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Abstract

Understanding deformations during interaction of colloidal or nano droplets

has important implications in a wide range of applications such as flota-

tion collection and emulsion stability. The present work is important and

necessary because current models are unable to properly describe recent ex-

perimental results obtained using the Atomic Force Microscope (AFM) and

Surface Force Apparatus (SFA). We revisit and improve on theories involving

interacting deformable droplets. A detailed theoretical model of the experi-

ments, which accounts for surface forces, hydrodynamic interactions, droplet

deformation and AFM cantilever deflection has been developed. The new

feature of the model is the use of matched asymptotic expansions to de-

rive a new boundary condition at constant volume to obtain results that are

independent of the size of the computational domain.

The AFM experiments provide measurements of dynamical forces be-

tween two interacting droplets as well as between a drop and a colloidal

particle of micrometre radii in solution when they are driven together and

then are retracted from each other. The SFA experiments measure (time de-

pendent) surface profiles of a millimetre size mercury drop interacting with

a mica surface. Different configurations have been studied including me-

chanical and electrical perturbations to a thin film stabilized by double layer

repulsion. Interesting experimental features were observed when approaching

or retracting the mica from the mercury drop.

All these experiments are compared to our theoretical model and excel-

lent agreement is observed using only measured parameters within an ex-

perimental error band. An important observation is the need of the no-slip

hydrodynamic boundary condition on the liquid-liquid interfaces. The good

iii



iv Abstract

agreement together with fast solution of the numerical scheme allows us to

run extensive sensitivity analysis to understand the separate contributions of

hydrodynamic interaction, surface forces and drop deformation. It also gives

confidence to use the model to predict situations that have not been reached

experimentally and suggest interesting experiments to be performed using

the available technology. Simple forms for small and large interaction forces

have been derived and are useful in the range of experimental data available.
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Preface

The study of deformable interfaces and interactions with colloidal particles

encompasses many diverse areas of science and consequently a number of dif-

ferent approaches are possible, ranging from engineering, chemistry, physics,

and applied mathematics. This thesis is part of a wide project involving

researchers from different departments in The University of Melbourne, Uni-

versity of South Australia, National University of Singapore and Institute of

High Performing Computing in Singapore. In writing this thesis I have at-

tempted to bridge these disciplines to show their complementary importance

in understanding droplet interactions.

Even though I am one of the authors of a few articles involving experi-

ments and theory, none of the experiments published or in this thesis were

performed by me. My contribution to the project was in understanding and

improving the theory for interacting droplets, writing numerical codes to

solve the non-linear system of equations, comparing the theoretical results

with the experiments provided by the collaborators, understanding theoreti-

cal and experimental results and providing new theoretical information that

is not available from the experiments.

The assumptions of the derived model proved necessary to predict experi-

mental results performed by collaborators using the AFM and the SFA. Each

subproblem was organized in a different chapter, being all modelled by the

same basic theory with appropriate modifications to take into account par-

ticular of each system. Separate literature reviews are for each experiment.
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Chapter 1

Introduction

In many multiphase processes ranging from ore flotation in the mineral in-

dustry to controlling emulsion stability in the manufacture of pharmaceutical

and health care products, an important objective is to quantify and control

the interaction involving deformable interfaces. Central to understanding the

dynamics of interactions in soft matter, for example, suspensions of emulsion

drops or cellular components of biological systems, is the interplay between

colloidal forces such as van der Waals, electrical double-layer and steric forces,

hydrodynamic interactions arising from relative motion within the suspension

medium, surface tension forces, and internal Laplace pressure effects. These

interactions give rise to surface deformations, which in turn determine the

relative importance and contributions of various forces. Recent technological

developments allowed precise measurements of the interaction between de-

formable interfaces. Devices used for this purpose include the Atomic Force

Microscope (AFM) and the Surface Force Apparatus (SFA).

The AFM has been used successfully to measure both static forces in-

volving deformable bubbles [34, 12, 61] and oil drops [55, 2, 56] in solution

and the dynamic forces between a particle and a drop [3, 27] and between

two oil drops (stabilized by surfactants) that have been driven together or

pulled apart under well-controlled conditions [29, 28]. For drops of around

50 µm radius, the range of velocities studied in the latter experiments covers

the range of thermal velocities for drops of this size. The strong dependence

of the total interaction force on the relative velocity of approach and retract

1



2 Introduction

demonstrated the importance of hydrodynamic effects. However, current ex-

periments based on the AFM are as yet unable to provide direct information

about the deformations of the interfaces during the course of interaction.

On the other hand, a complementary experimental technique based on

using the SFA – originally developed to measure drainage of very thin films

between solids [44, 40, 16, 43] – as an imaging device is well-suited to yield

accurate details of the evolution of the surface profiles of drop deformation

during interaction. Through analysis by video recording of fringes of equal

chromatic order (FECO), Connor and Horn [25] were able to measure the

space-time evolution of the deformations of a mercury/aqueous electrolyte

interface due to hydrodynamic and electrical double-layer interactions with

an approaching mica plate. The position of the deformable interface was de-

termined with sub-nanometre precision for a mercury drop of radius ∼2 mm

and mica velocity in the range 20–70 µm/s. As the surface potential of the

mercury drop could be controlled independently, it was possible to study sur-

face deformations under a range of repulsive and attractive interactions due

to electrical double-layer forces between the mercury and the mica surface.

A characteristic of most experimental problems involving liquid-liquid,

liquid-solid or solid-solid interactions in the colloidal range is the presence of

a thin film that develops between the interacting surfaces. Starting with the

work of Reynolds [62] more than 100 years ago, thin film theory has been

developed and improved to take into account different problems that ap-

peared over the years. Using the thin film assumptions, governing equations

for the evolution of the film between drops have been derived [35, 37, 33]

and treated numerically [36, 51, 50]. Surface forces have also been incorpo-

rated [18]. Two cases have been studied in detail: drops interacting under

constant force [76, 77] and under constant velocity [1, 8, 47]. Unfortunately,

these models were not appropriate to analyse the AFM and SFA experimental

data available. For the drop sizes and velocities studied here, hydrodynam-

ics, surface forces and deformation are all significant and must be included

in the model.

In this thesis we derive evolution equations to model recent AFM and SFA

experiments, in particular comparisons are performed for the experiments of
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Dagastine et al. [29, 28], Connor and Horn [25] and Clasohm et al. [23].

The time evolution of the profiles uses the thin film assumptions with no-

slip boundary condition for the liquid-liquid interface. Pressure is obtained

through a normal stress balance and we apply the surface forces relevant to

the particular experiment. The main theoretical contribution to the model is

the use of asymptotic expansions to derive a new boundary condition at large

separations that takes into account far field deformations at constant volume

due to the interaction, effects of contact angle and cantilever deflection for

the AFM case [13]. This general approach turns out to be necessary if one

wishes to properly explain the experimental data available since the constant

velocity model [47] gives results that depend on the size of the computational

domain, being only useful in restricted situations.

Comparisons between the developed theory and experiments show an im-

pressive agreement in most of the cases analysed using only experimental

parameters within an error band of uncertainties of the experimental data.

Such agreement suggests that the assumptions of the model are correct in

representing the important physical characteristics of these systems in par-

ticular the controversial assumption of no-slip boundary condition in the

liquid-liquid interfaces. This can be explained by the presence of surfactant

in the system that immobilises the interface. Such boundary conditions are

likely to be present in most real systems. Given the good agreement between

our theory and experiments we are confident to use the model to explain

all features of the experiment since just few characteristics are measured,

for example interaction forces in the AFM and surface profiles in the SFA.

We can also predict what would happen in situations where experiments are

not yet available and suggest interesting experiments that can be performed

using the available technology.

Most of the effort of this thesis was put on applications of the derived

model to explain and understand hydrodynamic properties of deformable in-

terfaces. After the derivation of equations in Chapter 2 each chapter consists

on modelling a different experiment or set of experiments performed by col-

laborators. In the following we summarize each chapter to give an overview

of the content of the thesis.



4 Introduction

1. Chapter 2: We present the assumptions for modelling the AFM and

SFA experiments, which lead to the thin film equations. Different fea-

tures of the experiment are incorporated into the model through a new

asymptotic boundary condition which derivation is shown in detail by

matching inner and outer regions of the problem. Some features of the

problem such as effect of gravity and Navier slip are also treated.

2. Chapter 3: We introduce the AFM experimental setup for two inter-

acting drops under repulsive double layer forces. The experimental

force-displacement data are then compared with the theoretical model

for four different SDS concentrations and three different approach ve-

locities. Given the good agreement we extract from the model features

that cannot yet be measured experimentally, for example pressures,

film thickness and velocity of the interface. An extensive parameter

sensitivity analysis is also presented.

3. Chapter 4: We discuss a new experiment in which a solid sphere is

interacted with an oil drop using the AFM. Good agreement for the in-

teraction forces allows us to understand how the system behaves during

approach and retract because the sphere is not deforming and we can

recover the shape of the drop during interaction. This allows the ob-

servation of a wrapping regime which is smaller than originally thought

and much of the response of the drop during interaction with the solid

sphere is accommodated by far field deformation.

4. Chapter 5: We introduce the SFA experimental setup which is able

to track deformations of the interface from a near-parabolic shape at

large separations to the formation and development of the character-

istic dimple when a mica plate is driven against a mercury/electrolyte

interface. Impressive agreement is observed when comparing results for

repulsive as well as attractive double layer. The model is further used

to provide information that is not measured experimentally.

5. Chapter 6: We present three new experiments performed using the SFA

and compare with our theory. The experiments consist of mechanical
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and electrical perturbations of a stable film which is already close to a

mica surface stabilised by double layer repulsion. Once again, the good

agreement allows us to understand the modes of collapse of films when

the repulsion is suddenly taken away.

6. Chapter 7: We discuss a theoretical work on interaction forces for both

SFA and AFM cases. Comparisons between experiments, full numeri-

cal solution and simplified theories are presented and discussed in non-

dimensional form. We also derive a nonlinear force-displacement for-

mula showing that a drop cannot be treated as a Hookean spring.

7. Chapter 8: The thesis finishes with conclusions and ideas for future

work.



6 Introduction



Chapter 2

Governing Equations

2.1 Introduction

The theoretical contribution of this thesis is the development of a new bound-

ary condition necessary for interacting droplets. The derivation of the model

will be shown in detail for completeness using theoretical results of three pre-

vious papers: Chan et al. [15], Bardos [5] and Klaseboer et al. [47], resulting

in the work of Carnie et al. [13]. Even though the derivation involves a dif-

ferent problem from the results of two of those papers in which a drop-solid

sphere interaction was studied and takes into account different scales, parts

of the derivation are simply reproduced from those works. The objective is

to include every step of the derivation.

In earlier studies of the interaction of a small rigid colloid probe and a

large decane drop [56], the interaction was observed to be independent of

velocity within the range of the AFM. This allowed the result to be inter-

preted in terms of an equilibrium model. The force-stage position relationship

F (X) can be calculated from minimization of the total free energy of interac-

tion, subject to a constant drop volume constraint [15]. The case where the

three-phase contact line is kept fixed while the contact angle could vary was

studied. Later, Bardos [5] generalized this theory considering also the case

where three-phase contact line could slip while the contact angle remained

fixed, and corrected some typographical mistakes in [15].

7
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In the present case, in order to account for the relative speed of approach

of the drops, the hydrodynamics of the thin liquid film must be incorporated

into the model. The governing equations used here follow the work of Klase-

boer et al. [47], but with improvements in the far field boundary conditions

for pressure and thickness.

2.2 Film drainage

A considerable literature exists on modelling the drainage of a thin film be-

tween drops. In early works, the governing equations were derived using thin

film assumptions [35, 37, 33]. Numerical treatment of the equations dates

from the work of Hartland [36] and refined by Slattery [51], who described

the drainage once a dimple had been formed. Surface forces were incorpo-

rated via a disjoining pressure in [18]. Two special cases have been studied in

detail: drops interacting at constant force, appropriate for collisions driven

by buoyancy forces [77] or at constant relative velocity in modelling inertial

collisions [20, 1, 8]. The former case has been studied in great depth as a

singular perturbation problem that requires matching across inner and outer

regions [76]. This has been generalised to drops of different sizes [63] and to

include the effect of attractive surface forces that cause drop coalescence [64].

The relative importance of hydrodynamics, surface forces and deforma-

tion depends on the drop size. The thin film equations have been tested

experimentally on drops of millimetre size [46, 47] where dimpling of the

thin film region typically occurs, with formation of a barrier ring that in

turn restricts film drainage. In this regime, hydrodynamics is dominant,

while repulsive surface forces determine the final film thickness at the barrier

ring as well as the equilibrium film thickness.

For drops of micron size or smaller, surface tension is so strong, that is, the

capillary number is so small that under typical conditions the drops remain

spherical and deformation can be neglected. However, in the intermediate

size range of 10–100 µm described here, hydrodynamics, surface forces and

deformation are all significant and must be included in the model.

One important modelling step is to decide whether tangential stresses are
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transmitted across the surfaces of the drops. If they are, which is generally

the case for clean liquid-liquid interfaces, such surfaces are called partially

mobile. The film velocity then has a slip velocity at the drop surface and

the velocity field inside the drops must be accounted for in the governing

equations. This model was carefully studied for non-deforming drops in [31]

and with deformation in [1, 8, 76, 77]. In general, the film drainage then

depends on the viscosity ratio of drop and film [8].

If the interface contains significant amounts of adsorbed surfactant, there

is much evidence to suggest that the interface is immobile and no tangential

stress is transmitted into the drop [47, 56]. This means that the film velocity

at the drop surface is the same as that of the drop interface and a no-slip

boundary condition applies. In this case, the thin film dynamics can be

determined without the need to know the velocity inside the drops. Since

the AFM experiment has adsorbed surfactant, we consider the drop surface

to be immobile. Consequently a no-slip boundary condition is applied at the

drop surfaces and there is no need to consider velocity fields inside the drops.

More recent work has focused on the inclusion of surfactant transport

both from the bulk to the interface and within the interface due to Marangoni

effects [10, 74, 75]. At surfactant concentrations at or above the critical mi-

celle concentration, the liquid/liquid interfaces will be populated by a close-

packed surfactant layer. In this situation we can ignore surfactant transport

effects and we assume that the liquid/liquid interfacial tension remains con-

stant and uniform during interaction.

2.3 The lubrication theory

For completeness and justification of using lubrication theory the next few

pages summarize the theoretical background needed when modelling the ex-

perimental data we have available. To derive governing equations for inter-

acting droplets, it is recommended taking into account the widely differing

length scales that appear. This process leads to the thin film equations,

which contains the essential physics of this problem. The starting point is

the Navier-Stokes and continuity equations for a Newtonian incompressible
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fluid, written as [7]

∂(ρu)

∂t
+∇ · (ρuu) = −∇p+ µ4u (2.1)

∇ · u = 0 (2.2)

where ρ is the constant density, µ is the viscosity of the continuous phase

which is assumed constant even at very small separations [43], p is the excess

pressure in the film, and u is the velocity vector, being a function of time t

and three spatial coordinates.

Cylindrical coordinates have been adopted because the drops are assumed

spherical initially and the motion is along the symmetry axis. The compo-

nents of the velocity vector u in this case are defined as: ur, uz and uφ. The

nature of the problem suggests axisymmetric flow. So, uφ = 0, where φ is the

azimuthal angle and all partial derivatives with respect to φ are also zero.

The Navier-Stokes (only r and z components left) and continuity equations

become

∂ur
∂t

+ ur
∂ur
∂r

+ uz
∂ur
∂z

= −1

ρ

∂p

∂r
+ ν

(
1

r

∂

∂r

(
r
∂ur
∂r

)
+
∂2ur
∂z2

− ur
r2

)
(2.3)

∂uz
∂t

+ ur
∂uz
∂r

+ uz
∂ur
∂z

= −1

ρ

∂p

∂z
+ ν

(
1

r

∂

∂r

(
r
∂uz
∂r

)
+
∂2uz
∂z2

)
(2.4)

1

r

∂(rur)

∂r
+
∂uz
∂z

= 0 (2.5)

For the problem of interacting drops, most terms in Eqs. (2.3-2.5) are

much smaller compared to others and can be neglected. We adopt the scales

suggested by Klaseboer et al. [47]

hc = R0Ca
1/2 pc = σ/R0 urc = V/Ca1/4

rc = R0Ca
1/4 tc = µCa−1/2/pc uzc = V

where R0 is the undeformed radius of the drop. For the experiments studied

here rc � hc. The large difference in length scales implies the weak variation

of the film thickness with a typical radial scale and implies

∂h

∂r
� 1 (2.6)
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which is needed in lubrication theory [62] and in the study of thin films

generally [49]. The validity of this condition has been extensively discussed

in the works of Chesters [1, 64, 8].

Inserting these scales into the cylindrical form of the Navier-Stokes equa-

tions and continuity equations yields the following non-dimensional form:

ReCa1/2

[
∂ur
∂t

+ ur
∂ur
∂r

+ uz
∂ur
∂z

]
= −∂p

∂r
+
∂2ur
∂z2

+

Ca1/2

(
1

r

∂

∂r

(
r
∂ur
∂r

)
− ur
r2

)
(2.7)

ReCa

[
∂uz
∂t

+ ur
∂uz
∂r

+ uz
∂ur
∂z

]
= −1

ρ

∂p

∂z
+ Ca

1

r

∂

∂r

(
r
∂uz
∂r

)
+ Ca1/2∂

2uz
∂z2

(2.8)

1

r

∂(rur)

∂r
+
∂uz
∂z

= 0 (2.9)

where Re = ρV hs/µ is the Reynolds number, with hs some characteristic

separation between the drops (around 50 to 100 nm in the experiments).

In all the experiments considered in this thesis, Ca � 1 and Re � 1

(Stokes flow), due to low velocities and small length scales. Typically, Ca ∼
10−6 − 10−8 for the AFM and SFA experiments and similar values for Re

numbers. Retaining only leading order terms in the previous system provides

the thin film equations which, when recast in dimensional variables, take the

form:

∂p

∂r
= µ

∂2ur
∂z2

(2.10)

∂p

∂z
= 0 (2.11)

∂uz
∂z

= −1

r

∂(rur)

∂r
(2.12)

where the hydrodynamic problem was reduced to a radial pressure driven

flow. Starting from this system we get an evolution equation for the film

thickness h(r, t) directly. We show this step for each experiment separately.
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2.4 Equations for drop-wall interaction

We present first the derivation of the evolution equations for the drop-wall

interaction because it is theoretically simpler when compared to the drop-

drop interaction in AFM, since there is no deflection of the cantilever and

there is a solid wall in which the no-slip boundary conditions can be applied

and just one deformable interface. This derived equations have been used to

model the experiments performed by Connor and Horn [25] and Clasohm et

al. [23]. Figure 2.1 shows a schematic of the problem, V being the approach

velocity, which can be a function of time. Here, X is the distance between

the base of the drop (top of the syringe) and the wall (mica surface).

X=Vt

h(r,t)

z(r,t)z

r

drop

film V

r1

h0

0

θ

Figure 2.1: Schematic of a deformable drop interacting with a solid wall. X is the

separation between the base and the wall, V is the approach velocity, h0 is the

initial separation, θ is the contact angle between the drop and the base, and r1 is

the length of the capillary tube, which is fixed.

We assume the simplest possible model in which the no-slip boundary

condition applies at the solid/liquid interface (which is expected to hold at

a solid interface) as well as at the liquid/liquid interface. In making this as-

sumption, we are guided by the observation that experimental results for film

drainage tend to be consistent with the no-slip boundary conditions rather

than the full slip condition associated with the continuity of tangential stress

across a liquid/liquid interface [47]. The application of the no-slip boundary

condition at the liquid/liquid interface also means that one does not have to

consider the possibility of flow in the interior of the drop. The assumption of

a no-slip boundary condition at the liquid/liquid interface may afford simpli-
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fication but can be contentious. Indeed there is a body of results, though not

without controversy which suggests that the no-slip boundary may not apply

at a solid boundary for film thickness in the nanometre range [57]. Nonethe-

less, we first examine a model with few parameters and consider the effects

of a slip boundary condition later. Therefore, the tangential component of

velocity at the drop/liquid interface must be zero.

ur = 0 at z = h(r, t) (2.13)

At the wall, the no-slip boundary condition implies

uz = ur = 0 at z = 0 (2.14)

The drop is approaching the surface with velocity V (t), where V (t) = ∂h/∂t.

Therefore,

uz = V (t) =
∂h

∂t
at z = h(r, t) (2.15)

As p does not depend on z according to Eq. (2.11), Eq. (2.10) can be

integrated twice with respect to z, and applying boundary conditions for ur

gives

ur =
1

2µ

∂p

∂r
(z2 − hz) (2.16)

Substituting ur into the continuity equation (Eq. 2.12) and using Eq.

(2.15) we obtain the Reynolds equation [62] for the evolution of the thickness

of the thin film between a deformable drop and a rigid wall

∂h

∂t
=

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(2.17)

The characteristic drop deformation time of the drop/water interface in

the SFA experiment is small compared to the typical experimental time.

Therefore it is justified to assume that the deformation of the interface takes

place under quasi-equilibrium conditions and can be assumed to be governed

by the familiar Young-Laplace equation that relates the mean curvature of a

fluid interface to the pressure difference across the interface. In addition to

the Laplace pressure (2σ/R0) between the two sides of the curved interface,

there are two additional contributions to the pressure difference, namely, the
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disjoining pressure Π on the interface due to colloidal forces of electrochemical

origin between the mica and the mercury and the hydrodynamic pressure

profile p, due to drainage of the aqueous film trapped between the mica

plate and the deformable interface. Thus if the drop surface deformations

are axially symmetric as observed experimentally and after using Eq. (2.6),

the profile z(r, t) of the drop obeys the Young-Laplace equation

p+ Π =
2σ

R
+
σ

r

∂

∂r

(
r
∂z

∂r

)
(2.18)

where (2σ/R) is the Lagrange multiplier that ensures the drop obeys the

constant volume constraint. Now we use the geometrical relation

h(r, t) = X(t)− z(r, t) (2.19)

to write Eq. (2.18) as

p+ Π =
2σ

R
− σ

r

∂

∂r

(
r
∂h

∂r

)
(2.20)

Eqs. (2.17) and (2.20) are to be solved numerically over the interval

0 ≤ r ≤ rmax, subject to suitable initial conditions and boundary conditions

where rmax is the largest radial distance at which we compute the profile

numerically. The initial condition must be consistent with Eq. (2.20) in

that it must produce a zero film pressure. This requirement is satisfied by

a parabolic surface for the drop, which is also the local approximation to a

sphere, as the initial condition

h(r, 0) = h0 +
r2

2R0

(2.21)

where h0 is the initial separation. To complete the system, four boundary

conditions should be defined. Due to axial symmetry, we have

∂h

∂r
= 0 at r = 0 (2.22)

∂p

∂r
= 0 at r = 0 (2.23)

and at large radial distances the pressure decays as r−4 [76] and this condition

is implemented as

r
dp

dr
+ 4p = 0 at r = rmax (2.24)
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We need another boundary condition for
∂h

∂t
at large separations. In previous

works [22, 1, 47], the following constant velocity boundary condition was used

∂h

∂t
= V at r = rmax (2.25)

assuming no deformation outside the interaction region. To get agreement

with experiments they needed rmax bigger than R0 in some cases [48]. We

show, with examples later in this chapter, that this boundary condition is

unable to model the AFM and SFA experiments studied in this thesis. A new

boundary condition will be derived to replace Eq. (2.25), taking into account

the small deformations at constant volume, the effects of interfacial tension,

the influence of the three-phase contact line and the cantilever deflection in

the AFM case.

2.5 Equations for two interacting drops

The derivation of evolution equations for two interacting drops is performed

next. A schematic of the situation is presented in Figure 2.2 in which the

drops have different radii, R1 and R2, contact angles and contact lines. The

derivation is similar to the drop/wall interaction and some details are omit-

ted.

For the same reasons as in the previous case, we assume that the drop/liquid

interface is immobile. Therefore, the tangential component of velocity at the

interface must be zero.

ur = 0 at z = z1(r, t) (2.26)

ur = 0 at z = z2(r, t) (2.27)

where z1 and z2 represent the drop surfaces and h = z2 − z1 is the film

thickness between the drops. As p does not depend on z according to Eq.

(2.11), Eq. (2.10) can be integrated twice to give

ur =
1

2µ

∂p

∂r

(
z2 − (z1 + z2) z + z1z2

)
(2.28)

where the no-slip boundary conditions Eqs. (2.26) and (2.27) were applied.
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h(r,t) = z  - zz  (r,t)

r

r1

r2θ2

θ1

X

V

2

z  (r,t)1

2 1

z(r,t)

Figure 2.2: Schematic diagram of two interacting drops, which are sitting on two

stages opposite to each other. The stages are placed at a distance X from each

other and approach with velocity V . The film thickness is h(r, t), the difference

between the drop profiles z2(r, t) and z1(r, t). The drops have different radii R1

and R2 with contact angles θ1 and θ2 and contact lines r1 and r2 respectively.

Radial coordinate r as well as z(r, t) are also indicated.

The drops are approaching with velocity V , where V = ∂h/∂t and there-

fore

uz = V =
∂h

∂t
at z = h(r, t) (2.29)

The continuity equation (2.12) is integrated with respect to z to give

uz =
1

4µr

∂

∂r

[
r
∂p

∂r

(
z3
2

3
− z1z

2
2 + z2

1z2 −
z3
1

3

)]
(2.30)

resulting in since h = z2 − z1

∂h

∂t
=

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(2.31)

which is the same equation as for drop-wall interaction (Eq. (2.17)).

The Young-Laplace equations for each drop are written as

p+ Π =
2σ

R̂1

+
σ

r

∂

∂r

(
r
∂z1

∂r

)
(2.32a)
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p+ Π =
2σ

R̂2

− σ

r

∂

∂r

(
r
∂z2

∂r

)
(2.32b)

where 2σ/R̂1 and 2σ/R̂2 are the Lagrange multipliers associated with the

constant drop volume constraint with R̂1 ≈ R1 and R̂2 ≈ R2. Eqs. (2.32a)

and (2.32) can be added to give since h = z2 − z1

p+ Π =
2σ

R̂0

− σ

2r

∂

∂r

(
r
∂h

∂r

)
(2.33)

where
1

R̂0

=
1

2

(
1

R̂1

+
1

R̂2

)
(2.34)

The initial condition for the two different drops is written as

h(0, r) = h0 +
r2

2R1

+
r2

2R2

= h0 +
1

2

(
1

R1

+
1

R2

)
r2 = h0 +

r2

R0

(2.35)

where h0 is the initial separation between the drops and R0 is the harmonic

mean radius of the two drops defined as

1

R0

=
1

2

(
1

R1

+
1

R2

)
(2.36)

The boundary conditions are defined as:

∂h

∂r
= 0 at r = 0 (2.37)

∂p

∂r
= 0 at r = 0 (2.38)

r
dp

dr
+ 4p = 0 at r = rmax (2.39)

A suitable boundary condition for
∂h

∂t
at large radial distances will be

derived in Section 2.7.

2.6 Equations for drop-sphere interaction

We derive equations for the interaction of a sessile drop of radius Rd inter-

acting with a solid sphere of radius Rs. Once again we assume the no-slip
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hydrodynamic boundary condition at the liquid-liquid as well as at the solid-

liquid interface resulting in the thin film equation

∂h

∂t
=

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(2.40)

as shown before. The Young-Laplace equation is written as

p+ Π =
2σ

R̂d

+
2σ

Rs

− σ

r

∂

∂r

(
r
∂h

∂r

)
(2.41)

where 2σ/R̂d is Lagrange multipliers associated with the constant drop vol-

ume constraint.

The initial condition for a drop and a sphere is written as

h(0, r) = h0 +
r2

2Rd

+
r2

2Rs

= h0 +
1

2

(
1

Rd

+
1

Rs

)
r2 = h0 +

r2

R0

(2.42)

where h0 is the initial separation and R0 is the harmonic mean radius between

the drop and the sphere.

Three of the boundary conditions are the same as for drop-drop interac-

tion and a suitable boundary condition for
∂h

∂t
at large radial distances will

be derived in the next section.

2.7 Derivation of new asymptotic boundary

condition

The derivation of the new boundary condition necessary to model the exper-

iments studied in this thesis follows previous works performed by Chan et al.

[15] and Bardos et al. [5] and was published in Carnie et al. [13]. In the for-

mer cases, the analytical stationary solution of a small spherical solid particle

moved against an oil drop in AFM was obtained. The same ideas of those

works are used in this section, but making the necessary adjustments to solve

the static drop-wall interaction. Generalization for two different drops and

drop-sphere cases and the introduction of cantilever deflection for the AFM

will be performed later. One main difference is the definition of new scales
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appropriate to this case, since in the former the small particle introduced a

scale that had to be taken into account.

Gravity has a negligible effect in the experiments studied in this thesis

and will be neglected. Later in this chapter we discuss its effects. The free

energy F without gravity can be written as

F = 2π

∫ r1

0

r[σ(1 + z′
2
)1/2 + E(h(r, z))] dr (2.43)

where E is the interaction energy per unit area between the drop and the

plate and r1 is position of the three-phase contact line.

The drop volume is

Vd = 2π

∫ r1

0

rz dr (2.44)

The drop shape is determined by minimising the free energy, while con-

straining the drop volume to remain constant. Introducing the Lagrange

multiplier

Λ =
2σ

R
(2.45)

and minimising F(z) − ΛVd(z), we obtain the augmented Young-Laplace

equation

σ
d

dr

[
z′r

(1 + z′2)1/2

]
− rΠ(h(r)) = −Λr (2.46)

with the boundary condition

z′(0) = 0 (2.47)

and the definition of disjoining pressure

∂E

∂z
≈ ∂E

∂h
= −Π(h(r)) (2.48)

using the Derjaguin approximation [32] for the interaction energy. The film

is so weakly varying in the radial scale that we can use the disjoining pressure

at the local separation h(r) with negligible error.

A first integral of (2.46) is, using (2.47)

z′r

(1 + z′2)1/2
= −r

2

R
+ Γ(r) (2.49)
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where

Γ(r) =
1

σ

∫ r

0

rΠ(h(r)) dr (2.50)

Rearranging Eq. (2.49) gives

z′ =
−r2/R + Γ(r)

[r2 − (−r2/R + Γ(r))2]1/2
(2.51)

Equation (2.51) is the start of the process of generating inner and outer

solutions for matching purposes.

2.7.1 Inner region

For the inner region, we introduce the following scales

r =
√
R0hss (2.52)

z − z0 = hsχ(s) (2.53)

where R0 is the unperturbed radius of the drop, hs a characteristic separation

and z0 the unperturbed apex height. Substituting these scales in Eq. (2.51)

yields

χ′ = −s+
Γ(s)

hss
+O(hs/R) (2.54)

Integrating with respect to s gives

χ = −s
2

2
+

1

hs

∫ s

0

Γ(s′)

s′
ds′

= −s
2

2
+

1

hsσ

∫ s

0

ds′

s′

∫ s′

0

s′′Π(h(s′′)) ds′′

= −s
2

2
+
R0

σ

∫ s

0

s′Π(h(s′))(ln s− ln s′) ds′ (2.55)

with a change of order of integration. For large s, Π(h(s)) restricts the

integration range by vanishing. Thus

χ(s) ∼ −s
2

2
+

1

hs
[G ln s−H] (2.56)

where

G =
hsR0

σ

∫ ∞
0

sΠ(h(s)) ds (2.57)
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H =
hsR0

σ

∫ ∞
0

s ln s Π(h(s)) ds (2.58)

In unscaled variables the outer behaviour of the inner solution is

z(r) = z0 −
r2

2R
−H +G ln

(
r√
hsR0

)
(2.59)

We note that the total force is (in the Derjaguin approximation)

F = 2π

∫ ∞
0

rΠ(h(r)) dr = 2πσG (2.60)

2.7.2 Outer Region

For the outer solution, the following scales are adopted

r = (GR)1/2s (2.61)

z(r) = (GR)1/2χ(s) (2.62)

and recognize that Γ(r), in this distance regime, can be replaced by Γ(∞),

which is simply G. The profile equation (2.51) for the outer region becomes

χ′ =
±(1− s2)

(s2
+ − s2)1/2(s2 − s2

−)1/2
(2.63)

where we define s+ and s− so that

s2
+s

2
− = 1 (2.64)

s2
+ + s2

− =
R

G
+ 2 (2.65)

with solution

χ =

∫ s+

s

ds(s2 − 1)

(s2
+ − s2)1/2(s2 − s2

−)1/2
∓
∫ s+

s1

ds(s2 − 1)

(s2
+ − s2)1/2(s2 − s2

−)1/2
(2.66)

being

s1 = r1/(GR)1/2 (2.67)

In Eq. (2.66) the upper sign refers to acute drop profiles and the lower sign

refers to obtuse drop profiles. The integral can be evaluated exactly in terms

of incomplete elliptic integrals E and F to give

χ(s) = s+E(K(s), q)− 1

s+

F (K(s), q)∓
(
s+E(K(s1), q)−

1

s+

F (K(s1), q)

)
(2.68)
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where

K(s) = arcsin

(
s2
+ − s2

s2
+ − s2

−

)1/2

(2.69)

q2 = 1−
(
s−
s+

)2

(2.70)

F (K, q) = s+

∫ s+

s

ds

(s2
+ − s2)1/2(s2 − s2

−)1/2
(2.71)

E(K, q) =
1

s+

∫ s+

s

s2ds

(s2
+ − s2)1/2(s2 − s2

−)1/2
(2.72)

to match this solution to the inner solution, s is considered to be in the range

s− � s� s+ (ie., G� r � R). It follows that

s+ = (R/G)1/2(1 +G/R + · · · ) (2.73)

s− = (G/R)1/2(1−G/R + · · · ) (2.74)

Hence

q2 = 1−O((G/R)2) (2.75)

sinK(s) = 1− G

2R
s2(1 +O(G/R)) (2.76)

sinK(s1) = (1− (r1/R+)2)1/2(1 +O(G/R)2) (2.77)

where

R+ = (RG)1/2s+ = R +G+ · · · (2.78)

Note that for q2 ≈ 1,

E(K, q) = sinK + · · · (2.79)

F (K, q) =
1

2
ln

(
1 + sinK

1− sinK

)
+ · · · (2.80)

Substitution of these limiting forms into the exact equation (2.68) yields

χ(s) =

(
R

G

)1/2(
1 +

G

R

)1− Gs2

2R
∓

(
1−

(
r1
R+

)2
)1/2

 (2.81)

−
(
G

R

)1/2 [
−1

2
ln

(
Gs2

4R

)
∓ 1

2
ln

(
1 + (1− (r1/R+)2)1/2

1− (1− (r1/R+)2)1/2

)]
+ · · ·
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which in unscaled variables can be written as

z(r) = R

1∓

(
1−

(
r1
R+

)2
)1/2

− r2

2R2

+G

1∓

(
1−

(
r1
R+

)2
)1/2

+
1

2
ln

(
r2

4R2

)
± 1

2
ln

(
1 + (1− (r1/R+)2)1/2

1− (1− (r1/R+)2)1/2

)]
+ · · · (2.82)

where r1 is the radial extent of the drop where it touches the solid base, R+

is the maximum radial width of the drop and the upper(lower) sign refers to

drops with an acute(obtuse) contact angle at the base.

2.7.3 Matching the inner and the outer regions

We have the following geometric relation between the drop profile z(r, t), the

film thickness h(r, t) and displacement X(t) = V t

h(r, t) = X(t)− z(r, t) (2.83)

In the numerical solution of the thin film equations, an asymptotic con-

dition for the time derivative ḣ(r, t) for r � rc is required. This can be

obtained by differentiating Eq. (2.83) to give

ḣ(r, t) = V − ż(r, t) (2.84)

We apply Eq. (2.84) at the outer part of the inner region at some large

distance rmax on the inner scale, where we can use Eq. (2.59):

ḣrmax = V − żrmax = V −
[
ż0 − Ḣ + Ġ

1

2
ln

(
r2
max

r2
c

)]
(2.85)

after discarding terms that are negligible. To find ż0 − Ḣ, we have to match

with the solution Eq. (2.82) from the outer region.

Now we take a G/R0 expansion, using the following definition

R+ ≡ R0 + δR +G (2.86)

to get

R = R0 + δR (2.87)
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Using the geometrical relation√
1− r2

1

R2
0

= ± cos θ (2.88)

leads to

z(r) = − r2

2R
+R0[1− cos θ] + δR

[
1− 1

cos θ

]
+G

[
1− 1

cos θ
+

1

2
ln

(
r2

4R2
0

)
+

1

2
ln

(
1 + cos θ

1− cos θ

)]
(2.89)

By comparing Eq. (2.89) with (2.59), we see that the terms in r2 and ln r

match, while equating the constants give:

z0 −H = R0[1− cos θ] + δR

[
1− 1

cos θ

]
+G

1

2
ln

(
r2
c

4R2
0

)
+G

[
1− 1

cos θ
+

1

2
ln

(
1 + cos θ

1− cos θ

)]
(2.90)

At this stage, we must specify the behaviour of the three-phase contact

line at the base of each drop. In [15], the contact line was considered pinned

at some fixed radial position r1 during interaction. In [5], the contact line

was also allowed to slip while keeping a constant contact angle θp.

Considering the pinned case (constant r1) first, we differentiate Eq. (2.89)

with respect to time to get:

żrmax = ˙δR

[
1− 1

cos θ

]
+ Ġ

1

2
ln

(
r2
max

4R2
0

)
+ Ġ

[
1− 1

cos θ
+

1

2
ln

(
1 + cos θ

1− cos θ

)]
(2.91)

where we have evaluated the result at some suitably large value of r = rc =

rmax. Now we need an expression to the change in mean curvature δR as a

function of the force G. By constraining the volume we get [5]

δR = −G 1

1− cos θ
(2.92)

Using this result we can then simplify Eq. (2.91) to give

żrmax = Ġ

[
1 +

1

2
ln

(
r2
max

4R2
0

)
+

1

2
ln

(
1 + cos θ

1− cos θ

)]
(2.93)
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which from Eq. (2.84) provides the required boundary condition for ḣ for

the pinned contact line case:

ḣrmax +
Ġ

2

[
2 + ln

(
r2
max

4R2
0

)
+ ln

(
1 + cos θ

1− cos θ

)]
= V (2.94)

A constant contact angle θ = θp is equivalent to constant profile derivative

at the contact line, this means [5],

δR = −G 1

(2 + cos θp)(1− cos θp)
(2.95)

The boundary condition for the constant contact angle case is then

ḣrmax +
Ġ

2

[
2 + ln

(
r2
max

4R2
0

)
+ ln

(
1 + cos θp
1− cos θp

)
− 2

2 + cos θp

]
= V (2.96)

Eqs. (2.94) or (2.96) are the requisite large r boundary conditions for the

numerical solution of the inner film drainage equation.

2.8 The AFM experiment

In the AFM experiment the two drops are different and the cantilever deflects.

It is necessary to develop a more general boundary condition accounting for

these differences. This situation is presented in Figure 2.3. The drops have

radii R1 and R2 and the respective contact angles are θ1 and θ2 and contact

lines are at r1 and r2. Both drops are assumed to be of the same material

and therefore have the same interfacial tension σ.

2.8.1 Boundary condition for two different drops

Starting from the quasi static shapes of two deformable drops z1 and z2,

that are related to the velocity of approach and separation by the geometric

relation

h(r, t) = X(t)− (z2 − z1) = ∓V t− (z2 − z1) (2.97)

The static shapes z1 and z2 of two deformable drops are governed by the

Young-Laplace equation written as

σ
d

dr

[
z′ir

(1 + z′i
2)1/2

]
− rΠ(h(r)) = −Λir for i = 1, 2 (2.98)
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X(t)=+V t
h(r,t)

z(r,t)

r

K

_

∆s

r1

r2θ2

θ1

Figure 2.3: Schematic diagram of the AFM geometry of two interacting drops. X

measures the distance between the piezo stage and some fixed platform, ∆s is the

cantilever deflection, z(r, t) is the drop height and h(r, t) is the film thickness.

where Λ1 = 2σ/R̂1 and Λ2 = 2σ/R̂2. These equations can be solved sepa-

rately going through the process shown previously. The outer form of z1 and

z2 for the inner region for each case is

zi(r, t) = z0i(t)−
r2

2Ri

−H +G ln(r/rc) for i = 1, 2 (2.99)

where rc =
√
hsR0 is the radial scale. Taking the derivative yields

ḣ = ∓V − (ż2 − ż1) (2.100)

By substituting gives

ḣrmax = ∓V −
[
ż0 − 2Ḣ + Ġ ln

(
r2
max

r2
c

)]
(2.101)

To find ż0−2Ḣ, we have to match the outer region, whose solutions are given

by

zi(r) = Ri

[
1− r2

2R2
i

∓

√
1− r2

i

R2
+i

]

+G

1∓

√
1− r2

i

R2
+i

+
1

2
ln(

r2

4R2
i

)± 1

2
ln

1 +

√
1− r2i

R2
+i

1−
√

1− r2i
R2

+i
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for i = 1, 2. Taking small deformation expansion and going through the

process shown before results

żirmax = Ġ

[
1 +

1

2
ln

(
r2
max

4R2
i

)
+

1

2
ln

(
1 + cos θi
1− cos θi

)]
(2.102)

and the boundary condition for two different drops writes

ḣ+ (α1 + α2)Ġ = ∓V at r = rmax (2.103)

where, for the stick contact line case

αi = 1 + ln

(
rmax
2Ri

)
+

1

2
ln

(
1 + cos θi
1− cos θi

)
i = 1, 2. (2.104)

and for the slip contact line case

αi = 1 + ln

(
rmax
2Ri

)
+

1

2
ln

(
1 + cos θi
1− cos θi

)
− 1

2 + cos θi
(2.105)

2.8.2 Boundary condition for a drop and a sphere

For the interaction between a sessile drop of radius Rd and contact angle θ

and a sphere of radius Rs, the asymptotic boundary condition for dh/dt at

large r takes the form, for the stick contact line case

ḣrmax + Ġ

[
1 +

1

2
ln

(
r2
max

4R2
d

)
+

1

2
ln

(
1 + cos θ

1− cos θ

)]
= ∓V (2.106)

taking into account contributions from one deformable drop. Note that the

radius of the drop appears in the equation, but not the radius of the sphere,

and as a consequence a system with a big drop and small particle is different

compared to that of a big particle and a small drop with same radius values.

If we take the limit of the radius of the sphere to infinity we recover the

drop-wall system and therefore the drop wall problem is just a particular

case of the drop-sphere one.

2.8.3 Incorporating the cantilever deflection

The results in the preceding section have been derived on the assumption

that the cantilever does not deflect. In fact as the bottom drop approaches
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the top drop, all interactions will cause the cantilever to deflect which in

turn increases the separation between the drops. This coupled motion of the

cantilever and the drops must be incorporated into the formulation.

We model the cantilever as a plane attached to a fixed platform by a

spring of stiffness K. Then Eq. (2.84) will be replaced by

h(r, t) = X − 2z(r, t) + ∆s (2.107)

where ∆s is the deflection of the cantilever. Assuming a linear spring with

spring constant K, ∆s is related to the force F by

∆s = F/K = 2πσG/K (2.108)

where we use the convention that a positive force produces a positive (up-

wards) deflection of the spring. Differentiating Eq. (2.107) we have

ḣ(r, t) = ∓V − 2ż(r, t) + 2πσĠ/K (2.109)

which shows that the motion of the cantilever can be included through an

extra term in the asymptotic boundary conditions, which in final form is

ḣrmax + Ġ

[
α1 + α2 −

2πσ

K

]
= ∓V (2.110)

For the case of a drop interacting with a solid sphere in AFM, the boundary

condition becomes

ḣrmax + Ġ

[
1 +

1

2
ln

(
r2
max

4R2
d

)
+

1

2
ln

(
1 + cos θ

1− cos θ

)
− 2πσ

K

]
= ∓V (2.111)

We observe that the contribution due to deflections of the cantilever is always

negative. This is because cantilever deflection will allow the top drop to

back away as the bottom drop approaches and to follow the bottom drop as

the latter withdraws. These boundary conditions are needed to completely

determine the numerical solution of the thin film drainage equations.

2.9 Disjoining pressure

The disjoining pressure used is based on the DLVO theory [69, 41]. To model

the SFA experiment performed by Connor and Horn [25], a numerical solu-

tion of the Poisson-Boltzmann equation was used to account for the different
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surface potential giving disjoining pressures ranging from repulsive to attrac-

tive. The Poisson-Boltzmann equation can be written as [54]

d2y(ξ)

dξ2
= sinh y(ξ) (2.112)

where y = eνψ/kBT is the potential scaled by the thermal potential, with

kB being the Boltzmann constant, T the absolute temperature, and e is the

protonic charge. The coordinate x normal to the surface is related to the

scaled variable ξ = κx being κ =
√

2ne2/εkT is the usual Debye-Hückel

parameter that depends on salt concentration n. This equation is solved

numerically using the algorithm proposed by [17] in which for a given pressure

we get the distance.

2.10 Scaling and numerical solution

Before solving numerically, we first scale the equations using the scales sug-

gested by Klaseboer et al. [47]. The time scale set by the approach velocity

tc = hc/V , the Laplace pressure sets the pressure scale, the radial scale is set

by the region of significant deformation r2
c = R0hc and hc is chosen to nondi-

mensionalize the equations. Different scales are typically used for approach

at constant force [77, 64]. With this choice, the various physical quantities

are:

hc = R0Ca
1/2

rc = R0Ca
1/4

pc = σ/R0

tc = µCa−1/2/pc

where Ca = µV/σ is the capillary number – the ratio of viscous forces to

surface tension forces. Taking as an example the two equal drops in AFM
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case, the non-dimensional form of the Eqs. (2.31), (2.33) and (2.60) becomes:

∂h

∂t
=

1

12r

∂

∂r
(rh3∂p

∂r
) (2.113)

p+ Π = 2− 1

2r

∂

∂r
(r
∂h

∂r
) (2.114)

G =

∫ ∞
0

r[p(r, t) + Π]dr (2.115)

In calculating G numerically, we divide the range of integration into two

parts:

G =

∫ rmax

0

r[p+ Π] dr +

∫ ∞
rmax

rp dr (2.116)

where the first integral is evaluated from the numerical solution and the

second integral, in which the disjoining pressure Π is negligibly small, can be

evaluated analytically from the asymptotic r−4 form of the pressure.

Initial and boundary conditions become

h(r, 0) = h0 + r2 (2.117)

∂h

∂r
= 0 at r = 0 (2.118)

∂p

∂r
= 0 at r = 0 (2.119)

r
dp

dr
+ 4p = 0 at r = rmax (2.120)

∂h

∂t
+ α

dG

dt
= ∓1 at r = rmax (2.121)

where

α =

[
2 + ln

(
r2
maxCa

1/2

4

)
+ ln

(
1 + cos θ

1− cos θ

)
− 2πσ

K

]
(2.122)

in the case in which the three-phase contact line of the drop is fixed at r = r1.

For the constant contact angle boundary condition θ = θp (fixed)

α =

[
2 + ln

(
r2
maxCa

1/2

4

)
+ ln

(
1 + cos θp
1− cos θp

)
− 2πσ

K
− 2

2 + cos θp

]
(2.123)

A detailed numerical study of two large drops (radius ∼1500 µm) has

been carried out by Klaseboer et al. [47]. They considered film drainage and
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dimple formation at a film thickness of order of 1 µm, where surface forces

can be omitted. For the range of drop sizes considered in the present work

(radius 40 µm), the drainage films have a thickness at which surface forces

cannot be neglected.

Our new boundary condition Eq. (2.121), involving the derivative of a

functional of the dependent variable h, changes the mathematical nature of

the problem – we no longer have a simple boundary condition. However, on

discretization in r as in the Method of Lines, we get a system of equations

with a more standard form.

We use central differencing in r in Eq. (2.113) and (2.114) to obtain

a system of differential equations for hj(t) ≡ h(j∆r, t), j = 0 · · ·N where

N = rmax/∆r. We use a uniform grid in r = [0, rmax] with ∆r = 0.05 and

rmax = 10 producing a system of 200 equations. The boundary conditions

at r = 0 are used to produce the equation for ḣ0 and Eq. (2.121) provides

the equation for ḣN . This requires G as an extra variable to solve for. The

functional G is obtained by evaluating the following integral using Simpson’s

rule

G =

∫ rmax

0

r[p(r, t) + Π] dr

which relates G to all the other variables hj as an algebraic constraint.

In summary, the final system of equations has the form

1 0 · · · 0 0

0 1 0 · · · 0
...

0 0 · · · 1 F

0 0 · · · 0 0





ḣ0

ḣ1

...

ḣN

Ġ


=



f0

f1

...

∓1

G−
∑

j wjg(hj)


(2.124)

where F is the coefficient of Ġ in Eq. (2.121) and fj represent the discretized

contributions of the thinning equation and normal stress balance.

This system has a singular mass matrix and is a differential-algebraic

equation (DAE) of index 1. It can be solved by standard software, in our

case Matlab’s ode15s.
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Previous work [47] used the boundary condition for the thinning rate

∂h

∂t
= ∓1 at rmax (2.125)

which neglects the deformation of the whole drop by the force G. In their

work, they compared the film profile h(r, t), especially the central film thick-

ness h(0, t) with experiments. We shall see that the central film thickness is

not sensitive to the thinning rate boundary condition, which explains why

their results appeared reasonably independent of the choice of rmax. The

force however is sensitive to the position rmax where we apply the boundary

condition.
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Figure 2.4: The scaled force F/R0 (R0 = 41 µm) and central film thickness at the

end of 1 µm approach of two drops initially 0.7 µm apart, as a function of rmax,

the size of the computational domain. The broken curves correspond to results

using the simple boundary condition Eq. (2.125) and the solid curves are results

obtained with the new boundary condition Eq. (2.121).

To see why the new boundary condition is necessary in our calculations,

consider the central film thickness h(0, t) and force F calculated for different

choices of rmax. To have confidence in the numerical results, the results need

to be independent of rmax once it is large enough to be outside the interaction

zone. In Fig. 2.4, we show results for the central film thickness for a range

of rmax values. The other parameters are: the initial central film thickness
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(surface separation) is 0.7 µm, the piezo is driven in 1 µm at a velocity V =

13.2 µm/s, the undeformed contact angle θ = π/3 and the cantilever stiffness

isK = 28 mN/m. Also shown are results using the simple boundary condition

Eq. (2.125). For the film thickness, the choice of boundary condition is not

crucial, although the new boundary condition does give results noticeably

less dependent on rmax. By contrast, a similar plot for the force divided by

R0, shows that no sensible choice of rmax can be made using Eq. (2.125) but

that the results are stable for rmax ≥ 6 with our new boundary condition.

Numerical results should be independent of grid size. Different values of

∆r were tested and compared in Figure 2.5. As can be seen, using ∆r = 0.5

does not give a reasonable solution while for ∆r = 0.01, 0.05 and 0.1, almost

the same result is obtained. The value chosen and used in the comparisons

is ∆r = 0.05, because it is small enough to give accurate solutions and not

time consuming.

∆r = 0.01, 0.05 & 0.1

∆r = 0.5

Figure 2.5: Force F as a function of displacement ∆X for grid sizes ∆r = 0.01,

0.05, 0.1 and 0.5 for a typical AFM run as in Figure 2.4 using rmax = 10.

2.11 Introducing Navier slip

In all comparisons performed in this thesis, the no-slip boundary condition

at the liquid/liquid as well as solid/liquid interfaces proved to be adequate.
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A recent review by Neto et al. [57] referred to hundreds of papers on the

topic covering from the first efforts in trying to describe what happens in the

solid/liquid interface up to sophisticated experiments performed nowadays.

It turns out that if slip is present it becomes important only for scales smaller

than 100 nm, which is the case in the present study.

An important characteristic in determining boundary slip behaviour is

roughness since most real systems are rough. Its presence in the surface was

found to both increase the degree of slip at the surface [11] or alternatively

reduce the degree of slip [60, 80]. Some questions arise about the definition

of roughness and how to deal with it. Rough surfaces were obtained via

different ways in the experiments. In some cases, by treating the surface; in

others, by attaching a layer of polymers see, for example [79]. Another issue

in rough surfaces is where to define the location of the solid-fluid interface

where a particular boundary condition should be applied: at the peak or at

the valleys or in the middle? Most experimental results were obtained by

measuring interaction forces using the AFM or SFA and comparing with the

classical Reynolds theory.

The interpretation of the experimental results were characterized in terms

of a ‘slip length’ b, defined as the distance inside the wall where the velocity

of the fluid would be zero. This means that the flow has a finite velocity at

the wall. Figure 2.6 presents an schematic of the slip length assuming Stokes

flow.

The slip velocity us on the wall is assumed to be proportional to the shear

stress (Navier slip) at the surface

us = b
∂ur
∂z

(2.126)

In this case, b = 0 corresponds to the conventional no-slip boundary condition

and b = ∞ corresponds to fully mobile interface, which is a conventional

condition for a liquid/gas interface.

The no-slip boundary condition combined with the Navier-Stokes equa-

tions gives the following expression for the interaction between a solid sphere

of radius R approaching a flat surface with velocity V , known as the Reynolds
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r

s

Figure 2.6: Schematic of the slip length b for a viscous flow near a solid surface.

us represents the velocity of the fluid at the interface and ur the velocity of the

flow.

equation

FH = f ∗
6πµR2V

h
= f ∗

6πµR2

h

dh

dt
(2.127)

where f ∗ was introduced as the dimensionless number that quantifies the

deviation from the classical prediction. If f ∗ = 1 we have the classical no-

slip boundary condition. Vinogradova [70] derived the following expression

for f ∗ for a given slip length b

f ∗ =
h

3b

[(
1 +

h

6b

)
ln

(
1 +

6b

h

)
− 1

]
(2.128)

Many experimental works use this expression to estimate their slip length.

Unfortunately there is no agreement between experiments with the slip length

b ranging from few nanometres to few micrometres. Slip length was also found

to depend on shear rates and viscosity [26].

Spikes and Granick [66] proposed a new model to account for slip. Instead

of using the Navier boundary condition, they assume there exists a critical

shear stress, below which the interface behaves as no-slip and above which

Navier slip applies. They obtained good agreement with some experiments,

but this model introduces another fitting parameter that has to be obtained

in comparing theory and experiments.
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Joseph and Tabeling [45] used particle image velocimetry to measure

the flow profile inside a glass channel about 12 µm high. They obtained a

parabolic profile and extrapolated the parabola into the wall to get the slip

length. After analyzing the data, they concluded slip length up to 50 ± 100

nm. The data has lots of scatter and the slip length obtained is of the same

order of the uncertainty of the position of the wall (about 30 nm).

We present evolution equations considering Navier slip in either or both

interfaces following the work of Vinogradova and Feuillebois [71]. Once again

the starting point are continuity equation (2.12) and thin film equations

(2.10) and (2.11). This time it is assumed that one interface has slip length bh

and the other has slip length b0. Therefore, the following boundary conditions

are defined

ur = b0
∂ur
∂z

, uz = 0; at z = 0 (2.129)

ur = −bh
∂ur
∂z

, uz =
∂h

∂t
; at z = h (2.130)

Using Eq. (2.11), we can integrate Eq. (2.10) twice with respect to z to

get

ur =
1

µ

∂p

∂r

(
z2

2
+ Az +B

)
(2.131)

Now we apply the boundary condition for ur and take into account that

∂ur
∂z

=
1

µ

∂p

∂r
(h+ A) at z = h (2.132)

and
∂ur
∂z

=
1

µ

∂p

∂r
A at z = 0 (2.133)

to get

ur =
1

2µ

∂p

∂r

(
z2 + Āz + b0Ā

)
(2.134)

where

Ā = − h(h+ 2bh)

h+ bh + b0
(2.135)

Using the continuity (Eq. (2.12)) and applying the boundary conditions for

uz gives

∂h

∂t
=

1

12µr

∂

∂r

(
r
∂p

∂r

[
h3 + 3

(bh + b0)h
3 + 4b0bhh

2

h+ bh + b0

])
(2.136)
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Note that when bh = b0 = 0 we recover the classical no-slip result Eq. (2.31).

This equation is only used in few plots to indicate the effects of slip.

2.12 The effect of gravity

In this section we quantify the effect of gravity for the experiments we are

analysing. For the AFM case the drops are small and gravity can be safely

neglected due to small Bond numbers. On the other hand, for the SFA

experiments the drops are larger and a discussion about the effect of gravity

becomes necessary. The mercury drop protrudes from a capillary of radius

r1. At equilibrium, the shape of the drop is governed by the Young-Laplace

equation

σ
d

dr

[
rz′

(1 + z′2)1/2

]
− rΠ(h(r, z))− r∆ρgz = −Λr (2.137)

where Λ is the Lagrange multiplier associated with enforcing the constant

volume constraint and ∆ρ is the density difference between the drop and the

bathing medium.

By introducing the dimensionless variables s, χ

r = r1s; z = r1χ (2.138)

Eq. (2.137) (in the absence of disjoining pressure Π) can be written as

d

ds

[
sχ′

(1 + χ′2)1/2

]
−
(r1
λ

)2

sχ = −Λr1
σ
s (2.139)

This shows that the effect of gravity is measured by the dimensionless Bond

number Bo = (r1/λ)2 where the capillary length λ is given by

λ =

(
σ

∆ρg

) 1
2

(2.140)

The Bond number in the present mercury experiment (Bo ∼ 0.6) is larger

than that encountered in the oil drop experiments [13] both because the drops

are larger and mercury is much denser than water so the effect of gravity on

the static drop shape is not small.
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However, if we consider the change in the static profile of the drop under

the imposition of a force F at the apex we can associate with the force a

length scale G = F/(2πσ) and the radial scale of deformations is given by

rc =
√
r1G (see e.g. [15, 5]). The Bond number at the scale of rc instead

of r1 is (rc/λ)2 ∼ 0.01 � 1 which shows that gravity can be neglected in

computing the profile for r < rc. Since Eq. (2.20) is only used in this inner

region, the appropriate value of R is the radius of curvature at the apex

which has been measured experimentally when the mica surface is far from

the mercury/electrolyte interface.

Our attempt to modify the derivation in [13] to include gravity proved

intractable, so we argue that for the purpose of providing a matching outer

boundary condition for the inner solution we can replace the mercury drop in

gravity by an ‘equivalent’ gravity-free (spherical) drop. Now the solution of

the Young-Laplace equation for a drop in the presence of gravity with an apex

radius of curvature R = 1.9 mm and a capillary radius r1 = 1.5 mm produces

a nonspherical drop with volume 3.2 mm3 and a contact angle θ = 59.6◦ at

the capillary edge r = r1. So if we wish to treat the drop as a gravity-free

spherical drop with radius R being the actual radius of curvature at the apex

of the drop, then the two plausible options are either to use a spherical drop

with the same capillary radius r1 of 1.5 mm but a smaller volume or one with

the same volume as the actual drop but with a larger capillary radius. The

first choice gives a drop of volume 2.8 mm3 and a contact angle θ = 52.1◦

at r = r1 and this is the value we will use throughout. The second choice

requires a capillary radius r1 of 1.54 mm and a contact angle θ = 54.2◦ at the

capillary. It turns out that none of the results we present below are sensitive

to such small differences in the values of θ [14]. In Figure 2.7 we compare

the drop shapes with and without gravity.
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Figure 2.7: Comparison of solutions of the Young-Laplace equation (2.137) for the

shape of the drop including gravity and two gravity free cases: one with the same

volume and the other with the same contact line r1.
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Chapter 3

The AFM experiment

3.1 Introduction

The Atomic Force Microscope (AFM) has long been used to make direct mea-

surements of the forces acting between rigid particles of colloidal dimensions.

Attention has since turned to the interaction between deformable surfaces,

such as the interaction between rigid probe particles and oil drops [55, 65, 15,

30] or between a particle and a bubble [34]. The hydrodynamic interaction

of a rigid colloid probe with a solid surface [26, 11] and with a liquid drop [3]

has also been studied using the AFM.

The first direct AFM measurements of the force between two approaching

droplets of decane (∼40 µm radius) in an aqueous solution of sodium dode-

cyl sulphate (SDS) was performed by Dagastine et al. [29]. The observed

forces are velocity dependent at relative velocities comparable to that due

to thermal motion of such droplets in suspension. Recently, Dagastine et

al. [28] performed force measurements over a wide range of SDS concentra-

tions (0.1 to 10 mM) and approach velocities (2 to 28 µm/s) and compared

the experimental results with the theory developed by Carnie et al. [13].

In this experimental setup, one drop is attached to the AFM cantilever

with known spring constant K. The other drop is attached to a piezoelec-

tric stage that is moved according to a programmed velocity schedule. For

example, the stage is moved towards the cantilever with constant velocity V

41
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over a displacement Xmax and is then reversed over the same distance. That

is, the piezo displacement follows a triangular sweep.

During the programmed velocity schedule, the deflection of the spring is

recorded and converted to a force F using the spring constant of the can-

tilever. Therefore, the experimental data consist of pairs of values (Xi, Fi),

the piezoelectric stage position and the corresponding force. Note that the

separation between the piezoelectric stage and the cantilever, much less the

minimum separation between the drops, is unknown, even initially. Hence

there is the need to relate experimental data to a force-separation law.

A characteristic feature seen in the measured forces between deformable

drops [29, 28] is the dependence on the approach velocity V , which is also

observed in similar experiments between a solid colloid probe and a liquid

drop [3]. At low velocities, the force law is reversible, being the same on

approach and retract, with an approximately constant compliance region

that has a slope much less than that for rigid-rigid surface contact. At

higher velocities that are comparable to velocities due to thermal motion of

drops in a suspension, the force curves show hysteresis. Attractive forces of

significant magnitude are observed when the drops are at the retract phase

of the programmed velocity schedule.

This chapter is divided as follows. Firstly, we introduce the parameters

of the experiment performed by Dagastine followed by a comparison between

experiments and the theory developed in this work together with an experi-

mental error analysis. The chapter follows with a parameter sensitivity study

and lastly some predictions of the model, in which we extract information

not provided by the experiment.

3.2 Parameters of the experiment

The experimental setup presents physical, geometrical and chemical param-

eters, which are all considered in the model. Measured values, experimental

error as well as theoretical values used for comparisons are reported in tables.

The surface tension is known to decrease as sodium dodecyl sulfate (SDS)

concentration is added to the system [56]. Table 3.1 presents SDS concen-
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tration and corresponding surface tensions for the case of decane droplets in

water [56] for the four cases modelled. Once the SDS concentration reaches

the critical micelle concentration (cmc), which is around 8 mM in this case,

the surface tension remains constant even with the introduction of more

SDS. The experimental error is about ±1 mN/m in the interfacial tension

measurements.

Electrolyte concentration, n (mM SDS) 0.1 1 3 10

Drop surface tension, σ (mN/m) 39 26.5 17.5 8.6

Table 3.1: Variation of the surface tension due to SDS concentration [56] with

added salt of 1 mM NaNO3.

The remaining experimental parameters are summarized in Table 3.2 to-

gether with possible experimental error. Their variations due to the addition

of SDS were found to be small and are within experimental error.

Type Physical parameter Value

Surface force Drop surface potential, ψ0 -100 ± 10 mV

Electrolyte concentration 1 mM NaNO3

Fluid Viscosity (water), µ 0.89 mPa s

Drop radius cantilever, Rc 43 ±2 µm

Drop radius piezo, Rp 90 ± 2 µm

Drop contact angle p, θ1 50◦ ± 5◦

Drop contact angle c, θ2 90◦ − 180◦

AFM Cantilever spring constant, K 0.12 ±0.01 N/m

Maximum piezo travel, ∆Xmax 2.0 µm

Piezo drive velocity, V 2 – 28 µm/s

Initial separation, h0 unknown

Table 3.2: Experimental parameters of the drop-drop interaction in an AFM.

In the theory we use values within experimental error to obtain the best

fit between theory and experiment. Table 3.3 indicates the values used in the
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theory for the 0.1, 1, 3 and 10 mM SDS cases. When a set of parameters was

found, those were maintained fixed for all velocities at that concentration.

The initial separation h0 is unknown, but was not changed for more than

30 nm through all velocities. All comparisons presented in this chapter use

values displayed in this table.

Physical parameter 0.1 mM 1 mM 3 mM 10 mM

Surface potential, ψ0 (mV) -100 -100 -100 -100

Surface tension, σ (mN/m) 39 27.5 16.5 11

Radius - cantilever, Rc (µm) 41 41 41 41

Radius - piezo, Rp (µm) 90 90 90 90

Contact angle p, θ1 50 50 50 50

Contact angle c, θ2 100 100 110 100

Spring constant, K (N/m) 0.13 0.13 0.13 0.13

Table 3.3: Theoretical parameters of the drop-drop interaction in an AFM.

Each run is expected to have a different initial separation h0. It is shown

in Figure 3.4 that the results are strongly sensitive to h0, therefore h0 can

be extracted accurately using the model. In Table 3.4, we present all initial

separations used in the compared results for 3 different velocities and 4 dif-

ferent SDS concentrations. Note that for a given concentration, all h0 are

close to each other.

V / Conc. 0.1 mM SDS 1 mM SDS 3 mM SDS 10 mM SDS

2 µm/s 1.86 µm 1.92 µm 1.75 µm 1.80 µm

9.3 µm/s 1.86 µm 1.92 µm 1.76 µm 1.80 µm

28 µm/s 1.89 µm 1.94 µm 1.77 µm 1.80 µm

Table 3.4: Theoretical initial separations, h0, for different velocities and concen-

trations
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3.3 Results: theory and experiments

The derived model can well represent AFM interactions between deformable

droplets. The comparisons between the model and the experiments show

excellent agreement in all tested cases. Experiments consist of a series of runs

over a range of SDS concentrations (0.1 to 10 mM) and approach velocities (2

to 28 µm/s). Eqs. (2.113) and (2.114) are solved numerically subjected to the

boundary conditions (Eq. (2.121)) and assuming that the three-phase contact

line does not move (Eq. (2.122)). The disjoining pressure is calculated using

the nonlinear Poisson-Boltzmann equation (Eq. (2.112)).

Figure 3.1 shows force displacement comparisons between experiments

and theory for 3 mM SDS concentration and velocities 2, 9.3 and 28 µm/s, as

indicated in the figure. The other parameters used are presented in Table 3.3

and the initial separations h0 in Table 3.4.

3 mM SDS

V = 28 µm/s

V = 9.3 µm/s

V = 2 µm/s

Figure 3.1: Theoretical and experimental forces for 3 mM SDS concentration and

velocities V = 2, 9.3 and 28 µm/s. For the experimental parameters see Tables 3.3

and 3.4.

While the agreement is notable a discussion of the impact of the exper-

imental error on the comparison with the theory is necessary. The inde-

pendently measured parameters have an experimental uncertainty, but the
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largest source of error on these force data is the experimental error in the cali-

bration of the cantilever spring constant with an accuracy of ten percent [42].

The theory is sensitive to statistically significant errors in each of the above

parameters, but a comparison of the impact of all these errors on the theoret-

ical calculations offers a more practical comparison to the experimental data.

The gray regions in Figure 3.2 are bounded by the maximum and minimum

experimental uncertainties for all these parameters for a velocity of 28 µm/s.

0 0.5 1 1.5 2

 -3

 -2

 -1

0

1

2

3

4

∆X (µm)

F
 (

nN
)

3 mM SDS

V = 28 µm/s

Figure 3.2: Parameters sensitivity band and experimental data for V = 28 µm/s

and 3 mM SDS concentration.

Comparisons for the remaining cases are presented in Figure 3.3. The

agreement is impressive for all cases using mostly experimental measured

values. As can be seen, the experimental force curve falls well inside the

band representing all possible theoretical solutions within experimental error.

The only exception is the case of 10 mM concentration, where the best fit

is achieved by putting all uncertainties to one side of the error band. This

case is above the CMC for SDS, approximately 8.0 mM, and the presence of

micelles has been accounted for in the solution ionic strength, but not any

possible additional effect on the disjoining pressure.

The agreement between the experimental data and the quantitative model

identifies a number of significant points related to describing the dynamics in
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0.1 mM SDS
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V = 9.3 µm/s

V = 2 µm/s

0.1 mM SDS
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1 mM SDS
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Figure 3.3: Comparison between theory and experiments for V = 2, 9.3 and 28

µm/s and 0.1, 1.0 and 10 mM SDS concentrations. For the experimental parame-

ters see Table 3.3.
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liquid-liquid systems. Equilibrium forces, hydrodynamic drainage effects and

interfacial deformation all have a significant impact on the dynamic droplet

interactions in a size range that was previously experimentally inaccessible.

The traditional description of drainage as a two stage process with decoupled

physics does not apply to droplets of this size and the concepts developed

have the potential to be carried over to larger scale models used to predict

emulsion stability and design of processes reliant on drop coalescence.

3.4 Parameter sensitivity

The sensitivity of each parameter alone is compared using a typical case from

the experiments. The choice of velocity (V = 28 µm/s) was mainly for visual

purposes, since most changes happen at higher velocities and it is easy to

visualise. Similar behaviours are observed for all the velocities studied as well

as concentrations. The following physical and AFM parameters are used in

all runs of this section: ∆X = 2 µm, h0 = 1.95 µm, σ = 26.5 mN/m, θ1 =

50◦, θ2 = 100◦, Rp = 90 µm, Rc = 41 µm, K = 0.13 N/m, ψ0 = -100 mV,

and 1 mM concentration of SDS and 1 mM of sodium nitrate giving a Debye

length of κ−1 = 6.8 nm. These set of parameters are analyzed one at a time.

The sensitivity analysis turns important for the initial separation, h0,

because it is the only unknown of the experiment. Results presented in

Figure 3.4a show that a small change in h0 provides a considerable change

in the maximum force at the end of the push, which is used to obtain the

initial separation value. Such sensitivity provides an accuracy within 1% of

the actual experimental value in extracting it from the model. Clearly, if h0

is shorter the magnitude of the interaction force will be bigger both repulsive

and attractive for the same amount of push. Important to observe that when

h0 = 2.05 µm, the total push is shorter than the initial separation, being the

force given solely by hydrodynamic interaction.

Related to the initial separation is the piezo displacement ∆Xmax. In

practice, for the range studied increasing initial separation and keeping total

push fixed is equivalent to decrease total push by the same amount and

keeping the initial separation fixed. Figure 3.4b compares the force curves
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h  = 1.85 µm

h  = 2.05 µm

h  = 1.95 µm

a)

0

0

0

∆X      = 2.2 µm

∆X      = 2.0 µm

∆X      = 1.8 µm

b)

max

max

max

Figure 3.4: Force curves for: a) Initial separations h0 = 1.85, 1.95, and 2.05

µm. Note that ∆X is defined to give the maximum force at the origin. b) Total

displacements ∆Xmax = 1.8, 2.0 and 2.2 µm.
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for ∆X = 1.8, 2.0 and 2.2 µm keeping h0 fixed at 1.95 µm apart. It is

important to point out that the attraction force does not go deeper than

the curve for ∆Xmax = 2.3 µm even for longer pushes. The repulsive force

during approach keeps increasing but, during retract, the curves meet each

other and go together up to the end of the process.

θ = 50

θ = 100

θ = 150

Figure 3.5: Force curves considering variations on the initial contact angle in the

cantilever: θ = 50◦, 100◦ and 150◦.

The contact angle θ1 between the drop and the piezo can be measured

experimentally and is around 50◦. The contact angle between the drop and

the cantilever had to be guessed and was chosen in order to give the best

agreement. As seen in Figure 3.5, the results are not too sensitive even to

large changes in the initial contact angle. Higher contact angles correspond

to greater drop volumes – the initial radius of curvature is kept constant here

but as the initial contact angle increases, the drops become a larger fraction

of a sphere. For larger contact angles, the larger drops can ‘back off’ more,

leading to thicker films and lower forces, both repulsive and attractive. It is

important to point out that drops with small contact angles (θ . 30◦) are

harder to be solved by the model because the portion of the drop on the

piezo will be shorter than the computational domain needed to get accurate

results.
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R = 41 µm

R = 61 µm

R = 21 µm

Figure 3.6: Force curves for different drop radius attached to the cantilever: Rc =

21, 41 and 61 µm

The radii of the drops play an important role in this problem. In the

regime of drop sizes and velocities used in AFM experiments, surface tension

forces are sufficiently strong (very small capillary numbers) to prevent the

occurrence of a dimple in the drop surface during interaction. However,

when the drop size is increased by 1 – 2 orders of magnitude, dimpling will

occur as a result of hydrodynamic interactions. Figure 3.6 shows comparisons

changing the radius of the drop in the cantilever. As can be seen, the radius

has a considerable effect in the force curve: smaller radius result in smaller

hydrodynamic interaction forces and big radius result in bigger interaction

forces in a longer range of displacement. The harmonic mean radius is used

in the calculations, being most of the influence given by the drop with the

smaller value. Therefore, we present the sensitivity by changing the value of

the radius of the drop in the cantilever.

The addition of SDS to the system decreases the interfacial tension of the

drops [56]. Results presented in Figure 3.7 show that the interaction force

is strongly sensitive to differences in surface tension. Higher surface tensions

represent stiffer drops and therefore higher forces are needed to deform them.

Floppier drops deform earlier and easier generating lower forces but over a
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σ = 10 mΝ/m

σ = 39 mΝ/m

σ = 26.5 mΝ/m

σ = 17.5 mΝ/m

Figure 3.7: Force for σ = 10, 17.5, 26.5, and 39 mN/m

wider range of displacement. If similar approach and retract calculation were

carried out with rigid surface (or infinite surface tension) where there is no

deformation, the approach branch of the force curve would rise steeper and

reach a higher magnitude. Upon the reversal of the piezo stage velocity, the

retract branch of the force curve would be a mirror image of the approach

branch about the F = 0 axis. Thus as the surface tension of the drop

decreases, the attractive minimum in the retract branch would be shallower

and will be located nearer the point ∆X = 0.

Figure 3.8 shows the effects of introducing a Navier slip length compared

with a experimental run. For really low slip length b values, let say 2 nm, it

is hard to distinguish the difference comparing to no-slip but when b becomes

higher than 5 nm the force curves are driven away from the experimental one.

With the introduction of slip, the thin liquid film can drain much faster both

in during approach and out during retract generating much weaker repulsive

and attractive hydrodynamic forces.

Although the attractive minimum is due to hydrodynamic effects, the

nature of the disjoining pressure Π can also affect the depth of this minimum

in the range of drop size and velocity range we have studied. Within the

current range of parameters, the distance of closest approach is controlled
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b = 0 (no-slip)
b = 5 nm

b = 50

Full slip

Figure 3.8: Comparisons between experiment and results using different Navier

slip lengths b = 0 (no-slip), 5 nm, 50 nm and ∞ (full slip).

by the magnitude of the repulsive disjoining pressure. If this is reduced say

by decreasing the Debye length, this will allow the two drop surface to come

closer together on approach. On retraction, the hydrodynamic drainage flow

associated with a thinner film will result in a deeper attractive minimum in

the retraction branch of the force curve.

3.5 Predictions of the model

The comparisons presented attest the accuracy of the model in predicting

force vs displacement curves as measured using the AFM. Moreover, the

model provides insight into the dynamical behaviour of the drop surface dur-

ing interaction and can also quantify the interplay between surface forces,

hydrodynamic interactions and surface deformations during drop-drop inter-

action.

For this study, we use the experimental parameters extracted from Da-

gastine et al. [29]. Here, the initial separation is h0 = 0.7 µm, the velocity V

ranges between 0.16 µm/s and 13.2 µm/s for ∆Xmax = 0.9 µm. The three-

phase contact line at the base of the drop is assumed to be fixed at r1 and
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the unperturbed contact angle is assumed to be θ = 90◦ for both drops. The

harmonic mean radius of the drops is R0 = 41 µm and will be used to scale

the force.

3.5.1 Forces at low velocities

A convenient way to visualise the behaviour of the system is to plot both

(F/R0) and the distance of closest approach h(0, t) between the two drops

as a function of time as has been done in Figure 3.9. It is evident that a low

speed – 0.16 µm/s, h(0, t) tracks the piezo stage displacement initially until

the undeformed drops are about to come into contact (point labelled A).

Then h(0, t) stops decreasing relatively abruptly at h(0, t) = hmin ∼ 0.026

µm between t ∼ 4 – 7 s. During this time interval the force (F/R0) increases

and then decreases almost linearly with time. Salient points along the force

curve are labelled A – D and the corresponding drop profiles and pressure

profiles are given as a function of radial position in Figure 3.10.
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Figure 3.9: The force (solid curve), piezo stage position (broken curve) and central

film thickness (•) as a function of time, on approach and withdrawal. Approach

velocity is 0.16 µm/s.

Turning first to the drop profiles, Figure 3.10a, we see that there is sig-

nificant flattening of the drop surfaces at points B and C. At the point of

maximum force, point B, the radial extent of the flattened regions is ∼ 1
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Figure 3.10: The film profiles (top left), film pressure profiles (top right), disjoining

pressure profiles (bottom left) and hydrodynamic pressure profiles (bottom right)

at 4 selected stages of approach followed by withdrawal. Pressure values are scaled

by σ/R0. Approach speed is 0.16 µm/s.

µm or about 5% of the undistorted radius. Outside this flattened region, for

instance at points A and D, the drop profile is very close to parabolic. At

low velocities, the general behaviour of the drop surface during interaction

is clear: the drops approach each other as almost undeformed surfaces until

the separation hmin when disjoining pressure due to surface forces Π(hmin) is

equal to the Laplace pressure 2σ/R0. The distance of closest approach then

remains approximately constant and the drop surfaces flatten to increase

the effective area of interaction. It is this increased area of interaction that

contributes to the increase in the observed repulsive force. Thus force mea-

surements in this regime sample colloidal forces at relatively large separations
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(see Figure 3.14).

The total pressure profile as well as the separate contributions to the

pressure from electrical double layer and hydrodynamic interactions are de-

tailed in Figure 3.10b-d. In this low velocity case, the pressure is due almost

entirely to surface forces that arise from electrical double layer interactions

and this is in accord with that observation that there is little hysteresis in

the approach and retract traces. The hydrodynamic pressure profile has a

larger range in the radial direction than the disjoining pressure profile, but

the magnitude is smaller by a factor of 100. Also the magnitudes of the

hydrodynamic pressure at points B and C are smaller than that at points A

and D (Figure 3.10d) because the velocities of the drop surfaces at B and C

are lower.

3.5.2 Forces at high velocities

At high speed (13.2 µm/s) as shown in Figure 3.11, the drop separation

h(0, t) no longer tracks the displacement of the piezo stage closely. At the

point labelled A when the undeformed drops are about to come into contact,

the repulsive force is almost 40% of the maximum value. There is also con-

siderable asymmetry in the function h(0, t) about the point velocity reversal.

However, between the force maximum (point B) and minimum (point D),

h(0, t) is nearly constant with a value of around 0.026 µm which is very close

to that in the low speed result. At the force maximum, point B, the value of

h(0, t) at low (0.16 µm/s) and high (13.2 µm/s) speeds are similar and the

radial extent of flattening of the drop surface is also comparable between the

two cases, see Figures 3.10a and 3.12a. However, the pressure profile at this

point in the high speed case has significant contributions from both electri-

cal double layer forces and hydrodynamic effects. Although the magnitude

of the pressure profile from electrical double layer forces is slightly larger,

it is of shorter range in the radial direction compare to the hydrodynamic

contribution – and the latter has the characteristic r−4 algebraic decay.

At point C where the net force is zero, the shorter ranged (in the radial

extent) repulsive contribution to the pressure profile from surface forces is
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film thickness (•) as a function of time, on approach and withdrawal. Approach

velocity is 13.2 µm/s.

balanced by the longer ranged (in the radial extent) attractive contribution

from hydrodynamic interactions. Also at point C the portion of the interface

for which r . 1 µm are close together than that at the force maximum

(point B). However the portion of the interface for which r & 2 µm are

further apart at point C than at point B. This implies that during the initial

part of the retract phase the velocity of the drop interface changes sign along

the interface – see results in Figure 3.15 for details.

At point D, where the force between the drops is at the attractive mini-

mum, the drop surfaces are at a separation (∼ 0.1 µm) where surface forces

are negligible compared to the hydrodynamic attraction, Figure 3.12c,d. It

is interesting to observe that the drop profiles at point D are pulled in closer

to each other in the region around the point of closest approach (r . 2 µm)

by the attractive hydrodynamic interaction, Figure 3.12a.

In Figure 3.13, we quantify the deviations of the drop surface from an

apparent parabolic profile along the retract branch, at a velocity of 13.2

µm/s. It is clear that the magnitudes of the deformations are small compared

to the drop size and are consistent with the small deformation treatment we

have used in this model to separate the inner and outer solutions. Between
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the force maximum (point A) and the force minimum (point D) the drop

surfaces change from being in compression to being in extension.

In Figure 3.14, the results are presented in terms of the force scaled by the

drop radius (F/R0) as a function of the distance of closest approach h(0, t)

for the three velocities considered. In all three cases, the force curves rise

sharply at h(0, t) = hmin ∼ 0.026 µm, the separation at which the disjoining

pressure from surface forces is balanced by the Laplace pressure of the drop.

The attractive hydrodynamic minima extend to larger separations as the

speed increases.

Insight about the dynamical behaviour of the drop surface can also be
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obtained from this model. In Figure 3.15, we show the velocity profile of the

drop surface at various points in the inner region of the drop surface along

the approach and retract traces of the force curves at 13.2 µm/s.

• Along the approach branch, when the interaction between the drops

become significant, the region of the drop surface near the point of

closest approach (r ∼ 0) becomes nearly stationary – curves C and D

in Fig. 3.15.

• During the early part of the retract trace, the central parts of the drop

surfaces at small r are still approaching each other while the parts at

large r are retracting – curve E in Fig. 3.15. When the net force is

zero between the two drops (point F) the central portion of the drop

surface remains almost stationary.

• However, at the force minimum (point H) the velocity of the surfaces

near r = 0 begins to exceed – in magnitude – the retracting speed of

the piezo stage. Indeed, shortly after the force minimum (point I) the

entire inner part of the drop surface develops a velocity overshoot and
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retracts faster than the speed of the piezo stage.

• Eventually, the whole drop surface does attain the velocity of the piezo

stage as expected (points J to L).

We should note that the observed velocity overshoot of the drop surface

describe above cannot occur without a proper matching of the inner solu-

tion of the drop profile to the outer solution that gave the proper boundary

conditions for ∂h/∂t as given in Eq. (2.110).

We have modeled the oil/water interface populated with surfactants sim-

ply as a deformable surface with a specified surface tension. Effects related to

surfactant transport within the interface and between the interface and the

bulk solution are omitted. Having obtained numerical results with our simple

model we can return to examine the validity of omitting surfactant transport

effects. We can calculate the magnitude of hydrodynamic shear forces at the

oil/water interface in the thin drainage film (the inner region) as follows. In

the lubrication approximation, the shear rate at the fluid interface γ̇ is given

by

γ̇ = − h

2µ

∂p

∂r
(3.1)
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traces of the force curve for V = 13.2 µm/s.

because ur has the usual parabolic dependence on z. Results show that the

shear stress is of the order 3 N m−2, the same order of magnitude as found

in ref. [47] for much larger drops. For the present inner region the hydrody-

namic shear stress exerts a shear force of around 10−11 N. This shear force is

small compared to the interfacial tension force acting on the perimeter of the

inner region which is estimated to be 5x10−8 N from an interfacial tension

of 8 mN m−1. Therefore, surfactant transport as a result of hydrodynamic

shear is likely to be insignificant.

Figure 3.16 presents shear rate (γ̇) results for a typical run. In this case

positive shear rates mean that the bathing liquid is flowing out from the

interaction zone and negative flowing in. During approach the shear rate

grows as the drops get close to each other. At early stages of retraction

the shear rates are still positive meaning that the drop is approaching for as

concluded previously through the velocity of the film. At some stage there are

regions in which the flow goes in one direction and regions on the opposite.
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At a later stage, the liquid is flowing in to fill the gap that was left.

0 0.1 0.2 0.3
-3000

-2000

-1000

0

1000

2000

3000

time (s)

d) Max and Min γ (1/s)

0 2 4 6 8 10
0

500

1000

1500

2000

2500

r (µm)

a) Shear rate γ (1/s)

0 2 4 6 8 10
-3000

-2000

-1000

0

1000

2000

r (µm)

b) Shear rate γ (1/s)

0 2 4 6 8 10
-3000

-2500

-2000

-1500

-1000

-500

0

r (µm)

c) Shear rate γ (1/s)

V = 13.2 µm/s

Maximum γ

Minimum γ.

.

.

..

.

Figure 3.16: Shear rate γ̇ for a typical run using V = 13.2 µm/s and 10 mM SDS

concentration. a) During approach from t = 0 to 0.15 s. b) Early stage of retract

from t = 0.15 to 0.17 s. c) Late stages of retract from t = 0.17 to 0.3 s. The inset

force curve show the range covered on the plot and arrows indicate growing time.

d) Maximum and minimum shear rate values evolving with time.

Finally we observe that we do not need to invoke the existence of a slip

length or slip boundary condition that appears to be required to fit simi-

lar AFM measurements conducted between interacting solid surfaces. One

possible explanation for this is that at small separations, surface roughness

that is present at solid surfaces renders the treatment of the film drainage

by a lubrication approximation inappropriate and therefore a slip boundary

condition has to be invoked as a heuristic correction. For fluid interfaces such

surface roughness effects may not be an important issue.



Chapter 4

Drop-sphere Interaction in

AFM

Colloidal interaction forces between rigid particles and deformable interfaces

are of concern in many industrial and chemical processes such as froth flota-

tion and solvent extraction, and are of great importance in the food process-

ing and personal care industries where the stability of complex emulsions is

crucial. In recent years, many experiments as well as theoretical develop-

ments have been performed involving the static interaction between a col-

loidal particle and a drop [6, 55, 65, 38, 2, 9, 15, 56] or bubble [34, 12, 61]

using adaptations of the Atomic Force Microscope. Aston and Berg [3] were

the first to observe hydrodynamic repulsion and attraction when a small par-

ticle is driven and retracted from an oil drop of radius about 2.5 mm. They

also pointed out that a drop or bubble cannot be treated as a perfect Hookean

spring as used in early works [34]. This observation is also one conclusion of

the present work and will be shown in Chapter 7.

In this chapter we compare our theoretical model with recent experiments

involving the interaction of a silica colloidal sphere (radius ∼ 10 µm) and

a deformable drop (radius ∼ 50 µm) in AFM performed by Webber et al.

[72]. To model the drop-sphere interaction, we use Eqs. (2.40), (2.41) and

(2.60) together with initial condition Eq. (2.42) and boundary conditions

Eq. (2.37) and (2.111) presented in Chapter 2.

63
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The only unknown of the experiment is the initial separation between the

drop and the particle, which can be accurately extracted from the model.

The addition of 5 mM of SDS is known to lower the surface tension of the

system and immobilise the oil/electrolyte interface. Experimental measured

and theoretical parameters used for the comparison are summarized in Ta-

ble 4.1 together with experimental tolerance of the measured values. All the

parameters for the theory correspond to the experimentally measured values

inside the error band.

Physical parameter Experiment Theory

Drop surface tension, σ (mN/m) 10 8.5

Drop surface potential, ψ0 (mV) -100 ± 10 -100

Sphere surface potential, ψ0 (mV) -40 ± 10 -40

Electrolyte concentration (mM SDS) 5 ± 0.01 5

Viscosity (water), µ (mPa s) 0.89 0.89

Drop radius, Rd (µm) 50 ± 5 55

Sphere radius, Rs (µm) 10 ± 2 12

Drop contact angle, θ 58◦ ± 5◦ 55◦

Cantilever spring constant, K (mN/m) 16 ± 1.5 17

Maximum piezo travel, ∆Xmax (µm) 2 2

Piezo drive velocity, V (µm/s) 1 – 23 1 – 23

Initial separation, h0 (µm) unknown 1.5

Table 4.1: Experimental and theoretical parameters of the drop-sphere interaction

in an AFM.

In Figure 4.1 we present a comparison between experimental measured

forces and theoretical forces using the model for three different velocities.

The agreement is reasonable for all cases showing the ability of the model

in predicting drop-particle interactions. We observe that the hydrodynamic

repulsion and attraction strongly depend on velocity, a result also seen for the

interaction between two deformable drops (see chapter 3). Moreover results
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show that for ∆X < −0.2 µm the slopes of the force curve during approach

and retract are the same for all three velocities and are on top of each other

(see inset). We point out that when the particle is far away from the drop

the latter is hardly deformed and the force curves can be well predicted by

the classical Reynolds theory for the interaction between two solid spheres.

V = 23 µm/s

V = 11 µm/s

V = 4 µm/s

Figure 4.1: Force versus displacement from AFM experiments (grey lines) and

theory (black full lines) for nominal drive velocities V = 4, 11 and 23 µm/s in the

region where the repulsive approach branches and retract branches with attractive

minima corresponding to different velocities are more evident. Results over the

full measured force range are shown in the inset. See Table 4.1 for experimental

and theoretical parameters.

Given the good agreement between theory and experiment, we are now

able to use the model to provide more information about the drop-particle

system that cannot be measured experimentally. In Figure 4.2 we show

the variation of the velocity of the interface for two different positions, where

interesting features can be seen. At the centre of symmetry r = 0 the velocity

decreases during approach and remains equal to zero while the interfaces

are separated by a thin film of constant thickness and when the drop is

retracted it shows an overshoot of almost twice the retract velocity. At r =

rmax where our new boundary condition is applied we see that even though
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the sphere is approaching with velocity V = -23 µm/s the velocity at that

position is less than half the velocity of approach. Just after the reversal the

velocity changes sign but still lower that the retract velocity and later it also

overshoots. This behaviour of the velocity at r = rmax can only be obtained

by using the boundary condition derived in this work. All the other points

inside the computational domain would show similar behaviour being all the

lines concentrated inside the ones that have been shown.

Retract velocity

Approach velocity

Velocity at r = 0

Velocity at r = rmax

h  (t) (nm)0

Figure 4.2: Variation of the interfacial velocity of the drop (∂h/∂t) at r = 0 (full

line) and at r = rmax (dashed line) and the central thickness of the film h(0, t) for

V = 23 µm/s where we define negative V as approach and positive as retract.

For this interaction between a drop and a solid sphere we can easily

recover the shape of the drop during interaction since the sphere does not

deform. In Figure 4.3 we look at the macroscopic scale of the system in which

we plot the relative position of the drop approaching the solid sphere from

the initial separation until the reversal of the motor. Note that the radius of

the particle (12 µm) is smaller than the radius of the drop (55 µm) and in

this scale it appears that the drop is just touching the sphere. We can only

see deformation of the drop in the last few interface profiles that are close

to the particle when we see that deformation of the drop is long range. The

amount of wrapping of the drop around the particle is small compared to
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deformation as will be seen in the next figure.

R   = 12 µms

R   = 55 µmd

Figure 4.3: Variations of the drop profile during the course of interaction with the

particle. The radial extent of the interaction zone is less than 2 µm compared to the

particle radius of 12 µm. Over the interaction zone, the parabolic approximation

to the particle shape is adequate.

In Figures 4.4a and 4.4b, we show details of the profiles z(r, t) the fluid

interface as predicted by the model during the approach and retract phases.

From Figures 4.4c and 4.4d we see that the thickness, h(r, t) of the aqueous

film between the drop and the particle is no less than at hf ∼ 22 nm, which

is the separation when the internal pressure equates the disjoining pressure

given by the condition Π(hf ) = (2σ/Rp) where Π(h) in the present system is

the disjoining pressure due to electrical double layer repulsion between the

drop and the particle. We observe that unlike the case of the interaction

between a mercury drop and a mica surface, the film thickness, h(r, t) for the

present particle-drop system shows no signs of a dimple within the range of

current experimental parameters.
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Figure 4.4: Time variations of the calculated drop profile z(r, t) during (a) the

approach phase and (b) the retract phase. The corresponding thicknesses of the

aqueous film between the drop and the particle during (c) approach and (d) retract

are also shown.

4.1 Discussion

The approach and retract velocities are now functions of time taking into

account new experimental data which measure the position of the cantilever

as a function of time. Using this extra information we were able to extract

the actual velocity of approach and retract. Figure 4.5 shows the velocity

as a function of displacement in which we can see that what was believed

to be almost constant is changing significantly from 19 to 25 µm/s during

approach and from 17 to 26 µm/s during retract. This experimental velocity

can easily be implemented in the model, but we observed that by using a

mean velocity of about 23 µm/s for this particular case in the comparison
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between theory and experiment would make slight visual difference in the

agreement when compared to using the plotted velocity.

Approach
Retract

Figure 4.5: Velocity of approach and retract extracted from experimental data.

The nominal velocity was set to be V = 20 µm/s but it is growing both during

approach and retract. Note that we plot the magnitude of the velocities for visual

reasons; the approach velocity is negative according to our definition.

In early works [13, 28], we assumed that the velocity was constant and we

used the nominal values. This new information help us to better understand

how the experimental system is behaving and can improve our predictions in

future works involving interaction using the Atomic Force Microscope.
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Chapter 5

The dimple experiment in SFA

5.1 Introduction

This chapter presents comparisons between the theory developed in this the-

sis for drop-wall interaction and the experiments performed by Connor and

Horn [25] using the Surface Force Apparatus (SFA). Good agreement will be

shown for the wimple formation for attractive and repulsive situations.

A schematic representation of the Connor-Horn SFA experimental system

is shown in Figure 5.1. White light optical interference between reflections

from the silver and mercury surfaces is analysed with the aid of a spectrom-

eter, which allows the silver-mercury distance and hence the aqueous film

thickness h to be determined over a range of r, where r is the horizontal

distance from the symmetry axis passing through the top of the drop. Read-

ers should consult the original paper [25] for full details. A mercury drop

is formed at the top of a sealed capillary of radius 1.5 mm immersed in an

aqueous electrolyte solution of 0.1 mM KCl. At this electrolyte concentra-

tion, the mica surface has a surface potential of -100 mV [59]. The potential

difference between the mercury and a reference calomel electrode in the bulk

electrolyte can be adjusted by an external potential source. As a result, the

equilibrium dissimilar electrical double layer interaction between the mica

and the mercury surface can be made to be repulsive or attractive.

Detailed experimental studies have been undertaken for four cases of such

71
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Figure 5.1: Schematic diagram of a mica surface approaching a mercury drop. Top

inset: Variations of the position of the mica with time. Bottom inset: Disjoining

pressures due to electrical double layer interaction designated as Strongly Repulsive

(SR), Weakly Repulsive (WR), Weakly Attractive (WA) and Strongly Attractive

(SA) as calculated from the non-linear Poisson-Boltzmann theory. The disjoining

pressure due to van der Waals forces is shown in the dotted line and the magnitude

of the Laplace pressure (2σ/R) is indicated by the horizontal dashed line.

interactions, designated as Strongly Repulsive (SR), Weakly Repulsive (WR),

Weakly Attractive (WA) and Strongly Attractive (SA). The force per unit

area or the disjoining pressure, Π(h) of these four cases as functions of the

separation, h, between a flat mica and a flat mercury surface are shown in

the inset of Figure 5.1. The non-linear Poisson-Boltzmann theory is used to

calculate these results. In comparison to the electrical double-layer interac-

tions, the magnitude of the attractive van der Waals interaction is negligibly

small at the range of film thicknesses of interest (>50 nm). For this system,

the non-linear Poisson-Boltzmann theory is able to account accurately for

measurements of equilibrium film thickness [24].

The capillary radius r1 is 1.5 mm, but with slight flattening of the mercury
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drop due to gravity, the radius of curvature, R, of the mercury at the apex is

measured to be 1.9 mm. The interfacial tension, σ of the mercury/electrolyte

interface is 426 mN/m when the applied potential is near its point of zero

charge (the WR and WA cases) and slightly lower, 420 mN/m, when the

applied potential has a magnitude of ± ∼450 mV for the SR and SA cases.

The viscosity µ of the electrolyte is taken to be 0.89 mPa s at a temperature

of 25◦C. Mercury has a viscosity of 1.53 mPa s.

In the experimental protocol, the (rigid) mica plate is driven towards

the fixed mercury drop at a constant velocity, V (nominally 23 µm/s but

as high as 67 µm/s in one case) for a total travel distance ∆Xmax that

ranges from 15 to 30 µm from an initial distance of closest approach h0

that varies between 5 to 20 µm. Thus the mica plate is driven towards the

mercury surface for around one second and is then held at the final position.

In response, the mercury/electrolyte interface is observed to deform in an

axially symmetric manner and the separation between the mercury surface

and the mica surface, h(r, t) can be deduced from variations of the shape of

the FECO with position and time. The separation h(r, t) can be determined

with sub-nanometre resolution in the direction normal to the mica surface

and micrometre resolution in the r direction.

At large separations, the mercury/electrolyte interface has a near parabolic

shape with the point of closest approach at the axis of symmetry (r = 0). As

the separation decreases, the interface will develop a characteristic dimple

shape [35, 37, 33] where the minimum separation between the mica and the

mercury will no longer be at the axis of symmetry. Instead, the minimum

separation will occur at a radial distance rrim (> 0) at what is sometimes

called barrier rim. If the disjoining pressure is sufficiently repulsive, the mer-

cury interface will eventually be flattened by its interaction with the mica

surface and separated from it by an equilibrium aqueous film of thickness

heq. If the disjoining pressure is sufficiently attractive at small separations,

the aqueous film will drain away completely and the mercury surface will col-

lapse onto the mica surface. In approaching either final state, hydrodynamic

pressures in the film cause the mercury/electrolyte interface to exhibit the

familiar dimpling at intermediate separations.
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5.2 Theoretical and experimental parameters

Theoretical results are computed using the model outlined in Chapter 2. In-

put parameters are taken from independent measurements or literature values

and these are summarised in Table 5.1 together with values used to give the-

oretical results using our model. The surface potentials for 3 different cases:

SR, WA, and SA are obtained by subtracting a constant from the applied

potential, which was shown in [24] to account correctly for the equilibrium

drop profile according to the non-linear Poisson-Boltzmann model.

Physical parameter Experiment Theory

Surface force parameters

Mica surface potential, -100 ± 10 mV -100 mV

Drop surface potential, -492 ± 20 mV (SR) -492 mV

-12 ± 20 mV (WA) -24 mV

408 ± 20 mV (SA) 408 mV

Electrolyte concentration, n 0.1 ± 0.01 mM KCl 0.11 mM KCl

Fluid properties

Viscosity (water), µ 0.89 mPa s 0.89 mPa s

Drop surface tension, σ 426 mN/m (SR, SA) 426 mN/m

420 mN/m (WA) 420 mN/m

Drop radius, R, at apex 1.9 ±0.02 mm 1.9 mm

SFA parameters

Maximum mica travel, ∆Xmax 30 ± 3 µm 24 – 29 µm

Drive velocity, V 23 or 67 ± 2 µm/s 24 or 67 µm/s

Initial separation, h0 10 ± 0.1 µm 10 µm

Table 5.1: Experimental and theoretical parameters of the mercury-mica system

in the Surface Force Apparatus.

It was reported in [25] that mica was driven towards mercury at a con-

stant speed of 23 µm/s for a set time. In fact the actual velocity drive func-
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tion of the mica has a small rise and decay time with a linear acceleration

and deceleration ramp. According to the manufacturer of the Nanomover(R)

microstepping motors used for the mica drive (Melles Griot, USA) the accel-

eration and deceleration rates are 458 µm/s2. These transients in the velocity

function are included as input to our computation although the effect is only

significant when the nominal velocity is high (around 67 µm/s). However, it

is found that the drive stop times tstop (when the mica velocity reaches zero)

required to fit the data – or equivalently, the maximum mica travel – differ

from those quoted in Ref. [25] in which the deceleration ramp was neglected

(see Table 6.1).

In the next sections we present comparisons between theory and experi-

ments. Section 5.3 shows the results for the strong repulsive case; different

initial separations and approach velocities are also analysed. In Sections 5.4

and 5.5 we consider attractive systems in which the mercury drop jumps into

the mica. Some predictions of the model are presented in Section 5.6 and

the chapter closes with a discussion.

5.3 Strongly Repulsive (SR) disjoining pres-

sure

In Figure 5.2a we compare experimental measurements and theoretical pre-

dictions of the mica-mercury separation h(r, t) for the case in which the in-

teraction is a monotonic strong repulsion – the Strongly Repulsive (SR) case

(see Figure 5.1). The experimental results are cross sections of an almost

perfectly axisymmetric deformation profile. In the experiment, the mica sur-

face, initially at a separation of h0 = 10 µm from the mercury/electrolyte

interface, is driven towards the mercury interface at a nominal constant velo-

city V = 23 µm/s for a total displacement ∆Xmax = 30 µm. The theoretical

curves are calculated using V = 24 µm/s for a total displacement ∆Xmax =

27.1 µm; these values are within experimental error of the nominal values.

The mica-mercury separation h(r, t) during later stages of the approach

is shown in Figure 5.2a when the aqueous film thins down from a thickness
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h   = 10 µm,  ∆X      = 27.1 µm,  V = 24 µm/s0 max

a)

b)

h(0, t)

h(r    , t)

mica stops

h   = 10 µm,  ∆X      = 27.1 µm,  V = 24 µm/s0 max

rim

Figure 5.2: Comparison between theory (lines) and experiment (dots) for the

Strongly Repulsive (SR) case. a) Drop profiles h(r, t) - from bottom to top: t =

-0.02, 0.02, 0.06, 0.10, 0.14, 0.18, 0.26, 0.34, 0.42, 0.555 (dashed curve, without

data points – mica stops), 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62 and 13.62 s.

Note that t = 0 corresponds to the time at which the curvature of the profile at

r = 0 changes sign. b) Film thickness at the center h(0, t) and at the barrier rim

h(rrim, t). The initial separation h0, mica travel ∆Xmax and mica velocity V are

indicated in the figure. Again, the dots denote experimental results.



5.3 Strongly Repulsive (SR) disjoining pressure 77

of about 300 nm to the final equilibrium thickness of about 100 nm. The

time value associated with each h(r, t) profile is relative to the reference time

t = 0 at which the curvature of mercury/electrolyte interface at r = 0 is

observed to change sign and signals the formation of a dimple. There is an

uncertainty of one video half frame or ± 0.02 s in determining the value of

this reference time.

Our calculations show that at t = 0 where h(0, t) ∼ 300 nm, the mica

surface has already travelled 14 µm, so with an initial separation of h0 = 10

µm, the apex of the mercury drop has already deformed by 4 µm by this time.

From t = 0 onwards we see that the curvature of the mercury/electrolyte

interface changes sign and begins to develop the familiar dimple shape with

the associated development of a barrier rim at position r = rrim. Although

the mica drive stopped after tstop = 0.555 s, where the corresponding profile

h(r, tstop) is given by the dashed line in Figure 5.2a, the dimple continues to

develop as the deformation relaxes to its equilibrium shape. The thinning

profile maintains a high degree of axial symmetry which justifies our use of

an axisymmetric theory to describe the problem.

A comparison of the variation with time of the observed and predicted film

thickness at the center of the dimple h(0, t) and at the barrier rim h(rrim, t)

is given in Figure 5.2b. Note that the thickness at the barrier rim h(rrim, t)

decreases faster with time than the film thickness h(0, t) at the center of the

dimple. The interface then takes a further 10 seconds to attain equilibrium

after the mica has stopped moving at t = 0.555 s.

At large times the dimple resolves to an equilibrium flat film with thick-

ness heq equal to the separation at which the disjoining pressure due to elec-

trical double layer repulsion is equal to the Laplace pressure of the mercury

drop: Π(heq) = 2σ/R.

In Figure 5.3 we show similar profiles of the mercury/electrolyte interface

for the SR case but with different initial mica-mercury separations, different

total displacements of the mica and different mica velocities. In all cases

the agreement between experiment and theory is very good with the possible

exception for the portion of h(r, t) near r ∼ 0, for times after the develop-

ment of the dimple where theory predicts that the film thins too rapidly.
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d) h   = 10 µm,  ∆X      = 24.5 µm,  V = 67 µm/sc) h   = 10 µm,  ∆X      = 14.4 µm,  V = 24 µm/s

100

a) h   = 5 µm,  ∆X      = 13.85 µm,  V = 24 µm/s b) h   = 20 µm,  ∆X      = 28.85 µm,  V = 24 µm/s

0

00

0 max

max max

max

Figure 5.3: Comparison between theory (lines) and experiment (points) of the

mercury/electrolyte interfacial profile h(r, t) for the Strongly Repulsive (SR) case

at various combinations of initial separations h0, total mica travel ∆Xmax and

mica velocity V . The dashed curves are theoretical profiles at the instant that the

mica drive stops in the computation and they have no corresponding data points.

From bottom to top: a) t = -0.02, 0., 0.06, 0.10, 0.14, 0.18, 0.26, 0.313 (dashed

curve – mica stops), 0.34, 0.42, 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62, and

13.62 s. b) t = -0.02, 0., 0.06, 0.10, 0.14, 0.18, 0.26, 0.313 (dashed curve – mica

stops), 0.34, 0.42, 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62, and 13.62 s. c) t =

-0.04, 0, 0.04, 0.08, 0.088 (dashed curve – mica stops), 0.12, 0.16, 0.24, 0.32, 0.4,

0.6, 0.8, 1.2, and 1.6 s. d) t = 0, 0.04, 0.08, 0.12, 0.16, 0.24, 0.293 (dashed curve

– mica stops), 0.32, 0.4, 0.6, 0.8, 1.2, 1.6, 2.6, 3.6, 5.6, 9.6, and 13.6 s.
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Note that the allowance of a partial slip hydrodynamic boundary condition

at the mica/electrolyte or mercury/electrolyte interface would only increase

the divergence between experiment and theory. We will suggest a plausible
rim

h   = 10 µm,  V = 24 µm/s0

max

∆X      = 27.1 µm

∆X      = 18.85 µm

∆X      = 14.4 µm

max

max

mica stops

Figure 5.4: Variations of the barrier rim position rrim(t) with time: experimental

results (symbols) and theory (lines) from an initial mica-mercury separation h0 =

10 µm, and a mica velocity V = 24 µm/s. The distance travelled by the mica is

indicated in the figure and correspond (from top to bottom) to results shown in

Fig. 5.2a, 5.3b, and 5.3c respectively. Arrows indicate the stopping times.

explanation for this discrepancy in the Discussion section. In any event, the

volume of electrolyte enclosed within the barrier rim differs by less than 4%

between the experimental and theoretical profile shapes.

In Figure 5.4, we show the variation of the position of the barrier rim

rrim with time for the SR case for three different total displacements of the

mica surface. In all cases the agreement between experiment and theory is

very good. At small times, rrim increases like t1/2 as observed in the constant

velocity case [47].

The calculated total pressure profile that comprises the hydrodynamic

pressure p and the disjoining pressure Π profiles within the film at various

stages of thinning are shown in Figure 5.5. Results for the decomposition

of the total pressure into the hydrodynamic and the electrostatic disjoin-
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Figure 5.5: Variations of the hydrodynamic pressure p, disjoining pressure Π, and

total pressure (p+ Π) for the Strongly Repulsive (SR) case with initial separation

h0 = 10 µm, mica travel ∆Xmax = 27.1 µm and mica velocity V = 24 µm/s (same

parameters as results in Figure 5.2): t= -0.02, 0.1, 0.26, 0.555, 1.22, 3.62, and

13.62 s. The arrow indicates increasing time. The dashed curve corresponds to

the time when the mica stopped.

ing pressure components are shown in separate panels. As already noted

from analysis of the experimental data [39], we observe that while the rela-

tive contributions to the total pressure from hydrodynamic effects and from

electrostatic effects vary significantly during the thinning process, the total

pressure, being the sum of these two contributions, remains remarkably con-

stant across the extent of the film throughout the film thinning process. This

can perhaps be expected because variations of the film thickness which are

of the order of 100 nm, are small compared to the deformation zone which

is ∼ 200 µm in radial extent. The radial deformation zone is in turn only

a small fraction of the mercury drop which has dimensions on the mm scale

(see Section 5).
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5.4 Strongly Attractive (SA) disjoining pres-

sure

In the Strongly Attractive (SA) case, the mercury interface is positively

charged so the electrical double layer interaction with the negative mica

surface gives a disjoining pressure that is monotonically attractive (see Fig-

ure 5.1). A comparison between experimentally observed profiles of the mer-

cury/electrolyte interface h(r, t) with theoretical predictions using the data

in Table 1 is given in Figure 5.6a.

In this case, instead of forming a stable equilibrium film, the mercury

surface collapses onto the mica surface because of the strongly attractive

disjoining pressure. This collapse is very rapid as the observed jump of the

mercury/electrolyte interface into contact with the mica surface occurred

within one video frame of the last recorded profile at t = 0.64 s (see Fig-

ure 5.6). The predicted theoretical profile at t = 0.66 s (corresponding to the

next video frame) is also shown in Figure 5.6 to illustrate that the barrier

rim has jumped 50 nm or more towards the mica surface. In reality, it is

expected that the rupturing process of the trapped dimple is likely to occur

in an asymmetric manner that will not be reproduced in an axially symmet-

ric model considered here. Nonetheless the agreement between theory and

experiment before the jump-in is gratifying, as is the fact that the theory

predicts accurately the time at which the film collapse occurs.

From the results in Figures 5.2a, 5.6a, and 5.6b, we can see that at large

separations (h ≥ 200 nm), the mercury interfaces are almost identical for the

SR and SA cases. This is in accord with the disjoining pressure results in

Figure 5.1 where for the SA case, the electrical double layer attraction only

becomes significant below about 200 nm and demonstrates that deforma-

tions in this large separation regime are only dependent on the long ranged

hydrodynamic interactions.

In Figure 5.6b, we compare experimental time variations of the film thick-

ness at the center of the dimple, h(0, t), and the film thickness at the barrier

rim h(rrim, t) with theoretical predictions. Again the agreement is very good.

The pressure profiles calculated from our theory that correspond to the
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h   = 10 µm, ∆X      = 25.4 µm, V = 24 µm/s0 max

jump jump

a)

b)

h(0, t)

h(r    , t)

mica stops

h   = 10 µm, ∆X      = 25.4 µm, V = 24 µm/s0 max

rim

Figure 5.6: Comparison between theory (lines) and experiment (points) for

Strongly Attractive (SA) disjoining pressure. a) Drop profiles h(r, t) from bot-

tom to top: t = -0.02, 0.02, 0.06, 0.1, 0.14, 0.18, 0.26, 0.34, 0.42, 0.497 (dashed –

mica stops), 0.5, 0.58, 0.62, and 0.64 s. The theoretical profile at the next video

frame at t = 0.66 s is also shown. b) Film thickness at the center h(0, t) and at the

barrier rim h(rrim, t). The experimental results for the Strongly Repulsive (SR)

case (dashed lines) are included for comparison.
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Figure 5.7: Variations of the hydrodynamic pressure p, disjoining pressure Π, and

total pressure (p+ Π) for the Strongly Attractive (SA) case with initial separation

h0 = 10 µm, mica travel ∆Xmax = 25.4 µm and mica velocity V = 24 µm/s (same

parameters as results in Figure 5.6): t = -0.02, 0.1, 0.26, 0.497 (dashed - mica

stops), 0.62, and 0.64 s. The arrow indicates increasing time.

Strongly Attractive case are shown in Figure 5.7. We observed that up until

just prior to the collapse of the dimple, the total pressure remains essentially

constant even though individually the hydrodynamic and disjoining compo-

nents begin to show large spatial variations which mutually cancel [39].

5.5 Weakly Attractive (WA) disjoining pres-

sure

The comparison between experiment and theory for the Weakly Attractive

case is given in Figure 5.8. In this case, the disjoining pressure curve is

repulsive at large separations, possesses a small maximum at around 50 nm

that is less than the Laplace pressure of the drop (see Figure 5.1) and is
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h   = 10 µm,  ∆X      = 26.5 µm0 max

V = 24 µm/s

a)

b)

h(0, t)

h(r    , t)

mica stops

rim

h   = 10 µm,  ∆X      = 26.5 µm, V = 24 µm/s0 max

Figure 5.8: Comparison between theory (lines) and experiment (points) for the

Weakly Attractive (WA) disjoining pressure. a) Drop profiles from bottom to top:

t = -0.02, 0.02, 0.06, 0.1, 0.14, 0.18, 0.26, 0.34, 0.42, 0.51 (dashed – mica stops),

0.5, 0.58, 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62, 13.62, 17.62, 18.02, and 19

s. b) Film thickness at the center h(0, t) and at the barrier rim h(rrim, t).
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attractive at separations below about 40 nm. While the mica surface was

driven towards the mercury drop at constant velocity for about one second

and was then stopped, the drainage process continued further for about 18

seconds before the film collapsed – a time that is predicted accurately by

the theory. The agreement between theory and experiment at intermediate

times during the film drainage process is not as close as for the Strongly

Repulsive or Strongly Attractive cases, but the calculations still reproduce

all the features reasonably well, including a ‘bounce’ in which h0 increases

for a short time after the drive stops. No bounce occurs in the SA or SR

cases, but it is observed in both the data and the computation for the WA

case.

5.6 Predictions of the model

The comparisons given in the previous section provide compelling evidence

that our theoretical model is capable of providing an accurate description of

the thin film drainage process under the action of repulsive and attractive

surface forces. We can now interrogate the model for information that was

not accessed or is not accessible experimentally.

The experimental profiles show nanometre dimpling in a millimetre mer-

cury drop relative to the mica surface. Using the model we can quantify

the relative extent of the deformations by viewing the deforming drop on

different length scales. The key features are illustrated in Figure 5.9 for the

Strongly Repulsive (SR) interaction. In the rear panel the drop is shown on

a millimetre scale which makes it clear that the deformation and interaction

zone are confined to a region of ∼ 300 µm in radius which is small compared

to the size of the drop. Moreover, on this scale, it appears that the mercury

drop and the mica are in contact. In the middle panel of Figure 5.9 we show

the drop profiles drawn on the 100 µm scale. Once again, on this scale,

mica and the mercury drop seem to be in contact and dimpling of the mer-

cury/electrolyte interface is not yet visible. The nanometre scale dimpling

and film thickness, as measured in the experiment, are shown in the front

panel of Figure 5.9.
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Mica surface

Mica surface

Figure 5.9: Views of the deforming mercury/electrolyte interface on different

length scales to illustrate nanometre deformations on a millimetre drop for the

Strongly Repulsive case: initial separation h0 = 10 µm, mica travel ∆Xmax = 27.1

µm, and mica velocity V = 24 µm/s for t = -0.02 to 13.62 s.

The amount of deformation in the mercury interface, that is, the difference

in height between the actual interface and its undeformed spherical shape,

as time evolves is shown in Figure 5.10 for the Strongly Repulsive case. As

can be seen, when the first experimental profile is measured the mercury

drop has already deformed about 4 µm at r = 0, since the mica has already

travelled for about 14 µm from an initial separation of 10 µm. Note that

after the mica has stopped, further deformations of the mercury interface

are very small on the micrometre scale shown in Figure 5.10. However, on

the nanometre scale the dimple still continues to evolve (see Figure 5.2).

The relative velocity between the mercury/electrolyte interface and the

mica is plotted in Figure 5.11. Initially the magnitude of the relative velocity

of all parts of the mercury/electrolyte interface is 24 µm/s, which is the
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h   = 10 µm,  ∆X      = 27.1 µm,  V = 24 µm/s0 max

mica stops

time

t = 0.555 to 13.62 s

Figure 5.10: Deformation of the mercury interface as the mica approaches for the

Strongly Repulsive (SR) case: from bottom to top: t = -0.575, -0.2, -0.1, -0.02

(dashed curve – first experimental profile), 0.02, 0.1, 0.18, 0.26, 0.42, 0.555 (mica

stops), 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62, and 13.62 s.

velocity of the mica. As the film thins, the mercury interface starts to deform

and the relative velocity in the center of the film decreases in magnitude. By

the time the first profile is measured (t = −0.02 s) the approach velocity is

almost zero in the center while the velocity at rmax is around two thirds of

the the mica velocity. When the mica stops at t = 0.555 s the velocity at

rmax is about half the the mica velocity. After the mica stops, the magnitude

of the relative velocity decreases to values � 1 µm/s.

5.6.1 Hydrodynamic effects

To illustrate the effects of hydrodynamic interactions in film thinning in

our system, we present some theoretical results in the absence of disjoining

pressure, Π = 0 but otherwise under the same experimental conditions as

those in Figure 5.2.

In Figure 5.12a we show the evolution of the film thickness under the

experimental protocol in which the mica surface is driven at constant velocity

towards the mercury drop for a pre-determined time and then stopped. In
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mica stops

time

t = -0.02 s

0.62 to 13.62 s

Figure 5.11: Relative velocity of approach between the mercury/electrolyte inter-

face and the mica for the Strongly Repulsive (SR) case: initial separation h0 = 10

µm, mica travel ∆Xmax = 27.1 µm and mica velocity V = 24 µm/s for t = -0.575,

-0.2, -0.1, -0.02 (dashed curve – first experimental profile), 0.02, 0.1, 0.18, 0.26,

0.42, 0.555 (mica stops), 0.62, 0.82, 1.22, 1.62, 2.62, 3.62, 5.62, 9.62, and 13.62 s

this case, the aqueous film and dimple that is formed will drain very slowly.

In the absence of a repulsive disjoining pressure to maintain a minimum value

for the barrier rim thickness h(rrim, t) to facilitate drainage of fluid trapped

in the dimple or an attractive disjoining pressure to cause the collapse of the

intervening film, the barrier rim thickness thins very slowly and takes ∼ 104 s

to reach sub-nanometre thickness beyond which a continuum hydrodynamic

model for the intervening film ceases to be valid. An interesting observation,

made clear in Figure 5.12b, is that the film thickness at the centre, h(0, t)

initially decreases with time as expected, but then increases to a maximum

at t ∼ 10 s and then finally decreases again. Such a maximum or ’bounce’ in

the behaviour of h(0, t) is detectable in cases where the disjoining pressure in

the system is small, such as the Weakly Attractive case shown in Figure 5.8.

A cusp is observed in the plot of h(rrim, t) in Figure 5.12(b) at the point

where the mica drive stops. At this time the approach conditions change

from constant speed to quasi-constant force. The force between the drop

and the mica surface is associated with the macroscopic deformation of the
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h   = 10 µm, ∆X      = 27.1 µm, V = 24 µm/s, Π = 00 max
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Figure 5.12: Predictions of the evolution of the mercury/electrolyte in the absence

of a disjoining pressure (Π = 0) where the initial separation h0, the velocity V and

the total push ∆Xmax were chosen to be the same as in the Strongly Repulsive

(SR) case (see Figure 5.2). a) Drop profiles from bottom to top: t = -0.02, 0.02,

0.06, 0.10, 0.14, 0.18, 0.26, 0.34, 0.42, 0.555 (dashed curve – mica stops), 0.62,

0.82, 1.22, 2.62, 13.62, 30, 100, 300, 1000, 3000, and 10000 s. b) Film thickness at

the center h(0, t) and barrier rim h(rrim, t). Dots indicate the time steps plotted

in part a. Note the logarithmic scale of t.
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drop, which changes very little after the mica stops moving (Figure 5.10).

The cusp indicates an increase in the approach rate of the barrier rim when

the drive changes from quasi-constant speed to constant force, consistent

with the results in Klaseboer et al. [47] and Yiantsios and Davis [76]. This

‘closing down’ of the barrier rim forces some of the aqueous phase back into

the dimple, which has the effect of forcing an increase in h0 at a slightly later

time (the bounce), before the drainage continues again in the usual direction

of film thinning.

The stabilizing influence of hydrodynamic interactions is illustrated in

Figure 5.13 in which the mica surface is driven continually, without stopping,

towards the mercury interface again in the absence of disjoining pressure (Π

= 0). Here we see that at t = 2.62 s (the last profile plotted in Figure 5.13)

where the mica has traveled 76.7 µm, the film thickness remains over 100

nm but the radial position of the barrier rim continues to increase. Thus the

repulsion arising from hydrodynamic interactions alone drastically reduced

the film thinning rate.

h   = 10 µm, V = 24 µm/s, Π = 00

Figure 5.13: Predictions of the evolution of the mercury/electrolyte in the absence

of a disjoining pressure (Π = 0) where the initial separation h0, the velocity V were

chosen to be the same as in the Strongly Repulsive (SR) case (see Figure 5.2), but

the mica was driven continuously. Drop profiles from bottom to top: t = -0.02,

0.02, 0.06. 0.10, 0.14, 0.18, 0.26, 0.34, 0.42, 0.62, 0.82, 1.22, 1.62, and 2.62 s.
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5.6.2 Shear rates and flow in the film

In Figure 5.14, we present results for the shear rate (dvr/dz)(r, t) evaluated

at the mica/electrolyte interface for the Strongly Repulsive (SR) case. These

give insight into details of fluid flow within the draining film. From Fig-

ure 5.14a and 5.14b for the shear rate as a function of radial position on the

mercury surface we observe that the profile for the shear rate grows in mag-

nitude as the mica surface approaches the mercury drop. The profile reaches

a maximum just before t = 0 then it starts to decrease because the mean ra-

dial velocity in the intervening film begins to fall. During the drainage phase

(Figure 5.14b) the shear rate profiles continue to decrease as the drainage

process slows down. In Figure 5.14c we show the variation of the maximum

value of the shear rate with time. The small maximum in the shear rate

at the time when the mica is stopped is a consequence of the discontinuity

in acceleration as the mica stops. We see that during the drainage of the

dimple across the narrow gap at the barrier rim, the shear rate is less than

103 s−1. In Figure 5.14d, we present the time variation of the position of the

maximum in the shear stress at the mercury surface. We see that after the

formation of the dimple the maximum is located close to but slightly outside

the barrier rim.

In Figure 5.15, we present shear rate results for the Strongly Attractive

(SA) case. The results in Figure 5.15a show similar features as in the SR

case during approach. This is expected since double layer interactions are

unimportant at large separations during these early times. However, after the

mica stops (Figure 5.15b), the magnitude of the shear rate begins to increase

significantly. This is caused by the attractive disjoining pressure that, at this

stage, is acting to pull the mercury surface towards the mica. The accelerated

thinning at the barrier rim due to attractive disjoining pressures increases

the shear rate and outflow velocity in the radial position just beyond the

barrier rim. However, at radial positions inside the barrier rim the shear rate

has become negative so the flow of the intervening fluid is directed towards

the center of the dimple at r = 0. This radially inward flow then causes the

film thickness at the center of the dimple to decrease slower than the SR
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Figure 5.14: Behaviour of the shear rate (γ̇) at the mercury/electrolyte interface for

the Strongly Repulsive (SR) case corresponding to results presented in Figure 5.2.

a) During mica approach: t = -0.3, -0.15, -0.02, 0.02, 0.1, 0.26, and 0.555 s (mica

stops). The 3 first profiles (dashed lines) correspond to t < 0. b) During drainage

after the mica has stopped: t = 0.555, 0.62, 0.82, 1.62, and 5.62 s. c) Maximum

value of the shear rate (γ̇max) as a function of time. d) Radial position of the

maximum in the shear rate (solid line) and barrier rim (dashed line). The arrows

indicate increasing time.

case (see Figure 5.6b). Analysis of shear rates in the calculations without

disjoining pressure presented in Section 5.1 also shows a region of negative

shear rate close to but inside the barrier rim at times shortly after the drive

stop time. Again, this indicates a flow of liquid towards r = 0 within the

film, as required for the observed bounce in h(0, t) to occur (Figure 5.12).

5.7 Discussion

We have made a detailed comparison between experimental observations and

theoretical predictions for the thinning of an aqueous film between an ap-

proaching mica plate and a deformable mercury drop under both repulsive
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Figure 5.15: Behaviour of the shear rate (γ̇) for the Strongly Attractive (SA) case

from Figure 5.6. a) During mica approach: t= -0.3, -0.15, -0.02, 0.02, 0.1, 0.26,

and 0.497 s (mica stops). b) 0.497, 0.58, 0.64, and 0.66 s. c) Maximum value of

the shear rate (γ̇max) as a function of time. d) Radial position of the maximum in

the shear rate. The arrows indicate increasing time.

and attractive electrical double layer forces between the interfaces. Like other

theoretical models already in the literature, ours is based on the Young-

Laplace equation, Reynolds lubrication theory, and the inclusion of a dis-

joining pressure to account for surface forces. However, an important feature

of the present theory is that it includes consideration of the far-field deforma-

tion of the fluid drop. As seen in Figure 5.10, the deformation is significant

in regions of the drop well beyond the barrier rim, where hydrodynamic pres-

sures are very small and surface forces are negligible. Proper consideration

of far-field deformation allows modeling of the experimental situation for any

prescribed drive function of a solid approaching a drop that is held at a fixed

capillary. More generally, the present approach can be readily extended to

other modes of interaction between deformable drops which may be driven

by externally imposed flow fields and/or are under the effects of thermal

motion.
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The theoretical model provides good fits to the experimental data which

encourages one to believe that the physics on which it is based is sound and

the approximations and assumptions made are reasonable. It is of particular

interest that no-slip boundary conditions were required to provide agreement

with experimental data, not only at the mica/electrolyte interface but also

at the mercury/electrolyte interface. It was noted at the outset that these

assumptions were made in the interests of starting with a simple model.

The fact that the model has been shown to fit the data gives a posteriori

justification to the assumptions. In Figure 5.16, we use Eq. (2.136) to

compare the time dependence of the central film thickness h(0, t) for various

values of slip length bh at the mercury interface for the SR case while the

no-slip (b0 = 0) boundary condition is applied at the mica surface (see also

Figure 5.2). Here we see that even with the no-slip condition (bh = 0),

the predicted form of h(0, t) already thins a little faster than experimental

values. The allowance of any degree of slip only increases the divergence

between theory and experiment.

There are a number of reports in the recent literature [57] that purport to

show that partial slip occurs at many solid/liquid interfaces and follows the

Navier slip boundary condition. Slip lengths ranging from ∼10 nm up to a

few micrometres have been reported, although other reports find that the no-

slip boundary condition applies within 1 – 2 nm of the solid/fluid interface.

Allowing slip at the mica/electrolyte interface (b0 > 0) in our model would

make agreement with experiment worse, similar to what is shown in Figure

5.16, since b0 and bh are interchangeable in Eq. 2.136. Our results therefore

lead to the conclusion that a no-slip boundary condition applies within 1 or 2

nm of the solid/liquid interface, at least for the conditions of our experiment

– aqueous electrolyte water against a smooth hydrophilic solid, shear rates

up to ∼ 103 s−1.

At the mercury/electrolyte interface, the classical expectation is that a

partial-slip condition should hold because these two liquids have comparable

viscosities. Our model neglects fluid circulation within the mercury drop

and assumes that the radial component of the velocity of water at the mer-

cury/electrolyte interface is zero. With these assumptions we are able to



5.7 Discussion 95

hh(
0,

 t)
 (

nm
)

Experiment

b   = 0 (no-slip)

Full slip

b  = 50 nm

h   = 10 µm,  ∆X      = 27.1 µm,  V = 24 µm/s0 max

b   = 0 (no-slip)0

b  = 5 nmh

h

Figure 5.16: Film thickness at the centre h(0, t), where dots represent the exper-

imental values and lines are solutions based on Eq. 2.136 for bh = 0 (no-slip), bh
= 5 nm, bh = 50 nm and bh = ∞ (full slip) at the mercury/electrolyte interface

and b0 = 0 at the mica/mercury interface. The initial separation h0, mica travel

∆Xmax and mica velocity V are indicated in the figure.

obtain a good fit to experimental data. By adjusting other physical param-

eters to the extremes allowed by experimental uncertainty, it is possible to

accommodate a slip length of no larger than 2 nm at each interface while still

being able to maintain a reasonable fit between theory and experiment. The

use of a full slip boundary condition at either interface would have yielded

film drainage times ten times shorter than those observed experimentally

(see Figure 5.16). In our view, there is no compelling need to invoke the slip

length as an additional parameter to fit experiments and our results support

the conclusion of zero or negligible slip at the interfaces.

The fact that our data is consistent with a no-slip boundary condition

at the mercury/electrolyte interface requires further discussion. A no-slip

boundary condition is known to occur at fluid/fluid interfaces if sufficient

surfactant (less than a monolayer) is adsorbed to immobilize the interface.

In the experiments reported in [25] strenuous efforts were made to minimise

contamination in both the mercury and aqueous phases and to work with
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a freshly-prepared mercury/electrolyte interface no more than ∼10 minutes

old, but it is never possible to guarantee that the level of surface-active mate-

rial was zero. Hence it is impossible to state unequivocally that the absence

of slip that seems to fit our experimental data was not caused by immobi-

lization of the interface by trace contaminants. However, other experimental

data – measurements of surface forces [24] and of mercury/electrolyte inter-

facial tension – gave no indication that the interface was contaminated.

There is also the possibility that in the presence of adsorbed surface-active

species, compression or redistribution of such species along the interface can

occur as a result of hydrodynamic flow in the adjacent fluids, giving rise to

the Marangoni effect [67, 21]. Such coupling between fluid flow and adsorbate

distribution in the interface acts to retard the flow, which is the direction

required to improve agreement between theory and experiment within the

dimple region. However, it can only be effective if the amount of surfactant

at the interface is less than the amount required to immobilize the interface

– no Marangoni effect can occur if there are no-slip boundary conditions.

Hence inclusion of Marangoni coupling would require use of a partial-slip

boundary condition as a starting point, which as we have discussed above is

not consistent with our data.

Apart from the question of hydrodynamic boundary conditions discussed

above, there is another factor that could possibly account for the minor dis-

crepancy between theory and experiment near r = 0. The discrepancy would

be removed if a small additional pressure (∼20 Pa, or ∼5% of the Laplace

pressure in the drop) were acting in a region of radius 50 µm around r = 0,

and a possible source is osmotic pressure due to a locally high concentration

of solute. An additional concentration of 8 µM in this central region is all

that would be required to produce 20 Pa of pressure. In this regard, there is

one experimental detail that has not been considered thus far in the discus-

sion. While mercury is generally regarded as a perfectly polarizable electrode,

we in fact observe a small leakage current of about 0.3 µA throughout the

experiment. The current may be associated with an electrode process that

produces new molecular or ionic species, such as reduction of oxygen that

remains dissolved at trace levels in the aqueous phase despite our best efforts
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to remove it. The portion of leakage current in the interaction zone (of lateral

radius say ∼100 µm and thickness ∼100 nm) would be sufficient to generate

a significant concentration of new solute (as much as 1 mM each second) in

the small volume of the aqueous film. If the new solute is slow to diffuse out

of this constricted region, a local increase in osmotic pressure could easily

be accounted for. While a detailed consideration of this effect will require

additional experimentation and consideration of solute transport parallel to

the trapped electrolyte film, we can see that the difference between theory

and experiment in the interfacial profile around r = 0 could be caused by

small local variations in solute concentration.

Interestingly, both experiment and theory show that the mercury contin-

ues to approach the mica after the latter has stopped moving. In particular,

not only does h(0, t) continue to decrease as the dimple relaxes, but h(rrim, t)

also decreases. This cannot be an effect of inertia of any of the media in-

volved, since inertia is not included in the model. Instead, it is associated

with the experimental design which has a transition from constant velocity

while the mica is being driven, to quasi-constant force after the drive stops.

The drop shape continues to evolve from its instantaneous shape at tstop to

its equilibrium shape under the influence of disjoining pressure and hydro-

dynamic effects. This includes a change in the far-field deformation, which

drives a continuing evolution of the barrier rim. As seen from Figure 5.12,

the film thickness h(rrim, t) at the barrier rim actually decreases faster after

the drive stops. In the absence of disjoining pressure or in the presence of

an attractive disjoining pressure, this can push some of the aqueous phase

back towards the centre of the dimple and causes the ‘bounce’ in h(0, t) that

is seen in Figures 5.8 and 5.12.

A particular feature of our experimental modeling is the success in pre-

dicting the time at which the aqueous film collapses when the disjoining

pressure is weak or attractive. Experimentally the collapse is observed to

occur very quickly, but we are unable to say whether it involves processes

that are not axisymmetric and/or multiple local collapses and/or engulfment

of the aqueous film phase inside the mercury drop. However, the model does

predict the moment of collapse accurately, which strongly suggests that the
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physical phenomena causing the collapse are included in the model. Remem-

bering that the model is strictly axisymmetric, this means that the collapse

is predicted without any reference to capillary waves or local instabilities of

the film. Instead, the implication is that the collapse is determined by a

mechanical instability in which the gradient of disjoining pressure overcomes

the ability of the drop to resist, through its interfacial tension, a sudden

elongation.



Chapter 6

Perturbations on a wetting

film: the wimple, pull-off and

jump in experiments in SFA

6.1 Introduction

This chapter reports experimental observations and modelling of transient

responses of thin equilibrium aqueous films that arise from mechanical and

electrical perturbations. We present three different experiments with similar

configurations in which thin films with initial thickness less than 100 nm are

stabilised by electrical double layer repulsion between a molecularly smooth

solid mica surface and a deformable mercury/electrolyte interface in the SFA.

The surface potential of the mercury is maintained by an externally applied

potential between the mercury and a calomel electrode in the bulk electrolyte.

Mechanical perturbations to the film are generated by:

(a) pushing the mica surface towards the mercury/electrolyte interface

for a fixed distance over a preset time interval,

(b) pulling the mica surface away from the mercury/electrolyte interface.

Electrical perturbations are applied by:

(c) making a step change in the applied voltage on the mercury which

results in a rapid change in the electrical double layer interaction between

99
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the mica and the mercury. This can include switching from a stable film

configuration to an unstable one.

By observing the response to mechanical perturbations, we gain insight

about the deformation mechanism on the nanometre scale that thin films

can undertake in order to make the transition from one equilibrium state to

another under the constraints of surface forces, interfacial tension and hydro-

dynamic interactions. The electrical perturbation studies yield information

on the modes of collapse of stable nanometre-thick aqueous films when the

stabilizing effects of surface forces are suddenly removed.

We also make quantitative comparisons between the observed time de-

pendent deformations of the mercury/electrolyte interface as the aqueous

film accommodates such perturbations using a theoretical model that takes

into account surface forces, hydrodynamic flow in the thin film and defor-

mations of the mercury/electrolyte interface. This comparison allows us to

elucidate the respective contributions of surface forces and hydrodynamic

pressure variations in determining interfacial deformations during the course

of the transient response of the film. We can also use the theory to model sit-

uations which have not yet been accessed experimentally, to provide insight

into the phenomena occurring.

In section 6.2, we present comparisons between the model and experi-

mental results of deformations of the mercury/electrolyte interface starting

from an equilibrium thin film as the mica plate is pushed towards the mer-

cury. A detailed analysis of the physical basis of the observed “wimple” is

provided. In section 6.3, we present results and analysis for the response of

the film when the mica is pulled away from an equilibrium position. This

study uncovers a novel mechanism for de-stabilising thin films by a pull-off

perturbation. In section 6.4, we analyse the collapse of a stable equilibrium

film that follows a step change in the applied potential on the mercury that

removes the stabilising repulsive electrical double layer barrier. These novel

observations suggest that there are different modes of coalescence depending

on the initial shape of film but capillary wave induced instabilities appear

not to be the collapse mechanism under the conditions of our experiments.

The chapter closes with a discussion.
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6.2 Compression of a stable film: the Wimple

The experimental details for compressing an equilibrium film and observ-

ing the details of resulting transition to another equilibrium state have been

reported earlier [23]. Starting with a stable aqueous film of comparatively

small radius (∼ 20 µm) stabilized by electrical double layer repulsion between

the mica and the flattened mercury/electrolyte interface, the mica is driven

towards the mercury drop for a distance of 10 µm in a time of less than 1 s.

In response, the mercury/electrolyte interface deforms, develops a character-

istic shape dubbed a “wimple” [23] and then subsequently evolves into the

more familiar “dimple” shape of trapped fluid which finally drains to form a

new equilibrium film of larger radial dimension but with the same thickness

as the initial film. The same initial and final equilibrium film thickness is

determined by the separation at which the disjoining pressure balances the

internal Laplace pressure of the mercury drop. Since deformations of the

mercury drop remain small on the scale of the drop, the Laplace pressure is

essentially constant.

The measured time sequence of the evolution of the mercury/electrolyte

(1 mM KCl) interface described above is shown in three stages in Figure 6.1.

The response of the film during the interval when the mica is being pushed is

shown in Figure 6.1a. The initial state (t = 0) is a 50 nm thick equilibrium

aqueous film between the mica plate and the flattened mercury/electrolyte

interface. When the mica is driven rapidly 10 µm towards the mercury, the

central thickness h(0, t) of the film increases in thickness – that is, the central

portion of the mercury/electrolyte interface backs away from the approaching

mica surface while the thickness of the outer part of the film, beyond about

r ∼ 50 µm, decreases. Shortly after the mica stops, at a time of 0.8 s, a

second minimum in the film thickness develops at a large radial position at

r ∼ 100 µm, in addition to the existing minimum at the axis of symmetry at r

= 0, see Figure 6.1b. These two minima give the characteristic wimple shape.

After the formation of the wimple, the central thickness h(0, t) continues to

increase while the thickness at the new film minimum at r ∼ 100 µm decreases

until the interfacial shape changes into a dimple profile with a barrier rim at
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Figure 6.1: The response of an initially stable aqueous film between the mica plate

and the flattened mercury/electrolyte interface when the mica is driven towards

the mercury drop. Experimental results are taken from ref [23] at times a) 0, 0.04,

0.08, 0.12, 0.2, and 0.28 s. b) 0.28, 0.44, 0.6, 0.92, 1.24, 1.88, and 2.52 s. c) 2.52,

3.8, 6, 8, 10, 14, and 18 s. Theoretical results from the model are plotted at times

d) 0, 0.04, 0.08, 0.12, 0.2, 0.28, 0.44, 0.6, and 0.92 s. e) 0.92, 1.24, 1.88, 2.52, 3.8

and 6 s. f) 6, 8, 10, 14, and 18 s.
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r ∼ 100 µm at around 2-3 s. The final stage of the film evolution is given in

Figure 6.1c for t > 2 s, in which the dimple drains to an equilibrium film of

the same thickness as the initial film. However, the final film radius is now

several times larger at rfilmfinal ∼ 100 µm compared to an initial film radius of

∼ 20 µm . Throughout the entire process, which takes about 18 s in total,

the film maintains axial symmetry.

The corresponding stages of deformations of the mercury/electrolyte in-

terface as predicted by the model are shown in Figure 6.1(d-f). The experi-

mental and theoretical parameters used to produce the results in Figure 6.1

are summarised in Table 6.1. Using parameter values within experimental

uncertainties, the model gives semi-quantitative agreement with experiment.

The degree of agreement is not as precise as that found for earlier related

SFA experiments on dimple formation when the mica surface is driven to-

wards the mercury drop from a large separation [52]. One reason for this is

associated with the drive time being short (∼0.5 s) and comparable to the

start-up and slow-down times of the motor used to drive the mica surface.

As a consequence, the exact drive function of the mica, which is an input to

the theoretical model, is not well characterised for the wimple experiment.

Nonetheless, the main features of the experiment, namely, the initial increase

of the central separation h(0, t), the development of the separation minima

at a large radial position, the formation of the characteristic wimple, the

evolution from a wimple to a dimple and the final drainage to the new equi-

librium film with the same thickness of the original film, but with a larger

flattened radius, are all predicted by the model.

During the development of the wimple and subsequently the dimple shown

in Figures 6.1a and 6.1b, the relative contributions to the total constant force

from electrical double layer and hydrodynamic interaction change over time.

An examination of this change provides insight into the physical processes

that lead to the development of the wimple and subsequently the dimple

during film drainage. The theoretical predictions for the disjoining pressure

and the hydrodynamic pressure are given in Figure 6.2. For easy reference

the curves are labelled (A) to (E) as time progresses.

At early times as the mica approaches the mercury, the film thickness at
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Physical parameters Experimental Theoretical

Wimple

Mica surface potential (mV) [59] -90 ± 10 -90

Drop surface potential (mV) -500 ± 20 -500

Electrolyte concentration (mM KCl) 1 ± 0.01 1

Drop radius, R0 (mm) 3.04 ± 0.1 3.04

Maximum mica travel, ∆Xmax (µm) 10 ± 3 7.2

Drive velocity, V (µm/s) fast 8

Pull-off

Mica surface potential (mV) -100 ± 10 -90

Drop surface potential (mV) -492 ± 20 -492

Electrolyte concentration (mM KCl) 0.1 ± 0.01 0.11

Drop radius, R0 (mm) 1.9 ± 0.1 1.9

Drive velocity, V (µm/s) 23 ± 1 24

Jump

Mica surface potential (mV) -90 ± 10 -90

Initial drop potential (mV) -47, -16 ± 20 -51, -17

Final drop potential (mV) -42, -11 ± 20 -47, -11

Electrolyte concentration (mM KCl) 0.1, 1 ± 0.01 0.11, 1.

Drop radius (mm) 0.67, 0.9 ± 0.1 0.67, 0.74

Table 6.1: Nominal experimental parameters of the mica-mercury system and

corresponding theoretical values used in the calculation.
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Figure 6.2: Theoretical values of the film thickness h(r, t) in nm and the hydro-

dynamic p(r, t) and disjoining pressure Π(r, t) (in units of σ/R0) at various times

corresponding to the wimple experiment in Figure 6.1. A – 0. s, B – 0.92 s, C –

1.88 s, D – 6 s, E – 18 s.

r ∼ 0 increases slightly (Figure 6.2a, curves A and B) as the mercury drop

backs away from the approaching mica. The increase in central film thickness

causes the disjoining pressure to fall (Figure 6.2c, curves A and B) and the

hydrodynamic pressure is small in magnitude and is slightly negative around

r ∼ 0 (Figure 6.2d, curve A). However, the thinning of the film around r ∼ 30

– 50 µm (Figure 6.2a, curve B) causes the hydrodynamic pressure to increase

locally (Figure 6.2d, curve B) which drives fluid towards r = 0, causing

the central portion of the film to continue thickening. At the formation

of the wimple (Figure 6.2a, curve C) all parts of the mercury/electrolyte

interface are more than 80 nm from the mica and so the disjoining pressure is

negligible through out the film (Figure 6.2c, curve C) while the hydrodynamic

pressure dominates (Figure 6.2d, curve C). From this time onwards, the rate

of thinning of the draining film is controlled by hydrodynamic considerations.
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When the film thickness at the barrier rim in the film profile at r ∼ 100

µm reaches a thickness of ∼ 50 nm (Figure 6.2a, curve D), the repulsive

disjoining pressure prevents further film thinning beyond this point. Now

the inverted curvature of the dimple causes the fluid trapped within the

dimple at r ≤ 100 µm to slowly drain out of the barrier rim to form the

final uniform film (Figure 6.2d, curve E). As the film thins everywhere in

r ≤ 100 µm, the disjoining pressure in this region increases (Figure 6.2c,

curve E) while the hydrodynamic pressure decreases as the film approaches

equilibrium (Figure 6.2d, curve E). From this analysis, the combined roles

of disjoining and hydrodynamic pressures in creating the complex wimple-

dimple shape are evident. An earlier attempt to account for the wimple shape

did not consider hydrodynamic effects [68], and from the above discussion

such an explanation would appear to be incomplete.

0

Total force

Disjoining force

Hydrodynamic force

Figure 6.3: Theoretical calculations of the contributions from hydrodynamic inter-

actions and disjoining pressures to the total force during the wimple experiment

in Figure 6.1.

The time variation of the force between the mica and the mercury as

predicted by the model is given in Figure 6.3. To a first approximation the

force is the internal pressure of the drop (which remains essentially constant

because the extent of deformation is small compared to the undeformed drop
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radius) multiplied by the flattened surface area, so a fivefold increase in

contact radius corresponds to a 25-fold increase in the total force. This

increase takes place rapidly during the short time interval (<1 s) during

which the mica surface is being pushed. The subsequent development of the

wimple and then the resolution to the dimple takes place essentially under a

constant total force regime, but the relative contributions from the disjoining

pressure and from hydrodynamic interactions to this constant force change

over time as indicated in the discussion of results of Figure 6.2.

6.3 Pull-off response of a stable film

The pull-off experiment starts from an equilibrium aqueous film with a radius

of about 100 µm and 93 nm thick that is trapped between the mica plate

and the flattened mercury/electrolyte (0.1 mM KCl) interface. The film

is stabilized by electrical double layer repulsion between the mica and the

mercury interface. The mica is then retracted from the mercury drop at

a speed of 24 µm/s. The subsequent response of the film profile is shown

in Figure 6.4 together with predictions from the model. The agreement

between theory and experiment is very good. As the mica retracts, the film

maintains axial symmetry. Although the mica is being retracted from the

mercury surface, an annular region of the aqueous film actually becomes

thinner during the transient stage prior to the expected final jump apart of

the mica surface from the mercury/electrolyte interface. In the initial stages,

a minimum in the film thickness develops near the rim of the initial film at

r ∼ 100 µm while the central area of the film maintains a constant thickness.

Over time the radial position of this minimum moves towards the center of

the film as the film thickness at this minimum continues to decrease. When

the radial position of this minimum approaches r = 0, the film has thinned

from 93 nm to about 70 nm. After that the mica surface jumps apart rapidly

from the mercury/electrolyte interface.

The pressure profiles shown in Figure 6.5 provide the underlying details

of the contributions to the total force from hydrodynamics and from dis-

joining pressures. If we first consider the hydrodynamic pressure we see it
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Jump apart

Figure 6.4: Comparison between theory and experiment for a mercury drop being

pulled away from a mica surface in SFA. The double layer interaction is strongly

repulsive (see Table 1) and film profiles are shown at times t =0., 0.08, 0.16, 0.24,

0.32, 0.4, 0.48, 0.56, 0.64, 0.72 and 0.76 s before the mica jumps apart from the

mercury interface.

is negative at all radial positions which reflects the hydrodynamic suction

that might be expected when two surfaces are pulled apart. However, the

most strongly negative pressure is confined to an annular region near the

edge of the quasi-flat part of the drop. Because the mercury drop is easily

deformable, the negative pressure pulls part of it closer to the mica. The re-

duced film thickness in this region creates a higher disjoining pressure which

counteracts the effect; nevertheless thinning of the film occurs in an annular

region that shrinks with time until it approaches r ∼ 0.

Variations of the hydrodynamic and disjoining components of the force

between the mica and the mercury/electrolyte interface during the pull-off

event are shown in Figure 6.6. The contribution from hydrodynamic effects

is negative for most of the time as is expected from the knowledge that

lubrication forces (or hydrodynamic suction) opposes the separation of two

closely spaced surfaces. The deformable drop responds by first thinning at

the film periphery, but this generates a local repulsive contribution to the
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Figure 6.5: Theoretical values of the film thickness h(r, t) in nm and the hydro-

dynamic p(r, t) and disjoining pressure Π(r, t) (in units of σ/R0) at various times

corresponding to the pull-off experiment in Figure 6.4. A – 0. s, B – 0.16 s, C –

0.32 s, D – 0.48 s, E – 0.64 s, F– 0.76 s.

total force from the local increase in disjoining pressure. However, since the

lateral extent of the film is decreasing, the total force decreases towards zero

as the mica and the mercury separate.

A notable observation of the results in Figure 6.4 is that while the radial

extent of the film shrinks as the mica retracts, the edge of the film actually

becomes thinner during this transient period. This offers the possibility

that the deforming interface may be able to reach an available attractive

region of the disjoining pressure curve so that the resultant attraction is

sufficient to de-stabilise the film and cause it to collapse. A demonstration

of the possibility of such a pull-off induced film collapse is give in Figure 6.7.

However, for the mica-mercury system, this can occur only over a small

system parameter space.

There is experimental evidence to support the possibility a pull-off in-

duced film collapse. In a study of the coalescence of two oil drops driven
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Hydrodynamic force

Total force

Disjoining force

Figure 6.6: Theoretical calculations of the contributions from hydrodynamic inter-

actions and disjoining pressures to the total force during the pull-off experiment

in Figure 6.4.

together slightly off centre in a four roll mill configuration, drop coalescence

can sometimes be enhanced as they enter the elongation quadrant of the flow

field where the drops are beginning to be pulled apart by the imposed flow

field [73, 78].

6.4 Changing the bias voltage – film collapse

Another way to perturb an equilibrium film in the mica-mercury system is

to apply a step change to the bias voltage between the mercury and the bulk

electrolyte which alters the disjoining pressure in the aqueous film between

the mica and the mercury due to electrical double layer interactions. This

change can be considered as instantaneous since the electrical double layer

can re-equilibrate on a millisecond time scale while the response time of the

deformable mercury/electrolyte interface is on the order of seconds.

The change in bias voltage was designed to lower the repulsive maximum

in the disjoining pressure due to electrical double layer interactions to below

that of the Laplace pressure of the drop (see Figure 6.8). With this process,
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r (µm)

Jump in

Figure 6.7: A demonstration of the possibility of a pull-off induced collapse of an

initially stable film. The system parameters are similar to the ones in Figure 6.4

but with a concentration of 0.5 mM KCl, mica potential of -70 mV and mercury

potential of -15 mV. Times are: 0, 0.06, 0.14 ,0.3, 0.7, 1.2, 1.65, and 1.71 s.

we are able to observe directly the collapse mechanism of a destabilized

equilibrium film with sub-nanometre resolution. We consider two different

initial equilibrium configurations in which the mercury/electrolyte interface

has been flattened to different degrees against the mica plate:

(a) a highly flattened film with initial separation about 30 nm and a large

film radius of 30 µm in 0.1 mM KCl

(b) a slightly flattened film with a distance of closest approach of about

21 nm and a small film radius of around 15 µm in 1.0 mM KCl

Experimental results and predictions by the model for these two cases are

given in Figure 6.9. As the vertical scale only spans a distance of about 10

nm, the scatter in experimental data points appears greater in this figure.

The thinning of the highly flattened film, Case (a) with a ratio of film ra-

dius to film thickness of about 1000 in the present case, is initiated by the

development of a thinning annulus at the edge of the film which gives the

collapsing film a “horned” shape (Figure 6.9a) and is reminiscent of the pull-

off phenomenon (Figure 6.4). The central portion of the flat film remains



112 Perturbations on a wetting film

1 mM KCl

0.1 mM KCl

1250 Pa
1135 Pa

Figure 6.8: The change in disjoining pressure according to the nonlinear Poisson-

Boltzmann theory as a result of the change in the bias potential on the mercury.

At 0.1 mM KCl, the surface potential of the mercury was changed from –51 mV

to –47 mV and the maximum of the initial pressure curve is at 25 nm. At 1.0

mM, the surface potential was changed from –17 mV to –11 mV with the initial

pressure maximum at 15 nm. The corresponding Laplace pressures of the mercury

drop are indicated by the horizontal lines. The mica surface potential was –90 mV

at both electrolyte concentrations.

effectively stationary even until jump-in occurs at the edge of the film be-

cause hydrodynamic resistance arising from drainage through the narrowing

barrier rim as well as the repulsive disjoining pressure both act to suppress

motion of the central portion of the flattened film. For the slightly flattened

film with an initial film radius of only 15 µm, Case (b), the thinning film has

a more complicated profile during the collapse process that is also predicted

in the theoretical model. Unfortunately, our current apparatus is unable to

resolve the magnitude of the oscillations in the film thickness near r = 0 with

higher precision.

In Figure 6.10, we see that during the course of film collapse, the total

pressure profile is quite constant in the radial direction and this is main-

tained by a balance between variations in the disjoining pressure and the

hydrodynamic pressure profiles.
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0.1 mM KCl

Jump in

a)

1 mM KCl

Jump in

b)

Figure 6.9: The collapsing profiles of initially stable aqueous films between a mica

and a mercury surface destabilized by a change in the disjoining pressure that

arise from a step change in the bias voltage of the mercury. Experimental results

(symbols) and theory (lines) are shown corresponding to the two cases shown in

Figure 6.8 for various elapse times after the bias voltage change: a) 0.1 mM KCl

for t = 0., 0.8, 1.2, 1.6, 2., 2.4 ,2.8, and 3.2 s; b) 1 mM KCl for t = 0, 0.04, 0.08,

0.12, 0.16, and 0.2 s. Other experimental and theoretical parameters are given in

Table 6.1. After the final time step, the mercury/electrolyte interface jumps into

contact with the mica.
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Figure 6.10: Theoretical values of the film thickness h(r, t) in nm and the hydro-

dynamic p(r, t) and disjoining pressure Π(r, t) (in units of σ/R0) at various times

corresponding to the film collapse phenomenon in Figure 6.9b at 1 mM KCl: for

t = (A) 0, 0.08, 0.16, and (D) 0.2 s.

In Figure 6.11, we see that both films drain under constant force condi-

tions provided by the Laplace pressure of the drop with the difference being

the magnitude of the relative contributions from electrical double layer force

and hydrodynamic interactions. The magnitude of the total force in each

case depends approximately on the square of the initial flattened film radius.

6.5 Modes of film collapse

Given the good quantitative agreement between experimental profiles and

predictions of the model, we can use this model to investigate other possible

modes of the film collapse. In Figure 6.12a, we show the collapse of a stable

mercury/electrolyte interface with an initial separation of 23 nm and Laplace

pressure of 1135 Pa in 1 mM KCl but whose interface is hardly flattened (see

Figure 6.8). In this case, because of the high curvature of the initial interface,
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Total force

Disjoining force

Hydrodynamic force
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    Film
collapses

Total force

Disjoining force

Hydrodynamic force

1 mM KCl

b)

Film collapses

Figure 6.11: Theoretical predictions of the hydrodynamic and disjoining pressure

components of the total force corresponding to the film collapse phenomenon in

Figure 6.9 for a) 0.1 mM and b) 1 mM.
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the induced electrical double layer attraction is able to pull the centre of the

film to form a pimple, and film collapse occurs at the central region of the

film. The appearance of a small dimple at the very last stage of collapse

may not be of practical significance since the film is possibly too thin for a

continuum description to be valid and the film actually collapses before the

next time step. The corresponding force components from electrical double

layer and hydrodynamic interactions are given in Figure 6.12b.

In order to understand how the various modes of film collapse occur via

the formation of a wimple, dimple or pimple, we use the model to study how

three different equilibrium films collapse under only the combined effects of

Laplace pressure and hydrodynamic effects after the disjoining pressure that

stabilizes these films is suddenly removed. The three initial equilibrium films

of increasing degrees of flattening are formed by advancing the mica surface

towards the mercury/electrolyte interface to 0.4 µm, 2.4 µm and 4.4 µm

beyond the position at which the mica would have made contact with the

mercury had the latter not deformed. The results in Figure 6.13 demonstrate

that when the stabilizing disjoining pressure is then removed, the film col-

lapses under the action of the now unbalanced Laplace pressure. Whether

the film profile forms a dimple, a wimple or a horned profile is controlled by

the ratio of the flattened region of the film to the size of the wings. For a

film with negligible flattening (Figure 6.13a), the hydrodynamic wing reaches

the centre of the drop and gives the profile a dimple appearance. As the de-

gree of initial film flattening increases (Figure 6.13b, c) the hydrodynamic

wings will increasingly be confined to the edge of the thinning film. In all

cases, the thickness of the barrier rim at the hydrodynamic wings decreases

as time progresses and film coalescence takes place at the barrier rim. The

development of hydrodynamic wings at the edge of the film is also consistent

with the observed wimple response of the equilibrium film to a mechanical

perturbation when the mica plate is pushed further towards the mercury.

The development of hydrodynamic wings at the edge of the film is also

consistent with the observed wimple response of the equilibrium film to a

mechanical perturbation when the mica plate is pushed further towards the

mercury.
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a)

Total force

Hydrodynamic force

Disjoining force

b)

Figure 6.12: Theoretical predictions of the collapse, triggered by a step change in

bias potential, of a stable mercury/electrolyte interface that is barely flattened.

The initial distance of closest approach is 23 nm in 1.0 mM KCl. The resultant

change in disjoining pressure is shown in Figure 6.8. a) The collapsing film profile

that proceeds via the development of a ‘pimple’ at the center of the film; b) Time

variations of contributions from hydrodynamic and disjoining pressures to the total

force during the collapse.
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Mica displacement = 0.4 µm

a)

Mica displacement = 2.4 µm

b)

Mica displacement = 4.4 µm

c)

Figure 6.13: Predicted modes of collapse of stable aqueous films of different initial

thicknesses between a mica plate and a deformable mercury/electrolyte interface

once the stabilizing disjoining pressure is removed and the film thins under the ac-

tion of capillary pressure and hydrodynamic interactions. The initial stable films

are formed by advancing the mica surface to a) 0.4 µm, b) 2.4 µm and c) 4.4

µm beyond the position where it would have made contact with the undeformed

mercury drop. Other system parameters corresponds to the 1.0 mM case in Ta-

ble 6.1. The profiles are at elapse times of t = 0, 0.05, 0.1, 0.2, 0.4, 0.7 and 1.0 s

after the removal of the stabilizing electrical double layer disjoining pressure (see

Figure 6.8).
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Experimental results are in very good quantitative agreement with the de-

veloped model in which hydrodynamic interactions are described by Stokes

flow in the Reynolds thin film treatment, interfacial deformations are ac-

counted for by the Young-Laplace equation and electrical double layer inter-

actions between the solid mica surface and the deformable mercury/electrolyte

interface are described by the non-linear Poisson-Boltzmann theory for dis-

similar surfaces; van der Waals interactions are negligible for the range of

film thicknesses in question. The parameters used in theoretical calculations

are all within measurement tolerances of these quantities.

We found that the no-slip hydrodynamic boundary condition at the mer-

cury/electrolyte interface provided the best agreement between theory and

experiment for all experimental situations. This is unexpected since the

viscosity of mercury is only about 60% higher than that of water at room

temperatures and particular care was take to keep the mercury/electrolyte

interface free from contaminants during the course of all experiments. How-

ever, a possible explanation can be found for the apparent applicability of

the no-slip boundary condition in a recent study of the primary electrovis-

cous effects of mercury drops [58]. It was found that specific viscosity of

suspensions of mercury drops that are large compared to the Debye length

or are at high surface potentials, assume the same form as that for a suspen-

sion of rigid sphere. That is, in the above regime, the mercury behave like

rigid particles at which the no-slip hydrodynamic boundary condition can be

applied at the surface. The physical picture is that electroneutrality requires

counterions to remain fixed with respect to the position of the equipotential

mercury surface which has the effect of inhibiting flow of the aqueous phase

parallel to the surface. If the drag due to counter-ions is large enough it will

create an effective no-slip at the interface. While this observation provides

a plausible reason for the use of the no-slip boundary condition to provide

agreement between theory and experiment, it is a topic that remains to be

explored in more detail in a forthcoming publication. Here we make the

remark that even assuming a slip length of a few nanometres at the mer-

cury/electrolyte interface will degrade the agreement between experiment

and theory significantly.
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In response to mechanical perturbations, the mercury drop has to advance

onto or retract from the mica plate at the three phase contact zone that

comprises the mercury, the aqueous electrolyte and mica with a wetting

film. The observed transient behaviour such as the buckling of the initially

flat mercury/electrolyte interface is reminiscent of previous studies of fluid

motion in this three phase contact region. For example, it is known [19]

that when a three-phase line advances over a wetting film, the film has a

slightly thinner zone ahead of the three phase contact line (TPL). However,

the precise connection between these earlier studies of straight TPLs and

the present investigations involving the advance and retreat of a circular film

stabilized by a repulsive disjoining pressure remains to be established.

When the equilibrium film is destabilised by the removal of the repulsive

barrier due to electrical double layer interactions, the film collapses in an

axisymmetric manner rather than by the often suggested method of collapse

by capillary wave fluctuations. Given the observed role of hydrodynamics

in controlling film thinning, it would appear that for large flat films, hydro-

dynamic pressure in the thinning film acts to suppress possible growth of

capillary waves and such films collapse by coalescing at the outer rim. Our

theoretical modelling, which remain axisymmetric, successfully predicts the

collapse conditions. However, we do not rule out the possibility that once

the film has become unstable, the coalescence at the outer rim may proceed

asymmetrically.



Chapter 7

Limiting forms of small and

large forces

7.1 Introduction

Limiting forms of small and large forces for interacting deformable drops

have been derived and are submitted to publication in Manica et al. [53]. An

important application of the theoretical model is its use to investigate how a

deformable drop responds to a general applied force. In many previous AFM

experiments involving a deformable drop or bubble, it has been assumed

that the drop/bubble deforms as a linear Hookean spring under an applied

force [34, 61, 6, 38]. This assumption underpins the key process of deducing

the separation between the deformable drop/bubble and an approaching solid

particle using data within the so-called constant compliance region. However,

there is no general consensus that the Hookean response of a bubble or drop is

correct [2, 9, 15]. While a theoretical justification of the Hookean assumption

has been advanced, the comparison between theory and experiment adduced

to support this is less than compelling [4]. Therefore revisiting the response

of a deformable drop to an applied force in more detail will help decide the

correct form of the force vs displacement behaviour that should be used in

processing force measurement data.
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7.2 Governing equations

In both the AFM and SFA experiments shown in this thesis, the film thick-

ness, h, the radial dimension of the film, a and the unperturbed radius of

curvature of the drops, Rd obey the inequalities Rd � a� h, and character-

istic fluid velocities are in the regime where the familiar Stokes-Reynolds thin

film drainage model applies. For a film with axial symmetry the governing

equation for the film thickness h(r, t) is

∂h

∂t
=

1

12µr

∂

∂r

(
rh3∂p

∂r

)
(7.1)

where µ is the shear viscosity of the aqueous film and p(r, t) is the hydrody-

namic pressure in the film relative to the bulk pressure.

In the configuration of a mercury drop against a rigid surface with local

radius of curvature Rs, the axisymmetric deformation of the drop, consistent

with the thin film approximation, is governed by the modified Young-Laplace

equation in the form [51, 18, 64]

σ

r

∂

∂r

(
r
∂h

∂r

)
= 2σ

(
1

R
+

1

Rs

)
− (p+ Π) one drop (SFA) (7.2a)

where Π(h(r, t)) is the disjoining pressure in the film due to surface forces

such as electrical double layer interactions or van der Waals forces, σ is the

interfacial tension of the drop and (2σ/R) is the Laplace pressure of the drop.

The SFA configuration of a rigid mica plate (Figure 2) corresponds to the

limit Rs →∞. For the AFM configuration of two interacting drops (Figure

1) the modified Young-Laplace equation is

σ

2r

∂

∂r

(
r
∂h

∂r

)
=

2σ

R
− (p+ Π) two drops (AFM) (7.2b)

where σ−1 = (σ−1
c +σ−1

p )/2 and R−1 = (R−1
c +R−1

p )/2 are defined in terms of

the interfacial tensions and Laplace pressures (2σc/Rc) and (2σp/Rp) of the

two drops which may have dissimilar properties. Implicit in Eq. (7.2) is the

assumption that deformations take place under quasi-equilibrium conditions

under a dynamic pressure (p+ Π) [13].
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The instantaneous force, F (t) exerted on the drop has contributions from

hydrodynamics and disjoining pressures

F (t) ≡ 2πσG(t) = 2π

∫ ∞
0

[p(r, t) + Π(h(r, t))]r dr (7.3)

This assumes that the drop radius is much larger than the range of hydro-

dynamic forces so that the interacting interfaces are nearly flat and parallel.

The length G(t) defined in Eq. (7.3) arises naturally in later discussions.

It has been shown that when a sessile drop with an equilibrium contact

angle θ (see Figure 2) and unperturbed drop height z0 is subjected to an

applied force that is localised around the apex, the perturbed drop height

zouter(r) outside the zone in which the force acts has the following small r (on

the drop scale) asymptotic form as the drop deforms under constant volume

[15, 13, 5]:

zouter(r, t) ∼= z0 −
r2

2R
+G

[
log

(
r

2Rd

)
+B(θ)

]
(7.4)

The constant B(θ) depends whether during deformation, the three phase

contact line (TPL) remains pinned or is free to slip on the substrate to

maintain the unperturbed contact angle θ and is given by

B(θ) =


1 +

1

2
log

(
1 + cos θ

1− cos θ

)
, pinned TPL

1 +
1

2
log

(
1 + cos θ

1− cos θ

)
− 1

2 + cos θ
, slip TPL

(7.5)

Eq. (7.4) for the drop profile, which reflects the constant volume constraint

on the deforming sessile drop is an expansion correct to first order in (G/Rd).

This result together with the geometric condition

X(t) =

h(r, t) + z(r, t), one drop (SFA)

h(r, t) + zp(r, t) + zc(r, t), two drops (AFM)

(7.6)

give the required boundary condition at rmax by a differentiation with respect

to t to eliminate the constants, as shown in Chapter 2

dX

dt
=
∂h

∂t
+ α

dG

dt
at r = rmax (7.7)
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where

α =


log

(
rmax
2Rd

)
+B(θ), one drop (SFA)

2 log

(
rmax

2
√
RcRp

)
+B(θc) +B(θp), two drops (AFM)

(7.8)

Eq. (7.7) is the appropriate constant drop volume boundary condition for

AFM and SFA experiments in which the variation of the displacement func-

tion X(t) with time t is specified.

For convenience of later discussions, we define

∆X(t) ≡

X(t)− z0, one drop (SFA)

X(t)− zp0 − zc0, two drops (AFM)

(7.9)

where ∆X(t) = 0 corresponds to the position where mica and the mercury

drop (SFA) or where the two drops (AFM) would have come into contact

had the drops not deformed.

Before we obtain numerical solutions of the governing equations and com-

pare with experimental results we can obtain two limiting solutions that are

valid for small and large forces at low velocities.

7.3 Formal results

We first derive some formal results from the governing equations. We shall

consider the case of the SFA experiment of one deformable drop interacting

with a flat plate and the two drops AFM situation.

Equation (7.1) can be integrated formally to give

p(r, t) = −12µ

∫ ∞
r

ds

sh3(s, t)

∫ s

0

x
∂h(x, t)

∂t
dx (7.10)

and Eq. (7.2a) (in the flat plate limit, Rs → ∞) and (7.2b) can also be

integrated to give the inner solution

βhinner(r, t) = βh(0, t) +
r2

2R
+

1

σ

∫ r

0

s log(s/r)[p+ Π]ds (7.11)
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where the constant β = 1 for the one drop against a flat plate geometry (SFA

Eq. (7.2a)) and β = 1/2 for the two drop geometry (AFM Eq. (7.2b)). Now

p(r, t) can be eliminated from Eqs. (7.10) and (7.11) to give the formal but

exact result

βhinner(r, t) = βh(0, t) +
r2

2R
+

1

σ

∫ r

0

s log(s/r)Π ds

− 6µ

σ

∫ r

0

s log(s/r) ds

h3(s, t)

∫ s

0

x
∂h(x, t)

∂t
dx

+
3µ

σ

∫ r

0

s ds

h3(s, t)

∫ s

0

x
∂h(x, t)

∂t
dx

+
3µ

σ
r2

∫ r

0

ds

sh3(s, t)

∫ s

0

x
∂h(x, t)

∂t
dx

(7.12)

As r → ∞, this inner solution matches the outer solution that follows from

Eq. (7.4), (7.6) and (7.9)

houter(r, t) =


∆X(t) +

r2

2R
−G

[
log

(
r

2Rd

)
+B(θ)

]
∆X(t) +

r2

R
−G

[
2 log

(
r

2
√
RcRp

)
+B(θc) +B(θp)

]
(7.13)

where the top solution in Eq. (7.13) corresponds to one drop in SFA and the

bottom to two drops in AFM. We can identify the coefficient of log(r) as

G(t) = −6µ

σ

∫ ∞
0

s ds

h3(s, t)

∫ s

0

r
∂h(r, t)

∂t
dr +

1

σ

∫ ∞
0

rΠ dr (7.14)

which form Eq. (7.10), is equivalent to the definition of the force given in

Eq. (7.3).

7.3.1 Small force limit

We can develop a solution valid for weak interactions that include hydro-

dynamic interactions and surface deformations but omitting effects due to

disjoining pressure. The result is expected to be accurate for ∆X > 0 before

surface forces become important. We first scale variables using the capillary



126 Limiting forms of small and large forces

number Ca = (µV/σ) [47]

{G,∆X, h} ∼ (Ca1/2R)

r ∼ (Ca1/4R) (7.15)

{p,Π} ∼ (σ/R)

t ∼ (Ca−1/2Rµ/σ)

and use a trial solution of the (non-dimensional) form

h(r, t) = a(t) + βr2 (7.16)

on the right hand side of Eq. (7.12) to construct the inner solution. While

the trial solution assumes that the film profile has a parabolic shape, the

inner solution given by Eq. (7.12) will contain the requisite logarithmic term

to match with the outer solution, Eq. (7.13). To determine the unknown

function a(t) we substitute Eq. (7.16) into the right hand side of Eq. (7.12),

take the r →∞ limiting form to match the result to the outer solution Eq.

(7.13). This matching gives a first ordinary differential equation for a(t)

3

a(t)

da(t)

dt

[
B(θ) + log(Ca1/4/2) +

1

2
log(2a(t))

]
− a(t) = −∆X(t) (7.17a)

3

4a(t)

da(t)

dt

[
B(θc) +B(θp) + 2 log(Ca1/4/2) +

1

2
log(a(t))

]
− a(t) = −∆X(t)

(7.17b)

where Eq. (7.17b) correspond to one drop in SFA and Eq. (7.17b) to two

drops in AFM.

By setting f(t) = log(a(t)) the numerical solution of Eq. (7.17) is

straightforward to determine and the force, Eq. (7.3), can be expressed in

terms of this dimensionless function f(t), which is a function of the dimension

time according to the scaling in Eq. (7.15)

F = −6πRσCa1/2df

dt
(7.18)

The range of applicability of this approximation will be demonstrated in the

results section.
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7.3.2 Large force limit

We can derive a simple analytic expression for the force-displacement rela-

tionship valid for large forces (in the context of surface force measurements)

when the dynamic interaction is repulsive between a solid particle and a

drop. For a sessile drop subjected to an applied pressure distribution (p+Π)

localised axi-symmetrically about the apex, the drop height z(r, t) obeys the

modified Young-Laplace equation

σ

r

∂

∂r

[
r(∂z/∂r)

[1 + (∂z/∂r)2]1/2

]
= (p+ Π)− 2σ

R
(7.19)

On a radial scale that is small compared to the drop radius, the denominator

may be replaced by unity and the resulting equation can be integrated to

obtain the large r (on the scale of the radial extent of the film) limiting form

of this inner solution

zinner(r, t) ∼= z(0, t)− r2

2R
−H +G log(r) (7.20)

where z(0, t) is the perturbed drop height at r = 0,

H(t) =
1

σ

∫ ∞
0

(p(r, t) + Π(r, t)) r log(r) dr (7.21)

and G is given by Eq. (7.3). The requirement for small r limit of the outer

solution, Eq. (7.4), to match with the large r limit of the inner solution, Eq.

(7.20), gives an expression for the deformation of the drop apex

z0 − z(0, t) = −H −G
[
log

(
1

2Rd

)
+B(θ)

]
(7.22)

We can integrate the equation for the film thickness, h given by Eq. (7.2a)

to give (R−1
f ≡ R−1 +R−1

s )

r
∂h

∂r
=

r2

Rf

− 1

σ

∫ r

0

(p+ Π)r′ dr′ (7.23)

When (p+ Π) is repulsive, a dynamic film of thickness hf forms between the

drop and the solid particle. Where the drop is flattened against the solid
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particle, ∂h/∂r ∼ 0 on the scale of the drop radius and we can define the

film radius, a to be the value of r at which ∂h/∂r starts to increase. From

a consideration of the right hand side of Eq. (7.23) the film radius can be

approximated by

a ≈
[
Rf

σ

∫ ∞
0

(p+ Π)r dr

]1/2

=
√
GRf (7.24)

so the dynamic pressure distribution within this film can be approximated

by

(p+ Π) ≈

(2σ/Rf ), 0 < r < a

0, r > a

(7.25)

Using this approximation in Eq. (7.22) gives an approximate expression for

the drop deformation in terms of the force, F

z0 − z(0, t) ∼= −
F

4πσ

[
log

(
FR0

8πσR2
d

)
+ 2B(θ)− 1

]
(7.26)

where to leading order in (G/Rd) we have made the approximation R−1
f ≡

R−1 +R−1
s ≈ R−1

d +R−1
s ≡ R−1

0 .

From the definition of the displacement function ∆X(t) in Eq. (7.9)

we now have the desired results between the two measurable experimental

quantities: the displacement, ∆X(t) and the force, F

∆X ∼= hf +
F

4πσ

[
log

(
FR0

8πσR2
d

)
+ 2B(θ)− 1

]
(7.27a)

The constant dynamic film thickness hf has been added to the right hand

side as an approximate attempt to account for the fact that the force will

start to be significant when the surfaces are at hf apart, where ∆X = hf ,

rather than at ∆X = 0, when the surfaces would have come into contact

without deformation.

The one drop SFA result corresponds to the limit of the particle raduis,

Rs →∞, or R0 → Rd, the undeformed radius of the drop. With the appro-

priate expression for B(θ) from Eq. (7.5), the result in Eq. (7.27a) is valid

for both the pinned or free to slip three phase contact line condition and for

acute or obtuse contact angles, θ.
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A similar derivation gives the corresponding result for the force-displacement

relation for two drops in the AFM for which we have to account for the de-

flection of the cantilever with spring constant K

∆X ∼= hf +
F

2πσ

[
log

(
F

8πσ
√
RcRp

)
+B(θc) +B(θp)− 1− 2πσ

K

]
(7.27b)

In practice the deflection of the cantilever is often taken into account before

the data are analysed for force-displacement effects.

An important observation about Eq. (7.27) is the non-linear nature of

the force-displacement relationship over the typical range force magnitudes.

Also this force-displacement relationship depends on properties of the drop

such as the undeformed drop radius, interfacial tension, contact angle, the

particle radius as well as whether the three phase contact line sticks or slips

through the function, B(θ). This has implications in any attempt to locate

the constant compliance region of AFM results as earlier work on the inter-

pretation of direct force measurements involving drops and bubbles assumed

that they deform as Hookean springs [34].

7.4 Results

7.4.1 Approximate formulae – SFA geometry

We compare the extent to which the approximate results for small forces Eq.

(7.18) and large forces Eq. (7.27) are able to model the force-displacement

curves due to hydrodynamic interactions for the case of a single drop against

a moving flat plate in the SFA configuration as given by the model described

by Eqs. (7.1) – (7.9). Disjoining pressure effects have not been included in

this comparison.

In Figure 7.1a, we compare the large force analytic formula given by Eq.

(7.27a) with the numerical solution of Eqs. (7.1) – (7.9) for the approach of a

mica plate at constant velocity (V = 24 µm/s) towards a mercury drop. The

mica plate is driven to 17.5 µm beyond the point at which the mica would
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Mica stops

Numerical solution

    Large force
formula Eq. (7.27a)

a)

 Reynolds

Small force Eq. (7.18)

Numerical solution

b)

Figure 7.1: Comparison of approximate results (solid lines) for large (Eq. (7.27a))

and small forces (Eq. (7.18)) with full numerical solution (broken lines) for the

force against mica displacement between a single mercury drop (surface tension

420 mN/m, undeformed radius of curvature 1.9 mm) interacting with a flat mica

plate in the SFA geometry across water driven at a constant velocity of 24 µm/s.

(a) The mica plate is driven to a position 17.5 µm beyond the position where the

mica and the mercury would have made contact if the mercury did not deform ( ie

∆X = –17.5 µm). (b) The mica plate is driven to ∆X = 0 and is then retracted

at the same speed. There is no disjoining pressure term between the mica and

the mercury interface. The constant velocity Reynolds result (dotted line) is also

included for comparison.
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have made contact with the mercury drop if the drop did not deform (∆X =

–17.5 µm). We see that the analytic formula tracks the full numerical results

closely for ∆X 6 – 5 µm.

To assess the accuracy of the small force result given by Eqs. (7.17a)

and (7.18), the mica plate is driven towards the mercury drop at 24 µm/s

until ∆X = 0 (where the surfaces would have touched if the mercury did not

deform), and is then retracted at the same speed. In Figure (7.1b) we can see

that all the key features of the force-displacement curve, including the force

maximum at ∆X = 0 and the depth and position of the attractive minimum

in the retraction branch are reproduced quantitatively by the approximate

formula. For comparison, the constant velocity Reynolds formula: F =

6πµR2V/∆X = 6πµR2V/[X(0) − V t], which diverges at ∆X = 0 is also

given.

7.4.2 Comparison with SFA experiments

An assessment of the model given in Eqs. (1) – (12) in predicting measured

time evolution of the deformations of a mercury/electrolyte interface due to

an approaching mica plate at constant velocity was given in Figures 5.2 and

5.6. We saw that the model performs equally well in the presence of a strongly

repulsive (SR) disjoining pressure between the mica and the mercury that

leads to an equilibrium flat film when the mica stops, or in the presence of

a strongly attractive (SA) disjoining pressure that lead to an unstable film

that ultimately collapses as the mercury jumps into contact with the mica

plate.

From the film profiles, the total force between the mica and the de-

formable mercury drop can be calculated and separated into contributions

from hydrodynamic and disjoining pressure contributions [39]. In Figures

7.2a and 7.2b we can see excellent agreement between the force components

predicted from theory and deduced experimentally. This is not surprising

since the profiles as seen in Figures 5.2 and 5.6 are in excellent agreement.

It is interesting to note that until the mica stops, after which the mercury

interface of the strongly attractive case collapses onto the mica, the force as
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Figure 7.2: Comparisons between numerical solutions of Eqs. (7.1) – (7.9) (lines)
and SFA experimental (symbols) determinations of components of the total force
as a function of time for the strongly repulsive (SR) (b) strongly attractive (SA)
disjoining pressures. (c) an illustration that the force between the SR and SA cases
are nearly identical until the mica stops when the SA system jumps into contact
while the SR case continues to evolve to the equilibrium film under a constant
force condition – from point (d) when the mica stops to point (g).
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a function of time is nearly identical between the strongly repulsive and the

strongly attractive cases (Figure 7.2c). Indeed this portion of the force curve

is also well described by the large force formula Eq. (7.27a).

The results in Figure 7.2c also demonstrate that after the mica stops,

the interface in the strongly repulsive case evolves towards the equilibrium

film under constant force as pointed out in section 2.1. To leading order, the

value of the constant force is approximately equal to the Laplace pressure

of the drop multiplied by the film radius which is approximately constant

(curves (d) to (g) in the inset of Figure 7.2c) after the mica stops. As the

deformation of the drop remains small compared to the drop dimension, the

Laplace pressure remains essentially constant.

7.4.3 Comparison with AFM experiments

We now compare predictions of the force calculated from Eqs. (1) – (12)

as well as from the approximate formula for small forces (Eqs. (20a) and

(21)) and for deformations (Eq. (24b)) with an example of the dynamic

force between two oil drops with adsorbed sodium dodecylsulphate (SDS)

as measured on the AFM at a relatively low drive velocity of 2 µm/s [28].

Other relevant system and input parameters are: Rc = 41 µm, Rp = 90 µm,

θc = 100◦, θc = 50◦, heq = 26 nm, hstart = 1.81 µm, ∆Xmax = 2 µm, σ = 10

mN/m, surface potential Ψ0 = –100 mV, Debye length κ−1 = 3.3 nm, and

Ca = 1.8x10−7.

From Figure 7.3 we see that for ∆X > 0, the small force approximation

given by Eqs. (7.17b) and (7.18) is very close to the full numerical solution

and to the experimental data. For F > 1 nN, Eq. (7.27b) derived using the

assumption of large force becomes applicable. The full numerical solution of

the governing equation is in excellent agreement with experimental results at

all displacements. As the drive velocity increases, the full solution becomes

more necessary in bridging the transition region between the low force limit

and the moderate deformation regime. One should also bear in mind that the

governing equations given by Eqs. (7.1) – (7.9) have been obtained under a

small strain assumption, as defined by (F/2πσR)� 1 (see also Discussions).
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Numerical solution

Experiment

10 mM SDS

V = 2 µm/s

   Large force
formula Eq. (7.27b)

Small
force

Eq. (7.18)

Figure 7.3: Comparisons between the numerical solution of Eqs. (7.1) – (7.9)

which lies on top of experimental forces measured on the AFM between two drops

on approach, the large force formula given by Eq. (7.27b) and the small forces

result given by Eq. (7.17a) and (7.18). The drive velocity is 2 µm/s. The dis-

joining pressure due to electrical double layer interactions between the drops is

repulsive [28].

Fortunately current AFM and SFA measurements fall within this regime.

7.5 Discussion

The AFM and SFA experiments probe the behaviour involving deforming in-

terfaces on very different scales. For example the characteristic drop sizes are

of order micrometer in the AFM and millimeter in the SFA experiments. The

forces involved also differ by three orders of magnitude: nN for the AFM and

µN for the SFA. Also the interfacial tensions: oil/water and mercury/water,

differ by two orders of magnitude. However, the two types of experiments

are similar when viewed on an appropriate scale.

In both cases, the deformation of the interface on the macroscopic scale is

characterised by ∆X and there is a characteristic length associated with the

interaction force, F and the interfacial tension σ: G = F/2πσ. Dimensional
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analysis expects a functional relationship between the dimensionless ratio

(G/R) and the strain (∆X/R) that can also depend on the contact angle

θ. In Figure 7.4, it is evident where the AFM and SFA reside in this scaled

domain.

Formula

Experiment
increasing
Ca number

AFM

V = 2 µm/s

SFA

V = 24 µm/s

R
) 

 (
x 

10
  )3

(x 10  )3

Figure 7.4: Comparisons between AFM and SFA forces on the same scale. The

inset provides details due to variations in the capillary number, Ca.

The effects of varying the drive velocity, V in AFM force measurement

and the associated variations with the capillary number Ca = (µV/σ) are

demonstrated in Figure 7.5. We observe that the moderate deformations

formula (Eq. (25b)) is applicable at low velocities or Ca . 10−7, while

the full numerical solution is required to describe results at higher capillary

numbers.

Finally we demonstrate the effects of contact angle in SFA (one drop) and

AFM configurations (two drops, assuming identical contact angles) in Figure

7.6 in the limit of zero capillary number. With increasing contact angle, the

drop(s) become more compliant resulting in a lower scaled force for the same

scaled strain or deformation.

In this study we have demonstrated the utility of a model based on the

Stokes-Reynolds theory of thin film drainage and the Young Laplace equation

of drop deformation that can provide accurate descriptions of force measure-
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Figure 7.5: AFM results plotted on the dimensionless force-strain scale. (a) For

such experiments, unrealistically large drive velocities still correspond to small

capillary numbers, Ca. (b) Comparison with AFM experimental results at 1 mM

SDS. The large force results (Eq. (7.27b)) is applicable to low velocities or Ca .

10−7. The full numerical solution is required to describe results at higher capillary

numbers.
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Figure 7.6: Variations of the scaled force with scaled deformation for the AFM

(two drops, identical contact angles) and SFA (one drop) configurations at zero

capillary number.

ment and deformation studies based on the AFM and the SFA. A key element

of the model is that the constant volume constraint of interacting drops gives

rise to a new boundary condition for the set of partial differential equations.

Two simple analytic limits of this model have been derived. One is applicable

at large separations and small forces for which contributions of the disjoining

pressure can be neglected and the other is applicable at large force but at

low capillary numbers or drive velocities where a stable dynamic film forms

between the interacting interfaces. While the model is essentially a small

strain model, it has been demonstrated that it covers the practical range of

direct force measurement based on this family of apparatus. Fortunately, this

regime also covers the domain of interactions of interest in typical droplet

and emulsion interactions.
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Chapter 8

Conclusions and future work

A considerable amount of experiments involving interacting drops and bub-

bles in small scales have been performed in the past decade using precise

devices such as the Atomic Force Microscope and the Surface Force Appara-

tus. The goal of this thesis was to improve on the theoretical understanding

of how interfaces behave during interaction since the models available in

the literature were not able to properly describe the experiments we were

analysing. The most important theoretical contribution of this thesis is the

development of a new boundary condition at constant volume that properly

represents the experiments. With close collaboration with experimentalists

we were able to provide a better understanding of such interactions.

The developed model is applicable for most interactions involving de-

formable drops in the colloidal range in which relative low velocities, and

small deformations give rise to a thin film between the interfaces that can

be solved using Reynolds theory. The nonlinear system of partial differential

equations can be solved numerically in less than one minute in a desktop

computer using a standard Matlab package. And this fast running time al-

lowed us to perform extensive parameter sensitivities and understand what

are the important contributions to the problem. The numerical technique

and solver utilised proved to be adequate and there were no problems re-

garding solving the theory during this project. The techniques available are

accurate and fast enough to properly solve the systems of equations for in-

teractions between deformable interfaces. What needs to be improved is the

139
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understanding of the behaviour of real systems by developing better models

for situations that present more complications or new experimental features.

Previous models in the literature considered either constant force or con-

stant velocity interactions. The use of constant volume in this work is the

correct way to represent the physical problem since some systems can present

both characteristics as observed in some SFA experiments. Comparisons be-

tween our model and the constant velocity model from the literature show

that the second is not appropriate for a general situation we analysed, but

will only be applicable to solve for the whole drop with small contact an-

gle. With impressive agreement between theory and experiment we were

confident to use the model to make predictions on what would happen in a

situation that cannot be reached experimentally. Also the model can provide

more information than the experiment for a given situation, for example, the

AFM experiment only provides the force vs displacement curve while the

model provide separations, pressures, shear rates and other characteristics of

the system. For the drop-sphere case, the model recovers the interface of the

drop as a function of time since the sphere is not deforming.

For all the experimental data we analyzed we used the no-slip boundary

condition at the liquid-liquid interface. In the AFM experiment the no-slip

boundary condition is expected since surfactant was added to the system

which is known to immobilize the interface. In some of the experiments even

with low amounts of surfactant, much below the critical micelle concentra-

tion, the behaviour was the same and there was no need for introduction of

effects such as surfactant transport or Marangoni. On the other hand, the

mercury/electrolyte interface in the SFA experiment was expected to behave

like a slip interface since it was attempted to have a clean system and the vis-

cosity of the mercury is just about 1.5 times the viscosity of the electrolyte.

A few reasons were proposed for such behaviour including contamination or

electroviscous effects that can make the interface behave as immobile.

This work derived a nonlinear formula that relates force and displacement

for moderate forces. As a consequence, deformable drops cannot be treated

as Hookean springs as early literature have assumed. We also compared small

forces at large separations and observed that drops in the studied regimes
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behave mostly like solid spheres and differences are only noticeable when

deformation becomes important.

Lastly we present some interesting problems for future work in this area

that can be analyzed both theoretically and experimentally. Some of the

ideas are:

1. From experimental and theoretical observations, the rim of the inter-

faces of the drops approach when trying to pull them apart (see Fig-

ure 6.4) and retract initially when trying to push them together (see

Figure 6.1). This important process might have many applications

in coalescence and stability of emulsions and a possible project is to

quantify both theoretically and experimentally these effects.

2. We modelled and understood systems under well known driving con-

ditions. An interesting problem to model is two drops or drop-particle

interactions in a free system like in a real emulsion or suspension. In

this case the driving mechanisms can be gravity, thermal motion and

these features could be implemented using Newton’s law.

3. Coalescence of drops is a problem that is not yet completely under-

stood. In fact some of the ideas proposed in the literature like capillary

waves were never seen in the attractive systems we modelled. Further

research both experimental and theoretical is necessary to properly un-

derstand the coalescence process.

4. Study the effects of slip boundary condition and circulation inside the

drops under constant volume to see its effects and differences compared

to the no-slip boundary condition. Determine in which practical situa-

tions the physical interfaces would behave as slip boundary condition.

5. All experiments studied in this thesis used Newtonian materials, which

makes the modelling easier. Since many applications involve non-

Newtonian materials, it would be interesting to observe and quantify

the different behaviours these systems would present; the models have

to take into account such peculiarities.
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6. The experimental systems we studied were all axisymmetric which fa-

cilitates solving the equations. The development of models for non sym-

metric systems can be an interesting theoretical project even though it

presents complications.
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