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Summary

The main subject of the thesis is the asymptotic analysis of models in mechanics of
composite materials. It is based on the extension of the theory of the Pélya-Szego
tensors to the problems of homogenization and fracture. Such a technique allows one
to obtain an asymptotic solution to a problem where most of numerical algorithms fail
due to the presence of a singular perturbation. As a result of this work, a number of
interesting effects have been found in optimization of composites and inverse problems
of crack-inclusion interaction.

Chapter 1 is an introductory chapter that contains the main definitions and bibliograph-
ical remarks.

In Chapter 2 the Pélya-Szego dipole tensors are employed for analysis of plane elasticity
problems in non-homogeneous media. Classes of equivalence for defects (cavities and
rigid inclusions) are specified for the Laplace and Navier operators: composite materials
with defects of the same class have the same effective elastic moduli. Explicit asymptotic
formulae for the effective compliance matrices of dilute composites are obtained.

The problem of the optimal cavity shape is analyzed in Chapter 3. The analysis uses the
Pélya-Szego tensors calculated in Chapter 2. A new type of structure which is optimal
for shear loading has been found. Properties of the optimal cavity are described.

The crack-inclusion interaction problem considered in Chapter 4 has been solved by
the asymptotic methods. An analysis of crack trajectories is performed in Chapter
5 for different types of defects and interface conditions. The algorithm employs the
Poélya-Szego tensors as integral characteristics describing the defect. Comparison with
experimental data (Ceramic Centre, Bologna) is presented.

In Chapter 6 we use the method of compound asymptotic expansions to treat the
homogenization problem for thin-walled composites. The technique of boundary layer
fields is employed to derive the junction condition in the region connecting thin walls.
The asymptotic formulae are derived for the effective elastic, thermal conductive and

thermal expansion moduli of thin-walled periodic structures.
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Chapter 1

Introduction

1.1 Background, motivation and structure of the thesis

The main objective of the thesis is to apply asymptotic methods to the problems of
homogenization and fracture in composite materials. In particular, the problem of
evaluating the effective moduli of dilute media filled with cavities or rigid inclusions
of arbitrary shape and crack propagation in such a medium are of main interest. An
asymptotic approach to homogenization of thin-walled composites with periodic struc-
ture is considered in the last chapter. Both these topics - composite materials and
asymptotics - have been studied by many authors in recent years. They often have been
treated as two separate topics with no common links. However, if a composite medium
can be characterized by a small parameter, the asymptotics allow one to obtain some
closed-form solutions. In fact, any dilute suspension or cellular solid is an example of
such a structure.

Due to a wide application of the computer technology, problems of solid mechanics
are often treated numerically. Advanced finite element packages have been designed
for elasticity, conductivity, fluid dynamics (e.g. COSMOS/M package [120] developed
by Structural Research and Construction Corporation). Usually this technique enables
one to obtain good results applicable to the industrial problems. At the same time
there is a number of singularly perturbed problems where, due to the presence of a
small parameter associated with a non-regularity of the problem or small coefficients
multiplying the high derivatives, the application of the finite element or finite difference
methods requires a very fine mesh or in many cases fail. Examples include elasticity or

conductivity problems in dilute media (perturbation of the boundary due to additional




1.1. BACKGROUND, MOTIVATION AND STRUCTURE OF THE THESIS

interface of inclusion) or cellular solids with perturbed boundary of walls or rods. The
convergence of such schemes is often unsatisfactory for the problems with small parame-
ters. Asymptotic methods are free of these disadvantages. Conversely they allow one to
construct the leading terms (or all terms in some cases) of the expansion explicitly and,
as a result, to analyse qualitatively the solutions of either direct or inverse problems.
Asymptotic methods for singularly perturbed problems have been extensively studied
during the last ten years. Various topics of the asymptotic theory of partial differential
equations and calculus of approximation have been considered. The theory is based on
the results of Kondrat’ev [54], who analysed the behaviour of the solution of elliptic
boundary value problems near the conical and angular points. Speaking about asymp-
totic methods it is important to refer to the works by Maz’ya (for example, Maz'ya,
Nazarov and Plamenevsky [65]). They used the method of compound asymptotic ex-
pansions in singularly perturbed boundary value problems. Elliptic boundary value
problems have been considered by Nazarov and Plamenevsky [84] in domains with
edges of different geometries (polygons, cones, cusps). Monograph by Movchan and
Movchan [75] deals with some particular areas of fracture mechanics, such as modelling
of cracks, thin inclusions and domains with conical points and sharp edges. Asymp-
totic expansions of the solutions of linear elasticity boundary value problems have been
analysed.

It is important to mention that the main subject of the investigation is composite
and inhomogeneous media, a widely presented subject in mathematical and engineering
literature. It is appropriate to refer to some monographs where composite materials are
described (Sendeckyj [99], Christensen [18], Jones [49]). Overall elastic moduli have been
studied by Willis in [122] where the well-known bounds obtained by Hill [43] have been
compared with Hashin-Shtrikman bounds and with bounds of a higher order. In [123]
three principal methods for studying randomly inhomogeneous media (perturbation
theory, variational principles and self-consistent methods) have been considered. Self-
consistent analysis has been applied to wave propagation problems in composites with
spherical inclusions or small cracks by Sabina, Smyshlyaev and Willis [96]. Properties
of different types of composite materials have been studied by Nemat-Nasser and Hori
[85]. Properties of laminates, as the optimal structures, have been considered by Milton
[68]. Specific types of heterogeneous structures - cellular solids - have been described by

Gibson and Ashby [30] and Kalamkarov and Kolpakov [50]. They analysed thin-walled
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two- and three-dimensional composite media using engineering hypotheses. Hashin [40],
[37] considered thermo-elastic properties of composites. Budiansky [12] analysed the
overall moduli of a multiphase material using approximate methods.

An important application of the method of asymptotic expansions is in homogenization
of composite materials where the asymptotic technique allows one to derive the homog-
enized operator by considering multiple scale asymptotic expansions. We can refer to
monographs by Bensoussan, Lions and Papanicolaou (8], Bakhvalov and Panasenko [4]
and Jikov, Koslov and Oleinik [47]. They discuss a technique based on two different
scales. The first one is the macro-scale which characterizes the size of the domain,
the second one corresponds to the micro-scale which describes the size of an elemen-
tary periodic cell. In the monograph by Bensoussan, Lions and Papanicolaou [8] the
multiple scale method is used to treat boundary value problems with rapidly oscillat-
ing coefficients. Rigorous theory of homogenization is presented in the monograph by
Jikov, Koslov and Oleinik [47], where the method of asymptotic expansion has been used
to justify homogenization for second order elliptic operators with periodic coefficients.
Jikov, Koslov and Oleinik [47] also considered homogenization of parabolic operators,
homogenization in linear elasticity and nonlinear variational problems. “Averaging tech-
nique” of defining the effective constants for layered and multi-rod structures has been
considered by Bakhvalov and Panasenko [4].

The optimal design of composite materials is one of the areas in mechanics widely stud-
ied at the present time. A number of monographs have been written on this subject, for
example, Haug, Choi and Komkov [41] on application of numerical methods in optimiza-
tion, Pironneau [89] and Sokolowski and Zolesio [104] on variational techniques. It is
important to mention the work by Rozvany, Bendsoe and Kirsch [94] that includes math-
ematical and numerical analyses of shape sensitivity associated with elliptic boundary
value problems, and “First World Congress of Structural and Multidisciplinary Opti-
mization” [87] where the new problems in structural optimization have been discussed.
Structural optimization using FEM is considered by Schnack [98]. The existence of
solutions of optimal control problems for the Laplace operate is analyzed by Chenais
[15].

Since one part of this work deals with fracture in inhomogeneous media filled with defects
of different type, it is appropriate here to refer on papers on fracture mechanics. Fracture

propagation is an area of mechanics where asymptotic methods have wide applications.
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Stress intensity factors at the tip of a slightly curved or kinked 2D crack have been
found by Cotterell and Rice [20]. Initial development of a crack path has been analysed.
Later Sumi, Nemat-Nasser and Keer [107] analysed quasi-static growth of slightly non-
collinear crack in a finite brittle solid using Muskhelishvili complex potentials. They
supposed the crack extension to be of special polynomial form. Crack path caused by
a residual stress field has been simulated numerically by Sumi [106]. Rubinstein [95]
analysed an interaction of a macrocrack with microdefects in an elastic body. He derived
the increment in stress intensity factors due to microdefects by solving the integral
equation for the potentials. Movchan, Nazarov and Polyakova [77] have obtained a
similar expression by asymptotic methods using the weight functions. These functions
have been introduced by Bueckner {13] and have many applications. For 3D dynamical
crack they have been derived by Willis and Movchan [124], Movchan and Willis [82].
Another application is in a wavy crack problem analysed by Willis and Movchan [125],
Gao [25] and Xu, Bower and Ortiz [126] where 3D perturbation of a crack front has
been analysed. In-plane perturbation of a flat crack in 3D space has been analysed
by Martin [61] using integral equations technique. Perturbed conformal mapping on
the penny-shaped crack has been introduced and hypersingular equation for the crack
opening has been solved. Similar technique was applied to nearly circular tensile cracks
by Martin [62].

The asymptotic technique has been employed for the solution of elliptic boundary value
problems in regions with a non-smooth boundary. One can mention the following works:
investigation of cracks with smoothly closed edges carried out by Movchan, Morozov
and Nazarov [74]; defects with sharp edges studied by Movchan and Nazarov [76]; cusps
and conical points on the boundary treated by Maz'ya and Nazarov [64]; asymptotic
expansions of solutions in the vicinity of conical and angular points found by Kondrat’ev
[54] and Kondrat’ev and Oleinik [55]. Crack in the form of a rectangular hole has been
considered by Movchan [71] and Movchan and Serkov [78]. The effects which occur
under the longitudinal loading of a thin rectangular hole have been analysed and the
mechanism which causes crack branching has been explained.

The technique based on the analysis of the Pdlya-Szego tensors is closely connected
to the method of asymptotic expansions. This is an alternative way of describing an
inclusion in terms of the energy of perturbation field associated with a finite defect in an

infinite plane. This tensor was introduced in 1951 by Pélya and Szegé [90] and Taylor
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[110] for electrostatic problems. They considered the Dirichlet and Neumann boundary
value problems for the Laplace operator. It has been proved that in this case the Pélya-
Szeg6 matrices represent second rank tensors and are independent of the right-hand
sides in equations and boundary conditions.

Later this technique has been applied to elasticity problems by Babich, Zorin, Ivanov,
Movchan and Nazarov [3], Movchan [72], Movchan and Serkov [79], [81], [80] and Zorin,
Movchan and Nazarov [127]. It is important that a lot of characteristics in linear
elasticity, such as energy increment and effective moduli of compo;site, can be expressed
in terms of the Pélya-Szego tensor. Asymptotic behaviour of the solution of boundary
value problems in an infinite plane with an inclusion is specified in terms of this tensor
also. Using the Pdlya-Szegd tensors, the elasticity problems in an infinite plane with
defects can be treated without any restriction on the geometry of inclusion provided
the inclusion is finite. The knowledge of the tensors gives sufficient information about
energy characteristics of defects and allows one to solve a number of new problems of
homogenization, fracture mechanics and optimal control.

The Pélya-Szego tensor can be considered as an alternative characteristic of an inclusion
and can be compared with the Eshelby tensor [24]. The first one describes the field far
away from the inclusion, the second one within the inclusion. On the other hand, the
Pélya-Szego tensor characterises an inclusion of an arbitrary shape. The Eshelby tensor
is usually used for an elliptical inclusion (Eshelby [24]).

An extension of the method of compound asymptotic expansions (technique of the
Pélya-Szego tensors) to the problem of homogenization, fracture mechanics and optimal
ldesign is the main subject of this thesis. The key-point is the investigation of the
properties of the Pélya-Szegd tensor naturally occurring in the problems listed above.
The major advantage of this technique is in the analysis of the boundary value problems
in domains with defects of an arbitrary shape (provided the perturbed inclusion or cavity
is finite).

In Chapter 2 the main properties of the Pélya-Szego tensors are discussed. The elements
of the tensor are defined as the coeflicients in the asymptotic expansion at infinity for the
solution of a model boundary value problem imposed in an infinite region with a defect.
Calculations of these tensors for cavities, rigid inclusions in conductive and elastic media
are carried out. The boundary integral equations of the Kolosov-Muskhelishvili type

are employed for this purpose. Correspondence between the energy increment due to
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an inclusion and the Pélya-Szego tensor is given. Homogenization procedure for dilute
composites with defects of arbitrary shape is carried out. An analytical representation
for the leading terms of the effective moduli is given in terms of components of the
Pdlya-Szego tensor.

The analysis of the effective moduli results in a number of interesting effects: equivalence
between domains possessing the same effective moduli, equivalence between elliptical
and non-elliptical defects (for conductivity problem and elasticity after certain affine
transform of the coordinates). In particular, for the case of the Laplace operator (anti-
plane shear) it is shown that the displacement field for an arbitrary inclusion or cavity
occupying a bounded simply connected region is equivalent (in the energy norm) to the
field associated with an elliptical inclusion. Dilute composite medium is also considered
where an elementary cell contains a small inclusion or cavity. Following Olver [88] (also,
see Milton and Movchan [70]) one can choose an affine transformation which yields a new
system of equations represented in the canonical form corresponding to an orthotropic
material. The matrix of elastic moduli has a block-diagonal structure. It is shown that
under some conditions imposed on the Pdlya-Szeg6 matrix there exists a transformation
which relates a homogenization problem for a medium with small holes (of arbitrary
shape) to a medium with elliptical cavities. It has been shown that the correction term
of the compliance matrix for composites with voids is independent of the Poisson ratio.
Chapter 3 deals with the extension of Pdlya-Szego technique to the optimal design
problem. Here we follow the idea of Milton [69], Grabovsky and Kohn [34], [35], and
Vigdergauz [118], who analysed the optimality of composites. Different types of optimal
structures, such as laminates and confocal ellipses, have been found. Here different tech-
nique has been applied and some special type of loading conditions (i.e. shear loading)
has been analysed. Application of the Pélya-Szego technique to these problems has led
to a new type of optimal microstructures subjected to shear. A cavity of fixed area is
said to be optimal if it provides a minimal energy change associated with introducing
the cavity in an infinite plane. One shows that for shear loading the contour of the op-
timal cavity is not smooth and shaped as a curved quadrilateral. The shape is specified
in terms of conformal mapping coefficients and the proof of optimal behaviour of this
structure is presented.

In Chapters 4 and 5 the asymptotic technique is applied to problems of fracture mechan-

ics. The method of compound asymptotic expansions is employed to treat the problem
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of interaction between a crack and an elastic inclusion (so called crack-inclusion in-
teraction problem). This method allows one to derive an asymptotic formula for the
crack trajectory in terms of the Pdlya-Szego tensor and, hence, to analyse the trajectory
without laborious finite-element calculations (Sumi and Wang [108]).

In Chapter 4 two-dimensional asymptotic solution for description of the trajectory of
a quasi-static crack in thermo-elastic isotropic medium containing small defects is pre-
sented. First, the asymptotic procedure is applied to uncoupled thermo-elasticity prob-
lems imposed in an infinite plane with a crack and an inclusion. Asymptotic formulae
for crack trajectories are derived. The defects are described by the Pélya-Szegé ma-
trices, and examples of the crack trajectories for different types of defects (elliptical
cavities, circular and elliptical elastic inclusions) are given in Chapter 5. The results of
the asymptotic analysis agree with existing numerical solutions and give a qualitative
description of crack trajectories observed in brittle materials, such as porous ceram-
ics. Finally, comparison with the experimental data provided by the Ceramic Centre
(Bologna) is presented. The second part of the Chapter 5 deals with the effect of tem-
perature on the crack trajectory. It also describes non-perfect interface conditions and
how they affect the crack trajectory. The situation when debonding causes the shield
effect is analysed.

Chapter 6 does not employ the technique of the Pélya-Szeg6 matrices. It is based on
the compound asymptotic expansions constructed for thin regions. This Chapter has a
logical link with Chapter 2, where homogenization of dilute composites is studied. The
Pélya-Szego technique works well in these problems. In Chapter 6 the homogenization
of thin-walled composites is studied. Full asymptotic expansions are constructed and
the boundary layer solutions are analysed. Junction conditions are deduced from the
analysis of junction boundary layer solutions. Thus, they are obtained without any sim-
plifying hypothesis widely used in engineering approaches. Using the homogenization
procedure, we analyse the honeycomb, square and triangular thin-walled composites.
Both thermal and elastic effects are taken into account. The effective moduli are evalu-
ated for different types of structures consisting of conductive, elastic or thermo-elastic

constituents.
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1.2 Definitions

1.2.1 The dipole form matrices

Consider a two-dimensional irrotational flow of incompressible inviscid fluid with the
velocity v(® = el § = 1,2. Introduce a finite body G. The flow of fluid will be
perturbed and the perturbation field decays at infinity. One is looking for solutions of

the Neumann boundary value problems

A9 (z) =0, zecR\G, (1.2.1)
8o
5— =0, =€dG, (1.2.2)

which satisfy the following condition at infinity
)~z as |z|| o . (1.2.3)

In (1.2.2) n is the unit outward normal vector with respect to R? \ G. The idea of Pélya
and Szegé [90] was to compensate the discrepancy in the boundary condition (1.2.2)

produced by the originally homogeneous field by taking the functions ®® in the form
30 = z; + @, (1.2.4)

where ¢(® are harmonic in R? \ G and satisfy the Neumann boundary conditions

op®
on

=—n; on OG, (1.2.5)

and the conditions of decay at infinity (in 2D case)

2

; T

oD (z) ~ ZD"’“(G)WJ?’ as ||z|| = oo. (1.2.6)
k=1

The matrix D = {Dik }?,k=1 in the above expression is said to be the matrix of the dipole

form

Z Dikaiak-

1,k=1,2
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Let
Wik = (¢, p®) = / V)Vl dg, (1.2.7)
R:\G
Then, the following relation between the energy matrix W and the matrix D holds (see

Taylor [110])

W(G) = 2nD(G) — mess(G)I, (1.2.8)

where I is the identity matrix. It follows from (1.2.7) that the matrix D is positive
definite.

Now, recall the definition of the dipole matrix for the Dirichlet problem. Consider a
homogeneous electrostatic field of the constant intensity E = e®, i = 1,2, in an
infinite plane. Introduce a finite conductor G, and assume that its total charge is equal
to zero. The two-dimensional defect G yields a perturbation of the electrostatic field
which decays like O(||z||~!) at infinity. For the corresponding Dirichlet problem with

the condition (1.2.3) at infinity the electrostatic potential ®*) admits the representation
o) = z; + @, (1.2.9)

Here, the function ¥(*) compensates the discrepancy, produced by the first term on the
right-hand side of (1.2.9) in the Dirichlet boundary condition, and it is characterized by

the following asymptotic formula at infinity
D (z) ~ Zﬂik(a)%—’ﬂi, as ||z|| = oo. (1.2.10)
k=1

The matrix ||| is called the dipole form matrix or the matrix of dipole coefficients.
The energy matrix
P = (@, %)) = / \IOAVAQP 3 (1.2.11)
R:\G

and the matrix H of the dipole coefficients are related by

P(G) = —27H(G) — mes2(G)I. (1.2.12)

This formula has been proved by Taylor [110], and it also can be found in Pélya and
Szego [90]. As follows from (1.2.11) and (1.2.12), the matrix H is negative definite.

Analysis of elasticity problems which generalises the results of Pélya and Szégo is pre-
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sented in Movchan [72], Movchan and Serkov [79], Movchan and Movchan [75] and
Zorin, Movchan and Nazarov [127]. In the next section we shall consider the problem

for an inclusion with the interface boundary conditions posed on 8G.
1.2.2 The Pélya-Szego matrices

The case of the Laplace operator

Consider an anti-plane shear of an infinite plane containing a finite inclusion G. The
third (transversal to the plane) component u(x) of the displacement satisfies the bound-

ary value problem

—pAu(zx) =0, z € R*\G, (1.2.13)
—poAu® () = 0, x€G, (1.2.14)
du ou®
= e ()]
Bom=Ho—p— u=u", = € 9G, (1.2.15)

with the following condition at infinity
2
u(x) ~ ZC,-Q:,- as || — oo. (1.2.16)
i=1

In (1.2.16) C; are constants. The solution of (1.2.13)-(1.2.15) with the conditions at
infinity (1.2.16) can be found in the form

2
u(z) = ZCi{x,: +'w(i)(m)}. (1.2.17)
=1
The harmonic functions w®, 4 = 1,2, decay at infinity and can be specified by the
asymptotic formula
2

; 1 T; 1

& _ L N pp. T (_)

w ; +0 ]l = oo (1.2.18)
g 2 ol + O\ Toe

Note that the matrix ||M;;|| differs from the matrix ||D;;|| introduced in Section 1.2.1

by a constant coefficient. The equivalent form of (1.2.18) is

2
, 1s] 1
G — E i —— — 1.2.1
w = Mz] Ba:JT(w) +O(”m”2)7 ":B“ — 00, ( 9)
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1.2. DEFINITIONS

where T(x) = —(2mu)~! In||z| is the fundamental solution of the Laplace equation in
a plane. Further in the text the matrix {M;;} will be called the Pélya-Szegd matrix.

It should be mentioned that for the case of a cavity G with the contour 8G (Neu-
mann boundary condition), the displacement u(z) satisfies (1.2.13) and the boundary

conditions (1.2.15) should be replaced by

8
X _0, xeda. (1.2.20)
on

If G is a rigid inclusion (Dirichlet boundary conditions), the displacement vector u(x)

satisfies (1.2.13) and the condition
u(x) =a, x € G, (1.2.21)

where the constant a is chosen in such a way that the field u(x) admits the representation
(1.2.17) with the functions w(®) characterized by the asymptotic formula (1.2.19) at

infinity (the term corresponding to a point force is absent).

Pdélya-Szegs and energy matrices

Here we consider the boundary value problem (1.2.13)-(1.2.15) and seek its solution in

the form )
u(x) = ZC’i{xi +w(x)}, =ecR\G,
i=1

2
() =3 Ci{zi +w®(z)}, =z€g,
i=1

where the functions w® () and w(®" (x) are harmonic in R? \ G and G, respectively,
and satisfy the following interface conditions on G

Sw® Hw(0:9)

- = — ). = (0%
B~ Ho—p (o — p)n;, w(x) =w"""(xz), z€aG. (1.2.22)

Then one can see that the harmonic fields w® + z;, w(®9 + z; satisfy the interface
bounda.fy conditions (1.2.15). Using the Green’s formula one verifies (see also Movchan

[72]) that

M(G) = —M(G) + (1o — p)mesyGI, (1.2.23)
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where
Mij=p / Vo . Ve + o / Vu®) . Vo) d. (1.2.24)
R2\G G
Taking the limit when g — 0 we arrive at the problem for a cavity with the Neumann
boundary conditions. In this case the Pélya-Szegd matrix M is related to the dipole

form matrix D introduced in Section 1.2.1 by
M = 27uD.
Consider a different way of extension of the polynomial fields z;, i = 1,2, into the

inclusion G. Namely, introduce a harmonic function w*(®# such that

ow®) dw*(0%) ;
— *(04) () = (H :
B ~Ho— 0, w(x)—w (x) (MO z;, x € dG. (1.2.25)

Then the fields w® + z;, w*©®9) + px;/po satisfy the interface boundary conditions
(1.2.15). In other words, we have extended the field w(®) into the inclusion in such a
way that the shear tractions are continuous on the interface. Application of the Green’s

formula shows that

N(G) = M(G) — p[1 - %]meszGI, (1.2.26)

where
Nij=p / Vu® . Vwlde + uO/Vw*(O’i) - Vw*®dg, (1.2.27)
R2\G G

Taking the limit when pg — 0o, we obtain the equality
M = 2nuH,

where # is the dipole form matrix for the “rigid inclusion” introduced in Section 1.2.1.
Note that the Pdlya-Szegdé matrix M is positive definite for a cavity (the boundary
conditions of the Neumann type), and it is negative definite for a rigid inclusion (the

Dirichlet boundary conditions).
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In conclusion to Chapter 1 it should be mentioned that Pélya-Szego tensors introduced
here in the simplest case of the Laplace operator have interesting applications in elas-
ticity. In Chapter 2 the Poélya-Szego tensors will be constructed for different types
of inhomogeneities and then applied to the problems of composite media and fracture

propagation.
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Chapter 2

The Pdlya - Szego matrices in

elasticity

2.1 Definition of Pdlya-Szego matrix for the Navier equa-
tions
Consider the same region R? \ G as in Section 1.2.2, and assume that the displace-

ment field u(x) satisfies the system of Navier equations and the interface boundary

conditions on G

pViu+ A4+ p)VV-u=0, zcR?\G, (2.1.1)
oV + (A + p)VV-u® =0, zegq, (2.1.2)
o™ (u;z) = o™ (u®;z), u=u®, zecdq, (2.1.3)
a 3 il 8
o= (B ()
pge + 54| e+ 234 + 254 ) \ ny
At infinity the vector function u(z) is characterised by
3 .
un~ Y CVO(z), (2.1.5)
=1

where C;, i = 1,2, 3 are constants, and

vo— () yo_ (%) yo- L (™), (2.1.6)
0 ) \/i 1
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2.1. DEFINITION OF POLYA-SZEGO MATRIX FOR THE NAVIER EQUATIONS

As in (1.2.17) the field u(z) is taken in the form
3 - 3
u(@) = Y Gi(VO(2) + Wh(z)), (217)
=1

where the vector functions W j = 1,2,3, compensate a discrepancy left by ve =
1,2,3, in the first interface boundary condition (2.1.3); and they also satisfy the ho-
mogeneous Navier equations and the second interface condition (2.1.3). At infinity the

vector fields W are characterised by the asymptotic formulae

3

A 8

(®) = . (k) . -2 ) =

1%% kE___l Pir V (3:17) T(z) +O(|z||~%), i=1,2,3, (2.1.8)

where T'(x) represents the Green’s tensor for the 2D Navier system
Yy

222 2T12
—2xInR+ & =R >
b

T(x)=gq
( 2—%2“12 —2xInR+ 2;—;;

Atp \/—
P P A R = 2 2
1 8ru(\ +2u)’ Tt T

The matrix {’P,-j}?, j=1 is called the Pdlya-Szeg6 matriz in elasticity. It is important to
mention that the components of this matrix specify 4th rank Pélya-Szego (“polarisa-
tion”) tensor {’Pklnm}ﬁ,,,m,nzl. Further in the text one will use the Pélya-Szego matrices
in order to evaluate the effective moduli of periodic composites.

Note that if G is a cavity with a contour dG, the displacement u satisfies (2.1.1) and
0@ is free of tractions

o™ (u;z) =0, x€dG. (2.1.9)

If G is a rigid inclusion, which does not resist translations and rotations, the displace-

ment vector u satisfies (2.1.1), and instead of (2.1.3) one has
u(z) =a+bxx, xe€dqG, (2.1.10)

where the constant vectors a and b are such that the field © admits the representation
(2.1.7), where the vector function W are characterised by the asymptotic formula

(2.1.8) at infinity (the terms corresponding to point forces and moments are absent).
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2.2. EXPLICIT FORMULAE FOR POLYA-SZEGO MATRICES

2.2 Explicit formulae for Pdélya-Szego matrices

Here we evaluate the Pdlya-Szeg6 matrices for arbitrary simply connected 2D regions
occupied by rigid inclusions or cavities. The Kolosov-Muskhelishvili representations for

displacements and stresses in terms of complex potentials are employed.

2.2.1 Plane strain: cavities

Consider an infinite elastic plane containing a finite cavity G. The displacement field
u(x) satisfies the homogeneous Navier system (2.1.1) and the traction boundary condi-
tion (2.1.9). The field u(x) admits the representation (2.1.7) which takes into account
the conditions at infinity (2.1.5). We introduce the Kolosov-Muskhelishvili complex
potentials ¢, 1 such that

ur +iug = (2p) " o (2) — 27 (2) — ()},

where z = z; + ix2, p is the shear modulus and » = 3 — 4v with v being the Poisson
ratio. '

Introduce the conformal mapping function
z = w(&), z=x1 +iz9,

which relates the exterior of the unit circle || = 1 and R? \ G. It admits the series

representation
N
wE) =cf+ % (2.2.1)
n=1
with ¢, c_, being constants.
Then the boundary condition (2.1.9) can be written in the form
w _— —
o) + ZETO+TO =0, lel=1, (222)

The complex potentials ¢ and 1 are assumed to satisfy the following conditions

p€) ~af, P(E)~1E as [€] = oo, (2.2.3)

with given complex coefficients «, ~.
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2.2. EXPLICIT FORMULAE FOR POLYA-SZEGO MATRICES

We seek two functions ¢ and 1, which are analytic in the exterior of the unit circle and
satisfy the equation (2.2.2) and the conditions (2.2.3) at infinity. Using the Kolosov-
Muskhelishvili method (see, for example, [83]) one can reduce the problem to a system

of integral equations

f S(‘T)f f '((0 (o0 —¢ If

L
(o) w(o)¢ (0
fa—{da+fw’( 3o = ]{ (2.2.4)
L L L
where L = {{ € C: |¢| = 1}. The complex potentials are sought in the form
2 3k)
©(€) =a£+§+2ﬂ€—k,
(k)
P(€) =€ + + Z i (2.2.5)

k=2

Let ST and S~ be the interior and exterior of the unit circle L. Using the Cauchy
theorem, one can evaluate the integrals in (2.2.4). Since ¢(€) is holomorphic in S~
except infinity where it has the first order pole with the principal part af, the following

relation holds

%f ;‘O(a)gdo = —p() +at, E£€S5 .

L
The function $(1/£) is holomorphic in ST except the origin. It has a pole at ¢ = 0 with
the principal part @/¢. Thus,

2mi

=2L)£ 1/”)d0=—§ tes.
L L

Similarly, one can write

o H o= —u(©) 46, e 5
L

LB

L

€|

|2

, £€857.

The function w(€)@ (1/€)(@'(1/€))~! has a multiple pole of order N at the origin and,
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2.2. EXPLICIT FORMULAE FOR POLYA-SZEGO MATRICES

therefore, the Cauchy integral can be evaluated as follows

where
N-m-1 )
— - —(n
Qm = CPN-m — PN-m—20 — E PN-m—n—1n0 ",
n=2

, k>0 (2.2.6)

1 d* 61§N+1 +271:7=1 C—nEN_n
£€=0

Pk = T777%
Kdeh | o — 30 ne_agn !

In (2.2.6) the coefficients p; with negative indices are equal to zero.

1 w(o)d' (o) , /E)so = ¢m -
2%@% ’(0)(0—E)d +Z Il LEST

The Cauchy theorem enables one to obtain a system of linear algebraic equations with
respect to the coefficients in (2.2.5). In particular, the quantities S and § can be repre-
sented as functions of a, v and the coefficients in the expansion (2.2.6) of the mapping
function. One considers three sets of complex potentials which correspond to the fol-

lowing choice of o and v

Y =—pe1, Y2 =pe, 3= V2per,

C C
:_11, az = ——-:_11, az =0. (2.2.7)

o] =
The potentials have the following expansion at infinity

B;
QDJ'(Z) C_1+—+O(l |2) |Z|—>OO,

() =27 Di o L
"/JJ(Z)— c1 + 2 +O(|z|2)a |Z|—)OO, (228)

where
Bj = fje1 — aje—1 = =01 — bjer — ey,
Dj = 6jc1 —Yjc-1 = —Qjc; — djcl —¥jc-1,

Here j is the index associated with the model problem, whose solution approaches to
V() at infinity. In other words, ¢ and ¢ are the potentials associated with the field
V@) + W) (see (2.1.8)). Substitution of the expressions (2.2.7) in formulae for B; and
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D; leads to the following identities

2

HC1C—1 C -
Bi = plei]* - =——= —bic;, Dj=pcrc_1— dal” dicy,
x—1 x—1
2

HC1C—1 C —=

By = —pleif? —bec1, D= —pecic_g— tal” dacy,
w—1 x—1

Bg = \/iplcllzi - b3c1, D3 = —\/il,l,clc_.li - 3301.

Coefficients b; and d; are given by

N—2
bj = @ipn-1+ pN-3(@15+ 1)+ D koN_k—28kjs 1 =1,2,3,
k=2
N
dj = @jpns1 + PN-1(@rg + %) + D koN—kTrjs 5 =1,2,3, (2.2.9)
k=2

where coefficients ay j,7 = 1,2,3, k =1,2,..., N, solve the algebraic system

N-m-1
am,j — PN-m—2(@1,5 + ;) — Z kpoN —k—m-18kj = TjPN—m,

k=2
with p being the same as in (2.2.6). We note that coefficients b; and d; are related to
am j, by the identities b; = ay; and d;j = a_y ;.

In terms of complex potentials the displacement field W) is given in the form

w® (2) = ﬁ[mp(z) - Zm —¥(2)]

= 3 [#Bil + Bi5 - Dill + O(ﬁ,), 2] = oo. (2.2.10)
The asymptotic formula (2.1.8) can be rewritten as follows
W(i)(z) =Pi (é%[Tu + ile] + %[Tu + ile])
+Piz (& [~To2 + iT12] + Z[Ths — iT12)) (2.2.11)

+%’P¢3 (GE [T + Tog) + 22T +i(To2 — T11)]) + O(]z_llf)

Here 21 + 22472427 2272
ol »1n|z| 27z %izz (2.2.12)
=4 2272 —23¢In 2| - 22472227 -
2i2Z 2zZ

is the 2D Green’s tensor, and q is given by (2.1.8).
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Then it follows from the definition of the Pdlya-Szeg6 matrix (see (2.1.8)) that

—ReB; + -1;ReD; ReB; + ;:sReD; —V2ImB;

1
P= T ReBy+ ;:yReD; ReB;+ ;15ReDy; —v2ImB, |, (2.2.13)
—V2ImB,; —V2ImB, —V2ImB;
or, equivalently,
PN = = A
L= ey Ul oy -0+
P=4i Q-5 -0-E -Gy 9+3&1 |, (2.2.14)
0+ 0+ t
where
Q = |e1|? + Re(a]c1), ¥ = 2Re(cic-1) + Re(afer) + Re(@? ;c1),
E=|a|?+ Re(@,c1), T =-2lc1|>+2Im(a]cy),
@ =Vv2Im(a]a1), A =+v2Im(cic_1) + V2Im(afcy), (2.2.15)

and a”, a® and a” are the solutions of the following system of linear algebraic equations:

N-—m-1

Gy, — PN—m—207 — Z PN-m—k—1KG§ = pn_mC1,
k=2

N-m-—1

0}, — PN-m—28] — D PN-m—k-1kT} = pN_m_2C1, (2.2.16)
k=2

N-m-1

4y, — PN—m—28] — E PN—m—k-1KkBf = pN—m—2ic1,
k=2

where m = —-1,1,...,N.

The last result can be formulated as a theorem:

Theorem 2.1 The Pdlya-Szegé matriz characterising a finite size cavity admits the
representation (2.2.14), where the coefficients 2,%,0,Z, Y, A depend on the conformal

mapping coefficients c,,n = 1,—1,—2... only and are given by (2.2.15).

Note that the coefficients af and a”, possess the property Re(afc;) = Re(a”;c1) which
follows from the symmetry of the Pélya-Szeg6 matrix and leads to further simplification

of formulae (2.2.15).
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The quantities by, b, b3, d1, d2 and d3 in (2.2.9) and a2, a;, and a7, in (2.2.16) are related
by

pas af
by = _11 - ll'a"lya by = ;f’—ll + l"’aza b3 = \/_2_““{’
uas ua®
1=%_11—N011, d2=x__11+ua11, d3=\/§lﬂf—1-

Examples:
The following formulae represent the Pélya-Szegé matrices for regions which are close
to polygons.

1. If the conformal mapping w(€) has only three non-zero coefficients ¢, c_1, c_s, then

) _C-1 Cc_2C_1 _ |C1|2 + |C.1|2 + 2|C_2|2
Po=—— PM=— P2= —— - P33~ =) )
Cc1 (5] cl Cl
af = c_y, a] =0, a] =0,
o _ |01|2 + 2|C_1|2 +4|C_2|2 y _ €101 r _ C-101.
a_y = — s a_1=—) a_1 = —— 2.
c1 1 C1

Substituting the expressions above into (2.2.15) we obtain

b)] 2 = 2 = A
w1 lalf-gEyr el -5y %1
— 1 2 = b 2 = A
P=1g el —=pr - lalf e =3 |
A A —2|c1]? (2.2.17)

2 =2(lc1|? + |c_1|? + 2|c_2]?), % =4Re(c_1c1), A =2v2Im(cic_y).

2. For the case of the conformal mapping with non-zero coefficients c¢1, c-1, c_9, c_3

we have the following representations for the quantities px, a2,, at,, a7,

C_3 c_2 c_1 €_3C_1
po=—", r=—, p2=—+ 5>
1 C1 C1 ()
= = =2
c—2C_1 , ,C—3C—2 e+ leca? + 2le_2]? + 3le_s|? | c-at?,
P3 = —0% +2 =5 P4 = 2 + —3
51 1 1 G

o = c_i(ler]? + |e—3f?) + 2c1c_38-1 _ c-3¢? +¢1lc_3|? o = c_3c —¢1lc_3|?.
! lea|? — |e—3[? » le|? — Je-3|? ! 1|2 — |e—3/?

. = le1]? + 4lc—2|? + 6]c_3]? + 2lc—1|%(ler|? + |e-3?) + 4Re(clc_3E2_1)

-1 1 ci(ler]? = Je—3f?) ’
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N C1c__1lC1|2 + Clc__1|C_3|2 + 2Re(c"17c_36_1)
S Z (|2 2 ,
ai(ler]® — |e-3]?)
W = cic—1|e1|? — ere—t|e—3|% + 2iIm(c?c_3c-1) .
-1 =

ci(les]? — |e—s[?)
The matrix P is given by (2.2.14), where the coefficients 2, 2,0, %, A, T are of the form

Re(c-3c}) + |a|*

Q=
lea|? — [e—s|?

, v 4[ Re(cic-1) Re(c%c_gé_l)]

———————— 2 ————————————————————
P~ lesP ! T T —lesl |

= c1l? + |e—3|>  4Re(cic? c—
E = 2|c1|? + 4c—2|* + 6|c_3|* + 2|c_ |2|1l = (€162,C-3)

lei* = le=sl* * Jer|? —[e—af? ’

Im(c3c_3) Im(cic—1) | o  Im(c?c_3c_1)

o= vz imacs) o gl tmlacy) ) e Imice-sCo1)
\/_|c1|2 — |c—3)? V2 le1]? — |e- |2| al”+ le1|? = Je—s]? |’

Re(c_3c}) — |ey|*

T=2
lea|? — |32

(2.2.18)

The formulae (2.2.17) and (2.2.18) will be used further in Section 2.3.

2.2.2 Plane strain: rigid inclusions

Consider a finite rigid inclusion which is not fixed in the matrix. If the matrix is under
external loading the translation or rotation of such an inclusion occur. The inclusion
can be considered as absolutely rigid kernel: there is no any deformation for internal
points. The displacement field w in the matrix satisfies the system (2.1.1), the boundary
condition (2.1.10) and admits the representation (2.1.7) at infinity. In terms of complex

potentials the boundary condition (2.1.10) can be written as

w(l) ——

»ip(€) — ©

) — 9@ = 2u6iw(e), 1€l =1, (2.2.19)

where w(£) is the same mapping function as in (2.2.1), 6 is the angle of rigid rotation.

In general, the complex potentials have the form (see [83])

PO L. S ) S |
#3(2) = a  2n(x+ 1)l e +0 |z |2 12| = oo,
Ly YiE | (X —iY) D; 1
Yi(z) = o __21r(x+1) Inz+— p, L+0 E)’ |z| = oo, (2.2.20)

where o, 7v;, Bj, Dj, X and Y are constants.

One follows the Muskhelishvili method and derives the following system of integral
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equations
(o) wW@)P) , w<a
%Lfa—ﬁdg fw’(a)(a £) ] f
0@, _ S [ %) (o)
*f Lo gt f oo = 2wl § e
L L L L

Since the load is self-balanced the logarithmic terms in (2.2.20) are absent, and therefore

the solution has the form:

k)

(
p;(2) = 5 +Z (2.2.21)

k)

by
h;(2) = i +Z (2.2.22)

Here ¢; and +); are the potentials associated with the function VO + w) of (2.1.6)
and (2.1.8). As before, the integrals are evaluated using the Cauchy theorem. As a

result, we have

1 .
Bj = fer — ajey = — <7jcl + bjc; + 2p0jc1c_1z) — ajc_1,

Dj = §c; — YjC—-1 = 3QC1 — E,-cl + 2u0jlc1l2i — YjC-1- (2.2.23)

Introduce the quantities a2, am, a7,, a?, such that

bl = l,:_aa% ual + 2“010;1, dl = ”’a_l
by = 24 + pa] +2ubaaf, dp = _1 + pal | +2u6sa?
b3 = V2pa] + 2pb3af, dz = \/2_uaf_1 + 2ub3a? ;. (2.2.24)

Then one can rewrite formulae (2.2.23) as

peic—q patel
w—1  3x(3x—1)

1 .
B, = ;( — pler|* — paler + 2ubiale; + 21191010—12) -

wpla | paia

Dy = »x—1 x—1

+ ua? jc1 — 2u61@° 1 + 2ub1]e1|%i + pere—1,

peic—1 pagcy
-1 u(x—1)

1 .
By = . (ﬂ|01|2 + paler + 2,u92a‘i’c1 + 2,u92c1c_12) -
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2 —a
H|Cy pna_,C — .
Dy = xl— 1| -1 pa’ el — 2u926‘9_1c1 + 2u92|01|2z — pcic_q,

1 ) .
B; = > ( — \/§u|cl|2z —+ ﬁua{cl + 2u93a‘fc1 + 2u63c1c_1z) ,
D3 = —\/iuillcl — 2,u9369_1c1 + 2ub3|c; %5 — V2pueic_ii.

The coefficients a2,, as,, al, and af, are the solution of the linear system of algebraic

equations:

N-m-1
a + _’pN—m 2a1 + ; Z PN—-m—k— lkak = PN-mC1,
k=2
1 N-m-1 1
a;yn + ;PN—m—ﬁY + o kz_2 PN—m—k—lkEZ = —;PN—m—201,
1 1 ~— 1 .
ap, + ;PN—m-Z + ; PN-m—k—1kT} = — PN-m-2iC1,
1 1 N—m-1 i N-m-1
a + pN—m—Zal + - Z PN-m—k— 1kak = - Z kC_kpN-m—k—1,

k=2

and, therefore, depend on the coefficients in the expansion of the conformal mapping

function.

Using the definition of the principal moment (see Muskhelishvili [83], p.356)

M = Re/zp )dz] = Re[/z,b (&)d¢]

one can represent the balance condition for M in the form
Im(Dj)argz = 0. (2.2.25)

The condition (2.2.25) gives the value 6 of the angle of the rigid rotation (see the right-
hand side (2.2.19)). Thus,

6, — (3 — 1) HIm(a*,c1) — Im(cic—1) — Im(a” jc1)
2(|c1|? — Im(@? ;1)) ’

(3 — 1) Im(a%,c1) + Im(cic—1) + Im(@” ;c1)
2(|c1|? - Im(@? 1))
Re(cic—q )+ Im(@”c1)

2(le]? - Im(@ 1))

0, =

’

65 =2
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where 6; corresponds to the pair of complex potentials ¢;, ;. Note that due to sym-

metry of the matrix P
Im(@*,c;)=0 and 6 =—0s.
Therefore the Pélya-Szegd matrix can be represented in the form (2.2.14) where

Q= _i (]c1|2 + Re(a]c) + 26, [Im(c_lcl) - Re(a‘icl)] )

1
¥ = 2Re(cic-1) + Re(a’ 1) — 291Re(ﬁ(ilcl) — ;Re(a‘fcl),

E = —|c1|? + Re(a*;c1),

T= %(Ial2 — Im(afc1) — V263 [Im(a‘fcl) + Re(clc—l)] )’

e = —g (Im(a]’cl) — 26, [Im(afcl) + Re(C1C—1)] )1

A=V2 (Im(clc_l) - %Im(a‘f‘cl)). (2.2.26)

Examples.
1. In particular, when the mapping function has only three non-zero coefficients

¢i1,c—1,C—o we have

_e2 e et laP el +2le )
Po EI ) 1 & ) 2 E% ) 3 E% 3
ad =c_1, al =0, a] =0, af =0,

0% = lef® + Je-1? + 2le2]®  Je-1]? +2[c—2f? y __Ct1a
-1 c1 »C1 ~1 »C ’
s _ _Cac, o _ le—1l* +2Jc_of*.
a_,=— —1, a_; = — 1.

MC1 nCy

The formulae (2.2.26) are reduced to

2(3x—1)

Q= -—% (|01|2 + 291Im(c_1c1)), r= Re(cic-1),
-1 2v/2
2= faP1- ) + (el + 2ea 2, 0= 220, Recrcn),
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2 2(3r—1
T= ~ (|c1|2 - \/593Re(c_1c1)), A= %Im(clc_l), (2.2.27)
where the rotation angles are given by
0 _ o x+1 Im(cic-1) _
Y2 JaP A L(eaP H2dea) T
1 R _
6y = 21 elerc-1) (2.2.28)

V2 Jer? + L(lea? + 20eo?)
2. For n-sided regular polygons the quantities 6; are zero and the coefficients of the

Pélya-Szego matrix (2.2.14) are

Q= —%(Re(a}'cl) +]c1?), ¥ =2Re(cic-1) + Re(a’c1) — iRe(a‘l"cl),

E=—ulc1* + Re(@®;c1), T = 2(|ler|? — Im(afcr)),
0= —@Im(a}’cl), A =V2(Im(cic—1) — LIm(aScy)). (2.2.29)

2.2.3 Anti-plane shear: cavities and rigid inclusions

In order to evaluate the matrix M (see (1.2.18)) we analyse the model problems
(1.2.13),(1.2.20),(1.2.21) and introduce the complex valued function 9,(2), j = 1,2,
2z = 1 + iT2, such that

Redj(z) = zj + w9,

Then, for a rigid inclusion the Dirichlet boundary condition (1.2.21) can be written in

the form

¥(o) +¥(o) = const, |o| =1, (2.2.30)

and for an arbitrary cavity the condition (1.2.20) is equivalent to (see, for example,

Muskhelishvili [83], Barenblatt and Cherepanov [6])

9(o) —9(0) =0, |o| =1, (2.2.31)

where the conformal mapping function z = w(¢) is given by (2.2.1).

One follows the standard technique (see, for example, Milne-Thompson [67] ) and derives
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the following integral equation

f Mdo - @da =0 (2.2.32)

o—§ o—¢§
L L

for the Neumann problem (1.2.13),(1.2.20), and the equation
9
}5 (o) oglo 7{ =0 (2.2.33)

for the Dirichlet boundary value problem (1.2.13),(1.2.21).
The functions J;(z) are given by the following expansions

B
9,(z) = Az+—+z : (2.2.34)

In the £ coordinates corresponding to the exterior of the unit disk ¥; and ¥, admit the

asymptotic expansion of the form

1

3;(8) = Ajel + (A o1+ 2 )1 +O(IEI2

), €] = co.

Then, using the Cauchy theorem for evaluation of the integrals in (2.2.32), (2.2.33) and
the conditions (1.2.18) at infinity, we obtain

Ay =1, Bj=+|ci|? —cic_q,

Ay = —i, By =(%l|a +eico1)i.

”

where signs ”+” and ”—" correspond to the cavity or rigid inclusion, respectively.

The asymptotic formula (1.2.18) can be rewritten in the form

. 1 1 1 1 1
D) = ——— I B e
w(z) 4W{M]1[Z+E]+M,z[z z] }+0(| |2) |z| = 00, (2.2.35)

and the Poélya-Szegd matrix M is given by

Fle1|? + Re(cic-1) Im(cic—1)
M =2np . (2.2.36)

Im(clc_l) :Flcllz - Re(clc_l)

The sign ”+” is chosen for a rigid inclusion (the matrix M is positive definite, |c1| > |c-1]
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. (a) } (b)
05 05
0 0
-0.5 -05
R 0 1 2 o 0 1 2
; (c) . (d)
05 05
0 0
-0.5 -0.5
L 0 1 2 ) 0 1 2

Figure 2-1: The equivalent regions for Laplace operator:
(a) wE)=¢+zexpFeY (b)) w(@) =€+ gexpFE + fexp FEH
(c) w(®) =¢+gexpFet+ 5673

@ () =¢+bemFe 4 fom gt + 4t

for all finite volume inclusions) and the sign ”—” for a cavity (the Pélya-Szegd matrix
is negative definite). It should be noted that in (2.2.36) only two coefficients ¢; and ¢_;

of the conformal mapping (2.2.1) are involved.

Lemma 2.1 In the state of anti-plane shear, for any finite cavity (or rigid inclusion)
there exists a cavity (or rigid inclusion) of an elliptical shape with the same Pélya-Szego

matriz.
In Figure 2-1 the examples of equivalent domains are presented.

2.2.4 Circular elastic inclusions

Below a simple example is considered - Pélya-Szeg6 matrices for an elastic disk of radius
R in an infinite elastic isotropic plane. Material of the circular inclusion is specified by
the Lamé constants pg and Ag, whereas u and X are the Lamé constants of the matrix.
1%, For the Laplace operator (anti-plane shear) the coefficients o, 8; in (2.2.34) are

given by

Ay=1 B;= “_—“_ORZ,
M+ po
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Ay = —i, By=H_"Hop2
K+ o

Then the P6lya-Szegd matrix can be represented in a simple form

M = 271';1“0 — uRzI,
Mo + p

where I is the identity matrix.
The matrix M is positive definite for ug > p and negative definite for pg < .
20, For the case of the Navier system given the linear displacement field at infinity, the

Kolosov-Muskhelishvili complex potentials are represented by

az FR -
LB mo—n

=¥ , 2.2.37
p(z) = o+ — P ( )
7z | 2Re(a)R po(s—1) — p(s — 1) ( 1 )
=4 +0(—), 2.2.38
¥(2) R z w0 — 1) + 2p0 |2]2 ( )
where the constants o and - are chosen in accordance with (2.2.7).
Thus, the Pélya-Szego matrix has the form
E+0 E-06 0
R2
P=7|5-© s+ o[, (2.2.39)
0 0 20
where
o Ho—# o 2 po(e—1)—p(a—1)
sepo +p’ (e —1)2  p(ee0—1) +2p0

The matrix P is positive definite provided pg > p and po(sc — 1) > u(s9 — 1), and it is
negative definite when po < p and po(3c — 1) < p(s —1).

2.3 Effective moduli of dilute composites

2.3.1 Anti-plane shear

Asymptotic formulae

The solution of the system (1.2.13)-(1.2.15) in a finite region Q (e.g. [-1/2,1/2] x

[-1/2,1/2]) with a small inclusion w, can be represented in the form

u(x) = v(x) + ew(e ) + e2V(x) + O(e3), (2.3.1)
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where
2. dv
-1 1) —1
w(e™ ) = E w® (e :lz)awi (0)

i=1

and w® are defined in Section 1.2.2. Region  can be regarded as an elementary cell
of dilute composite filled with small inclusions w.

The third term of the asymptotic expansion satisfies the boundary value problem

AV =0, =z€e, (2.3.2)

2

v, . 139 Ty v

and admits the representation

2

1 z ,0v
= E : L [7(®) el 2 Pl
V(m) = M]k[T (m) + omu ”23”2]8113]( )7 (233)
where T(*) k = 1,2, are the dipole fields specified by
—pAT® 4 ﬁ(:zc) =0, ze€q, (2.3.4)
oy

(k)
agn () =0, x€N.

As follows from Oleinik, Panasenko and Yosifian [86], the effective moduli for a com-

posite with the elementary cell Q can be calculated as

Huy=u / Vu™ . vuBdz + o / Vu9 . vy 0 gy, (2.3.5)

Q\Fg. We

where u(™ satisfies the equations (1.2.13)-(1.2.15) in ©, the periodic boundary conditions

and admits the representation
u™ (z) = z, + ew™ (e 1x) + 2V (2) 4+ O(3). (2.3.6)

Using the Green’s formula one can rewrite the “energy integral” (2.3.5) in the form

~ ou(k) oulk) 9y (k:0)
_ g (7) (M) — 2 (1,0)
H,; = E ,u,{/n,u o ds+/n,u £y ds} uofnzu 52 ds,
r

i i i
Owe Owe
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where I' is the outer boundary of 2.
Due to (1.2.15), the two last integrals are cancelled down. Then replacing (™ by (2.3.6)

with »(™) = z,, we obtain

Sv®) gy

2
Hypy = ponx + M62 Z/nz Z MjmT(m) (x)

- ) oz; (0) oz; (0)ds
T r J,m:l-
2
= plpr — us2/ Z MnmzkAT(k)dm,
Q m=1
and due to (2.3.4),
Hok = pdnk + €2 My, + O(€%). (2.3.7)

Comparison with previous results

As proved by Hetherington and Thorpe [42], the effective shear modulus f for a periodic
dilute composite containing cavities or rigid inclusions of a regular polygonal shape is

specified by the formula

-~

£ -1+ em)f+0(?), (2.3.8)
Ko

where f is the area fraction of inclusions, and for n-sided regular polygons the function

G has the form )
_ tan(m/n)T*(1/n)
Gn) = 2mn T2(2/n)’

The conformal mapping of n-sided regular polygon is defined by

2 n—1 (n—-2)(2n —2)
n— 1)571—1 + n2(2n _ 1)62"—1 + 3n3(3n — 1)53"'—1 ) . (239)

o(6) = B(6+

Jasiuk [44] derived that in terms of coefficients of the expansion (2.2.1) or (2.3.9) the

quantity f from (2.3.8) admits the representation
o o]
f=me (|c1|2 -> mlc_m|2).
m=1

Here ¢ is a small non-dimensional positive parameter characterising the size of the defect

in comparison with the size of an elementary cell. It was also proved by Jasiuk, Chen
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and Thorpe [45] that

= _ 4n®’n T2(2/n)
“(1 > m'c‘""2) = Tan(a/m) T(1/n)’

m=1

and therefore, the asymptotic formula (2.3.8) can be written as
£ =1+ 2nfer 22 (2.3.10)
tho

On the other hand, it has been shown that for a dilute periodic composite material the
matrix H of effective moduli is specified by (2.3.7). In particular, when the defects are
cavities or rigid inclusions of a regular polygonal shape we obtain the result (2.3.8) of

Hetherington and Thorpe [42]. Moreover, asymptotic formula (2.3.7) yields the following

Lemma 2.2 In the state of anti-plane shear for any dilute periodic composite containing
small cavities (or rigid inclusions) there exists an equivalent periodic composite medium
containing elliptical cavities (or rigid inclusions) with the same (in the asymptotic sense
of (2.3.7)) matriz of effective elastic moduli.

2.3.2 Plane strain

Classes of equivalent domains

Consider the effective moduli of the Navier system. First, we write equation (2.1.1) in

the matrix form

D(8/0z)HDT(8/dx)u =0, (2.3.11)
where

2u+ X A 0

1 0 ng
D=( v ) H=| X 2u+xr o0 |. (2.3.12)
0 T2 ﬁxl
0 0 24

The matrix of effective elastic moduli of a periodic composite material with an elemen-
tary cell containing an arbitrary small inclusion is approximated by (see Babich, Zorin,

Ivanov, Movchan and Nazarov [3])

H=H+EP+0(ED). (2.3.13)
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(a) (b)
1 1
05 0.5
0 0
-0.5 -0.5
-1 -1
-2 -1 ] 1 2 -2 -1 0 1 2
(c) (d)
0.5 1
0.5
0
0
-05
-0.5
-1 -1
-2 -1 0 1 2 -2 -1 0 1 2

Figure 2-2: Equivalent cavities for the case of plane strain:
(@) w@=¢(+3671437% (b)) w©) =g+ 3+ fep Fe Y

() w@=¢+31+fexpTe? (d) w(l) =&+ 571+ Jexp P2,

The structure of the matrix of effective moduli can be analysed, and the analysis shows
that the same set of effective elastic moduli may characterise composite structures con-
taining different types of small defects. Moreover, one can derive relations between the
conformal mapping coefficients which provide equivalence in the above sense. Namely,
if the following quantities €, X, E, ©, A, YT from (2.2.15) are the same for
two different conformal mappings, then the effective moduli matrices also coincide (to
first order accuracy).

In particular, equation (2.2.17) implies that if |c_2| = const and ¢; and c_; are fixed,
then the first order approximation for the effective moduli does not depend on arg c_s.

Figure 2-2 shows the examples of such cavities.

The compliance matrix

Using the technique mentioned above one calculates the compliance matrix. For a

periodic composite material with small inclusions it has the form

C=C-e2CPC+0(8) =C - %€ +O(e), (2.3.14)
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where the compliance matrix of isotropic material

1 v 0
E E(v-1)
_ -1 _ 1
C=H"= =T =} B 0 ,
1
0 0 E(1-v)

with E is the Young’s modulus, v is the Poisson ratio.

For the case of cavities £ is given by

-20+% -1 20-iE  A-20

m — —_
E=% 20— 18 —20-% -1 A+20 |, (2.3.15)
A—20 A+20 27

where constants Q,3,Z,0,A,T are presented by (2.2.15), and they are independent
of the Lamé moduli £ and A of the elastic material. It follows from (2.3.15) that the
correction term £ for the compliance matrix of the homogenised medium is independent

of the Poisson ratio of the elastic matrix. Thus, we have proved the following

Theorem 2.2 The correction term E in the representation (2.3.14) of the compliance
matriz for a periodic composite containing small cavities is independent of the Poisson

ratio and depends on the cavity morphology and Young’s modulus only.

Examples:
1. For the case of a crack characterised by the conformal mapping w(¢) = R(§ + %) the

correction term for the effective compliance matrix of the periodic material is given by

0 0 0
8=%R262 0 -8 0
0 0 -4

One can see that for a composite material with small cracks aligned along the z;-axis
the homogenised anisotropic material has the same Young’s modulus in z;-direction as
the unperturbed isotropic material.

2. For the case of a circular cavity characterised by the conformal mapping w(§) = R¢,

the correction term € is
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3 1 0
£= %5232 1 -3 0
0 0 -4

3. For an equilateral triangle, one has w(€¢) = R(¢ + %;) and

ST
_T2p2| 7z

0

4. For square cavities characterised by the conformal mapping w(¢) = R(§ — %3’), the

correction term for the effective compliance matrix is

67 53
-2 2 0
_ T 2p2 53 67
0 o -2

5. For a square cavity rotated through the angle 7 /4, one has w(¢) = R(¢ + %3) and

29 79
-35 5 0
_ T 252 79 29
0 o -1

One could mention that the diagonal entries for the compliance matrices in examples
2-5 were evaluated by Jasiuk [44], and our results are consistent with those published
in [44].

6. In the case of an ellipse with the conformal mapping function w(¢) = R({ + ), the

correction term for the effective compliance matrix is given by

—3—m?2+4m 1-m? 0
£ = %62}22 1—m? —3—-m?2—4m O
0 0 -4

7. For an elliptical cavity of an arbitrary orientation the mapping is w(§) = ;& + C"Tl,

where c¢; and c_; are complex coefficients. The matrix € takes the form

[c—1]2—4Re(cic_1) c-1|? Imic c-1)
-3 - 1 ol 1€-1 1— c11I 2\/5 611 1
T 2 2
£ = Eez|cl|2 1— L= -3 J—L—Wi——lc—l Al 2\/§J—r21mljlllc—l

lea]

2\/§Im|!c1c_1! zﬁImI!CIc_l! —4

il al
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Examples of effective moduli

In order to compare this method with results of Jasiuk [44], Jasiuk, Chen and Thorpe
[45] and Thorpe and Jasiuk [111], the examples are presented where the effective elastic
moduli of periodic composites with small cavities (or rigid inclusions) are evaluated for
defects of different shapes.
When only non-zero coefficients of the conformal mapping function are ¢;, c_1, c_o
(other coeflicients are zero), the explicit formulae for the Pélya-Szegd matrices are given
by (2.2.17), and the effective elastic moduli can be evaluated from (2.2.17). In particular,
when I'm(cic—1) = 0 the effective material is orthotropic. For an elliptical cavity c_q =
0, the condition I'm(c;jc—1) = 0 corresponds to the case when the axes of the ellipse are
parallel to the coordinate axes. Periodic composites with small circular cavities (or rigid
inclusions) and equilateral triangular cavities (or rigid inclusions) always correspond to
effective orthotropic media.
Following Jasiuk [44], one introduces the directional Young’s moduli E;, E;, E3 such
that

1 1 1 1

— =Cu1, 5 Ca2, 5 Ci2 + 5033,

and also the average Young’s modulus F is given by

1_1f1 1
E 2\E  EJ
It can be observed that for equilateral polygons the average Young’s modulus and the

directional Young’s moduli are equal. In terms of components of the Pélya-Szegé matrix

the average effective Young’s modulus Eis given by
e2+ 0(e?), (2.3.16)

with
(P11 4 Pa2) (A% + 22 + 2u%) — Pra(X + 2u)2)
4p(A + p)(2p + A) '

Here ¢ is a small positive parameter which is equal to a normalised diameter of a small
defect in an elementary cell.
The table below includes the values of the coefficient o from the expansion (2.3.16)

obtained for dilute periodic composites containing cavities or rigid inclusions.
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Shape Conformal mapping | ap (cavity) and a. (rigid inclusion)

circle w(é) = R¢ ag = 3TR?
Qoo = ——*’—”2;;‘ AnR?

ellipse w(§) =R+ F) ap = TR%(3 + m?)
R,meR Qoo = [—%ii+m252;—1]7rR2
ellipse w(€) =+ EE—I ap = 7[3le1]? + |e-1)?]
25 n—
c,c_1 €C Qoo = [_K_2Xj_4|01|2 + 2—“1|C_1|2

2(3c+1)Im?(c1c—1)
el o B )

triangle w(€) =R(E+ 5%;) ag = 327 R?
Qoo = _9;:2—1%1:1387TR2

square w(€) = R(¢ ~ g5) ap = 287 R?
square w(€) = R(¢ + 55) ap = 327 R?

(rotated through 7/4)

2.4 Mapping to a composite material with elliptical voids

As proved by Olver [88] (also see Milton and Movchan [70]), for any two-dimensional
anisotropic medium there exists an affine transformation which maps the given bound-
ary value problem to a boundary value problem for an orthotropic material. In other
words, one can establish a correspondence between a generally anisotropic medium and
a medium with an orthotropic symmetry.

Consider a dilute two-dimensional periodic composite containing small cavities, and
assume that the matrix of effective elastic moduli is specified by (2.3.13). In this section
we show that in certain cases one can find an affine transformation which establishes
a correspondence between the given dilute composite and another periodic composite

containing small elliptical cavities. We seek the required mapping matrix in the form

0 t11  f12
T=I+¢ . detT=1. (2.4.1)

t1  to2
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Then it follows from the results of Milton and Movchan [70] that the modified matrix

of elastic moduli is given by

H=(I+Q)(H +P)I +2Q)T

- (2.4.2)
=H + 2P + O(e?),

where
2tnn 0 V2o

Q= 0 2  V2n |,
V2t V2t 0

and

P=QH+HQT+P (2.4.3)

is the transformed Pélya-Szeg6é matrix. The objective is to choose the mapping matrix
(2.4.1) in such a way that the matrix (2.4.3) corresponds to an elliptical cavity, and
therefore, (2.4.2) can be interpreted as a matrix of effective elastic moduli for a periodic
composite containing small elliptical cavities.

The second condition (2.4.1) implies
toy = —t11,  ta1 = —t} 5. (2.4.4)
First, the matrix H should be block-diagonal, i.e.
Hiz = 52{\/1—3()\ +2p)(t12 + t21) + ’P13} =0,
Has = 62{\/5()\ +2u) (t12 + t21) + 7’23} =0. (2.4.5)
One can see that the above system is solvable with respect to t12, t9; if and only if
P13 = Pas. (2.4.6)

Suppose that the original Pélya-Szegdé matrix P satisfies (2.4.6). Then one can choose

the transformation matrix (2.4.1) with real components such that relations (2.4.4),
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(a) (b)

-1
-2

Figure 2-3: The equivalent elliptical and nonelliptical cavities:
(@) w@)=¢+3¢6% (b)) w@)=&+3¢7 + qexp e

() wl)=¢+iexpBet+167%  (d) w(E)=¢+ 12

(2.4.5) hold. Then, the matrix P has the form

P11 +4(2u + Nty Pio 0
P = P12 Py —42pu+ Nty 0
0 0 Pa3
If
P11 + Pa2 = 2(P12 + Ps3), (2.4.7)
and
2Ps3 — (3¢ — 1)*(2P12 + P33) > 0, (2.4.8)

then by appropriate choice of #1; it follows from (2.2.17) (with c_, = 0) that P is the
Pélya-Szegd matrix corresponding to an elliptical cavity which can be mapped to the
unit disk by

w(§) =&é+ é—gl (2.4.9)

where &), ¢_; are constant coefficients (Im(¢;é_1) = 0) whose moduli are specified by

|&1]? = —2¢Ps3,
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|6-11% = q[2Ps3 — (P33 + 2P12) (5 — 1)?]. (2.4.10)

Note that the choice of ¢;, ¢_; is not unique.

Thus, one has proved the following

Theorem 2.3 Let a homogenised composite medium have the effective elastic matriz
(2.3.13), where P is the Pdlya-Szegé matriz corresponding to a finite cavity. Also,
assume that components Py, satisfy the conditions (2.4.6)-(2.4.8). Then there ezists
an affine transformation (2.4.1) which maps (in the sense of Olver [88]) the original
boundary value problem to a new boundary value problem associated with the medium

perforated by cavities of elliptical shape.

Example:
Now consider a simple situation where a finite domain is mapped to the unit disk by
the conformal mapping with only three non-zero coefficients (see (2.2.17)). In this case

after the affine transformation (2.4.1)

, [ tu t12
T=I+€ 52_]_ ; )
—in

Y

with

tn= 7f|01|\/|c—1|2 + 2|c—2|? — mRe(c1c-1),

1/2
tig = :I:'/r{2|cll2(|c_1|2 + |e_2|?) — 2|er|Re(cre—1) vV ]e—1|? + 2|c__2|2} — wIm(cic_1),

one has the modified equations which are related to the homogenisation problem asso-
ciated with the medium perforated by small elliptical cavities, and the corresponding

coefficients of the conformal mapping are given by
¢1 =c, |5_1|2 = IC_1|2 + 2|c_2|2.

Figure 2-3 shows the geometry of equivalent (in the sense of the Olver transformation)

cavities.
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2.5 Conclusions

Starting with the definition of the Pélya-Szego matrix in elasticity we described the algo-
rithm for calculation its coefficients. This algorithm employs the Kolosov-Muskhelishvili
potentials and the conformal mapping technique. As a result, the Pdlya-Szegd matrices
have been obtained for a wide range of defects. That includes cavities and rigid inclu-
sions of arbitrary shapes, some examples for elastic inclusions. The case of anti-plane
shear has been considered for different types of defect.

In the second part of the chapter we considered the dilute composite media. The Pélya-
Szeg6 matrix has a simple meaning for such kind of media. It describes the correction
term for effective (homogenised) moduli. This result is derived on the basis of the
asymptotic procedure. Then we also analysed the properties of the composite media.
Two following topics have been considered:

First, the correspondence between different types of cavities in the sense of effective
elastic properties of dilute media shows links between cavities of different shapes. In
conductivity any cavity has an equivalent elliptical one, in elasticity it is true under
certain conditions only.

Second, the perforated materials with the cavities of arbitrary shapes are considered.
One shows that the correction term of the compliance matrix for homogenised media
is independent of the Poisson ratio. This result has been proved for dilute composite

materials analytically.
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Chapter 3

Pdélya-Szego matrices in

optimization problem

3.1 Recent results

The problem of shape optimization. We will consider the problem of maximiza-
tion of the stiffness of an elastic plane weakened by a cavity of a fixed area and loaded
by a uniform stress field o at infinity. This problem is equivalent to minimizing the
energy decrease stored in the medium under some loading. The total elastic energy
stored in the plane is infinite, nevertheless, the energy decrease is finite. One assumes
that the cavity occupies a simply-connected domain in R2.

The shape of optimal cavities and the optimal properties of composites have been studied
for a uniform hydrostatic loading and a biaxial loading with the principal stresses of the
same sign (see Cherepanov [16], Vigdergauz [115], [117]). Several optimal cavities in a
body have been described by Vigdergauz [116]. Vigdergauz and Cherkaev [119] studied
numerically the optimal cavities under by-axial tension-compression.

In this chapter the case of pure shear loading is considered. One will show that the
optimal cavity is a curved quadrilateral, and the angle near the corners is equal to the
critical Carothers [14] value ~ 102.6° (see Figure 3-1).

The formulation of the optimization problem and discussion of the necessary conditions
of optimality and their applications to dilute composites is considered at the beginning.
Next, one presents a minimization algorithm based on the concept of the dipole matrix
corresponding to remote field associated with finite cavities in an elastic plane. It

enables one to produce explicit representation of the energy increment in terms of the
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dipole coefficients. The exterior of a cavity is presented as a conformal image of the
interior of the unit disc. The elements of the dipole matrix are evaluated in terms of the
coefficients of the truncated series expansion of the conformal map. Finally, the energy
increment (given by the dipole tensor) is minimized over all possible values of the the
coefficients in the expansion. The resulting sequence of cavities approaches to a limiting
shape of a quadrilateral.

Afterwards, the complex variable technique which is similar to the method of Cherepanov
[16] is used. Onme uses optimality conditions and Kolosov-Muskhelishvili potentials in
conjunction with conformal mapping representation of the unknown domain in order to
set up the integral equation for the unknown conformal mapping. The integral equa-
tion is reduced to a finite dimensional system of linear equations by expanding all the
quantities into truncated power series. Solving the linear system, one finds the same
conformal map obtained by the direct minimization procedure described above. Finally,
the local behaviour of elastic fields near the corners of the cavity contour is studied using
the asymptotic expansion of the solution near the corner and the optimality conditions;

in this way the exact value of the angle at the corner is determined.

Correspondence with composite materials. If one removes any restriction on
the topology of the structure (number of holes) then one has to consider composites
— materials with infinite number of infinitely small holes. The optimization problem
for composites has been solved analytically (see, for example, the papers by Kohn and
Strang [53], Gibiansky and Cherkaev 28], [29], Milton [68], Bendsoe [7], Grabovsky and
Kohn [35]). These analytical solutions have showed that the elliptical hole minimizes the
energy increment if the principal stresses have the same sign, even when the topology
is unrestricted. However, if the principal stresses have opposite sign then a second rank
laminate structure minimizes energy. Shape found in this chapter is the best if one
restricts the number of holes to 1. It is important to refer to Cherkaev, Grabovsky,

Movchan and Serkov [17], [100], where this idea has been suggested.

3.2 Formulation of the problem

In this section the boundary value problem and the appropriate variational formulation

are given and the optimality criteria is discussed.
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Elasticity problem. First, one considers the boundary value problem in an elastic
domain with a single finite cavity G. The elastic material is characterised by the Lamé
constants g and A\. On 8G the free-traction boundary conditions are specified, and at
infinity the uniform shear stress field is given. The displacement field u satisfies the
following boundary value problem in B, = {(z,y) : 22 + y? < p?} where p is sufficiently

large and n; are components of the unit outward normal vector

pV2u+ A+ p)VV-u=0, z€B,\G,
o™ (u;2) =0, € dG, (3.2.1)

o™ (u;z) = oyng, € 0B,
Following variational technique (see Sokolowski and Zolesio[104]) one defines the energy

space W (B, \ G) for the boundary value problem (3.2.1) and introduces the norm

1
lulpg=5 [ ousuda, (322)
B,\G
The elastic potential energy of the region which is bounded by 9B, can be evaluated as

a difference between the total strain energy (3.2.2) and the work of external forces (see

Sokolnikoff [103], p.384)

E(u;B,\G) = ““”%,,\6 - / o5y nju;ds, (3.2.3)
o8B,

One remarks that the work of external forces on the boundary G and external body
forces is zero due to (3.2.1). The solution of the boundary value problem (3.2.1) min-

imises the potential energy (3.2.3)

E(u; B, \G) = mUi_n EWU;B,\ G), (3.2.4)

where U are all possible vector valued fields which provide a finite energy (3.2.3). In
a similar way, the potential energy of the homogeneous disk with the radius p can be

written as

E(u;By) = HU-HZB,, - / o5y njuids, (3.2.5)
B,
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The increment of energy is defined as a difference between two functionals associated
with full energy in the homogeneous disk B, = {# € R? : ||z|| < p} and in the disk B,
weakened by the cavity G

5WG;0§;’ = pli)nolo{g(u; B, \ G) — &(u; B,)}

. 1 1
= plg{.lo ( ~3 / o;j€idT + 3 / aflfsf;’;dsc), (3.2.6)

B,\G B,

(o o]

where 077, €77

7 are components of the stresses and the strains tensors in the homogeneous

disk, and o;;, €;; are the stresses and strains in the disk B, with the cavity G.

Optimization problem. The main objective is to find the shape of the cavity which
provides the minimal absolute value of the energy increment. Note that the energy
increment is negative for the disk with a cavity. The constraints of the fixed area and
boundness of the domain are imposed. The optimization problem can be formulated in

the following form: find a bounded domain G* of a fixed area such that

SWae o = max W = mgxpli}rgo{niifng(U; B,\G) - ni}né'(U;B,,)}, (3.2.7)

where the maximum for G is taken over all simply connected bounded domains of a
given area. Let one now discuss the set of admissible minimisers. An infinite plane
with an arbitrary single cavity can be mapped to the exterior of the unit disk by the

conformal mapping of the form

w(€) =R E +> cnfn] : (3.2.8)
n=1

where R and ¢, are constants. The constraint of the fixed area can be written in terms

of the conformal mapping coefficients

S(G) = TR? (1 - i nlcn|2> = const. (3.2.9)

n=1

One determines the set of admissible cavities by their coefficients R and ¢, of conformal

mapping to the unit disc. The optimization problem becomes:

Find the set of coefficients R and c, from (8.2.8) restricted by (3.2.9) such

CHAPTER 3 50



3.2. FORMULATION OF THE PROBLEM

Applying this condition to our formulation with a pure shear prescribed at infinity, one
can observe that it is impossible to have o;; = const on all parts of boundary. To resolve
this contradiction it has to be assumed that oy is piece-wise constant function taking
values ¢ and —c. The points of discontinuity of o4 must correspond to irregularities of
the boundary. Thus one must conclude that the optimal cavity is necessarily bounded
by a non-smooth curve. In section 3.6 one will compute the angle at the corners using

asymptotic analysis of a stress field near the corner.

Related optimal composites. The possible approach to calculation of the optimal
energy of a body with cavities is the following. Consider a periodic structure with
cavities, which is characterized by the volume fraction f and by the shape of cavities.
The effective compliance tensor S$*(f) of such a structure can be evaluated and one can
find the bounds for the effective shear and bulk moduli which are independent of the
cavities shape. The bounds (obtained by Gibiansky and Cherkaev [28], Milton [69]) are
proved to be exact, and they correspond to the “second rank” matrix laminates.

Suppose that the optimal composite with a small volume fraction f << 1 of cavities
occupies the volume A and subject to a uniform average stress field o due to an external
loading. The total volume of the cavities is equal to fA. The energy change associated

with the cavity can be obtained as

o . '
oW = (0': —é?S (f)‘f=0 : 0') fA. (3.2.13)

Using the explicit formula for the energy of the optimal composite derived by Gibiansky
and Cherkaev [28] one can evaluate the increment

Ye(or + 02)? , 0102 >0
sw = | Telor T o2, 102 20, (3.2.14)

Yc(oy — 032)? , 0102 <0,
where ¥ = —(2p+ A)/(4u(A+ p)), A and p are the Lamé elastic moduli, and o1, o2 are
the principal stresses.
It should be noted that this approach does not pose any restrictions to the connectness
of the elastic domain. Therefore, one could expect that the cost of the optimal problem

will be greater when an additional restriction — single-connectness of cavities is imposed.
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3.3 Minimization technique

This optimization problem can be reduced to minimisation of a function of several vari-
ables. The unknown variables are the coefficients of the conformal mapping subject to
the restriction |¢,| < 1/+/n according to (3.2.9). Our purpose is to find the set of con-
formal mapping coefficients {c,} minimising the absolute value of the energy increment
(3.2.10). In other words, the problem reduces to multi-dimensional minimisation of a
function f of 2N variables (the conformal mapping coefficients are complex). To do
this, one uses the downhill simplex method (see Press et al [91] and section 3.7 for more
details).

The calculation confirms that the optimal construction for a uniform loading (13 = 022)
is a circular cavity and the optimal construction for a uniaxial loading is a crack oriented
along the loading line. For the case of composition of two uniaxial loadings of the same
sign the optimal shape will be the ellipse oriented along the direction corresponding to

the maximal principal stress and specified by the following conformal map (Vigdergauz

[116])

_ a—b\1 a __ o1

where a and b are semi-axes of the ellipse, and 011, 099 are principal stresses of the same
sign.
The energy increment associated with the optimal elliptical cavity of the unit area can

be estimated as in Gibiansky and Cherkaev [28]

A+2u
4p(X + p)

The properties of the optimal field for (102 > 0) reduce to the constant dilatation (or

WPt = — (0’1 + 0‘2)2. (3316)

constant first invariant of the stress tensor) in the exterior domain and the constant
tangential stress on the cavity boundary. In the next section we describe our results for

the remaining case when o102 < 0.

3.4 Optimal shape of the cavity

In this section the complex variable technique is used to compute the shape of the

optimal cavity that gives minimum for the absolute value of the energy increment in
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the state of a shear loading applied at infinity. First, one applies the minimization
procedure of Section 3.3 and evaluates numerically the values of the coefficients of the
conformal mapping function. Then, this mapping function is used to solve the direct

elasticity problem for an optimal domain.

3.4.1 Optimization of the shape by the direct method

Now consider the cavity under a shear loading. The optimal bound for the energy
increment is well known (see, for example, Gibiansky and Cherkaev [28]). It corresponds

to the multiply connected laminated composites

A4+ 2u
4p(X + p)

The calculations show that the absolute value of the energy increment for a circular

WPt = — (011 — 022)? + 403,). (3.4.1)

cavity is two times greater than the optimal one (3.4.1). Our aim is to find the geometry
of the region, which is specified by a smaller energy change than the circular cavity and
which is the best among simply-connected domains.

Using the exact representation for the energy increment (3.2.10) together with the min-

imisation procedure, we find, for N = 3,

w(€) = R(E + 3=

1 2-1

v ?) (3.4.2)
Here the constant R is chosen in such a way that the cavity has a unit area.
Increasing the number of terms in (3.2.8) and taking into account 7th, 11th, 15th and
19th terms we calculate the non-zero conformal mapping coefficients c, for the optimal

domain (see Figure 3-1). The approximate values of ¢, are given in Table 1.

Coefficients | N=19 | N=15 | N=11 | N=7 | N=3
c3 0.14445 | 0.14420 | 0.14372 | 0.14251 | 0.13814
cr 0.01699 | 0.01683 | 0.01652 | 0.01575
c1 0.00552 | 0.00539 | 0.00513
15 0.00250 | 0.00239
c19 0.00133

Table 1. Coefficients of the conformal mapping obtained by the optimization

procedure.
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N=7 N=11
1 1
0.5 0.5
0 0
-0.5 -0.5
-1 -1
-15 -1.
-1 0 1 5 -1 0 1
N=15 N=19
1 1
0.5 0.5
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-0.5 ~0.5
-1 -1
-1.5 -1.5
-1 0 1 -1 0 1

Figure 3-1: The shape of the optimal cavity.

The energy increment for such a domain can be specified as

2u(A +p)

where the coeflicient X is given in Table 2 as a function of the number N of conformal

AE = (3.4.3)

mapping coeflicients.

The number N of coefficients | Coefficient K
3 3.72792
7 3.71725
11 3.71532
15 3.71473
19 3.71449

Table 2. The dependence of X on the number of coefficients in the conformal

mapping series.

For a circular cavity under pure shear the coefficient K in the formula (3.4.3) is equal to
4, while the absolute minimum value is 2, as follows from (3.4.1). One can see (Figure
3-1) that the number of coefficients is increased then the optimal domain approaches
what looks like a square.

Note that an interesting case arises for non-pure shear. It has been found that the

optimal cavity is close to a rectangular one with the sides ratio given in Figure 3-2. The
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that the cavity defined by (3.2.8) minimizes (3.2.7).

In other words the goal is to find an optimal single-connected cavity rather then an

array of smaller cavities of the same area.

Representation of the energy increment. It is convenient to represent the energy
increment in terms of ”polarization” tensor (see Babich et al [3], Zorin, Movchan and

Nazarov [127]) for precise proof of this representation)
W=-¢:P :e¢, (3.2.10)

where Pijri, 14,5,k,1 = 1,2, is the 4-th order “polarization” tensor (also called Pélya-
Szegd tensor [90]). It has the same symmetry properties as the Hooke’s tensor Cijj.
Namely,

Pijk = Pjikt = Pijik = Phuij»

and the number of independent elements is six for 2D geometry. The “polarisation”
tensor characterizes the remote displacement field associated with the presence of the
cavity G. It also characterises the morphology of the cavity and elastic constants of
the material. The explicit formulae for the tensor P corresponding to a single cavity
are presented in section 2.2.1 in terms of the coefficients of the conformal mapping
(3.2.8). Thus, the mathematical formulation of the optimality problem reduces to the

maximization problem for the function of N variables

max (e: P :e).

cn,n=1.N (3.2.11)
area(G) is fized

Necessary conditions of optimality. The stationarity conditions for the optimal
boundary 8G are derived using the variational scheme (see Courant and Hilbert [21]).
This condition states that an energy density must be constant along the boundary 6G.
For the case of a cavity with zero tractions specified on the boundary, this implies that
the only non-zero component of stress o = o : t ® t must be of a constant absolute

value on the cavity contour, where t denotes the unit tangent to the contour:

|ow| = c=const on an optimal boundary. (3.2.12)
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Figure 3-2: Geometry of the optimal cavity as the function of applied stresses.

ratio of the energy increment and the optimal energy (3.4.1) is presented in Figure 3-3.
One can see that simply connected inclusions (holes) are not optimal (in sense of lower
bound on energy (3.2.14)) when 172 < 0.

The result discussed in this section can be briefly summarised in the following lemma:

Lemma 3.1 In the state of plane strain in an infinite plane there exists a finite size

optimal cavity. It has the following main properties:

» FElastic energy in such a plane is maximal among all other planes with different

cavities of the same area.

* On the boundary of the optimal cavity the condition of the piece-wise tensile

stresses hold \att\ = const.

» This cavity is specified in terms of conformal mapping (3.2.8) with the coefficients

given in Table I

3.4.2 Properties of the optimal hole

In this section the Kolosov-Muskhelishvili potentials (p and ip are used to represent
elastic fields in the exterior of the hole (Muskhelishvili [83]). The components of the

displacement vector (1*1, 112)* are given by

wi + iuz = (i + ~2AC*) + k=1 +v, (3.4.4)
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Figure 3-3: The normalized energy change versus applied stress.

Figure 3-4: The distribution of the energy density for the optimal domain.
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where ® = ¢'. The elements of the associated stress o are given by

011 + 022 = 4Re®(2),
(3.4.5)

092 — 011 + 2012 = 2(2%'(2) + ¥(2)),

where ¥ = 9. For the conformal image of the unit disk under the mapping w(£) given
by (3.2.8) with coefficients from Table 1, the representation for complex potentials can

be obtained from the analysis of the Kolosov-Muskhelishvili integral equation

1 [ ¢(o) - 1 [ wlo)y (o) —ic
27ri7 a—§d +27rifw(a)(a— )d 12R{ =0, (3.4.6)

where -« is the unit circle. Omitting technical calculations one writes the series repre-

sentation for the complex potential ¢(¢) in the form

N
m=1

where the coefficients G, solve the linear system:

N-m-1
Z pN—m—n—lnﬁn —1i073R0m1 =0, m=1,N,
n=1
k N+1 N-n
with  pr = ,:' jék [6 1 + J%: =1 GniH ] .
— Xn=1"Cné =0

Note that in our particular case the symmetry conditions yield that all non-zero con-
formal mapping coefficients have indices 4n — 1, n = 1,2,3,... . They correspond to
non-zero coefficients G4n—3, n =1,2,3,... , and all remaining coefficients vanish.

The complex potential (£) admits the representation

1/{ N-2N-m-1

P(€) _“’“RZ' ,(5 Z Z PN—m—n—1 ﬁn§ (3.4.8)

Note that the complex potential 1(£) has only a simple pole at the origin (the first term

in representation (3.4.8)). At the same time the third term in (3.4.8) compensates the

singular part from the second term, resulting in 3 to have the pole of order one only.

CHAPTER 3 58



3.4. OPTIMAL SHAPE OF THE CAVITY

N=7 N=11

Figure 3-5: The tangential stress on the boundary.

For example, for N = 3 we obtain

3
(&) = miUﬁ’Rﬁ, 1€l <1,

P(€) = iRoy3 (1 + £(6—2v2) )

(2+V2) (€1~ v2) +1)

Taking into account the representation for stress components in terms of the complex

(3.4.9)

potentials

o+ 2i01s = 2 ( QEACIGIGEIC _&%), (3.4.10)

one calculates the hydrostatic 017 + 092 and deviatoric 092 — 011 + 2i012 parts of the
stress tensor. In Figure 3-4 the energy density of the elastic field is presented for the
domain described by (3.4.2). Using (3.4.7) and (3.4.8), one calculates the tangential
stress oy on the boundary for different number of terms in the conformal mapping
function (Table 1). The results are presented in Figure 3-5 for N = 7,11,15,19. It is
possible to see that the modulus of the tangential stress is constant along the contour
except in a small neighbourhood of corners where it vanishes. The diameter of this
neighbourhood vanishes as we increase N. This observation confirms that the necessary

condition of optimality (3.2.12) is satisfied for our domain under pure shear.
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Figure 3-6: The regions obtained by the ”modified” conformal mapping

Now one can consider the corners of the optimal hole. The Christoffel-Schwartz integral

(Savin [97])

e o e T Ty

4
P s YN U B A e N
w(ﬁ)—R/ 2 dt‘R(g 6 56 176 ' 384 = 4864 )
1

= R(% + 0.16667¢3 +0.01786¢7 + 0.00568£1! + 0.00260¢15 + )

specifies the mapping of the unit disk to the exterior of a square.

The slightly modified conformal mapping
€
(#* - 1)° -1
wl)=R —T—dt, a=1-0r"", (3.4.11)
1
where § is different from 7/2, corresponds to a transformation of the unit disk to a

symmetric domain with the angle § near the corners (see Figure 3-6). The opening

angle near the vertex of the point £ =1 can be calculated as

f=m— [argw’(é)’ —argw'(ﬁ)\ ]
£-+1-0i £—1+0i
_ . (tt=1)° =10\ 3ra  wa
=TT (5—131@01‘ 12 5_1,1{20,. 12 =7 2 2 )

The remaining three angles (near the points { = 7, —1, —%) have the same values. Chang-
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ing [ one can find the conformal mapping function which is in good agreement with
the results of the optimization procedure. If we choose §, = 102.6° then (3.4.11) can

be rewritten in the form

1
w(€) = R(E + 0.14343¢3 + 0.01751¢7 + 0.00585¢1! 4 0.00275¢1° + )

which agrees with Table 1. This suggests that the quantity 8. is the critical angle in
the Carothers problem [105] (more detailed discussion is presented in Section 3.6, where

one shows that this is not an accidental agreement).

3.5 Solution of the inverse problem

The objective of this section is to solve the inverse problem: to find the shape of the
quadrilateral G from the condition oy = ¢ or —c on the boundary. One does not refer
to the energy evaluation. However, it is shown that the results of the two approaches
coincide.

The Kolosov-Muskhelishvili representation of the boundary condition
o™ (u;z) =0, «€dG,

in terms of complex potentials ¢ and 1 can be written in the form

w(2) + z¢'(2) +¥(2) =0, z€0G. (3.5.1)
Under a pure shear loading the potentials tend to infinity as the following functions
@(2) =0, |2z| = oo,

P(2) = o122,  |z] = oo.

After mapping the exterior of G onto the interior of the unit disc by the conformal

mapping z = w(£), one can rewrite the integral equation (3.4.6) for the potential ¢

p(€) + 2—715 }( w—(g)_i)gl)da —i012RE =0, (3.5.2)
Y

where ®(0) = %%}, and w(o) is the conformal mapping function. The boundary of the
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unit disk is denoted by y. The condition of the piece-wise constant tangential stresses

on the boundary is applied and the conditions (3.2.12) is rewritten as

0w = 4Re ¢'(z) = 4Re ®(¢) = +44, =z € G, (3.5.3)

where ¢ = 44 is an unknown constant. The unit circle |{| = 1 is the image of the
boundary. The points 1,7, —1, —% in the £-plane map to the corners of the domain G in

z-plane. Therefore

A, a€(0,5)U(m, 321’-),

) (3.5.4)
-A, a€(5,mU(F,2m).

Re ®(e'®) = {
Using the Schwartz formula that recovers the holomorphic function in the unit disk by
the values of its real part on the boundary, we obtain

2 - £

B(E) = ~Ai ln T e €| < 1. (3.5.5)

Expression (3.5.5) is the explicit representation for the complex potential ®(£) satisfying
the condition (3.2.12).

Taking the derivative of (3.5.2) and using the identity ®(c) = 2Re ®(c) — ®(o) and
the expression for the derivative of the Cauchy integral, the integral equation (3.5.2)

reduces to

w(o)Re 1 o
2 + 7 § XD d - L f 4l

v v

= %R dev o>,  (3.5.6)

where dev o = 099 — 011 + 2i012.
Using the expression (3.5.4) for the real part of the potential ®(¢) and formulae for the
derivatives of the Cauchy integral, one represents the integrals on the left hand side of

(3.5.6) in the form

1 [ w(o)®(o) azi w
o f S o = ZH{w(©2)

and

w(o)Re ®(0) A w(o) B w(o) -
2m7 NG m(! (CRr3Lhd Z(a—&)?d

CHAPTER 3 62



3.5. SOLUTION OF THE INVERSE PROBLEM

+/ w(o) do — / w(o) o ) =4z'Aw(1)

Jlo=r ) (0=9)7 m(€*-1)
([ £ [ f s [£5har- [ L)

where 1, 2, 3 and 4 are the arcs of the unit disk between points 1 and %, 4 and —1,
—1 and —%, —¢ and 1, respectively. After some laborious but simple calculations using

the symmetry of the conformal map
wii) = —iw(), w(-1) = —w(l), w(i) = iw(),

and the Cauchy formula for the holomorphic function in the unit disk, one obtains the

integral equation for the unknown function w(¢), [£| <1, € # 1,1, -1, —1,

e (0 o) -2 + )

i

2 [dJ(o) 2 [W(o), R

+-7r—i/0_€da+ /J £d0 54 dev o (3.5.7)
1 ag]

where the integrals are taken over the quarter arcs of the unit circle located in the first
and third quadrants respectively. Now one represents the conformal mapping function

w by the Laurent expansion about the origin

w(¢) = ( + Z cmé"‘) = ( et 38+ ert” + et + ) (3.5.8)
The function %g— can be represented as the Taylor series
1 oo
4k
—et 25 ’
1-¢ =

£w(€) > g
PG = A R (3 e et
—¢ k=0 k=0 \m=1

Integrands in (3.5.7) admit the series expansion in different powers of £

w’(a) — w'(a) Z 0k1+1 §k-

0_§ k=0
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After term by term integration of the series and collecting the coefficients near the same

powers of £, we obtain

-1

/i:’( gd +/ ,(_ogdcr:—R S 2€4k Ri(i%m 1551 7 2(4m-—1) )§4k

1 21 k= k=0 “m=1

Finally, after truncation of the expansion (3.5.8) by the highest power 4N —1, the linear

system of equations for the coefficients c4m—1,m = 1..N is obtained

2(4m —1) 2
-4 =1.N. 5.
Z B =) 1™ m_znalcm 1+ 55 =0 n=1N (3.5.9)

Table 3 shows the values of conformal mapping coefficients ¢,, for different V. Those

data are consistent with Table 1.

N=10|{N=19| N=15 | N=11| N=7 | N=3
c3 | 0.14484 | 0.13940 | 0.13759 | 0.13448 | 0.12825 | 0.11111
c7 | 0.01727 | 0.01511 | 0.01437 | 0.01306 | 0.01034
c11 | 0.00575 | 0.00435 | 0.00385 | 0.00288
ci5 | 0.00271 | 0.00164 | 0.00119
cig | 0.00152 | 0.00061

Table 3. Coefficients of conformal mapping obtained as the solution of the inverse

problem

Next section is devoted to investigation of the domain boundary near the corner. One
shows that the corner angle is equal to the critical Carothers value (see Carothers [105],

Markenscoff [60]).

3.6 Asymptotic expansion of the optimal solution near the

corners

The results of the previous section show that any finite series of conformal map corre-
sponds to an analytical boundary of the cavity. Thus, one needs a different technique to
deal witk the fields near the assumed corners on the boundary of the optimal cavity and
we need to demonstrate that the necessary conditions are satisfied almost everywhere.

Consider the infinite plane with the corner point and the opening angle close to /2.
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Figure 3-7: The shape of domain with piece-wise constant tangential stresses on the
boundary.

The exterior of the corner is filled by an isotropic elastic material, and zero traction
boundary conditions are specified on the boundary. Such problem can explain the
behaviour of the boundary near the corner points.

One looks for a solution of specified boundary value problem using the Airy stress
function U(r,0) written in polar coordinates. This method is well presented in litera-
ture (see, for example, Muskhelishvili [83], Sokolnikoff [103]). The Airy stress function

satisfies biharmonic equation

ViViU(r,0) =0, (r,0)€Q.

The components of the stress field in polar coordinates associated with the corner point

are represented in the following form

10°U 10U U 16U 18U

= Trar T gz 70T T7or00 1206

(3.6.1)

The polar displacements in the radial and circumferential directions are given by

oUu 1 dx
2,1,’“,,,. = ——5; + Z(J{’i‘ 1)""6—0,
_1aU 1 20X
2p,ug = —;% + 4(J{+ 1)7‘ or , (362)
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where x is the harmonic function related to the Airy function by

d( Ox
2 P — —_—
VU = BT(TBG)'

The boundary value problem imposed in an infinite plane with corner point can be

characterized by the Airy function of the following structure (Williams [121])

U(r,0) = rAF b, sin (A; + 1)0 + by sin (A; — 1)0
+bs cos (A; + 1)8 + bg cos (A; — 1)6}, (3.6.3)

whereas the harmonic function y is given by

4
Ai_lbgcos(Ai—1)9+ -

x(r,8) = rA"_l{ - by sin (A; — 1)9}, (3.6.4)

The eigenvalues A; are uniquely defined by the corner opening and boundary conditions.
For the case of homogeneous traction boundary conditions they are calculated as the

roots of the equation

sin2aA = £Assin 2q, (3.6.5)

where 27 — 2« is the corner opening. The main interest is in those solutions A of (3.6.5)
that lie in (0, 1]. For the corner openings from the interval (0, 7) (o € (5, 7)), there are
at most three solutions A; < Az < A3 =1 in interval (0, 1]. For detailed analysis of the
corresponding eigenvalue problem we refer to Karp and Karal [51]. For example, when
a = ?{T’r corresponding to opening 90°, there are three real eigenvalues A; = 0.54448,

A; =0.90853 and A3 =1 in the interval (0,1].

The Airy function corresponding to the first eigenvalue has the form

_cos(A1 + 1)

(l) ~ Ar1+1
U T {cos (AL +1)6 cos (A —T)a

cos (A1 — 1)9},

and satisfies the free-traction boundary conditions on the edges of the corner (8 = +a).

The corresponding displacement field in polar coordinate system is represented as

(3¢—A1) cos(A1+1)a A —1)8
u® i ( cos (A1 +1)6 + (A1) o (A1 - Da 08 (A1 1) ) (3.6.6)

—sin(A; +1)0 + ((X:'ﬂ)) fg:((,’tllfll))g sin (A —1)6
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A+ 3u

where n = .
Atu

These vectors describe the symmetric part of the displacement field. In other words,
the displacement component u, is an even function and the displacement component ugy

is an odd function of 8

@ a1 f _sin(Ast Da oy
U T {sm (A2 +1)8 sin (A — Da sin (Ag —1)6 5.

and the corresponding displacement field in polar coordinate system has a form

(3.6.7)

4@ o o (sin (Az +1)0 + Gopgsntiet e sin (A — 1)6 )

cos (A +1)0 — rigsnltetla cog (A, — 1)9

and represents a skew-symmetric field (u, is odd and ug is even).

The main interest is in the displacement field corresponding to the second eigenvalue
Aj (skew-symmetric field). Only this field occurs in the vicinity of the corner under the
shear loading at infinity because of the symmetry of the problem. The displacement
field (3.6.7) produces singularity at the vertex of the corner and the non-zero radial

stress component on the boundary
Opr ~ 4o 1sin (A2 + 1)a. (3.6.8)

The intention is to find such an angle a at which the singularity vanishes. Note that
the third eigenvalue Az = 1 produces zero stress field. The free-traction conditions lead
to by, be,bs, by being equal to zero in (3.6.3). The displacement field corresponding to
this situation is the rigid body rotation field

ul®) ~ (0> : (3.6.9)

It is similar to the situation which occurs in the problem of the optimal cavity. There
is no singularity in the vertex of the corner from inside. From outside, if we apply the

external stress field (shear loading) that does not vanish at infinity

0 o012
o= ,
oz O
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then the radial stress component on the boundary can be found as
Oy = +0125in 20 (3.6.10)

It characterises the piece-wise constant function and agrees with the optimality criterion
formulated in the previous sections. Matching (3.6.8) and (3.6.10), one can see that
Az = 1. In this case the singularity in (3.6.8) disappears. Observe that by decreasing
the angle a from 0.757m (corner opening 90%) to o* = 0.7157 (corner opening 102.6°), we
obtain that the second eigenvalue indeed approaches 1 (see Karp and Karal [51]). The
precise value of this angle can be found as the solution of the following transcendental

equation

tan 2a* = 2a™. (3.6.11)

For a < o* and a skew-symmetric loading, there is no singularity near the vertez of
the corner: the singularity in radial stress component in (3.6.8) vanishes. For a skew-
symmetric loading, the opening 2(7 — o*) = 102.6° is the critical one (Carothers [105]).
Thus one has shown that the singularity in stress is absent near the optimal cavity

contour for the case of external shear loading.

3.7 Numerical procedure and existence of the solution

Below one discusses two issues: existence of a solution and the numerical optimisation
algorithm (see Sections 3.2 and 3.3). For more detailed analysis we refer to Sokolowski

and Zolesio [104] and Press et al [91].

Existence of the solution. To prove the existence of the solution, the second con-
straint (finite size of the cavity) is essential. Consider a closure of a bounded domain
in N-dimensional space (each point of this domain specifies a set of coefficients of the
conformal mapping). All unbounded domains are excluded from our consideration as
they lead to failure of the second constraint.

Also one excludes the sets of coefficients which lead to self-intersection boundary. Let
an N-tuple of coefficients of the conformal mapping provide the boundary with self-
intersections. Then so will N-tuples in the sufficiently small neighbourhood of the

original point. Thus the region in N-dimensional space describing the boundaries with
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self-intersection is open. Hence its complement is closed.
According to Weierstrass theorem such a function has both maximum and minimum
(taking into account the condition W < 0 which is true for all increments associated

with cavities).

Downhill simplex method. has been used in this work is discussed below. The
downhill simplex method, optimization method which has been used in earlier calcula-
tions requires the values of the function only, and it does not require the derivatives.
This simplifies the procedure; it works effectively even for the case when the function we
minimise is not specified in the explicit analytical form. It starts not just with a single
point, but with 2NV 41 points, defining an initial simplex in 2N-dimensional space. One
assumes that the initial starting point Pg corresponds to a unit circle {c, = 0} and take
the other points to be P,, = Py + Ape,, where e, are 2N unit basis vectors and A, are
constants representing the characteristic length scale along the direction e,. They are
chosen by using the value 1/4/n (the upper bound for the modulus of the coefficient c;)
as the characteristic length scale.

The basic idea of the downhill simplex method is to compare the values of the function
at the 2N +1 vertices of the initial simplex and move this simplex towards the minimum
during the iterative process. On each step we evaluate the function at all vertices of the
simplex and choose the maximal one, say P,,. Then we archive the ”reflection” of the
point P,, with maximal value of the function via the simplex boundary. It means that

we define a new position P, of the point P,, such that
P.=(1-a)P,—aPp,

where P, = Elﬁ Efgf’}#m P,, is the centroid of all points with the exception of P,,,
and « is the reflection coefficient which is the ratio of distance between P, and P, and
the distance between P,, and P,.

The reflected point P, will be on the line joining P,, and P, on the opposite side of
P.. Repetitive application of the reflection process leads to a step-by-step approaching
in the direction of the minimum.

In the particular situation when f(P,) > f(P,) for all n except n = m the simplex is

contracted along the direction P, — P,, to P,. Alternatively, if the reflection produces

P, such that f(P,;) < f(Pn), the simplex is expanding, and we attempt to find a
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local minimum on the line P, — P, (the one-dimensional gradient method used in this
particular situation).

After application of the "expansion” or ”contraction” of the simplex we go back to
the reflection procedure. The following convergence criterion is used with the simplex

method

(Ziﬁfllf(Pn) = f(P*)P) T
2N +1 ’

where € is a small positive parameter. In this work we used the Numerical Recipes

routine “amoeba” Press et al [91] realising the downhill simplex method.

3.8 Conclusions

In this chapter the Pélya-Szego tensors have been employed to solve the optimization
problem. Namely, the shape optimization for a fixed area single cavity in an infinite
elastic plane has been considered. This problem is of special interest since with homog-
enization technique it relates to the optimization of the dilute composites and defines
new type of optimal microstructures subjected to shear. The last ones extend known
types of structures (Vigdergauz structures, ”confocal ellipse” structures by Grabovsky
and Kohn, "second rank” laminates by Gibiansky and Cherkaev).

The problem has been studied in the following way. The elastic energy has been written
in terms of coefficients of the Poélya-Szegé matrix. Optimization algorithm has used
the downhill simplex method together with certain constraints on the coefficients of the
conformal mapping. As a result, the shape of the optimal cavity has been specified in
terms of conformal mapping coefficients.

Then we investigated the properties of the optimal cavity, such as the tensile stress
on the boundary, the properties of the displacement and stress fields outside of the
cavity, stress distribution near the corners on the boundary. The results of this analysis
confirmed the necessary conditions of optimality and gave the value of the corner angle
(the Carothers value).

The inverse problem for shape optimization has been solved. Assuming the energy
density was constant on the boundary of the cavity we obtained the set of conformal

mapping coefficients and showed an agreement with the direct optimization method.
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Chapter 4

Crack-inclusion interaction

problem

4.1 Background and motivation

The analysis of failure mechanisms of brittle-composite materials has design applications
in a broad range of fields. These include defects-containing, porous, and fibre-reinforced
materials. Examples of these materials are ceramic, which may contain flaws or pores,
fibrous biological materials, porous rocks, porous high-strength metals at low tempera-
ture, and ceramic or metal composites. In other materials, like concrete or certain rocks,
stiff inclusions co-exist in a soft matrix with pores and micro-cracks. In this context,
fracture propagation is the dominant failure mechanism at the microscale.

It is odvious that fracture propagation is affected by the presence of inhomogeneities,
which modify the crack trajectory and, consequently, the toughness of the material.
For imstance, the toughening effect of a diluted porosity remains controversial (see,
e.g. (laussen [19]; Duan, Mai and Cotterell [23], where the porosity consists of small
cracks.. In fact, on one hand, pores may act as stress concentrators and initiate strain
localisition and microcracking between cavities. On the other hand, pores may deviate
the crack path from linearity and, when the crack tip intersects a cavity, this may
produe a stress release. From the latter point of view, pores yield a shielding effect on
crack jyropagation.

The a)ove discussion elucidates the theoretical and practical relevance of developing
analytcal models capable of describing the fracture mechanisms in brittle materials

contaiing voids or inclusions. This problem, analyzed numerically by Rose [93] and
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Rubinstein [95], is the focus of the Chapter 4. In particular, an asymptotic solution is
presented for the trajectory of a crack growing in an elastic-brittle isotropic material
under plane strain conditions. With the term “brittle” we mean a material in which
the fracture propagates according to the pure Mode I criterion or “criterion of local
symmetry”, i.e. Krr = 0 (Banichuk [5], Goldstein and Salganik [32]). Two perturbed
solutions are employed, one of which concerns the modification of the near-tip fields
due to a perturbation from rectilinearity in the crack trajectory. In the other perturbed
solution, defects are introduced and the modification on the near-tip field is evaluated.
The former analysis is similar to some extent to that presented by Cotterell and Rice
[20]. The latter analysis has been initiated by Movchan, Nazarov and Polyakova [77]
and it is based on the concept of the Pélya-Szeg6 matrix [90], which characterizes the
effect of the inclusion.

Below we apply the asymptotic technique to the crack propagation problem in thermo-
elastic media. Fracture propagation in elastic media (no thermal effects) is analysed in
the limit case. As a result of the asymptotic analysis, the formulae for the increment in

stress intensity factor and for the crack trajectory have been derived.

4.2 Crack geometry and field equations

A quasi-static semi-infinite plane crack is considered, smoothly curved in the portion
extending from the tip to a reference point where the crack profile becomes rectilinear,
as indicated in Figure 4-1. With respect to a coordinate system with the origin in
the reference point and the axis z; tangent to the rectilinear crack profile, the crack
tip has abscissa [. If the curved portion of the crack is sufficiently regular and close
to rectilinearity, it can be treated as perturbation of a straight crack. In this case,
the crack geometry can be specified by introducing a smooth function A of z; which,
multiplied by a perturbation parameter c, specifies the zo—coordinate of the curved
portion of the crack. The semi-infinite crack is described by the set My (1) := {(z1,z2) :
z1 < l,z9 = ah(z1)}, with 0 < a <« 1. A defect is considered in the form of a cavity
or an elastic inclusion, and domain occupied by the defect is Ge. The position of the
defect is arbitrary, in the sense that it can be placed at an arbitrary point, but the ratio
between the diameter of the defect and the distance from crack trajectory has to be
small enough to allow to use a perturbation technique.

The boundary value problem is formulated as a plane strain problem of thermo-elastic,
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reference crack, M,

Figure 4-1: Crack geometry

isotropic materials, characterized by the Lame constants A, /i for the matrix material,
Ao, fio for the inclusion Ge and the thermoelastic constants 7 and 70 respectively. Al-
ternatively, this region can be specified in terms of Young’s modulus E, Poisson ratio
v and thermal expansion coefficient otf. The following identities relate two possible sets

of parameters

E En
"=2(H"M)-  A=(1+,)(!-

where K is the bulk modulus in the plane strain.
Vectors u and u  representing the displacement fields in the matrix and inside the

defect, respectively, satisfy the Navier equations

£xx(u; x) := /xV2it + (A+ /))VV eu = 7VT(x), x GM\ {GeUMQ},
4.2.1)

roix(wos *) = MoV2n 0 -I- (A0 + /io)VV su0 = 7qVT(x), =x e Ge.

and the boundary conditions. The latter consist of ideal-contact conditions prescribed

at the interface between the inclusion and the matrix

am\u] x) —TATn = 0-qMugs;x) —T0ATn, u = uq, x E dGe, 4.2.2)

where AT = T —Trei, and Trei is the temperature of the stress-free state.
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On the crack faces we have the traction condition
o™ (u;z) = p(z) +7ATn, € MZ, (4.2.3)

which reduces to the traction-free condition at the crack faces, if the temperature term
is not taken into account

o™ (u;z) =0, xe M=, (4.2.4)

In the case of a cavity and AT = 0, the conditions (4.2.2) are replaced by the traction
boundary condition

oM(u;z) =0, wedq,. (4.2.5)

When the distance r from the crack tip tends to infinity, the displacement field has the

following asymptotic form
u(x) ~ K° r'281(¢) + K53 /2011 (¢) as r — oo, (4.2.6)

where the stress intensity factors K7° and Kf7 are given, and the polar components
of the vector functions & = (&f,®})* and ®'" = (®]!, ®LT)* are specified by (see, for

example, Arutyunyan, Movchan and Nazarov [2])

[(252 — 1) cos g — cos 37¢],

I _ 1

[sin % — (25c+1)sin g],

1
By(¢) = T
/1 (¢) =

[351n—— — (2 —1)sin —],

4/1\/_

3¢

a4l (4) = -

[3 cos — — (23 + 1) cos %], (4.2.7)

where 3 = (A + 3u)(\ + )71 and ¢ € [—m, 7).

Further we suppose that our crack is a Mode-I crack, and K5} is zero.
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Figure 4-2: Crack in elastic region with and without a defect: distribution of the prin-
cipal stresses

4.3 Asymptotic expansion for a solution ofa thermo-elasticity

problem

The thermo-elasticity boundary value problem (4.2.1), (4.2.2), (4.2.3) together with
the condition at infinity (4.2.6) is specified in an infinite thermoeiastic plane with a
small inclusion Ge and a crack MQ For illustration of the qualitative behaviour of the
displacement field in both situations with and without an inclusion we perform two
numerical experiments with the finite element package COSMOS/M. In Figure 4-2 the
numerical approximation of a singular solution in unperturbed crack tip is shown. This
solution can be easily obtained analytically in the form (4.2.6). The displacement field
in the region with a crack and a defect is nonsymmetric, it can be seen in Figure 4-
2(right plot). The distribution of the stresses shows that the crack more likely will move
towards the cavity since the maximal tensile stresses occur in this direction.

In addition, the following heat conduction problem is considered for the temperature

field
kV2T(x) =w(x), x e M2\ koATo(x) = 0, x € Ge,
8T0
fe7— = ftOU—, I = 1o, X 6 OLre,
on on
T\m+ = AT \m++ dnT\M- =0,
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T > Tw(z) as z— oo,

where n is a unit outward normal vector, k¥ and kg are the thermal conductivities of
both phases, w(x) is the intensity of the heat sources. Assuming that diam G, <

dist {G¢, My} , one introduces a small parameter as follows

= l diam G, <1

First, the temperature distribution in a plane with an inclusion is considered. In the
case of equal thermal conductivities (k = k), the thermal boundary layers do not occur
near the inclusion and the temperature field can be found as a solution of the following

problem

kV2T(z) = w(z), =« €R2,
(4.3.1)
T—>T, as x— oo.

In the case of different thermal conductivities of the inclusion and matrix and in the
presence of heat sources, one shall construct the boundary layer and apply the asymp-

totic series expansion:

T(z) = TO(x) + eTM(X) + 0(e?), (4.3.2)

where T(1)(X) is a boundary layer solution which compensates the discrepancy in the
interface boundary conditions produced by T ().
Second, given the temperature field (4.3.2), we seek the displacement vector « which is

a solution of the boundary value problem (4.2.1)-(4.2.3) in the following form
u(z) = uO(z) + eu(X) + 2uP (z) + O(3). (4.3.3)

Here the leading order term u(%9(z) is a solution of the boundary value problem in

R? \ My (without the defect)

pV2u®(z) + (A + p)VV - u®(z) = 4V, TO 4 yVxTO, R\ My,
(4.3.4)
o™ (u®;z) = p(z) + yT(x)n, =€ M.

One introduces a set of linearly independent vector functions which satisfy the homo-
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geneous Navier system written in the stretched variables X = z /¢

vo- (1) vo-(°),
0 1
v = X1 VO = 0 VO = X2 RO —Xz2 )
0 X2 X1 Xl

The leading term u(®) of the expansion (4.3.3) admits the following representation in
the vicinity of the inclusion (coordinates x are the Cartesian coordinates with the origin

at the centre of the inclusion)

oul0 (z) tex ou®) (x)
= = g ———’

(0) N(O)O-I-X
u® (@) ~ u®(0) + X 0 T |,

= AUD(X) + AU (X)
+C1eV(X) + Coe VA (X) + C3e V) (X) + Cue VIO (X), (4.3.5)

where A;, C}, are constants defined in terms of the components of the strain tensor £(u)

evaluated for the leading term of the displacement field

C = v =en(u), Cp= v = ego(u'"),

_ 1 Bugo) Bugo) _ (0)
Cs = 5{—%‘{‘ -(‘E =e12(u'”).

The second term of the expansion (4.3.3) can be specified as a solution of the boundary

value problem specified in an infinite plane
pV2uO(X) + A+ p)VV-uD(X) =0, X eR?\G,

poV2ul) (X) + (o + mo)VV-uP(X) =0, X €a,

o™ (uW; X) - of (uf); X)

(4.3.6)
= oM@ X) — 6™ (u®; X) + (y - y)T(X) X € G,
u®(X) = Y (X), X € 4G,
a(n)(u(l)’ X) — 0, |X| — 00,

where we replace the leading term u(®) by its expression (4.3.5).
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The field u()(X) is a boundary layer characterising the changes in the stress com-
ponents near the defect. If we look at the interface traction conditions of the problem
(4.3.6) one can note that the traction jump is defined by the leading term of the displace-
ment field u(®) and by the temperature field T(X). Since both terms are uncoupled, one
can split the jump in the traction boundary conditions (in (4.3.6)) associated with the
term w(® and with the temperature. The solution u(!) can be represented as a linear
combination of a solution with an elastic jump and a jump due to the temperature.

Note that stresses produced by the rigid body displacement U(l), U® and V¥ are
equal to zero. For other vector polynomials V(i),i = 1,2,3, one constructs the fields
W(i), 1 = 1,2, 3, which compensate the discrepancy left by V) in the interface boundary
conditions. At infinity the vector functions W admit the asymptotic representation
(2.1.8) (see Chapter 2). The term W*) which compensates a thermal jump in interface

conditions solves the problem

pVEWEO(X) + A+ p)VV - WH(X) =0, X e R?\G,
noVEWE (X) + (Mo + o) VV - W (X) =0, X eg,

(4.3.7)
oMWW, X) - "W, X) = (v —70)TOn, u=u, X €6,

cM(W®; X) 0, X — o0,

It admits the following asymptotic representation as ||X|| — oo (compare with the

asymptotic expansions (2.1.8) of the fields W, i = 1,2,3)

3
w =% D® . T(X) +0(IX|7?), (4.3.8)
k=1

where Dy, are constants and the vector differential operators ©(*) are defined by the

following relations
a/o 0 a/o
ow . (/%7 , D= , W= oz, (4.3.9)
0 8/0z; V2 \ 8/6z;
Using the notations above, the second asymptotic term can be written in the form

3
u(X) =Y ewH(X) + wH(X). (4.3.10)

=1
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The third term u® (x) compensates the discrepancy in the boundary conditions on the

crack surfaces My

pV2iu@ (@) + A+ p)VV-uP(z) =0, zeR? \ My,

3 3
o™ (u?; z) = - (Z {Z CnPrk + Dk} k) -T(:c);:z:), x e ME, (4.3.11)

k=1 n=1

and it can be represented in the form

3
u®(z)= Y P (T(k)(:z:) - k). T(m)) Cn
n,k=1

3
+> Dy (T(k)(:c) -k T(m)) . (4.3.12)

k=1
The field T®) can be found as a solution of the Navier system with dipole body forces

acting at the centre of the small defect and zero tractions on the crack surfaces

pV2T®) () + (A + p)VV - T®) (z) + DF(x) =0, = e R2\ My,
(4.3.13)
oM(T®);z) =0, e M.

Note that the asymptotic expansion given here is a solution of the boundary value
problem for the fixed crack. In real situation it is possible to consider either unperturbed
crack (it propagates along a straight line) or perturbed one (due to the presence of the
defect effect). The first situation is trivial since it reduces to analysis of a semi-infinite

crack in an infinite space. The second one requires more accurate calculations.

4.4 Unperturbed crack

The perturbation introduced by a defect on the displacement fields is considered for a
straight crack Mj (note for & = 0 there is no perturbation of crack trajectory). Following
Movchan and Movchan [75] and Movchan and Serkov [79] the displacement field near

the crack tip can be expanded as follows

u(z) ~ v(x) + w(zx), (4.4.14)
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where

v(z) = Kir'?81(¢), as |z| =0

is the displacement field corresponding to a rectilinear crack in a plane without inclusion,
and 2w represents the correction term associated with the perturbation field produced
by the small defect 2,. Note that in the absence of tractions on the faces of a crack,
the stress intensity factor K; = K7° (see (4.2.6)).

The reason why the correction term has the second-order in € can be explained by
considering the Neumann boundary value problem for a homogeneous elastic isotropic
solid containing a defect (Movchan and Movchan [75], Section 1.3). The vector field w

satisfies the system of equation

3
Los(wiz)=— > [z)(ﬂ -'v(a:)] Pi®®é(x —x%), zeR®\M,y, (4.4.15)
k=1 T=To
where xg = (Zo,%0) is the centre of the defect, d is the Dirac function, Pj; are the com-
ponents of the Pélya-Szegé matrix, and the homogeneous traction boundary conditions
on the crack faces

o™ (w;z)=0, =ze€ ME. (4.4.16)

At infinity the correction field w(x) vanishes

w(z) >0 as ||x|| = oo.

4.5 Perturbation of the crack

4.5.1 Asymptotic analysis

We are now in a position to investigate the problem of perturbation of the crack trajec-
tory induced by the presence of a defect. In the absence of defects under Mode I loading
the crack would propagate along z-axis, this condition satisfies the criterion Ky = 0.
The presence of a defect, even a small one, produces a perturbation in terms of a smooth
deflection from linear crack trajectory. Movchan, Gao and Willis [73] studied the out-
of-plane perturbation for 2D and 3D cracks using the asymptotic analyses. Here the
methodology of [73] is used for elastic and thermoelastic media. The main attention is
paid to perturbation due to a defect, where the Pélya-Szegd tensors can be applied.

Let one consider the asymptotic expansion of the displacement field near the tip of the
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perturbed crack M,. A local system of coordinates y* can be introduced, which has
the origin at the tip of the perturbed crack (/,ah(l)) and the axis y$ tangent to the
crack trajectory at the crack-tip (Figure 4-1)

. 1 ah'(1) 0
v (—ah'(l) 1 )y_ (ah(1)>’ (4.5.17)

where y is a system of coordinates translated with respect to @, y = (y1,y2) = (z1—1, z2)
(a is supposed to be zero).
In the polar coordinate system y® (Figure 4-1), the asymptotic expansion of the dis-

placement vector u, relative to the perturbed crack, can be represented as follows

u(y®) ~ Y K@@ (¢a),  Kj(e) ~ K;(l) + aKj(l), (4.5.18)
j=I,II

where Kj(l) are referred to the unperturbed problem, so that K;r(l) = 0 by definition.

Moreover, the displacement u(y®) may be represented in the system y through a rota-

3 1 —ah/(l) o 45,19
u(y, ) = (ah,(l) . )u(y ), (4.5.19)

tion, i.e.

and a Taylor series expansion of (4.5.19) can be performed near o =0

ou(y, a)

™ + 0(a?). (4.5.20)

u(y, @) = u(y,0) + o

a=0

Therefore, using equations (4.5.18), (4.5.19), the formula (4.5.20) becomes

du(y®) 0y3

0 -K( () B
u(y,a)=u(y,0)+a{( ())u( 0) + el ot

K@) o Oyt Oa| = 9yy o
du(y*) 0K (a) du(y®) 0K(a) 9
4.5.2
K@) da | _ T 9Kuf@) oa | +0(a), (4521)

where the leading term u(y,0) = v(y) is the same as in (4.4.14).

Now one can simplify this expression to the following form

u(y, o) = (y) + a{h’(l) ( —”2(”)) +H Qg — 0 O + h(l))%}.

v1(y)

If one substitutes the expression for the asymptotic expansion (4.5.18) in the equation
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above, the result can be rewritten in the form
u(y,a) = Kl(l)r1/2<1>1(¢) + o {K;.(l)rl/?@(j)(@

+E; (1) [ - h(l)aiy2 (rl/z‘l’(j)(¢)> +R(1) (yzaiyl -y 6%2) (rl/zq’(j)(cb))]

+K;(1) h'(l)r”?(-@&"’(qs),@‘f’)w»t}.

It has been verified by direct calculations that
_‘9_(1”1/2(1,1(4,))) _1+ % 12l
Y2 4p ’

(yz_.a_ - 'yli) (r1/2<I’I(¢)> + 7_1/2(_@9)((1)), @(1j)(¢))t — —%’rlﬂ(ﬁu(qﬁ),

oy1 dy2
where
gy 1 .3 ¢
T, (¢) = ———2\/5(1 ) [(1+ 25) sin -~ — sin 2],
II( gy 1 _ 3¢ ¢
Uy (4) = W) TR [(25r — 1) cos -~ cos 2]. (4.5.22)

Using the calculation above the coefficient of the term multiplying o in (4.5.21) can be

written as

) =~ ZhOK O PEI(9) + Ky Or' 8 ()

S

+ [K5:0) — 3K )28 (9), (45.23)

where the components of the vector function ®!, ®7 are given by (4.2.7) and compo-
nents of W1 are presented by (4.5.22).

The stress components associated with (4.5.23) exhibit an unphysical strong singularity,
and this fact indicates the presence of the boundary layer in the vicinity of the crack

tip. This singularity may be eliminated as follows. First, let one introduce the weight

function
¢H(y) = r~12@(g), (4.5.24)
and define
w*(y) = w(y) + %‘h(nmnc”(y). (4.5.25)
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The function w*(y) satisfies the Navier system (4.2.1) and the same boundary conditions
on Mgt as w, but does not have a singularity at the crack tip (,0). Second, let one
consider the ring Eg = {y : % < |ly|ll £ R}, surrounding the reference crack tip, and
the integral
/ {C" (¥) - Loo(u;y) — u(y) - Loz (¢ y)}dy. (4.5.26)
Er/Mo

Here and further we suppose that the solution w(y) has no singularity at the crack tip
u(y) ~ v(y) +e’w*(y).

If the defect is far enough from the reference crack tip, the representation (4.4.14) holds,

and therefore,

/ {c"(y)  Laa(3y) — (y) - LaaldT y)}dy

Er\Mo

= g2 / {g”(y)- 23: [:D(J')-v(y)] Pijk Q(k)}é(y—yo)dy

ZR\Mo gk=1 Y=Y,
3
= &Y PuFulo®),¢" i), (4.5.27)
3,k=1

where yg = (2o — !, yo) is the centre of the defect in the local coordinate system y, and

Fanw(y), ¢ (y)s o) = [@w-v(y)] [sv(’“)-c”(y)] . (@529

Y=Y, Y=Y,

If we reconsider integral (4.5.26), apply the Betti’s formula and take the limit when R

tends to infinity, one obtains

lim {c”<y) Ban(u; ) — u(y) - SaalCh y)}dy

R—o00
Er\Mp

= lim { / [C,{IO'"(U) + Cilamg(’u) - urarr(clj) - U¢Ur¢(clf)] ds

C

- [ [ettom (w0 + aw'()) + Cflove ((4,0) + aw"(w))

C»

(000 -+ ) ) o671 = (1ol 0) + cwsw) vl
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+ /[ To12(u) + Elog(u )—U1012(CH)‘uzazz(CH)]ds}

=0+ a{ %h' K@) - K’,,(z)} +0, (4.5.29)

where C1(R) = {y : |ly|| = R} and C; = {y : ||ly|| = 1/R}.

Note that in the integral along Ci, the field u corresponds to (4.2.6), whereas in the
integral along C3 the approximation (4.5.23) regularized via the weight function is used.
Finally, the integral along M, is zero because of the traction free boundary conditions.
Matching (4.5.29) with (4.5.27), it can be concluded that o = €2, and the derivative of
K1 has the form

3
, 1, _
K () = Ki(l) [§h 1) = > PuFi(r ' PWI p1287T ). (4.5.30)
Jk=1

Note that if the crack remains straight, i.e. if h = 0, the relation (4.5.30) can be used
to compare the present asymptotic solution to the numerical results of Rubinstein [95]
referred to the influence of defects on the near tip fields of a straight crack.

4.5.2 Crack trajectory

If the pure Mode I criterion of fracture is adopted, the direction of the crack growth has

to be chosen in such a way that Krr(a) = 0, and therefore
Kii(a) ~ aKp (1) =0, (4.5.31)

which can be substituted into (4.5.30) to get
3
R () = Z P Fin(r 2@ p1281, 4. (4.5.32)
J,k=1

Equation (4.5.32) can be easily integrated with the use of the following auxiliary identity

4 6( 1/2(1,1)
143 Oy

CII —

One supposes that crack deflection at —oo is zero. Then the crack deflection function in

the case when the centre of the inclusion is placed at the generic point (zg,yo) is given
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by
h(l) = yO(—IiT){cos 0L ()P L(B) — LLO)PL(0)}, (4.5.33)
where
cosf = Zo — ! ,
yg + (zo — 1)?
and E\l/——cosg[x—l—%in—g-sinﬁ]
L) = 4,“/— cos&[x—1+2singsin¥] |. (4.5.34)

360
) \/— sin @ cos T

The Cartesian components of the vector £ are given by

Ly =r2|D® . [r1/281(g)]
Y=Y,
It may be important to remark that the problem of the interaction of a crack with more
than one defect can be solved in a straightforward way in the present framework under
the assumption that defects do not interact. In particular, when a number of defects is
considered, and they are supposed to have non-interactive behaviour (dilute composite
limit) the total crack trajectory can be calculated using (4.4.14), where the sum of the

2

perturbed terms relative to each defect replaces the single term e“w.

4.5.3 Effect of thermal stresses

Following the procedure thoroughly discussed above we obtain the following expressions

for the right-hand side of (4.5.27)

3 3

r=< i,kz=1 Pa [g(i) ' v(y)] Y=Y, [g(k) ' C”(y)]y=yo +e ; P [D(") . CH] Y=y,

(4.5.35)
For convenience, we rewrite the vector £(6) (4.5.34) in a slightly different form, which

allows to simplify further calculations

8#\/— (cos + (23¢ — 3) cos g)

L) = 1 (—cosz+(2z—1)cos) ,

8uv2mw
1 50 [}
8”\/77(5111 > sm2)

where 6 denotes the angle between the z-axis and a line joining the crack tip and
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the centre of the inclusion. Using the equality [CD(") . (7'1/ 2p! )] Y=y, = LE)r=1/2_ the
—J0
formula, (4.5.35) and the displacement field v given by K; r'/2 ®!(¢), the representation

for the changes in the stress intensity factor can be written in the form

1 WK; <~ O
() = K () - =% = @ (9yp., ()
Kr(1) 2K1h 0) L+ )2 ,g::l 80(COS 6L (0)Pi L (9))
3
. TR 9 oy _ Lo opk) .
(1 + s)r3/2 kZ:le (Coseagﬁ (6) 5 SIn0LT(0) ). (4.5.36)

Now the Sih criterion [102], [101] of the crack propagation is taken into account. The
crack propagates if the stress intensity factor K is greater than the critical value K§ and
it propagates as a pure Mode-I crack if the stress intensity factor Ky is equal to zero.
The crack path deflection is obtained after the integration of the expression (4.5.36)

using the equality h(—oo) = 0. The result is formulated as the following theorem

Theorem 4.1 If a semi-infinite crack propagates quasi-statically in an elastic plane
subject to a constant temperature stress, and its perturbation is caused by a remote

small defect then the resulting crack trajectory can be obtained by the following formula

0

B0 = ity i (005 60 (@PLO() )

0

In (4.5.37) the effect of inhomogeneity is specified in terms of the Pélya-Szegé matrix
P and the thermo-elastic vector D, § denotes the angle between the z-axis and the line
drawn through the crack tip and the centre of the inclusion, h(l) is the crack deflection

about the z-axis. The following auxiliary identities have been used for integration

- Yodo

dl = %P
sin? ¢’

Yo = 7Sin ¢ = const

4.6 Conclusions

In conclusion of this chapter one can note that the formula (4.5.37) holds for thermoe-
lastic inhomogeneities of arbitrary shape. The only quantities required in (4.5.37) are

the Pélya-Szegd matrix of the inclusion and the thermal vector D. These quantities
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are specified by the geometry of the inclusion and the thermoelastic properties of the
materials. In the next chapter we consider some examples where the expression (4.5.37)
could be simplified further.

Asymptotic derivation of the formula (4.5.37) presented here is mainly based on two
asymptotic solutions. The first problem is the thermoelasticity problem in an infinite
plane with an unperturbed crack and a small defect which is located far away from the
crack line. This problem has been solved by expanding the solution in the asymptotic
series where the second and the third terms are evaluated in terms of the Pélya-Szego
matrix. The second problem is a perturbation of a crack due to non-zero tractions on

the crack faces. By combining these problems together one obtained a desirable result.
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Chapter 5

Fracture propagation due to

different inhomogeneities

The model described in Chapter 4 makes possible to investigate the effects of different
inclusions on the trajectory of a crack. It is assumed that the characteristic size of defects
is small compared to the distance from the crack trajectory and no interaction takes
place between the defects. In subsections 5.1.1-5.2 a number of examples is presented
for the cases where defects are circular elastic inclusions, elliptical voids and elliptical
elastic inclusion. Results obtained agree with those presented by Rubinstein [95] and are
qualitatively consistent with crack patterns in brittle materials observed in experiments.
Further we investigate the crack propagation due to interaction with thermo-elastic ef-
fects. The Pélya-Szego tensors are employed on this stage of the algorithm to obtain
analytical formulae for the crack deflection. Temperature effects can cause reduction in
the amplitude of deflection. The elastic deflection (deflection corresponding to zero in-
crement of the temperature) and thermal deflection (difference between total deflection
and the elastic one) are considered separately. The conditions when thermal deflection
and elastic deflection compensate each other are analysed. This problem can be re-
garded as the problem of residual stresses in a composite media. Thermal stresses in an
inclusion produce a jump in the displacement field on the interface. Jump conditions
of the same kind correspond to residual stresses occurring under cooling. One can re-
formulate the problem to be a problem of interaction of a crack and an inclusion with
non-perfect interface. The interface is specified by the jump, which is the function of
the temperature, either in displacement or in traction boundary conditions or both.

In the last part of this chapter we analyse non-perfect interface conditions. Namely,
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interface conditions of the debonding type (sometimes it is called linear interface). The
crack-inclusion interaction problem is considered and it yields the conditions correspond-

ing to the case when the interface layer compensates the effect of the inclusion.

5.1 Some examples of the crack path

5.1.1 Interaction between a semi-infinite crack and a cavity

As a first application of the theory presented, we consider the case of interaction of a
semi-infinite crack and an elliptical cavity G, with the largest axis inclined at an angle 8
to the z—axis. The centre of the ellipse is located at (zo,y0), @ and b are the semi-axes
of an ellipse, m = Z—;—g is the eccentricity of the ellipse. One uses the representation for
the Pélya-Szegod matrix for an elliptical cavity which is obtained from the formula for

an arbitrary cavity (see (2.2.14) in Chapter 2 ) with the conformal mapping coefficients
1 1
= E(a +b), c1= E(a —b)exp28 = cymexp 203,

and all other coefficients of the conformal mapping (2.2.1) are zero. Under such con-
ditions the representation for the Pélya-Szegé matrix (2.2.14) can be simplified to the

following form

E+Q+X =2-Q A

1
’P=—E(a+b)21r(/\+2u) E-Q E4+Q-%X A |, (5.1.1)
A A 20
where
2u? - 2
Q= == A 1 9
Sr E=0+m+m)

Y = —4pmcos2B, A =—2v2umsin20. (5.1.2)

This representation for the Pdlya-Szegé matrix can be compared with the one given by
(2.2.17); the latter has been constructed for three non-zero coefficients of the conformal
mapping.
Now we use the asymptotic formula (4.5.33) for the crack trajectory. Substituting (5.1.1)
into (4.5.33) one obtains

R?

H(l) =€*h(l) = %[2(1 + m?) —z(2+z——z2+m2(1+z)
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Figure 5-1: Crack trajectory /A(l) versus crack tip position Z resulting from interaction
with an elliptic cavity whose major axis is parallel to the main crack. Results are
reported for different aspect ratios a/b.

+2 m cos2@3 (1 + 2z)(1- z2) —2 m sin2/? 2z - 1) + z)\J1 —z2) (5.1.3)
where

yjyl + (@0 - 722’ 2 atb

It should be noted that the conditions m = 0 and m = 1 correspond to the cases of a
circular void and of a Griffith crack, respectively.

The crack trajectories /([) obtained from (5.1.3) are reported in Figures 5-1 and 5-2. In
particular, the crack trajectories plotted in Figure 5-1 show the interaction of a semi-
infinite crack with ellipses having the major axis parallel to x —axis. Different aspect
ratios are investigated. Figure 5-2 describes the case of a semi-infinite crack interacting
with a Griffith crack inclined at different angles.

It should be noted that in the case of a circular cavity, m = 0, H([) takes positive values
for every I Therefore, a circular cavity always “attracts” a crack. In the case of an
elliptical void, the situation is more complicated. In fact the trajectory of the crack is
influenced by the orientation of the ellipse and by the aspect ratio a/b. In particular,
the crack may suffer a slight repulsion, followed by a strong attraction (so that curves
in Figure 5-1 have a minimum followed by a maximum). In any case, the deflection at
infinity always corresponds to attraction. This can be verified by observing the limit as

/ — -l-oo of (4.5.33). The following lemma holds
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3.00
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1.00
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Figure 5-2: Crack trajectory h(l) versus crack tip position /, resulting from interaction
with a Griffith crack at different inclinations.

Lemma 5.1 Crack deflection H(l) due to the presence of an elliptical cavity in an

infinitely remote point is specified by the formula

H - = £0) Vi= — 1+ m2, (5.1.4)

1+ x

The deflection is always positive and does not depend on the rotation of the main axis
of elliptical defect. This is a direct consequence of the fact that the dipole matrix V
is negative definite for any cavity of finite dimension. Moreover, H (0 increases when
parameter m increases (Figure 5-1). The latter means that the deflection due to inter-
action with a thin ellipse is greater than the deflection produced by a circular cavity
with the diameter equal to the crack length (equal sum of semi-axes « + 6 = 2R should
be taken into account).

One can note from Figure 5-2 that, for any orientation of the Griffith crack, all crack
trajectories intersect at the point corresponding to / = 0. Moreover, H(0) = H”. The
second observation, that the crack deflection is independent of the orientation of the
small defect, is valid in the vicinity of infinite remote point. The change of the angle /3
affects the shape of the crack trajectory in the vicinity of the origin.

A SEM photograph (Figure 5-3) shows the crack path induced by Vickers indenter in a

sample of porcelain stoneware. This particular ceramic contains a dilute concentration
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Figure 5-3: SEM photograph of a crack in a porcelain stoneware

of near-ellipsoidal voids. These voids have been modelled as ellipses in Figure 5-4 where
the crack trajectory shown has been obtained using the technique above. Obviously,
certain approximations of the model may be anticipated. In particular, interactions
between voids has been neglected; moreover, the assumption of small ratio of the void
dimension to the distance from the crack tip is often required. However, from Figure 5-4
we note that, in spite of all the approximations, the mathematical model gives a good
description of the physical situation. The experimental photographs have been kindly
provided by the Ceramic Centre (Bologna, Italy) and published in Bigoni, Movchan,
Exposito, Serkov and Valentini [9], [114].

The comparison of the theory developed with the numerical solution of the singular
integral equation for the complex crack opening given by Rubinstein [95] leads to inter-
esting results. Taking A'{l) = 0 in (4.5.30) gives the formula for the normalised Mode-II
stress intensity factor in the case when the unperturbed state corresponds to the Mode-I

load (characterised by the stress-infinity factor Kf°)

Ku/Kf (5.1.5)
J. k=l

with (r, {> being polar coordinates of a small defect.

Comparison with Rubinstein’s results [95] is shown in Figures 5-5(a) and 5-5(b) for a

Griffith crack and a circular cavity respectively. Note that the Mode-II normalised stress

intensity factors are given as functions of 0, the angle of orientation of the position vector
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Figure 5-4: Matlab simulation corresponding to SEM photograph 5-3

relative to the small defect (Figure 4-1). Since the expression (5.1.5) is an approximate
asymptotic formula, a discrepancy with the numerical results of Rubinstein can be
expected. The error is however quite small and the results of an explicit asymptotic
analysis show the right qualitative behaviour of the stress intensity factor as a function

of the angular variable ¢.

5.1.2 Interaction between a crack and a circular elastic inclusion

Another important example is an interaction of a crack with an elastic inclusion. It
allows one to analyse the effect of the elastic moduli of the inclusion on the crack
trajectory. In the frame of this section we restrict ourselves by analysing the problem
for an elastic circular inclusion.

First, for reader’s convenience, we rewrite the formula for the Pé6lya-Szegé matrix cor-
responding to an elastic circular inclusion (see (2.2.39) in Chapter 2 )

E+© E-© 0
2 R 7t pu(\ + 2p)

P = E-0 240 0 |, 5.1.1
S (5.1.1)
0 0 20
where
Mo —p = — 1 2”'0(%_ 1) - 2""(%0 — 1) (5 1 2)
s + (e=1)2  p(s — 1)+ 2u0
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Rubinstein
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®)

Figure 5-5: Comparison with Rubinstein’s [95] results , Mode II normalized stress in-
tensity factor versus defect position ¢

(a) interaction with a Griffith crack;

(b) interaction with a circular cavity.

Consequently, the formula (4.5.33) gives

H(l) = e2h(l)= N(z24z22)w(x-D —
W W 2y0 " M(*o - 1)+ 2/i0
5.1.3
XlJo+ M ( )

where R is the radius of the inclusion and

Xo I

\/vl + fao - 0 2

In the particular case when JQ = 0 the formula (5.1.3) reduces to (5.1.3) with m = 0

which corresponds to the case of a circular cavity. The Polya-Szego matrix V of a

circular inclusion is positive definite when

Ao+ Md
A+ M

—>1 and > 1, (5.1.4)

and it is negative definite when the inequalities (5.1.4) are both reversed. Otherwise,

the matrix V' is indefinite.
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Figure 5-6: Crack trajectory h(l) versus crack tip position / resulting from interaction
with an elastic circular inclusion: (a) inclusion more rigid than the matrix; (b) inclusion
less rigid than the matrix; (c) and (d) V is indefinite.

The crack deflection at infinity is given by

- n 2k f1341 Mo (*+1) . 5.1.5
oo —e "o y()z\i 910+ §xq- M 1)

The crack trajectories corresponding to the interaction of a semi-infinite crack with an
elastic circular inclusion are reported in Figure 5-6 for different values of elastic param-
eters. In particular, when the inclusion is more rigid than the matrix, the conditions
(5.1.4) hold, and therefore, the defect attracts the crack (Figure 5-6(a)). In the case of
an inclusion which is softer than the matrix, the inverse conditions hold, and therefore,
the crack is repelled by the defect (Figure 5-6(b)). Figure 5-6(c) and Figure 5-6(d) refer
to the cases in which matrix V' is indefinite. Note that in this case a set of parameters
can be chosen such that the deflection at infinity is equal to zero. These observations

can be summarised in the following propositions:

Lemma 5.2 Defects with the positive definite Polya-Szego matrices repel the macro-
crack, and defects characterised by the negative definite Polya-Szego matrices attract

the macro-crack.
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For circular elastic inclusions the condition of positive definiteness can be expressed in
the form:

o > p and Ao+ po > A+ p. (5.1.6)

The Pdlya-Szego matrix is negative definite, if
po<p and Ag+po < A+ . (5.1.7)

Lemma 5.3 The macro-crack has zero deflection at infinity if and only if the coeffi-

cients of the Pdlya-Szego matriz satisfy the conditions

P11 + Paz +2P12 = 0.

For instance, such a condition written for the circular elastic inclusion reduces to equal

bulk moduli of the inclusion and the matrix
X+uo=A+p (5.1.8)

As an example, in Figure 5-7 we present the experimental SEM photo of a sample of
Zirconia-Alumina composite (ZrO,/Al303). The aluminium inclusions can be modelled
as circular elastic inclusions with the moduli Ay = 140GPa and puy = 180GPa. The
characteristics of the Zirconia matrix are A = 125G Pa and u = 75G Pa (see, for example,

Claussen [19]).

5.2 The influence of an elliptic elastic inclusion on the

crack trajectory

5.2.1 Model problem

Before going further in consideration of crack-inclusion interaction we shall stop for a
moment and return to the problem of Pélya-Szego matrices. In Chapter 2 these matrices
have been calculated for cavities and rigid inclusions, here our intention is to construct
a matrix for an elliptical inclusion. The main methodology in this section is similar to

the one used in Chapter 2, but at the same time calculation of the Pélya-Szego tensor

CHAPTER 5 96



5.2. THE INFLUENCE OF AN ELLIPTIC ELASTIC INCLUSION ON THE
CRACK TRAJECTORY

Figure 5-7: Crack propagation in Zirconia-Alumina composite

for an elastic elliptical inclusion look extremely laborious even under the right choice of
notations.

To construct the Polya-Szego matrix, we consider a model problem for an inclusion
in an infinite plane subject to a homogeneous loading at infinity. The inclusion is
characterized by the Lame constants Ao, /xo and the infinite medium by the constants A
/i. The surrounding medium is loaded at infinity by prescribing a generic homogeneous
deformation. In particular, with reference to a Cartesian coordinate system, the three
displacement fields at infinity are important for further analysis ((2.1.6) in Chapter 2).
These displacements correspond to three linearly independent deformations, a linear
combination of which gives a general homogeneous deformation. Subjected to these
conditions at infinity and due to the presence of the inclusion, the elastic matrix deforms
with non-linear distribution of stresses. However, the deformation in the inclusion
remains homogeneous (constant stress field). The latter has been shown by Hardiman
[36] and Eshelby [24] and is known as the Eshelby theorem.

Now we are looking for a displacement field satisfying the Navier equation in both the

matrix and the inclusion. The following interface boundary conditions are imposed

uo(x) =u(x) and x) =an\u;x), x E dGe, (5.2.1)

where u is the displacement field, is the traction vector on the elliptical boundary
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Figure 5-8: Elliptical inclusion and its conformal map

dGe, n is the unit normal vector and the index ()o denotes fields inside the inclusion.
The displacement field ¥ = (u\,u2) satisfying the Navier equation inside and outside
the inclusion can be represented, in terms of complex Kolosov-Muskhelishvili potentials
p(z) and i) as

ui + iu2 = - ip(z)], (5.2.2)

where z = x| + ix2, kK = xpjf = 3 —4i/, , v is the Poisson ratio. The resultant force
acting on a generic arc AB of any curve drawn in the material (i.e. in the xy—plane)

can be represented as
A
Fx + iFy ——i ip(z) + zip'(z) ¥ p(z) (5.2.3)
B

5.2.2 Conformal mapping

Let us consider the complex plane z where the inclusion is an ellipse with the semi-axes
a and 6, with the major axis oriented at an angle /? with respect the a;—axis (Figure 5-8).

Following Sokolnikoff [103], one investigates the properties of the Zukovskij function

*
I

= Cif + ¢ if \ (5.2.4)

where

ci = and c¢_i= ciexp2i”. (5.2.5)
This function maps conformally a ring in the £—plane with internal radius

a~b
n = Wy Ty’
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and external one
a+b

Rl =
a—2b’

to an elliptical inclusion in the z—plane with a slit along the major axis of the ellipse
between two points — expifva? — b? and expifva? — b2. Note that 0 < R < 1 and
the limit value 1 corresponds to mapping of the exterior of a slit to the exterior of a
unit disk. The same function (5.2.4) maps the region outside the circle of radius R !
to the exterior of the ellipse.

The map (5.2.4) can be inverted to give the following relation

1
=24 — /22— dcic, (5.2.6)

261 261
that, for |z| — oo, can be expanded in the series representation

—£2_& -
£ = Pl +0(|2|73). (5.2.7)

Note that the map (5.2.4) does not have a limit when semi-axes of ellipse coincide (the
ellipse reduces to a circle). In this situation R = 0 and R~! — oco. To resolve this
problem, one shall introduce new complex variable £* such that

a—>b
a+b

&= 3

Its substitution in the conformal mapping (5.2.4) yields

_a+b

-b
P=w(gh) = =€+ -

5 exp 2zﬂ£*.

(5.2.8)

5.2.3 Series representation for potentials

Taking into account the conformal mapping (5.2.4), the complex representation for the

displacement field (5.2.2) can be represented in the following form

w(€) +fual) = - [w(g) _ :&i’)m _ @] . (5.2.9)

A series expansion of potentials ¢(¢) and (¢) can be performed
1

1
Q€)= Y an€™, BE)= Y bat" (5.2.10)

n=—oo n=—oo
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where, in particular, the coefficients ag and by, representing the rigid body translation,
can be set equal to zero, i.e. ay = by = 0. Inside the inclusion the following series
representation of the complex potentials is adopted (note that the result of the Eshelby

theorem is not used here and it will follow from the solution for the displacement field)

+oo +oco
eol€) = D dnt", to(6) = Y enf", (5.2.11)
k=—00 n=--00

where, once again, dy = ep = 0 can be assumed. Let one consider the conformal mapping
(5.2.4) shown in Figure 5-8 and two generic points lying on the circle || = 1 inclined
at §+ 9 and B — ¥ with respect to the £; —axis. These points correspond to the same

point on the slit in z—plane inclined of the angle 8. Therefore, the conditions
cpo(ei(ﬂ+‘9)) = (po(ei(ﬁ—ﬂ)), ¢0(ei(ﬂ+ﬂ)) = 1/,0(61'(!3—19)), (5.2.12)

hold for any ¥. The substitution of (5.2.12) into (5.2.11) gives

k=400 k=+o00

Z dy.ekiP+9) — Z drekiB=?)

k=—o00 k=—o0

k=+o00 k=+o00

Z exe¥i(A+?) = Z ereriP—?), (5.2.13)
k=—o00 k=—o0

so that, comparing terms multiplied by e**?, we obtain the useful conditions
d_i = dy exp 2kif3, e_r = e exp 2kif. (5.2.14)

Coefficients a; and by are determined from the conditions at infinity; we supposed that

they are known, i.e.

a1 =, by =7, where o;eR, ~v;€C (5.2.15)

For exact value a;,~y; corresponding to linear fields V) one refers to (2.2.7) in Chap-
ter 2.
The other coefficients of (5.2.10) and (5.2.11) can be determined from the boundary

conditions (5.2.1) which can be rewritten in terms of complex potentials in the following
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form
» (5)1 —=i% _w(é)/ _
o6) - S5O 90| = - RGEE SEGRTG]f
© + 250 + 50 = wl©) + LD + o), (5.216)
w'(€) w'(€)
where |¢] =

The series representation of [w'(£)]~! at infinity yields
2

SO =1+ S+ (S etroge), G2

so that on the boundary of external circle with radius R~! the following expansion holds

Z git*,

k=-1

where g1 = exp2if,
gk (1 + 'R4) R2*=1) exp {—iB(k — 1)}, for k=2m -1, meN
g =0, for k=2m, meNuU{0}. (5.2.18)

The system (5.2.16) can be rewritten in the form of sums if we take into account the

series representations (5.2.11) for the complex potentials

+1 +1
( Z an{ + Z gn§ Z nan'f + Z Engn)
+o0

n=—o0o n=-—1
+o00 400 +00 _ . —n
= 0o (wo D dnf®+ ) g™ Y ndal + Y &l ) (5.2.19)
n=—oo n=-—1 n=-—00 n=—o0o

where parameters w and g take the values,
= (2“)_1’ 20 = (2#0)~1, W= —¥x, Wy = —H0,

and
o=1, QO=1,w=17 wo =1
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Taking |£] = R™! we rewrite the system (5.2.19)

+1 400 400
Q(w Z an£n+z aflgnf - z z mGnQ.-. RZ(m+l)§n+m+l

n=—o0 n=1m=1
tgameT Z ng-1a_nRAHIE" + Z b_nR2E™ + Eﬂa—?&"l)
n=1 n=1
+o00 +oo 400 400
= 0o (wo z dn§ +ZZ mgn d R2(1 m)&l m+n Z z mgn R2(m+1)§n+m+1
n=-—00 n=1m=1 n=1m=1
#3 ng BRI - Z gl REDE 1 Y RN, (5220)
n=1 =

or in a simpler form

+o00 n—2
I:walf +w Z a_nf—n + Zgna1§ - Z z gm n—m— 1)a1~n+m’R«2(n m)gn
n=1 n=3 m=1

+gmE! — Z ng_18_nR¥IEm + B R + Z E-nRz"ﬁ"]

n=1 n=1
+oo +o00 +o0 B
=0 [WO ST @+ 30 gmn+m A+ Ddnymyt R7AHen
n=-—o0o n=1m=1
+o00 +o00 _ +o0 n—2 _
+ Z Z gm+""1mdmR2(l_m)£n - Z Z gm(’n —-m — 1)d1-—n+mR2(n_m)€n
n=1m=1 n=3 m=1
+ 2 g-ndnRHTIET = 3 goind REDET 4 énR‘z"ﬁ_n] . (5.2.21)
n=1 n=1 e —oco

Comparing terms of equal order yields a system of linear equations for the unknowns

an,bn’cnadn’en:

- +w
olway +b_1R% + @191 — g_la_.l'R“] =po [wodl +8_1R%?—g_1d_ 1R+ Z gthz(l"‘)Hh] ;
L h=1

- +w
0 5_2724 - 29_16_2R6:| = 0o I:wmb + §_2R4 - 29_18_272,6 + Z gh+1hR2(1—h)Eh] H

h=1
[ n—2
0|@19n +B_nRZ" — g_inA@_ RE™D — N gu(n—h - l)a_n+h+17z2<n—h)]
) h=1

+o0
=00 [wodn +8_,R* — g_jnd_,RA+D 4 Z gnth—1hdpR2LH)

h=1
n—2 _
- Z gn(n—h - l)d—n+h+1R2(h—n)] y 235
h=1
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+o0
[ [wa_1 + 51R_2 + 9—151] = 0o [WOd_l + 517?,_2 + g_131 + Z gr(h + 2)R_2(h+1)ah+2] ;
h=1

e [wa_n] = 0o [wod_n + 8, R~ + g_1nd,R*(1—™
+co _

h=1

Taking into account the relations (5.2.14), the system (5.2.22) can be solved, yielding

o(1 — RY)

_ 4 2B
a_1 [1 +PO(R 1)] aje”” + RE(1 T R90)

[73- + ’R,4.’£Re('yj e2h )e2iﬂ] ,
b_1 = @(1 - ’R,4)’R,—2(1 — R4@)aj + [1 + fD@(R4 _ 1)] Re('yje2iﬂ) +i Im(’Yjeziﬂ),

(> + po[(1 — R*©)a; — OR?Re(v;e*F)] . (2 + 1)poR? © Im(y;e*#)

dy = ,
17 (G0 — L)p + 20 + R%O[(t0 — D — 25epg] | (30 + L)u(1 + R26)
[(300 — 1) + 2po)Re(v;e%#) 2 Im(v;e%#) }
=T — PR2a; + i C )
- { (30 — V)i + 2p0] + R*O[(30 — 1) — 25ep10] YR+ Reg

a_p=d_,=d, =€e_, =€, =0, n>1,

bop = (1+RHYR2e—DiB(q_1e=%8 _q)), n=2k+1, k€N,

where @ = 0 —#  p_ [+ Duo
o + p o + p
%= 2@(% + 1)/1,0
[(300 — D) + 2p0] + RAO[(320 — 1) — 23¢p0]’

[(300 — 1) + 2u0] + R4O[(300 — 1)pp — 23210

It is important to note that the system of linear equations for defining the coefficients

a_1,b_1,d1,e_1 can be written in the following compact form:
b1 R? — a1 R4 + ;2 +R*) = dy + dy + €1 R?,
5_172,2 - E_1R4e2w + Olj(l —x+ R4) =4 (31 — ydy +§_1'R,2) ,

Ho

a_1e” 2P + o; + 7j6wR—2 =dy+d;+e,R7Z,
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—xa_le_%ﬂ +a; + ")/jeziﬂR_z = /—7— (El — 3cpdy +E_1'R,_2) .
0

With the help of relations (5.2.14) between d_; and d; and e_; and e;, the exact

expression of complex potentials can be obtained inside the inclusion
@o(€) =di€ +d €7,

Po(€) = er€ +e1877, (5.2.24)

and outside the inclusion
o) =a1€ +a1&7,

1 (a_1e™ %P —qy)

P(E) =biE +b_1&7 + (R? + 73) €(€2e 28 — 1)

(5.2.25)

Note that except well-known solutions due to Hardiman [36], Jaswon and Bhargava [46],
the formulae (5.2.25) can be compared with the recent work by Gong and Meguid [33]

where the case of 8 = 0 has been considered.

5.2.4 Pdlya-Szegd matrix

Following the approach discussed in Chapter 2, the perturbation induced by a generic
defect in an elastic matrix subject to the homogeneous conditions at infinity (2.1.6) is
approximated using the Pélya-Szego representation. Formula (2.1.8) holds at a sufficient
distance from the defect. The linear vector polynomials (2.1.6) admit the following

representation in terms of complex variables

~—r

1z

7

(z+72) (z—2

Y (z) = vO@) ==, VO =

The vector differential operators (4.3.9) have the following form in complex variables:

t
D = 9112 (ii ;9 9, i) , (5.2.26)

Using (5.2.26) and complex representation for the Green’s tensor (2.2.12) the field (2.1.8)
wU)(z) = Wl(j ) + z'W2(j ) can be written in the complex variable form (2.2.11) which,
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through a substitution of coefficients of T;;, becomes
; Y . 1-
WO () i= WP 4wl = L2 (=P + Py - iy + L2 (le + Pﬂ)

gz :
2 (“'le +Pj2 + Z\/§Pj3) : (5.2.27)

Comparing (5.2.27) and (5.2.2), the coefficients of Pdlya-Szegé matrix can be written

in terms of the coefficients a1, b_1

1 : b er — e
Pt = g ~ el —aje-) + S,
Pip = L Re[aj ¢~ ajc_1] + —————bj;lcl L
]2—4(1’1' —-1¢1 36—-1 w—1 3
2 .
Pijs = a%]m[ajc—l —al ] (5.2.28)

Provided the coefficients a’ ; and ¥ 1 have been calculated, the Pélya-Szegé matrix is
known and its coefficients can be written in the following form for the elliptical elastic
inclusion with the axes a and b, the major of which is inclined at an angle 8 with respect

to the z;1—axis

_ P4
P, = a_b{ © [1+’R.43€cosz2ﬂ] + 2 [1 RO +2R2@COSZﬁ] },

4q |1+ RO =1 x-1
pp=2l__9 _ 1+ R*%cos?23 +m(1——7e4@)
127 4q 1+ RO (=12 J°

V2ab . [R?D RAX
Pw_iﬁ@smzﬂ_xq+1+7a4@c°525]’

__ab e | 4 2 9 [1-R‘© 2
P22_4q{1+724@ _1+R X cos 2ﬁ]+%_1[ pr— 2R“©cos 28| ¢,

V2ab [R2Y)  RAX

Bro = =7 Osin20| 1 ~ Tv w0

cos 2ﬂ] ,

ab ©

33 = Z—qm [1 + R4x Sil’l2 2ﬂ:| ’ (5229)

where ¢, ©, T, X, 2 are given by (5.2.23).
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Figure 5-9: Crack trajectories H(l)/yo versus crack tip position [/yp, resulting from
interaction with an elliptical inclusion, (a) more and (b) less stiff than the matrix. The
major axis is inclined of different angles with respect to the unperturbed crack.

5.2.5 Trajectory of a perturbed crack

Since the Pélya-Szegé matrix has been calculated, one can investigate the trajectory of
a semi-infinite crack that, in the absence of any disturbance, would propagate as a Mode
I crack along the z—axis of an orthogonal coordinate system (z,y). In the vicinity of
the defect, a portion of length [ of the crack is deflected. It has been shown in Chapter
4 that if the pure Mode-I propagation condition (i.e. the crack propagates such that
K7 = 0) is accepted, the crack deflection can be described by a function H(l) specifying
the y coordinate of the crack (4.5.33), with £ given by (4.5.34). The crack path can

therefore be expressed in a simplified form

ab
4yo

—cos26(t —t3)(1 + 2t)] + H—L’R‘*@(t —13) [(1 + RY% cos? 2,8)

H() = {g)(1 —-R1O)(t* +t —2) +2R?PO [sinzﬂ(t +t2)(2t — 1)V/1 — ¢2

x(1—1t)(1+2t)% + (1 + R*% sin? 2ﬂ) (1+1t)(2t —1)2

—R*%sin46v/1 — 12(41% — 1)] } (5.2.30)
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Figure 5-10: Crack trajectories H(Il)/yo versus crack tip position I/yo, resulting from
interaction with an elliptical rigid inclusion (a) and with an elliptical cavity (b) having
major axis inclined of an angle 9 = 7r/3. Different aspect ratios are considered.

where

Xo—1 —b
t =cos9 = ¢ and H =
\/f{xo - D2+ y2’° at 6

Note that the expression (5.2.30) for the crack trajectory reduces to the known formulae
for the cases of the elliptical void (5.1.3) when po =  —0 and circular elastic inclusion
(5.1.3) when a = b. Analysing the deflection function, one can observe that the deflection
of the crack at infinity is the same as at the origin, it can be evaluated by substitution

6 = Tand 9 = 7r/2 in (5.2.30) as specified in the following proposition:

Lemma 5.4 Crack deflection at infinity caused by an elastic elliptical defect does not

depend on the orientation of the ellipse and is given by

H,, = tf(0) = ’2‘};02)(R4e - ). (5.2.31)

In Figures 5-9 to 5-11 the normalized crack deflection H (1) (divided by the yo~coordinate
of the centre of the defect) is plotted as a function of the crack tip horizontal position
I (divided by yo). Figures 5-9-5-11 represent crack trajectories in a non-dimensional
scale. The centre of the ellipse is in all cases positioned at (0,1) and a/yo = 0.04 (in
all figures, except for Figure 5-11, where the ellipses have the same area but different
aspect ratio).

Four different ellipses are considered in Figure 5-11 with different inclinations and same

aspect ratio a/b = 4. In particular, one ellipse is parallel, one is orthogonal and two are
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Figure 5-11: Crack trajectories H(/)/yo versus crack tip position //yo, resulting from
interaction with an elliptical inclusions of equal area: inclusion stiffer than the matrix,
with major axis orthogonal (a) or parallel (b) to the unperturbed crack; inclusion weaker
than the matrix, with major axis orthogonal (a) or parallel (b) to the unperturbed crack.

inclined (of 7r/4 and 37r/4) with respect to the unperturbed crack trajectory, i.e. to the
horizontal direction. The cases under consideration are referred to an ellipse stiffer and
weaker than the matrix. It should be noted that, in order to give full evidence to the
results, the ratio between the elastic moduli of the inclusion and matrix takes extreme
values (no/n is equal to 0.01 and 100), whereas X0 = x = 2. It can be observed from the
figures that an inclusion more (less) rigid than the matrix tends to repel (attract) the
crack. In particular, it can be shown that the crack repulsion and attraction correspond
to a positive or negative definite Polya-Szego matrix respectively. Moreover, it can be
observed that the asymptotes for //yo —> oo of the various curves corresponding to
different inclinations are the same, as predicted by (5.2.31).

The effect ofthe aspect ratio of the ellipse is investigated in Figure 5-10, in the particular
cases of a rigid inclusion (Figure 5-10(a)) and an elliptical void (Figure 5-10(b)). The
limit solution when b/a = 0 corresponds to the rigid line inclusion in the former case,
and to a crack in the latter case. It may be concluded from these figures that the crack
trajectory does not change significantly in shape when the aspect ratio changes, but
the modulus of the deflection becomes less and less visible when the limit of the line

inclusion is approached. It should be noted that the rigid inclusion repels the crack,
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whereas the void attracts it. Moreover, voids affect the crack trajectory more than rigid
inclusions.

In Figure 5-11, the comparison of the crack trajectories corresponding to elliptic in-
clusions having the same area ab/(yo)? = 4-10~* is presented. In particular, Figures
5-11(a,b) refer to the case of an inclusion which is more rigid than the matrix, whereas
Figures 5-11(c,d) refer to the opposite case of a matrix stiffer than the inclusion. In
both cases, it may be observed that the increase in the aspect ratio of the defect yields

an increase in the crack deflection.

5.3 Fracture in thermo-elastic media

5.3.1 Interaction of a crack with a circular thermoelastic inclusion

The formula (4.5.37) characterizes the crack deflection for any possible types of the
inclusions or their combinations. The morphology of the inclusion is specified in terms
of the Pélya-Szeg6 matrix P and the thermo-elastic vector D. The only restriction
on application of this formula is the non-interactive behaviour of inclusions. In other
words, we suppose that the inclusion is located far away from the crack and it is small
in comparison with the distance from the crack. If there are several inclusions in a
plane, then the dilute limit is required. In this section we consider the interaction of a
crack with a circular thermoelastic inhomogeneity. This is the simplest example, but it
allows one the determine the main features of interaction mechanism in the presence of
thermal effects.

In the problem where the inclusion is circular one needs to know the coefficients of
the Pdlya-Szeg6 matrix P and the thermal vector D. The Pdélya-Szegé matrix for a
circular inclusion is given by (5.1.1). Note that further it will be convenient to use the
normalized form of the matrix, where R is supposed to be equal to one. To calculate
the thermoelastic vector D, one starts with the analysis of boundary conditions of the

problem (4.3.7) written in terms of complex potentials

o(2) + 2 (2) + 9(2) = po(2) + 20 (2) + %o (2) + (v — %) ATz, (5.3.1)

ep(z) = 20 — RN = sag0() — 264 (7) — $o(a), (5.3.2)

and looks for a solution which decays at infinity like O(|z|~!). Due to Eshelby’s theorem
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[24] the solution is linear inside the inclusion. Note that here and further in the text we
write the increment of temperature AT instead of T — T}.¢. This value can be either
positive or negative and depends on initial temperature at which the thermal stresses
are zero.

The complex potentials ¢(z) and 1(z) obtained from the analysis of the boundary
integral equations based on the boundary conditions (5.3.1) and (5.3.2) have the form

_~f 1 = 0=7)ATu(m—1) 1 1
¢@‘0Qw) viz) = mmerd)z+OQw)

The components of the vector D can be found as the coefficients multiplying the deriva-
tives of the Green’s tensor in the asymptotic expansion (4.3.8). After some routine

calculations one obtains

1
_ pr(y = 70)AT (30 —1)(3c +1)
ST (5:3:3)

Now, one has two characteristics of the thermoelastic inclusion: the Pdlya-Szeg6é matrix
and the thermoelastic vector D. Finally, the formula for the crack deviation due to

thermoelastic circular inclusion can be written in the form

Ah(l) = €2 (Ahg(l) + KLIAhET(l)) + 0(e?), (5.3.4)

where

0
_uV2r(y — Y)AT (59— 1) [ sin 3¢

T 2
Ahe (l) - 2“0 + “(%0 _ 1) J ’——sinqﬁdd)’

and Ah£(l) is given by the formula (5.1.3), with yo = 1,R = 1.
If yo is not equal to 1 the formula (5.3.4) is given by

Ah(l) = & (Ah‘;(l)yo + KiAhg‘(z)yg/z) +0(%), e=-=—. (5.3.5)
I

It corresponds to the case when the distance between the centre of the inclusion and

the unperturbed crack yp is not normalized.
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5.3.2 Interaction of a crack with an elliptical thermoelastic inclusion

In this section another example is considered: the perturbation of a crack due to an
elliptical thermoelastic inhomogeneity. The elliptical inclusion has semi-axes a and b,
with the major axis inclined at an angle 8 to the z-axis. As before, the problem of
crack-inclusion interaction reduces to the formula (4.5.37) and requires the knowledge
of Pélya-Szeg6 matrix P and the vector D. The components of Pélya-Szego (symmetric)
tensor have been calculated (see Chapter 4 formulae (5.2.29)).

To find the crack trajectory, we calculate the thermo-elastic vector D for an elliptical
inhomogeneity. The boundary value problem for determination of the auxiliary vector
field W (4.3.7) is solved, and the components of the vector D are extracted from
the asymptotic expansion of the solution at infinity. The complex variables technique
is applied. The following representation for the displacement fields (inside and outside

of the defect) is used

U(O) _— u(O)* + C(O) 2, u=uv*+C z, (5.3.1)

)

where u() = u(') +iu(' and z = 1 +iz2. The linear terms with the constant coefficients
1 2

C and C© describe the thermal expansion. It follows from (5.3.1) and from the stress-

strain relation that

o™ u®) = ™ W®*) + 2(\ + po)COn,
o™ (u) = o™ (u*) + 2(A + p)Cn, (5.3.2)

where n is the normal vector. Taking into account the relations (5.3.1) and (5.3.2), the

boundary conditions (4.3.7) can be rewritten as follows
uO* 4+ CcO z =y* 4+ C 2,

™ @) +2(A0 + po)COn — ™ (u*) — 2(A + p)Cn = (v = 1) ATn.

The comparison of the terms of the same order shows that the constants C' and C(®

are related to the thermal expansion coefficients a and agp by the relations

C=a AT, CO =gy AT. (5.3.3)
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The interface boundary conditions are reduced to

o™ wO*) = o™ (y*),

uO* — u* = (0 — a) AT 2, (5.3.4)
whereas the condition of decay at infinity
u—0 as |z|] 2 o0

reduces to

u'=—aAT z as |z| = oo. (5.3.5)

Using the complex potential method, we can rewrite the interface conditions (5.3.4) in

the form

2 o) - 2975 —w@] — L v - YC o _ o
3 1)~ ST~ T - 55 [ravole) - ST~ )

= (a0 — w(§) AT,

wl) = w()
¢(§)+J@¢(E)+¢(§) wo(€)+w,(€)

where |(| = 1. Here, the complex potential ¢(§) and 9(£) are related to the field u*,

@ +%o(6), (5.3.6)

whereas (€)o and v(€) are related to the field u(®*. The function w() has the form
z=w(t) =c1é +c_1£7, (5.3.7)

with ¢; and c_; given by (5.2.5).

The boundary conditions (5.3.6) written in complex variables can be transformed into
integral equations of Muskhelishvili type; and the last reduced to the system of lin-
ear equation for the coefficients in the series expansions of complex potentials. The
corresponding technique has been discussed in Chapter 2 and Section 5.2. If the series
expansions for the potentials p(£),%(€) is used in the form (5.2.10), (5.2.11) one obtains

the linear system for the coefficients a_1,b_;,d;,e_1 which has the following form:

5_17?,2 - E_1R4€2iﬂ + a1(2 + R4) =d; + 31 + 5_17?,2;
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5_1'R,2 - 5_1R462iﬁ +a1(1 -3+ 'R,2) = uﬁ (El — xpdy +E_1R2) —2u(ap — a)ATcy;
0
a1 4o =di+di+e_ 1R
—2if _ M5 - -2
—xa_ie +a, = H_ (d1 —xpd1 +€-1R™° — 2p(ag — a)ATcl) ,
0

where a; = —ATc, and ¢; = —J“—z——z"—’ﬂ such that (1 — R*)c? = abR2.
Solving the system of equation (5.3.6), we find the complex potentials which outside the

defect have the following asymptotic representation
1 ab u(30 — 1)(y0 — 7)AT OR?

_ 7 - 2p ( 1 )
2)=—=—AT z+ - e’ +o ,
v(2) 2 z (300 — 1)p + 2p0 + RAO[(300 — 1) — 23¢0] |2|

¥(2)

1 abp(s —1)(y — 7)AT (R?© -1) ( 1 ) (5.3.8)

~ 2 (0 — D)+ 2u0 + R¥O[(319 — 1) — 2s¢p10) 2]

and therefore, the components of the vector D have the form

OR* -1

D1=ab7r(x+1)6( 3 —@chos2,3),

4 _
Dy = abm(s + 1)6(% + ©RZ%cos 2/6),

D3 = —v/2abmr(3c + 1)BOR? sin 243, (5.3.9)

where
S = p(0 —1) (o = MAT
(300 — 1)p + 2p0 + RAO[(300 — 1)p — 232p0)

(5.3.10)

As before, one splits up the total deflection of a crack into an elastic deflection (deflection
under zero increment of temperature) and thermal deflection (difference between total
and elastic deflection). The elastic deflection is specified by the formula (5.2.30), whereas

the thermal deflection is given by

ART(l) = af/%i;g]@ {(1 — R4©)1,(0)

(5.3.11)

+R201,(0) cos 28 — R*©I3(f) sin 2[3},

with the integrals I} , Iz, I3 defined below
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_ [?sin3¢/2
11(9)—/0 \/T—nq;d%

(% cos ¢sin54/2 + sin 7¢/2

_ % cos pcos5¢/2 + cosT¢/2
I(0) = /0 e do. (5.3.12)

Analysing the behaviour of the function (5.3.11), we can conclude that the contribution

of the thermal deflection at infinity is equal to zero

T (a+b)6
ART (D)oo = Tt DK {(R‘*@ -1 (7) +
R20(I3(w) sin § — I(x) cos ﬂ)} =0, (5.3.13)

The thermal deflection has only local effect: it affects the trajectory near the inclusion
and does not affect it at infinity. This can also be seen from the numerical experiments

presented in the next section.

5.3.3 Numerical experiments

A number of numerical experiments has been carried out to analyse the crack devia-
tion. First, we recall that the cavities and soft inclusions attract the crack. On the other
hand, the inclusions which are more rigid than the matrix material repel the crack. Since
one treats uncoupled thermo-elasticity problems, it is possible to consider the “elastic”
trajectory (trajectory of a crack in a elastic medium with zero increment of a tempera-
ture) and the thermal trajectory (difference between total and elastic trajectory). It is
appropriate to refer to some numerical examples.

In Figure 5-12(top plot) one can see the crack trajectory due to soft inclusions. All
trajectories correspond to attraction of the crack. At infinity the crack perturbation is
still positive, but much less than near the inclusion.

In Figure 5-13(top plot) the crack trajectories due to rigid inclusions are shown. A
negative deflection occurs in all points of trajectories including the infinite point. The
more rigid the inclusion the more it repels the crack. It is important to note that all
possible crack trajectories are in the region bounded by the curve corresponding to

o — oo (lower boundary) and p = 0 (upper boundary).
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The crack in elastic media

0.5
-10 -6 -2
Additional thermo-elastic term
-0.5
-6 -4
The crack path in thermo-elastic media
0.5
0.5L
-10

Figure 5-12: The crack deviation due to the soft thermoelastic inclusion: 7 =
4 +10-3, 70 = 10-3, AT = 100/C, X = 2, = 2, mo/m = 0.5(—5, Mo/p =
0.2(— ), MOm= 0.01(..).

The crack in elastic media

Additional thermo-elastic term

The crack path in thermo-elastic media

-10 -8 -6 -4 8 10

Figure 5-13: The crack deviation due to the rigid thermoelastic inclusion: 7 =
10-3, 70 = 10-2, AT = 100K, x = 2,*r0 = 2, = 2(—9 siorsi = 5(— ), sio//i =
50(...).
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The c]rack in e]elastic media

[

W

1 T

-10 -8 -6 -4 -2 0 2 4 6 8‘ 10
Additional thermo-elastic term
T 1 1 1 1 1 1
0.5 - -
Aryd r-'1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10
The crack path in thermo-elastic media
1 1 1 -1 1~ -7 mm1 "Blll+ o '
0.5 - -
1]
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Figure 5-14: The crack deviation due to the thermoelastic inclusions with the same
shear modulus: 7 = 10-3, 70 = 4 +10-3, AT = 100aT, x = 2, Ho/fi = 1, x0 =
2(—, xqg = 1.5(—), xq = 2.5(...).

In Figure 5-14(top plot) the case of different Poisson ratio is considered. Shear moduli
of matrix and inclusion are equal, but the parameters x and xQ which characterize the
Poisson ratios are different. Ifthe Poisson ratio of the inclusion is less than of the matrix
then the crack is attracted by the inclusion. In contrary, if Poisson ratio of the inclusion
is greater, the crack is repelled by the inclusion.

By further analysis it is also possible to see that there are situations where the crack has
zero deflection at infinity. It means that the macro-crack is not sensitive to such defects.
Deflection has only local effect: some perturbations of a crack trajectory are possible
only near the defect. When the crack propagates further all these effects vanish.

In Figure 5-15(top plot) we give an illustration of this statement: crack deflection at
infinity is zero, at the same time there is a local perturbation of a crack trajectory near
the origin. The latter is caused by differences in shear moduli of matrix and inclusion.
The perturbation changes sign from positive to negative (or vice versa) depending on
whether the shear modulus is greater in inclusion or in matrix.

The thermal deflection (difference between the total deflection and the elastic one) is
analysed. This type of perturbation occurs only due to thermal expansion effect. If,

for example, the coefficients of bulk thermal expansion 7 and 70 are equal, then the
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The crack in elastic media

0.05
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Figure 5-15: The crack deviation due to the thermoelastic inclusions with the same
bulk modulus: 7 = 10-3, AT = 25K, n = 1, A = 1, /ig = 1.5A0 = 0.5,70 =
2 +10-3(-),no =0.5, Ao = 1.5,70 = 10~4(---), 1-95,A0 = 0.05,70 = 3 m10-3(...).

thermal deflection disappears even for non-zero temperature increment.

From the analysis of the thermoelastic term A#hj, one can conclude that the difference of
the thermal expansion coefficients plays an important role. To be more precise, whether
the inclusion repels the crack or attracts it is defined by the sign of the expression
(7 —70)AT. The inclusion with the greater thermal expansion coefficient repels the
crack and, in contrary, the inclusion with the smaller thermal expansion coefficient

attracts the crack.

Lemma 5.5 The sign of the thermal deflection of the crack is the same as the sign of

(70 - 7) AT.

This simple proposition is illustrated in Figures 5-12 and 5-13. The middle plots show
that 7 > 70 and AT > 0, the thermal crack trajectory is negative for an arbitrary
combination of elastic parameters of inclusion and matrix. If 7 < 70 and AT > 0 the
situation is the opposite.

Analysing further, we consider the total deflection. It is possible to find a situation when
the temperature term compensates the influence of the elastic term, and the resulting

crack deflection decreases. Such examples are presented in Figures 5-14, 5-15(bottom
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The crack in elastic media

0.5
10 -8 6 Additional therr?io-elasiic term
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The crack path in tt?ermo-e&stic mellia
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Figure 5-16: The crack deviation due to the elliptical thermoelastic inclusions with the
same elastic and thermal moduli: 7 = 10-3, 70 = 5.10-3, AT = 100if, x = 2, /i0 =
0,/1* 1, x0=2, 3=45° a= 1,b=1(-), b=0.5(—),b= 0(..).

plots). The temperature reduces the crack deflection in comparison with the pure-elastic
case on these plots.

One could emphasise that the elastic and the temperature deviation of the crack have
different behaviour at infinity. The pure-elastic term tends to a non-zero constant
at infinity (except for a special case considered in Chapter 4). At the same time,
the thermal term vanishes at infinity, although with a very slowly rate. Thus, the
temperature gives only a local effect in the crack propagation problem, the trajectory
is perturbed near the inclusion only. Also, it means the total crack trajectory is never
zero except for trivial cases.

Analysis of the crack trajectory due to an elliptical inclusion is more complicated. The
number of parameters involved is greater (the ratio of the semi-axes specified by IZ
and the rotation f3). In Figure 5-16 we give the example of crack deflection due to an
elastic elliptical inclusion which shows that crack trajectories can have curious shapes.
Detailed analysis is based on the crack trajectories which have been derived above in

the form of explicit analytical functions (5.2.30) and (5.3.11).
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5.4 Mathematical model of a debonding-type interface

In this section we analyse a different type of non-perfect interface conditions, namely,
interface conditions of the debonding type (sometimes it is called linear interface condi-
tions). We consider the crack-inclusion interaction problem and analyse the conditions
on attraction and repulsion as functions of the stiffnesses characterizing the interface
layer. In particular, the relation between the radial and tangential stiffnesses is found
which leads to zero crack deflection at any point. The debonding layer of this type
compensates the effect of inclusion.

First, we employ the asymptotic scheme for the analysis of dilute composites which
contain inclusions with imperfect bonding at the interface. The interface is characterized
by a discontinuous displacement field across which is linearly related to the tractions.
Effects due to the interaction of a small circular defect and a crack are investigated. It
is shown that the interfacial stiffness has a strong effect on the crack path and therefore
may be an important design parameter for composites.

The description of the mechanical behaviour of fibrous and particulate-reinforced ma-
terials is crucial for design purposes. In these materials the inclusions may often be
imperfectly bonded to the matrix. In some cases, a thin layer, called the interphase, is
introduced to improve the performance of the composite. In other cases, the interphase
may be the product of chemical interaction between phases or localised mechanical dam-
age of one or both phases (see the detailed discussion by Aboudi [1]). It is obvious that
such interface conditions have a strong effect on the mechanical behaviour of the com-
posite. In the last few years, strong research effort has been devoted to analyse interfaces
from the mechanical point of view. In particular, many different models of interfacial
behaviour have been developed. The simplest model is the linear interface, in which
a linear relation between the traction vector and the displacement jump holds at the
interface. This interfacial constitutive law has been formulated by Jones and Whittier
[48] and may be considered as a simplification of the behaviour of a thin, soft elastic
layer (see Goland and Reissner [31]); a rigorous proof of this in terms of asymptotic
analysis has been given by Klarbring [52], Geymonat and Krasucki [27]). The model of
linear interface has been employed by Mal and Bose [59], Hashin [38], [39], Levy [56],
Qu [92] and Lipton [57] in homogenization problems and by Suo, Needleman and Ortiz
[109] and Bigoni, Ortiz and Needleman [10] in determining the bifurcation loads of lay-

ered elastic structures subject to large strain, and by Tullini, Savoia and Horgan [113]
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in the Saint Venant analysis of layered elastic plates. Lipton and Vernescu [58] have
considered composites filled by spheres with imperfect interfaces and have solved the
corresponding problem using the variational approach when the tangential stiffness is
equal to the radial one. Also, one could mention the paper by Bigoni, Serkov, Movchan
and Valentini [11] where generic polynomial loading has been applied to the imperfectly

bounded inclusion in an infinite elastic plane.

5.4.1 Asymptotic derivation of linear interface conditions

In this subsection an asymptotic expansion is presented for the solution of an isotropic
elastic circular inclusion in an isotropic elastic plane, coated by a cylindrically-anisotropic,
finite-thickness elastic coating. The asymptotic procedure yields the stiffness constants
of the linear interface using the model of a thin and soft elastic layer in the limit when
the layer thickness and stiffness tend to zero. The following notations for the geometry
of the domain are used: Z; is the circular inclusion, =5 is the interphase, Z3 is the re-
maining part of infinite domain. The inclusion and the infinite plane are isotropic elastic
solids respectively characterised by the Lamé constants uq, A1, and p3, As, respectively.
The interphase is assumed, for generality, to be cylindrically anisotropic (in the plane),

and therefore, it is characterized by the constitutive equation
o ="He,
where o and e are vectors collecting the components of stress and strain tensors, i.e.

o= (Urr, Uea,Ura)t, €= (Err,Eae,Ere)t,

and
Crr Cro 0
H=| Cop Cyg 0 s (5.4.1)
0 0 2Gy

which depends on the four stiffness coeflicients (in the particular case of isotropic elas-
ticity Crr = A +2u, Crg = Cy, = X and Gy, = p). Therefore, the elasticity problem in

compound domain can be formulated as follows

E"‘s(u(l)aﬂlaAl) = 0’ T € El,
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£,0(u?,Ci;,Gi5) = 0, T € By,

S,-g(u(B), 13, A3) =0, x € E;j, (5.4.2)

where £,4(-) is the Navier operator written in the polar system of coordinates. In matrix
form it can be represented by

£r6() == DiHD}(),

where #H is given by (5.4.1) for the interphase, whereas for the matrix and inclusion

A+2u A 0
H = A A+2u 0
0 0 2u
The boundary conditions on the outer and inner boundaries of the interphase are the
conditions of the perfectly bonded interface

e uV) = ™ (@), u® =u® when r=R,

M u®) =™ @w®?), u® =u® when r=R+e¢, (5.4.3)

where ¢ is the thickness of the interphase, o{™) is the traction vector

Solution of the above formulated problem is sought in the form of the asymptotic series
a) = Z ciu (1) u® = Z ciu (2) u® = Z i (3)
Let us introduce the scaled ("fast”) variable p as
=(r—R)e !,

where R is the radius of the inclusion, and apply this variable in the interphase (region

Z5) only. Then the equilibrium equations inside this region can be expanded in different

CHAPTER 5 121



5.4. MATHEMATICAL MODEL OF A DEBONDING-TYPE INTERFACE

powers of € with the leading term

(2)
a2ur 0

1 Crr ]
2 ( ) ) =0. (5.4.4)
[ G 9,0

or op?

The solution of system (5.4.4) can be found in the form

wo) [ A+ B(©)
@ = . (5.4.5)
u) )\ C(0)p+DO)
The radial traction vector at any point of the interphase can be rewritten in the form
1 { CrrA(6)
™ (@) = = : (5.4.6)
€ \ Go,C(0)

From (5.4.3) we immediately deduce that the leading term of tractions on the outer and

inner boundary of the interphase coincide, i.e.
o™ (ug)lr—r = o™ (uf?) = ¢ (W), =pee. (5.4.7)

Let us now analyze the continuity condition for the displacements. Following (5.4.5),
the displacement jump between the outer boundary (p = 1) and inner boundary (p = 0)

is specified by the functions A(#) and C(0). Employing (5.4.6), one obtains

1

u£?g|T=R+E - uf-,lg r=R = C* O'rr(u(()l)) R, (548)
1

“g?()) r=R+e — Ug%())lv':R = —;—aro(u(()l)) R’ (5.4.9)

where one has assumed that the elasticity coefficients of the interphase have the order ¢
Crr =€C7,, Gor = Gy, (5.4.10)

Now we expand first terms in (5.4.8) and (5.4.9) in the Taylor series (here we extend

the functions u£3), ug?’) smoothly in the thin interphase)

oul®
uQjolr=rre = uole=r + 8% +O(e?). (5.4.11)
r=R

Substituting the expansion (5.4.11) into (5.4.8) and (5.4.9) and considering only the
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coeflicients of zero order in €, we obtain the interface conditions for a linear interface

(viewed as a zero-thickness interphase)

1
“(33 ‘“5,13 =Cx on@)| (5.4.12)
r=R r=R rr r=R
1
uy  —uf)l = o oro(u’) (5.4.13)
r=R r=R Or r=R

It follows immediately from expressions (5.4.7), (5.4.12) and (5.4.13) that tractions are
continuous across the linear interface, but displacement jumps occur. These jumps are

related to the tractions at the interface with the stiffness coefficients

C, Gor
Sp =L  gp=—2, (5.4.14)
£ [

If one assumes that the elasticity coefficients of the interphase go to zero as
Crr =€e'7PCr.,  Go.=¢"PGy, 0<p<1, (5.4.15)
the perfectly bonded interface conditions are obtained
o™ uM),=r = e™W®)|,cp, uV|p=u®|,_p as e 0. (5.4.16)

5.4.2 Circular inclusion with imperfect bonding

An isotropic, linearly-elastic infinite plane, which contains a circular, isotropic linearly-
elastic inclusion of radius R is considered. The Lamé constants of the matrix and of
the inclusion are denoted by A, 4 and Ag, pg. The circular inclusion is connected to
the matrix with a linear interface, which, according to results of previous section, is

characterized (at r = R) by
Orr = Opr,0, Org = 07,0, (5'4'17)

Orr = Sr[ur () —uro(x™)], org = splup(xt) —ugo(z7)], (5.4.18)

where u is the displacement vector, s, and sy are the stiffness constants of the interface
(assumed non-negative), * and =~ are also the two limits of the same point on the
boundary (from the matrix and from the inclusion). When both these coefficients tend

to infinity, the perfect bonding is recovered. In opposite, when s, and sg are equal to
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zero, there is no connection between inclusion and matrix, and the problem reduces to
that of a cavity in an infinite plane. The loading is prescribed at infinity by introducing

a linear displacement field
u(x) = u(z) as x— o0, (5.4.19)

where

Uoo(T) = (P171 + q172, P2%1 + §272). (5.4.20)

Thus, the problem considered in this subsection is to find a displacement field u satis-

fying the Navier equations in the matrix and in the inclusion

pV2u(x) + A+ p)VV-u(z) =0, z€R?\G,

poV2ug () + (Ao + 10)VV - ug() = 0, z € G, (5.4.21)

where G is the region occupied by the inclusion. The conditions (5.4.17) and (5.4.18) is
prescribed at the interface and (5.4.20) - at infinity. The standard technique for solving
two-dimensional problems reduces this boundary value problem to the calculation of the

complex potentials ¢(2z) and ¥(z), which represent the displacement and stress field by

e+ ity = gze = (ep(z) ~ 29'(2) ~ 9()),

Orr + Ogg = 2((,0’(2) + (pl(z))a

099 — Orr + 2009 = 2629 (2" (2) + V' (2)), (5.4.22)

where z = x1+iz3 and s = (A+3u)(A+u)~! for plane strain. The complex potentials ¢
and 1) are analytical functions in the region where they specify the solution of the elasto-
static problem. As a result, the solution is sought employing the following representation

of the complex potentials

+o0 +o0
wo(2) =) ad®,  go(2) =D _diat, (5.4.23)
k=0 k=0

which are analytic inside the disk of radius R, and

400 +00
p(z)= Y ¥,  P2)= Y b, (5.4.24)
k=—00 k=—o0
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which are analytic in the outer region {z : R+¢ < m < 400} and have a pole
at infinity. The coefficients ag, by are defined from the conditions (5.4.20) at infinity for
0 <k < N, are zero for k > N (i.e. ar = b =0, for K > N) and to be determined for
N negative. The remaining coefficients can be found from the boundary conditions. In
order to rewrite the interface boundary conditions in terms of the complex potentials,
we note that the continuity of traction at the interface corresponds to the following

condition

0(2) + 20 (2) + ¥(2) = po(2) + 26} (2) + Yo(2), (5.4.25)

where z = Re*®. Using the standard Muskhelishvili [83] technique, the boundary integral

equations holding in the whole plane are deduced

[p(t) + ' (t) + p(D)]dt }[ [po(t) + o (t) + o(t) )]dt

t— 2 t—2z
Wﬂ+wﬂ+wﬂ fm JHteo®) +Yo®ldt o, o)
t—z t—z

where L denotes the circular boundary of the inclusion.
Solving this system of equations employing the theorems on Cauchy-type integrals and
the expansion for the complex potentials (5.4.23-5.4.24), the condition (5.4.26) can be

transformed into the form

+00 +o00 +oo
Z apRFZF + Z kaRFz2* + Z b Rk2k

k=—o0 k=—o0 k=—o00
+00 +o00 +oo _
=Y aR* +) ke R TF 4+ Y dRNTE, | =1 (54.27)

Collecting coeflicients near the same powers of z, we obtain the system of linear equa-

tions for the unknown coefficients ag, by, ck, di:

a, R™ + (2 — n)EzﬂnRz_" +b_,R™

=c,R"+ (2 —n)ea_nR* ™ +d_,R7", (5.4.28)

where n € Z and the coefficients a,,b, are known from the conditions at infinity for
n > 0, whereas coefficients c,,d, are equal to zero for n < 0. More precisely, index n
ranges between —N and N.

Let us consider now the second boundary condition (5.4.18). Using the complex po-
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tential representation, the radial and shearing components of the stress tensor can be

rewritten in the form

o = ¢ (2) + ¢/(2) — Rele (29" () + 9/ (2))],

ore = Im[e® (29" (2) + ¢/ (2))]. (5.4.29)
Therefore, the boundary conditions (5.4.18) take the complex variable form

Sp(up — urg) +i59(ug — ug0) = Orr + W0y, (5.4.30)

or, more explicitly,

(3]

sr_-z_kﬂ [6_2_; (mp(z) — 29 (2) — 1/)(2)) - 2:: (%owo(z) — 2¢p(2) — 1/20(2))]

#2252 (0 - 2(0) ~ ) - o (@) ~7b(2) ~ (o))

= ¢'(2) + ' (2) — €72 (2" (2) + ¥/ (2)). (5.4.31)

In terms of Cauchy integrals, the system (5.4.31) can be written as .

sr + 59 f e~ ® (sep(t) =t/ () — Y(t))dt s+ 36 f e~ (300 (t) — (1) — to(D))
4u t—2z 49 P

t—=2

L5050 }4 e (ep(t) — B0/ (t) — ¥(t))dt 5. — 30 }g e (eopo(8) — Firh(t) — o(t))dt

4u t—=z 4pg t—=z
L L
_ j[ [¢/(8) + '(2) — e 2 (8" (2) + w’(t))]dt,
J t—2
5 + }( e (sep(t) — 1/ () —p(t))dt  sr +sg ]{ e (300 (t) — Fpp(t) — o ()
4u t—=z 4dpg t—z
L L
sr—30 [ e O0ep(t) =t (t) —p(t))dt s, —se [ e P (s0p0(t) — toh(t) — Yo (t))
+ 4u9% t—2z - 4/,409% = t—zo :
I-
- § 0 + P = 9E (1) + ' (1))}t 5.432)
t—2
L

Taking the series expansion of (5.4.32), writing it on the circle of radius R and integrating
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over L, one gets

sy + Sg 1 +00 +oo ) +oo
r 1 R -1 _ o Rigli _ BRI 71
5 [2“ (z > a;RI > ja;RiZ" - " BRIz )

j=-—o0 j=—oc0 j=—00
1 =2
—%( 0 ) ciRIZ Z]c RIiZ\T - Zd RizTI™ 1)]
3=0 §=0 =0
8. — 8 1 = . X iy . Yoo .o
+= 5 0[2— (z Z @RI — Z ja;RIz — Z bjR’zJ“)
B j=—o00 j=—00 j=—o00
. . +m . 3
(zOZc JRI I ZJCjR’z7_1 —chR’zJ"'l)]
~ Zu0 = =0 =0
+w . . . .
= > ja R4 Z jajRI1 21
j——oo j=—00
+o0 ) )
- Z (G- Da; R = N bR, =10 (5.4.33)
j=-—o0 Jj=-—o0

After simplification and collection of the coefficients near the same power of z in (5.4.33),

the following system of linear equations is obtained

Sr + 8¢

1 (;ran+1R"+1 -(1- n)(—il_an_n - 5_n_1R_n_1)

) —
_°r :039 (J‘focn+1Rn+1 _ (1 _ n)al_an—n _ d_n_lR—n-—l)

+8«,-4—”Sa (%ﬁl_an—n — ('I’L + 1)an+1R"+1 — bn_an_l)

Sr — Sp

1 (zoal_an—" — (n+1)ca R = dn_lR"*l)
Ho

=Mn+1)ap R+ (1 -n2)a_R "+ (n+1)b_,_ R 2 (5.4.34)

where coefficients a; and b; are known from the condition at infinity for n > 0, whereas
cn = dy = 0 for n < 0. More precisely, index n ranges between —N —1 and N — 1.

The Eshelby condition of homogeneous stress at infinity, particularly relevant in view
of applications (two of which, regarding crack propagation and homogenization of com-
posite materials, are presented in Section 5.5), corresponds to a linearly varying dis-

placement field. In this case, the general expression for the complex potentials becomes

0(2) =az+a_127t, P(z) =bz+b_12z7t +b_3273,

wo(2) = c1z + c32°, Po(2) = di 2, (5.4.35)
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where coefficients a; and b; are related to the conditions at infinity given by (5.2.15)
and o;,7; correspond to the linear fields V) with exact values (2.2.7). Coefficients

a-1, b_1, b_3, 1, c3, d; result

R2
D, {SrSoR2Fo(u0 — ) + (sr + 50) Rpupao(3(uo — ) — To) — 12u2u%},

b_, = 2Re(a;) R? srR(po(3 — 1) — p(300 — 1)) — 4ppo
srR(p(s0 — 1) + 2p0) + 4puo

b R
boz = 332 {STSoRzPo(uo — p) — Rupio(sr + 39)(To — 3po + 3p)

— Rupo(sr — s9)(T + po — p) — 12u2u3},

_ Re(a1)Rsy (3 + 1)uo Im(a1)(> + 1)po
c1 = 4 )
dppo + srR(p(30 — 1) + 2u0) (30 + 1)p

_ bi(se = 8r) (e + Dy

Cc3 = RD2 ’
biR(s+1 RTg + 65,
g, = DBG+ )uo(s}-)sa 0 +6srpp0) (5.4.36)
2
where

Dy = s,5gTToR? + (s, + s)R(3T + To)pso + 12u2u%.
I'=spo+p, To=sop+ po.

As noted by Gao [26], the Eshelby [24] theorem, stating that the deformation field
is homogeneous inside the inclusion, holds if and only if ¢3 = 0. Except for trivial
cases, this occurs when the stiffness in radial and tangential directions are equal, i.e.
s, = sg = s. In this case, the coefficients of the complex potentials reduce to

a1 = BLR? sR(po — 1) — 2pp0
sI'R+2ppg

R(po(>r — 1) — p(50 — 1)) — 4ppo
b_1 = 2Re(a1)R2
L= 2R o — 1) + 210) + darie

b_s = bR sR(po — p) — 2ppo

sI'R + 2ppo
o — __ Re(a))Rs(ox + Lo Im(a1) (e + Do
LT SR(u( — 1) + 20) + 40 Go+lp
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63=0,

_ bi1Rs(» + 1) o

TR 2y (5.4.37)

5.5 Crack trajectory in a dilute composite

The solution obtained in Section 5.4.2 is applied to the problems of crack propagation
in dilute composites. The examples show the strong effect of the interface cenditions:
the presence of a finite interfacial compliance yields a solution which is “intermediate”
between the limit cases of zero and infinite interfacial stiffness, corresponding to a cavity

and a perfectly bonded elastic inclusion, respectively.

5.5.1 Pdlya-Szego matrix

The Pélya-Szego matrix for circular inclusion with linear interface may be written as

¢+ oop €t O

L 2 2
P= 1 £+ tx—_”ﬁz £+ (;_ﬂl_)z_ o1, (5.5.38)
0 0 2¢
where

_ 8rR(po(se — 1) — p(o0 — 1)) — dppo
srR(u(50 — 1) + 210) + 4ppo

srsgR2To(po — p) + (s + s9) Rupo(3(uo — p) — Do) — 1242
3789 ToR? + (s, + 89) R(3T + To)ppo + 12u% ’

€=

and
A+p

=————, DU'=3upo+p, To=3u-+ po.
8rp(h+ 21) Ho + U 0 oM T Ho

In the particular case of equal radial and tangential stiffness of the interface, s, = sy = s,

the constant £ reduces to
£= sR(po — 1) — 2ppo
sI'R + 2;1410 '

It should be noted that £ { (with multiplicity 2) and &= R 97 are the two distinct eigenvalues
of P. It can be therefore easily verified that when one of the eigenvalues of P is negative
in the limit s, = sp — o0, i.e. for perfectly bonded interface, it remains negative for
any finite (positive) value of interfacial parameters s, and s9. On the other hand, when
one of the eigenvalues of P is positive in the limit s, = s9 = 00, it may always become

negative for a set of values of s, and sg.
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When the matrix P is positive definite in the limit case of perfectly bonded interface,
it may happen that the matrix P becomes identically zero for an imperfectly bonded
interface with a proper choice of parameters s, and sg. The condition of vanishing of

matrix P can be obtained imposing 77 = £ = 0 and thus obtaining

_ 4pp0
= Rnr=T) — Al =T’ (5.5.39)
and
59 = ———pioA3(L — po + 1) — 2o} (5.5.40)

~ R{(To +3T)(uo — p) + To(To — )}’
When this condition is satisfied for non negative values of s, and sy, the inclusion does

not affect the matrix. In order to clarify this point, consider an example taking

wx=my=14e, p=-+<l, O<e<2.

1o

Under these assumptions, both s, and the denominator of sy are positive. Therefore,

€ 1
+ —.

0 <=> >

5.5.2 Crack trajectory

The formulation is based on the asymptotic analysis from Chapter 4. In this subsection
we are interested in effect of imperfect interface and stiffness parameters on the crack
path. The crack is assumed to be at a sufficiently large distance from the defect (com-
pared to the defect size) and the trajectory turns out to be representable by a function
H of the generic crack tip position l. In the specific case under consideration, i.e. for a

circular elastic inclusion with linear interface, this function is

H(Q) = %{n(# Ft—2)+E(t— t3)}, (5.5.41)

where R is the radius of the inclusion and

¢ = (zo — 1)
V(o) + (mo — )2’

with zg, yp being the coordinates of the centre of the inclusion in an orthogonal reference

system having the z; axis coincident with the unperturbed crack trajectory.
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Figure 5-17: Crack trajectories H(l)/yo versus crack tip position !/yg, resulting from
interaction with a circular elastic inclusion bonded with a linear interface with equal
radial and tangential stiffness (the inclusion is stiffer than the matrix: po/u = 10).

It should be mentioned that the function H(!) in (5.5.41) reduces to that corresponding
to a circular void, for s, = sp = 0, and to that corresponding to a perfectly bonded
inclusion, for s, = sg — 0o.

The crack may be attracted or repelled by the inhomogeneity. For instance, an inclusion
"stiffer” than the matrix repels the crack and a void attracts it. Formally, the attraction
occurs when Pélya-Szeg6 matrix is negative definite and the repulsion when it is positive
definite. The positive (or negative) definiteness depends on the values of material and
interfacial parameters u, wpg, >, 30, R, sp and s,. For instance, if s, = s = s the

Pélya-Szegd matrix is positive definite when

1 1 2 w—1 -1 4
—_——_ - > —, 5.5.42
b po  sR 7 Ko sR ( )

and negative definite when the above inequalities have the opposite sign. Otherwise,
the matrix P is indefinite. From the analysis of the eigenvalues of matrix P, it may be
concluded that:

- if the crack is attracted in the limit case of perfectly bonded interface, it will be also
attracted for imperfectly bonded interface;

- if the crack deflection is partly positive and partly negative (i.e. matrix P is indefinite)
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Figure 5-18: Crack trajectories H(l)/yo versus crack tip position I/yp, resulting from
interaction with a circular elastic inclusion stiffer then the matrix and bonded with a
linear, interface. Different values of interfacial stiffness sy for the same parameter s,,
producing zero deflection of the crack path at infinity, are considered.

in the limit case of perfectly bonded interface, it will be not repelled for imperfectly
bonded interface (i.e. matrix P will be indefinite or negative definite);

- if the crack is repelled in the limit case of perfectly bonded interface, the crack deflec-
tion may be positive, negative, indefinite or zero for imperfectly bonded interface.

The condition for which the crack trajectory is zero at infinity, i.e. for I — oo, may be

written as

H(x) = —?—j;n =0, (5.5.43)

and therefore, it depends on the radial stiffness parameter s, as specified by (5.5.39).

Crack trajectories H(l)/yo versus the crack tip position !/yy are shown in Figure 5-17
in a non-dimensional form (i.e. divided by the coordinate yg of the centre of the defect).
These are the result of interaction with a circular elastic inclusion with a linear interface,

positioned at (0,1). The stiffness of the interface enters in the non-dimensional form
A Srlo

g =0 g, = 30U (5.5.44)
p p

In Figure 5-17 the equal radial and tangential stiffnesses of interface have been consid-

ered §, = 89 = s. Various values of interfacial stiffness are considered, ranging between
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the extreme cases of perfectly bonded interface s — oo and circular void s = 0. Figure
5-17 shows the case when an inclusion stiffer than the matrix (uo/p = 10), k— = ky = 2.
It can be observed that the crack trajectory changes even qualitatively, depending on
the value of stiffness of the interface, for inclusion stiffer than the matrix (Figure 5-
17). In the opposite case of inclusion weaker than the matrix, the effect of interfacial
compliance is only quantitative.

The four values of tangential stiffness sy for the fixed value (5.5.39) of radial stiffness
corresponding to zero crack deflection at infinity are considered in Figure 5-18. The
stiffness of the interface enters in the non-dimensional form (5.5.44) and the values
39 = 100, 39 = 5, 89 =~ 0.81, and §9 = O are reported for 5, =~ 4.4444. The Pdlya-
Szegd matrix is identically zero and crack remains straight when 3¢ ~ 0.81. The case
po/p = 10 and k_ = k4 = 2 has been considered. It can be noted that the tangential

stiffness parameter sy affects the crack path near the inclusion.

5.6 Conclusions

In this chapter the asymptotic models of crack propagation in the presence of different
defects are given. One starts with the analysis of defects with perfect interface on the
boundary and shows how these defects affect the crack trajectory. Then the crack-defect
interaction in problems of uncoupled thermo-elasticity has been analysed. Finally, the
effect of debonding on the interface boundary is considered. For all mentioned cases the

crack trajectory has been analysed.
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Chapter 6

Asymptotic analysis of

thin-walled composites

6.1 Honeycomb structure under remote loading: formal

asymptotic approach

In this chapter we consider the behaviour of a thin-walled structure under remote load-
ing using the asymptotic methods. The approach is based on the asymptotic expansion
of the model displacement fields and, as a result, the asymptotic expansions of the effec-
tive moduli are constructed. The leading term of this expansion (simplest geometries)
agrees with the known ”engineering approach” (see Gibson and Ashby [30], Davinge
[22], Kalamkarov and Kolpakov [50], McClintock and Argon [66], Torquato, Gibiansky,
Silva and Gibson [112]). In addition, the high order corrections are obtained here for
the effective elastic moduli, and the accurate derivation of the junction boundary con-
ditions is presented. That enables us to evaluate the shear modulus of the thin-walled
composites, even for the cases unavailable in the general engineering literature.

One starts with the consideration of the periodic structure, in other words, the structure
which can be obtained by a shift of the elementary periodic cell S in two non-parallel

directions. In this structure (the union of K elementary periodic cells) the following
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2L

Figure 6-1: Types of thin-walled structures.

boundary value thermo-elasticity problem is specified

uViU(z) + (A +p)VV -U(x) =vVT, = € B,
oc™)(U;x) + 1T = p(x), x € 9B,
(6.1.1)
kV2T(x) = w(z), x € B,
T(z) =T*(=), z € 9B,

where B is a composite medium defined as a union of periodic cells. In the simplest
examples an elementary periodic cell & could be parallelogram, square, rectangle or
hexagon. The problem formulated for the whole composite (6.1.1) is reduced to the
problem imposed for a single cell only. Let E() be a domain defined as a union of thin
regions né") = {(z™,y™): 0 < 2™ < L,|y™| < ¢/2},0 < e << 1,n =1,...,N, and
the junction region is (2,. 2(€) covers the whole elementary cell of the periodic structure
excluding voids. z(™ = (:c("), y(")) are the local coordinates specified in such a way that
z(™ is always a longitudinal coordinate for the bridge Hg"), and y(™ is its transversal
coordinate, origin of these coordinates always coincides with the centre of the junction
region, see Figure 6-2.

The junction region is specified such that Q. C [-Ce¢, Ce] x [—De, De], where C and D

CHAPTER 6 135



6.1. HONEYCOMB STRUCTURE UNDER REMOTE LOADING: FORMAL
ASYMPTOTIC APPROACH

are some constants. The junction region characterises the area where the bridges join
each other Q. C un,k(ng") N Hgk)).

The boundary of the thin-wall structure inside the elementary cell S is split up into two
parts. First, BEIE) is defined as the lateral part of the boundary 8=(), 82() N 88 = §.

The remaining part is BEQE) =9z \8_,15) associated with the boundary of the periodic

cell. The elasticity problem in Z() can be reformulated in the following form

pVU(x) + A +p)VV-Ux) =0, &),
Ui =0, v e,
+ periodicity conditions. (6.1.2)

The periodicity conditions on the boundary of the elementary cell correspond to pe-
riodical character of the structure. For example, in the case of square periodic cell

[0,1] x [0,1] they can be specified in the form

0 0
U1(07y) = Ul(]-! y)’ 55[]1(2}', 0) = @'Ul(xa 1)a

0 0
Uz(:l:, 0) = UZ(:L" l)a 'é;U2(Oa y) = %U2(1’y)v Vx,y € [Oi 1]'

For the case of hexagonal periodic cell these conditions have more complicated form
(Jikov, Koslov and Oleinik [47]).

In the limit case, when the thickness of the bridges tends to zero (or has the order O(e),
where € is a small parameter), the solution of the system (6.1.2) can be represented as a
linear combination of solutions of model problems corresponding to each bridge and the
solution of a model problem in the junction region. Using the asymptotic technique, the
displacement field for each thin bridge I'IS,-") can be represented as series (see Bakhvalov

and Panasenko [4] and section 6.2.1 for the detailed analysis)
© 2 4
U (z) = Zs‘ Z e’“ugj;) + Es’“vﬁj;j ,  @elm, (6.1.3)
i=0 Lk=0 k=0

If the lateral surface of the bridge is free of traction (which is true for a honeycomb with

voids), the leading term of this expansion has the following vector polynomial form (it

CHAPTER 6 136



6.1. HONEYCOMB STRUCTURE UNDER REMOTE LOADING: FORMAL
ASYMPTOTIC APPROACH

is assumed that each thin bridge has a constant thickness)

(n) (M) g(n) (n)
u AMzg\™ + B
U ~ U+ Vi, ué’?3=( ° )z( )

0 0
(m) _ —
Vo0 (U(()“)) (C(n)(x(n))3 +D(n)(m(‘n))2 4 EMm)gn) 4 F(")> , (6.1.4)

where (™ is the local coordinate along the bridge and the coefficients A™, B("), c(™),
D™ EM F(®) are defined from the boundary conditions on the edges of the bridges
and the ”junction boundary condition”.

Our intention is to derive the ”junction boundary condition” from the analysis of the
boundary layer near the junction point. The smooth cut-off function is defined for each
thin region and it is equal to 0 in the junction area and 1 in the thin bridge (i.e. far

away from the junction point)
x(X™My =1, for X™ >1 and »(X™)=0, for XM < 1/2.

Here X = (X™),Y™) = (") /¢ are the ”fast” local variables. Under such notations

the solution u(z) of the equilibrium equation (6.1.2) can be represented in the form

N
Ux) =) x(XMHU® (M) + w(X), (6.1.5)

n=1
where U™ () is the asymptotic expansion of the solution in the thin bridge (6.1.3),
x(X (™) is the cut-off function, W(X) is the boundary layer solution (it decays expo-

nentially), which admits the asymptotic representation

W(X) = i ewi(X). (6.1.6)
=0

In the formulae above the ”fast” global variables X = (X,Y’) are such that X = z/e
where = = (z,y).
Substituting (6.1.5) in the governing equations and collecting the coefficients near like

powers of ¢, one obtains the set of boundary value problems in the scaled region g,
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6.1.1 First-order boundary layer

The first-order boundary layer compensates the discrepancy left by the leading term of
the asymptotic expansion in U,]:J:ng"). As a result, the first boundary layer problem
is the inhomogeneous problem, where the body forces and the surface traction are the
functions of u(()"),v(()") only. The condition of exponential decay of boundary layer at

infinity is imposed

pVEWO (X)) + A+ p)VV - WO(X) + Fp(X) =0, X € 5,
cMWO; X) + Py(X) =0, X € 85, (6.1.7)

WO 0, ]l - oo.

In (6.1.7) the body forces Fo(X) and the surface tractions Py(X) are specified by

N (21 + Au§™ (0)
_ (3 (m) 0
=y (10 )
N 17 (m) /J,’U(()m)(O)
7>o(X)=m§=1x(X1 )(,\ug’”)(o))’ (6.1.8)

and Z and 8Z; are the domain Z and its boundary enlarged in €2 times.

The vector-valued functions (6.1.8) satisfy the orthogonality conditions

/ FO4X — f POds =0, (6.1.9)
= o=

/X x FOdXx - /X x POds = 0. (6.1.10)
= o=

Now we can reduce this boundary layer problem to the problem for a finite domain. It
corresponds to the fact that the body forces and the surface tractions located in the
region of enlarged thin bridges where x'(X (™) and x”'(X{") are not equal to zero. Thus,
the junction area is described by the homogeneous Navier system with zero traction on
the lateral surface. In the region Z \ © the solution of the problem (6.1.7) admits the

following expansion
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Figure 6-2: Honeycomb structure and junction area.

(n)
ug - (0) n R
(,U[()n) (0)> (1-x(x{), X e\,

wob, Xeq,

(6.1.11)

where X (™ are the local coordinates associated with the bridge. The field W1
satisfies the homogeneous Navier system with boundary conditions chosen in such a
way that on T'(® continuity of traction and displacements holds. Thus, the problem
initially specified in the infinite domain Z can be reduced to the problem in Q (enlarged

in €2 times junction region shown in Figure 6-2)

pVPWOD(X) + A+ p)VV - WOD(X) =0, Xeq,

cMWOD. Xy =0, Xean\I'™, (6.1.12)

M @
. o = (“0 (0)) r@. o ( Yo (0))
. 1 ) . )
o (0) ug? (0)
@ (4)
1_‘(3) : W(O,l) _ ( Uy (0)> ]_"(4) : W(O,l) _ ( ) (0) )
—$(0) —u§?(0)

where I'®) (Figure 6-2) are the parts of the boundary corresponding to the attached
thin bridges.

Now our intention is to find the solution of this system which provides the continuity
of displacement and traction on r@, r@, ré®, r®, Such conditions arise from the
matching with the solution in thin bridges (6.1.11). Note that the solution (6.1.11)
produces zero tractions on the boundary I'®). It follows from the fact that x'(X(™) = 0
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when X (™ g 1'(®), Therefore, on all parts of the boundary € we have zero traction, and
the solution must be represented as a vector with constant components (it corresponds
to the rigid translation of the region Q).

Existence of a solution with constant components of the displacement fields yields the

following relations between the boundary data of the problem (6.1.12)

u§?(0) = —u§?(0) = —u{?(0) = o{"(0),

6.1.13
o{V(0) = u§?(0) = —o{? (0) = —u{?(0). (61139

Under such conditions (6.1.13) the field W) has zero energy and the condition of the

continuity of tractions on I'(™) is satisfied.

6.1.2 Second-order boundary layer

One can apply the procedure describing above to construct the boundary layer corre-
sponding to the second asymptotic term of (6.1.6). As a result, the following boundary
value problem for the field WO s obtained

VW (X) + A+ p)VV - WO (X) + FO(X) =0, X €&,
a(")(W(l);X) +pW (X)=0, X € 05, (6.1.14)

wi o, izl = oo,

where

3 {x,f(xw) ( (20 + D) (X Luf™ (0) = YO £of™ (0) +u{™ (0)) )

FO(X) = ™ 5 (m o m
= et 470+ X L4700 + (0

4 ety [ BOH N RN Z (0))
(b + N g0i™ (0) ’

al AV 8 4,(m (0) + X Lo{™ (0) + o™ (0
PI(X) = 3" R(Xt) (“<( Nerr deug ) (0) + X Zof™ (0) +o{™( >>)

ACK al?0) - Y 2l )+ {0

m=1
This problem admits the solution which decays at infinity if and only if the following
solvability conditions for (6.1.14) hold

/ FWax — / PWds =0, (6.1.15)

=
=
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/ FPdx — [ P{Nds =0, (6.1.16)

/lez(l) ~ X, FVdxX — /X17’§1) — x,PMds = 0. (6.1.17)
The conditions (6.1.15), (6.1.16) can be represented in the following simplified form

iu(l)(o) -

o o
Jhadi 03
oz u

:—xu@ (0) =0, 5-u?(0) - %-u(‘l) (0) = 0. (6.1.18)
The condition (6.1.17) is satisfied identically.

Following the procedure employed for the first boundary layer we reduce our problem in
an infinite domain to the problem in a finite domain. We use the following properties of
the system (6.1.14): it is homogeneous inside the region €, and the Dirichlet boundary

conditions are imposed on I'™). As before, the field WY is sought in the form

( X0 £ug™ (0) + 7 (0) — Y £ 0)

Xz e (0) + 017 (0) + X g 0)

) (1 - x(x™)),

xm ez\q,
wl(x), Xeq.

wl(Xx) =

(6.1.19)
The displacement vector W1 (X) satisfies the following system

pVEPWED(X) + (A + p)VV - WD (X) =0, XeqQ,
cWWoD; X) =0, X ed= \I'™. (6.1.20)

The boundary conditions on '™ are

(1)

) (L,1) X g (0) + 1" (0) %”o
P Ly a0 (1)0 T\ x 200
stz ozt (0) +vp7(0)
A0 -0 :vs2>
r@. oy _ [ T*Ems LT
Y—a— (2) (0) +u(2)(0) (2) (0)
3) (1,1) X"’iu‘(’?,) (3) "’azv((? ©
A VA WOR: (3)0 T\ x2,00
= 6z"0 (0) X 5590 (0)
2K 2., 80) 40 v 2490
(4) . (1,1) _ “ z ¥
o:wen = (o) (e )
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where X = (X,Y) are the global ”fast” coordinates associated with the junction region.

The traction on the boundary I'™ can be evaluated as follows

4u(d+p) 8 (n)(o))
0 .

o,(n) (W(l),X(n)) — ( 22u Oz
The energy accumulated in the junction region is given by

Afq = — f o™ (WD, XYWL (X ™) gs
8=ur»)

4#()\"‘#) a M (0) | 9 (n) (n)

where X(™) is on the boundary I'™). One can see that the terms "'”0 )(0) are not
present in the expression for the energy integral. The analysis of the Dirichlet boundary
conditions of the problem (6.1.20) gives the following restrictions on the transversal

displacements

2 90) = 2 (0) = Zof(0) =

)
520 gl gl —{?(0). (6.1.21)

ox

As a result, the coefficients a%v((,n) (0) correspond to the rigid rotation field of the whole
body and produce zero traction and zero energy. Therefore, the continuity of the trac-
tions for W) is satisfied trivially. The condition (6.1.21) has a simple physical mean-
ing. It corresponds to the fact that the junction behaves like a rigid kernel when we
restrict ourselves by the leading term of the displacement field. This property holds for
a junction of any shape (including three-beam and six-beam junctions).

If next-order junction layer problems are considered, the additional restrictions for the
coefficients A, B,C, D, E, F can be obtained (as the solvability conditions of correspond-

ing equations). Namely, from the analysis of the third-order junction layer

4

Z Sui™(0) = (6.1.22)

m:
and from the fourth-order junction layer
Foxs 03 o3

83
@v(l)( ) — %v“) (0) =0, -55'0(2) ) - %v(“) (0) = 0. (6.1.23)
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Due to the solvability conditions (6.1.18), (6.1.22), (6.1.23) and the continuity conditions
(6.1.13), (6.1.21), the set of coefficients A,B,C,D, E,F is uniquely defined and the
leading term of the asymptotic approximations of the displacement field is obtained in

the closed form.

6.2 Asymptotic expansion of the solution in thin bridges

6.2.1 Thin bridge of a constant thickness

In this section one analyses the solution of linear isotropic elasticity in a thin region (see,
for example, to Movchan and Movchan [75]). This problem is one of model problems
which occur in analysis of the honeycomb structures (see Section 6.1). The correspond-

ing boundary value problem can be written as follows

L2z(U;z) =D 2 HD, U(z) =0, z €11,
Oz

(1)
U(")(U;:B) — Px , z € an(l) (6.2.1)
e2p)
U=ay, x € oY,

where

s 2+ A A 0
i—) H=| 2 2u+xr o[,
5 0y

a
Dy = (6:::1 0
-r 3
e 0 Ox2
0 0 2u

SI“ SIH

and I, = {(z,et) : =1 <z < 1,-1 <t < 1}, MY = {¢t = +1}, o0P = {z = +1}.
Due to the presence of the small parameter €, the thickness of the thin bridge, we can
rewrite the Navier system in the stretched coordinates (z,t) and define the recurrent

equations for the displacement vector

(") _Ap 9% U(n 1) _ 2+ 5 +2p 62 Uln_2) It' < 1/2

_a_tf u Otz
n n—1
U = -2uY, [t = %1/2,
(6.2.2)
Atu 92 -1 52 2
UV = L U 2 Ul 1] < 1/2,
n 1
2ulV = -2 2ui* Y, It = +1/2.

Now the recurrent formulae (6.2.2) is applied and the solvability conditions are checked
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on each step. This procedure allows one to construct the asymptotic solution of the
problem (6.2.2) in the form of the sets of two Jordan chains (6.1.3). For readers’
convenience, we rewrite the definition of the Jordan chain given in the book [84]: the
Jordan chain is a set of generalised eigenvectors corresponding to zero eigenvalue of the
boundary value problem (6.2.1).

The first Jordan chain (6.1.3) corresponds to the longitudinal deformations and its lead-
ing term corresponds to the longitudinal displacement field, linear field in the absence

of boundary tractions. It has multiplicity 2 and the elements

t2 82
uo = (), uw= 0 . U@ = w7 5o + U, 1) :
0 )\+2ptaz“0 0

where U is the solution of the following boundary value problem

4(\ 2
ll(z,t) = — 3 Loy, |t < 1/2,

(6.2.3)
2u(z,t) = 10, t=+1/2.

The solvability condition of the system (6.2.3) gives the equation for the leading term

of the longitudinal displacement

4(A +p) 82

For the case of free-traction lateral surfaces, the leading term of the longitudinal dis-
‘placement is a linear function.
Another Jordan chain describing the transversal deformation has the following form (it

has multiplicity 4)

42

vo_ [%)  yo_ () Lo 0
v ’ O ’ )\ t2 52 ?
0 *+25 2 9220

4p+3) A 33
Yo _ ( [6512#) £~ mit ] 927 ”°>
0 ?

0

v = ( ) :
|~ b+ e e + V(e
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where V satisfies the equations

2 by 4
sV (0,1) = Fhtr gavos [t < 1/2,
(6.2.4)
2
2V(z,t) = £x50D, |t = £1/2.

From the solvability condition the equation for the leading term of the transversal

displacement is derived in the form

pA+p) o 2) | (2
STz am =P TR el <L

Note that in the case of free-traction lateral surfaces, the transversal displacement spec-

ified by the cubic polynomial.

6.2.2 Thin bridge of an orthotropic material

The objective of this section is to give an asymptotic solution for the thin bridge prob-
lem in an orthotropic medium. The axes of symmetry are parallel to the axes of the
bridge. This is a generalisation of the analysis given in section 6.2.1. The solution below
describes orthotropic thin bridges. The orthotropic symmetry, in contrary to general
anisotropy, allows one to use the asymptotic expansions as the sets of ansatzes of finite
length where the longitudinal and transversal modes are uncoupled. The boundary value

problem we solve can be formulated in the form (6.2.1) where the elasticity matrix is

Cc1 C2 0

0 0 cg

Using the method of compound asymptotic expansions we are looking for a solution
of the boundary value problem (6.2.1) as the power series in €. Also, similar to the
asymptotic expansion for an isotropic thin bridge (see previous subsection) one can
split up the series into two modes: the longitudinal and the transversal one and look
for a solution in the form (6.1.3).

The longitudinal ansatz, also known as the first Jordan chain, has the following com-

ponents

cat? 92
uo® — U - 0 oy e 7 5eru0 + U(z,1) .
0 _EZta_ax.uO 0

C4
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The boundary value problem for the displacement vector U

2(c2- 2
Sl (2, 1) = 222 Py, [f] < 1/2,

(6.2.5)
g{u(x’t) —pgtl)7 t= i1/2,
is characterized by the following solvability condition
2 2
Cy — C1C4 3 (1) (1)
The components of the transversal ansatz, the second Jordan chain, are
0 —t2
v<°)=( ) v(1>=( 3"”"), v<2)=< ° )
Vo 0 cq4 2 ‘58—2-
2c1c4—2c5—c2c6 ,3 |, c€5—ciC
V@ = [”mé”t+%?4wm
0 b
0
vw=(2(+ ) (bcatos)(erca=ch) )
ca(c2+cgco—cica)—cicacs 4 ca2+ce)(c1c4—c3) ,2
[ ? 24c2 4C6 "+ 48c¢? 4C6 2 t:l@ ’U0+V(:U t)
Equations for V have the form
2 V(z,t) = ﬂ%;zwvo, It < 1/2,
(6.2.6)

V) = Lo, t=z1/2,
and this problem is solvable if and only if

ey — ¢ 8% 3 (2) @)
_—= 1.
One can note that the formulae above coincide with the ones for the isotropic case if we

impose ¢c1 =c4 =2u+ A, ca=2A, cg =2pu.

6.2.3 Thin bridge of a varying thickness

In this subsection we analyse the structure of the solution in a thin bridge regions of
variable thickness eh(z). This extends the analysis given in subsection 6.2.1 to the case
of non-trivial geometry. We suppose that the bridge is symmetric with respect to the z-
axis and the region which it occupies can be specified as follows {(z,y) : 0 < z < L; |y| <

eh(z)/2}. Using this assumption the solution can be expanded to the asymptotic series
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of different powers of €. The value of € is defined as an average thickness of the bridge
provided % fOL h(z)dz = 1 and it coincides with the real thickness if h'(z) = 0 for all
z. As for the case of a constant thickness (see subsection 6.2.1) we are looking for the
asymptotic series which are split up into the longitudinal and the transversal modes in
the form (6.1.3).

The system of the recurrent equations obtained from the homogeneous Navier system
is similar to the constant-thickness bridge problem. New coordinates (z,t) = (z,y/e)
are introduced, and the following recurrent system of equations arises

9% rr(n) _ _Mp 82 pr(n—-1) _ M2 52 p7(n-2) h(z
el =—FamlUs  — TatarUn < JTZ’

(6.2.7)

8% rr(n) _ _ Mp 82 y7(n-1) p_ 82 pr(n-2) h(z)
WU2 - —A+2u(91:6tU1 - z\+2p5?U2 ’ |tl < 2

The boundary conditions differ from the constant-thickness problem. Here (for the
case of a variable thickness) the free-traction conditions imposed on the boundary (¢t =
+h(z)/2), the outward normal vector on the top (and bottom) boundaries depends on
the longitudinal coordinate z and, as a result, can be written in the form

—eh!(z) —eh!(z)

-1
;;1+%52h2(m) W14+ :—Ezhz(m)

With these relations in free-tractions boundary conditions on the lateral surfaces the
recurrent system of equations (6.2.7) can be supplied with the system of recurrent

boundary conditions specified by

-1 -1

2u 0t™'2
izztx'%Ul(nﬁ)h'(m) £ 4P+0on, t| = :t%ﬂ,
(6.2.8)
3 rr(n) _ A8 g7(n-1) 3 r7(n—-1)
0" =~ £U" T £ e FUTT VO (x)
n—2 I3
oy U OH (@) £ phspabin, [t =222,

Our next intention is to construct the set of generalised eigenvectors for the system
(6.2.7)-(6.2.8). This procedure is similar to one mentioned for isotropic bridges of a
constant thickness. However the eigenvectors are different due to new recurrent bound-

ary conditions (6.2.8).
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The first chain of the generalised eigenvectors can be specified as follows

U(O)z(uo), u(1)=( 0 9 ),
0 —H’_\—Z#tﬁ‘lll()

A i 8? 2(ptA) I )
u® — (,\+2pt_2'%ﬂm + ZZ+A t2 h(: 3240 +M(x,t))
B ?

0

where U(z,t) is the solution of the following boundary value problem

2 4(A 2 h'(z h(z
Soth(a,t) =~ 45522 (oo + ¥ o ) 1 < 22
(6.2.9)
1 h
%U(w,t) = :i:%pgt), t= :i:J;l.

The solvability condition of the system (6.2.9) gives one the equation for the leading

term of the longitudinal displacement field

4(A+p) 0 o ) )
A+2“ oz [h(m)amuo] =P+ +pZ7, |$l <L

The second set of generalised eigenvectors specifies the transversal displacement and

bending of the thin bridge

—19
v<°>=(0>, v(1>=( ta’°”">, v(2)=( - )
Vo 0 )\_;\—2"%5%71)0

Yo ( (st - sgpth?(o)) oo - ﬁ%h(m)hl(fﬂ)wvo)

)

0
o
V¢ = (32+2u) 5{'00 4 p(+p)[h? (:z:)ai:;vo—ﬁ(h’(z)ﬂ 8%;27”0] 2
T 240 2u) + 12(2p+X)? t

0
+ A A o h2(z Bzv T )a
( P2 4 V(a1

where V(z,t) is the solution of the ordinary differential equation with corresponding

boundary conditions

2 A 4 3
%;V = &2‘;‘:/\ [hz(w)g%wg + 6h(:c)h’(:z)5%gvo

+3.25v0 (h(w)h"(a:) + 2(h’(w))2>], It < =) (6.2.10)
2 h(z
2V(z,1) = £ p?, t= e,
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The solvability condition of the problem (6.2.10) is

p(A +p) & 6 ) | @
maw2 3(1‘)-8?’0 —p+ ) |$I <1

6.3 The leading order approximation for the effective mod-

uli

The effective elastic moduli can be evaluated as the energy of some special fields in a
unit periodic cell. This result can be found, for example, in Bakhvalov and Panasenko
[4], Jikov, Koslov and Oleinik [47], Bensoussan, Lions and Papanicolaou [8], Milton [69]
(see Appendix A)

(). (k).
meszS_/ oc(U™;x) : e(UW; z)de, (6.3.1)

where o and € are stress and strain tensors, S is the elementary cell of the periodic
structure (see Figure 6.2.1). The model fields U™, U® describe the displacements
in the elementary cell when the whole composite is loaded by the test fields. Namely,
ge11 = 1lforn =1;e99 =1for n=2; e =1 for n = 3 (all other components of the
strain tensor are supposed to be zero). Thus, the homogenisation problem for elasticity
equation reduces to the solutions of three boundary value problems corresponding to
three types of loading. While one deals with the periodic elementary cell, the periodicity
conditions on the outer boundary are imposed.

'The problem of evaluation of the effective moduli for honeycomb structures has been
treated by Torquato et al [112]. The authors used the approach based on the Hashin-
Shtrikman estimates for the effective characteristics of the composite structures. Such
kind of treatment gives approximations for bulk modulus. At the same time the shear
modulus remains unknown.

The asymptotic approach is free of this restrictions. Estimates of the effective moduli
matrix in terms of elastic energy allow one to take into account the high order terms.
Moreover, this approach works for composites where the thickness of “thin bridges” is
non-constant.

One can evaluate the energy of a single bridge assuming that the leading term of the
asymptotic expansion (6.1.4) is known. Taking into account the fact that the lateral

surface of the bridge is free of traction the first ansatz of the asymptotic expansion (see
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section 6.2.1, for full expansion) can be written in the form

132 3 9°
kuy*'(yﬁw i gzale) - sﬁﬁmwﬁm(v
1 - 2 2 ,
( ) + A+2u£2—£%7v0(m)

umww=( () ), (6.3.2)

A
~x+25Y a%uo (z)
where z,y are the coordinates associated with the thin bridge.
The equations for the leading term components reduce to
d? ot
(—9?“0(50) =0, @Uo(m) =0,
with the Dirichlet boundary conditions prescribed on the edges.

One can calculate the components of the strain tensor associated with the above men-

tioned fields
2

15] 0
€11 = guo(m) - yﬁvo(a:),

5 ———)‘—iu (z) + A 8—21) (z)
2= " X¥2uoz ° /\+2uy3w20 ’
2p+A) , 8 2 Atu &

€12 = )\—-I-Zl.-t—y @’00(13) — € 2—(—;\+—2pl)'a—£§’vo(l‘) (633)

Substitution (6.3.3) into the representation for the elastic energy allows one to obtain

the leading term of the solution (6.3.2) in the formula for the energy

L e/2
A& = /d:l: / o(U™);z) . e(UP;x)dy =
0 —€/2

L
é’;\(i—;u) {A(m)A(k)a + %(30("‘):1: + DY 3c®) g 4 D(k))s3}da: + O(e%), (6.3.4)
m

where the quantities A®), C*) and D®*) are the same as in (6.1.4).
Due to specific geometry of the periodic cell one’s energy (leading approximation of the
energy) can be evaluated in terms of the energies of thin bridges. The following theorem

can be formulated:

Theorem 6.1 The asymptotic approzimation of effective elastic moduli, which describe

the “average” stress and strain fields in a thin-walled composite structure is given by
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Y = 1 iv: Ae™ — 4u(X + p) g:/L A(m) 4(F)
mk = esyS / O 7 mesyS(A + 2p) / nfn’E
n= n= 0
+§(BC,(L'”)9: + DI 3CcW + D,({“))a?’}dx + 0(e%), (6.3.5)

where N is the number of bridges connected at the junction point (N=38,4,6), the indez n
corresponds to the number of the bridge, indices m, k correspond to the type of loading, L
18 the length of the bridge, mesaS is the area of the elementary cell, € is the normalized

thickness of the bridge.

The junction area is considered as a point in the limiting problem when the thickness
of bridges tends to zero. The junction gives the effect for next (high order) terms of the
approximation of the effective moduli, which will be considered further. At the same
time we note that the second term of the asymptotic expansion of the effective moduli

has the order O(e?) and can be evaluated by solving the problem (6.1.20).

6.3.1 Effective elastic moduli for square honeycombs

In this subsection we consider the square honeycomb structures and evaluate their ef-
fective elastic moduli. Following subsection 6.3 one evaluates the energy of the test
fields (z,0), (0,y) and 2~/2(y,z) imposed on the periodic cell. Inside each bridge the
linear longitudinal displacement field and the cubic transversal bending field take place.

These fields satisfy the homogeneous equations
G
@v(") =0, n=1,234, (6.3.6)
where z is the local longitudinal variable. The elementary cell is supposed to have a
unit area, thus each bridge has the length L =  (see Figure 6-1). If, in addition, the
thickness of the bridge is €, the area fraction of such composite is f = 2¢.

On the edges of the bridges the periodicity boundary conditions are imposed. They

reduce to the Dirichlet boundary conditions given in terms of traces of the test fields.

For the test field (z,0) one has the following conditions

uO(@) =1/2, u@EL)=0, u®(L)=1/2, uw®(L)=

0
(6.3.7)
ML) =0, v@@) =0, L)=0, +&(I)=0.
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For the test field (0,y) the displacements at the edges are given by
uM(L) =0, w@(L)=1/2, «®@)=0, v¥(L)=1/2, (6.35)
vW(L) =0, vD@L)=0, o®IL)=0 VL) =0. o
For the test field 271/2(y, z) the following values take place
«(L) =0, u® (L) =0,
GNL) =0 M(r)=o0
u b U ’
2 () (6.3.9)

(D) =1/(2v2), v (L) =-1/(2v2),
V(L) =1/(2v2), (L) =-1/(2v2).

In the point of the bridge intersection one has the continuity of displacements

ug?(0) = —u§?(0) = —u{(0) = v (0),

1 2 3
9§2(0) = u§? (0) = —v{(0) = —uf?(0); (6.3.10)
the condition of the continuity of longitudinal forces

9 d L E)
Z a0y = 4,3 (0) = @0 = Z @ (0) = 0:
7600 - w0 =0, —-u®(0) ~ —ul(0) = 0; (6.3.11)

the condition of the continuity of transversal forces

%gqﬂ )(0) — @v( )(0) =0, 5x—3v< )(0) — 5551% )(0) = 0; (6.3.12)
.and zero moment in the junction point
0? o2 0? 0?
qu(l) (0) + @v(z) (0) + ﬁv(:’) (0) + 5?1;(‘9 (0) = 0. (6.3.13)

To close the system of differential equations one impose a ”soft boundary conditions”
on the edges of the bridges for the transversal displacement. They correspond to zero

moment in these points

ﬁv(")(L) =0, n=1234 (6.3.14)

Equations (6.3.6) together with the boundary conditions (6.3.7)-(6.3.14) admit the so-
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lution in the form
ul = Az 4 B o™ =CcMgd 4 D2 L Mg 4 FM ) =123 4.
with the coefficients given in the table
(.’E]_,O) (07 $2) 2_1/2(17277;1)
OREOEROEEORNOREORECOREC) (1) 2 ®3) (4)
A1l o110 011101 0 0 0 0

olojoffoflo|oOo|Of V2| V2 |-v2| V2
Djio|ojojojo|o|o0]|oO]|3/V2|-3/Vv2|3V2]|-3/V2

Q
=

Further one can evaluate the energy of each thin bridge (see formula (6.3.4) from sub-
section 6.2.1) and, using (A.0.14) and (6.3.5), determine the effective elastic moduli.
For unit cell with the bridges of the thickness € the following representation holds for

the matrix of effective elastic moduli

e 0 O
4p(A + p)
H 2t A 0 ¢ 01]. (6.3.15)
0 0 &

Taking into account the relation between area fraction and the normalized thickness of

the bridge f = 2¢, these formulae can be rewritten in the form

PR
4p(A + p) 1
He x| © sf 0 . (6.3.16)
0o 0 i

The corresponding compliance matrix is

2f~1 0 0
o 2ft' o |. (6.3.17)
0 0 8f3

1

S~=

6.3.2 Effective elastic moduli for triangular honeycombs

Triangular honeycomb structures and evaluation of the effective elastic moduli are con-

sidered below. Following the idea of the subsection 6.3.1 we evaluate the energy of the
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test fields (z,0), (0,y) and 2~/2(y, z) imposed on the periodic cell. In this particular
situation one does not need to consider the bending of the thin bridges. For triangular
honeycomb all components of the effective moduli tensor can be calculated in terms of
the longitudinal deformation of the bridges only. The shear modulus for this structure
has the same order as the bulk modulus. And the homogenized structure behaves simi-
lar to the isotropic structure if we restrict ourselves by the leading term of homogenized
moduli only. The longitudinal displacement fields inside the thin bridges satisfy the

following equations

Z ™ =, n=1,23,4,5,6, (6.3.18)

and z is the local longitudinal variable. The elementary cell has a unit area, and each
bridge has the length L = 1/(v/2v/27). If, in addition, the thickness of the bridge is ¢,
the area fraction of such a composite is f = 3v/2/v/3e.

Due to the small thickness of the bridges the periodicity conditions on the boundary
of an elementary cell reduce to the Dirichlet boundary conditions on one edge of the
bridges. In this case periodicity is satisfied without any additional restrictions. For the

test field (z,0) the Dirichlet conditions on the bridges edges have the following form

u)(L) = u®(L) = 1/(V2V3),
u®(L) = uB® (L) = uB(L) = u® (L) = 1/(4V2V/3). (6.3.19)

For the test field (0,y) the following conditions hold
u)(L) = (L) =0,
u@(L) = (L) = O (L) = O (L) = 3/(4V2V3). (6.3.20)

And for the test field 2~1/2(y, z) they look as written below

uM(L) = (L) =0,
u (L) = uO®(L) = V3/4,
u® (L) = uO(L) = —¥/3/4. (6.3.21)
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At the point of the bridge intersection one impose continuity of the displacements

V3

u®(0) = %u(l) © + S0(0),
W9(0) = ~Lu(0) + L)),

2@ (0) = _§u0>(0) + L,

v®(0) = ——‘fiu‘”(O) - %v‘”(O),

u®(0) = —u(0), v (0) = —v((0),

u®(0) = —u®(0), v®)(0) = —v®(0),

u®(0) = —u®(0), 08 (0) = —v®(0), (6.3.22)

and condition of the continuity of the longitudinal forces which can be written as follows

0 0 190 10 106 10
Z.MWr - L9 29 .2 S () FN SN € ) PO S (:) FOM
P (0) p (0) + e (0)+ 535t (0) 550 Y (0) 555" (0) =0,
d 0 0 0
N ¢) 280 — 2@ 0 — ZL.,03) 0 =
Ba:u (0) + Ba:u (0) 3:1:“ (0) 33:u (0) =o0. (6.3.23)

The equations (6.3.18) together with the boundary conditions (6.3.19)-(6.3.23) have the

linear solution

u™ = Ay + B(n), n=1,2,3,4,5,6,

with the results of calculation summarised in the following table

(1,0) (0, z2)
o @ G (@6 (6) W@ (@)@ |6)]®E
Al [ e ey Jofefelo]e]s

2712(z9,z)
® (3) 4| ) (6)

(2)
V3 | _B V3 | _V3
AlO 22 % 0 2v/2 2v/2

Evaluating the energy of a thin bridge (see, (6.1.4)) one obtains the matrix of the
effective elastic moduli. If an elementary cell (parallelogram for triangular thin-walled

composites) has a unit area and bridges of the thickness ¢ the following representation
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for the effective elastic moduli matrix holds
9 3
wvase e 0
PTGl ) [ N M (6.3.24)
2u+ X | V2V3T 423 ' "
0 0 3

—3 e
2v2V3
Taking into account the area fraction which is related to the thickness of the bridge by

f= %‘%55, we can rewrite these formulae in terms of f

(A+p) A

wA+u) 1, 3

H 2T ly 3f o |. (6.3.25)
0 0 1if

The corresponding compliance matrix has the form

3f/71 —f1 0
S~ % —ft 31 o |. (6.3.26)
0 0 4!

6.3.3 Effective elastic moduli for hexagonal honeycombs

Hexagonal honeycomb structures are considered below and the effective elastic moduli
are evaluated for them. If we impose test fields (z,0), (0,y) and 27/2(y,z) on the
periodic cell, linear longitudinal displacement field and cubic transversal bending field
occur in the bridges. These fields can be found as the solution of the homogeneous
equations

, n=1234 (6327

— ¢ ,n) =
o2 ’ ozt "

where z is the local longitudinal variable. Each bridge has the length L = v/2/+/27 and
the thickness of the bridge is . Thus the area fraction of such composite is f = /6 / V/3e.
The Dirichlet conditions on the edges of the bridges correspond to the applied test fields.

For field (z,0) these conditions have the following form

(D)=L, «@(L)=L/4, u® (L) = L/4,

(6.3.28)
o(L) =0, v®(L)=+v3L/4, vO(L)=—+3L/4),
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uO(L) = v2/¥27, uPD(L)=1/2V2V27), «O)(L)=1/(2v2V27), (6.3.29)
o(L)=0,  o@O(L)=1/@VE¥E), oO(L)=-1/2V3¥E).
For the test field (0,y) the fields are
WD) =0, «®(L)=3L/4, u® (L) = 3L /4, (6.3.30)
v(L) =0, v@(L)=—v3L/4, v(L) = V3L/4, -
or
uM(L)=0, «®O(L)=¥3/(2v2), «O(L)=3/2V?2), (6.3.31)
vD(L) =0, o@(L)=-1/(2¢3V2), v (L) =1/(2¥3V2), B
and for the test field 271/2(y, ) they are given by
WD) =0, uOD)=-VIL/VD), WD) =VILIVD,
(L) = L/V2, o (L) = —Lv2/4, v®)(L) = —L/2/4. .
or
u(L) =0, u®(L) = -1/(2V3), u®)(L) = 1/(2V/3), (6.3.33)

WM(L) = 1/(V33), vO(L) = -1/(2v3¥3), +O(L) = -1/(2v33).

At the junction point we impose the continuity of the displacements. It corresponds to
the fact that the edges of bridges join up together in one point and there is zero dis-
placement jump between these three points. In other words, these conditions express the
samé dispvlacven.len.ts Ibu't in different coordinate systems. The iongitudinal displacemehts

u(™, n =1,2,3, correspond to the longitudinal directions of bridges

u®(0) = ——;-u(l)(O) + ?M ©), u®)= —%u(l) (0) — ?M”(O),
v (0) = —?u(l)(O) - —;-v(l) 0), v® ()= ?u(l) 0) — %v(l) (0). (6.3.34)

In addition, the condition of the continuity of the longitudinal forces is imposed

9 M (0) —

&vu

10 a 7]
200 = =208 (0) = Za@0) = =B ) = 3.
552 Y (0) u'?(0) =0, Bl (0) 3l (0) =0, (6.3.35)
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The condition of the continuity of the transversal forces is

o3 o3 o3

— ~= @ —Z 30 =

523" (0) + 523" (0) + 523" (0) =0, (6.3.36)
and zero moment in the junction point is given by

02 9? 0?

N ¢Y) — 2 ~—®0) =

57" (0) + 552" (0) + 52V (0) = 0. (6.3.37)

The “soft boundary conditions” in the midpoints of the bridges are imposed for the
transversal displacement. It corresponds to zero moment in these points. On the other
hand, these conditions arise because of the symmetry. In the midpoints the moment is

Z€ero

2
—‘9—11(")(%) =0, n=123. (6.3.38)

In terms of the coefficients A, C, D these conditions give one the following identity
3
D=--CL.
2
Together with the conditions (6.3.36) and (6.3.37). The latter shows that
C) =Cy =2C5.

The equations (6.3.27) together with the boundary conditions (6.3.29)-(6.3.38) admit

the solution in the form

where the coefficients A, B(® ¢ p®) E®), F(™) are the solution of the following

linear system

A — %A@) - %A(ii) =0, A®@_A4B) =y,
DM+ D@ 4+ pB® =9, EWV =E® = EG)
c — %0(2) - %0(3) =0, C®4+c® =y,
B(®@ = _%B(l) + @F(l), B® = _1p0) _ \/Tgp(l),
F@ — ._%33(1) —-1p)  FO® = @B(l) +1FO),
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D) = —%C(I)L, D@ = __0(2)[, DB = __0(3)L

AML + BO =4M(L), oW 4+ pMW2 4 EOL 4 FO) = 4()(L),
A®L 4+ B® =4@(L), @[+ DPL2 4+ EAL + F@ = 3(1),

A®L + B® =)L), COL3+DOL2+ EOL+ F®) =G)(L).

Note that under first type of loading (z1,0) the junction point moves to a new position
1 __.q) “ . 1 .

( NoNEE L 0); under the second type of loading it moves to ( BV 0). In both these

cases bending of bridges does not occur. In the case of shear loading the junction point

moves to (0, —ﬁ) The results of the calculation are summarised in the following

table
(IL‘1, 0) (0, :Ez) 2 1/2 (.'1:2 :El)
m (2 ®3) ¢ (2 3) (1) (2 (3)
All 1/2 1/2 1/2 1/2 1/2 1/2 0 0 0
Bl 332 | _¥3v2 | _¥3v2 || _¥3v2 VB3V2 V3v2 0 _32 V2T
6 12 12 6 12 12 6 6
cl o -9/2 9/2 0 9/2 9/2 || -3v6| B | f
V3v2 9¥3v2 V3 v v v
D 0 9 Z. 3 | _ ; 0 _9 4\/i 9\/;3\/5 3¢97 | -3 227 _3 227
E 0 0 0 0 0 0 0 0 0
F 0 _ V2921 | V2¥7 0 V2Ver | _2YT || _3 K] 3
12 12 12 12 3 6 6

.For the hexagonal elementary cell of unit area with the bridges of the thickness ¢, the

following representation holds for the matrix of elastic moduli

1V3V2e + 39272 1V3vV2e - 33272 0
N4M(A+M) 1\/"\/—E 342€ ‘_11_\4/_\/_5_*_%425 0 (6.3.39)
20+ A
0 0 %42763

Taking into account the correspondence between the area fraction and the thickness of

the bridge, f =

\/66, we rewrite (6.3.39) in the following form

EZ]
Y A A
UA+p 3 1 3
%Nm =31 Lr+d3 0 (6.3.40)
0 0 3re
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The corresponding representation for the compliance matrix has the following form
fTR=2f3 1423 0 |, (6.3.41)
0 0 s

1

f_1+%f 3 f—-l _ %f—3 0
~ 2
E 3

S

where E is 2D Young’s modulus. This Young’s modulus is so-called 2D Young’s modulus

of the material. The following relations hold

E3p Eor = 4p(A +p)

FE .= Fyp=—=
2D 1—p2’ 2D 2N+A )

where v is the Poisson ratio.

Note that these formulae agree with the result due to Torquato, Gibiansky, Silva and
Gibson [112], but here they are obtained by a different method and not using the
optimality of the hexagon honeycombs. This condition of optimality formulated for the
uniaxial tension follows from the fact that the constants A1) = A® = A®) are equal
under the first and the second type of loading. In other words, in the case of tension
(not necessary uniform tension) the longitudinal strain is the same in all bridges. It
corresponds to behaviour of the optimal composite. Just for convenience of reading,
one rewrite the formulae for the effective bulk modulus K, and the effective shear

modulus p, cited in [112]
1 3
K. = /E, pe= 3 f°E. (6.3.42)

.6.3.4 = Second term in effective moduli expansion

In subsection 6.3 the leading term of the effective elastic moduli has been considered. If
the accuracy of the first order approximation is not suitable for calculations one should
go further and consider the second (or maybe the other) terms of asymptotic expansion.
There is an essential difference between the first and the next levels of approximations.
As we noticed in section 6.3, on the first level of approximation, the effect of junction
region is specified in terms of the junction boundary conditions and the energy of elastic
junction region does not count.

At the second level of accuracy, the junction is considered as the elastic region and
its energy contributes to the homogenized moduli. We can rewrite the boundary value

problem (6.1.20) for the second junction layer WD (X)) taking into account the con-
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ditions (6.1.21)

pVEWOED(X) + A+ p)VV - WED(X) =0, Xeq,
(6.3.43)
oMW, X) =0, X ea=\IT®,

Boundary conditions on I'(™)

x 8,1 (1)
rd . W ( X 5zup (0) +u;(0) )
P )(0)+v§”(0)
: (2) )
]_"(2) . W(l 1) _ A+2p. Bz ) — N0 (0)
' - Ya (2)(0 + (2)(0) ’
(3) (3) 0)
M, i - ( 0 - )
o asug (0) — v¥(0)

r@, iy _ (‘%9%(‘3784)(0) *(;;154)(0)) |

g (0) —ug (0)
It is important to note that the second junction layer W(l’l)(X ) has non-zero energy,
whereas the energy of W(®(X) (constant solution of (6.1.12)) is zero. If one evaluates
the elastic energy of the displacement field associated with WD in the junction area,

the correction term in the effective moduli matrix can be obtained. This additional

terms have the order O(e?)
AE; = /cr(eW(l’l);:c) :e(eWw; z)dz

2 [ a(WD; X) : e(WED; X)dX ~ O(e?).

il
(U]
e

Note that coupling between WD and WO does not occur since the field W(® has
the constant components and its corresponding stress and strain fields are zero.

At the same time the solution of the problem (6.3.43) in explicit analytical form can
not be obtained. In the boundary conditions on '™ there are unknown constants
u(ll)(()), u&Z)(O), u§3)(0), ug‘l)(O), vgl)(O), vgz)(O), v&B)(O) and v§4)(0). These constants
specify the edge conditions for the second ansatz of (6.1.3) and should be chosen such
that the continuity of traction is satisfied on INON

One numerical approach to the solution of the boundary value problem (6.3.43) has
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Figure 6-3: Distribution of principal stress field in junction area: ”second junction layer’

been done using the finite element package COSMOS/M. The unknown constants have

been evaluated by

t4n)(0) = -X JUj,n)0), B")0) =0, n= 1,234,

and the continuity of traction has been checked numerically. Distributions of principal
stresses are presented in Figure 6-3 for the case of = n=1,2,3,4.

The third-order boundary layer gives the correction term of the order 0(£4), but the
coupling can occur between the second-order and the third-order layers resulting in the

correction 0 (f3).

6.4 3D effective elastic moduli

In the text below we consider the 3D effective elastic moduli of thin-walled composites
for a plane strain (the size of the elementary cell in the “-direction is bigger than in
the x- and ~-directions, and the displacement vector ¥ = (wi, (2,0) depends on the
coordinates x and y only). The elementary cell of such a composite is a long thin
cylinder with the cross section, as described above. To treat this problem, one shall

introduce the set of the test fields
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Atp Atp
v = . v@ = y v | __2
,H_,\ ) 0wy |
A
u+/\ 2(A+p z z
y z 0
v Ll ]l veo-L|o]| veo_L1],
2 V2 V2
0 T Y

These fields are chosen in such a way that the corresponding stress fields have only one

non-zero component

(1) w(3X +2u)

_ 1(3X +2p)
911 A+[J,

A p

pBA+2p)

3
=E, U:(}3)= )\+”

2
=E, éz) =

ol =uv2, off =uv2, o =uv.

Now one can evaluate the Young’s modulus in 2-direction as

E;= /[5(3). Ndee, i,5=1,2,3.

Thus,
BB +2u) f

E;3=Ef = LA

The Poisson ratios in the £ — z and y — 2z directions can be calculated in a similar way
/[s(l) code B3, 0,5 =1,2,3,
/[5(2) coPde B3, 4,5 =1,2,3.

A
Vi3 =23 = m

For the coefficients Si3, S23, S33 all calculations reduce to the evaluation of the integral

of e;3033, because all the other terms vanish

B+ A 1
Sp=—F"2 6.4.1
G W o (641)
A
Siz=531=S93=S3p=——"-—"—"—. 6.4.2
13 = S31 = S23 = S32 BN+ 20)] (6.4.2)
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Now let us analyse the test fields V® and V(). We consider the plane strain state.
Thus, the components of the displacement field in the (z,y)—plane are independent of

the z-coordinate. The modified test fields V) and V(® is given by

0 0
v =L [o], vo=_L |o],
24 V2p

T Y

and the corresponding coefficients of the compliance matrix have the form

1 1
=, Ses=—
wf = uf

From the calculations of the 2D effective elastic moduli we know the 2D effective elastic

moduli (3 x 3—matrix) (see, (6.3.16), (6.3.25), (6.3.40)). They can be referred as plane

Sss = (6.4.3)

strain moduli:

Hiy Hiz O
H=| Hi Hn 0 . (6.4.4)
0 0 Hss

The 3D effective elastic moduli (6 x 6—matrix) includes 3 X 3—matrix (6.4.4) as one
block without any changes. If the matrix #£ (6.4.4) corresponds to an isotropic medium
(Hs3 = Hi11—Hi2), then 6 x6—matrix # corresponds to a transversely isotropic medium.
Now, taking into account the formulae (6.4.1), (6.4.2), (6.4.3), (6.4.4) and using the

relation § = H !, one obtain the 3D effective compliance matrix in the form

(=}

H A2 __H 22 _ A
*2—1“‘2‘511_312 * mrcEmEEE T‘mrxn_nu + mroEa@ T " m@TEr 0 °

2 2

- H?lﬂ—u?z + 4MZ,\'+:§(“3X+2‘;.5 T‘ILTHlf_Hn + LTI GATZE) ,\+,’; 3225 -—”(“ﬂ_zp vi 0 0 0

s=|  “meEer 0 Cmeamer ey ‘1" o o

0 0 0 A 0 o

33
] o 0 0 ‘}—! (1)
0 0 0 0 0 af
The corresponding coeflicients S11, S22 and Sy are given by
Hqy A2
S11 = S92 = + (6.4.5)
2 2 )
HY —Hfp  4nf(A+p)(3X +2u)
H A2

Sig = ——5—1L (6.4.6)

+ .
H} —HY,  4ufO+p)(3X +24)
Note that the results above are consistent with Nemat-Nasser and Hori [85](p.97), but
they have been obtained here by different method introducing test fields v® n=1,23.
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6.5 Application of the homogenization procedure

6.5.1 Closely-located rigid inclusions: elasticity problem

In this subsection we discuss the alternative problem: the problem of closely located
rigid inclusions with the Dirichlet conditions specified on their surfaces. In the section
6.3 the volume fraction of voids is supposed to be close to one and the volume fraction
of elastic material approaches a small value. In the problem of closely-located rigid
inclusions the volume fraction of rigid inclusions plays the same role as the volume
fraction of the voids. However, as we will see later on, the volume fraction of the
elastic material is not a small parameter in this problem. The important parameter is
the distance between nearby rigid inclusions. If this distance is small, but the volume
fraction of an elastic material is comparable with the volume fraction of rigid phase (it
can happened for non-convex rigid inclusions like stars, for example) the first parameter
dominates. Thus, a small parameter in this problem is the minimal distance between
inclusions.

Mathematically, the problem is formulated as a homogenization problem in a periodic
array of rigid inclusions. The elementary cell can be of arbitrary shape (square, par-
allelogram, hexagonal), and arbitrary number of rigid inclusions is admitted inside the
cell. We emphasise that rigid inclusions are closely located: at least in a neighbourhood
of one point, the distance between nearby inclusions is much smaller than the diam-
eter of the inclusion. The shape of the inclusion can be arbitrary, and the boundary
is specified in terms of a parametric function. Using the homogenization technique of
-Bakhvalov and Panasenko [4], the problem of defining the effective moduli is reduced to
the problem for an elementary cell subject to external homogeneous loading and peri-
odicity conditions. The boundary value problem on an elementary cell similar to (6.1.2)
is imposed. The Dirichlet conditions are prescribed on 65(15) instead of the Neumann
ones.

Now, it is appropriate to consider a model boundary value problem for an elastic thin
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bridge located between two rigid inclusions

L£oe(Usz) =D o HD, U(x) =0, z € I,

Oz Oz
9
U(z) = (c<2) , € andY,
+
U=ay, x € on?,

where C:(t") are constants corresponding to the displacements of rigid inclusions. II, =
{(z,et) : =1 <z < 1,—h(z)/2 < t < h(z)/2}, O = {t = 2} on® = {z = 41}
The problem in a thin bridge subject to the Dirichlet boundary conditions on the lat-
eral surfaces has been considered by Maz’ya and Nazarov [63], Maz'ya, Nazarov and
Plamenevsky [65]. Here we follow the developed method to calculate the effective moduli
of such structures in terms of energy of special fields.

Following Maz’ya and Nazarov [63], the leading term of the displacement field for this

problem can be found as

A, tE ) ) _
Ul(m7y) =Cl"+ h(l‘) (C+ (0AR )1 t y/s,
i
Us(zyy) = €2 + 50 =€), t=y/e. (65.1)

The procedure for defining the effective moduli reduces to the evaluation of the energy
of the deformation field concentrated in the gap between rigid inclusions. The formulae
(6.3.1) and (6.3.4) are employed, and the stress and strain fields are calculated for the
" displacement fields (6.5.1). For simplicity, one supposes that all elastic bridges have the -
same geometry and specified by the thickness h(z) and the length L*. Rigid inclusions
are supposed to be symmetric (this allows to reduce a number of required parameters),
the thickness h(z) specifies all bridges. As a result, we have the formulae for the effective
elastic moduli matrices.
For a composite including symmetric triangular rigid inclusion an elementary cell is
hexagonal (there are six inclusions in one periodic cell) or parallelogram (there are two
inclusions in one periodic cell). In this case the effective moduli can be evaluated as

follows
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/3 L+ Tw+3X p+A 0
3 dz
H = ﬁ m w4+ A Tu+ 3\ 0 +O(1), (6.5.2)
0 0 0 6u + 2\
L*

L*=2V3hf 1, h= /h(:c)d:z:,
0
where f is the area fraction of the elastic material.
If the periodic cell has a shape of a square and there is one symmetric rigid inclusion

inside, the following formula holds for the matrix of the elastic moduli

L* 2u+ A 0 0
dt
4= / i | 0 A o +ow, (6.5.3)
0 0 0 m
L* =2nf L.

Finally, for the hexagonal periodic cell with a rigid symmetric inclusion inside, the

matrix of the elastic moduli is given by

e Tu+3\  p+A 0
V3 [ dt
H= vy / 'hm L+A Tu+3) 0 + 0(1), (6.5.4)
0 0 0 2(11p + 5)
o = 235

'6.5.2 ° Thin-walled composites: conductive media

The homogenization of conductivity problems is simpler for consideration due to a
scalar character of the corresponding boundary value problem. As a result, the effective
conductivity tensor can be evaluated as a Dirichlet integral

1 / k(z)VT™ . vT®E) de, (6.5.5)
825 J

Kk =

me

where T() n = 1,2, are special solutions corresponding to applied linear test fields in
the z— and y— directions.

The solution of the conductivity problems in thin bridges admits a simple asymptotic ex-

pansion. There is no bending mode, thus the leading terms of potentials (or temperature
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fields) are linear functions. The asymptotic analysis is applied and after calculation the
effective conductivity tensor for the thin-bridge composites is evaluated by the following
expressions:

triangular honeycombs -

L+
de 17! V3 0 —
K=k| [ — o(f%, L*=2V3hf L 5.
[0 h(x)] (0 \/§)+ (f%) 2V3hf (6.5.6)
square honeycombs -
L
_ dr 171(1 0 2 . o
zc_k[o W] (0 1)+O(f ), L*=2hfL (6.5.7)
hexagonal honeycombs -
K=k [de] (&0 O(f? = 285
= [/M] a1 ]t (£%), =5 =, (6.5.8)
0 0 V3

6.5.3 Closely-located rigid inclusions: conductive media

In the case of the Dirichlet boundary conditions the problem reduces to defining the
effective moduli in the media with closely located perfectly conductive inclusion. Here,
it is important to note that if the Dirichlet conditions are imposed, then the effective
‘moduli depend mainly on the distance between perfectly conductive inclusion. This
effect is similar to one in elasticity problems. As a result of the calculation, one has
the following effective conductivity tensors for the composites with perfectly conductive
inclusions:

triangular honeycombs -

) +0(1), L*=2V3hfL (6.5.9)

S e

square honeycombs -
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L*
_ dt 1.0 * _ o £—1
’C“'“O/_h(t) (0 1) +0(), L*=2hf 1. (6.5.10)

hexagonal honeycombs -

2v3—

Ll'
V3 0
K=k [ ( Thf*l. (6.5.11)

= Om . \/5)4-0(1), L* =

6.5.4 Thin-walled composites: thermo-elastic media

After the homogenization procedure applied to the uncoupled thermo-elastic equilibrium

equations, we obtain the formulae for the thermal expansion matrix

1
P~ / Y(z)VT™ . VT ®) de, (6.5.12)

Yok = me
where () is the thermal expansion coefficient, and T n =1, 2, are the temperature
fields corresponding to the test fields z and y imposed on the composite structure.
The asymptotic procedure for the Laplace equation is much simpler than one presented
earlier for the Navier system, and the leading term of the temperature field inside each

bridge can be obtained as the solution of the equation

82, T™ =0,0<z <L,

Hence,

T =AMWg4BM. - (6.5.13)

Combining (6.5.12) and (6.5.13), we obtain the formula for the components of the ther-

mal expansion matrix in the form

N L
N (m) 4(k) 2
Tk —— Gn; /0 Am AR edz + O(e?). (65.14)

For composite structures considered above (having triangular, square or hexagonal el-
ementary cells) the volume fraction of the material f is supposed to be small, and all
bridges are of a constant thickness e. Under these conditions the following formula for

effective thermal expansion coefficients for triangular, square and hexagonal honeycomb
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Figure 6-4: Honeycomb composite under shear loading: deformed state and distribution
of energy density

holds (

T =7¢ ” 1+0(/2). (6-5.15)

6.6 Comparison with numerical experiments

In the sections above the formulae for the effective elastic, conductive and thermo-elastic
moduli are given. They have been derived on the basis of the asymptotic expansion of
the displacement field and the temperature in an elementary cell and take into account
the whole first ansatz in the asymptotic representation, not only the leading terms.
This technique differs from “engineering approach” by Kalamkarov and Kolpakov [50],
where the displacement field in bridges is supposed to be linear. The advantage of the
asymptotic technique appears, when we consider the bridges of varying thickness and the
linear approach does not work any more. In this section we go further in consideration of
the homogenized moduli. Some numerical experiments have been performed using the
finite element technique. The following homogenization procedure has been applied:
the problem has been reduced to a model problem imposed on the elementary cell;
this problem has been solved numerically using the finite element package COSMOS/M
and on the last step the effective moduli have been evaluated in terms of the formula

(A.0.14).
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Figure 6-5: Square-type thin-walled composite under hydrostatic loading: energy and
intensity distributions
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Figure 6-6: Square-type thin-walled composite under shear loading: deformed state and
energy distribution
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Here some of them are described and compared with the asymptotic solutions:

1. Hexagonal honeycomb composite subject to shear loading (see Figure 6-4). The en-

ergy of normalized periodic cell allows one to evaluate the shear modulus p. It is equal
to 0.04232 for the volume fraction f = 0.1 as the result of numerical simulations and to
0.05144 as the result of asymptotic formulae (6.3.40) (volume fraction f = 0.19, Poisson
ratio v = 0.3 and Young’s modulus E = 1).

2. Square thin-walled composite subject to hydrostatic loading (see Figure 6-5). We ap-

ply the loading (z,y) to a unit periodic cell with periodicity conditions on the edges of
bridges. The energy of the field allows one to evaluate the bulk modulus. It is equal
to 0.117709 after numerical integration and to 0.1 as a result of the formulae (6.3.16)
(volume fraction f = 0.19, Poisson ratio » = 0.3 and Young’s modulus E = 1).

3. Similar calculation for the shear modulus of square thin-walled composite has been

performed. Shear modulus obtained by the numerical procedure is equal to 0.0006021
and calculated by the asymptotic formula (6.3.16) is 0.0008574. (volume fraction f =
0.19, Poisson ratio » = 0.3 and Young’s modulus E = 1) (see Figure 6-6).

6.7 Conclusions

In this chapter the accurate asymptotic model of thin-walled composite structures have
been constructed. The boundary value problem for the Navier system in region with
thin bridges has been analysed. The junction conditions have been derived as the
conditions of exponential decay of the boundary layer fields. This technique does not
. involve any additional assumptions adopted in engineering literature. The asymptotic
formulae have been derived for effective elastic and thermo-conductive moduli, and the

comparison with numerical data is presented.
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Appendix A

Homogenisation of the linear

elasticity equations

For readers’ convenience we give a brief description of the homogenisation procedure
g P

for the Lamé system (the general theory is given in Jikov, Koslov and Oleinik [47]).
Loz(u) = puViu+ A+ p)VV-u=0, z €. (A.0.1)

The displacement vector u depends on the ”slow” variables © and the ”fast” variables
& = x/e. Fast coordinates are associated with the periodic structure (containing inclu-
sions or cavities) characterized by the small parameter €. The differential operator of

the 2D Lamé system can be rewritten in the matrix form

Ly = Dg%(e)'ptl, (A.0.2)

where

2u+ A A 0

= 0 o,
Da‘1=(ﬁ ) \?;2>, H= A 2ut+X 0
° 0 3 V2%

0 0 2u

We are looking for a solution of the Lamé system Lj;u(x,€) = 0 in the following

asymptotic form

u(z,€) = u® (x) + euD(x, &) + 2u® (x, £) + O(e?). (A.0.3)
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The coefficients in (A.0.3) solve the recurrent system of equations

LeuO(z) =0, (A.0.4)
Leeu(z,8) = —Leu®(2) - LeuO(2), (A.0.5)
Leeu?D(z,8) = —LepuV(a, &) — LoeuM (2, 8) — Lozu® (). (A.0.6)

The first equation (A.0.4) is an identity. Note, that Loeu(®)(z) = 0 as well. The right
hand side of the equation (A.0.5) can be simplified as

[,gxu(o)(:z:) = D%’H(é‘)’ptiu(o) — 'D(-%’H'(&) (6“0 du 1 (a’u,o + 81}0))
)

- dz,’ 9z3' 2\0z2 Oz
3 3
=3 "C,(z)D Dt, v — ' (x)Lee V™, 0.
n;l () a%%(f) 2 ;C (x)Lge (A.0.7)

Here the following notations are used

U
u<°>=(°), Cile) = 52, Calw) = 52, Calw) = 55 (F0 4+ 20,

Vo aml, ozy’ \/§ 6_332 6_331
Jln
v _ (& o v@ - 0 oy =L &2  opvm = | 4,
0 &2 2\& o€
6311
It is possible to see that
3
uD(z,8) =Y WE)Ca@), (A0S8)
n=1
where the fields W satisfy the system
L WM (E)+ V() =0, zeR. (A.0.9)
This system has a solution if and only if the solvability conditions hold
(€ x Leggu®) =0, and  (Lgu®) =0, (A.0.10)

where (-) denotes the average over an elementary cell of the periodic structure. The

condition (A.0.10) is applied to each elementary cell separately and the periodicity
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boundary conditions for the functions W™ are specified. In the case of the square

periodical cell [1 x 1] the periodicity boundary conditions are formulated in the form

Wm(0,&) = WN(L,6), o(WM;0,6) = a(WM;1,¢,),
W (¢,0) = W(g,1), o(WM;€1,0) = a(WM;64,1).

Now consider the third equation (A.0.6). Employing the some useful notations

wd wd® w®
W= wd w@® w )’

1 2 3

_ t
Wovp vp) o @

one can write the right hand side of the equation (A.0.6) as
D o H(E)D'e W (€)C () + D o H(E)D' W(E)C(z) + D o H(E)C (=)
3 3z 8z T3 3
=D s HEOW'E)D 2 D', v ()
13 Oz Bz

+Do {u(g)p%,_ (W(g) + V(s)) }Dti u®(z). (A.0.11)
z 3 Oz
Now apply the solvability conditions (A.0.10). First term in (A.0.11) vanishes due to
the periodicity boundary conditions imposed on the function W), The second one
gives the homogenized elasticity equation
Dy AD, W) =0, zc, (A1)
T Oz

and the expression for the matrix of effective elastic moduli

H= / u(g)ptal {W(E) + V(g)}dm. (A.0.13)

€
[1x1]

It is verified by direct calculations that

o11
u(w)vj,%{vv(s)w(s)}: N
V2012

APPENDIX 175



APPENDIX A HOMOGENISATION OF THE LINEAR ELASTICITY EQUATIONS

€11
Dy (WO +VO)=| e |=c
V2e12
Thus the final relation (A.0.13) for effective elastic moduli of periodical composite with

square elementary cells can be rewritten in the form
. t
A- [ [mery{we+ve)| oy {we+ve)s
[1x1]

= [ WO+ V)W © + VO (A.0.14)
[1x1]
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