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Summary

The use of electronic train control systems and power electronic control for traction on
electric railways is well established. The application of such systems has increased the
awareness of the effects of electromagnetic interference with regard to system safety and
reliability. One approach to assuring electromagnetic compatibility between subsystems
is by circuit simulation studies. This requires the establishment of an accurate electrical
model for the whole traction network. Of importance in this modelling procedure is
the representation of the rail track. This thesis reports on the results of research to
accurately define the track self and mutual impedances and admittances.

The material properties of the complete track structure are examined. The electromag-
netic properties of rail material are determined, by measurement, testing and modelling
methods. The ground plane and track bed also have significant effects in such studies
and the results from the examination of the electromagnetic properties of ballast, soil
and sleepers are reported.

The influences of material properties on the track transmission line parameters are
described in terms of series impedance behaviour and shunt admittance behaviour.
These parameters have been measured, estimated from approximate analytical methods
and modelled by appropriate numerical techniques.

Applications of the derived track transmission line parameters are described. A matrix
method has been used and this is explained in detail. Case studies are given with typical
design problems considered and the usefulness of the simulator in such studies of the
interaction of traction and signalling systems is outlined.
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Chapter 1

Introduction

The introduction of power electronic traction converters and computer-based train con-
trol systems on electric railways has been wide-spread. Such advances have increased
the awareness of the effects of electromagnetic interference with regard to system safety
and reliability. One approach to achieving electromagnetic compatibility assurance be-
tween subsystems is by circuit simulation studies in the microsecond and millisecond
timescales. This requires the establishment of an accurate electrical model for the whole
traction network. A vital part of this modelling is the representation of the rail track.
This thesis reports on the results of research aimed at defining in detail the track self

and mutual impedances and admittances.

1.1 An Overview of Electric Traction and Train Signalling

Systems

The use of electricity for traction and signalling in railway operations is taken for
granted. Electric drives with the power source concentrated at discrete points and
the energy transmitted by conductors provide an economic method of train propulsion
to the moving vehicles. Economic and ecological pressures, as well as operational con-
siderations, have caused both urban and main-line operators to turn to electric traction
since the source of pollution may be removed from densely populated regions to remote

sites.



Due to the increased demand on train operators to improve service by increasing capacity
or frequency especially at peak traffic times, the need for more advanced signalling has
become apparent. This has been encouraged by a rapid evolution in electrical and
electronic signalling technology. The need to ensure compatibility between traction
drives and signalling systems is well understood. However, achieving such compatibility
is a complicated engineering process. To understand this further the variety of traction

and signalling systems used in practice must be examined.

1.1.1 Electric Traction Systems.

The choice of electric, rather than diesel based, traction is made on overall operational
cost effectiveness. In most cases, commuter traffic will benefit from electric traction.
For long distance traffic, the construction and maintenance of overhead supply systems

may become uneconomic. If the traffic density is low diesel traction is chosen.

Electric traction supplies may be d.c. or a.c. This together with the different types of
traction motors and converters, leads to a range of possibilities in traction systems as
shown in Table 1.1. The trade—offs of transmission efficiency and motor controllability
for various voltage levels and supply types are only clear for the extreme cases. That is
urban railways which use low and medium voltage d.c. and high speed railways which

use high voltage a.c. power transmission.

The standard voltage levels for d.c. supplies are 600 V, 750 V, 1.5 kV, although voltages
up to 3 kV are used. For voltages less than 1 kV, the power is supplied by a rail running
along the side the track. The train connects to this third rail by a power supply pick—up
or shoe. Although the normal return path is through the running rails, there are notable

exceptions such as the L.U. (London Underground) system and the Red Line on the



Table 1.1: Traction Drives and Converters

Power Supply Traction Motor Converter Notes

D.C. D.C. Series Resistance controller (cam)

D.C. Separately Excited | D.C. — D.C. Chopper

D.C. Induction V.S.IL (1)

Chopper — C.S.1.

Chopper — V.S.1. (2)
D.C. Synchronous Chopper — C.S.I. (3)
A.C. (Lf.) Universal Tapchanger (4)
A.C. (power freq.) | D.C. Series Tapchanger — rectifier

D.C. Separately Excited\| Controlled phase rectifier

A.C. (power freq.) | Induction Pulse converter — V.S.I. (1)(5)
A.C. (power freq.) | Synchronous Rectifier — C.S.I. 3)
Notes:—

(1) Expected to be the standard system in the future.

(2) Early models : later used P.W.M. to vary D.C. link voltage.
(3) France only : dual system trains.

(4) Germany, Austria, Switzerland, Norway, Sweden use 16.66 Hz.
(5) Also Lf. used — 16.66 Hz.

C.S.I. — Current Source Inverter

V.S.1. - Voltage Source Inverter
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Milan Subway, which both have a fourth rail, laid in the centre of the track to provide a
return path for the traction current. D.c. systems use a catenary feed when the supply

voltage is in excess of 1000 V (typically 1.5 or 3 kV).

A.c. supplied traction systems typically have the power supplied by an overhead cate-
nary. Power collection is made via train roof-mounted sliding pickups or pantographs.
The specifications of this type of system vary substantially from country to country
but the power is generally at high voltages, with a standard set at 25 kV!. Supply
frequencies in use include 16.66, 25, 50 and 60 Hz. The lower frequencies are left over
from the hen a.c. commutator motors where used for traction?. The basic
feeding system consists of substations sg_;aplying the catenary with the return current
path along the running rails. More sophi;tica,ted systems include booster transformer
and autotransformer feed circuits; the larger capital costs of these being offset by the
increase in transmission efficiency and reduction in electromagnetic interference from
e T N VN

induced track-side voltages.

The initial attractiveness of d.c. powered trains was that d.c. traction motors could
be used with simple cam control. Until recently d.c. motors were used in a.c.—fed
systems using phase converters with rectifiers. With the development of thyristors,
simple effective controllers became available. Modern traction drives use inverter—fed
three-phase a.c. motors. These were first developed for d.c.—fed railways and later
applied to a.c.—fed railways using an a.c. — d.c. line converter feeding the d.c. link. The
advantages of a three-phase induction motor is that it does not have a commutator or

slip rings and has a higher power-to—weight ratio than the d.c. machines. An additional

advantage is that, regenerative braking is available although the process may also be

Q
150 kV has been tried on some railways in North America and South Africa. \] 2' N wt \

2The 16% is derived from %x 50 Hz for ease of generation.
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achieved using d.c. — d.c. chopper drives but is not often implemented due to the need
T T ————
-

to establish inverting d.c. substations. Studies have shown that cost savings through the
ST T ————

regeneration of power may be significant. For example, the New York Subway System
has chosen inverter—fed control for all new rolling stock, purely on economic grounds.
The new generation traction drives for a.c. supplied systems have pulse (four quadrant)
a.c. — d.c. converters feeding 3-phase a.c. motors. These drives also can provide
regenerative breaking but, because traffic is generally less frequent on a typical main—
line system, the additional capital costs in providing the necessary harmonic protection

in substations are not always recoverable in operational savings.

1.1.2 Train Signalling Systems.

Although there are current international projects to standardise signalling systems?,
there are many variations in train signalling which essentially provide a solution to the
same train control problem. There always will be a need for detection of train position
and velocity. Also data transmission of safety information i.e. through line side signal

or cab signalling always will be required.

There are three common methods of train detection. The first is a count of the train

axles passing a point, or more often a number of points. These devices are known as

Atzle Counters. It is a precise, if inflexible, approach to determining train location. Axle
o

counters are usually mechanical treadles or magnetic circuit devices which are attached

to the rails. The presence of train wheels passing then activates the devices. The second

approach is to use conductors, positioned between the running rails, usually with the

conductor crossing repeatedly. These crossing points are used by train—-mounted systems

to detect position by phase reversal of the detected signal. The third method of train

3Examples of these are EURET and EUROCAB which are European Community Funded.
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detection is known as the Track Circuit. In this system the track is divided into section
lengths termed track circuits. Within a track circuit, the running rails are used as a
transmission line. With a transmitter at one end of the track circuit and a receiver
at the other end, a train is known not to be present while a signal is detected. If the
receiver does not detect a signal, then either a train has been detected with the axles
short—circuiting the transmission line, or the signalling system has failed. The fail-safe

principle is inherent in this method. The first two methods are not inherently fail safe.
TN S
CaVANNeS vy e T et T

The practical implementation of the track circuit depends on the type of power supply

to the traction drives. In the case of a d.c. traction supply, the track circuit system
must use an a.c. signal. The running rails must be electrically continuous within each
track circuit and so the ends of the track circuits are separated by block joints if they
operate at power frequencies or by tuned circuits if they operate at audio frequencies.
Vel
For an a.c. traction supply, it is sgn_gﬁmes possible to use d.c. track circuit signals.
The track circuits must be physically isolated by inserting block joints in one rail, so
the traction return current flows along one rail with the d.c. track circuit current along
both rails. The insulated rail joints which isolate the d.c. track circuits are generally
known to be mechanically unreliable and this has resulted in the development of a.c.
traction supplied systems using audio frequency excitation with tuned electrical circuit

joints to delineate adjacent track circuits. In this case, the operating frequencies in

adjacent track circuits must include a suitable spectral separation for correct operation.

Many track circuit frequencies are in use with typical values for power frequencies of
33.33, 50, 60, 100 Hz, 125Hz. For example,L.U. use 33.33 and 125 Hz, whilst 100 Hz
is found on the AMTRAK (the USA National Passenger Railway)* north east corridor.

Audio frequencies in the range of 2 to 20 kHz have been chosen by many rapid transit

*This system uses insulated rail joints.




operators, such as Singapore Mass Transit and Washington Metropolitan Mass Transit

Authorities.

There are also many methods of transmitting the control information to the train.
Several main-line methods are simply magnetic devices laid in the track to repeat
signal aspects giving a visual message to the driver. An example is the AWS (Automatic
Warning System) technique operated by British Rail. A more sophisticated system is

the INDUSI transmission system in use in Germany.

A number of wider bandwidth automatic transmission methods have been developed
to transfer data to the cab, when the train is either stationary or moving, using the
principle of inductive transmission of coded information. An example of this is the
original system installed on the D.L.R. (Docklands Light Rail) operating in London.
The problem of on-the-move information transfer has been solved by passive static
beacons or active transponders positioned between the running rails. Beacons allow
one-way information transmission from track-to—train, whereas transponders can be

configured for two way transmission.

The natural extension of this is to have a continuous data transmission system, allow-
ing flexible operation with full two-way data exchange. The Vancouver Skytrain and
the Singapore Mass Transit System both have a range of sophisticated communication

systems.

1.1.3 Automatic Train Control.

Train control can be considered as a set of nested feedback control loops, as illustrated
in Figure 1.1. Effective track—to—train and train—to—track data transmission is necessary

for full implementation of such a control system.



Demand

A.T.S. A.T.O. A.T.P.

(Time-
Table)

Figure 1.1: Nested Loops Forming an Automatic Train Control System

Safe train operation is controlled by A.T.P. (automatic train protection), the inner-most
loop. It must be the over-riding mechanism such that, if it is unsafe to proceed, the
train speed is reduced and the train may eventually be stopped. This system includes
fail-safe track occupancy detection, safe transmission of speed limit information, train
position and speed monitoring, door closure status information and traction drive-

braking supervision (for operation within a defined safety margin).

The next control loop outside A.T.P. is A.T.O. (automatic train operation). This might
include normal door opening operation, control of speed and braking to operate to the
timetable and accurate (stopping) positioning at station platforms. Generally it covers

all non-vital functions local to the train.

The outermost control loop is A.T.S. (automatic train supervision). This represents
control of the overall system and can be used to meet a particular service specification

e.g. to maximise passenger throughput at peak traffic periods. Also as a supervisory



system, control of other cost functions can be achieved e.g. optimisation of energy
demand or consumption. Using A.T.S, the parameters to be optimised can be changed

automatically, depending on the most pressing requirement at the time.

1.2 The Requirement for Simulation in Electrified Rail-

way Systems

Considering the complexity and number of variations in electric traction and signalling
methods, especially when combined into one system, it can be seen that computer aided
. N—
analysis %ould be a powerful tool for the design and fault analysis of such systems.
Simulation can be carried out in microsecond, millisecond, second or tens of seconds
timescale, depending on the problem to be solved. For example, for traffic flow studies,
in the tens of seconds timescale, an initial system design could be achieved by passenger
flow considerations and then the detailed design could be optimised by simulation.
For power flow studies in the seconds timescale, the simulator would need to have
the capability of modelling both power system and signalling operation. For E.M.C.

studies in the microsecond and millisecond timescale, the simulator would need to model

electrical parameters very accurately. (-\ Q \BYONE
_—

This thesis is concerned with electrical simulation for E.M.C. studies. To achieve a useful
electrical model for such an application, the rail track can be treated as a distributed
power line. The difficulty is that the rails and earth in an of electrified track system

exhibit { non-linear properties. Hence the track modelling must consider the

material pfoperties (conductivity, permeability and permittivity) in detail.



1.2.1 Electric Traction and Power Supply Considerations

In the second timescale, simulators may be used to optimise power flow. For a sim-
ulator to be useful in a practical sense, it must allow for both d.c. and a.c. supply
systems. Verified commercial software is available for the simulation of industrial power
distribution systems. These simulators may be applied to single-phase a.c. and d.c.
traction supply systems, with some software modifications, since they are capable of

representing power electronic circuits, including train—borne traction systems.

1.2.2 Signalling System Considerations

One application of train signalling simulation is in track circuit design. Track circuit
optimisation must include the choice of signal frequency and magnitude, with respect
to variations in ballast and soil conditions, the proximity of other track circuits and the

presence of E.M.I. (electromagnetic interference) from traction supplies.

Most track circuit designs have evolved from continuous development of existing sys-
tems. It follows that in most cases the design can normally be refined further by the

use of simulation.

1.2.3 Electromagnetic Interference in Train Systems

E.M.I. within any system is defined as the presence of an unwanted signal within the
operational range of the receptor system. E.M.I. may re;s.ult from a number of cou-
pling effects, including magnetic induction, conduction, electric induction or radiation.
The design process in any system should ensure E.M.C. (electromagnetic compatibility)

between individual subsystems.
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A line of track circuits within the same running rails are usually electrically coupled
because traction power current must pass through many track circuits to return to
the substation. Thus signalling power from one track circuit will couple with other
track circuits, as filters do not have ideal characteristics. The method of coupling
is usually inductive and conductive, since the signals rarely exceed mid-range audio—
frequencies, making radiative E.M.I. much less significant. Also with relatively low
voltages, capacitive coupling is usually not significant®. The actual coupling mechanism
is often open to speculation as detailed studies are rarely undertaken®. Also coupling
via track side cables or track—-bed re—enforcing structures cannot be excluded especially
when 25 or 50 kV systems are used, since capacitive effects may be significant. Adjacent
track circuits also can exhibit electromagnetic coupling through crosstalk (by inductive
coupling), as the tracks are only a few metres apart, whereas the circuits may be up to 1
km in length. The problem of E.M.I. between track circuits is that unsafe failures may
occur e.g. where a train axle shunts a transmitted signal but significant power, at the
same frequency couples from traction equipment on another track to keep the receiver

energised thus indicating a state of unoccupancy.

It is good practice to provide complete spectral separation between traction and sig-
nalling frequencies to alleviate E.M.I. However, harmonics generated by power control
circuits in traction systems still may produce significant power at or near the track

i~

circuit frequencies if faults arise in equipm(ﬁ/. /

The problem of both the wanted track circuit currents and the unwanted power har-
monics occurring at similar frequencies is further emphasised if they share the same

conduction path, which happens in the case of the running rails. In addition, since sig-

®Capacitive coupling may be significant when spikes of e.m. noise are generated from trains to track
circuits.

Studies are generally undertaken when a specific problem arises.

11
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nailing currents are small (e.g 5 A) compared to traction currents (e.g. 1000 A)7, power

supply harmonics may be of the same order of magnitude as the signalling currents.

The effect of E.M.I. from traction power systems into circuits other than signalling also
may be significant, for example, on telecommunication systems in main-line railways

and rapid transit systems.

The most cost effective way to avoid E.M.I. is at the design stage, by careful choice of
power/signal levels and operating frequencies in all subsystems. Spacial, temporal and
spectral separation requires careful pre-selection and their interaction and interdepen-
dency in railway electrical systems indicates that complex design procedures must be
invoked. This implies the extensive use of computer based simulators reliant on accurate

system modelling

1.3 Electrical Representations of Track Structure

The central feature of electrical traction simulators is an electrical equivalent model of
the track. The track structure (i.e. rails, power conductors and track bed) may be
represented in a number of ways in electric circuit terms. It is possible to represent the
track as discrete or lumped components. With two parallel rails, there will be inductive
coupling between the rails and between each rail and ground (when ground currents

flow) so that inductance always must be included in time varying analyses.

Since the rails are in contact with the sleepers, ballast and hence ground, conduction
paths must exist between the rails, sleepers, ballast and ground. The rails also exhibit
capacitance between each other and the ground. To allow for a variable length of track,
the discrete component electrical model necessarily would represent a defined unit length

7T his value is typically for a 700 kW train at 700 V

12



of track.

In a more general case when multiple tracks may be long, the discrete component
model might become rather cumbersome. The physical layout of track tends to leads to
a transmission line representation as a more useful modelling technique. The electrical
behaviour of the track may be represented by distributed transmission line parameters,

enabling the exploitation of telecommunication and power system transmission theory.

o, t*
For a two-rail single track study, it may be acceptable for some purposes to consider

the track as a simple two wire transmission line. The proximity of the ground will
have an influence on the electrical characteristics of the track and must be included
if unbalanced conditions are to be modelled. For 3- or 4-rail systems and those with
catenary and multiple tracks, the simple two-wire model is insufficient. A multiple rail
track system must be considered as a multi-wire transmission line with more extensive

analysis due to the interaction between lines.

1.4 Scope and Bounds of Research and Thesis

This thesis reports on a study undertaken to analyse rail track as a multiple-wire
transmission line. To achieve this analysis, a detailed investigation of the equivalent
electrical track parameters was carried out. The research programme concentrated
on the effects of rail material and lossy ground with their influence on the electrical
parameters. The work includes theoretical analysis, experimental measurement and
numerical modelling in an attempt to obtain a complete physical understanding of the

processes involved.

Case studies of signalling systems and traction signal harmonic propagation along the

track have been included to illustrate the use of the track parameters (obtained from

13



the research programme results) in simulations. Signalling equipment specifications and
characteristics such as track circuit transmitter and receiver circuits have been included
where appropriate; this has been supplied by several manufacturers and operators of

railway systems, or obtained by measurement.

1.4.1 Thesis Outline.

The thesis initially reviews previous published work. This provides an overview of earlier
track modelling studies and discusses the advantages and disadvantages of the methods
used. The rail material is significant in the conduction process and reports on studies
into magnetic material properties have been included in the literature review. In a
similar manner, previous work on the electrical properties of ground has been examined
to provide an understanding of the influence of ballast, soil etc. Other relevant literature
has also been considered. A critical appraisal of alternative simulation methods is given.
This describes the benefits of the choice of multiple-wire transmission line modelling,

compared to the alternatives available.

Following this the material properties of the complete track structure are examined.
The magnetic and electrical properties of rail material are determined, by measurement,
testing and modelling methods. The ground plane and track bed also have a significant
effect on the track electrical parameters, and a study of ballast, soil and sleepers has

been undertaken.

Then the influences of material properties on the transmission line parameters are con-

sidered. The transmission line parameter study is separated into the series resistance

and inductance d the shunt conductance and capacitance These

parameters have been measured, estimated from approximate analytical methods and

14



modelled by appropriate numerical techniques with further tests to confirm the results.

The thesis continues by describing the application of the derived transmission line pa-
rameters. A matrix method, analogous to a power system multimode transmission line
method, has been used and this is explained in detail. Case studies are given with
typical design problems considered and the usefulness of the simulator in such studies
of the interaction of traction and signalling systems is outlined. To conclude the the-
sis, the overall results, together with modelling methods are discussed and appropriate

conclusions drawn. Further work is suggested.
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Chapter 2

Review of Literature A
S’

In examining the features and techniques that might be considered in the development of
a track model for a microsecondy millisecond or second timescale simulator which could
assist in the analysis of ET.M.I. problems in electrified railways, it has been essential
to consider a wide range of published studies. Also a number of general background
areas associated with electrified railways have been included. The areas covered are
traction power supply systems and drives, train signalling and control, E.M.I./E.M.C.,

evaluation of track parameters and simulation techniques.

2.1 Traction Power Supply Systems and Drives

2.1.1 A.C. Traction Supplies

A .c.-supplied traction systems are most often used for main-line railways and are asso-
ciated with longer distance operation than d.c. systems. To prove that there are always
exceptions to rules, Sykes [1] describes the d.c. electrification of the 150 km London
to Bournemouth main-line which did not use an a.c. system since it was treated as an

extension to an existing system.

There has been much work reported on the analysis of a.c. traction power systems per-
formance. Glover, Kusko and Peeran [2], for example, describe a method of analysing
train voltages for new railroad electrification systems at 25 kV, 50 kV and 60 Hz. The

analysis can be carried out with or without booster or autotransformers. The power
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supply system analysis is required to aid the determination of optimum substation spac-
ing, catenary feed configuration, requirement for auxiliary transformers and equipment
ratings. The train voltage analysis ensures that train performance specifications can be
met. This report puts emphasis on catenary and return rail impedances with detailed
calculations given. It is shown that accurate resistance and reactance values, for running
rails improves the accuracy of calculations. However, only approximate, well-known

evaluations are given, with internal rail reactance left to unspecified measurement.

General reviews of a.c. electrified railway power supply systems have been given by
Suddards [3], and Spenny and Kusko [4], whilst specific applications and implementa-
tions are described in other papers [5, 6, 7]. Although these provide practical details of

systems in operation, there is only limited information in terms of the analyses used.

Bozkaya et al. [8] and Mellitt et al. [9] provide a detailed examination ofthe comparative
merits of auxiliary transformers. It is shown how B.T.s (booster transformers) are used
to draw current up to a return conductor, away from the track and so reduce rail and
earth currents. One aim of this design is to reduce induced voltages in line-side metallic
conductors. The B.T. method is used mainly on conventional 25 kV systems with a
transformer spacing limitation of between 2-5 km. From the viewpoint of the reduction
of E'M.I. from earth currents, the A.T. (autotransformer) system also achieves a similar
objective. A.T.s are used with a 25-0-25 kV power system; 25 kV is applied between
catenary and rails with the aid of an auxiliary feeder and a 50 kV power supply. Since
most standard train-borne equipment is developed for a 25 kV rating, the 25-0-25 kV
method is preferred to a 0-50 kV system. The work also gives a detailed comparison
between the performance of B.T. and A.T. systems, showing simulation results of earth

currents.

Machczynski [10] gives a mathematical analysis of currents and voltages in earth-return
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circuits for a.c. traction supplies. The practical application of this analysis is for
determining induced voltages in parallel cables and example calculations are given.
The paper is concerned with the determination of harmful effects of power electronic

converter traction supplies on other systems.

Kneschke [11] [12] has shown how relatively simple circuit theory and power system
analysis can be used to determine substation distribution. A base substation spacing
is used and this is followed by examination of the parameters that affect the final
substation spacing. Single-end, double-end and centre-fed systems with booster and

autotransformers are all considered.

As stated in Chapter 1, commercial software is available to analyse industrial power
supply systems. Cesario et al. [13] have shown that it is possible to apply a commercial
package to traction power supply simulation. The paper explains the difficulties in
simulating traction systems using E.M.T.P. (Electromagnetic Transients Programme)
but states that complex elements can be incorporated into the model. Two case studies
are given for the Dorsale-Sarda railway line in Sardinia, Italy and for the Carajas line
in Brazil. Although the package has standard built in models for many components and
subsystems, the actual values used, and the type of models used for these components

(and those developed by the authors) is not made clear.

With the demand for more rapid main-line trains, European railway operators have been
developing power supply and catenary systems to operate trains at speeds in excess of
350 km per hour. Harprecht et al. [14] present a paper illustrating the modifications and
extensions to standard German Federal Republic Railway equipment to achieve these
higher speeds. Much test data is presented to illustrate the operation of a high-speed

train.
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2.1.2 D.C. Traction Supplies

Since the d.c. traction supply system is most often used in rapid transit operation, it
is usually characterised by shorter distances between stations compared with main-line
operation. This tends to imply that the load on the supply, from the train, is normally
smaller than for main-line systems. However, train starting loads may occur more

frequently.

De Koranyi [15] describes the system requirements that arise when designing a d.c.
power supply for rapid transit systems. He states that the aim of a design, whether for
4; a
a new system or for a modernisation contract, is to optimise substation location and size
relative to the passenger station location. Train currents and voltages are considered,
as was the case for the a.c. design procedure. Similarly, line data, substation data
and substation loads are examined. De Koranyi gives a numerical example to highlight
the design process. The results are based on a simple model, as is to be expected
when attempting the analysis of a whole system. No reference is made to regenerative
breaking which indicates that this paper predates the implementation of power electronic
devices in more advanced circuit applications. However, silicon rectifiers are discussed
in substation data. Lincoln [16] provides a summary of what he terms fringe areas

affecting the power-supply engineering of traction systems. These include harmonic

generation, interference and induced voltages.

By 1970, the use of regenerative breaking had become established, although Holden
[17] pointed out that the practical application was unsatisfactory. This seemed to be
because the rectifier substations of the day could not accept reverse power flow. Even
with modern semiconductor devices, inverting substations are still often prohibited by

cost, although not by technology. Holden provides a useful summary of the elements
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that make up the electrical distribution and drive systems.

Suzuki [18] presents a more recent description of a d.c. power supply system for rapid
transit operations. He discusses the principle of a reversible d.c. power supply and
gives, as an example application, the Seishin Line of the Kobe Metro, Japan. Again,
substation positions and ratings are considered together with control and operation of
the substation inverter circuits. Mellitt et al. [19] also describe the merits of energy
savings, when using chopper control on the Jubilee Line of the L.U. system in London,
evaluated by simulation. Comparison between conventional equipment and that of
a regenerative braking scheme is made. It is explained that three principal factors

influence the reduction in energy demanded by the system:

o The power losses associated with mechanical components. The electrical losses of
motors and conductor rails are reported as not being significant but mechanical
losses provide some of the electrical braking effort. Hence, the energy delivered to

power the train is usually less than that available for electrical braking.

* The availability of load demand and the constraints on power transmission. The

periods of braking and motoring influence the energy demanded by the system.
Kty A

The paper describes this as the coincidence of these periods. It could also be
thought of as an effective mark-to-space ratio. This ratio is affected by train
e—-——- - .
headway and station waiting time. There is also the constraint of sectioning in
the power supply system. Ideally, the whole system should be fully linked but

limits of voltage at the train terminals, when braking, constrain the distance over

which regenerated power can be transmitted.

o The power rating of the electric brake. Traditionally, low characteristic tractive-

effort/speed curves are followed during powering of motors. This constrains the
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regeneration capability. In addition, it is expected that non-motoring axles may
have to take part in the braking so that traditional braking rates can be achieved

without extensive mechanical braking.

After explaining how the calculations can be carried out, the paper concludes with
numerical examples. Gondo [20] also discusses modern d.c. railway feeding systems and

provides a description of modern substation design, capable of absorbing power.

A number of reports provide details of actual systems in operation. Examples of these
are by Olsen [21] and Miller [22], which gives a general description of the B.A.R.T.
(Bay Area Rapid Transit) (USA) electrical power distribution system. Emphasis is
placed on the power distribution to the traction equipment. Lincoln [23], and later
Prickett [24], give similar types of reports on the Tyne and Wear Metro (U.K.). Lincoln
provides a good overview of the apparatus and Prickett offers descriptions of various
constructional details together with more detail of the control of the system. Later
papers [25, 26] provide reports of electrical power systems operating in Hong Kong and
Dublin. A more recent paper by Buchanan [27] places more emphasis on the computer-
based control of a power system. He describes the L.U. power network control strategy.
This paper differs from earlier examples by reflecting the move to reliance of power

system control on software.

2.1.3 Traction Drives

The development of traction drives has been briefly summarised in Chapter 1. Craw-
shaw [28] explains that the performance of the drive system is limited by the machine
characteristics, power source and control method. The actual performance achievable

may be a balance between the ideal and equipment cost, with the restriction of existing
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infrastructure. Crawshaw also explains that traditionally it is thought that the d.c.
motor is most suitable for traction use, as it is the easiest to control to give satisfactory
performance. U.K. manufacturers have limited a.c. traction motor development to cage
induction motors and Crawshaw provides a comparison between this system and the
d.c. motor system. The paper reviews the early days of d.c. electric traction and then
summarises the characteristics of the separately excited d.c. motor and the induction

motor, together with more advanced methods of control.

Jager et al. [29] consider typical power electronic circuits used in traction systems for
the control of d.c. motors. This paper indicates that the major advantages of using

these circuits are

e Improved adhesion due to continuously variable control and selection of suitable

tractive effort/speed characteristics.

e Automatic train running by use of computer control without human intervention.

However, the advantages must be considered together with the disadvantages. The main

drawbacks are stated as

o Increased reactive and distortive loading of substations.

e Electromagnetic interference into other systems.

Jager et al. provide a basic analysis of phase control for the a.c. supplied system,
further emphasising the problem of generated harmonics. They also discuss where these
harmonics might cause problems in other systems. They then proceed to examine the
use of filtering, more advanced circuits and switching methods to improve the situation.
An example of the implementation of thyristor control is given, the Berne-Lotschberg-

Simplon Railway. D.C. supplied systems are then considered and an examination of the
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origins of harmonics, resulting from chopper circuits, is given. A similar discussion to

that for a.c. supplied systems is provided.

Wagner [30] describes the continuing increase in the use of a.c. motors with power—
electronic control. Wagner’s paper provides practical circuits used by Siemens in a
number of recent projects. He also explains that, up to that time, both current—fed and
voltage—fed inverter circuits had been used in approximately equal number. However,
with the development of the G.T.O. offering a simple power turn—off facility, combined
with microprocessor control of gate signals, Wagner considers that voltage—fed inverters
are the best candidate for further development. Since this publication, this has been
confirmed to be the case. The advantages of the voltage—fed inverter with respect to the
current—fed inverter are outlined by Lander [31]. He explains that the current—fed (or
constant current) inverter suffers from torque pulsations at low speeds, the requirement
for bulky capacitors and inductors with poor speed regulation at lower powers. In
addition, Lander points out that P.W.M. (Pulse Width Modulation) methods have
not been pursued with current—fed circuits; long commutation times would restrict the
application to low output frequencies so that low—order harmonics could be eliminated.
The main advantage of such circuits is that conventional thyristors can be used. Further
publications [32, 33, 34, 35] specify particular algorithms and general considerations of
P.W.M. to minimise harmonic interference into other systems. In some cases, detailed

mathematical analysis is given.

An implementation of this is described by Fischer [36]. Although the supply is generated
by an on-board diesel engine, the control principle is similar to an electrified supply
system. An overall explanation of a particular locomotive application is given. At
the same conference, Smith and Comer [37] presented the concept of a dual mode

locomotive. For the particular application they described, the locomotive had to operate
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as a diesel-powered, electric-motor driven vehicle with the option of being supplied from

a third rail arrangement for tunnel operation.

As control methods develop, different techniques offer improved performance. In the
last three years the move to field—oriented direct self control (vector control) has become
prevalent in development and it is thought that this may replace P.W.M. Steimel [38]
reviews the various control techniques available for traction applications and explains
that field-oriented control uses simplified algorithms (compared to earlier techniques)

allowing optimal switching of the inverter under all circumstances.

2.2 Train Signalling and Control Systems

As outlined in Chapter 1, the techniques and systems used to progress a train through
a railway network can be thought of as a feedback control loop. The demand parameter
or input to the control system is the time—table or desired operation. The forward path
of the loop is the track-to—train signals (traditionally the line of sight of a driver to a
wayside signal), with the feedback path representing the train detection method. This
then leaves disruptions to the system as noise or disturbance inputs. The requirements
of the electrical systems involved in train signalling and control in the form of forward
and feedback paths of the control system are of particular importance in developing

simulations of electrified track.
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2.2.1 Train Detection — The Track Circuit

While several different methods of train detection exist, the method in widespread use
on lines with moderate or heavy traffic is the track circuit!. The track circuit is a
key subsystem which requires accurate modelling of the rail track itself to give full
information concerning circuit performance and possible E.M.I. problems. Track circuit
development has been the subject of many publications. Frielinghaus [39] and Hill [40]
provide useful introductions to the subject, describing the basic track circuit operation.
Both give brief historical reviews and indicate that d.c. track circuits were the first to be
implemented. However, experience has shown that the necessary insulating block joints
are a maintenance liability. In addition, since d.c. traction systems share the running
rails as the same conduction path as the track circuit, the need for a.c. signalling

methods becomes apparent.

Walter [41] describes developments occurring on the S.N.C.F. (Societe Nationale des
Chemins de Fer) system during the 1960’s with the advances in solid-state devices. He
explains that, although of concern prior to this time, axle resistance was not a problem
when used to shunt the track circuit. Wheel-rail contact was of concern, mainly due
to rail oxidisation. A method of overcoming this problem is outlined: high—voltage d.c.
pulses are used to overcome the oxidisation effect. Walter then continues by discussing
track circuits at selected frequencies with insulated block joints. These are at the
lower end of the audio frequency range but are limited in length for the applications
considered. He also provides information relating to a.f. track circuit implementations
without insulated block joints. Tuning and frequency separation are used to define

the track circuit. The problem of inadequate train shunting, described by Walter, has

! Also axle counters are widely used on heavy traffic lines. On light traffic tracks, no train detection

at all may be found.
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been of concern continually throughout the evolution of track circuits. Nagase [42]
also addresses the problem, presenting a practical method of measuring the shunting

resistance and including example results.

The procedures involved in track circuit design have been the subject of a series of
papers by Iancu [43, 44] and Iancu and Giuhat [45]. In the first of these papers, it is
explained that determination of an optimum length and termination impedance may be

treated as a non-linear programming problem. Two methods are suggested :-

¢ Fix a number of conditions and then optimise a simplified problem.

e Application of strict boundary conditions.

Iancu continues by identifying the critical parameters for the evaluation of terminal
impedances. He then provides the algorithms for calculating optimum track circuit
length and terminal impedances, concluding with numerical examples. The subsequent
papers examine particular aspects of track circuit design. The influence of direct—
coupled receivers is considered in detail as is the influence of track circuit parameters
on maximum circuit length. Although the algorithms used are given in some detail in

these papers, no experimental or practical confirmation of the method is provided.

Other papers covering similar material include published work by Frielinghaus[39] and
Harmon [46]. Frielinghaus provides much practical data needed when establishing the
maximum circuit length, for a.c. signals, while Harmon reviews problems that must be

considered in circuit design.

A typical application is presented by Gaffney and Harris [47]. They give practical
details of the signalling systems used on M.T.R.C. (Mass Transit Railway Corporation)

in Hong Kong. The development of a number of signalling strategies is explained. The

26



improvement in technology and hence performance as the transit system expanded, is

illustrated; future trends are suggested.

2.2.2 Train Control

Track circuits and other detection techniques provide train position data which allows
control strategies to be carried out. However, to implement the controlling action,
information must be transmitted to the train. Traditionally, this is achieved by setting
signal aspects at the track—side for the driver to observe. Ogilvy [48] introduces this
conventional control method, including A.W.S., and briefly introduces communication
systems. However, to improve control and hence system performance, more reliable,

faster methods must be used.

Track-to—train data transmission is generally recognised as being essential to modern
train systems. Jeffries [49] explains how track circuits can also be developed into part of
a track—to—train communications link. He initially reviews the historical progress of this
idea and follows this by examining the basic principles. Included in this are the merits
of various antenna positions, data transmission considerations, inherent properties of
track circuits, attenuation compensation and limitations to the method. He then dis-
cusses what information should be included for transmission over this limited bandwidth
channel. Hill [50] reviews the overall concept of A.T.O. Included in this overview are
train detection and automatic signalling, track—to—train communication and computer—
control supervision. A second paper [40] by Hill, also provides a detailed analysis of
a specific transmission method using F.S.K. (Frequency Shift Keying) techniques and

includes practical examples of F.S.K. transmission in a.f. track circuits.

Fricke [51] describes another technique which includes transposition of in—track con-
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ductors for more refined train position and identification. A higher resolution of train
control can be achieved and in this way it is possible to implement moving block sig-
nalling. He also considers that it is only by substituting working by space intervals with
working by time intervals that cab signalling will offer very considerable advantages?2.
Considering this paper is dated 1964, it shows much forsight and imagination towards

future trends, especially as computer technology was not well developed at that time.

In a paper by Gaffney and Harris [47] on signalling of the Hong Kong Mass Transit
System, track design, vehicle and signal performance are considered, in practical terms,
with respect to A.T.O., A.T.P. and A.T.S (or train regulation). This is a good illustra-

tion of future trends.

Most of the advanced signalling techniques are used in Mass Transit Systems. This
is probably because the capital investment is less than would be required to imple-
ment such methods on main-line systems. However, main-line developments are often
discussed and Alston and Birkby [52, 53] provide papers concerned with this. They
describe developments in British Rail train control. It is explained that a number of
systems are used to provide communication links to moving trains. These systems are

similar to those described in the previous articles.

With modern computing facilities, together with the large capital costs involved in train
signalling implementation, it is to be expected that C.A.D. (Computer Aided Design)
methods should be developed. Ho et al. [54] provide a description of a simulator for
modelling signalling in Rapid Transit systems. It appears that the application of A.L
(artifical intelligence) principles, in the form of expert systems could offer a powerful

design aid.

2Working by space intervals is the traditional fixed track circuit (fixed block signalling) occupancy

method.
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2.3 Electromagnetic Interference and Compatibility in

Railways

In order that E.M.C. can be achieved in any system, it is normally necessary to identify
the sources of E.M.I. by measurement, analysis or modelling. It should be possible
to predict problems that might occur during normal system operation and by careful
design, eliminate such problems. This is particularly the case in railway systems and
a general introduction has been given in Chapter 1. A typical selection of published

studies are presented here.

2.3.1 Analysis of E.IM.I. and E.M.C. Methods

In recent years, there have been two extensive studies of the problem of E.M.I. in rail-
way signalling. Holmstrom [55, 56, 57, 58, 59, 60] published his findings, resulting
from a study carried out on behalf of U.M.T.A. (Urban Mass Transit Administration —
D.O.T. USA). In a series of volumes he examines the problem of E.M.I. in Rapid Tran-
sit Systems. An E.P.R.I. (Electric Power Research Institution) report [61] complements
Holmstrom’s work by describing track modelling using transmission line techniques.
Both reports provide in—depth, detailed descriptions of the theory of and mechanisms
by which interference occurs. Holmstrom clearly differentiates between inductive and
conductive mechanisms. He also provides some novel experimental techniques for mea-
suring the effects of rail impedance. The E.P.R.I. report follows a more conventional
approach but provides extensive experimental results. Both reports offer an explanation
of the problem, highlighting the difficulties in obtaining meaningful experimental and
analytical results. For example, Holmstrom only measures changes in rail inductance,

rather than internal inductance specifically, while the E.P.R.I. report uses some mea-
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surement and some analytical techniques to provide results which have not been verified.
The report is also limited to the case of two running rails only. In addition, it makes
approximations concerning the earth reference point (or layer) in the track model and

this puts the subsequent results in some doubt.

Frasco et al. [62] provide an overview of the effect of train-borne chopper circuits on
a.f. track circuits. A more detailed study is given by Krempasky et al. [63] who de-
scribe a programme of testing and provide experimental results relating to E.M.I. in the
W.M.A.T.A. (Washington Metropolitan Area Transit Authority) system. This study
had been carried out because of the decision to use chopper—controlled d.c. traction
drives in new rolling stock. They initially carried out laboratory tests, using tuned
receiver circuits, to identify positions of maximum sensitivity and amplitudes relating
to track circuit receiver operation. In addition, a tape-recording of the e.m. (electro-
magnetic) noise generated by chopper power—electronic control circuits was made and
this was used for site testing. The recording was amplified and injected into the third
rail system for testing purposes. The results of this program were then used to achieve
compatibility between traction and signalling equipment. Smith [64] explains how this
was achieved in a later paper and describes the spectrum management necessary to

achieve E.M.C. He also includes other practical considerations.

The need for this type of study has been well understood for 20 years. A number
of articles [65, 66, 67] briefly describe experiences where E.M.L. has been a problem.
Abrahamsohn and White [68] and Abramson and Kapitonov [69] give more detail of the
prediction and measurement of E.M.I. in situ. They also suggest methods of improving

and controlling the problem.
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2.3.2 Effects of Power Supply and Power Electronic Circuits on E.M.I.

Since a major generator of e.m. noise is the traction supply and power—electronic
control equipment, many studies have examined the performance and design of these
systems. Littler [70, 71] has considered the performance of a.c. electrified systems and
latterly the performance of autotransformers at harmonic frequencies [72] . Mellitt et
al. [73, 74, 75, 9] have published a series of papers describing how computer-aided
design can analyse induced voltages from a.c. railways. Holtz and Klein [76] apply
similar techniques to investigate the propagation of harmonic currents, generated by

power electronic traction control circuitry.

Taufiq et al. [77] examine the compatibility between railway signalling and inverter—fed
drives. The emphasis is placed on choosing methods of P.W.M. for the inverter such
that harmonics are eliminated. Hill at al [78] describe the modelling of interference in
d.c. fed rapid transit railways using chopper—controlled traction drives. Simulations of
e.m. noise are compared with laboratory experimental measurements. Hill and Yu [79]
further develop the technique to incorporate the idea of modal analysis of the track, to
more easily simulate the mutual coupling between tracks. The theory is outlined and
a number of graphical examples are given. The track impedance values are highlighted

as being of critical importance to the propagation effect.

Studies relating to electrified railways and communication systems have also been re-
ported. Cowdell [81], Mellitt et al. [82], and Manganella and Mario [83] examine the
problem of acceptable levels of E.M.I. in telecommunication systems. Since telephone
lines often follow the same route as the electrified track, this is of considerable impor-
tance. The methods of analysis given in these papers are used to provide examples of

practical applications. Mellitt et al. make reference to the C.C.I.T.T. directives which
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specify levels of induced noise permissible between these systems.

2.4 Evaluation of Track Parameters

As briefly discussed earlier, a number of papers [76, 2, 84] make use of assumed track
parameter values. It is made clear in these papers that accurate values are required to

achieve a useful numerical analysis.

Stanek et al. [85] explain that an accurate value of the impedance of a track/trolley
system is important in the design of power systems in mines. The time constant of
the electrical system must be known accurately to design fuse performance. The paper
describes a simplified method of evaluating track impedance as the return path for the
system. Then an analytical method is given for approximating the influence of the rail
steel on the calculation. It should be noted that no attempt is made to evaluate the

admittance of the track.

In an earlier paper by Mellitt [86], the loop electrical characteristics of a railway track
are considered. This information is needed when considering track—to-train data trans-
mission. Hence the characteristics have been evaluated for frequencies up to the audio
range. In this case a single two-rail track has been evaluated; the characteristics include
loop (circuit) series impedance together with shunt admittance. As explained earlier,
a report from E.P.R.I. [61] covers measurement techniques for obtaining some of these
[parameters. Hill [40] also presents loop transmission line parameter data for varying

conditions of track, applicable to data transmission.

Tylavsky [87] and Tylavsky and Kulkarmi [88] extent these ideas when working in a
similar area to Stanek [85] i.e. mine track/trolley systems. In these later papers, the

impedance is developed into a matrix, although it is not used in a true multiconductor

32



modal analysis. Tylavsky and Kulkarmi give a comparison of analytical and measured

results but these are by no means conclusive.

2.4.1 Modal Analysis of Transmission Lines

To take full advantage of the matrix technique, developed by Tylavsky and Kulkarmi,
a modal analysis of a multiconductor system using both impedance and admittance
matrices of the track is required. The advantages of achieving this are that extensive
studies have already been carried out in the power systems field; these well known
methods and techniques could then be applied to electrified railway track. Development
of this theory has been carried out over the past thirty years in power systems analysis
and it is felt that this should be considered in some detail, so that it can be applied
to rail track. Wedepohl [89] presented the basis of the method in 1963. He developed
the multi-wire case by first considering a hypothetical single wire transmission line.
This is extended to a simple two—wire case and then the general n—wire case is given
in matrix form. In addition, Wedepohl shows that a special case of this, for a 3-
wire geometrically symmetrical balanced line, leads to the well known symmetrical
components formulation. Each symmetrical component is a mode in this particular case.
The modal analysis is often termed the concept of natural modes and in a second paper,
Wedepohl [90] presents further work for nonhomogeneous multiconductor systems. This

forms a generalisation of the analysis given in the earlier paper.

In these papers it is seen that the earth resistivity may have considerable influence on
the numerical evaluation of the system. Hence Wedepohl and Wasley [91] developed
the principles to include a more realistic multilayer earth model. The inclusion of
theory, developed independently by Carson [92] and Pollaczek [93] provides data for

the completion of the impedance and admittance matrices. The theory as developed by
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Carson is considered in a later section. The effectiveness of modal analysis is enhanced

by further studies [94, 95, 96, 97] to include more practical features.

More recently Wedepohl and Efthymiadis [98, 99] have developed a more complete
solution to determine the elements of the matrix. Many of the simplifications used
earlier, which are inherent in Carson’s work, have been removed. This is achieved by
using an electromagnetic field solution. Although the elements of the impedance and
admittance matrices are arrived at by a more accurate route, the application in terms of
modal analysis is identical to earlier work. The impedance matrix elements are frequency
dependent and a suitable time domain modelling method to allow for this is presented by
Semlyen and Deri [100], for the three-phase case. Much effort is spent in achieving a fit
between model and measured results and it is unlikely that the computational expense
would be tolerated in a design aid simulator. More recently Arabi et al. [101] have
carried out numerical methods of including frequency dependency in the impedance and

admittance matrices, although the method is elaborate and limited in its applications.

2.4.2 Impedance and Admittance Matrix Elements

The impedance matrix for a multimode analysis is made up of self and mutual impedances;
this is described in more detail in Chapter 3. The self impedance has two distinct parts
which may be termed internal and external impedance. The internal impedance is made
up of the conductor resistance and the internal inductance which is defined as the in-
ductance due to flux inside the conductor. The external impedance is made up of a real
part and an imaginary part also. The former is dependent on the power loss outside the
conductor surface, including eddy currents in the track bed, while the inductive part is
due to flux outside the conductor, generated by the conductor current itself rather than

by currents in other conductors [102]. The definition of mutual inductance between two
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conductors is described rigorously in terms of circuit effects [103, 104]. Also there may

be mutual resistance between conductors depending on the surrounding environment.

The internal impedance of a steel rail is non-linear with temperature, frequency and
current magnitude. This is due to the influence of the conductivity and permeability
of the material. Techniques for conductivity modelling and evaluation are described in
literature [105, 106]. The permeability of ferromagnetic materials with suitable methods
for modelling also have been the subject of many publications. Only a selection can
realistically be described here. One early and reasonably thorough set of definitions
of permeability has been given by Von Hippel [107] [108]. These definitions have been
adopted throughout this thesis since they appear to form the most complete description
of permeability available. Many more modern methods of modelling hysteresis, and

hence indirectly permeability, have been presented [109, 110, 111, 112, 113].

The majority of these methods are developed with application to numerical methods of
solving e.m. problems. The most versatile of these methods, with non-linear permeabil-
ity, is that of F.E.M. (Finite Element Method). The method has been shown capable of
providing accurate values of resistance and inductance. An article by Luetke-Daldrup
[114] compares the two-dimensional FE (finite element) solution for a non-linear eddy
current problem with measurements and explains when favourable results can be ex-
pected. Further techniques for determining resistance and inductance in cables (as
components of transmission lines) has also been presented [115]. Weiss and Csendes
[116] use a “One-Step” F.E.M. for multiconductor skin effect problems but this re-
quires specific algorithms which may not be available commercially. This is extended to
a more general case by Chari and Csendes [117]. Nakata [118] explains how the principle
can be widely used by describing the methods in terms of flux distributions (although

in this case the application is one of electrical machines).
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Many of the F.E.M. reports do not include hysteresis, but some particular studies by
Nakata et al. [119], Del Vecchio [120] and Burais and Grellet [121] present varying
techniques for including hysteresis in F.E.M. algorithms. The techniques are generally
very application specific and are not easily introduced into commercial software. In
addition, several attempts at simplified algebraic analyses, as an alternative to F.E.M,
have been presented [122, 123, 124] but on examination it can be seen that the problems
considered are of a particular specific nature. Hence on examination of the literature,
it would seem that F.E.M. offers the most useful, general purpose method of evaluating

the track impedance and admittance matrix elements.

The evaluation of self and mutual impedance of conductors above a conductive plane
has been the subject of a number of papers. The basic approach is developed indepen-
dently by Carson [92] and Pollaczek [93]. Carson develops the method further [125, 126]
and many researchers have taken the analysis to a more complete form, especially with
the advent of computer methods. Coleman [127} examines the case within a layered
environment where each layer may have different conductivity. Wait, together with
a number of colleagues [128, 129, 130], has written a number of papers describing a
similar case of conductors above a conducting ground. Alvarado and Betancourt [131]
further this investigation by presenting an approximate closed form of the original Car-
son equations but loose the generality of the original work. A comparison of Carson’s
work with image theory is also made for particular cases and this illustrates the areas

where agreement is possible [132].

Using these developments, the principles also have been used to model impedances for
conductors above a horizontally stratified, multilayer earth [133, 134, 135]. The method
is summarised in a text [136]. Measurements are also available [137, 138] to indicate

typical values for the impedances concerned. However, all the above papers are aimed at
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either overhead lines or buried cables, which tend to be well insulated from the ground.

In a similar manner to the impedance matrix, the interconductor admittance matrix
is made up of admittance elements dependent on ballast, soil and sleeper conductivity
and permittivity. By analogy between electromagnetic and electrostatic analyses, it is
possible to model inter-rail conductance and capacitance. However, the evaluation of
conductivity and permittivity is a difficult problem. Starosol’skii [139] has presented
results for the electrical resistance of ballast. Hill and Green [140] and Mayhan and
Bailey [141] provide details of measuring soil permittivity and permeability but these are
at radio frequencies rather than audio frequencies. Tables of resistivity and permittivity
for various rock and soil types are provided by Keller and Frischknecht [142] although
again these are at high frequencies. The influence of steel-reinforced concrete sleepers
has been the subject of an investigation by Tso et al. [143]. However this again involves
a simplified method of analysis and it would seem that an F.E.M. approach would yield

a more accurate solution.

The evaluation of soil conductivity has been the subject of a number of studies. Initially
the principle was developed by Langer [144, 145] and Slitcher [146]. Further theoretical
and practical work by Blattner [147, 148] indicates that the technique is reliable. The
evaluation of earth resistivity has also been considered by Meliopoulos et al. [149] and
Baishiki et al. [150] but these authors do not extend the work of Blattner substantially.
The method assumes that the ground is horizontally stratified and the ground conduc-
tivity can be determined by a four probe linear array. Telford et al. [151] describe a
number of array techniques and Sunde [152] fully develops and collates the theoretical

analysis.
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2.5 Simulation Techniques

Although most of the work reported in this thesis is aimed at track modelling, the
model results are used as data in{a microsecond and millisecond timescale simulator in-
tended for the study of E.M.L in traction systems. In the development of this software
simulator, two possible approaches were considered. The first of these was to develop
the software from initial algorithms. An alternative approach to original source code
development is to adopt an existing, more general commercial software package and
modify the code where necessary. In electrified railway simulation, both types of soft-
ware simulations have been used. Mellitt et al. [19, 9] and Ho et al. [54] have developed
dedicated code to simulate various specialised aspects of traction and signalling prob-

lems. Others, such as Klauser et al. [153], have also developed specific programs for

energy consumption investigations.

The adoption of commercial software has also been considered. Handel et al. [154]
uses a common computer package (Lotus 123) to assist in the calculation of energy con-
sumption of railway vehicles. This involved a single spread sheet approach. Hill and Yu
[79] developed methods from Wedepoh!l’s work, introduced earlier, such that matrices
could be used to simulate both series impedance and parallel admittance of rail track.
This was implemented by Hill et al. [155] using the S.P.I.C.E. software package and
interference problems were considered. Wirth [156, 157] shows that a modal technique
can be used for modelling p.c.b. tracks as transmission lines. However this must be
carried out manually, causing considerable inconvenience and providing opportunity for
additional error. Cesario et al. [13] also used a commercial package for traction power
supply simulation. E.M.T.P. has been developed to simulate power systems and this
paper shows that it is equally applicable to the special, single-phase case of traction

supply. Wang and Mathur [158] show how the package can be modified to provide a
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transmission line frequency response. Lin and Marti [159, 160] have illustrated how nu-
merical oscillations, inherent in time stepping simulation software, can be eliminated by
a technique of CDA (critical damping adjustment). A review of the E.M.T.P. simulation
method is also given. The advantage of using commercial software and hence having
extensive development and validation successfully completed, is indicated by Natarajan
and Gentzler [161] who describe the problems of installing E.M.T.P. onto a personal
computer system. In addition, a comparison between small and large computer system

performance is given.

A very similar software package has also been subject to extensive validation and several
papers describe this. Woodford et al. [162] describe how E.M.T.D.C. (Electromagnetic
Transient D.C.) performs an analysis, and indicate methods of interfacing user—defined
algorithms to the program. Subsystem models are described and the resulting output
is given in a number of forms. Nyati et al. [163] provide examples of simulations and
make comparisons between the results obtained and the actual power supply system
installation. Nyati et al. [164], in a second paper, also compare the solution provided by
an analogue simulator, E.M.T.D.C. and the actual installation. In all cases E.M.T.D.C.

gives good agreement with measurements taken.
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Chapter 3

The Use of Multimode Transmission

Line Analysis in Simulation

Transmission lines may be represented using two main methods in simulation. One
well known method is termed the pi line section representation. This technique couples
a number of pi section networks together to make up any length of line. Since these
networks are made up of lumped components, the method is most suitable for analogue
simulation. Since every phase has to be connected to every other phase explicitly, the p:
section network simulation becomes cumbersome and complicated when more than one
or two phases are being considered. The second method was developed in the 1960’s
and is more suitable for digital computer simulation. A novel and complete solution to
the problem of analysing a multiwire (or multiphase) transmission line, in the presence
of a lossy ground, was first described by Wedepohl in 1963 [89]. He demonstrated how
the performance of a transmission line can be predicted by developing the solution,
in matrix form, of the distributed model using the principle of travelling waves. The
solution of the n simultaneous equations, describing an n—phase line, is achieved by
decoupling the phases into modes. The application of interest to Wedepohl was that
of power system transmission and the problems of protection, fault location, switching
of unloaded lines and calculation of recovery voltages on circuit breakers. It has now
become a well known method for determining the characteristics of transmission lines
in many types of systems, as shown in Chapter 2. Applications range from traditional

power distribution systems, through telecommunications links, to printed circuit board
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tracks coupling integrated circuits [156, 157]. The method has also been incorporated

into a limited number of software packages based on work by Dommel and Meyer [165].

However the method has had limited application in rail track analysis. This is probably
due to the fact that the assumptions made in many situations cannot be adopted in this
case. A report by E.P.R.I. [61] considers the method but limits detailed investigation
to a two rail track, with little consideration of the application of the results. The data
is obtained by measurement or, where this was not possible, approximate analytical
methods were used. Hill and Yu [79] use the method for a three rail system, but only
estimate the data for the analysis. They show that the method could be used for
simulation using the S.P.I.C.E. software package. In both cases, no attempts have been

described which would validate the data or the analysis.

Since the principle of modal analysis of a transmission line is well understood, only a

summary is given here, with further details in Appendix A.

3.1 Review of the Theory of Modal Transmission Lines

The objective of using the theory of modal (or eigenfunction) analysis is to determine
the solution of coupled transmission line equations. This is achieved by decoupling the
equations and solving each equation separately. It is most conveniently expressed in

matrix form.

Consider a polyphase system of coupled transmission lines as shown in Figure 3.1. It is
easily shown in Appendix A that the equations governing the electrical behaviour of a

two wire system can be expressed as

dV;
d_a:l = —(Zuh + Z1213) (3.1)
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Figure 3.1: Multi—wire Transmission Line
and
dV;
"d—2 = —(Z12I1 + Z22I2) (32)
x
where
Vn, In are the voltage and current in line »
Zny is the self impedance of line n (see Section 3.2.1)
Zpm is the mutual impedance between lines n and m (see Section 3.2.1)
and
dI
== = ~(YuVi + Yia¥3) (33)
dI
d_:: = —(Y12V1 + Y2 V2) (3.4)
where

Yon + Youm is the self admittance of line n (see Section 3.2.1)

—Y.m is the mutual admittance between lines n and m (see Section 3.2.1)
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or in matrix form

) - 1z (3.5)
and

A vy (3.6)
where

[V] is the vector of phase voltages
(I] is the vector of phase currents
[Z] is the matrix of phase impedances

[Y] is the matrix of phase admittances

The physical interpretation of the matrix elements, in the case of a rail track, is the

subject of Section 3.2.1

It is easily shown that Equations 3.5 and 3.6 can be combined to give

I (arv) (37)
and
21— (339)
where
(A] = [Y][2]

[M]T represents the transpose of matrix M

The simultaneous Equations 3.7 and 3.8 are clearly coupled and represent the phase
quantities of the polyphase system. To solve these Equations, the modal analysis method

proceeds by decoupling them. This is achieved if

d*[Vm
dz?

= [A]"[V™] = [A)[V™] (3.9)
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and

___dz[;;"] = [A][T™] (3.10)
where

superscript m indicates modal quantities

[A] is a diagonal matrix of modal (or eigen) values

Using the theory of similar matrices, a matrix operator [T] is introduced, which satisfies
(A] = [TT{AJT)" (3.11)

where
T is the modal transformation matrix (further described in Appendix A)

[M]~1 represents the inverse of matrix M

Hence Equations 3.9 and 3.10 provide decoupled forms of voltages and currents of the
polyphase line! and may be solved in a straight forward manner. The solutions have

the familiar form

Vo™ = VeI 4 Vet (3.12)

where
V™t is the forward travelling voltage component of mode n
V™" is the reverse travelling voltage component of mode n

~n is the propagation constant of mode n

The solution of I, has a similar form. These solutions can then be substituted back

In general these decoupled equations cannot be related to the physical system.
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into Equations 3.7 and 3.8 as shown in Appendix A since
[VI=[T][V"] (3.13)
and

M = [T)7 1™ (3.14)

In a similar manner, the impedance and admittance matrices can be related between

phase and mode by

(2] = [T][z™[T]" (3.15)

and

[Y] = [T [Yy™)[T) ™ (3.16)

where
Z™ is the modal impedance matrix

Y™ is the modal admittance matrix

It is easily shown that from Equations 3.11, 3.15, and 3.16 that
[Y™][Z2™] = [A] (3.17)
From two conductor transmission line analysis [61], it is usual to infer that the elements
of the diagonal matrix [A] are the square of the modal propagation constants. Hence
[Y™)[Z™) = [v"] (3.18)

where [y?] is a diagonal matrix of the square of the modal propagation constants

Hence each modal propagation constant is the square root of the eigenvalue v; = /A;. To

decouple the transmission line equations and obtain solutions, provided the elements
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of [Z]) and [Y] are know, it is only necessary to determine the [A] and [T] matrices.
The elements of the [A] matrix are eigenvalues of the system and can be obtained by

rearranging Equations 3.11 as

[ANIT]T™ = [T]7 7' [A] (3.19)

It is shown in Appendix A that this is satisfied if
[[A] - \[U] =0 (3.20)

where
|M| is the determinant of M
[U] is the unit matrix

A; are the eigenvalues of the system

The solution of Equation 3.20 yields the values A;(i = 1..n) where n is the number
of phases. This then permits the evaluation of the T matrix by standard numerical

algorithms as described in Appendix H. This then yields
[A][T:] = \[Ty] (3.21)

where T; is the ith column of the T matrix and is the eigenvector associated with the

ith eigenvalue A;.

3.2 The Corollaries and Consequences of Using Modal
Analysis

The main benefit of using modal analysis in the solution of the performance of a multi-

wire transmission line is that each mode can be solved separately, as described in the
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previous section. This avoids the problem of developing a complicated dense matrix
formulation for the coupled physical system. The computational effort of solving the
coupled line problem directly is far in excess of the modal method. This difference in

computational effort increases as the number of lines increase. K

It has been shown in Equation 3.17 and 3.18 that a direct result of determining the
transformation matrices required to change from phase quantities to modal quantities
is the evaluation of the eigenvalues and hence the modal propagation constants. These
propagation constants indicate the behaviour of each mode in terms of attenuation
and phase shift, along the line, in a similar way to classical transmission line theory.
Apart from the special case of the symmetrical two wire and three wire systems, it is
not apparent that these constants have physical significance, with respect to the phase
quantities. To obtain physical meaning the propagation constants may be transposed
back into the phase quantities. It should be noted that as the square of the propagation
constants are the eigenvalues of the system, standard mathematical procedures can be
used [168] for eigenvalue evaluation. Similar procedures can be used to determine the
eigenvectors, which form the columns of the transformation matrices. These procedures

are illustrated in Appendix H.

In association with the propagation constants are the modal characteristic impedances

which are defined as

where
Zim is the element of the modal impedance matrix associated with the ith mode

Y{m is the element of the modal admittance matrix associated with the ith mode
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Hence a set of modal characteristic impedances exist which form a diagonal modal
characteristic impedance matrix [Z,,,]. This matrix is useful as it defines the current
that would flow in an infinitely long mode, excited by a given modal voltage. It can
also be expressed in terms of injected current and resultant potential difference along
the line. For this reason it is utilised in software simulation. The phase characteristic

impedance is the dual of the modal characteristic impedance and is defined as

[Zo] = [T]v]~*T] (2] (3.23)

This has similar phase properties to the modal dual. However, in this case the matrix
is not necessarily diagonal but does represent the physical system. That is, if the
actual transmission line is terminated in a network represented by [Z,], it appears as

an infinitely long line.

The final property of interest is the reflection coefficient matrix defined by Wedepohl
[89] as

K] =[Z+ Z,)7'[Z - Z,] (3.24)

This can be used to determine the reverse voltage at the end of a line, subject to
an incident (forward travelling) voltage. Since [K] is not necessarily diagonal, it is of
interest to note that an incident voltage on one phase, may cause reflected voltages on

other phases, which have not been excited.

3.2.1 Phase Admittance and Impedance Matrix Elements

The phase admittance and impedance matrices relating to the physical transmission
line are given in Equations 3.1 to 3.4, together with Appendix A. Galloway et al [94]

explain one method by which elements of these matrices may be calculated, for power
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system overhead lines. This method incorporates the usual (and valid) approximation
for power system transmission lines that, in the admittance matrix, conductance may
be negligible with respect to the susceptance, G << B. That is the admittance ma-
trix is made up of imaginary elements. This is not the case with rail track where the
running rails are considered as separate conductors. Further, the method of evaluating
susceptance assumes that the conductors are surrounded by a uniform medium of fixed
permittivity. A uniform charge distribution may then be assumed, allowing the calcu-
lation of capacitance to be relatively straightforward. Again this is not the case for rail
track; the rails lie on (or close to) a boundary between two substantially different media

(i-e. air and the conductive track bed).

Galloway et al also describe a classical approach to evaluating the phase impedance
matrix elements. It is stated that there are five components to each impedance element,
ie.

Z =R+ R+ j(X, + Xc + Xe) (3.25)

where
R., R, are the resistance components due to the conductor and earth respectively.
X4, X, X are the reactance components due to the geometry of the conductors, the

conductor itself and the earth path respectively.

It should be noted that R, and X, are also known as internal resistance and reactance.

In his original paper, Carson [126] developed expressions for Xy, X, and R., while
Galloway et al. separate X, from X, although the resulting numerical evaluations are
the same. In subsequent developments of the so called “Carson Equations”, it is usual

to form an expression which combines X, and X.. This is the case in a useful summary
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text by Bickford et al. [136]. The are no restrictions in the method used by Galloway et
al. in determining the impedance elements, although the original “Carson Equations”

do have some restrictions.

Considering the case of rail track specifically, the phase admittance matrix elements can
be expected to be of a complex form. This is due to both capacitive and conductive
components being present since the rails are in contact with the ground. The phase
impedance matrix, for rail track, takes a similar form to that of the power system.
However, the periodicity of the sleepers and the fact that the conductors are steel,
with a varying value of relative permeability much greater than unity, creates addition

non-linearities.

The physical significance of each phase element can be related to the track and track-
bed structure. Within the impedance matrix of Equations 3.1 and 3.3, the diagonal
elements, Z;; (¢ = 1...n) where n is the number of phases, are termed self-impedance
and can be thought of as the impedance representing a single rail with earth return.
This leaves the off-diagonal elements Z;; (j = 1...7) ¢ # j, which can be considered
to represent the mutual impedance between two rails with an earth plane present. The
admittance matrix is less directly associated with the physical structure. The off-
diagonal elements, Y;;, represent the magnitude of the mutual admittance between rails
but with a phase inversion, i.e.

Y;; = —Ymij (326)

where Y,;; is the mutual admittance between two rails

The diagonal elements, Y;; form part of the admittance from the rail to a remote ground,
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Yie. The relationship is

Yie=Yi+) Y (3.27)
i

3.3 The Choice of Software Simulation Method

As indicated in Chapter 2, it may be considered that there are two methods for de-
veloping software simulators. One approach requires the development of the software
from basic algorithms, whilst the alternative is to adopt existing simulation packages
and make modifications to suit the particular application. Both methods have inherent

-~

advantages and disadvantages.

The former method requires the detailed development of original algorithms. By the
nature of such work, the initial cost tends to be large since much validation and testing
is required. Hence many man—-years will be involved before the simulator can be used
with a high degree of confidence in complicated analysis. In addition, code and user
guide documentation must be prepared. The end product is usually a very powerful
design aid. Such is the case with some existing simulation programs [9, 19, 54, 153].
The large number of man—years involved in these projects has resulted in successful
products, although they are not all commercially available as packages. The main ap-
plication of these packages is as part of a consultancy service, provided by the software
originators i.e. the package is used for customer applications in—house rather than mak-
ing the software directly available. Hence the majority of industrial users commission

the software authors to provide simulation results.

The second approach has advantages in that commercial software will have had a satis-
factory period of validation. In addition, documentation will be complete and previous

user experience may be available. The obvious disadvantage is that there may be re-
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strictions on certain applications since it is not dedicated to the specific problem.

In considering which of the two approaches should be used in this study, the main
consideration was the requirement for robustness and minimisation of initial overheads.
That is, the simulator should be developed to a useful working state in a relatively short
period (less than three man—years). Hence the decision was taken to adopt commercial

software and modify this where necessary.

To this end, suitable packages were considered. It was thought that three packages might
be suitable, these being S.P.I.C.E, EM.T.P, EM.T.D.C. The latter, EM.T.D.C., op-
erates in a similar manner to E.M.T.P. but has special provision for d.c. power system
links. The S.P.I.C.E. simulator is primarily used for discrete electronic component or
integrated circuit simulation. It is not designed for power system applications and trans-
mission lines must be modelled individually, especially when using modal transmission
line techniques. Much of the sophistication of S.P.I.C.E. is in the modelling of semi-
conductor components and it was thought that the modelling of power transformers and

motors would be more difficult.

The similarities between E.M.T.P. and E.M.T.D.C. make the choice between the two
packages difficult. Advice on the comparative strengths of the two programs was sought
[166) which indicated that since d.c. traction systems were to be considered, then
E.M.T.D.C. should be selected. The advantages of using E.M.T.D.C. apply equally to
E.M.T.P. The versatility of E.M.T.P. has been indicated by reference to earlier work,
as outlined in Chapter 2. This selection of the “D.C.” version of the software is not
thought to be irreversible. At any stage of development it is felt that E.M.T.P. could
well by exchanged with E.M.T.D.C. as the algorithms are very similar. Further, it may
well be that each package has relative strengths dependent on the application under

consideration.
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Figure 3.2: The Nodal Connections of the Inductor and its Computational Equivalent

3.3.1 The Time-Step Solution Method for Simulation

The theoretical basis of the solution method has been fully explained by Dommel and

Meyer [165]. The principles can be easily explained if discrete passive components are

considered. Using nodal analysis, a conductance matrix method can be used. Lumped

resistors are modelled as resistive branches. Of course these are time invariant. How-

ever this is not the case with lumped inductors and capacitors. If the inductor, L, is

considered, as shown in Figure 3.2

imn(t) = % / (vm(t) = va(t)) dt
where

tmn(t) is the current in the branch between nodes m and n at time t

vk(t) is the voltage at node k at time t
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Using the trapezoidal rule of integration
, At
tmn(t) = 3L (vm(t — At) — vu(t — At)) + constant (3.29)

where At is the time interval representing the time—step length of the simulation

The voltages vx(¢ — At) are used as these are known from the previous time step cal-
culation. The constant provides a time history of the current through the branch i.e.
a memory function relating to the current flowing up to time (¢ — At). Dommel and

Meyer define this constant as
. At
Imn(t — At) = ipn(t — At) + 3L (vm(t — At) — v,(t — Al)) (3.30)

which can be evaluated from the previous time step results. Defining

2L

Roy= (3.31)
gives
imn(t) = -Rl— (0m(t — AL) = vn(t = AL)) + Inn(t — At) (3.32)
eg
The same equation holds for a capacitive branch (capacitance C) where
At
and
. 2C
I (t — At) = —ipmn(t — Al) - s (vm(t — At) — v, (T — At)) (3.34)

The equivalent circuits for the inductor and capacitor are shown in Figures 3.2 and 3.3

respectively.

Since an equivalent resistance is obtained for each component, which is time invariant,

this can be used as an element (or component of an element) in the conductance matrix.
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Figure 3.3: The Nodal Connections of the Capacitor and its Computational Equivalent

The whole of the conductance matrix is then time invariant. This procedure operates
on the conductance matrix of equivalent resistances together with a current vector. The
elements of the current vector are made up of the sum of the source currents at each

node. The general principle is that at each time step

[Gnode]-[vnode] = [Inode] (335)

To solve for the voltages at each node, [V,,4e], then

[Vnode] - [c'}node]_:l [Inode] (336)

The method is computationally efficient as the conductance matrix need only be inverted
at the start of the simulation, or when the circuit is changed (e.g. at times of switching).
Mutually coupled branches can be incorporated into the conductance matrix in a similar
manner [167]. The modelling of transmission lines is somewhat different and is the

subject of the next section.
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3.4 The Application of Modal Transmission Line Analy-

sis in Simulation

As can be seen from Section 3.1 (in particular Equation 3.12), the modal analysis or
distributed model operates by considering travelling waves along the transmission line.
In EM.T.D.C. the fundamental concept is that the transmission line acts as a delay
function. That is, a voltage excitation at one end of the line will travel at the propagation
velocity until it is reflected at the far end. The time taken for the wave to travel from
one end to the other is the delay or travel time. Some distortion and interaction with
termination networks is also likely to occur. As explained earlier, traditional simulation
techniques used pi section lines. However, when using digital computer software, the

main advantages of using a distributed line are

o the smaller computational time and smaller matrices
e the ease of modelling many multi—coupled lines

o the incorporation of frequency dependent attenuation of the travelling waves

To consider the basic principles used in implementation of the modal analysis in a digital
simulation package, a simple case will be considered here with a more complicated
situation discussed in Chapter 8. The single phase line is equivalent to a single mode
line. In a power system model, it is assumed that the conductance to ground and

between conductors is negligible. It is found that the travel time for such a line is
T =vL.Cl (3.37)

where

L is modal inductance per unit length
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Figure 3.4: Transmission Line Interface

C is modal capacitance per unit length

l is the line length

The characteristic impedance of the line is then

Z, =L (3.38)

Q

The interface used in E.M.T.D.C. is shown in Figure 3.4. In this case the

Norton resistance in the Figure is
R
IN =2Zo+ 7 (3.39)

where R is the total series resistance of the line
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Dommel and Meyer [165] have determined that the sending end Norton current source

is given by
o _1th[-en(t-T1) . l—h[—-ek(t—‘r) . ]
In(t—7) =~ [ = imi(t 1')] + = ikm(t = 7)
(3.40)
I
where h = Z—N—_'_—_ﬁ_-
4

I.(t — 7) is determined in a similar manner by replacing the values above for those
from the other end of the line. This approach inherently divides the line into two parts
of equal length. L,}— is placed between the two lines i.e. the mid—point of the original
line and % is placed at each end of the line. To incorporate modal conductance, half
the total conductance for the original line is place at either end of the line. If a more
distributed effect for R and G is needed, the original line must be divided into a number
of sections. Although this appears to create computational inefficiencies, it has certain
advantages in that with shorter lines, the time step length can be reduced, allowing
greater accuracy to be achieved. It should also be noted that there is a minimum line

length that can be modelled. This is given by the travel time from one end to the other

which has to be greater than the simulation time step.
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Chapter 4

Material Properties of Rails and Track

Bed

It will be shown in Chapter 5 and 6 that the material properties of the three rail track,
i.e. the power and running rails, and the surrounding media, i.e. the ballast and soil,
have a significant effect on the performance of the track as a transmission line. Hence
it is necessary to determine accurately the electrical and magnetic properties of the

materials involved.

In evaluating the material properties, it was decided that not only measurements should
be made but also modelling techniques should be developed. In this way, the models of
material properties could be used to evaluate the electrical performance of the system.
By using this approach, once acceptable agreement between model and system mea-
surement has been established, model validation is achieved. This allows the modelling
method to be used when modified or new systems are examined and exhibit different

properties.

4.1 Rail Material Properties

The material properties of the steel rails determine the internal impedance of the con-
ductors of the transmission line. It will be shown in later chapters that the resistive

part of the internal impedance dominates the series resistance of both the traction and
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signalling circuits through the rails. It will also be shown that the inductive component
of internal impedance is often a significant proportion of the total series inductance,
depending on excitation conditions. To evaluate the internal impedance of the rails,
electric and magnetic properties of the rail iron must be considered. There are two
main parameters, these being conductivity and permeability. Conductivity (o) of the
rails is a microscopic effect and can be evaluated in a straightforward manner, by mea-
surement. This is described in Section 4.1.3. Steel rails have magnetic properties which
may be quantified by complete determination of the steel permeability. Permeability
(p) is the ratio of flux density (B) to magnetic field strength (H). However, permeability
is found to be extremely non-linear and the B-H relationship exhibits hysteresis when

the magnetic field strength excitation is bidirectional.

4.1.1 Measurement Technique for Permeability Evaluation

To evaluate permeability, in the absence of other effects, such as skin effects from eddy
currents, careful consideration must be given to the experimental apparatus and dimen-
sions of the specimen of material. It was decided to use equipment developed elsewhere
[169] based on magnetisation of a filament of the test material with uniform longitudinal
field. The method has been shown to reduce the effect of eddy currents on the measure-
ments to a negligible level. The filament is subject to an alternating magnetic field of
0.33 Hz frequency in the direction of the long axis. For typical magnetic materials, of
which rail steel is one, this creates a skin depth of many times greater than the width
of the filament. Then, using a suitable search coil placed around the filament, the flux

density can be measured.

Each of the three orthogonal orientations were measured for each type of rail material

being tested. It was found that all rail steels under tests were isotropic. To obtain a
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Figure 4.1: B-H Relationship for Flat-Bottom Rail Steel

range of curves, each material sample was subject to a number of different magnetic

field strength magnitudes. The sample was demagnetised between tests.

Three rail types were examined for comparison purposes. Used rail has been chosen.
This then includes any changes in magnetic properties due to operational “working”.
The types of rail examined were flat-bottom rail, bull-head rail and conductor (power)
rail. The B-H relationships are shown in Figures 4.1 to 4.3 . There is some difference
between the two running rail results but the most significant difference is seen when the
conductor rail curve is examined. The B-H loop, for the conductor rail, is smaller in
size. This is due to the different composition used to create a more conductive material.

The rail also has less hysteresis loss.

This comparison can be seen quantitatively in Table 4.1. In addition to the three
samples described above, the result for a typical mild steel sample is also given. The
table shows the energy loss per cycle which is evaluated as / HdB, the area of the B-H
loop. In addition to skin effect, in some instances secondary effects may occur due to
increase in frequency. One example of this is loop widening. However these tend to be

negligible in comparison with hysteresis [112].
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Figure 4.2: B-H Relationship for Bull-Head Rail Steel
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Figure 4.3: B-H Relationship for Conductor Rail Steel

Table 4.1: Energy per Cycle of Hysteresis Loops

Energy Loss Per Cycle (Jm J)

Sample Hmax — max — Hmax —

5600 Am~I 1700 Am~I 900 Am 'l

Mild Steel 1871 1318 680
Flat-Bottom Rail 3908 1805 506
Bull-Head Rail 3957 1704 461
Conductor Rail 844 650 432
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4.1.2 Modelling Permeability for Rail Material

The data obtained above is required to determine the permeability function as the
magnetic field strength varies sinusoidally. Permeability may be defined in a number of
ways as illustrated in Figure 4.4. Von Hippel [108, 107] introduces a number of these and
several further definitions have been included in the figure. All of those illustrated can
be considered as instantaneous. That is, the value depends on the position, direction
and peak value of the magnetic field strength. These are useful for a time and space
numerical model where the permeability can be changed from one time step to the next
and between spacial points. Such a model would be a full F.D.M. (Finite Difference

Method) or a F.E.M. (Finite Element Method) with Finite Difference time steps.

For an analytical model, that is one in which a single effective value of permeability is
required, it is necessary to develop the analysis further. A number of approaches have

been considered for the evaluation of a single value of permeability.

If the expression for permeability is considered, then the hysteretic loss (i.e. the B-H
loop area) can be approximated by a phase shift between the magnetic field strength

and the flux density. This can be expressed as a complex permeability!

B=uH=(y-ju")H (4.1)

The reactance due to the changing flux is proportional to

® _ [Bds _ [(4'—ju")Hds
I~ I ~ JHd

(4.2)

For constant u*

& (W) [Hds . [ Hds
1~ [ma YT THG

!Complex permeability is traditionally associated with molecular loss effects. However this alterna-

(4.3)

tive interpretation is dimensionally correct.
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The rail internal impedance is then

. ®
Zrait = R(U)+Jw7

u) Hds
[Hdl

= R(o)+ R(p") + jwL (4.4)

= R(o)+jwl+p

Here R(y"') represents a resistance component of rail impedance due to the hysteresis

losses.

As indicated earlier, a number of methods have been examined in an attempt to identify

a suitably accurate procedure for evaluating permeability. These are described here.

e Method 1 — Normal Permeability (u,). In this method, the initial magnetisation
curve is used to evaluate permeability by calculating the ratio of absolute flux
density to magnetic field strength (B/H). This represents an approximate method
since no allowance is made for hysteresis loss. However, nonlinearities are included.
The method is graphical and is illustrated in Figure 4.5. This is the approach taken
by many numerical methods (e.g. finite difference and finite element calculations).
The method has been used on selected materials and an example, for flat—bottom

rail with variation in magnetic field strength, is given in Figure 4.6.

o Method 2 - Permeability from Fundamental Fluz Density ( up, ).

Assuming a sinusoidal magnetic field strength (H), the resultant flux density (B)
has been analysed by fourier transform. Using F.F.T. techniques [170] both fun-
damental and harmonic magnitudes together with phases have been evaluated,
for all rails. An example, for flat-bottom rail with variation in magnetic field
strength, is given in Figure 4.7. By considering only the fundamental flux density

waveform, the measured hysteresis loop is represented by an ellipse, as shown in
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Figure 4.4: Definitions of Permeability
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Figure 4.5: Graphical Evaluation of Normal Permeability
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Figure 4.6: Normal Permeability against Magnetic Field Strength
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Figure 4.7: Fourier Transform of Flux Density for Flat-Bottom Rail Material
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Figure 4.8: Relationship between Magnetic Field Strength and Fundamental Flux Den-
sity
Figure 4.8. This illustrates both the magnitude and phase relationships of the
magnetic field strength and fundamental flux density waveform. Hysteresis loss is
represented by the area of the ellipse (i.e. f BdH) but will differ from the mea-
sured value due to the elimination of flux density harmonics. An example is given

in Figure 4.9, which illustrates the variation with magnetic field strength.

* Method 3 - Permeability from the B-H loop area ( //area )

In this approach, the area of the hysteresis loop is equated to the area of an

ellipse. The magnitude of losses due to hysteresis are represented completely by the
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Figure 4.9: Complex Permeability - the B0 Model

ellipse area, including the non-linear (harmonic) losses. The form of the B H
relationship is different since the harmonics of the flux density are eliminated
and replaced by increasing the magnitude of fundamental. To obtain a unique
orientation and unique major and minor semi-axes, the measured coercive force
and remnant flux density are used in the elliptical model. This is illustrated in
Figure 4.10. An example of this permeability, with variation in magnetic field

strength, is given in Figure 4.11.

Method 4 ~ Incremental Permeability (fiinc)-

This method is used when the signal producing the magnetic field strength takes
the form ofa large d.c. offset with an small a.c. signal superimposed. The gradient
of the (B - H) loop (i.e. AB/AH) is evaluated at the operating (offset) point
and negligible hysteresis loss is assumed. This is easily evaluated graphically. The
method is illustrated in Figure 4.12. Incremental permeability has been evaluated
for the materials of interest and an example is given in Figure 4.13, with variation

in magnetic field strength.
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Figure 4.10: Comparison of Measured Hysteresis Loop and Elliptical Model
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Figure 4.11: Complex Permeability - the Loop Area Model
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o Method 5 - Effective Permeability by F.D.M. Model

In this approach, the magnetic field strength in the rail material is considered. In
order that the effect of rail shape is eliminated, a semi-infinite slab model of the
material is used. From Maxwell’s equations, the magnetic field strength within

the material is given by

0’H dB OH
o7 = am o (45)
It should be noted that in cases where the material is magnetic and non-linear,
%g (i.e. permeability) will vary with the magnitude of H. Due to this non-linear

variation, an analytical solution is not possible. Hence a finite difference technique

has been used.

The Du Fort-Frankel Scheme [171] was chosen as it is an explicit equation which

does not have stability restrictions. The basic difference equation is

Hij1 =rprHipip+ (1 - 2rpp)H;x + rprHi—1 k (4.6)

where .

TDF = —2‘7‘,“,“

p is the time step length

h, is the spacial step length

By substituting the average of the previous and next nodal values for the present

nodal value into Equation 4.6, that is
1
Hig= E(Ha‘,k+1 + H; k1) (4.7)

an explicit difference equation is formed.

2rpr

ki1 = Hijpg + —————
Hijn ik 1-%-27.DF_*_1

(Hiv1,6 — 2H; p—1 + Hi—1 1) (4.8)

By varying Hox as a sine wave (i.e. the surface magnetic field strength) and ob-

serving the values of nodes into the material, then the distribution of the magnetic
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Figure 4.14: Finite Difference Model of Magnetic Field Strength Variation
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field strength can be determined. The solution undergoes an initial transient pe-
riod since the method is a time simulation (of discrete time step form). However,
of most interest is the steady—state solution which follows this transient output.

An example of the variation in time and space is given in Figure 4.14.

Examples of the steady-state results, for various Magnetic Field Strengths, are
shown in Figure 4.15. It can be seen that although the decay of the magnetic field

strength is not exponential, the shape is similar.
From this, it is possible to determine an effective skin depth directly from the
resulting magnetic field distribution in the material. This may be expressed as

2
WO plef f

|bessl = (4.9)

Hence the magnitude of an effective permeability can be obtained. The phase
angle of the value of permeability is given by the angle determined in Method 2

above. The results are illustrated in Figure 4.16.

4.1.3 Conductivity of Rail Material

The conductivity of a material is uniquely defined and will not be discussed here. The
evaluation of the conductivity of the materials under investigation is described. The
conductivity of filament samples where measured using the circuit shown in Figure 4.17.
Temperature was also monitored so that a relationship between conductivity (o) and
temperature could be obtained. The measurements were carried out for each sample

and repeated to obtain a suitable distribution of data.
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Figure 4.15: One-Dimensional Magnetic Field Distribution for Flat-Bottom Rail
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Figure 4.16: Effective Skin Depth and Permeability

Figure 4.17: Conductivity Test Circuit
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Table 4.2: Resistivity Results for Materials at 293 K

Sample Resistivity (uf2m) | Temp. Coeff (K1)
Mild Steel 0.159 0.004
Flat-Bottom Rail 0.225 0.0034
Bull-Head Rail 0.202 0.0031
Conductor Rail 0.113 0.008

Results.

The results are given in Table 4.2. They are of the form given by Equation 4.10 [105]

p = p2(l+aT) (4.10)

where

a is the temperature coefficient of resistivity (K~!), assumed linear over the tempera-
ture range of interest

p is the material resistivity ( @m=!)

T is the temperature (K)

4.1.4 Discussion on Rail Material Properties

It was necessary to determine the material properties experimentally. The design and
construction of the experimental apparatus needed to determine the conductivity of the
rail material proved to be straightforward. The temperature of the material was found
to be the most critical variable. Care had to be taken to make measurements at specific
temperatures. Samples of rail material were tested in each of the three orthogonal

directions of the rail. No variation, with orientation, was found, within an acceptable
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experimental error. The conduction process predicts that conductivity is constant with

magnitude of current.

The experimental arrangements for determining the magnetic properties of the rail ma-
terial were adapted from standard techniques [169]. Again the material was tested in
the three orthogonal directions and again, no variation was found, to within experimen-
tal accuracy. The rail material was taken from “used” rails so that any effects due to
mechanical working could be included. The experimental apparatus provided both an
initial magnetisation curve and cyclic B-H loop data. Hence it was possible to use the

data for d.c. excitation (with a.c. super-imposed) and for a.c. excitation.

Since the magnetic characteristics of the rails are extremely non-linear with magnetic
field magnitude and hysteresis, it was decided that an analytical representation would be
useful when describing the internal impedance of the rail. Although much work relating
to the description of magnetic material characteristics has been published and some of
the more relevant reports have been referenced in Chapter 2, the application to rail
track has not been examined thoroughly or successfully. Hence, a number of magnetic
material models have been developed to describe the phenomenon when applied to

current carrying steel rails.

The incremental permeability model is directly applicable to the case of a rail excited
by a large d.c. signal with a small a.c. signal superimposed. The effect of hysteresis,
in this case, is negligible compared to the ohmic loss. The use of this model proved to
give good agreement between experimental results and analytical methods for internal
rail impedance evaluation when the rail is excited by this composite signal. This is seen

later in Figures 5.2 to 5.5.

For the case of the rail excited by a large a.c. signal, three direct models for permeability
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have been developed. They are termed direct since they have been evaluated directly

from the B-H characteristic results. These have been termed :—

e Normal Permeability evaluated from the initial magnetization curve, with no al-
lowance for hysteresis. The value is real, so there is no allowance for phase shift.
Hence this method is limited to conditions where hysteresis effects are small.
A comparison between experimental results and analytical modelling, using this

method, is given later in Figures 5.10 and 5.11.

o Permeability from Fundamental Fluz Density is based on the waveforms of the
magnetic field strength and flux density. Assuming a sinusoidal magnetic field
strength waveform, the Fourier transform of the resulting flux density waveform
was evaluated. Taking the magnitude and phase of the fundamental of the flux
density waveform, a value of complex permeability was calculated. This repre-
sents an elliptical B-H loop and so incorporates an allowance for hysteresis. The
angle information proved to give good orientation agreement between the elliptical
model and the measured B-H loop. However the magnitude of the permeability
model only provided limited agreement with experimental evaluation of internal

rail impedance, as can be seen later in Figures 5.10 and 5.11.

e Permeability from B-H loop area is a method which makes a complete allowance
for the hysteresis loss by equating the true B-H loop area to that of the area of an
ellipse. Both curves have the same coercive force and remnant flux values. Again
only limited agreement was achieved between experimental results and analytical

methods, using this model, as shown later in Figures 5.10 and 5.11.

A more sophisticated model was sought to provide more widespread agreement between

experimental and analytical values.
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o Effective Permeability is a model based on the phase shift information, adopted
from the fundamental flux density method with the magnitude of the permeability
model being determined from a F.D.M. model. To summarise the technique, the
relationship between the flux density and magnetic field strength is modelled by
finite differences in a one dimensional time varying model. From this an effective
skin depth can be determined and hence an effective permeability magnitude. The
results are shown later in Figures 5.6 to 5.9 with good agreement over a wide range

of frequency and current.

4.2 Soil/Ballast Properties

The material properties of the track bed, i.e. sleepers and ballast material together
with the soil composition, have a major influence on the admittance between rails of a
track. The conductance component of the admittance is dominated by the conductivity
of the track bed elements. The capacitance component of the admittance is determined

by both the track bed permittivity and track geometry.

4.2.1 Ground Conductivity as a Function of Depth and Frequency

As outlined in Chapter 2, previous investigations into soil conductivity have made the
assumption that the ground is horizontally stratified. This implies that the only varia-
tion in conductivity, within a limited area, is with depth. If the process of formation and
the structure of ground at or near the surface of the earth is considered, this assumption
would appear to be reasonable for short sections of track. Thus it has been adopted in

this investigation.

An earlier investigation [172] made the assumption that the ground stratification could

76



be accounted for by using a two layer approximation. This was achieved by modelling the
soil conductivity as two distinct values in two distinct layers? as shown in Figure 4.18.
The method used to evaluate these conductivity values and the depth at which the
interface between the two layers occurred was a four probe measurement technique.
It follows the same method as outlined by earlier work [149, 150]. The probes were
arranged in a Wenner array, also shown in Figure 4.18. By measuring the potential
between the inner electrodes, due to current passing from one outer electrode to the
other, an estimation of the conductivity of the two layers of earth and the interface
depth can be obtained. The method follows that described for prospecting [151] and

has only been reported for the d.c. excitation case.

It was felt that this two—layer model may not provide an accurate basis for determina-
tion of the conductance between rails, since it was restricted to two distinct values of
conductivity. In addition, the method was restricted to d.c. excitation and thus would
not provide frequency variations of conductivity. Hence a more rigorous and complete
approach has been developed. The technique is based on work presented by Langer
[144, 145] and Schliter [146], as outlined in Chapter 2. A summary of the theoretical
arguments is given in a text by Sunde [152]. However, no experimental results were
reported. Here the technique has been extended to provide frequency variation of con-
ductivity, in addition to variation with depth. Practical details are given together with
measured results and the process by which these results may be interpreted to give a

complete function of conductivity.

2Tt should be noted that the two layer model is not intended to simulate the true conductivity depth

profile, but only to approximate the current paths from the surface observations.
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4.2.2 A Solution in Terms of the Electric Field Equation

Consider an isolated point current probe, at the surface of the earth, as shown in

Figure 4.19. In general

V3 =V(sE) =0 (4.11)
and
V(0E) = 6VE 4+ EVo = —0V?V — VV.Vo (4.12)
Hence
ViV + %VV.VU =0 (4.13)

Assuming o is a function of depth (z) only, in cylindrical co-ordinates

o’V 18V 9%V oV
a7t o T t g0 (e =0 (.14

/1 do
where o' = .

Following Slichter’s approach and solving by separation of variables, where V(r,z) =

u(r)v(2), yields

d®u  ldu
v o'dv
it g Nv=0 (4.16)

Equation 4.15is the Bessel Equation and Equation 4.16 is the Strum-Liouville Equation.
While a solution to Equation 4.15 is given below, the solution to Equation 4.16 depends
on conductivity and so is used, with the experimental results, to obtain the conductivity

function. The solution of Equation 4.15 is

u(A, 1) = AuJo(Ar) + B, Yo(Ar) (4.17)
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Figure 4.19: Isolated Current Probe at the Surface of the Earth

where
Jo and YQ are Bessel Functions of the first and second kind respectively and of order
zero

Au and Bu are constants

When r = 0, Y0—Poo, thus Bu = 0. This provides a general solution to Equation 4.14,

which is dependent on the variation of potential with depth (due to the variation of
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conductivity with depth), of the form
o0
V=/ 9(A)o(Ar)o(A, 2)dA (4.18)
0
where g()) is an arbitrary function of A, chosen to suit the boundary conditions.

At the surface, since the current in the z direction is zero (except at the probe), the

electric field must be zero. Hence % o= 0. This gives
av o ,
EZ:L IO (A, )| =0 (4.19)

where v/(A,z) = %2,

Slitcher shows that Equation 4.19 is satisfied by g(A) = zﬂ("_,\)‘_oj and provides the potential

solution
V:A/.MMMM@M (4.20)
0
where
(A, 2)
k() 2) = — IR (4.21)

and A is a constant.

4.2.3 Determining the Potential Equation Constant

Sunde provides a method of determining the constant A of Equation 4.20, which is
outlined here. Since Equation 4.20 is a general solution, it must satisfy all cases, where
the initial assumptions are valid. One such simple case is where o(z) is constant i.e.

the earth has uniform conductivity. Equation 4.16 then has a solution
_ Az -z
v = Aje"* + Age (4.22)

and with v — 0 as z — 00, A; = 0. This gives k(A,2) = e~ ** and

A

T (4.23)

V:A/w%umfh0=
0
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Now consider the physical significance of a uniform earth. If current I flows into the
ground through a point electrode at the surface (see Figure 4.17), the current density
will be radial with hemispherical equipotential surfaces. Hence the current density is

J = %{, where s is the radial distance from the point probe to the hemispherical

surface. Since F = g— = ﬁ,— then
I I
- _ - _ = — 24
v /Eds 21082 2ror? + 22 (4.24)

which shows that

I
Equation 4.20 becomes
vl I 50k, 20 (4.26)
~ 2710(0) Jo 0 % )

4.2.4 An Expression for the Ground Conductivity

Both Langer and Slitcher briefly describe a method for the determination of the con-

ductivity function. What follows is a full explanation of this approach.

The Kernel Function

Equation 4.26 can be written in terms of the mutual impedance

Q(r) = —% - #(0) / Jo(Ar)k(A)dA (4.27)

where
k(X)) = k(X,0)

0(0) is the conductivity at the surface of the earth
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The definition of the mutual impedance, @(r), is the ratio of the potential, V, at a
distance r from the probe and the current in the probe. This is the current injected
into the ground. The negative sign is due to the voltage being absolute (i.e. measured

from —o0).
Using the Inverse Hankel transform, this can be re-arranged to give

k(\) = 270(0)A /0 ” Jo(Ar)Q(r)rdr (4.28)

k()), the so called kernel function, can now be evaluated from experimental data. The

resulting function can be used to determine the conductivity function, o(2).

4.2.5 Determining Ground Conductivity from the Kernel Function

It is now necessary to show how knowledge of the kernel function k(A) will provide a

solution for ground conductivity, o(z). By substituting

_ v(], 2)
¢(A) z) - _’U’(A, Z) (429)
then the Equation 4.16 becomes
A 2 T (4.30)
o ¢ :
As A — o0, Equation 4.16 can be approximated by
dv ,
p - Av=0 (431)

and under these conditions v — Bje** + Bze~**. However v — 0 as z — oo and so

By = 0. Hence v — Bye™>2,

From this result and Equation 4.29, ¢ — % as A — oo. By Taylor’s series

1 1 a(2) | aa(2)

EITER AT T

+... (4.32)
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where h is a small fraction of .

From Equation 4.21

E(Q) = -2E%| _, = Aé(A,0)
=1+ +%4+%+... (4.33)

where
an = ay(0)
A — 00
Substituting into Equation 4.30 and after some work

U—I=—2a +l{a'—2a +a2}+-1—{a3+20a—2a —aa'}+ (4.34)

p 1+ 2t o VAL 102 a—a1ogr+... .

For the ground conductivity not to be a function of A, all but the first term must be

zero. So

a’l = 202 - a12

o = =203 + 403 — a1y

no_

ap = 2 [8&1202 - 3a14 —4ajas — 2022 + 40[4]

etc.

From Equation 4.34

or

do
T + 2010 =0
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This has the solution

o= Ce 2o i (4.37)

and when z = 0, 0 = 0(0), giving C = 0(0). Using MacLauren’s series
01(z) = a;(0) + 204(0) + % a5(0) + . ...
= a1 +(2a; — a})z + (a3 — 2a102 + 2a3)22 + ... (4.38)
The final solution of the ground conductivity is then
o(2) = a(0)e~2Jo 2ad= (4.39)

where

a; is determined from the coefficients of the series approximation for k().

4.2.6 Evaluation of Ground Conductivity from Experimental Results

To evaluate the Ground Conductivity as a function of depth, o(2), the kernel function
has to be evaluated. This is achieved by using measured values of mutual impedance
Q(r)in Equation 4.27. Provided that the in—phase component of the signal is considered,

Q(r) reduces to a mutual resistance.

The experimental methods for obtaining practical values of @(r), which have been

considered, are generally based on a four—probe technique.

Method of Analysis

The approach is somewhat novel as it is based on taking measurements which yield

results directly applicable to Equation 4.27 and 4.28. Only a potential difference can
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be measured so two sets of probe pairs must be used. This also allows for a practical

current path. To keep the effective isolation between the current probes, the distance

between the probe pairs, R,, must satisfy

R, >,

This is achieved as shown in Figure 4.20. In the diagram

V = (V3(1) - V3(2)) — (Va(1) — Va(2))

where V,,(m) is a potential on probe n due to current in probe m

However V3(1) > V3(2) and V4(2) > Vi4(1), hence

V m Va(1) - Va(2) = 2V3(1)

Thus
2V5(1) = —57;;—(6—) /0 " Jo(Ar)k(A)dA
and so
Qr) = m /0 % Jo(Ar)k(A)dA
Hence

k()) = 4ra(0)A /0 " Jo(Ar)Q(r)rdr

(4.40)

(4.41)

(4.42)

(4.43)

(4.44)

(4.45)

To determine an analytical function for k()), the experimental data, @Q(r), must be

approximated by an analytical function. In addition, this approximation must be of

a form that allows Equation 4.45 to be evaluated. By using least square error curve

fitting, the expression

Qe(r) = arbec™
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Figure 4.21: Experimental Results of Mutual Resistance with Frequency

gives a good approximation for Q(r). The experimental results for Q(r) are shown in
Figure 4.21, with a frequency variation, measured on site. The values of the constants

to give a minimum error are shown in Table 4.3

It can be shown that [173]

roo

k(A = 47t<t(0) / Jo(Xr)ar6tlecr2dr
(4.47)

where \F\(x; ylz) is the degenerate hypergeometric function.



Table 4.3: Coefficients of Analytical Mutual Resistance Function

Frequency (kHz) | a b c
0.0 100 | -0.753 | 0.006
0.1 95 | -0.769 | 0.005
1.0 97 | -0.755 | 0.002
4.0 126 | -0.639 | -0.003
7.0 160 | -0.538 | -0.005
10.0 185 | -0.478 | -0.005
Alternatively
470 (0)al (—ﬂ) ek A2
k() = (—c)m Mg%i’o (— E) (4.48)

where M, ¢(2) is Whittaker’s Function.

Using suitable (relatively large) values of A in Equation 4.47 and evaluating the coef-

ficients of Equation 4.33, the expression for ground conductivity as a function of depth

is evaluated, by application of Equation 4.39. The function, with depth and frequency

variation, is illustrated in Figure 4.22, together with the two layer model obtained in

previous work. The agreement between methods at extreme points is good.

The agreement between the two layer model and the continuous model provides confi-

dence in the results obtained. These results may now be used to obtain inter-rail and

inter—track admittances, as described in Chapter 5.

4.2.7 Effective Permittivity of the Ground

A number of experimental techniques have been considered to directly determine the

permittivity of the ground in the vicinity of track-bed. However, it was found that,
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in the frequency range required for this study, the impedance (or admittance) that
could be measured to provide a value of permittivity is dominated by the real, or
resistive, part. It has been reported [174] that direct measurements of capacitance, for
a known geometry, have been made at much higher frequencies (i.e. > 1 GHz) together
with in situ measurements at similar frequencies. However, even at these frequencies,
the variation of permittivity with depth is not determined. At these frequencies, it
is possible to measure the effect of e.m. wave penetration, rather than provide direct

excitation.

Under comparable circumstances, Mayhan and Bailey [141] have carried out an indi-
rect experimental evaluation of an effective permittivity. Their experimental data are
intended for the implementation of loop detectors for automobile transportation and
therefore apply to road surfaces. They adopt a simple analytical model to explain the
experimental results and hence deduce a permittivity which is constant over the whole
ground substructure. Although this cannot represent the true variation of permittivity
through the ground, because the main determinator of permittivity is moisture content,
it does provide a value of permittivity which returns the correct value of susceptance
between two conductors lying on the surface of the earth. This is the case since the

conductors themselves have been used as the measurement probes.

In order to improve upon the method used by Mayhan and Bailey, it was decided to
numerically model the susceptance between the running rails of a track and track bed
structure. This model provides a solution that is a closer approximation to the practical
structure. The dimensions of the track and bed are given in Appendix G. The numer-
ical method chosen is a two~dimensional F.E.M. technique. Although F.E.M. is often
presented as an electromagnetic analysis method, it is equally suited to electrostatic

modelling. The general electromagnetic theory of F.E.M. is outlined in Appendix E,
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together with the electrostatic duality required to model electrostatic fields with the

packages used.

In addition to this modelling method, the susceptance between the (open circuit) run-
ning rails of rail-track has been measured. By comparing the measured results with
those computed from the F.E.M. analysis, it is possible to arrive at a value of effec-
tive permittivity®. However, unlike the conductivity evaluation, it has not proved to be

possible to provide an independent method of evaluation.

Mayhan and Bailey evaluate effective permittivity at a higher range of frequencies than
are required for this study. It is worth noting that the values of effective permittivity
obtained here compare favourable with the higher frequency values in that the two sets
of data form one smooth curve. These results are illustrated in Figure 4.23. A typical
F.E.M. model is shown in Figure 4.24, although the values of susceptance are fully
reported in Chapter 5. It can be seen that the F.E.M. technique makes efficient use of

any model symmetry.

4.2.8 Discussion on Soil Material Properties

The method developed to evaluate the ground conductivity is based on geological explo-
ration techniques and may be applied to any site. The new implementation allows the
technique to be applied to give a continuous model of conductivity with depth of soil
instead of the standard one, two or, in exceptional cases, three layers of conductivity at
discrete layers of soil. In addition, a frequency variation of the continuous model has
been developed. This interpretation of the results is a new development which gives a

function of conductivity with signal frequency as well as depth below the track. This

3This requires repeated iterations of the numerical modelling procedure to arrive at a coincident

result.
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Figure 4.22: Soil Conductivity Model

function is readily applicable to numerical modelling and is used in later chapters as
F.E.M. data. It was hoped to develop the technique further to obtain permittivity.
However, since the ground conductance dominated all direct ground material measure-
ments, this proved not to be the case, and an effective permittivity value had to be
deduced from rail track experimental results. By comparing experimental and F.E.M.
results for inter-rail capacitance, it was possible to determine a function of permittivity
with frequency although the value was constant with depth. The results of this effective
permittivity are consistent with previously published work although the latter was car-
ried out at higher frequencies than are considered here, so the comparison was actually
made by interpolation. However, the effective permittivity function reported here, at

the frequencies relating to rail applications, have not been previously published.
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Figure 4.23: Effective Permittivity with Frequency Variation

Figure 4.24: Finite Element Model of Track Running Rails
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Chapter 5

Determination of Phase Impedance

Matrix Elements of third rail Track

The impedance matrix elements introduced in Section 3.2.1 may be determined by ex-
perimental methods. These experimental methods provide information, in the form
of measured impedances, which are then processed to provide the matrix element
impedances. The values obtained by measurement are then compared with approximate
analytical methods and numerical models. The tests, results and processed information
are fully described in this chapter. The dimensions of the third rail Track is given in

Appendix G.

The analytical and numerical techniques utilise the rail material data, i.e. conductivity
and permeability. These values have been measured experimentally, modelled and the
properties are fully described in Chapter 4. The results for impedance matrix elements

are given in in—phase and quadrature component form.

A number of experimental methods are required to fully determine the components of
the elements of the matrix. It is necessary to determine both internal and external
self impedance of the rail, as defined in Chapter 3, using different techniques. This is
because the material properties of the rail dominate the value of internal impedance
while the external impedance depends on the track-bed structure. It should be noted

that the rail shape influences both internal and external impedance.
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5.1 Internal Impedance

A previously reported experimental technique (Holmstrom [55]), provided a method
for measuring the difference in impedance between a length of rail and a conductor of
standard geometry. This technique has been developed and extended to provide a com-
prehensive experimental method for the determination of absolute internal impedance
for a length of rail. Further, a more comprehensive frequency and current range has been
examined than had previously been reported. Alternative experimental techniques [175]
[176] have attempted to use a bifilar winding method. However the results obtained,
using these alternative methods, have not been confirmed by accurate analytical or mod-
elling methods. It will be seen that the results obtained using the new approach and
reported here compare favourably with both analytical approximations and numerical

models.

The two major modes of excitation of a rail as a conductor are

o Incremental a.c. ezcitation. This is the case of a small signal a.c. excitation,
superimposed on a large d.c. traction current. Typically, such a case is to be

found in a metro system.

e Large signal ezcitation. This is the case of a large a.c. signal, typical of traction

current. Main-line traction return circuits may be represented in this way.

A third case of a small a.c. signal superimposed on a large a.c. signal traction current
has not been considered explicitly. This is because the results from the two cases above
can be extrapolated to include this situation, provided that measurement and analysis

of these cases are in agreement.
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Figure 5.1: Experimental Apparatus and Circuit for Internal Impedance Measurement

5.1.1 Measurement of Rail Internal Impedance

The measurement of rail internal impedance has been made by conducting tests on an
isolated length ofrail. The apparatus and test circuit are illustrated in Figure 5.1. The
same circuit is used for measurement with both incremental a.c. excitation and large
signal excitation. In the former case, the a.c. signal is relatively small (~ 54 compared

to a d.c. traction currents) and in the latter case, the d.c. signal is zero.

Initially, a reference conductor is placed in the test circuit. The reference conductor is a
hollow copper conductor: having an identical shape to the rail under investigation. This
copper rail has negligible internal impedance, especially at relatively high frequencies.
By energising the circuit at the highest frequency of interest, not only does the copper
rail have negligible internal impedance but all loop reactances are relatively large. The
circuit is then adjusted (by varying distance “d”, shown in Figure 5.1) such that the
measurement has zero phase shift. This implies that the overall measurement circuit
inductance is negligible. This is achieved because the two large measurement circuit
loops have equal and opposite flux linkage. The in-phase quantity measured is the a.c.

JThis has been termed the copper rail for brevity
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resistance of the copper rail over the measurement distance of 1m.

The copper rail is then replaced by the length of rail under investigation. The measure-
ment is repeated, with the circuit geometry left unchanged. The impedance measured
is that due to the flux (and current) within the rail. The in—phase component of this
impedance is the a.c. resistance of the rail between the measurement points. The
quadrature component is the absolute internal impedance of the rail. All measure-
ments have been processed using an on-line F.F.T. (Fast Fourier Transform) analyzer

to provide good noise immunity and accurate phase and frequency evaluation.

Results of Rail Internal Impedance Measurements

Figures 5.2 to 5.5 show results of the incremental a.c. excitation tests with the impedance
expressed as in—phase and quadrature components. Small signal a.c. internal impedance
is illustrated with variation in frequency and d.c. offset current. It can be seen in Fig-
ures 5.4 and 5.5 that variation in inductance and resistance with d.c. offset is small
for the range of measured results?. This implies that the variation due to permeability
and the effect of hysteresis, for this measurement range, is less significant than that for

frequency.

Figures 5.6 to 5.9 illustrate the results of the large signal a.c. excitation tests. Figure 5.6
and 5.7 show inductance and resistance variations with frequency for an excitation of
5 A. For this constant current, the inductance decreases and the resistance increases
with frequency, as is to be expected, due to skin effect. In Figures 5.8 and 5.9 both
inductance and resistance continually increase with increases in current magnitude, for a

signal frequency of 50 Hz. This indicates that complete saturation has not been reached

2Modelled and theoretical results are also shown for comparison purposes in subsequent sections.
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Figure 5.2: Rail Incremental A.C. Internal Inductance with Variation in Frequency
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Figure 5.4: Rail Incremental A.C. Internal Inductance with Variation in D.C.
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Figure 5.5: Rail Incremental A.C. Internal Resistance with Variation in D.C.
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Figure 5.6: Rail Large Signal Internal Inductance with Variation in Frequency

in the measurement range. The tests for the large signal excitation case illustrate that

variation with frequency is more significant than permeability, even though they appear

with the same weighting in the skin depth equation, Equation 4.9.

5.1.2 Theoretical and Numerical Models of Rail Internal Impedance

An Approximate Theoretical Model

It is possible to develop an analytical expression that will provide an approximate value

for the internal impedance of a conductor, if a simple cross-sectional geometry is as-
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Figure 5.7: Rail Large Signal Internal Resistance with Variation in Frequency

sumed. It is shown in Appendix B that, for a conductor of circular cross-section, the

internal impedance is given by

gcirc — rcirc'Fj*drc

— adrc ToB{Glcircarad) ~oA
2 TTGTa£f0r -fIB ("ctrc® rad)

where

<RctVe = jucrii*

arad is the conductor radius

InB is the modified bessel function of the nth order

Idrc is the internal inductance of the circular conductor
/z* is the complex permeability as described in Chapter 4.

a is the conductivity of the conductor material

It has been shown in Chapter 4 that it is relatively straightforward to obtain a value
for the conductivity of a material. The other variables, i.e. radius and permeability,

require further consideration.
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Figure 5.8: Rail Large Signal Internal Inductance with Variation in D.C.

Influence of Shape on Analytical Solution of Rail Internal Impedance

An equivalent radius, aeg, must be determined such that the analytical solution is closely
associated with the actual rail under consideration. It is assumed that at most frequen-
cies in this study, the skin-effect is dominant, i.e. (aeg > §) and the current is crowded

near the outer surface of the cross-section of the conductor.

* For resistance, assuming the above condition is justified, then the circumference
of the cross-section of the circular conductor is equated to the perimeter of the
rail cross-section, i.e.

rail perimeter = 2ttaegq (5.2)

This was evaluated for 56.4 kg/m flat-bottom rail and found to be 0.Im. At very
low frequencies, which are below the measurement range of this study and where
Qg < then the cross-section of the rail and circular conductor can be equated,
that is

rail section area = 7laleq (5.3)

For 56.4 kg/m flat-bottom rail this was found to be 0.05 m.
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Figure 5.9: Rail Large Signal Internal Resistance with Variation in D.C.

» For inductance, it is known [177] that the G.M.D. (geometric mean distance)3, of
a conductor with an irregular shaped cross-section, from itself, interpreted as a
circular conductor, is required so that the internal inductance may be evaluated.
The method of evaluating the G.M.D. depends on whether the skin effect domi-
nates, as described above. The general technique is described in Appendix C. For

56.4 kg/m Flat-Bottom Rail the GMD is 0.11m.

Permeability Evaluation for the Analytical Model

Section 4.1.2 describes a number of methods for evaluating real and complex perme-
ability using several criteria for variable magnetic field strength. Methods 1 to 3 use
relatively direct techniques that are most suitable for use in Equation 5.1. This is
the evaluation of large signal internal impedance, making allowance for the effects of
hysteresis. The evaluation is based on the peak-to-peak limits of the magnetic field
strength. The values are shown in Figures 5.10 and 5.11 together with the measured
results. It can be seen that each method might be used to provide agreement with
certain parts of the of the measured curve but none of these methods model the whole

3Although this is strictly correct, some authors have termed this a geometric mean radius (G.M.R.).
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Figure 5.10: Simple Permeability Models and Measured Results for Inductance

. - experiment (at 50 Hz)

0.25 method 1
method 3
method 2
0
0 500 1000

Peak Current (A)

Figure 5.11: Simple Permeability Models and Measured Results for Resistance

measurement range. However, Method 5 of Section 4.1.2 describes a more complicated
method of evaluating permeability. It has been termed effective permeability, /xe//> and
is illustrated in Figures 5.6 to 5.9. As can be seen from these graphs, this modelling
method agrees more closely with the experimental results, for the large signal excitation

cases.

For the incremental a.c. impedance cases of Figures 5.2 to 5.5, Equation 5.1 is also a
valid approximation. The most suitable technique for evaluating permeability is that
of Method 4 of Section 4.1.2. It should be noted that the influence of hysteresis on the

value of incremental impedance is thought to be negligible compared to the resistive

101



losses. The analytical solutions are also given in Figures 5.2 to 5.5 for comparison with

experimental results.

A Finite Element Model

Although the analytical model provides a closed form expression to approximate the
internal impedance of the rail, it cannot accurately model the non-linear material be-
haviour variation through the material cross—section. It is expected that localised sat-
uration, at sharp corners of the rail cross-section, occur when large signal excitation
is used. That is, the complex geometry of the rail cross—section may have effects not

modelled by the circular conductor analysis®.

Hence a F.E.M. model has been used to obtain further confirmation that the experi-
mental results are an accurate evaluation of the practical situation for the large signal
case. This allows both shape and non-linear material behaviour to be included. The
technique uses the minimisation of a magnetic vector potential functional which is as-
sociated with the energy of the system. A detailed description of the method is given
in Appendix F. Since one dimension of the problem (along the rail length) has neg-
ligible variation in vector potential, it is possible to use a reduced formulation. This
permits analysis in two dimensions only, reducing computational effort. The symmetry
of the cross—section, in the vertical axis, is also used so that only half the rail section
is modelled. This further reduces the problem size. Figure 5.12 illustrates the form of
the model, with the problem area divide up into finite elements. It should be noted
that smaller elements are used in regions of rapidly changing potential, to provide an

accurate solution, especially where saturation and skin effects occur. Once a solution

*This is not of concern when incremental a.c. excitation is used, since the d.c. signal dominates the

B-H characteristic
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Figure 5.12: Finite Element Model For Internal Impedance Evaluation

to the vector potential distribution has been achieved, the evaluation of the internal

inductance of the rail, per unit length (of the third dimension), is obtained from

int-FEM E (5.4)
AFEM

where

lint is the total rail current

H is the magnetic field strength
dB 1is the elemental flux density

A fem is the cross-sectional area of the rail

over the rail cross-section.

The a.c. resistance per unit length in the third dimension is given by

Tint-FEM E v OSAREM (5.5)
ArEU A

where
Js is the elemental current density

OFEM is the conductivity of the rail material



A limited set of results for this modelling technique is given in Table E2 of Appendix
E. It can be seen that the method gives good agreement with the measured values,

confirming the experimental technique and results.

5.1.3 Discussion on Rail Internal Impedance

The description of the phase impedance matrix elements clearly shows that the self
impedance of the rails, that is the z; (diagonal) element, is made up of two compo-
nents. One is due to the internal conductor magnetic field and conductivity and has
been termed the internal impedance of the rail. The other is due to the geometric rela-
tionship of the rail to an ideal earth plane and is termed the external self-impedance.
The off diagonal terms 2;; represent the mutual impedances between any two (i and j)

conductors. This is dependent on the relative geometry of the two rails.

The internal self-impedance has been evaluated in detail since this was expected to
show major nonlinear behaviour, due to material permeability and signal frequency
effects. The evaluation has taken the form of experimental and theoretical calculations
with some sample points being modelled by F.E.M. The limited F.E.M. evaluations
have been used to confirm both the experimental results and the theoretical model.
The F.E.M. modelling of nonlinear current—carrying ferromagnetic conductors requires
a full-transient analysis to be performed for each case to be studied. This is expensive

in computational effort and so only a limited number of studies have been carried out.

Figures 5.2 to 5.9 illustrate the results obtained. Two main cases have been examined:—

e Small signal a.c. excitation superimposed on a large d.c. signal, i.e. incremental

a.c. impedance.
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e Large signal a.c. excitation.

Incremental a.c. impedance has been evaluated over a suitable range of frequencies and
d.c. currents. The a.c. current was set at 5 A, to represent a typical signalling current.
Some typical results for variation in inductance and resistance with frequency are shown
in Figures 5.2 and 5.3. Variations with d.c. current, for given frequencies are shown in
Figures 5.4 and 5.5. The graphs illustrate the variation of impedance due to changes

in permeability and frequency.

Theoretically, the incremental permeability will be (almost) constant, for a given d.c.
current and so the characteristics are dominated by the frequency effects. This is clearly
shown in Figures 5.4 and 5.5. This implies that the effects due to hysteresis and perme-
ability are small, especially at low frequency. At higher frequencies, Figure 5.3 indicates
that the experimental resistance values diverge from the theoretical case, indicating
where hysteretic influences cannot be neglected. The main influences on the experimen-

tal results which have not been included in the theoretical model are:—

Second order changes in incremental permeability with frequency

Localised effects in rail shape i.e. narrowing of cross—section.

Hysteresis losses at high frequencies

Loop widening

Experimental tolerance

Large signal a.c. impedance results are illustrated in Figures 5.2 to 5.9. Generally
agreement is good. The experimental variations of internal resistance compared to the

theoretical values, at high frequencies, may be explained by:—
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Hysteresis loss at high frequencies

Loop widening

Rail shape

e Experimental tolerance

The variation in agreement between the model and the experimental values of inductance

are small and may be explained by:-

e Rail shape

e Experimental tolerance

For completeness, the simple models of permeability have been illustrated in Figures 5.10
and 5.11; these show comparison at different excitation values. These can be summarised

as

e Normal permeability (method 1) provides the correct shape of curve but the mag-
nitude is generally too large in terms of inductance. This is because the gradient
of the B-H curve provided by this model gives a permeability value which is large
compared to the practical value. For resistance, agreement only occurs at small

values of current where the initial permeability agrees with the practical value.

o Permeability from the fundamental flux density (method 2) gives better agreement
at higher current levels for inductance but only provides limited agreement for
resistance at low excitation levels. This is due to the magnitude of permeability
being in error at lower current levels compared with the practical value. The phase

of the model appears to give good agreement.
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e Permeability from the B-H loop area (method 3) has similar agreement to method

2 but tends to vary as the area of the practical B-H loop varies non-linearly.

5.2 External Self and Mutual Impedance

If the assumption that the series impedance of the track is much less than the parallel

impedance, i.e. the admittance of the track, that is

1
zid €« — 5.6
J yij-l ( )

then circuit impedance measurements, rather than transmission line tests, may be used

to determine the impedance matrix elements.

There are two main considerations when experiments are to be devised to measure the

external self and mutual impedances.

o The remote earth plane (or terminal) i3 inaccessible which means that absolute

voltage measurements cannot be made.

o Differential measurements between track ends cannot be made, since additional

(measuring equipment) loop inductances would be created.

This implies that only certain combinations of inductance matrix elements can be ex-
perimentally obtained. However by use of well established analytical methods, together

with numerical techniques, the individual matrix elements can be determined.

5.2.1 Measurement of Track Impedance

One of the experimental configurations used to determine the external impedances of a

36 m length of track is shown in Figure 5.13. The particular configuration has the power
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Figure 5.13: Experimental Configuration for the Triple Short Circuit Test

rail outside the running rails and in close proximity to one of them. The test procedure
has been termed the triple short-circuit test. Since the track is long compared to the
inter—rail distance, end effects have been assumed to be negligible. In this arrangement,
the two running rails and the traction supply (third rail) are incorporated into one

experiment. For Figure 5.13 the loop equations are given by

Ila.
Va (211 — 212) (212 — 222) (213 — 223)
= L, (5.7)
0 (213 — 212) (223 — 222) (233 — 223)
- Isa -

since rails 2 and 3 are connected in parallel. The subscript notation follows that defined
in Chapter 3, with the power rail identified by 1, the running rail nearest the power rail
is identified by 2, leaving the second running rail to be identified by 3. By cycling round

all three combinations of parallel rail pairs, two further equation sets can be derived.
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These are

I
Vi (212 — 213) (222 — 223) (223 — 233)
= Lo (5.8)
0 (711 — 213) (212 — 223) (213 — 233)
| Tab |
Ilc
Ve (713 — z12) (223 — 222) (233 — 223)
= I, (5.9)
0 (711 — 212) (212 — 222) (213 — 223)
| IBc

This provides three independent equations with six impedances to be found. The com-
binations of impedance differences of Equations 5.7 to 5.9 in practice cannot be sep-
arated. To evaluate these results, the self-impedance of each rail is determined by
F.E.M. techniques and this is described below. This permits the evaluation of the mu-
tual impedances which form the elements of the impedance matrix. These are given in

Figures 5.14 and 5.15% as the in-phase and quadrature components.

5.2.2 Analytical Approximation for External Impedance

Carson [92] and Pollaczek [93] have independently derived solutions which predict the
electromagnetic field distribution around conductors above a conducting ground plane
with earth return. The resulting equations form the basis for many studies into the
characteristics of ground return conductors. There has been much interest in these
solutions with many applications of the equations demonstrated in the modelling of

overhead electric power line behaviour.

% Also illustrated are analytical and numerical model results, discussed below, for comparison.
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Self Impedance

Carson’s formulae are not of a closed form, as several parts have to be evaluated as
series. However these have been extended and modified in later developments [131] to

give the impedance of a ground return conductor as

= ke (Zh) 4 ok
Zext—self = Jw27l' (a'rad/ +Jw7rJ-‘BS (5‘10)

where

—2h)
Joe= [P — 207
e = Jo M2 tjwpeoe

0. is the conductivity of the earth

di

lie is the permeability of the earth

i, is the permeability of free space

A is the variable of integration

h; is the height of the conductor above the earth

arqq4 is the radius of the conductor

Equation 5.10 gives a complex impedance where the real part represents additional
power loss due to the earth plane and the imaginary part represents the stored energy
in the magnetic field of the air and ground. The assumption that the earth has a
uniform conductivity is somewhat dubious and further studies [135] [178] have developed

modified equations for horizontally stratified earth.

A better approximation has been found to give more realistic results and the applicable

equations have been summarised by Bickford et al. [136] as

_ Ml 2_h:) . Papo
Zest—s = JW - In (amd + jw - Js (5.11)

where

—2h2

Js = f(;” M;/L\zfmAi/\idA
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A(A) =7 #37z28inh(dzVz2) +#2vz3 cosh(dzVz2)
=2 H3Yz2 co"h(dz'hz)'*'ﬂz’)'xa Sl'ﬂh(dz'y_ﬂ)

7xn2 = \? + JWlhalloOn
subscripts 1,2,3 refer to air, upper ground layer and lower ground layer respectively.

d, is the depth of the ground layer interface.

These equations have been used to approximate the self impedance of each of the three

rails in an electrified third rail system. These are illustrated in Figures 5.16 and 5.176.

Mutual Impedance

In a similar manner to the external self impedance, the impedance between two (geo-
metrically) parallel conductors above a ground plane can be developed from the Carson
Equations. The corresponding equations to those for self impedance case, summarised

by Bickford et al. [136], are

. Hilo (hk + hm)2 + dz il . Mo
= = 12
™ ln\ﬂhk - hn)? +d2,, P I (512)

where

dyai)e= (P thm))
J — (o] ﬂ2c°5()‘( rasl dA
m fO /\+\//\2+jwﬂeae

hi, hy, are heights of the two conductors above the earth plane

d,qi1 is the horizontal separation between rails

These equations have been evaluated for the three rail system under study and results

are given in Figures 5.14 and 5.15.

8F.E.M. results, for the same cases, are given for comparison purposes.
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Figure 5.14: Mutual Resistance Matrix Element of Three Rail Track
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Figure 5.15: Mutual Reactance Matrix Element of Three Rail Track

5.2.3 Numerical Models for External Impedance

As explained in Section 5.2.1, it is necessary to determine the external self impedance of
a rail with earth return by numerical or analytical methods. The technique chosen here
is F.E.M. since it allows complex shapes and non-linear effects to be included. This is
of major importance since the proximity of the ground means that the shape of the rail
will be significant in determining the local field profile. This is because the size of some
features of the rail are of the same order as the distance between rail and ground. The

general method of electromagnetic analysis used by F.E.M. is given in Appendix E.
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Figure 5.16: In-Phase Component of Self Impedance for a Three Rail System

Self Impedance

An element mesh around a single rail model, as used in a F.E.M. model, is shown in
Figure 5.18. This illustrates the necessary size of the mesh used for a two dimensional
study. The method is inherently more accurate in obtaining integrals of the field quan-
tities than predicting individual field values [179]. This implies that the integrals used
to determine the energy of the problem space provide realistic solutions, even when the
field values at particular points contain significant errors. This is particularly useful
at high frequencies where the field gradients in conductive and magnetic materials be-
come large. It has been found to be unnecessary to modify the elemental mesh over the

frequency range of this study.

The results for the self impedance of the running rails and power rail of a three rail
electrified system are given in Figures 5.16 and 5.17. They are given as in-phase and
quadrature components. Good agreement is achieved for the quadrature or reactive
part but this is not the case for the in-phase (power dissipation) case. It is thought
that the analytical model, for the in-phase case, does not provide realistic results. This

is due to the model of the ground conductivity profile that had to be incorporated in
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Figure 5.17: Quadrature Component of Self Impedance for a Three Rail System

the analytical equations. In particular, the adoption of a realistic multi-layer ground
conductivity profile for F.E.M. allows the calculation of actual field distributions rather
than the average value in the analytical model. The analytical expression is based on
a two layer earth model and is not able to allow for the complex shapes of rail, sleeper

etc. It produces an impedance that is insensitive to changes in soil conductivity.

Mutual Impedance

In a similar manner to the self impedance, the numerical modelling of mutual impedance
has been carried out by F.E.M.. Figures 5.19 and 5.20 illustrate magnetic vector poten-
tial contours of the solutions obtained. The results are given in Figures 5.14 and 5.15.
Again the quadrature components, i.e. the reactive parts, provide good agreement with
both experimental results and theory. However, as for the self impedance, the resistive
components do not agree well with the analytical results. It should be noted that the
F.E.M. and experimental results for the resistive case are in good agreement. This con-
firms that the real part of the analytical expressions does not provide accurate data for
a rail track system. In particular, the predicted value of mutual resistance is invariant

with changes of soil conductivity. This is surprising from a physical understanding of
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the modelled system since the mutual resistance is a measure of ground eddy current
losses which should depend on conductivity. In circuit calculations this effect cancels

with the self resistance of the conductors and this discrepancy is then not significant.

5.2.4 Discussion on External Self and Mutual Impedance

The impedances due to flux external to the conductors have been evaluated for the three

rail configuration. Three distinct methods have been used:

1. Experimental measurement of the impedance differences of Equations 5.7 to 5.9.
These impedance differences cannot be separated experimentally and so the tech-

nique must be used in conjunction with the second method.

2. Numerical evaluation of the self and mutual impedances using F.E.M. This method
allows a single conductor to be connected to the earth return by a zero impedance
bond. This is not possible in practice but the hypothetical situation allows return
current to flow, giving a circuit impedance per unit length calculation. This

permits evaluation of the individual impedance elements.
3. Analytical approximation based on well established techniques used in power sys-

tem analysis and summarised previously.

The results of these different approaches are given in Figures 5.14 to 5.17 in terms of
resistance and reactance values. Comparison between the results allow a number of

observations to be made.

¢ Figure 5.14 compares values of mutual resistance. It can be seen that good agree-

ment is found between the experimental and F.E.M. evaluations. This is not the
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case with the theoretical approximation which consistently underestimates the

resistive value of the mutual impedance.

e Figure 5.15 compares values of mutual reactance. Generally good agreement is
found between all three methods. The differences may be attributed to experi-

mental tolerances.

e Figure 5.16 compares values of self resistance determined by the analytical ap-
proximation and F.E.M.. As for Figure 5.14, the analytical result consistently
shows a lower value than for the F.E.M.. The trends in both sets of results are

similar.

e Figure 5.17 compares values of self reactance determined by the analytical ap-
proximation and F.E.M.. Good agreement is obtained over the whole frequency

range considered.

Overall, the three methods give good agreement with the exception of the analytical
approximation for resistance, which under estimates the value of resistance. Therefore
the real part of the analytical approximation is unsuitable for rail track parameter
evaluation. The reason is due to the treatment of the ground conductivity. Adopting a
uniform value for conductivity is sufficient for lines suspended far above the earth, such
as power lines, since it is possible to calculate an average field energy distribution near to
actual conditions. When conductors are brought close to the earth surface, such as rails,
the exact field distribution near the surface becomes important in determining energy
distribution. The variation in conductivity with depth must be taken into account in
calculating this field distribution because the field changes very close to the rail-ground
surface. Example illustrations of the F.E.M. models and solutions have also been given

and indicate the geometric complexity that can be incorporated in a numerical solution.
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Figure 5.18: F.E.M. Model of Single Rail

Figure 5.19: The F.E.M. model of Mutual Impedance Between Rails 1 and 2 with 3

The results presented here rely on the principle that the impedance between the rails is
much greater than that of the rail series impedance, allowing the measurements to be

carried out separately.
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Figure 5.20: The F.E.M. model of Mutual Impedance Between Rails 2 and 3
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Chapter 6

Determination of Phase Admittance

Matrix Elements for Third Rail Track

A direct method of determining the elements of the Admittance Matrix introduced in
Section 3.2.1 is to perform experimental measurements on the system under study. The
various tests used are fully described in this chapter, together with the results obtained.
The methods used to process these results, to evaluate the matrix elements and the

element values themselves are also provided.

To confirm that the experimental measurements obtained describe the practical system,
modelling techniques have also been used. The methods for, and the results from, the
evaluation of electrical properties of the track—bed that influence inter—rail admittance
have been described in the previous chapter. The dimensions of the track and bed
are given in Appendix G. These properties are used to calculate the elements of the
admittance matrix. The calculations are based on numerical models and this allows
separation of the in—phase and quadrature components of admittance, provided that

displacement currents are insignificant.

6.1 Admittance by Experiment

It is not possible to separate conductance and susceptance quantities in practical tests

as is the case with the modelling methods. Hence it is necessary to measure complex
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quantities. In other transmission line systems such as power networks and telecommu-
nications lines, it is possible to make the assumption that the conductance is negligible

compared to the susceptance, at the frequencies of interest that is

G> B (6.1)

However, since the running rails are not normally insulated from the track—bed, this is
not true for rail track. For this reason, it is not possible to use standard transmission
line experimental techniques and analysis. This causes difficulties when in situ testing
is to be carried out, as the earth-return paths have significant effects on both the in—
phase and quadrature components of admittance. It is also necessary to perform the
tests over a wide range of frequencies, suitable for both traction power transmission and
train signalling transmission. For a two rail system (i.e. running rails only) what will
be referred to as the discontinuous rail test is used to determine inter—rail admittance.
When a third rail is introduced into the system, typical of an electrified power-rail fed
system, an additional type of test is required, this being referred to as inter-rail ad-
mittance test. The results from these two different tests provide a complete set of data
for admittance between rails of a three rail system. Inherent in this experimental tech-
nique is the assumption that the series impedance is small compared to the impedance
between the rails. This assumption appears valid when the material properties of the

rails and track bed are compared and when the measurement length is short.

6.1.1 Discontinuous Rail Test

The running rail self and mutual admittances, ¥, and Yomij, as defined in Chapter 3,
have been evaluated for an isolated two (running) rail track. The frequencies cover the

audio range of 15 Hz to 40 kHz with a track length of 36 m (I,). The test requires that
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Figure 6.1: Discontinuous Rail Test Practical Circuit

a break is made at the centre of one of the running rail lengths, as shown in Figure 6.1%.

The rail pair is then excited at one end, with a known load admittance, Y;, connected

across the other end. For ease of measurement and to provide good resolution, the load

admittance must be of comparable value to the total inter-rail admittance for the line

length used. The source voltage, source current and load current are then measured.

The equivalent circuit of Figure 6.2 provides a set of loop equations which, together

with current continuity, yields

[ v, [ S pmvyrd 0 0 0
0 Vet ~(BEtwr)  nw Vel
o=l 0 wr AdkeiRn) onk
0 0 0 i ~vi
L] | 1 1 1 1

L

I

I,

(6.2)

From the symmetry of the track, it may be assumed that Y, = Y3.. Equation 6.2

may be solved to give Y2, = Ya., Yino3, I, I> and I5. Since the track length is large

compared to the inter-rail distance, end effects are assumed to be negligible. Also, on

!Rail/conductor 1 is reserved for the power rail.
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Figure 6.2: Discontinuous Rail Test Equivalent Circuit

the test track used the track bed had been newly laid which implies impurities are at
a minimum. On working track, it would be expected that conductance values may be

higher, due to increased impurities in the ballast.

The results for Y2.(= Y3,) with variation in frequency are shown in Figures 6.3 and 6.4.

From Figure 6.2 it can also be seen that the effective inter-rail admittance is given by

Y2e
2

Yess = + Y23 (6.3)

The effective admittance results are also shown in Figures 6.3 and 6.4. It is possible to
measure the inter-rail admittance (i.e. the effective admittance) directly. This has been

termed Y,,cq5s and these results are also shown in the figures, for comparison purposes.

It can be seen that the values are expressed in terms of in—phase (conductive) com-
ponents and quadrature (susceptive) components. These experimental results are now

used to evaluate the admittance matrix elements for a two rail system. As shown in
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Figure 6.3: Variation of Running Rail Conductance with Frequency
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Figure 6.4: Variation of Running Rail Susceptance with Frequency

Chapter 3, using Equations 3.26 and 3.27 such that

>» = >32= -rra2l (6.4)
r2e = Y3e = (6.5)
(6.6)

a 2 x 2 admittance matrix is formed. These results are shown in Figure 6.5 and 6.6.
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6.1.2 Inter—rail Admittance Test

In this experiment, the admittance for three circuit configurations of the three rail

system are measured. The three configurations are illustrated in Figure 6.7

The configuration shown in Figure 6.7a indicates the arrangement for the measurement
of the admittance, Y;,¢q5.4 between the power rail and the far running rail. It can be

shown that this admittance can be expressed as

Y.Y,
Y.+Y:

Ymeas:A = Ym12 + (67)

where

Y — ylym]i’: Ylng
2 yx+Ym13 Yle+Yy

&<
|

YnYo.
- m+YZc

Y, = Y22
y Ym+2Y2e

In a similar manner, the admittance measured between the power rail and the near

running rail, as illustrated in Figure 6.7b, is given by

Y.Y;

13+ Y.+ Y, (6.8)

Ymeas:B = Ym

— YoV, V1Y,
Where Ya Ym12+Yz + ch+Yy

The final configuration provides a measurement of admittance between the power rail

and the running rails in parallel, as illustrated in Figure 6.7c. It is given by

2YeY1e

Ymeas:C’ = le3 + Ym12 + m‘

(6.9)

Equations 6.7, 6.8 and 6.9 form a set of simultaneous equations which have been solved
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Figure 6.5: Conductance Elements of a Two Rail System
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Figure 6.6: Susceptance Elements of a Two Rail System

numerically, for Yle Ymi» and Ymis using a standard iterative Levenberg-Marquardt

method [180].

The lower frequency measurement limit is approximately 400 Hz since the measured
conductances associated with the power rail are negligible: over the whole frequency
range and the small capacitance values provide only a small susceptance at low frequen-
cies. Since the results are totally reactive, they are shown in Figure ¢ .s, expressed as
capacitance. Again using Equations 3.26 and 3.27 the admittance matrix elements for
the three rail system can be expressed as

2This is to be expected as the rail is mounted on insulators.
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Y12 = —Inpt2 (610)
Yis = ~Yni3 (6.11)

Yii = Yie+Ymz + Yous (6.12)

These results are shown as in—phase and quadrature components with variation in fre-

quency in Figures 6.9 and 6.10.

6.2 Numerical Modelling of Admittance

A numerical model is chosen to determine the conductance and susceptance components
of the elements of the admittance matrix because the cross—section of the track and
track bed is not composed of regular geometric shapes. The general principle used in
F.E.M. analysis is outlined in Appendix E. As can been seen from this, the method is
normally applied to electromagnetic problems, as is the case in Chapter 6. However,
using the duals shown in Appendix E, it is possible to model rail-to—earth conductance
and susceptance g;. and b;e, together with rail-to-rail conductance and susceptance,

gmij and bpg;.

Examples of the four models used are given in Figures 6.11 to 6.14. The contours of rel-
evant equipotentials superimposed on the model outlines are illustrated. The frequency
effects are included by varying the material properties as described in Chapter 4. Also
care has been taken to ensure that the far field boundaries do not influence the solution.
This has been achieved by modifying the boundaries and confirming that the solution
does not vary by more than an acceptable error (i.e. < 3% ) which is small compared

to experimental errors.
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(c) Power Rail and Shorted Running Rails Admittance Measurement

Figure 6.7: Equivalent Circuits of an Inter-rail Admittance Test
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Figure 6.8: Experimental Capacitances of Power Rail Track Configuration
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Figure 6.9: Conductance Elements of Third Rail of System Admittance Matrix

b”

100
£
I
% 1
1 0.1
©
5001

0.1 1.0 10.0 100.0

Frequency (kHz)

Figure 6.10: Susceptance Elements of Third Rail of System Admittance Matrix
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Figure 6.11: F.E.M. Solution of Rail-to-Ground Conductance Model

In the case of conductivity modelling, the appropriate conductivity profile, for given
frequency, is chosen from those developed in Chapter 4. It is then discretised for use
in the numerical model. The sleeper conductivity has been evaluated in earlier reports
[181] as has the ballast conductivity [139]. In the air region the conductivity <= 0
implies that the electromagnetic dual will have infinite permeability so /i -+ oo. To

account for this, the elements of the air are removed from the model.

For electrostatic modelling, for a good conductor is £ = 0, the electromagnetic dual will

have fi —Poo. Again the elements of the conductors are removed in the models.

By determining the total dissipated or stored energy in the problem space, it is possible
to evaluate the conductance and capacitance for each case considered with the exception
of Cie. This value cannot be obtained because the constant permeability model used
implies that the stored energy is dependent on the distance between the single rail
and boundary. Using Table El in Appendix E, the computed dissipated and stored
energies of the regions of interest, together with specified potential differences, are used
to obtain values of admittance for comparison with the experimental results described
above. Again, these are evaluated in component form but may be combined to give

Yte and Yejf. Comparison between the experimental and model results are shown in
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Figures 6.3, 6.4, 6.8 and 6.5. The modelled results are also processed to yield admittance

matrix elements and these are shown in Figures 6.9 and 6.10.

6.3 Discussion on Phase Admittance Matrix Elements

By making the assumption that the series impedance is much less than the inter-rail
impedance i.e.

1
z,-jl < y,—ﬂ (6'13)

where ] is the measurement length

then it is possible to separate the experimental methods used to determine the phase
admittance and impedance elements. Accepting that the admittance and impedance
measurements may be decoupled, then circuit analysis can be used to interpret the

experimental results.

The frequency response of the phase admittances for the two rail system, i.e. the
running rail pair, are based on both measurements and modelling. These are shown in
Figures 6.3 and 6.4. It can be seen that the model results show close agreement with the
experimental results. From the running rail track conductance results, in Figure 6.3,
it is clear that the g.s; values from modelled data and experimental measurements are
in agreement with one another and with the experimental value of gy,cqs. In a similar
manner, the modelled and experimental values of g5, also give close agreement. The
same is true for the experimental results for the bes; and bpyeqs susceptances illustrated
in Figure 6.4. This confirms that the circuit elements of y;e and ymi; (which make
up Yess) give a good model of the physical system as measured directly by yYmeqs (see

Equation 6.3).
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The resultant phase conductance matrix elements, given in Figure 6.5, have been evalu-
ated from the experimental results and F.E.M. models. Again, excellent agreement has
been achieved, confirming that the modelling procedure closely describes the practical
system. Since it has not been possible to evaluate the permittivity of the track bed, a

similar comparison is not available for the susceptances.

In determining the phase admittance elements of the third rail of the three rail system, it
was found that the conductance between this rail and the running rails is negligible. This

is to be expected since it is mounted on insulators. This implies, in phase admittance

terms that
Ymi; = ijlj (614)
Yie =JjbBie (6.15)
Iml; = G1e = 0 (616)
where j=2,3

Using the three configurations shown in Figure 6.7 and the phase admittances previously
determined, it has been possible to deduce the phase capacitance values as illustrated
in Figure 6.8. It is of interest that Cy,12 = C13 even though the geometric relationship
between the power rail and each of the running rails is different. This is explained by
the dominating influence of the track bed, acting as a conductor. Each of the running
rails are conductively coupled to the track bed so that the capacitance between power
rail and either running rail is equivalent to the power rail to track bed capacitance. This

may be seen directly from the F.E.M. results illustrated in Figures 6.12 and 6.14.

Using the running rail phase admittance results, it is possible to determine the third

rail phase admittance elements. These are shown in Figures 6.9 and 6.10 in both con-
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Figure 6.12: F.E.M. Solution of Rail-to-Ground Capacitance Model

ductance and susceptance component form. Although the numerical (or modelled)
quantities are purely susceptive, when these values are combined into the phase matrix
element form, using the Equations 6.7 to 6.12, the matrix elements contain conductive

components. This is due to the non-physical nature of the matrix elements.

Example solutions of F.E.M. results are given in Figures 6.11 to 6.14. As has been noted
earlier, these give excellent agreement with measured results. This close agreement is
to be expected when the material properties have been well defined. This shows that
the F.E.M. analysis is extremely dependent on material properties and characteristics

but yields good results for well defined problems.
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Figure 6.13: F.E.M. Solution of Rail-to-Rail Conductance Model

Figure 6.14: F.E.M. Solution of Power Rail-to-Running Rails Capacitance Model
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Chapter 7

Composite Measurement of Track

Parameters

The experimental methods described in Chapters 5 and 6 rely on the assumption that
zi;l € y%, Although this would appear to be a reasonable physical assumption, an
alternative method of admittance and impedance matrix element evaluation, which
does not rely on the above assumption, has been examined. The method is described

in this Chapter and the results presented.

The technique determines all the track parameters in a single set of tests. However,
additional specific circuit elements and extreme measurement accuracy are required.
These limitations have meant that the investigation has been restricted to a single
power frequency. This requires only one suitably rated and stable supply to be available
together with one set of external components. Also, the accuracy of the measuring
equipment can be selected for the single frequency of concern. However these restrictions

do not prevent the method from being fully exploited.

The method considers two rails at a time. The matrix elements relating to the two
parallel running rails have been evaluated. This allows the symmetry of the geometry

to be exploited in the expressions used.
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Figure 7.1: Rail-Pair Excitation Test Circuit

7.1 Matrix Elements from Rail-Pair Excitation

It is possible determine the matrix elements by considering two Rails A and B which
are excited with voltages V,(z) and V4(z) and are carrying different currents I,(z) and
Iy(z) as shown in Figure 7.1. The two lines are loaded with equal impedances Zr; but
the source impedances are different i.e. Z, and Z;. The voltage source, F, and load

impedances Zr; are both connected to a remote earth with impedance Zg.

If the lines are homogeneous, the solution of Equation 3.7 is expressed in terms of

exponential functions and is given by

Va(x) Faa Fab aa,e_‘yaz + ba,e’yax
- (7.1)
Vi(2) Fo Fy cp' e % + dp'em?

where Fjj,a,/,b,'cy’ and dp’ are constants determined by the terminating conditions
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The matrix [F] is evaluated using Equations 3.7 and 7.1 since

Faa Fab 7a2 0 All A12 Faa Fab
= (7.2)

Fy, Fy 0 72 Ay Ay Fy, Fy

If the propagation constants are now examined, for a two rail system, it is possible to

relate the modes of propagation to circuit configurations [167] [89]. These are

e Common mode propagation where the rails are connected in parallel with an earth

return. Associated with this mode is a propagation constant, ¥comm-

o Differential mode propagation where the rails are connected as a go—and-return
path (above a ground plane). This also has a propagation constant, v4;ss, associ-

ated with it.

Using the association
Yeomm > Ta (73)
Ydiff = (7.4)

then in the differential mode case, from Equation 3.8 with the elements of the current

matrix being related as I, = —1I, it follows that

Fua = Fia (7.5)

In a similar manner, the common mode case gives

Fopo = —Fy (7.6)

From Equation 7.1, the line voltages can be expressed as
Va(z) F,, -Fy a,'e "% 4 b,'eve”

- (7.7)
Va(z) Foa  Fip cp'e™ T + dyen
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1 -1 ae~ 7T 4 bera”

= (7.8)
1 1 ce T 4 de”
where a,b, ¢ and d are constants dependent on the terminating conditions
Similarly, the line currents are
-1
Ia(z) .| Zaa “ab %/n
= ‘ (7.9)
Iy(z) J Zba  Zbb %"
Assuming the lines are symmetric, z,, = 2 and zp, = 245 then
I,(z) -1 1 ae~ " 1 -1 ce™ T
=k + ks (7.10)
Iy(z) -1 1 beYeT -1 1 dem®

where k, is a constant dependent on track geometry

On substituting the differential of Equation 7.8 into Equation 7.9 the current vector

becomes
-1
I,(2) Zaa  Zab —ae~ Yo% 4 peVa” +ce~ T — deM®
= Ya T (7.11)
Iy(z) Zba  Zbb —ae~ %% 4 hera® —ae~"T 4 de”
Equating 7.8 and 7.11 gives
ki ko —ae~ 1% 4 phee®
Ya
ki —ko ce~NT — deMT
1 Zaa  —Zab Ya Vb —ae~Ya% 4 peaT
= — 12
det(Z] (7.12)
—2ba 2bb Ya M ce % — dee®

If the rows of Equation 7.12 are added, this gives

—qae Yo% YaZ) — Ya _ —ap YaZ YaT
k1 (—ae™"% + bee%) del[Z] [(2aa — 2ab) (—ae + +be™7)] (7.13)
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so that

Ya
k= ——— 7.14
! Zag t Zab ( )

By subtracting rows of Equation 7.12 a similar relationship is obtained, that is

Yo
k= ——— 7.15
2 Zaa — Zab ( )

By adding and subtracting Equations 7.14 and 7.15 the values of the impedance elements

are obtained as

_1% ﬂ]

Zae = 5 |1 + ks (7.16)
[

Zab = 3 [k1 b (7.17)

Similarly, using Equations 3.8, 7.16 and 7.17, together with the ideas of common and

differential mode excitation, the admittance matrix elements are determined by

— (Za.a - zab)7a2 + (za,a + zab)7b2
Yaa det[Z]

(7.18)

and

(Zaa - 2ab)7a2 - (zaa + 2ab)7b2
det[Z]

Yab = (7.19)

7.2 Application of Terminating Conditions

The constants a, b, ¢ and d are found in terms of ki, k2,74,7 and Z. by using the

receiving end impedances. The voltages at the receiving end are given by

Va() (Zri + Ze) Ze L)
- (7.20)

1A0) Z (Zrit+ Ze) | | B(D)

Alternatively the line voltages and currents at £ = ! may be determined in terms of
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k1,k2,7a,7b,a,b,c, and d. Also, at the sending end with z = 0, Equation 7.10 becomes

I,(0) -1 1 a 1 -1 c
=k1 +k2 (721)

I,(0) -1 1% -1 1 d

This result, combined with Equation 7.10, with ¢ = [, Equation 7.8 and 7.20 are solved
to give values of a,b,c and d as functions of Zp;, Z, k1, k2, YaVb, La(0) and Ip(0). These

are given by

= T e e (O
b= Ia(O)zJi;Ib(O) TR +[; ;r ;c]lJ(rZ[z{ _Jr;fz)g s ()
. 1.;(0)2;211,(0) T 2()1;5112 p— (7.24)

P A RS AC) [14 Zyiks) (7.25)

2k, (1 + Zpiko) + (1 — ZLika))e?n!

However the absolute values of V;(0) and V5(0) cannot be measured, since the true earth
plane is subterranean, as depicted in Figure 7.1. To overcome this problem, the sending
end conditions are used to obtain an expression so that the earth impedance, Z., can
be evaluated (or eliminated). The test only permits the voltages V,' and V' referenced
to the source voltage, and currents I,(0) and /;(0) to be measured. As there are five
unknown impedances (24q, Zab; Yaa, Yab and Z.) at least five independent equations must
be available. Hence, three different load impedances are used to make three independent

sets of measurements (providing six equations and some redundancy).

Assuming the lines are equally loaded with impedance Z; ( ¢ = 1 to 3 ), the sending
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end voltages are related to the measured line voltages and currents by

Va,"(O) Vm'(O) 11 I,;(0)
+ Z (7.26)

Vb,"(O) Vb,'(O) 11 Ib,'(())

The solution technique is given in Appendix D. In brief, the method finds analytical
expressions for the measured line voltages in terms of the basic unknowns Z, k, k2,7,
and 4, using the constants a,b,c and d from Equations 7.22 to 7.23. The track matrix

elements are then found from Equations 7.16 to 7.19.

7.3 Experimental Considerations and Results

The source voltage, series sending end impedances and load impedances are chosen
such that the relative magnitudes of those impedances provide large enough signals for

accurate measurement. Practical restrictions which must be considered include

o The relationship between the series impedance and shunt admittance of the rail

1
Yshunt ©

and track bed structure i.e. zseries <€

e The earth impedance cannot be reduced below a certain value because of the

contact resistance and finite ground conductivity.

In the test circuit, this causes most of the series voltage drop to occur across the earth
impedances, rather than to appear as a line potential difference, which is required
to facilitate measurement. The line excitation is chosen to produce a high potential
difference between the two rails, creating an appreciable shunt current flow through the
track bed. Also high currents are required through the rails to create a longitudinal
potential difference which is large enough to be measured. These conditions are most

closely satisfied by choosing the series sending end impedances so that the test circuit is
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Vz

Figure 7.2: Phasor Relationship for the Test Circuit (Not to Scale)

in series resonance. Also, the source and load impedances are comparable in magnitude
to the line impedances. Figure 7.2 shows the phasor relationship of the test circuit

signals.

Measurements have been made on a 36 m isolated track length, with 56.4 kg/m Flat— 0&‘
bottom Rail layed on concrete sleepers, at a frequency of 50 Hz. The source voltages, M ‘
currents, load impedances, sending end voltages and sending end currents are given in
Table 7.1. The results for the primary constants of line self and mutual impedances and
admittances, together with the ground impedance, are given in Table 7.2. The results
for the secondary constants of characteristic impedance and propagation constants are

given in Table 7.3.
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Table 7.1: Experimental Parameters of Test Circuit

Parameter

Test Number 1 2 3
Source Voltage E4(V) 243.9 + j0 | 243.5+ jO | 240.9 4 jO
Rail Voltage V,;'(V) 243.4-j 8.5 | 243.0 - j8.5 | 241.3 - j6.7
Rail Voltage Vii'(V) 9242.7-i8.5 | 241.5-j8.4 | 239.2 - j6.7
Source Current I;;(A) 3.84 - j0.317 | 3.83 - j0.32 | 3.80 - j0.27
Rail a Current I,;(0)(A) 2.01-j0.16 | 2.23-j0.17 | 2.54 - j0.15
Rail b Current I;;(0)(A4) 1.83 - j0.16 | 1.60 - j0.15 | 1.26 - j1.34
Load Impedance Zr;(Q?) 0.099 + jO | 0.198 + jO | 0.298 + j0
Sending End Series Impedance Z,({2) 0.12 - j4.21
Sending End Series Impedance Z,(2) 0.27 + j4.65
Table 7.2: Primary Constant Results

Parameter Value

Self Impedance zq,(m$/m) 0.55 + j0.49

Mutual Impedance z,;(2/m) 0.51 + j0.31

Self Admittance y,.(S/m) 0.38 + j0.93

Mutual Admittance yop(pS/m)

Ground Impedance Z.()

0.048 + j 0.061

63.0 + j3.7
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Table 7.3: Secondary Constant Results

Parameter Propagation Constant | Characteristic Impedance
v (Napier/m) x10~° Z,($
Single Rail 2.34 + j2.98 33.91 - j8.96
Differential Mode 3.77 + j1.25
Common Mode 1.57 + j2.22 26.38 - j6.11
Table 7.4: Comparison of Track Parameters at 50 Hz
Source Zaa Zab Y.. Y.b
(mQt/m) (m§/m) (uS/m) (uS/m)
In situ tests 0.55 + j0.49 | 0.51 4+ j0.31 { 0.38 + j 0.93 | 0.048 + j0.061
FEM 0.53 + j0.51 | 0.50 + j0.29 - -
Circuit tests - 0.48 + j0.30 | 0.37 4+ j0.90 | 0.51 + j0.063
Theoretical 0.05 + j0.39 | 0.05 + j0.35 - -

7.4 Discussion on Composite Measurements of Track Pa-

rameters

The results at 50 Hz are consistent with impedance and admittance values at that

frequency found by other techniques and reported in Chapters 5 and 6. The exception

is shown to be the theoretical expressions, as noted earlier. Table 7.4 gives a detailed

comparison.

The technique described in this chapter was developed to provide an independent

method of obtaining track impedance and admittance values to support the models
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described in Chapters 5 and 6. The transmission line expression is exploited and by ap-
plying various termination configurations, it has been possible to obtain the impedance
and admittance matrix elements for the two (running) rail system. However, the method
inherently relies on comparing the series impedances and shunt impedances; these values
are orders of magnitudes different and the resulting equations are ill-conditioned. Also,
signals used in the test have to be large enough for measurements to be made, especially
in the case of series rail potential differences, which tend to be small. Generally these
restrictions cause experimental errors to be relatively large and sensitive to the values
of external circuit components. Hence only a limited set of results have been presented

in Chapter 7. However they do confirm the results reported in Chapters 5 and 6.

It should be noted that some practical difficulties apply when using the method de-

scribed in this chapter:—

e Since successive approximation is used to solve the equations, an approximate
value of Z, is needed initially so that the algorithm has a starting point. This

implies the solution may not be unique.

e The experimental method requires a large power supply at 50Hz e.g. 3 kW so

that signals may be measured above noise.

e Frequency dependency is also difficult since high power sources will be required.
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Chapter 8

Determination of Modal Matrix
Elements of Third Rail System and

Application to Simulation

As introduced earlier, one of the major subsystems necessary to simulate signal and
power propagation along an electrified railway, is the rail track and track bed structure.
As explained in Chapter 3, the approach chosen for the simulation of this subsystem, is
that of modal transmission line theory, with the implementation achieved using digital

computer algorithms.

To achieve this, admittance and impedance matrix elements have been determined using
the methods described in Chapters 5, 6 and 7. The results, for a particular configura-
tion, have also been presented, together with verification by analytical and numerical
techniques. In this chapter, using the methods outlined in Chapter 3, these matri-
ces are transformed such that the modal propagation constant matrix is determined.
This matrix represents the (mathematical) decoupled modes of the transmission line.
Hence the matrix is diagonal. The matrix provides information from which the modal
impedance and admittance matrices, together with the modal characteristic impedance
matrix, may be formed. These matrices are useful as they indicate the behaviour of the
individual modes. The modal matrices are processed further to provide data for the
simulation program. It should be noted that the values of the elements of the matrices

are frequency and current magnitude dependent. The simulation data are then applied
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to a number of example studies. This illustrates the applicability of the data and the

simulation method chosen to the practical situation.

8.1 Development of Modal Matrices

The technique used is outlined in Chapter 3. From Equation 3.7 and 3.8, the A matrix

is determined from the phase matrices evaluated in Chapters 5 and 6, i.e.

(A] = [Y][Z] (8.1)

The eigenvalues are determined using Equation 3.20. Equations 3.11, 8.1 and 3.18 show

that the eigenvalues A; are the square of the modal propagation constants, that is

7= £V (8.2)

For the configuration analysed in Chapters 5 and 6 (the two and three rail systems) the
results of modal propagation constants, with variation in frequency, are illustrated in
Figures 8.1 and 8.2. It can be seen that the two rail common mode propagation constant
approaches mode 1 of the three rail system. The propagation constants of modes 2 and
3 of the three rail system are equally reduced from the differential mode of the two rail

system.

The eigenvectors corresponding to the eigenvalues A; are determined from Equation 3.21

and Appendix H. These form the columns of the T matrix of Chapter 3.

This then allows the modal admittance and impedance matrices to be evaluated, using
Equations 3.13 and 3.14. These are illustrated in Figures 8.3 to 8.6. From Equa-
tions 3.22, it is possible to develop a modal characteristic impedance, as explained in
Section 3.2. These have been evaluated from the modal values shown in Figures 8.1 to

8.6 and the results are given in Figures 8.7 and 8.8.
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Figure 8.1: Variation in Modal Attenuation Constants with Frequency
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Figure 8.2: Variation in Modal Phase Constants with Frequency
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Figure 8.3: Variation in Modal Admittance Magnitude with Frequency
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Figure 8.4: Variation in Modal Admittance Phase with Frequency
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Figure 8.5: Variation in Modal Impedance Magnitude with Frequency
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8.2 Determination of Simulation Data

As has been explained in Chapter 3, the digital computer implementation of the modal
analysis for general transmission lines is carried out in the time domain. It operates on
a travel time 7, as defined by Equation 3.37. This is evaluated from the information
in the preceeding section and the results are shown, with variation in frequency, for
each mode of the three rail systems, over a selected frequency range in Figure 8.9. A
tabulated format of all the information required to simulate a transmission line is given

in Appendix F, together with an example set of data.

The relationship between transmission line length, travel time and simulation (calcu-
lation) time-step length has been carefully chosen. The calculation time-step length
must be selected small enough to ensure reasonable accuracy of results!. The size of this
time—step dictates the upper and lower limits of the transmission line length sections.
The minimum length of a transmission line section must result in a travel time greater
than 1 calculation time-step. The maximum length of a transmission line is constrained

to have a travel time less than 200 calculation time-step lengths?.

8.3 Discussion on Modal Matrix Elements and Parame-

ters

In this chapter, the modal matrix elements and modal parameters have been evaluated

for the two and three rail systems described earlier. These data are obtained from the

1Although a small simulation time-step is desirable, computation errors due to rounding errors and

stability can be encountered. Additionally small time-step lengths lead to excessive computational time.

2 Although the latter may be increased by recompiling the program, a substantial increase in computer

memory is then required with the associated additional computational time requirements.
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processing of the phase quantities, evaluated in Chapters 5 and 6. Equation 8.1 and
8.2 briefly summarise the relationship between phase admittance and impedance matrix

elements and the modal propagation constant.

The propagation constants for the two and three rail systems are shown in Figures 8.1
and 8.2. It can be seen that the change in modal attenuation constant of the two
rail system when a third rail is added does not affect the ground modes greatly. The
metallic modes are more significantly affected. This indicates that there is a significant
correspondence between the phase (physical system) quantities and the metallic modal
quantities. This and the physical significance of a two conductor system is discussed
briefly in the EMTDC manual [167]. The common mode attenuation constant of the
two rail system is closely associated with that of mode 1 of the three rail system.
The attenuation constant of the differential mode of the two rail system appears to be
subdivided between the attenuation constants of modes 2 and 3 of the three rail system.
The modal phase constants confirm this relationship but also show that the propagation
constant of the differential mode of the two rail system is closely associated with the

attenuation constants of modes 2 and 3 of the three rail system.

The eigenvectors of the system have been determined from these propagation constants
(the square of which is the eigenvalues of the system). By using these in Equations 3.13
and 3.14, the modal admittance and impedance matrix elements have been determined.
These results, shown in Figures 8.3 to 8.6, confirm the trends found in the propagation

results, that is

e The common mode of the two rail system is associated with mode 1 of the three

rail system.

o The differential mode of the two rail system is associated with modes 2 and 3 of
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the three rail system.

o The variations between the associated modes is due to the addition of the third

rail.

These observations are further emphasised by the modal characteristic impedance results
given in Figures 8.7 and 8.8. Also the travel times for the three rail system have been
evaluated and are shown in Figure 8.9. This together with the modal resistance and
characteristic impedance show that the ground or zero sequence mode is mode 1 of the

three rail system and hence the common mode of the two rail system3.

8.4 Example Applications of Simulation Method

8.4.1 Track Circuit Simulation

The circuit details of a Westinghouse FS 2500 AF track circuit, having a carrier fre-
quency of 4080 Hz, have been supplied by the manufacturers?. This allows a number
of simulations to be performed to model the operation of the circuit with the measured
track data shown earlier. These data refer to the two (running) rail system. The track
circuit not only detects the presence of trains but can be used to provide information
relating to a broken rail’ condition. To separate adjacent track circuits, a tuned area is

fitted at either end of the circuit [182].

The overall model is illustrated in Figure 8.10, showing how the presence of a train axle

3The ground or zero sequence mode is identified by having higher modal resistance, characteristic

impedance and travel time.

*Where exact details have not been supplied, tests have been carried out on track circuit equipment
supplied by Westinghouse.

®A break in the rail is detected when the signal is removed from the track circuit receiver.
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can be simulated, as well as the occurrence of a broken rail. The ends of the rail section
are terminated with the characteristic impedance, implying that the total length of the
track is very large compared to the track—circuit length. The total track circuit length

was set at 400 m with 7 m tuned areas.

The output condition of the track circuit is the receiver signal, determined by the voltage
at the receiver terminals. Depending on the transmitted signal (i.e. the input), the
receiver terminal voltage magnitude (the output) indicates the track circuit condition.
Hence the simulation results, for train axle detection with variation in axle position,
are given as a ratio of transmitted voltage magnitude to received voltage magnitude, as

shown in Figures 8.11 and 8.12.

The function of the track circuit is dependent on the tuned area operation. Hence a
more detailed study of the tuned area has been carried out. Again, the ratio of received
voltage to transmitted voltage, with axle position, has been simulated. The results are
given in Figure 8.13 WA Ked >F
ot 272

8.4.2 Simulation of Electrified Three Rail Track

Although it is possible to simulate a d.c. power rail fed electrified traction track with
complete track circuit signalling, only a subset of the system has been selected so that
the features of the simulation are clear. The simplified system was chosen to test the
modal method rather than provide a full simulation of a realistic case. In this study
the power circuit has been simulated since examples of a signalling circuit have been
examined earlier. This allows the salient features of coupling between rails of the track
due to the power supply and traction drive signals to be examined. These signals include

harmonic frequencies generated by substation ripple and train borne powér electronic
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Figure 8.11: Results from Simulated Track Circuit Operation for Train Detection

drive circuits.

The track data have been taken from that evaluated for the three rail configuration,
described earlier. The geometric arrangement is one in which the power rail lies outside
the two running rails (but in close proximity to one). A track length of 24 km has been
simulated, although by terminating in the characteristic impedance, the track appears

to be infinitely long.

Two simulation studies have been carried out, in order that the influence of coupling

between tracks can be examined. To achieve this, substation ripple has been examined
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separately from chopper circuit noise. The substation-to—train distance is 4 km and the
circuit response has been examined at a number of points along the track. The overall

simulation arrangement is shown in Figure 8.14.

Substation Ripple Harmonics

The substation model is of an uncontrolled 12—pulse, balanced rectifier with a nominal
rating of 600 V d.c. The a.c. ripple components are represented by the Fourier series

[183]

3v3Vok (& 1 1 2 3
Vo= = : (nz:‘; [(12n— 0T @ent1?  (2n-1)(12n+ 1)]

X sin [12 x 21 f + G - -"2—”)]) (8.3)

Further simulation data, adopted from earlier reported work [155], are :—

Train Converter Power 240 W

Train Axle Shunt Impedance 0.2Q
Impedance Bond 1.0 mQ, 3.18 uH
Substation Impedance 020

The simulation results are given in Figure 8.15. The Thevenin equivalent circuit voltage
and Norton equivalent circuit current are given at 1, 2 and 3 km from the substation,

for rectifier ripple frequencies of 600, 1200, 1800 and 2400 Hz.

Chopper Traction Harmonics

The circuit modelled had the same characteristics and values as for the substation

ripple harmonic model. However the harmonics generated by the traction equipment

155

L

AUN



0 0.0015
BO

(]

0.0010
o
(€ 0 z
“0.0005
Q a

Distance of Broken Rail from Transmitter (m)

Figure 8.12: Results from Simulated Track Circuit Operation for Broken Rail Detection

0.015

0.010

0.005

e ag@g °¥ 3@ WO

0 5 10 15 20

Distance from Track Circuit Boundary (m)

Figure 8.13: Results from Simulated Track Circuit Tuned Area

DC Substation Chopper Train
(?£)with AC Ripple Interference Source

Power Rail

or D

Running Rails

Zo J D

Train
Axle

Impedance Bond
Detector
Terminals
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are assumed to have a resistive path through the substation [184]. The chopper is a 280
Hz single—phase converter with average train power of 240 kW and is supplied through

a line filter of [155]:-

Resistance 0.047 Q
Inductance 13.8 mQ
Capacitance 7.5 mF

The harmonic components of the chopper, prior to filtering, have been modelled by a

current source which can be represented by the Fourier series

sin(nwt) (8.4)

2 o0
I'= I 1+;,;2n—1

giving a worst case condition of a square current waveform.

Again the Thevenin and Norton equivalent voltages and currents are given in Figure 8.16

for 1, 2 and 3 km from the substation, at frequencies of 280, 560, 840 and 1020 Hz.
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8.5 Discussion on Example Applications

The example applications are intended to illustrate how the modal parameters derived
in this thesis may be used in simulation studies. Two examples are given, a practical
example of a.f. track circuit operation and a hypothetical example of the propagation
of harmonic interference along a coupled line. The latter is based on signalling circuit

operation and harmonic analysis of traction circuits.
Signal Circuit Simulation

The signalling circuits were modelled using the data derived earlier and additional cir-
cuit information supplied by Westinghouse Brakes and Signal Limited. The circuit
simulations have examined the performance of the Westinghouse FS 2500 AF track cir-
cuit, The main functions of this system are train detection and broken rail detection,

although a capability exists to provide track-train data transmission.

The results obtained from the simulation are in agreement with the practical track
circuit operation, given that the track bed measurements have been performed on a
“new” track structure. The effect of this is that the inter-rail impedance is high and
the train detection characteristics, given in Figure 8.11, has been found to be excellent.

For a more practical track bed, the performance may well be degraded.

Similar observations may be made for broken rail detection. The characteristics are
shown in Figure 8.12. Again a near ideal performance has been found, over the whole
length of the track circuit. In a similar way to the train detection results, if the con-

ductance of the track bed became higher, this characteristic may well be degraded.

A further area of importance, in track circuit design, is in the region of track circuit

boundaries (known as the tuned areas). This section of the circuit has been modelled
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in more detail and the characteristics have been determined. The simulation is depen-
dent on accurate circuit data. In this case the additional track side circuit elements are
particularly significant. As much of this information has been supplied by the manufac-
turers, the simulation results are dependent on the accuracy of this information. The
results shown in Figure 8.13, for the track circuit tuned area indicate system operation

is as described in the manufacturers specifications.

Traction Circuit Harmonics

As has been introduced in the early chapters of this thesis, the influence of traction
circuit harmonics on signalling systems is of much concern in electrified rail systems.
To illustrate how the simulator may be applied to such studies, a simulation involving
substation and traction drive harmonics has been carried out. The aim of the study
has been to examine the effect of typical harmonics on inter-rail voltages and currents.
The results, shown in Figures 8.15 and 8.16, indicate a significant frequency dependency
which is not simply explained by standardjyw”ujt*analysis. It is a result of the frequency
response of the track seen through the models implemented by modal techniques. The
results may be further developed in practical cases to predict the effect of harmonics
on track circuit receivers. They have been expressed in terms of Thevenin and Norton

Equivalent sources as a standard representation.
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Chapter 9

Simulation Data for a Catenary System

In Chapters 3 to 8, it has been shown that it is possible to apply transmission line modal
analysis to an electrified, three rail system. The earlier chapters describe approximate
theoretical and accurate numerical analyses that have been used to determine the electri-
cal characteristics of the track. These methods have been confirmed by measurements.
Chapters 3 and 8 also describe the technique used to apply these electrical characteristics

in modal analysis for circuit simulation.

In this chapter, the numerical methods developed earlier are applied to an alternative
electrified track configuration. The characteristics of a catenary fed electrified track
have been determined and these values have been applied to the modal transmission
line analysis. The dimensions of this configuration are given in Appendix G. This
analysis is used to examine the system performance, contrast the results to the third
rail case and compare the F.E.M. phase impedances and admittances to those published

elsewhere [185] [189].

9.1 Track Phase Characteristics

The model described here is intended to represent the track in the vicinity of a train
where return current flows along the rails and ground rather than through a return
conductor. Thus it models both D.C. catenary directly and A.C. simple feeding (without

booster or autotransformers which modify the current path). Even so, some notable
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differences exist between the third rail and catenary system models. In the catenary feed,
two conductors supply current in parallel. The contact wire is suspended vertically below
the actual catenary wire. The three rail feed system has only one conductor (the third

rail) supplying the power current. In addition, the contact wire is not ferromagnetic.

Since the published measurements [185] have only included a single value of ground
conductivity, with depth and frequency, this simple approach has been adopted here.
The effect of this is considered at the end of the chapter, although it is of interest that

this is closer to the analytical model assumptions, considered earlier.

The phase impedance matrix element values are illustrated in Figures 9.1 and 9.2, for
two values of conductivity, 0.0033 S/m and 0.077 S/m, which were chosen to correspond
to actual low and high [185] measured values. The elements for both impedance and
admittance matrices have been evaluated, using the Finite Element Technique. The
definition for these matrix elements, and the matrices themselves, have been described

in Chapter 3.

The impedance results are expressed in terms of magnitude and phase. Conductor 1
refers to the catenary and 2,3 refer to the running rails. The self impedance values of
z11 and 292 = 233 are similar since the return path in each case is through the earth.
The earth has a significant influence on the values z;;, in terms of both resistance and
reactance and the values of ground conductivity thus have a predictable if moderate ef-
fect on the impedance matrix element values, i.e. the impedance increases with decrease

in conductivity.

The phase admittance matrix element values are also illustrated in Figures 9.3 and 9.4 in
the same form as the impedance values. It can be seen that an increase in conductivity

causes an increase in admittance, as is to be expected. Since the catenary is insulated
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Figure 9.1: Catenary Phase Impedance Matrix Elements (<gnd = 0.0769235/m)

164



- Xg ________
£
‘g 100.0
10.0
01
0.01

Frequency (kHz)

a) Impedance Magnitude

o B
R

90

70

50

0.01 01 1 10 100

Frequency (kHz)

b) Impedance Phase

Figure 9.2: Catenary Phase Impedance Matrix Elements (<knd = 0.003335/m)

from ground, the admittance matrix element values yu and y12 are reactive in nature.
In contrast, the element values associated with the running rails are dominated by the
conductive component. It should be noted that the catenary capacitance and inductance

are constant with frequency and in agreement with other published results [185] [189].
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Figure 9.3: Catenary Phase Admittance Matrix Elements (agni = 0.076923S5/m)

9.2 Modal Characteristics

It has been described, in Chapter 3, that the modal propagation constants may be
determined from the phase matrix elements. These constants have been evaluated from
the phase values shown in Figures 9.1 to 9.4. The results are illustrated in Figures 9.5
and 9.6 in terms of attenuation and phase constant (i.e. real and imaginary parts), for

the two values of ground conductivity.
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As with the three rail system, it can be seen that two of the modal propagation constants
are close together, with the third significantly lower in value. Although direct physical
significance cannot easily be associated with the modes, the symmetry of the system,
together with some similar features, cause the analysis to produce similar results. The

influence of the ground conductivity is only of minor significance here.

The modal impedance and admittance matrix elements have also been evaluated and

are illustrated in Figure 9.7 to 9.10 in magnitude and phase form.
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Figure 9.5: Catenary Modal Propagation Constant (agnd = 0.0769235/m)

Mode 2 is often termed the “ground” or “common” mode. This is significant when
ground currents flow and is identified by the larger characteristic impedance. The other
two modes are termed metallic modes and are significant when circuit currents are

present. The significance of the variation in ground conductivity is only small.

9.3 The Influence of the Ground Conductivity Model

For the three rail system, it has been shown earlier that the ground conductivity has
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been evaluated as a continuous function with depth and frequency. In the case described
in this chapter, since it was intended to compare the measurements with published work,
so the ground conductivity was assumed uniform and constant. The agreement between
these numerical analyses and the published measured results for catenary inductance
and capacitance was good. Good agreement was also found between these methods and
the approximate analytical techniques based on Carson’s equations [92] as implemented
by Bickford et al. [136] described earlier. This was to be expected since the analytical
methods also assume constant ground conductivity with frequency (but may include a
two layer model as in the approach by Bickford et al.). This is in contrast to the ground
conductivity model which varies with depth and frequency (i.e. the three rail system
model). In this case the approximate analytical method did not give good agreement
for the real part of the impedance matrix elements, although values from numerical

methods and measurements did agree.

The influence of the insulated catenary can be seen in the modal admittance matrix
element values, since one mode is purely reactive in nature (as has been found for the

phase matrix elements).

The modal characteristic impedances are also illustrated in Figures 9.11 and 9.12.

9.4 Discussion on Modelling of Catenary Systems

To illustrate that the techniques used to determine the electrical characteristics of the
three rail system are applicable to any rail track configuration, a catenary electrified rail
track has also been examined. The fundamental measurement data had been published
elsewhere [185] for the Skawina—Chabowka Railway line in Poland. These were used to

provide dimensional information and ground conductivity data for modelling of the track
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system, allowing the track characteristics to be evaluated and certain results compared

with published measurements.

The phase characteristics have been determined for two values of (constant) ground
conductivity. These values represent the maximum and minimum values found on the
Skawina—Chabowka Railway line. Hence upper and lower bounds have been established
for the track characteristics. The results of the numerical modelling have been presented
in Figures 9.1 to 9.4. They are in the form of magnitude and phase since some of the
catenary to rail admittances are reactive only. This representation clearly indicates this
feature. The catenary capacitance is approximately 11 nF/km and the catenary—to—rails
inductance is approximately 1.4 mH/km which are in agreement with the published work

[189).

As is to be expected, the results show similar features to the three rail system in that
the impedance magnitudes are comparable. The rail-to—rail admittances are also very
similar to the three rail case. Differences in these results for the two track configurations
(i.e. three rail and catenary systems) is accounted for by the method of modelling the
ground conductivity and the values of ground conductivity used. In the catenary case,
the model for ground conductivity is uniform (following the published data) and the

values are taken for the Skawina—Chabowka Railway.

A major deviation between the two systems occurs with the power feed conductor. The
power rail has approximately comparable characteristics to the two running rails, as
described earlier. In this chapter, for the catenary system it has been shown that the
admittance is not only smaller than for the rails but is almost completely reactive in
nature. As stated above, this is in full agreement with the characteristics of the practical

circuit.
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The modal data for the catenary system have also been evaluated and are given in
Figures 9.5 to 9.12. It can be seen that the differences in the phase data cause marked
changes in the modal information. The variations in range of the individual propagation
constants (Figure 9.5 to 9.6) is smaller when compared with the three rail system and
the separation between mode 1 and modes 2 and 3 is larger. This feature is not clearly
seen in the modal impedance matrix element values but is a dominant feature of the
modal admittance matrix elements. This is carried over to the characteristic impedance

matrix elements in Figures 9.11 and 9.12.
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Chapter 10

Discussions, Conclusions and Further

Work

10.1 Summary and Scope of Thesis

This thesis has outlined the need for numerical simulation of electrified rail track. A
review of the basic operation of traction power feed systems and drives, together with
signalling and control techniques commonly used has been provided. An important
application of the work is the problem of E.M.I. between track signalling, power supply

and traction systems.

A brief comparison between circuit representation methods for the rail track was made
and a multimode transmission line analysis was chosen as a suitable approach. A de-
tailed examination of the necessary simulation technique and selection of a suitable

solution method has been given. The main benefits of the modal approach are

* For systems with parallel electric tracks, simulation with coupled transmission
lines is advantageous. The use of modal analysis allows each transmission line to
be decoupled from the others. This implies less computational effort is necessary to
calculate system performance than for a fully coupled circuit in the time domain,
especially when considering mutual impedance and admittance coupling between

all rails of all tracks.

* The use of modal analysis involves the simulation package constructing equivalent
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single phase lines and assigning to each a specific travel time delay. A conventional
lumped representation would require many transmission line 'T* and "PI’ sections
to suitably represent long multiconductor lines. This would involve the setting
up of very large conductance matrices with significant penalties in computational

effort required for inversion and storage.

* An extra overhead when using the multi-mode method is the
tween phase and modal quantities. However, this is achieved by a once-only
domain transformation which requires limited computational effort. Appendix H
illustrates the code used to produce all the required output for the simulation

using the Mathematica mathematical analysis package [192].

For an accurate track simulation, precise evaluati_o? of the electrical track parameters
is essential. The starting point is the track phase impedances and admittances; consid-
erable effort was expended in deriving these values. A significant part of this thesis has
been the identification of suitable methods for the evaluation of track electrical param-
eters, so a review of measurement methods, together with the numerical and analytical
techniques required to implement and extend them, was made. A full understanding
of physical processes determining both the phase and modal values has been obtained.
Their expression as matrix elements is convenient since transformation between phase

and modal domains is then straightforward.

Several complementary techniques have been used to determine these phase quantities.
As part of a practical approach to the parameter identification, a series of experimental

methods have been developed. In summary these are:-

* Discontinuous rail measurements to directly determine the phase admittance ma-

trix elements for a two (running) rail system.
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One

Inter-rail admittance measurements (for a three rail configuration), the results of

which yield the phase admittance of the power conductor (after some processing).

Isolated rail measurements, developed so that internal impedance of traction rail
can be determined directly. This has included a.c. signals and small signals

superimposed on d.c.

The use of triple short-circuit rail measurements to provide phase impedance

matrix element values (after some processing).

of the main complications of the determination of the phase matrix elements is

that the true system earth plane is remote and so not available for inclusion in the test

procedure. The techniques shown above have been developed such that the elements

can be determined without connection to this earth plane.

To ensure that the experimental results provide accurate data, the results have been

compared with analytical and numerical methods. These methods rely on accurate

material properties and these have been determined for both conductors and track bed.

Hence further experimental techniques have been used to identify these material data.

In summary:-

Measurement of rail magnetic material to obtain values of permeability as a func-

tion of current and frequency.

Measurement of rail conductivity

Development of test procedures and subsequent data analysis methods to deter-

mine the conductivity of the track bed as a function of frequency and depth.

These material data have then allowed analytical and numerical methods to be used for

validation of the experimental results.
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The analytical approach, based on the Carson-Pollaczek equations, provide reasonable
agreement for many cases of series impedance matrix elements. However it has been
shown that in certain circumstances agreement is not good. This is due to a number
of reasons. Since the conductor shape is not accounted for, the series resistance tends
to be inaccurate at high frequencies. Also the equations have been developed for power
system analysis and do not cope with conductors having leakage to ground. Hence in
some cases the analytical methods show divergence from experimental results. As this
did not occur with the numerical methods, the analytical techniques are considered to

be unreliable for certain conditions.

As a third approach to parameter evaluation, the F.E.M. analysis of the rail track sys-
tem, in two dimensions, has been fully analysed. It has been shown that this numerical
method provides a consistent accurate technique for track electrical parameter calcula-
tion. This offers a very cost effective means of providing phase matrix data compared
with extensive experimental testing. These data are then processed into modal matrix

information for simulation studies.

Since the processing of phase data to modal information has been shown to be achiev-
able at moderate computational cost, the modal transmission line analysis provides an
efficient method of multi-track simulation. The computational cost diminishes, as the
number of tracks (or rails) increases when compared to traditional “PI” or “T” circuit

analysis methods.

The application of the F.E.M. technique for phase analysis combined with the modal
transmission line simulation offers signalling and traction engineers a powerful set of
computational tools for system design. This is especially the case when the simulator

permits external circuit elements to be added to the model. XX
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10.2 Main Achievements

The novel aspects reported in the thesis are concerned with the evaluation of rail track
impedance and admittance together with the use of the data within circuit simulation.
The main areas of novelty have been (or are in the process of being) publishedl and

arc:-

e Development of a practical model to account for hysteresis in rail steel using a
complex permeability approach, including a supporting measurement technique.
The model has been successfully applied to internal rail impedance which is non-
linear with frequency and current. Papers 2,3,4,7 and 9 in Appendix I have been

published on this topic.

* A method to measure soil conductivity as a function of depth and frequency
has been developed, together with a method to obtain track self and mutual
conductance from the results. Paper 15 has been accepted for publication on the
topic and the results of the method have been used in papers 1, 5, 6, 10, 13 and

14 in Appendix L.

* F.E.M. modelling ofrail track admittance and impedance, using software packages
with confirmation of the results experimentally and/or from analytical theory.

F.E.M. is the subject of papers 6, 10, 11, 13 and 14 in Appendix L

* A contribution to the development of an in situ measurement technique for track
impedance and admittance using a transmission line approach. Paper 12 in Ap-

pendix I has been published on this topic.

1Papers 1 to 12 in Appendix I have been published and papers 13 to 16 have been accepted for

publication.



» Use of the impedance and admittance values in a modal transformation to derive
modal data. Included here is a demonstration of how the modal results can be
used in a circuit simulation package to model track circuit operation and further
applications in modelling E.M.I. propagation between signalling, power supply
and traction systems has been given. Paper 8 in Appendix I has been published

on this topic.

10.3 Further Work

Although the project described in this thesis has successfully demonstrated methods of
obtaining accurate modal data from electrified rail track simulation, several avenues of

further work have been identified.

* An independent method of evaluating ground permittivity would further confirm
that the F.E.M. models provide accurate data for the reactive part of the ad-
mittance matrix elements. Although some time and effort has been expended in
attempting this, the conductivity of the ground has always dominated the mea-

surements in the frequency range of interest.

+ Examination of multi-track simulation would be of further interest as a develop-
ment (rather than a research topic). Comparison with practical data, i.e. experi-
mental results or system performance criteria, would give further confirmation of

the accuracy of track data and simulation method.

* A full study of the flat bottom rail (as a conductor) has been given in this thesis.
However many more recent rapid transit systems use novel and varied rails, track

bed configurations and power feed conductor types. These variants could form the
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basis of a further study to examine the influence of such modifications on system

performance.

A large variety of traction drives and control circuits should be examined to gaina | ~

wider appreciation of their influences in the problem of EMI into signalling circuits, j* >"
This should be coupled with the simulation of active power supply systems to allow /

regenerative breaking schemes to be simulated.

Following the experiences of using power system software for electrical track sim-
ulation, it is felt that more efficient algorithms could be developed. This implies
that there is a requirement for writing original software, dedicated to rail-track
performance simulation. This would be a longer term aim in the category of

further work. \Y%

9
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Appendix A

Modal Analysis of a Multi—wire System

For a two wire system with remote (or common) ground, where each wire (7) has a self
impedance per unit length of Z;; and a mutual impedance per unit length between wires
of Z;;, as shown in Figure A.1, it is usual to express the voltage relationship in terms

of the distributed components as

0Vi = —(ZiLibzx + Z;;1;67) (A.1)

where

I; and I; are the currents in wires ¢ and j.

In the limit, as éz — 0

_6 '. d " — .. . . .
b — e —(ZuIi + Zi;1;5) (A.2)
In matrix form
d[V]
b P RPN /41N § .
= -zl (A3)

where, for a two wire system

Z1 Zn
(2] =
Z12 Za
W
[V]=
Va



(1=

In a similar manner, the currents in each conductor (%) are related by

A - v

dz
where
Yiu Yy
Y] =
Y12 Yo
Yie=Ya + Y2
Ym = _Y12

(A4)

Y. is the admittance per unit length to ground of conductor i.

Y,. is the mutual admittance between conductors.

The quantities in these equations relate directly to the physical system and are called

the phase values. Similarly the expressions are termed the phase equations.

Substituting Equation A.4 into A.3 gives

2| Zn Zn Y

dz?
V2 Zy2 Zp Y12

Substituting Equation A.3 into A.4 gives

a2 | h Yiu Ya Zn

I Y12 Yo Z12

If [A] = [Y].[Z] then, in matrix form

d2

(V] = [A]"[V]

Yy Vi

(A.5)
Y2 Va2
Zn L

(A.6)
Zag I,

(A7)



I (z) I (z 4 6z)
Z12 Ym
2
L (z) ) I (z + 6z)
Vi (z) Vi (z) + 6z
Va (2) e Yz Va (2 + 62)
gnd
Figure A.1: Distributed Circuit Representation of a Two Wire Line
and
d2
210 = ALY (A8)

Since [A] = [Y][Z], it is unlikely to be a diagonal matrix. Hence the currents and
voltages in any conductor are dependent on the currents and voltages in any other
conductor. For efficient computation, it is beneficial to decouple the equations. Using
the theorem of Similar Transforms, it is possible to develop a diagonal matrix A such

that

[A] = [Y][Z] = [T]" " [A)[T)” (A.9)

where



Az
A is a diagonal matrix of eigenvalues or modes i.e.

0 Am

An = 7.2, the propagation constant of node n.

T is an eigen or modal transformation matrix given by T = [T1T2...Tp...Tm]

T'n,l

Tn2
and Ty =

Tnm
Hence

[A] = [TT[A)TIT = [T Y)Z)T)T ™ (A.10)

To use this decoupled matrix, the transmission line equations are written in terms of

modal quantities

v = [z (A1)

and

27 = [Y™)v™] (A.12)

where the superscript m indicates the modal quantities. This gives

2
ZelV™] = (2P V™ = (A (A13)
and
d2
3" = [Y™)[Zm[I"] = (Al (A.14)
This shows that
[Y™[Zz™] = [A] = [T]A]IT]T = [T)1Y)2Z)T) T (A.15)

4



To decouple the phase matrices, it can be seen that

[Y™)[z™] = [T/ [Y)[T)[T] " [Z][T)" (A.16)
giving
[Y™] = [T [Y][T) (A7)
[z = [T~ [Z][T]" (A.18)
("] = [T}7[1] (A-19)
V™) = [T] V] (A-20)

From the definition of the eigenvalue equation

(IY1(2] - %[U]) T: = 0 (A.21)

The non—trivial solution of this exists only if
[Y][Z] - {U]|=0 (A.22)

or

[A]-A[U]| =0 (A.23)



Appendix B

Theoretical Calculation Of Internal

Impedance

The theoretical approach to the calculation of internal impedance is based on the as-
sumption that the conductor is circular. It is then possible to develop an expression
for impedance per unit length of an isolated conductor. This is termed the internal

impedance. The analysis also assumes that no saturation occurs.

Figure B.1 shows an isolated conductor, of circular cross—section, in which the current
flows in the 2 direction, along the axis of symmetry of the conductor. Hence the magnetic

field strength is in the ¢ direction.

At radius r

27r1‘H¢=/ 2nrJ, (B.1)
0

Differentiating with respect to r gives

dH H
=+ = (B.2)

Differentiating again

dH? 1dH _dJ,

drz " ridr  dr

(B.3)

The e.m.f. induced at r by flux inside conductor is given by the difference between the

resistance drops at r and a.

1 d o,
(s = To0) = _E/, u* Hydr (B.4)
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Figure B.1: Current and Magnetic Field of Isolated Conductor

where J,, is the current density at the surface.

1dJ: _ .dHs

cdr M
Assuming sinusoidal signals

1d4J, . .,

o ar ~Iword

From Equation 4.3
d’H 1dH 2

ar t g (e

+HE =0
T

2 _ 4 *
where aZ;,.. = jwop

Hence

H = ALg(acirer) + BK18(0ircT)

At r = 0, H must be finite, thus B =0

(B.5)

(B.6)

(B.7)

(B.8)



Atr:a,Ho— thllSA— m

where I is the total current in the conductor.

Hence
= I IlB(aci'rc"') (B.g)
2na 1 B(0irca)
and from Equation (4.2)
I dIlB(amcr) ]
- ci B.10
~ 27a IIB(ac"ca) IlB(a re) ( )
dIlB(acircr) = Qire dIlB(acircr) (Bll)
dr d(agirer)
= Qirc [a [IIB(aczrcr)] + IOB(aCH‘Cr)] (B12)
CZTC
Thus
acirc-[ IOB(acircT)
= B.1
z 2ra Iy p(acireT) (B.13)
and with J, = oF, we have
. -Elr:a Qcire IOB(acirca)
= = B.14
B+jX I 2nao I g(acirca) ( )
Since a2, « p* and p* is a function of H then acirc = f(I). To evaluate p* and hence

Qcirc, the values obtained from the material tests are used. The conductivity values

obtained in Section 3.1 are also used here.

Hence
Zeire = f(w,a, T a’) (B'1‘5)

and

pr = f(H) = f(I) (B.16)

The particular value of permeability varies through the material (with magnetic field

strength) and a mean value is chosen as described in Section 4.2. For any particular
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rail, a suitable equivalent radius aeg must be obtained, in order to evaluate zcirc. At

very low frequencies, the cross-sectional area of the rail can be used, that is

rail cross section = iraeq2 (B.17)

However, for the majority of cases (see Section 6) where the frequency is above approx-
imately 20Hz, theskineffect due to the eddy currents limits themaincurrent path to
the perimeterof the railcross-section. Hence the perimeter may beusedto evaluate
an equivalent radius by

rail perimeter = 2iraeq (B.18)

For any particular rail

Zdre = [(<*>)) (B.19)

Both ¥ and I may vary due to signal modulation and E.M.I. Thus the impedance varies
with both for any particular study. This implies a continuous range of values of zcirc is

required.

yviC 57



Appendix C

Geometric Mean Distances and

Inductance

As described by Grover [177], when calculating the mutual inductance of two parallel
conductors with large separation distance compared to their cross—section dimensions,
it is possible to replace the actual conductors with filaments for calculation purposes.
The computed result will have small errors. These are associated with the relative sizes
of separation and cross—section dimensions. The distance between filaments for this
calculation is the Geometric Mean Distance of all points in the cross—section of one of

the conductors to those points in the other conductor.

Grover also discusses the same principle applied to self inductance of a long straight
conductor. It is equal to the sum of the mutual inductances of all pairs of filaments
making up the cross—section. From this argument, it can be seen that the self inductance
of a rail is equivalent to the mutual inductance of two straight filaments, spaced at the
geometric mean distance of all the cross—section points from each other. The cross—
section must be interpreted from the actual section taking part in conduction. Allowance

must be made for skin effect.

Evaluation has been carried out using computer methods as the algorithm inherently
requires repeated calculations of separate points. Grover states that the mutual induc-

tance of two filaments is given by:-
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21, Reup 1Remp?
M = 0.002 _— - _ =
0.0021; |log. Rento 1+ 1, i lt2

+... (C.1)

where

l; is the filament length

Reaump is the GMD of the conductor

11



Appendix D

The Solution of the Composite
Measurement Technique in Terms of

Measured Line Voltages and Currents

The solution referred to in Chapter 7 is developed by combining Equation 7.8 and 7.21

to give

Vai'(0) BER ae~"eT 4 peYe® 3z 11 1,;(0) (D.1)
= g .

Vii' (0) 11 ce M 4 dem® 1 1 || Li0)

Using Equations 7.22 to 7.25 and rearranging,

el _ [L+k1(Z1i +22.))(1 - 2k1Z48:) (D.2)
1= ki(ZLi + 22.)](1 + 2k1Z aBi) )
and
2wl _ (11 Ziik2)(1 ~ 2k2Zcpi) (D.3)
(1= Zrik1)(1 + 2k2Zcpi) )
where

L VLi'(04+V,i'(0

ZaBi = 2[1;1(0' ﬁ"ﬂ,, 0)] ~ Ze
L Vai!(0)=V3,;' (0

Zopi = 2[1,(0)=1,(0)]

Equation D.3 may be solved for k; by equating the value of e2"L for two values of load

(¢ = 1,2). The result is

(Zr2 - Z11) + 2(Zepr — Zep2)

ko =
2 2[Z11Z12(Zcp1 — Zep2) + 2Z¢ep1Zep2(ZL2 — Z14))

(D.4)
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Substituting k; into Equation D.3 then gives 45. By similar substitution of ¢ = 1, j into

Equation D.2, the value of k; becomes

(Zr; — Z11) + 2(ZaB1 — Z aB;j)

k=% D.5
! 2((Zr1 4+ 2Z.)(ZL; + 2Z.)(Z a1 — ZaB;) + 2ZaB1ZBj(ZL; — Z11)] (D-5)
By setting j = 2, 3, the resulting solutions for k; may be equated, yielding
2 _
Zez_G:I:\/(G 4FH) (D.6)

2F

where

F =2(22,26Z3 — 273623 + 2136213 — Zp36Z132)

G = 2[Zp2(Z13+Z11)6 23— 2p28 Z1.3(Z 1+ Zg3)— Zp3(Z12+ Z11)0 Zo+ Zp36 Z12( Z g1+ Zy2))
H = Z11(Z22136Z3 — Zp32126Z3) + 2Z41( 2432020 Z13 — Zg2236Z12)

Zpi = 621, + 26Z; (j = 2,3)

6Z1;=2Z1;— Z11 (1 =2,3)

8Z; = Zap1 — ZaB; (5 = 2,3)

— Vai'(0)4Vui'(0) ¢
Zgi = TAQEIAQ (:1=1,2,3)
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Appendix E

The Use of F.E.M. in Rail Track

Electromagnetic Analysis

The application of an F.E.M. package to the analysis of the electromagnetic properties
of a system is well-known and well documented. Only example references are cited here
[186], [179], [187], [188]. Hence only a summary of the processes involved are given here,

with specific reference to rail-track where applicable.
The Equations to be Solved

The field equations to be solved may be summarised as :—

VD = p (El)

VB = 0 (E.2)
0B

VXE = ——3—t (E3)

VxH = J (E.4)

where J is made up of source currents (Js) and eddy currents (cE)

with the material properties being defined as

D = ¢E (E.5)

B = uH (E.6)

In the electrostatics case, it is less complicated to solve for a scalar potential V rather

14



than a vector potential E. From

E=-VV (E.7)

then it follows that the equation to be solved is

—V.eVV =p (E.8)

Although the magnetostatics case can be developed in the same way, in order that
dynamic solutions can be obtained, i.e. including eddy currents, a continuous vector
potential is required. The magnetostatic solution is then simply a special case of the

electromagnetic problem.

In the electromagnetic case the vector potential is defined as

VxA=B (E.9)
since
VxH = Jg+0E (E.10)
= Jg— a%—? (E.11)
then the equation to solve is
V x ll‘(v x A)=Jq - a%—? (E.12)

Fortunately, in two dimensions, only the z-component of A is required, as the other
two components are assumed to be constant in the model space. This simplifies the

implementation procedure.

Building the Models

The process of modelling a physical system using the Finite Element Method, may be

considered as series of conceptual modelling steps:—
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1. Determination of the physical model requires the relevant features of the physical
system to be identified. These would include the geometry, material properties and
excitation of the actual system. Dimensions, permeabilities, permittivities, con-
ductivities, conductor (source) current densities and driving voltage magnitudes

and waveforms must be known.

2. This information, contained in the physical model, is refined to what is often
termed the geometric model. This is a simplification process where only the
features, relevant to the particular analysis, are included. For example, in an
inductance calculation, permittivity is not required (or it is assumed to be unity).
Alternatively, to determine the capacitance between two rails, the permeability is

of no interest.

Other considerations include boundary conditions. The boundaries must be cho-
sen to provide a suitable shape, function condition and distance so that a meaning-
ful and accurate solution is obtained. To ensure that the far field boundaries are
a sufficient distance away from the rail track, two different boundary conditions
have been used, know as the Neumann and Dirichlet conditions. The former, also
known as the natural F.E.M. condition, sets the normal derivative of the potential
to zero; the later sets the potential to zero. If the solutions from the two condi-
tions provide results which agree with each other, to within an acceptable error,

the boundary is deemed to be an acceptable distance from the track!.

3. The geometric model may still contain redundant information, especially in the
case of the problem symmetry. Hence a mathematical model is constructed which
may not obviously relate to the physical system. Here, use is made of symmetry

in the system geometry. For example, when analysing a single rail, only half

1The true solution lies somewhere between these two extreme solutions
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the cross—section needs to be modelled i.e. the geometry has a vertical line of

symmetry.

Other examples of redundant information include conductors, in electrostatic anal-
ysis. Since permittivity, ¢ — oo in conductors, they are omitted from the mathe-

matical model (although their outline is required).

Other mathematical considerations are also included here. Since the potential is
related to the field by:-

B=VxA (E.13)

the potential does not have an inherently unique value. Hence the potential must

be set at a minimum of one point one point in the model, e.g. on a boundary.

. Once the mathematical model is formed, it is discretised into a numerical model.
The number of elements which can be used is limited by a practical limitation
in computational effort. Hence more sophisticated models may be used when
computer power is increased. To obtain a suitably accurate result, more elements
are required in regions of rapidly changing fields. The error of the solution is
proportional to h? where h is the largest dimension of the element. In addition,
the elemental interpolation method may be improved by changing from linear to

quadratic, although the computational effort will increase.

To illustrate this in a simple form, consider the process for a one dimensional case.

A function $, shown in Figure E.1, is to be approximated by a polynomial.

Let the polynomial be first order i.e.

®=a+bs (E.14)

where a,b are coefficients; higher order polynomials can be used. In local coordi-
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global coordinates (s) sl 22

local coordinates -1 B

Figure E.1: A 1-D Function

nates

®, =a+d

This gives

a = fi(®1,%2)

b = fo(®1,92)
In this case

a =3(d1+ &)

= —3(%1 - &2)

Between ®; and ®; the function is approximated by

¢ = f1(<I>1,(I>2) + f2(Ql9Q2)

which can be rewritten as

® = N®;, + N2®,

18
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(E.16)

(E.17)

(E.18)

(E.19)

(E.20)

(E.21)

(E.22)



where N; are the shape functions

Ny, =a+fs (E.23)
Ny, =7+ 2s (E.24)
At a discretised point (node i),
N, =1 (E.25)
N; =0 (E.26)
j #1 (E.27)

So the finite element method is a linear (or higher order) approximation of ® as it
varies with s. To maintain good accuracy, in regions of rapidly changing fields, dis-
cretisation should be greater (see Figure E.2-a) and quadratic approximation may
be used (see Figure E.2-b). Both techniques will require additional computational

effort.

In the 2-D case, the same principles are used as for the 1-D case. Global and
local coordinates are set up. This is illustrated in Figure E.3, for element number

6.

The function is now approximated by a linear interpolation in two dimensions

VU =a+bz+cy (E.28)

In local coordinate notation, it can be seen that the function at each vertex is

Uy, =a+bry+ecypy (E.29)
Uy, =a+bzy+cy (E.30)
Vs =a+bzs+cys (E.31)
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(a) Selective Increase Discretisation

Quadratic interpolation

Linear interpolation

(b) Quadratic Interpolation

Figure E.2: Consideration of Rapidly Changing Fields

Figure E.3: Discretisation of 2-D Problem Space
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which may be solved to give

a = fl(\I’l, ‘1’2, \1’3) (E32)
b = fo(¥q, ¥y, Us3) (E.33)
c = f3(\I’1, \1’2, \Ifg) (E34)

As with the 1 — D case, shape functions may be used
3

U = Ny + No¥s + Na¥3 =) N, (E.35)
1

where generally

N;=v; +mz+ Gy (E.36)

Again, at node 1, N; = 1 with N, = N3 =0

5. Finally the functions approximating each discretised element of the model are
brought together and a series of matrix equations are formed. The structure of
these matrices is such that elements sharing vertices are related. The solution of
the problem is now reduced to the solution of these large sparse matrices. The
exact method chosen to solve these equations differs from package to package.
However, the methods are well known and well documented in standard mathe-

matical texts on the subject. Typical references are given here [190], [191]

It is usual to use the F.E.M. packages commercially available to model the electromag-
netic (including magnetostatic) and electrostatic cases. However, the physical process of
conduction is mathematically similar to these. This has allowed the F.E.M. software to
be used to not only determine the series rail impedance and inter-rail capacitance but

also the inter-rail conductance. The basic duals of the equations are given in Table E.1.
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Table E.1: Finite Element Duality Equations in Two Dimensions

Electromagnetic Conductivity Electrostatic Comment

VH =0 VJ =0 VD=0 Divergence Constraint
H=uB J=0F D=¢E Material Properties Relationship

B=VxA E=-VV E=-VV Potential Relationship

% o £ Material Properties
[ HBds [ EJds [ EDds Energy/Power Integral
=1L = GV? =1cv?
V(%VA) =0 -VoVV =0 ~-VeVV =0 Static Governing Equations
V(%VA) =J, - 0‘%1 -VoVV = —p%‘ Dynamic Governing Equations

Table E.2: Sample Results for Internal Rail Impedance at 50 Hz

Excitation F.EM. Analytical Experimental

Current (A) | L (uH/m) R (mQ/m) | L (pkH/m) R (m® /m) | L (uH/m) R (m/m)

800 0.672 0.231 0.670 0.220 0.635 0.252
900 0.647 0.233 0.705 0.228 0.641 0.259
1000 0.615 0.235 0.719 0.233 0.644 0.263
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Appendix F

E.M.T.D.C. Transmission Line Data

The data format for the transmission line model used in E.M.T.D.C. starts with a line:-
Np N1 SSN RSN fp fs L

and n lines in the following format (where n is the number of phases)

Ntx Nrx tc Zmo Rp Rs [Tim] [Tvm]

where

Np is the number of phases

Nl is the transmission line label

SSN is the Sending end subsystem number
RSN is the receiving end subsystem number
fp is the power frequency

fs is the signaling frequency

L is the transmission line length

Ntx is the sending end node number

Nrx is the receiving end node number
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tc = 7 is the travel time (ms)

Zmo is the modal characteristic impedance

Rp power resistance

Rs signalling resistance

[Tim] Row of current modal transformation matrix

[Tvm] Row of voltage modal transformation matrix

As an example consider a third rail electrified line for a frequency of 1800 Hz

301250 1800 20 /
11 0.8618 60.0 0.9938 25.0 0.001 -0.510 -0.085 /
2 2 0.2055 36.0 0.0494 -0.5 0.707 0.815 -0.660 /

3 3 0.3492 17.0 0.0273 2.3 0.710 -0.240 0.740 /
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Appendix G

The Dimensions of the Third Rail and

Catenary Systems used in Analysis

The dimensions used for the analytical and numerical analyses are given in the following

diagrams.
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Figure G.l: Third Rail System Dimensions
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Figure G.2: Catenary System Dimensions
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Appendix H

Methods of Phase Parameter Analysis

There are a number of approaches to performing the analysis on the phase matrix
elements to determine the modal quantities for simulation studies. The main task is to
calculate the eigenvalues and vectors of the phase matrices from which the modal data
is obtained. In this study two standard numerical algorithms have been used. The NAG
library of mathematical subroutines had been used initially. However a more modern

software package - “MATHEMATICA” - was adopted later.

Sample results from each were compared as a validation of accuracy between the two
sets of software. There was found to be negligible difference in the results. However, the
use of MATHEMATICA has been found to be far less time consuming, and has been

used for most of the analysis required.

A sample algorithm is given below and it can be seen that the code is easily extendable
to a larger number of conductors (rails, catenary etc.). In addition, the computational

effort required is also negligible compared to simulation time.

<<Algebra/Relm.m
zdata=OpenRead["zvals.hi"]
znrows=Read[zdata, lumber]
zncols=Read[zdata, lumber]
zimax=(zncols-1)/2
Do[zfreq[j]=Read[zdata, lumber];
zz=Table[z[i]=Read[zdata, lumber] +
Read[zdata, lumber] I, {i, zimax}];
zp[jl={{z[1], z[2], z[2]}, {z[2], z[3], z[4]>, {z[2], z[4], z[3]»,
{j.znroHS>]

Close[zdata]
ydata=OpenRead["yvals.hi"]
ynrows=Read[ydata, lumber]
yncols=Read[ydata, lumber]
yimax=(yncols-1)/2
Do[yfreq[j]=Read[ydata, lumber];
yy=Table[y[i]=Read[ydata, lumber] +
Read[ydata, Number] I, {i, yimax}];
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yplil={{y[ll, y[4], y[4]>, {y[4], y[2], y[3]>, {y[4], y[3], y[2]»,
{j,ynrows}]

Close[ydata]

Dofla[i]=yp[i] . zp[il;

{ V¥ als[i],vecs}=Eigensystem [a[i]];

Tl=vecs[[l]];

T2*vecs[[2]];

T3=vecs[[3]];

IffAbs[TI[[1]]] > Abs[TI[[2]]], Tlmaz = T I[[1]], Tlmax = TI[[2]]];
If[Abs[Tlmax] > Abs[TI[[3]]], dummy = Tlmax, Tlmax = TI[[3]]];
IffAbs[T2[[1]]] > Abs[T2[[2]]], T2max = T2[[1]], T2max = T2[[2]]];

IffAbs[T3[[1]]] > Abs[T3[[2]]], T3max = T3[[1]], T3max = T
IffAbs[T3max] > Abs[T3[[3]]], dummy = T3max, T3max = T3[[3
Tlmod = Conjugate[TIlmax] TI;

T2mod = Conjugate[T2max] T2;

T3mod = Conjugate[T3max] T3;

Tim = Transpose[Tlmod] . Conjugate[TImod];
T2m = Transpose[T2mod] . Conjugate[T2mod];
T3m = Transpose[T3mod] . Conjugate[T3mod];
Tlmat = (1/Sqrt[Tim]) Tlmod;

T2mat = (1/Sqrt[T2m]) T2mod;

T3mat = (1/Sqrt[T3m]) T3mod;

TT[i] = {Tlmat, T2mat, T3mat};

T[i] = Transpose[TTI[i]];

yml[i] = Inverse[T[i]] . yp[i] <« Inverse[Transpose[T[i]]];
zm[i] = Transpose[T[i]] . zp[i] . T[i];

zol = Sqrtfzm [i]J[[LI]]/(ym [i][[1,1]] 10%-3)];
zo2 = Sqrt[zm [i][[2,2]]/(ym [i][[2,2]] 10“-3)];
203 = Sqrt[zm [i][[3,3]]/(ym [i][[3,3]] 10%-3)];
zo[i] = {{zol}, {zo2}, {zo3}};

zoalt[i] = {{Abs[zol], (Arg[zol] I[180/Pi])>,
{Abs[z02] , (Arg[zo2] I[180/Pi])>, {Abs[zo3], (Arg[zo3] 1[180/Pi])»

, {i, znross}]

results = OpenWrite["modal.hi.res", FormatType -> OutputForm]

W riteString[results, "Eigenvalues/vectors of Catenary (Conductivity = 0.076923 S/m) \n"]
W riteString[results, " \n"]

Do[VriteString[results, "freq (Hz) ="];

W rite[results, zfreq[i]];

W riteString[results, " \n"];

W riteString[results, " \n"];

W riteString[results, " \n"];

W riteString[results,"Eigenvalues \n"];

W riteString[results, " \n"];

W rite[results,SetAccuracy[M atrixForm [vals[i]], 5]1;

W riteString[results, " \n"];

W riteString[results, " \n"];

W riteString[results, " \n"];

W riteString[results,"Eigenvectors\n"];

W riteString[results," \n"];

W rite[results,SetAccuracy[M atrixForm [T[i]], 5]1;

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results,"M odal Admittance M atrix\n"];

WriteString[results," \n"];

W rite[results,SetAccuracy[HatrixForm [ym [i]], 5]];

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results,"M odal Impedance M atrix\n"];

W riteString[results," \n"];

W rite[results,SetAccuracy[M atrixForm [zm [i]], 5]] ;

2
If[Abs [T2max] > Abs[T2[[3]]], dummy = T2max, T2max = T2[[3]]];

3

1

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results," \n"];

W riteString[results,"M odal Characteristic Impedance Matrix (Conductivity = 0.076923 S/m) \n"];
W riteString[results," \n"];

W rite[results,SetAccuracy[M atrixForm[zo[i]], 5]] ;

W riteString[results," \n"];

W riteString[results," \n"];
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W riteString[results," \n"] ;

W riteString[results," \n"] ;

W rite[results,SetAccuracy[MatrixForm [zoalt[i]], 5]] ;
W riteString[results, " \n"];

W riteString[results, " \n"] ;

W riteString[results, " \n"];

W riteString[results, " \n"] ;

W riteString[results, " \n"] ;

, {i, znrows}]

Close[results]

Dof[vals[i] = vals[i]*10;

gammaA[i] = {{zfreq[i], Abs[Sqrt[vals[i][[1]]]],
Arg[Sqrt[vals[i][[1]]]]/1[Degree],

Abs[Sqrt[vals[i][[2]]]], Arg[Sqrt[vals[i][[2]]]]/m[Degree],
Abs[Sqrt[vals[i][[3]1]]1],

Arg[Sqrt[vals[i][[3]]]]/m[Degree]>>;

gammaB[i] = {{Sqrt[vals[i][[1]]],

Sqrt[vals[i][[2]]],Sqrt[vals[i] [[3]]]}},

{i, znrows}]

propcon* OpenW rite["propcon.hi.res", FormatType -> OutputForm]

W rite[propcon,"Propagation Constants (Conductivity = 0.076923 S/m)\n"]
W riteString[propcon," \n"]

W riteString[propcon,"freq (Hz) gamma (per m 10“-5)\n"]
W riteString[propcon," \n"]

Do[Write[propcon, HatrixForm[gammaAT[i]]], {i, znrows}]

W riteString[propcon," \n"]

Do[Write[propcon, HatrixForm[gammaB][i]]], {i, znrows}]

]
]
]
]

Close[propcon]
Do(
zmoutA [i] {{zfreq[i], Abs[zm[i][[1,1]]],

Arg[zm[i][[1,1]]]/I[Degree],

Abs[zm[i][[2,2]]], Arg[zm[i][[2,2]]]/I[Degree],

Abs[zm [i][[3,3]]],

Arg[zm[i][[3.3]]]/*[Degreel}},

{i, znrows}]

zmodal* OpenWrite["zmodal.hi.res", FormatType -> OutputForm]
Write[zmodal,"Hodal Impedance Matrix Elements (Conductivity = 0.076923 S/m)\n"]
W riteString[zmodal," \n"]

W riteString[zmodal,"freq (Hz) Impedance (ohms/m)\n"]

W riteString[zmodal," \n"]

Do[Write[zmodal, SetAccuracy[HatrixForm[zmoutAT[i]], 3]1], {i, znrows}]
Close[zmodal]

Do[

ymoutA[i] = {{zfreq[i], Abs[ym[i][[1.1]]],

Arglym[i][[1.1]]]/*[Degree],

Abs[ym[i][[2,2]]], Arg[ym[i][[2,2]]]/m [Degree],

Abs[ym [i][[3,3]]],

Arglym[i][[3.3]]])/I[Degree]}},

{i, znrows}]

ymodal= OpenWrite["ymodal.hi.res", FormatType -> OutputForm]
Write[ymodal,"Modal Admittance Matrix Elements (Conductivity = 0.076923 S/m)\n"]
WriteString[ymodal," \n"]

W riteString[ymodal,"freq (Hz) Admittance (micro-siemens/m)\n"]
W riteString[ymodal," \n"]

Do[Write[ymodal, SetAccuracy[MatrixForm[ymoutA[i]], 3]], {i, znrows}]

Close[ymodal]
Do [
zoaltA [i] {{zfreq[i], zoalt[i] [[1,1]],

zoalt [i] [[1,2]],
zoalt[i][[2,1]],
zoalt[i][[2,2]],
zoalt[i][[3,1]],

zoalt[i][[3,2]]}}, {i, znrows}]

zmo = OpenWrite["zmo .hi.res", FormatType -> OutputForm]

Write[zmo,"Modal Characteristic Impedances (Conductivity = 0.076923 S/m)\n"]
W riteString[zmo," \n"]

W riteString[zmo,"freq (Hz) Impedance (ohms/m)\n"]

W riteString[zmo," \n"]

Do[Write[zmo, SetAccuracy[MatrixForm[zoaltA[i]], 4]], {i, znrows}]
Close[zmo]

Do [

zpoA[i] = {{zfreq[i], Abs[Sqrt[zp[i][[1.1]]/(yp [i][[1,1]] 10*-3)]],
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Arglzp[il[[1,111/(2 yp[il[[1,11])]1/I[Degreel],
Abs[Sqrt[zp[i][[2,2]1/(yp[i][[2,2]] 10*-3)]],
Arglzp[il[[2.,2]1/(2 ypl[i][[2,2]])]/m [Degree],
Abs[Sqrt[zp[i][[3,3])/(yp[il[[3.,3]] 10%-3)]],
Arg[zp[i][[3.3]11/(2 yp[i] [[3,3]1D)]/I[Degree]}}, {i, znrows}]
zpo= OpenW rite["zpo.hi.res", FormatType -> OutputForm]
Write[zpo."Phase Characteristic Impedances (Conductivity = 0.076923 S/m)\n"]
W riteString[zpo," \n"]

W riteString[zpo,"freq (Hz) Impedance (ohms/m)\n"]
W riteString[zpo," \n"]

Do[Write[zpo, SetAccuracy[MatrixForm[zpoAT[i]], 4]], {i, znrows}]

Close[zpo]

Do[

ppoAl[i] = {{zfreq[i], Re[Sqrt[zp[i][[1,1]] (yp[il[[1,1]] 10*-3)]],
Im [Sqrt[zp[i][[1,1]] (yp[il[[1.,1]] 10*-3)]],

Re[Sqrt[zp[i][[2,2]] (ypl[il[[2.2]] 10*-3)]],

Im [Sqrt[zp[i][[2,2]] (yp[il[[2.2]] 10%-3)]],

Re[Sqrt[zp[i][[3,3]] (yplil[[3.3]] 10%-3)]],

Im [Sqrt[zp[i][[3,3]] (yp[il[[3.3]] 10%-3)]]

by, {i, znrows}]

ppo= OpenWrite["ppo.hi.res", FormatType -> OutputForm]

Write[ppo."Phase Propagation Constants (Conductivity = 0.076923 S/m)\n"]

W riteString[ppo," \n"]

W riteString[ppo,"freq (Hz) Propagation Constant x 10“-3 (per m) \n"]
W riteString[ppo," \n"]

Do[Write[ppo, SetAccuracy[MatrixForm[ppoAT[i]], 5]], {i, znrows}]

Close[ppo]
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RAILWAY TRACK ADMITTANCE, EARTH-LEAKAGE EFFECTS AND

TRACK CIRCUIT OPERATION

R. J. Hill, D. C. Carpenter and 1. Tasar

School of Electrical Engineering, University of Bath,
Claverton Down, Bath BAZ 7AY, UK

Abstract - Reilway track acts 2s a pair of leaky ground-
return conductors for propulsion current in the immediate
vicinity of trains, and as an imperfectly insulated conductor
pair for double-rail track circuits. This paper considers
the effect of ground admittance and leakage conditions from
both the traction and signalling viewpoints. Problems
concerning rail voltage safety level, earth leakage currents
and rall current distribution are considered. Capacitive
compensation is evaluated as 2 means of improving the
shunting sensitivity of track circuits with high ballast
conductivity,

INTRODUCTION

tlectric rallway propulsion return current fiows along the
running rails in the immediate vicinity of trains. The rails
act as leaky ground conductors in returning the current to
the substation. If the running rails also carry track
signalling current, the inter-rail electrical admittance
causes shunting of part of the irack circuit current. The
connection of structures to the rails, for sefety or other
reasons, modifies this grounding impedance and can cause
safety problems when ralls are used for the return of
propulsion current. it can also interfere with the correct
operation of track circuits.

Determining the flow of propulsion and signalling currents,
and the associated potentials, through the ground in an
electrified railway 1s important for a number of rezsons.
Excitation of nearby earth return circuits can result in
interference, corrosion problems and danger to personnel.
The calculation of currents and pctentials in nearty
underground conductors such as cables and pipes requires
knowledge of the electrical properties of the earth, in
particular the resistivity of the local soil.

The traction engineer is interested in current propagation
to determine the network impedances and track-ground
voltages. The ground return current problem can be
analysed by considering the distribution of track voltages
and currents. This problem was apparent in early electric
rallways. For example, Riordan [1] considered current
propagation along rail tracks and their associated
conductors, and Sunde [2) derived general formulae for
currents and voltages along straight, uniform wires laic on
the surface of the earth, making various assumptions about
earthing and excitation conditions.

Currents and potentials in telccommunications cables due to
hzrmonic components of traction current are a major
problem, and Rosen's (3] early analytic methods have been
the subject of recent commputer modelling by Mellitt et al [4).

For DC-fed railroads and rail transit systems, electrolytic
corrosion may occur if substantial current escapes to
ground from track components and materials. This
corrosion can be a particular problem for nearby metal gas
and water pipes, and cables. Corrosion problems have been
considered by several authors. Takihara [5), for example,
evaluated rail-to-earth voltage and rail current and gave
estimates of rail leakage resistance. Kneschke {6) and
Shaffer (7] propose design solutions for particular
problems arising from stray current effects.

Safety is also a problem, since hazardous step and touch
voltages may be present on the rails. Jacimovic [8) has
evaluated safety voltage levels and related the resultls te
practical situations.

TRACK ELECTRICAL CIRCUIT AND
TRANSHMISSION LINE MODELLING

Transmission line equation of propagation

Currents and voltages along the balanced conductor pair
represented by the running rails and shown in Figure | are
determined by standard transmission line analysis in terms
of exponential, trigonometric or hyperbolic functions. In
exponential form, the line voltage and current are:

Vix)= v [+ ue) (i)
1+u
and x)= I (oY% - pe ¥, (2)
1-u
Ry/2 L1/2
vr G2 Zg
| R L2 |
| X ‘
| —— !
1 S ~

Figure 1: Reil treck ba:snced transmission hine mode!
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The distance x along the line is measured from the load L
and Y and pi are the propagation constant
factor defined by

and reflection

Y= V(Rj +j(0Lj)(Gj2 +jwCi2) 3)

and u= “4)

(ZL - 70 )/(ZL + Z01),

with line characteristic Impedance
Zqr =v"(R| +jO)LD/(G|2 +

This form of analysis is useful for considering track circuit
operation. The earth admittance appears in the propagation
constant as leakage conductance Gj2 and capacitance C]2.

Symmetric conditions apply where the earth admittance of
each line is the same. In cases where asymmetric earthing
conditions occur, the line is no longer balanced and there
can be several signal propagation modes.

The Heaviside condition for distortionless transmission of
signals along the line and minimum attenuation relates the
line constants according to

Ric12 *L1GI2»
so in this case the propagation constant becomes

Y=-/(R] G12) +j <L ~(6i2 /Ri) %)

Leaky ground-retum conductor theory

The basic electric railway catenary circuit with rail/earth
return exhibits rail currents and voltages to earth
determined from the distributed nature of the circuit.
Normally, both rails are used for current return and the
two-rail system may be considered as an equivalent single
rail with earth leakage admittance. The equivalent circuit,
as shown in Figure 2, demonstrates the presence of both
inductive and conductive coupling between catenary and
rail. The solution for rail current I earth current I and
rail-to-earth voltage V may be obtained by superimposing
these two components - the conductive part injected into
the track at train and substation terminals, with exponential
propagation with distance, and the inductive part due to
catenary-rail mutual coupling.

_ Cterary

rain

Roils

Figure <¥ Rad track as leaky ground-return conductor

For the single-rail feeding system of Figure 2, the currents
flow beyond the ends of the energized section, and track
currents and voltages may be derived using the differential
equations of propagation. Riordan [1] gives the solution as:

x <0 I(x) =0.5(1-n)(l-e~rs)e-rix1J (8)
i(x) =- 1(x) (9)
V(x) =0.5 202 (1-tl)(l-e"rs)e~rH j (10)
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s >x>0 I(x) *TJ+0.5(1-11)(e~rx + e”r(s~x))J (H)
i(x) =J- [(x) (12)
V(x) =0.5 202 (I-Tl)(e"rx - e"r(s"x))J (13)
X >8 I(x) =-0.5 (1 -n)(l-e"rs)e-r(x"s)J (14)
1(x) =- 1(x) (15)
V(x) m- 0.5 Z02 (1-Tp(1 - e“rs)e_r(x_s)J (16)

In these equations, J is the catenary current, 1] is the ratio

of catenary-track mutual impedance with earth return, to
the track earth-return series impedance

* =2ct/zt« a7
T is the propagation constant,

T =V(zt g) =~((Rs +JMLS)GIE], (18)
Zq2 Is the characteristic Impedance

702 ="(zt7") ="t(Rs + jojLs )/G,E] (19)

and s Is the line length.

Ground admittance modelling

The practical application of the above equations depends on
realistic modelling, verified by measurement of the ground
admittance. The difficulty in modelling ground admittance
(conductance and susceptance) is that it is critically
dependent upon local topsoll, substrata and environmental
conditions. Therefore the track admittance is dependent on
these factors as well as the physical position of the ra.is
relative to the ground.

In the literature, studies of ground electrical properties
have been reported for applications ranging from power
frequency transmission line grounding to microwave
frequency radio propagation. The results Indicate that the
ground conductivity and permittivity scalar functions are
jenerally both anisotropic and inhomogeneous. Except :r.
ferrous regions, the ground relative permeability may oe
taken as unity, so the susceptance Is capacitive.

Ground conductance

In low frequency earth-return
assumptions relating to isotropy and homogenity of the
conductivity function are generally made, with depth
dependency determined by approximations of uniform,
homogeneous horizontal .ayers. Nachczynski (9], fo*
example, has calculated the excitation of underground
conductors assuming a uniform conductivity function witr.
depth, whereas Wedepohl (10] considers upper and lower
strata for power line studies.

circuit studies, suital’e

In the electric railway application, inter-rail
current flows close to the surface, whereas
propulson current may flow at a deeper level. Therefore, a
single-layer earth conductance function Is Inappropriate,
and either a two-layer or continuous function conductivity
model must be considered to give reasonable correlat. n
with physical conditions.

leakage
longitudinal

Resistivity, rather than electromagnetic, experimental
techniques are suitable for electric railway grounding
studies, since the linear right of way conveniently defines a
range of suitable electrode positions. The basic principle of
galvanic ground conductivity measurements is well knowr
from geophysical prospecting techniques [11,12]. A current



is introduced into the ground through point- or contact
electrodes, and other electrodes sense potentials in the
vicinity of the current flow. The ratio of voltage to current
i8 the apparent resistance

R= AV. (20)
1

The dimensions of the electrode array - shape, depth and
spacing - then enable calculation of conductivity (or
resistivity) with depth according to the model adopted.

The theoretical problem is to relate the apparent resistance
measurements (a function of horizontal distance over the
ground surface), to the determination of best fit values for
conductivity as a function of depth. This is done by applying
Laplace's equation for the potential throughout the medium.
The spread of current from the electrodes dictates the use
of spherical coordinates so Laplace's equation becomes

V2V - d2V + dav (21)

dr2 dr

The solution is dependent upon the configuration of the
electrode array in conjunction with appropriate boundary
conditions at regions of different conductivity.

For the four-probe measurement technique (Figure 3), the
apparent resistance is

AV = [(l/rr 1/r2)-(1/r3-1/r4)]pa 22)

I 21T

where pa is the apparent resistivity. For any medium

other than the uniform, homogenous, isotropic case, the

measured value of pa will vary with electrode spacing. For

the Wenner array,
collnear, ILe.

the electrodes are equally spaced and

r,o=a, i=1-4, (23)
so Pa =2na AV 24
1
DC baftery

X Reversing switch

Figure J: Four-; ~obe measurement of groundresistivity

To model the earih as a two-layer homogenous, isotropic
medium, the surface potential difference between the
sensing electrodes Is measured as a function of current and

electrode spacing. At small electrode spacings, the
apparent resistivity is pa - pj, the upper layer resistivity,
and at large spacings It Is p2, the lower layer resistivity.

It can be shown [11] that the apparent resistivity can be
theoretically expressed in the form

00
Py =+ 2 4™ 2 4K (25)
Pi m=1 V[l+(2mz/a)2] m=l -/[4+(2mz/a)2]

where k Is a reflection coefficient defined by
k« p2 pi (26)
P2 +Pi

and z is the depth of the surface layer Pj .

Extraction of best fit pj, p2 and z values from the

measurements may be carried out by a number of methods,
the most appropriate of which depends on the exact site

conditions. The experimental curve will be a smooth
transition between p| and p2 and one common interpretive
method relies on the comparison of the experimental fi®id
with standard characteristic of Pa/P]

profiles curves

versus a/z with p2/Pj as parameter.

A more
analytical
theoretical

accurate technique, the Tagg method, uses the
solution of Equation 25 directly. A set of

curves pa/p| = f(a/z), with k parameter, is

calculated. Then from the experimental points, pa/pj for

each value of a is superimposed as horizontal lines. At
each curve intersection, values of : (from a/z) and k are
extracted. A further graph of k vs z, with parameter a,
then gives a single intersection, hence determining best fit

k and z (the layer depth), and thus defining the optimum p ]t

p2 and z combination.

The interpretation of the experimental ground conductivity
results depends on obtaining an accurate value of pj from
the short-distance measurements. The disadvantage of the
Wenner array In this respect Is Its inherent Inaccuracy for

small probe spacings, because it assumes point sources for
the electrodes. Baishiki [13] considered this problem,

producing an alternative formula taking account of the
cylindrical electrode shape. The apparent upper layer
resistivity for the Wenner array
4na
pg = 1+ 2 2a @7
Viz2 + 4b2) Via2 V)

of which Equation 23 is an approximation for large electrooe
spacings, is replaced by a new formula

2TIL
pa m 1+ 2In2+E+ 2F-E-a (26)
1+F L

where L is the electrode length and
E= VA ¢ (a/L)2) il>,
and F=/(1 + (a/L)2]. (3-0

The aim of the conductivity modelling process is to estinic.e
values of track (inter-rail) conductance and rail (singie-



rail to earth) conductance for insertion into the propagation
constant equations 3 and 18. The ballast conductance is that

between two parallel wires In continuous contact with the
earth (11]

G2 = n_ @31)
P)
and the maximum rail leakage conductance [2] is
Gj£ = 0.34 to 0.66 . (32)
P2 P2
Inter-rail capacitance
The measurement of ground susceptance, via the scalar

permittivity function, has been successfully carried out at
radio and microwave frequencies using electromagnetic
sensing techniques. In general the variation of permittivity
is dependent on frequency as well as environment, soil and
substrata conditions. At low and power frequencies, the
ground admittance is dominated by the conductive
component, and measurements of  capacitance  or
permittivity, either electromagnetlcally or by direct
sensing, are difficult.

For rail track, it is necessary to know the inter-rail
capacitance and an approximate model may be created by
considering the track as two parallel cylindrical
conductors, of effective diameter D and separation S, laid
on the surfaceof a homogenous, isotropic ground of

relative permittivity The inter-rail capacitance is

c12 = 2rr B B (33)

(1 +cr)In[(S-D)/D]

BALIAST

100
Electrode seporjtion o(m)

Figure -t: Experimental measurements of apparent
resistance for a, soil; and P, bellasi bed
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Measurement of Cj2 as a function of frequency then gives an
estimate of Cp(f). The relative permittivity may be assumed

constant over the region of Interest since the inter-track
spacing is small. The ballast condition (grade, wetness) is
the most important factor in the determination of the
relative permittivity and track capacitance.

EXPERIMENTAL DATA

Practical measurements were made on and near a short

length of rail track. This track consisted of 44 kg m ' rail
laid on wooden sleepers with good quality limestone ballast
of depth 30 mm below the sleepers. The ground beneath the
track was on a bed of sand over a geotextile membrane.

Ground conductance

Ground conductivity measurements
test railway track were made using a Wenner array.
Readings of apparent resistance for electrode spacings
from 0.1 to 10 m were recorded using a 50V DC source and
reversing switch (Figure 3). The raw measurements for
both track ballast and nearby ground are shown In Figure
These results were interpreted by the Tagg method by
plotting curves of k as a function of z for each electrode
spacing (Figure 5). For greater accuracy at small probe
spacings (less than 0.4 m), the Baishiki correction using
Equation 26 was made.

along the length of a

. 15m

SOIL

"3m

n

BALLAST

100 250

Surface layer depth Z tem)

Figure 5: Surface layer depth as a function of ground
reflection coefficient for resistivity measurements

Table 1 shows the final values of p)t P2 and z for ballast anu

soil for wet and dry conditions, together with derived
values of inter-rail conductance Gi2 and track conductance

G,r.

was Jurassic

The dominant geological construction in the test area

limestone.

Track electrical parameters

The track Impecince and admittance were measured using
conventional 6hort-clrcuit and open-circuit transmission
line tests. The impedance 2 and admittance Y per unit
length are derived from the short-circuit impedance 2iC

and open-circuit impedance Zoc via the characteristic



Pi Pz z g2 GIE

(Om) (fim) (cm) (Sm*1) (Sm-1)
Dry soil 56 338 10 0.056 0.00147
Wet soil 20 262 10 0.157 0.0019
Av. soil 40 280 10 0.078 0.00179
Dry ballast 150 260 80 0.021 0.0019
Wet ballast 60 180 80 0.052 0.0028
Av. ballast 110 257 80 0.028 0.00195

Table f: Experimentally-derived upper and lower
level conductivities, layer depth and
track and rail-rail conductivities

impedance Zq and propagation constant y using the
equations:

70 =/(ZSCZOCW (Z/Y) (34)
and tanh y] =/(Z 8C/Z0C) (35)
with Y= V(ZY). (36)

The experimental results for the test track are shown in
Figure 6. The conductance measurements represent good,
dry ballast and are much lower than the highest permissible

value specified by railway signal engineers (e.g. 0.5 mS nrfl
in Britain).

The tntei—rail conductance agrees well with values
calculated from the ground conductivity measurements
(Table 1), if the upper layer (ballast) conductance is taken
as data. The value of rail leakage conductance for
longitudinal propulsion current leakage studies, however,

cannot be directly measured and must be estimated from
the lower level resistivity P2-

The experimentally derived values for characteristic
impedance and the propagation constants are given in Table
Z

MODELLING AC-SUPPLY PROPULSION

CURRENT LEAKAGE EFFECTS

Rail-to-earth voltage andrail current

In high-voltage electric railways, it is important to
maintain rail-to-earth voltages within specific safety
limits. In the USA, for example, rail voltages which exceed

300 Vare classified as hazardous [8]. Using the data of the
previous section and the supply conditions of Figure 2,
calculations of rail-to-earth voltage nave been made over a
track length of 12 km, of which the central 3 km represent
the train feeder transformer section. In order to
determine the effect of variable ground conductivity, only
conductive rail excitation is simulated. Tr.e supply voltage
Is 25 kv and the traction load Is nominally 6.25 MW. The
results of Figure 7 are with the ground conductance- at the
previously deterr ined value given in Table 1 (curve A), and
at a value a factcr of 10 smaller (curve B). The latter case
could occur, for example, in dry regions with limestones
from the precambrian geological age [14]. * Clearly, under

Track impedance

§20

001 01 4] 100

Frequency (kH'1

Figure 6- Experimental measurements of track impedance

and admittance

z0(n) YQkHy r (50 Hz) Kk (km)
Balanced track 27.0 ¢ (4.64 ¢ 13.4 km
transmission line J21.8 J4.70)10~*
Compensated track 11.0¢  (2.07 + - 3.03 km
transmission line JO j20.8)10~"
Track as leaky 0.389 - 0.732 + 40 km
ground conductor jO.035 jO. 136

Table 2= Transmission line characteristics for 50 Hr pow<..

frequency and 2 kHz track signalling frequency

low ground conductivity conditions, the rail voltage can be
appreciable, so additional rail earthing measures should be
considered for safety assurance.

Figure 8 shows the corresponding rail current distribution.
Although the section is single-end fed, the rail current
flows in both directions from the locomotive due to the
continuous track-earth impedance. Evidently, the condition
of low ground conductance encourages uniformity of rail
current over the section.

In a catenary- or trolley-fed electrified railway, the masl

If made of steel, are normally connected to the nearest
running rail to provide a secure earth path for fault
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> 80 B Low ground
sssconduchvity
A Normal ground
- Low mast impedance §  conductivity
to ground
Distance (km
20
-60
-80
Figure 7: Rail-to-earth voltage in 25 kVAC railway
for normal and low track conductivity
and tow mast impedance to ground
200 -
Low ground
conductivi ty
150
cr
100
A Normal ground
i conductivity
Low mast
impedance
to ground!
Distance (km)
Figure d- Rail current in 25 kVAC railway
for normal and low track conductivity
and low mast impedance to ground
currents. Tnis connection has the effect of reducing the

overall track-earth conductance, whilst also introducing a
differential voltage between the rails. Curves C in Figures 7
and 8 snow tne effect of such catenary mast earthing. The
masts are connected at 50 m intervals to one rail and it is
assumed that their bases are also almost perfectly earthed
via their foundations. With a normal traction current load,
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the inter-rail voltage would be almost the same as the rail-
to-earth voltage, perhaps indicating a need for additional
traction current equalization bonds.

Earth currents

Limitation of earth currents is important for energy
management and other reasons. Figure 9 shows earth
current distribution along the same section of AC railway as
before, with normal and low ballast conductance and with
metal catenary mast connection to the nearest rail. The
simulation shows that earth currents with appreciable
magnitudes can exist under low mast earth impedance
conditions (curve C).

Low mast impedance

to ground
Low ground A Normal ground
conductivity conductivity

Distance (km

-50

-75

Figure P* Earth current distribution in 25 kVAC railway
for normal and low track conductivity
and low mast impedance to ground

Rail and earth currents in DC-supplied railways are usually
larger than those in AC railways since there is no mutual
inductance effect for ing the return traction current to
flow In the rails, the catenary current Is higher and the ra'!
Impedance is lower. Moreover, earth current limitation is
especially important on DC-fed railways because of the
corroson problem to adjacent structures, cables anc
pipes. For example, Shaffer [7] quotes a specification for
the Miami Metro of 1 mA/m stray current. Clearly, with
high ballast conductance and mast earthing, additional stray
current mitigation bonds may be required for low voltage DC
rail transit systems.

MODELLING AUDIO FREQUENCY
TRACK CIRCUIT OPERATION

Blockjolntless audio frequency (AF) track circuits are
attractive for AC electrified railways since they may be
used in conjunction with continuously-welded rail to
eliminate blockjoint maintenance. On main lines, the need is
to increase the track circuit length towards the optimum



signal block length.
circuits, control of the

To Improve the resolution of AF track
permitted ballast conductance
variation Is necessary. Curve A In Figure 10 shows the
inherent track attenuation as a function of rail—rail
conductance along a 500 m track section, corresponding to
the track circuit model of Figure 1, at a frequency of 2 kHz
Rail impedance and capacitance data were taken from
Figure 6. Curve B shows the case of minimum attenuation,
according the the Heaviside criterion, achieved by
connecting variable capacitors across the rails, and curve
C shows a practical case, with compensation calculated at
the maximum permitted ballast conductance of 0.5 mS/m.
Because the line is less than a quarter wavelength long (the
wavelength is 13.4 km for the unbalanced case, and 3.0 km
for the compensated line), this capacitance need not be
uniformly distributed. The results show how the data
transmission characteristics of rail track may be easily
varied, although it should be remembered that connection of
low Impedances across the rails, such as track signalling
apparatus, would itself modify the track transmission
characteristics.

,3x10

2.10
A :Uncompensofed

C: Compensated at Gi2=5m S/m

6 «Continuously compensated

Conductance G*lmS/m)

Figure 10: Track circuit attenuation as a function of
ballast conductance, showing effect of
capacitive line compensation

Structure bonding effects

On overhead catenary fed electrified lines, the
electrification masts may be connected to the rails at
periodic intervals along the track for safety or other
reasons. If the mast foundations have a high Impedance to
ground, then the track circuit operation will be unaffected,
but if one or mere masts have a low impedance to ground, it
is possible that the track circuit receiver, normally
energized with no train shunt on the section, will falsely
energize with the train shunt in the track circuit. To
simulate this condition, the mast conductance to earth must
be combined with the inter-rail conductance. This is not
straightforward because the conductance to earth from the
center of the equivalent inter-rail admittance is undefined.

Figure 11 shows the results of a simulation In which masts
near the track circuit transmitter and receiver are
assumed to have 1 S earth conductance. The track circuit
length and frequency are as before, the receiver resistance
is 1fl and the train shunt resistance is 0.2 fi. The curves
show the ratio of the track occupied to unoccupied receiver
voltage, for a nominal I V transmitter voltage, as the

vehicle moves along the track circuit. Both normal track
(ballast) conductance (curve A) and high track conductance
(curve B) are considered, together with the situation when
the ma3ts nearest the track circuit transmitter and
receiver have a very low impedance to ground (curve C).
Although In this case there Is no danger of the track circuit
receiver becoming de-energized with the tram in the
section, the receiver voltage does increase, thus lowering
the margin between the track clear and track occupied
receiver threshold.

"a 06
O(S Catenary mast earthing effect
High ballast
conductance
Normal ballast
conductance
1) 10 30 an 50
Distance of tram shunt along track circuiiiml
Figure 11: Track circuit receiver voltage ratio as a

function of tram shunt position for normal operation, high
ballast conductivity and low mast ground impedance

DISCUSSION AND CONCLUSIONS

Knowledge of track admittance Is important for both
longitudinal propulsion current return and track circuit
operation studies. The track-grounding model is complex,
and the short distance rail-—to—sail conductance is not
generally the same as the ground conductance of a sir.
rail over long distances. Representation of the ground with
a two-layer homogenous, isotropic conductivity function
gives reasonable correlation with experimental
measurements. The upper layer is associated with inter-
rail, and the lower layer with rail-earth conductance. The
exact magnitude of the conductivity function depends on
environment, soil and underlying strata type and cannot
easily be quantified.

At low and audio
dominated by its conductance.
return conductor studies at power frequencies, the
susceptance may be neglected in the calculation of tne
propagation constant. For  rail-rail admittance
calculations, the capacitance should be considered at hignur
audio frequencies. Here, direct measurements of
capacitance can be made to estimate the ground relative
permittivity. The moisture content of the ground is its
largest determinator.

frequencies ground admittance is

In long-distance ground-

The rail-to-earth voltage, rail and earth current
simulations for the propulsion current return studies
demonstrate the design difficulties that exist in satisfying
both safety voltage and stray current limits. The
simulations show only normal (no fault) operating
conditions. Fault currents of several oruers of magnitude
higher than propulsion levels may appear under some
conditions, thus introducing the possibility of raising
voltage: above prescribed safety limits. There ’S
unfortunately, a direct trade-off between the reduction of
earth currents and the maintenance of rail voltages below
specified safety levels. Indeed, it is often cesirable to
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control, rather than eliminate, stray current levels for this °

reason [6].

The application of the Heaviside criterion to maintain track
circuit shunting sensitivity with high ballast and structure-
ground conductance s a possible approach to optimization
of data transmission characteristics of railway track.
However choosing the optimum value of added capacitance
is not straightforward, due to the variability of ground
admittance with soil and environmental conditions.
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The Effects of Magnetic Saturation, Hysteresis and Eddy
Currents on Rail Track Impedance

D. C. Carpenter and R. J. Hill
University Of Bath, Bath, BA2 7AY, England

ABSTRACT

Knowledge of the transfer function of rail track is
required for both electric railway return current studies
and 1track signalling equipment design. The most
significant component of the transfer function is the series
impedance, which is a function of current, frequency and
rail composition. The accurate modelling of series
impedance requires information about of how cddy
current and hysteresis losses affect the resistance and
internal inductance. Once the track transfer funciion is
known, propagation and mixing of signals along the track
can be simulated for track signalling, power current and
electromagnetic interference studies.

Introduction

The development of thyristor-controlled rail traction
drives and the adoption of computer-based train control
systems has resulted in modern, economic and safe
railroad and rail transit systems. In order to manufacture
and operate these systems with high reliability, safety and
availability levels, the design process must be based on
dctailed rescarch and development. The use of electrical
circuit simulation packages in recent years has accelerated
cquipment developmient, whilst also emphasizing the nced
for accurate data. The design of track signalling sysiems
and the prediction of their behaviour with electromagnetic
interference requires knowledge of  the  electrical
impedance characteristics of traction rails. In this paper,
the series impedance of rail track is considered in detail.

Various values of series rail track impedance have been
reported in electric railway return current propagation
studies. In an early paper, Trueblood and Wascheck [1]
introduce the concepts of internal and external rail
reactance and equivalent circular conductors, reporting
experimental measurements, for rail of irregular shape.
Their technique was later refined by Holmstrom [2] who
reported measurements of A.C. rail impedance with a
supcrimposed  D.C. current. Further studies of rail
impedance have been made for automatic train protection
safety assurance [3] and mine traction systems [4.5).

The use of running rails for traction current return and
for signalling current requires accurate knowledge of rail
electrical and magnetic properties over a rangc of current
and frequency. The nonlinear magnetic properties of iron
mcan that eddy current (and hence skin effect), magnetic
saturation and hysteresis can all be present under certain
conditions. The superposition of track signalling currents,
with modulation and coding, on existing traction return
currents, containing traction modulation harmonics and
substation  supply ripple frequencies, can produce
intermodulation  distortion.  Freguencies consisting  of
products of these harmonics can then cause interference in
safely signalling, broadcasting and telemetry circuits.

.

The approach described in this paper is to identify and
measure the magnetic properties of rail that cause
additional power loss (eddy current and hysteresis) and
contibute to rail inductance. Experiments arc described
from which rail magnetic and electrical data can be
obtained. Some simplified theoretical approaches are
presented 1o quantify the results. Finally, some
applications arc described where traction and track circuit
signals can combine 1o suffer distortion and create
interference.

Rail Track Series Impedance

The magnetic and clectrical phenomena that account for
rail track impedance are well known, although theoretical
procedures for identifying the various processes are less
well established. In electromagnetic terms, the problem is
to specify the series inductance and resistance of a pair of
parallel ferrous conductors of irregular shape laid on a
lossy ground plane in close proximity to each other. The
rail material is neither a good conductor, nor a good
insulator. Its permeability and conductivity are gencrally
undefined, since the rail is manufactured for its
mechanical and metallurgical, rather than electromagnetic
properties.

The approach adopted by Trueblood and Wascheck [1]
was 1o divide the series inductance into cxlernal and
internal inductance. The former is that due to an
equivalent circular raijl, with the return circuit completed
by a second, parallel, circular rail, while the Ilatter
depends on the material and geometry of the iron itself. It
follows that only the internal inductance is dependent on
material and enviromenial properties. A more complete
description of the rail inductance would divide the
external reactance into two parts, with one dependent on
the shape of the rail, and the other assuming circular rails
as above. Thus

()

The rail resistance as identified by power losses is due to
four factors:

L:a:l = L, v |+Lnl )+L i

o D.C. resisiance loss, determined by the conductivity
(o), which is a function of temperature only.

o A.C. resistance Joss, due to skin effect and manifesting
itself as eddy current power loss.

e Hysteresis loss, caused by cyclic losses as the material
orients itsclf round the B-H loop under A.C.
conditions. )

e Further magnetic loss mechanisms such as resonancc
and relaxation processes of non-macroscopic origin.

The presence of saturation in the iron: modifies the
magnitude of all the A.C. loss components, although it
does not introduce further losses as such. It also affects
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the rail internal inductance.

Unfortunately, it is not possible to represent all the above
loss mechanisms in a single analytical model. This is
because of the irregular rail shape and the nonlinear B-H
relationship  which includes both saturation and
hysteresis.

It is possible to analytically model an equivalent rail of
circular iross-section under linear B-H conditions,
accounting for hysteresis loss, using a complex
permeability function. Values for A.C. impedance will

then include eddy current loss, hysteresis loss and
internal inductance.
Experimental tests on rail material can generate the

material B-H loop characteristics, enabling the combined
effects of saturation on both the eddy current and
hysteresis losses to be measured. Using Fourier analysis,
harmonic coefficients of the magnetic flux density may be
obtained, with frequency and peak, magnetic field
intensity as the independent variables.

Analytic Thenry for Equivalent Circular Rail

The rail material is assumed to be both homogeneous and
isentropic. Consider the circular equivalent rail shown in
Figure 1. Ampere’s law gives

/% 2nt =/ = fj. 2w dr )]

Differentiating with respect tor and rearranging
dr r (3)
The E.M.F. induced at radius r by the flux inside the

conductor, i.e. the eddy current effect, is the difference
between the volt drops at r and a (the surface). Hence

. o . 4
aU]. dtfttH.dr ( )
or
(5)
Representing the permeability by M= M -
e e 6
4L - jwaifiy - jfiDH (©)

By differentiating Equation (3) with respect to r and
using Equation (6).

Figure 1. Equivalent Circular Rail Geometry

dyl + 1 dH

dr- r o dr o-+—H=0 (7

with
0~ = yoHM—jft2)

After applying boundary conditions, the solution is

J Ti(a'r)
2 1(qa) (8)

where /,(x) is the first order modified Bessel function of
the first kind [6].

H:

The current density is found by substituting in Equation
(3) as

0,7 /0(a'r)
J = 9
2ira S|(a'o ) ( )

The internal impedance per unit length of the conductor is
then

F 1,«.
R+jX = --p- 10
! P 2na (T 1,(0%) ( )
Equation (10) gives numerical values of R and X for
known geometrical and material properties. It is, however,
instructive to consider certain limiting value’s of R and x .

* High Frequency i.e. conductor radius ¢ » skin depth 5.
This is the case of a solid cylinder with the majority of
the internal flux lying in a thin layer around the
perimeter of the conductor. The solution is obtained by
substituting for the skin depth 8exp(;'0/2), where 0 is
the hysteresis angle and simplifying [6j so that

1 ™ 0 a 3 8
z, = 1+ oas T -
g 4 42 26 3RNa
X J_ 6 11
tJ %5 Ra (1

In this expression the term corresponds to the

na *cr
D.C. resistance. For real permeability (m= m>. there
are both resistance and reactance impedance

components. For the case of imaginary permeability
(/i =-jn2), there is no reactance, because the diffusion
equation docs not hold, there being no eddy currents.
For complex permeability. Equation (11) is accurate
for the fundamental component of hysteresis only, i.e.
linear conditions. The eddy curerent loss and hysteresis
loss cannot be separated.

e Low frequency i.e. conductor radius a «
The impedance is

skin depth 6.

= 1+4Cé; inO +

cos20
5

— sin20
4X54

(12)

For real permeability, there arc again hoih resistance
and reactance impedance components, and for
imaginary permeability there is again only resistance.

¢ j ——cosfl —
T g

The high frequency results show that the presence of
hysteresis increase’s the losses by a factor
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which is greater than unity. The reactance, however, is
decrcasd by the factor

The impedance angle reduces with hysteresis. With no

hvsicresis, it is T

The cilcct of this simplified theory on rail impedance is as
follows. In the absence of

saturation, there are no
harmonics and the rail reactance will reduce in the
presence of hysteresis. The resistance, however will

increase because the hysteresis loss is additional to the

eddy current loss. However, the effects are not
independent, since the hysteresis angle modifies the eddy
current loss when hysteresis losses start to become
important.

Finnv Element Shkleliing <F.E.MJ for Internal Fail
Reacianee

A two-dimensional axisymmetric static and dynamic
eleciomagnctic analysis package was used to obtain the
resistance and internal inductance of both the rail and an
equivalent cylindrical rod. The excitation was an imposed
A.C. current characterised by its amplitude and
frequency. The package carried out a nonlinear eddy
current analysis. The case of a current-carrying steel
conductor (rail) is unusual in electromagnetic terms since
it is a magnetic conductor with the excitation current in
the same medium as the eddy currents it produces.

From [7] it is found that the inductance per unit length is

I =yylde Afis <13)

where 7 is the total current, 5 is an elemental area. 4" is

the vector potential associated with S, while is the
current density associated with S.
The A.C. resistance per unit length is given by

r.x7 (14)

The package determines a solution by calculating the
minimum energy state. The function to be minimised is
obtained by considering the Helmholtz equation:

V-4 +<erfied = -mZ (15)
By substituting v=—, this becomes
vUvd)+ =~L (16)

From [8], the function to be minimised is
F (4)=y/(i/(Vd F-u'tAd7- 2JA4)dS"’ (17)

Hence Equations (13) and (14) can be evaluated. Typical
results are given in Table 1.

p L (i m"")
| Rail 14.4
| Rod 1.46

R@mn m~I) j

0.75
0.49

Tablel. Rail Impedance Evaluated by F.E.M. at 50 Hz

and 30 A

The current distributions for both circular conductor and
rail are shown in Figures 2 and 3.

* 0Cvj-

10.003

mm

Figure 2. Current Distribution in Circular Conductor

(mm)

Figure 3. Current Distribution in Rail
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Experimentally Derived Material Data

h is reasonable to assume that the resistivity of iron will
not vary with frequency or current magnitude since the
conduction process does not alter with either of these

parameters. However, temperature variations do cause
substantial changes in resistivity. Table 2 illustrates
values, obtained experimentally, for a number of rail

types fat a temperature of 298 K). A sample of mild steel
is also included for comparison.

Sample Type Resistivity (flm) I

Bull-Head Rail 1.05 x 10>
Flat-Bottom Rail 1.7 x 10-6
Mild Steel 9.1 x 10-7

Table2. Experimental Conductivity Values

Toroidal samples were manufactured from known rail
steel and a control sample of mild steel rod (i.e. of known
composition). B-H loops were measured by applying low
frequency signals of known amplitudes. Figure 4 shows
the experimental equipment used and Figure 5 shows the
results for a typical rail sample and circular steel
conductor. From these measurements, values of
permeability were obtained as defined by Von Hippel [9]
and these are given in Table 3.

From the measured B-H loop, using real-time fast Fourier
transform (F.F.T.) methods, harmonics of B were
obtained for sinusoidal H excitation. An example of the
spectra] density and phase relationships, with frequency,
are given in Figure 6. The results have the form

Sample Type permeability (H m-")
(initial) 1 (maximum)
Flat-Bottom Rail 150 [ 530
Mild Steel 220 1 1250

Table3. Experimental Permeability Values

B (18)

£ B, cos(cj,y +/>,)
«=1

Provided Equation (18) is evaluated for all values of H
and of frequency, then for any applied waveform of H,
the resulting B waveform can be predicted. Each harmonic
of H then gives rise to a series of harmonics of B, as
described by Equation (18).

Rail Impedance Measurements

Rail resistance and change in rail internal inductance were
measured using the equipment devised by Trueblood and
Wascheck [1] and further developed by Holmstrom [2].
The technique, as described by Holmstrom. is first to use a
lest conductor in the form of a hollow high-conduclivity
copper tube to obtain a reference setting. Subsequent
measurements using the control (mild steel) rod and
traction rail placed in the same physical location as the
test sample, then produce measurements of absolute
resistance, and changes in reactance, with excitation
current and frequency. The changes in reactance are those
outlined earlier ie. Z.,,3 and L,,. The experimental
equipment is illustrated in Figure 7.

The results are summarised in Figures 8 and 9, which
show R and alL as functions of large signal A.C. current
and frequency. Rail currents of up to 700 A (r.m.s.) at 50
Hz were used. This corresponds to a power of 17.5 MVA

F FT.

Figure 4. B-H Loop Test Equipment

44



for a 25 kV system. Since both rails are used, in parallel
as return conductors, the tests simulated conditions in
excess of 30 MVA (this being a typical substation rating
for railway systems). The frequency response tests were
carried out to simulate main line A.F. track circuit
frequencies i.e. up to 3 kHz.

Flux Density (T)

nv

1000

-0.5-

(a) Rail Sample

Flux Density (T)

1000; 1000 2000

Field StrengthlA

(b) Mild Steel Sample

Figure 5. Measured B-H Loops

Discussion of Experimental and Theoretical Results

The results show that the rail may be represented by an
equivalent circular conductor only for far-field effects. At
high frequencies, the perimeter of the rail correlates with
the circumference of the circular conductor, due to small
skin depth. At low frequencies, the areas of rail and

«

i @

41 -100
vi O
J= =90
(69
0 100 200

frequency (Hz)

Figure 6. Spectral Density and Phase of Flux
Waveform

Density

voltage

current

Figure 7. Impedance Measurement Equipment

circular conductor arc equvalent as the skin depth is large.
Although the A.C. resistance is predictable for linear
conditions, the presence of magnetic saturation introduces
harmonics which in turn cause additional losses. These
additional losses may be modelled using a harmonic
approach but the preliminary results reported in this
paper suggest the additional losses due to saturation (both
hysteresis and eddy current losses) are 13 dB lower than
the regular losses. This applies for both circular conductor
and rail.

The traction rail inductance (50 Hz) calculated using the
F.E. model from stored energy considerations does not
agree with the experimental measurements. Most of this
inductance is due to near held effects (L,,?). For the
circular steel conductor, however, the agreement is within
5%, explained by the limited disturbance of the near field
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Figure 9. Impedance Variation with Frequency

when the copper conductor is replaced by the steel
conductor. These results do not include hysteresis loss.

The variation of both resistance and inductance with
current magnitude for both samples depends upon the
degree of saturation in the material. This is most noticable
for the circular steel conductor which saturates at H =
1850 A m_I (Figure 5b), corresponding to the peak in the
inductance curve at 130 A in Figure 8. The rail, however,
was unsaturated. Saturation, from the B-H waveform,
occurs at 2900 A m_Il, which is equivalent to a current of
1740 A.Thus the rail inductance curve of Figure 8 retains
a positive slope for the range of test currents applied.

Applications

Series rail impedance is a function of both current and
frequency, because the magnetic material data indicates
that permeability may be regarded as complex and hence
represented as a function of both magnetic field intensity
and frequency. Under these conditions, the material
behaviour is completely specified and the rail internal
reactance and resistance may be determined. However, it
is not normally possible to completely separate out the
effects of saturation, eddy currents and hysteresis due to
their interdependency.

Once the series track impedance is known, it may be
combined with the track admittance to obtain the track
transfer function (Figure 10). The track impedance , [ . is
a function of both frequency and current, although the
track admittance, )', is generally a function of frequency
only. Knowledge of the track transfer function will
enable quantification of the following siluations:-

* With no propulsion current in the rails but with
audio-frequency A.C. track circuit current, eddy
currents and hysteresis will affect the phase and
magnitude of signal transmission.

¢ With A.C. (sinusoidal) propulsion current of large
magnitude and audio-freqency track circuit current,
iniermodulation distortion will generate interference
signals consisting of products of the power frequency
or traction modulation harmonics with the track
circuit audio-frequency signals.

* With quasi-square wave propulsion
corresponding to the practical case of a locomotive
drawing '"blocks* of current from an A.C. supply,
intermodulation distortion again occurs with a wider
range of interference frequencies produced.

current,

Figure 10. Rail Track Transfer Function Representation
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Conclusions

It is not possible to devise a complete analytical model for
series rail track, impedance because nonlinear saturation
effects produce harmonics which contribute to both the
internal inductance and the A.C resistance change.
Separation of rail inductance into external and internal
components, with external inductance depending on rail
shape as well as position, is valid only for far-field effects.
For near-field effects, such as required for cab signalling
receiver studies, more accurate modelling is required and
the most important dcterminalor of induced voltage is the
rail shape.
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RAIL IMPEDANCZ MGDELLING FOR DC-FED RAILWAY TRACTION SIMULATION

David C. Carpenter and R. John Hill
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Claverton Down, Bath BA2 7AY, UK.

Abstract

A rail impedance mode! based on an equivalent circular
conductor, with permeability and frequency as variables, gives
good agreement with measurements of rall resistance and
internal  self-inductance for smali-signal AC currents
superimposed on a large DC current in the rail. The model
requires experimentally-derived permeability data. The
frequency range of validity for 54 kg/m flat-bottom rail is 40
Hz to 16 kHz.

KEY WORDS- Railway traction, rail impedance, saturation, skin
effect.

1 INTRODUCTION

The running rails in DC-electrified railways carry DC
propulsion return current in addition to AC track signalling
current. The magnitude of the DC current may reach several
thousand Amps, while the AC current Is low in magnitude, but
may have a spectrum containing utility frequency subharmonics
as weil as higher audio frequencies. Higher harmonic
frequencies from rectifier substations and traction chopper or
converter control systems are also usually present in the DC
propulsion return current. The running rail impedance is
dependent on its current and frequency, and for the accurate
modelling of DC traction systems, its detailed knowledge is
required. Applications of these models Include calculation of
the transfer impedance between track signalling transmitters
and receivers; assessment of the possibility of
intermodulation distortfon in coded modulated information
transmission systems; and measurement of energy losses due
to eddy currents and hysteresis in the rail affecting.the
dynamic operation of track circuits.

In models of raflway traction systems, the track is usually
represented as a muiticonductor coupled transmission line.
The line voltages and currents are related to each other by the
track tmpedance and admittance matrices {1). The elements of
the impedance matrix are the line self and mutual impedances,
the self impedances being divided into internal and external
components. The internal impedance includes the resistance
and the inductance due to flux within the rail iron. Although in
magnitude it is usually dominated by the external component, {t
can be important, for example, during traction fault conditions
where large DC currents can saturate the iron [1] and where a
modified current return path can reduce the external
self-inductance. Complete knowledge of the internal impedance
variation with both current and frequency is necessary to fully
specify the track impedance matrix.

In most of the literature reporting traction simulation
using multiconductor transmission line theory, the sensitivity
of the analysis to internal impedance is claimed to be small and
linear constant inductance models are used [2). AC rail
impedance is usually modelled assuming constant permeability
{1, 3, 4). This, however, is an acknowledged approximation and

can be erroneous particularly for DC traction conditions, where
AC and DC signals are both present, and where the large
traction currents can saturate the rail.

In this paper the ratl internal self-impedance Is
determined by modelling and measurement. The model is based
on the AC impedance of an equivalent circular conductor, with
appropriate experimentally-measured permeability data. The
results demonstrate the dependence of the impedance on the
rail permeability, which is a function of surface magnetic field
or DC current, and on frequency. The rail impedance {s also
measured experimentally, and theory and experiment are in
agreement in the frequency range 40 Hz - 16 kHz.

2 HMATERIAL DATA

The permeability of a ferromagnetic material such as rail
iron is a function of three vectors: magnetic flux density B,
magnetic polarization M, and magnetic field strength H. The
magnetic polarization can be expressed In terms of the field,
giving a relationship between B and H as

B = u(H, B, w)H m

where u is the material permeability and w the angular
frequency. When the material carries time-varying electric
current, the impedance will depend on the permeability, and to
obtain the general solution, the complete B-H relationship needs
to be known,

Figure 1 shows the form of the static B-H loop for a
ferromagnetic  material, together with the relevant
permeability definitions. If the material carries a net DC
current, the normal magnetization curve defines an operating
point according to the incremental and normal permeabilities
Minc and uy.  Small-amplitude AC signals then follow a
subsidiary loop with slope given by the deita permeability u,.
This permeability value defines the small-signal impedance
through the skin effect. Application of AC fields to the material
also cause extra energy losses in the material due to
hysteresis. For small-signal AC conditions at low frequencies,
the area of the hysteresis loop is small and the extra losses
are minimal compared with eddy current and DC conductive
losses. However at higher frequencies the hysteresis losses
may become significant, and their magnitude may depend on the
exact DC operating point on the B-H characteristics.

3 DELTA PERMEABILITY MEASUREMENTS

Samples of 54 kg/m flat-bottom (FB) rail iron were tested
in order to evaluate the delta permeability as a function of
magnetic field strength. The samples, filaments | mm square
and at least 100 mm long, were subjected to an alternating
magnetic field at 0.33 Hz in the direction of their longitudinal
axis. The low excitation frequency removed the possibility of
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Incremental permeability

Normal magnetization curve

Slope - Umax

Slope * unat 8
Normal permeability

Slope * ui
Initial permeability

Slope - uA at A

Slope * Udiff at A
Differential permeability

Ferromagnetic material hysteresis loop and
permeability definitions.

igure It

ddy current effects, because the skin depth was much greater
han the filament width.

The material tests were primarily to determine the
-ge-signal AC hysteresis loops 15]. From these, the normal
agnetization curve may be deduced, and hence also the delta
armeability. The result for FB rail iron is given in Figure 2 as
function of magnetic field strength. The maximum value of
lelta permeability corresponds to the 'knee' in the normal

magnetization curve and hence defines the onset of saturation.

0-5

Magnetic field strength (kA/m)

Delta permeability as function of magnetic field
strength for rail steel.

gure 2:

RAIL CONDUCTIVITY

The conductivity of rail iron was also accurately
easured, using the same samples prepared for the B-H loop
easurements. The conductivity can be expressed in the

linearized form
o = 02Q("' +aT)-1 (2)

where a is the temperature coefficient of resistivity (3.4x10-3
K" for FB rail), T Is the temperature In K and o020 is the

conductivity at 20 K (4.44 MS/m for FB rail).
5 THEORETICAL MODELLING

The electrical impedance of a rail with time-varying
current can be expressed as that of an equivalent circular

magnetic conductor (6] as

R+jX a  Ip(aa) 3)
2TTTeqo Ij(aa)

where a2 = juiap, req is the rail equivalent radius, In are

Bessel functions, and u> is the angular frequency. Expressing
the skin depth as
6 = V(2/wop) (4)

it may be shown [4] that for req » 6, a suitable approximation
for the rail impedance is

R+jX- RQ 1
4 2-/(nreqo)

-/(uO +juyj 1 _p ®)
4nreq-/(rro) Vf

where RQ = 1/orrreq2 is the DC resistance. From Equation (5),

it can be seen that the resistance is proportional to V(jjif) and
the inductance is proportional to V(ji/f).

6 EXPERIMENTAL RESULTS

Measurements  of  small-signal AC  rail internal
self-impedance at variable frequency with a DC current offset
were made using the apparatus of Figure 3. The technique,
fully described in references [5] and (7], Is a null-flux method
using as a reference conductor a hollow copper shell the same
shape as the rail. Results for resistance and inductance as
functions of frequency, with DC current as parameter, and DC
current, with frequency as parameter, are shown in Figures 4
and 5. The curves with frequency as the Independent variable
are plotted against the square root of frequency in the case of
resistance and against the reciprocal of the square root of
frequency for Inductance.

Experimental rail impedance measurement
apparatus.

Figure 3:

49



50
Experimental
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Figure 4: Experimental and theoretical rail resistance as
function of frequency with DC current as parameter
and DC current with frequency as parameter.

7 DISCUSSION

The theoretical resistances and Internal self-inductances
obtained from the model and given in Equation (5) are
superimposed on the experimental results in Figures 4 and 5.
In most cases, reasonable agreement is obtained, although
relatively large experimental errors in some measurements
make detailed comparison difficult.

In the results with frequency as the independent variable,
the theoretical curves reflect the different values of
permeability as determined by the magnitude of the DC offset.
The delta permeabilities for DC currents of 425A and 820A are
located either side of the maximum in the curve and are almost
equal, so the theoretical curves for those currents coincide.

In the results with DC current as the independent variable,
the permeability variation is reflected in the gradual peak of
the theoretical curves. The maximum DC current applied to the
rail during the experimental impedance measurements was
sufficient to drive the rail past the maximum delta permeability
point, but complete rail saturation was not obtained. The
deviation of the experimental and theoretical resistances at 10
kHz at lower DC currents Is possibly due to hysteresis.

The model allows normalization of the impedances, and
Figure 6 shows all the experimental and theoretical curves

Experimental
A: 25 A, B: 125 A, C 820 A

Theoretical
D: 25 A, E: 125 A, F: 820 A

05
0 ol 0”2
/VI(s)k
)

Experimental - A: 10 kHz, B: 1 kHz, C: 100 Hz
Theoretical - 0: 10 kHz, E: I kHz, F: 100 Hz

400 (100]

DC. Current (A)

Figure 5: Experimental and theoretical rail internal self-
inductance as function of frequency with DC
current as parameter and DC current with

frequency as parameter.

plotted together. These results demonstrate the range of
validity of the theory, and the effect of the various assumptions
made.

The approximation of the rail shape being represented as
circular holds at high frequencies when the skin depth is small.
For example, for the FB rail tested, req = 0.1 m, and the skin
depth Increases to one tenth of the radius at a frequency of 5
Hz, assuming a delta permeability value of 0.145 mH/m,
corresponding to about 600A DC (and 7 Hz at 0.1 mH/m or 400A
and 800A DC). In this case the equivalent rail radius may be
found from equating the the rail perimeter to an equivalent
circular perimeter. Below the critical value of frequency, an
alternative impedance model is necessary, based on the
inequality 6 » req. In this case, the equivalent rail radius

should be calculated from the rail cross section area.

From the results in Figure 6 the deviation of the
experimental and theoretical inductance at about

V(u/f) > 1.5 m (Hs/m)1/2 (6)
gives the lower limit of frequency as a function of permeability.

For a peak of 0.145 mH/m, this frequency is 65 Hz, and for
an average of 0.1 mH/m, it is 45 Hz These values should
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eigure 6: Rail impedance: resistance as function of V(pf) and
internal self-inductance as function of -/(u/f).

define the lower limit of model applicability, rather than the
Skln depth considerations above.

Also In Figure 6 can be seen that at high frequencies, the
experimental values of resistance exceed the theoretical
values. This is probably due to extra losses from hysteresis.
The deviation becomes apparent at a value -/(yf) = 1.3
(H/m.s)1/z, corresponding to a frequency of 12 kHz at the peak
Ua * 0.145 mH/m (or 16 kHz at = 0.1 mH/m). This

phenomenon has also been reported by Holmstrom [4].

B CONCLUSIONS

¢ A model for AC small-signal rail impedance in the presence
of DC current has been proposed. The rail resistance and the

internal self-inductance are analytic functions of the frequency
and the delta permeability.

. Rail 6ample measurements of delta permeability as a
function of magnetic field strength, and electrical conductivity
as a function of temperature, yield accurate data for the
theoretical model.

*  Experimental measurements of rail resistance and internal
self-inductance have been made with variable DC current and
frequency, and confirm the theoretical model at audio
frequencies (45 Hz - 16 kHz). Below about 45 Hz the inaccuracy
shows that the rail shape must be taken into account. Above
about 16 kHz, hysteresis effects are probably significant.

e The model can be used to calculate the internal impedance
terms of the diagonal components in the track impedance
matrix, for use as data in traction network circuit simulation
studies, and to accurately predict the AC rail impedance for
track signalling system design.
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Abstract - Nonlinearity in the internal self-impedance
of railroad rail can give rise to power frequency harmonics
in traction systems. Limiting case analytical models of rail
impedance, based on linear complex permeability and
complete saturation, are compared with measurements for
currents to 800A and frequencies to 10 kHz. The resuilts
show that for accurate representation an effective
permeability of the material must be defined by prior
modelling of the eddy current flux distribution within the
rafl  firon, The usual assumption of rail internal
self-impedance invariance with current is shown to be
unrealistic.

INTRODUCTION

In AC-electrified railways, electric power is delivered
from transformer substations via overhead catenary and
returned through the running rails to electrical connections
with return feeder cables or autotransformers. The
traction power transmission system comprises the
catenary, auxiliary feeder, return conductor and rail track.
|Electrically, this forms a coupled multiconductor
transmission line, the behaviour of which is described by a

currents Iy, as follows:

d vyl = [zl (1)
dx

In this equation, the coefficients of the system impedance
matrix are diagonal terms zjj, the self-impedance of each

conductor 1 with earth return, and off-dlagonal terms zij,

the mutual impedance between conductors | and J with earth
return, The self-impedance terms are the sum of external
and internal impedances. The former are functions mainly
of circuit geometry, but the latter are determined by the
flux within the rail iron. They depend on the excitation
current and frequency, and are sources of nonlinearity in
the power transmission path.

The elements of the track impedance matrix are
required as data for system simulation studies, the
objectives of which are to mode! energy flow, power supply/
|signal interference and harmonic effects. Harmonic
currents generated by rafl nonlinearities can propagate
back into the power system and couple with communications
and track signalling circuits. They can cause power supply
problems such as network distortion, line resonance, and

matrix equation relating the phase voltages Vi to the line -

power factor deterioration, and are also important for fault
condition and transient studies.

In most simulation studies reported in the literature,
rail internal self-impedance is treated as an analytic
function with value equal to the impedance of an equivalent
circular conductor. Rail iron permeability is treated as a
constant [1,2), so both resistance and inductance are
assumed constant with ‘AC current. The internal inductance
reduces and the resistance rises with frequency due to flux
reduction and redistribution within the iron from the skin
effect. In the steady state, the external self-inductance is
usually considered to dominate the internal self-inductance
[2], the former being approximated with sufficient accuracy
using the Carson-Pollaczek equations assuming the earth to
have a finite, constant conductivity. Stanek et al {3],
however, show that for transient studies, the rail internal
self-impedance may be significant compared with the
external component, and that the nature of fault transients
indicates that knowledge of its impedance variation with
current and frequency is essential for successful modelling
of traction fault currents. Significant impedance change
occurs from the effects of saturation and hysteresis in the
rail iron, both phenomena modifying rail energy losses and
reactive power flow. Holmstrom [4] has stated that rail. |
hysteresis may give rise to intermodulation distortion in--°
power and audio frequency track signalling systems. ™~

The problem of the determination of rail
self-impedance is concerned with the analysis of power
frequency magnetic systems. The literature on this subject
has concentrated on modelling saturstion and hysteresis
effects in electrical machines and transformers by
accurate field computational techniques. These applications
do not in general deal with magnetic conductors but the
analytic methods can still be used with advantage. Burais
[S], for example, demonstrates a technique to separate
hysteresis from eddy current losses for a non-oriented
material steel plate taking into account saturation. The
method combines the finite element technique for space, and
finite difference for time discretization. A similar problem
is approached in a different way by Labridis [6] who
assumes an equivalent fictitious material with relative
permeability constant in time but variable in space, and
related to the saturation B-H curve by a stored magnetic
co-energy density. The effect of harmonic fluxes has also
been evaluated numerically for transformer cores, and Hsu
(7] shows that iron loss can be reduced for saturated
conditions where hysteresis loss is large.

The modelling of internal impedsnce in an irregular—
shaped ferromagnetic conductor such as railroad rail
suffers practical difficulties due to its shape and varfable
material permeability. In this paper, the objectives of the
modelling of rail internal impedance are to determine the
regimes where hysteresis and saturation effects are
significant.  Linear analytic models with actual material
data based on measurements of rail materfal permeabllity
and resistivity are presented. The rail internal
self-impedance term in the track impedance matrix is
evaluated as a function of both frequency and AC current.
The result can then be used to give a quantitative
assessment of the extent of power frequency harmonic
propagation in the power delivery process.
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RAIL MATERIAL DATA
he Ferromagnetic B~H Loop

The permeability (ji) of ferromagnetic material is a
unction of the field vectors B (magnetic induction), M
magnetic polarization), and H (magnetic field), according to

B - MOMH+M) - nH 2)

;or isotropic and homogenous materials, the permeability is
hvariant with direction and position. For ferromagnetic
naterials, the magnetization process is time-dependent and
I 1s a nonlinear, multivalued function of H as well as a
unction of frequency, with

B «y (H B wH (3)

o determine the flux distribution within these materials,
md hence electrical impedance, the complete B~H
elationship needs to be specified. Figure 1 shows a typical
erromagnetlc material static B-H characteristic together
/1th the associated permeability definitions. Of principal
nterest for large-signal AC conditions are the initial,
ormal, Incremental and differential permeabilities.

Slope -

Incremental permeability

Normal magnetization curve

Slope - Mmax

Slope - at B
Normal permeability

Slope - JJ,

Initial permeability

Slope - jiA at A

Slope * Mdiff at A
Differential permeability

ig. 1. Ferromagnetic material B-H loop and permeability
definitions.

Time dependency in the magnetization process may be
ccounted for by Introducing a complex permeability to
lescribe the phase lag between the H and B vectors. Thus

Belwt = |p*| H = (p‘- Ju") Helwt (4)

/here y* is the complex permeability. Physically, the
ihase angle accounts for energy losses associated with
nagnetic resonance and relaxation phenomena arising from
he reorientation of magnetic moments of microscopic
irigin (8]. However a similar representation can also give
iccurate estimates of material behaviour in the
pacroscoplec region If there Is no material saturation, so
hat the vectors B and H are linearly related. The B-H
iharacteristic then becomes elliptical. Even for practical
naterials with nonlinear permeability, approximating the
I-H loop by an ellipse allows complex permeability data to

be extracted by considering the fundamental frequency
relationship.
Experimental Material Tests

Various material samples were machined from

railroad rail in order to evaluate the actual permeabilities
as specified in Figure 1. The static B-H loop was determined
using filaments of material 2 mm square and with length at
least 100 mm. Each filament was subjected to an alternating
magnetic field with frequency 0.33 Hz in the direction of its
longitudinal axis. This low excitation frequency ensured
that the skin depth was much greater than the filament width

(d):
6 = V(2/woy) » d (5)

Three filaments from orthogonal directions were tested to
confirm the material isotrophy. Graphical results for low,
medium and high values of surface field strength Hg are

shown In Figure 2. Table | shows the evaluated energy per
cycle in each of the three hysteresis loops. The variations
of normal and Incremental permeability as a function of
surface magnetic field strength, extracted from the
measured data of Figure 2, are reproduced in Figure 3.

8@

A&000 -5000 - - - - 1000 2000 3000 4000 SOOO 6000
4000 -3000 -2000 ]f_i%b/.>l

Fig. 2. Measured B-H loops for 54 kg/m flat-bottom rail
material.

From the B-H loops, complex permeability data has
been evaluated In two ways:

* Assuming sinusoidal magnetic field excitation, the B-H
loop has been analysed by the Fast Fourier Transform
technique to obtain the fundamental and harmonic
magnitudes and phases of the flux density. Only the odd
harmonics are significant, and the results for the first
three are shown in Table 1 In this method, the sum of
the fundamental and harmonic losses will equal the total
loss as given by the loop area.

* For linear modelling It may be more accurate to equate
the total loop area with the area of an equivalent
fundamental ellipse. Thus all harmonic losses would be
included within the fundamental. The orientation of the
ellipse, defined by coercive force and remanent flux
density, is that defined by the original hysteresis loop.

Figure 4 shows the resulting complex permeability functions

derived from each model.

Rail Resistivity
The resistivity of the rail iron is also a fundamental
material property and appears as a constant in the skin

depth function. It can be expressed in the form

P =P20( 14 aT) (6)
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g. 3. Derived normal and incremental permeabilities for
54 kg/m rail material.

nere a Is the temperature coefficient of resistivity,
tearlzed over the temperature range of interest, T Is the
imperature (K), and p”o is the restivity at 20 K

The resistivity of the rail samples used in the material
ists was measured by applying constant currents and
easurlng voltage over a suitable temperature range,
epical results at 20 Kare

a =34 10~3 K-1
P20 =0.225 10-0 0 m

nth conductivity

020 =4-44 106 s m 1-

ANALYTICAL MODELLING

The objective of analytical modelling is to predict the
>pendency of rail internal self-impedance on AC current
id frequency. Simple modelling can reveal order of
agnitude estimates for the fundamental and harmonic
)wer loss for the base cases of:

Linear complex permeability, no saturation.

No hysteresis loss, high saturation,
jrther analysis is necessary to establish the optimum
ffective permeability to use in each model, as a function of
irface magnetic field H5.

Peak surface 3rd harmonic S5th harmonic 7th harmonic

magnetic field
Hg (Am-1) (T) *) (T) C) (T) C) (T) C)

Fundamental

5600 1.65 -9 0.39 -29 0.19 -46 0.105 -65
1700 0.95 -25 0.19 -74 0.075 +65 0.04 +20.5
900 0.394 -26 0.065 +64 0.017 -20 0.006 -73
Table 1. Flat-bottom Rail Hysteresis Loop Harmonic
Analysis.
«2
0 2 6
Magnetic field strength (kA/m)
E
I
%06

Magnetic field strength (kA/m)

Fig. 4. Complex permeability with fundamental flux and B-H
loop area approximations.

Linear Hysteresis Model

The rail is treated as a magnetic conductor made from
homogenous, isotropic material with constant permeability
JJ*. Assuming an equivalent circular solid conductor, the
solution for magnetic field and hence current density within
the material is found from solving the diffusion equation 19].
The conductor impedance is then found as a function of
conductor radius and skin depth:

R+ jX 1Q (&a) (7)
2nao Ij(aa)
where
an - jwojj* (8)

is the complex skin depth function, a is the conductor
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radius, o is the conductivity and I, are nth order modified
jessel functions of the first kind.
After manipulation, it may be shown that the internal

ynpedance of the conductor takes limiting values at low and
igh frequencies as follows [10]:

ow frequency: a << 6

7 = 1 I[H_gf sin@+ a4 cos 26] (9)
nalo ’ 462 4@
+f[8¢ cos 8- _a% sin 26

igh frequency: a > &

el 2

4 2N\ 32a

yhere © is the hysteresis angle. For gomplex permeability,
quations (9) and (10) describe the behaviour at the
undemental frequency, and the eddy and hysteresis losses
:annot be separately identified.

The impedance angle reduces with hysteresis from the
isymptotic value of m/4. The model shows that losses are
ncreased in the presence of hysteresis by a factor

{cos (1174 - 8/2)]
cosTi/4

nd the rail reactance is decreased by the factor

{sin(n1/4 - 6/2)).
sintT/4

:aturation Effects

‘ The linear model gives the equivalent rail impedance
£ that of an inductance, associated with energy storage,

d a resistance, associated with energy dissipation. In
lectrical circuits, a nonlinear resistance behaves like a
pactlve power generator, although ft has no
pergy-storage capacity. This is also the case for a
pturated magnetic system, where the nonlinearity modifies
he reactive, as well as the active power. An approximate
nodel to take account of saturation in rail can represent the
~on B-H characteristic by a step function according to

B=|+Bs H>O0 (1)
-Ba H<O

can be shown [9] that for this material property,
hagnetic flux waves with a constant magnitude of |Bal will

enetrate the boundary under the influence of sinusoidal
urface magnetic field excitation (Hg sin wt). The maximum

tenetration depth is:
A = v[2Hg/woB Al (12)

thich is in the same form as the skin depth equation (5),
(ith the effective permeability, u, replaced by Bao/Hg. The

iverage power in the material is

Pav = 8 HgZ (13)

fhich is a factor 70X greater than that in the linear case
with & set equal to 64).

+j[nsin(g_—e](a-3 s)} (10)

Eddy Current Loss Model

The approximate models described so far represent
limiting conditions of linear permeability and complete
saturation. In most cases, the rall materfal saturates
gradually, accompanied by distortion in the hysteresis loop.
The balance between hysteresis and eddy current losses
then changes.

The effect of nonlinear permeability in the presence of
hysteresis is to produce harmonics with associated extra
losses. To predict the rail impedance varfation under these
conditions a suitable effective permeabflity value must be
selected. The modified eddy current distribution within the
material can be calculated numerically taking account of the
known dependency of permeability on magnetic field
strength. The approach adopted is to use a finite difference
technique, the Du Fort-Frankel scheme {11]), to calculate the
spatial and temporal decay in the magnetic field intensity
within the materfal and hence estimate the effective
complex skin depth. N

The Tfinite difference technique gives an explicit
equation with attractive stability properties. Applied to a
semi-infinite slab of material, the magnetic field strength is
given by

939 = o u(H) oH (14)
oy ot

The associated difference equation is:
Hik#1 = CHjeq g + (1=2r) Hix + rH g ¢ (15)

where r = p/auhz, p being the time step length and h the
spatial step length. By substituting for the present nodal
value the average of the previous and next values,

Hix = (Hi’k+] + Hi,k_l)/z (16)
the explicit difference equation is formed:

Hijt1 = Hik-1 * 2r (Hipg g = 2Hj-1 +Hi- ). (17)
2r+l

The distribution of H in the material can then be determined
by varying the surface magnetic field strength Ho,k as 3

sine wave. Figure 5 shows the computed result of |Hg| vs

depth, for varfous initial surface field strengths. At high
field strengths, the material becomes saturated near the
surface and the magnitude of H falls away steeply in the
interior, but for low iInitial field strengths, there is little
deviation from the linear model.

EXPERIMENTAL RAIL IMPEDANCE MEASUREMENTS
Order of Magnitude Estimate for Hysteresis and Eddy Losses

In order to determine the relative importance of
hysteresis and eddy current losses, iron losses were
measured as a function of frequency in a toroid
manufactured from rail iron. The dimensions of the torotd
were: radius 30 mm, thickness 3 mm and length 10 mm, and
the winding comprised 250 turns of 1 mm copper wire. The
results, shown in Figure 6 with the static B-H loop loss per
cycle superimposed, show that at power frequencies the
hysteresis loss and eddy loss per cycle are comparable.
This indicates that for the range of rail excitation expected
in practice, neither the linear nor the heavily saturated
model alone {s realistic.
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g 5. Magnetic field strength as a function of depth in a
semi-infinite slab of ferromagnetic material.
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6. Measured iron loss in toroid sample of rail material.
Impedance Measurement Apparatus

To accurately measure the rail Internal
-impedance, the circuit inductance due to the test
-ent return path and the flux disturbance from sample
oe effects must both be eliminated. The experimental
inique used was developed from equipment described by
mstrom  [4] for null-flux measurement of the

-inductance change in an isolated rail, using as a
irence conductor a copper tube. The method was
lified so that absolute measurements of Internal

edance could be made. The apparatus (Figure 7) relies
the prior use of a reference conductor, which is a
:ially-constructed hollow copper shell of identical shape
he test rail and having negligible internal inductance (10]
high frequency. This enables the impedance
surement loop to be adjusted in position (distance d in
re 7) such that zero inductance 1is obtained in
jratlon.

When the rail sample is placed in the same physical
tion as the copper shell, measurements of the change in

ctance  will thus represent the true Internal
-inductance. The resistive part of the impedance
ains an absolute measurement of internal resistance,

effects are negligible since the measurement points (A,
Figure 7) are maintained a suitable distance from the
Juctor ends. An on-line FFT analyser provides noise
unity and accurate phase and frequency measurement.

Fig. 7. Experimental apparatus for measurement of rail

Impedance.

Rail Impedance as Function of Current and Frequency

Measurement results of impedance as a function of
current at 50 Hz are shown in Figure 8. Both resistance and
Inductance Increase with current magnitude for the range of
currents generated. To assess rail impedance at harmonic
frequencies, measurements at a constant amplitude of 6 A
were made for frequencies up to 10 kHz. The results are
shown in Figure 9. As expected, the resistance increases
and the inductance decreases with increasing frequency due
to the skin effect.

DISCUSSION

Superimposed on the experimental curves of Figures 8
and 9 are theoretical calculations derived from the various
assumptions on the modelling of hysteresis loss and the
variation in material permeability. The increase of rail
impedance with AC current indicates that the material is far
from saturation even with the highest current applied. This
is because of the large rail cross sectional area (7.5 107
mh). The most accurate resistance model is with an
effective permeability function at low excitation, and with
complex permeability obtained by the B-H loop area
approximation (i.e. incorporating total harmonic losses
within the fundamental) at high excitation. The use of
normal and incremental permeability from Figure 3 i6
Inappropriate In the model due to the Importance of
hysteresis loss. The effective permeability used is constant
throughout the AC cycle, but with magnitude dependent on
the level of current excitation as determined from Figure 5
(it has been termed Unearned permeability). The
inductance variation shows good agreement with the model
using complex permeability obtained from the fundamental
of the B-H loop, with better agreement at very low
excitations from the linearized model of permeability as
described above.

The variation in rail resistance with frequency, for
low excitation currents, shows good agreement with the
complex permeability model based on total loop area for
high frequencies, and that based on the fundamental

component for low frequencies. For rail inductance, the
fundamental complex permeability model is more accurate
at high frequencies, with the experimental curve lying
between this model and the linearized model of permeability
at lower frequencies.
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:ig. 8. Experimental and theoretical rail internal self-
impedance as a function of AC current at 50 Hz

The complex permeability model based on loop area is
nore accurate for rail resistance modelling at high
currents and frequencies. This model necessarily includes
ligher harmonic losses which increase with greater
excitation. For the rail induction variation with current,
Ignoring the harmonics produces closer agreement with the
experimental measurements. However the inductance is
defined only at the fundamental frequency and the total VARs
would necessarily need to include higher harmonics.

More accurate models are required to represent the
rail impedance over the complete range of current and
frequency. For example, accurate computations using
combined finite element and finite difference techniques
could incorporate exact differential permeability data, and
hence enable identification of the separate fundamental and
harmonic losses.

CONCLUSIONS

An analytical model with linear complex permeability,
Dased on experimental determination of the material B-H
loop, gives good agreement with measurements of rail
impedance for moderate rail currents. The conditions
;orrespond to hysteresis but not saturation, and will be of
ise In the modelling of power harmonic propagation In track
Hgnalling systems. At low excitations, better agreement is
'ound by neglecting hysteresis and using an effective
permeability obtained by modelling the flux distribution
within the rail, using as data experimentally derived normal

A Linearized p

B Complex p (area)

C Complex p (fundamental)
0 Experimental

Frequency (kHz)

E
X
a

A Linearized p

6 Complex p (area)
¢ C Complex p (fundamental)
' D Experimental

0.5

1 I D

Frequency (kHz)

Fig. 9. Experimental and theoretical rail Internal self-

impedance as a function of frequency at 6A.
permeability as a function of surface magnetic field
strength.

A saturation model ignoring hysteresis is suggested
as suitable for transient studies and fault condition analyses
which would be obtained with high excitation currents. The
large magnitude of current at 50 Hz necessary to achieve
rail saturation was not achieved in the reported
experiments.

Results presented for rail internal self-impedance
will enable the rail resistance and Inductance at specific
power frequency harmonics to be determined. The
impedance is a function of current and frequency and cannot
be obtained as a closed-form expression. It could,

however, be expressed as a polynomial.
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Rail track modelling for signalling and
electrification system simulation studies

Detailed knowledge of the electrical behaviour of rail track is necessary for the simulation of signalling and
electrification systems. Research is described here to determine the equivalent values of the rail track
transmission line distributed impedance and admittance. The numerical values may be found by a

combination of modelling and practical measurement.

Ir. R.J. Hill, Senior Lecturer, & Mr. D.C. Carpenter, Research Officer, School of Electronic and Electrical Engineering. University of Hath. U.K.

For the simulation of railway signalling and electric power
systems, accurate models are required both for the electrical
equipment connected to the track, and for the track itself. The
track consists of a number of parallel lines — rails, and power,
signal and communication cables — which have electrically
distributed properties. The values of their equivalent
impedances and admittances define the track transfer function
and govern longitudinal and lateral signal and power flows.

Considerable difficulties exist in accurately specifying the
equivalent electrical component values for rails. Making in-situ
measurements is extremely difficult because the rail track is
fixed in place, and access to an absolute remote earth is not
available. Models must account for non-linearities with
frequency and/or current due to the material properties of the
rail iron, soil and substructure. Non-linearities arc especially
significant when determining the mixing behaviour of power
and signal currents, and for electromagnetic compatibility
studies. Furthermore, the equivalent clement values also vary
with environmental conditions such as temperature and

humidity.

In the literature, the determination of the track equivalent
impedances and admittances has been reported only as a
supporting activity for simulation studies. In particular, track
data is usually oversimplified with regard to its variability.
Mecllitt (1]. for example, used estimates of self and mutual track
impedance and. apart from the AC skin effect behaviour,
assumed linearity. Other approximations usually made in
simulation include linear rail permeability with variable current
and frequency, and constant soil conductivity and permittivity
depth and Although over

simplification of the track model precludes parametric studies

with variable frequency.
involving the track/ground interaction, linear approximations
arc sufficient for many applications since many simulation
models arc system specific, e.g. the prediction of harmonic
propagation in railway overhead power lines [2). and the
calculation of induced voltages in adjacent cables [3].

In this article, modelling and experimental techniques are
described to obtain values of the track impedances and
admittances as functions of excitation frequency and current.

The models treat rail track as a coupled multiconductor line.
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nul specific numerical results for the equivalent component
alues are given for a single track with no parallel signal or
[lectric cables. Finally, a brief outline of some simulation

Applications is given.

kliilticonducior line model of rail track

The model of rail track as a multiconductor coupled
ransmission line must include the running rails, parallel electric
[tower rails and cables, and signalling/telecommunications
tables. Fig. 1shows the line representation in terms of self and
mutual impedances and admittances, with only tw'o lines shown
[for clarity. The usefulness of the line model is that standard
electrical transmission line equations may be used to obtain the
line voltages and currents for any given line excitation. This
procedure can most conveniently be carried out in software
using an electric circuit simulation package.

The general line equations for an n-phase line (i.e. for n rails
and cables) relate the distance-dependent voltages and currents
lo the line impedance and admittance matrices according to the

wave equations

a-|1v] 0)

- 17 IY ]IV
dx~
and
©)
=1V
X-

where |Z], [Y] are square matrices of order n with elements Z,r
Lj. The elements Z#f and y* are the unit length self impedances
and self admittances, and ZXand yf§ are the unit length mutual
impedances and admittances.

The modal transformation solution technique is commonly
used for electric power line analysis [4], since it removes the
mutual dependencies. Modal voltage and current vectors are
introduced such that after the transformations, the new
differential equations arc essentially those of independent,
kingle-phase lines with wunique voltage and current
distributions, propagation constants and characteristic
impedances. Generally, how'ever, these latter parameters are
frequency dependent, so it is important to have detailed line
(data to determine the line behaviour at variable frequency.

For the single track (two-rail) line, the modal analysis may be
simplified since spatial symmetry can be assumed in the
conductor (rail) positions. The modes then correspond to line
excitation w'ith differential (or balanced) and common (or
unbalanced) voltages. In railw-ay traction, this is the case with
Bine operation with track circuit and traction power return
current as shown in Fig. 2.

The differential and common modes have their individual
characteristic impedances (Zif) and propagation constants (y)

Determined from the line clement data, as follows:

AT Pite

rig. I: Mnhicotuluctor line model for a single rail track

Zo.d= V|(zn -2D)/(y.j-y D] 3)

and

7a = V[(zn—2R(yn—yL)] @

for the differential mode, and

z4.c=V[(4, +Zi)/(yn +y©)l ®)

and

Ye= Vi(zn+zi;)(yn+y,:)] ©

for the common mode. The above argument considers the
two-line case, but the general principles apply equally well to
any general n-phasc line. However, for n modes, the physical
significance of each of mode tends to become lost in simulation
without detailed consideration of the modal characteristic

impedances and propagation constants.

Modelling and measuring the rail equivalent components
Exact determination of the values of the rail impedance and

admittance equivalent components is difficult due to their

variation from:

— rail iron material properties, giving frequency and current
dependency;

— environmental changes, giving dependencies on temperature
and ground water content;

— ground geological structure, affecting the soil conductivity
and permittivity profiles w'ith depth;

— vrail and track substructure, including rail shape and weight,
ballast and sleeper type, and affecting the leakage
admittance.

Modelling of the equivalent components should commence
with determination of the material properties of the rails and
ground. The relevant rail properties are iron permeability and
conductivity, and the main relevant ground properties arc
soil/substrata conductivity and permittivity variations with
depth and frequency.

The second stage in modelling is to use the material data to
create impedance and admittance component models, and to
verify the models with practical tests. At the University of Bath,
this has been facilitated by the installation of a 36 m long test rail
track (Fig. 3). The track is laid on limestone ballast with a depth
of 300 mm, with both w'ood and concrete sleeper sections, and
bull-head and flat-bottom rail, with provision for third and

fourth rail electrification.

In-situ measurement of rail track elements
In practice, considerable difficulties exist in measuring the
equivalent impedance and admittance matrix elements in situ,

because:

Differential mode

Fig. 2: Line excitation modes for two-rail line with earth return
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— rail joint connections and stray capacitance and inductance
may be dominant;

— the components are distributed along the track length, so the
inadvertent creation of measurement loops should be
avoided;

— access to an absolute earth reference is not possible.

Null measurement methods such as bridge techniques arc
attractive in principle, but difficult to perform because of
electrical interference which has a serious effect due to the
distributed nature of the system. Power measurements are
more convenient. but a major consideration is that the value of
certain elements varv with current and frequency. In devising
track tests, a significant consideration is that the number of
accessible measurement terminals is low. compared with the
number of unknowns to be determined.

In making experimental measurements on rail track, it is
important to note that rails are designed neither for efficient
energy transfer (as in overhead power transmission lines) nor
lor distoitionless signal propagation (as in communications
lines), so the usual assumptions suelt as loss-free operation do
not apply. However, lot in-sitn tests, advantage mav be taken
ol the short measurement length on the University test Hack,
and its isolation from adjoining track sections. Thus

L% 1(>,/) lor all i, j (7)
where I is the length, so the impedance ami admittance
measurements ma\ be performed independentl\ The
consequence of this inequality is that it is fairly straightforward
to devise approximate experiments giving confirmation of some

of the models.

! 1<« nl ininliii iinx I'linh

Detci mm.ilion ol tire tail track equivalent matrix element
\allies must take into account the piox units ol the earth which is
a semi-inlinite weakly conducting medium. Ihe single track rail
line comprises twin ferromagnetic conductors connected
elect!icallv to the ground suijace by metallic fastenings to
sleepers at pciiodic interval's. The ground itself has
conductisits. permittivity and in some eases permeability,
which are all generally both depth and frequency dependent.
Currents flowing along the rails will cause additional currents to

flow in the earth Irorn both conductive and inductive coupling.

For the simplilied case of the symmetrical two-rail line, the
general line excitation can be represented as a linear
combination of the common and differential modes shown in
Fig. 2 A large common-mode current flows in the earth. Irom
conductive and inductive coupling, together with a smaller
current from inductive coupling of the dillcrential-mode
current.

The effect of the conducting earth on the rail self impedance
arises from spreading of the earth return current in the soil due
to the low soil conductivity. The physical model proposes the
generation of eddv currents within the soil by induction, to
oppose the field generated by the rail current. Current actually
flows in the ground near the rail in the form ol an image
conductor, so the loop impedance is modified. Fot perfectly
conducting earth, the image conductor will be located beneath
the ground at a depth equal to the tail height, but for lossy
ground the depth increases and the current spreads out furlheci.
thus increasing the loop inductance, i.ddv current power losses
also arise in the ground, so the equivalent self resistance also
increases.

Similar considerations apply for the mutual impedance
between the lines. This is defined as the mutual coupling
between circuits comprising each line with its earth ictuin. The
conducting earth acts as a screen, reducing the mutual
impedance value as the earth conductivity is raised. Separate
image conductors exist lor each rail, so the mutual impedance
will have scveial distinct terms as desetibed later.

The Imite ground conductivity is also responsible lot shunt
losses in the track transmission line system, and physically the
model is represented by self and mutual conductances. The
resistance ol the rail fastenings, sleepers and ballast also
contribute to these leakage currents. The depth 83 ‘1 of
ground conductivity determines the values of these track
conductances. A similar ground permittivity variation with
depth accounts for self and shunt capacitance in the admittance

model.

ill IPI Ufipilldllil\ bl mil illlclthli IED iilth
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Series self and mutual impedance

The sell impedance of each rail in the track multiconductor
system is the sum of internal and external components. The
internal inductance is due to stored magnetic field energy, and
the internal resistance is due to dissipated energy, both within
the rail. The former may represent an appreciable proportion of
the total rail self impedance. It is nonlinear with both current
and frequency because of the variation in iron permeability. A
complete model of the internal impedance is difficult due to the
presence of rail saturation and hysteresis [5, 6], but its
laboratory measurement is fairly straightforward using a null
flux technique and apparatus of the form shown in Fig. 4.
Sample results for the internal impedance for flat-bottom rail

with small signal AC excitation arc given in Fig. 5.

0 X A

01 1 D

Frequency (Hz)

Fig. 5: Rail internal self impedance as function offrequency

The external impedance, due to the stored and dissipated
energy outside the conductor, is the circuit inductance and
resistance of the loop comprising the rail current with earth
return. The electromagnetic theory necessary to model the self
impedance was originally evaluated by Carson, Polaczck and
Ilaberman. and the resulting equations have since been applied
to a variety of transmission line configurations. For the model
of rail track impedance, the theory developed by Bickford [7]
may be conveniently used assuming a two-layer earth
conductixity function. Bickford’s equation for the external self

impedance is

Jo» ( uiuo In 2h \ jto I p,u<, Js fl/m (8)
Zs =
In
where
J _ ti2exp—2hX d). )
s
fu2/.+ulA (/,)]
Y: / N3 y2sinh(dy2) + u2p$cosh(dy2) 10)
A () =
u3 y2co.sh(dy2) + |i2y” sinh(dy2)
and
yn2= r + jo)unu,o,,. (1

The subscripts 1, 2 and 3 refer to air, the upper ground layer
and the lower ground layer respectively, d is the depth ol layer 2
beneath the ground surface, < the angular frequency, u the
permeabi ity. h the rail height, mf the rail radius, /. a varaible of
integration and o the conductivity. Equations (8) - (11)express
the impedance as the value assuming a perfectly conducting
earth, together with a correction term.

The mutual impedance per unit line length with earth return
is derived from similar considerations. Bickford's equations
again give the mutual impedance as the value assuming a

perfectly conducting earth with a correction factor:

(hk+ hm)2+d2 jto ( p,Ho V- Mn

_ jo)L pifi,, \in
M i

21 (hk-h in)2+d2

12)
w'here

p2cos[X(hk-h,n)] exp-lu d> 13)

[li2X +P|A (X)]

A(/.) again being defined by Equations (10) and (11), and the
subscripts k and m referring to the two rails.

The physical interpretation of the mutual impedance relies on
visualising the field round the rails. The general form of mutual

impedance is

zm= r+ jo>(LA + Lb). (14)

The positive real component (r) is the mutual resistance and
represents the ground eddy current loss. The two rails have
different ground return paths, and LA is the contribution to the
mutual inductance from the wire geometry, with LB the
contribution from the ground return paths. Actually, for pairs
of running rails, the ground return paths will almost coincide in
space, and the DC term will be small. Fig. 6 shows theoretical
values of self and mutual impedance evaluated from Equations

(8) - (13) using the two-layer soil conductivity model.

[,

Fig. 6: Seriesselfand mutualimpedance asfunction offrequency

Shunt and mutual admittance

The model of track admittance may be derived by considering
continuous or discrete function conductivity and permittivity
models of the earth. Approximate estimates may be made
assuming a single or two-layer earth model (8). Experimental
verification is difficult due to the inaccessibility of the remote
earth, to which the self admittance is referenced. However, an
estimate of track admittance can be made using the broken rail
technique illustrated in Fig. 7, and assuming lumped rail
admittances. This method involves making a break in one of the
rails, applying an excitation signal at one end, with a suitable
load admittance, comparable in magnitude to the track
admittance, applied at the other. The source voltage (VJ and
current (Is), and load admittance (>'i.), voltage (V, ) and current
(11) arc measured. Circuit analysis by solution of the equivalent
loop equations then yields the self and mutual admittances. Fig.
8 gives some typical results for flat-bottom rail with concrete

sleepers.

Model applications

A complete track transmission line equivalent circuit with
current and frequency dependency can be used to represent the
signal transmission path in simulation studies concerned with

both signal and power transmission.
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Fig. 7: Broken rail test for measurement of rail admittance
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Signatling system simulation

The design of audio frequency (AF) track circuits with signal
modulation and coding can be facilitated by simulation. AF
track circuit carrier frequencies arc in the range 1.6 kHz to 20
kl Iz, and typical operating lengths are 300 m to 8(H) m. The first
task of simulation is the optimisation of the basic track circuit
characteristics in the train shunt and broken rail modes of
operation. Then, to determine the capacity for information
transmission, the signal mixing behaviour in the termination
areas may be modelled.

To adequately model the above conditions, the full track
section model must be used. Although in normal operation, the
track circuit is excited by the differential mode, in general the
track will exhibit asymmetric properties because of ballast
asymmetry, drainage conditions and track curvature. Thus
there will also be common mode excitation and ground current
will flow. In the broken rail inode of operation, severe
unbalanced currents flow in addition to a small differential
mode current. Further information on the simulation of track

circuits can be obtained in reference (9).

Electrification system simulation
The propagation of harmonic currents in AC or DC fed
electric railway traction systems can also be modelled with

advantage if a complete track section model is available.

Although return currents normally flow' along the running rails
in parallel, by common mode excitation, in practice differential
mode currents will also flow, for example through unbalanced
traction currents arising from asymmetries such as rail
curvature. In general, this will cause harmonics of the traction
current to penetrate the ground at different depths and to be
present in the various modes with different magnitudes.
Modelling and simulation of the electric traction power system
can also give information about energy transmission efficiency,

line regulation and load pow'er factor.

Conclusions
Rail track electrical equivalent circuit component data

necessary for accurate simulation models can be obtained by a
combination of modelling and experimental measurement. The
variation of the data with current and frequency, and with
environmental conditions, is particularly useful. In order to
complete the track data knowledge base, research is proceeding
on the following enhancements:

— the in-situ measurement of track parameters without the
need to make approximations, and which applies to both
short and long lines.

— a ground capacitance ntodel with ground permittivity
variation w'ith depth.

— a method to assess the relative importance of the self and
mutual impedances.

— the variation of the shunt admittance components with

environmental and geological conditions.
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FEM APPLIED TO RAILROAD TRACK ELECTRICAL IMPEDANCE
AND ADJACENT TRACK CROSSTALK MODELLING

David C. Carpenter, R. John Hill

School of Electrical Engineering, University of Bath
Claverton Down, Bath BA2 7AY, UK

Abstract - In a multiple-track railroad, the conductors form
mutually-coupled ground return circuits. Accurate electrical
circuit analysis, required for signalling, traction and
electromagrnietic compatibility analysis, is difficult to achieve
because of the variability in the equivalent electrical
components from their material properties and environmental
conditions. This paper describes an application of the finite
element method to the electromagnetic analysis of rail track.
After validation by benchmark tests using single rail, single &
three-rail track, the technique is used to predict crosstalk
between adjacent tracks of a two-track electric railroad.

INTRODUCTION

Evaluating crosstalk effects between adjacent tracks in an
electrified railway is of considerable significance for the safe
and reliable operation of automatic train control systems.
Because of crosstalk, harmonics of the traction currents,
generated from power supply substation ripple and power
electronic traction drive modulation components, can appear
in signalling circuits on adjacent tracks. [f the received signal
hamonic spectrum is within the bandwidth of the track or
train receiver, the interference currents may defeat the safety
signalling system. Even if sufficient safety checks are made,
the presence of crosstalk can still give rise to safe failures
with associated equipment reliability problems. in this paper,
a method is presented to predict crosstalk voltages and
currents by computer simulation, using the finite element
method (FEM) of electromagnetic system analysis.

It is difficult to model crosstalk analytically by conventional
circuit analysis because the track transfer functions are
imprecise. These depend on detailed knowledge of the track
impedance matrix [Z] and admittance matrix [Y]. The former
consists of the line self and mutual impedances, and the latter
the line self and mutual admittances. The [Z] and [Y] matrices
are not known to a high accuracy since the elements may be
frequency, current and/or environmentally dependent.
Previous attempts at analytical modelling of crosstalk have
therefore met with only limited success [1]. Generally, for
existing railroads, site measurements are required to verify
the impedance and admittance models, and Mellitt et al [2]
have displayed some ingenuity in using a computer program
with data which could be varied with longitudinal position
along the track section.

The finite element method was first applied to plain stress
and strain problems in structural mechanics for the analysis
of continua in 1953. In the 1960s, it was used to solve field

problems in fluid dynamics, heat flow and electromagnetics,
with problems of wave propagation in waveguides, and eddy
currents in ferromagnetic materials receiving considerable
attention. Recently, transient solutions for moving conductor
systems such as electrical machines and electromagnetic
launchers have been published. Several software packages
for FEM are now available. References [3] and [4] summarize
the existing state of the art.

Application of FEM to rail track signal analysis is not
complicated. The technique is used to calculate the stored
and dissipated system electromagnetic energy components,
from which the electrical circuit impedance (resistance and
inductance) may be determined. For long lengths, rail track
can be regarded as a two-dimensional structure, so creation
of the initial FEM net is straightforward, and computer run
time and storage requirements are reasonable. The main
problems lie in selecting accurate data for the rail
ferromagnetic material and the ballast/ground structure, and
in dealing with frequency and current dependency in those
data. In particular, rail iron is nonlinear and exhibits
hysteresis, and ground conductivity and permittivity vary with
depth below the ground surface. The rails, however, can be
modelled satisfactorily using a quasi-analytic approach [5],
and the ground by using layered approximations [6].

In this paper, the model of rail track impedance is explained
in terms of internal and external self-inductance, mutual
inductance and resistance. The relationship of those
variables to circuit impedance for various track configurations
is given. FEM is described in terms of a physical
understanding, and its practical application to rail track
analysis is illustrated. To verify the accuracy of the technique,
benchmark tests using single rail, single track and
power-rail-electrified single track are described, the FEM
model being compared with both analytic calculations and
experimental results. Sample crosstalk voltages and
currents, obtained by FEM and practical experimentation, are
then presented.

THE MODEL OF RAIL TRACK IMPEDANCE

Rail track consists of two or more parallel ferromagnetic
conductors laid on the surface of the ground. Together, the
conductors form a coupled transmission line, whose electrical
behaviour may be mathematically modelled using matrix
algebra after setting up the track impedance and admittance
matrices. The elements of these matrices are determined by
the rail ferromagnetic material, line shape. physical geometry
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and ground properties. and are represented schematically as
shown in Figure 1. The impedance matrix contains the rail
self impedances as the diagonal terms and the inter-rail
mutual impedances as the off-diagonal terms. The self
impedamce of each rail consists of internal inductance,
arising from the flux within the rail iron, external inductance,
trom the flux outside the rail surface, and resistance. The
mutual impedance between lines also has both real and
imaginary components. [t can be interpreted physically by
considering the nature of the earth-return circuit. Because of
the weakly conducting earth, there is an additional loss
mechanism from ground eddy currents, and an extended
distribution of magnetic flux within the ground.

Impedance model Admittance modet
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Figure 1: Rail track impedance and admittance mode/

The magnetic coupling between the rails is affected by their
proximity to the ground. The track exhibits distinct
propagation modes, the number of modes being equal to the
number of lines. For a two-rail track, the modes relate to
differential and common mode excitation (Figure 2). An
approximate circuit analysis, ignoring the effect of line
admittance, gives the impedances seen by the signal source
to be

g = 211+222-2212
for differential mode excitation, and

(1)

2e = z11+ 222+ 2212 @)

for common mode excitation. The accurate transmission line
analysis results in wave equations for the line voltage and
current, characterized by propagation constants and
characteristic impedances. The latter are

Zog = "H(z11+ 222 - 2292)/(y11 + Y22 - 2y12)] (3
for differential mode excitation, and
Zoc = Yl(z11+ 222 + 2212)0(y11 + y22 + 2y12)] (4)

for common mode excitation.

The impedances in equations (1) and (2) form the basis for
verification of the FEM results using the benchmark tests,
since they may also be obtained approximately by analytic
theory and/or experiments. However, direct experimental
measurements of the track impedances for some
configurations are extremely difficult due to the inaccessibility
of the remote earth. A combination of experiment and
analytical models must therefore normally be used.

The model of the internal self impedance must account for
ferromagnetic mater:al properties such as saturation and
hysteresis and has been evaiuated for both DC and AC
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Figure 2: Common and differential mode track excitation

excitation [5, 7). The model for the extemal self and mutual
impedances must include the effects of the rail ground return
circuits. The impedance of ground-return conductors faid on
the ground surface has been considered in detail by various
researchers, and Carson, Pollaczek, and Haberland have all
produced analytic equations suitable for use at power and
audio frequencies. Suitable approximations are normally
necessary to model the variation of ground conductivity with
depth. Bickford {8), for example, has adopted a two-layer
earth conductivity stratification, modifying Carson’s equations
to obtain the selt impedance as
Zji = jw P In 2h+jw ppg Js QUM (6)
2n a n
and the mutual impedance as
zjj=jo piHg In [ (hcHhm)2rd2 +jo pqug Jm Qm (6)
2n (hchm)&+d2 n
In equations (5) and (6),
oo
Js =J uoexp-2ha dr
0 [boapiA)]
00
Jm = J pacosM(h-hm)lexp-2ha dr
0 [2xpiAR)]

(7

(8)

A(p) = v2 u3rgsinh(dygHu2yzcosh(dyy) (9)

H3ycosh(dyz Hugvzsinh(dyg)

and

¥n2 = A% + jopnuoop (10)

where the subscripts 1, 2 and 3 refer to air, ground layer and
the lower ground layer respectively, d is the depth of layer 2
beneath the ground surface, w the angular frequency, p the
permeability, h the rail height, a the rail radius, A a variable of
integration, o the conductivity, and the subscripts k and m
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refer tto the two rails. Equations (5) and (6) express the
impedance as the value assuming a perfectly conducting
earth, together with a correction term

THE FINITE ELEMENT METHOD

FEM applied to magnetic systems analysis

Generally, the finite element method can be implemented
using either the electric field and magnetic vector potential, or
the magnetic field and electric vector potential, to model the
field in eddy current regions. In addition, nodal or edge
variables may be used, and the field equations may be
solved either by their differential or integral formulation [3].
The package used here implements the electric field method,
with the differential form of the equations using nodal
variables

The problem space is categorized according to its material
properties. In non eddy current regions, the magnetic scalar
potential is sufficient to describe the field. In eddy current
regions with no iron, the magnetic vector potential must be
used, and in regions containing source current both the
magnetic vector potential and electric scalar potential are
required

The finite element method models the appropriate field
equations for each region, and then solves the equations
numerically using, for example, the Galerkin weighted
residual method [3]. An approximate expression is then
created for the stored energy associated with the potential at
each spatial point in the problem region, usually by assuming
that the potential can be expressed as simple functions with
undetermined coefficients. Computation then determines the
coefficients for the minimum non-trivial energy condition
Silvester and Ferrari [9] show that this non-trivial solution is
unique, and, furthermore, that the form of the solution implies
that the calculation of system properties such as stored
energies, power losses and impedances will be accurate,
even for substantial local approximations in the potential
distribution.

In non-conducting regions, the magnetic scalar potential (u)
in regions of zero conductivity can be expressed by Laplace's
equation

viu = 0.

(11:

The boundary conditions are that the magnetic scalar
potential is constant along ferromagnetic surfaces, and that it
has zero normal derivative at planes of symmetry. The
minimum potential energy condition implies a minimisation of
the stored field energy per unit length, so the function

mini W) = 0.5/IVu]2dS} (12)

is determined, with the integration carried over the complete
two-dimensional problem region. Mathematically, a potential
distribution satisfying Equation (11) will also minimise the
energy as in Equation (12).

In regions containing currents, the magnetic vector potential
A, satisfying a vector Poisson equation, must be used. For a
two-dimensional system geometry, this degenerates to the
scalar equation

V2A = -p0J (13)
The constant value of A corresponds to a magnetic flux line,
thus defining the boundary conditions The variational
problem is then to find the function

mm{ F(u) * 0.5/[VU2 dS - pg j'pj dS (14)

Silvester and Ferrari [9] show that F(u) reaches its minimum
for u = A, given by the solution of Equation (13). The field
energy is then calculated from the equivalent expression

W=0.5/|VA[2dS =0.5p0/A JdS. (15)

To obtain a FEM solution, the problem space is divided into
elements, exploiting symmetry to reduce their number. In
principle, the elements may be any shape, since the method
requires continuity across adjacent element boundaries
Once the potential at each element corner is known, the
potential everywhere within the element may be found by
interpolation. Common element shapes are triangular and
quadrilateral. The former has the advantage of a linear
interpolation procedure, and the latter of the need for fewer
elements. The elemental assembly procedure is a non-trivial
task that must take account of the structure shape and field
charge density.

The stages of representing and solving a problem by FEM
are: create the mesh, define the sources and boundary
values, construct in software the matrix representation of
each element, assemble the elemental equations, solve
them, and display the results.

FEM for rail track impedance determination

The task of creating a finite element mesh for rail track is fairly
straightforward since the track is longitudinally symmetric.
Additional planes of symmetry can be exploited in the cases
of a single rail, and a two-rail track. The irregular shape of
the rails themselves requires care in apportioning the
elements, and the elemental size must reduce in regions of
high flux density magnitude or direction change The aspect
ratio of the meshes should, however, be maintained
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Figure 3: Elemental net for FEM of rail/track structure
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approximately unity. The electrically conducting earth must
also be divided into elements, and its conductivity variation
may be represented as horizontal stratification of the
elements

The FEM package used employed quadrilateral elements,
ensuring efficiency in the number required, but at the
expense of computational complexity. Figure 3 shows the
elemental net for the complete rail track structure, which
includes the facility for twin-track third and third/fourth rail
electrification. The smallest elements are located around the
rail in regions of high flux density. The sleeper and ground
are modelled as separate regions, since they have different
electrical conductivities. = The model specifies various
regions, such as rails, sleepers, ground and air The
computation process evaluates the stored and dissipated
energy in each of these regions after the excitation conditions
have been defined The stored and dissipated energies are
then interpreted in terms of circuit resistance and inductance.

FEM TRACK MODELLING

To validate the FEM model, and to gain confidence in the
accuracy of the material data used, preliminary benchmark
tests were performed with simple geometries, with supporting
experiments and analytical models. All the experiments,
models and FEM results were obtained with a constant
excitation frequency of 50 Hz.

Single rail with earth return

The self impedance of a single rail with earth return is
represented by zj (Figure 1). Its impedance may be
determined using FEM by constraining the rail current to
return via the ground and evaluating the stored and
dissipated energy components in the magnetic fields. The
vector potential contours of such an analysis are shown in

Figure 4. The inductance and resistance are then
determined from

L = 2ES/I2 (16)
and

R = PJ\2 17)
where Es and P<g are the total system stored energy and

power loss, and Iis the rail current. The rail impedance is the
sum of the internal and external components. The internal
component has been modelled analytically by assuming an
equivaent circular magnetic conductor. This is described in
references [5] and [10], which also give the results of
corresoonding laboratory experiments. The external
component has been evaluated using the Carson-Bickford
equation (5). Table 1 gives the rail reactance and resistance,
and the carth-return resistance, for all the above models and
measu'ements.

The tw>rail track

The mutual impedance between two rails with earth return
combires with the rail self impedances according to the rail
excitation mode, as given in Equations (1) and (2). Both
excitation modes were modelled by FEM, and the impedance
results compared with those using the Carson-Bickford
equations (5) and (6). The FEM-generated magnetic vector
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Figure 4: Singie rail vector potential contour
calculation by FEM

Table 1: Single-rail impedance at 50 Hz

Rail FEM Bickford Lab
type theory expt
toi ext)  (zii int)
Flat- Reactance (mfi/m) j0.395  j0.387  jO.104
bottom  Inductance (pH/m) 1.258 1.232 0.33
rail Resistance (mfi/m) 0.403 0.05 0.09
Earth-return
resistance (mfi/m) 112.2 - -
Power Reactance (mfi/m) jO.356  j0.400
rail Inductance (pH/m) 1.133 1.273 -
Resistance (mfi/m) 0.341 0.05 -
Earth-return
resistance (mfi/m) 112.2 - -

potential contours for the two excitation modes are shown in
Figure 5. Only the differential mode excitation can be directly
checked by track experiments, since the remote ground is not
accessible for common mode excitation measurements.

The differential and common mode reactances and
resistances have been evaluated by FEM from the stored and
dissipated system energies according to Equations (16) and
(17). Table 2 gives all the FEM, experimental and analytic
theoretical results for both differential-mode and
common-mode excitation.

The three-rail track

Analysis of a three-rail track is necessary to evaluate
harmonic propagation effects in a DC-electrified railway.
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Figure 5: Single track vector potential contour calculation by FEM

Table 2: Single-track impedance at 50 Hz

DIFFERENTIAL MODE COMMON MODE
Configur- FEM Bickford Track FEM Bickford
ation theory expt. theory
Both Reactance (mQ/m) j0.615 j0.074  jO.889  j0.246  j1.47
running Inductance (pH/m) 1.96 0.236 2.83 0.784 4.67
rails Resistance (mQ/m) 0.184 0 0.80 0.253 0.196
Earth-return
resistance (mQ/m) - - - 128.0 -
Power Reactance (mQ/m) j0.414  j0.037 jo.611 - j1.539
rail & near Inductance (pH/m) 1.32 0.118 1.95 - 4.90
running Resistance (mQ/m) 0.160 0 1.589 - 0.196
rail Earth-return
resistance (mQ/m) - - - - -
Power Reactance (mQ/m) jo.617  j0.089  j1.05 - j1.49
rail & far Inductance (pH/m) 1.96 0.283 3.342 - 4.74
running Resistance (mQ/m) 0.159 0 1.89 - 0.196

rail Earth-return
resistance (mQ/m) - - - - -

Usually the power rail is located close to one of the running obtained from Equations (16) and (17) using the
rails, with power current returning via the combination of the  single-conductor excitation current, and the experimentally
running rais in parallel. The vector potential contours for measured circuit resistance and inductance are both given in
such a casa is shown in Figure 6. The FEM model result, Table 3.
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Figure 6: Three-rail track vector potential contour
calculation by FEM

Table 3: Three-rail track impedance at 50 Hz (power rail
with running rails in parallel)

FEM Track experiment
Reactance (mfi/m) j0.340 j0.546
Inductance (pH/m) 1.08 1.74
Resistance (mfi/m) 0.118 1.71

CROSSTALK BETWEEN PARALLEL TRACKS
Due to the variability of rail and ground material data, it is
difficult to create accurate analytical models of complex track
configurations. Using FEM, once the mesh has been set up,
and the material data specified, the geometry may be altered
easily to simulate different track configurations. Two crosstalk
effects were nvestigated, to simulate the magnetic
interference on a track circuit from parallel track signalling
currents, and frem traction currents.

Crosstalk from signalling current

The model of sgnalling current crosstalk treats one running
rail loop as the excitation, with the other as the receiver.
Figure 7 shows the contours of vector potential generated by
the FEM package in such a model The FEM results have
been obtained for three excitation conditions:

* no restriction on receiver track currents
» receiver track rail currents forced to be equal and opposite
» receiver track'ail currents forced to be zero.

These conditions correspond to infinite length track, and short
circuit & open circuit operation respectively. The FEM and
experimental results are given in Table 4, together with a
theoretical valu* calculated from Faraday’s law and ignoring
the effect of the finite ground conductivity.

Figure 7: Crosstalk to adjacent track from
signalling rail currents

Table 4: Crosstalk between parallel tracks at 50 Hz
from signalling currents

FEM: Inter-rail voltage
Floating rails (pV per A excitation current) 5.06 +j2.71
Near rail current transfer
(mA per A excitation current) 68 +j17
Far rail current transfer
(mA per A excitation current) 27 +j1.7
FEM: Receiver track current
Equal rail (mA per A excitation current)  20.1 -j7.5
currents
FEM: Receiver track voltage
Zero rail (pV per A excitation current) 12.6 +j0.36
currents
Experiment Short-circuit current
(mA per A excitation current) 3.6 -j6.1
Open-circuit voltage
(mV per A excitation current)  7.68 -j8.15
Theory Receiver track induced voltage
(pV per A excitation current) 13.8

Crosstalk from traction current

When the excitation is from traction current flowing in a circuit
comprising a third rail with return through the parallel
combination of the running rails, the inter-rail voltages and
rail currents appearing in the receiver track differ from the
previous case. The contours of vector potential for the
three-rail excitation case are displayed in Figure 8. with all
the results in Table 5.
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Figure 8: Crosstalk to adjacent track from traction currents

Table 5: Crosstalk between parallel tracks at 50 Hz

FEM:
Floating rails

FEM:
Equal rail
currents

FEM:
Zero rail
currents

Experiment

Theory

from traction currents

Inter-rail voltage
(pV per A excitation current)

Near rail current transfer
(mA per A excitation current)

Far rail current transfer
(mA per A excitation current)

Power rail current transfer
(mA per A excitation current)

Receiver track current: with
power rail floating
(mA per A excitation current)

Receiver track current: with
zero power rail current
(mA per A excitation current)

Receiver track voltage
(pV per A excitation current)

Short-circuit current
(mA per A excitation current)

Open-circuit voltage
(mV per A excitation current)

Receiver track induced voltage
(pV per A excitation current)

1.76 -j2.07

23.0-j7.0

7.0 - j4.0

66.0 +j17.0

73-j1.6

17.7-j5.4

10.9 -i0. 19

52-i84

9.1-j88

15.5

DISCUSSION
General considerations

Most of the results in Tables 1-5 demonstrate agreement
between the FEM results, analytical models based on the
Carson-Bickford equations, and laboratory and track
experiments to within an order of magnitude. The deviations
are due to a number of factors listed below.

Magnitude of impedances - The self and mutual rail imped-
ance values are extremely small in magnitude and are
strongly affected by changes in ground material properties.
The ground conductivity is particularly significant, and varies
with depth in a manner dependent on local geology as well
as the environment. Thus errors will accrue unless the
conductivity is measured at the same time as the track
impedance experiments are performed.

Railjoints - The experimental test track used for the practical
measurements consisted of four, 9 m rail lengths connected
together with copper cable, so poor cable joint impedances
could represent a significant fraction of the measured
impedance  The presence of joint resistance errors is
consistent with the larger experimental values compared with
both theoretical model and FEM results.

Rail permeability - The FEM results which depend on internal
self impedance are sensitive to the magnitude of rail
permeability, which is in general a function of frequency as
well as current magnitude [5]. For example, at 50 Hz, a rail
permeability change from 350 mH/m to 100 mH/m results in a
50% reduction in rail resistance. However, for low power
frequency currents, the variation in the permeability
magnitude is small. In general, the measured inductance is
not seriously affected by permeability variation since, apart
from the case of rail self inductance with earth return, it is
mainly determined by the circuit geometry.

Rail shape - The irregular rail shape may also explain the
disagreement between FEM, experiment and theory in some
individual results, for example those of Table 1. The
magnetic flux distortion around the rail surface causes the
vector potential contours to cut the rail boundary at the top
and bottom of the rail web, as seen in Figure 4, and this
produces inaccuracies in the computed result. The elemental
net within the rail cross section is coarse because of
computational restrictions, and this also produces
inaccuracies. A further source of error is that the
theoretical model assumes a circular equivalent conductor,
rather than the special rail shape.

It is believed that further refinement of the modelling process,
and the use of more accurate material data, would enhance
the achievable accuracy.

Benchmark tests

Considering the above comments, some detailed
observations may be drawn about specific results. In Table 1,
the Carson-Bickford equations model the external impedance
only, with the assumptions of infinite rail permeability and
conductivity. If the Carson-Bickford result is added to the
laboratory measured value of internal rail reactance, then
agreement, to within 20%, is obtained with the FEM result. A
similar correction could also be made for the internal

70



Receiver Track

Induced current in
rails of parallel y
track

Induced current
in ground

Excitation current
t00D

Induced current
loop m ground

Ground surface

Excitation Track

Figure 9: Physical model of rail track crosstalk current loops

reactances in the other benchmark tests, recorded in Tables
2 and 3. However, in those results, the significance of the
internal inductance is less due to the relatively large circuit
inductance owing to the wide rail spacing.

In Table 2, the FEM results for the common and differential
mode inductances indicate that the size of the current loop for
the common mode case will be less than that for the
differential mode case. Hence the rail current images must
lie close to the ground surface, at a depth less than the
inter-rail spacing.

Crosstalk

With the receiver track rails unrestricted in length, the
physical model predicts induced currents in each rail, with
associated eddy currents in the ground, as shown in the
simplified representation of Figure 9. There is an image
conductor for each of the four rails, located beneath the
ground at a distance determined by the ground conductivity,
permeability and the signal frequency. The primary eddy
current loop is induced from the transmitter track current.
Further coupling will exist between all the ground current
components.

For the case of crosstalk from signalling currents,
experimental validation of the FEM results was obtained for
the short-circuit current condition to within an order of
magnitude (Table 4), the difference in the in-phase parts, as
before, probably being due to significant rail joint resistance.
Confirmation of the open-circuit voltage result by experiment
was more difficult to achieve, due to the extremely low
voltages involved. However, an approximate validation, to
within 10%. was obtained by calculating the voltage between
two infinite coils spaced at the track gauge using Faraday's
law, and assuming an insulating earth. The experimental
measurement of open-circuit voltage given in Table 4
corresponds to the case when both ends of the receiver track
were left open circuit, it being confirmed that when one track

end was closed, the detected open-circuit voltage reduced
towards the value predicted by the FEM model.

The condition of crosstalk from traction currents also shows
close correspondence between FEM and experiment for the
short-circuit current condition (Table 5). However, the
screening effect from the receiver track power rail must be
considered in interpreting the results. The FEM model shows
that when the power rail current is allowed to acquire its
floating value (i.e. when the rail is of infinite length), the
short-circuit current magnitude in the running rails is reduced.
The experimental measurement agrees most closely with the
FEM result where the receiver track power rail current is
forced to be zero. The open-circuit voltages obtained by
FEM, experiment and theory are also shown in Table 5, and
similar considerations apply to those given for the signalling
current crosstalk condition.

CONCLUSIONS

The use of FEM to determine rail track impedance has been
demonstrated. Various physical layouts and excitation
modes have been modelled, and a validation procedure
based on the Carson-Bickford equations and practical
measurement of rail impedance demonstrated. Preliminary
results for crosstalk at 50 Hz between adjacent tracks of a
two-track railway have been presented, for both signalling
current and power current excitation.

ACKNOWLEDGEMENTS

This research was financed by the UK Science and
Engineering Research Council under research grant
#GR/E/58816. The authors are grateful to Professor David
Rodger at the University of Bath for use of the FEM software
(MEGA), and to him and Dr Paul Leonard for practical advice
concerning its use.

71



(1]

(2]

(3]

(4]

(5]

REFERENCES

P. R. G. Hopkins, "Crosstalk between track circuits on
adjacent roads of a railway system.” M.Phil Thesis.
Brunel University, London UK, 1981.

B. Meliitt, J. Allan and J. A. Taufiq, "Electromagnetic
compatibility in DC railways,” 6th (International
Conference on Electromagnetic Compatibility, York UK,
12-15 September 1988 (London UK: IERE 1988), pp.
347-354.

J. F. Eastham and D. Rodger, “Differential methods, finite
elements and applications,” in: Industrial Applications of
Electromagnetic Computer Codes (Editors - Y. R.
Crutzen, G. Moiinari and G. Rubinacci). Dordrecht:
Kiluwer 1990.

A. B. J. Reece, ‘Electrical machines and electro-
mechanics - computer aids to design,” Power
Engineering Journal, November 1988, v. 2, n. 6, pp.
315-321.

R.J. Hill and D. C. Carpenter, "Modelling of nonlinear
rail impedance in AC traction power systems,” 4th
International Conference on Harmonics in Power
Systems: ICHPS 1V, Budapest, 4-6 Qctober 1930, pp.

(6]

n

(81

&)l

(10]

268-274.

R.J. Hill, D. C. Carpenter and T. Tasar, ~Railway track
admittance, earth-leakage effects and track circuit
operation,” 1889 IEEE/ASME Railroad Conference,
Philadelphia. 25-27 April 1389 (New York: IEEE 1989),
pp. 55-62.

D. C. Camenter and R. J. Hill, °Rail impedance
modeiling for DC-fed railway traction simulation,”
IASTED International Symposium on Applied Modelling
and Simulation, Lugano, Switzerland, 18-21 June 1880
(Anaheim CA: IASTED 1990), pp. 105-108.

J. P. Bickford, N. Mullineux and J. R. Reed. Computation
of Power System Transients. London UK: Peter
Peregrinus 1976.

R. P. Siivester and R.L.Ferrari. Finite Elements for
Electrical Engineers. Cambridge UK: Cambridge
University Press 1983.

D. C. Camenter and R.J. Hill, “The effect of magnetic
saturation, hysteresis and eddy currents on rail track
impedance,” 1989 |EEE/ASME Railroad Conference,
Philadelphia, 25-27 April 1989 (New York: IEEE 1989),
pp. 73-79.

72




USING THE CIRCUIT SIMULATION PACKAGE
EMTDC FOR AUDIO FREQUENCY TRACK CIRCUIT DESIGN

R J Hill 1, M L Berova 1,
and G J W Meecham “.

D C Carpenter

1
2

1 School of Electrical Engineering, University of Bath,
Claverton Down. Bath, BA2 7AY, UK.
2 Westinghouse Brake and Signal Ltd., Signal Division,

PO Box 79, Pew Hill, Chippenham, SN15 1JD.

ABSTRACT

proposed for the
of audio frequency
track circuits. After the
approximate area of existence of
track circuits is defined by formal
mathematical models, simulation,
using a commercial circuit
simulation .- package, is used for the
final design. Simulation results
are presented for the train shunt
and broken rail modes of
operation. The detailed behaviour
in the tuned termination area is
also shown.

A method is
optimal design

1 INTRODUCTICN

Many automatic train control (ATC)
systems use audio frequency (AF)
track circuits for the automatic
train protection (ATP) functions of
train location detection and
track-to-train data transmission of

safety speed codes. The advantages
of AF track circuits include the
elimination of insulating rail
blockjoints, enhanced data
transmission capability and with
the addition of suitable signal
processing, immunity from
electromagnetic interference
(EMI). The problem addressed in

this paper is the achievement of
optimal AF track circuit design by
computer methods using a
commercially available electric
circuit simulation package.

The design of AF track circuits has
in the past largely been achieved
by continuous development of
existing equipment using ad-hoc
methods based on previous
engineering experience. A

considerable pool of practical
knowledge exists on joined DC and
AC power frequency track circuits,
derived from their wuse over many
and summarised in a number of

years
publications (1. 2]. However,
compared with their jointed
counterparts, AF track circuits are
complex systems. The attenuation

track circuit is
sensitive to ground conditions and
they are terminated wusing tuned
areas. Detailed knowledge of the
properties of the rail
track-to-ground system and of the
rails themselves 1s thus necessary
for design. A number of solutions
to the AF track circuit design
problem have been proposed,
reviewed in references [3, 4], but
all are sub-optimal in that they
represent acceptable solutions for
particular combinations of
operational conditions, such as
length, frequency and environmental
variations. Attempts to formalise
the design procedures and produce a

along the

universal AF track circuit have
been  made, based on gaining a
thorough understanding through
analysis {5]. Although a large
quantity of data has  been

collected, the problem of optimal
design, however, is still unsolved.

In this paper, the basic problem of
AF track circuit design is stated
and the use of a circuit simulation
package (EMIDC) to assist in the
design process is described. the
design procedure starts with the
method of 1linear programming to
define the area of existence, with
circuit simulation wused for final
optimisation. The simulation
technique eliminates much of the
practical site testing otherwise
required in  prototype designs.




An important aspect of the model is
the «orrect characterisation of the
track—to-ground behaviour. Example

simulations are presented for train
position detection along the track
circuit, broken rail detection and

for detailed operation in the tuned
termimation area.

2 TRACK CIRCUIT DESIGN

The primary function if a track
circuit is that of fail-safe, train
position . sensing. Information is
generated about the presence of a
vehicle or vehicular string (train)
on a particular track section
within the complete range of track
circuit operating conditions.
Other functions of track circuits
are train-to-train data
transmission for cab signalling and
automatic train control (ATC) and
broken rail detection.

circuit functions within
environment. This
complete set of input

The track
a particular
includes the

effects which can affect the track
circuit performance. These cover
variations - in the external
environment (for example,
temperature, humidity and
geological conditions) and the

effects of EMI.

The track circuit design procedure
may be divided into two parts. The
first task is to establish the area
of existence of the track circuit

to achieve fail-safe train
detection and broken rail
detection. The parameters to be
considered in the area of existence
include length, power and cost. A
necessary concomitant is that a
quantative requirement of fail-safe

operation must be established. The
second task is to define a
particular 1location within the area
of existence vhere the track
circuit  has the optimal design
according to the previously chosen
criteria of maximum operating
length, minimum power consumption
or minimum cost. This can be
achieved by creating and maximising
a coefficient of performance for
the track circuit incorporating all
the chosen criteria. ‘

3 TRACK__CIRCUIT DESIGN AND
OPTIMISATION METHODS

The AF jointlesu track circuit has
been developed {from the jointed DC
and AC power frequency track
circuits which have been in use for
many years. In addition to raising
the carrier frequency to audio
levels, signal modulation  and
coding  have been introduced to
provide immunity from EMI and for
track-to-train data transmission
using train-mounted cab signal
receivers. The uses of
mathematical analysis and electric
circuit simulation for AF track
circuit design may be regarded as
complementary rather than
alternative, as shown by the
following optimal design

procedure.

3.1. Analytical mathematical
method

Any rigorous design of electrical

equipment should follow a design
procedure that yields unique
optimal results for a given
specification. A formal
description of the equipment
operation is required so that the

design problem may be expressed and
solved as a series of mathematical

equations. In formal mathematical
language, this may be presented as
a nonlinear programming problem of
the form.

Minimise:
F(x)l X = (xlgx2..-.xn)
subject to:

H:i(x) = (i =1,2,..m)
Gj(x) < 0(j=1,2,.....p)

F(x) is a function of optimal

design according to the chosen
criteria, H(x) = 0 and G(x) < 0 are

functional constraints which define.
the alogorithm of operation and x
includes additional conditions.

The method has been widely applied

to engineering system design, for

example for power transformers [6],

and requires both the function and

the criteria of optimisation to be

expressed in terms of the general

design parameters.
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jpplied to track circuit design,
J(x) and G(x) define the area of
xistence of track circuits and x
rovides additional information,
or example that the length and
ermination impedance are
bositive. The basic relations from

the function of optimisation in the

tase of track circuits are the
pathematical expressions of track
bircuit algorithm, which is the
track circuit transfer function
between . .transmitter and receiver
for the various operational modes

(such as train detection and broken
rail detection).

fhis analytical method of track
rircuit design and synthesis has
been applied and fully developed
for . both AC power frequency and DC
track circuits (2]. The principal
deas can be extended to the design
f AF track circuits provided the
nalytical expressions of the track
circuit transfer function are
nown. The applicability of the
method has been demonstrated for AF
Erack circuits with a current
keceiver [7].
|
The analytical
fundamental technique that can be
iwety effective. Its main
disadvantage is that the complexity
of the analytical expressions
[Aincreases for sophisticated
;Systems. However, the use of more
powerful computational methods can
.obviate this difficulty.

|
3.2, Electrical
:simulation

i

In  simulation, a physical model of
jthe system is devised, expressed as
,an equivalent electrical circuit
.and  some initial approximate values

method is a

circuit

;are assigned to the circuit
jcomponents. A computer programme
!then solves the «circuit using one
of the classical solution
itechniques. Both steady state and
transient solutions may be
obtained, vith post-processing
activities giving additional
circuit properties such as harmonic
iperformance. Usually, many

simulations must be performed to
obtain the particular set of
parameters which ensure the best
system performance.

to AF track circuit design,
the problem is to create an
accurate physical model, taking
account of both discrete components
in the terminations and distributed
components in the track and
ground. A significant difficulty
is in obtaining accurate data for
the distributed parts of the model.

Applied

3.3. Comparison and necessary
models

The effectiveness of each of the
above methods of track clircuit
design depends on the track circuit
model on which it operates. The

analytical model, if developed on
the basis of versatility, is a
poverful tool for the analysis and

solution of general problems of AF
track circuit design. For complex
problems, such as the prediction of
parallel track crosstalk and
traction generated EMI, it is
likely to be too complicated in its

use. For such cases, a simulation
model of an equivalent physical
representation of the track to
ground system with data based on
experiment and solution by computer
may be appropriate. The simulation
method is flexible and
straightforwvard to implement. It

is most convenient to use when the
areas of existence and a crude
optimisation have already been

achieved by the analytical method.
This implies that simulation should
mainly be used to improve an
existing design.

4 MODELLING AF TRACK CIRCUITS
WITH A CIRCUIT STMULATION PACKAGE

Physical systems must be
represented as equivalent
electrical components for their
solution in circuit simulation
packages. The exact representation

particular package
general principles

depends on the
used, but some

will apply irrespective of the
particular solution technique
employed. The following

description is given in general

terms, with additional details as
necessary applied to the
Westinghouse FS2000 AF jointless
track circuit and the circuit

simulation package EMTDC.
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“.1. Main features «¢f the
package EMTIDC

EMTDC is a discrete vent
simulation package, origi ially
intended for pover s stem
modelling. It functions i1 the

time domain by modelling the
dynamic operation of electric
circuits with a fixed number of
nodes. It is possible to make
dynamic changes in the circuit
topology through the insertion of
vitches - .in the model. The
olution proceeds by creating nodal
oltage equations to  build wup
rircuit admittance matrix. Special
ubroutines are available for
emiconductors and nonlinear
unctions and wuser-written dynamic
nd output subroutines may be
rovided. Access to the source
ode is available.

L 2 Rail track modelling

pe package allows both discrete
smponent and disturbed circuits to
solved. This means that the
il track section of the track
;rcuit may be modelled by
;stributed parameter transmission
nes or discrete component lumped
ipmentary circuits in cascade.
2 latter requires choice of the
mped section length. The optimum
del choice depends on the
plication and requirements of the
sical mode. For instance, where
balanced two-wire line is
ficient, for example short rail

gths witkin the tuned
mination areas, a lumped
jponent model will suffice.

(ever, on long open line sectiens
kp parallel signal and traction
Fr cables, tie transmission line
\[roach must be used for
\putational efficiency. These
ernative rail line models are
pstration in Figure 1, with the
?al trial dita used shown in
le 1.

value of wusing a transmission

model of the track beconmes
rent when the physical nature
the transmission system is
ined. Even for a single track

no electrification or parallel
al or commmnications cables,
| concept of a two-conductor

transmission line over a conductive
earth surface must be invoked.
This is because asymmetries in the
line, such as those caused by
broken rails, will Create
imbalance, so necessitating the
consideration of . the individual
transmission modes [8]. It is
straightforwvard to extend the model
to a general rail traction and
signalling network using the
concept of a multiconductor
transmission line over a conductive
earth. : The definition and
determination of the model
equivalent components, however, is
a non-trivial task, for which some

experimentation is usually
necessary.

4.3 Practical details of using
EMTDC

The data required by the EMTDC
package, for rail systems
modelling, is structured to suit
modal, time domain operation. Key
information includes pover
frequency, signalling frequency,
ground mode shaping time constant
and metallic mode steep front
shaping factor. For each
transmission line mode, the package
also requires travelling time,
characteristic impedance,
resistance per unit track length at
both pover and signalling
frequencies and the row of the
current modal transformation
matrix. In the case of an existing
track, most of the data can be
determined from measurement. Where
the simulation is to be used ahead
of the construction of the railway,
for example in tendering or
feasibility studies, EMTDC provides
a utility programme for modal
evaluation of the transmission line
(EMTTL). The example transmission

line data given in Table 1 was

evaluated using EMTTL according to
the basic transmission line model
of Figure 1. The data in the table
is Dbased on a track gauge of 1.435
m and flat-bottom rail running
rail. The evaluation of the
material properties of the rail as
well as the information needed for
correct ballast and soil
representation may be . found in
references [9 - 11].
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'he number of line sections is
limited by the array dimensioning.
\1though the number of line
sections may be increased from the
lefault value of ten, computer
iemory often provides a practical
.imitation. Relating to this is
he consideration of line section
.ength, especially where short and
ong lengths are to be used in the
jame circuit. A conflict arises
then very short line lengths occur
n the same model as relatively
ong lengths, for example when a
uned area is modelled in
onjunction with a 1 km long track
ircuit, when the travelling time
‘'or the two line sections will be
ery different. The restriction
hen exists that the time step
alue of the simulation must be
mall enough to correctly model the
hort section. This implies that
he long section will have many
ime steps associated with it.
lthough the maximum (default) of
00 steps per line section can be
creased, again computer hardware
ﬁmitations may impose a practical
imit. An alternative solution is
use discrete components to model
e line section. However, when
ultiple 1lines are to be simulated,
his can become a circuit analysis
roblem.

practical advantage of wusing
Fansmission lines is that they

rovide an extremely simple
aterface between subsystems of the
pdel. As a subsystem defines the

des associated with a particular
mittance matrix, if the number of
des in a subsystem is small and

@e nodes are highly
#terconnected. the computation
me is reduced since small and
rnse. rather than large and

arse, matrices are formed. In
dition, when switching occurs, as
the case of the simulation of
Rin axle movement, the matrix
ich contains the nodes of the
itch has to be inverted (once for
ch  switch operation). Efficient
putation requires that such a
rix is small and this is
ieved by dividing such modal
as into subsystems.

4.4 Track circult equipment
modelling

Generally, the track circuit
transmitter and receiver may be
modelled for incorporation in the
package wusing a discrete component
representation. Normally, only the
signal powver output stage needs to
be taken into consideration. Some
components, for example the track
feed transformer, may have to be
laboratory tested to reveal the
linearised equivalent  components

necessary for the model. Where
cabling parallels the track,
coupling and screening coefficients
have to be evaluated and

incorporated in the model. Figure
2 shows the discrete component
mecdels of the track
transmitter/receiver, together with
the sections of the track circuit
to which they are connected.

4.5 Hodelling the track
circuit operational modes

Once the simulation is set up,
various modes of operation may be
modelled, including the train shunt
mode and the broken rail mode. The
modelling technique is to
incorporate swvitches at various
locations in the complete circuit
model. In addition to the
considerations of section 4.3, the
choice between transmission 1line
and lumped circuit model for each
application must also reflect the
ease with vwhich train movement and
broken rail simulation can be
carried out. Figure 3 shows the
facilities necessary for the
simulation of the train shunt
operation mode, the broken rail
mode and for train shunting over
the tuned termination area of the
track circuit.

5 TRACK CIRCUIT DESIGN BY EMTDC
SIMULATION

5.1 Running the simulation
programme

The process of designing track
Circuits by the method of direct
simulation requires repeated
simulation of the circuit
performance for a number of static

or dynamically changing operating’
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conditions, and for varying values
pf the design parameters. Many
Fimulations are therefore normally
required to check the correct
functioning of a track circuit
inder  design with all possible
pperating conditions and to find
the optimal design according to the
given criteria.

o carry out the design, a
procedure must be established for
Jetermining the order of
pimulations. The objective is to
pnsure that the solution obtained
#vill be optimal in a mathematical
sense and also obtained wusing a
pinimum of computer resources
[computation time and memory). As
the area in which the solution can
e found is initially large and the
)umber of simulations required to
olve the problem is very high, the
)rocedure  must  be incorporated
ithin a control programme. This
rogramme (the Track Circuit Design
rogramme, TCDP) performs two main
asks:

It controls the search for the
solution through the specified
area by specifying the input
conditions for every single
sirulation

It stores and processes the
output dita from all
simulations in order to
determine which set of design
parameters s a solution of the
problem and which is the
optimum solution.

) general, TCDP solves the
nlinear prcgramming problem
scribed in section 3.1. The

ogramme itself is not described
re and the simulation results
esented below are for only one
mple set of simulations carried
t within TCDP. '

2 Simulation results

ulations have been performed to
del the oderation of a
stinghouse  FS2000 AF jointless
ck circuit with a carrier
Equency, of 4.08 kHz. The initial
ulations usel a single track

del with no parallel

electrification of

signalling/communications cables.
Only the carrier frequency was
considered in the signal
transmitter. The simulation

results are presented in Figures
4-6. These are non optimal in the
sense that they were obtained with
nominal track and track circuit
data.

The train shunt operation mode
result of Figure 4 shows the
receiver voltage gain as the train
proceeds along the section. The
broken rail mode of operation is
shown 1n Figure 5, with the broken
rail position along the track
circuit as the second wvariable.
The track circuit receiver voltage
gain is an order of magnitude lower
than that in the train shunt mode
because of the low conduction path
provided by the track admittance.

Operational conditions in the tuned
termination area are «critical for
the design of the overlap region
between adjacent track circuits.
Simulation results for the train
shunt mode in this case are shown
in Figure 6. The results indicate
that the exact track circuit
resolution length is determined by
the equivalent component values in
the double circuit bond area.

6 CONCLUSIONS

- A formal design procedure for
AF track circuits has been
proposed consisting of initial
determination of the area of
existence using linear
programming, followed by
optimal design with a circuit
simulation package.

- In a practical design
procedure, an additional
user-defined shell would be
required which calls the

circuit simulation programme as

a subroutine. This routine
should take into account the
circuit topology which
changes with train and/or
broken rail position.
Additional data manipulation is
also necessary to recognise
optimality in the solution.
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(1]
(2]

(3]

(4]

(5]

(6]

(7]

(8]

(9]

The rail track should be
represented in the circuit
simulation by a multiconductor

line over a weakly conducting
earth place, in order to
achieve a realistic model of
asymmetric conditions in the
running rails. A discrete
component representation is

adequate for the tuned areas.

The representation of moving
train shunts and variable
broken rail positions can be

achieved by closing switches in
the model at discrete time
intervals during run time.

The
presented

example simulations
include the shunt and
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Table 1: Model transmission 1line data for single track section with
no electrification

Phases . . 2 Power frequency 50 Hz
Sending-end subsystem 3 Signal frequency 4.08 kHz
Receiving-end subsystem 4 Line section length 50 m
Mode type Common Differential

Sending-end node 1 2

Receiving-end node 2 4

Travelling Time us 4.85 2.16

Character impedance (zg) 297.8 135.3

Modal resistance (Rgp) m /m 0.131 0.033

Modal resistance (R, ggi)u /m 2.075 1.079

IST OF FIGURES

jgure 1: Track model as discrete component and transmission

line representations.

lgure 2: Track circuit transmitter model.
jgure 3: Sinulation circuit model.

Lgure &: Simulation of voltage transfer function for train

shunt mode.

Lgure 5: Sinulation of voltage transfer function for broken rail mode.

Lgure 6: Simulation of voltage transfer function for train shunt within

tuned termination area.
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| Abstract - Nonlinearity in the internal self-impedance
@ailroad rail can give rise to power frequency harmonics
faction systems. Limiting case analytical models of rail
pdance, based on linear complex permeability and
,plele saturation, are compared with measurements for
ients to 800A and frequencies to 10 kHz. The results

that for accurate representation an effective
neability of the materfal must be defined by prior
telling of the eddy current flux distribution within the
L iron, The wusual assumption of rail internal
Timpedance invariance with current is shown to be
Falistic.

i

i INTRODUCTION

" In AC-electrified railways, electric power is delivered
n transformer substations via overhead catenary and
ﬁrned through the running rails to electrical connections

return feeder cables or autotransformers. The
;jtion  power transmission system comprises the
snary, auxiliary feeder, return conductor and rail track,
Arically, this forms a coupled multiconductor
asmisston line, the behaviour of which is described by a
rix equation relating the phase voltages V; to the line

ents Iy, as follows:

A1) = Lz, o
x

his equation, the coefficients of the system impedance
rix are diagonal terms zjj, the self-impedance of each

ductor 1 with earth return, and off-diagonal terms zjj,

mutual impedance between conductors | and j with earth
Jrn. The self-impedance terms are the sum of external
internal impedances. The former are functions mainly
circuit geometry, but the latter are determined by the
: within the rail iron. They depend on the excitation
rent and frequency, and are sources of nonlinearity in
power transmission path.

~ The elements of the track impedance matrix are
uired as data for system simulation studies, the
actives of which are to model energy flow, power supply/
jal interference and harmonic effects. Harmonic
rents generated by rail nonlinearities can propagate
k into the power system and couple with communications
ttrack signalling circuits. They can cause power supply
blems such as network distortion, line resonance, and
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power factor deterioration, and are also important for fault
condition and transient studies.

In most simulation studies reported in the literature,
rail internal self-impedance is treated as an analytic
function with value equal to the impedance of an equivalent
circular conductor. Rail iron permeability is treated as a
constant [1,2], so both resistance and inductance are
assumed constant with AC current. The internal inductance
reduces and the resistance rises with frequency due to flux
reduction and redistribution within the iron from the skin
effect. In the steady state, the external self-inductance is
usually considered to dominate the internal self-inductance
[2], the former being approximated with sufficient accuracy
using the Carson-Pollaczek equations assuming the earth to
have a finite, constant conductivity. Stanek et al [3],
however, show that for transient studies, the rail internal
self-impedance may be significant compared with the
external component, and that the nature of fault transients
indicates that knowledge of its impedance variation with
current and frequency is essential for successful modelling
of traction fault currents. Significant impedance change
occurs from the effects of saturation and hysteresis in the
rail iron, both phenomena modifying rail energy losses and
reactive power flow. Holmstrom [4] has stated that rafl
hysteresis may give rise to intermodulation distortion in
power and audio frequency track signalling systems.

The problem of the determination of rail
self-impedance is concerned with the analysis of power
frequency magnetic systems. The literature on this subject
has concentrated on modelling saturation and hysteresis
effects in electrical machines and transformers by
accurate field computational techniques. These applications
do not in general deal with magnetic conductors but the
analytic methods can still be used with advantage. Burais
[5]), for example, demonstrates a technique to separate
hysteresis from eddy current losses for a non-oriented
material steel plate taking into account saturation. The
method combines the finite element technique for space, and
finite difference for time discretization. A similar problem
is approached in a different way by Labridis [6] who
assumes an equivalent fictitious material with relative
permeability constant in time but variable in space, and
related to the saturation B-H curve by a stored magnetic
co-energy density. The effect of harmonic fluxes has also
been evaluated numerically for transformer cores, and Hsu
[7] shows that iron loss can be reduced for saturated
conditions where hysteresis loss is large.

The modelling of internal impedance in an irregular-
shaped ferromagnetic conductor such as railroad rail
suffers practical difficulties due to its shape and variable
material permeability. In this paper, the objectives of the
modelling of rail internal impedance are to determine the:
regimes where hysteresis and saturation effects are
significant.  Linear analytic models with actual material
data based on measurements of rail material permeabllity
and resistivity are presented. The rail internal
self-impedance term in the track impedance matrix is
evaluated as a function of both frequency and AC current.
The result can then be used to give a quantitative
assessment of the extent of power frequency harmonir
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RAIL MATERIAL DATA

The Ferromagnetic B~H Loop

The permeability (JJ) of ferromagnetic material Is a
function of the field vectors B (magnetic induction), M
(magnetic polarization), and H (magnetic field), according to

B - mo(H +M) - mH ()
For isotropic and homogenous materials, the permeability is
invariant with direction and position. For ferromagnetic
materials, the magnetization process is time-dependent and
B is a nonlinear, multivalued function of H as well as a
function of frequency, with

B = pi (H, B, w) H 3)
To determine the fiux distribution within these materials,
and hence electrical impedance, the complete B-~H
relationship needs to be specified. Figure 1shows a typical
ferromagnetic material static B-H characteristic together
with the associated permeability definitions. Of principal
interest for large-signal AC conditions are the initial,
normal, incremental and differential permeabilities.

s,°Pe * Mine
Incremental permeability

Normal magnetization curve

Slope = pmax

Slope «pn at 6
Normal permeability

Slope - p|
Initial permeability

Slope - pA at A

AB

Slope * 114jff at A
Differential permeability

Fig. 1. Ferromagnetic material B-H loop and permeability

definitions.

Time dependency in the magnetization process may be
accounted for by Introducing a complex permeability to

describe the phase lag between the Hand B vectors. Thus
Bejwt = |y* HeKwt~*) = (pl- Jp") Helwt “4)
where p* is the complex permeability. Physically, the

phase angle accounts for energy losses associated with
magnetic resonance and relaxation phenomena arising from

the reorientation of magnetic moments of microscopic
origin [8]. However a similar representation can also give
accurate estimates of material behaviour in the

is no material saturation, so
linearly related. The B-H

macroscopic region If there
that the vectors B and H are
characteristic then becomes elliptical. Even for practical
materials with nonlinear permeability, approximating the
B-H loop by an ellipse allows complex permeability data to
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be extracted by considering the fundamental frequency
relationship.
Experimental Material Tests

Various material samples were machined from

railroad rail in order to evaluate the actual permeabilities
as specified in Figure 1. The static B-H loop was determined
using filaments of material 2 mm square and with length at
least 100 mm. Each filament was subjected to an alternating
magnetic field with frequency 0.33 Hz in the direction of its
longitudinal axis. This low excitation frequency ensured
that the skin depth was much greater than the filament width

(d):

6 = ¢/(2/wop) » d 5)
Three filaments from orthogonal directions were tested to
confirm the material isotrophy. Graphical results for low,
medium and high values of surface field strength Hs are
Table 1 shows the evaluated energy per
The variations

shown in Figure 2.
cycle in each of the three hysteresis loops.
of normal and incremental permeability as a function of
surface magnetic field strength, extracted from the
measured data of Figure 2, are reproduced in Figure 3.

2e ™
mLo. Flu.
-400Q -5000 -4000 -3000 -2000 -1000 0 1000 2000 3000 4000 5000 8000
H (A/a)

Fig. 2. Measured B-H loops for 54 kg/m flat-bottom rail
material.

From the B-H loops, complex permeability data has
been evaluated in two ways:

* Assuming sinusoidal magnetic field excitation, the BH
loop has been analysed bythe Fast Fourier Transform
technique to obtain the fundamental and harmonic
magnitudes and phases of the flux density. Only the odd
harmonics are significant, and the results for the first
three are shown in Table 1. In this method, the sum of
the fundamental and harmonic losses will equal the total
loss as given by the loop area.

¢ For linear modelling it may be more accurate to equate
the total loop area withthe area  of anequivalent
fundamental ellipse. Thus all harmonic losses would be
included within the fundamental. The orientation of the
ellipse, defined by coercive force and remanent flux
density, is that defined by the original hysteresis loop.

Figure 4 shows the resulting complex permeability functions

derived from each model.

Rail Resistivity
The resistivity of the rail iron is also a fundamental

material property and appears as a constant in the skin
depth function. It can be expressed in the form

P =P20(l + ctT) (6)
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ANALYTICAL MODELLING

The objective of analytical modelling is to predict the
jency of rail internal self-impedance on AC current
requency. Simple modelling can reveal order of
tude estimates for the fundamental and harmonic
loss for the base cases of:

ear complex permeability, no saturation,

hysteresis loss, high saturation.

or analysis is necessary to establish the optimum
ive permeability to use in each model, as a function of
e magnetic field Hs.
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Peak surface Fundamental @1 harmgnic 5th harmonic 7th harmonic
magnetic field B < & 3 B

B ((Am-% T O @M © @M ¢ @ 0

5600 165 -9 039 -29 0.19 -46 0.105 -65
1700 095 -25 0.19 -74 0.075 465 0.04  +20.5
900 0.394 -26 0.065 +64 0.017 -20 0.006 -73

Table Flat-bottom Rail Hysteresis Loop Harmonic

Analysis.
E
r
E
% A Mreat
8 04 B “Imaginary
b
D
0.2
0 2 6
Magnetic field strength (kA/m)
0.6
0.2
0 2 6

Magnetic field strength (kA/m)
Fig. 4. Complex permeability with fundamental flux and B-H
loop area approximations.

Linear Hysteresis Model

The rail is treated as a magnetic conductor made from
homogenous, isotropic material with constant permeability
H*. Assuming an equivalent circular solid conductor, the
solution for magnetic field and hence current density within
the material is found from solving the diffusion equation 19].
The conductor impedance is then found as a function of
conductor radius and skin depth:

R+X e g Ip(aa) (7)
2rrao  l1(aa)

where
a2 - jwop* (8)

is the complex skin depth function, a is the conductor
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radius, ¢ is the conductivity and I are nth order modified
Bessel functions of the first kind.
After manipulation, it may be shown that the internal

| impedance of the conductor takes limiting values at low and
high frequencies as follows [10]:

Low frequency: a << 6

7 = | J-[H a2 sin@+ a% cos 28] (9)
naloll 42 4862
+j az cos 8 — 34 sin 20 ]
486 J’

High frequency: a > &

nf = _12{[1+ \/Zcos(n 6)] (a+ 3 6)

4 26 32a
+ ] JZsin(E-g]{a— 306
[ 4 2) 26 32 a)}

where O is the hysteresis angle. For complex permeability,
| Equations (%) and (10) describe the behavicur at the

(10)

fundamental frequency, and the eddy and hysteresis losses

cannot be separately identified.

The impedance angle reduces with hysteresis from the
asymptotic value of /4. The model shows that losses are
increased In the presence of hysteresis by a factor

[cos (1174 - 8/2)]
cosTi/4

and the rail reactance is decreased by the factor

[sin(r1/4 - ©/2)].
sinn/4

Saturation Effects

The linear model gives the equivalent rail fmpedance
as that of an inductance, associated with energy storage,
and a resistance, associated with energy dissipation. In
electrical circuits, a nonlinear resistance behaves like a
reactive power  generator, although it has no
energy-storage capacity. This is also the cese for a
saturated magnetic system, where the nonlinearity modifies
the reactive, as well as the active power. An approximate
model to take account of saturation in rail can represent the
iron B-H characteristic by a step function according to

B = | +Bp H>0.
- Ba H<O

It can be shown [9] that for this material property,
magnetic flux waves with 2 constant magnitude of Bal wil

penetrate the boundary under the influence of sinusoidal
surface magnetic field excitation (Hg sin wt). The maximum

penetration depth is:

(1)

L YN J[ZHS/wOBA] (12)

which is in the same form as the skin depth equation (5),

with the effective permeability, u, replaced by Ba/Hg. The
average power in the material is
Pav =8 Hs (13)
3 0 6A

which is a factor 70% greater than that in the linear case
(with 6 set equal to 5).

Eddy Current Loss Model

The approximate models described so far represent
limiting conditions of linear permeability and complete
saturation. In most cases, the rail material saturates
gradually, accompanied by distortion in the hysteresis loop.
The balance between hysteresis and eddy current losses
then changes.

The effect of nonlinear permeability in the presence of
hysteresis is to produce harmonics with associated extra
losses. To predict the rail impedance variation under these
conditions a suitable effective permeability value must be
selected. The modified eddy current distribution within the
material can be calculated numerically taking account of the
known dependency of permeability on magnetic field
strength. The approach adopted is to use a finite difference
technique, the Du Fort-Frankel scheme [11], to calculate the
spatial and temporal decay in the magnetic field intensity
within the material and hence estimate the effective
complex skin depth.

The finite difference technique gives an explicit
equation with attractive stability properties. Applied to a
semi-infinite slab of material, the magnetic field strength is
given by

azg = o u(H) H (14)
(% ot

The associated difference equation is:
Hijk+1 = P Hjsyx + (1-2r) Hix + rH -1k (15)

where r = p/ouhZ, p being the time step length and h the
spatial step length. By substituting for the present nodal
value the average of the previous and next values,

k = (Hjke1 + Hjx-1)72 (16)
the explicit difference equation Is formed:
Hijke1 = Hik-1 + 20 (Hiepk = 2Hik-1 +Hi-)- - U7

2r+i

The distribution of H in the material can then be determined
by varying the surface magnetic field strength Hox as a
sine wave. Figure 5 shows the computed result of [Hgl vs
depth, for various initial surface field strengths. At high
field strengths, the material becomes saturated near the
surface and the magnitude of H falls away steeply in the
interior, but for low initial field strengths, there Is littie
deviation from the linear model.

EXPERIMENTAL RAIL IMPEDANCE MEASUREMENTS

Order of Magnitude Estimate for Hysteresis and fddy Losses

In order to determine the relative importance of
hysteresis and eddy current losses, iron losses were
measured as a function of frequency in a3 toroid
manufactured from rall iron. The dimensions of the torold
were: radius 30 mm, thickness 3 mm and length 10 mm, and
the winding comprised 250 turns of 1 mm copper wire. The
results, shown in Figure 6 with the static B-H loop loss per
cycle superimposed, show that at power frequencies the
hysteresis loss and eddy loss per cycle are comparable.
This indicates that for the range of rail excitation expected
in practice, neither the linear nor the heavily saturated
model alone is realistic.
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ig. 5. Magnetic field strength as a function of depth in a
semi-infinite slab of ferromagnetic material.

B r» 15 Hi
C fe 25 H
D f* 50 Hz
I 1751

0 3 to
Peak surface field strength (kA/m)

g. 6. Measured iron loss in toroid sample of rail material.

ail Impedance Measurement Apparatus

To accurately measure the rail internal
slf-impedance, the circuit inductance due to the test
jrrent return path and the flux disturbance from sample
hape effects must both be eliminated. The experimental
jchnique used was developed from equipment described by
olmstrom [4] for null-flux measurement of the
slf-inductance change in an isolated rail, using as a
sference conductor a copper tube. The method was
lodified so that absolute measurements of internal
npedance could be made. The apparatus (Figure 7) relies
n the prior use of a reference conductor, which is a
pecially-constructed hollow copper shell of Identical shape
d the test rail and having negligible internal inductance (10]
t high frequency. This enables the impedance
leasurement loop to be adjusted in position (distance d in
igure 7) such that 2ero inductance is obtained in
allbration.

When the rail sample is placed in the same physical
osition as the copper shell, measurements of the change in

iductance  will  thus represent the true internal
elf-inductance. The resistive part of the impedance
emains an absolute measurement of internal resistance,

nd effects are negligible since the measurement points (A,
in Figure 7) are maintained a suitable distance from the
onductor ends. An on-line FFT analyser provides noise
nmunity and accurate phase and frequency measurement.

1759

Fig. 7. Experimental apparatus for measurement of rail
impedance.

Rail Impedance as Function of Current and Frequency

Measurement results of impedance as a function of
current at 50 Hz are shown in Figure 8. Both resistance and
inductance Increase with current magnitude for the range of
currents generated. To assess rail impedance at harmonic
frequencies, measurements at a constant amplitude of 6 A
were made for frequencies up to 10 kHz. The results are
shown in Figure 9. As expected, the resistance increases
and the inductance decreases with increasing frequency due
to the skin effect.

DISCUSSION

Superimposed on the experimental curves of Figures 8
and 9 are theoretical calculations derived from the various
assumptions on the modelling of hysteresis loss and the
variation in material permeability. The increase of rail
impedance with AC current indicates that the material is far
from saturation even with the highest current applied. This
is because of the large rail cross sectional area (7.5 ICT"
m”). The most accurate resistance model is with an
effective permeability function at low excitation, and with
complex permeability obtained by the B-H loop area
approximation (i.e. incorporating total harmonic losses
within the fundamental) at high excitation. The use of
normal and incremental permeability from Figure 3 is
inappropriate In the model due to the importance of
hysteresis loss. The effective permeability used is constant
throughout the AC cycle, but with magnitude dependent on
the level of current excitation as determined from Figure 5
(it has been termed linearized permeability). The
inductance variation shows good agreement with the model
using complex permeability obtained from the fundamental
of the B-H loop, with better agreement at very low
excitations from the linearized model of permeability as
described above.

The variation in rail resistance with frequency, for
low excitation currents, shows good agreement with the
complex permeability model based on total loop area for
high frequencies, and that based on the fundamental
component for low frequencies. For rail inductance, the
fundamental complex permeability model is more accurate
at high frequencies, with the experimental curve lying
between this model and the linearized model of permeability
at lower frequencies.
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2
(': — A linearized »
E B Complex u (area)
C Complex M (fundamental)
- D Experimental
b
0/
O 200 400 600
50 Hz AC current (A)
E
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* B Complex p (area)
C Complex p (fundamental)
g) D Experimental
0.6
0.3

200 400 600
50 Hz AC current (A)

Fig. 8. Experimental and theoretical rail internal self-
impedance as a function of AC current at 50 Hz

The complex permeability model based on loop area is
more accurate for rail resistance modelling at high
currents and frequencies. This model necessarily includes
higher harmonic losses which increase with greater
excitation. For the rail Induction variation with current,
ignoring the harmonics produces closer agreement with the
experimental measurements. However the inductance is
defined only at the fundamental frequency and the total VARs
would necessarily need to include higher harmonics.

More accurate models are required to represent the
rail impedance over the complete range of current and
frequency. For example, accurate computations using
combined finite element and finite difference techniques
could incorporate exact differential permeability data, and
hence enable identification of the separate fundamental and
harmonic losses.

CONCLUSIONS

An analytical model with linear complex permeability,
based on experimental determination of the material B-H
loop, gives good agreement with measurements of rail
impedance for moderate rail currents. The conditions
correspond to hysteresis but not saturation, and will be of
use In the modelling of power harmonic propagation In track
signalling systems. At low excitations, better agreement is
found by neglecting hysteresis and using an effective
permeability obtained by modelling the flux distribution
within the rail, using as data experimentally derived normal

A Linearized p

Complex p (area)
C Complex p (fundamental)
D Experimental

Frequency (kHz)

L5

r A Linearized p

1— B Complex p (area)

\ C Complex p (fundamental)

\" 0 Experimental
0
0.5

01 I D

Frequency (kHz)

Fig. 9. Experimental and theoretical rail internal self-
impedance as a function of frequency at 6A.

permeability as a function of surface magnetic field
strength.

A saturation model ignoring hysteresis is suggested
as suitable for transient studies and fault condition analyses
which would be obtained with high excitation currents. The
large magnitude of current at 50 Hz necessary to achieve
rail saturation was not achieved in the reported
experiments.

Results presented for rail internal self-impedance
will enable the rail resistance and Inductance at specific
power frequency harmonics to be determined. The
impedance is a function of current and frequency and cannot
be obtained as a closed-form expression. It could,

however, be expressed as a polynomial.
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Determination of rail internal impedance for
electric railway traction system simulation

R.J. Hill
D.C. Carpenter

Indexing term: Railway electrification

Abstract: Theoretical models for rail internal self-
inductance and resistance are proposed which
include material saturation and hysteresis. Model
data are obtained using experimentally derived
ferromagnetic material B-H loops. Analytical
methods for deriving the impedance variations
with current and frequency for large-signal AC
and incremental AC superimposed on DC excita-
tion are in agreement with experimental measure-
ments.

List of symbols

a = equivalent radius of circular conduc-
tor, m

A A, = vector potential, vector potential
associated with element S, Tm

B = magnetic flux density, T

d = depth within material from surface,
m

h,p = spatial step, m, time step length, s

H H H, = magnetic field, surface field, peak
surface field strength, A/m

i k = spatial, time counters

1 = current, A

[N = column vector of rail currents, A

1,.K, = nth order modified Bessel function of
first kind, second kind

J,J, = current density, current density
associated with element S, A/m?

1 7 = inductance per unit length, H/m

M = magnetic polarisation, A/m

P, P, = active (dissipated) power, W, appar-
ent power, VA

Py, Pg, Py = harmonic (distortion), fundamental
reactive, total reactive power, VAr

r = resistance per unit track length, Q

s = conductor cross-section area, m?

S = elemental area, m?

[v] = column vector of rail voltages with
respect to earth, V

y = depth co-ordinate, m

Yii = self admittance of rail i per unit track
length, S

Vij = mutual admittance between rails i

and j per unit track length, S

Paper 8156B (P2), first received 20th November 1990 and in revised
form 18th April 1991
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[Y] = track admittance matrix, S/m

z = internal impedance per unit length,
Q/m

Z; = self impedance of rail i per unit track
length, Q/m

z; = earth-return mutual impedance of
rail i with respect to rail j, Q/m

[Z] = track impedance matrix, Q/m

o = complex skin depth function, m~*

B = conductivity coefficient, K ~*

0, O 4 = skin depth, effective skin depth, m

& = permittivity, F/m

MU, p* (=4’ — ju") = permeability, complex permeability,
H/m

Ho = permeability of free space, H/m

Haacs Hapcs Harr = AC delta, DC delta, differential per-
meability, H/m

Hest » Hinc = effective, incremental permeability,
H/m

His My = initial, normal permeability, H/m

0,0, = electrical conductivity, reference elec-
trical conductivity, S/m

6 = hysteresis angle, rad

¢ = phase lag of B behind H, rad

w = angular frequency, rad/s

1 Introduction

In electric railways with track-circuit based data trans-
mission, both power and information signals propagate
along the track. Unwanted coupling between the traction
power and signal/communication subsystems is deter-
mined by the track transfer function, which is governed
by the transmission parameters and specified by the track
impedance and admittance matrices. These matrices are
defined from the variation of voltages and currents along
the track according to

d

o V1= -2l o
and

4= 2

—[M=-[7¥) @

The matrices [Z] and [Y] are composed of diagonal .
coefficients z;, y; and off-diagonal coefficients z;;, y;;.
The rail self impedance z; consists of an internal and an
external component. The internal component is deter-
mined by the distribution of magnetic flux within the rail
iron and the external component arises from flux outside
the conductor. Whereas the former is material-dependent,
the latter is largely determined by circuit geometry.
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This paper is concerned with accurate determination
of the internal component of the rail self impedance. This
parameter is nonlinear with respect to current and fre-
quency, and is of considerable significance in the simula-
tion of electrified rail networks, for modelling signal
propagation in studies concerning:

(i) Signalling system design, e.g. to obtain the transfer
impedance between track signalling transmitters and
receivers

(ii) Traction system design, e.g. to calculate energy
flow, harmonic overvoltages, network distortion effects
and supply power factor

(iii) Traction fault assessment, where large direct or
alternating currents can saturate the rail iron causing a
redistribution of rail current to alternative paths such as
the earth

(iv) Electromagnetic compatibility assurance, where
traction current harmonics couple with communications
and signal currents to generate interference, e.g. produc-
ing intermodulation distortion in coded information
track transmission systems.

In most reported rail traction simulation studies, the
internal rail self impedance is regarded as a constant.
This is reasonable because for many applications, the
internal self impedance is only a small part of the total
circuit impedance. The sensitivity of simulation results to
variations in rail impedance will then be small. For
studies including the internal rail impedance, constant
iron permeability, no hysteresis and an equivalent circu-
lar conductor may be assumed. This implies that the
resistance will increase and the inductance reduce with
increasing frequency due to flux redistribution from the
skin effect. Further, for the modelling of overhead cate-
nary supply systems, it is usually considered unnecessary
to model the rail internal impedance accurately, running
rail impedance data based on a single equivalent rail
being sufficient [1]. Detailed consideration of internal rail
impedance can only be attempted by physically removing
the rail from the track, as reported by Trueblood &
Waschek [2] and, more recently, by Holmstrom [3], who
also considered the effect of rail saturation, but not hys-
teresis, on rail impedance for DC railways. Tylavsky [4]
and Stanek [5], modelling faults in mining railway trac-
tion systems, also report studies of rail impedance taking
into account iron saturation.

Analytical techniques for field computation in power
frequency magnetic systems have some relevance to the
modelling of rail tiack impedance. However, the special
condition of the ral is that it is an electrical conductor
exhibiting ferromagnetic saturation and hysteresis effects.
The problem is essentially one of time and two-
dimensional-space magnetic field computation. Burais
[6], for example, demonstrates a technique in which hys-
teresis and eddy current losses can be separated in non-
oriented saturated steel plate, combining finite element
modelling (FEM) br space discretisation, and finite dif-
ference modelling (FDM) for time discretisation. Labridis
[7], however, assunes an equivalent fictitious material
with constant perneability (for time) and variable per-
meability (for spate) and involving evaluation of the
stored magnetic coenergy density. Further, Hsu [8] has
shown that harmoiic fluxes lead to a reduction in iron
loss at saturation where hysteresis loss is large.

The objective ofthis paper is to specify completely the
current and frequercy dependency of the rail internal self
inductance and redstance for frequencies in the power
and audio range (12 Hz-30 kHz). Current excitation can

be from AC or DC traction systems, the latter implying
that the rail carries an incremental alternating current
superimposed on the DC excitation. The technique pro-
posed considers the iron magnetic characteristics, con-
structs an analytical model for impedance, and then
defines the areas of validity. The theory has been verfied
by experimental measurements and, where appropriate,
validated by FEM. It is shown that for large-signal AC
conditions, the hysteresis loss can represent a substantial
proportion of the total energy loss, and that in DC rail-
ways the impedance reduction for AC signals at large
traction currents can be significant.

2 Rail iron material data

2.1 Rail physical dimensions

The results reported are specifically for British BS 113A
flat-bottom rail, with nominal weight 56.4 kg/m. The
data for this, and for other rail types considered, is given
in Table 1. In practice, partially worn rail samples were

Table 1: Rail data

Rail Nominal Actual Perimeter Area Equivalent radius

type weight  weight (m) m?) —
(kg/m)  (kg/m) area  perimeter

(m) (m)

Flat 56.4 51.5 0.63 0.0076 0.034 0.100

bottom

BS 113A

Bull — 371 0.48 0.0054 0.029 0.092

head

Conductor — 52.2 0.58 0.0076 0.035 0.076

available, with the data in the Table representing practi-
cal, rather than new, values, providing realistic results
with respect to work hardening and magnetic orienta-
tion.

2.2 Permeability

22.1 Ferromagnetic material: The electromagnetic
behaviour of ferromagnetic material is expressed in terms
of field vectors according to the relationship

B = uo(H + M) = uH 3)

For isotropic, homogenous material, the permeability is a
scalar. In ferromagnetic materials, time-dependency in
the magnetisation process implies that the magnetic flux
density lags the magnetic field excitation, so that the flux
density will be a multivalued function of the magnetic
field strength. In addition, material saturation introduces
nonlinearity. Finally, frequency dependency occurs
through loop widening as a second-order effect [9].
Hence eqn. 3 can be more rigorously expressed as

B = y(H, B, w)H 4)

where the time dependency is included in the frequency
variable due to cyclic excitation. The internal electrical
impedance of a current-carrying conductor is affected by
its field distribution. To determine this, the complete
material B-H relationship is required, as shown in Fig. 1.
The permeability definitions necessary to model electrical
impedance are also shown in the Figure, and are the
initial, normal, incremental, delta and differential per-
meabilities [10]. All of the time and frequency effects
above can be accounted for by introducing a complex
permeability to describe the phase lag between the mag-
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netic flux density and magnetic field vectors, according to
Bejdt = 1 -« Hfj(cor- *)

= (/I —jp")Hejlk ®

incremental permeability
(slope=pjnc)

normal magnetisation wurve.

normal permeability

slope = (slope= pnat B)
initial permeability
ope =u )
magnetic field, H
delta
permeability
(slope: yADC
at Q)
fferential permeability
(slope =pdIiffat A)
Fig. 1 Ferromagnetic material B-H loop and permeability terminology
Although this representation is wusually applied to

account for energy losses associated with magnetic reson-
ance and relaxation phenomena from reorientation of
microscopic magnetic moments [10], it can also be
applied to linear macroscopic conditions, where the B-H
curve is elliptical.

For excitation with a net DC, there is an operating
point on the normal magnetisation curve with specific
incremental and normal permeabilities. Superimposed
alternating currents then follow a small hysteresis loop
(at point C in Fig. 1) with a specific value of delta per-
meability (//ADO for each direct current. The AC incre-
mental impedance may be evaluated using this value of
delta permeability. Hysteresis loss is not considered
important in this case as the loop area is small, and even
at high frequency the additional loss involved is much
less than the losses due to AC eddy currents and DC
ohmic heating.

For excitation with a large amplitude AC signal, an
effective permeability must be calculated which accounts
for loop distortion due to saturation. This is considered
in detail later.

22.2 Permeability measurements: Material samples of
dimensions 1 x 1 x 100 mm were machined from the
rail. The material B-H loops were obtained by subjecting
these samples to an axial magnetic field at 0.33 Hz in the
longitudinal direction. The low excitation frequency
ensured that eddy currents were negligible, i.e.

Material isotropy was confirmed by testing samples from
three orthogonal directions. Fig. 2 shows a typical test
result. The nested loops are for low, medium and high
surface magnetic field strengths. From these curves,
values of normal, incremental and delta permeability as
functions of magnetic field strength were extracted, as
shown in Fig. 3. All curves demonstrate the onset of satu-

ration which is given by the point of maximum slope in
the normal magnetisation curve of Fig. 1.

2.2.3 Effective permeability: The effect of saturation is
to produce additional harmonic (distortion) power in the

-2
-4 -2 0 2 4
magnetic field strength, kA/m
Fig. 2 B-H loop measured characteristics
i
magnetic field strength, kA/m
Fig. 3 Normal, incremental and delta permeability as function of

surface peak magneticfield
a Delta permeability

b Normal permeability
¢ Incremental permeability

material. To demonstrate this effect, Hammond [11] has
carried out an extreme-case analysis with a step function
for magnetic flux density of B = +BA for positive excita-
tion field and B = —BA for negative field. The average
power loss in the material is found to be 70% greater
than in the corresponding linear case, due to the modified
magnetic flux distribution near the material surface.

To quantify the effect of saturation in the analytic
model, the field within a semi-infinite slab of nonlinear
ferromagnetic material was determined using a FDM
technique. The objective was to obtain an effective per-
meability as a function of surface magnetic field strength.
For linear conditions, electromagnetic theory predicts a
fall in magnitude of magnetic field strength with depth,
together with a phase shift. On saturation, the magnitude
and phase variations will deviate from the linear case.

The FDM technique models the space and time decay
of magnetic field strength within the material by solving
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the diffusion equation

§S2-0.9>7

The associated difference equation for a general element
Hik +, is:

Hik+1= uHi+i k+ (1 + 3)
where

u= 9

Winch' ©)

The variation of magnetic field strength within the
material is determined by applying a sinusoidal surface
magnetic field strength HO0 k. The results are shown in
Fig. 4 for a peak surface field strength of 3500 A/m. The

2000-
0.003 '
depth, m
0.05
0.005 .
time, S
0.03
Fig. 4 FDM-generated magnetic field within semi-infinite slab of non-

linear magnetic material

Frequency = 50 Hz

amplitude clearly decreases with depth. The phase shift
change with depth can be seen by following the grid line
corresponding to the maximum surface field strength
(depth = 0, H = 3.5 kA/m) into the material. The distor-
tion of the sinusoidal field within the material can most
clearly be seen at a depth of S mm. For a given surface
field strength, the effective permeability (/ieff) can be
defined from the effective skin depth ($eff) according to

Me(((Hsp) " (10)
otr an)
where <%ff is the depth at which the maximum field
strength has fallen to |/e of its surface value. Fig. 5 shows
the resulting values of effective skin depth and effective
permeability as a function of the peak surface magnetic
field.

2.2.4 Saturation with hysteresis: The B-H loops in Fig.
2 suggest that hysteresis loss may become significant at
higher frequencies. To evaluate the effect of hysteresis on
the field waveform within the material, time waveforms of
magnetic field have been calculated by FDM at the effec-
tive skin depth for saturated conditions with hysteresis.
The effect of adding hysteresis to the model is illustrated
in Fig. 6 which shows the distortion in magnetic field
strength in a slice 1.4 mm within the material. It can be
seen that the main effects are a small additional phase
shift and extra distortion in the flux density waveform.
For high accuracy, further adjustment of the effective per-
meability value would be appropriate.

The shape of the B-H loop is an ellipse for linear con-
ditions, distorting with saturation. Its shape may be
specified by assuming a sinusoidal magnetic field excita-

magnetic field strength, kA/m

Fig. § Effective skin depth and effective permeability as function of
surface peak magnetic field for a semi-infinite nonlinear magnetic material
slab

a Effective skin depth

b Effective permeability

E 2
<
0
time, ms
o
Fig. 6 FDM-generated magnetic field within semi-infinite slab of non-

linear magnetic material at a depth of 1.4 mm with and without hysteresis

With hysteresis
Without hysteresis

tion waveform and evaluating the fundamental and har-
monics of the resulting flux density waveform by fast
Fourier transforms (FFT). Table 2 gives the results of
such an analysis.

Table 2: Harmonic analysis of B-H loops for flat-bottom rail

Rail H Harmonic magnitude B,, (T)
type (A/m) Harmonic angle 8n (")

n=1 n=9 1
Flat 5600 1.65 0.38 0.17 0.11 0.07 0.05
Bottom 8 28 45 65 83 100

1750 0.94 019 0.07 004 0.03 0.01

21 74 117 160 225 245
900 0.39 006 0.02 0.01
31 115 200 253 —

A quantitative assessment of loop shape distortion has
been made by evaluating the apparent, dissipated, funda-
mental stored and harmonic stored energy densities from
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Table 3: Evaluated energy densities for flat-bottom rail

H Flat-bottom rail energy densities (J/m 3) Loop
(A/m) area
Apparent Dissipated Fundamental Harmonic Total (J/m3)
stored stored stored
5600 43225 4039 28746 32028 43036 3908
1750 6732 1852 4843 4295 6473 1805
900 1262 571 945 613 1126 506

the harmonics of flux density as given in Table 3. From
these the corresponding real and reactive powers have
been evaluated (Appendix 9.1). The significance of these
quantities is derived from nonlinear electric circuit
analysis, where it is known that a nonlinear resistance
will behave like a reactive power generator while having
no energy-storage elements, by the generation of harmo-
nic, rather than reactive, power [12]. Distortion of the
B-H loop through saturation will similarly introduce har-
monic power as additional reactive power (PH), whereas
the active power (P) and fundamental reactive power
(Pw) will depend only on the fundamental flux density
and magnetic field values as determined in the Fourier
analysis.

The effective permeability defined above is thus con-
sidered to be the magnitude of a complex effective per-
meability. The angle of the complex permeability is
determined from the loop harmonic analysis according to

6(HJ = arctan (— 1)
where
r, =-J(Pl+ Pi) (12)

with the apparent power given by
p,=V(®PI+ Pi) 13)

The resulting complex effective permeability, as a func-
tion of peak surface magnetic field strength, is given in
Fig. 7, together with the value derived from the funda-
mental of the flux density.

2 U
magnetic field strength, kA/m

Fig. 7 Fundamental and effective complex permeability asfunctions of
surface peak magnetic field

a Complex effective permeability (real)

b Complex permeability from fundamental flux component (real)

¢ Complex permeability from fundamental flux component (imaginary)

d Complex effective permeability (imaginary)

2.3 Electrical conductivity

The conductivity of rail iron is a fundamental material
property and is temperature dependent. For small tem-
perature excursions, the coefficient of resistivity may be
linearised with the conductivity expressed by the relation-
ship

a=al(l+ /?T) a4)

The conductivity of the rail samples tested was deter-
mined using constant currents over a measured tem-
perature range. The results are in Table 4.

Table 4: Rail resistivity at 293 K

Sample Resistivity (jjCim) Temp, coeff. (K~")
Flat-bottom rail 0.225 0.0034

Bull-head rail 0.202 0.0031

Conductor rail 0113 0.008

3 Rail internal impedance

3.1 Large-signal A C rail impedance

3.1.1 Large-signal equivalent circular model: A linear
impedance model for a current-carrying ferromagnetic
conductor can be used to account for the frequency
dependency if the rail is treated as an equivalent circular
solid conductor with constant permeability. The value of
permeability is a function of the peak surface magnetic
field strength and hence the current. Themagnetic field
and hence current density within thematerial,found
from the solution of the diffusion equation, both decay
exponentially from the surface. The conductor impedance
is a function of the equivalent radius and skin depth, and
can be calculated by considering Ampere’s law (Appendix
9.2). The result is

z =r +jcol
0
g /0(qa) (15)
2nao 7,(aa)
where
(16)

The impedance takes limiting values at low frequency
(a < < and high frequency (a P 5) as follows:

) 1 a2 a4 26
hf=l~1aT0 1+ S ysin 9 + cos
+jt22cas- sin 26 an
rn -
. a_ 36
“=dv{[}tV(2) 26 + 32a
+y[v<2)sin (18)

Although the eddy current and hysteresis losses cannot
be separated in this model, the effect of hysteresis is to:

(a) reduce the impedance angle from T4 at high fre-
quency.

(0) increase the AC resistance by [cos (rc/4 —0/2)]/
CosTT/4: physically, the area of the hysteresis loop rep-
resents hysteresis loss per cycle.

(c¢) decrease the reactance by [sin (n/4 —0/2)]/sin n/4,
by reducing the stored energy in the material.
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The linear model represents the rail impedance as a pure
resistance in series with a pure inductance, associated
respectively with the active and reactive power.

3.1.2 Effect of rail shape: It is known that the geometric
mean distance (GMD) of an irregularly shaped conductor
from itself, interpreted as a circular conductor, is needed
for inductance calculations at frequencies where the skin
depth is significant compared with the conductor dimen-
sions [13]. For rail, the phenomenon is apparent in the
power and audio frequency range. Evaluation of the
internal rail inductance for quasilinear conditions for the
equivalent circular conductor model thus requires the
evaluation of an effective radius by numerical evaluation
of the GMD. This is justified by the agreement between
the theoretical and experimental evaluation of inductance
reported later. The evaluation of the GMD is described
in Appendix 9.3 and for 56.4 kg/m flat-bottom rail the
GMD is 0.11 m.

For resistance evaluation at very low frequencies, the
rail area determines the equivalent radius. At frequencies
above about 12 Hz, where the skin depth is small for rail
ferromagnetic material, an equivalent radius based on the
rail perimeter must be used. The boundary frequency can
be taken as that at which the skin depth is very much
smaller than the radius = 0.1r). At intermediate fre-
quencies interpolation can be used.

3.1.3 Finite-element modelling: For nonlinear
materials, local saturation at sharp corners of the rail
boundary may occur, introducing errors in the quasi-
linear model. The above analytic theory has therefore
been verified at high currents using FEM. The FEM
model requires definition of an elemental net, which can
be reduced in size in regions of high flux density. It then
performs a two-dimensional axisymmetric static and
dynamic electromagnetic analysis, assuming sinusoidal
current excitation. The internal inductance is obtained
from evaluation of the stored energy in the material:

19)
and the AC resistance per unit length from
(20)

Essentially, the method is to find the solution by deter-
mining the minimum energy state through minimisation
of a function such as

VA2
F) = ¢ — ) -<D2c42-2J-A dS 1)
F
[14] which is derived from the Helmholtz equation:
V24 +wpeAd = —pJ (22)

The contours of vector potential for a typical analysis are
shown in Fig. 8. Table 5 gives some typical results for rail

inductance and resistance, and confirms the applicability
of the equivalent rail radii. For the rail section used in
the tests, the values of current achieved represent the
approach of saturation. The FEM results for inductance

Fig. 8 FEM vector potential contoursfor nonlinear rail material

and resistance are in reasonable agreement with the mea-
sured and model values. The FEM model does not
include the effect of hysteresis, so at 50 Hz the hysteresis
loss must be small.

3.1.4 Accurate impedance model: The following steps
summarise the modelling procedure for internal rail
impedance for large-signal AC excitation:

(i) Determine B-H loops of rail material (Fig. 2).

(ii) Obtain effective permeability magnitude from
normal curve and FDM (Fig. 5).

(iii) Evaluate P, PR, PH, Pw by harmonic analysis of
B-H loops (Tables 2 and 3).

(iv) Determine angle of complex permeability (eqns. 11,
12).

(v) Calculate rail GMD and perimeter-equivalent
radius (Table 1 and Appendix 9.3).

(vi) Use linear relationship to obtain inductance and
resistance per unit length (eqn. 15).

32 Incremental AC impedance

In DC rail networks, the traction current flowing along
the running rails defines the magnetic operating point as
being on the normal magnetisation curve. The DC trac-
tion current usually contains ripple at harmonics of the
power supply utility frequency and traction convertor
modulation frequency, and the rails may also contain sig-
nalling current at audio frequencies. As indicated in

Table 5: FEM results at 50 Hz for rail and circular equivalent conductor

for saturated conditions

Excitation FEM Analytical model Experimental result

#tirentt

(4) L (/M/m) R (mfl/m) L (/H/m) R (mQ/m) L (/H/m) R (mO/m)
800 0672 0.231 0.670 0.220 0.635 0.252
900 0647 0.233 0.705 0.228 0641 0.259
1000 0615 0.235 0.719 0.233 0.644 0263
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Section 2.2.1, in the modelling of incremental AC imped-
ance, hysteresis loss is assumed negligible due to the
small amplitude of the excursions involved. The delta

Fig. 9 Experimental apparatus for rail internal impedance measure-
ments
0.6
0.3
100 1000 10000
frequency, Hz
500 1000
peak current, A
Fig 10 Rail self-inductance and resistancefor large-signal AC excitation

—O— experiment theory

permeability, as a function of Hsp, is evaluated experi-
mentally by finding the operating point and using
Ampere’s law

di= I, (23)

The equivalent rail radii given in Section 3.1.2 and Table
1 are then used to calculate the resistance and induc-
tance, using eqn. 15.

4 Experimental measurements

4.1 Apparatus and technique

Measurements of rail internal self impedance were made
in the laboratory on an isolated rail, using the apparatus
shown in Fig. 9. The experimental equipment was
adapted from that described by Holmstrom [3] for mea-
surement of inductance change in an isolated rail, using,
as a reference conductor, a circular copper tube.
However, the method was developed further to enable
absolute internal impedance measurements to be deter-
mined, by prior use of a reference conductor, which was a

QT

*2.5
100 1000 10000
frequency, Hz
0.2
0 500 1000
peak current, A
d

100



hollow copper rail the same shape and size as the test
rail. This copper rail had negligible internal inductance at
high frequency and so enabled the impedance measure-
ment loop to be calibrated by adjusting its position to
obtain zero circuit inductance.

The measurement procedure was to null the circuit
inductance due to the test current return loop by adjust-
ing the distance d (typically 25 mm for a measurement
loop height of 2 m). The rail sample (2 m in length) is
then placed in the same physical position as the copper
shell, so measurements of the inductance change will rep-
resent true internal self inductance. The resistive part of
the measured impedance is also an absolute measurement
of internal resistance. In the apparatus, end effects are
made negligible by fixing the measurement points 0.5 m
from the conductor ends. The results are processed using,
online FFT analysis to provide noise immunity and accu-
rate phase and frequency measurement.

4.2 Experimental results

4.2.1 Large-signal AC impedance: Measurement results
of rail impedance as a function of current at 50 Hz, and
as a function of frequency at 6 A, are shown in Fig. 10. At
cons ant frequency, both resistance and inductance con-

tinually increase with current magnitude for the measure-
ments made, indicating that a completely saturated
condition was not reached. At constant current, the
resistance increases and the inductance decreases with
increasing frequency. Frequency variation is more signifi-
cant than permeability variations because from the skin
depth relationship (eqn. 6), frequency and permeability
both appear with equal weighting, and the variation in
frequency is much greater than that in permeability.

422 Incremental AC impedance: Results for small-
signal AC rail internal impedance and variable frequency
with a DC offset are shown in Fig. 11, for resistance and
inductance as functions of frequency with DC as the
parameter, and of DC with frequency as the parameter.
When frequency is the independent variable, the square
root of frequency or its reciprocal is used for the abscissa,
to demonstrate the effect of variable permeability in
causing deviations from linearity. As indicated in Fig. 11c
and d, the variations of inductance and resistance with
frequency confirm the validity of the model frequency
dependency. However the current variations are small,
suggesting that the change in permeability and the effect
of hysteresis within the measurement range are less sig-
nificant.

E
G
E
c 0.5 S 25
c
o
825A 825A
25A
25A
0 0.1 0.2 100
J 1/frequency, -Is 'frequency, JHz
0-3
0.3
10kHz
100 Hz
X
=
015
i - H 1 _ (17 1kHz
1 1kH7
t - M -, fiam,
500 500
peak current, A peak current, A"
c
Fig. 11 Rail self-inductance and resistance for incremental AC with steady D C excitation
—O— experiment theory

101



5 Discussion and model applicability

Superimposed on Figs. 10 and 11 are theoretical curves
derived from the models described in Sections 3 and 4.
The validated models have been used to generate rail
internal self inductance and resistance as functions of AC,
DC and frequency. These are shown in Figs. 12 and 13.
Although most of the inductance variation occurs at low
frequency, this is not the case for resistance. The varia-
tions of inductance and resistance with large signal AC
are consistent with the permeability changes.

2000

15000 current, A

frequency, Hz

20000
frequency, Hz

2000

current, A

Fig. 12
excitation

Model self-inductance and resistance for large-signal AC

The following considerations apply when using the rail
internal self impedance model:

(a) Saturation The increased loss with rail satura-
tion can be explained in terms of the increase in magni-
tude of the fundamental flux density for sinusoidal field
excitation.

(b) Hysteresis The effect of hysteresis is to increase
the loss and decrease the inductance from nominal
values, seen through the change in impedance angle. This
is explained by ar increase in loop area and a reduction
of stored energy. With saturation, a first approximation
can be made by assuming the magnitude of the effective
skin depth remans unchanged. This is a reasonable
assumption because the effect of hysteresis is to enlarge
the B-H loop by introducing harmonics, rather than to
change the magniude of the fundamental flux. However,
a skin depth varia ion does accompany the magnetic field
phase change within the material. Fig. 6 shows that the

addition of hysteresis increases the phase change at the
effective skin depth. Quantification of the increase could
be used as a further correction factor to the calculated
angle of complex effective permeability. However, the
effect is small and has thus been neglected in the model.

frequency. Hz
current, A

20000
0
a
0
20000
frequency Hz
2000
U current, A
b

Fig. 13 Model self-inductance and resistance for incremental AC with
steady D C excitation

(¢) Rail shape and frequency — The resistance model,
with perimeter equivalent radius, does not hold when the
skin depth is large compared with the radius. In that
case, an area equivalent radius should be used. In a
similar way, for the inductance model the GMD must be
recalculated based on the conductor area. This, however,
is not apparent in Fig. 10 due to the low frequency at
which the theoretical and experimental curves should
deviate (below about 12 Hz). The difference in theory and
experiment at high frequencies is thought to be due to the
phenomenon of loop widening which gives rise to extra
losses, with the hysteresis loss exceeding the frequency
proportionality criterion [9].

(d) Rail type — For high-conductivity rail such as con-
ductor rail in DC railways, the hysteresis loop has been
found to be narrower (Table 2). Hence the FEM tech-
nique would be expected to show closer agreement with
experimental measurements.

Extension of the work to the case of audio frequency
superimposed on a power frequency signal would be rela-
tively straightforward using the same techniques as for
the superimposed DC case. Because the delta per-
meability would be constantly changing throughout the
power frequency cycle (point A in Fig. 1), a single effec-
tive value would have to be evaluated, using iterative
computation.
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6 Conclusion

A technique has been proposed which enables rail inter-
nal self inductance and resistance to be calculated ana-
lytically from a knowledge of the ferromagnetic material
properties. It takes account of saturation and hysteresis
and hence considers both current and frequency depen-
dency. The model has been rigorously tested by experi-
ment.
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9 Appendix

9.1 B-H loop distortion analysis

Applying a sinusoidal magnetic field excitation to a
sample of ferromagnetic material will produce a periodic,
nonsinusoidal, flux density, which can be expressed as the
sum of harmonics according to

H = H, sin o,t (24)
and
B=) B,sin (w,t + ¢,) (25)

The energy loss density per cycle is calculated from the
loop area. The power loss is associated with the funda-
mental flux density and is

2x 1 2x
J HdB=—J. H,B,
o nJo

x sin w,t i cos (w,t + ¢ )d(w,1) (26)
1@ [2x ’

= ; ; J; H,B,
x sin w,t cos (nw, t + ¢ d(w,t) 27

and when n # 1, the integral vanishes. For the fundamen-
tal (n = 1), the energy loss density per cycle is

2x
= J H B, sin w,t cos (0t + ¢ )d(w,?)
0

= H,B,7 sin ¢, (28)

The power loss density (per unit volume) is given by the
rate of loss of energy and at frequency fis

P = nfH,B, sin ¢, (29)

The maximum power loss density occurs when the phase
difference is ¢; = n/2. By similar argument, the funda-
mental reactive power density is

PR = #HIBI Cos ¢1 (30)

with the maximum occurring at ¢, = 0. The treatment of
distortion and harmonics in circuits with nonsinusoidal
waveforms is achieved by defining distortion and harmo-
nic power densities, which are not dissipative in nature,
due to cross-products of the harmonics. The total appar-
ent power density can be defined in a similar way as

P,=nfH, f (nB,) (31)

As power and reactive power densities are vector com-
ponents of the apparent power density,

PL=P:_p2_p2
- (w[nf 5 (12B2) — H2B? sin’ ¢,

— H2B? cos? ¢,]

= (af?H} Y. (n + 1B, (32)
The harmonic power density is
Py=nfH, [| Y (nB,,)z:I (33)
n=2

Rissik [12] shows that this adds to the reactive power
density as a vector sum to give the Wattless power which
does not contribute to the power losses. However, it does
modify the magnitude of the flux density and so will
influence the effective inductance. It is included in the cal-
culation of effective inductance by calculating the inphase
(Wattless) power density as

Pl = /(P} + P2)
= an,\/[B} cos? ¢, + i (nB.)z]
n=2

(34)
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An effective permeability angle may then be defined as

P
0 arctan NG (35)
The various power loss density components can be deter-
mined from the energy loss densities found from the har-
monic analysis of the B-H loop by multiplying by the
frequency. Although this does assume that the B-H loop
shape does not vary with frequency, Martinez ez al. [9],
considering the dynamic and static B-H loop analysis,
show that there is only a small frequency variation
(termed loop widening), which could cause modelling

errors at high frequencies.

peff

9.2 Impedance of circular conductor

The impedance of a circular conductor may be found by
considering the eddy currents in an isolated conductor of
circular cross-section. Consider such a conductor with
radius a, with a current I flowing along the axis of the
conductor in the z direction. The current density is there-
fore J,, and the magnetic field is H, in the circum-
ferential direction. At radius r within the conductor,
Ampere’s law gives

2nrH, = J‘ 2nrJ, dr (36)
0
which when differentiated with respect to r gives
r oA, +H,=rJ, (37
or
or in phasor notation
dH H
> 7= (38)

The EMF induced in the conductor at radius r by the
flux inside the conductor is given by the difference
between the resistance drops at r and a. Hence

1

d a
~U L) = - j HoHydr (39)

where J,, is the surface current density. Differentiating
with respect to r

14dJ 0H

2%, Y.

cor 1T (40)
or in phasor notation

4 _ joouoH @1)

dr

Differentiating eqn. 36 with respect to r and substituting
from eqn. 41

£H 1dH [, 1

LRSS = )H = 42

T (a + rz)H 0 “2)
where a? = jwou, . The solution of eqn. 42 is

H = Al(ar) + BK,(ar) 43)

where A and B are arbitrary constants found from the
boundary conditions. By considering the values of H at
r = 0 and r = g, the constants are

I
- 44
2nal (za) “9)
and
B=0 45)
Hence eqn. 43 becomes
I I(ar)
=1 4
2na I,(aa) (49)
From eqn. 38
I 1 d 1
—_ —— —_— - 4
2ma Iar) [dr ()] + 2 Il(ar):l 47)
_ o L)
" 2na I,(xq) (48)

The internal impedance per unit length of the conductor
is

z=r+jot = (E),_, = 2 To)

2nac I,(aa) “9)

since J = oE.

9.3 Rail geometric mean distance

The geometric mean distance (GMD) between two con-
ductor cross-sections is found by taking 1/n of the sum of
n values of the logarithms of the distances between n
pairs of points of the two cross-sections [13]. The
resulting GMD can be considered as the effective dis-
tance between two filament conductors which gives the
same mutual inductance as the original conductors.

If a single conductor is now considered, it may be
thought of as being made up of a number of filament
conductors. The internal self inductance of the conductor
is the sum of the mutual inductances between filaments.

This introduces the concept of the GMD of an area
from itself, since the mutual inductances of all the actual
filaments are equivalent to the mutual inductances of two
filaments separated by a distance equal to the GMD of
the actual filaments from each other.

If the actual filaments have cross-sectional areas of
0A, and distances between any two filaments of Z,,, then
the GMD of the conductor from itself is

k=Y A, ;n «.)

(50)
This may be evaluated numerically for rails. Assuming
that all the current flows within the skin depth, the equiv-
alent conductor with a cross-section of an annulus must
be determined. Thus, to use the analytical model, the
annular GMD must be converted to that of a solid circu-
lar cross-section by the relationship [14]

GMD of annulus
GMD of circle

= 0.7788 (51)

ane
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Circuit simulation models of railway traction and signalling
networks are useful for the design of power and signalling
circuits and the assessment of electromagnetic interference
and earth leakage currents. A distributed parameter
multiconductor transmission line representation of rail track,
1, is suitable for inclusion in such simulation

the distributed

shown in Fig.

models provided values of the equivalent
components arc known [1],

In a transmission line, energy transfer takes place through
the fields which

perpendicular to the longitudinal direction. The primary line

surrounding electric and magnetic are

distributed components are the self and mutual impedance

and admittance. A remote earth reference is necessary to

define these equivalent impedances and admittances. In rail
track, current is carried by both the electrical conductors and
the itself. the the

associated energy flow is diffuse. To verify the applicability of

ground Because of ground currents,
the transmission line model for a rail track system, it must
therefore be confirmed that energy flows far from the track arc
(insignificant, and that the presence of the remote earth does

not destroy the line propagation characteristics.

Mutual

Sflf impedance
impedance

Mujua)

Aadmittance
Sdf
admittance

Fig 1. Rail track substructure and equivalent transmission
network

line



The research described in this article is being carried out to
verify the above conditions, with the additional objective of
determining the values of the track equivalent circuit
parameters. The importance of the work is demonstrated by
the difficulty of accurate experimental determination of the
This is

environmental and ground conditions, imprecise knowledge

track parameters. because of variability in
of rail material and substructure properties and practical
difficulties in making extensive measurements on a real rail
track, with the associated problems of electrical interference
and earth inaccessibility.

Previously published accounts of the flow of power signals
along rail track rely on the theory of leaky ground-return
conductors to obtain the propagation characteristics.
Fundamental analysis of current propagation in and over a
weakly conducting earth by Carson [2], using the method of
image conductors, predicts a significant earth surface skin
effect at traction frequencies. More recently, Machczynski [3]
has considered both conductive and inductive transfer of
current into the ground in connection with the study of earth
currents in traction systems. In both cases, to obtain analytic
solutions, oversimplified conditions or linear material
properties were assumed. With modern computing power,
much greater accuracy can be obtained using numerical field
modelling to account for space and time varying parameters
and material non-linearity.

In this

two-dimensional numerical electromagnetic field model of

article, the theory necessary to construct a

the track and structure is presented. The

problem space is divided into uniform elements, each with

track-ground

specified conductivity, permittivity and permeability. After
setting the boundary and excitation conditions, the finite
(FEM) is field

energy

element method used to calculate the

distribution necessary to achieve a minimum

condition. The stored and dissipated energies in the
subregions of interest are then summed to obtain the circuit

impedances and admittances.

The finite-element technique

The electromagnetic field around any system is known from
Maxwell’s equations. For rail track, only an unrealistically
simple model (uniform, cylindrical rails and cables over the
surface of a uniform, weakly conducting earth) may be solved
analytically. The irregular rail shape, proximity of power and
cables and non-uniform substructure

signalling ground

require the wuse of sophisticated models with humerical

solution. The numerical methods available include finite

differences, ladders and cells, and finite elements. All
construct a mathematical representation of the system energy
state in terms of the electromagnetic field variables, but the
finite element method is the most advanced, providing an
efficient technique for modelling complex shapes, taking
account of material non-linearities and boundary conditions.
In constructing the system model, a mesh is created with each
material modelled as a distinct region or several regions,
which are then subdivided into finite elements.

The numerical technique utilised for the FEM solution
analyses the system under static, transient and steady state
excitation conditions, and deals with non-lincar material
properties, so the computation and storage requirements for
the code are usually severe. The FEM package used in this
study obtains a quasi non-linear solution for the steady state
analysis. A complete AC solution is thus possible by applying
a sinusoidal waveform to a transient analysis.

Generally, there are a number of solution approaches
available, including the calculus of variation and the residual
techniques. The calculus of variation technique attempts to
solve the equations by determining and minimising an energy
method, however, takes a more

functional. The second

straightforward approach by equating the system energy
equations to a residual, which is then reduced to a small value.

To create a FEM model, the system is first described using
the Maxwell equation

curl IT +oE =J.

where H and E are the magnetic and electric fields, a is the
electrical conductivity and Js represents the source current

density. Expansion gives

(-lcurla) to (~+gradv)

where p.is the permeability, A is the vector potential defined
by curl A = B, with B the magnetic flux density, and V is the
dimensions, the equation

potential. Simplifying to two

becomes

A*)+0 T =J»z 3)
' ot

-div (- grad
'H
since A and Js now have only z-components, and V has

arbitrarily been set to zero.

The objective is to reduce the residual

R =div (- grad Az)- o 7—%= (4)
Al 3 r

G 01

to zero, so numerically the problem is to determine an
acceptably small value for R. This is achieved by weighting it

by a factor W and minimising the integral
JOWRdAQ=JQI[div (-grad A,) - 0o * z+Jlz]dQ (5)

where Q is the complete problem space. This is carried out by
dividing the problem space into a large number of small areas,
known as meshing. W is then directly related to the finite
element mesh by the local Galerkin procedure [4], The size of
the mesh is dependent on the local flux density and its rate of
change.

The mesh necessary for modelling a single rail track with
electrical catenmary is shown in Fig. 2. Large elements are
sufficient a long way from the track where the fields are low,
but smaller meshes are necessary near and within the rails
where the field gradients change rapidly. In computational
trials, it has been found that the far field boundaries should be
at a distance of about 20 times the largest dimension of the
track cross-section. Because the rails act as magnetic
conductors with significant permeability and conductivity, the
skin effect ensures that the meshes within the rails themselves
are very small near the surface, and larger in the interior
(Fig. 3). Triangular elements are used near the rail surface to

provide more flexibility when modelling complex shapes.

Fig. 2: FEM elemental mesh for overhead line electrified single track
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Fig. 3: FEM elemental mesh for flat-bottom rail

Inductance and resistance modelling

Equation (5) is used directly to model the electromagnetic
field distribution. Since the source current density Jszis known
»s an excitation condition, a suitable value of vector potential
Az as a function of position may be found to minimise the
weighted residual. This value of vector potential then
describes the minimum system energy state, so that the other
electromagnetic variables, such as magnetic flux density and
magnetic field, may be determined.

The circuit inductance L is found from integrating the

Stored system energy over the appropriate area S using

Ejtored = fc U2=/, H.B dS (6)

where I'is the known excitation current.
The system resistance R is determined from the dissipated

power

Pdiu =I2R=/p - dS 0)

where J is the conductor current density.

Fig. 4 shows the vector potential around an overhead
electrified single track railway obtained using the above
model. The current flows along the catenary and, equally
divided, back along the rails. With a frequency of 50 Hz and a
catenary current of 100 A, the vector potential line intervals
are spaced at 5 pWb m'l. The magnetic flux density and
magnetic field lines follow the same profile as the vector
potential in both air and ground since both regions are
non-magnetic. From the model, the catenary track inductance

is 1.95 pH m'l
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rig. 4: Vectorpotential contours for overhead line electrified track

Part of the series impedance is internal to the catenary wire
and rails. Fig. 5 shows a model of the rail cross-section with
flux density contours generated by a sinusoidal current at 50
Hz. The result shows that the flux isconcentrated near the rail
surface, since the skin depth at that frequency is very small.
Because of the known rail shape and material properties, it is
possible to devise very accurate models of the rail internal
impedance, taking into account both current and frequency
[5]. The internal resistance and inductance arc found as before
by integrating across the rail cross-section, typical impedances
at 50 Hz being 0.65 pH m'land 0.23 m Q m

Fig. 5: Magnetic flux contours for current-carrying

flat-bottom rail

density

Conductance and capacitance modelling

FEM modelling of the admittance between the catenary and
rails, and between the rails themselves, may be carried out in a
similar way to that for impedance, by exploiting
electromagnetic-electrostatic duality. For the determination
of conductance, the duals are obtained by replacing Azby Hz,

J by B, Eby H, pbyo and o by p. The system equation is now

.11 1 6HZ
-div ( -grad H, 8)

and by analogy the dissipated power is
Pdiu =GV2=4, EJ dS ©)

where G is the conductance. To determine the conductance,
the boundary conditions of Hz are set by using Ampere’s law

(/ H dl=1).

The use of the model is illustrated in Fig. 6, which shows
rail-rail current flow through the weakly conducting ground.
Due to the symmetric system geometry, only half the model is
shown. Fig. 6a shows lines of current flow from one rail to the
centre plane, Fig. 6b gives an indication of the current
magnitude from the arrow size, and Fig. 6c depicts the
equipotentials. The ground is assumed to have a uniform
conductivity of 3.33 mS m'l. To obtain the rail-rail
conductance, the package calculates the magnitude of current
and potential within each region, matching boundary
conditions across boundaries. Typical currents are several pA
for rail-rail potential differences of a few volts, the
conductance being 0.5 pS m lat a frequency of 50 Hz.

The capacitance between conductors may be determined
from an electrostatic analysis. From equation (3), a static

analysis with no source currents gives

-div | - grad AZJ=0 (10)

By analogy, replacing H with D (the electric induction), Az
with V and p with £ 1(the reciprocalof permittivity), equation
(10) becomes

-div £grad V=0 (H)
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Fig. 6: Rail-railground currents for differential track excitation

The capacitance C is then obtained from the stored system

energy

E,orcd=/i CV2=/SE.DdS (12)

by setting the potential V as a boundary condition.

The model can be used to obtain the capacitance between
any combination of conductors. Fig. 7 shows the model
applied to an overheadelcctrified single track railway at 25 kV
and 50 Hz. The figure shows the electric potential lines
between the catenary and one rail. The contour interval is 625
V and with an effective ground permittivity of 600, the system

capacitance is 11.96 pF m"1.

deaM ¢ i

VF/PE2D.8

Fig. 7. Electricfield equipotentialsfor overhead line electrified track

Conclusions
The general applicability of FEM for the analysis of railway
traction systems has been demonstrated. The main difficulties
in modelling a traction network for finite element solution
have been that:
— the electromagnetic fields extend far from the track, which
conflicts with the need to use a bounded FEM mesh;
— the permittivity, permeability and conductivity of the
rails, catenary, track substructure and ground must be
accurately known, including any non-linearities with
current, frequency and temperature; and
— the

unknown and must be found by experience.

optimum number and size of mesh elements is

Before the model can be put to productive use with

confidence, verification should be carried out wusing
experiments and benchmark testing.

Further applications of FEM in rail traction systems
include:
— modelling interference noise from traction drive

components such as line and motor smoothing reactors;
— predicting induced voltages on buried metal pipes and
cables near rail track, and crosstalk on parallel tracks [6];
and
— designing track-train transmission based signalling
systems, including determining the effects of traction and

signalling bonding, and other track-connected equipment.
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ABSTRACT

An electromagnetic field model is described for the determination of
the electrical equivalent distributed impedances and admittances of
catenary electrified rail track. The model solution, obtained using the
finite-element method, takes account of the complete track-ground
substructure. Sample results are presented of the calculated field
lines for various track excitation conditions. Post-processing field
integration gives the stored and dissipated system energy and hence
the track self and mutual impedance and admittance as functions of
frequency.

INTRODUCTION

A rigorous model suitable for the accurate simulation of a traction
network must include the fixed electric power and signalling plant, the
moving traction vehicles and the rail track. Electromagnetically, the
rails and parallel conductors comprising the track act as a coupled
multiconductor transmission line. The rails are laid on the surface of,
and in contact with, the ground, which has finite conductivity and
permittivity. An accurate and complete electric circuit model of the
track is difficult to achieve due to the distributed nature of the
substructure and because the rails contain ferrous material which is
nonlinear with current and frequency.

In overhead catenary electrified railways, traction current flow is
usually distributed between several parallel conductors, the rails and
the ground. It is important to quantify the ground current effect since
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the induction loop consisting of catenary and ground acts as an
electromagnetic noise source, giving rise to power and harmonic
frequency interference in parallel communications lines.

Considerable effort has been expended in the past in the creation
of analytical models for the self and mutual impedances of conductors
laid over a weakly conducting earth. The Carson/Pollaczek equations,
for example, apply the theory of leaky ground-return conductors using
the concept of image conductors to quantify the earth currents which
flow due to induction and conduction [1]. The model predicts a
significant earth surface skin effect at traction frequencies. This
analytical solution, however, relies on simplified conditions, including
a uniform or horizontally stratified earth conductivity. In addition to
removing these restrictions, the advantage of the numerical method
presented here is that a complete electromagnetic field model is
created which can give the admittance as well as the impedance of a
conductor set.

In this paper, a two-dimensional electromagnetic field model! is
described which gives the magnetic and electric fields around a
section of track with an overhead catenary. After material and
geometrical properties are specified, the track excitation conditions are
defined and a solution obtained by the finite element method (FEM).
The field vectors are integrated over appropriate regions of the model!
to obtain the dissipated and stored energies. The track impedance is
then obtained directly. The track admittance is determined using
electromagnetic-electrostatic duality transformations. Results for track
impedance and admittance as functions of frequency are presented,
and confirmed from published data reported in the literature.

TRANSMISSION LINE RAIL TRACK MODEL

The track model shown in Figure 1 represents a distributed coupled
transmission line and consists of series self and mutual impedance
and shunt self and mutual admittance. The individual lines represent
rails, power conductors or signalling cables. The element values are
generally nonlinear with respect to both frequency and current. To
fully define the model, experimental determination of the parameters
by conventional short circuit and open circuit tests is not possible
because the equivalent components in the model are referenced to a
remote, inaccessible earth.

In reality, the track is surrounded by current and field distributions
which are influenced by the ground and rail material properties and
the track geometry. Energy transfer takes place through the electric
and maanetic fields which for lona track sectinns are oernendinular
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Figure 1. Rail track substructure and equivalent transmission
line network

the longitudinal direction. To fully understand the physical nature of
the equivalent circuit components in the model, the surrounding fields
must be calculated for typical track excitation conditions. Although this
implies that conditions away from the track vicinity must be considered,
the reduced magnitude of the fields far from the track limits energy flow
at those locations. Implementing and solving a field model in terms of
the electrical equivalent parameters then overcomes the restriction of
the lack of knowledge of the remote grcund point.

FINITE ELEMENT MODELLING

Theoretical basis of FEM

FEM is a versatile numerical analytic technique in widespread use for
the solution of static and time-varying electomagnetic field problems.
Its application to problems involving magnetic stored and dissipated
energy is well established, and computation times for systems with
two-dimensional geometrical symmetry are reasonable with modern
computer workstations. The FEM technique applies given boundary
and excitation conditions to a defined physical system and results in
generation of the field lines at discrete points corresponding to a
minimum system energy condition. It is attractive for the rail track
problem because the rails and trackbed do not have a regular
geometric shape and the rails are in close proximity to each other. The
difficulties in applying FEM to rail track modelling are concerned with
selecting the optimum mesh size to achieve reasonable computation
times, and setting appropriate model boundaries to achieve
acceptable computational accuracy.

The theoretical model starts with a description of the field problem
using Maxwell's equations. A detailed exposition is available in
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specialist articles [2] and the following is a summary together with

interpretive information resuiting in the integral formulation as required -

by the FEM package used.

In general, the problem space is characterised by separate
regions with various conductivity, permeability and permittivity values.
In the present case, ferrous hysteresis is ignored, although saturation
is permitted. In regions of nonzero conductivity and constant
permeability, small source current ioops are aliowed, but otherwise no
current flows. Hence

VxHg = Jg 1
where J; is the current density of all sources. Let

Hg = H,y - Hg (2)
where H, is the total field in the region. Then

VxHy; = VxH, (3)
so VxHy = 0. (4)
Let Hy = Vo (5)

where & is a scalar potential function. Since

VxVd =0 (6)
and from Maxwell's Equation
B=20 : 7
then using the material relationship
B = puH (8)
V.(uHy) = 0 (9)
S0 -V.Vd + V.(uHg) = O. (10)
“Hence -V.(uv®) = 0. (11)

Equation (11) must be solved over the complete problem region, i.e.
[, Nv.(uve)aa = 0 (12)

where N; are the set of weighting (shape) functions and Q is the whole
reacion. From Green's theorem.

[ vN.veda- [, pNeedr = 0 | (13)
on
where I is the region boundary line. For each element, the scalar
potential is made up of

k
® = IN@, (14)
1

with k the number of nodes in the element. For the element e,

3
Joo MeZ [oN N +0N; oNJ@d - [ pNo@dr = 0. (15)
T lox ox oy oy on

In regions where ¢ # 0 and is discontinuous, then V # O because of the
boundary conditions. From the definition of vector potential

VxA =B (16)
and Maxwell's Equation,
' VxE = -0B = -9(V*A). (17)
ot ct
Integrating, the electric field becomes
E=- aA+W] (18)
ot
where V is the electric scalar potential. Using the material relationship
J = oF (19)
and VxH =J (20)
then VxH = oE = -o[0A+W] (21)
at
The electromagnetic problem solved by FEM is then
Vx (VxA) = —0:3_6+VV. (22)
M ot



and the Colomb Gauge

VA =@ (24)

The equation to solve in integral form is

Mx (VxA)+ odA dH = o. (25)

M at .

Again, using Green'’s theorem, for each element

(VXNj) ,(VXA )+ ONL dA + VV |dn -J Nr|(V'A)«n]ldr=0 (26)

" e U

r ]
and Nj 'dA + W Tan -j 5A +W|.n dr = 0 (27)

[ [a a

To include the Coulomb gauge, a penalty technique is added to the
above equation of the form

a(V.A)2 = 0 (28)

which is valid over the complete problem region. In a static problem,
aA/at =0 and if v = 0 is arbitrarily chosen, Equation (22) is simplified to

V x (v xA) = 0. (29)

To set up the FEM model, the problem region is divided into an
elemental net, the extremities of which coincide with the boundary
conditions. The net size is determined by the rate of change of field
within it. Examples of nets for individual rails and for the complete
system are shown in Figure 2. Large elements may be used a long
distance from the track where the fields are low but smaller meshes
are necessary near the rail surface where the field changes greatly
from the skin effect. In practice, the far boundary is set at about 20
times the track lateral dimension.

FEM determination of track impedance
Solution of Equation (29) results in the calculation of values for the
vector potential within each element for the minimum energy state.

Figure 2. FEM meshes for field calculations near rail and around track
From this the values of other fixed variables such as magnetic flux
density and magnetic field can be obtained and the system magnetic
stored and dissipated energies evaluated.

The circuit inductance L is determined by integrating the stored
system energy using the equation

Estored “ 0.5LI2 = fs H.BdS (30)

where | is the known excitation current and S is the circuit area.



The system resistance R is determined from the dissipated power

PdiSS = 12R 7 fs JZ/o dS§ (31)

where J is the conductor current density and S is the conducting area.

Figure 3 shows typical results for the vector potential distribution
necessary to calculate the self impedance Zn and mutual impedance
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Figure 3. Vector potential contours for overhead catenary electrified
single track railway, catenary with earth return,

Z1r. In the former case current excitation is applied along the catenary
(conductor 1) with earth return, and in the latter case, it is applied
along the catenary with return through the parallel combination of the
running rails. With a frequency of 50 Hz and a catenary current of
100A, the vector potential line intervals are spaced at 5 pTm. The
magnetic flux density and magnetic field lines follow the same profile
as the vector potential in both air and ground since both regions are
non-magnetic.

Part of the series impedance is internal to the catenary wire and
rails. Figure 4 shows a model of the rail cross section with current
contours generated at a frequency of 50 Hz. The current is
concentrated near the rail surface, since the skin depth at that
frequency is very small. Because of the known rail shape and material
properties, it is possible to devise very accurate models of the rail
internal impedance, taking into account both current magnitude and
frequency [3]. The internal resistance and inductance are found by
integrating across the rail cross section.

-6.82
w084

-6 88

X IMETR)
ELEM-UNE SYMM.XY SOLN.AT FREO.300.0 FIEL-MAGN Q

,,e,DC,n
Steady Slate ac Solution Mesh 9898 Elements 74 Regions Vr/nt<;D.O

Figure 4. Current density contours in flat-bottom rail

Track admittance modelling

FEM modelling of the self and mutual admittance may be carried out
in a similar way to that for impedance, by exploiting
electromagnetic-electrostatic duality. For the determination of
conductance, the duals are obtained by replacing Azby Hz J by B, E

by H, p by aand a by p. The system equation becomes

V.(WH2 = -pdH _z (32)
o dt



412 Computers in Railways

and by analogy the dissipated power is

Pdiss “ GV* - fsE.JdS (33)

where G is the conductance.

To determine the conductance, the boundary conditions of Hz are

set using Ampere’s law (JH.dl =1). Results from the model are given
in Figure 5, which shows current flow through the weakly conducting
ground from a single rail to remote earth. The lines of current flow and
the equipotentials are orthogonal. The model gives the self
conductance ge directly by summing the magnitude of current and

potential within each region and matching boundary conditions across
boundaries. For g12 excitation is applied between the running rails.

Currant Flow and Equipotential Contours tor Ground Conductivity
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Figure 5. Current flow and equipotential lines for track conductance
model (ground conductivity = 3.33 mS/m)

The capacitance between conductors may be determined from an
electrostatic analysis. A static analysis with no source currents gives

-V.(VA2 = 0. (34)
M
By analogy, replacing H with D (the electric induction), Azwith V and p
with 1/E, equation (34) becomes

-V.(eW) = 0. (35)

computers in naiiways—

Estoied = 0.5CV2 = fsE.DdS (36)

by setting the potential V as a boundary condition.

The model has been used to obtain the capacitance between
combinations of conductors. Figure 6 shows results from an overhead
electrified single track railway at 25 kV and 50 Hz. The electric
potential lines between the catenary and the rail are at 625 V intervals.

VF/PE2D

Figure 6. Electric field equipotentials between catenary and rail

TRACK IMPEDANCE AND ADMITTANCE

The models described have been solved with a commercial FEM
package and the field plots generated were integrated to find the
stored and dissipated energy and hence the self and mutual
impedances and admittances. The results as a function of frequency

are given in Figure 7, where line 1 refers to the overhead catenary and
lines 2 and 3 are the running rails.

The results for phase impedance include inductance and
resistance. The former, obtained by integrating across the complete
field internal and external to the rail, indicates that the catenary-rail
circuit inductance value is 1.95 mH/km at 50 Hz, which is in agreement
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with published traction power system studies [4]. The series
resistance has been calculated by integrating across the rail cross

section only, a typical value at 50 Hz being 0.23 H/km.

The phase admittance results have been obtained from the
scaling factors used in the duality transformation. To determine the
conductance, the excitation currents are typically several pA for rail-rail
potential differences of a few volts. The results depends critically on
the value of ground conductivity selected, the rail-rail conductance
being about 0.5 mS km-1 at a frequency of 50 Hz for a ground
conductivity value of 3.3 mS/m. The catenary-rail capacitance is in
agreement with published data, and is typically about 12 nF krrr1for
an relative ground effective permittivity of 600.

CONCLUDING REMARKS

FEM analysis is a viable modelling technique to determine the
impedance and admittance of railway traction networks. The main
difficulties are that since the electromagnetic fields extend far from the
track, careful choice of the model boundary is necessary; that the
permittivity, permeability and conductivity of the rails, catenary, track
substructure and ground must be accurately known; and that the
optimum number and size of mesh elements has a large effect on
computation time and storage and must be found from experience.

The technique is now being further developed for application in
rail traction systems to model interference noise from traction drive
components such as line and motor smoothing reactors, to predict
induced voltages on buried metal pipes and cables near rail track, and
crosstalk on parallel tracks [5] and to design track-train transmission
based signalling systems based on track conductors.
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In Situ Determination of Rail Track Electrical
Impedance and Admittance Matrix Elements

R. John Hill, Senior Member, IEEE, and David C. Carpenter

Abstract—A novel differential excitation technique is de-
scribed for the experimental determination of the elements of
rail track impedance and admittance matrices from measure-
ments of rail voltages and currents on a short, isolated track
section. The establishment of a common earth point along the
track is unnecessary, although rail breaks and driven earth rods
at the feed and remote ends of the test section are required.
Rail self and mutual impedance and admittance measurements

are reported for a single railway track, for a frequency of
50 Hz.

I. INTRODUCTION

N electric railway traction system consists of power

and signal sources and receivers connected through
the track bed structure and electrically conducting earth.
The rails are coupled to parallel power lines and signal
and communications cables, and the whole track system
behaves as a spatial, linear, distributed network. The track
voltages and currents are determined by the transmission
line equations

div)
e (Z11] )
and
aim _
i LY]1[V] )

where [V], [I] are column vectors of the track conductor
phase voltages and currents, and [Z], [Y] are the track
impedance and admittance matrices. The problem consid-
ered in this paper is the experimental determination of the
elements of the track [Z] and [Y] matrices by site mea-
surements.

Accurate knowledge of the values of the track imped-
ance and admittance matrix elements is important for the
electrical circuit simulation of traction systems. The ele-
ments define the track transfer function which governs
power flows between substations and electric vehicles.
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They also determine the mixing behavior of power and
signal currents in track signaling systems, and affect the
sensitivity of track signaling receivers in data transmis-
sion systems using modulated carrier signals. Element
nonlinearitics with respect to current and frequency are
also important, for example, in electromagnetic compat-
ibility studies to predict intermodulation distortion.
Determination of the track elements has been reported
in the literature only as a peripheral problem in traction
simulation. In defining the element values, simplifying
assumptions are usually made about material properties
(rail iron conductivity and permeability, and earth con-
ductivity and permittivity), and the nature of the track
substructure. Early studies by Riordan [1] and Sunde [2]
used estimated values of the single-track propagation con-
stant. Other reported track experimental measurements
consider only the differential mode propagation constant
and characteristic impedance as applied to unbalanced ex-
citation, for track signaling applications [3]. Many sim-
ulations do not consider the differential excitation of the
running rails with electrical signals, and so treat the rails
as a single conductor located near the ground. Examples
are the modeling of harmonic propagation along the over-
head catenary [4], earth currents [5], and telecommuni-
cations interference [6]). In these cases, the line induc-
tance and capacitance are calculated from the track and
cable geometric positions [7]. For more exact studies, the
rail internal self-impedance may be assumed to be fre-
quency dependent due to skin effect in the iron [8], and
the external rail self-impedance and interrail mutual
impedance may be estimated using the Carson-Pollaczek
equations assurmng a uniform earth conductivity [9].
The main difficulties in making experimental measure-
ments of the track matrix elements are that access to an
absolute earth reference is not possible, and that differ-
ential voltage and phase measurements between points at
each end of the track cannot be made, because the dis-
tances are long, and the measurement instrumentation
creates additional earth loops. The technique described in
this paper determines all the track parameters in a single
set of tests. It requires the establishment of reference
probes at the sending and receiving ends of a track sec-
tion. These probes have a finite earth impedance, which
is also determined experimentally. After the track exci-
tation voltages and currents have been measured, phasor
diagrams are constructed, and the measured phasors are
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examined for consistency to provide error information.
The corrected phasors are then treated as the variables in
a track transmission line model enabling calculations to
be made of all the track matrix element values.

I1. PROPAGATION OF SIGNALS ALONG RalL TrAcCk
A. Wave Propagation

The theory of wave propagation along multiconductor
transmission lines is well known [10], [11]. Considering
the distributed-parameter line of Fig. 1, the distance-de-
pendent voltages and currents are related by the imped-
ance and admittance matrices. In these matrices, the ele-
ments are z; and y; (i, j = 1 to n for an n-phase line),
where z; and y; are the line self-impedances and admit-
tances per unit length, and z;; and y;; are the mutual imped-
ance per unit length of line i with respect to line j with
earth return, and the mutual admittance per unit length
between lines i and j, consistent with the equivalent cir-
cuit of Fig. 2. Combining (1) and (2) gives the wave
| equations:

d*[v
d)[czl = [Z][Y][V] = [P][V] 3)
and
d* 1
dx[2] = [Y][Z][1] = [P][1] 4

since z;; = z; and y; = y;;(i # j). Equations (3) and (4)
are solved by mcans of a modal transformation by deter-
mining the eigenvalues of [P]. Introducing a diagonal ma-
| trix [Q] and column vectors of modal voltages [V,,] and
currents [I,], it may be shown that [10]

d*[V
= @ ©)
and
d*
d[x{”] = [Q]IL,] (6)

~ where [Q] contains as elements the modal propagation
constants

¥y 0

Q=0 M

v2

The modal voltages and currents each satisfy the equa-
tions of a single-phase line with a unique voltage and cur-
rent distribation, propagation constant and characteristic
(surge) impedance at any frequency. Equations (5) and
(6) can be olved independently since mutual components
are eliminaed. After solution, the combination of the n
modes satisfies the line boundary conditions.
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Fig. 1. Line excitation voltages and currents.
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Fig. 2. Impedance and admittance model for a two-wire line with earth
return.

B. Single-Rail Excitation

For a single conductor in the presence of an infinite
earth plane, the impedance and admittance per unit length
are z;; and y,, and the propagation constant is

Y= \/F = V(zuyn)- ®

The phase voltage has components corresponding to for-
ward and backward traveling waves. Each component
produces an associated current, with the currents and volt-
ages related by the characteristic impedance

2 = V(2 /yn).

C. The Two-Rail Line: Single-Track Railway

The two-rail line corresponds to a single rail track with
no parallel electric power or signal/communications ca-
bles. The problem is considerably simplified if spatial
symmetry is assumed in the conductor positions such that
Z); = Zp and y|; = y,,. Equations (3) and (4) then become

)]

alul-ln 2l e
and
ali-lnall) o
where
Py =ynzin + ynn (12)
and
P, = ynzi + you (13)

according to the element notation given in the unit length
model of Fig. 2. The two propagation modes are each
associated with a pair of forward and backward traveling
waves. The modes may be related to differential (hal-
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Differential mode

777777 77777777
Common mode

§—])

Fig. 3. Differential and common mode excitation.

anced) and common (unbalanced) excitation, as illus-
trated in Fig. 3. In rail track, these correspond to arrange-
ments for track circuit excitation, where a signal source
and load are connected across a length of track, and a
propulsion current return path, where power is injected to
the rails by a moving train and extracted at a substation
or transformer connection point.

For differential mode excitation, I, = —1I,, and
% = (P, — Py)I, (14)
with
Ya = VP, — P
= Vi@ — z2) (yu — Y (15)
and
204 = VI = 20/ (i = y). (16)

For common mode excitation, V|, = V,and I} = I,. Hence

ye = VP, + P)
= VI + 22 (3 + )] (7
with
2= Vi@n + 2/t (18)

D. Parallel Lines and Tracks

The above considerations can be extended to the gen-
eral n-phase transmission line system corresponding to rail
tracks with parallel power and signal cables. The line
voltages and currents are determined in terms of propa-
gation modes, the dominant mode being determined by
the power feeding arrangements. In the solution of modal
systems, multiple-track railways can exploit planes of
symmetry, rather like the case of symmetrical compo-
nents for three-phase power lines [10].

III. THEORY OF IN SiTu TRACK PARAMETER
MEASUREMENT

A. Excitation of a Line Pair with Earth Return

Consider two conductors 1 and 2 with different excita-
tion voltages V, (x) and V,(x) and carrying different cur-
rents /;(x) and I,(x) as shown in Fig. 4. The source
impedances are z, and z,, and the two lines are loaded
with equal impedances z;. The excitation voltage source
and load are each earthed with an impedance of zg.

For homogenous lines, the solution of (10) for this line
geometry may be expressed in terms of exponential func-
tions as:

[V,(x)] _ [Tu Tn:I [AI exp — v;x + B, exp ‘le]
Va(x) T,y T ] 1C,exp — vx + D) exp 72x

a9

where T;; and 4,, B, Cy, and D, are constants determined
by the line boundary conditions. The matrix [T] may be
evaluated using (10) and (19) since

[Tu le] l:’ﬁ O:I _ |:PI Pz] [Tu le} 20)
Ty TplLo 'Y% P, P, I, Ty
from which, associating . with v, and +, with v,, (15)
and (17),

I, =Ty (V2))
and

Ty, = —Txp.

The line voltages are thus, from (19),
[VI(X):I _ [Tn —Tzz]
ol n, m
Ay exp — vix + Byexp v,x
. [C, exp — y2x + D, exp 'yzx]

22)

I:l —l] [A exp — yix + Bexpy.x]
Ll 1JLCexp — vy,x + Dexp y:x

(23)

and the line currents are

[ll(x)] _ [Zn le]_l [dVl (x)/dx]. 24)
I (x) ) In dv,(x) /dx

If the lines are symmetric, z;; = 23;, and since z3; = 2;,
[1,():)] 5 [—1 1] [A exp — ‘ylx]
L(x) ' L-1 1) LB exp 71X

1 —1]]|Cexp — 72x
+b[ ][ P ’} @5)
-1 1] LD exp v2x
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Fig. 4. Experimental arrangement.

where k; and k, are constants determined by the line ge-
ometry. Equations (23) and (25) may be solved to give
the impedance matrix elements in terms of the constants
¥1» Y2, ki and k,. The result, shown in Appendix I, is

_osfin. ™

Zny = 0.5 {kl + kzl (26)
n_nmn

zp = 0.5 {kl kz} 2n

The admittance matrix elements are obtained from (15),
(17), (26), and (27) as

iy = (zn — z)7h + (zn + 21973
" det [Z)

(28)

and

- 227 — (2 + )7
det [Z]

(z))

Yi2 = (29)

B. Sending-End and Receiving-End Boundary
Conditions

Knowledge of the receiving-end currents and voltages
for known values of z; enables the constants A, B, C, and
D to be found in terms of k, k3, v,, v, and zg. The line
voltages at the load end are

ZE

[V| (L)] _ [(ZL + ZE) ] [ll (L):| 30)
Va(L) 43 (@ +z) )LL)

From (23) and (25), the line voltages and currents at x =
L may also be determined in terms of k,, k;, v, v2, 4, B,
C, and D. Further, at the sending-end with x = 0, using

(R A

[l. (0)] _
5 (0)
31

Equations (23) and (25) with x = L, and (30) and (31),
may thus be solved for the coefficients 4, B, C, and D as
functions of z;, zg, ky, ki, v, and v, and the variables
I,(0) and I, (0). The result is given in Appendix II.
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Since the absolute values of V,(0) and V,(0) cannot be
measured, further consideration of the sending-end con-
ditions is necessary to obtain an expression to eliminate
the additional voltage drop across the unknown sending-
end earth impedance z;. Only the potentials V}(0) and
V3 (0), relative to the excitation voltage terminals, and the
currents I,(0) and /,(0) may be determined experimen-
tally. Because there are five unknowns (the four track ele-
ments and the earth impedance), sufficient independent
experiments must be performed to derive five independent
equations. To achieve this, three different load imped-
ances are used to make three independent sets of mea-
surements.

If the lines are equally loaded at x = L with impedance
2;;(i = 1 to 3), the sending-end (x = 0) voltages are re-
lated to the measured line voltages and currents by

[ i.-«»] [V.i(O)] [1 1][1..-(0)]
= + ZE . (32)
V5i(0) V,:(0) 1 1] L5L(0)

The solution technique, summarized in Appendix II, is
to find analytical expressions for the measured line volt-
ages in terms of the basic unknowns zz, ky, k2, vy and 7,,
using the constants 4, B, C, and D from (B1)-(B4). The
track matrix elements are then found from (26)-(29).

IV. EXPERMENTAL MEASUREMENTS
A. Line Excitation

The choice of excitation voltage, source impedance,
and load impedance depends on the relative magnitudes
of those impedances relative to the track matrix elements
and earth impedance. The series impedance of rail track
is normally much less than the reciprocal of the shunt ad-
mittance. Moreover, it is generally not possible to reduce
the value of the earth impedance below a certain value by
installing more earth rods, due to the finite ground con-
ductivity. Therefore, in the rail track circuit, most of the
series voltage drop appears across the earth impedances,
rather than the line.

The line excitation must produce a high voltage differ-
ential between the two rails to create an appreciable trans-
verse current flow through the interrail admittance, and
high currents through the rails to create an appreciable
longitudinal voltage drop along the rails. These condi-
tions are satisfied by choosing the source impedances so
that the rail circuit is in parallel resonance. Further, the
source and load impedances must be of comparable mag-
nitude to the line impedance. Fig. 5 shows a phasor dia-
gram for a typical measurement where these conditions
are satisfied.

B. Results

Measurements on a 36 m length of rail track were made
at 50 Hz, with the excitation voltage, source impedances
and load impedances shown in Table I. Also shown in that
table are the measured sending-end voltages and currents.
The primary results, in the form of the line self and mu-
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10)

Currents

Fig. 5. Phasor diagrams for line voltages and currents.

TABLE 1
EXPERIMENTAL CONDITIONS AND RESULTS

Test Number i=1 i=2 i=3
Load impedance Z;; () 0.099 + ;O 0.198 + ;0 0.298 + O
Supply voltage E; (V) 243.9 + jO 243.5 + jO 240.9 + jO
Rail voltage V}; (V) 243.4 — j8.5 243.0 — j8.5 241.3 — j6.7
Rail voltage V;; (V) 242.7 — j8.5 241.5 - j8.4 239.2 - j6.7
Supply current I,; (A) 3.84 —j0.317 3.83 - 0.32 3.80 - j0.27
Line 1 current I;(0) (A) 2.01 —j0.16 2.23 - j0.17 2.54 — jO.15
Line 2 current /5;(0) (A) 1.83 - j0.16 1.60 — jO.15 1.26 — j1.34
Sending end series impedance Z, (1) 0.12 — j4.21
Sending end series impedance Z, (1) 0.27 + j4.65

TABLE 11
IMPEDANCE, ADMITTANCE AND GROUND RETURN IMPEDANCE RESULTS
Parameter Value

Sef impedance z,, (mf2/m) 0.55 + j0.49
Mitual impedance z,, (m?/m) 0.51 + j0.31
Sef admittance y,, (uS/m) 0.38 +0.93
Mitual admittance y,, (uS/m) 0.048 + j0.061
Gound impedance (1) 63.0 + j3.7

TABLE 111
DERIVED PROPAGATION CONSTANTS AND CHARACTERISTIC IMPEDANCES

Propagation constant Characteristic impedance

v (Napier/m) 20 ()
Sngle rail (2.34 + j2.98)107° 33.91 -~ j8.96
Dfferential mode (3.77 + j1.25)107* 14.04 +j1.03
Ommon mode (1.57 + j2.22)10°° 26.38 — j6.11

tial impedances and admittances, and the ground-return
inpedance, are given in Table 11, and the calculated char-

ateristic impedances and propagation constants are given
i Table I1I.

V. DiscussioN

Measurement errors in voltage, current and phase read-
ngs are inherently large due to instrumentation inaccu-
acies, and in the difficulty in reading small differential
oltages and phase angles. An error assessment was made

using the phasor diagram representation of Fig. 5. The
shift in phasor magnitude and direction arising from er-
roneous readings was used to estimate possible variations
in the parameters, by substituting extreme, as well as
nominal, phasor voltage and current values in the model.
For the short track section used for the reported measure-
ments, errors were estimated at greater than 50%. This
was due to the difficulty in ensuring low rail-to-cable joint
impedances, compared with the self and mutual imped-
ance values under determination. Indeed, the short track
length dictated extreme measurement accuracy, with the
use of a stable power supply and linear external series
components. To reduce the error, a longer measurement
track section would be required.

The differential mode propagation constants and char-
acteristic impedances evaluated from the sclf and mutual
impedances and admittances are comparable to those ob-
tained using conventional short-circuit and open-circuit
tests, where connection to the ground is not required {3].
The various rail types and track geomctries in service ex-
plain small differences between the results and other re-
ported impedance measurements [12], [13], differences in
admittance being explained by ground and environmental
conditions.

The technique can readily be used for multiple-track
lines, by making measurements between successive pairs
of rails or conductors. However, the assumptions about
track symmeltry (z;, = 2y; and y;; = y;;) may not be valid
for asymmetric track positioning. The presence of unex-
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cited conductors will not affect the results for any rail pair.
The assumption about equal earth impedances at the ex-
citation source and load earth points is also unimportant
since the reference potential is automatically adjusted to
be midway between those points.

Although the short measurement track length in the re-
ported test represented much less than a quarter wave-
length at 50 Hz, the technique is unrestrictive as to the
length required. Indeed, the necessity to create a pseu-
doresonance condition for the measurements would no
longer apply since the phasors in Fig. 5 would be more
widely spread due to the inherent transmission line ef-
fects.

The technique could also be used to determine any
length dependency in the values of the line impedances
and admittances. The models for these parameters rely on
the presence of the weakly conducting earth to remove
such length dependency, so for insulating earth it would
be expected that the line parameters would themselves de-
pend on the length of line involved.

VI. CONCLUDING REMARKS

e The differential rail excitation technique described
"enables rail track impedance and admittance matrix ele-
ments to be determined, and hence the transmission line
iparamctcrs to be evaluated, for any length of track. It is
| applicable to any pair of parallel similar conductors laid
on the surface, and in contact with, the earth.

e The method does not rely on the prior establishment
of a perfect earth plane, nor on the removal of the track
| from the ground. It requires rail breaks to be established
"and earth rods to be installed at the beginning and end of

the measurement section.

e The results show that at 50 Hz, no assumptions may
be made regarding the relative magnitudes of the in-phase
and quadrature components of the track impedances and
admittances. This is significant since the propagation

- wavelength for the differential excitation mode of a sin-
- gle-rail track would be long compared with typical block
' section lengths employed in railway signaling systems.

|
' APPENDIX |
'

IMPEDANCE AND ADMITTANCE MATRIX COEFFICIENTS

Differentiating (23) and substituting into (24),
ll(x):‘ _ |:Zn 212]—|
[lz(x) - iz 4 "
—~Aexp ~ vix + Bexp y;x
. [—A exp — vix + Bexp 'y,x]

Cexp — y,x — Dexp yx
+ Y2 .
—Cexp — vx + Dexp yyx
(A1)
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Equating (A1) and (25),

7 [k, k2] [—A exp — v;x + Bexp 1,x]

ky —k; Cexp — y,x — Dexp va2x

_ 1 |: AT —le] |:'Y| ’Yz:I
det [Z] —Zp Zn Y Y2

[—A exp — vix + Bexpyx

]. (A2)
Cexp — vy,x — D exp yx

Adding (A2),

ki(—A exp — v;x + Bexp v,x)

Y
= Ga(z) @ ~ @) (-4 exp — yix + Bexp v
or
Y
ky = —1—. A3
TR )

Subtracting (A2), it may be shown that

72

ky = ——.
in —

(A4)

The values of z,; and z;, are determined from (A3) and
(A4), and are given in (26) and (27).

The admittance matrix elements are derived from (15),
(17), (26), and (27), since :

72
Y=y = (A5)
and
Yn+ ¥y =- —‘Y% —. (A6)
’ n t 2

The resulting values for y,, and y,, are given in (28) and
(29).

ApPPENDIX II
EvALUATION OF CONSTANTS FROM LINE BOUNDARY
CONDITIONS

From the solution of (23) and (25) with x = L, (25)
with x = 0, and (30), the constants A, B, C, and D may
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be evaluated as:

_ _ 15,0 + 50

[1 = ky(z, + 22£)]

% (- k@t 2] + 10 + kg + 2] op = 2nL) ®D
B = 1, ) + 1,(0) n+ ki(zg + 225)] (B2)
% (U + k@ + 2] 1 - ki + 2] op 2ri L)
_5L©O) - 5L (A —zky)
¢ 2k, [(1 —z.k)) + (1 + 2 ky) exp — 2v,L] ®3)
1,(0) — L0 (1 + z.ky)
D=~
2k, [+ zky) + - 2 ky) exp 2y, L) ’ B4)

ArpENDIX 1II
SoLUTION IN TERMS OF MEASURED LINE VOLTAGES
AND CURRENTS

Equations (23) and (32) can be combined as
[ ;,.(0)] [1 —1][,4 exp-'y,x+Bexp'y|x:|
5 (0) 1 1]LCexp — y,x + D exp y;x

Lo
+ ZE .
1 1] L5i0)

(C1n
Using (B1)-(B4), and rearranging.
[1 + ky(zi + 22£)](1 — 2k zap;:)
2vL = 2
TP Tk + 201 * ) D
and
(1 + z1;k) (1 — 2k, 2cpy)
exp 2v,L = C3
P M2 (1 — zpik)) (1 + 2ky2cp;) €3
where
11(0) + V3,(0)
Zapi = it T THED c4
ST ORI
anc
1i(0) — V30
S 11(0) 2i(0) (C5)

2[1,(0) — L©O)

Equation (C3) may be solved for k, by equating the value
of exp 2y, L for two values of load (i = 1, 2). The result
is
- (zra — z11) + 2(zcpr — Zcp2)
2lzn122(zepr — 2ep2) + 22ep12ep2 (22 — 20)]
(Co)

Substituting &, into (C3) then gives vy,. By similar substi-
tuton of i = 1, j into (C2), the value of k, becomes

ka

By setting j = 2, 3, the two resulting solutions for k; may
be equated, yielding

-G + V(G? = 4FH)
&= 2F

(C8)

where
F = 2(2zp; 623 — 22p3 62, + 2p3 0213 — 2p3 b212)  (C9)
G = 2lzpa(z3 + z11) 023 — 2py O213(2zg1 + 2g3)

— zp3(za + 1) 02 + 2zp3 0210 (zgr + zg)] (C10)
and

H = 2;,(zpa213 623 — 2p3212 023)

+ 2 204 (ZQ:;sz 621_,3 — Inip3 5212) (Cl 1)

with

ipj = 6ZLj + 2 BZ_,' (j = 2, 3)

0z1; = z1; — 1 (i=23)

02; = zam —2a5; (J=12,3)
and

O+ o

@S0+ Loy T hEY
k
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