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Abstract

Let P be the inverse monoid presentation (X |U) for the inverse monoid M, let
7 be the set of generators for a right congruence on M and let u € M. Using
the work of J. Stephen [15], the current work demonstrates a coset enumeration
technique for the R-class R, similar to the coset enumeration algorithm developed
by J. A. Todd and H. S. M. Coxeter for groups. Furthermore it is demonstrated
how to test whether R, = R, for u,v € M and so a technique for enumerating
inverse monoids is described. This technique is generalised to enumerate the 74 -
classes of M.

The algorithms have been implemented in GAP 3.4.4 [25], and have been used
to analyse some examples given in Chapter 6. The thesis concludes by a related
discussion of normal forms and automaticity of free inverse semigroups.
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Chapter 0

Introduction

In 1936, J. A. Todd and H. S. Coxeter [29] developed a systematic method for
enumerating the cosets of a subgroup of a finitely presented group. This is one
of the most important and usefull procedures in computational group theory and
provides a vital link between group presentations and permutations. It was one of
the first group theoretic algorithms to be implemented on a digital computer by C.
B. Hazelgrove in 1953.

Although the algorithm is for groups it also generalises quite naturally to monoids
(see B. H. Neumann [17] and A. Jura [12]). The current work describes an im-
plementation of a Todd-Coxeter style algorithm for inverse monoids based on the
work of J. Stephen [27]. There are, however, important differences in this proce-
dure to the previous procedures such as the fact that the inverse monoid is divided
into subsets which are enumerated seperately rather enumerating the entire struc-
ture in one go and also that in each of these subsets the enumeration terminates
before the coset table is filled.

There is a set of relations called Greens relations on a monoid, these include R-
classes and #H-classes. In particular in an inverse monoid, every R-class contains
exactly one idempotent, e. The property of R-classes in inverse monoids is that
if uu~lwRuu~? then uutvv™ = uu~!. It could be said that inverse monoid
R-classes have a kind of local right cancelation which is similar to groups. H is
a subset of R such that there is both a right cancelation and a left cancelation in
each H-class. The reader is encouraged to keep group theoretic results in mind as
we generalise them to inverse monoid R-classes. See, for example, Howie [9] or
Petrich [18] for basics on Green’s relations.



The inverse monoid enumeration procedure is of necessity split into two parts
- the enumeration of each 7R-class and the enumeration of the R-classes. The
enumeration procedure for groups and monoids is only reminscent of the first of
these parts. This splitting is, I believe, necessary and is related to the fact that the
free inverse monoid over X cannot be finitely presented as a monoid. In essence
we are dealing with two superimposed congruences - the one generated by an
infinite number of relations for the monoid presentation of the free inverse monoid
and the one generated by the extra relations from the inverse monoid presentation.

This work is primarily of use for those who wish to study inverse monoid presen-
tations, It allows a detailed investigation into each of the 7R-classes of an inverse
monoid, with the only finiteness conditon being that each R-class contains a fi-
nite number of H-classes. It may also be of use for developing a technique to
enumerate any algebraic structure whose word problem is solvable.

Chapter 1 is an introduction to Todd-Coxeter coset enumeration and details the
working of the algorithm for monoids. This algorithm is based on Neumann’s
algorithm although I do not give an exact replica. Monoids are very general alge-
braic structures and it is partly my goal to understand the application of the coset
enumeration method in its most general form.

Chapter 2 is an introduction to inverse monoid theory. Naturally the emphasis is
on the computational and presentation theory side of inverse monoid theory.

Chapter 3 details W. D. Munn’s work [16] on word trees and the solution of the
word problem in the free inverse monoid. I then go on to apply Munn’s ideas to
construct an inverse monoid enumerator. The purpose of this chapter is entire-
ly for the sake of explaining and exploring my reasoning about inverse monoid
enumeration. The algorithm in Section 3.4 is inferior in several respects to the
algorithm in Chapter 5. Chapter 3 can be skipped when reading this thesis.

Chapter 4 details Stephen’s work [27] on the solution of word problem for gen-
eral inverse monoids. I add a slight generalisation to do with right congruences.

Chapter 5 details the inverse monoid coset enumeration algorithm proper. I pro-
vide a proof that it terminates and produces the correct result and I also detail some
variations for enumerating individual R-classes and right quotients of R-classes
and a variation which enumerates M /H.

In Chapter 6, using insights from the enumeration algorithm, I look at various
types of inverse monoid presentation which include presentations for monogenic
inverse monoids, coxeter inverse semigroups, symmetric inverse semigroups, free
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inverse semigroup products of finite inverse semigroups with semilattices, inverse
semigroups with infinite R-classes and inverse semigroups with an infinite R-
class.

Chapter 7 Contains a paper I wrote with Andrew Solomon concerning the auto-
maticity of free inverse semigroups.

The implementation has been done in GAP 3.4.4 [25] and is included in the Ap-
pendix.



Chapter 1

Preliminaries

In this chapter I introduce some of the basic ideas involving groups and semi-
groups. In particular I am interested in free groups and semigroups, words in these
structures, presentations of groups and semigroups and ultimately Todd-Coxeter
coset enumeration.

1.1 Free Semigroups, Monoids and Groups

It is worth recalling some basic definitions before we proceed.

As I am interested in insights into enumeration techniques in the most general
terms I shall talk about algebraic structures. By these I shall mean a set, A, with
certain operations. An n-ary operation (with » > 1) being a mapping from the
Cartesian product of n copies of A into A. If n = 0 then this nullary operation
is a simply a specific element in A. Almost all algebraic structures that mathe-
maticians are interested in only involve binary, unary and nullary operations. In
particular if  is a binary operation on A and z,y € A then the image of (z,y)
under # is written multiplicatively as z * y. I shall talk about certain standard no-
tions such as homomorphisms and substructures and would refer the reader to a
standard algebra textbook such as Burris and Sankappanavar [2].

Definition 1.1.1. A semigroup, S, is a set with a binary operation * such that * is
associative that is

Gl z+(y*x2) = (z*y) *2Vz,y,2 € S.
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A monoid, M, is a semigroup with an identity e;; € M such that
G2 zxeyy=€yxx =1,V € M.

A group, G, is a monoid with inverses, that is it has a unary operation ~* such that
G3 zxz l=alxz=¢g, Vx €G.

Where there is no confusion we write zy instead of z * y and we write € in instead
of e)r. The equations in the axioms G1, G2 and G3 are called identities.

Definition 1.1.2. A variety, V, is a collection of algebraic structures with the fol-
lowing characteristics:

V1 V is closed under homomorphisms. That is if O € V and O’ is a homomor-
phic image of O then O’ € V.

V2 V is closed under taking of substructures. That is if O’ is a substructure of
O € Vthen O € V.

V3 Vis closed under taking direct products. That is if {O;|¢ € I'} C V then the
Cartesian product [ [,.; O; € V.

The collection of semigroups, the collection of monoids and the collection of
groups are varieties. We call elements (eg. single groups, single semigroups etc.)
of a variety objects.

NOTATION: I shall refer to S as the variety of semigroups, M as the variety of
monoids and G as the variety of groups.

Definition 1.1.3. Given a variety ) and a set X, then an object, F' is said to be free
over X inV if X C F and for every object O € V and any mapping ¢ : X — O
there is a unique homomorphism ¢' : F' — O which extends ¢ ie. z¢ = z¢' for
zE X.

In particular we have free groups, free semigroups and free monoids.

We have the following well know lemma. See for example Burris and Sankap-
panavar [2] for a proof.




Lemma 1.1.4. Given a variety V and a set X then the free object over X in'V
exists and is unique.

NOTATION: The free object over X in variety V is denoted by Fy(X) .

The definition of a free object is quite abstract so I shall introduce some notions
to help “concretise” them for semigroups, monoids and groups.

Definition 1.1.5. Let X be a set. A word over X is a string of elements of X,
The elements of X are refered to as letters. We call the string of zero length the
empty word and denote it by e. If w = 2125...%, is a word then all the words of
the form z;z;41...2; (1 < @ < j < n) are all subwords of w. The set of all words
(including the empty word) over X is denoted by X*. We denote X*\{e} by X*.

If we define a binary operation, *, on X* and X+ by concatenation ie.

(z1%2...Zn) * (Y1¥2---Ym) = T1%2...TnY1Y2..-Ym

where z1, Ta, ..., Tn, Y1, Y2, ---, Ym € X then it is easy to check that X™* is a monoid
with the empty word as the identity, and that X * is a semigroup.

Given a monoid M and a set X with a map ¢ : X — M, then we define
¢ X* = M by
(%1%9...%0) P = (210)(220)...(Tnd)
and
€¢’ = €M-
It is easy to see that ¢' is a homomorphism which extends ¢. Moreover by the
definition of homomorphism (uv)8 = (u8)(v#) for any homomorphism @ : X* —

M and e = ¢, and so we see that ¢ is unique. Hence X * is the free monoid over
X. Similarly X is the free semigroup over X.

In a general setting a congruence is an equivalence relation on a structure which is
consistent with operations and relations of that structure. By consistency there is a
similar kind of structure on the set of equivalence classes, or congruence classes,
which is called a quotient. For a semigroup (or monoid) S a congruence p is
consistent with multiplication ie. if zpy then zzpyz and zzpzy for z,y,z € S. It
turns out that if an equivalence relation on a group is consistent with multiplication
then it is also consistent with taking inverses and is thus a group congruence. If S
is a semigroup (or a monoid or a group) and p is just a congruence on S then we
write the quotient semigroup (or quotient monoid or quotient group) as S/ p.
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A right congruence p on a semigroup/monoid/group S is consistent with “right
multiplication” ie. if zpy then zzpyz. We also have the dual left congruence so
that a congruence is both a left congruence and a right congruence. The set of
equivalence classes of a right congruence p on a semigroup/monoid/group only
form a new semigroup/monoid/group when p is a congruence.

It would be no exaggeration to say that this thesis is about congruences and right
congruences on semigroups. In particular we may define X* as being isomorphic
to a congruence p of (X U {e})* by using axiom G2. If we define a relation on
(XU {eh*

n = {(z¢, ez), (z¢, z) |z € X},

then we can construct p by finding the intersection of all equivalence relations,
eta;, 1 € I on (X U {€})™ which contain 7 such that for each (u,v) € 7; and for
every s,t € (X U {e})? then (sut, svt) € n; (¢ € I). Now this is a convoluted
way of saying, “you may cross out the €’s in any word in (X U {e})*,” but it is
the kind of construction we will be looking at.

We now turn our attention to the free group on X. Let X! be a set of symbols
with the same cardinality as X such that X N X~! = (). We define a bijection
1. X — X !sothatforz € X, z7! is the image of z under ~. We extend !
to bijection of (X U X~1)* onto itself so that (z~!)~! = z foreachz € X U X!

and

1 1

(i ds) =y By

We call ~! an involution. It may be characterised by the following identities:
I gt reew
2 (zy)t =y la!

Define a congruence o on (X U X 1)* (or pU o on (X U X1 U {e})* where p
is the free monoid congruence) by first defining the relation

¢={(zz7 27 2), @z e)lr € XUX U {(u,u)|ue (XUXH*)

on (XUX1)*. Define o to be the intersection of all equivalence relations ¢;, i € I
containing ¢ such that if u,v € {; and s,t € (X U X ~1)* then (sut, svt) € (.

It is a non-trivial fact that (X U X~1)*/o is isomorphic to the free group over X
because it turns out that o is identical to

{(zz~t, 27 ), (zz 7, €)|z € (X U X~1)*}

7




which is the intersection of all congruences which satisfy the identities in axiom
G3 (see for example D.L. Johnson [11] for a proof of this).

Given a word w € (X U X~ 1)*, we define W to be the unique word in wo such
that there are no subwords which contain zz~! or z7'z, We say that W is freely
reducedand T is the free reduction of w. The free group on X is the set of freely
reduced words. The multiplication is defined by concatenation followed by free
reduction.

I shall summarise. We are interested in varieties which are subclasses of the vati-
ety of semigroups. Each variety, V, has a unique free object for any given set X.
The free object is defined as being isomorphic to the quotient of X+ by the con-
gruence which is defined as the intersection of all congruences p on X+ such that
X*/p € V. In the cases of monoids and groups this intersection of congruences
can be defined as a finite (if X is finite) relation which generates the congruence.
This last fact is very convenient and is not true of other varieties such as inverse
semigroups and completely regular semigroups.

1.2 Presentations

Consider a variety V C S. Any object O € V is a homorphic image of F'y,(X) for
some set X . Equivalently O is isomorphic to Fy,(X)/p for some set X and some
congruence p. It is therefore natural to regard an object as a set of generators, X
and a congruence on Fy,(X).

Definition 1.2.1. A semigroup presentation P is the pair of a set X and a relation
U on X™*. It is written (X |U) and (u,v) € U is often written u = v. Here X
is called the set of generators, while U is called the set of relations. Similarly
a monoid presentation P = (X|U) is the pair of a set X and a relation U on
X*. A group presentation P = (X |U) is the pair of a set X and a relation U on
(XUXT),

In the most general terms, given a variety V, then a ) presentation is the pair
P = (X|U). The (unique) object defined by P is Fy(X)/p where p is the inter-
section of all congruences which contain U. It not immediately obvious although
it is the case that p is itself a congruence. Where it does not confuse anything
I shall abuse the notation and write ¥ = v instead of upv or xp = yp. I shall




[yt

refer to equality in the free semigroup and the free monoid as so as to avoid

confusion.

EXAMPLE: The semigroup defined by the semigroup presentation (z|z* = z?)
is {z}*/p where p is the intersection of all congruences which identify z* with
z2, Take the word z® € X*. Now we know that (2%, 2%) € p therefore z° =
(z*)z2p(z?)z? = z'pz? and so (2°,2?) € p that is 2° is in the same congruence

class as z:2. We would write 2% = 22

As every object O in variety V is isomorphic to a quotient of a free object then
there is a (non unique) presentation which will define an object which is isomor-
phic to O.

A semigroup presentation can be regarded as a rewriting system. Given a semi-
group presentation P = (X |U) and given a word w € X with a subword u such
that (u,v) € U (or (v,u) € U) then we may replace the subword u with v in w to
create a new word z. We would say that w = z. In the above example z® can be
rewritten as z2. In a confluent rewriting system a word w can be rewritten in its
canonical form. The latter is some special element in the congruence class of w -
usually the length-by-lexicographic least element in wp. In the above example z°
is rewritten as 22 which is length-by-lexicographic less than z5.

If V C 8§ is a variety then Fy,(X) can be presented as a semigroup. In particular
we have:
Fu(X) = (X U {e}|ze = ez, ze = )

and
Fg(X) = (X UX U {e}ze = ez, v =z, 227! =37z, 257! =¢).

Of course the group (monoid) presentation of the free group (monoid) is simply

(X10).

Suppose that P = (X|U) is a V¥ presentation for object O and @ = (Y|V) is
the semigroup presentation for Fy,(X) then the semigroup presentation for O is
(Y|U U V). In this sense monoid presentations and group presentations are short-
hand for semigroup presentations.

So far we have been talking in very general terms. To be able to compute with
these sort of structures we will need some finiteness conditions. Given an object
O in a variety V, we say that O is finitely generated if there is a presentation
(X|U) of O such that X is finite. We say that O is finitely presented if there is a




presentation (X |U) of O so that both X and U are finite. It is difficult to perform
any computations with infinitely generated objects and I will not touch upon these.
Likewise finite presentability is highly desirable. If in particular O is finite then
O is finitely presented as we can take the generators to be the elements of O itself
and the relations to be its multiplication table.

An important question is the word problem. This asks whether, given a certain
semigroup presentation (X |U) for the semigroup S, it is generally possible to
tell whether u = v in S for u,» € X*. As our concern is with enumerating
semigroups, we must be able to solve the word problem to be able to distinguish
between elements, and so a soluble word problem is a pre-requisite for coset enu-
meration.

It is an interesting question whether there is always a systematic enumeration
process for a semigroup presentation with solvable word problem. This question,
though, is dependent on the exact meaning of “systematic”. In the case of inverse
semigroup presentations (see Chapter 2 for a description of inverse semigroups
and Chapter 5 for the enumeration technique) , we must be willing to generate
subsets of the inverse semigroup a number of times which is not the case for group
and semigroup presentations. It is, however, clear that there must be some sort of
enumeration process for any semigroup where the word problem is solvable as we
can list the elements of X in length-by-lexicographic order and work our way
down them using the solution to the word problem to eliminate any words which
are equal to any of the previous words. This method, though, is inferior to the
coset enumeration described in the following section as clearly it is necessary to
first find a method for solving the word problem, which is not always easy and is
perhaps computationally inefficient.

1.3 Todd-Coxeter Coset Enumeration for Monoids

This section is based on the work but not the terminology of A. Jura [12] and B.
H. Neumann [17].

The Todd-Coxeter algorithm for monoids provides us with a basic, stripped down
technique. It is a useful introduction to coset enumeration although the classical
algorithm was for groups.

The set of mappings of a set A into itself defines a monoid with multiplication be-
ing map composition and the identity being the identity map. We call this monoid
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the transformation monoid over A. If A = {1,2, ..., n} then we denote the trans-
formation monoid over A by 7,,. Similarly the set of bijections of a set A onto it-
self defines a group. We call this the symmetric group over A. if A = {1,2,...,n}
then we denote the symmetric group over A by S,.

Given a monoid M, and m € M, we define a map p,, : M — M bY py @ v —
um. The map composition fi,, © pi, : % > umn and SO Ly O thy, = fimn. Therefore
T = {um|m € M} is a monoid with er = ., and the map ¢ : M — T defined
by ¢ : m > iy, is an epimorphism. M can therefore be embedded in 7],z where
| M| is the number of elements in M. We call 7" along with mapping ¢ the right
regular representation of M.

In exactly the same way a group G' can be embedded in S|g| so that for g € G
we define the bijection py : G — G by gy : u > ug. In the group case all the
mappings have inverses - y, ! = pg-1. This result was first discovered by Cayley
and both the case for groups and the case for monoids are refered to as the Cayley
theorem.

We now focus on monoids. If we start with a finite monoid presentation P = (X |U)
for a monoid M we wish to find the following:

1. The number of elements in M.

2. The right regular representation of M acting on M.

The gist of the algorithm is that it defines cosets (that is cosets of the trivial sub-
monoid {e} of M) by post-multiplying each of the already defined cosets by each
of the generators. The algorithm then “applies relations” to the cosets it has de-
fined and identifies them with each other. The algorithm terminates if and only if
M is finite.

EXAMPLE: If M is presented by (z,y|0) then the algorithm will start with the
coset representing € - call this coset “1”. We define a new coset of 1 under the
image p, which we shall call “2” ie. 2 := 1. Similarly we define 3 := 1,. We
then proceed to apply = and y to coset 2 to define cosets 4 and 5. The coset table
will look like this:

Where L indicates that the table is still incomplete. Clearly this procedure will
not terminate as in this case M is not finite.

EXAMPLE: If M is presented by (z|z® = z?) then, as before, we start with
the coset 1 representing €, we then define 2 := 1y, and 3 := 2u, = lugz and

11



Cosets | z | v
i 213
2 415
3 ok |l
4 g o &
5 i i
4 := 3u, = lu,s we then notice that we can “trace both sides of the relation

23 = 22 through our table” and we come to the conclusion that “4 = 3”. We then
“delete” coset 4 and replace all occurrences of coset 4 in the table with coset 3.
The table is now complete.

Cosets | z
1 2
2 3
3 3

I shall proceed to describe this algorithm more rigorously.

1.3.1 The Data Structures

e The presentation P stored as the immutable pair of a list of generators, X
and a list of pairs of words in those generators, U.

o The set of cosets, C which is a mutable set of positive integers. Initially
C =41}

o The coset table, T' which is an incomplete mutable array. The columns
of T' are labeled by the generators in X and the rows are labeled by C.
The entries are elements of C'U {_L} where L is a symbol which tells us
that the entry has yet to be considered. Entries in the table are refered to
as T'(c,z) where ¢ € C and z € X. We define T(L,z) := L for all
z € X. For any w = Z1%s...Z, € X* we recursively define T'(c, w) :=
T(Tc, 1) Zattn..da);

12



e The mutable coincidence set K C C x C. This is the set of identities of
cosets which are derived from applying the relations in U.

e The replacing functionr : C — C U {0} withr(c) < ¢,Vec € C.

1.3.2 The Subroutines

The full names of the subroutines are given in bold while the part of the names
in italics are their shorthand names. Some procedures simply change the data
structures while others return a value, others will do both.

Replace

Description: During the computation various cosets will get deleted and replaced
by other cosets. Rather than physically replacing the cosets it is simpler to use a
pointer (the function r) to the replacing coset (and if that coset is deleted then its
pointer is used and so on). If 7(¢) = 0 then the coset ¢ has not been deleted.

e Parameter: c € C

e Locals: None

e While r(c) > 0 then c :=r(c)
e Return c

Create a New Definition

Description: For coset ¢ and generator x this routine defines a new coset for
T'(c, z), modifies the data structures accordingly and returns the value of T'(c, z).

e Parameters: c€ C,z € X.
e Local: d
Do the following in order:

e Add an element d := max(C) + 1 to C.

e Add an empty row onto 7" labeled by d.
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e Define r(d) := 0.
e Define T'(c, z) :=d.

e Return d.

Identify Coincidences

Description: This routine works its way through the set of coincidences and mod-
ifies the data structures accordingly.

e Parameters: None.
e Locals: di, dy
e While X is not empty do the following

— Pop (¢, ¢2) from K.
— Let d; := Replace(c,) and let d, := Replace(c;).

— If d; # d, then (assuming without loss of generality that d; < dg) do
the following

* For each entry equal to dy in T', replace dy by d;.

x For each ¢ € X, if T(dy,z) = L then replace T'(d;,z) by
T(dg, z) otherwise replace T'(dy,z) by min(T'(d;, z), T(ds, z))
and add (T'(dy, z), T'(ds, z)) to K.

* Replace all pairs (s, dy) and (ds, s) in K with (s, d;) and (dy, s)
respectively.

- Letr(dy) :==d;
1.3.3 The Main Procedure
e Input: A presentation P = (X |U)
o [etc:=1

e Repeat

~ Foreach z € X do New(c, z)

14



— Foreach 1 < d < ¢ and for each (u,v) € U do the following

* IfT(d,u) =m # L and T'(d,v) = n # L then push (m, n) onto
K

— Identify
— Lete:=c+1

e Until T'(c,z) # L forevery c € C withr(c) =0andz € X
e TidyUpT

e Return T

1.3.4 Comments

There are several other points to make about the enumeration algorithm.

e The Tidy Up procedure simply removes the rows of deleted cosets from 7'
and renumbers C' so that the rows of 7" are numbered 1, 2, 3...

e The For loop over which the variable d runs is necessary because changes in
the data structures made in Identify mean that some cosetsin {d € C|d < ¢}
may now trace relations.

e It is very easy to adapt this algorithm to semigroup presentations. It is only
necessary to remove the first coset, which represents the identity, from the
table. The monoid algorithm is more general than the semigroup algorithm
in the sense that it allows presentations which involve the identity.

The proof of the following can be found in Jura [12].

Theorem 1.3.1. The monoid coset enumeration algorithm terminates if and only

the monoid M presented by P is finite in which case it returns a table with |M|
rows with the transformation i, : M — M being represented by the x column in
i
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Briefly the proof shows that given any word in w € X* there exists a positive in-
teger IV, such that after a finite number of iterations, 7'(1, w) = IN,,. Furthermore
the first k& rows of table 7" will stabilze in a finite number of iterations as the holes
will fill up and the entries will only ever be replaced by lesser values. Therefore
for each w after a finite number of iterations there will be a stable row labelled by
N,, such that T'(1, w) = N,,.

1.4 Enumeration of Right Congruence Classes

In the last section I described how to enumerate M by enumerating the cosets
of the trivial submonoid {¢}. In other words the monoid enumeration algorithm
enumerates M /p where p is the trivial (right) congruence. The algorithm naturally
extends to right congruences in general.

The new algorithm will describe the action of each generator z € X on {mp|m €
M} and will do so by producing a table similar to the one in the standard algo-
rithm.

Assume we are given a monoid M presented by P = (X|U) and a right con-
gruence p on M. If m € M then we define the map u,, : M/p — M/p by
Um : wp — (um)p. The composition of maps g, o ly, : up +— (umn)p and so
Hm O Hn = tmn-

NOTE: It should be noted that 7" = {,,|m € M} and M/p are not “isomorphic”,
indeed M/p is not even necessarily a monoid even though 7" is. To see this con-
sider the map 8 : T — M/p where 0 : pup, — mp form € M. If (m,n) € p
and p, # g then g0 = mp = np = p,0 and so if this happens ¢ is not an
injection.

The right congruence monoid algorithm starts with two inputs.

1. A finite presentation P = (X |U) for the monoid M.

2. A finite set 7 of pairs in X* X X* which generate the right congruence p.
That is p is the intersection of all right congruences which contain 7.

The main procedure is modified thus:

e Input: A presentation P = (X|U) and a right congruence generator 7.
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o Letc:=1
e Repeat

— For each z € X do New(c, z)
— For each (u,v) € 7 do the following

x IfT'(1,u) =m # L and T(1,v) = n # L then Push (m, n) onto
K

— Foreach 1 < d < cand for each (u,v) € U do the following

¥ IfT(d,u) =m # L and T'(d,v) = n # L then Push (m,n) onto
K

— Identify
—~letec:=c+1

e Until T'(¢c,z) # L forevery c € C and every z € X.
e Tidy UpT

e Return T

The only change is the addition of the second For loop. In essence it is only
necessary to check the application of a right congruence generator on the first
coset. The reason for this is that the first coset, 1, represents the p-class containing
the identity. If uwpv then clearly eupev and indeed ¢ is the only element of M which
we can a priori multiply on the left with. If, in the above case, wupwv for some
w € X* then eventually the algorithm will generate cosets representing either wu
or wv and so it will discover that 7'(1, wu) = T'(1, wv).

1.5 The Todd-Coxeter Algorithm for Groups

The classical algorithm was for groups even though it is more natural in the
monoid case. This is because there has been far more research done in computa-
tional group theory than there has been in computational monoid and semigroup
theory for the simple reason that monoids and semigroups are much more general
and don’t have certain properties. For example, an important property of groups

17



is that the order of a subgroup of a finite group G divides the order of G. This
does not hold for monoids and semigroups.

The differences with the monoid algorithm (without the right congruence) are as
follows:

1. The columns of the coset table are labelled by X U X3,

2. For every new definition made, d := T'(c, z), then we set T'(d, z7!) 1= c.
There are certain things to note about the group algorithm and its use:

1. It is usual to write a relation u = v as the relator uv™' = ¢, and so the
presentation becomes a set of generators and a set of words. The algorithm
therefore checks an individual word, v and forces T'(¢, u) = ¢ for each coset
¢ € C. Given any relator ¥ = %,5...%, then any cyclic permutation of w is
simply

B Bty Tiey = (B Ve B V(B i)
p(zi17t .z " e(z1.Ti1)
—_— E,
and so we may replace any relator with any of its cyclic permutations.

2. There is an algorithm for enumerating equivalence classes of a right congru-
ence on a group which works exactly the same way as the right congruence
on a monoid algorithm works.

3. If p is a right congruence on the group G then €p is a subgroup of G. We
may therefore think of the right congruence algorithm as enumerating the
cosets of a subgroup. Hence the origins of the term coset enumeration.

4. The group algorithm has the same terminating conditions as the monoid
algorithm. That is the algorithm terminates if and only if G (or G/ p for the
right congruence algorithm) is finite.
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Chapter 2

Inverse Monoids

In this chapter I intend to get to grips with what inverse monoids are and

sketch a theory of computing in inverse monoids. All proofs are taken from Pet-
rich [18].

2.1 Green’s Relations

There are several important structural properties of semigroups and monmds which
are worth reminding ourselves about.

NOTATION: If S is a semigroup then S is the semigroup S with an extra element,
¢ added to it which obeys the identity law G2. Clearly S is always a monoid. Note
that if S is already a monoid with identity n then en = ne = nin S*.

Definition 2.1.1. Let S be a semigroup. If e € S and e = ¢? then we call e an
idempotent. We denote the set of idempotents in S by Fg.

Definition 2.1.2. Let S be a semigroup and let s, ¢ € S. We define the following
equivalence relations on S.

e sRt if and only if there exists u,v € S* such that su = ¢t and tv = s. We
write R, for the R-class containing s.

e sLtif and only if there exists w,z € S* such that ws = ¢ and zt = 5. We
write L, for the £-class containing s.
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e sJtif and only if there exists u, v, w, s € S* such that wsu = t and ztv =
3. We write J; for the J-class containing s.

o H = LNR. We write H, for the #{-class containing s.

These equivalences are called Green’s relations.

Lemma 2.1.3. If S is a semigroup then L is a right congruence on S and R is a
left congruence on S.

PROOF: Suppose sLt in S then s = ut and ¢ = vs for some u,v € S'. We
therefore have sw = (ut)w and tw = (vs)w and therefore swLtw for any w € S.
L is therefore a right congruence on S and dually R is a left congruence on 5. W

Lemma2ld. LoR=RoL

PROOF: Let sCu and uRt for s,t,u € S. Now s = wu, t = uz, u = ys = tz for
some W, z, Y,z € St. Letv = sz = wt, § = wu = wiz = vz,t = Us = Ysz =
yv and so sRv andvltsothat LoR CRoLanddually LoR CRoL. N

Finally we define the Green’s relation D = R o L. For any given semigroup
HCRCPET: DunllyHC ELCPL T,

R-classes and L-classes of a semigroup, S have certain desirable features when
they contain idempotents. The two following somewhat technical lemmas will be
important when we consider the notion of inverses in semigroups. The proofs are
not difficult and I would refer the reader to a standard text on semigroup theory,
for example J. M. Howie [9].

Lemma 2.1.5, Let S be a semigroup and let s,t € S. Then st € Ry N Ly if and
only if L N Ry contains an idempotent. In such a case,

SHt = Hst = HsHt = Hst = Rs ﬂLt.
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Lemma 2.1.6. Let e, f € Eg. For every s € R. N Ly, there exists a unique
t € Ry N L, such that st = e and ts = f.

Corollary 2.1.7. If S is a semigroup and e € Eg, then H, is a group.

PROOF: By Lemma 7.1.3 we have H,> = H, so H, is closed under semigroup
multiplication. Given s € H, then by letting f = e in Lemma 2.1.6 we know that
there exists a unique ¢ € H, such that st = ts = e. Thus se = s(ts) = (st)s = es
and we know that because sRe that there exists u € S* such that s = eu and so
es = e?u = eu = s and so e is an identity for H, and ¢ is an inverse for s. |

It is at first quite surprising that the variety of semigroups which is so general
has some definite, general structural properties. In particular it is important to
understand that different R-classes (and dually £-classes) within a given D-class
are structurally identical. We have the following vital lemma.

Lemma 2.1.8 (Green’s lemma). Let s and t be L-related elements of a semi-
group S. By hypothesis there exist u,u' € S such that us = t and u't = s. The
mappings

o:z > uz (z € R,)
and

oy uy(y € Ry,
are mutually inverse, L-class preserving bijections of Rs and R;.
PROOF: If z € R, then uzRus. Ast = us so ux € R;. Hence ¢ maps R; into
R,. Similarly o' maps R; into R,.

For any z € R, we have z = sv for some v € S! and thus
roo' = v'uz = v'u(sv) = u'(us)v = u'tv = sv = .

Hence oo’ is the identity mapping on R,. Similarly ¢’c is the identity mapping
on R;. If z € R,, then zo = uz and « = v/(z0) so that zLzo. Hence o is L-class
preserving. Similarly o is also £-class preserving. |

Even at this stage it is worth noting that Green’s lemma could be used to “run
through” the R-classes in any given D-class. If we start with R, we may define
other R-classes in D,, by {vR,|v € V} where V is some sort of “canonical set”
of left multipliers which includes the identity.

There is of course a dual for Green’s lemma where right multipliers permute £-
classes.
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2.2 Regular Semigroups and Monoids

Definition 2.2.1. Let S be a semigroup and let s € S. We say that s is regular
if there exists ¢’ € S such that aa’a = @ and a¢'ad’ = @'. In such a case o' is an
inverse of a. The set of inverses for a is denoted V (a). We say that S is a regular
semigroup if every a € S is regular. If S is also a monoid then we say that S'is a
regular monoid.

Given any semigroup S then an example of a regular element is any idempotent
e € Fg. It is easy to see that e is its own inverse.

Lemma 2.2.2. Let S be a semigroup and let a € S be regular with o' € V(a).
Then the following hold:

(i) aRad'.
(ii) aLda.
(iii) aDa'.
(iv) aa' and a’a are both idempotent.

PROOF: (i) We need to find u and » in S* such that au = ad’ and ad’v = a. Let
u=a and v = a.

(ii) We need to find » and v in S* such that ua = a'a and va'a = a. Let u = o'
and v = a.

(iii) By (i) and (ii) and noting that @ is an inverse of @/, aRaa’ La' and so aDd/'.
(iv) (aad')(aa’) = (ad'a)d’ = ad/, (d'a)(a'a) = (a'ad')a = d'a. |

Theorem 2.2.3. Let S be a semigroup, the following two statements are equiva-
lent.

(i) S is a regular semigroup.

(i) Every L-class and every R-class in S has at least one idempotent.
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PROOE: (i) = (ii). This follows from Lemma 2.2.2 parts (i), (ii) and (iv).

(ii) = (i). Let a € S, let e be an idempotent in L, and let f be an idempotent in
R,. Now ua = e, ve = a, axz = f and fy = a for some u,v,z,y € S*. I want to
show that uaz is an inverse for a. We have

a(uaz)a = a(ua)za = aexa = (ve)exa = veza = (az)a = fa = f(fy) =a
and
(vaz)a(uaz) = u(az)(a)(ua)z = uf(fy)er = vaex = u(ve)ex = uaz
as required. n

If we recall Todd-Coxeter enumeration methods for groups, the action of the group
on itself on the right is examined systematically. Now there is no free regular semi-
group over a set X and so there are no regular semigroup presentations, so there is
special Todd-Coxeter method for regular semigroups as a class as Todd-Coxeter
requires a presentation for the input. However before moving on to inverse semi-
groups let us have a quick look at R-classes of regular semigroups.

Let S be a regular semigroup. Let ¢ € S and let @' € V(a). Now aa'Ra by
Lemma 2.2.2 (i) and so R, = R, . Consider the subset of S

U, = {u|ad'Rad'u, I’ € V(u) such that aa’uv’ = uu'aa'}.

For u € U,, ad'uu’ = wu'aa’ Laa’' and so for some v € St where aa’'uv = aa' we
have:
ad'wy' = uv'aa’ = wu'ad’' vy = ad'vu'vv = ad'uv = ad'.

Hence within R, we have inverses working somewhat like inverses in groups as
long as we only act on the right within this subset U, of S. This is not strong
enough for the systematic approach of Todd-Coxeter style algorithm for R-classes
special to regular semigroups and monoids because of the multitude of inverses
any particular element has. We need a more refined class of semigroups before
we can approach this question.

2.3 Introduction to Inverse Semigroups

Definition 2.3.1. A regular semigroup, S, is an inverse semigroup if every a € S
has a unique inverse. If .S is also a monoid then we call S an inverse monoid. The
inverse of a is written a™!.
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NOTE: If a € S then by definition (a™!)! = a.

There are two alternative definitions of inverse semigroups (inverse monoids) e-
quivalent to the above definition summarized in the following theorem.

Theorem 2.,3.2. Let S be a semigroup, the following statements are eqivalent:
(i) S is an inverse semigroup.
(ii) S is regular and its idempotents commute.

(iii) Every L-class and every R-class of S contain exactly one idempotent.

PROOF: (i) = (ii). Lete,f € Es and a = (ef)™'. Now (ae)(ef)(ae) =

(a(ef)a)e = ae and (ef)(ae)(ef) = (ef)a(ef) = ef and so ae = (ef)~}, like- -

wise fa = (ef)~! and so a = ae = fa. But then a? = (ae)(fa) = alef)a = a
sothatef = a™! = a € Eg by Lemma 2.2.1 (vi). Symmetrically fe € Eg.
Consequently (ef)(fe)(ef) = efef = ef and (fe)(ef)(fe) = fefe = fe and
so (ef)™! = fe. But we know that (ef)™! = ef and so fe = ef.

(i1) = (iii). By way of contradiction let e, f € Eg be L-related. Then e = uf and
f =veforsomeu,v € S%,sothatef = fe? =efe=uf?uf = (uf)?=e*=ce
and similarly ef = ef? = ve?ve = (ve)? = f2? = f as required. Similarly eR f
implies e = f.

(ii1) = (i). By Theorem 2.2.3 we know that S is regular. Let z and y be inverses
of an element a of S. Then za,ya € Eg and zaLaLlya and thus by hypothesis,
za = ya. Symmetrically, we get az = ay. Hence z = zax = yay = y as
required. |

Corollary 2.3.3. Let S be an inverse semigroup and let D be a D-class of S.
Then the R-classes and L-classes of D are in one-to-one correspondence with
each other.

We can now write a universal algebra style definition for inverse semigroups.

Definition 2.3.4. An inverse semigroup, S, is a semigroup with a unary operation
~1 so that for any z,y € S the following axioms hold:

as1) @)t =o
(ISZ) (:L‘ * y)—‘l = y—l * ZL'_l
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(IS3) zxx lxx =15

(IS4) zxxtxyxy l=yxy lxzxg™?

An inverse monoid, M is an inverse semigroup with an identity €, which satisfies
G2.

By examining the latter definition it is clear that both inverse semigroups and
inverse monoids form varieties.

NOTATION: The variety of inverse semigroups is denoted ZS and the variety of
inverse monoids is denoted ZM.

1t is clear that all groups are inverse monoids and all inverse monoids are inverse
semigroups. So we have the lattice of varieties:

S
7 ™
s M
X b
IM
|
g

Using Definition 2.3.4 we can define homomorphisms between inverse semi-
groups and inverse monoids.

Definition 2.3.5. If S and T are two inverse semigroups, an inverse semigroup
homomorphismis amap u : S — T such that forz,y € S:

(1) (zy)p = zpyp
@) 27 = (ap)™

If M and N are two inverse monoids then an inverse monoid homomorphism
v : M — N will satisfy the above properties as well as

(3) emv = en.
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Lemma 2.3.6. Given two inverse semigroups (inverse monoids) S and T, and a
map p : S — T then p is an inverse semigroup (inverse monoid) homomorphism if
and only if (zy)p = cuyu, Yz,y € S (and esp = er). That is it is only necessary
to check conditions (1) and (3).

'PROOF: I shall check condition (2) assuming condition (1). Let z € S. Define
y =2y Now zp = (zzlo)p = (zp)y(ep) and y = z72p = (7o )u =
y(zp)y and so y is an inverse of zy in T, hence by uniqueness of inverses z71y =
y = (zp) 7" W

Lemma 2.3.7. Let S be an inverse semigroup then

(i) each idempotent in S is its own inverse,
(ii) for each a € S, aa™! is an idempotent,
(iii) each idempotent in S is the product of an element and its inverse.

(iv) the set of idempotents of S forms a semilattice, that is it is a closed algebraic
structure where every element is idempotent and ef = fe fore, f € Es.

PROOF:

(i) Lete € Eg. By Definition 2.3.1 we have a unique inverse e ! of e satisfying
ee"le = e and e7lee™! = e, however e satisfys these conditions for ¢™?
and so ¢~! = e by uniqueness of inverses.

(ii) Given a € S then by (IS3) in Definition 2.3 .4,

1

(aa ') (aa™!) = (ea™ta)e™! = aa™t.

(iii) Lete € Es. By (i),e! =eandsoee™! =¢e? =e.

(iv) Given any e, f € Eg, by (iii) e and f are the products of elments and their
inverses and by (IS4) in Definition 2.3.4, (ef)? = efef = €?f% = ef and
so Fg is a subsemigroup of S. Clearly each element of Eg is idempoten-
t and again by (IS4) each pair of elements commute hence satisfying the
semilattice axioms.
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At the end of Section 2.2 we defined a subset of a regular semigroup .S as follows:
U, = {ulaa'Raa’u, Iu' € V(u) such that ae'vu' = uv'ad’}.
If S is an inverse semigroup then U, is more simply

U, = {u|laa"*Raa"u}.

For inverse semigroups aa~'U, = R,, whereas for regular semigroups aa'U, is
only a subset of R,, suggesting that enumerating R, is similar to enumerating a
group providing that we have a test for R-equivalence. Indeed this conjecture is
born out even further by the Wagner representation theorem which shows how
inverse semigroups can be represented when they act on themselves.

2.4 Wagner Representation Theorem

Analagous to the Cayley theorem for groups and the Cayley theorem for semi-
groups we have the Wagner representation theorem [31] for inverse semigroups
which states the intimate relation between inverse semigroups and partial injec-
tions. Firstly though, some definitions are needed.

Definition 2.4.1. Given a set X, a partial transformation, 7 : X — X, is a
mapping of a subset of X into X. Likewise a partial injection, . : X — X, is
an injection of a subset of X into X. Let « be a partial transformation on X we
denote the domain of « by d(«) and the range of a by r(a).

Definition 2.4.2. For a set X, the symmetric inverse monoid over X is the set
of all partial injections ¢ : X — X with composition written on the right. It is
denoted Z(.X'). The set of all partial transformations over X is denoted F(X).

NOTE: The similar set where the compositions are written on the left is antiiso-
morphic to Z(X). (See Lemma 2.4.3 below for the proof that Z(X) is a monoid.)

The name symmetric inverse monoid comes from the name of the symmetric
group or full permutation group . The reader is encouraged to remember that
a group, G, acting on itself induces a group of permutations of G isomorphic to G
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(Cayley’s theorem). One sometimes refers to partial injections as partial symme-
tries.

Given a set of symbols, X, let us add another symbol 0 and call the new set X.
Given a partial transformation, & on X we may convert this to a transformtion o/
on Xy by defining o' : Xp \ d(e) = {0} and & : z — za,Vz € d(a). We
may therefore think of partial transformations on X as tranformations on X such
that 0 is always mapped to 0, and throughout this thesis I shall treat them as such
objects.

Lemma 2.4.3. F(X) is a monoid. Z(X) is an inverse submonoid of F(X).

PROOF: Considering partial transformations on X as transformations on X it
is easy to see that they are well defined and that the composition is associative.
To see that the composition of two partial transformations gives another partial
transformation notice that all that is needed is that the compostion maps 0 to 0 and
as both partial transformations map 0 to 0 then the composition certainly does.
Finally note that the identity transformation is a partial transformation and we
have that F(X) is a monoid, or to be more precise a submonoid of T, .

Consider @ € Z(X). Now « restricted to d(«) is a bijection from d(a) to r(«)
and hence has an inverse, ald(a)'"l, we construct an inverse, o/ for a by extending
@e(a)” " to X by defining zo! = 0 for € X, \ r(c). Note that zo/ = 0 if and
only if z € X \ r(). To check that @/ = o we need to consider the following
two cases:

e z € X; \ d(«) in which case it is easy to see that both sides of the equation
map z to 0.

e ¢ € d() in which case za # 0 and so zaa’ = z and so zad/a =
(zaa/)a = za as required.

To check that o/ae’ = o' we need to consider the following two cases:

e z € X\ r(a) in which case it is easy to see that both sides of the equation
map z to 0.

e £ € r(a) in which case zo/ # 0 and so zd/a = z and so zd/ad’ =
(zd/a)d! = za! as required.
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We now have a method for constructing an inverse for every element of Z(X)
which we may consider a unary operation (although these inverses are not neces-
sarily unique). We may talk about o and /' as inverses of « and S.

Observe that both o’ and o/ will either map an element of X, to itself or to 0.
These maps are both identities on a subset of X and map the rest of X to 0. It is
therefore clear that the product of a.e’ and 84’ will commute. The unary operation
of constructing inverses thus fulfills axioms (IS1), (IS3) and (IS4) of Definition
2.3.4 and by the note on (IS2) this is all that is required to show that Z(X) is an
inverse monoid. n

Lemma 2.4.4. Given aset X and o, f € Z(X) then d(af) = (r(a) Nd(8))a™?
andr(af) = (r(a) Nd(B))B.

PROOF: Let z € d(af) then clearly zav € r(a) and za € d(fB) hence z €
(r(a) Nd(B))a~t. Conversely let z € (r(a) Nd(B))a~! then za € r(a) and
zo € d(f) and so z € d(ap). Hence d(af) = (r(a) Nd(B))at.

Similarly it follows directly from definition that r(a8) = (r(a) N d{(B))S. i

The Wagn\er Representation Theorem essentially declares that the action of an
inverse semigroup, S, on itself gives partial symmetries of S.

Theorem 2.4.5 (Wagner Representation Theorem). Let S be an inverse semi-
group. For each a € S then we construct the partial symmetry on S, w® as
follows:

w*: x> za, (x € Sa™)
w®: x4+ 0,(x € S\ Sal).

The mapping
w:aw (a€S)

is a monomorphism of S into Z(.S).
PROOF: First note that for a € 3, d(w®) = Se™! = Saa™! and r(w®) = Sa =
Sa~1a.

If 2,y € Saa™! with za = ya then zaa™! = yaa~! but as z € Saa~! then
z = uaa~! for some 4 € S and s0 zaa~! = u(aa—1)? = waa™' = z and
similarly yaa~! = y and so = y. Hence w is a well-defined map of S into Z(5).
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Let a,b € S. Consider z € d(w®) = S(ab)(ab)™! = Sabb~'a"!. Then z =
zabb~'a~! and so

zaa”! = z(abb la Vaat = zabb~la =2
and
zabb™! = z(abb~ a " )abb™! = za(bb~')(a " a)(bb) = z(abb e )a = za

and so za € Sabb~! so that z = zaa™! € Sabb~'a~! and therefore z € Saa™' N
Sabb™! = (Sa~'a N Sbb~!)w* ! and from Lemma 2.4.4 it follows that z €
d(w®w?). Conversely let z € d(w®w®). Then by Lemma 2.4.4 = zaa™! and
za = zabb™'. Hence

z = zaa”~! = za(bb~')a"! = z(ab)(ab)~’

and thus z € d(w®). We have that d(w®w®) = d(w®) and it is clear that if z €
d(ww®) = d(w®) then zww® = zab = zw® and if z ¢ d(w'w®) = d(w™®)
then zww® = 0 = zw®. Hence ww® = w* and w is an inverse semigroup
homomorphism.

Assume that w® = w® for some a,b € S. Then Saa~! = Sbb~! and so
(aa™)(0b7!) = (aa™!)(aa™?) = aa™?
and
(aa™1)(Bb7!) = (bb~)(aa™?) = (bb~1)(0b7?) = bb~!

that is aa™! = bb~!. Since aa~! € Sa~?, it follows that aa~'a = aa~'b, which
implies a = aa~'b = bb~'b = b. Hence w is one-to-one and so is a monomor-
phism of S into Z(S). .

2.5 Inverse Monoid Presentations

Having discussed inverse semigroups as partial symmetries, we shall now begin
to look at the theory of presentations for these objects.

Given a set of symbols, X, there is a free inverse semigroup over X written
Fzs(X) and a free inverse monoid over X written Fz(X).
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Given that ~! is an involution then Fzs(X) is presented as a semigroup by
(X UX Yuuwu =u, uutov™! = vv tuw Va0 € (X UXHY)

Similarly Fz,(X) is presented as a monoid by the same presentation.

The congruence generated by these relations is called the Wagner congruence and
is denoted by px or more simply just p when there is no confusion.

Now unfortunately this is an infinite presentation as there are an infinite number
of elements in (X U X ~1)*. Worse still, this is the best we can possibly do. See
Petrich [18] for a proof of the fact that Fzs(X) cannot be finitely presented. At
first sight this is disaterous, because Todd-Coxeter is applicable only to finite pre-
sentations. I shall show how this problem is overcome in Chapter 3 and Chapter
4.

Definition 2.5.1. An inverse semigroup presentation is a presentation (X |U), where

UC(XUX )t x (XUX~1)* If 7 is the congruence generated by pU U then
the inverse semigroup correponding to the inverse semigroup presentation (X |U)
BXUX e

Similarly:

Definition 2.5.2. An inverse monoid presentation is a presentation (X|U), where
UC (XUX1)* x (X UX1)* If 7 is the congruence generated by p U U
then the inverse monoid correponding to the inverse monoid presentation (X |U)
is (X WX~ 7.

As with group and monoid presentations we may think of invserse semigroup
and inverse monoid presentations as being shorthand for a semigroup presentation
which includes p in its relations.

Definition 2.5.3. Given two inverse semigroups S and 7" with presentations (X|U)
and (V|V} so that (X U X~1) N (Y UY~!) = () then the inverse semigroup free
product is the inverse semigroup S * 7" which is presented by (X UY |U U V).

The free inverse monoid product of two inverse monoids presented as inverse
monoids is defined in the same way.
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Chapter 3

Problems With Enumerating
Inverse Monoids

As I have commented, the results of the previous chapter are largely negative
as far as computation is concerned. For a Todd-Coxeter style enumeration for
some object O in variety V a presentation of O is required. This means that
a thorough understanding of free objects in V is needed. As we have seen in
Chapter 1, semigroups and monoids have very simple free objects where there is
only one representation of any particular element in terms of the free generators.
For groups the free object is only slightly more complicated. The normal form
for any particular element is found by free cancellation and in Todd-Coxeter this
cancellation is implicit in the computation and actually makes the process easier.
For inverse semigroups and inverse monoids there is a normal form for any word
in a free object but this is not trivial to find.

NOTATION: We will want to be talking about varieties with an associative binary
operation such that the free object has a unique normal form for every element. I
will call these varieties UNF-varieties.

3.1 An Approach to Enumerating Free Objects

In this section I shall introduce a simple, original algorithm to demonstrate “enu-
meration by identities” rather than “enumeration by relations” for the purpose of
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gaining insights into inverse monoid enumeration, which I will attempt in Section
3.4 and again more thoroughly in Chapter 5.

In general Todd-Coxeter style coset enumeration has three subroutines:

(1) Making a new definition.
(2) Checking a relation or a right congruence.

(3) Processing coincidences.

A free inverse monoid Fz((X) is a monoid with an infinite number of relations
and so process (2) has to be applied an infinite number of times. However, remem-
bering the universal algebra definition of inverse monoids, the free inverse monoid
obeys only a handful of identities, that is equations which hold true throughout the
variety. So instead of looking at the infinite relations, we might look at identities
which a certain word w € (X U X ~1)* must satisfy.

Supposing that variety V must satisfy the identity p(z1, Ta, ..., Zm) = ¢(¥1, Y2, -+ Yn)>
then for any object O € V generated by the set X, O will satisfy the set of relations

{p('u,l,'u,g, ...,‘U,m) = Q('Ul,’l)z, ...,vn)|u1,'u,2, veey Uy ULy U2y veey Uy e Fv(X)},

which is finite only when F',(X) is finite.

|

i For example any G € @ satisfies the identity zz~' = ¢ which is to say that

; for every element z € G then the relation zz~! = ¢ is implicitly satisfied. Let
us call these relations which are implicit in identities implicit relations and any
other relations explicit relations. For a free object of variety V generated by X all
relations are implicit over the set of free generators.

How is it that free groups can be finitely presented as monoids if there are an
infinite number of implicit relations from the identities? The simple answer is that

only a finite number of relations are necessary. The “crude” monoid presentation
of Fg(X) is:

(XUXYVwe (XUX Y uwwt=¢ wlw=c¢)
however the standard presentation is

(XUXY(Vz e XUX Yz =¢),

33



which is clearly finite when X is finite. To see that this is a presentation of Fg(X)
consider any word w = ;%3...Z, € (X U X~*)* then

ww™! = x1x2...xnxn_1mn_1‘1...ml_l
and it is easy to see that this will cancel down to € by repeated application of the
relations in the standard presentation.

For inverse monoids the implicit relations cannot be reduced to a finite number of
monoid relations (for a proof of this see Petrich [18]). This does not necessarily
make our task impossible, as given any word w € (X U X~1)* there are only a
finite number of implicit relations whose left or right side are subwords of w.

There are two important points about free groups. One is that they can be finitely
presented, the other is that words in free groups have a unigue normal form which
is very easily found. This means that given two words u,v € (X U X~1)* it is
possible, indeed very easy, to tell whether u = v in Fg(X). That is to say that the
word problem is soluble.

Let us look at a variety where a normal form is easily found (and so the word
problem is solvable) in the free objects. My example is that of semilattices with
an identity, which form a variety S£' ¢ ZM with a binary operation A and a
nullary operation € satisfying the following identities

(SL1) associativity (z Ay)Az=zA(yAz)

(SL2) idempotency z Az =z

(SL3) commutativity s Ay =y Ax

(SL4) identitye Az =z Ae=z
Let X be a finite set and Fg.1(X) be the free semilattice with identity over X.
Let there be a total order < on X. Givenaword w = z; A 23 A ... A 2, € X¥,
let Y = {z1,22,...,2,} C X then a unique normal form for w is the product of
all the elements of Y ordered in ascending order by <. It is not hard to see how

w can be manipulated using (SL2) and (SL3) to do this and that this new word is
unique. Let U(w) be this unique normal form of w.

An algorithm for enumerating F g1 (X) follows.

Define the following data structures:
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e The immutable set of generators, X.

e The coset set C which is a mutable set of positive integers. At the start of
the algorithm C' := {1}.

e The mutable coset table T' which is an array of elements of CU{L} (where
L is the empty symbol) with rows labelled by elements of C' and columns
labelled by elements of X. Entries in 7' are referred to by 7'(c, z) where
¢ € C and z € X. Initially 7' is a single row of empty symbols.

e The mutable representative set I' C X*. Initially I := {¢}.

e Asurjection® : C — I' with 1¢p = e.

e A mutable coincidence set KX C C x C.

e The replacing functionr : C — C U {0} withr(c) < ¢, Vc € C.

Define the following subroutines:

Replace

e Parameter: c € C
e Locals: None
e While r(c) > 0 then ¢ :=7(c)

e Returnc
Create a New definition

Parameters: c€ C and z € X.

Local: d

Add d := max(C) +1to C.
Add U((cp) Az) toT.

Add an empty row onto 7" labelled by d.
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e Define dy = U((cy)) A z)
e Define T'(¢c,z) :=d

Check a Coset.

e Parameter: c € C

e Local:d

e Foreach d € C if cyp = di) then add (¢, d) to K.
Identify Coincidences

e Parameters: None
e Locals: ¢1, ¢3,dy, dg, 8, T
e While K is not empty do the following

— Pop (cy, ¢2) from K.
— Let d; = Replace(c;) And Let dy = Replace(cs)

- If dy # dj then (assuming without loss of generality that d; < ds) do
the following

* For each entry equal to dy in T', replace ds by d;.

*x For each z € X, if T'(d1,z) = L then replace T'(d;, ) by
T(ds, z) otherwise replace T'(dy, z) by min(7'(dy, z), T'(ds, x))
and add ((d;, z), T'(dz, z)) to K.

* For each pair (s, d2) or (dz, s) in K, replace with (s, d;) or (dy, s)
respectively.
- Letr(dy) :=ds

The main algorithm proceeds as follows:

e Repeat

e Force Candeachz € X do
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- If T'(c,z) = L Then
— New(c, )

— Check(c)

— Ydentify

e UntilVee CandVz € X, T(c,z) # L

This algorithm will enumerate free semilattices with identities and it is easy to see
that it applies just as easily to any free object of a UNF-variety although it will
only terminate when the free object is finite.

It should be noted that this algorithm applies only to free objects. A procedure for
enumerating general semilattices with identity is a simple generalisation as every
finitely generated semilattice with identity is finite and hence has a unique normal
form. Having said that, I have no general approach to enumerating any object of
any UNF-variety.

The point is, though, that having a systematic method for enumerating free objects
is a step towards enumerating general objects of that variety. Certainly if one
has no method for enumerating the free object then there is no hope of anything
approaching a Todd-Coxeter style enumeration for quotients of the free object.

As we noted there is a unique normal form for inverse semigroups. For our pur-
poses it suffices to be able to find a unique representation of some kind.

3.2 Word Trees

In this section I will be working from W.D. Munn’s paper Free Inverse Semigroups
[16]. This is a graph theoretic approach to handling Fz(X) which shows how
to solve the word problem.

As I will be talking consistently about Fz4(X) in this section, I will refer to the
Wagner congruence on X* by p.

Definition 3.2.1. A tree is a connected, directed graph without cycles excepf that
for every edge («, ) there is an edge (3, «) in the opposite direction.
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Usually a tree is defined to be a connected, non-directed graph without cycles.
The only difference with this and the above definition is that the latter allows the
two directions of an edge to be distinguished.

For any set X called a labelling set there is a corresponding set X ~* with | X| =
| X—1| and a bijection ~* : X — X! with the image of z being .

Definition 3.2.2. A word tree T on a labelling set X is a tree, with at least one
edge, satisfying the following two conditions:

(WT1) Each edge is oriented and labelled by an element of X, For every edge from
« to 3 labelled by = then there is another edge from 3 to « labelled by z 1.
The former is refered to as (o, z, B) and the latter as (3,271, ).

(WT2) T is deterministic in that for every vertex -y all edges from -y are labelled by
different elements of X. Dually T' is injective in that for every vertex -y all
edges to «y are labelled by different elements of X,

The set of vertices of a word tree, T', is denoted by V' (T") while the set of edges
is denoted by E(T"). A word tree is said to be finite if both V(T') and E(T') are
finite.

An example of an infinite word tree is the Cayley graph of Fg(X).
Definition 3.2.3. Let 7" be a word tree on X and let o, 8 € V(T).

e An (a, f)-walkon T is a sequence P = (& = Y9, 1, ..., ¥a = B) of vertices
of 7" such that y;_; and +; are adjacent vertices for: = 1, ..., n.

e An (o, f)-walk P = (@ = 940,71, -, Y = B) on T is said to span T or to
be a spanning (a, B)-walk on T', if and only if each vertex of T' occurs at
least once among the ;.

o The (o, §)-path on T is the unique (e, B)-walk (& = 7o, 71, ..., ¥n = () O1
T such that no vertex of 1" occurs more than once among the ;. We denote
it by I1(cx, ). The integer n is called the length of [I(e, B).

Definition 3.2.4. Let 7" and 7" be word trees on X. A word tree homomorphism
0 : T — T"is a map from V(T) to V(T") which preserves adjacency, orientation
and labelling of edges, that is if (o, z,5) € E(T), then (ab,z,86) € E(ITV).
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Similarly a word tree monomorphism is a word tree homomorphism which is in-
jective. A word tree isomorphism is a word tree homomorphism which is bijective.
A word tree automorphism is a word tree isomorphism which maps a word tree T’
onto itself.

It turns out that word tree homomorphisms and word tree monomorphism between
finite word trees are actually the same thing as any map which preserves adjacen-
cy, labelling and orientation of edges will either be one-to-one or will create a
cycle.

Lemma 3.2.5 (Munn). Let T and T" be word trees on X and let 6 : T — T" and
¢ : T — T" be monomorphisms such that o = a¢ for some o € V(T'). Then

9 = ¢,

PROOF: Choose a spanning («, 8)-walk P = (& = 7o, V1, ..., ¥n = B) on T' for
any vertex  of T'. By hypothesis 0 = 7p¢. Suppose that v;_10 = v;_1¢.
Then if z is the label on «;_;7y; it is also the label on both (v;—16)(v:f) and
(7i-18)(v:¢). Hence, by (WT2), 1.0 = ;6. Thus, by induction on i, 1,6 = v;¢
fori = 0,1, ...,n. Every vertex of T occurs among the +; and so ¢ = 6. ||

This last result and a bit of graph theory provide us with the following theorem.

Theorem 3.2.6 (Munn). The only automorphism of a finite word tree T on X is
the identity automorphism.

Let P = (o = v, M1.-Ym = B) and @ = (8 = &y, d1, ...0,, = ) be , respectively,
an (a, f)-walk and a (3, y)-walk on a word tree 7" on X. Then we define an
(e, v)-walk PQ on T by

PQ = (a = 'YO, ...,’Ym—l, ﬁ) 61) "'76?1 = ’Y)'

We now have a multiplicative operation for walks given that the former ends where
the latter begins (simply by concatenating them). It is clear that this operation is
associative. Also if P is an («, «)-walk then P"(r € N) is the product of r
copies of P with P° being simply the null walk II(c, ). We also define the
inverse P~! of an (a, 8)-walk P = (& = 79,71, ---, Ta = B) to be the (3, &)-walk
(ﬂ = Yny Ya—1y Yo = a)'

For a non-null (o, B)-walk P = (& = 90,71,..., % = () on T', we define the
element w(P) € (X U X~ 1)* by

W{P) = @5 L
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where z; € (X U X™1) is the label of the edge vi—17: (¢ = 1,...,n). We also
define w(Il(e, ) = €.

We have the following results:

Lemma 3.2.7 (Munn). Let P be an (o, 8)-walk and Q a (8, y)-walk on a word
tree T on X. Then w(PQ) = w(P)w(Q). Also Q@ = P~ if and only if w(Q) =
w(P)~,

PROOF: It is clear that w(PQ) = w({P)w(Q) and that if Q@ = P~ then w(Q) =
w(P)™L.

Let w(Q) = w(P)™! = £1%9...%5 (z: € XUX 1), and P = (@ = Y0, Y1) o) Vo =
B), @ = (B = do,b1,...,0n = 7). We have dp = -y,. Suppose that we have shown
that ;. = Y»—i+1. Then z; is the label on both d;_10; and 7, _i4+17»—:. Hence, by
(WT2), §; = yn_i. It follows by induction on % that ; = 7,—; for¢ = 0,1, ..., n.
Hence @ = P! as required. ]

It is necessary to explain exactly how word trees relate to free inverse monoids.
The next lemma is technical but demonstrates that the two mathematical con-
structs are intimately related so I shall include Munn’s proof.

Lemma 3.2.8 (Munn). Let P and Q) be spanning (o, B)-walks on a word tree T'
on X. Then w(P)p = w(Q)p.

PROOF: First consider the case when |T'| = 2. Let y denote the vertex of 7" other
than o, let © = (e, y) and let = w(©) (€ X U X~*). Consider the two cases

o 3 = c. Inthiscase P = (60~1)", Q = (©©~1)* and so by Lemma 3.2.7,
w(P)p= (zx™*)"p = (zz7")p= (zz7")"p = w(Q)p.

o 3 = . Inthiscase P = (0071)"0, Q = (007')*0 and so by Lemma
3.2.7,
w(P)p = (55 2)p = 5p = ((s2~)*2)p = w(Q)p.

Hence the result holds for |T'| = 2.

Let n be a positive integer greater than 2. We make the inductive hypothesis that
if P', )’ are spanning (c, §)-walks on any word tree 7" on X such that [T'| < n
then w(P")p = w(Q')p.

Consider a word tree 7" on X such that |T'| = n.
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* Suppose that Py is a (7, y)-walk on a subtree 7" of T" such that |T"| < n,
then w(Fo)?p = w(Fo?)p = (w(Po))?p.

To see this, let T} denote the subtree of 7" spanned by F,. Then |Tj| < n and
Py and P,? are spanning (v, y)-walks on Tj. Hence w(Py)p = w(P3)p =
(w(F))?p.

Now let P and @) be spanning («, 8)-walks on 7". We have two cases.

1. «is an end point of 7', that is there is only one vertex adjacent to c.

Let v denote the unique vertex of 7" adjacent to « and let 7" denote the
subtree of T" obtained by deleting o and the edge oy from 7". We now look
at the following two cases:

e 8 = a. Then for some (v,v)-walks Py, P, ..., P, on T" and some
non-negative integers 7; (i = 0, ..., k),

P=0(07'0)"P (6710)" .. .Py(67'0)*0,
where © = II(w, ), and so by Lemma 3.2.7 we have that
w(P) = z(z™ 2)0u; (27 z)  ug..up (z 1) "z,

where ¢ = w(©) and u; = w(F;). By * we know that up = u;p. Re-
minding ourselves that in Fz,(X), idempotents commute, we have:

w(P)p — (58(SU“I:z:)"°+”+"'+"ku1u2...ukx‘l)p - (mu'm—l)p,

where ¥ = ujup...ux. Now v’ = w(P’) where P’ = P P...P,.
Moreover since P spans T, it follows that P’ is a spanning (-, y)-walk
onT",

Similarly w(Q)p = (zv'z™')p where v = w(Q') for some spanning
(7, 7)-walk @ on 7. But || = n — 1 and so, by the inductive
hypothesis, u'p = v'p. Hence we have

w(P)p = (zu'z™")p = (zv'z™")p = w(@)p

as required.
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e 3 # . Then 8 € T" and an argument parallel to that above shows that

w(P)p = (w')p, w(Q)p = (av')p,

where z is as before and v’ = w(P’), v' = w(Q') for some spanning

(v, B)-walks P', Q' on T". By the inductive hypothesis, v'p = v'p and

so w(P)p = w(Q)p as required.

2. «is not an end point of 7'.

In this case we can split T into two subtrees 73’ and 7%’ so that both trees
have less than n vertices and the only common vertex is .. Again we look
at two distinct cases:

e 3 = «. Then we write

P=Pp..P,

where Py, Ps, Ps, ... ate (o, o)-walks (possibly null-walks) on one of
the subtrees 7' (4 = 1,2) and P, Py, P, ... are (a, :)-walks (possibly
null-walks) on the other tree. Let u; = w(FP;), (¢ = 1,2,...,7). By
* we know that u;2p = u;p, and so w(P)p = (ui'uz’)p where u;,' =
w(Py') and Py’ is the product of all the (o, &)-walks P; on T}’ (k =
1, 2). Moreover, since P spans T', it follows that P’ spans T}’ (k =
1,2).

Similarly, we can show that w(Q)p = (v1'vs")p, where v' = w(Q%)
for some spanning (¢, a)-walk @i’ on T}’ (k = 1, 2). By the inductive
hypothesis, w(P")p = w(Qx)p (k = 1,2).

B # «. Without loss of generality, we can assume that 8 € V(73).
By an argument similar to that above we can show that w(P)p =
(u1'ug)p, w(Q)p = (vi'va')p, where u;' = w(P), v’ = w(@:)
for some spanning (o, @)-walks P/, P, on T\ and wy! = w(P'),
vy = w(Q2') for some spanning (o, 8)-walks P,’, @2’ on 73'. Hence
w(P)p = w(Q)p.

The proof of the next lemma demonstrates how to construct word trees so that a
spanning walk traces a particular word. '

42



Lemma 3.2.9 (Munn). Let v € Fza(X). Then there exists a word tree T on X
and a spanning (o, B)-walk P on T such that u = w(P).

PROOF: Let u = z123...2,, Where z; € X U X!, We construct a sequence of
word trees 73 C 75 C ... € 7, on X and a sequence of vertices vg, V1, .-y ¥n
of T}, such that 7; is spanned by P; = (9,71, .-, %) and z12z5..2; = w(F;)
fE= 1y B

First let 77 denote the word tree with two vertices 7y and <y in which yyy; is
labelled z1. Now suppose that we have constructed the sequences as far as 7; and
7;. Consider the (7 + 1)th step. There are two possibilities.

1. There exists a vertex ¢ in 7T}, adjacent to -y; and such that ;6 has label z;,,.
Then we take T}, = 7; and ;43 = 4.

2. There exists no such vertex ¢ in 7; with the property stated in 1. In this case
we adjoin a new vertex ;41 to 7; and a new edge v;¥;+1 Which we label
Zi41. Let T, denote the word tree so formed.

In either case T;, is spanned by Py = (V0,71 -, Yit1) and Z1Zg...Tip1 =
w(P;41). By induction on ¢, the sequences can be constructed as far as 7;, and
Tn. The result follows by taking T' = T5,, P = (v, 71;,--,Va), and & = 7,
B = Yn. |

We need another couple of technical lemmas concerning isomorphisms between
word trees which I shall omit the proofs of as we shall return to this topic in
Chapter 4.

Lemma 3.2.10 (Munn). Let T, 7" be word trees on X. Let P be a spanning
(o, B)-walk on T' and P' an (!, B')-walk on T such that w(P) = w(P’). Then
there exists a monomorphism 6 : T — T such that af = o/, 50 = p'. If, in
addition, P' spans T' then 0 is an isomorphism.

Lemma 3.2.11 (Munn). Let T and T' be word trees on X. Let P be spanning
(e, B)-walk on T' and P' a spanning (¢/, §')-walk on T" such that w(P)p =
w(P")p. Then there exist an isomorphism 6 : T' — T" such that of = o, B8 = .

NOTATION: Let 7x denote a transversal of the isomorphism classes of word trees
on X. Let BT x denote the class of ordered triples (o, T, B), where T' € Tx and
a, B € V(T). We refer to any such triple as a birooted word tree on X.
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Note that birooted word trees are deterministic inverse automata (see Section 4.1).
It should also be remembered that these are always subsets of the Cayley graph for
the free group over X with the iritial state as the group identity and the terminal
state as a particular word in the free group.

Theorem 3.2.12 (Munn). If P and Q) are spanning («, 8)-walks on a word tree
T on X then w(P)p = w(Q)p and the mapping ¢ : BT x — Fzu(X) defined by

(o, T, B)d = w(P')p,

where P' is any spanning (o, B)-walk on T, is a bijection.

Furthermore, ((a, T, 8)¢)~* = (B, T, a)¢ and (o, T, §)¢ is an idempotent if and
only if a = f3.

PROOF: By Lemma 3.2.8, if P and () are spanning («, 3)-walks on a word tree T'
on X then w(P)p = w(Q)p. Hence ¢ is well defined.

By Lemma 3.2.9, ¢ is surjective. To show ¢ is injective, suppose that (o, T, )¢ =
(o/,T",8")¢. Then by Lemma 3.2.11, there exists an isomorphism ¢ : T — 7"
such that af = o/, 6 = f'. Thus T' = T", by the definition of 7x. But now @ is
an automorphism of 7" and so, by Theorem 3.2.6, & = &/ and § = /', as required.
Thus ¢ is a bijection.

Let (o, T, 8) € BT x and let P be a spanning (c, 3)-walk on 7. Then P! is a
spanning (3, a:)-walk on 7" and hence, by Lemma 3.2.7,

(BvTv a)¢ - w(P-—l)p = w(P)_lp T ((a,T, 16)(15)_1
Suppose that (e, T', 8)¢ is an idempotent. Then ((o, T, 8)¢) ™" = («, T, 8)¢ and
so, by the previous result, (3,7, )¢ = (e, T, 8)¢. Thus o = .

Conversely, if @ is a spanning {«, a)-walk on 7" then so also is Q@ and there-
fore

(o, T, a)p = w(QQ™)p = (w(@)w(Q)™)p,
which is an idempotent. |

With Theorem 3.2.12 we can now talk about the unique up to isomorphism biroot-
ed word tree corresponding to the word u € Fzu(X). We denote this birooted
word tree as the triple (v, Ty, Bu).

The next lemma is proved in a more general fashion in Corollary 4.2.8.
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Lemma 3.2.13 (Munn). Let v = 21%3...%, and let ' = 21%9...%m where m <
n, (i € X UX™Y). Let (ay, Ty, Bu) and (cuy, Ty, Bur) be birooted word trees
corresponding to u and u' respectively. Then there is a monomorphism 0 : T,y —
I

Conversely, let (o, T, 8) and (o, T", ') be two birooted word trees such that there
is a monomorphism 6 : T' — T so that o'0 = «. Then there is a spanning
(e, B)-walk P on'T so that given any spanning (¢!, B')-walk P' on T", w(P)p =
(129...%5) p and w(P")p = (£1Z2...xm)pform < n (z; € X U X 1),

EXAMPLE: Let X = {z,y} and let w = z2z~'yz. Then the birooted word tree
(0, Ty Bu) 18

T~y Py <2

Ty

I have, of course, left out the “inverse edges” (for example (y;, 271, 71)) as it is
quite natural to read these as the other edges going backwards. To emphasise o, as
the “input” vertex and g3, as the “output” vertex, I have used the standard automata
notation of putting an extra arrow pointing to the input and an extra atrow pointing
from the output.

EXAMPLE: If X = {z,y} and u = yy 'z%z~? then the birooted word tree
(0w, Ty @) (without labelled vertices) is:

o

Ty

< O —¥p O — O

From this diagram we can see immediately that (yy~'z%272)p = (2?2 %yyV)p
and also that (yy~'z2z72)p is an idempotent.

Now we are ready to state a very important result.

Theorem 3.2.14 (Munn). The word problem for Fzp(X) is solvable.

PROOF: It is easy to see that there is an algorithm for deciding whether or not
two given elements of BT x are isomorphic. Let u,v € Fzaqx). Construct
(o Ty Bu) and (e, Ty, By). Then by Theorem 3.2.12, up = wp if and only if
these elements of BT x are identical. [ ]
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3.3 Free Group Representations

Having established the link between birooted word trees and the free inverse
monoid, we can now introduce a short hand notation for a birooted word tree.
This representation is found in Petrich [18]. As we shall see it is very similar to
Munn'’s birooted word tree representation, but less cumbersome especially from
the point of view of computation.

NOTATION: Let u € (X U X~')*, u is the standard unique normal form for u in
Fg(X) thatis, it is the free cancellation of w.

Definition 3.3.1. Let u € Fzp(X) with v = z125...2,, Where 21, %o, ..., T, €
X U X~ Then the free group representation for u denoted by F'G(u) is the
double (W, w) where W = {¢, @1, T1%2, T1%2%3, ..., U} and w = T.

As free cancellation in free groups provides a unique normal form for groups
we know that there is exactly one free group representation for every word u €
(X U X~1)* and so free group representations are well and uniquely defined.

Lemma 3.3.2. Let u,v € Fzap(X) then up = vp if and only if FG(u) = FG(v).

PROOF: Suppose that up = vp.

We know from Theorem 3.2.12 that there exists a unique (up to isomorphis-
m) birooted word tree (c, T, B,) such that for any spanning (e, 8,)-walk P,
w(P)p = up. We construct (W, w) as follows:

W = {w(Q)|Q is an (, y)-walk for each v € V(T')},

w = w(P) for some spanning (az,, 8, )-walk P.

Note that w is uniquely defined because by Lemma 3.2.8 any two spanning (e, £)-
walks are Wagner equivalent and are hence equal after free cancellation.

Now supposing that u = z;%5...2,, let u, = 212;...5, with corresponding bi-
rooted tree (o, Ty s Pun) for each (m < n). By Theorem 3.2.13 T, . can be
embedded in T,,. Noting that for any two (e, y)-walks @ and Q' that w(Q) =

w(Q') we have

W = {Z1%2..%m|0 < m < n}
and so (W, w) = FG(u).
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By Theorem 3.2.12 (ay, T, Bu) & (ow, Ty, By) and so the same arguement applies
to the (v, Ty, By) as it did with the (ay,, Ty, Bu) above hence (W, w) = FG(v)
and so F'G(u) = F'G(v) as required.

Suppose that FIG(u) = FG(v) = (W,w). Let u = z125...z, where z; € X U
b,

I proceed by constructing the birooted word tree (e, T, §) by constructing the
sequence of subtrees Tp, 11, ..., T, of T' with T' = T;,. We define T} to be the word

tree with a single vertex we label this vertex e. Given the tree T; we define T;; in
one of the two following ways:

1. If z175...@; = Z1@3...%; for some 0 < j < i then we define T4, = T;.

2. If Z1%5...7; # T1%3...%; for each 0 < j < 1 then we adjoin a new vertex to
T; such that there is an edge labelled z; from this new vertex to the vertex
labelled 71 Z3...7;. Label this new vertex Z1%3...Zi11.

At the tth step of this procedure we need to show that 7; has a vertex labelled by
Z1%3...%; for each 1 < j < 4. Clearly T} has this property. Suppose 7} has the
above property for all £ < 1. If the sth step is an example of case 1. then it is clear
that 7; also has the above property.

For case 2. we note that Z175...2; = Z1%3...2;—1%;. By hypothesis we need only
check the new vertex. Now look at the smallest j where Z1Z5...Z;—1 = Z1%2...2;.
Then T has the required property by our hypothesis and therefore there is a vertex
labelled by Z1@3...Z; as we required in 7;. Hence by induction on ¢ and noting the
similarities of this procedure with the construction of (ay,, Ty, B,) in Lemma 3.2.9
we can see that (¢, T, 8) = (0w, Ty, fu) Where « is the vertex labelled by € and j
is the vertex labelled by .

Similarly we can use the same induction proof to show that («, 7", B) is in fact
isomorphic to (e, Ty, By). Hence by Theorem 3.2.12 we know that up = vp. W

Corollary 3.3.3. For v € Fzm(X) and corresponding free group representa-
tion (W, w), we can construct (o, T, 8) € BT such that for any (o, §)-walk P,
w(P) =T = w. If P is a spanning (, B)-walk then w(P)p = up.

NOTATION: Let 7Gx denote the class of free group representations over X.

By Theorem 3.2.12 and Corollary 3.3.3 there is a one-to-one correspondence be-
tween elements of Fz(X), BT x and FGx
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EXAMPLE: Given the word z2z~'y%y~! € Fz({z,y}) then the free group rep-
resentation is ({¢, =, 2%, zy, zy*}, zy) and the corresponding birooted word tree
is:

(o]

Ty

o —

Ty

— 0 —%; 0 —¥; O

We may talk about W-classes where uWw if and only if FG(u) = (W, %) and
FG(v) = (W,9).

Lemma 3.34. If u € Fry(X) with FG(u) = (Wy,w,) then FG(uu™?) =
(W, €).

PROOF: Suppose that u = ;Z5...x, where z; € X U X! and FG(u) =
(We, wy). Then uu™! = 21%5...20%n 1 0p-1"1...27 71, define (Wyy-1, Wyy-1) =
FG(uu™). Let v € Wy, now either v = Z1%5...4; for some 0 < i < n or
V = T1%9.. LTy 1 Tp_1L...xz; 71 for some 0 < j < n. In the former case clearly
v € Wy, in the latter case v = Z1Z3...%;_1 € W,. Cleatly W, C W,,-1 and so

Woyu-1 = W,,. Clearly uu—! = € and so FG(uu™t) = (W, €) as required. [ |

Theorem 3.3.5. Given any u,v € (X U X~1)* then uWw if and only if upRup.

PROOF: Suppose that uWwv in Fzp(X). Now by Lemma 3.3.4 FG(uu™!) =
(W, €) = FG(vv™') for some set W that is uu~'p = vv~'p. Hence

(u(u))p = ((w™)v)p = ((vv™")v)p =vp
and

(v(™u))p = ((wv™Hu)p = ((uu™)u)p = up,
so upRup.

Conversely suppose that upRvp in Fzy(X). By Theorem 2.3.2 we know that
upRuup = vv~pRup. Hence FG(u) = (W,,w,) where FG(uu™!) =
(Wy, €) and FG(v) = (W,, w,) where FG(vv~!) = (W,,€), butuu=tp = vv~1p
and so W,, = W,,. Hence uWw as required. [ |

To conclude we can note that Fza(X) can be regarded as a collection of bi-
rooted trees, which are actually subsets of the Cayley graph for groups. The
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important point is that given u,v € (X U X~1)* with (uu"'v)pR(uu"1)p then
(uu—tvvt)p = (uu~')p. Thatis, at a local R-class level, the multiplication on
the right by an inverse behaves as if it would do in Fg(X). If you like you might
think of Fz((X) as being in a sense “locally Fg(X)”.

3.4 An Attempt at Enumerating Inverse Monoids

We now understand Fz(X) well enough to be able to enumerate it in the same
way as we did with Fg.1(X) in Section 3.1. However this is a fruitless exercise
as it is always infinite (except when X is empty). The question is whether it is
possible to combine the technique of pushing a row of a relation with the technique
of finding the unique normal form for words in the free object. Certainly there
are situations where these two techniques can not be combined, for example any
inverse monoid with unsolvable word problem.

Essentially the problem is not knowing how the implicit relations are affected by
the explicit relations. An explicit relation, (u, v) will affect all implicit relations
with either u or v as a subword on either their left or right hand sides. In the case
of inverse monoids (with the standard implicit relations) adding a single explicit
relation will always affect an infinite number of explicit relations. However with
groups this is not the case, indeed with groups adding explicit relations is very
simple, because not only are there just 2n implicit relations (where n is the number
of generators) but all of these relations are very simple and have the identity as
their right hand sides.

Having said all this it is possible to enumerate individual inverse monoids by
taking careful account of 7R-classes using a generalised notion of free group rep-
resentatives. Again, the important point is that in any inverse semigroup, S, with
u,v € S, if vu™'Ruu~'v then uu~lvv™! = uu~! (see Chapter 4 for more
about this sort of thing). In other words inverse semigroups “behave like groups”
with respect to right multiplication within R-classes. What is needed is a test for
when uu~vRuu™?, that is if v = £1%5...z, we need to know the unique value of
1 <4 < n—1suchthat uu™'z125...7; € R, and uu"'z125...2i41 € Ry

Given an inverse monoid presentation (X |U) for M, given a relation (u,v) € U
and an element w € M then if there exists z € R, such that zu € R, then
zv' € Ry, for any v' with v's = v. As shall be made explicit in Chapter 4, this is
much like tracing a relation in group Todd-Coxeter.
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Hence given the inverse monoid M = (X U X~1)* /7 what I wish to do is expand
the notion of free group representatives so that it consists of pairs (W, w) where
W = {wy, ws, ..., wy, } contains freely reduced words such that

{(ww™wy) T, (Www™twy)T, ..., (W wy,)T} = Ry,
With this concept of free group representatives there is, however, no guarantee
that (ww~tw;)7T # (ww™'w;)7T when i # j.

This is roughly the reasoning behind my first attempt at coding an inverse monoid
enumerator, This algorithm is new but is based on the group and monoid Todd-
Coxeter algorithm’s in Section 1.3 and Sectionl.5. 1 shall give a rough description
of it before moving on to a more general understanding of R-classes in Chapter
4 and a much improved enumerator which borrows some ideas from Nik Ruskuc,
Allessandra Cherubini and Brunnetto Piochi in Chapter 5.

3.4.1 The Data Structures

e The immutable finite inverse monoid presentation P = (X |U).

e The mutable set of cosets C' which is a finite set of positive integers which
initially is C = {1}.

e The mutable coset table T whose entries are elements of CU{_L} where L is
the empty symbol and whose columns are labelled by elements of X U X !
and whose rows are labelled by elements of C'. I shall refer to the entry in

row ¢ and column z by T'(¢, z). Initially 7 contains a single empty row of
JL78,

e The mutable fruth coset table T' whose entries are elements of {0,1, L}
and whose columns are labelled by elements of X U X! and whose rows
are labelled by elements of C. I shall refer to the entry in the row ¢ and
column z by T"(c, z). Initially 7" contains a single empty row of L’s.

e The mutable free group representative set ® contains elements of the form
(W, w) where W C (X UX"1)* and w € W. Initially ® := {({e},¢)}.

e A surjection 9 : C — ® with 19 = ({e}, €).

e The mutable coincidence set K C C x C. Initially KX is empty,
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e The mutable representative coincidence set k C ® x ®. Initially x is empty.

e An equivalence ~ on C and also D C C of elements which need to be
forced to be ~ related. Initially D is empty.

Clearly there are many more data structures than there were for the standard
monoid enumeration algorithm. In particular we have @, i and « all dealing
with representatives all of which must be processed while the relations in U are
processed. In addition it is necessary to record which elements of C' are in which
R-class, which is the purpose of ~. Even then the algorithm is, as we shall see,
flawed as it cannot immediately distinguish between different R-classes.

3.4.2 The Subroutines

Before I describe these it is important to understand how R-classes work in this
algorithm. Given ¢ € C and z € X U X! suppose that T"(c, z) = 1. This means
that the element u € M represented by the coset c is R related to ux (it is possible
that u = uz). The algorithm will occasionally update 0 entries in 7" to 1’s when
it discovers that two R-classes are identical therefore a 0 entry merely means that
“u and uz are not R-related as far as we know.”

Similarly an element (W, w) € ® will constantly be updated, but only by adding to
and not taking away from or changing elements of W as new words are discovered
to be R related to w. As a consequence at all stages

{€,$1,$1$2, ooy 5121332....7}"} (= %4

when w = Z1%3...2,. It is important to note that, unlike the free inverse monoid
case, different elements in W do not necessarily represent different elements in
R,,. For example ww™'2125...2; = ww™lz12,...z; (forsome 1 < i < j < n)
might be a consequence of U and so z;...z; and z;...z; will represent the same
element in R,, even though they are both different elements in W.

Create a New Definition

e Parameters: c€ C,z € X U X1,
e Local: d

51



This subroutine is much like the same in the monoids algorithm except for the
following points

e A new empty row is added to 7"

e Suppose that ¢cpp = (W, w) then add (W U {wz}, wz) to ® and if the new
coset is d let dvp := (W U {wz}, wz).

e If wx € Wthenletc ~ d,let T'(c,z) := 1 and let T'(d, z7!) :=c.
o If wx ¢ W then let ¢ ¢ d and let T"(c, z) := 0.

Update ~

e Parameter: £ C C

e Locals: e, f,x

This is a “book keeping subroutine” which forces all the elements of F to be ~
related. Suppose that for e € F that epp = (W,, we), then we update epp :=
(UpesWs, we). Alsoif e, f € E such that there exists z € X with T'(e,z) = f
then 7"(e, z) := 1. Finally F is added to D.

Update ®

e Parameters: None

e Locals: d, e,z
Another “book keeping subroutine” which looks at the set D of cosets which
have had their free group representatives recently modified. This subroutine takes

each d € D where dyp = (W, wq) and each adjacent coset e = T'(d, z) where
ey = (We, w,) and sets erp := (W, U Wy, we).

Trace a Relation

e Parameters: ¢ € C and (u,v) € U

e Locals: k,1, m
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Suppose that © = ujus...un, and that v = v1vs...v,. This subroutine compares
T(c,u) with T'(c,v) and T"(c,u) with T"(c,v). There are eight cases where
changes need to be made, although we only need to discuss four of them as the
other four are symmetric in « and v.

1. Te,u) = L, T{e 0 tpi) = k5 Lo, v)=1% Land T ew) =0
In this case we define T'(k, u,;,) := l. Furthermore if T'(c, uy...um—1) = 1
then set 7"(l, um) := T'(c,v) and then apply the subroutine Update ~
({T(c, u), k}).

Note that the case where T'(c, u1us...u,—~1) = L tells us nothing. It is only

the case where the relations force conclusions in the coset table that tell us
anything.

Note also that it is not necessary to check that T"(c, u;...um—1) = 0 as
although R is transitive, the failure to be R related is not transitive, ie. if
r & R, and s ¢ R, then it does not necessarily follow that r ¢ R;.

2. Tle %) =06 Unin) =4, Tlew) =1+ L.and Te.v) = 1. Utlike
in the first case, here we are forced to conclude that ¢ ~ T'(c,u) as ¢ ~
T'(c,v). We therefore apply Update ~ ({1'(c, u1...u;)|1 < ¢ < m}).

3. Tleyu) = L, T{e, - mig) =k # L. Tlev) =1# Land Tev) =
1. As in the first case set T'(k,u,,) := [ and like the second case apply
Update ~ ({T'(c, u1...u;)|1 < i < m}).

4. T'(¢c,u) = k and T'(c,v) = l. Here we have a coincidence as we would in
the monoid algorithm. We add (k, {) to K. Furthermore if

(@) T'(c,u) = T"(c,v) = 1 then add (k, %) to &.

(b) T'(e,u) # 1and T"(c, v) = 1 then apply Update ~ ({T'(c, u;...u;)|1 <
i < m}).

Finally Update @ is applied.

Identify « Coincidences

e Parameters: None

e Locals: e, d,U,u,V,v
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This algorithm runs through each ((U, ), (V,v)) € k. If a particular (U, u) =
(V, v) then simply ignore this one and remove from «. Otherwise choose ¢ € C
such that ¢y = (U, u) and do the following:

e Forevery d € C such that dyp = (V,w) withw € V' \ {v}, replace (V, w)
by (UUV,w)in® andletd ~ c.

e For every d € C such that dyp = (V,v) replace (V,v) by (U U V,v) in @
and redefine ¢y := (UU V,v) and letd ~ c.

e Forevery d € C such that dyp = (U, w) with w € U \ {u}, replace (U, w)
by (UUV,w)in ®andletd ~ c.

e For every d € C such that dyp = (U, u) replace (U, ) by (U U V,u) in ®
and redefine ¢1p := (U U V,v) and let d ~ ¢.

Identify K Coincidences

o Parameters: None

e Locals:c,d, z

This is similar to the monoid algorithm Identify subroutine. Given (c,d) € K
then the following differences are noted.

1. If forsome z € X U X, T'(d,z) = 1 and if T"(c, z) # 1 then redefine
T'(c, z) := 1 and apply Update ®({c, T'(c, z)}).

2. Update ®({c, d}) is applied.

3. dis replaced by c in all the data structures.

The Main Procedure
Forc € C and z € X U X do the following

e New(c,z)

e Ford € C and (u,v) € U, do Trace(c, (u,v))
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e Update ®
e Identify <
e Identify K

Tidy Up

3.4.3 Comments

The first thing to notice is that this algorithm is quite convoluted. There is a lot
of “book keeping”. Secondly it is horribly inefficient with memory as elements
in @ tend to grow uncontrollably and apparently unnecessarily large. Thirdly
it only systematically enumerates cosets within particular R-classes, there is no
guarantee that two new cosets in apparently different R-classes are not actually
the same coset in the same R-class.

It is, however, possible to fix this last point by finding an R-class test and elimi-
nating excess RR-classes using some sort of “Identify R-classes” subroutine. All
this, however, points in the direction of enumerating R-classes individually rather
than simultaneously. Indeed this is what I do in Chapter 5.

EXAMPLE: A very simple example is the inverse monoid M presented by (z|z® =
). It is not hard to see that this is the cyclic group of order 2 with an extra identity
attached. This can be seen by the fact that in M, z is its own inverse because
z(z)z = z® = z and by uniqueness of inverses z=! = 2 and so it is not difficult
to see that M is presented by (z|z® = z) as a monoid.

The algorithm given above will produce the table below.

Cosets | z | z7! ®

1 20 30 ({6}, 6)

4, | 4, ({e.z,2°, 2%}, 2)
51 51 ({6,.’]&'—1,.’13—2},11}_1)
21| 21 | ({e z, 2% 2%}, 2)
31 2 ({6,.’12_1,.'3—2},112—1)

Ot | O N

In this table the truth coset table is represented by suffixes in the entries. We also
have three ~-classes - {1}, {2,4} and {3, 5}.
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Now apparently M is not a cyclic group with an extra identity but rather two
cyclic groups with an extra identity. This is precisely because Todd-Coxeter style
algorithms have no way of recognising the condition “uniqueness of inverses”
and so for M seem to think that z and z~! generate two different R-classes even
though 2 = z~1. I believe this is fundamental problem that can only be solved by
recognising the equivalence of two R-classes gfter they have been enumerated.

I conclude by saying that before we can proceed we need a clearer understanding
of inverse monoid presentations and their effect on R-classes.
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Chapter 4

The Word Problem for Inverse
Monoids

As we have seen the strategies of Chapter 3 are perhaps insightful but not ade-
quate for the job of a Todd-Coxeter style enumeration for inverse monoids. How-
ever, as I have pointed out, if the word problem for a semigroup is solvable then
there should be a strategy for enumerating its elements. In Chapter 3 we looked
at Munn’s solution to the word problem for free inverse monoids. Here we shall
review J. B. Stephen’s paper Presentations of Inverse Monoids [27] extending the
ideas of Chapter 3 to general inverse monoids. Most results in this section are
attributed to Stephen and the ones which are not are generalisations of Stephen’s
results involving right congruences.

4.1 Inverse Word Graphs and Automata

First we consider the generalisation of word trees to word graphs.

Definition 4.1.1. A word graph T’ on the set X is a connected, directed graph
with edges labelled by elements of X. If o and 3 are adjacent vertices in I, then
the edge labelled

by z € X from « to f is denoted (c, z, ). We shall denote the vertices of I by
V(I") and we shall denote the edges of I" by E(I"). The word graph I is said to be
finite if both V(T") and E(T") are finite.
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Definition 4.1.2. Given two vertices o and § on a word graph I, the notions of
(e, B)-walk on I, spanning (e, B)-walk on I and (¢, §)-path are defined in the
same way as for word trees (see Definition 3.2.2). The notions of word graph ho-
momorphism, word graph monomorphism, word graph isomorphism, word graph
automorphism are also defined in the same way as word tree homomorphisms etc.
(see Definition 3.2.3).

Definition 4.1.3. A word graph is said to be deterministic if all the edges direct-
ed from a vertex are labeled by different letters and it said to be injective if all
edges directed towards a vertex are labeled by different letters. In other words, a
deterministic, injective word graph obeys (WT2) (see Definition 3.2.1).

Definition 4.1.4. An inverse word graph over X is a connected, directed graph,
T', with edges labeled by elements from X U X ~! in such a way that the labeling
is consistent with involution; that is (y,z,8) € E(T) if and only if (6,7 1,v) €
E(T), where z € X U X! and 7,8 € V(I'). For convenience we shall assume
that at every vertex of I" there is a loop labeled by e.

A birooted inverse word graph is a triple A = («, T, 8) where T' is an inverse

word graph over X with o, 8 € V(I'). We call « the start of I and we call § the
end of I.

The notion of word graph homomorphism extends to birooted inverse word graph-
s. A birooted inverse word graph homomorphism ¢ : (a,T, 8) — (¢/, IV, 8} is a
word graph homomorphism from I' to I'' with the special conditions a¢ = o' and
B¢ = p'. Similarly we have extensions for word graph monomorphism, word
graph epimorphisms and word graph automorphisms. I will call birooted inverse
word graph homomorphisms word graph homomorphisms or simply homomor-
phisms where there is no confusion.

Lemma 4.1.5. An inverse word graph over X U X ! is deterministic if and only
PROOF: This is clear from Definition 4.1.4. -

It should be noted that a birooted inverse word graph A = (¢, T', §) is also an
automaton see, for example, John Howie’s Automata and Languages [10]. In
particular A has the following features:

(i) As each edge of A has an inverse edge, A is strongly connected and is
therefore trim
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(ii) A has only one terminal state - 5. 1t is a one-out automaton. The initial
state of A is au.

(iii) A has a special inverse property as described in Definition 4.1.4. It is an
inverse automaton

(iv) If I is deterministic then A is a deterministic automaton.

NoTtATION: If A = (o, T, B) is an automaton over X, and if w € X* traces a
(71, v2)-walk in I" then we say y,w = 2. The set L[A] = {w € X*|ow = B} is
the language recognised by A.

So far we have looked at ideas which were discussed in a more specific form (ie.
with respect to word trees) in Section 3.2. However, homomorphisms between
word trees are always one-to-one maps on the vertices. With word graphs we
have a richer theory.

Definition 4.1.6. Given a word graph I" over X and an equivalence relation
on V(I') the quotient of I" induced by n is the word graph denoted by I'/7. The
vertices of T" /7 are the equivalence classes of V' (T") /7. The edges of I /7 are given

by:
E(T/n) = {(n/nz,v2/n)|(n,z,7%) € E(T)}

We have a first isomorphism theorem for inverse word graphs.

Theorem 4.1.7. Given word graphs " and A over X and an epimorphism ¢ : T' — A
then A is isomorphic to T' /1 for some equivalence n on V (T').

Furthermore we have the following important lemma:

Lemma 4.1.8 (Stephen). Let I' and I be word graphs and ¢ : T' — I" be a
homomorphism and let o, f € V(I'). If w labels an (o, f)-walk in T, then w
labels an (o, Bo)-walk in I, So if A = (o, T, 8) and A" = (a, 1", B), then
L[A] C L[A.

PRrROOF: This follows straight from Definition 4.1.1. i

The converse of this does not always follow unless we are dealing with determin-
istic inverse automata as shown in the following theorem.
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Theorem 4.1.9 (Stephen). Let A = (o, ', B) be a birooted word graph over X U
X~ tandlet A' = (!, ", B') be a deterministic birooted inverse word graph over
X U XL IfL[A] C L[A’), then there is a homomorphism ¢ : T — TV such that

a¢p=co and B¢ = p'.

PROOF: We define the map ¢ on the vertices of I' as follows. If v € V (I'), then,
since A is strongly connected, there is a w € (X U X~1)* such that aw = 7.
Define ¢ to be o'w. It is necessary to show that ¢ is well defined.

Suppose aw = v and aw’ = vy, now note that since A is strongly connected there
isawu € (X UX™1)* such that yu = 8. Thus wu,w'n € L{A] C L[A’]. We wish
to show that o/w = o/w’, so note that o'w = f'u~" and o/w' = B'u1, since A'is
deterministic and inverse. Thus o/w = o/w’, and ¢ is well defined on the vertex
set.

Suppose (71,%,72) € E(I'), then there exists w;,wy € (X U X~ 1)* such that
w labels an (o, 1 )-path and w,, labels a (7y,, 8)-path in I'. Now wqzw, labels an
o, B-walkin I, so (710, z, 12¢) € E(I"). Thus we see that ¢ is a homomorphis-
m. |

Now there are many automata which recognise the same language L. We want to
pick a particular automaton - the minimal automaton - which is unique for each
language. We have the following result for automata (see Reutenauver [20] for the
definition of minimal and for the proof):

Lemma 4.1.10 (Reutenauer). Let A = (o, T, B) be a trim one-out automaton. If
I is deterministic and injective, then A is the minimal automaton accepting L(A).

The following lemma is an immediate consequence of Lemmas 4.1.5 and 4.1.10.

Lemma 4.1.11. If I is a deterministic inverse word graph over X U X1, and
a, B € V(I'), then (a, T, B) is the minimal automaton accepting L[(c, T, B)].

As a corollary it follows that if I is a word tree then A = (o, ', 8) is minimal as
I" is by definition deterministic.

The thinking here is that coset tables can be viewed as deterministic word graphs
and so given a word w € (X UX™1)* it is our task to find a minimal automaton A
which accepts w (ie. w € L{A]). We shall return to this “determinising process”
after examining Schiitzenberger graphs.
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4.2 Schiitzenberger Graphs

In this section we introduce an important concept from semigroup theory (see
Petrich [18] or Howie [9]).

For the rest of this section M is an inverse monoid with presentation (X |U), with
7 being the congruence generated by p U U (p being the Wagner congruence for
Fzm(X)). If u € M then H,, R, L, and D, are the Green’s equivalence classes
of u. We let o be the minimal group congruence. Recall that for u,v € M, we
write ¥ > v if there exists an idempotent e € M such that ue = v. This last is
equivalent to saying that u > wv if there exists an idempotent f = ueu™ € M
such that fu = v.

Definition 4.2.1. Let u € M. The Schiitzenberger graph of R, is the word graph
ST (u) where
V(ST(u)) = Ry

and

E(SF(U)) = {(vl,m,vg)]vl,vg € R,,ze XU X‘l,vl(xr) — ’Ug}.

NOTATION: Let A be a set and let B C A. We define the equivalence relation on
A,
|5 = {(b1,b2)|b1,b2 € B} U{(a1,02)|a1,02 € A\ B}.

Definition 4.2.2. Let v € M and let { be a right congruence on M such that
¢ C IR

Then the set R, /( is the set of all equivalence classes of ( restricted to R,. The
right quotient of ST (u) by ( is the word graph ST'(u)/¢ where

V(ST(u)/¢) = Ru/¢

and

E(ST'(uv)/¢) = {(v1, 3, v2)|v1,v2 € Ru/¢,2 € X U X 0 ((27)¢) = o}
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The condition that ¢ C |} is necessary in the above definition to make R, /¢ well
defined as otherwise  is not an equivalence relation on R,,.

I introduce the idea of right quotients of Schiitzenberger graphs because they are
useful for simplifying the structures and we need to show to what extent they
are consistent with Stephen’s theory for Schiitzenberger graphs. Of course the
special case of proper quotients (quotients which are both right quotients and left
quotients) in effect add new relations to U and thus can be thought of as the R-
class on a new inverse monoid. It is useful to recall that £ is a right congruence
while R is a left congruence.

It is important to note the distinction between right congruences on M and right
congruences on ST'(u). We can think of the latter as “local right congruences”.
It could be a fruitful area of research to look at what exactly we can do with
right congruences on M which fail to satisfy the condition that { C H‘{u It is
however difficult to even define the Schiitzenberger graph in this case as R, will
be identified with R, by ¢ for some v € R,,.

Definition 4.2.3. There is also the dual concept of left Schiitzenberger graph (and
a corresponding notion of left quotients), ST (u), of L, where

V(ST (u)) = L,
and

E(ST(u)) = {(v1, %, v2)|v1,v2 € Ly, € X U XL, (27)vy = v}

All of the results which follow for ST'(u) can be dualised for ST (u).

Lemma 4.2.4. Givenu € M and a right congruence ¢ on ST'(u), there is a word
graph homomorphism ¢ : ST'(u) — ST'(u)/¢ so that if w labels a (v1,v2)-walk
in ST'(u) then its image under ¢ labels a (v1{, vo()-walk in ST'(u) /<.

PROOF: For v € V(ST'(u)), define v¢ = v( and for (vy,z,v2) € E(ST(u)),
define (vy, 2, ;)¢ = (v1(, z, v2(). Clearly this map is well defined and preserves
the labeling of edges.

Given any (vy, v2)-walk in ST'(u), which is given by P = (v1 = Y0, V1, 0y Ta =
vy) with P labelled by (1, %2, ..., Z,), then the image walk starts at v;{ and, as
the action is on the right, each 7; = (v1{)21%5...z; as required. [ |
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Lemma 4.2.5 (Stephen). Given u € M, ST'(u) is a trim, inverse, deterministic
word graph.

PROOF: ST'(u) is trim because it is strongly connected. ST'(u) is deterministic
since multiplication is well defined on M,

To show that ST'(u) is inverse consider (v, z,v2) € E(ST'(u)). Now

e = v = vuy ' = v (27) (27 7)v Y,

S0
v = ev = v (27) (@ 7)o v = vvs My (27) (27 17)
= v ler)(e 7)) = hlz 7).
Thus (v2, 271, v;) € E(ST(u)) and so ST'(w) is an inverse word graph. [ |

Given that ww~'Rw (see Lemma 2.2.2) we may talk about the minimal automa-
ton A, = (ww™, ST'(w), w) corresponding to w.

Theorem 4.2.6. Let u € M, let ( C |1,‘{u be a right congruence on R,, let
u1,Us € Ry and w € (X U X7Y)*. Then uy(wr)¢ = us if and only if w la-
bels a (u1C, usC)-walk in ST (u) /¢.

PROOF:

The proof is by induction on |w|. If |jw| = 0 that is w = ¢, then by definition of
ST (u) /¢, ug(wr)¢ = u( if and only if (u1{, €, us) € E(ST(u)), or w labels a
(1€, uoC)-walk, that is u;¢ = ue( and so uy (w7)¢ = u( as required. If w = ¢
and v (w7)¢ = up( then ui{ = ua( so w labels the empty (u;¢, ue()-walk. Now
suppose that the result is true for all words of length less than V.

Let w € (X UX™1)* such that [w| = N. f w = z125...xy is a (ui(, uz()-
walk there exists u, € R, such that w = z;2,...2x5_; labels a (u;{, uh()-walk.
By hypothesis, u1(z1%2...2n5-17){ = us( and, since w labels a (u,¢, uz()-walk,
(uhs, zn, u2l) € E(ST(u)/¢). By the definition of ST (u)/¢ we have ua{ =
us(zy7)¢ and so

u (W)€ = 1 (Z1..En-128T)C = Un(znT)C = ug(
as required.

Conversely, if u; (w7){ = uy( then choose u}, such that
ul(.’El(Ez...z‘N_]_T)C = ’U;Izc = Ru/c
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Then by the induction hypothesis z;...zx—1 labels a (u;(, ub()-walk. Now
uy(z1..x8y-17)(ZNT)( = uo and so uh(znT)( = us( and S0 z125...zy labels a
(1€, ueC)-walk.

For the special case of Schiitzenberger graphs without right congruences we have
the following results found in Stephen’s paper.

Corollary 4.2.7 (Stephen). Let u € M, e = uu™?, uy, us € R, and w, wy, ws €
(X U X~1)*. The following statements hold.

(i) ui(wr) = uq if and only if w labels a (u1, ug)-walk in ST'(u).

(ii) wr > wif and only if w labels an (e, u)-walk in ST (u).

(iii) If wy and we both label (uy, ug)-walks in ST (u) then wio = weo.
PROOF:

(i) This is Theorem 4.2.6 with ( as the trivial right congruence.

(ii) Suppose wr > wu, then e(wr) = u, so by letting ¢ be trivial in Theorem
4.2.6, w labels an (e, u)-walk. Conversely if w labels an (e, u)-walk, then
by letting ¢ be trivial in Theorem 4.2.6, e(wr) = u, 0 wr > w.

(iti) Suppose that w; and w, both label (uq, uz)-walks, then u; (wy7) = ug(weT)
and so u; (w1 7)o = u1(weT)o and by group cancellation w0 = wso.

It is worth noting how much results (ii) and (iii) in the above corollary generalise.
The following corollary uses the same notation as Theorem 4.2.6 and Corollary
4.2.7.

Corollary 4.2.8. If wr > u then w labels an (e¢, u()-walk in ST'(u) /(.

PROOF: Suppose w7 > u, then e(wr) = u, so by Theorem 4.2.6, w labels an

(e¢, u¢)-walk on ST'(u) /¢ as required. [ |

Of course the converse of this corollary does not hold. Even if we define a partial
ordering on M /¢ so that u¢ > v( if and only if there exists an idempotent e €
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M such that (ue){ = v then we do not get a converse as we cannot say that
(uuY(wr))¢ = u( as the left hand side of this is a left multiple of w(r) and
under the right congruence ( it is not generally true unless uu~' commutes with
wr.

However it is possible to generalise Corollary 4.2.7 part (iii). The next corollary
uses the same notation as in Theorem 4.2.6 and Corollary 4.2.7.

Theorem 4.2.9. Suppose { C o. If wy and wy both label (u1(,us()-walks in
ST'(u) /¢ then (wyT)o = (weT)0o.

PROOF: Suppose that w; and wy both label (u;¢, ua¢)-walks, then uy (w1 7) g (wer)
and so u; (w;T)ou; (wer) and by group cancellation (w;) 7o (we)T. m

The next lemma is simply a restatement of Green’s lemma in the language of word
graphs.

Lemma 4.2.10. Let u,v,y,z € M. If yu = v and zv = u (that is uLv), then

y and z induce mutually inverse L-class preserving word graph isomorphisms
@y : ST'(u) — ST(v) and ¢, : ST(v) — ST(u) respectively, where s¢, = ys and
td, = zt for s € V(ST'(u)) and t € V(ST (v)).

We are now ready to state the main result.

Theorem 4.2.11 (Stephen). Let u,v € M andlet e = uvu~" and f = vv™'. The
following statements hold:

(i) uDw if and only if there exists a word graph isomorphism
¢ : ST (u) — ST'(v).
(ii) wRw if and only if there exists a word graph isomorphism
¢ : ST(u) — ST(v)
with the condition that e¢ = f.
(iii) uLv if and only if there exists a word graph isomorphism
¢ : ST (u) — ST (v)

with the condition that u¢ = v.
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(iv) wHu if and only if there exist word graph isomorphisms
¢, ¢ : ST (u) — ST'(v)
with the conditions that e¢ = f and ut) = v

(v) u = v if and only if there exists a word graph isomorphism
¢ : ST'(u) — ST(v)
with the conditions that e¢ = f and u¢ = v.

PROOF:

(i) Suppose that uDv, thenlety € R, N L. Now note that y~*Le and y 'R f.
It is clear that y ~le = y~! and y(y~) = e, so by Lemma 4.2.10 there exists
a word graph isomorphism from ST'(e) = ST'(u) to ST'(y~*) = ST'(f) =
ST'(v) induced by left multiplication by y.

Conversely, if ¢ : ST'(u) — ST'(v) is a word graph isomorphism, then
let y label an (f, e¢)-walk and 2z a (u¢, v)-walk. From part (ii) of Corol-
lary 4.2.7 it is clear that (y~'y)T > e¢ and so (y~'y)7u = u. Thus
(yr)ulu. Now let wy € ur™?, then yw, z labels an (f, v)-walk in ST'(v), so
(yw12)T > v. Similarly, if wy € vr~?, then (y~'wq2z~1)7 > u. Now note
(yy~ 't v(z72r) = (y(y twez™1)2)T > (y7)u(zr) > v, but v = wer >

(y(y~twez™1)2)7, s0 (y7)u(27) = v. Examine the product ((y7)u)(27)(z717).

If we can show that u(z7)(2717) = u, then it will be clear that (y7)uRv. To
see this, note that w; zz~* labels an (e, u)-walk, so (wy2271)7 = u(vv~17) >
u, but it is clear that u > u(zz7'7) so u(2z~17) = u. Thus uDv.

(ii) For uRw, let ¢ be the identity word graph isomorphism.

Conversely, if ¢ : ST'(u) — ST'(v) is a word graph isomorphism such that
e¢ = f, then note that the proof of the indirect implication in (i) will carry
over to this case. Let y = ¢, and then note that (y7)uRuv yields uRv.

(iii) Similar to (ii) except let z = € from the proof of (i).

(iv) Clear from the definition of A and (ii) and (iii).
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(v) The direct implication is obvious. If ¢ : ST'(u) — ST'(v) is a word graph
isomorphism such that ep = f and u¢p = wv, then L[(e, ST'(u),u)] =
L[(f,ST'(v),v)], by Lemma 4.1.8. Now note that if w; € ur~! and w, €
v77L, then w17 > v and weT > u by part (ii) of Corollary 4.2.7 and so
2% =g,

We now turn our attention to the right quotients again. We have a result similar to
Green’s lemma.

Lemma 4.2.12. Let u,v,y,z2 € M, let ¢ C |}, be a right congruence on M.
Suppose that yu = v and zv = v and let ¢, : R, — R, and ¢, : R, — R,
be the respective Green’s isomorphisms induced by y and z. There exists a right
congruencen C |} so that there is a word graph isomorphism 6 : R,/ — R, /7.

PROOF: By Theorem 4.2.11 part (i) we know that ¢, induces a word graph iso-
morphism from ST'(u) to ST'(v).

Define 7 as being the relation

{(yurm, yugm)|(u1, u2) € (N (Ry X Ry),m € M}

o 7 is reflexive as (yu;m)n = (yuym)n because u;¢ = u;( for each u; € R,,.

e 7) is symmetric because if (yuym)n = (yuem)n then u,;¢ = uz( and so
us¢ = u1C and so (yuam)n = (yurm)n.

e 7 is transitive because if (yuim)n = (yugm)n and (yuom)n = (yusm)n
then u1{ = wue( and us( = us( and so u;{ = w3 and so (yuym)n =
(yusm)C.

e 7 is consistent with multiplication on the right because if (yuym)n = (yusm)n
then (yuymn)n = (yuemn)n for alln € M.

e Suppose (yuim)n = (yugm)n. If yuym € R, then zyu;m = uym € R,
and remembering ¢ C |¥, if uym € R, then yupm € R,. Conversely
suppose that yuym € M \ R, then by way of contradiction suppose that
yusm € R, then by symmetry we know that yu;m € R, and hence yuom €
R, \ Ry. Therefore n C |¥.
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Therefore 7 is a right congruence on M such that n C |’}‘{u and so 7 is a right
congruence on ST'(v).

Define 6 : R, /¢ — R,/n by (u1()0 = (yu;)n for u; € R,,.

e 0 isaword graph homomorphism. This is because if (u1(, z, us{) € E(ST(u)/¢)
and we know that (yu1m)((z7)n) = (yu1(27))n because 7 is consistent with
right multiplication, then (u1¢, z, ()8 = (yu1m, z, yusn) as required.

e 0 is an injection. If u1{,us( € R,/C such that u,{ # uo( then yu, #
yug by Lemma 4.2.10. Now suppose there existed m € M such that
(yuirm)n = (yugm)n € R,/n, then by the inverse property of ST'(v)/7,
(yu)n = (yuymm™Y)n = (yugmm )y = (yug)n. Therefore (u1{)f #
(u2()0 as required.

e 0 is a surjection. Suppose v177 € R,/n we know that zv; € R, and so
(2v1)¢ € Ry/¢. Now ((2v1)¢)0 = (yzv1)n = vin by Lemma 4.2.10 as
required.

It now becomes apparent the extent of the limitations we must place on our dis-
cussion of right congruences on Schiitzenberger graphs. Given two different R-
classes R, and R, which are L related to each other then given a congruence
¢ C | it s still necessary to find n C |¥ such that ST'(v)/n is isomorphic to
ST'(u)/¢. We shall see in the next chapter that the enumeration process bases
itself on enumerating different R-classes quite independently from each other.

The following theorem follows from Theorem 4.2.11 and Lemma 4.2.12,

Theorem 4.2.13. Letu,v € M andlete = uu="and f = vv™". Let ¢ C |¥ and
n C |}, be right congruences on M so that

n = {(yuim, yugm)|(u1, u2) € (N (Ry X Ry), m € M}

for some y € M. The following statements hold:

(i) If uDv then there exists a word graph isomorphism

¢ : ST(u)/¢ = ST'(v)/n.
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(ii) If uRv then there exists a word graph isomorphism
¢ : 8T'(u)/¢ — ST(v)/n
with the condition that (e{)¢ = fn.
(iii) If uLlwv then there exists a word graph isomorphism with
$: ST(w)/¢ = ST(v)/n
the condition that (u{)¢ = vn.
(iv) If uHv then there exist word graph isomorphisms
$,¢: ST(u)/¢ = ST(v)/n
with the condition that (e()¢ = fn and (u{)¢ = vn.
(V) If uCv (or equivalently if unv) then there exists a word graph isomorphism
¢ : ST(u)/¢ = ST(v) /¢
with the conditions that ()¢ = f{ and (u¢)¢ = v(.

4.3 Graph Productions

Given w = z1%5...%, (z; € X U X1) we need to be able to construct ST'(w).
This process is similar but more difficult than the construction of word trees found
in Section 3.2. Firstly we start with the linear graph of w. This is the birooted
inverse word graph (o, 'y, Byw) Where

V(FW) = {aun :8107'71a'721 ey 'Yn—l}
and

E(Fw) = {(aunxla’}’l), (,Yl’m;l’aw)’ (f}’n—l’mn>ﬂ'w)’ (ﬁ‘w’ .’E;l, ’Yn—l)}
(=10 25 %): (s 27 5 1) 2 €5 S n — 1)

EXAMPLE: If X = {z,y} and w = 2z~ lyz~! then T, is:

")a""):c'}'l(_m'h”')y’)':i(‘“zﬁ
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To convert the linear graph into the minimal graph Stephen introduces two con-
structions.

Determinations. Let (o, T', 8) be a birooted inverse word graph over X U X 1.
This is a process of forcing I' to be deterministic at a vertex .

Suppose we have (7,y,6), (7,9,02) € E(I") with 6, # dpandy € X U X1,
We form a new birooted inverse word graph by taking the quotient of (¢, I, 8) by
the equivalence relation on V'(I") generated by {(d,d2)}. We call a sequence of
determinations a determination sequence.

Elementary P-expansions Let (¢, I, 3) be a birooted inverse word graph over
X UX L. This construction is specific to a presentation P = (X |U). If (r,s) € U
and I has a (d, §2)-walk labelled by r but no (1, d;)-walk labelled by s then we
obtain a new birooted inverse word graph (¢, I, §) by adjoining the linear graph
of s to (o, I, B). Here we identify the start and end of (c,, I's, ;) with &; and d
respectively.

If we have a right congruence ¢ which is the intersection of all right congruences
which contain the relation V' C (X U X~1)* x (X U X~1)* then for (r,s) € V
we have a restricted elementary P-expansion such that if there is an (¢, 7v)-walk
(note that « is the start) labelled by 7 but no (e, y)-walk labelled by s then the
new birooted inverse word graph is obtained by adjoining I'; at the start to o and
at the end at y. We need to restrict the application for right congruences because
given an inverse monoid with v € M so that ur € R, and us € R,, the only
element v € R, for which we can say a priori (vr){ = (vs)¢ is v = uu™'.
This is because we know that uu~rr=! = rr~luy~! and uu='ss™! = ss~luu~!
and so uu~'r is a right multiple of r and uu™'s is a right multiple of s. Indeed
restricted elementary 7P-expansions are sufficient for the same reason that in Todd-
Coxeter coset enumeration of right congruence classes it is sufficient to check the
application of a right congruence only on the first coset (see Section 1.4).

Restricted elementary P-expansions are identical in character to elementary P-
expansions with the only difference that the former must start on the vertex uu™!.

If A' is a determination of A it is a homomorphic image of A and so by Lemma
418 L[A] C L[A"]. If A" = (o/,I", B') is an elementary P-expansion of A =
(o, T, B) then I' is a subgraph of I and so L[A] C L[A'].

We will call an equivalence relation n on the vertices of a birooted inverse word
graph (o, [, 8) a determinising equivalence if (an, '/, Bn) is deterministic. We
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need to show that the application of determinations is confluent.

Lemma 4.3.1 (Stephen). If (a1, 01, B1) and (ag, 'z, Bs) are obtained from (o, T'o, fo)
by determination sequences, then there exists (s, I's, B3) which can be obtained
from both (1,11, B1) and (ag, T's, B2) by determination sequences.

The proof for this lemma is a strong induction on the sum of the number of de-
terminations required to obtain (e, I'1, £1) and (g, ', B2) from (v, o, fo) and
can be found in Stephen’s paper. Furthermore we have the following lemma which
refers to birooted inverse word graphs in which it is impossible to make any fur-
ther determinations.

Lemma 4.3.2 (Stephen). A completely determinised birooted inverse word graph
is a unique deterministic birooted inverse word graph.

PROOF: As the set of equivalence relations on a given set is a complete lattice, the
completely determinised graph of a given birooted inverse word graph is a well de-
fined birooted inverse word graph. It is only necessary to show that the completely
determinised graph of a given birooted inverse word graph is deterministic.

Let A = (e, T, B) be a birooted inverse word graph and let A/n = (an,T"/n, Bn)
be its completely determinised graph. Let (yn,y,d1n), (vn, v, dm) € E(T/n).
Let 171 be any determinising quotient of A. Note that  C 7n; and also note that
dym = bamy since A/m; is deterministic. Now since n; is arbitrary, we see that
(61,d2) € m, since d; and d; must be related by any determinising quotient of A.
L

It is useful to be able to characterise the determinising equivalence relation on a
given birooted inverse word graph.

It is worth noting that the following results are valid for infinite graphs. Using the
notation from Section 3.2 where given a (1, 72)-walk, P then w(P) is the word
labelling that walk.

Theorem 4.3.3 (Stephen). Let A = (,T', 8) be a birooted inverse word graph,
and let 1 be the largest determinising quotient of A. Foryy, v, € V(T'), mn = 7an
if and only if there is a (71, 7v2)-walk, P in T, such that w(P) is freely reducible,
in the free group sense, to €. That is w(P) is an idempotent in Fz,(X).

PROOF: Let 7 be the least determinising quotient on A = (e, T', ), and let 7, be
the quotient on A defined by ;7,7 if and only if there exists a path from 7y; to 7,
which is labelled by a word which is freely reducible, in the free group sense to e.
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It is easily established that 7; C 5, by applying the definition of determination
and employing a straightforward induction on the length of the word involved.

To complete the proof, we need only establish that I'/n; is deterministic. Sup-
pose that (671, v, vam), (01, y,v2m) € E(T), then in I' there exists (61, ¥, 75),
such that §;7; = da7m1 = 7. Now by definition of 7, there exists paths P, =
(71,71), P2 = (61, 02), P3 = (74, 72), such that w(P;), w(P,) and w(P;) ate freely
reducible, in the free group sense, to e. It then follows that w(Q), where @ is the
(11, 72)-walk Q@ = Pi(vi,y7 1, 61) Pa(ba,y,75) Ps, is freely reducible in the free
group sense to € and thus 17, = yom;. hence A/n, is deterministic. ||

Next we have a local confluence lemma which shows the local confluence of de-
terminations and elementary P-expansions.

Lemma 4.3.4 (Stephen). If (o, 'y, 1) is obtained from (cp, Ty, Bo) by either
a determination or an elementary P-expansion, and (o, s, B2) is likewise ob-
tained from (o, 'y, o) by a determination or an elementary P-expansion, then
there exists (as, I's, B3) which can be obtained from both (o, 'y, 1) and (az, 'y, f2)
by sequences of determinations and elementary P-expansions. Moreover at most
one elementary P-expansion is required in each sequence which derives (a3, 's, f3).

PROOF: There are four possible cases:

(i) (o4,T'1, B1) and (e, I'a, f2) are both obtained by determinations of (aq, Ty, fo),
in which case this is the same as Lemma 4.3.1.

(i) (oq,T,B1) and (g, 'y, B2) are both obtained by elementary P-expansions
of (o, Lo, Bo)-
Suppose (a1, 'y, B1) is obtained by sewing on the (71, 72) walk P; labelled

by Z1%3...2, and (o2, ', B2) is obtained by sewing the (vs,y4)-walk P,
labelled by 4192...¥m. Then we have the following sub cases.

(a) z12...7, does not label a (yy, ¥2)-walk in Ty, nor does y3s...ym label
a (3, 74) walk in I';.

In this case, the results of sewing the (7, 2)-walk labelled by z;2...7;,
onto I'y and the result of sewing the (7, 74)-walk labelled by y195...Um
ontoI'; clearly lead to the same birooted inverse word graph, (a3, I's, 8s).

(b) z125...z, does not label a (7y;, y2)-walk in T'y, but 3, 95...y,, does label
a (731 74)'Walk inT'y.
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In this case sew the (1, y»)-walk labelled by z;25...z, onto I';. Call
this path P. This yields a new birooted inverse word graph (a4, I'y, 55),
which is the same birooted inverse word graph that would be obtained
if we sewed the (73, v4)-walk labelled by ¥192...ym onto I';. However,
in I'; we have a (-3, 74)-walk labelled byy1¥s...ym,. Call this path P’
In I'; we have the path P that we sewed on and also P'. By a sequence
of determinations, we can identify the path P with P'. the resulting
birooted inverse word graph (o, I's, B3) is equal to (aq, 'y, B1).

(¢) The symmetric opposite of (b), which is clearly equivalent.

(d) Both zz5...z, labels a (71, y2)-walk in I'; and y1 5.y, labels a (s, v4)-
walk in T';.

Let (o4, 1%, B85) be (co, o, fo) with both the (y1,72)-walk and the
(73, 74)-walk sewn on. Note that each of (cu,I'1, £1) and (o, 'z, fB2)
can be obtained from (a4, ', 5%) by a sequence of determinations.
Thus by Lemma 4.3.1 there are sequences of determinations of both
(c4,T, 1) and (ag, ', B2) which yield the same birooted inverse
word graph (043, P3) 53)

(iii) (a1,T'1, 1) is obtained by an elementary P-expansion from (e, 'y, fo) and
(a2, s, f2) is obtained by a determination by a determination of (cyg, I, fo).

Suppose that (a1,I'1, 51) is obtained from (o, T, fy) by sewing on the
(71, 2)-walk labelled by 1 2...x, and (g, I's, B2) is obtained from (ay, I'g, Bo)
by the quotient generated by {(vs,v4)}. There are two sub cases to consid-

er:

(a) If (g, s, Bs) does not have a (71, y2)-walk labelled z,z5...z,, then
we sew this path onto (a, I'z, f2) and take the quotient of (e, I'y, £1)
induced by {(ys,74)}. The resuiting birooted word graphs are the
same.

(b) If (ay,I'9, B2) does have a (7, v2)-walk labelled z1z5...2z,, then call
this path P'. Now note that if we let (o4, T", B]) be the quotient of

(a1,T1, B1) induced by {(7vs,74)}, then (o, T, B7) has two (71, 72)-
walks labelled by z129...%,. The one we originally sewed on and the
one corresponding to P'. Identify these two paths by a sequence of de-
terminations. The resulting birooted inverse word graph is (ag, I's, Sz).

(iv) The symmetric case opposite of (iii) which is clearly equivalent.
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So in each case the lemma holds. |
We may now talk about more general constructions.

‘P-expansion. For a birooted inverse word graph (e, T, 8): if (ay,T'1, £1) is ob-
tained from (¢, T, §) by an elementary P-expansion, and (g, 'z, 82) is the com-
pletely determinised graph of (4, I';, 81), then we say that (as, 'y, 2) is obtained
from (a, T, B) by a P-expansion. We denote this by (e, T', ) = (a2, '3, 82). If
(atn, T, Br) is obtained from (e, I, B) by a sequence of P-expansions then we
denote this by (o, I, 8) =* (o, I'n, Bn)-

It is interesting to compare this with Munn’s method for constructing word trees
from a word in Fz((X) (see Section 3.2). Although Munn constructed the trees
vertex by vertex it would be just as valid to start with a linear graph and simply
determinise it. Also note that in Fz4(X) there are no relations and so elementary
P-expansions can never be applied.

4.4 Approximations to Schiitzenberger Graphs

Definition 4.4.1. Foru € (XUX)*, an approximate graph of (uu='t, ST (ur), ut)
is a birooted inverse word graph A = (a, I, #) with the properties u € L[A] and
wr > ur for all w € L{A].

An approximate graph is (usually) a non-deterministic automaton, A, which shares
the important property of (vu~'7, ST'(ur), ur) that L[A]T C L{(uu=*7, ST (ut), ut)|T.
In particular the linear graph of w is an approximation to (uu= 7, ST(ut), ur).

Lemma 4.4.2 (Stephen). If A = («,T', B) is a deterministic birooted inverse
word graph and u € L[A), then for every v € (X U X~1)* with vp > up then
v € L[A].

PROOF: Let Z(V(I')) be the symmetric inverse monoid on V(I'). We define
a natural action of (X U X~1)* on Z(V(I')). We define a homomorphism ¢ :
(XUXH)* -5 Z(V(D)) by wé = 1, where 3, : V(I') — V(T) is defined
by v9 = yw. Now notice that each ,, is a one-to-one map on V(T'), since I" is
deterministic, and that ,,-1 is an inverse of ,, since I" is an inverse word graph.
Moreover, since the maps are defined by right multiplication it is easy to see that
¢ is a homomorphism.
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Let v be such that vp > up. Note that by the universal property of (X U X~1)*/p,
ve > ud, so that (vu~'v)d = ug, ie., Yyu-1, = ¥y. In particular, arhyy-1, =
ath, = . Now since ahy,-1 = a, it is clear that atp, = B, that is, v € L[A] as
required. [

The following lemmas and their corollaries demonstrate that throughout the pro-
cess of finding the minimal automaton recognising the word u, the automata are
always approximations. Stephen’s proofs are omitted because they are quite tech-
nical.

Lemma 4.4.3 (Stephen). Suppose the word graph (o, T, B) is an approximate
graph of (uwu=tr, ST (ur),ur). If (/,I", B') is a determination of (o, T, B), then
(o, T, B') is an approximate graph of (uu~"t, ST (ur), ur).

Corollary 4.4.4. Let ¢ C |¥ be a right congruence on M. Let (c,T', B) be an
approximate graph of ((uu='7){, ST (ur)/(, (ur)C). If (¢!, IV, B') is a determi-
nation of (o, T, B), then (!, 1", ') is an approximate graph of

((wu=r)¢, ST(ur)/¢, (ur)().

PROOF: This follows from Lemma 4.4.3 and the fact that ST'(ur)/( is determin-
istic. |

Lemma 4.4.5 (Stephen). Suppose the word graph (o, T, 8) is an approximate
graph of ((vu™Y)7, ST (u),ur). If (¢/,I", B') is obtained from (,T', B) by an
elementary P-expansion, then (¢!, 1", ') is an approximate graph of

(wu=tr, ST (uT), uT).

Corollary 4.4.6. Let( C |} be a right congruence on M. Let (o, T', ) be an ap-
proximate graph of ((vu=7)¢, ST(ur) /¢, (ur)(). If (o, IV, B') is obtained from
(o, T', B) by a restricted elementary P-expansion, then (o/,I", 8') is an approxi-
mate graph of (vu=17)¢, ST (ur) /¢, (ur)).

PROOF: This follows from Lemma 4.4.5 and the fact that restricted elemen-
tary P-expansions always append to the start and (vu~'r)7 = (vu=lrr~ir)r =
(r(r~'uw='r))7 is a right multiple of r. ]

Theorem 4.4.7. Let u,v € (X U X Y)* and let A = (,T, B) be an approximate
graph of ((uu=1)7, ST'(ur),ur). If vr > ur, then there exists a sequence of
P-expansions (e, T', B) =* («'T", B') such thatv € L[(c/,I", B')].
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PROOF: We will assume, without loss of generality, that («, I, 8) is determin-
istic. Moreover, without loss of generality, we will assume that ur = v7 since
wulvr = ur and uu~tv € L(/T", B')] if and only if v € L[(c/, IV, 8)].

Note that every elementary 7 transition is either an elementary p transition or an
elementary U transition. We therefore have two cases.

1. fup=vpthenv € L[(e, T, )] by Lemma 4.4.2.

2. Suppose there is (7, s) (or (s, 7)) in U such that v = u;ruy and u = uy Sus.
Now u;su; labels an (e, §)-walk in (o, I, B), where the subpath labelled
by s is a (71,72)-walk. If r labels a (71, 2)-walk then v € L[(e, T, )],
in this case let (¢/,I", 8') = (o, [, B). Otherwise sew on the (73, y2)-walk
labelled by 7 to get (a1, 'y, B1) and let (o, IV, §') be its determinised form.
Now note that in each case v € L[(o/, I, 8')].

Corollary 4.4.8. Letu,v € (XUX '), let ¢ C |¥ be a right congruence on M
and let A = (o, T, B) be an approximate graph of ((uu='7)¢, ST(u7) /¢, (ur){).
If vT > ur, then there exists a sequence of P-expansions (o, T, §) =* (a'T", ')
such thatv € L{(o/,T", B)].

PROOF: This follows from Theorem 4.4.7 and Corollary 4.2.8. @i

Definition 4.4.9. A closed approximate graph is one in which no non-trivial P-
expansions or determinations can be carried out.

The next theorem is central to solving the word problem.

Theorem 4.4.10 (Stephen). Let w € (X U X™)* and let (o, T, B) be an ap-
proximate graph of (ww™'r, ST (wr),wr). If (a,T,8) =* (/,I", ') where
(o/, IV, B') is closed, then (o', 1", B') is isomorphic to the Schiitzenberger graph,
(ww™r, ST'(wT), wr).

PROOF: This follows from Lemma 4.1.11 and Theorem 4.4.7 |

Theorem 4.4.10 combined with Theorem 4.2.11 (v) demonstrates a method for
solving the word problem in an inverse monoid M. Similarly when Theorem
4.4.10 is combined with Theorem 4.2.11 (i) to (iv) we have a method for finding
whether two elements of M are D, R, L or H related.
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We shall have to generalise Theorem 4.4.10 for right congruences. This is no
problem because right quotients of Schiitzenberger graphs are trim, inverse and
deterministic. Formally we have the following theorem.

Theorem 4.4.11. Let { C |} be a right congruence. Let w € (X U X™1)*
and let (o, T, B) be an approximate graph of ((ww™7)¢, ST (wr)/¢, (wT)()). If
(o, T, B) =* (!, TV, B') where (o/, T, B') is closed, then (¢!, 1", f') is isomorphic
to the Schiitzenberger graph, ((ww™'7)(, ST (wT) /¢, (wT)().

4.5 Comments on Solving the Word Problem

Given u,v € (X U X~1)*, the word problem is thus solved in the following two
steps:

1. Find the minimal automata A, = (vu~'7, ST'(ur), ur) and A, = (vv~'7, ST(vT),v7)
recognising u and v respectively.

2. u = vin M if and only if u labels a (vv~'7,v7)-walk in A, and v labels a

(vu=tr, ur)-walk in A,.

Theorem 4.5.1. The second step is correct.

PROOF: If ur = vT then we know that w € L[(vv~'7, ST'(v7), v7)] and similarly
v € L[(uu~tT, ST'(u7), ur)] by Theorem 4.4.7.

Conversely if u € L[(vv=t7, ST'(v7),v7)] and v € L{(uu='7, ST'(ur), ur)] then
(vv~'u)T = ur and (uu~'v)T = v7 and so

(w7 = (v lwu o) = (uutov )T

and similarly (vvo=!)7 = (uu"tvv~!)7 and so (vu~1)T = (vv~!)7 hence Ry, =
R,,. Hence u labels a (vo~'7,v7)-walk in (uu='7, SI'(ur),ur) and v labels a
(uu='r, ur)-walk in (wu~'7, ST'(ur), ur) and so

1

ur = (uwu™tu)T = (vuv)T = (Vo lv)T = T

We can see that the word problem is solvable if there is a finite way of generating
R, and R,. Usually this requires both R, and R, to be finite. Of course, it
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is possible that R, and R, are both finite while M is infinite, and so Stephen’s
technique for solving the word problem is indeed quite powerful. He manages to
prove the following quite remarkable result.

Theorem 4.5.2 (Stephen). Let M be the inverse monoid given by the presenta-
tion (X|w™ = w;"*% i € I) where I is some finite index set. If 0 < k; < n; for
alli € I, then M has decidable word problem. In particular, (uvu™'7, ST (ut), ur)
is finite and effectively constructible for all u € (X U X 1)*,

In particular if n; = k; = 1 for each 4 € I then the above presentation be-
comes (X |w; = w;®), which considered as a group presentation, is equivalent to
(X |w; = €) after free cancelation - ie. any finite group presentation! Of course
if we consider the group presentation P = (X |w; = €) as an inverse monoid p-
resentation then there is no guarantee that the word problem is decidable for the
inverse monoid presented by P.
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Chapter 5

Inverse Monoid Enumerator

Theorems 4.2.11 and 4.4.10 generalise the results found in Section 3.2. We are
now suitably equipped to enumerate R-classes.

Throughout this chapter I will be talking about an inverse monoid M = (X U
X~1)* /7 finitely presented as an inverse monoid by (X |U).

Everything in this chapter is new and constitute the main results of the thesis.

5.1 7R-class Enumerator

A word graph I can be considered as an incomplete coset table. This is done by
simply taking the vertices as rows, the columns as the labelling set and the entry
T'(c, z) in row ¢ and column z is taken as the the edge (c, z, T'(c, z)).

I shall now proceed to describe the algorithm.

5.1.1 The Data Structures

e The immutable presentation for M, (X |U) stored as a list of generators and
their inverses and a list of pairs of words.

e The set of cosets is the mutable set C' which is a set of positive integers.
Initially C' := {1}.
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o The coset table T is mutable. With columns labelled by X U X! and
rows labelled by C with entries from the set C' U {_L} where L is the empty
symbol. It starts with an empty row of _L’s labelled by 1.

e The coincidence set K C C x C is mutable and is considered as a stack.

e The function r : C — C U 0 (r(c) is always less then c) is for replacing
deleted rows - if 7(c) = 0 then ¢ has not been deleted. Initially »(1) := 0.

5.1.2 The Subroutines

The full names of the procedures are given in bold while the part of the names
in italics are their shorthand names. Some procedures simply change the data
structure while others will return a value, others will do both.

Replace

Parameter: c € C

Locals: None

While r(c) > 0 then ¢ := r(c)

Return ¢

Create a New Definition

e Parameters:c€ Candz € X U XL,
e Local: d

Do the following in order:

e Addd:=max(C)+1toC.
e Add an empty row onto 7" labelled by d.
e Define r(d) := 0

e Defineczr :=d
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e Definedz™! :=c¢

e Return d.

Trace a Relation

e Parameters: ¢ € C and (u = ujUs...Ug, ¥ = U10s...Uy,) € U.

e Locals: i,s,d,e
Do the following in order:

e If cu = 1 and cv = L then do nothing.

o If cuy..u; # L and cuy...ujy; = L (1 < i < k)and cv = d # L define
§ = cuy...u; then while z < k

— Do s := New(s, u;)
- Leti:=4+1.

Ifcv..v; # Land evy...v41 = L (1 <7 <m)and cu = d # L define
8 := cvy...v; then whilez < m

— Do s := New(s, v;)
— Leti:=14¢+4+1.

o Ifcu=d# 1 and cv = e # L and d # e then push (d, e) onto K.

Identify
Identify Coincidences

o Parameters: None

e Locals: d,e, s, 2
While K is not empty do the following:
e Pop (d,e) from K.
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e Let d := Replace(d) and let e := Replace(e)

e If d # e then (assuming with out loss of generality that d < e) do the
following

— For each entry equal to e in 7" replace e by d.

— Poreach z € X U X1 if dz = L then replace dz by ex otherwise if
ex # L replace dz by min(dz, ez) and add (dz, ex) to K.

— For each pair (s, €) or (e, s) in K replace with (s, d) and (d, s) respec-
tively.

e Letr(e) := d and mark row e as complete

5.1.3 The Main Procedure

The algorithm runs as follows.

To enumerate R, first generate the coset table of the word tree of u = z125...2,
as an element of Fzx(X). To do this start with an empty coset table with only
the 1st row with the variable ¢ := 1. For each z; where 7 runs from 1 to n do the
following.

e if cz; = L then let ¢ := New(c, z;),

e clse ¢ := cx;.

This preliminary procedure will set up the table before applying any relations. It
is all that is needed to enumerate R, in Fz((X) (remember that in this case R,
is always finite). Now resetting ¢ := 1 we proceed as follows.

e Repeat

e Foreach 1 < d < ¢ so that r(d) = 0 and for each (u,v) € U do the
following

— Trace(d, (u,v))

e Mark coset ¢ as complete

82




Let A be the set of incomplete cosets. If A # () then let ¢ := min(A).
UntilA=10

Tidy up 7'

e Return T

The Tidy up process removes all rows which have been deleted (ie. 7(c) > 0), it
also renumbers the cosets so that the rows read 1, 2, 3, ... etc.

5.1.4 Proof that the R-class Algorithm Enumerates R,

It should be noted that there is no particular reason that this algorithm should
terminate. It should also be remembered that there is no particular reason that R,
should be finite.

I shall talk about stages. The first stage, stage 1, starts just after the data structures
have been set up. A new stage starts every time the For loop in the Main Procedure
is started.

At the end of each stage, s, we call the coset table, T, (without rows whose r value
is greater than 0) 7. A map from coset tables to the corresponding word graphs
is defined by 0 : T — I'; where the cosets (whose r value is 0) map to vertices
and edges are mapped to (cf, z, df) when Ts(c, z) = d in T.

It is clear that at every stage 7T} is a fully determinised word graph because each
entry in the table is well defined.

A careful inspection of the New, Trace and Identify subroutines reveals the fol-
lowing three lemmas.

Lemma 5.1.1. T'; is the determinised linear graph of u that is 'y is the birooted
word tree (Qty, Ty, Pu)-

PROOF: T'; is produced by the preliminary procedure which runs through each of
the letters in u. Let us regard c as a pointer in the tree. The only way in which
the table may induce a loop in the corresponding graph is that the pointer moves
to a non-adjacent vertex on the graph. As at each step in the For loop, either a
new vertex is created which is adjacent to the pointer or the pointer moves to an
adjacent vertex then at no stage is a loop induced.
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It is only necessary to notice that P = (o, azy, a2y, ..., @u) is a spanning walk
on I'; to complete the proof. |

Lemma 5.1.2. At each stage, s, the operation of the subroutine Trace(c, (u,v))
on the coset table T either:

e If neither side of (u,v) can be traced from c then the subroutine does noth-
ing.

e [If u can be traced from c then the subroutine adds a determinised linear
graph of v to vertex c.

o If v can be traced from c then the subroutine adds a determinised linear
graph of u to vertex c.

o If both u and v can be traced from c then it adds (cu, cv) to the coincidence
set.

PROOE: Clear. B

Lemma 5.1.3. At each stage, s, the operation of the subroutine Identify on the
coset table T corresponds, by the mapping 6, to a series of P-expansions on I's.
Moreover given any coset ¢ Identify does every possible P-expansion starting at
B

PROOF: For each (d,e) € K, the P-expansion carried out is attaching vertex d
to vertex e. Making the table consistent after this corresponds, by the mapping 6,
to a determination sequence. We know that a particular elementary P-expansion
corresponds to a particular relation (%, v) on vertex ¢ because the only place (d, €)
can be added to the stack is in the subroutine Trace when we discover that d = cu
and e = cv.

Identify does every possible P-expansion because in Lemma 5.1.2 we see that Iy
is expanded so as to include every path labelled by v starting at ¢ when there is a
path labelled by v starting at ¢ where (u,v) € U. =

Theorem 5.1.4. T'; is an approximate graph of ((vu=")7, ST(ut),ut) at each
stage s.
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PROOF: We know I'; is an approximate graph of ((uu™1)7, ST'(ut), ur) by Lem-
ma 5.1.1 and the fact that the linear graph of « is an approximate graph of

(uu~t, ST'(u), u). Hence by Lemma 4.4.5 and Lemma 5.1.3 'y, ', ... are approx-
imate graphs of ((vu=*)7, ST'(u7), ur) by induction. [ ]

Theorem 5.1.5. The algorithm terminates if and only if R,, is finite in which case
there is a stage s such that Uy = ((uu™Y)7, ST'(ut), uT). In this case the table T
is returned where T0 = ST'(u).

PrROOF: This follows from Theorem 4.4.10. |

5.2 Examples

It will be useful to give a couple of demonstrations of the R-class algorithm before
proceeding.

EXAMPLE: Let M be presented by (z|z* = z?). Let us apply the R-class algo-
rithm to the R-class generated by z. The coset table for the word tree of z is as
follows:

1
2 o |V &

Do
]_

Cosets | ¢ | 27" | r(e)
0
0

Whether starting at coset 1 or coset 2 we notice that it is impossible to trace either
side of our relation through the table. Therefore the Trace procedure does nothing
and the algorithm simply returns the above table.

In this case R, is precisely the same as the R-class generated by = in Fz(z) that
is the elements z and 22!,

EXAMPLE: Let M be as in the previous example but this time apply the R-class
algorithm to R.s. The coset table for the linear graph is as follows:

85




Cosets | z | z7! | r(c)
1 2| 0
2 3] 1 0
3 41 2 0
4 L} 3 0

Starting at coset 1 it is possible to trace the right hand side of our relation but not
the left hand side. The Trace procedure forces us to define a new coset 5 such that
4z = 5 and then another coset 5 such that 42 = 5 we have:

Cosets | z | z7! | r(c)
1 21 1 0
2 341 1 0
3 4| 2 0
4 5| 3 0
) L] 4 0

But we also are forced to add (5, 3) to K because 122 = 3 and 1z* = 5. Now
running procedure Identify we set 7(5) = 3, we replace all occurrences of 5 by 3
in the table and we are forced to add (2, 4) on the stack, we have:

Cosets | z | 271 | r{c)
1 2| L 0
2 3| % 0
3 441 2 0
4 31| 3 0
5 1] 4 3

Continuing we set 7(4) = 2 and replace all 4’s by 2’s in the table and we are
forced to add (1, 3) onto the stack. Finally we are left with:
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Cosets | z | z7* | r(c)
1 2| 2 0
2 1 Ti 0
3 21 2 1
4 1 1 2
5 L | 2 3

The algorithm then checks coset 1 again and finds it is consistent with the relation.
It then checks coset 2 and finds that this is also consistent with the relation and
then tidies the table so that it looks like:

1 2| 2
2 I |

Cosets |z | 271 | (c)
0
0

This R-class is isomorphic to the group Cy which is the group obtained from the
presentation of M. Indeed it is not too difficult to see that M has 4 R-classes:

1. The trivial R-class generated by the identity and containing only the iden-
tity.

2. R, = R,,-1 which is of order two.
3. R;-1» = R,-1, which is also of order two.

4. R,» = R,, where w is any word in (X U X ~1)* which has either 22 or =2
as a subword. This R-class is of order 2 and we may use z? and z® as the
canonical forms. R, is the cyclic group of order two with z? being the
identity. The difference between R, 2 and R, is that R, is not closed under
multiplication, in particular z * z € R,. Similatly 27+ 27! € R,-1. As
regards the coset tables both R, and R,-1 have holes where as R,z does not.

M therefore has 7 elements. The inverse semigroup given by the same presenta-
tion is the same except that it does not contain an identity element.

It is worth commenting at this point that the columns of a standard (group) Todd-
Coxeter algorithm are permutations of the set of cosets by a generator. For the
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R-class enumeration algorithm we see that the columns have holes (or L’s) in
them but are otherwise partial one-to-one mappings of the set of cosets in to itself,
If we recall Theorem 2.4.5 (the Wagner representation theorem) then it should
not be surprising that generators perform partial injections of elements (cosets) of
R-classes.

5.3 Generating the Set of R-Classes

An inverse monoid is the disjoint union of R-classes, therefore we can enumerate
the entire monoid if we can systematically generate all the R-classes of an inverse
monoid M. I have already hinted how to do this in the last example. I use an orbit
algorithm which I shall proceed to describe.

5.3.1 The Data Structures
The only data structure is a stack, R, of pairs. The first element of each pair is a
word (a representative word) u € (X U X~1)*. The second element of each pair

is the coset table for R, denoted by T,. Initially R starts with a single element
(¢, T¢) where T is found using the R-class algorithm on R..

5.3.2 The Subroutines

Enumerate R-class
e Parameter: w € (X UX1)*

This is the R-class algorithm described in section 5.1
Check whether a Path can be Traced in a Table

e Parameters: (u,T,) € R,v = v103..0, € (X U X 71)*
e Locals: ¢, i

e fetc:=1
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e For each v; where ¢ runs from 1 to n do the following:

- e=T,(e,; %)
~ if ¢ = L then Return F'alse

e Return T'rue

5.3.3 The Orbit Algorithm
For each (w,T,,) € R and each z € X U X! do the following:

e Let T,,, = Enumerate(R,,,)

e Let F' := False.

e For each (u,T,) € R do the following while F' = False
- Let F := Path((u, T,,), zw) and Path((zw, Tyy), ).

e If F' = False then Push (zw, Ty,,) onto R

Return R

NOTE: As R-classes are added to R (they are never taken off), the outer For loop
simply continues running through the new R-classes. The algorithm will only
terminate when new R-classes are not being generated. If this never happens then
M has an infinite number of (finite) R-classes and it should not be expected that
the algorithm terminate.

NOTE: This is a quite inefficient algorithm because it tends to repeatedly generate
the same R-classes.

5.3.4 Proof that the Orbit Algorithm generates M/

Before proceeding let us examine exactly how the Path subroutine can be used to
check the equality of R-classes. We merely need to restate Corollary 4.2.7 (ii).

Lemma 5.3.1. Assume we are given a monoid presented by (X|U) with u,v €
(XUX 1) so that u generates a finite R-class with table T),. Then Path((u,T,),v) =
True if and only if uu™'v = v.
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Suppose that » and v generate finite R-classes in M. We know that if uu~1v = v
and vv~ly = w then uu™! = wu~lvv~' = vv~! and so if Path((u,7,),v) =
True and Path((v,T,), ) = True then R, = R,. As the converse is clearly true
this last lemma allows us to check R-class equality.

Theorem 5.3.2. Given a monoid M, the Orbit Algorithm will terminate if and
only if M is finite. Upon termination the list of R-classes of M with their repre-
sentatives will be returned.

PROOF:

The algorithm can only be expected to generate M if M is finite. Hence we
assume that M has a finite number of finite R-classes. I shall denote the set of
R-classes of M by R. I need to show that at each stage of the Orbit Algorithm
that each element, (u, T3,), of R corresponds to exactly one element, R,, of R and
that the algorithm terminates with a one-to-one corresponds from R to R. It is
useful to think of an injective mapping from R to R which eventually becomes
surjective as well. Hence there are two things to prove.

1. “one-to-one” If (u,T,) € R and givenv € (X UX~!)* such that u # v and
R, = R,, then at any point in the calculation (v, T;) & R.

2. “eventually onto” There is a total ordering (“length-by-reverse-lexicographic”™)
< on (X U X~1)* such that given any u € (X U X~1)* then after a finite
time there exists v < u such that R, = R, and (v,T,) € R.

1. “one-to-one”

Suppose (u,7,) € R, R, = R, and v = zw where z € X U X~ and
(w,Ty) € R. At some point the outer For loop will examine (w,T,) and
hence 7T, :=Enumerate(R,) is calculated. It should be noted that if u = v
in (X U X~1)* then this situation never arises as the Orbit Algorithm never
checks the same word twice.

The inner For loop examines each element in R including (u,T,). Now
Path((u,Ty,),v) = True if and only if uu~'v = v, but by assumption
vRuRuu~! and so Path((u, T},),v) = True. Similarly Path((v, T}),u) =
True. Hence the algorithm will not Push (v, T,)) onto R. We now only need
to note that the algorithm only pushes pairs onto R immediately after they
have been examined.
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2. “eventually onto”

I define length-by-reverse-lexicographic as follows. Suppose there is a total
ordering < on X U X! so that the outer For loop in the Orbit Algorith-
m runs through each z € X U X! from least to greatest. We extend
the ordering to (X U X~1)* by saying that if |u| < |v| then u < v while
if lu| = |v| and v = wj.UUIT;... BTy, V = Vg...VaU1T;4....T2T, Where
T1y eoey Tiy ULy ony Ugy V1, -, Vg € X U X1 with uy # vy then u < v if and
only if v; < wv;. The Orbit Algorithm will always generate new pairs,
(u, Ty), where u is greater than or equal to all previous words it has exam-
ined.

Given u € (X UX1)* letv := min(w € (X U X V)" |lw < u,wRu).
Suppose v = Zpn...22%1 (z; € (X U X™H)*). Let v; := @;...x221 for each
1 <4 < nandlet vy = e. The algorithm starts with (v,T3,) € R.
Suppose that (v, T,,) € R (0 < k < n). We know that the algorithm
will then at some point examine R, . If (Vg41, Tyy,,) is not added to R
then there is some w < vy, such that R, = R,,,,. However this means
that Rxn...$k+3$k+2w = Rmn...wk4.3$k+2vk+1 = R, with z,...B53Tgow < v
which contradicts our assumption. Therefore the algorithm will generate
(v1,T,), (W2, Toy)y oovy (Un, Ty, ) = v as required.

5.4 Comments and Improvements

The Orbit Algorithm has a remarkable strength as well as an important weakness.
The strength lies in the ease in which it is possible to decide whether two R-
classes are identical. This strength is surprising because the problem of deciding
whether two R-classes are identical is similar to a special case of the graph iso-
morphism problem (which asks whether two graphs are isomorphic) because R~
classes are labelled directed graphs. There is no known polynomial time solution
to the graph isomorphism problem. However the Path subroutine is polynomial
and, indeed, very quick. To understand this, consider that every R-class is not
recorded as merely a graph but as a graph along with a generating word which
acts as a “key”. The first versions of the algorithm used a recursive algorithm
to check whether the tables for two words were identical ie. it repeatedly solved
special cases of the graph isomorphism problem.
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The weakness, as I have pointed out, is that a single R-class will be generated
several times. There does not appear to be a way of solving this problem. The free
inverse monoid algorithm developed in Section 3.1 had a form of coset collapse
which was dependent on the free inverse monoid identities rather than the relations
and because of that it works more or less like a standard Todd-Coxeter. However
when we introduce explicit relations, the free inverse monoid algorithm has to
check both identities and relations and there is no way of immediately telling how
they interact with one another. For this reason it seems doubtful that there is a
Todd-Coxeter style algorithm which does not follow a similar method to the one
described in this chapter.

There is, however, an improvement we can make. It is not necessary to calculate
each R-class from scratch as will become apparent if we consider the following
lemma.

Lemma 5.4.1. Suppose that at some point in the Orbit Algorithm (u,T,) € Rand
there exists © € X U XL, Then zulu if and only if Path((u, Ty,),z ') = True.

PROOF: Suppose zuLlu. We know that
ulu = (u 27 (2u),
pre-multiplying by u we get
= (vu ) (z o)y = (z7 ) (v )u = 27 2u,

therefore Path((u, Ty,), 2" zu) = True and in particular Path((u,T},),z7') =
True.

Let w label a (uu~!,u)-walk in I'y. Suppose Path((u,Ty),z~') = True, then
clearly Tp,(1,z'z) = 1 and so To,(1, 27 2w) = T,,(1,w) and so v = z~'zu and
zulu as required. |

If zulu as above then by Theorem 4.2.11 we know that there is a word graph
isomorphism from ¢ : I', — I'y, with the condition that u¢ = zu and hence ¢
will map the start (ie. wu™') of (uu™', 'y, u) to zuu~'. Converting this to the
tables we see that all we have done is move the starting vertex of T, to the 27!
entry to create 77,. Hence, when the Orbit Algorithm has found an R-class, R,
in a certain D-class, I, then it never has to enumerate any of the other R-classes
in D,. This does not mean however that the other R-classes in D, do not have
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to be checked against R, as shifting the start does not necessarily create a new
R-class.

The final version written in GAP has this improvement (see Appendix).

Just as in groups we are interested in permutation representatives for generators
and in monoids we are interested in transformation representatives for generators,
for inverse monoids we are interested in partial injection representatives for gener-
ators. It is apparent that the Orbit Algorithm produces a collection of tables rather
than a single table where information can be read off. It is now clearly no problem
to find the number of elements in a finite inverse monoid as this number is merely
the sum of the numbers of elements of R-classes. Fortunately to find a partial
injection representation for a generator is similarly no great problem, all we need
to do is append the tables together (while renumbering the cosets so as to distin-
guish between the cosets of one 7R-class from another) to get one big table, the
fully appended table, and then read off from the columns to get partial injection
for each generator and its inverse (entries in the table which read T'(c,z) = L
simply mean that c is not included in the generator 2’s domain). To show this,
recall the notation and ideas of Section 2.4 on the Wagner representation theorem
and consider the following theorem:

Theorem 5.4.2. Let S be an inverse semigroup. For each a € S and for each
R-class R, in S, we construct a partial injection as follows:

%R, : T+ 70, (z € Ry N Rya™t)

P*|r. 1 2= 0, (z € R\Rua™).
For each a € S, we define the partial symmetry on S as follows:

q* : z > zp°%|R,.
The mapping
g:a+q*(a€S)
is a monomorphism of S into Z(S).

PROOF: The difference between this theorem and the Wagner representation the-
orem (Theorem 2.4.5) is that for each a € S in the latter we have zw?® = za when
z € Sa~! and zw® = 0 otherwise while in the former z¢® = zp®|g, = wa when
z € Rya™! and z¢® = zp®|g, = 0 when z ¢ Ra~! (obviously z is always a
member of R,;).
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These constructions are identical because if z € Sa™! = Saa™!, then z = yaa™!
forsome y € S. Clearly z is a right multiple of ya and likewise za = (ya)a™la =
ya and 80 ya is a right multiple of z and so ya € R,, hence ¢ = yaa™! € Rya™!
as required. Clearly if z ¢ Sa™! then in particular z & R,a™. |

This theorem basically says that the generators will map cosets only to cosets
in the same R-class, that is 7R-classes form blocks. Moreover this behaviour is
implicit in the Wagner Representation Theorem.

EXAMPLE: Let M be the inverse monoid presented by (z|z* = z2) then the fully
appended table would look like:

Cosets 1| Block

1

| o] ot x| eof do

o| | o w8

o| 1| | | v | [
&

5.5 Right Congruences

As we saw in Chapter 1, in general group Todd-Coxeter enumerates the cosets
of a subgroup rather than simply the entire group. We saw how to use a right
congruence to do this. This idea extends partially but readily to inverse monoid
enumeration. In group Todd-Coxeter we found transversals for subgroups as right
congruence classes, this is precisely what we can do in the inverse monoid enu-
merator.

For the rest of this section M is an inverse monoid, v € M and ¢ C |} is aright
congruence on M.

Given that ¢ is generated by A = {(ry, 8:)|ri, 8 € (X U X1)*,4 € I} for some
index set I we define A, = {(r;, s;)|r; > u}. Note that by Corollary 4.2.7 (ii) for

each (r, s) € A,, both 7 and s label a path in T',,.
Lemma 5.5.1. Givenv € M thenv € R, if and only if v{ € R, /(.
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PROOF: The direct implication is immediate. Suppose that v( € R,/( then
v{Ru¢ and as ¢ C |} then vRu and hence v € R, 5]

Corollary 5.5.2. There is a word graph epimorphism ¢ : Ty, — I',/C and so
L{(uwu™, Ty, w)] © L[{uu="¢, Tu/C, ud)).

PrROOF: For v € V(I',) define v¢p = wv(. For (vy,z,v;) € E(I',) define
(v1,2,v2)¢ = (v1¢, z,v2(). This mapping is clearly well-defined and preserves
labeling. By Lemma 5.5.1 we can see that it is also onto.

L{(wu=1, Ty, u)] C L[(uu¢, Ty/C, u)] follows from Lemma 4.1.8. [ |

From Lemma 5.5.1 we can conclude that (7, s) € A, if and only if 7(Ru(. Hence
if ¢ is the right congruence generated by A, then R, /¢ = R,./(.

The R-class Algorithm can now be modified to enumerate these right congruence
classes. At the beginning of the Repeat loop in the Main Procedure we insert the
following:

e For each (r, s) € A, do the following
- Trace(1, (7, s))

This is called the Generalised R-class Algorithm.

Right congruences are treated in exactly the same way as relations except that
the starting point for any elementary P-expansion is the idempotent uu ™, this is
because if (r,s) € ( then both uu~'r and uu™'s are R related to uu~" and as
¢ C R, (vu'r)¢ = (uu's)¢, while for any other v € R, we do not know a
prioriif (vr)¢ = (vs)C.

The proof that the modified R-class Algorithm terminates if and only if R, /( is
finite is exactly the same as the proof that the R-class Algorithm terminates if and
only if R, is finite.

In a certain sense these results are not terribly exciting. The cases where { Z |,
are surely much richer, but far more difficult to deal with - if it is possible to find
a general solution at all. The power of the Inverse Monoid Enumerator comes
from the fact that it separates right multiplication within R-classes away from left
multiplication of those R-classes as blocks and so structures which “cut across”
‘R-classes fundamentally interfere with this process. Not only that, but it remains
problematic deciding whether or not a right congruence is a subset of R. Having
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said that though, being able to factor out large or even infinite substructures is
incredibly useful just as it is in group theory. In particular it is useful to be able to
factor out H, which I shall look at in the next section.

5.6 Enumerating R,/H,

We have the following lemma.

Lemma 5.6.1. Given an idempotent e € M and v € R, then v € H, if and only
ifev =ve and e = ev~lw,

PROOF: Suppose v € H,. By Corollary 2.1.7, H, is a group with e as an identity
and 50 by the group axioms ev = ve and e = ev~lw.

Conversely suppose that ev = ve and e = ev~!v, then we want to show that eLv.
Nowasv = evthenve = ev =vand v™v = v7lev = v™lve = ev™lv = e as
required. L]

Given v € M it is now possible to modify the Generalised R-class Algorithm so
that it constructs the smallest right congruence (z on M such that

Hopsi 3 Hypi © C. © [%u

This is done by giving each ¢ € C anormal form N{c) € (XUX~1)* and inserting
Trace from Section 5.1 and the following subroutine into the Generalised R-class
Algorithm.

Find H

e Parameters: None

e Local: ¢

Forc € C do

o If r(c) = 0 And Trace(N(c)u) # L And Trace(N(c)"'N(c)) # L Then
- Add (N(c),e) to A,




N (c) is calculated very easily in the New subroutine. Firstly V(1) := € and when
coset d € C is defined as the entry T'(c, z) then N(d) := N(c)z.

This R,/H, Algorithm will now construct generators for the right congruence
for (g, . Essentially what happens is that the group H,,-: is factored out of R,
and each coset represents an H-class in R,,. Note that given a right congruence
¢ there is nothing to stop this algorithm enumerating R/¢’ where ¢’ is the right
congruence generated by (g, U {. This done by just adding the generators for ¢
into A, at the start of the algorithm.

The result of this algorithm will give the action of R, on H,,-1 : that is the
structure of the #-classes in R,,. The word graph for this is denoted ST'(w)/H,.
It should be noted that if ST'(u)/H, is isomorphic to ST'(v)/H, then it does not
necessarily follow that uRwv.

By N. Ruskuc [23] we know that (g, is finitely generated, moreover this algorithm
systematically creates pairs for (7, and so as there is a finite generating set for (g, ,
the algorithm will terminate.
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Chapter 6

More on Inverse Monoids

In this chapter I explain my work with Allessandra Cherubini and Brunnetto Pi-
ochi, looking at some of the applications of the algorithm described in Chapter
5. Not all theorems are original, the results in Section 6.1 for example can be
found in Petrich [18]. However the results are all proved in an original manner us-
ing the insights from Chapter 4 and Chapter 5 to directly tackle inverse monoid
presetation theory questions.

Most of this chapter is about presentations and the following concepts will be
needed.

Firstly, though, I shall introduce (or restate) some notation that I shall use through-
out this chapter.

NOTATION: The greatest common divisor of the positive integers 1,79, ... is de-
noted (rq, 72, ...).

NOTATION: The cyclic permutation of the objects 21, 3, ..., Z, is denoted (z125...2,).

NOTATION: Given a word w € (X U X~1)* then 7 is the free cancellation of w
in Fg (X) .

I shall introduce the following theorem which is very useful for discussing inverse
monoid and inverse semigroup presentations in general.

Theorem 6.0.2. Let M be an inverse monoid presented by (X |U) with an idem-
potent e such that ef = e for every idempotent f € M. Then R, is isomorphic to
the group (X U X 1)* /o where o is the group congruence generated by U.
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PROOF: Given any w € M then eRew as e = eww™! and similarly eLew as
e = ew 'w = wlwe and so ew € H,. Therefore eM = Me = H, which is
a group. Clearly H, is a homomorphic image of M as for each (u,v) € U then
eu = ev.

Given any (s,t) € o then 57 = Ir where 7 is the inverse monoid congruence
generated by U therefore

e(s7) = e(s7) = e(tr) = e(tr)

and conversely by Corollary 4.2.8 (iii) if e(s7) = e(¢7) then so = to. All that
remains to do is to construct the isomorphism ¢ : (X U X~1)*/o — eM by
defining ¢ : so > e(sT). i

6.1 Monogenic Inverse Monoids

Let us start by looking at the most simple example of inverse monoids.

Definition 6.1.1. Let V be a variety and let O € V. We say that O is monogenic
if it is generated by a single element z € O. In other words there exists a unique
homomorphism from Fy(X) to M where X contains one symbol. In particular
we have monogenic monoids, monogenic inverse monoids and monogenic groups.

Monogenic monoids are easily to characterised by the following well-known the-
orem.

Theorem 6.1.2. Let M be a monogenic monoid generated by x then M is present-
ed by (z|z™ = z™) for some distinct non-negative integers m and n. Furthermore
|M| = max(m,n) if m #nand M = {z}* ifm = n.

In other words monogenic monoids are either free or one-relation monoids. Simi-
larly monogenic semigroups and monogenic groups are either free or one-relation
semigroups and one-relation groups respectively. Monogenic groups are usually
called cyclic groups.

EXAMPLE: Given the monoid M presented by (z|z5 = z2) then the Cayley graph
is:
7
"N\

e+ 32 — 2
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Essentially monogenic monoids are “tadpoles” in that they are cyclic groups with
a “tail”. Likewise the semigroup given by the same presentation has the following
Cayley graph tadpole:

.’L‘4

N

z—z2 — 23

Whereas the group given by the same presentation has a Cayley graph which is
the determinised form for the Cayley graph of the semigroup (or the monoid).

.’L‘2
N

€ @

It is generally true that Cayley graphs for groups, like Schiitzenberger graphs
for R-classes of inverse monoids, are deterministic and injective whereas Cay-
ley graphs for monoids are only deterministic.

‘We now turn our attention to monogenic inverse monoids. From here on, p shall be
the free inverse monoid congruence on {z,z~'}* and M shall be the monogenic
inverse monoid {z,z~'}* /7 for some congruence 7 2 p on {z,z1}*.

The case of monogenic inverse monoids is somewhat more complex. If we consid-
er a monogenic inverse monoid M = (z|U) then M is presented by (z,z~*|U U p)
as a monoid. M is therefore not necessarily a monogenic monoid, unless, that is,
it is possible to eliminate one of the two generators - for example if 27! = z?
is a consequence of U. Let us distinguish between two types of inverse monoid
relations.

Definition 6.1.3. Given an inverse monoid presentation P = (X |U). The relation
(u,v) € U is an idempotent relation if & = v. Conversely we have non-idempotent
relations where U # U. The relation (u,v) € U is trivial if v = v. Similarly if
(XUX~1)*/7 is an inverse monoid then an equation uT = v7 (u,v € (XUX1)*)
is called an idempotent equation if W = . The equation ur = vr is trivial if
u = .

Idempotent relations are quite special to inverse monoid and inverse semigroup
presentations. They are always trivial in monoid presentations and can always
be freely reduced to trivial relations in group presentations. Note that given an
idempotent relation (u,v) in a presentation (X |U) for M, it is possible that both
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ur and vT are non-idempotent in M, however if one of u or v is idempotent then
the other one is as well.

At this point we shall recall that it was shown in Chapter 3 that we can write
u € Fzp(z) as (z~™z™ "z~ "z*)p where m,n > 0, —m < k < n and we know
that v is idempotent if and only if £ = 0. Alternatively we can write u as its free
group representative which will be

FQup™) = ({a ™87 608 vy 8 ) 0")
It is easy to see that FG(up~!) = FG(z ™z™ 3" *) and we may use the repre-

sentative z~"zPz~9 where p =m +nand g = k — n and converselyn =p —m
and k = —m + p — ¢. The conditionon m,pandgis 0 < m,q < p.

Now, suppose that we have ui,us € Fza(z) with free group representations
({z~™,...,z™}, z*) and ({z™2, ..., 2™}, z*2) then

FGumw) ={z™,..,a"}Uzk{z~™2, ..., o™}, gkizks)
({xmin(—-ml ,k:l—mg)’ il mma.x(m,k1+n2)}, xlc1+k2)

In other words

(w""ml xpl mql ) (:U"'mZ mp2wq2)
= gpmin(—mi,ka—m2) pmax(pr—m1,—m1+p1—q1+p2—m2) a1 +p+1-m1+qa+p2—m2

Lemma 6.1.4. If the equation
(m—mlwmx—m),r = (x—mzvxpzx—%),r
with0 < my, ¢y < p1, 0 < Mo, q1 < pe and p1 > pg holds in M then
xpz+|k1—k2|7. = P
where ki = —my +p1 — g1 and ky = —may + p2 — @o.

PROOF: We know that in M,
(Pl ey (IR el Y, 6.1)

Multiplying 6.1 on the right by 297 and on the left by £™27 and noticing that both
g2 < pg and my < pg SO we can cancel the right hand side of the equation, then
we get

(g™~ TigPlgae e ol 6.2)
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Now the free group representative of the left hand side of 6.2, u; € Fz(x), is

FG(w) = ({mmin(oymz—ml), vy mmz—m1+p1+max(0,q2—fh)}’ mk1+m2+qz)
while the free group representative of the right hand side of 6.2, u, € Fza(z) is
PGa{u) = ({e. 8, . 0}, 25,

Now clearly w7 € R, and so
wT = (U, )T = (aP2gPrghitmatee) s — (gPrgPaghi—katre),

If kl __>_ kz then
wT = gPetki—ka,

as required, otherwise

1 1

WA = T g R (g PPl R)r
— (z_pzulm_pQ)T — (:L»‘-'Pzx!’zx"szP2+k1—'k2x—P2)7-
= gpPpatki—ka
and so
wT = pP2thi—ka
as required. ]

We want to show that
(xlx—ml mplm"fll - x-mzxpzm-qz)

is equivalent to
(xlxpz+lk1-k2| - _,Epz),

however it is only true when the relation is non-idempotent. We need the following
lemma.

Lemma 6.1.5. If the equation
zPter = zPr

withp > 0 and k > 0 holds in M then Ry, is the group {z,z~'}* /o where o
is the minimum group congruence. Rg», is a group homomorphic image of the
cyclic group Cj,.
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PROOF: Clearly z? and zP** label (zPz~Pr,2P7)-walks in ST'(zP7) and so by
Corollary 4.2.8 (iii), 2P0 = zP**o where o is the minimum group congruence.
Therefore (z*,¢) € o and so {z,z7'}*/o is a homomorphic image of Cj as
required. ]

Lemma 6.1.6. Let M = {z,z'}* /7 be a monogenic inverse monoid generated
by x. If the equation
gPThr = P

withp > 0 and k > 0 holds in M then
(m—ml mmm-lh).r " (.’Ewm2$m$-q2)’l‘

wherep; > py =pand|—mi+p1—q+me—p2+q| =kand0 < my,q1 <y
and 0 < mgy, g2 < po.

PROOF: We know that in M,
g ter = gPr, (6.3)

By Lemma 6.1.5, R,», is a homomorphic image of the cyclic group Cj, with e =
(zPz~P)7 as the identity and generated by zPz Pz,

Multiplying 6.3 on the left by 27™27 and on the right by z7%7 (where 0 <
ma, g2 < po) and substituting p, for p, we have

(z~™2pPHog By = (z~ Mgz~ B)r,

We simply note that it is possible to cancel on both sides of this equation on both
the left and the right as the elements are products of members of the cyclic group
{z,27'}*/o and that zP = 2P** for any [ > 0. In this case pick a p; > p; and
0 < mi,q1 < pp sothat —my 4 p1 — @3 = p + k and we may construct the result.
=i

The previous lemma breaks down when k£ = 0 and we have the trivial equation
zP7 = zPr. We thus turn our attention to idempotent equations. We already know
about the infinite monogenic inverse monoid Fzp(z), here I introduce another
example.

Definition 6.1.7. The bicyclic monoid generated by z, B,, is the monoid present-
ed by (z|zz~! = ¢€).
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There is a dual of B,, denoted by B,' which is presented by (z|z ™'z = €).

Throughout the rest of this section I shall denote the congruence generated by
pU (zz~%, €) by v and I shall denote the congruence generated by p U (z™ 1z, €)
by vt.

Lemma 6.1.8. Ifw € {z,z7}* so that wp = (z™™zPz~)p (0 < m,q < p) then

wv = (x"™zP~ v and dually wu' = (zP~™z~)v

PROOE: It is clear from the definition of v that we may cancel w on the right.
Similarly from the definition of v! we may cancel w on the left. We need only
note that p > ¢ and p > m to get each result. |

Lemma 6.1.9. Suppose that (u1,us) € v with FG(u;) = ({z™™, ...,a™}, z*)
and FG(uz) = ({z7™,...,2™}, 2*?) then m1 = my and k; = ky. Dually sup-
pose that (uy,us) € V' then ny = ny and ky = ko.

PROOF: We already know that FFG(u) = FG(v) for all (u,v) € p. Now
FG(zz™') = ({¢,z},¢) while FG(¢) = ({€},€) and (zz~!)~! = zz~! and
€1 = ¢ and so the result holds for all the generators and their inverses of v. Now

FG(u1u2) — ({mmin(—-mhkl-—-mg), - mmax(nl,k1+n2), xk‘+k2)

and if we notice that min(—m, k; — my) and k1 + ko are not dependent on either
T3 OF Mg, We have our result.

The dual is proved in the same way. |

Lemma 6.1.10. In B,, the Schiitzenberger graph ST (ev) has vertices
V(ST (ev)) = {z°v|s > 0}
and edges
E(ST(ev)) = {(z°v, z, 2" ), (z°* 0, 571, z°v) |5 > 0}

The set of idempotents in By is {(z7"z")v|r > 0} and each Ry-ryry, have
Schiitzenberger graphs isomorphic to ST (ev).

PROOF: evz®v = z°v and z°vz™%v = ev and so 2°vRev.
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By Lemma 6.1.9 z°v = z'v if and only if s = ¢ and noticing that z*vzv = z°+v
and z*Hvz~lv = z%v (s > 0) we can conclude that ST'(ev) is as described.

The set of idempotents of {z,z7'}*/p is {(z™" & "2z~"2)p|r;, 72 > 0}, and

by Lemma 6.1.8 (z~"z" 2z ")y = (z"g™)v. Moreover (z™"aM )y #
(x~"2z™)v if 1y # 79 and s0 r; = 7o if 27"z v = 7222y by Lemma 6.1.9.
Hence all the idempotents are distinct.

Let ¢ : Ry = Rig-rar)o by ¢ : 3° = 2772°. Let @' : Rig-rgryy — Rey by
@'+ x7"z® > . It is clear that ¢ and ¢' are mutually inverse and induce word
graph homomorphisms on the respective Schiitzenberger graphs. n

For the dual of the above, in B,!, the Schiitzenberger graph ST'(ev?) is simply
ST (ev) in B,.

In B,, ST'(z~"2z"v) looks like this:

T T T . =T TG —pz Tl

7

NOTATION: We denote the R-class of B, which contains € by Rp, and the
Schiitzenberger graph of Rg, by ST'p,.

Lemma 6.1.11. If the equation
withp > 0 and q > 0 holds in M then ST ((z™"2°)7) with r, s > 0 is a homomor-
phic image of ST g, if either r > p or s > p.

Dually if the equation
(z~ %P+ = 2Pr

withp > 0 and q¢ > 0 holds in M then ST'((z"z~%)7) withr, s > 0 is a homomor-
phic image of ST g_ if either v > p or s > p.

PROOF: The idempotent in R(y-rgs), is (z7"2°z™%2")7. Suppose r > p then for
k>0

(z"z°z s )T (z7%7) = (x "z x o (z"Hh9g k) gk k)

= (z~"ztz 2z thag—ka)r
= (3T )
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and so (z~"z°z Sz x*)TR(z"2*z 2" )7. Likewise if s > p, thenfor k > 0

(z"zz 2z st 5T = (z~" (@t tEtIag—a—(k+na)gr gk g k),
g (m—rxs+(k+r)qm—s—(k+1')qz.r+lcm—k),r
— (x—-‘rms+(k+r)q$—s-—(k+r)qxr)q_
=& Tt )
and 8o (z~ "2’z %z ") TR (z Tz 20T,

Define the mapping ¢ : Rp, — Rig-rgs)r by ¢ : z*v = (z"r’z %z %) T

(k > 0). It is easy to see that ¢ preserves labelling and orientation of edges.

The dual result is proved in the same way. ||
Corollary 6.1.12. If the equation

(aPHMg Yy = oPr
where p > 0 and q > 0 holds in M then

(:I:p"'q’:r_q')'r = zPr

holds in M for every ¢’ > 0.

Dually if the equation
(z7 %P+ )T = 2Pr

where > 0 and q > 0 holds in M then
(77 2P ) = zPr

holds in M for every ¢’ > 0.

PROOF: Suppose that
(P g N = 2Pr.

Consider R;»,. We can see that from the proof of Lemma 6.1.11 that there is
an ((zPz~P)1, (zPz~Pz*)7)-walk in ST(zP7) for every k > 0. In particular if
k=p+q (¢ > 0), then we have

(2Pa PPt VTR (2P P) 7

that is
(:c”w"’:zp“'z‘p“q')f = (zPz~P)T

106




which cancels down to
(xp+q'x—p—q’),,. = (zPz~P)r
multiply on the right by 2?7 and we have
(@27 )T = 2Pr
as required.
The dual is proved in a similar manner. |

The other more obvious standard example of infinite monogenic inverse monoids
is the infinite cyclic group Fg(z).

Lemma 6.1.13. If the idempotent equation
(m—rm pPlyp— 0 )7. — (x—mzxmm-fh),r

with 0 < my,qp < p1, 0 < Mo, qe < Po, My 5 Mg, 1 # g andpy > ps > 0
holds in M then Rup, . is a group.

PROOF: Now (zP?2~P2)7 is the idempotent in R,»:, we need to show that
((xmm—pz)(m—mxpx—q)).r — (lezx—pzx—mﬂr-q).r
for any 0 < m,q < p. Now

xP2r = (xmzx—mzxmx—qzm%),r
— (xmf& m—ml mpl a’;_ql qu)rr.

I shall split this equation up into three cases
1. my > mg, q1 > @9 In this case
zP2r = ($m2~m1 pPlp92—0 ),r
and so
(m”zx“m)’r st (xmz—nu P ML =m2—P1
— (xmz—maxpzx—mmmxml—mz—mT
and if we substitute (zP2z~72)7 back into the above k times we get

(x”zx'm)’r s (mk(mz—-mx)$p2x~p2zp1+k(m1—mz)wm1—mz——m7-
- (_,L.k(mz—mz)mkpw(lc—l)(m—mz—m)xmrmz—m,r.

If we choose k& > 0 such that k(my — mg) > mand p; + k(my — my) > p
and we have the result.
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2. my > ma, q1 < g In this case

oP2r = (.’L‘m"’ —m1 pP1ta2—q )7-
= (mmz =M1 P2 pP1—P2+G2—01 )7-

If we substitute P2 back in again k times we get

o P (xk(mz —m1) P2 zk(m—pz%—qz—qt)),,-

and so all we need to do is choose & > 0 such that k(ms — my) > m and
k(pi —p2+ g2 — q1) > m.

3. mq > ms, @1 < go This is just the dual of case 2.

We need only note that the fourth case where m; < my and ¢; < g, violates the
condition that p; > ps. |

Clearly Rz, is a homomorphic image of Fg(z) ie. it is either free or cyclic.
Theorem 6.1.14. The following statements are true.
(i) The idempotent equation
(x—’ml pPlyp—a )7. p— (x—mz P22 )7.

where 0 < my,q1 < p1, 0 < my, e < po, My = Mg andp; —my > pa—my
holds in M if and only if

(zP* g1 )r = P27,
(ii) The idempotent equation
(:L-_ml oPlp— 0 )7- — (x—mz P2y~ )T

where 0 < my,q1 < p1, 0 < my, g < po, My > my and p; —my = Py — My
holds in M if and only if

(&7 P Y = gPir,
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(iii) The idempotent equation
(m“ml xPlp— N )T — (a;—mz mpzm—%),r

where 0 < my,q1 < p1, 0 < my, gz < pa, My # Mg and py —my # P2 —Mmy
holds in M if and only if

(xmin(pl,pz)x—l),r — (m—lmmin(m,m)),r.
PROOF:

(i) Suppose
(x"mlm?lx"'(ll),r s (x—mzxmw—!m)T

with the conditions given. Now m; = ms and so multiplying on the left by
m, and on the right by g, gives

(z 2~ Vg = g,
By idempotency ¢; = (p1 — m1) — (p2 — ma) + g2 > g2 50
(22" Yy =afr
where p = p; and ¢ = g2 — ¢ > 0. Hence by Corollary 6.1.12
(e =afr.
Conversely suppose that
(e r =oPr,

Letmy =mg =¢2=0,p;1 =p-+ 1, ps = pand ¢; = 1 and the conditions
are satisfied.

(i1) This is the dual case of (i).
(iii) This follows from Lemma 6.1,13
|
If we notice that 2?51 = P71 = o?'thr = 2?7 if p' > p and 2Pt = 2P =

(zPz7 1) = (z7'2P)7 and that (zPz~ )T = (z712?)7 = (2P'z~1)7T = 2°T we
can now categorise monogenic inverse monoids. Either we have

109



. M is presented by (z|z?** = zP) where p > 0 and k£ > 0. In this case we
have a chain of D classes D¢y, Dzry Dg2sy ooy Dypr Where Dy has ¢ + 1
R-classes and L-classes with each #-class containing one element. For ex-
ample H w0 € Bcnyw € Dy anddually H_ i 5r-¢ © Ly €

D,y (for p' < p). The chain ends with D,» which is isomorphic to the
cyclic group of order k. The order of M is

|M| = (£Fizad®) + k.

. M is presented by (z|z~12? = 2Pz~') where p > 0. In this case we have the
same chain of D-classes as before except that D is isomorphic to Fg(z).

. M is presented by (z|z?*'z~! = 2?) where p > 0. In this case we have
the same chain of D-classes as before except that D,» is isomorphic to the
bicyclic inverse monoid.

. M is presented by (z|z~12P*! = z7) where p > 0. In this case we have the
same chain of D-classes as before except that D,» is isomorphic to the dual
bicyclic inverse monoid.

. Finally M can be free in which case the sequence of D-classes continues
indefinitely.

6.2 Coxeter Presentations

Definition 6.2.1. Let T be a finite directed graph with vertices with V(1) = X =
{1, z2, ..., o} Where the vertex z; is labelled by the positive integer p; and the
edge (z;, ;) is labelled by the positive integer ¢;;. We call T a Coxeter graph.
The Coxeter presentation corresponding with Y is the semigroup presentation

(X| gl = zVz; € X, (a:ja:k)qik = .'I}jij(xj,in) € E(T),
232 = 232;¥ (25, 7¢) € E(T)).

Coxeter presentations can be considered as monoid, group, inverse monoid or
inverse semigroup presentations. For the case of groups the presentation is equiv-
alent to

(X| z# =eVz; € X, (zzp)%* = eV(zj,2x) € E(Y),
T;Tk = Tx2i V(2;5, 32) € E(T)).
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Groups presented by Coxeter presentations are called Coxeter groups and similar-
ly we have Coxeter semigroups and Coxeter inverse semigroups. As the presen-
tations do not involve the identity, the monoid and inverse monoid cases are not
particularly interesting and amount to merely adding an artificial identity to the
semigroup. We shall look at some well known examples of Coxeter groups and
semigroups.

EXAMPLE: The symmetric group S, is a Coxeter group generated by {z; =
(41 +1)|1 <4 < n — 1} with the group presentation

(X|z® =€e(1 <i < n-1), (zizit1)® = 6, 2z = zjzi(l < i < n=2, [i—j| > 1)).

ExXAMPLE: The dihedral group on {1,2,...,n} is a Coxeter group generated by
z = (12..n) and y = (1 2) with the group presentation

(z,ylz" = y* = (z)* =€)

EXAMPLE: A finite group direct product of finite cyclic groups is a Coxeter group.
Let G be the product
Cor %0, X o XG5,

then G can be presented as a group by
(B1;T2; v Baled® =€, mjmp =mpwy (1 4,4,k L n)).
Note that the semigroup S given by the Coxeter presentation
(T1, T2, ooy T | = 34, 228 = 2pe2; (1 < 45,5,k < n))

is only a group when n = 1, in which case it is C,, with the identity being z,7!.

Now we know from Section 6.1 that the inverse semigroup given by the Coxeter
inverse semigroup presentation

(gt = )

is just the cyclic group of order p with the identity being z”. In this case the inverse
behaves just like the group inverse.
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Lemma 6.2.2. The inverse semigroup direct product S = Cp, X Cp, X ... X Cp,
is presented by the inverse semigroup Coxeter presentation

(1, Z2, ooy T |T P = @1, 3328 = Ty (1 < 4,5,k < n)).

PROOF: We know that S is presented by
(1?1,:82, ury a:n|x,~”"+1 — a:l,.z‘jzk — xkxj,xja:k_l == :ck“lccj(l S ’i,j, k S Tb,j 75 k))

We need to eliminate the relations of the form z;z, ™! = z;,'z;. This is done b
J J Y
noticing that z~! = z,P*~! and that z;z,P*~" = z;P*~ 1, i

It follows that in a Coxeter inverse semigroup, S = (X UX ~1)* /7 that (zz~1)7 =
(z71z)7 forz € X U X1, It follows that S is generated by X as a semigroup.

Lemma 6.2.3. Let S be an inverse semigroup with z,y € S such that z?*+! = g,
yP2t =y and (zy)? = 1P, then

.'L'a:"lyy_l = gz

and

1 -1

oyy e = yra Ty = 22
PROOF: By Lemma 6.2.2 zz~! = 71z = 2P and yy~! = y~ly = y??. There-

fore

zz”yy” = (zy)yy ' = (ay)y "y = (2y)? = sz

Also
zyy~z7! =z(zlg)yy o]

= z(zy)lyy~tz~!

= z(zy) " oyytyz

= z(zy)lz™!

= gz lzz~!

= @=L,
As Hyz—1 is a group and zz 'Rzz'y~! and zz~ Loz~ ly~! then zz 1y ! =
y~tzz~! and so

yrzly ' = yy et = gzl

Definition 6.2.4. A semigroup which is a semilattice of groups is Clifford semi-
group.
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The following theorem helps us identify Clifford semigroups. The proof is found
in Petrich [18].

Theorem 6.2.5. The following conditions on a semigroup S are equivalent.

(i) S is a Clifford semigroup.
(ii) S is regular and if e is an idempotent in S then es = se forall s € S.
(iii) S is an inverse semigroup and ss™* = s™'s forall s € S.

Theorem 6.2.6. All Coxeter inverse semigroups are Clifford semigroups.

PROOF: Let S be a Coxeter inverse semigroup and let v = z123...z, € S where
%1, T2, ...,Tn, € X (there is no need to include any elements of X ! as they can
be rewritten as elements of X using Lemma 6.2.2). Then

! = 2. By 1T T Ty "yt

and there are four cases which can arise

e 1, = Z,. In which case

-1 -1 _ .2, =2
In-1TnTn Tp-1 = Tn " Tp

= W BB
P -1 -
= Tp-1Tp—-1 "Tpln

1
1

® T, 1Tp = TpTn_1. In which case
=i sf =i =1
Tp-1TnTn Tpn-1 = Tp-1Tp-1 Tpln .
o (z,-1%,)%'" = g,_1P»-1. In which case by Lemma 6.2.3

-1 -1 __ =1 . -1 -1
Tp—-1TpnTp Tp—-1 = = Tp-1Tp-1 = Tp—-1Tp-1 "Tpln .

o (z,2,-1)%"1 = z,P~. In which case by Lemma 6.2.3

-1 -1 __ -1 __ -1 -1
Tp—1TpTn Tp-1 = TnPpn = Tp-1Tpn—-1 Tpln .
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So in each case

=% -1 -1 -1 1
™ e By (B B 1™ B ) Bag ™ BT

and noticing that (Tp—1Zn_1 ' Znz, ™) = yy~! for some y € S we may repeat

this procedure until we arrive at:

wu ! = 212y 20z Tz
As each z; commutes with z;~! then it is easy to see that the same procedure
applies to v~ 'u and so uu™! = u 'y and therefore S is a Clifford semigroup by
Theorem 6.2.5 |

EXAMPLE: Let P be the Coxeter presentation

(Byls® =a, 1 =y, (59)® = 2%

Then the inverse semigroup presented by P has two R-classes, 2, which is iso-
morphic to the cyclic group Cy and R, which is isomorphic to the dihedral group
Dy. This can be seen by the fact that if we start with the linear graph Iy, then the
only relation which contains ¥ as a subword is 3° = y. If we notice that in the
word graph generated by applying the elementary P-expansion corresponding to
y® = y there are no edges labelled by z and so there is no way that either of the
other two relations can be applied and we are finished. On the other hand if we
apply the elementary P-expansion corresponding to 23 = z to the linear graph
I'; then we obtain a word graph which contains a path labelled by 2% and we may
therefore apply the elementary P-expansion corresponding to (zy)® = z2. At this
point the word graph contains edges labelled by y and all three relations can be
applied and by Theorem 6.0.2, R, is isomorphic to the dihedral group presented
by
(z,yle? = y* = (wy)? = ¢).

6.3 Symmetric Presentations

This section looks at a type of presentation examined in the paper On a Class of
Semigroups with Symmetric Presentations by Campbell, Robertson and Thomas
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A symmetric presentation is a semigroup presentation of the form
B, 1) = (@, Bay e, Balis™ =2yl £ 4 € n)ympe] =ayEi(l £ § < a)).

The semigroup presented by X(m, n) is denoted S(m, n), the group presented by
¥(m, n) is denoted by G(m,n) and the inverse semigroup presented by ¥(m, n)
is denoted by I.5(m, n).

Y:(m, n) is called a symmetric presentation because any permutation of the gener-
ators produces a permutation of the relations. They also have the property that for
every relation u = v, the generators involved in u are exactly the same as the gen-
erators involved in v so that any two words in X* representing the same element
in the semigroup S(m, n) will involve precisely the same generators. S(m,n) is
therefore a semilattice of semigroups, where the semilattice is the Boolean lat-
tice of subsets of the set of generators under reverse inclusion, with the empty set
removed.

When m is odd then S(m,n) is a semilattice of groups and therefore an inverse
semigroup (in particular a Clifford semigroup). In this case the inverse semigroup
I5(m, n) presented by the ¥(n, n) is isomorphic to the semigroup presented by
¥(m, n) because in a finite Clifford semigroup S, if u € S then u~! = u? for some
p 2> 0 and we can thus eliminate the inverses (cf Theorem 6.2.6). Thus insofar as
we know anything about S(m, n) then we can say the same about 1.5(m, n). This
case is useful for testing of the enumerator algorithm, because we already know
what the results should be.

If m is even and greater than 6 then S(m,n) is infinite, I shall look at some
examples of (2, n) and X(4, n).
EXAMPLE: The semigroup S(2,2) = (z,y|z3 = 2, ¥® =y, zy? = yz?) has five

L-classes each of which is isomorphic to the cyclic group C,. The elements are
given in the following table:

D-class | L-class | Elements
D, T, z, 2%
Dy Ly Y, y2
Dy Eyg Y, T4y
By Lys Yz, Y’x

Do | Loty | 2yx,2°%,%°
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Clearly S(2,2) is not an inverse semigroup as D,, contains two L-classes but
only one R-class. We can see that zyRyz as (zy)yz = (zy?)z = ya® = yz and
(yz)zy = (yz?)y = zy® = zy. Also zy and yz are both idempotent because

(zy)* = zyzy = ayzy’ = zy’s’y = ya'y = y2’y = 2y’ = ay
and in the same way (yz)? = y=.
Notice that in 15(2, 2), we have (zy)? = zy and (yz)? = yz as before, however
by the commutativity of idempotents

zy = (yz)(zy) = (zy)(yz) = yz

and so we could say that Greens classes L, and L,, in S(2,2) are “identified
with each other in 1.5(2,2).”

The enumeration of 1.5(2, 2) gives us the semilattice of cyclic groups:

D-class | Elements
i, z, x°
Dy Y, ’!/2
Dy Ty, T2Y

EXAMPLE: The semigroup

2

S(4,3) = {z,y,2|z° =z, ¥° =y, 2° = 2, 2y? = y2?, z2® = 222, y2? = z)

has 25 L-classes which include

L, L, and L, which are cyclic groups of order 4.

Loy, Lygy Lyzy Lygy Lys, Ly - six groups of order 20 with Lyy R Lyg, Ly, R L,
and L,,RL,,.

15 L-classes of similar type to Ly,,)2 each with 84 elements.

Ly2y2,2)2 = G(4, 3) which contains 100 elements.

By contrast 1.5(4, 3) contains
e L, L, and Lz which are cyclic groups of order 4.
® Lyy = Lys, Ly, = Ly, Ly, = L,y which are groups of order 20.
o Ly, = G(4,3) which is a group of order 100.
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6.4 Free Products Involving a Semilattice

Firstly I shall define free products for inverse semigroups.

Definition 6.4.1. Given two inverse semigroups (inverse monoids) S and 7" with
presentations (X|U) and (Y|V) so that (X U X)) N (Y UY"1) = 0 then the
inverse semigroup free product (inverse monoid free product) is the inverse semi-

group (inverse monoid) S * T' which is presented as an inverse semigroup by
(X UYUuy).

Inverse semigroup free products are, of course, defined in a similar way to group
and semigroup free products. This does not make them semigroup or group free
products. If, for example, S is an inverse semigroup presented by (X |U) and T is
an inverse semigroup presented by (Y'|V) then the inverse semigroup free product
S+ T will have, for example, implicit relations of the form (zz~tyy~!, yylzz~!)
forz € (XUXYH*andy € (YUY 1)* whereas the semigroup free product will
not.

The inverse semigroup free product between two inverse semigroups S and 7" will
produce an infinite inverse semigroup unless .S is finite and 7" is a semilattice (or
vice versa). This is because if both S and T contain the non-idempotent elements
s € Sandt € T then (st)* € S % T are distinct for all k.

I shall characterise these inverse semigroup with the following two lemmas.

Lemma 6.4.2. Let S be an inverse semigroup and let L be a semilattice such that
S N L = 0. The the set of idempotents of S * L is a semilaitice generated by

A=LU{ses"!|s€ S, ec L}U {ss7!|s € S}

PRrROOF: Now

1)2 1 3 T S i

= 85" se?s™ L

(ses™)? = se(s™'s)es™ = ses”

and so by commutativity of idempotents, A generates a semilattice. Alsoif £ € S
and f € L then as the product is free ses™! is distinct from ¢! if either u # v

ore # f.

Let s = sje189€5...€,18, Where s; € S for 1 < ¢ < n and where ¢; € L for
1 <4< n-—1and where each |s;| > 0andn > 0. Nowforanyl <i<n-—1
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and if we define ¢; = 8183...s; then

.8;)€i((81...8) 71 (81---85) ) Siv1€i41(81.--8i41)

tieti timeitin T = (51
= (31...81-)(81....5‘,;)_1(.5'1...Si)6i8i+16i+1(31...8.;+1)
=te

iSi+1€i+1tit1
and 1 1 1 1 1
tn—1 tutn =tn-1" tn-15nSn" b1~
- -1 -1 -1
= Spdn tn——l tn—ltn—l
=guf, L
and therefore

(tatn D) (tre1t1 ™) (Faeata ™) .. (fn—1€n—1tn—1 ") (tntn 1)
= 1181826383802 (Sn-18n-1ln-1"" ) Eatn )
= 81€182€3...5n-28n—-2(8n-16n-18nta"").

Nowfor2<:<n

E-1858ibn + = (€51 (94 Bn8p -

= -1
= 8,;_1(82'...8,7_871

=y =
B )8 e

~1 =
w817 1)€i—18-17 81
and combining these two results we get

(tntn_l) (tleltl_l)(t262t2—1)--- (tn—len—ltn~1—1)(tntn_1)
T I | e N

and we need only notice that the right hand side is any idempotent in S* L\ (LUS)
and the left hand side is a product of elements of

{ses™'|s€ S, e L} U {ss7|s € S}.
u

Lemma 6.4.3. Let S be an inverse semigroup and let L be a semilattice then for
any 8, 8a, ..., 8n, € S and ey, ez, ...,e,1 € L then ST5(318;...5,) is embedded in
SFS*L(81618282...6n_1Sn) and lV(SPs(Slsg...Sn))| = |V(SPS*L(31613282...67,,.48,1_))!.

PROOF: As the product of S and L is free then we know that each of the e; label
a (s1€1...€;-18;, S1€2...€;—15;)-walk and there are no relations which we can use to
expand this. Therefore e; acts as an identity on this vertex and there are no other
differences to ST'g(8;1...8,). ]
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It is easiest to see what is going on in the special case of G * L where G is a
group and L is a semilattice containing only one element. Here are a couple of
examples.

EXAMPLE: Let G be the cyclic group presented by the inverse semigroup presen-
tation (z|z* = z). The table below lists all the elements of the inverse semigroup

presented by (z, e|z? = z,¢* = e).
D-class | R-class Elements
D e Re €
b R, z, 22, z°
Dis Ryseys ziex’, x’ex, 23ex?
.. J - zex®, rex, rer?
o Ry2eq zlex®, xlex, xlex?
Deze | Regsess | exex®, exdex, ex®ex?
Dlss: | Riggus exex®, exex, exex?
Deze | Reg2er | ex’ex®, ex’ex, ex’ex?®
Dozeve | Rezezes | €X€TEX?, ETEXE, ETETET

EXAMPLE: It is interesting to examine the difference between the semigroup S
presented by (z, e|z® = z, €? = ) and the inverse semigroup S’ presented by the
same presentation. It is not difficult to see that the former contains all the (distinct)
elements of the form (ze)* for any i > 0 and is thus infinite. On the other hand in
the inverse semigroup S, by commutativity of idempotents

2633 = :1;36.'1; = Tex

(zez)? = zex
and so (ze)?* can be rewritten as ((zex)e)* and by commutativity of idempotents
(ze)? = (zez)'e’ = zeze. Similarly (ze)*+! = (zex)eze = exex?e = exe.
From a presentation theory perspective we can reduce words to canonical forms
using not only relations but by recognising idempotents and allowing them to
commute.

If G is a group and L a semilattice, then thinking about the Schiitzenberger graphs
of G * L, we have a semilattice of groups all of which are isomorphic to G. For
some u € G * L with

wu™ = (r1e1917") (926292 1)+ (9n€n-19n"")
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where g1, 92, ...,9n € G and ey, ey, ...,€,_1 € L then ST'(u) is the Cayley graph
of G with each vertex labelled by w; “coloured” by the idempotent e;. That is each
vertex u; has a (u;, u;)-walk of length 1 labelled by e; attached to it. Every other
vertex is “uncoloured”.

We can construct new Schiitzenberger graphs from known Schiitzenberger graphs.
Suppose vv~! = uu"N(gpr1€ngni1 ) (With goyy € G and e, € L). If gy = g
for some 1 < i < n, then the vertex g; is “recoloured” by e;e,, in ST'(v) otherwise
ST'(v) is identical to ST'(u). If on the other hand g,,41 # g; forany 1 < i < m,
then the vertex g1 is coloured by e, in ST'(v) and otherwise ST'(v) is identical
to ST'(u).

It is worth noting that if both G and L are finite then G * L has a minimum
idempotent, w which is the product of all elements of the form geg™* for g € G
and e € L. In this case ST'(w) is the Cayley graph of G with each vertex coloured
by the least element in L.

We have the following theorem.

Theorem 6.4.4. If G is a finite group and L is a finite semilattice such that G N
L =0, then
|G+ L| = |G| (L] + 1) + |L].

PROOF: Each Schiitzenberger graph in G * L is either a single vertex labelled
by an element of L or the Cayley graph or G with each vertex coloured by an
element of L or not coloured at all. We therefore have |L| + 1 options for each
vertex and so there are (|L| + 1)l Schiitzenberger graphs of order |G| and |L|
Schiitzenberger graphs of order 1 in G * L. ]

For the more complex case of S * L where S is a finite inverse semigroup and L
a semilattice we have.

Theorem 6.4.5. If S is a finite inverse semigroup with a set of idempotents E and
L is a finite semilattice such that S N L = §, then

|8 % L| = Seen(|Re| * (IL| + 1)!el) + |L].

PROOF: The reasoning is the same as Theorem 6.4.4 except that we apply the
same logic for each R-class in S as we did to GG and then sum the results. L.}
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6.5 On Inverse Semigroups with infinite R-classes

Although at first sight the inverse monoid enumerator is quite awkward because
it enumerates RR-classes separately, there is however an advantage to this in that
it is capable of enumerating single finite R-classes in infinite inverse semigroups.
Unlike the previous examples we have looked at, there are many examples of
inverse semigroup presentations of inverse semigroups of this type which are not
embedded in the semigroup given by the same presentation.

EXAMPLE: The most obvious example of an infinite inverse monoid in which
every R-class in finite is Fz,((X). In this case the algorithm simply gives a table
which corresponds to the word tree of the word which generates the R-class.

EXAMPLE: Let S be the inverse semigroup presented by (z, y|zy = (zy)?). Now
let u € Fzs(z,y) and suppose that the word tree T}, cannot be embedded in 7,
then STg(u) = T, as there is no way to apply any elementary P-expansions.
Otherwise suppose there is a (v, vzy)-walk labelled by zy in T, then vzy =
vzyzy and as vRozy then vazyy'z~! = vzy however vRuzyy'z~! and so
v = voyy ‘ez~ = vzy and so zy labels a (v, v)-walk in ST's(u). For example if

u = zyy 'z~ ly then T}, is the following tree.

BE; Y4
Ty Ty

- M Tz Ve
s

where 11 = zyy~ 'z lyy !, o = yyloyy L, 15 = zyy~lz 7ty and vy = yy oy
while ST'g(u) is the following graph where 4 := ;.

73
Ty
> M Tz Ve
“y
EXAMPLE: Let S be the inverse semigroup presented by

P = (z,9]2® =3%¢" =9° ay = yz).

At a glance S seems to be finite as both the group and the semigroup defined by P
are finite and commutative, indeed the group is trivial. The inverse semigroup, is
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however infinite because zy~! # y~1z and it turns out that each (zy~1)? is distinct
for all 7 > 0. As with the above example we can, however, readily enumerate the
R-classes of S. For example ST'(zyz) = ST(z%y) looks like:

My Mg
— zPqyy™! —, 2%
Whereas ST'(zy~'z) is the word tree

=i e
Ty

Y3 7z VY4

6.6 On Inverse Semigroups with an infinite R-class

In this section I look at some of the examples I looked at with Allessandra Cheru-
bini and Brunnetto Piochi. I use the technique for enumerating R, /¢ and R, /H
that I developed (see Section 5.5).

EXAMPLE: Let the inverse semigroup S be presented by
(z,y,elzz™! =571z, y® =y, € = e, zy = yz, TE = ex).

Now (z) generates a free group, (y) generates a cyclic group of order 2 and (z, v)
is the direct product of the two groups. Now eyzReyzz~'Reyz* for all non-zero
values of % and similarly zey Lz~ zeyLa’ey but eyz = zey and so H,y, contains
an isomorphic copy of the free group (z). The Reyy-14,-1/H enumerator will
therefore find a right quotient generated by (eyy 'z, eyy~'zz~!). The word graph
for ST(eyx)/H is:
MNg.e MNyy
= W Sy W

Similarly the word graph for ST (yez)/H is:

Vg ge
= M By 7

Other than these two R-classes there are R, = (z), Ry, = (y), R. = {e}, Rey &
(z), Rey = {ey, ey®} which is L related to Ry, = {ye,yey}, Ruy and Reyes With
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the last two being isomorphic to (z,y). It is interesting to note that ST'(ey) is
almost identical to ST'(eyz)/H with the only difference being the lack of edges
labelled by z. Similarly ST'(ye) is almost identical to ST'(yez)/H.

Definition 6.6.1. An inverse monoid presentation where the relations are made up
of idempotent relations (see Definition 6.1.3) is called an idempotent presentation.
An inverse semigroup (inverse monoid) presented by an idempotent presentation
is called an idempotent inverse semigroup (idempotent inverse monoid).

Inverse semigroups and inverse monoids defined by idempotent presentations are
quite unusual, especially if we note that groups and semigroups with such relations
are free. Indeed it is easy to see that all Schiitzenberger graphs in an inverse
semigroup (inverse monoid) defined by the idempotent presentation (X |U) can
be embedded in the Cayley graph of Fg(X).

Lemma 6.6.2. If S is an idempotent inverse semigroup then for any idempotent
e € S, H, is a free group.

PROOF: Suppose that H, is generated by ¥ € S. We know that H, is a group by
Corollary 2.1.7 and so each of the relations in the presentation for S is trivial on
b A |

NOTE: Note in the lemma above that H, could be a free group with zero genera-
tors, in which case H, = {e}.

EXAMPLE: Let S be an idempotent inverse semigroup presented by

(z,ylzz™! =y ly, 27w = oy 7%).

It turns out that every RR-class in S contains an infinite number of #-classes,
this demonstrates a failing in the potentials of the inverse monoid enumerator.
However it is actually very easy to work out the structure of each of the R-classes
by hand.

Now ST'(z) will certainly contain the word subgraph

I S

Noticing that the path (zz 71, z, zz™!) is labelled by zz~! and that the path (z, zz ™!, z)

is labelled by 'z then we can immediately perform two elementary P-expansions
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to get
2

zyYy
Ty
zy
Ty
= gl S 2
Ty
ga-ly

I shall call this the base graph. If we now notice that the paths (zy, z, zy) and
(zy?, zy, vy?) are labelled by y~'y and noting that although the path (zz~!, zz~1y~!)
is labelled by y~'y it is already possible to trace a walk labelled by zz~! starting

at the vertex zz !, we can perform another two elementary P-expansions to get

2y’ —, Ty’

Ty
TY —Sg TYZ
Ty
- gzl o, =z
Ty
g1y

At this point we notice that the whole procedure can be repeated as we have an-
other two walks labelled by zz~!, namely (zy, zyz, 2y) and (zy?, zyz, zy?). In
essence, after we have constructed the base graph the following expansions see
the attachment to the vertices zy and zy? two subgraphs of the form

VY4
Ty

Y3
Ty
M1 Pz V2

I shall call the above graph the repeated graph.

124




Likewise ST'(y) has a base graph which is isomorphic to the base graph for ST'(z).

2

YTy
Ty
yxy
Ty
Yy 5 Yz
Ty
— yy !

Again the same repeated graph is attached, this time to the vertices yzy and yxy?.

If we now look at ST'(z%) we have a base graph of

#2g1y? 222
Ty Ty
o2x-ly 22y
Ty Ty

- 22z72 5, 227! o, 2z

Ty Ty
w22y~ g1yl

Here we simply attach the repeated graph to the vertices z2z 'y, 2%z~ 1y?, 2%y
and z2y2.

As we can see all these Schiitzenberger graphs contain what I loosely term a re-
peated graph, a base and a fail on the base. Where the base contains a certain
number of copies of the repeated graph with a tail. In ST'(z) the tail is the sub-
graph

zx~ !

Ty
wz—1y1

while the base for ST'(z?) is two copies of the base for ST'(z).

All this is perhaps leading to a more sophisticated technique for enumerating R -
classes in idempotent inverse semigroups, where instead of factoring out right
congruences, repeated graphs are factored out. If there is such a method then the
key to it is in recognising the boundaries to the base graph.

Imagine a base graph enumerator which operates in a similar manner to the R-
class enumerator. If there is a v € R, such that uu~'v < vuu~! then after tracing
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a path labelled by v in ST'(u) we can immediately trace another copy of ST'(u)
starting from the vertex labelled by uu~'v. As soon as such a v is found then the
base graph enumerator labels that vertex as a boundary and no further vertices are
defined adjoining this vertex. Assuming that there is a terminating process where
all the boundaries are found then imagining that another set of base graphs are
adjoined by an elementary PP-expansions, then there will be a certain “overlap”
between the original base graph and the adjoined set of base graphs. This overlap
is the tail. The new adjoined base graph without the tail is the repeated graph
which is continually adjoined to the previous repeated graph or in the first instance
the base graph. The algorithm should return the base graph, its boundaries and the
repeated graph.

EXAMPLE: The easiest example of an idempotent inverse semigroup which con-
tains R-classes with infinite #-classes is the bicyclic monoid, B, presented by
(z|zz~' = €). Given the idempotent z~™2™ € B,, then the base graph for
ST (z~™z™)(= ST'(z~™)) is simply the linear graph I'y—m.

3 — -
TR RS v o« —m BTl

T

The first boundary that is found is z™™z as
(™™g = g™ g™ £ ™ = (™).
This means that the repeated graph is
TN —Pe Y2
while the tail is
T =, ™2, . . . =y g™

The most striking problem with this sort of procedure is that there are redundant
boundaries at each of the vertices labelled by z=™z% where 2 < i < m. It does,
however, look like it is possible to create a meaningful algorithm for finding the
structure for these types of inverse semigroup.
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Chapter 7

On the Automaticity of the Free
Inverse Semigroup

The chapter constitutes a paper that I wrote with Andrew Solomon. It is related
to rest of the thesis in that it looks at the structure of free inverse semigroups
although it does not involve any references to coset enumeration.

7.1 Introduction

Automatic groups are widely studied and are the subject of a major book [5]. In
[4] the notion of automaticity is extended to semigroups. The motivation of the
present work is to determine whether free inverse semigroups are automatic. In
the process of showing that they are not, we demonstrate that for these purposes,
it is the property of having a regular set of unique normal forms that is of interest,
a property considered in the context of groups by Gilman [7]. Connections with
growth are exploited to prove the main theorem, and we also discuss decidability
and the word problem.

We proceed now to recall some relevant definitions and notation. For any set
X, X* denotes the set of all words in the elements of X including the empty
word ¢, while X+ denotes the set of all such words of length at least 1. We refer
to the words of length 1 as letters. When X* (respectively X 1) is considered
along with the associative binary operation of concatenation, it is referred to as
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the free monoid (respectively free semigroup) on the set X, and has the universal
properties one would expect. A language over X is a subset of X*,

Let S be a semigroup and X a set of generators with natural homomorphism
¢: Xt — S. If L C X is any language such that the restriction of ¢ to L is
surjective, say that L is a language of normal forms for S over X. If in addition
the restricition of ¢ to L is injective, say that L is a language of unigue normal
forms for S over X.

The fact that regular languages are precisely the sets accepted by finite state ma-
chines has passed into folklore and we use it freely without comment. For details
see [8].

We set out some well known facts about regular languages for later reference.

Theorem 7.1.1. Suppose X andY are finite sets. Then

(i) if K C Y™ is a regular language and ¢ : Y* — X* is a monoid homomor-
phism, then $(K) is a regular language over X ;

(ii) if K, L C Y™ are regular languages, then soare K UL, KNL, K\ L, KL,
K*and K.

For convenience, we shall refer to a semigroup with a regular set of unique normal
forms as a rational semigroup. We will see that in contrast with automaticity in
semigroups, the property of being rational is independent of the choice of gener-
ating set. (This dependence of automaticity on choice of generating set is peculiar
to semigroups, while an automatic monoid will have an automatic structure for
any finite generating set — see [6] for details.)

7.1.1 Rational semigroups and automaticity

Although the developments in this paper do not depend on the definition of auto-
maticity, we sketch it here by way of background and refer the interested reader to
[4] for details. Let S be a semigroup with generating set A and natural homomor-
phism ¢ : AT — S. An automatic structure for S consists of a regular language
L C A" of normal forms for S such that (roughly speaking) checking whether
two words of L are equal or differ by a factor of a generator can be done by a finite
state machine. Any semigroup with an automatic structure over some generating
set is called an automatic semigroup.

An immediate consequence of [4, Corollary 5.6] is that
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Lemma 7.1.2. Any automatic semigroup is a rational semigroup.

While an automatic semigroup may have an automatic structure over one gener-
ating set and not another, we show that the definition of a rational semigroup is
independent of the choice of generating sets.

Lemma 7.1.3. If a semigroup has a regular language of unique normal forms
over some finite generating set, then it has a regular language of unique normal
forms over every finite generating set.

PROOF: Let L be a regular language of unique normal forms for a semigroup .S
over some finite generating set Y. Let ¢y : YT — S be the natural homomor-
phism. Let X be some other generating set for S with natural homomorphism
¥x : X+ — S. Then there is a function ¢ : Y — X T expressing every generator
y € Y as a product of generators in X such that ¥x¢(y) = ¥y (y). Extend ¢ to a
homomorphism. By Theorem 7.1.1, ¢(L) is a regular language. By definition of
o, Yx ¢ = Yy, so that since 1)y restricted to L is a bijection, so is 1 x restricted to
¢(L), proving that ¢(L) is a regular language of unique normal forms for S over
xX. ||

On the other hand, the stronger definition of an automatic semigroup gives rise to
a number of interesting properties, most significantly

Theorem 7.1.4 (2, Corollary 3.7). If S is an automatic semigroup, we can solve
the word problem for S in time quadratic in the length of the words.

7.1.2 Rational semigroups and decidability

We show here that for rather general reasons, rational semigroups have a solv-
able (recursive) word problem and that the property of being rational is there-
fore Markov. It has been shown that for finitely presented semigroups [14], [15],
groups [1], [19] and inverse semigroups [32], Markov properties are undecidable.
For general background on computability, the reader is referred to [8].

Recall that a set is recursively enumerable if there is an algorithm to list its el-
ements. We shall say that the word problem of a semigroup is recursively enu-
merable if there is an algorithm which lists all pairs of words in the generators
which represent equal elements of the semigroup. It is a simple observation that
a finitely presented semigroup has recursively enumerable word problem. For a
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finitely presented semigroup S and word w in the generators of S, denote by S,
the recursively enumerable set of elements of S equal to w in .S.

The word problem for a semigroup is recursive (or solvable) if there is an algorith-
m whose input is two words in the generators and which terminates with output
‘yes’ if they represent the same element of the semigroup and terminates with
output ‘no’ otherwise.

Theorem 7.1.5. Let S be a finitely presented semigroup. Then the word problem
for S is solvable if and only if S has a recursively enumerable set of unique normal
forms.

PROOF: Let A be a generating set for S. The direct part is obvious. If a semigroup
has solvable word problem, simply list the elements of A" in some order. As we
arrive at a word which represents the same element of S' as another word already
in the list, don’t emit it but skip over it to the next word in AT. In this way we are
able to obtain a list of unique normal forms for elements of S.

Conversely, suppose there is a recursively enumerable set L of unique normal
forms for S. Given words u, v € A* we decide equality in S as follows:

e Since S, is a recursively enumerable set and L is recursively enumerable,
their intersection is also recursively enumerable. By uniqueness, this inter-
section is a singleton which we denote w,;

e Compute the unique normal form w, of v in the same way;

e u and v represent the same element of S precisely when w,, = w,,.

Since a regular language is trivially a recursively enumerable set we have

Corollary 7.1.6. Rational semigroups (and therefore their finitely generated sub-
semigroups) have solvable word problem.

This result is well known for semigroups which are groups, see for instance [5,
Section 2.1].

Reflecting on the rather general argument above, we consider it an interesting
question to determine what properties a semigroup will enjoy when the word
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problem and the set of unique normal forms are in other computability classes.
For example, if the word problem were solvable by a push-down automaton or the
set of unique normal forms were a context-free language.

A Markov property of semigroups [groups, inverse semigroups] is a property P
such that:

e P is preserved under isomorphism;

e there is a finitely presented semigroup [group, inverse semigroup] which
has property P;

e there is a finitely presented semigroup [group, inverse semigroup] which
embeds in no semigroup [group, inverse semigroup] with property P.

As mentioned at the beginning of this section, it has been shown that Markov
properties of semigroups, groups and inverse semigroups are undecidable. Among
Markov properties is the property of having solvable word problem. However it
is known [32] that there are undecidable properties which are not Markov.

Theorem 7.1.7. The property of being rational is Markov for semigroups, groups
and inverse semigroups.

PROOEF: Since the following argument is completely generic, the reader may re-
place ‘semigroup’ with ‘group’ or ‘inverse semigroup’ throughout, simply noting
that there are finitely presented semigroups S in each class which are automatic
and other finitely presented semigroups 7" in each class which have insoluble word
problem. For details the reader is referred to [32].

By Lemma 7.1.3 we know that the property of being rational is preserved under
isomorphism. Since every automatic semigroup is rational, there are certainly
examples with this property. Let T" be a finitely presented semigroup with insol-
uble word problem. Then by Corollary 7.1.6 7" embeds in no semigroup which is
rational. L]

7.1.3 Closure operations on the class of rational semigroups

In this section we exhibit a number of operations under which the class of rational
semigroups is closed. In the following discussion, if S is a semigroup, S* will
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denote the set S with an extra element 1 adjoined which is a multiplicative identity
for every element of S*, and S° will denote the set S with an extra element 0
adjoined which is a multiplicative zero for every element of S°.

Theorem 7.1.8. A finitely presented semigroup S is rational if and only if S* is
rational.

PROOF: Let S be a rational semigroup with regular language L of unique normal
forms over generating set A. Let B = AU{e} be a generating set for S* where e
maps to 1 under the natural homomorphism. Then L is a regular subset of B* and
consequently so is L' = L U {e}. That L' is a regular set of unique normal forms
for S* follows from the fact that there is no element of L which maps to 1 € S*
under the natural homomorphism.

Conversely, suppose S* is rational. Then there is a set B of generators, a homo-
morphism ¢ : B — S and a regular language L C B in bijection with S?
under @.

Firstly note that there is at least one letter e € B such that ¢(e) = 1, for otherwise
1 would be a product of non-identity elements of .S, contradicting the defintion
of S. Let E C B be the set of all e such that ¢(¢) = 1. Put A = B\ F
and define ¢ : B* — A* by mapping all e € E to the empty word and fixing
the other generators. Put w; equal to the preimage of 1 in L under ¢, then the
language L \ {w;} is regular and so is (L \ {w;}) C A*. Since none of the
elements of L \ {w;} are the empty word, nor composed entirely of letters of E,
P(L\{w1}) C A*. Definingy : A* — S as the restriction of ¢ to A*, we see that
Im(y) = Im(¢) \ {1} = S, since for all w € B*, ¢(w) = 1 or ¢(w) = v (w),
so (L \ {wn}) is a set of normal forms. If y(u) = y(v) for u,v € Y(L \ {w;}),
then u = ¥ (u’) and v = 9(v’) for some v',v' € L\ {w,}. Then

¢(v) = 7(u) = v(u) = v(v) = 7(v') = $(v')

which shows that v’ = v’ by injectivity of ¢ on L \ {w, }. But then u = v giving
injectivity of v on ¥(L \ {w;}) as required. [

A simpler argument gives

Theorem 7.1.9. A finitely presented semigroup S is rational if and only if S° is
rational.

Theorem 7.1.10. Let S be a rational semigroup and I an ideal of S such that
S/I has no zero divisors. Then S/I is rational.
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PROOE: Suppose S has a regular language L of unique normal forms over some
generating set A. Let 4 : AT — S be the natural homomorphism. Let B =
A\ b3 (1)U{z}. Define bjp : B — S/I by

() = { () i gile\u:f(f)

and extend homomorphically. Under this mapping, B is clearly a generating set
for S/1I.

Let K be the regular language (L N (B \ {z})*) U {2z} over B. To see that K is
a set of normal forms for S/I, note that if w € L and j4(w) € S \ I, the fact that
I is an ideal implies each letter of w is in B, so w € K, whence the restriction of
fiz to K is onto.

Suppose wq, wp € K and hp(w;) = fha(wse) € S\ I, then wy, wy € L so w; = wy,
by uniqueness in L. If lp(w) = 0 then w ¢ K \ {z} since S/I has no zero
divisors, therefore w = z. |

Theorem 7.1.11. The free product of two semigroups is rational if and only if
both factors are rational.

PROOF: Let S and T be rational semigroups with regular languages of unique
normal forms K C A* and L C B respectively. The set (LK)* U K(LK)* U
(LK)*L U (KL)* is again a regular language with a unique representative for
each element of S * T" as required.

Conversely, suppose S * T is a rational semigroup. The semigroups S° and 7°
are Rees quotients of S * T without zero divisors, and are therefore rational by
Theorem 7.1.10, and by Theorem 7.1.9, .S and 7" are also rational. n

7.1.4 Growth and rational semigroups

We take the following development on the growth of functions from [30]. Con-
sider the set of non-decreasing functions from N — R*. We define a preorder on
this set by f < g if and only if there are positive natural numbers m and ¢ such
that for every n € N, f(n) < cg(mn). Further define an equivalence relation ~
by f~gif f < gand g < f. We refer to the ~ equivalence class of f as the
growth of f and denote it [f]. Then < defines a partial order on the growth classes
of functions N — R*.
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We make some definitions and easy observations about growth which will be
used in the sequel without comment. All polynomials of degree d have the same
growth, namely [n?] which we call polynomial of degree d. All exponential func-
tions of the form a™ with @ > 1 a real number have growth [2"] which we call ex-
ponential. Clearly, the conditions of growth being polynomial or exponential are
mutually exclusive. Growth which is either polynomial or exponential is called
alternative and growth which is neither polynomial nor exponential is called in-
termediate. Finally we have

Theorem 7.1.12. Suppose that for some real numbers a,h > 0, b,c > 0 and for
all sufficiently large n € N we have g(n) = hf(an + b) + ¢, then [f] = [g].

We now recall the notion of growth of a semigroup. Let S be a semigroup, A a
set of generators for S and fj4 : At — S the natural homomorphism. For each
z € S define the length l(x) of x to be the least length of a word w € A™ such
that i 4 (w) = x. The growth function of S with respect to A is defined in [24] by

gs,a(n) = |{z € S| l(z) < n}|.

When S and A are understood, the growth function will be referred to simply as
g. It is not difficult to see that the ~-class of the growth function is independent of
the generating set A so we can use growth of the semigroup to mean the ~-class
of any of its growth functions.

Finally we define the notion of growth for a formal language. Let L C A* be
a language. The growth function hy, of L is given by defining hr(n) to be the
number of words of L of length at most n. Then the growth of L is [hy).

7.1.5 Growth of a language of unique normal forms

One may also define the growth function of S with respect to A by
9(n) = l1a({w € A™ | [w| < n})|

and it is an easy exercise to see that this definition is equivalent to the previous one.
Let L be a language of unique normal forms for S over A. Then |4 is injective on
the elements of L so that

hL (n)

lja({w € L | |w| < n})]
lha({w € A* | |w| < n})|
g(n).

A
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Therefore, noting that any semigroup has at least polynomial growth and at most
exponential growth, we have

Theorem 7.1.13. The growth of a language of unique normal forms for a semi-
group S is bounded above by the growth of S. In particular, if S has polynomial
growth, then any language of unique normal forms for S has polynomial growth,
and if a language of unique normal forms for S has exponential growth, then so
does S.

Considering this theorem, a number of questions immediately spring to mind:
When are the growth of the semigroup and the growth of its language of normal
forms in the same class? The growth of the number of paths in a graph is known
to be alternative [30], and therefore the growth of a regular language is alternative
— is the growth of a rational semigroup necessarily alternative? In [30] it is shown
that the growth of any algebra with finite Grobner basis is alternative.

7.2 The monogenic free inverse semigroup is not ra-
tional

There appears to be consensus among workers in the area of automatic semigroup-
s that it is more difficult to show that a semigroup is not automatic than to show
that it is (which is usually a matter of exhibiting an automatic structure for it). In
this section we use the fact that the growth of the free monogenic inverse semi-
group is polynomial to show that it is not a rational semigroup (and therefore not
automatic).

In [5, Chapter 8], it is shown that nilpotent groups are not automatic, and that
proof also exploits the fact that nilpotent groups have polynomial growth. Nilpo-
tent groups are, nevertheless, rational. As mentioned by Sims in [26], they have
finite confluent rewriting systems under the basic wreath product ordering and it
is a simple exercise in the theory of automata that this implies the existence of a
regular set of unique normal forms.

7.2.1 Finite state machines

We start with some general facts about finite state machines, a construction used in
the subsequent argument. A finite state machine consists of a finite set A of states,
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a finite set A of input letters and a function I" : A X A — A describing the state
transitions. We extend I' to a (right) monoid action of A* on A. Denoting by e the
empty word in A*, I'(, €) is therefore the identity on A. There is a distinguished
state 7 € A called the initial state and a subset T' C A of terminal states. We will
usually identify the state machine with its transition function. We also consider
the state graph of the machine, which has vertex set A and an edge from s to ¢
labelled by a € Aif I'(s,a) = t.

A word w € A* is said to be accepted by I' if I'(4, w) € T. A state s € A is said
to be accessible if there is some w € A* such that I'(4, w) = s and coaccessible if
there is a word w € A* such that I'(s, w) € T..

The state graph of a state machine influences the growth of the language accepted
by the machine in the following way.

Theorem 7.2.1. Suppose the state graph of the state machine I" has two distinct
cycles on an accessible and coaccessible state. Then the language accepted by T'
has exponential growth.

PROOF: Recall that a cycle in a graph on the vertex s is a path from s to itself
passing through no other vertex twice.

Let s be the state with two distinct cycles in the state graph. Since s is accessible
and coaccessible, there are words u, v € A* such thatI'(s,u) = sandI'(s,v) € T
Since the two cycles on s are distinct, there are distinct words w;, wy; € At (which
are not prefixes of one another) which label the edges of the cycles, such thatall
words determined by the regular expression u{w,, ws }*v are accepted by T'. Let
| = LCM(|w,|, |ws|) and fix py,ps € N such that I = |w;|p; = |we|ps. Then the
number of words accepted by I of length m = |u|+ |v|+1k is at least 2F. Namely,
they contain the set of words given by the regular expression u{w?}*, wh*}*v, all
of which are distinct.

Therefore, if the language accepted by the automaton has growth h, we have that
h(m) > 2% = 2(m—lul=lD/! a5 required. i

Theorem 7.2.1 is an automaton theoretic formulation of the fact that a language
not being textitsimply starred (described by a regular expression in which the star
operator is only applied to singletons) implies that it has exponential growth, a
fact explained in [5, Section 1.3]. The next lemma dictates the form of words in
a regular language with polynomial growth. In the terminology of [S] one would
say that a regular language with polynomial growth is simply starred.
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Lemma 7.2.2. Let L be a regular language with polynomial growth accepted by
some automaton I'. L consists of precisely the words of the form

h m
ulfu{“uzvf e um'vﬁ,, ind
where uy . . . Um41 labels a cycle free path from the initial state of I to a terminal
state, h; > 0 for all ¢, uy, . . . , U, are nonempty, and each v; labels a cycle in the
state graph on I'(i,uy . . . u;).

PROOF: The result follows as a corollary of Theorem 7.2.1. Since L has poly-
nomial growth, the state graph of ' has no two cycles on a single accessible and
coaccessible state. |

7.2.2 The monogenic free inverse semigroup

For the remainder of Section 7.2 let F'I, denote the free monogenic inverse semi-
group with (semigroup) generating set {z,z~'}. We pause now to recall some
simple facts and standard definitions about this semigroup. The reader requiring
elucidation of the following development is referred to [18].

Let * denote the homomorphism of F'I,, onto the free group F; of rank 1 defined
by taking any word in {z, z7'}* and freely reducing it, that is to say, cancelling
zz~! and £~ z. For example, zzz—1z = 22.

It is a consequence of the graph representation of free inverse semigroups (see
[18, VIIL3]) that F'I, may be identified with the set of triples (i, j, k) € Z* such
that 4+ < j and 0 and k are contained in the contiguous interval [z, 7]. In particular,
¢ < 0 < j. The product (3,7, k) * (¢, 5/, k') is then (min(¢, k& + '), max(j, k +
i),k + k). Leth : {z,271}* — FI, be the natural homomorphism mapping
words to triples. This map is completely defined by setting f(z) = (0,1,1) and
h(x_l) = (—'1) 0, _1)

It is a useful intuitive device to regard a triple as described above as a segment
[4, 7] of Z with a distinguished element k. Then reading any word from left to
right defines a path, starting at 0 and moving a step to the left every time z~*
is read, and a step to the right every time z is read. Then a word w such that
h(w) = (4,7, k) defines a path starting at 0, whose meanderings in the number
line take it at most |i| places left of zero and at most j places right of zero, finally
ending at position k. Composing with another word v with §(v) = (¢, 5/, k") we
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start at k¥ and meander at most |¢'| places to the left of k, j' places to the right of &
and end up k' places to the right of k.

More formally, set lex(w) = min{i | @ = z*, u a prefix of w} and refer to it as
the left extremum of w’s path through Z. Similarly define rex(w) = max{z | & =

a*,u a prefix of w} (the right extremum) and the endpoint given by @ = gend@),
With this notation we now have fj(w) = (lex(w), rex(w), end(w)).

An immediate consequence of the discussion above is that

Theorem 7.2.3. Let w be a word in {z,z='}*. The following conditions are
equivalent:

e fi(w) is idempotent;

h(w) = (3, 4,0) for some i,j € Z.

Finally we quote a well known result mentioned in [24] which is at the core of the
proof of Theorem 7.2.7.

Theorem 7.2.4. The free monogenic inverse semigroup has cubic growth.

7.2.3 Proof of Theorem 7.2.7

For the remainder of this section we derive some lemmas under the assumption
that F'I,, is rational so that the proof proper is a proof by contradiction.

Suppose that L is a regular language of unique normal forms for F'I, over the
alphabet {z,27'}, and let I be a finite state machine with n states accepting
precisely the words of L.

Since F'I, has polynomial growth (by Theorem 7.2.4), L also has polynomial
growth, so that each word of L may be written in the form described in Lemma
7.2.2. In particular, any word in L is of the form

h1 ha

VMU L Ul (7.1)

where,
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® uj...Un4 describes acycle free path in the state graph of I' from the initial
state to a terminal state;

® U, ..., Uy are nonempty,
e m <N,

e }i(v;) is not idempotent, for otherwise the word obtained by increasing h; by
one, which is also accepted by I would represent the same element of F'[,,
contradicting uniqueness.

Let w be any word in L. Then w may be factored not only as in (7.1) but also as
abc where end(a) and end(ab) are the opposite extrema of w’s path. That is, either
7 = 218X®) and g = £1X®) or g = £IX®) gand gh = z1€X@),

However it may happen (inconveniently for our purposes) that a or b ends within
one of the v;. The next lemma shows that we may choose a, b and ¢ so that their
boundaries are out of the v; but where end(a) and end(ab) are still ‘not too far’
from the extrema of w’s path.

Lemma 7.2.5. Let w € L. Then w may be factored as abc and also as in (7.1) so
that

® 0= ulvl"l ea uj_lv_,-_l"f-luj';
e gl h; hy— Is
® b= u;"v; 1" .. Up_ U1 P10
— " h h ‘
® C= Up VUps1 1.0 UpUn ™ Ums1,

and so that end(a) is within n of the lower extremum of w’s path in Z and end(ab)
is within n of the upper extremum, or vice versa.

PROOF: We prove the lemma for the case that w may be factored as a'b’'c’ with

end(a’) the lower extremum and end(a't’) the upper extremum. The other case is
similar.

If ' ends within u; for some j then puta = a'. Otherwise, @' = wyv,™ . .. u;v, v}
for some prefix v} of v;.

Now if 75 is a negative power of «, then h must be h; — 1, in which case put
a = uwyvy™ ... u;u;". Then @ cannot be more than an (n — 1)th power of z
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greater than o’ since no state appears more than once going from I'(3, a') to I'(4, a)
since it traces the last part of a cycle in the state graph of I'.

If, on the other hand, 75 is a positive power of z, then h = 0 so we can let
a = uv™...u;_1. Again @ can differ from o’ by no more than an (n — 1)th power
of 2.

Now we have w = ab”c’ where ab” = @'V, defines a path in Z with endpoint the
right extremum of w’s path. We now have lex(w) < end(a) < lex(w) + n, as
required. Of couse, we still have end(ab”) = rex(w).

If ab” ends within ug, put b = " and ¢ = ¢ and we are done. Otherwise, " is the
word starting at the end of a and ending with u{v/v, for some prefix v}, of vy, and
uy, is some (possibly empty) suffix of uy.

If g is a negative power of z then, i = 0. Truncate b” at the end of u} to produce
b. If v, is a positive power of z then h is hy — 1. Append the rest of v, to form b

In either case, noting that end(b”) — n < end(b), we still have rex(w) — n <
end(ab) < rex(w). [

It is now shown that if w € L represents a ‘large enough’ element of F'I,, then as
I' accepts w, each of the factors a, b and ¢ determined by Lemma 7.2.5 traverses
a cycle in the state graph of I'. The astute reader will recognize this as a thinly
disguised Pumping Lemma [8].

Lemma 7.2.6 (Pumping Lemma). Let w be an element of L with i(w) = (p, g, 0).

If p < —2n and q > 2n then w factors as in (7.1), and for some i, < iy < 13, the
factors vy, U5, and v;;, are nonzero powers of x which alternate in sign.

PROOF: We can write w = abc as in the statement of Lemma 7.2.5 with end(a)
within n of the lower extremum of w’s path and end(ab) within n of the upper
extremum, or vice versa. Without loss of generality we assume the former.

To begin with, consider a = wn™ ... u;j_1v;1"M-2u;/. Now wyus,.. U U
traces out a path in the state graph of I" which does not visit the same state twice
hence w; ...} is a power of z which is between —n and n. But @ is a power of
z~! which is greater than n. Thus there is some 1 < 4; < j with 7j; a negative
power of z and h;, > 0.

Similarly, b is a power of z which is greater than 2n, which implies that there is
some j < 43 < k with Uj; a positive power of z and h;, > 0.
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An identical argument assures us that there is some & < i3 < m with U;; a negative
power of z and h;; > 0. |

Finally we are in a position to prove main theorem of this section.

Theorem 7.2.7. The monogenic free inverse semigroup is not rational.

PROOF: Suppose by way of contradiction that 7'/, is rational. Then by Lemma
7.1.3 it must have a regular language of unique normal forms over the generating
set {z,27'}. Let L be such a supposed language and I a finite state machine
which accepts precisely the words of L. Let n be the number of states of I'. Since
L is neither {z, z71}* nor §, n must be at least 2.

Under these assumptions we proceed to exhibit two words in L with the same
image under | contradicting uniqueness.

Let w be the unique element of L with j(w) = (—2n — 1,2n + 1,0). Then w

satisfies the conditions of Lemma 7.2.6. So without loss of generality we may

write w = uw{“uzvgz i .umvfnmumﬂ as in (7.1) and assume that there are 4; <

19 < 13 With;
o T;; =z and f; < 0;
o U, = a2 and f, > 0;

e T;, = 23 and f; < 0; and
hi,, hi, and h;; nonzero. Let d3, 03 > 0 be the unique integers such that

f262 = —f353 = lcm(fg, —fg). (72)

Observe that 0 < d; < —f3 < |vi,| < 7 and that similarly 0 < §3 < n. Let
A = lem(— fi, f2, — f3) (a positive integer). Then set

o = 8n2\
~f1

An2\

P =%
_ 2n2)
=
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By the factthatn > 2, 8 > n > d; and v > b > d3. Define

— o B o
W1 = UrU .. Ugy Uy Ugy 41+ o Ugp U, Ugp 1 + -« Uga Uy, Uiz ]+ 2 Ul

— o B0z Y93
Wy = UUg... uilviluil+1 v .uiz'viz Ujg41 + + » Ugg Uz’a Uig41 + -+ Um41-

The construction by which we arrive at the factorization (7.1) ensures that w; and
wy are both accepted by I' and are therefore in L. It only remains to show that
f(w) = h{ws). The equality holds if the endpoints are equal (which is equivalent
to showing that W, = Ws) and that the left and right extrema are equal.

Now by commutativity of £,

_ — dz,,03
wl — wz‘l)i2 'Uia

@xfzﬁzxfaffs

but by (7.2)
mz-x—*fstssmfstfs

Wo

as required. Now we calculate the left and right extrema of the paths of w; and wy
in Z. A helpful observation for the following calculations is that if 7 is a positive
power of z, then for all k& > 0, lex(v*) = lex(v) and similarly, if 7 is a negative
power of z, then for all k > 0, rex(v*) = rex(v). Note also that

lex(uv) = min(lex(u), end(u) + lex(v)) (7.3)

and

rex(uv) = max(rex(u), end(u) + rex(v)). (7.4)
Let ay be the prefix of w; given by uiug . . . us Uf Uiy 41 . . .uizvf; and let ay be the
prefix of wsy given by uyus . . . Uy U Ui 41 - .uizvi_'sz. Choose b; and by so that
wy = a1b; and wy = aqby. Since Ty, is a positive power of z, we can easily deduce
that

lex(a;) = lex(ay)
= lex(uyug. .. us U Uiyq1 - - - Uiy ;)
< n-—8n2
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To determine lower bounds on end(a,), end(az), lex(b;) and lex(b;), we assert
only that end(u; . .. u;,) > —n and end(u;, 1 - . . Umy1) > —n. Thus,

end(a1) > —-n+oafi+pfa
= —n—8n )\ +4n3)
—4n?)\ — n, and similarly,

end(ap) > —4n’\—n— S fs;
lex(b;) > —2n?\ —n; and
lex(bz) > —2n%\—n—83fs;

It

—202X —n + 8 fs.

We show that lex(a1) < end(ay) + lex(b,) and lex(az) < end(az) + lex(bs) which
proves (by (7.3)) that lex(w;) = lex(ai1b1) = lex(a;) = lex(az) = lex(azby) =
lex(wy) as required. Now it a simple matter of arithmetic to show that if either
of these two inequalities didn’t hold, then we would have 2n%)\ — 3n < 0. But
this is only true for values of n between 0 and % Since A > 1 we have shown
a contradiction since our automaton must have at least 2 states. From this we
conclude that the left extrema of w; and ws are the same.

To complete the proof of the theorem, it is now shown in a similar way that the
right extrema of w; and w, are the same. Let a = ujus . .. u; vf] and once again
choose b; and b, so that w; = ab, and wy = aby. We claim that rex(w;) =
rex(ws) = rex(a).

A priori, rex(a) > 0. In the same manner as the previous part of the proof, we
calculate:

end(a) < —8n?)\ + n; and
rex(by), rex(bz) < 4n®X + n.

If rex(w,) or rex(ws) are not equal to rex(a) then (7.4) implies that rex(a) <
end(a) + rex(b;) or rex(a) < end(a) + rex(b;). In either case we would have
—4n?X 4+ 2n > 0, which only occurs for values of n between 0 and 55, once
again contradicting the fact that the automaton has at least 2 states. Thus the right
extrema of w, and w, are the same.

This completes the proof that no regular language of normal forms for F'I, can
have uniqueness. |
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7.3 Application and Discussion

The remarks in Section 1 together with the theorem of Section 2 allow us to draw
some useful conclusions and conjecture further results.

In contrast with finitely generated free groups and free semigroups which are both
easily seen to be automatic and therefore rational

Theorem 7.3.1. No free inverse semigroup is rational. Therefore no free inverse
semigroup is automatic.

PROOF: Let F'Iyx denote the free inverse semigroup on a finite set X and let
z € X. Then define amap ¢ : X — {z,0} by

TORE b

0 otherwise

and extend it to a Rees quotient map ¢ : Flx — FIJ. If FIx were rational
then Theorem 7.1.10 would imply that F'I?, and by Theorem 7.1.9, that F'I, was
rational — a contradiction. |

Together with Theorem 7.1.11 this shows that

Corollary 7.3.2. No semigroup can be rational (nor, therefore, automatic) if it is
a free product of a free inverse semigroup with another semigroup.

The class of semigroups which we now know not to be rational is not contained
within the class of semigroups with polynomial growth, since the free inverse
semigroup on more than one generator has exponential growth. This fact is some-

what intriguing since the proof of Theorem 7.2.7 is so dependent on the growth of
FI,.

An obvious question which arises is whether a free inverse semigroup may embed
in any rational semigroup, for if not, F'Ix would be an interesting semigroup
satisfying the third condition in the definition of a Markov property, while still
having solvable word problem.

Another class of inverse semigroups closely entwined with the present thread of
discourse are defined in [13]:

Theorem 7.3.3. Suppose S is a finitely presented Rees quotient of a free inverse
semigroup with polynomial growth. Then the following conditions are equivalent:

144



o S is infinite;
e S contains a free monogenic inverse subsemigroup,

e S has growth of degree at least 3.

We conjecture that the semigroups defined by Theorem 7.3.3 are not rational.

As a final remark, the observations of Section 7.1.2 recall a lecture given by Pro-
fessor Rick Thomas at the conference CGAMA at Heriot-Watt University, Edin-
burgh in July 1998 [28]. For a finitely presented group G the set W (&) of words
representing the identity of G was considered. A number of theorems relating the
position of W (@) in the formal language hierarchy with the algebraic structure of
G were cited. We consider it a promising line of inquiry to investigate the alge-
braic properties of groups and semigroups which are known to have a language of
unique normal forms in the various strata of the language hierarchy.
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#F RClassCosetTable{ <M>, <word>, <table>, <coset> )

## . . coset table of
## R~-class generated by
H## word.

RClassCosetTable:= function(M, word, table, identity)

local a, i, ¢, k, r, d, n, FLAG,
active,
‘gens, rels,
leng,
tidytable,
stack,
replace,
complete,
parsymrep,
numberUndel,
list,
eqgnTrace,
ideNtify,
newCoset;

newCoset :=function{c,a)
##modifies table and returns the new coset
Add(table,List (leng,x->0));
table[c] [Position (gens,a) ] :=Length(table);
table[Length(table)] [ ({(Position(gens,a)+n/2-1) mod n)+1l]:=c;
Add(replace, 0) ;
Add (complete, false);
active:=active+l;
return Length(table);
end;
egnTrace:=function(c,r)
#trace the relation r starting at coset c

local s,t,u,a,b,1flag,rflag;

#trace through lefthand side

5:=C;

a:=1l;

while not s=0 and a<=LengthWord{rfl]) do
u:=s;
s:=table[s] [Position(gens, Subword(x[l},a,a))];
as=a+l;

od;

if s=0 then
1flag:=false;
S:=u;
a:=a-1;

else
1lflag:=true;

fi;

#trace through righthand side
t:=C;
bisl;
while not t=0 and b<=LengthWord(r[2]) do
u:r=t;
t:=tableft] [Position{gens, Subword(r[2],b,b))]1;




b:=b+1;

od;

if t=0 then
rflag:=false;
t:=u;
b:=b~-1;

else
rflag:=true;

fi;

#check relation
if not lflag and rflag then
#trace through left of <r>
while a<=LengthWord(r(l]) do
s:=newCoset (s, Subword(r([l],a,a)):
a:=a+l;
od;
Add(stack, [Minimum{s, t),Maximum({s,t)]);
elif lflag and not rflag then
#trace through right of <r>
while b<=LengthWord(r[2]) do
t:=newCoset (t, Subword{x[2],b,b)):
b:=b+l;
od;
Add(stack, [Minimum(s, t) ,Maximum(s,t)]):;
elif lflag and rflag and not s=t then
Add(stack, [Minimum(s, t), Maximum(s,t)1);
£fi;

ideNtify () ;
end;
ideNtify:=function()
#coset collapse
local s,t,a,i,u,v;

while not stack={[] do
FLAG:=true;
s:=stack[Length(stack)};
Unbind (stack[Length(stack)]);
while replaceis[1]1]>0 do
s[1l] :=replacels([l]];
od;
while replace(s[2]]>0 do
s[2] :=replacel[s[2]];
od;
# do the identification.
if not s[l]l=s(2] then
for i in [1l..Length(table)] do
if replacel[i]=0 and not i=s[2] then
for a in leng do
if table[i] [al=s[2] then
table[i] [a] :=s[1];
v:=table[s[l]][{{a+n/2-1) mod n)+1];
if v=0 then
table[s{1l]][{{a+n/2~1) mod n}-+1]:=i;
else
Add (stack, [Minimum(i,v) ,Maximum(i,v)]);
£i;
£fi;
od;
£i3
od;




#modify table
for a in leng do
vi:=table[s[2]1] [a]l;
if v>0 then
u:=tablel[s[1]]{al;
if u=0 then
table[s{l}] [a]:=v;
table[v][((a+n/2-1) mod n)+1l]:=s[1];
else
Add (stack, [Minimum(u,v) ,Maximum(u,v)]);
£i;
£i;
od;
#modify stack
for t in stack do
if t[1l]=s[2] then

tll]l:=s[1];

elif t[2]1=s([2] then
t[2]:=s[1];

£i;

od;

active:=active-1;
replace[s(2]]:=s[1];

if s[2]=identity then
identity:=s(1];
fi;

£fi;
od;

end;

#initialize

gens:=Copy (M.generators) ;

Append (gens, M. inverses) ;

n:=Length (gens) ;
leng:=[1..Length(gens)];
rels:=M.relations;

stack:=[];

replace:=List ([l..Length(table)],x—>0);
complete:=List ([1l..Length(table)],x->false);
FLAG:=true;

active:=Length(table) ;

#main routine
while FLAG do
FLAG:=false;
c:=1;
repeat
for r in rels do
if replace[c]=0 then
egnTrace(c,r) ;
fi;
od;
complete[c] :=true;
repeat
c:=Position(complete, false) ;
if c=false then c:=1;fi;
if replacelc]>0 then
completec] :=true;
£i:
until replace[c]=0 or not false in complete;
until not false in complete;
complete:=List([1l..Length(table)],x->replace[x]>0);



od;

#tidy up
numberUndel:=(];
k:=0;
for i in [1l..Length(table}] do
if replacel[i]>0 then
ki=k+l;
fi;
Add (numberUndel, i-k) ;
od;

if not Set{replace)=[0] then
tidytable:=[];
for i in [1..Length(table)] do
if replace(il=0 then
Add(tidytable, [1);
for a in leng do
if table[i][al=0 then
tidytable{Length(tidytable)] [a]:=0;
else
tidytable{Length(tidytable)] [a] :=numberUndel [table[i] [a]]:
£i;
od;
£
od;
else
tidytable:=table;
f£i;

return rec(
active:=active,
representative:=woxrd,
identity:=numberUndel [identity],
#Number (replace, x—>x=0) , ###Alternative return
#representative:=parsymrep, ###Alternative return
table:=tidytable) ;

end;

A A A S R A A A A R R R S R S
ik

#F Trace( <generators>,<table>,<word>,<coset> ) , . . word traces to...?

#4#

Trace:=function( gens, table, word, coset )

local a,c,l;
1l:=Length(gens) ;

c:=coset;
for a in List(word) do
c:=table[c] [Position{gens,a)];
1f ¢=0 then
retuxrn 0;
£i;
od;

return c;
end;

FA A A A A A R A R S R R R S S
##
#F Enumerate( <M> ) . . . . . . . enumerates inverse monoid given by

4 the presentation M
Enumerate:=function (M)



local RClasses,r,s,newtab,i,a,c,gens,l,flag;

gens:=ShallowCopy (M.generators) ;

Append (gens, M. inverses) ;

1:=Length(gens) ;

RClasses:=[];

Add (RClasses,RClassCosetTable (M, IdWord, (List([1..1]1,x->0)1,1)};

#orbit algorithm
for r in RClasses do
for a in gens do

c:=r.tablel[r.identity] [((Position(gens,a)+1/2-1) mod 1)+1];

if c¢=0 then
newtab:=Copy (r.table);
Add{newtab,List ({1..1],x->0));
newtab[r.identity] [ ((Position(gens,a)+1/2-1) mod 1)+1):=r.active+l;

newtab[r.active+1l] [Position(gens,a)]:=r.identity;
s:=RClassCosetTable (M, a*r.representative,newtab,r.active+l) ;
else

s:=rec (active:=r.active, representative:=a*r.representative, identity:=c,
table:=Copy(r.table));
£i;
flag:=false;
de=1;
while not flag and i<Length(RClasses)+1l do
flag:=Trace(gens,RClasses[i].table, s.representative,
RClasses[i] .identity)>0 and
Trace(gens, s.table,RClasses[i] .xepresentative,s.identity)>0;
i:=1i+1;
od;
if not flag then
Add(RClasses, s) ;
fi;
od;
od;

return rec(Size:=Sum(RClasses,x—>x.active),
NumberOfRClasses:=Length(RClasses),
RClassTables:=List {RClasses,x~->rec(Size:=x.active,
Representative:=x.representative,
Identity:=x.identity,
Table:=x.table)));

end;

FAE A R R R R R R R R R R
##

#F RClassAlg( <M>, <cong>, <word>, <type> ) . . . returns coset table
4 R-class generated by

4 word factored out by cong.
i Original RClass

it enumerater v. similar to

#4 main one. For support.

RClassAlg:= function(M, cong, word, type)
##type=0 - normal; type=l - R/H;

local a; €, i; 'k, ¥: d; n,
active,
gens, rels,
leng,
table,
tidytable,
stack,



replace,
complete,
parsymrep,
numberUndel,
list,
representative,
egnTrace,
ideNtify,
newCoset,
Inverted,
Cancelled,
trace,
AddNewCong;

Inverted:=function (w)
##returns the inverse of the word w
local nw,a;
nw:=IdWord;
for a in Reversed(List(w)) do
nw:=nw*gens|[ ( (Position(gens,a)+n/2-1) mod n) +11];
od;
return nw;
end;
Cancelled:=function(w)
##ogiven a word w this function cancels it as if it were a word in a group
local nw,a;
nw:=IdWord;

for a in List(w) do
if Position(gens,a)<=n/2 then

nw:=nw¥a;
else

nw:=nw*gens [Pogition{gens,a)-n/2]"-1;
fi;

od;
return nw;

end;

newCosget:=function(c,a)

##modifies table and returns the new coset

Add(table,List (leng,x->0));
table[c] [Position(gens,a)] :=Length(table) ;
table[Length(table)] [ ({Position{gens,a)+n/2~1) mod n)+1]:=c;
Add (replace,0) ;
Add{representative, representativelc]*a);
Add (complete, false};
active:=active+l;
return Length(table);

end;

egnTrace:=function(c, r)



local s,t,u,a,b,lflag,rflag;

# does <c> trace through left of <r>?

81=qQ;

a:=1;

while not s=0 and a<=LengthWord(x[l]) do
u:=s;
s:=table[s] [Position{gens, Subword(x[1l],a,a))l;
a:=a+l;

od;

if s=0 then
lflag:=false;
S:i=1u;
a:=a-1;

else
1lflag:=true;

fi;

# does <c> trace through right of <r>?

ti=c;

b:=1;

while not t=0 and b<=LengthWord(r[2]) do
u:=t;
t:=table[t] [Pogition (gens, Subword(xr[2],b,b)}];
b:=b+1;

od;

if t=0 then
rflag:=false;
t:=u;
b:=b-1;

else
rflag:=true;

fi;

if not lflag and rflag then
#trace through left of <r>
while a<=LengthWord(r[l]) do
s:=newCoset (s, Subword{(r[l],a.,a));
a:=a+l;
od;
Add(stack, [Minimum(s, t) , Maximum(s,t)]);
elif 1flag and not rflag then
#trace through right of <r>
while b<=LengthWord(r[2]) do
t:=newCoset (t, Subword(r(2].,b.b)):
b:=b+l;
od;
Add (stack, [Minimum{s, t) , Maximum(s,t)]):
elif lflag and rflag and not s=t then
Add(stack, [Minimum(s, t) ,Maximum(s,t)]);
£fi;

ideNtify () ;

end;

ideNtify:=function()
#coset collapse
local s,t,a,i,u,v;
while not stack=[] do

s:=stack[Length(stack)];
Unbind(stack{Length(stack)]};



while replace([s[1l]]>0 do
s[1l] :=replace([s([1]];
od;
while replace([s[2]]1>0 do
s(2] :=replace([s[2]];
od;
# do the identification,
if not s[l]=s([2] then
for i in [1..Length(table)] do
if replace[i]=0 and not i=s{2] then
for a in leng do
if tableli][al=s[2] then
table[i] [al:=s[1];
v:=table[s[l]][({a+n/2-1) mod n)+1];
if v=0 then
table[s[1l]][(((a+n/2-1) mod n)+1]:=1i;

else
Add (stack, [Minimum(i,v) ,Maximum(i,v)]);
£fi;
£fi;
od;
fi;

od;

for a in leng do
v:=tablels[2]] [a]l;
if v>0 then
u:=table[s[1l]] [a];
if u=0 then
tablels[1l]][a]:=v;
table[v]{((a+n/2-1) mod n)+1]:=s[1];
else
Add(stack, [Minimum{u,v) ,Maximam(u,v}]1);
£fi;
£
od;

for t in stack do
if t[1)=s(2] then

t{l]:=s(1]);:

elif t[2]=s([2] then
t[2]:=s[1];

£fi;

od;

active:=active-1;
replace([s([2]]):=s[1];

£i;
od;

end;
trace:=function(w)
#trace the word w starting coset 1
local a,c;

grEl;
for a in List{w) do
c:=table(c] [Position{gens,a)];
if ¢=0 then
return 0;
£i:
od;



return c¢;
end;
AddNewCong:=function()
#R/H subroutine which adds new right congruence genertors
local w,flag;
flag:=false;

for w in [2..Length(table)] do
if replace[w]=0 and trace(representative([w] *woxrd)>0
and trace(Inverted(representative[w]) *representative[w])>0 then
Add (cong, [representative([w], IdWoxrd]) ;
£fi;
od;

if flag then complete:=Copy(List (table,x->false));£fi;
end;

finitialize

gens:=Copy (M.generators) ;
Append (gens, M. inverses) ;
n:=Length(gens) ;
leng:=[1. .Length(gens)];
rels:=M,relations;
table:=[List(leng, x->0)1;
stack:=[];

replace:=[0];
representative:=[IdWord];
complete:=[false];
active:=1;

if not word=TIdWord then
cs=l;
for a in List(word) do
if table[c] [Position(gens,a)]=0 then
:=newCoset (c,a) ;
else
c:=tablec] [Position(gens,a)];
£i;
od;
fi;

if type=l1 then AddNewCong();fi;

#main routine
c:=1;
repeat
for r in cong do
egqnTrace(l,r):;
od;
for: A in. [1. .¢] do
if replace([d]=0 then
for r in rels do
egqnTrace(d,r};
od;
£i;
od;
complete([c] :=true;
if type=1 then AddNewCong () ;fi;
repeat



¢c:=Position({complete, false);
if c=false then c:=1;fi;
if not replace[c]=0 then
complete(c] :=true;
£i;
until replace{c}=0 or not false in complete;
until not false in complete;

#tidy up
numberUndel:=[];
k:=0;
for i in [1..Length(table)] do
if replace([i]>0 then
k:=k+1;
£is
Add (numberUndel, i-k) ;
od;

if not Set(replace)=[0] then
tidytable:=[1];
for i in [1l..Length(table)] do
if replace[i]=0 then
Add(tidytable, []);
for a in leng do
if table[i] [a]l=0 then
tidytable[Length(tidytable)][a]:=0;
else
tidytable[Length(tidytable)] [a] :=numberUndel [table[i] [a]];
£i;
od;
fi;
od;
else
tidytable:=table;
£fi;

if type=0 then
return rec(Size:=active,
Representative:=word,
#representative:=parsymrep,
Table:=tidytable);
else
return rec(Size:=active,
Representative:=word,
RightCongruenceGenerators:=List (cong,x->x[1]1),
#representative:=parsymrep,
Table:=tidytable) ;
£i;

end;
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i

#F Inverted( <generators>, <word> )., . Inverts word
i

Inverted:=function(gens,w)
local n,nw,a;

n:=Length (gens) ;

nw:=IdWord;

for a in Reversed(List(w)) do
nw:=nw*gens|[ ( (Position{gens,a)+n/2-1) mod n) +1];

od;



return nw;
end;
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##

#F RClassEnumerate (<M>, <cong>, <word>) . . . Standard Enumeration for
#4 R-class generated by word

#4# with the right congruence cong
# factored out

RClassEnumerate:=function (M, cong, word)
cong:=List (cong,x->[x, IdWord]) ;
return RClassaAlg(M, cong, word, 0);

end;

AR S A R R R R R
i

#F ROverHEnumerate (<M>, <cong>, <word>) . . . Enumerates the R-class generated
# by word the right congruence

it generated by H and cong

## factored out.

ROverHEnumerate:=function(M, cong, word)
cong:=List (cong,x->[x, IdWord]) ;
return RClassAlg{M, cong, word, 1};

end;
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##

#F IsEqual ( <M>, <wordl>, <word2>) . . . support function tests whether
#¥# wordl=word2 in M
IsEqual:=function(M,u,v)

local gens,r,s;

gens:=ShallowCopy (M.generators) ;
Append (gens, M. inverses) ;
r:=RClassEnumerate (M, [],u);
s:=RClassEnumerate(M, [],V);

if Trace{(gens,r.Table,v,1)>0 and Trace(gens,s.Table,u,1)>0 and
Trace (gens, r.Table,u,l)=Trace(gens,r.Table,v,1l) then
return true;
else
return false;
fi;
end;
A A F R A A R A R A R A S R A G
Eidis
#F IsHEquivalent( <M>, <wordl>, <word2>). . support function tests whether
#i# wordlHword2 in M

#Note that this is mathematically dodgy as it claims that two factored R-classes
ffare identical if they are isomorphic.

IsHEquivalent:=function(M, wordl, word2)



local gens,r,s;

gens:=ShallowCopy (M.generators) ;

Append (gens, M. inverses) ;

r:=ROverHEnumerate(M, [],woxrdl) ;
: =ROverHEnumerate (M, [],word2) ;

if Trace(gens,r.Table,word2,1)>0 and Trace(gens,s.Table,wordl,1l)>0 and
Trace (gens, r.Table,wordl, 1) =Trace (gens, r.Table,word2,1) then
return true;

else
return false;

fi;

end;
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##

#P IsREquivalent ( <M>, <wordl>, <word2>). . support function tests whether
#i# wordlRword2 in M
IsREquivalent:=function (M, wordl, word2)

local gens,r,s:

gens:=ShallowCopy (M.generatoxrs) ;
Append (gens, M. inverses) ;

r:=RClassEnumerate (M, [],wordl) ;
s:=RClassEnumerate (M, [],word2) ;

if Trace(gens,r.Table,word2,1)>0 and Trace(gens,s.Table,wordl,1)>0 then
return true;

else
return false;

£fi;

end;

SR A S R R A S R R A R R R S

##

#F IsLEquivalent ( <M>, <wordl>, <word2>). . support function tests whether
i wordlLword2 in M
IsLEquivalent:=function(M, wordl, word2)

return IsREquivalent (M, Inverted(Concatenation(M.generators,M.inverses), wordl),
Inverted(Concatenation (M.generators,M.inverses) ,word2)) ;

end;



