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An inflating brane world can be created from ‘‘nothing’’ together with its anti–de Sitter~AdS! bulk. The
resulting space-time has compact spatial sections bounded by the brane. During inflation, the continuum of KK
modes is separated from the massless zero mode by the gapm5(3/2)H, whereH is the Hubble rate. We
consider the analogue of the Nariai solution and argue that it describes the pair production of ‘‘black cigars’’
attached to the inflating brane. In the case when the size of the instantons is much larger than the AdS radius,
the 5-dimensional action agrees with the 4-dimensional one. Hence, the 5D and 4D gravitational entropies are
the same in this limit. We also consider thermal instantons with an AdS black hole in the bulk. These may be
interpreted as describing the creation of a hot universe from nothing or the production of AdS black holes in
the vicinity of a pre-existing inflating brane world. The Lorentzian evolution of the brane world after creation
is briefly discussed. An additional ‘‘integration constant’’ in the Friedmann equation—accompanying a term
which dilutes like radiation—describes the tidal force in the fifth direction and arises from the mass of a
spherical object inside the bulk. In general, this could be a 5-dimensional black hole or a ‘‘parallel’’ brane
world of negative tension concentrical with our brane-world. In the case of thermal solutions, and in the spirit
of the AdS/CFT correspondence, one may attribute the additional term to thermal radiation in the boundary
theory. Then, for temperatures well below the AdS scale, the entropy of this radiation agrees with the entropy
of the black hole in the AdS bulk.

PACS number~s!: 98.80.Cq
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I. INTRODUCTION

The idea that we may live on a brane propagating in
bulk spacetime of higher dimension is currently being co
sidered in a variety of contexts, ranging from M theory@1# to
phenomenological particle physics@2#. In particular, Randall
and Sundrum~RS! have proposed a simple and attracti
scenario where our brane world is embedded in
5-dimensional bulk with a negative cosmological const
L5 @3,4#. In this scenario, the extra dimension need not
small. In fact it could be infinite and yet we would percei
gravity as effectively 4 dimensional@4–6#. The reason is tha
the bulk is strongly curved, so that most of its physical v
ume is within a short distancel;L5

21/2 from the brane. The
picture of a brane world evolving in a larger spacetim
brings with it a new perspective for early universe cosm
ogy. In particular, it seems natural to investigate the ques
of brane-world creation.

The dynamics of the gravitational field on the RS bra
has been recently analyzed in@5,6#. For the case of a single
brane with positive tension, it has been shown that 4D E
stein gravity is recovered on the wall, with some correctio
at short distances and at high matter densities@5,6#. For the
case of two parallel branes with opposite tension, there
additional scalar interactions corresponding to the br
separation modulus. These give rise to Brans-Dicke t
theories on the branes with rather interesting behavior@6#
~the case where the dilaton is stabilized has received s
attention in @7#!. A discussion of gravitational collapse o
matter on the brane was given in@8#. It was argued that the
0556-2821/2000/62~4!/043523~8!/$15.00 62 0435
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resulting ‘‘black hole’’ would be a 5-dimensional object a
tached to the brane, with an event horizon in the shape
cigar. This conjecture was confirmed in the analogous~2
11!-dimensional case@9#. In the ~311!-dimensional case
the conjecture is consistent with the form of the weak fie
created by spherical matter sources on the wall@6#, although
the non-perturbative ‘‘black cigar’’ solution has not yet be
found. Finally, a great deal of attention has been devote
cosmological solutions@10,11#. In any discussion of gravity
on the brane, the issue of boundary conditions in the bul
quite important. If we are interested in the gravitational fie
created by matter sources on an asymptotically flat bran
seems reasonable to impose that the bulk be asymptotic
AdS in the past Cauchy horizon and at spacelike infinity, a
that there be no incoming graviton flux from the past Cauc
horizon @6#. In the cosmological context, however, it seem
much more appropriate to address the question of boun
conditions in the framework of quantum cosmology.

In this paper, we shall consider the quantum creation
an inflating brane world and its subsequent evolution. In S
II we shall present the de Sitter–brane instanton. In Sec
we shall generalize it to find the analogue of the Nariai
lution. As we shall see, this solution can be interpreted
describing pair creation of black cigars attached to the infl
ing brane. In Sec. IV we shall consider ‘‘thermal’’ instanto
which contain AdS black holes in the bulk. These may d
scribe the creation of a hot universe from nothing or t
production of AdS black holes in the vicinity of a preexistin
inflating brane world. Our conclusions are summarized
Sec. V.
©2000 The American Physical Society23-1
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II. DE SITTER –BRANE INSTANTON

In 4-dimensional gravity, the simplest description of t
birth of the universe involves the de Sitter instanton. This
a 4-sphere which interpolates between a point~or ‘‘noth-
ing’’ ! at the south pole and a 3-sphere of maximal radiu
the equator. The 3-sphere represents the geometry of the
verse at the moment of creation. The subsequent cosmo
cal evolution is given by the analytic continuation of th
4-sphere to Lorentzian signature, which gives an inflat
spacetime.

This picture can be generalized to the case of a br
world embedded in an AdS bulk. The line element of
5-dimensional Euclidean AdS space can be written as

dsE
25gabdxadxb5dr21 l 2sinh2~r / l !@dx21sin2xdV (3)

2 #.

~2.1!

Here dV (3)
2 is the metric on the 3-sphere andl 5

(26/L5)1/2 is the AdS radius. A compact brane-world in
stanton can be constructed by excising the spacetime re
at r .r 0 and gluing two copies of the remaining spacetim
along the 4-sphere atr 5r 0. On that hypersurface a brane
tensions is introduced so that Israel’s matching conditio
@5#

] rgmnur 5r 0
5

8pG5

3
sgmnur 5r 0

~2.2!

are satisfied. HereG5 is the 5-dimensional gravitational con
stant and

s5
3

4pG5l
coth~r 0 / l !. ~2.3!

The greek indices run over the coordinates of the 4-sph
The result of this cut and paste procedure is illustrated in F
1. Two copies of a spherical patch of AdS bulk are bound
by a common 4-sphere, which is the world sheet of
brane. We may further identify both copies of the bulk

FIG. 1. de Sitter–brane instanton. The thick vertical circle ar
5r 0 represents the 4-sphere brane at which the two iden
5-dimensional anti–de Sitter spaces are glued. Thex5p/2 hyper-
surface is the nucleation geometry.
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imposing aZ2 symmetry, although this identification will no
play a prominent role in our discussion.

The instanton in Fig. 1 can be interpreted as a semic
sical path for the creation of a universe from nothing. Cutti
the instanton in half, the Euclidean solution interpolates
tween ‘‘nothing,’’ at the south pole, and a spherical brane
radius

H21[ l sinh~r 0 / l !

at the equator. This is completely analogous to the us
4-dimensional de Sitter instanton, except that in the pres
case the inside of the brane world is filled with AdS bulk

The evolution of the brane after creation is given by t
analytic continuation of Eq.~2.1! to real time. This continu-
ation is done by means of the substitutionx→ iHt 1(p/2),
which leads to

ds25dr21~ lH !2sinh2~r / l !

3@2dt21H22cosh2~Ht !dV (3)
2 # ~r<r 0!.

~2.4!

The Lorentzian spacetime is represented in Fig. 2.
The brane atr 5r 0 is now an inflating de Sitter space wit

Hubble rateH21. The line element~2.4! does not cover the
whole spacetime, but only the exterior of the Rindler horiz
at r 50 ~region I!. This horizon is the light cone emanatin
from the center of symmetry of the solution. To cover t
interior of the light cone~region II!, we can make the com
plexificationr→ i t c , Ht→r c2 i (p/2). In region II, the met-
ric is that of a 5-dimensional open Friedmann-Roberts
Walker ~FRW! universe:

ds252dtc
21 l 2sin2~ tc / l !@drc

21sinh2r cdV (3)
2 #

where r c;1 corresponds to the scale of spatial curvatu
The coordinatetc runs from 0 top l . At tc5p l the open
universe ‘‘recollapses.’’ The null surfacetc5p l is a Cauchy
horizon across which we can match our solution to a n

al
FIG. 2. Conformal diagram of the inflating brane world~at r

5r 0) created from nothing. Each point in the figure represent
3-sphere.
3-2
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BRANE-WORLD CREATION AND BLACK HOLES PHYSICAL REVIEW D62 043523
AdS region or to a new de Sitter–brane region. But in a
case, this extended solution is just a mathematical idea
tion, too simple to represent the real world.

Inflation will only be useful if it comes to an end, givin
rise to thermalized regions. For that reason, we should c
sider the situation where the effective tensions is partly due
to the potential energy of an inflaton fieldw:

s5sc1V~w!. ~2.5!

Here, we have arbitrarily separated fromV the constant part

sc5
3

4p lG5
. ~2.6!

A brane which has the ‘‘critical’’ tensionsc does not inflate
in the AdS background@the static Randall-Sundrum fla
brane world@4# can be recovered from Eq.~2.4! in the limit
r 0→`, which from Eq.~2.3! corresponds tos5sc], so the
effective cosmological constant vanishes forV50.

The cosmological evolution of the closed universe af
creation can be obtained as follows. As a result of spher
symmetry, the bulk inside a closed brane world will be si
ply AdS, which is conveniently described in the static ch
as

ds252A~R!dT21
dR2

A~R!
1R2dV (3)

2 , ~2.7!

whereA(R)5(11R2/ l 2). The brane-world trajectory can b
parametrized asR5R(t), T5T(t). There is much freedom
in this parametrization, and we shall choose the gauge
which

Ṙ25A~R!2Ṫ22A~R!. ~2.8!

With this choice, the metric on the brane is given by

ds4
252dt21R2~ t !dV (3)

2 .

The equation of motion for the scale factorR can be obtained
from Israel’s matching conditions under the assumption
Z2 symmetry:

Kmn524pG5@Tmn2~1/3!Tgmn#, ~2.9!

whereTmn is the energy momentum tensor on the brane
Kmn is the extrinsic curvature. In terms of the normal vec
na5(Ṙ,2Ṫ,0,0,0), this is given byKab52(ga

c2nanc)(gb
d

2nbnd)nc;d . The angular components are given by

KVV85naGVV8
a

52Ṫ@A~R!/R#gVV8 .

Assuming that the energy momentum tensor has the pe
fluid form

Tn
m5diag~2r,p,p,p!2scdn

m ,

wheresc is given in Eq.~2.6! and defining
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3
r,

the angular components of Eq.~2.9! give

S Ṙ

R
D 2

5
1

l 2 2
A~R!

R2 1X1
l 2

4
X2. ~2.10!

It can be shown that the temporal components of Eq.~2.9!
are in fact redundant. WithA(R)511R2/ l 2 we have

S Ṙ

R
D 2

52
1

R2 1
8pG

3
r1 l 2S 4pG

3
r D 2

. ~2.11!

Hence, the standard Friedmann equation for cosmolog
evolution is recovered@12,22#, with a correction term which
is negligible at moderately low energy densitiesl 2X!1.

Returning our attention to the inflating de Sitter solutio
let us now check the existence of the bound state of gra
on the brane and the nature of the spectrum of Kaluza-K
~KK ! excitations. Expanding the metric asds25(gab
1hab)dxadxb, we shall work in the analogue of the R
gauge,

hrr 5hrm5hm
m5hmn

un50, ~2.12!

where the vertical stroke indicates a covariant derivative
the 4-dimensional de Sitter space. It is convenient to de
ĥmn5a21/2hmn , wherea(r )5 l sinh(r/l), and a conformal ra-
dial coordinateh throughdr5adh. In terms ofh we have

a~h!5
l

sinh~ uhu1h0!
~2`,h,1`!

where h0 is defined by the equation sinhh051/sinh(r0 /l).
The equation of motion for perturbations in the gauge~2.12!
can be separated as@13#

2ĥmn9 1
~a93/2!

a3/2
ĥmn5

m2

H2ĥmn , ~2.13!

~2h12H21m2!ĥmn50. ~2.14!

The Schrodinger equation~2.13! determines the spectrum o
massesm2, while Eq. ~2.14! is the equation of motion for
spin two fields of massm2 in a de Sitter space of radiusH21.
The box indicates the 4-dimensional covaria
d’Alembertian.

Equation~2.13! has the obvious normalizable bound sta
ĥmn}a3/2, which corresponds to the massless graviton. Ho
ever, it is clear that the ‘‘volcano potential’’ in Eq.~2.13!
approaches the constant 9/4 ath→6`. Hence, the continu-
ous spectrum of KK excitations starts at

m5~3/2!H.

This is a somewhat special value of the mass in de S
space, corresponding to the critically damped case.
smaller mass, long wavelenth perturbations are und
3-3
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JAUME GARRIGA AND MISAO SASAKI PHYSICAL REVIEW D 62 043523
damped, whereas for larger mass they have oscillatory
havior. As is well known, de Sitter space behaves in so
respects as a system with temperatureT5H/2p. The mass
gap between the zero mode and the KK modes may be
lated to the stability of de inflating brane world against th
mal excitation of the massive modes. This issue dese
further investigation.

Solutions with two concentrical branes can easily be c
structed by inserting a new brane of negative tension,

s̃52
3

4pG5l
coth~r 1 / l !,0, ~2.15!

at some radiusr 1,r 0. The regionr .r 1 is excised, and the
edges of the two copies of the bulk are again identified al
the 4-sphere atr 1. In the absence of a mechanism stabilizi
the interbrane distance, the subsequent cosmological ev
tion on both branes will be independent~although the evolu-
tion of cosmological perturbations will not be so, in genera!.
In particular, the branes will in general drift away or com
closer together in the course of evolution.

An important property of our scenario is that the proble
of boundary conditions on the past cauchy horizon does
exist. Our brane world is entirely contained in the cau
future of the compact hypersurface at which the whole u
verse appears in the Lorentzian regime. Hence the evolu
of the brane world is uniquely determined by the initial da
One can then unambiguously calculate the quantum fluc
tions around the classical solution. One can either ad
Hartle and Hawking’s no-boundary boundary condition@14#
or Vilenkin’s tunneling boundary condition@15#. In the
4-dimensional theory, it is known that both boundary con
tions give the same fluctuation spectrum@16#. In the present
5-dimensional theory, detailed evaluation of the quant
fluctuation spectrum is left for future study, but the analy
of the KK modes given above indicates that only the ma
less~graviton! mode contributes. Hence the result would
similar to the case of standard 4-dimensional quantum c
mological inflation, irrespective of the Hartle-Hawking o
Vilenkin boundary conditions.

III. PAIR PRODUCTION OF ‘‘BLACK CIGARS’’

As in the case of flat brane worlds, it is possible to fi
nonlinear generalizations of the zero mode on the bra
With the ansatz

ds25gabdxadxb5dr21a2~r !gmndxmdxn, ~3.1!

wheregmn is the 4-dimensional metric anda(r )5 l sinh(r/l),
the 5-dimensional Riemann tensor is given by

Rm
rnr52 l 22dn

m , Rm
nrs

5 (g)Rm
nrs1cosh2~r / l !~ds

mgnr2dr
mgns!. ~3.2!

It is then straightforward to show that the 5-dimension
equations of motion,Rab524l 22gab , are satisfied provided
that gmn is a solution of

(g)Rmn53gmn . ~3.3!
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Brane solutions can be constructed in the same manner
the previous section, by excising the region withr .r 1 and
introducing at the boundary a brane of tension given by
~2.3!. The metric on the brane will be given bya2(r 0)gmn .
The argument is valid both for Euclidean and for Lorentzi
metrics. Equation ~3.3! can be interpreted as th
4-dimensional Einstein equations on the brane in the p
ence of a positive cosmological constant:

L45
3

a2~r 0!
[3H2.

One solution of Eq.~3.3! is de Sitter space, but any othe
solution can be chosen. As in the previous section, we m
optionally introduce a second brane of negative tension,
~2.15!, at somer 1,r 0, excising the region withr ,r 1.

The Euclidean action for the system of two branes
tensions i located atr i and separated by a region of Ad
bulk is given by

SE5
1

16pG5
E d5xAg~2L52R!1(

i
s ia

4~r i !E d4xAg

~3.4!

whereR is the Ricci scalar. The energy momentum tenso
given by

Tab52~8pG5!21L5gab2(
i

s ia
2gabd~r 2r i !,

wheregab50 whena or b are equal tor. Using the trace of
the Einstein equations,R can be eliminated from Eq.~3.4!,
which gives

SE52
1

12pG5
E d5xAgL52

1

3 (
i

s ia
4~r i !E d4xAg.

~3.5!

Performing the integrals we have

SE5(
i 50

1

~21! i S coth~r i / l !2
r i / l

sinh2~r i / l ! DSE
( i ) , ~3.6!

where

SE
( i )52

3V4
(g)

8pGHi
2

. ~3.7!

Here

G5G5 / l

is the 4-dimensional Newton constant~defined in the limit of
low energy world or when the effective tension of the bra
is close tosc and the matter density is much lower thansc),
Hi5@ l sinh(ri /l)#

21, andV4
(g) is the ~dimensionless! volume

of the manifold with metricgmn . In the case of a single
brane of positive tension, only the first term in Eq.~3.6! is
present. Also, in the limit wherer 0@r 1 ,l , we have SE
3-4
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'SE
(0) , which in turn reduces to the usual 4-dimensional

tion of the instanton with metrica2(r 0)gmn and cosmologi-
cal constantL453H0

2.
It should be noted that the one-brane 5-dimensional s

tions of the form~3.1! will in general be singular. Indeed
from Eq. ~3.2!, the non-vanishing components of th
5-dimensional Weyl tensor are given byCm

nrs5 (g)Cm
nrs ,

and therefore

C25 (g)C2/a4~r !.

Unless (g)C250 ~as is the case when the brane metric
conformally flat! this invariant diverges in the vicinity ofr
50. Of course, this singularity will not occur in the ca
with two branes. A similar divergence occurs in the Rand
Sundrum solution @4# when we substitute the fla
4-dimensional metric on the brane by any Ricci flat met
gmn :

ds25dy21a2~y!smndxmdxn, ~3.8!

wherea(y)5 leuyu/ l . In this case the divergence is at the Ad
horizon,y→`. An exception occurs in the case whensmn is
a 4-dimensional plane wave@17#. The reason is that plan
waves are null, and any invariant such as(s)C2 vanishes. In
the cosmological case,(g)C2 does not vanish even for lin
earized gravity waves. This applies to the zero mode
cussed in the previous section, which is therefore singula
the Rindler horizon. However, we do not believe that t
indicates any fundamental difficulty. The expansion
modes is just an instrument which is useful in order to fi
the Green’s function of the wave equation. For instance
the case of flat slices discussed by Randall and Sundrum
KK modes are singular on the AdS horizon, and yet
gravitational field created by isolated sources on the br
~which is computed by using the Green function of the wa
operator! is non-singular@6,18#.

Let us now consider the Schwarzschild–de Sitter solut
on the brane:

H22ds252F~R!dT21
dR2

F~R!
1R2dV (2)

2 . ~3.9!

HereF(R)5(12H2R222M /R) andM is a free parameter
For HM!1, the equationF(R)50 has three real solutions
One of them is negative and the other two are positive. T
two positive roots correspond to the black hole and cosm
logical horizons respectively. ForHM!1 the 5-dimensiona
solution is analogous to the ‘‘black string’’ described in@8#.
At large distances from the brane sinh(r/l)!(HM)21, the
physical size of the horizona(r )HM is much smaller than
the AdS radiusl. In this region, the horizon of the blac
string locally resembles a cylinder, which is entropically u
stable to fragment into an array of spherical horizons wh
in total have a larger surface area@19#.

If the parameterM in Eq. ~3.9! is increased, the black hol
horizon on the brane increases and the cosmological hor
decreases. The extremal case where both horizons hav
same size is the Nariai solution, which hasM5(3A3H)21
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andR5(A3H)21. The R,T coordinates become inadequa
in this case, sinceF tends to zero. It is customary to intro
duce a small parametere, defined by 27M2H25123e2, and
new coordinates (l,c) through l5eA3HT, A3HR5(1
2e cosc2e2/6). The black hole horizon is now atc50,
whereas the cosmological horizon is atc5p @20#. In the
limit e→0, one finds the Nariai solution

ds25
1

3
@2sin2cdl21dc21dV (2)

2 #. ~3.10!

Near this extremal case, the 5-dimensional solution is qu
tatively different from the black string. In fact, it appears
be much closer to the black cigar postulated in Ref.@8#. The
potentially unstable regimea(r )HM! l only arises forr ! l ,
where the ‘‘scale factor’’ behaves linearlya}r . In this re-
gion, the horizon does not look like a cylinder at all. In fac
the spatial section of the horizon closes off smoothly ar
50, and looks like Fig. 1, except that now the vertical circl
are 2-spheres rather than 4-spheres. Therefore, the usu
gument that the horizon should be entropically unstab
breaking up into small spheres, cannot be applied. Some
stability may still be expected near the tip of the cigar, ar
50, whereC2 diverges. We shall argue, however, that t
singularity at r 50 is rather mild, and may in fact be
smoothed out by quantum fluctuations. Note, in this conn
tion, that even for small zero mode perturbations near the
Sitter–brane solution, the invariantC2 diverges nearr 50.
Zero point fluctuations corresponding to these modes, h
ever, have finite action and will inevitably occur. Simila
fluctuations may be expected to smooth out the tip of
black cigar in the Nariai-brane solution.

As is well known, the 4-dimensional Nariai instanton c
be Euclideanized by making the substitutionl→ if in Eq.
~3.10!. The corresponding Euclidean solution is the prod
of two 2-spheresS(2)3S(2), and in the limit whenr 0@ l , its
action is given by Eq.~3.7! with V4

(g)5(4p/3)2 and r i5r 0:

SE
N'2

2p

3GH2 . ~3.11!

Interestingly, this is the same as the action of t
4-dimensional Nariai instanton with the same curvature
dius. For compact instantons,2SE coincides with the gravi-
tational entropy. Hence, as long as the size of the instanto
large compared with the ‘‘cutoff’’ scalel, the entropy of the
5-dimensional solution coincides with the entropy of t
brane world at the boundary. This is actually true for a
choice of brane-world geometry, and is perhaps the con
quence of a deeper holographic principle.

As mentioned above, the 5-dimensional instanton is s
gular atr 50. However, by introducing a boundary at som
small r, the Hawking-Gibbons boundary term

2
a4

8pG5
E AgKm

md4x5
3a3] ra

16pG5
V4

(g)

vanishes asr→0 ~hereK is the extrinsic curvature!. Hence,
this boundary does not contribute to the action. Since
3-5
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JAUME GARRIGA AND MISAO SASAKI PHYSICAL REVIEW D 62 043523
singularity is so mild, we believe that the Nariai-brane
stanton indeed represents a legitimate saddle point giving
main contribution to the pair-creation rate of ‘‘black cigars
attached to the brane world. This rate is obtained by ex
nentiating the difference between Eq.~3.11! and the action
for the de Sitter–brane solution:

SE
dS'2

p

GH2 .

This gives the usual 4-dimensional result@20# G;exp
(2p/3GH2).

In an alternative scenario, the singularity can be avoid
by introducing a membrane of negative tension, as m
tioned at the beginning of this section. For sufficiently lar
absolute value of the tension, the contribution of this sec
brane-world to the action will be negligible and we recov
Eq. ~3.11!.

Finally, we may speculate about the existence of ad
tional instantons describing the pair creation of black ho
during inflation. One reason to suspect the existence of s
instantons is that the black cigar on a flat brane has s
corrections with respect to the Schwarzschild soluti
whereas the instanton presented here has no such correc
with respect to the Nariai solution. However, it should
recalled that the mass of the black holes considered he
not arbitrary: it is related to the curvature of de Sitter a
some ‘‘miraculous’’ cancellation of the corrections may o
cur for this special value of the mass. Nevertheless,
should leave the door open to the possible existence of c
pletely non-singular solutions. If these existed, they m
have slightly lower action than the ones we have conside
here. However, even in this case we expect that their ac
would be very similar in the low energy limit~since in this
limit the action of our instanton agrees with the fou
dimensional Nariai action!.

IV. AdS BLACK HOLES AND THERMAL INSTANTONS

In this section we shall consider instanton solutions wh
the black hole is not on the brane, but in the bulk. We
sume a scalar field as the matter on the brane. Since
instanton is compact, we may interpret these configurati
as describing the birth of a brane world which contains
bulk black hole. An alternative interpretation is that th
give the probability for ‘‘pair’’ creation of bulk black holes
inside of a pre-existing inflating brane world, analogous
the creation of black holes in the presence of a domain w
in four dimensions@21–24#. This interpretation parallels th
one usually attributed to the 4D Nariai solution.

The most general form for the spherically symmetric E
clidean space in the bulk is the Schwarzschild-AdS soluti
given by

ds25A~R!dTE
21

dR2

A~R!
1R2dV (3)

2 . ~4.1!

Here
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A~R!511
R2

l 2 2
a2

R2 ,

where the parametera is related to the mass of the fiv
dimensional black hole. A spherial brane can be introduc
with trajectory given byR5R(tE), T5T(tE). Two identical
copies of the bulk bounded by this trajectory are glued at
brane. Choosing the parametertE to be the cosmologica
proper ‘‘time’’ on the brane, the equations of motion redu
to the Euclidean version of Eq.~2.11!,

2S Ṙ

R
D 2

52
1

R2 1
a2

R4 1S XE1
l 2

4
XE

2 D . ~4.2!

Here XE5(8pG/3)rE , with rE5V(f)2(1/2)ḟ2 and the
overdot indicates a derivative with respect totE . This equa-
tion should be supplemented with the equation of motion
the scalar field:

f̈13
Ṙ

R
ḟ5V8~f!. ~4.3!

Taking the derivative of Eq.~4.2! and using Eq.~4.3! we
obtain

2R̈5
2a2

R3 1RS XE1
l 2

4
XE

2 D14pGḟ2RS 11
l 2

2
XED .

Let f0 be an extremum ofV(f). Then, it is straightforward
to show that there is a static solution withf5f0 and

R0
252a25@2~X01 l 2X0

2/4!#21. ~4.4!

The effective tension of the brane is given bys5sc
1V(f0). Note that both the radius of the brane and the m
parametera are given in terms of the energy density on t
brane at the stationary point.

The bulk metric ~4.1! has a conical singularity in the
(R,TE) plane atR50, unless the the range of the ‘‘angular
variableTE is adjusted as

0,TE<b54p lim
R→R1

~R2R1!

A~R!
.

Here

R1
2 5

1

2
~ lAl 214a22 l 2!

is the black hole horizon radius. The temperature on
brane will be given by the inverse of the periodicity of th
proper time:

Tb5b21A21/2~R0!5
1

A2pR1

. ~4.5!

Hence the temperature felt by observers on the brane is
portional to the inverse of the black hole radius.
3-6
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The Euclidean action of the thermal instanton can be
culated along the same lines discussed in Sec. II, and
given by

SE52
p2R1

3

Gl
. ~4.6!

Note that this expression also follows from the area la
From the five-dimensional point of view, the entropy of th
system is due to the area of the AdS black hole, which
equal to 4p2R1

3 ~two copies of the black hole must be co
sidered!. SinceG55Gl, we have

Sbh52SE5area/4G5 . ~4.7!

Incidentally, the same argument can be applied to the
Sitter and Nariai instantons considered in the previous s
tions. There, the action is equal to minus one-fourth of
total area of cosmological and black hole horizons, in natu
units.

For a@ l , the black hole radius,R1
2 'a l , is much larger

than the AdS radius. In that case, the action of this instan
is much larger~smaller in absolute value! than the action of
the Nariai-brane instanton with the same value of the eff
tive brane tension~or 4-dimensional cosmological constan!.
Hence, the nucleation rate of bulk black holes would be v
suppressed compared with the nucleation rate of black ci
on the brane.

On the other hand, if the thermal instanton is interpre
as describing creation of a hot universe from nothing, it is
some interest to consider the evolution of this universe a
creation. This is described by the analytic continuation of
~4.2!:

S Ṙ

R
D 2

5
21

R2 1S 8pG

3 D r1 l 2S 4pG

3
r D 2

1
a2

R4 , ~4.8!

wherer is the density of matter on the brane. This is ve
similar to the usual Friedmann equation for the evolution
a 4-dimensional universe in Einstein gravity. The only d
ferences are the third and fourth terms on the right hand
of the equation. The third term is the correction at lar
densities which we had already encountered in Sec. II.
last term, which is due to the presence of the black hole
the bulk, behaves from the point of view of four dimensio
as an additional contribution to the matter density which
lutes like radiation.

The possible presence of an additional term which dilu
like radiation was noted in Ref.@11# for the case of spatially
flat cosmology. There, the analogue ofa appeared as an
integration constant of the equations of motion on the bra
As shown above, this term corresponds to the existence
black hole in the bulk@22,25,26#. In fact, any spherically
symmetric massive object in the bulk~or even a ‘‘massive’’
parallel brane world concentrical with ours! would cause the
same effect. This additional term does not arise in the cas
the maximally symmetric de Sitter–brane instanton. In pr
ciple it would be present if the universe was born via t
thermal instanton. However, since the universe must infl
04352
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after creation, it seems that in the post-inflationary epoch
most reasonable choice for the ‘‘integration constant’’
zero.

Recently, there has been much interest in the so-ca
AdS/conformal field theory~CFT! correspondence, a pos
sible duality relation between classical gravity in a five d
mensional AdS bulk and a conformal field theory residing
its boundary@27#. In this context, the last term in Eq.~4.8!
may be interpreted from the boundary theory point of vie
as the contribution of a true radiation bath of the conform
fields whose energy density isr r5(3/8pG)(a2/R0

4), whose
temperature isTb and whose volume is given by 2p2R0

3. The
entropy of such radiation bath is given by

Srad5
p2aR1

G
.

We note that fora@ l , this coincides with the entropy of th
5D bulk black hole given by Eq.~4.7!,

Srad~4D !'Sbh~5D !,

in agreement with the duality conjecture.

V. CONCLUSIONS

We have presented a quantum cosmological scenari
brane-world creation. In this scenario, not only an inflati
brane but also the associated 5-dimensional bulk space
is created from nothing. The quantum creation is descri
by the de Sitter–brane instanton which consists of two id
tical patches of anti–de Sitter space glued together by anS(4)

brane. The Euclidean action of the instanton is generally
ferent from that of the 4-dimensional de Sitter instanton
reduces to it if the de Sitter radius is large compared with
AdS curvature radius. We have found that the gravitatio
Kaluza-Klein modes have a mass gap in the spectrum
the continuous spectrum starts above the massm5(3/2)H,
whereH is the expansion rate during inflation.

We have also found that there is a family
5-dimensional solutions such that the metric on the bran
any solution of the 4-dimensional vacuum Einstein equati
with a cosmological constant. Unless the 4D metric is co
formally flat, these solutions are singular at the center of
AdS bulk. But the singularity is so weak that it does n
affect the value of the action at all~the singularity can also
be avoided by placing a negative tension brane at a sm
radius without altering the Euclidean action much.! Among
these solutions is the Nariai-brane instanton which has
topology ofS(2)3S(2) on the brane. We have argued that th
instanton describes the pair creation of black cigars thread
through the brane.

We have studied thermal instantons which contain an A
black hole in the bulk. These may either represent the c
ation of a hot universe from nothing or the pair creation
AdS black holes near an inflating brane. In the latter int
pretation, however, the nucleation rate of AdS black ho
would be very much suppressed compared with that of bl
cigars attached to the brane when the size of the instanto
larger than the AdS radius. The tidal forces exerted by s
3-7
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black holes on the brane manifest themselves as an a
tional term in the Friedmann equation which dilutes like
diation. In the spirit of the AdS/CFT correspondence, t
may be attributed to thermal radiation in the bounda
theory. In this case, for temperatures much lower than
AdS scale, the entropy of this radiation agrees with the
tropy of the black hole in the five dimensional theory.

The fact that the Euclidean action of brane instantons
duces to the corresponding 4-dimensional action in the
energy limit is reassuring. In particular, this suggests t
most of the predictions made in the standard 4-dimensio
quantum cosmological context are qualitatively valid also
brane-world scenarios. An exception may occur for inst
tons describing the creation of open universes from noth
@28#. These instantons are singular in four dimensions,
B
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therefore a different behavior of gravity at high densities a
short distances can make a difference in the Euclidean
tion. This case is left for further study.
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