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We make an experimental characterization of the effect that static disorder has on the shape of a normal
Saffman-Taylor finger. We find that static noise induces a small amplitude and long wavelength instability on
the sides of the finger. Fluctuations on the finger sides have a dominant wavelength, indicating that the system
acts as a selective amplifier of static noise. The dominant wavelength does not seem to be very sensitive to the
intensity of static noise present in the system. On the other hand, at a given flow rate, rms fluctuations of the
finger width, decrease with decreasing intensity of static noise. This might explain why the sides of the fingers
are flat for typical Saffman-Taylor experiments. Comparison with previous numerical studies of the effect that
temporal noise has on the Saffman-Taylor finger, leads to conclude that the effect of temporal noise and static
noise are similar. The behavior of fluctuations of the finger width found in our experiments, is qualitatively
similar to one recently reported, in the sense that, the magnitude of the width fluctuations decays as a power
law of the capillary number, at low flow rates, and increases with capillary number for larger flow rates.
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I. INTRODUCTION

The growth of interfaces in disorder media has been stud-
ied extensively in the case of rough, macroscopically stable
interfaces both experimentally and theoretically �1�. How-
ever, the effect of disorder media on unstable interfaces has
not been so well explored �2�. A prototypical example of
unstable interface is the Saffman-Taylor finger �3–5� and our
aim in this paper is the experimental characterization of the
effect of quenched noise on it. A Saffman-Taylor finger is the
steady state pattern that is formed between two fluids when a
low viscosity fluid displaces a high viscosity fluid in a rect-
angular Hele-Shaw cell. In a classical experiment and in the
absence of perturbations, the finger width is greater than half
of the channel width and the finger is called normal. In the
presence of large perturbations or in anisotropic cases, the
width of the finger can be less than half of the channel width
and the finger is called anomalous. In the closely related
problem of crystal growth, when an undercooled melt solidi-
fies, the solid front has a parabolic shape and lateral protru-
sions called side branches. These ones grow in amplitude as
they are advected away from the parabolic tip. This phenom-
enon has been widely investigated in solidification both, ex-
perimentally �6,7� and theoretically �8–10� with the conclu-
sion that side branching results from selective amplification
of natural noise. In anomalous Saffman-Taylor fingers, den-
drites have been observed using localized disturbances such
as a bubble placed at the finger tip or a thread placed along
the channel �11,12�. Normal Saffman-Taylor fingers are char-
acterized by a stable curved front and flat sides. However,
noise unintentionally present in the system, is not enough to
create side branching in typical Saffman-Taylor fingers.

Recently, two situations in which normal Saffman-Taylor
fingers do not have flat sides have been reported �13,14�.

Experimental fluctuations in Saffman-Taylor fingers were re-
ported for systems with very large aspect ratios W /b �13�,
where W is the cell width and b is the gap spacing between
the plates. It is observed that for the larger aspect ratios
studied fluctuations on the finger width are visible for all
flow rates. Moreover, for the smaller aspect ratios studied,
fingers appear to be steady as in the classic Saffman-Taylor
steady-state case, but with sufficient resolution, fluctuations
on the finger width could be measured for all flow rates up to
the onset of finger instability. A key point in this work is that
the magnitude of the width fluctuations at low velocities de-
cays as a power law of the capillary number Ca��U /� with
a power of approximately −2/3. Where � is the dynamic
viscosity, U is the finger velocity and � is the surface ten-
sion. This fluctuation power law remained unchanged for all
their experimental variations. In a different context, a dy-
namically induced, low amplitude, long wavelength, lateral
instability of the Saffman-Taylor finger was predicted �14�
by means of numerical integration of a phase field model
�15�. Such an instability was observed in two situations in
which small dynamic perturbations were overimposed to a
constant pressure drop. For the first situation, the dynamic
perturbation consisted of an oscillatory mode. This gave rise
to a strictly periodic undulation of the finger sides. In the
second situation, the dynamic perturbation consisted of tem-
poral noise. This one induced a nonperiodic lateral instabil-
ity. For both situations the instability undergoes a process of
mode selection and the results seem to indicate that the sys-
tem acts as a selective noise amplifier.

In the present work, we characterize the effect that
quenched �or static� disorder has on the normal Saffman-
Taylor finger shape. For this purpose, we intentionally chose
cells with small aspect ratios W /b that in the absence of
quenched disorder, would lead to normal Saffman-Taylor fin-
ger shapes with flat sides. We find fingers that present a
lateral instability with a dominant wavelength in agreement
with Ref. �14�. This seems to indicate that the system acts as
a selective amplifier of quenched noise. On the other hand,
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when we measure rms fluctuations of the finger width as a
function of the capillary number we find results that are
qualitatively similar to those of Ref. �13� in the sense that the
magnitude of the width fluctuations at low capillary number
decays as a power law of Ca, and increases for large values
of it.

II. EXPERIMENTAL SETUP AND DATA ANALYSIS

The experiments were performed in a rectangular Hele-
Shaw cell formed by two horizontal glass plates of thickness
19 mm, separated by a narrow gap spacing. In order to in-
troduce quenched disorder in the system, an auxiliary fiber
glass plate of thickness 1.7 mm with copper islands was in-
troduced between the two glass plates, in such a way that the
fluid flow takes place between the fiber glass plate and the
upper glass plate. This fiber glass plate was fixed on the
bottom glass plate. The copper islands were squares of di-
mensions 1.5 mm�1.5 mm and height h=0.06 mm and oc-
cupied random sites of a square grid. The plates used in our
experiments are described in Ref. �16�. Two different kinds
of plates were used in the experiments: low occupation ratio
�10% of the total area filled with copper islands� and high
occupation ratio �35% of the total area filled with copper
islands� which for convenience will be called, in the rest of
the paper, low and high coverage, respectively. The width of
the channel W was fixed to 24 mm. The gap spacings �mea-
sured as the distance between the fiber glass plate and the
upper glass plate� in the reported experiments were
b=0.8 mm and b=1.3 mm. This implies relative variations
in the gap spacing of 7.5% and 4.6%, respectively. The ex-
periments were performed with different disorder plates:
four disorder plates in the experiments with b=1.3 mm and
10% coverage and three disorder plates in the other experi-
ments. The cell was filled with silicone oil Rhodorsil 47 V
with a dynamic viscosity �=0.5 Pa s and surface tension
�=20.7 mN/m. The silicone oil was colored with Oil Blue
N �Aldrich�. Rheological measurements showed that changes
in viscosity due to coloring were below 2%. In order to form
fingers, the oil in the cell was withdrawn from one end of the
channel at constant flow rate using a syringe pump. The
other end of the channel was left open for air to penetrate
freely. The velocity range of the fingers in the experiments
reported was �0.11,15� mm/s.

Pictures of the finger were obtained with a CCD camera
mounted on top of the channel, which was illuminated from
below. The camera could travel along the cell at velocities in
the range �−20,20� mm/s. The frames captured with the
CCD had a fixed size of 640�480 pixels. Since the ampli-
tude of the fluctuations in finger width was relatively small,
the size of the pixel was fixed to 0.077 mm/pixel in order to
have good resolution. To obtain the pictures of the fingers
analyzed, the CCD camera was placed at the end of the cell
open to air, and a finger was generated. When the finger tip
had advanced a distance much larger than the channel width,
the CCD traveled towards the finger tip at a high velocity
while acquiring images at two frames per second. By mount-
ing several frames, the complete image of very long fingers
�see Fig. 1� was obtained.

FIG. 1. Finger in a cell with 10% coverage and gap spacing b
equal to b=0.8 mm. The velocity of the finger is U=2 mm/s. The
bright region is defined as the finger body, that is, the portion of the
finger for which the amplitude of the instability has saturated. The
dark regions are the tail and tip of the finger. The tail of the finger
experiences an instability whose amplitude changes in the course of
the whole experiment.

TORRALBA et al. PHYSICAL REVIEW E 73, 046302 �2006�

046302-2



In the long fingers generated in our experiments, three
different regions could be detected, as shown in Fig. 1: tip,
body, and tail. The tip is the front part of the propagating
finger where the lateral instability has not reached its full
amplitude. The tail of the finger is the region that stays far
away from the propagating finger tip. For this region, the
amplitude of the fluctuations does not saturate. That is, as the
finger advances, the tail width is not constant in time. Last,
we observe that for the central part of the finger, which we
call body, the amplitude of the instability saturates, and its
shape, in the laboratory frame of reference, is constant in
time. For this region pictures of the finger at different times
are therefore identical. In order to determine the size of the
tip region, pictures of tips at different times were superim-
posed to each other. For the body and tail regions, we have
left the camera fixed in space and have taken pictures during
the course of the whole experiment. Once the pictures are
overimposed, it is possible to determine the spatial extent of
each region. The size of the tail was found to be almost
independent of the velocity of the finger, and the size of the
tip did show a nonmonotonic dependence with velocity in
agreement with the rest of the quantities reported. Care was
taken to distinguish the three regions in each case and the
results presented in this paper correspond exclusively to the
finger body.

Two types of analysis were done: frequency distributions
of the lateral instability and fluctuations of the finger width.
For the frequency distribution analysis, we associate a fre-
quency to a distance through the relation

� =
U

�
, �1�

where U is the average finger velocity, and � is the distance
between pairs of adjacent maxima that appear on a given side
of the finger. Measurements on both sides of the finger were
considered independently since fluctuations on both sides of
it do not seem to be correlated in an obvious way. This type
of analysis was used in Ref. �14�. On the other hand, fluc-
tuations of finger width were characterized by the rms fluc-
tuations of the finger width along the finger. That is, we have
defined the rms fluctuations of the finger width as
�	=����	− �	��2�� where the averages mean spatial varia-
tions over the body of the finger, as defined above. It is
important to note that our fluctuations are not measured as
the ones in Ref. �13�, since we are measuring fluctuations of
the finger width in space rather than fluctuations of the finger
width in time. Since rms fluctuations of the finger width are
a measure of the amplitude of the lateral instability, the
larger the value of �	, the more easily the lateral instability
can be observed.

III. NATURAL FREQUENCIES

Before describing the experimental results of the present
paper, it is convenient to remember that there are two natural
frequencies of the steady-state problem. The first character-
istic frequency is the finger velocity U divided by the finger
width 	W, which gives a frequency equal to

� f =
U

	W
. �2�

The other frequency characteristic of the steady-state prob-
lem is the one determined by the flow very far from the
finger tip, that is, the flow velocity at infinity V
 divided by
the channel width W, which gives a frequency equal to

�
 =
V


W
. �3�

These two frequencies are related to each other since conser-
vation of matter implies that U	=V
. Therefore, we can
write the characteristic frequency of the finger in terms of the
characteristic frequency at infinity as

� f =
1

	2�
. �4�

For our experiments, fingers do not have a constant width.
Therefore, in order to have reference frequencies for the
analysis, we keep expressions �3� and �4� for the character-
istic frequencies of the system, where the meaning of 	W is
now the average finger width.

IV. RESULTS

We have chosen only experimental configurations for
which static noise is low enough to preserve a single finger
propagating into the cell. The tip of these fingers resembles a
normal Saffman-Taylor finger and it is stable in the presence
of quenched noise. On the other hand, the flat sides of the
finger are unstable. As a result, a lateral instability grows and
gives rise to a low amplitude and long wavelength structure
reminiscent of incipient dendrites. As the finger propagates,
the instability propagates away from the tip. During this
propagation, the amplitude of the instability grows until it
reaches a maximum amplitude. After this happens, in the
laboratory frame of reference, for the body of the finger, the
shape of the finger sides is stationary. This stationary shape
is reproducible for a given configuration of static disorder.
Clearly, the details of the fluctuations on the finger sides
differ for different configurations of static disorder.

A. Variation of static disorder

Frequency distributions for three geometries are shown in
Fig. 2. In all cases the flow rate has been chosen in order to
have, up to two significant figures, equal finger velocities for
the three geometries. The distributions are results of the dif-
ferent configurations of static disorder for each geometry.
Experimental parameters for the three cases are shown in
Table I. Fingers representative of each of the three geom-
etries are illustrated in Fig. 3. There are two variables that
may change the properties of static disorder in the cell: the
coverage and the gap spacing.

The first way in which we study the dependence of the
lateral instability with quenched disorder is by keeping con-
stant the coverage and varying the gap spacing. The smallest
the gap, the larger the intensity of static noise present in the
system. In the top and center graphs of Fig. 2, we see fre-
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quency distributions for gap spacings of 0.8 mm and
1.3 mm, corresponding to relative variations in the gap of
7.5% and 4.6%, respectively. The coverage is equal to 10%.
In both cases, the distributions have peaks that are between
the two characteristic frequencies of the system and the

smallest frequencies observed are close to the characteristic
frequency of infinity. Also, both have tails that decay at fre-
quencies few times larger than the characteristic frequency of
the finger. There is no appreciable change in the width of the
distributions. The standard deviations of the data, 0.052 Hz
and 0.046 Hz for the 0.8 mm and 1.3 mm gaps, respectively,
and the means of the distributions, 0.124 Hz and 0.116 Hz
for the 0.8 mm and 1.3 mm gaps, respectively, also indicate
that there is not an obviously quantifiable difference in the
distributions.

The second way in which we change the properties of the
static disorder in the cell is by keeping constant the gap
spacing and varying the coverage. In the center and bottom
graphs of Fig. 2 we see the frequency distributions for cov-
erages of 10% and 35%. The gap spacing is equal to 1.3 mm
in both cases, the distributions have peaks that are between
the two characteristic frequencies of the system and the
smallest frequencies observed are close to the characteristic

FIG. 2. Distributions of frequencies of the lateral instability cor-
responding to the three experimental configurations of Fig. 3. Ver-
tical lines are the characteristic frequencies of the steady state �� f at
the right and �
 at the left, as defined in Eqs. �2� and �3��. From top
to bottom, b=0.8 mm and 10% coverage, b=1.3 mm and 10% cov-
erage, b=1.3 mm and 35% coverage.

TABLE I. Experimental parameters of the three geometries
studied. b is the effective gap, W is the cell width, h /b is the relative
variation in gap spacing, �
 is the characteristic frequency at
infinity.

% Coverage 10 10 35

b �mm� 0.8 1.3 1.3

W �mm� 24 24 24

% h /b 7.5 4.6 4.6

V
 �mm/s� 1.12 1.22 1.22

�
 �Hz� 0.047 0.051 0.051

FIG. 3. Fingers in the presence of different configurations
of quenched disorder. For all of them, the finger velocity is
U=2 mm/s. From left to right, b=0.8 mm and 10% coverage,
b=1.3 mm and 10% coverage, b=1.3 mm and 35% coverage. Only
finger tips and bodies are shown.
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frequency of infinity. The tail for high coverage falls to
somewhat larger frequencies than the tail for small coverage.
This indicates that high coverage induces the presence of
fluctuations of small wavelength in the lateral instability.
Nevertheless, in both cases, the tail of the distribution decays
at frequencies few times larger than the characteristic fre-
quency of the finger. The standard deviations of the data,
0.046 Hz and 0.090 Hz for coverages of 10% and 35%, re-
spectively, and the means of the distributions, 0.116 Hz and
0.164 Hz also indicate that the range of frequencies that
grow in the lateral instability, is somewhat larger for the high
coverage case and that the distribution is slightly shifted to-
wards high frequencies which correspond to short wave-
lengths.

Table II shows average finger velocities, average finger
widths, frequencies characteristic of the finger and rms fluc-
tuations of the finger width corresponding to the same ex-
periments of Fig. 2 and Table I. From the rms fluctuations of
the finger width, it is clear that fluctuations increase for a
smaller gap at constant coverage �compare first and second
columns of the last row in Table II� and increase for larger
coverage at constant gap �compare second and third columns
of the last row in Table II�. Since the rms fluctuations of the
finger width are a measure of the amplitude of the lateral
instability, it becomes clear that fluctuations increase with
the two possible ways of increasing the intensity of static
noise in the cell.

Summarizing, for the three geometries with static disorder
discussed, the frequency distribution of the lateral instability
has a peak that lies between the two characteristic frequen-
cies of the steady state. This seems to imply that, for a given
velocity, there is a preferred frequency for the instability. In
other words, the system is acting as a selective amplifier of
static noise. The distribution does not seem to be very sen-
sitive to how much static noise is present in the system.
Moreover, rms fluctuations of the finger width increase with
increasing intensity of static noise.

B. Variation with capillary number

We have studied the finger instability with static disorder
for different flow rates. As mentioned in the introduction, we
have intentionally chosen to work with cells of low aspect

ratio W /b. The purpose of this was, on the one hand, to have
fingers that in the absence of quenched disorder would have
flat sides and, on the other, to have normal fingers, that is,
fingers whose width was larger than one-half of a channel
width. A plot of the average finger width as a function of
capillary number �Fig. 4�, shows that, for all of our experi-
ments, we have normal Saffman-Taylor fingers. Agreement
with the McLean and Saffman curve is similar to results for
the steady state reported in literature.

Fluctuations of the finger width

We have studied how the lateral fluctuations of the finger
change with capillary number. For this purpose, we have
done an analysis similar to the one carried out in Ref. �13�,
but measuring spatial variations instead of temporal varia-
tions of the finger width as explained in Sec. II. Figure 5
shows how fluctuations change with capillary number. We
have obtained results that are qualitatively similar to those of
Ref. �13� in the sense that rms fluctuations of the finger
width decrease with increasing Ca for small values of it and
scale as a power law. Also, at larger values of Ca, rms fluc-
tuations of the finger width increase with increasing Ca. Fig-
ure 6 shows typical fingers for six values of Ca indicated in
Fig. 5. Fingers appear compressed in the horizontal axis, in
order to facilitate the visual appreciation of the fluctuations.
From the figures, it is clear the nonmonotonic size of the rms
fluctuations as Ca increases. Moreover, our results for the
rms fluctuations of the finger width in the presence of static
disorder appear to scale, at low Ca, as the power law Ca−1/3.

Frequency distributions of the lateral instability

In order to study the modes that compose the lateral fluc-
tuations, we have computed, as in Sec. IV A, frequency dis-

TABLE II. Finger characteristics for the three geometries stud-
ied. U is the average finger velocity, 	 is the average finger width in
units of the channel width W, � f is the characteristic frequency of
the finger. N is the total number of measurements of � for each
geometry.

% Coverage 10 10 35

b �mm� 0.8 1.3 1.3

U �mm/s� 2.01 2.03 2.01

	 0.56 0.60 0.58

� f �Hz� 0.147 0.141 0.150

�	 �mm� 0.0185 0.0064 0.01146

N 53 74 65

FIG. 4. Mean finger width as a function of 1/B�12�W /b�2 Ca.
The continuous line is the theoretical McLean and Saffman curve
�17�. Solid squares are the experimental values of the mean width
averaged over four different disorder configurations. As can be
seen, our experiments give, in all cases, normal Saffman-Taylor
fingers, that is, fingers whose width is larger than half of the chan-
nel width.
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tributions. Figure 7 shows frequency distributions for differ-
ent velocities. We have also plotted the variations of the
mean and standard deviations for the data contained in the
distributions as a function of Ca. We can see this in Fig. 8.
From both figures, it is clear that the frequency that domi-
nates the pattern of the lateral fluctuation increases with in-
creasing Ca indicating that at large Ca, short wavelength
fluctuations are more and more favorable. Also, the width of
the distribution increases with increasing Ca indicating that
the range of frequencies that are not suppressed by surface
tension, increases with increasing Ca. This is in qualitative
agreement with the primary instability that gives rise to vis-
cous fingers in the first place, that is, the one that destabilizes
the flat interface. From Fig. 8 we can see that the mean
frequency increases almost linearly with Ca.

We have made a linear rescaling of frequencies in order to
study the possible collapse of the distributions. For this pur-
pose, we have mapped to zero the frequency at infinity and
to one the frequency of the finger. We observe an apparent
collapse of the distributions with means that lie all between
zero and one and no particular tendency as a function of
capillary number. Nevertheless, the standard deviation seems
to have a tendency to decrease with increasing Ca, indicating
that there is no real collapse of the distributions.

V. DISCUSSION

Static noise induces an instability on the sides of the
Saffman-Taylor finger. The instability generates small ampli-
tude and long wavelength fluctuations that undergo a process
of selection. That is, modes grow and compete dynamically,
and the competition gives rise to a nonperiodic structure
whose frequency distribution has a well characterized peak.
Such a peak lies between the two characteristic frequencies

FIG. 5. Fluctuations in the finger width vs 1/B. Solid squares
are the average fluctuations over four different disorder configura-
tions. Dotted line is the best fit for the low velocity regime �1/B
from 0 to 250�: �	= �0.034±0.008��1/B��−0.30±0.13�. Letters corre-
spond to capillary numbers for which a finger is illustrated in Fig. 6.

FIG. 6. Fingers in a cell with a 10% coverage
and gap spacing b=1.3 mm at several velocities.
Corresponding capillary numbers are labeled
with letters in Fig. 5. �A� 1/B=18, �B� 1/B=88,
�C� 1/B=198, �D� 1/B=339, and �E�
1/B=1091, �F� 1300.

FIG. 7. Distributions of frequencies of the lateral fluctuations at
different velocities. The symbols are �, 1 /B=23; �, 1 /B=39; �,
1 /B=63; �, 1 /B=82; �, 1 /B=118; �, 1 /B=198; �, 1 /B=254; •,
1 /B=339; �, 1 /B=435; �, 1 /B=558; +, 1 /B=925; �,
1 /B=1268.
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of the steady state which are always very close to each other
since the width of the fingers is always greater than one-half
of the channel width. The lateral fluctuations have character-
istic length scales that are of the order of the channel width.
The fact that there is a preferred frequency—or
wavelength—indicates that the system is acting as a selective
amplifier of static noise.

Comparison with numerical studies of the effect that tem-
poral noise has on the Saffman-Taylor finger shape �14�,
leads to conclude that the effect of temporal noise and static
noise are similar since both generate lateral fluctuations on
the finger sides that undergo a process of selection and end
up with similar frequency distributions. In our experiments,
the distribution does not seem to be very sensitive to the
intensity of static noise present in the system. Our experi-
mental measurements indicate that for a given flow rate, rms

fluctuations of the finger width, decrease with decreasing in-
tensity of static noise. This might explain why the sides of
the fingers are flat for typical Saffman-Taylor experiments
despite the fact that any experiment has, inevitably, some
static noise present in the cell. Also, since the wavelength of
the instability is large, long channels are needed in order to
observe it.

We have changed the capillary number by varying the
flow rate. Distributions of frequencies indicate that the fre-
quency that dominates the lateral fluctuation increases with
increasing Ca. This indicates that at large capillary numbers
short wavelength fluctuations are more and more favorable.
Also, the width of the distribution increases with increasing
Ca indicating that the range of frequencies that grow in-
creases with increasing Ca.

The behavior of fluctuations of the finger width found in
our experiments, is qualitatively similar to the one reported
in Ref. �13�, in the sense that, the magnitude of the width
fluctuations decays as a power law of Ca, at low Ca, and
increases for large values of Ca. This similarity occurs, de-
spite the fact that conditions for the experiments in Ref. �13�
are very different from our experiments. First of all, their
aspect ratios W /b are large while ours are small. Second,
they have made every effort to suppress spatial inhomogene-
ities in their cell, while we have intentionally introduced
static disorder in it. However, the fact that our exponents are
different, −2/3 in their case and −1/3 in our case, leaves
open the question of the origin of the fluctuations observed
in Ref. �13�.
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