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Structure and energetics of mixed*He-3He drops
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Using a finite-range density functional, we have investigated the energetics and structural features of mixed
helium clusters. The possibility of doping the cluster with a molecule of sulfur hexafluoride is also considered.
It is seen that the repulsion introduced by the impurity strongly modifies the properties of the smallest drops.
Although only a qualitative comparison is possible, the gross features displayed by our calculations are in
agreement with recent experimental finding30163-182€07)02438-1

[. INTRODUCTION of progerties of the homogeneous and inhomogeneous
liquid.*>1” Within LDF, a random-phase approximation cal-
Despite its considerable difficulty, the study of liquid he- culation of the collective spectrum of close shéle drops
lium drops has been a subject of great theoretical and experis 2/s0 availablé® FRDF results for open-shefiHe droplets
mental interest? Up to very recently, the major limitations Nas also been reportétiAs we have indicated, the theoret-
have been the experimental impossibility of selecting andc@l €ffort have been hampered so far by the lack of experi-

identifying clusters of a given size, or at least, within a nar-mental results on"l_—|e drops on one hand, and of a full mi-
row size distribution, and the fact that most experiment<croscopic theory, in contradistinction with tHéle case, on
were carried out offHey clusters. These issues prevented ath€ other hand. _ o .
sensible comparison with available calculations and rendered !N this work we present an investigation dfiley—Hey
academic some of the published theoretical studies, discouNd “Hen—"Hey+SFs drops, systems for which experi-
aging further investigations within the reach of theorists. mental results are becoming availabtePrevious _calfula-
The situation is rapidly improving. Better scattering de-tions were carried out for one’He impurity in “He
flection methods are now able to size-select large heliun§ifops: " In particular, in Ref. 20 a zero-range density func-
clusters® and molecular beam diffraction from a transmis- ional was employed to describe both tfide drop and the
sion grating seems able to do the same for small van detHe-*He interaction. However, it has been recognized that
Waals clusteré.The drops can then be analyzed and the datdunctionals of this kind are not accurate enough to deal with
compared with theory, a possibility that not long ago wasfinite-size effects, especially when the drop hosts an impurity
unthinkable. that provokes a strong density compression. These draw-
A field of emerging interest nowadays, is the analysis ofacks are removed by the inclusion of finite range interaction
pure and mixecBHe-*He clusters with doping atoms or mol- {€rms in the d_ensny functional; for this sake, in th_e present
ecules. The best studied systems 4t clusters doped with @Pproach we introduce a FRDF adequate to describe proper-
atomic impurities and SEmolecules(see Refs. 5-11, and €S of hghum mixtures, which is presented in Sec. I, to-
references therein The major outcomes of that body of gether with thPT method of calculation. The (esults fote
work are to have established the location of the impurity indrops doped with oné_He atom are presented in Sec. Ill, and
the bulk of the drop, and the fact that due to their low tem-1V for mixed drops. Finally, we draw our conclusions in Sec.
perature, which is around 0.4 K fdiHe? liquid drops pro-
vide useful ultracold matrices well suited for high resolution
molecular spectroscopy. That temperature is even lower in
the case ofHe, some 0.15 K2 in good agreement with the
predictions of Ref. 13. We consider that the total energy of a liquid-helium mix-
Concerning pure’He drops, the first systematic study of ture can be expressed as a density functional of their particle

their ground state properties was carried out by Pandhardensitiesps,p,4, and of the kinetic energy density of *He:
pande and co-workers using a variational Monte Carlo

(VMC) techniquet* and by Stringari and Treiner within a
local, zero-range  energy-density-functional (LDF)
approximationt® There are also two recent systematic calcu-
lations which make use of nonlocal, finite-range density +&d p3.pall,
functionals(FRDP built so as to reproduce a large number where

Il. THE FINITE-RANGE DENSITY FUNCTIONAL
FOR MIXED HELIUM DROPS

Elps,73,p4]= f dr{€ps.pal+ Elps.T3.p4]

@
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TABLE |. Parameters of the density functional.

n

! n ! n
b, cy Cy bs C3t+C;3 C3 V3

(KA?) (K A®) (K A®) (K A3 (K A3+7s (K A3+ 73y

—-718.99 —2.41186<10* 1.85850<10° —684.676  1.5537910° —3.5x10° 2.1251

b3y C3a Y34 ag Pos P3c Pac

(K A3) (K A3* 73 (K~TA3) A3 (A3 (A3
—662.8 4.5¢10° 2.6565 54.31 0.04 0.0406 0.062
€Ly hs hy has o3 T4 O34

K) A) A) A) A) A) A)

10.22 2.11311 2.190323 2.176374 2.46 2.556 2.5455

2 — (- .. In addition, Vi(Jr—r’|) (i=3, 4 or 39 is a finite range
— 2 7 7 ’ i ’
Elpz.pal= 2_m4(v Vpa(r))“+ zf dr’pa(r)Vu(lr=r']) interaction consisting of a Lennard-Jor&s) potential with

truncated core
o 12 o 6
T T

0 otherwise )

~ 1 - .
X pa(T7)+ 5Cipa(N)po(1) + pa1)]?

Vi(r)=4e,

if r=h,

1 . .
+§CZP4(")[P3(")+P4(V)]3

h? . pa(r) andF(|[r—r’|) is a Gaussian kernel with dispersibrequal
—4—rn4as dr F(|r—r |) 1- Dos to unity:
- = pa(r’) 1 2
XVpa(r)- Vpa(r7)| 1= = } 2) F(r)=—5ze """, (8)
Pos 4

42 L which is also used to define the other averaged density en-
53[[)3,7'3,[)4]: 2_*73+ Ef dr’pa(r)V3(|l’—r’|)p3(r’) ter|n954.
m3 o L o
. p4<r>=fdr'p4<r'>F<|r—r'|>. ©)
+5Ca05(NLpa(N) + pa(r)]” _ _
&, reduces to the Orsay-Trent®T) density function&f set-
1 . ting p3 to zero.&; and &, are finite-range generalizations of
+ Ecgpg(r)pg,(r)y?», (3) the density functional introduced in Ref. 28ee also Ref.
24), from where we have also taken the parametrization of
the effective mass ofHe, which was selected so as to fit the

- - - = — experimental data presented in Ref. 25:
534[p3,p4]}=f dr'pa(r)Vag([r—r'[)pa(r’) P P

o — 2 %[ by pal
+ Caapa(Npa(NLps(r) + pa(N]7. (4) R I (10
3

In these expressionﬁf) for i=3,4 is an averaged density

. The use of the OT functional makes it necessary to read-
given by

just the value of some of the original parameters entefing
and&;,. We have also changerh from its standard value to
—A— o iy exactly reproduce the experimental surface tension of liquid
pi(r)_f dr'pi(r)wi(Jr=r'}), ®  5he tr)1/at (?therwise wouldphave been some 10% higher.the
size of the vanishing LJ cords in Eq. (7) has been fixed as
where indicated in Ref. 24 and the remaining parameters so as to
get the best possible fit to the maximum solubility ®f 3He
. into liquid “He, the excess volume coefficient and the os-
5 if [r]<h;, motic pressure at various pressures between 0 and 20 atm for
4ah; the liquid helium mixtures, together with the surface tension
of the *He-*He interface at zero temperature and saturation
0 otherwise. (6) pressure. The set of coefficients of the whole density func-

wi(|r]) =
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FIG‘_ 1. The maximum solubility ofHe "_T[O liquid 4He in % as FIG. 3. From bottom to top the curves respectively represent, in
a function of pressure in atm. The experimental points have beeR, the chemical potentiaj,, the energy per particl€,/N,, the
taken from Ref. 32. single particle energies of states, 1Lp, 1d, 1f, 2s, and 3 of one
3He atom, as functions dfl in *Hey clusters. The squares corre-
tional (1) is given in Table I. In this table, the quantiby is spond to the & energies reported in Ref. 20.
the volume integral of the corresponding LJ poteffial

2

R . Ru(r) .
o= [ divi(i). an P02 IO 2 FrYm®] 02
N3
Altogether, we have achieved an accurate description of TS(F):JZI |V¢1(F)|2- (13

the above mentioned thermodynamical properties of the mix-

ture and its interfaces. For the sake of an example, we show The diagonal part of the center-of-mass correcfidras

in Fig. 1 the maximum solubility, and in Fig. 2 the surface peen taken into account making the following substitutions
tension of the®He-*He interface as a function of pressure. iy the kinetic energy terms:

These two magnitudes were only roughly described

previously?3 n? o n? 1
For a cluster made of given number of atoms of each type 2m; - 2m,| 1- Na+ (M, /mz)N, ) (14)
N, and N3, their structure and energetics result from the
solution of the coupled Hartré®and Hartree-FoK equa- B2 w2 1
tions corresponding to each isotope, easily deduced from Eq. 2m4_> 2y 1- N4+(m3/m4)N3)' (15

(1).227|n the case of’He, the particle and kinetic energy
densities are obtained from the single particle wave function@s in previous investigations concernintHe drops/,®%°
¢j(F) when we consider the possibility of the cluster being doped
with sulfur hexafluoride, the molecule is regarded as an ob-
ject with infinite mass located at the coordinate origin and
providing an external field to all helium atoms. The potential
for the spherically averaged $fHe potential, which should
1.57 be added to either single particl8P mean field, is taken
from Ref. 28.

1.0 Ill. SYSTEMATICS OF A SINGLE 3He ATOM
IN PURE AND DOPED “He DROPLETS

0.5 - As we add one singléHe atom to a giverfHe cluster, a
variety of energetic features can be investigated as a function
of the number of particles in the droplét,. After self-
0.0 ' A s consistently determining the energy per partiElg/N, and
o Catm the chemical potentigk, of the “He atoms, the peculiarities

of the ®He spectrum depend upd, as visualized in Figs.

FIG. 2. The surface tension of thitle-*He interface as a func- 3—6.

tion of pressure in atm together with experimental data from In Fig. 3 we display the single particle energies of the four
Ref. 33. lowest lying levels of this spectrum, as well as those of the
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FIG. 4. From bottom to top the curves respectively represent, in FIG. 6. Same as Fig. 5 fdtHey+SF;

K, the chemical potentigk,, the energy per particle,/N,, the SP
energies of statess] 2s and 3 of one *He atom, as functions of

theN in doped*Hey+SF; clusters. The dashed line corresponds tocurrent value is reasonably close to the energy of the An-

the 1s energy of the>He atom in the pure droplets.

next two highers states, as functions dfl,. The squares

dreev state, namely,,=(—5.00+0.03) K2° Notice that in
Ref. 20, the corresponding values atrg=—5.44 K and
C=09.8 K, and that the variational Monte Carlo calculation

indicate the % energies presented in Ref. 20. For complete-Of21 yields e~ —4.90 K. It is also apparent from this figure
ness, we plot as well the energy per particle and chemicdhat as the size of théHe cluster increases, the spectrum of
potential of the host cluster. We can realize that the preserthe *He atom becomes rather independent of the orbital
FRDF is more repulsive ofHe atoms than the zero-range quantum number. The rate of degeneracy is higher for states
one employed in Ref. 20; this feature also shows up when weith radial quantum number equal to unity; this tendency can

fit the trend ofe ;s to a mass formula of the type

C
815280+ —1/3, (16)
4
with 9 = —4.81 K andC=8.44 K?° These parameters have
been obtained including drops as largehNas= 10%. Repre-
sentinge, the chemical potential of théHe atom on the
surface of liquid*He at zero pressure, we observe that th

1.2

o
2
x 9.9

FIG. 5. The radial probability densiffr,(r)|? of the He atom

e

be confirmed examining the corresponding wave functions
and their mean square radius, which become almost coinci-
dent when the drop contains a few hundreds of particles.
This degeneracy reflects the physical fact that in the limit of
a large drop, the surfacdHe states would no longer be ad-
equately characterized by an angular momentum quantum
number, but rather by a linear momentum parallel to the free
surface, whose multipolar decomposition will in practice
need a large superposition of partial waves.

An interesting property, already observed by Dalfé%is

that as the number of nodes of thide radial wave functions
increases, the corresponding probability densitRs(r)|?

drift towards smaller rms radii; in particular, we find that
while |R4(r)|? remains centered at distances slightly larger
than the rms radius of the cluster, at least for the valués,of
here considered, thes3vave functions penetrate the drop if
N, is above 200.

Figure 4 is similar to the former fotHe drops doped with
SFg, but only the energies of states are shown, since the
energies of the lowest lying levels rapidly become degen-
erate as théHe drop grows above a few tens of particles. In
this case we appreciate that the distortion of the SP potential
provided by the external field associated to the molecular
impurity is important for the smallest drops, namely, fy
below 300. This behavior was observed in Ref. 31 in con-
nection with the systematics of pure and doféte clusters;
for the sake of additional comparison, the 1s energy of the
3He atom in the pure droplets is displayed in dashed lines,
showing thate s is insensitive to the presence of the SF

in “Hey, as a function of the distance to the center of the droplet for molecule for these large values Mf,. In this case, we ob-
from left to right, N,=8, 20, 40, 70, 112, 168, 240, 330, 500, and Serve that in the same range of drop sizes, the molecular field

728.

strongly binds the’He atom and at the same time, it lowers
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FIG. 7. The densitiep,(r) (A~3) of the 4I3—|e70 drop forN;=8 FIG. 9. The densitiesrs(r) (A~3) of the *Heys drop for
(full line) and 72(dashed ling andpg(r) (A~3) for N;=8, 18, 32, N5 =18 (full line) and 288(dashed ling and ps(r) (A ~3) for N4
and 72 from bottom to top, as functions ofA). =18, 128, and 288 from bottom to top, as functiong qfd).

and compresses the whole spectrum to a significant amouny, the |eft of the corresponding one in the pure cluster, whose
The effect of the SF potential on the®He systematics dis- height it moderately exceeds, remaining more concentrated.
appears foN, above 300, due to the fact that at the distances=or N, larger than 300, the probability densities are very
where the wave functiong;(r) concentrate, the molecular similar, indicating that the presence of the molecular impu-
potential is almost vanishing. The source for thée poten-  rity has little influence on théHe surface stateéAndreev
tial is the densityp,(r), which at these radii is also rather states. It is worthwhile noticing that the accuracy of this
insensitive to the presence of the impurity. type of calculations has been recently found comparakde

In Fig. 5 we show the radial probability dens|i,4(r)|2,  that of variational descriptions of small clusters of liquid

as a function of the distance to the center of the droplet for'He?

different N,. Figure 6 displays the same quantity for the

corres_ponding doped drops. A comparison Qf these two pic— IV. THE CASE OF PURE AND DOPED “He DROPLETS

tures indicates that for the smaller drop sizes th_e foreign WITH VARIABLE NUMBER OF 3He ATOMS

molecule not only prevents thiHe atom from reaching the

central region, but compresses the whole pattern. For every As a case of study, in this section we shall concentrate our
N,, the 3He atom is pushed towards smaller radii; we cananalysis on twdg'He clusters of rather different size, namely,
also observe that for théHe,, drop, two peaks have devel- N,=70 and 728. In Fig. 7 we show the densitjggr) and
oped and the outer one becomes the most important as thg(r) for differentN5 values between 8 and 72, as functions
drop size keeps growing. Fdt,=112 the peak lies slightly of the radial distance, for théHe,, drop. The number of

@.10 2.10
) )
o <C o <C
[¢] [¢]
o S
-~ +
~ 0.05 ~ 0.05
< c
] 0]
Q Q
/\
0.0 T 1 0.0
Q 10 o 20 Q 1@ 20 o 30
r CA) r CA
FIG. 8. The densitiep,(r) (A ~3) of the *He,, + SF5 drop for FIG. 10. The densitiep,(r) (A ~3) of the *He;,5 + SFs drop

N5;=8 (full line) and 72(dashed ling andps(r) (A ~3) for N;=8,  for N;=18 (full line) and 288(dashed ling and ps(r) (A ~3) for
18, 32, and 72 from bottom to top, as functionsrofd.). N;=18, 128, and 288, from bottom to top, as functions ¢f).
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TABLE II. Energetics of mixed dropsN,=70 pure(columns  “He, —2.49 and—7.15 K, respectively. These facts can be

2-4) and doped with Sf(columns 5-7. visualized in Table I, where we show the total energy per
particle and the chemical potentials tfie and3He for pure

N3 E/(N3+Ng) ws  pz E/(NgtNg) s ps and doped*He, clusters as functions dfi;. Table Il con-

(K) K (K (K) K (K tains the same quantities f@He;,g drops. Observing these

0 —297  —417 1295 —546 pehaviors we reglize that the presence of an impurity modi-
fies the energetics to an important amount in the cluster

8 306 _ 435 —268 —12.72 —538 —3.28 N,=70, p_rowdmg stronger binding in all the cases here
shown; this effect, however, becomes less significant for

18 -300 445 -250 -—11.62 -539 —3.13 larger number ofHe atoms.

32 —2.92 —-4.60 —2.47 —10.42 —5.49 —-2.96 V. SUMMARY

50 —-281 —-480 —-229 —-925 —-563 —2.68 In this work we have performed a detailed study of the
energetics and structure of mixetHe-*He clusters, either

72 —2.68 —-5.05 —2.08 -8.16 -580 —2.31 pure or doped with a SFmolecule. For this sake, we have

used a new density functional that improves previous de-
scriptions of liquid helium mixtures and that through the
®He atoms has been chosen so as to fill a shell of theiexplicit incorporation of finite-range interaction terms, pro-
single-particle spectrum. Figure 8 shows the same magnisides a good adjustment of the surface tensions of’tie
tudes for the clustefHe;, + SFg. We may notice in these and “He free surfaces and of thtHe-*He liquid interface.
two pictures a slight tendency gfs(r) to penetrate more We have considered, on the one hand, the type of spectrum
deeply into the pure host cluster. It should be remarked thaind ground-state wave functions that a pure or a ddjpéel
whatever the value dfl3, the densityp; remains peaked at drop furnishes to onéHe atom, and on the other, the density
the surface of the*He,, drop; we can observe as well a configurations of pure and doped clusters with various num-
slight inward compression of this surface as fitée bubble  bers of atoms of each clagsg andN,.
grows larger. In Fig. 8, an inner peakgg that insinuates for In accordance with Refs. 20 and 21 the present investiga-
high N5 may indicate the attraction of the lofHe density in  tion shows that a singl€éHe atom immersed into &He
the dip of the drop profile, intending to build a new cluster has a SP spectrum whose lowest energy state
“Andreev-like” state. Up to the largesN; value we have smoothly approaches the Andreev state in the liquid-free sur-
considered for this cluster, namely, 72, we have not foundace; in this context, adding the molecular impurity modifies
any evidence of the'He atoms diluting in the bulk of the the structure and the energetics of these SP states only for the
drop. smallest numbersl,. Increasing the number ofHe atoms
Figures 9 and 10 are the same as Figs. 7 and 8 fogives rise to interesting structural features, one of which is
N,=728. It is clear that in any configuration, the densitythat 3He atoms locate on the surface of thide cluster re-
p3(r) definitely sits at the surface of the drop even for thegardless the particular combinatioN{, N,), at least up to a
largest configuration we have studied. It is also clear that théew hundreds of atoms of either class. Taking into account
larger the hosting*He drop, the larger its surface and con- that the structure of liquid mixtures, for concentrations above
sequently, the higher the number dfe atoms it may ac- the maximum solubility of*He in “He, corresponds to an
commodate. The above mentioned compressional effect irhomogeneous®He-*He solution plus a segregated phase
duced by the latter on the bosonic cluster is also present. consisting of pure®He, it is apparent from the present cal-
Concerning the energy systematics of these systems, tlmilations that much larger amounts of atoms are needed to
major characteristics we report are that increasing amountgisualize the onset ofHe dilution.
of 3He atoms introduce important attractive contributions As a final remark, we would like to stress the fact that
into the chemical potential of théHe atoms, and repulsive recently, large*He drops containing a small fraction 8He
ones in the chemical potential 8He atoms. Also, the drops atoms and doped with sulfur hexafluoride have been pro-
become less bound as we incredieat fixedN,. Thisis due  duced and mass analyzEdExperimental data and determi-
to the energy per particle difference between ligide and  nation of the rotational constants for the Sépectra indicate

TABLE Ill. Energetics of mixed dropsN,= 728 pure(columns 2—3#and doped with Sf<(columns 5-7.

N3 E/(N3+Ny) (K) wa (K) us (K) E/(N3+N,) (K) g (K) ws (K)
0 -5.16 —5.80 -6.30 —5.80

18 -5.14 ~5.80 —3.86 ~6.24 —5.81 —3.87
128 —-4.94 —5.89 —3.40 —5.90 —5.89 -3.40

288 —4.63 —6.08 271 —5.44 —6.08 —2.70
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