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Abstract—Vibration isolation is one of the most prominent 

characteristics of elastic metamaterial with negative effective 

mass. In this work, we show that a carbon nanotube filled with 

a linear mass chain can behave like an elastic metamaterial 

with negative effective mass density and exhibit remarkable 

vibration isolation phenomena within a certain frequency 

range. 
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I. INTRODUCTION 

 Elastic metamaterials characterized by negative effective 
mass and/or negative effective modulus have attracted 
considerable attention [1-3]. It has been shown that the 
negative effective mass/modulus of elastic metamaterials are 
essentially attributed to their internal degrees of freedom, 
particularly so-called “locally resonant” microstructure [4, 5]. 
Inspired by an idea that a carbon nanotube (CNT) filled with a 
mass chain [6-8] could offer an already fabricated and available 
metamaterial with locally resonant microstructure, the present 
work aims to investigate filled carbon nanotubes as a potential 
new kind of elastic metamaterials. Unlike the known elastic 
metamaterials proposed in literature which are all based on 
often complicated artificial design of their microstructure, the 
carbon nanotube-based metamaterials proposed in the present 
work can exhibit negative effective mass and achieve desirable 
metamaterial dynamic properties even without any artificial 
design of their microstructure. 

II. CONTINUUM MODELING 

Fig.1 shows the schematic of a single-walled CNT filled 
with a linear C-chain. The CNT is modeled as an elastic beam 
of length L, diameter d, bending rigidity EI, mass density ρ1 
and cross section area A1. The inserted C-chain is treated as an 
elastic string of mass density ρ2 and cross section area A2 but 
with no meaningful bending rigidity. Thus, the coupled 
governing equations for the filled CNT can be written as [7]  
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where w1 and w2 are the transverse deflection of the CNT and 
the C-chain, respectively, t is the time and c is the van der 
Waals interaction coefficient (per unit length) between the 
mass chain and the CNT. 

Figure 1 schematic of a single-walled CNT filled with a linear 

C-chain 

 

Substituting Eq. (1) into Eq. (2), the governing equation of the 

filled CNT for the deflection w1 can be obtained as 
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which is of the standard form of dynamic equation for a 

metamaterial elastic beam with negative effective mass 

density within a certain range of frequencies. To see this, let 

us consider a periodic harmonic motion w1(x, t)=f(x)exp(iωt), 

where f(x) is the mode shape function, i denotes the imaginary 

unit and ω represents the frequency. Substituting w1 into Eq. 
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(3), the effective mass density of the filled CNT can be 

obtained as the following form: 
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It is clearly seen that the effective mass density become 
negative when the frequency is within the bandgap 
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It is noticed that the values and order of magnitude of this 

"metamaterial" bandgap are determined by the van der Waals 

interaction coefficient c and the mass of the inserted mass 

chain, and the bandgap can be wider if the mass of inserted 

chain is not very small as compared to the mass of the CNT. 

III. FORCED VIBRATION DRIVEN BY PERIODICALLY 

VIBRATING ENDS  

      Consider forced vibration of a hinged filled CNT driven by 
periodically vibrating ends: w1=δsinωt at x=0 and x=L, where δ 
is the amplitude of the vibrating ends. The stimulated steady 
state forced vibration of the filled CNT is of the form  
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where ak (k=1,2,3,⋯) are some real constants. Substituting Eq. 

(6) into Eq. (3), and using the Fourier series expansion 
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where the coefficients ak are to be determined. Thus, forced 

vibration of the hinged filled CNT driven by two periodically 

vibrating ends can be evaluated. To demonstrate this, a (5, 5) 

CNT filled with a linear C-chain is considered. The material 

and geometrical properties of the CNT are taken as: Young's 

modulus E=1TPa, mass density ρ1=2200 kg/m3, and single-

walled thickness h=0.34nm.  

The bandgap of the C-chain filled (5, 5) CNT is (ω0, 

1.05ω0), where ω0 is the lower-edge frequency=3.09THz. 

What plotted in Fig. 2 is forced vibrational modes of a C-chain 

filled-CNT driven by two periodically vibrating ends for 

excitation frequencies within the bandgap. It is seen that when 

the excitation frequency is within the bandgap, the forced 

vibrational mode is highly localized near the two vibrating 

ends but is vanishingly small in all other parts of the filled 

CNT, in sharp contrast to other excitation frequencies out of 

the bandgap for which the forced vibrational mode always 

spreads into the entire filled CNT. Therefore, a filled CNT 

indeed exhibits remarkable vibration isolation when it is 

excited by its periodically vibrating ends. 

 
Figure 2 Forced vibrational mode shape of a filled CNT under 

different excitation frequencies (L=10d). 

 

IV. CONCLUSIONS 

     A carbon nanotube filled with a mass chain can behave like 

a metamaterial with negative effective mass and exhibit 

remarkable vibration isolation within a certain frequency 

range without any artificial design of their microstructure.  

When the excitation frequency is within the bandgap, the 

forced vibrational mode of a filled carbon nanotube driven by 

periodically vibrating ends is highly localized near the two 

vibrating ends but is vanishingly small in all other parts of the 

filled CNT. 

ACKNOWLEDGMENT 

      Lu thanks the support from the China Scholarship Council 

(CSC) and Ru appreciates the support from the Natural 

Science and Engineering Research Council of Canada 

(NSERC-RGPIN204992). 

REFERENCES 

 
[1] Liu ZY, Zhang XX, Mao YW, Zhu YY, Yang ZY, Chan CT, Sheng P. 

Locally resonant sonic materials. Science 2000; 289:1734-1736. 

[2] Liu YQ, Su XY, Sun CT. Broadband elastic metamaterial with single 
negativity by mimicking lattice systems. J Mech Phys Solids 2015; 
74:158-74. 

[3] Chen YY, Hu GK, Huang GL. A hybrid elastic metamaterial with 
negative mass density and tunable bending stiffness. J Mech Phys Solids 
2017; 105:179-198. 

[4] Liu ZY, Chan CT, Sheng P. Analytic model of phononic crystals with 
local resonances. Phys Rev B 2005; 71:014103. 

[5] Milton GW, Willis JR. On modifications of Newton's second law and 
linear continuum elastodynamics. Proc R Soc A 2007; 463:855-80. 

[6] Zhao XL, Ando Y, Liu Y, Jinno M, Suzuki T. Carbon nanowire made of 
a long linear carbon chain inserted inside a multiwalled carbon nanotube. 
Phys Rev Lett 2003; 90:187401. 

[7] Hu ZL, Guo XM, Ru CQ. The effects of an inserted linear carbon chain 
on the vibration of a carbon nanotube. Nanotechnology 2007; 18:485712. 

[8] Hu ZL, Guo XM, Ru CQ. Enhanced critical pressure for buckling of 
carbon nanotubes due to an inserted linear carbon chain. 
Nanotechnology 2008; 19:305703. 

 


