (B+p)k
—p(e*” —1 e’ +me T f e ) | + —e ——qpfe
p( ) (o0 m e )} ; {ﬁ ~ pqﬁ
BTk o B 5Bl (B 1) (et 4 e RiE e k) } .
5 — R1 ﬂ - R2
The coefficient of e is zero, since
A+0 n aX p BA ¢ 1
p —_ — — pr—
c cat+p cB+p (a+tp)(B+p)
A+ A A+ afd
X{p‘“r (oHrB—T) pe+ <a6+(poz+q5)z—(a+ﬂ) - )p— - } =0

by equation (7.21). Similarly, we can show that the coefficients of e~ 1% and e~f2% are

also zero. Consequently, the coefficients of e=®* and e~#* are zero and we can write

Ay (k)no + Ag(k)m + Az(k)na = 0,
By (k)no + Ba(k)m + Bs(k)n2 = 0, (7.28)
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Figure 7.3: Vj(u,b) for k = 2, mixed exponential claims
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Figure 7.4: V}(10,b), mixed exponential claims
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where A;(k) and B;(k) for i = 1,2, 3 are given by (7.20). We can find 7, 7, and 7, from
equations (7.28) and the boundary condition in equation (7.27) and hence the result
follows. 0J

Conditions (7.28) are a special case of equation (7.8) of Gerber et al. (2006b).
We can see that similar to the exponential claim amounts case, as the denominator is
independent of w, it is possible to maximise Vj(u,b) by minimising the denominator.
Therefore, the optimal barrier b satisfies the relationship

P By(k)e?” — RyRyBy(k)e R Ay (k)Bs(k) — As(k)By (k)
R2By(k)e- T — RIBy(k)e—Fek  Ay(k)By(k) — Ag(k)Ba(k)’

(7.29)

Now we consider the function f(z) = %(3e7/2) + 2(2¢72") with A = 100, = 0.1
and ¢ = 110. Substituting in (7.21) we get p = 0.00884516, —R; = 0.0670988, —Ry =
1.53175.

Figures 7.3 and 7.4 show values of Vi (u,b) for different values of b when k& = 2
is fixed in Figure 7.3 and u = 10 is fixed in Figure 7.4. We observe from Figure 7.3
that the optimal value of b is independent of u and as the initial surplus increases, the
expected present value of dividend payments rises. This is consistent with Figure 7.1.

However, unlike in Figure 7.2 we can see in Figure 7.4 that as k increases, the reduction

in the optimal value of b is not very evident.

7.3 A reinsurance arrangement

In this section, we assume that the shareholders input u, and when the surplus drops
either below k, or below 0, a compensation which is equal to the amount of the fall below
k is provided by a reinsurance contract which has been purchased by shareholders, so
that the surplus is restored to k. The insurance company can then continue from this
surplus level, and the operation from the time of the fall is independent of the past, so
that each time a claim causes the surplus to fall below k, after the capital injection, the
surplus goes back to k£ and this time point is a renewal point of the new process. The
surplus process is now moving indefinitely between k and b.

Let Y, be the deficit at ruin and let T, be the time of ruin in our model, as-
suming the initial surplus is u. We define Ry (u,b) = E[e TwbkY,, ;1] to be the expected

present value of the deficit at ruin and Ry, (u,b) = E[e~0Twt+] to be the expected present
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value of a unit payable at the time of ruin at force of interest 0. Also, let T}, and Y,
be the time of ruin and the deficit at the time of ruin in the classical model without
capital injections when the surplus is bounded by the upper level b, respectively. Our
purpose is to examine how our reinsurance contract affects the expected present value
of net income to the shareholders. So, let f/k(u, b) denote the expected present value
of dividends only. Then, by noting that Vi(u — k,b — k) is the expected present value
at force of interest d of dividends payable to the shareholders prior to ruin whenever
the surplus attains level b in the classical risk model without capital injections, we can

write
Vi(u,b) = Vi(u — k, b — k) + E[e”*Te=ro-r]V, (K, ). (7.30)

Hence

- ‘/1(07 b— k)
Vk(k7 b) = 1 _ E[e_(STo’b_k] '

(7.31)

Further, let Wk(u, b) denote the expected present value of payments to be made by the

reinsurance company when the surplus falls below k. Then
VNVk (u, b) = E[G_éT“_k’b_kYu_ka_k] + E[G_(ST“_k’b_k]Wk(k, b) (732)

which gives

N E[eféTo,bkab’b_k]
Wk(k7 b) = 1— E[e—5To,b—k] )

(7.33)

Defining Ny (u,b) to be the expected present value of net income to the shareholders,

our strategy is to find the value of b which maximises
Ni(u,b) = Vi(u,b) — (1 + 0g)Wi(u, b) — u. (7.34)

We already know expressions for Vi (u, b) and we can use formulae (44) of Dickson and
Waters (2004) for n = 1 to find E[e~°T«Y,, ;] and E[e~%T«t] for exponentially distributed
claim amounts. Therefore, it is straightforward to calculate the expected present value
of net income for exponential claims. However, in the case of claim amounts following
a mixed exponential distribution, we first derive expressions for E[e~%Twt+Y, ;] and
Ele~%Twsk]. Then, setting k = 0, gives the results for E[e°T2Y,, ;] and E[e°Tub].
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By considering the time and the amount of the first claim, and whether or not the
first claim occurs before time 7, standard arguments — see, for example, Dickson and
Waters (2004) — lead to

u—=k
SeRwh) = 2R =2 [ ) R b dy
_%(F(u k) - F(u))Rk(kZ, b) — %/Oo(y —u) f(y) dy.

(7.35)

For u = b we get

0o b—k b
Ry (b,0) = /0 >\6_(“5)t< i fW)Be(b—y.b)dy+ [ f(y)Re(k,b)dy

b—k

n / b dy) it

b—k b
- (0 f)BRr(b—y,b)dy+ [ f(y)Ru(k,b)dy

At bt
+f (y—b)f(y)dy)- (7.36)
b
Setting w = b in (7.35) yields
0 A+4 A [oF
galunh)| = TR 7 [ )R~y ) dy
AP A [
[ rwRen =2 [ w-nrwd 37

=0.

and we can find the boundary condition as 2 Ry, (u, b)
u=b

Result 7.3. When f(z) = pae ™ + gBe* for p+q¢=1,0<p<1land a < j,

Ralud) = s (R BB0) — ada(h) + Fae ™ adoh) — B()

+ (pe”™(BBs(k) — aAs(k)) + Roe ™" (BBy (k) — aA;(k))) e~

 (peaa(k) = BB0) + Rie™ ™ (6) ~ BB () ) (739

where L(b) is given by (7.19) and A;(k) and B;(k) for i = 1,2,3 are given by (7.20).
Further, p, Ry and Ry are the roots of Lundberg’s fundamental equation given by (7.21).
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Derivation. Substituting for f, we can write (7.35) as

0 A+46 A [
_Rk(u7 b) a Rk (U, b) - / (pae—a(u—y) + qﬁe—ﬁ(u—y)) Rk (yv b) dy
ou c c Ji
A
- (pe=*(e* — 1) + ge ""(e’* — 1)) Ry(k,b)
A e e Bu
_Z , 7.39
. (p . ti ) (7.39)
From this, it is straightforward to obtain
0? A0\ 0
A A+0\ 0O afé
# (a0 ot 49)2 - @+ 920) L Ruunt) - P Rufu ) =0
(7.40)
Thus, the general solution of equation (7.40) is of the form
Ri(u, b) = (e + (e~ e 4 (oo v (7.41)
with the boundary condition from formula (7.37) being
Cgpepb - ClRle_Rlb - €2R26_R2b = 0. (742)

We now insert the functional form (7.41) of Ry (u,b) into equation (7.39), giving

A+0

Gope™ — G Rie™ ™" — (Rye 2" = (Coepu + Qe v 4 CQG_R2U)

A u
_E/k (pae—a(u—y) + qﬂe—ﬁ(u—y)) (Coepy + Cle—Rly + C2€_R2y) dy
A
- (pe’a“(eak -1+ qe’ﬁ“(em‘C — 1)) (Coepk + Ge Tk 4 Cge’RQk)
A e o e Bu
_Z . 7.43
; (p T 5 ) (7.43)

Rearranging, we obtain

A+ a\ p BX ¢
pu _ - - -
Goc (p c + c oz—l—pJr c B+p

_ A+ aN p BN ¢
o Riu _ _
Ge (R1+ c c oa— Ry c b— Ry

B A+0 aX p BN g
— Rou [ - _ ==
Gae (2+ c c oa— Ry ¢ B— Ry




- Go (atp)k G (a—R1)k G2 (a—Ra)k
= —e Y| ——pae'® + ——pae'“T L 2T el
c oz+pp oz—Rlp Oé—Rgp

e = DG+ e o) = 2] g 2
G

B — Ry

—Riu

qBel? Ik 4

5R1

Since the coefficients of e”“, e —fau

and e are zero, we see that the coefficients of

e~ and e~P* are zero, and find the following conditions

CAi(k) + QA2 (k) + QA3 (k) — é =0,
GBL(k) + GiBalk) + GBalk) = 5 = 0. (7.44)
Using (7.42) and (7.44), the result follows. O

In the case of exponential claim amounts, we can use the memoryless property of

—9Tusk]. For the mixed exponential claims

the exponential distribution and derive Ele
we need to find E[e=9Twb#] directly. Therefore, by the argument of conditioning on the

time and the amount of the first claim we find the analogues of formula (7.35) as

0 = A+0 -~
%Rk(u, b) Ri(u,b) — —/ f(y)Re(u — y,b) dy
/\ _
2 (F(u— k)~ F(u) Ralk, D) ——/ f(y (7.45)
with the boundary condition being - D R (u, b)) = 0. Now, we can insert f in equa-

u=b
tion (7.45) and follow the same technique as before to obtain the following differential

equation as

83

—Ru(u,b) = (a T R 5) 88—;Rk( )
(a5+(poz+qﬁ)— - (a+ﬁ)Ai5> 2 )~ 2 yuny =0
The general solution to this equation is given by
Rk(u, b) = goe + gre Y 4 e~ v (7.46)

and the boundary condition is ope®”® — ¢ Rie b — ¢ Roe™ %20 = (. Inserting the func-

tional form (7.46) of Ry(u,b) into equation (7.45), after simplifications we obtain two
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other conditions as

GA1(k) + 1 Aa(k) + @As(k) = 1,
oB1(k) + 1 Aa(k) + @As(k) = 1,

where A;(k) and B;(k) for i = 1,2,3 are given by (7.20). Applying the boundary

condition, it follows that

Ry(u,b) = ﬁ ( (Rie ™*(Bs(k) — As(k)) + Roe ™ (Ay(k) — Ba(k))) e

+ (pe” (Bs(k) — As(k)) + Roe™ ™2°(Bi (k) — Ai(k))) e~

+ (pe™(As(k) — Ba(k)) + Rie ™ (A (k) — Bi(k))) ) (7.47)

where L(b) is given by (7.19) and p, Ry and Ry are the roots of Lundberg’s fundamental
equation given by (7.21).

Setting & = 0 in formulae (7.18), (7.38) and (7.47) gives expressions for Vj(u,b),
Ele~%TwsY, ] and Ele°Tut], respectively, when claim amounts follow a mixed exponen-
tial distribution.

We now illustrate the applications of these formulae for claim amounts with expo-

nential and mixed exponential distributions.

7.3.1 Exponential claims

Table 7.1 presents the results for the situation when claim amounts follow an exponential
distribution with mean 1,0 = 0.1, A = 100.
The key to Tables 7.1 and 7.2 is as follows:

(1) capital is injected when the surplus falls below k = 1,
(2) capital is injected when the surplus falls below k& = 2,
(3) capital is injected when the surplus falls below k = 3,

b is the optimal barrier that maximises (7.34), Vi is the expected present value of
total dividends, W, is the expected present value of total payments to be made

by the reinsurance company, and N}, is expected present value of net income.
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Table 7.1: Exponential claims with ¢ = 110

u Or b Vk Wk Ny
10 0.2 (1) 15.81 129.96 30.68 83.15
(2) 16.81 129.22 30.91 82.13
(3) 17.81 128.54 31.20 81.10
15 (1) 15.81 134.34 30.13 83.19
(2) 16.81 133.39 30.17 82.19
(3) 17.81 132.47 30.23 81.18
20 (1) 20.00 124.41 18.4103 82.32
(2) 20.00 126.42 20.6333 81.66
3) 20.00 128.73 23.17 80.93
10 0.30 (1) 18.38 120.53 23.0956 80.51
(2) 19.38 119.85 23.3730 79.46
3) 20.38 119.21 23.6988 78.40
15 (1) 18.38 124.59 22.2935 80.61
(2) 19.38 123.71 22.3874 79.60
(3) 20.38 122.86 22.5115 78.59
20 (1) 20.00 124.41 18.4103 80.48
(2) 20.00 126.42 20.6333 79.60
3) 20.38 127.44 22.1672 78.62

We can observe the following from Table 7.1.

(i)
(i)

(iii)

As long as u < b the optimal value of b is independent of u, otherwise u = b.

When u < b, as u increases, the expected present value of dividend payments and
the expected present value of net income both increase, but the expected present
value of compensations made by the reinsurer decreases. This is compatible with

our expectations; since when u increases, it is less likely that the surplus falls
below k.

As k increases, the cost of the reinsurance contract goes up and the optimal value
of b increases. Also, provided that u < b the expected present value of dividend

payments and the expected present value of net income both decrease.

As g increases, i.e. the reinsurance policy becomes more expensive, the optimal
value of b increases, and the expected present value of dividend payments, com-
pensations made by the reinsurer, and the expected present value of net income

all decrease.

In general, the expected present value of net income is always positive, despite the fact

that the reinsurance is expensive.
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Table 7.2: Mixed exponential claims with ¢ = 110

10 0.20 (1) 19.56 139.10 42.1660 78.50
(2) 20.56 138.46 42.5008 77.46
3) 21.56 137.87 42.8817 76.41
15 (1) 19.56 142.90 41.0912 78.59
(2) 20.56 142.06 41.2342 77.58
3) 21.56 141.26 41.4110 76.57
20 (1) 20.00 145.73 39.2840 78.59
(2) 20.56 146.58 40.8190 77.60
3) 21.56 145.61 40.8456 76.60
10 0.30 (1) 23.06 126.96 32.4163 74.82
(2) 24.06 126.38 32.7956 73.75
(3) 25.06 125.85 33.2177 72.66
15 (1) 23.06 130.43 31.0750 75.94
(2) 24.06 129.67 31.2767 74.01
3) 25.06 128.94 31.5096 72.98
20 (1) 23.06 134.71 30.4732 75.09
(2) 24.06 133.80 30.5447 74.09
3) 25.06 132.91 30.6391 73.08

7.3.2 Mixed exponential claims

Table 7.2 shows the results for the situation when individual claim amounts follow the
density function f(z) = $(3e7"/%) 4+ 2(2¢72*) with A = 100,86 = 0.1 and ¢ = 110.

(

3\2

We can observe the following from Table 7.2.

(i)
(ii)

iii)

As long as u < b the optimal value of b is independent of u, otherwise u = b.

As u increases, the expected present value of dividends and the expected present

value of net income both increase, but W, decreases.

As k increases, the optimal barrier b increases, but the expected present value of
dividend payments and the expected present value of net income both decrease,

and W, increases slightly.

When 0y increases, the optimal barrier b increases, but the expected present
value of dividend payments, the compensation to be made by the reinsurer, and

the expected present value of net income all decrease.

In general the results for exponential and mixed exponential claims follow a similar
pattern. However, the expected present value of payments to be made by the

reinsurer in the case of mixed exponential claims is greater than in the case of

206



exponential claims. Consequently, the expected present value of net income under

mixed exponential claims is less than that under exponential claims.

7.4 Threshold strategy

In this section, we consider the situation in which when the surplus exceeds level b
only part of the premium is paid to the shareholders. In other words, the insurer pays
dividends at rate ¢ < ¢ and receives premium at rate ¢* = ¢ — ¢. See Section 2.2.1. We
study the threshold dividend strategy by means of two methods. First we consider the
case of exponential claim amounts and derive an integro-differential equation for the
expected present value of dividend income to the shareholders of an insurance company
which is denoted by 7 (u,b) and solve this equation by techniques in Gerber and Shiu
(2006). We then show how a probabilistic approach, which is based on the idea in
Dickson and Drekic (2006), can lead us to the same expression more easily. Finally, we
apply this method to claim amounts with a mixed exponential distribution.

When £ < u < b, no dividend is payable and the premium is received at rate c.
Therefore, by considering whether or not a claim occurs before time 7, replacing Vi (u, b)
by V(u,b), we can obtain the equivalent equation (7.2) for % (u,b) as before. When

u > b we have three situations:

(i) if the amount of the first claim, z, at time ¢ > 0 is less than u + ¢*t — k, then the
total value of the dividends at time ¢ is ¢sg + V(v + ¢*t — 2, b).

(ii) if the amount of the first claim, z, at time ¢ > 0 is such that u + ¢t — k < z <
u + c*t, then the total value of the dividends at time ¢ is ¢57 + Vi (k, b).

(iii) if the amount of the first claim, z, at time ¢t > 0 exceeds u + ¢*t, then the total

value of the dividends at time ¢ is ¢5p.

Hence

9] utc*t—k
Vi(u,b) = / A~ Aot / f(@)Vi(u+ ¢t — 2,b) dv dt
0 0
00 u+c*t
- / A=A+t / f(@) ¥ (K, b) da dt
0 utc*t—k

+ / Ae~ AW FOtegy dt.
0
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Setting u + ¢*t = s we have

¢ AT sy [T
+— e f(@)Vi(s — x,b) dxds
u 0

Ve(u,b) = A+ ¢

+i 6—(/\+5)(8—u)/c* / f(flf) (Vk(k', b) dr ds.
s—k

*
c u

Differentiating with respect to u we obtain

) A+6 DN
%'Vk(% b) = - Vie(u,b) — R A f(z)Vi(u — z,b) dx
A u
= f(@)V(k, b) d. (7.48)
u—k

Further, according to Gerber and Shiu (2006), 2%} (u, ) is not necessarily continuous
at u = b. After replacing Vi (u,b) by % (u,b) in (7.2), from the resulting equation and
(7.48) we can find the condition

C*%‘Vk(u, b) LT c%‘Vk(u,b) T ¢ (7.49)
which is reduced to the boundary condition in the barrier dividend strategy if ¢* =
c—c=0.

The next result gives an expression for %} (u,b) in the case of claim amounts with

an exponential distribution.

Result 7.4. When F(x) =1—e " x> 0, with a > 0, for £k < u < b we have

A
~

cR

(. b) = ST

(D1(k)e”™ — Dy(k)e™ ) (7.50)

(e — 1)e™ " (D1 (k)e™ — Dy(k)e "),
(7.51)

Dy (k) and Dy (k) are given by (7.7), and —R = —R(6) is the negative root of Lundberg’s

fundamental equation, given by (7.8) with premium ¢* = ¢ — ¢. Also, p = p(9) and

—R = —R(J) are the roots of Lundberg’s fundamental equation with premium c.

Further, for u > b, we have

Vy(u, b) = (1 - e*f““*b)) 4 e R g (5, b). (7.52)

S O
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Derivation. For k < u < b we can simply substitute f in equation (7.2) and differentiate

with respect to u. The general solution of the resulting equation is given by
Ve (u, b) = 1P + vype 1, (7.53)

For u > b we can write (7.48) as

0 A+6 D W
- — - - _ - —a(u—z)
8u‘Vk(u, b) = Vi (u,b) o C*/k ae Vi(x,b) dz
A
——e ™ (™ = 1) Y (k,b). (7.54)
c

Differentiation of equation (7.54) yields

0? A+d\ 0O ad
@’Vk(u, b) + (O./ - ) %fl/k(u, b) —

c* c* c*

with the solution being given by
Ve(u,b) = 7™ + me ™ 4+ C (7.55)

where C' is the particular solution and p = p(6) and —R = —R(d) are the roots of
Lundberg’s fundamental equation with premium c¢*. From ideas in Gerber and Shiu
(2006), lim, e Vi(u,b) = ¢/d, which is the present value of a perpetuity with continu-
ous payments at rate ¢. This leads to 7y = 0 and C' = ¢/6 in (7.55). Thus

Vi (u,b) = e T 4 g (7.56)
We can now insert the functional form (7.53) and (7.56) of 9 (u, b) into equation (7.54),
giving
—Tgéeiéu
A6 ¢ A ’
_ + (7_ G_Ru + E) _ £ . a_e—au/ (,Yle(a-i-p)x + 726(04—}%)90) dr
c* ) ct ot i
A A

c* b
Rearranging gives

_Tzeff%u (R_'_ )‘+5 _CY_/\ 1 A> :eau[aA T2 Ae(aR)b_'_i*geab

c* ¢ a—R ca—R c
_CML (€(a+p)b _ e(a+p)k) _ a_)\ 2 (e(a_R)b . e(a—R)k)
¢ atp ¢ a—R
A

—E(eak — 1) (1€”* + 70e™ ) } :

209



As the coefficient of e~ #* is 0 we have

NI
TS (a i)‘ = (e(a—R)b _ e(a—R)k:) + (eak _ 1)6—Rk> _ geab i a(_)‘ _ el R
(7.57)
From (7.13) we know that v, = — 1Ek;% Therefore (7.57) can be rewritten as
o (a—R)b _ _(a—R)k ak _ 1)p—Rk _ Di(k) , an —{)erk
72((1—1-2 (e ) (e = e () Ve
Di(k) @ ot _ (atok > Coab _OT2 (o Ry
_ a _ pla = —e® _e'\® . 7.58
Daaip ) = TR (7.58)
(7.59)

From the continuity condition in (7.49) we require that

rVk(b_v b) = ‘Vk(b—i_a b)

where 7,(b~,b) from (7.53) is given by
D1 (k
Ve(b™,b) = me” +7pe™ % = 4 (G_Rb - Dl >€pb>

and V(b",b) from (7.56) by
+ ¢ —Rkb
q/k(b ,b):5+7’26 .

Using (7.58) and (7.59), formula (7.50) follows. For u > b, noting that the right-hand

side of (7.59) is ¥, (b,b) from (7.56) we can find
m = (1 (b,b) — ¢/9).

Thus

(1 — ¢ Bty o= Rl ) (3 p)
O

S| O

‘Vk(u, b) =

which is (7.52).
We remark that setting & = 0 in formulae (7.50) and (7.52), recovers results in

Gerber and Shiu (2006) and Dickson and Drekic (2006) in the classical risk model with

dividends.
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We can maximise ¥ (u, b) by minimising L(b). Hence the solution to

0 ~ aDy(k
%L(b) — Dl(k:)pepb + DQ(k)Re—Rb + (o — R>6—ab [#(p) (e(a+p)b _ 6(a+p)k)
D
_O; _Q(Z) (6(a—R)b . e(a—R)k) o Dl(k.)e(a-‘rp)b + D2<k)6(a—R)b
+(e** — 1) (D1(k)e”™™ — Do(k)e ™) } =0 (7.60)

gives the optimal value of b.

7.5 Threshold strategy: alternative approach

In this section, we adapt the ideas of Dickson and Drekic (2006) to find an expression
for 7} (u,b) under the threshold dividend strategy.

Suppose dividends are payable at rate ¢ when the surplus level is above level b, with
c¢* = c¢— ¢ > Amy, and that if ruin occurs, no further dividends are payable. Let T, be
the time of ruin and w(u,y,t) be the joint density of the deficit at ruin and the time
of ruin for a classical surplus process with initial surplus u and premium rate ¢*. We
define T (u,b) to be the expected present value of a unit payable when u = b for the
first time. See Gerber (1979, page 147). For k < u < b, dividends will be payable only

if the surplus process reaches b without ruin first occurring. Thus

For uw > b, dividends are payable immediately at rate ¢ until the first time when the
surplus falls below b (an event which may not occur). Conditioning on the time and

the amount of the first fall below b we have two situations:

(i) the fall below b is less than b — k, so that the surplus process restarts from level

u—b, or

(i) the fall below b exceeds b — k, but is still less than b and the surplus process

restarts from level k.
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As the time of the fall below b is identical in distribution to Tu_b, we can write
00 b—k
Vi(u,b) = ¢E [dA - +/ 6_&’/ w(u — by, t)Vi(b—y,b) dydt
/ —b,y,t)V(k,b) dy dt
b—k
é . 00 b—k
- ; (1= EB[e o)) + no, b)/ e—&/ B — b, y, ) Te(b — y, b) dy dt

+T5(k, b) Ve (b, b)/ / —b,y,t)dydt. (7.62)
0 b—k
For u = b, equation (7.62) is written as
é R 0 b—k
Vo(b,b) = (1 —E[e—éTOD + (0, b)/ e—f”/ (0, y, )T(b — y, b) dy dt

0 0 0
00 b

+ Ty (K, b) Ve (b, b) / e o / w(0,y,t) dy dt
0 b—k

which gives

V4 (b, b)
(¢/8)B e~
1— [ et [T 0(0,y, ) (b — y,b) dy dt — Ty(k,b) [ e=5 [ @(0,y,t)dydt

Substituting in (7.61) for k < u < b we obtain

rVk(ua b)
(¢/6)E [e“sfo} Tio(u, b)
1— [ et [T 0(0,y, ) (b — y,b) dy dt — Ty(k,b) [ e~ [ @(0,y,t)dydt
(7.63)

Next, we derive an expression for Ty (u, b). By considering whether or not a claim occurs

before time 7 for k < u < b, we have
u+ct—k
Ti(u,b) = e M7 (b, b) + / Ae~ (Aot / f(@)Tr(u + ct — 2,b) dr dt
0 0

u—+-ct
/ A~ (Ao / f(2)Ty(k, b) da dt.
0 u

+ct—k
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Setting s = u + ct and differentiating with respect to u we find an integro-differential

equation for T (u,b) as

u—k
%Tk(u, b) = )\—Ci_(STk;(U, b) — %/0 f(@)Ti(u — x,b) dz
_% (F(u — k) — F(@)Tk(k, b). (7.64)

We now introduce an auxiliary function hj, which is independent of b and satisfies the

integro-differential equation

0 A+6 A [t
se(@ = 2o =2 [T (=) da
_%<F(u k) - F(u))hk(k). (7.65)

Comparing (7.64) and (7.65) we can write Ty(u,b) = C(b)hi(u). By noting that
Ty(b,b) = 1 we have

hi(b)

The next result shows the application of (7.63) and (7.66) in the case of claim amounts

Tk(u, b) =

(7.66)

with an exponential distribution.

Result 7.5. When F(x) =1 — e with a > 0, for k£ < u < b, we have

cR

Ve(u,b) = 10 (D1(k)e”™ — Dy(k)e ") (7.67)
where
L(b)
= (Di(k)e” — Dy(k)e ™) — (o — R)e ™ <§1T<kp) (elortelb _ clotolky
- D el ) ) (1= Ryttt = Dy ~ Dafk)e ™),

D (k) and Dy(k) are given by (7.7), and —R = —R(6) is the negative root of Lundberg’s
fundamental equation, given by (7.8) with premium ¢* = ¢ — ¢é. Also, p = p(J) and
—R = —R(J) are the roots of Lundberg’s fundamental equation with premium c.

Further, for u > b, we have

Ve(u,b) = =(1 — e R0y 4 o= Rlu=b by, ). (7.68)

S O
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Derivation. Substituting f in (7.65) we have

0 A+06 A A
-~ _ —a(u—1) _ 2 —au( ok
() = 2y ) - 2 /k 0e () dr — Do (e — Dh(R). (7.69)
Differentiating with respect to u we get
0? A+0Y\ 0O ad
st + (o= 2E0) D) - Ligta =0 (7.70)
Ru

with the general solution being hy(u) = o€ + goe” ™. Then, we insert the general

solution in equation (7.69) and simplify to get

o _ cla+ p)e@ Bk — X(e*F — 1)e~ & Dy (k)
oy ek —1)erk —c(a — R)eletrk — Dy(k)

It follows that
hi(u) = C (Dy(k)e”™ — Dy(k)e™ ™)

where C'is an arbitrary constant. See Gerber (1979). Thus T} (u, b) is given by

Dy(k)e!* — Do(k)e B hy(u
Tiw,b) = Dl((k;))eﬂb - DgE/{J;e_Rb - h];((b)) ‘ (7.71)

Hence, for £k < u < b, we get

Vie(u,b)
(/5) (1 _E [e*m}) hio (1)

hi(b) — [ e3¢ [ (0, y, O)h(b — ) dy dt — hy(k) [ e=5 [P @(0,y,t) dydt
(7.72)

Considering first the numerator of (7.72), we have (see, for example, Gerber and Shiu,
1998, or Dickson and Drekic, 2006)

Ele™™] =1- R/a (7.73)

where —R < 0 is the negative solution of Lundberg’s fundamental equation with pre-
mium rate ¢*. Next, let L(b) denote the denominator of (7.72). Then by noting that
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w(u,y,t) = w(u,t)ae”* we have

L) = i)~ [

00 b
—hu(k) / et (0, 1) / ae™ dy dt. (7.74)
0 b

—k

Now we consider the inner integral of the second term in (7.74):

b
/ e~ b=y (D1(k)e”™ — Do(k)e ™) dy
k

_ ae—ab (Dl(k) (e(a—i-p)b . e(a-i—p)k) . D2<k) (e(a—R)b . e(a—R)k:)> )
a—+p a—R
Therefore, L(b) is given by
L(b)
A Dy (k
= (Di(k)e” — Dy(k)e ™) — (a — R)e™® <—1< ) (e(a+p)b — elotolk)
a—+p
D2(k) (a—R)b (a—R)k 1 R —abioak _ 1V(Dy(K)e* — Do (ke Tk
gl —e ) ) = (1= R/a)e™*(e* = 1)(Di(k)e™ — Dy(k)e ™).

It follows that for k < u < b,

cR

Y(u, ) = a0 L(b)

(Di(k)e™ — Dy(k)e™ ™) (7.75)
which is (7.67). Further, for u > b, we insert for w(u,y,t) and Ti(u,b) in (7.62), giving

Vi(u,b) = g(l_ Ble-])

- ’ hi(y)
+ V%, (b, b)( / et (u — b, t) / e Oy 222 gy (it
0 k hi (D)

Y ) e

From Dickson and Drekic (2006) we know

E[G_&jﬂu*k] _ / e—étw(u . b, t) dt = (1 o ﬁi/()é)e_é(u_b)~ (777)
0
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Substituting in (7.76) we get
Vi (u,b) 5 (1 (1—R/a)e )
R(u—b) ’ o(b— )hk( )
+9,(b,0)(1 — R/a)e” ae VY dy dt
k

b
+ Z’Z ((’Z)) /b | aedy dt) . (7.78)

For u = b we can write (7.78) as

b b
Vo(b,b) = Z—R + (b, 0)(1 — R/a) (/k ae—a@—w% dy dt + ZZ—((IZX /bk e dy dt) .

Thus, (7.78) is written as

rVk(U, b) =

which is (7.68). O

We can find the optimal value of b numerically by solving 3 L(b) = 0.

Formulae (7.67) and (7.68) correspond to expressions (7.50) and (7.52) in Result
7.4 where we have solved the integro-differential equation directly. This method can be
readily applied to other distributions. For example, in the case of mixed exponential
distribution we can apply (7.62) and (7.63) if we know the expressions for E[e~070],
w(u,y,t) and Ty(u,b) which can be expressed in terms of hy. The first two of these
terms can be obtained from Dickson and Drekic (2006). For hy we substitute f(z) =

pae™® + gBe™* where p > 0,g >0 and p+¢g=1in (7.65) to get

9 At o N[
%hk(u) = - hk(u) — E/ (poéefa(ufw) _i_qﬁefﬁ(uf:v)) hk(l') dx
k
_% (pe(c™ — 1) + ge (e — 1)) hu (k). (7.80)

Taking the second and third derivatives of hy, and applying %hk(u) + (oz—l—ﬁ)aa—;hk(u) +

aﬂ%hk(u), after simplifications we obtain

93 3\ 02
astu(a) + (a5 = 220) Tonu)+ (a5 + o+ 09)2
(a4 @)A—”> a%hk(u) - O‘TM — 0. (7.81)



Therefore,

hu.(b)

with the boundary condition

= oo™ + 016”1 4 goe (7.82)

00e” + 01e7 M 4 gy = 1

where p > 0,—R; < 0 and —R; < 0 are the solutions of Lundberg’s fundamental
equation in (7.21). Inserting the functional form hy(u)/hy(b) into equation (7.80) yields

A+

oope’™ — o1 Rie™ " — gy Rpe 2" = Y (Qoepu + gre 1 4 92€_R2u)
A u
— / (poze’o‘(“*x) + qﬁeiﬁ(“’“)) (Qoep‘” + ore BT 4 QQ@iRQI) dz
k
A

=2 (e (e = 1) ge (e = 1)) (o0 4 o1 4 g b
C

We can solve for gg, 01 and g, using the boundary condition and the following equalities:

00A1(k) + 01A2(k) + 02A3(k) = 0,
00B1(k) + 01B2(k) + 02Bs(k) = 0,

where A;(k) and B;(k) for i = 1,2,3 are given by (7.20).
As in Chapter 4 although the probabilistic argument is a more straightforward
approach, it can only be applied to distributions which are subject to a particular

factorisation.

7.6 Dividends-penalty identity

In Chapter 2 we have reviewed literature on the dividends-penalty identity and ex-
plained that such an identity holds under a variety of risk models. In this section, we
verify that a dividends-penalty identity holds in our classical risk model with capital
injections as defined in Section 7.2.

We now establish a Gerber-Shiu function for our risk model by applying the idea of
Lin et al. (2003). Define the Gerber-Shiu function for a surplus process with dividends

and capital injections by
Boks(u) = Ble™ b w(U(T,, ), (U (Tusi)|) | U(0) = u]
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where T}, is the time of ruin, w(z,y) is a penalty function defined for x > k and
y > 0, U(T,,,) is the surplus immediately prior to ruin and [U(T, )| is the deficit
at ruin from initial surplus u. We note that as ruin is certain under a risk model with

dividends our Gerber-Shiu function does not contain I(7},,; < 00).
Theorem 7.1. The function ¢y s(u) satisfies
Bs(1) = Prs(w) — By 5(0)Vie(u, b). (7.83)

Proof. Conditioning on the time and the amount of the first claim and noting that ruin

can occur before time 7 (where u + ¢7 = b) we can write

T u+tct—k
Pops(u) = / Ae~ A+ / f(@)pprs(u+ct —x)dedt
0 0

T u+ct
+ / A~ Aot / f(@)bpr5(k) da dt
0 u

+ct—k

T o0
+/ A~ (Aot f@)w(u+ct,z —u—ct)dedt
0 u-+-ct

+

[e%) b—k
/ e~ (A0 F(@)ppps(b— ) de dt
T 0

(o) b
+ / e~ (Aot f(@)pps(k) do dt

b—k
/ W/ f(z)w(b,z — b) da dt.

Setting s = u + ct and differentiating with respect to u we obtain

u—k
%qbb,k,é(”d) — A + 5¢bk 5( ) 2 i f(x)¢b,k,5(u - l’) dz

—% (F(u — k) — F(U)>¢b,k,5(]f) - %/"O f(x)w(u, r —u) dz.
' (7.84)

For w = b we have

bk b
o rs(b) = / Ae~ (o ( ; f(@)bpr,6(b—x)dr + f(x)bpps(k) dx

/ F@)wlb,z— b)d )dt .

b
_ A—i—é( f( Yo rs(b— 1) dr + f(@)Por5(k) d

/ f(z bw—b)da:) -
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Also, from (7.84) we have

0 A+0 A b—k
%Qﬁb,k,a(U) _ At Po,k5(b) — C/ F(@)prs(b— ) do

—5(F< 0= F0))onaa) > [ f(a)utv, o~ ) ds

C

Therefore, we find the boundary condition as

0

%(bb,k,é(u)

Our approach to solving (7.84) is similar to Lin et al. (2003) and Gerber et al.

= 0. (7.85)

u=b

(2006a). In other words, we set up a dividends-penalty identity for our model. For
this we write the solution to equation (7.84) as a linear combination of the Gerber-Shiu

function when there is no dividend barrier and an auxiliary equation. Thus we write

Pops(w) = Prs(w)+nhi(u)

= ¢ps(u) — Gb;q,(s(b) hZ(b)

where 1 can be found by applying the boundary condition from (7.85) and ¢y s5(u) is

(7.86)

the solution to the integro-differential equation for the Gerber-Shiu function under the
classical risk model with capital injections which can be obtained by differentiating

(3.4) with respect to u, giving
A+

nsl) = [ F@onau =) do = 5 (Flu k) = Fw))onslh)
—% /oo f@)w(u,x —u)dx. (7.87)

0
%éf)k,é(u) =

Further hg(u) is the solution to (7.65). If we compare (7.2) and (7.65) we can see that
these two expressions are proportional. Applying an idea of Biithlmann (1970) we can

write

To find C'(b) we substitute (7.88) in (7.4), giving

COMB) = s+ 57500 [ F@hulb=a)do
+%+5 (F(b k) — F(b))C(b)hk(k)



Rearranging yields

o) = - c/(A+9) ) ;
hi() = 25 Jy " F@) b = ) do = 25 (F(b = k) = F (b)) (k)
1
= T (7.89)
It follows that
Vio(u, b) = Z’;((Z)) . (7.90)
Hence (7.86) can be written as (7.83). O

7.7 Concluding remarks

In this chapter, we have considered the classical risk model modified by capital injec-
tions. We have found the optimal barrier b according to De Finneti (1957) and observed
that in the case of both exponential and mixed exponential claim amounts, the opti-
mal value of b is independent of u, which is a common feature in our model and the
classical risk model. We have then considered a reinsurance contract that enables the
company to operate indefinitely. Our numerical analysis shows that although such a
contract is expensive, the expected present value of net income to the shareholders is
positive. Also, we have found the optimal dividend barrier for our model under the
threshold strategy by using probabilistic arguments and direct solution of an inhomo-
geneous integro-differential equation. Finally, we have verified that a dividends-penalty

identity holds for our model.
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Chapter 8
Conclusion

We have considered one way that capital injections can be incorporated into risk models
such as the classical risk model, the Markov-modulated risk model and the classical risk
model with dividends.

Our analysis under the classical risk model with capital injections was based on
the well-known Gerber-Shiu function. We have found different ruin-related quantities
including the ultimate ruin probability, the (defective) joint distribution of the surplus
immediately prior to ruin and the deficit at ruin, the joint (defective) density of the
time of ruin and the number of claims until ruin, and the covariance between the
time of ruin and the number of claims until ruin. We have shown that although our
Gerber-Shiu function is a useful tool to study ruin-related quantities in finite time, it
is not an efficient way to derive such quantities in infinite time. We have obtained
recursive and explicit expressions in the case of claim amounts following exponential
and Erlang(2) distributions and pointed out that for other claim amount distributions
either explicit expressions do not exist or they are difficult to obtain. To address this
issue we proposed an approximation method which is based on the discretisation of
the classical risk process and created a numerical algorithm that can approximate the
probability of ruin in infinite and finite time under the classical risk model with capital
injections in the case of claim amounts following heavy-tailed distributions.

As with the classical risk model, it is difficult to obtain computationally tractable ex-
pressions for ruin-related quantities under the Markov-modulated risk model. We have
tackled this issue by developing a discrete time risk model that can provide approx-

imation to the continuous time Markov-modulated model. Our numerical algorithms
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approximate the probability of ruin and the probability and severity of ruin function for
a two-state model and the (defective) density of the time of ruin for an m-state model.
Also, we have briefly discussed how the approximation to the cumulative distribution
function of the time of ruin can give an approximation to the ultimate ruin probability
in an m-state model when m > 2. We have also shown how we can modify our algo-
rithms to approximate the density of the time of ruin in an m-state Markov-modulated
risk model with capital injections.

Insurance companies distribute parts of their surplus under different strategies
among their shareholders, but what happens when they are certain that their surplus
will not go below a certain level? We have considered the advantage of this situation to
the shareholders by maximising the expected present value of net income allowing for
capital injections provided by a reinsurance arrangement. We have observed that under
our assumptions, the expected present value of net income to the shareholders is always
positive, and although the cost of such a reinsurance contract can be high, dividends
may be payable to the shareholders indefinitely. We have also considered the problem
of the optimal dividend level under barrier and threshold strategies in our risk model
and verified that the dividends-penalty identity holds for a risk model with dividends
and capital injections.

There is scope for study of a number of questions based on this thesis. For example:
(1) how some of the results of this research would change if we allow for capital injections
in the form of co-insurance within an insurance company through a simulation study?
(2) in the context of ruin probability, can we find optimal risk-sharing arrangements
for a two (or more) risk processes? (3) can we extend the results of this study to
dependent claim amounts involving a copula function? (4) is there an alternative way

to approximate the continuous time Markov-modulated risk model?
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Appendix

In this section, our purpose is to show conditions under which >"° ¢¢(z) exists for
the discrete time Markov-modulated model of Chapter 6 when m = 2.

We first consider the situation that the net premium condition holds in both states
1 and 2 — see Section 2.1.2. So, we are assuming F[Yi|J(1) = 1] < 1 and E[Y|J(1) =
2] < 1. Noting that under this condition the adjustment coefficient exists in both states,
we can apply the method in Cossette et al. (2004a) to show that ¢ (u) < e ™ where
R* = min(R;, Ry) and R; and Ry are the adjustment coefficients in states 1 and 2,
respectively. Therefore, in this case, Y - 1;(z) < oo.

Now we consider the situation that the adjustment coefficient does not exist in both
states.

Let {L,, }>°, be the aggregate loss process in our Markov-modulated model, and let
; be a discrete random variable representing the maximum aggregate loss. Denote the
distribution function of 9L; by §¢(u), with ¥¢(u) = 1 — 6¢(u). Then, the first moment

of the maximum aggregate loss is given by
El'Li) =) _¢(u) =Y Pr(Li > u).
u=0 u=0

Therefore, we can conclude that Y oo ¥d(u) < oo, if E['L;] exists. The next result
gives an expression for E[;] and is motivated by the ideas of Dickson and Waters
(1992, Section 3).

Theorem. For i = 1,2, the first moment of the maximum aggregate loss is given by

BL) = —J(1)

14 (1= s (¥1(0)g11(s) +¥5(0)g12(5)) — Gi(s) + 5" Gua(s) Ja(s)
1—s71gu(s)

(A.1)
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and

1+ (1= s~ (@1(0)g21(s) + ¥5(0)72(s)) — g2(s) + s gn(s)Ni(s)

JQ(S) =

1— 5_1§22(S)
(A.2)
Proof. Our starting point is equation (6.26). We can rewrite it as
2 00
ng wd u+1) —1—22% @Dd u+1—x) +Z Z gij (
Jj=1 z=1 j=1 x=u+1
We define
d;(0) = ¢d( )
= Zglj wd + Zzgw wd 1- :U + Z Z gl] <A~3)
j=1 z=1 j=1 z=u+1
and
di(u) = W( ) =i (u—1)
2 u
— Zgw 0 (u+1)+ > > gylx)d(u+1—2)+1—Gi(u)
7j=1 z=1
2 u—1
—Zgij(O)wf ZZgU wdu—x )—1+Gi(u—1). (A4)
j=1 j=1 z=1

Then, by noting that ¥¢(1) = d;(1) + d;(0), equation (A.4) can be written as

Zglj u+1 +Zglj +Zzgm u+1_$) gl(u>

7j=1 z=1

(A.5)

Further, we define J;(s) = d;(0) + > 7 | s™d;(n). Then, by (A.3) and with the usual

convention that Z?:a = 0 when b > a, we have



+s7 Zgu(o) (Ji(s) = sd;(1) = d;(0)) = (gi(s) — 9:(0))
+s7 Z (9:3(5) = 9:5(0)) (J;(s) — d;(0)). (A.6)
Rearranging (A.6), formulae (A.1) and (A.2) follow. O

Our aim is to find an expression for E[?L;]. For this we note that

Ji(s) =) ws" (¥ (2) — iz - 1)),

and therefore J;(1) = —>.2° d(z) = —FE['L,]. Taking the derivatives of (A.1) and
(A.2), and setting s = 1, and noting that f];j(l) = li;, gives us the following system of

equations

p1adi (1) = p11di(0) + p1ada(0) — 1 + prady(1),

/ / (A7)
P2a1J5(1) = pardy (0) 4 paada(0) — pg + par J;(1).

In the next step we multiply the first equation of (A.7) by ps; and the second one by
p12 and add the resulting equations together so that J;(s) and Jy(s) are eliminated.

Hence

P21d1(0) + p12d2(0) = prafio + parpi1,

which is the same as equation (6.2).
Taking the second derivative of (A.1) and (A.2), and noting that
9;(1) = (pa)ij — puaj, yields

(
p%QJf(l) = 2d1(0)(p11 — p11) + 2p12d2(0) (pr — 1) + 2p1a(pn — 1)Jé(1)

+p3ady (1) + pia (14 pin — 2p11) — (p2)1 pro,

P31 J5 (1) = 2po1di (0) (p2 — 1) + 2da(0) (22 — po2) + 2par (p2 — 1)1 (1)
Kﬂﬁﬂf(l) + p12(1 + poo — 2p192) — (f12)2 Pa1-
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Multiplying the first equation in (A.8) by p3, and the second one by p?,, then adding
the resulting equations gives rise to the elimination of .J; (s) and .J, (s) and we get a

relationship between J;(1) and J,(1) as

2po1pla (1 — pi2)Jy (1) + 2d1(0) [p21012(1 — p12) — P31 (a1 — p11)]
+2p1ap3y (1 — 1) J5(1) + 2d2(0) [prop3, (1 — 1) — ply(pas — pao)]
= papiy[L 4 P22 — 2p02] + iy [1+ p11 — 2p01] — (p2)1 prapsy — (p2)2 P10,

that together with one of the equations in (A.7) gives E[L;] and E[Ls] as follows

—1
ElL] = {2 402 -
- 202103 (2 — 1) + 2p1ap3 (1 — 1) $1(0) [p31 (P11 — p1)

+piopar (1 = pi2) + p1aps, (pn — 1)) + 295(0) [praps, (1 — pua)
P15 (P22 — praz) + Prapsy (1 — 1)) + pup3y (14 pi1 — 2p1)

+,u2p§2(1 + Doz — 24192) — prapa1 ((p2)1 P21 + (p2)2 Pr2) — 2#1]?%1 (1 — 1)}7
(A.9)

-1
E[L,] = D (012 -
[ 2] 2]92119%2(,!@ — 1) + 2p12p31(m _ 1){ wl( )[pm(pn ,un)

+piapar (1 — p2) — pripaipiz(ps — 1)] + 21&3(0) [p12p§1(1 — 111)
075 (P22 — pia2) — P2apia(pe — 1)) — a3y (1 + pry — 2p11)

—M2p§2(1 + paa — 2f492) + prapor ((2)1 pa1 + (12)2 P12) + 211 p21p12 (2 — 1)}
(A.10)

We recall that (u,); represents the nth moment of the aggregate claim amounts given

initial state ¢ which is given by

()i = Z(,Un)ij = pij(:un)j'

j=1 i=

From (A.9) and (A.10) we can conclude that E[L,] and E[L,] exist on the condition
that (i) denominators in (A.9) and (A.10) are not zero and (ii) moments, i.e. p; for

1 =1, 2 exist.
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