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Zusammenfassung

Das Hauptziel dieser Arbeit ist die Entwicklung und Analyse effizienter numerischer
Methoden fiir grofte nichtlineare Parameterschitzprobleme. Solche Probleme haben eine
hohe Relevanz in vielen Bereichen der angewandten Mathematik, die versuchen das
zukiinftige Verhalten von Prozessen basierend auf grofen Datensétzen vorherzusagen
indem zunichst ein mathematisches Modell erstellt wird und dieses dann extrapoliert
wird. In dieser Arbeit interessieren wir uns fiir die Erstellung des mathematisches Mod-
ells. Dabei liegen die Schwierigkeiten in der Behandlung der Nichtlinearitdten und der
schieren Grofe der Datensédtze und Unbekannten. Ein gingiger Ansatz zur numerischen
Behandlung solcher Parameter-Schitzprobleme ist die Gauss-Newton-Methode, die darin
besteht eine Reihe von linearisierten Unterproblemen zu 16sen.

Ein Beitrag dieser Arbeit ist eine eingehende Analyse der Problemklasse auf Ba-
sis der kovarianten und kontravarianten k-Theorie. Basierend auf dieser Analyse ist
es moglich ein neues Abbruchkriterium fiir die iterativen Losungen der inneren lin-
earisierten Unterprobleme zu entwickeln. Die Auswertung zeigt, dass es ausreicht die
inneren Unterprobleme nur mit geringer Genauigkeit zu l6sen ohne dabei die Konver-
genzgeschwindigkeit der dufseren Iterationen signifikant zu senken. Des Weiteren wird
in dieser Arbeit gezeigt, dass das neue Abbruchkriterium ein quantitatives Mafs dafiir
ist, wie genau die Losung der Unterprobleme erfolgen muss um inexakte Gauss-Newton-
Folgen zu erzeugen, die gegen eine statistisch stabile Abschéitzung (deren Existenz wir
voraussetzen) konvergieren. Daher liefert dieser Ansatz eine neuartige inexakte Gauss-
Newton-Methode, die im Vergleich zu klassischen exakten Gauss-Newton-Methoden eine
geringere Zahl innerer Iterationen zur Berechnung des inexakten Gauss-Newton Schritts
bendtigt. Auf diese Weise erhalten wir grofe Recheneinsparungen verglichen mit der
klassischen exakten Gauss-Newton-Methode, die 100% innere Iterationen zur Berech-
nung des Gauss-Newton Schritts benotigt, was ungeheuer rechenintensiv ist, wenn die
Zahl der Parameter zu grof ist. Des Weiteren verallgemeinern wir die lokalen Ideen
dieses neuartige inexakten Gauss-Newton-Ansatzes und fithren eine geddmpfte inexakte
Gauss-Newton-Methode ein, indem wir die Backward Step Control for global Newton-
type theory von Potschka benutzen.

Die Validierung unseres neuen Ansatzes erfolgt anhand zweier Beispiele. Zunéchst
betrachten wir ein Parameteridentifikationsproblem einer nichtlinearen, elliptischen, par-
tiellen Differentialgleichung. Anschliessend untersuchen wir ein grokes Parameterschét-
zungsproblem aus dem Bereich der Bildverarbeitung. Beide Beispiele sind schlecht kon-
ditioniert, weshalb eine gilinstige Regularisierung angewandt wird. Mithilfe unsere nu-
merischen Experimente konnten wir bestétigen, dass, wie von unserer Theorie voausge-
sagt, der neueartige inexakte Gauss-Newton-Ansatz, die wenniger als 3% Zahl innerer
Iterationen zur Berechnung des inexakten Gauss-Newton-Schritts benotigen um gegen
eine statistisch stabile Abschitzung konvergieren.



Abstract

The principal goal of this thesis is the development and analysis of efficient numerical
methods for large-scale nonlinear parameter estimation problems. These problems are of
high relevance in all sciences that predict the future using big data sets of the past by
fitting and then extrapolating a mathematical model. This thesis is concerned with the
fitting part. The challenges lie in the treatment of the nonlinearities and the sheer size of
the data and the unknowns. The state-of-the-art for the numerical solution of parameter
estimation problems is the Gauss-Newton method, which solves a sequence of linearized
subproblems.

One of the contributions of this thesis is a thorough analysis of the problem class on
the basis of covariant and contravariant k-theory. Based on this analysis, it is possible
to devise a new stopping criterion for the iterative solution of the inner linearized sub-
problems. The analysis reveals that the inner subproblems can be solved with only low
accuracy without impeding the speed of convergence of the outer iteration dramatically.
In addition, I prove that this new stopping criterion is a quantitative measure of how
accurate the solution of the subproblems needs to be in order to produce inexact Gauss-
Newton sequences that converge to a statistically stable estimate provided that at least
one exists. Thus, this new local approach results to be an inexact Gauss-Newton method
that requires far less inner iterations for computing the inexact Gauss-Newton step than
the classical exact Gauss-Newton method based on factorization algorithm for computing
the Gauss-Newton step that requires to perform 100% of the inner iterations, which is
computationally prohibitively expensive when the number of parameters to be estimated
is large. Furthermore, we generalize the local ideas of this local inexact Gauss-Newton
approach, and introduce a damped inexact Gauss-Newton method using the Backward
Step Control for global Newton-type theory of Potschka.

We evaluate the efficiency of our new approach using two examples. The first one
is a parameter identification of a nonlinear elliptical partial differential equation, and
the second one is a real world parameter estimation on a large-scale bundle adjustment
problem. Both of those examples are ill conditioned. Thus, a convenient regularization
in each one is considered. Our experimental results show that this new inexact Gauss-
Newton approach requires less than 3% of the inner iterations for computing the inexact
Gauss-Newton step in order to converge to a statistically stable estimate.
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Introduction

A large variety of natural, industrial, social and economical phenomena can be modeled
by systems of partial differential equations (PDEs) where the solution describes the dy-
namic of such a phenomena. Most of the time the solution cannot be given explicitly and
must be estimated from a finite number of indirect measurements. Thus, a discrete solu-
tion of such as PDEs that depends on a finite number of unknown parameters is proposed
and an estimation process is implemented. If the discrepancy between the measurements
and the discrete solution with real parameters is an aleatory variable, which is indepen-
dent and normally distributed with expected value zero and variance-covariance matrix
known, then we can obtain a plausible estimation of the real parameters through the solu-
tion of a large-scale nonlinear least squares problem [7], which is typically ill conditioned.
Nevertheless, if a particular regularization for this optimization problems is available, we
can reformulate it and obtain a well conditioned problem but large-scale nonlinear least
squares problem. On the other hand, the estimation of discrete parameters can also yield
a large-scale nonlinear least squares problems, as example we can consider the parameter
estimation of large-scale bundle adjustment problems, whose may be ill conditioned. In
this thesis, we focus on the treatment of the nonlinearities and the sheer size of mea-
surement and unknown parameters. The state-of-the-art for numerically solving such as
large-scale parameter estimation problems is the Gauss-Newton (GN) method, which is
a variant of the Newton method for finding roots of a nonlinear equation in where sec-
ond order derivative information is not taken into account. The GN method determines
an estimation by solving a sequence of linearized subproblems whose solutions define
the Gauss-Newton step. The principal drawback of such a GN approach is the com-
putation at every iterate of the GN step, which may be computationally prohibitively
expensive especially for large scale problems. Thus, inner iterative methods that de-
termine an approximation of such GN step must be considered for ensuring numerical
efficiency, which define different variations of the Gauss-Newton method known as the
inexact Gauss-Newton (IGN) methods. In order to develop efficient IGN methods for
large-scale nonlinear least squares problems, we require three ingredients.

(1) A cheap inner iterative method for approximately solving the linearized subprob-
lems.

(71) An early inner termination rule that only depends on cheaply available information,
and that

(731) the IGN sequence, which IGN step is generated using (i) and (ii), converges locally
and linearly to a statistically stable solution.

An important question is: (Q1) What level of accuracy is required in approximately solv-
ing the linearized subproblems to preserve the local convergence of GN method?. The
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answer is intimately related with the development of an inner termination rule that only
depends on cheaply available information. Because an IGN sequence can also be consid-
ered as an inexact Newton (IN) sequence, we can reformulate the above question: (Q2)
What level of accuracy is required in approximately solving the linearized subproblems
to preserve locally rapid convergence of Newton method?. The k-theory is dedicated
to give answer to (Q2) question through the control of the discrepancies generated be-
tween the IN method and the Newton method. It classify the answer in two different
approach: Covariant xk-Theorems that ensures locally rapid convergence of IN sequence,
or contravariant x-Theorems that ensure locally rapid convergence of the IN residual se-
quences. Thus, within the s-theory the most popular measures of such discrepancies are
given by: covariant error matrix, covariant inner residual relative error, contravariant
error matrix, and contravariant inner residual relative error. Many authors presented
Theorems that control one of the above errors and ensure local convergence of IN se-
quence for covariant approaches and IN residual sequence for contravariant approaches.
Relevant examples are the following k-Theorems:

o Ostrowski [64, Section 10.2.1] controlled how large must be the spectral radius of
the contravariant error matrix or the spectral radius of the covariant error matrix,
and concludes local convergence of the IN sequence with root factor of convergence.

e Dennis [24] Theorem 1] controlled how large must be the contravariant error matrix
with [|y||-norm, and concludes local and linear convergence of the IN sequence.

e Dembo, Stanley, Eisenstat, and Steihaug [22] controlled how large must be the
contravariant inner residual relative error with ||y||-norm, and conclude local and
linear convergence of the IN sequence with a particular ||y||.-norm instead of ||y||-
norm.

e Bock [10] controlled how large must be the covariant inner residual relative error,
and concludes local and linear convergence of the GN sequence to a statistically
stable solution.

Furthermore, Céatinag [16] studied what magnitudes can be allowed in perturbing the
Newton matrix so that the convergence order of the resulting method does not de-
crease. Gratton, Lawless, and Nichols [40] introduced a deep analysis of truncated
and perturbed GN methods. Deuflhard [27] studied how theoretical results from r-
Theorems can be exploited for the construction of adaptative algorithms. Hohmann
[42] provided a computationally available stopping criterion that depends on a cer-
tain forcing sequence based on the calculation of sharpened contravariant quantities,
and guarantees local and linear convergence. For a deeper study of x-Theorems see
e.g..[64) 27, 22| 24] (70, 40}, 16, B39], 31 67 18] [42].

The idea of inexact Gauss-Newton methods that satisfy (i), (¢7), and (i4i) is con-
ceptually simple, but it is also surprisingly hard to propose a numerical method, which
satisfies all those requirement. The principal problems are implementation, numerical
efficiency, and statistically stable solutions.

Implementation. The issue in this part is the gap between the k-theory results
and practical implementations. Covariant k-conditions deliver computationally unavail-
able termination rules, and the contravariant Theorem of Dembo, Stanley, Eisenstat, and



Steihaug [22] delivers a computationally available termination rule that control how large
the contravariant inner residual relative error must be in order to conclude linearly and
locally convergent with a particular ||y||«-norm of the inexact Newton sequence, which
represents the principal drawback of this k-condition since in such IGN methods sec-
ond order derivative information is not available. Thus, if we want to provide an inner
termination rule that satisfies (i) based on a contravariant s-condition, we must pro-
pose an affine contravariant xk-Theorem for our IGN method that controls how large the
contravariant inner residual error with respect to the GN method must be in order to
guarantee local convergence of IGN sequences.

Numerical efficiency of an IGN method depends on the numerical effort for the
calculation of the IGN step at every iteration and the linear convergence factor of our
IGN sequence. Thus, we must provide an inner termination criterion that is satisfied,
as early as possible. In order words, we must ensure that the number of inner iterations
necessary for computing IGN step using a certain numerical linear algebra for solving
approximately the linearized problems is "small". An important question at this point
is: How does the inaccuracy of an IGN method with respect to the GN method influence
locally the convergence factor of IGN sequence.

Statistically stable solutions. We say that an estimation is statistically stable
under statistical perturbations in the measurement data if it can be considered as a con-
tinuous deformation of the true parameter. Using a combination of the above k-Theorems
for determining an inner termination rule that satisfies (ii), we are interested in provid-
ing an IGN method, whose estimation is statistically stable. Nevertheless, within the
k-theory, we can conclude that IN sequence converges locally to an estimation or that
IN residual sequences converges locally to zero, but we cannot conclude that such an
estimation is statistically stable, in this scenario the k-theory is not too wide. Bock
[10] provides a local covariant x-Theorem for GN method known as the local contrac-
tion Theorem, which ensures that the GN method converges linearly and locally to a
statistically stable estimation, but as we said before covariant Theorems do not deliver
computationally available termination rules for IGN methods.

The challenge in this thesis is that from covariant Theorems that guarantees locally
rapid convergence of IGN sequence, we cannot obtain an available termination rule suit-
able for (i7), and (i73). On the other hand, there is a contravarinat Theorem that provides
an available termination rule for inexact Newton methods, but not for IGN methods
since here the second order derivative information is not available. Furthermore, not all
k-Theorem provides statistically stable solutions.

Contributions of the thesis

Assuming that the contravariant error matrix with ||y||-norm introduced by the GN
method is bounded by a kgn-constant less than one, we present a new IGN method that
computes the IGN step using the LSQR [65] or the LSMR [33] Krylov subspace method
as numerical linear algebra method for solving the inner linearized subproblems with
an new early inner termination criterion that depends on cheaply available information,
which implies that the contravariant inner residual relative error with respect to the
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Newton method is bounded by a x-constant less than one. Furthermore,

e The IGN step is computed using less inner iteration than the necessary for satisfying

the standard termination rule of LSQR and LSMR based on the backward error
provided by Stewart [78]. Indeed, we prove that the inner linearized subproblems
can be solved with only low accuracy without impeding the speed of convergence
of the outer iteration dramatically.

We prove that there is a [|y||s-norm such that if the contravariant error matrix
with ||y||-norm is bounded by a k-constant less than one, then the covariant error
matrix with ||y||s-norm is bounded by a constant less than one. Reciprocally, there
is a norm ||y||x such that if the covariant error matrix with ||y||-norm is bounded
by a constant less than one, then the contravariant error matrix with ||y||s-norm is
bounded by a constant less than one. Thus, we conclude: This new IGN method,
which assumes that the contravariant error matrix with ||y|-norm introduced by
the GN method is bounded by kgn less than one, implies that the covariant error
matrix with |ly|/<-norm introduced by the GN method is bounded by a constant
less than one. This result says that our first hypothesis is essentially a covariant
hypothesis with ||y||.-norm. Moreover, this result can also be extended to our new
stopping criterion since we prove that controlling the discrepancies between this
IGN approach and the GN method, we can also conclude that our inner termination
rule implies that the covariant inner realtive error introduced by our IGN method
with norm |[|y||«-norm is also bounded by a constant less than one. Both results
allow to say that our IGN approach is essentially a covariant approach with ||y||.-
norm.

The results in the above item allow to conclude that the hypotheses with [|y||.-norm
of the local contraction Theorem presented by Bock [10] for this IGN approach
are valid. Therefore, it is possible to guarantee locally rapid convergences with
ly||«-norm of our IGN sequences. Moreover, we propose a k-Theorem for our IGN
approach that explains how the inaccuracy of this IGN approach with respect to the
GN method influences locally and linearly the convergence factor with ||y||«-norm
of the IGN sequence.

We prove that this new IGN approach provides local statistically stable estimation
provided that at least one exists.

Because an efficient IGN method must deal with initial guesses that are not neces-
sarily close to a local solution, we generalize the local ideas of this IGN approach,
and introduce a damped IGN method using the Backward Step Control for Global
Newton-type theory of Potschka [70], which ensures the existence of an inexact
Gauss-Newton path z(¢) that connects a particular initial guess with some solu-
tion of our large scale nonlinear least squares problem and along it, the residual
level function decreases exponentially. Furthermore, using a backward analysis
argument based on following the above path z(t), we provide a class of damped
inexact Gauss-Newton sequences that converge to a particular local solution of our
large-scale nonlinear least squares problem.

We evaluate the efficiency of our new approach using two examples. The first one
is a parameter identification of a nonlinear elliptic partial differential equation,



and the second one is a real world parameter estimation on a large-scale bundle
adjustment problem. Both of those problems represent a challenge. The first one is
a particular inverse problem where the parameter is in an infinite dimensional space,
therefore a discrete form of the problem is considered using finite element methods,
in this setting, we obtain a finite dimensional nonlinear least squares problem where
only a finite number of unknown parameters can be estimated. In order to avoid ill
posedness in our inverse problem, we focus on the regularization appoach proposed
by Jun Zou [84], which provides at least a theoretical well posed problem such
that its finite dimensional nonlinear reformulation is well conditioned. Our results
show that our IGN approach requires just less than 3% of the inner iterations
for computing the IGN step at every outer iteration, in spite of we work with a
discretization that generated 1032 parameters to be estimated and the exact GN
step at every outer iteration requires 1032 (100%) inner iterations to be computed.
Furthermore, the estimation obtained is statistically stable. The challenge in the
second example is that the Jacobian Jy(xy) is rank deficient at every outer iteration,
and this problem is a large scale nonlinear least squares problem. We work with
one experiment where 485013 parameters must be estimated, and obtain the IGN
step at every outer iteration with just less than 1% of the inner iterations, which
represent an enormous computational saves in comparison with the GN method
based on factorization algorithm that requires to perform 485013 (100%) inner
iterations in order to compute the GN step at every outer iteration.

Thesis overview

This thesis is organized as follows: Chapter [I] contains the parameter estimation for-
mulation problem, as well as, the definition of Newton, GN, IGN, IN, and Newton-type
method for numerically solving such a problem. We define the most popular errors that
measure the discrepancy between GN and IGN method, and the discrepancy between
IGN and Newton method, and set down the relation between the above different methods.

Chapter [2 presents the most popular numerical linear algebra for solving linear least
squares problems: LSQR [65] or the LSMR [33], and introduces the new termination
criterion that defines our IGN approach. We finalize this Chapter with the most relevant
properties derived from this new IGN estrategy.

In Chapter [3] we prove that our IGN approach is essentially a covariant startegy with
ly||«-norm, and we discuss briefly when our IGN approach implies that the hypotheses
with [|y||«-norm of the local contraction Theorem introduced by Bock [10] for our IGN
approach are satisfied.

In Chapter [d we prove that our IGN method guarantees statistically stable solutions
provided that at least one exists.

In Chapter [5| we present an analysis based on the classical globalization strategies
based on the popular Residual Monotonicity Test and on the Natural Monotonicity Test
that reveals the principal drawbacks of globalization strategies based on a particular
merit function. Rather, we focus on globalization strategies that follow the affine covari-
ant Newton path z(t). Thus, we survey two globalization strategies based on following
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such a path z(t), one of them was introduced by Bock, Kostina, and Schléder [12] and is
known as the Restrictive Monotonicity Test (RMT), and the other one was introduced
by Potschka [70] and is known as the Backward Step Control (BSC) method, which pro-
vides, under reasonable assumptions, a global convergence Theorem from the basis of a
backward step argument.

In Chapter [6] we introduce our damped IGN method based on BSC theory.

Finally, we evaluate the efficiency of our new IGN approach in Chapter [7] using two
examples. The first example is a parameter identification of a nonlinear elliptical partial
differential equation, and the second example is parameter estimation on a large-scale
bundle adjustment problem.



Chapter 1

Preliminaries

1.1 Parameter Estimation Formulation Problem

The parameter estimation of a mathematical model is the process of finding a parameter
which makes that our mathematical model reproduces, as close as possible, a collection
of observed data. Let D C R" be a nonempty open set, h : D C R™ — R™ be a twice
continuously differentiable function representing such a mathematical model with n < m,
and let us consider a series of observed data points

n €R, ie{l,---,m},

which are obtained during the experimental phase. We define the measurement error
e € R™ introduced by the observations as the deviation of the model in the true but
unknown parameter T and the observational data, i.e., the entry ¢ of € is defined by

€ =1 — hi(Tirue)-

Let us assume that the Jacobian Jp(Ztrye) of h(z) at zgye is full rank, that the model
is structurally correct and the measurement error € = (€1, -+ , €,,) is a random variable
such as

e ¢; and ¢; are pairwise independent if ¢ # j,
e ¢; is normally distributed for all j, with

e mean value zero, which means that the expectation value of the observational data
is equal to the model responses.

e The variance-covariance matrix is known and equal to the diagonal matrix

Y = diag(o1,09, - ,0m).

Let L(z) be the correspondent Likelihood function of the parameter z, i.e.,

m

L(z) := P(dz) = [ Pei).

=1
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where P; is the probability density function of our normally distributed variable ¢;. It is
well known (see Bard [7]) that the maximum likelihood function estimator can also be
obtained solving the following nonlinear least squares problem:

1 )
arg min | f(2)[l2 (L.1)

where f(z) € m, and its entry i is fi(z) = %;(m) Let us define the residual level
) =

function T'(z) = 3|/ f()3, and let us consider the following nonlinear equation

VT(z) =0.
We say that =, € D is a stationary point of (1.1)) if =, is a root of the above equation.

The practical way to find a local solutions of (1.1)) is given by the first-order necessary
condition Theorem and second-order sufficient Theorem.

Theorem 1.1 (Fisrt-Order Necessary Condition). If T' is a continuously differentiable
Junction, and x. € D is a local minimizer of (1.1), then x. is a stationary point of (1.1)).

Proof. Nocedal and Wright[63, Chapter 2].
[

Theorem 1.2 (Second-Order Necessary Condition). If T is a twice continuously differ-
entiable function, x. € D is a local minimizer of (L.1), then . is a stationary point of

[1.1) and V2T (z.) is positive semidefinite.
Proof. Nocedal and Wright[63, Chapter 2].

Let J¢(x) € R™*" be the Jacobian matrix of f, i.e.,
[ Vii(z)" ]

V fo(z)T
Th() = fa(z)

L VS m ()"
The first-order necessary condition Theorem establishes that in order to obtain a local
solution of (1.1)), we need to solve first of all the nonlinear equation,

F(x) := Z fi@)V fi(x) = Jf (2) f(x) = 0. (1.2)

Nevertheless, not all the solutions of (| are also local solution of (1.1)). The following
second-order sufficient condition Theorem gives us the sufficient conditions to know when
a stationary point become a local minimizer.

Theorem 1.3 (Second-Order Sufficient Condition). If T' is a twice continuously differ-
entiable function, x. € D is a stationary point of (1.1)), and the Hessian V*T(x.) is
positive definite, then we can guarantee that x, € D is a strict local minimizer of (1.1)).
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Proof. Nocedal and Wright[63, Chapter 2].

|
In our case, we can rewrite the Hessian as,
VT(z) = YL VAE@Vfi()" + X0, filz) V2 fi(x)
= Jp(@)Jp(x) + X0 filx) VP fi(x).
Defining
Qc(z) =Y _ filx)V2fi(x), (1.3)
i=1

we obtain

Jp(x) = V*T(z) = Jf(:c)TJf(ac) + Q). (1.4)

Remark 1.4. Let us consider a positive constant k < 1. By definition, we know that

filw) = =20 i)

and  €; =1 — hi(Tirye)-
oy

Thus, Jf(x) = — (] T (@) and because Jy(Liue) is full rank, we obtain that for € =0

Qo(mtrue)[J}j(xtrue)Jf(xtrue)]il =0,

and from the continuity properties, it follows that there is an v, > 0 such that
V.= {CL’ eD ‘ J(x) is full rank and HQe(m) [Jf(x)TJf(x)]le < /{}

is not empty for all € € B(0,r,).

Let us assume that there is a stationary point . € V C D of . Using Theorem
it is possible to conclude that . is also a local minimizer of if V2T (z,) is
positive definite. Note that the matrix V2T (z,) is the sum of the positive definite matrix
Jt ()T J¢(x,), and the symmetric matrix Qc(z«). A natural question is: What property
must Q.(r) satisfy in order to conclude that V*T'(x.) is positive definite?. The answer
is given by the following Proposition, which requires a preparation Lemma given below.

Lemma 1.5. Let M and N be two n X n symmetric matrices. If M and MN + NM
are positive definite, then N s also positive definite.

Proof. Note that N is invertible. In fact, let us fix z € Kern (N), then Nx = 0.
Because M N + N M is positive definite, we obtain x = 0. Otherwise, we conclude that
x # 0 and 27 [MN + NM]z = 0, which is not possible since MN + NM is positive
definite.

In the following lines, we prove that N is positive definite. Let A € R — {0} be
a eigenvalue of IV, then there is an unitary vector v such that Nv = Av. From our
hypothesis, it follows
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0 < v [MN + NM]v =2X [v" Mv],

since M is positive definite, we obtain 0 < A, which said that all the eigenvalues of N
are positive, i.e., N is positive definite.

Proposition 1.6. Given a stationary point . € D of (L.1)), let us assume that J¢(x) is
full rank in o neighborhood V, C D of x.. If one of the following matrices

[J1(2) T3 (@)] 7 Qelz) = [Jp(2)TJf(x)] " V2T (x) — I

or

Qc() [Jp ()T Jp(x)] " = V2T () [Jp(2) Tp(z)] " =1

has Euclidean norm or spectral radius less than one in Vi, then V2T (x) is positive definite

forall x € V,.
Proof. From , we have
V2T (x) = Jp(2)T Tp(2) + Qe(z),
therefore,

V2T () [Jp(2) T p(2)] " = T + Qela) [Jp(2) " Tp(x)] (1.5a)

[T5 ()" Tp ()] T V2T () = T+ [Tp(2)T T ()] Qela). (1.5b)

Let us define M = [Jf(a;)TJf(a:)]_l and N = V27T (x). Adding (T.5a) and (1.5b)), we
obtain,

MN + NM =21 + [J;(2)"T5(2)] " Qe(@) + Qel() [Jp(2) Tp(z)] .

Statement: M N + NM is a symmetric and positive definite matrix. MN + NM is a
symmetric matrix because M and N are symmetric matrices. Let us assume that

p (7@ Tp(@)] " Qu(@)) = p (Qulw) [J(@) T Tp(@)] ) <1 (1.6)

where p (M) denotes the spectral radius of the matrix M. Let A be an eigenvalue of
MN + N M, then there is a nonzero vector u such that

2u+ [Jp(2)T T ()] 7 Qel@)u+ Qc(w) [Jp(2) Tp(z)] ™ w = M,

or equivalently,
7@ T (@)] " Q@) + Qelw) [1 (@) (@) u= (A = 2)u.

From (1.6) it follows that |(A — 2)| < 2, which implies that 0 < A\ < 4. We prove that
all the eigenvalues of M N + N M are positive, therefore M N + N M is positive definite.
Applying the Lemma it follows that N = V2T(x) is a positive definite matrix for all
x € V.
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Remark 1.7. The Pmposition says that if . is a stationary point of (L.1), Jr(zy)
18 full rank, and

| r@) @] Q)

<1, or || [Jr(@) T pw)] | < 1,

then V2T (z,) = Jp(xs) is positive definite. Therefore, we conclude directly from Theorem
that x, is also a strict local solution of (1.1)).

We finalize this section introducing a definition that classifies the convergence factor
of a convergent sequence (y).

Definition 1.8 (Convergence factor). Let us consider a sequence (yx) in R™ that con-
verges to y.. We said that,

1. (yg) converges with superlinear convergence factor if

e+t — vl

lim =0,

k—o0 Hyk - y*H

2. (yr) converges with order p € [1,00) and with quotient convergence factor k if

K := lim supi”ykJrl — Ul
k—too ||Yk — YslP

exists. In particular, when p = 1 (p = 2) we say that the convergence is linear
(quadratic).

3. (yr) converges with root convergence factor p if

. 1
p = limsup||yr — y«||
k—+oc0

exists.
4. (yx) converges with weak order p € [1,00) and rool convergence factor p if
1
. nk
p = limsup|lyx — ys[|P

k—+o0

exists.

From this definition it follows that the convergence factor depends on the norm in 1.,
2.; and does not in 5..
1.2 Newton Method for Nonlinear Equations
In this section, we focus on numerically solving the nonlinear equation (1.2)), i.e.,
F(z) = Jf (z) f(x) = 0,

with Jacobian
Jp(x) = VPT(2) = J;()"Jp() + Qulw).
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Since h is a twice continuously differentiable function then Jp(z) is continuously differ-
entiable function. Let us assume that Jp(z) is invertible, the most relevant approach
for numerically solving nonlinear equation problems is the Newton method. In our case,
the Newton method solves starting from an initial guess xg € D, and consequently,
form a linear model function Mp(x) of F'(x) by taking the first two terms of its Taylor se-
ries approximation around the current iterate x;. Using this linear model, we iteratively
compute a sequence (z) according to

In other words, this method approaches to the solution of (1.2)) by solving a sequence of
linear equation subproblems. We present its algorithm in Algorithm [I.1]

Algorithm 1.1 Newton’s Algorithm for Nonlinear Equations

Step 0:  Choose the initial guess zg close to a local solution x, of (1.2).
Step 1: Repeat until convergence:
Step 1.1:  Solve Mp(zy + Axg) =0,
ie., Jp(zp)Awg = —Jf (x1) f ().
Step 1.2:  Set xpy1 = x + Axy.

The classical Theorems describing the convergence properties of the Newton sequence
(), as well as, the uniqueness of a local solution x, of are the Newton-Kantorovich
Theorem [58] and the Newton-Mysovskikh Theorem [60], but the above Theorem is more
attractive for the convergence analysis because it does not require the existence of such
a local solution z..

Assuming that

(i) the Jacobian matrix Jp(z) is a Lipschitz function in D, with Lipschitz constant
VF,

(i7) there is a positive constant Bp, such that, || [Jp(x)] ™" || < BF for all 2 € D, and
i11) xg € B~, where
(i) vr

By, ={x € D| Bryr|Axo| < 2},

Newton and Mysovskikh [60] proved that the Newton sequence (x) converges to a root
zv € D of with quadratic convergence rate. Thus, B,, define a neighborhood
of z, € D where quadratic convergence of the Newton method is guaranteed. Let us
consider the following class of problems

AF(z) = 0 where A is a invertible matrix. (1.7)

Therefore, giving an initial guess xo € D, we obtain that the Newton sequences (x) of
the class of problems (1.7)) is calculated by,

T4l = Tk + A:L‘k, with AJF(xk)Al‘k = —AF(xk),
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or Jp(zk) Az, = —F(xy), which means that our Newton sequence (zy) is invariant under
transformations on the images space of F'(z), but B ,,. is not invariant since the Lipschitz
constant yap of AF(z) in (i) and Bar in (ii) depend on A. We focus, at this point, on
convergence Theorems of Newton method that provide a neighborhood N, of z, € D
such that

e N, is invariant under transformations on the images space of F, if our Newton
sequence (zy) is invariant under transformations on the images space of F', and

e if g € N,, then the quadratic convergence of Newton sequence (zj) with initial
guess xg is guaranteed.

Thus, the Newton-Mysovskikh Theorem is not adecuate for our interest. Deuflhard
[27] presented variations of Newton-Mysovskikh Theorem by restricting the convergence
analysis of our Newton sequence (zy) to affine invariance convergence Theorems.

1.3 Affine Invariance

In this section, we consider the problem

G(y) = AF(By) =0, = By (1.8)

with nonsingular matrices A and B, and we are interested in the study of affine invariance
convergence properties of Newton’s method. We observe that the Newton sequence (yy)
with initial guess yo = B~ 'z satisfies,

Yk+1 = Yr + Ay, forallk eN,

where

Jo(yp) Ay = —G(yx) and Jg(yr) = AJr(Byy)B.

Note that the Newton sequence (xj) of (1.2) and the above new Newton sequence
(yr) are related through

xr = By, forall k€ N. (1.9)

From here, it is the clear that the sequences (x;) and (yx) are invariant under trans-
formations on the image spaces of F', an invariance property defined by Deuflhard [27]
as affine covariance, and they are related through under transformations on the
domain D, an invariance property defined by Deuflhard [27] as affine contravariance.

In order to provide affine invariance convergence Theorems of Newton method, we
need to guarantee that our convergence Theorems provide results that inherit such as
affine invariance properties.

1.3.1 Affine Covariance
Here, we keep B = I fixed in (1.8)), i.e., we consider the class of problems,

G(y) =AF(z)=0

generated by the class GL(n) of nonsingular matrices A. The above class of problems has
the same roots and generate the same Newton sequences. The last ingredient necessary
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for building an affine covariant Newton method theory is reduced to present a Theo-
rem, which results are invariant under transformation on the images spaces. Deuflhard
[27] presented a variant of the Newton-Mysovskikh Theorem, which is invariant under
transformations on the images spaces.

Theorem 1.9 (Affine covariant Newton-Mysovskikh). Let us assume that D is convez,

(i) There is some w > 0 such that Jp(x) satisfies the covariant Lipschitz condition
(=)™ e + 4y — 2) — Je(@)] (v — )| < twlly — ] for all 2,2 € D,
and t € [0,1].
(ii) Given some o < 2, the initial guess xy satisfies

xo € Vy = {x € D’ wH[JF(x)]_lF(a:)H <a< 2}, and

B Axg
B(zo,p) C D where p:= — [l‘JHAx’(‘)H] /2

Then, the Newton sequence (xr) stays in B(xo, p), and converges quadratically to a root

xz« € D of (1.2)) in the sense that
1 2
k1 = 2l < Gwllzk — zp-1 1%

Furthermore, the estimate xy, of x. satisfies

2k — 21

|2k — 2l < :
1-— 5(.0”33;9 —zp_1]|

Proof. Deuflhard [27].

1.3.2 Affine Contravariance

This setting is dual to the preceding one. Here, we keep A = I fixed in (1.8), i.e., we
consider the class of problems,

G(y) = F(By) =0, where B € GL(n) and z = By.

In this case, we have that x, is a root of (L.2), iff y, is a root of G(y) = F(By) = 0 where
xx = By,. The residual Newton sequence (F'(x)) and the residual Newton sequence
(F(Byg)) generated by the above class of problems coincide. In order to present a
contravariant affine Newton method theory, we need to provide a residual convergence
Theorem, which is invariant under transformations on the domain spaces. Deuflhard
[27] presents a variant of the Newton-Mysovskikh Theorem, which is invariant under
transformations on the domain spaces.
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Theorem 1.10 (Affine contravariant Newton-Mysovskikh). Let us assume that D is con-
vez. If there is a constant w > 0 such that Jp(x) satisfies the contravariant Lipschitz
condition

1[7r(y) = Tr(2)] (y — 2)|| < wllJr(@)(y - 2)I,
for all x,y € D; and the initial guess xog € L, where

9 _
L, := {x eD||F(x)] < w} with L, C D,
then the Newton sequence (xy) stays in Ly, and the residual sequence (F(xy)) converges
quadratically to zero.
Proof. Deuflhard [27].
]

Remark 1.11. In the above Theorem, we can show that there is at least a subsequence
(wk,) of (zx) that converge to x. € Ly, such that F(x,) = 0. Unfortunately, neither can
we ensure that (zy) converges, nor can we determine the convergence rate of such an
subsequence.

1.4 Gauss-Newton Method

The Gauss-Newton Method is the most popular approach for numerically solving nonlin-
ear least squares problems, in our case the problem . GN is a variant of the Newton
method in which we are not taking into account the second order derivative information.
The process of generating a Gauss-Newton sequence starts with an initial guess xg € D,
and consequently form a linear model function My(x) of f(x) by taking the first two
terms of its Taylor approximation around of the current iterate xp. Using this linear
model, we construct iteratively a sequence (xj) according to,

Ti+1 = T + Azy,
where

1
Axy, := arg min §|]Mf(xk +Ax)|3 with My(zg + Azy) := Jp(z) Axg + fag). (1.10)

If J¢(z) is full rank for all k, then the Gauss-Newton step Az, is given by the Moore-
Penrose pseudoinverse of the function f(x) at xg, i.e.,

Azy = — [TF (@) Tp ()] TF (1) f ().

Thus, the GN method approaches to a local solution x, of (1.1)) by solving a sequence of
linear least squares problems. The following Theorem provides sufficient conditions that
guaranty convergence of the GN method.

Theorem 1.12 (Spectral Radius). Let us assume that for our function f defined in (1.1)
the following are valid,

1
(O1) z« € D is a stationary point of T'(z) = §\|f(a:)H§
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O2) The Jacobian J¢(x) of f has full rank in a neighborhood of ..
f

-1
(O3) The spectral radius (SR) of the matriz [J;;F(x*)Jf(m*)} Qc(zy) is less than one,

i.e.,

po=p (77 @) Tp(@)] " Qele) <1 (1.11)
where Jp(r) = V2T (x) = Jf(z)Jf(x) + Qc(z) with Qc(x) defined in (1.3).

Then, there is a particular neighborhood Vsp C D of x, such that for all xqg € Vgg the
correspondent Gauss-Newton sequence (xy) converges to a local solution x, of (1.2)) with
root coefficient factor p.

Proof. Orthega and Rheinboldt [64, Section 10.2].
|

Indeed, the SR Theorem tells more than the GN sequence converges to a stationary
point x, of (1.1). Tt conclude also that V2T (z,) is positive define, which implies that z,
is also a local solution of (L.1)).

Corollary 1.13. Let (O1), (O2) and (O3) in Theorem[I.13 hold. Then
VQT(l‘*) = [J?(x*)Jf(x*)] + Qc(y)

1s positive definite. Furthermore, there is a particular neighborhood Vsgp C D of x, such
that for all xy € Vgg the correspondent Gauss-Newton sequence (xy) converges to a local

solution x. of (L1.1) with root coefficient factor p...
Proof. Proposition [I.6] and Theorem [I.12]
|

Remark 1.14. Giving a positive constant k < 1, let us assume that there is a stationary

point x. € D of (L.1) such that Jy(x.) is full rank and

HQe(x*> [Jf(x*)Jf(x*)]_l“ < K.
Let us define
V= {o € D]iyte) i futt rnk and Q) LF @250 < <1}, a2

from remark , it follows that V,; and its interior are nonempty set. Thus, starting
from xo € Vi, such that ||F(xo)|| is sufficient close to zero, we obtain that the GN method
generates sequences (xy) that are well defined. In the following Theorem we explain with
more detail how to choose such an initial guess xg.

Theorem 1.15. Let us assume that
e D is convex.

e (01) and (O2) are valid.
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o (liven a positive constant k < 1, z, € D satisfies
—1
HQG@*) [TF (@) T ()] H <K<l

e The closure of Vi, defined in (1.12) is compact and subset of D.

If we define X
L= {x € Vi |wl| [TF (@) Js(2)] " Fla)] <201 — ,@)} (1.13)

where w is the Lipschitz constant of Jp(z) in Vi, then the Gauss-Newton sequence (zy)
starting from xg € L converges linearly to x, with convergence factor less than k.

Proof. We omit the proof of this Theorem because it is a particular case of Theorem
9.2

Remark 1.16. In the above Theorem, there is a point that is not clear: Is Theorem
[1.15 a covariant or a contravariant Theorem?. The set Vi is a contravariant set but L
is neither covariant nor contravariant. We answer this question in Chapter [3 in where
we prove that there is a norm ||y||« and a neighborhood Vg of x. such that

Vs = {:U eD ‘Jf(x) is full rank and H [JfT(x)Jf(a:)]il Qc(7)

<k+d< 1} C Vian
*
where Vy is covariant with ||y||«-norm and the above Theorem is also valid for all

2o € Ls 1= {x € Vs )w H [T (2)J(x)] " F(a)

§2(1—f@)}C£.

*

Thus, we can also say that the Theorem is covariant with respect to ||yl|«-norm.
Relation between the Gauss-Newton and the Newton Method

Unlike the Gauss-Newton method, the Newton method attacks the solution of ([1.2])
by solving a sequence of linear equation problems

Mp(2y +Az) = 0 where Mp(zp +Az) := [J] (a))Jp(xp ) + Qc(ay))] Ax+J] (x)) f(2r),

i.e., Mp(zd + Az) is an linear approximation of F(z) = JfT(x)f(x) at the iterate zl.
Let us define a new linear approximation M (¢ + 0z) of F(x) = Jf(:z:)f(x) around
kaN by dropping the term Qg(a:kGN) in Mp(a:gN +0x), i.e.,

My(zfN + 6x) := Jf (M) T p (@™ )6 + TF (@) f (2 M). (1.14)

Therefore, we determine a new sequence (xk,GN ), which is defined by asgivl = xEN + 5kaN
with Mf(a:kGN + 5kaN) = 0 that satisfies the following properties,

(G1) The sequence (z{V) is the Gauss-Newton sequence that approaches locally to a
local solution z, of (1.1)) with root coefficient factor p, if the hypotheses of Corollary
13 are valid.



18

Chapter 1. Preliminaries

(G2)

(G5)

1.5

The Newton step at the iterate ng satisfies

[TF @) Tp (™) + Qe(af™)] Aayl = —JF (™) (™)

while the Gauss-Newton step
TF @™ (@) Aa™ = T (g ™) f ().

The covariant discrepancy between Newton method and GN method is measured
through the covariant relative error at the iterate :cGN
1Az — Az
Azl

(1.15)

and the covariant error matrix with ||y||-norm
HI — [T (@) ()] v2T(a;)H - H [TF (2) Ty ()] Qe(a:)H for all zj, € V,, (1.16)

where V,; is defined in (|1.12). Furthermore, the covariant relative error and the
covariant matrix error are related through
1Az — A
N
Az |

< H [JfT(a:EN)Jf( )] Q6 H for all z € V.

The contravariant discrepancy between Newton method and GN method is mea-
sured through the contravariant error matrix with ||y||-norm

HI — V2T () [} (x) H - HQ JF (@) J5 (@ H for all € V,, (1.17)

where Vj; is defined in (1.12)).

The covariant Newton-Mysovskikh Theorem ensures locally that the Newton
sequence (a:k ) converges to x, with quadratic convergence factor, the spectral ra-
dius Corollary H ensures locally that the GN sequence (l‘kGN ) converges to
with root convergence factor p,, and Theorem [I.15] ensures locally that the se-
quence (l‘kGN ) converges linearly to x,. Thus, the spectral radius Corollary delivers
locally faster convergence GN sequence than Theorem [I.15]since the spectral radius
of the error matrix that measure the discrepancy between Newton method and GN
method does not depend on the norm neither the case (covariant or contravariant),

pe =0 (] @) Tp(@)] 7 Qulan)) = p (Qulee) [T () Ty(@)] ).

Inexact Gauss-Newton Method

Often, we work with large-scale nonlinear least squares problems that arise from problems
like Bundle Adjustment [56], or inverse problems such as infinite dimensional parameter
identification problems of Partial Differential Equations models [84] where the Gauss-
Newton step cannot be computed directly, but has to be approximated. The inexact
Gauss-Newton method approaches to a local solution of by solving iteratively a
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sequence of linear least square problems. We restrict our study to the use of iterative
technique based on projection processes onto orthogonal Krylov subspaces.

The whole process starts with an initial guess xg € D, and consequently, we define a
sequence (z) by
Tpt1 = T + 0y,

where dxj solves approximately the linear least squares problem using a certain
orthogonal Krylov subspace method with a certain termination rule (or stopping crite-
rion). In comparison with the exact Gauss-Newton step Axk,GN at the iterate zy, the
inexact Gauss-Newton (IGN) method introduce at every iterate xj the following error

dxy — Az,
On the other hand, defining
r(zg) == Jy(@e)dzr + f (@),
the inner residual error introduced by our inexact Gauss-Newton step dxy is given by
Tf (wp)r(zx) = Jf (wx)Tp(xx)0ay + Jf (1) f (24).

Thus, we are able to measure the discrepancy between the inexact and the exact Gauss-
Newton method through:

(1) The covariant inner residual relative error

1 * ()|l _ llozn — Az ||
[J* (zx) f ()] Az

(1.18)

provided that J¢(xy) is full rank and F(xy) # 0.

(2) The contravarinat inner residual relative error

7 @Gl _ |7 @ Tr] (b — AzfN]|
1T (x) f(xn)]| H{J?(ﬂ%)!]f(xk)} AngH

(1.19)

provided that J¢(zy) is full rank and J7 (z) f(z) # 0.

(3) If there is a function M : V' C D — GL(n) such that the IGN step can be written as
dxy = —M(wk)J]:f(xk)f(xk) for all k and Jy(x) is full rank in V, the contravariant
inverse error matrix with ||y||-norm is defined as

HI ~ [M(2)] " [J}F(x)Jf(x)]‘lu for all z € V. (1.20)

(4) The contravariant error matrix with ||y||-norm is defined as
| = [JF (x)Jp(x)] M(z)| forall z € V (1.21)

where M (x) is introduced in (3).
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We introduce in Chapter [2| a new early inner termination criterion that only depends
on cheaply available information for our IGN method, which implies that the errors
(1.18), (1.19), (1.20), and are bounded. Furthermore, our IGN approach delivers
linearly and locally convergent IGN sequence that converges to a local statistically stable
solution of provided that at least one exists. We postpone the proof of all result to
Chapter [2] and [3]

1.6 Newton-Type Method

We start the Newton-type method with our initial guess zg € D and propose a better
approximation to a local solution z, of (1.2) through

Tpt+1 = Tk + 0z, where dxy, = —M(xk),]?(q:k)f(xk) (1.22)

where M () could be interpreted as an approximation of the Jacobian inverse [Jp(z)] ™"
of F(x), i.e.,

Jr(@) ™ = [V2T(2)] " = [JF (@) J5(2) + Qe(x)] " and Q.(x) defined in (T3).

If M(z)=[V2T(z)]”", then the sequence (z) generated by is the Newton sequence.
If M(J:):[J}ﬂ(ac)Jf(Z’)]il, then (zy) is the Gauss-Newton sequence. If M(z) is an approx-
imation of [JJT(x)Jf(z)]fl, then (z) is the inexact Gauss-Newton sequence. From this
argument we conclude that the Newton method, the Gauss-Newton method and the in-
exact Gauss-Newton method are particular cases of Newton-type method.

Given a nonnegative sequence (), the inexact Newton method is another particular
case of Newton-type method, which defines an inexact Newton sequence starting from
xg € D as follows:

Tyl = Tk + 0Ty (1.23)

where the inexact Newton step dxp solves approximately the following Newton equation
VT (xy) Az = —Jf (wp) f (1),

and defining the inner residual error as Ry, := V2T (z)dzr + J};(xk)f(ack), the inexact
Newton satisfies dxj, satisfies

IRkl < mellTF () f ()

Remark 1.17. There is a matriz M(z) ~ [Jp(z)]"" (see for exzample [69, Lemma 5.1])
such that the inexact Newton step satisfies dx), = —M(mk)Jf(xk)f(xk) for all k.

An important question is: what level of accuracy is required in our inexact Newton
step dxp to preserve the rapid local convergence of Newton method?. Dembo, Stanley,
Eisenstat, and Steihaug [22] answered the above question in the following Theorem

Theorem 1.18. Let us assume
(D1) There is an x4 € D such that F(z.) = 0.

(D2) F:D CR" — R"” is differentiable in a neighborhood of ..
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(D3) Jr(zy) is nonsingular.

if (nk) is a positive sequence such that ng < NMmax < t < 1, then there is an neighborhood
Vp of x. such that for all o € Vp the correspondent inexact Newton sequence (xy)
defined in (1.23) converges to x.. Moreover, the convergence is linear in the sense

ka1 = 2l <tz — 2]

where [yl = [|Jp(z)yllx-
Proof. Dembo, Stanley, Eisenstat, and Steihaug [22].

Remark 1.19. Dembo, Stanley, Fisenstat, and Steihaug [22] not only analyzed the local
behavior of the inexact Newton sequence (xy) , but also characterized the order of
convergence of (xy) and indicated how to choose a forcing sequence (ny) such that (zy)
preserves the rapid convergence of Newton method. In other words, in [22] there is a
recipe of how to construct inexact Newton convergence sequences. In the following, we
summarize the most important results of such a paper related to the order of convergence
of (xg). Let us assume that an inezact Newton sequence (xy) satisfies Theorem[1.18 then
(zx) converges locally to x.. Furthermore, if xq is sufficiently close to x. then

(1) (xy) converges with superlinear factor of convergence if
lim n, = 0.
k—o00

(ii) (z)) converges with strong order at least 1+ p if Jp(x) is Holder continuous with
exponent p at ., and || Rg|| = O(||F(zg)||}™P) when k goes to infinity.

(i1i) (x) converges with weak order at least 1+ p if Jp(x) is Hoélder continuous with
exponent p at x., and (Ry) converge to zero with weak order at least 1 + p.

In this thesis, we do not take into account (i), (ii), (iii) because those conditions say that
the inner residual sequence (Ry) converges to zero too quickly, but, we are interested in
an early stopping criterion, which means that we need to keep the residual ||Ry|| as large
as possible at every iteration.

Remark 1.20. Let us consider k < 1 and an inexact Newton sequence (z) C D such
that
| Rkl < k|| F(zk)|| and Jp(xk) nonsingular for all k.

Then, we cannot ensure using Theorem that (xy) converges since this Theorem is
local, i.e., xog must be sufficiently close to a root z, of (1.2)).

Given positive constants k. < 1, K < 1, and z¢g € D, let us consider the following
IGN sequence (z1¢V) such that

xéﬁzlv = J:éGN + 5x£GN where 5$£GN

solves approximately

TF (@) Tp(2 ) Ax = —JF (257 (2 5Y), (1.24)
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using a certain iterative technique based on projection process onto Krylov subspaces
with stopping criterion

IBEENN < kall I (1) f () | where REEY := V2T (2 SM)oay ™ + JF (@ SN) f (24 S)
(1.25)
then such as stopping criterion is unavaible because the calculation of the residual R,?N
requires knowledge of Q.(x), which is unavailabe for IGN methods. Instead of cal-
culating RéGN other authors as Lourakis, Manolis and Argyros [56] propose to calcu-
late an approximation r,gGN of R,éGN that does take into account the term Q.(x) in

V2T (x) = Jf (2)Jf(2) + Qc(x), i.e

1N = I ATy + I

and introduce the following stopping criterion
IGN IGN IGN
IS0 < RITF @) M- (1.26)
Natural questions are:
sing the stopping criterion (|1.26)), does (z converge?,
Q1) Using the stopping criterion (L.26)), d faN ?

(Q2) What is the convergence factor of such a sequence?, in the case that it converges.

In this thesis, we propose a new IGN method where our IGN step (SJUIGN is computed

using LSQR [65] or LSMR [33] as iterative linear algebra method for appproximately
solving the inner linearized least squares subproblem with a new early inner ter-
mination criterion that only depends on cheaply available information, which implies
that stopping criterion and stopping criterion @ are valid, and ensures linear
and local convergence of ( I GN ) to a local solution z, of @ Furthermore, we propose
a new damped IGN method based on our new local IGN approach and in the backward
step control theory presented by Potschka [70]. We finalize this Chapter introducing def-
initions that allow to measure the discrepancy between the IGN method (with sequence
(zx)) and the Newton method.

(1) The contravarinat inner residual relative error

IRl _ [ (ze)] [z — Ax}]]]
I1F)ll  ||[Tr(ze)] Az (1.27)

where Jp(x) is positive definite, R(zy) = Jp(zk)oxy + F(xx) and F(zy) # 0.

(2) If thereis a function M : V' C D — GL(n) such that the IGN step can be written as
dxy = —M(xk)JfT(sck)f(:ck) for all k; and Jp(x) is nonsingular in V', the covariant
error matrix with ||y||-norm is defined as

' — M(z)Jp(x)| for all z € V. (1.28)

(3) The contravariant error matrix with ||y||-norm is defined as
I — Jp(z)M(x)| forallxz eV (1.29)

where M(x) is defined in (2) and Jp(x) is nonsingular in V.
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(4) The covarinat inner residual relative error

| M (g4 1) R(2) |
| M (zg) F ()|

(1.30)

where R(zy) is defined in (1), M(x) is defined in (2) and F(xy) # 0.
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Chapter 2

Iterative Linear Algebra for
Parameter Estimation

In this Chapter, we are concerned with the development of efficient numerical methods
for large-scale nonlinear parameter estimation problems. The state of the art for such
parameter estimation problems is the Gauss-Newton method. We propouse a new inex-
act Gauss-Newton method for numericaly solving such large-scale nonlinear parameter
estimation problems in where the inexact Gauss-Newton step is computed using LSQR
[65] or LSMR [33] as iterative linear algebra method for appproximately solving the inner
linearized least squares subproblems with a new early inner termination criterion that
only depends on cheaply available information. The idea of such an inner termination
criterion is based on the contravariant s-theory result introduced by Dembo, Stanley,
Eisenstat, and Steihaug [22] and local k-theory introduced by Potschka [70]. Our new
approach results to be an inexact Gauss-Newton method that guarantees statistically
stable solutions provided that at least one exists.

This chapter is organized as follows, we introduce the most relevant Krylov subspace
numerical solvers for linear systems of equations. Later, we present LSQR and LSMR
Krylov space numerical methods for approximately solving linear least squares problems,
which standard termination rule is based on backward error minimization properties
[I7]. It turns out that such a standard termination rule is too conservative for our inexact
Gauss-Newton method since in this setting it is not necessary to have high precision when
we compute our inexact Gauss-Newton step. Instead, it is fundamental control how large
the inner residual generated in our inner linearized subproblem must be in order to ensure
convergence of our IGN sequences (z). In the last section of this chapter, we introduce
our new inner termination criterion and we study its principal properties.

2.1 Krylov Space Methods for Linear Systems

Let B be a nonsingular symmetric n X n matrix, b € R™ a vector, and consider the
following linear system of equations

BAxz =b. (2.1)

The aims of this section are to survey efficient numerical methods for solving the above
linear system of equation. When the matrix B is so large-scale where matrix-vector prod-

25
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ucts can be evaluated efficiently, direct factorization methods such as Gaussian elimina-
tion or Cholesky decomposition are computationally expensive, and therefore numerical
methods that depend on this kind of factorization are not a valid choice. Instead, we
are interested in iterative methods for solving based on projection process, both
orthogonal and oblique, onto Krylov subspaces.

Definition 2.1. We define the ith Krylov subspace of (B, b), which is denoted by K;(B, ),
as

K;(B,b) := span{b, Bb, B?b, --- ,B" b} (2.2)
where 1 1s a positive integer.

Definition 2.2. Let L; be a subspace of R™ with the same dimension as K;(B,b).
Starting with the initial guess o = 0 € R™, a Krylov method is an iterative method,
which finds at every iterate i a better approzimation dx; € K;(B,b) of Ax by imposing
the Petrov-Galerkin condition,

O

The different versions of Krylov subspace methods arise from different choices of the
subspace L;. We restrict our study to L; := K;(B,b), and the popular minimum residual
method given by L; := BK;(B,b).

Lemma 2.3. Let B be a positive definite matriz. If L; := K;(B,b) then the following
problems have the same solution,

e Find éz; € K;(B,b), such that b — Bdx; L L;.

e dx; = argmin ||Az — dz||p where ||y||p = [yTBy] 1/2.
Sz€K;(B,b)

Proof: Saad [73, Proposition 5.2].
O

Lemma 2.4. Let us assume that B is nonsingular. If L; :== BK;(B,b) then the following
problems have the same solution,

e Find dz; € K;(B,b), such that b — Béx; L L;.

e 0x; = argmin [|b— Bdz|2.
sz€K;(B.b)

Proof: Saad [73, Proposition 5.3].
O

The previous Lemmas provide another way to classify our Krylov subspace methods
based on the error and residual properties.



2.1 Krylov Space Methods for Linear Systems 27

e Minimum Error Krylov Method

dx;:= argmin ||Az — dz|p
sz€K;(B.b)

e Minimum Residual Krylov Method

0x; := argmin ||b — Bdzl2
szeK;(B.b)

Remark 2.5. Let {vi,---,v;} be a basis of K;(B,b) with i < n, and let us define its
corresponding matriz as V; = [v1 | va | --+ | v;]. If we want to solve approximately (2.1)
using Minimum Error Krylov method then there is a y; € R" such that dx; = V;y; and

b—BViy; LV

i.€.,

Vi [b— BViyi] = 0,
which means that y; is the solution of the following system
V.IBViy; = Vi'b. (2.3)

When B is symmetric and positive definite, the spectral decomposition theorem allows
to write the matriz B as follows,

B = QTLAQZ;a
where the diagonal matriz A = diag(A1,---,\n) contains the eigenvalues of B, and
Qn =1[q1 || qn] is a orthogonal matriz. If we assume without loss of generality that

{q1,- ,¢} is a basis of K;(B,b) then solve (2.3) is equivalent to solve
QI BQiyi = Qi b

where QF BQ; = A is diagonal, it means that the solution of the above system is calculated
with just n steps. On the other hand, constructing a matriz Q; is computationally ez-
pensive. In the following section we are interested in building a computationally cheaper
basis Vi of our Krylov space such that the system (2.3) can be solved efficiently.

2.1.1 Lanczos Process

When B is a symmetric and positive definite matrix, the Lanczos process provides a

recursive formula for building an orthogonal basis {v1,---,v;} of K;(B,b) such that

ViTBVi is tridiagonal. From the above remark it is clear that this method approximates

the solution of through dx; = V,y; where y; solves the tridiagonal system of ¢ < n

equations . Formally, we present its recursive algorithm in Algorithm
Properties:

(LP1) Bv; = Bivi—1 + ajv; + Bit1vit1, for all i < n.
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Algorithm 2.1 Lanczos Process
1: vg:=0, By := b'b and By :=b
2: fori=1,--- ,n—1do
3: if B; # 0 then
: p; := Av;, and «o; 1= U;fpi

4

5: Bit1Vi+1 := p; — ;v; — Biv;—1, where ;11 serves to normalize v;4;
6: end if

7: end for

ay  Bo

Pa 2 [3
(LP2) BV =[v1 |va | | vie1 | vi] B3 az - +Bi+1vip1€] , which im-

B
i Bi i ],
T;
plies, VI BV, = T;.
L

(LP3) BV; =V Le., BV;=ViT,.

Bivre]
1% d (41

T,

13

2.1.2 Minimum Error Krylov Method

From (LP1) we obtain VZ»Tb = B1e; where e; € R? is the canonical vector with first entry
one and the rest zero. Using (LP2), the system given by (2.3), i.e.,

Tiy; = Brer

is tridiagonal. If we apply the Cholesky factorization to the matrix 7; then our iterative
method for solving ([2.1)) is knowing by LanczosCG method.

2.1.3 Minimum Residual Krylov Method

In this method, the orthogonal basis {v1,--- ,v;} of K;(B,b) is given by the Lanczos pro-
cess and our approximation solution is given by dx; = V;y; where y; solves the following
linear least squares problem

yi == argmin [[b — BVy 2.
yeR?
Using the property (LP3) and that V;1; is an orthogonal matrix, we have that
yi == argmin ||Brer — Tyl|2
yeR?
where e; € RiT! is the canonical vector with its first entry one and the rest zero. If we

apply the a QR factorization to the matrix T'; then we obtain the popular Krylov space
method MINRES to approximately solve ([2.1]).
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[ | LanczosCG | MINRES |
Subproblem Ty = Brer Yy = argmincg: | Brer — Lyl
Factorization T, = LiDiLZT QL = { RE)Z }
Estimate ox; = Viy; € K;(B,b) ox; = Viy; € K;(B,b)

New basis of the Krylov Spaces W; = ViLi_T D; = ViRi_1

New subproblem L;D;z; = Bieq Riz; = B [ I, 0 } Qie1
New estimate dxy, ox; = Wiz ox; = D;z;

ith residual min ||b — By;|| g1 min ||b — By;]|2
Orthogonality r; LK;(B,b) BTr; LK;(B,b)

ith error min ||Z — 0| B unknown

Table 2.1: LanczosCG vs MINRES. We resume the principal properties present in both
methods and visualize its differences where V; denote the basis generated by The Lanczos
Process, VI BV; = T}, and BV; = V; 1 T.

We finalize this section with a resumme of the principal properties present in the
MINRES and LanczosCG methods, which is presented in Table For a deeper study
of the differents iterative methods for solving linear equation based on Krylov space, and
its comparative tables, we sugesst Choi’s dissertation thesis [20].

2.2 Krylov Space Methods for Solving Least-Squares Prob-
lems

Let J € R™*™ be a matrix with n < m, f € R™ a non zero vector, and let us assume
that J has full rank. We consider the following linear least squares (LS) problem,
Az := arg min |[|[Jx + f||2 (2.4)
zeR?

In this section, we are interested in the study of computational efficient iterative
methods based on orthogonal Krylov spaces for solving (2.4)). Solving the above linear
LS problem is equivalent to solving the following linear system of equations

JPJAx = —JT'f (2.5)

The general approach is reduced to finding a basis V; of Ki(JTJ, JTf ), and an approxi-
mation dx; = V;y; of the solution Ax of (2.4)) such that

J' [TViyi + f] L Vi
In other words, y; is the solution of the following linear system of equations,

VI [JT T Viyy = VI £ (2.6)
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A variant of the Lanczos process with matrix J7.J and starting vector —J7 f provides a
way to compute such as basis V;.

Golub-Kahan bidiagonalization Process

The Golub-Kahan algorithm [37] builds a pair of unitary matrices Uj41 = [ug | - -+ | ©it1]
and V; = [v1 | - - | v such that
Ul JV;

is a bidiagonal matrix and VI [JTJ] V; is a tridiagonal matrix. In the following we
introduce its algorithm and later its properties,

Algorithm 2.2 Golub-Kahan bidiagonalization Process

1: Biu; = —f (shorthand 1 = || f]|2 # 0 and w; unitary)
2: v = JTU1
3: fort=1,--- do
4: Bit1Uir1 = Jv; — au;
5: Vit 1Vip1 = JT U1 — Big1vi
6: end for
Properties:

(GK1) The scalars «; and (3;11 are positive.
(GKQ) JVz = Uz’—i—lBiy where
aq

B2

&7

L Bit1 | (i4+1)xi

(GK3) JTU; 1 = V;BiT + ai+1'l)z'+1e,f+1, which is equivalent to

T B;T T
J'Uip1 =Vigr | ip | =Vie [ Bi aigiein |
Qit16i41
Ly
Using (GK2) and (GK3), we conclude
BT BT B,
JTJV; = JTU 1 B; = Vi i, | Bi=W i Di
i i+1D% i+1 |: O‘iJrleZH :| 7 i+1 |: Oéi+1/8i+1e£_1 :|

From the above equality, it is clear that the Golub-Kahan bidiagonalization process is
equivalent to what would be generated by the Lanczos process applied to the matrix J7.J
and starting vector —JT f, and also that our matrix VZ-T [JTJ] V; is tridiagonal.

In order to introduce the algorithms that solve approximately our linear least squares
problem (2.4]), we need to explain how y; must be calculated. We have two options that
generate two completely different algorithms. First of all, y; solves (2.6)) if and only if
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LSQR: y; := argmin ||JViy + f]|2.
yeR?
and the other option is given by the following result: If

LSMR: y; := arg min ||JT JViy + JL f||.
yer?

then y; solve (2.6]).

2.2.1 LSQR: Sparse Linear Least Squares Iterative Algorithm Based
on QR-factorization.

LSQR was introduced by C. Paige and M. Saunders, [65], and is a particular orthogonal
Krylov Space method for numerically solving our linear least squares problem (2.4). The
approximate solution is given by dz; = V,y;, where

(i) V; is a basis of our Krylov space K; := K;(JTJ,JT f) generated by the Golub-
Kahan bidiagonalization process, and
(ii) i »= argmin||JViy + f[| = argmin||Us11 (Brex + Byy) || = arg min|[tyi1 |-

yeR? yeR? yeR?
tit1

LSQR is similar in style to the LanczosCG method applied to the normal equation (2.5)),
and the inner LSQR residuals r; := Jdx; + f are monotonically decreasing.

In the following, we build a new basis D; = {d;,da, - ,d;} of our Krylov space K,
which is easy to compute, and allows to write dx; as a linear combinations of dx;_; and
d;. Applying a QR factorization to the matrix B;,

p1 02 o1
p2 03 o2
R; f;
i 0 @i pi-1 0i | i1
Pi | i
0 0 0 0 0|,

Then the vector y; is given by,

0
Riyi = —fi and i1 = Q] { By ] :
i+
Thereby,
6x; = Viys = VilRi| "' fi = Difi,

where the columns of D; := [dy | da| ---d;] can be iteratively calculated from the
system R;‘FD;F = V;T using forward substitution. In other words, starting from dy =
dxg = 0, we can calculate the columns d; of D; using the following formula,

1
di = —(vi — 0idi—1
Pi( )
therefore,
oz, = Viyi = Vic1yi—1 + ¢idi = 01 + ¢id;.
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2.2.2 LSMR: Sparse Linear Least Squares Iterative Algorithm Based
on Double QR-factorization.

This method was introduced by Fong and Saunders [33], and is a particular orthogonal
Krylov Space method for numerically solving our linear least squares problem ([2.4]). The
approximate solution is given by dx; = V;y; where

(i) V; is a basis of our Krylov space K; := K;(JT.J,JT f) generated by the Golub-
Kahan bidiagonalization process, and

_ BT B.
(ii) w; := argmin||JT JV;y + JT f|| = argmin || V; 41 [ﬁlel + [ S e ] y} , Where
y€ER? y€eR? Biyi€
B; = aif;.

LSMR method is equivalent to MINRES method applied to the normal equation ,
and the inner LSMR residuals ||.J77;||2 are monotonically decreasing where r; := Jdz; +f.
Furthermore, the stopping criterion using in LSQR and LSMR is obtained from a Back-
ward error analysis, but such a stopping criterion is satisfied earlier in LSMR, than in
LSQR. We go into more detail about such a stopping criterion in Section [2.2.4]

In the following we build a new basis W; = {w1,wa, - -+ ,w;} of our Krylov space K,
which is easy to compute, and allows to write our estimate dx; as a linear combinations
of dz;—1 and w;. Applying a QR factorization to the matrix B;,

[ p1 6 1

R p2 03

Qz’—i—le’ = |: OZ :| s where Ri = (2.8)

pi-1 0
Pi

therefore,

R;
BI'B; = [R] 0] Qi+1Q1 4 [ 0 } = R R;.

If we define ¢; € R’ such that R ¢; = ;. 1e;, then ¢; = B;*_I e; = p;e;, and consequently,

we obtain

' — [ B'B;
yi = argmingeg: |Viy1 [Brer+ | 5 ° T ] Z/} H
| Bita€i

, _ " RTR,
= argmingepi [|Vit1 |Bre1 + q%R‘Z ] y} H
L L 4~

| [ &Y
= arg mlnyeRi ‘/i_t,_l 5161 + QO'CT Rzy .
L e

Introducing the variable change ¢t = R;y, we simplify the above problem to,

_ RT
b e+ e ]

t; := R;y; = argmin
teR?
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Performing a second QR factorization

P 02

a) Rl Bier ] [ R 2 } 5 P

i v = = , where R; := . , 29
Q +1 |: SOz‘@Z'T 0 0 €i+l - ( )

0;
L Pi |
we obtain
— . - RZT — . Z3 [ EZ
st [ 1] o] )+ 24

and this subproblem is solved choosing ¢; such that,
Rit; = —z; where z; := (&1, ,&)T.
Let W; and W; be computed by forward substitution from
RTW? =v! and B W, = w7. (2.10)
Then from dz; = Viy;, Riys = t;, and R;t; = —z;, and dxg = 0, we have
dx; = WiRyy; = Wity = WiRit; = =Wz = 0w — &w;.

Note that we can compute the elements of our basis W; efficiently, because from (2.10)
and (2.8)), it follows that

1
w; = —(v; — B;w;—1) where wy = dxg =0,
Pi
and from (2.10) and (2.9), it follows
1 _
w; = —(w; — 0;w;—1) where wy = 0.
Pi

We finalize this section with the Table that compares the principal properties present
in the LSQR and LSMR methods.

2.2.3 Krylov Solvers Based on Backward Error Minimization Proper-
ties

In this Section, we are interested in measuring the backward error introduced in the
left-hand side of , ie., JTJAx = —JT f when it is solved using LSQR and LSMR.
Let éx; be its approximate solution, r; := Jox; + f, then the contravariant inner residual
JTr; of dx; satisfies

JVJow; = —JV f+ J0r;.

In the following Lemma, we prove that there is a matrix F such that
T Jox; = —JTf where J := J + E.
and also that there is a matrix E, such that,
[ﬂU—Esz—ﬂf

Those elemental results set up the basis of our consecutive Sections.
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LSQR LSMR
Subproblem y; = argmin||JV;y + f|| y; = argmin||JT JViy + J7 f|
yeR? yeR?
R.
Qi+1B; = { 07’ }
R, f;
Factorization Qi [B; prel] = { ()Z 51 } - B
i1 ) [ RT  Bie ] B { Ri z }
U el 0 0 &+
Estimate Sx; = Viy; € K (JTJ,JTf) Sx; = Vi € K;(JTT,JTf)
. . — BI'B;
New subproblem arg min,epi || Bre1 + Byl arg mingepi ||31e1 + 3 i | v
' ‘ i+1¢;
New basis of D; = VZ-R;1 W, = %R;lﬁ;l
the Krylov Spaces
Estimate in function ox; = D;f; dx; = —W;z
of the new basis
Orthogonality Tl LK (JT T, JT f) Tl LK (JT T, JT f)

Table 2.2: LSQR vs LSMR. We resume the principal properties present in both methods
and visualize its differences where V; is a basis of our Krylov space K; := K;(JTJ,JT f)
generated by the Golub-Kahan bidiagonalization process.

Lemma 2.6 (Backward error). Let J € R"™*" be a full rank matriz with n < m, and
assume that JTf # 0.

(BE1) If dz; # 0 is an approzimate solution of (2.5) calculated via LSQR or LSMR with
r; = Jox; + f, then

T Jex; = —JT Y,

where
= g4 B, and 5= oL
T T T e P
- [T [JTIe] | ,
(BE2) If E = , 0x; 1s the exact solution of the following problem,

[PREAIE
[JTJ - E} zi = —JTf.
(BE3) The matriz A = [JT.J] — E is invertible, its inverse is

e P )
M= A" = [JTJ] [I+ 7o |

and dx; = —MJT f.
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Proof.
(BE1) Since [JTri]Téa;i =0, then
- T
jTj(S o [J(S.%'Z] [JTT'Z']T [Jda:z] [JT’I“Z‘]T
oo 17622 2R
_ . -
T [J 7”1'] [J(S.’I?z}
_ G W O I N Y
T e |
= JTJ(SZ‘Z - JT?“Z‘
= —Jry.
(BE2) From the (BE1), it follows that
T
N [JTr;] [JT Téa;] o
J Jox; = [J J |76z ox; =—J" f.

(BE3) Let us define the following matrices

[JT7;) [JTJ62:]"

dP:=
|76, o

A= |JTJ - I-—

(S:Bi [JTTZ']T
[Jo;||* |

then AT = [JTJ] P and let us prove that P is an invertible matrix. Given u € Ker (P),
we have by definition that

B 0x; [JTTZ']TU

Plu) =u— —L= 2
W ===z =%

i.e.,

B 0x; [JTri}Tu
R PR

Multiplying by JTr;, it follows that

(2.11)

T _ [JT’I“i]T5$i [JTTZ‘]T
Jou=

u 6miJ:]Tr¢

[JTT‘Z‘

0,

ie., [JTri]T u = 0, and substituting the above equality in , we conclude that u = 0.
Therefore Ker (P) = {0}, which implies that P is invertible. Consequently, AT and A
are invertible matrices. Because A is invertible, we can apply the Sherman-Morrison-
Woodbury formula, which yields

(L) 9T [JTJ62:) T [J7I])

M::A_IZ [JTJ]il_'_ T —1 9
| Jox;||? = [JT Tox;]” [JTJT] [JTry]

where

8|2 = [T T6x,] " [70) 7 [0Tr] O J6wi||2 = 62T [JT ] 6i > 0,
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it means

M=[JTJ] 7 |1+

[JTTZ-] 5xiT
(| Joxq]2 |

which complete the proof.

2.2.4 Error Estimate

Let dx; be an approximate solution of which is computed using LSQR or LSMR.
A variant of the acceptable least squares solution definition introduced by Chang, Paige
and Titley-Peloquin [I7, Section 2| says that dx; is a v-acceptable least squares solution
if it is the exact solution of a linear least squares problem within an accepted range of
relative errors in the data. In other words, dx; is acceptable if £(dz;, ;) < 1 where

1E]2
177 l2

E(0xs,m5) = mEin{ [J+E[J+E)dx; = —[J+ E|" f and r; = Jox; + f} .

It is well known from Golub and Van Loan [38] Section 5.3.7] that the relative error

|Az — o
Az

is bounded by a constant that is directly proportional to {(dz;,r;). Because, finding an
analytical expression of £(dx;,7;) remains an open question, it was laid down stopping
criteria from easily computable upper bound on £(dz;, r;) see for example 33, [65] 17, [46].
The standard stopping criterion used in LSQR and LSQR is derived from the backward
error introduced by Stewart [7§], i.e.,

Ti[JTTZ‘]T

E =
Tl

which satisfies

JTr;
[(J4+ EJ" [T+ Eoxi=—[J+E)" f=—-J'f+JTr; and || B2 = H HT] |
Therefore,
JTr;
17 (6, < 150

Thus, from a given ATOL > 0, the standard stopping criterion used in LSQR and LSMR
is provided the approximate solution dx; of Az if

Standard Stopping Criterion: ||Jr;|| < ATOL||JT J||2||r]| (2.12)

where ||J7J||2 can be estimated.
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2.3 Inexact Gauss-Newton Method Based on LSQR and
LSMR

If we use the inexact Gauss-Newton method for numerically solving the problem (|1.1)
where dz is calculated iteratively using LSQR or LSMR, we note that the stopping
criterion is too conservative since in this setting it is not necessary to have a
high precision when we compute our inexact step dz;, but it is rather fundamental to
control the size of the contravarinat inner residual J;;F(a:k)rk because in the Gauss-Newton

method J;‘f(ng)rkGN = 0 where r{™ = Jp(zGN)AzGN + f(2GN).

Using the Lemma [2.6| part (BE3), it follows that there is a matrix M (xy) such that
dxy, = —M(xk)J}F(:ck)f(xk), therefore

JF ()i = Jf () [f(2r) — Jp(@r) M (xr) I} (21)]
= [I = JF (i) T (@) M (1)) T (i) £ (),

thereby
17 ()il < I = [TF (@) T () ]IM (i) | T§ () f ()]

If we assume that for all iterates x;
1 = 7 @) Ty ()] M ()| < a < 1,
then a new possible stopping criterion may be
Stopping Criterion I: ||J?(xk)rk|| < aHJfT(xk)f(xk)H (2.13)

A natural question is: Does the iterate zy+1 = zp + dxp where dzy is computed via
LSQR or LSMR with stopping criterion converge to a local solution of ?, If
the answer is positive, what is the factor of convergence of such a sequence?. A partial
answer is given by Gratton, Lawless and Nichols in [40], but in this case, it is assumed
that

e There is a positive constant 8 such that
1Qe(@r) [T F () ()] M2 < B < 1,

e the forcing sequence (fy) satisfies

5~ 1Qu(e) TF (i) Ty (an)] |
O S Qe T T ) Tl 1

e and the stopping criterion is given by
|1 TF (@n)rall < BellJF (zp) f(xn)])

Therefore, it is proved there that the sequence (zj) converges locally and linearly to x..
Nevertheless, the forcing sequence (k) must be very small specially if we have that

B = 1Qc(wr) [T (zx) Iy (xx)] | = 0,
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which means that the above stopping criterion is not satisfied early for iterates that are
not close to solution, since in this cases §; must be fast zero and thus it is required a large
number of inner iteration in order to satisfy such a stooping criterion. But intuitively,
we expect to implement less effort in obtained our IGN step when we are in an iterate
far away from the solution. We conjecture that from the stopping criterion with
a very close to one it is not possible to prove convergence of our sequence (zj). The
problem is that in such a case the size of the inner residual HJ]?(a:k)rkH may be too large
that an extra condition that restricts the behavior of HJ}F(:Uk)rkH must be taken into
account. In the Gauss-Newton method, we know that Jf(mgN)rgN = 0 for all k, but it
does mean that just bounding the contravariant inner relative residual using , we
obtain convergence when « is close to one.

On the other hand, using the Theorem given by Dembo, Stanley, Eisenstat,
and Steihaug [22], we are able to characterize linear and local convergence of inexact
Gauss-Newton sequence (xy) through the following condition

1
V2T ()0 + VT (21)| < &||VT(21)|| with T(z) = in(x)H% and k € (0,1).
But this stopping criterion is not available for IGN method since here
VT (z1) = [JF () Jp(@n)] + Qe(r)

where Q¢(x) is unavailable for IGN method. In the following, we lay down sufficient
conditions that make possible to conclude the above inequality provided that the Gauss-
Newton method generates locally and linearly convergent sequence, which limit point x,
is a satistically stable solution of . We go into more detail about staistically stable
properties in Chapter []

Hypotheses

(S1) Let D be convex, open and nonempty set. Giving a positive constant kgy < 1, let
us assume that there is a stationary point x, € D of (1.1 such that Jy(z,) is full
rank and

HQ&(J:*) [J?(-T*)v]f(.f*)}_lH < KGN-

(52) The closure of V,.,, is compact and contained in D where V., is defined in (|1.12)),

i.e.,

V.

KGN

= {az eD ‘Jf(:zz) is full rank and HQe(m) [J?(J:)Jf(x)]_lH < kgn < 1} .

(S3) Let us choose k € (kgn,1). We generate our Inexact Gauss-Newton sequence (xy)
according to rr41 = x + dxg where dxy solves via LSQR or LSMR the following
linear problem

I} (@) Iy (zp) Az = —Jf (ax) f (2x) (2.14)

with stopping criterion given by
17 ()il < &l TF (@) i)l = kan I[T] (zr) Jp ()]0 (2.15)

where r, = Jy(xp)oxy + f(xk).
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Theorem 2.7. Let (S1), (S2), and (S3) hold. Then, (zx) converges locally and linearly
to x.. Moreover, the convergence s linear in the sense that

[Zht1 = allx Stz — 24|
where |ylls = | Te(e. )yl and t € (1),

Proof. Note that from stopping criterion (2.15)) it follows that

1Tp (z)dxs + Fla)ll < 17 (@)rel + 1Qe(@)[TF (i) Jp (wi)]~HIF (2x) Iy (k)|

IN

1T @e)rell + senllTF (@r) T 5 (zx)] 6w

< K[ () f (@)l

The rest of the proof follows from Theorem [1.18]

Computational availability:

e The first question that arise is: Is the right side of stopping criterion (2.15) pos-
itive?. We prove in Lemma that it is positive for all Kk € (kgn,1), and if
K = KanN, 0y 18 the Gauss-Newton step.

e We assume in this thesis that [Jf($k)Jf(xk)] is large, sparse, and the matrix vec-
tor product [J7 (zx)J¢(xk)]dz) can be evaluated efficiently. Therefore, the stopping
criterion is an inner termination rule that only depends on available infor-
mation if kgy is known. Thereby, our IGN sequences (xy) converges linearly and
locally to an estimate x, of xyye if we choose an initial guess xg sufficiently close
t0 Ty.

e A natural question is: How must we choose an initial guess in order to obtain
linear convergence of our IGN sequence using such an IGN approach. Theorem
does not provide explicitly a set of initial guesses where the linear convergence is
guaranteed. Nevertheless, in Chapter [3 we provide explicitly such a set using the
hybrid Theorem for Newton-type method introduced by Potschka [70]. Since
all those results are locally valid and we cannot have at the beginning a good initial
guess, we globalize this local IGN approach in Chapter [6]

We finalize this Section introducing some results that describe the principal properties
derived from our new stopping criterion (2.15)). The first one says that stopping criterion
implies stopping criterion , and the second property says that the right side of
our stopping criterion is not negative. The last properties are focus on measuring
the discrepancy between the GN and IGN method trough the contravariant error matrix
, and the contravariant inverse error matrix ({1.20).

Lemma 2.8. Let (S1), (52), and (S3) hold. Then

1TF (z)rell < (5 = wen) 17 (@x) £ ().
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Proof. Because J}F(xk)rk 1 K(J}F(xk),]f(mk), J}’(mk)f(xk)), we obtain that Jf(:nk)rk
and J?(zk)f(:ck) are orthogonal vectors. using

I} (x) Jp(wp)de = —JF (zi) f (i) + Jf ()78,
and Pythagorean theorem, it follows that
17 (@) Jp (@) Sxel|® = ||TF (@) f () |12+ 1TF (xe)rell?,

ie., ||J?(:Ck)f(xk)|| < HJJT(xk)Jf(wk)(S:UkH, which implies

1TF ()rll + ke | F (r) fl@o) | < 1TF @r)rall + sanllJF (o) T 5 (@) o]

< Kl () f )

Lemma 2.9. Let (S1), (S2) , and (S3) hold. Then
0 < RS = & Jf (er) f (@)l = an [T (@x) Iy (@p)]0a]).
Furthermore, the equality of the above expression is only possible if Kk = Kgn -

Proof. Since Jf(xk)Jf(mk)&nk = —J?($k)f($k) + J}F(ajk)rk and using the triangle
inequality, it follows

15 (ex) T g ()bl < I1TF () f (@)l + 15 (@r)rell,
Lemma [2.§] yields,

17 (i) T (i) 0iel| < (1F (@) f (@) |+ 17 (@)l
<[+ (& — kan)]IIJF (@) f (i)

Therefore,

v

—kan ] (@r) Jp(xr)dxel| > —ran (L + (5 — cen)IIIF (2) f (@),
which implies,

RS > [k — rgn[1 + (k — kon)]] [1F (1) f (zr)l
= (& — kN (1 — kan)I1IF () f@p)l,

ie, RS >0if k € (kgn,1). If kK = kan, Lemmaguaranties that J}F(:vk)rk =0 and
consequently, we have

JF (i) Iy ()0 = —JF (xp) f(ax) + Jf (@r)re = —JF () f (),

i.e., RS =0.



2.3 Inexact Gauss-Newton Method Based on LSQR and LSMR 41

Lemma 2.10. Let (S1), (S2) , and (S3) hold. Then

1 = [JF (1) T ()] M ()| < (5 = wan)cond([Tf (xx) T (1))
for all k € N.

Proof. From the Lemma [2.6| part (BE3), we obtain that

B JE (xp)re | 6l
M(m) = [7F @) Iy (on)] [f + [Sf(;m;lk;] 219
therefore,
JE (2 )r Y
= (7 @) T (a)] M) < 0] AL (2.17)

lozell 507 {J}(xk)Jf(xk)} .

Let A\, and Aps be the smallest and the biggest eigenvalue of [J]?(ack)Jf(a:k)} respec-
tively, then

. (5.75,1; [J?(xk)Jf(xk)} oxy,

m = =
5x;‘55ack

AM

i.e.,

5m£5xk

5x£ [J}F(xk)Jf(xk)] dxy

< 5 = (F@0a@0] ") < 1 F s

(2.18)
From Lemma 2.8} it follows that ||Jf (zx)r|| < (x — kan)|| T} (2x) f (z1)||. Using the
above information, we conclude

177 ()| 17 () f ()
A A T
1T} () f (k)|
< ( — RGN H [‘]f l'k)Jf Tk ]H H|:JT .Z‘]]:,)Jf xk):|kH H(sl,kH (2.19)

17 () f () |
JT xk)Jf(xk)} m”

< (= o) ||| 7F )y I

By hypotheses T}F(xk)rk 1 K(J]r‘f(azk)Jf(xk), J?(mk)f(:ck)), in particular T;-F(a:k)rk 1
J};(xk)f(xk) and because

I (w) Iy (wp)day, = —JF (xp) f(xx) + I} ()T,

we can apply the Pythagorean theorem, which yields

17 (i) Iy (i) gl |* = | TF (i) f (i) |2+ 1] ()l
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Therefore ||JfT(:Uk)f(a:k)H < ||J}F(mk).]f(:nk)5mk||, which means

17 () f ()|
H [JfT(xk)Jf(xk)] m“

Substituting the above information in (2.19)), we have

<1.

1T7 ()7l (n
162kl
Substituting (2.18) and (2.20) in (2.17), we obtain the result.

— kan) || [ (2x) Tr(an)] || - (2.20)

Lemma 2.11. Let (S1), (S2) , and (S3) hold. Defining A(xy) := [M(x})] ™1, we obtain

JE (zp)re | 6ol
Al = {I [Sfék);lk:] 7 )]

and

-1
1 — Alzx) [T (@) Tp ()] || < (k — kigw) cond([Tf (xx) Iy (2x)).-
Proof. We prove in Lemma [2.6| part (BE3) that

JE(xy)ry | 0t
Al = {I - [§f<fk>§lkf] [IF @) @]

therefore,

[J};(wk)rk} szt
1T (zp)ozp]|*
The rest of the proof follows analogy to Lemma [2.11

I — Axg) [Jf (@) g (1) =



Chapter 3

Different x-Theories

In this Section, we are interested in measuring and bounding the discrepancy between
our new local IGN approach (53) and Newton method. Furthermore, we want to in-
terpreted the meaning of such a results. Our IGN approach assumes two contravarinat
hypotheses. The fisrt one is that the contravariant error matrix introduced by the
GN method is bounded by a positive constant kgy < 1 and the other one is related to
our new stopping criterion (2.15), which implies that the contravariant inner residual rel-
ative error generated by our IGN method is bounded by a constant less than one.
An important question is: Why does we obtain local and linear convergence with our
contravariant IGN method?. Typically, contravariant methods ensure faster convergence
of the IGN residual sequence, but not of IGN sequence. The answer is that our IGN
method is essentially a locally covariant approach. In order to justify this affirmation, we
prove in this Chapter that in a vicinity of a stationary point of the nonlinear least squares
problem the following are valid: If the contravariant error matrix (1.17)) introduced
by GN method is bounded by kgn, then there is a certain ||y||.-norm such that the
covarinat error matrix introduced by GN method with ||y||s-norm is also bounded
by a constant less than one; and if the covarinat error matrix introduced by GN method
with euclidean norm is bounded by a constant less than one, then there is a certain
| - |[<-norm such that the contravarinat error matrix introduced by GN method
with [|y||«-norm is also bounded by a constant less than one. This result say that our first
hypothesis is essentially a covariant hypothesis with ||y||.-norm. Furthermore, controlling
the discrepancy between the IGN method and the GN method, we prove that our new
stopping criterion defined in ensures that the contravariant inner residual relative
error and the covariant inner relative error with [|y||-norm are bounded by
a constant less than one. Thus, we can also say that our stopping criterion is essentially a
covariant stopping criterion with ||y|[«-norm. In this sense, our IGN approach is a covari-
ant approach with ||y||«-norm. Those results allow also to proof that the hypotheses with
norm ||y||.-norm of the famous local covariant contraction Theorem presented by Bock
[10] for our IGN method are valid. Thus, with our IGN approach, we are able to produce
a class of locally and linearly convergent IGN residual sequences with euclidean norm,
and also produce a class of locally and linearly convergent IGN sequence with ||y||.-norm.

We organize this Chapter as follows: In the first Section, we presented the covariant
local contraction Theorem for Newton-type method of Bock [10] and the hybrid Theorem
for Newton-type method of Potschka [70]. Therefore, we prove locally that there is a
relation between the covariant error matrix with ||y||-norm introduced by Newton-type

43
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method and the contravariant error matrix with ||y||s-norm introduced by Newton-type
method. In the second Section, we are focus on our new IGN method, we prove that
the discrepancy between our IGN method and GN method are bounded. Furthermore,
we present a result that explain how the inaccuracy of our IGN method with respect to
GN method influences the convergence factor of our IGN sequence. Finally, we discuss
briefly when our IGN method implies that the hypotheses of the contravariant contraction
Theorem of Bock with ||y|/«-norm are valid.

3.1 Affine Covariant and Hybrid Convergence Theory for
Newton-type method

In this secction, we work just with Newton-type method in where we assume that

F: D CR" — R"”is a continuously differentiable function with invertible Jacobian

Jr(x) and M(x) is a function that may be interpreted as an approximation of [Jg(x)] ™,

and defines our Newton-type method (see (1.22))). The following Theorem is a variant
of the affine covariant Newton-Mysovskikh Theorem which controls how large the
covarinat inner residual relative error of our Newton-type sequence must be in order to
guarantee local and linear convergence. Let us define

N:={(z,2) e Dx D |2’ =z — M(z)F(z)}
and consider the following condition

(i) Covariant Lipschitz condition. There is a positive and finite constant @ such
that
1M (") [T (x + t(a’ = 2)) = Jp(2)] (& = 2)|| < @t]l(2" - )|

for all ¢ € [0,1] and (z,2") € N.
(ii) R-covariant condition. There is a positive constant # < 1 such that
1M () [T = Jp(2) M ()] F(2)[| < &2 = )]
for all (x,2') € N.
(731) The initial guess z¢ € D is sufficiently close to a solution in the sense that

¢o =K+ 3”51’0“ < 1 and the closed ball Dy := B (xo; ||5x0|]> C D. Further-

w
more, we define ¢y = & + §||(5:vk||

Theorem 3.1 (Covariant). If (i), (i7) and (iii) hold then the Newton-type sequence (xy),
which is defined in (1.22), satisfies the following

e x1 € Dy, for all k € N and the sequence (xy) converges to some x. € Dy with a
convergence rate
[0 1]l < éxllozk

e Furthermore, the a-priori estimate

(EO)jJrk
= ll0akll < = ———1ldzoll
— Ck — Cp

(¢x)’

Zj 1k — 2| < .

holds and the limit x, satisfies

M(z)F(zs) = 0.
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Proof. Bock [10].
|

In the following, we present the hybrid Theorem of Potschka [70] for Newton-type residual
method.

Theorem 3.2 (Hybrid). Let us assume that the following are valid

(1) Hybrid Lipschitz condition. There is a positive and finite constant w such that
I [Tr(z +ta" - 2)) = Tr(@)] (2" = 2)|| < wt]| (2’ — )| F (k)]

for all t € [0,1] and (z,2') € N.

(2) k-contravariant condition. There is a positive constant k < 1 such that
[T = Jr(z)M(2)] F(z)| < &l[F(z)].

for all (x,2') € N.
3) The initial quess xog € D 1is sufficiently close to a solution in the sense that
( g y

o€ L:={zeD | w|M()F(z)|| <2(1-k)}.

Then, the residual sequence (F(xy)) where (xy) is the Newton-type sequence defined in
(11.22)) converges to zero with convergence rate

IF@e)ll < [+ 5 0l IF ()l
and (F(zy)) C L.
|

Of course, the above Theorems are not the only Theorems that determine how large
the discrepancy between the Newton method and the Newton-type method must be
in order to guarantee local convergence. Indeed, the s-theory is dedicated to provide
k-condition that controls the error produced by the Newton-type method. Particular
examples are:

e Ostrowski x-Theorem [64) Section 10.2.1] that controls how large must be the espec-
tral radius of the contravariant error matrix or the espectral radius of the covariant
error matrix, and concludes local convergence of the Newton-type sequence with
root factor of convergence.

e Dennis k-Theorem |24, Theorem 1| that controls how large must be the contravari-
ant error matrix with ||y||-norm, and conclude local and linear convergence of the
Newton-type sequence.

e Dembo, Stanley, Eisenstat, and Steihaug [22] x-Theorem that controls how large
must be the contravariant inner residual relative error with ||y||-norm, and con-
cludes local and linear convergence of the Newton-type sequence with a particular
|ly||«-norm instead of ||y||-norm.
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A natural question for our IGN approach is: how does the inexactness of our IGN
method with respect to GN method influence the convergence factor of our IGN se-
quence?. We answer this question for our IGN approach described in (S3) in the follow-
ing Section, and prove that with certain ||y||«-norm such a convergence factor depends on
the constant kgy and x using in our new stopping criterion . We finalize this Sec-
tion setting out a connection between the k-covariant condition based on the covariant
matrix error and k-contravariant condition based on the contravariant matrix error.

Lemma 3.3. Let z. € D be a root of F(x). Let us consider that the both functions Jr(x)
and M(x) are continuous at x«, and that Jp(x) is nonsingular al ..

(4)

Covariant condition: Let us define the following norm ||y||s == || [Jr(z)]  yl| -
If |II — M(zy)Jp(xs)|| < k < 1, then for all 6 € (0,1 — k) there is a vicinity Vs of
T« that satisfies

1 —Jp(x)M(z)||xs <k+0<1and|[l—Mx)Jp(x)| <rk+d<1
|| Az ||«

]«

for all x € Vs where || A, = sup . Furthermore, M(x) and Jp(z) are non-

singular in Vy.

Reciprocally, contravariant condition: Let us define the following norm ||y||« =
| [Jr(z)]yll. If I — Jp(ze) M (24)]| < & < 1, then for all § € (0,1 — k) there is a
vicinity Vs of x. which satisfies

" —M(z)Jp(@)|« <k+d<land ||l —Jp(x)M(z)]| <rk+d<1

Azl :
for all © € Vs, where ||A|. = HH T” . Furthermore, M(x) and Jp(z) are nonsin-
T || %

gular in Vy.

Proof. Because Jp(x) is nonsingular at z,, we obtain

Part (i) || [Jr(w)] ™" [ = Jr(@) M (2] [e(@)] || = |11 = M(2.)Jp ()| < k< 1,

Part (id) || [Jp(@)] [ = M(2a)Jp(e)] [Tr(@)] 7 | = 1 = Jp(e) M)l < & < 1.

Given ¢ € (0,1 — k), it follows by continuity of Jp(x) and M(z) at x, that there is a
vicinity Vj of x, such that Jp(z) is nonsingular in V,

Part (i)|[1 — M(z)Jp(z)|| < % +0 < 1

Part (i7) ||[I — Jp(z)M(x)|| <k+6 <1,

in Vy, furthermore,

Part (i) || [Jp(@.)] ™ [ = Jr(@)M(@)] [Jr(z.)] | <k +6 < 1,

Part (ii) || [Jr(x)] [[ — M(2)Jp(2)] [Jr(z)] | < k46 < 1.

From the above inequalities we obtain the result because the following are valid

Azl _ e AlTp ()] [Jr ()] 2]

Part (i) ||All« = sup = sup -
[/l 1 Tr(a)] " 2]
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= || Jr(a)] " AlTp(@)] I,

IAzll. _ oo ITr(@)]A [Jp ()] [Jp(z)] 2|
][ [T ()] ]
= || [Tr(z)] AT ()] .

Part (ii) || All« = sup

There is just a point that we need to clarify: Is M (z) nonsingular in V5?7. The answer
is positive, we prove just Part (i). Proof by contradiction: Let us assume that M(zx) is
singular in Part (7), then there is a v € Vj such that Kern(M(v)) # 0. Let us choose
w € Kern(M (v)), then

[wl =l = Jr(v)M()]w| < (5 +6)[w| < [lw],
which is a contradiction.

3.2 Relation between Covariant and Contravariant Gauss-
Newton Type method

Let us assume that (S1) is valid and consider the set Vi, defined in (1.12). Given a
positive constant k € (kgn, 1), we say that a Newton-type method for solving is a
Gauss-Newton type method if there is a function M : V,,, — GL(n) continuous at z,
such that

i — Jp(x)M(x)|| <k for all z € Vi, (3.1)

and the GN-type sequence is defining by
Tp+1 = T + 0z where dz, = — M (xg) F(xy) (3.2)

where g € V-

Relation between contravariant and covariant GN-type approach

Note that the above GN-type method controls how large must be the contravariant matrix
error defined in (3.1)), and also

1Qc(2)[TF (2)Tp ()] M| = I = Jr(2)[JF (@) Jp(2)] 7| < wig for all @ € Vi,

which means using Proposition that Jr(x) is invertible for all x € Vj,,,, in particular
at x,. Lemma ensures that there is a neighborhood Vs C Vi, of x, such that

GN-type method controls also how large the following covariant matrix errors must be

Il —M(x)Jp(z)||« < k+6 <1 and H[Jf(x)Jf(a:)]*lQe(x)H* <kgn+6 <1lforall z e Vs
(3.3)
where ||A||« is defined in Lemma

Reciprocally, let us define

Vian = {x €D ’Jf(:r) is full rank and H [JfT(:):)Jf(x)]fl Qe(ac)H <kgn <1 }
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and assume that z, € Vi, . If we define our GN-type method based on controlling the
following covariant matrix error

|1 — M(z)Jp(x)|| <k <1forall z € V,,y, (3.4)

where M (x) is continuous at z, and g € Vy,y, We can also conclude using Lemma
that the following contravariant matrix errors with ||y||,-norm are bounded in a
neighborhood Vs C V., of x,

GN

|l —Jp(z)M(z)||« < k+d < 1 and HQe(as)[JfT(as)Jf(x)]*lH* < kgn+0 < 1for all x € Vs
(3.5)
where || Al is defined in Lemma

Theorem 3.4. The following are valid:

o [f x, € Vi,y then there is a neighborhood Vs C Vi, of x« such that GN-type
methods based on controlling contravariant matriz error with ||y|-norm (3.1)) are
also GN-type methods based on controlling covariant matriz errors with ||y||«-norm

B3).

o If xy € Vioy then there is a neighborhood Vs C Vi, of x« such that GN-type
methods based on controlling covariant matriz error with ||y||-norm (3.4) are also
GN-type methods based on controlling contravariant matriz errors with ||y||.-norm

(B3).
[ |

Relation between GN-type method and our IGN approach
Let (S1), (52), and (S53) hold. Then

(i) The following contravariant matrix error with ||y||-norm is bounded by kgn
1Qe@) T @) 5 @) = 1T = Je(@)TF (@) Tp(@)] | < ke for all & € Vigy.
(77) Our IGN sequence (zy) C Vi, satisfies

1TF (2x) [T (@), + F ()] | < 6l F(z0)]| = wen | [TF (@) Ty (@) ll,

which implies that the following contravariant inner residual error is bounded by &

| Jr(zx)xk + F(zp)|| < K[| F ()| (3.6)

Therefore, from Theorem it follows that hypothesis (i) implies that the covariant
error matrix with norm ||y||.-norm (1.17)) is bounded by a constant less than one. Hy-
pothesis (i7) says that our new stopping criterion implies , we would like to conclude
locally that the following

HM(warl) [Jp(xk)éxk + F(:L’k)] H* < /;JHM(.%']C)F(.ZL'k)H* with k < 1 (37)

is also valid for all k. We prove in the following Section that it is possible to conclude
the above relation (3.7)) from hypotheses (i) and (ii).
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3.3 Inexact Gauss-Newton Contravariant Convergence The-
ory

Let (S1), (52), and (S3) hold. In this Section, we present a new Theorem for our IGN
method that guarantees linear and local convergence of our IGN sequence (zj). We mea-
sure and bound the discrepancy between our new IGN approach and the GN method
through the covariant inner residual relative error , the contravarinat inner residual
relative error , the contravariant inverse error matrix (|1.20)), and the contravari-
ant error matrix . We present a result that explain how the inaccuracy of our
IGN method with respect to GN method influences the convergence factor of our IGN
sequence. Defining

Iyl := [[TF (2:) T ()] ]l

we explain when our new stopping criterion implies that the covariant inner relative
error with [|y||«-norm is bounded by a constant less than one. Finally, we discuss
briefly when our IGN method implies that the hypotheses with ||y||«-norm of the covari-
ant local contraction Theorem of Bock are valid for our IGN sequence (zj). We start the
analysis proving the existence of a function M, (x) such that dzy = —M,(x)F(x).

Lemma 3.5 (Defining M, (x)). Let (S1), (S2) and (S3) hold. We define the function
9 Vigy C D — R" as follows: for all x € Vi, g(x) solves via LSQR or LSMR the
following linear problem

T (@) Js(@)Az =~} () [ (2) (38)
with stopping criterion
17 (@)r(@)|| < k| Tf () f(@)]| = ken | [T] (@) T (2)]g(2)]] (3.9)

where r(x) = J¢(x)g(x) + f(x). Let us consider the function M, : Vi, C D — GL(R™)
such that

I @)r(@)] g@)”
[T @g(@)IP

[JfT(x)Jf(x)]_l I+ [ if ||77 (x) f(2)]| # 0

[T (@) 5 ()] if |7 @) f@)] =0

Then, My (x) is well defined, invertible with Ax(z) = [My(2)]™", das, = —My (1) F (x3)
for all k € N, and the following are valid,

The contravariant error matriz with ||y||-norm

11— [J};(JU)JJ‘(%)} M. ()| < (k- RGN)cond([J?(x)Jf(m)]), and (3.10)

The contravariant inverse error matrix with ||y||-norm

1T — A(z) [Jf(x)Jf(x)} < - ) ond(TF ()T (3.11)
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Proof. Lemma[2.10, and Lemma [2.11]

|
Remark 3.6. M, (z) is bounded in Vi, .
Proof. Let us define
K= max [J7@)JTp@] ) < +o0 and K = max |[FF(@)T(@)]]l < +oo.
2€Vigy €VrgN
Using the Lemma 3.5 part (3.10), we obtain
M:= sup [|M(z)]
IEVHGN
< sw (- wan)eond([IF (@) (@)]) + 1] 1T (@) ()]
€V kg y
< [(k—ken)KK +1] K.
|

Lemma 3.7. Let (S1), (52), and (S3) hold. The function g(x) = —M(z)F(x) defined

in the above Lemma is continuous at xy.

Proof. Here, we need to show that for all sequence (x) C Vi, that converges to
T4, we have that

lim g(ay,) = g(a.) = [JF (@) Jp(w.)] " Fla.) =0.

k—o00

From Lemma [2.8] and construction of g(x) it follows
17 (@)r(@)|| = || [JF (@) Jp(2)] g(2) + F(2)]| < (5 = kan) [ F(2)]-

Given (zy) C Viy such that (z3) converges to x,, we have by the above inequality that
(Jf(xk)r(xk)) converges to zero. By construction of g(x) we obtain that

[JF () Ty ()] g(k) + Fap) = Jf (zp)r (k).

Thus,
g(xg) = [J}F(mk)c’f(xkﬂ_l JF (we)r(xg) — [Jf(ka)Jf(ﬂfkﬂ_l F(zy),

which implies that g(zy) converges to zero, i.e., g(x) is continuous at x,.

Remark 3.8. Since g(x) defined in Lemma is continuous at x. and g(z.) = 0 then
there is a O, such that

g(x) = =M (z)F(x) € Vi for all x € B(zy,04) C Viegy s (3.12)

and . is the only root of F(x) in B(xy,dx).
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Lemma 3.9. Let (S1) holds. For all 6 € (0,1—kagn) there is a neighborhood Vs C V,,
of x. such that for all x € Vj the following are valid

GN

The contravariant error matriz (1.17) introduced by GN method:
|QF @) Ip@) Y| = |[1 = Tr@)TF (@) Ty @) Y| < maw +8 < 1, and

(3.13)
The covariant error matriz (1.16) introduced by GN method:
|77 @I @] Qe = |1 = VT @ @) e @) < ron +6 < 1,
Avll.
where o]l = |[[77 (@) p(e.)Jy| and 4], = sup ”uynH |
Proof. Analogous to Lemma [3.3]
|

Remark 3.10. The above Lemma says that our hypothesis (S1) is essentially a covariant
hypothesis with ||y||«-norm.

|
Lemma 3.11. Let (S1), (52), and (S3) hold. Then, for all x € Vi, we have
i — Jp(z)M(2)| < ken + (1 + ken)(k — kagn) cond ([Jf(x)Jf(m)]) .
Proof.
I—Jp(x)M(z) =1- [J]T(x)Jf(x)]M,i(m) + Qc(x) M, ()
= I — [J{ (2)Jp(2)]My(2) + Qc(x) [T} ()T ()] I () Jp ()] Mg ().

The result follows from Lemma [B.5

Remark 3.12. Let us define

R:=rkaon + (1 + kan)(k — HGN)CO”d([J}F(iU*)Jf(ZU*)]) .

If £ < 1, from the above Lemma there is a positive constant 6 and a neighborhood Vs C
Vian Of T« such that
I — Jp(x)My(x)|| <R+d<1

for all © € Vs. Because My(x) is not continuous at x., we cannot conclude using an
argument analogous to Theorem [3.5 that

|1 — Mg(x)Jp(x)|, <Rk+d<1inV.
|
Lemma 3.13. If (S1), (52), and (S3) hold, then there is a positive constant w such that

| [Jr(z +tg(z)) — Jp(x)] M(z)F ()] < wt]|g(@)[|||F ()]
for allt € [0,1], x € Vi, and g(x) € Vi -
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Proof. From hypothesis Jp(z) is continuous and the closure of V., ,
Jr(z) is Lipschitz with Lipschitz constant @. Thus,
[Tr (2 = tMy(2) F(2)) = Jr(2)]| < tw|| My (2)F(z)]]
if x and My (z)F(x) are in z € V,

KGN *

I [r (2 — tMy(2) F(2)) = Jp(2)] Me(2)F ()] < tw]| My (2)F ()| M| F(2)]]

is compact then

Therefore,

defining w := @M, we obtain the result.

Theorem 3.14. Let (S1), (52), and (S3) hold, and let us define
L= {x €N € B(xy,d4) ‘ WwM]||F(z)] <2(1 - H)} C Vian (3.14)

where M is defined in Remark B(xy,ds) in Remark and w in Lemma . We
obtain that the following are valid.

(1) Contravariant result: If vo € L then the IGN sequence (xy) stays in L and the
IGN residual sequence (F(xy)) converges to zero. Furthermore,

IF@e)ll < 5+ 5 0l IF (i)l (3.15)

(ii) Linear-result.  Let us choose xo € L such that ¢y := Kk + %MHF(%)H <1,
M| F (o)

1-— Co
Furthermore, (xy) converges to x, with linear convergence factor and

k1 F (o)l
1—cy

and By := B (:):0, ) C L. Then, the IGN sequence (xy) stays in By.

lzk — 2]l < M (co) (3.16)

(131) Covariant result with || - |«-norm. There is an & € (kgn, 1) such that for all
k € (kgn, R) there is a vicinity V. C L of x. that satisfies the following

(R1) For all zog € V. the correspondent IGN sequence (xy) stays in By. Further-
more, (xx) converges to T.

(R2) Descent argument. We obtain
|10zk11]l« < E(zi) |0z« for all k € N, (3.17)

where

9

Iyl = | [7F @) Tr(@)] y

9

= [ @dapa)]

o= [ @] | |77 500
and

&(ar) = (1+2(k — ken) )" [n + %Héwkﬂ*} <1
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(R3) a-priori estimate:

()
=1

(c(a0))**

L <
ol < TS

Hmk—&-j — Ty« l[0z0l«

Proof. (i) Note that
ty
F(xp + tpdzy) = F(xg) + / J (g + toxg)dxpdt.
0
therefore,

173
| F'(p + teozy) || < || F'(vx) + tiJp(2r) 0z || + / | [J(wg + téxy) — Jr(zp)] dg||dt
0

173
< (= IF GO+ F () + teTp sl + [ wtlsa IF e i
0
th
< (U= P + sl Fl] + o sl P )]
t2
< |- 0= e E | 1F @l
i.e.,
2
P+ o)l < L= (= 0+ EMIF@l| IF@l. (315)

Using induction, we prove in what follows that (zj) C £. By hypothesis 2o € L. Let us
assume that x1,--- , 2, € L, then

B-13) 2
VP + o) 2 {Lﬂl—@m+w§MM%mHhW@wH

(3.19)

L 9
< -0 =mte+ Q= r)E] 1 F ()l
Note that ¢(t) = 1 — (1 — k)t + (1 — k)t* defines a convex parabola which has its
1—
minimum in (1/2,p(1/2)), therefore 0 < 1 — e ©(1/2) < p(t) <1forallt e |0,1].

4
Consequently, we obtain

1 (g + o) || < (DI[E(zp)l] < [ (),

which shows that xxy1 € £. Thus, the above inequality is valid for ¢ = 0,1,--- Jk —
1, k,k 4+ 1, which implies

IF@e)l < |5+ wsMIF@I| 1F @) < - <[5+ SHTIFE)] 1@

and because k + %MHF(&?U)H < 1, we obtain the result.
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(i) Using induction, we prove in what follows that (xp) C By. Let us assume that
x) € By then

k

k k
ka1 — ol <Y I M) F (i) < MY [IF ()l <MY (o) |F (o)l

=0 =0 1=0

Thereby, it holds that

k1 — 2ol < MI|F (o)

Consequently, x+1 € By. Telescopic application of the triangle inequality yields

NN e F @)l
lowim =2l < 3 IMa(@) Pl < MIF@o)] 3 ()" (co) < M (e)* =2,
i=k i=k

which proves that (x) is a Cauchy sequence, therefore it converges to some root . of

F(z). Note that z, = %, since z, is the only root of F(z) in £ (see Remark [3.8). The
convergence rate (3.16) follows from the above inequality since

K [1E (o) |

|kt — 2] < M (co) 1
-

and taking the limit m — 400 we obtain
k [ (o) |
1-— Co '
(iii) From hypothesis (S1) we have that F'(x,) = 0. Let us define

|2 — 2p]| < M (co)

-1
1< = || [IF @ Iy ||| [7F @)y )] |
and let us choose an % € (kgn, 1) sufficient close to kgn, such that
(1+2(F — ken)ps)'® < 1.

~1
Let us fix k in (kgn,%). Because [J}F(x)l]f(x)} and [Jf(a:)Jf(x)} are continuous at
Ty, there is an €, € (0,1) such that for all x € B, := B(z., €.) the following are valid,

H [J}F(:c*)Jf(:c*)} <[J}F(:c)Jf(x)}_l - [Jf(x*)Jf(x*)]_l) H < 2(k — KGN )i,

< 2(,{ - K‘GN):“’*?

[([F @) - [5F@ss0)]) [ as6]

— x| < s,

lr@s@)|| [

1—&

IF ()] < 2. (3.20)
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Applying the triangle inequality, we obtain

H [T (2.) T (x.)] [J]T(x)Jf(x)]”H <2k — ke + 1, (3.21a)
H [TT (2)J5(2)] [JfT(a:*)Jf(x*)]_lH < 2k — KN ) + 1, (3.21b)
[[7F (@) T @)] | H [TF (@) (2)] H < 2, (3.21c)

for all x € By := B(x4,€x). Let us define

)

po = H [Jf(x*)Jf(x*)}_l

@) = (1+2(5 = ko)) |5+ 22 Me(@) F@)]l-]

o(z) = K + %H\\F(m)” and co := c(wo).

Let us consider the following set

. M| F()| .
”“:{m63<”’2>h—<r+%n—mmwmﬂdm<<2}’

which by construction satisfies V, C B, = B(z4, €x) C L (see (3.20))). In the following
M
LT
1-— Co
converges to x,. Let us choose z¢ in Vj, therefore z¢ € £ and it follows form the part (i)
that

lines, we prove that if g € Vj, the sequence () stays in By := B | xo,

w
|F@rsn)ll < [+ Sliowgll] 1 ()| for all k€ N (3.22)

and from part (ii) we conclude that (zx) stays in By and converge to z,. We finalize this
part verifying that By C B, = B(xx,€), which is an important part in the rest of our
argument. Let us fix x € By, because xg € V,;, we obtain

[l =zl <z = zoll + [lzo — 4|

< TP | e

1—60 2

M|\ F(2o)|| L&
T 1= (1+2(k — kgn)ps)teo 2

€4 €y
PRI

which implies that z € B, = B(x,€).

(R2) Descent argument proof. Multiplying both sides of the inequality (3.22)) by

I[TF (@) ()] Mic(rra)l
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we obtain
w
1My (2r41) F (i) | < || [TF () Tp ()] Mic(@ps) ] [%Jr 5“51%”} [1F (z)ll  (3:23)
Lemma [3.5| and the triangle inequality yield

I [TF (@r2) T (rg1)] Ms(zp10) | < (5 — man)eond ([JF (rg1) Jp(apg)]) + 1. (3.24)

Using (3.21c]), and that (z) C By C B,, it follows

cond ([J}F(xkﬂ)Jf(ka)D < 2. (3.25)
Substituting (3.25)) in (3.24]), we obtain
| [TF (@ra) T (@r11) ] Mio(@pg)|| < 205 — kon) e + 1. (3.26)

From (3.21a)) and using that (z) C By C B, we obtain

-1
NTE ) Tp ()] [TF ) ()] 7l < 200 — o -1, (3.27)
Because,
[TF (2:) Ty (24)] Mic(@ye1) =
-1
[JF (@) ()] [TF @) Ty (ersn)] ] (@) Jp(@ng1)] Me(pga), (3:28)
and using (3.26)) and (3.27)), we conclude
| 77 )T ()] M)l < @0k — ron e + 1) (3:29)
the above inequality and ([3.23)) yields,
w
| M@ ) F (i)l < (14206 = ran)pa)? 1+ 5 ozl [F@)| - (3.30)

Note that,

-1

IF@) = [ Au(an) [JF @) s ()] [ TF @) Tp(@.) | Mo Flay)]

IN

- 1-1
| Ax(r) [TF @) p@w)] 6zl

< At [T @) Is )] I [TF @ Tpa)] [T @ Tp@)] sl

From Lemma [3.5] triangle inequality, (3.21c),(3.21b) and using that (xx) C By C By it

follows
IF(zp)|l < (205 — Kan)ps + 1)% (10|« (3.31)

Substituting the above information in (3.30) and using that

!l = 1| [J] (@) Tp(we)] " [T (@) T g(22)] 62k < pelom]le,
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we obtain
WP
[Sarsille < (1 420k = row)p)? [k + 2= 0wl o).
< elwn) o
ie.,
[0zl < (i) [|0xk« (3.32)

we have proved that from (3.22)) it follows (3.32), since (3.22) is valid for all k € N,
we conclude that (3.32) is also valid for all k¥ € N. Note that é(x) < ¢(xg) < 1 for all

k € N, and rest of the proof follows similar ideas as we did in part (ii).
|
Discussion: In our IGN approach it is assumed
(1) The following contravariant matrix error with |ly|-norm is bounded by kgn
1Qc(2)[JF () I ()] 7| = |l = Tp(@)[Jf (2)p(2)] 7| < kon for all @ € Vigy -

Using Lemma [3.9] we conclude that there is a positive constant ¢ and a neighbor-
hood V5 C V., such that

7= Tr(@)1T7 (@) ;@) < ko and [[T=[J7 (@) (@)] " r(@)]l < won+6 < 1

for all x € V,,,, which means that our hypothesis (i) implies that the above con-

variant error matrix with ||y|/«-norm is valid. Thus, hypothesis (S1) is essentially
a covarinat hypothesis with ||y||«-norm.

(77) Our IGN sequence (zy) C Vi, satisfies
17 (k) [T (@n)0y, + F(zp)] || < 6| F (@)l — kan |[JF (zr) Jp ()62,
which implies that the following contravariant inner residual error is bounded by &
[T (zk)oxy + F(zp)|| < sl F ()] (3.33)

From the proof of Theorem [3.14] we have that for a x( sufficiently close to z, the IGN
sequence (zy,) satisfies (3.33) and also

LT () Ty ()] My (zr41) | < (2(5 — k) + 1)? see (3:29),
which implies using that
My (211) [Tr (2p)dzk + F(ap)]ll, < (2(k — kan) e+ 1)26[ F ()|
Using , we obtain
1My (1) [Tr (@n)bz + F ()], < (2(k — kon) e + 1) Rl M (2p) F(zg)||« (3.34)

Thus, locally, our new stopping criterion (2.15) implies that the contravariant inner
residual error with ||y||-norm (3.33)) is bounded by x < 1, and the covariant inner residual
error with ||y||s-norm (3.34)) is bounded by & := (2(k—kgn ) s +1)*x provided that & < 1.
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Therefore, our new stopping criterion is essentially a covariant stopping criterion with
|ly||s-norm if & < 1. Furthermore, from the proof of Theorem it follows also that

[ My (wgg1) [Jr(zp — tM(zp) F(28)) — Jr(21)] Me(zp) F(28)]]« <
Wt[| M (z) F () |7 (3.35)

for all k where @ := (2(k — kN ) e +1)*pMw. A natural question is: Is there a relation
between the local contraction Theorem for our local IGN approach and Theorem
?. The answer is that locally, our IGN approach implies that the hypotheses of
such a Theorem are valid with ||y||s-norm if k& = (2(k — kg s + 1)*k < 1.



Chapter 4

Sensitivity Analysis of the Solution

In this Section, we are focus on proving the following result: If we apply the local IGN
approach (S3) for numerically solving the nonlinear least squares problem (1.I)), the
solution obtained is statistically stable provided that at least one exists. Using the same
notation as in Chapter (1} we have that h(x) € R™ represents a mathematical model with
a true but unknown parameter iy € R”, n € R™ represents the observational data,
and the measurement error € € R™ is defined as €¢; = 1; — hi(Ztrye), which is assumed to
be independent and normally distributed with expected value zero and known variance-
covariance matrix ¥ = diag(oy, -+ ,0m), i.e.,

e~N(0,%).

The discrepancy between the observational data and the model are measured trough the
residual function

fe(@) =37 = hx)],

and a plausible estimation x¢ of xyye is obtained if we solve the following nonlinear least
squares problem

= argmin | o(2) 3 = T.(x). (4.1)
Defining ¢ := h(Ztrye), we have
fu@) = 57 = h(@)] = 57 e+ hlwiae) — h(@)] = S e+ G- h@)],  (42)

which means that y5 = fo(zS) is a perturbation of 0 = fo(z4ue). A natural question

is: how close are x and x¢e?, or in another words: how good is the estimation x¢
of our true parameter xiye?. Intuitively, if we are making small perturbations on the
observational data of our problem ([@.1)), i.e, ||e|| is small, we must conclude that the
distance between xS and Ty, is small. Otherwise, x€ is not a reliable estimation of xyye-
In order to answer the above question, we focus in this Chapter on estimation x§ of x¢rye
that satisfies the following definition.

Definition 4.1. We say that o local solution x& of 15 statistically stable under
perturbation makes in the measurement error € if x5 is a continuously deformation of
Ttrye, 1-€., there is a continuously function ¢ : B(0,ry) — D such that x5 = ¢(e),
ZTirue = @(0), and x5 is locally the unique solution of for all e € B(0, 7).

Note that from the hypotheses assumed in Chapter [I] we have that the following are
valid.

29
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(i) The function fc(x) is twice continuously differentiable with Jacobian Jy (x), and
there is a neighborhood V' of @y such that Jy, () is full rank for all x € V.

(77) Defining
Ho(z) = V2Tu(z) & [T ()01 (0)] + Qula),

we obtain that Ho(Zrye) = J}; (Ttrue)Jfo (Tirue) is positive definite.

Lemma 4.2. There is a positive constant r., and a continuously differentiable path
¢ : B(0,r.) — D such that & = ¢(€) and xirye = ¢(0), where x5 = ¢(€) satisfies the
following

(L1) ¢(e) is locally the unique stationary point of (A.1)), i.e.,
VT.($(€) = [T (d()]" fe(@(e)) = 0. (4.3)

(L2) Hc(¢(€)) is positive definite.
Proof. Let us consider the following functions
F(z,e) = fe(z) and T (x,€) = Te(z) with (z,e) € V X R,

and note that from (i) it follows that F is twice continuously differentiable. Let us
consider the following nonlinear equation

VT (z,¢) = VT.(x) = [J;.(2)]" f(z) =0,
then from (i) and (éi) we obtain that
VT (Ztrye,0) =0 and V:%T(xtme, 0) = Ho(xtrge) is positive definite,

which implies by virtue of the implicit function Theorem the existence of a ball B(0,r,) C
V C D and a continuously differentiable path ¢ : B(0,r,) — V such that ¢(e) satisfies
(L1). Because Ho(Ztrue) is a positive definite matrix and also a continuous function with
respect to €, we can reduce the value of r, if it is necessary and conclude that H¢(¢(¢))
is a positive definite matrix for all e € B(0, ry).

Remark 4.3. The second-order sufficient condition Theorem guarantees that x§ =
¢(e) defined in the above Lemma is locally the unique solution of the nonlinear least
squares problem (4.1)) for all € € B(0,7x). Furthermore, x5 = ¢(€) is a statistically stable

solution of {.1) for all e € B(0,ry).

We organize the rest of this chapter as follows: firts, we present the covariant -
Theorem of Bock [10] known as the local contraction Theorem for GN method, which
determines locally when the GN method converges to a statistically stable x¢. Later, we
prove that our IGN approach (S3) locally provides statistically stable solutions provided
that at least one exists.
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4.1 Statistically Stable x-Theorems

Let us consider the Moore-Penrose pseudoinverse J (z) of Jy (x) in V defined in (2), i.e.,
TH(x) = [TE (@) ;. (2)] " T (2) forall 2 €V

the Gauss-Newton step Az = —JF (z) fe(z), and the Gauss-Newton inner residual R(x) =
1= Jp,(@)Jf ()] fu(@).

Theorem 4.4 (Local Contraction). Let us assume

(B1) Lipschitz covariant condition. There is a constant w < oo such that

1T (") [J1. (@) = Jp.(2)] (2" = 2)|| < willa’ — z||* for all ',z € V.

(B2) k-covariant condition. There is a constant i < 1 such that

|/ (2" ) Re(@)|| < Rlla" — || for all 2,z € V. (4.4)

(B3) The initial guess xo € V is sufficiently close to a solution that

A
C()::fi"_EHAZUOH<1aTLdBQ::B xo, | Ao cV.
2 1—60

Defining ¢, = k + %HACL‘]CH, we obtain

(R1) zy € By, for all k € N and the Gauss Newton sequence (xy) converges linearly to
x$ € By with descent argument

| Az | < el Al

(R2) Furthermore, the a-priori estimate

Jj+k
Az < (co)™
1-— ()

(cx)!
1—c

[k — 2]l < [ Azoll

holds.
(R3) The limit x5 satisfies
Fo(a%) = VT (x9) = [J7, (25)]" fe(af) =0.

Proof. Bock [10].

Theorem 4.5 (GN-Statistically Stable Solution). If the following condition
|7 (@) Re(5) || < Rl — 25|
is walid for all x in a neighborhood of Tirye then the matriz H(x$) is positive definite.

Proof. Bock [10].
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|
Remark 4.6. Note that if Theorem is wvalid, then the hypothesis of Theorem

is also valid, and consequently, we conclude that the Gauss-Newton sequence (xy) that
satisfies the conditions of Theorem [{.4] converges to statistically stable solutions.

Remark 4.7. Bock [10] proposed that the statistically stable solutions z§ of (4.1) are
defined by the 100a% confidence region

G = {e] [lel* < (o)}

where a € [0,1] and v*(a) = X2(1 — «) is the quantile of the X2-distribution with n
degree of freedom. For example, we can choose in most of the case a = 0.95.

Remark 4.8. If is clear that if € € G then € ~ 0, which implies from (4.2) that € ~
fe(irue) — fe(x), therefore the confidence region is defined by other authors [57), 18, [51)]
as

G, Tirue) = {x eV | ||fe($)”2 - ”fe(ithE)HQ < '72(04)}7

which is a more adequate presentation since we handle directly with the statistically sta-
ble solutions. Because the parameter Tipye is unknown, it is used Gp(«,zS) instead of
G(a, Tirye) where Gr(a,xs) describe the confidence ellipsoid which is a first order ap-
prozimation of the nonlinear confident region G(«, Tirye) , i-€.,

Gr(oaf) = {z € V| || fe(al) + Iy, (25) [z — af] [P = Ife(=)* < 7% (@)} -

Korkel proved in his dissertation thesis [54|] that
Gr(a,x) = {x eVi]z—ual= Jﬁ(:z:i)&w and ||6w]||?* < 72(a)}.

For a deeper study of statistically stable solution and its applications see e.qg., [8, [54, [52,
51, [11Y.

Theorem 4.9. Let (S1), (S2), and (S3) hold. Then our IGN method produces statisti-
cally stable solutions.

Proof. Let us define

A(aS) = Q) [T (@) Ty, (2] ' (4.5)

and note that k(z¢ye) = 0 since in this case Qo(z) = 0, thus there is a 7, > 0 such that
k() < kg for all ||e|| < 7.

Using Theorem , we conclude that the IGN sequence (xj) converges linearly and
locally to z¢ for all ||¢|| < 7, and from the proposition it follows that H.(x5) is
positive definite. Thus, the implicit function Theorem applies to the nonlinear equation
delivers the ball B(0,7,), and a continuously differentiable path ¢ : B(0,7,) — D
such that 5 = ¢(€) and ziue = ¢(0) where 25 = ¢(e€) is the unique local solution of
([.3). Choosing an « sufficient close to one, we conclude that the solutions z¢ of
with € € G are statistically stable solutions.



Chapter 5

Global Newton Methods

Let F: D C R™ — R” be a continuously differentiable function with Jacobian Jp(x),
and let us consider the nonlinear equation

F(z) =0. (5.1)

In this Chapter, we restrict our study to globalization strategies based on the Newton
method with damping strategy, i.e.,

Th41 = Tk + tkAl'k, with t, € [0, 1] y and Jp(xk)A:rk = —F(.%'k), (5.2)

where xg € D is pre-chosen and not necessarily close to a solution x, of , and £ is
the step size or damping factor. An analysis made in the classical globalization strategies
based on the popular residual monotonicity test, and on the natural monotonicity test
reveals the principal drawbacks of the globalization strategies based on a particular merit
function. Rather, we focus on globalization strategies that follow the affine covariant
Newton path P(t), which connects the initial guess x¢ with a solution x, of our problem
and produces along of it an exponential descent in every general level function [27].
Two globalization strategies based on following such a path P(t) are presented, one of
them was introduced by Bock, Kostina, and Schléder [I12] and is known as Restrictive
Monotonicity Test (RMT). The other one was introduced by Potschka [70] and it is
known as Backward Step Control (BSC), which provides, under reasonable assumptions,
a global convergence Theorem on the basis of a backward step argument.

5.1 Residual Based Descent
In this section, we focus on a line search strategy based on the residual level function,
1 2
Tr(z) = S F(@)ll2 (5.3)
with associated level set,
G(zo) :={y € D | Tr(y) < Tr(z0)} (5.4)

where xg € D is a pre-chosen initial guess. Note that in this case the Newton step Axy
is a descent direction of our residual level function Tp(z) if Axy # 0, since

[VTF(SUk)]T Axy = —2TF(ZL‘k) < 0.
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In order to produce the maximal descent in this direction, we must choose t; such that

ty = min Tr(zp + tAxy).
k te(0,1] F< k k)

An exact minimization is expensive and unnecessary. Instead, we apply an approxi-
mate line search which determines the largest damping factor ¢ such that the residual
reduction is in some sense optimal. The following Lemma tells us how to choose it.

Lemma 5.1. Let F: D C R" — R" be a continuously differentiable function, with D
open, convex, and Jp(x) nonsingular for all x € D. Assuming that the affine con-
travariant Lipschitz condition

I1JF(x) = JrW)) (y = 2)|| < wllJp(z)(z —y)lI* for all z,y € D

is valid and defining the convenient notation hy := w||F(zx)||, we conclude that

I (zr + tAz)|| < pr(O||F ()| for all t € [0,2/h],

1 . . . .
where p(t) :=1—t+ §t2hk, and the optimal choice of the damping factor is given

by
2 :=min(1,1/hg).

Proof. Deuflhard [27, Theorem 3.7].
|

The following Theorem says that the damped Newton sequence (zy) with damping
factor ¢, ~ t converges to a solution z, of (5.1)) for all pre-chosen initial guess zg € Go,
where G denote the path-connected component of G(xg) containing zg.

Theorem 5.2. If the hypotheses of Lemma [5.1] are valid and Gy C D is compact, then
the damped Newton iteration (5.2)) with damping factor in the range

iy € [@2752 - 6]a

where € > 0 is sufficiently small and depends on Gg, converges to some solution point x.

of ,

Proof. Deuflhard [27, Theorem 3.8].
|

We discourage the use of this line search strategy first of all because it can not be
implemented directly since the quantity hj is computationally unavailable due to the
affine contravariant Lipschitz constant w. On the other hand, if we know the value of
w then this line search strategy applied to mildly ill-conditioned problems may produce
small stepsizes even in a vicinity of z, where the quadratic convergence of the Newton
sequence with full-step is guaranteed. The reason for this behavior is that the damping
factor depends directly on the merit function. We explain in more detail such a behavior
in the following section.
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5.2 Error Oriented Descent

Here, we focus on a line search strategy based on the general level function

Te(e | A) = 5| AF(2)3 (55)

with A € GL(n), and associated level set,

Glzo | A):={y €D |Tr(y| A) <Tr(zo | A)}
where xg € D is a pre-chosen initial guess.

Remark 5.3. In this case, the Newton step Axy = — [Jp(xy)] " F(xy) is a descent
direction with respect to all such level functions (5.5)), since

AxIVTr(zy | A) = —2Tp (21 | A) < 0.
The following Lemma reveals the reason why the line search strategy based on the
residual level function may be inefficient already in mildly ill-conditioned problems.

Lemma 5.4. Let ' : D C R" — R" be a continuously differentiable function, with
D open, convex, and Jp(x) nonsingular for all x € D. If ), € G(z | A) for some
A € GL(n), and the affine covariant Lipschitz condition

1Te(@)] ™ Ur(y) = Jr@)] (y — 2)|| < wll(z - y)|?
1s valid for all x,y € D, then with the convenient notation
hi = wl| Az, Py = hycond (AJp(zy))
we obtain that

Tp(zy + tAzy | A) < pi(t | A)Tr(zi | A) for all t € [0, min (1,2/hy)] (5.6)

1 .
where pp(t | A) :=1—1— itQhk, and the optimal choice of the damping factor is
given by
t2(A) :=min (1,1/hy,) .
Proof. Deuflhard [27, Theorem 3.12].
|

The optimal choice of the damping factor ¢ (/) = t{ when we are working with a line
search strategy based on the residual level function (A = I) may be inefficient, since even
for mildly ill-conditioned problems cond(Jr(zy)) may be too large, and consequently the
interval where is valid may be very small. Thereby, the damping factor t; may be
tiny even when the quadratic convergence of the Newton sequences with full Newton step
is guaranteed. Therefore such an approach is inefficient. An example (Rosenbrock-type)
that describes this behavior was given by Bock in [10].

On the other hand, if we choose as merit function the Natural Level Function,

Ti(x) = Tr(z | [Jp(er)] ') = %II [ (o))~ F(a)|?

then from the Lemma the line search strategy based on Natural level function at the
iterate xy, satisfies the following properties:
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1. Extremal properties (Deuflhard [27]), For all A € GL(n) the reduction factor
pr(t | A) and the theoretical optimal damping factor ¢7(A) satisty,

pr(t | [T ()] ™) < pu(t | A),

t2([Jr(x)] ") = min (1, 1/hg) > t2(A).

2. Steepest Descent (Deuflhard [27]): The Newton correction Az given by
Jp(zp) Az, = —F () is a descent direction with respect to all such level functions

(6-3)-

3. Full step in a vicinity of z, (Deuflhard [27]). From the affine covariant Newton-
Mysovskikh Theorem we know that local quadratic convergence of the Newton
sequence is guaranteed in the vicinity V, of some solution x, where

Vi = {x eD|w| [Jr@)] " Flz)| < a< 2} .

If by, = w||Azg| < 1, then ¢3([Jp(z)]”") = min (1,1/h;) = 1, ie., using the
Natural level function at the iterate x, our damping factor is equal to one in the
vicinity V.

4. Asymptotic distance function (Bock [12]). For F twice continuously differen-
tiable, and assuming that (xj) converge to x,, then

|r @™ F@)||, = llz = 2ll2[1+ Oz = 2. ]l2) + Ollzr = 2 l2)]

Both line search strategies have their disadvantages. The line search strategy based on
the natural level function at the iterate xj, satisfies the above outstanding property but all
of them are just valid at the iterate x, therefore we cannot guarantee with this strategy
descent of our merit function Ty (x) for all iterate of our Newton damping sequence,
which is the major drawback of this approach, since the classical arguments of global
convergence cannot be applied. Indeed, Ascher and Osborne [4] constructed a theoretical
example that show the existence of two-cycles for successive quadratic programming
solver method based on the natural level function at the iterate . On the other hand, a
global convergence proof exists for Newton damping iterate based on the residual function
Deuflhard [27, Theorem 3.13]. Nevertheless, we have seen that this approach produces
tiny damping factors even in the vicinity of the solution where full-step Newton sequence
converges quadratically.

5.3 The Newton Path

In this section, we present the Newton-path, which is an affine covariant path that pro-
duces descent in the whole class of merit functions (5.5). Furthermore, we introduce the
intuitive ideas that motivate the line search strategies based on RMT and BSC.

In order to avoid the arbitrary choice of a merit function introduced by the whole
class (b.5)), we focus on the intersection of all correspondent level sets
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G)= [) Glz]A)
AeGL(n)

It is clear that this set is affine covariant since by construction it do not depend on
A € GL(n). The following Theorem reveals its properties.

Theorem 5.5. Let F': D C R" — R" be a continuously differentiable function with
Jr(x) nonsingular for all x € D. For some A € GL(n), let the path-connected component
of G(zo | j) m xo be compact and contained in D. Then the path-connected component
of G(z0) is a topological path Ty : [0,2] — R™, which satisfies

F(zo(A) = (1 = A)F (), (5.7)
Tr(@o(N) | A) = (1= N)2Tk(a0 | A), (5.8)
dzT _
cT/\O = —[Jp(@0)] " F(x0),
(5.9)
To(0) = o,
To(l) = ms where F(z,) =0,
dZo
where Axg is the ordinary Newton correction.
Proof. Deuflhard |27, Theorem 3.6].
|

Remark 5.6. In the proof of the above Theorem the differential equation (5.9)) is derived
from the homotopy

H(z,\) = F(z) — (1 — X\)F(z9) =0, (5.11)
which defines the function To(X) upon the invocation of the implicit function Theorem. A
natural strategy to construct our damped Newton factor A\ would be: choose it such that

F(xgp + MeAzy) — (1 — M) F () = 0.

From (5.7)), it follows that T(\;) = xp41. This approach will be explained in more detail
in the following section, and with additional requirements, it is known as the Restrictive
Monotonicity Test (RMT).

Remark 5.7. Introducing the reparametrization A\(t) = 1 — e~t, we obtain from the
above homotopy (5.11) the so called continuous Newton method or Davidenko differential
equation [21)],

#o(t) = = [Jr(@0(1)] 7 F(20(t), t€[0,4+00), #(0) = . (5.12)

Furthermore, lim Zo(t) = ..
t——+o0
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Remark 5.8. From the remark (5.7) we conclude that the Newton path & (t) is connect-
ing continuously a starting gquess xo with a local solution x, of our problem (5.1)) in some
optimal sense:

(i) For anyt € [0,4+00), Zo(t) is the unique local solution of the following equation,
H(z, \(8)) = F(z) — e~ F(zo) =0,

which is not our original nonlinear equation but its solution zy(t) is very close to
T« when t s large.

(ii) From property (5.8)), and the reparametrization A(t), it is clear that the Newton
path &o(t) produces exponential descent in the whole class of merit functions (5.5
when t € [0, 400).

Remark 5.9. Another strategy for choosing our damping factor, which is not so natural
as the introduced in remark (5.6), would be to construct our iterate xp11 = x) + ti Ay,
with t, € [0,1], such that

k—1
lim & ti | —ar =0, 5.13
G 2o (Z) 2 (5.13)

and
k—

1
lim t; = +oo. (5.14)
k—ro0 1

From (5.13)) and remark (5.8) we conclude that our sequence (xy) converges to .

A way to construct such an damped sequence (xj) is possible if we assume some
hypotheses introduced by Potschka [70].

5.4 The Restrictive Monotonicity Test

The Monotonicity Restrictive Test (RMT) introduced by Bock, Kostina, and Schléder
[12] is a Global Newton Strategy, which chooses as damping factor t; a positive number
such that zy1 = z + txAzy is close to the Newton path Ty (t) that emanates from xy.
In fact, it was proved in [I2) Lemma 7| that if

ex(t) == Tp(t) — zp — tAzy
and F'(zx) is twice continuously differentiable then
er(t) = — [J(xp)] " [F (g + tAzg) — (1= ) F(zx)] + O(t?).
From this result, the damping factor can be chosen such that

ltAzy |l < ([T ()] [F (e + tAzg) — (1= OF ()] || < [[tAayn”.

The above relation is controlled by the choice of the positive numbers n,, n* < 2. This
RMT strategy, which can be interpreted as a step size control for integration of the
Davidenko differential equation with the explicit Fuler method, shows very good
practical applications, in particular, it does not lead to two cycles. The explicit Euler
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method can be extended by a number of so-called back projection steps which diminish
the distance of the iterate xp4q to the Newton path Ty(t), therefore this RMT method
can be extended through repeated back projections step that provide us the benefit of a
global convergence Theorem. Nevertheless, numerical experience shows that more than
one back projection step does not improve convergence considerable and thereby it should
be avoided [12].

5.5 Backward Step Control for Damped Newton Methods

Let us assume that Jp(x) is invertible for all x € G(xg) and let us define

g9(x) = [Jr(2)] "' F(z) and h(z,t) = g(x — tg(x)) — g().
Let us consider the Davidenko equation (5.12) with starting point x and k& > 1, i.e.,

2(t) = —g(@r(t))
i(0) = . (5.15)

Motivation: Given a positive constant H, we are interested in choosing a step size
tr € [0,1] such that the following properties are valid:

1. Starting from xy, the forward Euler method applied to (5.15)) provides the iterate
Tyl = T — tpg(xg).

2. Starting from xx11, the backward Fuler method applied to

Zp(t) = —g(@rn(t))
i‘k:—;@k) = 95l<:+1-Jr (5.16)

provides the backward iterate zx(0) = zx11 + thg(Tgt1)-
3. 12x(0) = 2k ()| = [log — (@hs1 + trg(@pt1)) | = tellP(n, te)|| = H.
Intuitively, the center piece of BSC strategy focuses on keeping control the distance
2%tk + 1) — Zppa (D),
provided that the backward distance
|2£(0) — 2k (0) | = til|h(zk, ti)|| = H.

This argument combining with Telescopic application of the triangle inequality allow us

to bounded the distance -
To (Z ti) - T
i=0

for a constant that contains the factor H, and therefore, a global convergence Theorem
proof bases on follow the Gauss-Newton path Zo(t) is possible.

9

Backward Step Control: The BSC strategy keeps control the distance between xy,
and Z%(0) using a damping factor ¢ defined as follows

ti = min By (zy) where By (zg) := {t € [0,1] | H = t||h(zg, t)]|} U {1} (5.17)
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The first result derived from BSC strategy is that we can guarantee the existence of a
lower bound for all damping factors ¢;, which depends on H. In the rest of this Chapter
we are working with the Newton step Az = — [Jp ()] " F(zp).

Lemma 5.10 (Potschka [70]). If g(z) is a Lipschitz function with Lipschitz constant

L >0 and i € G(x) then
H
\ LM[F(x0)]|

[r@@)] 7 .

where
M = max ||
z€G(x0)

In the following, we introduce reasonable hypotheses that allow a global convergence
proof based on following the Newton path #y(t), and later we present a Theorem that
contains the principal properties of this strategy. We omit the proof of any result in this
Section because we study all of them in more detail in the next Chapter.

Hypotheses:
(H1) G(=¢) is compact and connected.

(H2) There is a Lipschitz constant L < +oo such that

lg(z) — gl < Lz — yl| for all 2,y € G(xo).

(H3) There is a constant w < +oo such that
1 1p(@) = Jp(z = tg(@)] [Tr()] " || < wtlg()]
for all z € G(xp) and ¢t € [0, 1].

(H4) For all A > 0 there are constants v, ¢, > 0 such that

lg(x —tg(z)) — g(@)]| =+t
for all x € G(x0) (see equation (5.4)) such that ||g(z)|| > A and ¢ € [0,¢,].

The following Theorem resumes the principal properties derived from the above hy-
potheses and the BSC strategy.

Theorem 5.11 (Potschka [70]). Let (H1), (H2), (H3) and (H4) hold. If F is contin-
uously differentiable with Jp(x) invertible for all x € G(x¢) then the principal properties
of the BSC strategy are

(i) Given an H > 0 there is a positive lower step size bound for the sequence
defined by tj, = min By ().



5.5 Backward Step Control for Damped Newton Methods 71

(ii) For given 6,t € (0,1) there is an H > 0 such that for all H € (0, H] the following
15 valid
min By (z) <t

for all x € G(xo) with w||F(z)|| > 20(1 — k).
(iii) For a given 6 € (0,1) there is an H > 0 such that for all H € (0, H], we obtain
wmin By (zx)||lg(zr)[| < 20
if z € G(xp).

(iv) Linear Contravarinat Theorem There is an H > 0 such that for all H € (0, H]
the residual sequence (F(xy)) converge linear to zero. Furthermore, if there is

0 € (0,1) such that
wmin By (x)||g(zk)|| < 260 for all k

then
[ F(zg42)[] < O F(zp)|-

(v) Ezxistence of a-priori estimate using the same H of the above item, there is a
constant ¢ > 0 H-independent such that

JIF@OT < V@) = keVE for all k < /1@

c2H

(vi) Linear covariant Theorem There is an H > 0 such that for all H € (0, H] the
sequence (xg) with damping factor ti, = min By (xg) converges to x, := tlim Zo(t).
—00

Full step in the vicinity of the solution: A drawback of the damped Newton
methods based on residual monotonocity is that we derive a damping factor that is
tiny even in the vicinity of our solution z, where full step Newton sequence converges.
Nevertheless, the above strategy ensures not only linear convergence of our residual
sequence (F'(zy)), but also ensures convergence of our sequence (xy) to the solution z,.
Furthermore, full Newton step of our sequence is guaranteed in a vicinity of the solution
74. Indeed, if |F(x)|| < H/(LM) then it follows from the hypotheses (H1) and (H?2)
that

Hlh(ap, 1) < Le2lg(an)| < LM F ()] < H.

Therefore, tp, = By (xy) = 1.
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Chapter 6

Global Inexact Gauss-Newton
Methods

In this Chapter, we are focus on introducing a damped IGN strategy that globalizes
our local IGN approach introduced in Chapter [2| for numerically solving the nonlinear
least squares problem (1.1). The functions f(x) and F(z) are defined in and
respectively, and T(z) = 3| f(x)||3. Furthermore, J¢(x) is the Jacobian of f(z), and

F(x)=VT(z), Jp(z)= [JfT(a:)Jf(x)] + Qc(x)

where Qc(z) is defined in (1.3). We assume that (S1) is valid. Using the Backward
Step Control theory of Potschka [70], we introduce an ineaxct Gauss-Newton path x(t)
that connect our initial guess x¢p € D with a local solution x, of the nonlinear least
squares problem that satisfies (S1) and along it, the residual level function Tr(z) =
%”F(I‘)H% decreases exponentially. Furthermore, using a backward analysis argument
based on following the above path z(t), we provide a class of damped IGN-type se-
quences that converge to x,. The classical Gauss-Newton path x*(t) Deuflhard [27,
Theorem 4.11], or the classical IGN paths Z(¢) Deuflhard |27, Theorem 4.12| are not
convenient for our purpose because z*(t) depends on the unknown local solution z, of
F(z) =0 and z(t) does not connect x¢ with .

The damped IGN-type strategy with damping factor ¢; for numerically finding a root
of F(x) assumes that there is a function M : V.., C R" — GL(n), and it is defined as
follows

Tpr1 = Tk + tpdxg, with dxgp = —M(x)F(x) and t € (0,1]. (6.1)

where xg € Vi, is pre-chosen, V., is defined in , and M (z) can be interpreted
as an approximation of [JfT(x)Jf(x)]_l. We organize this Chapter as follows: We introduce
reagonable hypotheses that allow to conclude a global inexact Gauss-Newton Theorem
for the damped IGN-type sequence (6.1)) with Backward Step Control (BSC) damping
factor. We prove the existence of an inexact Gauss-Newton path xz(t), which connects
xo with x4. Later, we introduce the definition of our inexact Gauss Newton Backward
Step Control damping factor t; that defines our IGN-BSC globalization strategy. Con-
sequently, we prove that the above IGN-BSC approach converges to z,.. We finalize this
section explaining some details of the algorithm realization, and why this strategy is
adequate for a globalization of our local IGN approach introduced in Chapter
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Hypotheses: Let us assume that
G(xo) :={z € Vigy | Tr(z) < Tp(x0)}
is compact and connected, and the following are valid,

(A1) There is a constant k € [kgn, 1) such that

|1 = Ji(2)M(2)] F(2)]| < k]| F(2)] for all 2 € G(xo).

(A2) The function g : G(xp) C R™ — R™ defines as g(z) = M (z)F(z) is Lipschitz with
Lipschitz constant L.

(A3) There is a constant w < 400 such that

I [Jr(x) = Jr(z —tg(x)] g(2)|| < wtllg(@) ||| F(2)]
for all z € G(zp) and t € [0, 1].

(A4) Defining h(z,t) := g(z — tg(z)) — g(z), we assume that for all A > 0 there are
constants y,ty > 0 such that
1Az, t)]| =~ (6.2)

for all x € G(xo) such that ||g(z)| > A and ¢ € [0, t,].

Remark 6.1. Note that the GN method satisfies hypotheses: (Al) with k = kgn, (A2),
and (A3) since in this case

M(x) = [JF(2)J(@)]

which tmplies

I—Jp(x)M(z) = I - [[JF(2)Js(2)] + Q)] [IF (@) Js(2)] " = —Q(x) [JF (@) J5(x)] ",

and from hypothesis (S1) it follows that

I = Jr(z)M ()] F(2)]| < ke[| F(2)]

for all x € G(xo). Furthermore, M(x) = [J};(x)Jf(x)} satisfies also (A2) and (A3)

since Jp(x) and g(z) are continuous and G(xo) is compact.

0
The condition (A4) says that if 8—g($)g(w) exists, it must be bounded away from zero,
x
i.e.,

g

|2

which is a relevant condition that excludes pathological examples from our analysis. We
-1

conclude from this remark that M(z) = [J]T(x)Jf(w)} satisfies (A1), (A2), and (A3),

but (A4) must be assumed.

(x)g(z)|| > v for all x € G(xo) with ||g(x)] > A,

The following Theorem proves that it is possible to define an IGN path z(¢) that
connect our initial guess xg with x,.
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Theorem 6.2 (The Inexact Gauss-Newton path). Let (A1), and (A2) hold. Then the
following differential equation

defines a path x : [0,00) — R™ such that

Xy := lim z(t) and F(x.) = 0.

t—o0

Furthermore,
Tr(z(t)) < Tr(zo)e” VMt for all t € [0, 00).

Proof. Potschka |70, see Lemma 5.5 and Theorem 5.6] .

6.1 Inexact Gauss-Newton Backward Step Control (IGN-
BSC)

Let us define our damped IGN sequence as follows
Tpy1 = Tp — trg(T) (6.4)
with inexact Gauss-Newton BSC damping factor
ty := min By (xg) where By (xy) := {t € [0,1] | H = t||h(zk, t)||} U{1}. (6.5)

The geometrical interpretation of our IGN damping factor follows in analogous to the
BSC for Newton method introduced in the Chapter [p] but here we take into account the
IGN path z(t) defined in Theorem instead of the Newton path.

The first result, which is given by the following Lemma, derived from this IGN-BSC
strategy is the existence of a lower bound for all damping factors t.

Lemma 6.3. Let (Al), and (A4) hold and let H be a positive constant. If t, =
min By (zx) for all xy, then

t > H > H
k> — RV — =:cqg
LM||F (x|l LMI||F(zo)|l

where,

M = max ||M(z)].
max M)

Proof. Potschka [70].
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Lemma 6.4. Let (Al), and (A3) hold. If xi, € G(xo) then
[E(@rr)ll < 1= (1= w)tg + gtillg(ﬂ«“k)ll [ICIE
Furthermore, if there is an 0 € (0,1) such that the damping factor ty satisfies
wtillglen) | < 2001 — )
then xp+1 € G(x0) and
[F@re)l| <[ = (1= 0)(1 = w)ta] [|F (). (6.6)

Proof. Potschka |70, see Lemma 6.2].

The following result says that we can control how large our IGN damping factor
min By (z) is when x € G(xz¢) is far away from a local solution of ((1.2).

Lemma 6.5. Let (A1), (A2), (A4). If0,t € (0,1), there is an H > 0 such that for all
H € (0, H] the following is valid

min By (z) <t
where x € G(zg) and w||g(z)|| > 20(1 — k).
Proof. Potschka |70, see Lemma 8.2].
|
Theorem 6.6 (BSC Potschka [70]). Let (A1), (A2), and (A4) hold. For a given 0 €

(0,1), there is an H > 0 such that for every H € (0, H] our inezact Gauss-Newton BSC
sequence (xy) defined in (6.5)) has the following properties,

(7) Our inezact Gauss-Newton BSC damping factor t, = min By (xy) satisfies

w|lg(xp) ||ty < 20(1 — k) for all k € N. (6.7)

(73) Owur residual IGN damped sequence (F (1)) converges to zero, (xy) converges to a

local solution of (1.1), and (x) C G(z0).
(7i1) Let us define

L 10-0)01-r)
2 VML
then the first iterates of our sequence (xy) satisfy that
F
VIIF)| < VI F(xo)|| — keVH for all k < ‘égljg)”.

Proof. Let us define
7. 20(1 — k)

wM || F (o) |
where M is defined in Lemmal6.3] In the first step of this proof we focus on showing that

(6.7) is valid and therefore we prove that the sequences (F'(zy)) and (xy) are convergent.
We have two case:
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o If w|lg(z0)]| < 20(1 — k) then we can choose an arbitrary positive constant H.
e Otherwise, Lemma delivers a constant H such that

wl|g(zo)|| min B (o) < 20(1 — k) for all H € (0, H].

Let us fix H € (0, H] and assume by induction that (6.7)) is valid for 2 € G(x¢) then
from Lemma it follows,

[ F(zr)]| < [1—t(1 = 0)(1 — w)] | F(zp)]| < [[F(xo)|| with ¢y = minBg(zy),

ie., zx11 € G(xg).

If t11 := min By (xg41) < ¢, then
wllg(@p)l[tir1 € WM F(@pi1)|[tirr < wM | F(@o)l[trs1 < 20(1 - k).
If# <ty 1, then < 1, which implies wM || F(x¢)|| < 26(1— k) and from here, we conclude
wllg(@nen) s < NI F (@i | < I F(zo)]] < 26(1 — ).

Thus, we prove that (6.7)) is valid for all zx. In the following line we prove that (F(zy))
converges to zero. In fact, from Lemma [6.4] we have

[E @r)ll < 1= te(1 = 0)(1 = m)] [ F ()| for all £,

and using that our damping factors are lower bounded by ¢y < 1 defined in Lemma [6.3
we conclude

I1F ()]l < [L = em(1—0)(1 = )" | F (o),
which implies that (F'(zy)) converges to zero. Let us define

ci=[1—-cy(l-0)1-r)] <1

and let us show that (z) is a Cauchy sequence.

k+m—1 L m—1 N MHF(IO)HC]C
loksm =l < D [IM(z)F ()| < MIF(o)l| Y e’ < ==,
i=k i=k

which prove that (zy) is a Cauchy sequence, therefore it converges to x. € G(xy).

The proof of part (iii) follows in analogous to Potschka [70, Theorem 8.4].
[

Up until now, we have proved that our damped IGN-BSC sequence () converges to
a local solution z, of (1.2]). Nevertheless, we cannot predict how close x, is to zp. The
following Theorem says that z, and xo are connected by the IGN path defined in (6.2]).
Lemma 6.7. Let (Al), (A2), (A3), and (A4) hold. Then t;, = min By (zy) satisfies
t3 L
e (t) = ]l < 5 Lllg(e) e, (6.8)
and )
t
e (t + ) = wrea (B)]] < S Llg(an) e+ for all t > 0. (6.9)
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Proof. Potschka |70, Lemma 7.1 and Lemma 8.5]
|

Theorem 6.8 (IGN-BSC covariant result, Potschka [70]). Let (A1), (A2), (A3), and

(A4) hold. Then there is an H > 0 such that for every H € (0,H| our IGN-BSC
sequence (r)) converges to T, := 7‘lim x(t) where x(t) is the IGN path emanating from xg.
[— 00

Proof. Let us assume ||F(zg)| > 0. Theorem [6.2] ensure the existence of a solution
x4 of our equation F(x) = 0 such that x¢ and x, are connected by the IGN path x(t).
Because Jp(z) is invertible for all x € G(x(), we have that x, is an isolate point, therefore,
there is a € > 0 such that x, is the unique root of F' or unique equilibrium point of the
Davidenko equation (6.3) in B(z.,r) with

[ ]
r=c|l
11—k

where M is defined in Lemma Let us fix 6 € (0,1) and assume without loss of
generality that e is sufficient small to satisfy

wLMe < 20(1 — k). (6.10)

Because =, = tlim x(t), we can choose T} such that
— 00

(t) — 2] < % for all ¢ > T, — 1. (6.11)

Note that ||g(x(t))]] > 0 for all ¢t € [0,T,]. Otherwise, it follows that g(zp) = 0, which
implies F(xp) = 0 contrary to our assumption. Thus, we can choose é € (0,¢) that
implies the existence of a constant A > 0 such that

Ag < lg(z)|| for all t € [0,T],z € G(xp) with ||z(t) — x| < €. (6.12)

Hypothesis (A4) yields the existence of constants v, ¢, that satisfies (6.2]). It follows from
Lemma [6.5] that there is a constant H such that

tr = min By (zx) <t = min {t’yv

29(1-@}

wM

for all H € (0, H]. Let us assume without loss of generality (we can decrease H, it is
necessary) that

e [ré’]
0 < H <min {LMHF(&:O)H, [T*eLT*]z[LM]F(xO)H]?’} . (6.13)

Basically, the proof consists in two step:

(i) we prove that there is a k such that zz € B(.,e€).

(i4) we prove that there is a k > k such that (71)>7 C B(xs,7) and () converges to
T
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(i) Let us fix H € (0, H|. By virtue of Lemma , we can choose k depend on H
such that

T,—1<S t; <T. (6.14)

<Nt <T, (6.15)

therefore

which implies

T LM||F(xo)|
kE<T, 6.16
< — (6.16)
In the following argument, it is proved that
k—1 ¢
ot | —agl| < 3 (6.17)
i=0
Telescopic application of the triangle inequality and yields,
k—1 k—1 k—1
(5] | <X () e (S
i=0 i=0 j=i+1
(6.18)
k—1 2
<3 Lyl
i=0

since t; := min B(x;) < ¢, for all i <k, we conclude from (6.2)) and definition of ¢; that
yt; < til|h(ti, z)|| = H. (6.19)

Thereby,
(6.20)

Subtitling (6.20) in (6.18), we obtain

k-1
H
Dote) —wg| < D5 Ll
i=0 =0
—-H —
= ka MHF(xO)”eLT*
6.16) LT« [7 AT 3/2 €
? Tie""*[LM||F(x)||] VI < %

2y
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Thus,

+ €.

€_
5=

DO v

k—1 k-1
|2z — 2| < || Zti — x|l + ||z Zti —x.l <
i=0 i=0

(¢4) From Theorem [6.6] it follows that (xy) converges to T, and F(x) converges to
zero. Using an argument analogous to Chapter 5[ (page 65), we can guarantee that there

H _— H
is a vicinity B (O, > and k > k such that F(x;) € B <O, ) and tp = 1 for all
) LM LM
k > k. Thus, if £ > k and defining c=1— (1 — 0)(1 — k) < 1, we obtain

i M||F (g _ ML s ML
¢ 1—k|’

ka_'T*H < ||$k_x*||+zk ||xl+1_$1” < et 1—¢ = 6+(1 — 0)<1 — :"i)

1=
which implies (z3),~z C B(e,r), and because z, is the only solution of F(x) = 0 in
B(z4,7) it follows that T, = z.

Remark 6.9. In contrast to Lemmal[5.1] and Lemma 5.4 presented in Chapter[3], we can
conclude that IGN-BSC is an essentially affine covariant strategy since

= min ({t € [0,1] | H = tllglap + to2) — g(w)l| = bz t)]} U {1} .

which means that t|h(zg,t)| s affine covariant because (A2) and (A4) are covariant
properties, and H given in the above Theorem is a constant that depends on (A1) (con-
travariant property) and (A2). Thus, the damped factor ty in IGN-BSC startegy does not
depend on transformations on the images spaces of F(x).

Algorithm Realization

In the following, we explain how to compute at every iteration xj the damping factor
tr, = min By () where t = 1 or t is the smallest solution of

tth(xk, tk)” = H.

As described in [70], a rigoruos approach is based on monotone iteration [35] for which
we require an overestimate L’ of the Lipschitz constant L defined in (A2). From [70
Lemma 10.1], it follows that

) H — [te];|h(zx, [t1])
[mﬁ«‘VWE+ wagnk '

Furthermore, from [35], we conclude ([tx];) is monotonically increasing and either con-
verge in [0, 1] or leaves the interval in a finite number of step. Because finding an adequate
estimate L’ of L is not of all an easy task, this rigorous approach is not implemented.
Instead, Potschka [70, Secction 10.2] implements a simple root finding procedure for ap-
proximately solving H = t||h(xg,t)|| using a bracketing procedure with exponentially
smoothed step size prediction. Basically, we find a t; that satisfies

tellh(zx, ty)|| € [H', H*] where H' < H and H < H" are close to H, or
(6.21)
tp, = 1if tHh(l‘k,t)” < H forall t € [0, 1]
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with step size prediction, which is proposed by [70, Section 10.2], given by

[tx]o = min (1,tk_1 [a L (1-a) H D

tk,1||h($ka tk*l)H

where a € [0, 1] is the smoothing factor. The advantage of working with this strategy
is that often the step size prediction satisfies and thus t; = [tg]o. It is not the
case then with a few number of iteration and thus almost no extra computational ef-
fort in term of the residual evaluation F'(xj + [tg];0x)) and the increment evaluation
g(xk + [tg]idzy) we obtain a damping IGN-BSC factor ¢, = [tx]; that satisfies (6.21)).

Discussion: In the following, we justify why this IGN-BSC strategy is adequate for
a globalization of the local IGN approach introduced in Chapter 2] We have proved in
Chapter that there is a matrix M, (x) such that g.(z) = M(z)F(x), and 62N =
—gi(xIEN) (see Lemma . Nevertheless, we cannot ensure that g,(x) satisfies (A2)
since 6x£GN depends on the number of inner iteration m necessary for ensuring that
stopping criterion is valid, which may chance from one k-iteration to another.
However, a small modification 6%y, of the IGN step dxj, defined in (S3) allows to conclude

that (A2) is valid. Let us define the following IGN step
Fp = (1 — o) [62]™ " + g 0] ™

where [621,]™ solves (2.14)) via LSQR or LSMR with stopping criterion (2.15)) but [d2]™
does not fulfill (2.15)), and «y, is the smaller value in [0, 1] such that ¢(a) = 0 where

@) = |1 (i) [ ) + T (an)o] |
= wll I @) f @l + row || [IF @) J5(@)] o

)

and the existence of such a value oy, € [0,1] is guaranteed by virtud of the vale inter-
mediate Theorem since p(1) < 0, ¢(0) > 0 and ¢(«) is continuous. It turns out that
defining g(z) = —dZ, we obtain that the hypotheses (A1), (42), and (A3) are valid for
g(x) := g(x). Therefore, if (A4) is valid for the above g(x), all the results of this Chapter
are valid, which means that

Ty = limx(t) = lim &y
t—o00 k—oo

where z(t) is the IGN path emanating from z¢, and Zx41 = & + min By (ZTg)0Z.
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Chapter 7

Applications and numerical results

7.1 Parameter Identification of nonlinear steady-state dif-
fusion equation

Given a measuring data function z, we are interested in identifying the unknown coeffi-
cient ¢(x,y) € R of the nonlinear steady-state diffusion equation

—V - (c(z,y)Vu(z,y)) = f(z,y),Y(z,y) € Q C R?, (7.1)

where Q := B((1,1); 1), c(z,y) € HY(Q), u(z,y) € H} () and with Dirichlet condition:
u(z,y) =0,V(z,y) € Q.

The above partial differential equation (7.1)) may describe the flow of a fluid (e.g.,
groundwater) through some medium with permeability c(z,y).

Statement: If the above problem is formulated as a constrained optimization prob-
lem using the output least squares methods with a particular H'(Q) regularization and
a penalty term, then this particular problem is well posed in the sense of Hadamard, i.e.;

1. The problem has at least one solution.
2. The solution is locally unique,

3. The solution depends continuously on the data.

In this section, we explain briefly the result given by Jun Zou [84], which ensures
that the above statement is valid. Later, we use a finite element method to discretize
the above problem, which yields a sequence of unconstrained minimization problems.
Defining the following set

K= {c(x,y) € Ll(Q) | Hc(w,y)HH1(Q) < o0 and ag < ¢(z,y) < ag, a.e.} , (7.2)

we formulate our parameter identification problem as the following constrained mini-
mization problem introduced by Jun Zou [84],

P 1 2 2 2 € / -
== Vu — Vzl|3d + —|lu— +- [ P.d 7.
crer;gtlém&z(e )J(c) 5 / c|Vu z||3d(z, ) 2 llu— z|| i) T 5 ~d(z,y) (7.3a)

83
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subject to / cVu-Vod(x,y) = / fod(z,y) for all ¢ € HY (). (7.3b)
Q Q

where the function z(z,y) € H} () is the measured data, v > 0 is a regulation weights,
and € > 0 is a penalty parameter with,

2

P (z,y) = le(z,y) — a1]2 + a2 — c(z, )2, where [y]- = max{~y,0}.

Discretization

In the following, the problem (7.3)) is discretized using a piecewise linear finite element
method and then the constrained finite element minimization problem is reduced to a
sequence of unconstrained minimization subproblems. Let us consider a triangulation

Tn =4{P,E, T, Vr} of Q, where

P denotes the set of all nodal points of the triangulation, i.e.,

7): {61)627"' 7en57vl7v2)"' 7/Un73}'

E denotes the set of all nodes of the triangulation that are in 0€2, i.e.,
E=PNoN={er, ez, - ,enc}.

T denotes the set of all triangles of our triangulation, i.e.,

T: {Al(Ul,Ul,wl),AQ(UQ,UQ,U)Q), e 7ATLT(UTLT7UTLT7UJ7LT)}7 Where {vivuiawi} g P

denotes the vertices of the triangle A;(v;, u;, w;) € T.

Xy, denotes the classical test function generator of C(€2), which are defined as
Xy, = {XApXAw e ,XAHT} where x,(z) =1 for all z € A; and
Xa,(x) =0 for all x € Q\ A,

M denotes the set of all triangle centers of T, i.e.,
M ={ma,,mp,, -ma, }.

V5, denotes the classical test function generator of H(€2), i.e., ¢ € Vy if and only if there

is v € P such that o(w) = 6,(w) for all w € P and |, € Py for all A € T.
Vh = {@ep@ezan' 79067%.7%0’017801)27'” 7SOU7LP} .

o
Vi, denotes the classical test functions generator of H}(Q), i.e.,

Vi = {%1,%2,--- ,wvnp}-
Given v; € P, let us consider the set Dy, of all triangle in 7 such that one of its
vertices is v, 1.e.,
Dy, = {Ail (Vi Viy s Vig ), Dig (Vi Vi Vi), -+, Dy (03, iy, i), Diy (05, Vi vil)} .
With the above preparation we define the standard nodal value interpolation function

o
up, associated with the finite element space span(Vy,) as,

np

Up = ZEZSO’UL where w = (uh(vl)’ uh<1}2)7 ce. 7uh(vn7:)) (74)
=1
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where the derivative Vuy, is given by

np np
Vuy, = ZﬂinOvi = Zﬂz Z Vi,
=1 i=1

o
AEDy,,

(7.5)

A

Let Ry, : HOI(Q) — V3, be the projection operator on Vj, defined by

Ru(9) =Y 9(vi)eu:,
i=1

and let us consider the interpolation function cj, associated with the finite element space
span(Xy) such as,

nr
cp = ZEiXAi where ¢ = (cp,(ma, ), cn(ma,), - -+ ,ch(mAnT)). (7.6)
=1

Consequently, the discrete constrained subset KCp, of IC (see (7.2))) is defined by,
ny
Ky, = {ZCiXAi |lag <¢ <ag forallie{l,2,--- ,nT}} ,
i=1
EZ{EGRRT ‘ a1 <¢ <ap forallice {1,2,--- ,717'}}.

The discretization of the minimization problem (7.3)
nr

Defining P} (x,y) = Y _[& — c1]> xa,(2,9) + [a2 — @2 x4, (2, y), and
i=1

1 € _
Jnea) = 5 /Q enll Van = VRA()[3d(,y) + 2llun = Ra(2) 30y + 5 /Q Py d(x,y),

the discretization of the minimization problem (7.3)) is given by,

minimize Jy, (¢, u) (7.7a)

ceKs ueR™P

subject to / cenVup, - Vd(z,y) = / fpd(x,y) for all ¢ € V. (7.7b)
Q Q

Theorem 7.1 (Jun Zou [84]). The following are valid,

(1) There is at least one local minimizer to the optimization problem (7.3)).
(ii) There is at least one minimizer to the optimization problem (7.7)).

(133) If the sequence (cp) in Kp, converges to some ¢ € K as h tends to zero, then the
sequence (up,) defining by (7.70) converges to u weakly in HE(Q) and

lim/chHVuh—VRh(z)H%d(x,y):/cHVu—Vz\%d(x,y).
h—0 Jo Q
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(i) If the sequence (c,) in K converges to some ¢ € K in L'(Q) as n tends to infinity,
then the sequence (uy) defining by (7.3b) converge to u weakly in HE(Q) and

lim [ el Van — Val2d(, ) = / IV — Vz|3d(z,y).
[9] Q

n—oo

(v) Let (c}) be a sequence of local minimizers of the discrete minimization problem
(7.7), then each subsequence of (¢l) has a subsequence converging to one local min-
imizer of the continuous problem (7.3).

Unconstrained Minimization Problem
Let us consider the following unconstrained optimization problem
~ €
minimize Jj (¢) := Jp,(¢) + / P_d(z,y) (7.8)
ek 2 Ja

where the functional Jj, is defined as following

~ 1 ot
3@ = 5 [ lenll Vs = TR () B, ) + Jlhun = Ra(o)lyy o

and uy, satisfies the following linear system of equations,
/ len|Vup - o, d(z,y) = / fo,,d(x,y) for all i € {1,2,--- ,np}. (7.9)
Q Q

Remark 7.2. In (7.8)), we use absolute value of ¢y, in the functional Jp, but in (7.73)
was not taking into account, the principal reason for this change is to ensure that up that
satisfies is well defined for each cp. If we keep the original ¢y instead of |cpl|, up
may be undefined, say when cp, is very close to zero or negative in some subregion.

Theorem 7.3 (Jun Zou [84]). Let () be a strictly monotone increasing sequence con-
verging to infinity, and (¢} ) be a local minimizer of (7.8), then each subsequence of (c;,)
has a subsequence converging to a local minimizer of (7.7)).

Nonlinear least-squares subproblem

In this part, we explain how from (7.8]), we obtain a nonlinear least squares problem.
First, we obtain from ([7.9) a system of linear equation, whose solution defines uy. Later,

1
we define a vector field function f(¢) such that 7'(¢) = §\|f(6)||% = J;(¢).

Reducing (7.9) to a system of linear equation

from (7.4) and (7.6]), it follows

np
|Ch’vuh ’ v‘aovi = Zﬂj Z ‘65|v90vj ‘As ’ V@Ui As
Jj=1 AseD(puj

substituting the above information in ([7.9)), we obtain

np
/ﬂ lVun Vou =37 Y [l /A Vou |, - Veou,

J=1 ASGD‘PUJ-

AV
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Defining the matrix K;(¢) € R"*"? and F € R"”? such that

K@)y = 3 [l /A Veoula Veul

ASGD‘P'Uj

and

T — ’U‘d ) )
F /chpz (z,9)

we obtain from the definitions of M;(¢), F, and (7.9) that @ solve the following system
of linear equations,

Ki(c)u=F.

1
Writing (7.8) as a level function 7'(¢) = §H f(@)||3. For such purpose, we work with
every term of our functional ([7.8]) where

1
e =3 [ lenllVun - VR dan).

R0 =3 [ o= Ru) i)+ 3 [ 1900 = VR i),

nr
€
3@ =5 [ 3ol P xady), and
=1

J4(E) :;AZ[QQ_Ci]%XAid(xay)'

i=1
Functional Ji:

np

Vup = VRA(2) =Y (@—Z) | Y., Veu|a,
i=0 AsE€Dg,,
therefore,
np
lenl [Vun = VRA(2)] =D (@i —2) | Y [6s|Veou|a
i=0 As€Dy,,

Defining the sparse matrix M (¢) € R"®*"P guch that

(Ml(E))ij = Z 25|V,

A Z V%]"AS ;

ASeD#’vi ASeD#ﬂvj
we obtain .
Ji(en) = 5@ — 2)T M (2)(u — 2).
Let us assume that |cs| > 0 for all s € {1,2,--- ,np} then by construction M;(c) is

symmetric and positive define, which means that we can apply the Cholesky factorization,
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i.e., there is a lower triangular matrix L(¢) € R"”*"? such that L(¢)TL(c) = Mi(c).
Defining f1(¢) = L(¢)[u — z], then

SIA@IE = Ji(en).

Functional J: Let us define the mass matrix M € R"*"P and the Stiffness S €
R"P*"% of triangulation T as follow

M;; Z/som%j and 5;; Z/V%‘ Ve,
Q Q

Because the above matrices are positive defined, we apply the Cholesky factorization to
both of them, therefore there are lower triangular matrices Ly; € R"*"P and Lg €
R™"PX1P guch that L]TV[LM = M and LELS = S. Since

np
up, — Rh(Z’) = Z(ﬂz — Zi)@vi
=0
and
np
Vup, — VRh<Z) = Z(Hz - Ez) Z V(Pvi Ng |2
1=0 ASeDsﬁni

then we conclude
IVALum[E = 25 + VA Ls[@ — 2|5 = Ja.
Defining f2(c) = /7 [L%;, L:‘g]T (u — Z), we obtain
1 _
SIRE@I3 = 2

Functional J3; and Jy: From (7.6]), we know that

ny

Ry(c) = ZEiXAr
i=1
Defining the diagonal matrix M3 € R"7*"7 such that

(M3)ii:/QXAid(x7y)v

we obtain

J3(T) = % e —ai]” Ms[c—a]_ and Jy(@) = % [@ — " Ms[as —7c]_

where @, @2 € R"7 such that @) = (aq, a1, , 1) and @y = (a2, a9, -+, az). Defining
fg(E) = \ﬁ[\/ Mg(E - ag), 2V M3(a1 - E)]T, it follows that
1 _ _ _
SIFs @Iz = J3(2) + Ja(@).
Defining the vector field: Let us consider the following vector field
f@) = [1(2), f2(0), f3@)]"
then by construction our problem (7.8)), it is reduced to minimize the following,

min %H F@2 = T(@) with F(@) = VT(). (7.10)



7.1 Parameter Identification of nonlinear steady-state diffusion equation 89

The Finite Element triangular mesh

<SEEREERES

SRS BRSNS,
Wy%ﬂ%&ﬁd SOA
o v&é‘ﬁ'ygz%vmp, ““4

Figure 7.1: An automatic generated triangulation of B((1,1);1) with maximum edged
size 0.1, 485 nodes (np) in the interior of €2, 64 nodes (ng) in the rand of €2, and 1032
triangles (nr).

Experiment 1.
Let us define the projection operator Ry : L1(Q) — span (&}) such that

ny

Ry(c) = Z c(ma,)xa;,

i=1
and let us choose for our elliptic differential equation (7.1) the function

f(l',y) =1 _$2 - y27

which has as exact solution

Corue(,) = 0.1 +0.9 0.5+ 0.5sin (10m/x2 + y2)] .

We choose as observed data z = Rp(ctrue) + 1072Ry, (), where ¢ is the standard nor-
mal distribution. The penalty parameter ¢ and the step size control parameter H are
taken to be € = 10* and H = 0.5max (1, [|6co||). The finite element triangular mesh is
generated using an automatic Delanuary mesh generation approach [36], which provides
a triangulation mesh with maximum edged size 0.1, 485 nodes (np) in the interior of €,
64 nodes (ng) in the rand of 2, 1032 triangles (n7), therefore our variable ¢ € R1%32 and
f(e) € R"»*277 we show such a mesh in Figure The lower and upper bound ay
and oo in the constrained set K, are taken to be 10~* and 1 to ensure the identifying
parameter lies in the above range. The initial guess ¢y is the constant one everywhere
and the termination criterion for the outer iterates is ||F(¢)|| < 107%. The damped
inexact Gauss-Newton sequence () is defined by

Ck4+1 = Ck + tiCr, where t;, = min BH(Ek), and d¢y, 1= [(5Ek]

ir’i}ax
satisfies the following conditions:

(1) [dck]; solves approximately the linear equation

[J?(Ek)Jf(Ek)] Acy, = —F(Ek) foralli=0,1,--- ,’ik

max*
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(2) Defining the inner residual error J?(Ek)[rk]i = Jf(Ek)[éék}i + F(¢), we obtain

that [0ck];x  fulfill the stopping criterion (2.15)), but [6¢]" do not for all i =
0, ik, —1.

We compare the performance of three different IGN methods:

e IGN-LSQR, which uses LSQR as numerical linear algebra for computing the IGN
step d¢; with stopping criterion (2.15), kK = 0.55 and kgy = 0.5.

o IGN-LSMR, which uses LSMR as numerical linear algebra for computing the IGN
step d¢; with stopping criterion (2.15), k = 0.55 and kgy = 0.5.

o IGN-CGS, which uses conjugate gradient squared (CGS) method [63] as numerical
linear algebra for computing the IGN step d¢; with stopping criterion , K=
0.1 and kgny = 0. Note that this approach does not fix with the theory presented
in this thesis, but this way to compute the IGN step was proposed in [2]. Thus,
we want to compare its performance with the new IGN methods (IGN-LSQR and
IGN-LSMR) proposed in this thesis.

Inner Iteration: We start the analysis saying that IGN-LSMR requires for most of
the outer iterations less inner iterations i for computing the IGN step [0¢k);x  than

IGN-LSQR and IGN-CGS. The reason is that in LSMR the inner residual HJ?(Ek)[rk]ZH

is monotonically decreasing at every inner iteration ¢. Thus, we can ensure that our

stopping criterion (2.15)), i.e.,
|17 () [rklill < sIF @) — kan |l [ () J5(@)] [0exlill,
which implies by virtue of Lemma [2.§] that

177 @) lralill < (5 — wan)I1F @),

must be earlier satisfied in IGN-LSMR. On the other hand, IGN-CGS is for most of the
outer iterations the most computational expensive IGN method of the above. The reason
is that in CGS the minimum error

B - _ _ 1/2
|82k — [B2klill 7 g7, )] WRere Wl e, 6] = (" [J] (e)J5(@r)] ) /

is monotonically decreasing at every inner iteration ¢, but we cannot guarantee here that
the inner residual is monotonically decreasing. Thus, it is needed more inner iterations

in order to fulfill (2.15) with x = 0.05 and kgn =0, i.e.,
177 @) rilill < 0.05]1F (2 -

Despite IGN-LSMR and IGN-LSQR use the same stopping criterion, we obtain that
IGN-LSQR requires more inner iterations for computing the IGN step since in LSQR
|l[7x]:|| is monotonically decreasing but HJfT(Ek)[rkM] is not. Clearly, Fig. shows
that the number of inner iterations necessary for computing the IGN-LSMR step dcg
is modestly small in comparison to IGN-LSQR and IGN-CGS. Indeed, IGN-LSMR re-
quires less than 30 (3%) LSMR-inner iterations for computing ¢, which represents a
huge savings in comparison with the n = 1032 (100%) inner iterations that requires the
exact GN method for computing the GN step Acg.
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Speed of Convergence: The six largest singular values of J¢(¢j) are given by

IGN-LSMR J¢(ca3) | 1.0333, 0.7774, 0.7585, 0.6616, 0.6133, 0.5951.

IGN-CGS Jy(cs5) | 1.0333, 0.7766, 0.7584, 0.6615, 0.6134, 0.5947.

IGN-LSQR J;(2s6) | 1.0336, 0.7774, 0.7586, 0.6617, 0.6131, 0.5944.

and the six smallest singular values of J;(¢) are given by

IGN-LSMR J¢(e43) | 6.68(10)~ 1, 1.6(10)~ !, 1.16(10)~ 11, 2.7(10)~'2, 0, 0.

IGN-CGS Jg(es5) | 4.6(10)~H, 1.4(10)~1, 5.2(10)71%, 8.8(10)~ 1>, 0, 0.

IGN-LSQR J¢(46) | 9.3(10)719, 2.8(10)719, 7.8(10)~'2, 0, 0, 0.

Thus, we can expect that the above IGN methods be slow as we can appreciate in
Fig. [7.2b] Nevertheless, IGN-LSMR reaches with just 43 outer iteration and less than 30
inner iterations for computing the IGN step a statistically stable solution (see Fig. .
On the other hand, note that from Fig. and the above smallest singular values, we
can conclude that IGN-LSMR requires less inner iterations for computing the IGN step
in most of the outer iterations, and in some outer iterations IGN-LSMR requires more
inner iterations for computing the IGN step. The reason is that there is some outer iter-
ations in IGN-LSQR and IGN-CGS where J¢(¢y) is rank deficient, which means that the
Krylov subspaces KF ([J;(er)TJ¢ ()], F(e,)) in IGN-LSQR and IGN-CGS has lower
dimension than the Krylov subspaces KF ([J(ex)T J(ck)] , F(ex)) in IGN-LSMR, and
therefore it is necessary less inner iterations for computing the IGN step in IGN-LSQR
and IGN-CGS.

Difference between IGN and GN step: A natural question when we work with

IGN methods is: How inaccurate must the IGN step be in order to ensure convergence
of the IGN method?. Let us define

(@) Iy (ew)den + Iy ()" f (@) |
175 (@)™ f (@) ’

and note that kg is measured how far away the IGN step d¢; is from the GN step Acy
since

K *

Ty (er) " Ty (cn) Ao = —Jp(ex)" f(r),

which implies

165 = A2l 0
(@) J5 ()] T _ N
Kp 1= where ||y[1;. = = =\ (@)t Jr(er)] -
18kl 0y7 300 ) = VLA

In Lemma, we prove that the stopping criterion (2.15)) implies that

K < K — KGN,
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which means that such a stopping criterion provides implicitly an upper bound that
predict how inaccurate our IGN step §¢; must be in order to produce convergence of
the IGN sequence (¢x). Fig. shows that the relative error between IGN step and
the GN step for the above IGN methods is not bigger than 0.05 using HyH[Jf(Ek)TJf(Ek)}

as norm. We finalize this section with another experiment that uses the IGN-LSMR
approach described in the above experiment I with x = 0.9. We want to show that
the numerical results that we obtain in IGN-LSMR with £ = 0.55 do not depend on
k € (kan,1). Indeed, if k is close to one, then the number of inner LSMR-iteration
necessary for computing the IGN step d¢; decrease, but the number of outer iteration k
necessary for satisfies our outer stopping criterion ||F(¢)|| < 10~ increase, the results
obtained in this experiment are presented in Fig[7.4l We did not perform IGN-CGS with
k = 0.4 because this method does not converge.

7.2 Large-Scale Bundle Adjustment Problems

We start with a quote form [2] “Recent work in Structure from Motion (SfM) has demon-
strated the possibility of reconstructing geometry from large-scale community photo col-
lections. Bundle adjustment, the joint non-linear refinement of camera and point param-
eters, is a key component of most SfM systems, and one which can consume a significant
amount of time for large problems. As the number of photos in such collections contin-
ues to grow into the hundreds of thousands or even millions, the scalability of bundle
adjustment algorithms has become a critical issue.”

Given a set of measured image feature locations and correspondences, the goal of
Bundle adjustment is to find 3D point positions and camera parameters that minimize
the projection error. This optimization problem is formulated as a nonlinear least-squares
problem, where the error is the squared Lo-norm of the difference between the observed
feature location and the projection of the corresponding 3D point on the image plane of
the camera.

Camera Model

In [2] is used a pinhole camera model where the parameters to be estimated correspond
to the camera c are (., Ye, 2¢) for the rotation matrix R(z.,ye, z.) € R3*3, a translation
vector t. € R?, a focal length f. € R and two radial distortion parameters k§, k§ € R.
The formula for projecting a 3D point v into a pixel coordinates is:

P.(v) = R(x¢, Ye, 2e)V + te (conversion from world to camera coordinates)
1
pe(v) = _W[(PC(U))I , (Pe(v))s]  (perspective division) where (P.(v));
clV))3

is the entry i of P.(v) € R3.
Pe(v) = fere(pe(v))pe(v) (conversion to pixel coordinates)

re(p) is a function that computes a scaling factor to undo the radial distortion and is
defined by
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Figure 7.2: Experiment I. Parameter identification of the nonlinear steady-state differ-
ential equation with f = 1 — 2% —9%. We solve the discretization unconstrained min-
imization sub-problem that estimate our parameter on the finite element subspace
generated by piecewise constant function with a regulation weight v = 1074, penalty
parameter € = 10%, triangulation mesh given by Fig. and outer stopping criterion
|F(c)|| < 10~%. The IGN step is calculated using three different numerical linear algebra
with stopping criterion that defines three different IGN methods: e ING-LSQR
uses LSQR with x = 0.55, and kgny = 0.5, @ IGN-LSMR uses LSMR with £ = 0.55, and
kgn = 0.5, @« IGN-CGS uses CGS with x = 0.05, and kgny = 0.

re(p) = 1+ k§|lpell* + k5|lpel|.
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Figure 7.4: Performance of three different IGN methods: e ING-LSQR with x = 0.55,
and kgy = 0.5, ¢ IGN-LSMR with k = 0.9, and gy = 0.5, @ IGN-CGS with k = 0.05,

and kgy = 0.

P. gives a projection in pixels where the origin of the image is the center of the image,
the positive x-axis points right, and the positive y-axis points up (in addition, in the
camera coordinate system, the positive z-axis points backwards, so the camera is looking
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down the negative z-axis).

R(x¢,Ye, 2c) 18 given by a particular Rodrigues’s rotation matrix where (xc,yc, z¢)
describes the axis of rotation about which v rotates by the angle 0. = /22 + y2 + 22
according to the right hand rule. Defining the following matrix,

0 —Zc  Ye
K = Ze 0 —x
—Ye Tc 0

the Rodrigues’s rotation matrix in this case is given by

in(6, 1- 0.
R(ze,Yey2e) =T+ Sme( )K+ ( cec;s( ))K2 where 0. = /22 + y2 + 22

Data

We experimented with two sources of data taken from
http://grail.cs.washington.edu/projects/bal/

e Images captured at a regular rate using a Ladybug camera mounted on a moving
vehicle. Image matching was done by exploiting the temporal order of the images
and the GPS information captured at the time of image capture.

More information about the data setting it is available in |2 [I] [76] 53]

The data format in this problem is provided as a matrix D of four column where the
first row it is stored the following information,

D(1,1) the total number of cameras to be used.
D(1,2) the total number of points v to be estimated.
D(1,3) the total number of pixel coordinates observed.

Therefore, the column one contains all the information referring to camera index, column
two is related to all the information referring to the points index, the columns four and
five are related to the pixel points that were already observed. Thus, column four for the
coordinate x of our pixel point and column five for the coordinate y. Using the above
information we work with the following group of cameras C = {c1,¢c2, -+ ,¢cp(1,1)}, the
group of points in 3D V' = {v1,vs,--+ ,up(1,2)} to be estimated, and group of observa-
tions O = {O1,---,0p(,3)}. Therow i € {2,---,D(1,3) + 1} of D stores the following
information,

D(i,1) the camera index with which the pixel (D(i,3), D(i,4)) was generated.

D(i,2) the index of a point vp(;2) € V' to be estimated, which approximately
generated through the camera cp; 1y the pixel information (D(4,3), D(7,4)).
In other words, Py, , (vp(i2)) ~ (D(i,3), D(i,4)).
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Residual Function f(x)

We define our residual function f(x) using the data information D described in the
above section where the variable vector was stored as in [2], i.e., = has a block structure
x = [y1,y2,- " yYD(1,1) V1, V2, " ~vD(172)] where y; correspond to nine parameter related

to the camera ¢;, Le., yi = (T, Yer, 20 1105 15, 15 T, kT, kST) and v; = (v],v), v}) corre-

spond to the point parameters.

We define our residual function as f(z) = (fi(z), fo(x), -+, fp,, ., (x)) where

(1,3)
fl(x) = 7)CD(FLJrl,l) (UD(H-I,I))T - (D(l + 17 3)7 D(l + ]-7 4))T

then our bundle adjustment problem is reduced to solve the following optimization prob-
lem,
o 1 9
minimize T'(x), where T'(x) = 5Hf(x)\|2 (7.11)
Let Jy(x) be the Jacobian of f(z), then our damped IGN-BSC sequence (x1) is gen-
erated using (53) with t; = min By (xy), where H = H, max (1, |[0xo||). Clearly, the
matrix is sparse since in f; there is not a single term that includes two or more cameras
or point blocks. We use LSMR for generated our Inexact Gauss-Newton step dxp with
stopping criterion (2.15]).

One of the challenges of this particular problem is that the Jacobian J¢(xy) is rank
deficient at every iteration, which means that the dimension of our Krylov subspace
Kn (Jf(xk)Jf(:nk), J}F(avk)f(:vk)) is smaller than n, and thus the inner iteration [dxy];
may stagnate at zero, for an example of such a behavior see [16, Example 4.1]. In order
to avoid this scenario we introduce a regularization term when we compute our inexact

Gauss-Newton step, thus, instead of solving approximately via LSMR the following linear
least squares problem

o1
min §||Jf(xk)A$k+f(xk)H%a (7.12)

we solve )
min 2 75 () Ay + () I3 + 7| D) A (7.13)

where D(xy) is the square root of the diagonal of the matrix Jf(xk)Jf(xk) and v > 0
represents a parameter such that H(zy) = J}F(xk)Jf (w1) +vD (k)T D(x}) is positive def-
inite, which is a typical regularization term using in the Levenberg Marquardt Algorithm
[63]. In our case, we have been keeping v fixed at every iteration because it is sufficient
to add a regularization term such that JfT(:ck)Jf(xk)—i—'yD(mk)TD(mk) is positive definite.

Experiment I

The Ladybug Dataset were taken from http://grail.cs.washington.edu/projects/bal/ with
file name problem-1723-156502-pre.txt.bz2, which is a problem with 1723 cameras, 156502
points, and 678718 pixel observations, therefore the total number of parameters to be
estimated is n := 1723 x 9 4+ 156502 x 3 = 485013 and the total number of residual
errors is m := 2 X 678718 = 1357436. Thus, in this case the Jacobian matrix size is
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1357436 x 485013. We fix the following parameters, kgy = 0.2, Kk = 0.3, v = 0.01, the
initial guess is taken from problem-1723-156502-pre.txt.bz2 and H = 0.3*xmax (1, |[6xo||)-
We use as outer stopping criterion

1TF (i) [T (ex)dy, + f(ax)]]] < 0.5.

At every iterate x; we use the scaling matrix Dy, = diag(d},--- ,d¥) [62, Seccion 6,
Equation (6.3)] where

d(i) = [[J¢(wo)el],
d; = max{||J¢(xo)es|, | J¢(x1)eil|},

di = max{||Jy(ze—1)eill, || T (wr)eil|}-

since some parameters (e.g. distortion) are up to 20 orders of magnitude more sensitive
than others (e.g. rotations). The goal of this experiment is to show that the new
damped IGN-BSC approach performs well despite this problem does not fix with the
theory presented in Chapter [6] The results are presented in Fig. and [7.6] As linear
iterative solver for computing the IGN step we choose LSMR, which required less than
35 (less than 1%) inner iterations (see Fig. for computing our IGN step despite
the GN method requires in this example 485013 (100%) inner iterations for computing
the GN step. Fig. In is measured how inexact the IGN step dxj is in comparison
with the GN step Axj since

H(xp)Azy = —F(x), and H(zg)0xy = —F(zx) + J?(ac@m
where r, = Jy(x)0xy, + f(xr) which implies
Jf (w)ry = H(xy) [Awy — day),

thus, if ||Jf(mk)rk]\ = 0, then Az, = dxi. As we observe, Fig. shows than the
inner residual error is decreasing from HJJT(J:O)TOH = 1.338533 % 10° to ||J]?(a:28)r28H =
6.968297 * 10~!. A important question is: How the inacuracy of our IGN step dx), does
the convergence rate of our damped IGN-BSC approach influence?, the answer is given
in Fig. in where we observe that the speed of convergence of the outer iterates are
not slow since with just 28 outer iteration we decrease from 5.4 % 103 to 1.4 x 10°%. This
result allows to say that it is possible to solve the inner subproblems with low accuracy
without reducing the seep of convergence of the outer iteration dramatically. Finally Fig.
and Fig. show the entries of the initial residual error f(zg) and the entries of
the Final residual error f(z2g) respectively and Fig. shows a 3D representation of
our estimation xog.
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Figure 7.5: Parameter estimation of Ladybug problem with 1723 cameras, 156502 points,
and 678718 pixel observations. T'(z) = i||f(2)||* is the objective function, F(z) =
VT(z), H = 0.3 * max (1, [[6zo]|), keny = 0.2, kK = 0.3, v = 0.01 with a particular
initial guess taken from problem-1723-156502-pre.txt.bz2. As outer stopping criterion
we require that the inner residual Error be less than 1.
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Figure 7.6: 3D solution of Experiment I.
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Chapter 8

Conclusions and outlook

In this Thesis, we have introduced a local inexact Gauss-Newton approach for solving
nonlinear least squares problems, which uses LSQR [65] or LSMR [33] as numerical linear
algebra for solving approximately the linear least squares linearized subproblems with a
new and early computationally available termination rule. Furthermore, we have proved
that locally the above IGN approach is essentially a covariant approach with [|y||.-norm
where the hypotheses with ||y||.-norm of the famous local contraction theorem introduced
by Bock [I0] are valid. Thus, we can ensure that this approach converges locally and
linearly with ||y|l.-norm to a statistically stable solution. Finally, We have generalized
the local ideas of this new local IGN method and introduced a damped IGN method
based on the Backward Step Control theory of Potschka [70]. This new approach results
to be a damped inexact Gauss-Newton globalization strategy that requires far less inner-
iterations for computing the IGN step than the classical exact Gauss-Newton method
based on factorization algorithm for computing the GN step that requires 100% of the
inner iterations. In our experiments, we have showed that this new damped IGN approach
requires less than the 3% of inner iterations for computing the IGN step in order to
converge to a statistically stable solution, which represents a huge computational savings
in comparison with the classical exact Gauss-Newton.

Outlook

we observe in the experimental example given by the steady state equation that
for k = kgn the damped IGN sequence needs more inner iterations for calculated the
IGN step and needs less outer iterations to satisfy the outer stopping criterion than the
damped IGN sequence computed using an « &~ 1. Thus, it would be interested to know
what is the optimal s than produce the minimum numbers of inner iteration and the
minimum numbers of outer iterations.

We have proved that locally our new IGN approach is essentially a covariant ap-
proach with [|y||«-norm if & = (2(k — kgn)ps« + 1)*x < 1 where k € (kgn,1), and

s = cond (Jf(x*)Jf(x*D We conjecture that this result is valid for all k € (kgn,1).

Unfortunately, a proof of such a result is outside the scope of this thesis and is theme of
future research.

The new IGN approach is based on a known linear algebra for solving linear least
squares problems and a new early stopping criterion. Thus, the following question arises:

101
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Is there a numerical linear algebra for solving linear least squares problems that requires
less inner iterations for computing the IGN step than the IGN approach presented in this
thesis and defines a new local IGN approach that provides statistically stable solutions
provided that one exists?.

As continuation of this dissertation research, we would like to apply our IGN global-
ization strategy to large scale parameter estimation problems with nonlinear constraints
and also be able to prove in this general setting that our IGN approach converges to a sta-
tistically stable solution provided that one exists. Let us write formally such a problem as
follows: Let fi : D CR™ — R™ and fo: D CR"™ — R™2 be two twice differential func-
tions with correspondent Jacobian Ji(x) and Ja(x), such that J(z) = [J{ (z), JI (2)]T
and Jo(x) are full rank matrices for all z € D with n < m := mj1+mg and my < n. Defin-
ing f(z) = [f{ (z), 1 (z)], we present our parameter estimation problems with nonlinear
constraints as,

1
minimize || f(z)|3
zeD 2 (81)

fg (l’) =0.
In order to solve the above problem, we need to find the £ — k — ¢ points defined by the
following nonlinear system of equation where A represent the Lagrange multiplier,

T (@) f(x) = J5 (2)A
F(x):= =0. (82)
fa()

Given an initial guess xg € D, the exact Gauss-Newton method finds a possible local
solution of (8.1) according to zx+1 = x + Az, where Axy, is the only solution of

. 1 2
= Ax +
Ary?elﬂ%n 2 1 (zr) A + f (xn) (8.3)

s.t Jg(l'k)A{L'k + fg(l‘k) =0.

The principal issue here is that LSQR or LSMR cannot be applied to solved approxi-
mately ({8.3). Nevertheless, a possible strategy to deal with this drawback may be: The
GN step can be write as

Azy, = Azt + Az? where Azt € Rank(Ja(zy)) and Azr € Null(Jy(z)).
Thus, we can easily calculate the value of Axi, solving the following equation
Jo(wk) Ay, = — folwy), (8.4)

which solution is given by Azt = —J7 (zy) [Jg(avk)JQT(wk)]_l fa(xy), and

1
Az} = argmin_ ||J(zx)Az® + J(z))Azy, + f(mk)H; (8.5)
Az2eR™ 2

Thus, an Inexact Gauss-Newton approach for solving ({8.1)) would be according to

Th41 = Tk + 0z With dzp = 5:5,1, + 5m%
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where 5:5,1{ is calculated using LSQR or LSMR as numerical linear algebra with some
particular early inner termination rule that only depends on cheaply available informa-
tion, which is the topic of a future research. 5m% is calculated using LSQR or LSMR as
numerical linear algebra with a variant of the stopping criterion that we developed in this
work. A globalization of the above approach is always possible based on the Backward
Step Control theory introduced by Potschka [70].
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