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Abstract

This working paper presents an algorithm that combines modular synthesis for extended
finite-state machines (EFSM) with abstraction of variables by symbolic manipulation, in
order to compute least restrictive controllable supervisors. Given a modular EFSM system
consisting of several components, the proposed algorithm synthesises a separate supervisor for
each specification component. To synthesise each supervisor, the algorithm iteratively selects
components (plants and variables) from a synchronous composition until a least restrictive
controllable solution is obtained. This improves on previous results of the authors where
abstraction is only performed by the selection of components and not variables. The working
paper explains the theory of EFSM synthesis and abstraction and includes formal proofs
of all results. An example of a flexible manufacturing system illustrates how the proposed
algorithm works to compute a modular supervisor.
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1 Introduction

Supervisory Control Theory [3,17] provides a general framework for the synthesis of reactive
control functions. Given a model of the system, the plant, to be controlled, and a specification
of the desired behaviour, it is possible to automatically compute, i.e. synthesise, a supervisor
that restricts the plant behaviour while satisfying the specification. Originally, the theory is
grounded on the Finite-state Machines formalism and several approaches have been developed
to make synthesis more efficient [1,12,22,24].

In recent years, Supervisory Control Theory has been generalised for Fxtended Finite-state
Machines (EFSM) [4, 14, 23], which include variables and improve modelling capabilities for
systems with data dependency or software. Variables are more general than approaches
with similar purpose [7,16], including event distinguishers [5,18,22], and can simplify the
modelling task for various discrete event systems. However, they require more sophisticated
tools and methods for synthesis. Several synthesis algorithms for EFSMs have been proposed
[8,11,15,23], which explore the full system state space, including all possible combinations
of variable values. The resulting complexity can be avoided to some extent using symbolic
representation [11] or abstraction [19,23].

Recently, a modular approach for the synthesis of least restrictive and controllable super-
visors from plants modelled with EFSMs has been proposed [10], which generalises earlier
work on modular synthesis without variables [1,2]. The approach considers only prefix-closed
behaviours, and the system model consists of several interacting plant and specification com-
ponents. In this case, synthesis can be performed separately for each specification EFSM,
and the results can be combined to form a modular supervisor. For each specification, the
algorithm [10] iteratively selects plant components to be included in synthesis until a least
restrictive controllable solution is found. The obtained modular supervisors, in combination,
achieve the least restrictive controllable behaviour for the entire system.

This working paper extends the approach of [10] by including the idea of existential ab-
straction [23] of variables. The algorithm of [10] performs abstraction only by selecting EFSM
components and always includes all variables of the selected components. Existential abstrac-
tion improves on this, because it allows for abstractions to be formed by selecting components
and some of their variables. Other variables are quantified out and do not contribute to the
state space when synthesis is performed.

In the following, Section 2 introduces the background of extended finite-state machines,
and the following sections describe the proposed abstraction method and prove its correctness.
Section 3 considers the abstraction of variables from plant components, Section 4 considers the
abstraction of variables from specification components, and Section 5 combines these results
with other previous work to present an algorithm for synthesis for EFSM systems consisting
of multiple plant and specification components. This algorithm is illustrated by an example
in Section 6, and afterwards Section 7 adds concluding remarks.



2 Preliminaries

A finite-state machine (FSM) consists of a finite set of states linked by transitions, which
are labelled by discrete events [3]. This working paper considers extended finite-state ma-
chines (EFSM), which add to FSMs wvariables and the ability to read and update these
variables on the occurrence of transitions [4,13].

2.1 Variables and Updates

An wupdate is a first-order logic formula [6] constructed from variables, integer constants,
Boolean literals, the existential and universal quantifiers (3 and V), and the usual arithmetic
and logic connectives. Variables can be bound to quantifiers or occur free in an update. For
example, in the update dy x > y + 2, the variable y is bound to the existential quantifier,
while z is a free variable. The set of all update formulas is denoted by II.

In this working paper, formulas are interpreted over finite domains. Every wvariable z is
associated with a finite discrete domain dom(z) and an initial value 2° € dom(z). Let V =
{vo, ..., vn} be the set of variables with combined domain dom (V') = dom(vg) x - - - x dom(vy,).
An element ¢ of dom(V') is also considered as a valuation that assigns to each variable z € V
a value v(z) € dom(z), and by extension a truth value to each update. The initial valuation
is V° € dom(V) with V°(z) = 2° for each z € V.

A second set of variables, called next-state variables and denoted V! = {2/ | z € V' } is
used to describe the values of the variables after a transition. Variables in V' are also referred
to as current-state variables to differentiate them from the next-state variables in V. The
next-state variable 2z’ has the same domain as its current-state variable z. Given ¢ € dom(V'),
the valuation 9" € dom(V”) is defined by ¢'(z") = 0(z) for all z € V. For an update p € II, the
term vars(p) denotes the set of all variables with a free occurrence as current-state or next-
state variable in p, and vars’(p) denotes the set of all variables whose corresponding next-state
variables have a free occurrence in p. For example, if p = 32 2/ = y+2+1, then vars(p) = {z,y}
and vars’(p) = {z}. Here and in the following, the relation = denotes syntactic identity of
updates to avoid ambiguity when an update contains the equality symbol =.

An update p € II is satisfiable if it is true for at least one valuation of its variables, i.e.,
if there is a valuation ¢ € dom(vars(p)) such that o(p) = true. Otherwise the update p
is unsatisfiable. An update p is wvalid if it is true for all valuations of its variables, i.e., if
0(p) = true for every valuation v. The restriction of a valuation 0 € dom(V) to W C V
is O € dom(W) with 9y (2) = 0(2) for all z € W. Two valuations ¥ € dom(V) and
w € dom(W) can be combined to give 0 & w € dom(V U W) where (0 & w)(z) = 0(z) for
zeVand (0 ®w)(z) =w(z) for z€ W\ V.
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Figure 1: Example of an EFSM.

2.2 Extended Finite-State Machines

Definition 1 An FEztended finite-state machine (EFSM) is a tuple F' = (X, Q, Q°, — ), where
Y is a finite set of events, ) is a finite set of locations, Q° C @ is the set of initial locations,
and - C Q x X x II x @ is the extended transition relation.

A transition between locations x,y € @ with event o € X and update p € II is written
z y. It can occur if F is in location x and the update p evaluates to true, and when
it occurs, F' changes its location to y while updating the variables in vars’(p) in accordance

with p; variables not in vars’(p) remain unchanged. The transition relation is extended for
o:true

events not in the event set of the EFSM, o ¢ ¥, by defining x —— « for all locations x € Q.
Example 1 Consider the EFSM F' in Figure 1, which has only one variable x with domain
dom(z) = {0,...,5}. The update 2’ = x + 1 of the S-transition changes the variable x by
adding 1 to its current value, if it currently is less than 5. Otherwise (if x = 5) the transition
is disabled. The update = = 2 disables its transition unless x = 2 in the current state, and
the value of = in the next state is unchanged if the transition is taken. Differently, the update
2’ = 2 always enables its transition, and the value of x in the next state is forced to be 2.

Given an EFSM F and event o € ¥, the referenced variable set is vars(F, o) = | J{ vars(p)
28y}, and vars(F) = Ugyes, vars(F, o). Furthermore, for a set F of EFSMs, vars(F,o) =
Uprer vars(F', o) and vars(F) = (Jp ez vars(F'). Analogous notation is defined for vars'.

Definition 2 [10] Let F = (¥,Q,Q°,—) be an EFSM.

(i) F is normalised, if for any two transitions x; i, y1 and xo REEN yo with the same
event o € X, it holds that vars'(p;) = vars'(p2).

(i) F is pure if vars'(F) = 0.
(iii) F is state-deterministic if |Q°| < 1, and for all transitions & —2% y; and & —2= 35 such
that p; A po is satisfiable, it holds that y1 = ys.

A set F = {Fi,...,F,} of EFSMs is normalised, pure, or state-deterministic if every EFSM
F; € F has this property.



In a normalised EFSM, the set of variables changed by an event is the same on all transi-
tions. This assumption helps to recognise the implicitly unchanged variables after synchronous
composition. Every EFSM can be transformed into a normalised EFSM by a process of re-
naming similar to normalisation [13]. As a stronger condition, a pure EFSM cannot assign
any variables, it only restricts events. State-determinism ensures that the target locations are
uniquely determined from the source location, event, and variable assignment. It is needed
for supervisors to track the location of the plant by the observation of events and variable
values.

Example 2 Consider again the EFSM F in Figure 1. This EFSM is not normalised, because
it has a-transitions with updates z = 1 and 2/ = 2, and vars/(z = 1) = () # {a} = vars'(a’ =
2). That is, some a-transitions explicitly change x while others leave = implicitly unchanged.
The EFSM F is also not pure, for example vars'(z' = 2) # ().

On the other hand, F' is state-deterministic: although there are two a-transitions with
different targets originating from the initial location, the dependence of the guards on the
value of x ensures that these transitions cannot be enabled at the same time. The conjunction
x = 1A x = 2 is unsatisfiable as x can never have both the values 1 and 2.

In this working paper, plants are modelled by normalised state-deterministic EFSMs,
while specifications are pure state-deterministic EFSMs. The synthesised supervisor is also
normalised and state-deterministic, but unlike the specification not necessarily pure so that
it can restrict variable assignments.

An EFSM F = (¥,Q,Q°,—) can be unfolded [13,23] and interpreted as an FSM with
state set @@ x dom(vars(F')). The states (z,0) consist of a location z € @ and a valuation
0 € dom(vars(F')). More specifically, the unfolded transition relation is defined as follows.

Definition 3 Let F = (X,Q,Q° —) be an EFSM, and let V' O vars(E). The unfolded
transition relation — C (Q x dom(V)) x £ x (Q x dom(V)) is defined such that (z,9) % (y,0)
if and only if there exists a transition # =% y in F such that (6 @w@’)(p) is true and 6(z) = w(z)
for all variables z € V' \ vars/(p).

Thus, an unfolded transition between two states (x,9) = (y, ) exists if F' contains a
transition = 2% y such that the update p is true, if the current-state variables are interpreted
according to v and the next-state variables according to w, and all variables that do not appear
as next-state variables in the update p are unchanged between ¢ and w. This transition
relation is extended to events not in the EFSM’s event set Y, which are always enabled
without changing the EFSM’s location or any variables. That is, (z,9) > (x,0), for all
r€Q,ve€dom(V), and o ¢ X.

The — notation is extended to traces, state sets, and state machines in the same way as
for FSMs. For example, a transition sequence

(2,09 B (@t oh) B B (2, 0") (2.1)



is written (z°,0%) 3 (2",9") for s = 01 ---0,. This transition sequence is a path in F if
it starts in an initial state of F, i.e., if 20 € Q° and ©° = V°, which is also written as
F % (2™,0™). Based on this, the set of accessible states of an EFSM F is

Q*(F) = {(2,9) € Q x dom(vars(F)) | F > (z,0) for some s € £*} . (2.2)

With the following definition, an EFSM can be restricted to a set of unfolded states,
symbolically, by rewriting updates to impose new constraints on the variables.

Definition 4 Let F = (X,Q,Q°, —) be an EFSM with V' = vars(F), and let X C @ X
dom(V'). The symbolic restriction of F to X is an EFSM F' | X = (¥, QlX, |°X, —>|X>, where

Qx ={z€Q|(z,0) € X for some 9 € dom(V) } ; (2.3)
Qx ={2°c Q| («°,V°) e X };
a:pARXx [p,y] . o:p . .
and © ———=x ¥, if 1,y € Qx, and z y, and Rx|[p,y] € II is an update with
vars(Rx|[p,y]) CV and vars’(Rx|[p,y]) C vars’(p) such that, for all valuations o, w € dom(V)
it holds that (y,?[v\vars'(p) ® W) € X if and only if (0 @ @')(Rx|[p,y]) = true.

The symbolic restriction formula Rx[p, y] constrains the updates of the EFSM F' to ensure
that only states in X can be entered without changing any variables that are unchanged in F.
When constraining a transition with update p, the formula Rx[p,y] only uses next-state
variables that also appear as next-state variables in p; other variables are referenced through
their current-state name as they remain unchanged. Therefore, the valuation 0 [y yars(p) & W
after the transition includes the values of unassigned variables z ¢ vars'(p) from o before the
transition and the values of other variables according to w’ satisfying the update formula. It
is always possible to construct a formula Rx[p,y] as required in the definition, although it is
not unique. In the following it is assumed that the formula is obtained deterministically by
an appropriate algorithm.

The following lemma confirms that symbolically restricting an EFSM to some set X C
@ x dom(V') ensures that the unfolded state space is confined within that set X.

Lemma 1 Let F = (3,Q,Q° —) be an EFSM, and let X C @ x dom(vars(F)). Then
Q*(F | X) C X.

Proof. Let V = vars(V), and assume (z,4) € Q*°(F [ X) for v € dom(V'). Then there is a
path
(.I‘O,’ELO) - ('%'17&1) 3.3 (xn,ﬁn) = (.’L’,ﬁ) (25)

in F' | X. Consider two cases.



If n = 0, then note that 2° € @)x> which by (2.4) means (z, 1) = (2%,4%) = (2%, V°) e X
as 1 = V° is the initial valuation.

If n > 0, then there is a transition x,_1 —U:—p/\im zpin F' | X with R = Rx|[p, x,] such that
(a" 1@ (0"))(pAR) = true and 4”1 (2) = 4"(2) for all z € V \ vars’(p A R). By Definition 4,
the update R is such that vars'(R) C vars’(p) and for all valuations 0, € dom(V) it holds
that (xn,@fv\vars/@ @ w) € X if and only if (0 @ &')(R) = true. From vars'(R) C vars'(p)
it follows that 4"~ '(z) = u"(z) for all z € V' \ vars’(p A R) = V \ vars'(p). Then note that
4" = 0" [y \vars (p) @ U = ot [V\vars'(p) © 0" Tt follows from (@t @ (4"))(p A R) = true
that (4"~ & (4")’)(R) = true and thus (z,a) = (z",0") = (2", 4" y\vars'(p) D 0") € X. O

2.3 Synchronous Composition

EFSMs are composed using lock-step synchronisation on shared events, like ordinary FSMs,
but in addition the updates are combined by conjunction.

Definition 5 The synchronous composition of two EFSMs Fy = (¥,,Q4,QY,—;) and F» =
(X5, @, @3, —3) is
Fy H F2:<21U227Q1XQ27Q?XQ%_>> ’ (26)
0:p1/\p2

where (21, 29) “22 (y1,y2) if 21 251 y1 and 22 o yo.

This definition captures EFSMs with different event sets through the extended definition
of the transition relation. For example, if x U—'gjl y1 in F1 and F5 does not synchronise on

this event, o ¢ Y, then the extended transition relation of Fy includes o mm x9 for

. . . . .. o:pAtrue
every location zg € Q2. This results in synchronised transitions (z1, z2) RN (y1,22), or

equivalently (z1,z2) 0 (y1,x2), in Fy || Fo.

As a result of the conjunctive combination of updates, they may cancel each other out. For
example, if z ﬂl y1 in F] and x4 L/:lm y2 in Fy, then the conjunction 2’ = 0Az' = 1 is
unsatisfiable, or equivalently there is no such transition in F} || F5. Synchronous composition
can override the assumption of implicitly unchanged variables in an EFSM. If x4 ﬂn Y1
and zo ﬂ)g Y2, €.g., then (1, z2) gz=ON = (
0 to 1 in F} || F» although implicitly unchanged in F.

EFSM synchronous composition is associative and commutative, apart from the renaming
of locations and rewriting of updates into equivalent formulas. Synchronous composition is
not idempotent as F'|| F' = F' does not generally hold for non-deterministic state machines.
If F is a state-deterministic EFSM, then F' || F' = F holds up to isomorphism, after deletion
of transitions with unsatisfiable updates and inaccessible locations.

This working paper considers systems modelled as the synchronous composition of several
EFSMs. Then the model consists of a set of EFSMs, F = {F},..., F,}, and the notation
|(F) = Fi|| -+ || F denotes their synchronous composition. As a special case, ||(0) =

y1,Y2). So the value of z changes from



(0,{x°},{2°},0) is the neutral element of synchronous composition. This is a one-location
EFSM without events, which by definition accepts all events without changing its location or
assigning its variables.

The following lemma describes a criterion to determine the presence of a transition in the
unfolded transition relation of a synchronous composition. Such a transition exists if each of
the composed EFSMs has a transition whose update evaluates is true, and the variables that
do not appear as next-state variables in any of these updates are unchanged.

Lemma 2 Let F,..., F, be EFSMs, V D vars(F}) U --- U vars(F},), and 0,7 € dom(V).
Then

[\

(xl,...,xn,f))i)(yl,...,yn,u?) in By |- || Fy (2.7)

if and only if each F; has a transition x; —=% y; with (0 @ ') (p;) = true, and o[y = W[y
where U = V' \ (vars/(p1) U - - Uvars'(p,)).

The proof of this lemma is immediate from Definitions 3 and 5 as the EFSM F} || --- || F,,
must contain a transition (x1, ..., 2y, 0) TN NP (Y1, .., Yn, W), with the variables not ap-

pearing primed in the updates remaining unchanged. Under the assumption of normalisation,
the set U of unchanged variables can also be written as U = V'\ (vars'(Fy, 0)U- - -Uvars'(F,, 0)).

o:true

Note that if the event ¢ is not in the alphabet of some F;, then by definition x; —— x;.

For ordinary FSMs, it is known that any path in synchronous composition corresponds
to a path in each of the composed FSMs. This is not guaranteed form EFSMs, as variable
changes performed by one component may affect the path in the other components. Such
a path in one component can only be reconstructed if the other components do not change
variables. As a first application of Lemma 2, the following Lemma 3 shows this property
under the assumption that synchronous composition is performed with a pure EFSM.

Lemma 3 Let A and B be EFSMs, where B is pure, and let
(2%, 2%, 0% B (2l 2k, 01 B B (2, 2, 0" (2.8)
be a path in A || B where ©° € dom(V) for some V 2 vars(A4) Uvars(B). Then
(2%,2°) B (24, 91) B - B (2%, 0" (2.9)
is a path in A.

Proof. It is clear that 2% and 9° are initial locations and variable values from (2.8). Consid-
ering the i-th transition on the path (2.8), it follows by Lemma 2 that there are transitions

ot Tyl in A with (81 @ (%)) (pa) = true ; (2.10)
GG B with (67 e (0))pe) — e (211)



such that
§71(z) = i(z)  forall z €V \ (vars'(pa) Uvars'(pp)) = V \ vars'(pa) . (2.12)

The last equality holds since vars’(pg) = () as B is pure. By Definition 3, combining (2.10)
and (2.12) gives a transition (2% ', 9°"!) & (2%,9") in A, and the path (2.9) is obtained by
repeating this argument for all transitions on the path (2.8). O

Another important property of EFSM synchronous composition is that state-determinism
ensures that the sequence of locations visited by an EFSM for a given sequence of events and
variable values is uniquely defined, even in synchronous composition with other EFSMs.

Lemma 4 Let A, B, and C be EFSMs, where A is state-deterministic, and let
($?4, xOB>’[)O) g (xilaxlBﬂAjl) 0_27 T J_g
(yoAvyg’a{)O) g (y1147yé'7@1) g ﬁﬁ (yﬁ,yg,@n) (2]‘4)
be paths in A || B and A || C, respectively. Then x%y =y for i =0,...,n.

Proof. The claim is shown by induction on i. For the base case, i = 0, note that x% and y%
are initial locations of A, and thus 29 = y% by Definition 2 (iii) as A is state-deterministic.
Now assume 'y = y' for some i > 0, and consider the next transitions

(zy, 'y, 1) T (oL o it (2.15)
(Yo v, 01) =5 (Yt yit, o) (2.16)

on the paths (2.13) and (2.14). This means by Lemma 2 that there are transitions in A,

gl ZHLPA, ikl with (0° @ (6°71))(pa) = true ; (2.17)
iy JELIA, i) with (9° @ (6"71))(ga) = true . (2.18)

Then p4 Aqa is satisfiable, and noting that xf4 = yil by inductive assumption, it follows by the
state-determinism of A from Definition 2 (iii) and from (2.17) and (2.18) that 2’;* = y{'. O

2.4 Behavioural Inclusion

When comparing EFSMs, variables must be considered in addition to events, so the following
notion of behavioural inclusion replaces language inclusion as used for FSMs.

10



Definition 6 An EFSM F} is behaviourally included in another EFSM Fs, written Fy Cy, Fb,
if for every path
(3}0,@0) g (acl, ﬁl) 0—2) s J—% (l’n,@n) in F1 (2.19)

with 9; € dom(vars(Fy) U vars(F3)), there exists a path
(Y0, %0) 7 (y1,01) 3 -+ 74 (yn, 00)  in Fy . (2.20)

If Fy is behaviourally included in F5 then every path in F} corresponds to a path in Fb
with the same events and variable assignments. Variables not present in F} remain unchanged
by Fi according to Definition 3, and as a consequence must also be unchanged in F5. This
semantics of implicitly unchanged variables makes behavioural inclusion of EFSMs different
from language inclusion of FSMs, and several intuitively expected properties do not hold.
Therefore, the following lemmas investigate the relation more closely.

First, Lemma 5 shows that behavioural inclusion as defined above is reflexive and transi-
tive. Another desirable property is the monotonicity with respect to synchronous composition,
ie., AC, Bimplies A | C C, B C. Lemma 6 shows this under the additional assumption
that C is pure. Lastly, Lemma 7 shows that symbolic restriction results in an EFSM that is
behaviourally included in the original EFSM.

Lemma 5 Let A, B, and C be EFSMs. Then the following properties hold.
() AC, A
(ii)) If AC, Band B C, C then A C, C.

Proof.
(i) The reflexivity claim follows immediately from Definition 6.

(ii) Write Vap = vars(A)Uvars(B), Vac = vars(A)Uvars(C), and Ve = vars(B)Uvars(C).
Assume that A C, B and B C, C, and consider a path

(a0, o) 5 (a1,91) B -+ T3 (an, o) (2.21)

in A with 0; € dom(V4¢). Define valuations w; € dom(Vap) for i = 0,...,n such that
Wi = Vilvypnvae ® (Vap \ Vac)®. Thus, w; is equal to 0; for variables that appear in
A or C and uses the initial values for variables that appear only in B. Then it can be
shown that

((IQ,’LZ)()) g (al,wl) g tee 04 (an,wn) (2.22)

also is a path in A: clearly, ap and ?¢ are initial locations and variable values from (2.21),
and then wg also only has initial variable values by construction. Also, for each transition

11



of (2.21) there exists a transition a; ——2 ;. in A such that (0:®0; 1) (pit1) = true

and 0;(z) = 0;41(2) for all variables z € Vyo \ vars'(p;+1). Note that vars(p;y1) C
vars(A) C Vyp N Vye and thus

(wi @ wngl)(pi-H) W; VABﬁVAc @ (wi-l—l rVABﬂVAC)/)(piJFl)

(W
= (0 [VasnVac © (Dit1 rVABnVAC)/)(pi+1)
(17 @ 0f11) (piv1)

tru

Also, consider a variable z € Vyp \ vars'(p;+1). If 2 € Vo then 2z € Vyp N Vye and
z € Vac \ vars'(pi+1), i.e, wi(z) = 0(2) = 0i11(2) = Wwit1(z) from above. Otherwise
z ¢ Vac and thus z € Vap \ Vac, i.e., wi(z) = 2° = W;4+1(z) by construction of w;. This
shows that (2.22) is a path in A. Then, as A C, B, there exists a path in B,

(bo, o) T (b, 1) B -+ T3 (b, 1) - (2.23)

Define valuations 4; € dom(Vpc) for i = 0,...,n such that 4; = W;[v,znvee ® (VBe \
Vap)°. Then it can be shown that

(bo, o) 7> (b1, 1) B -+ T3 (by, i) (2.24)

also is a path in B: clearly, by and 1 are initial locations and variable values from (2.23),
and then g also only has initial variable values by construction. Also, for each transition
of (2.23) there exists a transition b; ——""15 b, 1 in B such that (s ®Wi, 1) (gi+1) = true
and w;(z) = w;y1(2) for all variables z € Vyp \ vars'(¢;+1). Note that vars(gi+1) C
vars(B) C Vap N Vpe and thus

(U ® Uiy 1)(qir1) = (il vapnvee @ (Girt Vagnvee) ) (Giv)

w; ® wz+1)(Qz+1)

(1
= (Wilvapvee © (Wit1 [Vapnvse))(@iv1)
= (
tru

Also, consider a variable z € Vpe \ vars’(¢i+1). If 2 € Vap then 2z € Vyp N Ve and
z € Vap \ vars'(gi+1), i.e, 4;(2) = wi(2) = wit1(2) = G;41(2) from above. Otherwise
z ¢ Vyp and thus z € Ve \ Vap, i.e., 4;(z) = 2° = G;41(z) by construction of @;. This
shows that (2.24) is a path in B. Then, as B C, C, there exists a path in C,

(C(),ﬁo) g (Cl,ﬁl) g e 25 (Cn,ﬁn) . (2.25)
It remains to be shown that then

(co,0) =+ (c1,01) T3 -+ 73 (cn, Bn) - (2.26)
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also is a path in C, where 0; € dom(Vy4¢) are the valuations from (2.21).

Clearly, ¢o is an initial location from (2.25) and ¥y consists of initial variable values
from (2.21). Also, for each transition of (2.25) there exists a transition ¢; —— s ¢,y
in C such that (4; ® @) )(ri41) = true and 4;(2) = @;41(2) for all variables z €
Vee \ vars'(riz1).

Next, to show that (0; ® 0;,)(ri4+1) = true, consider two cases for z € vars(C) C
Vac N'Vpe. If z € Vyp then 0;(2) = 0ilv pnvee (2) = Wilvagnvge(2) = wi(z) =
Wil vy s Vae (2) = Uilv,znvae (2) = Gi(2) by construction of w; and ;. If 2 ¢ Vap D
vars(A) then v;(z) = 2° for all i as (2.21) is a path in A, and z € Vo \ Vap so that
0i(2) = Uilvye\vap(2) = 2° by construction of ;. This shows 9;[vars(c) = Ui lvars(C)-
Noting vars(ri; 1) C vars(C), it follows that (0; ® 0}, ,)(riy1) = (@ ® 5y ,)(ri41) = true.
Lastly, to show 0;(z) = 0;41(2) for z € V¢ \ vars'(r;41), consider z € Vae \ vars'(rit1).
If z € vars(C) then 0;(z) = ui(z) for i = 0,...,n as just seen, and z € vars(C) \
vars'(r;11) C Ve \ vars'(r11), and thus 0;(2) = 4;(2) = @;41(2) = 0;41(2). Otherwise
z € vars(A) \ vars(C') C vars(A), which implies z € Vap N Vac and thus 0;(z) =
i lVapVac (2) = Wilv, gnvae (2) = Wi(z) by construction of ;. If also z € vars(B), then
z € Vap N Vpe which implies @Z(Z) = U%(Z) = W rVABmVBC (Z) = U rVABﬂVBC (Z) = @Z(Z)
by construction of 4; and thus 0;(2) = 4;(2) = Uit1(2) = Vir1(2) as z ¢ vars(C)
and (2.25) is a path in C. If on the other hand z ¢ vars(B) then w;(z) = 2° for all i as
(2.23) is a path in B, and thus 0;(2) = w;(z) = 2° = Wit1(z) = Vi+1(2).

This completes the proof that (2.26) is a path in C' in all cases. O

Lemma 6 Let A, B, C, and F be EFSMs such that E is pure. Then the following properties
hold.

() Al EC, A
(ii) f AC, Bthen A||EC, B E.
(iii) f A[|BCy A||C then A||BC, A| B C.
Proof.
(i) Let V = vars(A) Uvars(E), and assume a path
(ao, €0, 00) 2 (a1,e1,01) B -+ 2 (an, en, ) (2.27)
in A || E where 0; € dom(V) for i =0,...,n. By Lemma 3,
(ag, o) B (ay,01) B -+ 2 (an, Oy) (2.28)

is a path in A, which is enough to show the claim.
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(i)

(iii)

Let V = vars(A) U vars(B) U vars(F), and assume a path
(a0, €0, 90) = (a1,e1,01) B -+ 22 (an, en, on) (2.29)
in A || E where 9; € dom(V) for i =0,...,n. By Lemma 3,
(a0, B0) 2 (a1, 91) 3 -+ T8 (an, On) (2.30)

is a path in A. Let Vyp = vars(A) Uvars(B). Then

(a0, 0 vyp) 2 (a1, 01 1va5) 3o B (an, Do lvay) (2.31)
also is a path in A. As A C, B, by Definition 6 there exists a path
(bOv@O rVAB) = (blﬁl rVAB) 3.3 (bna Op rVAB) (2‘32)

in B. Now consider ¢ such that 0 < i < n. From (2.32), it follows that b; RiaEk N bit1

in B with (0;]v,; ® (0i+1]v,z))(pB) = true and
0ilvag(2) = Vig1lv,z(2) for all 2 € Vyp \ vars'(pg) - (2.33)

From (2.29) it follows that e; ——2 ¢;11 in E with (8, ® (d;41)")(pg) = true. Now
consider z € V'\ (vars'(pg)Uvars' (pg)) = (VapUvars(E))\ vars'(pp) as E is pure. Then
either z € Vypor z ¢ Vap. If z € Vup, then z € Vyp\vars'(pp) and 0;(z) = 0;]v, 5 (2) =
Vit1[v,p(2) = Dig1(2) by (2.33). If 2 ¢ Vap then z € vars(E) and z ¢ Vap D vars(A) D
vars' (A)Uvars'(E) as E is pure, so that z € V'\ (vars'(A)Uvars'(E)), and 0;(z) = 0;4+1(2)
follows as variables that do not appear primed in A or ¥ must remain unchanged on
the path (2.29) in A || E. Thus, 0;(z) = 0;11(z) for all z € V'\ (vars'(pp) U vars'(pg)),
and noting that by, eg, and 9y are initial locations and variable values, it follows that

(bo, €0, 09) 2 (b1, e101) B - T (b, en, n) (2.34)
is a path in B || E.
Let V = vars(A) U vars(B) U vars(C), and assume a path

(ao, bo, 90) > (a1,b1,01) B3 -+ 2% (an, by, o) (2.35)

in A || B where 9; € dom(V) fori=0,...,n. As A|| B C, A| C, by Definition 6 there
is a path
(a0, co, @) = (a1, €191) 3 <+ =3 (G, n, On) (2.36)

in A | C. It will be shown that

(ao, bo, co,00) = (a1,b1,c1,01) 3 -+ I3 (an, by, Cny O (2.37)
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isa pathin A||B| C. Clearly, ag, by, co, and 0 are initial locations and variable values
from (2.35) and (2.36). Considering the i-th transition on the path (2.35), by Lemma 2
there are transitions

a;_1 Tiba, a; in A with (0;—1 ® (@i)/)(pA) = true ; (2.38)
biog —E5 b, in B with (0;_1 ® (%;)")(pB) = true ; (2.39)

such that
0;—1(2) = 0;(2) forall z € V' \ (vars'(pa) Uvars'(pg)) . (2.40)

Considering the i-th transition on the path (2.36), by Lemma 2 there is a transition
Ci—1 % C; in C with (ﬁz‘—l D (ﬁi),)(pc) = true . (2.41)

For a variable z € V' \ (vars'(pa) U vars'(pp) U vars' (pc)) C V' \ (vars'(pa) U vars'(pg))
it follows from (2.40) that 9;_1(z) = 0;(z). Then it follows by Lemma 2 using (2.38),
(2.39), and (2.41) that (a;_1,b;_1,¢i_1,91) = (as,bi,ci,0;) in A|| B | C, and the
path (2.37) is obtained by repeating this argument for all i. O

Lemma 7 Let F' = (¥,Q,Q° —) be an EFSM, and let X C @ x dom(vars(F')). Then
F1XC,F.

Proof. Write V' = vars(F') = vars(F | X ). Assume that

(SL‘O,’[}O) g (1‘1,@1) g s ﬁs (l‘n,f)n) (242)

is a path in F' [ X, where 0; € dom(V'). Then z is an initial location of F' [ X and also of F’

by Definition 4, and g are initial variable values. Furthermore, for each i = 0,...,n—1, there
Oi4+1:Pi+1

exists a transition ; ————— x;41 in F' [ X such that (9; ® 9, ,)(pi+1) = true and 0;(z) =
0;+1(z) for all variables z € V' \ vars'(p;+1). By Definition 4, the update of this transition can
be written as pj11 = qj+1 A Rj11 where z; it i, Tit1 in F and vars'(R;+1) C vars'(git1)-
Then clearly (0; ©0;,)(gi+1) = true, and vars'(p;y1) = vars'(g; 1) Uvars'(Riy 1) = vars'(giy1),
which implies for z € V' \ vars'(gi+1) = V \ vars'(pi+1) that 9;(2) = 0;41(2) from above. This
shows (z;, 0;) RAEN (Tit1,0i+1) in F', and repeating the argument for all transitions shows
that (2.42) is a path in F. O

2.5 Controllability and Synthesis

For the supervisory control of EFSM systems, this working paper assumes that all variables
are controlled by the plant [10]. The plant is modelled by a set of normalised EFSMs that
represent the possible system behaviour including all possible variable changes. The specifi-
cation is modelled by one or more pure EFSMs, which only restrict the occurrence of events.
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The supervisor can also restrict variable changes associated with controllable events. The
following definition of controllability covers specifications and supervisors.

Definition 7 [10] Let G = (X4, Q. Q% — ) and E = (X5, Qp, Q%, — ) be two EFSMs,
and let ¥, be a set of events. F is ¥,,-controllable with respect to G, if for all valuations v, w €
dom(vars(G) U vars(E)), all states (zq,zg,9) € Q*°(G || E), and all transitions (zq, ) 5
(yg,w) in G such that p € X, there exists a location yp of E such that (zg,zg, ) L
(Yo yp,w) in G || E.

Yu-controllability means that, from any accessible state in the synchronous composition of
the plant G and specification F, if an uncontrollable event p € Y, is eligible in the plant, then
it is also eligible in the specification. In addition, the specification must allow any assignment
to next-state variables prescribed by the plant. The condition (zg,zg,?) aN (ya,yp, W) is
applied to the synchronous composition G || E, so it requires the plant and specification to
be able to take the transition together. This allows a pure specification to follow the plant’s
assignments to next-state variables.

In the case that an uncontrollable event is not mentioned in the plant, u ¢ X, based
on the extended definition of the transition relation, the transition is always possible in the
plant and does not change variables. In order to be controllable, the specification must always
enable p without changing any variables on its occurrence.

Remark 1 Given a plant G and pure specification F, it can be assumed without loss of gen-
erality that vars(E) C vars(G). This is because any variable z that appears only in F and not
in G, cannot appear as next-state variable in G or E as vars/(F) = (). This variable z remains
unchanged on all transitions of the synchronous composition G || E, so all its occurrences can
be replaced by a constant representing its initial value 2°, resulting in an EFSM system with
equivalent behaviour.

If a specification is not controllable, synthesis is used to find a supervisor. Unlike the
specification, the supervisor may include next-state variables on its updates. Thus, the su-
pervisor can disable (controllable) events completely or under certain circumstances, and it
can remove some of the plant’s variable assignments from a controllable transition.

Definition 8 Let G and E be two EFSMs, and let ¥, be a set of events. A supremal
supervisor for E with respect to G and ¥, is an EFSM S such that

(i) Gl S<Sv G| E;
(ii) S is ¥y-controllable with respect to G

(iii) For any EFSM S’ that satisfies (i) and (ii), it holds that G || S’ C, G || S.
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Definition 8 characterises the possible synthesis results for a plant G and specification F.
A correct supervisor must satisfy the specification through behavioural inclusion after com-
position with the plant (i), and it must be controllable (ii). It also must be least restrictive
or supremal, i.e., any other supervisor that controllably satisfies the specification has less
possible behaviour, again in composition with the plant (iii).

A supervisor satisfying these three conditions can be computed by means of a standard
fixpoint iteration on the unfolded state set of G || E, using the following operator.

Definition 9 [9] Let G = (X, Qq, Q%, =) and E = (35, Qp, Q%, — ) be two EFSMs,
let V = vars(G)Uvars(E), and let ¥, be a set of events. The extended synthesis step operator
O¢.Es.: 2@exQpxdom(V) _y 9QcxQpxdom(V) with respect to G, F, and Xy is defined as

Oc¢.ex.(X)={(zg,zE,?) € Q¢ X Qg x dom(V) | if (zq,?) LN (yg,w) for some (2.43)
pw € 3y and w € dom(V), then there exists ygp € Qg such that

(zg, g, 0) & (vo,ym, W) € X } .

For a set X of combinations of locations and variable assignments, the operator O¢ g s,
removes from X any uncontrollable states, i.e., states where the plant enables some uncontrol-
lable transition not enabled by the specification, and any states from where the system could
uncontrollably reach some combination of location and valuation not contained in X. The
operator O¢ gy, is monotonic and has a greatest fixpoint (:)Q £y, [21]. In the finite-state
case, this fixpoint is calculated as the limit of the iteration

X% = Qg x Qr x dom(V) ; (2.44)
X7t = 0g s, (XY) . (2.45)
The result of EFSM synthesis is then obtained by restricting the system to this fixpoint.

Definition 10 [9] Let G and E be two EFSMs, and let 3, be a set of events. The supremal
Yu-controllable sub-EFSM of G and F is

supC(G, E, %) = (G| E) | O¢,p5, (2.46)

where (:)G, E,x, is the greatest fixpoint of the operator ©¢ g 5, from Definition 9.

It remains to be shown that this fixpoint indeed gives a correct synthesis result accord-
ing to Definition 8. Care must be taken, as the definition compares the supervisors after
composition with the plant, and this requires state-determinism and normalisation to ensure
synchrony of the states. The following three lemmas establish preliminary results about state
synchrony between plant and supervisor under these assumptions. Based on that, Proposi-
tion 11 confirms that the supC operation gives a correct synthesis result.
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Lemma 8 Let G and E be two EFSMs, such that G is state-deterministic, and let X, be
a set of events. For every state (zq, (ya,zE),0) € Q*°(G || supC(G, E,Xy)), it holds that

TG =Ya.

Proof. Write S = supC(G, E, ¥y), and let (z¢q, (ya, xE),0) € Q*°(G || S). Then there exists
a path

(x%’, (y%7$OE)’ﬁO) g (l‘%;, (ylexlE)”[)l) g T U_T$ (-Tg, (yZ,’x%)’ﬁn) = (xGa (yG>xE>7@) (247)

in G || S. It is shown by induction on n that z7 = y.
For the base case, n = 0, note that x% and y% are initial locations of GG, and thus :c% = yOG
by Definition 2 (iii). Now assume z¢, = yg for some n > 0, and consider the next transition

~ On N
(@8, (Y& o), 0") == (ag™, (yt ™), o) (2.48)

on the path (2.47). This means by Lemma 2 that there are transitions

g THTE, gt in G with (8" ® (")) (pg) = true ; (2.49)
(g, alp) TP, (bt gy in S with (6" @ (6"*1)")(ps) = true . (2.50)

Recalling that S = supC(G, E,X,), by Definitions 4 and 10 and by Lemma 5 the update
in (2.65) has the form ps = gg A ¢g A R, and there is a transition

i, TG, in G with (0" & (")) (ga) = true . (251)

Then pg Aqq is satisfiable, and noting that x4 = y2 by inductive assumption, it follows by the
state-determinism of G' from Definition 2 (iii) and from (2.49) and (2.51) that 4" =yt
O

Lemma 9 Let G and E be two EFSMs such that G is normalised, and let ¥, be a set
of events. For every state (zg,zs,0) € Q*°(G || supC(G, E,%,)), it holds that (zg,?) €
Q*°(supC(G, E, %,)).

Proof. Write S =supC(G, E,Y%,) and V = vars(S) = vars(G)Uvars(S), and let (zg, xzg,0) €
Q*°(G || S). Then ¢ € dom(V') and there exists a path

(¢, 25, 0°) 7 (2, 25, 01) B - T (23,25, 0") = (26,25, 0) (2.52)
in G || S. It is shown by induction on n that (z%,0") € Q*°(S).

For the base case, n = 0, note that x% is an initial location of S and ¢" are initial variable
values, and thus (z2,9°) € Q(S).
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Now assume (z¢,0") € Q*°(S) for some n > 0, and consider the next transition of (2.52),

On+t1 (l,n-i-l n+1 @n+1)_ (2-53)

(957&'73527@”) G 7:1:3 ’

By Lemma 5, this means that there are transitions

oy TG, in G with (0" @ (0"™1))(pg) = true ; (2.54)
n IntDS, nl in S with (6" @ (")) (ps) = true ; (2.55)

and furthermore
0™(2) = 0" (2) for all z € V' \ (vars'(pg) U vars'(ps)) . (2.56)

Noting that S = supC(G, E, %), by Definitions 4 and 5, the update in (2.55) takes the
form ps = ga A qe A R for some transition yp RAAESEN y?;rl of G. Note that vars'(qg) =
vars' (G, o,41) = vars'(pg) as G is normalised. It follows for z € V'\vars'(pg) = V'\ (vars'(qg)U
vars'(qg) U vars'(R)) = V' \ (vars'(pg) U vars'(¢q) U vars'(¢p) U vars'(R)) = V' \ (vars'(pg) U
vars'(pg)) that 9" (z) = 9" 1(2) by (2.56). Using (2.55), this shows (z%,d") Ity (z&H ot
in S, and the claim (xg'H, ") € Q¢ (9) follows by inductive assumption. O

Lemma 10 Let G and E be two EFSMs, and let 3, be a set of events. Then supC(G, E, %,) Cy
G || supC(G, E, %,).

Proof. Write S =supC(G, E,%,) and V = vars(S) = vars(G) U vars(EF). Consider a path
(22, 2%, 09 B (x5, 2h, 0 B - B (2R, 2%, 0") (2.57)
in S, where ¢¢ € dom(V) for i = 0,...,n. It will be shown by induction on n that
(2% (2, 2%),0°) & (2g, (a6, 2p), 1) F - 3 (agy, (28, 2p), 0") (2.58)

is a path in G || S.
For the base case, n = 0, note that (z%,2%) and thus also 2, are initial locations, and ©°
are initial variable values from (2.57).
Now assume the path (2.58) in G || S has been constructed up to n, and consider the next
transition of (2.57),
(2, 2, ") T (@t 2kl gntLy (2.59)

This means that there is a transition (z¢, %) Tnt B3, (x5, 25t in S such that (0" @

(0"*1))(ps) = true and

"(z) = 0"TY(z) for all variables z € V' \ vars'(pg) . (2.60)
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As S = supC(G, E, %) = (G| E) | ©c¢.px,, by Definition 4 the update pg takes the form
ps = qa/N\ge AR, and there is a transition x¢ Tnride, ztin G with (0”@ (")) (g¢) = true.
For variables z € V \ vars’(qa A ps) = V' \ (vars’(qg) U vars'(¢g) U vars'(qg) U vars’(R)) =
V \ vars/(pg) it holds by (2.60) that 9™(z) = 9"*1(2). It follows from Lemma 2 that

(wy, (28, 2), 0") 75 (g (g™ ™) o) (2.61)
in G || S, and the existence of the path (2.58) follows by inductive assumption. O

Proposition 11 Let G and E be state-deterministic EFSMs such that G is normalised, and
let ¥, be a set of events. Then supC(G, E,X,) is a supremal supervisor for E with respect
to G and X,.

Proof. Write S = supC(G, E,%,) and V = vars(S) = vars(G) U vars(F). It is to be shown
that S satisfies conditions (i)—(iii) in Definition 8.

(i) Let
(va (yGawE) O) # (wGW (yG7xE) Al) # e 2; (xgv (yg,w%),f)n) (262)
be a pathin G || S =G || supC(G E%,) With 0; € dom(vars(G || §)) = dom(V) for
i = 0,...,n. Clearly .I‘G, yG, .T}%, and 9" are initial locations and variable values.

Cons1der the i-th transition on the path (2.62),
(@ (Y 0p), 0) = (2™, (g 2 ), ) (2.63)

By Lemma 2, this means that there are transitions

x SJAELCN zift in G with (o' @ (0"™1))(pg) = true ; (2.64)
(Y, ) TP, (yift i) in S with (o' @ (0"™1))(ps) = true ; (2.65)

and furthermore
o'(2) = 0" (2) for all z € V'\ (vars'(pg) U vars' (pg)) . (2.66)

Recalling that S = supC(G, F, ¥,), by Definitions 4 and 10 and by Lemma 2 the update
in (2.65) has the form ps = gg A ¢g A R with vars’(R) C vars’(¢g A qg), and there are

transitions
Yl TG, it in G with (' & (0"""))(¢a) = true ; (2.67)
aly THEIE, il in E with (¢° @ (6"71))(¢g) = true . (2.68)

20



Consider z € V' \ (vars/'(qg) Uvars'(¢qg)) = V \ vars'(ga A qg) = V' \ vars’(ps). Noting
that z ¢ vars'(¢q) = vars'(G,0i41) = vars'(pg) as G is normalised, it follows that
0141

z € V\(vars'(pg)Uvars'(pg)) and thus 9% (z) = 9*1(z) by (2.66). Thus (v}, 2%, ') ——

(yat, 2%, 1) in G || E by Lemma 2. Repeating this argument for all transitions on

the path (2.62), it follows that
(3/2;790%7170) g (yéﬁl‘%??@l) g SRR (y8,$%,’f1n) (269)
is a path in G || E. This shows G || S Cy G || E according to Definition 6.

Let 0, € dom(V), let (zq, (Eg,zE),0) € Q*°(G || S), let u € Xy, and let (zg,7) &
(yg,w) in G. Following Definition 7, it is to be shown that there exists a location yg
of S such that (zg, (Zg,z8),0) = (ya,ys,w) in G || S.

Note that z¢ = Zg by Lemma 8 and (Zg,zg,0) € Q*°(S) by Lemma 9. Using
Definition 10, Lemma 1, and the fact that ©g gy, is a fixpoint of Og g x,, it follows
that (zq,2p,0) = (Zg,2p,0) € Q*(S) = Q*“°((G || E) | O¢px.) € Ocps, =
©¢,Ex.(©¢,Ex,). Then by Definition 9 there exists a location yg of E such that
(l'G,fL'E,@) ﬂ> (yGayE7w) in G H E and (yGayE7w) c 6G’,E,Zu~

This means (zg,2r) —=2 (yq,yp) in G || E such that (6 @ @')(ps) = true and
0(z) =w(z) forall z €V \ vars'(pg) . (2.70)

By Definition 5, the update pg has the form ps = pe A pgp with z¢ LALEN Yo in G and
xp 22 yp in E. Then also (6 @ @) (pg) = true as (6 & @') (pa Ape) = (0 & 0)(ps) =
true. That is,

zo 2% yq in @ with (0 @ @) (pg) = true . (2.71)
Furthermore, it follows according to Definitions 4 and 10 that (z¢, zE) LEEUUN (ya, yE)
in S = supC(G,E) = (G| E) | Og,ex, where R = R@c,E,zu [ps, (ya,ye)] is such

that vars'(R) C vars'(pg) and for all valuations 0,w € dom(V) it holds that (yg,yg,
Uy \vars' (pg) @ W) € Og,p,x, if and only if (0 @ @')(R) = true. Note that 0[y\vary(pg) =
qu)rV\vaLrs’(ps) by (270)7 so that (yGayEaﬁrV\vars’(ps) D 121) = (yG7yE7w) € @G,E,Zu and
thus (0 @ @')(R) = true. Recalling that also (0 @ @')(pg) = true, it follows that

(zg,xE) LECIUN (ya,yg) in S with (9 @ @) (ps A R) = true . (2.72)

Lastly, for a variable z € V' \ (vars'(pg) U vars'(ps A R)) = V' \ (vars/(pg) U vars' (pg) U
vars' (pg) Uvars'(R)) = V' \ (vars'(pg) Uvars'(R)) = V' \ vars'(pg), it is clear that 0(z) =
w(z) from (2.70). Then it follows from (2.71) and (2.72) by Lemma 2 that (zq, (Zg, zE),
0) = (zq, (xg,zE), V) LN (va, (g, yE),w) in G || S, which implies the claim with yg =
(e yB).-
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(iii) Let S’ be an EFSM that satisfies (i) and (ii). It is to be shown that G || S’ C, G || S.
As S’ satisfies G || S” Cy G || E (i), by Definition 6 for every path

(3/2:735%7“70) g (ylG’wx}S'awl) 0_27 ' U_g (yGaxSa n) (273)

in G || S, with @ € dom(W) and W = vars(G) U vars(S’) U vars(E) = V U vars(S’),
there exists a path

(‘TOG"T%'”LZ)O) g (l’é,x%,u}l) g e ﬁﬁ (x%,x%,w”) (274)

in G || E. Note that x’G = y}; for i =0,...,n by Lemma 4 as GG is state-deterministic.

Let X' C Q¢ x Q x dom(W) be the set of all end states (z, 27, w") of paths (2.74)
in G || E obtained from a corresponding path (2.73) in G || S’. Further, let X C
Qc X Qr x dom(V') be the restriction of this set to variables in V,

X ={(zg,zp,0lv) | (zg,2p,0) € X"} . (2.75)

@G Ex.(X), ie, X is a post-fizpoint of ©O¢ gx,. Let

) B (a9t in G for some p € By, 2l € Qg, and
"t € dom(V). As (2}, 2%, 9") € X, there exists w" € dom(W) with v w" [y and
corresponding paths (2.74) in G || E Wlth end state (r¢,x%,0") and (2. 73) in G| S5
with end state (z, 2%, w") = (yg&, 2%, w™). It follows that (z, 2%, w"™) € Q*°(G || S").
Let wn+1 — @n—l—l @ Wwr.

It is next shown that X
T

-
(xg, 2, 0") € X and (xf, 0"
n
LEs

From (xg,0") EaY (:U’&'H, o™ +1) it follows that there exists a transition z7% LN a5t in G
with (9"@® (9" 1)") (pg) = true, thus also (W"® (")) (pg) = true, and 0" (2) = U"+1( )
for all variables z € V' \ vars'(pg). For z € W \ V note that @"(z) = (6" @ w")(z) =
W™t (2), and thus @w"(2) = W™ (2) for all variables z € W \ vars'(pg). It follows that

(g, ") at (m’é“,z@”“) in G, and this implies by the ¥,-controllability of S’ with

respect to G (ii) that (xg, 2%, @") EaY (zft, 2t 9+ in G || S’ for some location
n+1 !
of S'.

As x& = yi, this transition extends the path (2.73), so there exists a corresponding
path (2.74) in G || E,

(jGaxOEa AO) 2’ (j%}?levwl) g e ‘7_75 (jg7£%7wn) ﬂ> (£g+17£%+lawn+l) 3 (276)

where a~ch = xZG fori=0,...,n+1 and ic}; = :ClE fori=0,...,n by Lemma 4. Therefore
(x Zfrl, %“,17”“) = (i“%“,i‘%“,u?”“ lv) € X, and also

N n o~ N 1 . N
($g’x%7vn) = (x’é,x%,w”[v) — ( ngl’ %+1’wn+1 rV) ( g+1a %+17Un+1) (277)
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in G| E. It follows that (z3, 2%, 0") € Og,E,x,(X) by Definition 9. As (z¢, 2%, 0") € X
was chosen arbitrarily, this shows that X C ©¢ g x,(X). It follows from the Knaster-
Tarski theorem [21] that X C O g5, .

Now consider an arbitrary path (2.73) in G || S’. As shown above, there exists a corre-
sponding path (2.74) in G || E such that (24, 2%, 0'lv) € X COg gy, fori=0,...,n.
Next, it will be shown by induction on n that (2.74) also is a path in S.

For the base case, n = 0, note that x%, azoE, and w° are initial locations and variable
values, and as (2%, 2%, 0°]v) € O¢ gy, it follows that (z%,2Y) is an initial location

of (G| E) | Ogps, =S.

Now assume the path (2.74) exists in S up to n, and consider the next transition of (2.74)
in G| E,

(x%, 2, ™) Intl, (ngrl7 x%+1’ wn—i—l) . (2.78)

This means that there is a transition

(x, ) TP (gt g (2.79)
in G || E such that
W"(z) = " TL(z) for all variables z € W \ vars'(pg) . (2.80)

By Definition 4, in S = (G || E) | ©¢,g.5, there exists a transition

nil: R
(a o) S (a2 (281)
where R = Rg [ps, (m%“,ac%“)] is such that vars’(R) C vars'(ps), and for all

valuations 9, € dom(V) it holds that (2™, 25, 01\ vars'(ps) @ W) € O %, if and

only if (6@7@/)(R> = true. Note & v = (,Lz)n rW\Vars’(ps) @wn+1) v =a" rV\vars’(pS) ©®
Wy by (2.80). Then (2, 5™, 0" [y vars (pg) @O T v ) = (2™, 2t oY) €
O¢.k.s, and thus (0" @ (W"t1))(R) = true. Also for variables z € W \ vars'(pg A R) =
W \ vars’(pg), it holds that @™ (z) = @w""!(z) by (2.80). This shows

(2, 2%, ™) T (@ 2t ot (2.82)

in S. Thus, the path (2.74) can be constructed in S for an arbitrary path (2.73) in
G || S, which shows G || §' C, S.

Thus, G || S’ C, S Cy G| S by Lemma 10, and the claim G || S" C, G || S follows from
Lemma 5 (ii). O
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é@a:z’:*

Figure 2: The EFSM chaos(o, z).

2.6 Chaos Abstraction

This working paper is concerned with methods to modify or rewrite EFSMs or systems of
composed EFSMs to simplify them and make synthesis procedures more efficient. Ordinary
FSMs have useful modularity properties, according to which synchronous composition of a
state machine with another only ever restricts the behaviour [2]. This makes it possible to
remove components from a synchronous composition while preserving safety properties such as
controllability, i.e., the controllability with respect to a part of the plant implies controllability
with respect to the entire plant. EFSMs do not have this property, and therefore this and
the following section introduce alternatives for the simplification of EFSM systems.

When EFSMs are combined in synchronous composition, new next-state variables can be
added to transitions, possibly changing variables that were implicitly unchanged. To obtain
modularity properties similar to those known for FSMs, one solution [10] is to replace the
parts of the system not considered in a synthesis attempt by an abstraction that includes all
possible variable changes. This abstraction is called chaos EFSM.

Definition 11 [10] Given an event ¢ and a variable z, the chaos EFSM for o and z is

chaos(o, 2) = ({0}, {c}, {c}, {(c,0,2 = x,¢)}) . (2.83)

The EFSM chaos(o, z) is shown in Figure 2. The update 2z’ = % means that the variable z
can assume any value from its domain in the next state. Formally, this update is true for
all valuations, but it includes the next-state variable 2z’ so that z is no longer implicitly
unchanged.

In the synchronous composition Fj || F» of two EFSMs, some variables in F; may be
changed by transitions in F5. A variable z can be changed after composition of a transition
in F; that does not mention 2z’ with a transition in F5 that mentions 2’; or by a transition with
an event that only appears in F5. By inspection of the next-state variables on the transitions
of Fb, it can be determined that certain variables are not changed in F5, or are only changed
on the occurrence of certain events. The following Lemma 12 shows how to identify the
specific chaos EFSMs to capture possible variable changes in another EFSM.

Lemma 12 [10] Let F; and F5 be two EFSMs, and let
C = ||({ chaos(o, 2) | z € vars(Fy) Nvars'(Fy,0) }) . (2.84)

It (1‘1,562,77) = (y17y27 lb) in Fy || F5 then (561, cvﬁrvars(Fl)) > (y17 Cﬂbrvars(Fl)) in £y || C, where
¢ is the single location of C.
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Proof. Let X1, Y9, and Yo denote the event sets of Fy, Fa, and C, respectively, and write
V1 = vars(F1). Note that vars(C) C Vi and thus Vi = vars(F} || C), and also vars'(Fz,0) = ()
for o ¢ X3 and thus X C ¥y. Assume

($1a$27{}) £> (ylvaaw) (285)

in Fy || F» with 0, € dom(W) for some W D vars(F}) U vars(F3).

If o ¢ 31 UXs then 1 = y; and z9 = y2 and © = w, and from X C %5 it follows that
o ¢ X1 UX¢. Then it is clear that (z1,¢,9) > (x1,¢,0) = (y1,¢,0) in Fy || C.

Otherwise F} || F» contains a transition

(w1, 22) =¥ (y1,2) (2.86)

such that (0 @ @')(p) = true and 0(z) = w(z) for all variables z € W \ vars'(p). C contains
a single o-transition c Tbe, ¢, where pc is the conjunction of z/ = * statements over its
variables vars'(pc) = Vi N vars'(Fy,0). (If Vi Nvars'(Fy,0) = 0 then o ¢ ¥ and ¢ Z2% ¢
still holds for the empty conjunction, pc = true.) The update pc is true for all valuations,
only its next-state variables are important. From (2.86) it follows that x; i, y1 in F1 and
xy ZP2 y2 in Fy such that p = p; A pa. Then Fj || C has a transition

(w1,¢) T2 (g1, ) (2.87)
As (0@ ') (p) = (0 ® W) (p1 A p2) = true, it follows that (0 @ w')(p1) = true, and therefore
also (0 ® ') (p1 A pc) = true.

Now consider z € Vi \ vars'(p1 A pc). Then z € Vi C W and z ¢ vars'(p1) and z ¢
vars'(pc) = Vi Nvars' (Fy, 0), and given z € Vj also z ¢ vars'(Fy,0) 2 vars’(p2). This means
2 ¢ vars'(p1 A pa) = vars'(p) and therefore ©(z) = w(z) from above. This shows the claim
(z1,¢,0py,) 5 (y1,¢,py,) in Fy || C. O

In a synchronous composition F} || F», the chaos abstraction of Fy as defined by (2.84)
is the composition of chaos EFSMs for variables in F} and events with transitions assigning
to these variables in Fy. The condition z € vars(Fy) N vars'(Fy,0) in (2.84) can only hold
for variables shared between F; and Fy and for events of Fb, so that the construction can be
restricted to o € 39 and z € vars(Fy) Nvars(Fy). The composition C' of these chaos EFSMs
is a one-state EFSM with selfloop transitions o : 2/ = * for all events ¢ € X9 and variables
z € vars(Fy) Nvars'(Fy,0). Lemma 12 allows Fy to be replaced by this chaos EFSM C, such
that all transitions in the composition F} || F» are also possible in the abstraction F} || C.

2.7 Existential Abstraction

An important feature of the results in this working paper is the ability to simplify EFSMs
through variable abstraction [23] using the existential quantifier. If p € II is an update and z
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is a variable, then 3z p is an update that is true if and only if p can be made true by choosing
some value for the variable z from its domain [6].

In this working paper, quantification is generalised to sets of variables as follows. For
W ={z0,21,...,2n}, it is defined that

IWp = Fzy32(32 321 - F2, 320 p ; (2.88)
IW'p = 332,32, p . (2.89)

That is, an update is quantified over variable set W by quantifying over both the current-state
and next-state variables of W. Differently, quantification over W’ means to quantify over the
next-state variables only. The same notation is introduced for the universal quantifier, so
VYW p is true if and only if p is true for all possible values of the current and next-state
variables of W.

An EFSM is abstracted by existentially quantifying the updates on all the transitions.

Definition 12 [23] Let F' = (3,Q,Q°,—) be an EFSM, and let W be a set of variables.
The existential abstraction of F with respect to W is the EFSM IW F = (¥,Q,Q°,—3)

where x ﬂg y in AW F if and only if x 0 yin F.
The existential abstraction of a set F = {Fi,...,F,} of EFSMs is the set IW F =
{3W F1,...,3W F,} of the abstractions of the individual EFSMs.

Existential abstraction results in an EFSM that is independent of the quantified variables,
i.e., vars(3W F)NW = (). A transition in the abstraction is possible if there exist values for
the quantified variables to make the update in the original EFSM F' true. It is clear that
existential abstraction preserves the EFSM properties of normalisation and purity. State-
determinism is not preserved, however, so it has to be required explicitly that an abstraction
is state-deterministic in order for it to be used in synthesis.

Lemma 13 Let I’ be an EFSM, and let W be a set of variables.
(i) If F' is normalised, then 3W F' is normalised.

(ii) If F' is pure, then 3W F is pure.

Proof. Note that vars(p) denotes the set of free variables in an update p, and therefore
vars'(3W p) = vars'(p) \ W’. Then both claims follow directly from Definition 2. 0

Another concept related to existential quantification is that of always enabled events. An
event in an ordinary FSM is always enabled if it has a transition from every state. With
EFSMs, it may additionally be of interest that the event is enabled for all values of variables.
The following definition requires an event that is enabled for all current-state values and some
next-state values of the variables, while the next-state values for other variables only need to
exist.
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Figure 3: Example of always enabled and unconstrained events.

Definition 13 [10] Let F' = (£,Q,Q°,—) be an EFSM, and let W C vars(F'). An event
o € X is always enabled in F' with respect to W if for all locations z € Q with o-transitions

PN Yoo LR Yn (2.90)
the formula
AW (p1 V-V opn) (2.91)

is valid. An event set ¥’ C ¥ is always enabled in F with respect to W if every event o € ¥’
has this property.

Example 3 Consider the EFSM F' in Figure 3 with dom(z) = dom(y) = {0,1}. Event o
is always enabled in F' with respect to W; = {z,y}, because independently of the current
value of the variables x and y, it is always possible to choose values for z and y such that
some other location can be reached. But o is not always enabled with respect to Wy = {z},
because the update ' = 0 Ay’ = x is not possible when the next value of y is pre-selected to
be different from the current value of x. Formally, 32/ (' = 0 A ¢/ = z) is not valid because,
if z =1 and 3’ = 0 then it can never be that 3y = x.

The following definition introduces the related but slightly different condition of uncon-
strained events, whose enablement does not depend on certain variables.

Definition 14 Let F' = (3,Q,Q°, —) be an EFSM, and let W C vars(F). An event 0 € ¥

is unconstrained in F with respect to W if, for all transitions x 0 y in F the formula
IWp = VIWIW'p (2.92)

is valid. An event set ¥’ C ¥ is unconstrained in F' with respect to W if every event o € ¥’
has this property.

The symbol = in (2.92) denotes logical implication [6]. By convention (2.88) the quan-
tification 3W and VW is over both current-state and next-state variables, but in VIW3W’ the
universal quantification of the next-state variables is immediately overridden by 3W’.

An update is unconstrained by a variable z if, in all cases where the update formula is
true for some value of z, then it is also true for all other values of z in the current state,
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but possibly with different values of 2z’ in the next state. While an always enabled event is
enabled in every location, an unconstrained event, if it is enabled, is enabled independently
of given variables.

Example 4 Consider again the EFSM F' in Figure 3. The event o is not unconstrained
with respect to Wi = {z}, because the update = = 1 is possible when x = 1, so Jz3z'z =1
or equivalently 3z z = 1 is true, but not for all other values of x, namely Vz32z’z = 1 or
equivalently Vz z = 1 is not true. But o is unconstrained with respect to Wy = {y}, because
all the transitions are enabled independently of the current value of y. That is, if a transition
is enabled for some current-state value of y, then the transition can also be taken for all other
values of y, possibly with different values for 3 in the next state.

3 Abstracting the Plant

This and the following sections propose modular synthesis algorithms for systems composed
of several EFSM components. This section considers the possibilities of abstraction of the
plant. It is assumed that the plant is defined as the synchronous composition of a set G =
{G1,...,Gp} of normalised state-deterministic EFSMs, and the specification is given by a
single pure state-deterministic EFSM E. More general specifications and their abstraction
are considered in the following sections.

3.1 Algorithm

The idea of modular synthesis [1,2] is to simplify the plant G = {G1, ..., G,,} by selecting some
of its components, and discarding the others, in such a way that the result is equivalent to that
of synthesis with respect to the complete plant. In the EFSM setting, this is now generalised
to the selection of plant components and variables. Algorithm 1 is further developed from
modular FSM synthesis algorithms [1,10] and the modular EFSM synthesis algorithm [10], in
that it considers existential abstraction of variables in addition to component selection and
chaos abstraction.

The idea is to gradually increase the sets of plants G?, variables V* until it is guaranteed
that the optimal result has been found. At each iteration, the algorithm considers sets of
plants G' C G and variables V¢ C vars(G) Uvars(E), and also uncontrollable events 3! C ¥, .
Throughout the algorithm, G* and V* are always the complements of G* and V*.

Initially, synthesis is performed using only the specification E and its variables, as G = ()
(line 3) and V° = vars(E) (line 3). Following Lemma 12, the plants G = G are replaced by
chaos EFSMs CY for the included variables (line 7). The set of uncontrollable events YU is
initially empty (line 2), i.e., synthesis is first performed under the pretence that all events are
controllable. In this case, the synthesis result S° is equal to the specification E (line 8).
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Algorithm 1: Modular abstracting EFSM synthesis for a single specification

Input: normalised state-deterministic plants G = {G1,...,Gn};
pure state-deterministic specification F; uncontrollable events X,,.
Output: supremal supervisor S* for ||(g ) with respect to F and X,,.
V < vars(G) U vars(E);
¥ 0
GO« 0;
G« G;
VO < vars(E);
VO VA\VY
CO « {chaos(o,v) | v € VO Nvars'(G°, o) };
S0« E;
14 0;
while S’ is not y-controllable with respect to ||(3V*G) || [|(C?) do
i« 24 Uuncont(|[(3VEGY) || || (1€, S7, S);
Choose GiT! C G and V! C V and Gt = G\ G and Vit =V \ Vitl
such that vars(E) C V! C vars(GiT!) U vars(E)
and Y+ is always enabled in G*! with respect to V*!
and Y41 is unconstrained in G'! with respect to Vit!
and vars' (G ) Nvars (G w) NV = () for each p € Rit!
and IVt Gt is state-deterministic;
18 | C™l « {chaos(o,2) | z € VI nvars' (G, 0) };
14 gitl supC( H(Hf/iJrl giJrl) ” H(CiJrl), E, Zf;rl);
15 11+ 1;
16 end
17 return S°

© W N O A W N

I
N = O
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Therefore, on entering the loop for the first time, the loop entry condition in line 10 checks
whether the specification S° = E is controllable with respect to only the chaos EFSM C°
(recall that G = ), based on the full set ¥, of uncontrollable events. This may succeed if,
for example, the specification has only controllable events, in which case S° = E is returned
as the least restrictive solution. Otherwise the loop is entered and synthesis is performed
with respect to increased subsets of plants, variables, and uncontrollable events, which are
computed as follows.

First, line 11 calculates a new set ¥4F! of uncontrollable events. As the current super-
visor S? is not controllable by the loop entry condition, there must be some uncontrollable
event that is possible in the plant but not in the specification. These events are called the
causes of uncontrollability, as per the following definition.

Definition 15 Let G and E be two EFSMs, and let X, be a set of events. The set of causes
of Xy-uncontrollability of E with respect to GG is the set of events

uncont(G, E, %) = { u € By | there exist (2, zg,9) € Q*(G || E) and (zg,0) & (3.1)
(xg,w) in G, and there is no location yg in E such that

(ra,xp,0) 5 (yo,ym, W) } -

It is clear that the set of causes of uncontrollability is empty, uncont(G, E,%,) = 0, if
and only if G is ¥-controllable with respect to E. As the loop entry condition has found
the supervisor S? to be not ¥ -controllable with respect to the plant abstraction H(ElVi gh ||
H(Ci), there exist some causes of uncontrollability, which are included in the next set %!
of uncontrollable events on line 11. This ensures that they are treated as uncontrollable for
the next synthesis attempt. For other uncontrollable events, the algorithm will continue to
pretend that they are controllable.

Next, line 12 chooses new plants G**! and variables V*! to form an improved approxi-
mation. First, all variables used in the specification are retained,

vars(E) C VL (3.2)

In this section, variables that appear in the specification are not abstracted. Later, in Sec-
tion 4, it is shown how the amount of variables in the specification can be reduced by speci-
fication abstraction before Algorithm 1 is invoked.

The main part of the logic in Algorithm 1 is the selection of plant components and variables
from them. To ensure a least restrictive synthesis result, all plant components that can disable
some uncontrollable event are included [1,10]. Therefore it is required that the uncontrollable
events must be always enabled by the plants G'*! and variables V**! not included in synthesis
according to Definition 13,

S+ is always enabled in G with respect to Vi+1, (3.3)

30



This condition ensures that any plant components that could cause disablement of some
uncontrollable event from Yi*! are included in the abstraction. Furthermore, all variables
that can constrain these uncontrollable events in the selected plant components Gt must
also be included. This can be ensured by including all variables that appear in the selected
plants on transitions with the selected uncontrollable events, or as weaker condition it is
enough that the uncontrollable events are unconstrained by the other variables according to
Definition 14,

¥ is unconstrained in G with respect to V. (3.4)

In order to consider the conditions (3.3) and (3.4) separately for G“*1 and G*!, it is fur-
thermore necessary that there are no conflicting assignments to the same abstracted variable.
Therefore it is required that G and G'*! do not share these variables in their primed form,

vars' (G, p) Nvars' (G, p) N VI = ¢ for each p € XL | (3.5)

This condition can be checked separately for each event p considered as uncontrollable in the
current iteration.

To summarise, in addition to including all variables from the specification (3.2), the se-
lected uncontrollable events must be always enabled (3.3) in the plants Gt that are not
included in the approximation and unconstrained (3.4) in the plants G**! that are included,
and the two parts Gt and G of the plant must not use any of the abstracted variables in
their primed form with the same uncontrollable event (3.5).

The variables not included in V¥*! i.e., those in V**!, are removed by existential abstrac-
tion. In order for synthesis to be well-defined, the abstraction must remain state-deterministic.
This is ensured by the last condition,

VL G s state-deterministic . (3.6)

After the plants and variables for the next step have been chosen, line 13 introduces chaos
EFSMs C**! to replace the plants G**! that are not included, such that any possible changes
to the included variables V**1 are reflected in the abstraction [10].

Then line 14 performs synthesis for the plant abstraction ||[(3V! g7 || ||(C*™) and the
chosen set ¥iT! of uncontrollable events. If the resulting supervisor is controllable with respect
to the full set 3, of uncontrollable events (line 10), then it is returned as the result. Otherwise
more uncontrollable events need to be included, resulting in a new plant abstraction. The
loop continues until a ¥,-controllable solution is found.

Line 12 of Algorithm 1 may be difficult to implement as it is not specified how the plant
components G'™! and variables V! can be chosen such that conditions (3.2)—(3.6) are satis-
fied at the same time. A simple approach is to start with the variables of the specification (3.2)
and the plants that disable an uncontrollable event from ¥ in some location (3.3), and then
gradually add more plants and variables until all conditions are satisfied. The search may be
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simpler for well-designed EFSM models in practice, such as the flexible manufacturing system
presented in Section 6 where not all conditions need to be considered.

The following subsections contain a correctness proof of Algorithm 1. Clearly, termination
is guaranteed because the set X of uncontrollable events increases with every iteration, and
it is bounded by the finite set X, of all uncontrollable events. It remains to be shown that the
algorithm returns a correct result, i.e., that the supervisor S* returned from line 17 is indeed
a supremal supervisor for F with respect to G and X,,.

It is clear from line 14 that

S =supC( ||V G | ||(CY), E, ) (3.7)

is a supremal supervisor for E with respect to H(EI‘_/i gy | H(C’) and X{. To prove the
correctness claim, it will first be shown that, for all 7,

S’ is a supremal supervisor for F with respect to G and X, . (3.8)

This is shown by Proposition 20 in Section 3.5 below. Then the only difference between S* and
the desired result is the uncontrollable event set: S° is synthesised with respect to ¢ C %, .
As S” uses fewer uncontrollable events, it can secondly be shown that it over-approximates
the synthesis result with respect to the full uncontrollable event set X,

supC([|(G). B.5) €, §° (3.9)

On termination of the loop, S* is not only ¥ -controllable but also ¥,-controllable. At this
point, it follows from (3.8) and (3.9) that S? is a supremal supervisor for E with respect to
G and X,.

3.2 Proof of Behavioural Inclusion

As a first step towards the proof of (3.8), the following Proposition 14 shows that a supervisor
computed from any configuration of variable abstraction satisfies the specification. It is well-
known for ordinary FSMs that any supervisor synthesised for some specification E results
in a behaviour more restrictive than £. In the case of EFSMs there is a complication,
because the supervisor could theoretically increase behaviour by the addition of variables
in the synthesised updates. This possibility can be ruled out through the assumption of
normalisation.

The following proposition shows that the supervisor obtained after every iteration of
Algorithm 1 satisfies the given specification. In this and the following propositions, G is the
part of the plant included in the current approximation, while H is the part not included
and replaced by chaos EFSMs C. The variables included in the current approximation are
denoted W, and W is their complement. That is, G = [|(G"™), H = [|(G"*), C = ||(C**Y),
and W = V'*! in the notation of Algorithm 1.
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Proposition 14 Let G, H, and E be EFSMs, where G and H are normalised, let V =
vars(G) Uvars(H) Uvars(E) and ¥, C . Let W CVand W =V \W, C = H({ chaos(o, 2) |
z € Wnvars'(H,0)}), and S = supC((3WQG) || C, E,%y). Then

GIHI|SC, GH|E. (3.10)

Proof. Note that vars(S) = vars(supC((3WG) || C, E, %)) € V and therefore vars(G || H ||
S) =vars(G || H || E) = V. Then by Definition 6 it is enough to show for any path
(:L‘Gw%,(x(;,c xE) ) ﬂﬁ (x@,x%,(i”é,c,x%),ﬁ") (311)
in G| H| S, with & € dom(V) for i =0,...,n, that
("EGamOHa$%‘a 0) 33 (l‘g,:ﬂ?{,l‘%,@n) (312)

is a path in G || H || E. Clearly xG, x?q, x%, and 0" are initial locations and variable values
from (3.11). Now consider a transition on the path (3.11)

L o, N . L
(xhy, 2y, (T, ey 2y), 07) 25 (@l 2l (@5 e 2, 00t (3.13)

in G| H| S. By Lemma 2, there exist transitions

ol Z2G, g with (&7 @ (6/71))(pg) = true  in G ;  (3.14)

x;{ SELCLN xgl with (07 @ (0/T1))(py) = true in H ; (3.15)

(jcé,c Tl) —— RELEN (T JH e x]EH) with (07 @ (0771 (pg) = true inS ; (3.16)
such that

(2) = 7T (2) forall z € V \ (vars'(pg) U vars' (py) U vars' (ps)) (3.17)

The update of the transition (3.16) in S takes the form pgs = gg A qc A qe A R with vars’'(R) C

j 934G g+l

vars'(ga A go A qg), for some transitions x;, — z{ in WG, ¢ T ¢ in C, and

ol ZE, i with (87 @ (6711))(qg) = true in E . (3.18)

Now consider a variable z € V' \ (vars'(pg) U vars'(pg) U vars'(qg)). Then since G and H are
normalised, z ¢ vars'(pg) = vars' (G, 0;) 2 vars'(3WG, 0;) = vars'(qc) and z ¢ vars'(py) =
vars'(H, 0;) O vars'(C, 0;) = vars'(qc), and then also z ¢ vars'(qq) U vars'(gc) U vars'(¢g) 2
vars'(R). Then also z ¢ vars'(qg) Uvars'(qo) Uvars'(qg) Uvars’ (R) = vars'(pg). It follows that
9/ (2) = 9/T1(2) by (3.17). Combining this with (3.14), (3.15), and (3.18), it follows using
Lemma 2 that S '
G A v I Y O A A AR AR (3.19)
in G||H|| E. The path (3.12) is obtained by repeating this argument for all the steps in (3.11).
g
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3.3 Proof of Controllability

The second step towards the proof of (3.8) is to show that the supervisor obtained after every
iteration of Algorithm 1 is controllable with respect to the original plant. As each supervisor
is synthesised for a plant abstraction, it must be controllable with respect to that abstraction.
For ordinary FSMs it is known [2] that a supervisor controllable with respect to a part of a
composed plant is also controllable with respect to the complete plant. For EFSMs, this result
has been generalised [10] for the inclusion of chaos abstractions, and in Proposition 16 in this
section, it is further generalised to cover the existential abstraction performed by Algorithm 1.

The proposition depends on the following lemma about the reachability of states. Every
state reachable in the original plant corresponds to a reachable state in the plant abstraction
used by Algorithm 1. This means that the abstraction allows more behaviour than the original
plant.

Lemma 15 Let G, H, and S be EFSMs with V' = vars(G) U vars(H ) U vars(S). Let W CV
and W =V \ W and C = ||({ chaos(o, 2) | z € W Nvars'(H,0) }) such that vars(S) C W. If
(G, zH,x5,0) € Q*°(G || H || S), then (zg,c,x5,0lw) € Q*((IWG) || C|| S) where c is the
single location of C.

Proof. Note that vars((3WG) || C) € W, which given vars(S) C W implies vars((3WG) ||
C||S) CW. Let (zg,zm,xs5,0) € Q*°(G || H || S) for some © € dom(V'). Then there exists
a path

(l’%,l‘%,x%,f]o) g (.%%;,:Cllq,x}g,’[)l) g T g (erl’ax%hxg'vﬁn) = (vaxHa'xSa@) (3'20)

in G| H| S. It will be shown that

(xOGa ¢, IEO,S'a ,[}0 fW) g (1%}'7 ¢, LL’}g, @1 fW) g T U_T$ (xga ¢, :L'g'a 0" fW) = (CBG, ¢, Tg, 0 fW) (321)
is a path in GWG) || C || S.
Clearly, :1:%, c, x%, and 90|y are initial locations and variable values. Now consider a step

R . o
(‘%‘]G,:E%{,.ng,’()j) = (:CJGH,xgl,xgH,vﬁ'l) (3.22)

on the path (3.20). By Lemma 2, there are transitions xJG SELEN ijH with (7@ (571)) (pe) =
true in G, 2%, ZiPH, w3 with (87 @ (0911))(pyr) = true in H, and o) RELEN 2Lt with

(07 @ (09T1)(ps) = true in S, such that

(2) = /T (2) for all z € V' \ (vars/(pg) U vars'(pg) U vars' (ps)) . (3.23)

From g7, 22, asgrl in G it follows that

i AW ; . . _ B
ol PG 0T with (87 @ (6711 (3Wpe) = true  in IWE (3.24)
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By construction of the chaos EFSMs, it is clear that ¢ ——< ¢ with (7 @ (071 (pc) = true
in C.

Now consider z € W \ (vars'(3Wpg) U vars'(pc) U vars’(ps)). Then z € W C V and z ¢
vars' (3Wpg) and z ¢ vars'(po) and z ¢ vars'(pg). From z ¢ vars’(IWpg) = vars'(pg) \ W =
vars'(pg) W and z € W it is clear that z ¢ vars'(pg), and z ¢ vars'(pc) = vars’'(C, o) means
that C' cannot include chaos(o;, z), which given z € W implies z ¢ vars'(H, 0;) by construction
of C. Thus, z € V'\ (vars'(pg)Uvars' (py ) Uvars’(ps)), which implies 97 (z) = 9971(z) by (3.23).
By Lemma 2, it follows that

(w0, ¥ Tw) = (2 e 26 67 ) (3.25)
in (3WG) || C || S. The path (3.21) is obtained by repeating this argument for all the steps
in (3.20). O

Using the above lemma, it is now possible to prove this section’s result about controlla-
bility with respect to a plant abstraction. If a supervisor is controllable with respect to an
abstraction in Algorithm 1, it is also controllable with respect to the original plant. This
means that the supervisor obtained after every iteration of Algorithm 1 is controllable with
respect to the original plant.

Proposition 16 Let G, H, and S be EFSMs with V' = vars(G) U vars(H) U vars(S) and
S.C3 Let WCVand W=V\W and C = ||({chaos(o, 2) | z € W Nvars'(H,0) }) such
that vars(S) C W. If S is ¥y-controllable with respect to (3WG)||C, then S is ¥y-controllable
with respect to G || H.

Proof. Note that vars((3WG) || C) C W. Let (zvg,7m,zs,0) € Q*(G || H| S), 1 € Xy, and
(xa, 2, 0) & (yo,yu,®) in G| H, (3.26)

where 0, € dom(V'). Following Definition 7, it is to be shown that there exists a location
ys of S such that
(CCG,LUH,IES,’{)) ﬂ> (yG7yH7yS7ﬁ)) IHGHHHS N (327)

First, it will be shown that
(xg,c, 0lw) LN (yg,c,wlw) in AWG) | C, (3.28)

where c is the single location of C'. The assumption (3.26) means by Lemma 2 that there are
transitions z¢ —2% ye with (0 ® ') (pg) = true in G and zg HPH y with (b)) (py) =
true in H, such that

0(z) = w(z) forall z € V\ (vars'(pg) U vars'(pg)) - (3.29)
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From z¢ £2% ye in G it follows that z¢ #IWpa, yo in IWGE with (6 @ @) (IWpg) = true.
By construction of the chaos EFSMs, it is clear that ¢ £2% ¢ with (0 @ @')(p¢) = true in C.
Now consider z € W \ (vars'(3Wpg) U vars'(pc)). Then z € W C V and z ¢ vars'(IWpg)
and z ¢ vars'(po). From z ¢ vars'(IWpg) = vars'(pg) \ W = vars’(pg) N W and z € W it
is clear that z ¢ vars'(pg), and from z ¢ vars'(po) = vars'(C, p), it follows that C' cannot
include chaos(u, z), which given z € W means z ¢ vars'(H, u) 2 vars'(py) by construction
of C. Thus, z € V' \ (vars'(pg) U vars'(pg)), which implies 0(z) = w(z) by (3.29), and the
claim (3.28) follows by Lemma 2.

Second, it follows from Lemma 15 that (zg,c, x5, 0lw) € Q*(EWG) | C || 9).

Then, given (3.28) and vars(S) C W and because S is ¥,-controllable with respect to
(3WQ) || C, by Definition 7 there exists a location yg of S such that

(za, ¢, x5, 0lw) 2 (yo, ¢, ys, wlw) in GWGE) || C || S . (3.30)

By Lemma 2, this implies zg “2% yg with (0lw @ (wlw)")(ps) = true in S. Furthermore,
for any variable z € V' \ (vars'(pg) U vars'(py) U vars'(pg)) C V' \ (vars'(pg) U vars'(pg)), it
holds that 0(z) = w(z) by (3.29). Then the claim (3.27) follows by combining this with the
above observations about transitions in G, H, and S, using Lemma 2. O

3.4 Proof of Least Restrictiveness

The third and last step towards of proof of (3.8) is to show that every iteration of Algo-
rithm 1 produces a least restrictive supervisor with respect to the original plant. This is the
most difficult part of the proof, which depends on the precise conditions (3.2)-(3.5) how the
variables are selected and the plant abstraction is formed.

When synthesising for ordinary FSMs, least restrictiveness can be ensured by including
all plant components that may disable an uncontrollable event [1,10]. This is generalised for
EFSMs by requiring that the uncontrollable events are always enabled by the plant EFSMs
not included in the abstraction (3.3), and that the uncontrollable events are unconstrained
by the variables not included in the abstraction (3.4).

The least restrictiveness result is shown in Proposition 18 below, and depends on the
following Lemma 17 about the existence of states in the synthesis result for an abstraction.
The lemma shows under the assumptions (3.2)—(3.5) that every state encountered during
synthesis of the original system, corresponds to a state encountered during synthesis for the
plant abstraction.

Lemma 17 Let G, H, and E be normalised EFSMs with V' = vars(G) U vars(H ) U vars(E)
and ¥, C X. Let W C V and W = V \ W such that vars(E) C W C vars(G) U vars(E),
and X, is unconstrained in G with respect to W, and X, is always enabled in H with respect
to W, and vars'(G, ) N vars'(H, 1) "W = 0 for each p € 3y, and let C' = ||({ chaos(o, z) |
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zeWnvars'(H,0)}). If (vg,xpy,2p,0) € éGHH,E,Eu then (zg,c,zg,0lw) € é(HVG)HC,E,Eu
where c is the single location of C.

Proof. Write Q = Q¢ x {c} x Qg x dom(W), and assume (zg,xp,zg,0) € @GHH,E’E“ for
some 0 € dom(V'). It is shown by induction on j that
for all j > 0.

For the base case, j = 0, note that (zg,c,xp,0lw) € Q = G?HVVG)HC,E,EU (Q).

To show the claim (3.31) for j 4 1, assume that there is some j > 0 such that (3.31) holds
for all (rg,rn,7E,0) € O m gy, Note that

@j‘l’l

AWE)|C.E,Zy Q) = G(EWG)HC,E,EU(@]

(HWG)HC,EEU(Q)) . (3.32)

Following Definition 9, to show that (z¢, ¢, xg, 0w ) is contained in this set, assume
(g, e, 0lw) 5 (ya,c,w) in BWG) || C (3.33)

for some p € ¥y and @ € dom(W). This means by Lemma 2 that x¢ LELEN ye in IWGE with

(Dlw @ @) (Pg) = true, and ¢ £2% ¢ in C with (6w & @')(pc) = true, and

Olw(z) = w(z) for all variables z € W \ (vars'(pg) U vars'(pc)) . (3.34)

Here, z¢ LN ye in IWG means that zg £ra, ye in G where pg = IWpg. Thus, (0w @
@) (IWpa) = (0]w ') (Pe) = true. Since p € ¥y, is unconstrained in G with respect to W,
the formula IWpg = YW3IW'pg is valid. Then (4w @ @')(YW3IW'pg) = true and thus
(0 w")(IW'pg) = true, and also (0@ w')(IW/; pe) = true where Wy = vars'(pg) NW. Then
there exists @ig € dom(Wg) such that (9 @ (g ® w)")(pg) = true.

As p € ¥y is always enabled in H with respect to W, by Definition 13 there are transitions

ol s
a:Hﬂ)y}q a:H%y?I in H (3.35)
such that the formula EIW’(p_}{ V.-V pY) is valid. Then, (0 & (ag ® @)’)(ElW’p}i VERRRY,
W' ply)) = (@@(ﬂg@@)/)(HW’(p}q\/- --Vpjy)) = true, which means (0@ (ic®w)")(3W' pyy) =
true for some i. Let py = p%y and yg = yly and Wy = vars'(pg) N W. Then (0 & (ag
w)")(IW}; prr) = true, and there exists a valuation iy € dom(Wy) such that (0 & (ay @ g @
w)")(pn) = true. ) _ _
Note that W N Wy = vars'(pe) N W Nvars'(py) N W C vars'(G, p) N vars'(H, p) "W = 0)
by assumption. As also w € dom(W), with WNW = (), the valuations w, ¢, and @y do not
share any variables, so that tg & ug G W > ug B w > w.
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Let
W=1y ®ic®wd oy where U=V \WUWgzUWg). (3.36)

Then zg £2% yg with (0@ @) (pa) = (0@ (g ® ) )(pg) = true and zg 225 4y with (0@
W) (pr) = (00 (ug Duc®w)")(pr) = true. Now consider z € V'\ (vars'(pg)Uvars’(pg)). Then
z €V, and z ¢ vars'(pg) 2 vars'(3Wpg) and z ¢ vars'(py) = vars'(H,u) 2 vars'(C, u) =
vars'(pc) because H is normalised. If z € W, then z € W\ (vars’(3Wpg ) Uvars’(pc)) and thus
0(2) = 0lw(z) = w(z) = w(z) by (3.34). If z ¢ W, then z € V'\ (W Uvars'(pg) Uvars'(py)) C
V\ (W U (vars'(pg) N W) U (vars'(pg) N W)) = V \ (WU Wz UWg) = U and thus 6(z) =
0ly(z) = w(z) by (3.36). This shows

0(2) = w(z) for all z € V' \ (vars'(pg) U vars' (pg)). (3.37)
It follows by Lemma 2 that
(2,2, 0) 5 (Yo, ym, ) in G || H. (3.38)

As (zg,xpg,2p,0) € éGHH,E,Eu = GGHH,E,Eu(éGIIH,E,Eu) it follows from Definition 9 that
there exists a location yg of E such that (zq, zm, e, ) 2 (ya,ym, ye,w) in G || H || E and
(Yo, Yy, yp, W) € éGHH,E,Eu- This also means 25 “2% yp in E with (6 & @')(pg) = true.

Then zg £2% yg in IWG with (6]w ® @')(pg) = true, and ¢ £2% ¢ in C with (0w @

@) (pc) = true because vars(pc) C vars(C) C W, and 25 225 yp in E with (0w e (pg) =
(0@ W) (pg) = true because vars(pg) C vars(E) C W and w > .

Consider z € W \ (vars'(pg) U vars’(pc) U vars'(pg)). Then z € W C V, and 2 ¢
vars'(pg) = vars'(IWpg) = vars'(pg) \ W = vars'(pg) N W so that z ¢ vars/(pg) as z € W,
and z ¢ vars'(pc) = vars'(C, ) = W Nvars'(H, ) so that z ¢ vars'(H, u) = vars'(py) as
z € W and H is normalised. So z € V' \ (vars'(pg) U vars'(py)) and it follows by (3.37) that
bl (z) = 0(2) = (z) = ()

It follows from Lemma 2 that (zg,c,zg,olw) = (yg,¢ye, @) in G || H | E where

(e ¢ ym, ) = (Yo, ¢, yp, Wlw) € Oy, oy (@) by inductive assumption as (ya, yu, ys,

w) € (:)GHH,E,EH- The claim (zg,c,zp, 0lw) € GQ;GIIC,E,EU (Q) follows from Definition 9. O

According to Lemma 17, the synthesis fixpoint for the original system is somehow con-
tained in the synthesis fixpoint computed using an abstraction. This observation forms the
base for the proof of least restrictiveness in the following Proposition 18, which depends on
the same assumptions (3.2)—(3.5) as Lemma 17. The proof lifts the result about the inclu-
sion of the synthesis fixpoints to show that any controllable supervisor for the original plant
and specification results in behaviour that is included in that of a system controlled by the
supervisor computed using an abstraction.
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Proposition 18 Let G, H, and E be normalised EFSMs, E pure, with V = vars(G) U
vars(H) Uvars(E), and ¥, C 3. Let W C V and W = V \ W such that vars(E) C W C
vars(G) Uvars(E), and ¥, is unconstrained in G with respect to W, and X, is always enabled
in H with respect to W, and vars'(G, u) Nvars'(H, ) N W = () for each p € ¥y, and let C' =
|({ chaos(o, z) | 2 € Wnvars'(H,0) }). Let S" be an EFSM such that G| H || S’ C, G| H | E
and S’ is Xy-controllable with respect to G || H. Then

G|H|S Cy G| H|supC(BWG) || C,E, %) . (3.39)
Proof. Write S = supC(G || H, E, %) and S5 = supC((IWG) || C, E,%,). Consider a path
(III%,J}%,.CU%,’[)O) g ﬁi (‘T87$?I7$gv®n) (34())

in G || H | S with o/ € dom(V) and V = V U vars(S’). Since G| H| S C, G || H| S by
Proposition 11, there exists a path

(xOGa ona (j(%% i‘OHv on)v {)0) g R (xgv :Lﬂ]’g[’ (i‘?;, "Z‘?Iv SL‘%), @n) (341)
in G| H| S. It is shown by induction on n that, for all n > 0,

(T, T, g, 0" v ) € Q*°(S) (3.42)

and
(x%’, ¢, (jon ¢, .CE%'), ’[}0) g e 2; (332;, ¢, ('i'ga ¢, J?%), @n) (343)

is a path in G || H || S5 where c is the single location of C'.

For the base case, n = 0, it is clear that (2%, 2%, 2%, 9°]y) is initial in S by (3.41), which
already shows (3.42). It follows by Lemma 1 that (2%, 2%, 2%,9°1y) € Q2¢(S) C éGHHyE’Zu,
which implies by Lemma 17 that (%,c,2%,9%w) € é(HVG)HC,E,Eu‘ Note that 2, 2%, %,
2%, and 9° are initial locations and variable values from (3.41), so (%, ¢, 2%) is initial in S5

by Definition 4, and then
(@, 2y, (T, ¢, ), 0°) (3.44)
is a path in G || H || S5.
Assume that (3.42) and (3.43) have been shown for some n, and consider the (n 4 1)-th
transition of the path (3.41) in G || H || S,

(s, 2y, (8, T, ), 07) T (et 2t @ a2, o) (3.45)
This means by Lemma 2 that there are transitions
i ZHPG, gkl in G with (6" @ (")) (pg) = true ;  (3.46)
oty TP 't in H with (0" @ (6" (py) = true ;  (3.47)
(8, 7, alp) 25 (ERth an et in S with (0" @ (0" ) (ps) = true ;. (3.48)
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and furthermore
" (2) = 0" (z) forall z € V \ (vars'(pg) U vars' (pg) U vars'(ps)) . (3.49)

The update of the transition (3.48) takes the form ps = gg A gy Apg A R with vars'(R) C

. . ~ [ 149G ~ . ~ [ex 195 ~ .
vars'(g¢ A qu A pg), for some transitions 7% —— #4" in G and 7, ——— #5 in H

Ont+1'PE_  n41

and 2% ———— 2" in E. Since G and H are normalised and E is pure, it follows that

vars'(ps) = vars'(qe A qu A pp) Uvars'(pr) = vars'(¢a A qu A pE)
= vars'(qg) U vars'(¢i ) U vars'(pg) = vars'(¢g) U vars'(qr )
= vars'(G, oy 11) Uvars'(H, op41) = vars'(pg) U vars' (pg) (3.50)

Then (3.49) means ©™(z) = ¢"*1(2) for all variables z € V \ vars’(ps). Then it can be
said because of (3.48) that (23,2, 2%, 0" [v) SAai (igﬂ,:irﬁﬂ,x%ﬂ,@”ﬂ l[v) in S. As
(g, T, 2%, 0" y) € Q*°(S) by inductive assumption (3.42), it follows that (:Eg“,:f?fl,
2B o) € QC(S), slAlowing the inductive claim (3.42) for n + 1. Also (5:8“,57%“,
x%ﬂ, " Ty) € QAe(S) C O¢|H,E,5, by Lemma 1, which implies by Lemma 17 that
@ e a0 w) € OEvayom s, - (3.51)
Further, it follows from (9" @ (9" )(qa A qu Ape A R) = (0" @ (0"F1)')(ps) = true that
(" @®(0"+1)) (AW qe) = true and (0" (5"1)) (pp) = true. As &, Z1% F2H in G, there is

1 3W - . = n+1: . . ~ ~
a transition ¢ SAEIELE EN g in JWG. Clearly ¢ P, ¢in C with (876 (6" (pe) =
true by construction of C. Let p = (3Wqa) A pc A pE, so that (0" & (0"*1))(p) = true. By
Definition 4, the following transition exists in S35 = supC((3WG) || C, E, X,),

) Mﬁ_} (:En+1 TL+1) (352)

~n n
(IGﬂchE g 6Tg

where R3 = R [p, (5T, e, 2’5 is such that vars'(R vars'(p) and for all

A C
OEve)ic,esy 3) € R
valuations 0,1 € dom(W) it holds that (%, ¢, x%ﬂ,f)[w\vars/(p) O W) € Ogpay|c,py, if
and only if (0 ® w')(R3) = true.
Now consider a variable

z € W\ vars'(p) = W \ (vars'(3Wqq) U vars' (pc) U vars' (pg)) . (3.53)

Then z € W C V and z ¢ vars'(3Wqq) = vars'(qg) W, i.e., z ¢ vars'(qq) = vars' (G, 0p11) =
vars'(pg), and z ¢ vars'(pc) = vars'(C,op41) 2 vars'(H,0,41) = vars'(pg). Thus, z €
V\ (vars'(pg) U vars'(pg)) = V \ (vars'(pg) U vars/(pgr) U vars'(ps)), and it follows that
0"(z) = 0"*1(2) by (3.49). This means 0" [y = 0" [yr yarsr () ® ", so that (F5M, ¢,
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20 i vars () © " Tw) = (@ e 2T 0" w) € ©@peyjoms, by (3.51). Then it

follows from the construction of R that (6" @ (9"1)')(R3) = true.
Combining this with (3.46), (3.47), and (3.52), there is a transition

_ nt1:PaAPHAPAR . .
(2, 2%y, (T, ¢, aly)) ZEPGTPHIPRTE, (gl gntd (znF e a™t)) in G| H || S5 (3.54)

such that (0" @ (0"T'))(pg A pu A p A R3) = true. Lastly, consider a variable z € V\

(vars'(pg Apu ApAR3)) C V\ (vars' (pg) Uvars' (pg)) = V \ (vars' (pg) Uvars' (pg ) Uvars' (ps))
using (3.50). It follows that 9"(z) = 9" *1(2) by (3.49) and

(e, 2y, (87, ¢, ), ) = (at et (@3 e at), 6" in G H|| S5, (3.55)
This adds the (n+1)-th step to the path (3.43) and completes the induction. The claim (3.39)
follows by Definition 6 from (3.43). O

3.5 Correctness Proof of Algorithm 1

This section combines the preceding results from Propositions 14, 16, and 18 to show that
Algorithm 1 correctly computes a supremal supervisor for an input specification E and a set
of plants G. It can be shown that the algorithm’s main loop maintains the following invariant:
before and after each iteration,

S' is a supremal supervisor for E with respect to H(g) and X! (3.56)

and

1(G) || supC(||(G), E,=u) Sv [|(G) || S* . (3.57)

That is, each iteration results in a correct solution S° based on the full plant G and the
reduced uncontrollable event set ¢ (3.56), which also is an over-approximation of the supre-
mal supervisor based on the full event set ¥, (3.57). As on exit of the loop, the computed
supervisor S? is also 3,-controllable with respect to all uncontrollable events, it can then be
shown to be the desired result.

Next, Proposition 19 shows that the loop invariant holds initially for S° = E and X9 = ().
Afterwards, Proposition 20 shows that (3.56) holds after each iteration, and Proposition 21
shows that (3.57) holds after each iteration, both of which are consequences of Propositions
14, 16, and 18.

Proposition 19 Let G and E be state-deterministic EFSMs such that G is normalised, and
let 3, be a set of events.

(i) E is a supremal supervisor for E with respect to G and ().

(i) G || supC(G, B, 5) S G || E.
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Proof.

(i)

(i)

It is to be shown that E satisfies conditions (i)—(iii) of Definition 8. Obviously, G|| F C,
G || E, showing (i). Also, it follows from Definition 7 that E is trivially (-controllable,
showing (ii). Lastly, let S’ be an EFSM such that G || S’ C, G || E. Then S’ already
satisfies (iii).

As supC(G, E,%,) is a supremal supervisor for E with respect to G by Proposition 11,
it is clear by Definition 8 (i) that G || supC(G, E, %) Cy G || E. O

Proposition 20 After each iteration of the loop in Algorithm 1, it holds that S? is a supremal
supervisor for E with respect to ||(G) and .

Proof. It is clear from lines 14 and 13 that

S =supC(||(3V'G") | ]|(C"), E, ) ; (3.58)
H(CZ) = ||({ chaos(o, 2) | z € Vinvars' (Gl o)) . (3.59)

It is to be shown that S’ satisfies the conditions for a supremal supervisor according to
Definition 8.

(i)

(i)

(i)

The preconditions of Proposition 14 are satisfied for G = ||(G%), H = ||(G%), &, = 2§,
W=V, W=V C=]|(", and S = S°. Then Proposition 14 gives ||(G) || S* =
GIH|SC GIH|E=]@G)]E

The preconditions of Proposition 16 are satisfied for G = ||(G"), H = [|(G%), S = &,
Y, =X, W = VL W =V and C = H(CZ) Note that vars(S) = vars(S?) C
vars(IV'G") U vars(C') U vars(E) = (vars(G') N V') U vars(C') U vars(E) C V' = W
by (3.58) and (3.59) and because vars(E) C V* from line 14 of Algorithm 1. Also
S = 5% is Si-controllable with respect to ||(IV'G?) || [|[(C*) = (IWG) || C by (3.58) and
Definition 8 (ii), so by Proposition 16 it follows that S* = S is X! -controllable with
respect to G || H = H(g)

Let S’ be an EFSM that satisfies (i) and (ii). ie., G||H || S" Cy G || H || E and
S’ is ¥y-controllable with respect to G || H. Line 14 of Algorithm 1 ensures that the
preconditions of Proposition 18 are satisfied for G = H(g’), H = H(g‘%), 3, = X%,
W =Vi W =V and C = ||(C*). Then Proposition 18 gives ||(G)||S'=G | H || S’ S,
G| H|[supCEWG || C, E, ) = [|(G) || supC(||(3V'G) || [|(C)), B, =4) = [(9) || $". ©

Proposition 21 After each iteration of the loop in Algorithm 1, it holds that

1) I supC([|(G), B, %) v [[(G) || 8" (3.60)
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Proof. Write S = supC(H(Q),E, Yu). S is a supremal supervisor for E with respect to
|(G) and ¥y by Proposition 11, i.e., by Definition 8 (i) |[(G) || S Cv ||(G) || E and (ii) S is
Su-controllable with respect to ||(G). Noting that ¥% C ¥, it follows from Definition 7 that
S is also X! -controllable with respect to H(g ). As S% is a supremal supervisor for E with
respect to ||(G) and ¥ by Proposition 20, the claim (3.60) follows from Definition 8 (iii). O

Propositions 19-21 confirm that the loop invariant consisting of (3.56) and (3.57) holds
before and after each iteration of the main loop of Algorithm 1. When the loop terminates,
the loop-entry condition on line 10 no longer holds, i.e., the computed supervisor S* is X,-
controllable with respect to the current plant abstraction, using the full set of uncontrollable
events. This is now enough to show that this result is also a supremal solution with respect
to the entire plant and entire set of uncontrollable events.

Theorem 22 Upon termination of Algorithm 1, the result S is a supremal supervisor for E
with respect to H(g) and Y.

Proof. It is to be shown that S° satisfies the conditions for a supremal supervisor according
to Definition 8.

(i) As each S’ is a supremal supervisor for E with respect to H (G) and ¢, by Propositions
19 and 20, it is clear from Definition 8 (i) that H(g) | St Cy H(g) | E.

(ii) From line 10 of Algorithm 1, it is clear that S? is ¥,-controllable with respect to
1(3VGY) || [|(C?) upon termination of the loop. Note that vars(S*) C vars(3V'G") U
vars(C') U vars(E) = (vars(G') N V*) U vars(C") U vars(E) C V* as seen in the proof of
Proposition 20 (ii). Then S° is ¥ -controllable with respect to H(g ) by Proposition 16.

(i) Let S" be an EFSM that satisfies (i) and (ii). i.e., G||H || S" <, G || H || E and S’ is
Su-controllable with respect to G || H. As supC(||(G), E, u) is a supremal supremal
for E with respect to H(g) and X, by Proposition 11, it follows from Definition 8 (iii)
and Proposition 21 that ||(G) | 8" Cv ||(G) || supC(|[(G), B, %) Sy [|(G) || S*. Tt follows
by Lemma 5 (i) that ||(G) || 8" S [|(G) || S°. 0

It is also clear that Algorithm 1 terminates, because the set ¥¢ of uncontrollable events
increases with each iteration. This is because, if the loop is entered again, then S’ is not
Yu-controllable by line 10 but Xi-controllable by line 14, which means that there must exist
W e uncont(H(Eﬂ_/i g H(HC’), Si %)\ X on line 11. Yet, ¥i cannot increase forever, because
it is bounded by the finite set ¥, of all uncontrollable events. This is enough to complete
the total correctness proof, i.e., Algorithm 1 terminates and returns the correct supremal
supervisor for all inputs.
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4 Abstracting the Specification

This section considers the case of a single specification EFSM FE, assumed to be state-
deterministic and pure, and a single normalised and state-deterministic plant EFSM G. If
the plant is more structured than that, it can be abstracted using the methods in Section 3
above. The concern here is whether any variables can be existentially abstracted from the
specification FE.

As noted in Remark 1 on page 16, variables that appear only in the pure specification
and not in the plant, can be removed by replacing them with a constant representing their
initial value. This trivial case is not considered further. The question then is whether any
variables shared between the plant and specification can be existentially abstracted from the
specification.

By closely inspecting the synthesis process, it can be observed that only the updates of
the uncontrollable events are relevant for the removal of states. This suggests the existential
quantification of variables that are only used controllably in the specification. That is, if a
set of variables V' C vars(F) does not contain any variables used uncontrollably in E,

V Nvars(E,%,) =0 , (4.1)

then it is enough to synthesise for the abstracted specification 3V E instead of E. Such
synthesis only makes sense for a state-deterministic abstraction, so a second assumption is
made that

JVE is state-deterministic . (4.2)

Then synthesis will ensure that all constraints associated with uncontrollable events in F are
satisfied controllably. However, the constraints associated with controllable events are not
properly included in the abstraction 3V E and may not be carried forward in the synthesis
result. Fortunately, controllable constraints can easily be enforced in a supervisor without the
need for synthesis—it is enough to use the updates on the controllable transitions in £ on the
corresponding transitions in the synthesis result. Under the assumption of state-determinism,
this can be achieved by composing the synthesis result for the abstracted specification with
the original specification.

Therefore, to compute a supervisor for a specification F, it is possible to first find an ab-
straction 3V E subject to (4.1) and (4.2), and then compute a supervisor S3 = supC(G,3IVE,
Y,) for the abstraction, e.g., using Algorithm 1. Then a supervisor for the original specifica-
tion is obtained by composing the result S5 obtained with the abstraction with the original
specification F, i.e., S5 E. As the main result for specification abstraction, Theorem 28 at
the end of this section shows under the assumptions (4.1) and (4.2) that

S3 || E is a supremal supervisor for E with respect to G and X, (4.3)

for every supremal supervisor S5 for 3V E with respect to G and X,,.
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To use this result for synthesis, one has to find a set V of variables satisfying (4.1) and (4.2)
and compute the abstraction 3V E. While the variables are easily found by removing the vari-
ables used uncontrollably from the set of all variables in the specification, the requirement (4.2)
of state-determinism is more difficult to ensure algorithmically. A simple solution is to start
with all variables used only controllably in the specification, V = vars(E) \ vars(E, 3, ), and
gradually remove variables that cause failure of 3V E being state-deterministic, until (4.2) is
satisfied. Once an appropriate set V' of variables for abstraction is found, Algorithm 1 can be
used to compute a synthesis result for supC(G, 3V E, ¥,), which then can be combined with
the specification E to obtain a correct supervisor for the original synthesis problem.

The proof of (4.3) requires to establish the three conditions for a supremal supervisor
from Definition 8, namely behavioural inclusion in the specification, controllability, and least
restrictiveness. These conditions are established in the following Sections 4.1-4.3, and then
combined in Section 4.4 to give the final result.

4.1 Proof of Behavioural Inclusion

The first step of the proof of (4.3) requires to show that the combined supervisor S3 || F is
behaviourally included in the original specification E. This easily follows from the properties
of EFSM synchronous composition because the specification F is pure and already part of
the combined supervisor S5 || E.

Proposition 23 Let G and E be two EFSMs such that E is pure, let V C vars(E), and let
Y. be a set of events. If S5 is a supremal supervisor for 3V E with respect to G and ¥, then
G|Ss||ECy G E.

Proof. As S is a supremal supervisor for 3V E with respect to G, it holds by Definition 8 (i)
that G || S5 Cy G || 3VE. As E and thus also 3V E is pure, it holds by Lemma 6 (i) that
G || IVE Cy G. Then it follows by Lemma 5 (ii) that G || S3 C, G. Finally, since E is pure,
it follows by Lemma 6 (ii) that G || S5 || E Cy G || E. O

4.2 Proof of Controllability

The second step towards the proof of (4.3) is to show that the supervisor synthesised from
the abstraction combined with the specification, S5 || £, is controllable. It is clear that S3 is
controllable as it is a supremal supervisor, but the crucial issue is that it remains controllable
when composed with the original specification F.

Here, assumption (4.1) is important, because it ensures that the updates associated with
uncontrollable events are the same in the specification E and its abstraction IVE. As S5 is
synthesised for the abstracted specification, its behaviour must be included in that of IV E.
Then assumption (4.1) ensures that its uncontrollable transitions are also possible in E.

45



Proving this requires to link the locations of the specification E and its abstraction 3V E in
paths with the same variable assignments. The following Lemma 24 uses the assumption (4.2)
of the state-determinism of the abstraction to show that £ and IV E are always in the same
locations.

Lemma 24 Let A, B, and E be EFSMs, let V' C vars(E) such that 3V E is state-deterministic,
and assume there are paths
x'p, ") inA|E; (4.4)

('/I’.%vaEvﬁO) g (xibxlEaﬁl) g T ﬁﬁ (xzh )
B Y 0") in B||3VE; (4.5)

(Y% Y5 0°) 2 (b yp, ) 5 - B (y
where 9 € dom(V') for some V D vars(A)Uvars(B)Uvars(E). Then z% =y, for i = 0,...,n.
Proof. The claim is shown by induction on 3. B
For the base case, i = 0, note that x% is an initial loc?tion of E and thus also of AV E
by Definition 12. As_ y% also is an initial location of IV E, it follows that x% = y% by
Definition 2 (iii) as 3V E is state-deterministic.

Now assume z%, = yi% for some ¢ > 0. Considering the (i + 1)-th transition on the
path (4.4), by Lemma 2 there is a transition

ol T it in E with (0" @ (0"7))(p) = true . (4.6)
Then by Definition 12 there is a transition
. g3V . . _ . v v _
ahy, TR it in IVE with (6° @ (6"™1)")(3Vp) = true . (4.7)
Considering the (7 4+ 1)-th transition on the path (4.5), by Lemma 2 there is a transition
Y T, il i VE with (8° @ (67F1))(g) = true (4.8)

Then IVpAq is Satisﬁatile, and noting that ac}; = yfg by inductive assumption, it follows by the
state-determinism of 3V E from Definition 2 (iii) and from (4.7) and (4.8) that z4! =y,
O

Given the consistency of the reachable locations between the abstraction 3V E and the
original specification E from Lemma 24, the following Proposition 25 establishes controllabil-
ity of the combined supervisor S3 || £, under the assumptions (4.1) and (4.2).

Proposition 25 Let G and F be two EFSMs, where E is pure, let ¥, be a set of events
and V C vars(E) be a set of variables such that V N vars(E,%,) = 0 and IVE is state-
deterministic, and let S5 be a supremal supervisor for 3V E with respect to G and X,. Then
S3 || E is ¥y-controllable with respect to G.
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Proof. Write V' = vars(G) U vars(S3) U vars(E). Following Definition 7, let
(za,x5,2E,0) € Q*(G || S3 || E) (4.9)
where ¢ € dom(V), and let p € ¥, and @ € dom(V') such that
(z6,9) 5 (yo,w) in G . (4.10)

It is enough to show that there exist locations yg of S5 and yg of E such that the following
transition exists in G || S3 || E:

(6,25, 78,0) 5 (ya, ys, ye, ) - (4.11)
It follows from (4.9) that there is a path
(2, 22,2%,0°) B . B (2B, 2%, 2%, ") = (z¢, 25, 28,0) n G| S3|| E . (4.12)
Since E is pure, by Lemma 3
(22, 22,0%) B - B (2B, 2%, 0") = (zg, x5,D) (4.13)

is a path in G || S3. Then (zg, x5, 0lw) € Q*°(G || S3) where W = vars(G) U vars(S3), and
(xa, 0lw) 5 (yg,ww) in G by (4.10). Then, since S5 is ¥,-controllable with respect to G,
there exists a location yg of S5 such that

(za, x5, 01w) 5 (ya,ys, 0lw) in G Ss. (4.14)

This means by Lemma 2 that there are transitions

o S ye  inG with (0@ W) (pe) = (01w @ (dlw))(pe) = true ;. (4.15)
rs = ys  inS3  with (0@ @) (ps) = (01w @ (@Iw)')(ps) = true ; (4.16)

and furthermore 9(z) = w(z) for all z € W \ (vars’(pg) U vars'(pg)). Note for z € V\ W =
V\ (vars' (G)Uvars'(S3)) = V'\ (vars'(G) Uvars'(S3) Uvars'(F)) as E is pure, that (z) = w(z)
by (4.11). Thus,

0(2)

and it also holds that

w(z) forall z €V \ (vars'(pg) Uvars' (ps)) , (4.17)

($G7x576) ﬂ> (yG7y57w) in GH S3. (418)
Combining (4.13) and (4.18), it follows that

(xog,x%,fio) A’ (xd, 2%, 0") = (zg,xs,0) Ly (ya,ys,w) in G| S5. (4.19)
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As S3 is a supremal supervisor for 3V E with respect to G, it holds by Definition 8 (i) that
G || S35 Cy G || 3VE, so by Definition 6 there is a path

(y%’y%7@0) g e 275 (yg’y%’,&n) = (yg)y%vﬁ) ﬁ> (yg+17y%+17w) in G H ElVE . (420)

As JVE is state-deterministic, it follows by Lemma 24 from (4.12) and (4.20) that y} = 2% =
zg. Let yp = ygﬂ. From the last step of (4.20) it follows by Lemma 2 that

rp=yp P yn =y, in IVE  with (0 @) (gp) = true . (4.21)

By Definition 12, the update ¢g has the form gz = 3Vpg for some transition zg LPE, YE

in E. But vars(pg)NV C vars(E, u)NV C vars(E, ¥,)NV = ) by assumption, so ¢z = IVpp
and pg are logically equivalent and thus

tp 5 yp in B with (6@ @) (pg) = true . (4.22)

Lastly, note that vars'(pg) = 0 as E is pure, so that 9(z) = w(z) for all variables z €
V \ (vars'(pg) U vars'(ps) U vars'(pg)) = V \ (vars'(pg) U vars'(pg)) by (4.17). Then the
existence of the transition (4.11) follows by Lemma 2 using (4.15), (4.16), and (4.22). 0

4.3 Proof of Least Restrictiveness

The third and last step towards of proof of (4.3) is to show that synthesis with the abstracted
specification results in a least restrictive result with respect to the original specification. This
is easier to show than the above controllability result, because the abstracted specification
is weaker than the original specification, and therefore gives a less restrictive result. The
assumptions (4.1) and (4.2) are not needed here.

As a first step, the following Lemma 26 shows that the original specification E is be-
haviourally contained in its abstraction 3V E, in composition with every plant G.

Lemma 26 Let G and E be EFSMs such that E is pure, and let V C vars(E). Then
G||EC,G|3IVE.

Proof. Write V' = vars(G) U vars(E), and consider a path
(2, 2%,9%) B .. B (2f, 2%, 0") in G| E (4.23)

where 9°,...,9" € dom(V). It will be shown that (4.23) also is a path in G || 3V E. Clearly,
22, and 9° are initial locations and variable values from (4.23), and 29, is an initial location
of E and by Definition 12 also of 3V E. Considering the i-th transition of the path (4.23), by

Lemma 2 there are transitions

zg! G, xly in G with (01 @ (8)')(p) = true ; (4.24)
wpt T in B with (07" @ (")) (pp) = true ; (4.25)
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such that ‘ ‘
0" 1(2) = 9'(2) for all z € V'\ (vars'(pg) U vars' (pg)) . (4.26)

From (4.25), it follows by Definition 12 that there is a transition

zit oi3Ver, Tt in IVE with (0! @ (8°))(IVpE) = true . (4.27)
Note that vars'(pg) = 0 as E is pure, and then also vars'(3Vpg) = 0. Then for a variable
z € V\ (vars'(pg) Uvars' (3Vpg)) = V \ (vars' (pg) Uvars' (pg)), it follows that 9°~1(2) = ©%(2)
by (4.26). It follows by Lemma 2 that (x5 ', 2’1, 971 & (a1, 2%,9) in G | El_VE, and by
repeating this argument for all 7 it is shown that the path (4.23) exists in G || IV E. O

The containment result from Lemma 26 is enough to prove least the least restrictiveness
result for a specification abstraction. The following Proposition 27 shows that, if S5 is a
supremal supervisor for the abstraction 3V E and S’ is a controllable supervisor that satisfies
the full specification E, then S’ is more restrictive than the combined supervisor S5 || E
computed using the abstraction.

Proposition 27 Let G and E be EFSMs such that F is pure, let ¥, be a set of events,
and let V C vars(E). Further, let S’ be an EFSM such that G || S’ C, G || E and S is
Y .-controllable with respect to G' and X, and let S5 be a supremal supervisor for 3V E with
respect to G and X,. Then G || 8" C, G| S35 E.

Proof. As G || S’ C, G || E by assumption and G || E C, G || 3VE by Lemma 26, it follows
by Lemma 5 (ii) that G || S’ €, G || 3VE. As S’ is also ¥,-controllable with respect to G
and ¥, by assumption, and S35 be a supremal supervisor for 3V E with respect to G and X,
it follows by Definition 8 (iii) that G || S’ C, G || S3. This implies

GISIEC G| S:|E (4.28)

by Lemma 6 (ii) since F is pure. Furthermore, it follows from the assumption G || " C, G|| E
by Lemma 6 (iii) that G||S" C, G||S"|| E. Then also G || S’ Cy G| S3|| E by Lemma 5 (ii) O

4.4 Proof of Main Result for Specification Abstraction

The following Theorem 28 combines the preceding results from Sections 4.1, 4.2, and 4.3.
If the abstracted variables are chosen according to the assumptions (4.1) and (4.2), it is
possible to synthesise a supervisor for an existentially abstracted specification. The result,
when composed with the original specification, can serve as least restrictive supervisor.

Theorem 28 Let G and E be EFSMs such that E is pure, let X, be a set of events, and
let V' C vars(G) N vars(E) such that V Nvars(E,Y,) = 0 and IV E is state-deterministic. If
S5 is a supremal supervisor for 3V E with respect to G and ¥, then S5 || E is a supremal
supervisor for F with respect to G and X3,,.
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Algorithm 2: Abstraction-based modular synthesis with multiple specifications

Input: normalised state-deterministic plants G = {G1, ..., Gy, }; pure specifications
& ={FE1,..., Ey}; uncontrollable events ¥,,.

Output: collection S of supervisors such that ||(S) is a supremal supervisor for ||(€)

with respect to ||(G) and X,

1S« 0

2 foreach E; € £ do

3 | Choose V; C vars(Ej) \ vars(Ej, X,) such that 3V; E; is state-deterministic;

4 | Calculate S; using Algorithm 1 with E = 3V; Ej;

5 S%SU{Sj,Ej};

6 end

7 return S

Proof. It is to be shown that S5 || E satisfies the conditions (i)—(iii) from Definition 8 for
a supremal supervisor. Condition (i) follows from Proposition 23, condition (ii) follows from
Proposition 25, and condition (iii) follows from Proposition 27. O

5 Synthesis with Multiple Specifications

The results presented in the previous Sections 3 and 4 show how abstractions can be used to
compute a supervisor for a single specification. In general, the specification is given in modular
form, as a synchronous composition E1 || - - || Ej, of several EFSMs. In this case, it is known [2]
for ordinary FSMs that synthesis can be performed separately for each specification, and the
resulting supervisors can be combined to form a least restrictive controllable supervisor for
the combined specification. Under the assumption of pure specifications, these results can be
generalised directly for EFSMs [9, 10].

Algorithm 2 uses this idea to synthesise a modular supervisor for an EFSM system com-
posed of several plants G || - - - || Gy, and specifications Ej || - - - || Ej, while incorporating the
results from Sections 3 and 4. The loop on line 2 processes each specification Ej, by first ab-
stracting it according to Section 4 and then computing a supervisor using plant abstractions
according to Section 3. On line 3, the variables V; for abstraction of the specification E; are
chosen to satisfy assumptions (4.1) and (4.2), and then line 4 invokes Algorithm 1 to compute
a supremal supervisor S; for the specification abstraction afg Ej;. In this case, Theorem 28
states that the composition S; || E; of the supervisor computed using the specification ab-
straction and the original specification is a supremal supervisor, and therefore both EFSMs
S; and Ej; are added to the modular supervisor S on line 5.

The remainder of this section is devoted to the correctness proof of Algorithm 2. The
main argument is based on the observation that synthesis for a modular specification can
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be performed separately for each specification. It is first shown for a modular specification
E, || By consisting of two EFSMs that the composition Sp || S2 of some least restrictive
supervisors for £ and E» is a least restrictive supervisor for the combined specification. This
requires to establish the three conditions for a supremal supervisor from Definition 8, namely
behavioural inclusion in the combined specification, controllability, and least restrictiveness,
which are shown separately in Sections 5.1-5.3. These proofs appear in similar form in [9],
and are adapted here to the revised definition of behavioural inclusion.

Afterwards, Section 5.4 combines and generalises the results for any number of specifi-
cations. In conjunction with the results from Sections 3 and 4, it proves the correctness of
Algorithm 2.

5.1 Proof of Behavioural Inclusion

In this and the following subsections, it is assumed that there is a single normalised plant
EFSM G and two pure specification EFSMs E; and FEs, and supremal supervisors S7 and So
have been synthesised separately for these two specifications. It is to be shown that the
composition Sj || Sz of the supervisors is a supremal supervisor for the composition Ej || Eo
of the specifications.

As a first step, Proposition 30 in this subsection shows that the composition of the su-
pervisors is behaviourally included in the combined specification. This is clear for ordinary
FSMs because, if the behaviour of each supervisor is included in one specification, then their
combined behaviour must be included in both. For EFSMs, Lemma 29 first ensures that the
composition of the supervisors is possible without any conflict in variable updates. That is,
any path in the composition of the two supervisors also is a path in each of the supervisors.
This is true because both supervisors are synthesised with respect to the same normalised
plant, so they both must follow the plant’s variable updates.

Lemma 29 Let GG be a normalised EFSM, let ¥, be a set of events, and let S; and S
be supremal supervisors for some pure EFSMs E; and Fs, respectively, with respect to G
and X,. If for some V D vars(G) U vars(S;) U vars(Sz) and o, ..., 9" € dom(V),

(:U%’x%l’:U%Qvﬁo) g T ﬁg (xgaxg’lvxg'%ﬁn) (51)
is a path in G || 51 || S2, then

(¢, 281,0%) 7 -

(x%7 37%2, ﬁo)

(¢, 51, 0") (5:2)

(z, 252, 0") (5.3)

v
IENE

are paths in G || S1 and G || Sa, respectively.

Proof. The claim is shown by induction on n.
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Clearly, m%, xgl, x%Z, and ?° are all initial locations and variable values, which shows the
claim for n = 0.

Now assume the paths (5.2) and (5.3) have been constructed up to length n, and consider
the next transition

~ On ~
(2, 28y, 29, 0™) s (Tt 2 2 o (5.4)

on the path (5.1). This means by Lemma 2 that there are transitions

o, THPG, in G with (8" @ (")) (pg) = true ; (5.5)
& Tnt1PS1, ngl in S; with (0" @ (6"1))(ps1) = true ; (5.6)
gy P, ze! in Sy with (6" @ (0"))(ps2) = true ; (5.7)
such that
0"(2) = 0" T(2) for all z € V' \ (vars'(pg) U vars'(ps1) U vars'(pg2)) - (5.8)

Construct u??“ =l [Vars’ (pe;)Uvars! (pg) D0 That is, u??“ is the same as 9" ! for variables

that appear primed in pg or pg1 and keeps the values from ©" for other variables. Then
(6" @ (1)) (pe) = true and (" & (@} ")) (ps1) = true and 67(z) = @} *i(z) for = €
V'\ (vars'(pg) U vars'(ps1)). By inductive assumption (5.2) and Lemma 2, there is a path

(x%7 1’%1, ,[)0) g e 2; (xTClv'v 332’1, @n) % (x7é+17 xg—fl) w’il-i—l) (59)
in G| Sy. Since S is a supremal supervisor for F; with respect to G, it holds by Definition 8 (i)
that G || S1 Cy G || E4, so there exists a path

A~ N On ~
(yg" y%lv UO) g T ﬁ; (yg% y%la Un) —+1> (yg+lv y%-{_lv w?—H) (5'10)

in G || E1. Now for the last transition on this path, by Lemma 2 there are transitions

2 On+1:4G yotlin G and yp, RARSLEN yrtlin By such that 9"(2) = @}t (2) for all

z e V\ (vars'(qq) Uvars'(qg1)) = V \ vars'(qq) = V \ vars' (G, 0,51) = V \ vars'(pg) (5.11)

because Fj is pure and G is normalised. Now consider an arbitrary variable z € vars'(pg1) \
vars'(pg) C V \ vars'(pg). Then ™(z) = @t (z) = o"+! vars (per)Uvars' (psy) (2) = 0"1H(2) by
construction of @}t

By analogous argumentation, it is shown that ©"(z) = 9""!(z) for an arbitrary variable
z € vars'(pg2) \ vars’(pg). Combining these observations with (5.8) gives 9"(z) = 9" *1(2) for

all variables z € V' \ vars'(pg). Then given (5.5)—(5.7), by Lemma 2 there are transitions

(2, 2%y, 0") T (2, 2t on ) in G| S ; (5.12)
(2, 2T, 0") 5 (2T, 2gt, ot inG| S, ; (5.13)

which together with the inductive assumption extend the paths (5.2) and (5.3) up ton+1. O
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Given the result from Lemma 29 about the composition of two supervisors, it can now be
shown that together they ensure behavioural inclusion in the combined specification. This
follows from the fact that each supervisor ensures inclusion in its specification, under the
assumption of purity.

Proposition 30 Let G be a normalised EFSM, let F7 and Es be pure EFSMs, and let ¥,
be a set of events. Let S; and Ss be supremal supervisors for Fy and Es, respectively, with
respect to G and X,. Then G || S1 || S2 &y G || E1 || Eo.

Proof. Write V' = vars(G) U vars(E1) U vars(E2) U vars(S1) U vars(Ss). Let
(‘TOG7$%17‘T%27®0) R ('rgvxglaxg%@n) (5‘14)
be a path in G || S1 || S where ©¢ € dom (V) for i = 0,...,n. By Lemma 29 there are paths

(;U%,:U?gl,ﬁo) AN (xd, x'sy,0™) in G| S ; (5.15)
(2, 22,00 B - B (2, 2y, 07) in G| S . (5.16)

Since S1 and Sy are supremal supervisors for F; and Fs with respect to G, it holds by
Definition 8 (i) that G || S1 Sy G || E1 and G || S2 Cy G || E2, so there are paths

(Y& Y1, 07) - 55 (Y, Y, 07) in G| Er; (5.17)
(ygz,y%z,f)o) 3.0 (Yés2 Yo 0") in G H E; . (5~18)

It will be shown that
(yglu y%la y%27 @0) g U ﬁ; (yglv y%lv y%Z? @n) (519)

is a path in G || Ey || E2. Clearly, y2,, y%, y%,, and 9° are initial locations and variable values.
Now fix i = 0,...,n—1. By Lemma 2 and (5.17) there are transitions y&, RARLEIN ygll in G
with (0°@(9°"1))(pg1) = true and y'y, RAAELLEN yeitin By with (6°@(0"71))(pe1) = true such
that 9%(z) = 9°1(2) for all variables z € V' \ (vars'(pg1) Uvars'(pg1)). Likewise by (5.18) there
is a transition y', RAAELLEN yhlin By with ('@ (0"+1)') (pp2) = true. Note that vars'(pga) = 0
as Fs is pure, so for an arbitrary variable z € V' \ (vars'(pg1) U vars'(pg1) U vars' (pg2)) =
V' \ (vars'(pg1) U vars'(pg1)) it also holds that ©¢(z) = 9°*1(z). Then by Lemma 2,

. . . R o . . . N
(yzGlay%]layZE%vo) Jil_) (yéﬁl,yglaygglavﬁl) (520)

in G || Eq || E2, and the path (5.19) is constructed by repeating this argument for all i. O
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5.2 Proof of Controllability

As a second step towards the proof for two separate supervisors, the following Proposition 31
shows that the combination of two supremal supervisors for the same plant remains control-
lable. This is known [2] for ordinary FSMs, and is easily generalised for EFSMs using the
result from Lemma 29 about the paths in the composition of supervisors.

Proposition 31 Let G be a normalised EFSM, let F; and Es be pure EFSMs, and let %,
be a set of events. Let S; and S5 be supremal supervisors for Fy and FEs, respectively, with
respect to G and X,. Then S || S2 is ¥y-controllable with respect to G.

Proof. Write Vi = vars(G) U vars(S1), Vo = vars(G) U vars(Ss), and V = V3 U Vp =
vars(G) U vars(S1) U vars(Sz). Assume 0, € dom(V) and (zq, z1,x2,0) € Q*°(G || S1 || S2)
and p € Xy and (z¢,0) 2 (yg,w) in G. Following Definition 7, it is to be shown that there
exists a location (y1,y2) of S1 || S2 such that

(v, w1, 22,0) 5 (ya, y1, Yo, W) in G [ Sy S . (5.21)

By Lemma 29 it follows from (z¢q, 1, x2,0) € Q*°(G || S1 || S2) that (zg,z1,0[v;) € Q*“(G ||
S1). Since S; is a supremal supervisor for F; with respect to G and 3, it holds by Defi-
nition 8 (ii) that S is X,-controllable With respect to G, so by Definition 7 there exists a
location y; of S7 such that (:rg, 1’1, olv,) & (ya, y1,wly,) in G| S1. This means by Lemma 2
that there are transitions zq “o% yg in G with (8]v, @ (0]v;))(pa) = true and z; £2%
in Sy with (0]y; @ (@[v,))(p1) = true such that

Oy (2) = Wiy, (2) for all z € V1 \ (vars'(pg) U vars'(p1)) - (5.22)
L1kew1se (zq, x2,01v,) € Q*°(G | S2), and there are transitions zg =% yg in G and
zo E25 4y in Sy with (8], (12)[ »)')(g2) = true such that

v, (2) = Wy, (2) for all z € V5 \ (vars’(qg) Uvars'(go)) . (5.23)

Consider a variable z € V' \ (vars'(pg) U vars'(p1) U vars'(g2)). Then z € V; or z € V,. If
z € V4 then z € V1 \ (vars'(pg) Uvars'(p1) Uvars’(¢g2)) C V1 \ (vars'(pg) Uvars’(p1)) and 0(z) =
0y, (2) = W[y, (2) = w(z) by ( 2). If z € V5 then 2 € V5 \ (vars’(pg) Uvars' (p1 ) Uvars'(¢2)) C
Vo \ (vars'(pg) U vars'(q2)) = Vo \ (vars'(G, u) U vars'(g2)) = Va \ (vars'(gg) U vars'(q2)) as G
is normalised, and 0(z) = 0y, (2) = Wy, (2) = W(z) by (5.23). The claim (5.21) follows by
Lemma 2. O
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5.3 Proof of Least Restrictiveness

The last step of the proof for two separate supervisors is to show the least restrictiveness
of the combined supervisor. For ordinary EFSMs, if S; is least restrictive for F; and So is
least restrictive for Fso, then any alternative supervisor for Fj || F; must be behaviourally
included in each of Ey and FE», and still be controllable with respect to the same plant, so it
is more restrictive than both the least restrictive supervisors S7 and Ss, and then also their
combination. The proof of the following Proposition 32 performs these arguments for EFSMs.

Proposition 32 Let GG be a normalised EFSM, let F; and Es be pure EFSMs, and let X,
be a set of events. Further let .51 and S5 be supremal supervisors for F and F», respectively,
with respect to G and 3, and let S’ be an EFSM such that G || S’ C, G || Ey || B2 and S’ is
Y,-controllable with respect to G. Then G || S' C, G || S1 || Sa.

Proof. Note that G||.S’ C, G||E1 by Lemmas 6 (i) and 5 (ii) as G||S’ Cy G||E1||E2 Cv G| Ey.
As S’ is also ¥,-controllable with respect to G' and S; is a supremal supervisor for Ey with
respect to G and X, it holds by Definition 8 (iii) that G || S" C, G || S;. Likewise it can be
shown that G || " C, G || Sa.

Let Vi = vars(G) U vars(S’) U vars(S1) and Vo = vars(G) U vars(S’) U vars(S2) and V =
V1 U Vo = vars(G) U vars(S”) U vars(S1) U vars(S2), and consider a path

(xog,x%,@o) AN (xdy, g, 0™) inG| S (5.24)

where ¢ € dom(V). As G || S’ Cy G || S1 and G || S" Cy G || Sa, by Definition 6 there exist
paths

(xoGlaxg’la’[}Oer) 2) 04 (lﬂél’xgla@nTVl) in GH Sl ; (5'25)
(22, 282, 001v) T -+ T (289, 280, 0" v,) i G| Sz (5.26)

It will be shown that
($%1axos1,$%27@0) 4.3 (mglaxgl’xg%@n) in G || S1 || Sy . (5-27)

Clearly, 2%, 2%, 2%,, and ©° are initial locations and variable values from (5.24)(5.26).
Now fix ¢ = 0,...,n — 1. By (5.25) there are transitions z}, Tit1bon x&l in G with
(01 @ (0 1)) (1) = true and oy~ gt in Sy with (0°]v, © (07 v, ) ) (ps1) =
true such that

~1

'y, (2) = 67y, (2) for all z € Vi \ (vars'(pg1) U vars' (ps1)) - (5.28)

By (5.26) there are transitions z%, Zi1Pez, it in G and 2, SAAEL LN ziht in Sy with
(0", @ (9°71]1,)") (ps2) = true such that

'y, (2) = 07 1, (2) for all z € Vi \ (vars'(pge) U vars'(ps2)) - (5.29)
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Then clearly ('@ (6°71))(pg1) = true and (9@ (9°71)")(ps1) = true and (9% ® (9°11)') (ps2) =
true. Consider z € V' \ (vars'(pg1) U vars'(ps1) U vars’(ps2)). Then z € Vi or z € V. If
z € V1 then z € V1 \ (vars'(pg1) U vars'(ps1) U vars'(ps2)) € V1 \ (vars’(pg1) U vars’(ps1)) and
vi(z) = 9'T1(2) by (5.28). If 2 € V4 then z € Vo \ (vars/(pg1) U vars'(ps1) U vars’(ps2)) € Va \
(vars'(pg1)Uvars' (pg2)) = Va\(vars' (G, oi41)Uvars’ (pg2)) = Va\(vars' (pge)Uvars' (ps2)) as G is

normalised, and 0(2) = 9"1(2) by (5.29). It follows by Lemma 2 that (24, 2%, 2%y, 9%) Z
(acgrll, x?{l, a:ggl, 1) in G| S1 || S2, and the path (5.27) is obtained by repeating this argument

for all 1. O

5.4 Correctness Proof of Algorithm 2

This section combines and extends the results from the preceding Sections 5.1-5.3 to show the
correctness of Algorithm 2. First, Proposition 33 shows that the composition of two supervi-
sors synthesised for two different specifications is a supremal supervisor for the composition
of these specifications, and then Proposition 34 generalises this result for an arbitrary number
of specifications using induction.

Proposition 33 Let G be a normalised EFSM, let F1 and Fs be pure EFSMs, and let %,
be a set of events. Let S and S2 be supremal supervisors for Fq and FEs, respectively, with
respect to G and X,. Then S; || S is a supremal supervisor for E || E2 with respect to G
and X,.

Proof. It is to be shown that Sp || S satisfies the conditions (i)—(iii) from Definition 8 for
a supremal supervisor. Condition (i) follows from Proposition 30, condition (ii) follows from
Proposition 31, and condition (iii) follows from Proposition 32. O

Proposition 34 Let G be a normalised EFSM, let E1,..., E; be pure EFSMs for some
k >0, let 3, be a set of events, and let S; be a supremal supervisor for E; with respect to
G and ¥, for j =1,...,k. Then S} || --- || Sk is a supremal supervisor for E || --- || B} with
respect to G and Y.

Proof. Write E = E, ||---|| Ex and S = S1 || - - - || Sg. The claim is shown by induction on k.

For the base case, k = 0, let U = H((/)) denote the neutral element of synchronous com-
position which satisfies F' || U = F for every EFSM F, and note that E = E; || --- || Ex =U
and S = Sy |- || Sx = U for k = 0. Then it is to be shown that S = U satisfies the

conditions (i)—(iii) from Definition 8 for a supremal supervisor. For condition (i), note that
G||S=G|UC G||U =G| FE by Lemma 5 (i). For condition (ii), note that U is triv-
ially controllable with respect to any plant and uncontrollable event set by Definition 7. For
condition (iii), assume an alternative supervisor S” such that G || S” C, G || E. Then clearly
Gl S GIE=G|U=G]S.

o6



Now assume the claim has been shown for some k > 0, and consider E = Ej ||- - -|| E+1 and
S = 51| [[Sk+1- By inductive assumption Sy [|- - -|| Sk, is a supremal supervisor for E||- - -|| E
with respect to G and X, and by assumption Si11 is a supremal supervisor for Ey,q with
respect to G and 3,. Then it follows by Proposition 33 that S = (S1 | --- || Sk) || Sk+1 is a
supremal supervisor for E = (E1 || -« - || Ex) || Ex+1 with respect to G and X,,. O

Finally, the result about separate synthesis is used to prove the correctness of Algorithm 2.
Each iteration in the loop gives a supremal supervisor by Theorems 22 and 28, and then their
combination also is a supremal supervisor by Proposition 34.

Theorem 35 Upon termination of Algorithm 2, the composition H(S) of the results is
a supremal supervisor for the composed specification H(E) with respect to the composed
plant ||(g) and uncontrollable event set %,.

Proof. Write |[(G) = G1|--+||Gm and |[(£) = Ey||---|| E. The loop on line 2 of Algorithm 2
calculates S; for each j = 1,...,k and on line 5 adds both S; and E; to the result &, making

1(S) = (Sl B[l I (Sk | E) - (5.30)

Line 4 calculates S; using Algorithm 1 with F = EIVj Ej, so it follows from Theorem 22 that
S; is a supremal supervisor for HVj E; with respect to H(g) and X,. On line 3, the variables
are chosen such that V; C vars(E;) \ vars(Ej, Xy ), which implies V; N vars(E;, ¥,) = ), and
3V; Ej is state-deterministic, so it follows from Theorem 28 that each S; || E; is a supremal
supervisor for E; with respect to H(g ) and 3. Then it follows by Proposition 34 from (5.30)
that [|(S) is a supremal supervisor for |[(£) = Ey || - -+ || Ej, with respect to ||(G) and £,. O

It is also clear that Algorithm 2 terminates because the loop performs exactly one iteration
for each specification Ei,...,Ey. Therefore, it is concluded that the algorithm is totally
correct and can be used to compute a least restrictive supervisor for any combination of
normalised state-deterministic plant and pure state-deterministic specification EFSMs.

6 Flexible Manufacturing System Example

This section applies the proposed synthesis procedure from Algorithm 2 to compute a modular
least restrictive controllable supervisor for an EFSM model of a flexible manufacturing system.
Figure 4 shows the layout of this example.

Workpieces enter the system through one of two feeders (F} or F») and are placed on the
first conveyor (C1), which delivers them to the first production line (L;). In L;, the workpieces
may be processed by the first machine (M;) and then put on the second conveyor (Cs), or they
may be put on Cy immediately without processing. After passing conveyor Cy the workpieces
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Figure 4: Flexible Manufacturing System Layout.
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Figure 5: Flexible Manufacturing System Plants.

may be processed by a similar production line (L) and machine (M3), and after that they
are put on the last conveyor (C3) before exiting the system.

The two feeders F; and F5 provide two different types of workpieces: F; delivers type 1
workpieces, and Fy delivers type 2 workpieces. The decision which feeder is used is outside
of the scope of the model. The objective is to control the system in such a way that type 1
workpieces are only processed by machine M; and do not enter production line Ly, and
likewise type 2 workpieces are only processed by Ma.

The modelling of the different workpiece types is facilitated by the use of EFSM variables,
as demonstrated in the plant model in Figure 5. The variables ¢, co, c3, l1, and [o represent
the contents of the conveyors and production lines. Their domain is {0, 1, 2, 1, 2T}, where a
value of 0 means that the corresponding conveyor or production line is empty, a value of 1 or 2
indicates the presence of a raw workpiece of type 1 or 2, and a value of 1T or 21 indicates the
presence of a workpiece of type 1 or 2 that has been processed by its corresponding machine
M1 or MQ.

In the model, uncontrollable events are prefixed with an exclamation mark (!) to dis-
tinguish them from the controllable events. The plant EFSM F; shows that feeder F; can
be started controllably with event sfi, then finishes uncontrollably with event !ff; and upon
finishing puts a type 1 workpiece on conveyor Cy as indicated by the update ¢; = 1. Plant F
describes the analogous behaviour of feeder F,. Similarly, conveyor C is started with scy,
and upon finishing with !fc; its workpiece is put into the first production line, I} = ¢, and
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Figure 6: Flexible Manufacturing System Specifications.

removed from the conveyor, ¢, = 0. Conveyors C and C3 are similar, but in addition remove
a workpiece from the production line in front of them when starting. Production line I,
is requested to pick up a workpiece with controllable event sly, and the completion of the
pick-up is indicated by uncontrollable event !wl; after which the workpiece is available for
machine M;. Then the production line can be requested to eject the workpiece (el;) and
upon completion (!fl;) the workpiece again becomes available for conveyor Cy. Machine M;
can be requested to start processing (smp), and when it finishes (/fm;) it changes the work-
piece in the production line, I§ = 17, to indicate a processed workpiece of type 1. Production
line Ly and machine Ms work in the same way.

Figure 6 shows specification EFSMs that capture several control requirements for the
flexible manufacturing system. Specification F¢; describes the requirement that conveyor C
can only start (sci) after having been loaded with a workpiece, i.e., after one of the feeders
has completed (!ff; or !ffy), and through the guard ¢; # 0 also requires that there must
be a workpiece on the conveyor when it finishes. Specification Ejq, rules out overflow of
production line L, because conveyor C is only allowed to deliver a workpiece (!fc;) when
the line is empty, I; = 0. Specification E} 1 requires that only unprocessed type 1 workpiece
may enter production line L. Specifications Eps1, and Ejs1p require that machine My only
starts (smp) when there is a workpiece for it to process (!wly), and the workpiece is only
ejected (ely) after being processed by the machine (!fm;). Specification E¢go constrains the
starting (scg) of conveyor Cs: conveyor Cy may start when production line L; contains a
type 2 workpiece, 1 = 2, as these workpieces should bypass L1, or after production line L
has returned a processed workpiece (!fl;). Specifications Ersq, Erop, Enioa, Enrop, and Ecs
constrain the behaviour of production line Ls and conveyor Cs in a similar way.

It is clear that the EFSM model satisfies the structural requirements outlined for Algo-
rithms 1 and 2. All the plants are normalised and all the specifications are pure. Also, all the
EFSMs are state-deterministic, and so are all possible abstractions as no location has more
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than one outgoing transition for any given event. Moreover, it can be seen in Figure 5 that for
any given event, no next-state variable appears in more than one EFSM on transitions with
that event, so that condition (3.5) will be trivially satisfied for any abstraction considered. It
is quite typical for well-designed EFSM models to have such properties, particularly in the
manufacturing context.

To synthesise a least restrictive supervisor, Algorithm 2 processes each of the specifications
in Figure 6. The order in which the specifications are processed is not important, so the
following explanation starts with the easiest cases. The supervisors computed by Algorithm 1
are shown in Figure 7.

e Specification Epq; has only one controllable event, sli, so its variable [y is only used
controllably and can be abstracted. Algorithm 2 forms the abstraction 3l1 Er1p, and as
iy Iy = 1 is true, this simplifies to a one-state FSM with a controllable selfloop, which
is trivially controllable and returned unchanged by Algorithm 1.

Then the abstraction 3l Efq, becomes the first supervisor collected by Algorithm 2.
It appears in Figure 7 as Spyp. It performs no control as a supervisor. Therefore
Algorithm 2 also includes the original specification Ey1;, as a supervisor, which ensures
through the update Iy = 1 that production line L; only starts (sl;) when a workpiece of
type 1 is available.

e Specification Fjs1, has no variables, so Algorithm 2 passes it to Algorithm 1 unchanged.
As Fjq, disables the uncontrollable event !wly, it is found not controllable at the be-
ginning of Algorithm 1, so the algorithm assigns X1 = {lwl;} and searches for plants
that disable this cause of uncontrollability. This yields L1, which also has no variables.
Therefore Algorithm 1 chooses G! = {L1}, V! = (), and C* = ). Synthesis results in the
supervisor S' = supC(L1, Epria, {!wl1 }), which is also !fl;-controllable.

This supervisor is shown as Sjsi, in Figure 7. It is returned from Algorithm 1 and
collected by Algorithm 2. The supervisor Spsi, ensures that machine M; is only
started (sm1) when a workpiece is available, i.e., after lwl; has occurred.

e Specification Fjs1p has no variables, so Algorithm 2 passes it to Algorithm 1 unchanged.
As F)1p disables the uncontrollable event !fmq, it is found not controllable at the be-
ginning of Algorithm 1, so the algorithm assigns ¥ = {!fm;} and searches for plants
that disable this cause of uncontrollability. This yields M;, which includes the vari-
able [1. Yet on closer inspection !fm; is unconstrained in M; with respect to [; (note
that Vi;3l} I} = 1 is true, which is enough to establish the validity of (2.92) in Def-
inition 14). Therefore Algorithm 1 chooses the plant abstraction G = {313 M1}, no
variables, V! = (), and no chaos EFSMs, C' = (). Then synthesis results in the super-
visor S1 = supC (313 M1, Epr1p, {!fm1}), which is controllable as no other uncontrollable
events are involved.

60



Sr1a
sco: ] =x sco: 17=0
!ffl,!ffzz C/1=* !ffl,!ffg: C/1:*

Ifc1: 11=0A
li=c1nc;=0

smi
Ifc1: 11 =0A
li=c1Ac|=0

sco: )= sco: I" =0
!ffl,!ffg: C/1:* !ffl,!ffzz C/1=*
Sr2a: Spap:
sc3: lh=x sc3: 15=0 sla
sco: ch=x% sCo: ch=x%

Ifcy: l=0A Sarz:
l=caNch=0 sma

smo

Ifco: Io=0A
ly=caNch=0 ely 1fmo

Figure 7: Synthesised supervisors for flexible manufacturing system.
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This supervisor, shown as Sps1p in Figure 7, is returned from Algorithm 1 and collected
by Algorithm 2. It ensures that production line L; only starts the ejection (el;) of a
workpiece after it has been processed (!fm;) by machine M;.

Specification E¢q includes the variable ¢q, which is used uncontrollably with event !fc;
and cannot be abstracted by Algorithm 2, so E¢ is passed to Algorithm 1 unchanged.
This specification is not controllable by itself as it disables uncontrollable events !ffy,
Iffy, and !fc;. In its first iteration, Algorithm 1 selects X1 = {!ffy, !ffo, !fc; }, which leads
it to identify the plants Fi, Fo, and C and the variable ¢ that appears in E¢q. Plant Cy
also includes the variable I;, but Eﬁ is unconstrained in C with respect to [1, because
for the !fci-transition in Cy the condition (2.92) in Definition 14 becomes

3 (= Ay =0) = VLI =c1 Ay =0), (6.1)
which can be simplified by removing the unused variable [; from quantification to give
(=1 Ny =0)= 3N} =c1 AN, =0), (6.2)

and the latter is clearly valid. This shows that the transition is possible independently
of the current value of [;. Therefore Algorithm 1 replaces C'y by the abstraction 31;CY,
which amounts to changing the update of the !fc;-transition to ¢; = 0. No chaos EFSMs
are needed as ¢ does not appear in any other plant, so that Gt = {Fy, F», 3;C1}, V! =
{Cl}, and Cl = @ Synthesis results in Sl = SupC(Fl ” F2 || ElllCl,Em, {'ffl, !ﬂ:g, !fCl}),
which is controllable as no other uncontrollable events are involved.

This supervisor, shown as S¢1 in Figure 7, is returned and collected by Algorithm 2.
It ensures that conveyor C is only started after delivery of a workpiece from a feeder,
and the feeders only start when the conveyor is empty.

Specification FE¢g includes the variable [y, but it is only used with the controllable
event sca. Then Algorithm 2 passes 3l; E¢o to Algorithm 1, which amounts to deletion
of the update from Fgo. In Algorithm 1, the specification is not controllable by itself
as it disables the uncontrollable event !fl;. So the algorithm sets ¥L = {!fl;} and finds
that !fl; is only disabled by plant Li, which has no variables. Then G' = {L1}, V! = 0,
C! = (), and synthesis gives S' = supC(L1,3l1 Eco, {!fl1}), which is also found to be
'wli-controllable

This supervisor, shown as Sco in Figure 7, is returned and collected by Algorithm 2.
Together with the original specification FE¢g, which also is collected by Algorithm 2, it
ensures that conveyor 'y only removes type 2 workpieces that should not be processed
by production line Ly or type 1 workpieces processed by L.

Specification Fp1, includes variable I1, which is used with the uncontrollable event !fcq
and therefore cannot be abstracted. Thus Algorithm 2 passes Eri1, unchanged to Al-
gorithm 1. At the beginning of Algorithm 1, chaos EFSMs are constructed for all
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events that can change the variable [; in some plant, resulting in C® = {chaos(!fcy, 1),
chaos(!fmy, 1), chaos(sce,l1)}. Then Er; is not controllable with respect to H(CO) be-
cause [ can uncontrollably change from its initial value 0 by chaos(!fcy, 1), and after-
wards !fc; is possible with the specification’s guard I; = 0 being false.

The only uncontrollable event in the specification and cause of uncontrollability is !fcq,
so ¥1 = {!fc;}. This uncontrollable event is disabled by plant C;, which therefore
is included in the plant abstraction. 7 also includes the variable c¢;, which is not
unconstrained, so that Gt = {C1} and V! = {c1,1;}. Apart from the selected plant C1,
the variable [y is still assigned on event !fm; in M; and on event sco in Cy, and the
variable ¢ is assigned on event !ff; in F; and on event !ffs in F5. Therefore the chaos
EFSMs C! = {chaos(!ff1, c1), chaos(!ffa, ), chaos(!fmy, 11 ), chaos(sca,11)} are included.
Synthesis gives a supervisor

S! = supC(C1 || chaos(!ff1, 1) || chaos(!ffa, ¢1) || chaos(!fmy, 1) || chaos(sco, I1),  (6.3)
Eria, {!fc1}) ,

but it is not !fm-controllable. This is because S' is synthesised under the pretence that
'fm; is controllable, and then S' can constrain !fm; to prevent the system from entering
states with I; # 0 where !fc; is enabled. For example, S! allows sc; when initially {1 = 0
and then disables !fm; to prevent it from changing [; to a non-zero value before !fcy
occurs. But this is not acceptable since !fm; really is uncontrollable.

Therefore Algorithm 1 enters another iteration with ¥2 = {!fcy, fm;}. Now plant M;
must also be included as it disables !fm;. There are no additional variables in M; so
that G2 = {C1, M1} and V? = {c1,11}. Outside of the selected plants C; and M, the
variable [; is only assigned on scy in Oy, so that C? = {chaos(!ff1, c;), chaos(!ffa, c2),
chaos(sca, l1)}. Then another supervisor is synthesised,

S? = supC(Cy || My || chaos(!ffy, ¢1) || chaos(!ffa, ;) || chaos(sca, I1), (6.4)
Eriq, {!fct, fmi})

and this supervisor is also found to be controllable with respect to the remaining un-
controllable events !ff; and !ffs.

The supervisor, shown as Sp1, in Figure 7, is returned and collected by Algorithm 2.
It avoids overflow of production line L1, because it only allows the conveyor C to start
delivery of a new workpiece (sci) when the production line is empty, {1 = 0.

The remaining specifications Epop, Farea, Euvon, Fos, and Ero, are processed in a
similar way as those above, resulting in further supervisors Spop, Snroa, Sm2n, Scs,
and SLQQ.
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On completion, Algorithm 2 returns the supervisors shown in Figure 7 plus the original
specifications in Figure 6, which together control the flexible manufacturing system in the
least restrictive controllable way. The largest supervisor EFSMs have seven locations, and the
largest state spaces encountered are 100 unfolded states during synthesis of Sy, and Sraq. In
comparison, a full monolithic synthesis for all the plants and specifications together, explores a
state space of 14580 unfolded states and results in a single supervisor EFSM with 464 locations
and 1551 unfolded states.

7 Conclusions

This working paper presents an algorithm that combines modular and abstraction-based
synthesis for extended finite-state machines (EFSM). The approach allows to calculate super-
visors that control a system in the least restrictive controllable way. Through a combination
of component selection and symbolic manipulation by means of existential quantification, the
method avoids the exploration of the full state space as normally required in synthesis. The
resulting supervisors are modular and can be presented as the composition of several small
EFSMs, which also facilitates human readability.

These results improve the authors’ previous work [10,23] in that they allow abstraction by
both component and variable selection. In future research, the authors would like to consider
the modular synthesis of nonblocking supervisors for EFSMs using abstractions. It is also
of interest whether supervisor reduction techniques [20] can be used to remove redundant
transitions and simplify guards in the synthesised supervisor EFSMs.
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