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Zusammenfassung

Zusammenfassung

Eine seit den Anfangen der Operatortheorie bekannte und bis heute bedeutsame Klasse
von Operatoren sind die so genannten Toeplitz-Operatoren. Klassischerweise sind dies
beschrinkte Operatoren auf dem Hardyraum H?*(B), der aus den auf dem Einheits-
kreis B holomorphen Funktionen mit quadratintegrierbaren Randwerten besteht. Der
Toeplitz-Operator zur Symbolfunktion f ist dann Ty = EME, wobei My der Multipli-
kationsoperator mit f sei und E den orthogonalen Projektor auf H?(IB) bezeichne.

Ist nun 7 die von den Ty erzeugte C*-Algebra, so besagt das klassische Theorem von
Gohberg-Krein, dass der Quotient von 7 nach dem Ideal der kompakten Operatoren die
Symbolalgebra ist. Dies ist interessant, weil sich die nicht-kommutative Operatoralge-
bra 7 klassischen spektraltheoretischen Methoden zunéchst verschliefit. Anwendungen
findet der Satz in der Indextheorie von Fredholmoperatoren.

Der Satz von Gohberg-Krein ist vom Einheitskreis auf den Fall so genannter beschrank-
ter symmetrischer Gebiete verallgemeinert worden. Der entsprechende Hardyraum ist
dort auf einem minimalen Teil des Randes, dem Shilovrand, realisiert. Das Hauptresul-
tat, das im allgemeinen Fall auf Upmeier zuriickgeht, besagt, dass an den Platz der kurz-
en exakten Sequenz eine Kompositionsreihe tritt, deren sukzessive Quotienten bestimmt
und geometrisch interpretiert werden konnen. Die Lange des Sequenz entspricht dabei
der Lange des Facettenverbands des betrachteten (konvexen) Gebiets, welche wiederum
durch eine fundamentale geometrische Invariante, den Rang, beschrieben werden kann.
Im Einheitskreis kommen als Facetten nur die Extremalpunkte vor.

In dieser Arbeit wird die Rolle des Shilovrands von einer beliebigen (nicht-kompakten)
Liegruppe G Hermiteschen Typs eingenommen. Das entsprechende (nicht-homogene)
Gebiet ist die so genannte Ol’shanskii-Halbgruppe, die im Rahmen des Gel fand-Gindi-
kin-Programms konstruiert wurde. Der zugeordnete Hardyraum kann als die Summe
aller Darstellungen der holomorphen diskreten Reihe beschrieben werden, so dass die
harmonische Analyse der Gruppe G eine bedeutende Rolle spielt.

Letztendliches Ziel ist es, die Konstruktion einer Kompositionsreihe der Toeplitz C*-
Algebra in diesem Rahmen zu verallgemeinern. Dazu wird eine geometrische Stratifizie-
rung des Ol’shanskii-Gebiets entwickelt. Weiterhin wird die harmonische Analyse des
Hardyraums und der Gruppe G, sowie die mikrolokale Analysis der Szegd-Projektion
E im Hinblick auf den Ubergang zu Randkomponenten des Gebiets untersucht. Dabei
werden Resultate zur Wellenfront des Faltungskerns dieser Projektion sowie zur Ein-
bettung reduzierter Spektren (im Sinne der abstrakten Fouriertransformation) erzielt.
Schliefslich werden operatortheoretische Methoden, die die Anwendung dieser Ergeb-
nisse auf das Problem der Konstruktion einer Kompositionsreihe erlauben, in der ent-

sprechenden Allgemeinheit bereitgestellt.

Es folgt eine ausfiihrliche deutsche Einleitung zu dieser Arbeit.
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Klassischerweise betrachtet man in der Theorie der Toeplitz-Operatoren den Einheits-
kreis B in der komplexen Ebene C . Toeplitz-Operatoren sind dann beschrankte Opera-
toren auf dem Hardyraum H?(B) C L?*(T), der aus den L?>-Randwerten von auf dem
Einheitskreis holomorphen Funktionen auf der Kreislinie besteht. Sie werden in natiir-
licher Weise mit Hilfe der Szego-Projektion auf H?(IB) definiert.

Hauptgegenstand mathematischer Analyse ist nun die C*-Algebra 7, die von der Ge-
samtheit aller Toeplitz-Operatoren mit stetigem Symbol erzeugt wird. Typischerweise
sind in dieser Algebra enthaltene Operatoren nicht normal, so dass der gewdhliche
Spektralsatz zu ihrer Untersuchung nicht anwendbar ist. Um die Spektraltheorie die-
ser Operatoren zu verstehen, miissen weitaus elaboriertere Methoden zur Anwendung
gebracht werden.

Der Hauptsatz tiber die Toeplitz-C*-Algebra 7 geht auf Gohberg-Krein [GK58] zuriick:
Es gibt eine kurze exakte Sequenz

0 — K(H*(B)) - 7 — C(T) =0,

welche sich sogar an 7 aufspaltet: die Symbolabbildung definiert eine einseitige Um-
kehrung der kanonischen Projektion auf C(T) . Insbesondere stimmt das Kommutator-
ideal von 7 mit dem Ideal der kompakten Operatoren iiberein und das Spektrum von
T ist als der nicht-kommutative Raum T U pt vollstandig bestimmt.

Von grofierer Bedeutung ist, dass diese kurze exakte Sequenz es erlaubt, méchtige ope-
ratortheoretische Werkzeuge — wie etwa die K-Theorie von Operatoralgebren — auf
solche Probleme wie Fredholm-Kriterien anzuwenden, die fiir normale Operatoren klas-
sischerweise mit Hilfe des Spektralsatzes angegangen werden wiirden. Solchen Uberle-
gungen entstammt der Indexsatz von Gohberg-Krein, ein (nicht-triviales) Korollar der
obigen kurzen exakten Sequenz.

Fiir den Fall der oberen Halbebene (anstelle der Einheitskreisscheibe) erhilt man ganz
dhnliche Resultate. Den Toeplitz-Operatoren auf diesem Gebiet entsprechen die so ge-
nannten Wiener-Hopf-Operatoren auf der positiven Halbgeraden. Die Korrespondenz
ist hierbei durch die euklidische Fourier-Laplace-Transformation gegeben.

Eine naheliegende Verallgemeinerung der obigen Theorie in einer Verdnderlichen be-
steht darin, statt der Einheitskreisscheibe die euklidische Einheitskugel in C" zu be-
trachten (die ‘Hilbertkugel’), oder auch Produktgebiete wie den Polyzylinder. Die er-
stere Situation (die von Coburn [Cob74] betrachtet und von Raeburn, Janas und Ve-
nugopalkrishna fiir pseudokonvexe Gebiete mit glattem Rand verallgemeinert wurde)
liefert allerdings keine neuen Ergebnisse. Dies liegt in der geometrischen Tatsache be-
griindet, dass die euklidischen Einheitskugeln wie im Falle einer Verdnderlichen einen
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glatten Rand besitzen. Anders gesagt haben sie als konvexe Mengen nur einen Typ von
Facetten, namlich die Extremalpunkte. Der Fall von Produktgebieten ist schwieriger, da
Tensorprodukte von Fredholmoperatoren in der Regel nicht mehr Fredholm sind. Die in
diesem Fall von Douglas-Howe [DH71] erzielten Ergebnisse sind eher vorldufiger Natur
(wie die beiden Autoren selbst einrdumen).

Eine viel tiefere Theorie ergibt sich, wenn man stattdessen die Klasse der beschriink-
ten symmetrischen Gebiete betrachtet. Dies sind konvexe, zirkulare Gebiete, welche ei-
ne (nicht-triviale) Darstellung als Einheitskugeln beziiglich einer Art verallgemeinerter
‘Operatornorm’ besitzen. Ein typisches Beispiel ist die Matrixkugel, die aus komplexen
n X n-Matrizen u besteht, so dass der Spektralradius von u*u echt kleiner Eins ist.

Durch Nachahmung der Konstruktion im Fall des Einheitskreises erhdlt man fiir allge-
meine beschrankte symmetrische Gebiete B wiederum einen Hardyraum H?(B) . Dieser
ist ein abgeschlossener Unterraum von L? , jedoch diesmal nicht des vollen Randes, son-
dern nur des Shilov-Rands S . Letzterer ist der minimale ‘Rand’, fiir den das Maximum-
prinzip Giiltigkeit behélt, d.h., Randwerte holomorpher Funktionen bestimmen diese
im Inneren vollstindig. Sobald der Hardyraum definiert ist, ist es ein leichtes, eine C*-
Algebra von Toeplitz-Operatoren zu definieren.

Die Gebiete B haben eine reiche konvexe Geometrie: Sie besitzen r Typen konvexer Fa-
cetten, wobei r eine fundamentale Invariante des Gebiets B darstellt, den Rang. Der Fall
r = 1 entspricht dabei den Gebieten mit glattem Rand. Jeder der Facetten B; vom Typ
j ist ein beschranktes symmetrisches Gebiet vom Rang r — j. Die Gesamtheit der Fa-
cetten gleichen Typs j bildet einen ‘partiellen Rand” d;B des Gebiet B. Der Shilovrand
entspricht, als Menge aller Extremalpunkte, gerade dem Fall j = r.

Da jede Facette B; selbst wieder ein beschréanktes symmetrisches Gebiet mit einem Shi-
lovrand §; ist, kénnen ein Hardyraum und eine Toeplitz-C*-Algebra fiir jede dieser
Facetten definiert werden. Natiirliche Kandidaten fiir nicht-triviale Darstellungen sind
nun dadurch gegeben, dass man dem Toeplitz-Operator vom Symbol f den Toeplitz-
Operator vom Symbol f | S; (Einschrankung auf einen der Shilov-Rénder S;) zuordnet.
Es ist hochst nicht-trivial, dass dies eine Darstellung der C*-Algebra 7" wohl definiert.

Indes gilt sogar mehr: Jede irreduzible Darstellung von 7 ist durch Einschrinkung auf ei-
ne der Facetten B; gegeben und jede solche Facette induziert eine irreduzible Darstellung
der vollen Toeplitz-C*-Algebra 7 .

Indem man die Kerne der zu den Facetten B; eines festen Typs j assoziierten Darstellun-
gen schneidet, erhélt man ein Ideal I jvon T . Diese Ideale stehen wie folgt in Beziehung;:
Die aufsteigende Kette

0aly=KMH*B))ah< - <L, 1<l,=[T,T|<4T =L
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bildet eine Kompositionsreihe der C*-Algebra 7 , deren sukzessive Quotienten gerade
Iiz1/1; = C(M;) @ K(H*(B;))

sind, wobei M; die kompakte Basis eines dem partiellen Rand 9;B zugeordneten Fa-
serbiindels ist. Insbesondere ist 7 vom Typ I, genauer, auflosbar der Léange r im Sinne
von Dynin. Das Spektrum kann aus der Kompositionsreihe bestimmt werden. Weiter-
hin kann eine Indextheorie fiir Toeplitzoperatoren auf der Basis dieses Satzes entwickelt
werden.

Das obige Resultat wurde im Falle eines gewissen Gebiets vom Rang 2 (der Liekugel) von
Berger, Coburn und Koranyi [BC79, BCK80] erzielt, wiahrend der allgemeine Fall voll-
standig auf Upmeier zuriickgeht [Upm84, Upm96]. In eine andere Richtung wurde die
Theorie einer Veranderlichen von Boutet de Monvel verallgemeinert, der u.a. den Fall
streng pseudokonvexer Gebiete und deren Beziehung zu symplektischer Geometrie be-
trachtet. Fiir den Fall von Wiener-Hopf-Operatoren wurde der klassischen Rahmen der
positiven Halbgeraden von Muhly und Renault [MR82] auf polyedrische Kegel ausge-
dehnt, wobei Gruppoid-C*-Algebren als Werkzeug dienten. Diese Theorie wurde im
Rahmen geordneter homogener Riume von Hilgert und Neeb [HN95] weiter verallge-
meinert.

Die Ergebnisse fiir beschrankte symmetrische Gebiete beruhen wesentlich auf dem Um-
stand, dass das Gebiet B homogen unter der Wirkung eine halb-einfachen Liegruppe
G ist, was zu einer Polarzerlegung G = K - exp pRr relativ der maximalen kompakten
Untergruppe K von G fiihrt. Folglich ist die harmonische Analyse auf der Gruppe K,
insbesondere die Theorie des hochsten Gewichts, fiir die Untersuchung der Toeplitz C*-
Algebra von entscheidender Bedeutung.

Diese Dissertation leitet die Untersuchung von Toeplitz-Operatoren und den von ih-
nen erzeugten C*-Algebren in dem allgemeinen Rahmen des wohl bekannten Gel’fand-
Gindikin-Programms [GG77] ein. Ausgehend von einer nicht-kompakten Liegruppe G
vom Hermiteschen Typ, wird die Rolle des symmetrischen Gebiets B nun von dem so
genannten Ol’shanskii-Gebiet I'° iibernommen, einem nicht-linearen Gebiet vom Tuben-
typ, das in der komplexifizierten Liegruppe GC realisiert ist. Dabei stellt sich (neben der
Nichtkompaktheit des Shilovrandes) als wesentlicher Unterschied gegeniiber dem Fall
beschrankter symmetrischer Gebiete heraus, dass das Ol’shanskii-Gebiet nicht mehr ho-
mogen ist.

Allerdings ldsst sich der Shilovrand von I'° mit der G zu Grunde liegenden Mannigfal-
tigkeit (genauer, mit dem zugrundeliegenden (G x G)-Raum) identifizieren. Insbeson-
dere ist der Shilovrand noch homogen und es gibt ein Analogon der Polarzerlegung fiir
I'. Es gilt namlichT = G - expiQ)~ , wobei Q~ ein Ad(G)-invarianter konvexer Kegel in
gR ist, der Liealgebra von G . Das Gebiet I'° ist unter der nattirlichen Wirkung von G x G
invariant, wobei letztere Gruppe nun die Rolle der Gruppe K einnimmt.
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In diesem Rahmen wurde der Begriff des Hardyraums von Ol’shanskii [O1'82, O1'91] und,
unabhingig, von Stanton [Sta86] gekldrt. Analytisch betrachtet besteht der Hardyraum
aus holomorphen Funktionen auf dem Inneren I'° von I', welche quadratintegrierbare
Randwerte auf dem Shilovrand G besitzen. Dabei spielt in der Definition der Randwerte
eine entscheidende Rolle, dass I' eine Halbgruppe beziiglich der von der umgebenden
komplexen Gruppe G® induzierten Verkniipfung ist. Die Nichtlinearitdt von T ist also
grundlegend.

Der fiir die Betrachtung dieser Art von Hardyrdumen natiirliche Rahmen ist der affi-
ner symmetrischer Rdiume. Der Shilovrand des betreffenden Gebiets ist dann der Form
H/HY,wobei H” (bis auf Fragen des Zusammenhangs) die Fixgruppe einer Involution
o auf H ist. Die in dieser Arbeit untersuchte Situation, in der der Shilovrand selbst eine
Gruppe ist, entspricht dem affinen symmetrischen Raum (G x G)/G, wobei man die
Flip-Involution betrachtet. In voller Allgemeinheit wurde der Hardyraum von Hilgert,
Olafsson und Grsted [HOD91] eingefiihrt und im Detail untersucht.

Neben der analytischen Definition des Hardyraums gibt es auch eine Beschreibung
durch die harmonische Analyse des Shilovrandes G . Es ist der Hardyraum némlich ge-
rade die Summe der Darstellungen, die zur holomorphen diskreten Reihe gehoren. Dies
war, innerhalb des von Gel'fand und Gindikin initiierten Programms, sogar die ur-
spriingliche Motivation fiir die Konstruktion des Gebiets I'° und des zugeordneten Har-
dyraums. Das Ziel bestand dabei darin, zu jeder der zur Plancherelformel des Raum-
es L?(G) beitragenden ‘Reihen’ von Darstellungen Raume vom ‘Hardy-Typ’ zu finden,
die aus auf Gebieten, in deren Rand G enthalten ist, definierten analytischen Data (wie
Funktionen, Formen oder Schnitten) bestehen. Jiingst haben Bernstein und Reznikov
[BR99] in dieser Richtung Fortschritte gemacht; ihre Arbeit ist von Krétz und Stanton
[KS04, KS] auf Gruppen hoheren Rangs verallgemeinert worden.

Nachdem ein geeigneter Hardyraum fiir I'° definiert wurde, ist die Definition einer
entsprechenden C*-Algebra 7 von Toeplitz-Operatoren, die stetigen Symbolfunktionen
f € Co(G) auf dem Shilovrand zugeordnet sind, ein naheliegendes Unterfangen. Das
letztendliche Ziel ist es dann, die fiir den Fall beschrankter symmetrische Gebiete exi-
stente Theorie fiir 7 in diesem Rahmen zu verallgemeinern.

Ein wichtiger Spezialfall ist dabei G = SU(1,1) (isomorph zu der geldufigeren Gruppe
SL(2,R)), was zu den klassischerweise von Gel’fand und Gindikin betrachteten Gebie-
ten fiihrt. Fiir diesen Fall konnen wir eine nahezu vollstindige Theorie vorlegen und
die zu den verschiedenen Facetten gehorigen Darstellungen von 7 beschreiben (siehe
Abschnitt IV).

Wie zu erwarten ist, stellt sich der Fall von Liegruppen G hoheren Rangs als wesentlich
schwieriger heraus, obwohl das (vermutete) Hauptresultat immernoch einfach zu for-
mulieren ist: Jede irreduzible Darstellung von 7 wird von einer ‘Facette’ von I getragen
und umgekehrt entspricht jeder solchen Facette in natiirlicher Weise eine Darstellung.
Dies konnte man treffenderweise als das Prinzip von Restriktion und Induktion fiir die
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C*-Algebra 7 bezeichnen.

Diesem ehrgeizigen Ziel entgegen ist der erste Schritt natiirlich die Analyse der Geo-
metrie des zugrundeliegenden Ol’shanskii-Gebiets I'°. Dieser widmet sich Abschnitt I,
wobei das Endergebnis die Bestimmung einer Stratifizierung des Abschlusses I' von I'®
ist, deren Strata wiederum Ol’shanskii-Gebiete sind. Aufgrund der Existenz einer ‘Polar-
zerlegung’ fiir das Gebiet I'° kann man dies auf die Beschreibung des Facettenverbands
des Kegels ()~ zurtickfithren, welche der Inhalt des ersten Teils dieser Arbeit ist.

Der néchste Schritt in unserem Programm ist es, die harmonische Analyse des I' zuge-
ordneten Hardyraums zu verstehen, sowie die der Gruppe G . Dieses Ziel greifen wir in
Abschnitt II an, in dem unser Blickwinkel stets wesentlich lokal und mikrolokal ist: Wir
studieren die mikrolokale Struktur der Szegd-Projektion, d.h., des orthogonalen Projek-
tors auf den Hardyraum, aufgefasst als abgeschlossener Unterraum von L?(G) . Diese
Projektion ist durch die Faltung mit einer invarianten Distribution gegeben, deren Wel-
lenfront und singuldren Trager wir beschreiben. Unser Theorem — das zweite Hauptre-
sultat dieser Arbeit — besagt, dass die Faser der Wellenfront dieser ‘Szeg¢-Distribution’
im Dual des Kegels ()~ liegt. Uberdies beschreiben wir présize die Lage ihrer Singulari-
taten, auf den Konjugationsklassen eines maximalen Torus.

Weiterhin ist es von entscheidender Bedeutung, das asymptotische Verhalten der Ma-
trixkoeffizienten (wenn der Darstellungsparameter gegen Unendlich strebt) derjenigen
irreduziblen unitdren Darstellungen der Gruppe G zu verstehen, welche zur Planche-
relformel von L?(G) beitragen. Fiir die holomorphe diskrete Reihe erzielen wir genaue
Abschitzungen. Desweiteren setzen wir die Plancherelformel fiir die Gruppe G und fiir
die den ‘Facetten’ des Ol’shanskii-Gebiets I'° zugeordneten Untergruppen in Beziehung,
indem wir Einbettungen der einen in die andere explizit konstruieren. Dies ist das dritte
wesentliche Ergebnis dieser Dissertation.

Nachdem nun die Probleme der harmonischen Analyse und mikrolokalen Analysis ab-
schlieSend behandelt wurden, widmen wir uns in Abschnitt IIT der Untersuchung ope-
ratortheoretischer Fragestellungen.

Im klassischen Fall des Einheitskreises war die gewohnliche Fouriertransformation be-
deutsam fiir das Studium der C*-Algebra aller Toeplitz-Operatoren. Allgemeiner spielt
im Falle kompakter Gruppen (beschrankte symmetrische Gebiete) die abstrakte Fourier-
transformation eine Schliisselrolle, erlaubt sie doch die Anwendung der harmonischen
Analyse der Gruppe K auf die Toeplitz-C*-Algebra. Fiir den Spezialfall der unitdren
Gruppen U(n) wurden die notwendigen operatortheoretischen Techniken erstmals von
Wassermann [Was84] eingesetzt. Fiir allgemeine kompakte Gruppen wurden sie von
Upmeier [Upm91, Upm96] rigoros und in voller Allgemeinheit entwickelt. Die Idee be-
steht hier darin, 7 als ‘Ecke” eines Cokreuzprodukts von C*-Algebren darzustellen, ein
Objekt, das im Rahmen von Takesakis Theorie der nicht-kommutativen Dualitét lokal-
kompakter Gruppen definiert wird, mit Hilfe der fortgeschrittenen Methode der Hopf-
C*-Algebren und ihrer Coaktionen.
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Um dies auf die Toeplitz C*-Algebra 7 im in dieser Arbeit gesteckten Rahmen an-
wenden zu konnen, bedarf es der Verallgemeinerung der entsprechenden Resultate auf
nicht-kompakte Gruppen. Wir entwickeln die dazu gehorige Theorie sogar fiir belie-
bige lokal-kompakte, unimodulare Gruppen und ohne auf den Raum L?(G) Bezug zu
nehmen. Diese ‘raumfreie’ Betrachtungsweise sollte es letzten Endes erlauben, auch den
Fall affiner symmetrischer Riume zu behandeln. Der Rahmen ist auch weit genug um
Hardyrdume zu betrachten, die durch andere Reihen von Darstellungen als die holo-
morphe diskrete Reihe definiert sind.

Desweiteren zeigen wir, wie die Konstruktion irreduzibler Darstellungen der Toeplitz-
C*-Algebra 7 vollstindig mit Hilfe lokaler, mikrolokaler und asymptotischer Informa-
tion tiber die Szego-Projektion vollzogen werden kann. Die entsprechenden Informa-
tionen, die wir fiir den in dieser Arbeit betrachteten speziellen geometrisch definierten
Rahmen erzielt haben, konnen daher dem Endziel entgegen, das Prinzip von Restriktion
und Induktion in voller Allgemeinheit zu beweisen, benutzt werden.

Um dies weiter zu erhirten, stellen wir in Abschnitt IV, einer detaillierten Diskussion
des Rang 1-Falles folgend, eine Strategie fiir den allgemeinen Fall vor, in der wir die
zum Erreichen dieses Zieles notigen Schritte angeben, sowie die Methoden, die die be-
notigten Ergebnisse am besten liefern werden.

Es gibt etliche Richtungen, in die man dieses Programm weiter verfolgen konnte. Am
beachtenswertesten ist vielleicht die Untersuchung von Hardyrdumen, die anderen Rei-
hen von Darstellungen zugeordnet sind, und daher zu nicht mehr konvexen Kegeln
gehoren. Fiir kompakte Gruppen (die euklidischen Jordanalgebren zugeordnet sind) ist
dieses Problem von Hagenbach [Hag99] und Hagenbach-Upmeier [HU98] behandelt
worden. Fiir nicht-kompakte Gruppen ist es noch weithin offen.
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Introduction |

In the theory of Toeplitz operators, one considers, classically, the unit disc B in the com-
plex plane C. Toeplitz operators are bounded operators on the Hardy space H?(BB),
which consists of all L? boundary values on the circle T of holomorphic functions on
B. They are defined naturally in terms of the Szego projection, the orthogonal projection
onto H2(B)..

A principal of object of study is the C*-algebra 7 , generated by all Toeplitz operators
with continuous symbols. Generically, operators in this C*-algebra are non-normal, and
hence, the Spectral Theorem is not applicable. To understand their Spectral Theory, more
sophisticated methods have to be applied.

The fundamental theorem on the Toeplitz C*-algebra 7 is due to Gohberg-Krein
[GK58]: There is a short exact sequence

0 — K(H?*B)) — 7 — C(T) — 0

which, in fact, splits at 7, the symbol map giving a partial inverse to the quotient map
onto C(T). In particular, the commutator ideal equals the ideal of compact operators,
and the spectrum of 7 is completely determined, as the non-commutative space T U pt.

More importantly, this short exact sequence makes high-powered Operator Theoretic
techniques — such as the K-theory of Operator Algebras — applicable to problems such
as Fredholmness criteria, which, for normal operators, would traditionally be attacked
by applying the Spectral Theorem. Along this road lies the Index Theorem of Gohberg-
Krein, essentially an corollary (albeit non-trivial) of the above short exact sequence.

Similar results are, of course, also valid for the case of the upper half plane, instead
of the unit disc. To Toeplitz operators on this domain, there correspond the so-called
Wiener-Hopf operators of the real half line, the correspondence being given by the Eu-
clidean Fourier-Laplace transform.

An obvious extension of the one-variable theory is the treatment, in place of the unit
disc, of the Euclidean unit ball in C" (the “Hilbert ball’), or of product domains such as
the polydisc. The former situation (considered by Coburn [Cob74], and generalised to
strongly pseudo-convex domains with smooth boundary by Raeburn, Janas, and Venu-
gopalkrishna) however leads to no new results, the geometric reason being that these
domains still have smooth boundaries. Put differently, they only have one type of con-
vex face, namely, the extremal points, just as for the case of the unit disc. The product
case is more difficult, since tensor products of Fredholm operators are not necessarily
Fredholm, and the results by Douglas-Howe [DH71] are of a preliminary nature (as they
themselves state).

A much deeper theory ensues if one considers, instead, the class of bounded symmetric
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domains. These are convex circled domains which can be shown to have a (non-trivial)
representation as the unit ball with respect to a generalised type of ‘operator norm’. A
typical example would be the matrix ball, consisting of complex n x n matrices u such
that the spectral radius of u*u is strictly smaller than one.

In close analogy to the unit disc case, general bounded symmetric domains B allow
for the definition of a Hardy space H?(B), a subspace of L?, however not of the entire
boundary, but only of the so-called Shilov boundary S . The latter is the minimal ‘bound-
ary” on which the maximum principle remains valid, i.e. boundary values determine
holomorphic functions on the interior. In the presence of the Hardy space H*(B), a
C*-algebra of Toeplitz operators is straightforward to define.

The domains B have a rich convex geometry. Namely, they have r types of non-
trivial convex faces, where r is a fundamental invariant of B, its rank, the case r = 1
corresponding to the domains with smooth boundary. Each of the faces B; of type j is a
bounded symmetric domain, of rank  — j. The totality of all faces of a fixed type j de-
termines a ‘partial boundary’ 9;B of the domain B, the Shilov boundary corresponding
to j = r, the set of all extreme points.

Since each face B; is again a bounded symmetric domain with a Shilov boundary §;,
a Hardy space and a Toeplitz C*-algebra can be defined for each of these faces. Natural
candidates for non-trivial representations of the Toeplitz C*-algebra 7 are then given
by associating to the Toeplitz operator with symbol f, the operator with symbol f | S;
(restriction to one of the Shilov boundaries S;). That this actually well-defines a repre-
sentation of the C*-algebra 7, is a highly non-trivial matter.

However, even more is true: Every irreducible representation of 7 is given by restric-
tion to one the faces B;, and every such face induces an irreducible representation of the
full Toeplitz C*-algebra 7 .

By intersecting the kernels of all the representations associated to faces of the same
type j, one obtains ideals I; of 7 . They are related as follows: The ascending chain

0aly=K(H*B))ah< <L, 1<l, = [T,T|<9T =L
is a composition series of the C*-algebra 7", whose successive quotients are

where M; is the compact base of a fibre bundle associated to the partial boundary ;B ..
In particular, 7 is of type I, more precisely, solvable of length r in the sense of Dynin,
and its spectrum can be determined from the composition series. Moreover, an Index
Theory for Toeplitz operators can be developed with the help of this theorem.

The above result was established for the case of a certain rank 2 domain (the Lie ball)
by Berger, Coburn, and Koranyi [BC79, BCK80], and the general case was settled com-
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pletely by Upmeier [Upm84, Upm96]. A different road to generalisation was pursued
by Boutet de Monvel, who treats e.g. the case of strictly pseudo-convex domains, and
their connection to symplectic geometry. For Wiener-Hopf operators, the classical real
half-line setup was generalised to polyhedral cones by Muhly and Renault [MR82], us-
ing the technique of groupoid C*-algebras. This theory has been further extended, to
ordered homogeneous spaces, by Hilgert and Neeb [HN95].

The results for bounded symmetric domains rely heavily on the fact that the domain
B is homogeneous under the action of a semi-simple Lie group G, which leads to a
polar decomposition G = K - exp pr with respect to its maximal compact subgroup K.
Therefore, the harmonic analysis of the compact group K, in particular, the Theory of
the Highest Weight, is crucial for the analysis of the Toeplitz C*-algebra.

In this thesis, we initiate the study of Toeplitz operators, and the C*-algebra gen-
erated by them, within the general framework of the well-known Gel’fand-Gindikin
programme [GG77]. Starting with a non-compact Lie group G of Hermitian type, the role
of the symmetric domain B is now played by the so-called Ol’shanskii domain I'°, a non-
linear tube type domain realised in the complexified Lie group G¢. The essential new
feature of this domain (besides the non-compactness of its Shilov boundary) is that it is
no longer homogeneous.

However, its Shilov boundary can be identified with the underlying manifold (more
precisely, the underlying (G x G)-space) of the group G . In particular, the Shilov bound-
ary is still homogeneous, and there is an analogue of the polar decomposition for I'.
Namely, I' = G - expi)™ where ()™ is an Ad(G)-invariant convex cone in gg, the Lie
algebra of G. The domain I'° is invariant under the natural action of G x G, which now
plays the role of the group K.

In this setting, the appropriate notion of Hardy space has been clarified, indepen-
dently, by Ol’shanskii [O1’82, O1'91] and Stanton [Sta86]. Analytically, the Hardy space
consists of holomorphic functions on the interior I'® of ', which have L? boundary val-
ues on the Shilov boundary G . In the definition of these boundary values, an important
role is played by the fact that I' is a semigroup for the composition induced by the ambient
complex group G© . Hence, the non-linear nature of I is fundamental.

The natural framework in which to treat this type of Hardy spaces is in fact that of
Affine Symmetric Spaces. Here, the Shilov boundary of the respective domain is of the
form H/HY where H is (up to connectivity issues) the group of fixed points for some
involution ¢ defined on the group H . Our situation, where the Shilov boundary is itself
a group, corresponds to (G x G)/G, for the flip involution. In the general case, the
Hardy space was introduced and thoroughly analysed by Hilgert, Olafsson, and QOrsted
[HO@91].

Besides the analytic definition of the Hardy space, it can be given a description in
terms of the harmonic analysis of the Shilov boundary G. Namely, it is the sum of
all holomorphic discrete series representations of the group G. In fact, this was the original
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motivation for the construction of the domain I'° and the associated Hardy space, within
the programme initiated by Gel’fand and Gindikin. Here, the aim was to find ‘Hardy
type’ spaces of analytic data (functions, forms, or sections) on domains containing G
in their boundary, for each of the ‘series’ of representations belonging to the Plancherel
decomposition of L?(G) . Recently, progress in this direction has been made by Bernstein
and Reznikov [BR99], work which has been extended higher rank by Krotz and Stanton
[KS04, KS].

Having defined an appropriate Hardy space, it is straightforward to define a corre-
sponding C*-algebra 7 of Toeplitz operators, associated to continuous symbol functions
f € Co(G) defined on the Shilov boundary G . The ultimate goal is then to generalise to
this setup the theory for the C*-algebra 7, in particular, the construction of a composi-
tion series.

An important special case is G = SU(1, 1) (isomorphic to the more familiar SL(2, R)),
which leads to the domains classically considered by Gel’fand and Gindikin. In this
case, we present a more or less complete theory, describing (all) representations of 7°
corresponding to the different ‘faces” of the domain I'° (see part IV).

As is to be expected, the case of semi-simple Lie groups G of higher rank turns out
to be much more difficult, although the principal (conjectural) result is still easy to for-
mulate: Every irreducible representation of 7 is supported by a unique ‘face” of I', and
conversely, every such face gives rise to such a representation in a natural way. This
could be called the Principle of Restriction-Induction for the C*-algebra 7 .

Towards this ambitious goal, the first step is of course the analysis of the geometry of
the underlying Ol’shanskii domain I'°. This is the content of part I, and the final result
is the determination of a stratification of the closure I' of the domain I'° into strata which
are again Ol’shanskii domains. Due to the existence of a “polar decomposition” for the
domain I'°, this reduces to thedescription of the face lattice of the cone (2™, our first
main endeavour in this thesis.

The next step in our programme is to understand the harmonic analysis of the Hardy
space associated to I', and of the group G . We tackle this objective in part I, where our
perspective is, throughout, local and micro-local in a crucial way. Namely, we study
the micro-local structure of the Szego6 projection, the orthogonal projection onto Hardy
space, realised as a closed subspace of L*(G). This projection is given by convolution
with an invariant distribution, whose wave front and singular support we are able to
describe. Our theorem — the second main result of this work — states that the fibre of
the wave front set of this ‘Szego distribution’ is contained in the dual of the cone ()~ .
Moreover, we give precise information of the location of singularities, on the conjugacy
classes of a maximal torus.

Furthermore, it is decisive to understand the asymptotic behaviour of matrix coef-
ficients of the irreducible unitary representations of the group G which contribute to
the Plancherel formula of L?(G), as the representation parameter tends to infinity. For
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the holomorphic discrete series, we obtain precise bounds. In addition, we relate the
Plancherel formulae for the group G and the subgroups associated to the ‘faces” of the
Ol’shanskii domain I'°, by explicitly constructing embeddings of one into the other. This
is the third essential result of this thesis.

The harmonic analysis and micro-local analysis issues having been settled, we begin,
in part III, the investigation of Operator Theoretic questions.

For the classical case of the unit disc, the classical Fourier transform plays an impor-
tant role in the study of the C*-algebra of Toeplitz operators. More generally, in the case
of compact groups (bounded symmetric domains), the abstract Fourier transform is a
key tool, allowing for the application of the harmonic analysis on K to the Toeplitz C*-
algebra. For the case of the unitary groups U(n), the necessary Operator Theoretic ma-
chinery was first employed by Wassermann [Was84]. For general compact Lie groups, it
was rigorously developed, in full generality, by Upmeier [Upm91, Upm96]. The idea is
to represent 7 as the ‘corner’ of a C*-algebra co-crossed product, an object defined in the
framework of Takesaki’s theory of non-commutative duality of locally compact groups,
using the advanced technique of Hopf C*-algebras and their coactions.

To treat the C*-algebra 7 in our present setting, it is necessary to generalise this result
to non-compact groups. In fact, we develop the theory, in part IlI, for arbitrary locally
compact unimodular groups, and without reference to the space L?(G) , our fourth main
result. The ‘space-free’ viewpoint should eventually allow for the treatment of Hardy
spaces defined on Affine Symmetric Spaces, and is also sufficiently general to accom-
modate Hardy spaces defined in terms of other series of representations, rather than the
holomorphic discrete series.

Moreover, we show how the construction and irreducibility of representations of 7
can be completed solely in terms of local, micro-local, and asymptotic information on
the Szego projection. The corresponding information we have gathered in our partic-
ular geometric setup can thus be applied towards the ultimate goal of establishing the
Principle of Restriction-Induction in full generality.

To make this more substantial, we present in part IV, after a detailed discussion of the
rank one case, a strategy for the general case, indicating the precise steps that should be
taken to achieve this goal, and presenting the methods which are most likely to produce
the required results.

There are various directions in which this programme could be generalised, most no-
tably, the treatment of Hardy spaces associated to other series of representations, and
hence, to non-convex cones. For compact groups (associated to Euclidean Jordan alge-
bras), this problem has been treated by Hagenbach [Hag99] and Hagenbach-Upmeier
[HU98]. For non-compact groups, it is, as yet, wide open.
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Geometry of Ol'shanskii domains

eometry of Ol’shanskii domains

N THIS PART, we introduce two types of geometric objects fundamental to our work
I and study their structure in detail. Namely, the objects we consider are certain, inti-
mately related, convex cones and complex domains.

The investigation proceeds on two levels, the first being the study of symmetric do-
mains and cones. On the second level, we examine geometric objects associated to au-
tomorphisms of these. More precisely, the matter of interest is the (minimal) invariant
convex cone lying in the Lie algebra of all complete holomorphic vector fields on the
underlying symmetric domain B, and the bi-invariant so-called Ol’shanskii domain it
defines in the complexification of the automorphism group of B.

Throughout, our emphasis is not on the interior of these geometric objects, which is
well-known, but on their boundary. Of course, the boundaries of symmetric domains
and symmetric cones have already been studied conclusively, and our account in 1.1-1.3
of this theory is largely expository, seeing that there are already several well-established
and generally accessible monographs developing its principal results. Nevertheless, we
have found this reconsideration of known material useful for the purpose of reference
and fixing our notation.

In 2.1, we introduce the minimal and maximal cone in the Lie algebra of infinites-
imal automorphisms of B, and present the basic theory of these cones. The content is
mostly known and even classical, nonetheless, the presentation in terms of Jordan the-
ory appears to be new. This elementary approach allows for a concise, complete and
largely self-contained development of both the fundamental results on these cones and
the classification of nilpotent orbits of convex type.

Subsection 2.2 contains our main result in this part, the description of the faces of
the minimal cone. The most important realisation is that they are not classified by the
faces of the associated polyhedral cone in a compact Cartan subalgebra. In particular,
the length of the face lattice exceeds the rank of B. Moreover, the Lie algebras generated
(as vector spaces) by the faces are not all simple Hermitian, but of a more general type.

We describe the faces in five alternative forms: as intersection with a supporting
hyperplane, with parabolic subalgebras, or a generalised Jacobi algebra, as a union of
adjoint orbits, and by projection onto a compact Cartan subalgebra. Of course, in them-
selves, these faces are known as cones, and form part of the classification of Lie algebras
with (pointed, elliptic, or weakly elliptic) generating invariant convex cones, as settled in
general by Hilgert, Hofmann and Neeb [HH88, Nee94]. Their appearance as faces of an
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22 1. Symmetric domains and cones, and their boundaries

invariant cone in a simple Hermitian Lie algebra, however, is apparently new. Other to
the author’s knowledge novel features include the description the of conjugacy classes
of these faces, and their relation to nilpotent orbits of convex type.

Finally, in 2.3, we discuss the Ol’shanskii domains associated to the minimal cone
and its faces. We obtain a stratification of the closure of the minimal Ol’shanskii domain
into fibre bundles whose fibres are lower-dimensional Ol’shanskii domains in gener-
alised Jacobi groups.

Symmetric domains and cones, and their boundaries

Bounded symmetric domains and Jordan triple systems

1.1.1. Let Z be an n-dimensional complex vector space, and B C Z a bounded domain.
The holomorphic vector fields are of the form

h(z>;z for some h € O(B,Z)

where
(h(z) ;Z) f(z) = f'(z)h(z) forall fe O(B,Z).

The set of all holomorphic vector fields forms a complex Lie algebra via

[h(2) 2 k(=) 2] = (W (2)K(z) K (h(z)) o

A basic result due to H. Cartan states that since B is bounded, the set Aut(B) of
all holomorphic automorphisms of B, endowed with the compact-open topology, is a
(finite-dimensional) real Lie group. Moreover, any ¢ € Aut(B) is uniquely determined
by ¢(z) and ¢’ (z), if z € B is arbitrary, but fixed. Hence, the action of the Lie algebra gr
of Aut(B) by holomorphic vector fields is faithful.

So, gr identifies with a subalgebra of all holomorphic vector fields. In fact, it coin-
cides with the set aut(B) of all complete holomorphic vector fields, for which the local
flow is defined for all times. Moreover, Liouville’s theorem shows that ggr Nigr = 0
(since the vector fields in the intersection define a bounded, entire complex flow). So
gRr , in contrast to the set of all holomorphic vector fields, is totally real.

Under the identification of gr with the set of complete holomorphic vector fields, the
adjoint action of Aut(B) corresponds to the pullback of vector fields,

Ad(g7")(8)(z) = §'(2)7'¢(g(2)) forall & € gr,g € Aut(B), z€B.
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1.1.2. The domain B is called symmetric, if for all z € B, there is an involutive automor-
phism s, € Aut(B), such that z is an isolated fixed point of s, . This amounts to

s;(z) =z and s.(z) =—1€End(Z).

By Cartan’s theorem, this determines s, uniquely.

If B is symmetric, then it is biholomorphically equivalent to a circular domain [Loo75,
th. 1.6]. Here, circular means that the domain contains 0 and is U(1)-invariant. We as-
sume w.l.0.g. that B be circular.

Let £r C gr be the subalgebra of all complete linear vector fields. The circularity of
B implies that

d
(7 — ¢ R,
1z 3z € 3( ]R) C tr
so £r has non-trivial centre. This will be of fundamental importance in all that follows.

1.1.3. Let G = Auty(B) be the connected component of idg € Aut(B), and let K C G be
the fixed group of 0 € B. (The full automorphism group may have up to two connected
components if B is irreducible, cf. [Tak64].)

G is transitive on B, and hence B = G/K. By [Upm82, lem. 1.7], the elements of the
subgroup K are linear, in particular its Lie algebra is £r . The same lemma implies that G
has trivial centre. Moreover, the Bergman metric 1, on B (cf. [Loo75, 1.2]) is K&hler, so K
is a closed subgroup of the unitary group U(Z) (with respect to hp) and hence compact.

Further, define # = Ad(—idp). Then ¢ is an involutive automorphism of G, and K
is its fixed group. On the Lie algebra level, we have the decomposition into eigenspaces
of & with respect to the eigenvalues +1,

gr =R Dpr, where [tr Er] Ctr, [Etr,PR] C PR, PR PR] C tr.

By Proposition 2.1.11 below, G is semi-simple and ¢ is a Cartan involution. Therefore, K
is maximally compact, by [Hel78, ch. III, § 7, prop. 7.4].

1.1.4. Since B = G/K, the map
prR — Z@R: & — E(0)

is an R-linear isomorphism.

Forz € Z,let ¢, € pr be uniquely determined by ¢, (0) = z. Then Q. , defined by
Q:(w) = z— ¢, (w), is a homogeneous quadratic polynomial in z and conjugate linear
in w by [Loo75, lem. 2.3]. This allows us to polarise

2Quw = Quiw—Qu—Qy forall u,we Z.

Then {uv*w} = Q,,,(v) is linear in u and w, and conjugate linear in v. Moreover, if we

23



24 1. Symmetric domains and cones, and their boundaries

define the box operator u[dv* € End(Z) by
(uOv*)(w) = {uv*w} forall u,v,weZ,
then

{uv'w} = {wo*u}, (JTS1)
(uOv*, z0w*| = {uv*z} Ow* —z0{wu*v}*, (JTS2)

by [Loo75, lem. 2.6]. We have Q,(w) = {zw*z}, and an equivalent expression for the
rules (JTS1-2) is given by the equations

(uDU*)Qu = Qu(UDu*) ’
(Quv)Oov* =ul (Qvu)* ,

by [UpmS85, prop. 18.8].
Any complex vector space Z, endowed with a triple product

{L* L} i ZXZXZ —Z: (u,0,w) — {uv'w}

linear in u and w, and conjugate linear in v, such that the identities (JTS1-2) are satisfied,
is called a Jordan triple system (JTS).

It is clear that the Lie algebraic properties of gr can be analysed in terms of the Jordan
triple Z . Note that

_ _ . 0
pr={&, |ueZ} where ¢, = (u—{zu Z})E
The fundamental identities for these vector fields are

&, ¢ ] =2 (uOv* —ov0Ou*),
[[Q’;’g;]’é’;] =2 é’{_m;*w}—{vu*w} ’

forall u,v,w € Z, cf. [Lo075, lem. 2.6.].

1.1.5. Returning to our setting with B C Z a circular bounded symmetric domain, the
Bergman metric /i, at z = 0 defines a positive Hermitian inner product on the holomor-
phic tangent space Z = Ty(B) . With respect to hg,

(uljv*)* =o0Ou* forallu,veZ,
by [Loo75, lem. 2.6]. Moreover,

ho(u,v) = trz(uOv*) forallu,ve Z,
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by [Loo75, th. 2.10], so the trace form
ZxZ—C:(u,v)— trz(udo")

is positive Hermitian.

A JTS such that the trace form is positive Hermitian is called positive Hermitian or a
JB*-triple, cf. [Upm85].

Define the spectral norm on the JB*-triple Z by

1/2
lzll = 1202132 = supy, w1 ¢/ trz ({220} D)

The fundamental theorem [Loo75, th. 4.1] on JB*-triples states that the unit ball of Z,
B ={z| ||z|| < 1},isacircular bounded symmetric domain such that Z is the associated
JB*-triple. Conversely, the bounded circular domain B is the unit ball of its associated
JB*-triple.

In particular, any circular bounded symmetric domain is convex. By the long exact
sequence in homotopy for K — G — B where B is simply connected, K is connected.

1.1.6. Any k € GL(Z) such that
k{uv*w} = {(ku)(kv)*(kw)} forall u,v,w € Z,

or, equivalently,
k(uOov*)k™' = (ku) O (ko)* forall u,veZ,

is called a triple automorphism. The set Aut(Z) C Aut(B) of all triple automorphisms is
the fixed group of 0, so K = Autg(Z) is its connected component, cf. [Loo75, cor. 4.9].
The Lie algebra g of Aut(Z) is the set aut(Z) of all triple derivations 6 € End(Z), i.e.

Huv*w} = {(du)v*w} + {u(év)*w} + {uv*(dw)} forall u,v,we Z,
or, equivalently,
[6,ulv*] = (éu) Ov* +u0(6v)* forall u,ve Z.
Since Z is finite-dimensional, all triple derivations are inner, i.e.

tr = aut(Z) = (o —ov0Ou* |u,ve Z).

1.1.7. A non-zero JB*-triple Z is said to be simple if it has only trivial ideals. Here, an

ideal is a triple W C Z such that {WZ*Z} + {ZW*Z} C W. The triple Z associated to
B is simple if and only if B is irreducible, i.e. not the product of manifolds of positive
dimension, cf. [Loo75, 4.11]. Equivalently, G is simple, cf. Proposition 2.1.11 below.
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The classification of irreducible bounded symmetric domains, substantially due to
E. Cartan [Car35], can be stated (and proved) in terms of the classification of simple
JB*-triples — although this was not Cartan’s approach. We summarise it as follows

Classification of irreducible bounded symmetric domains

Cartan | Helgason | B = G/K V4
g | AN | sttty | €
11, DIII e cme
11, CI R
IV, BDI | sogesir | Vieo

v | Em gl | o
VI EVIL | oo | H3(Oc)

There are four infinite series of irreducible bounded symmetric domains, usually termed
classical, and two types which do not not belong to infinite series, termed exceptional. The
rank (= dimension of a maximally flat totally geodesic submanifold) of the domains of
type I-1ll is arbitrarily large, whereas the domains of type IV always have rank 2. We
review the domains and their associated JB*-triples, as given in [Loo75, 4.14, 4.17].

type I,; The triple Z = CP*1 consists of all complex p x q matrices. The triple product
is given by

{uv*w} = %(uv*w +wv*u) forall u,v,w e CP*7.
The domain B is the matrix ball

B={zeCr|1-zz">0}.

type II, The triple Z = C"*" consists of all skew-symmetric n x n complex matrices,
with the same triple product as for type I,,, . Then B is

B={zeC"”"|1+2z>0}.

type III,, In this case, Z = C’}FX” consists of all symmetric complex matrices, with the
product induced by type I, ,, . The domain B is the Siegel ball, given by

B={zeC}"|1-22>0}.

type IV, Here, Z = V,, = C", n # 2, consists of column vectors. The triple product is
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given by
2 {w'w} =u-v'w—9-wu+w-u'o forall u,v,weC".

Forn = 1,3,4, Z is isomorphic to C = cix1, Cixz ,and C2%2, respectively. For
n > 5,72 = V,is called the complex spin factor of dimension n . The domain B is the
Lie ball, given as

B= {ZEC”}z*z<l,1—2.z*z+\ztz]2>0}.

type V In this case, Z = (Dt%jX2 consists of 1 x 2 matrices with entries in the complexified
octonions O¢c = O ® C. The triple product is defined as for type I. The domain B
has complex dimension 16 and is given a quadratic and a quartic inequality.

type VI For this exceptional domain, Z = H3(Oc) is the set of Hermitian 3 x 3 matrices
with entries in O¢ . The product is formally the same as for type I. The domain B
has complex dimension 27 and is given by two quadratic inequalities and a quartic

inequality.

Peirce decomposition and boundary faces

1.2.1. An element ¢ € Z is called a tripotent (triple idempotent) if {ee*e} = e. Geo-
metrically, the tripotents are the limit points of the geodesic rays emanating from 0 € B
[Loo75, cor. 4.8]. For a tripotent e € Z and A € R, one considers the Peirce A-space

Zy(e) =ker(eOe* — A1) .

Then Z)(e) = 0, unless A € {0,3,1}. Moreover, Z = Zy(e) & Z;/2(e) & Z1(e) and this
sum is orthogonal with respect to the trace form, by [Loo75, th. 3.13].
By [Upm85, prop. 21.9], we have the Peirce rules

{Zu(e)Zg(e)*Zy(e)} C Zy—piq(e) forall a, B,y € R

and
{Zo(E)Zl(B)*Z} = {Z](@)ZQ(@)*Z} =0.

In particular, Z; (e) and Zy(e) are subtriples of Z.

1.2.2. A tripotent e is said to be unitary if eOle* = idz, i.e. Z = Z;(e). If e is unitary,
define forall z,w € Z

zow = {ze*w} and z* = {ez’e}.

Then _* is an involution, and o is bilinear, commutative, with unit ¢, and moreover,
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satisfies the Jordan identity
2o (zow) =zo(Z2ow) forall z,w € Z,

by [Upm85, prop. 13]. Thus, in this case, Z is a complex Jordan algebra. The triple product
of Z is given in terms of the Jordan algebra product by

{uv*w} =uo (v'ow) —v*o(wou)+wo(uov*) foral u,o,weZ.

Furthermore, X = {x € Z | x* = x} is a real form of the complex vector space Z,
o-closed and hence a real Jordan algebra. Since Z is a JB*-triple, we have the relation

P+y*=0= x=y=0 forall x,ycX,

i.e. X is formally real, by [Loo75, th. 3.13]. Conversely, for a formally real Jordan algebra X
(sometimes also called Euclidean, cf. [FK94, prop. VIIL.4.2]), the vector space complexifi-
cation Z = X ® C is naturally a complex Jordan algebra whose underlying Jordan triple
is a JB*-triple.

Z contains a unitary tripotent (i.e. is the Jordan triple defined by a Jordan algebra)
if and only if B is of tube type (i.e. biholomorphic to a tube domain over a symmetric
cone). For a simple JB*-triple Z, B is of not of tube type for type I, ;, p # g, type II,,,
n=1 (mod 2), and type V.

If the tripotent e is arbitrary, then e is unitary in Z;(e) and Z; (e) is a complex Jordan
algebra. Its canonical real form is denoted X; (e) . Note that if e € Z is a tripotent, then
soisie,and Z, (ie) = Z,(e) since (ie) O (ie)* = ede*. However, the real forms differ:

Xy (ie) = iXi(e) = {x € Zi(e) | x* = —x} .
Moreover, the product with respect to ie is
{u(ie)*v} = —i{ue*v} =i- (—iu) o (—iv) forall u,v € Zi(e),
where on the right hand side, o denotes the product with respect to e. Hence,
x —ix: Xi(e) — Xy(ie) = iXq(e)

is an isomorphism of real Jordan algebras.

1.2.3. For two tripotentse,c € Z,
edc* =0 & {ee*c} =0,

by [Loo75, lem. 3.9]. If this the case, we write ¢ L ¢ and say that e and c are orthogonal.
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Since (eJc*) " = cOe*, this relation is symmetric.
Further, we define an order on the set of non-zero tripotents by

c<e:& {(e—c)le—c)'(e—c)} =e—c,cle—c.

A non-zero tripotent e € Z is primitive if it is minimal, and maximal if it is maximal with
respect to this order. e is primitive if and only if Z;(¢) = C - ¢, and maximal if and only
if Zo(e) = 0. If e is unitary, then it is maximal, and the converse is true if and only if Z is
a Jordan algebra.

A maximal set ey, ..., e, of mutually orthogonal primitive tripotents is called a frame
of Z. The length r of a frame is unique and coincides with the rank of B. We define
tk Z = r, the rank of the Jordan triple Z. By definition, the rank of a tripotent e € Z is
the rank of Z;(e). Any sum of mutually orthogonal tripotents is a tripotent, and any
tripotent can be written as the sum e; + - - - 4- ¢ of the initial segment of a frame, [Loo75,
5.1, th. 3.11].

Given a frameeey, ..., e, of Z, define for 0 < i < j < r the joint Peirce spaces

Oi + 0;
{ereiz} = Zkz ]k-z,kzl,...,r}.

Zij:Z]‘iZ{ZEZ

Then Z = Zgagi <j<r Zij 1s an orthogonal direct sum with respect to the trace form, we
have Zpy =0,and Z;; =C -¢;,1 <i < r.
If Zis simple,a = dimZ;;,1 <i<j<r,and b =dimZy, 1 <j<r,are fixed. The
tuple (7,4, b) is called the signature of Z. Then b = 0 if and only if Z is a Jordan algebra.
The canonical inner product (L | L) of Z is the unique positive Hermitian inner prod-

uct on Z which is K-invariant, associative, i.e.
(uOv*)* =v0u* forall u,veZ,

and for which (e | ¢) = 1 for every primitive tripotent e € Z. The restriction of (s | L)
to any subtriple is the canonical inner product of that triple.
For simple Z, the canonical inner product is expressed in terms of the signature as

2r N
(u]o)= zn_rb-trz(uDv ) forall u,veZ.

1.2.4. Consider the topological closure B of B in Z. The faces or holomorphic arc compo-
nents of B are the equivalence classes of B under the equivalence relation

z~w & z € By, BjNBj1 # F, By > w for some B; C B,

where B; = f;(B), fi € O(B, Z) . Here B C C denotes the unit disc and the B; are called
holomorphic arcs.
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The faces of B can described quite effectively in terms of tripotents. For any tripotent,
define By(e) = BN Zy(e). Then By(e) is the circular bounded symmetric domain of the
JB*-triple Zy(e) . Moreover, the set e + By(e) is a face of B, and

er—e+By(e): Ez = {ee Z|{ee'e} =e} — {F C B| F face}

is a bijection, by [Loo75, th. 6.3]. (The trivial tripotent 0 gives the interior B.) The set of
faces coincides with the set of (exposed) convex faces (i.e. intersections with supporting
hyperplanes).

To describe the closure B as a whole, define the smooth vector bundle
Ez = {(e,z) € Ez x Z |z € Zy(e)} — Ez
with projection (e, z) — z. Consider further the disc bundle
Bz = {(e,z) € Ez |z € Bo(e)} — Ez

which is an open sub-fibre bundle of Ez, and, set-theoretically, the disjoint union of the
faces e + By(e) . Then, by [Loo75, prop. 6.8], the bijective map

(e,z) —e+z:Bz — B

is an immersion which restricts to an embedding on each connected component. If Z
is simple, K acts transitively on the sets EY of rank k tripotents, by [Loo75, cor. 5.12].
Hence, in this case, B has r + 1 connected strata

By = UeeE§(€+B0(8)) ,k=0,...,r.
Moreover, by [Loo75, cor. 9.17],
By = G.e* = K.(eF + By(e")) foref e EY .
Hence, By can be viewed as a G-homogeneous space or as a K-fibre bundle.
Definition 1.2.5. To each face e + By(e) of B, we associate the facial subgroup
Ge = Auto(Bo(e)) .
Then G, = K, - exp pro(e) where
K. = Auto(Zo(e)) and pro(e) = {&, |u € Zo(e)},

by [Loo75, cor. 4.9]. Moreover, K, is connected and therefore generated by the exponen-
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tial of its Lie algebra
tro(e) = aut(Zo(e)) = (uOv* —v0u* | u,v € Zy(e)) C tr .

Here, the equality holds because all triple derivations of Z(e) are inner. We conclude
that G, C G, i.e. G, is indeed a closed subgroup of G.

If ¢ € Z is a tripotent such that ¢ < e, then Zy(e) C Zy(c) and e is a tripotent in the
JB*-triple Zy(c) . Hence, G, C G, = Auty(By(c)) .

Symmetric cones and formally real Jordan algebras

1.3.1. Let X be an n-dimensional real vector space, endowed with a symmetric bilinear
form (L : w). A convex cone () C X (with vertex 0) is said to be pointed if it contains no
affine line. If Q) is closed, this means that — QN QO =0.

Define the (closed) dual cone by

O ={xeX|(x:y)>0 forall yc Q}.

Then O)* has non-trivial interior (*° if and only if () is pointed.
Let O C X be a closed cone with ()° # & . Then

GL(Q) = {g € GL(X) | g0 = O}

is a closed subgroup of GL(X) and hence a Lie group. ) is called symmetric if it is self-
dual, i.e. O* = ), and )° is homogeneous, i.e. GL(Q) acts transitively on the interior
)°. In particular, a symmetric cone is pointed.

1.3.2. Assume Q) is symmetric. Then GL(Q)" = GL(Q), if ¢' denotes the transpose
with respect to (s : ). Hence, 9(g) = (gfl)t defines an involutive automorphism of
GL(Q) whose fixed group O(Q)) = O(X) N GL(Q) is compact. Therefore, the group
GL(Q) is reductive, and the £1-eigenspaces of ¢ give a Cartan decomposition of its Lie
algebra gl(Q)),

gl(Q) = 0(QY) @ pr(QY) .

By [FK94, prop. 1.1.8], for any x € °, the stabiliser GL(Q), of x in GL(Q) is compact,
and any compact subgroup of GL(Q) is contained in some GL(Q),. Fix e € Q° such
that GL(Q)), = O(Q2) .

By definition, gl(Q)) is the set of complete linear vector fields on ()° . Since the interior
0° = GL(Q)/0(Q), the linear map

g Gle) i pr(Q) — X

is a bijection. For x € X, define M, € pr(Q) uniquely by M,(e) = x, so that we have

31



1. Symmetric domains and cones, and their boundaries

Mx = pr(Q) . Then M, € End(X), and if we define
xoy =M,y forall x,y € X,

then X is a formally real Jordan algebra with identity e, cf. [FK94, th. II1.3.1]. Moreover,
wehave Q = {x? | x € X}.

Conversely, by [FK94, th. II1.2.1], for any formally real Jordan algebra X, the cone of
squares QO = {x? | x € X} is symmetric, and the Jordan algebra structure of X is induced
by the cone ).

1.3.3. Similarly as for Jordan triple systems, any idempotent ¢ € X (i.e. ¢> = c) gives
rise to a Peirce decomposition

X = Xo(C) D Xl/z(C) D X](C)

orthogonal with respect to the trace form (x,y) ~— trx(Myoy) . Here, the Peirce A-space is
Xa(c) = ker(M. — A) . The trace form on X is positive symmetric, O(Q))-invariant, and
is hence proportional to (L : ).

As for Jordan triples, we define the canonical inner product (L | L) by the require-
ments of O(Q))-invariance, associativity (i.e. (1o v | w) = (v | u o w) ) and that the norm
of any primitive idempotent be 1. If X is simple,

(x|y) = % trx (Myoy) forall x,y € X,

where 7 is the rank of X .

1.3.4. It is clear that the connected component GL, (Q2) of GL(Q) is transitive on ()°,
and SO(Q)) = GL1(Q2) N O(Q) is connected since 2° is simply connected.

An element k € GL(X) is called a Jordan algebra automorphism if
k(xoy) = (kx)o (ky) forall x,y € X.

By [FK94, th. IIL.5.1], Aut(X) = O(Q) and the connected component is SO(Q)) . More-
over, the Lie algebra o(Q)) coincides with the set of all Jordan algebra derivations § €
aut(X),ie.é € End(X),

S(xoy) = (6x)oy+xo(dy) forall x,y e X.

It can be seen that Aut(X) is the set of those Jordan triple automorphisms k of X ® C
such that ke = e, and that aut(X) consists of all Jordan triple derivations ¢ such that
d(e) =0.
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1.3.5. A subset F C () is called a (convex) face of 1, if
T-(x+y)€F = x,yeF forall x,yeQ.

Denote the set of faces of Q) by F(Q2) . The faces F of Q) are closed pointed convex cones.
The relative interior F° of F € F(Q) is defined as the interior of F in the subspace F — F
of X generated by F.

A proper face F € F(Q) is called exposed if it is the intersection of a hyperplane with
(). General cones may have non-exposed proper faces, an example is given in [Rup8S,
ex. 2.7.(5)].

As for Jordan triples, we can define an order on the set Ex of idempotents. A non-
zero minimal element of Ex is called primitive. The rank of ¢ € Ex, defined as the rank
of Xj(c), is the number k of summands in the decomposition ¢ = ¢1 + - - - + ¢ as a sum

of mutually orthogonal primitive idempotents.

If X is simple, by [FK94, prop. IV.3.1], the closed symmetric cone () decomposes into
exactly r + 1 orbits GL (Q).ck where c* € EX%, i.e. ¢* is a rank k tripotent. The orbit
GL, (Q).c* consists of the elements of rank k.

To any idempotent ¢ € Ex, we associate the closed cone ()y(c) of squares in Xy(c) =

Xi(e—c). Then Op(c) C G.(e —c¢) C Q.

Proposition 1.3.6. Let X be simple. The set F(Q) of faces consists of
Qo(c) = Xo(e)NQ=c"NQ={x*|x€ Xo(c)}, c € Ex.

In particular, all the faces of () are exposed. The dual face of Oy(c) is Qp(e — c¢). Two
faces Oy (c) and Qp(c’) are GL (Q)-conjugate if and only if rkc = rk¢’.

Proof. The conjugacy follows from the above, and from [FK94, prop. IV.3.1]. We prove

that Op(c) is a face of (). Since Q) is the set of x € X for which M, is positive semi-
definite, by [FK94, prop. II1.2.2], we see that QN Xy (c) = Qo(c) . Moreover, c € Q) = OF,
so ct N is a face. We have ¢ D Qy(c). Ifx € Q, (x|c) = 0, thenxoc = 0,
i.e.x € Xo(c), by [FK94, ex. II1.3]. This proves that Oy (c) is a face.

More generally, Qg(e — ¢) C QN Qp(c)*, and we have already proved the converse
inclusion. Hence these faces are dual to each other.

By [FK94, prop. IV.3.2], the extremal rays of () are all of the form Q) (c) where ¢ < e
is maximal. The orthogonal face Q N Oy (c)* = Qp(e — ¢), as seen above. Since Q) is self-
dual, any proper face F C () has a non-trivial dual face. Hence, ()y(e — ¢) is a maximal
proper face. Since any face of () contained in )y (e — ¢) is a face thereof, and vice versa,
it follows by induction by that all faces are of the form Qy(c) wherec € E;. —— O
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Ol’shanskii domains and their boundaries

Invariant cones

2.1.1. We return to our setting where G = Autg(B), B C Z a circular bounded symmet-
ric domain. The Cartan decomposition gr = ¥R @ pr gives rise to a decomposition of
the complexified Lie algebra, g = ¢ @ p. The Cartan involution & extends naturally to
the conjugation of g with respect to the (compact) real form ug = ¢r @ ipr . We denote
it by the same letter.

Lemma 2.1.2. The space p can be decomposed as p = p™ @ p~ where

P+={M§Z‘MEZ} and p:{{zu*z}aaz‘uez}.

Then
[e,pF] Cp™ and [pT,p*] =0.

Proof. The decomposition is trivial. We have
oy _ 1 o | o~
o(u-) =58 — i) = — - (& +i,) = {zu'z} o
Since the vector fields in p* are constant, [p*,p*] = 0. Applying ¢, we find that

[p~,p ] =0.
Since ¢ € ¢ is linear,

0 0
[5,14&} —(Sug forall ue 7.

Since tR leaves ur invariant and hence commutes with ¢, and pi are complex vector

spaces, the assertion follows. O

2.1.3. Fixa frameey,...,e, of Z. Then
i-e]-De]’-‘ ctr=aut(Z),j=1,...,r,

is a commutative family of triple derivations. Consequently, there exists a maximal com-
mutative subalgebra tr C £r containing

tg =i(e e [j=1,...,1).
By [Upm86, lem. 1.1-2], tp = t; @ tg , where

t§={(5€fﬂ{‘csej:OfOI'aHj:l,...,T}.
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By maximality of tr, 3(¢r) C tr, in particular iz a% € tR.

Lemma 2.1.4. The centraliser of iz £ in g is ¢. More precisely,

. d . I
ad(zz a—z> =4i onp.
In particular, tR is a Cartan subalgebra of gr , and rk gr = rk ¢R .

Proof. Clearly, iz % acts by multiplication with 7 on p*. Since iz % € £r and hence

commutes with ¢,
[iz E?z' {zu*z} E?z} = ﬂ[iz aaz,u aaz} = ﬁ(iu E?z) = —i{zu*z} Eiz .

Hence, the first statement follows.
As for the second, any element of gr centralising tr is contained in ¢r by the first
part. But tR is its own centraliser in g . This proves the remaining assertions. — [

2.1.5. Since the complexification t of tr is a Cartan subalgebra of g, we can consider for
« € ity the root spaces

g ={C€gr|[6,& =a(s) Cforall 6 € t}.

Then the set
A=Ag:t)={acitg\0|g*#0}

is a reduced root system in the subspace of ity it generates, by [Bou68, ch. VIII, § 2.2,
th. 2]. By lemma 2.1.4, fora € A,

g Cp & oc(izsz) #0 and g*Ct < uc(izaaz>:0.

In the first case, we say that « is non-compact, in the second, that it is compact. We denote
the set of non-compact resp. compact roots by A, resp. A.. Then A = A, UA, is a Z5-
grading of A in the sense of Loos-Neher [LN02], namely

AN(Ac+A) CA, AN (Ac+Ay) CAy, AN (A4 Ay) CA.

In particular, A, is a root system in the subspace of ity it generates.

We consider the Weyl groups
W= {(sy |la€A)y and W, = (5o | €A)
generated by the reflections

sa(B) = B—B(Hy) - forall B ity .
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Here H, € itR is determined by zx(Ha) = 2, cf. [Bou68], [Kna86, ch. IV].

Lemma 2.1.6. Let A7" C A. be any positive system. The set

Afﬁ:{txeA‘—i-a(iz%) >0}

is We-invariant, and A*" = AT U A" is a positive system of A such that the sum of
two positive non-compact roots is never a root. Moreover,

+ _ D w
= ZaeiA#g :

Proof. The last statement follows from lemma 2.1.4. Now, [p*,p*| = 0 implies that the

sumofa,f € At is never a root. Because all compact roots annihilate iz aa—z ,

AN(ATT+ATT) C AT,
Since AZ T is closed, so is ATT . But
A=-ATTUATT and —-ATTNATT =2

because g = p* ® € ® p~ by lemma 2.1.2. Thus, A™" is a positive system, by [Bou68,
ch. VI, § 1.7, cor. 1]. The statement about W, -invariance now follows from [Nee(0Oa,
prop. VIL.2.12]. O

Remark 2.1.7. The positive system constructed in the lemma is of a somewhat spe-
cial type (which merits the notation A™", in contrast to a general positive system A™).
Namely, it is A.-adapted.

This means that the sum of two positive non-compact roots is never a root. Equiv-
alently, the set of positive non-compact roots is W -invariant; any A7 *-simple compact
root is ATt -simple; the non-compact positive roots are strictly larger than all compact
roots for any (some) total vector space order defining A™" ; or, the subset A, U A/ of A
is closed (and hence parabolic).

If Z is simple, the adapted positive system A*" is, up to sign and W,-conjugacy,
uniquely determined, by [Nee0Oa, lem. VII.2.16]. Moreover, the property that there ex-
ists a A.-adapted positive system singles out the class of non-compact simple Lie alge-
bras (Hermitian Lie algebras) which occur as the set of complete holomorphic vector
tields of a bounded symmetric domain, by [Nee0Oa, prop. VIL.2.14].

2.1.8. Recall that the Killing form B of g is given by

B(¢,n) = —tr(adg ady) forall ¢, € gr .

B is symmetric, and the adjoint action is skew-adjoint (Jacobi identity). It extends by
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complex bilinearity to g, and coincides with the Killing form of g. Moreover, we define

(¢ :9)=—B(Zoy) forall &,yeg.

This form is symmetric, and conjugate bilinear with respect to the complex structure of
g induced by the compact real form up .

Lemma 2.1.9. The decomposition g = p* © €@ p~ is B-orthogonal. We have
B(6,ulv*) =2trz((éu)dov*) forall 6 € aut(Z), u,v e Z,

and
d « 4 O *
B(ug,{zv z} $> = —4try(u0v*) forall u,veZ.

Moreover, pjE are isotropic, and

B(g,,¢,) =4 -trz(uO0" +00u*) forall u,veZ.

Proof. The orthogonality follows since the spaces p™, ¢, and p~ are eigenspaces of
ad (iz Z) for the eigenvalues i, 0, and —i, respectively.

Note 5 3
[ug,{zv z} a—z] =—-2.u0v" forall u,veZ.

Hence

sou) =4 (2] 1 2) =3 o Lt ).

the first equation follows from the second, and to prove the second, we need only prove
the first for 6 = iz aa—z . But

. d . ) N . N
B(zzg,uﬂv ) =itry+ ad(u0v") —itr,- ad(uOv")

by lemma 2.1.4. Moreover,

and by (JTS2),
[uDv A{zw*z} E} = —{z{ou*w}*z} 5
We conclude
B(iz2 uDv*) =2itrz(ulOo").
0z’

This proves the first two formulae.
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The subspace p™ is isotropic, because

0 0 ) . d d Jd ) . d d d
B(ugvg) =i B(lizgug]eg) =iz [ug05]) =0
for all u,v € Z. By ¢-invariance of B, p~ is isotropic, too.
This implies the third formula, as

Bl ) = B (0~ {au's)) 57, (0 (=0'2]) 5
0

0 ,_ ., 0 s 9
= —B(u 35 {zv*z} E) —B({zu z} &’vé)
=4-trz(u00" +o0u")

forallu,v e Z. O

Remark 2.1.10. For an alternative proof of lemma 2.1.9, we refer to [Koe69, lem. 4.2]
and [Upm82, lem. 6.1].

Proposition 2.1.11. The form (s : L) is positive symmetric. In particular, B is non-

degenerate, gr is semi-simple, and gr = fr @ pr is a Cartan decomposition. If Z is
simple, then so is gR .

Proof. Since tr L pR, it suffices to check positivity for each component individually.
By lemma 2.1.9, forall u,v € Z,

(&, : ¢y) =B(&,, &) =4-trz(u0v* +0v0u*) =8Retrz (u0v*)

Since the trace form is positive Hermitian, (&, : ¢,;) > 0foru # 0.
By lemma 2.1.9,if § € g \ O, then

(6 : ulv") #0 forsome u,v e Z.

In particular, (L : L) and B are non-degenerate. Since K is compact and the centre of G
is trivial, B is negative on £Rr , by [Hel78, ch. II, § 6, prop. 6.8]. Hence gR is semi-simple,
and ¢ is a Cartan involution by [Hel78, ch. III, § 7, prop. 7.4]. Finally, if Z is simple, then
gr is simple by [Koe69, th. 4.4]. 0

In the following, we shall always understand orthogonality in gr in terms of the positive
symmetric form (u : ).

2.1.12. Consider the following polyhedral cones in R :
w~ =cone (iH, |« € AT)
and its dual cone

wh= (A1) = {He’qR ’ —ia(H) >0 forall a € A:[Jr}.
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These cones are closed and W, -invariant by lemma 2.1.6. By [HC56, lem. 10], a(Hﬁ) >0
foralla, B € AT ,s0w™ Cw™.

Fork =1,...,r, define v, € ity by
Yk(e,Oej) = by and 'yk‘% =0.
Then, by [Upm86, lem. 1.3], the -y, are mutually strongly orthogonal roots, i.e.
Yty €A forall 1<k#(<Lr.

Note that 5 .

izg :k;i-ekDeZ +6 forsome & € tf; .
Therefore, it is clear that 7 € A;fT. There is a total vector space order on it defining
AT, such that 0 < 77 < .-+ < 7,. Consequently, 7v1,...,7, is the Harish-Chandra
fundamental sequence, cf. [HC56, I1.6]. In particular, by [HC56, lem. 8, cor.], the cardinality
of y1,...,7vr is maximal.

By [Mo064, th. 2] and [Pan83, lem. 1], all the -y, are long. Here we say that a is long
if || < |a| for all roots B contained in the irreducible factor of A containing «. (An
irreducible, reduced root system has at most two root lengths, by [Bou68, ch. VI, § 1.4,
prop. 12].)

Lemma 2.1.13. The generators of the extremal rays of w™ are iH, , « € A", a long. In
particular,
w = cone(cr(i-e]-De}k) loeW,,j=1,...,r).

Proof. 1t is clear by definition of w™ that the generators of extremal rays are among

the H, where « € A;f*. Since w™ decomposes into a direct product according to the

decomposition of gr into simple factors, we may assume w.l.o.g. that gr be simple.
Then [Pan83, lem. 1] shows that for short v € A;f 1,

v = W;W for some k # /(.

This implies
417 = Il + el =2l
and

) = 29(¢) _ 2% (S) . 29(8)

(Hy : ) = =
B T .

=(H, +H, :¢{) forall {ct.

Hence, H, = H,, + H,, lies in the interior of a face of dimension at least 2.
On the other hand, because w™ is polyhedral, there is & € A} such that iR - H, is
extremal. « is necessarily long. By [Pan83, lem. 2], all such iH, generate extremal rays.
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Returning to the general (semi-simple) case, any irreducible factor of A contains
some ¥k, by maximality of this set. Moreover, [Pan83, lem. 2] shows that any long
non-compact &« € A" is W,-conjugate to any 7, contained in the same irreducible fac-
tor. Finally, note that H,, = 2-¢;[lej by definition of 7;. Since a polyhedral cone is

generated by its extremal rays, we have proved the lemma. U

Lemma 2.1.14. Let v € AT be long. There exist 1 < ¢ < r and a frame ¢y, ...,¢, of Z
such that

tr=(i-qOcg | k=1,...,r) @& {6 et |dcx=0forall k=1,...,7r},
and vy is determined by

Y(eOcf) =d0px and y(6) =0 whenever dc=0,k=1,...,r.

Proof. There exists 1 < ¢ < r such that 7, and <y lie in the same irreducible factor of
A. By [Pan83, lem. 2], there exists ¢ € W, such that oy, = 7. By [Kna02, th. 4.54],
o = Ad(k) for some k € Nk (tr). Since k € Aut(Z), the kej, j = 1,...,r, are mutually
orthogonal primitive tripotents, and

Ad(k) (ej Def aaz) — (kfll(z))—l{ej e;‘kfl(Z)} aaz
= k(ejDe]"‘)k_1 = (ke;) O (kej)* .

Moreover, since Ad (k) normalises tr , we have a decomposition as stated. By the defini-

tion of 7/, the lemma follows. U

Remark 2.1.15. By lemma 2.1.13 and lemma 2.1.14, the extremal rays of w™ are gener-
ated by i - e[Je* where e is a primitive tripotent W,-conjugate to an element of the frame
€1,...,6r.

2.1.16. At this point, it seems appropriate to point out the relation between the cone w™
and the Weyl chambers of tR .

Consider for ¢ € gr the expansion det(t —ad ) = Yiq a;(Z) - t/. The polynomial
coefficients a; are independent of ¢ . The lowest index j for which a; is non-trivial is the
rank R = rkgr, by [Bou68, ch. VII, § 3.3, th. 2]. Then ¢ is called reqular if ag() # 0. If
particular, ¢ is regular if and only if its centraliser g]‘i; = ker(ad ) is a Cartan subalgebra
(loc.cit.). The set gr « of regular elements in gR is open and dense both in the Hausdorff
vector space and the Zariski topology. Moreover, it is Ad-invariant.

The intersection tr « = gr« N tr coincides with the complement of the union of all
kera, where « € A, cf. [Bou68, ch. VIL§ 3.2, lem. 2]. The connected components of tR .
are called Weyl chambers. They are polyhedral cones, and the Weyl group W acts simply
transitively on their totality. Hence, they are in one-to-one correspondence with the set
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of positive systems for A. The Weyl chamber associated to AT+ is
cr ={Hetr | —ia(H) > 0forall x € ATH}.

By definition, it is obvious that c; C w™°.
Proposition 2.1.17. We have w® = W, - ¢ = Uyep, 0(cy) .

Proof. LetIL, be the set of A *-simple roots. Since A" is adapted, they are also A" -
simple. Let H € w™ . Let

ng =#{a €Il | —ia(H) <0} .

If ny =0, then H € ¢;, because —if(H) > 0forall € A1, and AT C IN(IL).

If ng > 0, let a € Il such that —ia(H) < 0. Then —ia(sy(H)) > 0. Let B € I, such
that —iB(sy(H)) < 0. By [Bou68, ch. VI, § 1.6, prop. 17, cor. 1], s,(B) is a positive root,
so B(Hy) < 0. Now

0> —iB(sa(H)) = —ip(H) —ia(H) - B(Ha)

implies
~ip(H) <i-a(H) - p(Hy) = —(—ia(H) - B(H,)) < 0.

Hence, 1, (i) < ny, and by induction, there exists ¢ € W, such that oc(H) € ¢y . This

proves wt C W, -y . The converse is clear from W,-invariance. O

2.1.18. From now on, we assume that Z be simple. Then the centre ;(€g) of tr is one-
dimensional and hence generated by iz a% . By [Pan83, lem. 3], we have iz a% € w . Let
()~ be the closed G-invariant cone generated by iz % ,

O = ome (Ad(g) (i ai) ‘ §EG).

Since all invariant cones in gr with non-void interior contain a K-fixed vector by [Vin80,
§ 2], O~ is a minimal such cone. (The interior of ()~ is non-trivial by [Pan83, lem. 3].)
For u € Z, define the Cayley vector field &} € ipgr by

. . d
:lr:_lgiu: (u+{zu Z})a

Moreover, consider the following standard basis for s[(2,R) :

Hle,X+:01,X_:00.
0 -1 0 0 10

The complex structure of the upper half plane (corresponding to iz % on the unit disc)

is given by X* — X~ , up to scalar multiples. Hence, the p* spaces for s[(2,C) are gen-
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erated by H + (X" + X 7).
We shall call call a triple (&, 1) a disc embedding if sg = (&, %) is a subalgebra of gr
isomorphic to sl(2, R) via
H~— ¢ and Xir—wyi,

andif fors = sp R C,
sNt=C-(nt—77) and sNp™=C-(Cxi(y"+747)).

The terminology is justified because such a triple corresponds to an embedding of a
(poly-) disc into B.

Lie algebraically, the above conditions can be described by the condition that the
embedding sg C gr respects the Cartan involution ©# and the choice of complex structure
on p. Satake [Sat80, ch. II, § 8, ch. III] calls such an embedding of an Hermitian Lie
algebra an (H;)-homomorphism.

Proposition 2.1.19. For u € Z, define

1 1 1

+ - - x— — : *
X =5 (Tt G e]) = 5 (6, 22 u0w?).
Let e € Z be a non-zero tripotent. Then

(67, XF] = £2XF and [X{,X7] =87 .

e
Moreover, if s& = (¢, , X;) and s¢ = 5% ® C, then
sNE=C- (XS —-X,)=C-e0e",
and
SNpt =C- (6 i(XF +X7))=C- (& £&F) -

Hence, (&, , X;) is a disc embedding. In addition, s° and s¢ commute if only if e and ¢
are orthogonal.

Proof. First, note the formula

[[Zaer Cpo)/ Coo] = 4Im(ab) - ¢, forall a,b,ceC,
whence .
[C;/Xé‘:] = E : [ge_/é’:ie} :FC; = ﬂ:ZXét .
Furthermore, :
[Xz_’Xe_] = E ) [[Ce_lg:ie]’g:ie} = Ce_ .

It is immediate that s; is 9-stable. Hence, the intersections s° N ¢ and s° N p™ are at
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most 1-dimensional. But
+ -1 - a— : *
X —X, = 1 [&.,¢7.] =2i-e0e
and

0
G ex) =g =20 e

Note & € s and &F € s¢. Since
e ¢ = (6, ¢] = [¢c ¢ +ig, ] =4e0c",
e and c are orthogonal if [5‘3, 55] = 0. Conversely,

67,67] = [eOe*,cOc*] =0

whenever e and ¢ are orthogonal, whence the assertion. O

Corollary 2.1.20. Let e € Z be a non-zero tripotent. We have

0 0 £
:l: . _ . — X :l:
Ad (exp tX;") (12 782) =izo-—5 &+ 5 X

forallt € R, and
Ad(exp ) (X!) = —X; .

In particular, X € O~ , =X, € Ad(exp(pr))(X) and w™ C Q™ NtR.

Proof. We note the formula exp Ad(g) = €6 for all ¢ € gg, cf. [Kna02, prop. 1.9].

Now, since iz aa—z €3(tr),

() (i252) = 5[5 ) = 55

and by proposition 2.1.19,

.0 1 .-
ad(Xf)z(zzi) =3 (&, XF] = £XF,

so the higher powers vanish. Hence the first formula. By the definition of ()~

+XF = limy_e tgz - Ad(exp tXei) (iz ai_) e .

As for the second formula,

e Xe] = 3 ller ) ) =

43
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and all higher powers are zero. Hence
Ad(expl, ) (X)) =X —-¢", =X, .

This proves the formula and the conjugacy of =X .
We have i-ee* = X — X; € O by proposition 2.1.19. Thus, w~ C Q~, by
lemma 2.1.13. O

Remark 2.1.21. For an alternative, but similar proof that X;" € Q~ (for e primitive), see
[Pan83, lem. 4].

Proposition 2.1.22. Let (¢, 77%) be a disc embedding. Then there exists a non-zero tripo-
tente € Z such that & = ¢, and 7+ = X .

Proof. Note the relation

1
sl =0t Fy
Hence
B(G ™ +n7) = %-B(CI G =n7]) = %-B([é‘,é‘]f —17)=0.

This shows that ¢ L tr, so ¢ € pr and there exists u € Z \ 0 such that { = ¢, . Since

nt —n~ € tgr =aut(Z), theelementv = —1 - (5 —57)(u) € Z makes sense. Now

1

Co =5 Gn"—n]=n"+n" #0.

N |

By assumption, 3 - (7 —#7) acts on s just as iz % does, namely, by multiplication with

+i on p* . Hence,

0
Gy ity = I G i) = [l iG] = G i

This implies v = —iu . Moreover,
B T P 1, B
Ci{uu*u}zi'ng’é—iu]’éu]:1[[6’77 +1 },6]25[7] -7 IC]: iu -
Therefore, u = {uu*u} is a non-zero tripotent. O

Remark 2.1.23. By proposition 2.1.22, disc embeddings — or, equivalently, the (H;)-ho-
momorphisms from s((2,R) to gr in the sense of Satake — can be rephrased in terms of
tripotents and Jordan theory.

2.1.24. Itis clear that
ar = (&, | k=1,...,r) Cpr

is an Abelian subalgebra, and by [HC56, lem. 8, cor.], it is maximally so. By [Kna02,
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prop. 6.40], gr decomposes as

@
IR = MR D aR D ZaeAu IR

where

mR = e (ar) and gk = {C € gr | [1,¢] = a(y) - forall y € ar}

are the restricted root spaces and A, = {a € a \ 0 | g # 0} is the set of restricted roots.
A, is an irreducible root system, non-reduced if B is not of tube type.

For any tripotent e, define the Cayley element
Ye=exp(%§-&) € expipr .

The Cayley transform Ad(7.) € Int(g) has order 8. Furthermore, if e and ¢ are orthogonal,
proposition 2.1.19 shows that [&}, &F] = 0,50 Yeye = Yese -
In particular, for F=e1+-Fe,1<k<r, Yok = Ve, - Ve, leaves tig pointwise

fixed, and ag = Ad (7. ) (itg) . It follows that

A U0 = AoAd(y,")]

a]R'

This allows for the definition of a positive system by

AfU0=A"" o Ad(y,")|

Cl]R'

We define a nilpotent subalgebra by setting ng = Zf?e AF gk - Then [Kna02, prop. 6.43]
implies that gr = £r @ ar @ nR is the Iwasawa decomposition associated to the choices of
ag and A; . By [Kna02, th. 6.46], we also have a global decomposition G = KAN as a
direct product of manifolds, where A = exp ag and N = expnR .

We describe the restricted roots explicitly. Define aj = vy o ')/;,1 ,l.e.
w(8,,) =0k forall 0<k<r, 1<L<r.
Set, for0 <k <{<rande*=1,af, =a;—¢e- . Then
AFc{af, #010<k<l<r, e =1}.
More precisely, A" contains exactly those «f, for which
ggf = {C;+(2—(5k(g) (e Ou —uley) ‘ UEZy, k>0 = u :s-u}

is non-zero, where u* = {e"u*e’} for u € Z;(e"), cf. [AUO3, lem. 5.1.1].

45
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Lemma 2.1.25. Let1 <k < ¢ <r.Ifa € Af suchthata + a,, € Al , then

a, 1<j<k,
atag =4 J
by ksjst
Proof. Obvious, since a;; + a, ¢ Aq and 0(17}_ +a, € Al implies j € {k,¢/}. —— O

Lemma 2.1.26. Foru € Z and § € aut(Z) = ¢y,
[6,X] = X, -
In particular, Ad (k) (X;F) = Xi© forallk € K.
Proof. We have
2-[6,X5] =¢ 45, £ 16, ubu*] =& 5, & (i0u) Out —uD (idu)*

_ 1 o 4
= gfidu + 5 [gu’gfidu] =2-X5,,

whence the assertion. O
Theorem 2.1.27. For a tripotent e € Z, the orbit
0, =Ad(G)(X)) =—-Ad(G)(X;) Cc Q™
depends only on the rank of e. Moreover,
rtke A#rkc = 0,NO, =2 and rke<tkc = 0, C O,.
Finally, for e primitive, we have
O, =R - Ad(K)(X) = {a- X | « > 0, ¢ primitive tripotent }
and O\ 0=co(O,).

Proof. By corollary 2.1.20, O, C Q, and £X; are conjugate. If ¢ and ¢ have equal
rank, k(e) = ¢ for some k € K, by [Loo75, cor. 5.12]. Hence, lemma 2.1.26 shows that
Ad(k)(X;) = X, and hence the orbits are equal.

For the tripotent K =e1 4+ +ey,

k _ _
+ + ® i @ Yij
Xj = ZXe; < 21<]<k R C Elgig]’gk IR -
j=1

By lemma 2.1.25, the latter space is AN-invariant. By lemma 2.1.26 XZ,; 11 € Oy if and
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only if this orbit contains some rank k + 1 tripotent. But for ¢ € K,
0(e") = tler) + -+ £€(ex) where ((e),j=1,...,7,

form a frame. Then the same argument as above applies to the restricted root decompo-
sition associated to the maximal Abelian subspace () (tg) C pr . Hence, O, contains
a rank k + 1 tripotent if and only if X:k .1 is contained in the AN-orbit of Xjk . Since this
is not the case, the orbits must be disjoint.

Letk>2.Forte R,

Ad (exp (tér;k)) (Xek) = Xet + X:I;—l .
In particular,
X1, =limi o Ad(exptd, ) (X)) € Oy .

Now, consider the case of k = 1. Lemma 2.1.25 implies
[ng, X;] € [ng, gﬁ{l] =0.
Moreover, [ag, X,'| = R - X;\. This proves that
Ad(G) (X)) = Rs - Ad(K)(X;) = Rs - { X | c primitive tripotent} ,

where the last statement follows from lemma 2.1.26.
Clearly, 0 ¢ C = co(Ad(G)(X}")), C is invariant, and

0UC =R - co(Ad(K) (X))

is a closed cone, because the convex hull of a compact set is compact.

We contend that this cone is (™ . Since we already know by proposition 2.1.19 that
X, € Q7 , it remains to be shown that iz 2 € C. Wehavei-eOej = X;—X,eC
by corollary 2.1.20. Thus, w~ \ 0 C C, by lemma 2.1.13. But we have already noted
iz % cw . U

Remark 2.1.28. Theorem 2.1.27 is contained in [Vin80, th. 2] and [HN©@94, th. II1.9]. The
last step of our proof follows [Pan83, lem. 4].

Hilgert, Neeb and Orsted [HN@94] show that all nilpotent orbits of convex type

(those contained in the dual of ()7 ) are of the form O,, e € Z tripotent. By proposi-

tion 2.1.22, this follows in our framework from their refined Jacobson-Morosov theorem
[HN@94, th. 11.10].

2.1.29. Define the dual cone

OF=0"={Cegr | (Z:Ad(k)(X})) >0forall ke K} .
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By duality, 07 is a maximal pointed invariant cone.
Lemma 2.1.30. We have O~ € Ot and w* = QF Ntg.

Proof. The vector field iz aa—z is fixed by K. Moreover, for all tripotentse € Z\ 0,
. a + . a . * _ *
<ZZE)Z X, ) = —B(lzg,reDe ) =trz(ede*) >0

by lemma 2.1.9. In particular, this is true fore = ¢;,s0 Q) C Q. If { € w' ande € Z
is a tripotent, then

(& : Ad(k)(X])) = (¢ : Ad(k)(i-e0e*)) >0 forall k € K

since the projection of Ad(K)(i - e[Je*) onto tg is co(W, (i - e(e*)) C w™ by Kostant’s
convexity theorem [Kos74]. Hence, § € Q.
Now wt C QT Ntr. But

OfNtr C (O NtR)* Cw * =w™,
sow™ = QT Ntg. Similarly

ONrCc (QOTNR) ' =w™=w",

sow” =07 NtR. O

Remark 2.1.31. By [Pan83, th. 2], the map () — Q) N {R is an order-preserving bijection
between the set of closed pointed G-invariant cones () C gr with non-trivial interior
and the closed W -invariant cones w~ C w C w™ . The cones () are given by

Q= {¢egr|p(Ad(G)(?)) C w}

where p¢ denotes the orthogonal projection onto tg . Moreover, [Pan83, th. 3] shows that
O*Ntg = (Q N ’qR) * . Moreover, any orbit in ()° has a non-trivial intersection with the
relative interior of Q N tR .

Lemma 2.1.32. If { € Q7 is regular, it is conjugate to an element of w*°, and hence
contained in O7°.

Proof. The centraliser g]% of ¢ is a Cartan subalgebra. By [War72, prop. 1.3.4.1], the
subset U = Ad(G)(hr,«) is open. Since O™° is densein Q" and & € UN QT , we find an
element € Q™ NU # @.

Since 7 € O1°, 1 is conjugate to an element { of tr , necessarily also regular. Then
tr = gﬂg ,S0 hr = 9711 and tr are conjugate. Hence, ¢ is conjugate to an element of tR .

The remaining assertions follow from w™* Ntg . = W -c; C w™®, a consequence of

proposition 2.1.17. O
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Faces of invariant cones

Given the description of the orbits O, in theorem 2.1.27, one might naively suspect that
the faces of Q% have a similar description as in the case of symmetric cones, cf. proposi-
tion 1.3.6. In truth, the convex geometry of the cones O is a little more involved.

2.2.1. In this subsection, e and c shall always denote tripotents, without further men-
tion. Associated to e, the Lie algebra gr has a natural Z-grading

grlk] =ker(adg, —k) forall ke Z.
By [Loo75, lem. 9.14], g§ [k] = 0 unless |k| < 2. Moreover,

gR[0] = ek @ {&, | u € Zo(e) ® Xy (e)}
where £, = {6 € tg | e = 0} . Furthermore,

oR[E1] = {ni" |u € Zipple)} and gi[+2] = {ni" | u € iXi(e)}

where Uft'i =¢, = % : [C;,Cﬂ . In particular, £2 - X = ;ﬁéi .
From the restricted root decomposition of gr (2.1.24) it is clear that

Eﬁ{ = (E]R,Q(E) D E]R,l (6)) + mR

where we recall tgo(e) = aut Zy(e) and tr1(e) = aut X;(e), the set of algebra deriva-
tions of the formally real Jordan algebra X (e) . The sum with mp is usually not direct.

By a parabolic subalgebra (or parabolic for short) we mean a subalgebra of gr that is
its own normaliser and contains a maximal solvable subalgebra. Then it is clear that
dkr = or[0,1,2] is parabolic. To wit, ar © nr C q ifej < eore; Leforallj=1,...,7.
In fact, by [Loo75, prop. 9.21], qi is a maximal proper parabolic.

Let n; = gi[1,2] be the nilpotent part of qf; . Recall that a generalised Heisenberg
algebra b is simply a step 2 nilpotent Lie algebra, i.e. [hr, br]| C 3(hr)-

Lemma 2.2.2. The following map is an isomorphism of Lie algebras:
(u,0) = 1 bk = Z1y2(e) x Xy (e) — nf
where by, is a generalised Heisenberg algebra with bracket relations
[(u,0), (W', 0")] = (0, {u'u*e} — {uu""e})

forall u,u’ € Zy,5(e),v,v" € iXy(e).
Proof. Ifk = 1,2, then
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Thus, g§ [2] is central in n, .

For u,v € Zypa(e), [, 5] € g&[2] and hence equals ;" for some w € X (e).

Since 75" (0) = &, (0) = w,

w = [ 157](0) = % [ [6, 8 ]](0) + % 66, 851(0)
= {ve*u} — {ev*u} + {eu*v} — {ue*v} = {vu*e} — {uv'e} .

This proves the required bracket relation. U

Remark 2.2.3. The map in lemma 2.2.2 is related to Ad(+.), the Cayley transform as-
sociated to e. It identifies gf; [2] with constant vector fields, and g [1] with certain affine
vector fields, cf. [Upm85, cor. 21.17].

It is interesting to note that the product o of the formally real Jordan algebra X; (e)
can be expressed in terms of bracket relations as

1
Niow) = 5 [Ga5] forall u,o€ Xi(e) .

2.2.4. We define
he(u,v) = {uv*e} € Z1(e) forall u,v e Zj(e).
Then [Loo75, 10.4] shows that h, satisfies
he(u,v)" = he(v,u) and he(u,u) € O4(e)

where () (e) is the closed cone of squares in the formally real Jordan algebra X (e).
Moreover, h,(u,u) = 0 if and only if u = 0. We shall call such an &, an Q4 (e)-positive
Hermitian map.

Associated to h, is a skew-symmetric map 4., given by

ge(u,v) = Imh,(u,v) =i- {ou'e} ; {uv'e} € Xi(e) forall u,v e Zyn(e).
Hence, the bracket of hj; can be expressed as

[(u,0), (W', 0")] = (0,=2i - ge(u,u')) forall (u,v),(1,v") € Zi5(e) xiXi(e) .

Lemma 2.2.5. For any x € );(e)°, the form
(u,0) — (ge(iu,v) | x) : Zy/2(e) X Z1/2(e) = R

is positive symmetric. In particular, 3(h§) = iX;(e).
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Proof. We have

i _ {vure} + {uve}

- ({v(iu) e} — {(iu)v*e}) 5

ge(iu,v) =

N |

In particular, the form is symmetric. For u = v, we find
(qe(iu,u) | x) = (he(u,u) | x) 20,

since () (e) is self-dual. Since x € )1 (e)°, the face O (e) N x* dual to the face generated
by x is 0. Hence, the form is non-degenerate.
We know that 3(h%) C iXq(e),andif u € Zy,5(e) \ 0, then

[(i,0), (u,0)] = (0, —2ige (in, u))

where (g.(iu,u) | e) > 0. So, equality follows. O

Remark 2.2.6. Recall (1.2.2) that iX;(e) = Xj(ie) is a formally real Jordan algebra with
the product induced by the tripotent ie. Therefore, the centre of the generalised Heisen-
berg algebra b, is a formally real Jordan algebra such that the product induces an i€); (e)-
positive symmetric form (in the obvious sense). Such Lie algebras h; are called conal
Heisenberg algebras by Hilgert, Neeb and Orsted, and are the subject of study in [HN96].

Since b = ng; is nilpotent, the exponential map is an isomorphism onto the corre-
sponding generalised Heisenberg group H, = Z1,(e) x iX;(e) with composition law

{w'ue} — {W’*e}>

(u,0) - (u',0") = <u+u’,v+v'+ 5

forall u,u’ € Zy5(e),v,v" € iXq(e).

The classical Heisenberg group (with one-dimensional centre) corresponds to the
special case of a primitive tripotent e.

The groups H, are not the most general kind of generalised Heisenberg groups that
can occur. They correspond to symmetric Siegel domains D (i.e. D is biholomorphically
equivalent to a bounded symmetric domain B), whereas the general case corresponds
to homogeneous Siegel domains (of type II) which are not necessarily symmetric.

2.2.7. Let ()1 (e) be the closed cone of squares in the formally real Jordan algebra X (e) .
i1 (e) C iXi(e) C b can be thought of a subset of g [2] C gr under the identification
from lemma 2.2.2.

Applying this consideration to —e, we see that (;(e) C Xj(e) = Xi(—e) maps
isomorphically into g [—2] . We denote its image by iQ(—e).

Proposition 2.2.8. We have Q* Nh% = i) (e).

Proof. Let ¢ = 1. The intersection Q=0n b is a closed pointed cone invariant
under inner automorphisms. Hence, [HN@96, lem. 1.13] implies that O C g&[2]. On
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the other hand, X € Q, and this element corresponds to the unit e of the formally real
Jordan algebra X (e) under the isomorphisms from lemma 2.2.2 and 1.2.2. Identifying
Q) with its image in X; (), this implies

Oi(e) O and QF C Qq(e)* = Qy(e) .

Since Q) is pointed, the interior of Q* is non-void. Hence, )* contains an interior element
x € O4(e)°. Thus,
01(e)° = GL(Oq(e)).x € OF € Oy(e) .

It follows that Q* = ) (e) , and by duality, Q0 = O (e). O
Lemma 2.2.9. Foru € Z;5(e) ®iXy(e) and c < e,

(et X)) =0 and (y7 : X.)=4itrz(uDOc" —cOu").
Likewise, ife < ¢,
(g~ : X)) =0 and (yi" : X)) =4itrz(cOu* —uDc").

Proof. Note X, = —X: and ,“" = —#;;~ . Hence, the second set of formulae follows
from the first. Now, — X = % - ;. +i-c0c”. This implies

— (™ - X0)

I
_H

-B([&, &, ],i-cOc) +%-B(CJ,§£)
-B(&,, [i-cOc%,&]) +%-B(€LC;)
.B(g;,gi;)nt%-B(C;,C;)

Il
_H
N = N = N =

I
_H

which is 0 or
B(¢,,Cr) = —4itrz(uDc* —cOu),

by lemma 2.1.9, proving the claim. ]
Lemma 2.2.10. Let Q) C gR be a closed cone invariant under Ad(exp t¢, ) forallt € R.
If § = Y/ & € Q where ; € gi[j], then &, & € Q.

Proof. We have .

Ad(exptZ, )(&) =Y ' g eQ forall teR.
j=k

In particular,

& = limy_o e - Ad(exp —t¢; ) (8) € O

and
& = limy_co e - Ad(exp ;) (8) € Q,

proving the lemma. U
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2.2.11. Define a convex cone F;* contained in OF by F* = OF N (X,) -

Proposition 2.2.12. We have
FF=0"n (X)) =0 ngi.

In particular, F; is an exposed face of Q.

Proof. If e = 0, then X; = 0, FF = OF, and gr = 9r- W.lLo.g., we may assume
rke > 0. From corollary 2.1.20, we know that =X, € Q- C Q7, so (X;)L is a
supporting hyperplane for Q* , and F;* is an exposed face.

Since they are eigenspaces of a symmetric endomorphism (¢(¢, ) = —¢, ), the de-
grees of the grading are mutually orthogonal. In particular, qf; L X, € gi[—2].

For the converse, let & € F;*, and write & = 2]2-:,2 ¢j where ¢; € gi[j]. Since X,
is an eigenvector of ad &, , F" is invariant under Ad(exp t¢, ) for all t € R, so we can
employ lemma 2.2.10.

In particular, &, € Ff. Assume {5 # 0. Then ¢, = 7;;~ for some non-zero
u =iv € iXy(e) . By proposition 2.2.8, v € ();(e) . Since we have e € ()1(e)°, and () (e)
is pointed and self-dual, (v | ¢) > 0. By lemma 2.2.9,

8

(o X)) =4i-trz(u0e* —eOu) = -

(v]e) <0

where k = rke. Contradiction! We deduce &_, = 0, so &_1 € OF as above. But then
¢—1 = 0 by proposition 2.2.8. O

We have seen that the exposed face F* is contained in the maximal parabolic g% , and in
particular, invariant under inner automorphisms of q . However, this is not the defini-
tive statement on F." .

Namely, the vector subspace of g generated by F" is a proper ideal of g5 . To de-
termine it explicitly, and to gain more insight into the structure of F;", we need to study
9% [0] in greater detail.

2.2.13. In the following, we assume, as we may, that the frame ey, ..., e, is such that
ej <eforj<kande; L eforj> k,in other words,

e:ek:el+---+ek.
Recall mg = 3¢, (ar) where ag = <§e7 |j=1,...,r). Let

gro(e) = trole) ® pro(e) = aut Zo(e) ® {&, | u € Zo(e)}

and

gr1(e) = tr1(e) ®pri(e) = autXy(e) & {&, |u e Xi(e)} .

53
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Then gro(e) is the Lie algebra of the facial subgroup G, i.e. the set of complete holo-
morphic vector fields on the circled bounded symmetric domain By(e) .

Lemma 2.2.14. We have gr1(¢) = Ad(7, ') (gl (e)), and a decomposition

e

or (0] = gro(e) ®mp D gr1(e)

where mfy C mg = 3¢, (aRr) is a compact subalgebra. All the factors in the decomposition
are ideals of g [0] .

Proof. We know from 2.2.1 that there exists a subspace

€L
mﬁz = Ei{ M (E]R,o(e) D E]R/] (6))

of mg such that
gr[0] = gro(e) ®mi © gra(e) .

IfueX(e),
1 _ i o 1
1 &re ] = 1 [T Cn] = 5 (eOu*+ule") =ule" = M,.
Hence, by [Upm85, lem. 21.16],
Ad(v, )2 -M,) =¢&, and Ad(v.)(6) =6 forall § € autX;(e).

This proves that
ori1(e) = Ad(7: ') (gl (e)),

in particular, this is a Lie algebra. The Peirce rules show that it commutes with gr(e) .
Since mp leaves the restricted root spaces invariant, the orthogonal complement of my

is an ideal of g§[0] . Hence, so is m{; . O
Remark 2.2.15. Note that the factor mf; in the decomposition is actually independent
of the choice of frame.

2.2.16. By [Sat80, prop. 4.4, cor. 4.5], each of the gf; [0]-modules
or[1] = Z1/2(e) and  gr[2] = iXy(e)

is trivial or irreducible. Moreover, if non-zero, g§ [1] is faithful. Let [ = gro(e) & mf .

Proposition 2.2.17. The algebra [{; commutes with iX;(e). On Z;5(e), the action is
dv=906rv) and ¢, .v=—{uv'e}
forall § € tro(e) @mfy, u € Zop(e),and v € Z;5(e) . Moreover,

ge(Cu,v) = —qe(u,g.v) forall { €z, u,ve€ Zipne).
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Proof. We have
(6,757 =yt forall 6 € tr, u € Zy5(e) x iXq(e) .

Moreover, §(u) = 0if § € tro(e) = autZy(e) and u € iXy(e) (Peirce rules). For all
derivations § € £, 6(e) = 0. In particular, [mﬁi{, X ] = 0. By lemma 2.2.14, my; is an
ideal, and thence commutes with gr(e) © gr,1(e) . By irreducibility of g§ [2], the vector
X € g [2] is cyclic, so we find

[mk, ok [2] = [, [oR[0], X¢']]
= [mi, [gro(e) @ gr1(e), X ]| C [gR[0], [mg, X;]] =0.

Furthermore, for all u € Zy(e), v € Z15(e) ®iXi(e),

[C0 157](0) = —{ev*u} + {ve*u} = —{uv*e} .

If v € iXq(e), this is zero. In particular, for ¢ € I, u,v € Z1,5(e),

—2i-qe(G.u,0) = [[&,m "], m5 7] (0)
= [& [ met1100) = [t [8, 11 (0) = 2i - ge(u, §0)

by the Jacobi identity. U
2.2.18. By the preceding proposition 2.2.17, the semi-direct products

R X br and gro(e) x br

make sense. Moreover, the reductive factors [; and gr o (¢) leave the 'vector-valued sym-
plectic form’ g, invariant, i.e. they act as "generalised symplectic Lie algebras’. For this
reason, [f, X h; and gro(e) x b will be called generalised Jacobi algebras.

By lemma 2.2.14, the generalised Jacobi algebras [§; x h; and gro(e) X h§ are ideals
of the parabolic qf, .

Lemma 2.2.19. Under the assumption from 2.2.13, tr N mr = tig ,and
tR[0] = tr N gR[0] = (i-¢;0ef [ j=k+1,...,1) Dtg C Ik
The subalgebras g% (0], gro(e) , and m§ of gr are tg-invariant. Moreover,
tro(e) = tr Ngro(e) and tf Nmf

are Cartan subalgebras of, respectively, gro(e) and mf; .
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Proof. Since |9, C(ﬂ = 6(5_6], forallj=1,...,rand § € tg, we have
tﬁ: {5€f]R ‘ (5e]~:0,j:1,...,r} Ccmp.

Since {e]-e;?ej} =ej #0,tgNmR C .
Moreover, i - ¢ De]’.‘ € tro(e) ifj > k,and if j <k,

[6,i-ej0ef] =i (d¢j)Tef +i-ej0(de;)" =0 forall 6 €ty

and
[ i-e0e] = —gg{ejefu} =0 forall u € Zy(e).

We conclude that [; is tr-invariant, and that
tR[0] = (i-e;0ef | j=k+1,...,n®tg Clx.

In addition, by [Bou68, ch. VIIJ, § 3.1, prop. 3], tro(e) is a Cartan subalgebra of gro(e),
and m§ Nt is a Cartan subalgebra of m; . O

2.2.20. Let QO (e) denote the minimal cone of the Lie algebra gro(e) , cf. definition 1.2.5.
Likewise, let QO (¢) C gro(e) be the dual cone of Q) (e) .
Then, if we set wy (e) = Q7 (e) N tro(e) , lemma 2.1.30 shows that

wy(e) =wy (e)* and wy(e) = (iHy |a € AT, g% Cgole)) .
Here, of course, go(e) denotes the complexification of gr o(e) , and the set
{ae At |g" Caole)}

coincides with the set of positive non-compact roots for gro(e), since this algebra is
tr-invariant and ¢-invariant, cf. [Bou68, ch. VIII, § 3.1, prop. 3].

2.2.21. For what follows, recall that a Lie algebra is said to be reductive if its adjoint
representation is semi-simple. A Lie algebra a is quasi-Hermitian, if a = 34(3(a N b)) for
some maximal compact subalgebra b C a. If a is simple and non-compact, it is called
Hermitian if some maximal compact subalgebra has non-trivial centre. A reductive Lie
algebra a is quasi-Hermitian if and only if it is the direct sum of a maximal compact ideal
and Hermitian simple ideals.

Lemma 2.2.22. The centre of £ 1(e) is trivial. In particular, if rke > 2, then the derived
algebra gr1(e)’ = [gr1(e), gr1(e)] is a non-compact, non-Hermitian simple Lie algebra.
Ifrke <1,gri(e) =R-¢, is Abelian.

Proof. By lemma 2.2.14, Ad(-y.)(gr,1(e)) = g{Qq(e) . We know from 1.3.2 that gl () (e)
is reductive with centre R - M, , and the derived algebra gl ()1 (e)’ is simple since Xj (e)
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is simple, whenever e is non-zero. If rke > 2, there exists a non-trivial idempotent
ce Xi(e),0<c<e.Then M, C gl()(e)’ generates an unbounded 1-parameter group,
so gl ) (e)’ is non-compact.

Let 6 € tr1(e) = aut X; (e) be central. Since de =0, for all u € X;(e),

0=106,[¢0, 8] = [Go G ] + [Cu, 5] =2 (bu)Te" =2- My, .

This implies éu = 0,s06 = 0. O
Proposition 2.2.23. We have
O Nghl0] = Q5 (e) and w® N gk[0] = wj (e) .

In particular,
Fei = Qi N (g]R,()(E) X hﬁ?) .

Proof. If e = 0, there is nothing to prove. W.L.o.g. we assume e # 0. From lemma 2.2.14,

we have
gr[0] = gro(e) B mR S gr1(e)
where m§; C mpr = ¢, (ar) is a compact reductive ideal of gro(e) .

Now, gro(e) ® mf; is tr-invariant by lemma 2.2.19. Since g L pr and
(i-e;0ej : 6) = —2i-trz((de;)Dej) =0 forall 6 €trNggl0],j<k,
the orthogonal projection p; onto tr leaves g [0] invariant. Thus,
(O NgR[0]) = w™ NgR[0] C tR[0] -

From the lemma 2.2.19 and lemma 2.1.13, w™ Ngro(e) = w; (e) C tro(e). Hence,
Q™ Ngrole) = Qg (e), by [Pan83, th. 2].

Let OF = OF N 9%:[0]. Then Q* is closed, pointed, and invariant under inner auto-
morphisms. In particular, a* = OF — OF is an ideal of g5 [0] . Since g&[0] is reductive, so
is a* . By [Nee96, prop. I1.2 and lem. I1.4], a* is quasi-Hermitian. Lemma 2.2.22 implies
at NgRr1(e) = 0, since a* has neither proper non-compact Abelian nor non-Hermitian
simple ideals. We conclude

OF C ot C grole) ®mé .

Let { € w' Nmf. Seeking a contradiction, assume ¢ # 0. By definition of w™,
there exists « € A" such that a(¢) > 0. Since [¢,,¢] = 0, the one-dimensional root

space g* C [C, pﬂ C pT is ad &; -invariant, and hence contained g°[k|, for some k. Since




58 2. Ol’shanskii domains and their boundaries

[¢.,8"] C g*and [p,p] C ¢, necessarily k = 0. But m* is an ideal of g°[0], so
g" C [m%g"] cm‘npt =0,
a contradiction. Therefore, w™ Nm§ = 0. Since
tr N (gro(e) ©mR) = tro(e) ®mR N,
the projections p; and pne commute, and
Pe (WF N gk[0]) = wF Nm§i =0.

Consequently, w™ N g&[0] = w; (e), and this entails O~ = QO (e).

As for the dual cone, clearly Q" N g&[0] C Qg (e)* = Qg (e) . In particular, we have
the inclusion w™ N g4 [0] C wy (e) . Conversely, if « € AT is non-vanishing on w; (0),
we have seen above that g* C p™ N g°[0]. If g* ¢ go(e), then, since g* is one-dimensional
and intersects m* trivially, g* C gi(e) . Since a(to(e)) # 0,

g* C [tole), g1(e)] C [go(e), m(e)] =0,

which is a contradiction. So, g* C go(e) . By 2.2.20, this means that « is a root for gr(e) .
We have established that all —ia, « € A/, are > 0 on wy (e) . Hence,

wy (e) C wt NgR[0],

and equality follows. Now, [Pan83, th. 2] shows that Q" N g&[0] = Qf (e). —— O

Remark 2.2.24. It is appropriate to acknowledge that Neeb’s result [Nee0Ob, prop. 1.11]
(also available as [Nee0Oa, prop. VIII.3.30]) is quite similar to proposition 2.2.23. The
latter part our proof owes much to the argument found there.

Now we have gained more insight into the structure of the exposed faces F;*, we can
consider more general faces.

Lemma 2.2.25. Let e > c be tripotents. Then
b Nak = {n5" | uciXi(e—c)®Zynle) NZo(c) ® Z1y2(e) N Zy2(c) ®iXi(c)} .

In terms of the grading gi[j], the first two factors correspond to j = 0, and the other
twotoj=1andj = 2, respectively.

Proof. Note first that [¢,,¢;] = 2(e0c* —cOe*) = 2(cOc* —cOc*) = 0, so the
ad ¢, -eigenspaces are ad ¢ -invariant and vice versa. Thus,

53]
bR VAR =Y 115 012 9RIA N R[K] -
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Thus, we may consider the levels of the gradings individually and refer to the explicit
form of the decomposition.

First, let us consider the case ¢ > 0. The equation 7;;" = 55" gives, by Cartan
decomposition, §, = ¢, , and thus u = v. Consequently, the equality of the ¢g compo-
nents is equivalent to

(e—c)Ou*+ul(e—c)" =0.

If (A,u) = (1,2), thenu € Zy,5(e) NiXi(c) = 0. If we have that (A, u) = (2,1), then
u € iXi(e) N Zin(c). Hence

0={(e—c)u*e} —{u(e—c)"e} = —u— {cu*c} — {cu*e—c} — 1 -u=—

NI

U,
because {cu*c} € Z3/»(c) = 0and

0={(e—c)u*c} —{u(e—c)’c} = {cu*(e—c)},

sou =0.Incase (A, u) = (1,1), wehave u € Zy,5(e) N Zy,2(c) = Zo(e —c) N Zy2(c),
and conversely, this implies the condition explicated above for the equality of the £r
components. If (A, u) = (2,2), we have u € iX;(e) NiXj(c) = iXi(c). Then again the
Peirce rules give the converse inclusion.

Consider now the case 4 = 0. Then we need to determine the solutions of the
equation 7t = & + 6 where v € X;(c) ® Zo(c) and 6 € ¢ is such that 6(c) = 0. This
equality is equivalent to u = v and

0= {eu*c} — {ue*c} = {eu*c} — {uc*c} .

If A = 1, we point out that X;(c) C Zi(e) L Zy/2(e), sou € Zysp(e) N Zy(c). In this
case, the tR condition is always satisfied. If A = 2, u € iXy(e) N (Zo(c) ® X1(c)) write
u = ug + u; where ug € Zy(c) and u; € Xy(c). Then

—u; —upg = —u = {eu'e} = {euy e} + {eup*e} = {cus*c} + {(e —c)up*(e — ¢)}

=u+{(e—c)up*(e—c)}.

By the Peirce rules, {(e — c)up*(e —c)} € Zy(c), so we read off from the decomposition
that u; = —u; = 0and

u=ug=—{(e—cuo*(e—c)t ={(e—cju"(e—c)},

which means precisely that u € iX;(e — ¢) . By the Peirce rules, this conversely implies

the ¢r condition. This completes our proof. U

2.2.26. Denote gi; = gro(e) X hj;. By a flag f of tripotents we mean a decreasing
sequence c; > - -- > ¢y, of tripotents. If f = (¢c; > --- > ¢, > 0) is such a flag, we set




60 2. Ol’shanskii domains and their boundaries

¢ma1 = 0 and define

bf = {17541 Ty e Z®Z1/2(C1) N Zl/z(Cj) N Zo(Cj+1) b Z@ixl (C]‘ — Cj+1)} .

j=1 j=1

Proposition 2.2.27. Let f = (¢c; > --- > ¢,y > 0) be a flag of non-zero tripotents. Then

m
N g = gro(cr) X f)ﬁ; :
j=1

In particular, b]{z is a gro(c1)-invariant subalgebra of gg .

Proof. Once the equation is proven, the subspace f)]fl; turns out to be the nilpotent radical

of the intersection.

We prove the equation by induction on the length m of the flag f. If m = 1, the
statement is trivial, and if m = 2, it follows from lemma 2.2.25.

So, let m > 2 and the statement be true for all 1 < m’ < m. Setting e; = ¢; — cj41
forall 1 < j < m,we find that e = (e;) is a system of mutually orthogonal tripotents, so
the vector fields (fej commute. The vector fields (:Ci have the same span and hence also

commute. Denote their joint eigenspaces by g™ [A1, ..., Am] .

The inductive hypothesis implies that

m—1 2 omol Py
ﬂglRZGIRO c1 KZ Z "i,...,1,0,...,0]
j=1 i=1 j=1 "j
where gﬁ%""’c’"*l [i,...,1,0,...,0] (for j positive eigenvalues) consists of the nf,l’+ with
Zl/z(Cl)ﬂZl/z(C]')ﬂZ()(C]‘_H) i=1,0< ] <m-—1,
e Zyy5(c1) N Zyja(em—1) i=1,j=m—-1,
iX1(cj—cjy1) i=2,0<j<m—-1,
iX1(cm-1) i=2,j=m-1.

We need to determine the intersection of these with gg'[A] where A = 0,1,2. To that

end, observe

Cm—1,Cm .

, , g 0,A] 0<j<m-—1,
Colm-ify o 00,...,0 NgwA] c R
g [ ] El]RH

R Cm—1,Cm

IR (A} j=m—1,

foralli =1,2and A = 0,1,2. The m = 2 case shows that this is non-zero only if A = 0
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orj=m —1and i = A. The assertion follows, once we notice that

Z1/2(c1) N Z1j2(cm-1) N Z12(cm) = Z12(c1) N Zyj2(Cm) ,

which follows from lemma 2.2.28 below. [l

Lemma 2.2.28. Letc; > cp > c3 be tripotents. Then

Z12(c1) N Zyy2(c2) N Zya(c3) = Zya(c1) N Zy2(c3),

and in particular, this is independent of ¢, .

Proof. Lete; = c1 —c2,ep = o — czand e3 = c3. Then ey, e, e3 are mutually orthogonal
tripotents, and we may consider the associated joint Peirce decomposition. We have
ci=e1+---+e¢,j=1,2,3,s0[Loo75, th. 3.14] gives

Z1s(c1) =Z10® Zoo B Zso , Zija(c2) = Zoo B Z3o D Zn b Z31,
Z12(c3) = Z3o® Zz1 ® Z3p .

Therefore, both sides of the equation are equal to Z3p, which proves our claim. — [

2229 Letf=(c1> - >cu>0=cps1)bea flag of tripotents. Define
f f ¢
gr = gro(c1) X b = [ (aro(ci) X by) -
j=1
More generally, for I C {1,...,m}, define
o’ = grolcr) x bg'

where

by = {nfﬁ'*

52 D.
ue Z Z]/z(cl) N Zl/z(C]‘) N Zo(Cj+1) D 2 ZXl(C]‘ — Cj+1)} .
Jjel jel

It is easy to see that h{;gl is a Heisenberg type Lie algebra whose centre corresponds to
the sum of the Peirce-1-spaces occuring in the above definition. To prove its gro(c1)-

invariance, we give the following description of g]jI;’I .

Proposition 2.2.30. Let f = (c; > -+ > ¢ > 0 = c¢y41) be a flag of tripotents and
Ic{1,---,m}. Then
ok =ok a7
JEI

In particular, b]JI;’I is the nilpotent radical of the Lie algebra g{l;’l .

Proof. We prove our claim by decreasing induction on #I. For #I = m , the statement
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is clear. It remains to prove
ap N g{zl = g{al\k whenever ke I.

Since &, ¢, = ¢,y — 6o and the C; commute, we find

LRROE SO o ol o S TE S BT

lel  i=1 jf-
2@ C C
C1, Cm |3 :
= gro(c) @ Y7 Y g4 [0] N gl li,...,i,0,...,0],

el i=1
because the eigenvalues A; of Cc_j on gﬁ; always satisfy A; > A;,1. Now,

o i, i,0,...,0] £ <kork+1<¢,
Q%Jrl Ck[O] mg]cl%/"'/cm [ZI . 'Iilol' . /0] = ¢
= 0 =k

foralli = 1,2, since to lie in gif*'~ *[0] means that Ay = Ay . But

Z@ C1,- Cm ,i,O,...,O]:f]f'k,
\,_./

which proves the assertion. O

2.2.31. Let f = (¢ > -+- > ¢ > 0 = cyyy1) be a flag of tripotents and I C {1,...,m}.

Consider the subgroup Hy ; of H, associated to by . Then the subgroup of G associated

to gﬂ;’I = gro(c1) X h{{’l is the semi-direct product G¢,; = G, x Hy [, cf. [Loo75, th. 9.15].
Now, set

Fof=0"n ﬂ “nN(x S )
=1 JEl

Clearly, this is an exposed face of OF .

Corollary 2.2.32. Let f = (c; > -+ > ¢y > 0=cyy1)beaflagand I C {1,...,m}. We
have
1
fz—QiﬂﬂChRﬂﬂ R =0fneg .
j=1 j#l

Proof. First, recall that X, = —X_

~.- Thus, the first equation follows from proposi-
tion 2.2.12. The second equation thus follows from propositions 2.2.23, 2.2.27 and 2.2.30.

O

2.2.33. To see that g{{l is spanned by FJ?EI , it is useful to consider, forc; > ¢c; > ¢3 > 0,
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the subalgebra g >® = gro(c1) X hp'>™ where

h%’cz’% — {175,:{: ‘ ue Z1/2(C1) N Zl/z(CQ) N Zo(C3) ) in (Cz — C3)} .

Indeed,
hfrl _ Z@h%rcﬁﬂm and g]]I;,I _ Zg%r%fm
jel jel
whenever f = (¢c; > ---¢y >0=cpy1)and I C {1,...,m}.

Thus, to see that F; generates g{{’l , it suffices to prove that g2 >> N QF spans gy >

for any tripotents c; > ¢ > c3.

Fix tripotents ¢1 > ¢, > ¢3 and let G125 = G, X exp hp'>*® be the analytic sub-

group of G corresponding to the subalgebra gg**“ of ggr . For all ¢ € g2, consider

the adjoint orbit
O3 = Ad(67%) (¢) € gt

Moreover, define Qi(q, c, c3) to be the set

{¢ear™® | 0% N (gro(c1) x iX1(c2 = ¢3)) C OF (1) x i (c2 —c3)} .

The set 1> = tgro(c1) x iX1(co — c3) is manifestly a compactly embedded Cartan
R ) y pactly

subalgebra of gi1">® . Denote by p;"“>“® the projection onto £ along [t:1>, gri >3]
g IR Y Pt pr0j R g 'R R

Lemma 2.2.34. The set O (c1,¢2,¢3) is a GV -invariant convex cone, and
OF(c1,02,03) = {€ € g™ | P (0F%) C wy (c1) x i (2 —c3)} -

In particular, Q*(cy, ca, ¢3) is closed.

Proof. By linearity of the adjoint action,

021-/662,63 = - (921/62/63 and O

. C 021,62,63 4 O;mzﬁs forall « >0,¢,7 € g]Cl%,Cz,Ca )

Hence, OF (c1, 2, ¢3) is a convex cone, and the invariance is trivial.

Abbreviate p; = p{">. Since p((Q5 (c1)) = wj (c1) by [NeeO0a, prop. V.2.2] and
lemma 2.1.30, OF(cy, ¢z, ¢3) is certainly contained in the right hand side of the equation
stated above. For the converse, let ¢ € g’ be such that

p{(ogl'cz'CS) C wgt(q) X i) (Cz — C3) .
Let (17,0) € O3 N (gro(c1) x iXq(ca — c3)) . Then G, fixes {, and
17 C v 1

p(Ad(Ge,)(17)) C wy (c1) -

By [Pan83, th. 2], 7 € Ad(Gy,)(17) C Q7 (c1) . Hence the lemma. O
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Proposition 2.2.35. The cone OF(cq, ¢z, c3) generates gyt > as a vector space. We have

g NO*T = Q% (e,c) = Ad(GV2%) (QF (1) X iQ1(c2 —c3)) ,

and in particular, the cone Q*(cy, ¢, ¢3) is closed.

Proof. Let C = gi">® N (0* . This cone is clearly G*>“-invariant. Lemma 2.2.10, and

propositions 2.2.23 and 2.2.8 readily entail the relation C C Q*(cy, ¢y, ¢3) . In particular,
w(;—L(cl) X 1) (Cz — C3) C ti%,cz,Cs N Qi C tﬁ%'cz'% N Qi(Cl,Cz, C3)
By lemma 2.2.34, we have

tﬁ%'cz'c?’ N Qi(CLCz, C3) C woi (Cl) X i) (Cz — C3) ,

and thus, equality. Since wj (c1) x i (c2 — c3) generates 5>, the cone

{¢ € g™ | pt((’)gl’cz’c3) C wi(c1) X iQq(c2 —c3)}

generates g’ >, by [HHL89, prop. I11.5.14 (ii)]. By lemma 2.2.34, this is Q*(cy, ¢z, ¢3) -
Moreover, [HHLS89, prop. 111.5.14 (i)] shows that this is the smallest G‘“>-invariant
cone containing wy (c1) x i (c2 — ¢3) = 7> N C, and is thus contained in C. This

proves the proposition. U
Corollary 2.2.36. Let f = (¢ > -+ > ¢ > 0 = c¢y41) be a flag of tripotents and
Ic{1,---,m}. The face F;j = gﬁ;’l N QF generates g{{l as a vector space, and

Fry = QF(f,1) = ) O (i, ¢, ¢j41)

jel
= I ol X, (c; — ¢j oF 0y (cj — ¢
Eeag | O N larolcr) @Y iXi(ej—cj1)| € Qper) ® Y i (e —cjvn) ¢

Jjel jel

where (’)é’l = Ad(Gs1)(Q)-

Remark 2.2.37. This shows that Q= (f,I) = F; s, for the Lie algebra g{z’l , the minimal
invariant cone W,,;, defined by Neeb in [NeeOOb, def. 1.3] (see also [Nee0Oa, ch. VIIL.3,
(3.1)]). Our proof in proposition 2.2.35 that Q*(f, ) is generating in gﬁ;’I is similar to
[Nee00b, prop. 1.11] (also [NeeOOa, prop. VIIL.3.30]). The reader should note that Neeb’s

result is much more general.

Theorem 2.2.38. Let f; = (ci1 > -+ > Cim, > 0 =Cjp,11),1 = 1,2, be flags of tripotents,
and ; C {1,...,m;},i=1,2. Let

ri=rkcy and R; = {rk(cj—cijs1) |j€ L} .
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The exposed faces Pﬁh and F f ;, are K-conjugate if only if they are G-conjugate, if and
only if 1 =r, and Ry = R;.
First, note the following lemma.

Lemma 2.2.39. Letc; > c2 > c3 > 0 be tripotents. Then

Z12(c1) N Zyy2(c2) N Zo(c3) = Z1y2(c1) N Zy2(c2 —c3) -

In particular, Ffjfl, where f = (¢1 > - >cy >0=cyq1)and I C {1,...,m}, depends
only on ¢; and the ¢; — ¢jy1 forj € I.

Proof. Consider the mutually orthogonal tripotents e3 = ¢; — 2, e2 = ¢ — c3, and
e; = c3, and their common Peirce spaces

S + 6;
Zi]' = ij' = {Z ez ’ {ekek*z} = 711{ ik

.zforall k= 1,2,3} forall 0<ij<3
Then c¢; = e; + - - - + ¢, s0 by [Loo75, th. 3.14], we have

Zys2(c1) = Z10® Zoo B Zs0 , Z1/2(c2) = Z10 D Zoo B Z13 B Zo3,
Zya(ca—c3) = Zoo® Zo1 B Znz , Zo(c3) = Zoo D Zoo © Zzo B Zyn & Zoz ® Zs3 .

Thus, both sides of the equation equal Zy . 0

Proof of theorem 2.2.38. Assume r| = rp and Ry = Ry . There are frames ¢;1, ..., e;, of Z
and subsets A;; C {1,...,n},j=1,...,#Ry,such that Ay N A;y = & fork # ¢, and

chn=e+---+epn, Cij — Cijj+1 = Z ej for all i:1,2,jEIi.
kGAl‘]‘

There is ¢ € K such that £(eyx) = ey forall k = 1,...,r. This clearly implies the conju-
f flzll d f2/12
gacy of gg' ' and g’ .
Conversely, if Fﬁb ,i = 1,2, are G-conjugate, then Ad(g) (g{{’h) = g{%’h for some

g € G. We have

Ad(g) (h{%'h) = b{g,lz and Ad(g) (Z@ixl (Clj — C1,j+1)> = ZEBl'Xl (CZj — Cz,jJrl) ,

j611 j€12

since the Lie algebra isomorphism Ad(g) identifies the nilpotent radicals and the centres
of the two algebras.

Moreover, Ad(g)(gro(c11)) is a Levi complement of h{;%’lz invariant under the com-
pact Cartan subalgebra

Ad(g) (tro(enn) x 3(gp™)) = Ad(g) (trolen) x 5(sR™))

cf. [Nee00Oa, th. VIL.2.26]. Similarly, gro(c21) is a tro(c21) X 3 ( g{;’lz)—invariant Levi com-
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plement. Since, for any compact Cartan subalgebra hr , the hr-invariant Levi comple-
ment is unique by [Nee00a, VIL.2.5] and compact Cartan subalgebras are Gy, ,-conjugate
by [Nee00Oa, th. VII.1.4],

Ad(hg) (glR,o(Cn)) =gro(cp1) forsome h € G 1, -

W.lo.g., we may assume h = 1.

It is clear that Ad(g) (E]Rlo(cn)) is a maximal compact subalgebra of gro(cz1). De-
noting the Killing forms of gro(c;1) by B;, fori = 1,2, we find

B2(Ad(g)S, Ad(g)1) = trggy(ey) (ad (Ad(g)C) ad (Ad(g)))
= (e (Ad(g) ad Gad Ad(g 1))
= trQ]R,o(Cn) (ad Cad 7’]) = Bl (gl 77)

forall ¢, € gro(c11), whence

gr0(c21) = Ad(g) (bro(c11)) ® Ad(g) (Proo(c11))
is a Cartan decomposition, by [Hel78, prop. 7.4]. By [Hel78, th. 7.2] and [Kna02, th. 6.51],
r—rkecyy =real rkgro(c1) = real tkgro(ca1) = r —rkepr

and therefore 1 = r, . Moreover, there exists h € G,, , such that

Ad(gh) (tro(c11)) = tro(c21) and  Ad(gh)(pro(c11)) = pro(c21) -

Wlo.g, h = 1. If we let aﬁ{ = <€e_11""'ge_1r> where e1;, j = 1,...,r, is some frame
such that the ¢1j are sums of ey, then Ad(g)(aj) is a maximal Abelian subspace of pr
such that the span of 6;1/ where ej; < ¢17 is a maximal Abelian subspace of pro(c12) -
(Because r; = r7.) By K-conjugate of maximal Abelian subspaces, we may assume that
a% = Ad(g)(ag) is the span of G,y Where ey, j =1,..., 7, is some frame such that the ¢,

are sums of ey .

For each j, Z1,5(ci1) N Z12(cij — cijy1) is a simple gro(ci1) + ai-module, and these
simple modules are mutually inequivalent because ak acts differently. Hence, for each
j € I, there exists exactly one a(j) € I, such that

Ad(8)(Z1/2(c11) N Zyya(erj — c1j41)) = Zija(ea) N Z1ya(Con(j) = Coum(iy+1) -

Since dim Zy/5(ci1) N Z1/2(cij — ¢ijr1) = ri —rkejj +rkeije1 + 1 forall i, j, we find that
Ry =R,. 0
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Stratification of Ol’'shanskii semigroups

We now turn to the study of certain complex domain defined by the cones OF, the so-
called Ol'shanskii domains. Infinitesimally, they look like the tube gg +iQ*. To give
a rigorous introduction to these domains, we first have to recall the construction of a
complexification G of the real group G .

2.3.1. For any pair (1,v) € Z x Z, define the Bergman operator
B(u,v) =1-2-u0v"+Q,Q, € End Z .
We say that (u, v) is quasi-invertible if there exists w € Z such that
B(u,v)w=u—Qu(v) and B(u,v)Qu(v) = Qu(v).
In this case, B(u,v) is invertible, and the quasi-inverse w is given by
w=u"=B(u,v) " (u—Qu()).
It can be seen that
(u,0) ~ (',v') < (u,0—1v') quasi-invertible, u’ = u*~

defines an equivalence relation on Z x Z, cf. [Loo75, 7.6]. We denote the class of (u,v)
by [u : v], and the quotient space by

B'=2ZxZ/~=[2:7].
2.3.2. We can inject Z into B* via u — [u : 0] . More generally, let
By ={[u:v]|ueZ} CB".

Then ¢, : [ : v] — u : B} — Z,is a bijection. Moreover, by [Loo75, prop. 7.7], there
exists a unique structure of smooth algebraic variety on B*, such that the B are open
affine subvarieties, and the ¢, are isomorphisms of algebraic varieties. (Cf. [Hum?75] for
the basic definitions of algebraic geometry.) In particular, the subset Z = B; C B* is
open and dense.

In fact, B* is a projective variety by [Loo75, th. 7.10], and in particular compact.
Hence, B* is a compactification of the vector space Z. B* can be viewed as a "generalised
Grassmannian’, since, for the triple Z = C?*7 of rectangular matrices, B* = Grp(CPW ),
cf. [Loo75, 7.11].

2.3.3. By [Loo75, prop. 8.2], the set Aut(B*) of automorphisms of B* has a unique struc-
ture of algebraic group, so that for any action H x B* — B* of an algebraic group H
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which is a morphism of algebraic varieties, the associated map H — Aut(B*) is an ho-
momorphism of algebraic groups.

As a smooth projective variety, B* has a complex structure, and Aut(B*) coincides
with the group of holomorphic automorphisms of B*, cf. [Loo75, 8.3]. In particular,
it is a complex Lie group in the compact-open topology. The connected component
G¢ = Auto(B*) (in the Zariski or compact-open topology) acts transitively on B*, by
[Loo75, cor. 8.5]. The Lie algebra of G¢ is g = gr ® C, the set of all holomorphic vector
fields on Z . Furthermore, G C G€ since every automorphism of B extends uniquely to
B*, by [Loo75, prop. 9.4]. Hence, GCisa complexification of G. Note that Z(GC) =1,
by [Loo75, cor. 8.8].

The Cartan involution ¢ has an extension to G¢ whose fixed group is the compact
connected subgroup U = K -expipr with Lie algebra ug = tr @ ipr. Moreover, U
acts transitively on B*, and K is the fixed group at 0 € Z C B*, by [Loo75, prop. 9.9].
Therefore, B* = U/K is the compact symmetric space dual to B = G/K.

2.3.4. A pair (k*, k™) with k* € GL(Z) is called a Jordan pair automorphism if
ktQ, = Qp+u k™ forall ue Z.

k* determine each other uniquely. Let Aut(Z, Z) be the set of all Jordan pair automor-
phisms. Since Z is finite-dimensional, all Jordan pair automorphisms are inner, i.e.

Auty(Z,Z) = (B(u,v) | (u,v) quasi-invertible) .

Note here that the set of quasi-invertible pairs (1,v) € Z X Z is connected since it is
given by a polynomial inequality, cf. [Kna02, lem. 2.14]. Hence, B(u,v) is always con-
tained in the connected component of Aut(Z, Z) if (u,v) is quasi-invertible.

The set Aut(Z, Z) is a complex Lie group whose Lie algebra aut(Z, Z) consists of all
Jordan pair derivations (67,67),i.e. 6* € End Z and

(67, u00"] = (6Tu)Ov* +ul (6 v)* forall u,veZ.
All Jordan pair derivations are inner, i.e.
aut(Z,Z2) =C(ulv* |u,ve Z).

The set g = aut(Z) of Jordan triple derivations sits in aut(Z, Z) as the diagonal. Itis
easy to see thataut(Z,Z) = ¢ = tg ® C, cf. [Upm85, 22.10.9]. If we set K€ = Auty(Z,Z),
then K C K€ and K€ is a complexification of K.

We have K¢ C G€, by letting

(Kt k)0l = [k (u) : k(v)] forall (k*,k7) € Aut(Z,Z), u,ve Z.
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This embedding respects the embedding K C G C G€.

2.3.5. Let P* = exp p* . Then P* C G€ are closed, Abelian and contractible. Moreover,
PT*KEP~ C G is exactly the set of all v € G leaving Z invariant, and is open and
dense, by [Loo75, prop. 8.10]. For ¢ € P*K¢P~, the decomposition ¢ = pTkp~ , where
k € K€ and p* € P*, is unique.

We have P* = {t§ | u € Z} where
thlu:v)=[u+w:0] and t,fu:v]=[u:v+wl

are called translations and quasi-translations, respectively. On the subset Z C B*, they are
determined by the formulae

tf(u)=u+v and t;(u)=1u"

whenever (u,v) is quasi-invertible.

Translations and quasi-translations act according to the fundamental identity
tyt) =t5 B(u,0) 't forall (u,v) quasi-invertible,
by [Loo75, 7.3.4]. What is more, given a triple (f*, f°, f~) of continuous homomor-
phisms 0 : K¢ — H, f*f : P* — H, there exists a continuous homomorphism
f: G® — H extending f° and f* if and only if
fH(kpk™h) = O f(p) fO ()7
and
e 1, =
F ) () = £ (650 (B 2) 7 f (1)

for all k € K€, p € P*, and (u,v) quasi-invertible, by [Loo75, th. 8.11].

2.3.6. Lete € Z be a tripotent. Since all Jordan pair automorphisms are inner, we find
K& C K€ where K& = Autg(Zo(e), Zo(e)) . Likewise, if

po(e)™ = {uaaz ’ ue Zo(e)}

and

po(e)” = {{zu*z}aaz ‘ ue Zo(e)}
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then P = exp po(e)™ are given by

P = {ti|ueZe)}.

Setting G = Autg By(e)*, the considerations in 2.3.5 show that there exists a contin-
uous homomorphism GE — GC. TIts kernel is discrete and normal, and hence central,
by [Kna02, prop. 1.93]. Since G¢ has trivial centre, the kernel is trivial, allowing us to
identify GS with its image in G .

Proposition 2.3.7. Let H be a connected Lie group contained in a connected complexi-
fication H®, and let Q) C hg be a closed, pointed generating convex cone. Then

HxQ — HC: (h,& — h-expil

is an homeomorphism onto a closed sub-semigroup I'(Q)) = H -expiQ) C H® with
dense interior (in H® ) given by I°(Q) = I'(Q°) = H - exp iQ)°.

Proof. Let ¢ : HE — HC be the universal covering group. Then ker ¢ C HE is discrete
and normal, and hence central. By [Loo69, ch. IV, th. 3.4], the fixed group H c HE of the
conjugation on HC is connected. By [Nee96, prop. I1.2], ad & has imaginary spectrum for
all ¢ € hr. Now, Lawson’s theorem [Nee00Oa, th. XI.1.7 and th. XI.1.10] implies that the
map

HxQ— H®: (h,&) — h-expi¢

is an homeomorphism onto its closed image T'(Q) = H - exp iQ which is a closed sub-
semigroup of HC .

Lawson’s theorem also shows that H is a retraction of HC. Hence H is simply con-
nected. By [Gl600, prop. 25.9], H* and H are also homotopy equivalent. Thus, we have
canonical isomorphisms

ker¢ NH — m(H,1) — m(HS,1) — ker¢ .

This map associates to i € ker ¢ the unique homotopy class of ¢ o v, 7, a path in H
from 1 to /; to this, the homotopy class in H® of ¢ o 7}, ; hereto, the end point of a lifting
of ¢ oy, in H®. Since 7, is such a lifting and 7,(1) = h, the map is the identity on
kerqbﬂﬁ, and ker ¢ C H.

So, we get an homeomorphism
HxQ— ¢(T(Q)) C HS: (h,&) — h-¢(exppe i) = h - expye id

onto a closed semigroup T'(Q) = ¢(T(Q)) = H -expiQ. Moreover, the semigroup
I°(Q) = I'(Q°) is its interior in H® by [Nee00a, lem. XI.1.9]. O

Remark 2.3.8. Needless to say, a real Lie group H is not always contained in a complexi-
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fication H® . However, Glockner [G1600, prop. 25.9] actually shows that the pointedness
of () (and even the weaker condition that the endomorphisms ad ¢ for { € hr have
imaginary spectrum) implies that H is contained in a complexification HE .

Definition 2.3.9. We call the sets from proposition 2.3.7 I'(Q)) and I'°(Q) the Ol’shanskit
semigroup and Ol’shanskii domain defined by (), respectively. In particular, we consider
the closed sub-semigroups

I.=T(Qy(e)) CGE and Tp;=T(F;

1) C G}:,I = G¢ x H}f[

and their interiors I'y and I’;/I, for tripotents ¢, flags f = (c1 > -++ > ¢ > 0 = cpy1),
and subsets I C {1,...,m} . In particular, we setI' =T'p and I'°* = T§.
On the semigroup I'(Q2) , we define an involutory anti-automorphism by

-1

Y'=9"=exp i(_f-g_1 = g_l -expiAd(g)¢ forall v =g-expi¢ € T'(Q).

It leaves I'°(Q)) invariant and is anti-holomorphic on this domain.

Remark 2.3.10. The open sub-semigroup I'* C G is the minimal Ol'shanskii semigroup
constructed by G. I. Ol'shanskii [O1'82], whereas I'°(Q) is the maximal Ol'shanskii semi-
group and can be characterised as the set of compressions in G¢ of the domain B C B*,
by [Sta86, th. 2.2]

In [HN93, ch. 3 and 7] and [Nee00Oa, ch. XI], the construction of Ol’shanskii semi-

groups is developed in full generality.

2.3.11. In the setting of proposition 2.3.7, a natural H x H-action on HC is given by
Hx Hx H® — HC: (s,t,9) — syt L.

Then I'(Q)) and T°(Q)) are clearly H x H-invariant. We consider H as the diagonal in
H x H ,1i.e. the action by conjugation.

Lemma 2.3.12. In the setting of proposition 2.3.7, the map
[(Q) xT(Q) xI*(Q) = I*(Q) : (11,72,7) = 11712

defines a continuous semigroup action sesqui-holomorphic on the interior. Moreover,
for any v € I'°(Q)), there exist 1,72 € I'°(Q) such that y = 172

Proof. Continuity and sesqui-holomorphy on the interior are immediate from the cor-
responding properties of the operations of H® . Moreover, given any 1,72 € ['(Q), the
map

Y= m 7 HS — H

leaves I'(Q)) invariant because this is a semigroup. In addition, it is injective and holo-
morphic, hence open. This implies the invariance of I'°(Q)) under the action.
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Write v = ¢ -expi¢ where g € Hand ¢ € (. Then % - ¢ € (), which entails

T=g-expig-exp i € I°(Q) - T°(Q),

since [¢,¢] = 0. =

Proposition 2.3.13. Let f; = (cii > -+ > Cim;, > 0 = Cim+1), 1 = 1,2, be flags of
tripotents, and I; C {1,...,m;},i=1,2. Let

ri=rkcy and R; = {rk(c;j —cijs1) |j€ L} -

The semigroups I'y, ; and Ty, ;, are K-conjugate if and only if they are G-conjugate, if
and only if r; = rp and R; = R, . Likewise for the interiors.

Proof. Since the I'f, ;. have dense interiors, conjugacy is equivalent to conjugacy of the
interiors. Note

hg-expih™' =hgh ' expiAd(h)(&) forall g,h€G, &€ gr .

Thus the conjugacy on the level of semigroups is equivalent to conjugacy on the level of
cones. The statement follows from proposition 2.3.7 and theorem 2.2.38. ——— [
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nalysis & Representation Theory

T HE STUDY of the geometry of the Ol’shanskii domain I'° in part I culminated in the de-

termination of a stratification whose strata have fibres which are smaller Ol’shanskii
domains I'; ;. For these domains, the groups Gy, played the role of Shilov boundaries.
Making this fact more precise, we discuss in this part the interplay between the domain
and its Shilov boundary, both from point of view of Analysis, and of Representation
Theory.

In 3.1, we recapitulate the theory of Hardy spaces of a complex Ol’shanskii domain.
These are spaces of functions holomorphic on the Ol’shanskii domain, having L? bound-
ary values on the associated group. They may be considered as closed subspaces of
L?, and the corresponding orthogonal projection, the so-called Szego projection, is the
starting point for our study of Toeplitz operators in part III. We introduce the Szego
distribution and the Szegt kernel function, which are related to the Szeg6 projection.

In 3.2, we review Strichartz’s symbol calculus for invariant pseudo-differential op-
erators as a tool of micro-local analysis. We then adapt to the invariant setup a method
of Melrose-Seeley-Uhlman showing that self-adjoint order zero pseudo-differential op-
erators are invariant under single-operator Weyl functional calculus, and extend this
to tuples of possibly non-commuting tuples using an idea of Alvarez-Calderén. This
paragraph is somewhat of an interlude, but the result indicates that methods such as
those used by Guillemin-Boutet de Mouvel [Gui79, BAMG81] in their study of Toeplitz
operators should be applicable in this setup.

In 3.3, we estimate the wave front set of the Szeg6 distribution by explicit estimates
showing the uniform tempered growth of the Szego kernel, locally close to the boundary.
In the following paragraph 3.4, we prove some results estimating the singular support
of the Szego distribution.

Besides the analytic definition of the Hardy space, there is also a representation the-
oretic approach. Namely, it can be described as the restriction of the Plancherel decom-
position of L? to the holomorphic discrete series. We shall not review the proof of this
fact, but we give a mostly self-contained introduction to the holomorphic discrete series.
The algebraic theory of highest weight modules is treated in 4.1, and the analytic theory,
including Harish-Chandra’s square integrability criterion, in 4.2.

We closely follow Neeb’s approach [Nee00a, ch. IX, XII] using reproducing kernel
Hilbert spaces, and do not claim any originality in this point. We sometimes include ref-
erences to more classical texts such as Dixmier’s [Dix77] where our less general frame-
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work asks for weaker results, and take Jordan theoretical short cuts where this seems
appropriate. Although this is a revision of material which in large parts has been known
for almost half a century, it perhaps better motivates some of the constructions we per-
form in the sequel.

In 4.3, we show that the holomorphic discrete series of the boundary subgroups G,
can be embedded into the holomorphic discrete series of the group G. Here, there is
some freedom in the choice of parameters, allowing us to pass to the limit.

Using our knowledge of the kernel functions associated to holomorphic discrete se-
ries, we examine in 4.4 the asymptotic behaviour matrix coefficients these representa-
tions. Also, the micro-local information we have gathered on the Szeg® projection and
the calculus developed in 3.2 allow us to obtain some results on asymptotics of the Szego
distribution. To be precise, we show that it bears no information at infinity in the spec-
trum of G in directions which in some sense are bounded away from the holomorphic
discrete series. Although the latter result is not decisive for the further development, it
seemed natural to include it.

In part III, the results on singularities of the Szeg6 distribution and asymptotics of
coefficient function are important for the development of a detailed structure theory for
a C*-algebra of Toeplitz operators, defined in terms of the Szeg6 projection.

To fathom the C*-algebra of Toeplitz operators alluded to here, it is however neces-
sary to understand other parts of the Plancherel decomposition of L?(G), besides the
holomorphic discrete series. Specifically, an appropriate generalisation of the embed-
ding of holomorphic discrete series of facial subgroups constructed in 4.3 should be
available for the other series of representations.

In a first step, we treat the discrete series, 5.1-5.2. Our approach is simple-minded,
in that we basically try to imitate what is done in the case of holomorphic discrete series
representations. Namely, we identify a copy of lowest K-type of a discrete series of G
within a discrete series of G, and take the generated submodule. However, the machin-
ery of Verma modules is not available (because we treat non-adapted positive systems).
Instead, we use a realisation of the discrete series due to Knapp-Wallach.

The existence of an embedding more or less comes down to finding compatible
choices of fundamental sequences of strongly orthogonal non-compact roots, a matter
which is trivial for adapted positive systems, and non-trivial otherwise.

The discrete series form the basic building blocks of the representations weakly con-
tained in L?(G) , the other series being given by induction from discrete series. Thus, the
main difficulty in 5.3-5.4, where we embed the parabolic Q-series of facial subgroups, is
to control the behaviour of the parabolic subgroups. Here, our Jordan theoretic setting
pays off again, and we are able to give a fairly complete description of the parabolics.
Then, basically the same naive idea as for the discrete series goes through in the con-
struction of an embedding of the parabolic Q-series.
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Local and micro-local analysis of the Szeg6 distribution

The Hardy space defined by I

3.1.1. Let B C Z be a circled bounded symmetric domain defined by a simple JB*-triple
Z,and G = Auty(B).
Consider the closed cone ()~ C gRr, the Ol'shanskii semigroup I' = G - expi{)~
contained in G¢ = Auto(B*), and its interior, the Ol’shanskii domain T° = G -expiQ)~°.
If f=1(c1 > >cm>0=cp41) is a flag of tripotents, and I C {1,...,m}, the
open sub-semigroup
I = G}:J -expiF;; C G%I

is connected by proposition 2.3.7, justifying the term Ol’shanskii domain. It is known that
it is Stein, cf. [Nee98, th. 5.18] (also [Nee00a, th. XIII.5.15]). So, it makes sense to consider
the space O(Fj‘i, ;) of holomorphic functions on I'; |- We have noted (2.3.11) that I'; | is
Gy r-invariant for both left and right translations. Since the cone Pﬁl is generating in g{{l

by proposition 2.2.35, it follows from [NeeO0a, th. VIL.1.8] that Gy ; is unimodular.

Remark 3.1.2. Unimodularity is clear for each of the factors G, and Hy individually,
since the former is simple, and the latter is nilpotent. For G ; = G, X Hy, as a whole, it
is rather surprising and certainly not true of semi-direct products of unimodular groups
in general.

3.1.3. In order to treat the groups Gy,; simultaneously without too much notation, let H
be a connected Lie group, contained in a connected complexification H® . Assume that

there exists a pointed invariant closed convex cone () C hr with non-void interior.

Then there is an Ol’'shanskii domain I'° = H - exp iQ)° ~ H x Q)°, open in its closure
I', which is a closed sub-semigroup of H® . Moreover, H is unimodular.

Definition 3.1.4. Denote

f(Y) = f(v*y) forall fe OI°), (y,9) € (I°xT)uU (I xTI°).

Let the Hardy space be given by

H2(T) = {f € O(T°)

sup. cro /H £ (D)) dt < oo} ,

endowed with the norm ||| given by

£l = supere [ 1£ (01 dt = sup, e Ify I -
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The Haar measure on H and the domain I'° are H-bi-invariant. Therefore,
(5,)*f(v) = f(s"o4t) forall s,tc H,y €T, f € H}T)

defines a representation of H x H on H*(T') . Note

(s, 8)*fll 2 = sup,ere Lfas (Lt = sup,cre 1f 1l = [ £l

foralls,t € Hand f € H*(T), i.e. the action is by isometries.

3.1.5. By [NeeOOa, lem. XIV.3.3], the topology on H?(T) is finer than the topology of
compact convergence. Moreover, the boundary value map

jr{fy|vers, feB )} — L2(H): f— fl,

extends uniquely to an isometry H>(T') — L?(H), as is proved in [Nee00Oa, th. XIV.3.5].
In particular, the representation of the product group H x H on H?(T) is unitary.

We also deduce that the Hardy space H?(T) is a Reproducing Kernel Hilbert space

of functions on I'°, with a kernel function
K:T°xI°—=C
defined by K(z, w) = Ky (z) and the reproducing property
f(w) = (Ky | f)ge forall feH*(T), weT°,
The function K is called the Szegd kernel.

Proposition 3.1.6. The Szegd kernel function K is sesqui-holomorphic. In addition, it is
Hermitian and H-bi-invariant in the sense that

K(z,w) = K(w,z) and K(szt !, swt™!) = K(z,w)
forallz,w eI°,s,te H.

Proof. We have

K(z,w) = (K; | Ky) = (Ko | Kz) = K(w, 2) .

Hence K(z, w) is separately holomorphic in z and anti-holomorphic in w. By Hartogs’s
joint analyticity theorem [Ho6173, th. 2.2.8], K is globally sesqui-holomorphic.

Furthermore, since the action on Hz(l") is isometric,

(s, ) Ke | £) = (Ka | (s,8)Ff) = Flszt™Y) = (Kour | f)
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forall f € H?(T) . This shows (s, 1)*K, = Kg;+1, and in particular,

K(szt 1 swt™t) = ((s,1)*K; | (s,£)Kw) = (K: | K») = K(z,w),

proving the proposition. g
Corollary 3.1.7. We have

K(uzv*,w) = K(z,u*wv) forall z,w €T°, u,ve€T.
Proof. This follows from
K(szt_l,w) = K(z,s_lwt) forall z,weTI®,s,tec H

and the identity theorem [NeeOOa, lem. XI.2.2]. O

Proposition 3.1.8. The boundary value map j is given by the formula
jf =limpesy_ fy|, in L*(H)

forall f € H*(T).
Proof. Let f € H*(T). The family (f,),er- is bounded in H?(T®) , and hence also in L?,
since j is an isometry. Therefore, the f, are contained in a weakly compact subset. The
weak topology on the unit sphere of L? is separable and therefore metrisable.

Let 9 € I'° be a sequence converging to 1, such that f,, is weakly convergent. We
compute, because j j* is the projection onto j(H*(T')),

Kz [jf) = f(z) = limoo f(742)
= limy_ (] K, ’ f'Yk) = (]KZ ’ limy oo f’Yk) .

Since the vectors j K, , z € I'°, have dense spanin j (H2(F)) ,wededuce that jf = limy f,,
in the weak topology. By compactness, this implies

jf =limres,—1 f, weakly in L?(H) .

Now, consider the bounded family of real numbers || f,||,, v € I'°. Since

lif1la = Iflle2 = supsere 1f+ll,

and jf, = fy|,, we find

Lvalla = 1wy < Il = Ifsll, forall 7,9/ € T°.

Let 9 — 1be such that || f,, ||, converges. Then, for any k € IN, there exists £ > k so that
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Yk € I'? - 4. Consequently, there is a subsequence « satisfying
Yak) €T Yaks1) forall ke N.

Then the sequence | f,,, |, is increasing, so it converges to its supremum | f|| ;> . Hence,
limy oo || f1, 1|2 = [|f || g2 - Since the sequence 7y was arbitrary, by compactness,

limresq 1 |f4ll, = [1fllwe = lifllz -

By the Radon-Riesz theorem [Els99, prop. 5.10], f, — jf innorm. ———— [

Remark 3.1.9. The formula for the isometry j is part of the original proof that that the
Hardy space H?(T) is a Hilbert space, cf. [HO@91, th. 2.2] and [HN93, th. 9.31]. Compare
[Nee00a, th. XIV.3.5] for another proof.

Proposition 3.1.10. There exists a holomorphic function

K:T° — C suchthat K(z,w)=K(zw*) forall z,w €T°,

K(z*) = K(z), and K is H-conjugation invariant. Moreover,
K = limres, 1 K; compactlyonI®,

and
(jKw)(g) = K(gw*) = K(w*g) forall ge G, wel”,

in the sense that K(Lw*) is a representative of the L? class j K, .

Proof. Since j*j is the identity on H*(T'), we deduce
f=limresg g fy = limresg o fy = limresq g fy -
By translation with elements of I, this shows that
v fr: T — HA(T)

is continuous.

Let z € I'°. Then there are u,v € I'° such that z = v*u, by lemma 2.3.12. Taking a
neighbourhood v € V C I'°, V*u is a neighbourhood of z, since u is invertible in HE (or
by holomorphy). Corollary 3.1.7 implies

hmV*uS'yﬂz Ky = hmVaﬁyﬂv Kyru = hmVa'yﬂv (Ku) = (K”)v =K;
in the topology of H?(T) . Therefore,

z— K, : T° — H(T)
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is continuous. Since the topology of compact convergence is coarser than the norm
topology, we find that K, is a Cauchy net for any net I' > z) — 1. Hence, the limit

K(z) = limpesy 1 K(z,w) existsin O(T°) .

Then
K(zw*) = limres,—q K(zw",v) = limro5,—1 K(v"z,w) = K(z,w) .

If z € I'°, then z = uv* for some u,v € I'°. Hence

K(z*) = K(v,u) = K(u,v) = K(z) .

Furthermore, gI° ¢~! =T° for g € H, so

K(gzg_l) = limposgp—1 K(gzg_l,w)

= limros, 1 K(z,gwg™!) = K(2) .
Finally, let v, € I'° be such that 4y — 1. Then
j Ko (g) = limg.e K(71gw") = K(gw")

where the first limit is taken in the L? sense and the second convergence is uniform for g
varying in compact subsets of H. By the Riesz-Fischer theorem, K(uw*) is a represen-
tative of the L? class j K . U
Remark 3.1.11. Cf. [HO@91, th. 4.4], [HN93, th. 9.33] and [Nee00a, cor. IV.1.30] for al-
ternative proofs. The latter is the shortest, and perhaps most in the spirit of the theory

of positive definite functions on (involutive) semigroups, as an extension of the classical
theory for C*-algebras.

3.1.12. Given a unimodular locally compact group H , recall that the convolution of two
functions f, g : H — C such that s — g(s~!t) - f(s) is integrable for all t € H is

(fxg)(t) = / g(s7't)f(s)ds forall s,t € H.
H
More generally, the convolution of two bounded measures u, v € M?(H) is given by
(f :u*xv) =(Af : y®v) forall f e L*(H)

where Af(s,t) = f(s-t).
If H is, moreover, a Lie group, and y € D’(H) a distribution, then the convolution

with a smooth function ¢ is given by

(:pxp)=(pxy¢" : ) Z/H<lelJ(t”s)<P(s):u>ds,
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hence
uxp(t) = (tx¢" 1 u) = (s> (s 't):u) forall t€ H.
Here, we identify ¢ € H with the Dirac measure é,, and ¢" () = ¢(t71).

Proposition 3.1.13. The adjoint j* is given by

(1)) = [ K(g'2)f(g)dg forall f e L*(H).

The projection j j* onto j(H?*(T)) is given by convolution with a uniquely determined
central distribution E € D’'(H) . In particular,

(¢ : E) = limroavﬁ1/Hgo(g)K(g’y) dg forall ¢ € D(H).

Proof. Let f € L>(H). Then

()@ = (K| ') = (K | ) = [ KE)f(@)dg = [ K '2)f(s)dg.

Since jj* commutes with right convolutions, it is given by convolution with a unique
distribution, cf. [Eym64, prop. 3.27]. In particular, it maps smooth functions to smooth
functions, and the propositions 3.1.8 and 3.1.10 entail

(¢ 1 E) = (Ex¢")(1) = limres, 1 (7 9") (v")

= limros1 /H K(g ' )p(g ") dg = limros, 1 /H K(g7)e(g)dg

since H is unimodular and I'® is invariant under _*. The invariance of K now implies

that E is conjugation invariant, and hence, central. O

Functional calculus of invariant pseudo-differential operators

At the beginning of this subsection, we recall some standard facts from the calculus
of pseudo-differential operators, mainly to fix notation. As a general reference, we cite
[Hor67], and, to a lesser extent, [Hor71a]. Textbooks would be [Kg81], [Tre80] or [Tay81].

321. Letn,ke N, mecR,0<1-0<d<¢0<1,and U C R" an open subset. Recall
the definition of Hormander’s symbol class So.s (U x R¥) : Tt consists of smooth functions
a:UxR" — C, such that for all compact subsets K C U and multi-indices «, 8,

yagagu(x, 3)| < Capr- (1+ |¢§|)m_|'x‘g+|m(S forall x € K, & € R

for some C, g x > 0. The least constants C, g x in this estimate define a system of semi-
norms making Sj's into a Fréchet space. For the special case of ¢ = 1,6 = 0, we write
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§™" = Sy . Moreover,

oo m —00 m
00 = Uz Sos and 5,57 =, Sis -
Fora € S"(U x R") (i.e. n = k), define

[a(x,D)g](x) = (2;)” '//]R”X]R" eV (x, E)(y) dydé forall ¢ € D(U), x € U.

Then a(x,D) : D(U) — £(U) is continuous.
3.2.2. The symbol class S'; (U x R¥) has an important completeness property: For sym-

bols a; € SZZS(U x R¥), m = mg > m; > mj,1 — —oo, there exists a € sg(s(u x RF),
unique modulo S 7° (U x R¥), such that

(-1
a=1)Y aj (mod SZg(U x RF)) forall /e N.
=0

We write a ~ } 2 a; and call this an asymptotic expansion of a..
Using this device, one shows that for ¢ € D(U),a € SZ%(U xR"),b e SZ%(U x R")
there exists a symbol ¢ € sgfgﬁ’”(u x R") such that

a(x,D)pb(x,D) =c(x,D),

cf. [Hor67, th. 2.10]. Moreover, the symbol class also stable under diffeomorphisms.

3.2.3. An important subclass of 5™ is the set of classical symbols S;"(U x R¥). These
are all a € S"(U x R¥) which have an asymptotic expansion a ~ Y.iZoa; such that
m; —mj;1 € N and g, is (positively) homogeneous of degree m; for [{| — oo, i.e.

aj(x,t8) =t" -a;(x,¢) forall xc U, [ >1,t>1.

In fact, asymptotic expansions make sense for functions not smooth for § = 0, and one
may assume 4; is homogeneous for all { # 0 without changing the class of 2 modulo
§7%. The set S} of all classical symbols is stable under asymptotic expansions, and, for
n = k, under composition and diffeomorphisms.

The top order term ag of the asymptotic expansion of a € Sj' is uniquely determined
up to terms of order m; < m — 1 and is called the principal part of the classical symbol a.

3.2.4. A pseudo-differential operator in U of order m and type (o, d) is a continuous linear
map A : D(U) — £(U) such that for all ¢ € D(U), there exists a, € sg(s(u x R")
satisfying

A(gyp) = an(x,D)yp forall p € D(U).

The set of all such operators is denoted ¥ 5(U) . Similarly, the set of all classical pseudo-
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differential operators Yj'(U) consists of those A € ¥"(U) = ¥{,(U) such that a, can
be chosen to be classical for all ¢ .

We say that a continuous linear map A : D(U) — D'(U) is properly supported, if for
the distribution kernel &« € D'(U x U) of A, the projections

u&supptx&u

are proper. Equivalently, for any compact K C U, there is a compact L C U such that
suppp CK = suppAp CL and ¢|, =0 = Ag| =0.

Pseudo-differential operators are very regular and can hence be extended to continuous
linear maps £'(U) — D’(U) . If a pseudo-differential operator is properly supported, it
can even be extended to a continuous linear map D'(U) — D' (U).

Recall that a very regular continuous linear map A : D(U) — £(U) is called smooth-
ing if A(E'(U)) C £(U). Any smoothing A in U is a pseudo-differential operator of
order —oo (all types coincide at this order), and conversely.

Any pseudo-differential operator is the sum of a smoothing operator and a properly
supported one. Any properly supported operator A € ¥ s(U) is of the form a(x, D) for
some a € Spls(U x R") . Similarly for classical operators.

If A —a(x,D) is smoothing, a is called the symbol of A since it is essentially unique.
If A is classical and a is the classical symbol of A, the principal part of a is called the
principal symbol of A .

3.2.5. If M is a smooth manifold endowed with some positive density (so M is ori-
entable), then a continuous linear map A : D(M) — &(M) is said to be a pseudo-
differential operator of order m and type (o,¢), if for any local chart (U, $), the map
¢*(A) is a pseudo-differential operator in ¥}';(U) , where ¢*(A) is defined by

¢*(A)p=Alpog™')|,0¢ forall ¢ € D(p(U))

and it is understood that ¢ o ¢! is extended to M by zero.

Similarly, we define classical pseudo-differential operators on M. One may restrict
attention to a fixed covering by local charts if, in addition, it is required that the kernel
of A be singular only on the diagonal of M.

An alternative definition of pseudo-differential operators which does not require ex-
pression in local coordinates is via Fourier integral operators with non-degenerate linear
phase function smooth off the diagonal, cf. [Hor71a, § 2.3].

3.2.6. For a global theory for pseudo-differential operators in Euclidean space, one in-
troduces global Sobolev spaces and proves Sobolev continuity for properly supported
operators. For general non-compact manifolds, there is no established definition of
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global Sobolev spaces, a difficulty which can be overcome for homogeneous spaces by
considering invariant pseudo-differential operators. We restrict ourselves to Lie groups.

Let H be a Lie group. Choose a Euclidean inner product on hr , an orthonormal basis
X; of hr , and the dual basis {; € by, .

This allows us to define 5™ (hjz) = S™({0} x b) and S/"(b) = S}'({0} x b). In
particular, S, (b ) = S(by), the Schwartz space on by .

Denote by I¥"(H) resp. I'¥}'(H) the set of all pseudo-differential operators on H
commuting with left translations. These, we call invariant. By [Str72, th. 1], an invariant
properly supported A : D(H) — £(H) isin ¥"(H) = ¥{,(H) if and only if

Ag =op,(a) + ¢y forall pandsomea € S"(hg), € D(H)

and x € D(hRr) such that xy = 1 in the neighbourhood of zero. Here,

1 Oy
op.(a)p(t) = // e X:8)g X)o(texp X)dX de .
Pr@9) = Gy oy (©)x(X)g(texp X)dX dg
The symbol a is unique modulo S™®(hj) = S(bhy). It is called the Lie symbol of A.
Moreover, A is classical if and only if a be chosen to be classical. In the latter case, the
principal part ag of the classical Lie symbol is called the principal Lie symbol of A .

Fix x € D(hr) and define the invariant pseudo-differential operator

A* =op, (14 |u]?)?) € T¥(H) .

A® is elliptic by [Str72, th. 4]. Define H®)(H) = D(A®) C L?(H) for s > 0, with the
graph norm. Let H(=%)(H) be the dual of H®)(H), and define H(~*)(H) and H(®)(H)
to be the union resp. the intersection of all H®) (H) . These are the invariant Sobolev spaces.
The definition and the topology of the Sobolev spaces is independent of the choice
of inner product and basis on hr, and of x, by [Str72, th. 7, cor.] and [Goo80, cor. 1.1].
Any properly supported A € T¥°(H) is bounded on L?(H). In fact, any properly
supported A € T¥"(H) is a bounded operator H®+™) (H) — H®) (H) by [Str72, th. 7].

Having reviewed the basic calculus of invariant pseudo-differential operators, our next
aim is to establish a functional calculus for possibly non-commuting tuples of properly
supported order zero operators which are self-adjoint on L?(H) .

To this end, we adapt the construction of a single-operator functional calculus from
[GS79] (which Guillemin-Sternberg attribute to R. Melrose, R. Seeley and G. Uhlman)
to invariant pseudo-differential operators on the Lie group H . Their proof — valid for
the Euclidean situation and for compact manifolds — goes through without essential
changes, with the help of Strichartz’s invariant pseudo-differential calculus.

In fact, using an idea of Alvarez-Calderén [ACS83, rem. 5.7], it is straightforward to
extend the proof of the single-operator calculus to non-commuting tuples.
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It should be noted that in [AH96], Alvarez-Hounie construct a functional calculus
for non-commuting tuples in the context of non-classical operators of Hérmander class
‘P’ZZ(S(]R”) ,m<0,0<0<1,0<90<1,6< 0. However, they rely heavily on
the characterisation of pseudo-differential operators via Sobolev continuity of certain
commutators due to Beals. Therefore, their proof does not immediately apply in the
context of manifolds (the existence of a functional calculus is a global question).

Nonetheless, a Beals type characterisation should be valid in the invariant setup on
the Lie group H. If this is the case, the methods of Alvarez-Hounie should extend to
this situation (for suitable (o, 6)) and give a more general functional calculus. With the
applications we have in mind, we are content to restrict attention to classical operators.

Proposition 3.2.7. Let T € I¥) (H) be properly supported and self-adjoint as a bounded
operator on L>(H). Then, for t € R, the unitary operator u(t) = ¢'*T is an element of
I¥) (H) with principal Lie symbol ¢''™ where Ty is the principal Lie symbol of T .

In fact, if (T*) e is a family of such operators, such that the Lie symbols (t}))ca

form a bounded subset of S?(hg), then a family of operators
ul,(t) = op, (' (i 1)) € T¥)(H)

can be constructed such that for each t € R, (u(t) — u(t))rca is a bounded family of
smoothing operators in £L(H™ (H),H"*X) (H)) forallm € Z and k € N.

The proof begins with a lemma which gives an algorithm for the computation of the
total Lie symbol of u(t) .

Lemma 3.2.8. Let T € I¥)(H) be properly supported and self-adjoint with principal
Lie symbol 1 : b — R. Fix x = 1in a neighbourhood of unity.

There exist by € £(R, S, (hr)) homogeneous of degree —k in & such that by = 1,
be(¢,0) =0forall¢ € b, k>1,

Ee (|1 12D 0D () oo

is bounded by a polynomial in |¢| of degree at most 2k for any |¢| < |v|, k € N, and
i —iTug : R — 1%, “V(H) |

Here, uy(t) = op, (e™ - 2?:0 bi(u,t)) .

In fact, if (T*))cn is a family such that the symbols ()¢ form a bounded subset
of S)(hRr), then the polynomial bounds of (1 + |& |)\Magb,§(g, t) are independent of A .

Proof. Proof by induction on k. The case k = 0 being clear, assume the statement is true
fork — 1. Let ri(t) = tix_q(t) — iT - ux_1(t) € T¥ *¥(H) . We wish to find by such that

u(t) = w1 (t) + op, (e"™bi (L, 1))
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has the required properties. Assuming such a by given for the moment, we compute

T’k+1(t) = le(t) — iTuk(t) = T’k(t) + at OpX (Eitm : bk(\_l, t)) —iT - OpX (Eitmbk(\_l, f))
=ry+op, (ei”ﬂbk(u, t)) + iop, (ToeitTObk(l_l, t)) —iT - op, (CitTObk(u, t)) .
The sum of the two latter terms is in I'¥ ~(**1) (H) , since the top order term in the asymp-
totic expansion of the Lie symbol of T - op,, (e”TU br(u, t)) is e ™bg (L, t) by [Str72, th. 2].

Hence, the requirement is that r(t) = — op, (¢"™bi(, 1)), up to terms of lower degree.
So, let a;y € S~*(hR) be the principal Lie symbol of 7y, and define

£
be(E, 1) = —/ e 0@ (&,5)ds forall e by, teR.
0
Then by € £(R,S7*(hr)), and is homogeneous of degree —k because 1y has degree of

homogeneity 0.

By abuse of notation, we write deg,(a(¢, t)) for the degree of the polynomial bound
in [t| for a function a(, t) . In particular, let B, = max,<|,|<¢ deg,(1 + ]C\)Mé)gbk(éj, t).

By definition, 7y = 1ix_1 —iT - ux_1 . The total Lie symbol of 1;_; is the t derivative
of ¢/*® . 2;:3 bj(, t) . Since this expansion only involves only terms homogeneous of
degree > —k, we see that a; only depends on iT - u;_; . Then the asymptotic expansions
in [Str72, lem. 3, th. 2, and rem.] show that

k—1k—i )
w@EhH=Yy Y ¥ Yoo capy 8P 08T(2) - 97 (¢ Obi(G, 1))
=0 j=1 |a+7y|<k=(i+)) |Bl=i+j—k+|a+]|

for some cup, € C, where T ~ Y12 7 is the Lie symbol of T. By Leibniz’ rule,

2 (e-10l@) 37 (@) . by(E 1)) = ;a; Cpy - tTFI .ag+ﬁbi(g,t)
Y

for some cg, € C. Moreover,
AT (@)] S (L4 gD = (14 gy

where k —i — |y| < —j < 0. If T is part of a bounded family (})yen, ™ ~ Lo 77,
then for each k € IN, the family (7{) e is bounded in S7*(hr) . Hence, the constants
occurring in the bound of gﬁagr} (¢) are independent of A € A.

Since integration raises the degree by one and B; ; < 2i,i < k, we have

deg, (1+ |2])"9gbi (2, )
<1+ maxmax max deg,(1+ |§|)W‘ag (e—l‘”o@ag (@b, (¢, 1))

=0 |v|<l |y|<k—i
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k—1
<1 - deg (1 MY Py, (&, ¢t
Fmaxmax max max || — || + deg, (1+ [¢]) a7 bi(2. )

k-1
<1 k—i B;..,) <2k,
+I?§)X( z+;r<1?3<i ia+t)

for |u| < |v| < £, which is the required estimate. All the constants occurring in this
polynomial bound are independent of A, by the inductive hypothesis and the conditions

on .
Now, 7 — op, (a) € 1Y~ (1) (H), so, defining uy as above, r41(t) € T¥~ K+ (H),
completing the lemma’s proof. g

Proof of proposition 3.2.7. Given a sequence by as in lemma 3.2.8, define
Ueo(t) = opX(eitTOb(u,t)) where  b(u,t) ~ Y bi(u,t) .
j=0

We show that v(t) = u(t) — U (t) is smoothing. Observe u(0) = 1, and by the cor-
responding properties of the uy, reo(t) = tleo(t) — iT - Us(t) is smoothing. Moreover,
lemma 3.2.11 shows that its operator norm on Sobolev space is bounded independently
of A € A, since the polynomial bounds on (1 + \g\)lﬂlagbk(g‘, t), |ul < v, are.

We have

0(t) =iT - u(t) —tieo(t) = iT-v(t) + ro(f) forall t € R.

By integrating factors,
t
o(t) = —u(t)/ u(—s)reo(s)ds forall t € R.
0

The above differential equation and the integral make sense as bounded operators be-
tween suitable Sobolev spaces. In particular, ro(t) € I¥°(H) and is properly sup-
ported, hence bounded H™ (H) — H"+5)(H) for all m € Z and k € N by [Str72, th. 7].
u(t) is bounded on H®)(H) for all s € R since this is true of T by the same theorem.
Hence v(t) : H™ (H) — H"*X (H) is bounded for all m € Z and k € IN. The norm is
bounded independently of A € A.

From lemma 3.2.10 below we conclude that v(t) is smoothing, and therefore we con-
clude u(t) € I¥°(H), as required. O

Remark 3.2.9. Apart from the polynomial estimates in lemma 3.2.8, the proof of propo-
sition 3.2.7 goes through for non-classical symbols. However, these estimates are essen-
tial in the proof of the functional calculus below.

The following lemma was employed in the proof of proposition 3.2.7.

Lemma 3.2.10. Let A : D(H) — D’(H) be continuous. If there are continuous exten-
sions A : H® (H) — H*&O(H) forallk € Z and ¢ € N, then A is smoothing.
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88 3. Local and micro-local analysis of the Szego distribution

Proof. Choose an open exponential neighbourhood V' C H of unity. Then Haar mea-
sure, restricted to V, is equivalent to the image of Lebesgue measure on U = log(V) . We
get the equality L2(V,dg) = L*(U,dX), with equivalence of norms. Since the topology
of the local Sobolev spaces is independent of the choice of local frames of the tangent
bundle, we find H () = H* (V) and H® (V) = H®

loc loc

(U) in the category of locally
convex vector spaces, for all s € R.

Note that by [Goo80, th. 1.1], the topology of H"™)(H), m € N, is the weakest lo-
cally convex topology such that all left-invariant differential operators of order < m
are bounded with values in L?(H). Hence, for all ¢ € D(U), and f € H™ (H),
p-f € Hl(gz) (U). The Sobolev lemma [Kg81, ch.3, § 2, lem. 2.5, cor.], applied locally,
shows that H"+%)(H) ¢ (") (H) for 2k > dim H. By the closed graph theorem, the
inclusion is continuous.

In particular, A : D(H) — &(H) is continuous. Therefore, A is very regular in the
sense of Schwartz, and has a continuous extension A : £'(H) — D’(H) . To see that A is
smoothing, we need to see that A : £'(H) — £(H).

To that end, let u € £'(H). Then y has finite order m, in particular, defines a con-
tinuous linear form on H"*%) (H) where 2k > dim H. This implies € H(=("+K)(H) .
Hence Ay € H®)(H) C £(H). This proves the lemma. O

To prove the functional calculus, we need to make the dependence of the operator norm

on the Lie symbol in Strichartz’s Sobolev boundedness result explicit.

Lemma 3.2.11. Let 0 € V C bR be an open, relatively compact, and exponential neigh-
bourhood, such that the Campbell-Hausdorff series converges on U . Let K be compact,
sothat0 e K CKC Uand 1x < x < 1y, x € £(hr) . Forall T € S™(hy),s >0,

IT@ e < C Py <, e [T+ 18D 9T @)] - 1]l pyeem

where n = dimH, T = op, (T) , and the constant C is independent of 7. If H is uni-
modular, the estimate is valid forall s € R.

Proof. From the proof of [Str72, th. 1], we find

1

X(X)To(exp X) = 2

. //b , ei<X7Y:§> 'T(W(X,Y)C)R(X, Y) . (P(exp Y) deé-

for all X € U, where R is smooth with compact support in U x U and the function
W : U x U — GL(hj) is smooth. Moreover, W and R are independent of 7. Let

o(X,Y, ) =t(W(X,Y)E)-R(X,Y) forall X,YelU,Z¢E¢€hbr
and V = exp(U) . Then, by [Tre80, th. 2.1 and proof], for all ¢ € D(V),

Ix - (Tg) oexpllye < C- sup 0% (X, Y, &)| - ||¢ o expl| jysem
|l | Bl<n+1,X,Y,&
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where the constant C is independent of 7. Since HES) (U) and HES) (exp U) are isomorphic

with equivalent norms, we have

[ (To)|l ey < C"- sup 0%080 (X, Y, O)] - @[l e forall ¢ € D(V)
&l |Bl<n+1,X,Y,¢

where ¢ = y olog.

By induction, it is easy to prove

2ol [o(X,Y,8)] = § ||Z \cMX,Y) (95T (W(X, V)E)
Hl=lvI<|atp

for some smooth ¢, with compact support in U x U, independent of 7. In particular,

sup 058 (X, Y, ) < Y usup [(1+ 2D 9¢T(Q)]
jal [Bl<n+1,X,Y,& ul=lv<letpl

/

for some positive constants ¢, .

Combining this information, we get

19 (To) e < C”-| | ‘s‘up [(1+ 8D M35T(8)] - |@]l o forall @ € D(U)
ul=lv|<n+1,¢

where C” is independent of 7. Let { € D(H) such that
¢(1)=1 and (supp)-(expsuppy) C U,
and choose ¢ € D(U) such that ¢ =1 on (supp () - (expsupp x) . Then
() -x(Y)=C(h)-x(Y)-¢(hexpY) forall he H,Y € bg,
so we conclude
C-(Tg)=C-T(¢p-9)=C--T(gp-¢) forall p & D(H).

Introducing { does not change the above estimate. Plugging in g * ¢ in place of ¢ and

integrating, we see

([ a7 gl an)

1/2
< sup (DM@ ([ 10 0@l )

lul=lv|<n+1,¢

By [Str72, th. 8], the integrated norms are equivalent to the usual norm on H®) (H) for
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s > 0, so we have the assertion fors > 0.

If H is unimodular, T* = op, (’L_') by [Str72, th. 3], so for s < 0, we may apply the
above to get the estimate for T* : H(=5)(H) — H(*")(H). By duality [Str72, th. 7,
cor.], we get the estimate for T : H~") (H) — H®)(H). Since the H®) (H) form a scale
[Goo80], the result follows by interpolation. O

We now assume that the group H is unimodular.

Theorem 3.2.12. Let T = (Ty,...,Ty), Tj € I¥°(H) properly supported, with principal
Lie symbol 7}, and self-adjoint on L*(H) . Then, for f € £(R™), the bounded operator
f(T) on L?(H), defined by

f(T) = DF(E) - efaTittxln) gy g forall f e DR™),

m XIRTH

lies in I'Y°(H) , with principal Lie symbol f(1g,...,").

Proof. Define f(x) = (27r)~"/? S - e~#¥:€) £ (x) dx whenever this makes sense. Ob-
serve that

f 27-[ (D \m/2 /f X1T1+ meM)dx

is an operator-valued distribution with compact support contained in

K= [Tl ITll] - [= I Tull 1 Tmll]

by the Paley-Wiener theorem, cf. [And69]. Hence, f(T) makes sense for f € £(R™), and
only depends on x - f where x € D(R"), x =1onK.

Thus, w.l.o.g., let f € D(R™). For A € "1, let b} (uy, t) be the sequence of symbols
constructed in lemma 3.2.8 for the operator A1Ty + - - + Ay, Ty € IY°(H). Since f is
rapidly decreasing, the integral

27"/2

b6, f) = T(m/2) - (2m)m/2

/ F(r-A)e (AT (&) +- +Amrg'(c))b£(¢,r) o1,

converges in the Fréchet space S, (h%), for all k € N and A € S"!, because of the
polynomial estimates from lemma 3.2.8. Moreover, (b} (u, f))csn1 is bounded in this
space.

Let b* (u, f) ~ Lo b (u, f), and let

1ﬁ(m/Z)l- om/2-1 " /Smfl op, (b* (1, f)) do(A),

foo(T) =

where do is surface measure on S !, so foo(T) € I¥) (H) with principal Lie symbol

1
T T(m/2) - 2m/21

. / 1 / - )M B @A @) gy gr(A)
gm=1Jo
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B (27r1)’”/2 ] fx)elt @@
IR)YI

by Cavalieri’s principle and Fourier inversion. We need to show that f(T) — fo(T) is
smoothing.

Define u*(t) = exp(it(ATy + - - - + A Ty)) . Since all operators involved are prop-
erly supported, the Sobolev continuity result [Str72, th. 7] shows that the proof of [GS79,
lem. A.1] goes through without changes, proving

1 (¢l < i (1l g + 15+ 1$ll,)  forall ¢ € D(H)

where the constant Cx depends only on k. By interpolation, this extends to all s > 0.

Moreover, H®) (H) C L*(H) for all s > 0, and the inclusion is continuous, cf. [Str72,
th. 7, cor.]. Hence, we may estimate the L? norm on the right hand side by ||| ;) , by
increasing the constant C; .

Recall r}(t) = uf(t) —iT - u}(t) € T¥~*+D(H) from lemma 3.2.8 where u} corre-
sponds to the operator A1Ty + - - - + Ay, Ty . By the proof of lemma 3.2.8, 1} = op, (a*)

where deg, (1 + |§])€8§a(§,t) < 2k for all £ < |B| and the polynomial bound can be
chosen independent of A . Hence, lemma 3.2.11 gives

I ()l < Cot - (14 [H)* - [l gy forall g € D(H), s >0

with Cs independent of ¢, t and A .

By integrating factors,

so we find
1t (8) = 1 ()Pl gensny < Cl- A+ NPT |9y forall p € D(H), s >0

with C/, independent of ¢, t and A . This proves that

A1)~ F(m/z)l. n/2—1 ./Smfl /OOOJ?(WA)M?(?) " drdo(A)

" T(m /2)1. /1 /51 /Ooof (r-A) (WM (r) = ug (r)) " ldrdo(A)

is bounded H®) (H) — HE+H1)(H) for all s > 0. But, by definition,

Fol) = Frg gt fo ) Fr- k) drdo(2)
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is an invariant, properly supported pseudo-differential operator of order —(k + 1), and
consequently also bounded H®) (H) — HEH+1D(H)

Therefore, the same is true of f(T) — f(T). Since f(T)* = f*(—T) where f*(t) =
f(—t), the same argument applies to f(T)*, and by duality and interpolation,

f(T) = foolT) : H® (H) — HEO (H)

is bounded for all s € R and k € IN. So, by lemma 3.2.10, f(T) — fe(T) is smoothing,
and f(T) € I'YY(H) with principal Lie symbol f(1, ..., ") . O

Wave front of the Szego distribution

3.3.1. The cotangent bundle T*(H) of H is canonically trivialised, and shall therefore
be identified with H x by, .
So, for u € D'(H), the wave front set WF(u) C H X b . Namely,

WF(u) = (){char A | Ay € £(H), A € 1Y) (H) properly supported } .
Here, whenever A € 1Y} (H), the characteristic set char A C H x by, is

char A = {(h,(j) € H X b

liminfy oo £~ |a (1, &) = 0

where a,, is a principal symbol of A .

Theorem 3.3.2. Assume H C H®, and, moreover, the existence of the Ol’shanskif do-
main I'° = H - expi()° defined by a closed, pointed, and generating H-invariant cone
Q) C br. If E is the associated Szego distribution, then

WE(E) C H x O

where O)* is the closed dual cone of Q).

Corollary 3.33. If f = (¢1 > -+ > ¢ > 0 = ¢y41) is a flag of tripotents of the simple
JB*-triple Z,and I C {1,...,m}, then for the Szego distribution E £l of the group Gr1,
we have

WE(Ey,) C Gy x Fry

Proof of theorem 3.3.2. Fixt € H. By proposition 3.3.4 below, there exists a compact
neighbourhood V' C T of 1 such that K(t(expu)7) has tempered growth at the boundary
on WnN (hr + iQ°) for some exponential neighbourhood W C § of 0, uniformly in
v € V. We assume this proposition for the moment, and postpone its proof.

By a theorem of Martineau [Mar77, ch. IIL§ 1, th. 2, and proof] (see also [lag78,
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app. .1, lem. 3], or [H61r83, th. 3.1.15]), there exist distributional boundary values y.,,

(¢ ¢ 1) = lim, s / o(X)K(texp(X +irY)y)dX forall ¢ € D(Wg)
b

R

where Wg = WNbhgr, and Y € ()° is arbitrary, but fixed. Since the tempered growth of
K(t(expw)y) is uniform in 7, the above convergence in D'(WR) is uniforminy € V. In
particular, y — p, : V. — D’(Wg) is continuous.

On the other hand, because K is continuous on I'°, by dominated convergence,

/ ollogs)K(tsm)ds = | (X)K(t(exp X)7)o(X)dX

bR

T /b o(X)K(texp(X + irY)7)o(X) dX .

R

Here, 0 > 0 is the smooth function such that ds = exp, (¢ - dX) on exp(WR) .
Moreover, by proposition 3.1.13,

(tx (polog) : E) =lim,_; /H ¢(logs)K(tsy)ds .

Since one of the inner limits is uniform, we can exchange limit order by Moore’s theorem
[DS58, 1.7, lem. 5], so we find

E= (txexp,(0-p1)) on texp(Wg).

The fibre of the analytic wave front set of 31 at 0 is contained in ()%, cf. [Sj682, th. 6.5],
[Tag78, C.1, lem. 3, p. 113]. Consequently, the fibre of WF(E) at ¢ is also contained in (}*
[Hor71b, th. 3.4], [Bon77]. O

Proposition 3.3.4. Let K : I'° — C be the Szeg6 kernel function and t € H. Then there
exists a compact neighbourhood V of 1 in the closed Ol’shanskii semigroup I' such that
the functions

K(t Hexpu)y) 1 br +iQ° — C: Z — K(t (exp Z)7)

have tempered growth on W N (hr + i€Q)°) for some neighbourhood W C b of 0, uni-
formlyiny e V.

Remark 3.3.5. Our proof of this fact is rather technical, so we have divided it into three
parts. The first part is a simple elaboration of the estimates in [HN93, proof of th. 9.31]
proving that the norm topology of H?(T°) is finer than the topology of local uniform
convergence. The next two steps, stated as lemmata below, are more technical, concern-
ing estimates of the Baker-Campbell-Hausdorff formula.
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94 3. Local and micro-local analysis of the Szego distribution

Proof of proposition 3.3.4. Consider the smooth map
¢:HE xh — HE: (4, X +iY) = ¢y (X +1Y) =t HexpiY)y(exp X) .

Then ¢y is regular at 0, and (v, Z) — D¢, (Z) is continuous, so there exists a compact
neighbourhood K C H€oflanda compact neighbourhood L C hr such that

detD¢, (X +iY) #0 forall y€K,X,YeL.
In particular,
¢y i L°+il° — t ' (expil)y(exp L)

is a diffeomorphism onto its open image for all ¥ € K. We may also assume that
iL° — (expiY)y(expL) : X — ¢ (X +1Y)

is a diffeomorphism for all ¥ € Kand Y € L. We note that due to the regularity of left
multiplication on H®, L is independent of ¢ .
Let

= inf |detD X +1Y 0.
¢ veKl,r}l(,YeL‘ € X(Py( + )’>

Furthermore, forz € KNTI°, let
6(z) =sup{0 <r<1|C(0) CL+iL, ¢.(C(0)) CI°} €]0,1]

where C,(0) = B, x --- X B, C b is the open poly-cylinder with radius r. Because I'° is
H x H-invariant, §(z) is also independent of ¢.
Then, for z € T° and f € H*(T°),

142 1 )
£(12)] =|f0¢z(0)|2<7w()2n-/co()( [f 0 p:(X +iY)[? dX dY

2
S s (5 //‘f (expiY)z (epr))‘ axdy
vol L

// ‘ft 1exsz)zs)‘ dsdY < WH]CH%{Z

S e- - 5
where in the first step, [Hel78, ch. VIII, § 3, prop. 3.1 and proof] was employed, and
vol Cy(z)(0) = 7" - 5(2)*"
In particular, by the reproducing property

B B 1 vol L
[Kirzllyz = sup [(Kii, | f)] = sup [f(t72)] < e - 5(z)

£l <1 [fllg2<t
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forallze KNTI®°.
Now, let Ko C K° be a compact neighbourhood of 1. There exists a compact neigh-
bourhood U C K° of 1 such that

KonT® c [ J(KnT®)y*.
nel

Hence, forz € KgNI°and 7 € U, thereis zy € Ksuch thatz = z,, - 7*.
Moreover, there is a compact neighbourhood V' C I of 1 such that V* - U C K. Thus,
forallze KgyNI®and y €V,

[K(t"2)| = [K(t 2™ n)| = Kooy (7 29)|

/ vol L vol L
<y —————— - ||[Kys <
P 5(217)2;1 H Y ’7HH2 P (5(217)11 . 5(,7)n

w2 = || Ky * |2 = |Ki=1s, [l g2 by unimodularity of H, and

because ||Ky+
5(v*'n) =2 6(ny) forall yeV,yel.
By lemma 3.3.7, for exp(X +iY) € Ko NI°,Y varying in a closed cone C \ 0 C QO°,
S(exp(X+1iY)) > A-||Y|] forsome A >0

since the norms on ) defining the poly-cylinder and the Euclidean ball are equivalent,
and L and J are independent of ¢ .

By essentially the same argument as the proof of lemma 3.3.7, if 7 € U NexpiQ)° is
fixed, the norm of V such that

exp(U+iV) " =exp(X+iY)

is bounded by B - ||Y|| for some B > 0. Hence, the above estimate for |K(z)| shows
that, uniformly in v € V, K(¢t~!(expLs)7y) has tempered growth on log(Ko NT°) if Ky is

chosen small enough to fulfill the conditions of lemma 3.3.7. O

Lemma 3.3.6. Let X,Y € h be in an exponential neighbourhood, such that the Baker-
Campbell-Hausdorff series ¢(X, Y) = log((exp X)(exp Y)) is well defined. Then

where M = ||ad|| is the operator norm of ad : h — End fy, and

O| =

[ (s ) xae] < /M- X+ VD 1K1 forall M- (1] + Y1) <

_logz

f(2)

forall |z—1]<1.
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Proof. Notethatc(X,Y) = X+Y+ fol (f(etadXeadY) 1) X dt by [KMS93, ch. I, th. 4.29].

We claim that
Vs> —log(2—¢°) forall se [0,3].

We establish this by a brief discussion of the function h(s) = /s + log(2 — ¢°), defined
for 0 < s < log2. Observe h'(s) =

2\/ ZeS
W(0+) =00 and HI'(s) <0 <= 2<(2ys+1)-¢ forall s>0.
IfO<s<%,then
2vs+1)e <3¢ <2,

since ¢!/ < &. Hence, I'(s) > 0forall 0 < s < 1. Because h(0) = 0, we have proved
the claim. Now, for |z —1| <1,

(oo} [ee]

1 n
z)—1| < Zn z=1" < ZE-|Z—1| =—log(l—|z—1]|).

=1 n=1

B

Moreover, forall0 <t <1,

[ef2d XeadY — 1| = Hk+€>1 k,tke,(adX) (ad Y) H k;

MXIHIYD 1 M-I+ g

S X e

Hence,

0

1
/ (f(etadXeadY) )thH supte[Ol]Hf tadXeadY) _ 1H . HXH

< supyepg) —log(1 — [le! %Y —1]) - | X]|
—log(2 — eMUXIFIYIDY 1 x|

<M+ YD - I

whenever M - (|| X+ ||Y]]) < 5. O

Lemma3.3.7. Let X € hrand Y € Q°, | X]|, || Y] < . Define
r = min(1,dist(Y,0Q)) > 0.
Then, for |z] <1,Imz > 0 we have

(expiV)(exp(X +zY))(expU) € IT°
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forall U,V € hg such that

ﬁ,(l—l— \/61'7M>_1.r.lmz}.

Proof. Since I'° is H X H-invariant,

VI < min[

(expiV)(exp(X +2zY))(expU) € I° <= (expiV)(exp(X+2zY)) €T°.
By the Baker-Campbell-Hausdorff formula [KMS93, ch. I, th. 4.29]
expc(iV, X +2zY) = (expiV)(exp(X +zY))

where )
iV, X +2Y) = X +2Y +iV + / (F(e! iV d(X+21)) _ 1)y gt
0

Hence,

|IImc(iV,X4+zY)—i-Imz-Y| =

1 ;
iV +/ (f(etadlvead(X+ZY)) o 1)1thH
0

< L+ IVI+ X +2Y]) V][ < 7 Imz
for all V € bR satisfying the condition stated above. This implies
Imc(iV,X+2zY) € Bimz,(i-Imz-Y) =Imz- B,(iY) C Imz-iQ)° =iQ)°.

Thus, c(iV, X +zY) € br +1Q°, and (expiV)(exp(X +2zY)) e I°. ————— O
3.3.8. Recall that for X C b,

AC(X)={Cebg|t-CeXforall t>1},

the asymptotic cone of X .

Proposition 3.3.9. Let A € I'¥]'(H) with principal Lie symbol a,, € S}'(H) . The char-
acteristic set char A of A is

char A = H x AC(a,,'(0)) .

Proof. The point is to express the principal symbol in terms of the principal Lie symbol.
By [Str72, (3.8)], we see that

a(X,8) = [an(W(X,Y)E) - R(X,Y)]|y_x
defines a principal symbol of A in a coordinate neighbourhood of the identity. Here,

W:UxU—GL(hg) and R:UxU — R4
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are smooth, and R has compact support. By the proof of [Str72, th. 1], it is clear that
W(X, X) =idy forall X € U. Moreover, R is non-zero at (0,0).

Since a,, is homogeneous of degree m for || — oo, we conclude that (1,¢) € char A
if and only if a,,(t-¢) = 0 for all t+ > 1. Hence, the fibre of char A at the identity is
exactly AC(a,,'(0)) . By left invariance of A, the contention follows. ——————— [

3.3.10. Let H be a connected Lie group and §1,...,, € br a basis of its Lie algebra.
Denote by ¢, ..., the dual basis. We identify hi with IR" via this basis. Then the
following corollary is obvious.

Corollary 3.3.11. Assume H is contained a complexification HE€, and that there exists

an Ol’shanskii domain I'° = H - exp i()° defined by a closed pointed H-invariant cone
Q) C br. Let E be the Szego distribution. If A = (A;,..., A,) is defined by

A= —iti(1- Y &))" e rej(H),

then
f(A)(a-E) € £E(H) forall « € D(H)and f € £(hg, R)

homogeneous of degree 0 for |¢| — oo, such that AC(f~1(0)) NQ* = 0.

Proof. The operators A; are well-defined, since —}.i' @‘]2 has Lie symbol || and is
therefore elliptic. They are properly supported, because ¢; are, as differential operators,
and self-adjoint. The Lie symbol of ig; is (j}‘ . Hence, theorem 3.2.12 shows that the princi-
pal Lie symbol of f(A) € I¥)(H) is f(¢5, ..., &), where we have used the homogeneity
of the function f .

Proposition 3.3.9 implies char f(A) = AC(f~1(0)). Since this intersects Q* trivially,
and WF(E) C H x Q* by theorem 3.3.2, we find that f(A)(«a - E) is smooth. —— [

Besides the wave front estimates coming from the fact that the Szeg6 distribution is
locally the boundary value of a holomorphic function, there are also estimates coming
from invariance. We have the following global version of [DV90, lemme 1 (a)].

Proposition 3.3.12. Let H be a Lie group and e € D’(H) an invariant distribution, i.e.
(cg),(e) = eforall g € H where cg(h) = ghg™'. Then

WF(e); C Ad*(h) ker(1 — Ad*(h™'gh)) forall g he H.

Proof. For X € bR, define a vector field X on H by

Xf(g) = (if(exp(—tX)gexp(tX))|t_0 forall g€ H, fe E(H).

Then, for all p € D(H),

5 d
(% = Xp) = —3,(9 0 Coniix) © Py =0
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Hence, by [H6183, th. 8.3.1], WF(e) C char X. So, we need to determine the principal
symbol of the differential operator X. For ¢ € H,

> d
X, = dtexp( tX)gexp(tX)|,_,
d _ _
= J&eP(—tAd(g (X)) exp(tX)|,_, = dlg(1)(1 - Ad(g™))(X),

where {,(h) = gh . Since these are the trivialising maps T(H) — H x bR,

0(g,8) = (X : (1-Ad"(8))(¢)) forall g€ H, ¢ € br

is the principal symbol of X . We find

m (char )N() = ker(l — Ad*(g)) .

Xebr

This proves the equation for h = 1. Now let 1 € H be arbitrary. ¢, : H — Hisa
diffeomorphism, so by [Hor83, th. 8.2.4],

dly(1)! WE(e)g = dle(1) WF((cp,)« (e ) (den(g)) dlg (1) WE(e)jygp
= Ad*(h™ )dﬁhgh 1(1)fWF( €)hgh-1 /

because dcy,(1)" = Ad"(h™") and ¢; 0 £g = £},g1 © ¢, Applying the trivialising maps,

this proves the assertion. U
Although the preceding proposition main seem innocuous, combined with the previous
wave front estimate for the Szego distribution, it surprisingly gives some information
on its singular support.

Proposition 3.3.13. Let G = Autg B and E be the Szegd distribution associated to the
cone 3~ C gr. Let T = Z;(tr) be the torus for the compact Cartan subalgebra tg . If
g € G, is regular, and WF(E), contains regular elements, then ¢ € TC . In other words,
if g € G, \ TS, then WF(E) ¢ consists of singular semi-simple elements.

Proof. Let g € G, , i.e. g is regular. Then hr = ker(1 — Ad(g)) is a Cartan subalgebra.
We have

WE(E), C O " Nker(1—Ad"(g)) .

Identifying g, = gr w.r.t. the invariant inner product (u : ), the right hand side iden-
tifies with Q" N hR .

In particular, all elements of WF(E), are semi-simple, since hr is a CSA. If X €
Q7 N bR is regular, lemma 2.1.32 shows that X is conjugate to an element of w™° C tg.
Then b is conjugate to tg , and by [Kna02, th. 7.108], this implies g € T¢. —— O

Remark 3.3.14. If something could be said about the relation of WF(E) to the cone of
nilpotents in gr , then more conclusive information on the singular support sing supp E
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would be available. To wit, whenever ¢ € G, is regular and WEF(E), consists only of
nilpotents, it would follow that WF(E), = @, so that g ¢ singsupp E .

For Z(g)-finite invariant distributions, the fibre of the wave front set is contained in
the cone of nilpotents, cf. [DV90, lem. 1 (b)]. This follows from the fact that such dis-
tributions are annihilated by the differential operators built from the ideal of invariant
polynomial without constant term. The common set of zeros of this ideal is the cone of
nilpotent elements.

Singular support of the Szego distribution

3.4.1. The considerations of the previous subsection suggest a closer study of the Szego
distribution on TS . Consider the map

¢:G/TxT, — TC:($,t) — gtg L.

It is a real analytic submersion, and by [OMS80, th. 2], it is a W, : 1 covering map. In
particular, it is proper, and we can pull back arbitrary distributions along ¢ .

Proposition 3.4.2. There exists a unique Er € D’'(T.) such that

(p(@) : E) = <t — // (g, t)dg : ET> forallp € D(G/T x T,) .
G/T
On TS, E is determined uniquely by Er. Moreover, Et is W, -invariant and given by
(9 : Er) =limpes, /T Y(OK(ty)dt forally € D(T,)

where K : T* — C is the one-variable Szegd kernel function and T¢ = I° N T€.
Proof. By [HC64, th. 1], the linear map ¢, : D(G/T x T,) — D(TC), well-defined by

L [ etsts et natdg = [ 9@ (e)(g)ds

forall 9 € D(G/TxT), ¥ € D(T®), is weakly continuous and surjective, so that
P* (E) = E o ¢, uniquely determines E on T*G . Moreover, ¢ intertwines the G-action on
G/T x T, induced by left multiplication and the action by conjugation on TS .

Hence, ¢*(E) is left-invariant, thus ¢*(E) = d¢ ® Er for some uniquely determined
and W,-invariant Er € D'(TS), by [Kna86, X, § 6, lem. 10.28]. Let ¢ € D(G/T x T).
Since K(g7) is, locally in g, of uniform tempered growth for v — 1, by proposition 3.3.4,

limy 1 /T o(g HK(tg™ vg) dt = lim,; /T p(g, t)K(ty)dt

exists and is continuous in ¢ € G/T . The equality follows from the invariance of I'° and
the independence of the limit on the sequence ¢y — 1. The projection of supp ¢ onto
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G/T is compact, so we may apply Lebesgue’s theorem to the outer integral, and

(9 : dg® Er) = (p(9) : E) =lim, - [ 9.(9)(9)K(g7)dg
= lim, /G p /T(P(g',t)K(gtg‘l'r) dtdg

— [ H/ s OK(t)dtde
op Tqv(g JK(ty)dtdg

by propositions 3.1.13 and 3.1.10. By uniqueness of Er, the assertion follows. — [

3.4.3. Ol'shanskii [O1'95, proofs of ths. 4.2 and 4.3] has computed the kernel K on T .
Namely, let IT = B(A**) be the simple system, and ¢ = % - ¥ yca++ «. Then Hy , & € I1,
is a basis of itg . Let w,, & € II, denote the dual basis of ity . These are the so-called
fundamental weights, and 0 = ),y wa , by [Bou68, ch. VI, § 1.11, prop. 29].

The Weyl denominator is

d(s) = s [ [epss (1—57%) forall s € T¢

Then d(s) # 0 whenever s € TS . Define

: : (e(x) - T(r(s)"1))® e c
- d(sx) U;\/Tg]ce(v)e(r) Hﬁen(l — (o(x) -T(To(s)—l))wﬂ) forall s,x € T

where this makes sense. Here, 790 € W, is the longest Weyl group element, and
e(0) = (=1)9) =deto forall c e W
is the sign function. If t € T, , then there exist compact connected neighbourhoods
teU°CUCT,,0€V°Ctgandl € W C W C T,

such that k is a holomorphic function on O x W, where O = U - expi(VNw™°).

Then Ol’shanskil’s formula is
K(s) = limy,5y—1 k(s,x) forall s€O.

This convergence can be sharpened, and indeed, the limit can be computed explicitly,
by the same device as is used in the proof of Weyl’s dimension formula from Weyl’s
character formula.

This is nothing but L'Hospital’s rule, applied to the differential operator

D=]],cp+ He on TC.

We first state and prove an appropriate version of L'Hospital’s rule.
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Namely, for r > 0let B, = {z € C | |z|] < r}, and the punctured polydisc
D;’l — (:[Br\o) X e X (:[Br\o) CC”.
Moreover, for any positive function ¢ : A —]0, oo[, define a norm by

Ifllg = supaea lo(x) - f(x)]  forall f:A—C

and a Banach space

(2(A)={f: A—C||fll, <o}

Lemma 3.4.4. Letn € N, 7 > 0 and A be a set

(i). Leto: A —]0,00[. If

f:D!x A— C isholomorphic in the first variable,
and (f(u, x))xer is bounded in (7°(A) , then
F(0,a) =lim, o f*)(z,4) exists in 3 (A),

for all multi-indices « € IN".

(ii). Assume f and g satisfy the assumptions of (i) for 01 and ¢, . Let f € IN" such that

F9(0,a) = ¢ (0,a) =0 forall |a|<|B|,a#p,acA

and inf,c 4 |02(a) - ¢'#)(0,a)| > 0. Then, for any g3 > 02 and any U C BB star-shaped
around 0, such that

sup ‘Qg(ﬂ)f(“)(z,ﬂ)‘<00 for a=pfand |a| =|B|+1,

acA,zel

we have

uniformlyin a€ A.

fz,x) _ f(0,x)
0,x)

li =
1M1\ 03z—0 g(zl X)

Proof of (i). Foranya € A, f(y,a) is a holomorphic function locally bounded near the

analytic set B” \ D. Hence, by the Riemann removable singularity theorem, it is uniquely
holomorphically extendible to B}'. By assumption, the resulting function f is, locally on
B", uniformly bounded with values in £7’(A) . Since A C (7°(A)" is norm-determining,

fiB" = (3(A):z— f(z,0)
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is a holomorphic vector-valued function, cf. [Nee0Oa, cor. A.IIL.1]. In particular,

F0,0) =lim, o f®)(z,1) in £7(A).

Proof of (ii). Assume € IN" given as stated. By Taylor’s theorem,

pr- L&D _ (9(0,0) 4 pza) and pr- 85D = o (0,0) 4 p(z,0)

where

lim; o ¢(z,x) =0 =lim;—o §(z,x) in the respective spaces (;(A)and £, (A) .

Let e = inf,c 4 |02(a) - §P)(0,a)| > 0. Then

<

flzu)  fP(z,0)
g(Z, L_l) g(ﬁ) (Z,l_l)

m | =

1
oz )llg + LFP 0, g, - (2 )l — 0,

since for z € U and s € [0,1], by Lagrange’s formula,

1 s
s@etzal < L [e@f Qa5 [ fd<ces
la|=|B]+1 o,[0,5z] slBl Jo

for some positive constant C. U
Proposition 3.4.5. Let 0 < ¢ < 1 and denote
Ve={H€iVNw °|mingewg(H) > —log(1—¢)} .
Then, uniformly fors € O, = U - exp V¢,
K(s) = imrrw,sx e k(s, x)

1 u®
= 36) Tl (07 @) e S0 Do 2y

u=r(w(s) 1)

Proof. The Weyl denominator d € Z[P] where P = Z{wg|p € II) is the group of
weights. In fact, [Bou68, ch. VI, § 3.3, prop. 2], 4 is a universal divisor for any W-odd
p € Z[P]. Consequently, the limit

limL - Y e(o)-o(x)F=T] (octp:a)

x—e d(x) cEW, a>0 (0 = @)

exists and can be evaluated via L’'Hospital’s rule, applied the operator D as in [Kna86,
IV, § 10, proof of th. 4.48]. To see that the convergence is uniform in u € P, the set of

103
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dominant weights, we wish to apply lemma 3.4.4. To that end, consider

-1

01(p) ' = maxgew, xerrw, |0 (x)¥| , p € P*

and 02 = 03 = 1. Since p is imaginary, |o(x)#| = 1if x € T N W,. So the boundedness
assumptions are verified if we take U = log(T N W*) in the lemma.
Fors~! € O, the geometric series

T st s
nepb [Tgeri(1 — )

is locally uniformly convergent. Viz,if s =u-expX € O, u € T, —X € iw™°, then
58| = e“rX) <1
and the convergence is uniform of subsets where maxg ebX) <1-e<1.N ow,

Dss®™ =T oo (@+p 1 a)-s0HH.

Since the derivatives of power series have the same radius of convergence as their prim-
itives, the series

Q
C ) . g0tH — ot .S
):yem [Looletp:a)s Ds 2;46P+ S Dsnﬁen(l ~5)

converges uniformly for s~

= u - exp X, maxg wg(X) < log(1 —¢). By the above con-
siderations, the convergence for TN W, > x — 1 of the coefficients is uniform in y, so

we may exchange limit order to achieve, for W.NT € x — 1,

4(6) k(5%) = L #0) - Do g7 Loew £0) - 024 (m(s) )2

1 u
—_ Y= E(T) - D, w
[Taso (0 ¢ ) Yocew, (7) " Tpen (1= 1) | py5)1)

4

uniformly in s = u - exp(—X), maxg wg(X) < log(1 — ). Since d(s) is locally uniformly

bounded away from 0, the assertion follows. U

3.4.6. For rkgr > 2, there may exist fundamental wg not proportional to any root, so
to evaluate K on a subset of T, we need to consider the set

Ty = {t €T, |t # 1forall pell}.

whose elements are more-than-regular.

Proposition 3.4.7. Let U C T, be a small relatively compact neighbourhood of t € T .
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Then the limit

K(u) = lim;y-o5x o K(u-exp X) exists uniformlyin u € U,
together with all derivatives. In particular,

singsupp Er C T\ T.. and (singsuppE)NTC C TC\ TS, .

Proof. The function f defined by

s¢

T Hpnt=sm)

is holomorphic and bounded on a neighbourhood of U~ 1in TE.. Hence, so are its deriva-
tives. But then

Ds f(8)] ey 1) = 1imio-o3x-0 Ds f(8) | ryuenp 31

uniformly in u € U, proving the assertion by propositions 3.4.5and 3.4.2. ——— [

Remark 3.4.8. One should note that Hecht [Hec76] has computed the characters of the
holomorphic discrete series on a set of conjugacy classes of Cartan subgroups. (In fact,
the formula is due to Martens in the case of a regular parameter A, and Hecht extends
this to singular cases.) The formula is the same as on the torus. Basically, the same
proof as Ol’shanskil has given on the compact Cartan subgroup T should go through in
general. This would allow for the computation of E on the other Cartan subgroups.

Holomorphic discrete series, and the Hardy space

Algebraic theory of highest weight modules

4.1.1. Asabove, consider the group G = Auty B where B C Z is a circled bounded sym-
metric domain defined by a JB*-triple Z. Fix a frame ey, ..., e, of Z, and choose a torus
tr C tr, as in 2.1.3. For the corresponding root system A, choose any positive system
A} of A., and define the corresponding adapted positive system AT of A, according to
lemma 2.1.6. Then

b=ta) . g =totap

is a maximal solvable subalgebra of g = gr ® C, containing p™ as an Abelian ideal.
Denote its nilpotent radical by n* = ¢+ @ p™.
To any A € t*, we associate the one-dimensional b-module Cy = C,

Hz=A(H)-z and Xz=0 forallzeCy,Het, Xent.




106 4. Holomorphic discrete series, and the Hardy space

The universal enveloping algebra il (g) is naturally a (g, b)-bimodule. The Verma module
Vi = U (g) @y Ca

is therefore naturally a g-module. Denote by 1, the image of 1 ® 1 in this tensor product.

4.1.2. Recall that for a t-module V, a linear form u € t* is called a t-weight of V if
Hv=u(H)-v forsomenon-zero veV.

In this case, v is called a p-weight vector. The subspace of all p-weight vectors in V is
denoted V[u].

The Verma module V7 is the algebraic direct sum of its t-weight spaces. The weights
are of the form A — Y o1 - &« where n, € IN and IT = B(A™T) is the set of simple
roots, cf. [Bou68, ch. VI, § 1.5]. The weight spaces are finite-dimensional, and the highest
weight space V{[A] = C-1,. Moreover, the vector 1, is annihilated by 4 (n™). For
these statements, cf. [Dix77, prop. 7.1.6].

A cyclic g-module V = 4 (g) v such that v € V[u] and {4 (n") v = 0 is called a
highest weight module. Then V[u] = C - v and v is called a highest weight vector. Moreover,
onehas V = 4 (n~) v where n= = Y cp++ g~ * is opposite to n™, and there is a unique
equivariant surjection V;} — V mapping 1,, — v, cf. [Dix77, prop. 7.1.7].

There is a largest proper submodule U C V7 , by [Dix77, prop. 7.1.11]. Consequently,
Li = VR /U is simple, and by what was said above, the unique simple quotient of Vﬁ .

4.1.3. Define an conjugate linear involution L* : g — g by
(X+iY)"=—-X+1iY forall X,Y € gRr.
Then u* is an anti-automorphisms of g, i.e.
[Z,W]* = [W*,Z%] = —[Z*,W*] forall Z,Weg.

With respect to this involution, gr = {Z € g | Z* = —Z}, and it is clear that this sets up
a bijection between real forms and conjugate linear, involutive anti-automorphism of g.
Ifa € ACityand Z € g*, then

H,Z*| = —[H",Z)* =[H,Z]" = (a(H) - 2)* = —a(H) - Z* forall H € tg,

and this shows that (g*)* = g=*. We deduce (n*)* = n¥.
The involution L* can be naturally carried over to the dual space g* by

(Z :y*)y=(Z* : y) forall Zeg,peg.

Then " : g* — g* is a conjugate linear involution.
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For this involution on g*, gy = {y € g* | u* = —p*} . In particular, the weight A € t
satisfies A* = A if and only if A € ity .

4.1.4. By the universal property [Dix77, lem. 2.1.3] of the universal enveloping algebra
4 (g), the conjugate linear involutive Lie algebra anti-automorphism _* : g — g extends
to a conjugate linear involutive algebra anti-automorphism .* : 4l (g) — U (g) .

If V is a g-module, an R-bilinear form (s : u) : V x V — C is invariant if
(X*u :v)=(u:Xv) forall Xel(g), u,veV.
If (L @ W) is invariant, then the left and right annihilators of submodules U C V
Ut={ueV|(U:u)=0} and “U={ueV|(u:U) =0}

are submodules of V. The form (L : L) is non-degenerate if V- = 1y = 0. Of course,
there are one-sided notions of non-degeneracy.

A sesqui-linear form (s | u), conjugate linear in the first variable, is Hermitian if
(u|v)=(v|u) forall u,veVv.

If it is invariant and Hermitian, then left and right annihilators coincide.

Define an involution k — h* on the space of invariant sesqui-linear forms on V by

h*(u,v) = h(v,u) forall u,veV.

Then h is Hermitian if and only if #* = h. Moreover, any invariant sesqui-linear form h

decomposes as
1

5

where 1 + h* are invariant sesqui-linear forms which are, respectively, Hermitian and

h:%-(h+h*)+ (h— 1)

skew-Hermitian.

Let (u | u) be sesqui-linear and invariant, and A, u weights of V such that A* # u.
Then, forall X € (g), u € V[A],v € V[y],

(A(X) = u(X)) - (u [ v) = (A(XT) -u | ) = (u [ u(X) -0)
=X'ul|v)—(u|Xv)=0.

There exists X € g such that A*(X) # u(X). Hence V[A] L V]u].

The set of invariant sesqui-linear forms is exactly Hom,(V @ V, C) where the conju-
gate space V is a a g-module via

X9=—-X*v forall veV
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where & : V — V : v — 0 is the (conjugate linear) identity. We denote the set of
Hermitian elements in Hom; by Hom; .

Proposition 4.1.5. Let A € ity . For the modules V = Vf\‘ and L = L?\ ,
dime Hom, (V ® V,C) = dim¢ Hom (L® L,C) = 1.

and
dimg Hom; (V ® V,C) = dimg Hom/ (L® L,C) =1,

Any non-zero h € Hom; (L ® L, C) is non-degenerate.

Proof. Since all the weights of V = V} are of the form A — Y crynq - € ity and
therefore fixed by L/*, the weight spaces are mutually orthogonal. Hence, if (L | L) is
an invariant form on V such that (15 | 1) = 0, wesee that 1, € LV N V+.

Since 1, is a cyclic vector, we find +V = V1 = V, which means that (| U) = 0. In
particular, dim¢ Homg (V@ V,C) < 1.

Leth = (u|w) € Homg(V®V,C),and setz = (15 | 15) . If z € R, then the skew-
Hermitian part of & vanishes on 1, and is hence zero. We conclude that / is Hermitian in
this case. Clearly, the converse is also true. Consequently, dimr Hom; (VeV,C)<1.

Since any form on L = L4 lifts to V, the dimensions of the corresponding spaces are
at most one, too.

As a quotient of V, L = L, is the algebraic direct sum of its weight spaces. So, there
is a unique & = (| u) € Hom; (L ® L, C) such that (1 | 15) = 1. Namely,

(1o | V[p]) =0and (X1p |u) = (1a | X*u) forall pu#A, Xet(g), ucl.

Hence,
1 < dimg Hom (L® L,C) < dime¢ Homy (L® L,C) < 1.

The same is true of V', since the form & just constructed pulls back.

The remaining claim is that any non-zero invariant sesqui-linear form on L is non-
degenerate. But L+ is a submodule of L, and it is non-trivial since 14 ¢ L+ . Since L
is simple, L- = 0, so & is non-degenerate (since it is Hermitian). Because any other

invariant sesqui-linear form is proportional to /1, we are done. O

Remark 4.1.6. Our proof of proposition 4.1.5 closely follows [Enr79, prop. 6.8]. The
main difference being that Enright deals with bilinear instead of sesqui-linear forms
(symmetric instead of Hermitian). This does not place any conditions on the parameter
A and is therefore a crucial difference. Moreover, he treats slightly different involutions
(they are linear instead of conjugate linear). The construction of the unique Hermitian
invariant sesqui-linear form satisfying (15 | 1o) = 1 goes back to Shapovalov which is
why it is often called by this name.

Neeb generalises this theory in [Nee00a, IX.1] to Lie algebras including, among oth-
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ers, the Lie algebras g{z’l generated by the faces Fe of the cone (27, and even infinite-

dimensional cases.

Definition 4.1.7. If V is a g-highest weight module of weight A, and we have fixed
a highest weight vector 15, we call the unique invariant Hermitian form such that
(15 | 1) = 1 the Shapovalov form of V .

Proposition 4.1.5 allows for the classification of highest weight modules admitting a
non-degenerate invariant Hermitian form.

Proposition 4.1.8. Let V be a highest weight module of weight A € t*. Then V permits
a non-zero invariant Hermitian form if and only if A € ity . In this case,

dim¢ Hom (V ® V,C) = dimg Hom; (V@ V,C) =1.

Moreover, there exists a non-degenerate invariant Hermitian form on the g-module V if
and only if it is simple, i.e. V = LY .

Proof. We know that V is a quotient of V3 . If (L | 1) € Hom, (V ® V,C) is non-zero,
then so is its pull-back to V3 . This shows that (v | v) # 0 for any non-zero v € V[A],

compare the proof of proposition 4.1.5. Hence
AY(H) - (v]v) = (A(H")v|v) = (H v|v) = (v|Hv) = A(H) - (v | 0)

forall H € t,v € V[A], shows that A = A* € it} .
Conversely, let A € ity . As a highest weight module, V' # 0. The kernel of the
epimorphism V{ — V is hence contained in the largest proper submodule. In other

words, there is a canonical g-linear epimorphism V' — L% . Hence
1 = dime¢ Homy (L ® L}, C) < dime Homy(V @ V,C) < dime Homy (V] @ V},C) =1,

by proposition 4.1.5, and analogously for Hermitian forms.

If V is simple, then clearly V = L% . Hence proposition 4.1.5 shows that V admits
a non-degenerate Hermitian invariant form. Assume, conversely, that V' admits such a
form. Let U C V be a proper submodule. So is its preimage in V3 , and we infer that
V[A]NU = 0. Hence U is contained in the sum of weight spaces V[u] with u # A. All
of these are orthogonal to V[A], so V[A] C U*. But U is invariant, and V[A] contains
a cyclic vector. Consequently, U+ = V. By non-degeneracy, this implies U = 0. So we

have proved that V is simple. U

4.19. Ife;,j=1,...,n,isabasisof g,and f;, j = 1,...,n a B-dual basis, i.e.
B(e;, fj) = ¢;j forall 1<i,j<n,

then QO = Y i, ¢f; € U (g) is called the Casimir operator.
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A preimage of () under the canonical epimorphism ® g — (g) is L ¢; ® f;.
Under the representation of the tensor algebra & g derived from ad : g — End g, this
tensor is the identity of g. Consequently, () is independent of the choice the basis (¢;),
and invariant under the adjoint action of g on 4 (g), cf. [Bou68, ch.1, § 3.7, prop. 11]. So,
it is a canonical non-zero element on Z(g), the centre of {(g).

It is desirable to express () in terms of the root space decomposition of g.

Lemma 4.1.10. Consider for « € A elements H, € itg such that a(H,) = 2. There exist,
foralla € A, X, € g* such that

X;=+X_, and [XoX_o] =% Ha

where the sign is + or — according to whether « € A, or « € A,, and we consider the
inner product dual to B on ity .

In particular, the Casimir ) of g is given by

R
Q:ZHJME- Yo ol He+2- Y XiX, -2 Y XiX,

acAT aeAT aeA,T+

where H;,j =1,...,R = rkgis any B-orthonormal basis of itR .

Proof. Recall from proposition 2.1.11 that B is positive definite on pr, and negative
definite on £R . In particular, B is an inner product on itg . Hence H, is determined by
B(H,, H) =2|a| - a(H) forall H € t.

By [Kna02, IL4, lem. 2.18], [X, Y] = 20 . B(X,Y) - H, forall X € g*, Y € g~*. Now,

h:(Z,W)— B(Z",W):gxg—C

is a sesqui-linear form which, on gr, coincides with —B. Hence, & is negative on pR,
and by sesqui-linearity, this remains true on p. Likewise, h is positive on £. Hence, for
a € ATT, we may choose X, € g in such a way that h(X,, X,) = £1 with the sign
positive or negative according to whether « is compact or non-compact.

Now, for « € ATT, let X_ = h(Xy, Xo) - Xi = B(X}, Xy) - Xi. Then X} = £X_,
and X*, = X, . Moreover, B(X,, X_,) = £h(Xy, Xa) = 1,50 [Xo, X_o] = @ -H,.

Since B is positive on itr , there is an orthonormal basis H;, j = 1,...,R = rkg of
itg . By definition of (),

=

Q=) Hi+} XX, — ) XX,

=1 <A aEN,

'N

H? +

1
i T ) ja* - Hy +2- Y, XX S Y XX,

aEATT aENST aeAﬁ

Il
= 1

.
Il
—_
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because, fora € ATT,

(X2, X)) = £[Xow Xo] = F5-

with the usual sign convention. U

We can now compute the Casimir on highest weight modules.

Proposition 4.1.11. Let V be a highest weight module of highest weight A € t*. Then
2 2
Ql, = [A+el” — el

where ¢ = % Y pentt &

Proof. All g-linear endomorphisms of V' are scalar by [Dix77, prop. 7.1.8]. Hence, it
suffices to evaluate () on some non-zero v € V[A]. Since v is annihilated by elements of
4 (b) without constant term, we find, by lemma 4.1.10,

R
1
Qo= ZA(H]')2'U+§- ) |- A(Hy) -
j=1

aENTT

=APo+ ¥ (a:A) o= (AP +2(A:g) v
aeAT+

which is the desired expression since |A]* +2 (A : ¢) = [A+ o[> —|o)?. ——— O

Remark 4.1.12. It should be noted that none of the above propositions depend on the
choice the Lie algebra g, the Cartan subalgebra tg, or the positive system A** . The
only fact that was needed was the semi-simplicity of gr . In fact, if the Killing form had
been replaced by another non-degenerate invariant form negative on £r and positive on
pRr , the definition and expression the Casimir could been extended to this situation. This
applies to reductive Lie algebras.

In particular, the operator
R 1 ’
Q= ZH]-2+§- Yool He42- Y XiX, € Z(¢).
j=1 aeAlt aeAl"

If we consider the subalgebra of £ given by
bp=bNt=toe" :t@ZiAﬁg“,

then we can naturally define, for A € t*, the ¢-Verma module V}, = (&) () Ca -
Moreover, a cyclic ¢-module V = $(¢) v where v € V[A]\ 0 is annihilated by by, is
called a €-highest weight module and v a €-highest weight vector.

The same theory as before applies. In particular, on a ¢-highest weight module V of
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weight A, the Casimir (), acts by
2 2
Qcly = A+ — o]
where ¢, = % . ZKGACH Q.
If V is a highest weight module, we say that V is unitary if it admits a positive definite

invariant Hermitian form.

Proposition 4.1.13. Let A € it} and denote Fy = L', the unique irreducible quotient
of the £-Verma module V} . Then Fj is finite-dimensional if and only if it is unitary, and
this is the case precisely if A is AT "-dominant and integral, i.e.

A(Hy) € N forall « € ATT.

Proof. If F, is finite-dimensional, the representation of £r integrates to one of the uni-
versal covering group K of K. The kernel of the covering map is discrete and normal,
and hence central. Any ¢-linear endomorphism of F, is scalar by [Dix77, prop. 7.1.8]. Fix
a highest weight vector 15 and consider the Shapovalov form (u | L) on Fu . It is posi-
tive on V[A], and hence, Z(K) acts by elements of U(1) . We conclude that the image of
K in End Fy is compact. By integrating any inner product Fp over this compact group,
we conclude that Fj is unitary.

Assume that Fj is unitary. Then the Shapovalov form is positive definite. For the
root vectors X, € g* chosen in lemma 4.1.10, we define
Ea:M-Xa forall « € A.
V2
Then
[Hy, Eio] = +2-Eiy and [E., E_y] = Hy .

Hence [Dix77, lem. 7.1.14] applies to show
[Eo, E™,] =m-E";'(Hy—m+1) forall meN,

in the universal enveloping algebra ().
Fixa € At . Because X, 15 = 0, we find

EFE" 15 = El" [Eo, E™] 1 = m(A(Hy) —m+1) - EF'E" 1 1p = m!(A(Hy))m - 1a
where (z),, = z(z—1)---(z —m+ 1) is the falling factorial. We infer
0 < (EM" 1o | E"1A) = (Qa | EJE™, 1A) = m!- (A(Hy))m forall m € N.

In particular A(H,) > 0, and is an integer since otherwise, (A(Hy))» would be negative
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for some m > A(H,) + 1.

Finally, assume A is dominant and integral. The canonical generator 15 € Vf; lies
above 1o € Fpo. Ifa € II. = B(Af ™), thenm = (A+o.)(Hy) = A(Hy) +1 € N by
[Bou68, ch. VI, § 1.10, prop. 29]. Moreover, the vector v = E” 15 € Vf\ is non-zero,
and is annihilated by b, cf. [Dix77, prop. 7.1.15]. The weightof vis A —m-a # A, so
v lies in a proper submodule of V. This means that E”, 15 = 0 in F5. Now, [Dix77,

lem. 7.2.4] implies that F, is finite-dimensional. ]

4.1.14. If V is a g-module, U C V a subspace and ) C g some subalgebra, we denote by
U the subspace of U consisting of those vectors annihilated by f . In particular, we are
interested in the subalgebra by .

Proposition 4.1.15. Let A € ity be A T-dominant and integral. Then L = L} is unitary
if and only if
IA+o| < |u+o| forall pet, Ly’ #0.

Proof. Let v € L be a t-highest weight vector of weight y. Then 4L (¢) v is a highest
weight module, and hence proposition 4.1.11 shows that Q. acts on v by |y + o, \2 — loc ]2 .
Since Q) acts by |A + o|* — |o|*, we find

(IA+o = [p+ef) (v]o)=([Q—Qc—2 (i : gu)]v | D)
=2(p:00) (w|o)+ Y ([(n:a)—2X;X,]v]|0)

xEATT

=-2- ) (Xqv: Xy0)

aEAST

where ¢, = 0 — 0. = % : ZaeA;’H a.

Hence, if (U | 1) is an inner product, then |A + o] < |y + ¢| with equality if and only
if v is annihilated by p* . If this is the case, then U = [ (g) v is a non-zero submodule
of L with highest weight y. Since L is simple, we conclude U = L, so p = A. We have
proved one implication.

As for the converse, we argue by contraposition and assume that the Shapovalov
form be non-positive. It is obvious that the ¢-submodule 4 (¢) 1 of the Verma module
V% is isomorphic to V} . The Shapovalov form on V; = V3 induces the one on V, = V},
so V, N Vi~ C V4. Since the g-Shapovalov form is non-degenerate on L, V- is the
maximal proper submodule of V;. Hence V;+ = V, N V;-. This implies that the &-
submodule 4 (¢) 15 C L equals Fy .

The PBW theorem [Dix77, th. 2.1.11] shows that U (p~) FA = L, so

) . _
L= ZjE]N L] with L] = L(]<p )FA

is a decomposition into ¢-submodules, where we consider the grading of 4 (p~) into ho-

mogeneous parts. The Shapovalov form is not positive on some L; where j is minimal.
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Since L; is finite-dimensional, it is fully reducible, and the decomposition into isotypic
components is orthogonal with respect to the Shapovalov form. Hence there is an iso-
typic component L; D V = F, ® C™(1 such that the Shapovalov form is not positive
when restricted to V. Since

®
V= Zo;éovcvbe $(¢) v where U (k) v=F,forall veV*\O0,

there exists v € V" such that (v | v) < 0. Write v = Yy Xy - - - XjY 15 where Y € 4 (t)
and Xjy € p*. Then

j
Xav=1Y, [Z Xige o [Xay Xig] - XjeY Ta + Xpg -+ Xjo([Xa, Y] + YXg) 1A} €L
i=1

since [Xy, Xi¢], [Xa, Y] € tand X, 1o = 0. Hence (X, v | X, v) < 0. The above calcula-
tion shows |A + 0| > |u + 0|, so we have completed the proof. O

4.1.16. Since p™ is t-invariant by lemma 2.1.2, the subspace ¢+ p* is a subalgebra of ¢.
In an abstract Lie algebraic setting, this is related to the fact that the positive system A"
is adapted. In fact, if p* is the sum of the positive non-compact root spaces for some
positive system AT, then £ + p™ is a subalgebra if and only if AT is adapted.

Since £ + p™ is an algebra, we can define, for A € it; A} T-dominant and integral
N(A) = 4 (g) Syerp+) Fa

where p™T acts trivially on F . Then the canonical generator 15 = 1 ® 1, is annihilated
by b = by + pT. Moreover, it is cyclic and has weight A. Hence, N(A) is a g-highest
weight module.

From PBW [Dix77, th. 2.1.11], it follows that N(A) = 4 (p~) ® Fa as t-modules,
where consider the adjoint action on the first factor, i.e.

X(u®v)=[Xu@v+ueXv forall uel(p™),veFar, Xet.

4.1.17. We can give a convenient Jordan theoretic description of 4 (p*). Since p* is
Abelian, the universal enveloping algebra is just f (p*) = S(p*), the symmetric algebra
of p* . Recall from lemma 2.1.2 the isomorphisms

d d
a:Z—>p+:u'—>au:u$ and a*:Z—>p’:uHﬁ(au)zaz:{zu*z}g
respectively linear and conjugate linear. Here, the involution L/* is the one defined in
4.1.3. Onyp, it coincides with the Cartan involution on p , because the latter is the complex
conjugation of g with respect to the real form ug = ¢r @ ipr, cf. 2.1.1.
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On the symmetric algebras, the above isomorphisms extend to isomorphisms
0:5(Z) — 4 (p*) =S(p") and 9*:S(Z) - U (p”)=S(p")

of graded commutative algebras, the first linear, the second conjugate linear. Observe
that 9 is equivariant for K¢ = Auty(Z, Z) (2.3.4) where the action on  (pT) is induced
by the adjoint action.

Define an involutive anti-automorphism of K¢ by
(kt k) = (k, k)= (kLkt1) forall ke KE.
On ¢, this involution of K€ induces the involution _* defined in 4.1.3. Indeed,
(67,67 ) =—(67,0") forall (67,67) ct=aut(Z,2).

Moreover, the dependence of 6~ on ¢ is conjugate linear by 2.3.4. Since ¢y is the diag-
onal in £ and ifR the anti-diagonal, the identity of the two involutions follows.

Hence, the involution of K€ satisfies
Ad(k)(&*) = Ad (K1) (&) = Ad(k—, k) (&)* forall k= (k*,k™) € K.

In particular,
Oy = Ad(K™1")(0;) forall p€S(Z), ke KE.

Of course, the algebras il (p*) act naturally, by holomorphic differential operators,
on the algebra P(Z) of polynomials on Z. If we endow P(Z) with the gradation by
homogeneous terms,

dp: P"(Z) — P"*(Z)and 9}, : P"(Z) — P"**(Z) forallp € S¥(Z), m e Z, k € N
where, as is customary, P"(Z) = 0 for m < 0. There is a natural bilinear pairing
{p:q)=(9p)(0) forall peS(2),qeP(Z),
If we define a K¢-action on P (Z) by
(k" k") 'p=pok™ forall (k" k7)€ K",
then the pairing satisfies

(kp:q)=(p:k1q) forall ke K®, pesS(z),qcP(2).




116 4. Holomorphic discrete series, and the Hardy space

The different degrees of the gradings are mutually orthogonal. By [Upm82, lem. 3.10],
(u" :p)=m!-p(u) forall ue ZpecP"(Z),mecN.

Consequently, the pairing is non-degenerate.

The canonical inner product (L | L) on Z gives rise to an isomorphism
Z'—Z:a—a",a(u)=(u|a*) forall ueZz

which is conjugate linear because the canonical inner product is conjugate linear in the
second variable. Since P (Z) = S(Z*) as graded algebras, this induces a conjugate linear
graded algebra isomorphism

P(Z)—S(Z):p—p".
We can now define a sesqui-linear form on P (Z) by

(Pl @)pzy =" : q) = (9p-q)(0) forall p,qeP(Z).

This in an inner product by [Upm82, lem. 3.11], and extends the conjugate of the canon-
ical inner product. Since

(ku|v) = (u|k*v) forall u,vecZ,keKC,
where we have

(kp [ 9)pzy= (1K q)p forall k€K, pqeP(Z)

and
kp*= (k" p)" forall peP(Z).

Hence, the inner product (u | \_:)7,( z) is t-invariant, and the map
pr0y i P(Z) = Sk) =4 (p)
is K¢-equivariant. This enables us to define -invariant inner products on  (p*),
(Op |94 ) gy = (@ | P)p(z) = (94:p)(0) forall p,q € P(Z)

and

@5 195 )uipy = (P 1) p(z) = (9p2q)(0) forall p,q € P(Z).
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Theorem 4.1.18. Let A € itj; be A} "-dominant and integral. If
(A+0)(Hs) <0 forall a € Ay,

then N(A) is unitary, and, in particular, simple.

Proof. We have noted N(A) = (p~) ® Fa, as &-modules. Hence, we can define a
t-invariant inner product on N(A) by the requirement

uov|u d)=(ulu),,  (v|v) forall u,u’ €U (p~),v,v' €Fx.
Ulp~)

Here, we consider the Shapovalov form on F4 , an inner product by proposition 4.1.13.

We claim that the £-highest weights of N(A) are all contained in A — IN(A;; ). To
that end, let
u=4yu (p*) ®n, FA where n, = ZaeAﬁ g .

Then n, F, is the sum of weight spaces of weight # A . In particular,
N@A)=U® (U(p7) ®1a)

is an orthogonal direct sum. Since i (p~) ® 1, is bg-invariant and n, C by, the image
under the involution u*, U is n, -invariant. If v € U then

U@ v=Umy)vcu

by PBW, so (44 () v)l D U(p~) ® 1, . But the latter is a generating set for the ¢-module
N(A), so we conclude v = 0. This proves that all ¢&-highest weight vectors of N(A) are
contained in $ (p~) ® 1, in particular, their weights are in A — IN(A;F ).
If y = A — v is the weight of a £-highest weight vector, then
vl’

(A+o: V):T'(A+Q>(Hv) <0 since veN(AST).

Hence
w+of—[A+of=?—2-(A+o:v)>0.

Since any t-highest weight vector in L} lies below one in N(A), this implies, by propo-
sition 4.1.15, that LY is unitary. In particular, the g-invariant Shapovalov form on N(A)
is positive semi-definite.

By [Dix77, prop. 7.6.1], the Verma module V has a Jordan-Holder series
OZVmCVm,1C"'CV0:V/g\.

Assume that N(A) is not simple. Then there exists a non-trivial proper submodule of
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N(A), and in particular, some V;, 0 < j < m, is not mapped to 0 in N(A). Let j be
maximal with this property.
Again by [Dix77, prop. 7.6.1],

Vi/Viy1 = Li, forsome peA—-N(ATT).

Hence, there is a non-zero vector v € V;[u] such that bv € Vj;;. Since Vj;; is mapped
to 0 in N(A), we conclude that the image u € N(A) of v is a highest weight vector, and
W = 4 (¥) v is a highest weight module. By proposition 4.1.11,

Ql,, = lu+ef—lof .

But we already know that Q‘N(A) = |A+0|* — |of*. Hence |A + o| = | + 0|, a contra-
diction. We conclude that N(A) is simple, so the Shapovalov form is non-degenerate,

and consequently, an inner product. U

Remark 4.1.19. The condition from theorem 4.1.18,
A(Hy) <0 forall a € AT

where A = A + 9, is called Harish-Chandra’s square integrability condition. First introduced
by Harish-Chandra in [HC56, th. 4], this condition guarantees that the module N(A) is
the Harish-Chandra (g, K)-module of K-finite vectors for a square-integrable irreducible
unitary representation of G . This will become evident in the sequel.

Analytic theory of the holomorphic discrete series

Our next aim is to globalise the representation N(A) under additional conditions on the
parameter A . To this end, we need a different realisation of this g-module.

Lemma 4.2.1. For ¢ € PTK“P~ and z € Z, the holomorphic derivative ¢'(z) : Z — Z
uniquely defines an element of K€ . Specifically, we have the formulae

t'(u) =1, K(u) =k and t,"(u) =B(u,v)"! forall u,ve€ Z,kcK",

where in the latter equation, (u,v) is quasi-invertible.

Proof. By the chain rule, it suffices to check g’(z) € K® for generators. Moreover, since
1/(0) = 1 € K€ and P*K¢P~ x Z is connected, ¢’(z) varies in a connected set. Hence,
we need only see that ¢'(z) € Aut(Z,Z).

The action of K€ on Z is linear, so the statement is trivial for k € K¢€. If v € Z, then

t7(u) =u+v forall ueZz,

so ;' (1) = 1 which defines an element of K¢ = Auty(Z, Z).
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The computation of t,’(u) is contained in [Loo75, 7.8], we repeat it the for sake of
completeness. Namely, since (1, v) is quasi-invertible,
(u+w)° =u’ + B(u,0)"'-w” forall we Z
such that (w, v*) is quasi-invertible, by [Loo75, 7.3.4]. Now, by [Loo75, 7.3.1],
(tw)" =t -w'® forall t€C.

Differentiating, we get

it . wt-v“ — wt-v“ 4t iwt-v“

dt dt

which is w® = w for t = 0. We compute

d d u
—/ _ _ -1 t: _ -1
ty (w)w = dt(u—l—tw)”]tzo_ . [t-B(u,0)""-w""]|,_, = B(u,0)"'w,
proving the assertion, since B(u,v) € K¢ = Auto(Z, Z). O

4.2.2. Note that the map
J:GxB—K":(g2) — ¢(2)
satisfies the cocycle relation
J(¢h,z) = J(g,h(z)) - J(h,z) forall g,he G,z€ B

by the chain rule. For this reason, it is sometimes called the canonical automorphy factor,
e.g. [Sat80, § 5]. We shall check in a moment that our definition coincides with the one
given by Satake.

Lemma4.2.3. Letg € Gand u € Z. Then, in the PtKEP— decomposition of
gexp (143) € PTKCpP-
0z ’
the K¢ component is ¢’ (u) . Similarly,
Jd\* J +xCp—
exp(vi) exp(ug) € PTK-P

if and only if (u,v) is quasi-invertible. In this case, its K¢ component is the inverse of
the Bergman operator, B(u,v) ! € K©.

Proof. Letk € K€and u,v,w € Z. By [Loo75, 8.6],

th = exp(uaaz) and t, = exp({zv*z}aaz) = (expv;z)*.




120 4. Holomorphic discrete series, and the Hardy space

In particular,

kt) = exp Ad(k) (ui) k= exp(k‘l’(z)_lui> k=t k,

0z 0z (u)
by the formula for the adjoint action from 1.1.1. Then [Loo75, th. 8.11] shows that for

g =thkt; €G,
O g gt gt 1= _ gt gt -1,
gexplug-) = tokty ty =ty ktl,B(u,v)" "t =t, B o) kB(u,v)" " tn,
if (u,v) is quasi-invertible. But the first equality shows that g expu £ € P*KCP~ if and
only if this is the case for t, ¢, . By [Loo75, th. 8.11], this is equivalent to that requirement

that (u, v) be quasi-invertible.
The K€ component in the above formula is

kB(u,0) " =t/ (kt, (u)) K'(t; (u) t," (u) = g’ (u),

by lemma 4.2.1 and the chain rule. Since G C PT"K®P~ by [Loo75, prop. 8.10], we have
proved the first assertion.

As for the second, the statement about quasi-invertibility is [Loo75, th. 8.11]. For
(u,v) quasi-invertible,

(exp v;z>*(exp u;Z) =t, t} =t5 B(u,0) 1 t,,

completing the proof. U

4.2.4. The sesqui-holomorphic Bergman operator
B:ZxZ— Auty(Z,Z) = K* : (u,v) — B(u,0) =1 —-2uv* + Q,Qy

is sometimes also called the universal kernel function of G. Observe that it behaves co-
variantly under the group action of G,

B(g(z),g(w)) = ¢'(z) B(z,w) §' (w)* = J(g,z) B(z,w) J(g,w)* forall g€ G,z,weB,

by [Loo75, lem. 2.11]. Recall that we have noted in 4.1.17 that the adjoint with respect to
the trace form on Z coincides on K¢ with the involution defined in 4.1.3.
The Bergman operator encodes the Hermitian Bergman metric of B. Indeed, at any
pointz € B,
h,(u,v) = (B(z,z) ‘u|v) forall u,veZ

by [Loo75, th. 2.10], where on the right hand side, we take the trace form on Z. More-
over, the Bergman kernel is simply det B(u,v)_1 , for a suitable normalisation of mea-

sures.
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Under certain conditions on the parameter A, a global realisation of the g-module
N(A) is obtained by generalising these considerations to certain homogeneous Hermi-
tian vector bundles on B .

Lemma 4.2.5. Let A be Lebesgue measure on Z, normalised such that A(B) = 1. Then
duo(z) = det B(z,z) ~1 dA(z) defines a G-invariant measure on B.

Proof. We only need to check invariance. Let ¢ € G. Then
|detdg(z)| = detg’(z) - detg’(z)*,
as follows from the Cauchy-Riemann equations. Consequently,

g+(dpo(z)) = |detdg(z)| - det B(g(2), (2)) " dA(z) = det B(z,2) "' dA(z) = dyo(z)

by the change of variables formula. This proves the assertion. U

4.2.6. Let A € itj; be AT T-dominant and integral, and let A = A + ¢. In particular, Fp
is a finite-dimensional unitary ¢-module with Shapovalov form (L | L), .

If T = Nk(t) is the torus, then a necessary and sufficient condition that F, integrates
to K is that (exp H)* = eAH) forall H € tg defines a character of T, by [Kna02, th. 5.110].
Equivalently, A is analytically integral, i.e.

Alexp™'(1)) C2miZ,

cf. [Kna02, prop. 4.58]. If this is the case, the representation of K on F, is unitary, and it
extends to an involutive holomorphic representation of KC€. Slightly abusing notation,
we denote the action of k € K& on Fj by k*, and the action of k! by k™.

Consider the space O(B, Fp ) of holomorphic functions f : B — Fa . Define operators
§ ™ =m(g~!) on O(B,F;) by

(8§77 f)(z) = ¢'(z)"f(g(z)) forall f€ O(B,FA),g€G,z€B.

Then it is obvious that 71, is a representation of G on O(B,F,). Since z — ¢'(z)7!

is a polynomial (of degree at most 2) by [Loo75, prop. 8.13], the subspace P(Z, Fy) of
Fp-valued polynomials on Z is 7t)-invariant.

Moreover, consider the weighted Bergman space O% = O%(B, Fa),

O(B,Fa) = {f € OB, Fa) | Iflltg = [ (F(2) | B(z2) () adio(z) < oo}

It is easy to see that O% , endowed with the norm ||| 2 ,is areproducing kernel Hilbert
space, cf. [Nee00a, lem. XII.5.2]. Moreover, the invariance of yo implies that it is invariant
under 77, , and this defines an action by unitary operators, cf. [Nee0Oa, lem. XIL.5.3].
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The representation is unitary, since the strong continuity of 7, follows from domi-
nated convergence.

Remark 4.2.7. It should be noted that the action of G on O(B, F) is in some sense
natural. Since this is not immediately obvious from the definitions, we briefly comment
on this fact.

Indeed, the domain B is homogeneous and thus, canonically identified with G/K. It
is therefore the base of G, considered as principal fibre bundle for the group K. Hence,
the vector bundle

Fpo = G xg Fo 2 [g,0] = [gk, k" 7]

associated to the representation Fj of K, has base B. Consider the map
¢ :Fp — BxFy:[g 0] — (g(0),8(0)"0).

It is well-defined, since

8k k0] = (3(K(0)), 8'(k(0))*K (0)*k ™ 0) = (3(0), g'(0)* 0)

forall k € K. Also, ¢ is a bundle map, and it can be shown that for the natural vector
bundle structure of F,, ¢ is a diffeomorphism. (Local trivialisations of IF5 are con-
structed from local sections of the K-principal bundle G — B : g — £(0).)

Hence, ¢ is a trivialisation. Indeed, for the canonical Hermitian structure on [F, , it is
a holomorphic trivialisation.

The vector bundle F, is naturally G-homogeneous, for the action defined by
h[g,v] = [hg,v] forall gh€ G, v e Fy.
Then ¢ is G-equivariant if we endow the trivial bundle B x Fj with the G-action
h(z,0) = (h(z),h'(z)Av) forall h€ G,z€ B, v € Fy.
If 0 : B — FF, is a holomorphic section, then
F=¢o0o:B— BxF, isoftheform F(z)=(z f(z)) forsome f & O(B,Fa).

The natural action of G on ¢, givenby g0 = go o o g~ !, then corresponds to ¢ f .

4.2.8. In order to characterise when the weighted Bergman space 03 is non-zero, we
very briefly recall some basic facts about reproducing kernel Hilbert spaces.

Given a set X and a Hilbert space V', a Hilbert space H is called a reproducing kernel
Hilbert space (RKH) of V-valued functions on X if H C VX and this inclusion mapping is
continuous for the product topology on VX. An equivalent condition is that the point
evaluations on H be continuous.
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The space VX of V-valued functions on X can be naturally identified with the space
of continuous conjugate linear functionals on V¥, the algebraic direct sum of X copies
of V (V-valued functions with finite support). Here, V®X is endowed with the final
locally convex topology with respect to the inclusions VX € V®X for K C X finite. Then
the product topology of VX equals the o(V¥, V®X)-topology, and the weak topology on
VX equals the o(V®X, VX)-topology. The pairing of V¥X and VX which induces this
identification is given by

(@l1f) =) (p(x)] f(x))y forall g€V, fevE.

xeX

Since this pairing is non-degenerate, V;°X can be identified with the space of continuous
conjugate linear functionals on VX .

These considerations show that, by duality, H is isometrically isomorphic to an RKH
of V-valued functions on X if and only if there is continuous linear map V"X — ‘H with
dense image, i.e., H is the completion of a quotient of VX .

Given an RKH 7, the concatenation of the maps VX — H — VX is denoted by h
and called the kernel operator of H . Then h is continuous, and

(¢|hp) = (p|he) and (@ |hg) >0 forall ¢,y € VEX,

i.e., h is Hermitian positive.

Since the functions of point support span V®X | there is a bijective correspondence
between the set of Hermitian positive continuous linear operators i : V¥ — VX and
functions 1 : X x X — L(V) which are of positive type, meaning that, for any choice of
elements x1,...,x, € X, the matrix (h(x;, xj)) is a positive self-adjoint element of the
C*-algebra L(V)™*™ . By a standard argument, this is equivalent to h(x,y) = h(y, x)*
forallx,y € X, and

m

Z (vi | h(xi,xj)v;) >0 forall x1,...,xy € X, v1,...,0m €V .
ij=1

The correspondence between Hermitian positive operators and functions of positive
type given by

(plhp) = Y (o(x) | h(x,y)¥(y))y forall g, p € VEX,

x,yeX
and is a conoid isomorphism. The function %(, 1) associated to the RKH H is called
the kernel function of H.

Given a function (1, 1) of positive type, and the associated Hermitian positive op-
erator 1, we can associate by a generalised GNS construction to 7 an RKH H such that
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its kernel is /i . Indeed, we endow h(V®X) with an inner product by

(he | hp) = (¢|hy) forall ¢, € VX,

well-defined by the properties of 1. Completing, we obtain a Hilbert space H . As the
completion of a quotient of VX we can identify H with an RKH. Specifically, for all
f € VX, wehave f € H if and only

Sup(q)|hgo><l |<(P‘f>’ <00,

and in this case, || f||,, is given by this quantity. Clearly, the kernel of H is h.

Itis now an easy matter to show that the correspondence between Hermitian positive
kernels (functions or operators) and RKH is bijective. Note here that equality of RKH is
understood as the equality as subspaces of VX and identity of Hilbert space norms. Two
RKH in VX are equal as vector subspaces if and only they have equivalent norms. This
is equivalent to the fact that their kernels be proportional by a strictly positive constant.
The main ingredients in the proof of these facts are Riesz’s theorem and the closed graph
theorem, or a replacement thereof (such as the barreledness of the space VX).

There is a property analogous to the reproducing property for RKH of scalar func-
tions (corresponding to V = C). Namely, denote for x € X by e, : H — V the continu-
ous evaluation at x . If v, € V®X denotes the function such that

ey(vy) =0y -v forall y€ X,
then the image of vy in 'H is given by

(hox)(y) = Y h(y,2) vx(z) = h(y,x)v forall y € X.

zeX

Moreover, forallx € X,ve Vand f € H,

@] f(x)y =Y 0xy (0] f(y) = (0x | f) = (hvx | fyy .

yeX

so the adjoint of e, : H — V' is given by hv, = e3v. We conclude
h(x,y)v = exhv, = sxs;v forall x,ye X,veV.

This is the required generalisation of the reproducing property.

Properties of the RKH H can be expressed in terms of the kernel function . E.g., if
X is a topological space, H consists of continuous functions if and only if & is separately
continuous. The topology on H is always weaker than the topology of uniform conver-
gence on subsets of Y C X such that the operator norm of 1(x, x) remains bounded when
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x varies in Y. By Hartogs’s joint analyticity theorem [H6173, th. 2.2.8], if X is a complex
manifold, then H consists of holomorphic functions if and only / is sesqui-holomorphic
on X x X.

For a more thorough treatment of RKH of V-valued functions, in particular, their
connection to involutive semigroups. we refer to [Nee00Oa, ch. I-IV].

Using these facts on RKH, we can characterise precisely when 0% is non-zero.

Theorem 4.2.9. If A € it} is AT T-dominant and analytically integral, then the following
conditions are equivalent.

(i). The weighted Bergman space O% = O?(B, F) is non-zero.

(ii). The function
BA:BxB —EndF, : (z,w) — B(z,w)®

is of positive type, and proportional to the kernel function of O% .

(iii). The integral
/ trB(z,z) “duo(z) < .
B

(iv). We have P(Z,F5) C O?(B,F,).

In this case, O3 is an irreducible square-integrable representation of G whose space of
K-finite vectors is P(Z, Fp) .

Proof. Let K be the kernel function of O3 . Then, for z = ¢(0) € Band all u,v € Fa,

(u] K(z,2)v)5 = (u ] (££0)(2) 5 = (1| §'(0)*(g7™e10)(0)) ,
= (8™€p(8'(0)"u) | £10) o = (87"(8(0) " (e6(8"(0)*u))(0) [ v) ,
= (1 g'(0)" ey 8'(0) 0) , = (u | g'(0)* K(0,0)g'(0)" 0) , -

In particular, K(0,0) commutes with the action of K. Since F, is simple, C = K(0,0) > 0
is a scalar constant, by Schur’s lemma. If O3 is non-zero, so is ¢, for some z € B. Then
K(z,z) # 0, and consequently, so is K(0,0) . Hence, C > 0.

Moreover, B(O,O)A = 1, and B” is also covariant, so K = C - B® on the diagonal.
Since both functions are sesqui-holomorphic, the identity is valid everywhere. In partic-
ular, BA is of positive type, and the RKH it defines equals O3 as a vector space, and has
an equivalent norm.

If the kernel functions K and B” are proportional, then
O?(B,Fy) 2 B(w,0)2v forall v € Fy .

But B(z,0) = 1, so these are the constant F-valued functions on B. This means that for
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any v € Fp,
0> [ollty = [ (0] B(z,2)"0) dpo(z)
Applying this to an orthonormal basis of Fy , the integrability of tr B(z,z) =" follows.

Assuming the finiteness of the integral, the Cauchy-Schwarz and Holder inequalities
show that

[ (0@ 1B p@) i) < [ Ip@I - 1B, 2) ] dpolz)
<Jlpl%- [ 1B(z2) 7 dpo(z)
<Ilpl.- [ trBz2) " dpolz)
for all p € P(Z,Fa). The right hand side is finite, because p is continuous on Z and
hence bounded on the relatively compact subset B. Hence P (Z, Fy) C O?(B,Fy).

Finally, if O contains the polynomials, then it is clearly non-zero.

Assume that one of the equivalent conditions is fulfilled. The representation of G
on the RKH 0% is irreducible by a theorem of Kobayashi [Nee00a, th. IV.1.10], since
B is homogeneous, and F, is simple. In order to check the square-integrability, it is
necessary and sufficient that the matrix coefficient (v | 7y U)Oi be square integrable for
some constant v € Fp , by [Dix69, def. 14.1.3, cor. 14.3.2].

To this end, note that the set of constants in (’)3\ is K-equivalent to F5 . Moreover, by
G-invariance of pg, the integral

I= / B(z,z) “duo(z) € End Fp
B

defines a K-equivariant operator. By Schur’s lemma, ¢ = I is a scalar constant, namely

o trl
- dimFA

= (dimFy) " /B trB(z,z) " dyuo(z) -

But this implies that

foly = ¢+ [ (01 Bz,2) o) dio() = - ol

By polarisation, the inner products are also proportional.

Forv € Fa and f € O3, we compute

1

@1 oz = (BL0) 0| oz = &+ (50| Aoy = &+ (0 | fO)5 = & (@] FO)5 -

Ol o

Hence & - €9 is the orthogonal projection onto the constants. But €5 = ¢y, so C = ¢, and
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the projection is just &g . This implies

(0] (gh)™ )2 = (§7™ 0 [ kA 0) g2 = ((§7™ 0)(0) | K ), = (8'(0) P v [kP0), -

For a suitable normalisation of Haar measure dg on G, dg = duo(g(0)) dk. Hence,
the orthogonality relations on K [Dix69, th. 14.3.3, prop. 15.2.3] imply for ||v||, =1

Cag= [ [ 100 Mo | Ko, P dkdio(s(0))
dmllpA ' /B 18'(0) " 0[|3 dpo(8(0))
= din11 Ex /B (v ] ('(0)*g’(0)**) " v) duo(g(0))
= dmllFA /B (v ] B(z,2) ™ 0) dug(z) = dmllpA olZe < oo

Ll@lgmo)e;

Hence, 77, is square-integrable.
To complete the theorem’s proof, we have to show that the module of K-finite vectors
coincides with P (Z, Fp) . For any polynomial p, and for k € K, we have

(k™p)(z) =k p(k(z)) forall z€ B.

Since the action of K on B is linear, deg(k™p) = degp. Since P"(Z) is of finite di-
mension for any m € IN, this proves that all elements of P(Z, F5) are K-finite in the
representation 7y . On the other hand, P(Z, F5) is G-invariant, and since 7, is a topo-
logically irreducible unitary representation, the space of K-finite vectors is algebraically
irreducible, by [War72, th. 4.5.2.11, th. 4.5.5.4]. Hence, we have equality. ——— [

We have reduced the non-triviality of the weighted Bergman space O3 to the finiteness
of an integral.

Our next goal is to characterise this finiteness in terms of an algebraic condition on
the parameter A = A + ¢, namely, Harish-Chandra’s square-integrability condition. To
this end, we digress a little on the meaning of this condition.

4.2.10. Recall from 4.1.1 that we have fixed a frame ¢y, ..., e,, an associated torus and
positive system. The Killing form is an inner product on itg , and it is endowed with
the dual product. Via this duality, to u € ity , there corresponds p* € itg . Then

—u(Hy) = —B(yu*,Hy) = (u* : Hy) = (—ip* : iH,) forall a € A.

Hence, u(H,) < 0 for all « € A" simply means that u € i(w™)*, if we identify the
Euclidean vector spaces ity = itg by y — p*. Moreover, since o (i - ej ] e;f) ,o €W,
j=1,...,r,are the generators of extremal rays in w™~ by lemma 2.1.13,

pei(w ) < u(Hy) <0 forall a e A;T
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= (o(e;0e) :p) <0 forall c€We,j=1,...,7.

If 4 € ity is assumed to be Al T-dominant and integral, then this can be sharpened. In
fact,2-e, Oef = H,,, and 7, is the largest root. Since A;; ™ C 7, — N(AT ") by [Nee00a,
proof of lem. IX.5.8], the dominance of  implies that

u(Hy) <2-(e, Oef : u) forall a € AT .

This shows that in the above equivalence, it is already sufficient that (e, Oe; : p) < 0.

The following proposition gives some indication why Harish-Chandra’s condition is
related to the non-triviality of O% . The precise theorem will be stated and proved below.

Proposition 4.2.11. Let A € itj; be A7 t-dominant and analytically integral. On the
orbit of the Iwasawa A component A = exp(Z,, ..., &, ), the kernel B/ is given by
A 4 —4y; :
B(a(0),a(0))" 0 = [ J(cosht;) ™ -0 forall a=exp(Y ;& ), v € Ealp
j=1 j=1

where p; = (ej[le;‘ cu),j=1,...,r.

Proof. Forloga =} 1t;- g, » we have

r r
_ - _ + . 5 \1/2 41—
a= Hexp gt,‘t’]‘ - H ttanh tie; B(tanh t]€], tanh t]e]) t- tanh tje; /
j=1 j=1

by [Loo75, prop. 9.8]. By [Loo75, prop. 8.10], KC€P~ fixes the origin. Since the above
factors commute, we have, by the chain rule and lemma 4.2.1,
- 1/2 !
/ —
a'(0) = q(tgnhtjej B(tanh e;, tanh tje) /2t ) (0)
j=

r
j=1

because tanh(te) = (tanh ) - e for any tripotent e € Z. Hence,
.

B(a(0),a(0)) = a'(0)a’(0)* = f!B((tanh ti) - ej, (tanht;) - ¢;) = qB(ej, (tanh®t}) - ¢;) .
j= j=

If e € Z is a tripotent, then g; = B(e, (1 —¢') - €) is a one-parameter group in K¢, by
[Upm85, proof of 21.9]. Moreover,

go=4-e0e"(1—ele’) +2-e0e"(2e0e* —1) =2-e0e".
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Therefore,

B(a(0),a(0)) = exp (2 Y log(1 —tanh’t)) - ¢; De}“) = exp(—4 ) logcosht, e De;f) :
=1 =1

The vector v has weight y . In particular,

since ej De;f € itg . O
4.2.12. The normalised Lebesgue measure dz on B is given by
/f yaz—c- [ //fk[jte] yak [T (B-8) thb“dt dt,
1>t > >4 >0 I<i<jsr

for all Lebesgue-integrable f, and some constant C > 0, cf. [Upm96, prop. 1.5.84]. Here,
a=dimZ;(1<i<j<r),and b = dim Zy; (0 < j < r). For an evaluation of the
constant C, we refer to [FK94, ex. VI.3] and the references given there.

Lemma 4.2.13. The invariant measure y of B is given by

H1§i<j<r(t]2 — 1) TTjy £
/Bf(Z) dpo(z) = C- / / / f k]Z tiej) d - 2T Tats dty - - - dt,
= = j

1>t,> >4 >0

for all yp-integrable f . Here, C > 0 is the constant from 4.2.12.

Proof. The calculation in proposition 4.2.11 shows that for loga = }i_; s; - Ce; 1

2(0) = [ Ttamnse ] 0) = ¥ (tanhs) -¢;,

j=1 =1

since K€P~ fixes 0. So, for z = Z]’-:1 t;-ej =a(0), we have

B(z,z) = exp (2 i;log(l — tanh’s)) - ¢; De;-‘) = exp (2 i;log(l - t}z) e De;‘) .
j= j=

The action of k on Z is unitary, so det B(kz, kz) = detk B(z,z) k* = det B(z, z) . Moreover,
detexp(e; Oej) = exptr(e; Def) .

Here, ¢; [le} acts by A on Zx(ej) - By [Loo75, th. 3.14],

Zl(ej) = Z]] and Zl/z 6] ZO<1<] ij 69Z]<z<r ji s
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sodim Z;(e;) = 1and dim Z; /5(ej) = dim Zy; + (r — 1) -dim Z;; = (r — 1) -a+b. Hence,

tr(ejDe]*):1+%-((r—1)-u—|—b).

We conclude

r
detB (k Zr: tjej/k i tjej) — H(l _ tjg)2+(r71)-u+b .
j=1 j=1

Hence, the assertion follows from lemma 4.2.5 and the formula from 4.2.12. —— O

Theorem 4.2.14. Let A € it;; be A7 T-dominant and analytically integral. Then the
weighted Bergman space O = O?(B, F,) is non-zero if and only if Harish-Chandra’s
square-integrability condition

AMHy) <0 forall « € AT

is satisfied for A = A4+ 0,0 = % “Lnentt K-

Proof. First, we need to evaluate ¢ on e O e;.‘ . To this end, recall the facts from 2.1.24.
In particular, Ad* (7.)(0) = 04, the half sum of the positive restricted roots (with multi-
plicity). Moreover,

Ad(r) (g D)) = 52 [Ad () (&), Ad(7) ()] = g2 (6, (65,850 = 5 &,

by [Upms85, lem. 21.16]. We deduce

_ 1 . _
<€]- De; to) = <§ej P 0a) = 5’ Z dlmRQ%{'(Cej D)
xEAT
Recall that af, = ay — & ap whereap = Oand ay,...,a,isdual toe; Uej, ..., e, ey, and
that A} consists of non-zero ap, for0 <k < f <rand e2 = 1. Now,

0 jé{kllorj=k=10,e=+1,
2 j=k=(,e=-1,

<Ci. : “8,> =0p —€- 0 =
G T T e j=k<,

|1 k<l=j.

Hence,
_ 1 o . . ,
(Co & 0a) = 5 (2 - dimp iX; (€j) + dimg Zoj + (r — 1) -dimg Z;j) =1+ (j—1)-a+b.

We conclude that gj = - (1+ (j+1)-a+b).
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By proposition 4.2.11,
r r —A r 2w,
trB(k Y tiej, k Y t]-e]-> Y dimFalu]-JJ(1 - t]2) Hi
=T A AT =1

If we denote m,, = dim Fj [p], then by lemma 4.2.13,

H < )a . Hr:] t2'b+1
—A E i<i( j=17j
/ trB(z,2)" " dpo(z) = C- / / t')2y1+2+(r71)a+b dty -t
j

1>t,>-->t>0

By theorem 4.2.9, this integral is finite if and only if O # 0. The numerator of the
fraction is bounded and non-zero for ¢; close to 1. Moreover, ; is an half-integer because
= oo, the

2-¢;Lej = H,y; is a coroot and all weights of Fp are integral. Since fol 1{22

above integral is finite if and only if
2(pi+ o) +1=2u;+24+(r—1)a+b<0 forall pct',m >0,j=1,...,r
By integrality, this is equivalent to
2(ui+or) =2uj+1+(r—1)a+b<0 forall pect',m,>0,j=1,...,r

Since p € A —IN(AS ™) for any weight p of Fa, this is the case of and only if it is true
for A. Since A; = A;+ ¢;, this requirement implies Harish-Chandra’s condition. On
the other hand, in the presence of Harish-Chandra’s condition, we have A, < 0. But
Aj < Ayforallj=1,...,r by 4.2.10, and the above condition follows. ——— [

We have characterised the non-triviality of the weighted Bergman space in terms of
Harish-Chandra’s condition. To complete this discussion, we need to see that OF is
indeed a globalisation of N(A).

Lemma 4.2.15. The action of G on O(Z, F) is analytic. Infinitesimally, it is given by
(12 )f] @) = ~F @)
[ (6%,67)f](2) = (67,67) f(2) — f'(2)87 (2)
({202} 2 )] (&) = 2- GO0 f(2) — £/ () v'2)

forallz€ B,u,ve Z,(6",67) €aut(Z,Z),and f € O(Z,Fy).

Proof. Let ¢ € g be an holomorphic vector field on B and let g; = exp t¢ be its local
holomorphic flow. We compute

(E 1)) = S @) (g g = we84(2) o)~ FR)E(E)
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Ifé=u % , then 4 4
aglt(z)‘tzo = att;u(z)hzo =0

since t*},(z) =1.1f, £ = (67,67), then the local flow is linear.
Finally, let { = v % . Then

by lemma 4.2.1. Hence,

d _ d . %
ag’,t(z) Yoo = 2t 200" 4+ £QuQ0|,_, =2-2z00",
proving the assertion. O

Proposition 4.2.16. Let A € ity be A "-dominant and analytically integral. When-
ever O% = O?%(B, F) is non-zero, its module of K-finite vectors P (Z, F) is a g-highest
weight module of highest weight A . In particular, it is g-isomorphic to N(A).

Proof. 1f O?(B, Fp) is non-zero, then P (Z, Fy) is simple by theorem 4.2.9. Hence, the
constant 1, is cyclic. By lemma 4.2.15, it is annihilated by p™. The constants in 0%
are K-equivalent to Fa , so 15 has weight A. Therefore, P(Z,F) = LY as g-modules.
But theorem 4.2.14 shows that Harish-Chandra’s condition is fulfilled, so theorem 4.1.18
shows that N(A) = L% , completing the proposition’s proof. U

Remark 4.2.17. In principle, the g-isomorphism P (Z, Fp) = N(A) is computable with
the help of lemma 4.2.15, by considering the action on 4 (p~) on the highest weight
vector 1, . However, the action of p~ on P (Z, F) is quite complicated. In fact, the main
technical difference between these two realisations of the module of K-finite vectors of
O2?(B, F,) is the following: The action of p* on P(Z, F,) is straightforward, whereas it
is rather involved if computed in terms of the basis of N(A) given by the -isomorphic

identification with 4l (p~) ® Fa , and conversely for the action of p~ .

4.2.18. We have seen that the representations O% of G, where A is A "-dominant and
analytically integral, and A = A + ¢ satisfies Harish-Chandra’s condition, are square-
integrable irreducible unitary representations, i.e., belong to the discrete series of G. In
fact, their totality is called the holomorphic discrete series of G .

Which part of L?(G) is spanned by the coefficient functions of the holomorphic dis-
crete series can be characterised quite precisely. Indeed, any holomorphic discrete series
representation extends to a holomorphic representation of the involutive semigroup I'°,
by [O1'82, cor. 5.8] or [Sta86, th. 3.5], and its coefficient functions therefore belong to
H?(T) . Conversely, the Hardy space is spanned by these matrix coefficients (loc.cit.). In
fact, this was the original motivation for the construction of the domain I'°, cf. [GG77].

The characterisation of the unitary highest modules which are square-integrable
(module centre) as holomorphic semigroup representations, respectively as represen-
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tations contained in some Hardy space, has been considerably extended, encompassing
the groups Gy ; associated to the faces Ffjl of the cone ()7 . As a blanket reference we
give [Nee00Oa, ch. XIV]. The theory we have reviewed in the last two sections applies,
among the Lie groups associated to the faces of (O™, only to the G,, where c = 0. In
order to complete the programme set forth in this work for all faces of ()™, a treatment
of the case c > 0 would, however, be necessary.

Embedding of the holomorphic discrete series

4.3.1. Lete € Z be a tripotent, and consider the facial subgroup G, = Autg By(e) C G
where By(e) = Zp(e) N B. We may assume e = ex41 + --- + ¢, where 0 < k < r. We
abbreviate G = G, and B = By(e) . Then the extreme cases k = r and k = 0 correspond
toG=G,B=Band G =1, B =0, respectively.

The definition 1.2.5 of the embedding G C G implies the inclusions K = K, C K,
Br = tro(e) C tr, and pr = pro(e) C pr-

Moreover, Z = Zy(e) C Z is a subtriple, which implies that p* = py(e)* C p*. Since
e1,...,¢eis a frame of Z, lemma 2.2.19 shows that tr = tr(e) = tr N gr is a compactly
embedded Cartan subalgebra of §r = gor(e), such that fﬂi{ C tﬂi{ .

By 2.2.20 and the arguments therein,

A={aeA|g"Ca}

is the set of roots for gr . We have already seen that the Cartan decompositions of § and
g are compatible, so A. = ANA.and A, = ANA,. Moreover, AT = ANA*" is an
adapted positive system constructed as in lemma 2.1.6. By proposition 2.2.23,

@F =wi(e) =grNw® and OF =05 (e) = grN Q.

The Killing forms of §r and gr are proportional on gr , and the canonical inner products
of Z and Z coincide on Z .

We may assume that A7 was chosen in such a way that the compact simple roots
[1. = B(Al™) are also Al "-simple, cf. lemma 2.1.6 and [Bou68, ch. VI, § 1.7, prop. 24].
In addition, 71 is the only simple non-compact root, and it is contained in ity . Hence,
the set IT = B(A™") of AT "-simple roots is contained in IT = B(A*"). Since the half
sum of positive roots ¢ is also the sum of the fundamental weights [Bou68, ch. VI, § 1.10,
prop. 29], this implies that Q‘{ = 0 where 0 = % Y wchit .
4.3.2. Given a A/ t-dominant and analytically integral parameter A € ity its restric-
tion A = A‘I is manifestly A T-dominant and analytically integral, since the exponen-
tial map restricts as exp| o = expg . Besides, the analytically integral functionals form
a spanning lattice in itg , so any such parameter A can be extended to a parameter A,
with rk gr — rk gr degrees of freedom.
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Since @~ = Rk Nw™ and ¢|; = @, 42.10 shows that A = A + ¢ fulfils Harish-
Chandra’s condition if this is the case for A = A + ¢. Conversely, A can be extended to
such a A with sufficiently many degrees of freedom.

In order to state matters more succinctly, we say that (A, A) is an adapted pair if
A}{ = A. We say (A, A) is compactly dominant and integral if both parameters are,
and similarly for analytic integrality. We that (A, A) is an adapted pair of holomorphic
discrete series parameters if it is compactly dominant and analytically integral, and the
shifted parameters (A, A) satisfy Harish-Chandra’s condition.

Lemma 4.3.3. Let (A, A) be a compactly dominant and integral adapted pair. Then
the E-submodule $( (£) 1, of the simple highest weight module F, is t-equivalent to the
simple highest weight module Fx of €.

Proof. Clearly, 84 () 1, is a E-highest weight module of weight A . Moreover, the subal-
gebran; =Yy £7% acts locally nilpotently, since dim Fy < co. By [Dix77, lem. 7.2.4],

_ 3 weATT
1L () 1, is simple, so the assertion follows. O

Proposition 4.3.4. Let (A, A) be an adapted pair of holomorphic discrete series param-
eters. Then there is a unique G-equivariant isometry

O*(B,F;) — O?(B,Ey)

determined by 135 — 15, where 15 and 1, are normalised highest weight vectors.
Proof. Clearly, 44 (§) 1o C V3 is a g-highest weight module, and since any X € g~*\ 0,
a € AT, acts injectively, [Dix77, prop. 7.1.8] implies that it is g-equivalent to V3 . The
identities

N(A)=4(p")®F; and N(A)=U(p ) Q@F,

which are E-, respectively t-equivariant, show, together with lemma 4.3.3, that the map
V?\ — V3 descends to a well-defined and g-equivariant injection N(A) — N(A).

In particular, there is an injection j : P(Z,F;) — P(Z, F5) which is g-equivariant,
and, by connectedness, also G-equivariant. Since P (Z, F3) is algebraically irreducible,
the requirement 15 + 1, uniquely determines this map.

Denote by V the image of j. It consists of K-finite vectors, and is hence the al-
gebraic sum of its isotypic components, each of which has finite multiplicity. If V), is
some isotypic component of type F,, then j~'(V,,) = U, is the corresponding isotype
of U = P(Z,Fg). The adjoint j* : V,, — U, with respect to the inner products induced
by O% and (’)f-\ is well-defined, and by summing over all i, we get a G-equivariant
map j* : V — U. Then j*j is a G-equivariant endomorphism of U, and hence a scalar
constant a, by Schur’s lemma. We compute

. . . 2
«= (517 718)02 = (15 | j1x)oz = Malloz =1,

and this proves the proposition. g
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Remark 4.3.5. In principle, the embedding O?(B, F5) — O?(B, F5) can be computed,
at least on the level of K-finite vectors, by applying lemma 4.2.15. Here, it however
quickly becomes evident that the extension of a polynomial p € P(Z, Fy) to Z, with
values in Fy , is not constant in all directions orthogonal to Z, viz, its behaviour in the
direction of Z; 5 (e) could be quite complicated. So the embedding, which is somewhat
innocuous on the level of the highest weight modules N(A) and N(A), is not what one
might naively expect in the natural analytic realisation.

Asymptotic behaviour of matrix coefficients

4.4.1. For g € G, there is, by [Hel78, ch. IX, § 1, th. 1.1], a decomposition g = kal where
k,l € Kand a € A, such that

r
loga = th-(f@; for some ty,...,t, >0.
=1

In this decomposition, 4 is unique. Define a open cover of the set G \ (K - G - K) , indexed
by e >0,

.
Ue(G) = {g ‘ ¢ ' =kal, k1€K,loga= Zt]--@'e;, t,oo b =0, b1, by 28}.
=1

Proposition 4.4.2. Consider adapted pairs (A, A) of holomorphic discrete series pa-
rameters. For any constant v € F, , define the real analytic functions A% by

ANMg) = (v]| g™ 0)03\ forall g€ G.

Then
limp, ;. A—-wA) =0 on G\(K-G-K),

uniformly with all derivatives on each of the subsets U, (G) with e > 0.

Proof. Lete > 0 and take g € U:(G),and setw = ¢(0). Forany p € P(Z,Fa),

F= (0] g0) " p(w))a* < [[0lI3 - 18" (0)p(w)IIz
= [[oll5 - (p(w) | B(w,w) *p(w)), < [[o]5 - [Ip(w)I[ - tr B(w,w) "

r

= [0k lIp@)[3- Y dimFa[u]-](cosht;)™,

Fa[p]#0 j=1

(0187 p)|

by proposition 4.2.11. We have }_r, (20 dim Fa[p] = dim FA = da . Moreover, p; < A;,
so the above sum is majorised by dx - [T}_; (cosh t]-)4A’ . The number d is a polynomial
in A by Weyl’s dimension formula [Kna02, th. 5.84]. So, since cosh ti > coshe > 1, this
quantity falls exponentially for Ax1,..., A, — —oo, uniformly in ¢ € U(G).
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It remains to study the polynomial p. We need only consider the case p = 7, (u) v
where u € L (g) is fixed, independently of A . Indeed,

(E82)(8) = S0 | m(gexp(~18)0)] = — (0 | g™ mi(@)o) forall G e q.

Lemma 4.2.15 shows that 7t (1) v € P(Z,Fp) for any u € 4l(g) .

Since £ @ p™ leaves the constants Fj invariant, PBW [Dix77, th. 2.1.11] allows us to
restrict attention to u € { (p~) . We contend the following: For all holomorphic discrete
series parameters A, allm € N,and all ay,...,a, € Z,

b .
. a N a mj
T\ ({sz}& aE {zamz}$>u = Z]. Ay -Epmji(al, o) (z)Mu forall u € Fy,

where a,,; € Z, b,; € N, and pyi(ay,...,a,) are homogeneous polynomials of degree
Nmji , with values in €, such that

bmj bmj
Nyji = m and Pmji(at, ..., am)(z)*
ot ]

1

1
depends m-conjugate linearly on ay, . . ., 4, . Moreover, a,,; , by,j and p,,j; are independent
of the parameter A.

The proof hereof is a straightforward induction on m . Indeed, for g € pm-1 (Z,¢),

m ({2} ) (o) (2) = 2 (z0a") ()" ~ (7 (2){za"2}) "

as follows from lemma 4.2.15. Now, g4'(z){za*z} is an m-homogeneous polynomial with
values in £, so the contention follows.

Now we apply this fact to our estimate. Namely, let p(z) = (3},.., )" v. Then, by

ay-am

lemma 4.4.3 below,
bmj

)l < (1A-+ e = lee + 1) 5, o] [Tews

where the constants c,,;; depend only on pyji(ai,...,a,). Since the sum on the right
hand side is constant, the left hand side is polynomially bounded in A, and we have

proved the proposition. H

The following lemma was used in the proof of proposition 4.4.2.

Lemma 4.4.3. Let § € Ebe fixed. Then, for the operator norm ||6%||,

2 2
168 < e /1A + e — o2+ 1.
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where the constant ¢ is independent of the A7 *-dominant and analytically integral pa-
rameter A € ity .

Proof. The Casimir (). is an elliptic invariant differential operator of degree 2. Hence
A =61+0Q) Y% e I¥)(K), and this operator is properly supported because K is
compact. Hence, it is bounded on L?(K), by [Str72, th. 6]. Writing d5 = dim F, , propo-
sition 4.1.11 and the orthogonality relations on K [Dix69, th. 14.3.3, prop. 15.2.3] imply

2 2 -1 2 2
(1A + gl = g +1) 7 [8%2]13 = [ A%
2 2 2 2
= dp- [ AMY 3 <dn - AR 18213 = 4]

forallv € Fa, ||v]|, = 1. This proves the lemma. O
4.4.4. A fundamental theorem on the Hardy space H?(T) associated to the Lie group
G = Auty B states that it is the largest invariant subspace of L?(G) such that for all
& € O, the action of —i& on H?*(T) is given by a positive semi-definite self-adjoint
(unbounded) operator, cf. [HOW91, th. 3.4].

This can interpreted in the following manner: Let 7t be any irreducible unitary rep-
resentation of G, weakly contained in L?(G) . Then we may define the moment map u

#:(G),\0—gr where (¢:pu(e))=— (@ | 7(S) @)

i
lgll®
where (G) . denotes the representation space of 77. Then the above theorem states that
if 77 is not contained in the holomorphic discrete series, then the image of the moment
map contains an orbit which is disjoint from the dual (QQ~)* of Q.

In other words, the ‘orbit picture” given by the moment map separates the holomor-
phic discrete series from the remainder of the reduced dual.

Such considerations entail, with the micro-local information on the Szego distribu-
tion, the following statement on the behaviour of E on sequences of matrix coefficients.
Proposition 4.4.5. Let 71, be a sequence of irreducible unitary representations of G,
and ¢; € <G>ﬂj be smooth unit vectors, of weight p; € itg. If 77; tends to infinity
in the reduced dual of G, and —iy; is eventually contained in the complement of a
neighbourhood of the dual (w™)* of w™, then

Ac-E — 0 weakly, where A(g) = (¢j | mj(g) ¢;) forall geG.

Here, 71; — oo means that it is eventually contained in the complement of every quasi-
compact subset of the reduced dual of G, in the Jacobson topology.

Proof. By a parameter shift, we may assume that —iy; is contained in t \ U for all
j € IN, for some neighbourhood U of (w™)*. Then there exists a smooth function f :
tk — R, homogeneous of degree 0 as |G| — oo, such that f(—iy;) = 1forall j € N,and
f=0o0n(w")*.
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If we chose an orthonormal basis {;, j = 1,..., R, of tr, then the Lie symbol of the
associated order zero operators A is (7, cf. corollary 3.3.11. Similarly as in the proof of
this corollary, the symbol of f(A) = f(A;,...,Agr)is fo (¢],...,Cr) = f o py where
pe is the orthogonal projection g — t . Its characteristic set is hence contained in
pe (i \ U).

By [Pan83, th. 2 (12)], this set is disjoint from (Q2~)*, and hence non-characteristic
for E, by theorem 3.3.2. It follows that f(A)(« - E) is smooth for any « € D(G) . On the
other hand, since ¢; is a simultaneous eigenvector of A;, we find

FIA)A = f(—ipj-m(Q7V2)) - Ap = f(—ipj) - A = A

where () = 2;7:1 512 is the Casimir operator of gr (G1,...,G, an extension to a basis of
gr), and the homogeneity of f was used.
Consequently, we find that

(0 : A-E) = (f(A)Ax : a-E) = (A¢ : f(A)(a-E)) — 0 forall « € D(G),

by dominated convergence, because f(A)(« - E) is a smooth function of compact sup-
port, and Ay — 0 point-wise a.e., by the Riemann-Lebesgue lemma [Dix69, prop. 3.3.8,

18.2.4], because 7T tends to infinity. O

Remark 4.4.6. The device used in this proof is similar to the first step in the proof of
[Upm96, lem. 3.6.33]. Here, Upmeier used a theorem of Guillemin stating that (in his
setting) the Szegd projection is a Hermite operator (a special class of Fourier integral
operator) whose distribution kernel has a certain prescribed singular set. So, whereas
Upmeier’s use of the symbol calculus was local, our use is micro-local.

However, in the applications we have in mind, the above result is not as conclusive
as Upmeier’s is in his setting. Indeed, the projection onto the torus tg does not separate
adjoint orbits. This can already be seen for the case of the unit disc, where gr = su(1,1).
Here, the complement of the double light cone consists of adjoint orbits (time-like hy-
perboloids) which all have non-trivial projection onto the cone w™ = (w™)*.

Hence, if 71; is a sequence of representation not belonging to the holomorphic discrete
series, the above proposition can only be applied to vectors ¢; in the representation 7;
whose image under the moment map lies in a part of these orbits which does not project
onto w™ . Since such vector can always be moved above w™ by the action of some inner
automorphism, we will not be able to apply the proposition to a spanning subset of
(G) - which is a severe restriction.
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Embedding of representations of facial subgroups

In order to study the asymptotic behaviour of the Szeg6 distribution on sequences of
matrix coefficients associated to representations of G belonging to the support of the
Plancherel measure, but not to the holomorphic discrete series, it is necessary to embed
such representations of the facial subgroups G = G, into those of G. Le., we have
to prove an appropriate generalisation of proposition 4.3.4 for the other parts of the
reduced spectrum.

However, what is nearly trivial for the holomorphic discrete series, is comparatively
difficult for the discrete series, and even more so, for the parabolic Q-series which are
induced from discrete series. The main complication is that the positive systems corre-
sponding to non-holomorphic discrete series are not related to the complex structure of
the Jordan triple system Z, as is the adapted positive system A*" . Hence, a convenient
Jordan theoretic description is not available.

We have only been able to overcome these difficulties by case-by-case arguments,
using the classification of Hermitian symmetric spaces. Moreover, we omit the excep-
tional cases. In would of course be desirable to have a uniform argument, independent
of classification.

An embeddability theorem for fundamental sequences

5.1.1. Let G = Autg B where B C Z is an irreducible circled bounded symmetric do-
main. Two roots «, B € A are said to be strongly orthogonal if

xa QB and aE£BEA.

Given a positive system A" C A, a fundamental sequence of positive non-compact roots
«1,...,% is defined by the following properties

(FS1). The a; € A} are strongly orthogonal and r is maximal with this property.

(FS2). Every «; is simple in the set of roots strongly orthogonal to ay,...,a;_1. Le. if
a, B € AT are strongly orthogonal to a1, ..., a;_1, thena + B # «;.

(FS3). Whenever a € A, is strongly orthogonal to a1, . . ., «;_1 but not strongly orthogonal
to a;, we have |a;| > |a].

Itis important to insist that the length r, and not only the sequence a4, . . ., #, be maximal.
Indeed, &1 + ¢, is a maximal strongly orthogonal sequence of positive non-compact roots
forsp(4,R), butits length is not maximal, since 2¢5, 2¢; are also strongly orthogonal. The
number 7 is independent of A" and coincides with the real rank of gr . Moreover, r is also
the rank of B, and of Z .
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Knapp-Wallach [KW76, prop. 4.5] show that fundamental sequences always exist,
even for non-Hermitian groups, except in the case that the Lie algebra contains a split
G, factor. In this case, (FS3) has to be replaced with another condition. We have avoided
this difficulty, since in the Hermitian symmetric case, only the root systems A-E occur.

We have already seen in 2.1.12 that Harish-Chandra’s roots 71, ..., y, form a funda-
mental sequence for the positive system A™" . Moreover, if we consider, for the tripotent
e =e1;+ -+ ek, the subgroup G = G, and the associated substructures as in 4.3.1, it is
a trivial matter that the corresponding Harish-Chandra sequence is simply the terminal
segment Y. 1,...,Yr where 7 = r — k is the rank of Z.

We wish to generalise this statement to arbitrary positive systems. More precisely,
given a positive system AT C A and a fundamental sequence a7, ..., &, , we define

mj =#{w € A} | a strongly orthogonal to ay,...,a;_1, anda —a; € A} .

The sequence m = (m;)—1,..  is called lower signature of ay,...,a; .

Theorem 5.1.2. Let Z be classical and G T G be a facial subgroup. Then, for any posi-
tive system A" C A, there exists a positive system AT C A and a fundamental sequence
a1, ...,0, € A} such that

(i). At extends AT ,ie. AT = ANAT,
(ii). for Xj= 0 71j, 1 <j <7, the sequence
a1, ..., 8% €A}

is fundamental for A*, and

(iii). for the lower signature 1 = (rﬁ]) of &1,...,&, we have

mj=m, ;; forall 1<j<7.

Remark 5.1.3. Since the theorem is a purely infinitesimal statement, it is also valid for

any finite cover of G.

Proof of theorem 5.1.2. Since Z is simple, all subtriples Z = Zj(e) with e non-zero tripo-
tent of fixed rank r — 7 are conjugate, it is also sufficient to consider one tripotent for
each rank 7 < r. Finally, since the conditions (i)—(iii) are manifestly invariant under W,-
conjugacy, we need only consider a set of representatives of the W -conjugacy classes of
positive systems in A .

So, the proof reduces to a case-by-case study, using the classification of irreducible
bounded symmetric spaces of non-compact type. Hence propositions 5.1.11, 5.1.17,
5.1.23,5.1.29 and 5.1.35 below complete the proof. g
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Definition 5.1.4. Let G C G be a closed connected subgroup. Whenever G fulfils the
conclusion of theorem 5.1.2 for any positive system, we shall say that it is an embeddable
subgroup. The etymology being that the discrete series of an embeddable G can be em-
bedded into that of G, see corollary 5.2.25 below. We have seen that G is embeddable if
it is a facial subgroup, and if Z is classical.

In the following case-by-case considerations, we refer to the table in 1.1.7 for a summary
of the classification. Moreover, refer to [Bou68, ch. IV-VI, planches I-IV] and [Tit67], or
to [Kna02, app. C], for tables of root systems and Weyl groups.

Proof for type I, 4

5.1.5. Asis customary, we identify it; with RR, R = rk gr (not to be confused with the
real rank r ). Denote the standard orthonormal basis by ¢y, ..., €R.

If G = Auty B where Bis of type I, ;, R = p + ¢q. Furthermore,

A= {+ (e —¢) ‘ 1<i<j<p+q}

and
Acz{i(ei—sj) ‘1<i<j<porp<i<j<p+q}.
Moreover, the respective Weyl groups W and W, are
W=6,,; and W.=6,x G,

acting by permutation of labels. The adapted positive system A*™ is given by

A++:{£i—e]-‘1<i<j<p+q}.
For an appropriate ordering of the simple roots, one calculates

Vi =¢€pjr1—€pyj foral 1< j<r=p

for the Harish-Chandra sequence.

5.1.6. Since #(W/W,) = (”;‘7) , a system of representatives of W.-conjugacy classes of
positive systems is indexed by subsets

A={a; <---<ap} C{1,...,p+q}.

Write
{L...,p+qi\A={by <---<by}.
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Then the permutations

€GB =W
a - oay, by e bq> L

are clearly pairwise non-W,-conjugate. Hence the sets At = 4. A™" constitute a set of
representatives of positive systems.

Lemma 5.1.7. Let A C {1,..., p + g} and retain the above notation. Set

pa=#(AN{1,...,p}).

Then the subsets of A*4 of compact resp. non-compact roots are

AFA = {Sa, €q, 1<i<j<pAorpA<i<j<p}

U{ehi—sb], 1<i<j<p—paorp—pa<i<j< q}

U{Sai—sbj I<iSpa, l1<jsSp—paorpa<is P,P—PA<J<q}
and
B ={e —ey |1<i<pa<j<p)

U{en —en | 1<i<p-pa<j<q}

U{eq— ey [1<i<pa, p—pa<j<qorpa<i<p,1<j<p—pa}.

Proof. From the definition of 04, it is clear that « € AT if and only if a is of the form

€a; — Eq; 1<i<j<p,
o= €y — Ep, 1<i<j<qg,
€a; — Eb; 1<i<p,1<j<g.

The compact roots among these are precisely those where either both indices are left of
p or both on the right hand side. Since a; < p if and only if j < p4 and b; < p if and only
if j < p— pa, the assertion follows immediately. O

Proposition 5.1.8. A fundamental sequence for A™* is given by

’y]A = €a, ;; — € forall 1<j<p.
Proof. The sequence manifestly consists of strongly orthogonal roots. Moreover, in case
1<j<p—pa,thenb;<p,andp—j+1>pa,sop <a;. Hence, ’yA e Ay in this
case. If p—pa <j<p,thenb; >pandp—j+1<pa,soa; <p.Hence, ’y] e A in
this case, too. This verifies (FS1).
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Ifa, B € A4 such that o + B = ’yjA , then either

o —¢&; and ,Bzeuk—ehj,

= Eap—j+1 k

or

o —¢&p, and PB=¢g, —¢g .

=€y in k j

In the first case, p—j+1 < k < p,soj > p—k+landa L 'y?fkﬂ , in particular,
not strongly orthogonal. In the second case, 1 < k < j,sop L ’y,f , in particular, not
strongly orthogonal. This proves (FS2).

Finally, condition (FS3) is trivial in this case since A, is simply laced, and therefore

only one root length occurs. U

Proposition 5.1.9. For lower signature ma = (m]A) of 'yf‘, ..., 'y;;‘ is

a_ J2(p—pa—j) i<p—ra,
p+qg—2j j>P—pa-

Proof. Leta € A A We need to determine when & — & € A. As a consequence of
(FS2), this the case if and only if &« — ')/,j A e AF A Tt is clear that & — ’y,j’A cannot be of
the form ¢,, — €p; - Hence, &« must be of this form.

This entails that either

o A _ +,A
j=k and a—7 =¢€s —&, ., €A,

or
i=p—k+1 and a—9f =g, —e, € AT,

Ifk<p—pa,thenp—k+1> pa,so thefirst case occurs exactly forpy <i < p—k,
and the second, ifand only if k < j < p—pa.Ilfk > p —pa,thensincep —k+1 < pg,
the first case occurs if and only if 1 <i < p — k, and the second if and only if k < j < g.

In summary,

r o C
fuTEf  PATISP k} k<p—rpa
5ap,k+1_€bj k<]<p_pA
N =
- 1<i<p—k
€q; ebk Z‘p k>P—PA
Sap,k+]_8bj k<]<q

Since, in all cases, « is strongly orthogonal to 'y{‘, s, ’yf:‘_] , the value of m,’{‘1 is easily

determined. n
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5.1.10. For the subtriples Z = Zy(e) T Z, it suffices to consider the tripotents

k q—k

1 0

k k :
e = forall 1<k<p.

1 0

p—k\O 0 0

Hence, we find Z =2 CP*7, where
I<p<p,1<§<q,q—-p=4-p

So,
B={x(ei-¢) |p-p<i<j<p+a},
and we need to consider
A={m<---<a}c{p—p+1,...,p+7}
with
{p—p+1.. p+a\A={bi < - <ly}.

Set
aj:ﬁjforall 1<j<ﬁandbq,q+jzfijforall 1<7<73.

This allows us to define
A=AU{p+4+1,....p+q}={m < - <ap}
wherea, ; j=p+q+jforl1<j<g—g=p—p,and
{1,...,p+g}\A={b <---<b;} where bj=j forall 1<j<q—7g.

Proposition 5.1.11. We have At4 = AN A4 . The fundamental sequence

,7]{4 = €0, 11 — €5, forall 1<j<p

for A™4  satisfies
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Proof. Clearly,

R +.A
€, — €5, = €a; — & S

p—p+i
and similarly for ¢z, — ¢z, and 5, —¢; , so AtA c AtA | The equality At = AN ATA
follows, since —® N ® = J for any positive system ®.

Furthermore, sincep — p =9 — ¢,

A = —_ = 5 — T = _A
Tp—p+i = Capjr T Ebyguj = Eapjin T E; = Vj -

Finally, we have

pi=#An{p—p+1,...,p}) =#(ANn{L,...,p}) = pa,

soj<p—pagifandonlyif p—p+j < p—pa.Hence,

A ,_{2(p—m—<p—ﬁ+f)) P—ﬁ+i<P—PA}
—p+] T _ . _ .
e p+qa-2(p—p+j) pP—p+ji>p—pa
:{2(1?—;%;—]') ]<I§—I§A}:mA
pta-2 j>p-px) '
where, once again, the equation p — p = q — § was used. U

This completes the proof of theorem 5.1.2 in case B is of type I, ;. The other types are
less demanding combinatorially.

Proof for type II,

5.1.12. If G = Autg B where B is of type II,,, then R = n, and
A={t(e+e) |1<i<j<n} and A={*(e-g)[1<i<j<n},
where n > 3. (Note that D, = A; + A; is not simple.) The Weyl groups are
W=A,x&, and W.,=6,,

where A, = {5 € Z} | []; 5 = 1} . Here, our convention is Z, = {+1} . The adapted
positive system is
A++:{siisj‘1<i<j<n}.

The Harish-Chandra sequence is then (for an appropriate ordering of the simple roots)

Vi = €n2j41t€n2j12 forall 1<j<r,




146 5. Embedding of representations of facial subgroups

where r = [Z]. A system of representatives of W.-conjugacy classes is indexed by
elements » € A, = W/W,. Namely, we set A™* = 3.A™" . These positive systems are

manifestly pairwise non-W,-conjugate.

Lemma 5.1.13. Let »c € A,,. Then
Aj’”:{%i(ei—ej) ‘1<i<]'<n} and A:{"’:{m(si—i—sj) ‘ 1<i<]'<n}.

Proof. Clearly, « € A** if and only if c = ;(e; £ ¢j), forsome 1 < i < j < n. The
compact roots among these are precisely those for which the sign in ¢; & ¢; is negative.

This proves the lemma. U

Proposition 5.1.14. Let c € A, . A fundamental sequence for A** is given by

VE = 2117 = #u2j1 - (En2ji1 Fenajp2) forall 1<j<r.

Proof. Clearly, 7 € A,;”. Moreover, these roots are strongly orthogonal since this
is true of vy, proving (FS1). Since D, is simply laced and hence only one root length
occurs, the statement (FS3) is trivial.

As to (FS2), assume &, B € AT such that « + = 7. We may assume « is non-
compact and B is compact, moreover, that «, f are strongly orthogonal, in particular,
orthogonal, to 77, ..., v -

This means that

w= (e +e) and B = (e, —ep)

wherel <i<j<n—-2k+2and1 <a<b<n—-2k+2. Hence, if 5, = 5, then
necessarily i = b, so

a=n—-2k+1 and j=n-2k+2.

But this impliesn — 2k +2 = b =i < n — 2k + 2, contradiction. If s;; = — ¢, , necessarily
i#a,soa=j.Thus

i=n—-2k+1 and b=n-—-2k+2,

contradicting i < j = a < b. This proves (FS2) and hence, the lemma. —— [
Proposition 5.1.15. Let s € A, . For the lower signature m” = (m]% ) of the fundamen-
tal sequence 77, ..., v/, we have

m]-%:2-#{1<i<n—2j’%i:%n,z]-ﬂ} forall 1<j<r.

Proof. Let o« = 34 (si + sj) € AV be strongly orthogonal to 77,..., 7, which is
equivalent to 1 <i < j < n — 2k + 2. We wish to determine when & — 7 € A, which is
the case if and only if & — 77 € Al
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Le., we are searching for solutions i, j of the equation

(e + 8]') — 2ty_ok11 (En—2kt1 + En—2kr2) = €y — €0)

wherel <i<j<n—-2k+2and1 < u <v<n—-2k+2. A solution exists only if
Hi = HAp2k41-

Sincei < j < n—2k+2,weseethati < n—2k+ 1. Then a solution exists if and
onlyifj=n—2k+1,n—2k+ 2, for arbitrary i . We may summarise this as

o %i(£i+8n72k+1> 1<i<n-—2k.
#i (& + €n_2k42)

This entails the formula. O

5.1.16. A rank j tripotent, 1 < 2j < r,of Z = C"*" is given by

n—2j 2j
n—2j 0 0 0
0 0 —1
: 1 0
el =
2j
0 0 -1
1 0

The corresponding subtriples Z 2 C"*" for some 1 < /i < n, where we have 2 | (n —1).
Hence, the rank 7 = | 5 | of Z satisfies 2 - (r — 7) = n — 7i. Furthermore,

A:{i(eiisj) ’1<i<]'<ﬁ},

unless 71 = 2. Indeed, defining A as above in this case, A = D, = A; + A; is reducible.
Moreover,
AC = {j:(el — 82)} and An = {:E(Sl +82)}

are precisely the two summands of type A;. This corresponds to the isomorphism
50" (4) = su(2) ®sl(2,R). We have aut B = s[(2,R), but the set of non-compact roots
is the same for s[(2,R) and s0*(4) , and the compact roots are strongly orthogonal to the
non-compact ones. Hence, we may as well check the embeddability for so*(4) .

So, we need to consider > € A;; . Define s = (%, 1,..., 1) € A,.
Proposition 5.1.17. Let 5z € Aj;. Then A™* = AN A™*. The fundamental sequence

V) = nojs1(en—2jr1 +enjr2) forall 1<j<7
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satisfies
i

For the lower signature m*
F s forall 1< j< 7.

Proof. The first statement is trivial, and the second follows from

1
Hn—2(r—7+j)+1 (Snfz(rﬂ”rj)ﬂ + €n72(r717+]')+2)

Vr—rtj =
= Zn—jr1(en—2js1 +En-2j42) =7,

since n — 1 = 2(r — 7). The last assertion now follows from the fact that m7* only de-
O

pendson s,..., 1.

This completes the proof of theorem 5.1.2 in case B is of type I, .
Proof for type III,

5.1.18. For B of type Ill,, we have R = n,
p={#(ete) A0[1<i<j<n} and Ac={*(e-¢) [1<i<j<n},

so £2¢; are long, whereas £+ (ei + e]-) ,1 <1< j<n,areshort. The Weyl groups are

W=7Zix6&, and W,=6,.
The adapted positive system A7 is
st ={ete £01<i<j<n}.

For an appropriate ordering of the simple roots, Harish-Chandra’s roots 71, ..., 7, are

Vi =2¢,jy1 forall 1<j<n=r.
Since W/W, = Z}, a system of representatives of positive systems is indexed by el-
ements » € Z4. Set AT* = xATT. Clearly, this is a system of representatives of

W,-conjugacy classes of positive systems.

Lemma 5.1.19. Let sc € Z} . Then

—{%i(ei—f—sj) ‘1<i<]’<n}.

A= {omei—g) |1<i<j<n} and A[”

Proof. The proof is essentially the same as in the case II,, .
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Proposition 5.1.20. Let »c € Z} . A fundamental sequence for A** is given by

n __

V] 256y jr1€p—jp1 forall 1<j<n.

Proof. It is clear that for this particular root system, a root is strongly orthogonal to a
given long root if and only if it is orthogonal. Now, ')/]’-{ = »yjforalll <j < n,and
are non-compact. Moreover, A™* = > A™"  and x leaves the orthogonal complement
175 L invariant for any j. Hence the assertions (FS1) and (FS2) for ’yf follow from

those for ;. (FS3) is clear, since the ’y]?‘ are long. O

Proposition 5.1.21. Let s € Z5 . For the lower signature m* = (m]“ ) of the fundamen-

tal sequence 77, ...,7v; , we have

m]%:#{lglgn_]‘%lz%ﬂfj+l} foralllg]'gl’l.

Proof. Leta L ¥,..., v |, a € A}’ such thata — y¢ € A7 . This means

n=(ei+¢) forsome 1<i<j<n—k+1.

Hence
j=n—=2k+1,i<n—k, =21,
i.e.
w=s6(€+enky1), 1<i<n—k, 3=,
proving the formula. [

5.1.22. A rank k tripotent, 1 < k < n =r, is given by

n—=k k
n—=k 0 0 0
oo |0
k :
0 1

Hence, the subtriples Z = CTV_’ ,wherel <7 < n.Wehave
B={#(eite) £0|1<i<j<n}.

Consider € Z%, and set » = (3,1,...,1) € Zj . The following is immediate.

Proposition 5.1.23. Let 5z € Z) . Then A™* = AN A™*. The fundamental sequence

_;'7{_

Vi =2%-jp1€n—j1 forall 1<j<,
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forall 1<j<7.

»
n—n+j

I
A

Il
)

satisfies

j
% ) , we have
.

For its lower signature
forall 1< <

This completes the proof of theorem 5.1.2 in case B is of type III,, . In the remaining cases,

B has rank 2. Therefore, for the proof of the theorem, they could be omitted, since all

non-trivial facial subtriples have rank 1. We include them for the sake of completeness.
Proof for type IV, , ¢ = 2k

=2k,

5.1.24. For B of type IV,,, B = SO(2,9)/(SO(2) x SO(q)), q
A={t(eite) |1<i<j<k+1} and Ac={(eite)|2<i<j<k+1}.

= A, X &

The respective Weyl groups are
and W, =

W = Apy1 X S
where W, acts only on gy, . .., €¢1 . The adapted positive system is

A++:{ei—£j‘1<i<j<k+1},

and the associated Harish-Chandra sequence is
M= —€&, =+,

Since #W /W, = 2(k + 1), a set of representatives of W,-conjugacy classes of positive
systems is indexed by » € Z, = {+1} and 1 < n < k+ 1. We define A™*" by setting

s =g e) [2<i<j<nfu{s(e+e) |2<i<j<k+1,n<j},

and
{#lexe) [1<j<nfulsese) | 1<n<j<k+1}.

A+,%,n —
n
Lemma 5.1.25. The sets AT = AT*" UAT*" for s € Zy,1 < n < k+1, are

pairwise non-W,-conjugate positive systems for A .

Proof. Clearly,
A = _A+,%,n U A+,%,n
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where the union is disjoint. To see that A**" is a positive system, we need to prove that
AT#M s closed, i.e. AN (P + @) C P for ® = AT*", by [Bou68, ch. VI, § 1.7, cor. 1].

Ifa =s(ei+¢),1<i#j<k+1landp e A"*" are such thata + f € A, then
B = x(ep —€g) where g = i,j. In any case

w+ B =(ep+eipiq) €A

The only other possible situation is that & = »(e; —¢;) and p = »(g; —¢,) . Here,
the interesting cases are

1<j<i<n,1<j<p<k+1,n<p,

and
1<i<j<k+1,n<j,1<p<j<n.

The second case is impossible, and in the first case,
a+p=x(ei—ep), i<n<p,

sow+ B € AT*" Hence AT*" is closed and therefore a positive system.

If two of these positive systems are W,-conjugate, then the signs s are identical, and
we may assume » = 1. Let ¢ € & be such that c. ATt = A+ Then n; = ny, and
o fixes a positive system of the root system

Aca={E(ei—g) [2<i<j<k+1},

so o = 1. Hence the positive systems A™**" are pairwise non-conjugate. ———— [

Proposition 5.1.26. Let s € Z; and 1 < n < k+ 1. The sequence

x(e1—€) n=1

"= ;3" = x(e1+€2)

x(ex—€1) n>1

is fundamental for the positive system A" .

Proof. Condition (FS1) is obvious, and so is (FS3), since Dy is simply laced.

As to (FS2), first note that forn =1, %(81 — €7) is simple. Indeed, this is clear since
AT71 = 32 AT and €1 — g5 is simple in AT .

Forn > 1, 97" = x(e; —€1) € A" is simple, too. Indeed, if a € A;”" and
B € Acsuch thatw + p = 97"", then

w=x(ej—e) and B=x(e2—¢),

so f8 is negative. Therefore, y;*" is simple. The only positive non-compact root strongly




152 5. Embedding of representations of facial subgroups

orthogonal to 7" is 5" . This proves (FS2). O
Proposition 5.1.27. Let sc € Z; and 1 < n < k+ 1. Then for the fundamental sequence
V", 5", the lower signature m™" = (m7"", m7™") is given by

2(k—=1) n=1
my" = , mi"=0.
n—1 n>1
Proof. As we have already seen, the only non-compact positive root strongly orthogo-
nal to ;" is 15", som;" = 0.
Now let &« € A" such that a — ¥ e A" 1fn =1, then

w=x(e1te) forsome 2<j<k+1.

Clearly, there are 2(k — 1) possibilities for .
If n > 1, then
w=x(ej—e1) forsome 2<j<n.

Then there are n — 1 possibilities for a . U

5.1.28. The JB*-triple Z = V1 has rank 2, and the only non-trivial subtriple Z = Zy(e)
is Z 2 C. Since 71 = 7, (recall that we already know that the Harish-Chandra sequence
for Z occurs as the tail of that for Z), the rank-one root system A is

B={tm}={*(a1+e)}.
We have W, = 1, and the two positive systems of A are indexed by » € Z;:
A= {aler+e) } -

Since ¥ = 5" = (€1 + €2) is the only non-compact positive root for A**, the fol-
lowing proposition is clear.

Proposition 5.1.29. Let s € Z,. Forany 1 <n < k+1,A* = ANAT*", the sequence
¥7 = 75" is fundamental, and its lower signature is /iy = m;" = 0.

Proof for type IV, , g = 2k + 1

5.1.30. If B=150(2,9)/(SO(2) x SO(gq)) where g = 2k + 1, then

A= {e

1<i<k+1pufs(ete) |1<i<j<k+1},

and
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so the roots +¢; are short, whereas = (¢; = ¢;) are long. The Weyl groups are
W=2Z1%x&, and W, =2Z5x &y,
where W, acts only on €5, . .., €11 . The adapted positive system A*T is

AT = {ei

1<i<k+1fu{ede [1<i<j<k+1}.

As in the case g = 2k, #(W/W.) = 2(k+ 1), so a set of representatives of W,-conjugacy
classes of positive systems is indexed by » € Z,,1 < n < k+ 1. Define A™*" by

+emn )
A = { e,

2<i <k+1pU{x(e+e) |2<i<j<n)

U {s(eitey) ‘2<i<j<k—|—1,j>n},
and

A ={ 561} U {%(s]-j:el) ’2 <j< n} U {%(slj:s]-) ‘ n<j< k—|—1} )

Lemma 5.1.31. The sets AT*" = AJ*" U A" are pairwise non-W,-conjugate posi-
tive systems for A.

Proof. Clearly, we have a disjoint union
A = —ATH gATHEN
Hence, we need only establish the closedness of A**" . The subset
©=A\{+£e |1<i<k+1}

is a subsystem of type Dy 1. ® N AT*" is the positive system A" for ® from lem-
ma 5.1.25 above, in particular, closed. So it remains to consider sums where at least one
root is short.

Moreover, w.l.o.g., we may assume » = 1. ¢ +¢and¢;+¢;,2 <i<j<k+1,
are always positive roots. &1 + (¢j — €1) = ¢; is positive. Similarly for ¢; + (¢; — ¢;) and
g+ (61 —¢ ]-) . Since these are all possible cases, the lemma follows. ————— [

Proposition 5.1.32. et x € Z and 1 < n < k+ 1. The sequence

- =1
"= e —e) n "= (et )

x(ex—€1) n>1

is fundamental for AT~
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Proof. v;" and ;" are strongly orthogonal positive non-compact roots, whence (FS1),
and they are also both long, whence (FS3).

Since the only positive non-compact root strongly orthogonal to ;" is 75", for the
latter, (FS2) is true. As for ;" , it is certainly never the sum of two short roots (since
these sums are %(si + ¢ j) ), or of a short and a long root (since these sums are short).
Moreover, ;" is simple in ® N A™*" by proposition 5.1.26 (notation from the proof of
lemma 5.1.31), so 77" is simple in A™**" and (FS2) follows. O

Proposition 5.1.33. Let »x € Z, and 1 < n < k+ 1. For the fundamental sequence

Y, 5", the lower signature m*" = (m7", m5™") is given by

2(k—1) n=1
my" = ( ) , my" =0.
n—1 n>1

Proof. Leta € A" such that « — 7" € A. Apart from those stated in the proof of
proposition 5.1.27, there are no further possibilities for «, since clearly & # ;. This

proves the proposition. U

5.1.34. The JB*-triple Z is the same as in case BD I, g = 2k . Hence the same considera-
tions as in that case show that we need only consider

A= {:l:(81 +€2)} ,

and that 7§ = (&1 + €») with signature m7 = 0. The following proposition ensues.

Proposition 5.1.35. Let s € Z,. Forany 1 <n < k+1,A* = ANAT*" the sequence
¥ = 95" is fundamental, and its lower signature is 17 = m;" = 0.

Embedding of the discrete series of embeddable subgroups

5.2.1. Let G = Auty B, and G C G an embeddable facial subgroup. By theorem 5.1.2,
this is the case if Z is classical. Both G and G have equal rank, i.e. rkG = rkK and
rk G = rk K. This condition is equivalent to the existence of a discrete series.

If tg is Cartan subalgebra (CSA) of gr contained in ¢g , then tg = gr N tr is a CSA of
gr contained in £ . Fix a positive system AT C A, and let AT C A and a fundamental
sequence a1, ..., &, be given as in theorem 5.1.2.

We now construct compatible Iwasawa decompositions of gr and gr, related to the
fundamental sequence a4, ..., a, in the same way as the Iwasawa decomposition con-
structed in 2.1.24 was related to Harish-Chandra’s fundamental sequence 1,...,7,.

For « € A, there are unique H, € t, such that « (H[x) = 2. Moreover, fora € AT, we
may choose E+, € g+, such that

2
?,

H, = [Euc/ E—a] ’ ﬂEilx = —E 4, B(Ea/ E—ac) = |lx
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cf. [Hel78, ch. 1V, § 3, lemma 3.1]. Here, B is the Killing form and ¢ the Cartan involution
w.r.t. the Cartan decomposition chosen above. Then

Eo+E_o, i(Eo— E_y)

are in gR resp. in igRr , depending on whether « is non-compact resp. compact.
We define the Cayley transforms (following Koranyi-Wolf),
r s r s
c=]]Adexp [Z (E,x]. - E_,X],H and ¢=]]Adexp [Z (Eaj — E_&j)} ,
i=1 i=1
cf. [KW76, Sch75]. Here, recall that Rj = 0y 7 foralll1 <j< 7.

Due to the strong orthogonality of the root &;, c and ¢ are products of commuting
automorphisms of g resp. §. Moreover,

c(iH,,(j) =Ey +E, forall 1<j<r
and similarly for ¢. Define real Abelian subspaces
@ _ ®
or =) i, R(Es+E) and dr=),  R(E;+Ex),

and denote their complexifications by a and a. Let o, and 0z be the respective weighted
half sums of positive restricted roots, i.e.

1 .
o=} Doy dime

and similarly for gz . Here, A} denotes the set of positive restricted roots w.r.t. a compat-
ible ordering.

Denote by (m;) and (77;) the lower signatures of («;) and (&;) . Define upper signatures
nj = #{tx IS A; ) « strongly orthogonal to a4, . . o1, and o + aj € A} ,
and

iy = #{tx eAf ) a strongly orthogonal to &1, ..., &_1 ,and & + &; € A} )

Proposition 5.2.2. The sets aR resp. ar are maximal Abelian subspaces of pRr resp. pR .

Moreover,
dr = gNar and E’l\a = c’l‘a
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Let A € ith and A = A

;»and define v € ap, resp. 7 € aR by

(V—Qa)(Eaj+E,,éj):—llj}z-(A—Fnj-oc]-:aj) forall 1<j<r,
and

(7= 0a) (Eg; + E-g;) = ’5;2-([\+ﬁj-ajzacj) forall 1 <j< 7.
Then

Proof. The first statement follows from [Sug71, th. 7]. The next two are immediate

consequences of the above considerations. As for the last statement,
0a(Ey; + E—a;) =1+ n;+m;

by [KW76, lemma 8.5], and similarly for g5 . Moreover,

7
a

V_Qﬂ:_(A+§”j'“j>oc_l

since
2(w; @«
"‘i(H“j) = (172]) = 20 .
|
Thus, by theorem 5.1.2 (iii),
(v+aa) (E&j + E_E‘j) = _A(HaHH) = 2+ 2(1 + e+ My ps )
= —/_\(H* ) — 27_1]' —|—2(1 -+ ﬁ]‘ + 1’7/lj)

j
= (17 + Qa) (E&j + Efa]-)

foralll1 <j< 7. O

5.2.3. Let us recall the Iwasawa decomposition associated to the choices of K and ar .
The CSA

br =t +ar where tf={detg|(6: ;) =0forall j=1,...,r}

equals gr Nc(t), cf. [Sch75, § 2, lemma 2.15]. (Note that this is the appropriate generali-
sation of t}; , as defined for the adapted positive system A* " in 2.1.3.)

Therefore, the root system A(h : g) is just Aoc™!, and the root spaces are the same
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as for A. Hence, with the induced compatible ordering, the positive restricted roots are
a7 ={(wec )| |ao(c70e) £a,nent],
and the associated nilpotent subalgebra np is

53]
MR = gR N ) _acat, g*,
ao(c719¢)#a

cf. [Hel78, thm. 3.4]. On the Lie algebra level, the Iwasawa decomposition is
grR = R B ar PR .

On the group level, let A resp. N be the connected closed subgroups of G with Lie
algebras ag resp. ng . Then G = KAN by [Hel78, thm. 5.1].

Consider further the Iwasawa decomposition of gRr ,
gr = ER ® AR @ fiR
and G = KAN, defined similarly w.r.t. ag , K, cand A™.

Proposition 5.2.4. We have iR = gr Nnr and N = G N N. Moreover, for the centralis-
ers M = Zg(a)and M = Zg(a), wehave M = KNM=GNM.

Proof. The intersection gr N ng is the sum of restricted root spaces gf where a € AT
does not vanish on ag . In particular, ir C gr NnR. Since fig is maximally nilpotent,
equality follows. In particular, we have N = GNN.

It is clear that GNM = KN M C M. To prove the converse inclusion, since K is
connected, it suffices to see that g centralises ag © aR . This is true of

R =t @ (iHy [1<j<7).

In fact, fﬁ C tf{ commutes witha,andforl1 <i<7and1<j<r—7,
[Hﬁ‘i’ Ey; + E*D‘j] =4 (Hﬂtr—w) "By — & (H‘Xr—7+i) "By =0.

So,leta € Ac. Thena L ay,...,a,—5. By [KW76, lemma 4.2], « is strongly orthogonal to
these roots. Thus
[E,X,Eaj%—E,aJ =0 forall 1<j<r—7,

so E, € g* C tcentralises a © @, proving the assertion, i.e. b centralises ar © dg . Hence

M C K centralises ag © dR , and is therefore contained in G N M. O

5.2.5. Let the tori T = Zg(t) and T = Zg(%). Let a parameter A € it} be given that is
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A" -dominant regular, i.e.

A(Hy) >0 forall « € AT,

and such that ¢!~ is a character of T, i.e. A — @ is analytically integral.

Set A = A 4 ¢ — 20, and take A € ity such that A|; = A, A = A 420, — g is A*-
dominant regular, and e ¢ is a character of T . Then (A, A) will be called an adapted pair
of discrete series parameters.

For the root system AT = —1y(A*") where 1p € W, is the longest element of W,
with respect to the Bruhat order induced by A" (cf. [Bou68, ch. VI, § 1.6, cor. 3]), this
reduces to the adapted pairs of holomorphic discrete series parameters, cf. 4.3.2.

Fix an adapted pair (A, A) of discrete series parameters. Recalling that the facts on
Verma modules up to proposition 4.1.13 were independent of the adaptedness of the
positive system, we conclude as in lemma 4.3.3 that F; = (K.14) T Fa, and this is an
isometric K-invariant embedding if 15 and 1, are normalised.

To stress the dependence on the group, we use the uniform notation (H) _ for the
space of the representation 77 of the group H (unless we have to distinguish between
different realisations). In particular, we have (K) , = Fa and (K) 3 = Fj .

5.2.6. Since G/K and G/K are Hermitian symmetric spaces, [KW76, prop. 5.5] and
[KW80, remark 2], show that

(M), = (M1,) and (M)z = (M.13) = (M.1,),

i.e., the finite-dimensional irreducible representations of M resp. M of highest weight
Al i and Mimm are the respective cyclic subrepresentations generated by 1, in (K) , .

Hence, by proposition 5.2.4, there are M- resp. M-equivariant projections

Py, (K)p = (M), and pygy : (K)z — (M)5

which give rise to a commutative square

P(k) & _
(K)a = (K)4
P<M>Al lP<M>A
(M) o (M)
P 5 | (M)A

5.2.7. Define v € ap resp. 7 € ap as in proposition 5.2.2, i.e.

2
—— - (A+nj-aj:wj) forall 1<j<r,

(v —0a) (E”‘]’ + E*l’éj) == ’“.}2
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and

2 _

(ﬂ_@ﬁ)(E&j‘i‘E—aj) =—|_‘2'(A+ﬁj~&j : Ecj) forall 1<j<7,
&j

where 0., 11, 0z and i; are defined in 5.2.1 and proposition 5.2.2. Let

Hy = {f:KH (M) 5 ‘fEC‘”,f(km):m’Af(k)forall meM,keK}.

Then H;’ is a pre-Hilbert space with respect to the norm

71, = [, IFGOI% di

and G acts (non-unitarily) on H;® by

(8" ) (k) = a(g~ k)0 e) - f(k(g™'h)) -

Here, ¢ = k(g)a(g)n(g) denotes the Iwasawa decomposition of G associated to the
choices of ar and K. Let H, be the completion of H;°. The Hilbert space H, is a contin-
uous representation of G. The action of K is unitary.

5.2.8. The space H;? is naturally identified with the space of smooth sections of the vec-
tor bundle K x y; (M) , associated to the principal M-bundle K — K/M and the repre-
sentation (M) , . The identification K/M = G/Q given by the Iwasawa decomposition,
where Q = MAN is a minimal parabolic subgroup, allows for the identification

Kxp (M), =G xg ((M),®(A) ®C).

1/+Qa

Here, C is the trivial N-module. Under this identification, the G-action on H, becomes
natural. Namely, extend f € H;® to a section on G/Q by

f(g) = a(g)"¥**) - f(k(g)) forall g€G.

Then the action is by left translations.

The space H;® is a dense subspace of smooth vectors of the non-unitary principal
series representation H, = indg ((M), ® (A), ® C), by [Kna86, lem. 3.13]. Moreover,
H, is admissible (has finite-dimensional K-types) by the Frobenius reciprocity theorem.
Hence [Kna86, th. 8.7] implies that the set H, x of K-finite vectors in H, coincides with
the set of K-finite vectors in H°.

5.2.9. Following Knapp-Wallach [KW76], we define

SAf(g):/KkAf(gk)dk forall fe H,,g€G.
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We have the transformation rule
/Kf(k) dk = /Kf(k(gk))a(gk)—zea dk forall feLY(K),g€G.
Applying this to the map
ki KNF(gk) = a(gh) =T ek £ (k(gk))
we see that
Saf(g) = / a(g k) 2a(gk(g ) T k(g )N £ (k(gk(gK))) dk

= [ alg™ k)" ek(g k) f (k) dk

=~

since k(gk(g7'k)) = k and a(gk(g~'k)) = a~!, as follows easily from Iwasawa decom-
position, because A normalises N .

Note the parameter shift, compared with [KW76]. Knapp-Wallach realise the in-
duced representation H, by right translations. We prefer to use left translations, and a
more conventional parametrisation.

Since P,(g,k) = a(g k)"~ is the Poisson kernel of the symmetric space G/K, S
may be thought of as a matrix-valued Poisson transformation. On the other hand, in
limiting cases on the unit disc, the kernel

Sa(g,k) = Py(g, k)k(g~ k)™ = a(g~ k)" k(g™ k)™

coincides with the Szeg® kernel. For this reason, Knapp-Wallach refer to Sp as a Szego
map. In fact, as we shall elaborate below for the case of the unit disc, for the holomorphic
discrete series, S, is the (weighted) Bergman kernel. For a certain limit of holomorphic
discrete series, this gives the Szegd kernel of the unit disc.

5.2.10. The map S has values in

[(G/K,G xx (K)p) = {f: G = (K), ‘ feC™, fgh) =k f(g) forall k,g}

and is G-equivariant with respect to the G-action by left translations on this space of
smooth sections.

Let H, x denote the space of K-finite vectors in H, . Knapp-Wallach [KW76, th. 1.1,
th. 10.8] show that the image of H, x under S, equals the Harish-Chandra (g, K)-module
(G) ., k of K-finite vectors of the discrete series representation (G) . .

More precisely, the Sa (HV,K) is non-zero and contained in the K-finite part of the
kernel of Schmid'’s differential operator D, by [KW76, th. 6.1]. If A is strongly dominant,

then the K-finite part of ker D equals (G) [KW76, cor. 9.6], in particular, it is irre-

7T/\,K
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ducible and hence equals the image of Sp . In any case, the image of S, is irreducible
and equivalent to (G) ;, ¢, by [KW76, th. 10.8].

Remark 5.2.11. We have already noted that Knapp-Wallach use a somewhat different
parametrisation of the induced representation H, . To check that our choice of param-
eters indeed guarantees that their results remain valid, it suffices to ascertain that the
image of S, is contained in ker D. In order to do this, we recapitulate part of [KW76,

proof of th. 6.1] for our realisation of H, .

Namely, the integral kernel of S, is
Sa(g k) =a(g k)" k(s 70",

cf.5.2.9, and if Eg = Xp +iYp, then

- %[SA (exp(—tXp),1) +iSa (exP(—tYﬁ)fl)}

= (v—0a) (pr, Ep) + (pro Ep)"

EgSa(u1)(1) t:o

where it is understood that the left invariant action of l(g) is given by

Xf(g) = ;tf(gexp(—tX)) ’ forall X e gr, f €C®(G),g€G.

Now, Schmid’s differential operator D is defined as

2
Df(s)= ¥ B p(Esf(e) @ Ep),

BeEA,

where P is the orthogonal projection of (K), ® p onto the K-submodule given by the
sum of the simple submodules with highest weights A — 8, p € A} . Hence,

DSA (L, 1)14(1) = 7125ZA B2 P[[(v— 00) (pr, Ep) + (pre Ep) "] 1a © E ]

1 m
= 4};cj(1/,/\) . ‘aj‘Z . P(lA ®E—aj)

where the constants

2(/\ + Yl]'(X]' : [X]') —0

¢j(v,A) = (v —0a) (E; + E—4;) + | ‘2
a
]
by our assumptions. Compare [KW76] for the last step of the above calculation. As there,
it follows that ker D contains the image of S, . This proves that for our parametrisation
of the induced representation, v should be defined as indicated.
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5.2.12. Since Hax = Sa (HV,K) is equivalent to <G>7'(\,K/ it carries a pre-Hilbert space
norm ||-||;, which makes the action of G unitary. By Schur’s lemma, the norm is unique
up to constant multiples.

Lemma 5.2.13. The Szegd map Sp extends to a continuous map

SAZHV—><G> :HA:HA,K-

TT)

In fact, there is C > 0 such that S, S} = C. In particular, C"1/2 - S, is a partial isometry,

and C~!- §3 S, is the orthogonal projection onto im S} = (ker SA)L = (G)y, -

Remark 5.2.14. It is not natural to normalise ||-[|; in such a way that 5,5} = 1. The
reason is that S, depends on the choice of a fundamental sequence of roots, and different
choices of fundamental sequences may give rise to different realisations of the discrete
series 7T, as quotients of non-unitary principal series, cf. [KW76].

Proof of lemma 5.2.13. By the remark in 5.2.8, H, is admissible, and so is H, . Le. for
any 6 € K, the K-isotypic components H, s and H s are finite dimensional. So, we may
define S}, : Hy x — Hy x by S} ‘ Hys = (S A ’Hv,é) * cf. the proof of proposition 4.3.4. Then
5,5} is g-equivariant and hence, by Schur’s lemma, equals a positive constant C > 0.

Hence the assertion. O

Proposition 5.2.15. The evaluation map
er: Ha — (K)p i fr= f(1)

is well-defined, continuous and K-equivariant. In particular, Hy = (G), is a repro-
ducing kernel Hilbert space of sections of G x (K) , . Moreover, the lowest K-type A is
precisely (kere;)™

Proof. Clearly, e1 is well-defined on Hj x and K-equivariant.

To see the continuity, we proceed as in [O@88, § 2]. Namely, let
pf(g) = dim (K) , - /KtrkA fk'g)dk forall fe Sy(H®),g€G.
By the equivariance, linearity and continuity of S, ,
dim (K) ' - (pSaf)(g) = /KSA(trkA K'f) dk = S [/KtrkA K]
In particular, p extends by continuity to H, . Since, for f € H, k, the integral
/KtrkA K'fdk € H,

and moreover, is K-finite, we see that p(Ha x) C Hak -
By the Schur orthogonality relations and the Peter-Weyl theorem, p is the projection
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onto the K-type A, which is isomorphic to (K) , since the latter occurs without multi-
plicity. Hence,

(pF)(1) = dim (K),y - [ ek k" dk- £(1) = (1),

so €1 = €1p on Hp g, and this formula defines an extension of ¢; to Hy . Because the
minimal K-type is finite-dimensional, €; is continuous on pH, . Hence, it is continuous

on Hy . Moreover, €1 vanishes on ker p . Since
gg =e1g ™ forall g€ G,

we have ¢1 # 0, for otherwise, Hy would be zero. Hence, ¢; restricts to an isomorphism
on the K-type A, by irreducibility.
The maps ¢;, § € G, extend to (G),, by continuity. Because 7, is irreducible, the
union of the subspaces
e (K)o =¢™pHn, € G,

has dense span in (G) ;, . Hence, forany f € (G)
So, the f € (G)
By the formula for ¢, all the evaluations at points of G are continuous. Hence, (G)

,eof =0forallg € Gimplies f = 0.

U\
=, are (K) y-valued functions on G.

TTh
is a reproducing kernel Hilbert space of (K) ,-valued functions on G. The transforma-

tion rule f(gk) = k=" f(g) remains valid on the completion, so these functions may be

viewed as sections of G xk (K) , . O

Remark 5.2.16. We do not say anything about continuity or differentiability properties
of the functions or sections the space H consists of.

Corollary 5.2.17. For a suitable normalisation of |- ||, ,
[e11allg, =1 where 15 € (K),

is a normalised highest weight vector. Moreover, ¢,¢] = 1 for this norm, and &je, is the
orthogonal projection onto the lowest K-type A .

Remark 5.2.18. The above normalisation is natural in the sense that is turns the — up
to the choice of 15 € (K), — canonical realisation €1, of the highest weight vector in
the lowest K-type into a unit vector.

Proof of corollary 5.2.17. Since ¢; is continuous, we may consider ¢} : (K), — Hj.
Then C = ¢,¢] > 0is a constant by Schur’s lemma. If ||- ||/HA is the given norm on Hy , let
Iy, = VC- |- H}_IA . Since this does not affect the operator norm on endomorphisms of
Hp , this space is a unitary G-representation with the new norm.

However, the adjoint of ¢, with respect to this norm is C! - &}. Hence, ¢,¢] = 1
where the adjoint is now computed for the new norm. In particular, €] is an isometry,

lle1]] = 1, and €je, is a projection, so the assertion follows. O
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Fixing the above normalisation of ||-|| 5, , we can compute the norm of S4 .

Proposition 5.2.19. For ¢ € (K), , let fz € H, x be defined by

fe(k) = pawy, k¢ forall ke K.

Then dim (M)
. s im

fC == SAglg and SAfC(l) = CA * C Where CA = W(_Ki\\ .
In particular, ||SA|| = v/ca -
Proof. ltis obvious that fz € H°. Moreover,

K'fe C{fyln€(Kin),

so f is K-finite. By irreducibility of (K) , and Schur’s lemma,

Safe(l) = /KkAP<M>Ak7ACdk

1 B dim (M)
- - . KA A E= T VTIA
dim (K) , /Ktr( Pan k) Ak 6= gy 6

Finally, for f € H,, we compute

(F1 ), = [ | pran K28) ydk = [ (KR | )

= (Saf(1) [&)p = (e1Saf | $)a

by the projection theorem. Hence, fz = S} ¢]¢ . In particular, letting C = 5, S} >0,

C-CzC‘sls’{é‘:slSASj‘\eﬁgzSAfg(l) =caG-

This proves the proposition. U

Remark 5.2.20. Proposition 5.2.19 gives rise to an integral formula for the End (K) ,-
valued reproducing kernel of Hp ,

K(g,h) =¢;(h"1g)™e; forall g,h € G,
cf. [0288]. Indeed,

ca- (G 1K(g ) ) n =ca- (E]er(h'g)™eln)
= (& | er(h7'8)™SASheln) , = (G| Safy(g™'h))

_ /K a(h™'gk)" 0 (& | k(hgk) pony k) , k.

However, this integral is difficult to compute in general, so it appears that this formula
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may be more useful in evaluating the right hand side once the left hand side is known.
At least, the analyticity of this integral implies that H, consists of real analytic functions.

5.2.21. For the subgroup G C G, we may define, analogously to S, , a map
Sa+HY =T(K/M,K xy (M)5) = T(G/K,G xg (K)5)

such that Ay g = S5 (H, g) = (G) ;. ¢ - Moreover, recall that by 5.2.6,

75K -
(M)zx = M.1A T M1y = (M), .
This allows us to define a map H — Hg’, as follows.
Proposition 5.2.22. The formula
R:HY — Hy : f e pum flg -

defines a G-equivariant map.

Proof. R is well-defined, since

Rf (km) = p iy ,m="f (k) = m™*pay  f(k) = m™ R (k)

forall k € Kand m € M. Moreover, fork € K, ¢ € Gand f € H,

(8"Rf) (k) = a(g ')~ "+ - pyyy f(K(g™'K))
= poay, [alg™ )0 F(k(gR)| = (Rg'A)(K),

since the Iwasawa decompositions of G and G are compatible,

(v+ea)|, =7+ 0a

by proposition 5.2.2, and by 5.2.6. So, R is indeed G-equivariant. U

Remark 5.2.23. If H, were a G-admissible representation, R would be automatically
continuous. However, generically, this will be false. Consider, for instance, the extreme
case of the trivial subgroup G = K = 1: The multiplicity of its unique representation
equals the dimension of H, !

Theorem 5.2.24. The map

gARSf\ : HA,K = <G>n/\,1< — AR = <G>7rf,K

A

dim (M

Tm (M), 7 restricts to

is a G-equivariant surjection. Moreover, C/T\1 -S ARS;‘\ , where c; =
an orthogonal projection on the minimal K-type.
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Proof. In order to prove surjectivity, we need only ascertain that S;RS} # 0 (since
Hj g is irreducible).
To this end, consider fz € H, x from proposition 5.2.19 and consider, by analogy,

fe(k) = poy k*& forall ke K, & e (K);

Let ¢ € (K)5 \ 0. Then S4 fz # 0 by proposition 5.2.19. Now, for k € K,

Rfe(k) = puny, Pomy K8 = oy k28 = fe(k)

Hence, again by proposition 5.2.19,

where £; denotes the evaluation map on Hy . So, p = S; RS}, is a surjection. Moreover,
it restricts to a map

piei(K)y — & (K)x

which is surjective and of norm cj . Since, by Schur’s lemma, p differs only by a constant

from a projection, the assertion follows. U

Corollary 5.2.25. The (§,K)-module Hy = $((g) fo where fo = fi,, is K-finite and
admissible. In particular, if g is the projection onto H = Hy, and p = c/T\1 -SzRS} is the
map constructed in theorem 5.2.24, then

j=pa) :(G) =Gy,

is a G-equivariant isometry.

Proof. Since fp = € 1, is K-finite, it is K-finite, and since the K-finite vectors form a §-
module by [War72, prop. 4.4.5.18], Hy consists of K-finite vectors. As a il (§)-module, Hy
is finitely generated. Moreover, its set of weights is bounded from below, since this is the
case for (G) . . Hence, by essentially the same proof of this fact as for Verma modules
(cf. [Dix69, 7.1.6]), the t-weight spaces of Hj are finite dimensional. In particular, its
K-types have finite multiplicity, viz, Hy is admissible.

Now the argument from the proof of lemma 5.2.13 applies to show that the restriction
of p is bounded with pp* = c on H = Hy, some positive constant ¢ > 0. But pp* = 1 on
e] (K) 5 by theorem 5.2.24, so c = 1. An application of g entails our claim. —— [

5.2.26. We conclude this section with a discussion of the case of the unit disc B = B. As
we shall see, the Knapp-Wallach Szego kernel S, turns out to be the weighted Bergman
kernel. This is a general fact for the holomorphic discrete series that can be established
by Jordan theoretic methods, where K/ M is interpreted as the manifold of frames.

As this will be irrelevant for our further programme concerning Toeplitz operators,
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we shall not dwell upon this point, and content ourselves with the nonetheless revealing
unit disc case.

We may consider G = SU(1,1) and K = U(1), acting by Mobius transformations.
Then G is the connected double cover of Auty B . The torus

’qR:E]R:lR-H,H:< ! >
0

The root system A = A, = {£a} where a(H) = 2i. Hence H, = —iH, and A € it is
determined by its value on H,, also denoted by A = A(H,) € R.

A —oisaweightif A € Z. If, moreover, A is dominant regular, then A € N, A > 1.
Then A=A+0—-20.=A+12>2.

Up to normalising constants,

1
E, = 00 and E_, = 0 .
10 00

Of course, « = 1 is the Harish-Chandra fundamental sequence. Then

01
Y=c¢cH,) =E,+E_, = .
C( zx) « « (1 0)

Consequently,

sinht cosht

ht sinht
a1 = exp(tY) = (COS sin )

Any v € aj; is determined by its value on Y, also denoted by v = v(Y) € R. Since gr
is three-dimensional, there is exactly one positive reduced root, and it has multiplicity
one. S0, 0, = 04(Y) =1.Hence,v=1-Ae€Z,-1>v.

We also compute the N component of the associated Iwasawa decomposition. Recall
that the Cayley transform c is Ad of the element

T 0o —Z 1 1 -1
exp4-(Ea—E_D‘):exp<7r O‘*)zﬁ-(l 1) .
)

1—ix —ix
expc(2x-Ey) = ( o 1+ix> eN

Hence

5.2.27. The holomorphic discrete series 77, is the Bergman space of weight A,

Hy = O(B) = {f € O®) | Ifli}, = [ If(2) dua(z) < oo} .
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Here,
A—1
dun(z) = = (1—|z")* 2dz

where dz is Lebesgue measure. The space O3 (B) has the reproducing kernel function
BA(z,w) = (1 —zw) 2.

The action of G on 07 (B) is given by

g f(z) = ¢ (2)M? -f(g(z)) forall geG,z€eB,

where the denominator 2 in the exponent of the cocycle is the order of the covering map
SU(1,1) — AutyB.

The highest weight representation of weight A (in this case, simply a character of T')
is given by k* = u” forallk = exp(d-H) = (§9), u = ¢%. Hence, f € OF(B) is
identified with a section s of G xg (K) , via

s(g) = ¢ (0)*- f(g(0)) forall g€ G.

(Note k'(0)A2 = u=ifk = (£9) )
We demonstrated in theorem 4.2.9 that the space Hp x = Of\,K of K-finite vectors is
C|z] . In fact, the K-type of weight A + 2k is spanned by the polynomial z* .
5.2.28. The map
K/M—T: (M a?

is a K-equivariant isomorphism (because M = {£1}). A section s € H, corresponds to
a function f € L*(T) by

F8) = KN h(k), k= (§0), = 0.

o

Let A(z,9) € R be the (signed) hyperbolic distance from 0 to the horocycle through
z € B tangential to ¢ € T . By [Hel70, ch. I, § 1], this horocycle is defined as

&(g(0),kM) = ka(g~'k)"IN.0 forall g€ G, k€ K.

We find
exp(—A(g(0),k)-Y) =a(g'k) forall g€ G, keK.

If the centre of (z, ¢) is r - ¢, then the point closest to 0 is w = (2r — 1) - ¢. The modulus
r of the centre is characterised by |z —rd¢| =1 —7, so

_ Re(z07) — |z
1—Re(zd71)

2r—1 forall ze B, ¢ eT.

By [Hel84, Intro., § 4, (3)], the (unsigned) distance is d(0,w) = 1 - log }f—m . Since the
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sign is precisely that of Re(z9~1) — |z|*, we find

1 1—|z|?

In particular, if k = (29), then

1-g(0)?
18(0) — i2|?

<77 0> <c s) (1—ix —ix>:< * * )
0 v/ \s ¢ ix 14ix v(s+i(c—s)x) v(c+i(c—s)x)

it follows that for ¢ = (“g),k: (49), we have

A/2
a(g k)% = ( ) forall g€ G.

Since

Hence, ‘
Saf(2) :/ sa(z,0)f(9)d9 forall fEH,, z€B,
T

where (taking the trivialising factors g’(0)~*/2 and ¥"/? into account)

_ oy (1 BOPNYE a0 2o g2 AR
3(0) — 8 6172 — Bo/2|

so that sp(z,9) = (1 —z8)™® = K*(z,w). So S, is just the weighted Bergman pro-
jection. Note that we could have established this result by using the formula from re-
mark 5.2.20.

5.2.29. The only subgroup G we can consider is the trivial one, associated to the unique
non-zero tripotentin Z = C. Inthiscase A =0, Hy = H, =C,and S5 = 1. SoR is
simply evaluation at 1 € T, and we are considering the map

RSR : HA,K = C[Z] — C ,

where

RSyp = [ (1=2)"p(z)dpa() = (K | p) = p(1)

Here, B4 (z) = B%(z,w). Clearly, RS} is not continuous, but its restriction to the con-
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stants C = 8(g)™ e} (K) 3 is, trivially, an isometry onto H; = C.

An embeddability theorem for parabolic subgroups

So far, we have given an embedding of the discrete series of an embeddable subgroup
G C G into the discrete series of G. It is natural to ask whether the entire reduced
unitary dual of G can be embedded in this way.

The support of the Plancherel measure for G decomposes into finitely many series of
representations, each of which is associated to the conjugacy class of a cuspidal parabolic
subgroup Q T G. Here, cuspidal means that M has a discrete series, where Q = MAN .
The Q-series then consists of the representations indg (7 ®e” ®1) where 7 is a discrete
series representation of M. Therefore, an embedding of the reduced dual of G should
be induced by an embedding of M-discrete series once a sensible relationship between
cuspidal parabolics Q of G and Q of G has been established.

5.3.1. We return to our setting with G = Autg B and G = Auty B where Z is a simple
JB*-triple, B = By(e), and e € Z is a tripotent.

A subalgebra qr C gr is called parabolic, if it is its own normaliser and contains a
maximal solvable subalgebra. The normaliser Q = Ng(qr) of a parabolic subalgebra is
said to be a parabolic subgroup. Its Lie algebra is qr .

A subalgebra s is ¢-stable if sg = &g N sr @ pr N SR . A parabolic qr containing a
fixed minimal parabolic, compatible the Cartan decomposition, has a unique ¢-stable
maximal reductive subalgebra, namely sg = qr N ?qR, called the Levi component. Then
gr = SR X nR, as the semi-direct product of Lie algebras, where ng C g is the nilpotent
radical.

The Levi component si and its centraliser S = Z¢(sr) have a canonical decomposi-
tion. Namely, let ar be the vector part of the centre, i.e. ag = 3(sr) N pr, and let mg be
the orthogonal complement with respect to an sg-invariant inner product.

Let N = expngr, A = exp ar , and let M be the largest subgroup of S with Lie algebra
mp . These are closed subgroups of G, and S = M A, as the direct product of Lie groups.
Similarly, Q = SN = MAN,, as the semi-direct product of S = MA and N . This is called
the Langlands decomposition of Q.

A parabolic qr or Q is called cuspidal if the component mp is an equal-rank algebra,
ie.rkmg = rkmg NER.

5.3.2. Letc € Z be a tripotent. In 2.2.1, we introduced the parabolic
qr = gr[0,1,2] where gi[k] =ker(adZ; —k).

The parabolic is maximal for ¢ non-zero, and equals G otherwise. Let Q. C G denote
corresponding the parabolic subgroup. Then Q. coincides with the normaliser of the
face c + By(c), by [Loo75, thm. 9.15]. By [Loo75, prop. 9.21], the parabolics Q. associated




5.3. An embeddability theorem for parabolic subgroups 171

to non-zero tripotents ¢ € Ez \ 0 exhaust the set of maximal proper parabolic subgroups.

In order to describe all proper parabolics, we introduce the following concept. By a
flag of tripotents we mean a sequence

f=(0<fi<---<fy) ofnon-zero tripotents.
For such a flag f = (f1,..., fx), define
Qr=QxN--- Q-

This is a proper parabolic subgroup, and by [Loo075, 9.22], f — Qy is a bijection from the
set of non-trivial flags of tripotents onto the set of parabolic subgroups of G, manifestly
K-equivariant.

5.3.3. Consider the Lie algebra of Qf,

and its Levi component 5]11; = qﬁ; N 19qu1;. For a single tripotent, this is simply g§[0].
According to lemma 2.2.14, it decomposes as

sk = gr[0] = gor(c) D MR S g1r(C),

the sum of ideals. As for the Levi component 5]{; of the parabolic qﬁ; associated to a flag

0< f1 <--- < fi,itisclearly given by
sh=sp NNt = ghjo]n---nglko].
Evidently, this intersection contains the direct sum of Lie algebras,

goR (fi) ® Z?gjgk o, r(fi — fi-1)

where we set fo = 0. However, the orthogonal complement of this subalgebra in 5{1; is

difficult to determine.

5.3.4. Given a flag f = (O <fi<-- < fk) , there exists a frame ¢1,...,e, of Z and a
sequence 1 < my < --- < my < r of integers, such that

fj:el—I—---—Fem]. forall 1 <j<k.
Consider the maximal Abelian subspace

aR = <§;,...,C;> C PR -
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introduced in 2.1.24. The basis a4, ...,a, € ag dualto ¢, ,...,{, ,and ag = 0, give rise
to the linear forms o}, = ay —eay, 0 <k </ <7, ¢2 = 1. Then the positive restricted

roots are exactly

=
T+
=
N
>
A
~
N
=
&
gl
=
N

k<l<r)andw=af =ay (1<k<r, b=Zy #0).

Hence, the aj are roots if and only if B is not of tube type. Consequently, 2«; is simple if
and only if B is of tube type. In summary, the simple system for A/ is given by

- {0(2 —a1,...,0& — 1,20, B of tube type,
a:

&y —«&1,...,0 —&_1,&  Bmnotof tube type .

In the first case, the root system A, is of type C,, in the second, of type BC,. We enu-
merate the simple roots as wy, ..., w;.

By [Lo075, 9.20] (cf. [Kna86, prop. 5.27]), Qf is the parabolic subgroup associated to
the subset I, \ {wml, een, wmk} of I, . In particular, the Levi component decomposes as
Sy = MgAfwhere Af = exp pr N Z(S¢) is given by

Af = expaﬁ; with aﬂ; = <€;ml/---/§;nk> ’

cf. [Loo75, proof of prop. 9.19].

5.3.5. The structure of the Lie algebra of the component M of the parabolic Qy is al-
ready quite complicated, but to gain control of Qr, we need to understand also the
degree of its disconnectedness. Fortunately, the disconnectedness of M is already com-
pletely determined by that of M = Zg(aR) .

For G = Auty B, it turns out that M can be described quite well. This is the content
of the next proposition. In its proof, we need to know the value of the characteristic
multiplicities 2 = dim Z;; and b = dim Z; for all simple JB*-triples. We list these in the
following table, cf. [Upm96, p. 60].

Invariants of the simple JB*-triples

type | dimZ r a b ‘
g | pq |min(pg)| 2 | max(p,g)—min(p,q)
m, | Mgy 4 e,n=2k+e
mp,, | 2 n 1 0
1V, n 2 n—2 0
vV | 16 2 6 4
VI | 27 3 8 0
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Proposition 5.3.6. Consider M = Zg(agr) where ar = ({;,...,¢, ) and e, ... e, is a
frame. Let F C G be the finite Abelian group generated by the Peirce reflections

se; = B(ej, 2¢) = expirn(e; Oef) = 'yfj = exp né;gj forall j=1,...,r

each of which has order 2. Then
FCZ(M) and M=F-My

where M) is the connected component of M.

Proof. Let H = K’ Nexpiar , where K’ is the split component of K, given as the analytic
subgroup of K with Lie algebra tr N [30, (41t ), 39 (tr)] - Here, tf is part of the Z,-grading
of tgr defined in 2.1.3. Then, because G is semi-simple, connected, and contained in GC,
by [Kna02, ch. VII, th. 4.53], H C Z(M) is finite, Abelian, consists of elements of order
two (apart from 1), and M = HM,.

Moreover, consider the CSA hr = t; @ ap obtained by Cayley transformation from
tr, cf. 2.1.24. Whenever « € A(h : g) is a real root, i.e. vanishes on tﬂﬁ , wWe can consider
the elements H, € ar determined by

H, € [¢g%97%] and «a(H,) =2.

Then we may define 7, = y_o = expinmH,. These elements generate H, by [Kna02,
ch. VII, th. 7.55]. More precisely, consider the real root « as a restricted root. Letting
mg = dim gf{ for all B € a, we have v, € Mp whenever }_.cq >0 > 1, by [Kna02,
ch. VII, cor. 7.69]. Here, recall that My denotes the connected component of M. In other
words, M is generated by My and the 7, where « € A} is reduced and has multiplicity

one. (Recall that a root  is called reduced if the only roots in Q - p are £8.)

The multiplicity of the roots &}, defined in 2.1.24 is
m,- =1(1<k<r), maif:a(1<k<€<r) and m,xgk:b(lgkgr)

where we recall a = dim Zy for 1 < k < £ <rand b = dim Zy; for 1 < k < r. The roots
ay = 20y are reduced if and only if b = 0 (i.e. B of tube type). If b > 0, the linear forms
= oé(j);< are roots, but they are always non-reduced. The roots aig forl <k< ¥l <rare
always reduced. As for their multiplicity, it equals a.

Seeing that in the spin factor case IV,,, we may assume n > 5, we have a > 1 unless
Z = C'*", by 5.3.5. Except in this case, we have Yug, € Mo foralll<k<{(<r,e=1.
Postponing the treatment of type III, for the moment, we determine v, for a = 2a4,
k=1,...,r.




174 5. Embedding of representations of facial subgroups

Since ay(¢,,) = Jxe, it is clear that Hy,, = ¢, . Buti¢, = é‘;erk , and hence

Vo = exp gy, = Vie, = Bliex, 2iex) = Blex, 2er) ,
by [Loo75, 10.1.(5)]. Moreover, [Loo75, th. 5.6] implies B(e,2¢x) = expim(e, Oej) € K.
Except for type III,,, we have proved the proposition.
As for type III,,, a finite cover of G is the matrix group Sp(2n,R). A cover of K in
Sp(2n,R) is given by U(n) . We may identify ar with the set of matrices

f
( > forall ¢1,...,t, € R,
t

n

on which the preimage M C U(n) of M acts by conjugation. The set of u € U(n) leaving
these diagonal matrices invariant consists of diagonal matrices with entries =1, and is
therefore a group isomorphic to Z . Its image in K is isomorphic to Z} modulo diagonal,
so it is generated by the Peirce reflections. This completes the proof in case Z is of type

I1I,, , and hence, in general. O

Corollary 5.3.7. Let f = (0 < f1 < --- < fi) be a flag of tripotents in Z. Letey, ..., e,
be a frame such that f; = e; +--- + em, forallj =1,...,k. Then the component My of
the parabolic Qf is given by

Mf = Ff . Mf/o where Ff = <Se]. = B(e]-,Ze]-) | j: 1,...,ﬂ’lk>

is a finite Abelian subgroup, and My is the connected component of My .

Proof. If M = Zg(aRr), then M C My . Moreover, M¢ = M - Mg by [Kna02, ch. VII,
prop. 7.82], and M = F - My by proposition 5.3.6. But gro(fx) C m{{ , the Lie algebra of
My, s0 Gy, C Mgy . Since fy = e1 + - - - + ey, implies e; € Zo(fx) for j > my,

se; = expirt(e; Uej) € exptro(fi) = Ky C G C Myp forall j > my.

This proves the claim. O

5.3.8. Consider now a facial subgroup G = G, T G and the corresponding subtriple
Z=12Zy(e)C Z.Takeaflag f = (0= fo < f1 < --- < fi) of tripotents in Z . f is also a
flagin Z, and there exists a frame ey, ..., e, of Z, such that ey, ..., ¢; is a frame of Z and

fi=en+---+ey forsome 1<m < - <mp<T.

Let Qf = M;A Ny denote the parabolic of G associated to f .
Theorem 5.3.9. Under the assumptions of 5.3.8, Qs = G N Qs . Moreover,

Af:Af and NfCNf.
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Assume further that Z is classical. Then there are closed reductive subgroups M’ C My,
M’ C My and a closed connected reductive subgroup L C K such that

M =LxM, My=Gy xM and M;=GsxM .

In particular, Q ¢ is cuspidal if and only if Qf is.
Proof. Clearly,
a']ll; = <§3—ml" : "C‘;nk> = a{{ 4

so Ay = Ay. The positive systems Al and A are compatible, so Ny C Ny. Since

f f

3% (0] = gr N gi[0] for any tripotent ¢ € Z, we have &, C sy .

The Levi component S¢ has the Cartan decomposition Sy = Kf -exp (5{& Npr) where

Kf =k'n..nKf={keK|k(f;) = fiforall j=1,...,k},

and an analogous formula is valid for 5. Since Kf = RN K/, we conclude § F=GnNSy
and Q f= GnN Q £
Let t‘]lg denote the orthogonal complement of

tro(fk) © ZKjgk tr1(fj — fi-1)
in{%]j[; ={0ctg| 6(fj))=0,j=1,...,k}. Thent]’;is an ideal ofmﬁl;,and since

wh =t @ gro(fi) © Yok R (S — fi-1)

is the sum of ideals, all of these factors commute. Define

mp = t{{ D Zlgjgk or1(fj — fi-1),

and let M|, be the analytic subgroup of G with this Lie algebra. Then M{, commutes with
Gy, and G, N M, = 1. By its mere definition, F¢ commutes with Gy, , so M = Fy- Mj is
a subgroup of G, commuting with Gy, .

Now, since f; — fj_1 L efor1 < j <k, gr1(fj — fi-1) C 8r. Moreover, if Z is
classical, by proposition 5.3.11 below, either t{;{ C §Rr, or it commutes with §r . Hence,
M} = L x M} where M, C G is defined for G as M, is for G, and L is a compact
factor. Since Fy C G, we may define M’ = Fy- My = Gand M' = Fs- My C G. Then
M’ =L x M. Since L is compact,

rkmp — rk(eg Nmy) = rkmy — rk(bg NMR) ,

so M’ has equal rank if and only M’ does.
In particular, My = Gy x M" and My = Gy, x M'. Finally, because Gy, and Gy, are
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Hermitian, and therefore have equal rank, these are equal rank groups if and only if M’

has equal rank, and therefore always simultaneously so. U

Remark 5.3.10. In principle, theorem 5.3.9 should be true for all JB*-triples. This is a
matter of generalising the following proposition, which was essential in the theorem’s
proof.

Proposition 5.3.11. Assume Z is classical. If e L c are tripotents in Z, then either
c L
8N (Ero(c))™ C trole),

or ¢ N (¢ro(c)) ™ has trivial intersection with £ o(e) and commutes with it.

Proof. There exists a frame ey,...,e, of Zsuchthatc=e1 +---+e,e=¢e/ +---+e.
Because the correspondence e — tRo(e) is decreasing, we may w.l.o.g. restrict attention
to the case / = k + 1. By K-conjugacy of the assertion, it suffices to prove it for a fixed
frame. Hence, it follows from propositions 5.3.13, 5.3.15,5.3.17and 5.3.19. —— [

Proof for type I, 4
5.3.12. The JB*-triple Z = CP*7, p < g, of rank p, has triple product given by
{uo*w} = 3 (uv*w+wo*u) forall u,v,we CP*7,

where v* denotes the conjugate transpose matrix of v. A tripotent e* of rank k is given
by the formula in 5.1.10. We consider the tripotents e* defined in 5.1.10. The Lie algebra

tr = s(u(p) x u(q)) = {(gg) )Aeu(p),DEu(q),trA+trD:o},

every (4 9) € tgactingon Zby z — Az +zD'.
Proposition 5.3.13. For ¢ = ¢ and e = ¢" — ¢*, we have £ N (‘E]R,o(c))L C trole).

Proof. The Peirce space decomposition of Z w.r.t. ¢ is given by

k qg—k

z_ kK (Zl(c) Zl/z(c)>
p—k\Ziplc) Zole) )

According to this decomposition, we write

k p—k k qg—k

/ /
A:k “ P and D:k : p .
p—k\y ¢ g—k\~ ¢

Then (4 %) € & implies (”“;’X“ 7”) = (39). Hence, y = 0 = /. Since A and D are
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skew-Hermitian, this implies p = 0 = p’. Therefore, a, &', § and ¢’ are skew-Hermitian.
Moreover, from

(45) Lero(c) =s(u(p—k) xu(qg—k)),

one deduces that 6 = 0 = ¢’. Thus,

(6 %) € trale) C trole) = s(u(k) xu(g—p+k),

proving the assertion. O

Proof for type II,,

5.3.14. In the JB*-triple Z = C"*" of rank r = | % |, the Jordan triple product is given by
{wo*w} = } - (uv*w+wov*u) forall u,0,w e C”" =2,

as in the case of the full matrix algebra. Since, forn =2, Z =~ C = C'*!, we may assume
n > 3. We consider a different set of tripotents than in 5.1.16. Namely, we take

e = ((I) 8) where | = ( 01 (1)> e Q¥

The Lie algebra tgr = u(n), where u € u(n) acts by z — uzu'.
Proposition 5.3.15. For ¢ = ¢ and e = ¢" — ¢k, we have £ N (E]R,o(c))L C trole).

Proof. The Peirce space decomposition is

2j n—2j
7 _ 2j Zi(e)  Ziya(e)
 n—2j * Zole) |

We choose a corresponding decomposition of u,

2] n—2j

ue ¥ ( p )
n—2j\ v o

af +Ja' 4\ (0 O
Jvt o) \o o/’

so we find ¥ = 0 = B. Thus, « and J are skew-Hermitian, and u L tro(c) = u(n — 2j)
implies 6 = 0. Hence the assertion, since g o(e) = u(2j). O

Then




178 5. Embedding of representations of facial subgroups

Proof for type III,

5.3.16. In this case, Z = C'" has rank r, and the triple product is
{uv*w} = %(uv*w + wv*u) forall u,v,w e C)" =2,

as in the other matrix cases. A rank 1 < k < r tripotent ek is given as in 5.1.22. The
compact Lie algebra g 2 u(r), u € u(r) acting by z — uzu'. By a similar proof as for
the other matrix cases, we have the following proposition.

Proposition 5.3.17. For ¢ = ¢f and e = ¢" — ¢k, we have £ N ({%]R,()(c))L C tro(e).

Proof for type 1V,

5.3.18. In this case, the JB*-triple is Z = V,;, the complex spin factor of dimension 7.
There is no loss of generality in assuming n > 5, since in the other cases n = 1,3,4 in
which Z is simple, Z is isomorphic to C, Ci“ ,and C2%2, respectively.

The rank 2 triple Z is the vector space C" of column vectors, with triple product

2-{uwv'w} =u'o - w+wo-u—vu'w-o foral u,o,weC"=2.
Here v’ denotes transposition and @ complex conjugation.

A standard frame of tripotents is given by

t

,0,...,0)" and e, = (1,-4,0,...,0) .

N\-

er = (2

The compact Lie algebra is tg = R @ so(n), where (t,u) acts by z — (t +u)z.
Proposition 5.3.19. For ¢ = e; and e = e;, the subalgebra £ N (E}R,O(C))J— commutes
with £go(e), and has a trivial intersection with it.

Proof. The Peirce decomposition is given by

Z11=C-e1,Z»n=C=¢ and Zu:OzEBCnfz.

u:2 (oc ,B>‘
n—2\-g ¢

Thena = ( °,§) for some a € R. Hence,

Write u € so(n) as

0=2(t e +uey) =2t (t—iait+4a,0,...,0)",

sot =0and a = 0. But then it is clear that R o(e2) commutes with (¢, u) , since the latter

C
i m

is generated by 4ie; Oej = (1,v) where v = ( é

OoO~.O
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Embedding of Q-series of facial subgroups

5.4.1. By Harish-Chandra’s Plancherel theorem for the space L2 (G) [HC70, th. 19, cor.],
[HC76, th. 27.3], the reduced unitary dual of G is exhausted by the set of representations

ﬁ/%v = indg(n/\ ®e' T ®1)

induced from cuspidal parabolic subgroups Q = MpAgNg, where 7, is a discrete
series representation of Mg (Mg has a discrete series because Q is cuspidal) and e" is a
unitary character of Ag . For a fixed cuspidal parabolic Q, the set of the 75%/ is called the
Q-series. The discrete series corresponds to the case Q = G, if G is an equal-rank group.

More precisely, let Q = Qf = MyA¢N¢ be the Langlands decomposition of the cus-

pidal parabolic Qf with Sy = M;A( ¢-stable. We may assume that A = exp aﬁ; where

a]JI; C ar = (@;1, s Co ) for some fixed frame ey,...,¢,. In fact, we may assume that
fi =e1+ -+ ey forsome 0 < mqy < ... < my.

The intersection t{;{ =tRN m{I; is a compact CSA of My, let Ty be the corresponding
Cartan subgroup (CSG). Then Hf = Ty x Ay is a ¥-stable CSG of G. If 7, is a discrete
series representation of M (associated to a representation of Zy;(My) and a character of
Tp subject to a certain consistency condition, cf. [Wol80, ch. III, § 22]), and v € iaﬂ:F is

arbitrary, then 7, , acts unitarily on the completion H, , of the pre-Hilbert space
Hy, = {h: K= (M), | e, hikm) = m™™h(k), m e MK, k€ K}

with respect to the norm
i, = [ WG, dk.

The action of G on H, , is defined by
§h(k) = a VT~ f(l) forall he HY,, g§€G, k€K,

whenever gilk = Iman forsomel €e K, me M fa€A and n € N. (The decomposition
exists on a dense subset of G.) Note that although such a decomposition is not unique
(M N K being non-trivial), the covariance condition of & guarantees that the left hand
side is well-defined.

H, , is an irreducible unitary representation, and if f runs through all flags con-
structed from ey, ..., e,, 7Ty runs through the discrete series of M f and v runs through
a]jl;* , then the H, , exhaust a thick subset of the support of the Plancherel measure for
L%(G) . (However, they are not necessarily all mutually inequivalent.)

5.4.2. We have to assume that Z be classical. Then, so is Z = Zy(e) , since no exceptional
Jordan triple occurs within a classical one. Take a facial subgroup G = G, C G and a
cuspidal parabolic Qf C G. At least if Z is classical, theorem 5.3.9 implies that the
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parabolic Q¢ C G is cuspidal, and that for the respective Langlands decompositions
Q_f = MfAfo, Qf = MfAfo,we have

Ap=Af, NyC Ny, Mg=M'xM', M=M"xLxM
where M° is a facial subgroup of MY and L is compact reductive. Moreover, since MO

and M are facial subgroups of G and G, they are also classical. Theorem 5.1.2 applies,
and M is an embeddable subgroup of M°.

Choose 7 € iap = iay . Define v by
V="7+0;— 0q-

A discrete series representation of M is of the form 75 ® 17 where 7 is a discrete series
representation of M. Asin 5.2.5, A = A 4 20. — § where A € it* is subject to the condi-
tions explicated there. By theorem 5.2.24, for any extension A of A, ( Z\7IO>7TZ embeds as
a subrepresentation of <M0>m . Hence so does

(Mp); = (M?), @ (M), (M), @(L) ®(M), = (M),

where 1 is the trivial representation of L and we use the shorthand A = 7y ® 17 and
A =m ®1®n,slightly abusing notation.

Denote the M-equivariant projection onto this subspace by
iy, - (Mp)y = (Mp)y -
As above, let
Ty = indgf((n; @)@ ®1) and m, = inde((nA @1y e @l),

so that 73 ; acts on H,, and 71, on H,, . Then, in analogy to the discrete series, we
may define a map

R/\,v : HXC:V — H/!C? h— p(thh}K .

Proposition 5.4.3. The map R, , from 5.4.2 is well-defined and G-equivariant.

Proof. Indeed, for h € HY,, Ry h : K — (My) 5, and is smooth. Moreover, for any
meMfNKCMNK, ke KCK,

(Ravh) (ki) = pay (k) = m ™ p gy h(k) = m=(Ry,h) (k) ,

so R, , is well-defined. Moreover, for g € G and k € K, write ¢~k = Iman with

leKCK, meMCcM,acA=A,ne NCN.
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Then, by the definition of v and the equivariance of p (%), *
A

(8" Ryuh) (k) = a~ T+ p o h(1)

A

=Py, @ T h(D) = (Raugh) (k)

A

proving the equivariance and hence the proposition. O

Theorem 5.4.4. Under the assumptions of 5.4.2, R, , is non-zero when restricted to the
K-finite part of H, ,, . Hence,

is a G-equivariant surjection.

Proof. As in the proof of theorem 5.2.24, all we need to see is that R, ,F # 0 for some
K-finite F € H) ,, .

The lowest K-type <M0 N K> A of <M0>m occurs multiplicity freely, and up to nor-
malising constants, the uniquely determined embedding is given by

e : (M°NK), — (M),

by corollary 5.2.17. Moreover, by 5.2.5, (M N K) , coincides with the cyclic space gen-
erated by the highest weight vector 15 € (K), (here we extend A arbitrarily to a K-
weight). In particular, we have an M" N K-equivariant projection

P(monk), - (K)p — <M0 mK>A :

Similarly, (M° N K) ; can be realised in (M’ N K) , .

Moreover, since any M' N K-type of (M'), is contained (not necessarily multiplic-
ity freely) in some finite-dimensional simple K-module, there exists a K-weight ¢, a
non-zero irreducible M’ N K-submodule (M’ NK); of (M'), , and a non-zero M’ N K-
equivariant projection

ps (K — (M'NK), © (M),

We fix an arbitrary non-zero vector ¢; € (M'NK);\0.
This allows us to define, for ¢ € (M° N K) A

Fz(k) = (e1pmonky, K *E) © (psk™°¢s) forall k € K.

Then
Fr: K — (My), = <M0>m ® (L), ® <M’>,7
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is a smooth map. By the definition of M?,
MsnNK= (M°NK)xLx (MnNK),
and we find that form € My N K,
Fg(km) = (£’fP<M0mK>Am_Ak_A§) ® (pom°k™°¢s)

= (manSTWMOmK)Akag) ® (m™1psk¢s)
= m_”A®’7F¢ (k) = m_AFg(k) ’

by the equivariance of the various maps involved. Hence F; € H °‘fv , and is K-finite by
definition.
Recall from theorem 5.2.24 that there exists a constant C > 0 such that

Cpom) = SiRSA®1®1 on H@ (L) ®(M),

where H is the closed linear span of 4l (ﬁIO) 1A . Hence, for non-zero ¢ € <M0 N K> A \O,
we compute

C-(RavFe)(1) =C- P(M)nRFc(l) = (SaRSj€10) ® &5
= (SaRfs) ® 8 = (Safe) ©®Gs # 0,

by the proof of theorem 5.2.24. O

In order to prove the boundedness of the map constructed in theorem 5.4.4 on some sub-
space of H) , , we cannot use the same argument as in the proof of corollary 5.2.25, since
there is no lowest K-type. Rather, in order to achieve the admissibility of the appropri-
ately chosen subspace, we need to apply a result of Harish-Chandra on quasi-simple

representations.

5.4.5. Let R) , be the map constructed in theorem 5.4.4. Chose a highest weight vector
15 € (Mg ﬂIZ>A, and let

Fx (k) = p<1\-4me>Ak*A1A forall k € K
be the corresponding K-finite element of Hy ;. Let F, € H,, be K-finite, such that
Ry, Fa = Fj}.

If Fp is Z(§)-finite where 4 (§) is the centre of L[ (§), then consider V = Z(§) Fx .
Since Hj ; is irreducible, Z(§) acts by a non-trivial character, and hence V has trivial
intersection with ker R, ,, .

Moreover, since V is finite-dimensional, it decomposes as the direct sum of one-
dimensional Z(§)-invariant subspaces. (The algebra Z(§) is Abelian and involutive, so
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every element is normal.) Hence, we may chose a simultaneous eigenvector v € V of
Z(g) such that R, ,v = F5 . Denote Hy = #(§) v, and let H be its closure in H, ,, .

Corollary 5.4.6. Under the assumptions of 5.4.5, if p : Hy ,, — H denotes the orthogonal
projection onto H , then R, , p is bounded, and there exists a constant C > 0, such that

C- (R)\,vp)* : H}\,g — HA,V

is a G-equivariant isometry.
Proof. The vector v is K-finite, and a simultaneous eigenvector of Z(§). Hence, the
latter acts by scalars on Hy, i.e., this is a quasi-simple (§, K)-module.

Thus, [HC54, lem. 33] implies that H is admissible, and the same proof as corol-

lary 5.2.25 gives the assertion. U

Remark 5.4.7. It is plausible that the Z(§)-finiteness assumption in 5.4.5 follows auto-
matically from the g-quasi-simplicity of the irreducible G-representation H, , . Indeed,
this were the case if one could prove that Z(§) is contained in a finitely generated Z(g)-
submodule of the centraliser of 4[(§) in ¢ (g) .

We assume that this can be proved with the help of [War72, th. 2.1.3.6] which states
that the set of S(t)"V of W-invariants in the symmetric algebra S(t) is a finitely generated
S(t)"V-module (which contains S()" ). However, the incompatibility of the respective
Harish-Chandra homomorphisms makes it difficult to pull this fact back to the centres
Z(g) and Z(g) -
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*-algebras of Toeplitz operators

HE HARDY SPACE, introduced in section III, naturally gives rise to E, the Szeg6 pro-
T jection, or, equivalently, the associated distribution. Hence, it is reasonable to define,
for continuous functions f vanishing at infinity, Toeplitz operators EM¢E of symbol f .
These are bounded operators on L?(G) (or H*(T) ), and one can consider the C*-algebra
generated by these operators.

It is a natural and non-trivial question to ask how much of the geometry of the do-
main I', and of its boundary, is captured in the structure of this C*-algebra (compare
the introduction). Extrapolating from the known case of the Hardy space on the Shilov
boundary of a bounded symmetric domain, what one would expect is a lattice of ide-
als corresponding to the lattice of faces of the cone (2~ . Each of the ideals should be
given as the intersection of kernels of certain irreducible representations of the Toeplitz
C*-algebra associated in an essential way to the subgroups Gy ; of inner automorphisms
of the faces F .

The simplest case of these is that f consists only of 0, so Gf; = G . Associated to this
subgroup is the identical representation on H*(T') .

Section 6 treats the irreducibility of this identity representation. Moreover, it devel-
ops a natural framework for Toeplitz C*-algebras which will also be useful in construct-
ing other irreducible representations.

In 6.1, the formalism of Hopf von Neumann and Hopf C*-algebras, and their coac-
tions, is introduced. We have attempted to be as gentle as possible here, proving some
facts in detail which could be found in the literature, while at the same time being sen-
sibly terse.

In 6.2, we introduce a notion of support affiliated with module structures over the
Fourier algebra. The basic properties are well-known or minor modifications of known
results. Nonetheless, we found a complete development more appropriate than an infor-
mal discussion laden with references. We apply these considerations to define coactions
whose co-crossed product serve as models for Toeplitz C*-algebras. The basic idea be-
hind this is due to Wassermann [Was84], and was developed in the generality necessary
for the treatment of compact groups by Upmeier [Upm96].

A new feature of our presentation is the treatment of locally compact groups, and,
more importantly, arbitrary coactions (instead of merely the ‘identical’ coaction on the
reduced group von Neumann algebra). We feel that this makes proofs more transparent
than e.g. in [AUO2]. Moreover, it appears to allow for the description Toeplitz operators
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living on Hardy spaces for more general affine symmetric spaces than G itself. Ad-
mittedly, the operator theoretic details are quite technical, but they provide a pleasing
algebraic framework for the more concrete geometry and representation theory.

In subsection 6.3, the abstract theory developed beforehand is applied to establish
the irreducibility of the identical representation.

In section 7, we consider the problem of constructing other representations of the
Toeplitz C*-algebra. The basic philosophy is that the compact operators correspond,
upon Fourier transformation, to continuous functions vanishing at infinity. Other rep-
resentations of the Toeplitz C*-algebra (with the compact operators contained in their
kernel) should correspond to limits to infinity. Specifically, thinking of Pontryagin dual-
ity of locally compact Abelian groups, the representations associated to some subgroup
of G should be given as limits in the ‘orthogonal” directions.

This philosophy is given a precise formulation in 7.1, in terms of a “spectral boundary
condition’. We show how this gives rise to representations of the Toeplitz C*-algebra.
The basic idea how use the Fourier transform to construct representations is of course
contained in [Upm96]. There, it is applied in the context of compact groups. The Func-
tional Analysis problems which occur in the general setup for locally compact unimod-
ular type I groups are, however, not hard to overcome.

Of course, the difficulty is to verify the spectral boundary condition for our partic-
ular geometric setup. Using some ideas on supports at infinity discussed in 7.2, we
reduce this problem to a support condition. This states, in general terms, that the sup-
port of a distribution associated to a limiting process in directions orthogonal to some
subgroup of G should have support contained in that subgroup. In this reduction, we
use Grothendieck’s double limit criterion which characterises relative compactness in
the topology of simple convergence.

Irreducibility of Toeplitz C*-algebras

In the following, denote by H a unimodular, locally compact group. We shall develop
certain aspects of the theory of Toeplitz C*-algebras in an abstract framework, without
specific reference to an underlying geometry. Our aim is then to apply these results to
the groups G = Auto(B) and Gy 1, taking our knowledge of the harmonic analysis on
their associated Ol’shanskil semigroups into account.

In the beginning, the restriction to unimodular groups is inessential and mainly for
convenience. In later sections, where we further assume that H be of type I, we ap-
ply the Plancherel theorem. Here the assumption of unimodularity becomes crucial.
Of course, since there is a generalised Plancherel theorem due to Duflo-Moore [DM76]
which also encompasses the non-unimodular case, an extension, at least in parts, to non-
unimodular groups is conceivable and possibly interesting, albeit daunting.
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Hopf von Neumann and Hopf C*-algebras

6.1.1. Consider the Hilbert space L*(H) and the set M"(H) of finite complex-valued
measures on H . Any u € MP(H) gives rise to a bounded (left) convolution operator

pL(H) — LP(H) o s f = (g [ fOg)du(n))

This defines an injection of the set M?(H) into the bounded operators £(L?(H)) on
L?(H) . The measure y is reconstructed from p* by

(o 1) = [ gMdn(n) = (ux¢")(1) forall ¢ K(H)

where IC(H) denotes the set of continuous functions on H with compact support, and
¢V (t) = @(t~1) forall t € H. Note that y* leaves L>(H) N C(H) invariant, so the value
at identity is well-defined.

The injection M?(H) — L(L*(H)) is an involutive algebra morphism. The content
||l = || (H) does not define a C*-norm (unless H is trivial), so it is not an isometry.

Any element i € H gives rise to a Dirac measure ¢, € M"(H), so we may think of
H as a subset of M?(H), and hence of £(L?(H)). The linear span of H in M"(H) is the
set of finitely supported measures.

Let W*(H) = H” be the von Neumann algebra generated by H. It is called the
reduced group von Neumann algebra. Since M"(H) commutes with H’, as follows from
the formula

= /Hh# du(h) forall ue MY(H)

and standard facts of vector-valued integration, M?(H) C W*(H). Therefore, W*(H)
is the weak, strong, ultraweak, and ultrastrong closure of M?(H) in £(L?*(H)), by the
von Neumann density theorem. In particular, the set of finitely supported measures is
weakly dense in M?(H).

Similarly, W*(H) is the weak, strong, ultraweak, and ultrastrong closure of the set
L'(H) ¢ MY(H) of integrable complex-valued functions on H, since Dirac nets define
(bounded) approximate units for L' (H).

Denote

Ci(H) = C*{(f* | f € LI(H)) C L(LX(H))

where we recall ff¢ = fx ¢. The C*-algebra C;(H) is called the (reduced) group C*-
algebra of H . The above considerations show that Cj(H) C W*(H), and that W*(H) is
the von Neumann algebra generated by C;(H) .

Remark 6.1.2. It is easy to see that W*(H) is the commutant of the set of right convo-
lutions hy, h € H. If H is a Lie group, then x € W*(H) defines a continuous linear map
x : D(H) — D’'(H) from the smooth compactly supported functions on H to the set of
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distributions on H. Hence, by the Schwartz kernels theorem, it is given on D(H) by a
kernel operator with distribution kernel ¢ € D'(H x H). Since x commutes with right
translations, &(s,t) = pu(t~'s) for some u € D'(H). Hence, x is given on D(H) by left
convolution with a distribution.

This construction can be extended to general H by applying Bruhat’s generalised
distributions which are defined via projective limits of Lie groups, cf. [Eymé64, prop. 27].
However, it seems to be more natural to introduce a new set of test functions for W*(H)
(the Fourier algebra), which we do below.

Remark 6.1.3. If H is Abelian, then W*(H) = L*(H) as von Neumann algebras, where
A is the dual group, and the isomorphism is given by conjugation with the Fourier
transform. Under this isomorphism, Cj(H) = Co(H) . (This is essentially the Riemann-
Lebesgue lemma.)

In the Abelian case, the algebra product of W*(H) and Cj(H), namely, convolu-
tion, is related via Fourier transform to the point-wise product on L*(H) and Cy(H).
The starting point of non-commutative group duality is to ask whether there exists on
W*(H) and Cj(H) some algebraic structure, a ‘coproduct’, which induces on a suit-
able ‘dual” of these algebras a (commutative) algebra product, without reference to the
Fourier transform. After some preliminaries, we describe the relevant structures for
W*(H) and C;(H).

6.1.4. Recall that for a C*-algebra A, the multiplier algebra M(A) is given by
M(A)={ae L(H) |aAUAaC A}

where A acts faithfully and non-degenerately on the Hilbert space H. Recall that a
normed A-module E is called non-degenerate, if the linear span of A - E is dense in E .

The definition of M(A) is independent of H . Abstractly, M(A) can be introduced via
double centralisers, cf. [Bus68].

M(A) is a unital C*-algebra, and acts non-degenerately on 7 . It is the largest closed
involutive subalgebra of £(H) containing A as an essential ideal. Here, the requirement
that an ideal ] <M(A) be essential means that I N ] # 0 whenever I <M(A) is non-zero.
Finally, we have M(A) C A” C L(H).

The natural topology to consider on M(A) is not the norm topology, but the strict
topology (which is weaker). It is the weakest locally convex topology such that the
multiplication maps

M(A)xA— A:(a,b)—ab and AxM(A) — A:(a,b)—ab

are separately continuous in the norm topologies. Any element of M(A) is the strict limit
of a bounded net in A, and M(A) is strictly complete. Approximate units of A are just
the nets in A converging strictly to 1 € M(A), cf. [Bus68, prop. 3.5-6].
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6.1.5. Since A is strictly dense in M(A), it is natural to ask for classes of linear maps on
A which extend to M(A) . If B is another C*-algebra and « : A — M(B) is an involutive
algebra morphism, then a extends to a unital involutive algebra morphism which is
strictly continuous on bounded subsets of M(A) if and only if

a(uy) — 1 strictly in M(B) for all approximate units 1) € A,

by [Val85, lem. 0.2.5]. Such morphisms are called strict, and their extensions to M(A) are
denoted by the same letter. It follows from the non-degeneracy of the action of A on H
that if « is injective on A, then so is its extension to M(A) .

Clearly, any continuous linear functional y € A* has a strictly continuous extension
1 to M(A) . Moreover, by [Tay70, cor. 2.2], the set of strictly continuous linear function-
als on M(A) is A-M(A)* = M(A)* - A. Here, M(A)* is the set of norm continuous
functionals, which is an (A, A)-bimodule via

(c:a-p-by=(bca:y) forall a,b,cec A, ycM(A)".

6.1.6. Let us return to our setting with the group H. The C*-algebra C;(H) acts non-
degenerately on L?(H), so M(Cj;(H)) C C;(H)" = W*(H).

For s € H, the left convolution (translation) operator s* € W*(H), and C;(H) is bi-
invariant under multiplication with s*. Hence s* € M(C;(H)), leading us to consider

the map
Wy :H — M(Ci(H)) : s s".

It is bounded and strictly continuous, so
Wy € C*(H,M(C}(H))) = M(Co(H) ® C;(H))

where ® is the spatial tensor product, by [APT73, cor. 3.4].

The latter identity is induced by the usual isomorphism
L2(H,L2(H)) — L2(H x H) : f = ((s,) = F(s)(1)) .
Consequently, the multiplier Wy acts on L?(H x H) by
(Wuf)(s,t) = f(s,s"'t) forall fc L*(HxH),s, tc H.

Hence, it is a unitary operator, sometimes referred to as the Kac-Takesaki fundamental
unitary. Observe that W = Wy obeys the pentagonal equation

W1 W13 Waz = Wz Wi,
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where we use the leg notation Wip = W®1, W3 =1® W, and

Wis(fogeh) =) fiogeh if W(foh) =) fioh,

cf. [BS93].
If we set

og(x) =Ad(W)(x®1) = W(x®1)W* forall x € W(H),
then 6 = Jy is coassociative, i.e.
(0®id)oé = (id®d) o4,
as follows from the pentagonal equation. Note that
0 =0y : W (H) - W (H)®W*(H) = W*(H x H)

where & denotes the tensor product of von Neumann algebras. Moreover, J is a normal
morphism. It is called the coproduct of W*(H). A von Neumann algebra M with an
injective coassociative normal involutive algebra morphism § : M — M®M is called a
Hopf von Neumann algebra.

Define a unitary operator V = Vy by

(VF)(s,t) = f(ts,t) forall f € L>(Hx H),s,t € H.
Then V satisfies the pentagonal equation, and
duf =Ad(V)(f®1)=V(f®1)V* forall f € L*(H)
defines a normal involutive morphism
d=dy:L"(H) - L*(H)® L*(H) = L”(H x H)
making L*(H) into a Hopf von Neumann algebra. It is interesting to note the formula
df(s,t) = f(st) forall f € L*(H).

6.1.7. Given C*-algebras A and B , an involutive morphism « : A — M(B) is called
non-degenerate, if a(A) acts non-degenerately on B. If a is non-degenerate, it follows
from [LPRS87, lemma 1.1] that « is strict.

Consider the following subalgebra of M(A ® B),

A

M(A,B)={xeM(A®B) |x(C®B)U(C®B)x C AQB}.
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P

Then, given an injective non-degenerate *-morphism 6 : A — M(A, A) such that
(6®id) 0d = (id®6) 04,
(A, ) is called a Hopf C*-algebra.

Remark 6.1.8. From an algebraic perspective, to call a von Neumann algebra M with a
coproduct J, or the corresponding C*-structure, a Hopf algebra, is not completely appro-
priate. Classically, the existence of a counit ¢ and an antipode S is what distinguishes
Hopf algebras from mere bialgebras, cf. [Swe69, MM65]. For this, one needs additional
structure.

Most often, one assumes the existence of (the non-commutative analogue of) Haar
measure, cf. [ES92]. Such bialgebras are called Kac algebras, since they were first stud-
ied independently by Kac-Vainerman and Enock-Schwartz. Under weaker invariance
conditions, the term locally compact quantum group has been coined, [KV00, KV03].

Another strategy is to start with a unitary implementation of the coproduct, this was
initiated in [BS93].

Finally, let us note that Vaes-Van Daele [VDO01] have, using the so-called Haagerup
tensor product, given topological conditions on C*-coproducts that guarantee the exis-
tence of a (densely defined) counit and antipode. It should be noted that Effros-Ruan
[ERO3] place the theory of Hopf von Neumann algebras in a similar framework, the
category of operator spaces (also using the Haagerup tensor product).

We refer to the introductions of [VD01, KV00] for more thorough discussions of the
different approaches to Hopf operator algebras.

The following proposition is well-known, and will in fact follow from our more general
proposition 6.2.10 below. We give a proof, because the (standard) technique used therein
will reappear presently, in a more abstract guise.

Proposition 6.1.9. With the coproduct § = dy induced from W*(H) , the reduced group
C*-algebra C;(H) is a Hopf C*-algebra.

Proof. Note that the spatial tensor product C;(H) ® C;(H) = C;(H x H), as follows
immediately from the equality L*(H) ® L*(H) = L*(H x H).
Forr € H,5(r*) = r* @ r* . Hence,

5(g") = / p(r)-r*@r*dr forall ¢ € K(H).
H
Forall ¢, x € K(H x H), we get

5(¢#)¢#X(u,v):/H/H/Hx(s’lu,t’lv)lp(rs,rt)(p(r)drdsdtzg#x(u,v)
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where { € K(H x H) is given by
{(s,t) = / Y(rs,rt)p(r)dr forall s,t € H.
H

Hence, 6(¢*)y* € C;(H) . Similarly for $*5(¢"), so 5(¢*) € M(C;(H x H)).
Using Dirac sequences, we can replace ¢ € K(H x H) in the above integral by 6; ® i
where i € C(H) and ¢; denotes the Dirac measure at unity. Then we have

5" (1 @y x(u,0) / / Yu, t710)w(s 1) @(s) dsdt = T x(u, v)
where { € K(H x H) is given by
I(s,t) = w(s t)p(s) forall s,t € H.

This shows that 6(¢*) € M(C;(H),C;(H)) .
If we take a Dirac net ¢, € K(H), then

/Hlp(rs,rt)qu(r) dr — (s, t) forall p € K(Hx H),

uniformly on H x H. Hence, 6(¢% )" — " in the norm topology. This shows that J is
non-degenerate. Moreover, ¢ is injective since W is unitary. Since

(6®id)od = (Id®Jd) o d,

our contention is proven. U

Remark 6.1.10. One can prove easily that, as for (C;(H),J), the restriction of d = dy
to Co(H) turns this C*-algebra into a Hopf C*-algebra.

Note that for u,v € M"(H), we have

(df : u®v) :/H/Hf(st)dy(s)dv(t) = (f : uxv) forall fe Cy(H).

So, convolution, which defines the algebra products of W*(H) and C;(H), is in some
sense dual to the coproduct d = dp . It is therefore natural to ask which product is dual
to the coproduct § = dp .

6.1.11. Define B4(H) = C;(H)"*, the set of norm continuous functionals, endowed with
the dual norm. By(H) is called the (reduced) Fourier-Stieltjes algebra of H. (Enock and
Schwartz [ES92] call it the Eymard algebra.)

We have a contractive map L'(H) — Cj(H) with dense image. By duality, we get a
contractive injection B4(H) — L*(H).
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Hence, for any ¢ € B4(H), there exists a (unique) ¢ € L*(H) such that

[ Fw(s)ds

< 0

1¢lls,(r1) = SUP rer (), 1<

and

/ F(s)p(s)ds forall e L'(H).

In fact, € CY(H), cf. [Eym64, (1.19), prop. 2.1].

Hence, B4(H) is identified with a Banach space of bounded continuous functions. It
consists of coefficient functions of the unitary representations 7t of H weakly contained
in the regular representation _# of H on L?(H) . Here, 7t is weakly contained in ¢ if

IFI < If8Il forall f e Li(H)

where as usual f™ = [, f(s)s™ ds.

Proposition 6.1.12. For all ¢, ¢ € By(H), define ¢ - ¢ € By(H) by

(a:@-9)=(0ua): py) forall ac Ci(H).

This defines a commutative, associative product, identical to point-wise multiplication
of functions. Hence, Bx(H) is a commutative Banach algebra.

Proof. Since ¢ ® 1 extends to the multiplier algebra M(Cj;(H x H)), the definition
makes sense. Moreover, whenever a, — a in C;(H), for the norm topology, a, is a
bounded strictly convergent net. Hence 6(a,) — a strictly, and this net is bounded.
Therefore, ¢ - ¢ is norm continuous on C;(H), and defines an element of B4(H). The
coassociativity of § = éi implies that - is associative.

For the commutativity, consider the transposition ¢ = (12) € &; and its natural
action on L2(H) ® L?(H) . For any operator T on L?(H x H), define T = ¢ T .

Let u € MY(H), and consider the image measure A, (¢) € M?(H x H) under the
diagonal map A(s) = (s, s) . By [Val85, lem. 4.1], 5(u*) = A.(u)*. We find

81 g(st) = [ () tr1s) du(r)

forall 9 € K(H x H) .
= [ o ts,r () = s(u")g(s,)

In particular, this is true for 4 = f € L'(H). By density of L}(H) C C}(H), §(u)? = 4.
This implies that - is commutative.
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For f € Ll(H),we have

| &) - 9)@ds = (f*: p-9) = (0 9@ )
= [(o@w)(s,9)-f(5)ds = [ o) p(s) - f(s) ds
because C;(H x H) = C;(H) ® C;(H) . Hence, the product - is just point-wise multipli-

cation.

The product on B4(H) is norm-contractive for ||u[g, ) by definition. This implies
that B4(H) is a Banach algebra. O

6.1.13. Recall that for a von Neumann algebra M, the predual M, is the set of ultra-
weakly continuous linear functionals on M. This is a closed subspace of the Banach
dual M*, and M is its Banach space dual. The o(M, M., )-topology coincides with the
ultraweak topology on M.

Let A(H) = W*(H)., called the Fourier algebra. Since Cj;(H) is c(W*(H), A(H))
dense in W*(H), the natural map A(H) — By(H) is an isometry. Hence, we may think
of A(H) as a Banach space of bounded continuous functions.

Since 6 = 0y : W*(H) — W*(H x H) is normal, it is ultraweakly continuous, and
we see that A(H) is invariant for the product of B4(H) . The Fourier algebra is a com-
mutative Banach algebra of functions on H .

Both the reduced Fourier-Stieltjes algebra and the Fourier algebra are invariant for
the usual involution

¢*(t) = @(t~1) forall 9:H—C,t€H.

Namely, for ¢ € C*(H) and f € L'(H), we compute

(0 s )= [ 9T rdr= [ o0 fe D at=Tg : )

by unimodularity. (For non-unimodular groups, the involution has to be defined differ-
ently.) Since (f*)* = (f*)*, the involution leaves B4(H) and A(H) invariant, and is an

isometry. Hence, both are commutative Banach x*-algebras.

The Fourier algebra can be described as

A(H) ={&xy" | &nel?(H)},

by [Eymé64, th. 3.25]. Le., A(H) is the space of coefficient functions of the regular repre-
sentation: Observe that

g*qV(t):/Hq(ﬂs)%ds: (& | t*y) forall &y e L2(H), teH.
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By [Eym64, lem. 3.1],

1857 [y < 11l Imll, ~ forall &y € L2(H).

Hence the span of all
Px¢", ¢ K(H)
and, in particular, CA(H) = A(H) N KC(H) is dense in A(H) . Since we have the norm
inequality ||| < [[u]| () We conclude A(H) C Co(H) .
6.1.14. An A(H)-module structure on W*(H) can be defined by

(o :w-x)=(w-a': x) forall a,a’ € A(H), x € W*(H).

Since A(H) <By(H), this even makes sense for « € B4(H).

Since a - &' = (a @ a’) 0 8y, the formula for the A(H)-action amounts to
a-x=(id®a)(é(x)) forall x € A(H), x € W*(H).
This formula shows that
o x|| < flafl gy - [|x]]  forall @ € A(H), x € W*(H) .

If f € L1(H), we have for all a,a’ € A(H)
(o : a-f#>:<a-oc’:f>:/Hoc(s)-uc’(s)-f(s)ds:<oc’ ca-f) .

Hence, the module structure on W*(H) extends the usual multiplication of functions.
Moreover, since & - f € L'(H), this shows that C}(H) is A(H)-invariant. In fact, the
formula
B-a=(id®pB)(d(a)) forall B € By(H),aec Ci(H)

defines a compatible By(H )-module structure on C;(H) .

Remark 6.1.15. Let C*(H) be the universal enveloping C*-algebra of L'(H) . It is called
the universal group C*-algebra of H. It has a coproduct dual to the multiplication on
L®(H), defined in terms of the minimal tensor product C*(H) ®, C*(H) = C*(H x H),
rather than the spatial tensor product. Its dual B(H) = C*(H)* is commutative Banach
x-algebra of bounded continuous functions containing A(H) and By4(H) as closed ideals.
In particular, W*(H) is a B(H)-module in a compatible way.

6.1.16. If (B, d) is a Hopf C*-algebra, an action of B on the C*-algebra is a non-degenerate
«-morphism ¢ : A — M(A, B) such that

(®id)os = (id®d)0d .
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If B= Cy(H), one says that ¢ is an action of Hon A.If B = C;(H), J is called a (reduced)
coaction of H on A.

Remark 6.1.17. There is a notion of full coaction where the universal group C*-algebra
C*(H) of H comes in. As we have noted above,

C*(H x H) = C*(H) ®,C*(H),

so in this setup one uses the minimal tensor product, rather than the spatial one. How-
ever, we are mainly interested in type I groups H, and for these, C*(H), and, as a quo-
tient of C*(H), the reduced group C*-algebra C;(H), are of type I. In particular, they
are nuclear, so all C*-cross norms on the algebraic tensor product with these algebras
coincide, by [Tak03, prop. 1.6].

An action of H in the sense defined above coincides with the usual definition, i.e.,
H acts by automorphisms on A. If H is Abelian, full coactions correspond exactly to
actions of the dual group H.

6.1.18. Similarly to the C*-case, if (N, d) is a Hopf von Neumann algebra, an action of
N on M is a normal *-morphism § : M — M®N , such that

(6®id)od = (idod)od.

If N =L%*(H), one says that J is an action of H on M, and if N = W*(H), ¢ is said to be
a (reduced) coaction of H on M .

Localisation, co-crossed products, and Toeplitz operators

The object of this subsection is to define a general notion of support for A(H)-module
structures which are naturally induced by coactions of H. We then define a large class
of ‘localised” C*-coactions, and, using the notion of (co-) crossed products by coactions,
show how these relate to “Toeplitz-type” C*-algebras.

6.2.1. Given a coaction ¢ of H on a von Neumann algebra M we can, as for W*(H),
declare an A(H)-action by

a-x=(id®wa)(é(x)) forall x € A(H),x e M.
Analogously, for a coaction ¢ of H on a C*-algebra A, we may define a B4(H)-action by
B-a=(id®pB)(é(a)) forall e By(H), acA.

This is well-defined by [LPRS87, lem. 1.5].

If M is a von Neumann algebra and M, its predual, we can define a right Banach
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space action of M on M, by
(wxx:y)=(w:x-y) foral x,ye M, we M,.

This is well defined, because multiplication in M is separately ultraweakly continuous.

6.2.2. Given an A(H)-module E, let
et ={a€A(H) |a-e=0} forall ecE
be the annihilator. It is an ideal e < A(H) , so we may consider the hull
suppe = suppg e = hull(e") = {m € SpA(H) | m D et} =Sp(A(H)/e"),

and we call this the support of e. Here, Sp A(H) is the maximal ideal space of A(H) . By
[Eymé64, th. 3.34], Sp A(H) = H, so

suppe={he€H|a-e=0 = a(h) =0 forall x € A(H)} .

It is easy to see that for E = By(H), one gets the usual support of functions, and by
[Eym64, rem. 4.7], if H is a Lie group, the support in W*(H) is just the usual support of
distributions. Similarly for M?(H) C W*(H).

6.2.3. Let E be an A(H)-module. Define

KE = {e €E ‘ supp e is compact} .

If E is normed, let £E denote the norm closure of KE.
A C*-coaction ¢ is said to be non-degenerate if for each non-zero f € By(H), there
exists B’ € By(H) such that

(B&P)os#0.

Equivalently, A ® C;(H) is the closed span of 6(A)(C ® C;(H)); or even, A = KA, by
[Kat84, th. 5] and [Qui92] (see proposition 6.2.4 (v) below for an alternative description
of KA). Hence this notion of non-degeneracy is the usual one for normed modules if
we consider the action of A(H) induced by .

Admittedly, this use of the term ‘non-degenerate’ is rather trite. Nonetheless, it
seems inappropriate to alter the prevalent terminology at this point, since its meaning
will always be evident from the context.

A related concept is the following one. We call E a regular A(H)-module, if

A(H)* ={ecE|a-e=0 forall x € A(H)} =0.

We collect some basic facts on supports. The proofs are standard, compare [Eym64,
prop. 4.8] or [NT79, lem. 1.2]. We give them for the reader’s and our own convenience.
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Proposition 6.2.4. Let A(H) C | C By(H) be a closed subalgebra, and E a normed
J-module.

(i). Lete € E such that suppe = @. Thena-e = 0 foralla € A(H). If E is regular,
then e = 0. Conversely, if suppe = & implies e = 0 for all ¢ € E, then E is regular.

(ii). We have

supp(a -e) C suppaNsuppe forall w €], ecE.
(iii). Lete € E. Any « € KA(H) vanishing on a neighbourhood of supp e annihilates
e,ie. a-e=0.Moreover, supp e is the smallest closed subset of H with this property.

(iv). We have
supp(A-e) =suppe and supp(e+e’) C suppeUsuppe’

forallA € C\0,e,¢ € E. Equality holds in the second formula if suppe Nsuppe’ = &.

(v). The sets KE and KE are J-submodules. If E is regular, then
KE={a-e|ac KA(H),ecE},
and KE is the closure of A(H) - E.

Proof of (i). Forallh € H, thereis a € e* such that a(h) # 0. Moreover, e* is a closed
ideal. The Tauberian theorem [Eym64, cor. 3.38] implies that e- = A(H), as required.

For the converse, let w - e = 0 for all &« € A(H). Since A(H) separates the points of
H, we have supp e = @ . By assumption, this gives e = 0, so E is regular.

Proof of (ii). Let h ¢ suppa. Take a neighbourhood & € U C H such that zx‘u = 0.
There is B € A(H) such that supp f C U and B(h) # 0. Then

Brlare)=(pra) e=0.

Hence, h & supp(« - e).
Leth € supp(a-e). For B € e, wehave B-(a-e) =a-(B-e) =0,s0p(h) =0.
This implies /1 € suppe.

Proof of (iii). Leta € KA(H), suppa C U, where U C H \ suppe is open. There
exists x € KA(H) such that supp x C Uand x = 1 onsuppa. Since a = « - x, we find
a-e=wa-(x-e). Now,

supp(x -e) C supp x Nsuppe = &
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by part (ii). Part (i) implies that a -e = a - (x - ¢) = 0. Hence, supp e fulfils the stated
condition, and it is, moreover, manifestly closed.

Let the closed subset C C H fulfill the conditions, and take & ¢ C. Then there is
a € KA(H), suppa C H\ C, such that a(h) # 0. But a - e = 0 by the first part, so

h & suppe.

Proof of (iv). The first formula is obvious. As for the second, let & € KA(H) vanish in
the neighbourhood of supp e Usupp e’ . Then a vanishes in the neighbourhood of supp e
and supp ¢’ . By (iii), this impliesa - (e +¢') = a-w+a - ¢/ = 0. Since we may assume
that a(h) # 0 for any fixed h & supp e U suppe’, the conclusion follows.

If suppe Nsuppe’ = @, leta € KA(H) be such thata - (e +¢’) = 0. Then
supp(a -e) = supp(a-€') C suppeNsuppe’ = &,
by part (ii). Let x € KA(H), x - « = «. Then part (i) implies
x-e=x-(a-e)=0,
and equally a - ¢/ = 0.

This implies supp e Usupp e’ C supp(e +¢’), by the definition of supp .

Proof of (v). By (iv), KE is a linear subspace of E, and by (ii), a J-submodule. By
continuity, so is KE.

By (ii), we have LA(H) - E C KE. On the other hand, let e € E, and choose a
compact neighbourhood K of supp e. There exists x € KA(H) such that X‘ ¢ = 1. Then,
foralla € KA(H),a —a-x =0on K. By (iii),a- (e —x-e) = (o« —a-x) -e =0.

Since KA(H) is dense in A(H), we find that
a-(e—x-e)=0 forall « € A(H).

If E is regular, this impliese = xy-e € A(H) - E. O

Proposition 6.2.5. Let (M, J) be a von Neumann algebra coaction.

(i). The A(H)-module structure on M is regular.
(ii). Forany x € M, supp x* = (suppx)~!.

(iii). We have the equation

suppx = |J supp(w ®id)(6(x)) forall x e M

wGM*

where we note that (w ®id)(6(x)) € W*(H) forall w € M, .
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(iv). Letx,y € M. If either x or y has compact support, then
supp(xy) C supp x - suppy .

Proof of (i). Letx € M suchthata -x = 0foralle € A(H). Then we have
(w@a:6(x))=(w :a-x)=0 forall we M,.

Since the algebraic tensor product M, ® A(H) is dense in (M&W*(H))., we conclude
that 5(x) = 0, and hence x = 0, J being injective.

Proof of (ii). Leta € A(H). Note that since ¢ is involutive,

(w: (a-x))=(w@a:0x)) =(wa”:6x%))=(w:a” x*) forall we M,

where (w* : y) = (w : y*). Hence, (x - x)* = a* - x*. Because 1" is an isometry on M
and and on A(H), and a*(s) = a(s™1) for all s € H, we conclude

(0-x=0= a(s)=0) < (a-x*=0= a(s"!)=0) forallse H.

Hence our contention.

Proof of (iii). We note the formula
(B:a(w®id)(6(x))) = (we(a-p) : 6(x)) = {w : a-p-x)

foralla,f € A(H), w € M,.
Let s € supp(w ®id)(é(x)). Then for « € A(H) such that « - x = 0, we find
a- (w®id)(d(x)) = 0. This implies a(t) = 0, so t € supp x. Inasmuch supp x is closed,

we infer that it contains the right hand side.

Conversely, let s & U,cum. supp(w ®id)((x)) . Then, by proposition 6.2.4 (iii), there
is a neighbourhood U C H of s such that

@ (w®id)(x) =0 forall we M., € CA(H), suppa C U.

Given any such «, thereis B € A(H) such that« - = a. The equation we initially stated
shows thata - x = - B - x = 0. Another application of proposition 6.2.4 (iii) shows that

s ¢ supp x, proving our claim.

Proof of (iv). Because of (ii), we may assume that supp y is compact. Let vy € KA(H)
define an approximate unit in C;(H) . Then, by lemma 6.2.6 (i) below,

O(y) =1limy 6(y)(1® ocX#) = limA/ (s*wap) y® s*ds ultraweakly in M®W*(H),
H
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where the integral converges since s — (s * a,) - ¥ has compact support by proposi-
tion 6.2.4 (iii). We deduce, for all w € M, and « € A(H),

(wewa: 6(xy)) zlimA/I{<w®oc 1 0(x) ((sxay) - y®s'))ds
— limA/I{ <w w0 ((s#ay) y) @axs ! (S(x)>ds
= lim)\/H (a: (wx ((sxay) y) ®@id)(6(x))s") ds .
Let U C H be a neighbourhood of the identity. Then there exists Ay such that
suppay C U forall A > Ag.

In particular,

(s*ay)-y=0 forall A >Ag,s & U 'U(suppy),
by proposition 6.2.4 (iii). Moreover, (iii) shows that
supp (w x ((s xay) -y) ®id) (6(x))s* C (suppx)s .

Hence,
supp(w ®id)(6(xy)) C (suppx)U 'U(suppy),

and since w and U were arbitrary, the claim follows from (iii). ([l

The following lemma was used in the proof of proposition 6.2.5 (iv), and will also be
useful in the sequel.

Lemma 6.2.6. Let J be a coaction of H on the von Neumann algebra M.

(i). Forx € Mand a € KA(H),

(5(x)(1®¢x\/#):/H(s*tx)-x@)s#ds in M&W*(H)

provided the integral on the right hand side is ultraweakly convergent.

(ii). Fora € KA(H) and B € B(H), we have the norm convergent integral

/H(zx-lB)*s’lds:/ a(s)B(s)ds in B(H).

H
(iii). Forx € M and a« € KA(H), we have
x®uc#:/ S(axs-x)1®s")ds in MOW*(H).
H

provided the integral on the right hand side is ultraweakly convergent.
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Proof of (i). For w € M, and B € A(H), we compute
/H<w®5 D (sxa)-x®@s") ds:/H,B(s)(w®s*¢x)(5(x))ds
:/ B(s) (sxa : (w®id)(d(x)))ds

= [ B6) (0 id) (3(x))a") (5) s
=(w®p:6(x)1xa")),

since (w ®id)(d(x)) € W*(H), and
(sx7v:y)=(yy')(s) forall y € KA(H),y € W (H),s€H,
by [Eymé64, prop. 3.7].

Proof of (ii). Because the integrand is norm continuous and has compact support, the
integral is normally convergent in B(H) = C*(H)*. Forallt € H

/H(oc -B)xs L(t)ds = /Hoc(ts),B(ts) ds = /H/x(s)/%(s) ds,
hence the assertion.

Proof of (iii). By (ii), we have for all w € M, and B € A(H),

/H<w®,3:(5((0(*5_1)-x)(1®s#)> ds = /<w®(ﬁ*s ):(5((04*5_1)-x)>ds

_/ ) %5 )~x>ds

:<w®,8:x®1x>,

proving the claim. U

Remark 6.2.7. The formulae in lemma 6.2.6 are cited in [Qui92, lem. 2.3], without proof
(although with references).

Corollary 6.2.8. Let (M, ) be a von Neumann algebra coaction. The A(H)-submodule
KM C M is a C*-algebra. In particular, this is true of KW*(H) C W*(H).

Proof. Leta, b € KM. Then, by proposition 6.2.5 (iv), supp(a - b) C suppa-supp b, and
is hence compact, i.e. a-b € KM. By continuity, this implies that XM is a subalgebra
of M. Since supp x* = (suppx) ! for all x € M, by proposition 6.2.5 (ii), KM is also

involutive. Since it is norm closed, it is a C*-subalgebra of M. O

Now we define a large class of C*-coactions which, as we shall see below, are intimately
related to C*-algebras of Toeplitz operators.
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6.2.9. Let J be a coaction of H on a von Neumann algebra M and £ C M such that
&* = &£ . Define
Ci(M,6) =C(n-e|acA(H),ec&)C M.

In particular, if (M, 6) = (KW*(H), éx), we write C§(H) = C5(M,d) . Then
S (H) = C(H) and Ciy. ) (H) = KW*(H) ,
where the second statement follows from corollary 6.2.8.

Proposition 6.2.10. Assume the conditions of 6.2.9 satisfied. Then ¢ defines a non-
degenerate C*-coaction on C§ (M, d) .

Corollary 6.2.11. For any £ = £ C W*(H), di defines a non-degenerate C*-coaction
on C;(H) . In particular, this is the case for C;(H) and KW*(H).

Proof of proposition 6.2.10. For the sake of brevity, we denote A = C:(M, d) . Lete € £
and o € KA(H). Then, forall p € KA(H) and b € C4(H),

S(a-e)(1® a"*b) = /H((s*tx) B-e) @sthds € A®Ch(H) .

Namely, the equation is true by lemma 6.2.6 (i). Moreover, « and B - e have compact
support, so by proposition 6.2.5 (i) and proposition 6.2.4 (i)-(ii),

s— (s*xa)-B-ec K(HA).

So, the integrand has compact support and is norm continuous. Hence the integral
converges in norm, and the statement is true.

Sincew-e,a € KA(H), e € £, generate A, and € is *-invariant,

-

0(A) C M(A,Ci(H)),

by [Bus68, th. 3.9], as required.
In order to prove that J defines a C*-coaction, by self-adjointness of A, C;(H) and

their tensor product, it remains to show that the span of §(A)(C ® C;(H)) is dense in
A®Cj(H). Letec E,a,p € KA(H),and a € C;(H). We have

(-e)(B-f)@r"b= [ 6((vxs™)-a-e)((B- ) ©") ds € S(AA S C(H))

Thesetofall (a-e)(B-f),e f € &,a p e KA(H) generates A as a Banach algebra,
because A = A - A, as follows, e.g., from Cohen’s theorem [HR79, thm. 32.50]. Simi-
larly, the span of v*b, v € KA(H), b € C;(H), is dense in C;(H). This implies the
required density result since the right hand side of the above equation is closed under
finite products by the first part of this proof. Hence, J is a coaction.
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The same argument, taking 1 in place of - f in the integral, shows that the subset
J(A)(C ® C4(H)) has dense span in A ® C;(H). Therefore, J is non-degenerate as a
coaction, and we have established our claim. [l

Remark 6.2.12. Our technique of proof is essentially borrowed from [Qui92, lem. 2.2,
lem 2.3, cor. 2.4].

6.2.13. Recall that
Wy e M(Co(H) ® Ci(H)) C L*(H)QW*(H) .

If « € A(H), then (id ®a)(Wy) € L*(H), if fact, one computes (id ®a)(Wg) = My,
the multiplication operator with symbol « .

This motivates the following definition: A unitary operator
WeL (H) QW™ (H) such that W12W13(WH)23 = (WH)23W12 ,

or, equivalently, Wi, Wiz = (id ®dp) (W), is called a corepresentation of A(H) .

The associated map
u:AH) — L(H) :a — (id®«a)(W)

is a non-degenerate x-representation of A(H) on the Hilbert space H .

Conversely, any such representation y gives rise to a corepresentation via
W= (p®id)(Wy) € LIH)QW*(H),

cf. [NT79, th. A.1 (b)].

Since H = Sp A(H), the universal enveloping C*-algebra of A(H) is just Co(H),
cf. [Dix69, 2.7.2]. A non-degenerate *-representation of A(H) can be uniquely extended
to one of Co(H) , by [Dix69, prop. 2.7.4].

6.2.14. Let J be a coaction of H on the C*-algebra A. Assume given a non-degenerate
«-representation of A on H , and a corepresentation W € L(H)QW*(H) with associated
representation y . Then (7, i) is called a covariant pair of representations if

(m®id)(6(a)) = W(mr(a) @ 1)W* forall a € A.

If B C L(H) is a C*-algebra acting non-degenerately, we say that (7, ) is a covariant
pair in B if 7t and y define non-degenerate *-morphisms into M(B) .

The von Neumann algebra M = 7(A)” is then the ultraweak closure of 71(A), by
non-degeneracy. If we define

dw(x) =W(x®1)W* forall xe M,
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then the covariance condition shows that Sy (7w(A)) C MRW*(H), and by ultraweak
continuity of dyy , we see dyy : M — M@W*(H) . Then dy is clearly normal and injective,
and it satisfies the coaction identity because this is true for its restriction to 77(A) .

This shows that éy is a von Neumann algebra coaction of H on M. We say that W
implements this coaction.

Proposition 6.2.15. Let (A,0) be a C*-algebra coaction and (77, 4) a covariant pair of
representations on H . Then

C(A, 1) = ((A) - p(A(H))) € L(H)
is the C*-algebra generated by (A)u(A(H)).
The proposition’s proof is preceded by a lemma.

Lemma 6.2.16. Let W € L(H)®W*(H) be a corepresentation implementing the von
Neumann algebra coaction d on M C L(H) . If u is the associated representation,

p(a)x € (x) and p(a)yu(p) € (y) forall xe KM,y e M, a,p € A(H),

where

(x) = (A(H) - x- u(A(H)))

is the norm closed linear span of all (¢ - x)u(¢), ¢, p € A(H).
Proof. Letwa,p € A(H), x € M. We compute
p(a)x = (Id@a)(Wx®1)) = (idow)(6(x)W) .
There exist nets aj, € A(H),j=1,2,such that« = lim, a;, x a3, in A(H) . Then
p(a)x = lim, (id ®ay, ) (1 ® a3, )6(x)W)  normallyin L(H).

Provided the integral is ultraweakly convergent, by lemma 6.2.6 (i), we have

(id ®a,) (1@ ahy)é(x)W) = <id Ruqy /H((IXE//\*S*1> -x) ®s*ds - W>
:/H(id@)(txmNs#))(((asz*s_l)-x®1)W) ds
:/H((‘sz)\*sfl)‘x)ll(l"u*sfl)dsz

#

because a1y x s* = ay, * s~ If x has compact support, the integral is normally conver-

gent, proving the first assertion.

For general x, to show that u(a)xu(g) € (A(H)-x-u(A(H))), we may assume
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w.l.o.g. that B € KA(H). We conclude

pl@)u(p) = timy [ (a3 +57) - x)n((wyy #571) - B) ds € (ACH) - p(ACH))]

because the function
(s — (212 x571). B) € K(H,A(H)),

and the integral inside the limit is hence normally convergent. This proves the second

assertion. O

Proof of proposition 6.2.15. Observe that
a-7(a) = (idea)(r®id)(é(a)) = n(a-a) forall ae A, a € A(H).

Hence, m(A) C M is an A(H)-submodule. By lemma 6.2.16, we find

u(a)xp(Byp(y) € p(a)x - (y) C ((A(H) - x)(A(H) -y)u(A(H))) € C*(A, 7, 1)

forall x,y € m(A), a,B,v € A(H). Hence, C*(A, 1, u) is closed under products. More-
over, lemma 6.2.16 also proves it is invariant for the involution *. Since C*(A, 7, ) is

norm closed, it is a C*-algebra. O

6.2.17. We have seen that W is the corepresentation associated to
M:A(H) — L(L*(H)) : & +— M, .

Hence, the coaction identity shows that (6,1 ® M) is a covariant pair of representations
in A ® K(L*(H)) for any C*-algebra coaction (A4,4) .

By proposition 6.2.15,
A®sCo(H) =C*(A,5,1@ M) C M(A®RK(L*(H)))

is a C*-algebra, called the co-crossed product of A with H. From the non-degeneracy one
concludes easily that 71(A) U u(A(H)) C M(A®sCo(H)).

By [LPRS87, th. 3.7], the co-crossed product A ®5 Co(H) can be characterised by the
following universal property: (4,1 ® M) is (up to isomorphism) the unique covariant
pair (77, i) such that for any covariant pair (77, u’) of non-degenerate *-representations,
there is a *-morphism ¢ : C*(A, 7, u) — C*(A, 7/, u') satisfying

dr(a)u(a)) = ' (a)y'(x) forall ace A, a € A(H).

We define 7’ @; p' = 0.
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Similarly, if (M, J) is a von Neumann algebra coaction, the von Neumann algebra
M&;L®(H) = [(M)(12L°(H))]" ¢ M&L(L*(H))

is the ultraweakly closed span of §(M)(1 ® L*(H)), and is called the co-crossed product
of M with H .

6.2.18. Let M C L(H) be a von Neumann algebra and J a coaction thereon, imple-
mented by a unitary W € L(H)Q@W*(H). Take £ C Msuchthat* =& =€ - & (wedo
not assume & is a linear subspace). Define the Toeplitz C*-algebra

Te(M,0) =C*(ep(a)f |e,f €&, 0 € A(H)) C L(H) .

Typically, £ = {e} where e is a projection. If (M, §) = (W*(H), éy) and e is the projection
onto Hardy space, the Toeplitz C*-algebra is the C*-algebra generated by the Toeplitz
operators eMye, as it should be.

Proposition 6.2.19. Given the conditions of 6.2.18, we have

Te(M,6) = (€ -C*(C5(M,6),id, pt) - €) = (€ - (id @sp) (Cx(M, 8) ©5 Co(H)) - E) ,

the closed linear span of eay(a)f, fore, f € £,a € C5(M,6),and a € A(H).

In particular, if e € M is a projection,

Proof. Since 7¢(M, ) is a C*-algebra, Cohen'’s theorem applies to it. Hence, it is gener-
ated as a Banach algebra by products

eu(a)fu(p)g with e f,ge&, apeA(H).
By lemma 6.2.16,
ep(a) fu(B)g € e(f)g € €-C*(Ce(M,6),id, p) - £ .

Inductively, we find that the Toeplitz C*-algebra is contained in the right hand side.

On the other hand, let A be the C*-algebra generated by u(a)eu(B), «,p € A(H),
ec&.ThenE-A-ECTg(M,9).

Leta, B, v € KA(H). We have, by [NT79, th. A.4],

(") )u(r) = [ plaxt™) e p(Brt™)-7)dt,
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the integral being ultraweakly convergent. Since

X Hx H—C: (s,t) > B(st)r(s) = ((Bt7)-7)(s)

is a function in KA(H x H) by lemma 6.2.21 below, we may write x = Y% ¢; ® ¥; in
A(H x H), for some ¢;, ; € KA(H) . We find that B+ t~1 -y = Y22 () - ¢;, s0

I
™2

-
Il
o

((axp)-e)u() = L [ plaxt™) e g(t)at - ug)

I
e

plaxp!)-e-u(e;) -

~
Il
o

Since, for all ¢, p € A(H),
[(ax ) e p(@)|| < flax gl - lell - ol
|

<
< ey - [[lles - llell - llae = lleclly - flell - [lo @ ¢l

the mapping ¢ ® ¢ — u(a * " )eu(¢p) is continuous for the topology of Co(H x H).
Since the series for x converges in this topology (it being weaker than the usual one on
A(H x H)), we conclude ((x*B")-e)u(y) € A.

If )y € Co(H) is an approximate unit, p(ay)(B-e)u(y) — (B -e)u(y) in norm for
all B,v € A(H). This shows that as a C*-algebra, C*(C%(M, d),id, u) is generated by
(a-e)u(B),n, p € A(H). Therefore,

C*(C3(M,4),id, u) C A,

and hence the conclusion. O

Remark 6.2.20. The use of the universal enveloping C*-algebra Co(H x H) of the com-
mutative Banach *-algebra A(H x H) in the proof of proposition 6.2.19 is essential.

The appropriate framework to treat completions of the tensor product A(H) ® A(H)
directly would be that of operator spaces.

For, if M and N are von Neumann algebras, then, in the category of operator spaces
and completely bounded maps, (M®N), = M.&®N,, the projective tensor product of
operator spaces, by [ER00, th. 7.2.4].

Note that in [ER03], Effros-Ruan develop the theory of Hopf von Neumann algebras
in this framework.

The following lemma was used in the proof of proposition 6.2.19.

Lemma 6.2.21. Leta,f € KA(H). Then v € KA(H x H) where

y:HXxH—C:(s,t)— a(st)B(s)
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Moreover, ||'y||A(HxH) < H“HA(H) : ||5||A(H)-

Proof. Forall f,¢ € L'(H), we have

/H/Hf(S)g(t)v(s,t) dsdt‘ - '/H(f* (B-8))(Ha(t)dt

<A 11CB - &)F(| - Hleelarry
<A 1821 Nl e - 1B Ay
= [(f@)*|| - Nl age - 1Bl a) -

Since L' (H) ® L'(H) is dense in L} (H x H), this implies that

v €Bs(Hx H) and  {|7llp,rxr) < lllae) - IBllaca -

Since vy has compact support, [Eym64, prop. 3.4] entails the lemma. —————— [

Local regularity, compact operators, and irreducibility

6.3.1. We shall now restrict attention to the von Neumann algebra M = W*(H), act-
ing on the Hilbert space L*(H). Also, we assume & consists of a single projection
e € W*(H). Then the coproduct 6 = Jy is a von Neumann algebra coaction, and to-
gether with the representation M : Co(H) — L(L*(H)) : f — My by multiplication
operators, forms a covariant pair (6, M) whose associated corepresentation is the funda-
mental unitary W = Wy .

Since ¢ is the dual coaction of the trivial action of H on C, Takesaki’s duality theorem
[NT79, th. 2.5] states that

id @sM : W*(H)®; L®(H) — L(L*(H))
is an isomorphism which, by [Val85, lem. 5.2.8], restricts to an isomorphism
id ®sM : Cj(H) ®; Co(H) — K(L*(H)) .

By proposition 6.2.19, we get the equality

T.(H) = e[(id ®sM)(C; (H) ®5Co(H))]e = e (aMy | a € C;(H), « € A(H))e
for the Toeplitz C*-algebra. Hence, there is an obvious way to proving when 7.(H)
contains the ideal of compact operators on the range of e.

Lemma 6.3.2. The C*-algebra C;(H) is an ideal of KW*(H). In particular, we may
consider CW*(H) C M(C;(H)).




6.3. Local reqularity, compact operators, and irreducibility 211

Proof. Clearly CW*(H) is dense in CW*(H) and KA (H) is dense in A(H). So, consider
x € W*(H) with supp x compact and « € KA(H). Let xa € A(H) be the element
defined by the natural W*(H)-module structure on its predual A(H) .

By [Eymé64, prop. 3.17],
xa* = (xa)* is convolutionby xa € A(H).

Since xa has compact support, it is contained in KA (H) C L*(H), so xa* € C;(H). Since
Ci(H) is involutive, it is a two-sided ideal.

As to the second statement, C;(H) acts faithfully and non-degenerately on L?(H),
so M(Cj(G)) is faithfully represented as the idealiser of C;(H) in its ultraweak clo-
sure W*(H), by the von Neumann density theorem and [Bus68, 3.9 theorem]. Since
KW*(G) € W*(G), this entails the assertion. O

Proposition 6.3.3. Let the projection e € W*(H) be of full support suppe = H. More-
over, assume that e is a.e. locally in A(H) , i.e.

A={geH|a ecA(H)forsome a € KA(H), a(g) # 0}

is a thick subset of H. Then C;(H) <C}(H).
Proof. Let v € KA(H), suppae C A. Let K C A be a compact neighbourhood of
suppa,and x € KA(H),1x < x < 14. Then

p=x-ecA(H), and infgx|yp|>0.

Since A(G) is Shilov-regular, there is ¢ € KA (H) so that (¢ - )|, = 1, cf. [Eym64, proof
of prop. 4.4]. Then

a.qo.e:lx.go.x.e:[x.qo.lpz[x,

whence a € C#(H). Since A is thick, {a € KA(H) | suppa C A} is dense in L'(H) and
hence in C;(H). Thus, C;(H) C C;(H), and by lemma 6.3.2, itis anideal. —— O

Proposition 6.3.4. Let the projection e € W*(H) have full support and be a.e. locally
contained in A(H). Then K(eL?(H)) < 7,(H), in particular, the latter is faithfully and
irreducibly represented on e L*>(H) .

Proof. By proposition 6.3.3, C;(H) C C;(H),so by 6.3.1
K(L*(H)) = (id @sM)(C4(H) ©5 Co(H)) C (id @;M)(C; (H) @5 Co(H)) -
Since K(eL?(H)) = e K(L?*(H)) e, we have

K(eL?(H)) C e[(id @sM) (S (H) 05 Co(H))]e = To(H)
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by proposition 6.2.19. Now the irreducibility follows from Schur’s lemma, because
K(eL?*(H)) = L(eL?*(H))' = C

by the von Neumann density theorem. The representation is obviously faithful, since
we have realised 7,(H) by operators on e L>(H) . O

Corollary 6.3.5. The conclusion of proposition 6.3.4 is true if H is a Lie group, e has
full support, and sing supp e is thin. In particular, it applies to the Szego distributions
e = Ef' associated the subgroups G r,1 of G = Autg B where B is an irreducible bounded
symmetric domain.

Proof. Sulffices to remark that D(H) C KA(H), by [Eym64, prop. 3.26]. ——— O

Asymptotics, singularities, and representations

Fourier coefficients and covariant pairs

7.1.1. In proposition 6.2.19, we have represented the Toeplitz C*-algebra 7.(H) associ-
ated to a projection e € W*(H) as a ‘corner’ of a co-crossed product. This suggests that
its representations should be constructed from covariant pairs (7, j¢) of representations
mof C;(H) and u of A(H).

Having the application to Toeplitz operators defined by the Szegé distribution E on
G and its subgroups G, X H,. in mind, we shall be interested particularly in the case
where y is restriction to a closed unimodular subgroup H . To see how this fits into our

framework, we cite the following theorem.

Theorem 7.1.2. Let H C H be a closed unimodular subgroup.

(i). The restriction map
resp : A(H) — A(H) : a0 — al,
is well-defined, and an extremal epimorphism of Banach spaces. Le., the induced map
A(H)/ ker resg — A(H)
is an isometry.

(ii). The adjoint exty = res; coincides on M’ (H) with the natural injection into
MP(H). 1t is an ultraweakly continuous isometry W*(H) — W*(H), whose image
is the set

W5 (H) = {x e W(H) | suppx C H} .
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In particular, for all x € W}, (H), there exists a unique x5 € W*(H) such that

(g - xg) = (w:x) forall a € A(H). (7.1)

Proof. This is the content of [Her73, th. A and th. 1] and [TT72, th.3]. ——— [

7.1.3. The equation (7.1) and [Eym64, (3.16) and prop. 3.17] show that resg and its
adjoint are algebra morphisms and A (H)-module maps.

In particular, # = resp is a non-degenerate representation of A(H) on the Hilbert
space L?(H) . Moreover,

Wf(s,t) = (Wyg)f(s,t)=f(s,s't) forall s€e H,t€ H, f € L*(H x H)

clearly defines the associated corepresentation. Note (id ® exty ) (Wg) = Wy 5.

7.1.4. For the remainder of this subsection, we fix a closed subgroup H C H, and we
assume H and H are both unimodular and of type 1. Denote their reduced duals by
Hj and Hj' . These are precisely the sets of irreducible x-representations of the reduced
group C*-algebras Cj;(H) and Cj(H), and they extend to normal morphisms on the von
Neumann algebras W*(H) and W*(H).

Fix projections e € W*(H) and ¢ € W*(H), such that ¢ < e. For almost every
7t € Hy , assume given a sequence 7w = (71,) C Hj' converging to co. This means that 7t
is eventually contained in the complement of every quasi-compact subset of Hj' in the
Jacobson topology. Assume given a sequence of G-equivariant isometries jr = (jrx)

Jk = Jnk: <I:I>7'r - <H>nk ’

such that
jimi(a-e)jy — 7(a|y-e) forall « € A(H) (7.2)

in the weak topology on L((H) ).

The image 77(« - e) can be thought of as a generalised Fourier coefficient of « - e. Then
the above relation could be viewed as a boundary condition on the Fourier transform
of a - e. We shall now see how such a spectral boundary condition gives rise to a repre-
sentation 77 of C}(H) on Ci(H) which is covariant w.r.t. the restriction representation
i = resg. Moreover, the associated representation 7w ®s p of the co-crossed product
restricts to a representation of 7,(H) .

Proposition 7.1.5. Assume the spectral boundary condition 7.1.4 given. Then, for every
a € Ci(H), there exists @ = gz (a) € Ci(H) such that

7t(a) = limy jy 7t(a) jr  strongly in  L((H) )
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for a.e. 7 € Hj . This defines a surjective *-morphism
g : Ci(H) — C;(H) sothat mp(a-e)= DC‘H -¢ forall « € A(H).

The proof of this proposition requires a series of lemmata.

Lemma 7.1.6. Assume that the spectral boundary condition 7.1.4 is satisfied. Then the
convergence in (7.2) is strong, and

limy || (1 = jji) me( - e)jep|| =0 forall p € (H), , a € A(H) .

Proof. Recall that # denotes the left regular representation of H on L?(H) . Define or-
thogonal projections ¢, and pi on (H), ® L*(H) and (H )z, BY
ep = (me@#)(e) and  pp = jifi -
Set
Ar=(r@De(p®l) and CG=(1-p)@e(k@1).

Then
Af+CiC = (i @Dex ((pe+1—pr) @1) e (jy ® 1) = A

If o9 € L2(H), then for a =g x1',wehave
e | Av@y)=(ku®e|e (ko) @) = (u] jim(a-e)jv)
forall u,v € (H) - . Hence,
(u@e|Avv@p) — (u| ﬁ(tx\H-e‘)v) =uRe|(T#)(@E)vey),

by (7.1). So, A converges weakly to a projection p = (7T ® #)(e) .
By G-equivariance of ji,

p=Uk@D)(m@#)@)(k ®1) < (k@1 e (jy ©1) = Ax,

and [p, A¢] = 0. Since the product of commuting positive operators is positive, and
A2—p = (A—p)(Ac+p), wefind p < A2 < Ay — p,s0 CiC, = Ay — A2 — 0in
the weak topology. But this means that C; — 0 in the strong topology. Analogously, the
weak convergence of A? implies the strong convergence of Ay, so the convergence in
(7.2) is strong. (]

Lemma 7.1.7. Assume the spectral boundary condition 7.1.4 fulfilled. For all finite se-
quences (¢;) C A(H),

limy j; D—L 7 (aj - e)}jk = H]. 7t(aj|y-€) stronglyin L((H),).
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Proof. By lemma 7.1.6, for all j, the sequences (j7tx(«; - p)j, ) are bounded and strongly
convergent. In particular, their product converges strongly. Moreover,

limy ity (a1 - €) (1 — i jg ) e (a2 - €)j, = 0,

so we deduce

timy [T, i (e - €)= limye i me(e - €) [ + (1= jifit) ] me(ez - €) i T i - €)jx
i>2

= 7:[(061 ’H . 6_) limkaﬂk(az . E)jk H]‘Zﬂk(“j . e)jk .
j>2

Inductively, the claim follows. U

Proof of proposition 7.1.5. Let A C C;(H) be the dense x-algebra generated by the set
{a-e|a € A(H)}. Since e* = e, A is the linear span of

(a1-e)---(ap-e) where n€N, («;) CA(H).

Define gz ((a1-€) -+ (an-e)) = (a1 ‘H -€) - (an| g - €) and extend linearly. We need to
see that 7157 is well-defined. To that end, let

Zj( 1" e)- - (Dén]-,j . e) — Zj(ﬁlff e)- - (ﬁmj,j . e) .

By lemma 7.1.7, for a.e. @ € Hj
1 j
ZjHﬁ(aij‘H -8) = limy j Z]-H”k(“z’j -e) Ji
=1 —1
1 lmj ml
= limy ji Z]'H”k(ﬁij “e)jk = Z]Hﬁ(ﬁll‘H 2) .
i=1 i=1

So 7ty is well-defined, in fact, a *-morphism. Moreover, for alla € A and a.e. T € Hj,
we have for a = mz(a),

1@ < supy [ (@) < flall -,
from the uniform boundedness principle. So,
2]l = esssup [|z(a)]| < [la]| ,

cf. [Tak76]. By continuity, 75 extends to a *~morphism on C;} (H) whose image is man-
ifestly C:(G) . Moreover, 71 is given on A by strong limits as stated above. Since 7ty is

a contraction, this formula extends to all of C}(H) . O
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7.1.8. We introduce the following uniform notation for matrix coefficients,
AT (8) = (u|m(g)v) forall g€ H,u,ve (H), .

Moreover, we abbreviate AT = AT, A, = A, and A’[w =A%

Proposition 7.1.9. Assume given the spectral boundary condition 7.1.4. If C}(H) acts
non-degenerately on L?(H), then (7, resy) is a covariant pair of representations on
L%(H) for the coaction § = dy on C}(H). The non-degeneracy condition is fulfilled if &
has full support and is a.e. locally contained in A(H) .

Proof. If C;(H) acts non-degenerately on L?(H), 75 is non-degenerate. If ¢ has full
support and is a.e. locally contained in A(H) , proposition 6.3.3 shows C;(H) C C;(H),
and the former acts non-degenerately.

Leta € A(H),a € C:(H) and b € C;(H). Write 7 = 7. Then, for a.e. 7 € Hj,

(7 @#)[(m @id)(6(a - €)(a @b))] = limy(jz ® 1)[(71x @ #)6(ax - €) (71 (a) @ b)] (ji, @ 1) -

7

Let ¢, € L>(H) and set B = ¢ ¢V . Forall u,v € (H)

(@] (m@#)(0(a)vop) = (A, @B : 6(a)) = (A, : -a) = (u| m(B-a)0v) .

Consequently, if we take B = bg * ¢V, forall u,v € (H) ..,

(Gkw) @ ¢ | (e @ #)(d(a - e)) (mi(a) @ b) (jkv) @ ) = (x| 7mi(ap - €) (@) ji0)
which converges to
(| 2[(wBly @) 7)) = (Buniar @Bl = (el -0))
= <Au,ﬁ({2)v ®p: Ad(W)(a|g-e®1)

~(ueg

(T #) [Ad(W) (a] 5 -2@1) ((a) @ b) 0@ )
where we denote W = Wy ; and 4 = 71(a) . Since 77 and Cj;(H) are non-degenerate,

(m@id)(d(a-€)) = Ad(W)[a,-e®1],

which is the required covariance condition. U
Remark 7.1.10. Observe the following consequence of proposition 7.1.9.

Assume that C}(H) acts non-degenerately. We noted in 6.2.14 that the covariant pair
(7, u) = (7, resy) defines a von Neumann algebra coaction of H on the bicommutant
7(C;(H))" = W*(H) . The relation Wy ;; = (id ® exty ) (Wg) shows that

(id®a)(Ad(Wy g)(a®1)) =a|g-a forall « € A(H), ae C;(H),
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in particular, 7 = 7z is A(H)-linear (even By(H)-linear).
Theorem 7.1.11. Assume that the spectral boundary condition 7.1.4 is fulfilled. If the
C*-algebra C:(H) acts non-degenerately on L?>(H), then
op(eae) = e (g ®sresy)(a)é forall a € C;(H) ®; Cy(H)
defines a non-degenerate *-representation of 7,(H) on ¢ L>(H) . Moreover,

0i(Ts) = Tpr forall f € Co(H)

where Ty = eMye, Ty = éMye are the Toeplitz operators of symbol f .
The non-degeneracy condition is satisfied if & has full support and is a.e. locally con-
tained in A(H) . In this case, ¢y is irreducible.

Proof. We need to ascertain the well-definedness of ¢ = ¢ . To that end, we abbreviate

v = g Qs resg. Leta € Ci(H) @5 Co(G), so that eae = 0. By lemma 6.2.16 and its

proof, forallb,c € C;(H) ® Co(H), bec € C}(H) ® Co(H) and v(bec) = v(b)eév(c).
Write a = a; - a for some a1,a; € C;(H) ® Co(H) (Cohen’s theorem). Then

v(b)ev(a)ev(c) = v(b)éev(ar)v(az)ev(c) = v(beay)v(azec) = v(beaec) =0

forallb,c € Ci(H) ®s Co(H) . Since v is non-degenerate by assumption, év(a)e = 0, and
0 is well-defined.

Clearly, o is linear and involutive. Furthermore,
o(eaebe) = ev(aeb)e = év(a)ev(b)e = o(eae)o(ebe) forall a,b € Ci(H) ®sCo(H),
s0 ¢ is a *-morphism. Since (7, resg) is a covariant pair,
v(aMy) = mtg(a)Mpp  forall a € C;(H), f € A(H) .

This implies that o(Tf) = Tyg for all f € A(H), and by density, for all f € Co(H).
Hence, ¢ is surjective onto 7;(H) , and in particular, non-degenerate on ¢ L?>(H) . If ¢ has
full support and is a.e. locally contained in A(H), then proposition 6.3.4 shows that ¢ is
irreducible. U

7.1.12. Let e be central, i.e.
Ad(g)(e) = cqule) = g'eg ™ =¢ forall g€ H.
Then C;(H) is Ad(H)-invariant. What is more, if we set

doj = Ad((g,9)*(1,h)s) forall g,h e H,
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thend : H x H — Aut(C}(H) ®s Co(H)) is an action of H x H.

If (77, u) is a covariant pair of representations of C;(H) for the coaction § = dy, then

(@5 ) 0 dgyy) (5(a)(1 @ f)) = m(Ad(g™)(a) ) u(g * f  h)

foralla € C:(H), f € Co(H), since § o Ad(g*) = (g,9)* 0 5. Here, recall that for all
te H,(gxf*h)(t) = f(g 'th). Moreover,

(7', 1) = (mo Ad(g™™), pog* o hy)
is a covariant pair of representations such that

7@ = (TR p)odyy,,

cf. [LPRS87, lem. 5.4]. This establishes a natural action of H x H on the set of non-
degenerate representations of C;(H) ®; Co(H) . With this in mind, the proof of the fol-
lowing corollary it straightforward.

Corollary 7.1.13. Let the spectral boundary condition 7.1.4 be satisfied, and assume that
e is central and ¢ has full support and is a.e. locally contained in A(H). Let ¢, h € H,

71#)

Topn-1 = T 0 Ad(g and  resyp, 1 = resg og” ohy .

Then
0grn-1(eae) = & (Typy1 ®5 Hopy-1)(a) @ forall a € Cj(H) ®,Co(H)
defines an irreducible *-representation of 7,(H) on ¢ L?(H) such that
0giin-1(Ty) = Toupsnm forall f € Co(H) .

7.1.14. A feature of the construction of representations of the Toeplitz C*-algebra is that
it behaves naturally under restriction to subgroups. To emphasise the dependence of 05
on H, we also write Qg .

Corollary 7.1.15. Let H; C H, C H be closed subgroups such that H, satisfies the
spectral boundary condition 7.1.4 relative H, and H; satisfies it relative Hy. Then H;
satisfies the spectral boundary condition relative H .

If the projections e; € W*(H;) and e, € W*(Hy) have full support and are a.e. locally
contained in the Fourier algebra, then, for the representations from theorem 7.1.11,

H _ H _ _H H H
0m, = 0, ©0x, and  ker g, <ker ¢y

holds, and similarly for their shifted versions from corollary 7.1.13.
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Proof. Clearly, we can concatenate the respectively H>- and Hj-equivariant embed-

dings j2 and j; and choose an appropriate enumeration of N? to get Hj-equivariant

embeddings of t! € Hj), into 71, € H' . The convergence statement is then also trivial.
As to the formula for the representation of the Toeplitz C*-algebras,

off, (Ty) = eiMyimer = @i (e2Mpimye2) = ot (off, (Ty))

forall f € Co(H), by theorem 7.1.11. Hence, the inclusion of kernels. ——— [

Supports at infinity

In the construction of representations of 7,(H) from the spectral boundary condition

7.1.4, we considered limits of sequences By - e where B € By(H) were B = AF for

U,jr v
fixed u,v € (H )~. In order to verify the spectral boundary condition in the]i:oﬁcrete
situation of the Szego distributions, we need to compute the limits of B - e. A first step
in the computation of these limits is to bound their support. Therefore, it is useful to
have general principles at hand which allow for such estimates.

7.2.1. Since C;(H) is an A(H)-submodule, E = W*(H)/Cj;(H) is an A(H)-module.

Hence, the notion of support makes sense, and we define the singular set
sing x = suppg[x] forall x € W*(H).

Clearly, if x is locally integrable at ¢ € H, then ¢ ¢ sing x. In particular, if H is a Lie
group, sing x C singsupp x.
Moreover, if 8 = (B;) C B(H) is a norm bounded sequence, let supp™ 8 be

supp® B = (J{E C Gclosed | Va € KA(G) : suppa C G\ E = lim; ||« - B;|| =0} .

i.e. the smallest closed subset of H such that for all « € KLA(H) vanishing on a neigh-
bourhood of its complement, & - ; — 0 in norm. This is the support for the A(H)-
module

(*(N,B(H))/co(N,B(H)),

by proposition 6.2.4 (iii).
Proposition 7.2.2. Let B = (B;) C By(G) be bounded, such that lim; 8; = 0 a.e. on H.
For any x € W*(H) such that ¥ = lim; ; - x exists in c(W*(G), A(G)),

supp X C sing x .

Proof. Boundedness and pointwise a.e. convergence f; — 0 implies convergence in
o(Bs(H),L'(H)) by the dominated convergence theorem. The o-topologies induced by
L'(H) and C}(H) coincide on bounded subsets, because L!(H) C Cj(H) is norm dense.
Hence, B; — 0in o(Bs(H),C;(H)) .
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If « € KA(H) is such that suppa Nsingx = @, then o - x € C;(H) by proposi-
tion 6.2.4 (iii). This implies

(v :a-x)=1limj(Bj : y-(a-x)) =0 forall v € A(H),

so a - ¥ = 0, and the assertion follows by proposition 6.2.4 (iii). O

Proposition 7.2.3. Let B = (B;) C B(H) be bounded. For any x € W*(H) such that
X = lim; B; - x exists in the ¢(W*(H), A(H))-topology,

supp ¥ C supp™ .
Proof. Leta € A(H) such that lim; ||« - B;[| = 0. Then

lec - || = iy [|oc- B - x|| < [J]| - Timy [Jac- B} = 0,

so « - X = 0. The assertion follows from proposition 6.2.4 (iii). O
Proposition 7.2.4. Let H be a Lie group and g = (B;) C B(H) be smooth. If ¢ € H
is such that f; — 0 uniformly with all derivatives, locally on a neighbourhood U of g,
then ¢ & supp® .

Proof. Let ¢ € D(H) be such that ¢(g) # 0 and supp ¢ C U. We have ¢ - B; — 0in
the usual (LF) topology on D(H) . By [Eym64, prop. 3.26], this topology is finer than the

norm topology of A(H) . Hence, g ¢ supp™ 8, by 6.2.2. O

7.2.5. Besides being useful in the computation of the limits of B - e, as we shall see
below, the concept of singular set also has consequences for the kernels of the represen-
tations ¢ constructed in the previous subsection.

Proposition 7.2.6. Let the spectral boundary condition 7.1.4 be verified, and assume
¢ has full support and is a.e. locally contained in A(H). Then Cj(H) < ker 7r;7, and
consequently K(¢L2(H)) <ker o .

Proof. The proposition is an immediate consequence of proposition 6.3.3 and the fol-

lowing lemma. U

Lemma 7.2.7. Assume the spectral boundary condition 7.1.4. If 2 € C}(H) is such that
singa N supp“(A;-‘ku) =@ forall ue (H).

a.e. T € Hj and (71;) associated to 7, then 7z (a) = 0.

Proof. Fix mand u € (H) ., and write @ = rtz(a). Foralla € A(H),

(alg: Bu-2) = (| 7(a] - 2) )

:llmk (jku . ﬂk(“'ﬂ)jkv) :hmk <IX . A;-(ku.ﬂ> s
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by proposition 7.1.5. Hence,
Ay-a=limgAf, -a in o(W'(H),A(H)),

where we consider W*(H) C W*(H), by theorem 7.1.2. Since 71, — oo in Hj', A;‘k ,—0
a.e. on H, by the Riemann-Lebesgue lemma [Dix69, prop. 3.3.8, 18.2.4].
By propositions 7.2.2 and 7.2.3,
supp(A, - @) C singan supp“(A}‘ku) =0.
As a submodule of its bicommutant, C;(H) is a non-degenerate A(H)-module, by pro-
position 6.2.5 (i). Proposition 6.2.4 (i) implies that A, - @ = 0. Thus, 77(a -a) = 0 for all
a € A(H). Since this condition is verified for a.e. 7 € Hj', we have a - = 0 for all

a € A(H). Again applying non-degeneracy, @ = 0. O

Computation of the limits

7.3.1. We now wish to apply the theory developed above to construct representations
of the Toeplitz C*-algebra 7 (G) associated to the Szego distribution E of the connected
automorphism group G = Auty B. The subgroups G, x H, . associated to the faces of
()~ are unimodular and of type I. While the construction of the representations for all of
the faces seems a rather ambitious project, the facial subgroups G = G, (where ¢ = 0)
appear to be more tractable. We only treat this case.

We need to make some additional assumptions. First, we assume Z is classical. Then
we have constructed embeddings of the discrete series of G = G, in corollary 5.2.25.
(For the holomorphic discrete series, we have done this general, cf. proposition 4.3.4.)
Assuming that the Z(§)-finiteness condition in corollary 5.4.6 can always be satisfied,
we have embeddings of all parabolic Q-series, and therefore, of a thick subset of the
reduced spectrum of G} .

We need to see that these embeddings give rise to an appropriate spectral boundary
condition. To do so, we use the following idea: If the sequences B - E we shall be con-
sidering lie in a sequentially compact set, to show that they converge to some prescribed
limit, it would sufficient to see that all convergent subsequences have the same limit. To
apply this idea, we establish the following compactness result.

Proposition 7.3.2. If H is countable at infinity, then the unit ball B(W*(H)) is a compact
metrisable space in the c(W*(H), A(H))-topology, in particular, sequentially compact.
Proof. The unit ball B(W*(H)) is a 0(W*(G), A(G))-compact subset of W*(H) by the
Alaoglu theorem. We need to prove metrisability of B(W*(H)), and this follows from
the separability of A(H) . Suffices to validate the latter.

Since H is countable at infinity, L?(H) contains a dense countable-dimensional sub-
space and is hence ||i||,-separable. By [Eym64, th. 3.25], A(H) consists of the elements
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@+ with ¢, ¢ € L?>(H), and

}W*#’VHA(H) < llollz - vl

by [Eym64, lem. 3.1]. Hence A(H) is ||u| o () -separable. O
Remark 7.3.3. The proposition is contained in [Mia99, proof of th. 3.7].

7.3.4. Fix a facial subgroup G = G, and for 7 in a thick subset of G}, let jT denote the
embeddings of 7t which exist under the assumptions of 7.3.1. For u € <C_§>7_[ , let Af’k be
the associated sequence of coefficient functions.

Lemma 7.3.5. Up to a set of set of measure 0, for the representations (71;) associated to
7 and ji = j, we have
limy ];: nk(E)].k =xc {O, 1}

where s = 1 or 0 depending on whether 7 is contained in H>(T') or not.

Proof. Any weak accumulation point of j; 7ty (E)j, is G-equivariant and hence scalar, by
Schur’s lemma. In particular, it suffices to check equality on a single vector. By construc-
tion of the embeddings, 7y is a holomorphic discrete series representation depending on

whether this is the case of 7T or not. Hence the assertion. O

7.3.6. Let « € A(G) and p be a sublimit of AM . E where AM is associated to the
holomorphic discrete series 715 of G.

If u € F4, the submodule of constant functions in <G>7T7\ = O*(B,Fz), propo-

sition 4.4.2 and proposition 7.2.4 imply that supp® (A{;\’k ) C KGK. If we had esti-
mates on the singular support of E, improving on proposition 3.4.7 in such a way that
singsuppE N (K- G- K) = G, then proposition 7.2.2 would imply that suppyu C G,
because of the Riemann-Lebesgue lemma [Dix69, prop. 3.3.8, 18.2.4].

Then by the following device, this could be extended to all vectors v € (G) . For
any element ¢ € G,

cg«(E) =E and AM o ) = A;}%k forall u € (G),

(§u k

7

8

SO

supp i C supp™ (AM) Nsing E C |J §KGKg ' nsingE C G forall v € (G)
g€G

-/
U

by proposition 6.2.4 (iv).

At this point, we do not have complete information on the singular set of E, so that
we can, as yet, not complete this argument (compare, however, the discussion of the
rank one case in part IV). Moreover, we need to have similar information for all series of

representations.
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To be precise, let, for a.e. 7T € G, ,a sequence () C GQ be given, and assume that
forany u € (G)_, and any weak sublimit # € W*(G) of the sequence Af - E, we have
supp # C G. We shall call this the support condition for G .

Theorem 7.3.7. Let the additional assumptions 7.3.1 and the support condition 7.3.6 be
given. Denote by E = E° the Szegd distribution of G = G,. The spectral boundary

condition,
ﬁ(oc’c- . E) = limy jyg(a - E)j, weakly forall « € A(H)

and a.e. T € G}, is verified.

Proof. We note that for u € (G) _,
so it suffices to prove
AT E=1imATF - E in o(W*(G),A(G)).

Forae 7 € Gy, and all u € (G)_, choose sublimits fiz, of AK . E. Since ATF
restricts to A on G, we have supp jiz, C suppAJ, and there exist distributions vz,
such that uz, = A - vz, .

We have
AT A} vz, = lim;lim; AT - Ay - E,
and, symmetrically,
AT A} vy = limjlim; AT - A7 - E,

where we omit the choice of subsequences from the notation. By corollary 7.3.11 below,
the double limits are equal, so

A} A

=
ST
=X

Vau = A ’AZ'Vﬁ,vz
and vz, = vz, on supp AT Nsupp AT. Letting u and v vary, we find that vz = vz,
independent of u. Since the embeddings jT are G-equivariant, we find that vz is a G-
central distribution.

By the same device, v = v is independent of 7. But then, for u in the Garding space

of 71, the Fourier coefficient
(u| w(W)u) = (A} : v)

makes sense. By lemma 7.3.5, it equals ||u||* or 0 according to whether 7 is a holomor-
phic discrete series representation or not. But then v coincides with E, since their Fourier
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transforms coincide. Hence, the limits of all convergent subsequences are equal, so the

limits exists and are of the required form. U

Corollary 7.3.8. For any facial subgroup G, = G and g,h € G, there exists an irre-
ducible *-representation

0Gon1  Te(G) — Tee(Ge) so that 0gg1(Tf) = E°M, fupi E° forall f € Co(G) .
Moreover, if I; = N, yec ker QgG ;1 for some rank j tripotent e/ € Z, then
K(H*(T))<lp<<---<I, 2T (G)

is an ascending chain of ideals.
Proof. Apply corollaries 7.1.13 and 7.1.15 and proposition 7.2.6 to theorem 7.3.7. U

7.3.9. In the proof of theorem 7.3.7, we used an exchange of limit theorem. To complete
the proof, we need to establish this technical device. To that end, we fix some notation.
In a normed vector space, the ball is denoted BB, and the sphere by S. The set of elements
in a subset A C A(H) which are of positive type will be abbreviated A . Moreover, for
a compact subset L C H, we let

ArL(H)={a € A(H) | suppa C L} .

Proposition 7.3.10. Let L C H be compact, and (x;) C B(W*(H)), («;) C S(AL(H))+
be sequences. Then

limi 11m] <£tl' : X]> = 11m] limi <0(,‘ . x]>
whenever the iterated limits exist.

Proof. The set E = B(W*(H)) is a compact Hausdorff space in the c(W*(H), A(H))-
topology. To prove the proposition, by [Gro52, th. 2, cor. 2], it suffices to prove that the
set A = S(AL(H)) is relatively compact in C(E) , endowed with the topology of simple
convergence.

To that end, observe that since the elements of A are linear, simple convergence on
points of E is equivalent to point-wise convergence on W*(H) . Furthermore, the set
L(W*(G),C) of linear forms is closed in CV' (1), so limits of nets in A are linear. Also,
Tychonov’s theorem implies that B(C)F is compact, so A is relatively compact in CE .

Remains to prove that the simple closure of A lies in C(E). Let (u,) C A be a
net converging point-wise on E to u € B(C)E N L(W*(H),C). The net (u,) is norm
bounded in A(H), and ||| 5(py) coincides on A(H) with the dual norm of W*(H) be-
cause ||y« () is the dual norm of A(H) by [Eymé4, th. 3.10]. Thus, we may apply the
Banach-Steinhaus theorem [Tre67, th 33.1, cor.], and u is norm-continuous on W*(H) .
In particular, it is norm-continuous on C;(H), so u € By(H) C B(H).
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The point evaluation have norm 1, so H C E. For any choice of finite sequences
(zj) cCand (g;) C H,

n n
D Zizju(gy ' g)) =limy ) Zizjua(g'gj) > 0.
i,j=0 i,j=0
Thus u is of positive type, and ||u|g(;y) = u(1) = lims us(1) = 1. Hence, u € S(B(H))+ .
On bounded subsets, the topology o(B(H), C*(H)) is weaker than the topology of point-
wise convergence, and A (H) is c(B(H),C*(H))-closed by [GL81, proof of th. B;]. We
conclude u € A = S(AL(H))+ . This proves the assertion. 0

Corollary 7.3.11. Let a € W*(H), x,y € W*(H), B,7¥ € S(B(H))+ and sequences
(Bi), (7j) C S(B(H))4 be given. Assume that

% Blg—ala B and g el 7
in A(H) foralla € A(H), and
x=1lim;B;-a and y=Ilim;vy;-a
inc(W*(H),A(H)) . Then
¥ - x = lim;lim; B; - ;- a = lim; lim; B; - yj-a =B -y .

Proof. Note that A(H) <B(H) . Fora € A(H), by (7.1),

(a| g y-x) =limj (a-v; : x) = lim;lim; (& : B;i-yj-a) .
Similarly, the other double limit exists. If « € S(A(H)) has compact support L, then
supp(a - 7j) Usupp(« - B;) C L. Moreover, a - B; and « - y; are of positive type. Since
the norm of a function of positive type is given by evaluation at 1, both products are
contained in S(Ar(H))+ . By proposition 7.3.10, the double limits are equal on « . By po-
larisation and [Eym64, prop. 3.4], the set S(A(H)) spans a dense subspace of A(H),
so we have equality on A(H). Since resg is surjective by theorem 7.1.2, the assertion
follows. U
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special case, a general strategy

In this final part, we develop, in section 8, the theory established in general above,
for the important special case of the unit disc. Here, slightly improved results on the
local and harmonic analysis of the group allow us to complete the construction of the
composition series of 7¢(G) with the help of the methods we have introduced before-
hand. The upshot is that even in this case, the composition series is longer than for the
Toeplitz C*-algebra defined on the Hardy space of underlying symmetric domain, the
unit disc, itself.

In section 9, we elaborate on the points where our results for the general case are
incomplete or preliminary, and give detailed indications on the further steps that have
to be undertaken to complete our programme, and on the required methods.

The case of the unit disc |

We give a complete account of the theory of the Toeplitz C*-algebra 7 (G) for the case of
the unit disc, where G = PSU(1,1) . The results were partially obtained in the master’s
thesis [A1199]. They were completed and published in [AU02], in an ad hoc form, tailored
to the group SL(2,R) , which is isomorphic to the connected double cover SU(1,1) of G.
Our present development of the rank one case is perhaps better adapted to the general
theory we have presented in the previous chapters.

Geometry of the minimal cone

8.1.1. The unit disc B = {z € C | |z| < 1} is the bounded symmetric domain corre-
sponding to the simple JB*-triple Z = C, with triple product given by

{uv*w} = uow forall u,v,we Z=C.

In particular, the set of all non-zero tripotents (which are all primitive) is just the unit
circle, as it should be, because the Shilov boundary 9;B equals the entire boundary for
rank 1.

The automorphism group of B is PSU(1,1) = SU(1,1)/Z,, where

SU(L1) = {(35) € €| laf — |B* =1},
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and the action is given by Mobius transformations. Its Lie algebra is
ogr = su(1,1) = {(;fa) |la€iR,peC}.

We relate the Jordan theoretic viewpoint to this matrix realisation. Consider the one-
parameter group k; = (e”/2

0 6,2/2) € SU(1,1) . We compute

d d it .
Ekt(z)‘t:():Ee -z‘tzozzz,

) Lo
1Z— = . .
0z 0 5

Similarly, consider the one-parameter group a; = (

ia (), = gcosht-z—ksimht| 1 (cosht-z+sinht>2’ 2
ar ! t=0  dtsinhf-z+ cosht't=0 sinhf-z+ cosht/ 't=0 !

0 01
Ce:(l—z2>azz<1 0)

for the tripotent e = 1. Hence, ar = R - ({ } ), so one calculates easily that the restricted
root spaces have the respective generators X* =1 (! “)and X~ =3 - (7' 7).
These matrices generate the one-parameter subgroups

so the generator is

cosht sinh ¢t
sinh t cosht) - Then

so its generator is

1+24 - . i

n = .2 2. and n, = 2
it 1— i it
2 2

it
IS

N
~

One then computes

d

; d _ ,
dtn?_(z)‘tzo =—5-(z— 1)2 and ant (Z)‘t:o =i (Z+1)2 )

so X = X* for e = 1. Now, we can determine )~ explicitly.

Lemma 8.1.2. For Z = C, the cone ()™ is

O =

R

75)[r>0,det =1~ |z]* > 0},

the three-dimensional forward light cone.

Proof. Recall from theorem 2.1.27 that Q™ \ 0 = R - co(Ad(K)(X,")) where e is an

229
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arbitrary primitive tripotent. So, we may take e = 1. We compute

1 i —iet
Ad(k) (X)) = 2 it forall t€eR.

As t varies, —ie'" runs through all points of the circle. Since B is the convex hull of its
extremal points, we find

co(Ad(K)(2- X)) = {2 = (1 %) |z € B}.

Note that det§ = 1 — |z| > 0if z € B. Hence ()~ is contained in the right hand side,
and the converse is also true, by dividing with r > 0. O

8.1.3. We note tg = tg = 3(kRr) for the unit disc. Hence, it is obvious that

_ _d Lo N
w :]R>-zde:]R>-<O _%>:w ,

since this cone is manifestly self-dual. Hence, Q" = Q.

The faces of these cones are easy to determine. For the zero flag 0 one gets, as usual,
the equality F(fg =QOF . For f = (e=1>0),wehave Zy(e) = 0,and Z;(e) = Z = C.
Hence, F(jlﬁro)’ [y = i (e) = R - X, . This is an extremal ray that generates a maximal
nilpotent subalgebra of (the Iwasawa ngr component) of gr . Finally, if f = (1,0), we

find F(jt1 0z = 0. At any rate, (O~ has non-trivial faces, unlike B itself.

8.1.4. Itis obvious that any orbit O C ()™° intersecting R, - iz % is G-isomorphic to the
underlying domain B = G/K, in this case, to B. From the above considerations, we can
describe this isomorphism explicitly.

Lemma 8.1.5. Define a map

@:QfoﬁB:éz%.(ir z )H@

zZ —ir z

Then @ is G-equivariant, and its restriction to any orbit is a bijection.

Proof. We observe that G = KNK, and that K fixes 3(¢r) = R - iz % and 0 € B. Hence
it suffices to apply elements k;n; . We have ki (0) = e - X . On the other hand,

ix—2 "
ay _ir 14+ 2 et - (ix — 2)
Ad(kn) (i) =5+ |, 7)) .
Under @, this element maps to
2
T it X
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proving the assertion. O

Singularities and asymptotics

8.2.1. For the case of the unit disc, the Szegd kernel has been known explicitly for a
while. In fact, a formula is given by Gel'fand-Gindikin [GG77]. Ol’shanskii [O1’95] has
determined it explicitly for the classical domains of type I, ; and III,, . The unit disc is, of
course, a special case.

The formula for the unit disc is easy to describe. For ¢ € T° = G - exp(iQ)™°), any
representative of v has a unique eigenvalue A of modulus |A| < 1. This eigenvalue is
uniquely determined by -y, up to multiplication by £1. By abuse of notation, we write
g(v) = A. Then

K = a o param) ~ Goam U rgmy ortrer

Note that the right hand side of this formula is well-defined, since it is independent of

q(z)z q(v)?

factors £1in g(7y).

Denote by N' C G = IPSU(1, 1) the unipotent cone, consisting of all elements of G
whose eigenvalues (as elements of the adjoint group) are all equal to 1. Since all Ad(g),
g € G, are special endomorphisms, this means that if Ad(g) has only one eigenvalue
A, it satisfies A2 = 1. Because A = —1 is excluded, this implies A = 1. Hence, N/
coincides with the set of ¢ € G such that Ad(g) has only one eigenvalue, put differently,
the characteristic polynomial is not irreducible, and therefore distinct from its minimal
polynomial.

Since G contains no non-trivial singular semi-simple elements, A coincides with the
set of all singular elements in G .

Lemma 8.2.2. The function ¢ locally has smooth extensions to G, = G \ V. Hence, the
Szego distribution E is regular on G, , and singsupp E C N' = G\ G, is thin.

Proof. The function A that associates to ¢ the discriminant of the characteristic poly-
nomial Ad(g) is polynomial, and G. is the complement of its zero set. For any g € G,
there exists a connected neighbourhood U of g in I' such that A(U) is contained in a
simply connected region of C \ 0.

The characteristic polynomial of Ad(g) is quadratic, so wherever a smooth square
root y/A can be chosen, eigenvalues of Ad(g) can be chosen in a fashion depending
smoothly on g . Thus, a smooth extension of g exists on G N U, and by the above formula
for the Szego kernel K, the formula for the Szeg6 distribution in proposition 3.1.13, and

dominated convergence, E is smoothon GNU. O

8.2.3. We consider now the embedding of reduced spectra for the subgroups of G asso-

ciated to the faces of the minimal cone ()~ . Associated to the trivial face F(1 0),2 is the




232 8. The case of the unit disc

trivial subgroup G = Gy ) » = 1. Its sole irreducible unitary representation is the triv-
ial representation on C, also equal to L>(G) = H?(T') . The relative Szego distribution is
in this case simply &, the Dirac distribution supported by G = 1.

The embedding of the ‘holomorphic discrete series’ of G = 1, consisting of C, cor-
responds to the choice of the constant 1 = 1, in the Bergman space O3 = O*(B,C,) .
Then propositions 4.4.2 and 7.2.4 show that supp®(A*) C K, where

AMg) = (1a | ma(g)14) forall g€ G.

The non-trivial face 1—"(’1 0

sawa N component of G with its canonical positive system. This is the image of the one-

Ly = R~ - X, is associated to the subgroup N, the Iwa-

parameter group 7, in G . The unitary representations of N are the characters ¢V where
v € ny is determined by its value v(X ™), which we also denote by the letter v. All of
these are weakly contained in L*(N) = L?*(R), as follows from the Plancherel theorem
for the Euclidean Fourier transform. The Plancherel measure is absolutely continuous
w.rt. Lebesgue measure on N = R, so we may omit finitely many representations
when constructing embeddings.

An asymptotically equivariant embedding of the space C, corresponding to the char-
acter e' is constructed in the following manner. We identify the dual gy with gr. Any
representation of G gives rise to co-adjoint orbit, which identifies with an adjoint orbit.

To the holomorphic discrete series representation 71, on the Bergman space 0%,
there corresponds via the moment map

p:ma(G)1a — gr  definedby (X : p(g)) = —i- (¢ | mr(X) )

the adjoint orbit O, through A - zaa—z , where we identify A € ity with its value on the
element 2-ee* = (} %) € itg, e = 1 (the positive coroot). Then O, is precisely the

setof all { € ()™ such thatdet{ = %2 .

An embedding of C, into O% corresponds hence to the choice of a point on the orbit
On . We construct such a choice by considering v as an element of R - X+, and consid-
ering the intersection of v + R - X~ with Q.

The natural generator of R - X~ is in fact —X~ € ()~ . Hence we are searching for
t > 0suchthatvX™ —tX~ € O, ,ie.

A + -\ _
Z—det(vX —tX7) =tv.

We get t = 2—5 for v > 0. For this value of ¢,

A —2v
A+2v°

zya = PVXT —1X7) =
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Hence, the embedding C,, — O3 is given by associating to 1 € C, the element f, » € O%
determined by

fun(z) = B(zyn zun) ™ -B(z,z,0) 15 forall z€ B.

Here, the first factor normalises this vector in (93\ . We need to compute this quantity.

Lemma 8.2.4. We have

fun(z) = <(A+2V)2>A (1—2- A_2V>A forall ze B.

S8VA A +2v

Moreover, the matrix coefficient A (¢) = (f, A | 7TA(g) fu,a) is given by
AMg™Y) = (8UA) N ((B— B) (A2 — 4?) + &(A +20)% — a(A —2v)2)"

whenever ¢ is represented by (g f ) € SU(1,1).
Proof. Asalinear map, B(u,v)z = z — 2u0z + u?0°z = (1 —u0)?z. Hence, as an element

of K&, B(u,v) is represented in the double cover SL(2,C) — G, by the matrix
B(u,v) = <1*0'“7 (17317)71) forall u,v€B.

Recalling that we have identified A with its value on 2 -e[Je* = ((1) _01 ) , we find that
B(u,v)® = (1 — ud)™. Hence, the first formula.

Up to a normalising factor, B* equals the kernel function K of OF . Thus,

A
azy A+ B , A)
- =, - v, 7

AN = ¢ 8 (2u,n) PB(8(z00) 200) = ¢+ (Bzoa +2)N (1 Bzoa+i

for some constant c. Since the value of A’ at the identity is one, this constant is

c=(1-22p) 7t = (B2)"

The assertion follows. O

8.2.5. We note that since we have identified A with its value on the positive (non-
compact) co-root, Harish-Chandra’s square integrability criterion (theorem 4.2.14) states
that A should be a negative integer < —1.

The normaliser of N in G = PSU(1,1) is AN (since M = Zg(ar) = 1). We define a
covering of G \ AN by

Ue(N) = {g*

(;5) (mod Zy) | [a —a+p—pB| > ¢} .

We can estimate the rate of decay of A} as A — —oo on these sets.
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Lemma 8.2.6. Lete > 0. On compact subsets of U,(N), A} — 0 (A — —o0), uniformly
with all derivatives. In particular, supp®(A%) C AN.
Proof. We have

A

(AN =2 (B-pra-a)+on (B-Pra—a)+-(ata).

The modulus of the last two summands is bounded by a constant C, independently of
A, and g in a compact subset of U,(N) . Then

A
I IR

for sufficiently large |A| . Since A — —oo, A/* vanishes exponentially in the limit. Along
the lines of the proof of proposition 4.4.2, it can be seen that derivatives introduce only

factors of polynomial decay. Hence, the result. g
8.2.7. So far, we have only treated the case v > 0.

For v < 0, one gets an analogous embedding of C, into the anti-holomorphic discrete
series, associated to the positive system —A*™ . It is realised on the conjugate space of
O3, so it quickly turns out that the corresponding sequence of matrix coefficients A%
(v < 0) is simply the conjugate of A%, .

The next issue is that the constructed embedding is in fact asymptotically equivari-
ant. Point-wise, for ¢ represented by ny , we find

M) = (155 e m g (A ),
as it should be. We wish to strengthen this convergence. To that end, in the following
lemma, we tacitly identify n with its image in G.
Lemma 8.2.8. The inclusion j, 5 : C, — O3 : 1+ f, A is asymptotically equivariant in
the sense that

Jo aTtA (1), A — e“’(n) — 0 stronglyon C,
for alln € N. Moreover,
a-A{,\‘N—ux-ei" in A(N) forall « € A(N).

Proof. We calculate

[(ma ) =) fun |, =201~ Re(@a2 (%)) =0 (A = o).

This proves the first assertion.
As for the second, the restriction mapping resy : A(G) — A(N) is surjective by
theorem 7.1.2. Hence, for « € A(N),, we may assume that « is the restriction of some
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element of A(G). Hence, a - A}, € A(N). We may assume a(1) = 1. Then the
sequence & - A} € S(A(N))+ .
The convergence statement is true point-wise. By [GL81, th. B, ], it remains valid in

norm. O

Construction of a series of ideals

8.3.1. First, we consider the problem of irreducibility of the Toeplitz C*-algebras. We
have already noted that for the trivial subgroup G(; ) = 1, the Szegd distribution is
simply E102 = 5. On N = G(1,0),{1) » the Hardy space the classical Hardy space of
the upper half plane, isomorphic to L?(IR>). Hence, the Szego distribution E(M0A1} is
the Fourier transform of the characteristic function of IR . Hence the following result is
immediate.

Proposition 8.3.2. The Toeplitz C*-algebras 7¢(G), 7y (E(M01}) , and 73 (E(10)2) = C
contain the ideal of compact operators, and hence, act irreducibly on their respective
Hardy spaces.

Proof. This is proposition 6.3.4, applied to lemma 8.2.2. U

8.3.3. The next step is to construct the representations associated to the faces. We first
treat the case of the trivial subgroup, associated to the face F, ; = 0.

Proposition 8.3.4. For every ¢ € G, there is a character

0¢ : Te(G) — C  determined by 04(Tf) = f(g) forall f € Co(G).

Proof. We have seen in 8.2.3 that supp®(A”*) C K, and sing E C N, by lemma 8.2.2.
Since K contains no non-trivial unipotent elements, all sublimits of A” - E have support

contained in the trivial subgroup 1. Hence, the assertion follows from theorem 7.3.7 and
corollary 7.1.13. O

8.3.5. Now to the case of the subgroup N, associated to the face F(I,o), [y
We note that the only point where the equivariance of the embeddings in the spectral
boundary condition was used in the construction of the representations in theorem 7.1.11
was the passage from weak to strong convergence in the proof of lemma 7.1.6. For
the group N, this is however trivial, since C, is finite-dimensional. Hence, the same
technique is applicable.
Moreover, for v > 0, A} € H?(T'), whereas for v < 0, A} | H?(T'). Hence, we have

lima e jy A7TA(E)j, p = 2 € {0,1}

corresponding to whether v > 0 or v < 0. This is analogous to lemma 7.3.5.
Finally, we note supp®(A%}) C AN by lemma 8.2.6. Since sing E C N, and the set of
unipotents in AN is N, all sublimits of AZ' - E have support contained in N . Lemma 8.2.8
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shows that we can apply corollary 7.3.11. Hence, by the same proof as for theorem 7.3.7,
we obtain the following proposition.

Proposition 8.3.6. For any g, 1 € G, there exists an irreducible representation
0gnit 2 Te(G) — Tpia(N) - determined by g1 (Tf) = E(lfo)'{l}Mg*f*hWE(l'o)'{l}

forall f € Co(G).
8.3.7. Define ideals

oo,y = ﬂ ker gonp-1 and  I(10) o = ﬂ ker g, .
g,hEG gEG

Then we have the following theorem.

Theorem 8.3.8. We have the following chain of ideals
K(H*(T)) < L,0) 413 < I11,0),0 < Te(G)

where 11,1 7& 11,0 and 11,() 7& 'TE(G) .

Proof. The existence of the ideals follows from the above. The inclusions follow from
corollary 7.1.15. That I(; )& # 7(G) is clear, because Ty € (1) means that f = 0.
As for the other inequality, 7 /(1 ) & is manifestly isomorphic to the sum of the repre-
sentations ¢¢, § € G, and similarly for I(; o) (1} (Where the sum extends over a system
of mutually inequivalent representations). Since the representations ¢ and g,\y,-1 are

clearly inequivalent, the assertion follows. ]

A strategy for the general case

In some parts, the results we have obtained fall short of the completion of the pro-
gramme set forth in the introduction, namely, to establish a Principle of Restriction-
Induction for the Toeplitz C*-algebra 7¢(G). In this final section, we present a strat-
egy for the general case, by presenting the methods that should allow for the definitive
achievement of this bold objective.

Singularities and wave front of the Szeg6 distribution

The results on the geometry of the Ol’shanskii domain we have obtained are complete
and valid in full generality, for any bounded symmetric domain B, and the associated
automorphism group G = Auty B. Likewise, the estimate of the fibre of the wave front
set WF(E), of the Szeg0 distribution (theorem 3.3.2) is also valid in complete generality,
but so far, we have not been able to fully exploit this information.
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More specifically, as we have seen in theorem 7.3.7, the construction of the repre-
sentation of 7¢(G) associated to a facial subgroup G = G, reduces to the proof of the
statement that the support of a sublimit distribution is contained in G. The tools we
have at hand for the proof of such a statement (and which are, in fact, successful in the
rank one case) were established in section 7.2, and are purely local (not micro-local).

To verify the support condition with the help of these methods, we need to have
more information available on the singular support of E, that is, the base, and not the
fibre, of the wave front set. Of course, one can infer that a distribution is smooth at
some point in the presence of sufficiently detailed information on the wave front set.
Using such micro-local methods, Duflo-Vergne [DV90] reproved Harish-Chandra’s fa-
mous regularity theorem on invariant Z(g)-finite distributions. Needless to say, their
proof is much shorter than Harish-Chandra’s original argument.

However, the result (proposition 3.3.13) we have obtained by attempting to imitate
this train of thought is, as yet, of a rather preliminary nature. Perhaps the existent infor-
mation on the boundary of the cone O = (Q7)* and its relation to the (non-convex)
cone of nilpotents (theorem 2.1.27, which we recall is due to Hilgert, Neeb, and Orsted)
can be used to improve on the result lemma 2.1.32, which was important in the proof of
proposition 3.3.13.

Another approach to the singular support would be to determine a formula for the
Szego kernel function K, at least on a system of representatives for the conjugacy classes
of Cartan subgroups. This idea was pursued in 3.4, were the location of the singularities
on the regular part T¢ of the conjugacy classes of the maximal torus T was determined
by extending Ol’shanskii’s explicit formula for the Szego kernel on T¢ NT° to the bound-
ary. This was in fact also the approach we take in the case of the unit disc.

Here, however, the Szegd kernel is known explicitly on all of I'°. Likewise, this
is true for all other the classical domains of type Iy, or IlI, . For these domains, the
explicit formulae could be used to determine the singular support of E. This is rather
unsatisfactory, since they are quite different from each other and depend on the specific
structure of the algebra S(t)" of invariant polynomials in each of these cases.

As we have already remarked, at the end of section 3.4, it might well be possible to
get similar formulae for the Szeg6 kernel on H® NT°, where H is any one of a system of
representatives of ¢-stable CSG. The idea would be to imitate Ol’shanskii’s proof for the
torus, which consisted in computing the sum over all characters of the holomorphic dis-
crete series. On the torus T, these are given by the well-known rational function which
resembles Weyl’s character formula. The series summation is a sophisticated application
of the geometric series.

Martens and Hecht have proved that this character formula essentially remains valid
on (an ‘octant’ of) any d-stable CSG constructed by Cayley transformation from T'.
Hence, a similar summation scheme should go through. The details of this approach
will certainly be part of further work we intend to undertake in this direction.
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Finally, we note that in order to complete the proof of irreducibility of the Toeplitz C*-
algebras 7pr1(Gy,1) , the statement that the Szego distributions are a.e. regular is needed.
To that end, the required information on the singular set need not be very detailed. All

that is required is the statement that it be thin.

Embedding of representations

Our results on the embedding of representations of facial subgroups are reasonably com-
plete. Of course, a treatment of the exceptional domains, or even better, a unified treat-
ment of all domains, would be desirable.

The construction of embeddings of the discrete series (corollary 5.2.25) relied on theo-
rem 5.1.2 on the existence of compatible fundamental sequences, which was proved by
case-by-case considerations. This is really a theorem on Z,-graded root systems, and
perhaps this is the framework in which it should be proved in general. In any case,
what is missing for a general picture is a good understanding of strong orthogonality of
non-compact roots. This seems to be delicate matter, and even Knapp-Wallach [KW76]
prove the existence of fundamental sequences case-by-case.

As for the result on parabolic subgroups of facial subgroups (theorem 5.3.9) where
the last step was proved by a case-by-case argument, this can probably be made into a
unified argument quite easily, since we allow for the appearance of a connected compact
factor whose detailed structure is not needed. Up to this minor point, the embedding of
the parabolic Q-series follows automatically from the existence of an embedding of the
discrete series.

We note, however, that there is a boundedness issue here which is has not been
completely solved. We commented on this fact in remark 5.4.7. Our approach to the
boundedness of the embedding of parabolic Q-series was via Harish-Chandra’s ad-
missibility theorem for quasi-simple representations. This reduced the question to the
Z(§)-finiteness of a certain §-module. If Z(§) is contained in a finitely generated Z(g)-
submodule of the centraliser of [ (§) in 4l (g) , then this Z(§)-finiteness is automatic. We
think that this is plausible, and we discussed the relation of this statement to a problem
in invariant theory (which is probably not hard for the experts) in the aforementioned
remark.

Besides the case of the exceptional domains, a more important task is the construc-
tion of the reduced spectra of the generalised Jacobi groups Gy ; (which are also unimod-
ular and of type I) associated to the other faces of the cone (™. Of course, Mackey’s
machinery is in principle applicable to these groups, and general considerations of such
semi-direct products have been carried out, e.g., by Lipsman.

However, this would ignore the special structure of these groups, where the semi-
simple factor G, acts on the generalised Heisenberg group Hy 1 as a vector-valued sym-
plectic group, compare section 2.2. Hence, one expects that the representations of the
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group Gy,; = G¢, X Hyj should have the general form of the classical metaplectic repre-
sentation. This fact has been established by Neeb [Nee0Oa, th. X.3.7], in his metaplectic
factorisation theorem. It represents every unitary representation of Gy as the tensor
product of a unitary representation of G, with a highest weight representation of Hy s .

In particular, the already constructed embeddings of the representations of G, have
only to be made to accommodate the nilpotent factor. Moreover, the highest weight
representations of Hy ; can be described explicitly, either by Neeb’s generalised theory
of highest weight representations, or by the classical construction due to Ogden-Vagi
[OV79]. This is closely related to the decomposition of the set of invertible elements in a
Euclidean Jordan algebra into connected components (cones, most of them non-convex),
and can hence be well related to the structure theory of the cone ()~ .

A difficulty which we encountered already for the case of rank one will probably
reappear for the nilpotent groups Hy ; occurring in the semi-direct products: The embed-
ding of their representations into representations of G will turn out to be only asymptoti-
cally equivariant. Here, by a sequence jy : <G_>7_r — (G) , to be asymptotically equivariant,
we mean

jin(g)j, — (g) — 0 strongly forall ¢eG.

Along the lines of proof for lemma 8.2.8, the necessary convergence statements in the
Fourier algebra follow, so that corollary 7.3.11 shall be applicable to prove the spec-
tral boundary condition from the support condition on the sublimit distributions, as in
theorem 7.3.7. The asymptotic equivariance condition should also be sufficient to ex-
tend lemma 7.1.6 to these subgroups. Then the entire construction of representations, as
presented in section 7.2, goes through, as we have seen for the rank one case.

So the essential part is again the asymptotic behaviour of the matrix coefficients.

Asymptotic behaviour of matrix coefficients

Having only the asymptotic behaviour of the matrix coefficients of the holomorphic dis-
crete series at hand, we can only estimate the supports of limit distributions for these
representations. Moreover, since our information on the singular set of the Szego distri-
bution is incomplete, the estimates are preliminary at this stage.

To complete the construction of representations for the facial subgroups, the appro-
priate estimates have to be proved for the other series of representations, as well. This
situation does not occur for the unit disc, since there are no other series of representa-
tions for the unique proper facial subgroup (the trivial one).

They main step should be to get an understanding of the discrete series. We point
out that in our construction of the embeddings of the parabolic Q-series, we arranged
matters in such a way to make the A component of the parabolic subgroup of G as
small as possible, so that the parameter of the Q-series representation is fixed on A
by the representation of the corresponding subgroup of G, i.e. the v in 7, , is fixed.
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The asymptotics we can consider are therefore only in the parameter A of the inducing
discrete series representation, which has some degrees of freedom.

We note that Duistermaat-Kolk-Varadarajan [DKV83] have obtained precise state-
ments on the asymptotic behaviour of matrix coefficients of unitary principal series rep-
resentations 77, , as v — oo, by interpreting these as oscillatory integrals, and applying
the method of stationary phase. An approach for the estimation of the asymptotics of
matrix coefficients of the discrete series might have been to consider Knapp-Wallach’s
embedding into a non-unitary principal series, and applying similar ideas. However,
this leads to oscillatory integrals with complex phase, and the method of stationary
phase is, hence, not applicable.

Our approach for the holomorphic discrete series was to use the kernel function
and its expression in terms of the Bergman operator. To use such an approach for the
discrete series in general, an explicit realisation of the discrete series in a reproducing
kernel Hilbert space has to used. Of course there is a host of such realisations, such as
those due to Narasimhan-Okamoto, Hotta, Schmid, and Parthasarathy. All of these have
the drawback that one has to treat non-holomorphic kernels.

Holomorphic realisations can be given by appropriate generalisations of the Borel-
Weil theorem. These all have the drawback that they are given in some sense as sections
of line bundles on ‘flag manifolds’, or ‘flag domains” which are huge compared to the
symmetric B = G/K, on which the holomorphic discrete series can be realised to neatly.

An interesting recent development in this direction is the application of the ‘Penrose
transform’, related to a double fibration associated to to the flag domains, by consider-
ing the so-called space of linear cycles. This leads to a realisation of the discrete series
in spaces of holomorphic sections of a vector bundle on the product of B with its conju-
gate. The drawback is here that the representation space identifies with the kernel of a
differential operator which is defined in highly abstract terms, namely, as the image of a
relative d operator in some degree of a Leray spectral sequence. This idea has been de-
veloped by Barchini, Gindikin, Matsuki, Huckleberry, Wolf, and Zierau, among others.
We mention the survey [WZ00].

It is conceivable that a more or less explicit formula for the kernel be found for such
a realisation of the discrete series, but, needless to say, the techniques necessary for such
a venture will have to be rather more sophisticated than for the case of the holomorphic
discrete series.

We note in passing that of course a lot of substantial work has been done on the
asymptotics of matrix coefficients. However, with few exceptions, this treated the be-
haviour for fixed representation parameter, as the group variable tends to infinity in
prescribed directions.

A different approach to bounding would be to combine micro-local information on
the matrix coefficients and on the Szego distribution. A first attempt to do this is given
by proposition 4.4.5. The applicability of this result to the construction of representa-
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tion of the Toeplitz C*-algebra 7¢(G) is somewhat hampered by the fact that we were
only able to apply information on the torus, whereas it should by now be obvious that
the orbit picture in the entire (dual) Lie algebra has to be taken into consideration. We
discussed the limitations of the cited proposition in remark 4.4.6.

Nonetheless, micro-local methods will certainly ultimately come to bear upon the
problem, and it seems promising to further investigate how the information on the
wave-front of the Szego distribution can be brought to effect.

Inequivalence and exhaustion

Besides the open problems in the construction of irreducible representations of Te(G),
there are of course further steps that have to be undertaken in order to fully establish
the Principle of Restriction-Induction.

One point is the proof of inequivalence for the representations ¢,¢;,-1 associated to a
fixed subgroup G = Gy ;. The conjectural result is that ¢ giCh1 v j = 1,2, are inequivalent
whenever (g1g, ', h1h, ') is not contained in the normaliser of G in G x G. This should
be quite easy to see from the defining equation of these representations on generators.

Moreover, the normaliser of Gy,; with respect to the action of the diagonal subgroup
G C G x G has already been more or less determined, since we have related the asso-
ciated face F; ) to the intersection of ()~ with two opposed parabolics. Since parabolics
are self-normalising, this looks rather promising. To extend this to the action of G x G is
only a matter of invoking the Langlands decomposition.

In analogy to the case of bounded symmetric domains, one may conjecture that the
successive quotients of the constructed ideals is Morita equivalent to the commutative
algebra Co((G x G)/Ngxc(G)), where the normaliser occurring in the denominator is
computable along the lines sketched above.

In proving such a formula for the successive quotients, the first step is to identify
the ideals associated to the maximal faces, with the ideal of compact operators. By
the machinery of coactions, this reduces to showing equality in the inclusion Cj;(G) C
Mg nec ker mysy,-1 where G belongs to a maximal face.

Our approach is again to tackle this problem by the local analysis of singularities.
First, we would prove that singa = 0 for any a4 contained in the intersection of kernels.
An indication as to which methods should allow for the proof of such a statement is
given by remark 7.1.10 and lemma 7.2.7, in fact, we are searching for a converse of the
latter.

The next point would be to prove that singa = @ implies that a € C;(G), at least
if a € KW*(G). This is a passage from local to global statement. Alternatively, one could
try to prove that the above intersection of kernels is generated by compactly supported
elements (this is not obvious).

Once the ideals at the lowest level of the composition series have been identified,
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the computation of the quotient should amount to a relative version of this argument,
compare the proof of [Upm96, th. 4.11.133]. One should note that Upmeier makes great
use of the (commutative) subalgebra of K-invariants in C}(K), which in this case was
easy to define, because of the compactness of K. In our setting, the analogous object
is the algebra of (G x G)-invariants. Such an object does exist, for a dense subalgebra
of C;(G): Quigg [Qui92] has constructed an algebra of invariants, by using methods
of non-commutative integration. To extend this to our framework might turn out be a
crucial step in the computation of the quotients.

Anther useful approach could be to apply the same idea which lead to the definition
of the singular set sing to the successive quotients of the other ideals. Namely, recall that
sing was defined in terms of the A(G)-action on a quotient module. The counterparts
of the ideals Ii ¢ in the algebra C}(G) are also submodules, so the local deviation of an
element from the ideal in the denominator of a successive quotient can be measured.
Proving the formula for the quotients would then again be a question of passing from
local to global.

Once the successive quotients have thus been computed, it follows that any maximal
chain in the aforementioned lattice of ideals is a composition series. In particular, all of
the representations of the full Toeplitz C*-algebra are induced by one of the ideals, i.e. are
supported by one of the faces. This solves the problem of exhaustion in the Principle of
Restriction-Induction.
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