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ABSTRACT 

ONE DIMENSIONAL SHEAR MOTIONS 

IN FLUID SATURATED POROUS MEDIA 

by Kyle R. Roberson 

An analytic solution is presented for shear motions in 

a binary mixture of a chemically inert, isothermal, elastic 

isotropic solid and elastic fluid subject to a sinusoidally 

varying solid displacement on one boundary and free of 

tractions on the other. It is demonstrated that the 

retention of inertial terms, and the resulting resonance 

phenomenon, can cause solid displacements in the interior of 

the region orders of magnitude greater than the exciting 

solid displacement on the boundary. Displacement spectra are 

presented for certain well known porous media. 
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CHAPTER I 

THE POROUS MEDIA MODEL 

Introduction 

In this thesis, the dynamic behavior of a binary 

mixture of a chemically inert, isothermal, elastic isotropic 

solid and elastic fluid restricted to shear motions is 

presented. The porous media is assumed to be excited from 

below by a sinusoidally varying displacement and bounded by 

a stress free surface on top. This thesis is predicated on 

the equations derived by B0WEN[1], which are a 

generalization of those obtained by BI0T[3]. The phenomenon 

of resonance, due to the presence of inertial terms, is 

demonstrated to be of importance in the dynamic behavior of 

porous media. 

The work is divided into three chapters. The present 

chapter contains a statement of the field equations and 

constitutive equations and a summary of the parameters 

contained therein. Chapter II presents the transient and 

steady-state components of the solution of the equations for 

a specified set of boundary-initial conditions. Chapter III 

contains a discussion of an implementation of the solution 

on a computer, and results are presented for certain porous 

media in the form of displacement spectra. 
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Section 1.1 Field and Consitutive Equations 

BOWEN[1] shows that the field equations for a binary 

mixture of a chemically inert/ isothermal/ elastic isotropic 

solid and elastic fluid are/ in the absence of body forces 

and restricted to shear motions: 

ffwf = -ywf - ws) 1.1.1 

and 

fgWs = /*. div gradws + $(wf - wg) . 1.1.2 

The constitutive equation for stress is 

T - 2/*sEs. 1.1.3 

Definitions of all the symbols used in this thesis may be 

found preceding the Table of Contents. 

If thé restriction to one spatial dimension is added by 

choosing 

s (0,0,Wj(X/t)) 1.1.4 

and 

»s= (0,0,ws(X/t)), 1.1.5 

the field equations become 

PfWf - -^(wf - ws) 1.1.6 

and 

s 1.1.7 

The constitutive equation for stress is now 

aws 

s dx ’ 

T13 = T31 "A 
1.1.8 
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The field equations 1.1.6,7 are solved in Chapter II. 

Section 1.2 Wave Speeds and Characteristic Time 

BOWEN[1] discusses acceleration wave speeds for porous 

media. The transverse wave speed for the mixture is there 

shown to be 

3 fs 
1.2.9 

Another squared speed which is important is the frozen 

wave speed UQ. It is called the frozen wave speed because it 

arises naturally in the solution of the equations when the 

drag coefficient, Ç , approaches infinity. For shear motions 

only, UQ is defined by 

«2- 
ft * fs 

1.2.10 

The final parameter to be introduced is 

s>- -t»' 

which is a reciprocal time characteristic of diffusion in 

1.2.11 

the mixture. The parameter is important since it defines 

what is meant by a "long-time" (with respect to diffusion) 

solution. Similarly, when in the sequel a frequency ^ is 

referred to as small or low, what is meant is 

±_ _ 

uX << 1 1.2.12 



THE POROUS MEDIA MODEL page 4 

Section 1.3 Elastic and Drag Coefficients 

The material properties used here, apart from the 

density, are taken from RICE AND CLEARY[2], which has the 

properties of several porous media given in tabular form. 

The necessary parameters and their notation in RICE AND 

CLEARY[2] are: the shear modulus denoted by G, the 

porosity <f>£ , denoted by Vg, and the drag coefficient which 

is calculated from 

whereis the viscosity of the fluid and k is the 

permeability of the mixture. 

The bulk density of the solid is taken from FARMER[10] 

and is denoted by f . A true density, YQ or Y^, must be 

multiplied by the volume fraction occupied by that material 

to get the bulk density f or 

Section 1.4 Uniqueness and Initial-Boundary Conditions 

Uniqueness is assured if (BOWEN[1], SCHNEIDER[5]) 

Ç l 0 1.4.14 

The restriction on the drag coefficient is a consequence of 

Ç = = 
v0 ht 1.3.13 

k k 

and 

1.4.15 
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the entropy inequality, and the restriction on the shear 

modulus is a result of requiring the shear strain energy to 

be positive definite. 

The porous media is considered to be at rest at t=0, 

and with initial displacements taken as zero. Thus, 

Wf(x,0) * 0, 1.4.16 

wf(x,0) - 0, 1.4.17 

w_(x ,0) - 0 1.4.18 
s 

and 

1.4.19 

The boundary conditions are as follows: no shear stress at 

x=0 and specification of the solid displacement at x=L. 

Thus, 

dw_ (x,t) 

ws(x,0) ■ 0. 

dx I = ° 
x=0 

1.4.20 

and 

ws(L,t) = W sin^t. 1.4.21 
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Section 1.5 Comparison to Classical Biot Model 

The equations used herein are similar to those derived 

by BIOT[3] with two exceptions, BOWEN[1]: Biot included 

virtual mass effects which are neglected here, but the 

equations do include buoyancy effects which Biot's did not. 

These differences are not significant in the context of this 

thesis which is particularly concerned with inertial 

effects 



CHAPTER II 

ONE DIMENSIONAL SHEAR MOTIONS 

IN FLUID SATURATED POROUS MEDIA 

Section 2.1 Method of Solution 

The method used to solve equations 1.1.6,7 with the 

boundary conditions 1.4.7,8 and the initial conditions 

1.4.3-6 is the method of Laplace Transforms. CHURCHILL [8] 

defines the Laplace Transform by 

00 . /-st 
e w(x,t) dt, 2.1.22 

0 

where the transform parameter s is in general complex. 

Under fairly general conditions, the integral above can be 

said to converge, usually in some half-plane R(s)>|xg|. In 

this half-plane, the transform is analytic and of 

exponential order. In the present case, the solution in the 

transform space will turn out to be analytic and of 

exponential order in the half-plane R(s)>0. 

With the use of the initial conditions 1.4.3-6, 

equations 1.1.6,7 are transformed to 

ffWfS2 = -^s(Wg - ws) 2.1.23 

and 2_ 

fs*ss2 = /*s + ^S(*f “ V * 2.1.24 
dx 

The first equation may be solved for w^ in terms of wg. 
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The result is 

$ w_ 
wf = 

f£s +t, 
Ws " 

Kl 
2 ' 
.£_ + 1 
U)Q 

2.1.25 

where equations 1.2.9-11 have been used. 

Substitution of equation 2.1.25 into equation 2.1.24 

results in the following ordinary differential equation for 

w_ : 

d^w. 

dx‘ 

where 

1 «2 

S 

r= ^oi¬ 
ls "s' 

ft]-.- 

2.1.26 

2.1.27 

The solution of the above ordinary differential 

equation is straight forward. The transformed solid 

displacement is 

w = A cosh s B sinhUsÆZ^ri L u3 s + J |_u3 S + 
2.1.28 

Application of the transform of the boundary conditions 

1.4.7/8 reduces equation 2.1.28 to the following result 

cosh 
j^g(S)' 

cosh 2.1.29 
u3" J 

where rrrzr~ 
9(s) = s . 2.1.30 

Since the actual value of w^ is of little practical 

value, it is not calculated explicitly. It may, however, be 

expressed as a convolution integral of the solution w 
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wf = / 
-<*>*( t-U) 

e ws(x,u) du, 2.1.31 

where the convolution theorem for Laplace Transforms and 

equation 2.1.25 have been used. 

From the point of view of inversion of the Laplace 

Transform, the most important aspect of the solution 2.1.29 

is that despite the appearance of the radical g(s) as an 

argument in the hyperbolic functions, the solutions are 

analytic everywhere except at a countable number of poles. 

These poles are first order. Thus the Residue Theorem may be 

readily applied to invert w (x,s) to obtain w (x,t) . 
s s 

To demonstrate that there are no branch cuts in the 

solution 2.1.29, the series representation of coshx is used 

coshx = 1 + "fr + "fl +  2.1.32 

Note that coshx contains only even powers of the argument, 

and since 

g2(s) s 
2 8 

S + . 
2.1.33 

is single valued, there is no branch cut involved. Finally, 

since the quotient of two convergent power series in s is 

analytic except where the denominator vanishes, the solution 

2.1.29 is analytic everywhere except at the zeros of the 

denominator. 
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Section 2.2 Calculation of the Poles 

In order to use the Residue Theorem, it will be 

necessary to obtain the zeros of the associated cosh 

function 

cosh [u 9<s)] - 0. 2.2.34 

The zeros are calculated easily from the following identity 

cosh( iz) =cos( z) . 2.2.35 

Therefore, the zeros of equation 2.2.34 are 

g(s) = +i|^l-^|u3 = +iVnu3, n = 1,2,3,... 2.2.36 

One must, therefore, solve an equation of the form 

s3 + ^s2 + u2*2s + V2u2o)0 = 0 2.2.37 

to obtain s. Equation 2.2.37 is derived from equation 

2.2.36 by squaring both sides and clearing fractions. These 

manipulations preserve the solutions of the original 

equations, but extraneous solutions could be introduced. In 

the following it is shown that such roots are not 

introduced. 

Assume that a solution r\. of equation 2.2.37 is found 

such that 

gOU - ft 7* ±iynu3. 2.2.38 

It follows from 2.2.38 that also satisfies 

r\3 + ctyl2 - K2a “ K2^* « 0. 2.2.39 

Because is also a solution of 2.2.37, if 2.2.39 is 

subtracted from 2.2.37 it follows that 
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(u3*n +K2) {r^ +u)*) = °* 2.2.40 

Obviously, 

TV t -iD* 2.2.41 

by inspection of either equation 2.2.36 or 2.2.37. Hence, 

K - ±ii>3 2.2.42 

which contradicts the original assumption. Consequently, all 

solutions of the associated cubic equation 2.2.37 are 

solutions of 2.2.36. 

Section 2.3 Residue Theorem 

CHURCHILL [8] defines the inverse Laplace Transform as 

Y+i°® 
st 

î w (x,s) ds 2.3.43 
s 

Y-ioo 

i+i« 

ws(x't) = 2ÏH f 

where the function w (x,s) is analytic everywhere in the s 

half-plane R(s)> Y. Further, it can be shown that if w is 
S 

of exponential order then 

ws(x't) ■ m f*
st 

s)ds = 2Zresi^ues inside C. 2.3.44 

The contour C is chosen such that it is the limiting curve 

of C in figure 2.1 as R_ ■» m m 

intersect any of the poles. 

of C in figure 2.1 as 8 ■) « , and so that C does not m m m 9 
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Contour Used in Inverting Transform 

Figure 2.1 
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In the next section, by use of a standard result from 

the theory of equations, any solution of equation 2.2.37 

will be shown to have negative real part. Thus the poles of 

the hyperbolic functions will lie in the half-plane R(s)<0 

(with V* >0) , and the residues of these poles will represent 

transient, exponentially decaying components of w (x,t) . The 
s 

2 2 
poles of l/(s +$) lie on the line R(s)=0. Therefore, t as 

defined in figure 2.1 is any number XQ>0. 

Section 2.4 Determination of the Poles 

USPENSKY[4] contains a proof of the following theorem, 

called the Routh-Hurwitz Theorem: A polynomial 

Pn(x)s pQ + pjX + p2x
2 + ... + pnx

n = 0 2.4.45 

has roots with negative real part, provided that the 

coefficients are real (if necessary, the constant term is 

made positive by multiplying through by minus one before 

beginning) , if and only if the n determinants which follow 

are positive definite. 

Dls 

°2S 

D3 = 

Pi > 0, 

Pi P0 
P3 P2 

Pi p0 0 

P3 P2 Pi 
P5 P4 P3 

> 0, 

> 0 

2.4.46 

2.4.47 

r • • • 2.4.48 
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and 

DnS 

P1 n° P3 P2 

p2n-l n 

> 0. 

For a cubic, one obtains 

P0 > °/ 

Px > 0, 

plp2 " P0P3 > 0 

and 

2.4.49 

2.4.50 

2.4.51 

2.4.52 

p3(plp2 ” pop3) > °* 2.4.53 

From equation 2.2.37, the necessary conditions are 

Y^UQU^Q > 0, 2.4.54 

u?Y? > 0 2.4.55 J n 

and 

•VÜ»1 - [^]2> > .2-4-56 

2 
The above inequalities are all satisfied provided Y^0. This 

assertion is true because, from equations 1.2.9-11, ^Q>0, 

UQ>0 and Ug>Ug. 

If Y* =0, then s=0 or s=-u3g, where the root s=0 has 

multiplicity 2. This possibility occurs only in the case n=0 

which is not encountered here. Therefore, all non-trivial 

roots have negative real part. 

Notice that equation 2.2.36 evaluates to a real number 

if s is real. Thus, if s is real and a solution of 2.2.37, 

then from equation 2.2.36 
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s 

s 

+ 

+ «O, 
< 0 2.4.57 

Therefore, any real root to equation 2.2.37 must lie in the 

range 

-^Q < s < 2.4.58 

Bounds for the real part of the complex solutions are 

derived in Section 2.7. 

Section 2.5 Closed Form Solution for the Poles 

The exact solution of equation 2.2.37 can be obtained 

by formula. In almost any handbook or algebra text, one can 

find the following formulae or their equivalent. Let 

2 v2 2 
 u3 "n , 2.5.59 
q --3- - Xr) 

' *n<T - 
2.5.60 

sls (r +1 V ♦ c2 ,1/3 2.5.61 

and 

III C
M
 

C
O
 (r t2 )1/3 . 2.5.62 

It is shown in the sequel that, except for the trivial 

case =0, the quantity q +r (called the discriminant) is 

always positive. Thus, there is one real root and one 

complex conjugate pair. The roots are (regardless of the 

3 2 
sign of q +r ) : 

S1 = si + s2 9 2.5.63 
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s2 = ~2(S1 + S2} "i)/3 + 1 T (S1 " S2} 2.5.64 

and 

S3 = "I(S1 + S2} _<V3 “ (S1 " S2} * 2.5.65 

It must be pointed out that in the present application 

these formulae require the addition and subtraction of 

numbers quite different in magnitude. To avoid 

round-off-errors which can swamp the actual solutions, a 

numerical solution is employed. There are several methods 

adequate for this purpose, and one of the simpler methods is 

the Lin-Bairstow Algorithm, HOVANESSIAN AND PIPES[11]. This 

method calculates the complex roots without explicitly 

carrying out complex arithmetic. The Lin-Bairstow Algorithm 

is used in Chapter III to calculate the roots of equation 

2.2.37. 

Section 2.6 Proof that the Discriminant is > 0 

The character of the solutions of any cubic equation 

3 2 
can be determined by examining the discriminant q +r . If it 

is greater than zero, then there is one real and one complex 

conjugate pair. If it is equal to zero, then all roots are 

real and at least two are equal. In the last remaining case, 

the discriminant is less than zero, and there are three real 

and distinct roots. With o)0, U(J, and u3 fixed, q
3+r2 is a 

function of Y~. The discriminant at Y~s0 is 
n n 
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(q3 + r2) (0) = - (^)6 +(x)6 * °- 2.6. 

2 
The derivative of the discriminant with respect to Yn 

at Ÿ2 *0 yields 

^-2(q
3 + r2) = q2u2 + r(^u2(l - 

d*n 

and at V 2 =0 

>), 2.6.67 

^-2(q
3 + r2) .» 6>Qu

2 > o. 2.6.68 

2 ^ 
Hence, at =0 (where the superscript + means 

3 2 . 
slightly greater than zero), q +r is greater than zero and 

increasing. It will now be shown that the other roots of 

q3 + r2 = 0 2.6.69 

have negative real part. Thus for equation 2.2.37 will 

have one real root and one complex conjugate pair. 

Equation 2.2.37 can be written as 

x3 + x2 a2b2x + b2 - 0, 2.6.70 

where 

x = s/iOg , 2.6.71 

a = u^/Ug 2.6.72 

and 

. « U0*n . 2.6.73 

The quantities q and r are then 
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and 

r - b‘ 2.6.75 
2W2 2 n\3 

2>-r - b > - (T) • 
The discriminant is now set equal to zero, and the resulting 

equation can be factored as 

4 27 2_2 b‘(b’ - -^<1 - fa* - jfjtb2 + -Ij) - 0. 
a a 

2.6.76 

The roots of the above equation will have negative real 
2 

part, apart from the trivial root b =0, if, by the results 

of Section 2.4, 

.6 m 
and 

-27 

7 

> 0 

( 1 - fa2 - ) > 0. 

2.6.77 

2.6.78 

The first inequality is satisfied by definition, the second 

is satisfied if 

a4 + 24a2 - 108 > 0. 2.6.79 

The above equation can be solved to yield a > -6 or -18. 

This is clearly always the case, therefore, there are no 
2 

zeros of the discriminant for b >0 which implies there are 

none for îf^>0. Thus, the discriminant is positive definite 

as a function of V“. n 
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Section 2.7 Approximations to the Roots 

Given equation 2.2.37, the following two dimensionless 

equations can be formed 

3 v 2 /u-A2 

• a) • © -m 
and 

(uo0 + =n(v.) + (uo) (uo0 + *n = ° 

where . 

A _ Vn 
en“ u>Q 

2.7.80 

2.7.81 

2.7.82 

Thus in the case eR <<1, the solution to 2.2.80 can be 

written as the power series 

1 
' ' m=0 

a e", m n 
2.7.83 

and when en >>1 the solution to 2.7.81 can be written as 

fe)- i • 2.7.84 

Typically, the two solutions correspond to n small and n 

large. 

Substitution of the series 2.7.83 into equation 2.7.80 

yields the following restrictions on am: 

(e°) SQ(aQ + 1) = 0, 2.7.85 

(en) aiag(3a0 + 2) — 0, 2.7.86 

and 

(en* 3a0 a2+3aOal+2aOa2+al+(u3/uo)2ao+1 = °* 2.7.87 



SHEAR MOTIONS IN FLUID SATURATED POROUS MEDIA page 20 

Solving the first equation for aQ gives ag=0,0, or -1. If 

ag=0, then 

al * +i 

and 

2.7.88 

a2 = -|( 1 - Cu3/u0> 
2) . 

Thus the solution for s is 

2.7.89 

1 u0 " u3 2 . 3 
S
2,3 "2 OJQ ^n - x*nu0 + 0(en) * 2.7.90 

If ag=-l, then a^=0 and 

a2 = (u3/u0)
2 - 1. 

So the solution for s in this case is 

2.7.91 

u2 - u2 2 3 
S1 - -“l + u>0 

+ °<en>- 

Therefore, the roots of equation 2.2.37 are 

approximated by 2.7.90 and 2.7.92 when en <<1. 

2.7.92 

When en >>1, substitution of the series 2.7.84 into 

equation 2.7.81 yields the following set of restrictions on 

m 

(l/e°) aQ(a
2 + (u3/u0)

2) = 0, 2.7.93 

(l/ej) a2 + 3a23l + (u3/u0)
2
ai +1=0 

and 

(l/e2) (u3/uQ)
2a2 + 28Q3J + (a0(2a0a2 + a

2) 

2.7.94 

+ a1(2aQa1) + a2a§) = o. 2.7.94B 

Solving the first equation for aQ gives ag=0, +i(u3/Ug) . If 
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2 ag=0, then a^-fUg/u^) and aj^O. Therefore, the solution 

for s is 

S;L = + 0(l/e^) . 2.7.95 

If aQ= +i(u3/uQ), then 

al = "I(1 " (U
0
/U

3
)2)

* 2.7.96 

So the solution for s is 

S2,3 = 4(1 “ (u0/u3)2)t00 ii^nu3 + °<1/en) * 2.7.97 

The error in the real part of 2.7.97 is third order. These 

approximations to the roots when en >>1 can be used to give 

bounds on the roots as n-» co . The real root approximated by 

2.7.95 approaches -cO*, the upper bound of the range derived 

earlier for the real root. The real part of the 

approximation 2.7.97 is bounded below by the midpoint of the 

same range. The imaginary part of 2.1.91 is unbounded as n 

becomes infinitely large. 

Section 2.8 Principle of Reflection 

It will be necessary later to use the fact that the 

function g(s) , defined by equation 2.1.30, has the 

following property 

g(s) = g(s) 2.8.98 

and 

g' (5) = gT7s) . 2.8.99 

Most textbooks on complex variables contain a proof of the 

following theorem (see for example CHURCHILL, BROWN AND 
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VERHEY[9]). 

Let a function f be analytic in some domain D that 

includes a segment of the real axis and is symmetric to the 

real axis. If f(x) is real whenever x is a point on that 

segment, then 

f(5) = fjz) 2.8.100 

whenever z is a point in D. 

To satisfy these conditions, define the domain as the 

complex plane with a branch cut along the real axis. A point 

x is on the branch cut if 

-<*>0 < x 1 -*>*. 2.8.101 

See figure 2.2. for an illustration of the domain and 

location of the branch cut. 
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The Domain for the Function g(s) and Its Derivatives 

Figure 2.2 
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Now g(s) and its derivatives are analytic in D, real 

and well defined for x£ and x> -û\, and the domain is 

certainly symmetric about the real axis. Thus, 

g(i) = g(s) 2.8.102 

and so on. 

Define 2 by 

2 = x + iy, 2.8.103 

and then it can be shown that 

coshx = coshx cosy + i sinhx siny, 2.8.104 

where the hyperbolic double angle formula and 2.2.35 have 

been used. From the definition above, it is obvious that 

coshx = coshx. 2.8.105 

Section 2.9 Complete Solution to Equation 2.1.29 

Data collected during earthquakes are often presented 

in a form where the motion of the rock underlying sediment 

deposits is specified, see for example BOGDANOFF, GOLDBERG 

AND BERNARD[6] or ZEEVAERT[7] . On the assumption that the 

motion of the bottom of the sediment layer is identical with 

the motion of the bedrock (or that it can be completely 

specified if different) and that the surface of a 

homogeneous layer atop the bedrock is free of tractions, one 

obtains equation 2.1.29 for the transformed solid 

displacement. Equation 2.1.29 is inverted by use of the 

Residue Theorem, and the solution w (x,t) is determined in 
s 
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the following sections. 

The poles of equation 2.1.29 are s= +i^ and the 

solutions (s^ j 3) °f equation 2.2.37. 

Since n is never zero, there is one real and one 

complex conjugate root given by equations 2.5.63 or by the 

approximations of Section 2.7. 

Section 2.10 Steady State Component 

In the following, it is convenient to make the 

following definition 

The parameters a and b are obtained from equation 2.10.106 

by multiplying the numerator and denominator by the 

conjugate of the denominator, and then separating real and 

imaginary parts. The result is 

2.10.106 

coshx^cosy^coshx2Cosy2+sinhx^siny2Sinhx2siny2 
2.10.107 a = 

and 

b 
sinhx^sinyjCOshX2COsy2-coshx^cosy1sinhx2siny2 

, 2.10.108 2 2 
sinh x2 + cos y2 

where 

2.10.109 

and 
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x2=i c<*>. y2 = i d<*) 2.10.110 

Also, g(i$) is assumed to have been decomposed into real and 

imaginary parts as 

g(i^) s c(f) + id (<£) . 2.10.111 

Since the poles at the points s= +i^ are pure 

imaginary numbers, the function is, by Euler's 

Formula, periodic and does not decay. Hence, the residues 

from these poles constitute the steady-state component of 

the solution. 

The residue at s=-i0 is 

Residue = 

W0 Lim 
s->-i^“ 

(s+i<*)est . . 
(s+i$>) (s-i?) F(s) 

We 
-2i 

-itft 
F(-itf) 2.10.112 

Similarly, the residue at s=i^ is 

Residue = 
We 
“21 

i^t 
F(i^) . 2.10.113 

Summation of the residues results in the following for the 

steady-state component 

/w \ 
= b cos^t + a sin^t, 

ss 
2.10.114 

where 2.10.106, the Reflection Principle and Euler's Formula 

have been used. 

The functions c(<f) and d(çrf) are calculated as follows: 

g(i^) = i^ 

\2. ,2 -|l/4 
0.5i ( tan"1^/iDn-tan"

1^/«^ ) 
2.10.115 
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where 2.1.27 has been used. 

By use of Euler's Formula, c{j>) and d(j^) are found to be 

-.1/4 

C(^) = -<$ 

and 

d(fi) = 4 o
 r

o 
+ to

 
sin(0.5(tan”^/iOQ-tan-^$/a^) ) 2.10.116 

-.1/4 

cos(0.5(tan_1^/u0Q-tan_x^/a>^) ) . 2.10.117 -1. 

When the magnitude of the displacement has a local 

maximum for some frequency 4 , this maximum is referred to 

as a resonance, and the frequency ^ , as a resonant 

frequency. Resonances in the steady state occur when 

cos [±-d<*)] - 0. 2.10.118 

Equation 2.10.118 is obtained by manipulating 2.10.114 into 

the form 

Gt ■ ■ sin(it +< ) , 2.10.119 

where M is the magnitude and is given by 

M = Va2 + b2 . 2.10.120 

The sinh is not zero for <f> >0, therefore, M is maximized 

when 2.10.118 vanishes. Equation 2.10.118 is transcendental, 

and must be solved numerically for the resonant frequencies. 

If and 4/à* are small compared to 1, then 

tan“-V/tD0 ss <p/û)Q , tan-^AÛ* a 4/^, 2.10.121 

COS(O.5(0AOQ - 0/u^)) a 1 2.10.122 
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and 

2.10.123 

Substitution of the approximation for d( ) into equation 

2.10.118 gives 

cos ] =0. 2.10.124 
L u3 0J 

Therefore, the resonant frequencies are approximated by 

*res“ Z u0 * W n*1'2'-" 2.10.125 

Note that these resonance frequency approximations are 

equal to the approximation of the natural frequencies from 

equation 2.7.90 for en <<1. 

In summary, the steady-state component is 

= b cos^t + a sin^t, 2.10.114 

where a and b are defined by equations 2.10.107 and 

2.10.108. 

Section 2.11 The Monotonic-Decaying Component 

The component which arises from the residue of the real 

root s^ of equation 2.5.63 is computed as follows. Let 

sx s -^n. 2.11.127 

The residue is then 
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Residue = 

Lira . 
S*-*J 

W^estcosh|^» g(s 
hR“g(s^ . r i l 

3 >• Lim * y 2.11. 

+<? J s*”*n|sinh[£ g(s)]-£-g'(sj 
128 

‘3 J 3 

where L'Hospital's Rule has been used on the term in the 

bracket on the right hand side. By the use of equations 

2.2.36, 2.2.30 and 2.2.35, one can calculate, for each value 

of the index n, 

6 
7md 

(r?) 
Vw L 

-£ t „ . ,. n+1 
m iu (-1) cos 

n w 
rx^2n-ll 
L* 2 J 2.11.129 

g' (s) = g(s) 

and 

Si + i 
\ s + 2 (S+W3q) (S+«0*) I' 

2.11.130 

9'«-W “ -1 T7’ 
+i ~ “^O 1 2 11 131 

2 L 1 %» 2 5,n> K-în'J ' 

Summation of all the terms of 2.11.129 over n, and factoring 

out a g(s) in the denominator gives 

oi- ti md 

2 (-1) 

n=l 

n+1 $ 

-Ç_t 
e cosl 

rxw2n-l 
IfT- ] 

( W {i. *1 TO) 
2.11.132 

The term (^Q-^) , which appears as a divisor, is likely to 

be zero when calculated by use of finite precision 

arithmetic until n becomes quite large, as may be seen by 

inspection of equation 2.7.92. To prevent division by zero, 
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the approximation 2.7.92 for s^ should be used when en 

Section 2.12 Cyclic-Decaying Component 

The final component is that due to the residue of the 

complex conjugate root, Sj and s^. Let 

:,3 — -$n - iwn' 
2.12.133 

and the cyclic-decaying component is given, for each n, by 

the sum of the residue due to s=S2 

Residue = 

St cosnLu,9l5|J| Lim I s-s2 I 

2.12.134 
Lim 

s-»s 
*eS cosh[ig(S)]|^ Llln 

2 1 IT^75 fS^2|cosh[i.g(s,]f ’ 

and the residue due to s=Sj (which will be the conjugate of 

2.12.134) . The term in the left hand side bracket of 

2.12.134 (for s=S2> when evaluated is 

Lim f^st cosh[i g(sjj| _ 
s-»s. 

sW 
-£ t i»*? t 

. ^n _ n  rx^2n-li 
~T~7i 

C0S
LL*~2 J 2.12.135 

<^n+i,0n) 

When s-s^, the result is the conjugate of 

2.12.135 since also obeys the conditions required by 

the Reflection Principle. For convenience, the following 

definition is made 

G = (-2 + id)2 + d 2 = C + iD . 
n 'n n 

J
 n n 2.12.136 
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By use of L'Hospital's Rule, the term in the right hand 

side bracket of 2.12.134 is 
-\ 

Lim 
s-s. 

s-»s2 lcosh[-=- g(s)] 

Lim < 
s-»s„ ■jj-g' (s) sinh[£- g(s)]f 

where 

sinh[£ g(s)] = sinh[+iir2£li] = +(-l)n+1, 

and 
u?* — 

_^3 j 1_ , _1 0 1 
g (s2) - 2 L |s2 

+ 2 (s2+uP0) (s2+^*)) ’ 

2.12.137 

2.12.138 

2.12.139 

Given the following definition 

O* - O, 
1 .1 w0 „ . . „ 

n"* ^n+i0n +2(-tin+i^n+cD0) (-Çn+i^>n+^*) = VlBn' 2.12.140 
F_ H 

the cyclic-decaying component for each n can be written as 

iu) t - i^_ t^ 

rj) , 2^e~i;"t(-l)"cosr^
11 

'■■wi (2n-l)n/ 1rs P CP 
n 

IGF 
n n 

G F 
n n 

>. 2.12.141 

-1 
The term (GF)n is given by. 

(AC - B D ) -i(D A + B C ) nn n n n n n n ^ <u o i o 140 1
       ■“"■™ A

1 *“ â *" ID f 2 112 • 142 Z f /rN , , n x * n n 
G F (AC - B D ) + (DA + B C ) 
nn nn nn nn nn 

where equations 2.12.140 and 

Now finally, with the use of 

term in equation 2.12.141 is 

iv^t -icOt 

G F + G F 
n n n n 

= 2a„ cosiD t 
n n 

2.12.136 have been used. 

Euler's Formula, the bracketed 

found to be 

+ 2b' simO t. 2.12.143 
n n 

Summation of 2.12.141 over n gives the cyclic-decaying term 
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«i ■£( 
~*>nt 

( 2n 

where 

COB[t*Tr] <an ooswnt + bn sinlJnt) > 9 

(AC - B D ) 1 n n n rr 
n (A C - B D ) 2 + (DA + B C )2 v n n n n' ' n n n n' 

2.12.144 

2.12.145 

bn * 
<DnAn + BnCn> 

(AC - BD)2 + (DA + B C )2 

n n n n n n n n 

Cn “ (+2 - J2) + S2. 

n - ”2wn*'n‘ 

2.12.146 

2.12.147 

2.12.148 

An ” _ 2 , -%2 z; +<0 n n 

0-5C°. - «ty <<W <J* * <n> - Jn> 

«<w2 +,JS> 2 2.12.149 

and 

Bn " 
H _ 0.5(0» - O0)On(^0 +0* - 2^n) 

^2 +u)2 ((On-ç')2 + *>2) ( (^*-i: )2 + ^2) n "0 ‘m' n' ' ' * n' 

2.12.150 
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Section 2.13 Total Response 

The total solid displacement is the superposition of 

the three components 

given by equations 2.10.114,2.11.132 and 2.12.144. 

This solution is evaluated numerically for two 

materials and the results are given in the next chapter. 



CHAPTER III 

NUMERICAL RESULTS 

Introduction 

Numerical results serve at least two purposes: 

i. exposing heretofore unnoticed errors in deriving a 

particular solution and ii. establishing the importance of 

various effects present in the solution. Thus if for 

instance, fluid viscosity terms are added to a model and the 

numbers flowing out of the computer do not change, then 

viscosity effects are probably not important enough to worry 

about. With this observation as a prelude, the present 

chapter examines the relative importance of including 

inertial terms in the model described in Chapter I. 

It is sometimes difficult to make the transition from 

an analytic formulation of a solution to a computer program 

to evaluate the solution. The main reason for this 

difficulty is that arithmetic on a computer is carried out 

with finite precision. So, for example, arithmetic is not 

necessarily associative, and the order in which the terms 

are evaluated makes a big difference. The form of the 

solution in Chapter II reflects the ordering of terms found 

to be acceptable to the computer. 

A listing of the FORTRAN IV program used to evaluate 
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the solution and print out maximum displacements may be 

found in the appendix. A list of computer notation and a 

list of the subroutines used follows in the next two 

sections. 
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Section 3.1 List of Computer Notation 

Variable Name Description Text Symbol 

XID DRAG COEFFICIENT z. 
OMEGAO CHAR. FREQ. 

OMEGA1 CHAR. FREQ. 

01 ACCEL. WAVE SPEED u3 
UO FROZ. WAVE SPEED u0 
SRU1U0 RATIO OF ABOVE 

RHOF FLUID BULK DENS. 

RHOS SOLID BULK DENS. 

PHIF POROSITY h 
GAMMAF TRUE FLUID DENS. 

GAMMAS TRUE SOLID DENS. 4 
MUS SHEAR MODULUS H 
GAMMAN 1/LENGTH USED FOR 

CALCULATING POLES 

XIN IREAL ROOT| *n 
ZETAN IREAL PART OF 

COMP. CONJ. ROOTl 
*7H 

OMEGAN IIMAG. PART OF 

COMP. CONJ. ROOTl 

PHIR RES. FREQ. OF WSS A Ytes 
L DEPTH OF FORMATION L 

X POSITION IN FORM. X 

N INDEX n 

C REAL PART OF g(S) c(4) 

D IMAG. PART OF g(s) d(tf) 

MCDA,B MAGNITUDES OF WCD 

page 36 

Equation 

1.3.13 

1.2.11 

2.1.27 

1.2.9 

1.2.10 

1.1.6 

1.1.7 

1.3.13 

1.1.7 

2.2.36 

2.11.127 

2.12.133 

2.12.133 

2.10.125 

1.4.21 

1.1.7 

2.10.125 

2.10.111 

2.10.111 
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Variable Name Description Text Symbol Equation 

MMD MAGNITUDE OF WMD 

MSA,B MAGNITUDES OF WSS 

NUMPHI NUM. OF RESONANCES 

OF SS AND CD COMP 

NUMCYC NUMBER OF CYCLES 

PI ff 
DT TIME STEP 

T TIME t * 

WSS STEADY-STATE COMP. <>ss 2.10.114 

WMD MONOTONIC-DECAYING ()md 2.11.132 

COMPONENT 

WCD CYCLIC-DECAYING ()cd 2.12.145 

COMPONENT 

WS TOTAL RESPONSE ws 2.13.151 

DMAX MAXIMUM TIME SERIES 

OF WS 

DSSMAX MAXIMUM WSS VALUE 

RMSMAX ROOT MEAN SQUARE OF 

SS TERM AND ALL SIG • 

TERMS OF WMD AND 

WCD. 

TMAX TIME AT WHICH DMAX 

OCCURS 

PHICYC DUMMY 

CYC DUMMY 

PARTI, H 11 

DUM, ETC DUMMY 

PHI FREQ. APPLIED TO * 1.4.21 

THE BOUNDARY 
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Section 3.2 List of Subroutines 

INPUT Reads in the material parameters from a disk file. 

PROP Calculates the necessary quantities from those read 

in through INPUT. 

PRINTP Prints out the values read in and the ones 

calculated by PROP. 

ROOTS Calculates the values XIN, ZETAN and OMEGAN which 

are the components of the poles. 

PHIRES Calculates a resonant frequency of the steady-state 

component. 

CDPHI Computes the functions c(^) and d($). 

CALMCD Calculates the time invariant part of the 

non-dimensional magnitudes (a'and b') of the cyclic-decaying 

component. 

CALMMD Calculates the time invariant part of the 

non-dimensional magnitude of the monotonic-decaying 

component. 
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SSCOMP Calculates the non-dimensional magnitude (a and b) 

of the steady-state component. 

PISPM Adds the time dependence to the various magnitudes 

and calculates the sinusoidal terms. Calculates the total 

response and stores the time series maximum over a specified 

range with a specified number of time divisions. Calculates 

the root mean square of all the magnitudes (time dependent), 

stores the maximum, and calculates the magnitude of the 

steady-state. 

CALPHI Returns a vector PHIRS with the first NUMPHI natural 

frequencies and then the first NUMPHI steady-state 

frequencies. 
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Section 3.3 Flow Chart for Program RESO 

^ START 

CALL INPUT 

loop 
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Section 3.4 Displacement Spectra 

The almost ceaseless spewing forth of data that 

computers are capable of has been distilled here into 

displacement spectra. These graphs relate the maximum 

displacement which occurs in the formation, at a certain 

value of x for all time, to the forcing frequency applied on 

the boundary. Of course, important information is left out 

by the use of displacement spectra. For example, the time 

the maximum occurs is not available. Also there is no 

indication of the how large the displacements were which 

preceded the maximum. The time at which the maximum occurs 

is shown for five input frequencies in figures 3.2 and 3.5. 

Here, the purpose is to demonstrate the importance of the 

inertial terms, and the spectra are ideal for this purpose 

since any dependence on the forcing frequency is a 

consequence of including their effects. Also, spectra are 

typically used by engineers for design purposes, and the 

time a maximum occurs is usually less important than the 

numerical value of the maximum displacement. 

There are three estimates of the maximum which are 

calculated by RESO: 

i. Time Series Estimate (DMAX). The output is 

sampled at discrete points as time goes on, keeping the 

maximum. 

ii. Steady-State Maximum (DSSMAX). The magnitude 

of the steady-state component is computed so that the 

relative effect of the transient components may be 

calculated. 

iii. Root Mean Square (RMSMAX). The square root of 

the sum of the squares of all the terms used in computing 

DMAX, apart from the sinusoidal terms, is computed. In the 

materials considered, the natural frequencies are relatively 
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high so that many cycles occur within the 180 second search 

limit. In this case, the maximum is very near the sum of the 

absolute magnitudes, which can be estimated by multiplying 

RMSMAX by the square root of 2 . This gives DSMAX to such 

accuracy that DSMAX could be omitted if the time at which it 

occurs is not important. 

For the materials considered, the cyclic-decaying 

component decays very slowly, as may be inferred from the 

magnitude of ZETAN given in the next two sub-sections. The 

monotonic-decaying component on the other hand barely exists 

at all. Besides having, for the material used, a very small 

magnitude, it decays extremely rapidly in time, as is 

indicated by the magnitude of XIN. 

Spectra are presented for two materials, Berea 

Sandstone and Ruhr Sandstone, the properties of which are 

taken from the table given in RICE AND CLEARY[2] and the 

densities are taken from FARMER[10]. The points plotted were 

obtained interactively using the program RESO. Intelligence 

is difficult to encode in a program, and it was easier to 

leave the decision, with regard to whether a maximum had 

been reached and when, to the operator. A value was chosen 

as a maximum if over the next two cycles of the nearest 

fundamental frequency ( iOn) , the value was not exceeded. 

Usually in about a half to two thirds the time it took to 

reach maximum, values as high as 80-90% of maximum had 

occured. 

Section 3.4.1 Berea Sandstone 

In this sub-section, results for Berea Sandstone are 

presented. First, there is output from the program RESO 

showing the input to the program and some important values 

calculated from the input. The decay exponents and natural 
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and steady-state resonant frequencies are also shown. 

Second, there is a bar graph showing the peaks in the 

spectra at 99.9% of the first five natural frequencies and 

the times at which they occur. A cut off time of 180 seconds 

was applied, this is about the duration of the larger 

earthquakes. The peak of the spectra is very sharply 

pointed, and the evaluation of the solution itself shows 

some problems because of finite precision truncation. Near 

the peak though, the solution still converges to the initial 

conditions and is well behaved. Third, a plot of the 

displacement spectrum is given where the actual values of 

DMAX calculated are marked with X's, and the solid line is 

TZ *RMSMAX. 



NUMERICAL RESULTS page 44 

He 
He 

S 2 
O o 

1 \ a o 
CA i-a pa o 
\ o CA o o Pa 
CA > 2 Pa i ca ca CA 

o o ca \U CA pa CA CA \ 
uuo i-a i w S w Q 

S S W >H o oo X 2 2 < 
o o O O Q > CA 04 Q U U 04 

rH OO CM vo vo vo r- 
rH o o o o o o 
+ 1 1 4* Hh 4* + 
pa M U pa pa ca pa 
o O O O O a\ rl o in 
o o o o o o r* r* rH 
o o o o o H r- vo 
o o o o CM OS VO O H 

o o o o o o o o VO rH VO CO in 
o o o o o Ol Ol 00 oo m ^ o 
o o O VO VO H H (J> rH i—1 rH O rH 

o o 
o o 
o o 
LD O 

rH CM rH 

iH 

Q 
ca 
04 • 
<! CM 

H D CM 
S O M 
O CA Q 
EH 
CA * 04 
Q 2 O 
JZ P Pa CM 
< ca CM 
CA 55 ca o pa 

O Û 04 04 S3 
< CA M a a M CA CM W 
U pa EH M H p EH 
04 w < D P O pa o >H 
ca EH s i-a o CA Û EH > Ca PQ • 
CO 04 2 03 PH CA M 2 •< 03 04 

pa O EH D ca is 04 i-a e 
04 04 Ol * »C0 P M CA ca 03 

o o ca X X D >4 as ou 
CA 04 s a HHa EH HOP3U pa Oi w H H D w * CM H > e p 

z CO CO Q i-a >4 CM EH <C S o z z o >H M EH Ca e ^ CM O 
S O M U ta Z EH 03 w O P4 O O 
< M M EH P Q M < CA EH o Pa % 04 

04 EH EH < <* CA H o D i-a ca o Oi 
a PA D M SJ M Z < 0 2 0 04 o ca CM M M 
Q EH 04 CA 04 PPM 04 £ CA EH < O O EH U 
04 < 52 O O « D Œ o pa M D P4 o 04 e ca 
04 w 04 04 EH « CO 04 04 > O Q CM 04 04 

Table 3.1 Berea Sandstone: Material Properties, 

Decay Exponents and Resonant Frequencies 



NUMERICAL RESULTS page 45 

a 
pa w 
EH 
<C Pu 
tH 
cn &a « 
I 0 M 
X Z 
a *c •< z 
pa o 
H cn 
co H 

re 
a. 

00 CM 00 CO ON CO CM 00 o r* Os 00 r* CO r* in CM in 
CM 00 ro Ol O o r* rH VO CM oo rH in CM r* 00 
in in VO VO r- 00 VO o\ o\ O o rH rH o r* CO TT in in 
CO o M4 rH 00 CO CM OS r* M4 rH 00 CO ** os VO CO o 
o rH rH CM CO CO r* in m VO r* 00 00 CM o rH CM CO CO 

co ON in rH r- CO o in rH CO OS in CO r-* «3* O VO CM 00 
CM VO rH VO O in o ** ON CO 00 CM CM VO rH VO o in os 

rH rH CM CM CO CO CO *a* M4 in in VO VO 00 00 00 

co 
pa 
w 
0 
Z 
pa 
D 
a 
pa 
as 
Pu 

3 
D 

2 
O 
P< 
X 
pa 

* 

0 
pa 
Q 

Pu 
O 

ÉH 
D 
0< 
EH 
D 
O 

0 
Z • 
M O 
>H pa 
KC 
u 
pa 
û 

6$B 
M D 
iJ EH 
O *3 
>H Z 
a 

as z 
Pu <C 
0 

j pa 

a 

0 
x 
0 

0 
z 

o 
Z 

vo r** 00 O rH CM r* OS Os rH rH r* VO VO in in o o 
CM r* CM 00 CO 00 CO 00 CO 00 CO OS «d« os Os OS in o 
in in VO VO r* 00 00 os ON o O rH rH CM CM CO CO in 
CO o r^- M* rH 00 in CM os VO M4 rH 00 in CM OS vo CO o r- 
o rH rH CM CO CO M4 in in VO r- 00 00 Os o o rH CM CO CO 

CO OS in rH r^ CO OS in rH r* CO OS m rH 00 O vo CM 00 
CM VO rH VO o in OS OS CO 00 CM r* CM VO rH VO o in ON 

rH rH CM CM CM CO CO in in VO VO r- r* 00 00 00 

< Z M4 CO CO CO CM CM CM CM CM CM CM CM rH rH rH rH rH rH rH rH 
Z M O O O O O O O O O o o O O O O O O O O O 

EH 1 1 1 1 1 1 | 1 1 » 1 1 1 1 1 1 1 1 1 1 
a < z pa pa P3 pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa 
Z a pa < in ON ON CO ON m rH VO M4 rH ̂ f4 vo vo CO rH o in CM 
< pa z EH in 00 CO rH in CM 00 CM vo o CM ̂ i4 00 CM rH m «M4 00 vo O 

Q o pa vo CM rH ON CO 00 r* CM rH vo in ON CM o in r* r* ON CM 
CA i 04 N CO OS ON CO CO o in 00 00 in o CM CM ** O rH r* 00 CO 
EH 0 X in O CO ON CO rH Kj* CM in CO in in TJ

4 
in r* o in CM o 

53 M pa 00 vo VO o CM rH rH CO vo rH r* rH CO in r* o CM in 00 
ca i-a rH rH ON rH CM CO in vo 00 ON rH rH r-H rH CM CM CM CM 

< r* r* r* r- r* r* r** r- r- r* r- r* r* r^ r- 
0 EH o o o o o o O O o o o o o o o o o o o o 
pa Z 4 4 + 4 4 4 4 4* 4* 4 4 4 4 4 4- 4 4 4 4 4 
a pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa pa 
i z z in in in in in m in in in in in in in in in in in in m m 
o o M rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH 
M PH X VO VO VO VO VO VO VO VO VO VO vo VO VO vo vo VO VO VO VO VO 
Z X rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH rH 
o pa in in in in in in in in in in in in in in in in in in in in 
EH o O O o o O O o o O o o o o O O O o O o 
O 
Z 

rH rH rH rH rH rH rH rH rH r-H rH rH rH rH rH rH rH rH rH rH 

OrHCMOO*l*invOI^OOONO 
HOJm^LOVOr^OOOHHHHHHHHHHCN 

Table 3.1 Continued 



NUMERICAL RESULTS page 46 

Figure 3.2 Berea Sandstones Maximum Displacement 
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Figure 3.3 Berea Sandstone: Displacement Spectra 

Near <f> = 
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Section 3.4.2 Ruhr Sandstone 

In this sub-section, results for Ruhr Sandstone are 

presented. First, there is output from the program RESO 

showing the input to the program and some important values 

calculated from the input. The decay exponents and natural 

and steady-state resonant frequencies are also shown. 

Second, there is a bar graph showing the peaks in the 

spectra at 99.9% of the first five natural frequencies and 

the times at which they occur. A cut off time of 180 seconds 

was applied, this is about the duration of the larger 

earthquakes. The peak of the spectra is very sharply 

pointed, and the evaluation of the solution itself shows 

some problems because of finite precision truncation. Near 

the peak though, the solution still converges to the initial 

conditions and is well behaved. Third, a plot of the 

displacement spectrum is given where the actual values of 

DMAX calculated are marked with X's, and the solid line is 

il *RMSMAX. 
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Figure 3.5 Ruhr Sandstones Maximum Displacement 

and Tmax at * 
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Section 3.5 Conclusions 

An analytic solution for shear motions in a binary 

mixture of a chemically inert, isothermal, elastic isotropic 

solid and elastic fluid subject to a sinusoidally varying 

solid displacement on one boundary and traction free on the 

other was obtained. This solution was evaluated with the aid 

of a computer program for two materials. The results were 

plotted in the form of displacement spectra. Resonances or 

peaks in these spectra were found indicating the influence 

of inertial terms. Enhancement on the order of hundreds of 

times the exciting displacement was found near the resonant 

frequencies. Significant enhancement also extended to either 

side of the peak for a range of 10-20% of the normalized 

frequency (<£/uC>n) . Depending on the geometry, material, or 

location in the formation, the enhancements could be larger 

still. 

The conclusion is that inertial effects are very 

important when studying the effects of time varying boundary 

conditions on porous media, and may not be neglected as is 

commonly done. 
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