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Abstract

In image anaiysis we aim to find a description of an image from observed data. In Chapters 1
to 4 we consider the reconstruction of an image observed directly, but with noise, on a grid of
pixels as the description. In Chapter 1 we introduce statistical models both for the set of possible
images via a prior distribution, and for the noise via a likelihood. These models are combined
by Bayes’s theorem to produce a posterior distribution. The reconstruction maximizes this
posterior distribution, or, equivalently, minimizes a penalty function representing a trade off
between the infidelity of a given image to the data and its roughness, controlled by an unknown
smoothing parameter.

In Chapter 2 we investigate a modification to the usual penalty function that introduces an
edge process to model the boundaries of the image.

Direct calculation of the global minimum of the penalty function is computationally
prohibitive, except in one special case when the image comprises two colours and a fluid flow
algorithm is employed. In Chapter 3 we exploit a special feature of this algorithm to estimate
the smoothing parameter.

Simulated annealing is often used to attempt to find the global minimum. This algorithm is
controlled by a temperature schedule, the effect of which we examine in Chapter 4.

In PET (positron emission tomography) the image represents the metabolic activity of a
cross-section of an organ in the body and can be thought of as a density f. The image is
observed indirectly by a detector ring. The description of the image is now provided by a
linear functional of f, the estimation of which we consider in Chapter 5, both when the ring is
continuous and when it comprises a finite number of detectors. In Chapter 6 we illustrate this

theory with some numerical examples.

ii



Acknowledgements

This research was carried out under the supervision of Professor Bernard W. Silverman. I am
extremely grateful to him both for his guidance and encouragement during the course of this
work, and for his kindness.

I would also like to thank Mario Cortina-Borja for many invaluable discussions and for his
efficient and meticulous checking of this thesis. I am also grateful to James Duthie for reading
over the manuscript, though of course any mistakes, omissions or obscurities remain entirely
the responsibility of the author.

I would like to express gratitude to all the people who have encouraged and supported me
during the course of this work; it is impossible to name them all here. In particular I would
like to thank Luisa Franconi for many very encouraging comments and useful suggestions,
especially with regard to Chapter 4 and Chapter 5. I am grateful to Guy Nason, Nigel Phelan,
Glenn Stone and Mark Willis who were generous with help in particular concerning computer
problems. Very special thanks are also due to John Eales, Tony Garratt, Stephen Gourley
(especially for invaluable help with the analysis in Chapter 5), Howard Grubb, Merrilee Hurn,
Mike Jubb, Marion Cortina-Borja, Sergio Pezzulli, Nuala Sheehan and Katerina Tzioli, as
well as other members of the school of Mathematical Sciences for their advice, support and
suggestions. Grazie anche a tutti i miei altri amici nel dipartimento e fuori.

Additional thanks are due to my Parents and family for their continual and unfailing support.

I would like to acknowledge my gratitude to the School of Mathematical Sciences for
its excellent computational facilities without which much of this work would not have been
possible. Finally I thank the Science and Engineering Research Council and the University of

Bath for their financial support.

iii



Contents

Abstract
Acknowledgements

Statistical Image Reconstruction: Introduction to the Direct Problem

1.1 The role of statistics and the Bayesianparadigm . . . . . . ... ... .....
1.2 The likelihood, and simulating the noise distribution . . . . . ... ... ...
1.2.1 Thenoisedistribution . . ... .....................
1.3 Theprordistribution . . . . . .. ... ... .. ... . e
1.3.1 Neighbourhoodsystems . . ... ....................

1.3.2 Markov random fields, the Hammersley-Clifford theorem and Gibbs

distributions . . ... ... e e e e e e e e e e e e e e e

1.3.3 Classes of images and the ¢-function. . . . . . ... ... .. .....

1.4 Summaries of the posterior distribution . . . . . ... ... ..........
141 TheGibbssampler . . . . . ... ... .. .. ...

1.4.2 The MAP and MPM summaries of the posterior distribution . . . . . .

1.5 The Bayesian formulation and the penalty function approach . . . . . ... ..
1.6 Minimizationtechniques . . . . . . ... .. .. ... .. .
1.6.1 Simulatedannealing . .. ........... .. ... ... ...,

1.6.2 TIterated conditionalmodes . . . . .. ... ... ... ... ... ..

1.7 Areconstructionexperiment . . . . . . . . . . . vt vttt
1.8 Estimation of the smoothingparameter . . . . . . ... .............
1.8.1 Areview of Thompsonetal. . . ... ... .. ... ...........

19 Estimationofthevariance . ... ........................

iv

s
11



2 Edge Processes in Statistical Image Reconstruction 33

21 Introduction . . . . . . . . . . . i i e 33
2.2 Theapproachof GemanandGeman . . .. ... ... ............. 35
2.3 The approach of Silverman et al. to the specification of edge penalties . . . . . 38
23.1 Thetwo criteria of Silvermanetal. . .. ... ... ... ....... 38
2.4 The edge penalties of Silvermanetal. . ... .. ... ... ... .. .. ... 42
24.1 Reviewof Silvermanetal. . . .. ... ... ... ... .. ... .. 42
242 Apossiblerelationship betweenpand . . . . . . .. ... ... L. 46
2.5 Reconstruction experiments to compare Silverman et al.’s edge penalties with
Gemanand Geman’s . . . . . . . . . . ... e 47
2.5.1 Guidelines for the choice of the parametery . . . . . ... .. ... .. 49
2.5.2 Anexperiment on a 64 X 64 image withc=3colours . . . . . ... .. 50
2.5.3 Anexperiment on an image withg =64 grey-levels. . . . . . ... .. 55
26 Conclusions . . . .......... S 58
3 On Choosing the Smoothing Parameter used in the Exact Maximum A Posteriori
Estimation for Binary Images 59
31 Imtroduction . . . . . . . . . . i e e e e 59
3.2 Formulation and review of the paper by Greig, Porteous and Seheult . . . . . . 60
33 Therecord. . . . . . . . . . e 65
3.4 MAP estimation as the minimizationofapenalty . .. ... ... ... .. .. 67
341 NormalmoiSe . . . . . . . . v i ittt it e 69
342 Binarychannel . . ... ... ... ... ... ... . . ... 70
343 Theimagesused . . ... ... ... ... ... 73
3.5 Areview of the work of Jubb and some extensions . . . . ... ........ 73
35.1 Partitioning . . . . . . . . ... e e e e e 75
3.5.2 Partitioning and the modified algorithm . . . . . ... ... .... .. 76
3.6 Getting reconstructions forincreasing § . . . . .. .. ... .. ... ..., 79
3.7 A review of the approach of Frigessi and Piccioni . . . . . .. .. ... .. .. 80
3.7.1 Numericalexperiments . . . . . .. ... ... ... .. 83
372 OQurapproach . . . . . .. . . ... ... e 85
3.8 A method for choosing the smoothing parameter . . . . .. ... .... .. 85
38.1 Experiments . . ... ... ... ... 88



3.9

3.82 Results:normalnoise . . . . . . . . . . v i v it i 89

3.83 Results: binarychanmel . . . . . ... ... ............... 92
384 Conclusions. . . . . ... ... .. e 96
Other suggestions for choosing the smoothing parameter . . . . . ... .. .. 97
39.1 Twopossiblemethods .. ........................ 98
392 Someexamples . . . . . .. ... e e e e e e e e e e e 101
39.3 Furthercomments . . . ... ... ... uuunneeeeon 102

3.10 Comparing the exact MAP estimate with the simulated annealing reconstruction 102

311 Conclusions . . . . . . . . ... e 104
Simulated Annealing and Image Reconstruction 107
4.1 Introduction . . . . . . . . . . . i i i e e 107
4.2 The simulated annealing algorithm . . . . . ... ... ... .. ........ 110
421 Basicidea. . .. .. ... ... .. ... e 110
422 Simulated annealing and image reconstruction . . . . ... ... ... 111
423 Analternative annealing algorithm . . . . . .. .. ... ........ 113
424 Furthercomments . . .. . ............uuuuuenenee... 115
4.3 Four simulated annealing algorithms . . . . . . .. .. ... ... ....... 115
43.1 Someresults . ... ... ... ... e 118
43.2 Densityestimates . . . . . . . .. ... 120
4.3.3 Benefits of using the lowest value found during annealing . . ... .. 121
434 BenefitsofusingICM .. .. ... ... ... ... ... ... 123
43.5 Theeffect of different valuesof M . . . . . ... ............ 126
44 Towards some practical temperature schedules. . . . . . ... ... ...... 126

4.5

4.6

4.4.1 The choice of the first and last temperatures for geometric schedules . . 128

442 Otherschedules. . . ... ... ... ... ... ... . . . ... ... 131
443 Images withmore thantwocolours . . .. ... ............ 135
Simulated annealing and grey-levelimages . . . . ... ... ......... 138

4.5.1 A small simulation study to assess the performance of the truncated

algorithm . . . . ... .. .. ... 139
452 Practical temperature schedules for grey-level images. . . . . ... .. 141
Conclusions . . . . . . . . . . . . e 142

vi



5 Estimating Linear Functionals of a PET Image: Introduction and Theory 145

5.1 Imtroduction . . . . .. . . . ... ... e 146
5.2 Background and settingupthemodel . . . ... ... ............. 146
5.2.1 Single photon emission computed tomography . . . ... .. ... .. 147
5.22 Settingupthemodel . ... ....................... 148
5.2.3 Some proposals for the estimationofaPET image . ... ... .. .. 150

524 The minimax approach and the singular value decomposition of the

Radontransform . ... ... ... ... ... .. .. ... ..., 157

525 Realdensities . . . . . .. . .. ... e 159
52.6 Linear eSmators . . . . . . .o oot 160
5.2.77 Loss functions and equivalentsamplesize . . . . ... ... ... ... 161
5.2.8 Thelinear minimax estimator . . . ... ... ............. 164
529 Discretization . . . . . . . .. ... i it i e e 167
5.2.10 Keyassumptions . . . . . . . . . oottt e e 168
5.2.11 More notation and definitions . . . . . . ... ... .. ... ... .. 169
5.2.12 Some results for the discretecase . . . . .. ... ... ........ 171
5.2.13 Applyingtheseresultstothe PETcase. . . . . . ... ... .. .... 174
5.3 The estimation of linear functionals . . . . ... ... ............. 175
5.3.1 Restriction on the linear functionalstn be estimated . . . . . .. .. .. 176
5.3.2 Thecontinuouscase . . . ... ... .. ... ..., 178
533 Lossfunction . . .. ... ... .. ... ... 178
5.3.4 Minimax estimation of 7(1) and resulting simplifications . . . . . . . . 181
5.3.5 The minimax estimator and the minimaxrisk . . ... ... ... ... 183
5.3.6 Animportantobservation . . . ... ... ... .. .00 ... 186
537 Thediscretecase . . . . . . ... v v i i i it ittt 188
5.3.8 The limit of the minimax risksasn —e . . . . ... .. ... .. .. 192
5.3.9 Doubling the numberofdetectors . . . . ... ............. 192
5310 Moreonag, Brand % . - . - o o v v v v e e e e e e e e e e e 195
5.3.11 Radial symmetry of the least favourable function . . . . . ... .. .. 200
5.4 Other work on estimating linear functionalsof a PETimage . ... .. .. .. 202
54.1 TheworkofBickelandRitov . ... ... ............... 202
542 Simulationstudy . . ... .. ... .. ... ... 203

vii



54.3 Estimatingtheimagedensity. . .. ... ... ............. 204

5.5 Extensionsby Silvermanandothers . . .. ... ... ............. 205
56 Conclusions . . . . .. ... ... e 208
Estimating Linear Functionals of a PET Image: Some Numerical Examples 209
6.1 Introduction . . . . . .. .. .. . .. ittt e 209
6.2 Numerical examples and calculations . . . ... ... ... .......... 209
6.2.1 Twolinearfunctionals . ... ...................... 210
622 NOIMS. . . . . v vt e e e e e e e e e e e 211
6.2.3 Zemikepolynomials . . . ... ... .. ... ... .. ... ... .. 211
624 Theintegralof g, overadisc. . .. ... ... ... .......... 213
6.2.5 Theevaluationofg¢, atapoint . . . ... ... ... ... ....... 217
6.2.6 The computation of the least favourable function . . . . ... ... .. 217
6.3 Resultsobtained. . . . ... ... ... ... ... ... 218
6.3.1 Outline of theinvestigation. . . . . ... ... ... .......... 219
6.3.2 Minimaxrisks . .. ... ... ... ... o e 220
6.33 Efficiency............... e 222
6.3.4 Implications for the design of experiments and machines . . . . . . . . 224
6.3.5 Least favourable functions . . . . . . [ 226
6.4 Conclusions . . . . . ... .. ... e 230
Bibliography 231

viii



Chapter 1

Statistical Image Reconstruction:

Introduction to the Direct Problem

The first part of this thesis comprises this chapter and Chapters 2, 3 and 4, and considers
some topics in statistical image reconstruction when the data have been observed directly, but
imperfectly, on a grid of picture elements known as pixels. In these chapters we define image
reconstruction as the removal of noise from the observed data to reveal the image which would
have been viewed under ideal conditions. The techniques associated with image reconstruction
have many applications in subjects such as astronomy, remote sensing, industrial inspection,
biological taxonomy, stereology and satellite imaging to name but a few.

We consider a two dimensional region partitioned into pixels. In this chapter we assume
for simplicity that the region and the pixels are square (or possibly rectangular), but almost
all the techniques can be easily generalized to irregular and uneven pixel arrays. Such arrays
" are discussed, for example, in Silverman, Jennison, Stander and Brown[39], where an edge
process is introduced to approximate the boundaries that are present in the underlying real image
regardless of the pixellation (see also Chapter 2) and Silverman, Jones, Wilson and Nychka[40],
where a pixellation is introduced in the context of positron emission tomography (PET) that
ekploits circular symmetries and leads to substantial computational savings in both storage and
time (see also Section 5.2.3).

Let us assume that the image comprises 7 pixels, indexed by i, and that the true value at
pixel i is x;. The image is, however, observed imperfectly and at pixel i a degraded record (or

signal) y;, related to x}, is observed. In the main, we shall assume that the records y, ..., y, are



conditionally independent given the image, and that
yi ~ N, &),

where the variance x > 0 is assumed known. We shall refer to this type of degradation
mechanism as ‘normal noise’. In Section 1.9 we briefly discuss the estimation of the variance
of the noise in the case when « is unknown. In Chapter 3, where we consider images whose
pixels can take only two colours (0 and 1, corresponding to white and black), we introduce
a different type of degradation mechanism, in which each pixel switches colour with known
probability. There we refer to this type of degradation mechanism as the ‘binary channel’.

If we define x* to be the n x 1 vector with entries x, and y to be the n X 1 vector with

entries y;, then in the case of normal noise we can write
y=x"+¢g (1.1)

where £is an nx 1 vector with multivariate normal distribution A/(0, x I) and I is the nxn identity
matrix. Many authors work with a much more complicated set-up. For example, Geman and

Reynolds[14] consider
y= H x* +¢g (1.2)

where now y and € are m X 1 vectors, and H is a known m X n matrix, with m < n, representing
the point spread function by means of which blur is modelled. In general m < n due to the
nature of optical blurring. We do not study blurring in this part of the thesis, but restrict our
attention to the model given in equation (1.1). Our aim is to deduce the true image given the

record y.

1.1 The role of statistics and the Bayesian paradigm

A very good introduction to the role of statistics in image reconstruction is given by Jubb[24].
Although image reconstruction has a long history, it is only since the 1980’s that statisticians
have begun to regard it as a legitimate part of their subject. But what have statisticians to add
to what has been done by physicists, electronic engineers and computer scientists? A possible

answer can be obtained from the recognition that statistics can offer a good treatment of the



degradation mechanism and good models for the true image. The general Bayesian paradigm
can be applied directly to the image problem. Let the set of all possible images be X’. Assume
for the moment that we can write down a prior distribution Pr (x) for all x € X’ that in some
way reflects our beliefs about images. A very commonly held belief is that nearby pixels of
the image should take similar values. We shall formalize this notion in Section 1.3 where we
discuss the concept of neighbourhood. From our knowledge of the noise we can write down the
likelihood of the record y given an image x, as I(y | x). The prior distribution and the likelihood
can be combined by means of Bayes’s theorem to give us the posterior distribution of an image x

given the (fixed) record y:
Pr(x|y) = I(y | x) Pr(x), (1.3)

where the constant of proportionality does not depend upon x. In general, the idea is now to
try to summarize this posterior distribution by giving a single estimate of x and we discuss
possible summaries of the posterior distribution in Section 1.4. However, before we can make
any further progress we must discuss the form of the likelihood and the prior distributions.
From the assumptions that we have stated above it is quite easy to write down the likelihood,
and we briefly discuss it in Section 1.2. The prior distribution is much more difficult and is

discussed in detail in Section 1.3.

1.2 The likelihood, and simulating the noise distribution

We have already stated that we make the assumptions that given any image x, the records
Y1, ..., yn are conditionally independent, and that each y; has the same known conditional
density function f(y; | x;), dependent only on x;. (In Section 3.3 we shall discuss the possibility
of relaxing the second assumption.) Thus, the conditional density of the observed image y given

an image x is simply

Wy|x) = Hf(yi EN (L4)

i=1



If we assume that the distribution of the record y; at pixel i given x; is normal with mean x; and

known variance x > 0, we have

Qa1 —0i—x)
f(}’tlxt)—\/zﬂ_—xexp{ 2% },

and from equation (1.4)
n 1 & )
log i(y|x)=—= log2zx)— — > _(i—x)". (1.5)
2 2K =1

We remark here that the first term of the right hand side of equation (1.5) does not depend
upon x and that this log-likelihood form will be useful when we consider the penalty function

approach in Section 1.5.

1.2.1 The noise distribution

We have seen that the records y, ..., y» are conditionally independent given the image and
that y; ~ M(x}, x), where the true value at pixel i is x; and the variance x > 0 is assumed
known. For most of the experiments that are described in this part of the thesis, we add pseudo
white noise of known variance x to a known true scene. To generate this pseudo white noise
numbers uniformly distributed between 0 and 1 are produced, and these are then transformed
into standard normal variates. We find numbers that are uniformly distributed useful in their
own right: for example, we use them with the Gibbs sampler (see Section 1.4.1), in performing
simulated annealing (see Section 1.6.1) and in simulating the degradation mechanism known
as the binary channel (see Chapter 3).

An algorithm due to Wichmann and Hill[45] was used to produce numbers uniformly
distributed between 0 and 1, excluding the end points. Three simple congruential generators

(see Ripley[32]) of the form
X,’ = aX,-_l mod M

are used, where the a s and M s are specified by the authors. Each generator has a prime number
for its modulus M and a primitive root for its multiplier a, that is, a#0 and a® /7 # 1 mod M
for each prime factor p of M — 1. This ensures that each generator has a full period or cycle-

length. At each stage, the numbers produced by these three generators are combined in such



a way as to generate realizations from the 2/(0, 1) distribution. The whole system is set-up in
such a way as to ensure that the cycle length of this generator is the product of the individual
cycle lengths, and is thus very long.

Each pair, U; and Uy, say, of independent /(0, 1) fealizations produced are transformed
inio independent realizations, V; and V., say, from a U(-1, 1) variate. Next the following
algorithm is employed to produce two independent normal variates from the two independent

U(-1, 1) variates.
Algorithm 1 (Ripley[32], Algorithm 3.6 (polar))

1. Repeat: Generate Vi, Vs ~ U1, D, until W= V2 + Vi ® < 1

2. Lat C=+/-2W'logW

3. ReturnX=CV,,Y=CV,
Step 1 is a rejection method leaving (Vi, V) uniformly distributed in the unit disc. The X and
Y so produced can be shown to be standard normal variates.

This algorithm performs well in as much as unwanted structure seemed not to be present.

Other algorithms that we tried seemed to demonstrate such structure. For example, when we

generated independent (0, 1) variates by means of the congruential generator
X; = (69069 Xiy + 1) mod 2%, U; = 272X;

(see Ripley[32], page 46), and transformed these into pairs of standard normal variates by means
of the following algorithm
Algorithm 2 (Ripley[32], Algorithm 3.1 (Box-Muller))

1. GenerateU; ~U(0,1), set®=2rU,

2. Generate U, ~U(0,1), setE=-logU, R=V2E

3. X=R cos O, Y =R sin O are independent standard normal variates
we found that, if we displayed 65536 such standard normal variates on a 256 X 256 pixel grid

by defining a pixel to be white if the appropriate variate was icss than 0.0 and black otherwise,

" streaks appeared across the resulting image. Such problems did not occur with the uniform



variates of Wichmann and Hill[45] and Algorithm 1. Moreover, Algorithm 1 does not require
the calculation of the two trigonometric functions used by Algorithm 2 and is thus substantially

faster, at the expense of a little extra complexity.

1.3 The prior distribution

Besag{4] points out that whereas the specification of /(y)x) is in general relatively easy,
being governed by physical considerations concerned with the sensing device for example,
the specification of the prior is more of an art, and hence more difficult. The general aim
is not to model the global features of the true image, but to try to capture some of the local
characteristics. In this section we attempt to model the very commonly held belief that nearby
pixels take similar values. First we must formalize the notion of ‘nearby’, and we do this by
means of the concept of neighbourhood in Section 1.3.1. This concept of neighbourhood allows
us to introduce locally dependent Markov random fields (or Gibbs distributions)in Section 1.3.2
as a way of modelling probabilistically the above mentioned commonly held belief about the

set of images.

1.3.1 Neighbourhood systems

In this section we attempt to formalize the notion of ‘nearby’ by introducing the concept of
neighbourhood system. We have seen that the true scene is observed on a grid of square pixels
as illustrated in Figure 1.1. We can think of each pixel as a node of a finite graph, and we
represent these nodes in Figure 1.1 by circles. Two pixels are said to be neighbours if and
only if they are joined by an arc of the graph. In Figure 1.1 we illustrate both the first-order
neighbourhood system (in the top left corner) and the second-order neighbourhood system (in
the bottom right corner); the solid lines joining the pixels are the arcs of the graph, and thus
represent the neighbourhood relationships. We can see from Figure 1.1 how the concept of
neighbourhood relates to the notion of ‘nearby’. A cligue c is defined to be a set of pixels
all of whose elements are neighbours. In Figure 1.2 we illustrate all the possible cliques
corresponding to the neighbourhood systems illustrated in Figure 1.1. We denote the set of all
pixel cliques in the image by C. Our definition has imposed symmetry in naming neighbours:
that is, if pixel j is a neighbour of pixel i, pixel i must be a neighbour of pixel j. As a further

piece of notation, we introduce di to represent the set of neighbours of pixel i.



o
o
o
o
o

First order
mO Y Y O

© O O O
© O
©C © OO

H"
i-P fr Second order
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1.3.2 Markov random fields, the Hammersley-Clifford theorem and Gibbs

distributions

To define the prior distribution Pr(x) we make the usual assumption that the true image x*
is a realization of a locally dependent Markov random field. Now that we have introduced
the notion of neighbourhood we can define such a Markov random field. A locally dependent
Markov random field, as defined by Besag[3], is a joint probability distribution on the set X’ of

all possible images subject to the condition
Pr (x; | xs\;) = Pr (x; | x3:),

where § is the set of all pixels. The condition, although specified locally, implies a global
pattern and is known as the Markov condition. Geman and Geman[12] and Jubb[24] include

the so-called positivity condition, namely
Pr(x)>0forallx € A,

in their definition of a Markov random field; we shall do likewise throughout this thesis.

Even when each pixel has only a few neighbours, unobvious consistency conditions,
given by the Hammersley-Clifford theorem (see, for example, Besag[2]), delimit the functions
admissible as conditional probability distributions. The Hammersley-Clifford theorem also
provides a connection between the purely graph-theoretic neighbourhood relationships on the
lattice with the algebraic form of the distribution function. This theorem may be stated as

follows:

Theorem 1 (Hammersley-Clifford) Any probability distribution on the set of all possible
images X which is alocally dependent Markov random field (satisfying the positivity condition)

is of the form

Pr(x) = %exp {- > Vc(x)} (1.6)

ceC
where Z is a constant of proportionality and V.(x) is a function only of the x; with i in clique c.

The distribution given by equation (1.6) is often referred to as a Gibbs distribution relative to
the appropriate graph; see, for example, Geman and Geman[12]. The term ), ¢ V() is often

referred to as the energy function, and the family {V.(x)|c € C} is called a potential. From



equation (1.6) it is easy to write down the conditional distribution of x; given the values at the

other pixels:

Pr (x;| x5\i) > exp {— > Vc(x)} (L7)

ce(

where C; is the set of all cliques that include pixel i. This conditional distribution can thus be
seen to involve only the values at pixels that are neighbours of pixel {, and hence the so-called
Markov condition in the definition of a Markov random field is satisfied.

The prior distribution that we use throughout this part of the thesis is of the form specified

by equation (1.6) although not all the cliques shown in Figure 1.2 are involved:

Pr (x) o< exp {—ﬂ (Z¢(|x,-—x,-|)+DZ¢(|x,-—x,-i>) } (1.8)

[ij] <&j>

where f 2 0 can be thought of as a smoothing constant, ), indicates summation over
horizontal and vertical neighbours, 3°; . indicates summation over diagonal neighbours and
¢(u) is a function that we shall discuss in Section 1.3.3. If D = 0 then the model is said to
be first-order, as only horizontal and vertical neighbours are involved in the specification of
the prior, whereas if D # 0 diagonal neighbours are also involved and the model is said to be
second-order. Jubb[24] presents a discussion about the choice of D with several illustrative
examples. Our experience is that, from the visual quality of reconstructions produced, little
advantage is to be gained by using a second-order model as opposed to a first-order model
despite the greater cost of computation and overall complexity. Accordingly, we concentrate
almost entirely on the first-order model, although almost all our techniques apply equally well
to the second-order model. One example using a second-order model can, however, be found
in Section 1.9.

All that we now need to do to specify the prior distribution is to define the function ¢. We

discuss this function in Section 1.3.3.

1.3.3 Classes of images and the ¢-function

We consider two classes of images. The first comprises images whose pixels can take any of
a finite number ¢ of unordered colours. These colours can be thought of as labels referring to

attributes of the pixels. In this case we set ¢ (1) = I(u#0), where [ is the indicator function, and



the prior distribution takes the form
Pr (x) o< exp {—ﬂ (v“)(x) +D v<2)(x)) } , (1.9)

where v(U(x) is the number of discrepant first-order pairs in the image and v®(x) is the number
of discrepant second-order pairs. This prior is sensitive only to the existence of differences
between the values taken by pixels, rather than to the size of the differences. If the colours
have a natural ordering, usually ranging from black to white, they are referred to as grey-levels.
Often we assume that each pixel can take one of g grey-levels, where g = 64 or g = 256. For
grey-level images a different ¢, and hence a different prior distribution, is employed that does
take account of the size of the difference in intensities between neighbouring pixels. We follow
the approach of Jubb{24] and Geman and McClure[13]. These authors in effect use a family of

¢s, indexed by a parameter a > (. The function ¢, is defined as

1 1

¢a(u) = 1- m = W (110)

When « = |x; — xj|, this ¢, can be thought of as a penalty for the discrepancy of the grey-levels
taken by pixel i and pixel j. The general idea behind this family is that for large discrepancies,
and hence large values of u, the value of ¢,(u) is about the same. Thus, the problem of
‘over penalizing’ very large discrepancies which might occur as a result of a natural boundary
between regions is avoided. In Chapter 2 for both classes of images we consider a modification
to the prior distribution that employs an explicit edge process to model the boundary between
regions. In Figure 1.3 we present a graph of ¢,(u«), u = 0, for five different values of . It can
be seen from the graph that ¢,(0) = 0 and @,(u) — 1 as u — oo, for all values of @. Moreover,
it is clear that as « increases the value of ¢,(u) for fixed u increases. Jubb[24] explains that &
determines the amount of variation that is permitted within regions; large values of o restrict
variation. He presents some analysis that leads to a suggestion about the choice of the value of .
However, in our experiment we choose & (and §) by trial and error to give good reconstructions.
In fact, in the reconstruction experiment that we present in Section 1.7 we set ¢ = 0.075 and
B = 2.5. With such a value of , and small u (u < 3 for example), ¢ ,(u) looks like a quadratic
in u. We note that with both ¢ (u) = ¢,(«) and ¢ («) = I(u #0) images x that maximize Pr (x) are
of constant intensity.

Green[15], working in the context of single-photon emission computerized tomography
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(SPECT), sets

(p(uw) = ya(u) = ci log cosh(c2a ll2u) 1 11)

where ci and & are chosen to match the prior of Geman and McClure[13] in the sense that
max (p\" =max y/i' and @ " (0) = y/4i " (0). With this choice of ¢\ and C, < («) and yq (u) are
very close for all # with |m] < 1. Again we have that y/a(0) = 0. Green[15] explains that the
Va s yield quite a flexible family of prior distributions. In particular, if 3 — °°and a —0
in such a way that a/3 -> k, then [3y/a(u) ku?2 for all u. The resulting prior is referred to
as a Gaussian pixel prior by Besag[4]. He points out that such priors are unsatisfactory in the
presence of real discontinuities, which they will smear out in a reconstruction experiment. If
/?-> 0 and a -» « such that a /23 -> k, then f3y/a(u) —» k \ul. The resulting prior is referred
to as a median pixel prior by Besag[4]. He points out that the resulting conditional distribution
ofxi, given all other values (i.e., given its neighbours), has its mode at the median rather than
the mean of the neighbouring Xj s and hence performs better than the Gaussian pixel prior for

reconstructing surfaces with discontinuities. In fact, Green[15] setsa = 1/\/50 = 0.141 and
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£=02.
Geman and Reynolds[14], working with blurred images, take

$(u) = (1.12)

T+ @)

up to an additive constant. This ¢ shares many of the properties of Geman and McClure[13]’s ¢,
as given in equation (1.10), e.g. ¢(0) = 0 and ¢(u) — 1 as u — oo; both priors belong to the

general family

1

0 = Ty

indexed by y. Function (1.12) is concave, whereas the log cosh function (1.11) is convex
for u € (0,-°). Geman and Reynolds{14] note that the function (1.12) has strictly positive
derivative (from above) at the origin, and explain in their Section 1.2 that this property together
with concavity discourages the interpolation of a reconstruction towards the data. This is
shown to be especially useful for the recovery of discontinuities in the presence of blurring.
Convex functions considerably simplify the computational problem (see Besag[4] Section 4.1,
or Green[15] Section V), but often lack this non-interpolating property.

Finally, we should point our that although the prior distributions that we consider are widely
used in the literature, they are relatively simple and only attempt to model the general features
of an image. More sophisticated priors that attempt to model more specific knowledge of the

class of images under consideration are sometimes employed.

1.4 Summaries of the posterior distribution

Now that we have defined the likelihood in equation (1.5) and the prior distribution in
equation (1.8) we can use Bayes’s theorem, as expressed in equation (1.3), to combine our
model for the noise with our prior knowledge of the true scene. Hence the posterior probability

can be written as

1 n
Pr (x| y) o< exp {—ﬂ > i-x)*-B (Z¢(txi—:cj|)+02¢(|x,-—x,-l)) } (1.13)
=1

[l <ij>

Inspection of equation (1.6) reveals that this posterior distribution is a Gibbs distribution

relative to the same neighbourhood graph as the prior distribution. Thus, as we have seen in
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equation (1.7), the conditional distribution at each pixel, given the values at all the other pixels,
can be computed easily from essentially local information. This fact is extremely useful when
it comes to using the Gibbs sampler (Section 1.4.1), and the simulated annealing (Section 1.6.1)
or ICM (Section 1.6.2) algorithms.

We try to summarize this posterior distribution by giving a single estimate of x. We discuss
two possible summaries, the maximum a posteriori (MAP) estimate and the maximum posterior
marginal (MPM) probability estimate, in Section 1.4.2. First, in Section 1.4.1 we discuss a way

of sampling images x € A from the posterior distribution Pr (x| y) known as the Gibbs sampler.

1.4.1 The Gibbs sampler

In this section we describe how samples can be generated from a given posterior distribution.
The method that we shall describe was introduced in the context of image reconstruction by
Geman and Geman[12]. It is, however, a special case of the method proposed and discussed
by Hastings[19], which itself is a generalization of the famous Metropolis method. In fact, the
Gibbs sampler can be used to generate images from any suitable distribution; in Section 3.4.3
we employ it to generate binary images from the prior distribution (1.9) with various values of
B. We saw above that the posterior distributions that we use in image reconstruction are Gibbs
distributions as defined in Section 1.3.2, and this motivates the use of the term ‘Gibbs sampler’
by Geman and Geman[12].

The idea is to produce a Markov chain (see, for example, Stander, Farrington, Hill and
Altham[42]), with state space X" and limit distribution Pr (x| y). After an initial (perhaps long)
period in which the process settles down, a simulation of this chain produces a sequence of
(dependent) images sampled from Pr (x| y). The actual implementation is simple and proceeds

according to the following algorithm:
Algorithm 3 (Gibbs sampler)
1. Produce an initial image (for example, assign a colour to each pixel at random)

2. Visit each pixel in the image by means of a raster scan and replace the current value by
one sampled from the conditional distribution of the value at that pixel, given the current

states of all the other pixels

3. Repeat many times
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Geman and Geman[12] show that asymptotically the choice of the initial image is not important.
Of course, we must be able to compute the associated conditional distributionin Step 2. Because
the distributions that we consider in image reconstruction are Gibbs distributions, this is an
easy task. To sample from the conditional distribution in Step 2 we need to be able to generate
numbers uniformly distributed between 0 and 1. We described an algorithm for doing this in

Section 1.2.1.

1.4.2 The MAP and MPM summaries of the posterior distribution

In this part of the thesis we shall concentrate almost exclusively on the summary of the posterior
distribution known as the maximum a posteriori (MAP) estimate. This is the image x € A
that maximizes Pr (x|y). In the context of decision theory, the MAP estimator corresponds to a
zero-one loss function, according to whether the reconstruction is perfect or imperfect. Thus, all
incorrect choices for the reconstruction are equally penalized. This has been cited as a criticism
of the MAP estimate (see Besag[4]).

Another summary is the maximum posterior marginal (MPM) probability estimate. This
is the image that maximizes the marginal posterior probability Pr (x;|y) at each pixel i. In the
context of decision theory, the MPM estimate corresponds to a loss function that counts the
number of misclassified pixels. The MPM estimate can be found by sampling repeatedly from
Pr (x| y) by means of the Gibbs sampler, and at each pixel storing a histogram of the values of
x; taken. The MPM reconstruction at pixel i is then the value corresponding to the mode of this
histogram. Other appropriate summaries of the histogram can also be considered. In addition, in
reconstructing a grey-level image, we can attach an approximate Bayesian confidence interval
to each pixel, and with colour images we can assign a probability estimate, rather than single
colours. Of course, as Besag[4] points out, such confidence interval or probability estimates

must not be interpreted too rigorously because of the known defects of the prior.

1.5 The Bayesian formulation and the penalty function approach

We have seen in Section 1.4 that we try to summarize the posterior distribution by giving a
single estimate of x, and that in this part of the thesis we concentrate upon the MAP estimate,

i.e. the image x € X' that maximizes the right hand side of the posterior distribution given
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in (1.13). Equivalently, we can attempt to find the image x € A’ that maximizes

1 n

=52 2 0i=x) =B | Do oki—x)+D D pn-x) | . (1.14)
=1 4] <ij>

This is a penalized log-likelihood (see equation (1.5)): the logarithm of the likelihood of the

image x given the record y is penalized by a term that measures the roughness of x, namely

p (Z¢<ui—xj|)+DZ¢(|x,-—x,-|)) :

[i.4] <ij>

It is more common, however, to consider the minimization of the following penalty function

1 n
'Z—K;(Yi—xi)2+ﬂ (Z¢(|x,~-xj|)+DZ¢(m_xj|)) (1.15)

L)) ' <5j>

over the set of all images A’. This penalty function is often referred to as the (posterior) energy,
and thus we shall also refer to it as E(x). It represents a trade off between infidelity of the
reconstruction x to the data y, and the roughness of the image x. The balance of this trade off
is in effect controlled by the unknown parameter § = 0. If, on the one hand, § = 0, the second
or roughness term of (1.15) makes no contribution to the penalty function and the image that
minimizes E(x) is the one in which every pixel i takes on a value that is closest to its record y;.
This reconstruction, which uses no spatial information, will be referred to as the maximum
likelihood estimate. 1f, on the other hand, £ is infinitely large, the contribution of the first term
of (1.15) becomes unimportant and the image that minimizes (1.15) is such that every pixel
has the same value. We shall refer to the parameter f as the smoothing parameter. Often in
reconstruction experiments in this part of the thesis we shall choose 8 by eye so as to give
reconstructions that appear good. This is how we proceed in Section 1.7. Much research has,
however, been done concerning the estimation of the smoothing parameter. We present a brief
review of some of this in Section 1.8. In Chapter 3 we discuss methods of estimating § when
the true image comprises only two colours.

From a philosophical point of view there is a difference between the g that appears in the
prior (and posterior) distribution, and the f that appears in the penalty function. In the former g
is a smoothing constant, whereas in the latter it is a smoothness parameter. We shall, however,
not be rigorous in making this distinction in this thesis.

Our interest now turns to finding the global minimum of E(x). Of course, we have
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not presented any theory to suggest that this global minimum will necessarily be a good
reconstruction, in terms of the percentage of misclassified pixels, for example. (For further
comments on the percentage of misclassified pixels as a measure of the quality of a
reconstruction see Section 1.7.) Indeed some researchers feel that the MAP estimate can often
give too much emphasis to the global properties of the prior distribution (see Besag[4]). We
feel, however, that this minimization problem is worthy of consideration in its own right. In
essence, this is the subject of Chapter 4. The global minimization of the penaity function (1.15)
can, in theory, be achieved by a direct search over all ¢ possible images, where ¢ is the number
of colours or grey-levels in the image, and # is the total number of pixels. In practice, however,
for even moderate values of ¢ and 7 such a search is not computationally feasible, and other

techniques to minimize (1.15) have to be employed. We discuss these in Section 1.6.

1.6 Minimization techniques

We have seen that our aim is to find the image x € A’ that corresponds to the global minimum
of the penalty function E(x) given by expression (1.15). In theory, the global minimum of E(x)
can be obtained by simulated annealing, as proposed by Geman and Geman[12]. We outline
simulated annealing briefly in Section 1.6.1. It is not well known, however, how simulated
annealing performs in practice. Accordingly, in Chapter 4 we present a thorough study of this
stochastic optimization technique. Simulated annealing is very computationally expensive, and
an alternative simple deterministic algorithm, known as iterated conditional modes (ICM) is
often used. We outline this technique in Section 1.6.2. Both simulated annealing and ICM
are iterative algorithms. In effect, at each iteration a new image is generated by visiting each
pixel in turn and updating it in an appropriate fashion. The final image in this sequence is the

reconstruction.

1.6.1 Simulated annealing

The basic idea behind simulated annealing is that, instead of sampling from the (posterior)

distribution

Pr(x]y) o< exp {—E(x)}

16



directly by means of the Gibbs sampler (Section 1.4.1) for example, we sample from a
probability measure defined on A" by
7(x) o< €Xp {—@}
T

where 7 > 0 is a control parameter known as the temperature. In the limit, as 7 \, 0,
7(x) assigns unit probability to the MAP image. Thus, it is credible that if 7 is decreased
to zero sufficiently slowly during the sampling process, the MAP image should result. We
discuss this in greater detail in Section 4.2.2. In essence the algorithm escapes from local
minima by allowing changes that increase E(x), as well as decrease it. As we shall see in
Section 1.6.2 ICM only allows images that decrease E(x) and so that technique does not permit
an escape from a local minimum. The way in which 7 is changed is known as the temperature
schedule. Geman and Geman[12] state and prove a theorem conﬁﬁning this convergence for a
temperature schedule in effect of the form z(r) = C/ log(1 + ¢), where C is some (possibly
very large) constant that depends upon the function E(x) to be minimized and t — oo is
the number of iterations of the image that have been started. Geman and Geman[l2] show
that this convergence does not depend upon the initial image used by the algorithm. This
theorem is, however, an asymptotic result. In practice the algorithm can only be run for a
finite time, thus giving an approximation to the MAP image. (Greig et al.[17] show that
when the image comprises only two colours the global minimum of E(x), sometimes referred
to as the exact MAP estimate, can be found by means of a fluid flow algorithm. This is
discussed further is Chapter 3.) In Chapter 4 we discuss the finite behaviour of the simulated
annealing algorithm, suggest some modifications to the standard annealing algorithm, and
examing different temperature schedules. We have already seen that simulated annealing is
very computationally expensive. This is especially true when the number of possible values
that can be taken at each pixel is high, such as is the case for grey-level images. Geman
and Reynolds[14], working with these images, propose a slight modification to the standard
annealing algorithm in order to reduce the computation recjujred. They refer to this modification
as the ‘truncated algorithm’. When updating the value of the estimate of the image at pixel i,
instead of sampling from the actual conditional distribution of x; that puts positive weight on
all g grey-levels, the support of the distribution is reduced to the values obtained by taking the
union of small intervals (of five grey-levels in our case) about the current value at site i, the

current values at the neighbours of i, and the data value y;. We examine the truncated algorithm
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further in Section 4.5.

We finish this section by remarking that the x produced by the simulated annealing algorithm
may not even correspond to a local minimum of the penalty function. In Section 1.6.2 we
describe a simple modification that overcomes this defect. An example of the use of the

truncated algorithm of simulated annealing with this simple modification is givenin Section 1.7.

1.6.2 Iterated conditional modes

A very clear description of the ICM method can be found in Besag[3] or Besag[4]. ICM is
a simple deterministic algorithm closely related to the Gibbs sampler. However, instead of
sampling randomly at each stage, ICM selects the mode of the relevant conditional distribution.

In our case this is equivalent to selecting at pixel i the value of x; that minimizes

i(y,--x,-)%ﬂ{z $i-xi)+D Y ¢(1x.~-x,-|)}, (1.16)
jedim jeai®
where 9! are the first-order neighbours of pixel i and 9i'¥ are the second-order neighbours,
with the appropriately chosen ¢-function. It can be easily shown that this procedure cannot
decrease Pr (x|y)—or increase E(x)—at any stage, and hence the method will converge to a
local minimum of the penalty function E(x). ICM is computationally inexpensive, usually
requiring less than 10 iterations for convergence. Moreover, only pixels whose neighbours
have changed since they were last visited need be considered in any given iteration, and this
reduces computation even further. The reason for this can be seen from expression (1.16). If
the neighbours of pixel i have not been changed since that pixel was last considered, then the
minimization problem is unchanged and thus the value that achieves the minimum will also
be unchanged. Such computational savings are especially important when dealing with grey-
level images. However, ICM is sensitive to tﬁe choice of the initial image. Besag[3] suggests
the use of the maximum likelihood estimate as the initial estimate, and we shall follow his
suggestion in all our experiments. Jubb[24] examines the effect of different initial estimates,
such as images all of whose pixels take the same value. He shows that, when the value of
the smoothing parameter g is high, the ICM algorithm cannot move away from such initial
estimates. We present an example of the ICM algorithm in action in Section 1.7,

We have seen that the ICM algorithm always converges to a reconstruction corresponding

to a local minimum of the penalty function E(x), whereas the simulated annealing algorithm
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need not do so. If we apply the ICM algorithm with the reconstruction that is produced by
the simulated annealing algorithm as initial image, we will obtain a new reconstruction that
not only corresponds to a local minimium, but that has a lower value of the penalty function,
as ICM can only decrease E(x). We shall see an example of such a procedure in Section 1.7.
Our experience is that if a reasonable reconstruction is produced by the simulated annealing
algorithm, the inclusion of ICM will have little effect from a visual point of view other than
to remove speckle error. ICM can be thought of as zero-temperature simulated annealing to
convergence. Thus, we can interpret the inclusion of ICM at the end of simulated annealing as

the addition of some zero temperature steps to the temperature schedule.

1.7 A reconstruction experiment

We now attempt to illustrate simulated annealing and ICM by means of a reconstruction
experiment. Althoughour main concern is with the value of the penalty function E(x), as given
by (1.15), obtained by the algorithms, we also present the reconstructions produced. In order
to provide some indication as to the quality of the reconstruction, we give the percentage of
misclassified pixels. Unfortunately, this can be misleading for several reasons. Ripley[33]
illustrates one of them by an example which shows two reconstructions of a binary scene both
with error rate 3.5%. One reconstruction, however, is visually much more acceptable than the
other. The example that we shall consider is based on a grey-level image. In this case, there
is another reason why the number of misclassified pixels fails to provide us with an accurate
assessment of the similarity of the reconstruction to the true image: a pixel in the reconstructed
image that has only a slightly different grey-level from that in the original image would be
considered to be misclassified. In an attempt to overcome this problem, we present histograms
of the grey-levels taken by a reconstruction.

We present the true image in the top two pictures of Figure 1.4. We consider this image
again in Section 2.5.3 and in Section 4.5. It comprises 32 x 32 pixels, and four distinct regions
based on the three grey-levels, 15, 30 and 45. The histogram gives the numbers of pixels
taking these grey-levels, and we assume that there are g = 64 possible grey-levels. In general,
fluctuation within regions is allowed, but this example does not exhibit this phenomenon, as
our main interest is with the minimization of the penalty function.

Next the true image is corrupted by the addition of independent normal noise with mean 0.0
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Figure 1.4: A reconstruction experiment on a grey-level image
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and known variance x = 20.0. Thus, if the grey-level of pixel i is x;, the record at that pixel y; is
a random variable with distribution A (x;, 20.0), independent of all other pixels. In the sccon.d
two pictures of Figure 1.4 we present the maximum likelihood estimate of the true image: to
each pixel { we assign the grey-level that is closest to the record y;. The associated histogram
shows how the number of grey-levels taken by the maximum likelihood estimate is greater
that the numbér taken by the true image. In this maximum likelihood estimate there are 923
(90.14%) misclassified pixels.

The penalty function E(x) that we now attempt to minimize is obtained from (1.15) by using

the ¢-function defined by equation (1.10). Accordingly, it takes the form

1 n
E® =53 0i= 5+ {Z%(m ~x)+D S gl —le)}, (1.17)
i=1

(i) <>

where

Palu) = T @)

We take @ = 0.075 and § = 2.5, and consider a first-order mddel by setting D = 0.0. The
true image has a value of E(x) equal to 724.20, whereas the value of E(x) for the maximum
likelihood estimate is much higher, at 2671.39. The third set of two pictures shows the
reconstruction obtained by applying the ICM a]gorithrh starting from the maximum likelihood
estimate. The ICM al gbn’thm requires 9 iterations for convergence (no pixels are changed on
the final iteration) and yields a reconstruction with 644 (62.89%) misclassified pixels and a
value of E(x) as given by (1.17) equal to 781.03. The appropriate histogram of Figure 1.4
shows three distinct regions corresponding to the grey levels 15, 30 and 45. Examinatidn of the
reconstruction itself shows basically the four regions of the true image but with somé problems
at the boundaries of the regions. Figure 1.5 shows how the penalty function E(x) behaves when
the ICM algorithm is applied. The initial va.iue of E(x) is gi\}cn by the maximum likelihood
estimate and is shown as the value at iteratioﬁ 0. It can be seen that each iteration of ICM brings
about a decrease in the penalty function. The horizontal line indicates the value of E(x) given
by the true image. _

_ The bottom pair of pictures of Figure 1.4 shows one ‘reconstruction obtained by the
sfoéhastic simulated annealing algorithrﬁ followed by ICM fo convcrgcncé. We used 64

iterations of simulated annealing with a straight line temperature schedule as advocated by
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Geman and Reynolds[14] (for further details see Chapter 4). The temperature on the first
iteration was 0.3, and the temperature on the final iteration was 0.05. Although for this
reconstruction we used the truncated algorithm as described in Section 1.6.1, very similar results
were obtained using the standard algorithm. The iteration of simulated annealing that yielded
the lowest value of E(x) as given by (1.17) at 721.41 was the final iteration. At this stage there
were 296 (28.91%) pixels misclassified. Convergence to a local minimum from this image
was achieved after 3 iterations of ICM (no pixels were changed on the final iteration, and 24
and 2 pixels were changed on the first and second iterations, respectively). The value of E(x)
was then 718.93 and 287 (28.03%) pixels were misclassified. Thus, the use of ICM at the
end of the simulated annealing algorithm has reduced the penalty function, but only by a very
small amount. This value of E(x) is a little lower than the value of 724.20 achieved by the true
image. Turning to the reconstruction itself, we see that the four regions are well reconstructed.
The associated histogram is very similar to that of the true image. Figure 1.6, which should
be contrasted with Figure 1.5, shows how the penalty function E(x) behaves. The unbroken
horizontal line again indicates the value of (1.17) achieved by the true image, while the broken
horizontal line shows the value achieved by ICM alone. The left hand vertical line indicates
the first iteration of simulated annealing, whereas the right hand vertical line indicates the first

iteration of ICM. We note from Figure 1.6 the lack of monotonicity of the penalty function.

1.8 Estimation of the smoothing parameter

We have seen that the reconstruction process can be thought of as the minimization of a penalty
function (1.15) that represents a trade off between infidelity of the reconstruction to the data
and roughness controlled by a smoothing parameter 8. This smoothness parameter § originates
from the prior distribution Pr (x), which we shall write as Pr(x; §) in this section where this
makes the argument clearer. In Section 1.7 and elsewhere in this part of the thesis we chose f
by eye to give reconstructions that appear good. This method is especially appropriate when
the reconstruction method is computationally inexpensive. An excellent example of such an
approach when the image comprises just two colours is shown in Section 3.6. There, for a
sequence of increasing fs, images that corresponds to the global minimum of (1.15) can be
found relatively inexpensively. We refer to these images as exact MAP estimates. In the same

chapter we go on to discuss automatic methods of estimating S for binary images. Jubb(24]
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also studied the problem of specifying f when considering the exact MAP estimate of binary
images, but from a different angle. He observed that the exact MAP estimation is sensitive to
small changes in the choice of S (see also Section 3.2), and thus in his Chapter 6 proposed a test
for detecting oversmoothing. His method is based upon the difference, known as the residual,
between the fitted value at pixel { and its record y;. The basic idea is that if an area of colour has
been obliterated as a result of oversmoothing then the residuals at those pixels that have been
misclassified are expected to be larger than those occurring at pixels that have been correctly
classified. Such ‘informative’ residuals are identified and their groupings investigated. Frigessi
and Piccioni[11], again working with binary images, outlined a method for choosing # when
the degradation method is the binary channel. We describe that method in Section 3.7.
Besag[3] outlines a method for general images to estimate § during ICM. We describe a
slight modification of that method in Section 3.9. The method is based on maximizing the

pseudo-likelihood

HPr(xiixai:ﬂ)

i=1

over f3, where for example x is the current ICM reconstruction. (Sometimes the boundary pixels
are not included in the product.) This pseudo-likelihood method is, according to Besag[3], a
neater and more efficient variation of the ‘coding method’ (see Besag[2] or Cross and Jain[7}).

The coding method is based on the product

HPr(x,-Ixa,-;ﬂ)

ieM

where M is a (maximal) set of pixels such that no two are neighbours. As Jubb[24] explains the
idea is that, under the assumptions of the model, the colourings of each of the pixels in any such
set, given the colouring of all the other pixels, are conditionally independent of one another,
and thus maximum likelihood estimates can be obtained from the conditional likelihoods. The
different coding estimates for f are then combined in a suitable way.

In Section 1.8.1 we present a brief review of a recent paper by Thompson, Brown, Kay and
Titterington[43]. This paper, although not concerning itself with simulated annealing or ICM,
describes a thorough study of some other methods for choosing the smoothing parameter in

image reconstruction.
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1.8.1 A review of Thompson et al.

Thompson et al.[43], working mainly with grey-level images, consider the model given in
equation (1.2) that includes symmetric blurring by means of an n X n known point-spread
matrix H (which may be the identity). The distribution of the noise vector £is again considered
to be N(0, k I) where I is the n X n identity matrix. The variance x > 0 is possibly unknown in
this case.

Thompson er al.[43] proceed as we do by considering the minimization of the penalty

function
Iy = Hx||* + A®(x),

where |z||* = z7z and ®(x) = xT Cx, C being a prescribed non-negative definite matrix. They
think of the function ®(x) as a roughness penalty and A = 0 as a smoothing parameter. The

estimate of x, denoted by % (1), is thus the solution of
. 2 T
mgn{”)’—HxIl +Ax Cx}, (1.18)
and therefore takes the form
2 =(HTH+AC)'Hy. (1.19)

Thompson et al.[43] discuss four basic ways of choosing the smoothing parameter 1 to be used

in equation (1.18) which we now outline:

TPMSE The first approach is the minimization of total predicted mean square error. The idea
is to choose A in such a way that, on average, the mean of the observed data would have

been most closely predicted. In algebraic terms, this involves choosing A to minimize
TPMSE() = E {[|H - 24|},

where the expectation is taken with respect to the probability distribution of the error &.
Unfortunately, there are drawbacks with this approach, not least of which is the fact that
the optimal A in this sense, Azp, is a function of the unknown x, and of k. The authors use
Azp and the estimate of x derived from it mainly for comparisons with the other, more

practical methods.
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GCV The next approach is a version of A7p that is completely data based and is referred to
as the generalized cross-validatory choice of 2. The generalized cross-validatory choice

Acev is the minimizer of

GOVQ) = RSS(1) 5
[trace{/ - K(1)}]
where
RSS(A) = |ly- Hx(1)|? (1.20)

and

KD =(+10)"! (1.21)
where

o=HYICH

CHI The third approach is referred to as the y2 choice of A. In this, Acgy is the solution of
RSS(A) =n«k.

The solution is not explicit and requires an estimate for «, or the true value itself.

EDF The final approach is the equivalent degrees of freedom choice of A. Here Agpr satisfies

RSS(1)
wace{I- KA} _©

where RSS(4) is defined in equation (1.20) and K(4) is defined in equation (1.21).

One of the measures often used to assess a reconstruction % (1), based on 4, is the total

mean-squared error, or any quantity proportional to it. The authors consider the quantity
n .
> G -x), (1.22)
i=1

where x; represents the true grey-level at pixel i. In fact, they use the A that minimizes the

expression (1.22) as a mark against which to judge the A s produced by the other methods that

27



they examine. The values of (1.22) are presented and discussed for the various As.

After discussing some theoretical results about the above choices for 4, the authors consider
variations and computational short-cuts. For example, they show how the use of a preliminary
eigen-analysis reduces the computation required for determining the choices of smoothing
parameter and for reconstructing the image. Even so, some approximations have to be made
for computational feasibility, but it is stated that little is lost by such approximations. These
authors do not consider iterative algorithms such as simulated annealing and ICM. In addition,
four estimators of x are introduced. These may be needed in the CHI and EDF methods for
choosing the smoothing parameter . We do not discuss these estimators here. Thompson et
al.[43] present an extensive simulation study based on four grey-level images, three different
types of blurring of size 33, 7x7 and 15X 15 (see their Section VI for the precise definitions),
and the addition of independent Gaussian noise having two different variances x = 1 (low noise)
and x = 100 (high noise). The results presented are based on 1000 independent realizations of

the noise process. The roughness penalty, ®(x) = xT Cx, was taken as the quadratic

m-1 m-1

D)= {(Xi,j = xi, )2+ (g — xi,j—-l)z}

=2 j=2

throughout. Space does not allow us to discuss these results here, but the main conclusions are

clearly stated and can be summarized as follows:

e The TPMSE method, not surprisingly, on average produced the best recovered image.
However, it is totally impractical for any real situation as it requires a priori knowledge

of the true image.

e The totally data based GCV method usually performs well. It can, however, fail
catastrophically in some circumstances, producing a grossly underestimated smoothing

parameter that may even be negative.

e The y? method tends to overestimate the value of the smoothing parameter, producing

stable but distorted images.

e Provided a good estimator of « is available, the EDF method provides a good data-based
choice of the smoothing parameter. Problems do, however, occur with this method in the

presence of large blurring.
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1.9 Estimation of the variance

Often the variance x of the added noise is known from the physics of the set-up, or can be
estimated accurately from training data. If this is not the case, the estimation of x can be
included as part of the reconstruction procedure. This is generally an easier task than the
estimation of the smoothing parameter f.

As stated in Section 1.8.1, Thompson et al.[43] propose some ways of estimating , but they
do not use iterative algorithms such as simulated annealing or ICM. We follow the approach
outlined by Besag[3] in his Section 5.1.2. He suggests that x is estimated by maximizing the
likelihood I(y | X) = I(y| %; k) over x at the start of each iteration of the algorithm, where % is
the current estimate of the image. We now illustrate this procedure, which we have found to
work well, by an example. The true image comprises 64 X 64 pixels and has ¢ = 3 unordered
colours. We present the true image in the top left picture of Figure 1.7. This is the same image
that we use in Section 2.5.2. We add independent Gaussian noise with variance x = 1.0 to the
true image. The maximum likelihood estimate is shown in the top right picture of Figure 1.7.
It is easy to see that the image has been heavily distorted. (In Section 2.5.2 the distortion is
less as there x = 0.5; see Figure 2.5.) We now attempt to reconstruct the image using ICM
alone. We use the appropriate prior distribution given in equation (1.9): on this occasion we
use a second-order model, with downweight D = 1/+/2, and we set B = 1.5. In the bottom
left hand picture of Figure 1.7 we see the reconstruction obtained under the assumption that the
variance x of the noise is known. This reconstruction was obtained after 6 iterations of ICM
(no pixels were changed on the final iteration), and 490 (11.96%) pixels were misclassified.
In the bottom right hand picture of Figure 1.7 we see the reconstruction obtained under the
assumption that the variance x of the noise is unknown. The variance is estimated at the start
of each iteration by maximizing I(y | %; x) over x, where % is the current estimate of the image,
the initial estimate of the image being the maximum likelihood estimate shown in the top right
picture of Figure 1.7. The ICM algorithm converged after 16 iterations (no pixels were changed
on the final iteration), and 479 (11.69%) pixels were misclassified. Visually, there is little to
choose between the two reconstructions, both of which are quite poor!

In Figure 1.8 we present a graph showing the estimate of the variance x used for each
iteration of ICM. The estimate of x based on the maximum likelihood estimate of the image
was (.48. This rises quickly until about iteration 6 when it settles down (very few pixels are

changed by further iterations) at around 1.0, the value of the true variance which we indicate
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by the horizontal line. The final estimate of « is slightly above 1.0.

We end this section by noting that the method we have illustrated for estimating x can
be used in conjunction with the simulated annealing algorithm. For both ICM and simulated
annealing little is known about the convergence properties of the resulting procedures.
However, we have never come across a case when incorporating parameter estimation has

affected the convergence of ICM.
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Chapter 2

Edge Processes in Statistical Image

Reconstruction

2.1 Introduction

Our aim in statistical image reconstruction is to produce a reconstruction of a true image from
a record or signal. We assume that the true image is a discretized version of an underlying real
image according to a given pixel grid, upon which the signal is observed and the reconstruction
is attempted. Generally in this chapter we assume that all the pixels in the grid are square and
of equal size, but, as we shall see, it is not necessary to make this assumption. In Chapter 1
we saw how the general Bayesian paradigm is used in statistical image reconstruction, and we
review the basic idea here.

In Section 1.2 we explained how we can write down the likelihood of the record, given an
image. The likelihood can be combined with a prior distributionon the set of all possible images
by means of Bayes’s theorem to give a posterior distribution upon which the reconstruction is
based. For the reconstruction we need to produce a summary of the posterior distribution.
In this part of the thesis we shall concentrate almost exclusively on the summary known as
the maximum a posteriori (MAP) estimate, namely the image that maximizes the posterior
distribution. In Section 1.3 we discussed the form of possible prior distributions Pr (x), where x
is a vector specifying the pixel process, namely the values taken by all pixels of the image.
The aim was to model the commonly held belief that nearby pixéls take similar values. We
formalized the notion of ‘nearby’ by introducing the concept of neighbourhood; all pairs of

horizontally or vertically adjacent pixels were defined to be first-order neighbours, and all pairs
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of diagonally adjacent pixels were defined to be second-order neighbours. This concept of
neighbourhood enabled us to define prior distributions Pr (x) on the pixel process that are locally
dependent Markov random fields, or Gibbs distributions. In this chapter we do not consider
second-order neighbours.

The most probable images under Pr(x) are those of constant intensity; the rougher
the image, the less probable it is, where roughness depends upon all pairs of discrepant
neighbouring pixels (and, with grey-level images, the size of the discrepancy) in the image.
However, it is not unreasonable to assume that the underlying real image (and hence the true
image) is made up of regions over each of which its behaviour is not subject to abrupt change,
but from one region to another large differences in behaviour may occur. Consider, for example,
a satellite picture of an area of the earth’s surface. In the picture there are some sharp transitions
(e.g. from one field to another) and some smooth changes (e.g. from one end of a field to
another). Geman and Geman[12] use edges in their set-up to allow for images containing
separate objects, but for which the objects are not completely uniform. Their modification
attempts to model the boundaries in the real image by introducing edges that are either present
or absent at each of a set of edge sites that are determined by the pixels. The state of all the
edge sites defines the discretized edge process. Geman and Geman[12] think of an image as
comprising both the pixel process and the edge process. In this chapter only we shall refer to
the set of such images as X. In the presence of an edge process the neighbourhood structure
of the pixel process is changed according to the rule that says if two pixels are separated by an
edge they are no longer neighbours. Thus, by not including all pairs of horizontally or vertically
adjacent pixels in the penalty term of the pixel process, we can attempt to model images that
contain separate objects, but for which the objects are not completely uniform.

In Section 2.2 we outline in more detail the approach of Geman and Geman[12]. We discuss
the edge process in detail. This can be completely specified by assigning penalties to the six
possible ways (up to rotation) in which four edge sites meeting at a point can be occupied by
edges. Many authors have assigned these penalties in an ad hoc fashion. Silverman, Jennison,
Stander and Brown (Silverman et al.)[39] approach the problem in a more systematic way
and use various geometrical insights to develop a method of penalizing the discretized edge
process that has genuine meaning in terms of the properties of the underlying boundary pattern
of the real image, namely the total edge length and the overall complexity of the boundary.

In Section 2.3 we discuss this approach further and illustrate these two properties by means
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of simple examples. We s.how for these examples how the penalties of Silverman et al.[39]
perform better than those suggested by other authors such as Geman and Geman[12]. In
Section 2.4 we briefly outline the way in which Silverman et al.[39] derive their edge penalties
and describe a minor modification that proves useful when image reconstruction is considered.

The present author was responsible for the majority of the work of Section VI of Silverman,
Jennison, Stander and Brown[39] in which a reconstruction experiment on an image of ¢ = 3
colours on a 64 x 64 grid of square pixels is reported. Here, in Section 2.5, we present that
experiment in greater detail, along with another based on an image with g = 64 grey-levels.
These two experiments allow us to compare the edge penalties proposed by Silverman et
al.[39] with those proposed by Geman and Geman([12]. We also discuss how reconstructions
that employ edge processes compare with those that do not. In Section 2.6 we present our

conclusions.

2.2 The approach of Geman and Geman

We have seen that Geman and Geman[12] use edges in their reconstruction algorithm to allow
for images containing separate objects that are not completely uniform. We now describe the
approach adopted in [12] in more detail; we use the notation of that paper as far as possible.
We represent a possible true image by x = (f, e), where f is the vector of pixel values and thus
defines the pixel process, and e denotes the vector giving the state of all the edge sites and thus
defines the edge process. We shall write X = (F E) for the associated random variable. Geman

and Geman[12] now represent the joint distribution for X = (F, E) as
Pr(X =x) < exp {~-UFP(f, )},

where the energy U'F E)(£, e) is the sum of the two terms U B)(f | ¢) and U®(e), both of which
can be computed using local information only. The term UFIE)(f| e) takes the same form as
the energy function for the prior distribution used in Chapter 1, as defined in expression (1.8),
except that the sum is over those cliques that remain, given the edge process. In other words,
if d is the edge site between pixels r and s, the sum only includes the pixel cliques that involve
pixels rand s if e; = 0, i.e. if no edge is present at d. If e; = 1, i.e. if an edge is present at d,

then there is no contribution to the sum from the pixel clique that involves pixels r and s. The
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O edge clique
#  pixel

Figure 2.1: An edge clique

penalty for the edge process is such that

y@(e)= Y yrw (2-1)
ceCh
where is the set of edge cliques, which is as yet unspecified. By definition an edge clique

is a set of edge sites all of whose elements are neighbours. Therefore, to specify the set ofedge
cliques C~, we need to define what it means for two edge sites to be neighbours. Two edge
sites are said to be neighbours if they meet at a point. Thus an edge clique comprises the four
edge sites meeting at a point, or any subset thereof. We illustrate an edge clique in Figure 2.1.
As usual, each V38P(e) depends only on the elements of e that are in edge clique c.

We take V" (e) to be non-zero only when c is an edge clique comprising all four edge sites.
Such a clique of size four can be occupied by edges in six distinct ways up to rotation. We
illustrate the six possible ways in Figure 2.21.  We may think of V"~ (e) as the penalty for
the way in which edge clique ¢ is occupied by edges. We shall write Vj for the penalty given
to an edge configuration of typej, as shown in Figure 2.2. Geman and Geman[12] assign the

values of V) as follows: if no edges are present in a clique, Vo = 0; if one edge is present giving

'We are grateful to Dr Glenn Stone and Guy Nason for producing this figure.



no edges ending turn continuation branch crossing

Type (o] 1 2 3 4 5

Figure 2.2: The six possible ways in which edge sites can be occupied

Geman and
Geman Murray Marroquin
j  Type Vi Rank ¥ Rank Vj Rank
o no edges 0.0 0.0 0.0
1 ending 2.7 1 2.2 1 2.0 1
2 turn 1.8 3 1.2 4 0.8 4
3 continuation 0.9 5 1.2 4 0.25 5
4 branch 1.8 3 14 3 1.2 3
5 crossing 2.7 1 2.2 1 2.0 1

Table 2.1: The edge penalties used by various authors

an ending, V\ = 2.7; if two edges are present in the form of a rurn, V2 = 1.8; if two edges
are present in the form of a continuation, Vs = 0.9; if three edges are present giving a branch,
V4= 1.8; if all four edges are present giving a crossing, Vs = 2.7. These penalties seem to have
been selected in a somewhat arbitrary fashion by reference to experiments. Other authors seem
to select their penalties in a similar way. Wright[46] uses the penalties proposed by Murray,
Kashko and Buxton[30]. These are said to work better than the penalties proposed by Geman
and Geman[12], although both papers consider images comprising regions with boundaries
that are only horizontal and vertical lines with respect to the pixel grid. Marroquin[29] uses
different penalties again. We summarize all these penalties in Table 2.1. There seems to
be general agreement that endings and crossings should receive the highest penalty, and that
branches should receive the next highest penalty. Next come turns, and continuations are the
least heavily penalized by all these authors. The fact that here turns always receive a penalty at
least as large as continuations will be discussed further in Section 2.3 and Section 2.5. We note
that with the penalties proposed by Geman and Geman[12] turns receive the same penalty as

branches, whereas with the penalties proposed by Murray[30] turns receive the same penalties
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as continuations. Silverman et al.[39] approach the problem of choosing these penalties in a
more systematic way, and use various elementary geometrical insights to develop a method of
penalizing the discretized edge process that has genuine meaning in terms of the properties of
the underlying real boundary pattern. We shall discuss their approach in Section 2.3. Another
relevant article, which complements Silverman ez al.[39] by providing among other things more

details of some of the arguments only outlined in that paper, is Jennison and Silverman([20].

2.3 The approach of Silverman er al. to the specification of edge

penalties

In this section we discuss the approach of Silverman et al.[39] to the specification of edge
penalties. Silverman et al.[39] think of the edge process as being a discretized version of the
boundaries of areal image, and aim to select their edge penalties so that the overall edge penalty,
namely 3. & VP(e), depends, as far as possible, upon the boundaries of the real image and
not upon the discretization. Their approach is based on two criteria concerning the boundaries
of the real image, the total edge length and overall complexity of the boundary. In Section 2.3.1

we examine these two criteria further.

2.3.1 The two criteria of Silverman ez al.

The first criterion is that the overall edge penalty should, as far as possible, be representative of
the total edge length in the real image and, therefore, be independent of the discretization. In
particular, the edge penalty should not depend upon the angle at which the pixel grid is placed
on the real image. We illustrate this by means of an example given in Figure 2.3. We assume
in this illustration that the real image is a square as shown in the first picture of Figure 2.3. In
the second picture of Figure 2.3 we assume that the square has been observed in such a way
that the pixel grid lies directly on top. The discretized edge process corresponding to this image
is then exactly those pixel edges that correspond to the edges of the square. We shall refer to
the edge process shown in the second picture of Figure 2.3 as (i). However, it may be the case
that the square has been observed in such a way that the pixel grid does not lie directly on top
but has been rotated through some angle. We show an example of this in the third picture of
Figure 2.3. This time the edge process, discretized by consideration of the dual pixel process

as described in Section 2.4.1, is shown in the fourth picture of Figure 2.3. We shall refer to that
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Figure 2.3: The overall penalty should not be affected by the rotation of'the pixel grid
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edge process as (ii). Edge process (i) comprises eight continuations and four turns and would
receive a penalty of 14.4 (14.4, 5.2) if we were to use the penalties proposed by Geman and
Geman[12] (Murray[30], Marroquin[29]). Edge process (ii) comprises twenty turns and would
receive a penalty of 36.0 (24.0, 16.0). Thus, with these penalties the same real image receives
very different overall penalties depending upon the discretization. We shall see below that the
penalties proposed by Silverman et al.[39] give very similar penalties for the edge processes
(i) and (ii).

The second criterion is that the overall edge penalty should, as far as possible, depend
upon the complexity of the scene. Again, we illustrate this criterion with an example given in
Figure 2.4. We see from Figure 2.4 that the first edge process comprises four regions and has
total edge length equal to the length of 12 pixels. The second edge process also has total edge
length equal to 12 pixels, but is far less complicated having only one region. The first edge
process comprises four turns, four branches and a crossing and would receive a total penalty of
17.1 (12.6, 10.0). The second edge process comprises four turns and eight continuations and
would receive a total penalty of 14.4 (14.4, 5.2). Although the overall penalty for the first edge
process is greater than the overall penalty for the second edge process, the difference does not
seem to reflect the far greater complexity of the first edge process in a systematic way. The
penalties proposed by Silverman et al.[39] attempt to take into account the complexity of the
scene by making 5. «& VI (e) relate to the number of regions, as well as the length of the

boundary in the real image before discretization. The aim is to have

Z VB (e) = (B x total boundary length) + (p X r) 2.2)
ceC®

where § is the desired penalty per unit length of edge, p is the desired penalty per region of
the pattern, and r is the number of regions in the underlying real image before it has been
discretised. The penalties proposed by Silverman et al.[39] for square pixels of gauge h are
given in Table 2.2. We set k= 1 from now on in this section. In Section 2.4.1 we shall review
Silverman et al.[39] and briefly outline how these penalties are obtained. We note for now
that continuations are more heavily penalized than turns, whereas with the other authors the
contrary was true.

Finally in this section we return to our two examples. For the first example, as illustrated

in Figure 2.3, the value of 3. . «» V)(e) obtained using the penalties proposed by Silverman



Total edge length = 12

Number of regions = 4

Total edge length = 12

Number ofregions = 1

Figure 2.4: The overallpenalty should depend upon the complexity ofthe image
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j Type Vi

0 nolines 0

1 ending 0.412n+0.5p
2 turn 0.670h8

3 continuation 0.948h8

4 branch 1.4h5+0.5p
5 crossing 1.94h8+p

Table 2.2: The edge penalties proposed by Silverman et al.

et al.[39] is 10.2647 for edge process (i), whereas it is 13.4008 for edge process (ii). These
two values are similar. For the second example, as illustrated in Figure 2.4, the value of
3. e c® V&) (e) obtained using the penalties proposed by Silverman ez al.[39] is 10.225+3p for
the edge process that gives four regions, and 10.264 for the edge process that gives one region.
Ideally, we would like these quantities to be 10.228+ 4p and 10.2645+ p, for, in this way, they

would almost achieve the aim quantified in equation (2.2). We shall explain this short fall of p

in Section 2.4.1, where we propose a slight modification to overcome it.

2.4 The edge penalties of Silverman et al.

In Section 2.4.1 we present a review of the paper by Silverman et al.[39] and outline how
the penalties for the edge cliques proposed there and given here in Table 2.2 are obtained. In

Section 2.4.2 we discuss a possible relationship between p and 3.

2.4.1 Review of Silverman et al.

We have seen in Section 2.3 that the general idea on which the work is based is that the edge
process is a discretization of the boundaries of the real image. Accordingly, Silverman et al.[39]
aim to have .. oo V¥(e) = (Bxtotal edge length)+(pxr), as given in equation (2.2). Hence,
they assume that V; = (X b;)+(pXxr;), forj=1, ..., 5, where b; and r; are to be chosen so that
equation (2.2) holds, at least approximately.

Silverman et al.[39] first consider how to find b, and b5: turns and continuations have r;

and r3 set equal to zero as such clique configurations are not involved with the production
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of regions. They approach the task of finding b, and b3 by looking at the penalty for a very
simple pattern consisting of an infinitely long straight line placed at an angle 6 to one of the
edge directions of the lattice; without loss of generality 0 < 6 < z/4. The discretization of
this line (by consideration of the dual pixel process, as we shall describe shortly) will give a
stepped pattern. When O < @ < #/2, over a long distance L in the x direction, the number
n, of horizontal segments will be asymptotically Lx~!, and the number ny of vertical segments
will be asymptotically LA™! tan 6. The number of continuations in the discretization of the line
is ny — ny and the number of turns is 2n,. The total length of the underlying boundary is Lsec 8

and hence the penalty for unit length of the underlying boundary is, for large L,
c(6) = k™1 {V3 + 2V, - V3) tan#)}.

Unfortunately, it is impossible to make c(6) constant for all ¢; this would be the ideal situation.

A natural index of how far ¢(6) falls short of ideal is given by the ratio

§
A
L)
A
o)
~
)

I(a) =
(@) Mg < g<

z
ino<es §
where a = V,/V3 = by / b3. We note that I(a) > 1. The authors show that /(«) is minimized
by setting 2ax— 1 = tan(z/8), which implies that & = (1 + tan(z/8))/2 =1/ v/2, in which case
I(a) = sec(zx/ 8) = 1.082. Geman and Geman[12] used = 2, giving I(a) = 2.83. Silverman et

al.[39] then set b, = kh/ V2 and bz = kh, where k takes the value 0.948. This ensures that

2! /0 2” c(8)do=p.

Hence, while c(8)/ 8 is only exactly 1 for certain values of @, it will be the case that c(6)/ #lies
between 0.948 and 1.027 for all 6 and furthermore that the average value of ¢(6) over uniformly
distributed @ is precisely S.

Next, the authors consider how to assign ry, r> and rs. Assume that the original process is
observed on a window W in the plane and at least one boundary intersects the window edge.
Let ny be the number of regions (faces), n, be the number of vertices and n, be the number
of edges (sections between vertices) in the pattern. Assume that the pixel size is sufficiently

small relative to the scale of the regions in the pattern that each region is represented by a single
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connected set of pixels in the discretized image. The Euler-Poincaré formula gives
ny=1+n,—n,

Now, both 7, and #n, can be found by counting the number of branches and crossings in the
pattern, provided that points where an edge meets the border of W count as branches. It is

immediate that
n, = #(branches) + #(crossings),
where #(branches) means the number of branches. Also
3 4 .
ne = 2 #(branches) + 2 #( crossings),

since each branch contributes 3 edge ends and each crossing contributes 4 edge ends, and each

end is counted twice. Hence
1 .
ng=1+ > #(branches) + #(crossings), 2.3)

and so one should set 74 = 1/2 and rs = 1. This gives a penalty of p/2 for each branch point
and p for each crossing. If the edge process gives rise to regions that are not simply connected,
the right hand side of equation (2.3) must be increased by 1 for each connected set of edges that
does not intersect the border of W. We saw an example of this in Figure 2.4 of Section 2.3.1.
The two edge processes in that figure give rise to regions that are not simply connected. The
penalties assigned to them by Silverman et al.[39] would be 10.228 + 3p and 10.2648. If,
however, the right hand side of equation (2.3) were increased by 1, then these penalties would
be increased to 10.228 + 4p and 10.2645+ p, and would thus reflect properly the number of
regions. This extra penalty of p for each isolated connected set of edges cannot be calculated
from local properties, and thus cannot be included in a reconstruction algorithm that operates
entirely by local updating. Such an algorithm might, however, be extended to investigate the
complete removal of a small connected set of edges in the later stages of reconstruction. When
we consider a reconstruction experiment in Section 2.5, we adopt such an extension to the
algorithm. This extension leads us to an inequality between p and S, as we shall discuss in

Section 2.4.2.



Next, Silverman et al.[39] move on to discuss irregular and uneven pixel arrays. We shall
not examine this section of the paper in detail here, except to state two important general
definitions. First, given any pixellation, the dual of that pixellation is constructed by placing
a point in each cell of the original pixel array, and joining points if their corresponding pixels
have some edge in common; secondly, an edge segment is present in the edge process if and
only if the corresponding dual edge is intersected by the boundary of the true image.

In the penultimate section of their paper Silverman et al.[39] obtain b;, bs and bs.
First, they re-derive b, and b3. They do this by consideration of the projection penalty, as’
follows. First, note that the dual of a square lattice is a square lattice. Label a square in
the dual lattice ABCD clockwise. For a straight continuation to be present in the original
clique the line / must cross AD and BC, say, (see Fig. 9 of [39]). The projection penalty
is E[(projection of AB and DC on to [)/2] where the expectation is taken over random lines
conditional on their crossing AD and BC. The sense in which a line is random is given in
Jennison and Silverman[20], page 111. The rationale behind this definition is that both AB and
DC will be edges of the irregular strip formed by the union of those dual squares intersected
by [, and that the total length of the two edges of this strip is approximately twice that of I. The
authors compute the projection penalty for a continuation to be ki = 0.95h = bs, as before.
Similarly, the projection penalty for a turn configuration is shown to be ki /+/2 = 0.67h = by,
as before. The authors now consider how to obtain by, b4 and bs. Again they use the projection
penalty appropriately defined. For b; (ending) the projection penalty is modified appropriately
(see page 227 of Jennison and Silverman[20]) and the expectation is taken over random lines
that cross the side AD, say, of the dual square ABCD and terminate in the square itself. The
end of the line is considered to be distributed uniformly along its length inside the square. For
b4 (branch), note that a branch arises when three lines meet. Jennison and Silverman[20] show
some examples in their Figure 16.17. They also explain the appropriate form of the projection
penalty, which now comprises three terms. This time the expectation is withrespect to a uniform
distribution of the point of intersection of the three lines in the plane and of the orientation of
these three lines, conditional on sides DA, AB and BC but not CD being intersected. However,
if the lines do not meet at acute angles the associated edge process can be far more complex as
is demonstrated in [20] by Figure 16.18. Accordingly, two special cases are considered: three
angles of 2z/3 and angles of z/2, n/2 and = between the lines. The value b4 = 1.4k gives a

compromise between the two results that they obtained for these angles. For bs (crossing), the
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projection penalty is further modified, and this time comprises four terms. The expectation is
with respect to a uniform distribution of the point of intersection over the interior of the dual
square ABCD and a uniform distribution of the orientation of the set of four lines, conditional
on actually producing a crossing in the edge process. In Figure 16.19(b) of Jennison and
Silverman([20] we see an example of when the meeting of four lines produces two adjacent
branches, rather than a crossing, in the edge process. Jennison and Silverman[20] consider the
case of four lines meeting at right angles and producing a crossing in the edge process, and use
numerical integration to obtain bs = 1.94A.

All that remains now is to assign r;. Silverman et al.[39] set r; = 1/2 for reasons described
in their Section IIlc. There, these authors argue that a pattern made up of disjoint regions
cannot have a configuration of edges containing any endings. This suggests that V; should be
infinite. However, such a penalty may lead to algorithmic difficulties in using the model in
practice, violates the theory of Markov random fields which says that all configurations have
strictly positive probability (see Section 1.3.2), and is excessively dogmatic. It seems more
satisfactory to ascribe a relatively large value to V;. However, there is no advantage in setting
Amuch greater than p/ 2 since a clever reconstruction algorithm can build a small loop of edges
onto a loose end at a penalty p/2 for the branch plus the penalty for the edge length involved.

The final section of the paper describes a reconstruction experiment performed to compare
the proposed penalties to those suggested by Geman and Geman[12]. This experiment will be

discussed in greater detail in Section 2.5.

24.2 A possible relationship between p and 3

Although there is no obvious connection between p and §, we may obtain a possible relationship
between these two parameters, in the form of an inequality, by a simple geometric argument.
Assume that the boundary of the real image comprises a circle of radius r = mh > 0, where
m is an integer, that does not intersect the border of the window W. If we use the penalties
proposed by Silverman et al.[39], such a circle will receive a penalty approximately equal to
2zrf. Hence, as the radius r decreases, the penalty decreases. Assume that our reconstruction
algorithm is capable of assigning an extra penalty of p, as discussed in Section 2.4.1, to circles
whose radius is equal to A, but not to bigger circles. Then circles of radius 24 would still have
a penalty 4hx B, whereas circles of radius # would now have a penalty 2hz8 + p. However, it

seems reasonable in practice that circles of radius 4 should receive a higher penalty than circles
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of radius 24, and hence we have the inequality
2haB+p > 4hrnp.

In other words, p > 2hz . We shall see that our choices of p and g is Section 2.5 obey this

inequality.

2.5 Reconstruction experiments to compare Silverman et al.’s edge

penalties with Geman and Geman’s

In this section, we describe two reconstruction experiments performed to compare the edge
penalties proposed by Silverman et al.[39] with those suggested by Geman and Geman([12].
We begin by setting up the reconstruction experiment as the minimization of a certain penalty
function, which comprises three terms. The second of these in effect penalizes the roughness
of the image within the regions defined by the edge process, and is proportional to a smoothing
parameter ¥. In every other chapter we refer to this smoothing parameter as . In this chapter,
for consistency with Jennison and Silverman[20] and Silverman et al.[39], § is used to refer
to the desired penalty per unit length of edge. In Section 2.5.1 we use some insight about
the behaviour of the edge process near the boundary of the window W to give an inequality
involving ¥ and V;, V3 and V4. In Section 2.5.2 we describe an experiment based on an image
of ¢ = 3 unordered colours comprising 64 x 64 (4096 in total) pixels. In Section 2.5.3 we
describe a second experiment based on an image of g = 64 ordered grey-level comprising
32x32 (1024 in total) pixels. In both cases the record at pixel s, namely ys, can be thought of as
an independent observation from a A/(fs, «) distribution, where f is the colour or grey-level of
the original image at pixel s and x is a known variance. We have seen that the prior distribution

for X = (F, E) is defined as
Pr(F=fE=é)<exp {-U‘F»E)(f, e)},

where

UED(f, e) = UFIB(fle)+ UP(e)
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= Y vEB(flg+ Y VB

ce CFIB) ceC®)

This prior distribution can be combined by means of Bayes’s theorem with the likelihood of the

record y given the pixels f of an image x (see equation (1.5)) to obtain the posterior probability

Pr (x]y) < exp {— (%Z@s—fs)% > ViP(fleo+ Y VﬁE’(e))},

ses ce CFIE) ce CB)

where S is the set of pixels.
To be consistent wth the approach adopted by Geman and Geman[12] we attempt to find
the MAP estimate of x. This is the image x = (f, ¢) that maximizes Pr (x|y), or, equivalently,

minimizes the following penalty function, over images x = (f, e):

=0 f Y VEGl+ Y Ve (2.4)

seS ceCFIB ceC®

The first term is a penalty for the infidelity between the record and the reconstruction. The
second term penalizes the roughness of the reconstruction given the edge process; in other
words it penalizes the roughness of the image within the regions defined by the edge process.
The third term penalizes the edge process itself.

We have already discussed the term 3", «® V) (e) of the penalty function given in (2.4).
All that remains is to specify VFIE)(f|e), where c is a pixel clique {r, s}, say. First, let us

consider images comprising ¢ unordered colours. Geman and Geman[12] set

VED(fle) = VL, fale)

0 if the edge between pixels r and s is present,

—7/2 if the edge between pixels r and s is absent and f, = f;,

y/2 if the edge between pixels r and s is absent and f, # f;.

Thus, they give a ‘reward’ for neighbouring pixels of the same colour. The definition that we

adopt is more in keeping with the penalty philosophy:

VEB(fle) = VD fsle)
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y if the edge between pixels r and s is absent and f r % fss

0 otherwise.

Our approach removes the anomaly that an isolated pixel with all its edges present in, for
example, a region of constant background intensity can have its intensity changed to the
background intensity and its edges removed simply by increasing the smoothing parameter 7.
In the absence of an edge process this gives exactly the same penalty (see equation (1.9)) as we
used for images comprising unordered colours in Chapter 1.

We now consider images comprising g grey-levels. We set

VED(fle) = VED(fr fule)

yo«(f-— fsl) if the edge between pixels r and s is absent, 2.5)

0 otherwise,

where, from equation (1.10),

bul) = 1-oey = —

T T+au? 1+ (2™

as employed by Geman and McClure[13] and discussed in Section 1.3.3.

We employ the method of simulated annealing followed by ICM (see Section 1.6.2)
to minimize the penalty function (2.4). Although Geman and Geman rely upon simulated
annealing only, ICM can only reduce the penalty function to a value corresponding to a local
minimum and so we feel that it is legitimate to include it in our comparison. The maximum
likelihood classifier was used as the initial estimate for the pixel process; the initial estimate for

the edge process comprised no edges.

2.5.1 Guidelines for the choice of the parameter y

In our reconstruction experiments there are no edge sites on the border of the window W,
although an edge meeting the border was penalized as a branch, as eiplaincd in Section 2.4
here, or in Section IIIB of Silverman et al.[39]. It turns out that the behaviour of the edge
process near the boundary can provide some guidance for the choice of the parameter y. It
may happen that the edge process stops one edge site, between pixels r and s say, short of the

boundary, although the pixel process has been suitably reconstructed in such a way that f, # f.
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Thus, to change this unsatisfactory situation, we would like to extend the edge process by one
edge site without changing the pixel process. This requires making the appropriate part of the
penalty for the unsatisfactory situation (namely, the penalty for an ending plus the penalty due
to the pixel process) greater than that for the satisfactory situation (namely, the penalty for a
continuation plus the penalty for a branch, with no contribution due to the pixel process). This

gives us the inequality
Yh(fr. f)+V1>V3+V,,

where A(f,, fs) = 1 when the image comprises colours, and A(f;, fs) = ¢x(Ifr — f;s|) when the
image comprises grey levels. Thus, in the former case we require ¥ > (V3 + V4 — V), whereas
in the latter case we require ¥ > (V3 + V4 — Vi) (1+ (ad?®)™1), where d = |f, — f]. We note that
for the edge penalties proposed by Geman and Geman[12] we have V3 + V4 — V| = 0, while
for those proposed by Silverman et al.[39] we have V3 + V4 - V| = 1.936A 8. So, since y > 0,
our requirement is always satisfied when we use the edge penalties proposed by Geman and
Geman[12]; with the penalties proposed by Silverman ef al.[39] we require ¥ > 1.936A 8 in
the case of colour images and ¥ > 1.936k (1 + (ad?)™!) in the case of grey-level images.
In the latter case we make the assumption that an edge should appear between two pixels
whose grey-levels differ by at least 10. Under this assumption it is sufficient to require that

¥ > 1.936h B(1 + (1002) 7).

2.5.2 An experiment on a 64 x 64 image with ¢ = 3 colours

In this section we discuss an experiment that we have performed on an image comprising 64x64
pixels with ¢ = 3 colours. This work has been published in slightly less detail as Section VI
of Silverman, Jennison, Stander and Brown[39]. The present author was responsible for the
majority of the work of that section. Here, we begin by showing the true image in the top
picture of Figure 2.5. The image is made up of disjoint regions separated by edges, and we
shall consider the reconstruction of edges as being of some interest in its own right. At each
pixel s, a record y; was generated by adding white noise with variance ¥ = 0.5. We show
the maximum likelihood estimate in the bottom picture of Figure 2.5; 1185 out of 4096 pixels
(28.9%) are misclassified.

In order to be consistent with the work reported in Geman and Geman[12] we adopt
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Figure 2.5: An experiment on a (Ax (A image with ¢ - 3 colours: the true image and the

maximum likelihood estimate
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their temperature schedule for simulated annealing and perform 250 iterations at temperature
7(#) = 3/ log(1 + #), where ¢ is the number of the iteration, followed by ICM to convergence.
At each pixel the algorithm updates the colour (or grey-level) of the pixel together with its
four edges, and thus this updating mechanism is very computationally intensive. However, the
only information required for such an update is available locally and so an array of processors,
each with access only to this local information, can be employed. Other less computationally
intensive ways of updating, such as dealing with the pixel process and the edge process
separately, were also considered. These methods performed less well than the one eventually
adopted. The basic reason for this was that, in general, in order to make a small change (often
on the boundary of a region) to a reconstruction that reduces the penalty, such methods produce
an intermediate reconstruction with a very much higher penalty, and thus a very much lower
probability. Although simulated annealing allows increases in the penalty function as well as
decreases, such intermediate reconstructions are often so improbable that the original desired
small change very rarely takes place. Updating the colour (or grey-level) of the pixel together
with its four edges allows such small changes to occur directly avoiding any intermediate step.

Two types of penalties VF(e) were considered. The first type was that used by
Geman and Geman(12], except that their penalties were allowed to be multiplied by a scale
factor 8. Thus, if V represents the vector of penalties (Vo, V1, Va, V3, V4, Vs), V now equals
(0,2.7,1.8,0.9,1.8,2.7)6. The second type of edge orocess penaliies consisted of those
penalties of Silverman et al.[39] given in Table 2.2, which depend upon the parameters S,
desired penalty per unit length of edge, and p, desired penalty per region of the pattern.

First, to assess the edge penalties proposed by Geman and Geman[12], experiments
with many different values of the parameter ¥ and the scale factor § were performed in an
attempt to find the combination that performed best according to some criterion, such as pixel
mjsclassiﬁcation rate, based on the true image. (Of course, we could not proceed in this way in
practice as the true image is unknown.) Reconstructions were only considered if they contained
actual edges arranged in a reasonable way. We point out that as § — e in the case of the edge
penalties proposed by Geman and Geman[12], or as p — o= and f — << in the case of the edge
penalties proposed by Silverman et al.[39], the overall penalty for the edge process becomes
so large that no edge process will appear in the reconstruction process.

The top picture of Figure 2.6 (¥ = 2.0 and & = 1.0) shows the best reconstruction achieved

in terms of pixel misclassification rate. There are 150 (3.7%) misclassified pixels; 263 out of
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445 edges have been correctly reconstructed, although there are 146 spuriousedges. The best
reconstruction in terms of edges (¥ = 3.0 and § = 1.0) had 152 (3.7%) misclassified pixels, with
267 out of 445 edges correctly reconstructed, and only 141 spurious edges. The second picture
of Figure 2.6 is the best reconstruction in terms of both pixel misclassification rate and edges
obtained by using the edge penalties of Silverman et al.[39]. The implementation included
the modification discussed in Section 2.4 of charging p for identifiable small connected sets of
edges. The parameter y was set to 3.5, the desired penalty per region of the pattern p was set to
10.0, and the penalty per unit length of edge S was set to 1.5. The number of misclassified pixels
is 110 (2.7%), the number of correctly reconstructed edges is 307, and the number of spurious
edges is 141. Thus, there is a considerable improvement over the first picture of Figure 2.6.
We note that the inequality presented in Section 2.4.2 is satisfied (10.0 = p > 2728=9.4), as
is the inequality presented in Section 2.5.1 (3.5 =y > 1.936 § = 2.9). Experiments conducted
with different values of the parameters p and f indicated that here the improvement is not
enormously sensitive to their precise choice. If we turn away from these fairly crude numerical
summaries to examine the pictures themselves, we see that the second picture of Figure 2.6
gives a better treatment of boundaries at orientations away from the horizontal and vertical
than the first picture, although lines whose orientations are exactly horizontal or vertical are
perhaps less well treated. Other experiments that we performed on different colour images
with different noise confirmed these observations. Table 2.3 helps us to understand why this is
the case. With Silverman et al.[39]’s penalties V; (turn) is less than V3 (continuation), whereas
this is not so with Geman and Geman[12]’s.

We now make a comparison bctween the reconstruction obtained with the restriction that
edges are present and the reconstruction obtained without this restriction. Again we employ
250 iterations of simulated annealing at temperature 7(f) = 3/ log(l + 1), where ¢ is the
number of the iteration, followed by ICM to convergence. In this case in order to calculate
the number of edges that could be said to have been correctly reconstructed, an edge was said
to be present between a pixel and its horizontal or vertical neighbour if these two pixels were
coloured differently. The best reconstruction in terms of pixel misclassification rate (again
y = 2.0) had 137 (3.3%) misclassified pixels, and 248 out of 445 edges correctly reconstructed,
although there were 106 spurious edges. The best reconstruction in terms of edges (¥ = 3.0)
had 229 (5.6%) misclassified pixels, and 282 out of 445 edges were correctly reconstructed,

although there are 71 spurious edges. Accordingly, we see that if we remove the restriction that
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Figure 2.6: An experiment on a 64 x 64 image with ¢ -3 colours: the reconstruction using the
edge penalties proposed by Geman and Geman and the reconstruction using the edge penalties

proposed by Silverman et al.
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Geman and | Silverman
Geman etal.

j Type Vi Rank | V;  Rank
0 noedges 0.0 0.0

1 ending 2.7 1 5.6 3

2 turn 1.8 3 1.0 5

3 continuation | 0.9 5 14 4
4 branch 1.8 3 7.1 2

5 crossing 2.7 1 129 1

Table 2.3: A comparison between the two types of edge penalties used

the reconstruction must contain actual edges, reconstructions can be obtained that are better in
terms of pixel misclassification rate than obtained with the Geman and Geman[12] penalties,
but not better than obtained with the Silverman ez al.[39] penalties. As far as reconstructing the
edge process is concerned, the reconstruction with ¥ = 3.0 is better than that achieved by using
Geman and Geman[12]’s penalties. However, the ¥ = 3.0 reconstruction is not better than that
achieved by using Silverman et al.[39]’s penalties in terms of the number of correctly restored
edges.

In conclusion, the results of this experiment on an image with ¢ = 3 colours seem to suggest
that the edge penalties proposed by Silverman et al.[39] perform considerably better that those
proposed by Geman and Geman[12]. It seems that from the results of this experiment and others
on colour images that it may be advantageous to employ an edge process in the reconstruction

algorithm with Silverman et al.[39]’s edge penalties, but not with Geman and Geman[12]’s.

2.5.3 An experiment on an image with g = 64 grey-levels

We now report an experiment that we have performed on an image with g = 64 grey-levels.
The true image is show in the top two pictures of Figure 2.7. We have considered the image
before in Section 1.7. There are 32 x 32 = 1024 pixels, and four distinct regions based on the
three grey-levels, 15, 30 and 45. The histogram gives the number of pixels taking these grey-

levels. The true image is corrupted by the addition of independent normal noise with mean 0.0
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Figure 2.7: An experiment on a 32 x 32 image with
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and variance x = 20.0. We present the maximum likelihood estimate and associated histogram
in the second of the two pictures; there are 923 (90.1%) misclassified pixels. (As explained in
Section 1.7, with grey-level images the number of misclassified pixels does not provide us with
an accurate assessment of the similarity of a given image to the true image. This is the reason
that we also present histograms.)

Again we produce reconstructions by using the simulated annealing algorithm followed by
ICM to convergence. This time 50 iterations are used with a straight line temperature schedule,
as employed by Geman and Reynolds[14] in the context of grey-level images, with initial-
temperaturc 0.3 and final temperature 0.05. The same updating mechanism was employed
here as in Section 2.5.2. We do not perform experiments with many different values of the
parameters in order to find the ‘best’ reconstruction; we merely use parameters similar to those
we employed before.

The third pair of pictures in Figure 2.7 shows a reconstruction using the edge penalties
proposed by Geman and Geman[12] with § = 1.0, ¥y = 2.5 and & = 0.075. There are 286
(27.9%) misclassified pixels; 71 out of 81 edges have been correctly reconstructed, although
there are 12 spurious edges.

The fourth pair of pictures in Figure 2.7 shows a reconstruction using the edge penalties
proposed by Silverman et al.[39] with p = 100 and § = 15. Here ¥y = 3.5 and
a = 0075. There are 267 (26.1%) misclassified pixels; 73 out of 81 edges have
been correctly reconstructed, although this time there are 14 spurious edges. Examination
of the histograms seems to suggest that the reconstruction using Silverman et al.[39]’s
penalties is slightly better than the reconstructions using Geman and Geman[12]’s penalties.
However, there is little to choose between the two. We note that the inequality presented in
Section 2.4.2 is satisfied (2.5 = p > 2z 8 = 9.4), as is the inequality presented in Section 2.5.1
(3.5=y>1.9368(1 +(100a) 1) = 3.3).

A very good reconstruction was obtained without an edge process with ¥ = 2.5 and
a = 0.075. The straight line temperature schedule employed above followed by ICM to
convergence was used. In order to calculate the number of edges that could be said to have
been correctly reconstructed, an edge was said to be present between a pixel and its horizontal
and vertical neighbours if the grey-levels of these two pixels differ by at least 10. There were
286 (27.9%) misclassified pixels; 73 out of 81 edges were correctly reconstructed, and there

were only 10 spurious edges. This reconstruction gives a better treatment of the edge process,
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and nearly as good a treatment of the pixel process, as the reconstructions obtained using an
explicit edge process.

Although we have not tried to select the parameters that define the edge process in an
‘optimal’ way (impossible to do in practice anyway as the true image is unknown), it appears
from this example, and other examples not reported here, that employing an explicit edge
process with a grey-level image may not improve the reconstructions to a large degree, if at
all. It seems likely that the reason for this is the fact that the function ¢, which defined the prior
distribution on the pixel process (see equation (2.5)) is carefully designed to preserve edges that
may occur between pixels while allowing small variations within regions (see Section 1.3.3).
Thus, although in this case no attempt is made to model the boundaries of the real image

explicitly, a type of implicit edge process is provided that works well.

2.6 Conclusions

In this chapter we have seen that we can assign a penalty to the edge process of the image by
specifying penalties for the six possible ways (up to rotation) in which four edge sites meeting
at a point can be occupied. We have described the systematic approach of Silverman et al.[39]
to the specification of these edge penalties. In order to see whether these penalties lead to
better reconstructions than can be obtained by employing those previously used by Geman and
Geman[12] (or by employing no edge process), we pérform two reconstruction experiments.
These provide some evidence to suggest that the edge penalties proposed by Silverman et al.[39]
will perform well (and should be used) in the case ofvimagcs comprising unordered colours.
However, it seems that with grey-level images little if an&thing is to be gained by employing
an edge process no matter what penalties are used, provided a suitable prior distribution for the

pixel process (without an explicit edge process) is employed.
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Chapter 3

On Choosing the Smoothing
Parameter used in the Exact
Maximum A Posteriori Estimation for

Binary Images

3.1 Introduction

In the Bayesian approach to image analysis a prior distribution Pr (x) over allowable images x is
specified, as we discussed in Chapter 1. If we let y denote the record or degraded version of the
true image, we can combine the likelihood I(y | x) of any image x with the prior Pr (x) to form a
posterior or a posteriori distribution Pr (x| y). The maximum a posteriori or MAP estimate of
the true image is that x that maximizes this posterior distribution. We shall often refer to this x
as X in this chapter. For a general image it is not feasible to compute % exactly. However, for
binary images (¢ = 2 colours), Greig, Porteous and Seheult show in [3] and [17] how % may
be found exactly by means of reformulating the problem as one of finding the maximum flow
through a certain capacitated network. Jubb[24] expanded on their work to produce an efficient
implementation of their algorithm. We are grateful to Mike Jubb for making available the basic
FORTRAN programs for this implementation.

In this chapter we build on the above mentioned work of Greig er al. and Jubb. In

Section 3.2 we review the general Bayesian set-up. After this we describe the work of Greig
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et al. and present their fluid flow formulation. In Section 3.3 we discuss the form of the record
assumed by this fluid flow approach and introduce two types of degradation mechanism, the
addition of normal noise and the binary channel. In Section 3.4 we show that the approach
of maximizing the posterior distribution is equivalent to minimizing a certain penalty function.
When the prior distribution and the likelihood take certain forms this penalty function represents
a trade off between the infidelity of an image x to the record y and the roughness of the image x,
controlled by an unspecified smoothing parameter . We discuss the specific form of this
penalty function in the case of the two degradation mechanisms of interest. Also in Section 3.4
we introduce six binary images that we use for our experiments. In Section 3.5 we review the
work of Jubb[24]. We introduce the notion of partitioning the image and present some results
aboutits effectiveness. In Section 3.6 we show how the fluid flow approach allows us to produce
a sequence of MAP estimates for increasing values of the smoothing parameter S.

The key result presented in Section 3.6 provides us with a method of choosing the smoothing
parameter S by eye. An automatic way of choosing § would also be desirable, and we
briefly described some such methods for general images in Section 1.8. In Section 3.7 we
outline a method for choosing § when the degradation mechanism is the binary channel due
to Frigessi and Piccioni[11]. In Seétion 3.8 we investigate another proposal for choosing 8
due to Seheult[35] which we apply to the six images corrupted by both types of degradation
mechanism. In Section 3.9 we comment upon two further ways of choosing f in the case of
binary images.

In Section 3.10 we attempt to motivate the work of Chapter 4 on simulated annealing by
using the penalty function with § chosen by means of the method described in Section 3.8 to
compare quantitatively the exact MAP estimate for a binary image with estimates produced by
simulated annealing. We also consider the performance of Besag[3]’s ICM algorithm. Finally,

in Section 3.11 we present our conclusions.

3.2 Formulation and review of the paper by Greig, Porteous and

Seheult

In this section we present a thorough review of the work of Greig et al. in [3] and [17]. We
begin by outlining the general set-up.

In the binary image x, each pixel, i say, can be one of two unordered colours, called white
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and black, and coded as x; = 0 and x; = 1, respectively. It is assumed that there are n pixels in
the image, labelled 1, ..., n. The record at pixel { is denoted y;, where againi = 1, ..., n. Greig
et al.[17] assume both that the records yy, ..., y, are conditionally independent given x, and that
each has known conditional densicy function f(y; | x;). Thus, the likelihood function for x may

be written as

1= TLso150 = Tlson10s00107

i=1 i=1

wherey = (y1, ..., ¥n)is the vector of records. A remark about the second part of this assumption
is given in Section 3.3.
Next, they model the prior distribution Pr (x) as a pairwise interaction Markov random field

of the form

=1 j=1

1 n n
Pr(x)ocexp{—z-zz:ﬂij [x,-x,-+(1—x,-)(1-x,~)]} (3.1)

where f; = 0 and B; = B; 2 0; in the case of strict inequality, pixels i and j are said to be
neighbours. Given the likelihood I(y|x) and the prior distribution Pr(x) we may obtain the

posterior distribution Pr (x| y) in the usual way by means of Bayes’s theorem:
Pr(x]y) e l(y|x) Pr(x), (3.2)

where the constant of proportionality does not depend upon x. Our interest in this chapter lies in
finding that x, X say, that maximizes the posterior distribution Pr (x| y). This image % is referred
to as the maximum a posteriori or MAP estimate. Instead of maximizing Pr(x|y), we can
equivalently maximize log Pr (x|y), and, because of the form of I(y|x) and Pr (x), this seems
a very sensible thing to do, computationally speaking. Thus, apart from an additive constant

independent of x, log Pr (x|y) can be written as L(x|y) where

n 1 n n
Lixly)= > xidi+ 5 >3 By bax + (1 - x)(1 - x)] (3.3)
i=1 =1 j=1
and where
i|lxi=1
w=toe{fo=g ) 64
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is a log-likelihood ratio at pixel i. Hence, our maximization problem may equivalently be
viewed as the maximization of L(x|y), or the minimization of —L(x| y).

In Section 3.4 we shall see how the maximization of logPr(x|y) is equivalent to the
minimization of a penalty function which differs from —logPr(x|y) by an additive constant
independent of x. Two examples are given in which the penalty function takes the form of a
trade off between the infidelity of the image x to the record y and the roughness of the image x.
The balance of this trade off is controlled by a smoothing parameter # which is related to the
fBij s of the prior distribution given in expression (3.1) as follows. If pixels i and j are first-
order neighbours then §;; = §, whereas if pixels i and j are second-order neighbours, 8; = Df,
where D is a downweight. In this chapter we set D = 0 and so confine ourselves to first-order
models. We have seen that the MAP estimate is that image ¥ which maximizes L. Of course,
X could theoretically be found by direct search over all 2” possible values of L, but this is
computationally infeasible even for quite small n.

In the discussion of Besag[3], Greig et al. show that the maximum of L(x | y) and hence the
maximum a posteriori estimate of the binary image can be found using the labelling algorithm
of Ford and Fulkerson[10] for finding the maximum fluid flow in a certain capacitated network.
We now summarize the derivation of this fluid flow approach of Greig er al.[17], and briefly
describe the results obtained there using this algorithm.

Consider a capacitated network comprising n + 2 vertices, one for the sink, s, another for
the source, ¢, and the remaining n for each of the n pixels. There is a directed edge (s, i) from s
to pixel { with capacity c;; = 4;, if 4; > 0; otherwise, there is a directed edge (i, f) from i to ¢
with capacity ¢; = —A;. Thus, initially pixel { is connected to the source if and only if its
maximum likelihood classification is x; = 1 (black). There is an undirected edge (i, j) between
two internal vertices (pixels) i and j with capacity c; = B; as appropriate if the corresponding
pixels are neighbours.

For any binary image x = (xy, ..., x), define the two sets B(x) and W(x) as

B(x) {s}u{i:x;=1}

W(x) {i:x;=0}u{t}.
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These two sets give a partition of the network vertices. We now put

Cx= Y > cu

ke B(x)le W(x)

Here the set of edges with a vertex in B(x) and a vertex in W(x) is called a cut and C(x) is called
the capacity of the cut.

It can easily be shown that

n n 1 n n
C(x) =Y ximax(0, -4;) + Z(l ~ %) max(0, 4;) + 5 YN Bt —x)

i=1 i=1 i=1 j=1

Since
x; max(0, —4;) — x; max(0, 4;) = —x;A;,

regardless of the sign of A;, and x;? = x; for all i, we have that C(x) differs from —L(x|y) (see
equation (3.3)) by a term which does not depend on x. As we noted above, —L(x| y) is, apart from
an additive constant, the penalty function that we wish to minimize and that will be discussed
further in Section 3.4. For consistency with other chapters, we present the value of the penalty
function itself rather than the value of —L(x|y) when we compare the exact MAP estimate given
by this fluid flow approach with that given by simulated annealing and ICM in Section 3.10.
The max-flow min-cut theorem (Ford and Fulkerson[10], Theorem 5.1) states that, for any
network with a single source and sink, the maximum feasible flow from the source to the sink
equals the minimum cut value for any of the cuts of the network. Let F denote the amount of
flow from source to sink for any feasible flow pattern. The value of any cut provides an upper
bound to F, and the smallest of the cut values is equal to the maximum value of F. Therefore,
if a cut can be found in the original network equal to the value of F currently attained by the
solution procedure, the current flow pattern must be optimal. Equivalently, optimality has been
attained whenever there exists a cut in the current network whose value is zero with respect to
the remaining flow capacities. Accordingly, the minimum of C(x) is the maximum flow through
the network from source to sink subject to the edge capacities. A corresponding cut is called a
minimum cut. Thus, in order to maximize L(x|y), all that is necessary is to find the minimum
cut. In the MAP estimate pixels are black if they are on the source side of the minimum cut and

white otherwise.
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In the experiments carried out by Greig ef al. and reported in the discussion of Besag[3],
Bi; was taken to be S for all internal connections between neighbours. These authors tentatively
conclude that relative to ICM, a smaller value of # may be more appropriate for MAP
estimation, and that for a given noise level, simulated annealing ‘converges’ to MAP more
rapidly for smaller values of 8. In their 1989 paper, where each pixel is assumed to have eight
neighbours and D = 1, Greig et al.[17] state that the availability of exact estimates allows the
assessment of the performance of other algorithms. They conclude that MAP estimation is
very sensitive to change in the specification of the prior (specification of ), whereas ICM is
generally robust to any such change, presumably because it operates locally rather than globally.
They also discuss different temperature schedules for simulated annealing, namely logarithmic
schedules of the form 7(¢) = C/ log (1 + 1) and geometric schedules of the form 7(t) = Ap*!,
where t is the number of the iteration. They state that the opportunity for the simulated annealing
algorithm to get trapped in a local maximum of Pr (x|y) increases with increasing f, especially
if the temperature is allowed to decrease too rapidly. Thus, they conclude that simulated
annealing, applied with practical schedules, does not necessarily produce a good approximation
to a MAP estimate. Experimental results suggest that good approximations are more likely for
smaller values of /3, and that, as f increases, the global properties of the prior distribution very
rapidly dominate the likelihood contribution to the posterior distribution. We consider ICM and
simulated annealing briefly in Section 3.10, and more thoroughly in Chapter 1 and Chapter 4.

Greig et al.[17] state that any attempt to incorporate edge processes (see Chapter 2), or to
preserve certain global aspects of the true image will in general render the network method
inapplicable. Moreover, although the multi-colour problem can be treated as a generalized
minimum cut problem, there is no corresponding network formulation. Finally, they suggest
a variant of the basic algorithm: partition the image into connected sub-images and then
calculate the MAP estimate for each sub-image separately. This can be interpreted as finding the
maximum flow through the network, but under the imposed constraints that no flow is allowed
across sub-image boundaries. Next, relax some of these additional constraints to amalgamate
sub-images and continue doing this until the MAP estimate of the complete image results. Such
a modification was implemented by the authors and resulted in up to a twelve-fold reduction in

CPU time. We discuss partitioning in detail in Section 3.5.



3.3 The record

We have seen in Section 3.2 that, following the usual approach as discussed in Chapter 1, Greig
et al.[17] assume both that the records y;, ..., y, are conditionally independent given x, and
that each has known conditional density function f(y;|x;). The second of these assumptions
is, however, not necessary for the fluid-flow formulation. For note that L(x|y) depends on the
record only through A;, as defined in equation (3.4). Hence, all that is required regarding the
distribution of the record is the ability to write down a likelihood ratio at each pixel. Knowledge
of the explicit form of f is not necessary. This also means that the situation where f varies from
pixel to pixel, or from colour to colour, is allowed.

In this chapter we assume that all the pixels have been affected in the same way. We consider
two types of degradation mechanism: the first is the addition of normal noise of known variance
x to each pixel independent of all the other pixels so that the record at pixel i, y;, has a N (x;, )
distribution, where x; is the true, but unknown colour of pixel i; the second is corruption by a
binary channel, in which each pixel switches colour with known probability €. The first case,
which we shall usually refer to as ‘normal noise’, is discussed here in Section 3.4.1. The second
case, which we shall usually refer to as the ‘binary channel’, is discussed here in Section 3.4.2
and Section 3.7.

In Figure 3.1 we give an example of the degradation due to normal noise. We consider a

256 x 256 image of a part of Scotland !. At each pixel i the record is
¥i ~ N(x;, x).

We present the maximum likelihood based on y, the vector of records. This is the reconstruction
that maximizes Pr (x|y) when § = 0, i.e. when there is no spatial information. We shall refer
to it as X (0). Hence, % (0) is the reconstruction that maximizes the likelihood term /(y|x), and
it can be shown that in the case of normal noise

1 ify; 21

%0)=
0 ify,- < %

We also give in the figure the percentage of pixels in % (0) that are different from the original

'"We are grateful to Art Owen and Mike Jubb for supplying the image of a part of Scotland.
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original

kappa-0 5.242% dffaront kappa-1 0.30.7% dffaranl

250

kappa-1 5.342% dffarent

Figure 3.1: 4 part of Scotland corrupted with normal noise ofvarious variances, x
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image. For x = 0.25 only 16.1% of pixels in X (0) are different and the original image ié clearly
visible, whereas for x = 2.0, 36.0% of the pixels are different and it is almost impossible to
distinguish the original image.

In Figure 3.2 we present a similar example, but for the binary channel. This time we
present the record y itself and the percentage of pixels that have changed, a figure that should
be about 100e. The image with £ = 0.1 is very similar to the original image, whereas with the
image with € = 0.4 it is almost impossible to distinguish the original image. The image with
€= 0.5 is such that at each pixel the colour 0 or the colour 1 is chosen with probability 0.5 and

hence has no dependence on the original image.

3.4 MAP estimation as the minimization of a penalty

We have seen that our interest lies in the maximum a posteriori estimate. This is the image
that maximizes the posterior probability Pr (x|y), where the record y is fixed. We have also
seen that Pr (x| y) e I(y | x) Pr (x), where the multiplicative constant of proportionality does not
depend upon x. Thus, maximizing Pr (x|y) is cquivaleqt to maximizing I(y | x) Pr (x). This, in

turn, is equivalent to maximizing log I(y | x) + log Pr (x), or minimizing
—logl(y|x)—logPr(x), (3.5)

or any quantity that differs from (3.5) by an additive constant that does not depend upon x. We
shall refer to such a quantity as the penalty function, which we aim to minimize over images x.

Throughout this chapter, we take
~logPr(x) =g (vm(x) +D v(2>(x)) ) (3.6)

plus some additive constant that we may ignore, where v(!)(x) is the number of discrepant first-
order pairs in the image, v®(x) is the number of discrepant second-order pairs, and D is a
downweight. The quantity given in equation (3.6) can be thought of as a measure of roughness
of the image x.

We now turn our attention to —log/(y | x). Throughout, we make the same assumption as
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ep&*on0 3. 30.0% changed

epsilon=0 4, 40.0% changed

Figure 3.2: A4 part of Scotland corrupted by the binary channel with various values ofe

68



Greig et al.[17], as described in Section 3.2, and thus we obtain that

1y1x) = [T 1.

i=1

In this chapter we consider two cases for f, that of normal noise and the binary channel. These
are discussed below in Section 3.4.1 and Section 3.4.2, respectively. In these sections we show
how —log(y| x) can be thought of as the quantity measuring the infidelity of the image to the

record x.

3.4.1 Normal noise

We briefly review this common situation here, for the sake of completeness, and to enable
comparison with the case of the binary channel discussed in Section 3.4.2. The distribution of
the record y; at pixel , coloured x;, is assumed to be normal with mean x; and known variance

x > 0, independent of all other pixels. In other words
1 1 2
fOilx) = W rha ~5e0i %) (3.7

We saw an example of this type of degradation for various values of x in Figure 3.1 of

Section 3.3. From equation (3.7), we immediately obtain
—log f(3i]x) = = log(2x) + (- x:)
g il Xi) = 2 g P Xi)s
and so
n 1 & 5
—log Iy | x) = = log(2me) + =—— > _(yi— %)
2 2x P

The first term of this expression does not depend upon x (or y) and can be disregarded as far as

the minimization is concerned leaving

Oi—xi)%. (3.8)

1 n
2K i=1
This is clearly a measure of the infidelity of the estimate x to the record y. Moreover, as the

variance x increases, this measure of infidelity decreases. Thus, the greater x is known to be,

the less weight is given to the infidelity term in the penalty function, which, in this case of
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independent, additive normal noise, is
1 n
5= > 0i=x) 4B (0@ +DvP(x)) (3.9)
i=1

Accordingly, this penalty function represents a trade off between the infidelity of the image x

to the record y on the one hand, and roughness of the image x on the other. The balance of this
trade off is controlled by the (unknown) smoothing parameter 3 > 0: the higher the value of
B, the greater the weight given to the second term of (3.9), and the smoother the image x that
minimizes the penalty function (3.9). |

For ease of comparison with expression (3.14) of Section 3.4.2 on the binary channel, we

can multiply expression (3.9) by the known quantity 2« to obtain the new penalty function
n .
> 0i- %) +2x8 (W) + DvA) . | (3.10)
i=1 :

It can be shown that this new penalty function takes the form

lly = x|? + AnD(x) @11

where ||z]|? = 27z = T, z? and ®(x) is a quadratic in the vector x: i.e. ®(x) = x” Cx. It is now
not hard to establish that C is a non-negative definite matrix. The term ®(x) may be thought
of as a roughness penalty and Axr = 2x § may be thought of as a smoothing parameter. This is
the form of the penalty function considered in the recent paper by Thompson, Brown, Kay and
Titterington[43], which we discussed in Section 1.8. We shall see this penalty function again
in equation (3.15) of Section 3.4.2.

3.4.2 Binary channel

Our motivation for considering a binary channel is the paper by Frigessi and Piccioni[11]. In
that paper the authors assume that each pixel is wrongly recorded with some fixed probability
0 < £ < 1, independent of all other pixels. This model is known in communication theory as
the memoryless binary symmetric channel. The likelihood at each pixel can be expressed as

£ ify; #x

fOilx) =

1-¢ ify;=x.
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In our work, unlike in [11], we assume that £is known. Immediately, we may disregard the two
extreme cases of € = 0 and £ = 1. Further, we may restrict  to the interval (0, 1/2], without any
loss of generality. For say we know £ > 1/2. We can replace y; by 1 —y; and in effect replace £
by ¢’ = 1—¢, where £’ is in the interval (0, 1/2). We saw an example of this type of degradation
for various values of £ in Figure 3.2 of Section 3.3.

Let us now consider the term —log/(y|x) in detail. Under our assumptions this negative
log-likelihood equals — Y7, log f(y; | x;). Now

~log fO:lx:) = ~loge: it
—log(l-¢) ify;=ux.

Let ng be the number of entries of y; that are different from x;, and n for the number of entries
that are the same. The number n4 can be thought of as the Hamming distance between x and y,
as it is the number of pixels at which the true image and the record differ, and ny = n—ng4, when

there are » pixels in total. This gives

Iy|x) - log f(yi| x)
i=1
= —-nglog(l—-¢€)—-nyloge
= —(n—-ng)log(l1-¢)-ngyloge

1-
= -nlog(l-¢&+nylog (TE) ,

the first term of which does not depend upon x (or y) and can be disregarded as far as the

minimization is concerned. This leaves
1 —_
nalog (TE) , (3.12)

which is again a measure of the infidelity of the estimate x to the record y. For comparison with
equation (3.8) in section 3.4.1, we can write ny as 5%, (y; — x;)* and change the order of the

two terms in (3.12) to get

log (%) g(}’i - %)%
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Since we have

for £in the interval (0, 1), we obtain that

log (—1 ;E)

is a decreasing function of & Thus, the larger £ is known to be, the less weight is given to the

infidelity term in the penalty function, which, in this binary case, is
1 _ n
log (-f) > 0i-x) +8 (VW) + D). (3.13)
i=1

We again remark that this penalty function represents a trade off between infidelity and

| roughness controlled by the (unkhown) smoothing parameter .
Again, for ease of comparison with expression (3.10) of Section 3.4.1 we can multiply

equation (3.13) by the known quantity

1
log (1—}‘3)

which hence forth we shall denote by 7, to obtain the new penalty function

S Gi-xf 418 ({0 + D). (3.14)

=1

We finish by remarking that, as in Section 3.4.1, the new penalty function (3.14) takes the

same form as equation (3.11):
[ly = x[I? + 2@ (x). 3.15)

Here the smoothing parameter is 4, = 78.
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3.4.3 The images used

Throughout this chapter we base our experiments on six binary images. Four of these images,
of size 64 x 64, were generated by means of 100 iterations of the Gibbs sampler as described
in Section 1.4.1. Although for each case the initial image was produced by assigning a colour
to each pixel at random, the theory given in Geman and Geman([12] (see Section 1.4.1) tells us
that for a large (finite) number of iterations (raster scans) the realization obtained is (almost)
independent of the initial image. These images had £ set to 0.2, 0.6, 1.0 and 1.2. For all four
images we used a nearest neighbourhood structure (D = 0.0). Ripley[33] points out that in this
case when we have two colours and the first-order neighbourhood graph, the probability model,

whose conditional distribution is given by

Pr [value of pixel i is 0 | neighbours] o exp {B#(neighbours coloured 0)}

Pr [value of pixel iis1 | ncighbours] o< exp {##(neighbours coloured 1)},

reduces to the well-known Ising model of statistical physics. This is known to have a critical

value of g, B, where
. = sinh™ 1 = (.88, (3.16)

such that, asymptotically as MN — oo, where M and N are the dimensions of the image, for
B < B. there are no infinite patches of one type whereas for 8 > 8., there will always be such
infinite patches. The four images are shown in Figure 3.3 and some details about them are
given in Table 3.1.

We considered two further binary images: both are 64 X 64 and ‘hand-drawn’. These two

images are also shown in Figure 3.3 and details of them are also presented in Table 3.1.

3.5 A review of the work of Jubb and some extensions

After describing the Ford Fulkerson labelling algorithm for maximizing the flow through a
network, Jubb[24] formulates and implements some very clever and effective improvements in
the algorithm when used for MAP estimation. We shall refer to Jubb’s algorithm as the modified
algorithm. These modifications make use of the particular structure of the network used in the

imaging problem.
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Figure 3.3: The six images used in our experiments
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Image Size Number of pixels
(Total) taking the value

0 (%) 1 (%)
Gibbs f=0.2 | 64 x 64 (4096) | 2007 (49) | 2089 (51)
Gibbs f= 0.6 | 64 x 64 (4096) | 1984 (48) | 2112 (52)
Gibbs 8= 1.0 | 64 x 64 (4096) | 2517 (61) | 1579 (39)
Gibbs = 1.2 | 64 x 64 (4096) | 3075 (75) | 1021 (25)
1) 64 X 64 (4096) | 1956 (48) | 2140 (52)
2) 64 x 64 (4096) | 1787 (44) | 2309 (56)

Table 3.1: Details of the images used

3.5.1 Partitioning

Greig et al.[17] report achieving a 12 fold reduction in CPU time from 3000 seconds to 250
seconds by adopting the following scheme:

e partition the original image into sub-regions;
¢ employ the original algorithm to find the MAP estimate for each sub-region;

¢ employ the original algorithm to find the MAP estimate for an amalgamation of these
sub-region reconstructions using the estimates already found as the starting point for the

Ford-Fulkerson algorithm;

e repeat this until the original image is reached.

They state that this scheme can be interpreted as finding the maximum flow throughthe network,
but under the imposed constraints that no flow is allowed across subimage boundaries. Next
these constraints are relaxed. Corresponding subimages are then amalgamated to form a new
set of larger subimages. This procedure continues until the MAP estimate for the complete
image is obtained. Greig et al.[17] base their experiments on an image of size 88 x 100, and
they consider a 1616 array of roughly equal-sized rectangular subimages, followed by an 8 x8
array of subimages, a 4x4 array, a 2x2 array and finally the full image itself, as their partitioning.
We shall refer to this partitioning as a (16,8,4,2) partition. Greig et al.[17] state that this choice

of partitioning is unlikely to be optimal and that any sensible choice of partitioning willlead to a
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Partitioning used | Partitioning not used

Modified algorithm used 19.6 15.1
Modified algorithm not used 73.0 770.0

Table 3.2: Seconds of CPU time for a 64 x 64 binary image (Jubb, Table 3.1)

substantial reduction in CPU time. We investigate this claim in Section 3.5.2 below. However,
there we consider the effect of partitioning on the modified algorithm. Another example of the
reduction in CPU time that can be achieved in the case of the original algorithm can be seen
in Table 3.2. This is Table 3.1 of Jubb[24]. The image under consideration has 64 x 64 pixels
and is corrupted by independent, additive normal noise with variance x = 0.25. Jubb[24] sets
B = 10and D = 1/+/2, and uses a (16,4) partition: the flow is maximized first in separate
regions each of size 4 pixels by 4 pixels, then in separate regions each of size 16 pixels by 16
pixels, and finally in the whole image. He reports an 11 fold reduction in CPU time. However,
that table indicates that partitioning has a detrimental effect in the case when Jubb’s modified
algorithm is used. We shall discuss this further in Section 3.5.2.

3.5.2 Partitioning and the modified algorithm

Jubb[24] presents two numerical examples of the effectiveness of the modified algorithm and of
partitioning. We have already met one of these examples in Section 3.5.1. Jubb[24] concludes
from Table 3.2 and his other example that the faster reconstructions were obtained using
the modified algorithm alone, and that combining the partitioned version with his modified
algorithm has little effect on the CPU time. We attempted to investigate further the effect
of partitioning on the modified algorithm. We consider using all possible combinations of
these 4 partitions: 16, 8, 4 and 2. There are 2* = 16 possibilities as outlined in Table 3.3.
In our investigation of partitioning we use only the ‘hand-drawn’ image, and we proceed by

considering the following four reconstruction problems:
1. Image (1), normal noise with variance x = 0.5, = 1.25;
2. Image (2), normal noise with variance x = 1.0, 8 = 2.0;

3. Image (1), binary channel withe= 0.2, = 1.2;
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Sub-region Sub-region
Partition size Number || Partition size Number
(16,84,2) | 4.8,16,32 @ 84,2) 8,16,32 (ix)
(16,8.4) 4,8,16 (ii) 84 8,16 x)
(16,8,2) 4,8,32 (iii) ®8.2) 8,32 (xi)
(16,8) 4.8 @iv) ® 8 (xii)
(164,2) 4,16,32 ) 42) 16,32 (xiii)
(16,4) 4,16 (vi) ©)) 16 (xiv)
(16,2) 432 (vii) ) 32 (xv)
(16) 4 (viii) None 64) (xvi)

Table 3.3: The possible partitions and their numbers

4. Image (2), binary channel withe= 0.4, §=0.3.

We recall that both image (1) and image (2) are of size 64x64. They are reproduced in Figure 3.3
and further details are given in Section 3.4.3.

Each image was corrupted and reconstructed 10 times. Sixteen different reconstruction
algorithms, corresponding to the above 16 partitions, were considered. For each reconstruction
algorithm the average time for the 10 reconstructions was found. This was done by placing the
reconstruction part of the program in a separate subroutine RESTORE, compiling the FORTRAN
program with the -p flag, and then using the unix command prof, standing for profile, to find
exactly the time spent in the subroutine RESTORE. The results of this investigation are presented
in Table 3.4. We point out that the times given in Table 3.2 and in Table 3.4 can not be directly
compared as they were run on different Sun-4 machines. We now make some observations
from Table 3.4.

First, the best two partitions to use seem to be number (viii), in which only a division into
16 x 16 sub-images each of size 4 pixels by 4 pixels is employed, and number (xvi), in which
no partitioning is employed and the complete image is processed without consideration of any
sub-images. In three out of the four cases number (viii) is better than number (xvi) by at least
half a second, whereas in the fourth case, that of image (1) and normal noise, number (xvi) is

better, but this time the margin is only about 0.05 of a second.
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Time (rank)
Normal Binary
(D 2) 1) V)]

Partition || (. §) = (0.5, 1.25) | (x,8) = (1.0,2.0) ||(6 /=(0.2,12) |(g ) =(0.4,0.3)
Number Ax =125 An =40 Ap = 0.87 Ay =0.74

@) 22.73 (13) | 65.98 ©) | 22.47 (14) | 27.59 (16)
(i) 19.84 G) | 62.96 ) || 19.61 ®) | 2594 (13)
(iii) 2091 M | 68.78 (14) || 22.35 (12) | 25.48 12)
@iv) 19.00 3) | 5529 3) || 17.65 @ | 2335 )
) 23.09 (14) | 6891 15s) || 22.42 (13) | 2606 - (14)
vi) 20.82 6) | 64.79 ®) | 19.14 6) | 2434 ©)
(vii) 20.96 )| 67.24 (12) || 20.06 ©) | 22.87 6)
(viii) 18.60 @) | 5448 M || 15.76 1) | 18.62 )
(ix) 23.63 (16) | 66.02 (10) || 22.88 (15) | 27.48 (15)
x) 21.44 ©) | 64.711 ) || 17.86 ) | 2376 ®)
(xi) 22.19 (12) | 66.92 an | 22.00 1) | 24.95 an
(xii) 19.74 @) | 58.29 @ || 17.54 3) | 22.11 @
(xiii) 23.54 (15) | 70.08 (16) | 23.67 @16) | 24.69 (10)
(xiv) 21.94 (11) | 64.78 ) || 19.45 @ | 2279 )
(xv) 21.86 (10) | 67.58 (13) || 21.56 10) | 21.70 3)
(xvi) 18.55 (1) | 55.24 @ | 1693 @) | 2034 @)

Table 3.4: The average CPU times in seconds (and their ranks) for different types of partitioning
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Secondly, the average CPU times for partitions that involve a 2 partition is almost always
very large, these times usually having high ranks. A similar comment can be made for partitions
involving a 4 partition. Thus it seems that considering these large subimages (i.e. here images
of 32 pixels by 32 pixels, or 16 pixels by 16 pixels) has a detrimental effect on the average CPU
time.

In conclusion, we recommend that either a partition dividing the image into 16 X 16 sub-
images each of size 4 pixels by 4 pixels, or no partitioning at all should be used in the case of
a 64 x 64 image. On balance, as any saving achieved by the partition just described is very
small and as such a partitioning adds to the complexity of the program, we feel that partitioning
should be avoided. We have not conducted such an investigation for images of other sizes, but
we feel that the same general conclusions will apply: a partition that divides the image into
many small sub-images may help to reduce CPU time although not by a large amount, whereas

a partition that divides the image into a few large sub-images will not be helpful.

3.6 Getting reconstructions for increasing g

Let X (8) be the reconstruction that minimizes the penalty function given in equation (3.9). If
we use the MAP estimation technique of Greig et al.[17] described above to find % (5), and if
B> > Bi1, we can obtain X () from % (8;) in a simple way, the reason for which is as follows.
The smoothing parameter § only appears in the network formulation in the capacities of the arcs
between the nodes that represent the n pixels, and only pixels that are neighbours have their
nodes connected. Thus, an increase in § from §; to §> only affects the network by increasing
the capacities of these arcs. Accordingly, any feasible flow through the network when g = 8
remains feasible when § = #, > ;. Hence, given % (§;), we can obtain X (5,) by first increasing
the pixel-to-pixel capacities in the network formulation by $,—; (or D (B,—f) for second-order
neighbours), and then running the Ford Fulkerson algorithm with the flows associated with
X (B1) as the initial solution. In this way it is possible to get the reconstructions for a sequence
of increasing 8, say =0.1,0.2, ..., 1.9, 2.0, without having to do each minimization from the
beginning separately. We shall make use of this very convenient observation in Section 3.8.
Indeed, this observation is the key to our method of choosing the smoothing parameter 8.

We now give an example produced by means of the feature that we have just described to

show the effect of smoothing, and to motivate the work of Section 3.8. Again we consider the
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256 x 256 image of a part of Scotland. That image is corrupted by the addition of normal
noise with variance x = 1.5. The original image and the maximum likelihood estimator
(B = 0) are shown in Figure 3.4. Figure 3.4 also shows, as examples of the effect of different
amounts of smoothing, the results of the exact MAP reconstruction for some §s from the above
sequence. For all fs in the sequence a nearest neighbourhood system (D = 0.0) was used.
The reconstruction with § = 0.4 suffers from speckle error and is clearly undersmoothed.
The reconstruction with § = 0.7 is very good although some of the detail of the coastline is
missing. The reconstructions with § = 1.1 and f = 1.6 are still good but they are clearly
oversmoothed. Since the true image is known we can also consider the percentage of pixels that
are misclassified. Figure 3.5 is a graph of the percentage of misclassified pixels for the above
values of f that are at least 0.3. We exclude # < 0.3 from Figure 3.5 as the reconstructions
for such fs are very poor. It can be seen that the best 8 in terms of the number of misclassified
pixels is indeed §=0.7!

In general, however, the original image is unknown. One way of selecting the best § may
be to produce reconstructions for a large number of 8s and to choose the best image by eye.
We have implemented a suite of programs which displays reconstructions for increasing § in
real time, provided that the image is not too big. With these programs the user can sit at the
console and watch as the various reconstructions are produced. The reconstruction that appears
best can then be selected.

The above way of (subjectively) selecting the best § by eye may not be appropriate in all
cases. Moreover, it is important to try to have an automatic method of (objectively) selecting
the smoothing parameter 8. Several such methods have been suggested. In Section 3.7 we
briefly outline one of these due to Frigessi and Piccioni[11]. In Section 3.8 we investigate a
new method for choosing the smoothing parameter 8 due to Seheult[35]. This method is seen
to be relatively successful in certain cases. In Section 3.9 we discuss other methods that have

been suggested, and we give examples to illustrate why we prefer the method of Section 3.8.

3.7 A review of the approach of Frigessi and Piccioni

Frigessi and Piccioni[ 11] consider the case of a binary channel, where each pixel changes colour
with unknown probability ¢, independently of the others. They assume that € is unknown and

they propose a method for finding estimates of both £ and § which they show are consistent if
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the region is regarded as having a free boundary, and easily computable. We briefly outline this
method below. (The reader should note that Frigessi and Piccionif 11] set up the Ising model in
such a way that their p is half our p. For consistency we convert their ps to our p throughout.)
They report numerical experiments which we describe in Section 3.7.1.

The method proposed by Frigessi and Piccioni[ll] is an extension of one derived from
the theory of Time Series. First, for the one-dimensional case, they consider the finite lattice
A, = {-n, - ,n}. Next they derive estimators {pn{Yn\ £n(Yn)) for (p, e¢) which are based on
the lag-1 and lag-2 sample correlations of the data Yn. They show that this sequence (pn, £,)

converges, Pr” almost everywhere, to (fi, ) as n —» «w», for all (pe) e 0, where 0 is the set

{iP,e):P>0,0<£< 12}

The authors now extend the above result to a two-dimensional lattice A. The formulae obtained
in the two-dimensional case are similar to those obtained in the one-dimensional case, except
that the expression for p | involves the inverse of a function that the authors call fand that

is strictly decreasing for positive values of its argument. A graph of this function pis given
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in [11]; in practice ¢ is inverted numerically. We briefly describe the numerical experiments

performed by the authors in Section 3.7.1.

3.7.1 Numerical experiments

Frigessi and Piccioni[11] investigate numerically the behaviour of their (B, ®. They consider 6
images of 128 x 128 pixels synthesized by applying the Gibbs sampler algorithm, as described
in Section 1.4.1, with 100 raster scans, with #setto 0.2,0.6, 1.0, 1.2, 1.6 and 2.0. Although they
do not state what their initial image was, the theory tells us that asymptotically the realization
obtained is independent of the initial image. The values of £ considered for the binary channel
are 0.25, 0.1, 0.2, 0.3 and 0.4, although they do not consider all values of ¢ for all images.

The authors produce reconstructions by running the Gibbs sampler on the posterior
distribution with both the estimated values (B £) and the true values (8, £) for comparison, rather
than by using the exact MAP technique of Greig et al.[17]. Again they use 100 raster scans. The
authors present misclassification rates, x and /, i.e. the percentage of pixels wrongly assigned
in each of the above two reconstructions.

The above results are presented in their Table 1. We reproduce a modified version of that

table as our Table 3.5. We recall that for the model that we consider the critical value of fis
B. =sinh™ 1 =0.88.

The critical value is defined and discussed in Section 3.4.3: the basic idea is that for infinite
images for < S, there are no infinite patches of one type, whereas for § > f. there will
always be such infinite patches. Frigessi and Piccioni[11] remark that, whereas & shows a good
precision for all values of the parameters considered, the quality of B drastically decreases
as B increases. We find it curious that 4, the misclassification rate for reconstructions obtained
using the true parameter values # and ¢, is always higher than 2, the misclassification rate
for reconstructions obtained using the estimated parameters B and & We further remark that
for images generated by the Gibbs sampler with £ less than the critical value (i.e. f = 0.2
and # = 0.6) the corresponding value of ﬁ (and 1) is in all cases larger that 8 (and A,),
suggesting that better reconstructions are obtained in this region of f-space by so-called
oversmoothing, whereas for images generated by the Gibbs sampler with B greater than the

critical value (i.e. 8 = 1.0, 1.2, 1.6 and 2.0) the corresponding value of B (and 1) is in all
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e |[Ae=mB ||B |& |[A=9P p| A
0.2 0.1 0.09 032 | 0.19 0.22
0.2 0.14 0.33 | 0.30 0.38
0.6 | 0.1 0.27 0.64 | 0.13 0.33 10.11 | 10.09
0.2 043 0.67 | 0.24 0.57 21.00 | 20.03
0.3 0.71 0.64 | 0.34 0.93 32.00 | 30.30
1.0 | 0.1 0.46 0.89 | 0.10 0.40 5.04 | 5.00
0.2 0.72 0.89 | 0.20 0.64 7776 | 1.59
0.3 1.18 0.90 | 0.31 1.09 11.37 | 10.99
1.2 ]| 0.1 0.55 0.92 | 0.10 0.41 323 2.84
0.2 0.87 0.90 | 0.19 0.62 491 | 439
0.3 1.42 0.90 | 0.34 1.35 7.30 | 7.30
04 2.96 1.50 | 042 4.65 13.90 | 12.90
1.6 | 0.1 0.73 0.95 | 0.09 0.41 1.80 | 1.30
0.2 1.15 0.95 | 0.19 0.65 3.10 | 2.60
0.3 1.89 0.92 | 0.30 1.06 486 | 4.56
2.0 | 0.25 1.82 0.99 | 0.25 0.89 300 | 297

Table 3.5: Table 1 of Frigessi and Piccioni (modified)
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cases but one less that § (and 1,), suggesting that here so-called undersmoothing yields better
reconstructions. (An alternative explanation may be that the Gibbs sampler algorithm that
generates the original image was not run long enough to produce a genuine realization from
the appropriate distribution.) We shall see a similar situation occurring in our work in both the
case when the degradation mechanism is the addition of normal noise (see Section 3.8.2) and
the case when it is a binary channel (see Section 3.8.3). Other features that are common to our
work and that are reported in [11] are that within each S, 4 and / increase with increasing ¢
(as expected), and that, for each fixed ¢, 1 and /2 decrease with increasihg B. The latter remark
suggests that smoother images are easier to deal with than rougher ones.

The results of Table 3.5 are based on only one application of the degradation process and

reconstruction. We proceed in a slightly different way, which we discuss in Section 3.7.2.

3.7.2 Our approach

In our work we consider 10 different degradations, the secd used for each case being different.
Because of the increased computational burden that this imposes; we consider 64 X 64 images,
and only 4 values of £, namely 0.2, 0.6, 1.0 and 1.2. In addition to the images generated by
the Gibbs sampler, we consider two ‘hand-drawn’ images. Reproductions and details of the
images are given in Section 3.4.3.

We consider two types of degradation mechanism. The first is the addition of independent
Gaussian noise with variance x set to 0.25, 0.5 and 1.0; the second is the binary channel with &
set t0 0.1, 0.2, 0.3 and 0.4. Unlike in the work of Frigessi and Piccioni[11], we assume that £
for the binary channel, and x for the Gaussian noise are known. In Section 3.8 we outline a
different method for choosing the smoothing parameter S that relies upon the key feature of the
fluid flow approach to finding the exact MAP estimate outlined in Section 3.6, and we present

the results of an investigation of this method.

3.8 A method for choosing the smoothing parameter 3

In this section we investigate one of three suggestions of Seheult[35] for selecting the smoothing
parameter . (We briefly discuss the other two suggestions in Section 3.9.) The basic idea is to

choose the reconstruction corresponding to the value of § that maximizes a function, g, defined
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8(/7):1_[{ > Pf(viIZi)Pr(Zilfai(ﬂ);ﬂ)} (3.17)
i lze{o1}
where i runs over all the pixels in the image and where % (5) is the exact MAP reconstruction
with smoothing parameter . The set of neighbours of pixel i is denoted di, and, accordingly,
Xy; (B) represents the colours of the pixels that are the neighbours of pixel i in the exact MAP
reconstruction. We use the notation Pr (- ; ) to indicate that the distribution depends upon the
unknown parameter 5.

Seheult[35] provided some justification for using the function given in equation (3.17).

First, they reflect that the posterior distribution of an image x, given record y, is

_Prgylx)Pr(x; f)

Pr(x|y; f) = Pr ) (3.18)

where
Pr(y;f) =) Pry|x)Pr(xp) : (3.19)

They think of Pr (y; §) as a likelihood for 8 given the record y. Unfortunately, in this context
Pr (y; f) as given in equation (3.19) is computationally infeasible, and so a way of approximating
it must be found.

The approximation suggested by Seheult[35] is based on a pseudo-likelihood approach, as
advocated by Besag in [2] and [3]. We briefly outline the derivation of this approximation.

Consider Pr (y; §) and approximate it as follows:

it

Pr(y; B H Pr (yi; B) (pseudo step)

H{ZPr(yilxai;ﬂ)Pr(xa.-;ﬂ)}
X3i

i

it

H Pr (y; | X3: (B); B) (approximate Pr (xp; 8) as 1 at X3; (8) and O otherwise)
i

H{ >, Pr(yilz,')Pr(z,-IJ‘cai(ﬁ);ﬂ)}

i zie {0,1}
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= g

as in equation (3.17).
Our aim now is to maximize g(f) with zzspect to 5. Equivalently, we can minimize —h(f),

where

h(B) = log g(B)

and indeed we do just this as the computation of log g(8) is easier and more reliable than the
direct computation of g(B), as defined in (3.17). Moreover, if we judge the quality of the
reconstruction of a degraded known image by the percentage of misclassified pixels, pmis(f)
say, our aim would be to find the value of the smoothing parameter § that minimizes pmis(f)
(which, of course, is not known in practice). Hence, it is the minimization of —h(f) that we
consider.

To provide some further motivation for studying —h(f), we produce in Figure 3.6 plots of
Pmis(f) and —A(p), as functions of 3, for two examples: the ‘hand-drawn’ image (1) degraded by
the addition of normal noise with variance 0.5, and the image generated by the Gibbs sampler
with = 1.0 degraded by the binary channel with £ = 0.3. The unbroken vertical line marks
the value of A that minimizes pmis(8) (in Section 3.8.1 we shall refer to this f as §,), whereas the
broken vertical line marks the value of § that minimizes —A(f) (in Section 3.8.1 we shall refer
to this 8 as B4). For the plots we restrict the range of § to a neighbourhood of the minimizer of
—h(p), and we plot the values of pis(8) and —h(B) at every 0.01 in that range of §. It is clear that
the graphs of (8, pmis(8)) and (B, —h(F)) have a similar shape. To provide some quantification of
this observation we computed the value of Spearman’s rank correlation coefficient rg between
Pmis(B) and ~h(B) for each example. (This nonparametric statistic is invariant to monotone
transformations of the data.) For the case of additive normal noise s = 0.8373 based on the
201 points displayed in the graphs, whereas for the case of the binary channel rg = 0.6013 based
on the 151 points displayed. Both these values of rs are certainly significant at the 1% level,
one-tailed test: we do such a test as we are interested in testing the null hypothesis that there is
no relationship between pp,is and —h against the alternative that pp,;s increases as —h increases.
We point out that the graphs of —A(f) against 3 are fairly typical examples of the behaviour of

the function A, although larger images tend to produce smoother curves.
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3.8.1 Experiments

Our experiments are based on the six images that were described in Section 3.4.3 and
presented in Figure 3.6. For each of our six images we apply the degradation mechanisms,
described in Section 3.7.2. Next we produce reconstructions for values of fi in the set
{0.0,0.01,0.02,..., 1.98, 1.99,2.00} making use of the key remarks we made in Section 3.6
about obtaining reconstructions for increasing fi We then record the value of fi in this set
that minimizes -A(fi). We shall refer to this /? as fih, and to the algorithm that produces a
reconstruction using fih as algorithm-h.

We also record the value of fi in this set that corresponds to the reconstruction with the
smallest number of misclassified pixels. This ‘optimal’fi is denoted fi0, and we shall refer to
the algorithm that produces a reconstruction using fiQas algorithm-o. Of course, in practice fiQ
is unavailable. Clearly the fi that minimizes -4 and the fi that minimizes the number of
misclassified pixels need not lie in the set {0.0,0.01,0.02,..., 1.98, 1.99,2.00}. However, we
feel that this approach of searching over increasing fis is a reasonable one to adopt due to its

computational feasibility, as outlined in Section 3.6. Moreover, the set that we have chosen is



Variance
k=025 k=05 x=1.0

with with with

Image | Bo Pu A% || B Bu A% | B Bn A%
f=02 155 185 19| 235 282 20 (306 356 16
=06 | 12.8 13.6 6 || 200 21.0 51271 28.1 4
p=101{ 46 49 5( 66 6.9 5 84 9.0 7
B=121| 24 26 6| 36 39 10| 45 48 8
(€)) 1.0 11 3 19 20 7 39 43 11
©)) 03 04 22 13 15 12| 28 30 8

Table 3.6: Percentage of misclassified pixels: normal noise (Axr = 2x B)

quite large, and the difference between consecutive s in it is small. Hence, for each image,
with the particular record, we have produced 8 and f,. We repeat the procedure for 10 different
records (each with the same value of the x or ¢, as appropriate). Our hope, so far based on the
approximation of Pr(y; f) given by g(f) and on experimental evidence such as that presented in
Figure 3.6, is that (the reconstruction produced using) f; will be similar to (the reconstruction
produced using) £,. We now discuss the results obtained: we examine the normal noise case in
Section 3.8.2 and the binary channel case in Section 3.8.3. In both cases we present the results

averaged over the 10 different records.

3.8.2 Results: normal noise

To begin our description of the results for the normal noise case, we consider the performance
of the two algorithms, algorithm-o and algorithm-h, in terms of the number of misclassified
pixels. The results themselves are given in Table 3.6. We begin our analysis of Table 3.6 by
making two obvious comments. First, for each value of x considered, algorithm-o misclassified
a smaller percentage of pixels than algorithm-h. Secondly, for each algorithm, the percentage
of misclassified pixels increases with increasing variance x. For those images generated by the
Gibbs sampler with values of 8 below the critical value (see equation (3.16)), namely 8= 0.2
and g = 0.6, both algorithms perform quite badly: in all cases at least 12% of pixels are
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misclassified, and that figure increases to well over 30% when x = 1.0 and algorithm-h is used.
However, for the images with # greater than the critical value, namely § = 1.0 and § = 1.2,
both algorithms perform very well: always less than 10% of the pixels are misclassified. We
note that for both algorithms and for all values of «, the average number of misclassified pixels
decreases withincreasing § for those images generated by the Gibbs sampler. This phenomenon
was observed also in the case of the binary channel, see Section 3.8.3. Even better results are
obtained for the ‘hand-drawn’ images: in all cases less than 5% of the pixels are misclassified.
As we have stated in Section 3.8.1, algorithm-o is not applicable in practice. However, it seems
that on average algorithm-h does not perform very much worse. To facilitate comparison we
give the approximate value of A%, the increase in the average number of misclassified pixels
when algorithm-h is used as opposed to algorithm-o, expressed as a percentage of the average
number of pixels misclassified by algorithm-o. Although there is not a clear pattern, A% is only
greater than 20% in one case, and it is often less than 10%. Accordingly, algorithm-h seems to
perform well in the case of additive normal noise, at least for the values of x considered.

We now move on to discuss the values of the smoothing parameter selected by the two
algorithms. We recall that , is the value of the smoothing parameter selected by algorithm-é,
whereas S is the value selected by algorithm-h. We present the values for the case of normal
noisein Table 3.7. A discussionof the values found is, however, not easy as clear patterns do not
emerge. First, for the images generated by the Gibbs sampler and for each value of the variance
x, we consider how the behaviour of 8, and B, depends upon the value of S used to generate the
image. For each value of x, §, (and 2« 8,) increases as the S used for the images generated by
the Gibbs sampler increases. Similarly, for each x, £, (and 2x f5) increase as that § increases.
Secondly, for a given image, we discuss how the behaviour of 5, and 2« 8,, and f; and 2« 8,
depends upon x. It can be observed that, for each image, 8, decreases as x increases, whereas
2k 3, increases as x increases. The behaviour of 8, and 2« §), with x is less clear. For the
images generated by the Gibbs sampler with § = 0.6 and § = 1.0 and the ‘hand-drawn’ images,
Bn decreases as x increases, whereas for each image except the image generated with = 0.2,
2x Bp increases as x increases. Thirdly, we turn our attention to the relationship between the
used for the images generated by the Gibbs sampler and §,. We observe a phenomenon similar
to that described in Section 3.7.1, where we discussed the work of Frigessi and Piccioni[11].
For values of § less than the critical value 8., f, > B (and 2x§, > 2x f) for all values of x

with one exception. That occurs when x = 1.0 and with the image generated with § = 0.6,
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Variance

x=0.25 k=0.5
Image || 2«8 | fo 2xBo | Bn 2By | 6% || 2xB | Bo 2x B | Bn 2k By | 6%
f=021{01 (064 032 |0.12 0.06 |-81 |02 |060 060 |0.14 0.14 |-77
B=0.6 103 [080 040 |0.56 028 |-300.6 |065 065 |044 044 |-32
B=101(05 |0.88 044 |094 047 7110 076 0.76 |0.80 0.80 5
p=12 06 |1.06 053 |[1.10 0.55 4112 |08 089 |1.15 115 | 29
¢)) 1.74 0.87 | 1.80 0.90 3 1.27 127 | 121 1.21 -5
)] 1.86 093 | 190 0.95 2 149 149 [ 150 1.50 1
Variance
k=10
Image || 2x8 | Bo 2B, | B 2k By | 6%
f=02104 |048 096 |0.06 0.12 |-88
B=06 1|12 [052 104 [034 0.68 |-35
B=101]20 [068 136 [077 154 | 13
B=12124 (088 176 |0.84 1.68 -5
¢)) 088 176 | 090 1.80 2
2) 1.02 204 | 096 192 -6

Table 3.7: Values of the smoothing parameter: normal noise (Ax = 2x B, 6 = (Bn— )/ Bo)
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when J, is 0.52. As in Section 3.7.1, it seems that better reconstructions are obtained by so-
called oversmoothing for values of f less than B.. On the other hand, for values of 8 greater
than the critical value, §, < B (and 2x S, < 2xf) for all values of x. Hence, it seems that
better reconstructions are obtained by so-called undersmoothing for values of 8 greater than ..
(Again, an alternative explanation may be that the Gibbs sampler algorithm that generates the
original image was not run long enough to produce a genuine realization from the appropriate
distribution.) We also point out that 85 is less than § in all cases. Finally, we examine the
relationship between S, and f;. To do this we present the value of § = (8, — B,)/f, as a
percentage. It is difficult to say much about 6. However, § is always negative for the images
generated with §s that are less than the critical value, and positive for the images generated with
[ s that are greater than f., except in the case when x = 1.0 and = 1.2. In brief, we can state
that |6] seems very large for all values of x for the image generated with g = 0.2, quite large for
B = 0.6, and small (under 10%) for the images generated with 8 = 1.0 and 8 = 1.2, with only a
couple of exceptions. The value of |{§] seems to be small for the ‘hand-drawn’ images, but there

is no obvious pattern to the sign of 6.

3.8.3 Results: binary channel

Again we start by considering the performance of the two algorithms in terms of the number
of misclassified pixels. Our results for the case of the binary channel are given in Table 3.8.
Again we see immediately from Table 3.8 that, for each value of &, algorithm-o misclassified a
smaller percentage of pixels than algorithm-h. We also see that for each algorithm, the number
of misclassified pixels increases with increasing €. A more detailed examination of Table 3.8
causes us to make comments that are very similar to those made in Section 3.8.2. For the images
with = 0.2 and g = 0.6, both algorithms again perform quite badly: in all cases at least about
10% of pixels are misclassified and that figure increases to well over 40% when £ = 0.4 and
algorithm-his used. On the other hand, for the images with § = 1.0 and § = 1.2, both algorithms
perform well: when £ = 0.1 and £ = 0.2 the average number of misclassified pixels is less than
8%, when € = 0.3 the average number never exceeds 11%, and even when € = 0.4 the average
number is less than 21%. Again for both algorithms and for all values of ¢, the average number
of misclassified pixels decreases with increasing g for those images generated by the Gibbs
sampler. This phenomenon can also be observed for the binary case in the work of Frigessi and

Piccioni[11]. We also saw itin Section 3.8.2, for the normal noise. Again, even better results are
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Probability of change
e=0.1,7=0.46 e=02,1n1=0.72
with u o with u yii
Image Bo bn A%  from [11] Bo b A%  from [11]
g=02 | 10.0 134 34 20.1 293 46
g=061] 99 113 15 10.1 10.1 || 18.8 22,6 20 21.0 20.0
g=10]| 46 5.1 9 50 S50§} 70 79 13 77 16
=121 27 33 26 32 28| 36 46 30 49 44
(1) 09 09 3 23 24 7
@) 06 0.6 2 1.5 20 32
e=0.3,7=1.18 e=04,n=247
with y7) a with u a
Image Bo Bn A%  from [11] Bo Bn A%  from [11]
Bg=021302 390 29 40.1 450 12
p=0.6 | 278 29.6 7 320 303 | 38.8 403 4
g=101| 9.7 107 11 114 11.0 | 142 205 45
g=121 49 57 16 73 73] 87 159 83 139 129
(1) 50 53 6 115 133 16
2) 44 51 16 12.1 158 30

Table 3.8: Percentage of misclassified pixels: binary channel (A, =, n=1/1log((1-¢)/¢))
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obtained for the ‘hand-drawn’ images: for £ = (0.1 the average number of misclassified pixels is
less than 1%, and even when £ = 0.4 this average number is still less than 16%. Unfortunately,
algorithm-o is not applicable in practice. However, it seems that on average algorithm-h does
not perform much worse, although perhaps here the performance of the latter algorithm is not
as good as it was in the case of normal noise. Again there is not a clear pattern in the values
of A%, but sometimes A% can be quite large, reaching 83% on one occasion. Nevertheless,
algorithm-h seems to perform reasonably well, at least for the values of £ considered. We
include in Table 3.8, where possible, the percentage of misclassified pixels ¢ and /i obtained by
Frigessi and Piccioni [11] and reproduced in our Table 3.5. We discuss z and /i in Section 3.7.
The results are not directly comparable for three reasons. First, Frigessi and Piccioni[11] only
consider one realization of the degradation process. Secondly, the images used in [11] are
different from the images that we used. Indeed, their images are 128 x 128, whereas ours are
64 x 64. Thirdly, our methodology is quite different. Frigessi and Piccioni[11] estimate both 8
and £ as j and &, and then use these values in order to reconstruct the true image by means of
the Gibbs sampler. They simulate 100 images from the distribution Pr (x| y; B, 8 and select at
each pixel the colour that occurs most often in these simulations. This method, known as MPM,
was discussed in Section 1.4, where it was seen to be the preferred method (compared to MAP
and ICM) when the quantity of interest is the number of misclassified pixels. Moreover, their
method of reconstruction by means of the Gibbs sampler should yield good reconstructions
for images produced initially by the Gibbs sampler. In our approach, we assume ¢ is known
and estimate § by §;,. Our reconstruction X () is then that x that minimizes a certain penalty
function, as given in equation (3.13), or equivalently any monotone transformation of it. Thus
our problem can be thought of as only depending on one parameter. The same cannot be said

for the approach of Frigessi and Piccioni{11] because sampling from
[ N 1 2 -~
Pr(x|y; B €) < exp -TA;H)'—XH +hP(x)
is different from sampling from
Pra(x1y;,8) < exp {|ly— x| + 2B },

where f) = 1/1og((1-8)/8), |lx-y||? = Tk (x —y:)? and ®(x) = vD(x) + DVP(), as in

Section 3.4. However, it is interesting to note that there is little difference between our results
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Probability of change
e=0.1,7=0.46 e=02,1=0.72

Image (|8 |Bo  nBo | Bn mon (6% |[nB |Bo mBo | Pn  MBn | 6%

=02 009 | 062 028|055 025]-11|0.14 {065 047|035 0.25|-46
=06 (027 | 081 037|055 025 -32 043|069 050|049 0.35|-29
f=1.0 (| 046 | 0.81 0.37 |0.88 040 9072|073 053|085 061] 16
p=121055(09 041 110 050 | 22 10871080 058|110 0.79 | 38

¢)) 180 082|163 0.74| 9 1.12 0.87 (128 092 | 14
2) 1.89 086182 083 -4 1.L15 083|143 103 | 24
e=03,7=118 e=04,n=247

Image ([n8 |Bo mBo |{Bn mbn | 6% (|MB |Bo 1Bo | Pn  TBw | 6%

=02 1024|044 052|021 025]-521{049 024 059 (0.10 025 -58
=06 (071 | 046 054 |034 040 |-26 || 1.48 | 025 0.62 |0.19 047 | -24
B=10 | 1.18 [ 0.54 0.64 |0.70 0.83 | 30 || 247 | 028 0.69 | 042 1.04 | 50
B=121142 072 085|070 083 | -31{29 |030 074|040 099 | 33

1) 076 090|073 086| -4 039 096|037 091| -5
2) 075 0891083 098/| 11 031 0.76 { 0.32 0.81 3

Table 3.9: Values of the smoothing parameter: binary channel (Ay = 1B, 6 = (B — o)/ Bo)

and those of [11].

As we did for additive normal noise in Section 3.8.2, we now discuss the values of the
smoothing parameter selected by the two algorithms. We recall that B, is the value of the
smoothing parameter selected by algorithm-o, whereas fj is the value selected by algorithm-
h, and we present the values for the case of the binary channel in Table 3.9. A discussion
of the values found is, however, even more difficult here than it was in the case of additive
normal noise, although the conclusions that we reach are broadly similar. We do, however, try
to follow the format that we used in Section 3.8.2. First, for the images generated by the Gibbs
sampler and for each value of the probability of change &, we consider how the behaviour of
B, and B, depends upon the value of S used to generate the image. For each value of ¢, 8,

(and 78,) increases as the § used for the images generated by the Gibbs sampler increases.
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Similarly, for each ¢, 8 (and 7n8;) increase as that § increases, except in the case when £= 0.4
and = 1.2 ScCondly, for a given image, we discuss how the behaviour of §, and 7ng,, and
Bn and nf; depends upon &. It can be observed that, for each image except the one generated
with § = 0.2, B, decreases as ¢ increases, whereas 7§, increases as € increases for all images
except the one generated with # = 1.2 and image (2). For all images 8, decreases as gincreases,
whereas for all image except the ‘hand-drawn’ images 78, increases (or remains the same) as £
increases. In Section 3.7.1, where we discussed the work of Frigessi and Piccioni[11], we saw
that their estimate of £, ﬁ, remained fairly constant over all values of & causing 7 B to increase
as ¢ increased. Thirdly, we turn our attention to the relationship between the 8 used for the
images generated by the Gibbs sampler and 8,. Again, we observe a phenomenon similar to
that described in [11]. For values of §less than 8., 8, > S (and 18, > nf) for all values of ¢,
except £ = 0.3 and ¢ = 0.4 with the image generated with f = 0.6. As in Section 3.7.1, it seems
that in general better reconstructions are obtained by so-called oversmoothing for values of 8
less than B.. On the other hand, for values of 8 greater than the critical value, 8, < 8 (and
1B, < nP) for all values of . Hence, it seems that better reconstructions are obtained by so-
called undersmoothing for values of S greater than #.. (Again, an alternative explanation may
be that the Gibbs sampler algorithm that generates the original image was not run long enough
to produce a genuine realization from the appropriate distribution.) We also point out that 8
is less than g in all cases except for the image generate by the Gibbs sampler with § = 0.2
when £ = 0.1, £ = 0.2 and £ = 0.3. Finally, we examine the relationship between S, and §; by
presenting the value of § = (B, — B,)/ Bo as a percentage. It is difficult to say much about 8.
However, & is always negative for the images generated with 8s that are less than the critical
value, and positive for the images generated with fs that are greater than S, except in the case
when £= 0.3 and § = 1.2. There is no clear pattern about |5}, although || seems quite low for
the ‘hand-drawn’ images, as it did for the normal noise. An exception to this statement occurs

with image (2) and € = 0.2.

3.8.4 Conclusions

In this section we attempt to summarize as far as possible the results that we obtained from our
experiments.
First, we present some conclusions about the behaviour of algorithm-h and algorithm-o

based on the percentage of misclassified pixels. Algorithm-h seems to perform quite badly for
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those images generated by the Gibbs sampler that have 8 < 8.. However, this algorithm seems
to do well for those images generated by the Gibbs sampler that have > §., and very well for
the hand drawn images, (1) and (2). Thus, it seems that the smoother the original image, the
better algorithm-h performs. These remarks apply in both the case of normal noise and the case
of the binary channel. For normal noise, algorithm-h seems to perform only slightly worse that
algorithm-o, whereas for the binary channel the difference between the two algorithms is more
noticeable.

Secondly, we present some conclusions about the behaviour of the two algorithms based on
the value of the smoothing parameter j, or A (where we mean A 4 in the case of normal noise and
Ap in the case of the binary channel). Our conclusions here are general impressions, as there are
some places where they do not hold. We found that §,, and f;, increase as the parameter 5 used
for the Gibbs sampler increases. For the case of normal noise 8, decreases as x increases (and
the corresponding A x- increases as x increases). There is no such pattern for §,. We can make
a similar statement in the case of the binary channel, but here our conclusions apply to both g,
and B,, and the corresponding 4, s. We found that both 8, and §,, decrease as eincreases (and the
corresponding A, increases as € increases). We also saw that for both degradation mechanisms
the images generated by the Gibbs sampler with parameter § had 8, > § when 8 < j., and
Bo < B when > B.. We also point out that 8, < 8 in almost all cases: and very often we have
that

B<Be = B<B<Bo
B>Be = Bo<Bun<B

Finally, although it is difficult to make any comparison between our results and those of
Frigessi and Piccioni[11] for the binary channel case, it seems that the results obtained are
quite similar. However, a full comparison between our method and the method of [11] should

be the subject of further work.

3.9 Other suggestions for choosing the smoothing parameter

Seheult[35] suggested two other methods for choosing the smoothing parameter 8. In

Section 3.9.1 we outline these two methods and try to 'give some justification for them. We
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also state some theoretical results of only limited value. In Section 3.9.2 we briefly present

some problems that we have found with these two methods.

3.9.1 Two possible methods

Both of the other methods suggested by Seheult[35] are based on approximating the prior
distribution Pr (x; f) as follows:

n
Pr(x; §) = [[ Pr(xi1xa:: B). (3.20)
i=1
Next, under the assumption that, given x, the records are independent, we have
n .
Pr(y|x) = []Proilx). (3.21)
i=1

We can combine expression (3.20) with expression (3.21) to give an approximation to the

numerator of equation (3.18):
Pr(y|x)Pr(x; 8) = [ [ Pr(ilx) Pr (x| xai; B).
=1

Now replace the unknown x by its MAP estimate X(f) to get a new approximation of

equation (3.18), which we shall call g,(f):

R

HPr(infCi(ﬂ))Pr(ii(ﬂ)liai(ﬂ);ﬂ)

=1

8208). 3.22)

Pr (y | x) Pr (x; B)

We have seen that the denominator of equation (3.18), as defined in equation (3.19), can be

approximated by g(f), which is defined in equation (3.17). Accordingly, we now have

82(B)
Pr(x|y;f) = =——.
y:B) 7
As before, take logs to get
logPr(x|y;f) = ha(B)—h(f)
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where h(B8) = log g(8), h2(B) = log g2(B), and h3(B) = h2(B)—h(B). Seheult[35] suggests plotting
h3(B) as a function of § and choosing the J that maximizes it.

Seheult[35] also suggests doing the same with g,(8) (or h2(f)). We offer a justification for
doing this based upon the method of Section 5.1.2 of Besag{3]. This method applies to general
images and not just binary images. First, we outline a modification of that method in which
estimates of the image x are produced by the method of Iterated Conditional Modes (ICM), as

described in Section 1.6.2.

1. For some value of §, call it fo1q, carry out a single cycle of ICM to produce an estimate

of x, x (Bo4) say, that maximizes (approximately)

H Pr (v; | x;) Pr (x; | x4 Bola)- (3.23)

=1

2. Select fpew to maximize

J1Pr O: 1% (Boia)) Pr (x; (Bota) | xi (Bota); ) (3.24)

i=1

as a function of §.
3. Set foid tO Bpew-
4. Goto Step 1.
We make the following observations:

e In Step 1 we often take the initial value of B,4 to be 0. For both MAP and ICM the
estimate x (0) that is produced by this value of § maximizes Pr (y|x) and is sometimes

referred to as the maximum likelihood estimate. It uses no spatial information.

e Expression (3.23) is in fact an approximation to what happens in ICM. For each cycle
of ICM all the pixels are visited in turn (according to a raster scan, for example) and at

pixel [ we select x; to maximize

Pr (i | x;) Pr (x; | x3:; Potd)-

We then update x before moving on to the next pixel.
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¢ The maximization of expression (3.24) as a function of 8 in Step 2 is equivalent to the

maximization of

H Pr (x; (Bota) | x3i (Bola); B),

i=1
as advocated by Besag[3] in his Section 5.1.2, as the first term of (3.24) does not depend
upon S.

The idea of Seheult[35] makes use of the similarity between expression (3.23) and
expression (3.24). He combines Step 1 and Step 2 in such a way as to reduces the problem
to that of a simple maximization over # = 0 by replacing x (8o14) in (3.24) by X (5), the MAP

estimate for the parameter S, to get

HPr(yilfci(ﬂ))Pr(ii(ﬂ)lfai(ﬂ);ﬁ),

i=1

our g>(f).

Because of their complexity it seems difficult, if not impossible, to perform any meaningful
analysis on the quantities h(f), h2(8) and h3(f). We know from consideration of the penalty
function (see equations (3.10) and (3.14)) that x(f) becomes smoother as f increases and

eventually tends to an image of one colour, ¢ say, which is either 0 or 1. In this case we can

show that
h(pB) — n 1 2
- -log(2zx)— — (yi—c)” as B — oo, (3.25)
hz(ﬂ) / 2 2k ;
for normal noise, and
h(B) -
#(y; =c)loge+#(y; #c)log(l —¢g)as § — oo, (3.26)
h(B) /

for the binary channel, where #(y; = ¢) means the total number of pixels whose record takes the

value ¢, and that

h3(B) / 0as f—> oo, (3.27)

for both normal noise and the binary channel.
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Figure 3.7: n2 (unbroken line) and hi (broken line) as afunction of0

Since images of one colour are of no interest and occur for values of the smoothing
parameter 0 that are much higher than would ever be considered for reconstructions, such

analysis serves very little purpose except to provide some check ofthe computer programs.

3.9.2 Some examples

We tried computing #2(0) and hi(0) for many examples and, in this section, we briefly describe
some problems that we have found with using these two functions. We illustrate our claims with
four examples: in the first we consider the image generated by the Gibbs sampler with 0 = 0.6,
and corrupted by normal noise with variance Kk = 0.5; in the second we consider image (1)
corrupted by normal noise with variance kK = 1.0; in the third we consider the image generated
by the Gibbs sampler with 0 = 1.0, and corrupted by the binary channel with e = 0.4; finally
in the fourth we consider image (2) corrupted by the binary channel with e = 0.3. We present
the graphs in Figure 3.7. In all four graphs the vertical line indicates the smallest value of 0
for which an image of one colour is achieved. The analysis of Section 3.9.1 tells us that both

curves are monotonically increasing after this value of 0. In fact the increase is very slow and
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is hardly noticeable from the graphs. We use an unbroken line for /; and a broken line for 3.

The problem with 43(8) is clearly illustrated in all four graphs: it is monotonically
increasing in f. Indeed in our experience we have never found a case when h3(f) is not
monotonic increasing. ThuS, fhe curve h3 cannot be used for choosing the smoothing parameter.
In the examples the function h2(B) is seen to be monotonically increasing in the case of the
binary channel: we have never found an example in the case of the binary channel when the
function A3 is not monotonically increasing. Our experience with normal noise is almost the
same in that for many cases the function %, is monotonically increasing. However, sometimes
it does display a maximum, and the two examples with normal noise illustrate this. The value
of B at such a maximum tends to produce reconstructions that are oversmoothed. However, it
is felt that further investigation of 4, may be fruitful. Moreover, in practice it may be worth
checking to see whether h; has a maximum. If it does, the exact MAP reconstruction at that

maximum, X (8,) say, should be considered along with X (8;).

3.9.3 Further comments

There are of course many other ways of choosing the smoothing parameter. Some of these were
described in Section 1.8. It is hoped that the comparison of some of these methods with our
algorithm-h in the particular case of the binary image will be the subject of further research by
the author.

3.10 Comparing the exact MAP estimate with the simulated

annealing reconstruction

Finally in this chapter we motivate the work of Chapter 4 by comparing—in one example only—
the exact MAP estimate of the image with estimates produced by simulated annealing and ICM.
The example that we use is the image of a part of Scotland example that we first considered in
Section 3.6. |
Jubb[24] compares the approximate MAP reconstruction given by simulated annealing with
the exact MAP estimate. He does not, however, give any values for the penalty funqtion (3.9,
but states the number of pixels that differ between the reconstructions. Here we give the value
of the penalty function and show that for the Scotland example simulated annealing does not

find the minimum of the penalty function (3.9), with D.= 0.0 (i.e. first-order model for the prior
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Algorithm Misclassified pixels Penalty function
Type B | Number % Value % increase

Maximum likelihood estimate 0 22281 34.00

Exact MAP 0.7 2377 3.63 | 34284.70

Annealing: geometric 0.7 2363 3.61 | 34335.07 0.15
Annealing: logarithmic 0.7 2631 4.01 | 34495.37 0.61
ICM 0.7 7599 11.60 | 37752.50 10.11

Table 3.10: Reconstructions of a part of Scotland by different algorithms

distribution).

Throughout this section we set # = 0.7, as this is the value that minimized the function
—h(B) over the set {0.0,0.1,0.2, ..., 1.8, 1.9, 2.0}, and that gave the best reconstruction when
the exact MAP algorithm was used from the point of view of both a subjective judgement and
the number of misclassified pixels. In Table 3.10 we give the value of the penalty function (3.9)
achieved by the exact MAP estimate. This value of 34284.70 is the global minimum of the
penalty function. For the reconstructions obtained by simulated annealing we used 250 sweeps
of simulated annealing followed by ICM to convergence. We considered two temperature
schedules: a logarithmic schedule suggested by Geman and Geman[12] with

)= log(1+¢)

where 7(1) is the temperature used for the 7 th iteration, and a geometric schedule which takes

the form
() =Ap",

where the constants A and p are selected so that the initial temperature, 7(1), is the same as the
initial temperature for the logarithmic temperature schedule, namely 3/ log(2) = 4.32, while
the final temperature, 7(250), is 0.01. For comparison we point out the final temperature for
the logarithmic schedule is considerably higher at 0.543. We also consider the reconstruction
given by ICM alone. The value of the penalty function achieved and the number and percentage
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of misclassified pixels for both annealing examples and the ICM example are also given in
Table 3.10. The number and percentage of misclassified pixels in the reconstruction that uses
no spatial information, the maximum likelihood estimate, is also given. From Table 3.10 we see
that both annealing examples fail to find the exact MAP estimate. The geometric temperature
schedule does better than the logarithmic schedule producing a reconstruction that has only
slightly fewer misclassified pixels and only a little higher penalty function than the exact MAP
reconstruction. The ICM algorithm does substantially worse than both annealing algorithms,
both in terms of the number of misclassified pixels and in terms of the value of the penalty
function. To illustrate these points further we reproduce in Figure 3.8 the reconstructions
themselves along with the original image and the maximum likelihood estimate. The two
images produced by simulated annealing are not very different from that produced by exact
MAP: the image produced by the geometric schedule is especially similar and provides us with
a very satisfactory reconstruction; the image produced by the logarithmic schedule is not as
good as that produced by the geometric schedule in that it has a high level of speckle error.
The ICM reconstruction is clearly unsatisfactory for this example. We should point out that
it is not always the case that for fixed § as the penalty function decreases so the number of
misclassified pixels decreases. The question of how to assess the quality of a reconstruction
and how to represent this assessment mathematically are not of concern in this chapter, but is

discussed briefly in Section 1.7.

3.11 Conclusions

In this chapter we have extended the work of Greig et al. in [2] and [17] and of Jubb in [24]
on exact maximum a posteriori estimation for binary images. Throughout we considered two
types of degradation mechanism, the addition of normal noise and the corruption by a binary
channel. We showed that the approach of maximizing the posterior distribution is equivalent
to minimizing a certain penalty function. This penalty function represents a trade off between
the infidelity of an image x to the record y and the roughness of the image x, controlled by an
unspecified smoothing parameter §. After introducing the notion of partitioning, we showed
that a partition that divides the image into many small sub-images may help to reduce CPU
time although not by a large amount, whereas a partition that divides the image into a few large

sub-images will not be helpful.
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Figure 3.8: 4 part of Scotland corrupted with normal noise, k = 1.5, and reconstructed by

simulated annealing and ICM with f = 0.7
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We showed how a simple observation from the fluid flow formulation allows us to produce a
sequence of MAP estimates for increasing values of the smoothing parameter 8. This provided
us with a method of choosing S by eye. We also described and investigated several automatic
ways that have been suggested for choosing the smoothing parameter. One of these gave
reasonably good results, both for normal noise and the binary channel in experiments conducted
with six test images.

Finally, we demonstrated how the exact MAP estimate can be used to assess the
performance of other approximate algorithms for finding %. In a very small experiment we

saw that neither ICM nor simulated annealing succeeded in finding X.
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Chapter 4

Simulated Annealing and Image

Reconstruction

4.1 Introduction

We have seen in Section 1.5 that the Bayesian approach to image reconstruction leads us to
attempt to find the image x € A&, the set of all possible images, that minimizes the penalty

function (1.15). This penalty function, which is often referred to as energy, takes the form

1 n
P Zl:()’i—xi)z"'ﬂ (Z ¢(|x.-—x,-|)+DZ¢(1x,--x,-|)) :

[ij] <bj>

where the first term is a measure of the fidelity of the reconstruction x to the data y, the second
term is a measure of roughness of x, # > 0 is a type of smoothing parameter, _j;; indicates
summation over horizontal and vertical neighbours, }_; . indicates summation over diagonal
neighbours, and D is a downweight. In this chapter we take D = 0.0, corresponding to a first-
order model. Often the penalty function is referred to as the posterior energy, E(x), say.

We consider two classes of images: images made up of unordered colours and grey-level
images (see Section 1.3.3). In the case when we are considering images made up of unordered
colours we take ¢ («) = I(u # 0), where I is the indicator function. In this way all discrepancies

incur the same penalty. The resulting penalty function can be written as

ziK 3 0i- 5P +8 (W +D ), (a.1)
=1
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where v(!)(x) is the number of discrepant first-order pairs in the image and v®(x) is the number
of discrepant second-order pairs. For ordered grey-level images we take ¢ = ¢,, where the

function ¢, was defined as

bult) = 1ot =

T l+au? 1+ (au?)™!

in equation (1.10). When u = |x; — x; this ¢, can be thought of as a penalty for the discrepancy
of the grey-levels taken by pixel i and pixel j. Further discussion about this family of functions

can be found in Section 1.3.3. The resulting penalty function can be written as

ZLK Y i-x)+p (Z dallri = %) +D Y pallxi — le)) : 4.2)
P i <

The exact minimization of the appropriate penalty function can, in theory, be achieved by a
direct search over all ¢ possible images, where ¢ is the number of colours or grey-levels in the
image and » is the number of pixels. In practice, however, for even moderate values of ¢ and n
such a search is not computationally feasible, and other techniques have to be employed.

Besag[3] advocates using the method of iterated conditional modes (ICM) to carry out the
minimization. This algorithm requires an initial x and produces a sequence of images such that
the penalty function for these images decreases monotonically. It converges to an image that
corresponds to a local minimum of the penalty functic " and that depcads upon the initial x.
We discussed ICM in Section 1.6.2 and gave some examples of this deterministic algorithm
in action in Section 1.7 and Section 1.8. In Figure 1.5 we presented a graph of the behaviour
of the penalty function when the ICM algorithm is employed. This graph clearly showed the
monotonicity.

Geman and Geman[12] advocate using a technique known as simulated annealing to
perform the minimization of the penalty function. The aim of simulated annealing is to produce
an image that corresponds to not a local, but a global minimum of the penalty function. Again
a sequence of images is constructed, but this time the penalty function does not necessarily
decrease monotonically; images that increase it are allowed. The idea is that in this way escapes
from local minima can occur, and, under certain circumstances, this algorithm theoretically
converges to an image which corresponds to a global minimum of the penalty function and
which does not depend upon the initial x. In Section 1.6.1 we introduced the simulated annealing

algorithm as it is used in image reconstruction. In Section 1.7 we gave an example of this
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stochastic algorithm in action. In that example we followed the simulated annealing algorithm
by ICM. This could only result in a further reduction of the penalty function. Figure 1.6 showed
a graph of the behaviour of the penalty function when simulated annealing followed by ICM is
employed. There the penalty function was seen to be non-monotonic.

In Section 4.2 we discuss the simulated annealing algorithm in greater detail, describe how
itis implemented by Geman and Geman[12] in the case of image reconstruction, and review the
main theoretical results of [12]. We also consider an alternative, but very similar formulation
and discuss some results due to Hajek[18].

The problem with such theoretical work on simulated annealing is that most of the results
are of an asymptotic nature. In effect, this means that they hold provided that the number of
iterations of simulated annealing is infinite. In practice, only a small finite number of iterations
can be employed. Geman and Geman[12] show some examples of reconstructions that have
been obtained in this way. Although the reconstructions presented are good in a qualitative
sense, no indication of how good they are in a quantitative sense is given. In Chapter 3
we saw that it is possible to find the exact minimum of the penalty function (4.1) for binary
images (¢ = 2) using a fluid flow approach. In Section 3.10 we compared quantitatively—in
one example only—the global (exact) minimum obtained using this approach with other local
minima produced by the simulated annealing and ICM algorithms. We found for this example
that neither simulated annealing nor ICM found the global minimum of the penalty function.

Variations on the basic simulated annealing algorithm may be expected to produce better
results in a quantitative sense. In Section 4.3 we introduce three common sense variations
of the algorithm outlined by Geman and Geman[12]. We show by means of a simulation
experiment that one of the variations out-performs the others, especially when the number of
iterations used in the annealing algorithm is large. In other sections we restrict our attention
to this variation. In Section 4.4 we discuss some practical temperature schedules and show
how the performance of the simulated annealing algorithm is sensitive to the first and last
temperatures of the temperature schedule, but comparatively insensitive to the type of schedule
used. The investigation up to the end of Section 4.4 is based upon images made up of colours
whose reconstruction requires the minimization of the penalty function (4.1). In Section 4.5 we
move on to grey-level images whose reconstruction requires the minimization of the penalty
function (4.2). We consider a further variation on the simulated annealing algorithm, the aim of

which is to reduce the heavy computation required when dealing with grey-level images. Using
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this further modification we examine practical schedules for the simulated annealing algorithm
applied to such images. Finally, in Section 4.6 we present our conclusions and make some

suggestions for further work.

4.2 The simulated annealing algorithm

In this section we discuss the simulated annealing algorithm itself. In Section 4.2.1 we outline
the basic idea behind the algorithm. In Section 4.2.2 we describe how this idea is implemented
by Geman and Geman[12] in the case of image analysis and we discuss their theoretical
results. In Section 4.2.3 we consider another approach to simulated annealing and outline some

associated theoretical results.

4.2.1 Basicidea

The idea behind simulated annealing is simple and is outlined in many places, e.g. Ripley[33].
It is based on an analogy with the chemical process of annealing. The general problem
that the simulated annealing algorithm addresses is the minimization of a certain (positive)
energy function E(x) over a large, but finite set of possible configurations X'. Here, for the
sake of simplicity, we shall assume that there is only one configuration, X, that achieves this

minimization. If we define a probability measure P on the set of all xs by
P(x) o< exp{-E(x)}

then our task becomes that of finding the % that maximizes P(x). In essence we have returned to
the Bayesian framework used in image reconstruction in which we try to find the image X that
maximizes an appropriate posterior distribution. We saw in Section 1.4 that for the model that
we consider this posterior distribution is a Gibbs distribution. Now define a further probability

measure P, on X’ by
Pi(x) =< P(x)*,

where 1 > 0, and note that as A — o, P increasingly concentrates on X. (We also point out that
in general the maxima of P are the maxima of P, for all A > 0.) In particular, if we take a series

of samples x; from P, as 1 — oo, we would expect x; — % in some sense. If we setA = 1/7we
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can talk of decreasing remperature 7 to zero, instead of increasing A to e. The basic problem
with simulated annealing is, however, that the lower the value of 7, the harder it is to sample
from the corresponding probability measure. In Section 4.2.2 we begin to consider how we go

about such sampling,.

4.2.2 Simulated annealing and image reconstruction

First, we define the distribution z,(x) as
we(x) o< P(x)''",

for fixed 7. Since, in our approach to image reconstruction, P(x) is a Gibbs distribution, 7,(x)
is also a Gibbs distribution. Geman and Geman[12] propose a method for sampling from
such a distribution that they refer to as the Gibbs sampler which we have already discussed
in Section 1.4.1.

Geman and Geman[12] let {n;, ¢ > 1 and 7 an integer} be a sequence of pixels of the image
that contains every pixel infinitely often (e.g. we can consider the set of all pixels arranged
in order according to a raster scan repeated an infinite number of times). They define a
Markov chain X(r), indexed by discrete time z, whose values are images representing successive
reconstructions (differing by only one pixel, as we shall see), by explaining its evolution at time ¢
form X(z— 1) to X(#). First, X(f) may differ from X(z— 1) only at pixel n,, and we shall refer to

the value of the random variable X(7) at pixel n; as X, (¢). Then
Pr (X, (2) = Xn,) o< (X1, ..., Xy ooy X)), 4.3)

where {xi, ..., X»} \ {xn,} are fixed. In other words, in order to move from X(z— 1) to X(r) we
visit pixel n; and select a value for X, (¢) according to the conditional distribution defined from
7, by (4.3). Since 7(x) is a Gibbs distribution, the conditional distribution (4.3) takes a very
simple form depending on the record at pixel n;, namely y,,, and the value of the image at the
pixels that belong to the cliques that involve pixel n; (i.e., in the case under consideration xy,,,
where dn; is the set of neighbours of pixel n;). Thus, the distribution Pr(X,, = x,,) can be
quickly computed and the value for X, (¢) easily sampled. Essentially, Theorem A of Geman

and Geman[12] tells us that the distribution of X(¢) as t — o is #;, and is thus independent of
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the the initial value X(0). This can be expressed by stating that
lim Pr (X(7) = @] X(0) = 1) = 7(o),
o ]

for all possibleimages @, 7 € X. The proof of this theorem requires a lemma. This lemma tells
us that information about the starting configuration is lost approximately exponentially with the
number of complete sweeps.

The idea of simulated annealing is to sample from z,; while reducing the temperature 7 in

the hope that eventually samples are drawn from the uniform distribution z* over the set
Q"' ={w: we X and E(w) = min E(n)}.
neX

Geman and Geman[12] quantify this idea in their Theorem B. They begin by making three

definitions

Emax = max E(w)
we X

Enin = min E(w)
weX

A = Em - Emin.

Next they assume that there exists an integer r* > n such that for every 1 = 0, 1, 2, ... the set of
pixels that make up the image is contained in the set {nuj, ny2, ..., nur } (e.g. We can again
consider the set of all pixels arranged in order according to a raster scan, and we can set r* = n).

They then let 7(¢) be any sequence of temperatures for which
1. 7(f) > 0ast > oo}
2. 7(t) 2 nA/ logt for all t 2 ¢, for some integer 1o = 2.

Finally, they state the conclusion, namely that for any initial image 7 and for all images o,
lim Pr (X(1) = 0] X(0) = 7) = 7" (@) (44

As condition 2 cannot be followed in practice, Geman and Geman[12] suggest using a schedule
of the form C/ log(1 + k), where k is the number of full sweeps, and selecting C in such a

way that 7 decreases from approximately 4.0 to 0.5 over 300 to 1000 sweeps. Geman and
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Reynolds[14], working in the context of grey-level images, employ 200 sweeps and drop the
temperature linearly from an initial value, which they set equal to 0.3, to a final value 7 = 0.
With this faster schedule than the one dictated by the theory they obtain very good results. Itis,
however, clear that the simulated annealing algorithm is computationally demanding. However,
in the image reconstruction case when all the appropriate distributions are Gibbs distributions,

the algorithm can be seen to be highly parallelizable.

4.2.3 An alternative annealing algorithm

In this section we outline an alternative (and more common) approach to simulated annealing.
We do not use this approach in our work on image reconstruction. Let us return to the
general problem of minimizing a (non-convex) energy function E(x) over a large finite set of
configurations X. The form of simulated annealing now under discussion again proceeds by
defining a Markov chain X(¢), indexed by discrete time ¢, whose values are configurations in the
set A’ and whose distribution theoretically converges to the uniform distribution over the set of
global minima of the function E. Let us assume that X(¢—1) = x. Attime 7 and temberaturc 7(t)
a candidate value for X(z), x’ say, is generated by means of some generation mechanism that

we shall discuss below. The probability that this x” is accepted as the value of X(¢) is given by

Pr(X(1)=x'|X(¢~1) = x) = min {1, exp (—w) }

) 4.5)

Thus, a generated configuration x’ is accepted with probability 1 if E(x’) < E(x) (ie. ifa
decrease in energy results from accepting x "), and with non-zero probability if E(x") > E(x).
It can be seen that this acceptance probability depends only upon the difference between the
energies E(x”) and E(x). In many applications the candidate state x” is generated in such a way
that such a difference is easily calculable.

All that remains in this description is to define a possible generation mechanism. To do
this, we need to write down a matrix G(f) = (G, x/(f)), where x and x” are any two possible
configurations in A'. The usual assumptions made about this matrix are that G(¢) is such
that from any configuration in X’ it is possible, in a finite number of steps, to visit any other
configuration, and that G(z) is the same for all .

We now make some remarks about this algorithm. First, if we run the above algorithm for
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an infinite time with 7(¢) equal to a constant 7 for all ¢, then

lim Pr (X(1) = 0| X(0) = 1) < exp {_M}
e T

for all @ n € X. Secondly, if 7(¢) is reduced sufficiently slowly, again equation (4.4) holds
where now X(?) is a Markov chain with transition probabilities given by equation (4.5) and o
and 77 are arbitrary members of X'. The rate at which 7(¢) has to be reduced has been the
subject of many papers. The book by Laarhoven and Aarts[26] gives a thorough discussion of
the relevant literature (as well as a general review of all the literature on simulated annealing).
Many authors set 7(¢) = I'/ log (1+£) and produce a sufficient condition on I'" for (4.4) to hold.
Such a condition takes the form I" 2 I'*, where I'* is some parameter depending on the structure
of the optimization problem. In the discussion in [26] a number of successively smaller values
for I'* are presented. The paper by Hajek[18] presents a necessary and sufficient condition
on 7(¢) for the convergence given by (4.4). To outline this result we need three definitions:
first, a configuration x is said to be reachable at height L from a configuration z, if there is a

sequence of configurations
x’ =x07x1) "-)xp =Z

such that Gy, x,,, >0fork=0,1,...,p—1,and E(xx) < Lfork =0, 1, ..., p; secondly, state x
is said to be a local minimum if no state x” with E(x") < E(x) is reachable at height E(x); and
thirdly, a local minimum x is said to have depth equal to plus infinity if x is a global minimum,
and equal to the smallest number £, £ > 0, such that some state x” with E(x”) < E(x) can be
reached at height E(x) + £. Hajek[18] makes the assumption that for any real number D and
any two states x, x” € X, x is reachable at height D from x” if and only if x” is reachable at

height D from x. He states that a necessary and sufficient condition for (4.4) to hold is that

Semp (' ri)) - “o

=1

where d* is the maximum of the depths of all states which are local but not global minima.
If 7(r) = I'/ log(z + 1) then the necessary and sufficient condition (4.6) holds if and only if
I' 2 d*. Hajek[18] states that Geman and Geman[12] ‘considered a model which is nearly a
special case’ of the model used in this section. As we have seen in Section 4.2.2, Geman and

Geman[12] give a sufficient condition on I', namely that I" 2 I'*, some I"*, for (4.4) to hold.
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However, their value for I'* is ‘substantially larger than d*’.

4.2.4 Further comments

We have seen in this section that the asymptotic properties of the annealing algorithm are fairly
well understood, even though the conditions on the temperature schedule 7 (¢) that are stated
for (4.4) to hold involve constants that depend upon the structure of the optimization problem
and that are often of such a size that the temperature is still very high even after a large number

of iterations. As Geman and Reynolds[14] say (in the context of grey-level images)

what is important is the finite-time behaviour. ... In particular, we have no
guarantee of obtaining an actual minimum with a finite amount of computation;

in fact it is highly doubtful that we ever achieve the minimum energy ....

The rest of this chapter is devoted to a small study of the finite-time behaviour of the simulated
annealing algorithm, as applied to image analysis and described in Section 4.2.2. In Section 4.3
we suggest and explore some variations on the original algorithm that seem appropriate in the

finite-time case.

4.3 Four simulated annealing algorithms

In this section we introduce four simulated annealing algorithms in the context of image
reconstruction. The second, third and fourth algorithms are variations on the first. We now

present the four algorithms.

Original A total of M iterations of simulated annealing are performed and the reconstruction

is the image x that results from the final iteration.

Lowest A total of M iterations of simulated annealing are performed. The penalty function
is computed after each iteration and the reconstruction is the image x that yields the

minimum value over all M iterations.

Originhl plus ICM The ICM algorithm is applied until convergence to the x produced by the
algorithm referred to as original. The reconstruction so produced is guaranteed to give

a local minimum of the penalty function (see Section 1.6.2).
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Lowest plus ICM The ICM algorithm is applied until convergence to the x produced by the
algorithm referred to as lowest. Again the reconstruction so produced is guaranteed to

give a local minimum of the penalty function (see Section 1.6.2).

To assess the performance of these four algorithms in terms of the penalty function (4.1)
we conduct a simulation experiment. We base this experiment on a binary image (¢ = 2)
of size 32 x 32 pixels (1024 pixels in total). The image is then corrupted by the addition to
each pixel of independent normal noise of known variance ¥ = 0.5. This corruption yields
arecord y. We attempt to recover the original image from the record y in the standard way
by trying to find the x that minimizes (4.1). For simplicity, and to reduce computations later,
we set D = 0.0. The smoothing parameter J is as yet unspecified. In Chapter 3 we presented
a method for finding § for binary images, such as the one used here. That method involved
minimizing a certain function. We performed this minimization over values of § in the set
{0.0,0.05,0.1, ..., 1.4, 1.45, 1.5}, and found that the minimizing 8 was equal to 1.0. This 8
also minimized over the above set the number of misclassified pixels at 40 (3.91%). As we
saw in Chapter 3 it is possible in the case of binary images to find the image that gives the
global minimum of the penalty function (4.1). This image is referred to as the exact MAP
reconstruction. When f = 1.0 the exact MAP reconstruction gives the value of the global
minimum of (4.1) to be 599.65. We shall refer to this quantity as E. (We point out that the value
of (4.1) for the original image was 626.35, while for tuec maximum likeiihood estimate it was
1115.26.) As a comparison, the reconstruction produced by the ICM technique of Besag[3],
which we discussed in Section 1.6.2 yielded a value of the penalty function (4.1) of 623.73,
when the initial image was the maximum likelihood estimate or closest mean classifier. We
shall refer to this quantity as /. Henceforth, we transform the penalty function (4.1) to

old penalty function— E
I-E ’

4.7
where
1 n
old penalty function = e Z(y,— - x,')2 +8 (vm(x) + Dv(z)(x)) ,
i=1

as in expression (4.1). We shall refer to the transformed penalty function (4.7) as the TPE The
exact MAP reconstruction has a value of TPF as given by expression (4.7) of 0.0, whereas the

ICM reconstruction has a value of 1.0.
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Figure 4.1: The logarithmic (unbroken like) and geometric (broken line) temperature schedules

We now attempt to see how well each ofthe above four algorithms perform. In Section 3.10
we considered two temperature schedules. The first is based on the logarithmic schedule of

Geman and Geman[12] in which

T(m) = — - — m = , M,
(m) log (1 +m)

where M is the total number of iterations. The second is based on the geometric schedule

T(m) =Apnt-\ m= 1, , M,

where we select 4 and p so that the initial temperature, r(1), is the same as that used for the
logarithmic schedule, namely 3/ log (2) = 4.33, while the final temperature, z(M), is setto a
quantity that is only just greater than zero, namely 0.01. We consider the following values ofM:
32 =25,64 =26, 128 =27,256 = 28 and 512 = 29. Graphs of these temperature schedules are
shown in Figure 4.1, for all M except M =512. We note from the graphs that the logarithmic

schedule does not change with M; it is merely truncated. The geometric schedule, on the other
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hand, varies with M in such a way that the final temperature, 7 (M), is 0.01.
Simulated annealing is a stochastic process and in practice the value of TPF produced varies
with the seed used in the random number generator. Accordingly, we repeat each algorithm with

100 different seeds.

4.3.1 Some results

We present our results by means of Figure 4.2.  For clarity we plot the 10garithm of the
mean of TPF as given by expression (4.7) for the 100 different seeds. Thus, a value of 0.0
represents an average value equal to that given by ICM alone, while if all 100 values of TPF
were equal to its minimum value then a value of negative infinity would result! The area of the
circles is proportional to the variance of TPF over the 100 repetitions. We make the following

observations:

e For all four algorithms and both temperature schedules the mean value of TPF decreases

as M, the number of iterations of simulated annealing, increases.

e For all four algorithms and both temperature schedules the variance of TPF decreases

as M, the number of iterations of simulated annealing, increases.

e For all five values of M considered and the logarithmic schedule, the algorithm that
performs worst in terms of the mean value of TPF is original, then comes lowest,
followed by original plus ICM. The algorithm that performs best is lowest plus ICM.
The improvement of lowest over original, and of lowest plus ICM over original plus
ICM is negligible for low values of M, but increases with M, as we might expect. The
average increase in TPF due to not considering the lowest value produced by simulated
annealing, for both schedules, is discussed in Section 4.3.3. The average increase in TPF

due to not using ICM, for the logarithmic schedule, is discussed in Section 4.3.4.

e For all five values of M considered and the geometric schedule, the performance of
original and original plus ICM, and the performance of lowest and lowest plus ICM
were almost (see Section 4.3.4) identical. Thus, the geometric schedule always ended
up with a reconstruction that corresponded to a local minimum of TPF, and ICM had
no effect. The reason for this is that, in effect, ICM is zero temperature annealing,

as explained in Section 1.6.2, and the final annealing temperature with the geometric
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Figure 4.2: The average performance of'thefour algorithmsfor the two different temperature

schedules
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schedule is very low. The algorithm original performed a little less well than the

algorithm lowest, as we would expect.

e For M equal to 32, 64 and 128 and the logarithmic schedule, the algorithm that gives the
highest variance of TPF is original, then comes lowest, followed by original plus ICM.
The algorithm that gives the lowest variance is lowest plus ICM. For higher values of M
the situation is less clear, although original is always most variable and lowest plus ICM

is always least variable.

e For all five values of M considered and the geometric schedule, the variances of TPF

when original is used and when lowest is used are almost identical.

4.3.2 Density estimates

To illustrate the effect of the four algorithms we present in Figure 4.3 density estimates of
the logarithm of the 100 values of TPE Of course, if the exact MAP is obtained the value of
the TPF will be 0.0, and its logarithm is negative infinity. Such points are indicated by the
numbers written on the left part of the graph. Assume that the exact MAP is obtained p times
out of 100. The number p is printed at a height proportional to p and a density estimate is
produced from the remaining n = 100 —p points. This density estimate is scaled so that its total

area is (100 — p)/ 100. The density estimate, }(x) say, is produced using the formula

fw= - Z;K (53).

where k is window width. In our case we take K to be the standard normal kernel and we set
h=09An™"3,
where
A = min (standard deviation , interquartile range / 1.34).

This #4 is the value recommended in Section 3.4.2 of Silverman{37], where it is said to work
well for a wide range of densities. The interested reader is referred to that reference for further
details. For each density estimate we mark the lower and upper quartiles of the data from which

it is constructed, and shade the area between. The density estimates presented are for the case

120



when M = 128. First, we consider the logarithmic temperature schedule. For original the
density is concentrated around 0.0 (the value achieved by ICM), whereas for lowest the density
is of approximately the same shape although moved to the left. The density for original plus
ICM has a very different shape and again the mass is seen to have moved to the left. The density
for lowest plus ICM is of similar shape to that for original plus ICM although a slight shift to
the left is visible. These four densities suggest that the effect of using the lowest value found
during the annealing when the logarithmic temperature schedule is used is small compared
to the effect of employing ICM. We attempt to quantify this a little further in Section 4.3.3
and Section 4.3.4. We now consider the density estimates for the geometric schedules. The
first and third, and the second and fourth estimates are based on almost the same data and
hence appear identical. Moreover there is very little noticeable difference between the first and
second density estimates. If we compare the four density estimates produced for the logarithmic
temperature schedule with those produced for the geometric temperature schedule, we notice
that for original and lowest the shapes are very different, but when ICM is employed the shapes

are quite similar.

4.3.3 Benefits of using the lowest value found during annealing

In this section we discuss briefly the benefits of using the lowest value found during simulated
annealing for both temperature schedules considered. We summarize our results in Table 4.1,
where we present the increase in the mean of TPF due to not considering the lowest value
produced by simulated annealing, for both schedules, as a percentage. For example, a value of
22% indicated that the average value of TPF produced by original is 1.22 times the average
produced by lowest. In the columns headed ‘Without ICM’ we see how much worse algorithm
original does compared to algorithm lowest, whereas in the columns headed ‘With ICM’ we
see how much worse algorithm original plus ICM does compared to algorithm lowest plus
ICM. (The addition of ICM did not affect the performance of original and lowest when the
geometric schedule was empl'oyed for reasons that were explained in Section 4.3.1.) We note
from Table 4.1 that the increase due to not considering the lowest value produced by simulated
annealing is very much larger for the logarithmic schedule than for the geometric schedule. For
the logarithmic schedule the increase is larger when ICM is not used than when it is used. For
all four columns this increase seems to grow monotonically with M, except in the case of the

logarithmic schedule with ICM and low values of M. However, as we shall see in Section 4.3.4
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Without ICM With ICM
M | Logarithmic Geometric | Logarithmic (Geometric)
32 22 1 3 )]
64 48 2 1 2
128 89 5 34 )
256 162 14 59 (14)
512 267 22 135 (22)

Table 4.1: Percentage increase in the transformed penalty function when the lowest value found

during the annealing is not used (logarithmic and geometric temperature schedule)

the increase in TPF due to not considering the lowest value produced by simulated annealing
is much less than the increase in TPF due to not employing ICM. Nevertheless, as using the
lowest value found during the annealing resulted in benefits for both temperature schedules
considered, and as the extra computational burden imposed by this modification is minimal, we

recommend its adoption.

4.3.4 Benefits of using ICM

In this section we briefly discuss the benefits of using ICM when the logarithmic temperature
schedule is employed. We have already seen in Section 4.3.1 that almost no advantage is gained
by using ICM with the geometric temperature schedule. This is due to the extremely low
temperature of the final iteration and to the fact that ICM can be thought of as zero temperature
annealing (see Section 1.6.2 and Section 4.3.1). We summarize our results in Table 4.2, where
we present the increase in the mean of TPF as given in expression (4.7) due to not employing
ICM, as a percentage. In the columns headed ‘Without lowest value’ we see how much worse
algorithm original does compared to algorithm original plus ICM, whereas in the columns
headed ‘With lowest value’ we see how much worse algorithm lowest does compared to
algorithm lowest plus ICM. We note from Table 4.2 that the increase due to not employing
ICM after the M iterations of annealing is very much larger when the starting image for ICM
is the one that results from the Mth iteration of annealing than when the starting point is that

image that gives the lowest value of TPF over all M iterations. In both cases the increase seems
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Without lowest | With lowest
M Value Value
32 943 784
64 881 569
128 684 459
256 601 326
512 450 253

Table 4.2: Percentage increase in transformed penalty function when ICM is not employed after

annealing (logarithmic temperature schedule)

to grow monotonically with M. As we stated in Section 4.3.3 the increase in TPF due to not
considering the lowest value produced by simulated annealing is much less than the increase in
TPF due to not employing ICM. ‘

In Table 4.3 we present the mean and variance of the number of iterations of ICM required
by each of the algorithms original plus ICM and lowest plus ICM. We remark that no pixels
are changed during the final iteration of ICM. We can clearly see from Table 4.3 that for the
geometric schedule very few iterations of ICM are required. In fact, in only very few of the
100 replications does ICM have any effect with this schedule, and in those cases the effect is
negligible. With the logarithmic schedule, however, the addition of ICM does have a noticeable
effect, which we now consider. We see from Table 4.3 that for both original plus ICM and
lowest plus ICM the number of iterations of ICM required for convergence decreases as M
increases. Moreover, for each value of M, the number of iterations of ICM required by original
plus ICM is greater than the number required by lowest plus ICM. We note the interesting fact
that with the lowest plus ICM algorithm the variance decreases as M increases. No such pattern
exists with the original plus ICM algorithm. Finally, we remark that the average number of
iterations of ICM is low compared with M, the number of iterations of simulated annealing.
Thus, the addition of ICM to the annealing part of the algorithm does not substantially increase
the overall amount of computation required. Hence we recommend its adoption.

In Table 4.4 we present for the logarithmic schedule the average decrease in TPF when ICM
is used. In some sense we can regard this as a measure of how far the reconstruction produced

by the annealing part of the algorithm is from a local minimum of TPF. Thus, as M increases
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original plus ICM lowest plus ICM

Logarithmic Geometric Logarithmic Geometric

M | Mean Variance | Mean Variance || Mean Variance | Mean Variance

32| 3.67 0.446 1.00 0.000 3.54 0473 1.02 0.020

64 | 3.29 0471 1.01 0.010 3.05 0.472 1.03 0.029
128 | 2.97 0.373 1.00  0.000 2.71 0.430 1.07 0.066
256 | 2.89 0.483 1.00  0.000 240 0.303 1.04  0.039
512 | 2.58 0.347 1.00  0.000 1.10  0.091 1.10 0.091

Table 4.3: Number of iterations of ICM required (logarithmic and geometric temperature

schedule)

M | original plus ICM | lowest plus ICM
32 261 2.10
64 1.42 0.91

128 0.86 043

256 0.58 0.20

512 0.36 0.09

Table 4.4: Average decrease in transformed penalty function when ICM is used (logarithmic

temperature schedule)
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Logarithmic Geometric
M | Mean Variance | Mean Variance
32 {0268 00159 | 0.137 0.0134
64 | 0.160  0.0097 | 0.056  0.0046
128 | 0.093  0.0033 | 0.022  0.0012
256 | 0.061  0.0014 | 0.014  0.0005
512 | 0.034  0.0008 | 0.009  0.0002

Table 4.5: Mean and variance of the transformed penalty function for lowest plus ICM

(logarithmic and geometric temperature schedule)

on average the reconstruction produced by the annealing part gets nearer a local minimum, and
for each M on average the reconstruction produced by the annealing part of lowest plus ICM

is nearer to a local minimum than the reconstruction produced by original plus ICM.

4.3.5 The effect of different values of M

The effect of different values of M has already been illustrated in Figure 4.2 and discussed in
Section 4.3.1. In this section we examine in more detail the effect of different values of M
for the lowest plus ICM algorithm. In Table 4.5 we give the mean and the variance of TPF
as given in expression (4.7) for the lowest plus ICM algorithm. We note again that for both
temperature schedules the mean and variance decrease as M increases.

We also present density estimates of the log of TPF in Figure 4.4. For the logarithmic
temperature schedule we see that the density moves to the left as M increases, although the
exact MAP value is never attained. A similar phenomenon occurs for the geometric schedule.
However, there the number of times the exact MAP value is attained increases with M, and

becomes quite large (nearly one half of all the realizations in the M = 512 case, for example).

4.4 Towards some practical temperature schedules

In this section we investigate further how the performance of the simulated annealing algorithm
depends upon the temperature schedule. In the rest of this chapter we restrict our attention to

the algorithm lowest plus ICM. In Section 4.4.1 we concentrate on the geometric temperature
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Figure 4.4: Density estimatesfor different values ofM and the two temperature schedules
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schedule. In particular we investigate how the first and last temperatures of the temperature
schedule affect the performance of the algorithm. We discover that good performance requires
both the first and last temperatures to be low. In Section 4.4.2 we consider a variety of other
temperature schedules and discover that what is important is the choice of the first and last
temperature, rather than the choice of the schedule itself. In Section 4.4.3 we turn our attention
away from the case in which the image has ¢ = 2 colours, to images with more than two colours;

in particular we look at the case ¢ = 5.

4.4.1 The choice of the first and last temperatures for geometric scheduies

In this section we consider only geometric schedules, namely schedules of the form
tm)y=Ap™, m=1,.., M. 4.8)

From now on we set M equal to 128. This schedule has two parameters, A and p, as yet
" unspecified. We prefer to reparametrize this schedule in terms of the first temperature 7(1),
which we shall refer to as f, and the last temperature 7 (M), which we shall refer to as l. We

assume that f > 0 and [ > 0 throughout. Thus, we may rewrite (4.8) as

O

We note that if f = [ we have the constant schedule 7(m) = f =, Vm.

‘We now investigate how the performance of the simulated annealing algorithm with this
schedule depends on the temperatures f and /. In our investigation we do not insist that f > I.
‘We proc_éed by computing the évérage value of TPF as given in cxpressién (4.7) for 25 different
seeds at each of 100 (i.e. 10 x 10) different values Qf f _and . We present our results using the
excellent CONICON programs of Sibson[36]. In particular we use an interface to these programs
written by Dr Glenn Stone. This interface requires gradient information to be supplied at every
point. We compute the gradient information from the values at the points themselves and not
separately. This seems to work well fo; interior points of the region, but to lead to minor
‘problems on the boundaries. There the surfaces that We present may not be representative.
' This, however, affects substantially neither our investigation nor our conclusions. The axes
and the labels are produced by means of Va POSTSCRIPT program written by the author. We

dibsplay f along the horizontal axis and ! along the vertical axis. The diagonal line marks the

128



boundary between the schedules with f > [ (below the line) and the schedules with f < [
(above the line). Schedules that lie on this line have constant temperatures throughout. In
all the plots we display the logarithm of the average of the transformed penalty function as
this leads to a clearer presentation. We point out that the figures presented on these diagrams
point uphill, as is conventional. We recall that for this transformation a value of 0.0 represent an
average value equal to that produced by ICM, whereas a value of negative infinity represents 25
reconstructions all of which attain the global minimum of the penalty function. In the first
contour plot given in Figure 4.5 we consider 0.0 < f, 1 < 5.0. We note that for much of the plot
the contour lines run parallel to either the f axis or the / axis. In the region in which f > [ the
mean value of the transformed penalty function seems to depend only on the lower / and not
on f, whereas in the region in which f < [ the mean value of the transformed penalty function
seems only to depend on the lower f and not on I. Exceptions to these observations occur in two
regions. The first is in the top right corner of the plot, where the algorithm seems to perform very
badly indeed yielding average values greater than 0.0, thus indicating an average performance
worse than would be achieved by ICM alone. The second is in the bottom left corner. It seems
that the algorithm performs well in this region and that the quality of performance increases as
the point (£, I) nears the origin. To investigate this region more fully we magnify the region
with 0.0 < f, I < 2.5, as indicated by the box, and we present our results in the second contour
plot. Again 100 points of (f, ]) are used, and a similar situation seems to result. The main
area of interest is once more the bottom right hand corner. This second plot suggests that we
should continue the magnification process, and we do this as indicated for 0.0 < f,! < 1.0,
00< £f,1<0.7and 0.0 < f,1 < 0.2. Clearly, the best plot is that for 0.0 < f,! < 0.7 which
shows an area of values under —4.6; the 0.0 < f,1 < 1.0 plot is lacking in detail, while the
0.0 < f,1 < 0.2 plot displays only a side of this area. The final plot that we present is the
logarithm of the variance of the 25 realizations at each point 0.0 < f, I < 0.7. This graph has
a very similar form to the one showing the logarithm of the average values. Returning to that
contour plot, we remark that the area of values below —4.6 is for the most part in the f < /
region. We concentrate on the area of values below —4.6 in order to facilitate comparisons with

the other schedules that we discuss in Section 4.4.2.
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Figure 4.5: Contourplots ofthe logarithm ofthe mean value ofthe transformedpenaltyfunction

for various values of the first temperature f and the last temperature I using the geometric

schedule (¢ = 2)
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4.4.2 Other schedules

We now investigate the behaviour of other schedules in the region 0.0 < f,1 < 0.7. We begin by
introducing what we shall refer to as schedules of the second kind. Schedules of the second kind,
h(m), say, are derived from schedules of the first kind, g(m), say, by means of the relationship
h(m) = I+ f — g(M + 1 — m). Straight line schedules of the first kind are exactly the same as
straight line schedules of the second kind. Examples of these schedules with f = 0.28 and
1 = 0.16 are shown in Figure 4.6. These values of f and [ are chosen because they seem to
give quite reasonable results for all the schedules. In general we consider both monotonically

increasing and monotonically decreasing schedules. We now describe the schedules in detail:

1. Straight line schedules
(m) = ——-,'l{_f (m—1)+f = h(m);
g = 1 =n(m),

2. Geometric schedules of the first kind

m-1

¢(m) =f(§)m;

3. Geometric schedules of the second kind

h(m)=l+f—f(1—lc)m;

4. Reciprocal schedules of the first kind

_ -1
8 = - HrF=Dm’

5. Reciprocal schedules of the second kind

_(PM-P)+(P-Hm
M) = =D =pHm

6. Logarithmic schedules of the first kind

If (log(M +1)—log(2)) .
(llog(M + 1) - flog (2)) + (f — D log(m +1)’

g(m) =

131



es

o8
—Z

\ A

TaneeR-0
29
|

0 20 40 60 80 100 120

Iteration
first temperature=0.28, last temperature=0.16

Figure 4.6: Some examples ofthe temperature schedules used. From top to bottom: logarithmic
of the second kind, reciprocal of the second kind, geometric of the second kind, straight,

geometric, reciprocal and logarithmic

132



7. Logarithmic schedules of the second kind

hm) = (Plog(M +1) - f*log (2)) + (f* - ) log (M —m +2)
T (log(M+1)-flog(2)+(f-Dlog(M—-m+2)

8. Constant schedules

gm)=f=1=h(m)>0.

The fourth contour plot of Figure 4.5 shows the logarithm of TPF as given in expression (4.7) for
0.0 < f, 1< 0.7 when the geometric schedule is used. This range of first and last temperatures
was considered to be the most appropriate. In Figure 4.7 we present similar contour plots for the
following six schedules: geometric of the second kind, straight line, reciprocal, reciprocal of
the second kind, logarithmic and logarithmic of the second kind. The six contour plots given
in Figure 4.7 are in many senses very similar to the contour plot of the geometric schedule
over the same region of (£, I) space given in Figure 4.5. If, for example, one considers taking a
walk over the surface in the f > [ region along a line parallel and fairly close to the line f = I,
one first descends rapidly before reaching quite a broad area of value less than —4.6. After
this ‘valley’ one ascends once more, but this ascent is less rapid than the previous descent.
The line f = ! itself corresponds to schedules that have constant temperature. In Figure 4.8 we
present the results of a walk along this line by plotting the logarithm of TPF against the constant
temperature 7 > 0.0 that is used throughout the annealing. Again we see a sharp descent to the
minimum followed by a less rapid ascent. A plot such as that shown in Figure 4.8 may provide
a good way to find a bound b such that the region f, I < b is a good one for further examination.

The reader is now invited to concentrate on the area of each contour plot with values less
than —4.6. The size of this region is about the same in all the seven plots just mentioned,
although it seems bigger in the case of the straight line schedule and smaller in the case of
the logarithmic schedules, although for the first kind of logarithmic schedule this area is long,
but thin. The most important point to note from these contour plots is that there is very little
effective variation between plots, but considerable variation within plots. In other words, it is
the choice of f and [ that is important, rather than the choice of the fempcrature schedule itself.
From a practical point of view we recommend the straight line schedule because it combines
simplicity with good performance. We also reiterate that the best results seem to occur when f

and [ are relatively small (e.g. 0.0 < f, 1< 0.7). Larger values seem to cause the algorithm to
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Figure 4.7: Contourplots ofthe logarithm ofthe mean value ofthe transformedpenaltyfunction
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Figure 4.8: Log ofthe mean value of'the transformedpenalty function, i(t) = constant, ¢ = 2

perform badly.

4.43 Images with more than two colours

So far we have only considered the case when the image has two colours. With such images
we were able to make use of the fluid flow approach of Greig, Porteous and Seheult[17] to find
the global minimum of'the penalty function (4.1). In this section we consider the minimization
of (4.1) in the case when ¢ = 5, ¢ being the number of (unordered) colours. The image of
interest comprises 32 x 32 pixels. To each pixel we add independent normal noise of variance
k = 1.0. The maximum likelihood estimate misclassifies 663 (64.75%) pixels. We consider
the minimization of (4.1) with the smoothing parameter /? equal to 0.5. With f - 0.5 the
value of (4.1) for the original image was 590.43, while for the maximum likelihood estimate
it was 766.70. The reconstruction produced by the ICM algorithm starting from the maximum
likelihood estimate misclassified 397 (38.77%) pixels and gave a value of (4.1) equal to 554.23.
Simulated annealing is now employed to reconstruct the image. We employ 64 iterations and

again only consider the algorithm lowest plus ICM.
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Figure 4.9: Mean value of'the penaltyfunction relative to ICM, r(t) = constant, ¢ =5

In order to assess the effects ofthe various schedules we begin with schedules that take the
same value for all iterations, namely constant schedules. In Figure 4.9 we present a plot of the
mean value of the penalty function (4.1) minus the value of the penalty function achieved by
ICM, for the range of temperatures (0.0,0.7]. For computational reasons we take the average
over 10 reconstructions at each temperature considered. The horizontal line indicates the value
achieved by the ICM algorithm with initial image the maximum likelihood estimate. We see
quite arapid descent in penalty function to a minimum value that occurs around the temperature
0.2, followed by a somewhat less rapid ascent. This suggests that we should investigate the
other (two parameter) schedules in the range 0.0 <f, /< 0.4.

In Figure 4.10 we present contour plots of the mean value of the penalty function for
0.0 <f, I <0.4 for the geometric schedule, the straight line schedule, the reciprocal schedule
and the logarithmic schedule. These contour plots are not dissimilarto those given in Figure 4.5
and Figure 4.7 (and indeed, as we will see in Section 4.5.2, to those given in Figure 4.13). The
minimum is achieved by values of/ and /in the / > Iregion. There does not seems to be much

effective variation between the schedules: inspection of the area of values less than -32.0,
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Figure 4.10: Contour plots of the mean value of the penalty function (relative to ICM) for

0.0 <f, I<0.4for thefour schedules indicated, c =5
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say, reveals that this region is very similar in the case of the geometric schedule, straight line
schedule and geometric schedule of the second kind, although for the logarithmic schedule
it is much smaller and thinner. Of the four schedules presented in Figure 4.10, we judge the
logarithmic schedule to be the least good. We recommend the straight line schedule in this case,
as well as in the case of binary images, due to its good performance and simplicity. However,
it is clear from Figure 4.10 that the most important consideration is again not the choice of

schedule but the choice of the first temperature f and the last temperature I.

4.5 Simulated annealing and grey-level images

In this section we discuss simulated annealing as applied to grey-level images. We use the
example that we considered in detail in Chapter 1. The reader is referred to Figure 1.4 where
the various images that we now discuss are presented. The original image comprises 32 x 32
pixels. There are 64 possible grey levels and four distinctregions based on the three grey-levels,
15, 30 and 45. We corrupt the original image by the addition of independent normal noise with
mean equal to 0.0 and variance x equal to 20.0 to produce the record y. We attempt to recover
the original image from y by the minimization of the penalty function given in (4.2). We take
a = 0.075 and 8 = 2.5. To reduce computation again we only consider a first-order model
(D = 0.0). The true image has a value of (4.2) equal to 724.20, whereas the value of (4.2) for
the maximum likelihood estimate is much higher at 2671.39. The reconstruction produced by
ICM has a value of (4.2) equal to 781.03. In Figure 1.4 we present the reconstruction obtained
by applying the ICM algorithm to convergence to the reconstruction given by M = 64 sweeps
of simulating annealing with a straight line temperature schedule with f = 0.3 and / = 0.05.
This reconstruction has a value of (4.2) equal to 718.93 We recall that the iteration of simulated
annealing that yiclded the lowest value of (4.2) at 721.41 was the final iteration. The version
of simulated annealing employed for this example includes a slight modification due to Geman
and Reynolds[14]. The aim of this modification is to reduce the computation required. This is
particularly important when we are dealing with grey-level images. When updating the value of
the estimate of the image at pixel i, instead of sampling from the actual conditional distribution
of x; that puts positive weight on all the 64 grey-levels, the support of the distribution is reduced
to the values obtained by taking the union of small intervals about the current value at site i,

the current values at the neighbours of { and the data value y;. We consider an interval of

138



radius five grey-levels about each of these six values. Geman and Reynolds[14] state that
this modification yields no apparent change since the true distribution places virtually zero
mass on the complement of the reduced support, and that it would be interesting to understand
the behaviour of this ‘truncated’ algorithm from a theoretical viewpoint. In Section 4.5.1 we
present a small simulation study to assess the effect of this modification on the value of the
penalty function achieved by the simulated annealing algorithm. This study provides us with
no evidence against using the truncated algorithm when dealing with grey-level images. In
Section 4.5.2 we present an investigation into various temperature schedules similar to the one

presented in Section 4.4.

4.5.1 A small simulation study to assess the performance of the truncated
algorithm

Here we present the results of a small simulation study designed to compare the performance
of the original annealing algorithm with that of the truncated algorithm, which has just been
discussed in detail.

We repeat the reconstruction experiment described in Section 4.5 one hundred times for
the original algorithm and one hundred times for the truncated algorithm. In Figure 4.11 we
present histograms of the values of the penalty function (4.2) achieved. InFigure4.11 the mean
is indicated by the broken vertical line. The mean value of (4.2) for the original algorithm
is 718.15 and the variance is 0.1383. The corresponding figures for the truncated version
are 718.10 and 0.3542. Accordingly, the mean value achieved by the truncated algorithm
is less than the mean value achieved by the original algorithm, although the vaﬁances have
the opposite order. The range for the original algorithm is [717.88,720.40] and the range for
the truncated algorithm is [717.76,720.03]. Examination of the two histograms allows us to
remark that 72 realizations from the truncated algorithm take the minimum value obtained
by that algorithm, namely 717.76, whereas only 31 realizations from the original algorithm
take the minimum value obtained by that algorithm, the slightly higher 717.88. Further
comments about Figure 4.11 are difficult to make. However, there is no evidence to suggest
that the truncated algorithm performs substantially worse than the original, and certainly some
evidence to suggest that it is to be preferred. Moreover, the average number of grey-levels
considered at each pixel over the one hundred runs of the algorithm is 16.49, about one quarter

of the 64 considered by the original algorithm. This clearly represents a substantial saving in
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Figure 4.12: Mean value ofthe penalty function relative to ICM, z (1) = constant, g = 64

computation. Accordingly, we see no reason not to adopt the truncated algorithm when dealing
with grey-level images. Further work on the truncated algorithm would try to quantify the
statement in [ 14] that the true distribution places virtually zero mass on the complement of the

reduced support.

4.5.2 Practical temperature schedules for grey-level images

In this section we investigate the choice ofthe temperature schedule when we are dealing with a
grey-level image. The approach taken is similar to that adopted in Section 4.4, and we consider
only algorithm lowest plus ICM. We begin our investigation with schedules that take the same
value for all iterations, namely constant schedules. In Figure 4.12 we present a plot of the mean
value of the penalty function (4.2) minus the value of the penalty function achieved by ICM,
for the range oftemperatures (0.0,0.5]. For computational reasons we take the average over 10
reconstructions at each temperature considered. Again we see quite a rapid descent in the
penalty function to a minimum value that occurs around the temperature 0.1, followed by a less

rapid ascent. This suggests that we should investigate the other (two parameter) schedules in
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the range 0.0 < f,1<0.25.

In Figure 4.13 we present contour plots of the mean value of the penalty function (relative
to ICM) for 0.0 < f,1 < 0.25 for the geometric schedule, the straight line schedule, the
reciprocal schedule and the logarithmic schedule. These contour plots are not dissimilar to
those given in Figure 4.5 and Figure 4.7 for the case when ¢ = 2, and Figure 4.10 for the case
when ¢ = 5. Again the minimum is achieved by values of f and [ in the f > [ region. There
does not seems to be substantial variation between the schedules: inspection of the area of
values less than —58.0, say, reveals that this region is very similar in the case of the geometric
schedule, straight line schedule and geometric schedule of the second kind, although for the
logarithmic schedule it is much smaller and thinner. Indeed, of the four schedules presented in
Figure 4.13, the logarithmic schedule seems to be least good. Once more we recommend the
straight line schedule due to its good performance and simplicity. However, the most important
consideration is again not the choice of schedule but the choice of the first temperature f and

the last temperature /.

4.6 Conclusions

In this chapter we have conducted an investigation into the performance of the simulated
annealing algorithm as used in the context of image analysis to minimize an appropriate penalty
function. After introducing the algorithm and reviewing some of the asymptotic theory, we
considered by means of simulations the finite time behaviour of the algorithm. We proposed
three variations on the basic simulated annealing algorithm and produced evidence to suggest
that one of these variations out-performs the others. We then concentrated on that variation.
We discussed practical temperature schedules for binary and muiti-colour images, and for grey-
level images, by considering the performance in particular examples of many different families
of temperature schedules, parameterized by two parameters, the first and the last temperatures.
We saw that, while there was not much effective difference between schedules, there was
considerable variation within schedules in the sense that performance depended heavily on the
first and last temperatures. In particular, it seems that high values of these temperatures give
poor results. In general we would recommend the use of a straight line schedule, and we note
that the logarithmic schedule, as given by the asymptotic theory on simulated annealing, often

performed disappointingly. In the context of grey-level images we examined a further variation

142



First temperature First temperature

Geometric schedule Straight line schedule
First temperature First temperature
Reciprocal schedule of the second kind Logarithmic schedule

Figure 4.13: Contour plots of the mean value of the penalty function (relative to ICM) for

0.0 <f, I<0.25for thefour schedules indicated, g = 64
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on the basic simulated annealing algorithm, known as the truncated algorithm, that reduced the
computation required, without noticeably affecting the results.

Further work would involve an attempt to produce some theoretical results along the lines
of those given by Geman and Geman[12] for the algorithm lowest plus ICM and the truncated
algorithm, both in the asymptotic case and the finite time case. We do not expect this task to
be easy. A comparison of the performance of the simulated annealing algorithm applied to
grey-level images with the approximate grey-level MAP technique described in Chapter 7 of
Jubb[24] would be of interest, and it is hoped that this would be the subject of further research
by the author.
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Chapter 5

Estimating Linear Functionals of a

PET Image: Introduction and Theory

The second part of this thesis comprises this chapter and Chapter 6, and considers a topic in
positron emission tomography (PET). In this case the image of interest represents the metabolic
activity of a cross-section of the brain or other organ and can be thought of as a density f
defined on the unitcircle. The radioactive tagging of glucose gives rise to emissions of positrons
distributed as a Poisson process on the unit circle with intensity f. Each positron that is emitted
annihilates with a nearby electron and yields two photons that fly off in opposite directions along
a line with uniformly distributed orientation. Ideally, a continuous circular ring of detectors
placed around the patient’s head makes it possible to detect the photon pair and to give a line [
on which the point of emission must have occurred. Thus, the observed data are not drawn from
the density f of real interest, but rather from another derived from f by the application of an
integral operator. Much work has concentrated on estimating f from these indirectly observed
data. However, recently some interest has arisen in estimating linear functionals of the density,
rather than f itself. An added complication is that, in practice, the circular ring of detectors
is not continuous but comprises a finite number of detectors. In this discrete case, only a tube
within which the line [ lies is known. In this chapter we consider the problem of estimating
linear functionals of a PET image in both the continuous and discrete cases, and in Chapter 6

we present some numerical examples that illustrate the theory developed here.
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5.1 Introduction

The main aim of this chapter is to describe in detail the theoretical aspects of the estimation
of linear functionals of a PET image. This work relies heavily upon two recent papers by Iain
M. Johnstone and Bernard W. Silverman, [21] and [22]. Thus, in this chapter we present a
thorough review of these two papers and other related papers, as well as our work. In Chapter 6
we describe some numerical experiments that we have undertaken and that relate directly to the
theory reported in this chapter.

In Section 5.2 we outline the positron emission tomography problem in detail, and introduce
much of the technical machinery and notation that we shall use later. In addition, we discuss
the minimax approach which we shall employ for the estimation of linear functionals, and
we review the main techniques and results from [21] and [22], and other relevant papers. In
Section 5.3 we introduce the problem of estimating a linear function of the density f both in
the idealised case when the ring of detectors is considered to be continuous and in the more
realistic discrete case when the ring comprises a finite number N of detectors. We define
the loss function, derive the minimax estimator, minimax risk and least favourable function,
and establish the remarkable result that the minimax estimator can be found by applying the
functional of interest T to a function f, which does not depend on the functional 7 and which
minimizes a certain penalized least squares form. We investigate the consequence of doubling
the number of detectors N, and the effect on the minimax risk of letting n, a measure of the
number of emissions, tend to infinity. We also discuss the least favourable function: that is, the
function that yields the maximum risk. In Section 5.4, we review other work in this area and in
Section 5.5 we discuss some generalizations due to Silverman([38] and other workers. Finally,

in Section 5.6 we present our conclusions.

5.2 Background and setting up the model

There are many practical problems where the observed data are not drawn directly from the
density f of real interest, but rather from another derived from f by the application of an integral
operator. Two examples of this type of problem, those of stereology and positron emission
tomography, are considered by Silverman, Jones, Wilson and Nychka[40]. In this chapter our
main concern will be the PET case, although the results obtained are readily generalizable, as

we shall see in Section 5.5.
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Tomography is a non-invasive technique for reconstructing the internal structure of an
object of interest, often in a medical context. PET deals with the estimation of the amount
and location of a radioactively labelled metabolite on the basis of particle decays indirectly
observed outside the body. We follow the set-up of Vardi, Shepp and Kaufman[44], which we
have already outlined. The brain, heart or liver is scanned by counting radioactive emissions
from tagged glucose. The radioactive tagging of the glucose gives rise to emissions of positrons
distributed as a Poisson process in space and time; the spatial intensity of emissions is the same
as the distribution of giucose and gives an indication of the organ’s metabolic activity. It is
convenient to renormalize the emission intensity to be a probability density function f(r, 6),
say, with respect to a normalised Lebesgue measure 1, where du (7, 6) = # " 'rdrd@ and r and 0
are polar coordinates. We discuss £ in detail in Section 5.2.2. Each positron that is emitted
annihilates with a nearby electron and yields two photons that fly off in opposite directions
along a line with uniformly distributed orientation. A circular ring of detectors placed around
the patient’s head makes it possible to detect the photon pair and hence, for each emission that
is detected, to give a line on which the point of emission must have occurred. We shall refer to
this line as the detected line. It is, however, not possible to detect the position of the emission
on the line. This set-up is in fact an idealization: in reality- we can only identify a tube within
which the detected line lies.

Throughout this work, we make the further idealization that the ring of detectors defines
a slice of the patiént’s head which is planar. In this way the problem under consideration is
essentially two-dimensional. We make no attempt to extend our results to take into account
this third dimension. In the whole of Section 5.2, our interest is in reproducing a picture of the

metabolic activity of a cross-section of the brain from the detected lines (or tubes).

5.2.1 Single photon emission computed tomography

Another form of tomography that has received recent attention in the literature is SPECT, or
single photon emission computed tomography (see, for example, Geman and McClure[13] and
Green[15]). Again the aim is to determine the concentration of a pharmaceutical in a part of the
body such as the brain, liver or heart. In both SPECT and PET this concentration is estimated
by detecting photon emissions from a dose of the pharmaceutical that has been combined with a
radioactive isotope. (The number of emissions observed in a typical experiment using SPECT

seems to be smaller than the number observed in a typical experiment using PET.) However,
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unlike in PET where the detectors take the form of a ring around the organ of interest, in SPECT
they are arranged in a linear array of L detectors. This array can be rotated about an axis through
the patient to any orientation 6 relative to a fixed line. An excellent diagram of this set-up is
given in Figure 1 of Geman and McClure[13]. These authors assume that the detector array is
positioned at K equally spaced angles 6; for duration 7 time units at each angle. Then at each
of the K angles, the number of single photons reaching each of the L detectors is recorded. This
is the data from which the concentration of the pharmaceutical is estimated. In this thesis we
do not consider SPECT any further but confine our attention to PET. We point out, however,
that in practice SPECT is more widely used than PET, partly because the machines and the

experiment are cheaper.

5.2.2 Setting up the model

Johnstone and Silverman[21] introduce the notion of brain space B and detector space D. Brain
space is the original disc in the plane enclosed by the detector ring, whereas detector space is
the space of all possible unordered pairs of points on the detector circle.

Brain space Bis considered to be the unit circle and is equipped with a dominating measure

which is defined to be proportional to Lebesgue measure as follows:
du(r6)=n"" rdrde
for 0 <r <1 and 0 < 6 < 2r if polar coordinates are used, and
du(x1, ) = 7" dxy dxy

for ||x|| < 1, where x = (x;, x2) in Cartesian coordinates. Note that x integrates to 1 over the
unit circle. We stated in Section 5.2 that it is convenient to renormalize the emission intensity
to be a probability density function with respect to 4. This density of interest, f, say, associated
with the fixed number n of unobserved independent random variables X3, X, ..., X, where X;
is the position of the i th emission in the brain, is defined on brain space, B.

To parameterize detector space D, Johnstone and Silverman([21] let s be the length of the
perpendicular from the origin to the detected line, and ¢ be the orientation of this perpendicular
(see their Fig. 2). Thus Dis {(s,¢) : 0 < s < 1,0 < ¢ < 2x}. As was the case with brain space,

148



detector space is equipped with a dominating measure 4, defined by
dA(s, ¢) = 2x72(1 - s}V 2 ds dg,

which also integrates to 1. Associated with the independent observations Yy, >, ..., ¥,, where
Y; corresponds to the i th observed pair (or line), is the density g = g(s, ¢).

The density g on D is related to the density f on B by the linear! transformation P, where

&(s, ¢) Pf(s, ¢)

1(1 S /mf(scosqs— tsing, ssing+ rcos g)dr. .1)
2 —Vis2 ' ' '

The integral is the so-called Radon transform of the density f, namely the line integral of f
along the line / with coordinates (s, ¢) in detector space. As the length of the intersection of this
line with Bis 2 (1—s%)!/2, Pf(s, ¢) represents the average of f over the part of I that intersects B.

In any particular PET scan, not all the pairs of emitted photons are detected. Johnstone and
Silverman[21] examine two reasons for this: the effect of the third dimension and attenuation.
The effect of the third dimension is due to the fact that in reality the detectors form a ring of finite
thickness d > 0, and the orientation of the line of flight of the photons is uniformly distributed
in R®. Johnstone and Silverman[21] assume that the density is constant over the thickness
of the cylindrical slab enclosed by the detector ring, and present a formula for asp(s, ¢), the
probability that an emission in the tube defined by (s, ¢) is actually detected. This quantity
increases as s increases, reflecting the fact that emissions in shorter tubes (large s) are more
likely to be detected. Silverman, Jones, Wilson and Nychka[40] also discuss the effect of
the third dimension and show that, in fact, the three dimensional problem does not tend, in
the limit as d — 0, to the two dimensional problem. Attenuation is defined as the loss of
a detection caused by the absorption or scattering of one of the photons in flight. Johnstone
and Silverman([2 1] show that the probability that neither photon due to an emission in the tube
defined by (s, ¢) will be lost is given by a4(s, ¢). In both cases the probability that the emission
will be detected depends only upon the tube (s, ¢) and not on the emission’s position within

the tube. In general, if both effects are considered, the probability that any particular detection

'We use linear in the sense that P(4; f; + A2 f2) = A1P(f1) + A2 P(f,), where A; and A, are scalars and f, and f,

are densities.
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will not be lost will be asp(s, ¢) aa(s, ¢). Thus, the two effects can be combined into a single
a(s, ¢) € (0, 1]. It follows that the observed detections form a biased sample with density in

detector space with respect to dA (s, ¢):

8a(s, 9) = Paf(s, 9) =< als, ¢) Pf(s, ¢). (5.2)

A further remark on the incompleteness of sampling will be found in Section 5.2.7.
Our interest throughout Section 5.2 is to produce an estimate of the density f from the
indirect observations Yj, ..., ¥,. Only in Section 5.3 do we start to consider the estimation of

linear functionals of f.

5.2.3 Some proposals for the estimation of a PET image

A very important paper on this subject is Vardi et al.[44], the ideas of which we review briefly.
These authors use a slightly different notation from the one that we generally use. However, in
this section we shall adopt their notation; the connection with our work is clear.

It is assumed that the data arise in histogram form (see our discussion of ‘discretization’
in Section 5.2.9), so that detector space D is divided into bins (or tubes), indexed in [40] by
t = 1,..., T, with an observed number of counts »; in the ¢th bin. Brain space B, which is
assumed to be the unit circle, is also divided into S bins (or pixels), indexed by s. The pixellation
used is arbitrary and will be discussed later in this section. The assumption of [44] is that events
occur in pixel s according to a Poisson distribution with mean A(s). The aim is to estimate
{A(s), s=1,...,8} =4, say.

Let

p(s, 1) = Pr[an event in pixel s gives rise to a count on tube 7],

and set

T
g(s)=)_pls <1,

=1

since an event in pixel s may not be recorded. We assume that the p(s, f) s are known from the
geometry of the set-up. Next, define K(s, ) to be the number of events on pixel s counted on

tube ¢, and note that the K(s, r) s are Poisson random variables with mean A (s) p(s, f) and are
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independent of each other. Unfortunately, we only observe the total counts on each tube as

N
N(t) = K(s, 1).

s=1

These too are Poisson random variables with mean Z;Y:l A(s) p(s, t) and are independent of each
other. A natural statistical approach to the estimation of 4 is maximum likelihood (ML). If we

let
L) =PrIN®=n@), t=1,...,T|2]

where n(r) is the observed number of counts in tube ¢, it is easy to see that

(5 2(s) p(s, 91"
n()!

T s
L) = H exp{- Zl () p(s, 1)}

=1 s=1

Vardi et al.[44] show that log (L(4)) is concave and propose the EM (E for expectation and
M for maximization) algorithm, as described in Dempster, Laird and Rubin (8], for ﬁpding the
niaximizing A. We now briefly describe the EM algorithm in the context of PET. To begin, think
of N(t), t=1, ..., T, as incomplete (but observed) data, and K(s, t), s=1,...,Sand =1, ..., T,
as complete (but unobserved) data. Now, if we were to observe the K(s, 7) s, we would be able
to consider Z;l K(s, 1), the total number of counts originating from pixel s, which are Poisson
* random variables with mean A (s) Egl p(s, t) = A(s) g(s) and are independent from each other.

In this case the maximum likelihood estimator of A maximizes

s T . :
- 0D {K(s, log A(s) - A(s) pls, )} | - (5.3)
s=1 =1 .
and is thus
o T K(s, 1)
A ==2" 5=1,...,S. (5.4)
_ q(s) .

However, as in practice the K(s, r) s are not observed, we proceed using the EM algorithm. We
start with any estimate A > 0, and repeat iterations of the following E and M steps.

E step. Estimate the complete data from the incomplete data by

Kis,p) = E[K(s, t)|N(t)=n(t), Ao
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2°Y(5) p(s, 1)

"0 G )

since, for independent Poisson variables X and ¥ with means Ay and Ay,

Ax

EIX|IX+Y=x+yl= (x+y)m.

M step. Estimate %" by maximum likelihood based on the estimated complete data K(s, 0):

Shken
q(s) ’ ) ey ’

inew ( S) =
as explained above through equations (5.3) and (5.4). We now make some remarks.
1. The E step and the M step can be combined into a single updating step.

2. Aremains positive throughout.

3. General theorems about EM estimation tell us that the likelihood increases at each
iteration, and, accordingly, the method will converge to a global maximum of Z(4) since

log L(A) is concave.

4. In practice this method works well. However, the reconstruction improves as the EM
algorithm iterates up to a point, but then things get worse and the solution becomes spiky

and inaccurate.
5. No attempt to model the true image has been made.

Remark 4 suggests that some form of smoothing may be appropriate. This may be introduced
by incorporating a prior model for 4, as suggested by Remark 5. Suppose that a prior model for
A takes the form

pA) = exp{-R(2)},

where R(2) is some measure of the roughness of the image, then a standard argument shows
that in this case the maximum likelihood approach requires the maximization of log L(1)—R(4),
as opposed to log L(4). However, finding the maximum of log I(1) — R(4) is not an easy task:
one possible approach is to use the EM algorithm as described above, with an adapted M step:
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find 1 to maximize

S T
> {Kk(s, nylog A(s) - 2(s) p(s, )} - R(A), (5.5)

s=1 =1

whereas before we did not have the roughness term R(4). Accordingly, this new M step
is much harder, as it is essentially the same problem that arises in image reconstruction
problems approached by maximum a posteriori estimation using a Markov random field or
Gibbs distribution (see Section 1.3.2) and may require simulated annealing for its solution (see
Section 1.6.1). There are of course many possibilities for the choice of R(1). For example,

Geman and McClure[13] (working in the context of SPECT) propose

3 o (HeAn), 5 \_15¢<z(s1);usz)))’ 56

[51,32] <$1,52>

R(A) =B (

where [s1, 57] indicates that s; and s; are nearest horizontal or vertical neighbours in the square
lattice that they employ, < s;, 52 > indicates diagonal neighbours, the (smoothing) parameter
is positive and controls the strength of the interaction between a pixel and its neighbours, & is
a constant that can be interpreted as a scale parameter on the range of values of A(s), and the
function ¢ (&) is even and minimized at £ = 0. Thus R itself is minimized by images of constant
intensity. In [13] ¢ is (up to an additive constant) defined as

1 1

¢(5) = 1- '1-+—§2 = HF. (57)

We discussed the choice of the function ¢ in Section 1.3.3. There the set-up was slightly
different: we set @ = 1/62 and took this parameter into the definition of ¢ itself. We shall
meet a different ¢ later in this section in equation (5.11).

To overcome the computation problems caused by the modified M step (5.5), Silverman
et al.[40] propose the EMS (S for smoothing) algorithm. In short, a smoothing step is added
after the M step to produce a smoothed version of 4, and in this way prior knowledge about
the smoothness of the image is incorporated. In simulation experiments, these authors found
that the EMS algorithm, with only a small amount of simple smoothing, always converged to
good estimates of 4, in a relatively small number of iterations. Moreover, the limit point was
observed to be unique. However, attempts to prove both convergence and uniqueness have so

far failed. Nevertheless, such attempts have helped to give understanding of the EMS algorithm
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and are discussed in Section 5 of Silverman ez al.[40] and in Nychka[31].

Another improvement provided by Silverman et al.[40] concerns the pixellation of brain
space B. Vardi et al.[44], Geman and McClure[13] and many other workers in the field simply
superimpose a square grid of pixels over B, but this approach has computational disadvantages
compared with discretizations that take better account of the detector geometry. Silverman
et al.[40] exploit circular symmetries to propose a discretization that leads to substantial
computational savings in both storage and time.

Green, in the discussion to Silverman et al.[40], proposes another way to overcome the

problems caused by the modified M step (5.5). First, write (5.5) as
O(A114°) - R(A), (5.8)

and recall that the difficult part of our task is to maximize (5.8) over 2. This can be done by

solving
D°Q(114°Y) - DR(1) =0, (5.9)

for A, where D denotes the derivative operator and DY F(x|y) means &%/ F(x|y)/0x'dy/. Green,

in the discussion to Silverman et al.[40], suggests solving
D'°Q(4|2°%) ~ DR(A*) = 0 (5.10)

in which the gradient of the penalty term is evaluated at the current estimate. He refers
to this algorithm as ‘one-step-late’ (OSL) and points out that solving the system given by
equation (5.10) is as trivial as for the unpenalized likelihood problem. In [16], Green states
that (5.9) and (5.10) have the same fixed points and so, if the OSL algorithm converges, the
limit is a maximum likelihood penalized estimate. What is lost in comparison with the true EM
algorithm is the guarantee that the method converges, and in particular that the iteration always
increases the penalized log-likelihood. In the context of PET, Green states in [40] that while
OSL may not converge if a heavy degree of smoothing is applied (which is rarely necessary
in the PET case), it otherwise converges more quickly than the impractical EM procedure.
In [16], Green gives some examples of the use of the OSL algorithm: multinomial sample, ridge
regression and Poisson additive regression. The latter example, which is relevant to emission

tomography, is illustrated in the case of SPECT using real data in Green[15]. In this paper
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Green considers
y: ~ Poisson (Z Qs /ls) independently,
)

where {A} is a discretized version of isotope concentration as a function of pixel s in the
body, {y:} are the recorded counts of particles detected in bins labelled ¢ and {a;} form a
matrix of coefficients encoding the physical circumstances under which the data were collected.
Green![15] attempts to model the set {ay} in a sophisticated way. We do not concern ourselves
with the details here; the interested reader is referred to that paper. Moreover, in that paper,
Green gives some diagnostics by means of which he can modify the model. He gives an example
of the OSL algorithm applied to real data. He adopts a conventional rectangular grid since,
unlike the PET problem, SPECT offers no symmetries to be exploited. He proceeds by running
the ordinary algorithm for 16 complete sweeps starting from a ‘flat’ image and using no prior
term. He then calculates residuals and, noticing that they reveal a pronounced pattern, modifies
his model by changing the {a, }. He runs the OSL algorithm for a further 128 iterations using
the log cosh prior obtained by setting the ¢ of equati(;n (5.6) to | | |

¢ (&) = ¢y log cosh(cyf), (5.11)

where ¢, and c; are chosen to match Geman and McClure[13]’s prior (5.7) in the sense that
max ¢’ and ¢”(0) coincide for the two functions, with 8 = 0.2 and § = 50.0. At this point no
further changes were perceptible and the residuals give little cause for concern. The resulting
reconstruction is considered to be both reasonable and useful.

There are many other ways to estimate a PET image. Vardi er al.[44] discuss moment
estimates and convolution backprojection, least squares estimators and Stein-type estimators.
Such estimates are not of concern to us in this work and we refer the interested reader to [44] for
further details. Jones and Silverman[23], however, consider a technique that is closely related
to our work. They consider an orthogonal series intensity (or density) estimation approach. For
the case of directly observed data, the approach is discussed in Section 2.7 of Silverman[37].
We briefly review that approach. Suppose for the moment that we are trying to estimate a
density, f, say, on the unit interval [0, 1], from a directly observed sample Xj, ..., X,. The basic A

idea is to express f as a Fourier series with respect to some orthonormal sequence ¢,, where
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R T AT P

g

f = Z f v v,
v20
where, for each v,
1
fv= / f(x) ¢v(x) dx, (5.12)
)

and to estimate the coefficients f,. Now suppose that X is a random variable with density f.

Then (5.12) can be written

fv =E [¢V(X)]’

and may be estimated by
1 n
}v == E¢V(Xi)'
g

Silverman([37] shows that the sum } ., ¥, 4, will not be a good estimate of f, but will
‘converge’ to a sum of delta functions at the observations. Thus, in order to obtain a useful
estimate of the density f some smoothing is necessary. The easiest way to apply this is to
truncate the expansion ) ?V ¢, at some point. To do this, choose an integer K and define the

density estimate 3‘ by

K
F=>%.0. (5.13)
v=0

where the choice of the cutoff point X determines the amount of smoothing, or, more generally,

by
‘? = ZA'V.?V ¢V:
v20

where the weights 4, satisfy 1, — 0 as v — oo, the rate of this convergence controlling the
amount of smoothing. Jones and Silverman[23] introduce an estimate of f which defines the
Poisson process of the PET set-up based on (5.13). Unfortunately, because of the indirect nature
of the problem, the ?vs can not be estimated directly. However, Jones and Silverman[23] set

f, = b312, (compare equation (5.28) of Section 5.2.8), where the b,s are known and are defined
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in equation (5.17) of Section 5.2.4, and where the 2,s are easily computable from the (indirectly
observed) data. The reader should compare this estimator with the linear minimax estimator
as derived and described in Section 5.2.8. Reconstructions for several different values of the
smoothing parameter K are presented in [23]. Moreover, an automatic choice of K based upon
the mean integrated square error is proposed and found to work well, at least in the example
presented. One drawback of this method that emerges from the experiments presented is the
presence of negative regions in the reconstructions. The EM and EMS approaches outlined
above do not permit such negative regions (see Remark 2 of Section 5.2.3). However, Jones
and Silverman([23] report that this orthogonal series intensity estimation approach to PET image
reconstruction yields a 30-fold improvement in computer time in comparison with the best EMS
procedure of Silverman et al.[40]. Another advantage of the approach of [23] is that there is no
need to discretize brain space; the truely continuous nature of orthogonal series reconstruction
is said to be most appealing. The disadvantage is, however, the difficult with generalizing the

approach to cope with more realistic versions of the PET model.

5.24 The minimax approach and the singular value decomposition of the Radon

transform

Johnstone and Silverman[21] adopt an approach that is somewhat different from those discussed
in Section 5.2.3, namely a minimax approach. This is because the main thrust of their interest
is not, directly, towards obtaining reconstruction methods but more towards giving a deeper
understanding of indirect estimation methods in general. In particular they are concerned with
quantifying the ill-posedness of the PET problem. To do so, they calculate theoretically the
order of magnitude of the size of a sample of directly observed positron emissions that would
be required to be equivalent to a given sample size of the indirectly observed data which is
available in practice, in the sense of yielding equally accurate image reconstructions. We shall
see examples of the result of such a calculation in Section 5.2.7. They conclude that the amount
of information available is still substantial, but is by no means as great as if a sample of direct
observations were available. However, before we discuss this in detail, we must set up some
more machinery. We will discuss the minimax approach again in Section 5.2.7

The singular value decomposition (SVD) of the normalized Radon transform P defined
in (5.1) is of crucial importance to this approach. First, let H be the space of functions on B

that are square-integrable with respect to the dominating measure 1 and let K be the space of
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functions on D that are square-integrable with respect to the dominating measure A. Suppose
that the point X = (X, X;) is drawn at random (according to x) from B. If a direction ¢ is

specified by uy = (cos ¢, sin ¢), then

Pf(s, ¢) =E{f(X)|uy- X =s}.

From this representation it follows at once that P is a bounded operator from H to K withnorm 1,
and is indeed one-to-one.

Next define the lattice M as
N ={G,B)|j20k>0).

It can be shown that the set of functions {¢, } is an orthonormal system on H (in the sense that

8y, ¢y ) = [ 04(x) 9y7(x) du (x) = 8y, for vand v’ € N”) where

#u(r, 6) PGk (r, 6)

G+k+1)1 72200 ) 1008 (5.14)

forv € N’ and (5,6) € B, and where Z¥, denotes the Zernike polynomial of degree m and
order k, which will be discussed in Section 6.2.3. Similarly, {y, } is an orthonormal system on

K where

w(s, 9) Wi (s ¢)

Ui (s) €09, (5.15)

here v e N’, (s,¢) € D, and U ,(cos8) = sin(m + 1)8/ sin @ are the Chebyshev polynomials
of the second kind. An arbitrary f € H and an arbitrary g € K can be expressed in a way

analogous to a Fourier series as

fx) = Z fvov(x)
veN’

g = > s
veN’

where the coefficients f, and g, are given by the appropriate inner products: f, = (f, ¢), =
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Jpf) )(x)du(x) and g, = (& ww)a = Jp80) ¥y (y)dAY), the star denoting the complex
conjugate. It can be established that, with these inner products, H and X are Hilbert spaces.

It can also be shown that
Py, = by, (5.16)
with the singular values b, = by specified by
b,=(G+k+1)2 (5.17)

Thus P can be represented by a diagonal matrix B = diag (b,) with respect to the bases {9, }
and {y, }. It is easy to establish that g, = b, f,. We also remark that b0 = 1.

In addition, because ¢0,0) = 1 and y(o,0) = 1, f ¢ (x) du (x) = [ ¢(x) 1 du(x) = ($v, 0,00l =
8,00 and, similarly [y, (x)du(x) = 8,00). Hence, the condition that [ fdu = 1 and
J gdi=1forces f(o0) = 1 and g0y = 1. Therefore, we rewrite f and g as

fx) = 1+ Z Fvév(x)
v#{0,0)
gx) = 1+ Z 8v Yv(x).

v#(0,0)

Accordingly, the function f may be represented by the vector f = (1, f,), v € N°, where A”°
is the set A/ without the element (0, 0), and the function g by the vector g which is defined
similarly. We remark that if the function f' e H is represented by the vector f¥ = (1, fi),
v € N, and if the function f® e H is represented by the vector f@ = (1, £?), then
(D, F@), =3, FOFP* = FOT 2 \where the star denotes the complex conjugate. This
vector representation will be very important throughout this work. A similar remark holds for

functions in K.

5.2.5 Real densities

Throughout this work, we consider real densities f. We adopt where necessary the treatment
of Johnstone and Silverman[21]. The complex bases (5.14) and (5.15) are identified with

equivalent real orthonormal bases in a standard fashion. For example f = Y o fv ¢y =
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S ve N fv v, where

V2Re (p4n) ifj>k
O =060 =19 96p ifj=k
\/flm (¢(j,k)) ifj<k.
Following the treatment given in [21], we suppress the tildes and use whichever basis is

convenient. We shall discuss this again in Section 6.2.6 when we consider the actual

computation of the least favourable function.

5.2.6 Linear estimators

An estimator f based on observations Y1, ..., ¥, is called linear if there exists a weight function

w (x, ) such that f w(x, y)du(x) = 1 for all y in the space of observations, and
N n
foy=n1y wY) (5.18)
i=1

for all x in B. Let 7. ;(n) be the class of all linear estimators of f based on the indirect
observations Yj, ..., ¥,, subject to the additional condition [[w(x y)*du(x)dA(y) < oo,
and for comparison let 7; p(n) be the class of all linear estimators of f based on the direct
observations Xj, ..., X,, (these cannot be observed in practice), subject to the additional
condition [ w(x, x")? du (x) du(x”) < . Finally, let F be a class to which the densities on B

are restricted. Johnstone and Silverman[21] define F to be the set
{f e H:foo =1, fTAf<1+C?%} (5.19)

where the diagonal matrix A = diag(1, a2), v € N°. In the PET case these authors set

ay agk)

(G+1)7? (k+1)%, (5.20)

for some a > 1/2, and point out that the class consists of functions whose 2ath derivatives
exist and satisfy a weighted square-integrability condition. This set is an ellipsoid in H and it
is assumed that the a, and the C, the constant that governs the size of the ellipsoid, are chosen

to ensure that all members of F are nonnegative. In the PET case with a, given by (5.20) this
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is achieved if
C<2%1, (5.21)

We now make two remarks. First, if a = 1.0 (1.5) the upper bound given in (5.21) is V2.0 (2.0).
Secondly, equation (5.20) holds for v = (0, 0): in this case a(,0) = 1. Similarly, we write B
to be the diagonal matrix diag(1,b,), v € N 0 where the b, s were defined above. The case
whenb, =1, Vv € N© corresponds to the direct observation case: that of having observations
on brain space. Such a B is used in [21] to allow comparisons between the direct and indirect
cases.

If we let vand 7 € A~ and write

Wy = / / W (5 Y) $,(0) Wey) diz (x) dAQY),

then Johnstone and Silverman[21] explain that, because of the condition [f w?dudA < o,

standard functional analysis gives that, in the L? sense,

wEN= 33 wer 0,00 v, (5.22)
ve N"ne N’

We shall make use of this form in Section 5.2.8.

5.2.7 Loss functions and equivalent sample size

Next, Johnstone and Silverman([21] define M(}; f) to be some measure of accuracy of an

estimator f of f. In particular they take M(F; f) to be the mean integrated square error
MG:f)=EL[ G- 57 dul. (5.23)
By standard calculations M( ¥ f) can be put in ‘variance + squared bias’ form as
MG:9)= [ [VarFoon+ (Bt - 1)) duo (5.24)

where the suffix f indicates that the mean and variance are calculated for data drawn from f in
the direct case and Pf in the indirect case. The surrogate mean integrated square error M*(}; f)

is obtained by replacing the variance term in (5.24) by the corresponding term calculated for
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the uniform density on brain space
MG )= [ [VarnlFn + {Estfoon - f0)] duo (5.25)

The surrogate mean integrated square error is used because of its simplicity compared to (5.24).
Proposition 2.1 of [21] gives an important relation between the surrogate and the true mean
integrated square error for linear estimators: if f is bounded above and below away from zero,

Le. if
0 <inf f <supf <o, (5.26)
B B

then, for all f in 77 p(n) or in Tz ;(n)

M(F
MF:

inf f(x) < < sup f(x).
B B

This proposition means that the ratio of surrogate to true mean integrated square error will
be bounded above and below away from zero uniformly on F, so that order of magnitude
statements made for one mean integrated square error will also be true for the other. We now
outline the proof of this proposition given in the Appendix of [21].

First, a standard argument establishes that

inf £ < YarFO)]

37 Vet =57

in the direct case, and

. Vars[f(x)]
13f gs —Van [_?(x)] < sgp g

in the indirect case, where g = Pf. We use a similar argument later in the proof of Proposition 3.
It is easy to show that supg f =2 1, infp f < 1, supp g = 1 and infp g < 1. This immediately

gives

. MF; )
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in the direct case, and

_ MED
B2

<supg

in the indirect case. Finally, since supp, g < supg f and infp f < infp g, the proposition follows.
Suppose that one has a sample from a density f and an estimator f based on that sample.
Then an assessment of the accuracy of £ that does not depend on a particular known f is given

by the maximum risk

R(f) = sup M(F; f). (5.27)
feF :

Because interest lies in the experiment itself rather than any particular estimator, the authors

consider the minimum of R(f) over suitable classes of estimators f. They set

ru(m) = _inf  R(f)
FeTun)

and, for comparison,

rep(n)= _inf  R(P).
feTipm)

These minimax risks quantify the information about the unknown density inherent in indirect
and direct data sets of size n, in a manner that is independent of the method of estimation.
Comparing their relative values gives an indication of how much information is lost because
data can only be observed indirectly in practice. Johnstone and Silverman([21] set p = 2a and

present the following theorem in which estimators are not restricted to be linear:

Theorem 2 (Johnstone and Silverman[21], Theorem 3.1) For fixed p > 1 and

0 < C<2® D2 we obtain
rp(n) = (log n/n)P' @D
and
ri(n) = (1/n)?’ @2,

- where a, = b, means that the sequences {a,} and {b,} satisfy inf,(a,/b,) > 0 and
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sup,(an/by) < oo.

In effect this theorem tells us that the indirect nature reduces somewhat the rate at which the
minimax risk converges to zero. For the case in which estimators are restricted to be linear
the authors give a more precise version of their Theorem 3.1 in which the exact large sample
behaviour of the minimax risks is stated. The proof of this more precise theorem starts by
obtaining exact expressions for these minimax risks in terms of the constants a, and b, (see, for
example, Lemma 2). Then, for the PET case, it justifies integral approximations that make it
possible to give the stated exact large sample behaviour. The constants in these expressions are
complicated but tractable. It is then possible to derive the numerical equivalent direct sample
size m(n) to a given indirect sample of size n, i.e. the size of the sample from f itself that would
give the same amount of information as the given indirect sample, under the given smoothness
assumptions, so that, for linear estimators for example, rz p(m) = rpi(n). In fact for general

estimators
m(n) = n®*)/ +2) log n.

In the PET case with linear estimators, under the assumption that f has square integrable first
derivatives (p = 1) and using the surrogate mean integrated square error, the equivalent sample
size to an indirect sample of size 107 is 193,000, whereas the equivalent sample size to an
indirect sample of size 108 is 1,030,000. Other similar results are given in their Table 2, from
which it can be concluded that the more smoothness that is assumed, the less information is lost.
Johnstone and Silverman[21] also demonstrate, using Fano’s lemma of information theory as
developed by Ibragimov and Hasminskii, that the restriction to /inear minimax estimators does
not affect the minimax rates, and hence derive their Theorem 3.1. They also show that, under
mild assumptions, the incompleteness of sampling, as demonstrated in equation (5.2), has no

effect on the minimax rates found in Theorem 3.1.

5.2.8 The linear minimax estimator

Recall that we observe Y, ..., ¥,, where ¥; corresponds to the i th observed pair (i.e. straight

line). From this fixed number » of observations, we define Z, for # € N’ as

1 n
Zr == yu(Y),
n i=1
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and we observe that Z o) = 1. Hence, using equation (5.22), we obtain

Fx)

Yo N wia (% Zl w,,(m) ¢v(x)

veN ne N”

Y 8 ( 3 wmz,,) :

ve N’ re N’

Since the coefficient of ¢ 0)(x) is 1, we must have

z woorZy=1
ne N’

and this can be achieved by setting w(o,0)» = 80,0)», for all z € N”. Therefore, we now focus

on linear estimators of f given by
F=wz

where }‘(0,0) = 1, W is the infinite matrix (w,.), whose first column is defined as above, and Z
is the vector Z,, v and 7 belonging to the set A,

Johnstone and Silverman[21] present two lemmas: the first lemma gives a matrix form
for (5.25), the surrogate mean integrated square error of the linear estimator f; the second
lemma provides an expression for the surrogate linear minimax -isk and gives the general form
of the minimax estimator. We reproduce these lemmas. We require one further definition: the

vector
ey =Bz e N
Lemma 1 (Johnstone and Silverman[21], Lemma 4.1) With the above definitions

MG, ) = n e WU - e0ed)W + £7(I - WB)T(I - WB)S.

Lemma 2 (Johnstone and Silverman[21], Lemma 4.2) With the above definitions

_inf supM'(F;H=n" Y b1 -ay' ),
feTun)feF ve N’
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where ¥ is chosen to ensure that
-1 2 2, ~1/2 —1 2
n z b ra,(y " '“a, - 1), =C"
ve NO

The minimax estimator is given by setting
w(0,0)z = (0,0 n
as above, where r € N, and
Wyr = 8,2 b, (1-7""2a,)s
wherev € NCandx € N'.

We make a remark about these estimates. First, the matrix W is diagonal. This means that

1+ Y wiZ,gu(®)
ve NO

Fx)

1+ 3 b'(1-7"%a,): Z,g(x)
ve NO

1+ 3 fo),

ve N0

where f, = b;'(1 -7'/2a,), Z,, v € N°. Now since
E{Z] =g, =b.f. (5.28)

a possible estimate for f, would be b,'Z,. However, this estimate includes the additional factor
(1 -7"2a,),. It is by means of this factor that smoothing is introduced. Large values of a,,

1/24,)+ being equal to zero and

which are brought about by large values of a, result in (1 — ¥
the removal of high frequency components in the density estimate $(x). We remark that JA‘(x)
is not necessarily positive. The reader should compare this minimax estimator of f with the
one employed in Jones and Silverman[23] and discussed in Section 5.2.3. In addition, the
reader is invited to compare this discussion about smoothing with that given for the discrete

case in 5.2.12.
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In essence our problem is that of estimating an array f, given observations
Z, = b,f, +error,

where the error has zero expected value, subject to the restriction that the f, fall in some
ellipsoid F. In this case there is a single observation for each parameter to be estimated. Further
work (from the point of view of not only estimating the density f, but also estimating a linear
functional 7(f), say) may consider the case when F is a hyperrectangle. An important related
paper here is Donoho, Liu and MacGibbon[9] in which the following problem is considered.

Suppose we are given
yi=6i+¢&, i=0,1,2,...,

where the ¢; are iid V(0, 0) and 6; are unknown, but it is known that 8 = (6;) lies in ©, a compact

subset of lp, i.e. 3";|6:> < =. Donoho et al.[9] consider the case when © is a hyperrectangle
() ={6: 6l <7}
where 7; — 0 as i — oo, and also the case when O is an ellipsoid
{0 : Ea,-ef < 1},
i
or more generally an /,-body
Opa@)={6: Y ailef <1}.
i

They wish to estimate 8 with small squared error loss ||0— 6]|2 = 3°(6; — 6;)%, and they use the

minimax principle to evaluate estimates.

5.2.9 Discretization

So far we have considered the idealized case where detector space D is assumed to be
continuous. Under this assumption for PET it was possible to know the exact line along
which an emission took place. However, in reality, the ring of detectors is divided into a finite

number N of separate detectors, as is depicted in Johnstone and Silverman[22]’s FIG. 1. These N
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detectors give rise to r (N) = N(N — 1)/2 tubes, each tube being defined by a pair of distinct
detectors. A detected emission is recorded by one of these tubes, and so the exact position of
the line along which the emission took place is no longer known: only the tube is known.

To model this situation we shall refer to the discretized detector space as Dy, and assume
that the detector space is divided into r (N) bins: D;, ..., D,@. Thus, if f is the density on brain
space B, and g = Pf is the density on detector space D, then Qyg is the density (probabilities)

on Dy where Qng is defined as

1 .
@)= 55 /D S =1 @), (5.29)

where 4 is the dominating measure of D. In effect a continuous density is turned into a histogram
with r (N) bins by the discretization map Qy : G — Gy, where Gy is the finite dimensional
space of vectors of length r (N). The vector Qyg gives the averages of g over each of the bins
D;. We observe a Poisson number N of observations, Y;, Y5, ..., Yar. The mean of the random
variable A is n. Let n; be the number of these observations falling into bin D;. The n; are
independent Poisson random variables with means nA(D;) (Ong)j, j =1, ..., r(N).

We remark that in this chapter n has two slightly different uses. In the continuous case
it is the number of observations, whereas in the discrete case it is the expected number of
observations. Johnstone and Silverman{22] refer to n as used in the discrete case as ‘an integer

giving an index of the amount of data collected’.

5.2.10 Key assumptions

With the same orthonormal bases {¢, } and {y } for B and D that we used above, we again have
the singular value decomposition as stated in equation (5.16), namely that Pg, = b,y,, where
the singular values b, are defined in equation (5.17).

In addition, this time we make the matching SVD assumption: given any v; and v, the
vectors Qnyy, and Ony,, are either parallel or orthogonal on the space Gy.

Although this is a restrictive assumption, it holds exactly in the cases of density estimation
from binned data ([22]: Section 1, Example 1, and Section 4.1) and of deconvolution ([22]:
Section 1, Example 2, and Section 4.2), or approximately in the cases of The Wicksell
‘unfolding’ problem of stereology ([22]: Section 1, Example 3, and Section 5, especially 5.2
and 5.4 where the approximate nature is discussed) and of PET ([22]: Section 1, Example 4,
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and Section 6, especially 6.2 and 6.3). (As far as surrogate risk behaviour is concerned
condition (5.26) holds in the two former cases. However, the lower bound of (5.26) is not
available for the Wicksell operator, although the ratio of surrogate to true mean integrated
squared error can be bounded above and below away from zero uniformly over F at least
for diagonal linear estimators. In the PET case condition (5.26) holds provided that C satisfies
condition (5.21), the condition for F to contain only nonnegative densities.) We shall discuss
this further for the PET case in Section 5.2.12.

Because of the matching SVD theorem, we can construct an orthonormal basis {z, } of Gy

such that for each v there exists [v] for which, for certain constants 7,,

ON W = % XW- (5.30)

Under the matching SVD assumption, for any fixed N we define an equivalence relation on the

set of subscripts {v} by
v1 ~ v, if and only if [v1] = [v2]

where [v] is defined in equation (5.30) above, so that the equivalence classes comrespond to
sets of y, that are mapped by Ox to multiples of the same basis vector in Gy. The [v] can be
considered as being equivalence classes under ~, and in this way an infinite dimensional vector

space is mapped to a finite dimensional vector space.

5.2.11 More notation and definitions

In Section 5.2.9 we assumed that we observed a Poisson number of observations A" with mean n.
The number of observations falling into bin D; was defined to be n;. The n; s were seen to be
independent Poisson variables with means nZ(Dj)'(QNg)j, forj=1, ..., r{(N). We assume now
that the observed data consists of an r (N)-vector Z of normalised bin counts of Gy such that

n.
Z = ]
77 nA(Dj)

forj=1,..., r(N). The Z; are are independent Poisson counts with intensities (Qng);, for some

g£=2,8W¥ inG.

We now express the r(N)-vector of observations Z in terms of the r(N) ‘mew’ basis

vectors xp1: Z = . Ziy 21v- We let T be the matrix representation of Qy relative to the basis
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{w:} and {1, } respectively: i.e. Iy}, =% if p € [v] and zero otherwise.

Consider now the equivalence class [v]. There are r () such classes: let us consider the
kth class. We order the vs in this class in some way (according to < or < say) and we write
V¥ to be the i th value in the kth class, k = 1, ..., 7(N). Thus we have v} ~ & ~ & ~ ...
V] = [l = [¥] = -, and vVF < V& < V& < ..., We take the first value v} to be the
representative of the kth equivalence class. Johnstone and Silverman[22] construct a set of
such representatives Ly = {V%, k=1, ..., r(N)} of these equivalence classes by selecting from
each [v] a v that maximises b, 7, over this equivalence class. They state that this v essentially
corresponds to the direction in which least energy is lost under the mapping QyP. Table 5.1

may help to clarify the situation.

Equivalence class | B, detector space, {g} | Ln | Gwn

! Vs Vg Wi | 2

2 V2, Wiz Wi, M| e

k R T TR R R
cee | YW

r(N) Wy s Y, Y, Vi X0

Table 5.1: Table of equivalence classes and corresponding basis vectors for Gy

Next Johnstone and Silverman[22] assume that 0 € Ly. Because of the restriction
f,0) = 1, this zero frequency plays a special role and so the set £y = Ly\{0} is introduced.
They now define

Tt =span{p, : v € L}
(L stands for low frequencies and this set depends on N) and

f”:{f:va¢v:fv=0forve Ly}
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(H stands for high frequencies and again this set depends on N), so that
F =span{go} ® FL & FZ.
The ellipsoid F is defined as FE¥ = (¢o + FL) N Fo, where

f0={f=va¢v : fo=1, Z a%fascz}’

ve N0

as in equation (5.19).

As with the case where there is no discretization, the aim of [22] is to estimate f.
The approach taken in Johnstone and Silverman[22] is to consider only ‘low frequency’
functions FL. Let Ty be the class of linear functions from Gy to FL, and write T for the
matrix representation of T in 7y relative to the bases {y1,;} and {¢, : v € L }. The estimator

corresponding to T € 7y may be written as

To)=go+ D 6.0 ToimZim, (5.31)

ve Eg, [~

which should be compared to equation (5.28) above.

5.2.12 Some results for the discrete case

In this case, the form of the mean integrated square error corresponding to equation (5.24) is
MT: )= [ [Vaoe 700 + {BRsIT001 - F )] dao

If we define the surrogate mean integrated square error M*(T; f) as
M T = [ [Vam [T+ (a7 - F0Y] deta),

where 1 is the uniform distribution on B (and hence P1 = 1 is the uniform distribution on D) we
can establish that, if f (and hence g) is bounded above and away from zero, then for all linear

estimators 7,

infg< ML

S S Sy .
b e T P8
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This result follows easily from equation (9) of [22] which tells us that

Va1 = - [ 2 (5,10 86)dA0), (532)

where

1= Y 8D Toim Xinj

ve Ly A

and j (y) indicates the bin into which y falls. Johnstone and Silverman[22] explain that the

expression (5.32) is obtained by showing that

. 1 &
709 = o) + = 3 150

=1

where we have seen that N = erz()lv) n; is a Poisson random variable with mean n, and

establishing that

N
Var 3 1 ) =n [ #(x,J0) 80)dAO)
=1

Again, as we saw in Section 5.2.7, order of magnitude statements made for one mean integrated
square error will also be true for the other.

We can write down M*(T’; f) in matrix notation as
MYT; f)=n"'aT"T+ fTU-TTB)'(U-TTB){. (5.33)
After defining
M(T; Fo) = 7i‘lalif;_jseug_oM"'(T; i)

the authors state a lemma, corresponding to the above Lemma 2:

Lemma 3 (Johnstone and Silverman[22], Lemma 1) With the above definitions, we have

M Iy F) =n"" Y B2 (1-aa'’?),

0
ve Ly
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where a is chosen to ensure that

_1 Z b—2y;2a2 1/2 _ 1)+ - CZ‘

Ve £°

The minimax estimator is given by setting

T’* - V”bl —l(l 1/2 )+

v

forall vin LY and win L.
We remark that 7™ is diagonal. The authors now state and prove the following theorem:

Theorem 3 (Johnstone and Silverman[22], Theorem 1) Given any v in Ly, define

S\ = > a?
pelvl\v
Then
2
M(T; F§) S M(Ti Fo) < sup M'(T": ) S {M(Tw 75) ' +e)' Y,
feFo
where

e(N) = C2{mzzx Sn(v)+ max a’}.

In the theorem &(N), which also depends on n, can be thought of as a high frequency error
caused by throwing away high frequency components.
We finish this section with a brief discussion about smoothing similar to the one made at

the end of Section 5.2.8. First,

T(x)

1+ Y (E Tv[ﬂIZ{ﬂ]) Pv(x)

ve AC?, [~

1+ Y B (1 -a' a,)s Zeu(v)

[
ve Ly

1+ > F.0.),

0
ve Ly

173



where f, = b,'%; (1 - a''2a,), Z}y, v € LY. Now, it is not difficult to show that

ElZyl= )_ bovfv. v e Ly,
vy

see equation (5) of [22]. (The analogous result for the continuous case is given in
equation (5.28).) If we ignore all the terms in the sum except for the one with v/ e L2,

we have

E [ZIV]] = beva, V € E%.

Hence, a possible estimator for f, would be b,!%1Z;,;. However, as in Section 5.2.8, a
smoothing factor (1 — &!/2a,), is introduced. This factor has the same effect here as it did
in the continuous case in Section 5.2.8.

This time our problem is in essence that of estimating an array f, given observations

Zyy = Y by f, +ermmor
vl=v

where the error has zero expected value, subject to the restriction that the f,- fall in some
ellipsoid F. In this case there is a whole set of parameters to be estimated from a single
observation. Setting f, to zero except for v € ,Cg, puts us back in the case when there is one
parameter to be estimated from each observation. Further work would consider in detail ways in
which the full set of possible estimators can be called into play, so that the information available
can be used to give estimates of all the coefficients f,, not just the low-frequency ones. For now
see Section 5.3.7, especially equations (5.49) and (5.50), where such an estimate is presented.

This estimate minimizes a type of penalized least squares form given in equation (5.51).

5.2.13 Applying these results to the PET case

First, it is necessary to state the equivalence classes needed for the SVD property (5.16). The
set NMy- is defined to be {(j, k) : j, k2 0, j+k < N-2}. This set contains N(N - 1)/2 members,
including (0, 0), and is a possible set Ly defined in Section 5.2.11. Next, given any vo = (jo, ko)
in My_1, define j; = N—1—ko and k; = N— 1 —jo. Then the equivalence class of vy consists

of all indices of the form (jo +r; N, ko + ri N) or (j; +1; N, k1 + ri N) for nonnegative integers 7;
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and ry. In addition, all pairs (j, k) with
j+k=N-1 (mod N)

are added to the equivalence class of (0, 0).

Finally (using [-] to denote integer part) we have

0 j+k=N-1 (mod N)

Y5k = )
—100/Nginc{(2j + 1)x/ 2N} sinc{(2k + 1)/ 2N} otherwise,

where sinc @ = sin 6/ 6.

Johnstone and Silverman[22] investigate in a detailed fashion the minimax risk in the PET
case. Their conclusions depend upon the relationship between N and 7, and there are three
different cases to consider: the subcritical case, the critical case and the supercritical case. The

interested reader is referred to Section (6.4) of [22] for further details.

5.3 The estimation of linear functionals

We now come to the important new work of this chapter, the estimation of linear functionals,
Our treatment here is specific to the PET case. The results have, however, been generalized by
using sophisticated techniques of functional analysis by Silverman([38] and others. We discuss
such work in Section 5.5.

Let the density f, defined on brain space B, lie in the Hilbert space H. We now turn our

attention to the estimation of linear functionals? of f. Let T be a linear functional. If

f= 1+ z fv¢v,
ve N©

then the quantity of interest is

TH =T+ Y £, T(gy).
ve NO

In vector notation this becomes 7(1) + £Tf, where & = (T(¢,)) and f = (f,), for v e N,

2A linear functional is a linear operator T with domain in a vector space X and range in the scalar field K of X;

thus, T : D(T) - K, where K = Rif X is real and X = CifXis complex.
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5.3.1 Restriction on the linear functionals to be estimated

We shall see later, for example in Section 5.3.5 for the continuous case and Sections 5.3.7
and 5.3.10 for the discrete case, that we need to impose some form of restriction on the class

of linear functionals considered. In fact we insist that

2
Zm < oo - (5.34)

2
vaV

where a, was defined in equation (5.20) as

ay a(j_ k)

G+ 1D k+1)

for some a > 1/2. We now give two examples of such functionals.

Example 1. In this example we present a proposition that gives a sufficient, but not a necessary
condition for a linear functional T to satisfy inequality (5.34). First, we state the definition of
a bounded linear functional. A bounded linear functional T is a bounded linear operator with
range in the scalar field of the normed space X in which the domain D(T) lies. That is, there
exists a real number ¢ such that for all f € D(T), |IT(f)| < c||f||. Furthermore, the norm of T,
|7}, is defined as

TD . p 1

17| = =
fe DD\{0} Ifll sepm, [IflI=1

We shall henceforthrefer to ||- || as the supremum norm. Now, if T is a bounded linear functional

1Tl =, D16 <o (5.35)

Proposition 1 If T is a bounded linear functional; then T satisfies the inequality (5.34).

it is not hard to show that

Proof. First, note that a, = a(jx) = (j+1)? (k+1)? 2 1, Vv, with strict inequality for v#0. Thus,

1€, 1 a2 < |£,)%, Vv. Immediately, we have

6> 2
D2 <l <o,

2
v ay
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from (5.35) since T is a bounded linear functional. a

Our second example shows that there are functionals satisfying (5.34) that are not bounded.
Example 2. In this example we consider the case when a > 1. Let x be a fixed point in the
unit circle. Consider the functional 7x(f) = f(x), evaluation of the density f at the point x. We
shall establish in Section 6.2.2 that this is not a bounded linear functional with respect to the

supremum norm. However, we have the following proposition.

Proposition 2 Fora > 1, the functional T,(f) = f(x) satisfies the inequality (5.34). In other
words Y, % < oo,

Proof. We have that

6.1y (7 O)]

g ()]

I(] +k+ 1)1/2 Zyi-_kk'(r) ei(j—k)Bl

G+k+ D)2 200

IA

G+k+1)!"2

since |2/ ()| < 1. Hence

b Jtk+1
a2 T (+D)Ek+1)>

Now

3 j+k+1
G+ D R+ 1

can be shown to converge if a > 1, and so

gy ()
Z a2 <

as required. a

We end this section by noting that

2
=5

v

177



can itself be thought of as a norm for the functional 7, ||T||, say.

5.3.2 The continuous case

First of all we are interested in the case when there is no discretization, i.e. the case when
the ring of detectors is considered to be continuous and the line along which every emission
occurs can be observed exactly. In Section 5.3.7 we consider the discrete case, and many of the
techniques that we use in dealing with the continuous case are also employed there.

We now attempt to estimate the quantity 7(1)+£T f by the linear estimator z+7Z where the
infinite dimensional vector (Z,), v € N is as defined in Section 5.2.8 above. In fact, we shall
see in Section 5.3.4 below that the minimax estimator of ¢ is 7(1) and therefore the problem

simplifies to the minimax estimation of £Tf by zTZ. For now we shall refer to .+ 77Z as T(f).

5.3.3 Loss function

Here we follow the methodology and we use the notation of Section 5.2.7. Define the loss when

T(f) is estimated by T(f), namely
M(T(F); T()
to be the mean square error, specifically
Eps[(T(F) - T(F))

when the underlying density on brain space B is f and the data upon which the calculation of
the variance is based are drawn from Pf. (On this occasion we do not integrate as f(?) and

T(f) are scalars.) This quantity can be shown, by a simple argument, to be equal to
Varps[T(F)] + (Eps [T - T(H)),

again ‘variance + squared bias’ . As a simplification we replace Varpf[f(?)] by Var; [T/(?)],
where 1 = P1 is the uniform density on D to get the surrogate mean square error M "(f(-f); ().

We now state a proposition
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Proposition 3 Supposethat f (and hence g = Pf) is bounded above and below away from zero.
Then

e MAGRT()
ff<infg —————< < 3
BT ey SR

Proof. We need only establish the inner pair of inequalities as the outer pair follows immediately
from the fact that supp g < supg f and infg f < infp g, as we saw in Section 5.2.7. First recall

the following two relationships:

MTF):T(H)) = Varp [T+ Eps [T(H] - T())

M T TF) = Van[T(H1+Epf[T(H] - T2 (5.36)

In order to establish that infp g < M/M* < supp, g, it is sufficient to show that

g< YTl _ o
b Var [T(f)] »

since the required inequalities follow from the fact that sup, g > 1 and infp g < 1.

It is easy to establish that

T =p+ 2 3 v(E)

i=1

where Y; corresponds to the i th observed pair and v (Y) = >, c ar0 Tn¥x(Y). Hence,

— Var [v (Y)]
Varp (7] =~
where Y ~ Pf, and similarly

Va7 = V)

where = ~ P1 = 1. So we must show that

. Var [v (V)]
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We employ an argument similar to the one used in the Appendix of [21]. For the right hand

inequality we argue as follows:

Var[v(Y)] < E[v(Y)-EE)

/D (O -EWED%@dAQ

IA

supg [ 0©-ED @D aA©
D D

sup g Var [v (E)],
D

and, for the left hand inequality:

IA

Var [v (E)] E[(v(E)-ED)?]

= /D v ©-EMMD2dA®

1
— — 2——
- /D ¢ @-Eb (D5 a@d1Q

IA

sup (é) [e@-Epm*©dae

= ! Var [v(Y)].

infp g

The divisions are valid since infp g > 0 by hypothesis. This completes the proof. a

The quantity Var [T(f)] = Var;[u+77Z] = Var,[¢7Z] = T Var,[Z]z = (1/n)rTz. Moreover,
Ep[T(DI-T(f) = Epslutt"ZI-T 1+ f) = (u-T(OWeTEf[Z}-ETf = (u-T()W"Bf-£Tf =
(u— T(1)) + (£ - Br)Tf, a measure of bias. If we combine these two results we find that the

surrogate mean square error can be written as
Iy 1
MAPTE) = 5 o+ (- TN +E-BDS) (5.37)

where, for example, 7= (7,), v € N°.

As before we adopt a minimax approach. For clarity of notation we rewrite the loss function

M*(T(H); T(f))
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M*(u, 7; T(1), f),

and we seck

inf sup M*(y, 7; T(1), f),
KT reF

where F is the eliipsoid defined in equation (5.19) above, viewed from the point of view of the
vector f where f = (f,). v € N
F={f:flAf<C?},

where the matrix A is redefined accordingly.

5.3.4 Minimax estimation of 7(1) and resulting simplifications

In this section we show that the minimax estimator of  is 7(1), as we would hope. First, we
recall from equation (5.37) and the definition of M*(, 7; T(1), f) above that the surrogate mean

square error takes the form
* 1 T T 2
M@ 7370, )= — 7o+ (w-T)+E-B9)"f) .
Now reparametrize by setting (z —~ 7(1)) equal to X to get
M'(K 7;f)= % Tr+(K+ (- BT

This gives

1
inf sup M*(K, 7; f) = inf { — 7 7+ sup [(K+ (&- Br)Tf)z] .
K7 feF Kz |n feF

We now show that the minimax estimator of X is 0. First we remark that, because of the square
and the fact that f € F if and only if —f € F, we can restrict our attention to the infimum

over K 2 0. For arbitrary K > 0 consider

sup (K +G-BTP] = (K+E-BD)TF), (5.38)
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say, where f* € F. Now if (- B7)Tf* < 0, we can replace f* in (5.38) by —f* € F to get
(K- (&-Bn)'f*)
We note
(K- (&-Bn"fY 2(K+(&~Bo)'f*)

with strict equality in :he case K > 0. This is a contradiction to the fact that the supremum is
attained at f* for non-zero K. So we must have (£— B7)Tf* > 0, except when K = 0.

Now assume that

. 1 ¢ _

1111'"1{;1 T+fsgg_ [(K+(§—BT)Tf)2]} =
inf {11T1+(K+(§-Br)Tf*)2} =
K20t {n -

,lt 7T +(K* + (- BT ),

where the infimum is achieved at K* > 0 and 7*. If K* > 0, we have from the above argument

that
(- B7*)Tf* =0.

However, in this case it is easy to see that a lower value of the infimum could be achieved by
taking K* = 0. Thus, we conclude that K* = 0.
This argument allows us to conclude that the minimax estimator of 4, namely u*, is 7(1).

Thus
MG T T )= - a e+ (G- BT
and so from now on we consider

M@= o (B0 (5.39)
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5.3.5 The minimax estimator and the minimax risk
We are now in a position to present the main theorem of this section.

Theorem 4 The minimax estimator % is given by

CZb_véx
a,
T= X
,lz +C2
Ay / yeNO
This yields a minimax risk of
. c? 21
M'(%; frr) = " > g—bz. (5.40)
veNO TV 'll +C?
aV

where f1F is the least favourable function and takes the form

(e
fir()) =3C aC

2 2 \?
e { (&)~ (%m%) }

Proof. First we consider the sup over f € F.

(5.41)

ve NO

1
sup M*(z; f) -7lc+ sup ((¢6-Bo)Tf)?
feF n f:fTAfsC?

lsz+ sup ((¢6-Bv)Tf)>?
n F:fTAf=C2

the sup occurring on the boundary of F because of the following argument. Say, for a
contradiction that the supremum is achieved by a vector f* such that f*TAf* = D? < C2.

The value of the supremum is, of course, ((£ — B7) T f*)2. Now consider the vector
C
to oo
f Df 4
and note that this vector lies on the boundary of the ellipsoid since

£t = SFTag
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Note that

(&-Bo)TfTy?

-BIT 57

c .
= 5(E-B)'f)
> ((6-B)'f"),

since C?/ D? > 1. This gives the required contradiction since the last expression is the value of

the supremum. Next we set y = Al/2f to obtain

It

1
sup M*(z; f) ~ 7+ sup ((&-BoTA V%)
fex n yyTy=C?

1
— T2+ sup (dTy)?
n yyTy=C?

]

1

—rlr+ sup (dTy)z,

n ylylP=c?

where d = A™1/%(¢£ — Br). Now, by the Cauchy-Schwarz inequality for inner products ([1],
page 294), (d"y)? = (d - y)* < ||d|P|lyl* = ||d][*C?, with equatity if and only if y = Ad,
where 2 = C/||d|| to ensure that ||y||> = C2. By substituting back for d iny = Cd/||d|,

we immediately get an expression for the least favourable f, fir, as a function of (the as yet

unknown) 7:
_, CAl(¢-Bo)
fird = 2 e Zpa)
Hence
sup M*(z;f) = L, C*(&-Bn)TA (- By)
feF n

1
- i1+ CHEAT E-27"BAT ¢+ t"BA'B1].
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Next we consider the inf over 7. First we differentiate with respect to 7:

9 sup M*(7; frr) = gr+ C?*[-2BA'E+2BA'B 7).
ot feF n

Now we set 9/ 97 sup; x M*(%; frr) = 0 to get (CPBA'B+1/n) %= C*BA™'¢, and hence
$=(C?BA'B+1/n)'C*BA7E

which can easily be shown to yield a minimum. Fortunately, the matrix C2BA™'B+1I/nis
diagonal and therefore its inverse is easy to find.

Substituting for the diagonal matrices A and B, and for the vector &, we get
CQ bvgv
aV

1, b
ntC=%

Ay / ve NO©

=

Moreover, the least favourable function f; (%) can now be easily evaluated as
y (1, b2
=+ C2%
& ( )
2 2\ 2
, 1 b-,
Turens { (&) (z + CZT) }
v

(The symmetry of the least favourable function is discussed in Section 5.3.11.) Next, a long

fLr(®) =xC

ve NO

but standard calculation enables us to evaluate inf; supy¢ FM*(z; f)=M"(%; fLF) as:

. Cc? 21
M'(2; frr) = o > g——bz, (5.42)
veNO TV % + CZ—%
equation (5.40) above. Thus the proof is complete. |
In the above proof we must, however, check that ||d|| = ||d(?)]| is finite. From this, the finite

nature of the minimax risk, for example, follows. An easy computation gives that

1 AT LAY
= % {(a—) /<;+czz) }

veNO
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the expression which appears in the denominator of equation (5.41). Hence we have ||d|| is

finite if and only if

s {E)(et)]

is finite. Now

2
l + Czﬁ Z _l.,
n az n
and hence
1 <n?
1, 202)
it C
aV
Therefore,

_ Jév_l 2 _
(—()) (2.
nt e

ay
The finite nature of ||d|| now follows from (5.34).
Finally, we remark that the minimax risk is a decreaéing function of n, the number of

emissions, as we should hope. To see this just rewrite equation (5.40) for the minimax risk

M*(%; fr) as

ey 8 1
e

by
1+n ¥

a

and note that M*(%; fr) decreases, as n increases.

5.3.6 An important observation

Our estimate 7"‘(-]7) =£TZ (we drop the 7(1) term) can easily be rewritten as

T

| bz,
I(f) = . B2 ¢
%+@ﬁ
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A,

Fle

(),

where

Q,
IB"
< W

- a Z
7= — . (5.43)
+Cazl%

N|—

ve N©

Moreover, the vector F (and hence the function f) can be seen not to depend upon the

functional 7. Also, the following lemma holds

Lemma 4 f minimizes
_BAT(Z— 1
{z-BfY'{Z-Bf} + —f"Af

where in fact Bf = E [Z] .
Proof. First, recall that A and B are diagonal matrices. A simple calculation yields that
BZ- B} - 1 Af=0
nC? '
Nowsetf=F+g.
1
-Bf}Y{z- —fTAf =
{Z-BfY"(Z-Bf}+ —1"Af
1
{Z-Bf - Bg}{Z-Bf - Bg}+ —(F+2)"A(f+2) =
1 1
Z-BfY{Z-Bf}+ —FAf+g"B*g+ —gTAg -
{z-Bf}{Z-Bf} + — F'Af +8'BPg+ —8"Ag
" 1
2(BZ-B*f - —ADTs.
( f-—=4D"s
The last term disappears, leaving us with
1
Z-BfY{Z-Bf}+ — fTAf =
{Z-BfYTZ-Bf}+ —1"Af

{z-Bf}"{z-Bf} + ;%Q—}TAf+
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1
T2 T
Bg+-—g'Ag,

g b8 n ng &

a quantity that is minimized by setting g = 0. This completes the proof. (An alternative proof
can be obtained by differentiation with respect to f.) a
We make two remarks about Lemma 4. First, f can be seen to minimize a penalized least

squares form. Secondly, the penalty term can be interpreted as follows. Because
ay=agy =0+ D*(k+1)°%,

the high frequency terms in f make a large contribution to the term fTAf, and so this penalty
term can be thought of as penalizing rough fs. Moreover, the higher the value of C? the less the
effect of the penalty term. This ties in with C2 controlling the Size of the ellipsoid that defines
the class F.

5.3.7 The discrete case

One difference between the continuous case and discrete case is the fact that the vector of data Z
is no longer infinitely long, but has length r(N). We shall write it as Z. Again the idea is to
estimate T(1)+£T f by u+7"Z, where 7 this time is a vector of length r (N). Almost exactly the
same analysis goes through as described in Section 5.3.5.

We use the same definitions here as we did in Section 5.3.3 for the mean square error.
This definition leads to the two expressions given in equation (5.36) for M(f(f); T(f)) and
M*(ﬁ?); T(f)), the surrogate mean square etror. Again we can state a proposition that means
that order of magnitude statements made about one error will also be true for the other. This

proposition is identical in form to Proposition 3, although its proof is a little different.

Proposition 4 Suppose that f (and hence g = Pf) is bounded above and below away from zero.
Then

inf f <infg < LTI
BT DT MYT(): T(f)

<supg<supf
D B

Proof. Again, we consider only the inner pair of inequalities. As we have seen in the proof of

Proposition 3 for example, the result will follow if we can show

< VarPf[f(?)]

gs ——— < supg.
b Var, [T(f)]
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The idea of the proof comes from [22] and was outlined in Section 5.2.12. The estimator
T(f) = u+ >tz
G|
can be shown to equal

1 N
pr =y 1),
e
where t(j) = X (g TidXimj> Ji = Jj(¥i) is a random variable indicating the bin into
which ¥; falls, and N = 7% p; is a random variable with mean n. Thus, Varp[T(f)] =
(1/n2) Varps[S°¥, 1(J)]. Tt can be shown that Varps [T, 1(J)] = n [ 2 (GO)) 80) dA (),

where g = Pf. Immediately, we have

VardTH) = [ 2G0)g0)di0)

IN

1
supg / £ () dAG)
D nJp
= supg Var, [T(H1.
Also,

Var, [T(H)]

ey
- [ 2aonaro)

1 . 1
= [ 260 50 420)

A

1IN 1 .
sup (E) » [ #Gon g0 d10)
1 ————
= mf—pg Val'f[T(f)]

The divisions are valid since infp g > 0 by hypothesis. This completes the proof. a

We now recall a few definitions: A and B are the diagonal matrices

—a 2 2 2 2 2 a2 2 2
A= dlag (avé, avg, vees av%, avg, avg, cees , aV;(N), aV;(N), av.;(m, )
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and
B = diag (b‘,;, bv;’ vees bv%, bvg, bvg, eyt bv;(N), bv;w), bV;(N), .

The matrix I', which was discussed in Section 5.2.11, has r (N) rows:

N hds o 0,0,0,... -+ 0,0,0,...
0,0,... 12 W2 2o oee 0 0,0,0,...
0,0,... 0,00,... Ve Vs YV;(N),

Since E[7"Z] = t"E[Z] = 7'T'Bf (see equation (5) of [22]), we can now formulate an
expression for M*(7; f), analogous to equation (5.37):
1
M(z;f)= - T T+ (- BT TD)Tf), (5.44)
using the result given on page 7 of Johnstone and Silverman[22] that Var; [ZM]', Z[VZ]] =

7! 811,1(v,)- We now introduce three quantities which we will find very useful for writing down

the results of this section. For k =1, ..., r(N), we let

o = ) =
1 4y

B242
Br il

-]

(]
S

S
e

S

(545)

y
n=;'a

S

In Section 5.3.10 we establish that these three quantities are finite. In the case of ay and %
this involves using the inequality given in (5.34) that imposes a restriction on the class of
linear functionals considered. We point out that / runs over 2,... when k = 1, and 1,2, ...
fork=2,...,r(N).

An argument similar to the proof of the above theorem yields

) (lﬁ_) | (5.46)
nt C2B; k=1,...r(N)
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This % yields a minimax risk M*(%; f ) of

r(N)

—Z

QM) (5.47)
1y Czﬂk = \L+CB

and a least favourable function f;r where

CA‘1(§ BI''%)
IIA 12~ BIM)||’

fLr(®) = (5.48)

the explicit form of which is quite complicated. (The symmetry of the least favourable function
is discussed in Section 5.3.11.)
The second term of equation (5.47) can be shown to be positive by means of the Cauchy-

Schwartz inequality. Moreover, by writing equation (5.47) as

C -C ——
k=1 + Czﬂ

we can easily see that the minimax risk M*(2; f.r) is a decreasing function of the expected
number of observations n, as we would hope. The reader is invited to compare the first term
of expression (5.47) with the minimax risk for the continuous case given in (5.40). It can be
shown that the expression given in (5.47) tends to the expression given in (5.40) from above as
N — oo,

Again it is possible to write f(j\”) = T(f) where the function f is independent of the
functional T and is represented by the vector . First, we must define the quantity p(my, my)

where my = 1,...,r(N). Here my = 2,...if m;y = l,and mp = 1,2, ... if m; > 1, and the

definition is:
p(my, my) = %+—:% (5.49)
Then § takes the following form
@(L2),p(1,3),...,02,1),p2,2),...,--,p(r(N), 1), p(r (N), 2), ...). (5.50)
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We can now state a result about 7 that is analogous to Lemma 4: f minimizes
~ ~ 1
{Z-TBf}Y"{Z-TBf}+ 7 fTAf, (5.51)

where in fact 'Bf = E [Z]. The proof, which follows the form of the one used above, relies on

the fact that
~ A 1 A
BI'Z-BI'T'Bf—- —Af=0,
nC?

which can be established by a simple, but tedious calculation. A similar remark can be made
here as was made after the proof of Lemma 4 in Section 5.3.6 about the interpretation of this
penalized least squares form and about the role of C2>. We note also that this } provides an

estimate for all the coefficients f,, and not just the low frequency ones; see Section 5.2.12.

5.3.8 The limit of the minimax risks as n — o

It is interesting to consider the limit of the minimax risk as the expected number of observations
n — oo, In the continuous case the minimax risk (5.40) clearly tends to zero as n — =, In the
case when N is finite, the same is true for the first term of equation (5.47). However, the second

term tends to
rN)
2y (ak - 1'2"—) ) (5.52)

k=1 B

a constant which can be shown to be greater that 0 (again by using the Cauchy-Schwartz

inequality). We shall discuss this further with the aid of a numerical example in Section 6.3.2.

5.3.9 Doubling the number of detectors

In this section we consider the effect of doubling the number of detectors N from M to 2M. We
assume that the expected number of emissions 7 is fixed, although possibly infinite, throughout
this section. First, however, we must introduce some further notation. Let Z, ) be the vector of
normalized bin counts when there are M detectors. We write Z, o) = 3 Z, a0 Xvy- Hence
Z, o0 = XranZr o) Where X, v is the r (M) X r (M) orthogonal matrix (X! = XT) representing
the r (M) orthonormal vectors yy,) withrespect to the standard basis of the space R” ™) Clearly,

the vector of bin counts Z, 1) can be obtained from the vector of bin counts Z, (231 in a simple
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way by multiplying Z, 2y by an r(M) X r (2M) matrix A:

Zon = AZomy

since the vector Z, (2 contains all the information of Z, () split up (and additional information
that does not contribute to Z, s, as will become clear below). Consider, for example the
case when M = 4. In this case we shall refer to the detectors as 1, 2, 3,4. Now split each
detector into two, giving the following 8 detectors: 1y, 15,24, 25, 31, 32.41,42. When N = 4
there are N(N — 1)/2 = 4.3/2 = 6 bins (or tubes) defined by these detectors, which we shall
refer 10 as (1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4), whereas, when N = 8 there are 8.7/2 = 28
bins. Table 5.2, in which (i, j) denotes the bin defined by the detectors i and j, i #j, shows the

relationship between the (information given by the) bins in the N = 8 case and the bins in the

N =4 case.
Bins when N =2M Bins when N =M
(11,21) (11, 22) (12, 21) (12, 22) (1,2)
(11, 31) (11, 32) (12, 31) (12, 32) (1,3)
(11, 41) (11, 42) (12, 41) (12, 42) (1,4)
(21, 31)(21,32) (22, 31) (22, 32) (2.3)
(21, 41) (21, 42) (22, 41) (22, 42) (2,4)
(31,41) (31, 42) (32, 41) (32, 42) (3.4)

Table 5.2: An example of the relationship between the bins when the number of detectors N is

doubled from M 10 2M, M = 4

The information in the following 4 (= M) detectors is not used in reconstructing Z, )
from Z,(5): (11, 12), (21, 22), (31, 32). (41, 42), each of these 4 tubes corresponding to a single
detector in the N = 4 case. This gives us that the r(8) X r (4) matrix A has 4 (= M) completely

zero columns. In general we have

3 1
Zr M) X, o0 Zr )

X} on Zron
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X on) AZrom)

= X oan AXram Zrom
= DZrom (5.53)

where D is an r (M) X r (2M) matrix of rank r (M).
Let 7,(v) be the class of estimators that we consider in this chapter, where 7,y =

{2} wZrn}- 1tis easy to see that

Trn) < Tr My,
for
Tron = {tronZron} = {TrT@DZ(zM)} < {5} amZram}-
Hence,

_inf  sup M'(T(H:; T(F)< _inf  sup M*(T(F; (),
T(f)e Trom FEF TNeTunfeF

where F is some set in which the function f is restricted. Thus, the minimax risk for N = 2M
detectors is less than the minimax risk for N = M detectors.

The above monotonicity property does not, however, hold in general, i.e. the minimax risk
for N = my detectors is not necessarily less than the minimax risk for N = m, detectors, if
my > my. We illustrate this feature by means of the Figure 5.1 which shows a graph of the
logarithm of the limit of the minimax risk as n — oo (as discussed in Section 5.3.8) for the

functional

IDisc fdu

= JDisc du

(3.54)

for various numbers of detectors N, where the disc that is considered has centre the origin of
the unit circle and radius 0.1. We shall meet this functional again in detail in Chapter 6. In
this work we consider only even values of N, as do Johnstone and Silverman in {22] (see page
26). In the example presented in Figure 5.1 2 = 1.0 and C = +/2. We indicate by dots on
the graph the logarithm of limit of the minimax risk when N = 4, §, 16, 32, 64, 128. The overall
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0 20 40 60 80 100 120

Number of detectors N (even)
Dots placed at N=4,8,16,32.64,128

Figure 5.1: The limit ofthe minimax error as n —> as afunction ofN

appearance is of a function that is not monotonic. However, examination ofthe dots only shows

the monotonicity discussed in this section.

5.3.10 More on ak fa and %

The first part of this section is devoted to an attempt to establish the finite nature of the three
quantities defined in (5.45) of Section 5.3.7: ak, fa and yk, k = 1....... r(N). The second part
outlines an attempt to consider the minimax risk as a power series in 1/n. Unfortunately, this
attempt is seen to be unsuccessful.

First, we establish the finiteness of or*, fa and yk k = , 7 (AO.

The quantity ak is easy to deal with. For
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by inequality (5.34).
Before we can establish the finiteness of 8, we must consider 7. From the definition we

immediately have that

7’3 = 7ék)

sinc? {(2j + 1)x/ 2N} sinc2{(2k + 1)z/ 2N}.
We can easily get an upper bound on sinc?6, for real 6, by noting that

sinc?0=sin?6/6% < 1/6°.

Hence,
% = ?’ék)
(2N)? (2N)?
722 + 1) 222k + 1)2
16N*
T oM+ 122k +1)2 (555
Now
Bl = B
2 .2
] Z’W
I ai}
b272
S viv
o
16N* b%,',k)
I 2 T afyy (25 + 1) (2k+1)2

196



16N* 1

R % G+k+1) G+ D)2 (k+ )2 (2j + 1)2 (2k+ 12’

(5.56)

where the second inequality follows from inequality (5.55) and the last equality follows from
the definitions (5.17) and (5.20). The final bound given in (5.56) is a quantity that certainly
converges for positive values of a.

Finally, we consider . We argue as follows:

7]

IA

IA

> byl

2
v a,

4N? by 1o
n? o algy 2+ 1)(2k+1)

IA

by inequality (5.55)

IA

— Zlé(’k)l since b < 1
LT Tyt

4N~ 16
= Tla

Hence, if we can establish that

> ﬁzl (5.57)
14 aV
is finite, we have the desired result. To do this we split the sum given in expression (5.57) into
two parts:
a a
v % vilgS1 TV velge1 Y
1 &2
< a2 + Z a2
vifs1 TV vilgyl>l v

s Yy

14
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_ 1 162
- %(;+1)24(k+1)2a Z az’

the first term of which can be shown to be finite if a > 1/2 and the second term of which is
finite by the assumption given in equation (5.34).

We now move on to the second part of this section in which we consider the minimax risk
as a power series in 1/n. However, we shall see that the the power series that we produce
are meaningless as the coefficients grow extremely rapidly. This analysis does, however,
provide us with some confirmation that the limit as n — oo of (5.47) is the expression given by

equation (5.52). We proceed in a standard way using the fact that
A+ =) ) W<l (5.58)
k=0

First, we consider the power series for the minimax risk when there are a finite number N of
detectors, as given in equation (5.47).

We proceed by considering the expansion of

(1 i)t

by means of (5.58). It is easy to see that the expansion is validif n > 1/C?f, k=1, ..., r(N).
Hence, for fixed N, we only have a finite number of conditions to check, and we can easily
ensure that they all hold by taking 7 > max{1/C?, k= 1, ..., r(N)}. The power series then

becomes

k_

Z(—l)' f:) 2( 1 )l : Cz%)(ak—i) (5.59)
“ Bz \C*Br Br

It should be pointed out at this stage that, at least for the example considered in Section 6.3.2

H1

below, the coefficients of 1/n""" in the square brackets of expression (5.59)

r(N)
;;: (Czﬂk)

increase very rapidly (although remaining finite for fixed N, as the sum is of a finite number of
terms) with [ as Table 5.3 of approximate coefficients when the functional under consideration

is given by equation (5.54) shows. The constant term, i.e. the term that is independent of n,
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N | constant 1 1 1
n | n* n

32| 6.8x107% | 250 | —2.2x10® | 4.9x 10
64 | 44x1077 | 260 | -62x10° | 4.5x10'7
128 | 1.9x 1078 | 270 | -1.2x 10 | 2.9x10%
256 | 7.2x 10719 | 300 | —2.4x 1012 | 1.4x 10%
512 | 2.3x 107! | 350 | =7.6x 10'3 | 1.2x 10
1024 | 1.5x 10713 | 430 | -5.7x 1013 | 4.3 x 10%°

Table 5.3: Coefficients for dif]“efént values of N

is the value of the minimax risk, when n = o, as given by equation (5.52) and discussed in
Section 5.3.8.

The power series for the continuous case can be written as

= g2\ 1 ¢ 2 1
XV Y plag) lmty X T (5.60)
1=0 2 W v/ n 2 W1 b
B v: Fav—f« v: Ea-Lz-Zn n + CQ;%
by by Y

ensuring convergence of the expansions used in the first term. The second term of equation

(5.60) can be rewritten as

2
c Y ﬁ——1—<c2 > levl”. (5.61)

2 2 2
a a
a2 1 "‘Czﬂz’l a’ Y
Vi—ﬁzn a, V:P—Lon
I %

Since we assume that 3", |£,? / a2 converges then the second term of equation (5.60) is bounded
above by the tail of a convergent series, and so can be made arbitrarily small by taking n

sufficiently large. Hence, for large n, M* (%;' frr) may be thought of as the following power
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series, which has a zero constant term:

o l
Z(__l )1 A ﬁ a‘% i
o ~ pl\og) |
- a

v: —Ys<n
b,

It should be noted that as n — o

v: E‘l’—’gq
diverges, although the minimax risk itself (5.40) tends to zero. We shall consider these power

series expansions again in Section 6.3.2.

5.3.11 Radial symmetry of the least favourable function

The least favourable function fi (7 ), represented by the vector f;r, takes the form

fLr(n 0 =>_(fLr)y 94(7 6).

We say that this function is radially symmetric if it is independent of 6, and we state the

following proposition:

Proposition 5 If (f1r) k) = O whenever j # k then the least favourable function fr is radially

symmetric.

Proof. It is easy to see that

Y (Frow #6nn 6)
Gk EN”

Z(fLF)V $(1, 6)

> _(F1)ip ¢G5 (% 6)

j20

if (frr)Gk = 0 when j # k. Since

#iio(r 60 =(+k+1)!/? zl.fﬁj'(r) &G0
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then

P 6) = 2+ D2 Z5(n),

which is independent of 6. o
The next proposition gives us a sufficient condition for (fzr)(x) = 0 whenever j#k, in terms of

all the f(j,k), Jj #k, where 5(,"]() = T(¢(i,k))-

Proposition 6 In both the discrete case (N finite) and the continuous case (N infinite),
&ix) = 0 whenever j # k = (fLr)x) = 0 whenever j # k.

Proof. The proof in the continuous case is easy since (frr)(ix) > (k) by equation (5.41), and
i) = 0 by hypothesis. The discrete case is, however, a little more difficult. Letj and , j # £,
both be fixed and consider v = (j, k). Let £ be the equivalence class which contains v. A simple

piece of algebra from equation (5.48) shows that

(FLR)Ga) o EGky — bgixy Vo0 F(E)

where

CQ ZVGE b_Vgé C’zj’g

v 1
%+C22ve5_2}2i_3 n+Czﬂ£

v

&)=

(compare equation (5.46)). By hypothesis &;xy = 0 since j # k. Hence (frr)gx =< %k F(E).
First, %x =0ifj+k=N—-1 (mod N), and so we can exclude this case from possible values
of (j, k), leaving us with only two possibilities: Section 5.2.13 tells us that either j = jo + r; N
and k = ko + r N for some (jo, ko) € Ny-1 and for some 7, e 2 0,0rj = N—-1—-ko+7r;N
and k = N — 1 - jo + ri N again for some (jo, ko) € Ny-; and for some rj, e 2 0. Given the
(o, ko) that defines the equivalence class £, we must now show that it is not possible for any
pairj/, k’, such that (', k") € &, to be equal. We proceed by contradiction. Again there are
two cases to consider. First, assume that j' = k" where (j', k") = (jo +;'N, ko + ri’N) for some
r/, r’ 2 0. Then immediately jo and ko differ by a multiple of N and so can not be in AMy-.
Secondly, assume that j* = k” where (j', k) = (N — 1~ ko +r;’N, N— 1 —jo + ri’N) and observe

that exactly the same reasoning applies. In both cases we obtain the required contradiction.
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Therefore, &, =0, Vv e £ and so the proof is complete. |
We shall see in Sections 6.2.4 and 6.2.5 some general examples of when the least favourable
function is symmetric. In Section 6.3.5 we give some particular examples of symmetric least

favourable functions, as well as some asymmetric least favourable functions.

5.4 Other work on estimating linear functionals of a PET image

In this section we outline the work of Bickel and Ritov[5]. This is the only research known to
us that addresses the problem of estimating linear functionals of a PET image, apart from our
own work. We are very grateful to the authors of the paper for many helpful discussions and

communications.

5.4.1 The work of Bickel and Ritov

One of the main points of [5] is that, in order to estimate a bounded linear functional, one does
not need to go through the intermediate step of estimating the image. This resultis, in a certain
sense, contrary to what we found (see Sections 5.3.6 and 5.3.7), although the approach of [5]
is not a minimax one. Bickel and Ritov([5] claim that a good image is oversmoothed for the
estimation of particular properties of the image. We discuss this further in Section 5.4.3 below.

The treatment given in the paper is very technical, and we do not attempt to reproduce the
details here. Rather, we try to outline the general approach. The authors assume that there are D
detectors and that N; is the number of counts in the (i, j) th pair of detectors, where 1 < i < j < D,
and n is the expected number of counts. After a series of lemmas, which hold at least in the case
when the image consists of a set of distinct uniform intensity discs and when the functional of
interest satisfies certain smoothness assumptions, the authors arrive at what they refer to as the

fundamental expression in which they establish the equality of

s [Lom (2) o]

and

-3 (5) Z//LJ(Z’Z” )(¢ P dgdi+ ol ),

where ¥(f) is the functional of interest and is defined in equation (5.62). The reader is referred
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to [5] for the precise definition of h: for the purposes of this discussion it suffices to say that &
depends only upon the functional of interest.

The fundamental expression leads the authors to propose the estimator {7, which is defined

v = 121\/-- (2)2/ (8, ) dods,
l/,—”i<j "\2r) Iy 29)ceds
and to further propose a debiased ¥, y,:
| *h  *h _
.,,c_wm;jzv,-jfflﬁ (@ + W) (¢ 7) dpdi

We note that these estimators are linear in the data.

The authors repeat the analysis outlined above under slightly stronger assumptions about
the set of densities to produce { and its debiased counterpart i, which are similar in form to
{r and .. They state that they expect the debiasing to increase the variance or the estimator,

and therefore study the behaviour of nf/ and lﬁc by simulation.

5.4.2 Simulation study

The authors conduct a small simulation study in order to check the actual behaviour of the

estimators that they have developed. First we give their definition of a linear functional ‘P'(f):

¥ = [ [ ¥ dway (5.62)

For the purposes of the simulation study the functional considered was the Gaussian

1
Ye(x, y; xp, yp) = (27rcr2)'l exp (—2—&5 [(x - x,,)2 +(y- yp)z] ) , (5.63)

where (xp, yp) is the ccntre. In [34] it is stated that one reason for selecting this Gaussian
functional is that, although it is smoother than the indicator of a circle, it is quite close to the
indicator. The phantom used was made up of a main circle of radius 1.0 and density 1.0, and 4
smaller circles of radius 0.1, positioned on the x and y axis, with centres at a distance 0.5 from
centre of the main circle. The densities in these 4 smaller circles was 0.0, 2.0, 0.5 and 1.5.
The Gaussian functional given in equation (5.63) is applied at 9 points (x,, y,) over the unit

circle, shown in Figure 2 of Bickel and Ritov[5], and 20 points equally spaced on the x axis,
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namely (xp, yp) = 0.035i, wherei = 1, ..., 20. The results for the latter 20 points are presented
by means of a graph, whereas the results for the former 9 are given in two tables. In both cases
they consider 500 samples, each of 10° observations.

For the 20 points along the x axis the authors consider 256 detectors, and take o = 0.01. The
graph indicates that away from the centre of the unit circle both the original estimator and the
bias-corrected estimator perform reasonably well. The bias-correction appears in all cases to
reduce both variance and bias, and seems particularly effective at points away from the centre.
However, near the centre of the unit circle (and indeed at the centre itself, which is one of the 9
points mentioned above) the values of both estimators were far off. Indeed, they were always
negative. In [34] it is stated that the authors do not understand why this occurs.

In their two tables, the authors present the results for 8 out of the 9 points that they
considered: the point (0, 0) is excluded from these tables as the estimate obtained there was
always so bad. For the first table there are 256 detectors and o = 0.008, whereas for the second
table there are 64 detectors and o = 0.08. In the former case, there is very little difference
between the two estimators from the point of view of bias, although this time ﬁrc seems to be
better at points closer to the centre, whereas i seems to be better at further points. Surprisingly,
the standard deviation of the ‘debiased’ estimator is 70% lower than the standard deviation of §.
In the latter case, the results are essentially the same. According to the authors, the difference
between the two situations is that with 64 detectors we need a much lower sample size to make

the bias and the standard deviation comparable.

5.4.3 Estimating the image density

The authors propose a method of estimating the overall density ot the image. The general idea
is to divide the image up into square pixels of sides p and to estimate the average intensity per
pixel. As before this leads to an estimate ? and its debiased counterpart fc.

In order to make a comparison with the work of Johnstone and Silverman[21], the authors
consider the case when p — 0 and D = = (no discretization). They show that, under certain
conditions on the smoothness of the density, if p, = O(n~'/27*3), then the mean integrated
square error is O(n~2?/%*3), This rate is faster than the O(n?/P*?) of [21]. However, the
authors point out that there are differences between their approach and that of [21]: for example,
it appears that the densities in [5] are assumed to belong to a smoothness class that is a subspace

of the smoothness class used in [21].
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Finally, the authors suppose that they have an estimate 5‘,,,. of the entire image and ask
whether ‘I’(}pn) is a good estimate of the functional W(f). (In [34] the definition of a good
estimator is given. It seems that a good estimator is one that achieves the rate bound.) The

answer to this question is given as follows:

e If p = p, is chosen to obtain the optimal rate n~%/?P*3, then the answer to the question is

NO.

o If

1
PD<<—\/§

we can apply the functional to the reconstructed image without significantly increasing

the bias. The image here is undersmoothed.

In [34] it is suggested that in order to obtain a good estimator of the picture as a whole, in the
L, sense, say, more smoothing than would be needed to estimate a functional is required (see
Section 5.4.1 also). Thus, estimating the functional from a reasonable estimate of the whole

image may introduce unnecessary bias.

5.5 Extensions by Silverman and others

Silverman([38] considers the following generalization of the problem we have discussed.
Suppose that H is a Hilbert space of functions. Write f* g for the inner product of two functions
in M, and write ||f]| for the Hilbert norm (f * f)!/2. Suppose that ¥y, Y», ..., ¥,, are observations
of bounded linear functionals n,(f), 72(f), ... 7x(f), such that E[¥;] = n:(f) and Var[Y;] = L
(Any other fixed covariance structure can be reduced to this case by applying an appropriate
linear transformation to both the Y; and the 7,(f).) Write Y for the n-vector with elements Y;
and 7 (f) for the n-vector of functionals 77,(f). Assume that the functional T is a bounded linear
functional with respect to the Hilbert space norm and consider linear estimators of 7(f) of the

form w'Y for weight vectors w. Define F to be the unit ball in H:
F={feH:|fl<1}.

Silverman[38] explains that any class of the form ||f||> < C? can be reduced to this form by

rescaling the inner prduct by a factor of C2, and, moreover, general ellipsoidal conditions on
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f are coped with by working within the function space equipped with the norm generated by
the quadratic form defining the ellipsoid. Silverman now makes two definitions. The first is
that the estimator w!Y will be said to be linear minimax for estimating T if and only if W is the

minimiser over vectors w of
sup E {T(f) - w'Y}* = sup {T(f) - w'n(H)}* +w'w. (5.64)
feF feF

The second definition is that 7 is a penalized least squares estimator of f if

f minimises {¥ - ()} {Y - n(H)} +|If||* over f € H, (5.65)

where ||£f||? can be thought of as a measure of the smoothness of the function f. The main result

of Silverman(38] is given in the following theorem:

Theorem 5 (Silverman[38], Theorem 1) Assume that T is a bounded linear functional with
respect to the norm || - ||. The linear minimax estimator of T(f) will be T(}), where ¥ is the

penalized least squares estimator of f as defined in (5.65).

We briefly outline the proof used by Silverman[38]. First, let T denote the element of # that
is the representer of the bounded linear functional T: i.e. T(f) = T * f for all f in M. Similarly
let fi; € H be the representer of 7;, and let 7j be the vector of such representers. Let H be the

matrix with elements 7; * #); so that
H=7*#".

First, Silverman[38] established that the penalized least squares estimator defined in

equation (5.65) is given by
F=Y'a+m's
Next he shows that

w={+H)'5=T.
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Finally, he notes that
TH=w"Y=Yw=Yd+H '5*T=F+T=1.

Silverman[38] goes on to extend the results under mild assumptions to seminorms, motivating
this by saying that the appropriate measure of smoothness is often not a norm on the function
space but a seminorm. Consider, for example, functions of a single variable on an interval 7. A
very common measure of the smoothness of a function G is f; g”(£)* d, and this is zero for any

linear function. Hence, if we define || - ||5 by

gl = /1 g1y ds,

we have a seminorm. For this example 7,(g) = g(#;) for real points #; and the assumptions
referred to hold if there are at least two distinct #;s.

Other workers have independently produced similar results. Speckman[41] considers the
problem in which Y = Yf+¢is observed, where f belongs to a Hilbert space and Y is a bounded
linear transformation into n-dimensional Euclidean space, and ¢ is a mean-zero random vector.
It is known that ||Xf|| < o for some bounded linear transformation ¥ and constant . Linear
estimates of linear functionals of f are then found which minimax the mean square error. In
particular Speckman([41] supposes that the Y; are observed with E[Y;] = f(x;), where f is
assumed to have absolutely continuous first derivatives and square integrable second derivatives

on an interval I with

/I f’(x)* dx < 2.

He considers the problem of estimating f(xo) for some fixed xo and establishes that the minimax

estimate is a cubic smoothing spline, i.e. the function { that minimizes
" o?
S - o + 5 [ ax
i=1 a Ji

evaluated at xp. Also F'(xo) is the minimax estimate of f/(xp). Li[27] states that ‘a minimax
linear estimator for any bounded linear functional can be derived by ...operating the linear
functional on the smoothing spline ]Ac.’ He refers to this as the method of regularization.

His proof follows a variation of Speckman’s approach and is similar to that presented by
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Silverman([38], although not so immediate.

5.6 Conclusions

In this chapter we have considered the minimax estimation of linear functionals in the case
of positron emission tomography, both in the idealised case when the ring of detectors is
considered to be continuous, and in the more realistic case when the ring comprises a finite
number N of detectors.

We have derived minimax estimators for linear functionals, and given the form of the
minimax risk and the least favourable function in both the continuous and discrete cases. We
have derived a sufficient condition for radial symmetry of the least favourable function. We
have shown that if we write the estimate of the functional as ZF(]T), then f(?) = T(}) where
does not depend upon the functional T, but minimizes a penalized least squares expression. In

Chapter 6 we illustrate the theory of this chapter by presenting some numerical examples.
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Chapter 6

Estimating Linear Functionals of a
PET Image: Some Numerical

Examples

6.1 Introduction

In this chapter we illustrate some of the theory we developed in Chapter 5. In Section 6.2
we introduce two particular linear functionals, and discuss some relevant properties and
computational issues. In Section 6.3 we present the results of a numerical investigation carried
out on these two functionals. We discuss the minimax risks that we obtained, and introduce the
notion of efficiency. After drawing some conclusions that are connected with the construction
of PET machines and the design of the experiment, we present a few examples of the least

favourable function. Finally, in Section 6.4 we outline our conclusions.

6.2 Numerical examples and calculations

In this section we introduce two linear functionals. After briefly discussing a few of their
properties, we consider the implementation of some of the theory developed in Chapter 5.
In particular, we concern ourselves with the computation of the minimax risks and the least

favourable function.
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6.2.1 Two linear functionals

In this chapter we consider two types of linear functionals: the first type we denote as T(xs),

where

f D(x:s) fO)du ()

) 6.1

T () =

and D(x; s) represents aregion of the plane which is the intersection of the disc centre x, radius s,

with the unit circle; the second type we denote as Ty, where

T(f) = f(x). (6.2)

The functional T, 5)(f) represents the ‘average’ of f over the above stated region, whereas T(f)
is the value of f at the point x. There is a relationship between these two functionals which we
give in Proposition 7.

Proposition 7

lim Tix.)(f) = Tx(f)

Proof. The proof is straightforward.

Jpeesy FO) au ()
f D(x;5) du (y)

fD(x;s) du(y)

Jos) FO) = f(x) du ()

T () = T(f) - f(x)

W

Hence,
Joes FO) = f(x)) du(y)
Tx,s -T; =
Tx)(f) — Tx(H) Tow 420)
< sup |f()—f&
y € D(x;s)
- 0,as5s>0
since f is assumed to be continuous. a
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6.2.2 Norms

It is not difficult to show directly from the definition that, for the supremum norm ||- || introduced

in Section 5.3.1,

1 1
Jogsy de(®) — 1(D(x;5))’

”T(LS)” =

Accordingly, for s > 0, Tx5 is a bounded linear functional. Therefore, we can apply

Proposition 1 and cor:lude that inequality (5.34), namely

2
z |§V2| < oo,
v Gy
holds. However, since limg_;0 £ (D(x; 5)) = 0 and, by Proposition 7, lims_,o T(x5(f) = Tx(f), we
have that 7, is unbounded with respect to || - ||. Nevertheless, inequality (5.34) still holds for

a > 1, by Proposition 2.

6.2.3 Zernike polynomials

We have seen that the set of functions {¢,} form an orthonormal system on H, where ¢, is
defined in equation (5.14) in terms of Zernike polynomials. These polynomials are discussed
in detail in [6], which also presents a table showing some explicitly. In this study it is necessary
to be able to calculate the value of any given Zernike polynomials, Z7'(p), where m 20, n 2 m
and n — m is even, at any given p, 0 < p < 1, both quickly and accurately. There are two cases
to consider.

Case 1: m = 0. If we write n = 2j, we have

Z(p) = Z;(2p* = 1),

where Z; is the Legendre polynomial of order j (see [25]). There are many poor ways to evaluate
Legendre polynomials numerically. It seems that any method involving the computation of
factorials is unsatisfactory. However, these polynomials can be computed easily and accurately

by means of the following relationships:

1
J—

Zo(1)

Zi(v)

1l
™
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and the recurrence relationship
Qi+ D)tZ() =G+ D) Zi () +jZa (1), j=1,2,....

Integrals of Zernike polynomials can also be computed recursively in several different ways.

We give one example. It is a well known result that

d
Zla-AHzo]+ii-nze=0

where the prime * denotes differentiation with respect to . Hence

b
/ Zi(ndt=— 1

1-2)Z/01 5.
GoplA-HZ el

Fortunately,
(1= Z/()) = j Z1(2) - j 1 Zi(8),

where Z; and Z;, can be computed in the way described above.

Case 2: m #0. This case is much more difficult. First, we derive recurrence relationships
between certain Zernike polynomials from recurrence relationships between polynomials
On (1), where

1 4

- e ke, 10Vk
mpard @-U)

Qn,k(t) =

as defined in equation (A.2) of [28]. The recurrence relationships that we use for the Q
polynomials are equations (A.12) and (A.13) of [28]:

Qor+1 = 2tQ1x— Qok (6.3)
k+1
Oniiir1 = Oninr + Sy 2[Qn,lc+1 =~ On+1,£) (6.4)

It is easy to show that

ZP2s(0) = 17 Qms(2) |12 -
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Hence, we obtain from equation (6.3)

B0 = 20Z} 15(p) ~ Z3(p),

or
Z)(0) = 20Z,_1(p) — Z35(p) n even,
and from equation (6.4)
+1 " k+1 " il
Zi1e20ee)P0) = P Zpa4er)0) + ———= [0 Znia ) (0) — Zoi126(0)),
n+k+2
or

Z(0) = P23 (o) + I 2} (p) - Z15 )]

Finally, observing that Z'(p) = p™, when m = n, we can compute the Zernike polynomials
according to Table 6.1. To compute Z'(p) we adopt the following algorithm:

e Check that m + n is even;
e Setm+n=2[
e Compute, in the order of Table 6.1, Z3(p), ..., Z3_), Zj(p);

e Compute, in the order of Table 6.1, up to Z;'(p), if necessary.

6.2.4 The integral of ¢, over a disc

For the purposes of evaluating the minimax risk when estimating 7(; ), we must be able to
calculate [p,. @ = Jpe.s #Gh)» Where ¢, is defined in equation (5.14). We consider only
points x on the 8 = 0 axis. The reason for doing this is discussed in Section 6.3.1.

Let x be the point on the 8 = 0 axis a distance R from the origin (in Cartesian coordinates x
is the point (R, 0)). Let (x;, y1) be any point inside the disc. Let / be the line joining the point
(R, 0) to the point (x;, y1). Set p to be the length of / and let ¢ be the angle between [ and the x
axis. Thus, (p, ¢) are polar coordinates for the point (x;, y;) with respect to the the centre of the

disc and the x axis. The definitions of p and ¢ can be seen in Figure 6.1.
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-1 i+1

1 |2i-1

Table 6.1: The order in which the Zernike polynomials were computed

Now we find the point (x;, y) in the original coordinates (i.e. with respect to the centre of

brain space B and the 8 = ( axis) by some elementary trigonometry:

R+pcos¢

X1

» psing. (6.5)

Let us now turn our attention to the integral fD(m) $G.x). Since gr(r 6) = f(r)g(6), where
f=@G+k+1)1'2 Zy:_kk'(r) and g(6) = ¢' V%9, then this integral can be written as

/D(xw) f ( v x% +)’%) g (tan_l(yl /xl)) dx; dyy,

214



Figure 6.1: Diagram of the trigonometry of the set-up

where the point (x1, y1) lies within the disc D(x; s). We shall refer to this integral as 1. Using
the relationships (6.5), we now transform the variables of integration form (x;, y;) to (p, ¢) to
get that

2r pa : ‘
- 2 2 -1,_psing )
I—/O /(; f (\/R +2pRcos ¢+ p )g (tan (R+pcos¢) pdpds,

a quantity that in general we compute by numerical integration.

However, in the case when the disc is centred at the origin, we have R = 0 and obtain the

following equation

~
1

2r ra '
/ f(0)g(9) pdpdy
o Jo i

[ s@do [ s0rde

Now

| ” ) ao= [ 2”e"""‘f‘da

215



which is zero, unless j = k, in which case

[ 100d = @+ [ Borpap
0 0

]

i+ [ 700 - Dpdp

: 172 p2a%-1
9—%”— / Zi(u) du.
-1

The evaluation of this last integral can be done recursively, as described above, and this can be

used to check our numerical integration routines.
We emphasize that in the case when R = 0, &;x) = 0, unless j = k. Thus, by Propositions 6
and 5, the least favourable function will be radially symmetric in both the continuous and

discrete case.

Finally in this section we state and prove a useful proposition that is employed in
Section 6.2.6.

Proposition 8 The integral

/D(x;s) f ( /4 +y%) & (tan_l()’l /xl)) dxy dyy,

where f(r) = (i +k+1)"/2 Z7(r) and g(6) = &'+ is real.

Proof. The integral is clearly real when j = k. Let j # k and change the order of integration:

/D(x;s)f ( v x% +y%) 8 (tan_l(y‘ /xl)) dy) dx;.

For fixed x; in the appropriate range the inner integral can be written as

[ 8 (V3R s anton )

—y10x1)

since the x axis goes through the centre of the disc. Consider the imaginary part

/:yl(x') f (m) sin ((j— k) tan~ (y1 / x; )) dy:. (6.6)

y1(x1)

A simple argument shows that the function f(1/x? +y?) is an even function of y;. On the other

hand, if we now note that tan~!(~z) = —tan1(z), then we see that sin((j — k) tan™(y, /x;)) is an
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odd function of y;. Thus the integrand of the integral given in expression (6.6) is an odd function
of y; and therefore that integral is 0. Since x; was an arbitrary element of the appropriate range,
we obtain the required result. Q

The proposition tells us that T, 4)(¢,) = &, is real for all v.

6.2.5 The evaluation of ¢, at a point

In this section we consider the evaluation of ¢, at a point which lies along the x axis (see
Section 6.3.1). Accordingly, we need to be able to evaluate ¢, (7, 6), when @ = 0. This quantity
will be equal to (j+k+1)1/2 Z"r:kk |(r), and is clearly real. Moreover, if the point of interest is the
origin, then r = 0. Now

: -1y ifj=k

230 =

0 otherwise.
Hence,

Y @+DV? ifj=k
PGk =
otherwise

at the origin. Again we emphasize that in the case when r = 0, &) = 0, unless j = k, and thus,
by Propositions 6 and 5, the least favourable function will be radially symmetric in both the
continuous and discrete case.

We can evaluate ¢, at any other point using the recurrence relations discussed above.

6.2.6 The computation of the least favourable function

To find the least favourable function we need to compute

> (Fr)v 04(1, 6)

over an appropriate region of r and @ within the unit circle defined by B. In general ¢, is
complex. However, we work with real densities f. Accordingly, as we saw in Section 5.2.5,

we may identify this complex basis with an equivalent real orthonormal basis in a standard
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fashion. To do this we write f = 3, fvo, = 3, fvé,, where

V2Re (Gp) ifj>k
$in =1 96 ifj=k
V2Im (¢) ifj <k,

or
[ V2G+k+ )12 2500 cos(- k) ifj>k
b 6= 2+ 1)"2Z(r) 274 ifj=k
V23 +k+ )2 200 sin(G - k)e) ifj <k,
and

V2Re(fir) ifj>k
fin=1 fip ifj=k
~VEIm(fge) ifj<k

We have seen in Proposition 8 and in Section 6.2.5 that in the two cases considered &, is real
for all v. Equation (5.41) in the continuous case and equations (5.46) and (5.48) in the discrete
case immediately give us that (f7r), is real for all v. Accordingly, the calculation of the least

favourable functional is simplified to the computation of

2 " Re(fin)Re(@gn) + Y fin 6n
>k j=k
where Re(¢g(% 0) = G +k+1)12ZF (r.6) cos(( — k) 6). Moreover, the least favourable
function can be seen to be symmetric in 8. This means that in the cases that we consider the
least favourable function is symmetric about the 8 = 0 axis. This is not surprising, given the

general set up.

6.3 Results obtained

In this section we present some of our findings. First, we briefly outline the investigation.
After a discussion of the minimax risks themselves, we introduce the notion of efficiency as
a meaningful way of interpreting the minimax risks. We make some comments about the

implication of our findings for the design of experiments and machines, before computing some
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least favourable functions. This last part provides an illustration of one use of the contouring

package CONICON (see [36]).

6.3.1 Outline of the investigation

In this section we investigate the estimation of two different linear functionals of the density f.
These were first introduced in Section 6.2.1. The first, defined in equation (6.1), is denoted

by T(x, 5)» where

Jog FO)ILO)

T(X'S)(f) - fD(x;s) dﬂ (Y) ’

and is the ‘average’ of f over the disc D(x; s). The second, defined in equation (6.2), is denoted
by T, where

Tx(f) = f(x),

and is the value of the density f at the point x. In Proposition 7 we showed that if we take the
limit of the first functional as the radius s — oo, we obtain the second functional.

In this section we consider three different x s. In polar coordinates (7; 8) relative to the centre
of brain space B and the x axis, these are (0.0, 8), (0.4, 6) and (0.7, ). We take 8 = 0.0, i.e. x
is constrained to lie along the x axis, in Cartesian coordinates. In the continuous case we can
do this completely without loss of generality as the choice of x axis is arbitrary. In the discrete
case, however, the situation is a little different. We suppose that the unit circle is divided into
an even number N of detectors of equal size, the intervals having polar angular coordinates
Qzd/N,2r(d+ 1)/N) ford = 0,1, ..., N— 1. The problem of estimating the integrai of f
over a disc centre (7 6), or the value of f at this point is equivalent to the same problem, but
with 6 replaced by 6, where 8; = 8 (mod 2z/N) and 0.0 < 6; £ 2z/N. Thus, without loss
of generality, we may take our original 8 € (0, 2z/N). Moreover, in this sector the problem
is symmetric in 8 about 8 = z/N. Accordingly, a more thorough investigation would consider
various s in the range 0.0 to z/ N, and this could be an area for further work. It is not, however,
expected that there will be much variation in the results for 6 in this range, and so in this work
we consider only 8 = 0.0.

Now that we have selected the three different vectors x to use for both types of functional

described above, all that remains is for us to state the different values of the radius s that we
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Figure 6.2: The minimax riskfor various numbers o fdetectors N for n > 100, 000

take in equation (6.1). In this work we consider s = 0.1 and s = 0.3. Overall this gives us 9

cases to consider.

6.3.2 Minimax risks

We computed the minimax risks as a function ofthe expected number ofemissions # for various
values of the number of detectors N. The values that we consider in this section are N = 64,
128, 256, 512 and N = the last corresponding to the continuous case as was mentioned in
Section 5.3.8. Throughout this section we seta = 1.0 and C = y/2, the upper bound on C, as
calculated from equation (5.21), required to ensure that all density functions in the class 7' are
nonnegative.

We present the results of the calculations of the minimax risks themselves in only one case:
that of estimating the functional 7(0,0.])(/)* Figure 6.2 shows the minimax risks for each of the
above values of N, for n ranging from 100,000 to We can display the minimax risks for
n - ooby plotting on the x axis 1-100,000 /«, which means that » = °° corresponds to x - 1.

Because of this, the interval just before x = 1 covers an extremely large range of values of n.
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Figure 6.3: The minimax riskfor various numbers ofdetectors N for n > 50, 000, 000

It can clearly be seen that these minimax risks are decreasing functions of n, as was proved
in Sections 5.3.5 and 5.3.7. Figure 6.3 shows an enlargement of the x interval [0.998, 1.0].
Here the minimax risks seem to be straight lines (i.e. the minimax risks seems to decreases
at a rate proportional to 1/n) as was suggested by the asymptotic expansion (5.59) given in
Section 5.3.10 (although the meaning of that expansion is questionable).

We now make three remarks about these graphs. The first is a direct consequence of the
result found in Section 5.3.9, where we showed that, for a fixed n, if we doubled the number of
detectors N, the minimax risk decreased. This can be seen clearly for both graphs as the N = 64
curve lies uniformly above the N = 128 curve, and so on.

The second remark concerns the difference between the curves for finite N, and the curve
for the continuous case (N = °°). What is clear from both graphs, but especially from the
second, is that the minimax risks for N = 256, 512 and the continuous case (N = °°) are almost
identical, whereas there is a noticeable (although not large) distance between the N = 64 and
N = 128 curves, and the curve for the continuous case. This observation, which has potentially

important implications for the design ofthese PET machines, will be quantified and discussed
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further in Section 6.3.3 below.

The third remark concerns the behaviour of the curves as n — oo. As described in
Sections 5.3.8 and 5.3.10, the limit of the minimax risk as n — oo is a positive quantity when the
number of detectors N is finite and zero when N is infinite. This result can be clearly seen from
an examination of the second graph at x = 1 (n = ). (The values of the minimax risk given
here tie up with the coefficients of the constant terms given in Table 5.3 in Section 5.3.10.)

The discussion in this section has concentrated on the minimax risks. However, these
quantities are not very meaningful in themselves. In Section 6.3.3 we present a possible way
of quantifying the information contained in these curves, and the results of doing this for all of
the 9 cases outlined in Section 6.3.1. We also discuss further the implication of these results

for machine design.

6.3.3 Efficiency

In this section we present a meaningful way of interpreting the minimax risks by means of a
" quantity that we shall refer to as efficiency. We now outline the basic idea; the quantities that we
shall use are illustrated in Figure 6.4. First we assume that with a fixed number N of detectors
and a fixed expected number n of emissions we achieve a minimax risk of r (n, N). We then
compute n* = n*(n, N), the expected number of emissions necessary to achieve the same or
better (i.e. lower) value r(n, N) of the minimax risk in the continuous case. Clearly, n* < n as
the class of estimators when N is finite is a subset of the class éf estimators in the continuous
case (compare the argument of Section 5.3.9). We now define the efficiency eff (n, N) (when

there are N detectors relative to the continuous case) as the ratio of »n to n*:

*

eff(n, N) = fn— 6.7)

Immediately we have that 0 < eff(n,N) < 1, with eff(n, ) = 1 for all values of n.
Also, since the results of Section 5.3.9 give us that n*(n, N) £ n*(n, 2N), we can see that

eff (n, N) <eff(n, 2N), Vn, N. Moreover, we present the following proposition about the

behaviour of eff (n, N) as n — oo,

Proposition 9 For finite N,

'}i_;l;eff(n,N) =0
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Figure 6.4: Diagram to explain that lim, >o00 eff (n,N) =0

Proof. This proof is based on Figure 6.4. Let the number of detectors A be fixed, but
finite. We established in Section 5.3.8 that the limit of the minimax risk as n —> is strictly
positive when A is finite. Moreover, because the minimax risk is strictly decreasing in n (see
Section 5.3.7 for this result in the case when A is finite (and Section 5.3.5 for the infinite case)),
this limit is approached from above. In this proof we shall refer to the limit when there are
A detectors as A (A). Since r(n, °°) < r(n, A), \/n and since the limit of the minimax risk as
n —» 00is exactly zero in the continuous case, there exists a finite «a(ao such that V/z > ha(ao>
r(n,°°) < A(A). Now let n > «a(ao arbitrary. Since r(n,N) > A (A), the number of
observations required in the continuous case to achieve a risk of r(n,N) or lower, namely
n* = n*m, N), is clearly such that n* < «a(AO- Thus,

eff(n,A0=-S",
n n

for all n > «a(AO- The right hand side of this inequality tends to zero from above as n —»

Hence, the result is established. O
As we shall see below, in practical situations high efficiencies can often be obtained, even
though eff{n, N) —» 0 as n -» °°. We also note that n | * is an increasing function of A as A (A)

decreases as A increases (and in fact «a(az) —>00as A —» *»).

223



In Figure 6.5 we present plots of the efficiency for the 9 cases described in Section 6.3.1.
In all 9 cases we consider values of n from 5 million to 50 million, and N = 64, 128 and 256,
as well as the continuous case. We take these values to illustrate the method and we do not
necessarily intend to suggest that they are more representative of reality than any other values.
For this reason we present a qualitative description of the graphs. In each graph there are four
lines: the top line corresponds to the continuous case, the next line corresponds to the N = 256
case, the third line corresponds to the N = 128 case and the bottom line corresponds to the
N = 64 case. The three columns of the graph represent the three points under consideration,
namely x = (0.0, 0.0), (0.4, 0.0) and (0.7, 0.0). The top row gives the efficiencies for estimating
the functional T, the second row gives the efficiencies for estimating the functional T 0.1),
and the third row gives the efficiencies for estimating the functional T 03). From the graphs
we can see easily the effect of discretization. In the first row the efficiency when N = 256 is
near to 1.0 and seems to be fairly constant over the range of n considered. Moreover, with this
functional the position of the point at which we are trying to estimate the density does not seem
to have much effect on the efficiency. Thus, it seems that when N = 256, there is not much
to choose between the discrete case and the continuous case. When N = 128 the efficiency is
again almost constant at over 0.9, although it does seem that as the point moves away from the
centre of the circle, the efficiency decreases slightly. This last feature is more clearly visible
in the N = 64 case. We note also that in the N = 64 case, the efficiency noticeably decreases
as n increases. In general, similar comments can be made for the middle row, which concerns
the functional T;.1), except that here the efficiency seems a little higher when compared to
the top row. Finally, the third row, which concerns the functional Ty 0.3y displays a marked
decline in efficiency as the disc moves from the centre of brain space, B. Moreover, the effect

of discretization is clearly visible in the case when x = (0.7, 0.0).

6.3.4 Implications for the design of experiments and machines

In this section we assume that it is of interest to discover the average intensity in a certain
region of brain space. (In the above work we considered only circular regions, but the theory
developed covers regions of any shape, and the extension of the FORTRAN programs to more
general regions, possibly defined by the user with the mouse on the screen, is a topic for further
work.) From the graphs of the minimax risk the experimenter can assess the effect of, for

example, doubling the expected number of emissions ». In addition, the effect of doubling the
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number of detectors N can also be assessed. In the example given in Figure 6.2 and Figure 6.3
for instance, doubling the expected number of emissions may noticeably reduce the minimax
risk, whereas doubling the number of detectors beyond a certain point may achieve very little.

Such statements clearly have implications for the design of experiments and machines.

6.3.5 Least favourable functions

In this section we present some examples of the least favourable functions. The forms of the
least favourable function are given in equation (5.41) in the continuous case and equation (5.48)
in the discrete case. There, and in this section, we disregard the first term of the expansion,
namely 1. Accordingly, the integral of the functions we show in this section, with respect to
the measure u over the unit circle, is zero rather than one. The + sign tells us that an equivalent
least favourable function can be found by reflection in the appropriate axis. All the examples
in this section are presented in such a way that the value of the function at the point of interest,
x, is positive.

In Section 5.3.11 we considered the symmetry of the least favourable function and in
Proposition 6 we gave a sufficient condition for the least favourable function to be radially
symmetric. In Section 6.2.4 we showed that the least favourable function for estimating Ty 5
is symmetric if x = 0. Similarly, in Section 6.2.5 we showed that the least favourable function
for estimating T is symmetric again if x = . In this discussion we corsider examples of both
symmetric and asymmetric least favourable functions. In all the examples that we give the least
favourable function is symmetric about the x axis, as we established in Section 6.2.6.

First, we give examples and a qualitative description of symmetric least favourable
functions. In all the cases that we shall present the (expected) number of emissions 7 is
10,000,000. We set a = 1.5 and C = 2.0. Again we attach no special significance to these
examples. Their purpose is to illustrate the theory we have developed above. The first graph
of Figure 6.6 shows the least favourable function for estimating both T(g .1y and T in the
continuous case (N = <), the middle graph presents the same functions in the case when there
are 128 detectors (N = 128), and the bottom graph deals with the case when there are 32
detectors (N = 32). Because of the radial symmetry the functions are shown for only a region
of the positive x axis (they remain almost indistinguishable from zero after about x = 0.4). The
function itself is the surface of revolution obtained by rotating these curves about the vertical

axis. There is clearly some difference between the graphs: the range of the curves is greater

226



@o

‘o0

P
oo

=o

0.0 0.1 02 0.3 01' 0.5
NAnfinrty
S
b
§ b
0
0.0 0.1 02 03 0.4 0.5
N-128
N
b
J
ib
J
b
9
0.0 0.1 02 0.3 0.4 0.5
N2
Figure 6.6: Radially symmetric leastfavourable functions for the functionals 7(0,0.1) 70,

wizerc there are 32 and 128 detectors, and in the continuous case

227



in the top (N = oo) graph than in the bottom (N = 32) graph. Moreover, in the top graph,
the curves seem a little more separated. They seem to take their most extreme values near
the point x = 0 and the curve that corresponds to T(g,0.1)(f) seems to change rapidly over the
boundary of that disc, which is indicated by the vertical line. In Table 6.2 we give the value

of these least favourable functions and others when N = 64 and N = 256 at the origin. We

N | Tpoo) Too

32 | 0.01456 | 0.01185
64 | 0.01466 | 0.01139
128 | 0.01485 | 0.01129
256 | 0.01487 | 0.01127
o [ 0.02976 | 0.02252

Table 6.2: The value of the radially symmetric least favourable functions at the origin

make two comments. First the value of the least favourable function for T(,,0.1) at the origin is
greater than the value of the least favourable function for Ty o for all the values of N considered.
Secondly, for finite N, this value for T(o.0,0.1) increases with N, whereas for Tg it decreases
with V.

Secondly, we give examples and a qualitative description of asymmetric least favourable
functions away from the centre of the unit circle. We consider Tx0.1)(f) and T,(f), where
x = 0.7. Again we take n = 10,000,000, a = 1.5 and C = 2.0. In Figure 6.7 we present
contour plots of that part of the asymmetric least favourable functions that lies in a square centre
(0.7, 0), of sides 0.4. We use the excellent CONICON programs of Sibson[36]. In particular we
use an interface to these programs written by Dr Glenn Stone. The axes and the labels are
produces by means of a POSTSCRIPT program written by the author. The reader is advised
that the numbers printed on the contour lines follow the convention of having their top in the
direction of increasing height. We indicate on the plots the disc and its centre, or the point,
as appropriate. The top row is concerned with the continuous case (N = o), the middle row
with the case when there are 128 detectors (N = 128), and the bottom row with the case when
there are 32 detectors (N = 32). The least favourable functions for the continuous case are

relatively simple, whereas for the N = 32 and N = 128 cases they are very complicated. For
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comparison, Table 6.3 gives the value (taken to be positive) of the least favourable function at

the point (0.7, 0.0) in Cartesian coordinates. We observe the same behaviour here as we noted

N | To700,01) | To7,00/(f)

32 0.0197 0.0147
64 0.0217 0.0135
128 0.0223 0.0133
256 0.0224 0.0132
oo 0.0546 0.0361

Table 6.3: The value of the least favourable function at the point (0.7, 0.0)

for the results given in Table 6.2.

6.4 Conclusions

In this chapter we have presented some numerical examples to illustrate the theory developed
in Chapter 5. We introduced two linear functionals, discussed some relevant computational
aspects and investigated the behaviour of the minimax risk as a function of the expected number
of emissions n, for various values of the number of detectors N. We provide an interpretation of
these minimax risks by means of the notion of efficiency. The examples that we have considered
have provided us with some insight into the construction of the PET machine (in terms of
doubling the number of detectors N) and the design of the experiment (in terms of increasing the
expected number of emissions n). Finally, we presented some examples of the least favourable

functions.
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