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Relations between permutation representations
in positive characteristic

Alex Bartel and Matthew Spencer

ABSTRACT

Given a finite group G and a field F, a G-set X gives rise to an F[G]-permutation module F[X].
This defines a map from the Burnside ring of G to its representation ring over F'. It is an old
problem in representation theory, with wide-ranging applications in algebra, number theory, and
geometry, to give explicit generators of the kernel Kz (G) of this map, that is, to classify pairs
of G-sets X, Y such that F[X] = F[Y]. When F has characteristic 0, a complete description of
Kr(G) is now known. In this paper, we give a similar description of Kr(G) when F is a field
of characteristic p > 0 in all but the most complicated case, which is when G has a subquotient
that is a non-p-hypo-elementary (p, p)-Dress group.

1. Introduction

In the present paper, we study which finite G-sets X, Y, for a finite group G, give rise to
isomorphic linear permutation representations over a field of positive characteristic. To explain
the precise problem and the main result, we need to recall some terminology.

Let F be a commutative ring, and G a finite group. The Burnside ring B(G) of G has
one generator [X| for every finite G-set X, and relations [X] + [Y] = [Z] for all isomorphisms
X UY 2 Z of G-sets, with multiplication being defined by [X]-[Y] = [X x Y]. Since every
finite G-set is a finite disjoint union of transitive G-sets, and every transitive G-set is isomorphic
to a set of the form G/H, where H is a subgroup of G, with G/H isomorphic to G/H’ if and
only if H is G-conjugate to H’', we deduce that as a group B(G) is free abelian on the set
of conjugacy classes of subgroups of G. We will therefore write elements © of B(G) as linear
combinations of subgroups of G, which are always understood to be taken up to conjugacy. We
will also sometimes refer to these (representatives of) conjugacy classes of subgroups as the
terms of ©, so that if © € B(G) and H is a subgroup of G, we may talk about the coefficient
of H in ©. The representation ring Rr(G) of G over F has a generator [M] for every finitely
generated F[G]-module M, and relations [M]+ [N] = [O] for all isomorphisms M & N = O
of F[G]-modules, with multiplication being defined by [M] - [N] = [M ®F N], where G acts
diagonally on the tensor product. This is not to be confused with the ring of Brauer characters
of F[G]-modules, which is also often denoted by R (G), but which will not feature in our paper.

There is a natural map B(G) — Rp(G), sending the class of a G-set X to the class of the
associated permutation representation F[X]. Let Kr(G) denote the kernel of this map. Its
elements will be referred to as Brauer relations over F', or, once the choice of F' is understood,
just as relations. It is easy to see that if F' is a field, then the structure of Kz (G) only depends
on G and on the characteristic of F. A good understanding of Brauer relations over fields
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of different characteristics has many applications in number theory and geometry. Brauer and
Kuroda were, independently, the first to systematically investigate this phenomenon when they
used the non-triviality of Kg(G) to derive interesting relations between class groups of number
fields [10, 19]. Since then, Brauer relations have been found to give rise to many interesting
relations between different invariants of number fields [1, 6, 21, 26], of elliptic and modular
curves [13, 14, 22], and of Riemannian manifolds [3, 15, 24]. In these applications, F is usually
taken to be a field, and one obtains interesting information already by analysing Kq(G), but
the sharpest results are typically achieved if one knows precisely for what primes p a given
element of B(G) is a relation over a field of characteristic p.

When F is a field of characteristic 0, a set of explicit generators of Kp(G) for all G has
been determined by the first author and Dokchitser in [2], following important advances due to
Brauer himself [10], Langlands [20], Deligne [12], Snaith [23], Tornehave [25], and Bouc [9].
In contrast, almost nothing seems to be known about explicit generators of Ky (G) when F is
a field of positive characteristic. The main result of the present paper, Theorem 1.1, addresses
that situation by making substantial progress towards a complete classification.

The standard approach to problems of this kind is to view an element of Kg(G) as
‘uninteresting’ if it comes from a proper subquotient of G (see §2). Call such a relation
imprimitive, and let Primp(G) denote the quotient of K (G) by the subgroup generated by
the imprimitive relations. If one can find a set of generators for Primp(G) for each finite group
G, then one can give a complete description of K (G): for every finite group G, every element
of Kp(G) is a linear combination of elements of the form Ind Inf © as © runs over generators
of Primp(U) for all subquotients U of G. Such a description turns out to be ideally suited for
the applications in number theory and geometry mentioned above.

If p and ¢ are prime numbers, then a finite group is called g-quasi-elementary if it has a
normal cyclic subgroup of g-power index, equivalently if it is a split extension of a g-group by a
cyclic group of order coprime to ¢; a finite group is called p-hypo-elementary if it has a normal
p-subgroup with cyclic quotient, equivalently if it is a split extension of a cyclic group of order
coprime to p by a p-group; a group is called a (p, q)-Dress group if it has a normal p-subgroup
with ¢-quasi-elementary quotient. A finite group is called quasi-elementary if it is g-quasi-
elementary for some prime number ¢. The main result of the present paper is the following.

THEOREM 1.1. Let F' be either a field of characteristic p > 0, or a discrete valuation ring
with finite residue field of characteristic p. Let G be a finite group, and suppose that Primp(Q)
is non-trivial. Then:

(A) the group G is not p-hypo-elementary, and in addition G satisfies one of the following
conditions:

(i) the group G = C x Q is quasi-elementary of order coprime to p, where C' is cyclic
and @ is a g-group for some prime number ¢, and either C' is not of prime order,
or Q does not act faithfully on C;

(ii) there are a normal elementary abelian I-subgroup W = (C})? of G, where [ is a
prime number and d > 1 is an integer, and a (p, q)-Dress subgroup D of G, where q
is a prime number, such that G = W x D, with D acting faithfully on W; moreover,
either D acts irreducibly on W, or G = (C; x D) x (Cy x D3), where Dy, Dy are
cyclic g-groups;

(iii) there is an exact sequence

158" G—>D-=1,

where S is a non-abelian simple group, d > 1 is an integer, and D is a (p, q)-Dress
group for a prime number q, such that the natural map D — Out(S?) is injective
and S? is a minimal non-trivial normal subgroup;

(iv) the group G is a (p,p)-Dress group.
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Moreover,
(B) in the cases (i)—(iii), the structure of Primp(G) and a set of generators are as follows.
(i) One has Primp(G) = Primg(G), and the latter is described by [2, Theorem A, case
(1)
(ii) If D is p-hypo-elementary, then Primp(G) = Z, and otherwise Primp(G) = Z/qZ.
In both cases, Primp(G) is generated by © defined as follows:
(a) ifd=1 and D = Cy,,, = C,,, x Cy, Is cyclic of order mn, where m, n > 1 are
coprime integers, then © = G — C,,, + a(C,, — C; x C,) + B(Cy, — Cp x Cyy),
where «, § are any integers satisfying am + fn = 1;
(b) ifd =1 and D = Cyk+: is cyclic of order q" ', where k € Z>o, then © = Cyr —
chk+1 -~ qu + qG;
(c) ifd>2, then ® =G — D+ Z((;;Igg)wl (UNp(U) — W Np(U)), where the sum

runs over a full set of G-conjugacy class representatives of index [ subgroups
of W, and where Np(U) denotes the normaliser of U in D.
(iii) If D is p-hypo-elementary, then Primp(G) & Z, and otherwise Primp(G) = Z/qZ.
In both cases, Primp(G) is generated by any relation of the form G + > ;- anH,
where ay are integers. .

Explicit formulae for relations as in Theorem 1.1(B)(iii) can be derived from [7, 8.

Let us briefly sketch the main ingredients of the proof and the structure of the paper. In
Section 2, we recall the basic formalism of Brauer relations and results from the literature that
we will need in the rest of the paper. The most important one of these is Theorem 2.7, which
places tight restrictions on the possible quotients of a finite group G for which Primp(G) is
non-trivial. For example, it states that if G is a finite group for which Primg(G) is non-trivial,
then there exists a prime number ¢ such that all proper quotients of G are (p, ¢)-Dress groups.
If moreover G itself is not a (p, q’)-Dress group for any prime number ¢, then Primg(G) is
cyclic, and is generated by any relation of the form © = G+ >, agH, where ay € Z. This
almost immediately implies the conclusions of the theorem when G is not soluble — see part
(iii) of the conclusion.

In Section 3, we turn our attention to soluble groups. First, we prove in Theorem 3.2 that if
¢ is a prime number different from p, and G is a (p, ¢)-Dress group with a non-trivial normal
p-subgroup, then Primg(G) is trivial. We then analyse the consequences of Theorem 2.7 for
soluble groups, which leads, in Theorem 3.4, to a proof of part (A) of Theorem 1.1.

To prove part (B) of the theorem, it then remains to exhibit explicit relations of the form
© =G+ ,-,anH for groups G appearing in the theorem that are not (p, ¢)-Dress for any
prime number ¢, and to separately deal with (p, ¢)-Dress groups that do not have a non-trivial
normal p-subgroup, that is, that are g-quasi-elementary. The main difference between the case
we are treating in this paper and the case of F' having characteristic 0, which was treated in [2],
is that we do not have character theory at our disposal. Instead, to prove that an element of
B(G) is a relation, we use Conlon’s induction theorem, Theorem 2.4, so we are led to computing
fixed points of various G-sets under all p-hypo-elementary subgroups of G. Section 4 is devoted
to these somewhat technical calculations, and Proposition 4.1 and Theorem 4.2 furnish the final
ingredients for the proof of Theorem 1.1. The whole proof is summarised at the end of Section 4.

We remark that for a full classification of Brauer relations in positive characteristic, one
would also need to determine the structure and generators of Primp(G) for groups G that are
(p, p)-Dress groups. That problem is left open in this work.

Notation

Throughout the rest of the paper, we fix a prime number p, and F' will denote either a field of
characteristic p, or a local ring with finite residue field of characteristic p; G will always denote
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a finite group; O, (G) is the p-core of G, defined as the intersection of all its p-Sylow subgroups;
for a prime ¢, O9(G) will denote the minimal normal subgroup of G of g-power index; Aut(G)
denotes the automorphism group of G, and Out(G) denotes the outer automorphism group of
G, that is, the quotient of Aut(G) by the subgroup of inner automorphisms.

If H, U are two subgroups of G, and g, z € G, then we will write 92 = gzg~' and U =
gUg™!; the normaliser of H in G will be denoted by N (H); the commutator [H,U] is the
subgroup of G generated by {[h,u] = huh 'u=': h € H,u € U}. The commutator [H,U] is
trivial if and only if every element of H commutes with every element of U.

If H is a subgroup of G, then a (left) transversal for G/H is a set T C G such that G is a
disjoint union G = | |, gH.

The Frattini subgroup ®(G) of G is defined as the intersection of all maximal subgroups of
G. If | is a prime, and W is an [-group, then the Frattini subgroup of W is equal to [W, W]W<.
It has the property that a normal subgroup N of W contains the Frattini subgroup if and only
if W/N is an elementary abelian [-group. It also has the property that every element of ®(W)
is a ‘non-generator’, meaning that every generating set of W remains a generating set if all
elements of ®(W) are omitted.

If R is any set of prime numbers, then an R-Hall subgroup of G is a subgroup whose order is
a product of primes in R, and whose index is not divisible by any prime in R. Hall’s theorem
says that if G is soluble, then for every set R of prime numbers, an R-Hall subgroup of G
exists, any two R-Hall subgroups are conjugate, and every subgroup of G whose order is a
product of prime numbers in R is contained in some R-Hall subgroup [16, Theorems 3.13,
3.14, Problem 3C.1]. If ¢ is a prime number, we will say ‘(—g)-Hall subgroup’, when we mean
an R-Hall subgroup for R being the set of all prime numbers except for q.

2. Basic properties and induction theorems

Let G be a finite group, let H be a subgroup of G, let N be a normal subgroup of G, and let
7 denote the quotient map G — G/N. There are maps

Il’ldG/H: KF(H) — KF(G),
Z nyU — ZnUU;
U<H U
Resq @ Kp(G) — Kp(H),
ZnUU — Z ny(PUNH);

ULG UG g€ H\G/U

—

> ngm N0,

U<G/N U<G/N
induced by the natural induction, restriction, and inflation maps, respectively, on the Burnside
rings.
LEMMA 2.1. Let G be a finite group, let N be a normal subgroup of G, and let q be a prime
number. Then:
(a) if G is g-quasi-elementary, then so is G/N;
(b) if G is a (p, q)-Dress group, then so is G/N.

Proof. (a) Let C be a normal cyclic subgroup of G of g-power index. Then, CN/N is a
normal cyclic subgroup of G/N of g-power index.
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(b) The p-core of G/N contains O,(G)N/N, so (G/N)/O,(G/N) is a quotient of G/O,(G).
The assertion therefore follows from part (a). O

DEFINITION 2.2. Given a G-set X and a subgroup U of G, define fi;(X) to be the number

of fixed points in X under the action of U. Extended linearly, fy defines a ring homomorphism
B(G) — Z.

Let G be a finite group, let C and P denote full sets of representatives of conjugacy classes
of cyclic, respectively, p-hypo-elementary subgroups of G.

THEOREM 2.3 (Artin’s Induction Theorem). The ring homomorphism

I[[f:BG = ]]z

veC vec

has image of finite additive index, and its kernel is precisely equal to Kg(G).
Proof. See the proof of [5, Theorem 5.6.1]. O

THEOREM 2.4 (Conlon’s Induction Theorem). The ring homomorphism

I fo:BG — ]z

veP veP

has image of finite additive index, and its kernel is precisely equal to Kz (G).
Proof. See [11, §81B] or [5, §5.5-5.6]. O

COROLLARY 2.5. The group Kp(Q) is free abelian of rank equal to the number of conjugacy
classes of non-p-hypo-elementary subgroups of G.

COROLLARY 2.6. There exists a Brauer relation over F' of the form agG + Y ;cpavU €
Kr(G), where ag, ay € Z.

Proof. If G is p-hypo-elementary, then the statement is empty, so assume that G is not
p-hypo-elementary. By Theorem 2.4, the set consisting of F|G/G] and of F[G/U] for U € P is
linearly dependent in Ry (G). On the other hand, it is easy to see that if the elements U; of P
are ordered in non-descending order with respect to size, then the matrix (fu,(U;))v, v,ep is
triangular with non-zero entries on the diagonal, so by Theorem 2.4 the set {F[G/U] : U € P}
is linearly independent in Ry (G). This proves the corollary. O

Corollary 2.6 is also often referred to as Conlon’s Induction Theorem. The following theorem
is the basic structure result on Primpg.

THEOREM 2.7. Let G be a finite group that is not a (p, q)-Dress group for any prime number
q. Then, the following trichotomy holds:

(a) if all proper quotients of G are p-hypo-elementary, then Primp(G) = Z;

(b) if there exists a prime number q such that all proper quotients of G are (p,q)-Dress
groups, and at least one of them is not p-hypo-elementary, then Primp(G) = Z/qZ;

(c) if there exists a proper quotient of G that is not a (p,q)-Dress group for any prime
number ¢, or if there exist distinct prime numbers ¢, and g and, for i =1 and 2, a
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proper quotient of G that is a non-p-hypo-elementary (p, q;)-Dress group, then Prim g (G)
is trivial.

In cases (a) and (b), Primp(G) is generated by any relation in which G has coefficient 1.

Proof. See [4, Theorem 1.2]. O

COROLLARY 2.8. Let G be a finite group, and suppose that Primp(G) is non-trivial. Then,
G is an extension of the form

1558 G—>D—1,

where S is a finite simple group, d > 0 is an integer, and D is a (p,q)-Dress group for some
prime number q. Moreover, if d > 1 and S is not cyclic, then the canonical map D — Out(S9)
is injective, and S¢ has no proper non-trivial subgroups that are normal in G. In this case,
Primp(G) & Z if D is p-hypo-elementary, and Primp(G) = Z/qZ otherwise.

Proof. If G is a (p, ¢)-Dress group for some prime number g, then the assertion is clear,
so suppose that it is not. The group G has a chief series, so there exists a normal subgroup
W = S of G, where S is a simple group and d > 1. By Theorem 2.7, the quotient G/W is a
(p, q)-Dress group for some prime number gq.

Now suppose that S is not cyclic. Let K be the kernel of the map G — Aut(S?) given by
conjugation. The centre of S? is trivial, so K N S% = {1}. If K is non-trivial, then G/K is a
proper quotient that is not soluble, and in particular not a (p, q)-Dress group, contradicting
Theorem 2.7. So G injects into Aut(S?), and thus G/S¢ = D injects into Out(S?). Similarly,
if N <G is a proper subgroup of S¢, then G/N is not soluble, and in particular not a (p, q)-
Dress group, contradicting Theorem 2.7. Finally, the description of Primg(G) is given by
Theorem 2.7. (]

3. Main reduction in soluble groups

In this section, we analyse Prim g (G) for soluble groups G. The main results of the section are
Theorem 3.2, concerning (p, ¢)-Dress groups, and Theorem 3.4, which gives necessary conditions
on a soluble group G for Primp(G) to be non-trivial. The first of these is proved by comparing
the consequences of Conlon’s Induction Theorem for G and for its subquotients, while the
second is derived from a careful analysis of the implications of Theorem 2.7 for soluble groups.

LEMMA 3.1. Let g be a prime number different from p, and let G = P x (C x Q) be a (p, q)-
Dress group, where P is a p-group, Q) is a g-group, and C' is a cyclic group of order coprime
to pq. Let S be a full set of G-conjugacy class representatives of subgroups of P. For each
U €S, let Ny be a (—p)-Hall subgroup of Ng(U), and let Ty be a full set of Ny-conjugacy
class representatives of subgroups of Ny;. Then:

(a) for every U € S, and all subgroups Vi, Vo of Ny, Vi and Vs are Ny-conjugate if and
only if they are Ng(U)-conjugate;

(b) for every subgroup H of G, there exists a unique U € § and a unique V' € Ty such that
H is G-conjugate to U x V.

Proof. To prove part (a), let U € S, and Vi, Va2 < Ny, and suppose that there exists an
element g of Ng(U) such that 9V} = V5. Since Ng(U) = Np(U) x Ny, we may write g = nu,
where u € Np(U) and n € Ny. Let v € V;. By assumption, 9v € Vo C Ny, so “v € Ny, and
hence [v,u] = v(uv~'u~1) € Niy. On the other hand, Np(U) = Ng(U) N P is normal in N (U),
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so [v,u] = (vuv~H)u=t € Np(U). Since Np(U) N Nyy = {1}, this implies that u and v commute.
Since v was arbitrary, we deduce that u centralises V7, so that 9V; ="V} = V5, as claimed.

Now, we prove the existence statement of part (b). Let H be a subgroup of G, and let
U = H N P. After replacing H with a subgroup that is G-conjugate to it if necessary, we may
assume that U € S. We then have H < Ng(U). Let V' be a (—p)-Hall subgroup of H, which
is contained in a (—p)-Hall subgroup of N¢(U). Since all (—p)-Hall subgroups of Ng(U) are
conjugate to each other, we may assume, after possibly replacing H with a subgroup that is
N¢ (U)-conjugate to it, that V is contained in Ny, so that after possibly replacing H by a
subgroup that is Ny-conjugate to it, we may assume that V' € Ty, which concludes the proof
of the existence statement.

Finally, we prove uniqueness. Let Uy, Uy € S, and let V; € Ty, for i =1, 2 be such that
H, = U; x Vj is G-conjugate to Ho = Uy x V5. Since U; is the unique Sylow p-subgroup of H;
for ¢ = 1 and 2, this implies that U; and Us are G-conjugate; and since both are contained in P,
and § is assumed to be a complete set of distinct conjugacy class representatives, this implies
that Uy = Us. Write U = U;. We deduce that H; and Hy are Ng(U)-conjugate. Since V; is a
(—p)-Hall subgroup of H; for ¢ = 1 and 2, it follows that V; and V4 are also N¢ (U)-conjugate,
so by part (a), they are Ny-conjugate. Since Ty is a full set of representatives of Ny -conjugacy
classes, we have V| = V5. O

THEOREM 3.2. Let g be a prime number different from p, and let G be a (p, q)-Dress group
with non-trivial p-core. Then, Primp(G) is trivial.

Proof. We keep the notation of Lemma 3.1. In particular, we write G = P x (C x @), where
P is a non-trivial p-group, @ is a g-group, and C a cyclic group of order coprime to pq.
For each U € S, identify Ny with UNy /U via the quotient map, and consider the map

Ly = IndG/UNUInfUNU/U: B(NU) — B(G)

Let Iy = vy (Kp(Ny)). Note that all © € Iy are imprimitive, since either U is non-trivial, so
that UNy /U is a proper quotient, or Ny is a (—p)-Hall subgroup of G, which is proper since
the p-core of G is assumed to be non-trivial. We will now show that >, s Iy = Kr(G).

First, we claim that each (y is injective. Inflation is always an injective map of Burnside
rings, so it suffices to show that the induction map Indg,yn, is injective on the image of
Infyn, - Let Hy and Hy be subgroups of UNy containing U that are G-conjugate. Since
the common p-core is U, they are then Ng(U)-conjugate. Since each of their respective (—p)-
Hall subgroups is contained in a (—p)-Hall subgroup of UNy, and all (—p)-Hall subgroups
of UNy are conjugate, we may assume, replacing H; and Hy by U Ny-conjugate subgroups
if necessary, that H; = UV;, where V; < Ny for i =1, 2, and where V; is Ng(U)-conjugate
to V5. Lemma 3.1(a) then implies that V; and V5 are also Ny-conjugate, so Hy; and Hy are
U Ny-conjugate, and injectivity of ¢y follows.

Next, we claim that the Iy for U € § are linearly independent. Indeed, suppose that
ZUGS Oy =0, where Oy € Iy. Let U be maximal with respect to inclusion subject to the
property that ©y # 0. Then, all terms of ©y contain U, while for all elements U’ # U of S, all
terms of Oy are contained in U’ Ny, which does not contain U. Thus, for the sum to vanish,
we must have Oy = 0 — a contradiction.

A similar argument shows that »°, g Iy is saturated in Kz (G): suppose that 3, s Oy is
divisible by some n € Zx4 in Kp(G) for Oy € Iy, and consider U € S that is maximal subject
to the property that Oy is not divisible by n in Kz (U), or, equivalently, in B(U); then note
that the above argument shows that for every subgroup H of G that contains U, the coefficient
of H in Oy is divisible by n for all elements U’ # U of S, so its coefficient in Oy must also
be divisible by n, so that in fact ©y is divisible by n in B(G) — a contradiction.
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To prove equality, it therefore only remains to compare the ranks of ) ;. s Iy and of K (G).
By linear independence and by Corollary 2.5, we have

rank(Z IU> = Z rank I

ves ves

= Z #{conjugacy classes of non-cyclic subgroups of Ny},
Ues

and by Lemma 3.1(b) and Corollary 2.6, this is equal to the rank of K (G), which completes
the proof. O

LEMMA 3.3. Let G be a finite group, and let W be an abelian normal subgroup with quotient
D. Suppose that there exists a normal subgroup H of D such that gcd(#H,#W) = 1 and such
that no non-identity element of W is fixed under the natural conjugation action of H on W.
Then, G =W x D.

Proof. We may view W as a module under D. Since H and W have coprime orders, the
cohomology group H'(H,W) vanishes, so the Hochschild-Serre spectral sequence gives an
exact sequence

H*(D/H,WH) = H*(D,W) — H*(H,W).

The last term in this sequence also vanishes by the coprimality assumption, while the first
term vanishes, since W*# is assumed to be trivial. Hence, H*(D,W) = 0, and therefore the
extension G of D by W splits. (|

THEOREM 3.4. Let G be a finite soluble group, and suppose that Primp(G) is non-trivial.
Then G is one of the following:

(i) a quasi-elementary group C x @ of order coprime to p, where C is cyclic and Q is a
q-group for some prime number q, and either C' is not of prime order, or ) does not act
faithfully on C,

(ii) a semidirect product G =W x D, where W = (C;)? for a prime number | # p and an
integer d > 1, and D is a (p, q)-Dress group for some prime number q, acting faithfully
and irreducibly on W,

(iii) G = (Cy x Dy) x (Cy x Dy), where | # p is a prime number, Dy, Dy are cyclic g-groups
for a prime number g that act faithfully on C; x Cj,
(iv) a (p,p)-Dress group.

Proof. We begin by observing that if G is a (p, q)-Dress group for some prime number ¢,
then the conclusion of the theorem holds. Indeed, if G is a (p, p)-Dress group, then this is clear.
If, on the other hand, G is a (p, ¢)-Dress group for a prime number g # p, then it follows from
Theorem 3.2 that G must have trivial p-core, so the order of G is coprime to p, which implies
that all p-hypo-elementary subquotients of G are cyclic. By Theorems 2.3 and 2.4, we then
have Primp(G) = Primg(G), and it follows from [2, Theorem A, case (4)] that G satisfies the
conditions of part (i) of the theorem. In particular, if G is quasi-elementary, then the conclusion
of the theorem holds.

We will repeatedly use this observation without further mention.

By Corollary 2.8, G is an extension of the form

1=W=(C)?"—=G—=D-=1, (3.5)
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where [ is a prime number, d > 0 is an integer, and D is a (p, q)-Dress group for some prime
number ¢. If d =0 or [ = p, then G is a (p, q)-Dress group, and we are done. For the rest of
the proof, assume that d > 1 and [ # p. We now consider several cases.

Case 1: 11 #D. By the Schur—Zassenhaus theorem [16, Theorem 3.8], the short exact
sequence (3.5) splits, so we have G 2 W x D, and we may view D as a subgroup of G. Let
N <G be the centraliser of W in D.

Case 1(a): N # {1} and D is p-hypo-elementary. The subgroup WN/N is normal in G/N.
By Theorem 2.7, G/N is a (p, g)-Dress group for some prime number g. It follows that D/N
is also normal in G/N, so G/N = WN/N x D/N, so the commutator [W, D] is contained in
N < D. But also, since W is normal in G, this commutator is contained in W, so it is trivial.
It follows that W commutes with D, and G is a (p,)-Dress group.

Case 1(b): N # {1} and D is not p-hypo-elementary. By Theorem 2.7, G/N is a (p, q)-Dress
group. Since [ { pg, this implies that W must be cyclic, and, by the same argument as in case
1(a), it must commute with O?(D). It follows that G is a (p, ¢)-Dress group.

Case 1(c): N = {1} and D acts reducibly on W. Let U be a proper non-trivial subgroup of W
that is normal in G. Since [ 1 #D, the F;[D]-module W is semisimple, so there exists a subgroup
V of W that is normal in G and such that UV =W and UNV = {1}. By Theorem 2.7,
both G/U and G/V are (p, q)-Dress groups. Since [ 1 pq, this implies that V' = W/U = C) and
U=W/V (. Thus, G = (U x Dy) x (V x Dy), where Dy acts faithfully on U, and Dy acts
faithfully on V, and in particular both are cyclic. It follows that O,(G/U) is of the form
NU/U for a p-subgroup N of D;. For G/U to be a (p, g)-Dress group, the (—¢)-Hall subgroup
of G/UN must be cyclic, which forces Dy to be a g-group, and similarly for D;. This is case
(iii) of the theorem.

Case 1(d): N = {1} and D acts irreducibly on W. This is case (ii) of the theorem.

Case 2: 1| #D and G =W x D. In this case, N =ker(D — Aut W) is again a normal
subgroup of G.

Case 2(a): N # {1}. By Theorem 2.7, the quotient G/N is a (p, q)-Dress group. Since D/N
acts faithfully on W, no non-trivial subgroup of D/N can be normal in G/N. In particular,
O,(G/N) must be trivial, so N contains O, (D), and G/N is in fact quasi-elementary, G/N =
C x @, where C' is cyclic and @ is a ¢g-group. By the same argument, C' is an l-group. Now, if
q =1, then G/N is an l-group, and G is an extension of an l-group by the (p,!)-Dress group
N, hence is itself a (p,1)-Dress group. If ¢ # [, then W must be cyclic, and must commute
with O,(D), so O,(D) is normal in G, and G/O,(D) is g-quasi-elementary, whence G is a
(p, q)-Dress group.

Case 2(b): N = {1} and D acts reducibly on W. Let U < W be a non-zero proper F;[D]-
subrepresentation of W. By Theorem 2.7, the quotient G/U is a (p, ¢)-Dress group.

Case 2(b)(i): I # g. Then, the I-Sylow subgroups of G/U must be cyclic. In particular, any
I-Sylow subgroup C' of D, which is non-trivial by assumption, acts trivially by conjugation on
W/U. Since G is assumed to be a semi-direct product, the I-Sylow subgroup of G/U is a direct
product of W/U and C, and therefore cannot be cyclic—a contradiction.

Case 2(b)(ii): | = ¢. Either G/U is an l-group, in which case so is G, and we are in case (i) of
the theorem; or there exists a subgroup C' < D of order coprime to [ such that CU/U is normal
in G/U, and in particular C is normal in D. The F;[C]-module W is then semisimple, so there
exists a subgroup V < W that is normalised by C, and such that VU = W and VNU = {1}.
Since CU/U is normal in G/U, and since W/U is also normal in G/U, CU/U and W/U
commute, so we have [C,V] < U. But since V is normalised by C, we also have [C,V] <V,
so C in fact centralises V. Thus, V is contained in W, which is a normal subgroup of G. If
WY =W, then C < N, contradicting the assumption that N = {1}. So W¢ is a proper non-
trivial subgroup of W. Since [ 1 #C, there exists a non-trivial subgroup U’ < W such that W =
U'WY and U' N WC = {1}. In particular, (U')¢ = {1}. By Theorem 2.7, the quotient G /W is
(p,1)-Dress, so CW® /W is contained in the normal subgroup O'(G/W¢) = O/(D)YW¢ /W€
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It follows that [C, U’'] < WCO!(D). But since U’ is normalised by C, we also have [C,U’] < U'.
Since U’ N WCO!(D) is trivial, we deduce that C' centralises U’—a contradiction.

Case 2(c): N = {1}, and D acts irreducibly on W. This is case (ii) of the theorem.

Case 3: | | #D and the extension of D by W is not split. By the Schur—Zassenhaus theorem,
the preimage of O,(D) under the quotient map G — G/W is a split extension by W. Let P
be a complement to W in this preimage. In other words, P is a subgroup of G that maps
isomorphically onto O, (D) under the quotient map G — G/W.

Case 3(a): P = {1} and [ # ¢. Then, the I-Sylow subgroup S of G is normal in G. If it is
elementary abelian, then the extension of D by S splits by the Schur—Zassenhaus theorem
[16, Theorem 3.8], and we are in Case 2 of the proof. Otherwise, the Frattini subgroup ® =
[S,5]S! of S is non-trivial, and since it is a characteristic subgroup of S, it is normal in G.
By Theorem 2.7, the quotient G/® is a (p, ¢)-Dress group, so the I-Sylow subgroup of G/® is
cyclic. But since ® consists of ‘non-generators’ of S, this implies that S itself is cyclic, so G is
g-quasi-elementary.

Case 3(b): P = {1} and p # | = q. Let C be a (—1)-Hall subgroup of G. The assumptions on
G imply that C is cyclic, and that D is of the form C x @, where Q is a g-group. If W& =W,
then C'is a normal subgroup of G, and G is g-quasi-elementary. If W = {1}, then Lemma 3.3
implies that the extension of D by W splits — a contradiction. So W is a non-trivial proper
subgroup of W, which is normal in G, since C' is normal in D. Since the order of C' is coprime
to I, the F;[C]-representation W is semisimple, so there exists a subgroup U of W that is
normalised by C, and such that UW® =W, UNW¢ = {1}. By Theorem 2.7, the quotient
G/W¢ is a (p, q)-Dress group. But it has trivial p-Sylow subgroup, so it is g-quasi-elementary,
and CW¢ /W is normal in G/W¢. Thus, [C,U] < W¢. But also, U is a C-subrepresentation,
so [C,U] < U, whence we deduce that C centralises U, so that W = W — a contradiction.

Case 3(c): P # {1} and W = W. In this case, P is a non-trivial normal p-subgroup of G.
By Theorem 2.7, the quotient G/P is (p, q)-Dress, therefore so is G itself.

Case 3(d): P # {1} and WP # W. By Lemma 3.3, the subgroup W is non-trivial. Moreover,
since P is a normal subgroup of D, W7 is a normal subgroup of G. The F;-representation W
of P is semisimple, so there exists a subgroup U < W that is normalised by P and such that
UWP =W, UnW? = {1}. By Theorem 2.7, the quotient G/W? is a (p,q)-Dress group.
We claim that O,(G/W?T) must be trivial. Indeed, O,(G/W?T) is necessarily of the form
NWP /WPF where N is a subgroup of P that is normal in D. But then we have [N,U] < WF,
and also [N,U] < U, since U is a P-subrepresentation of W. Thus N centralises U, whence
WY = W. By Lemma 3.3, the assumption that the extension of D by W is non-split forces
N ={1}.

Case 3(d)(i): [ # q. Then the [-Sylow subgroup of G/W?* must be cyclic and normal in
G/WP. Since WF #£ W, and since we assume that [ | #D, this implies that the [-Sylow
subgroup S of G is normal in G and has an element of order strictly greater than [. Thus,
the Frattini subgroup ® = [9, S]S! of S is non-trivial, and since it is a characteristic subgroup
of S, it is normal in G. By Theorem 2.7, the quotient G/® is a (p, ¢)-Dress group, so the I-Sylow
subgroup of G/® is cyclic. But that implies that the I-Sylow subgroup of G is also cyclic, and
therefore W 22 (), contradicting the assumptions that {1} # W # W.

Case 3(d)(ii): [ = g. Then, p # q, so the p-Sylow subgroup of the (p, q)-Dress group G/WF
must be normal in G/WF, contradicting the observation that O,(G/W?T) is trivial.

This covers all possible cases, and concludes the proof. O

4. Explicit relations

In the present section, we prove Theorem 1.1. Proposition 4.1 below proves parts (B)(ii)(a)
and (B)(ii)(b) of the theorem. The main remaining step is to prove that the element appearing
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in part (B)(ii)(c) of the Theorem is indeed an element of Kp(G), and that is achieved in
Theorem 4.2. Most of the section is devoted to the proof of Theorem 4.2. With all the ingredients
in place, the proof of Theorem 1.1 is assembled from them at the end of the section.

PROPOSITION 4.1. Let | # p be a prime number, and let G = C; x C, where C' is a non-
trivial cyclic group, acting faithfully on C;. Then, Prim G = 7Z, and is generated by the following
relation ©:

(i) if C = Cyyp, where m, n > 1 are coprime integers, then
O=G—-C+alC,—CxC,)+ B(Cp, —C, x Cp),

where «, f are any integers satisfying am + fn = 1;
(ii) if C = Cyr+1, where q is a prime number, and k € Zxq, then

@:ququfC’GCqk + qG.

Proof. The hypotheses on G imply that all non-cyclic subquotients of G have trivial p-core,
so a subquotient of G is cyclic if and only if it is p-hypo-elementary. It therefore follows from
Theorems 2.3 and 2.4 that Kz (G) = Kg(G), and Primz (G) = Primg(G), and the result follows
from [2, Theorem A, case 3a. O

THEOREM 4.2. Let | # p and q be prime numbers, let G = W x Q, where W = (C;)? with
d € Zso, and Q is a (p,q)-Dress group acting faithfully on W. Suppose that either @ acts
irreducibly on W, or d = 2, and G = (C; x Py) x (C; x Py), where the P; are g-groups acting
faithfully on the respective factor of W. Then, the element

©=G-Q+ > (UNg(U)-WNg(U)),
U<gW
(W:U)=1
of B(G) is in Kp(G), where the sum runs over a full set of G-conjugacy class representatives
of index | subgroups of W.

The proof of the theorem will require some preparation.

Recall from Definition 2.2 that if X is a G-set, and U is a subgroup of G, then fy(X)
denotes the number of fixed points in X under U, and that this extends linearly to a ring
homomorphism fy: B(G) — Z.

LEMMA 4.3. Let G be a finite group, and let H and K be subgroups. Then, fix(H) = #{g €
G/H:K C9H} =#{geG/H:9K C H}.

Proof. By Mackey’s formula for G-sets, we have

Resk(G/H)= || K/(“HNK).
geK\G/H

By definition, fx(H) is the number of singleton orbits under the action of K on G/H,
so fx(H)=#{g9 € K\G/H : K C9H}. An explicit calculation shows that the map G/H —
K\G/H, gH — KgH defines a bijection between {g € G/H : K C9H} and {g € K\G/H :
K C 9H}, which proves the first equality. The second equality is clear. O

LEMMA 4.4. Let G be a finite group, let | be a prime number, and let K be a field of
characteristic l. Suppose that there exists a normal subgroup N of G such that [t #N and
G/N is a cyclic I-group. Then, for every K[G]-module M, we have dimx MY = dimx Mg.
Moreover, if M is an indecomposable K[G]-module, then this dimension is 0 or 1.
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Proof. Let M be a K[G]-module. We may, without loss of generality, assume that M is
indecomposable. The element e = (1/#N) > .y n € K[G] is a central idempotent, and we
have MY = eM. If MY = 0, then it follows from the assumption that G/N is an I-group that
MY =0 also. Since lt#N, the N-module M is semisimple, so My = 0 also, so a fortiori
Mg =0, and we are done.

Suppose that M # 0, so eM # 0. Since M = eM @ (1 — )M, and M is indecomposable, it
follows that eM = M, so that M is an indecomposable K[G/N]-module. Since G/N is a cyclic
l-group, it follows from [17, 18] that the maximal semisimple submodule and the maximal
semisimple quotient module of M are both simple. But the only simple [G/N]-module is the
trivial one, which completes the proof. O

LEmMMA 4.5. Let | be a prime number, let d > 1 be an integer, let G =W x @Q, where
W = (C))% and Q is any subgroup of G. Let © be the element of B(G) given by

0=G-Q+ Y (UNg(U)-WNq(U)),

U<gW
(W:U)=l1

where the sum runs over a full set of G-conjugacy class representatives of index [ subgroups of
W. Then for every subgroup K of Q, we have fr(0) = #(Wg) — # (W),

Proof. For w € W, we have K < “Q if and only if (w™'kwk~ 1)k € Q for all k € K. Since
the bracketed term is in W, this is equivalent to w™'kwk™' =1 for all k € K, that is, to
w € WX Since W forms a transversal for G/Q), it follows from Lemma 4.3 that

fx(G) =1, (4.6)
fr(Q) = #{we W : K <"Q} = #W"). (4.7)

We now calculate the remaining terms in fx(©). Let U < W be a subgroup of index [. Let
T C @ be a transversal for G/W Ng(U). Let x € W \ U. Then, a transversal for G/U N¢(U)
is given by {tz™ :t € T,0 < m <[ — 1}. Applying Lemma 4.3, and noting that K < '@ for all
t € T, we have

fr(WN(U)) =#{t e T: K <'Ng(U)},
and
fe(UNgU)) = #{(t,m) € T x {0,...,1—1} : K <" (UNg(U))}.

To count that last number, we note that for all k£ € K, and for all y = ta™ in the above
transversal, we have ¥ k= (x=™t Ykt t 1k~ )(t~kt), and of the two bracketed terms
the first is in W, and is equal to [z~™, ¢t 'kt], while the second is in Q. It follows that we
have K < Y(UNg(U)) if and only if [z, ¢t 'Kt] < U and t 'Kt < Ng(U). If m # 0, then
these conditions are equivalent to [(z),t ' Kt] < U and t 'Kt < Ng(U), and in particular are
independent of m. Partitioning the transversal {tz™:t € T,0< m <l -1} =TU{ta™ : t €
T,1 <m <1— 1}, we find that

fr(UNg(U) = W Ng(U))
=(1-1)-#{t €T :t 'Kt <Ng(U),[(x),t ' Kt] < U}
=(—-1)-#{teT: K <Ng('"U), K acts trivially on W/'U}.

As t runs over T', 'U runs once over the G-orbit of U, since T is a transversal for G/W Ng(U) =
G/Ng(U). It follows that if we take the sum of the above expression over a full set of
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representatives U of G-conjugacy classes of index [ subgroups of W, we obtain

S fx(UNg(U) — W Ng(U)

U<aw
(W:U)=1
= (I — 1)#{quotients of Wy of order I} = #(Wk) — 1. (4.8)
The result follows by combining equations (4.6)—(4.8). O

LEMMA 4.9. Let G =W x Q be a soluble group, where W = (C;)? for some prime number
l # p, so that W is naturally an F;[G]-module, and let K < G be a subgroup of the form
K = Ky x (), where K}/ is contained in @ and is of order coprime to l, and -y = wh is of order
a power of |, with w € W and h € (). Suppose that K is not G-conjugate to any subgroup of
Q. Then, there exists an F;[K]-submodule U of W of index | not containing w. Moreover, for
any such U < W, the group K acts trivially on W/U.

Proof. First, we claim that w € W%, Let k € K;» be arbitrary. Since K/ is normal in K, we
have whkh~lw~! € K; C Q. But also, since whkh™'w™! = [w, hkh~']hkh~1, and hkh~! € Q,
it follows that [w, hkh~!] € Q. On the other hand, since w € W, and W is normal in G, we also
have [w,hkh~'] € W, hence [w,hkh~'] =1, or equivalently kh~lw 'hk=! = h~lw=th. We
deduce that h~'wh € WX But since K}/ is normal in K, the subgroup W is a K-submodule
of W, so that w = 7 (h~*wh) € WX also, as claimed.

Let WX = N @ N’ as a K-module, where N is an indecomposable K-module containing
w. Since K acts trivially on N, we may view it as an F;[(y)]-module. Let ej,...,e; be an
F;-basis of N with respect to which + acts in Jordan normal form. Then, we claim that w is
not contained in the proper K-submodule L generated by eq,...,ex_1. Indeed, if it were, say
w=ef"-- -eZﬁ’ll for ay,...,ax_1 € Z, then the element e; ** - e,;a""l would conjugate wh
to h and would commute with K/, thus conjugating K to a subgroup of ), which contradicts
the hypotheses on K. Thus, the submodule U = L @ N’ satisfies the conclusions of the lemma.

Finally, for any U satisfying those conclusions, K/ acts trivially on W/U, since it centralises
w ¢ U. Moreover, K/Kj is an l-group, so also acts trivially on W/U, since that quotient has
order [. O

LEMMA 4.10. Let G=W xQ, K =Ky x(y), we W, and U < W be as in Lemma 4.9.
Let 81 be the set of subgroups of W of index [ that are normalised by K, do not contain
w, and are different from U, and let Sy be the set of subgroups V of W of index | that are
normalised by K, contain w, and such that K acts trivially on W/V by conjugation. Then,
#SL = (1 1) - #S.

Proof. Suppose that either of S; or Sy is non-empty, let U’ € S USs. Then, UNU’ is a
K-submodule of W of index [?, and the F;[K]-module W/(U NU’) has at least two distinct
quotients of order ! with trivial K-action, namely W/U and W/U’. Tt follows that the F;[K]-
module W/(U N U’) splits completely as a direct sum of two trivial F;[K]-modules. Thus, there
exist exactly | + 1 index [ submodules of W containing U N U’, one of them equal to U, exactly
one of them containing w, and thus in S, and [ — 1 distinct elements of §;. This proves that
the map S; — Sa, U” — (w)(UNU") is (I — 1) to 1, and hence the lemma. O

LEMMA 4.11. Let G =W x @ be as in Lemma 4.9. Let K = K x {v) be a subgroup of
G, where K is contained in () and has order coprime to l, and v has order a power of l. Let
U < W be a subgroup of index I, let t € Q, let x € W\ U, and let m € {1,...,l — 1}. Then,
the following are equivalent:
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(i) for alln € {1,...,1— 1}, we have K < 2" (UNg(U));
(i) we have K <™ (UNg(U));

iii) we have K < !Ng(U), [{{z), K] <'U, and w € 'U.
(iii)

Proof. We will first show that (ii) is equivalent to (iii). We clearly have K < " (U Ng(U))
if and only if

(a) Ky <:ff”(U Ng(U)) and
(b) v € (UNg(U)).

First, we discuss (a). Let k € K. Then,
o ket ™ = o (T ket) ™ (¢ k) T (¢ k),

where the last bracketed term is in ), and the expression preceding it is in W and equals
[7™, t71kt]. It follows that (a) is equivalent to [*(x~™), K;/] < 'U and Ky < 'Ng(U). More-
over, since (¢t 'kt)z™ (¢t 'kt)~! € W, and W is abelian, we have =™ (t tkt)a™ (¢t 1kt)~1 =
(z(t~ kt)z=t (¢t~ kt)~1)~™ sothat [f(z™), K] < 'U if and only if [/(z), K;/] < 'U. In summary,
(a) is equivalent to [*(z), K] < 'U and K < 'Ng(U).

We analyse condition (b) similarly. Write v = wh, where w € W and h € Q. Then, by the
same calculation as before, (b) is equivalent to [*(z),7y]Jw <'U and h € ‘Ng(U). But if h €
!N (U) = Ng('U), then v normalises ‘U and, having order a power of [, acts trivially on the
quotient W/!U, so that in this case v(*z)"1y~! = (*z)"'u for some u € ‘U. We then have
[fx,y]w = uw, and the condition that this is in ‘U is equivalent to w € ‘U, so condition (b) is
equivalent to [*(z),7] < 'U and w € ‘U. This proves the equivalence between (ii) and (iii).

Since the condition (iii) does not depend on m, this also proves the equivalence between (i)
and (ii). O

We are now ready to prove Theorem 4.2.

Proof of Theorem 4.2. By Theorem 2.4, the statement of the theorem is equivalent to the
claim that for all p-hypo-elementary subgroups K of G, we have fx(©) = 0.

If K is a p-hypo-elementary subgroup of G, then either K is G-conjugate to a subgroup of Q;
or Hall’s theorem implies that the (—!)-Hall subgroup of K, which is necessarily normal in K,
is conjugate to a subgroup of @, so that, possibly after replacing with a conjugate subgroup,
K is as in Lemmas 4.9 and 4.10.

If K is a p-hypo-elementary subgroup that is conjugate to a subgroup of @, then by
Lemma 4.5, we have fx(0) = #Wx — #WX | which is equal to 0 by Lemma 4.4.

Suppose that K = K x (), where K/ is of order coprime to [ and is contained in @, and
~ has order a power of [, and assume that K is not conjugate to a subgroup of Q). Then, we
have fi(G) =1 and fr(Q) = 0. Write v = wh, where w € W and h € Q. Let U < W have
index I, let T'C @ be a transversal for G/W Ng(U), and let x € W\ U, so that a transversal
for G/UNg(U) is given by {ta™ :t € T,0 < m <! — 1}. Then, by Lemma 4.3, we have

fe(WNq(U)) =#{t € T: K <'(WNq(U))},
fe(UNq(U)) =#{t € T : K <"(UNg(U))}
+#{(t,m)eTx{1,....1 -1} : K <" (UNg(U))}.

For t €T, the condition that K C (W Ng(U)) and K ¢ “(UNg(U)) is equivalent to
K <'™Ng(U) and w ¢ 'U. Combining these observations with Lemma 4.11, we have
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fk(UNg(U) = WNq(U))

=#{(t,m) e T x {1,...,1 -1} : K <" (UNg(U))}
—#{teT: K <'Ng(U),w ¢ 'U})
=((-D#{teT: K <'Ng(U),["(z),K] < 'U,w € U}
—#{teT: K <'Ng(U),w ¢ 'U}).

For K < 'Ng(U) = Ng(*U), the condition ['(z), K] < 'U is equivalent to the condition that K
acts trivially on the quotient W/!U. Since T is a transversal for G/Ng(U), it follows that as ¢
runs over 7', 'U runs exactly once over the G-orbit of U. Hence, summing over representatives
of G-orbits of hyperplanes of W, we deduce

fxk@©) =14+ (1 -1DH#{U LKW : (W:U)=1,K <NgU),w € U, (W/U)X =w/U}
—#H UKW . (W:U)=1,K <Ng(U),w¢U}.
By Lemma 4.10, this is equal to 0. g

Proof of Theorem 1.1. Part (A) follows from Corollary 2.8 if G is not soluble, and from
Theorem 3.4 if G is soluble. Part (B)(i) follows by combining Theorems 2.3 and 2.4. Suppose
that G is as in part (A)(ii). If either d > 1 or D is not of prime power order, then G is
not a (p,q’)-Dress group for any prime number ¢’, while it is easy to see that all its proper
quotients are (p, ¢)-Dress groups, so by Theorem 2.7 Primp(G) has the claimed structure, and
is generated by any relation in which G has coeffiecient 1. Thus, part (B)(ii)(a) follows from
Theorem 4.1(i), while part (B)(ii)(c) follows from Theorem 4.2. The quasi-elementary case, part
(B)(ii)(b) follows from Proposition 4.1(ii). Finally, part (B)(iii) follows from Corollary 2.8. O
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