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EQUILIBRIUM STATES, PRESSURE AND ESCAPE FOR MULTIMODAL
MAPS WITH HOLES

MARK F. DEMERS AND MIKE TODD

ABSTRACT. For a class of non-uniformly hyperbolic interval maps, we study rates of escape with
respect to conformal measures associated with a family of geometric potentials. We establish the
existence of physically relevant conditionally invariant measures and equilibrium states and prove a
relation between the rate of escape and pressure with respect to these potentials. As a consequence,
we obtain a Bowen formula: we express the Hausdorff dimension of the set of points which never
exit through the hole in terms of the relevant pressure function. Finally, we obtain an expression
for the derivative of the escape rate in the zero-hole limit.

1. INTRODUCTION

For a class of dynamical systems with holes, we study the relation between the conditionally
invariant measures, rates of escape and pressures with respect to a family of potentials. Given an
interval map f : I O and a hole H C I, we define the exponential rate of escape with respect to a
reference measure m to be

e(m, H) = — lim > logm(n"_o (I \ H)) (1)

n—oo N

when the limit exists. We say the open system satisfies a Variational Principle with respect to
a potential ¢ if —e(m,H) = Pc(¢) where Pr(¢) denotes the pressure of ¢ taken over a class of
relevant invariant measures C,

Pe(¢) = sup {h(u) + /¢du} :

pnel

We will focus on a class of multimodal Collet-Eckmann maps of the interval satisfying a slow-
recurrence condition to the boundary of the hole. Such maps were studied in [BDM] using Lebesgue
measure as a reference measure and — log | D f| as the relevant potential.

In this paper, we generalize this study to include the family of potentials {¢; := —tlog |Df| : t € R}.
We will denote by P, (¢¢) the pressure with respect to the potential ¢, taken over all ergodic
f-invariant probability measures, M. These potentials are often referred to as geometric potentials
since they capture the geometry and statistical growth properties of the system. For example, it
was shown in [L] that a measure u € My with positive entropy is an equilibrium state for ¢y if
and only if p is absolutely continuous with respect to Lebesgue measure. Moreover, it was shown
in [BK] (unimodal Collet-Eckmann case, restricted t), [BT] (multimodal case, restricted t) and
[IT1] (multimodal case, general t) that there is an equilibrium state p; corresponding to ¢;. The
relation between these measures, the pressure and the Lyapunov spectrum was shown in [IT2]. The
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classical Bowen formula in the uniformly expanding case, see for example [Ra, [LM], states that the
Hausdorff dimension of the survivor set (the set of points which never escapes through the hole) is
the value t* > 0 such that Paq, (o) = 0.

In this paper we will fix a relevant reference measure and then look at how the mass given by
this measure escapes through holes. When we consider the potentials ¢; for ¢ € R, our reference
measure will be the corresponding (¢ — Pa, (41))-conformal measure m;. These were shown to
exist in [IT3], and moreover for the equilibrium state p; for ¢y, we have p; < my.

For this class of potentials and reference measures, we prove that the escape rate has a natural
expression in terms of the pressure; we also prove the existence of further measures, one of which
is an equilibrium state on the survivor set and one of which is the relevant ‘geometric conditionally
invariant measure’ for the system. Such conditionally invariant measures, defined precisely in
Section describe the evolution of reasonable classes of initial distributions that have densities
with respect to the conformal measures m;. In addition, we are able to prove a Bowen formula for
the Hausdorff dimension of the survivor set. Finally, we provide a formula for the derivative of the
escape rate as our hole shrinks to a point (the zero-hole limit).

Similar results regarding the derivative of the escape rate were proved in [KL2, [FP] using spectral
theory. By contrast, in our setting no spectral picture is known for the transfer operators associated
with our class of multimodal maps, so we construct Young towers instead. Unfortunately, a new
Young tower must be constructed for each hole since return times can suffer unbounded changes
due to arbitrarily small perturbations. Thus a principal aim of the present paper is to develop
techniques which allow us to retain sufficient control of the towers we construct along a sequence
of holes to prove results such as the Bowen formula and the derivative of the escape rate. We
note that questions in thermodynamic formalism, such as multifractal spectra have been studied
before in the context of multimodal maps, for example in [CT, IT2], this is the first proof of a
Bowen formula for such a general class of maps. Moreover, our development of the theory of Young
towers to tackle this problem gives a powerful abstract framework to deal with other non-uniformly
hyperbolic dynamical systems.

The paper is organized as follows. In Section [2, we precisely define our class of maps, introduce
our conditions on the types of holes we allow and recall definitions of the objects fundamental to
the present work, including pressure, inducing schemes and Young towers. Section [3| contains a
precise statement of our main results while Section [] establishes that we have uniform control over
our inducing schemes for a family of potentials. In Section [5| we recall some facts from [BDM]
regarding abstract towers with holes and in Section [6] we show how to apply those results to our
present setting. Finally, we prove our Variational Principle in Section [7] and a Bowen formula
for the Hausdorff dimension of the survivor set in Section [§] Section [] contains the proof of the
derivative of the escape rate in the zero-hole limit.

2. SETUP

2.1. Multimodal interval maps with some exponential growth. Collet-Eckmann maps are
interval maps f : I O with critical points such that the derivatives D f™ at the critical values
increase exponentially. We will follow the approach of [BDM [DHL] which allows for multimodal
maps with singularities (in this case our singularity set will be the boundary of the hole).

We say a critical point ¢ has critical order £, > 0 if there exists a neighborhood U, of ¢ and a
diffeomorphism g, : U. — g.(U.) such that g.(c) = 0 and f(z) = f(c) % |ge(z)|* for all € U,. A
critical point c¢ is non-flat if £. < co.
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In this paper, we assume the map f : I — I is topologically mixing and C? with a critical set Crit,
consisting of finitely many critical points ¢ with critical order 2 < ¢. < co. Note that in particular,
topological mixing means our maps are non-renormalizable: we make this assumption to avoid
technicalities regarding uniqueness of equilibrium states. Let Bs(Crit.) = Ucecrit, Bs(c) denote the
d-neighborhood of Crit.. We assume f satisfies the following conditions for all sufficiently small
4> 0:

(C1) Ezpansion outside Bs(Crit.): There exist v > 0 and k£ > 0 such that for every x and n > 1
such that o = z,...,2,_1 = f" 1(x) ¢ Bs(Crit.), we have
|Df"(z)| > ktmax—lemm

where (o = max{/. : ¢ € Crit.}. Moreover, if zg € f(Bs(Crit.)) or x,, € Bs(Crit.), then
we have
D" ()| > re™.
(C2) Slow recurrence and derivative growth along critical orbit: There exists A > 0 such that
for all ¢ € Crit, there is ¥, € (0,A/(5¢.)) such that

IDf*(f(e))| > e and dist(f*(c), Crit.) > de™V*  for all k > 1.

A consequence of (C1) and (C2) together is that all periodic orbits must be repelling. The first half
of condition (C2) is the actual Collet-Eckmann condition, and the second half is a slow recurrence
condition

We assume without loss of generality that i, is small relative to v and A.

2.2. Introduction of Holes. A hole H in I is a finite union of open intervals H;, j = 1,..., L.
Let [ = I\H and set I" = (| Lo f” ], n e NU{oo}. We refer to the set I°° as the survivor set for
the open system, i.e., Io° represents the set of points that do not escape in forward time. Define
f f”|[ " n > 1, to be the maps on the noninvariant domains I,

Two objects fundamental to the study of open systems are the escape rate ¢(m, H) defined by
and conditionally invariant measures, whose definition we recall below. In what follows, in order
to simplify notation when the hole is clear by context, we sometimes suppress that variable and
denote the escape rate by e(m).

A conditionally invariant measure for the open system (I, f, H) is a probability measure p for which
there exists a constant 0 < A < 1 such that f*,u(A) = u(ftAn Il) = Au(A) for any Borel set
A C I. This relation immediately implies \ = u(fl) and ff,u(A) = A"u(A) so that e(u) = —log A
by .

In order to invoke the tower construction of [BDM], we place several conditions on the placement
of the holes in the interval I.

(H1) Let ¥.,6 > 0 be as in (C2). For all ¢ € Crit, and k > 0,
dist(f*(c), 0H) > de vk

(H1) and (C2) imply that we can treat 0H the same as Crit, in terms of the slow approach of critical
orbits. Our second condition on H is that the positions of its connected components are generic with

L[DHL)] and [BDM] include a third condition as part of their formal assumptions: (C3) 3¢* € Crit, whose preimages
are dense in I and no other critical point is among these preimages. In our setting, it follows from (C1)-(C2) and our
assumption of topological mixing that all ¢ € Crit,. satisfy this condition.
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respect to one another. This condition also doubles as a transitivity condition on the constructed
tower which ensures our conditionally invariant densities will be bounded away from zero. In order
to formulate this condition, we need the following fact about C? nonflat nonrenormalizable maps
satisfying (C1)-(C2) (see [BDM, Sect. 2.4.2] or [DHL, Lemma 1]).

There exist ¢* € Crit and d, > 0 such that for all § < d, there exists n = n(9)
such that for all intervals w C I with |w| > %,
(1) f"w 2 I, and (2)

(i) there is a subinterval w’ C w such that f* maps w’
diffeomorphically onto (¢* — 39, ¢* + 39) for some 0 < n’ < n.

Using this fact, we formulate a condition on the placement of the components of the hole. This
condition is generic in the sense that it is satisfied by a full-measure set of parameters governing
the placement. Within each component Hj;, we place an artificial critical point b;, so

Crithole = {bl, NN bL}

The points b; are chosen so that Crityee N Crit. = (). Choose ¢ so small that all points in Crit,. U
Crityoe are at least 0 apart and let n(d) be the corresponding integer from . We assume the
following.

(H2) (a) (Upsof™bj)Nce Crite=0forall 1 <j <L.
(b) Let f~1(fb;) = Uf{:jlgj’z-. For all j,k € {1,...,L}, there exists ¢ € {1,..., K;} such
that ffby, # g;; for 1 < £ < n(9).
(c) For each j = 1,...,L, there is r = r(j) such that for all z € Bs(b;), fi(z) ¢
Bs(Crite U Critpele) for i = 1,...,7(j) — 1, and |Df"(z)| > max{xe"",4}.

For generically placed holes, Condition (C1) implies |Df"(z)| > ke” whenever = ¢ B;s(Crit.) and
f"(x) € Bs(Crit.), so by taking § small, and using assumption (H2)(a), we can always satisfy
(H2)(c). The specific form of (H2)(c) is to allow the b; to be periodic points, which is the one point
of difference with [BDM] in this condition.

2.3. Pressure and conformal measures. Suppose that f: X — X is a dynamical system on a
topological space X and ¢ : X — [—o00, 00| is a potential, both of these maps preserving the Borel
structure. Then we define the pressure of ¢ to be

Pag () = sup {h(u)+/¢du:/¢du<oo},

HEM ¢
where
My = {,u Borel, ergodic, po f~! = pu, u(X) = 1}7
and h(u) denotes the (metric) entropy of pu. If a measure p € M satisfies h(u) + [ ¢ dp = P, (9),

then we call p an equilibrium state for (X, f, ). These measures are often associated with another

natural type of (possibly non-invariant) measure: a Borel measure m on X is called ¢-conformal if

the Jacobian of m is €?, i.e., % =e?.

In this paper we will be particularly interested in the set of interval maps defined above and in the
potential ¢ := —log|Df| as well as the family

{pt .= —tlog|Df|:t € R}.
We will sometimes denote p; := Puq,(¢t) to be the pressure with respect to the potential .
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For the potential ¢ = 1, the natural reference measure is m = Lebesgue, with respect to which
the equilibrium state p for (I, f, ¢) is absolutely continuous. Notice that Lebesgue is p-conformal,
and indeed since p; = 0, it is trivially (¢ — p1)-conformal. This case was studied in [BDM]. When
we consider the potentials ¢; for ¢t € R, our reference measure will be the corresponding (¢; — p¢)-
conformal measure m;. These were shown to exist in [IT3], and moreover the equilibrium state r;
for ¢, satisfies p; < my. For convenience, for ¢t € R we denote

bt == ot — Dt

Given a potential ¢ on I, when we introduce a hole H into the interval, we define the corresponding
punctured potential by ¢ (z) = ¢(z) on I\ H and ¢ (x) = —oo on H; the corresponding set of
measures is

M?::{uer:,u(H):O}.

Observe that by invariance, these measures must be supported on I°°.

In order for the pressure with respect to our punctured potential to be well-defined, we will have
to restrict our class of invariant measures further. Define

G ={pe M} :3C, B > 0 such that for all e > 0, u(B-(0H)) < Ce"}. (3)

The corresponding pressure we shall work with is,

Pgu(¢) = sup {h(,u) + /(bdu : —/gbd,u < oo} .
f H

The class of measures G are those invariant measures which do not concentrate too much mass on
the boundary of the hole. As we will see in Section [7] the relevant measures here, for example the
equilibrium state for ¢{7, lie in QJ{{ , so focusing on these measures is not a significant restriction.

2.4. Transfer Operators. We will study the statistical properties of our open systems via transfer
operators both for (I, f, H) and for the associated Young tower, defined in the next section.

Given a potential ¢ on I and a suitable test function ¢, the associated transfer operator L4 acts
on ¢ by Ly(x) = Zyef,lm ¥(y)e?®. When we work with the corresponding punctured potential

¢H we define the transfer operator in terms of the restricted map f :
H
Lontp(x)= > e W= 3" e’ ™1;(y),
yef-1z yefla

where 14 denotes the indicator function of the set A.

The importance of the transfer operator stems from the fact that if m is ¢-conformal and ¢ is a
function such that Lyng = Ag for some A > 0, then gm defines a conditionally invariant measure
for (I, f, H) with eigenvalue A:

gm(f_lA):/ gdm = £¢Hgdm:)\/ gdm = Agm(A),
ftAanit Ani Ani
where in the last step we have used the fact that ¢ is necessarily zero on H due to the relation
Lyag = MAg.
¢

Since for given (I, f, H), many conditionally invariant measures exist for any eigenvalue between 0
and 1 under very mild conditions [DY], it is imperative to find a conditionally invariant measure
with physical properties, such as that p is the limit of ffm/ | ffm| for m in a reasonable class of
initial distributions.
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When our reference measure is the conformal measure m;, we will take as our class of initial distri-
butions those measures 7 having Hélder continuous densities with respect to my. If a conditionally
invariant measure pf! can be realized as the limit of f7n/|fn| for all such measures 7, then we
will call uf! a geometric conditionally invariant measure. When ¢ = 1, such measures have been
termed ‘physical conditionally invariant measures’ (see [BDM| [DY]); we prefer the term ‘geometric’
in this context, since although we will prove that such p/! have densities with respect to my, they
are singular with respect to Lebesgue measure when ¢ # 1.

2.5. Induced maps and Young towers. Given a set Crity,e satisfying assumption (H2), in
[BDM], inducing schemes (X, F, T, H) are constructed respecting small holes H satisfying (H1) and
(H2). For an interval X C I, the triple (X, F,7) is an inducing scheme if there is a countable
collection of subintervals {X;}; C X and a function 7 : U;X; — N such that for each i, 7|x; is
constant and the map F' = f7|x, is a diffeomorphism of X; onto X. We define 7; := 7|x,.

By ‘respecting the hole’ H, we mean that for each domain X; in the inducing scheme, either
fM(X;) € Hor ff"(X;)NH =0 for 0 < n < 7(X;). To accomplish this, 0H is considered as a
discontinuity set for f and cuts are introduced during the construction of the inducing scheme.
During the construction, no escape is allowed and the holes are inserted afterwards into the tower
A defined below.

Given an inducing scheme respecting a hole H, (X, F, 7, H), we define the corresponding Young
tower as follows. Let

A={(z,n) e X xN|n<7(z)}.

A is viewed schematically as a tower with Ay = A|,,—y as the £th level of the tower. The tower map,
fa, is defined by fa(z,f) = (z,0+1) if £+ 1 < 7(z) and fa(z,7(x)—1) = (f"(z),0) = (F(x),0) at
return times. There is a canonical projection 7 : A — [ satisfying w o fa = fow. Ay is identified
with X so that 7[a, = Id. The partition {X;} induces a countable Markov partition {Ag;} on A
via the identification Ay; = f&(X;), for £ < 7(X;). The towers constructed in [BDM] are mixing,
i.e., g.c.d.{T} =1, and the partition {X;} is generating.

If f*(z) € H, then we place a hole H in A, and the elements above H in the tower are deleted:
i.e., the set that maps into H does not return to the base. The fact that the inducing scheme
respects H implies that H := 7~ 'H is the union of countably many partition elements A, ;. We
set A = A \ H and refer to the corresponding partition elements as A&j. Similarly, we define
An = ﬂ?zofgiﬁ, n € NU {oo}.

2.6. Lifting to the Young tower. Since our main results are all proved using a Young tower A
coming from an inducing scheme (X, F, 7, H), we will need to ensure that the tower we choose ‘sees
all the relevant statistical properties’ of our system. In particular, we will show that the Hausdorff
dimension of the set of points which do not return to X with F":

NRa:={z € X :7(x) = o0}

is a set with Hausdorff dimension ‘sufficiently bounded away from 1’; indeed Theorem below
bounds this by some D < 1. This means that the Young tower contains all information in I of
sufficiently high Hausdorff dimension: we call points x € 7(A) liftable and denote this set by Ra.
By topological transitivity there exists N € N such that f~(X) = I, and since Hausdorff dimension
is preserved by bi-Lipschitz mappings, Theorem n says dimp (fV(NRa)) < D, where dimp(-)
denotes the Hausdorff dimension of a set. Therefore, the set of points in I which are not liftable
must have Hausdorff dimension < D. This means that if we were interested in a set A C I that
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has Hausdorff dimension greater than D then it must be ‘seen by the tower’:

dimg (A N RA) = dlmH(A)

We will use this information on dimension in conjunction with measures. Setting 7(z) = oo for all
points for which 7(z) is not originally defined, we say that a measure p on I lifts to the inducing
scheme (correspondingly lifts to the tower A) if u(X) > 0 and p(7) < oco. If p is an f-invariant
measure which lifts, then according to [Z, Theorem 1.1], there is an induced measure v < p
supported on X which is F-invariant and such that for any A C I,

HA) = T AN X = s Sl > ) @)

k>0
Conversely, given an F-invariant measure v such that [ 7 dv < oo, there exists an f-invariant

measure u defined by and we say that v projects to p.

We can also consider the intermediate measures on the Young tower here: given an F-invariant
measure v with [ 7 dv < oo, we can define a measure p/y on A by putting p/s s, to simply be a

copy of v and then for any A C Ay; where 0 < £ < 7; — 1, since f&E(A) C Ay, we can set pi/y (A) to
be /s ( f&é(A)). Then we obtain pa := ﬁ . Observe that p as in (4)) is now the push-forward
of ua by .

We set the pressure of ¢ on A to be

Pa(9) = SEL}E {h(u) + /qb dp - p lifts to A and pu(—¢) < oo} .
H f

Clearly Pp,(¢) = Pa(¢) for any ¢. Letting Mp be the set of F-invariant probably measures, we
can define the pressure Ppq, as usual. To see the relation between these different pressures, for a
potential ¢ : I — [—00, 0], define

n—1
Sud =Y o f~
k=0
Then we obtain the induced potential ®(x) as S, ¢(x) for x € X;. Abramov’s formula says that if

u lifts to v then
h(v) [ @ dv
=g ™ [ o an

This also holds for measures on A, since any invariant probability measure ua on A must lift to
palag
ta(Ao)
measure on Ag. The above relations then hold due to the extra information provided by Kac’s

1
Lemma that on Tdv = (A

the corresponding inducing scheme; indeed the lifted measure is simply v = , the conditional

We inductively define 77(z) = 7"~ 1(z) + 7(f™" @ (x)) to be the nth return of  to X under the
inducing scheme, and let {X}, ;}; be the set of k-cylinders (cylinders of length k) for (X, F'): that is,
for each i, 7% is constant on X k,i and Fk. X ki — X is a diffeomorphism. Moreover, for a potential
® : U; X; — R, define the n-th variation of ® as

Vo (@) := sup{|®(z) — ®(y)| : x,y are contained in the same n-cylinder}.

Then @ is said to be locally Holder if there exists n > 0 such that V,,(®) = O(e~") for all n € N.
This condition on potentials is required to define the following kind of measure. We say that v is
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a Gibbs measure for the potential ® if v(—®) < co and there exist constants C' > 0, P € R, such
that for each n-cylinder X, ; with respect to F', we have

C*lean)(yi)fnp g I/(Xn,i) g C’ean)(yi)fnP

for any y; € X,,;, where S, ® = Ez;é do FF = 2161 ¢ o f¥. Note that the induced potentials
considered in this paper will be locally Holder and have equilibrium states which are Gibbs measures
with the constant P above equal to the pressure.

Remark 2.1. By [P1], given f as above, any p € My has [log|Df| du € [0,|Df|s]. Therefore
our potentials ¢y all have [ ¢ du finite. Thus we can drop the condition — [ ¢ dp < oo in the
definition of pressure PMf(got). Moreover, since as described above any fa-invariant measure pa
with pa(A) =1 projects to a measure p € My, the same conclusion can be drawn for measures on
A (see, in particular, Lemma . Notice, however, that for any of our inducing schemes (X, F, 1),
there are measures prp € My that have flog |DF| dup = co. While we need to keep these in mind
when computing Py, these measures will not to be relevant here.

3. MAIN RESULTS

We fix a set Crity. as described in Section and dp > 0 sufficiently small such that (H2) and
are satisfied for 0 = dp. This in turn fixes all § appearing in (C1)-(C2) to have value d.

For this choice of Crityee, for h > 0, define H(h) to be the family of holes H C I such that

(1) bj € Hj and mi(H;) < h for each j =1,...,L;
(2) H satisfies (H1),

where m; denotes Lebesgue measure (the pi-conformal measure).

Theorem 3.1. Let f satisfy (C1)-(C2) and fix the set Crity,. as above. There exist constants
0<ty<1<tyandh >0 such that if t € [to,t1] and H € H(h), then [ admits an inducing scheme
(X, F,1,H) that respects the hole and

(a) there erists D < 1 such that dimy(NRA) < D;

(b) dimg(A®) = dimy (I*);

(c) t € [to, t1] implies that my(T < 00) = my(X);

(d) if t € [to,t1] then any measure p on I°° which doesn’t lift to (A, fa) must have h(p) +
J ot dp < Pa(el).

We remark that (a), which is the solution of a problem of the liftability of measures, was used in
[PS| Theorem 7.6] applying results of [Se]. As can be seen from the proof, the constant D there is
of the form log K/(aq +log K') where o is the exponential return rate in the inducing scheme and
K depends on the complexity of the map, including the placement of the hole.

Proposition 3.2. Let f, to < t1, H and A be as in Theorem [3.1. Then there exist constants
Co,a > 0, depending only on tg,t; and h such that for each t € [to, t1] we have mi (T > n) < Coe™ ",
for alln > 0.

We denote by CP(I) the space of Holder continuous functions on I with exponent p. In what follows,
we assume that p > /log¢&, where £ > 1 is defined in (Al) in Section and 0 < 8 < « from
Section [5| defines the metric on AE| For relevant t, let g9 denote the density of the equilibrium

2In fact, 8 can be chosen as small as one likes, allowing p to be arbitrarily small. The price to pay is that then h
must be small according to (P4) of Section
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measure p; for f with respect to my. Note that g? ¢ CP(I) due to spikes corresponding to the
critical orbits.

Theorem 3.3. Let f, to < t; and H be as in Theorem[3.1| and recall that ¢ = to—p;. Then for each
t € [to, t1], ,C¢£1 has a unique simple eigenvalue A\ < 1 of mazimum modulus whose corresponding

eigenvector g defines an absolutely continuous conditionally invariant measure pfl = gfm.

In addition, there exist constants Cyx > 0, o < 1 such that for any ) € CP(I) with ¢ > 0,

Loy
t

I S < CLom -
‘ng{w‘Ll(mt) Cia™[Ylep(ry for alln >0 (5)

lim —gH

L1(my)
‘CZH (¥g?)
t
|£ZH (¢g?)|L1(mt>
t
e(vmy) = e(Yuy) = —log )\fl for all+ € CP(I), ¢ > 0.

The same limit holds for the sequence and all positive ¥ € CP(I). In particular

In fact, the limit holds for any @ which projects down from the relevant function space on the
tower. Since the result in this generality is technical to state, we refer the reader to Proposition [6.3]
and Remark [6.4] for more precise statements.

Theorem 3.4. Under the hypotheses of Theorem|[3.3, there exist ty € [to, 1) and &1 € (1,t1], such
that for all t € [to, 1],

- <tm) = o, {nn+ [ odnf - P . 0

Moreover, the following limit defines a measure v,

v () = lim etlmon " Yglldmy,  for all ¢ € CO(I).

The measure I/tH belongs to g]{f and attains the supremum in @ In addition, the limit holds
for any 1 € CP(I) with v (v)) > 0, and for 1g? whenever v (1 g?) > 0.

The next theorem characterizes the Hausdorff dimension of the survivor set according to the Bowen
formula.

Theorem 3.5. Under the hypotheses of Theorem dimp (I°°) = dimp (A™®) = t*, where t* < 1
is the unique value of t such that supueg;{{hu(f) +t [ pdu : —p(p) < oo} = 0, Le., such that
¢(me) = P, (L)

To state our final results regarding the zero-hole limit, in what follows we will take our holes to be
symmetric intervals

H.=H.(z):=(z2—¢,z2+¢)

around a point z € I. To state our next result, in the case that z is a periodic point, we will need
to make an assumption on z, which we call condition

(P) The density gﬁ; is bounded at z, for the relevant ¢, and condition given in Section|§|
is satisfied.
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Theorem 3.6. Let t € [to,t1], z € I and suppose Crity,,. := {z} satisfies (H2). Fix 6 = oy > 0
appearing in (C1)-(C2). Then there exists h > 0 such that

e(my, Ho(2)) 1 for pi-a.e. z,
i (He:(2)) 1 — %) if 2 is periodic of (prime) period p and (P) holds,

where the limit is taken as € — 0 over H.(z) € H(h).

In the following result, we show that our conditions for Theorem [3.6] are met in a reasonable family
of maps. Consider the logistic family fy : 2 — Az(1 — x) on I. Recall that if f) has a hyperbolic
periodic cycle {zx, fa(zr), - -, ;\"‘_1(2,\)}, then for all nearby ), this cycle persists in the sense that
there is a cycle {zy/, fx(zn), - -, ;Lfl(zx)} which depends analytically on the parameter and which
converges to the original cycle as X — \. This family of cycles is called the hyperbolic continuation

of the original cycle.

For this family of maps, we denote by m ; the (¢;—p¢)-conformal measure for fy and by iy ; < my 4
its equilibrium state, when it exists.

Theorem 3.7. There is a positive measure set of parameters Q2 C (3,4] and an interval [to,t1] > 1
such that for t € [to,t1] and X € Q, the map fx has an equilibrium state py; < myy, and

(a) for pri-a.e. z €1
e(may, He(2))
NA,t(Hs(z))
(b) if z4 is a periodic point of (prime) period p for fi, then there exists a positive measure
family of parameters (z4) C Q such that for X € Q(z4) and for z\ denoting the hyperbolic
continuation of z4,

— 1;

e(mk,ta HE(Z)\))
fixe(He(23))

In both limits above, (H2) is assumed to hold for Crity.. = {z}, and the limit is taken as ¢ — 0
over holes H.(z) € H(h), for h > 0 sufficiently small.

— 1 — esp‘lﬁt(zk)‘

4. AN INDUCING SCHEME WITH UNIFORM TAIL RATES WHICH COVERS MOST OF OUR SPACE:
THEOREM [3.1] AND PROPOSITION [3.2]

In this section we describe our inducing schemes and then prove that the Hausdorff dimension of
points not liftable to A is not large: This is Theorem [3.1fa). In order to prove the remaining
parts of that theorem, it is useful to have some continuity properties of Hausdorff dimension of
measures and of the sets A®. Since Proposition gives us some of these properties we prove the
proposition before completing the proof of Theorem

Asin Section we fix a set Crityee and dg > 0 sufficiently small such that (H2) and are satisfied
for § = §p. This in turn fixes all § appearing in (C1)-(C2) to have value dy. Let H(h) denote the
family of holes defined in Section [3

Under these conditions, in [BDM] an interval X C Bs,(c) for some ¢ € Crit, is fixed and inducing
schemes (X, F,7, H) are constructed over X with uniform tails for all H € #H(h): there exists
C1,a1 > 0 such that mi(7 > n) < Cre”*"™ where C7 and oy depend only on h once Crityge is
fixed. Necessarily, h < dg, so that X is disjoint from H for all H € H(h). We set 61 = m1(X) and
note that 6; < dp by the construction in [BDM].
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4.1. Proof of Theorem [3.1(a). The proof of Theorem [.1f(a) follows [BDM, Lemma 4.5] closely
(which in turn follows [DHL] rather closely).

The inducing time on the interval X of length §; < §g is constructed following a standard algorithm:
X is iterated forward until it is cut by either the boundary of the hole or the exponential critical
partition defined in a dp-neighborhood of each critical point. The resulting subintervals are then
iterated, waiting for a proper return to X which occurs during a ‘free’ period and consists of an
interval which overlaps X by at least d;/3 on each side. This defines the return time function 7
on X. Intervals passing through B;,(c) for some ¢ € Crit. undergo a ‘bound’ period whose length
depends on the depth of the return, which is the index of the critical partition. The definitions
of ‘free’ and ‘bound’ in this context are by now standard (see [DHL, Sect. 2.2]). The only new
feature created after the introduction of the hole in [BDM|, Lemma 4.5] is a short bound period
which allows the derivative to grow sufficiently between cuts due to 0H. This avoids the problem
of repeated cutting potentially destroying expansion and is formulated formally in (H2)(c).

Let Q™ denote the set of subintervals of X induced by these subdivisions after n steps which have
not made a proper return by time n. By [BDM, Lemma 4.5], we have

> jwl < Cre (7)

weQ)
where |w| denotes the length of the interval w.

The set of intervals in Q™ form an open cover for NRa for each n, thus we may use them
to bound the Hausdorff dimension of N'Ra. First we define a coarser partition Q(”) of the set
{7 > n} by grouping intervals w € Q) as follows: We glue together adjacent intervals w € Q™
which are in a bound period at time n and which have not been separated by an intersection with
OH U Crite U (U cyit, 0Bs, (c)) at any time 0 < k < n.

We claim that the cardinality of Q) is finite and bounded exponentially in n. To prove this claim,
note that O(1) = {X} and that elements of O™ are formed from elements w € Q™1 in one of
three ways:

o f(w)NOH # 0;
o f(w)N(cUOdBs,(c)) for some ¢ € Crite;
e w is bound at time n — 1, but part of w becomes free at time n.

Since 0H and Crit, are finite, the only point we need to consider is the third.

Suppose x enters a bound period in Bs,(c) at time k with depth r in the critical partition, i.e.,
|f¥(x) —c| ~ e™". In order for = to become free again at time n, we must have |(f"*)(z)|
k1e?(=k) for some constant § > 0 by [DHL], Lemma 2]. By (C1), we must also have |(f*)'(z)]
ke’® upon entry to Bs,(c). Thus |(f*)'(x)] > (¢ for some constant ¢ > 1. Now let M
max,cr |Df(x)|. Then since |Df(f¥z)| < Ce~=D" by definition of the critical order £, of c,
we must have

IRV

C<|DfMx)| < Ce ey — < nlog]f — logl(C/C)

So the number of intervals becoming free at time n from a single intersection with the critical
partition has a linear bound in n. Putting these facts together with the finiteness of H and Crit,.
implies that the cardinality of o) < CK™ for some constants C' > 0, K >1andalln € N as
required.
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Now for s < 1, we estimate using ,
Sl < (X @) @)

- ( Z ‘w|>5(#c~2(n))175 < Cfe*alnsclszn(lfs)'
weg(n)

The above expression tends to 0 as n — oo as long as —ajs + (1 — s)log K < 0, i.e., as long as
s >log K/(a1 +log K). Thus dimg(NRa) < log K/(aq +1log K) =: D < 1, and Theorem (3.1{(a)
is proved.

4.2. Proof of Proposition For our class of C2 maps, the inducing schemes and towers
constructed in [BDMJ Section 4.3] satisfy the following properties. For the distortion bounds, see
also [DHL, Proposition 3].

(A1) There exist constants { > 1 and C!, > 0 such that
(a) for any z € X, n>1and k < 7%(x), |Df7 @ =F(fkz)| > (€)1 @k,

Spe(z) .

(b) Let ,y € X; and 7; = 7(X;). Then zsﬁim < O for £ < 7. In addi-
. St () ) ) . . . o (x)

tion, ZSHW - 1‘ < Cld(fm(z), f7(y)), or in alternative notation, S~ 1‘ <

Chd(F(z), F(y)), where ® is the induced version of ¢.

(A2) There exists L < oo and an index set Z C [0, L] x N such thatﬂ
(a) mi(I\ U ez m(Ary)) = 0;
(b) ©(Ag, j,) NT(Ag,j,) =0 for all but finitely many (1, j1), (¢2, j2) € Z;
(c) Define Jymy; := Jﬂr[A“. Then sup(g ez [J17,5lo0 + Lip(J177,5) < 00.

Here Jym is the Jacobian of m with respect to Lebesgue measure m; and the corresponding induced
measure m; on A and Lip denotes the Lipschitz constant measured in the symbolic metric dg on
A (both m; and dg are defined in Section [5)). Property (Al) guarantees expansion and bounded
distortion at return times. In particular, it guarantees that the partition {Ay ;} is generating. (A2)

ensures that the covering of I by Ais sufficiently nice that all smooth functions can be realized as
projections of Lipschitz densities from the tower [BDM) Proposition 4.2].

Lemma 4.1 (Bounded Distortion for ¢;). For the potential ¢i(x) := —tlog|Df(x)| — p:, we have
the induced potential ®¢(x) — 7(x)py = Sr(zype(x) — T(x)py for the inducing scheme. There exists
Cyq > 0 such that for all t € [0,2] and any z,y € X;, for 0 < £ < 7, we have Ziiiii; < Cy.
Moreover,

(o) —(@)pt

e®t(W)—T(Wpe 1

< Cqd(F (), F(y)).

Furthermore, ®, — mp, is locally Holder.

3See [BDM| Lemma 4.6] for a proof of property (A2).
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Proof. Since e5e91(®) = tSep(@)=lpr and Sett(y) = tSeelW)=lre (A1)(b) implies immediately that
Spo ()
Zse¢t(y)

< (C(’i)t. For the second equation, it is equivalent to estimate

eSTZ‘ ¢t (x)

log |~

so this part of the lemma follows from (A1)(b) as long as ¢ is in a compact interval. This implies
that V1(®;) is bounded. The fact that V,,(®;), and hence V,,(®; — 7p;), decays exponentially in n
follows similarly, but now also using (Al)(a) to show that if z,y are in the same n-cylinder, then
d(F(x), F(y)) is exponentially small in n. O

Remark 4.2. We have already stated that for the potential ¢i(x) := —tlog|Df(x)|, we have the
induced potential ®¢(x) := S (uypi(x) for the inducing scheme. Now we also denote the correspond-
ing punctured potentials by ¢! and ®F. We often denote ®1, the induced potential corresponding
to o, by ®. Observe that since our inducing schemes respect the hole, any measure on the survivor
set cannot give mass to any column U?;OIAM with a hole in it. Therefore, for the purposes of
computing pressure, we can either think of @{{ on the corresponding base element X; as being —oo,
or think of X; as not being part of the inducing scheme. In either case, the Hélder property of the
variations persists for the punctured potentials.

The tail estimates in [BDM] hold for the inducing schemes with respect to Lebesgue measure. We
will show that we have related tail rates for the conformal measures corresponding to ®; for all ¢
sufficiently close to 1 and for all small holes.

Define
xar = sup{log | Df"(2)|/m : f"(x) = x} and
Xom 1= inf{log [Df" (@) /n : f(x) = x}.

By [BS], (C2) implies that x,, > 0. Moreover, for a measure 1 € My, let

() = [ log| D] d.

Each interval X; contains a point z; such that f7(z;) = z;. So by the bounded distortion of
Lemma and the definitions of x,, and xas, we have —xu7 S Sre(yi) = @(v) S —XmTis
for any y; € X;, where < denotes a uniform constant depending only on the distortion. Now
S,;¢ = tSrp — Tp;. Therefore, choosing y, € X; such that e5:?W) = m;(X;)/m1(X), we obtain
for0<t <1,

Z 570t (yi) < Cde"[(l—t)XM—Pt] Z eSmie(Wi) < Clcd(sflen[(l_t)XM_p*]e_am,
Ti=n Ti=n
Now since p; = 0 and p; is a continuous function of ¢ (see for example [IT1]), we may choose ¢, < 1

such that (1 —¢)xa — pe — a1 < 0 for all ¢ € [t], 1].

The proof for ¢ > 1 follows similarly with y,, in place of xps. In this case, the constraint is
—(t—=1)xm —pt —aq < 0 for all t € [1,#|], with the restriction on ¢} > 1 coming from the fact that
pt < 0. Then define

a:=a; —maxq sup (1 —t)xay —pe, sup (1 —)xm — Pt ¢ -
teft),1] te[1,t]]
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By conformality and bounded distortion, we have m;(X;) = m; (X )esf¢t(yi) for some y; € X; and
each i, which completes the proof of Proposition [3.2

Note that in order for Proposition [3.2] and Theorem [3.1] to be coherent, we will choose the interval
[to, t1] in the statement of the Proposition (3.2 to be contained in [t{, t}] chosen above in order that
the Hausdorff dimension considerations discussed in Section [£.1] hold.

4.3. Proof of parts (b)—(d) of Theorem [3.1] For this proof we will repeatedly make use of the
fact, proved in [Ho], that if 4 € M then dimg(n) = h(w)/x ().

For part (b), we write 1% C 7(A®) UNRA and by Theorem [3.1{(a), we have dimy(NRa) < D <
1. Note that the invariant measure vi! corresponding to the potential ¢; from [BDM] satisfies

log M = h(vf) — x(vf1), so that dimy (vl) = zgzg; = 1+1log AM¥. Moreover, in [BDM] it is shown
1

that log Al — 0 as the hole shrinks to zero, so dimy (v{!) can be made arbitrarily close to 1 (and

> D) for any H € H(h) with h sufficiently small. This implies that dimg(7(A>)) > D so that

necessarily, dimg (1) = dimg(A>).

As before, let py denote the equilibrium state for ¢; (before the introduction of the hole). For (c),

P,
A

t, so dimg (m;) is close to 1 for ¢ close enough to 1 since Pur,(¢1) = 0. So part (a) implies that
mi(NRa) =0. Weset t) >t; > 1 and ¢, < tp < 1 to be such that this holds for all ¢ € [to, ¢1].

. As in [IT1], this value is continuous in

For (d), we will use the fact that x,, > 0. Part (a) implies that a measure p € M? which doesn’t
lift to (A, fa) must have dimg (p) = h(p)/x(p) < D. Thus

)+ [ @ dia = () = tx() < (¢ = DX() < (¢ = D)

Since for ¢ sufficiently close to 1 and H sufficiently small, Pa(p!?) is approximately 0, the result
follows. Note that this holds since Pa(¢}) is continuous in the size of the hole by [BDM] and
Pa(¢f!) is continuous in t.

5. REVIEW OF KNOWN RESULTS: TRANSFER OPERATOR ON THE TOWER WITH HOLES

We recall the abstract setup of [BDM] into which we shall place our induced maps in order to prove

Theorems [3.3] - 3.6

Let fa : A O be a Young tower formed over an inducing scheme (f, X, 7) as described in Section
Given a ¢-conformal reference measure m on I, we define a reference measure m on A by m = m

on Ag = X and m|a, = (fA)*m|AefmfglAe for £ > 1. For & € Ay, let 2~ := f~‘x denote the
pullback of x to Ag. We define the induced potential on A by,
oa(x) = Sro(a”) for z € fx'(Ao) and pa =0 on A\ fx'(Ao). (9)

With these definitions, the measure m is ¢a-conformal. As in Section [2.5] we assume that the
partition {Ay;} (equivalently {X;}) is generating and that all returns to A satisfy fA(Ag;) = Aoﬂ
We assume that the tower has exponential returns:

4 The abstract setup in [BDM] uses the more general finite images condition, but since the towers constructed in
[BDM] actually satisfy full returns to a single base, we will use this simpler version here.
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(P1) There exist constants C,« > 0 such that m(A,) < Ce™*", for n € N (this is equivalent to
saying that m(r =n) = O(e™?")).

The tower inherits a natural metric adapted to the dynamics as follows. Define the separation time
on A to be

s(x,y) = min{n > 0: fRz, fAy lie in different partition elements Ay ;}.

s(z,y) is finite p-almost everywhere for any p that lifts to the tower since {X;} is a generating
partition for f7. Choose 8 € (0, ) and define a metric dg on A by dg(x,y) = e Ps(xy),

We introduce a hole H in A which is the union of countably many partition elements Ay ;, i.e.,
H = Uy Hyj, where Hyj, = Ay j for some j. Set Hy = U;jH, ; C Ay. For simplicity we assume that
the base Ay contains no holes (this can always be arranged in the construction of the tower by
choosing a suitable reference set X). We assume the following additional properties for the tower.

(P2) (Bounded Distortion) We suppose that ¢a is Lipshitz in the metric dg. Furthermore, we
assume there exists Cy > 0 such that for all ,y € A and n > 0,

eSnda(@)=5Sndaly) _ 1| < Cydg(fRe, fRy). (10)
(P3) (Subexponential growth of potential) For each € > 0, there exists C' > 0, such that
|Srda| < Ce®™  for all return times 7. (11)
(P4) (Smallness of the hole) Let Hy = U;Hy ; and set q := -, m(Hyp)eP=1. We assume

(1= P ym(Ay)
1+ Cy ’

q< (12)

We say the open system is mixing if g'c'd'{T’Aomng(Ao)} =1 and fa still admits at least one return
to Ao.

Following Section we define the transfer operator E(bﬁ associated with the punctured potential
¢ and acting on L(m) by
Lontp(x) = Y w(@)e™?2W15,(y) = L, (¥14.)(@)
fRy=x

where A" = Nito f&iﬁ as before. For notational simplicity, we will denote £¢X simply by L for the
remainder of this section since the potential ¢a is fixed. When we wish to vary the potential in

later sections, we will reintroduce subscripts to reinforce the explicit dependence on the potential
and the hole.

5.1. A Spectral Gap for the Transfer Operator. We define the following function spaces on
A used in [Y, BDM] on which the transfer operator £ for the tower with a hole has a spectral gap.

For ¢ € L'(m), define

eI, = e P Lip(¥]a, ),
_ 13
4be1lloc = e~ sup ] (13)

£,j

Then define [[¢[|uip = supy; [[e,l[ips [¥llo = supy; 19e,jllo0, and [[$lls = [[¢]lLip + [¢]loo-
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Note that if ||1)]|cc < 00, then
[ vdm < 0l P man) < [l Y Hmir 2 0 < oc
A ) ¢

by choice of 3 so that 1 € L*(m). Let B = Bg := {¢) € LY(m) : ||[¢||5 < o<}
The following theorem is proved in [BDM].

Theorem 5.1. ([BDM]) Let (fa, A, H) satisfy (P1)-(P4) and assume the open system is mizing.
Then L has essential spectral radius bounded by e~ P and spectral radius given by e ? < X\ < 1. The
etgenvalue A is simple and all other eigenvalues have modulus strictly less than 1.

Let g € B denote the unique probability density corresponding to A. Then there exists o < 1 and
C > 0 such that for all Y € B,

() [IAN""Lmp — c()gllg < Cllv||go™, where c(1) is a constant depending on 1;
(if) moreover, c(¢) > 0 if and only if lim, o0 || L™ /|L™Y|1 — gl = 0, where convergence is at
the rate o™.

The primary object of interest in open systems is the limit in (ii) above since it describes the class
of densities whose escape rate matches that of g. Thus it raises the question, for which functions is
c(yp) > 07 We characterize this set more precisely in the next section by constructing an invariant
measure on the survivor set, which will also serve as an equilibrium state for the open system.

5.2. Construction of equilibrium state. We begin with what is by now a standard construction
of an invariant measure on the survivor set A* := N2, fA"A. Let By denote the space of functions
Bg, but with 8 = 0.

Note that by the conditional invariance equation /ig = Ag, and the fact that ¢ > & > 0 on Ay
([BDM, Proposition 2.4]), we have CA~¢ < g\AZ < O\, for some constant C' > 0 depending

only on (P1)-(P4). Since A > e~ by construction, it follows from the definitions of B and By that
gy € B whenever ¢ € By.

Take ¢ € By. Since gy € B, by Theorem (i), we may define,

Q(y) == lim A™"g L"(gv) = c(gv)).

n—oo

This defines a linear functional on By. We also have [£%(g))| < |th|aoL™g = [¥]ocA"g, so that
|Q(1)] < |[¥|o and Q is a bounded, linear functional on By. By the Riesz representation theorem,
there exists a measure 7 such that Q(v) = v(¢) for all ¢» € By. Since Q(1) = 1, it follows that
is a probability measure. Indeed, it is easy to check that © is an invariant probability measure for
fA supported on A>.

It follows from [BDMJ Sect. 3.3] that o is ergodic and enjoys exponential decay of correlations on
functions in By.

[BDM], Section 3.4] uses 7 to formulate the following proposition regarding convergence and escape
rates.

Proposition 5.2. ([BDM]) Let (fa,A,m, H) be as in the statement of Theorem[5.1]
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(i) For each ¢ € By with v > 0, we have 0(v) > 0 if and only if
L
lim —
n—00 |£n¢)|1
where, as usual, the convergence is at an exponential rate in the || - ||-norm. In particular,
the reference measure converges to the conditionally invariant measure gdm.

(ii) Let ¢ € B, ¥ > 0, with v(x : Y(x) > 0) > 0. Then the limit in (i) holds. Moreover, the

escape rate with respect to the measure Ym exists and equals —log .

9,

5.3. Variational Principle on A. Let y = mﬂmo and define I = fg : A Ag O. Recall
that 7"(x) = Z;(l] 7(F¥z) denotes the n'" return time starting at z and let M. be the set of

F-invariant Borel probability measures on A>n Ag. We will need the following two lemmas, the
first of which is proved in [BDM| Lemma 5.3].

Lemma 5.3. Let X,,; C Ag denote a cylinder set of length n with respect to F. Then there exists
a constant C > 0 such that for all n,

CTINTT W) Smoale) < p(X,, ;) < O (W) Srndalys)

where y, is an arbitrary point in X, ;.

The following lemma is missing from [BDM] and is added here as a correction in the abstract setting
(see also [DWY] for a similar correction).

Lemma 5.4. The measure vy satisfies vg(—Srda) < oo and v(1) < 0.
Proof. That 0p(7) < oo is trivial since 7 is a restriction of 7 and v(A) = 1:

/A T = - Z”V = (0(Ap)) ' 7(A) < oo.

To show that Dy(—S-¢a) < 0o, we use the bounds given by Lemma [5.3] as well as assumption (P3).
Note that by definition of conformal measure, we have

Seoalu) — TUX:) 14
(& =
m(Ao) 19
for some y; € X; and each i. Choosing e < o — f in and setting cp = ( (Ag)) ™1, we write
/ _ST¢A dirg < co Z ‘ST¢A|X1‘OOD( < CZeET ) Sroa(yi)
Ao -
< C/Z eEM N~ m( ) < C/,ZG_(Q+10g)\_€)n.

Recall that A > e ? so that logA > —f3. Thus the exponent in the sum above is greater than
a — 8 —e > 0 by choice of g, and so the series converges. ([l

Lemmas [5.3] and [5.4] imply that 7y is a Gibbs measure with respect to the potential S;¢a — 7 log A.

Notice that for = € Ao, S;oa(zr) = Zgg)*l da(fiz). However, da(fiz) =0 for i < 7(x) — 1, so
that S;oa(z) = gZ)A(fg*lx). Using this, for g € M, we have

Sedadno = (Do)~ /f_1A ¢ dn = 1(8o)”! /A G dn. (15)

Ao "
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so that n(—¢a) < oo if and only if g(—Sr¢a) < co. Thus there is a 1-1 correspondence between the
relevant measures in M and M?A , the set of ergodic, fa invariant probability measures supported

on A®. This implies in particular that U(—pa) < oo by Lemma so that v € M?A . This leads
to the following equilibrium principle for fa.

Proposition 5.5. ([BDM| Theorem 2.9]) Suppose ¢ € B, 1 > 0, satisfies v(1)) > 0 and [ dm =
1. Let e(mny) be the escape rate of Ty, = Ym from A. Then

—e(my) =log A= sup {hn(fA)+/A¢Adn:—/A¢Adn<oo}.

H
nerA

Moreover, U is the only nonsingular fA—invarmnt probability measure which attains the supremum.

6. PROOF OF THEOREM [3.3]

In this section, we return to our specific class of maps described in Sect. [2] and use the results
of Section 5| to obtain conditionally invariant measures absolutely continuous with respect to the
(o1 — pt)-conformal measures my, where ¢; = —tlog|D f| and p; = P, (¢1). In order to invoke the
results of Section [5, we first verify properties (P1)-(P4) of the constructed towers.

To distinguish between holes in I and A, we shall denote by H the hole in I and by H=n'H
the hole in A. Thus for consistency, H = U>1H, and Hy = UjHy ;.

6.1. (P1)-(P4) are satisfied with uniform constants. We fix Crity,e and o > 0 as in Section[4]
Then for H € H(h) with h sufficiently small, by [BDM| we have an inducing scheme and Young
tower satisfying properties (A1) and (A2). Let 7y denote the reference measure on A induced by
my, the ¢s-conformal measure. Recall that by Theorem this measure is guaranteed to lift to A
ift e [to, tl].

By Proposition we have (P1) satisfied uniformly with respect to 7m; for some o > 0 (the same
« as in Proposition and all t € [tg,t1]. We choose 5 € (0,a) and add the restriction that
B < tolog& (see the proof of Lemma [6.2). Then (P2) follows from Lemma and (Al)(a) with a
possibly larger constant Cy for the potentials ¢a ; induced by ¢y = ¢¢ — p. (P3) is automatic for
our class of maps since |D f| is bounded above and due to (Al)(a), we have |S-(¢¢)| < CT at return
times. Again, all constants are uniform for ¢ € [to, t1].

It remains to verify (P4) for the constructed towers. We do this via the following lemma.

Lemma 6.1. There exists h > 0 sufficiently small such that if H € H(h) then (P4) is satisfied
with respect to the measure My for all t € [to, t1].

Proof. We need to show,

m _e B
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First assume that ¢ € [to,1]. Recall that each component Hy; C A is a l-cylinder for the tower
map fa. We have for some y € Hy ;,

mie(He,j) — 5798,4(y) — tSrealy)—T(y)pe
mt(Ao)

e(t=1)Sroa(y)=7(y)pt o Srealy) (17)
< Cyer U Fe0-0xar—p T (Heg)
m1(Ao)
where s is as in . We use this to estimate ,

S D 50 ¢ 0u571 ST S B U R 0-0xpi gy (7, ),
o (o) 1

where §; = mj(X).
Note that f;éﬁm is a 1-cylinder for the induced map F' : X — X. Set
b =(1—t)xp —pr and A, = {ﬁ&j ; T(fgeﬁg,j) =n}.

Then since £ < 7(f*(Hy)), our estimate becomes,

mi(He) g nby i—a
T O T et <O T

21 n>1 HZ CA, n>1

since 4,, C {7 = n}. Note that a; — b; > «a and 5 < « by choice of [ty,t1] and 8 so that the sum
is uniformly bounded for ¢ in this interval.

In order to show that the sum can in fact be made arbitrarily small, we split it into two parts,
depending on whether Hy ; is created by an intersection of fYX) with H during a free period or
during a bound period. Thus

Z ePlemeibimy (Hy ;) = Z ePtem iy (Hy ;) + Z et my (Hoy ),
£,5 bound free

where 7, ; = T(fggﬁg,j).

To estimate the sum over bound pieces, we use the slow approach condition (H1). Suppose w C X
is a 1-cylinder in X such that f"(w) C H during a bound period, n < 7(w), and ¢ € Crit,. is the
last critical point visited by w at time n — £. Since w is bound, we have |f‘x — ffc| < dpe=27¢ for
all z € f"“w by [DHI, Sect. 2.2]. This implies that dist(fc, 0H) < mi(H) + doe~2?<*. On the
other hand, (H1) requires dist(f‘c, 0H) > §pe"<*. This forces,

Soe™V! <my(H) + dpe 2! — ¢ > —09 log(h/6.),

where 6. = 6o(1 — e¢). Thus since £ < Te 55

> et (Hyy) < )y O (Hy )
bound bound

< Z Ce(ﬁ-‘rbt—oq)n < C/hﬂgl(ﬂé—ﬁ).
n>—07 " log(h/dc)
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To estimate the sum over free pieces, we use the following estimate from [BDM, Proof of Lemma
4.5],

Zml(ﬁf&j) < le(H)

free

Then
Z eﬁﬂen,jbtml (Hé,j) < Z e(ﬁ-i—bt)Te,jml (Hf,j) + Z e(ﬁ—’—bt)T[’jml(Hé,j)
free Tp,;<—logh 7g,5>—logh
< o~ (B+bi)logh Z m1 (I:IE,J') + Z e(BHbr—an)Ty
7p,;<—logh Tp,;>—logh

< Chlf(ﬁert) + halfﬁfbt7
where all exponents are positive due to the choice of 5 and .

The argument for ¢ € [1,¢;] is similar with b; defined by (1 — )xm — pt. O

6.2. Pushing forward densities on I. We have proved that (P1)-(P4) hold with uniform con-
stants for all ¢ € [to,¢1] and all H € H(h) for h sufficiently small. We now fix such an H € H(h).
By Theorem for each ¢, we have a conditionally invariant density §/7 € B satisfying £o¢ A gl =
MIGH  where AT < 1 is a simple eigenvalue of £o¢ ¢ With maximum modulus. We use the spectral

gap for £O¢ A OL A to obtain information about the evolution of densities under the action of £o¢t
on I.

The philosophy is the following. For ¢ € B, let

ﬂtll} Z J’]T;

yer—lx

where J;7 is the Jacobian of m with respect to the measures m; and ;. The commuting relation
ffom=mo fR implies

Pra(Ll, ) = L1, (Pri))
S0 that the evolution of densities on I under on,t matches ~the evolution of densities on A under
Ly, ., for those densities in Py B. Indeed, |Pr ¥|11(m,) = |11 (m,) so that mass is preserved.

The question of which densities on I can be realized as projections of elements of B (or By) is
addressed in [BDM]| and is somewhat subtle and system dependent. Given ) € CP(I), we define
¢ =9 ox and it is a consequence of (A1) that i) € By for all p > 3/logé&, where £ > 1 is from
(Al)(a) [BDM| Lemma 4.1]. However, in general, P, (¢ o ) # 1 so that this is not sufficient to
characterize those densities which may be realized as projections from of elements in B.

Note that this requirement is different from the problem of liftability of the measure ¥m;. For
an invariant measure u, if p lifts to an invariant measure i on A, then m.ii = p as described
in Section but for a density with respect to my, this may not be the case since in general,
m«my # my, even for t = 1. In order to proceed, we will need the following lemma, which is
essentially a version of property (A2) with respect to the measures m;.

Lemma 6.2. Let Z C [0,L] x N be as in (A2). Then for all t € [tg, 1],

(a) me(1\ U(E,j)eIZr<A&j)) =0
(b) m(Apy jy) N7(Agy 4y) = 0 for all but finitely many (¢1,51), (b2, j2) € Z;
(c) Define Jymyj = Jt7r|5“. Then sup(y jyez |Jime,jloo + Lip(Jeme ;) < oc.
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As a consequence, CP(I) C Pr(Bo) for all p > /log&, where & > 1 is from (Al).

Proof. To prove (a), recall that if we ignore cuts due to the countable exponential partition of
Bs,(c) for each ¢ € Crite, then m(Ay) consists of finitely many intervals. Thus according to the
proof of (A2)(a) in [BDM| Lemma 4.6], I \ U(e,j)eZW(Af,j) contains at most the endpoints of these
finitely many intervals together with the images of the cuts of the exponential partition. This set
is countable and so its m; measure is zero.

Item (b) is independent of the measure and so is trivially true by (A2)(b).

It remains to prove (c). For x € Ay, let z_y = f&em € Ag. Then by conformality and the definition
of Ty, we have

d
Jﬂr(m) = m — 6—5'2%(334) _ 6—tSz<P(m,e)+£pt _ (Jlﬂ(x))teépt- (18)
Since ¢ < L by definition of Z and due to property (A2)(c) of Ji7, the above relation implies the
required bound on the L°°-norm of Jym restricted to elements of Z.

To prove the bound on the Lipschitz constant of J7, we restrict our attention to the case t € [tg, 1)
since for ¢ > 1, the Lipschitz property of Jiw follows from that of Ji7w. Now using the fact that
lat — bt| < |a — b|t for t < 1, we use to estimate for z,y € Ay,
[ Jem (@) = Jim(y)| < |him(e) = Tim(y)['e™ < |DfA(r(z-e)) = D (m(y-e))['e™".

Since ¢ < L and f is C2, this bound yields,

| Jem(2) — Jim(y)| < Clm(x—p) — 7(y-o)["- (19)
Let so = s(@_¢,y—¢). Since sq is a return time for x_g, y_g, we have |[Df%0| > (C’))~1¢% by (Al)(a).
Thus

m(@-p) = m(y-e)| < Cg& ™ |f* (mz_p) — f*(my—r)| < Cg& *diam(X).
Putting this together with yields
|Jim(z) — Jym(y)| < CE71%0 < Ce™P%0 < Cdg(x, y)

since s(x,y) = so — ¢ and as long as £~ < e7#, which is true for ¢ > to by choice of 8 < tglogé&.
This completes the proof of (c).

Now using properties (a)-(c) for Jym, it follows from [BDM, Proposition 4.2] that CP(I) C Pr+(Bo)
for all p > B/ logé&. O

For p > /log¢&, define DP(I) to be the set of nonnegative functions ¢ € CP(I) with ¢ > 0 on X.
The following proposition completes the proof of Theorem

Proposition 6.3. Let il = gllm, and define m.ill = pll = (Prigt)me. Then ull is a condi-
tionally invariant measure for f with eigenvalue \. In addition,

(i) For allvy € DP(I),
Lr
lim OL = 7T7t§1{{ m Ll(mt)
n—00 |£ntw‘1
and the convergence occurs at an exponential rate so that uf s a geometric conditionally
mvartant measure, absolutely continuous with respect to my.
(ii) Let b € DP(I). The escape rate with respect to the reference measure yymy is given by

e(ymy) = —log Al
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(iii) Let py be the equilibrium state for the potential ¢ = @i — py before the introduction of the
hole. Then for all p € DP(I), e(hus) = e(my) = —log M and

f0m) g

— = .

li 5
n=oo | f1 ()|

Proof. The fact that 7.l defines a conditionally invariant measure with the same eigenvalue as
i follows from the relation 7o fa = f o .

(i) Suppose ¥ € DP(I). By Lemma we may define 1) € By such that Py ¢tp = 1. Then () > 0
since ¢ > 0 and ¢ > 0 on X (indeed, this is trivial since we may always take X to be among the
set of elements specified by (A2) to cover I). Then, by Proposition [5.2(i),

Egt%b _ Pﬂ7t£gA,t& n—o0
L3, L5, Yh

DALt

Pridi’, (20)

in the L'(m;) norm where we have used the fact that
,Pw’tﬁgA,tw EgA,tw ~H
[t A Pﬂ-’t En - gt

| ¢A,t|1

OTL
I1£5
and the convergence is at an exponential rate since the || - ||g-norm dominates the L!(7;) norm
and Ly, , has a spectral gap on B.

Eosl _om
3 t
[£8a.

~H
— Frt9¢ - )

LY (my)

A,t|1 Ll(mt) Ll(mt)

(ii) This follows from Proposition iii) since

ﬂ wdmt:/igtwdmt:/ngt@zJ%t:/ &dmt
I I A ’ JANL

(iii) We claim that the measure p; = g?m; can be realized as the projection of an element in By.
Consider the tower A before the introduction of the hole. The arguments of Section [5] hold in the
case when H = () so that Ly A has leading eigenvalue 1 with eigenvector GY € By which defines an
invariant measure ji; = §¥m;. Then 7. ji; = py and Py gy = ¢, proving the claim. Since g > 0 on
Ay, we have 7;(3?) > 0 so that ¢? is in the class of densities for which the relations in (i) and (ii)
hold by Proposition (although it is discontinuous on I).

It follows that g can also be realized as the projection of the element v o 7 - g € By for any
Y € CP(I). If in addition, ¢ € DP(I), then 74(¢p o 7 - G?) > 0 so that again, the required limits
hold. O

Remark 6.4. As can be seen from the proof of Proposition the convergence result (i) and escape
rate (i) hold for any ¢ € L*(my) which can be realized as an element of Pr+(Bo) and satisfies ) > 0

on X. In fact, this second condition can be relaved to vf1 (1)) > 0 once the equilibrium measure vl

of Theorem [3.7) is introduced.

7. PROOF OF THEOREM [3.4]

As verified during the proof of Theorem for H € H(h) and h sufficiently small, we have a tower
(fa, A, H) respecting the hole, i.e., such that 7~'H = H is a union of partition elements Ay,
which satisfies (P1)—(P4) with uniform constants for all ¢ € [to, t1].
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Fix H € H(h). We have an invariant measure 7; supported on A which satisfies the equilibrium
principle of Proposition [5.5] and is defined by

7(¥) = lim \)™ [ dgf dmy,
n—oo An
where g7 and A/ are from Theorem

Defining v, = 7.4, we have v, supported on I since w(A*>°) C I°°. Moreover, v, is an invariant
measure for f by the relation for =mo fa.

For v € C°(I), define ¢ = 1) o . Then
v() = () = lim A | 9g" dme = Tim (A7) / Pre(vom - gi') dmy
= lim em(m) in@bﬂ,t(ﬁf{ ) dmg,
so that v; satisfies the definition of v/’ as defined in the limit given in Theorem

The convergence of £t/ [£5] 11y (respectively, £y (199) /1L (099) 1) 10 61 = Pra(G1)

for any v € CP(I) with v4(¢0) > 0 (respectively, v;(1g?) > 0), follows from Proposition given
that both ¢ and gy can be realized as elements of Py +(Bp) as in the proof of Proposition

Finally, we need to show that v, achieves the supremum in the required variational principle. We
begin by projecting the Variational Principle of Proposition down to I.
Lemma 7.1. Letn € /\/l? be such that n lifts to A and —oco < n(—p) < co. Let 7 € M?A denote

the lift of n to A. Then [,log Jfdn = [\ logJfa dnj, where Jf =|Df| and Jfa is the Jacobian of
fa with respect to my.

Proof. Due to the relation wo fo = f om, we have for x € A,
Jim(fazx)d fa(z) = J f(rx)im(z).

Thus since w1 = n,
/longdn :/ logJfomdn= / (log J fa +log Jim o fao — log Ji7) di.
I A A

We claim that [, (log Jim o fa —log Ji7)dij = 0. Note that if [, log Jy7 dij were finite, this would
be trivial by the invariance of 7, but we do not assume the finiteness of this integral.

We consider two cases. If z € Ay fx'(Ap), then Ji7m(fax) = 1. Setting x_, = f&ga: as before and
using , we obtain
log Jim(fax) —log Jim(x) = Spp(m(x—p)).
On the other hand, if z € Ay )\ f;l(Ao), then again by ,
log im(faz) —log Jim(z) = Sep(m(z—r)) — Ser10(m(z-0)) = —p(72).
Putting these two cases together, we have
[ Qo nmo s~ tognmyai= [ Sppln(eoydi- [ o) di.
A 5 (Do) A\fX ' (A0)

Both integrals are finite by assumption on 7. We decompose A into columns {f§ (Xi)}eer(x,) and
note that the first integral considers Sy (7(z_g)) in the top element of the column while the second
considers the sum of ¢ o 7 in all the levels below the top one, which is precisely the same thing.
This, plus the fact that 7(f4 (X)) = 7(X;) for £ < 7(X;) provides the required cancellation. O
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Taking n € M]IEI with —oo < n(—¢) < oo, we use Lemma to write 1(¢r) = 1(Pa,) for each t
since n(—¢¢) < oo if and only if n(—¢) < co.

Moreover, hi(fa) = hy(f) since 7 is at most countable-to-one [Bl Proposition 2.8]. Putting these
together yields by Proposition

—e(my) = log \F = sup {hn(f) —I—t/lwdn : n lifts to A} — P, (tp).
nGMf

However, the condition “n lifts to A” does not suffice to prove Theorem since that condition
is not well understood and depends on the inducing scheme. In order to replace the above class
of measures with the class g]{f which is independent of the inducing scheme, we must prove two
things:

(i) 1y € gﬁ, and
(1) —e(mq) > Py (1) — Pas, (1),

Proving (i) will imply —e(my) < PgH (tw) — P, (tp) since we know vy lifts to A and v (—¢) < o0

by Lemma and (|15)). Then (ii) Wlll yield the required equality. We proceed to prove these points
in the next two subsectlons

7.1. The weight near the boundary of the hole. In this section, we prove the following
proposition.

Proposition 7.2. There exist C,r > 0 such that v4(N:(OH U Crit.)) < Ce" for all € > 0, where
Nc(-) denotes the e-neighborhood of a set.

Proof. Denote by Z, the partition of A¢ into n-cylinders for F' = f7. Recall that vy = m.0% and
that D := (7:(Ag)) 17| a, is a Gibbs measure for F' by Lemma [5.3) which satisfies

C—l)\;T (y*)esrn¢A,t(y*) S ]’)O(Zn) S C)\;T (y*)esrn¢A,t(y*) (21)

for any Z, € 2, and y* € Z,. Here \; = )\f{ ; we have retained the explicit dependence on ¢, but
have suppressed dependence on H.

Fix € > 0 and choose ng € N to be the minimal n such that

sup  sup ma(w(fAZn)) < e
Znezn Z<T(Zn)

where my denotes Lebesgue measure as usual. Note that such an ng exists due to the fact that
there is exponential expansion at return times by property (Al)(a). Indeed, let Z/,_, = F(Z,) be
the n — 1 cylinder mapped to by Z,. Then m1(7(fZ,)) < mi(rZ!,_,) < Cy e " Dmy(Ay),
for each ¢ < 7(Z,). Thus my(7(f4Zn)) < € whenever

_ —log(Coe/d1)
n—1 /

Since T, > Tminn, Where Ty, denotes the minimum return time, it suffices to choose

—log(Coe/01) .

ng > 1+
0 Tmin 1Og€

(22)
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For brevity, set B = 0H U Crit,, the singularity set. Let €. denote the collection of n-cylinders
Z,, of minimal index n < ng such that 7(f5Z,) N No(B) # 0 for some ¢ < 7(Z,). By minimal
index, we mean that if Z,, is contained in an (n — 1)-cylinder Z,,_; such that 7(f{Zn—1) C Noc(B),
then we omit Z, from €. and include Z,,_; instead. For each n < ng, define €. ,, to be the set of
n-cylinders in €.

Note that

2. 2

Zn€Cc relevant £

For Z, € €., there are two possibilities when 7(f§Z,) N N:(B) # 0: either the interval 7(f4Z,) is
free or it is bound. If it is bound at time ¢ due to passing through Bs,(Crit) at time ¢ — k, we have
|fFa — fRe| < doe=2F for all = € 7(f5 ¥Z,) and some ¢ € Crit, by [DHL, Sect. 2.2], where 9, is
from (C2). This implies that dist(f*c, B) < € 4 dpe~2%¥. On the other hand, the slow approach
conditions (C2) and (H1) imply that dist(f*c, B) > dpe~?<*. Putting these two conditions together,
we must have

506_2190k - 50€_ﬁck +e>0,

which admits two possibilities: either

_4e 4e
ok 1—4/ — 5 ok 1+ 1—%

€ < — or € >
2 2

Since k > 1 by (H1), we may eliminate the second possibility by only considering ¢ sufficiently

1+,/1-43
small that e 7 < féo For the first possibility to occur, we estimate v/1 —x > 1 — z, for
0 < z <1, and solve for k to obtain the requirement

— log(2¢/d0)

k
> g

(23)

Thus we must have 7(Z,) > %ﬁg/%) = s if Z, is to intersect N.(B) during a bound period.
For cylinders with large return times, we can make a simple estimate using , and Propo-

sition [3.2]
Z Z Dt(fAZn) Z T(Z1)(Z1) < Z T(Z)A] 7 oSr¢t(Z1)

Zn€Ce relevant £ Z1€2 Z1€2
T(Zn)>s 7(Z1)>s T(Z1)>s
< ZT@*BTCOe*aT < O'selB~)s < ol (a=B)/Ve loge.
T>S
where we have used the fact that )\ <eéPand B < a.

It remains to estimate the contribution from cylinders with 7 < s. Notice that by , all of
these contributions are from pieces that are free at the time they intersect N.(B). We fix n < ng
and estimate the contributions from one €., at a time. We also fix t € [tg, 1]. The argument for
t € [1,t1] is similar.

Notice that by definition of &, ,, if Z,, € €., then w(fﬁZn) N N(B) # 0 for some (possibly more

than one) £ < 7(Z,); but 7(f&Zn—1) ¢ Nac(B) where Z,_; is the (n — 1)-cylinder containing Z,.
n—1

This implies that |7(f4 Zn—1)| > e. Then since fx (Z")(Zn_l) = Ay, we have by (Al),

—log(Coe/01) .

Coe™ I (A o) S ma(Bo) = 77 (Z) — 0 < Y

(24)
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Since we are restricting to 7(Z,) < s, there are at most s values of £ such that 7(f4 Z,)\N:(B) # 0,

SO
Y. D nlfaZn<s Y nlZn)
Znp€Ce n relevant £ Zn€Cen
T(Zn)<s

and since s = log ¢, it suffices to estimate the sum above.

Since —Srnp < "), We have,
Sinpar =tSme —1"p < [(1 —t)xpr — pd 7" + Snep. (25)

Setting ¢, = —log Ay + (1 — t)xar — pi for brevity and using together with and , we

obtain
Z ﬂt(Zn) < Z C)\;TR(Z")eST"(Zn)¢A,t
ZnECE,n Z’neqs,n

< Z C)\;Tn(Z”)e[(l_t)XM_p*]Tn(Z”)ml(Zn)

Z’VLGQ:S,’IL

gCeCt(T"’I(Zn)—T(Zn)) Z ect(r(Zn)—&-'r(FnAZn))ml(Zn)
Zn€Ce n

< Ce—ct/logé Z eCt(T(Zn)JFT(Fn_IZ"))ml(Zn).
Zn€Ce n

(26)

We split the sum up according to whether 7(Z,,) + 7(F"~'Z,) is larger or smaller than —7 log e for
some 7 > 0 to be chosen later. Note that due to bounded distortion and the tail estimate, we have
mi(z € Ao : 7(x) + 7(F* lz) = k) < Ce~*. Thus for pieces with large return times, we have
SRECCRLE ANES
T+T0F"=1>_nloge (27)
< C(ect—al)—nlogs < an(al—ct).

For pieces with small return times, we have

DA
T+roF"~1<—nloge

<C(e)mee N my(faZn) (28)
Zy, free at time ¢
neee,n
< Ce™ e,

where we have used the fact that the Lebesgue measure of free pieces that project into an interval
of length ¢ is bounded by const.c (see [BDM, Sect. 4.3, Step 1]).

In order to prove our estimate, we need the powers of € in both and to be positive after
multiplying by the factor e ~¢/1°8¢ appearing in . Thus we need,
Ct log§ — ¢
(a1 — ¢p)log € <7< cilogé
Such an n always exists as long as
a1 logé
a1 +log &’
which holds for all small holes and for all ¢ close to 1 since p;1 = 0 and A\; — 1 as H becomes small.

ct = —log At + (1 —t)xm —pt <
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We have estimated that the contribution to 14(N.(B)) from pieces in each €. ,, satisfies the desired
bound. Since there are at most ng sets €. 5, in €., and ng < —C'loge by , summing over n adds
only a logarithmic factor to our estimate, completing the proof that 14 € Q}q . O

7.2. Volume estimate. In this section, we will prove the following proposition, which then com-
pletes the proof of Theorem [3.4

Proposition 7.3. For each t € [to,t1],

~m) > s, {n+t [ auf = Pas e

We will estimate the m;-mass of I™ in terms of the pressure using the following partitions. Define
P to be the partition of I into open intervals whose endpoints are elements of Crit. and let
Prn = \/Z;(l) f~*P;. Similarly, let P; denote the partition of I induced by Crit, U dH and define
P,, analogously. We will estimate the mass of the elements of P, in terms of Lyapunov exponents,
and the number these cylinder sets in terms of the entropy. To get the estimate on the mass we
construct another partition using the method of [Dol Section 4]. Note that this follows a very
similar construction given in Ll Section 2]; see also [PUl, Theorem 11.2.3] and [DWY] Section 3].

We define the natural extension as in [L]. First define

Y i={y=(yo,y1,---) : f(yi+1) = yi € I}.

Define f~! :' Y — Y by f~'((yo0,%1,...)) = (y1,¥2,...), so that f~! is invertible with inverse
f:f7'Y =Y given by f((y0,%1,--.)) = (f(40),v0,%1,-..). The projection IT : Y — I is defined
as IT:y = (yo,y1,...) — yo. Hence Ilo f = foll. As in [Ro] (see also [PUl Section 2.7]), for any
@ € M there is a unique f-invariant probability measure 7z on Y such that II,i = . Moreover, fi
is an ergodic invariant probability measure for f~1.

The triplet (Y, f, ) is called the natural extension of (I, f, ). The following is a mild adaptation
of [Dd, Theorem 4.1], see also |LL Theorem 8§].

Theorem 7.4. Suppose that i € QJ{{ has x == [log|Df| du > 0 and let (Y, f,1i) denote the natural

extension of (I, f, ). Then there exists a measurable function g on'Y, 0 < g < % n-a.e. such that
for i-a.e. y €'Y there exists a set V,, CY with the following properties:

o y eV, and 11V, = B(Ily, g(y)); )
e for each n € N, the set Hf_”Vy is contained in Pp;
e forally €V,

> " |log [DF(ILf~y)| — log | D f(ILf ~y)|| < log2;
=1

e For each n > 0 there exists a measurable function p on'Y mapping into [1,00) a.e. and
such that

ply) " "0 < IDFUILFy)| < ply)e" X,
in particular, |TLF"V,| < 2p(y)e "XV, |.

The only significant change to the proof given in [Dol, Section 4] is to input information on the rate
of approach of typical points to the boundary of the adapted partition P,,, rather than simply P,
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which is then applied in Lemma 4.5 of that paper. This information is contained in the following
lemma.

Lemma 7.5. Given p € Q?, for each n > 0, for m-a.e. y €Y there exists N € N such thatn > N
implies d(f*(IIf"y),0H) > e™™ for all0 < k < n — 1.

Proof. For any subset A C I and § > 0, set dist4 5(z) :=d(x, A) if d(x,A) < d and 1 if d(x, A) > 6.
So if pu € g;f then — [logdistay s(z) du(z) < co. Moreover, for any e > 0 there exists § > 0 such
that — [logdistam s(x) du(z) < e. Since (Y, f~1,71) is an ergodic dynamical system, by the ergodic
theorem, for fi-a.e. y €Y,

n—1

1 . 5 n .
> logdistor o (117 ")) > [ log distors(11y) d(y)
k=0

= /10g distppm s(x) du(z), as n — oo.

Now fix 7 > 0 and choose ¢ so that — [ log distay s(z) dp(z) < /2. Then by the above limit, for
pa.e. y € Y, there exists N = N(y) satisfying the statement of the lemma. O

We need one more lemma before completing the proof of Proposition [7.3]

Lemma 7.6. For each t € [to,t1] and all 6 > 0, there exists 0; > O such that for every x € I,
m((z — 6,2 +9)) > 6.

Proof. This follows from the fact that m; gives open sets positive mass and the compactness of
1. O

Proof of Proposition[7.3. Fixt € [to,t1]. For any element C,, € P,, by construction either f*~(C,,) C
H or f*~1(C,) N H = 0, so either C,, is contained in I"=1 or it is outside I"~!. Notice that the
partition given by Theorem is subordinate to P;. This will give us subsets of cylinders C,, € P,
on which we have a good idea of the distortion.

Fix p € g}{ and the corresponding measure 7z in Y. Set > 0 and let p be as in Theorem
For 6, K > 0,lety € Isx :={y €Y : [ITIV,| > 6 and p(y) < K}. Fix ¢ > 0 and choose § > 0
small enough and K large enough such that fi({5x) > 1 —e. By invariance, n(f " (Isx)) =
p(Lf"(Isk)) =1 —e.

Since p is supported on joo, for fi-a.e. y € I5 i, this yields z € I such that z = I1f~"y. Moreover,
defining

Isgp = {If "y :y €5} NI®,
we have p(Is k) > 1 — ¢ for all n.

For every = € I5 k., we take the corresponding y € Isx and set V,,, = Hf_"Vy. By this setup,
|f"(Van)| > 6. By the Mean Value Theorem and the conformality of m; there exists z € IIf 7"V},
such that

mi(Van) = |Dfn(z)|_t€_nptmt(fn(vx,n))-
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Since V., C Cp[z] and the two last parts of Theorem |7.4{ we have

) 1 reme
mi(Culel) > mu(Ven) > DL @)~ ma( £ (Van)) (29)
1 —nt —n n 1 . .

> e M By (V) 3 e U e, (30)

for 6; > 0 depending on § > 0 as in Lemma

Now we use the Shannon-McMillan-Breiman Theorem, see for example [PUL Section 2.5], to assert
that on a set £ C I of y-measure at least 1—&, u(Cp[z]) < e )= for € E and n sufficiently
large. Thus the number of distinct cylinders Cy,[z] with x € E N I5 i, is at least (1 — 2¢)en =)

for all n large enough. Notice that such cylinders are in It by definition of P,. Combining this
with , we obtain,

5

ﬁe*nt(wn)efnpt'

m(I" Nz 3T m(Cala]) > (1 - 2) 00

"l‘elm[gynﬂE
So by the arbitrary choice of n > 0, taking logs of both sides, dividing by n and letting n — oo
yields m¢(I™~1) > h(u) —tx(p). Taking a supremum over all y € gj? , the proposition is proved. [

8. A BowEN FORMULA: PROOF OF THEOREM [3.5]

Theorem 8.1. Under the assumptions of Theorem dimH(foo) = t* where t* is the unique
value of t such that Pa(te™) = 0.

Proof. We will use the main result of [I], which is a Bowen formula for countable Markov shifts, but
similarly to applications in that paper, extends to our case here as follows. As in Theorem (b),
for h small enough and H € H(h), dimy (1) = dimy(A>). The structure of A allows us to code
it as a countable Markov shift. The required result then follows as a consequence of [I], where
the corresponding ‘metric potential’ as in [I, (3)] is t@a using the Holder regularity provided by
Lemma (411

Now [I, Theorem 3.1] gives dimz (A™) = ¢* where ¢* is the unique value of ¢ satisfying PM;I (t*on) =
A
0. Then following the proof of Theorem from Section [7| yields Pa(t*o!) = 0. O

Recall that the invariant measure v/’ constructed in Section [7| achieves the supremum in the vari-

ational formula and belongs to g]{f . Also, V}q lifts to A, so that it is included in the pressure
H * HY _ :
Pa(te™). Thus Pg;{ (t*¢™) = 0, completing the proof of Theorem

9. ZERO-HOLE LiMIT: PROOFS OF THEOREMS AND 3.7

Recall that for Theorem we consider holes of the form H, = (z — ¢,z + ¢), for z € I satisfying
the following condition:

There exist ¢,d, > 0 with ¢ < min{29., a/s},

such that |f™(c) — z| > d.e™ " for all n > 0. (31)

Here 9. is from (C2), « is from Proposition and s; is the local dimension of m; at z given
in Lemma below. The fact that this is a generic condition with respect to both m; and p; is
proved in Lemma Recall that is part of condition (P).



30 M.F. DEMERS AND M. TODD

Because we will need to maintain careful control of the constants involved in the tower construction
along our sequence of holes, we recall the following set of choices explicitly.

Fix z € I satisfying so that Crityee = {2} satisfies (H2) and with § = dg. This fixes n(dg)
and all appearances of § in (C1)-(C2) to have value dg. As before, denote by H(h) the family of
intervals H such that z € H, mi(H) < h and H satisfies (H1). All our intervals H. are required to
belong to H(h) for some h > 0.

9.1. Preparatory Lemmas and the proof of Theorem We adopt the following notation
for our family of inducing schemes: (U; X!, F., 7., H.), so that F(X!) = X. Note that in this
notation, X is fixed for all H. € H(h).

When we view H. as a hole for the open system, if k < 7(X?) is the first time that fk(Xl) C H,
we define 7.(X?) = k; otherwise if X¢ returns to X before encountering H, we set 7(X;) = 7-(X; H.
The induced map for the open system F. is defined similarly so that F.(z) = F.(x) whenever z € X
returns to X without entering H along the way.

Now for H € H(h), we have a tower (fa, A(H)) constructed so that 7= ' H is a union of 1-cylinders
Hy ;. We recall that the family of towers corresponding to H(h) satisfy (P1)-(P4) with uniform
constants. For our function space B on the tower, we choose § < min{a, tolog&} as in Section
and add the further requirement that 5 < a—¢s;, where < is from and sy is the scaling exponent
from Lemma Note that with this choice of 5, the exponent ¢ necessarily satisfies

¢ < min{(a — B)/s¢, 20.}. (32)

Also, if we need to shrink 8 in what follows, this does not affect the value of ¢, which is fixed and
depends on z.

Let g € B denote the eigenfunction corresponding to A for £¢H = L’¢ A We have introduced
this new notation for the transfer operator with the hole in order to make dependence on H explicit.
We drop the subscript A since all the objects we work with in this section will be on the tower.
We denote by gY € B the invariant probability density for the transfer operator without the hole,
Ly,. We remark that g? also depends on H since different H induce different towers A(H), but
the projection P,g! is independent of H.

We use the notation A™(H) to indicate the set of points that has not escaped A(H) by time n and
set A°(H) = A(H). Recall the notation H = 7 H, H = U,H; and H; = U;Hy ;.

With our definitions, g/ = 0 on H and all columns above each I’T[g,j. Since it will be convenient
to make our estimates directly on H, we extend g/ to H by g (z) = (\T)"'g(fx'z) for z € H.
Note that this extended version of g/ is still 0 in the column above each ﬁg’j. We normalize g{!
so that, fA(H) gl dmy = 1.

If we redefine E(bH’l]Z) = £¢t(1A£H)¢) (rather than £¢t(1AI(H)¢))v it extends the operator so ‘Ehat
Ly gl (z) = A\ gl (x) for x € H. Note, however, that Ly still does not let mass map out of H so

that no mass maps to the columns above H. We will use this extended definition of £¢£1 for the
remainder of this section.

Since e(my, H.) = — log /\ffe, proving Theorem is equivalent to estimating
_ /\er

lim — 2t
e—0 Mt(Hs)
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which we now start to do.

We begin with the key observation that by definition of £¢{—I and gf1,

M= Af/ gi" dmy =/ Lyngf! dmy =[ gi" dmy.
A(H) A(H) Ao(#)

So now for any n > 0, using the conditional invariance of g, we write

1—AtH:/ gﬁdmt—[ gfldmt:/gf{dmt
A(H) A0(H) i

= O [ (el = 23t dmi+ ) [ gf dm

The following lemmas, the proofs of which we give later, will allow us to prove Theorem

Lemma 9.1. The transfer operators Ly, and Eqsff have a uniform spectral gap for all H € H(h)
with h sufficiently small. More precisely, there exist Co > 0 and o9 < 1 such that for all ) € B and
n >0,

1£5,% — co(¥)gllls < Caot [¥l5llg7 s and
I ™" L — e (W)gf|5 < Caogllvlslg |Is,

where the constants cy(v) and co(¢) represent the magnitude of the projections of ¢ onto the

eigenspaces spanned by gf' and g9, respectively. Moreover, cp () — co(v) as diam(H) — 0 in
H(h).

Lemma 9.2. There exists Cy3 > 0 such that if z satisfies then for h sufficiently small and for
each H € H(h),

> ePlmy(Hy) < Cap(H).
20

Lemma 9.3. Condition 1s generic with respect to both p; and my.

The three lemmas above are sufficient for the proof of the generic case. The next lemma is required
in the periodic case.

Lemma 9.4. Suppose that z is a periodic point of period p and j—t(z) € (0,00). Given n € N we

n
can choose h so small that if H € H(h) then t
/,Lt(H)@Sp¢t(z)(1 — ’y(n)) < /~< gt — ﬁg{{)go dmt < /,Lt(H)€SP¢t(Z)(1 +’y(n))
H

where y(n) — 0 as n — oo independently of H € H(h).

Proof of Theorem[3.6, Non-periodic case. Fix e > 0 and choose h > 0 so small that A7 > 0[1)/2

for all H € H(h). Next choose n so large that O'g 2 < e Finally, choose H sufficiently small that
()\fl)_" < 1+¢ and fng NH = ( for all 1 < k < n. This last choice is possible using the
aperiodicity of z.
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Note that due to this last choice, we have L?, = Egt when integrated over H. Now the first term
t
on the right hand side of (33) becomes

o [ el ) S e, gt — o)

>1

2
< ooy gt I8l190 18 > e mu(He) < Coellgf! 8l197 |8 1 (HD),
>1

where we have used Lemmas as well as the fact that g is uniformly bounded above and
below on A (see [BDM Prop. 2.4]). Note that in the application of Lemma we use the fact
that co(gf!) fA(H g dmy = 1. Now ||g{||5 and ||¢?||5 are uniformly bounded for all H € H(h)

with constants depending only on (P1)-(P4) [BDM, Prop. 2.3]. Thus the first term of (33) can be
made an arbitrarily small multiple of u,(H).

The second term of is simply bounded by

/gt dmy < (A1)~ /gt dmy < (1+e)[ggdmt. (34)
H
Since [ g9 dmy = fi(H) = pu(H), we have shown that
1-\F
=1+4+¢€¢(H),
1t (H) &)

where e(H) — 0 as my(H) — 0.

Periodic case. We split the first term on the right side of into two and renormalize g¥ by
cr(g7):

L= = () " en(g)) / Lyn(er(g))gi’ — g7) dmy

(35)
+ (N en(g))” /( o~ £¢t)gt dim; + (AE)~ (g?)_l/ﬁg? dmy.

As before, we fix € > 0 and choose n so large that o /? < e and ~v(n) from Lemma is less than

e. Next choose h > 0 so small that A > 3/2 and (\F)™™ < 1 +¢ for all H € H(h). Finally, since
co(g?) = 1, by Lemmal9.1] we may shrink h further so that cz(g?) € (1—¢,1+¢) and for our given
n, the holes are small enough that the conclusion of Lemma holds.

Using Lemmas (9.1 M and [9.2) w again, the first term in is bounded by

()‘t gt / £¢H CH gt g?)dmt

Using Lemmam 9.4] the second term in is bounded above and below by

Cellgi 151197 1 pee (H).

s, (1+¢)? (Aﬁ)fn 0 s —€
—p(H )eSr# ) 1—2 < Py N(E”{{ — L3,)g; dmy < —pe(H)e P‘i’t(z)m

Finally, the third term of is bounded above and below as in .

Putting these three estimates together, we conclude,

Spitn(2) 1=\ Spin(

1 — eV — Ce <1—6P”)+C’5,

pe(H)

for a constant C independent of H. Since ¢ is arbitrary, this completes the proof of the theorem. [

N
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The proof of Theorem [3.7] requires some minor adaptations of our preparatory lemmas, so we will
leave its proof until we have proved those lemmas.

9.2. Proofs of generic lemmas.

Proof of Lemma(9.1 The proof follows from the fact that for the transfer operator without the
hole Ly,, e~ # gives an upper bound on the second largest eigenvalue as well as a bound on the
essential spectral radius. This is proved in [Ml Theorem 1.4 and Section 4.1]. There it is shown
that in our setup (since f is very close to 0), a constructive bound on the second largest eigenvalue

is given by tanh(R/2) where R = log ifZ:B. Simplifying this expression yields tanh(R/2) = =%,

By our Proposition we have uniform control of the tails of the return time 7 for all H € H(h)
and t € [to,t1]. Thus we work with a fixed 5 > 0 (chosen in Section in all our towers which
gives a uniform bound on the second largest eigenvalue of Ly, .

The fact that the spectrum and spectral projectors of £¢>f are close to that of Ly, outside the disk
of radius e=# follows from [DW] Lemma 3.6] (which in turn is an application of [KLI] adapted to
sequences of Young tower constructions). There, it is shown that the eigenvalues of £ g and Lg,
outside the disk of radius e vary by at most O(h€) for all H € H(h) and some € > 0.

Choosing h sufficiently small, we may guarantee that A7 > e B/3 and the second largest eigenvalue
of L o1 is at most e2%/3. This ensures that o¢ < 1 in the statement of the lemma is at most e B/3
for all H € H(h).

In addition, letting II,# and II; denote the spectral projections onto the eigenspaces associated
with g/ and ¢, respectively, the same perturbative results from [DW] used above imply that for
Y eB,

lcr () — co(¥)| = ‘/A(H) vy — Iy dmy

<My — help Y me(Ag)e’t < Che,
¢

where C' is independent of H € H(h), proving the continuity of cy(¢) in H. O

Before giving the proof of Lemma we need the following important fact about the scaling of
the measure m; on small sets.

dmsy

and set sy :=t + L. Then for each € > 0, there exists 6(¢) > 0 such that for all 6 € (0,6(¢)),

Lemma 9.5. Suppose that z is either a ug-typical point or a periodic point with M(z) € (0,00)
O )

(20)™7 < my(Bs(2)) < (20)™ . (36)

h(pe)

L which is

Moreover, sy > 0, and in the case that z is pg-typical then s; can also be written as
< 1 whenevert # 1.

Proof. In the case that z is p-typical, follows immediately from the definition of local dimension
d,, at x, where

log put(Bs())

d = —_—
() 550 log26 '
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whenever the limit exists. For p;- typical points this is always equal to the dimension of the measure

ﬁgﬁjg, see [Ho]. So s; = QEZ:; t+ 5ty =t + 3. By the Ruelle-Pesin formula, as well as the

obvious fact that the dimension of a measure is bounded by the dimension of the space, s; < 1.
Moreover, since the unique invariant measure which has dimension 1 is p1, we have s; < 1 whenever
t # 1, see for example [L]. We can make the switch from the invariant measure yu; to the conformal
measure m; using the fact that the density at typical z exists and takes a value in (0, 00).

In the case when f9(z) = z, first notice that elementary arguments on the pressure function imply
that for any ¢ where an equilibrium state of positive entropy u; exists, p; > —tA(z) for any periodic
point z. Therefore, s; in this case is strictly positive. Moreover, S;¢(z) < 0.

For the scaling properties of m; around z, the situation is in many ways simpler than the typical
case, although we can’t call on the powerful theory of local dimension described above. The proof
is similar to [FFT], Lemma 4.1] so we only sketch it. We use the fact that we can pick § > 0 such
that on By(z), |Df?| ~ |Df%(z)|, where ~ denotes a uniform constant depending only on 6 and the

distortion constant Cy from (A1). Then for a ball of size § € (0,0), conformality implies that for

log(6/6
n= L)
my(Bs(2)) ~ |Df™(z)| e “"Pen,(Bs(2)) ~ ste—mapt
Hence
=t =t4 2
(51—>I% 10g26 t IOg‘qu(Z)| + )\(Z)’
as required. -

Proof of Lemma[9.4 Holes in A are created in one of two ways: When f"X encounters H during
a bound period or when it is free. We split the relevant sum into these pieces,

th(Hg)eﬁg = Z mg Hg +th Hg
L

bound free

Estimate on bound pieces. Since my(Hy) = m( f&ZH ¢), we will estimate the sum over all 1-cylinders
X! such that f*(X!) c H and X! is bound at time ¢, £ < 7(X?).

If X7 is bound at time ¢, then | f“(z) — f*(c)| < doe~ 2", for each = € X{. Thus fixing z € X! and
using (1)), we obtain

e < [fM(e) = 2 ™) = (@) + | (@) — 2| < e + | H /2,

Since ¢ < 29, by , this inequality can only be satisfied by sufficiently large ¢ and if §, < dg, by

finitely many small values of ¢ as well. So we assume the worst case scenario, that d, < §g. The

log(d0/9>)

finitely many ¢ must satisfy ¢ < =5 r et On the other hand, the sufficiently large ¢ must satisfy,

— log(|H/2.)

b.e P <|H|)2 = (>
S
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Putting these estimates together, we have the following estimate on the contribution from bound

pieces,
SomH)e < Y m(H) + > m(He)e

bound £<108§(50/iz) Z}*log(\f\/%z)
log(50/5z) o
<C 200 —< Z“t Hy) + Z Ce—(a=B)t (37)
£>*10€(‘H‘/25z)

< OB g () + €0 < |
where we have used the fact that @, has density with respect to m; uniformly bounded above and
below on A in the last line. By . the exponent of |H| in the last term is greater than s; = t+ & /\(Z)
from Lemma E So remembering that H. = B.(z) and by choosing h sufficiently small, we have
|H|(@=B)/s < my(H) < Cug(H), where we have used that the density of p; is bounded away from
0. This completes the estimate on bound pieces.

FEstimate on free pieces. For free pieces, we adapt the estimates in [DHL, Section 6] and their
modification due to the extra cutting by 0H in [BDM) Lemma 4.5]. We fix n and estimate the
mass of one-cylinders w = X; which are free when they enter H for the first time at time n.

According to the construction in [DHL], each one-cylinder w is contained in a sequence of nested
intervals w C w) € WU .. Cc wM and corresponding times s1, ..., s; such that |f% (w®)| >
91. Thus there is §; > 0 such that m(f* (w(i))) > §; for each i = 1,...,7. We call the times s;
growth times for w.

Define E? to be the set of one-cylinders w such that f"w C H for the first time, f"w is free, and
w belongs to an interval which grows to fixed length §; precisely j times before time n. Then

Z my(w)ePm = Z my(w)el™ + Z my(w)em
ffwCH wEE;l wEE]’?
fres J<¢n (n<j<n

where 0 < ( < 1 is determined below.

For j < {n, we follow the proof of [DHL, Lemma 10] and [BDM), Lemma 4.5] to define {s; = r;} as
the set of points for which the first growth to length §; occurs at time r;. We have by Proposition[3.2]
@6fozr1
Ot

We then repeat this estimate on each element f"'w, which has m;-measure at least §; by definition
of r1. Thus

mi(s1 =1m1) < Cpe” " < me(X).

%e_o”’zmt(f”w).
t

By bounded distortion, this comprises a comparable fraction of the set in w, and thus

me(z € fMw): 81 > 1ry) < Coe ¥ <

CO D5 —04(7‘1-‘,-7’2)

mi(sg=r1+re:5 =71 < (52

where Dy is the distortion constant. Iterating this j times, we have

mt(sj:nntw-rj:31:n,...,sj_l—sj_gzrj_l)g
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Next we focus on the intervals f%w which lie inside f*iw() for a fixed w(. In particular, we need
to control the increase in complexity between times s; and n, i.e., the number of subintervals of
f5iw\9) that will overlap when they enter H at time n — 5j.

In n — s; iterates, f%w will enter H for the first time. Along the way, due to the definition of s;,
fi( fsjw(j)) cannot grow to length greater than §; or have a piece that makes a return to X, for
i=1,...,n—sj. If fi(f*w)) C Bs(c) for some ¢ € Crit,, then a doubling may occur creating an
overlap of subintervals in f*w() when they enter H. We need to show that the expansion gained
from time s; to time n is sufficient to overcome this growth in complexity.

Let ps denote the minimum length of a bound period for = € Bs(c). According to [DHL, Lemma
2], for z € Bs(c), we have |DfP+(z)| > k=1’ when z reaches the end of its bound period of

length p, where

_ A — 594, _ A — 594, -0
B 20, 20cps ‘

Note that the second term can be made arbitrarily small by choosing § to be small (and therefore

ps large). We choose ps sufficiently large that e?Ps > 21/t Define § = 6 — 1(15)1%52'

0

Now suppose that w C w/) makes k visits to Bs(c) between times s; and n and is free at time n.
Then concatenating the expansion from [DHL, Lemma 2] and (C1), we have for x € f%iw,

|=

D= ()] > rotmes s o155

)

where 4 = min{~, §}.

Since the complexity of f(f*w0)) increases at most by a factor of 2 with each entry into Bs(c),
we fix w) and let Aj, denote those w € El' wC w), that make k visits to Bs(c) between times s;
and n. Then

n—s;

_ 1 _
Y o mfe) < S S 02 (55 )k ==t i (n=55) . (7
wCw) k=0 weAy
wEE}l
n—s; (39)

< Z Czk2*(1+%)ke—"y(n—5j)tept(n—Sj)mt(H)
k=0

< Ce=3) (TP (),

for some C > 0.

Then since my(f*w)) > &;, we iterate use to iterate one more time to obtain,
J+1 g
CO D(S —01n

1 mt(H)v
5t

mt(sl =T,82 =81 =72...,0—=85; = Tj+1) <
where #; = min{¥yt — p;, a}. Summing over all possible (j + 1)-tuples such that ), r; = n, we use
the same combinatorial argument as in [DHLL Lemma 7] to bound their number by e, where 7
can be made as small as we like by choosing ¢ sufficiently small (but holding ¢ fixed, which allows
us to hold the distortion constant fixed). Thus,

(n
Z my(w)e’™ < G (D OBty (1), (40)
ot 0t
weE?
J<¢n

and choosing ¢ and (3 sufficiently small yields a bound exponentially small in n times m(H).



EQUILIBRIUM STATES FOR MULTIMODAL MAPS WITH HOLES 37

Finally, we focus on those w with j > (n. Here we follow the proof of [DHL, Lemma 11] and its
modification in [BDM|, Lemma 4.5]. By [DHL, Lemma 1], every time a piece grows to length 6, a
fixed fraction, call it &, of £% (w(®) makes a full return to X by a fixed time s*. Since m;(X) > d;,
we also know the portlon that makes a full return by time s* constitutes a fixed fraction & of the
m; measure of f%(w®). Due to bounded distortion, a fixed fraction & /Ds of w(® makes a return
by time s; + s*. We now iterate this j times, using the fact that each w € E7' belongs to an interval

w@) which also has its jth growth time at time sj. Thus

, i
Z m(w) < Z mt(w(J)) < (1 — g;) my(X),

wGE';” w(j)EEj

where F; is the set of w) corresponding to E7. Note that once H(h) is fixed, neither X nor Ds
changes as we shrink h. Moreover, the fraction & that returns to X by time s* does not deteriorate
as h decreases since a smaller hole does not prevent an interval from making its full return to X.

Now due to bounded distortion and letting | D f% (w?))| denote the average value of | D f% | on w(),
we have my(w?)) > Dimy(f5w0))|Df%(wl))|~te=%P:. This, together with the previous estimate
implies

Z ’Dfsg( J))‘—t —Sjpt < D <1 _ f;;)J . (41)

w(j)eEJ

Between time s; and time n, the complexity of w entering H can increase in the same way as
described earlier. Thus we may combine with ( . ) to obtain

> om) < YN ()

wEE" w(J)eE] wCw@
wEE”
< Y DD T ST my(fuw)
w@eE; wCw)

mn
wGEj

< CDJ_% <1 _ g)ﬂ e(n—sj')(_ﬁt-&-pt)mt(H)'
0

Summing this estimate for j > (n yields

(n
Z my(w)e™ < ¢ (1 — gt> ePrmy(H),

weE;"
(n<j<n

and this can be made exponentially small in n by choosing g sufficiently small. Note that choosing
B small will force H to be very small, but this is not a restriction since we are interested only in
the small hole limit.

This estimate combined with completes the estimate on the free pieces and the proof of
Lemma [9.2 O
Proof of Lemmal[9.3 Fix 0 < ¢ < s, and n > 0. By Lemma there exists 0. > 0 and a
measurable set Es_ with m;(F5 ) > 1 — n such that holds for all z € Es_ and all § < J.

Now choose 0 so small that 20 < d;. Then if z € E5. N Bs.—n(f"(c)), we have by Lemma
my(Bse—en (17(¢))) < my(Bage—en(2)) < (46)%~0e7"079),
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Let J ={n € N: Bs—n (f"(c)) N E5_ # 0}. Then it follows from the above estimate that

1

m¢(Uney Bse-sn (f"(c))) < 2(45)8t_§€_m(8t_§) < (45)St_§ma

neJ

and by shrinking §, we may make the quantity on the right hand side less than n. Now we estimate
for all such § sufficiently small,

my(z € [0,1] :2 ¢ Bse—n (f"(c)) Vn € N) = my(z € Es_: 2 ¢ Bse—n (f"(c)) Vn € N)
my(z € Es.) —my(z € Es, : 2 € Bge—an (f"(c)) for some n € N)
my(z € B ) —my(UnesBse—n (f"(c))) 2 1= 2n.

Since n > 0 was arbitrary, this completes the proof of the lemma with respect to m;. Since p; < my,
the property is generic with respect to u; as well. O

Z
Z

9.3. Proof of periodic lemma. In this section we prove the necessary estimate to conclude
Theorem in the periodic case.

Proof of Lemma[9.4 The main idea of this proof is that by selecting H appropriately, | il b —
ZH) gY dmy is comparable to the measure of the set H:=HnfP (H). Once we have shown this,
t

we use the fact that the density at z exists and lies in (0, 00) to deduce that

A~ A~

pe(H) —my(H) el

pe(H) — my(H)
where the final estimate is immediate by conformality, and ~ denotes a uniform constant depending
only on f and t (not H).

Recall that by construction, if a domain X! has an iterate k such that f¥(X?) N H # § then
fH(XY) C H. Hence if we fix a column 4, then every time that an iterate fX(A;o) projects to
intersect H, then in fact w(f%(Aio)) C H. We set ua = gmmy.

Note that L’ZH only includes preimages of points in H which enter H for the first time at time
t

n, while Egt counts all preimages of points in H which enter H at time n. Thus to estimate the

quantity [z( b — ZH)g? dmy, we sum the pa; measure on the tower of the set of points which
t

both project to the hole H at time n, as well as doing so at some previous time 0 < k < n — 1.

Fixing n, we choose h so small that for H € H(h), if € H, but fP(x) ¢ H then f*(z) ¢ H for
k=1,...,n. In particular, this means that if a point in a column of A projects to H then the only
way an fa-iterate of x can project to H again before time n is if 7+ was actually in some subset
f~®(H)N H for i > 1. Moreover, the fa-orbit of  cannot return to the base Ay and then later
project to the hole again before time n since H is so small that it cannot grow to length J; by time
n.

Fix a column ¢ and suppose that at some level the projection fﬁ(Ai’o) is inside H. If this only
happens once, then we don’t count it. If it happens exactly twice then we count the set of points
which when iterated forwards n times project to the hole for the second time. Notice that since
iA ¢ is fa-invariant, the set of points which when iterated forwards n times projected to the hole
for the first time has the same measure as A; g, i.e., pa +(Aip). Continuing in the same way, we see
that if parts of the column project to the hole exactly k times, then we measure (k — 1)ua +(Aip).
Note that we only continue up to time n, so since within a column we can only repeatedly hit the
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hole every p iterates, this process stops when k£ > %. Therefore,
L5
[ e, 2yaf dme = (k= 1) ) o i(Bio). (42)

k=2 {i:m A 5, CH for k times jq}

Now notice that our setup implies that, as for H itself, if 7A; ; N H # () then mA;; C I;T, so the
measure of H is by definition
Z pa(Aig).

{i,j:m; jCHY
If we consider this sum column by column, we can separate it into terms where the column projects
to H k times, and noting that each element A, ; has the same pa ;-measure, we obtain (suggestively
using index k — 1 rather than k)

pe(H) =Y (k—1) > pin(Aio). (43)

k=2 {’L’Zﬂ'Ai’quFI for k—1 times jq}

But since once a domain has mA; ;, C H and TfR (A ,) N H =0, we must also have TfR(Aij,) C
H\ H, and moreover, fR(Aqj,) is still in column 7. Therefore, the values in and are the

same, up to the measure of H N f~ 7 L5 (H) which we claim is of order e5»?(*) and is exponentially
small in n.

To see this, note that by (H2) and choice of dy, the orbit of z is always ‘free.” Thus by (C1), we have

|Dfi(2)] > kd5mx~1eY for any i € N. A similar bound holds at time n for any = € H N b (H)
using bounded distortion, and the claim follows. ([l

9.4. Specific classes of maps satisfying our assumptions: the proof of Theorem
We next assert that there is a reasonable class of maps with periodic points satisfying . Note
that we expect the conclusions of the following lemma to hold for a much larger class of maps and
periodic points.

Lemma 9.6. Let z4 be a repelling periodic point of fq not lying on the critical orbit. Consider its
hyperbolic continuation zy for A close to 4 (i.e. zx has a topologically identical orbit under fy as z4
does under fy). Then for any ¢ > 0 there exist tg < 1 < t; and a positive Lebesgue measure set of
parameters ' = Q/(z4) such that whenever A € Q' and t € [tg,t1], then fx has an equilibrium state
it and there exists 0,, > 0 such that

|f"(c) — za| = 65,7 for alln > 0.
In particular, holds for z).

Proof. The proof is the same as for [FET), Theorem 7]. There it is shown that there is an acip for
fx, but since this has exponential tails, [BT] implies that u; also exists. Moreover, they show that

holds. O

Proof of Theorem 3.7, We focus on the periodic case, since the tools required for the generic case
are almost classical. This means that we wish to prove condition (P) for our family of maps f) and
periodic points zy, as well as noting that 4 in Lemma can be taken uniformly. We consider the
family of maps Q'(z4) given by Lemma We notice that if we fix the constants v, A, a, 8, ¢ then,
possibly by restricting our class of maps, we also get a uniform estimate on s; and so by Lemma[9.6]
Lemma holds throughout our family. We also use the fact here that p; and m; do not change
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too much within this family due to statistical stability (see [E'T]), so the constants coming from the
measure m; of small intervals can also be taken to depend only on the family. Hence holds.

To complete the proof of the lemma we must show that the density jf; itt is bounded at zy. This
follows almost exactly as in [N], in particular Corollary 4.2. The problefn was expressed there as
finding a uniform bound on (£3 1)(z). The main issue was to estimate the distortion of f" along
orbits which are relevant to this transfer operator, which was guaranteed when

= 1
> — < oo, (44)
n=0 I DF(F ()l fr(F(e)) = 2 7
Clearly this holds in our case by and the exponential growth of derivative along the critical
orbit. For our case, for each ¢ in a neighborhood of 1 we are interested in finding a uniform bound
on (£3,1)(z), that is showing

o0

1

Z Y 1_i t

1= (ID eI (F () = 2] o ) enn®
Clearly for ¢ close to 1, the fact that this is bounded holds analogously to the case when ¢t = 1, i.e.,
above. g

Remark 9.7. Note that the above proof of the boundedness of the density was closely tied to .
The proof in [N] requires a negative Schwarzian condition along with unimodality. We would expect
this to extend beyond that setting.

< oQ.
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