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Summary

The computation of diffraction coefficients for the scattering of high-frequency
waves by a conical obstacle can be reduced to the solution of a family of homo-
geneous boundary value problems for the Laplace-Beltrami-Helmholtz equation
on a portion of the unit sphere bounded by a simple closed contour (in fact the
intersection of the sphere with the conical scatterer). Distance on the contour is
geodesic distance on the sphere. The diffraction coefficient may be determined by
then integrating the resulting solutions with respect to the wave number (Babich
et al, ‘On evaluation of the diffraction coeflicients for arbitrary “nonsingular”
directions of a smooth convex cone’, SIAM J. Appl. Math., 60:536-373, 2000).

In this thesis we discuss the numerical computation of the diffraction coeffi-
cients using the boundary integral method, with the classical single/double layer
potential approach. The kernels of the spherical integral operators which arise
from this application have a diagonal singularity of the same type as the corre-
sponding operators for the planar Helmholtz and planar Laplace equations. This
allows us to prove stability and convergence for appropriate discrete collocation
spaces in the case of smooth cones. Moreover, a question of key practical inter-
est in this field of diffraction theory is the computation of diffraction coefficients
when the scatterer has edges and corners. Here we adapt well-known methods
for handling boundary integral equations on planar corner domains (J. Elschner
and I.G. Graham, ‘Numerical methods for integral equations of Mellin type’,
J. Comp. Appl. Math., 125:423-437, 2000) to the current problem.
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Chapter 1
Introduction

This thesis is concerned with the construction and detailed analysis of a numeri-
cal method to calculate conical diffraction coefficients. Diffraction coefficients are
fundamental objects determining principal amplitudes in the asymptotic expan-
sion of high frequency acoustic, electromagnetic or other (e.g. elastic) wave fields
exterior to a scattering obstacle and are determined from an associated canonical
problem.

In this thesis we will only concern ourselves with the acoustic and electromag-
netic cases. In the acoustic setting we will be concerned with the solution to the
Helmholtz equation for a scalar field U

(A + kAU (x) =0,

in R? exterior to some obstacle D, where A is the usual Laplace operator and
k is the wavenumber (proportional to the frequency w). In the electromagnetic
setting we will be interested in solving time-harmonic Maxwell’s equations

curl E(x) = ikH(x),
curl H(x) = —ikE(x),

also exterior to some scatterer D. Here E is the electric field and H is related
to the magnetic field. Appropriate “ideal” boundary conditions are prescribed
on the surface of the scatterer, the Dirichlet or Neumann conditions for the
Helmholtz equation and the perfectly conducting condition for Maxwell’s equa-
tions.

Applying a direct numerical method (e.g. a finite element or a boundary
element method) to either of these problems would be computationally expensive
since smaller elements would be required as frequencies get higher, to achieve



Figure 1-1: The tangent cone =

accurate solutions. These numerical schemes would also require the construction
of complicated meshes with further element refinement if singularities are present,
e.g. due to surface irregularity of the scatterer, thus increasing the computational
cost even further. In an effort to reduce these costs, asymptotic techniques can
be utilised to capture the behaviour of U, E and H as £ — oo. The asymptotic
theory of high-frequency scattering (the Geometric Theory of Diffraction (GTD))
proposes that for a fixed observation point the asymptotics of the solutions to the
scattering problems is made up of different types of scattered wave which depend
on the local geometry of particular parts of the obstacle. Of particular interest
is the wave diffracted by a singular (conical) point. According to the recipes
of GTD, the first step is to use the “principle of localisation” to identify the
principal asymptotics of the diffracted wave for the bounded scatterer, D, with
those of the (semi-infinite) cone = whose surface is tangent to D at the singular
point (see Fig. 1-1). Taking the singular point to be the origin O, a portion of
the cone Z is indicated with dotted lines in Fig 1-2. (The cone = may have a
rather arbitrary “cross-section” which may be specified by a domain M on S?,
the unit sphere in R® centred at the origin.)

It is well known from the GTD that the knowledge of diffraction coeflicients
for related canonical problems leads to the possibility of constructing the high
frequency asymptotics in generic situations. Early investigations concerning the
conical canonical problems considered the case when the cross-section of the
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Figure 1-2: Geometry of the cone

cone was circular. More recently solutions for other cross-sections have been
presented. In fact for circular cones a great deal of progress has been made with
an asymptotic treatment using methods of eigenfunction expansions based on
separation of variables to find an exact analytic expression for the diffraction
coefficient in both the acoustic and electromagnetic cases (see e.g. [55] [18]).
Similar approaches have been used for diffraction by an elliptic cone (including
the degenerate case of a plane angular sector) by using separation of variables in
sphero-conal coordinates to obtain explicit formulae (see e.g. [62]).

However these techniques, which provide analytic formulae for special geome-
tries, do not extend to the case of diffraction by more general conical scatterers.
The handling of arbitrary cones has been a particular challenge in diffraction
theory for many years. In [16] the diffraction coefficients are expressed in terms
of a solution to a boundary value problem for the Laplace operator on a part
of the unit ball. In [23] an advanced Laplace operator calculus is developed on
conical domains and this is used to express “singularity coefficients” near the
“diffracted” wave front in terms of certain spectral characteristics of the Laplace-
Beltrami operator. (The singularity coefficients are equivalent to the diffraction
coefficients via a simple transformation.) However, neither of the approaches in
[16], [23] provide a constructive formula which can be used.

Following ideas in [23] and using techniques based on Sommerfeld’s classical
solution for the two-dimensional diffraction by a wedge [71] it is shown in [67],



[68] and [69] that the diffraction coefficient can be represented in the form of a
contour integral in the complex plane. The integrand contains a Green’s function
for the Laplace-Beltrami operator (with a complex parameter) on a part of the
unit sphere (centred at the vertex of the cone) exterior to the cone.

For example, consider the scalar (acoustic) case, with an incident plane wave
on D, Upye(x) = exp(—ikwy - X), with the point wy € S? describing the direction
of incidence. Then, seeking a time-harmonic solution, both the scattered wave
U, and the total wave U := Ujy, + U, satisfy the 3D Helmholtz equation, (A +
k%)U = 0, in the domain of propagation, and U, satisfies appropriate radiation
and tip/edge conditions. The theory in [68] (see [8] and [9] also) describes the
behaviour of the “tip-diffracted” component Uy (x) of Us.(x) at any point x in
the domain of propagation. Using spherical coordinates centred at the conical
point: X = rw with w € S% and r > 0 denoting the distance of x from the
conical point, it is predicted by the general recipes of the GTD that (with either
Dirichlet or Neumann conditions imposed on the surface of the scatterer), Uiy
has the asymptotic representation

eikT
Ud,-ff(x, k,wo) =27

—f(w,w0) +O((k)),  k—oo.  (101)

Here the distribution f(w,wy), which is infinitely smooth everywhere except at
the so-called “singular directions”, is the important diffraction coeflicient.

A formula for f is given in [67], [68] and [9]. To explain how it works, let
M denote the portion of the unit sphere S? which is exterior to Z. M is a sub-
manifold of S? with boundary which we denote £ (see Fig 1-2). Let A* denote
the Laplace-Beltrami operator which is related to the 3D Laplace operator via

o} 0
=2 (27 —2 A%
A=r ar(r Br) +r A,
We introduce the function ¢°¢(w, wy,v) on M (the so-called “spectral function”),
satisfying:
(A* +1V? — 1/4)g*(w,w, V) =0, w,wp€EM andveC, (1.0.2)

along with zero Dirichlet or Neumann boundary condition on £ (whichever is given
in the original scattering problem) for g = ¢°¢ + go, with an explicit “incident”
part go. Once g*¢ is known, the diffraction coefficient in (1.0.1) is then given by



the formula:

flw,we) = lim = [ e ™% g*(w, wy, v)v dv. (1.0.3)

The integration contour 7; in (1.0.3) is an analytic curve in the complex plane
chosen as follows. Let v; > 0, j = 1,2,... be such that Vf, j=12,... are the
eigenvalues of the problem (—A* +1/4)®; = VJ?C[)J-, subject to the appropriate
boundary conditions on £ (Dirichlet or Neumann) as given in the original problem.
Then v; has to be chosen so that v; lie on its right (see Fig. 2-1). We assume
that Re(v) — oo and Im(v) — =*a for some constant a > 0 along the contour 7.
(It will be shown that the problem of computing the diffraction coefficients for
the electromagnetic case also reduces to the problem of solving boundary value
problems similar to (1.0.2). The boundary conditions will differ slightly from
those for the acoustic case.)

Thus the computational procedure for realising the asymptotic formula (1.0.1)
requires: (i) the computation of the Green’s function g*(w, wy, v) for all required
incidence directions wy and observation directions w € M and (ii) the compu-
tation of the integral in (1.0.3), by quadrature (most generally, for sufficiently
small €, when it becomes slowly convergent). Note that (ii) in turn implies that
9°°(w, wyg, ¥) must be evaluated for sufficiently many v € v, to ensure an accurate
answer.

As with most linear elliptic partial differential equations with constant coeffi-
cients, the boundary value problem (1.0.2) can be reformulated as an equivalent
integral equation over the boundary £. This is a non-standard application of clas-
sical potential theory since the boundary value problem is defined on a manifold
on the surface of the sphere S2.

By seeking the solution to (1.0.2) in the form of a double layer potential (for
Dirichlet boundary conditions) or single layer potential (for Neumann boundary
conditions) we reformulate (1.0.2) into an integral equation of the form,

%u(w,u)+ /e L(w, ' u(w', v)de’ = b(w), (1.0.4)
for some kernel L(w,w') defined on £ x £ (expressible in terms of the Legendre
functions) and some smooth function b dependent on the boundary conditions.
There are several numerical methods which one can use to solve equations of
this form (see e.g. [3], [50]). We consider in this thesis the collocation method.
Although the theory for the collocation method is incomplete (compared with

10



Galerkin methods for instance) it is cheaper to implement and therefore a prac-
tically popular choice.

When the contour ¢ is smooth then standard stability and convergence proofs
for the collocation method apply. In contrast to this, if the boundary £ contains
corners (i.e. when the conical scatterer has lateral edges) the integral operator
is no longer compact and the solution in general will not be smooth near non-
smooth points on ¢. Hence, difficulties arise in proving the stability result that the
resulting linear system of equations is nonsingular. We will show that the integral
equation (1.0.4) is related to the integral equation corresponding to Laplace’s
equation on a domain with corners which has been studied extensively, see e.g.
(5], [45]. It is also related to the planar Helmholtz equation, see e.g. [24], [26].
One major task in the implementation of the collocation method is the assembly
of the stiffness matrix. This requires the calculation of integrals with “weakly
singular”, “nearly singular” and “smooth” integrands. In general these integrals
need to be computed numerically.

In [8], [9] and [12] a numerical method was implemented for the computation
of (1.0.3) (and its electromagnetic analogue). The boundary integral method was
used to compute g*°. This was implemented in [8], [9] and [12] for the case when
= is a smooth cone, using “in effect” a simple low-order trapezoidal-Nystrém
type for the boundary integral equations and the trapezoidal rule for the contour
integration with respect to v in (1.0.3). However the papers [8], [9] and [12]
contained no convergence analysis of the method and moreover, they dealt only
with the case of a smooth cone =. The case of a cone with lateral edges is of
fundamental importance in both the high-frequency theory of diffraction (where
it is one of the unsolved canonical problems [60]) and in practice, where high
frequency scattering by e.g. antennae or corners of buildings is a key problem in
microwave engineering.

Although the integral equation method reduces the problem of computing
of g°¢(w,wy, V) to a computation on the (1D) contour £ on the surface of the
unit sphere S?, this equation has to be solved many times for different values
of v (and also more times if different wy are to be considered). Moreover, as
we shall see, the evaluation of the kernel in the integral equation arising from
the spherical PDE (1.0.2) is much more costly than for typical boundary integral
equations in planar scattering theory. Thus there is strong practical demand
for the development of an efficient algorithm, in particular one which solves the
integral equation with the highest accuracy and the minimal number of kernel
evaluations. Thus the aims of this thesis are:

11



(i) To present a detailed review of the asymptotic techniques used to derive
the formulae for the conical diffraction coefficients;

(i) To propose an efficient (variable order) method for computing the conical
diffraction coefficients which is robust even when the cone = has lateral
edges;

(i) To minimise the number of kernel evaluations required in the implementa-
tion;

(iv) To analyse the convergence of the method,;

(v) To demonstrate its use in the computation of diffraction coeflicients in sev-
eral sample cases.

This thesis is organised as follows. In Chapter 2 we give a detailed account of
the asymptotic techniques developed by a group of authors in [67], [69], [8], [12],
[9], [11] and [57]. We first formulate the diffraction problem and then concen-
trate on deriving the formulae for the diffraction coefficients in both the acoustic
and electromagnetic settings. (We only give a brief discussion for the electro-
magnetic case but we present the technical details in Appendix A.) In Chapter
3 we describe the boundary integral method for computing g*¢. This leads to
non-standard integral equations posed on the spherical contour £. We present
a detailed analysis of the resulting integral operator and investigate the well-
posedness of the integral equation for both the case when the contour is smooth
and when £ contains corners. In Chapter 4 we describe a flexible numerical
method based on collocation with piecewise polynomials. We concentrate mainly
on the h—version of collocation but we will briefly discuss the hp-version. We
also describe the discrete collocation method and give (general) sufficient condi-
tions to preserve stability and optimal convergence properties which are known
when the integrals in the matrix are computed exactly. In Chapter 5 we use
results proved in Chapter 4 to devise efficient quadrature rules to calculate the
matrix entries in the discrete collocation method. We treat the integrals with
weakly singular, nearly weakly singular and smooth integrands separately. Also
we provide some computations of numerical solutions to the integral equation for
various test cases. In Chapter 6 we address the following practical aspects of
the method for computing diffraction coefficients: We describe the procedure for
computing the contour integral in (1.0.3) (and for the electromagnetic analogue).
We give a numerical algorithm for computing Legendre functions with a complex
index (necessary for the computation of the kernel of the integral operator in

12



(1.0.4)). Finally we describe how to calculate the double/single layer potential
once the density (u in (1.0.4)) satisfying the integral equation has been computed
approximately. We also provide computations of diffraction coefficients for sev-
eral sample problems. Finally in Chapter 7 some conclusions and possible further

research avenues for the future are presented.
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Chapter 2

The High-frequency Scattering
Problem and the Diffraction

Coefflicients

In this chapter we will describe the problem of scattering of a high-frequency
planar incident wave by an arbitrarily shaped bounded impenetrable obstacle
with non-smooth singular points on its surface. (Examples of singular points
are sharp conical points or edges.) Direct numerical methods to evaluate the
scattered wave are computationally expensive and the situation is made worse
by the presence of the non-smooth singular points. However when the frequency
of the incident wave is high asymptotic methods can be employed to reduce the
computational costs. The asymptotics of the scattered wave is expected to be
composed of a number of different “components” corresponding to different types
of wave field. In particular we are interested in the component corresponding to
the wave diffracted by a singular point. The main idea behind the asymptotic
method of calculating the diffracted wave is the principle of localisation (see e.g.
[60]). We describe briefly in §2.1 how this allows us to consider the canonical
problem of diffraction by a semi-infinite cone. We review the derivation of the
so called diffraction coefficients which determine the principal amplitudes in the
asymptotic expansion of the diffracted field.

The aim of this chapter is to review the general theory developed by a group
of authors for the procedure of finding the conical diffraction coefficients (e.g.
[67], [69], [8], [12], [9], [11] and [57]). The chapter is written in two sections. In
§2.1 we discuss the problem of scattering of an incident planar acoustic wave by
an obstacle with a conical point. We formulate the acoustic scattering problem
and give a formula for the conical diffraction coefficient in Lemma 2.15 which is

14



subsequently simplified in equation (2.1.56). In §2.2 we turn our attention to the
problem of diffraction by an electromagnetic incident wave from a conical obsta-
cle. We briefly discuss the strategy for computing the electromagnetic diffraction
coefficients. We give formulae for the electromagnetic diffraction coefficients in
terms of scalar potentials which are somewhat analogous to the acoustic diffrac-
tion coefficients.

2.1 The acoustic scattering problem

We are interested in finding the wave scattered by a bounded impenetrable obsta-
cle, D. A classical mathematical formulation of the associated scattering problem
as a boundary value problem is as follows. We are concerned in general with the
solution to the wave equation,

182U

AU(X,t) - gﬁ(x, t) = 0, x €Q:= Ra\D, (211)

exterior to the obstacle D with Dirichlet or Neumann boundary conditions pre-
scribed on its boundary 0D,

either U(x,t) =0, for x € 0D,

2.1.2
or (8U/dn)(x,t) =0, for x € 8D, ( )

where n is the unit normal to 8D at x exterior to Q and c is the wave velocity.
We consider the “time harmonic” solutions to (2.1.1) : U(x,t) = U(x) exp(—iwt)
where w is the frequency. Then U(x) satisfies the Helmholtz equation

(A+K)U(X)=0, x€, (2.1.3)

where k = w/c is the wave number, along with the boundary conditions (2.1.2)
with U(x,t) replaced by U(x). The solution U is assumed to be twice continu-
ously differentiable in the closure, {2, of Q with the singular points (i.e. “tip” and
“edge” points of D) removed. We split the solution U into the “incident part”
and “scattered part”,

U = Uine + Use, (2.1.4)

the incident part is given by a solution to (2.1.3) in the absence of any obstacle.
We also require that U, satisfies radiation conditions. Then by writing r = |x|

15



we can formulate the radiation condition as follows:

Use(x) = O(r ™), (% — ik) Use(x) = o(r™!) as r — oo, (2.1.5)
uniformly in w = z/|z|. These radiation conditions ensure that for a fixed wave
number k, U(x) exists and is unique for smooth boundaries D (see e.g. [15,
§6.4]). For boundaries with singular points z, the solution U(x) can develop a
“singularity” near xg, and so in addition U has to satisfy a certain “tip” condition
and, if they exist, “edge” condition. To define this condition we introduce a
subdomain of the domain of propagation, €2, defining for every R > 0,

Qr={x€Q: x| <R} (2.1.6)
Then we seek a solution U that satisfies the Meixner condition:

(UX)|2 +|VU(X)|?) dV (x) < oo, (2.1.7)
Qr
for every R > 0, ie. U € H}.(Q). The tip and edge condition corresponds
physically to the requirement of the absence of “sources” at the singular points
and mathematically ensure uniqueness of the solution.
We will consider in this thesis the case when the incident wave is a plane

wave,
Uine(x) = e~ w0, (2.1.8)

Here —wy is a unit vector defining the direction of the incidence. We have
suppressed the dependence on wy in the notation for U;,. and will do so in other
functions, where the dependence on wy is implicitly understood. The formula
(2.1.8) defines an incident plane wave which oscillates sinusoidally in the direction
of —wy and is constant in the directions orthogonal to —wg. The solution U
is then obtained by finding U, which satisfies (2.1.3) and (2.1.5) along with
appropriate boundary conditions found by substituting (2.1.4) into (2.1.2) and
(2.1.7).

Definition 2.1. We define the problem of finding a solution to the Helmholtz
equation (2.1.3) with the conditions (2.1.2), (2.1.5), (2.1.7) and (2.1.8) as the
(acoustic) planar incidence scattering problem.

As stated above we are interested in the behaviour of the solution U(x, k) at
“high-frequencies” or short wavelengths i.e. when the wavelength A := 27 /k is
significantly smaller than some characteristic length of the scattering obstacle.

16



Mathematically we are concerned, in general, with the asymptotics of Us.(x, k)
as kK — oo.

The Ray method, geometric optics and its further modification, the Geomet-
ric Theory of Diffraction (GTD), provide a set of recipes for constructing such
asymptotics for the scattered field (see [60], [54], [51]) and [17]). From these meth-
ods, we expect the asymptotics of the scattered field to be composed of a number
of contributions corresponding to scattering by particular parts of the boundary.
Those contributions may include “simple reflections” caused by non-grazing inci-
dence at smooth parts of the obstacle D, or more complicated “grazing incidence”
diffraction which leads to asymptotics of the “creeping waves” in the shadow [59]
and special boundary-layer asymptotics in the “penumbra”, i.e. the zone between
regions of complete shadow and complete illumination (see e.g. [6]).

The scattered wave’s asymptotics may also contain components arising from
diffraction by non-smooth “singular” points of the scattering surface such as edges
or conical points. The diffraction by conical points is the main topic of this thesis.

Using the Ray Method we get a formal recipe for constructing such asymp-
totics (see e.g. [15, §8.2]). The intuitive idea is the expectation that in the high-
frequency regime the component solution to the scattering problem will appear
“locally” to be a plane wave, rapidly oscillating but with slowly varying ampli-
tude, propagation direction and phase. This can be written as a well known “ray
ansatz”

U(x) = e i Aj(x)(ik)>, (2.1.9)
=0

where the “eikonal” 7 must satisfy the eikonal equation, |V7|?> = 1, the “ampli-
tudes” A; are solutions of equations known as the transport equations [15, 8.2.19]
and « is a constant depending on the physical nature of the relevant component
wave. The so-called “rays” emerge in the process of solving the eikonal equation
(which is a first order nonlinear partial differential equation) by the method of
Hamilton-Jacobi (the method of characteristics). The rays’ “directions” corre-
spond to the vector V7 and the surfaces of constant 7 are called “wave fronts”.
The transport equations describe the way the amplitude varies along these rays.
(The scattered rays are constructed by a modified version of Fermat’s principle
[60]: the wave field travels along the shortest route between two points via the
surface of D.) The eikonal and transport equations lead to a system of first order
ordinary differential equations along the rays and the only missing information
are the initial conditions along the rays. These initial conditions are found via
the “localisation principle” by considering the appropriate “canonical problem”
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which depends on the “local geometry” of the part of the obstacle the ray is be-
ing scattered from. Solving these canonical problems and finding the “far field”
asymptotics of the solutions allows us to find 7(x) and A;(x) in (2.1.9) via the
procedure of “matched asymptotics”, and hence ultimately allows us to find the
contributions to the component scattered wave in the form (2.1.9). So, the un-
derlying idea behind the localisation principle is that the high-frequency incident
wave “sees” only local features of the scatterer.

For the problem of scattering by a point x on a smooth portion of D, the
obstacle appears locally to be a plane interface (which is the tangent plane to
the actual scatterer at x) and so the scattered rays are determined by the usual
laws of reflection via geometrical optics (with the canonical problem being that
of the reflection of a plane wave by a tangent plane which can easily be solved by
the method of images). The initial data is found from the reflection coefficient of
the incident wave by the tangent plane to dD at x. These reflection coefficients
are an example of the more general diffraction coefficients which determine how
a family of rays which are scattered by a point (which may be a singular point)
on the surface of the obstacle propagate.

The case of diffraction by “wedge-type” singularities reduces to a canonical
problem of diffraction by a wedge. This problem was solved by Sommerfeld at
the end of the 19th century via a generalisation of the method of images on
appropriate Riemann surfaces (see [71] [72]). This allows an explicit evaluation
of the wave diffracted by the edge of the wedge.

In the same way as for the plane interface and edges, waves diffracted by a
sharp singular point on D are determined by the local structure of this singularity.
Hence we identify the principal asymptotics of the diffracted wave for the bounded
scatterer with those of the (semi-infinite) cone =, whose surface is tangent to D at
the singular point (Fig. 1-1). This leads us to consider diffraction by cones with
“arbitrary” cross sections, which has been a particular challenge in diffraction
theory for many years.

This strategy of considering the canonical problem has been rigorously jus-
tified e.g. for the reflected wave [48], [7] and [20], see also [43] for a 2D wave
diffracted by a (curved) corner and [64] for a 3D wave diffracted by a conical
point. (Using the same reasoning as above we can argue that the problem of
scattering of an electromagnetic incident wave by a bounded obstacle with singu-
lar points can also be reduced to a canonical conical electromagnetic diffraction
problem. This will be discussed in §2.2.)

So we consider the scattering problem when the obstacle is Z, a cone of
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arbitrary cross section. To characterise the geometry of =, we assume its vertex
is at the origin (Fig. 1-2). Then every point x € R?, can be represented as x
= rw where r = |x| and w € S?, the unit sphere centred at the origin. As x
varies within the domain of propagation, R3\Z, w varies within M, the manifold
consisting of the portion of 5% exterior to the cone. The manifold M characterizes
the cross section of the cone and has boundary £ = S? N 6Z. We next describe
the precise assumptions on the conical geometry and introduce some notation.

Notation 2.2. We assume that the cone’s surface 0= has a finite number of
smooth (i.e. analytic) faces, joined at lateral edges (and meeting at the tip), and
that the angle between pairs of adjacent faces lies in (0,27) (i.e. cuspoid edges
are excluded). We also assume that M and S?\ M are simply connected subsets
of S? and that the contour £ is a simple closed curve consisting of a finite number
of analytic arcs on the sphere also joined at non-cuspoid corners. For much of
what we are going to do below, a lower order of smoothness for the faces would
be sufficient, but we suppress this extra generality in the interests of readability.

For w,w’ € 5? we define §(w,w') to be the geodesic distance between two
points w and w' on the sphere S? (the arélength of the “shortest” curve lying on
S? connecting w and ', i.e. cosf(w,w') = w - w').

We denote the contribution to U,. from the field diffracted by the tip of the
cone by Ugiss. The field Ugiss takes the following form (see e.g. [9, pg. 541)),

- f(w,wp) + O((kr)™?), k — oo. (2.1.10)

Uaigs(x) = 2m ekr
Here f(w,wy) is the diffraction coefficient, which depends only on the geometry
of the cone, the incident angle —w, and the angle of observation w. The diffrac-
tion coefficients are exactly the intitial conditions required to formulate the wave
diffracted by the singularity in the original problem in the form (2.1.9). The
formula (2.1.10) is directly related to the representation (2.1.9) (with a = —1)
insofar that the diffraction coefficient f(w,wy) derived from the canonical coni-
cal problem describes the contribution of the tip diffracted wave to the principal
amplitude Ag(x) of the solution to the planar incidence scattering problem (via
T =71, Ay = 2mif(w,wp)). We aim at deriving a formula for f(w,w,) from far
field asymptotics of the canonical problem of diffraction of a plane wave by a
semi-infinite cone. The latter is a boundary value problem with an unbounded
scatterer for which a proper formulation of the radiation conditions is unclear.
To bypass this, we consider first a “point-source” problem. (The radiation condi-
tions in the form (2.1.5) still apply for the point source problem and uniqueness
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is known to hold, see e.g. [56] for the electromagnetic case. Although there are
no publications known to us that address the question of uniqueness in the acous-
tic case and/or lateral edge case, there is no doubt that the methods of proving
uniqueness e.g. in [56] can be adapted in a straightforward way to these cases.
This has not been pursued in this thesis.) By allowing the source xg = rowg to
approach infinity, i.e. 7 — 00, with wy fixed, we recover a solution tc the planar
incidence scattering problem. There are other techniques which one could use,
i.e. the so-called “limiting absorption” procedure, but we do not discuss them
here.

2.1.1 The point source and planar incidence problem

In this subsection we consider the conical scattering problem for a point source
incident wave in R® following [67], [68] and [9] i.e. we wish to find the Green’s
function satisfying

(A + k?)G(x,%0) = —0(x — xg) for x € R*\E, (2.1.11)

with boundary conditions

0G(x,x%g)

G(x,%x0) =0 or o

=0 for x € 0=, (2.1.12)
and radiation, tip and edge conditions (if any) given by (2.1.5), (2.1.7). In (2.1.12)
d(x — xq) is the Dirac delta generalised function which physically corresponds to
the “point source” at x = xo9. We can write G = Gy, + G4 where Gy, is the
point source incident wave which is given by the solution to (2.1.11) in R® which
satisfies the radiation conditions (2.1.5). It is well known (e.g. [30, §2.8.1]) that
Ginc is given by

eilc[x—‘x0|

Ginc(x;xO) = (2113)

47|x — Xo|
Definition 2.3. We define the problem of finding a solution to the Helmholtz

equation (2.1.11) along with the conditions (2.1.2), (2.1.5), (2.1.7) as the point
source scattering problem.

We formulate the solution to the point source scattering problem via separa-
tion of variables in coordinates (r,w). The radial part of G is given by Bessel
and Hankel functions of the first kind, J, and HV. The angular part is given
by the eigenfunctions of the operator —A* + 1/4. Here A* is defined as the
Laplace-Beltrami operator, in standard spherical coordinates (6, ¢) we write it
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as,

A = Lﬁ(sinei) P
sin 6 00 00 sin? § 8¢?
From the general theory of elliptic differential operators [63, Ch. II §4,5], —A* +
1/4, with specified (Dirichlet or Neumann) boundary conditions, is a self-adjoint
operator in L?(M) with discrete non-negative spectrum and corresponding eigen-
functions. We denote the eigenfunctions by ®p ;(w),j =1,2,..., with the eigen-
values v} ;, vp; > 1/2for B = D and N for the Dirichlet and Neumann problems
respectively. We assume these are ordered so that vp; < vp 1, =1,2,....
Therefore
1

(A* + Vg — 4)¢B,j(‘l-7) =0 on M, for B=D or N, (2.1.14)

with Dirichlet or Neumann boundary conditions respectively.

Definition 2.4. We refer to the eigenvalues defined by (2.1.14) as the external
Dirichlet or external Neumann eigenvalues depending on the boundary conditions.
Similarly we can define the internal Dirichlet and internal Neumann eigenvalues
which are given by Ug; > 1/2, B= D,N, j =1,2,..., satisfying,

(A* +0%; - %)63,,-(“;) =0 on S2\(MU¥), for B=D or N,

for some (interior) eigenfunctions 53,]», j =1,2,..., with Dirichlet or Neumann
boundary conditions on £.

It follows from the general theory of elliptic operators (see above) that 1/2 <
vpj for j = 1,2,... and 1/2 = vy, < vy, for j = 2,3,.... The eigenfunc-
tions ®p;, B = D,N, j = 1,2,... can always be selected so that they form an
orthonormal basis in L?(M), the Lebesgue space of square integrable functions
defined on M, see e.g. [63, Ch. II §4,5], i.e. in particular,

[ @85@)5,@)dS@) =6 B=D,N,
M
where §;;, is the usual Kronecker delta symbol,
1 =k
S = =
0 J#k

Hence in L?*(M), the first Neumann’s normalised eigenfunction ®y,; (associated
with vy ) is a constant function given by ®y;(w) = |M|~Y/2, where | M| is the
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surface area of the manifold M. (It is clear that @y ; satisfies (2.1.14) and that
S (®n1(w))? dS(w) = 1.) From now on we drop the subscripts D, N and write
v; for vg; and ®; for ®p;, B = D, N, in this section with the dependence on
the boundary conditions to be understood implicitly.

Writing x¢ = rewg and applying separation of variables to the point source
scattering problem, we get the formula (see e.g. [9] or, for a more rigorous
derivation and justification, [61] ),

G(x,%q) = —% Z(rro)"l/zJuj(kr<)H2)(kr>)<I>]-(w)<I>j(wo). (2.1.15)
j=1

where r¢ := min{r,7o} and r5 := max{r, 7o} and J,, and H,(,j) are Bessel func-
tions. Note that the asymptotics of J,,(kr<) and H,E})(ku) when kr — 0 and
kr — oo, respectively, ensure the tip condition (2.1.7) and the radiation condi-
tion (2.1.5). (It is shown in [61] that (2.1.15) is the solution to the point source
scattering problem therefore a posteriori establishes the existence of a solution.
The “eigenvalue decomposition” leading to (2.1.15) might also be used as an
alternative proof of the uniqueness of a solution to the point source scattering
problem.) The series convergence is understood in the distributional sense, see
[61, Pg. 3710] for the exact description of the relevant distribution space.

Using a procedure often referred to as “Watson’s transformation” we can
transform (2.1.15) into the contour integral

G(x,%q) = —%(rro)’l/2 J, (kr ) HD (krs)g(w, wo, v)v dv, (2.1.16)
n

where the convergence of the integral is also understood initially in the distri-
butional sense. (The equivalence of (2.1.15) and (2.1.16) is verified for r # rg
in Lemma 2.8.) The integration in (2.1.16) is over a contour, 7;, in the com-
plex plane which bends around v;,j = 1,2,.... The points v; are represented
schematically by dots on the real axis in Fig. 2-1. In (2.1.16) g(w,wy, ) is the
spherical Green’s function satisfying

(A* + 1% — 1/4)g(w, w,v) = §(w — wp), forw € M, (2.1.17)

and g(w,wy, v) also satisfies a Dirichlet or Neumann boundary condition on ¢,
the boundary of M, whichever is given in the original scattering problem. It is
known (e.g. from spectral theory cf. [33, Ch. VII]) that g is analytic with respect
to v with poles v;, j = 1,2,.... (It is shown in [61] that the series (2.1.15) is
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rapidly convergent due to the asymptotic properties of J, and HS" when Im(v)
is bounded and Re(v) — +o00. Using similar techniques it follows the integral in
(2.1.16) is rapidly convergent when r # ry and w # wy also, although we do not
show this here.)

To show that the formulations (2.1.15) and (2.1.16) are equivalent we use
Lemma 2.6, but first we introduce the following definition.

Definition 2.5. Suppose that v(w) and w(w) are two generalised functions (dis-
tributions), i.e. linear continuous functionals defined by their “actions” on an
appropriate space of test functions. The distributions v and w are equal if their
actions on a test function 1 are equal, namely (v(w),¥(w)) = (w(w), P (w))
where for a “regular” function y, (y(w),¥(w)) = [, y(w)Y(w)dS(w), (see e.g.
[41, §1.3] for details).

The exact distribution space in the present context depends on whether we are
working in a Dirichlet or Neumann setting. In the Dirichlet setting we consider
a space of test functions given by

Fp(M) = { € C®(J) : e = 0, A"y, =0, j=1,2,...}.

In the Neumann setting we consider

Fy(M) = {9 € C(IT) : (3/0m)le = 0, 5~ (Ay}s = 0, j =1,2,...}.

A sequence of functions ¢, € Fg(M), n € N, B = D, N converges to i € Fg(M)
if for any 7 =0,1,...
1A* (Y — ¥)||L2(ar) = O,

as n — 0o. (For more details see [9, Appendix B], also cf. [61, Pg. 3710], [42],
[23], [73, Ch 5 Appedix A].)
By definition, a series ) °2 v;(w) converges in the distributional sense if

(D vi(@), p(w)) = lim (3 v;(w), 9(@))

exists for every test function 1.
Similarly the integral of v(w, v) of v; converges in the distributional sense if

(| oo, p(e)) = im ¢ L o(w, v)dv, P(w))
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Im v
T

Figure 2-1: Contour of integration v,

exists for every test function ¢. Here 4¢ is the part of the contour 7, in the
half-plane Re(v) < C.

Lemma 2.6. For Re(v) >0, v#v; j =1,2,... and fited wy € M, g(w,wy, V)
defined in (2.1.17) can be represented in the form

g(w,wo,v) = > (v* = 11)7';(w)®;(wa), (2.1.18)

j=1

holding in the distributional sense.

Proof We prove this result for the case when g satisfies Dirichlet boundary con-
ditions, the proof for the Neumann case is analogous. We seek g(w,wy,v) in the
form of a spectral decomposition with respect to the orthonormal eigenfunctions
{®,}. So g(w,wy,v) is sought in the form,

9(w,wo, ) Z (w0, v)®j(w), weE M, (2.1.19)

where §G; are to be found.
We next claim that, in the distributional sense, the “spherical” delta function
can be represented in the form

§(w—wy) = Z@ )®;(wo), (2.1.20)

(with the series in (2.1.20) converging in the distributional sense). To prove the
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claim consider, for ¢ € Fp(M),

(L 8@ v) = 3 [ 8(@)8wiv(e) dS(w)

P, (w)Y(w) dS(w). (2.1.21)

Il
]
k)e
£

—

The right-hand side of (2.1.21) is the orthogonal expansion of 1 evaluated at
wy, with the series convergent in the classical sense (uniformly) since for any
Y € Fp(M), the “Fourier coefficients”, [, ®;(w)¥(wo) dS(w) are known to
decay faster then any inverse power of j and |®;(w)| < Cj, cf. [9, Appendix B].
Thus,

Z@, )®;(wo), ¥ ) = (wo) = (6(w — wyp),¥), when w,wy € M.

The last equality follows from [41, §1.3]. This along with Definition 2.5 establishes
the claim.
Now g(w, wy, V) satisfies (2.1.17) and so

(6(“’ - "‘"0)7 w(“")) = ((A* + v — 1/4)9(“” Wo, V), 112}(“"))
= (g(w wo,v), (A" + 17 = 1/4)p(w))

= (Z Gj(wo, ) @j(w), (A* + v* — 1/4)p(w))
= A}i.inooz G;(wo, v){®;(w), (A* + v — 1/4)y(w)). (2.1.22)

Since ®;(w) is a “regular” distribution

(®;(w), (A* +v* — 1/4)¢(w)) = /M Q;(w)(A* + v* — 1/4)h(w) dS(w)
£

¢()

+[w PY(W)(A* + 12 — 1/4)®;(w) dS(w)
= (Y(w), (A" + v — 1/4)®;(w))
= (), (A + 12 = 1/4)®,(w) + (7 — 12)8;(w))
= (2~ D) ((w), (). (2129
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The last equality follows from (2.1.14). Substituting (2.1.23) into (2.1.22) we
obtain

N
(§(w—wo),¥()) = lim > Gi(wo,n)(t” = v})(@;(w), ¥(w))
=1

= <Zgj(wo,l/)(v2—Vf)cb,-(w),zp(w)) (2.1.24)

Therefore, by substituting (2.1.20) into the left-hand side of (2.1.24) we have
Gj(wo,v) = (v* — v2)"'®;(wo) and substituting this into (2.1.19) gives (2.1.18).
Finally notice that the right-hand side of (2.1.18) converges in the distributional
sense (for v # v;) using the same argument as the one establishing distributional
convergence of (2.1.20). Since we have shown that (2.1.18) satisfies (2.1.17) in
the distributional sense, the uniqueness of a distributional solution to (2.1.17)
(see e.g. [41], [53]) implies the result. a

To show the representations (2.1.15) and (2.1.16) of G(x, %) are equivalent
we use a variant of the Cauchy residue theorem which we formulate below in a
suitable form without proof.

Theorem 2.7. Suppose that v is a function defined on C which is analytic every-
where except at infinitely many poles, xv;, j =1,2,..., such that 0 < v} < 1y <
... and v; = 00 as j — oco. Suppose also that v, crosses the real azis at a point in
the interval (0,v,). Let the integral of v over the contour v, be convergent. Also
let the series 322, res{v(v);v;} be convergent, where res{v(v);v;} is the residue
of v(v) at v = v}, in particular, provided the poles are simple,

res{v(v);v;} := lim (v — y;)v(v). (2.1.25)

v—=ryj

In addition suppose that
/ v(v) dv — 0 (2.1.26)
7’

when a # vj, a € R, a — 0o, where ., is a vertical contour (part of Re(v) = a)
connecting the “lower” and “upper” branches of v,:

Yo ={v: Re(v) =a, by < Im(v) < by, a+ibs € 71, k=1 and 2}.

Then the integral of v over the contour vy, can be represented in the following
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form (noting that the contour is negatively oriented),

[n v(v)dv = —27rzZres{v 73

Lemma 2.8. The representations (2.1.15) and (2.1.16) of G(x,Xo), the solution
to the point-source problem, are equivalent in the distributional sense when r # ry.

We do not give all the technical details for the proof of this result but instead
give a sketched proof. We wish to show that for ¢ € Fg(M),

(= 502 [ (ke ) B (hrs g oo, w0, 1)y i, () =

_%i T2, (kr ) HD (ks ) @5(w) @5(wo), ¥ (w)). (2.1.27)

We aim to show this using Theorem 2.7. Hence we need to check that the
hypotheses of Theorem 2.7 hold for

v(v) = (—%(7‘1‘0)-1/2J,,(k7‘<)H,9) (kr>)g(w, wo, V), w(w» (2.1.28)

The convergence of the action of the series in (2.1.27) on a test function is proved
in [61, Theorem 1]. To prove convergence of the action of the integral on a test
function in (2.1.27) we show

lim {—%(m,)-l/2 Ju(kr YD (krs g (w,wo, )y b(whdv} (21,20

C—o0 3o

exists. Now it follows from [61, Pg. 3712] that

Re(v)
|—l(rro)-l/zJu(kr<)H,§1>(kr>)| < opl(%) (2.1.30)
2 TS

when v € ;. Also from [9, Appendix B]

125(w wo) + 1—/15(1 - A*)g(w,wo, v), Y(w))

<g(w7w0’V)v'¢(w)> = <l/ 4
1

= S8(w0) + 59w wo,v), (3 - A%)p@)). (21.31)

It can be shown that the contribution of the first term on the right-hand side of
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(2.1.31) to (2.1.29) vanishes, see [9], and that

‘%(Q, (1 _ A*) >| C'|I(1/4 = A*)>P|| Lo

PR (2.1.32)

see also [9]. Thus combining (2.1.29) - (2.1.32) implies that the limit in (2.1.29)
exists.

Now we consider the last condition (2.1.26) of Theorem 2.7. A way to show
this is by using the representation

3"(_“’31 (@;(w), Y(w)), (2.1.33)

)

(9(w,wo, ), $(w)) = D

j=1

where ®;(wo)(®;(w),¥(w)) are known to decay faster than any inverse power

of j, for any wy, . Combining (2.1.33), (2.1.28) in (2.1.26) we interchange the

summation and integration over v, and integrate by parts to “regularise” the

potential singularity which arises when v is close to v;. Then we use a bound

akin to (2.1.30) for the derivative of J,,(kr<)H.£1)(kr>) gives (2.1.26). Therefore

the conditions of Theorem 2.7 are satisfied. Hence since g(w,w,v) is analytic
with respect to v with poles at v;, 7 =1,2,... [33] we get,

=50 [ lhr QHD s ) g, n, ), )

= %(m,)—lf 2omi y _ res{J, (kr <) H® (krs)(g(w, wo, v), Y(w))v; ;}.(2.1.34)

j=1

Now from (2.1.18) we have,

il
g

lim (v - ) {g(w, w0, ), p(@))y = lim %‘Dk(woﬂfbk(w%“w))
Tk

k

Therefore from (2.1.34),
1
~5 )2 [ ke ) B s )g(w, w0, ), (@) do
mn

= —-2% Z(rro)_l/zju,- (kT<)HE})(k7">)‘1’j(“’0)<q’i(“’)’w(w»’
1=1

for r # r¢ as required. O
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The formulae (2.1.15) or (2.1.16) give the solution to the point source problem.
We will use this to obtain a solution to the planar incidence scattering problem.
The following result gives a relationship between the point source incident wave
Ginc and the planar incident wave, Uy, defined in (2.1.8).

Lemma 2.9. For all x € R*\E and wy € M,

Uine(X;wo) = lim {Ginc(x, Xo) ( et )_1}.

To—+00 47ry
Proof We want to find the limit of

eikro ) -1 eik|x—xo| To

Gine(X; Xo) (

47!'7‘0 = IX - Xol etkro

as rp — oo. First we note that, with x = rw, r > 0 and w € S?, we have

|x — xo| = ((x — x0) - (x — xo))l/2 = (7‘2 + 'rg —2x- xo)l/2
= (r2 4 r2 — 2rrow - wo) 2 = ro(1 — 2rrytw - wo + r2ry2)Y2, (2.1.35)

Hence
To . 1

lim ———— = lim =
ro—oo [X — Xo|  ro~oo (1 — 277y w - wo + 121y 2) 12

Also (2.1.35) implies that

1.

etklx—xol eikro(1—2rro—1w-wo+r2ro'2)‘/2
lim . = lim .
T9—00 ezkro r9—00 e""ﬂ
— e—ikrw-wo.

Therefore it follows that,
eikro
47Ty

-1 . .
Ginc(x,xo)( ) — g hrwwo — gmthwox _ 1 (x,wq) as Ty — 00,
by (2.1.8), the definition of Ujy,. a
This simple result motivates us to define the solution of the plane wave scattering
problem by the formula (e.g. [61]):

U(x) = lim {G(x,xo)(eikro )'1}. (2.1.36)

T0—$00 471'7‘0

Using this definition for U(x) gives the following result. It will become apparent
in Lemma 2.10 that the limit in (2.1.36) exists and so is a valid definition.
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Lemma 2.10. With U defined in (2.1.86) and G defined in (2.1.15) we have,
for all x = (r,w) € R3\E

U(r,w) = e™/*(2n)%2(kr)~1/2 Z I, (kr)e™™i™2® ;(w) @ (wo), (2.1.37)
i=1
or alternatively,
U(r,w) = —Ze'i”/4(27r)1/2(kr)_1/2/ J, (kr)e ™/ g(w,wq,v)v dv. (2.1.38)
"

Proof The proof of this result follows [61, Theorem 4]. To prove (2.1.37) we
substitute (2.1.15) into (2.1.36) and write x = (r,w) to obtain

U(r,w) = lim {— (Eikro)_lw TTo 1/22-] (kre) H(l)(kr )®;(w)®; (wo)}

ro—00 47Ty 21 (
(2.1.39)
It is shown in [61, Pg. 3716] that, for sufficiently large ro, (e.g. ro > 2r) the
series -
Z Jy; (kT<)HS)(kT>)(I)j(“-’)q’j (wo)
j=1
is uniformly and absolutely convergent.
Since the series in (2.1.39) is absolutely convergent and the limit as 7y — oo for
each term in the series exists, we can apply the basic theorem on interchangabilty
of limit and summation, e.g. [19, §5.2]. Hence, noting r« — r as ro — oo,

P2

U(r,w) = —-—r"WZJ (kr) lim {ezk HY (kr>)}(I>j(w)<I>j(w0). (2.1.40)

To~—*00

Substituting the asymptotic property of the Hankel function, [44, 8.451(3)]

2
7Tk’l"0

1/2 . ) .
HP (kro) = (=) efro=im/2=in/4(1 4 O((kro) ™)), as kro — oo,

into (2.1.40) and noting that ro/r — 1 as 1y — 0o, we obtain

27T - 2 \1/2 —iny; [2—im
Ulrhw) = —T 1/2JVj(klr)(ﬁ> e~imil? /4@1'(‘*’)‘1)1'(“0)
1=1
= (2m)*2(kr) 24N ", (kr)e ™28 (w) @5 (wo)

j=1
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Figure 2-2: Contour of integration W, Im(W,) < =4, § > 0

i.e. (2.1.37) with the latter series rapidly convergent due to the asymptotic prop-
erties of J,, (kr) as v; = co.

The representation (2.1.38) can be verified by applying Theorem 2.7 (first
in the distributional sense and then using the regularity for the distributional
solutions of elliptic PDEs, e.g. [39, §8.6], [53]). a

We now use the formulae (2.1.38) and (2.1.37) to derive a solution to the
high-frequency conical scattering problem.

2.1.2 High-frequency asymptotics and the stationary phase
method

We are interested in the asymptotics of (2.1.38) as the dimensionless parameter
kr — oo. Following [9] and [67] it is convenient to use Sommerfeld’s integral
representation of the Bessel function J, (kr), cf. [44, 8.412(6)],

1 . .

J,(kr) = —/ g tkrcos stiv(n/2=3) s (2.1.41)
2w w

The contour W = 'W; U'W, U Wj lies in the complex half-plane Im(s) < 0, and is

shown in Fig. 2-2. Substituting (2.1.41) into (2.1.37) we get, after interchanging

the order of integration and summation [9],

. 1/2 :
Ur,w) = e“’/‘*(%g) [Ne"‘k’°°ssF(w,wo,s) ds, (2.1.42)
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where,

T(w,wo,8) = Y e i°®;(w)®;(wo). (2.1.43)
j=1

Alternatively, by substituting (2.1.41) into (2.1.38) and interchanging the orders
of integration we obtain (2.1.42) with " given by,

Nw,wy,s) = -:—T-/ e " g(w,wy, V)V dv. (2.1.44)
mn

Note that interchanging the order of integration and summation above to
obtain (2.1.42) and (2.1.43) is legitimate. Since Im(W) < —4, § > 0, it follows
that exp(—ikr cos(s)) decays rapidly for s € W as Im(s) — —oo. This together
with pointwise bounds on |®;(w)|, see e.g. [9, Appendix B], ensures that the sum-
integral obtained by substituting (2.1.41) into (2.1.37) is absolutely convergent.
Hence Fubini-type theorems, e.g. [40], can be applied. A similar argument (with
some additional technical details) is also applicable to justify interchanging the
order integration above to obtain (2.1.44) cf. [9, Appendix B].

We are interested in solving the high-frequency planar incidence scattering
problem i.e. we want to calculate the asymptotics of (2.1.42) as kr — +oc0. First
we note that for all s satisfying Im(s) < 0 it holds that I'(w, wy, s) is analytic,
see [9]. (The latter follows from the uniform and absolute convergence of the
series (2.1.43) for Im(s) < =4, § > 0 and the Weierstrass theorem of complex
analysis on the analyticity of “locally uniform” limits e.g. [65].) Also note that
cos s has a negative real part on ' W; and 'W;. Hence the sum and integral in
(2.1.43) converge with the summand and integrand decaying exponentially for
every s such that Im(s) < 0, see [9, Appendix B] for details. We use the fact
that the integrand is analytic for Im(s) < 0 to allow us to deform the contour of
integration W. Using advanced analytic techniques (e.g. [53], [11], [57]) it can be
shown that the representation of U in (2.1.42) with W replaced by the contour
W (in Fig. 2-3 where W, lies on the real axis) will hold (in the distributional
sense).

Since cos s has negative real part on W and “Wj the only non-negligible con-
tribution to the asymptotics comes from the integration along W,. There are
two types of critical points which can contribute to the asymptotic expansion of
(2.1.42) when kr — +o0o. Firstly there are the singular points of the “amplitude”
I'(w, wy, s). If I'(w,wy, s) is singular at a point s = sp € (0,7) then it can be
shown that integration in a neighbourhood of that point describes the asymp-
totics of “non-tip-diffracted” waves, i.e. incident waves, reflected waves or waves
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Figure 2-3: Contour of integration W’

diffracted by lateral edges [67] and are not considered here. Secondly there are
the stationary phase points, points sg such that

P c0s(8)|s=s, = — sin(sp) = 0.

There are two stationary points on W', s = 0 and so = 7. Contributions from
these points are evaluated by the stationary phase technique (see e.g. [15, §2.7]).

We can think of the asymptotics of (2.1.42) when kr — oo as the sum of
all the contributions from the critical points. Since we are not concerned with
singular points we will use a device to isolate the stationary points. However
this is difficult to do when a singular point is close to a stationary point s = 7
and this case is not considered here although it has been shown in [67] and [9]
that the contributions from these points are those corresponding to the so-called
singular directions (see Definition 2.13 and also [10]). Isolating the critical points
in this way will allow us to calculate the contributions from the stationary phase
points using results in [15] which we do in Lemmas 2.11 and 2.15. To separate
the contributions from a stationary point at sp from those of any other critical
point we introduce “cut off” functions n which are infinitely differentiable and,
when multiplied by the integrand in (2.1.42), do not affect the contributions to
the asymptotic expansion of the integral. We do this by setting

0, |s—so|> €5,
s) = - 2.1.45
7730( ) { 1’ |3 _ 30| S 630/2, ( )
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where ¢, is small enough so that sq is the only critical point that occurs in the
interval (sp — €54, So + €5,)- This allows us to rewrite the formula (2.1.42) (using
the new contour W') as,

U(x) = Up(x) + Us (%) + Upem(x) (2.1.46)

where, writing x = (r, w),

. 1/2 ,
Uso (T‘, “") = e"’/4 (2_7r) / e—zkrcossl-\(w, wo, 3)7730 (S)dS, so=0,m,
kr ’
and
, 2 1/2 .
Urem(r, w) — enr/4 (‘]g) / e—zkrcos 3]_‘((‘), wo, 3)(1 - T]()(S) - 7'],.—(8))(18

contains only the contributions to the asymptotics from non-stationary critical
points (which, as mentioned above, are exactly those associated with non-tip-
diffracted waves). In the remainder of this section we investigate Up(x) and
Ur(x) to obtain the asymptotics of the diffracted wave. We consider Up(x) first
and we get the following result.

Lemma 2.11. Suppose that w,wy € M and w # wy then
Us(r,w) = O(e™*"(kr)~?), as kr — oo.

Proof By construction, the integral in

o r2m\1/2 .
Uy(r,w) = e"’/“(%) / e~k (), wy, 5)Mo(s) ds (2.1.47)

has only one critical point, namely a stationary point at s = 0. It follows from
the stationary phase technique (see e.g. [15, pp. 73-81]) and (2.1.20) that

/ e_.ikr cos sr(w, wg, S)nso (S) ds

2m\1/2 _. . :
— (k_:) e—zkrr\(w,wo’o) +O(em/4—zkr(k,r)—3/2)

2\ 12 o as
= ()" e S a0y (wn) + O (b))
i=1

12 i 4
= (2_:) e ¥ 6 (w — wo) + O(e™/*~*"(kr)™*/%) as kr — 00.(2.1.48)
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Therefore (2.1.47) transforms via (2.1.48) to
—ikr

Uyg(r,w) = 271 e

§(w — wo) + O(e™™*"(kr)~2), as kr — co.

Hence the result. O

Remark 2.12. Note from (2.1.43) that when w = wqg then s = 0 is a singu-
lar point of the amplitude I'(w,wy, s): I'(w,wy,0) = §(w — wy) using (2.1.43)
and (2.1.20). It has been shown in [67] that in this case the contribution to the
asymptotics corresponds to the incident wave. Also we expect “physically” that
the higher order O(exp(—ikr)/(kr)~2) term in Lemma 2.11 is in fact equal to
zero for w # wy since the radiation conditions (2.1.5) for the point source prob-
lem suggest that there can be no “in going” wave. This can indeed be checked
rigorously by considering more terms in the asymptotic expansion of (2.1.47) via
the method of stationary phase.

It follows from Lemma 2.11 that the principal contribution to the asymptotics
of the diffracted wave comes from U, (r,w). For certain angles of observation and
angles of incidence it occurs that s = 7 is also a singular point of the integrand in
Ur(r,w) and it occurs that the diffracted wave denoted by Ug;f(r, w) is undefined
in these directions. These singular directions are defined as follows:

Definition 2.13. The singular directions are those directions where the tip-
diffracted spherical wave front “interacts” with fronts of other component waves
e.g. those waves reflected by the surface of the cone or diffracted by a lateral
edge (if any exist) of the cone. (These are the directions that coincide with the
directions of other wave components of high-frequency representation.) The set
of singular directions divides M into two subdomains (this is discussed further in
§6.1). The function I'(w, wy, s) is known to have singularities at s = 7 precisely
for w coinciding with the set of singular directions [53].

There is a precise geometrical procedure for identifying the singular directions
in e.g. [9, §2.3]. As in [9] we define,

01 (w,wy) = I‘BIEI} {6(w,w') + 0(w', wo) }. (2.1.49)

Then for a “fully illuminated” (i.e. —wo & M) smooth convex cone the directions
w satisfying 6, (w, wo) = m, are the singular directions. If the cone = has lateral
edges, i.e. the contour ¢ has corners then in addition to the directions w such
that 6, (w,wp) = 7 holds, the directions w which satisfy 8(w, w.) +0(w.,wq) = T,
for some corner point, w. € ¢, are also singular (see Fig. 2-4).
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singular directions

Figure 2-4: Singular directions

Example 2.14. Consider the simple example of the scattering of an axisymmet-
ric incident wave (i.e. a plane wave travelling in the direction of the axis of the
cone) by a circular cone of semi-angle 6. Then the singular directions are those
directions which make an angle of 26 with the axis of the cone.

We get the following result for nonsingular directions w, [67], [68] and [9].

Lemma 2.15. For angles of observation w which are not singular directions,
ikr

—f(w,wo) + O((kr)™?), as kr — oo, (2.1.50)

Ud,‘ff(’r', w) =27

where f(w,wq) = I'(w, wo, 7).
Proof By construction,

L omN1/2 .
Ur(r,w) = e"’/“(k—:) / e~k S D (w, wy, 5)N.(5) ds (2.1.51)

has only one critical point, namely a stationary point at s = m. Hence applying
the stationary phase technique, e.g. [15, pp. 73-81], we get the following formula,

e—i1r /4+ikr

Vkr

as kr — oo. Therefore from (2.1.51) the asymptotic expansion of the wave

/ e~ (1 Wy, 5)ds = V2r [(w,wo, ) + O((kr)~%?),
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diffracted by the tip of a cone is given by

ikr

Uz' ’ =2
dif £ (T, w) T

[(w,wgq, ) + O((kr)?) as kr — oo, (2.1.52)

ie. (2.1.50). O

The formula (2.1.50) combined with the integral in (2.1.43) gives a “Watson'’s
integral” type representation for the diffracted fields. To make the integral occur-
ring in f(w,wq) = ['(w,wy, ) easier to compute we have the following strategy.
We can rewrite the Green’s function, g{w,wy, V), in the form

g(w,wq, V) = go(w, wo, v) + ¢°(w, wo, V) (2.1.53)
where gp is the Green’s function for the whole sphere S2, given by
* 2 1
(A + 4 - Z)go(w,wo, v) = 6(w — wy), (2.1.54)

and g¢°¢ is the “reflected” part of g due to the boundary £. The Green’s function
go is evaluated explicitly as (see e.g. [12])

1

gg(w,wg,u) = _W

P, 1 (- cos O(w, wy)) (2.1.55)
where P, is the Legendre special function with index v (see e.g. [1, pg. 332]).
Therefore substituting (2.1.54) into (2.1.43), the formula for f(w,w,) becomes

flw,wp) = i/ e~ go(w, wo, V)V dv + 1/ e g*(w, wo, V)V dv.
m pét T s}
Now “physically” the integral with gy in the integrand is equivalent to the diffrac-
tion coefficient in the case when there is no conical obstacle, since g is the Green’s
function on S? with no boundary ¢, hence there is no diffraction and we can expect
that its contribution will be zero. This is also shown rigorously in [9, Appendix
C]. Therefore the formula for f(w,wg) reduces to

flw,wo) = %/ e~ g*(w, wo, V)V dv, (2.1.56)
mn

The integral in (2.1.56) converges in the distribution sense, see [9, Appendix B]
and Definition 2.5. Moreover f(w,wy) is a smooth function on M except for the
singular directions (see Definition 2.13).

In general the integral in (2.1.56) only converges in the distributional sense
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and so cannot be used for the practical computation of diffraction coefficients.
However for certain angles of observation the contour of integration v; can be
deformed to make the integral in (2.1.56) rapidly convergent in the classical sense
(see [67] and [68]), this is discussed in Chapter 6. For the remaining angles of
observation (excluding the singular directions) other techniques can be applied
to calculate the integral in (2.1.56) (see [9]). This is also discussed in Chapter 6.

Thus, in order to calculate f(w,wy), it follows from (2.1.56) that we need
to find g*°¢(w,wy,v) for v € £. By substituting (2.1.53) into (2.1.17) and using
(2.1.54) we get the boundary value problem for g*¢,

(A* + 02— %)g“(w,wo,l/) =0 for we M, (2.1.57)

with the boundary conditions given by either

9°(w, wy, V) = —go(w, wo, V) for wel/,
oy o (2.1.58)
or H—(w,wo,v) = —32(w,wy,v) for wel

We need to be able to solve this boundary value problem not only for many
different values of v, but also many observation points, w, and angles of incidence
wy to be able to calculate diffraction coeflicients in different directions. In general
there is no explicit solution therefore we need an efficient numerical method to
solve (2.1.58). We now move on to the electromagnetic diffraction problem and
we will return to problem (2.1.58) in Chapter 3.

2.2 The electromagnetic diffraction problem

In this section we briefly discuss the problem of the scattering of a planar electro-
magnetic incident wave from an obstacle D following [69]. (The technical details
surrounding this problem are contained in Appendix A.) The electromagnetic
field satisfies the Maxwell equations

curl E(x,t) + pZ(x,t) =0, div E(x,t) =0,

eRteR,
curl H(x,t) — %2 (x,t) =0, div H(x,t) =0, *

where E is the electric field, H is the magnetic field, p is the magnetic per-
meability and € is the electric permittivity. Seeking time harmonic solutions
E(x,t) = exp(—iwt)E(x) and H(x,t) = exp(—iwt)H(x)+/€/u we get Maxwell’s
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equations in the frequency domain which read,

curl E(x) = ikH(x),

eR 2.2.1
curl H(x) = —ikE(x), * ( )

where the wave number k = w,/p€. (Note that the conditions div E(x) = 0 and
div H(x) = 0 follow automatically from (2.2.1).) We consider the field described
by (2.2.1) exterior to an obstacle, D. We shall assume the usual perfectly con-
ducting boundary condition, which means that the electric field must have a zero

tangential component, i.e. _
EAn|,, =0, (2.2.2)

where n is the exterior normal to dD. Again we seek E and H in the following

form
E= Einc + EsCa H = H;,. + Hsca (223)

where the subscripts inc and sc indicate the (given) incident and (to be found)
scattered wave respectively.

The electromagnetic field should also satisfy certain radiation, tip and (if they
exist) edge conditions (cf. §2.1 for the acoustic case) which ensure uniqueness
(see e.g. [55, §1.27]). The radiation conditions (also known as the Silver-Miiller
conditions) are given by, writing x = rw,

E..(x) = O(r71), E,(x)=0(r"!) and
T(Ese(x) + w AHy (x)) = 0, 7(Hy(x) — wAEg(x)) >0 as r— oo.
(2.2.4)

(cf. [18, §1.2.4]). To describe the tip and edge condition recall €,. defined in
(2.1.6). We require that E and H satisfy

A (E)|* + |H(x)[*) dV(x) < oo, (2.2.5)

where, writing E = (El, Ez, Eg), |E|2 = |E1|2 + |E2]2 + |E3|2.
In particular we are interested in solving this problem in the case when the
incident wave is planar. That is,

Ein(x) = e”#@oxg0 H,  (x) = e *woxHO, (2.2.6)

where —w is a unit vector describing the direction of propagation of the incident
wave (as in the acoustic case) and E® and H° are constant unit vectors describing
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the directions of E;,. and H;, respectively. The vectors E°, H® and —w, form
an orthogonal right-handed triple and we refer to the directions of E?, H° as
the polarisation of the incident wave. (One can easily check that (2.2.6) is a
particular solution of (2.2.1).)

Definition 2.16. We define the problem of finding a solution to the Maxwell
equations (2.2.1) with the conditions (2.2.2) - (2.2.6) as the (electromagnetic)
planar incidence scattering problem.

The problem of interest is to find the asymptotics of the scattered field as
k — o0o. In the same way as for the acoustic problem the scattered wave in this
asymptotic regime is expected to consist of different types of “component waves”.
Of particular interest is the wave diffracted by a singular conical point. It can be
shown using the Geometric Theory of Diffraction (adapted to the electromagnetic
case) that Egzf, Haipp the electromagnetic wave diffracted by the singular conical
point will take the form (for sufficiently large kr):

Eaifs _ e [ &(w,wo) B
{ Ha,s }(x) = 21— { H(eo, ) }+O((kr) ), (2.2.7)

where the diffraction coefficients €(w,wyp) and H(w,wy) are to be found. In
a way analogous to the acoustic case these diffraction coefficients are found by
considering the canonical problem of the diffraction of a planar electromagnetic
incident wave by the cone = with surface that is tangent to D at the singular
conical point (see Fig. 1-1). &(w,wyp) and H(w,wy) depend only on the angle
of observation w, the direction and the polarisation of the incident wave and
the geometry (cross section) of Z. We use braces in (2.2.7) and henceforth for
compact writing of a pair of equations.

Following the comments above we therefore consider the canonical problem of
scattering by a semi-infinite cone Z. It is well known that an electromagnetic field
can be expressed in terms of two scalar functions. Therefore, following [69], in
order to derive formulae for &(w,wy) and H(w,wy) we seek the electromagnetic
field in terms of Debye potentials V and W:

E(x) = )
(x) = curl curl (V(x)x) + 21? curl (W (x)x), x € R\E. (2.2.8)
H(x) = curl curl (W(x)x) — ik curl (V(x)x),
We show in Appendix A that if V and W satisfy the Helmholtz equation
(A+K)V(x)=0, (A+Kk)W(x)=0, for x € R*\E, (2.2.9)
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then E and H defined by (2.2.8) will satisfy the Maxwell equations (2.2.1). If, in
addition to (2.2.9), V and W satisfy Dirichlet and Neumann boundary conditions

respectively, 5
w

V| _=0 -] =0, (2.2.10)
then E defined by (2.2.8) will also satisfy the perfectly conducting boundary
condition (2.2.2).

Therefore we reduce the problem of solving the planar incidence scattering
problem (2.2.1) - (2.2.6) to that of finding two scalar functions V and W which
satisfy (2.2.9) and (2.2.10). To do this we write V and W in terms of the “incident

part” and “scattered part”,
V= Vine + V;ca W = Wine + Wsc- (2211)

Now the strategy for finding analytic formulae for E and H is as follows, cf. [69]:
First we find solutions V;,,. and W, satisfying the Helmholtz equations with the
property

Einc(x) = curl curl (Vipe(x)x) + ik curl (Win(x)x),

Hn(x) = curl curl (Wip(x)x) — ik curl (Vipe(x)x),

where E;,. and H;,. are given by (2.2.6). Then we solve two scalar scattering
problems with the incident waves given by V,. and W;,,,

(A +k*)V,. =0, Vie| = —Vine| _, (2.2.12)
Wic OWine
(A+ KW, =0, el Py el JOE (2.2.13)

(Vs and W, also have to satisfy appropriate “radiation”, “tip” and “edge” con-
ditions.) From the solutions to (2.2.12) and (2.2.13) we have formulae for V' and
W from (2.2.11). These can then be substituted into (2.2.8) to get E and H.
(Once we have found E and H the conditions (2.2.4) and (2.2.5) can be checked.
We discuss (2.2.4) in Appendix A but do not concern ourselves with (2.2.5) which
can also be shown to hold in a routine way.) In Appendix A we show that by
investigating the high-frequency asymptotics of V and W (in a somewhat anal-
ogous way as in the acoustic case) we can find formulae for Vysy and Wy,
the Debye potentials corresponding to the electromagnetic wave diffracted by the
conical point, i.e.

Eaiff(x) = curl curl (Vygrs(x)x) + ik curl (Waps(x)x), (2.2.14)
Haifs(x) = curl curl (Waigs(x)x) — ik curl (Vaiss(x)x). o
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We show in Appendix A that, writing x = (r, w), for w away from the singular
directions (see Definition 2.13)

Vdiff _ .eikr fD .
{ Waigs }(r,w) —2mk2r{ fn }(“’""0)"‘0((]“7’) %) as kr — oo, (2.2.15)

where for B = D or N, fg(w,wy) are scalar potentials (somewhat analogous to
the acoustic diffraction coefficient f(w,wy) cf. (2.1.56)) given by
z —ivm_sc v

fe(w,wy) = p /;2 e "9y (w, wy, 1/)’/2_—1/4 dv, (2.2.16)
holding in the distributional sense (see Appendix A for details). In (2.2.16), ¥,
is a contour of infinite extent in the complex plane (see Fig. 2-5) which crosses
the real axis at a point which lies to the left of the internal Dirichlet eigenvalues
vpj,j =1,2,..., (see Definition 2.4) and the internal Neumann eigenvalues vy j,
Jj=2,3,..., (recall that vy; = 1/2) which are denoted schematically by crosses
in Fig. 2-5. Also in (2.2.16), gj(w,wp, v) is the solution to the boundary value

problem
1 SC
A+ =24 P} (w,w,0) =0, we M, (2.2.17)
4 )Y
sc mn agsc agmc
g55], = =95, axﬁ = 311:1 , (2.2.18)
Here

g%w(“-’, Wo, V) = {Vw’QO(wa w,; V)lw’:wo} : EO)
gRe(w, w0, V) = { Ve go(w, ', V) |wr=w } - ',

where V., is the spherical gradient with respect to w’. (Recall that gq is the
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Green’s function for the whole sphere S2, given by (2.1.54)). Substituting (2.2.16)
into (2.2.14) we obtain the following formula for Eg;s; and Hyss (see e.g. [69],

[12]):

Eaits e [ E(w,wy) .
{ Huisy }(X) T { H(w,wq) _}+O((kr) ?); as kr—oco, (22.19)

where
E(w,wp) = =V, fp(w,wp) — Vo fr(w,wq) Aw,

H(w,wq) = —Vufn(w,wp) + Vo fp(w,wo) A w. (2.2.20)

It follows from (2.2.20) that the key to calculating the vector diffraction coef-
ficients &(w, wp), H(w, wp) is the computation of the scalar potentials fp(w, wy),
B = D, N given by (2.2.16) which in turn requires solving the boundary value
problem on the surface of the sphere given by (2.2.17), (2.2.18) (this is discussed
in Chapters 3 and 4). Again this needs to be done many times and so we need
an efficient numerical method. (Note that it is sufficient to calculate only one of
the two vector diffraction coefficients € and H since one is a 7/2 rotation of the
other as follows from (2.2.20).)
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Chapter 3

The Boundary Integral Method

In order to calculate the wave diffracted by a conical point (in both the acoustic
and the electromagnetic cases) we need to calculate the solution to a homogeneous
partial differential equation on a manifold, M, on the surface of the sphere (cf.
(2.1.57), (2.1.58), (2.2.17) and (2.2.18)),

(A* + v —1/4)g*(w,we,v) =0 w € M, (3.0.1)

subject to the boundary condition on £

9°°(w, wo, V) = bp(w), the Dirichlet case
for all wel
and/or (0g¢°¢/0m)(w,wy, V) = by(w), the Neumann case
(3.0.2)

The boundary data for the acoustic problem are given by bp(w) = —go(w, wg, V')
or by(w) = —(8go/0m)(w, wy, ) and in the electromagnetic setting by bp(w) =
—g¢(w, wy, ) or by (w) = —(8g%r¢/0m)(w, wy, v). Also d/8m denotes the (out-
ward) normal derivative with respect tow € £, i.e. differentiation along the sphere
in the direction of the unit vector m. To define m we introduce the following
notation.

Notation 3.1. With each w € ¢ we associate a unit normal m = m(w) at
w € £ which lies in the plane tangent to the unit sphere S? at w and is oriented
outward from M. We also associate with w the unit tangent to £ at w denoted by
t = t(w), oriented so that t(w), m(w), w form an orthogonal right-handed triple
(see Fig 3-1). (We often suppress the dependence on w from notation in order
to simplify the presentation. To this end we similarly define the unit normal and
tangent vectors m’ and t’ associated with a point w’ in £.)

The problem (3.0.1), (3.0.2) can now be solved by an integral equation method
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Figure 3-1: w, m and t

on £. In this thesis we consider only the classical indirect method which leads to
a second kind equation e.g. [4]. To formulate this integral equation we introduce,
for w € M and suitable density v, the single and double layer potentials,

(S¥)(w) = / go(w, &', v)p(w')du,

’
0
(DYW) = [ Gl (e,
respectively. Here 8/0m’ denotes the normal derivative outward from M at
w' € £. We also introduce the normal derivatives of these operators (the nor-
mal derivative of the double layer potential is also known as the hypersingular
operator), for w € ¢,

0 990

(§9)(w) = ﬁ(sw)(m [0 ')
)W) = FDVw) = [ 550 0, 1))

For Dirichlet problems we seek g°¢ in the form of a double layer potential

9°°(w, wop,v) = Du(w,v) = /gg—();(w,w’, Vu(w', v)dw'. (3.0.3)
Y] om
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By taking limits as w tends to the contour £ in (3.0.3) and using the Dirichlet
boundary condition from (3.0.2), one normally obtains a second-kind integral
equation. However, since these integral operators are non-classical we need to
verify somehow the jump properties of the double layer potential. For f defined
on S? and w* € ¢, let lim,_,,y f(w) denote respectively the limit of f(w) as
w — w* from the domain M and from the domain S?\{M U ¢}. Fortunately the
result we need has recently been proved.

Theorem 3.2. If w* is contained in an analytic section of £, then for suitable
(see Remark 3.3) ¢ defined on £,

() Jim ((v)w) = (8)(w) = fim, (5%)(w)

@) lim (Dy)(w) = £59(w’) + (Dy)(w")

(i) Jim, (89)(w) = F5(e") + (B9)()
() Jim (0)w) = lim, (00)(w)

Here we define, for an arbitrary function v,

lim 2V (w) = im 2U( £ hm(w?)

w-owi Om A0 om(w*))

We do not give the proof but the result can be derived from [32, Theorem 3.6]
see also [31]. This result is the analogue of the classical jump conditions for the
potential operators associated with the Laplacian in e.g. [25, §2.5].

Remark 3.3. In [32] the relations in Theorem 3.2 are proved for functions v
in suitable Sobolev spaces and if we wish to interpret them pointwise then we
must impose suitable Sobolev regularity on 1. For example (i), (ii) and (iii) hold
pointwise for ¢ € H'(¢) since H'(¢) C C(£) whereas (iv) holds pointwise for
Y € H?(¢) since L : H?(¢) — H'(¢) and H'(¢) C C(¢). Thus (i), (ii) and (iii)
hold for ¢ € C*(¢) and (iv) holds for ¢ € C?(¢). These regularity requirements
arising from the theory in [32] are sufficient but almost certainly not necessary.

We assume that the density u is C! in a neighbourhood of all non-corner
points. Then applying the jump conditions in Theorem 3.2(ii) to (3.0.3) and
using the Dirichlet boundary condition in (3.0.2), we obtain the second-kind
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integral equation:
u(w V) /—0 (w w' v)u(w’ I/)dw’ = bD(w) (304)
2 ) ¢ om’ ) ) ’ ’

for all smooth points w € £ [8]. For corner points the factor 1/2 will have
to be replaced by a factor related to the corner angle, cf. [22], if one wants
integral equations which are correct pointwise. However in this thesis we will
prove stability and convergence of numerical methods in the L? setting, in which
case (3.0.4) is a correct representation of the integral equation even when £ has
(a finite number of) corners.

Note that even though the numerical analysis will be carried out in L2, the
density in (3.0.4) will always be smooth except at corners so the derivation using
Theorem 3.2 is valid. Notice that, since w € £ and wy € M, the right-hand side
of (3.0.4) is never singular. We can write (3.0.4) (almost everywhere) in operator

form as
(I+L)u =b, with (Lu)(w) = /EL(w,w')u(w')dw' , (3.0.5)
with L = Lp and the data,
Hw) = bp(w), L(w,w) = Lp(w,e) =258 (w,',0) . (3.06)

The unknown density u(w) := u(w,v) and wy and v are parameters which we
suppress from the notation in (3.0.5) for simplicity.

Analogously, the solution to the Neumann problem can be sought using a
single layer potential

9% (w, wp, V) = Su(w,v) = /go(w,w', v)u(w', v)dw'. (3.0.7)
e

We assume again that u is C' in a neighbourhood of non-corner points. Taking
the normal derivative, using Theorem 3.2 (iii) and fitting the boundary condition
leads again to an equation of the form (3.0.5) with L = Ly,
— n __ n . agO !
b(w) =by(w), L(w,w')=Ly(w,w'):= —2%(w,w V), (3.0.8)
and density u(w, v) again denoted by u(w).
Although the operators in (3.0.5), with the kernels from (3.0.6) or (3.0.8) are
not classical, we will show in this chapter that their properties are analogous to
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those of the standard layer potentials for the Helmholtz equation on the boundary
of a planar domain.

3.1 Preliminary results

The main aim of this subsection is to identify the principal parts of the kernels
Lp and Ly defined in (3.0.6) and (3.0.8). This is done in Theorem 3.6. To prove
Theorem 3.6 we need two technical lemmas.

Lemma 3.4. For w,w’ €4,

1 ’

Lp(w,w') = S cos(ry) Pu_%(— cos f(w,w)) t' - (w A w') (3.1.1)
Ln(w,w) = ——— P! (—cosf(w,w) t- (& Aw) (3.1.2)

" 2cos(mv) " vTh

Proof First note that by employing spherical polar coordinates
w' = (sin @' cos ¢', sin ' sin ¢, cos ¢')T.
Then for any v : S? — R, we have the representation
0
(W) = Ve (voul}

where V. is the spherical gradient:

1 d d

W = me¢,a_(ﬁ' + e9:5é7 , (313)

with
ey = (—sing’,cos¢’,0)T and ey = (cos# cos¢’,cosd sin¢’, —sinf)T .

Since cos f(w,w') = w - w', we have

a ! / / /
EEP"‘%(_ cosf(w,w')) = —PV_%(—— cos f(w,w')) V‘,,:{w - w } -m'.

Now to calculate V(w - w') note that,

——Q—(w'w')zw-(

o¢'

0

B_qb’w') =w - (sinf'ey),
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and similarly,
9 :
55"(0)(.0) =W - €ey.
Therefore it follows from (3.1.3) that V(w - ') = eg(ey - w) + eg(eg - w).
Expressing w as its decomposition in terms of the orthonormal vectors e = «/,

ey and ey it follows that
Vo (w w)=w-w(w- o). (3.1.4)

Thus from (2.1.54) and (3.0.6) and the fact w' - m = 0, we have,

1
Lp(w,w')=—+—PF %(—cose(w,w’)) w-m' .

(3.1.5)
Since t', m’ and w’ form a right-handed triple (see Notation 3.1), we have m' =
w' At/, and so

1
n_ ' _ ’ A, !
Lp(w,w') = Teos(n) PV_%( cosf(w,w')) w- (W' AL,
which is equivalent to (3.1.1) by cyclic permutation. The proof of (3.1.2) follows
easily since Ly(w,w') = —Lp(w',w). a
The next lemma identifies the asymptotic behaviour of P, , (z) for z close to
2
—1. We will combine this with (3.1.1), (3.1.2) to identify the behaviour of Lp

and Ly near w = w'.

Lemma 3.5. For all k € C, Pi(z) is an analytic function of x € (—=1,1). Also
for z € (-3,1),

l1+z
Pi(z) = ax(z) log (T) + b (),
with ax(z) and bi(z) both analytic on (—3,1). Moreover,

sin(rk) and be(—1) = sin(7k)

ax(-1) = T T

{v(k) + (=k — 1) + 27},

where Y(k) = —y =372 (1/(k+ 1) —1/r) and v is the Euler constant.
Proof From [1, Equation 8.1.2] we get the following representation of Py:

Pk($)=F(—k,k+1;1;1—x

) (3.1.6)

where F' is the hypergeometric function. It follows from [1, pg. 556] that
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F(—k,k + 1;1;2) has a convergent power series for —1 < z < 1. Therefore,
by (3.1.6), Pi(z) is analytic for z € (—1,3) and in particular for z € (—1,1).
This proves the first statement in the lemma.

Furthermore from [52, Ch V. Eq 53] we have that

Pi(z) = ax(z) log (1%) + b (z), (3.1.7)
where )
ax(z) = Smfr”’“)p(—k, k+1;1;(1+1)/2) (3.1.8)
and
b )—M{[w(mw—k—lm k k11
k(z) = — YF(—=k,k+1;1; (14 z)/2)
+§B(k,r)¢(k, r)(l ;m) } : (3.1.9)
Here
(k) (ckHr—)(k+1).. (k+7)
B(k,r) = CIE
and
< 2k(k+1)+
pho) = ;{(ﬁ — k2 - k—j)j}'

As remarked above, F(—k,k + 1;1; (1 + z)/2) has a convergent power series for
-1 < (1+2)/2 < 1, so ax(z) is analytic for z € (—3,1). Moreover ax(—1) =
sin(wk)/m follows from [1, pg. 556]). Turning to by, it is clear that the first term
on the right-hand side of (3.1.9) is also analytic for £ € (—3,1) and that the
assertions about b, will then follow provided the domain of convergence of the
power series

> B(k,r)¢(k,) (1;:”) (3.1.10)

can be shown to be (—3,1).
To obtain this result we note that lim,_, . ¢(k,r) is clearly finite. Now if
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lim, o ¢(k,7) # 0 then it follows that |¢(k,r + 1)/d(k,7)| = 1 as 7 — oo so,

i |B(k,r +1) ¢(k,r + 1)(HE=2)*! ‘l-i—x lim|(—k+r)(k+r+1)|
ro0  |B(k,r) ¢k, 7)(H2)] 2 e (r+1)2
1+z
- ’ - | (3.1.11)

»

and (3.1.10) is convergent for z € (—3,1) by the ratio test. If, on the other hand,
lim, o ¢(k,7) = 0 then, for large enough r, |#(k,r)| < 1. Since (3.1.11) also
shows that the power series Y oo, B(k,7)((1 + z)/2)" converges for z € (-3,1),

the comparison test then ensures that (3.1.10) also converges for z € (—3,1). O
We now combine Lemmas 3.4 and 3.5 to obtain:

Theorem 3.6. With the notational conventions 3.1 we have:
(i) For w,w' € ¢,

t' (wAW)

LD(w,wl) = W +FD(w,w’), (3.1.12)
t- (W Aw)
Ly(w,w') = Tw— WP + Fy(w,w'), (3.1.13)

where Fp and Fy are bounded functions on £ x £.
(ii) Suppose w is a fized non-corner point of £. Then the components

t - (wAW) and t- (W Aw)

3.1.14)
T|w — w'|? Tlw — w'|? ( )

of Lp and Ly are both C*™ functions of w' in a neighbourhood of w and, for
B =D or N, the remainder functions Fg satisfy,

Fp(w,w') = O(jw — w']Plog|lw —']), as o' s w. (3.1.15)

Proof We give the proof for Lp, the argument for Ly is analogous.
(i) First suppose that 0 < f(w,w’) < m — § for some 0 < § < 7/2. From
Lemma 3.5 with kK = v — 1/2, we have, for z € (—1,1),

P;_%(:c) = — co;sr(m/) {a:-li- 1} +7(z) (3.1.16)
where
r(z) = a"'é(i)_—(i"l‘)%(_l) +d_(2)] (”'2”) +Y 4@ @)



Also note that, since w,w’ € S?, we have

1
—cos f(w,w)+1=-ww' +1= §|w - W', (3.1.18)
Hence
P (—cos B(w,w) = =28 lw—wP/2).  (3.119)
- , s . 1

Therefore combining the first result in Lemma 3.4 with (3.1.17) and (3.1.19),
we obtain (3.1.12) where

1

Folw, o) = 2 cos(mv)

(=14 |w—-w'?/2) t' - (wAW'). (3.1.20)

To complete the proof of (i) for the case 0 < f(w,w) < m — § we show that Fp
is bounded on £ x £. Substituting (3.1.17) into (3.1.20) we obtain

2 cos(mv) Fp(w,w') =

' ' a’u—%(_l + Iw - wl|2/2) - au—%(_l) f _ 2
t-(w/\w){ Py +b, 1 (-1+|w wI/Z)}
(3.1.21)
+ a:,_%(—-l + |w — W'?/2) {t'- (wAw)log(lw —w'[>/4)} . (3.1.22)

To obtain the desired result for Fp, recall from Lemma 3.5 that a,_; and
b/ _, are both analytic on (—3,1). Also note that 0 < f(w,w') < 7 — § implies
that2: there exists € > 0 such that —1 < —cosf(w,w’) <1 —¢€,. Hence, it follows
from (3.1.18) that

1< -1+ |jw-w?/2<1—-¢ (3.1.23)

Since |w — w'|? is a smooth function of w,w’, it follows that the terms inside the
braces in (3.1.21) are smooth functions of w,w’ € £. Moreover

It (w A W)

IA

|t||w A | = sin f(w, w') = {1 — cos? f(w, w') }/2

= {1-(w- )} ={1l-w )1+w- )}

= {(w-w')- (w-w)/2)((w+w) (@+u)/2)}

- %]w—w'||w+w’|. (3.1.24)

which ensures the boundedness of (3.1.21). The boundedness of (3.1.22) follows
in a similar way, using the above remarks and the analyticity of a/ _; on (=3,1).
2
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To complete the proof of (i) we now consider the case 7—¢ < 6(w,w’) < 7. For
this case recall from (3.1.6) that P,_;/5(z) is analytic for € (—1,3). Therefore
(3.1.1) implies that Lp(w,w’) is bounded for 7 — § < f(w, w’) < 7. Thus setting

t - (wAwW)

FD(w7w) = LD(w’wl) + m

ensures that the representation (3.1.12) holds and Fp(w,w) is bounded.

(if) Now suppose that w is not a corner point and that ' is sufficiently close
to w so as to ensure that there is no corner point between w and w’ on £. Also
suppose that 2A is the length of £ and let p denote an arclength parameterisation
of £ from any fixed reference point oriented so that p(s) travels around £ with M
on the right-hand side (as indicated by the arrow in Fig. 3-2) as s travels from
—A to A. Set w = p(s) then it follows that the unit tangent t at w is given by
t = p,(s), the derivative of p(s). So for w’ near w with w’ = p(c), we have

|lw—w'|/]s—0]=0(1) and |s—o|/|lw—-w'|=0(1) as g—s. (3.1.25)

Also,
w Aw' = p(s) A p(o) = (p(s) — p(a)) A p(0).

Hence

t'- (wAW) =p,(0) - ((p(s) — p(0) = (s — 0)p,(0)) A p(0))- (3.1.26)

Since |w — w'|?2 = (p(s) — p(0)) - (p(s) — p(0)), it follows from Taylor's Theorem
that (3.1.14) are smooth functions as ¢ — s (i.e. w' — w). Moreover (3.1.25)
and (3.1.26) imply that |t’ - (w A w')| = O(Jw — w'|?) as w — W', and s0 (3.1.15)
follows from (3.1.22), completing the proof of the theorem. O
To prepare for the following results we rewrite (3.0.5) on [—A,A] via the
arclength parameterisation, p, introduced in the proof of Theorem 3.6(ii). We
rewrite (3.0.5) on [—A, A] by putting w = p(s) and w’ = p(o). Thus we obtain

~~ —_ - A -
(I+85)a =B, with (Epa)(s) = / T5(s,0)8(c)do, s €[-A,A], B=D,N,
-A
(3.1.27)
where 4(s) = u(p(s)). In the case of Dirichlet boundary data, using (3.0.6) and
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Lemma 3.4 we have B = D and

Bp(s) = —2go0(p(s),wp,v) and
Lp(s,0) := 2(:%(7”}) P;_%(—- cos 0(p(s), p(0))) p,(0) - (p(s) A p(c)). (3.1.28)
(Note that since p is the arclength parameterisation, the Jacobian does not appear
explicitly in the kernel since it satisfies |p,(o)| = 1.) For Neumann boundary
data, using (3.0.8) and Lemma 3.4 we obtain (3.1.27) with B = N and
990

ba(s) = zm(p(s),wo, v) and
1 ’

7 - _ : 3.1.29
Ln(s,0) 3 cos(n?) F,_1(=cos 6(p(s), p(2))) ps(5) - (p(a) A p(s)),(3.1.29)
where m(s) is the corresponding normal to £ at p(s).

The remainder of this chapter is devoted to the analysis of the equation
(3.1.27) in the space L%[—A, A] equipped with the norm

lvllL2-an) = {/;1 |’U(o’)|2d0'}1/2.

This allows us to include both the Neumann and Dirichlet problems, whether £
has corners or not in a unified setting. (There is a corresponding theory in the
space L>°[—A, A] which applies to the Dirichlet problem for corner domains but
not to the Neumann problem. Of course, for smooth £, analysis in any standard
space is possible; but the corner case is one of the goals of this work.)

The case when £ has corners will be considered in earnest in the next section.
But first we consider the simpler case of smooth £. The well-posedness of (3.1.27)
is established in the next result.

Theorem 3.7. For B = D or N, suppose that £ is C* and that the homogeneous
version of (8.1.27) has only the trivial solution, i.e.

(I+Lp)i=0=u=0, forde LA, A], (3.1.30)
then I + Lp is invertible on L*[—A,A] and (3.1.27) has a unique solution for all
ZB € L2[—A, A]

Proof To prove this theorem we need only show that L B is a compact operator
on L?[—A,A] and then the result is a consequence of the Fredholm alternative.
Compactness of Lg follows from Theorem 3.6, which implies that, for B = D or
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N, Lg(w,wy) are bounded on £x£. Hence we have from (3.1.28) and (3.1.29) that
Ls(s,0) is bounded on [—A, A]x[~A, A]. Therefore L is a compact operator (see
e.g. [58, pg. 326]). Thus the result follows from the Fredholm alternative. O

In the final result of this section we establish the hypothesis (3.1.30) of The-
orem 3.7. The result is given in Theorem 3.8. Its proof is essentially a reworking
of the classical argument from standard planar potential theory to the spherical
case. The key to the argument are the jump relations in Theorem 3.2.

Theorem 3.8. (i) Suppose that v is not an external Dirichlet eigenvalue nor an
internal Neumann eigenvalue (see Definition 2.4). Also suppose that

(I+Lp)ai=0 forsome @€ L*[—A, Al (3.1.31)

Then u(s) =0, for all s € [-A, A).
(i1) Suppose that v is not an external Neumann eigenvalue nor an internal
Dirichlet eigenvalue. Also suppose that

(I+Ln)a=0 for some @€ L}—~A,A)

Then u(s) = 0, for all s € [-A, A].

Proof (i) If (3.1.31) holds then by the inverse of the transformation which took
(3.0.5) to (3.1.27), we have,
(I+Lp)u=0 (3.1.32)

where u(w) = U(p~!(w)). Now consider the double layer potential
U(w) = (Du)(w), we S (3.1.33)

It is clear that U solves the PDE (A* + 12 — 1/4)U(w) = 0 for w € M U M’,
where M’ = S?\{M U £}. Moreover taking the limit of U(w) as w — w* € £, we
have as a consequence of Theorem 3.2(ii) and (3.1.32) that,

lim U(w) = —;—u(w*) + (D) (W) = %(1 + Lp)u(w") = 0. (3.1.34)

-
w—rw+

Thus U solves the boundary value problem

(A*+ 1 -1/4)U(w) = 0 weM,
Uw) = 0 wel
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It follows, since we have assumed v does not coincide with any exterior Dirichlet
eigenvalues, that U = 0 in M and so

lim (aiU(w)) =0.

w—%uf”_ m

Hence it follows from Theorem 3.2(iv) that

. 0
wl—lfg*_ (8_mU(w)) =0,
so U is a solution to the homogeneous interior Neumann problem therefore ar-
guing again this time using the assumption that v is not an interior Neumann
eigenvalue it follows that U = 0 in M’ and so using Theorem 3.2(ii) we find that
u(w*) = limyes U(w) — limywr U(w) = 0 and this implies the result. (The
whole argument can be cast in an appropriate Sobolev space, see Remark 3.3.)

(ii) This is proved in an analogous way to (i) interchanging the roles of Dirich-
let and Neumann eigenvalues and single and double layer potentials. a

Recall that in general £ is composed of smooth curves on S?, joined at a finite
number (which may be 0) of corners (see Notation 2.2). We expect that when ¢
does contain corners then Theorem 3.8 will still be true. The proof of this result
is beyond the scope of this thesis. Its counterpart on planar polygonal domains is
well known [27]. For this reason we will assume in the next section that Theorem
3.8 remains true when ¢ contains corners.

When £ does contain a corner, compactness of Lp is lost and the proof of
Theorem 3.7 fails, so another approach is needed to prove the well-posedness of
(3.1.27). The approach we will use in the following subsection is to compare
the integral operator EB with a corresponding plane Laplace integral operator
x p and then use well-posedness results which are known for the planar Laplace
problem.

3.2 Relation to the planar Laplace case

To simplify the presentation, we assume that the contour £ has one corner which
we will denote by the point w, € S2. The case of several corners is obtained
analogously. Without loss of generality, we assume w, = (0,0,1)7.

Let p denote the arclength parameterisation of £ defined above along with the
additional property that p(0) = w.. Then we can introduce the “wedge” w in
the tangent plane to S? at w, as follows.
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Figure 3-2: Wedge w and contour ¢

Definition 3.9. The wedge w is defined to be the union of two straight line seg-
ments:
w=w~ Uw",

w™ = {(0,0,1)T +st; :s € [-A,0]}, wt={(0,0,1)T + st} : s €[0,A]},

and t¥ = lim,_,0+ p,(s) (see Fig 3-2). The angle between the tangents t7 and
—t] is measured “anticlockwise” about the z3 axis (when viewed from outside
the sphere) from w* to w™ and is denoted Am, where A € (0,2)\{1}. Without
loss of generality we choose our coordinate system so that t} is in the direction
of the z; axis. Each x = st¥ € w* can be associated with a unique w = p(s) € ¢,
and with a unit normal m at w € ¢ oriented outward from M. To x we associate
a unit normal n to w in the plane tangent to S? at w,, oriented so that n-m — 1
as s — 0. (See also Fig 3-2.)

The fundamental solution of Laplace’s equation on the plane is given by
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(1/27)log |x — x|. Using this we introduce the operators
(Kpu)(x) = / Kp(x,x)u(x)dx' B=D,N

Analogously to (3.0.6), (3.0.8), the Dirichlet and Neumann kernels are

, 10 , (x—x')-n
!( = — — = —— .2.
D(X,X) 7 on' {IOg |X X |} 7I'|X — X’|2 (3 1)
N om 212 ok x|y = —E=X) o0
Kn(x,x') := . {log|x - x|} = T %2 (3.2.2)

Here n,n’ are unit normals to w at x,x’ € w respectively, as described in Defini-
tion 3.9.

Theorem 3.10 will show that the principal singularity of Lp near w = w’ = w,
is the same as Kg near x = x' = w,. This is useful because the properties of the
integral operator Xp with kernel K are well-understood [27], [22], [38] [5].

If we denote the arclength parameterisation of the wedge w by r, with

r(-A) =(0,0,1)T — At;, r(0)=w,, and r(A)=(0,0,1)T + At},
then, analogously to (3.1.27), we can rewrite X as an operator
—~ A —~
(Ra)(s) = / R(s,0)i(o)dc s € [-A,A]
-A

where from (3.2.1) and (3.2.2),

R _ _(x(s)=x(0)) - n(o)
Kp(s,0) = i) —r@)F (3.2.3)
Kn(s,0) = — (x(s) — x(0)) - n(s) (3.2.4)

mle(s) —x(o)?

for the Dirichlet and Neumann problems respectively. Here n(o) is the normal
to w at x = (o). The following theorem shows that Ky contains the principal
singularity of Lp near the corner point s = ¢ = 0 in both the Dirichlet and
Neumann cases, B = D, N.

Theorem 3.10. Let B = D or N. Then for (s,0) € [—A,A] x [-A,A],
Ls(s,0) — Kp(s,0) is a bounded function.

Proof We give the proof for the case B = D. The proof for the case B = N is
analogous. First we consider the kernel Kp. From Definition 3.9 the parametric
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equation, r, for w, is given by

r(o) = { (=0 cos(Am), —osin(Ar), 1)T, o € [-A,0] (3.2.5)

(0707 1)T7 gc [0, A]

Notice that if —A < s,0 < 0or 0 < s,0 < A then r(s) and r(o) lie on the
same arm of w and so it follows from (3.2.3) that Kp(s,o) = 0 and, by Theorem
3.6(ii), Lp(s, o) is bounded. So we have to consider only the case when s and ¢
are on different sides of 0.

First consider the case —A < s < 0 < ¢ < A. Then (3.2.5) implies that
r(s) — r(o) = (—scos(Ar) — g, —ssin(Ar),0)T and n(o) = (0,1,0)T. Therefore

(r(s) —r(0)) - n(o) = —ssin(Ar) and |r(s) —r(0)]* = s*> + 2s0 cos(Am) + o°.

So from (3.2.3),

~ 1 ssin(Ar)
K == <s<0<o<A 3.2.6
p(s,9) 7 (% + 2s0 cos(Aw) + 02)’ s 7= (3:2.6)
A similar calculation shows analogously that
o~ 1 i
Rp(s,0) = -~ s sin(r) ~A<o<0<s<A,  (327)

7 (82 + 2s0 cos(Ar) + 02)’

which is a result we need later, in Theorem 3.14.
Now we turn our attention to the kernel, ED(s, o). Using Taylor’s theorem
we can write the parameterisation p as,

_ | (o) + 0*(e1(=0), Bi(—0), m(=0))T, o €[-A,0]
p(o) = { r(0) + 0*(aa(0), B2(0), 72(0))T, o€ [0,A] (3.2.8)

where a;(s), Bi(s) and v;(s) are smooth functions on [0,A], = 1,2. Thus, for
—A <s<0< 0 <A, we have, from (3.2.5) and (3.2.8),

p(s) A p(c) = (—ssin(Ar), scos(A7) + 7,0)T + O(max{|s|,|a]}?),  (3.2.9)
as max{|s|, |o|} — 0. Hence, with w = p(s) and w’ = p(c), we have,

t/ p,(o) = (1,0,0)T + O(0),
—t'- (wAw') = ssin(Ar)+ O(max{|s|,|o|}?)
and |w—w'|> = s%+2s0cos(Ar) +o* + O(max{|s|,|o|}?), (3.2.10)
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as max{|s|, |o|} = 0. Therefore we have from (3.1.12)

sin(Arr) s+ m2(s,0) ~

L = Fp(s,0),
p(s,) w82+ 2s0cos(AT) + 02 + ns3(s, 0) + Fi(s,0)

where Fip(s,0) = Fp(p(s), p(o)) and
ni(s,0) = O(max{|s|,|o|}}), i=2,3. (3.2.11)

Hence, for —A <s<0< 0 <A,

- A __sin(An) s + (s, 0)
(Lp — Kp)(s,0) = T {32 + 2s0 cos(Am) + 02 + 13(s, 0)

s
" §% + 250 cos(AT) + o2

} + Fp(s,0), (3.2.12)

which is clearly continuous for (s, o) # (0,0). Now in order to show that (Zp —
Kp)(s,0) is bounded near (s,0) = (0,0) we need to show that the limit (as
(s,0) — (0,0)) of the first term on the right-hand side of (3.2.12) is bounded.
We do this for 0 < —s < 0. The case 0 < ¢ < —s is analogous.

To obtain the result, write

s+ ma(s, 0) 8
52 + 250 cos(AT) + 02 + 13(s,0) 8% + 250 cos(AT) + o2
n2(s,0)(s% + 2s0 cos(A) + 02) — m3(s, 0)s
(s% + 250 cos(Am) + 02)(s2 + 2s0 cos(AT) + 02 + m3(s, 0))
"204%51((5)2 + 22 cos(Am) +1) — m2(5,0) 5

_ L . (3.213
((2)? +22 cos(Am) +1)((2)? + 22 cos(r) + 1 + 257 .

Now when 0 < —s < o we have 0 < |s] < |o| and from (3.2.11) it follows that
na(s,0)/0? = O(1), ms(s,0)/a® = O(1) and n3(s,0)/0? = 0 as (s,0) — (0,0).
Moreover since A € (0,2)\1,

z% + 2z cos(At) +1 > sin®(Ar) > 0 forall z € R.

Combining all these facts with (3.2.13) shows that the first term in (3.2.12) is
bounded as (s,0) — (0,0). Since Fp is a bounded function, it follows that
ED(S, o) — I?D(s,a) is bounded for —A < s <0< o0 <A.
For —A < 0 <0 < s < A the result follows analogously. O
The next result follows directly from Theorem 3.10.
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Corollary 3.11. For B=D or N, EB—U?IB is a compact operator on L*[—A, A].

Proof The kernel of L5 — K is (Ls — K5)(s, o) which, from Theorem 3.10, is
a bounded function and the result follows from [58, pg. 326]. O

The remainder of this chapter is devoted to proving the well-posedness of
(3.1.27) in L?[—A,A]. This is done in Corollary 3.15. Since Lp is a compact
perturbation of Xp, the key part of the proof of Corollary 3.15 is contained in
Theorem 3.14, which is of key importance also when we come to the numerical
analysis in Chapter 4. First we need the following two results from functional
analysis.

Theorem 3.12. Let X be a Banach space, and let S be a bounded operator from
X into X, with ||S||x <I. Then the inverse of I — S : X — X, ezists and is

bounded
1

I-5)7Yx < ——=—.

For a proof of the above result see e.g [58, pg. 154].

Lemma 3.13. Suppose that X and Y are two Banach spaces and that S and T

are two bounded linear operators S,T : X — Y such that S~! exists from Y to

X and ||S = Tllxsy < ps=rjy=5- Then T~ exists from Y to X and
1S~ ly=x

=I5 = Tllx>v IS~ Hly-x

1T ly-x < I (3:2.14)

Proof Since ||(S—T)S Yly-y < |(S—D)llx=v]|S7Hly—sx < 1. It follows from
Theorem 3.12 that (I — (S — T)S~1)~! exists from Y to Y and

1
=18 =T)S Y lyoy'

I = (S =T)S™) Moy < 5

Now T =S—(S-T)=(I-(S-T)S!)S therefore T! = S~Y(I-(S-T)S~1)!
exists from Y to X. Moreover

1T lyax < IS Hlyoxll( = (S =T)S™) vy

< 1S~ ly=x
1= [[(8-T)S5 vy
1S ly—x
= 1= I(S = Dllx-y 1S Hly-x
as required. O
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Theorem 3.14. For B =D or N, (I+Xp)™! ezists and is bounded on L2[—A, A).

Proof The first step is to write the operator (I + Kpg) on L*[—A,A] as two
coupled convolution operators on [0,A]. For (w;,ws) € L%[0,A] x L?[0,A] we
introduce the norm

s, wa)l = {len g g + el g}
Also we define the map IT : L2[—A, A] = L2[0, A] x L?[0, A] by
v := (v, v2), (3.2.15)
where
v1(s) = v(—=s) +v(s) and wy(s) =v(-s)—v(s), s€[0,A].
Clearly II is a bijection and

0| = 2||v[|Z2-a,a)- (3.2.16)

To rewrite (I + JACB) as two coupled convolution operators we consider the
application of II to the image of Xp. First we write the operator Xp, using
(3.2.6) and (3.2.7), in the form,

A
fonts | Ratstor@Z,  set-aal, -
gU(8) = 0 o o 2.
- / EB(s/a)v(a)d?, s€[0,A]

where
- sin(Am) s
= = 2.1
Fs(s) m 14 2scosAr + s?’ B=D, (3:2.18)
i 1
Zp(s) = SmOM) = (3.2.19)

w14 2scos w4+ s?’
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Moreover we have from (3.2.17) that, for s € [0, 1],

~ ~ A o 0 o
Kpv(—s) + Kpu(s) = /0753(—3/0)1)(0)%——/ EB(s/a)v(a)d—

—A g

A g A a
- / Ra(s/0)u(0) L + / Ra(~s/0)0(~0) 2
OA 0 d
_ / Ra(~5/0){v(~0) +v(0)} 7, (3.2.20)
0
and similarly,
R pv(=s) = Kpu(s) = — /0 EB(—s/a){v(—a)—v(a)}%. (3.2.21)

Therefore it follows from (3.2.20) and (3.2.21) together with (3.2.15) that,
%5 = Kpll. (3.2.22)

Here ]KB is the matrix operator

KB=(9<B 0 )
0 —Xp

and K is the Mellin convolution operator on L2[0, A] defined by

Xso)(s) = [ Fals/o(s)F
with kernel,
Kg(s) = Kp(—s). (3.2.23)

It therefore follows that,
(I +Xp) = (I + Kp)II, (3.2.24)

The identity (3.2.24) shows that, since II is a bijection, to finish the proof we
need to show that I + Kp is invertible on (L?[0, A])2. Since I + Kp is a 2 x 2
operator matrix, with I &+ 5CB on the diagonal and 0 off the diagonal, this will
follow if we show that the operators I +Xp are invertible on L2 [0, A]. We do this
by proving that the operators 5(3 are a contraction for B = D, N. We introduce
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the Mellin transform,
M{v(s); 2} = / s*"ly(s)ds, for z € C. (3.2.25)
0
It can be shown that (see e.g. [21])

X5l 20,0 = sUp 2 IM{R5(s); 2}|. (3.2.26)

Re(z)=1

In order to use (3.2.26) to compute the norms of Kg, B =D or N we need to
calculate the Mellin transforms of kg, B = D, N. We consider xy first. From
(3.2.23) and (3.2.19)

sin(Am) 1 __ sin(xm) 1
T 1-—2scos(Am)+s2  m 1+ 2scos(xm)+ s2

%N(S) =

where x =1 — A. Then from e.g. [35, pg. 489],

M{Rn(s); 2} = Sin(;‘izgm_) 2), (3.2.27)

Note from (3.2.18), (3.2.19) and (3.2.23), that Kp(s) = —sKn(s) therefore, from
(3.2.25), M{Kp(s); z} = —M{Kn(s); z + 1} hence it follows from (3.2.27) that

sin(xmz)
sin(mz)

M{Kp(s);z} = — (3.2.28)

Hence for all £ € R

P EF = PR =T -

sin(xr(1/2 — i€)) |
sin(m(1/2  i€))

_ sin(xm/2) cosh(xm§)  icos(xm/2)sinh(x7§) ‘2

cosh (7€) cosh(7§)
_ sin®(xm/2) cosh®(xw€) | cos?(xm/2) sinh®(x€)
- cosh? (w€) cosh? (7€)
_ cosh?(xm€) — cos?(xm/2)
- cosh?(m€)
_ sinh?(x7€) +sin®(xm/2) _
_ e = i (8). (3.2.29)

To complete the proof that the operators X p are contractions, we simply need
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to show that maxgegr w1(€) < C < 1. In fact, since wy(§) = wy(—¢§), we only need
to show maxge(o,o0)w1(€) < C < 1. Since wy(0) = sin®(x7/2) < 1, we do this by

showing that
w1(0) > wy (), for all € € [0,00), (3.2.30)

which is equivalent to,
sin?(xm/2) sinh?(7€)/ sinh®(x7€) > 1, for all £ € [0, 00). (3.2.31)

To obtain (3.2.31), we first claim that for a,b € R such that |a| < |b]

‘ sinh(b) ‘

sinh(a)| H (3.2.32)

“la

To prove the claim note that it is sufficient to show only

> g, for 0<a<b, (3.2.33)

since, for any configurations of a, b satisfying |a| < ||, (3.2.32) can be rewritten
in the form (3.2.33). To show (3.2.33), consider the function v defined on [0, b] by
v(z) := zsinh(b)/bsinh(z). If v(z) > 1 for all z € [0, ], then the claim is proved.
It is trivially true that v(b) = 1. Moreover,

J(z) = sinh(b) {Sinh(z)in; 232 ;;)Sh(x) }

b
sinh(b)

- 1 1\ 241
= — 2 N (= <0.
bsinh?(x) ; ((2j +1)! 2j!)x =

Hence it follows that v(z) > 1 for all z € [0,b]. This proves the claim (3.2.32).
As a consequence of this claim, we have

sinh?(7¢)
sinh?(xm¢)

and hence (3.2.31) follows provided

v

1
X

(sin(x7/2)/x)* 2 1. (3.2.34)

To prove (3.2.34) define wy(x) = sin(x7/2)/x. Now wa(x) = wa(—x) and
wa(1) = 1, so if we can show that w,(x) is a decreasing function on [0,1) then it
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is clear that (3.2.34) is true. Differentiating w, we get,

wh(x) = xmcos(xm/2)/2 — sin(x7r/2). (3.2.35)

X2

Consider the numerator on the right-hand side of (3.2.35),

ws(x) := xmwcos(xm/2)/2 — sin(xm/2).

Now wj(x) = —xw?sin(xw/2)/4 — wcos(xm/2) < 0 for x € [0,1) so ws(x) is
decreasing on [0,1). Thus, since w3(0) = 0, it follows that ws(x) < 0 for x €
[0,1). Hence (3.2.35) implies that wh(x) < 0 and so wy(x) is decreasing on [0,1).
Therefore (3.2.34) follows and so does (3.2.30)

Hence from (3.2.29),

IM{En(s);1/2 +i€}|* = IM{Ep(s);1/2 — i€}|* < sin®(x7/2) <1 forall £€R
(3.2.36)
Therefore from (3.2.26) and (3.2.36) it follows that

1K 51l 2p0,] < 1,

ie 9~CB is a contraction. Hence Lemma 3.12 implies that I &+ 5{?3 are invertible
on L2[0, A], therefore it follows that (I + Kpg)~! exists, in fact (I + Kp)~! is a
2 x 2 operator matrix with diagonal entries given by (I + X g)~! and off diagonal
entries equal to 0. Finally it follows from (3.2.24) that

(I +i€3)—1 = H—I(I'i']KB)H

exists and is bounded. O

Corollary 3.15. For B =D or N, suppose that (3.1.30) holds then (I + EB)’1
ezists and is bounded on L2[—A, A).

Proof Using Lemma 3.14 the equation (3.1.27) can be rewritten as
I+ +Xp) Y(Lp—Kp))a= (I +Xz). (3.2.37)

Since (I +Xp)~ (L — Kp) is a compact operator it follows from the Fredholm
alternative that (3.2.37) has a unique solution if and only if the homogeneous
equation

(I+Lp)a=0
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has only the zero solution which we have assumed. It also follows that the
operator on the left-hand side of (3.2.37) has a bounded inverse therefore,

@l sap-an) < CINI + X5)  bllz2ponn; < Cllbllz2i-an),

and the result follows. O
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Chapter 4

Numerical Method for the
Integral Equation

We wish to solve approximately and efficiently integral equations of the form,

A

(I+E)a(s) =B(s), with La(s) = / i(s, 0)i(0)do, (4.0.1)
-A
for some kernel L(s, o) defined on [—A, A] X [—A, A] and some function 5. We can
do this by seeking a solution in a family of finite dimensional spaces, X,. This
solution is required to satisfy (4.0.1) only approximately. We denote the basis of
X, by {¢1,...,0,} and seek U, € X, i.e.

n

Un(s) = Z cipi(s), se[-A A
i=1

where the coefficients ¢y, . . ., ¢, are found by substituting u, into (4.0.1) and forc-
ing the equation to hold in some sense. There are different senses in which (4.0.1)
can be satisfied approximately and this leads to different numerical schemes. The
two most popular schemes are the Galerkin and the collocation method.

For the Galerkin method we let (-,-) denote the inner-product on L%[—A, A],
then, defining the residual r,,(s) = @i, (s)+Liin(s)—b(s), we require that (r,, ¢;) =
Oforj=1,...,nie. ¢,...,c, are found by solving the linear system,

Zci((¢ia ¢J) + (£¢‘ia¢j)) = (5’ ¢j)a .7 = ]-a RN LT
=1

Whilst the theory for this method is well known, it has the disadvantage of
being expensive to implement due to the need to calculate the double integrals
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(f;gb,-, ¢;). However the collocation method requires that for the distinct points
Tiy...,Zn € [=A,A], To(z;) =0 for j =1,...,n. This leads to the simpler linear
system
i -~ -~

Zci(qﬁ,-(wj) + Loi(z;) =b(z;), 7=1,...,n.

i=1
Although the theory is not as complete as for the Galerkin method, and we are
still required to calculate integrals, this method is clearly cheaper to implement
than the Galerkin method and for this reason we will consider the collocation
method in this thesis.

In this chapter we describe collocation with piecewise polynomial functions as
our approximation space. Then we turn our attention to the particular problem
of solving (3.0.5), equivalently (3.1.27). First in §4.2 we shall consider the case
when the contour £ is smooth, using standard theories for the numerical analysis
of second kind Fredholm integral equations to give stability and convergence
results. Then in §4.3 we consider the problem when ¢ has a corner. This time
the standard arguments do not hold since the integral operator in (4.0.1) is not
compact and so we need a more detailed analysis of the collocation method based
on the theory for the planar Laplace problem in a region with a corner. This will
give us stability and optimal convergence of the method.

In order to compute the collocation solution we need to calculate integrals
which in general cannot be done explicitly. Therefore we will also look at fully
discrete methods which approximate these integrals numerically and give suffi-
cient conditions for the quadrature rules implemented here to ensure the same
theoretical rates of convergence as the exact collocation methods. This is done
in §4.4.

4.1 The collocation method

We consider using collocation by piecewise polynomial trial functions to find a
numerical solution to (4.0.1). To describe this method we introduce a mesh on
[-A A, —~A=2z0< 1z, <...<z, =A. Define [; = [z;_1,z;] and h; = z; — 7;_4,
for i =1,...,n and let r be an n-dimensional vector of polynomial orders. We
define our approximation space S5[—A, A] as the set of piecewise polynomials
which have order r; on I;,

SE[—A,A] = {v € L®[-A, A] : v|;, € P, }. (4.1.1)
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where P, denotes the set of polynomials of order r; (i.e. degree r;—1) for r; > 1.

Collocation points on any subinterval, I;, for a given order r will be obtained
by mapping a fixed set of points 0 < £] < & < ... < & < 1 to the subinterval.
Thus, on each interval, I;, we can define the r; collocation points,

:L',i' — iL‘,_l + h 57‘, (4.1.2)

J

We also define the index set J = {(i,5) : 1 < ¢ < n,1 < j < r;}. The ba-
sis functions, ¢s;, (i,7) € J, of Sp[—A,A], are given by Lagrange interpolating

polynomials,
z—
$ij(z) = H fﬂxz( z), when r; > 1, (4.1.3)
lskl;sjri 17 1

¢i(z) = xi(z), when r;=1,

where X; is the characteristic function on [;. Clearly ¢;;|;, € P,, and ¢,,( Ty Fr)
d:#6;5. Now the collocation method for (3.1.27) seeks a solution @, € SE[—A, A],

= Z Z Hijdij (s)
i=1 j=1

where fi;; are to be found. This is substituted into (4.0.1) and ﬁU are found by
forcing the resulting residual to vanish at the collocation points z; , This leads
to a linear system,

‘W'+§:§:un/ w3, 0)ii(0)do = b(zi), (i,5) €9. (4.1.4)

i=1 j=1

This is an m x m linear system
(I+L)ji=h, (4.1.5)

where m is the dimension of Sf, given by m = >, r;. The vector entries of b
are

by =B(a), for (i,4) €,

and the matrix entries of L are given by

i:i’j’,ij =/ L(le 1, 0)¢ii(0) do = (Ez(ﬁij)(ﬂ?:f;,), (4.1.6)
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for (3,5), (¢,j') € J. Note that the matrix entries are integrals which in general
need to be evaluated numerically, this is discussed in §4.4.

To analyse this method we write (4.1.5) in operator form. We do this by
introducing a projection operator onto S&[—A, A] denoted by f]sn, defined in the

T3

following way. For any function v, continuous at z;;,

@r)(x) = 30 D vlaf)bi (o). (4.17)

i=1 j=1

Clearly (P, v)(z) is the unique function in Srp[—A, A] that interpolates v at the
i (3,7) € J. Obviously P, depends on the choice of the mesh
nodes but this dependence is suppressed from the notation for simplicity. We

collocation points z

write (4.1.4) in operator form as follows,

~

(I+7P.L)a,="P,b. (4.1.8)

Note that since the collocation points x:J‘ all lie in the interior of I;. The corner
point is a mesh point, hence the corner point is not a collocation point. The
functions L¢;;(s) are all continuous at z}, (3,5) € J so P, L is well defined on
SE[—A, A

4.2 Smooth contour /

We consider first the problem of solving (3.0.5) when the contour £ is smooth. As
described in Chapter 3, we can use the arclength parameterisation of £ to rewrite
(3.0.5) in the form (4.0.1) with the integral operator,

A
(Ea)(s) = (Ca)(s) = / La(s,0)alo)d,

where EB(s, o) is given by (3.1.28) or (3.1.29) for B = D or N respectively. Note,

from Theorem 3.6, that L5 is compact on L%[—A,A).

In this section we use a h—refinement method based on a uniform mesh where
accuracy is achieved by increasing the number of nodes only. We choose the node
points z; so that z; — z;_; = 2A/n for i = 1,...,n. We also fix the order of
the approximating polynomial equal to r for some 7 > 0 on each interval I;. So
we define r to be the constant vector r; = r for 1 = 1,...,n and ':]\’n to be the
corresponding projection onto S5[—A, A]. Then the collocation equations can be
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written as,
(I+P Lp)u,=P0 (4.2.1)

with B = D or N depending on the boundary conditions of the original problem.
Using the fact that L B is compact we shall show the stability of this method and
hence we obtain its convergence below.

This is a standard exercise, but we include it for completeness, since, although
computations on smooth boundaries have been performed in e.g. [9] [8], this
method has not been analysed. First we need the follewing two results.

Lemma 4.1. Let X,Y be Banach spaces and let A, : X = Y, n > 1 be a
sequence of bounded linear operators. Assume ||Anv||x — 0 as n — oo for all
v € X. Then the convergence is uniform on compact subsets of X.

For a proof of the above result see [4, Lemma 3.1.1].
Lemma 4.2. For B=D or N, ||£B - §n£B|IL2[—A,A] — 0 as n — oco.

Proof First let w € C[—A, A] be an arbitrary continuous function. Then since

(I- f}\’n)w — 0 as n — o0, it follows from Lemma 4.1 that on a compact subset,
Z, of C[—-A, A],

sup [|(1 - a\)n)lU”Loo[_A,A] — 0 as n—o0. (4.2.2)
weZ
Here || - ||Leo[-a,a) i8 the usual uniform norm. Now from the definition of an

operator norm it follows

”LB_:PnLB”L?[—A,A] = sup “LBU—T."LB’U“Lz[_A,A] = S8up ”’U—Tn’U”Lz[_A’A],
“”||L2[_A,A]51 veﬁg(ﬁ)

where B is the unit ball in L2[—A, A] and Lp(B) is the set {Lpz : z € B}. The
space L B(B) has compact closure in C[—A, A] since L B, regarded as an operator
from L%[—A, A} into C[—A, A}, is compact (see e.g. [47, Theorem 3]). Therefore,
from (4.2.2)

sup |lv— Polli2ian < (24)Y2 sup [jv — P v||Lo-an = 0, as n— co.
veLp(B) ve€Lp(B)

This proves the lemma. O
The following result shows that the collocation equations (4.2.1) are stable.
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Theorem 4.3. For B = D or N, and for sufficiently large n, (I + @nﬁg)"l
exists and ||(I + @nﬁg)"lﬂ 12[-a,A] 88 uniformly bounded. Also, with U, denoting
the ezact solution of (4.0.1), we have, for some constant C,

@ = Ballzzpan < Ol = Po)allz2p-nn (4.2.3)

S0 ||& — Unl|L2(-a,a] converges to zero at least as fast as ||(I — @n)ﬁHLz[_A,A], as
n — 00.

Proof By Lemma 4.2, there exists ng € N such that

sup L5 — P, Lallapan < /(I + L) | r2ioan)-

n>ng
It follows from Theorems 3.7 and 3.8 that I + L g is invertible, hence for n > ny,
1T+ L) = (I + PoL8) l2-am < /NI +E8)Hlra-any-

Therefore by Lemma 3.13, (I + P8 )~ exists and is uniformly bounded in the
L?[—A, A] norm. To obtain the estimate (4.2.3) write

o~ o~

G-t =u—-I+P.Lp) P b=I+P,L5) @-P,a),

and then take norms. O
Assuming & € C*°[—A,A], we obtain a quantitative convergence estimate
from Theorem 4.3 using the standard estimate

(I = P)dll2p-an < Cn7T|[@]| grp-an)-

where H"[—A, A] is the usual Sobolev space. Hence, by Theorem 4.3, %, converges
to € with O(n™").

These rates of convergence are shown empirically in §5.4 for the test case
when £ is the contour associated with a circular cone.

Now we analyse the collocation method described in §4.1 in the case when ¢
contains a corner.

4.3 Nonsmooth contour /

In this section we are interested in the solution to (3.0.5) when £ has a corner w..
As in Chapter 3 we will use the parametric representation, p, where p(0) = w,
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to write (3.0.5) in the form (4.0.1). In this case the integral equation (4.0.1) no
longer has a compact integral operator L==L B. However, as shown in Corollary
3.11, L B is a compact perturbation of a planar Laplace integral operator, fKB,
and so we apply techniques used to solve Laplacian problems to solve and analyse
(4.0.1).

Since there is a corner at p(0) we define the mesh so that the nodes satisfy
“A=20<21<...<ZTp=0< 21 <... <z, =A where n = 2m and we
choose ;, z; and &*, (i,5) € J so that the collocation points lie symmetrically
about 0. More precisely, we define,

Tmti = Tm—i+l, aNd Ty = —Trmei- (4.3.1)

We also require the points {£;* : j =1,...,7:} to be chosen symmetrically about
the point 1/2 for all 7. An example is the Gauss-Legendre points.

We consider two types of collocation method. Firstly we will look at a
modification of the h—refinement method. Secondly we consider a hp—method
where the approximating function has a linear distribution of polynomial orders
along the subintervals. In the hp-version we simultaneously increase the number
of nodes and the order of the approximating polynomials to achieve accuracy,
whereas in the h—version we only increase the number of nodes.

4.3.1 The h—refinement method

In the h—refinement method, to ensure optimal convergence, we choose the nodes
so that the mesh is graded towards the singularity at 0, that is,

Tmei = £(i/m)IA for i=1,...,m, and zo =0, (4.3.2)

where ¢ > 1 is the grading exponent (note that if ¢ = 1 we have a uniform mesh
and recall that the length of £ is 2A). We also need the technical condition that
on some intervals nearest to 0 the approximating function, u,, is exactly zero.
We introduce the parameter iy € Ny = NUO independent of n. We seek u, € S\,
where, in this subsection, we take r; = 1 (in fact the approximating polynomial
is set equal to zero) for m —ip < i < m+1+iand r; =7 for i < m— 1
and 7 > m + iy + 1 for some r > 0. We define the corresponding projection
of L?[—A, A] onto St by f]\’n. The projection operator @n depends on iy and r
but we suppress this from the notation. To show stability of the hA—refinement
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collocation equation,
(I +P,Lp)d, =P, bg, for B=D,N (4.3.3)

with respect to this approximation space we need the following result on the
stability of (I +P,X5)~!. (Recall that Kp is the integral operator associated
with the planar Laplace’s equation in the presence of the wedge w tangent to £
at w,, see Definition 3.9.)

Theorem 4.4. For B = D or N there exists a fized iy so that for n sufficiently
large, (I + P X p)! ezists and is bounded on SF[=A, Al

Proof First we write I + P, X5 as two coupled convolution operators on [0, Al
First recall from the proof of Theorem 3.14 that X B can be written in the form

) /EB(s/a)v(a)%q-, s€[-A,0],
Kpu(s) = 0 0

- / EB(s/a)v(a)flaﬁ, se[0,A]
_A

with Kp given by (3.2.18) and (3.2.19) for B = D and N respectively. Hence,
from (4.1.7) it follows that for v € L?[—A, A,

me)i{/ kp(zi;/0)v(0) a}¢ij(3), s € [-A,0],

(P.Kpv)(s) =4 *=! i Z{/ R (&%, o)ol) a}(ﬁij(s)’ s €[0,A].

t=m+1l+ig j=1
(4.3.4)
Using the symmetry assumption (4.3.1) we can rewrite this operator as

Z Z/ "‘B(_%/U )d_a¢ij(_3), s € [-A, 0],

@ Xav)(s) = § TR )
o
E Z/ K;B —11,'1]/0' )?¢ij(3), ENS [O,A]
i=m+1+ip j=1
(4.3.5)
Hence, for s > 0,

@Fa) @ Fm)0) = 3> O [ [ Falei/odolorso(-)t L] gio)
t=m+1+ip j=1

with Kg(z) = Kp(—z) as defined in (3.2.23). Therefore, following the same lines
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as the decoupling argument in the proof of Theorem 3.14 with II and Kp defined

therein, we can write,
P, Xp = P.Kpll (4.3.6)

where

Here P,, is defined as the restriction of P, to L[0, A], so for v € L2[0, A]

Z Z o) ¢ii(z (4.3.7)

i=m+1 j=1

Therefore, it follows from (4.3.6) that,
(I +P,X5) = (I + P.Kp)IL (4.3.8)

To complete the proof, note that I + ﬁf’nf(g is a 2 X 2 operator matrix with
entries given by I + P,Xp on the diagonal and 0 off the diagonal. Recall that
Xp the Mellin convolution operator on L?[0, A] given by

Fao)(s) = [ Fals/o)ole) -

By showing the operators I & P,Kp are invertible, it will follow from (4.3.8) that
I+ 5’,,5(3 is invertible.

The question of the stability of I +§n5€ B is equivalent to the question of stabil-
ity of piecewise polynomial collocation methods for Mellin convolution equations
on [0,A]. This has been well investigated, e.g. [22], [45], [35] and [38]. Much
of the earliest work in this field concerned stability in L>[0, A]. However in this
work we need stability in the space L2[0, A] because the integral equation for
the Neumann problem is not well-posed in L*°[0, A]. For results in L?[0, A] the
fundamental reference is [35], see also the review [38].

It follows from results in [35] that, for o and n sufficiently large, I + P, Xz
are invertible on SZ[0, A] and have inverses which are uniformly bounded in the
L%[—A, A] norm as n — oo if the kernel, X, of K defined in (3.2.23) satisfies
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the following conditions (see [35, Theorem 3.1]):

/ 72| DiRp(x)| dz < o0, for j=0,1, (4.3.9)
0

1+ M{Kp;2} #0 for Re(z) =1/2 (4.3.10)
and {arg(l £ M{Kp;1/2+})}>, =0, (4.3.11)

where M denotes the Mellin transform as defined in (3.2.25) and D = d/dz. To
use Elschner’s result we need to verify the conditions (4.3.9) - (4.3.11).
First note from (3.2.18), (3.2.19) and (3.2.23) that

2772 DiRp(z)| = O(a'?) and &/~V*| DRy (z)] = O(z7'%) as 30,
for j =0 and 1. Also note that
2772\ DIEp(z)| = O(=™*?) and &/~*|D'Ry(z)| = O(@™%) as z— oo,

for j = 0 and 1. Hence it is clear that (4.3.9) holds. Second, it is shown that
|IM{Kp; z}| < C < 1 for all z with Re(z) =1/2 in (3.2.36). Hence (4.3.10) and
(4.3.11) are true. Thus Elschner’s result implies that (I + fhﬁ'cg)-l exists and
is bounded. Therefore it follows that (I + ﬁnﬂzg)'l exists and is given by the
2 x 2 operator matrix with (I ‘:]V’nf}vC)"l on the diagonal and 0 off the diagonal.
Moreover, it follows from (4.3.8) that

(I+P,Xp) =011 +P,Kz)™'Il
exists and is bounded, as required. O

Remark 4.5. Here we give a flavour as to why the conditions (4.3.9) - (4.3.11)
imply stability of (I £ P.X 8)~!, B= D, N. It follows from the general results in
[38] (see Theorem 3.1 there and the remarks following it) that for all v, € S£[0, A],
these conditions imply ||(I — i’n)igvn||Lz(1;) < C(l/io)||x(D5Can)(x)||Lz(li). It
can be shown that the L2 norm of z(DXpuv,)(z) is bounded (using condition
(4.3.9)). Hence it follows that for all € > 0 and sufficiently large n there exists iy
such that

(I £ Pup)vn — (I £ Kp)vnl|2i-an] < €llVnll2[-an],

for all v, € SZ[0, A]. Therefore stability of (I £+ P,X5)~! on SZ[0, A] follows from
Lemma 3.13 the fact that I &+ Xp are invertible (see the proof of Theorem 3.14).
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Similarly for sufficiently large n and all ¢ > 0, there exists iy such that for
Un € Sa[—A,A]
I(I = P,)Kpvn||L2i-an) < €llvnllz2-a,a)

which is a result which we use in the proof of Theorem 4.6.
Now we can use this result to show stability of the collocation equation (4.3.3).

Theorem 4.6. For B = D or N there exists a modification parameter iy such that
for all sufficiently large n, the collocation equation (4.3.8) is stable in L?[—A, A].
That is (I + @nﬁ B)"! exists and is uniformly bounded on SE[—A, A] with respect
to n.

Proof We shall show that, for each € > 0, there exists a modification such that
for n sufficiently large,

I = Po)Epvnllza-an < ellvnlliz-ang, (4.3.12)
for all v, € SE[—A, A]. Then, since
I+PLp=+Ls) - (I-P,)Ls,

existence and stability of (I + P,L5)~? on SF[—A, A] follows from Lemma 3.13
by taking € < 1/||(I + L)Y 12[-A,] and recalling Corollary 3.15. To obtain
(4.3.12), note that by the triangle inequality,

I(I=P) B pvalla-nn) < 1(I=Po)Kpvall c2-an+ | (T=Pn) (L5 —K 5 )vall 2p-a -
(4.3.13)
Now recall that P,, projects to zero on the 2i, intervals nearest 0. Thus

I = 3@ - Ra)valZapnng < 1B = RevnlEagen o amra

+||(I - P,)(Lp — :KB)vn|I%2([—A,A]\[a:m_.~o,zm+;0])‘
(4.3.14)

It follows from Theorem 3.10 that EB -K p is a bounded function. This implies
that (Lg—Xp) is compact from L2[—A, A] to L®[—A, A], [58, pp. 534-535]. Thus
the first term on the right-hand side of (4.3.14) may be estimated by

I(C5 = Xg)vnllfay, 2Zmsig | (5 = Kb)vnllEeofarn_i 2]
Cnvnl|Z2-an)- (4.3.15)

m—ig y$m+io]

<
<
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We now consider the second term on the right-hand side of (4.3.14). First we

write

[0 i)n)(EB - &B)Unniz([—A,A]\[zm—io,-”L‘m+.'0]) = Z 1T = Pa) (LB — :KB)”nniz(h)

i<m—ip

+ 3 I = P)(Es — Kp)valFay.
i>m+ig+1
(4.3.16)

We will estimate the second sum in (4.3.16). (The first sum can be dealt with in
a similar way.) To do this we recall the standard results for piecewise polynomial
interpolation (e.g. [34, pg. 554]) and write

S T -P)Es - Kp)valZegy <C > RIDES — Kp)valFag,

i>m+ip+1 i>m+ig+1

<C Y hlsT'sD(Es — Kp)vallde -

i>mig+1

It can be shown, using the same argument as in the proof of Theorem 3.10, that
the operator sD(Lp —Xp) has a bounded kernel. Hence, noting that h; < Cn~!,
we obtain

Y NI =P)Es = Kp)vallfey < On™t Y (hiwily)lvallZe-an

i2>2m+ig+1 i>m+ig+1

-1,\2 2
<0 max (haih)valaan- (4317)

Now for i > ig + 1, (4.3.2) implies

b= ()0 (52 n a2

Hence,

171\l m \¢ 1 1
Bzl < _(_) ( ) < <g—. 4.3.18

By substituting (4.3.18) into (4.3.17) it follows that

~ A~ ~ 1\2
> M =P)(Es ~ Kol < O(5) Tonlapan:

i>m+ig+1
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A similar estimate holds for the first sum in (4.3.16) and so

IA

o~ o~ o~ 1
(I = Pn) (L — KB)nl| L2((- A AN Em—igmeic)) C ;;IlvnllLZ[—A,A]

IA

€
§”Un”L2[_A,A], (4.3.19)

for sufficiently large 7.
Therefore, it follows from (4.3.14), (4.3.15) and (4.3.19) that, for sufficiently
large n, there exists ¢y such that,

a s A €
(I = P.)(£B — KB)vnllL2i-an) £ 5llvallzzi-an-

Also, for sufficiently large n, it follows from Remark 4.5 that there exists 4o such
that

~ o €
I(Z = Pa)Xpvnllzap-an) < 5lloallzzi-an

Hence (4.3.12) follows from (4.3.13). O

Remark 4.7. The introduction of the parameter ¢ is solely a device to prove
stability of the collocation method applied to the particular problem when /¢
contains a corner. The proof that these methods are stable without modification
has eluded researchers for 15 years. However, no unmodified practical collocation
method has ever been observed to be unstable. For this reason and to simplify the
presentation we assume that Theorem 4.6 holds for iy = 0 (i.e. no modification)
for the remainder of this section.

Theorem 4.6 implies that the collocation equation (4.3.3) is uniquely solvable
for all n sufficiently large. We use this result in Lemma 4.9 to find a bound for the
error ||% — Uy ||z2(-a,a)- First we need the following result which gives an estimate
for ||P,v|| r2(r;) for an arbitrary function v.

Lemma 4.8. Let v: [-A,A] = R, then
”:an”%'f’(l,-) < Ch; Jrznla.xr I’U(xfj)|2,

with C independent of i and n.

Proof First note that since v is well defined at the collocation points zj; for
(¢,7) € J we have
I1PavllZazy < Aill PavlliZee s,y
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Also for z € I,

. v)(xn—\zv(% #(@)| < {zlw}max o)l (4320)

Clearly °_, |#:;(z)| is bounded when r = 1. If r > 1, then for z € I;, we can
write, £ = z;—; + h;§ for some § € [0,1]. Now since zi; = x;_1 + h:{;, we have,

using (4.1.3),
Zlaﬁu(w I—Z\ 11 (é—_fﬁﬂ

i=1 1<k<r

which is bounded independently of ¢ and z € I;. Hence the result follows from
(4.3.20). O

Lemma 4.9. For the ezact solution, U, to (4.0.1) and approzimate solution, U,,
determined by (4.1.8), we have the following error estimate,

@ = @nll2p-a ) < CIT = Pr)all2-an

for some constant C independent of n and u.

Proof First applying the triangle inequality we have,
1@ — tnllL2i—an) < 18— Prllzoang + [ Pal — Unllz2i-a,n)- (4.3.21)

It follows from Theorem 4.6 that the second term on the right-hand side of (4.3.21)
can be estimated by

-~

Ol +P,L5) (P — @)l 2

C||P,La(I — P.)allso-an

C{IP.Xp(I - P, )ll2-an

H[Pu(Ls = Xp)(I = P)all2-an}. (4:3.22)

1P — Bl L2p-nn]

IN N DA

It can be shown that the first term on the right-hand side of (4.3.22) satisfies ,
cf. [36, Theorem 3.3]

12X a(I = Po)alle-an < CIT = P)all2-an (4.3.23)
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Moreover, applying Lemma 4.8,

I1P.(L5 — Kp)I = P)allopoany = I IP(Cs—Ke)I =Pl

=1

< C hi max |(Lp - Kp)(I - P,)i(a})?

< I - Byallriaan (43.29)
=1
< Ol = P,)ull2aan (4.3.25)

(The inequality (4.3.24) follows because the kernel of Lp—%Kpis bounded.) The
result now follows by combining (4.3.21), (4.3.22), (4.3.23) and (4.3.25). O

It follows from Lemma 4.9 that to obtain convergence rates we need estimates
on the interpolation error ||© — :T>nm| 12[-a,n]r These of course depend on the
regularity of the solution. To describe this regularity we introduce the weighted
Sobolev space for an interval J C R. For kK € Nand a € R

L2*(J) =A{v: |zf~*Dv € L*(J),j =0,1,...,k}, (4.3.26)

equipped with the norm ||v[| 24, = }:;?:0 |z7=*Dv||L2(sy, (see [35]). Note that
when 7 < q,

L2 [~A,A] C H'[-A,A] == {v € LA, A} : D"v € L}[-A,A]}.  (4.3.27)

Examples 4.10.
(i) The function

i(z) =C' +C"|z|°, where 1/2<60<1, (4.3.28)

satisfies U(z) — C' € L2*[—A,A] for all k > 0 and o < § + 1/2.
(ii) The function

i(z) = C|z|’!, where 1/2<6<1, (4.3.29)

satisfies u(x) € L2*[-A,A] forall k > 0 and o < 6 — 1/2.

Remark 4.11. When we solve the Dirichlet problem for the Laplace equation
in the region interior to a planar polygon using the indirect boundary integral
method the solution of the resulting integral equation has its principal singularity
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in the form (4.3.28) where the corner is at z = 0 and 6 = 1/(1 + |x|), where
(1 — x)~ is the angle subtended by the corner (x € (—1,1)\{0}). When we solve
the Neumann problem with the same geometry again using the indirect boundary
method the density has its principal singularity in the form (4.3.29), again with
6=1/(1+|x|) (see e.g [27], [45], [36]).

Since the integral operator in the spherical boundary integral equations which
we are solving in this thesis has a principal part which coincides with the Laplace
operator we conjecture that the solutions of our integral equations have the same
principal singularity as identified in Examples 4.10 (i) and (ii). The numerical
results below support this conjecture.

Following Remark 4.11 in Theorems 4.12 and 4.13 we will prove estimates for
(T = P,)d L2[-A,A) under assumptions which encapsulate Examples 4.10(i) and

(ii).
Theorem 4.12. Suppose there ezists a constant C' = C'(u) such that 4 — C’' €
L2[—A, A] for some a > 1. Then,

(T = Po)allze-an < O[T = C'| g2m_p ay-

when ¢ > max{r/a, 1} for some C independent of n and .

Proof Throughout the proof C denotes a generic constant independent of n. Due
to the symmetry of the collocation points about the origin it is sufficient to prove

I = B)allxom < Cn~"lla — Ol ooy (4:3.30)

First of all recall the standard estimates for piecewise polynomial interpolation,
cf. [34, pg. 554],
I = B )allsy < CRNID oy (4.3.31)

for j =1,...,r, provided the norm on the right-hand side is finite.
When r < a, u—C’ € H"[-A, A] by (4.3.27). We can apply (4.3.31) with the
mesh (4.3.2) taken to be uniform, (i.e. ¢ =1) and j = r to obtain

I = B)all o < Cn~ 1D 8laoy = Cn |07 (@ - C') sy
< Cn7M|lu- C’||L§,T[O,A].

Now assume r > a. Applying (4.3.31) on I41(= [0, Zpmy1]) with j = 1 we
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obtain

(I = Pr)allz2(tmyr) < Chmsa|| DU L2(104)
hm+1
= Ch / o~2|a1=* Dil(z) Pd
0

< Chp, 1 ||2' Dl p2(1yy) = Cm %27 D(@ = C)|| L2 sa)

< Cn~"i@ ~ C'||par (4.3.32)

1/2

(Im+1)?

when q > r/a (note from (4.3.2) that Apy = Cm™9 = O(n™9)).
For the other intervals I;, i > m + 1, we apply (4.3.31) with j = 7 to obtain

~ 1/2
12 - B )l < Ok / e Do)z} (4.3.33)
I;

Since r > « this yields,
I =Bl ey < CRT lle" D allagy < CHs ™ [[8=C'llargsy- (4.3.34)

(Here we have used the fact that for ¢ > m + 1, there exist constants Cj, C,
independent of ¢ and n such that C; < z;_1/z; < C;.) From (4.3.2), z; =
((z = m)/m)?A and so,

By = ((z’—m))qA__((i—m—l))qASC(i—m)q 1 ’

m m m 1—m

where C depends on ¢ but is independent of n. Therefore, since ag > r we have

hrger < C’(i :nm)qr(z_ B m)"(i ;nm)q(a—r) _ C(z’ :nm)qa—rm_r
< Cm™7™<Cn™". (4.3.35)

Hence it follows from (4.3.34) that,
(I =Pl < Cn @ — C'llzr gy, (4.3.36)

Combining (4.3.32) and (4.3.36) gives (4.3.30) and the result follows. O

Theorem 4.13. Suppose that 4 € L2"[—A, A} for some a > 0. Then

(I = Pp)tllcoi-a,n < Cn7T|[@]| p2r_p )

when q¢ > max{r/a,1}.
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Proof As in the proof of Theorem 4.12 it is sufficient to show
I = Pl < Cr [l 2o (4.3.37)

and this is trivial when r < a. So assuming 7 > «, and repeating the argument
in the proof of Theorem 4.12 it follows from the inequality on the left-hand side
of (4.3.34) that, for ¢ > m + 1,

I = Po)ll sy < Chiaf Nl D"l < CREa Il 2,
hence, by (4.3.35),
I = Po)allzay < CrllEl ey, (43.38)

when ¢ > r/a. Therefore to complete the proof we need to show (4.3.38) holds
when ¢ = m + 1. To do this, note that Lemma 4.8 applied on I,,;; implies,

I1Pl22 1) < Chim jmax [4(& hm+1)1%, (4.3.39)
(recall from (4.1.2) and (4.3.2) that Tmy1; = §Amy1). (Note that @ is well

defined at the collocation points since D% is integrable on any open interval in
[—A, A]\{0}.) Now following [34, Lemma 4.1], for each j = 1,...,7 we can write

§ihm+1
het1 [T A1) = m+1}/ D{zu(z)} dw . (4.3.40)
(Note that 27(z) must vanish at = = 0 since & € L2"[—A, A] with o > 0.) Hence

applying the product rule followed by the Cauchy-Schwartz inequality to (4.3.40),
we have,

b 0E i) = €)% [ (000) + 2D} e
G hm+1 & hmt1
< (§')‘2hm+1{/ 1 dx}{/ |[i(x) + zDi(z)|? dx}
0 0
y [ N2 ~ A~ N2
< (&) /0 |u(z) + zDu(x)|* dz < Cllu(z) + zDU(@)|12(1,000)-
Combining this with (4.3.39) and applying the triangle inequality gives,

”ﬂ)na”LZ(Im+1) < C{“a”Lz(I,mH) + ||$Da($)“L2(lm+1)}' (4341)
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(Note that @n is not bounded on L?(I,,4;). The estimate (4.3.41) reflects this
but is enough for our purposes.) Thus, using (4.3.41) we obtain, after another
application of the triangle inequality,

17 = Pl st < CUAl 2 + 1eDA@ it} (43.42)

We now estimate each term on the right-hand side of (4.3.42).
First consider ||u]|.2(1,,,,)- For this quantity, we have

hm
lal - " eleea)tdry . < Che,

< On|fall ey (4.3.43)

when ¢ > r/a. Arguing in the same way, it is clear that
l2DE() || L2ty < Cn7T Nl L2 (1,0 (4.3.44)
Therefore, combining (4.3.42), (4.3.43) and (4.3.44) we obtain
I = Pl zattmr) < O 2110y

which, along with (4.3.38) gives (4.3.37) and hence the result. a

Theorem 4.14. (i) Suppose that B = D and that the ezact solution to (4.0.1)
satisfies © — C' € LA™ [—A, A] with 1 < a < 3/2, then for sufficiently large n the
collocation method described by (4.8.8) converges with error

& = tnll2-an = Cn7T|[@ — C'|| j2r(_pn @S 7 —> 00, (4.3.45)

provided the grading parameter ¢ > max{r/a,1}.

(71) Suppose that B = N and that the ezact solution to (4.0.1) satisfies T €
L2"[—-A, A] for some 0 < a < 1/2, then for sufficiently large n the collocation
method described by (4.3.3) converges with error

@ = GallLoj-a,n = O[Tl f2r_p a; @ 71— 00, (4.3.46)

provided the grading parameter ¢ > r/a.

Proof It follows from Lemma 4.9 that for both the Dirichlet problem and the
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Neumann problem
12 = all2-an) < CIT = Pl soi-any- (4.3.47)

Therefore the proofs of (i) and (ii) now follow by applying Theorems 4.12 and
4.13, respectively. |

Theorem 4.14 is a theoretical result which assumes the matrix entries (4.1.6)
are computed exactly. In practice numerical approximations are needed. In §4.4
we give sufficient conditions for the accuracy of the approximations needed to
calculate the matrix entries (4.1.6). Before we do this we briefly discuss the
hp—version of collocation for the remainder of this section. (We insert this dis-
cussion because the hp—version is used for some of the experiments in Chapter
6.)

4.3.2 The hp—refinement method

We investigate here the hp—version of collocation which we obtain by simultane-
ously refining the mesh and increasing the order of the approximating piecewise
polynomial. The hp—refinement method has been thoroughly investigated in its
application to the finite element method on planar polygonal domains. Moreover,
for the finite element method, it has been shown in [49] that if the boundary data
is piecewise analytic then then the hp—version converges exponentially whilst the
h—version has a polynomial rate of convergence (with respect to the number of
degrees of freedom). Following [49] corresponding results have been shown for
the hp—method applied to the boundary element method see e.g. [37] [66].

For the hp—version of collocation we use a geometric mesh with refinement
towards 0. For fixed o € (0,1) we define the nodes of the mesh by

Tmgi = 0™ A, for i=1,...,m, z¢7=0.

(This is different from the algebraically refined mesh in (4.3.2).) We seek an
approximate solution on the space, S; associated with this mesh. A typical
distribution of orders r in the hp—version of collocation would be:

r; =[(m+1-9)0] for i=1,...,m=1, r=[(i—m)F] for i=m+2,...,n,

(4.3.48)
for some fixed parameter 8 > 0 and r; = 1 for # = m,m + 1 (in fact, we set
the approximating polynomial equal to zero for i = m, m + 1). Here, for z € R,
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[z] denotes the smallest integer greater than or equal to z. Thus close to 0 we
approximate the solution on small subintervals, using low order methods, while
further away we use higher order on larger subintervals. The maximum order
increases linearly with m and hence also n. Again we define the correspond-
ing projection of L2[—A, A] onto ST by P, with the dependence on ¢, 8 and r
suppressed from the notation.

The next result shows that the hp—version of collocation is stable.

Theorem 4.15. For B = D or N and for n sufficiently large, (I + @nEB)"l
ezists and is bounded on L?[—A, A].

Proof The proof is analogous to the proof of the stability of the h—version of
collocation. First consider I :i:?]snfl?f B, B = D, N where X B is defined in the proof
of Theorem 3.14 and P, is defined as in (4.3.7) (but obviously with respect to the
approximation space Sy with r defined by (4.3.48). It follows from [37, Theorem
4.3] that I + P, X5 are invertible on L2[0, A] if % satisfies the conditions (4.3.9)
- (4.3.11) (verified in the proof of Theorem 4.4). In addition to these conditions
we also require that the kernel Kp satisfies the following smoothness condition:

/ 72|29 DIRp(z)|dz < 00, for j=1,2,
0

which can be verified after some manipulation. Therefore by repeating the argu-
ment in Theorem 4.4 it follows that I + P,Xp is invertible on L2 [—A, A]. It is
clear that the result follows using the same argument as in Theorem 4.6. O

Remark 4.16. Note that the parameter 7y does not appear in Theorem 4.15.
However the approximating polynomial is set to zero on the two subintervals
containing the corner and the order of the approximating polynomial increases
as the mesh is refined.

As we have shown, the collocation equation (4.3.3) is convergent in a Sobolev
space setting for the h—version of collocation. However in order to derive ex-
ponential convergence of the hp—method we need to have estimates in a certain
countably normed space of real-analytic functions on [—A, A]\{0} (see [37]). This
space is defined as follows For o > 0, we define

By(I) = {v: 3 d > 0independent of j such that
“.’Ej_aDj’U”Lz(I) S dj+1j!,j = 0, 1, 2, .. }
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In view of this we can now state the following theorem which is key in proving
the exponential convergence of the hp—method.

Theorem 4.17. Suppose that © € By|—A,A] and B in (4.3.48) is sufficiently
large, then
(I = P)all L2y < Ce™™,

where C and b depend on u, B, o and a but are independent of n.

We do not give a proof here but the result can be derived from [37, pp. 58-61]
By assuming regularity of the exact solution to (3.1.27) we get the following
lemma on the convergence of the Ap—method.

Lemma 4.18. Suppose that & € Ba[—A,A] and that f and n are sufficiently
large. Then the hp—collocation method on the approzimation space Sk[—A, A]
(with r defined by (4.8.48)) converges with error,

|t — @nl|z2(-an) < Ce™™ as n— oo, (4.3.49)

where C and b depend on 4, B, o and a but are independent of n.

Proof From Theorem 4.15 and recalling the proof of Theorem 4.14 we have the
following bound
”’17 - an”Lz[-A,A] < C’Ilﬂ - :Pna”Lz[-—A,A} (4.3.50)

The result follows from Theorem 4.17. O

Remark 4.19. The required regularity condition, & € B,[—A A] is proved
in [37, Theorem 2.1] for the pure Mellin convolution operator, ZKB Since the
operator L p of interest in this thesis is a smoothing perturbation of x B we expect
the same regularity to hold in our application, it is not immediately obvious that
the regularity assumption in Lemma 4.18 holds for our application and it is
outside the scope of the thesis to prove it. However the results in §6.3.1 indicate
that the hp—method does converge exponentially in this case.

In the next section we consider a fully discrete collocation method which
maintains optimal convergence only for the hA—refinement method. However the
theoretical rates of convergence for the hp—refinement method seen here are also
observed numerically in §6.3.1, by employing an analogous quadrature scheme to
calculate the matrix entries (4.1.6).
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4.4 The discrete collocation method

In §4.2 and §4.3 we have given theoretical convergence results for the collocation
method based on the assumption that the matrix entries are computed exactly.
However in practice numerical techniques are required. In this section we consider

the collocation equation
(I+P,0)a, =, (4.4.1)

(we have dropped the dependence on boundary conditions from the notation to
simplify the presentation in this section). We aim to give sufficient conditions on
the degree of exactness of the quadrature rules used to compute the corresponding
matrix entries in order to maintain optimal convergence of the overall method.

Recall that for general collocation method (4.4.1) the matrix entries are given
by (4.1.6), i.e.

H;,j/’ij =/ z(x:,‘;-,,a)qb,-j(a) do, for (i,7),(7,7') €79,
I

where ¢;; is the jth basis function for polynomials of order r; on the interval
I;. In general these integrals have no explicit formula and so they will need
to be calculated numerically. We call the resulting method for approximating
the solution to (4.4.1) the discrete collocation method. To define this method
more precisely we introduce the possibility of approximating (f)¢ij)(3) by sz (s),
f%(s) ~ (Eqbij)(s), where d stands for discrete.

For any v, € Si[—A, Al,un(s) = 30, Do0L, vijdi;(s), the action of L on v, is

Lun(s) = Z Z(Lgbij)(s)vij- (4.4.2)
i=1 j=1
The corresponding approximation of this is,
L, (s) = E Z]ﬁ;ﬂ (8)vij. (4.4.3)
=1 j=1

Note, £¢ is defined only on ST[—A,A]. Recall that the functions Ecb,-j(s) are all
continuous at z;; so P L is well defined on SE[—A, A]. We assume that I[’:f] are
also continuous at 7} so that @nﬁd is also well defined on SE[—A, A]. The discrete
collocation solution @2 € SE[—A, A] is defined by,

(I+P,L%a2 =Pb. (4.4.4)
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If we write T3 (s) = Y1) Diey Bfiij(s) then if; may be found from the linear

system,
n o
pey + 3 S miLe s s =0, (1,4, 3.9) €9, (4.4.5)
i=1 j=1
where
_Td (T
]IJ/"'J 14] Li] (xiljl)- (4-4-6)

Comparing this with (4.1.4) we see that fi* satisfies the same equation as fi but
with matrix entry Ly ;i replaced by its approximation ]L,L, it i

This leads to different versions of the discrete collocation method, depend-
ing on how the functions f%(s) are defined. For the remainder of this section
we consider only a h—version of the collocation method and take P, to be the
projection onto the h—refinement approximation space Si[—A, A| defined in §4.2
and §4.3.1, i.e. @n projects onto a space of piecewise polynomials of order r; = r,
for each i =1,...,n. We describe the sufficient conditions that the functions ijj
should satisfy to ensure that the discrete collocation solution %2 converges to the
exact solution % optimally i.e. ||G — B3|l 2j-a,a) = O(n™"). To analyse (4.4.4) we
use the following lemma:

o~

Lemma 4.20. Assuming (I + P, L% ezists, then

n

~

U—U = (T —Up) + 0, (4.4.7)
where the perturbation gn 15 given by
= ([ +P,LH1P, (L - LY, (4.4.8)
Proof Clearly (4.4.7) holds with

b 1= T, — U°. (4.4.9)
Now observe that,

(I+P,8496, = I+P,L%6, - (I +P,Lhad

n

= (I+P.0)a, - (I+P,L% +P,(L¢ - L)a,,(4.4.10)

which implies (4.4.8) since the first two terms on the right-hand side of (4.4.10)
are each equal to ‘J’n’b\. O
In order to use Lemma 4.20, we need to establish that (I + fﬁ,ﬁd)-l exists as

as operator on SE[—A, A] and is uniformly bounded. In view of the stability of
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the true collocation method (Theorem 4.6) a sufficient condition for this is that
1P, = £4)|sx ll2an — 0 as n = oo, (4.4.11)

When (4.4.11) holds, the rate of convergence of %2 to 4 depends on the rate of
convergence in (4.4.11). We make this more precise in the next theorem. In what
follows we use C' to denote a generic constant whose value may change from line
to line.

Theorem 4.21. Suppose that the collocation method (4.4.1) is stable. Suppose
also that for each n there erist €, € R such that

1P, (C — LYvallai-an < €nllvallzz-an), (4.4.12)

for all v, € SE[—A, Al

If e, = 0 as n — 0 then the discrete collocation equation (4.4.4) is stable,
ie. (I+ f’J\’nEd)'l ezists and is uniformly bounded on SE[—A, A] for n sufficiently
large. Moreover,

& — 83| 2p-a,a) < 18 = Ballzi-an] + CenlBlloof-aa, (4.4.13)

where C' depends on b but is independent of n.

Proof As we have assumed the method for computing u, is stable,
(T +2,0)1 £2[-A,4] 18 uniformly bounded in n. Therefore,

(I + P, L)vnllai-an > Cllvall2ian (4.4.14)
for some constant C > 0 and all v, € S5[—A, A]. Now notice that, by (4.4.12),

(7 +PuB%vn = (I + P L)vallizany = 1Pa(@4 = L)vnllzoan
S fn”vn”Lz[-—A,A]- (4415)

Therefore, using the reverse triangle inequality,

I + P L)vnllze—ang = 1 + Pl valla-an < €nllvallzo-an-
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Combining this with (4.4.15) and (4.4.14), we get that, for all v, € SE[—A, A],

(T + Plonllzai-ang = 17 + Pol)vnllsi-an — enllvallzz-an
> (C - 6n)“v'n”Lz[—A,A]
> C'||vnllL2i-n), (4.4.16)

for some positive constant C’ and sufficiently large n. This implies stability of
the discrete collocation method. The bound (4.4.13) is a simple consequence of
Lemma 4.20. It follows from (4.4.7), (4.4.8) and (4.4.12) that

@ = @llaonny < 18— Ballzaoan + 1T+ P,LY) T Pa(L — L)l 2p-an
< @~ Un||L2j-a ) + Cenlltn||L2(-a,4)-

~

Therefore, using the fact that @, = (I + f’}\’nﬁ)‘lf’]\’nb,

18— @illr2eany < 118 = Ballzo-aa) + Cenl|PabliLe-an
< |[E = nllz2p-a,a) + Cenl|Prbll Loo-a.a]
< |[# = nllr2i-an) + Cenl|]| oo f-a,n)-
Hence the result is proved. O

Remark 4.22. When the collocation method converges optimally we have the
following estimate, ||& — Un||z2(-a,a) = O(n™"). Therefore it is natural to seek
quadrature methods which satisfy €, = O(n™").

Sufficient conditions for this are the subject of the next theorem. First we
need the following inverse estimate.

Lemma 4.23. ||v,||pe(r) < Ch:1/2||’vn||[,2(]‘.) for all v, € S}, where || - ||pe(r;) is
defined by ||vp||Le@;) = maxzer; |va(z)].

Proof Since the space of polynomials of degree r is finite dimensional, we have,

Ipllzpo, < Cllpllz2p0,15

for all such polynomials, where C is a constant that depends on r but not on p.
Applying this inequality to p(z) = v,(zi—1 + h;z) (which is clearly a polynomial
on [0, 1]) we get

vallzee(zsy = lIPllLe=po,1) < Cllpll 20,15
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and so since,

1
lvnllZeqry = /1 (vn())*dz = /0 (Vn(@im1 + zhi))*hidz = hil|pl|Zepo ),

the result follows. a

Theorem 4.24. Define
eiljl,ij = ILinI’iJ' - L‘Ld’]',z_’]l (4,417)

and suppose
exjrij < Chin™, (4.4.18)

for some C independent of V', j', i and j then (4.4.12) holds with €, < Cn™".

Proof First note that by applying Lemma 4.8 to (f» — Ed)vn on the interval Iy,
for some v, € S;[—A, A], we have that

1P, (& = L9vall32qr,) < Cha Jmax |(L - L4 va(50)|2 (4.4.19)

We will use this estimate to prove the result, therefore we need to investigate
& ~ Eun(agy )l

By writing va(s) = D211 D i; vij¢is(8), it follows from (4.1.6), (4.4.3), (4.4.6)
and (4.4.2) that

(@ = EYem@i)l = | DD Eosis = Lhji)vi

i=0 j=0
n r n
< DD enpislvgl SO Y halluallzeoqr,
=0 j=0 i=0

where in the last line we have used the assumption (4.4.18). Hence using the
inverse estimate in Lemma 4.23 and the Cauchy-Schwartz inequality we have

(E - EYum)(@ii)l < O 3 R lvallzagy

=0
. n 1/2 ¢ & 1/2
< Cn {Zhi} {Z””ﬂ”iz(m}
=0 =0

< Cn7"||vnl|p2(-aa)
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This together with (4.4.19) implies,

n n
1PaE-LonlZegnn < 3 IPa@=ENvallEagyy < O 30 b Jn~ onlZarnng
=1 =1
hence the result. O
As a consequence of Theorems 4.21 and 4.24 we have sufficient conditions on
ewjij, the error between the exact and approximated matrix entries, which give
us a stable, optimally convergent and fully discrete method for solving (4.0.1). In
Chapter 5 we construct efficient quadrature rules that require a minimal amount
of kernel evaluations whilst simultaneously satisfying these conditions.
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Chapter 5

Quadrature

In this chapter we devise the quadrature rules required so that the fully discrete
collocation method described in Chapter 4 converges optimally. Following on
from §4.4 we only consider finding these quadrature rules for the h-version of
collocation with an approximation space of piecewise polynomials of order r. We
shall do this for a general class of integral equations,
~~ -~ - A ~~
(I+E)a(s) =8(s), with La(s) = / i(s, 0)i(0)do,

-A
where the kernel satisfies the following conditions. We introduce the distance
function dist defined by

dist(s,0) = min{|s—o|,|s—o+2A|,|s—o—2A]}, for s,0 € [-A,A]l. (5.0.1)
We make the assumption on the kernel that for k£ € Ny := NU {0}

o* ~
|ﬁL(s,a)‘ < Cdist(s,0)"17%, (5.0.2)
We do not prove (5.0.2) explicitly for our application. However we note that it is
completely natural since the Mellin convolution kernel Kg(s/o)1/0 which occurs

in the operator Xp (see (3.2.17)) satisfies

2 (Ro(s/o)1/0} < O/, keNUD,

(Note that Kp is infinitely continuously differentiable with all its derivatives
bounded on R.) Also note that with respect to our application this is the worst
case scenario and the behaviour displayed in (5.0.2) only occurs in the vicinity of
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points corresponding to a corner, if any, on the boundary ¢. In fact, away from
the corners the kernel Lg, B = D, N, satisfies

k —~
aiak-LB(s, a)’ < Cmax{1,dist(s, o)>~*},

for any arbitrarily small ¢, 0 < € < 1 (see Theorem 3.6). We shall also need in
Lemma 5.10 a certain analyticity property of Lp which we state and motivate
there.

It follows from Theorems 4.21 and 4.24 that if |Z—,|[2j_a,a] = O(n™"), then
the discrete collocation solution, %2, will converge optimally to @ in L*[—A, A] if

the matrix entry errors, ey ;; 1= L i — l’[:f, .4, satisfy
ei:j,,ij S Ch.,-n"r, fOI‘ (Z,]), ('i’,j’) € j, (503)

with C independent of 4,7,j and j'. (Recall that the index set J is given by
I={(G4):1<i<n,1<j<r})

In Lemmas 5.5, 5.12 and 5.15 below we shall derive suitable quadrature
schemes which ensure (5.0.3) holds. In these Lemmas we distinguish three cases:
the “smooth”, “nearly singular” and “weakly singular” integrals. More precisely
we define

dist(Zy, ;) = min dist(z}

3'=0,...,r

L.

ih

Then we choose a fixed parameter, 8 € [0,1), and we distinguish the three cases:

Case 1 : dist(Iy, L) > hY, (5.0.4)
Case 2 dist(Iy, L) < h?,  i#74, (5.0.5)
Case 3 : i=1d. (5.0.6)

We assume throughout this chapter that n, the number of nodes in the collocation
mesh, is sufficiently large so that h; < 1 for all : = 1,...,n. Since the stability
results in Chapter 4 are proved for sufficiently large n this represents no loss of
generality.

When i, satisfy Case 1 then zj,;, remains reasonably far from o and so we
shall find that a straightforward error analysis is sufficient to analyse the accuracy
of standard quadrature approximation of the matrix entries. Also this is the most
common case (e.g. on a uniform mesh and for, @ close to 1, there are O(n?) pairs
(¢,') satisfying Case 1 and close to O(n) pairs (3,4') satisfying Cases 2 and 3).
Therefore it is particularly important that the numerical scheme implemented
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when ¢, i’ satisfy Case 1 is an efficient method.
We consider finding quadrature rules that satisfy (5.0.3) for the computation-
ally significant Case 1 first.

5.1 Case 1: Smooth integrands

For this so-called “far-field” case we consider using quadrature rules that are exact
for polynomials of order ¢y ; (i.e. degree ts; — 1) for each pair (¢',1) satisfying
(5.0.4). The main aim of this subsection is to find sufficient conditions on ¢y ; to
ensure that (5.0.3) holds for all 4, ¢ satisfying (5.0.4) and 7,5’ =1,...,r.

First we introduce another family of points n¢ € R? for d € N such that
0<n<nd<.. <n?<1 (Thesecan be thesame as, or different from, the
collocation points &;* introduced in §4.1.) We also introduce a class of quadrature
rules on [0, 1] which are exact for all polynomials of order < ¢, with d <t < 2d.

These use function evaluations at the points n¢ for k = 1,...,d, and have the
form
1 d
] v(o)do ~ > wiv(ng). (5.1.1)
0 k=1

We assume that the weights, wg, in (5.1.1) are positive. An example is the Gauss-
Legendre quadrature rule which is found by treating w and n¢ as 2d unknowns
and are chosen so that the rule (5.1.1) is exact for all polynomials of order < 2d.
Transforming (5.1.1) to a rule on rule I; yields:

d
/ v(o)do =~ Z hiwiv(cd), (56.1.2)
L k=1

where o = z;_; + nfh;. Note that if we use Gauss-Legendre quadrature and
collocate at the Gauss-Legendre points then the afj will coincide with the points
z};, introduced in (4.1.2), when r = d.

The following result gives a derivative-based error estimate for general quadra-
ture rules of the form (5.1.2).

Lemma 5.1. Suppose that v € C*(I;) and that the quadrature rule in (5.1.2) is
exact for polynomials of order less than or equal to t. Then,

d
| / v(0)do — Y hiwfv(oh)| < CRE D ollgeeqry. (5.1.3)
L k=1
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Proof Let p € P; then since the quadrature rule (5.1.2) is exact for p, we have

| /I.~ v(o)do — i hawiv(od)| = l /1,-(U —p)(o)do — Z hiw(v (o’zk)|

d

< allo = plzery + {3 wi Hlo = pllz=ary
k=1

= 2hil|v = pllzeqy), (5.1.4)

since S, wf = 1. To estimate (5.1.4) we expand v as a Taylor series of degree
t — 1 about z;_; with Lagrange remainder,

Dt
v(o) = p(o) + (0 — Ti-1)" :'(6), (5.1.5)
for some ¢ € I; and p is the Taylor polynomial:
t—1
DFy(z;_
p(o) = Z(U - xi—l)k%-
k=0
It follows from (5.1.5) that ||v —pl|Ler) < hf||D*||L(r;) and (5.1.3) follows from
(5.1.4). 0
To compute the matrix entries ]L, i jr.ij» defined in (4.4.6), we shall use a quadra-

ture rule based on dj; points depending on ' and ¢ in order to ensure a certain
order of exactness. This will yield computable matrix entries given by

]I’:;ij,:'u th k 'L 1]" 1k .)d)l]( ‘Lk ) (5.1.6)

Note that if we are able to choose %'+ = €™ then the sum in (5.1.6) collapses
to one term. This is because the quadrature nodes af,; * will coincide with the
collocation points xfj * and since ¢y;(z}i) = d;x the summand in (5.1.6) will
vanish for all k¥ except when k& = j. Thus in this case only one kernel evaluation is
required to compute (5.1.6). This is useful in our application since each evaluation
of the kernel is relatively expensive, see §6.2.

Now recall the quantity ey ;; which has to be estimated as in (5.0.3). It is

given by (using (5.1.6)):
di',i
=~ . di T/ 7 d.",.' di',i
eilj/’ij = ‘[ L(xi/j/,a)¢ij(0')d0' - thwk L(.'L',i/jl, U’ik )¢ij(aik ) .
i k=1
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The choice of ¢y ;, the order of the quadrature rule (on which the number and
position of abscissae will depend), so that the requirement (5.0.3) is satisfied
is now our main consideration. If we can find a bound on the derivatives of
L(z},,0)¢ii(0) as a function of o then we can use Lemma 5.1 to achieve the
required accuracy in (5.0.3). This is the purpose of Lemma 5.2.

First we note that the basis function, ¢;;, restricted to the interval I;, is the
Lagrange interpolating polynomial of degree 7 — 1 on [—1,1] translated to I;.
More precisely, with ¢;; as defined in (4.1.3), when ¢ = z;_; + h;§ € I;, we have,

wer=x0:= 11 e=
k#5

Hence,
0 —Ti1
¢i5(0) = ’\j(_m—)’
(if r = 1 then ¢;;(0) = x:(0)) and from this we obtain

|1 D*¢ijllLoory < Crhi*,

(5.1.7)
| D*¢ijl| Loy = 0,

where Cy depends on k£ (and 7) but not on the mesh or on 7. Here and henceforth
we use C, C}, C,, C etc. to denote generic constants which are mesh indepen-
dent and whose value may change from line to line. Using this observation, we
can bound the derivatives of L(z7, 7110)8i()-

Lemma 5.2. Suppose i,i' € {1,...,n} satisfy (5.0.4), then for all k > 0

I

diSt(Iil, L) }mi“{krr"l}

“Dk{L( Lirjes )d)ij(O')}”Loo(]'.) < deiSt(Ii’,Ii)—l—k{ =

for some mesh independent constants Cy.

Proof By the Leibnitz rule we can write

| DE{L (2%, 0)¢35(0) Ml o= (ri) < Cik lggfﬁ{||D§_li(fﬂi'j,0)||L°°(1.-)||Dl¢ij||L°°(I.-)}-
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From (5.0.2) and (5.1.7) we get

ID5(E(a%, )00 sy < Cr_ max dist(Ty, L) HHA

1=0,...,min{k,r—1}
diSt(Iil, I-,) }l

= Ci max diSt(Iil,Ii)—l—k{ 3

1=0,...,min{k,r—1}
(5.1.8)

From (5.0.4) and using the fact that € [0,1) (and the assumption h; < 1), we
see that dist(Iy,I;) > h? > h;. Thus, dist(Iy,L;)/h; > 1 and so (5.1.8) implies
the result. g
Combining Lemmas 5.1 and 5.2 we obtain an estimate of the error for a quadra-
ture rule of the form (5.1.6) applied to a typical “far field” matrix entry.

Corollary 5.3. Let i,i' € {1,...,n} satisfy (5.0.4). Then using a quadrature
rule which is ezact for polynomials of order t; ; we get

<C hi ty ;+1-min{ty ;,r—1}
€ijrii = {m} .
Proof By Lemma 5.1,

il

dyr
Tl Qi iTror dy ; dit;
engri; = |/I L(zyj0, 0)¢ij(0)do — Zhiwk L(z%j0, 05 ) bi(o3 ™)
i k=1
[ TR 2y
< Ch T ||Ds {L(zag, 0)9(0) Hizeo(rs)-
Hence by Lemma 5.2,

t'I,"+1

(3
i

diSt(Iil, Ii) }mi“{ti',iﬂ‘—l}
hi
h; ty ;+1-min{t, ;,r—1}
C{diSt(Iir,Ii) } )

exjrij < Ch dist (I, I;) ™14 {

O

Remark 5.4. Under the conditions of Corollary 5.3, if the quadrature rule for
Ly ji; is chosen to have order ¢y ; > r — 1 then

h. ti;"-—r+2
ors <l

dist (Iil y I,'

This now leads to the next result which tells us what degree of precision is
sufficient to ensure that (5.0.3) holds. This is obtained by arguments similar to
those used in [46].
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Lemma 5.5. Let the assumptions of Corollary 5.8 hold. Suppose n is sufficiently

large and that, for each pair (7',1) in Case 1, we use a quadrature rule based on at

least r abscissae chosen so that the order of precision, ty ;, is the smallest integer

such that

o
S
..
v

r—1,

ty; 2 r—1+

r + log(dist(Iy, I;)) / log(h:)

then (5.0.3) holds.

1 — log(dist(Iy, I)) / log(h;)’

(5.1.9)
(5.1.10)

Remark 5.6. As the mesh is refined h; — 0, the right-hand side of (5.1.10)

approaches 2r — 1 and the condition (5.1.9) becomes redundant.

Proof Firstly we have from (5.0.4) (using our assumption that h; < 1) that

log(dist(Ii:, I,))
log(h)

<0<1.

Therefore (5.1.10) implies

log(dist(I,-r, L))

(1 _ lOg(diSt(L", Ii))
log(h;)

Multiplying by log(h;) < 0, this implies

)(til,i—’f‘+1) >r+

log(h;)

(IOg(hl) — lOg(diSt(Ii/, Ii)))(til,i -7+ 1) <r lOg(h,) + IOg(diSt(Iil, I,))

Hence (5.1.10) implies

(L)t‘"i_ﬁ—1 < by dist(fy, I;)).

diSt(Iil y Iz)

Rearranging this gives

(m)t"”’—r+2 < hIHL

Therefore, by Remark 5.4 and assumption (5.1.9), we have
r+1 1
evjrij < ChiT < Chiﬁ,

as required.
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We can use this lemma to devise sufficient quadrature methods in the “far-
field” case that will ensure optimal convergence of the collocation method. In the
following subsection we restrict to the case of Gauss-Legendre quadrature rules
which leads to a particularly efficient scheme.

5.1.1 Gauss-Legendre quadrature

Consider a special case where the collocation points on I; coincide with the Gauss
points translated to I; and ﬂj,i: j, is approximated by the r-point Gauss-Legendre
rule (based on the same points). Then ty; = 2r (see e.g. [28]). As explained
above, since the quadrature points coincide with the collocation points and be-
cause of the special form of the basis functions ¢;;, there is only one kernel
evaluation required to calculate the matrix entries. The matrix entries which we
can estimate using this particular method is described in the next result.

Lemma 5.7. Suppose we use the h-version of collocation with approximating
piecewise polynomials of order r on each subinterval and collocate at the Gauss-
Legendre points of subintervals. Then (5.1.9) and (5.1.10) will hold if we use
Gauss-Legendre quadrature of order r to calculate the matriz entries (4.1.6) for
pairs (¢',1) satisfying,

dist(Iy, I;) > B}/ C¥2). (5.1.11)

Proof Clearly (5.1.9) holds since ty; = 2r. Starting from (5.1.11), we see that

this implies,
log(dist(Zy, I;)) 1

log(h;) “r+2 <
After a little algebra, it can be shown that this implies

1.

T+ lOg(diSt(Iil, I,))/ lOg(h,)
>
"2 T Tog(dist(ly, 1)), log(h)

Hence,

T+ log(dist(I,-:, I,))/ log(h1)

1- log(dist(I,-', Iz))/ lOg(hi)’

so (5.1.10) holds. O
The consequence of this lemma is that if we take § = 1/(r + 2) then we can

til,,’=27‘2’l'—1+

calculate the matrix entries (4.1.6) for all pairs (¢,) in Case 1 with one kernel
evaluation. Since the right-hand side of (5.1.11) approaches 0 as n — oo, an
increasing proportion of the off diagonal matrix entries in L can be approximated
using one point quadrature rules as the mesh is refined.
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Figure 5-1: The ellipse &,

5.2 Case 2 : Nearly singular integrands

Now we consider Case 2, the nearly singular integrals. Gaussian quadrature can
handle many near singular integrals very effectively and so we consider such rules
here. However for this case (and also for Case 3) we no longer use derivatives of
L(zyj,0)¢:;(0) to estimate the quadrature error since these derivatives blow up
so quickly that the analysis in §5.1 fails. Instead we shall use so-called “derivative-
free” error estimates for the quadrature. Fortunately such estimates exist for
Gauss-Legendre quadrature rules. Let €,, C C denote the closed ellipse with
foci at —1 and 1, with semi-major axis of length a > 1 and semi-minor axis of
length b = v/aZ — 1 > 0 (see Fig 5-1).

Now consider the integral of some function v over [—1,1] and the d-point
Gauss-Legendre approximation of this integral, denoted by G%v. A classical esti-
mate for the error is given by the following lemma.

Lemma 5.8. Let v be analytic on [—1,1] and admit an analytic continuation
into the ellipse €,5. Then

1
l /1 v(o)do — G| < C(a + b))~ max lv(2)|
Proof The result follows from [28, 4.6.1.11].

Note that this is quite different in flavour to the more usual estimates in
Lemma 5.1 in that derivatives of v do not appear explicitly on the right-hand
side. We use this result to find a bound (given in Lemma 5.10) for e; i ;;, when
Gauss-Legendre rules are applied on I;, in Case 2.
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For Lemma 5.10 we need an analyticity assumption on the kernel L. Precisely
we shall assume:

Assumption 5.9. For each i,7,j' the function E(x’ o) for ¢ € I; has an

ij

analytic extension to ¢ € C with its only singularity at o = ;.

This assumption is reasonable because: (a) Fundamental solutions of general
elliptic PDEs are analytic except at the origin see e.g. [46, §2.2]. (b) The contour
¢ is assumed to be piecewise analytic (see Notation 2.2) and since the corners of
¢ are not allowed to be interior points of I;, the parameterisation p in (3.1.27) is
analytic on I;. Note that the definition of the distance function (5.0.1) and the
assumption (5.0.2) can be extended in a straightforward way for o € C.

Lemma 5.10. Assume Assumption 5.9 and that (5.0.2) holds for o € C. Suppose
we use the dy ;-point Gauss-Legendre rule in (5.0.3) for all pairs (i',i) in Case
2. Also suppose the meshes have a bounded local mesh ratio, i.e. there exist
constants Cp, Cy such that

Cy < h,":l <G (5.2.1)

Then,
€y ig < Chip 2

for some p = p(i, §',%) > 1, which is bounded away from 1 and independent of n.

Remark 5.11. The condition (5.2.1) is satisfied for uniform meshes or the graded
mesh introduced in (4.3.2).

Proof Firstly, we employ a change of variable to rewrite L;; ;; as an integral
over [-1,1]. Let 0 = z;—1 + hi(y + 1)/2,

r hz !
5 i = /1 L(z5,0)¢i5(0)do = ) /lvi’j',ij(y)dy, (5.2.2)
where
Virgr i5(Y) = L(2%jp, Tic1 + hi(y +1)/2) @i (zi1 + hi(y + 1)/2). (5.2.3)

Now if we use the Gauss-Legendre rule on I; to approximate the middle integral in
(5.2.2) we get the same result as if we use the Gauss-Legendre rule to approximate
the right hand-side of (5.2.2). So the error is,

hi 1 .
ejlij = l; / 1 Virg i (Y)dy — Gy 5. (5.2.4)
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Now we need to construct an ellipse with foci at —1 and 1 so that vy ;; satisfies
the conditions of Lemma 5.8. So we need to know where the singularities of
vy ji; lie. Now ¢;; has an analytic extension to any ellipse but L(z},0) has a
singularity at o = ;. Suppose that 7, > z; (we return to the possibility of
Ty < Ti1 later) then

Thy = Ti + nhiyy, (5.2.5)

for some n which depends on #/,j’ and i. Note that n > &], i.e. 1 is bounded
away from 0. Thus, the continuation of vy; ;; into C has a weak singularity at
the point y, ¢ [—1,1] which is given by the change of variable that was used in
(56.2.2), i.e. mi—1 + hi(ys +1)/2 = z; + nh;;1. This yields ’
hi

Yy, =1+ 2nh—:1.
Hence if we chose €, so that a = a(7/, j/,¢) satisfies 1 < a < y; =1+ 2nhiy1/h;
(say, by setting a = 1+nh;41/h;) then the continuation of the integrand into &,
is analytic. By choosing b = b(¢/, j',1) accordingly (i.e. so that b? + 1 = a2, see
Fig 5-1) and setting p = a + b it follows from Lemma 5.8 and (5.2.4) that,

—2d. - hi
ei’j',’ij = Cp 3! ,‘E zlgéa;)l{b Ivz/]”z](z)l’

for all pairs (¢,7) in Case 2 and 4,5’ = 1,...,r. It follows from (5.0.2) (extended
to include ¢ € C) that

|virjri5(2)| < ChY,

for all z € €, with C independent of the mesh. Hence,
exjij = Cp 2.

If 27, < zi—1 then the singularity of f occurs at y, = —1 — 2nh;_,/h; for some
n > 1 — & and the result follows in the same way as above. O

Lemma 5.10 can now be used to derive the sufficient degree of precision to
ensure that (5.0.3) holds.

Lemma 5.12. Suppose that i, satisfy (5.0.5) and that each matriz entry Ly j ;;
is approzimated by a dy ;-point Gauss-Legendre, where dy ; is the smallest integer

satisfying
—(r + 1) log(h;)

2log(p)
where p is the minimum of all the p(i', j', 1) identified in Lemma 5.10, then (5.0.3)

dy; >

(5.2.6)
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holds.

Proof From (5.2.6) we get
—2di1,,' log(p) < (7‘ + 1) log(h,—).
Hence p~2%: < ™!, and so by Lemma 5.10

eujri; < Cp 2%+ < ChITE < Ch%.
O
We now have a sufficient quadrature rule for 7,4 satisfying Case 2. Note from
Lemma 5.12 that as n increases an O(log(n)) point Gauss-Legendre rule is needed
to achieve the order of accuracy in (5.0.3). Hence we have a quadrature scheme
that requires O(log(n)) kernel evaluations per matrix entry.

5.3 Case 3 : Weakly singular integrands

We now consider the weakly singular integrals in Case 3. In this case the inte-
grand is weakly singular at some point on the range of integration and so neither
Corollary 5.3 nor Lemma 5.10 can be used. We consider here the case when the
integrand has a log singularity i.e. when the kernel is of the form

L(s,0) = p(s, o) log(|s — o) + (s, 0), (5.3.1)

where p and r are smooth functions. With regard to the problem of interest in
Chapter 3 by ensuring that any corner points on ¢ coincide with a node on the
collocation mesh then each subinterval I; will correspond to a smooth section
of the contour ¢. Hence it follows from Theorem 3.6 that the kernel Eg(s,a),
B = D, N will take the form (5.3.1). In fact by substituting the representation
of P,_i/; from Lemma 3.5 into the expressions (3.1.1) and (3.1.2) for Lp and
Ly, respectively, it can be shown that p and r can be written in terms of the
functions a,_1/2 and b,_1/, defined in (3.1.8), (3.1.9) and their derivatives. The
functions a,_1/2 and b,_1/2 can be computed explicitly in terms of hypergeometric
functions.
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Using (5.3.1) the integral we wish to calculate can be split into two parts

L(alyo)di(0)ds = [ plaf; o) log(la}; - ol)éis(o)do

I; I;

+ [ 1 0)s50)do (532
The second integral on the right-hand side has a smooth integrand and can be
estimated using a Gauss-Legendre quadrature rule. For the first integral we use
product integration.

To describe product integration consider the general problem of integrating
w(o)v(o), where v is a smooth, possibly complicated function and w is a simple
and possibly singular function. We approximate v on I; by its interpolant at
some points 035, j =1,...,d:

d
Mav(o E v(o4;)l
0

J:

where
0 — Oik
lij(o) = H _—
k2 Oik — 045
This leads to the approximation
d
/ w(o)v(o)ds ~ / w(o) (M) (0)do / w(0) S v(i)lij0)do
I; I I; ]=0
d;
= 3 u(oy) / w(o)li;(0)do = Zw,, o(oy),  (5.3.3)
=0 L

where wi; = [; w(0)lij(0)do. If w is simple enough, the weights w;; in (5.3.3)
can be computed analytically.
We apply this to the first integral on the right-hand side of (5.3.2).

Lemma 5.13. Suppose that we use the quadrature rule in (5.3.3) with d = dy ;
nodes, w(o) = log |z}; — o|¢i;(0) and v(o) = p(z};, ) then we get the following
error bound

dy;

|/1 p(z3;, o) log(|z]; — ol)¢ij(0) do — Zwijp(xfj»aﬁ)l

Jj=0

< Cllp(=3j, 0) — M, p(25, 0) || o= (i) /1 |log(|zi; — of) do, (5.3.4)
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where wi; = [} log(|2}; — al)¢i;(0)lij(0)do

Remark 5.14. Note that ¢;; and [;; are polynomials. Therefore the integral
describing the weights w;; have an integrand which is a product of a log function
and a polynomial. Hence w;; can be computed analytically.

Proof By (5.3.3) and (5.1.7) we have,

dy

|/ #ta5 011081z = oo da—zwt,p(x,,,au)]

=| [ (0let ) = (e, p)(e5 ) 08(1a5; = ois(e) dor
< Clp(a,0) = (o, (w5, 0Mlimry [ V1og(lay = o) do, (535)

as required. O

So the accuracy of the quadrature rule depends on the accuracy of the inter-
polating polynomial, Il4, ,p, compared with p. We use Lemma 5.13 in the next
result which gives a sufficient numerical technique for approximating the matrix
entries Ly ;; for pairs (¢, ) satisfying Case 3.

Lemma 5.15. Suppose that i = 7' and that we approrimate the matriz entries
Ly joij using the representation (5.3.2). Also suppose that we compute ]Lz,] i
the numerical approzimation of Ly i ;;, by using the product integration method
described in Lemma 5.13, with dy; = r + 1, to approzimate the first integral on
the right-hand side of (5.3.2) and by using the [r/2]-point Gauss-Legendre rule
to compute the second integral on the right-hand side of (5.3.2). Then it follows

that the matriz entry approximation error satisfies
eirjrij < Ch;n™".

Proof First we write

T+1
= | [ Pl ) loa(le = oo (o)de - Y wsp(ar o)

3=0

where w;; = [} log(|s — o|)li;(0)do. We also define

€2 1= I/ zja ¢%J dO' - [T/Z] {T($1]7 )¢ZJ( )}
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where, for an arbitrary function v, GI"/?lv is the [r/2] point Gauss-Legendre
approximation of the integral of v over I;. It follows that

€irjri; < €1+ ea. (5.3.6)
From Lemma 5.13 it follows that
e1 < HP(szjaa) - Hr+1P($£j»U)”L°°(I.-)/I |log(|arfj - 0l)| do.

ij?a) - HT+1p(x:j70)|lL°°(Ii) < Ch:+1
where C is a constant that depends on p, it follows that

Therefore using the standard estimate ||p(z?.

€1 < Ch:-{-l.

Now we consider e;. Since the Gauss-Legendre rule on [r/2] points is exact for
all polynomials of order < 2r (see e.g. [28]) it follows from Lemma 5.1 that

ez < ChiH|| D r(a;, 0)ij(0) || Loof-a,a < CRIF
Hence (5.3.6) implies that e;;1;; < Ch{™! < Chin™". O

Combining all three cases (5.0.4)-(5.0.6) we see that O(n?) kernel evaluations
are needed to compute the whole matrix to ensure (5.0.3) holds for all pairs (3, ')
(in fact a large proportion of matrix entries can be computed with only one kernel
evaluation).

We have described here an efficient strategy for assembling the matrix L¢
while maintaining the optimal convergence of the h-version of collocation method
described in Chapter 4. In the next section we present the results of some numeri-
cal experiments which use these approximation rules for the matrix assembly and
demonstrate the rates of convergence expected from Chapter 4 and the theory
above.

5.4 Numerical results

We shall illustrate the performance of the numerical method described Chapter
4 with the quadrature rules above for two example problems. Throughout the
computations we use collocation at the Gauss points of subintervals.
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Example 1

First we consider the numerical solution to the integral equation that results
from the acoustic diffraction problem for a circular cone. We consider both Dirich-
let and Neumann boundary conditions and fix v = ¢. We chose a circular cone
with semi angle (the angle between the surface of the cone and its axis of symme-
try) equal to 7/6 and an axisymmetric incident wave, Uin.(x) = exp(—ikwy - X),
where —wy is the direction of the axis of symmetry. The boundary value problem
(3.0.1), (3.0.2), associated with this example has an explicit solution. We do not
concern ourselves with this fact here but we will return to it when we consider
the accuracy of the single/double layer representations in §6.3. Unfortunately
there is no explicit formula for the solution to the integral equation (4.3.3).

In Table 5.1 and 5.2 we give results for the h—version of collocation (4.3.3)
with piecewise constant and piecewise linear basis functions (i.e. r = 1 and
2 respectively). For the evaluation of the boundary integrals we used Gauss
quadrature at the collocation points (i.e. the r-point Gauss Legendre rule) for
pairs (¢,1) satisfying (5.0.4) with § = 1/(r + 2). We increase the number of
Gauss quadrature points, d, logarithmically as n increases for the nearly singular
integrals, according to the formula

(r + 1) log(n)
—  2log(2)

This arises from taking p = 2 and h; = 1/n in (5.2.6). This is not strictly
equivalent to (5.2.6) but is convenient and of the right order as n — co. When
the observation point lies in the interval of integration then, since r < 2 and
Lp(w,w') = O(Jw—w'|?log(w—w')) as |w—w'| — 0 (Theorem 3.6(ii)), we simply
apply the r-point Gauss-Legendre rule to compute the weakly singular integrals.
We shall see that our numerical results support the theoretical predictions.

Table 5.1: Estimated errors for the piecewise constant collocation method for
example 1

Dirichlet Problem || Neumann Problem
n err} ratio err: ratio

4 | 6.831E-3 8.471E-5
8 |5.003E-4| 13.7 6.392E-6 13.3
16 | 1.626E-5 | 30.8 2.083E-7 30.7
32 | 2.875E-5 | 0.56 3.268E-7 0.64
64 | 1.051E-5| 2.74 1.092E-7 3.00

128 | 2.870E-6 | 3.66 | 3.132E-8 | 3.49
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Table 5.2: Estimated errors for the piecewise linear collocation method for ex-
ample 1

Dirichlet Problem || Neumann Problem
n err, ratio err., ratio

4 | 5.248E-4 6.703E-6
8 [6.389E-5 | 8.21 8.178E-7 8.20
16 | 7.653E-6 | 8.34 9.799E-9 8.35
32 | 8.259E-7| 9.26 1.058E-9 9.26

64 | 2.936E-9 | 281 3.223E-11 | 307

Since the true value of the density ¥ is unknown, to illustrate convergence, we
have computed an “exact” solution u* by using piecewise linear collocation on a
mesh with 500 nodes. In Tables 5.1 and 5.2, the quantity err! is an estimation of
the L? norm of @* — %, computed using r-point Gauss quadrature with respect
to the mesh with n nodes. That is the L? norm of &* — %, is estimated using
values of u,, at the collocation points.

The column labelled ratio is the ratio of successive values of err! as n doubles.
The rate of convergence is given by log(ratio)/log(2), hence it appears empirically
that the error is approaching O(n~2) for piecewise constant approximation and
close to O(n~3) for piecewise linear approximation. These rates of convergence are
faster than the convergence given in §4.2. This apparent discrepancy is explained
in the discussion on superconvergence below.

Example 2

To test how the collocation method performs when £ contains corners, the
second example we consider is the numerical solution to the integral equation re-
sulting from the diffraction of acoustic waves by a trihedral cone. In the asymp-
totics literature this is an unsolved canonical problem - i.e. it is a relatively
simple geometry which often occurs in applications, but there is no known closed
form expression for the diffraction coefficients. Again we consider both Dirichlet
and Neumann boundary conditions with v fixed, v = 1.

Our cone is determined by three rays which emanate from the origin and pass
through the points w,, € 52, i = 1,2, 3, specified by spherical polar coordinates
(6*,0), (6*,27/3) and (6*,4r/3) respectively, where cos#* = 1/4/3. The conical
scatterer = has surface composed of the three planar segments determined by
each pair of rays and the contour £ is made up of three smooth geodesic curves
in S2, with each pair of smooth curves meeting at an angle of 7/2 at one of the
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Figure 5-2: The contour ¢ associated with a trihedral cone

points w,,. The geometry is depicted in Fig. 5-2. The contour £ is drawn in bold.

We consider a test problem where wy = —w,,. Again an explicit formula
for the double layer density % in the boundary integral equation is not known.
However we expect from Remark 4.11 and Examples 4.10 that in the presence of
Dirichlet boundary conditions there exists a constant C’ such that, t—C' € L2",
with @ < 7/6, and when Neumann boundary conditions are prescribed, & €
L?" a < 1/6. So for the Dirichlet problem, piecewise constant approximation
should yield optimal O(n™!) convergence (in the L? sense) on a uniform mesh
(¢ = 1, cf. Theorem 4.14) and on this mesh we can expect that piecewise linear
approximations will give a slightly faster rate of convergence. On the other hand
for the Neumann problem we expect a rate of convergence close to O(n~1/¢) on
a uniform mesh.

For this example we have again computed an “exact” solution u* by using
piecewise linear collocation on a mesh with n = 498 nodes. (To obtain the
“exact” Dirichlet solution we grade the mesh towards the corners with ¢ = 2 and
for the the “exact” Neumann solution, since the optimal grading is rather severe,
we only use a grading with exponent ¢ = 3.) The “exact” solutions T* to the
integral equation with Dirichlet and Neumann boundary conditions are shown in

113



Figs. 5-3 and 5-4 respectively. The singular behaviour of the solution is seen at
the points corresponding to the corners of £ (i.e. at the points s = 0,7/2,m, 37 /2).

The L? error is computed and the stiffness matrix L% is assembled using
the same quadrature scheme as in Example 1. Note that for this geometry
Lp(w,w'’) = 0 when w and w’ both lie on the same edge of the geodesic tri-
angle ¢. Hence, one third of the matrix entries are zero, included in these zero
entries are the weakly singular integrals in Case 3, which in this case do not need
to be approximated. The errors err) are computed as in Example 1.

The results for the uniform mesh are given in Tables 5.3 and 5.4. As expected,
a convergence rate close to O(n™!) is observed for the Dirichlet problem and close
to O(n~1/%) for the Neumann problem.

Table 5.3: Estimated errors for the piecewise constant collocation method for
example 2 on a uniform mesh

Dirichlet Problem || Neumann Problem
n errl ratio err} ratio

24 | 9.957E-2 1.609E-3
48 | 5.285E-2 | 1.88 1.530E-3 1.05
96 | 2.472E-2 | 2.14 1.229E-3 1.24
192 { 1.074E-2 | 2.30 1.077E-3 1.14

384 | 4.992E-3 | 2.15 | 9.589E-4 1.12

As we have shown, mesh grading will improve the rates of convergence, (ex-
cept in the piecewise constant approximation of the Dirichlet problem case where
optimal convergence is obtained using a uniform mesh). Consider the Neumann
problem, the required grading exponent ¢ > 6r needed for optimal convergence

Table 5.4: Estimated errors for the piecewise linear collocation method for ex-
ample 2 on a uniform mesh

Dirichlet Problem || Neumann Problem
n err} ratio err} ratio

24 | 5.638E-4 1.178E-3
48 | 8.785E-4 | 0.64 8.211E-4 1.44
96 | 3.654E-4 | 2.40 6.254E-4 1.31
192 | 1.343E-4 | 2.72 5.668E-4 1.10

384 | 5.754E-4 | 2.33 || 5.252E-4 1.08
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(cf. Theorem 4.14) is rather severe here. However, note that, because the Neu-
mann solution, & € L2", @ = 1/6, it can be shown that with ¢’ < 6r a rate of
convergence of O(n~7/%) in the L? norm can be attained when a graded mesh is
used with grading exponent q > ¢’. We illustrate the correctness of this result
with ¢ = 3. The results are in Table 5.5. Here we find that the Neumann problem
now converges with a rate close to O(n=/2) as expected. The Dirichlet problem
now appears to converge with a superoptimal rate, but this could be expected to
subside back to O(n~1) asymptotically.

Table 5.5: Estimated errors for the piecewise constant collocation method for
example 2 on a graded mesh, q=3

Dirichlet Problem |[ Neumann Problem
n errl ratio errt ratio

24 | 1.257TE-2 6.307E-3
48 | 4.948E-3 | 2.54 | 6.106E-3 1.03
96 | 2.147E-3 | 2.30 || 4.744E-3 1.29
192 | 7.842E-4 | 2.74 | 3.553E-3 1.34

384 | 2.442E-4 | 3.21 | 2.738E-3 1.30

Now returning to the Dirichlet problem, it follows from Theorem 4.14 that
optimal convergence for the piecewise linear collocation method can be attained
when a graded mesh with exponent ¢ > 2/(7/6) is used. Our results with ¢ = 2
are illustrated in Table 5.6. Here we find that the Dirichlet problem now converges
with a rate close to O(n~2) and the Neumann problem converges with a rate close
to O(n~'/%), as expected. These results indicate that our integral equation solver
is working as predicted by the theory.

Table 5.6: Estimated errors for the piecewise linear collocation method for ex-
ample 2 on a graded mesh, q=2

Dirichlet Problem [ Neumann Problem
n err} ratio err;, ratio

24 | 2.722E-4 1.279E-3
48 | 2.607E-4 | 1.04 | 8.573E-4 1.49
96 | 5.449E-5| 4.78 || 6.162E-4 1.39
192 | 1.148E-5 | 4.75 | 4.843E-4 1.27

384 | 4.527E-6 | 2.54 | 4.348E-4 1.11
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Superconvergence

As we have stated earlier, sometimes the computations converge at a faster
rate than so far proved. This maybe due to u, being superconvergent at the
collocation points. To give a flavour of why superconvergence may occur, consider
(4.1.8). We introduce the iterated collocation solution, %!, defined by ul =
b— Eﬂn. Then fl\’nﬂfl = U, and so u, and u! are equal at the collocation points.
Also (I — £P,)dl =b. Now assuming (4.1.8) is stable in L2[—A, A], (I — L)
is bounded and

(I+LP) ' '=I1+P,I+P,L)'L on L*}[-A,A],

which shows (I + £P,)~! is also bounded. Therefore since

~

(I+LP)a-a)=-L(I-7,)

)

it follows that
1@ = @il 2p-aa) < CILT = P )il c2-an)s

and we expect from e.g. [22] that, depending on where we chose to place the
collocation points, ||[L(I — P,)@|lL2-aa) = O(n™") for some 2r > 7' > r. A
prime candidate is the Gauss points. When we collocate at the Gauss points

-21')

a superconvergence of O(n can be expected for the solution at the Gauss

points.
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u*(s)

Figure 5-3: The “exact” solution to the integral equation (Dirichlet boundary
conditions)

-0.1} -

Figure 5-4: The “exact” solution to the integral equation (Neumann boundary
conditions)
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Chapter 6

Practical Computation of
Diffraction Coefficients

In this chapter we describe some of the practical aspects of calculating the acous-
tic diffraction coefficient, f(w,wy), and the electromagnetic diffraction coeffi-
cients, &(w,wp) and H(w,wp). To summarise, the basic strategy of calculating
the acoustic diffraction coefficient is as follows.

Algorithm A

(a.i) Firstly we find @, a numerical approximation of the solution to the integral
equation (1 +L B)U(s) = 33(3), B = Dor N. Here L are integral operators
as defined in (3.1.27) with kernels iB(s, o) defined in (3.1.28), (3.1.29), and
b depends on the boundary conditions (2.1.2) of the original problem. This
needs to be done for many values of v € v, (see Fig. 2-1).

(a.ii) Next we find a numerical solution, g:¢, to the boundary value problem
(3.0.1), (3.0.2) with boundary conditions depending on the original prob-
lem. We do this by rewriting the integrals along £ in (3.0.3) and (3.0.7)
as integrals along [—A, A] using the parameterisation p (the transformation
which took (3.0.5) to (3.1.27)) in (3.0.3) and (3.0.7). We then replace u by
U, in the parameterised versions of (3.0.3) and (3.0.7) to approximate the
double and single layer potentials respectively.

(a.iii) Finally we need to calculate f(w,wy) by substituting g:¢ into (2.1.56)

fw,wp) =~ 1/ e~ g5 (w, wy, V)V dv. (6.0.1)
™ mn
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Recall that in general the integral in (6.0.1) only converges in the distri-
butional sense. We discuss techniques which will transform this integral to
one which converges in the classical sense in §6.1.

We have a similar scheme for calculating the electromagnetic diffraction co-
efficients.

Algorithm B

(b.i) Firstly we find numerical approximations of the solutions of both of the
integral equations (I + faB)ﬁ(s) = EB(S) for B = D and N, where Lp are
the same integral operators as in (a.i), and bg depends on the boundary
conditions (2.1.2) of the original problem. Again this needs to be done for
many values of v. For the electromagnetic diffraction coefficients v € 7,
(Fig. 2-5).

(b.ii) We approximate the solution to the boundary value problems
(A* +v* —1/4) g5 (w,wo,v) =0, B=D,N,

with Dirichlet and Neumann boundary conditions (2.2.18) respectively. In a
similar way to (a.ii) we rewrite (3.0.3) and (3.0.7) on [—A, A] and we replace
u by U, to obtain the approximations gz, for B = D and N respectively.

(b.ili) Finally we calculate &(w,w) and H(w,wo) by substituting gz, into the
formula (2.2.16) for fp(w,wy) for B = D, N, i.e. for the electric diffraction
coefficient we have from (2.2.20) and (2.2.16) the following,

E(w,wo) = =V fp(w,wo) = Vo fn(w,wo) Aw
—1 —wvr sc sc v
—; . wgD’n(w,wo,V) +vng,n(w,wO,V) Aw)l/z——l/4 dv
(6.0.2)

By using (2.2.20) and (2.2.16) again, we obtain an analogous formula for
H(w,wyp). Again we need to employ the techniques discussed in §6.1 to
make the integral in (6.0.2) convergent in the classical sense.

There are several aspects of these schemes which need to be considered before
we can go ahead and calculate the diffraction coefficients. Firstly, to solve the
integral equation in steps (a.i) and (b.i) we need to be able to calculate the kernel,
EB(w,w’), and the right-hand side bg for B = D, N. This involves calculating
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Legendre functions with a complex index. The computation of such Legendre
functions is examined in §6.2. Another issue to be considered (occurring in steps
(a.ii) and (b.ii)) is how we calculate the integral in the single and double layer
potentials. This we discuss in §6.3, where we also present convergence results for
our method of approximating the potentials.

The final issue is the calculation of the contour integrals (over contours of
infinite extent) which appear in the formulae (6.0.1) and (6.0.2) for the diffraction
coefficients. It turns out that these contour integrals can be rewritten as rapidly
convergent integrals along the imaginary axis for certain values of w. This helps
with the implementation and is described in §6.1 while quadrature rules that are
used to calculate the deformed integrals are given in §6.4.

Diffraction coefficient calculations are carried out for several conical geome-
tries and are also presented in §6.4.

6.1 Domains of observation

In both the acoustic and the electromagnetic cases the observation domain, M,
can be divided into two sub-domains, M; and M,, separated by the singular
directions (see Definition 2.13).

In the case of a fully illuminated convex cone the subdomain M, contains
observation directions that are inside the domain in which the waves reflected by
the surface of the cone and diffracted by lateral edges propagate. The subdomain
M, is the domain outside of this region and in which only the tip diffracted wave
propagates. Recall the function 6;(w,wy) in Definition 2.13. The domain M is
defined by the angles of observation w such that 6, (w,wy) is greater than 7 and
M, contains all the remaining non-singular directions in M. That is,

M1 = {w eEM: 01(&),‘00) > 71'},
M, = {weM:w¢g M and w is not a singular direction}.

For a cone that is not fully illuminated, M is still split into two subdomains,
M, and M,. This time, as for the fully illuminated case, M, contains observa-
tion directions in the “reflected wave” and “edge diffracted wave” domain. In
addition to this M, contains the “shadow” domain (where neither the scattered
nor incident wave penetrate). To simplify presentation we consider only the case
when the cone is fully illuminated. :

It is in the domain M; that it is possible to deform the contours of integration
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in (2.1.56) and (2.2.16) to obtain a rapidly convergent integral. This is discussed
in §6.1.1 and §6.1.2. However when w € M, this technique fails. We do not
consider this case in depth here but we note that in [9] it is shown that the
acoustic diffraction coefficient, f(w,wy), and the scalar potentials, fp(w,wy),
B = D, N, can be determined in the form of Abel-Poisson regularisations. For
example, the acoustic diffraction coefficient may be written in the form

fw,wq) = el_i+r(r)1+ % [n e 95w, wo, V)V du. (6.1.1)
The integral in (6.1.1) converges absolutely for fixed € (although as € gets smaller
the convergence becomes slower) see [9, Appendix B]. Also, although the con-
vergence with respect to € in (6.1.1) is a priori in the distributional sense (see
e.g. [9]), it is in fact “classical” (and uniform with respect to w) in subdomains
of M that remain a positive distance away from the singular directions, see [11],
[57]. An analogous formula is available for fg(w,wy), B = D, N appearing in the
formula (6.0.2). The Abel-Poisson regularisation of the contour integrals allows
the approximation of the diffraction coefficients for w € M, by ignoring the limit
and setting € equal to some fixed value. This has been implemented in [9].
For the remainder of this chapter we consider only the case when w € M;.

6.1.1 Deforming the contour in the acoustic case

Recall that in the acoustic case the diffraction coefficient is given by
flw,wo) = %/ e g*(w, wq, V)V dv, (6.1.2)
7

with the contour 7; given in Fig. 2-1. This integral converges only in the distri-
butional sense (Definition 2.5), but it can be converted into a rapidly converging
integral for w € Mj, in the classical sense. To do this we use the fact that g*¢
behaves asymptotically like (see [9]):

g% (w, wo, v) ~ e MmOIBwwo)  when |Im(v)| — +oo0.

This implies that if w € M, i.e. 6;(w,wy) > 7, then when v = i7, 7 € R, the
integrand in (6.1.2) will decay like O(exp(7m — |7|61(w, wy)). Therefore since the
poles of the integrand in (6.1.2) lie to the right of 7;, (see Fig. 2-1) using results
from complex analysis we can deform 7, onto the imaginary axis when w € M;
without changing the value of the integral (rigorous proof is given in [57]). The
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formula for f becomes

; (oo}
flw,wg) = —i/ e"" g% (w, wo, iT)T dT. (6.1.3)
T J-xo
Therefore (6.1.3) gives an expression for f(w,wy) in terms of a rapidly (exponen-
tially) convergent integral.

6.1.2 Deforming the contour in the electromagnetic case

To calculate the electromagnetic diffraction coefficients recall from (2.2.20) that
we need to calculate fp(w,w), B= D, N,

fe(w,wp) = %/‘72 e g5 (w, wo, V)V2+1/4 dv. (6.1.4)
In the same way as for the acoustic case described in §6.1.1, we expect that in the
domain M, the integrand in (6.1.4) will be exponentially small as Im(v) — *oo.
However, unlike the formula for the acoustic diffraction coefficient, the integral
in (6.1.4) is along 7, which must lie to the right of 1/2 (recall Fig. 2-5). Since
v = 1/2is a pole of the integrand in (6.1.4), we cannot deform +y, to the imaginary
axis without crossing the pole v = 1/2 and therefore changing the value of the
result in (6.1.4).

One way of dealing with this problem (which we shall not use here) is to follow
[12] and deform -, onto a contour which is parallel to the imaginary axis and to
the right of v = 1/2. (We briefly discuss the strategy used in [12] here, and in
§6.4.1 we will compare the results of an alternative method described below with
those in [12]). The strategy in [12] is to deform the contour 7 on to the contour
given by Re(v) = C where C lies between 1/2 and vy_2, the next eigenvalue
of the Neumann problem, or vp 1, the first eigenvalue of the Dirichlet problem,
whichever is smallest. To use this method, it is therefore necessary to determine
these eigenvalues, or at least to have good estimates of them.

The method we use here, which will require no knowledge of the position of the
eigenvalues, and is therefore more practically useful, is to deform the contour 7,
to the imaginary axis and to compute the contribution of the residue at v = 1/2
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Y3

Figure 6-1: Contours of integration <3 and 74

explicitly. More precisely we write (6.1.4) as

Z‘ —ZV?I' 8§ v
fe(w,wo) = ;/73 95 (w, wo,V),,z_—l/4 dv

i —wvr sc v
+ ;/ (w wo,ll)m dl/, (615)

Y4

where 73 and 7, are shown in Fig. 6-1. Now the integrand has no poles to the left
of v3 hence the integral along 73 can be deformed onto the imaginary axis. We
shall calculate the integral around 7, using Cauchy’s residue theorem in Lemma
6.1.

Lemma 6.1. For B = D or N it follows that,

i —IV‘K Sc v > .8C
;[ne 7 (w, wo,u)-’;z—_——m dv = igy (w,wo, 1/2). (6.1.6)

Proof The integrand in (6.1.6) has only one pole within the closed loop formed
by 74, namely v = 1/2. Hence by Cauchy’s residue theorem,

ZV SC V ) 1 —wn (V — 1/2)
= 27 e‘i"/zgi;c(w,wo, 1/2)/2
= ng;;(w,w, 1/2),

and the result follows. a
Applying this lemma, we see that (6.1.5) can be written as

o0

7
fB(w,wp) = ;T'/ e’ g (w,wo, iT)

—T y 8C
. i Y isE e /2. (61
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The integral on the right-hand side of (6.1.7) is exponentially convergent for
w € M.

We can use the formula (6.1.7) to compute the electromagnetic diffraction
coefficients. The functions g} (w, wo, i7) can be computed as described in Chapter
3. However we cannot use these techniques to compute gj (w, wg,1/2), B= D, N.
This is due to the fact that we seek g} in terms of the fundamental solution
satisfying (2.1.54), which has a singularity at v = 1/2. We briefly discuss the
computation of g3 (w,wy, 1/2) for the remainder of this subsection.

Considering B = D first, gp(w, wg, 1/2) is the solution to the boundary value

problem,
A*g5(w,wp,1/2) =0, w € M, (6.1.8)
g;;(wa wo, 1/2) = _giDnc(w) Wo, 1/2)’ w el (619)

(¢%°(w,wp, v) has a (removable) singularity at v = 1/2, see Lemma A.10 in
Appendix A for details. It is explicitly given by (A.3.16).) So we henceforth define
gm°(w,wp, 1/2) to be the analytic continuation of giF¢(w,wy,v) as v — 1/2.)
Following a similar approach as that described in Chapter 3 we reformulate (6.1.8)
directly as an integral equation. We seek the solution to (6.1.8) in the form of a
“double layer potential”,

0G0 (w,w’,1/2)

9p (w,wp,1/2) =/ - u(w)dw', weM, (6.1.10)
¢ om

where u is to be found and gy is by
~ ' 1 '
Jo(w,w' 1/2) = Elog(l — cos f(w, w')).

Although g is not the fundamental solution associated with the PDE (6.1.8) on
the domain S? it can be shown that the representation of gi¥ in (6.1.10) will solve
(6.1.8), (see the proof of Lemma A.10 for details). (In fact A*Gp(w,wy,1/2) =
d(w — wq) — 1/4m, see again the proof of Lemma A.10.) Also G, has the same
local behaviour as w — w’ as the fundamental solution of the Laplacian on the
plane.

Note that (after some elementary vector calculus and using the notational
convention in Notation 3.1),

0G0 (w,w',1/2) 1t (wAw)

am' T lw—w
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This is exactly the principal singularity of (8go/0m’)(w,w’,v), when v # 1/2
(this follows from (3.0.6) and (3.1.12)). It can be shown that when we take limits
in (6.1.10) as w tends to £ we derive the integral equation, cf. (3.0.4)

u(w) + /23go(w,w’, l/z)u(w’)dw' =2b(w), wel
¢ om'’

Since the kernel in this integral equation is exactly the principal singularity of

Lp(w,w') when v # 1/2 we apply the same techniques as in Chapters 3 and 4

to find, g7 ., a numerical approximation to the solution of (6.1.8) with boundary

conditions given by (6.1.9).

Finally we consider gi(w,wp,1/2). Note from the formulae for the electro-
magnetic diffraction coefficients (6.0.2) that we are ultimately concerned with
computing the spherical gradient of g3 (w,wy, 1/2). Therefore rather than solv-
ing (6.1.8), with Neumann boundary conditions, directly, we can use the relation

Von(w,wq,1/2) Aw = Vgi(w, wo,1/2)

(see Lemma A.12 for details). The latter has the effect that the contributions of
the residues at v = 1/2 corresponding to the terms with gp and gy in (6.0.2)
are identical. Therefore using (6.1.5) and (6.1.6) the formula (6.0.2) for &(w, wy)
becomes,

oo ,re‘T‘II'

—1
- d
T2 +1/4 T

E(w,wy) = — (VgD n(w,w0,1T) — Vugy o (w, wo, i) A w)

+ 2iV,gpn(w,wo,1/2).

An analogous formula holds for H(w, wy).

6.2 Calculating Legendre functions

When calculating the acoustic or electromagnetic diffraction coefficients it fol-
lows from steps (a.i) and (b.i) respectively that we need to find the solution to
the corresponding integral equation for various values of v = i7. In order to do
this we need to be able to calculate the kernel Lg(s,o) for B = D or N and
the right-hand side bg(s). Hence it is necessary to calculate Pi_; /2(—cos6) and
P

T

1 /2(— cosf). We do not know of any general-purpose software for the task
of computing Legendre functions with complex indices. Thus we took the ap-
proach of 8], [9] and applied a Runge-Kutta method to the Legendre differential
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equation,

1(—cosf)} +cot6— —cos)} — (r* +1/4)P,, _1(—cosf) =0,
(6.2.1)

starting at 7/2 and integrating forward and backward on (0,7). For the initial

data we use the formulae ([44], 8.823,8.752 and 8.714(1))

92{ iT— dg{ w——

1 6 cos(z'm:)

cosf) = d:v, 6.2.2
P, _1(—cos®) o) T oosld (6.2.2)
ir_%(— cosf) = — 0 /_9 cos(itz) \/cos(x) + cos(f) dz, (6.2.3)

evaluated at § = 7/2 using Gauss-Chebyshev quadrature with N nodes, where N
is chosen so that the error is smaller than some prescribed tolerance €. It turns
out [29] that it is sufficient to take any N > {log(e~!) + |7|7}/{2logcot(7/8)}.
(In our case € = 107%.)

Several difficulties arise when using this method. Firstly |7| may be large and
since P;;_1/2(cos @) grows exponentially in 6|7, this may cause overflow problems.
Secondly 6 = 0,7 are singular points of the differential equation (6.2.1) and so
we may expect difficulties with the Runge-Kutta integrator for 8 = 0 or .

To deal with large |7|, we introduce a new unknown W, defined by the relation
Pir_1/2(cos0) = exp(0|7|)W.(6) (see [8]). We substitute this into (6.2.1) and
rearrange to obtain an initial value system for the well behaved functions W, and
w]

. d? . d in 0
sin 0 W, (6)+(2l7| sin 6-+cos 6) - W, (6)+ (|T| cose-—)w () =0, (6.2.4)
which is again solved using the Runge-Kutta method (with the initial data derived
from the integral representations (6.2.2) and (6.2.3)).

To deal with the singular point at § = 0, we use, instead of the above Runge-
Kutta method, the classical expression for P;;_y/(—cos6) in terms of a hyper-
geometric series ([44], 8.841):

4 12 0 (472 +1?)(47?% + 32
Tt + cosz—+(T+ )(47°% + )co40

1(—cosf) =1+ 5 5 5242 gt (6.2.5)

n'——

For small @ this converges rapidly. On the other hand, near the singular point
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6 = m the formula (3.1.7) can be used

(1 — cosf

Pir_1(—cosf) = a;,_1(—cos 6) log 5 ) +b;,_1 (— cos ), (6.2.6)

with explicit formulae for a;,_1(—cos6) and b,

1T— 3 iIT—=

1(—cosf) in terms of hyper-
geometric series given in (3.1.8) and (3.1.9) (see [52, Ch V. Eq 53]). To cal-
culate derivatives near the singular points we differentiate the formulae (6.2.5)
and (6.2.6) term by term. (Note that in order to calculate the electromagnetic
diffraction coefficients we also need to calculate P;;_, ,(— cosf), in (2.2.20), this

T

is achieved by finding P,,_; and P; _, and then substituting into (6.2.1)).
2

it—3

6.3 Calculating the single and double layer po-

tentials

In both the acoustic and electromagnetic cases we solve boundary value problems
on M, a portion on the unit sphere, by the boundary integral method. This
involves finding the “scattered part” g*¢ of the Green’s function at interior points
in M by evaluating potentials. Here we consider the accuracy of this process.

Consider for example the problem of calculating the solution to the boundary
value problem (3.0.1) with the Dirichlet boundary conditions in (3.0.2). Recall
that we seek the solution in the form of a double layer potential,

990

o (w, ', v)u(w')dw', (6.3.1)
¢

gsc(w,wo, V) =
where u is to be found. We proceed by computing u,,, an approximation to u, us-
ing a collocation method as described in Chapter 4 and substituting it into (6.3.1).
We are now required to calculate the integral in (6.3.1) for which, in general, there
is no explicit formula. Hence we use a quadrature rule. First, in the same way
as in Chapter 3 we rewrite (6.3.1) on [—A, A] using p, an arclength parameteri-
sation of £. By putting w’ = p(0) and noting that u,(w') = u,(p(0)) = U.(0)
we obtain,

A
g’c(w,wo,u)z/ Np(w, 0)u,(o)do, (6.3.2)
-A

where, as in Lemma 3.4,

P! %(— cosf(w, p(a)))

Np(w,0) = ps(0) - (w A p(0)).

4 cos(mv)
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Similarly if we have to solve (3.0.1) with the Neumann boundary conditions
in (3.0.2) then we write the solution in the form

g (w,wo,v) = /go(w,w',y)u(w’)dw’. (6.3.3)
e

In this case we approximate g*“(w,wy, V) by

A
g"(w,wo,u)z/ Ny (w,0)u,(0)do, (6.3.4)
-A

where, following from (3.0.7),

__pu_%(— cos O(w, p(0)))

4 cos(mv)

Ny(w,0) =

Note that for w bounded away from ¢ the integrands in (6.3.2) and (6.3.3) are
smooth (€*) functions of o on each subinterval of [—A, A] corresponding to each
smooth segment of the contour £.

We aim to find a quadrature rule to calculate the integrals in (6.3.2) whilst
observing the same rates of convergence as those found in Chapter 4 for the
error between u, and u. We consider here only the case of the h-refinement
collocation method, hence we require a quadrature rule with an error less than
O(n~"), where n is the number of nodes on the collocation mesh and r is the
order of the collocation method.

The simplest method of calculating the integral in (6.3.2) is to split the interval
of integration into the n intervals I; described in §4.1 and then use a quadrature
rule on each /; with abscissae coinciding with the collocation points z7;. Hence
we define ¢;° a numerical approximation of the solution to the boundary value
problem (3.0.1), (3.0.2) as follows

n

g¥(w, wo,v) = Y > wi;Np(w, Tij)a(zi5), (6.3.5)

i=1 j=1

with B = D or N when Dirichlet or Neumann boundary conditions are prescribed
respectively. The weights can be chosen so that the quadrature rules in (6.3.5)
will be exact for polynomials of degree < r — 1 at least. It follows from Lemma
5.1 that (6.3.5) will be an O(n™") approximation of g°¢, provided that u, is an
O(n~") approximation of .
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6.3.1 Numerical results

To test the above approach of solving the boundary value problem (3.0.1), with
appropriate boundary conditions, we return to the two examples introduced in
§5.4. Throughout, the implementation of the integral equation solver used to find
solutions to (4.0.1) is exactly as described in §5.4.

Example 1

Recall the test example of the scattering of an axisymmetric planar acoustic
incident wave by a circular cone with semi-angle 7/6. As described in §2.1 the
general formulae for the diffraction coefficients reduce to finding the solution of
the PDE

(A* + 2 —1/4)g*(w,w,v) =0 w € M, (6.3.6)

with Dirichlet or Neumann conditions (3.0.2) prescribed on ¢ depending on the
original problem. It occurs that for any circular cone the solution g*¢ to (6.3.6)
with axisymmetric incident direction, wq and Dirichlet boundary conditions has
an explicit solution (see e.g. [67]) given by

1 P,_1/2(cos é)
= —P,_1/2(cos 8(w, wy)),
4 cos(mv) P —1/2(—cos6) 1/2( ( 0))

gsc(w, wo, V)

where 6 is the semi-angle of the cone (i.e. in this example § = 7/6). Similarly
if g*¢ satisfies Neumann boundary conditions on £ then the solution to (6.3.6) is
given by,

P cos
1 o ) P,_1/5(cos 8(w, wp)).
4 cos(mv) P,j_l/z(— cos )

gsc(wa wo, V) =

To test the method in this case we use piecewise constant and piecewise linear
collocation methods to find, u,, the approximate solution to the corresponding
integral equation. Solutions to (6.3.6) are obtained by substituting u,(p(s)) =
Un(s) into (6.3.1) (in the Dirichlet case) and (6.3.3) (in the Neumann case) and
calculating the resulting integral using Gauss quadrature based at the collocation
points.

For the special case v = i we obtain the results in Table 6.1. For illustra-
tion we have estimated the order of convergence by evaluating the double/single
layer potentials at the particular angle of observation w = (0,0,—1)T and cal-
culating the error as err? = |g**(w, wg, V) — g2¢(w, wy, v)|. For other observation
directions in M we obtain similar results. The figures in Table 6.1 show close
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Table 6.1: Error estimates for the double/single layer potentials for Example 1

Dirichlet Boundary Conditions Neumann Boundary Conditions
constant linear constant linear

n err2 | ratio err? ratio errz | ratio err: ratio
4 | 9.126E-5 7.012E-6 3.525E-6 2.790E-7

8 | 6.686E-6 | 13.6 | 8.554E-7 | 8.20 || 2.660E-7 | 13.2 | 3.411E-8 | 8.18
16 | 2.154E-7 | 30.9 | 1.041E-7 | 8.21 || 8.594E-9 | 30.9 | 4.154E-9 | 8.21
32 | 3.339E-7 | 0.64 | 1.294E-8 | 8.05 || 1.352E-8 | 0.64 | 5.160E-10 | 8.05
64 | 1.120E-7 | 3.03 | 1.862E-9 | 6.95 || 4.468E-9 | 3.02 | 7.425E-11 | 6.95
128 | 3.077E-8 | 3.64 | 8.255E-10 | 2.25 || 1.227E-9 | 3.64 | 3.293E-11 | 2.25

to O(n~%) convergence of the piecewise constant collocation method and close
to O(n~?) convergence of the piecewise linear collocation method illustrating the
superconvergence of the method. The convergence rate of the piecewise linear
approximations drop off for n = 128 due to the fact that the errors err? are close
to machine precision.

Example 2

Recall the trihedral cone described in §5.4 (see Fig. 5-2). We wish to find a
solution to (6.3.6) with Dirichlet or Neumann boundary conditions, when M is
the subdomain of S? exterior to the cone Z pictured in Fig. 5-2. We consider
the test case wg = —w,, (see Fig. 5-2), wg = (0,0, 1) and v = i. There is no
known explicit solution for this problem. However to test the method we use the
collocation method with r = 3 and n = 330 to solve (4.0.1) approximately. Then
we implement the strategy described above to compute a close approximation to
the exact potential. In Tables 6.2 - 6.4 we tabulate the errors, err?, which are
calculated in the same way as described in Example 1 of this subsection. We
have investigated the convergence of the potential when the piecewise constant
and piecewise linear collocation methods are used to solve the integral equation
(4.0.1). We have displayed results for the case when a uniform mesh is used
(Table 6.2) along with those for graded meshes with exponent ¢ = 2 and 3
(Tables 6.3 and 6.4 respectively). The results illustrate the superconvergence of
the method (well-documented in the case of planar problems, e.g. [22] [4] [38]),
with close to O(n~2) convergence observed for piecewise constant approximation
and faster than O(n~3) convergence for piecewise linear approximation when
g = 3. The extreme gradings needed for optimal convergence of the density may
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Table 6.2: Error estimates for the double/single layer potentials for Example 2
using a uniform mesh, ¢ =1

Dirichlet Boundary Conditions

Neumann Boundary Conditions

constant

linear

constant

linear

err2 | ratio

err2

ratio

err2 | ratio

2
err;

ratio

12
24
48
96
192

3.121E-4
1.355E-4
5.430E-5
2.129E-5
8.837E-6

2.30
2.49
2.55
241

1.605E-5
1.648E-5
5.269E-6
2.003-6
8.029E-7

0.97
3.13
2.63
2.49

6.251E-5
2.676E-5
1.112E-5
4.536E-6
1.821E-6

2.34
241
2.45
2.49

1.529E-5
5.670E-6
2.196E-6
8.689E-7
3.442E-7

2.70
2.58
2.53
2.52

Table 6.3: Error estimates for the double/single layer potentials for Example 2
using a graded mesh, ¢ =2

Dirichlet Boundary Conditions

Neumann Boundary Conditions

constant

linear

constant

linear

err? ratio

n

2
err;

ratio

err- | ratio

2
err;

ratio

12
24
48
96
192

3.161E-4
1.346E-4
4.206E-5
1.337E-5
4.086E-6

2.35
3.20
3.15
3.27

6.978E-6
4.387E-6
5.007E-7
7.214E-8
1.149E-8

1.59
8.76
6.94
6.28

3.743E-5
1.023E-5
2.925E-6
7.719E-7
2.045E-7

3.66
3.50
3.79
3.77

7.086E-6
1.086E-6
1.725E-7
2.745E-8
4.334E-9

6.53
6.29
6.29
6.33

Table 6.4: Error estimates for the double/single layer potentials for Example 2
using a graded mesh, ¢ =3

Dirichlet Boundary Conditions Neumann Boundary Conditions
constant linear constant linear

n err> |ratio| err? | ratio err2 | ratio err? ratio
12 | 4.697E-4 2.519E-5 4.451E-5 7.045E-6

24 | 1.622E-4 | 2.90 | 4.039E-6 | 6.24 || 8.074E-6 | 5.51 | 7.437E-7 | 9.47
48 | 6.120E-5 | 2.65 | 3.258E-7 | 124 || 3.076E-6 | 2.62 | 6.417E-8 | 11.6
96 | 2.015E-5 | 3.04 | 3.179E-8 | 10.2 || 8.727E-7 | 3.53 | 5.306E-9 | 12.1
192 | 5.914E-6 | 3.41 | 2.448E-9 | 13.0 |[ 2.351E-7 | 3.71 | 4.083E-10 | 13.0
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Figure 6-2: Convergence of errors for the hp-method

not be needed for the potential, and in fact better than optimal convergence may
be obtained because of the smoothness of the fundamental solution away from
the boundary i.

We emphasise that the results in this subsection along with those in §5.4
illustrate not only the convergence theory in Chapter 4, but also show that the
algorithm used to compute the Legendre function with complex index is working
in a stable manner.

Recall from §5.1 that for the majority of the matrix entries only one kernel
evaluation is needed independent of the order of the method. This suggests that
the hp-version of the boundary element method with matrix entries computed
using a similar quadrature scheme as the h-version should be very competitive.
To demonstrate the strength of the Ap-version of collocation we solve (6.3.6)
with Dirichlet boundary conditions for the above trihedral cone case. We use
the collocation method described in §4.3.2 to calculate un with the collocation
points given by the r* Gauss points on each subinterval /j, i = 1,... ,n. We set
a = 0.25 to define the geometric mesh and set 3= 0.5 in (4.3.48) to define the
linear distribution of the approximating polynomials. We calculate each matrix
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entry in (4.1.6) using r;-point Gauss rules resulting in only one kernel evaluation
per matrix entry.

We observe in Fig. 6-2 the exponential convergence of this scheme by plotting
err? against the the degrees of freedom (by degrees of freedom we mean the total
number of collocation points used) on log scaled axes along with the results for
piecewise constant and piecewise linear collocation methods.

6.4 Calculating the integral with respect to 7

Recall from steps (a.iii) and (b.iii) of Algorithms A and B described at the be-
ginning of this chapter that we are required to calculate the contour integrals in
the formulae (6.1.3) and (6.1.7). There is no explicit formulae to do this hence
we use a numerical scheme. We consider the formula for (6.1.3) first and return
to the formulae (6.1.7) later.

To calculate f(w,wq) we substitute gi¢ into (6.1.3) and approximate the in-
tegral with respect to 7 as follows. First the domain of integration is replaced by
the imaginary axis truncated by two cut off points N; < 0 < N,, with N; and
N, to be chosen. Then we employ a quadrature rule to calculate the truncated
integral. We define f,(w,wp) to be the numerical approximation of f(w,wy)
using this method. The cut off points and the quadrature rule are chosen so as
to ensure optimal convergence of f,(w,wp) to f(w,wy), i.e. we would like the
convergence to be of the same order that g:¢ converges to g*°.

To find suitable values for the cut off points N; and N, we note, from [9] and
[57], that ¢g*°(w,wy,i7) has the following asymptotic behaviour

g*(w, Wy, iT) ~ |01 wo) as |r| = oo. (6.4.1)

Then for sufficiently negative Ny,
N N
/ €% (w, wo, iT)T dT ~ / eT(rHhrlwwo)r gr, (6.4.2)

Since the exponential term in the integrand on the right-hand side of (6.4.2)
dominates the polynomial term in the integrand, to ensure that (6.4.2) is of
order n™" and also simplify the computation we choose N; so that,

N
/ eT(7r+01(w,wg)) dr S n-".

[}
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Therefore we can choose N; given by,

—rlog(n) + log(61 (w, wo) + )
01 (w,wo) +

A similar argument (and recalling that 6;(w,w) > m) shows that we should

chose
_ rlog(n) + log(f1 (w,wq) — )

N, = ol w0) 7 (6.4.4)

To perform quadrature over [Ny, Np] we divide [Ny, N;] into [nlog(n)] subinter-
vals of length (N, — N;)/[nlog(n)] denoted by J;, i =1,..., [nlog(n)]. By using
Gauss-Legendre rules of order [(r +1)/2] we obtain an O(n™") approximation of
(6.1.3).

Using an analogous approach to calculate the integrals in the formula (6.1.7)
for the scalar potentials fg(w,w,), B =D, N, we can obtain the same result for
the electromagnetic case.

To test the above technique for calculating the diffraction coefficients we re-
turn to the two example geometries of the circular cone and trihedral cone dis-
cussed in §5.4 and §6.3.1.

6.4.1 Results

We now compute diffraction coefficients for several different conical geometries.
Throughout this subsection we set the angle of incidence wo = (0,0, —1)7. In the
electromagnetic setting we choose the polarisation of the incident wave so that
E°? = (1,0,0)7 and H® = (0,1,0)7.

Example 1

We consider here the diffraction by a circular cone (whose axis coincides with
the positive z3 axis) of semiangle 7/6 in both acoustic and electromagnetic set-
tings. We consider an axisymmetric incident wave and use piecewise constant
collocation to solve the integral equation and the midpoint rule on each subin-
terval, I;, to compute the potential. Since the cut off points N; and N, are
determined using the expected asymptotics of g*¢ in (6.4.1), the formulae (6.4.3)
and (6.4.4) will only be valid for sufficiently large n. The computations in this
subsection are only performed for relatively small values of n so to compute the
integrals in (6.1.3) we truncate the range of integration to [—2,18] and split this
interval into [nlog(n)] subintervals on which we apply the mid point rule. The
cut off range [—2, 18] has been determined empirically to ensure accuracy for the
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Table 6.5: Acoustic diffraction coefficient calculations for the circular cone

Im fo(w,wy) w = (sin(m —0),0,cos(m —6))
n 6=0 [6=m/24|0=271/24|0=3n/24|0=4r/24 |6 ="57/24
8 |-0.049234 | -0.049538 | -0.050496 | -0.052146 | -0.054610 | -0.058074
16 | -0.038094 | -0.038385 | -0.039310 | -0.040931 | -0.043336 | -0.046772
32 | -0.038169 | -0.038462 | -0.039393 | -0.040999 | -0.043407 | -0.046792
64 |-0.038173 | -0.038466 | -0.039392 | -0.041006 | -0.043411 | -0.046795
128 | -0.038173 | -0.038466 | -0.039392 | -0.041006 | -0.043411 | -0.046796

largest value of n used to evaluate the diffraction coefficients in this subsection.
We evaluate f,(w,wp), the estimate of the diffraction coefficient, f(w,wy), at
several points w = (sin(w — 6),0,cos(m — §)) € M;. In the acoustic setting we
prescribe Dirichlet boundary conditions on the surface of the cone and we get
results demonstrating satisfactory convergence in Table 6.5.

Due to the way we have chosen to orient the conical geometries in this sub-
section we will refer to the directions w, given by 8 = 0 as the “back scattering”
direction. The results in Table 6.5 are in good agreement with those displayed
in [8, Table 1] and as expected show the magnitude of the diffraction coefficient
to be increasing as w approaches the singular directions (which for this circular
cone are given, in spherical coordinates, by: w = (7/3,¢) for ¢ = [0, 27], see
Definition 2.13).

To investigate convergence in the electromagnetic case we introduce the “nor-
malised” (dimensionless) radar cross section X(w,wq) = k20 (w, wy)/4n? where k
is the wavenumber and ¢ is the conventional “radar cross section” (see e.g. [18,
§1.2.5]) given by

o(w,wp) = r].l}n;)(‘l']’r'f'zlEdiff'z).

This is a physical characteristic which measures the ability of the obstacle to
scatter waves in particular directions. Using (2.2.19) we can write ¥(w,wp) =
47|&(w, wp)|®. Approximations of the radar cross section (defined by X,) are
computed using the same strategy as used for f,(w,wp) and are tabulated in
Table 6.6.

The results in Table 6.6 are in good agreement with those displayed in [12,
Table 1] for the same diffraction problem.

Example 2

We repeat the calculations in Example 1 for the case of diffraction by the
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Table 6.6: Electromagnetic radar cross section calculations for the circular cone

Yo(w,wq) w = (sin(m — 6),0,cos(m — 6))
n 6=0 |0=n/24[0=27/24|0=3n/24 |6 =47/24 |6 =57/24
8 |0.003115 | 0.002333 | 0.001848 | 0.001506 | 0.001231 | 0.001109
16 | 0.002233 | 0.002277 | 0.002424 | 0.002702 | 0.003142 | 0.003832
32 | 0.002230 | 0.002274 | 0.002425 | 0.002697 | 0.003138 | 0.003825
64 | 0.002230 | 0.002274 | 0.002423 | 0.002698 | 0.003138 | 0.003827
128 | 0.002230 | 0.002274 | 0.002423 | 0.002698 | 0.003139 | 0.003828

trihedral cone in Fig. 5-2 in both the acoustic and the electromagnetic settings.
Recall that this is an unsolved canonical problem. Again we consider an “axial”
incident wave and use piecewise constant collocation to solve the integral equation
and the midpoint rule on each subinterval, I;, to compute the potential. We use
the same technique as used in Example 1 to compute the integrals in (6.1.3)
and (6.1.7). In Table 6.7 we present the diffraction coeflicients for the acoustic
scattering problem with Dirichlet boundary conditions and in Table 6.8 we display
the radar cross section computations for the electromagnetic scattering problem.

Table 6.7: Acoustic diffraction coefficient calculations for the trihedral cone

Im fp(w,wp) w = (sin(m — 6),0,cos(m — 8))
n [ 0=0 |0=n/24 |0=2r/24|0=23n/24|0=4r/24|0=o57/24
12 | -0.032628 | -0.033344 | -0.035596 | -0.039702 | -0.046298 | -0.056545
24 | -0.061655 | -0.062447 | -0.064958 | -0.069587 | -0.077111 | -0.089053
48 | -0.065966 | -0.066790 | -0.069406 | -0.074248 | -0.082160 | -0.094798
96 | -0.066753 | -0.067591 | -0.070256 | -0.075197 | -0.083285 | -0.096233
192 | -0.067187 | -0.068032 | -0.070720 | -0.075706 | -0.083874 | -0.096960

The results in Table 6.7 are in qualitative agreement with those for the cir-
cular cone case: Im f,(w,wp) has the same sign and the order of magnitude
is smallest in the back scattering direction. Similarly the results in Table 6.8
are in qualitative agreement with those for the circular cone. Note that, in the
electromagnetic setting there is a loss of symmetry due to the polarisation of the
incident wave, i.e. the direction of E® and H° in (2.2.6).

To investigate the convergence of these results note that we can estimate
the rate of convergence of an arbitrary sequence y, by log((yn — Yon)/(y2n —
Yan))/ log(2). Using this estimate for the results displayed in Tables 6.5-6.8 we
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Table 6.8: Electromagnetic radar cross section calculations for the trihedral cone

Yo(w,wy) w = (sin(r — 0),0,cos(m —6))

n [ 9=0 [0=n/24]0=2n/24|0=3n/24 | 0=4n/24 |0 =57/24
24 |0.014404 | 0.014415 | 0.015294 | 0.017288 | 0.021022 | 0.027864
48 | 0.015995 | 0.015879 | 0.016707 | 0.018747 | 0.022642 | 0.029911
96 | 0.016638 | 0.016461 | 0.017257 | 0.019293 | 0.023220 | 0.030586
192 | 0.016935 | 0.016730 | 0.017510 | 0.019541 | 0.023475 | 0.030861
284 |1 0.017076 | 0.016858 | 0.017631 | 0.019660 | 0.023597 | 0.030993

see that close to O(n~!) convergence is achieved as expected.
Some further examples

Finally, in order to visually illustrate the computations of the diffraction coef-
ficients for various geometries, we shall illustrate, for various choices of cone, how
the computed f(w,wp) and E(w,wy) varies as the conical scatterer narrows and
as the observation direction w ranges over a subdomain of M. Throughout we use
piecewise constant collocation on a uniform mesh to compute the solution to the
integral equation (4.0.1) with n = 60 nodes. (It follows from Theorem 4.14 and
Remark 4.11 that a uniform mesh will be sufficient for optimal convergence of the
piecewise constant collocation method applied to corner problems with Dirich-
let boundary conditions. A uniform mesh will be suboptimal when Neumann
boundary conditions are prescribed, as indicated by Theorem 4.14. However
superconvergence phenomena lend to the observation of reasonable convergence
rates for the derived diffraction coefficients even in the Neumann case and so
we will still obtain a reasonable illustration of the behaviour of the diffraction
coefficients.)

First we consider the acoustic problem. We restrict ourselves to the Dirichlet
problem, as stated above we consider the axial incident direction wy = (0,0, —1)T
and a range of observation directions written in spherical coordinates as

w=((r—6),4), with 0<0<7/3, 0< ¢ <2m. (6.4.5)

Results for three different types of conical scatterer are given in Figs. 6-3 - 6-5.
In Fig. 6-3 we illustrate how |f(w,wyq)| varies as a function of § and ¢ for three
circular cones with semiangles 6*, 36*/4 and 6*/2. (Recall from §5.4 that 6* is
given by cos6* = 1/4/3.) In Fig. 6-3 (and Figs. 6-4, 6-5) the quantity |f(w,wo)]
is plotted on the 3 axis against the projection of w onto the z;z,-plane given
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by: w = (7 — 6,¢) — (6cos¢,fsin¢p). Observe that the magnitude of the
diffraction coefficients is smallest in the back scattering direction and increases
as the observation approaches the singular directions (see Definition 2.13). Also
observe that as the semiangle of the cone decreases, the magnitude of f(w,wy)
decreases. This is to be expected since the distance between the observation
domain, defined in (6.4.5), and the singular directions increases as the semiangle
defining the surface of the cone decreases cf. Example 2.14.

In Fig. 6-4 we consider how | f(w, wy)| varies for three different elliptic cones.
The surfaces of the elliptic cones are given by

22 2
2 §+ﬁ, (6.4.6)

where a = tan(f), b = tan(36/4), i.e. the cone has a “semi major” angle of 4
and “semi minor” angle of 39/4. The cross sections, in a plane z3 = C for a
constant C, of the cones determined by (6.4.6) are ellipses centred at the 3 axis
with major axes in the plane z, = 0. We consider § = 6*, 36*/4 and 6*/2 to
investigate how |f(w,wq)| will vary as the angle of the cone varies. Note again
that | f(w,wo)| is smallest in the backscattering direction. Also observe that the
magnitude of f(w,wq) decreases as the semi major angle decreases. It follows
from Definition 2.13 that, with w = (7 — 6,¢) and 8 > 0 fixed, the geodesic
distance between the observation directions and the singular directions will be
smallest when ¢ = 0, 7. This is because the major axis of the cross section of the
elliptic cones defined by (6.4.6) lie in the plane z; = 0, i.e. the angle subtended by
the surface of the elliptic cones and its axis is greatest in the plane z, = 0. Since
we expect |f(w,wp)| to tend to infinity as w approaches the singular directions
this explains the faster growth, as 6 increases, of | f(w, wo)| along the line o = 0.
In Fig. 6-5 we illustrate similar calculations for the diffraction coefficients
associated with regular trihedral cones. For this case we consider three trihedral
cones whose edges lie in the directions (f,0), (d,27/3) and (0,4r/3) for three
values of § (which we refer to as the semi major angle) given by 6*, 36* /4, 6*/2.
The results are illustrated in Fig. 6-5. They show similar behaviour as that
observed for the circular and elliptic cone. The magnitude of the diffraction
coefficients is smallest in the back scattering direction. Also note again that if we
fix @ > 0 then the distance between w and the singular directions is smallest when
¢ = 0,2m/3,4r/3. Hence the three peaks in Fig. 6-5. Also observe comparing
Figs. 6-3 - 6-5 that for cones with cross sections of similar area (i.e. cones with
similar semi (major) angles) the magnitudes of f(w,w,) are comparable.
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We now consider the electromagnetic diffraction coefficients. We repeat the
calculations above in the electromagnetic setting to compute the radar cross
section for the same geometries. These results are illustrated in Figs. 6-6 - 6-8.

Again the quantity ¥, (w,wy) is plotted on the z3 axis against the projection
of w onto the z,z,—plane.

Observe again that ¥, (w, wy) is smallest in the backscattering direction (or a
direction close to the back scattering direction for the cones with edges Fig. 6-8)
and increases as w approaches the singular direction (again notice the peaks in
Figs. 6-7 and 6-8 where the distance between the observation direction and the
singular directions is smallest).

Also observe a loss in the symmetry of the plots of the radar cross section
compared with the plots of the acoustic diffraction coefficient for the same conical
scatterer. This is most easily observed in Fig. 6-8 compared with Fig. 6-5. Note
that in Fig. 6-5 the three peaks have the same magnitude whereas in Fig. 6-
8 the peak at w = (27/3,0) is considerably smaller that the other two peaks.
This is because of the loss of symmetry in the boundary conditions due to the
polarisation of the incident wave.
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Figure 6-3: Diffraction coefficients for circular cones (acoustic)
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Figure 6-4: Diffraction coefficients for elliptic cones (acoustic)
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Chapter 7

Conclusions and Further Work

7.1 Conclusions

We have described in detail the the derivation of the general formulae for the
diffraction coefficients (in both the acoustic and electromagnetic setting). The
key step in computing these diffraction coefficients is solving boundary value
problems of the form

(A* + V? — 1/4)g*(w,wq,v) =0, w € M, (7.1.1)

with Dirichlet or Neumann boundary conditions. Here M is a submanifold of
the surface of the unit sphere S? with arbitrary piecewise smooth boundary 2.
Solving (7.1.1) needs to be done for many values of the complex parameter v
(and possibly many wy).

The approach we have taken in this thesis is to reformulate (7.1.1) indirectly
as an integral equation of the second kind:

(I+L)u=b, (7.1.2)

cf. (3.0.3) - (3.0.8).

We applied the collocation method to the integral equation (7.1.2) using piece-
wise polynomial approximating functions. We concentrated mainly on the A-
version of collocation and have shown that this method for solving (7.1.2) is
stable and approximates the solution to at least O(n™") accuracy, where n is
number of elements on the boundary and r is the order of the approximating
polynomial. This technique allows us to compute the acoustic and electromag-
netic diffraction coefficients for rather arbitrary conical geometries with O(n=")
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accuracy.

As stated above (7.1.1) needs to be solved for many values of v, so it is
important that the numerical method for solving (7.1.2) is not only accurate but
also efficient to implement. We developed a method of approximating the stiffness
matrix that arises in the numerical method for computing solutions to (7.1.2)
which maintains the stability and convergence properties that are known when
the integrals arising in the stiffness matrix are computed exactly. Moreover, only
one kernel evaluation is needed to approximate a large proportion of the matrix
entries. This is especially important in our application since this will ensure that
the matrix assembly process, which can dominate the overall computation time,
is carried out efficiently.

7.2 Further work

Some areas for future research include:

(i) We would like to develop and analyse the numerical scheme further to allow
us to efficiently calculate diffraction coefficients for angles of observation in
the domain M, described in §6.1, cf. [9];

(ii) We would like to consider the matrix assembly aspect of the hp-method.
In particular we are interested in sufficient quadrature rules so that the
discrete hp-method enjoys the same stability and convergence properties as
the true hp-method;

(ili) We would like to consider the computation of diffraction coefficients when
different boundary conditions are prescribed on the surface of the scatterer,
i.e. replacing the Dirichlet/Neumann conditions in (2.1.2) by impedance
boundary conditions, see [13], [14], [2];

(iv) We would like to adapt our method to solve further challenging diffraction
problems, for instance, the diffraction of a creeping wave. In [70] it has been
shown by the matched asymptotics procedure that for the “inner problem”
the creeping wave becomes an incident plane-like wave. This results in a
boundary value problem of the form (3.0.1) and (3.0.2) with the source wy
on the boundary £.
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Appendix A

Derivation of the Formulae for
the Electromagnetic Diffraction

Coeflicients

In this appendix we give the technical details in the derivation of the formulae for
the electromagnetic diffraction coefficients given in §2.2. Recall from §2.2 that
we are interested in solving the time-harmonic Maxwell equations exterior to a
conical obstacle =,

curl E(x) = ikH(x),

e R\2 A.0.1
curl H(x) = —ikE(x), x \ ( )

with perfectly conducting boundary conditions
EAn|,,=0. (A.0.2)

(As stated in §2.2 we also require that E and H satisfy certain radiation and
tip/edge conditions (2.2.4), (2.2.5).)

We are interested in solving this problem in the case when the incident wave
is planar (2.2.6). In this appendix it will be convenient to choose the Cartesian
coordinate system appropriately so that the direction of the incidence wave is in
the negative z3 direction and so that Eg and Hy in (2.2.6) lie in the direction
of the z, and z, axes respectively (see Fig. A-1). To this end we introduce the
following notation.

Notation A.1. We choose the Cartesian coordinate system so that the vectors
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\ H .
Einc ‘ ne

Figure A-1: Propagation of the electromagnetic incident wave
E°, H° and w, satisfy
E’=e,:=(0,1,0)7, H’=¢; :=(1,0,0)7, and wy=e;:=(0,0,1)7.
Then following from (2.2.6) the incident wave takes the form
Einc(x) = e *3¢,, Hino(x) = e %3¢, (A.0.3)

Also we can represent a point w € M in terms of the usual spherical polar
coordinates 6, ¢ as follows

w = (sin @ cos ¢, sin Asin ¢, cos ). (A.0.4)

(Note that in this setup € is exactly the geodesic distance between w and wy,
6(w,wy), see Notation 2.2. We also use a representation analogous to (A.0.4) to
represent w’ € M in terms of the spherical polar coordinates ¢', ¢'.)

As in the acoustic case, the formulation of the radiation conditions for the
problem of scattering by a canonical conical obstacle is a delicate issue. One
approach for solving the electromagnetic planar incidence scattering problem ex-
terior to a conical obstacle is to start (as in the acoustic case) by considering a
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point source problem. This approach is not considered here. Instead, in the next
section, using scalar (Debye) potentials, we reduce the electromagnetic planar
incidence scattering problem (exterior to a conical obstacle) to two scalar prob-
lems analogous to the acoustic planar incidence scattering problem. We then
solve these scalar problems using techniques applied in §2.1 and we can check
a posteriori that the “outgoing” conditions (2.2.4) are satisfied (this is discussed
in Remark A.14).

A.1 Debye potentials

It is well known that an electromagnetic field can often be expressed in terms of
two scalar functions. We seek the solution to (A.0.1) exterior to Z in the form

E(x) = curl curl (V(x)x) + ik curl (W (x)x),

H(x) = curl curl (W(x)x) — ik curl (V(x)x), (A.1.1)

where V and W are the so-called Debye potentials. In Lemmas A.2 and A.3 we
describe the sufficient conditions that V and W should satisfy so that E and H
defined in (A.1.1) satisfy the conditions of the electromagnetic scattering problem
(A.0.1) and (A.0.2), cf. [69].

Lemma A.2. If we define E and H by (A.1.1) for arbitrary V, W € C3(Q)
satisfying the scalar Helmholtz equation,

(A+ KAV (x) =0, (A+ KW (x) =0, for x € R}\Z, (A.1.2)

then E and H will satisfy the Mazwell equations (A.0.1).

Proof Here we prove the first equation in (A.0.1) will hold, the proof for the
second equation is analogous.

In order to calculate curl E(x) using (A.1.1) we first need to be able to cal-
culate curl curl curl (V(x)x). First note that for an arbitrary scalar function
w(x),

curl (w(x)x) = grad (w(x))Ax, (A.1.3)
and curl grad (w(x)) = 0. (A.1.4)
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Therefore since,

curl curl (V(x)x) = —A(V(x)x)+ grad div (V(x)x) and (A.1.5)
AV(x)x) = (AV(x))x + 2grad V(x), (A.1.6)

it follows from (A.1.3) and (A.1.4) that,
curl curl curl (V(x)x) = —curl ((AV(x))x) = —grad (AV(x)) Ax. (A.1.7)

Therefore if E, H are given by (A.1.1) and if V, W satisfy the scalar Helmholtz
equation (A.1.2),

= —grad (AV(x)) A x + ik curl curl (W(x)x)

= k%grad (V(x)) A x + ik curl curl (W (x)x)

= ik(—ik curl (V(x)x) + curl curl (W(x)x)) = ikH(x). (A.1.8)
a

The next result gives the sufficient conditions for V and W so that E, H given
by (A.1.1) satisfy the perfectly conducting boundary conditions (A.0.2).

curl E(x) = curl curl curl (V(x)x) + ik curl curl (W (x)x)
)

Lemma A.3. If we define E and H by (A.1.1) for arbitrary V and W € C%(2)
satisfying the Helmholtz equations (A.1.2) and the boundary conditions,

ow
v _=0 - =0, (A.1.9)

on the surface, 0=, of an arbitrarily shaped cone, =, then the boundary condition

(A.0.2) will hold.
Proof First note that,
div (V(x)x) = 3V (x) + grad V(x) - x = 3V (x) + r(grad V() ;—‘)
=3V (x) + r%—‘:(x),

and hence,

grad div (V(x)x) = 3 grad V(x) + grad (r%(x))
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Therefore from (A.1.5) and (A.1.6)
ov
curl curl (V(x)x) = —(AV(x))x + grad V(x) + grad (r—g;(x)) (A.1.10)

Note that from the boundary condition (A.1.9) and because E is a cone, we have
dV/dr(x) = 0 for x € 8=. Also for x € 92, AV (x) = —k?V(x) = 0. Therefore
from (A.1.10), (A.1.3) and (A.1.1)

E(x)An = grad V(x) An+grad (raa—‘:(x)) An+ik(grad W(x)Ax)An. (A.1.11)

Now for arbitrary vectors A, B and C we have the following identity for the
vector triple product

(BAC)AA=(A-B)C-(A-C)B.
Using this, with B = grad W(x), C = x and A = n, we get the following formula,

E(x) An = grad V(x) An + grad (r%(x)) An
—ik((n - x)grad W(x) — (n- grad W(x))x). (A.1.12)

We now consider each term on the right-hand side of (A.1.12). Firstly since
V(x) = 0 for all x € 95, it follows that oV (x)/ds(x) = 0 where s(x) is any
vector tangent to 0= at x. Hence, grad V(x) - s(x) = 0, and so grad V(x) is
normal to 0=. Therefore it follows that grad V(x) An =0, i.e. the first term on
the right-hand side of (A.1.12) vanishes. Similarly the second term vanishes since
rdV/dr = 0 on O=. The third term on the right-hand side of (A.1.12) is clearly
zero since for all x € 02, x-n = 0. Finally n-grad W(x) = W (x)/0n = 0, from
(A.1.9), so the fourth term on the right-hand side of (A.1.12) is zero. It therefore
follows that E(x) An=0. O

The problem of solving the planar incidence scattering problem (see Definition
2.16) now reduces to that of finding two scalar functions V' and W which satisfy
(A.1.2) and (A.1.9). To do this we write V and W in terms of the “incident part”
and “scattered part”,

V= ‘/'inc + Vsca W = Winc + Wsc- (A113)

Now recall the strategy for finding analytic formulae for E and H from §2.2: First
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we find solutions V. and W, of the Helmholtz equation with the property that

E;ne(x) = curl curl (Vipe(x)x) + itk curl (Wi,.(x)x),

Hino(x) = curl curl (Wi (x)x) — ik curl (Vine(x)x), (A.1.14)

where E;,. and H;, are given by (2.2.6). Then we find the solutions to two scalar
“acoustic” scattering problems (cf. §2.1) with the incident waves given by Vi,
and W;,, i.e. we use procedures developed in §2.1 to solve the scalar problems

(A +k*)V,. =0, Vie| = ~Vine| _, (A.1.15)
W, oW,
2 _ sc _ nc
(A + E)W, =0, = e o (A.1.16)

(Vie and Wy, also have to satisfy appropriate “radiation”, “tip” and “edge” con-
ditions, cf. §2.1.) From the solutions to (A.1.15) and (A.1.16) we have formulae
for V and W from (A.1.13). These can then be substituted into (A.1.1) to get E
and H.

A.2 Finding the Debye potentials

The purpose of this subsection is to find formulae for V and W as described at
the end of the previous section. From Theorem A.4 we obtain expressions for
Vine and Wi,.. This allows us to formulate a solution to (A.1.15) and (A.1.16) in
Theorem A.6. Then the formulae for V and W are given in Corollary A.7.

Theorem A.4. Consider E;pne, Hin. given by (2.2.6). These vector fields can be
expressed in the form (A.1.14) where Vi, and Wiy, are solutions to the Helmholtz
equation given by (writing x = (r,w) and using the Cartesian coordinate system
introduced in Notation A.1),

Vi‘nc
{ W, }(r,w)

T .. 2n+1 sin ¢
= (—ik) () S p L Pl(- (A2,
(ik) (m) Y Dy (B coso){ wosg [+ A2

Here Jni1/2(kr) are the Bessel functions of the first kind [1, pg. 358], Py
are special Legendre functions of index n and order 1 [1, pg. 332]. Recall that
0 and ¢ are the standard spherical coordinates which describe the direction w
(see (A.0.4)). The result that Vi,. and W;,. given by (A.2.1) satisfy (A.1.14)
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Figure A-2: Contour of integration -,

is proved by using a separation of variables type argument (see e.g. [74, §8.9]).
The fact that Vj,. and W;,. in (A.2.1) satisfy Helmholtz’s equation follows by
straightforward differentiation.

This series representation can be transformed into an integral over a contour
72, using a procedure referred to as “Watson’s transformation”:

Theorem A.5. The Debye potentials, Vinc, Wine, corresponding to incident elec-

tromagnetic wave are given by the following formulae

‘/inc o Ve—iwu/Z gmc
(r,w) = e [ L) 4 B v
{ I/Vi'nc } (k3 ) T2 V2—1/4 gN

(A.2.2)
where (using the notational convention in Notation A.1),
inc P,}_.l (— Cos 9) :
{ gDc } (w,wq,v) = —2—— { sin ¢ } . (A.2.3)
¥ —4cosmv cos ¢

and 7y, is a contour in the complex plane which lies to the right of 1/2 and bends
around n+ 1/2 for n € N (see Fig. A-2).

Proof We give the proof for V,,., the proof for W;,. is analogous. The poles
of the integrand of (A.2.2) lying to the right of the contour 7, are v = n +1/2,
n € N. Applying Cauchy’s residue theorem it follows from Theorem 2.7 that,

2w 2 ; .
-9 in/4 inc —iwy /2
(k3 ) e /72 1/4J (k)95 (w, wo, v)e dv

= 4m( )é ”'“Zres{ 1/4J L (kr)gine(w, wo, v)e™ ™/ % n + 1/2}.

(A.2.4)
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Using Taylor’s theorem, it follows that, for v in a neighbourhood of n +1/2,
where n € N,

cosmv = —7(v — (n+1/2)) sin(7(n + 1/2)) + O((v — (n + 1/2))?).

Hence, from (A.2.3)

; inc _ Pr}(_ Ccos 0) :
u—»lrluTl/z(V ~ (n+1/2))g5 W, wo,v) = 47 sin(m(n + 1/2)) sin ¢
P}(—cos0)

(-1 — sin ¢.
Therefore, combining this with the fact that

v . n+1/2 _, ,
li —inv /2 ; —imf4( n,
u-—)rlzTI/Z v2—1/4 ¢ n(n +1) ¢ (=1)

it follows from (A.2.4) and (2.1.25) that,

2m % ir/4 v inc —inv[2
_2(E) e /72 1/2_—1/4‘],,(197')91) ((-l),(do, V)e dv

o\ n+1/2 Pl(—cos®f) .
_471'2(—’;) nzzl’l, mJn+1/2(kT)—4W—— sm¢

TS+l ,
= (—Zk) 1(%) Z’L m.}n+1/2(k’r)P’1(_ COSG) Sln¢

= ‘/inc(ra w)7

and this completes the proof. a

The representation (A.2.2) of the Debye potentials corresponding to the planar
electromagnetic incident wave, motivates seeking the scattered potentials V,. and
Wie in the form

V, 2 -;— . v e—i‘ll‘u/2 gsc
8¢ — in /4 D
{ W, }(r,w) 2(—k31‘) e /72 = 17i 1/4Ju(kr){ e (w,wq,v) dv
(A.2.5)

where gi5 and g} are to be found. Care needs to be taken when defining v,. As
described above <, must cross the real axis between 1/2 and 3/2. To be more
precise we require (so that the radiation conditions (2.2.4) are satisfied which
will be discussed in Remark A.14), for V;. that 7, crosses the real axis at a point
which lies to the left of the internal Dirichlet eigenvalues vp;, 7 =1,2,..., (see
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Definition 2.4) so as to avoid any residue contributions. For W,., we require
that v, crosses the real axis to the left of the internal Neumann eigenvalues vy ;,
Jj=2,3,..., (recall that vy; = 1/2) see Fig. 2-5.

Now to find E and H we use the representation (A.2.5) to solve (A.1.15) and
(A.1.16). The next result gives sufficient conditions for g5 and g3 so that the
representation V;. and W, given in (A.2.5) will satisfy (A.1.15) and (A.1.16).

Theorem A.6. Suppose V. and W, are given by (A.2.5) where g}5 and g%

satisfy,
A +02 =5 D 4 w1 =0, weM, (A.2.6)
4 9N
sc inc 39}9\? ag}t\v;c
951 =~ dmle  om l¢ (A-27)

then Vi and W, will satisfy (A.1.15) and (A.1.16) respectively. (Recall that M
is the portion of the unit sphere exterior to = and that ¢ is the boundary of M.)

Proof From (A.2.5) we can write

Ve _ (27‘-)1/2 in/4 v Wp —inv /2
{ Wsc } (7‘,(0) = —2(T)6 Lz m wy (r,w,wo, I/)e dl/,

where wp(r,w, wq,v) := (kr)~Y2J,(kr)gi(w,wq,v), B = D or N. (Notice that
the integral over v, converges due to the fast decay of J,(kr) when |[Im(v) <
C,Re(v) = +00.)

It follows that if wp satisfies the scalar Helmholtz equation with respect to
(r,w) for B = D or N and every v € 7, then V,. and W,, will also satisfy the
Helmholtz equation. To show that wp satisfies the Helmholtz equation, we write
the Laplace operator in (r,w) variables as

A= 12( 2 a)+—12-A*, (A.2.8)

= re—
r29r\ Or T
where A* is the Laplace-Beltrami operator. We consider the radial part first,

0 ( 2 0wp

ar r "'3}‘) = ((kr)3/2J,','(kr) + (kr)l/zjn’/(kr) - %(kr)_l/zJ,,(kr))gi;(w,wo,V)

= (v — (k) - %) (kr)~Y2, (k) g2 (w, wo, 1) (A.2.9)

The previous line is a consequence of the fact that J,(kr) satisfies the Bessel
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differential equation (e.g. [1, 9.1.1]):
(kr)*J) (kr) + (kr)J.(kr) + ((kr)? — v*)J, (kr) = 0.
Therefore it follows from (A.2.8), (A.2.9) and (A.2.6) that,

1 1
(A + B*)wp(r,w,wq,v) = > (V2 — (kr)? - Z) (kr)~Y2J, (kr) g (w, wo, v)
5 hr) 20, () A 0, wo, )
k?(kr) Y20, (kr) g5 (w, wo, v)

1 -1/2 * 2 1 sc _
5 k)20, (kr) (A" + 0% = ) g (w,00,0) = 0,

+ +

for B = D, N. This shows that both V,. and W, satisfy the Helmholtz equation.
Moreover, if x € 9= then it is clear that w € £. Also note that

OWie(x) _ 10W,c(x)
n  r Om

and hence an expression for (0W,./dn)(x) is found by replacing gi°(w, wo, V) in

(A.2.5) by r~1(9g%/0m)(w,wy,v) for x € Z. Therefore it is a straightforward

consequence of (A.2.7) and (A.2.2) that V,, and W, defined by (A.2.5) satisfy

the boundary conditions in (A.1.15) and (A.1.16). O
This leads to the next result.

Corollary A.7. Suppose the Debye potentials V and W are given by

1% 2\ 1 ; v g :
— _ in/4 D —inv/2
{ } (r,w) 2(k3r) e [m - 1/4J,,(kr) { on } (w,wo, V)e dv
(A.2.10)

where gp = g%+ g for B= D, N. Then the electromagnetic fields, E, H, given
by (2.1.15) satisfy the Mazwell equations (A.0.1) and the perfectly conducting
boundary conditions (A.0.2).

Proof The result follows from (A.1.13), (A.2.2) and (A.2.5). 0

This result gives formulae for V and W via the solution to (A.2.6) and (A.2.7).
To find expressions for V55 and Wy;ss we follow the same procedure as in §2.1.2
and look at the behaviour of V and W as k — 0.
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A.3 High frequency asymptotics

We are interested in the solution to our problem for high frequencies k. In fact
we want the asymptotics of (A.2.10) as the dimensionless parameter kr — oo.
For this, as with the acoustic case, it is convenient to use Sommerfeld’s integral
representation (2.1.41) of the Bessel function J,(kr) in (A.2.10):

J(kr) = 517? /W g hr cossiv(n/2=3) g, (A.3.1)

where W is the contour in Fig. 2-2. Now substituting (A.3.1) in (A.2.10) we get

v (r,w):—2(27rk3r)‘1/2ei”/4/ g-ibreons | 1D (w,wo, s)ds, (A.3.2)
w w In

where

PD —ivs 9o v
{ Ty }(w,wo,s) = /726 { o }(w,wo,u)mdu. (A.3.3)

Thus we are interested in the asymptotics of (A.3.2) as kr — oo. In a similar
way as for the acoustic case we can replace the contour W with ‘W' in Fig. 2-
3 and the only possible non-negligible contribution to the asymptotics of the
Debye potentials, Vyirs and Wiz, associated with the diffracted wave are given
by integration in a neighbourhood of stationary phase points, namely sy = 0 and
so = m. Using the “cut oft” functions 7,, defined in (2.1.45) we can isolate the
contributions from the stationary points by writing, analogously to (2.1.46) in
§2.1.2,

V(x) = Vo(x)+ Va(x) + Viem(x), and
W(x) = Wo(x)+ Wa(x) + Wyem(x),

where for so = 0 or 7, writing x = (r,w),

V, ) ,
{ () } (r,w) — —2(27{"637')_1/26”/4/ e—zkrcoss { FD } (W,Wo,S)T]SO(S)d«S,
Wi, W

Ty
(A.3.4)
and Viem(x) and W,.en(x) are the Debye potentials which contain only the contri-
butions to the asymptotics from non-stationary critical points which are exactly
those associated with non-tip-diffracted electromagnetic waves.
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To find the asymptotic expansions of Vyyss and Wypy we investigate the
asymptotics of V,,(r,w) and W, (r,w) for so = 0 and 7. In Lemma A.13 we
show that the contribution from the stationary point sy = 0 to the asymptotics
of the diffracted wave is negligible. In order to do this we need to show that
Vi (w,wp,1/2) = V,gn(w, wq, 1/2) Aw which is the subject of Lemma A.12.
Before we can do this we require the following two lemmas.

Lemma A.8. Suppose w € M, and v # vp;,j = 1,2,..., where vp; are the
eigenvalues associated with the eigenfunctions ®pj, see Definition 2.4. Then,
adopting the Cartesian coordinate system in Notation A.1, gp and gy can be
represented in the form,

gp(w,wo,v) =y 2, (V* - Vf)_l@p,]‘(w){Vu"I)D,j(w')Iu'=uo} - €y,

A35
gv(w,wo,v) = 352, (2 = 1) 710N (W) { Var Bw,j (W) lwr=wo } - €1, (A35)

where the convergence holds in the distributional sense and V. denotes the spher-
ical gradient with respect to w' (see (3.1.3)).

Proof We give the proof for gp only, the proof for gy is analogous. In the same
way as for Lemma 2.6 we seek gp(w, wg, v) in the form of a spectral decomposition
along the orthonormal eigenfunctions {®p ;},

9p(w,wq,v) = Z Gj(wo, )®p ;(w). (A.3.6)

where G;(wy, V) are to be found.
First recall the Green’s function on the whole sphere, gg, given by (2.1.55),

1

go(W,wo,V) = _W

P, 1 (- cos f(w, wyp)).
We claim that g%°(w, wo, v) = {Vego(w,w', V)|w=w,} - €2 and we then use this
to prove the result. To prove the claim recall V. defined in (3.1.3). It follows
that

' _ _—1_ B ,
VU) gO(w') W 71/)'(4’:@0 - 4COS(7TI/) lepu_%( CcOS e(w, (73 ))lw'=wo
— 1 ' ,
~ 4cos(mv) P"‘%( c0s (w, wo)) Vr (cos B(w, ') |wr=wo-
(A.3.7)

Now recall from Notation 2.2 that cos f(w,w’) = w - w’. Therefore using the fact
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that V(w - w') = w — w'(w - w') from (3.1.4), we have, from (A.3.7), that

L P ( cos(w, wp)) (w=wo(w-wp)). (A.3.8)

Vi go(w, wo, V)|w=wo = Toos(ao) v

In the Cartesian coordinate system introduced in Notation A.1, since e; - wg =0
and f(w,w’) = 6, it follows from (A.3.8) that,

1

{vw'gﬂ(wa w,y V)Iw’:wo} € = ‘I(JT(WI/)P;_%(_ CcoSs 9)(.«) + €3
J— 1 / . .
= Toos(w?) P _ 1 (— cos 0) sin fsin ¢.
(A.3.9)
Finally to prove the claim we use the identity [44, 8.752(1)]
P,_1/2(—cos) = —P,_, 5(—cosf)/sin6.
Hence it follows from (A.3.9) that
{V 1go(w, W', V) |wi=w } ‘e = ——1——-P1 1(—cosf)sin¢
¢ 7 o 4cos(mv)” v~12
= gi(w,wo,V), (A.3.10)

as required.
Now to complete the proof note that since go(w,wo,v) is the solution to
(2.1.54) it follows that

1
(A* +0% - 4) 95 (w, w0, V) = {Vuwb(w — w')|w=wo | - €2,
and so by the definition of gp and (A.2.6)

* 1 * mc
(A +1/2—Z)gp(w,w0,1/) = +u2——)(gD + 95) (w, wq, v)

(
= ( * 402 ——) g (w, w, V)
Vwed(w —wp) - 2. (A.3.11)

Arguing in the same way as in Lemma 2.6 we can use the representation (A.3.6)
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to write,

oo

(A* + 1% — 1/4)gp(w,wq,v) = Z Gj(wo, V) (V? — V) ®p j(w). (A.3.12)

i=1

Also note from (2.1.20) that, in the distributional sense,
{Vulé(w - w’)|u,=wO} @y = le(z {@D,j(w)@pd(w’)) | ) } * €
- w' =wq
= z ‘I)D’j (w){VUICDD,]- (w') ’w’:wo} - €9. (A313)

Therefore by comparing (A.3.13) and (A.3.12) the result follows from (A.3.11).
O

Remark A.9. Notice that gp(w, wo, v) has positive poles at vp ; for j =1,2,...
and that gy(w,wy,v) has poles at vy ; for j =2,3,... but not at v = vn; =1/2
since the orthonormal eigenvector, ®y; = |M|~/2 is constant and so there is no
contribution from j = 1 to the sum in (A.3.5).

Also note that in the proof of Lemma A.8 we use the fact that (in the Cartesian
coordinate system in Notation A.1)

g (w,wq,v) = {Vw/gg(w,w’,v)|w:=wo} . ey, (A.3.14)
and analogously,
g (w, wo, v) = {Vwrgg(w,w', 1/)|w:=wo} -ey. (A.3.15)

It can be shown that this can be written equivalently (independently of the choice
of Cartesian coordinate system) as

inc

9p°(w,wq,v) = {Vw:go(w,w',u)|w1=wo}-EO,

inc

g (w,wo,v) = {Vurgo(w,w',V)lw=uo} - H’,

where E?, HC describe the polarisation of the incident wave, see (2.2.6). We use
this representation of g&¢, B = D, N in §2.2.

As stated above we aim to show that
Vgn(w,we,1/2) = Vg (w,we, 1/2) Aw
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in Lemma A.12. To prove this we need to evaluate the limit values of gp and gy
as v — 1/2. Lemma A.10 contains some related technical details which allow us
to do this.

Lemma A.10. For all w € M, the limit of gi7° and (defined by (A.2.3)) asv —
1/2 exists for B = D,N. Moreover, (again adopting the Cartesian coordinate
system in Notation A.1)

, gine 1 6 sin ¢
; =——cot|= . 3.
Vlirlr}z{ i }(w,wo,l/) o (2) { w056 } (A.3.16)

Proof We give the proof for g3¢ only, the proof for g is analogous. Recall from
(A.3.10) that ¢*(w, wp,v) = { Ve go(w, w', V) |w=w, } - €2 Where go is the Green’s
function for the whole sphere S? given by (2.1.55). We will use this formula
to prove the result but first since the representation (2.1.55) of go(w,wq,v) is
undefined for v = 1/2 we need to find an alternative expression. Recall that gy
satisfies

(A* 4+ 12 — 1/4)go(w, wyq, V) = 6(w — wy), w €S2 (A.3.17)

However, (A.3.17) has a singularity when v — 1/2 since a solution for (A.3.17)
is not defined for v = 1/2. This is because if A*)) = f on S? then it follows via
Green’s identity that [g, f(w)dS(w) = 0 but [, §(w —we)dS(w) =150 (A.3.17)
is not solvable for v = 1/2. Consequently, instead of go(w,w,v), we consider
9o(w, w, v) the solution of

(A* 4+ 12 —1/4)Go(w, wo, V) = 6(w — wp) — 1/41, w € S°. (A.3.18)

The advantage of the equation (A.3.18) is that it is solvable for v = 1/2 (up to
an arbitrary constant) since [g, 6(w —wo) —1/47m dS(w) = 0. Also from (A.3.14)
and (A.3.15) we see that

ul—i)rlr}2 ggw(w, “o, V) - ul—irrlr}z {lego(w, w/’ V)lw’:wo} " €2
= i Ve Go(w,w', v)|w=w, } - €2. 3.
u—lg}z{ Go(w, W', V)|w=wo } - €2.  (A.3.19)

(The latter inequality follows e.g. by applying V. to (A.3.17) and (A.3.18),
with wy replaced by ', and using uniqueness.) It follows that a formula for
lim, /2 g5°(w, wo, ¥) can be recovered from the solution to (A.3.18) via (A.3.19).

First we show the limit on the right-hand side of (A.3.19) exists. To do
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this we introduce the eigenvalues, ug,j, and eigenfunctions, ® ;, of the operator
—A*+1/4 on the whole sphere S2. Clearly, 11 = 1/2, vp; > 1/2,for j =2,3,. ..
and ®g; = (47)~Y/2. Using similar techniques to those used in the proof of Lemma
2.6 we can write,

oo

§0(w7w0a V) = Z(V2 - Vg’j)_lq)oij((«a’)(bo’j(WQ) - (1/2 — 1/4)_1(1)0,1(0))@0’1(‘00)
N Z(VZ — 5,5) ™ ®o,i(w) B, (wo)-

Hence the limit of V., go(w,w’, V)|w=w, (and therefore ¢gi°(w,wy,v)) exists as
v — 1/2, which we henceforth denote by V..go(w,w’,1/2)|wr=w, (respectively
ggzc(w, Wo, 1/2))'

To complete the proof we find a formula for the solution to (A.3.18) when
v = 1/2. It can be shown, by direct differentiation, that for w # wy, a solution
to (A.3.18) with v = 1/2 is given by

Go(w, wo, 1/2) = i log(1 — cos(6(w, wp))). (A.3.20)

To show that this is a solution for all w € S? we show that A*Go(w,wo,1/2) =
d(w — wp) — 1/4r in the sense of distributions. Consider a test function ¢ €
C>(S?). By definition the action of the distribution A*Go(w,wy,1/2) on 4 sat-
isfies (see e.g. [41]),
(A Tw,w0,1/2,8(0) ) = [ Boew,w0, DA Y(w) dSw)
S
= li_r)% Jo(w,wp,1/2)A*)(w) dS(w), (A.3.21)
€ Sg

where S?={w € §? : §(w,wy) > €}. Applying Green’s identity we have that for
any € € (0,7),

/ Go(w, wo, 1/2) A"(w) dS(w) = / (@) A*Go(w, wo, 1/2) dS(w)
52 52
. oy 9%
+ [ , (B0 1/2) 52 (0) ~ SR (w,0,1/200(w)) o

(A.3.22)

where m is the exterior normal to S? at w € 8S%. It is clear from (A.3.18)
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(with v = 1/2) that the first term on the right-hand side of (A.3.22) is equal
to —1/4m [g, ¥(w) dS(w). Now we consider the second and third terms on the
right-hand side of (A.3.22). Note that dy/dm(w) is bounded and so it follows
that,

~ ] oY, 1 / oy
[953 Go(w,wo,1/2) Ery (w) dw = yp log(1 — cos(€)) s Ery (w)dw
= Ole|loge|) >0 as € =0, (A.3.23)

since [, dw = sin(e) = O(e) and 1 — cos(6) = O(e?). Furthermore, in the
Cartesian coordinate system introduced in Notation A.1 we can write 9/0m =
—0/06|g=. Using this and applying Taylor’s theorem to 3 we have,
990 1 sin(e)
~ [ £ 1/2 = ———
[ aaen @ ds = 2 |y
= P(wg) + O(€) = P(wo) as e = 0. (A.3.24)

Therefore combining (A.3.22), (A.3.23) and (A.3.24) it follows from (A.3.21) that

( A*Go(w,wo,1/2), Y (w) ) —1/4x /52 Y(w) dSw + P(wy)

( 6(“’ - wo) - 1/47'{',1!}((4)) )’

Il

for any ¢ € C*°(S?) and so g defined in (A.3.20) gives the solution to (A.3.18)
in the sense of distributions.
Now it follows from (A.3.19) that,

ul—i)I]I-}2 ggzc(w, wo, V) = {waao(w, w,’ 1/2)|""=“’0} €2

1
= Z;{Vu: log(1 — c0s 8(w, w'))|w=w, } - €2

{Vur (1 — cosf(w, w))|w=w,} - €2
47 (1 — cos(f(w, wy))) '

(A.3.25)

Recalling from Notation 2.2 that cosf(w,w') = w - w’ and using (3.1.4) we have

{Vw:(l — cosH(w,w’))|wf=wo} ey = —{Vw’((w ‘w')|w'=wo} " €2
= —(w - wo(w . wo)) - €9. (A326)

Therefore by representing w in the form (A.0.4) it follows from (A.3.25) and

164



(A.3.26) that

sin 6w, wy)
47 (1 — cos(6(w, wy)))

lim ¢7%(w,wo,v) = —
v—1/2

1
sing = ~Ir cot(6(w,wy)/2) sin @,
and the result follows from the fact § = 6(w,wy) in the coordinate system in
Notation A.1. d

Remark A.11. In the practical evaluation of the diffraction coefficients it is often
convenient to deform the contour 7, for example onto the imaginary axis. This
is discussed in §6.1.2. It is shown there that in the course of such a deformation
of the contour a residue contribution at v = 1/2 for integrals similar to (A.3.3)
need to be computed. Therefore some of the details in the proof of Lemma A.10
are of use in §6.1.2.

Lemma A.12. Forallw € M,
Vudp (w,wo,1/2) = Vg5 (w,wo, 1/2) A w. (A.3.27)

Proof The proof follows a sketched proof for this result given in [69, pg. 685].
Define S : M — R? by the stereographic projection of M onto the plane tangent
to S? at —wg (and then shifted to the plane 23 = 0) given by (adopting the
Cartesian coordinate system in Notation A.1),

S(w) = 2cot(6/2)(cos ¢, sin ). (A.3.28)

We introduce the polar coordinates 7,7 to represent a point x € R2. We can
define the action of S by

w = (0,9) — (2cot(6/2), ¢), (A.3.29)
in polar coordinates. Similarly we can define the action of S~! by
x = (r,9) = (2cot™'(r/2),v), (A.3.30)

is spherical coordinates.

A stereographic projection is known to be a conformal mapping, hence the
following useful properties of S follow. Firstly the mapping S preserves angles,
i.e. two geodesic curves on S? meeting at an angle of a are mapped by S onto
two curves in R? meeting at an angle of o also. Secondly, if v(w) is a harmonic
function on M then 7(x) := v(S~!(x)) is harmonic on S(M).
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We define i (x) := g55(S~1(x),wo,1/2) for B =D, N and x € S(M) C R%.
(Hence, since A*g¥(w) = 0, for w € M it follows that Agy(x) = 0, for x €
S(M).) Let x = (z1,%2) and consider z = z; + iz2. Define §°°(z) = §°°(z1,22) =
75 (x) — 1g93%¢(x). We claim that §*°(z) is analytic. This is equivalent to gj5(x)
and g%(x) satisfying the Cauchy-Riemann equations

99 .y _ _ 99N 99p gN
o, () = Oz, &, Oz, () = 69:1() (4.3.31)

We can use this and the properties of the conformal mapping S to prove the
result.

To prove (A.3.31) consider first §™°(z) = §i¢(x) — igiw°(x), where ¢, B =
D, N are defined in a similar way to g3, gwc(x) := gae(S~(x), wp, 1/2). We
have from Lemma A.10 and (A.3.30) that

a5° _ _r ) siny
{ gine }(x)_ 87r{ cos }

Hence §™¢(z) = iz/8m which is certainly an analytic function.
Note that, from the boundary conditions (A.2.7) and using the fact that S is
a conformal mapping, for x € S(¢)

“~SC ~inc a~sc 6 e
Gi5(x) = ~g5°(0) () = — A (x) (A.3.32)

where 1 is the exterior normal to S(M) C R?. It follows from complex analysis
that every harmonic function in R? is the real part of some analytic function
on C. Hence there exists a harmonic function w(x) such that gi(x) + iw(x)
is analytic. Moreover, it follows that g5 and w(x) satisfy the Cauchy-Riemann
equations (A.3.31) with g¥ replaced by —w Hence we have for x € S(¢),

dw,_ . o OFE O~ (T 0T ¢

= (%) = Vu(x) -5 = ( S (), 5,2 ()-8 = —( S (), 5o () -t
a5

= ——== , A.3.33

2 (x) (A.3.33)

where t is a tangent to S(¢) at x. From (A.3.32), it follows that g coincides
with —g%¢ on S(£), hence tangential derivatives of g and —gi¢ will also be
equal. Therefore using the Cauchy-Riemann equations for the “incident parts”
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(replacing the superscripts sc in (A.3.31) by inc) and (A.3.33),

aw _ aglnc 891«710 agznc —~ _ ag'lnc inc
on x) = ot (x) = (813 (), 0z, )) t= ( Oz, (x), = 83:1 (x))
~inc ~ ag'mc
= Vgy(x)-n= 5 (x).

Thus, —w(x) is harmonic on S(M) and satisfies the Neumann boundary condi-
tions in (A.3.32). Since there is a unique solution to the Neumann problem (up
to a constant) it follows that g3 (x) = —w(x) + C, hence

9%(2) = gp (%) — igx (x) = gp (x) +1w(x) — iC

is analytic. This proves the claim that g*¢ is analytic.
Now using the Cauchy-Riemann equations (A.3.31),

VIS0 = (- 2 ), P ). (A339

Notice that interpreting Vg (x), B = D, N as a 3D rather that 2D vector

~oc(oy — (99E (. 998
VgB(x)‘(axl ) B, x,0),

allows us to write (A.3.34) as
Vip(x) = Vg (x) A (—wo), (A.3.35)

which is of a similar form to the result (A.3.27). To complete the proof we now
show that (A.3.35) implies (A.3.27). To do this note that for an arbitrary function
v defined on R? we can write Vu(x) in the polar coordinates (r,) as

o) |, 100(x)

Vu(x) = e, B e W

By substituting this into (A.3.35) and using the fact that e, A (—wg) = ey and
ey A (—wp) = —e,, it follows that

99 (x) _19g5(x)

= i (A.3.36)
ogn(x) _ 19gx(x)
and o~ 7 ov (A.3.37)
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Now using the chain rule and recalling (A.3.30) we have

0g(x) _ 909gg(w,wo,v) 1 dgp(w,wo,v)
or or 0 1+ (/27 o9
995(x) _ 9g5(w,wo,v)
and v 3 .

Hence a straightforward calculation shows that (A.3.36) and (A.3.37) together
with (A.3.30) imply,

093 (w, wo, V) _ 1 9g5(w,wo,v)
o0 sin # 0¢
g (w,wo,v) 1 99%(w,wo, V)
and R = o SR (A.3.38)

Using this, the result (A.3.27) follows from (3.1.3) and the fact that esAw = —e,
and e, A w = ey. O

We use Lemma A.12 in Lemma A.13 to show that the combined contribution
from the stationary point so = 0, i.e. the contribution from V4 and W, defined
in (A.3.4), to the electromagnetic field E, H is negligible. First we define the
contribution to the electric field and the magnetic field from a stationary point
so by E,, and H,, respectively, i.e.

E,,(x) = curl curl (V,(x)x) + ik curl (W,,(x)x),

H,,(x) = curl curl (W,,(x)x) — ik curl (V;,(x)x). (A.3.39)

Lemma A.13. Suppose that w # wy then the contribution from the stationary
point sg = 0 to the asymptotics of the electromagnetic field, E(r,w), H(r,w), is
O((kr)72), i.e. for allx € R3\E, Ey(x) = O((kr)~2) and Hy(x) = O((kr)~?) as
kr — oo.

Proof We prove this result for the electric field only, the proof for the magnetic
field is analogous. The first thing we need to do is apply the stationary phase
technique to calculate the asymptotic expansion of V,, and W,, (see e.g. [15,
§2.7]). It follows that

Yo Ui wye i d To L o 0) 4 Ok (kr)2), as kr — oo
W() ) - k27' y W0, ) .

Now we substitute these representations of V; and Wy into (A.3.39). Using
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(A.1.5), (A.1.6) and (A.1.3) we get, after some straightforward calculus,
e—ikr

-2 kr

e—ikr

kr

curl curl (Vp(x)x) = VuT'p(w,wo,0) + O((kr)~?), and

ik curl (Wo(x)x) = 2 VoIn(w,wp,0) Aw+O((kr)™?) as kr — cc.

Therefore substituting this into (A.3.39) with so = 0 and writing x = (r,w),

—ikr
_2ekr—(ver(w, Wy, 0) -_ VwFN(w, wo, 0) A w) + O((k'f')—z),

(A.3.40)

Ey(r,w) =
as kr — oo. All that remains to complete the proof is to show that
VoI p(w,wp,0) = V,I'y(w,w,0) Aw =0 for w # wy.
To do this we formally apply Cauchy’s residue theorem to the integral repre-
sentation of I'g, B = D, N in (A.3.3). We have using Theorem 2.7 that for

B=D,N,

Fp(w,wo,0) = /g’;(w,wo,v)-—2— dv
72 Ve =

It follows from (2.1.25) and Lemma A.8 that for j =1,2,...,

sc v 1

res(gD (w, w0, V) 2 — 1/4’ VD,J') = 2(11%’]' —1/4) cI)D,J'(“"’)vwoq)l),j(""’0) " €2,
sc v 1

res (gN (w, wo, V) 1 I/N,j) = ———2(’/12\[‘]. Y7y On (W) Vuo@n j(wo) - €1,

therefore, applying Lemma A.8 again and using (A.3.41), we get,

I‘D(w,wo, 0) = 7 Z 1/4 @D,(w)Vw@DJ(wo) €2
= 7”91)(‘*’ w0,1/2)

= mgN(w,wo,l/2).
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Hence from Lemma A.12 it follows that,

VoI'p(w,wq,0) — V,I'y(w,wy, 0) Aw
= mi(Vegp(w,wo, 1/2) — Vugp(w,wo,1/2) Aw) =0,

thus the result follows from (A.3.40). a

Remark A.14. Lemma A.13 establishes that the contribution from the station-
ary phase point sp = 0 to the principal term in the asymptotics of Ey, and Hj
vanishes. Therefore there are no O(exp(—ikr)/kr) terms contributing to the
asymptotics of the scattered field E,., H,.. This corresponds physically to the
absence of “in going” waves and, in a sense, justifies a posteriori the radiation
conditions.

Thus the contributions to the diffracted wave must come from V,(r,w) and
We(r,w). (In analogy with the acoustic case the diffracted wave is undefined for
directions which correspond with singularities occurring at s = m, namely the
singular directions, see Definition 2.13.) Therefore we get the next result.

Corollary A.15. For all nonsingular directions w € S2, the Debye potentials
Viaigs, Waigs corresponding to the electromagnetic field diffracted by the conical
point (see (2.2.14) take the form,

{ Vairs } (r,w) = o { I }("’,wo) +O(k™'(kr)™), as kr — oo,

Kr | fn
(A.3.42)
where for B= D or N, fg(w,wy) := /7 g(w, wq, 7).

Proof Applying the stationary phase technique to V, and W, we get [15]

Vaifs IRz _ et [ Tp e
{ Waiss }(T,w)—{ W, }(T,w) = 2k2r{ o, }(w,w0)+0(k (kr)~2),

as kr — oo. Hence the result. O

Our final result in this appendix gives the formula (2.2.19) given in §2.2 for
the high-frequency asymptotics of a wave diffracted by the vertex of a cone, see
e.g. [69], [12].

Lemma A.16. For x € R3\E, such that w = |x| is not a singular direction

ikr

Eaify _ o e ] E(w,wo) D) g ke o o
Uiy Jomsr {5 o wmom aae
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where
8(60, U)()) = —vwa(wv wO) - waN(wa wO) A w,

A3.44
H(w,wp) = =V fn(w,wo) + Vo fp(w, wo) A w. ( )

Proof We give the proof for Egiyy, the proof for Hyss is analogous. It follows
from (A.3.42), (A.1.5), (A.1.6), (A.1.3) and some elementary calculus that,

ikr

curl curl (Vgipp(x)x) = _27Tekr V. fp(w,we) + O((kr)~?), and
ikr
ik curl (Wypp(x)x) = —Zwekr Vofn(w,wo) Aw+ O((kr)™) as kr — oo.
Therefore the result follows from (A.3.39) and (A.3.42). O

It follows from Lemma A.16 that the key to calculating the diffraction coeffi-
cients is the computation of the scalar potentials fg(w,wy), B = D, N given by
(using (A.3.3))

v

Vz__l—/zdl/ fOI‘BZD,N,

i i —ivm
fB(w)wO) = —PB(w»wO?ﬂ') = _/ € gB(w'JwO,V)
m T Jy

(holding in the distributional sense) which are analogous to the acoustic diffrac-
tion coefficient f(w,wy) cf. (2.1.56). In the same way as with the acoustic case
by writing gp(w, we, V) = g (w,wo, )+ gh(w, wo, v) the formulae for fp(w,wy)
become,

fB(W,w0)=%/ e g (w, wo, V) — Y _dv for B=D,N, (A.3.45)

e v2—-1/4
since, in analogy with the acoustic case, the combined contribution of

¢ —ivT inc v

'7?\/726 '):) ((d,(-do,l/)m dV

to the electromagnetic diffraction coeflicients can be shown to be zero.
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