FROM PERCOLATION TO LOGARITHMIC CONFORMAL FIELD THEORY

PIERRE MATHIEU AND DAVID RIDOUT

ABSTRACT. The smallest deformation of the minimal mo@#l(2, 3) that can accommodate Cardy’s derivation of the perco-
lation crossing probability is presented. It is shown thé teads to a consistent logarithmic conformal field theiry= 0.

A simple recipe for computing the associated fusion rulggvien. The differences between this theory and the othentbc
proposect = 0 logarithmic conformal field theories are underlined. Tteedssion also emphasises the existence of invariant
logarithmic couplings that generalise Gurarie’s anomaimher.

1. INTRODUCTION

Percolation [1, 2] is one of the easiest of the statisticatlel® to simulate numerically. As such, it provides an
excellent testing ground for uncovering how conformal face arises at critical points. Upon varying the probgpbil
of a lattice site or bond to be open, one finds such a criticaltpelineating configurations in which one can or
can not cross between opposite edges of the lattice via dpeha@ bonds. At this critical point, percolation is
believed to be described by a conformal field theory with shimg central charge, and this belief has been well
tested through the determination of the quantities one alulate within the theory and comparison with numerical
simulations. Naturally, the most important of these aredtwessing probabilities, which give the probability that a
random configuration will contain a cluster of open sitesamds connecting opposite edges of the lattice.

Informed of the (then unpublished) numerical results ofdglandset al [3], Aizenman suggested the conformal in-
variance of these crossing probabilities. Upon being domstl on this, Cardy derived an exact closed-form exprassio
for the horizontal crossing probability of a rectanguldti¢z in the thermodynamic limit (taken with the aspectaati
the rectangle kept fixed), as a function of this aspect ratie precise result [4] is not relevant for the purposes af thi
paper, only that it is non-trivial (not constant). Howewee emphasise that the agreement with numerical simulation
is impressive. A rigorous proof of Cardy’s result has sineerbpresented [5, 6].

Cardy’s derivation relied heavily on the machinery of canial field theory, hence may be viewed as a strong
confirmation of the conformal invariance of critical pertbn. Paradoxically however, it has not been formulated
within a completely coherent conformal-field-theoreterfrework.

Cardy interpreted the continuum limit of the percolatiordty described above as a boundary conformal field
theory (on a rectangle) with vanishing central charge, &edhiorizontal crossing probability as (roughly speaking)
a four-point correlation function on the upper half-plafy(z) ¢ (z2) ¢ (z3) ¢(z4)), involving a boundary fieldp of
conformal dimensiom = 0. The role of the fieldp(z) in the theory is to implement the change in the boundary
conditions atz. These two properties ap (being boundary changing and havihg= 0) suggest its identification
with the field ¢, > in the minimal modeft (2,3). Then the null statéL_» — %L%l) |@12) determines the differential
equation for the crossing probability in the usual manne8],7and appropriate boundary conditions then select the
required solution.
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TABLE 1. The first three rows of the extended Kac tableder 0, displaying the conformal dimen-
sionshy s = ((3r - 23)2 - 1)/24 of the fieldsp s. r increases downwards, anéhcreases to the right,
and the top-left-hand corner corresponds to the identiky §g1, which with ¢, » exhausts the usual
Kac table ford)t (2,3). In fact, all dimensions appearing in the extended Kac tatag be found in
the first two semi-infinite rows, &% s = hr 25,3 =hr 3r_s.

However, sincelt(2,3) is trivial, it is clear that it does not provide the properrfrawork in which to describe
the above non-trivial four-point function. Indeed, thedie > generates another null vectm,l\qou), in the corre-
sponding Verma module, which induces the differential ¢igua d, (@12 (z1) @12 (22) @12 (z3) ¢r.2(z4)) = O (for all
i=1,234).

It is not difficult to pinpoint the essential property thatkeat(2,3) trivial and thereby implies the undesirable
differential equations above. To this end, let us examiriengle proof of this triviality. As in any theory, the vacuum
\O) must exist, and when = 0, the descendathz\O> is null. The corresponding null field is then the energy-
momentum tensoT (z) whose moded,, must therefore annihilate all physical states. This ingptieat the only
physical state is the vacuum itself.

Let us reformulate this result in a more mathematically geemanner: When = 0, the only physical state which
can coexist with thérreducible vacuum module is the vacuum itselfThis irreducibility condition forces the modes
of T (2) to act as the zero operator on the physical state space, iarttigrefore this very condition that Cardy’s result
forces us to relax. We will explore the consequences of limgake hypothesis of an irreducible vacuum module in the
following sections, and show that this simple act leads toresistent conformal field theory in which the non-triviglit
of the @ > four-point function is fact. This theory is constructedrfrdghe minimal set of conditions ensuring this
non-triviality, and will turn out to be #éogarithmicconformal field theory.

2. HEURISTIC CONSIDERATIONS

It proves convenient to fix a few notations from the outset.pidsent a part of the extended Kac tableder 0 in
Table 1, in which the dimensiorigs of the (possibly primary) fieldg s are displayed for = 1,2,3 ands=1,...,10.
This extends the Kac table of the minimal mofigl2,3). We will denote the Verma module generated from the state
\(p(,s> by Vs and its irreducible quotient b, s. Note that theV, s with r even ors a multiple of 3 have their maximal
submodules generated by a single singular vector at grdehereas the maximal submodules of the otWes
associated to the extended Kac table are generated by tguaaivectors at grades and(r — 2) (s— 3), respectively
[9]. We will also be interested in the indecomposable (bdungble) modules given by quotienting eaéhs by the
Verma module generated by the singular vector at grad€hese modules will be denoted b s.

We begin with the observation that translation invariarfdde vacuum requires thaL1|O> =0, and this of course
is reinforced by the state-field corresponded@é:e | so thaﬂ_,1]0> — 01 =0. Since we have already argued that the
vacuum module cannot be irreducible, the only remainingibdgy is that the vacuum module is the indecomposable

Iwe will freely use the termaull vector(a state of zero-normgingular vector(a descendant state annihilatedlthyandL ) andprincipal singular
vector (a singular vector which is not itself a descendant of a dargeector). Such states may or may not identically vanisid, \@e shall refer to
non-vanishing states ahysical

2\We recall that a module iducibleif it contains a non-trivial submodule antbcomposablé it can be written as the direct sum of two non-trivial
submoduleslrreducible andindecomposabléescribe the opposite situations, respectively.
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FIGURE 1. A schematic picture of the physical modules of conformaiahsion 0 in ourc = 0
theory. The black circles represent the highest weightstafrey denotes a singular vector that does
notidentically vanish, and white denotes the identically gaimg singular vectors. These states are
labelled by their conformal dimension.

(but not irreduciblefMy 1 = V11/V14. In other words, we require that the singular vedto§|0> be non-vanishing
and in this way recover a non-trivial (though null) energgmentum tensof (z).

Furthermore, Cardy’s result relies upon the identificatibhis h = 0 boundary field withp, ». Indeed, we want to
be able to derive the differential equation induced by trecdadant singular vector at grade 2, but not be able to derive
the differential equations induced by the singular vectgrade 1. We propose to achieve this by forcing the singular
vector at grade 1 to be non-vanishing, and its grade 2 cquanrteo vanish identically. Accommodating Cardy’s result
then requires also taking the physical module correspgnigirthe primary fieldg, > to be indecomposable (but not
irreducible):Ml,z = Vl,z/vl,s.

We therefore see that in order to put Cardy’s derivation im@asistent conformal-field-theoretic framework, we
must start with two reducible but indecomposable moduldsgifest weighh = 0. These are illustrated schematically
in Figure 1. The corresponding primary fields are distinigeiisby their different descendant structures, and in this
way the Kac symmetry dit (2, 3) is broken:g 1 # @12.

We emphasise that what we have described amountsiiaienal fitin that all of our reasoning has been forced by
one goal—validating Cardy’s derivation, itself validateahclusively by numerical simulations. It remains to “flesh
out” this theory and check its consistency, thus verifyingtthe formalism we construct achieves our goal.

In the remainder of this section, we will explore the theory are constructing in a somewhat heuristic manner,
so as to quickly deduce certain necessary features. In tlosvfog section, we will revisit our constructions using
more precise analysis techniques, and thereby prove thse thecessary features are indeed present. It is thessepreci
methods which will uncover the logarithmic structure of gercolation conformal field theory.

For now, we explore the field content of the theory generayagtidmodulesv(; 1 andMy . The vanishing singular
vector(L,z — %’L%l) \(p1,2> = 0 implies, via the usual consideration of three-point fioret [7, 8], the fusion rules

Q2X @s=@Gs 1+ Gsi1, (2.1)

where @ o is formally set to zero. When the module generatedppy is irreducible, the other vanishing singular
vector further constrains the fields appearing in the abos®h rule. We will proceed however, agsuminghat in
the indecomposable case, this other singular v&cl@m;) (which is non-vanishing) doesotlead to constraints on
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the above fusion rules. This assumption will keep our casiohs in this section on a heuristic level, but it will be
validated in the more precise treatment of the followindisec

So, accepting the fusion rules (2.1) for the moment, we alslohaveg > x @ > = @11+ @ 3. The fieldg 3 must
appear on the right hand side if tipg, four-point function is to be non-trivial. This follows from

(2(z0) Pr2(z2) @2(z3) (L-19n2) (24)) = Oz, (P2 (21) Pu2(22) P2 (28) Pr2 (7)) #O. (2.2)

If @3 did not appear on the right hand side of this fusion rule, timserting the corresponding operator product
expansion ag; — 2z, and then again a& — z3 would reduce the correlation functions in Equation (2.2x timear
combination of two-point functions, each of which invoheslescendant afy » (z3) and(L_1¢12) (z4) = @12 (2a).
But these two-point functions all vanish, bs, = 0 implies that<(pl,2(23) @2 (z4)> = 1. We conclude then that the
presence o, 3 in the theory is necessary.

Consider now the fusion rul@, > x @ 3 = @ 2+ @ 4. Inserting the operator product expansions corresportding
(2.1) withr =1,s=2 (asz; — 2) and then again with=1,s= 3 (asz, — z3) into Equation (2.2), we obtain a linear
combination of two-point functions involving the null fielltp » (z4) and descendants @i > (z3) or ¢4 (z3). As we
know, those involvingp o-descendants vanish, so global conformal invariancehand= 1 (see Table 1) imply that
the non-vanishing contributions are obtained from theoaotif differential operators (with respectg) acting on

C
(23— 2)°
We remark thad ¢ 2 (z4) is a primary (though null) field of dimension 1, and non-tiity requiresC # 0. This in
turn obviously requires thag 4 belong to the theory.

Summarising, the difference between the trivial theorystarcted from irreducible modules and the theory we are
constructing here from indecomposable (but reducible) utesdis (at this level of rigour) that in the latter case, the
presence ofy 3 opens up a new channelin the operator product expansioid) affows the possibility of a non-trivial
four-point function(qol’zqolﬁzqol’zqom).

We point out that 01 2 (z3) 0@12(24)) = 02,07, (@12 (z3) 1.2 () ) = 0, hence thagy 4 # 91 2, by Equation (2.3).
Note that Equation (2.3) does imply tH:qIM) andL,l\ q)l,z> have non-zero inner-product, indicating that these states
both belong to some common indecomposable module (thiseseéin observation of [10]). We will see shortly that
this is the case, and it is the logarithmic structure of thiglme which makes it possible.

We could continue this process, generating and beyond, but as we have already mentioned, this all reties
the assumption that the fusion rules (2.1) are correctifyingt this assumption is somewhat delicate because we are
working with modules more general than the familiar irréBlecones, so the usual methods of inferring fusion rules
(examining the action of null vectors on three-point fuoes in particular) might not be valid. The key point here is
that we want a method in which we can distinguish betweerstémg and non-vanishing null-vectors, and we expect
that this will not be easy if inner-products and correlationctions are used. We therefore turn to a dimdgebraic
computation of these fusion rules which make no referencetielation functions and inner-products.

(Pra(z3) 02 (z4)) = (for some constarg). (2.3)

3. FUSION RULES AND THE RISE OFLOGARITHMS

To investigate the fusion ring generated by the indecompesaodules\(y ; andM4 > from which the percolation
conformal field theory is constructed, we turn to the aldnitof Nahm. This was originally introduced in [11] for
so-called quasi-rational modules, and was extended (ade mare transparent) by Gaberdiel and Kausch [12] using
earlier results of Gaberdiel [13]. We shall not discuss th&its of this algorithm here. We only mention that it
provides information on the decomposition of the fusionved imodules, by utilising a natural representation of the
chiral symmetry algebra on the set of operator product esipas (for primaryand descendant fields) corresponding
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to the states in these modules. Importantly, the vanishimguar vectors of the modules to be fused are inputs to this
algorithm, and at no point do we use the inner-products ombeules.

Of course, there are infinitely many such operator prodygaesgions, as there are an infinite number of descendant
states in each module, graded by their conformal dimensiliris possible however to consistently truncate this set
of operator product expansions to a finite number, by imgpaim upper-bound on the grade, relative to the highest
weight state (mathematically, one considers the elemdrda appropriate filtration of the module). Of course, this
means that one only obtains a finite amount of informatiorceaming the structure of the decomposition of the fused
modules. Fortuitously, one can deduce the entire decomigostructure from such a (sufficiently large) finite amount
of information, essentially by “looking deeply enough” geghe principal singular vectors (or not, as the case may be)
It is this feature that makes the Nahm-Gaberdiel-Kausabréilgnm (whose practical implementation is nicely detailed
in [12]) so powerful (and general).

We illustrate the application of this algorithm to the fusiof the indecomposable modul; » with itself (as
expected, the indecomposable vacuum moddig still acts as the identity of the fusion ring). A theorem offida
[11] guarantees that the zero-grade states in the decotigmosi the fused modules can be associated with the states
in a two-dimensional Cartesian product spac€omputing the natural representative foy (see [13] for explicit
formulae) on this space gives a matrix form for this représtére:

Lo= 0 (1) with respect to the ordered basi |(P1,2> x \%,2) . (3.2)
1 1 Lo1|@2) x |@r2)

3
ThusLy is diagonalisable with eigenvalues 0 ant8bn the zero-grade states of the fusioéf » with itself. This is
perfectly consistent with the fusion rule (2.1) with=- 1,s= 2.

To completely identify the character of the modules appegin the decomposition of this fusion process, we must
repeat this computation whilst considering all states ugramle 3. This time, we computa 9x 9 representing matrix
for Lo, which turns out to be diagonalisable with eigenvalues 8, 2, 4, £, £, 22, and¥?. This resultis only consistent
with the fusion decomposition

Myo xf My =Mg1®Myz, (3.2)

where we denote the fusion operation ky, to distinguish it from the Cartesian produet flenotes the direct sum
of modules, as always). This is the precise version of thfusule (2.1) (withr = 1,s = 2) which we proposed
heuristically in Section 2. We mention thsit; 3 = £1 3 is in fact irreducible.

A more interesting computation is to determine the fusioiviaf, andM3 3 to grade 1. By Gaberdiel and Kausch’s
generalisation of Nahm's theorem to all grades [12], we catepvithin a four dimensional space, findihg

505 2 |@2) x[r3)

Lo= 0 3 2 9 with respect to the ordered basi L,l\qol,2>><|qol’3> , (3.3)
104 0 |p12) x Lo1|@u3)
01 0 1 Lo1|@2) x Lo1]@r3)

which turns outnot to be diagonalisable. Indeed, it has simple eigenvaluesd02aand a Jordan cell of rank 2
corresponding to the eigenvalue 1. Computing the actioh_gfin the same way, we find that the eigenstate of
eigenvalue 0 is mapped to the true eigenstate of eigenvahyell ; whereas its Jordan partner is mapped to the
eigenstate of eigenvalue 2. This suggests the identificatidhe eigenstates of eigenvalues 0, 1 and 2 \MI@)

3Generally, they would be associated with a subspace of #tases and one would have to search forgperious subspadd 1]. However, there
are no spurious states in this case.

“There is in addition a one-dimensional spurious subspabe ttetermined in this case. We used the method suggeste] it [find it.
5Again, there are no spurious states in this case.
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FIGURE 2. A schematic picture of the staggered modulesandJy s showing the singular vector
structure of the two highest weight modules from which they @nstructed. White circles cor-
respond to identically vanishing singular vectors, whergiey indicate that the singular vector is
non-vanishing. Herelx) is the vanishing singular vectdt > —3L2,)|@.2), andAs is defined
after Equation (3.17). The curved arrows depict (roughlyytithe Virasoro mode action “glues”
these modules together to form the staggered module (tliespractions are given in the text).

L_1|¢r2) andL_1|@ 4), respectively, whergp 4) denotes the Jordan partnerito; | @1 2). We normalise this partner
state so that
Lo|@ua) = [@ra) +L-1|Pr2), (3.4)
fixing it up to multiples ofl_1| @1 2).
LetJ; 4 denote the module obtained from fusiigy » andM 3:

My xt Mz =J14. (3.5)

A full picture of the structure of this module requires cortipg to grade 6, so as to “see” all principal singular vectors
This is computationally intensive, but straight-forwasgrogram (we used WMPLE). The result is thal; 4 is thevector
spaceadirect sum of the module®(, » andM4 4, but isindecomposabligself as a Virasoro modufeThis is an example

of a staggered modulén the terminology of Rohsiepe [14]1 4 has a submodule isomorphic to the highest weight
moduleM; > and its quotient by this submodule is isomorphic to the higjmeeight moduleM 4. Mathematically,
this is summarised by the exact sequence

0— M2 —J14—> Mz4—0. (3.6)

We illustrate]s 4 schematically in Figure 2. Note, however, thaj is not itself a highest weight module.
In fact,J1 4 is generated by the stalupl’4>, as computind, with the Nahm-Gaberdiel-Kausch algorithm gives

Li|gua) = _71\@,2) (3.7)

6The notatiorg emphases the indecomposable aspect of these modules aed imstead of the more famili&k which stresses their reducibility.
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This non-trivial relation does not follow from Equation43and the Virasoro commutation relations, and in fact serve
to fix the structure of the staggered modiilg completely. Note that upon quotienting bfs », we recovefthe highest
weight condition forl @1.4) € My 4.

We are now in a position to verify Equation (2.3), which wewhd in Section 2 was necessary for the non-triviality
of the @y > four-point function. It is now clear that the const@haippearing there is just

C=(@all 1] @2) = 5 (@alma) = 5
using Equation (3.7). We remark that even thodxgh]qol;) is null, it can still have a non-vanishing inner-product
with another state (in particular its Jordan partner th@). This would not be possible in a highest weight module,
so we see in hindsight that Cardy’s derivation can only ba&liala conformal field theory based on modules more
general than highest weight modules (such as the staggerédled, 4, we have discovered here). In other words, this
exposes clearly the necessity of having a non-diagonadisghn the percolation conformal field theory.

As is well known, non-diagonalisability dfy is often taken as a defining property of logarithmic confdrfiedd
theories [15]. This logarithmic structure is easy to elabidin the present case. First, Equations (3.4) and (3aiyall

us to derive the operator product expansion

“l@owW)  @aW+d@a(w)  Jgua(w)

(3.8)

T(z w) = + ' +... 3.9
( )@,4( ) 2 (Z—W)3 (Z—W)Z Z—wW (3.9)
This and global conformal invariance of the vacuum now mpb&(qol 4 > satisfies the differential equation
1 A+log(z—w
(2 W+ 2) (@.4(2) e (W) = (Ba@pam) = 209N 59

(z—w)? - (z—w)?

whereA is some constafitIn fact, we can seA = 0 because we still have the freedom to redefingas@ 4 +ad ¢ 2
for arbitrarya, without affecting the defining Equations (3.4) and (3.7).

This discussion firmly establishes the theory we have coatd as the conformal field theory associated to critical
percolation by Cardy. However, we have not yet exhaustedith@ess of this theory. In particular, we can apply
the algorithm of Nahm, Gaberdiel and Kausch to the fusiodViaf; = £1 3 with itself. Despite this module being
irreducible, we still compute non-diagonalisable repmésives forLg on the fusion product, and by computing to
grade 5, we conclude that

M1z xtM13=M13®I15. (3.11)

I particular, note that the vanishing grade 4 singularme|<z:1> descended frorh:ou} is not theMy 4 singular vector
5 1
(L,r Lal g—L2,+ 3 L2, — —L4 > |@La),

as one might have expected. Solving) = L2|{) = 0in Jy 4 (subject to the vanishing of trd{1 > C Jy4 singular vector(L_2 — 3L2,) |g12)),
yields the true (identically vanishing) 4 singular vector
5 1 1 4 8

|2) = (L,4—L,3L,1—L2,2+ L R e > |q014>+< Lstglal1-gls ,2> |@r2) =0.
Of course this reduces to tie; 4 singular vector upon quotienting By(; ».
8Note that a direct consequence of the logarithm appeaririggiration (3.10) is that the (standard) inner-prod{.m4\@,4> diverges. Indeed,
considering_,l\(,t)lz) the its Jordan partné;mM), the norm of the former vanishes and that of the latter de®rgut their inner-product is finite and
non-zero (Equation (3.8)). This reflects the simple fact there is no single invariant inner-product defined on thresehighest weight modules.
Note that if the norm of(pl,a,) were not divergent, then lettirlgy act on the bra and ket respectively(iq)l,4|Lo|q0L4> would lead to

(Pra|@a) = (@La|@ra) + (@ra|ll 1| @r2) = (@ra|OLa) — >

a contradiction. Here, it is important to note thaf 1 4) = |¢r4) (and LiL_1|@2) =L 1|@u2) + |@ua)). Thus,Lo # L as required by non-
diagonalisability.
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Here,J1 5 is another staggered module, structurally described byxiaet sequence & My 1 — J15 — M5 — 0.
The field gy 5 is the Jordan partner of the energy-momentum tefisor

Lo|@s) = 2| 5) +L 2|0), (3.12)

and computing the action &f on |(p1,5> gives

Lz‘(pl,5> = %5‘0> (313)

We illustrate this module schematically in Figure 2.
Again, this staggered module structure leads to the appearaf logarithms in correlation functions. Equa-

tions (3.12) and (3.13) imply the operator product expamsio

-5 1 20 5(W)+T (W)  d@s5(w)

— 7+ — +

8 (z—w) (z—w) z—w

and the differential equations derived from the conformeahriance of the vacuum yield

T2 @s(w) = +oens (3.14)

_ 5log(z—w)
4wt
Here, we have redefinagl 5 (z) so as to set the arbitrary constant coming from the difféseatiuation to zero (as
discussed after Equation (3.10)). We see immediately tigatorm of\ qol’5> also diverges.

Thus far, we have constructed a part of the spectrum of a corddield theory consistent with Cardy’s percolation
result. Of course, it is possible to continue the analysisouering more of this percolation conformal field theory
structure. We have computed several more fusion rules ierdecelucidate the general pattern, including

(@15(2) @5 (W) (3.15)

My X5 J14=2M13P I35, My x5 J15=1T14® Myg,
M3 x5J14=2T14@ Mg, My X5 J15=2M13D 15, (3.16)
J14x1J14=4M13D2T150T17, J15xtJ15=M13D2T150T17® Myg.

The moduled, 7 appearing here is defined by the exact sequeneeMs s — J1 7 — My 7 — 0, and the conditions

-35
Lo|@7) =5|@7)+|E) and  Ag|e7) = T\%,s% (3.17)

where|, 7) is the logarithmic partner g ) = (L_s—L_5L_1+ £L3,) |@15) (the non-vanishing singular vector of
M), andAg = Lg — Lilo + 2L3.
The general pattern observed is best expressed as follows:

(1) Replace each staggered modllgmn (n= 1,2) by the direct Surs sm—n ® M1, 3m+n to Which it is isomor-
phic as a vector space (but not as a Virasoro module).
(2) Compute the fusion using distributivity and the naiusién rules of Section 2:

Masxs Mt =My js 1419 Myjs 113D ... & Mrspt-3® Masit-1. (3.18)

(3) Replace direct sums of the fofiy 3m—n® M1 3mn (= 1,2) by the corresponding staggered modiylgmn.
Itis not hard to check that there will always be a unique wagtaing this.

It should be clear that closure under fusion requires tleasgectrum of the logarithmic conformal field theory we have
constructed contains the modules

My, Mz, Miak=L13, Jizker and Jizo  (KeZy). (3.19)

Hhese computations require the explicit forms of the vangBingular vectors of the staggered modules
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Here,J1 a1 = M1 3k—1® Mg akt1 andIq 32 = My a2 @ My 342 @S vector spaces.
We illustrate this procedure with an example. To comfutex J1 5, first note that

(M12@M1a) xf (M11BM1s5) =2M12B3M1aB2M16S Mygs. (3.20)

We infer from this the fusion rule
31,4 Xf 31,5 = 231,469 23\/[1,669 31,87 (3.21)

wherel; g is a staggered module with exact sequenee B(; 4 — J1 8 — My g — 0. We have of course checked this
result through direct computation.

4. DISCUSSION

The identification of critical percolation with a logaritienconformal field theory has received much attention
recently. Indeed, this was even argued by Cardy himself {a6h general class of disordered quenched systems
with trivial partition function (that includes percolatiy but without a detailed supporting conformal field theory
construction. We will now compare our theory with the othegdrithmic theories that have been proposed in the
literature.

We first compare with the proposed theory of Read and Saléljnfho studied ac = 0O theory defined by the
continuous limit of &llq (sl2) XXZ spin-% chain of even length aj = €7/3. By analysing the associated Temperley-
Lieb algebra, they deduced the existence of modules whighaadentified with ouiMy 1, M1 63 = L1 k-3, J16k—1
andJq g1, for k € Z,. These are the modules in (3.19) wittld second subscript label. This forms a fusion subring
of that which we have computed in that the fusion rules gindi 7] agree with the appropriate restriction of ours (and
close). It is worth mentioning however that their propodeebry does not contain a field that may be identified with
@12, and so cannot explain the crossing probability computadfaCardy.

This contrasts with the fusion ring proposed by Pearce arminRasen [18]. This was deduced from numerical
studies of an integrable lattice model of critical perciolat defined in their prior work with Zuber using Temperley-
Lieb algebras to obtain lattice constructions of logarithaxtensions of minimal models [19]. Tellingly, they prago
fusion rules for modules correspondinggtib fields in the extended Kac tablg g with r,se Z. ). This is necessitated
by their assumption that bofi, » andM, 1 = L, 1 are present in the theory. Cardy’s crossing probabilitultemnly
requires the former to be present, so our fusion ring may betified with a subring of theirs, in fact, the subring
which they refer to as the “vertical fusion algebra”.

This “extended” fusion ring, as reported by Pearce and Rasemy is in turn identical to a subring of that previously
proposed by Eberle and Flohr [20], based on extensive catipas using the algorithm of Nahm-Gaberdiel-Kausch
(asours are). Itis clear, however, that their startingmggion is that of irreducibility (which we rejected in Seartil).
They assume that every irreducible module in the extended#&tae is present, though the trivial irreducible module
L11= L4 is noted to decouple from the fusion ring obtained and is rdoThe indecomposable modulés 1 and
My, are then added to the theory, as they are found to occur asoslulies of indecomposable modules generated by
fusing the above irreducibles (although they do not seerdd6vé 4, M1 5, . . ., which also appear as such submodules).
The spectrum of their theory is therefore even richer thah dfiPearce and Rasmussen, and we obviously again find
agreement between our fusion ring and theirs (when restrict our spectrum).

Eberle and Flohr were also able to further characterise tiauhas appearing in their theory by determining certain
parameter§ (originally discussed in [12]) associated to the staggaredules (which we denote Bys). In particular,
they givef3 = *71 andB = 32 for J; 4 andJy 5 respectively, agreeing with our Equations (3.7) and (3.ts®)pectively.
However, the parameters (sometimes they give two) thatdeé&srmine for more generéls arenotinvariants of the
modaule itself, so they are difficult to independently verifye have computed the invariant paramedet —%5 (and
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there is only ever one [14, Thm. 5.12]) fbr7 in Equation (3.17), and verified that this value is alwaysiuregardless
of which fusion rule is used to generate this module (this inecked withl1 4 Xt J1.4, J15 Xt J15 andMy 2 x¢ Myg).

To elaborate, the first part of Equation (3.17) only defim$7> modulo the kernefk C J17 of Lo —5id. This
kernel is the three-dimensional subspace of grade-3 ddané&nof the highest weight stalt@,g)) of J17 (not to be
confused with the non-highest weight stm5> in J1 5). Eberle and Flohr define their paramegeto be the multiple
of |g5) obtained by lettind-3 act on|gy 7). HoweverL3 does not act trivially orK, so their depends upon which
particular\ qol,7> they have chosen (and so can take a continuous range of kaliweget an invarianf, one must act
on |(pl,7> with a (raising, grade 3) operator which annihilaiésThere is of course only one such operator (up to scalar
multiples) and it is found by taking the singular vectér} € X (whose logarithmic partner ib'pl’7>) and removing
<(pl,5] from <E‘ This is the operator we have denotedAin Equation (3.17), obtaining = =32,

3
In fact, the above analysis makes it clear that this invaiga(for a general staggered moddjg) nothing but

Brs=(X|@s) (4.1)

where]x) is the non-vanishing singular vector in the highest weigidécomposable) submodule bk and](p(,5> is
its logarithmic partner state (which is not in this subm&ju(We can now identify the constaBitof Equation (3.8)
with B; »—see also Equation (3.7))3; s therefore quantifies the degree to which the highest weigbinedule is
coupled to its logarithmic partner module. We thereforétbdd staggered module invariant thegarithmic coupling
It is now evident that this invariant in fact scales with tguare of the) normalisation of the singular veéwp). We
always normalis¢x> (and hencg; s) so that the term with the single (most negative) Virasoralenbas coefficient 1
(and we order the modes in the other terms by non-decreasieg).

To summarise the comparisons made thus far, we have iddrtifieefusion ring of Read and Saleur as a subring
of ours which does not contaip », and so their theory does not provide a formalism in whichridarstand Cardy’s
crossing probability result. On the other hand, the fusiogs proposed by Pearce—Rasmussen and Eberle—Flohr
contain our fusion ring as a subring, and so are sufficieftly to explain Cardy’s result. Unfortunately, the spectral
excess (over what is strictly necessary for the non-tityialf the ¢ » four-point function) in these enlarged fusion
rings clashes with conformal invariance. This is due to aletibinvolving logarithmic couplings, and follows from
an argument originally due to Gurarie and Ludwig [21, AppwAlich we briefly outline.

As we have shown, if the theory contains the modulg, (or My 3 = L1 3), then fusion generates the modiie.

If M1 =L is also present, then we additionally generate a mo#idenith exact sequence© M1 — Jz31 —
Mz1—0. \(p31> has conformal dimension 2 (Table 1), and satisfies (compiheBguation (3.13))

5
Lolgs.1) = 2|@1)+L2/0)  and  Lo[gs1) = £[0). (4.2)

If, however, the conformal invariance of the vacuum is usecbimpute the correlation functig s (2) @31 (w)), one
finds that invariance undér_, andLg fix the form of this function completely (as with Equation8)), but this form
doesnotsatisfy thel-invariance constraint, essentially because the logaitticouplingsBs s = %5 andfz1= % are
not equal (whilst the respective dimensions of the genegatiates of these modules are). The conclusion is then that
one cannot have bofl(; » andM 1 in the theory simultaneou§|9/

The work of Gurarie and Ludwig (detailed in [21]) is of cornsidble relevance to our construction. Their view is to
constructc = 0 logarithmic theories by assuming that the theory satisfiparticular set of carefully chosen operator
product expansions. Many of these involve a logarithmidrgarfield toT which we can identify in our theory with

10e stress that this argument proves that one cannot augheettigory introduced above by theoduleM; 1, whose highest weight state has
dimension?3 (Table 1). It does not rule out the possibility of considigmidding a primary field of this dimension. However, the taghweight
state corresponding to such a field cannot have a vanishigmlar vector at grade 2. We expect that an extended alggpraach will be able to
determine whether such augmentations are also forbidden.
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@ 5. The focus of their work was not to construct the theory fraésnfiision ring (fusion processes are not treated
there), but to investigate the consequences of extendeyitasoro algebra by the modes of this partner field. It is
very interesting to see that their partial extension alyeslbws them to determine “anomaly numbebg22], which
coincide with the logarithmic couplings we have discussed above in the two cases they Hgéaind%.

As noted above, the staggered moddlesandJs 1 cannot both be simultaneously present in a consistent omiado
field theory. Gurarie and Ludwig realised that this meansttiere are (at least) two distinct logarithmic theorieg tha
one can construct at= 0 (and we venture that Read and Saleur's XXZ spin chain thgofyyperhaps leads to a
third). Moreover, they identified in [23] the one containthg (815 = %5) as realising polymers and that containing
J31 (Bs1= %) as realising percolation (however, this identificatiorsvwt reaffirmed or refuted in the sequel [21]).
Contrarily, we maintain that percolation must invol¥gs (and more fundamentallyy(, »), hence percolation has
Bis= 2.

In finishing, let us reemphasise the essential aspects afamstruction. To explain Cardy’s result, we deform the
2 (2,3) model by breaking the Kac symmethom) = \(P1,2>- The simplest way of doing this is by rendering the
two modules reducible (but indecomposable), each diftéreny allowing one of the primitive singular vectors in
each module to be physical (non-vanishing). The propercet:ndl,z\(m) #0 andL,lyqol,z) # 0, which transform
Lisinto Mys (s=1,2), are fixed by the physics. (Note that this starting poistffiaturally with the point of view
that percolation is to be regarded as a limiting theory with O: In this picture, the natural modules to consider are
precisely outM; s.) In a second step, we have shown how the logarithms ariseatigt—without further input—from
these assumptions.

Our formalism is also well-suited to interpreting and cdigiading the results of Gurarie and Ludwig. In particular,
we hope to use the framework we have developed to investigatépartial) extended algebra approach that they
have pioneered. Furthermore, it is clear that our constmstmay be easily adapted to defining logarithmic theories
corresponding to every minimal model. We expect that thiesertes will prove to be the correct framework in which
to explain the occurrence of non-local observables coording to fields outside the (standard) Kac table in other
critical models (the Ising model [24] for example).
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