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Abstract

During the last two decades physical modelling of real musical instruments has
gained popularity as a tool for sound synthesis and computer music. The term
physical modelling simply refers to the simulation of the sound-production mech-
anism of a real musical instrument. The instrument under study here is the
classic acoustic guitar.

The modelling process starts by studying the vibrating string as it is the
main source of vibration in any stringed musical instrument. The ideal vibrating
string satisfies the one-dimensional (1D) wave equation which can be modelled
accurately by using the digital waveguide techniques. Based on the principle of
commuted waveguide and the extensions of the Karplus-Strong (KS) algorithm,
a guitar model is designed.

Once a physically relevant model of the instrument is constructed, an analysis-
based synthesis scheme is developed for the estimation of the model parameters
as \f;ell as the excitation signals. Starting with a real guitar tone, the estimation

process involves the following major steps:

— Estimation of the fundamental frequency, which in turn determines the nom-
inal delay of the string model. A new pitch detection algorithm based on the
Dyadic Wavelet Transform is utilized for this purpose. The analysis wavelet is a
quadratic spline wavelet. The construction of this wavelet is explained in detail.
The performance of other wavelets has been investigated for comparison. Further-
more a comparative study between the proposed algorithm and the well-known

autocorrelation function is presented.
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— Based on sinusoidal modelling, the estimation of the recorded signal features
such as frequency, amplitude, and phase is the next step in the analysis. A
new Kalman filtering-based (EKF) technique is proposed for this task. Different
models have been tested and the results of this algorithm are compared to those
obtained by the more conventional Short-Time Fourier Transform (STFT) based

analysis.

Once the model parameters are extracted, the excitation signals are estimated.
Finally the re-synthesized signal is compared to the original and some error-
analysis tests are performed on the EKF-residual signal.

The proposed new techniques are proven to be accurate, robust to noise, fast,
and have the potential of real-time implementation.

Keywords: physical modelling, pitch detection, Wavelet transform, Kalman filter,

Short-Time Fourier Transform, partials tracking.
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Chapter 1

Introduction



Digital sound synthesis has become a very active field in Musical Acoustics
and Computer Music. There are different techniques for sound synthesis such as
additive synthesis, subtractive synthesis, nonlinear synthesis and physical mod-
elling synthesis. Physical modelling, in particular, has gained popularity during
the last two decades. Unlike the other sound synthesis techniques, the physical
modelling approach simulates the properties of the sound source rather than the
properties of the sound itself. The term physical modelling simply refers to the
simulation of the sound production mechanisrﬁ of a certain musical instrument.
This is achieved by studying the physics and mathematics that govern and control
the behaviour of the instrument under study.

This chapter is organised as follows : section 1 presents an overview of the
various physical modelling techniques. Some of the advantages and disadvantages
of each technique are briefly described. In section 2 the construction of the
acoustic guitar, as the instrument under study in this current work, is briefly

considered. Finally the thesis outline is presented in section 3.

1.1 Physical Modelling Techniques

Sound synthesis by using simulated physical models has gained popularity as it
offers the musician simpler tools for controlling and producing new and traditional
musical sounds. Most often models are used to understand the physical phenom-
ena of the musical instrument and how it works. Sometimes the physical-model
techniques are used to develop a model-based sound synthesizer.

In [62] Valimaki and Takala divide physical modelling techniques into five

basic categories. These categories are:
e Source-filter modelling.

e Numerical solving of partial differential equations.



e Mechanical Models.
e Modal synthesis.
e Waveguide synthesis.
These approaches are summarised briefly in the following.

1. Source-filter modelling: this technique has been used for synthesizing speech
and singing voices. In this case the systém under study is decomposed into
two subsystems, namely, the “excitation” and the “resonator”. For example
the speech production mechanism where the interaction between the vocal
cords and the vocal tract is modelled as a feed-forward system consisting
of a source and a time-varying filter. In some musical instruments it is
easy to separate the source and the filter but most musical instruments are
more complicated systems than just a combination of two subsystems; for

instance wind instruments.

2. Numerical solving of partial differential equations: the basic idea of this
method is to approximate numerically the wave equation that governs the
vibration of the object at a finite set of points. Although the finite differ-
ence method is accurate in reproducing the original waveform if the model
parameters are correct, it is computationally very intensive. This technique
has been applied to string instruments such as the guitar, the piano and

the violin including the interaction between the player and the instrument.

3. Mechanical synthesis: in this case the acoustical system under study is
modelled using simple mechanical elements such as masses, springs, and
dampers. A system called CORDIS was the first to simulate a musical
instrument as a collection of point masses that have certain elasticity and
frictional characteristics [11]. These point masses are connected together

through dampers and springs. A major simplification can be made by

3



considering each element as being one-dimensional. Although this method
is implemented in real-time sound synthesis very successfully, again it is

very intensive computationally.

4. Modal synthesis: this technique simulates the vibrating system as a col-
lection of subsystems. These subsystems could be strings, acoustic tubes,
bridges, and instrument bodies. The subsystems are connected between
different access points and interact together. Despite the generality of this
technique, its complexity increases rapidly with the complexity of the un-

derlying structure.

5. Waveguide synthesis: this is based on the analytical solution of the differ-
ential equation that governs the propagation of waves in a medium. This
method is very efficient in simulating not only the 1D-vibratory systems
but also 2D-systems and 3D-systems. It turned out to be the most impor-
tant method of all physical modelling methods. We will consider the digital
waveguide synthesis of string instruments, in particular the acoustic guitar,

in more detail in chapter 2.

A very thorough study of the evaluation of the various sound synthesis techniques

is given in [56].

1.2 Construction of the Acoustic Guitar

All string instruments have the same fundamental functional features. They all
have a string-like structure as the primary source of vibration. When the string is
excited by the player (plucked, bowed, or struck) it vibrates. Mathematically it
can be represented by the one-dimensional wave equation. The strings are coupled
to a resonating body for sound radiation, acoustic amplification, and colouring of

the sound. The strings can also interact with each other via the bridge and the
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Figure 1.1: A model of a plucked-string instrument

nut [41]. A model showing the main elements and the inter-couplings of a typical
plucked string instrument is shown in figure (1.1) (after Karjalainen et al. [59]).

The physics-based model used in this study is of the acoustic guitar as an
example of a string instrument. The acoustic guitar has been studied extensively
in the literature [22], [55] and [15].

The acoustic guitar features six strings each of which is about 64 cm in length.
The material of the strings is either nylon (as in the classical style) or steel (as
in folk and jazz). The strings are coupled to a resonating body through the
bridge which plays a very important role. The bridge is usually made of wood
(ebony). Traditionally it is glued directly to the top plate of the guitar body
(sound-board). The guitar body is made mainly from wood. It consists of the
top plate, the back plate, and the sides (ribs). The top plate or the sound board
is considered as the most important part of the guitar as it determines the quality
and character of the instrument’s sound. Both the back plate and the ribs are
made from the same wood.

The strings of the guitar run above the finger-board which is attached to the
neck. The finger-board is made from ebony and runs along the front of the sound-
board and is glued to the neck. Frets are made from metal and are mounted to the

finger-board. The distance between any two frets is 1/17.817 times the shorter
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Figure 1.2: The various parts of the acoustic guitar

of the two distances to the bridge. The neck of the guitar varies in its design and
shape but it is usually made from hard wood. The tuning machine is suited at
the head of the guitar and it is used to tune the strings by adjusting the tension
of each string. Figure (1.2) shows the various parts of the acoustic guitar [9]. A

physically relevant model of the acoustic guitar is constructed in chapter 2.

1.3 Thesis Outline

One© a physics-based model is designed, it has to be calibrated to a certain
instrument which is the objective of the analysis process.

Our goal in this thesis is to introduce new analysis tools for the analysis
and synthesis of the guitar tones. Firstly we use a wavelet-based algorithm for
pitch detection and estimation. This algorithm uses a quadratic spline wavelet
as the analysis wavelet. The performance of some other wavelets is evaluated as
well. Secondly we use a Kalman-based algorithm for partials tracking in guitar
signals. The advantages and disadvantages of the new techniques are explained.

Furthermore the results obtained by these tools are compared with the ones



obtained by the conventional methods for justification and validation.

This thesis is organised as follows: chapter 2 presents the guitar model con-
sidered in this current study. This model is designed by utilising the digital
waveguide techniques and the commuted waveguide principle. In chapter 3 we
propose an algorithm based on the Dyadic Wavelet Transform for estimating the
pitch period. A comparative study between the proposed algorithm and the well-
known autocorrelation function is also presented in this chapter. In chapter 4
the analysis process started in chapter 3 continues by estimating the decay rates
of the different partials present in the guitar signal. An algorithm based on the
Extended Kalman Filter (EKF) theory is utilised for this task. Various tech-
niques for optimizing the performance of the proposed algorithm are described.
The results of the algorithm are compared to those obtained by the Short-Time
Fourier Transform analysis. In chapter 5 the estimation process of the underly-
ing guitar model is explained. This involves the estimation of the string model
parameters, the body resonators’ parameters and the excitation signals. In this
chapter a comparative study between the synthesized signal and the original one
is also presented. This is done both in time and frequency domains. More-
over some error-analysis tests are performed on the residual (noise) signal of the
EKF-algorithm to assess its accuracy. Chapter 6 presents the conclusions that
summarize the performance of the proposed new algorithms. Finally the thesis

summary and future work are presented in chapter 7.



Chapter 2

Digital Waveguide Modelling of

the Acoustic Guitar



2.1 Introduction

In the previous chapter an overview of digital sound synthesis techniques is pre-
sented with emphasis on Physical Modelling. In this chapter the principles of
digital waveguides as well as the model of the acoustic guitar considered in this
work are presented. The digital waveguide model is based on the analytical solu-
tion of the differential equation that governs propagation of waves in a medium.
This method has proven to be efficient in simulating one-dimensional vibratory
systems as well as two and three-dimensional acoustic systems. The principles of
digital waveguides have been developed by Smith [47], [49], [50], and [51].
Modelling the acoustic guitar can be divided info three functionally sepa-
rate systems: the excitation, the strings and the body. The vibratory motion
of the string, as the main resonant system in any stringed musical instrument,
is presented in section 2. In section 3 principles of the one-dimensional waveg-
uide technique of strings is described. The advantages of this technique are also
presented in this section. The chapter continues by describing the well-known
Karplus-Strong algorithm (KS-algorithm) for simulating plucked string tones.
Advantages and disadvantages of this basic algorithm are presented as well as
its extensions in section 4. Section 5 concerns with the commuted waveguide
principle and body factoring technique. Finally the guitar model, based on the
digital waveguide technique and extensions of KS-algorithm, is described. Fur-

ther extensions and other nonlinearities are also considered.

2.2 The Vibrating String

This section describes the wave equation that governs the vibratory motion of
a string and its general solution by travelling waves. It continues by describing

rigidly terminated strings as well as the behaviour of real strings.



2.2.1 Ideal and Lossless Vibrating String

Strings are the main resonant system in many musical instruments. When an
ideal and lossless string is set into motion (i.e by plucking), it vibrates according

to Newton’s second law [33]:
Force = Mass * Acceleration

The vibratory motion of the string is expressed mathematically by the one-

dimensional wave equation given by:
Ty" = e (2.1)
where

T - is the applied tension,

€ — is mass per unit length,

.. 2 . .
i = 9%%?1 — is acceleration, and

8%y(z,t .
y' = _gﬂ%ﬁ — is curvature.

Equation (2.1) describes the transverse vibrations on the string, where the
relevant restoring force (per unit length) is given by the applied tension times
the curvature of the string. This restoring force is balanced at any time by the
product of the transverse acceleration and the mass density (inertial force per
unit length). 1 '

D’Alembert’s solution of the wave equation is given by [16], [17], [9]:

y(z,t) = yr(z — ct) + yi(z + ct) (2.2)

where ¢ = 1/T'/¢ is the sound velocity, ¥, and y; are two arbitrary, twice differ-
entiable functions in both z and ¢. These functions can be determined from the
initial conditions. Equation (2.2) can be interpreted physically as “the displace-

ment of a vibrating ideal and lossless string at any time is the sum of two waves

10



travelling in opposite directions with speed ¢”. Note that any perfectly elastic
medium, which is displaced along one dimension, can be modelled with equation
(2.2) using the appropriate variables; for instance an organ pipe or an air column

of a clarinet.

2.2.2 Rigid Terminations

Rigid termination is the simplest case of terminating a string. A rigidly termi-
nated string can not move at all at the termination ends. For an ideal string of

finite length L, that is rigidly terminated, the boundary conditions are:

I
o

y(0,t)

y(L,t) = 0

Consequently the travelling waves will be reflected at the ends with inverted

polarity forming standing wayves, i.e.

yi(ct) = —yr(—ct)
w(L + ct) = —y. (L — ct)
Therefore the vibratory motion of the string is periodic with period 2L/c. It is
cozsidered as a combination of several modes of vibration. It is worth mentioning
here that, theoretically, harmonics of the string that have a node at the excitation

point will be absent, i.e. if the string is excited at its mid point, then all the even

harmonics will be absent [9] [34].

2.2.3 Lossy and Dispersive One-dimensional Wave Equa-
tion

In real strings physical phenomena that account for attenuating the vibratory

motion are always present. Energies are lost via the string terminations and due
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to internal friction and air damping [9]. These losses damp the almost periodic
vibration of the string and add to the wave equation a term that is proportional
to .

The lossy, one-dimensional wave equation is given by:
Ty = €jj+ uy (2.3)

where u is a proportionality constant. The solution to this modified equation can

be written as:
y(z,t) = e~y (z — ct) + 2% yy(z + ct) (2.4)

that is both the left-going and the right-going components decay exponentially
in their respective direction of travel [49].

Stiffness is another property of a real string. It introduces a restoring force
that is proportional to the fourth derivative of the string displacement. This re-
sults in increasing the wave propagation speed with frequency, i.e high frequencies
propagate much faster than low ones. Henée the travelling waves are no longer
static waves propagated with speed ¢ and expressed as functions of (z + ct) and
(x —ct). They will disperse as they propagate along the string (evolve with time).
A stiff string is considered as an intermediate stage between an ideal string and

an ideal bar. In almost all real strings losses increase with frequency [9].

2.3 The One-dimensional Digital Waveguide

In this section the principle of the digital waveguide model is described. It is
mainly based on the idea of sampling the general solution (2.2) of the wave
equation in both time and space. The efficiency of this model is that it can be
implemented using digital filters and delay lines. Also the lossy and dispersive
waveguide model of a real string is addressed. This section continues by describing

the consolidation of all losses and dispersion to form a single-loop formulation.
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2.3.1 The One-dimensional, Lossless Waveguide Model

'Wa,veguide modelling is an efficient method for simulating one-dimensional res-
onators such as a vibrating string, or a thin bar as well as wind and string
instruments. Also this technique has proven to be useful in simulating two and
three-dimensional vibrating systems like plates and drums [51].

The main idea of a digital waveguide model is to sample the solution of the
wave equation in time and space in order to obtain a discrete-time model. By
assuming that the travelling waveforms of the wave equation are band-limited
signals to half the sampling frequency (Nyquist limit), the travelling waves can
be sampled at intervals of T' seconds, corresponding to a sampling frequency of

fs = 1/T samples per second. Sampling is carried out by the change of variables:
T2z, =nX, t—=tn=mT (2.5)

for n,m =0,1,2,..., where X = ¢T is the spatial sampling interval.

On substituting into the solution of the wave equation, equation (2.2), yields
y(n,m) =y (n—m)+y (n+m) (2.6)
where
y*(n—m) =y ((n—m)T)
y~(n+m) =yl((n+m)T)

This equation can be interpreted as a bi-directional delay liné where the waveform
y*(n — m) travels to the right and y~(n + m) travels to the left. Amplitude of
the signal at any point is obtained by summing values of the two components at
that point. The block diagram of the one-dimensional digital waveguide is shown
in figure (2.1). In figure (2.1) the output is taken at two arbitrary points z = 0

and z=mX.

13



-+ 1) y @m+m

Figure 2.1: One-dimensional, ideal and lossless digital waveguide
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Figure 2.2: Lossy and dispersive ID-digital waveguide

2.3.2 Lossy and Dispersive Waveguide Model

Losses and dispersion of a real string can be implemented in the digital waveguide
by inserting digital filters at the sampling points to simulate the damping effect
of the energy of a real string.

Frequency-dependent losses in a real string cause exponential decay of the
travelling waves. This effect is simulated in the digital waveguide model by
multiplying the travelling waves at each time step by a frequency-dependent
constant. Also stiffness of a real string, which causes dispersion, can be taken
into account in the digital waveguide model by using an all-pass filter. Such a
filter has the effect of non-uniform delay of the travelling waves [49]. The block
diagram of a lossy and dispersive digital waveguide is shown in figure (2.2) where
G(u) accounts for frequency-dependent factors (damping) and A(cj) accounts for

frequency-dependent delay (dispersion).
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Figure 2.3: Waveguide model for a terminated real string

2.3.3 Single-delay Line Loop Formulation

Since the stfing is considered as a linear and time-invariant system, all the losses
and other non-linearities can be collected together at a minimum numbef of
points. This simplification results in vast reduction of computational complexity
in digital waveguide implementation. Figure (2.3) shows the digital waveguide
model of a real, finite length string with rigid terminations [61]. Both R,(2)
and R,(z) are reflection filters that produce inversion and slightly frequency-
dependent damping at the termination point (bridge) and the corresponding fret
respectively. In 1998 Karjalanien et al. [61], have proposed the formulation of
a single-delay loop model that is equivalent to the bi-directional model shown

in figure (2.3). In this section we describe tile single-delay loop model for an |
acoustic guitar with a transversal bridge force as its output. The model in figure
(2.3) can be modified as shown in figure (2.4).

H 4 p(z) represents the transfer function from point A to point B in the model,
F(z) is the transverse force at the bridge (the string model output), Z(z) is the
bridge impedance and I(z) is the transfer function that represents the discrete
time approximation of the continuous-time integration operator. The excitation

signal X(z) is divided into two equal parts X;(z), X2(z) that are fed into the
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Figure 2.4: Bi-directional waveguide model with force output at the bridge

delay lines at points E); and E, respectively. An equivalent excitation signal

Xeq,r1 at point E; is given by

Xeqgy = Xo(2)Hg,1,(2)Ra(2)Hy, B, + X1(2)

- X§Z) (1 + HEz,El(z)) (2'7)

where

HEz,El (Z) = HE2,L2 (Z)RG(Z)HLl,E1 (z)

is the transfer function from point E, to point E;.
Given that both A;(z) and A;(2) represent right-going and left-going travel-
ling acceleration waves respectively, the force output of the string model is given

by

F(z) = Z(2)1(2)(Ai(2) — A2(2))
= Z()I(2)(1 - Re(2))A:1(2) (2:8)
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Figure 2.5: SDL model with force output at the bridge

Input —)D———) timbre filter > P(2) > S(2) > Z(2)I(z) —> Output

Figure 2.6: A string model with plucking-point equalizer

The acceleration signal A;(z) is evaluated as

A1(z) = Ai(2)Ro(2)Hp,,E,(2)Hpy, E, (2)HE, R, (2)
+ Xeq,m (2)HE, r, (2)
= Hg, g, (2)Xeq,E,(2)S(2) (2.9)

where
S(z) = (1/1 — Hisop(2)) — is the string transfer function, and
Hloop(z) = Rb(z)HRz,Ez (Z)HEz,El (z)HElle (Z)

Hence the overall transfer function of the model from excitation to bridge equals
1
Hp,p(2) = 5 (1+ Hey\ 11 (0)) HE, pi (2)S(2) (1 = Ry(2))1(2)2(2)  (2.10)

The block diagram of _the model described by the previous equation is shown in
figure (2.5). For practical sound synthesis the model in figure (2.5) can be further
simplified to the following model in figure (2.6). In this figure the timbre control
filter is a first or second-order recursive filter that can be adjusted for softer or
sharper attack [18]. Filter P(z) is a plucking point equalizer that brings about
the effect of the plucking point. The string model can be implemented efficiently
by using a delay line and a frequency-dependent filter as shown in figure (2.7).
Note that all digital filters used in the digital waveguide model must have

gain less than or equal to unity for the whole model to be stable.
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2.4 The Karplus-Strong Algorithm and its Ex-
tensions

The Karplus-Strong algorithm (KS) for a plucked string was developed by Karplus
and Strong in 1981 [25]. It is based on the idea that a wave-table is modified
while being read. The advantage of this technique is its simplicity to implement.
In addition the produced sound is rich and natural. This section describes the

algorithm and its extensions [25], [18].

2.4.1 The Plucked-string Algorithm

The KS-algorithm for a plucked string is based on re-circulating a signal around
a delay line through a low-pass filter called the “loop filter”. The basic algorithm
involves a delay line that is initially filled with random numbers and a low-
pass filter. The low-pass filter commonly used in this algorithm is the two-point
average filter. This filter determines its output by taking the average of the sample
value currently emerging from the delay line and the value of the previous output
of the delay line.

The difference equation of the string simulator is given by
(n—L)+y(n—L—-1)
2

where z(n) is the input signal at sample n, y(n) is the output signal at sample n,

(2.11)

y(n) = z(n) + 2

and L is the delay line length. The block diagram of the KS-algorithm is shown

in figure (2.8). The transfer function of the string simulator is
S(z) =1/(1 - z"LH(2)) (2.12)

where
H(z)=(1+z1)/2 (2.13)
-is the filter transfer function. The amplitude response is defined as the magnitude

response of the frequency response of the loop filter. It gives the gain of the filter

18



Input + > Qutput

loop filter [« Delay line [«

Figure 2.7: Single delay-line loop model

as a function of the frequency [48]. The amplitude response of the loop filter is
given by
G(w) = |Hw)| = |H(z = €*)| = cos(w/2) (2.14)

where w = 27 f/ f, is the radian frequency.

- Equation (2.14) shows the low-pass behaviour of the loop filter since the gain
decreases with frequency according to the first quadrant of a cosine. Note that
all the frequencies are restricted by the Nyquist limit. It is clear that the loop
filter is necessary to bring about the decay effects of a plucked-string tone since
the delay line is lossless.

The phase delay, defined as the time delay in seconds experienced by each
harmonic, of the loop filter is half a sample (T;/2) sec, whereas the delay line
has a phase delay equal to its length. Therefore the total loop delay is (L +1/2)
samples and the period is (L + 1/2)/f; sec, which corresponds to the perceived
pitch. |

The KS-algorithm is just an abstract algorithm that has nothing to do with the
physics of plucked strings. In 1992, J.O.Smith has interpreted the KS-algorithm
physically using the digital waveguide model [49]. It is clear that the algorithm
shown in figure (2.8) is comparable with the single-delay line model shown in
figure (2.7). However the KS-algorithm is efficient in simulating not only plucked-

string tones but also drum-like tones by changing the initial condition [25]. In
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Figure 2.8: The basic KS—algorithin

addition, the algorithm is simple and easy to implement. On the other hand,
there are some drawbacks of the algorithm that will be addressed in the next

subsection.

2.4.2 Extensions of the KS-Algorithm

As previously mentioned the loop filter is the main lossy part of the basic KS-
algorithm. According to its magnitude response, the two-point average filter is
just not enough to represent the frequency-dependent damping of a real string.
Different choices have been made for the loop filter by Valimaki et al., [59], [62].
Throughout this thesis, a first order IIR-filter is used as the loop filter. The

difference equation of this filter is given by

y(n) =g(1+ a)x(n) — ay(n — 1) (2.15)

where a is the filter parameter that determines its cut-off frequency and g is the
filter gain at zero frequency, i.e. the DC-gain. For the filter to be stable, g must
be less than unity at all frequencies and —1 < a < 0. The tranéfer function of
the one-pole filter is

g9(1+a)
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Both the magnitude response G;(w) and the phase response ;(w) of this filter

are given by the following equations

_ g(1+a)
Gilw) = V/1+ 2acos(w) + a? (2.17)
_1( o sin(w)
01((4)) = tan (m) (218)

The one-pole filter is still simple and easy to implement. It is also found to be
sufficient for high-quality analysis [55].

Another major drawback of the basic KS-algorithm is tuning. This problem
results from the fact that delay line length must be of integer value. Hence,
only pitches with discrete values can be produced using this algorithm. This
introduces an increasing error with frequency. A solution to this problem is by
introducing a fractional—delay filter in the feed-back loop of the KS-algorithm,
which must have unity gain at all frequencies [60]. A first order all-pass filter is

used as the fractional delay filter with the following difference equation
y(n)=cz(n)+ z(n-1) —cy(n —1) (2.19)

where c is the only coefficient to be set that must be less than unity for stability.
The transfer function of such a filter is
c+2z71
F(2)= —— 2.20
(2) l1+cz1 ( )
witlf&phase response given by
6,(w) = tan"" (:_8111&1) R (Ln(w)) (2.21)
¢ + cos(w) 1 + ccos(w)
With these extensions the extended KS-algorithm is shown in figure(2.9). The
overall transfer function of the string simulator is "
1 » .
2.22
1—2"LH(2)F(2) (2:22)
which is fully determined by the string length and the loop filter parameters a

S(z) =

and g as well as the fractional delay filter parameter c¢. The relation between the

filter parameter ¢ and the fractional delay is explained in chapter 5.
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Figure 2.9: Extended KS-algorithm
2.5 The Commuted Waveguide and Body Fac-
toring

A complete model of the acoustic guitar is divided functionally into three sub-
models. These models are namely: the excitation model, the string model, and
the body model. Each of these models makes its own contribution to the radiated
sound. For instance, the excitation model has information about the plucking
event (plucking type and plucking point) and the initial amplitude level of the
radiated sound. The string model simulates the vibratory motion of the guitar
string. It also brings about the decay and dispersion effects of a real guitar tone.
The guitar body is considered as the resonating system [9]. It is necessary for
radiating sound since strings do not radiate sound effectively due to the fact
that they act as dipoles [33]. The body is also necessary for sound colouration
and directivity to the produced sound. This section describes the commuted

waveguide principle as well as the body-model factoring technique.

2.5.1 The Commuted Waveguide Principle

For high-quality synthesis, the acoustic guitar is modelled according to its func-
tional structure, i.e. a complete model includes Excitation model E(z), String
model S(z) and Body model B(z). A block diagram of such a model is shown in
figure(2.10) where §(n) is the unit impulse function.

Thus the transfer function of the output of such a model is
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é(n) —> E(2) > S(z2) —> B(z) —> Output

Figure 2.10: A complete model of the guitar

d(n) > E(2) P> B(2) =1 S(z) > Output

z(n) —> S(z) > Output

Figure 2.11: Principle of commuted waveguide

Y (z2) = E(2)S(z)B(2) (2.23)

The excitation is simply modelled as a wave-table or as a set of wave-tables [32].
The string model is efficiently modelled using the principle of the waveguide and
the extensions of the Karplus-Strong algorithm as described in the aforemen-
tioned sections. Modelling the guitar body as a separate digital filter has been
found far too expensive. This is due to the fact that the filter order must be
rather high to fully model the guitar body [59]. To overcome this problem, the
principle of commuted waveguide is utilized. The idea of this principle is based
on commutation in linear systems.

Assuming that all three models are linear and time-invariant, the body model
is commuted with the string model. Hence it is convolved with the excitation
signal to yield an aggregate input signal z(n) [50], [59], as shown in figure (2.11).

The advantage of commuted waveguide is that it avoids the implementation
of a separate high-order body filter. Also, the aggregated input signal can be
pre-computed and stored in a wave-table. On the other hand, the commuted

waveguide principle has some disadvantages. For instance, the loss of parametric
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control over the body modes as well as increasing memory requirement cost.

2.5.2 Body-model Factoring

Body factoring is a compromise between commuted waveguide synthesis and body
modelling as a separate digital filter. In this technique the guitar model is fac-
tored into its most-damped and least-damped resonances. The least-damped
resonances have the main effect on the produced sound as well as the longest
decays. Thereby these resonances can be reproduced in the final sound using
separate reasonable-order digital filters, while the most-damped ones are left in
the input signal z(n).

Karjalanien et al. have discussed methods for extracting such least-damped
resonance [23]. The lowest damped resonances are the main air resonance (Helmholtz
resbnance), which occurs at about 100 Hz and the first mode of the top plate of
the soundboard at about 200 Hz. The extracted resonances are reproduced in
the synthetic sound using a second-order IIR filter. A general second-order IIR

filter is given by [36]:
_ by + blz‘l + b22—2

H(z) =
(2) ag+arz7l + azz—2

(2.24)

where b;, a;, 1 = 0,1, 2 are the filter coefficients. ‘

Body resonators can be implemented either in parallel or in cascade with the
string model where the resonator requirements are different in each case. In paf-
allel implementation, the output of each resonator is added to the output of the
string model. This implies that the magnitude response of each resonator should
have a resonance peak in a vicinity determined by bandwidth and center fre-
quency of each resonance, i.e. the resonator must attenuate all other frequencies
with emphasis only on the centre frequency.

In a cascade implementation, the output of the string model is fed into the
body model. In this case the body resonator must have one peak at the cen-

tre frequency and unity gain at all other frequencies. A hybrid implementation
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is a compromise bgtween two such implementations where body resonators are
connected in cascade and in parallel with the string model. A more detailed
discussion between the advantages and disadvantages of each implementation is
provided by Tolonen [55].

A parallel implementation is chosen for this work. Note that a separate exci-
tation signal is required for the body resonator in this implementation. Based on
bilinear transformation, a second-order IIR-filter suitable for parallel implemen-

tation is given by [15]:

b+ biz7! + byz7?

H(z) = 1+a127t +ag272 (225)
where
bp=1-b;
b =0;
bpo=b-—1;
a; = —2bcos(wy);
ap =2b—1;
Wwo = 2—7}{2 )
dw = 2’}—? and
b 1

= +tan(0w/2))"

Where f is the centre frequency of the resonator and 6 f is.the resonator
bandwidth in Hertz. Therefore, a body resonator is completely determined by its
centre frequency and its 3-dB bandwidth. The advantages of the separate body
resonator for least-damped resonances include the fact that the excitation signal
is shortened due to removing the longest decay body resonance and hence less

memory is required. In addition the least-damped resonance are in parametric
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Figure 2.12: The final guitar model

form for independent control. Furthermore such body resonators can be shared

by all string models, which reduces the computational burden [23].

2.6 The Guitar Model and its Extensions

The guitar model considered in this current work is basically a string model S(z)
together with two body resonators B;(z), Bs(2) that correspond to the two least
damped body resonances. The resonators are connected in parallel with the string
model where each resonator has a transfer function given by equation (2.25). The
guitar model is shown in figure (2.12) where Z...(n), zp1(n) and zy2(n) are the
excitation signals for the string model and the body resonators respectively.
Such a model can be extended in several ways to better simulate a physical
string. In this section three basic extensions to the guitar model are addressed.
These extensions are the plucking position, sympathetic vibration, and finally

the two polarizations of the vibratory motion of the string.

2.6.1 The Plucking Position

The acoustic guitar is played by plucking the string between the bridge and the
body fret using a plectrum, fingertips or finger-pick. The plucking event itself
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is a very complex one. It includes the plucking style, plucking position, and the
interaction between the string and the player. When the string is plucked at any
node of one of its vibrational modes, such a mode will not vibrate [9]. Introducing
zeros uniformly distributed in the spectrum of the input signal can simulate the
plucking position effect. In other words, this is done by filtering the input signal
by a comb filter [18]. However, estimating the plucking point by searching for
the missing modes in the spectrum is a difficult and unsolved task [55], [58].
Modelling the plucking position is not considered in the current work and its

contribution is left in the excitation signal as will be described in chapter 5.

2.6.2 Sympathetic Vibration

The phenomena of sympathetic vibration occur in stringed musical instruments
when a string is set into motion by the vibration of another string. In this
case all the partials of the plucked string that do not coincide with those of the
sympathetic string will be highly attenuated. Meanwhile, the partials of the
plucked string that coincide with those of the sympathetic vibration will strongly
resonate. The effect of sympathetic vibration is incorporated in the guitar model
by feeding in a copy of the string simulator with a small percentage of the output
of another (plucked) string with different string length [18], [55]. Sympathetic
vibration adds a reverberant feel to the produced sound as well as giving each
pitch in the range of the instrument an individual character. Nevertheless the

player can control these phenomena by damping the non-plucked strings.

2.6.3 Vertical and Horizontal Vibration of the String

The vibratory motion of a string is divided into longitudinal, torsional and
transversal motions. While longitudinal and torsional vibrations are not promi-
nent in sound-synthesis of the acoustic guitar, they can be of significant impor-

tance in other stringed instruments [55], [24]. Hence the vibration of the string
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is regarded as transversal vibration. In this kind of vibration, every point on the
string vibrates in a plane that is normal to the string. The transversal vibration
is further divided into horizontal (vibration along the soundboard) and vertical
(vibration normal to the soundboard). It is also expressed as the sum of. relatively
related modes obtained by solving the wave equation of the string as described in
section (2.2). The two polarizations vibrate in a slightly different manner which
results in slightly different frequencies that create beats in the resulting sound.
The two-stage decay rate of the guitar tones is another phenomenon of such
dual-polarization [55]. In order to simulate this duality in the guitar model, two
digital waveguides with a different L for each string are used for every vibration

plane [59], [24]. In our model only one of these polarizations is considered.

2.7 Summary

In this chapter, the basic principles of digital waveguide modelling as an efficient
physical modelling technique for digital sound synthesis are presented. This tech-
nique has been applied to a vibrating string which is the main source of vibration
in any stringed musical instrument. The basic elements of such a model are de-
lay lines and digital filters. This chapter also describes the equivalence between
a bi-directional delay-line waveguide model and single-delay waveguide model.
The Karplus-Strong algorithm for simulating plucked string tones and drum-like
tones, as an abstract algorithm, is also presented. Some of the main extensions to
the basic algorithm have been considered. Based on Karplus-Strong extensions
and the principle of the commuted waveguide model, a complete model of the
acoustic guitar has been designed. Further extensions and other non-linearities

to the model have also been addressed in this chapter.
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Chapter 3

A Wavelet-based Pitch Detector
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3.1 Introduction

In the previous chapter a physical model of the acoustic guitar is designed based
on the principle of commuted digital waveguide and the extensions of the KS-
algorithm. Once the model is designed, to simulate closely the physicai béhaviour
of a real guitar and to be efficiently realizable in real time, its parameters have
to be extracted. Thus the objective of the analysis process is to derive the string
model parameters S(z), the body resonators’ B;(z), By(z) parameters and finally
the excitation signals Zezc(n), zp1(n), and zp2(n).

A general overview of the analysis process is shown in figure (3.1) which starts
by estimating the pitch period of a recorded real guitar tone. This step provides
the total delay of the string model since

fs
L, = }; (3.1)
where fj is the estimated pitch period.

* Unlike speech signals musical signals have a broad range of frequehcies so there
are some difficulties in estimating their pitch period. The autocorrelation function
is one of the well-known time-domain pitch detectors. Despite its simplicity, the
autocorrelation function has some disadvantages as will be explained further in
the following section.

In this chapter an algorithm based on the Dyadic Wavelet Transform (DWT)
is proposed for pitch estimation of musical signals. For this purpose a quadratic
spline wavelet with certain criteria is constructed. The performancé of both linear
phase wavelets and minimum phase wavelets is also investigated. Furthermore
a comparative study between this algorithm and the autocorrelation function is
given. The new algorithm is applied not only to different guitar signals but also
to a wide range of musical signals as well as some singing voices. The proposed
algorithm is proven to be simple, accurate, fast, robust to noise and has the

potential for real-time applications.
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Figure 3.1: An overview of the analysis process

This chapter is organized as follows: section 2 is devoted to the pitch detection
problem and the autocorrelation algorithm. The performance of various window
functions is evaluated. In section 3 principles of the Dyadic Wavelet Transform
and its properties are presented. The construction of the wavelet used in the
analysis is given in section 4 along with some other wavelets. In section 5 the
implementation of the proposed algorithm is described. The algorithm is also
tested for different musical signals and some singing voices. Results and discussion
are presented in the last section.

It is worth mentioning here that the whole analysis process will be carried out
on a single guitar tone to extract all the model parameters. In appendix B the

analysis process will be examined for different guitar signals.

&

3.2 Pitch Detection and the Autocorrelation Func-
tion

The pitch period is a fundamental parameter in the analysis process of any phys-
ical model. A pitch detector is basically an algorithm that detei‘mines the fun-
damental pitch period of an input musical signal. Pitch detection algorithms can
be divided into two groups: time-domain pitch detectors and frequency-domain
pitch detectors. A time-domain pitch detector is applied directly to the input
signal. It estimates the pitch period by trying to find repeating patterns in
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the input signal. Zero-crossings, the autocorrelation function and the adaptive
filtering are among the various techniques of time-domain pitch detectors. A
frequency-domain pitch detector applies a Fourier Transform on a short segment
of the signal. If the signal is periodic, then the spectrum has peaks at multiples of
the fundamental. Examples of this category are the cepstrum and the maximum
likelihood methods. In general, estimating the pitch period of a musical signal
is not a trivial task due to some difficulties such as the attack transients, low
frequencies, and high frequencies. For a detailed discussion about the various
pitch detection techniques, see Roads [42].

In this current work, we consider the autocorrelation function as a well-known,
time-domain pitch detector. It is a measure of similarity between a signal and
translated (shifted) version of itself. The basic idea of the autocorrelation func-
tion is that periodicity of the input signal implies periodicity of this function and
vice versa. For non-stationary signals the short-time autocorrelation function is

defined as [39)

Phy(m) = % i_ [z(n + Dw(n + )][z(n + m+ Dw(n +m +1)] (3.2)

n=0
for 0 <m < M, - 1.
where w(n) is an appropriate window function, N is the frame size, [ is the
starting frame index, m is the autocorrelation parameter or time lag and M,
is the total number of points to be computed in the autocorrelation function.
In general the window function is an even function of compact support [38].
The effect of the window function is to taper the input signal smoothly to zero.
Therefore the frame size N has to be at least four times the fundamental period
and the input signal z(n) is assumed to be stationary within each frame.

The autocorrelation function has its highest peak at m = 0 which equals to
the average power of the input signal. To estimate the pitch period one searches

for the local maxima in a meaningful range of m for each frame /. The distance
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Figure 3.2: The guitar test signal

between two consecutive maxima is the pitch period of the input signal x(n). The
estimated values of the local maxima can be further improved by using parabolic
interpolation which is presented in more details in appendix A. Different window
functions such as the rectangular, Hanning, Hamming, and Blackman windows
are used in the analysis [38].

Table (3.1) shows the estimated pitch period for a particular recorded real
guitar signal using various windows. The numbers given result from an imple-
mentation of the algorithm, but the results beyond the first decimal place can
not have any reliance. Figure (3.2) shows the underlying guitar test signal which
is an E2-tone with pitch period 330.4001Hz. The analysis starts after 226.75ms
of the signal to avoid the attack transient. The window size is 22.7ms for all
window functions and the sampling frequency fs is 44100 Hz.

Table (3.2) shows the estimated pitch period of the guitar tone using the
Hamming window but with different frame size. It is clear that the estimated
pitch differs slightly with the chosen frame size as well as the analysis window.

Despite the simplicity of the autocorrelation function it has some limitations.

The choice of the window function, the frame size and the assumption that the
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Window function | Estimated pitch(Hz)
Rectangular 330.3488
Hanning 330.4684
Hamming 330.4246
Blackman 330.5132

Table 3.1: Estimated pitch period using different windows

Window size(ms) | Estimated pitch(Hz)

N=12.15 330.8757
N=18.23 330.6094
N=22.67 330.4246

Table 3.2: Estimated pitch using various frame size of the Hamming window

signal is stationary within each frame are among the main disadvantages of the

autocorrelation function.

3.3 The Wavelet Transform

This section serves as a basic introduction to the wavelet transform. The reader
familiar with the wavelet theory can skip this section to the next one. The section
starts by describing the fundamental requirements for a window function to be
a wavelet. The Continuous Wavelet Transform (CWT) as a time-frequency
analysis tool is described next along with its properties. This section continues
by describing a discrete version of this transform which is the Dyadic Wavelet
Transform (DWT). Finally properties of the DWT are pfesented with emphasis

on the one that is proven to be useful in pitch detection.
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3.3.1 The Continuous Wavelet Transform

The Continuous Wavelet Transform is a tool for time-frequency localization of
non-stationary signals. It is based on a window function %(t), called the mother
wavelet or the analysis wavelet, which has to satisfy some requirements - [26]

(1) The mother wavelet has to be of finite energy. That is
¥(t) € L*(R)

where L?(R) is the space of all real-valued functions of finite energy.
(ii) v (¢) satisfies the admissibility condition which also implies that its mean
value should be zero.

[ W)
c, = / el < oo (3.3)

where 1)(w) is the Fourier transform of %(t), i.e. [ y(t)dt = 0.

In other words the mother wavelet has to oscillate (i.e changes sign) as a wave
in R. The admissibility condition is a necessary condition for the inversion of the
CWT.

(iii) #(t) has to decay fast, i.e decreases as ¢ - —oo or co. A wavelet with
compact support trivially satisfies this condition.

For a given mother wavelet ¢(t), the Continuous Wavelet Transform is defined

as [43]:

Wasl ) = = / £t ) (3.4)

where a € R* is called the dilation ( scale) parameter, b € R is the position
parameter that indicates where the mother wavelet is located, and ¥ (¢) denotes
the complex conjugate of ¥(t). Equation (3.4) measures the similarities between

a time-domain signal f(t) and the wavelets 1,5(t) where

boslt) = Z2 ¥

The coefficient -1 7 is for energy conservation. Viewing the wavelet as a window

function, we find that for large a (low frequency) the width widens whereas
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it is narrowing for small a (high frequency). Equation (3.4) is a time-domain
representation of the continuous wavelet transform which can be viewed as a
convolution (filtering) of the signal f(t) with a dilated version of the mother

wavelet. Its frequency-domain representation is given by

Wos=va [ [ | Fle) Fa) (3.5)

where F(w) is the Fourier Transform of f(¢) which can be recovered from its

CWT by using .
dadb
f(t // Wabwab (36)
ab

where C, is as defined in equation (3.3). Equation (3 6) is called the synthesis

equation.

3.3.2 Properties of the Continuous Wavelet Transform

In addition to its simple interpretation the CWT exhibits some other useful

properties such as:
e CWT is a linear transformation.

e It satisfies the covariance property with respect to dilation and translation
_, of the signal f (t). For a fixed mother wavelet ¥(t), if W, ; is the continuous

wavelet transform of a given signal f(t), i.e. f(t) & W, then

ft—to) — Wip—s

1
X f@/A) = Wan o
for A > 0.

e Conservation of energy. The Parseval’s identity for the Continuous Wavelet

Transform is given by

/_ 1£(0)Pdt = f / Wi 222 (3.7)




That is, the energy of signal f(¢) can be obtained, up to a constant, from
the energy of its CWT. In other words, the CWT can be considered as an

isometric operator.

e Zooming-in property which is the most significant property of the CWT. In
Short Time Fourier Transform (STFT) the width of the analysis window
is fixed over the entire time-frequency plane. Contrary to the STFT, the
CWT zooms in on the fine details (large scale) of the signal and zooms out
for coarser trends of the signal (small scale). More about the Short-Time

Fourier Transform is considered in the next chapter.

e Constant-Q analysis. The CWT satisfies the additional property of constant-
@ analysis. That is, the ratio between frequency resolution and frequency
is always constant. This frequency-dependent resolution is the basis for the
application of wavelet analysis to multi-resolution analysis and sub-band

coding [54] .

3.3.3 The Dyadic Wavelet Transform

In the CWT both the scale parameter a and the position parameter b are contin-
uous variables. Therefore the CWT is computationally very intensive and has a
significant amount of redundant information. To reduce the computational com-
plexity, both parameters a and b are made discrete. In the discrete case only
positive values of the scale parameter a will be taken into account. One of the

possible different ways to discretise the parameters is
a=a), b=kbad

where j and k are integers, ap > 0 and by > 0 are fixed. For all practical
purposes ag will be set equal to 2 and by will be set equal to 1. That isa = 27

and b = k27. This sampling of a and b is called the critical sampling.
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The Dyadic Wavelet Transform (DWT) of an arbitrary signal f(t) € L?(R) is
defined as [27]

DWT;(f) = £(2)  4;(t) - (38

where * denotes convolution, and
1 1
¥;(t) = % 1/’(5;)

In addition to its linearity and shift-invariance, DWT is sensitive to points of
sharp variations or discontinuities of the signal, exhibiting local maxima around
the points of sharp variation [27], [28], and [3]. This property is proven to be
very useful in image processing, edge detection and pitch detection of speech
signals [21].

An appropriately chosen wavelet for the purpose of pitch detection is a wavelet
that is the first derivative of a smooth function [6]. Zero-crossings of musical
signals can be considered as points of sharp variation and hence the DW'T exhibits
local maxima at these points across several consecutive scales. The pitch period is

evaluated by measuring the time distance between two such consecutive maxima.

3.4 Construction of the Analysis Wavelet

In general a basic wavelet has to satisfy a minimum set of constraints as men-
tioned before. For certain applications further conditions could be imposed on
the analysis wavelet such as orthogonality, compactness or linear phase. In this
section we construct the quadratic spline wavelet as the main analysis wavelet.
Some other wavelets are described in this section as well. We start by presenting
the basic mathematics behind the multi-resolution analysis and the construction
of a minimum-phase wavelet. Such mathematical background is required for the
- construction of the quadratic spline wavelet. Finally this section presents another

example of a linear phase wavelet which is the Morlet wavelet.
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3.4.1 Wavelets and Multi-resolution Analysis

The construction of an orthonormal family of basis function for L?(R) starts with
the solution ¢(t) of a dilation equation (two-scale equation). The wavelet (t) is
then obtained from ¢(t), which is called the scale function. The basic form of a

dilation equation is given by [53]

6(0) = Y Ce(2t — ¥ (3.9)
k=0

where N is the number of the wavelet coefficients, and Ci € [! are the wavelet
coefficients or the refinement coefficients. Since there are only N nonzero coeffi-
cients in (3.9), ¢(t) has a compact support [0, N — 1]. It is difficult to obtain a
solution #(t) by directly solving equation (3.9) due to the presence of the scale
factor 2 [54]. Nevertheless a solution ¢(t) € ! is ensured such that

o0
/ s(t)dt =1
by imposing
N-1
Yy Ci=2 (3.10)
k=0

This condition is called the conservation of area condition. It is worth men-
tioning here that condition (3.10) ensures the uniqueness of ¢(t) but not the

smoothness [53]. There are three different methods for solving equation (3.9):
1. The iteration method,
2. The recursive method, which is the most efficient way to evaluate ¢(¢) and

3. The Fourier analysis method. This method gives the scale function ¢(t) as

a distribution rather than an exact formula.

All the wavelets which have been used in this study are constructed using the

recursive method as will be further explained in the following subsection.
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Taking the Fourier transform of equation (3.9) yields

Bw) = H(5) (3) (3.11)
with
Hw) = %;Cke‘i“’k
= ) hpe ™k (3.12)

where H(w) is the Fourier transform of a set of non-zero coefficients {h;} =
{Cx/2}. 1t is a continuous and 27-periodic function with H(0) = 1. For a family

of the scale function @(¢) and its translations to form an orthonormal family, i.e

/oo o) d(t—m)dt =0, for m#0
and

/ T o) 2dt =1 (3.13)

—00
the wavelet coefficients have to satisfy

N-1

Z CrCryom =0 (3.14)

k=0
for all m # 0, with the additional condition

N-1
Y Ci=2 (3.15)
k=0

Conditions (3.14) and (3.15) are known as the orthonormality conditions. Equiv-

alently the orthonormality conditions in the frequency domain are given by
| HW)P + [H(w +m)] =1

For approximation with accuracy p, the Fourier transform of the scale function
¢(t) must have zero of order p at w = 27k, k # 0. This condition turns out to be

a condition imposed on the wavelet coeflicients such that

N-1

> (-1)kk™h(k) =0 (3.16)

k=0

40



for m =0,1,...,p — 1. Equivalently in the frequency domain, H(w) must have

zero of order p at w = 7. That is

dk
2 HW)| e =0
2ok 7 (@lw=n)

for k =0,1,...,p— 1. This condition is called the accuracy condition. It implies
that H(w) = 0 at w = 7. In other words
D h(k) =) h(k)=1/2 (3.17)
k even k odd

From multi-resolution analysis, the wavelet function 1(t) is constructed from its

scale function ¢(t) by the equation

o) = 3 dep(2t— k)
= 3 (=1)* Oyt 62t — B) (3.18)

That is ¢(t) has the same coefficients as the scale function ¢(t) but in reverse
order with alternating sign. This construction implies that ¢ (¢) has a compact

support [0, N — 1] and orthogonal to its scale function ¢(t) and its translations
é(t —m), i.e.

/_ " ()t — m) dt = 0

for all m. The Fourier transform of () is

Plw) = G(5)4(3) | (3.19)

with
1 —iwk
G(w) = 3 Ek dee (3.20)

G(w) is the Fourier transform of a finite family of nonzero coefficients {g;} =

{dr/2}. Again it is a continuous and 2w-periodic function with G(0) = 0. It
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follows from condition (3.18) that the mother wavelet is orthogonal to its own

translations with or without dilation. Therefore

/_ " (@)Yt —m)dt =0

for all m such that m # 0, and

/_ " () (2t — m)dt =0

The conclusion is that the family {¢(t), ¥k, J > 0,k € Z} forms an orthonor-
mal basis for the space L2(R) and hence, any function f(t) € L?(R) can be
expressed as a linear combination of members of such a family. This family is
called Daubechies’ wavelets [8]. Daubechies’ wavelets are continuous, of com-
pact support and of certain regularity. Except for the trivial case of the Haar
wavelet these wavelets are neither symmetric nor anti-symmetric wavelets [7].

Two examples of Daubechies’ wavelets are described next.

3.4.1.1 The Haar Wavelet

The Haar wavelet is the simplest form of a wavelet and probably the oldest. It

has been known in the literature since 1910 [13]. It is defined as

1 if0<t<1/2
Y) =4 -1 if1/2<t<1

0  otherwise

and its corresponding scale function is given by

1 if0<t<1
¢(t) =

0 otherwise

The Haar wavelet has only two nonzero coefficients Cy = C; = 1. The Haar basis
is an orthonormal family of compactly supported wavelets. It is a special case

of Daubechies’ wavelets for N = 2. The Haar wavelet is the only orthonormal
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0(f)

Figure 3.3: Haar scale function and its corresponding wavelet

wavelet with linear phase since it has a symmetry axis. The disadvantage of the
Haar wavelet is that it is a discontinuous function. Figure (3.3) shows the Haar

scale function and its corresponding wavelet.

3.4.1.2 The D4-wavelet

The D4-wavelet is a continuous wavelet that has only four nonzero coefficients
in its dilation equation, hence it has a compact support [0,3]. This wavelet does
not have a closed algebraic form. Nevertheless it can be constructed numerically
using the previous multi-resolution technique. The wavelet coefficients are

[+ N3 3+ v/3
O~ + " Ci- —-

33, 1-v/3
023503 vy Ly

The construction of this wavelet starts by constructing its corresponding scale

function which satisfies the following two conditions

0(0)=10(3)

0,
1

0(1)+ 0(2)

By knowing the values of the scale function at integer values, then its values at all

dyadic points {x = k/2%* j, k GZ} are readily known from the dilation equation.
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D4-scale function

Figure 3.4: D4-scale function

This dilation equation can be considered as an eigen-value equation that takes

the form

where

T= 1<i,J<iv- 2,

M= w)m\T

and T stands for the vector transpose. Hence M is an eigen-vector corresponding
to the eigen-value A= 1. Once all the values of the scale function <j) are known,
the construction of the mother wavelet follows from equation (3.18). Figure (3.4)

shows the D4-scale function. The corresponding wavelet is shown in figure (3.5).

3.4.2 Construction of the Quadratic Spline Wavelet

Splines are piecewise polynomials with smooth fit. They have some properties

that make them very useful in practice [57]. Unlike Daubechies’ wavelets, splines
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Dd-wavelet

Figure 3.5: D4-Wavelet

are either orthogonal or of compact support but not both. That is, to retain
orthogonality, compactness has to be dropped. In general, a spline <>w) of order

N has the following characteristics:
» It is a piecewise polynomial of order N with compact support [0, N + 1].

* It is not only continuous but also has (N —I)-continuous derivatives, i.e.

€ CN~I.

* It is ofaccuracy p = (N + 1), i.e. the frequency response of the correspond-

ing low pass filter has a zero of order (TV+ 1) at U= .
* It is a smooth and even function with certain regularity.

* The construction of (pw(?) is the convolution of the unit box (">o# function

(N + 1)-times. That is

ON@) = fO) * o) * ... * Po(r)

N+1

» The refinement coefficients are the binomial coefficients.

* It has a closed form in both time and frequency domains.
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The simplest example of a spline function is the Haar scale function ¢q(t)
defined as before. It is a spline of order zero with accuracy p = 1. Its Fourier

transform is given by

do(w) = e~/ (%) (3.21)

and the frequency response of the corresponding low pass filter is

_ (l14e™
o - (25)
= el%/2) cos(w/2) (3.22)

In addition to the previous characteristics, the flexibility in designing correspond-
ing wavelets with certain criteria is the main advantage of spline functions. For
pitch detection purposes the analysis wavelet has to be smooth, regular, and anti-
symmetric with compact support and the first or second derivative of a smooth
function [28]. The analysis wavelet used in this thesis for pitch detection of mu-
sical signals is a quadratic spline wavelet. The construction of such a wavelet
starts with the scale function that defines it. This is the quadratic spline @,(t)

with the Fourier transform given by

) = H(Z)(3)
_ (~i3w/2) sin(w/2) :
N
where
e(-iw)\ 3
Hw) = <}+2—)
= 73/ cos(w/2)? ~ (3.24)

It is the frequency response of the low pass filter {h(k)} = {1/8,3/8,3/8,1/8}.
Note that H(w) satisfies



0,
0 0.5 1 15 2 25 3

Figure 3.6: The quadratic spline scale function

time .sec

Figure 3.7: The quadratic spline wavelet
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The Fourier transform of the corresponding wavelet @Z(w) is given by

~

Y(w) = G(w/2) (w/2) (3.25)

where G(w) is a continuous, 27-periodic function. It is the frequency response of
a high pass filter {g(k)} such that G(w) = 0.
Substituting from equation (3.23) into equation (3.25) yields

B(w) = e G(w/2) (S‘E‘i‘;‘{)“)) (3.26)

Choosing this wavelet to be the first derivative of a cubic spline implies that it

has a zero of order one at w = 0. That is

o) = 29,
Pw) = whw) (3.27)

For the analysis wavelet to have the smallest support, we will consider the cubic

spline given by

: 4
(W) = et~ ( Slz‘()‘}’i)‘l )> (3.28)
It is clear that 6(¢) is a smooth function. Hence
. 4
P(w) = iwel™) (%) (3.29)

Equating equation (3.26) and (3.29), yields

Gw) = 4iel"/Dsin(w/2)
= 2(1—el"™) (3.30)
Hence %(t) is an anti-symmetric wavelet, regular with small finite support [0,2].
Its corresponding high pass filter is given by {g(k)} = {2, —2}.

Figure (3.6) shows the quadratic spline scale function ¢(t). The quadratic

spline wavelet is shown in figure (3.7).
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Real pari of Gaussian Wavelet

time, sec

Figure 3.8: Real part of Morlet wavelet

Imaginary part of Gaussian Wavelet

time, sec

Figure 3.9: Imaginary part of Morlet wavelet
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3.4.3 The Gaussian Wavelet

The Gaussian wavelet is basically a complex-sinusoid modulated with a Gaussian
envelope. It is sometimes called the Morlet wavelet [20]. This wavelet is defined

as .
B(t) = eliwot) =2/2) o (3.31)

where its Fourier transform is defined as
~ - (W —w 2
D) = e T (3.32)

It is worth mentioning here that the Morlet wavelet is not a mother wavelet since
it does not satisfy the admissibility condition. Nevertheless such a wavelet is
admissible when the constant wy satisfies the condition 5 < wy < 6 [26]. The
reason for including this wavelet is that its performance has been evaluated as a
linear phase wavelet for pitch detection purposes. The real and imaginary parts of

the Morlet wavelet for wy = 5.3 are shown in figures (3.8) and (3.9) respectively.

3.5 Algorithm Implementation

In this section we present the implementation aspects of the proposed algorithm.
As previously mentioned the DWT has to be evaluated, theoretically, for all
scales 2/ for all j varying from —oo to +o0. In practice since the input signal is
generally measured with a finite resolution, a finite large scale and a nonzero fine
scale limit the implementation. The fine scale is set equal to 1 (for normalization
purposes) and the large scale is set equal to 27 [3]. Two FIR filters, namely, h and
g characterize the DWT as well as the number of levels J. Such two filters ~ and
g are the impulse responses of a low pass filter and a high pass filter respectively.

Starting with the assumption that Sof = f, hg = h, and gy = g where f is a
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discrete input signal, the recursive algorithm is defined as

Winf = gj*S;f,
Sinf = hjxS5;f (3.33)

forj =0,1,...,J—1 and * denotes convolution. Both h; and g; denote the filters
obtained from h and g by inserting 2/ — 1 zeros between each two consecutive
coeflicients of the two filters respectively.

At each level j the effect of the operrator S is to smooth the input signal, i.e .
to attenuate its high frequency components without altering its low frequency
components. On the other hand the operator W gives the details lost when the
signal is transformed from the previous scale to this new scale. Therefore the
DWT can be implemented as a FIR non-subsampled octave-band filter bank as
shown in the figure (3.10). The main analysis wavelet used in the implementation
is the quadratic spline wavelet with Fourier transform given by equation (3.29).
The motivation behind the proposed algorithm is that points of zero-crossings
of a musical signal (glottal closure of speech signals) are considered as points of
sharp variations of this signal. Hence the transform exhibits local maxima at
these points across several scales [28].

For each scale j, locate the positions of the local maxima of DWT that exceed
a cbrtain threshold with respect to the global maxima and within a certain local-
ization error. The points of zero crossings of a musical signal should have loéal
maxima at the same points across several consecutive scales. For a certain scale
the time distance between two consecutive such maxima gives the pitch period of
the musical signal. The estimated values can be further improved'b).f using several
methods for curve fitting for best estimate of the local maxima. The parabolic
interpolation, as previously described in the autocorrelation function, has been
found‘ adequate. The sampling rate for all test signals is 44.1 kHz and different

window sizes of 22.7 and 34 ms have been used during the analysis. Experiments
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Figure 3.10: A FIR non-subsampled filter bank implementation of DWT

have shown that it is adequate to evaluate the dyadic wavelet transform across
three consecutive scales only: 24, 25 and 2°.

In addition to the quadratic spline wavelet, the performance of both minimum
phase wavelets (Daubechies’ wavelets) and linear phase wavelets (Haar and Mor-
let) is also investigated. Our main interest is the analysis of the acoustic guitar
tones. However the proposed algorithm has been implemented on a wide range
of other musical signals such as a saxophone signal (wind instrument), a tanpura
signal (an Indian drone instrument), a singing voice signal, and a conga rim-hit
signal (drum family). Furthermore the algorithm has been applied to some other

plucked string signals such as a bass and a pizzicato cello signal.

3.6 Results and Discussion

This section presents the simulation results of the proposed algorithm. The re-
sults of the main guitar test signal are presented first. The results using the Haar

wavelet, D4-wavelet and the Morlet wavelet are also described. Next the results of
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200

no. ol samples

Figure 3.11: A segment of the guitar signal

the other musical signals are presented. Finally a comparative discussion between

the proposed algorithm and the autocorrelation function is presented.

3.6.1 The Analysis of the Guitar Signal

Generally in the analysis of plucked string signals, the results show that it is
sufficient to estimate the pitch period from the steadily decaying part of the
signal several hundred milliseconds after the attack [55]. This is due to the fact
that the pitch period of a plucked-string signal decreases as the signal attenuates.
In the analysis of the E2-tone signal, shown in figure (3.2), the first 10000 samples
have been discarded which amounts to 227 ms. A segment of the guitar signal
of 500 samples is shown in figure (3.11). For the quadratic spline wavelet the
estimated pitch is 330.3293 Hz. The results are shown in figure (3.12).

The performance of the other wavelets is found to be the same for this signal.
Furthermore the smoothness of the minimum phase wavelet is investigated where
a D20-wavelet [§] is used in the analysis. The results show that the smoothness
of the analysis wavelet is not a crucial parameter.

The E2-tone is the main analysis test signal. However, the proposed algorithm
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Figure 3.12: Scales 24 and 25 of the guitar signal using the quadratic spline

Tone True Pitch Estimated pitch
E3 661.8095 662.0249
Gl 196.2381 197.6210

Table 3.3: Estimated pitch period of various guitar signals

has been applied to a wide range of guitar signals. Figures (3.13) and (3.14) show
the results of two other guitar signals. The estimated pitch periods are shown in
table (3.3).

The performance of the algorithm has been also tested for a synthetic guitar
signal with two pitch periods of 100Hz and 200Hz. The guitar signal and the
results are shown in figure (3.15). The estimated pitch period using all test
signals is 99.4222 Hz, i.e. the difference between the two pitch periods. This can
be justified as the guitar signal having a missing fundamental of 100 Hz with 200
Hz and 300Hz as the second and the third partials. Nevertheless this case is open

for further investigation.
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Figure 3.13: Results of the guitar signal E3
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Figure 3.14: Results of the guitar signal G1
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Guitar tone with two pitches
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Figure 3.15: Results of a guitar signal with two pitch periods
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3.6.2 The Analysis of other Musical Signals

The true pitch period of a D#saxaphone signal is 155.5144Hz. The estimated
period is 154.7368Hz with relative error 0.005 where the relative error (r.e.) is
defined as

r.e. = abs(true pitch - estimated pitch)/true pitch
For all used wavelets the estimated pitch is the same.

The tanpura signal is a very harmonically rich signal. Our results show that
the proposed algorithm has the ability to detect not only the fundamental fre-
quency but also the frequency with the most energy present in the signal. In the
case of the autocorrelation function a longer frame size has to be used in order
to detect the fundamental of the tanpura signal not the strongest harmonic [10].
The estimated pitch period of this signal is 157.5Hz.

In the analysis of a male singing voice, the estimated pitch is 110.8040Hz. The
autocorrelation function gives slightly different values depending on the analysis
window as well as the frame size. Moreover in the analysis of a conga-rim signal,
the algorithm classified this signal as an unpitched one since it failed to find local
maxima that satisfy the previous criteria. The results of all test signals are shown

in [10] and in appendix (A) and further explained in [46].

3.6.3 Discussion

The computational complexity of the proposed algorithm is O(NJ), for an input
signal of length N evaluated across J scale. The constant depends on the number
of nonzero coefficients present in the filters h and g. The algorithm is faster than
the autocorrelation function since the length of the analysis wavelet is less than
M,.
Unlike the autocorrelation function the proposed algorithm takes into account
“the non-stationary nature of musical signals. Besides the window function is not

a crucial parameter since the quadratic spline wavelet can be used for all kinds

58



of musical signals. Furthermore the frame size is not a crucial parameter since
different frame sizes have been successfully used in the analysis. It is worth
mentioning here that all the signals used are not professionally recorded and
are subjected to one sort of noise or another. This implies that the proposed
algorithm is robust to noise. It is also accurate if we use the relative error criteria

as our measure of accuracy.

3.7 Summary

In this chapter we have presented a new algorithm for estimating the pitch periods
of musical signals. The proposed algorithm is based on the dyadic wavelet trans-
form and a quadratic spline wavelet with certain criteria has been constructed
for this purpose. This chapter has also presented the main advantages of the
proposed algorithm over the well-known autocorrelation function. Further the
effect of the analysis wavelet has been tested by using different wavelets and the

quadratic spline wavelet has proven to be suitable for all test signals.
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Chapter 4

Kalman Filtering Technique for

Partials Tracking
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4.1 Introduction

As described in the previous chapter the objective of the analysis process is to
provide the data required for calibrating the guitar model under consideration.
The first step of the analysis process is estimating the pitch period of a recorded
real guitar tone, which was presented in the previous chapter.

In this chapter the analysis process continues by studying the time-varying
spectrum of the guitar tone. There are different tools for the analysis of this
spectrum. The “heterodyne filter” was developed by Moorer in 1973 [42]. This |
filter implements a single frequency bin of the Discrete Fourier Transform (DFT)
using the rectangular window. The instantaneous amplitude and frequency are
estimated from the magnitude and phase derivative of the complex numbers pro-
duced by the sliding DFT. This technique was developed further by using the
digital “phase vocoder” where the Fast Fourier Transform (FFT) is used to im-
plement the DFT along with the use of a non-rectangular window [42]. The phase
vocoder is useful for the analysis of harmonic sounds whereas sounds with time-
varying characteristics were difficult to analyse using this technique. In 1987,
Smith developed another peak-tracking spectral analyzer, called PARSHL [52].
This technique is based on the Short-Time Fourier Transform (STFT) [2] [1] and
can be applied to in-harmonic sounds such as the piano. However, PARSHL has
difficulty representing noise-like signals such as the attack part of many musical
signals. In 1986, McAulay and Quatieri developed a similar technique for the
analysis of speech signals [31]. In musical applications, this technique was de-
veloped further by Serra and Smith [45]. In 1990, they proposed the Spectral
Modelling Synthesis (SMS) where musical signals can be represented as the sum
of sinusoids and noise. This scheme is also built on top of the STFT. The basic
idea adopted is that the guitar signal can be represented as a set of quasi-periodic
stable partials (sinusoidal model) that correspond to the main modes of vibra-

tion of the string, and some added noise (the residual model) [55]. Each partial
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feature such as amplitude, frequency and phase values, has to be extracted. The
decay rates of such partials determine the magnitude responses of the loop filter,
as will be further discussed in the next chapter. Once the trajectories of all dis-
tinctive partials have been computed, the sinusoidal model is then synthesised
using additive synthesis whereas the residual model is obtained by subtracting
the sinusoidal model from the original signal. Thereafter the residual model will
be post-processed to extract the excitation signals for the guitar model.

Our goal in this chapter is to present a new technique for partial tracking
of musical signals. The proposed technique is based on the theory of the Ex-
tended Kalman filter [5]. The main principle adopted here is that the guitar
signal can be represented as the sum of a deterministic model (sinusoidal model)
and a stochastic model (residual model). Each partial of the sinusoidal model is
modelled using three different state variables. Since the Kalman filter is a model-
based technique, several models have been tested for our new technique. Different
aspects of the implementation of the proposed technique are illustrated. Further-
more the advantages and disadvantages of the proposed technique are presented.

This chapter is organised as follows: section 2 is devoted to the Short-Time
Fourier Transform (STFT) as an analysis tool for non-stationary signals. The
analysis of the real guitar tone is carried out using this technique to extract the
features of each partial. Some implementation aspects are also briefly described.
In section 3, we introduce the mathematical definitions and notations which are
needed for understanding the concept of the Kalman filter. The discrete-time
Kalman filter is then described. The non-linear case is subsequently addressed
with emphasis on the Extended Kalman filter technique. Different models that
are used in the analysis are presented in section 4. Advantages and critiques of
each model are also addressed. Section 5 presents the implementation aspects
of the proposed algorithm, the results of the new algorithm being presented in

section 6. Comparisons are also made with those derived from the Short-Time
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Fourier analysis. Finally the chapter summary is given in section 7.

4.2 Short-Time Fourier Transform-based Anal-
ysis

The purpose of this section is to estimate the time-varying spectrum of the
recorded real guitar tone using the Short-Time Fourier Transform (STFT). We
start by describing the principle of the STFT and its implementation and also
consider the control parameters for the computation of the STFT. We then dis-
cuss the use of this transform for estimating the partial trajectories of the guitar

signal.

4.2.1 The Short-Time Fourier Transform

Musical signals are non-stationary signals, i.e they evolve with time. In order
to study the spectrum characteristics of such signals, the usual Discrete Fourier
Transform (DFT) is not appropriate due to this non-stationary nature. Instead a
time-dependent version of the DFT, known as the Short-Time Fourier transform
(STFT), is utilised. It is based on the idea that a time-domain window, usually
zero outside a certain interval, is moving or ‘hopping’ along the signal to be
analysed. For each windowed segment, one computes the DFT which represents
the spectrum of this segment. In practice the DF'T can be implemented efficiently
using the Fast Fourier Transform (FFT) when the size of the signal is restricted
to a power of two [36], [38], and [40].

For a discrete-time signal z(n), the STFT is defined [24] as

M-1
Xi(k) = Z w(n)z(n+ 1H)e ™", forl =0,1,2... (4.1)

n=0

-where w(n) is an appropriate window function, M is the FFT size, k = 0,1,...,M—

1 is the bin index, wy = 2wk/M is the radian frequency, n is the time index param-
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eter, and H is the hop size parameter, defined as the time advance (in samples)
between the consecutive frames.

The result of STFT is a set of frames separated in time by the hop size.
Each frame is represented by a complex-valued function called the spectrum
which represents the amplitude and phase spectrum when transformed to polar
coordinates. The spectral partials are represented in each frame as peaks in
the spectrum. These peaks can be detected and their frequency, amplitude and
phase evaluated, as will be described in the rest of this section. It is clear that
the control parameters for STFT are the window function and its size, the hop
size, and the FFT size. These parameters must be determined for each signal to

be analysed.

4.2.2 Control Parameters for the STFT

In this section we discuss the control parameters for the STFT in more detail.
The choice of an appropriate window function is a compromise between the
frequency resolution and the time resolution [14], [45]. A window function with a
narrow main-lobe (i.e. better frequency resolution) and a very low side-lobe would
be an ideal choice for many applications. A suitable window for the purpose of
this analysis is the Hamming window, where the highest side-lobe is 43 dB below

the main-lobe [35]. The Hamming window is defined as:

0.54 —0.46 x cos (22%) for n=0,1,2,...,N—1

—

w(n) =
0 elsewhere

where N is the window size. A graph of the Hamming window is shown in figure
(4.1)

The window size, N, is another crucial parameter in the analysis. The window
size determines the time resolution of the analysis. A smaller window results in a
better time resolution (but worse frequency resolution) and vice versa. Since the

purpose of the analysis is to track closely-related partials, frequency resolution is
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Figure 4.1: The Hamming window with N=2048

favoured over time resolution. For pitched sounds, McAulay and Quatieri have
reported that the window size should be at least two and a half times the pitch
period [31]. In our implementation, the window size has been set to four times
the pitch period.

Since the window size could be any integer (not necessarily a power of two),
depending on the estimated pitch period, and also in order to enable the use of
the FFT in the analysis, zero-padding is used [45]. Zero-padding is achieved by
inserting zeros in the windowed segment buffer until the FFT size, M, is the
nearest power of two which is at least twice the window size N. The importance
of zero-padding lies not only in the ability to use FFT, but also in increasing the
frequency resolution of the analysis. In other words, zero-padding in the time
domain is equivalent to frequency interpolation in the frequency domain [45].

Another crucial parameter in the implementation of STFT is the hop size
parameter H. The choice of the hop size parameter is very much application-

dependent. A smaller hop size implies a smoother spectrum at the expense of
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higher computational cost. For a Hamming window, a good choice for H is one
fourth of the window size [45], [1]. This means that there is 75% overlap between
consecutive frames.

A further technique which may be used to improve the accuracy of the esti-
mated phase values is zero-phase windowing [45], [55], [29]. The importance of
the accuracy of the estimated phase values stems from the fact that the residual
signal is obtained from the original signal by subtracting the sinusoidal model in
the time domain.

Zero-phase windowing can be implemented in practice by using the circular
properties of the DFT, i.e. the windowed signal is considered to be periodic
with period N (which is the window size). So instead of applying the DFT to the
windowed segment from [0, N—1], we use the segment from [(N+1)/2, (3N-1)/2].
In such a case, zero-padding is implemented by inserting zeros in the middle
of the zero-phase windowed segment [55]. By using zero-phase windowing, a
linear trend in the phase values, due to the windowing process, is avoided. It is
worth mentioning here that the window size must be an odd number for zero-
phase windowing to be applicable. In figure (4.2) a portion of the test signal is
windowed using a Hamming window of length N = 537. Zero-phase windowing
is then utilised (as well as zero-padding) to a length of M = 4096 to increase the
frequency resolution.

The magnitude and phase spectrum of this zero-phase, zero-padded windowed
segment are shown in figure (4.3). This is a typical frame in the STFT analysis.
It is clear that the phase spectrum is nearly a constant value in the vicinity of a
harmonic due to zero-phase windowing. This results in reducing the error of the
estimated phase values. |

Figure (4.4) shows a 3D-plot of the STFT of the E2-guitar test signal, shown

in figure (3.2), showing the time-evolution of the signal partials.
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Figure 4.3: Magnitude and phase spectrum of a typical frame in the STFT
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Figure 4.4: 3D-plot of the STFT of the guitar signal

4.2.3 Peak Detection and Continuation

The next step in the analysis process is to detect the peaks present in the spec-
trum. These peaks amount to the prominent spectral components of the guitar
signal. This step is accomplished by using a peak detection algorithm, which is
performed on a frame-by-frame basis by exploiting the nearly-harmonic nature
of the guitar tone.

Performed on a dB-scale, this algorithm can be summarised as follows:

* For each frame / and every partial r, search for the maximum value in the
magnitude spectrum within a certain frequency deviation /#, i.e. in the
interval [r/o —J/D” I 0+ IDPwhere /o is the estimated pitch period for the
guitar signal. In the current implementation, a value of fo —/0/4 has been

found to be appropriate.

68



e If this maximum value corresponds to a local maximum, i.e. if

|Xi(R)| > [ Xu(k - 1),
[Xi(k)] = | Xu(k+1)]

where |X;(k)| is the magnitude spectrum of frame [ at bin index k, then

this maximum value is marked as a peak.

e The index, amplitude, frequency and phase values of such a peak are com-

puted.

e If the amplitude value of such a peak is less than a certain magnitude
threshold, this peak is ignored, i.e. a zero value is assigned to its magnitude.
This step checks the validity of the detected peaks so that irrelevant peaks
can be rejected. In our experiment, results show that a magnitude threshold
of —70 dB has been found to be appropriate in our implementation (before

the signal reaches the noise floor).

e The detected magnitude values must be normalised in order to compensate
for the windowing effect. Hence the magnitude spectrum of each frame is

multiplied by a normalisation factor cy given by:

2

2

N =2 Gl

1l
o

n

e The frequencies and normalised magnitudes can be further improved by

using parabolic interpolation [55], as previously described in chapter (3).

After scanning all frames for valid peaks, a peak continuation algorithm is utilised
in order to provide for each partial’s trajectory for the sinusoidal part of the guitar
signal. The basic idea of this algorithm is to link the valid peaks between frames,
assuming that the partials are fairly stationary between frames. If we assume
that we are currently at frame [, the continuation algorithm can be simplified as

follows:

69



Parameter | Value (samples)

window size | 537
FFT size 4096
hop size 134

Table 4.1: Values of the STFT control parameters

e If a peak exists in frame [ + 1 that corresponds to an existing trajectory
within a certain frequency deviation fD, then the peak is said to be advanced
in time. The detected frequency, amplitude and phase values of this peak

are assigned to the existing trajectory.

o If there is no peak that corresponds to the existing trajectory within the
assumed frequency deviation, then the peak is said to be killed entering
frame [ + 1. In such case, a triplet consists of zero amplitude, the same
frequency as in frame [ and the same phase value, plus a phase shift equal

to d¢ = w,.H.

e If there is a valid peak in the current frame that does not correspond to
an existing trajectory, then a trajectory is born. A triplet is created in the
previous frame with zero amplitude, the same frequency (of the peak) and

the same phase of the peak minus a phase shift equal to d¢ = w,H.

Table (4.1) gives the values of the STFT control parameters used for the analysis
of the guitar test signal. The analysis window is the Hamming window. Figure
(4.7) shows the amplitude trajectories E,(I) of different partials of the guitar
signal. It is clear that some of them are decaying exponentially. It is also clear
from the figure that the second harmonic is very small compared to the other
partials.

For more detailed discussion about the peak detection and the peak continu-

ation algorithm, we refer the reader to [31], [45] and [55].
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4.2.4 Problems with the STFT

The STFT is a powerful tool for the analysis-synthesis of musical signals. How-
ever there are some limitations and disadvantages to this algorithm. The main
problem associated with the STFT is the resolution of the analysis, which is
directly related to the window size. According to the Heisenberg uncertainty
principle, one can not know exactly what frequencies are present in a signal at
a given instant of time. What one gets is a band of frequencies present in an
interval of time. There is thus always a trade-off between time and frequency
resolution.

In addition to the resolution problem there is also the assumption that the
signal is stationary within each windowed segment. The computational complex-
ity is another problem associated with the STFT as will be further explained in

the following chapters.

4.3 The Discrete Kalman Filter

This section serves as a basic introduction to the Kalman filter. It starts by
describing the mathematical notation that is necessary to understand the princi-
ples of this filter. The discrete linear Kalman filter is then briefly presented. The
section continues by describing the nonlinear model, in particular the extended

Kalman filter model.

4.3.1 Mathematical Notation

The purpose of this section is to introduce some basic mathematical definitions
that are often used in the terminology of the Kalman filter [5].

Given a random variable z, the variance of z is defined as

var(z) = o® = Bl(z — E(z))’] (4.2)
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where E(z) is the. expectation of z, i.e.the mean or average value of z. In a
qualitative sense, the variance of x is a measure of the dispersion of z about
the mean value E(r). Whenever the mean value is zero, the variance is just the
second moment. |

Equation(4.2) can be rewritten as
var(z) = o* = E(z2?) — (E(2))? (4.3)

The positive square root of the variance is called the standard deviation.
A random variable z is said to be normal or Gausstan if its probability density

function is given by
1

2ro emrey (4.4)

fx(z) =

where m; and o2 are the mean and variance of the random variable z respectively.

In what follows, the notation
z ~ N(mg,o?)

is used as a shorthand notation for a normal random variable.

The covariance of two random variables z and y is defined as

cov(z,y) = E(z — mz)(y — my)] (4.5)

It is a measure of how z and y co-vary. _
Consider a set of n random variables z1,zs,...,Z, (also called variates). A

vector random variable x is defined as

- -

Ty

T2

Tn

L -

In general, the components of x may be correlated and have nonzero means. The

covariance matriz for x is defined as
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'var(arl) COU($1,$2) T CO'U(.’L']_,.’En)
cov(ze,z1) wvar(ze) .- cov(za,zy)
C =
i CO’U(iBn,ml) UGT(.’En) i

The terms along the major diagonal of the covariance matrix are the vari-
ances of the variates whereas the off-diagonal terms are their covariances. The
covariance matrix C of a vector random variable x describes the variances and
correlation structure of the n-variate.

A white noisne is defined to be a stationary random process having a constant

spectral density function.

4.3.2 The Discrete-Time Kalman Filter

The Kalman filter is a computational algorithm that provides an efficient solution
of the least-squares method. Its purpose is to estimate the state of a process from
noisy measurements. The Kalman filter has a wide range of application areas.
It has been proven to be useful in navigational and guidance systems, radar
trac‘i:ing, sonar ranging and satellite orbit determination. In music applications,
the Kalman filter has been used in audio restoration of electro-acoustic music [37],
polyphonic-sources separation [63], and in the identification characteristics of
woodwind instruments [6]. In this section, we briefly introduce .the discrete,
linear Kalman filter [5], [4], and [30]. _
Consider a discrete-time random process x, which is to be estimated, governed

by the linear equation:

Xp+1 = PeXg + W (4.6)

where
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X — is an n X 1 process state vector at time t,

¢ — is the n x n state transition matrix, and

wi ~ N(0, Q) — is the process noise.

The state transition matrix ¢y, relates the state of the process at two time instants
tr and t;4; in the absence of any noise. The measurements (or observations) of

the process are assumed to occur at discrete instants of time ¢, t,,..., according

to the linear equation

Yi = Hixg + v (4.7)
where
¥ is an m X 1 measurement vector at time #,

H;, is an m x n measurement matrix, and

vk ~ N(0, R) is the measurement noise.

Both v, and w, are assumed to be white noises of zero mean and normal dis-

tribution. Furthermore, we assume that their covariance structures are known,

i.e
, ifi=k
E(wyw]) = N
0, otherwise
Ry, ifi=k
E(vvl) = g
0, otherwise
and

E(vgw]) =0, foralliandk

where T stands for the transpose of the vector. Now, assume that we have an

initial estimate X; of the state x; at this point in time ¢;. This estimate is based
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on our knowledge about the process prior to t;. Further, assume that the error
covariance matrix P associated with this estimate is known. Such a matrix is

given by

Pk = E[ekef]

= E[(xx — %) (xx — %x)"]

where ey is the estimation error. Using the measurement y,, we seek to update

our initial guess according to the equation
Xy = Xj + Kk[yk - Hkik] (48)

where K is an n X m matrix called the Kalman gain or the Kalman factor and

is chosen in order to minimise the error variance. The Kalman gain is given by
K, = B.HT (H P, HT + R;)™" (4.9)

The updated error covariance matrix associated with equation (4.8) is

A

P, = (I - Kka)Pk (410)

where [ is the identity matrix. The algorithm is projected ahead via the following

two equations

Xeel = OrXg (4.11)
Py = duPidl + Qx | (4.12)

Now the required quantities for the next time step tx;; are known as well as the
measurement y, ;. The last five equations comprise the Kalman filter algorithm
and are summarised in figure (4.5). After a while the algorithm starts to depend

more on the measurements and less on the initial values.
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4.3.3 The Extended Kalman Filter

In the previous section we presented the principles of the linear Kalman filter case.
In this case the Kalman filter is considered to be the optimal linear_ estimator.
In real life, however, there are many situations where the state ‘prdcess matrix
and/or the measurement matrix are nonlinear. The technique employed in these
situations is to linearise the model in order to fit into the linear case. There are
two ways of linearisation. One is to linearise about some nominal trajectbry in
the state space that does not depend on the measurements. Such a technique is
known as the linearised Kalman filter. The second method is to linearise about
a trajectory that is continuously updated with the state estimates resulting from
the measurements. In such a case the filter is known as the Eztended Kalman
filter(EKF). In what follows the equations of the EKF are briefly described.
Consider the case when both the state process matrix and the measurement

matrix are both non-linear functions in accordance with the equations
x = f(x,t) + w(t) (4.13)

y = h(x,t) + v(¢) (4.14)

where f is a vector function of size n x 1. Each element f; is a function of the
state variable vector x of n-variates. Also h is a vector function of size m x 1,
where h; is again a function of the vector state variable x. Both w and v are as
defined previously, and y is the measurement matrix of size m x 1.

If we have an initial estimate %y for the state process vector x at a time instant
tk, then both f and h can be expanded about this estimate using Taylor series.

For small values, the second and higher orders of the series are negligible.
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In the non-linear case, the state process matrix ¢ is defined as

p of
T 0x
ozry Ox2 Ozn
_ 0z1 Oz OTn
| oy oz2 Ozn b

and the measurement matrix H is given by

oh
H = -
ox
ohy  Ohy Ohy
oz oz2 Ozn
8hy  Ohy Bhy
_ oz 8z2 Ozn
Ohy  Ohym .., Ohp
L 0z oz 8zn

Hence the EKF recursive equations can be implemented as follows [12]

e Compute the Kalman filter gain

Ky = B HF (H P HY + R;)™!

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

where Pj is the initial estimate of the error covariance matrix associated

“ with the initial estimate %) (as previously described).

e Update both the estimated state process and the error covariance matrix

according to the following relations

X = )A(k + Kk[yk — h(ik)]

A

P, = (I — KyH)P
e Project ahead to the next step via the equations

Xe+l = PrXk

Peyi = 6cPidf + Qx
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Note that both ¢ and H are obtained by evaluating the first partial derivative of

the vector functions f and h along their respective trajectories.

4.4 | Modelling

In this section we present the underlying model for parameter estimation of the
guitar signal. The Kalman filter depends mainly on the choice of an appropriate
model for the estimation process. This choice must be a compromise between
simplicity and accuracy in describing the problem in hand. Therefore, different
models have been tested for the task of parameter estimation of the guitar signal.
We start this section by presenting the initial model that has been suggested. Cri-
tiques of this model are then discussed. A modified and final model is presented

along with its main advantages over the initial one.

4.4.1 The Initial Model

Again we follow the same assumption that has been used before in the STFT:
that the guitar signal can be represented as a sum of a stochastic model (sinu-
soidal) and a noise model (residual). In the ideal case, each partial should decay

exponentially. Hence each partial of the guitar signal can be expressed as
ye(t) = Are Bt cos (wit + Ox) (4.24)
where

k is the partial number,
0y is the phase offset,
Ay is the partial amplitude at zero time,

By is the decay rate of the partial.
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Expanding the cosine function and substituting for the appropriate state vari-
ables, we have

Yk(t) = T1xT3xk cos (wkt) — TopTak sin (wt) ~ (4.25)

where the state variables of this partial are given by

Tik A cos b
Tok = A sin 6
Tk e—Bkt

Thus each partial is represented by three state variables. These variables deter-
mine its amplitude and its phase offset, as well as its rate of decay.
The guitar signal can therefore be expressed as

k=K

y(t) = Y we(t) + V(1) (4.26)

k=1
where K is the maximum number of partials present in the guitar signal and v(¢)
is a Gaussian white noise that represents the residual model.
This implies that the measurement is related to the state by the non-linear
function h given by

K

h =" 2123k cos (wit) — Dok Sin (wit) (4.27)
k=1

Hence the measurement transition matrix H, which is a 1 x3K vector, is evaluated

as

H=[H1 Hy, -- HK] | (4.28)

where

H; = [ T3; cos (wit) —x3;sin (wit) (:Eh- cos (w;it) — x9; sin (wit)) ] (4.29)
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fori=1,2,...,K.

In the discrete domain, the state transition matrix in this case evaluates to

¢ Z - Z
VA e Z
o= " ‘b_z _ (4.30)
L Z Z .- ¢K |
where Z is a zero matrix of order 3 and
10 0
di=10 1 0 (4.31)

0 0 e BiAt
fori=1,...,K, and At is the sampling interval.
Figure (4.6) shows some estimated state variables of various partials using the

initial model.

4.4.2 Initial Model Critiques

Two major problems with this model can be noted. Firstly, the assumption that
the partials are decaying exponentially does not hold in practice. This is due to
non-linearities present in the true signal such as beats and two-stage decay. The
initial model does not take this fact into account, which results in an incorrect
estimation of some partials.

Secondly, the initial model also assumes the stationarity of the frequency of
each partial (since frequency is not one of the state variables of each partial). This
assumption again violates the nature of a musical signal where there is some sort

of frequency modulation that needs to be taken into account.

4.4.3 The Final Model

Our objective is to build a model that takes into account the two-stage decay "

as well as the frequency and amplitude modulation of the guitar signal. A more
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realistic model represents each partial as
ye(m) = Ag(m) cos (6x(m)) (4.32)

where Ag(m) is the time-varying amplitude of the k%" partial and 6(m) is its
instantaneous phase. The instantaneous phase is related to the instantaneous

frequency fi(t) through the following relation
Or(m + 1) = 27 fr,(m) At + 6 (m) (4.33)
Hence the guitar signal can be expressed as
k=K
y(m) = Z Ag(m) cos (6 (m)) + v(m) (4.34)
k=1

In this case we define three state variables for each partial, namely the amplitude,

the phase and the frequency. That is

T1i Ai(m)
To; = ;(m)
T34 f i(m)

fori=1,2,...,K.
In order to take into account the time-varying nature of the frequency and
amplitude of each partial, both z; and z3; are modelled as random walks. Hence

the state transition matrix ¢ for this model is defined as in equation (4.30), with

¢; defined as

10 O
¢i=]0 1 2rAt (4.35)
00 1
for i = 1,..., K. The measurement matrix H is defined as in equation (4.28),
with H; defined as
H; = [ cos (z2;) —xyisin(zg;) —xy;sin (@g;)2m AL ] (4.36)

It is clear that the measurement matrix H .is not a time-invariant matrix. There-

fore it has to be computed for each iteration step in the EKF loop.
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4.5 Simulation

The objective of the simulation is to provide the best estimate of the vector state
variable x;. This vector describes a certain dynamic process at a time instance
tr given a set of noisy meaéurements Y1, Y2, - - -, Yk In this section we present the
different implementation aspects of the proposed algorithm. It also describes the
various techniques that are utilised to optimize the performance of the proposed

algorithm.

4.5.1 Initialisation

The control parameters of the proposed algorithm are: the initial estimate of the
state vector, the associated error covariance matrix, the total number of partials,
the state covariance matrix, and the sampling interval. In order to start the
recursive equations of the EKF algorithm, an initial estimate of the vector state
variable X, at time instance t; is required. A prior knowledge of the process to
be estimated is exploited. In our implementation the pitch detection algorithm,
previously described in chapter 3, and a spectrum analysis are both utilised to
provide this initial value. This step is found to be adequate for providing the
required value. An initial estimate of the error covariance matrix P, associated
with X is also required. In a statistical sense, this matrix gives the range over
which the variates vary from their initial estimates [12]. Therefore in the case
of no prior knowledge of the state, a large value for B is used.

In [37], Poli et al. suggested a new method for estimating the initial values
%, and P;. This is called the bootstrapping technique. In this technique the first
segment of the test signal (say, the first 100 ms) is time-reversed and fed into the
filter. Hence it provides the proper initial values for the resorted original signal.
However we have not used this technique in our implementation.

Another parameter that has to be handelled properly is the state covariance
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matrix Q. This matrix represents the error in modelling as well as a real driving
force. Thus a zero value for () means that the state variable is a random constant
rather than a random walk. It also indicates that the mathematical model is
identical to the process in hand. Therefore a non-zero value for @ is used in
our implementation. We expect @ to have a small value in high signal-to-noise
ratio (SNR) segments of the guitar signal (the steady-state part) whereas it has
a large value for the low SNR segments (the attack part of the signal). The
value of Q used in our implementation is experimentally chosen, see section (4.6).
Computation of both P and @ is explained further in [5].

There are two more parameters that can be adapted to the problem in hand.
These are the total number of partials K to be estimated and the sampling in-
terval At. The acoustic guitar signal has an insignificant amount of energy at
frequencies higher than 3 to 4 KHz (disregarding the attack part) [59]. Conse-
quently we are not trying to model partials higher than this limit. Reducing the
total number of partials K is also motivated by the fact that the computational
complexity of the algorithm is directly proportional to K.

Generally musical signals are sampled at sampling rate of f; = 44.1 KHz. This
is to ensure that all the perceptual audio information is retained in the sample.
According to the nature of the acoustic guitar signal that is previously described,
the time step parameter defined as At = 1/f, can be changed to At = D/f,
where D is the number of samples to skip (time increment in samples). The
effect of using a different sampling interval on the estimated values as well as the
overall performance of the proposed algorithm is also investigated.

Another technique that is proven to be useful is adjusting the estimated val-
ues [63]. That is, if any of the variates is known to be limited to a certain interval,
we adjust the estimated values to fall within this interval.

It is worth mentioning here that since the measurement (the sampled guitar

signal) is scalar, the matrix inversion included in computing the Kalman gain
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vector (4.19) is reduced to just scalar division.

4.5.2 Smoothing

Smoothing is another technique that can be performed to improve the estimated
values of the EKF algorithm. In our case only a fixed-interval smoothing can
be applied [5]. Another approach to smoothing is using two EKF algorithms
properly combined together. One algorithm performs the forward filtering (the
normal one) and the other performs the backward filtering [5], [37]. However in
our implementation we did not apply smoothing of any type as the results were

quite satisfactory but it remains as a possible improvement.

4.6 Simulation Results

In order to evaluate the performance of the proposed algorithm, it has been
implemented for different synthesized signals with known state variables. Firstly
we tested some noise-free signals. Then different values of noise have been added
to the synthesized signals to check the robustness of the algorithm to noise. In
almost all cases the algorithm is proven accurate in estimating the state variables
and robust to noise. This step was found necessary also to gain insight on the
values of some of the parameters of the EKF algorithm. It also gave us confidence
in choosing the appropriate values for the algorithm to start.

We started the EKF algorithm with the initial values given in table (4.2).
We started the analysis at time instance ¢ = 0. Therefore the initial amplitude
values of all partials are set equal to zeros as well és the instantaneous phase. The.
estimated frequencies from the spectrum analysis are used as the initial frequency
values of the different partials. The process noise covariance matrix has been set
to 0.001, 0, and 0.1 in its main diagonal for the amplitude, phase and frequency:

of each partial respectively. The amplitude trajectories of some partials using
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Parameter Initial value

Number of partials K 14
Measurement variance R 0.1
Time increment D 10

Table 4.2: Initial values for the EKF algorithm

the proposed technique and the previous initial values are shown in figure (4.8).
We noticed that the second partial was too small to be tracked as well as the
11%" and the 12! partials. It is also clear that the results are comparable to
those obtained by the STFT-based analysis. The overall decay of the tracked
partials is nearly the same. The effect of using different ) values have been
also tested. Our results show that the process covariance matrix @ is a critical
parameter and has to be carefully chosen. A prior knowledge of the signal to
be analyzed and how the variates vary with time can be exploited. For instance
if the state variable is known to time-vary slowly, then a small value for @ is
used. The estimated fundamental frequency for different @ is shown in figure
(4.9). The algorithm is also tested for different values of D. It is obvious that
the maximum value of the time increment is limited by the sampling theorem.
Using different values for D has no direct effect on the ability of the filter to
converge as shown in figure (4.10). Nevertheless it has a direct effect on the-
estimated run time of the algorithm. The maximum value of D also shows a
faster convergence of the filter and the best performance. Table (4.3) shows the
estimated run time of the proposed algorithm (measured in seconds) for different
four values of D over the same number of measurements (10000 samples) of the
guitar test signal. From this table it is clear that the run time is directly related
to the time increment. We also noticed that the higher partials are too small
to be tracked. This is also due to the fact that higher frequencies decay faster

than the lower ones. Therefore the total number of partials can be reduced to 12
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Figure 4.7: Amplitude trajectories of different partials of the guitar signal
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Time increment D | Number of iteration | Estimated time (sec)
D=10 1000 5.7977

D=8 1250 8.0623

D=5 2000 17.4566

D=4 2500 25.4711

Table 4.3: Estimated run time for different values of D.

partials instead of 14. As previously mentioned, the algorithm is faster for lower
number of partials which is another motivation for reducing the total number of
partials to be estimated. It is worth mentioning at this point that the two lowest

body resonances are included in the algorithm.

4.7 Summary

This chapter started by introducing one of the most often used analysis/synthesis
techniques, this is the Short-Time Fourier Transform algorithm. Various tech-
niques and algorithms have been utilised for partials tracking of guitar signals
using this algorithm. Some of the main disadvantages of the STFT-based tech-
nique are also presented in this chapter. The main objective of this chapter,
however, is introducing a new algorithm for partials tracking in guitar signals.
The proposed new algorithm is based on the theory of the Extended Kalman Fil-
ter. Choosing the right model to better suit the problem in hand is not a trivial
task unless some prior knowledge of the signal is exploited. Therefore different
models have been tested for this purpose. Although the initial model was an
obvious choice, the results were not satisfactory. The major problems associated
with the initial model have been taken into account in the final model. In this
model the guitar signal is modelled as the sum of a sinusoidal model and a sta-

tistical model. Each partial in the sinusoidal model is fully described by three
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state variables, namely, the amplitude, the frequency and the phase. Both the
amplitude and the frequency are modelled as random walks in order to take into
a.ccoﬁnt their time-varying nature. ‘

A pre-analysis step is utilised to provide the initial values for the filter to
start. This step includes both the pitch detection algorithm and the .spectrum
analysis of the guitar test signal. This chapter also presents the details of the
implementation aspects of the proposed algorithm along with some techniques to
optimize the filter performance. Finally the experimental results are presented.
These results are compared to the results obtained by the conventional STFT-
based analysis for validation and justification. It is worth noting that this tracking
method could be adapted to the SMS modelling system [45], with the potential

for significant improvement.
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Chapter 5

Guitar Model Parameters

Estimation

93



5.1 Introduction

In this chapter the parameter estimation process of the underlying guitar model
is described. This model is fully determined by the string model S(z), the two
body resonators B (z), By(z) and the excitation signals zez.(n), 3, (n) and z,(n)
as previously described in chapter 2. For the estimation process of the model
parameters we follow the same techniques proposed by Tolonen in [55].

Our goal in this chapter is to show that the EKF-based technique, described
in the previous chapter, can be applied successfully for the analysis/synthesis
process of the guitar signals. Therefore each step in the estimation process is ex-
plained using the STFT-based analysis and the EKF-based analysis. In addition
a comparative study between the synthesized signal in both cases and the original
signal is presented. Furthermore we try to assess the accuracy of the EKF-based
algorithm. This is achieved by performing some statistical error-analysis tests on
the residual (noise) signal obtained by the proposed algorithm.

This chapter is organised as follows: section 2 is devoted to the estimation
of the string model parameters. This involves the estimation of the delay line
length L and the loop filter parameters a, g. Thereafter the design of both the
loop filter and the fractional delay filter is described. The computation of the
sinusoidal model and the residual model is presented in section 3. Section 4 de-
scribes the design of the body resonators which is accomplished by estimating
each resonator’s centre frequency and bandwidth. The computation of the ex-
citation signals of the string model and the two body resonators is presented in
section 5. In section 6 a comparison between the synthesized signal in both cases
and the original one is presented. Some statistical tests for the analysis of the
EKF-residual signal are also given in this section. Finally the chapter summary

is given in section 7.
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5.2 Estimation of the String Model Parameters

Recall from chapter 2 that the string model of the underlying guitar model in-
volves three main parts, namely, the loop filter H(z), the delay line L and the
fractional delay filter F(z). In the following subsections the estimation process

of each part is further explained.

5.2.1 Loop Filter Design

The purpose of this section is to estimate the loop filter parameters a and g as
well as the design of this filter. Recall that the loop filter is the main lossy part
in the string model when an all-pass filter is used for fine tuning the pitch period.
Therefore it determines the frequency-dependent damping of the synthetic signal.
The aim of the analysis process, previously described in chapter 4, is to provide
the amplitude trajectory of each partial of the real guitar signal. The damping
factors of such trajectories determine the magnitude responses of the loop fil-
ter [59]. Once the prototype frequency response of the loop filter is computed,
the loop filter is designed in a weighted least-square sense [55].

The design of the loop filter is organized as follows: first the decay rate of each
amplitude trajectory is computed. Hence the frequency-dependent magnitude
response of the loop filter is evaluated. A method for the loop filter design is
then described.

5.2.1.1 Computation of the Decay Rates.

In this section the decay rate of each detected partial of the guitar signal is eval-
uated. In the ideal case, the amplitude trajectory should decay exponentially
in the steady-state part of the signal. This situation is hardly met in prac-
. tice due to non-linearities which result in fluctuations as previously shown in

chapter 4. Smoother trajectories are obtained by integrating them backward in

95



0.1B

fundamental

100

S

Figure 5.1: Schroeder-integrated curves of some partials in the STFT case

time [55]. This technique was first used by Schroeder for reverberation time mea-
surements [44]. In [19] Jot generalised this idea in the frequency domain to yield
the energy decay relief curves. This is the backward integration of the STFT of
a time-domain signal. Hence the decay rates of the partials at a discrete set of
frequencies are computed. For each amplitude trajectory, the energy decay relief

curves Ar(l) are defined as [55]:

00

M) = E (S'1)

m=1
where Er(l) is the amplitude trajectory of the r# partial evaluated at frame
number / and Ar(l) is the corresponding energy decay relief curve. Some of the
computed curves are shown in figures (5.1) and (5.2) in the case of the STFT
analysis and the EKF analysis respectively. It is clear that these curves are
smoother with less fluctuations than the original ones. Therefore these curves
are more appropriate for linear regression. For comparison purposes the curves
are evaluated over the same number of samples in the STFT-analysis and the
EKF-analysis.

It is important to clarify that the energy decay relief curves preserve only the

decay rates of the original curves but they do not retain the original amplitude

96



200 * M 1

Figure 5.2: Schroeder-integrated curves of some partials in the EKF case.

levels. Therefore only the decay rates of the partials are obtained from these
curves. Note that there is a difference in the sampling interval used in the STFT-
analysis and the EKF-analysis. Hence we expect the curves in both cases to be
slightly different. Nevertheless it is clear from figures (5.1) and (5.2) that the

curves have nearly the same decay rates.

5.2.1.2 Magnitude Responses of the Loop Filter

On a decibel scale each trajectory should be a straight line. A segment of every
Schroeder-integrated curve is chosen to fit a straight line to it. The slope Bk
of each partial is evaluated. The corresponding magnitude response of the loop

filter is computed as follows [59]:
9% =10" (5.2)

where L\ is the total delay estimated from chapter 3, H is the hop size used in the

STFT algorithm or the increment parameter D used in the EKF-algorithm and

gk is the magnitude response of the loop filter corresponding to the kth partial.
Table (5.1) gives the estimated slopes of some partials in both cases of the

STFT algorithm and the EKF algorithm.
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Partial number | STFT EKF

first -0.2306e-03 | -0.2396e-03
third -0.4913e-03 | -0.5405e-03
fourth -0.4629¢-03 | -0.4659e-03
fifth -0.6138e-03 | -0.6048e-03

Table 5.1: Slopes of various partials in the STFT and the EKF cases.

5.2.1.3 Computation of the Loop Filter Parameters

The values g determine the desired magnitude responses of the loop filter at
frequencies w; of the k*® partial. That is the prototype magnitude response
of the loop filter. The purpose of this section is to design a loop filter that
matches the overall decay rate of the guitar signal rather than the individual
partial decay rate. We follow here the same design method previously described
by Tolonen [55]. A weighted-least square method is used for determining the loop

filter parameters. The function to be minimized is given by:

E=Y Wk [Cuw) - al (5.3)
k=0

where K is the number of partials incorporated in the filter design, W (k) is an
appropriate non-negative weighting function and G;(w) is the loop filter magni-
tude response given by equation (2.17). The weighting function has to be chosen
in a way such that partials of longer decay are weighted heavily than the ones

with shorter decay. In [24] Valimaki et al. suggest the use of a value given by

_ 1
1—gx

W (k) (5.4)

The error function E is minimized with respect to both a and g where

0<gx<l,

-1<a<0
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Parameter | STFT | EKF
a -0.0225 | -0.0202
g 0.9994 | 0.9993

Table 5.2: Loop filter parameters

This is achieved by using optimization tools, e.g. MATLAB. For the small partials
such as the second and the higher ones, the weighting function is set equal to
zZero.

At this point it is worth mentioning that we are trying to match the magnitude
response of the loop filter rather than the phase response. This is due to the
fact that the dispersion effect of the one-pole filter is too small to affect the
result [24]. The estimated values of both a and g in the STFT algorithm and the
EKF algorithm are shown in table (5.2).

5.2.2 Delay Line Estimation

Recall from chapter 3 that the total delay of the string model is the real valued

number L, defined by [59]
1
fo

where f, is the sampling rate and fp is the estimated pitch period. This delay

L (5.5)

can be further expressed as
Ll :L+D1+Df (56)
where

L is the delay-line length which is an integer value,
D, is the phase delay of the loop filter, and

Dy is the phase delay of the fractional delay filter.
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Once the loop filter is designed, the parameters a and g are determined. Ac-
cordingly the phase delay D, of the loop filter can be estimated. It is given
by

1.,/ asin(w)
- _Et‘“‘ (1+acos(w)/ (5.7)

where 6;(w) is the loop filter phase response given by equation (2.18). Equation
(5.7) gives the exact phase delay of the loop filter. It can be approximated for
low frequencies by expanding the arctan function and ignoring the higher order

terms. This yields
—a

D, = 5.8
T 1+a (5:8)
Hence the delay-line length evaluates to

L = floor(L, — Dy) (5.9)

where floor(z) gives the nearest integer less than or equal to the real-valued

argument X.

5.2.3 Fractional Delay Filter Design

The fractional delay filter is fully determined by its parameter c¢. In order to
compute c, the phase delay of the fractional delay filter needs to be estimated.
Recall from chapter 2 that the phase response of the fractional delay filter is given
by

0f(w) = tan™* (c—;%i%‘%) — tan~! (1—1—0521?(:()3)—)) (5.10)

Expanding the arctan function and ignoring terms of higher orders yields

_ —sin(w) ¢ sin(w)
O(w) = c+cos(w) 14 ccos(w)

(5.11)
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which can be further approximated for low frequencies to

—W cw
b7(w) = crl T Txe
c—1
= 5.12
w(1+c) ( )

Therefore the phase delay of such filter evaluates to

D, 0r(w)

= (5.13)
where Dy is determined by
Di=(Ly-D)-L (5.14)

Thus the parameter c is computed as

_1=Dy (5.15)

1+Df

c

5.3 Sinusoidal and Residual Models

The purpose of this section is to compute the sinusoidal model that corresponds
to the harmonic part of the guitar test signal as well as the residual model. The
analysis process, previously described in chapter 4, describes the significant par-
tials present in the guitaf signal in terms of their amplitude, phase, and frequency.
To compute the sinusoidal model in the STFT-based analysis, the instantaneous
amplitude Eix(m) and the instantaneous phase 6;(m) éorresponding to the
partial need to be evaluated. .

The output of the STFT-based analysis is a set of frames. Each partial &k
has three values, namely, amplitude Ax(l), frequency wi(l) and phase @(l) at
different frames . These values are separated in time by the hop size parameter

H. The instantaneous amplitude Ex(m) at time instance m is obtained by linearly
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interpolating the amplitude values between frames according to

Ap(l) — Ag(l — 1)) m
H

Ei(m) = Ayl —1) + ( (5.16)

form=0,1,...,H—1. 7

To compute the instantaneous phase 6x(m), cubic interpolation'between frames
is utilised using the four available values wi(l — 1), wi(l), we(l — 1) and @k(l).
Cubic interpolation is given in more detail in [31].

The cubic function used in the interpolation is given by
0x(m) = £+ ym+nm? +(¢md (5.17)

where £, v, 7 and ¢ are the polynomial coefficients that need to be determined.

The solution of this polynomial evaluates to [31]

Ok(m) = ep(l — 1) + we(l — 1) m +npm? + ¢ m? (5.18)
where
3 1
-2 1

I and IT are given by
I = (pk(l)—(pk(l-—l)—wk(l—1)H+2’/TM

I = w(l) —wi(l=1)

Both 7 and ¢ are functions of the parameter M which has to be chosen in such a
way to provide maximally smooth instantaneous phase [31]. This is obtained by
having M equals to

M = round(q) (5.21)

where
1 H
1= 5 [SOk(l — 1)+ Huw(l - 1) — oi(l) + '2_(‘*’k(l) —wi(l — 1))] (5.22)
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The round(x) defines the integer value that is closest to the argument z.

Note that this value of q is the root of the second derivative of 8x(m). Choos-
ing M closest to q ensures that a maximally smooth instantaneous phase is ob-
tained [31].

By applying equation (5.18) at all frame boundaries, the phase envelope 8;(m)
is evaluated. Accordingly the sinusoidal model x4, (m) is computed using additive

synthesis. That is
k=N
Zgin(m) = Z E)(m) cos(bk(m)) (5.23)
k=1

The value of N in this sum means the number of partials present in the signal at
time instance m. Hence the residual model z,¢s(n) is computed using subtractive
synthesis as follows

Tres(M) = (M) — Lgin(m) (5.24)

where z(m) is the original guitar test signal. Figure (5.3) shows the real guitar
test signal, the sinusoidal signal z;, and the residual signal z,es; obtained using
the STFT-based analysis. Note that the residual signal still includes the lowest
body resonances.

In the EKF-based analysis, the algorithm provides the amplitude and phase
trajectories at time instances separated by the sampling parameter D. Therefore
the. instantaneous amplitude and phase are obtained by linear interpolation as
previously described in the STFT-based analysis. Figure (5.3) shows the sinu-
soidal and residual signals obtained by the EKF-based algorithm.

Although the lowest body resonances have been extracted already by the
EKF algorithm, we did not remove them from the residual signal. This is for
comparison reasons with the STFT-residual signal which still iﬁcludes the body

resonances.
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Figure 5.3: Sinusoidal and residual models using the STFT
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Figure 5.4: Sinusoidal and residual models using the EKF
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5.4 Estimation of the Body Resonators Param-

eters

In this section we present the estimation process of the body resonators B;(z)
and B,(z). Recall from chapter 3 that each resonator is fully determined by two
parameters: the centre frequency wp and the bandwidth Aw. This section starts
by describing the estimation of those parameters in the STFT-based analysis case
followed by the estimation process in the EKF-based anaiysis.

In the STFT-based analysis the residual signal z,e;(m) contains information
about the plucking event, the body response and the attack transient. To estimate
the body resonator parameters, the STFT of the residual signal is computed. In
this case the window size is adapted to four times the lowest body resonance. The
centre frequencies wg; and wyy, corresponding to Bi(z) and Bs(z) respectively, is
readily available from the STFT.

The amplitude trajectories of the lowest body resonances Ey, (), Ey,(l) are
obtained by utilising the peak detection and the peak continuation algorithms
previously described in chapter 4. Figure (5.4) shows a 3D-plot of the STFT of
the residual signal whereas Ej, () and Ep, (!) are shown in figure (5.4). Smoother
trajectories are obtained by using the EDR curves as described in section (5.1). A
straight line is fitted to éach EDR curve on a dB-scale and its slope is computed.

The radius of the resonator pole is then obtained by [55]
rj = losj/(zo*Hl) for ] = 1’ 2 (5.25)

where s; is the slope of the j** body resonator, H; is the hop size parameter used
in computing the STFT or the increment parameter D in the EKF case, and r;
is the corresponding pole radius. Note that H, is different from H, the hop size

used in the previous STFT, since the window size is different. For values of r;
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Figure 5.6: Amplitude trajectories of the body resonances using the STFT
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Estimated values Bi(z) | Bsy(2)
Slope -0.0006 | -0.0006
Centre frequency fo | 100.78 | 212.78
Pole radius 0.999 | 0.999
Bandwidth Aw 0.002 [ 0.002

Table 5.3: Body resonators parameters using the STFT

Estimated values Bi(2) | Bs(2)
Slope -0.0009 | -0.0004
Centre frequency fy | 102.29 | 209.01
Pole radius r 0.999 | 0.999
Bandwidth Aw 0.002 | 0.002

Table 5.4: Body resonators parameters using the EKF
close to unity, the corresponding bandwidth Aw; is evaluated according to [36]
Awj ~ 2(1 — ;) - (5.26)

The estimated values of wg;, w2, ™1, 2, Aw; and Aw, using the STFT-based
analysis are given in table (5.3). In the EKF-based analysis the two lowest
body resonances have been included already in the final model previously de-
scribed in chapter 4. Therefore there is no need to apply the filter once more
for estimating the amplitude trajectories of the body resonances. The estimation
process continues by estimating the decay rates of such trajectories and conse-
quently Compuéing the corresponding bandwidth. This step is similar to that
described in the STFT-based case. Figure (5.4) shows the amplitude trajectories
of the two lowest body resonances. Table (5.4) shows the results of the estimated

values using the EKF-based algorithm.
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Figure 5.7: Amplitude trajectories of the body resonances using the EKF
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5.5 Estimation of the Excitation Signals

In this section, we present the estimation process of the excitation signals zezc,
zp, and xp, for the string model S(z) and the body resonators B;(z) and Bs(2)

respectively.

5.5.1 String Model Excitation Signal

In [55] Tolonen has proposed a technique for estimating the string model exci-
tation signal. In his technique the residual signal z,.s(n) is post-processed to be
applicable as an excitation signal for the string model. This is achieved by inverse
filtering the original guitar signal, expressed as a sum of the sinusoidal model and

the residual model, with the reciprocal of the string model S~!(z). That is
Xino(2) = S7Y(2) [Xres (2) + Xisin(2)] (5.27)

where S(z) is the string transfer function given by (2.22), X,e5(2) and Xy,(2)
are the z-transforms of the residual and the sinusoidal models respectively. In

the time-domain, equation (5.27) can be re-written as
Ziny (n) = Triny (n) + xsinv(n) (528)

where Z,i,,(n) is the inverse-filtered residual signal and zsn,(n) is the inverse-
filtered sinusoidal model. The inverse-filtered signal of the sinusoidal signal
Zsiny(n) contains an estimation of the error produced by the string model [55].
The attack part of this signal is used to equalize the spectral content of the at-
tack part of the residual signal. Therefore the signal x;n,(n) is truncated after
the attack part. This is achieved by multiplying this signal by the right half of
a window function such as the Hanning window. Hence the excitation signal is
-given by

mea:c,b = xsinv(n)Whalf(n) + xrinv(n) (529)
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Figure 5.8: String model excitation signal

where Whaif(n) is a one-sided window function. Note that the excitation signal
Xexc,b{n) includes the body resonances as well. Therefore the excitation signal
Xexcin) is obtained by subtracting the sinusoidal models of the body resonances

from the signal xexc® That is
eic(N) —*ezeb(™)  Ybsinl (M) <Ebsirdijl) (5.30)

where XxpSinifn) and Xpsin2(n) are the sinusoidal models of the first and second
body resonance respectively. Figure (5.8) shows the excitation signal xexc™(n)
in the top figure whereas the excitation signal xexc(n) is shown in the bottom
figure. The attack part of this signal poses one of the major problems with the
STFT-based analysis; that is the trade-off between the time resolution and the
frequency resolution briefly described in chapter 4. To resolve the lowest body
resonance (100Hz), a wider window has been used in the analysis which, in turn,
results in a poor time resolution. Therefore the time instance of the peak can
not be determined accurately using the STFT technique.

In the EKF-based case, the excitation signal of the string model can be esti-
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Figure 5.9: String model excitation signal in the EKF-based case

mated by following the same procedure previously used in the STFT-based anal-
ysis. The results are shown in figure (5.9) where the excitation signal xexc*{n) is
shown in the top figure and the excitation signal xexc(n) is shown in the bottom

figure.

5.5.2 Body Resonators Excitation Signals

Recall that the second-order transfer function of the body resonator is given by

1—z"

B{z) =(1- 6)j 26Q8@0)z 1+ (26 —1)z-2

This filter has no realizable inverse since it has two zeros at z = 0 and z = 1
To estimate the excitation signal of each body resonance a pseudo-inverse filter

is designed instead [55]. This filter can be written as

A= 1- 26c08(WO)z-1 (26- 1)2-2 5131 %

where
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Figure 5.10: Body resonator excitation signal in the STFT case

bf0= @ - b)[l - e-"0o],
uo = 27r/olls,
b= 1/(1 + tan(Au;/2)),

AL is the 3-dB bandwidth of each resonator in radians.

The Jparameter bf0 gives the value ofthe numerator of the original body resonators
at the centre frequency /o of each resonance. Hence the inverse filter H~[(z) is
given by

H~I(z)= T (1 - 26cos(w0)X26- 1)
bh

The excitation signals Xbi(n) and  (n) are then obtained by inverse-filtering the

corresponding sinusoidal models Xbsini(n) and Xbsini(«) with the filter H~I(z).
That is

Xbl(z)  =H~I(z)Xb3mi(z) (5.33)

Xbz)  =H-'(z)Xb3nz) (5.34)

(5.32)
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Figure 5.11: Body resonator excitation signal in the EKF case

where Xbi(z), Xb:{z), XbSni(z) and XbSn:(z) are the z-transforms of the exci-
tation signals and the sinusoidal models of the lowest two body resonances [55].
Figures (5.10) and (5.11) show the sinusoidal model afisini(n) (top) of the lowest
body resonance and the excitation signal Xbi(n) (bottom) of the body resonator

in the STFT and the EKF cases respectively.

5.6 Results and Discussion

In this section an analysis of the re-synthesized signal, obtained by the proposed
techniques, is described. The results are compared to those obtained by the
STFT-based technique. This section also presents a time-frequency analysis of
the residual (noise) signal of the EKF-based technique along with some statistical

analysis tests.

114



5.6.1 Analysis of the Re-synthesized Signal

The re-synthesized signal is obtained by applying the excitation signals previously
estimated to the guitar model. |

This signal is shown in figure (5.12) where the top graph shows the original
guitar signal, the middle graph shows the re-synthetic signal using the STFT-
based technique and the bottom graph shows the corresponding signal in the
EKF-based technique. It is worth mentioning here that the guitar model is just
a linear model that is not capable of producing all non-linearities present in the
real guitar signal. However, it is quite adequate for our purpose of study which is
the analysis process rather than the modelling process itself. It is clear from the
figure that the signals retain the original level of amplitude of the original one as
well as the overall decay rate. In addition the re-synthetic signals have quite the
same attack part up to the truncation point of the equalized signal.

The original signal and the re-synthesized signals using the STFT and the
EKF techniques are appended to the thesis on an audio CD-rom.

5.6.2 Analysis of the Residual Signal

In this section we analyse the residual signal in order to have some insight on the
performance of the proposed techniques. This is achieved by studying the residual
signal properties in the time-domain and in the frequency-domain. Further the
average value and the variance of the residual are computed. Generally the
smalle: the residual the more accurate is the estimation process.

Figure (5.13) shows the residual signals of the STFT and the EKF cases. A
closer look at the attack part of the two signals is shown in figure (5.14) which
imposes the time-resolution problem of the STFT-based technique. Some basic
error-analysis tests have also performed on the residual signal. Table (5.5) shows
the estimated values of the mean, the variance, and the standard deviation of

this signal.
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Figure 5.12: The re-synthetic guitar signal
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Figure 5.13: The time-domain residual signal
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Criteria The EKF-residual The STFT-residual

Average value 0.00083 0.0012
Variance 0.00082 0.0026
Standard deviation 0.0287 0.0512

Table 5.5: Statistical values of the residual signals
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Figure 5.15: FFT of the residual signal

£rom figure (5.13) it is clear that the EKF-residual signal is smaller than the
STFT-residual signal. Comparing the estimated values in table (5.5) implies that
the EKF-based technique is more efficient than the STFT-based analysis.

In the frequency-domain the spectrum of the residual signal is shown in figure
(5.15). This figure shows that the spectrum of the STFT-residual signal has
more partials with even higher magnitudes than the corresponding ones in the

EKF-based technique.
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5.6.3 Discussion

Throughout this chapter the proposed EKF-based technique has proven to be
efficient and accurate. This indicates that the proposed technique can be used
not only for tracking but also for the calibration process. Nevertheless we believe

that the calibration process is an open area for further improvement.

5.7 Summary

This chapter has presented the calibration process of the underlying guitar model.
The estimation process is carried out in the STFT-based analysis as well as the
EKF-based analysis. Each step in the estimation process is explained in details
along with the main differences between the two techniques. This chapter has

also presented an analysis of the re-synthetic signal and the residual signal.
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Chapter 6

Conclusions and Future Work
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Starting with a physically-relevant model of the acoustic guitar which is often
described and used in the literature, some new tools for the analysis-based syn-
thesis of the guitar signals have been presented in this study. The new tools are
the pitch detection algorithm and the partials tracking algorithm. The main re-
sults of the new techniques are presented in this chapter and the advantages and
disadvantages of the proposed techniques are described. Finally, ideas for future
work and some suggestions for improvements in both the modelling process and

the analysis process are presented.

6.1 Thesis Summary

Physical modelling of a real musical instrument involves two major steps. The
first step is the design of a relevant model that simulates closely the real instru-
ment. This is achieved by studying the physical structure of the instrument along
with the mathematical equations that govern its behaviour. Second the physical
model must be calibrated to a certain instrument which is accomplished by the
analysis of real signals of this particular instrument. In our study we have focused
on the second step.

After introducing a general overview of the various techni(iues of physical
modelling, the construction of the instrument under study; the acoustic guitar,
is briefly described in chapter 1.

The design of a physically relevant model of the acoustic guitar is presented
in chapter 2. In this chapter the principles of the digital waveguide technique
are reviewed and the formulation of a single delay line model is illustrated. We
also present the KS-algorithm for simulating plucked strings and drum-like tones.
Based on the extensions of this algorithm and the principle of commuted waveg-
uide, a guitar model is designed. Other non-linearities that can be incorporated

in the guitar model are briefly presented.
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Having designed a model of the acoustic guitar, the next step is the analysis of
real guitar signals in order to calibrate the model. This analysis process starts by
estimating the pitch period of the guitar signal which in turn determines the total
delay of the string model. For this purpose a novel method has been pfeSented
in chapter 3. The new method is based on the dyadic wavelef transform and
utilizes two FIR-filters for its implementation. The construction of an analysis
wavelet with certain criteria; the quadratic spline wavelet, is explained in detail.
The proposed algorithm has been implemented on a wide range of musical signals
and the results are compared to those obtained by the autocorrelation function.

From the implementation and the simulation results, we conclude that the
proposed algorithm is quite simple since only two FIR-filters are required for the
analysis. These are the low-pass filter corresponding to the scale function and the
high-pass filter corresponding to the analysis wavelet. The proposed algorithm
has proven to be accurate, efficient and robust to noise.

The performance of various wavelets has been tested and the quadratic spline
wavelet is proven to be appropriate for the analysis of a wide variety of musical
signals. In addition, the frame size can be chosen arbitrarily as long as the min-
imum number of periods is preserved for estimating the pitch period. Therefore
we conclude that the choice of either the analysis wavelet or the frame size is not
as crucial as it is in the autocorrelation function. As previously mentioned the
computational complexity -of the proposed algorithm is O(NJ) where N is the
size of the input signal and J is the total number of scales. The main advantage
of the proposed technique is that it is faster than the auto-correlation function
and takes into account the non-stationary nature of musical signals. Finally the
proposed algorithm is general in the sense that it can be applied not only to
guitar signals but also to a wide class of musical signals.

Having estimated the pitch period, the next step in the analysis is to study

the time-varying spectrum of the guitar signal. This step provides the partials’
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decay rates which consequently determine the magnitude response of the loop
filter. Chapter 4 hds presented a thorough study of this step. We start by
describing one of the most commonly used techniques in the literature; that is
the STFT-based analysis. Implementation aspects and simulation results using
this technique are presented in detail. The main limitations of this technique are
briefly described.

The novelty of chapter 4 stems from introducing a new technique for partials
tracking in musical signals. The proposed technique is based on the theory of
Kalman filter in non-linear systems. Different models have been tested, the imple-
mentation aspects of the algorithm are thoroughly presented and the simulation
results are analysed in depth.

From this chapter we conclude that designing the correct model that fits the
true signal is the core of the EKF technique. Once the model has been designed
accurately, the computation of the state transition matrix and the measurement
matrix is straightforward.

The results of the proposed technique show that it is accurate and robust
to noise. The computational complexity of this technique is O(M?) where M
is the total number of state variables to be estimated. This implies that the
EKF-based technique is significantly faster than the STFT-based technique which
per!?orms a series of FFT each of complexity O(Nlog N) for an N-point input
signal. Unlike the STFT-based technique which implements a peak detection
and a peak continuation algorithm to provide the trajectories of each partial,
the EKF-based technique provides the trajectories of each partial in one step.
Further, the phase envelopes are obtained by linear interpolation instead of cubic
interpolation as is the case in the STFT-based technique.

Another major advantage of the proposed technique over the STFT-based
technique is the time-resolution. The fact that the maximum value of the time

increment parameter D is limited by the sampling theorem indicates that this
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technique takes into account the non-stationary nature of the musical signals.
Hence the results of this technique can be considered as more reliable than the
ones obtained by the STFT technique. It is worth mentioning here that due to
the time-resolution problem of the STFT-based analysis, the whole process has to
be carried out once more for extracting the lowest body resonances. In contrast,
the lowest body resonances have already been included in the EKF model.

The proposed EKF-based algorithm has been tested mainly for guitar signals.
However we believe that the algorithm can be'applied to any musical signal that
can be represented by the final model; for instance any plucked string signal.
Nevertheless, the application of the proposed technique to other types of musical
signals is ripe for further investigations.

On the other hand some parameters of the EKF-based algorithm have to
be carefully chosen such as the measurement noise variance R and the state
covariance matrix ). A prior knowledge of the signal to be analysed can be
exploited. In our study the values of R and ) have been experimentally chosen.

At this point it is worth noting that all proposed techniques have been im-
plemented using MATLAB. They have the potential of real-time implementation
and writing these algorithms in a more generic language like C is currently taking
place. Having estimated the required values for calibrating the guitar model, the
estimation process is explained in detail in chapter 5. we believe that this chap-
ter is of great importance as it assures the accuracy of the proposed EKF-based
technique. In chapter 5 we have also presented an analysis of the re-synthesized

signal as well as the EKF-residual signal.

6.2 Future Work

We believe that the topics introduced in this dissertation are just the beginning

of a new era for digital sound synthesis techniques. There are still many things to
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be done in both the modelling process and the analysis process. In the modelling
process, modelling the non-linearities present in real strings needs more careful
study and new techniques for incorporating them are required. Modelling the
guitar body as a digital filter as well as modelling the plucking point are still
opened for further investigations. It is possible that the wavelet technique we
have introduced may form a starting point for this difficult problem. We also
believe that new techniques are required for the calibration process. This includes
the design of the loop filter, the choice of the optimal weight function and the
estimation of the excitation signals; more experimental and theoretical work is
needed to clarify this area.

The EKF technique shows great promise in the modelling of instruments.
Nonetheless a method for computing the state covariance matrix @ in musical
signals is required. Also the application of the EKF technique to a wider range of
musical signals needs to be studied, but we have shown its potential. The main
obvious continuation of this study is to adapt the pitch detection algorithm as
well as the partials tracking method for the SMS modelling system. We believe
that these methods will lead to significant improvement in this technique, and

offer the promise of real-time analysis.

6.3 Conclusions

To conclude, in this study we have presented novel methods for the analysis of
musical signals. A new pitch detection algorithm is developed which has the
potential of real-time implementation and is proven to be efficient and accurate.
Another technique is developed for tracking the partials in plucked string signals,
this new technique being simple, accurate and provides a substantial reduction

- of the computational complexity compared to the STFT-based technique.
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Appendix A

Paper from DAFx99

This appendix is a copy of the paper A Wavelet-based Pitch Detector for Musical
Signals by J. flitch and W. Shabana, which was published in the Proceedings of
DAFx99 [10].
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A WAVELET-BASED PITCH DETECTOR FOR MUSICAL SIGNALS

John Fitch
Department of Mathematical Sciences,
University of Bath,
Bath BA2 7AY.UK
e-mail: jpff@maths.bath.ac.uk

ABSTRACT

Physical modelling of musical instalments is one possible
approach to digital sound synthesis techniques. By the term
physical modelling, we refer to the simulation of sound
production mechanism of a musical instrument, which is modelled
with reference to the physics using wave-guides. One of the
fundamental parameters of such a physical model is the pitch, and
so pitch period estimation is one of the first tasks of any analysis
of such a model.

In this paper, an algorithm based on the Dyadic Wavelet
Transform has been investigated for pitch detection of musical
signals. The wavelet transform is simply the convolution of a
signal f(t) with a dialated and translated version of a single
function called the mother wavelet that has to satisfy certain
requirements. There are a wide variety of possible wavelets, but
not all are appropriate for pitch detection. The performance of
both linear phase wavelets (Haar, Morlet, and the spline wavelet)
and minimum phase wavelets (Daubechies’ wavelets) have been
investigated. The algorithm proposed here has proved to be
simple, accurate, and robust to noise; it also has the potential of
acceptable speed. A comparative study between this algorithm and
the well-known autocorrelation function is also given. Finally,
illustrative examples of different real guitar tones and other sound
signals are given using the proposed algorithm.

KEYWORDS

Physical modeling - wavelet transform - pitch - autocorrelation
function.

I. INTRODUCTION

During the last two decades, physical modelling of real musical
instruments has gained popularity as a tool for sound synthesis
and computer music. The term physical modelling refers to the
simulation of sound production mechanism and the behaviour of a
real musical instrument [I] [2] [3],

In physical modelling of a guitar (as a plucked string instrument),
the ideal vibrating string is considered as the main source of
vibration. It satisfies the one-dimensional wave equation, which
can be modelled very accurately using digital wave-guide
techniques [4]. Starting with a recorded real guitar tone,
estimating the model parameters is one of the main tasks of the
analysis process. Hence, pitch period estimation is essential for
extracting the other parameters. Unlike speech signals, musical
signals have a broader range of frequencies, so there are some
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difficulties in estimating their pitch period [5], The autocorrelation
function is one of the well-known time-domain pitch detectors.
Despite its simplicity, the autocorrelation function has some
disadvantages.

An algorithm based on the dyadic wavelet transform has been
investigated for pitch estimation of musical signals. The basic idea
of this algorithm is that, for an appropriately chosen wavelet, the
dyadic wavelet transform exhibits local maxima at the points of
sharp variation of the signal [6],

In this paper, the application of the proposed algorithm to a wide
range of stringed musical signals as well as some other musical
signals has been investigated. Further, a comparative study
between this algorithm and the autocorrelation function is
presented. This paper is organized as follows: section 2 is devoted
to the pitch detection problem and the autocorrelation algorithm.
In section 3, principles of the dyadic wavelet transform and its
properties is presented. In section 4, implementation of the
proposed algorithm and the autocorrelation algorithm to a wide
range of musical signals as well as singing voices is studied.
Discussions and results are presented in section 5. Finally, section
6 is devoted to the conclusion.

2. PITCH DETECTION OF MUSICAL SIGNALS

Pitch period is a fundamental parameter in the analysis process of
any physical model. A pitch detector is basically an algorithm that
determines the fundamental pitch period of an input musical
signal. Pitch detection algorithms can be divided into two groups:
time-domain pitch detectors and frequency-domain pitch
detectors. Pitch detection of musical signals is not a trivial task
due to some difficulties such as the attack transients, low
frequencies, and high frequencies.
The autocorrelation function is a time-domain pitch detector. It is
a measure of similarity between a signal and translated (shifted)
version of itself. The basic idea of this function is that periodicity
of the input signal implies periodicity of the autocorrelation
function and vice versa.
For non-stationary signals, short-time autocorrelation function for
signalfin) is defined as [7]:

. N-m-1

pti(m) -— ~J/(n+/)u(n+/)]|/(n+m+/)H(n+m+/)], (I)
N n=0
05 m¢£ Af0-1,

where w(n) is an appropriate window function, N is the frame
size, 1is the index of the starting frame, m is the autocorrelation
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parameter or time lag and Ma is the total number of points to be

computed in the autocorrelation function.

The autocorrelation function has its highest peak at m=0 which
equals to the average power of the input signal. For each I, one
searches for the local maxima in a meaningful range of m. The
distance between two consecutive maxima is the pitch period of
the input signal/(n). Different window functions such as

rectangular, Hanning, Hamming, and Blackman windows have
been used in the analysis. The choice of an analysis window and
the frame size are among the main disadvantages of the
autocorrelation function.

3. DYADIC WAVELET TRANSFORM

Wavelet transform is based on the idea of filtering a signal fit)
with a dialated and translated versions of a prototype

function ~ (f) * This function is called the mother wavelet and it

has to satisfy certain requirements [8]. The Continuous Wavelet
Transform (CWT) for/(t), is defined as [9];

CWT(f,a,b)= jf(ty¥ab(v)dt, (2)

where . ap)- 'i*(f b)- ae R- {0}is the scale parameter and
a

be R is the translation parameter. In addition to its simple
interpretation, the CWI' satisfies some other useful properties
such as linearity and conservation of energy [8] [9]. For practical
implementations, CWT is computationally very complex.

Dyadic Wavelet Transform fDWT), is the special case of CWT
when the scale parameter is discretized along the dyadic grid

(2y),j=1,2... and be Z [10], i.e.,
DWT()= Wjf =f(1) *¥% (0 (©)

where * denotes convolution and * For an

appropriately chosen wavelet, the wavelet transform modulus
maxima denote the points of sharp variations of the signal [6] [10]
[12]. This property of DWT has been proven very useful for
detecting pitch periods of speech signals [11], An appropriately
chosen wavelet is a wavelet that is the first derivative of a smooth
function [6]. Zero-crossings of musical signals can be considered
as points of sharp variation of the signal and hence the dyadic
wavelet transform exhibits local maxima at these points across
several consecutive scales. The pitch period is evaluated by
measuring the time distance between two such consecutive
“maxima.

4. IMPLEMENTATION

Theoretically, the Dyadic wavelet transform has to be evaluated

for all scales (2J), forj varying from -ooto + °°. For practical
implementation, one is limited to a finite larger scale and a
nonzero finer scale, since the input signal is generally measured
with a finite resolution. The finer scale is equal to I (for
normalization purposes) and the larger scale is equal to 2J. The
wavelet used in this analysis is the quadratic spline wavelet, which

is the first derivative of the cubic spline 0(2) , i.e.,

"Vieo) = i0)9{(0). @
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in( to 14
9Iw) = exp( -iO))\tS"é‘;N)) ®
This wavelet is an anti-symmetric, regular and of compact
support. The corresponding scale function 4>(f) is the quadratic
spline with Fourier transform given by
, . 3w sin(a»/2)"\ 6
&w:eXp(-lj){f@— -j) ©
Figure I.show both 'F(f) and <£(0 respectively.

Two FIR filters, namely, a low-pass filter (/i(n)| and a high-pass
filter (g(n)} characterize the discrete dyadic wavelet transform,
and the number of levels J. Starting with Sq/=f ho and

g0 =g, the recursive algorithm is defined as

Wi 1f =gij *Sjf
0]
W W
j=0,I...J-I.
where hj and gj denotes the filters obtained from h and g by

inserting V -1 zeros between each two consecutive coefficients
of the two filters respectively. Hence the DWT can be
implemented as a FIR non-subsampled octave-band filter bank.

(a) quadratic spline wavelet  (b) quadratic spline function

Figure (I)
5. RESULTS AND DISCUSSONS

The proposed algorithm has been implemented on a wide range of
musical signals such as a saxophone signal (wind instrument-), a
tanpura signal (an Indian drone instrument), a singing voice
signal, and a conga rim-hit signal (drum family) but with
emphasis on plucked string signals (a classical guitar tone, bass,
pizzacato cello ...etc).

The sampling rate for all test signals is 44.1 kHz and different
window size of 22.7 and 34 ms has been used. Experiments have
shown that it is adequate to evaluate the dyadic wavelet transform

across three consecutive scales only 24, 25,and 26.

In the analysis of plucked string signals, the results show that it is
sufficient to estimate the pitch period from the steadily decaying
part of the signal several hundred milliseconds after the attack
[13]. This is due to the fact that pitch period of plucked-string
signal decreases as the signal attenuates. The test signal is a D-
tone guitar and the estimated pitch period is 147 Hz. In this case,
the relative error is (0.001). Results for guitar tone is shown in
figure (2).



The estimated pitch of a D#-sax signal is 154.7368 Hz with
relative error 0.005. Figure (3) shows results of the sax signal.

The lanpura signal is a very harmonically rich signal. Our results
show that the proposed algorithm has the ability to detect not only
the fundamental frequency but also the frequency with the most
energy present in the signal. In the case of the autocorrelation
function, the effect of the window function is to taper the function
smoothly to 0. Hence, a longer frame size has to be used in order
to detect the fundamental of the tanpura signal not the strongest
harmonic. The estimated pitch period of this signal is 157.5 Hz.
Results of this signal are shown in figure (4).

Figure (5) shows results of the analysis of a male singing voice.
The estimated pitch is 110.8040 Hz.

Moreover, in the analysis of conga-rim signal, the algorithm
classified this signal as unpitched one since it failed to find local
maxima that satisfy the previous criteria.

For all test signals, the results can be further improved by using
several methods of curve fitting for best estimate of local maxima.
The computational complexity of the proposed algorithm is
O(NJ), for an input signal of length N evaluated across J scale.
The constant depends on the number of the nonzero coefficients
present in the filters & and g The algorithm is faster than the
autocorrelation function since the length of the analysis wavelet is
less than M 0.

Different wavelets like Haar wavelet [14], a minimum-phase
wavelet [14], and Morlet wavelet [15], have been used in the
analysis to compare their performance. The spline wavelet has a
superior performance. Results also show that the Haar wavelet has
the potential of real-time implementation due to its simplicity and
its accurate results.

Despite its  simplicity, the autocorrelation function is
computationally expensive when the appropriate frame size is
used. Its main drawback is the choice of a window function and
assuming stationarity of the signal within the frame, hence using a
fixed frame size during the analysis process. More about the
analysis process of all test signals is found in [16].

6. CONCLUSIONS

An algorithm based on the Dyadic Wavelet Transform is
investigated for pitch detection of musical signals. The results
show that the algorithm can be applied to a wide range of musical
signals such as guitar, sax, cello, bass, tanpura as well as some
singing voices. The algorithm is simple since only two FIR-filters
are required for the analysis. It is accurate, efficient and robust to
noise. The main advantage of the proposed algorithm is that it is
fast compared to the autocorrelation function. Besides, the
algorithm takes into account the non-stationarity of the input
signal. Unlike the autocorrelation function, the frame size in not a
crucial parameter since different frame sizes have been used
successfully. On comparing the performance of different
wavelets, the quadratic spline wavelet has a superior performance.
Nevertheless, the algorithm has the potential of real-time
implementation using the Haar wavelet due to its simplicity with
minimal loss of accuracy. Finally, the algorithm can classify
unpitched signals.
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Appendix B

Parabolic Interpolation

The estimated values of the local maxima for the autocorrelation function and
the wavelet-based pitch detector can be further improved by using parabolic
interpolation. This is achieved by fitting a parabola to the maximum point, say
A(zq,y2), and its two adjacent points B(z1,y:1) and C(z3,ys). |

The equation of the parabola is given by
y=az’+br+c (B.1)

where a,b and c are the coefficients of the parabola that need to be estimated.

On substituting from A, B, and C into equation ( B.1) yields

n o= axf+bx1+c (B.2)
Yy = azi+bzytc (B.3)

y3 = az3+bxz+c (B.4)
Subtract equation ( B.2) from equations ( B.3) and ( B.4)

yo—1n = a(z2—123)+b(z2—11) (B.5)

Ys—y1 = a(m%—x%)—i—b(zg—xl) N (B.6)
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Equations ( B.5) and ( B.6) can be rewritten as

I = a(.'E2+IL'1)+b (B7)
II = a(x3+m1)+b E ‘- ' (BS)

where I and I are defined as

(W2 —w)
I = - (B9
(e m) (B9)
(ys—w1)
II = B.10
(53 —11) xl) (B.10)
To determine the coefficient a, subtract equations ( B.7) and ( B.8)
(I —1I1)
= B.11
(z2 — z3) ( )

Using the value of a, the coefficient b can be determined from equation ( B.7) as
b=1I-a(zs+ 1) | (B.12)

By knowing the values of both a and b, the coefficient c is determined from any
of equations ( B.2), ( B.3), or ( B.4). The maximum value of the parabola then

evaluates to

—b
Tmaz = _2_0: (B13)

. b?
Ymaz = C_'E (B14)
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Appendix C

Analysis of a D Guitar Signal

In this appendix we present the analysis of another guitar test signal which
is shown in figure (C.1). The estimated pitch period of this signal using the
quadratic spline wavelet is 147.027 Hz. The results are shown in figure (C.2).

Figure (C.3) shows the Fourier transform of this signal. From this figure it is
clear that the second body resonance is too small (nearly missing). Therefore in
the EKF-based model we have included only the first body resonance.

Some of the amplitude trajectories of this signal using the STFT-based tech-
nique are shown in figure (C.4). Figure (C.5) shows the corresponding results of

the proposed EKF-based technique.
o
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Appendix D

Analysis of a B Guitar Signal

In this appendix we present the analysis of another guitar test signal which
is shown in figure (D.1). The estimated pitch period of this signal using the
quadratic spline wavelet is 248.1836Hz. The results are shown in figure (D.2).

Figure (D.3) shows the Fourier transform of this signal. From this figure it
is clear that partials above 3kHz are too small to be included in the EKF-based
model. In addition, we have included only the first body resonance since the
second is nearly missing.

The amplitude trajectories of the four lowest partials of the guitar signal using
the STFT-based analysis are shown in figure (D.4).

Figure (D.5 shows the trajectories of these partials using the EKF-based tech-

nique.
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