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Sum m ary

This thesis presents a rigorous and efficient analysis of high power stripline structures 

of arb itrary  dimensions. The analysis has been developed to  improve the design of 

medium power beamforming networks th a t are commonly found in air surveillance radar 

antennas.

The thesis provides a review of electrom agnetic analysis techniques and existing 

stripline analyses. The Transverse Resonance Diffraction (TR D ) technique is introduced 

and developed in term s of a y-param eter network representation for coupled striplines, 

with the uniform line derived as a limiting case. The analysis yields a  m atrix  equation 

in term s of a  set of unknown fields in the structure. The equation is solved using 

Galerkin’s m ethod with the unknown fields discretised using basis functions th a t model 

the singularities present on the edge of the striplines.

Results have been computed for the cut-off frequency, im pedance and a ttenuation  

factor for uniform and coupled stripline structures, and are com pared to  existing CAD 

packages, conformal m apping techniques and finite element analyses. The results illus

tra te  improved accuracy over conformal m apping analyses, and comparable accuracy 

with numerical techniques, but achieved with a much reduced com putation time and 

memory requirem ent.

M easured results are also presented for the cut-off frequency of uniform and coupled 

striplines and show excellent agreement with results computed using the TRD m ethod 

and Hewlett Packard’s High Frequency S tructure Simulator (HFSS).

A generalised analysis of stripline discontinuities has also been developed. The analy

sis uses propagation constants and mode impedances calculated using the TRD m ethod 

to  com pute the  scattering param eters of discontinuities using a field m atching m ethod. 

The expressions for the uniform to coupled lines transition are evaluated as an example.
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C hapter 1

Introduction

1.1 O utline

This chapter provides background inform ation on the stripline s tructu re  and its appli

cation to  beam form ing networks, and the m otivation behind the research work. The 

chapter concludes with an outline of the work contained in the  thesis.

1.2 Strip line and R elated  Structures

Historically, the  term  “stripline” has referred to structures where the signal conductor 

is separated from the ground plane by a dielectric. This encompasses the  structures 

shown in Figure 1.1, which were referred to  as m icro-stripline (Figure 1.1(a)) and tr i

p late stripline (Figure 1.1(b)), bu t have been abbreviated to  m icrostrip and stripline 

respectively. Boxed stripline or rectangular co-axial line is shown in Figure 1.1(c) and 

is an im portan t class of stripline structure. A simplifying assum ption in m any analyses 

is to increase the aspect ratio  of the outer co-axial conductor, such th a t the side walls 

do not significantly interact with the stripline fields. The co-axial line struc tu re  can 

therefore be used to  approxim ate the open tri-p late  stripline structure . The rectangu

lar co-axial line was one of the first structures to be analysed using Finite Difference

1



techniques.

dielectricmetal

(a) (b) (c)

Figure 1.1: M icrostrip (a), Stripline (b) and Rectangular Co-axial Line (c) Structures

The analysis of stripline structures has generated particular interest since it finds 

many applications. The interconnections in high speed printed circuit systems and 

M M IC’s are essentially based on stripline structures where the conductor widths are 

a small fraction of the wavelength of operation ( 1  x 1 0 _5A to 1 x 10_3 A). Another 

application of stripline structures is in antenna beamforming networks at medium power 

levels (<  4.5k W  peak).

Beamforming networks connect a central antenna feed point to a number of radiating 

elements. Power splitting networks and line lengths are used to achieve a particular am

plitude and phase variation across the set of radiating elements. The stripline structures 

used in these networks use central conductor widths of between 0 . 1  A to 0.4A, and are 

typically air filled with the central conductor supported along its length by a number 

of dielectric blocks. The central conductor is not embedded in a dielectric for reasons 

of cost, weight and power dissipation. The central conductor and ground planes are 

normally manufactured from brass, although in some cases aluminium ground planes 

are used with a copper central conductor to reduce weight, but without increasing the 

overall power dissipation. The stripline used in these beamforming networks has a cen

tra l conductor thickness which is an appreciable proportion of the ground plane spacing. 

The thickness of the central conductor is a compromise between weight, and cooling and 

ease of manufacture. In practice, most production systems use a standard thickness of 

brass plate (60 thousandths of an inch). This compares to stripline in MMIC structures,
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and m icrostrip where the central conductor typically has a  negligible thickness.

The power handling capability of these networks is specified as a  peak power rating 

and a  m ean power rating. The peak power rating is set by the dielectric breakdown 

voltage, and the m ean power rating  is set by the allowable tem peratu re  rise of the  central 

conductor. The mean power rating  normally dictates the  limit on the system  operating 

power since high conductor tem peratures cause problems with dielectric components in 

the network.

These lim itations constrain the stripline to medium power operation, with high power 

networks being realised using waveguide. Low power networks are norm ally fabricated 

using printed circuit techniques (m icrostrip or stripline) for reasons of cost. Rectangular 

co-axial line is also used in medium power beamform ing networks where the priority  is 

for a compact network. The stripline network relies on the parallel arm s of the  network 

being spaced a sufficient distance apart such th a t no coupling, or crosstalk occurs. The 

rectangular co-axial s tructu re  enables parallel arm s of the network to  be m ore closely 

spaced, with the penalty of increased weight and power dissipation in the  side walls 

between striplines.

1.3 D esign  o f Beam form ing N etworks

The beam pattern  from an array of antenna elements consists of a  sum m ation of re

sponses from each of the individual elements. The am plitude variation across the  array 

weights this sum m ation, and the phase variation controls the angle of the m ain lobe. 

Figure 1.2 shows the beam pattern  produced by a uniformly weighted linear array  at 

broadside, i.e. perpendicular to  the axis of the array.

The weighting of the array elements determines the 3dB beam w idth of the  m ain lobe 

and the sidelobe level, and can be altered to  optimise either of these param eters. The 

calculations assume th a t there are no gain and phase errors across the  elements, or their 

feed network. In practice, phase errors produce a noise floor in the  response and the  gain 

errors degrade the m ain lobe gain. The design of the beam form ing netw ork is therefore 

critical to  the performance of a  sensor system. The optim um  system  perform ance is
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achieved when the allowable gain and phase errors produce a noise floor equal to  the  

sidelobe level. This often produces a  very stringent specification on the phase and gain 

variations across a  beamforming network, typically of the  order of ±5° and ±  0.5dB 

for networks with lengths approaching 15A. This requirem ent dictates a  very accurate 

analysis of the elements in the beamform ing network.
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Figure 1.2: B eam pattern  of an Eight Element A rray with Uniform W eighting for a 
Beam at 90° to  the Plane of the  A rray (Broadside)

The design of beamforming networks has traditionally  been carried out using ap

proxim ate design rules program m ed into a CAD system , which produces a  m etallisation 

p a tte rn  th a t is machined, assembled and tested, with the results being used in the  next 

iteration of the design. This process frequently can take up to  nine iterations to  produce 

a  network w ith a  correct response and is extremely inefficient in term s of development 

time and cost. Advances in m anufacturing techniques and the use of common interfaces 

between CAD packages and com puter controlled cutting  machines has reduced the tim e
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required to  m anufacture the networks. However, the greatest scope for improvement is 

in the  development of accurate and efficient circuit models for inclusion into the CAD 

system . This would allow the network to  be optim ised and m anufactured w ith the 

desired response m et after very few iterations.

The current design of these networks has concentrated on a standard  thickness of 

stripline supported  symmetrically between ground planes. The principle design variable 

has been the w idth, and hence im pedance of the stripline elements. The advent of an 

accurate and efficient means of analysing stripline enables the effects of m anufacturing 

tolerances in the  stripline dimensions to  be ascertained. The design param eters of 

striplines w ith novel dimensional ratios can also be computed. Both of these calculations 

provide useful background inform ation for the  stripline designer.

The design param eters of greatest interest are the impedance and a ttenuation  factor 

of the stripline. The networks are designed to operate as a  m onomode structure . An 

accurate calculation of the monomode bandw idth is therefore also required to  check th a t 

higher order modes do not propagate on wide sections of stripline, such as the  input of 

a  power splitting network.

The principle elements th a t require modelling in a beamform ing network are: uniform 

and coupled lines; uniform to  coupled line transitions; uniform line step in widths; power 

splitters and m itred bends. The work described in this thesis considers the analysis of 

the  first th ree elements with the notation  used to  describe the stripline dimensions 

shown in Figure 1.3.

1.4 O utline o f the T hesis

This chapter has provided background inform ation into the various types of stripline 

structure . The stripline used in medium  power beamforming networks has also been 

described w ith a  discussion of the design process and the m otivation behind an accurate 

analysis o f the structure.

The second chapter provides an overview of electrom agnetic analysis techniques th a t 

have been used to  analyse stripline structures, and their lim itations and assum ptions.
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Figure 1.3: Definition of Stripline Dimensions

A review of the research work that has previously been undertaken to characterise 

the uniform and coupled stripline structures and stripline discontinuities is also given. 

The Transverse Resonance Diffraction (TRD) method is introduced and the choice of 

this m ethod is discussed against the requirements of an accurate and efficient analysis 

technique.

The third chapter provides a detailed derivation of the TRD m ethod applied to 

both uniform and coupled stripline structures, and illustrates the methods employed 

to produce a computationally efficient analysis. The extension of the technique to 

analyse any number of coupled striplines of arbitrary dimensions is also described. The 

practical aspects of solving the resulting equations are discussed in addition to means 

of expressing the determ inant as a closed form expression. The param eters th a t are 

used to characterise the stripline structure are also defined and derived in term s of the 

computed fields.

Chapters four and five verify the TRD theory by comparison to a num ber of purely 

analytical and purely numerical techniques such as conformal mapping and finite ele

ment techniques. The comparison is primarily concerned with the relative accuracies 

of the methods. Typical computational times and memory requirements are also given 

to enable an assessment of the relative efficiencies of the m ethods. Measured results 

are also presented to  verify the results computed by the TRD method. The results 

presented in these chapters are related, wherever possible, to the dimensions th a t are
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used in practical circuits, and therefore provide an im m ediate source of inform ation for 

stripline designers.

The sixth chapter utilises the TRD results com puted for uniform  and coupled lines as 

a basis for com puting the scattering param eters of a  num ber of stripline discontinuities. 

The technique again illustrates how a-priori inform ation concerning the field singularity 

behaviour can provide a compact analysis. The lim itations of the  m ethod in term s of 

its stability  are also briefly discussed.

T he thesis is concluded by a sum m ary of the research work and an overview of results 

of particu lar interest. Future areas of research are also identified and discussed with 

respect to  the  TRD analysis and other m ethods of analysis.

An appendix is provided as a  source of background inform ation on the Hewlett 

Packard HP85180A High Frequency S tructure Simulator (HFSS). The HFSS package 

has been used extensively as a  means of verifying the TRD  results and also as an example 

of a current commercial electrom agnetic sim ulator. A num ber of appendices are also 

provided for the  derivation m athem atical expressions required in the evaluation of the 

uniform and coupled lines analysis and the stripline discontinuity analysis.

7



C hapter 2

A nalyses o f Stripline Structures

2.1 O utline

In this chapter various m ethods th a t have been used to  analyse stripline and other 

passive microwave devices are briefly described. A review of published work on the 

analysis of uniform and coupled striplines, and stripline discontinuities is also presented. 

The chapter concludes with a  description of the Transverse Resonance Diffraction (TRD ) 

technique as an introduction to the theory derived in C hapter 3.

2.2 R eview  of A nalysis Techniques

There are a  large num ber of techniques available for the  analysis of passive microwave 

components and a num ber of authors have provided reviews of the  various m eth

ods [1, 2, 3, 4]. Many of the m ethods share common features, and are specific cases 

of a  m ore general m ethod e.g Boundary Element M ethod (BEM ), or an extension of 

another m ethod e.g. Spectral Domain M ethod (SDM ). The m ajority  of techniques use 

a  combination of m ethods in order to  analyse a s tructu re  e.g. Transverse Resonance 

Diffraction (TRD ) technique.

The choice of an appropriate m ethod depends on the accuracy required, the  com puter



power available, the am ount of analytical pre-processing needed, and the generality of 

the analysis. For the purposes of this review, the m ethods are broadly classified as those 

techniques requiring little or no analytical pre-processing; those requiring analytical pre

processing; and techniques th a t require virtually no numeric processing.

2.2.1 Predom inantly Num erical Techniques

Finite Difference (FD ) m ethods and Finite Element (FE ) m ethods can be categorised as 

predom inantly numerical techniques, along with the Boundary Element M ethod (BEM ). 

The small am ount of pre-processing makes these m ethods ideal candidates for commer

cial electrom agnetic analysis packages. Hewlett Packard’s HP85180A High Frequency 

S tructure Sim ulator (HFSS) is based on Finite Elements and is described fu rther in Ap

pendix A. Sonnet Software’s EM Package is based on the  Boundary Element M ethod. 

The disadvantages of these techniques are the com putational requirem ent to  run  these 

packages, and the  tim e taken to  com pute the results. This will be discussed in greater 

depth for HFSS in Chapters 4 and 5, where comparisons will be m ade w ith o ther m eth

ods. The generality of these m ethods is excellent with the HFSS FE  software able to 

com pute the field solution for arb itrary  3D structures. The BEM  is currently applied 

commercially to  structures th a t comprise of an a rb itrary  conductor p a tte rn  in the di

rection of propagation but the cross section consisting of layered m edia and conductor 

m etallisations (planar 3D).

F in ite  D ifferen ce  (F D ) M eth od

The F inite Difference (FD ) m ethod requires no analytical pre-processing and is the 

oldest of the  numerical m ethods. The structure is sub-divided in to  a regular mesh or 

grid (Figure 2.1(a)) and the derivative term s in M axwell’s equations are replaced by 

a Taylor Series expansion in term s of the potentials which are stored on the sides or 

vertices of the  grid. This effectively transform s the problem into a set of linear equations 

in the unknown potential. The m ethod is relatively inefficient due to  the  large num ber 

of grid points and hence the large order of the m atrices, which contain mainly zeroes 

apart from a set of elements around the leading diagonal. The solutions are therefore
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found using iterative techniques as opposed to  m atrix  inversion techniques. A further 

lim itation of the technique is th a t the mesh points m ust lie on the boundaries of the 

problem hence curved or irregular shaped structures require a  large num ber of grid 

points. In addition, structures with field singularities also require a  finely spaced grid 

to accurately model the rapid ra te  of change of the field. In order to  decrease the 

m atrix  size, hence storage requirem ent, the  graded mesh technique is used where the 

grid spacing is decreased only around the singularities. The efficiency of the FD m ethod 

is also often improved by form ulating the problem using variational expressions.

The finite difference technique has also been used to  discretise the  tim e derivative 

form of M axwell’s equations, term ed Finite Difference Time Domain (FD -TD ). This 

technique requires greater storage since a set of tim e steps are stored for the structure, 

hence the technique becomes feasible only w ith the increase in available com puter stor

age and processing power. The overall tim e response of the s truc tu re  can be converted 

into a  frequency response by taking the Fourier transform , the cell dimensions limiting 

the range of the  frequency data.

F in ite  E le m e n t (F E ) M eth o d

The finite element m ethod [4, 5] differs from the finite difference technique in th a t the 

problem is cast in term s of a functional th a t has variational properties, i.e. for the  correct 

solution a first order displacement produces a  second order error. The structu re  is sub

divided into polygons, normally triangular or rectangular elements for 2D problems and 

te trahed ra  for 3D problems (Figure 2.1(b)) which are able to  accurately model irregular 

shaped boundaries.

The functional is evaluated assuming an approxim ate solution, ue for each element 

as a weighted sum of functions, g*:

P= P

^ e = ' E X p3p  (2-1)
p = o

In the m ethods of m om ents, the problem is then solved for the  unknown param eters, 

X p for the struc tu re , hence u e. In the case of finite elements, a  variable transform ation is
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Figure 2.1: Meshes Generated by the Finite Difference (FD ) M ethod (a); the Finite 
Element (FE) Method (b); and the Boundary Element M ethod (BEM) (c) for a Rect
angular Stripline Structure
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used to  express the unknown function at the N nodes of the  element, e. This essentially 

produces a set of N equations {we)jv} in P unknowns. This requires th a t P < N, 

hence the num ber of nodes determines the order of the function, g In this m anner, 

convergence of the solution is achieved by increasing the  num ber of elements used to 

discretise the structure, as opposed to  increasing the order of the  basis functions, P.

The finite element technique is readily suited to  a rb itrary  structures w ith defined 

boundaries i.e. rectangular co-ax. Structures th a t are open in one dimension i.e. 

stripline have to  be modelled in the cross section either by placing an electric wall 

a t a sufficient distance, or using a system of “infinite elem ents” . The form er approach 

is the simplest but least efficient since the com putation tim e is proportional to  the  cross 

sectional area which may be unnecessarily large. The infinite element approach sub

divides the  cross section into a near field region and a far field region. The near field 

region is discretised as before, whereas the far field region is modelled by infinite ele

m ents parallel to  the ground planes and with nodes defined on the boundary of near and 

far fields. These elements model the  far field behaviour as a  dipole field with dependence

I r I- 1 *

The existence of field singularities in the structure will also require m any first order 

elements to  model the rapid field change accurately. This problem has been circum

vented by the introduction of singular elements. These elements introduce a  scaling 

factor such th a t there is no longer a  linear variation in poten tial between the singular 

node and the remaining two nodes of the triangle.

A fu rther problem of finite elements are spurious modes, or numerical solutions th a t 

do not correspond to  physical modes. These spurious modes are norm ally suppressed 

by incorporating Maxwell’s divergence relations into the governing expressions derived 

from the curl relations.

B o u n d a ry  E lem en t M eth o d  (B E M )

The Boundary Element M ethod (BEM ) can be shown to  be a general case of the  finite 

element m ethod. Both techniques can be described as weighted residual techniques [4, 6] 

which are a  general means of solving equations involving linear operators.
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Stating the  weighted residual expression [6] for Laplace’s equation (V 2u) in domain

12; with essential boundary conditions, u = u on contour C\\  and q =  =  q on contour

Ci\  w ith weighting function, w :

/  (V 2w) wd£l = f  (u — u ) ^ ~  dC\  +  /  (q — q)w dC 2 (2.2)
Jn JC\ v n J c 2

The solution process for a  num ber of m ethods can be described using the expression 

above. In the  case of finite elements, the essential boundary conditions are satisfied 

i.e. u = u  leaving a residual due to  the approxim ation of u and a na tu ra l boundary 

condition term , thus the problem is cast in term s of the  dom ain 12 and the contour C2 . 

However, it can be shown [6] th a t if a  weighting function is used such th a t V 2w = 0, 

the problem is cast in term s of the  essential and na tu ra l boundary conditions along 

the contour C  = C\  +  C 2 which encloses domain 12. Thus the substitu tion  reduces 

the dimension of the problem by one. The resulting problem  is therefore solved by 

sub-dividing the  boundary of structure  into discrete elements (Figure 2.1(c)) and solved 

using techniques similar to  those described for finite elements.

A th ird  possibility also arises from Equation 2.2, th a t bo th  the essential and na tu ra l 

boundary conditions are satisfied, in this case setting the weighting function, w  equal 

to the Dirac function specifying a point, i in domain 12, Equation 2.2 becomes:

I  ( V 2u ) A { dQ = 0 (2.3)
Jn

The above expression is the general form of the Finite Difference m ethod.

The m ain advantage of the BEM is th a t it requires less storage and processing due 

to the reduction in the num ber of dimensions of the problem . The m ethod is therefore 

popular as a  basis for commercial software e.g. Sonnet Softw are’s EM package.

2 .2 .2  A n a ly t ic a l  /  N u m e r ic a l  T e c h n iq u e s

Techniques th a t require a degree of analytical pre-processing and num erical evaluation 

fall into this category. They are not widely used in commercial analysis packages since 

they do not have the generality of the  predom inantly num erical techniques.
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M ethod  o f  M om ents (M O M )

The techniques of finite elements, finite differences and boundary elements are all linked 

by the weighted residual expression (Equation 2.2) by satisfying a com bination of re

quirem ents. The m ethod of moments is form ulated from the  weighted residual expres

sion with the essential boundary conditions m et. S tating the approxim ation for the 

unknown function as a summ ation of basis functions, f p and am plitudes, X p:

p = p

u = ^ 2  X pfp (2 -4)
p = 1

In the general case if f p and the weighting function, w are different, the m ethod is 

term ed the  Rayleigh-Ritz method; if f p and w  are identical the m ethod is referred to  as 

Galerkin’s m ethod. A further set of m ethods can then be defined by appropriate  choice 

of the basis and weighting functions. The m ethod of m om ents is widely used in con

junction w ith integral equation form ulations. Hewlett Packard has recently introduced 

the M omentum  Package based on MOM techniques [7].

In tegra l E q u ation  (IE ) and S p ectra l D o m a in  (S D ) M e th o d s

The Integral Equation M ethod is a means of casting a problem such th a t a  known field 

quantity  i.e. the field a t a boundary is linked to  the unknown param eter by means of 

an integral operator. These techniques require the  use of G reen’s Functions. A G reen’s 

Function is a function th a t expresses a relationship between a  quantity  at an observation 

point and a unity source. The derivation of an appropriate  G reen’s Function can require 

a large am ount of analytical pre-processing, after which the  integral equation can be 

solved directly. An alternative m ethod is to  incorporate the  integral equation into a 

variational expression.

A related technique to  the Integral Equation m ethod is the  Spectral Domain M ethod 

(SDM) where the integral equation is transform ed from the spatial to  the spectral do

main using a Fourier transform . The problem is frequently cast using a G reen’s function 

finking the electric field to  the current density on the strip . The G reen’s function for 

the problem is derived by transform ing the scalar potentials used to  describe the fields,
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using basis functions exp —jf3zz  in the direction of propagation, and exp —jf3xx  in the 

transverse direction. This yields a  Fourier transform ed vector Helmholtz equation as a 

partial differential equation in the y direction which can be solved by inspection to  give 

expressions for the transform ed fields.

The analysis is restricted to  structures with infinitely th in  central conductors such 

as m icrostrip embedded in a layered dielectric. The benefit of this approach is th a t  the 

reduction of the problem by one dimension reduces the com putation time.

M o d e M atch in g  M eth o d  (M M M )

The Mode M atching M ethod is a well established m ethod applied to  problems where 

an interface exists between two regions which contain different field shapes such as a 

waveguide, or stripline discontinuity. The fields are expressed on bo th  sides of the  in ter

face as a sum m ation of mode shapes with unknown am plitudes. A m atrix  expression for 

the am plitude term s can be found by utilising mode orthogonality and enforcing field 

continuity. These techniques can also be used in conjunction with generalised scattering 

m atrix  m ethods to analyse cascaded discontinuities.

T ran sverse  R eso n a n ce  T echnique (T R T )

This technique is effectively the mode m atching m ethod applied in a direction transverse 

to  the direction of propagation. The technique is therefore well suited to  analysing 

structures like waveguides with transverse discontinuities. The mode m atching m ethod 

requires th a t the structure  has a  closed cross section, therefore electric walls are placed 

at set positions in the z  direction. The technique does however require a knowledge of 

the propagation in the longitudinal direction of analysis i.e. transverse to  the  direction 

of propagation in the structure.

2.2.3 Predom inantly A nalytical Techniques

The previous sections have concentrated on m ethods th a t require an am ount of nu

merical processing, with the benefit of being applicable to  a wide range of structures.
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An equally im portan t set of techniques enable a  closed form expression for the param 

eters of a  struc tu re  to  be derived using purely analytical techniques. These m ethods 

provide a closed form expression for the param eters th a t can be program m ed into a 

CAD system  and used for circuit optim isation. At the crudest level, this involves curve 

fitting to  m easured results to  provide a database of known results which can then be 

in terpolated . A more analytical technique is conformal m apping and will be described, 

since this technique is most commonly used to  provide closed form expressions for CAD 

systems such as E Esof’s Linecalc and Academy, and SuperCom pact.

C on form al M ap p in g

The conformal m apping analysis essentially transform s the structu re  in one plane to  a 

s truc tu re  in another by means of a  single, or a  series of m athem atical transform s. The 

param eters of the  transform ed structure  are known as an exact expression in term s of 

the functions used in the mapping.

Figure 2.2 illustrates the conformal m apping transform ations used by Bates [8] to 

calculate the  impedance of finite thickness stripline which transform s the upper half of 

the stripline structu re  to a  pair of co-axial cylinders.

Ideally, the expression for the impedance in the Q plane could be form ulated as a 

function of the  dimensions in the Z  plane (Z  —* Q ). This assumes th a t the transform s 

Z  —► P , P  —► S  and S  —► Q are defined. For the case shown only the transform s 

P  —► Z,  P  <->• S  and Q -+ S  are defined. Analytical inversion is therefore required to  

define the transform s Z  —> P  and S  —» Q, or alternatively, the inverse problem  can be 

solved (Q —*■ Z) .  The inverse problem expresses the dimensions of the Z  plane in term s 

of the im pedance in the Q plane, yielding a synthesis expression for lines of a given 

impedance. This was the route chosen by Bates.

The transform  P  —> Z  is a  Schwartz-Christoffel transform ation  [9] and transform s 

the points of the real axis of the P  plane to  a  polygon in the  Z  plane, and yields an
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Figure 2.2: Conformal Mapping used in Analysis of Uniform Symmetrical Stripline

17



expression of the  form [8]:

dz  =  ( 1 - P 2) i  (25)
dp ( i  -  ( i  -  (.Ip2)

where £1 and £ 2  are constants which depend on the geom etry of the structure . The 

function on the right hand side requires integration which presents a  further problem, 

since the integral m ust have an analytic form to provide a  closed form expression for the 

impedance. In order to  provide a  practical expression the analytical form m ust be easily 

and accurately evaluated. This often leads to  the analytical form being approxim ated 

and the closed form expressions limited to  a restricted  range of dimensions. These 

approxim ations can then be extended using curve fitting techniques.

Recently, num erical inversion of the Schwartz-Christoffel transform  has been pre

sented for a rb itra ry  structures [10]. This enables the  inverse transform  Z  —> P  and the 

standard  transform  P  —► Z f to  be performed. This m aps a polygon in the Z  plane to 

another in the Z f plane whose param eters are known, via an a rb itrary  structure  in the 

P  plane.

Expressions from conformal mapping techniques can also be used in o ther analyti

cal techniques such as the equivalent waveguide model technique [4] which is used for 

analysing discontinuities in term s of waveguides of equivalent cross section. This tech

nique was first introduced as a  means of calculating the  cut-off frequencies of the higher 

order modes in stripline [11].

2.3 A nalysis o f Uniform  Stripline

The first application of stripline, or flat strip transm ission line was in an tenna beam- 

formers produced in the  early 1940’s [12]. The basic design inform ation was not made 

widely available a t the time. It was a num ber of years until fu rther interest in flat 

strip transm ission line, and the related m icrostrip structu res, prom pted research to  be 

carried out into accurately evaluating the design param eters such as impedance and 

attenuation  factor.
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A num ber of researchers studied the problem of evaluating the im pedance of stripline 

in the  early fifties, and a special issue of the IEEE Transactions on Microwave Theory 

and Techniques in M arch 1955 presents a selection of their work. One of the  m ost widely 

cited papers from this issue was w ritten by Cohn [13]. This paper introduced a previ

ously derived exact form ula for the impedance of an infinitely th in  stripline, and closed 

form expressions for the finite thickness stripline were developed from earlier work [14]. 

The finite thickness stripline expressions were developed for bo th  wide >  0.35)

and narrow < 0*35) striplines. The narrow strip expression was derived by ap

proxim ating the rectangular conductor as a circular conductor of equivalent diam eter 

and utilising a known expression for the impedance of a  wire above a ground plane. The 

wide strip case was analysed using conformal m apping to  provide a value of the fringing 

capacitance of a  strip between infinite ground planes. Both expressions are lim ited to  a 

strip thickness of less than  a quarter of the ground plane spacing. Cohn also calculated 

the attenuation  factor of stripline based on W heeler’s increm ental inductance rule [15] 

which states the a ttenuation  factor of a  line is proportional to  the ra tio  of the increase 

in line inductance to  the decrease in dimension. The expression for the  a ttenuation  

factors are again limited to a specific range of dimensions, and provide an overestim ate 

of nominally ten percent since the edge singularities are not modelled accurately [13].

Finite thickness stripline was later analysed [8] to  provide a set of equations for 

the  synthesis of stripline i.e. expressions for the w idth and thickness of stripline in 

term s of the impedance. The analysis was based on conformal m apping using the 

Schwartz-Christoffel transform ation [9] and the resulting integral evaluated in term s 

of elliptic functions. The expressions derived are exact bu t rely on tabu la ted  values 

of the elliptic functions, or the relationships la ter given by Hilberg [16], however they 

cannot be analytically inverted to produce closed form formulae. The expressions were 

numerically inverted [17] to  yield analysis data.

A very similar approach to  the m apping used by Bates has also been used to  calculate 

the  attenuation  factor of stripline [18] using a quasi-static form ula for the  a ttenuation 

factor. The approach evaluates the a ttenuation  factor for a  given im pedance, hence 

provides synthesis inform ation and analytically extracts the  singularity of | r~5 | at 

the  corners of the stripline. This approach however is likely to  result in errors as the
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thickness of the  strip becomes appreciable and the singularity behaviour approaches 

| r -  ̂ | [19]. The m ajority  of the power flow in the structu re  occurs around the edges 

of the  stripline, hence the evaluation around the singularities will strongly affect the 

results.

T he benefit of having a closed form expression for the  im pedance and a ttenuation  

factor resulted in a  num ber of authors providing expressions elim inating the need to  use 

tabu la ted  values of elliptic integrals [16], or providing fu rther approxim ations to  Cohn’s 

analysis for a  range of dimensions [20]. Research was also carried out into rectangular 

co-axial structures using conformal m apping [21, 22] resulting in similar equations to  

Cohn’s.

An alternative approach was taken by W heeler [23] to  calculate the  im pedance and 

a ttenuation  factor of finite thickness stripline. The structu re  was approxim ated as an 

infinitely th in  stripline with an effective width correction to  take account of the  fringing 

fields. The previous application of this technique was for the  calculation of the higher 

order mode cut-off frequencies [11]. O liner’s w idth correction only took into account 

the effect of the fringing fields as a  function of the width of the  stripline. W heeler’s 

form ula further corrected the w idth of the  stripline to  take into account the thickness 

of the stripline, and resulted in a  closed form expression for im pedance th a t is quoted 

as having an accuracy of ±0.5 percent [24], across a wide range of dimensional ratios. 

The increm ental inductance rule can also be applied to  obtain  relationships for the 

a ttenuation  factor of stripline. A num ber of expressions derived from W heeler’s work 

have also been presented [25].

The conformal m apping representations th a t have been described assume th a t the 

stripline is symmetrically placed between the ground planes. The im pedance of asym 

m etrically placed striplines have also been studied with infinitely th in  central conduc

tors [26], and finite thickness conductors [27, 28]. Robrish’s work provides a  wider range 

of applicable dimensions than  [27] and is an extension of C ohn’s original conformal m ap

ping representation [13]. In addition to  modifying the conformal m apping the range of 

validity is improved by using curve fitting  techniques.

A lternatively, the impedance of asym m etrically placed striplines can be calculated by
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considering the impedance as the parallel addition of impedances due to  a sym m etrical 

stripline of ground plane spacing t+ 2 b  and one of ground plane spacing t+ 2 d  [29]. More 

recently the technique of the Numerical Inversion of the  Schwartz Christoffel transform  

has been presented and applied to  asym m etrical stripline [30].

The conformal m apping techniques were first developed due to  a  lack of adequate 

computing power available for more numerical, or rigorous approaches, and are governed 

by the assum ption of monomode operation of the stripline. The conformal m apping 

techniques developed later are intended to  provide accurate closed form expressions for 

the modelling of MIC interconnects using CAD systems [24, 31]. A further applica

tion of the infinitely thin symmetrical stripline is in the  verification of electrom agnetic 

simulators since the expressions sta ted  are exact [32].

The first numerical technique to  analyse stripline was the F inite Difference M ethod, 

approxim ately a decade after the first conformal m apping expressions were produced. 

The rectangular co-axial structure was one of the first structures to  be analysed using 

this technique [33, 34, 35] since it is a  closed structure  supporting TEM  propagation 

and can be easily discretised using a grid. A variational form of F inite Differences was 

also form ulated to  provide upper and lower bounds on the characteristic im pedance [36] 

and therefore place error bounds on the earlier analyses.

Finite Element analysis has only com paratively recently been applied to  stripline 

structures. Pantic and M ittra  [37] analysed a set of Quasi-TEM  structures using finite 

elements with infinite elements to model the propagation in the  transverse direction of 

stripline, and also employed singular elements to  model the fields a t the corners of the 

stripline. The Finite Element approach has also been used to  model stripline structures 

where the skin depth  is a significant proportion of the strip  thickness [38]. This problem  

has also been studied using an Integral E quation Technique [39] in order to  characterise 

the attenuation  factor in VLSI circuits.

The analyses presented have all assum ed th a t the stripline is operating within its 

monomode range. The higher order mode cut-off frequencies were first investigated 

using an equivalent waveguide model w ith an effective width taking into account the 

fringing capacitance [11]. Finite element analysis has been applied to  characterise the
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monomode bandw idth of stripline using a rectangular co-axial struc tu re  approxim ation 

computed by Hewlett Packard’s HFSS package [40], More recently, algorithm s which 

model the transverse wave propagation as an exponential decay have been used [41].

2.4 A nalysis o f Coupled Stripline

The analysis of coupled striplines has followed approxim ately the same p a th  as th a t 

for uniform stripline. The first structures to be analysed were stripline th a t were sym

m etrically positioned between ground planes and had sym m etrical strip  widths. The 

physical sym m etry of the problem  enables half the struc tu re  to  be analysed with an 

electric wall in the sym m etry plane for odd mode excitation and a m agnetic wall in the 

sym m etry plane for even mode excitation. Cohn modified his paper [13] and provided 

exact expression for infinitely th in  lines and approxim ate expressions for finite thick

ness lines [42]. The expressions however were only valid for strips with T$ . 5 >  0-35. 

The expressions for infinitely thin lines were la ter simplified by the use of closed form 

approxim ations for the elliptic integrals [16]. Getsinger [43] la te r provided synthesis 

equations for finite thickness stripline and modified the formulae to  take into account 

fringing field interaction.

The assum ption of physical sym m etry provided severe lim itations on the range of 

structures th a t could be analysed. Conformal m apping was therefore applied to  infinitely 

thin stripline with equal w idths, bu t positioned asym m etrically between ground planes 

(Figure 2.3) [44]. Shelton’s analysis was form ulated for tight coupling (w0 <  w ) and 

loose coupling (w 0 > w ). The analysis is lim ited to a  range of dimensional ratios and 

provides synthesis inform ation, although the expressions were la ter inverted to  provide 

analysis equations [45].

Shelton’s analysis provided results for offset striplines, however the characteristic 

impedances of the strips were still equal due to  ro tational sym m etry about the  centre 

of the structure. This enabled conventional even and odd mode analysis to  be ap

plied. The general case of couplers with unequal line impedances was investigated by 

Cristal [46], and later T ripathi [47]. T ripathi formalised the  general case of la te ra l (C
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I

Figure 2.3: Asymmetrical Coupled Stripline S tructure Analysed by Shelton

mode) excitation and diagonal (II mode) excitation, which degenerate to  even and odd 

mode excitations respectively for couplers with equal impedance striplines.

M ulti-conductor lines of arbitrary width, but zero thickness and symmetrically placed 

between ground planes has been studied using conformal m apping techniques [48], pro

viding results in terms of an impedance m atrix relating the capacitance between strips. 

Synthesis information can then be derived using optim isation techniques.

Linner’s analysis [48] provides a generalised, hence complex analysis of striplines, a 

more amenable approach was provided by Bedair [49] who sub-divided the capacitance 

of a general pair of coupled striplines of zero thickness into components modelling the 

fringing and parallel plate capacitances and a further component to take account of the 

capacitance due to the excitation (C  or II). These capacitances are then related to the 

known expressions for the capacitances of a  symmetrical stripline.

A similar technique was used to calculate the coupling and impedances for finite 

thickness striplines [50]. The m ethod differed in th a t the capacitances were evaluated 

directly from modified forms of expressions given in [42, 43]. This m ethod however 

is again limited to symmetrical placement between the ground planes. In addition, 

expressions for the attenuation factor were also derived using the incremental inductance
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rule [15].

The author is unaware of a general analysis to  com pute the coupling of any num ber of 

entirely arbitrarily  dimensioned and positioned striplines. A num ber of analyses do exist 

however for infinitely thin striplines of a rb itrary  w idth and position in layered dielectric 

media, since these conductor configurations are commonly found in M M IC ’s. These 

analyses are form ulated using an integral equation variational expression for the  capac

itance [51, 52, 53]. In addition the problem  has also been approached using Spectral 

Domain analysis [54] and also a technique where the structu re  is conformally m apped 

and a variational technique employed on the transform ed structu re  [55]. These tech

niques all rely on an estim ate of the behaviour of the  charge on the strip  and assume a 

singularity of the order | r ~ 2  |. A finite thickness integral equation technique has been 

presented [39] however this is limited to  solving for the  complex propagation  constant.

Coupled striplines have also been analysed using purely num erical techniques. A 

finite difference approach was used by G up ta  [56] which investigated m eans of improving 

the com putational tim e of the m ethod by the use of extrapolation and the  use of graded 

meshes.

The generality of finite elements has m eant th a t the  coupled stripline struc tu re  can 

be readily analysed by algorithms used for uniform lines [37, 38, 40, 41] to  provide 

coupling values and also higher order mode cut-off frequency inform ation which has not 

been derived using predom inantly analytical techniques.

2.5 A nalysis of Stripline D iscontinuities

The num ber of papers characterising stripline discontinuities is extrem ely lim ited. In 

part this is due to  the complexity of modelling such structures and also the lim ited 

application of stripline elements. The m ajority  of the  discontinuity work has been 

concentrated on the m icrostrip structu re  [57]. The analysis of M M IC structu res has 

mainly been restricted to  computing the impedance of fines accurately and to  quantify 

the coupling between fines to  minimise crosstalk, as opposed to  providing accurate 

circuit models for elements.
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The first paper to  characterise stripline discontinuities was presented by Oliner [11] 

with a  second paper by Altschuler providing m easured results [58]. O liner’s paper 

provided equivalent circuits for a  num ber of sym m etrical discontinuities in striplines of 

zero thickness conductors, and form the basis of the  m ajority  of models used in CAD 

systems [24, 31].
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Figure 2.4: Sym metrical Step in W idth Discontinuity and Equivalent Circuit

The discontinuities of in terest in this work are the  uniform and coupled line step 

in widths and the uniform to  coupled line transition. The uniform  line step in width 

analysis [11] calculated the effective widths of the stripline structu re  (D and D ’) and 

used B abinet’s Principle to  model the discontinuity as a  parallel p late waveguide with 

a step in height of the ground planes (Figure 2.4). The waveguide structu re  has the 

property of a capacitive iris, hence the equivalent circuit of the  stripline presents a series 

inductance, in addition to  the  impedance transform ation. There is also a shift in the 

plane of the  discontinuity by an am ount equivalent to  the  increase in effective width of 

the stripline due to  the fringing fields(D~™ ). A ltschuler’s paper provided inconclusive 

experim ental da ta  to  verify the  equations derived for the  inductance and line extension, 

and concluded since they were small they could be neglected, and the discontinuity
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modelled by a single impedance transform ation.

Altschuler extended the analysis to  a  single to  coupled lines discontinuity by assum 

ing th a t it could also be modelled simply by an im pedance transform ation. B abinet’s 

Principle could also be applied to  this discontinuity, and transform ed into a finite thick

ness waveguide bifurcation, however no publications were found on the analysis of this 

discontinuity.

A more detailed study into the step in w idth discontinuity has been carried out [59] 

with some additional m easurem ents and investigation into m eans of reducing the series 

reactance.

To the  authors knowledge, no analyses exist for the unbalanced discontinuities, or 

discontinuities in finite thickness stripline.

2.6 Transverse R esonance D iffraction (T R D ) Technique

The Transverse Resonance Diffraction (TR D ) Technique is an Integral Equation tech

nique form ulated transverse to  the direction of propagation in the structu re . Equivalent 

circuits for the propagation in the  transverse direction are found and solved using tech

niques which utilise knowledge about the  singularities present in the  cross section. The 

technique has been applied to  a  num ber of structures such as Inset Dielectric Guide 

(IDG) [60, 61]; the GTEM  cell [62] and slotline [63] all of which have well defined 

interfaces with fields which exhibit singularity behaviour.

Stripline structures also fall into the above category and the  TRD  m ethod was chosen 

since the technique yields accurate and compact expressions for the  s truc tu re  param e

ters, enabling the algorithm s to  be program m ed on a desktop com puter. The m ain ben

efit over the  m ajority  of existing stripline analyses is th a t the  m ethod is not restricted 

to TEM  propagation. This enables higher order mode behaviour to  be investigated 

and subsequently extended to provide an efficient and accurate analysis of stripline dis

continuities. The m ethod is also valid for striplines of a rb itra ry  dimensions hence the 

sensitivity of the design param eters to  dimensional variations can also be investigated.
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The following sections provide a brief outline of the TRD m ethod as an introduction 

to the theory described in Chapters 3 and 6.

2 .6 .1  T R D  T e c h n iq u e  A p p l ie d  t o  U n i f o r m  a n d  C o u p le d  L in e s

The uniform and coupled lines problem is solved by sub-dividing the structure into 

stripline and parallel plate regions (Figure 2.5). T he fields on either side of the in

terfaces are derived using scalar potential functions. These consist of a summation of 

parallel plate modes in the x direction and a transverse variation in the y direction. The 

transverse variation is defined assuming an exponential decay in fields away from the 

striplines, at the sides of the structure; and assuming a variation of the form of a parallel 

plate transmission line term inating in an open or short circuit, for the rem ainder of the 

regions.

Interface
Plane

Region IIRegion I

Figure 2.5: Sub-Division of Stripline S tructure into Stripline (I) and Parallel Plate (II) 
Regions
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In the  case of the T E  mode form ulation, the m agnetic field in the direction of propa

gation is linked to  the x directed electric field by an adm ittance function at each of the 

interfaces. The aim is to enforce field continuity a t the  interfaces. This corresponds to  

the adm ittances at each side of the interface being equal, such th a t their sum is zero, 

i.e. th e  resonance condition. The transverse resonance condition is satisfied when the 

fields are m atched across all the interfaces simultaneously. The adm ittance term s are 

w ritten  as a  y-param eter matrices and cascaded. The resonance condition is then given 

when the  determ inant of the overall adm ittance m atrix  is equal to  zero.

T he problem  cannot be solved directly and G alerkin’s m ethod is employed. The 

unknown field is expanded using basis functions th a t accurately model the singularity 

present a t the  interface. This yields a small adm ittance m atrix , since a low num ber 

of basis term s are required to  describe the field. The set of transverse propagation 

constants for which the determ inant is zero yield the propagation constants for the 

modes of the  structure. The fields and hence the param eters of the  stripline can then 

be determ ined.

2 .6 .2  T h e  A n a ly s is  o f  S tr ip l in e  D is c o n t in u it ie s

The analysis of uniform and coupled lines computes the modes th a t can propagate in the 

structure , and their corresponding mode impedances. The analysis of the  step in w idth 

and uniform to coupled lines transitions is carried out using a variational form of the 

field m atching m ethod [64] to  determine the Scattering param eters of the  discontinuity 

directly.

The discontinuity is characterised as the S param eters of an N port device, where 

N is the to ta l num ber of modes present in the s tructu re  and is a  sum of the modes 

propagating in the regions either side of the  discontinuity plane. The field m atching 

m ethod is then  applied, however the fields in the cross section of the  discontinuity are 

expanded in term s of basis functions th a t model the  singularities present in the cross 

sectional field. This differs from previous approaches when the fields a t the  discontinuity 

plane are expanded using the fields present on one side of the  plane only.

28



2.7 C onclusions

The chapter has briefly introduced a num ber of techniques for analysing passive mi

crowave structures, and considered in greater details some of the techniques th a t have 

been used to  analyse stripline structures.

The choice of an appropriate  analysis technique is a  compromise between the am ount 

of analytical pre-processing; the computing resources available and the accuracy re

quired. The num ber of publications on uniform and coupled line analysis illustrate  the 

range of techniques th a t have been used to  meet particu lar compromises. The previous 

analyses of stripline have mainly concentrated on either a  low com putation tim e, closed 

form expressions a t the expense of accuracy; or analyses w ith a  higher degree of accu

racy, but with a  large com putation time. The Transverse Resonance Diffraction (TRD ) 

analysis offers a  high degree of accuracy with a  com paratively low com putation time. 

The TRD m ethod therefore meets the requirem ents of a tool for beamform ing network 

design. The accuracy and low com putation tim e are achieved by taking advantage of 

a-priori inform ation concerning the edge singularities in the  structu re , a t the expense 

of an am ount of analytical pre-processing.

The ability to  accurately and efficiently characterise the  uniform  and coupled stripline 

networks enables a  compact theory to  be developed to  analyse stripline discontinuities, 

with a high degree of accuracy and again a relatively low com putation time.
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Chapter 3

Transverse R esonance  

Diffraction A nalysis o f Stripline 

Structures

3.1 O utline

This chapter describes the form ulation of the Transverse Resonance Diffraction (TRD ) 

m ethod for striplines of arb itrary  dimensions. A y-param eter model is developed for 

bo th  uniform and coupled striplines, and solved using variational m ethods. The chapter 

concludes with an investigation of a reduced form of the analysis and definitions of the 

design param eters investigated in the later chapters.

3.2 Form ulation o f the Transverse R esonance Diffraction  

Problem

The Transverse Resonance Diffraction technique has been introduced in the previous 

chapter. The analysis will be carried out for a pair of coupled striplines and the cor

responding expressions for a  uniform stripline derived as a lim iting case of the coupled
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lines case.

The analysis assumes a uniform, isotropic and lossless dielectric filling and lossless 

conductors. The problem is form ulated using potential functions with the  propagating 

modes represented by a three field T E  or TM  mode description as opposed to a  full 

five field description [60]. This is due to  the  structu re  containing a uniform dielectric as 

opposed to  a s tructu re  with an air-dielectric, or dielectric-dielectric interface.

3 .2 .1  D e s c r ip t io n  o f  F ie ld s

The field solutions in the structure  are governed by M axwell’s curl equations, assuming 

a tim e dependence of the form E xp(— j u t )  and writing the fields for m ode, k, in term s 

of transverse and longitudinal (£ directed) components:

V A etk = ~ j u i i 0{htk +  hzk)

V A (htk T  hzk) ~  j ^^o^r^tk

^  A (CfA; "I" ^zk_) =  j u ^ o htk

V A Jh =  j u e 0€r (etk + ezk)

T E  Modes (3.1)

TM  Modes (3.2)

W here, using the general vector no tation , =  x A x +  y A y +  z A z = ( A x , A y, A z), the 

vector components and azk are given by:

k — [Axk, A yk) 0 )

Azk ~  (0  ■> 0 ? A zk)

Considering the T E  modes in the structu re , the above equations can be rew ritten in 

term s of the  transverse and longitudinal field components:

Vf A etk = —j u / i 0hzk (3.3)

^ z  A Cffc =  j u i l 0htk_ (3.4)

V* A htife =  0 (3.5)

(V< A hzk) (V z A htk) = juj€0€T6fk (3.6)
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If the curl of a vector is equal to  zero it can be represented as the gradient of a  potential 

function (V  A V</> =  0), the transverse m agnetic field is expressed in term s of a  m agnetic 

scalar po ten tia l function, <f>hk(x 5 V?z )'

htk = 'Vt<t>hk(x , y , z )

= Vt<j>hk{x,y) E x p ( - j P kz)  (3.7)

Substitu ting  the above expression into Equation 3.4:

£ A ^ t ^ h k i x . y )  (3.8)

z / \ ( z A e t k )  = I* h V t<f>hk{x ,y)\  (3.9)

Hence,

etk = Z ok[zAVt<f>hk(x ,y ) \  (3.10)

where the  wave impedance, Z ok is given by:

Zo* =  ^  (3.11)

Substitu ting the expressions for h ^  and into Equation 3.6:

V t A / ^  =  j u e 0er ( ^ ^  [z A V t(j>hk(x,y)\- j f i k[ z  K V t<l>hk(x ,y)\  (3.12)

=  I* A V t<t>hk(x,y)\ (3.13)

where k f  =  t rk 20 — 01 (3.14)

=  k l  + k 2y (3.15)

It can be shown th a t the above equation can be satisfied when:

k 2
K k  = - j^<t>hk{x,y)  (3-16)

Expressions for the TM  fields can be found using an electric scalar po ten tial func

tion in a  similar m anner to  the T E  fields. Renormalising the  expressions for the TE
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modes, the fields in the structu re  are related to the potential functions by the  following 

expressions:

hzkfai y ) =

y ) =

e*A;(x, y) = Vt<f>hk(x ,y )  a  z

j y) =

etk(x ,2/) = ^ < M x , y )

htkijz j y) = V t< M * ,2 /)A £

T E  Modes

TM  Modes

(3.17)

(3.18)

Considering the T E  modes, the  fields can be derived from Equation 3.17:

*?
h z k ( x , y )  = (t>hk{x,y)

€xk(%i 2/) =  ? 2/)

c»jb(*,3/) =  -  dx<f>hk(x,y) 

h 'x k ( .3 'i 2/) =  d x f i h k f a »2/)Ujflo

h y / ; ( 3 : , 2 / )  —  dy4>hk 5 2 / )OJflQ

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)

3.2.2 D erivation of Scalar P otential Functions

The scalar potential functions used in the  analysis are separable and consist of a  sum

m ation of an infinite num ber of field shape term s for the x,  y and z  directions, modified 

by an am plitude term  in the form of a  voltage for T E  modes and a current for TM  

modes.

n=oo

<j>hk(x,y,z) = ^ 2  Vkn<t>hx(n,x)<f>hy( n , y ) E x v  j { u t -  (3kz)  (3.24)
71=0
71=00

<j>ek(x,y,z)  =  ^  ] Cfcn 4* ex (n , x)4>ey( n , y)Exp j ( w t  -  f a z )  (3.25)
71=1

The contribution from the n= 0  term  of the  electric scalar potential function has been 

om itted  from the sum m ation. The n= 0  term  in the T E  analysis corresponds to  the 

uniform  field component, i.e. a  constant electric field am plitude between the  strip  and
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ground planes. An n= 0  term  in the TM  analysis would therefore correspond to  a 

constant m agnetic field am plitude, or constant current flowing between the  strip and 

ground plane, which is a  non physical solution of the  structure . The constant voltage 

term , VQ, represents the  voltage of the  central conductor with respect to  the  ground 

planes and is defined as a boundary condition of the problem.

The TEM  mode of propagation is a  lim iting case of the  T E  analysis. Substitu tion 

of the transverse wavenumber, kt, equal to  zero into the field expressions derived from 

the scalar potentials yields zero values of the fields except the x  directed electric field, 

and hence y directed m agnetic field.

The stripline structu re  shown in Figure 3.1 is subdivided into five d istinct Regions 

I to  V. The overall field solution is found by enforcing field continuity across the four 

boundaries. Expressions for the fields, and hence scalar potentials have to  be found 

on both  sides of the boundaries. This requires further dividing the structu re  in to the 

sixteen sub-regions, R i  to  Ri&.

The scalar potentials and fields for the sixteen sub-regions are derived fully in A p

pendix B for the  T E  and TM  modes.

The analysis only considers the  bound modes present in the structu re , w ith the 

assum ption th a t the continuum  (radiating) modes do not radiate a  significant am ount 

of energy. The fields in Regions I and V are therefore represented as an exponential 

decay in the transverse (y ) direction.

The general form of the  analysis m eans th a t the  scalar potentials are similar, but 

distinct in the sixteen sub-regions. The form ulation can be simplified, if required, by 

assuming a physical plane of sym m etry a t x= 0 , and an even or odd plane of sym m etry 

at y= 0 [61].

3.2.3 Y -Param eter Netw ork R epresentation for TE M odes

The problem is analysed by enforcing field continuity in the z  directed m agnetic field, 

hzkf and solving the resu ltan t equations for the  transverse x  directed electric field, exk-
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Figure 3.1: Definition of Dimensions (a) and Regions and Sub-Regions (b) of the Cou
pled Stripline Structure Analysed



The number of boundaries, across which field continuity has to be enforced, dictates 

th a t a network representation of the problem is used. This maintains a compact ana

lytical form for the TRD formulation and enables the method to be easily extended for 

any number of arbitrarily dimensioned striplines.

REG IO N R E G IO N  IV R E G IO N  VR EG IO N  I REG IO N  II

exkl exk4exkl exk2 exk2 exk3 exk3 exk4

hzk4hzk4hzk3hzk2 hzk2 hzk3hzk1 hzk1

Figure 3.2: Equivalent y Param eter Circuit for TE  Modes

The y-param eter equivalent circuit for the TE modes is shown in Figure 3.2. The

elements, Ya  to Yd can be expressed in terms the y-param eters of the structure:

Ya =  2/1 YB = y n  + 2/12

Yc = - y i 2 =  ~ 2/2 i Yd = 2/22 +  2/21

Considering the interface between Regions I and II, and linking the magnetic field, 

hzk(z ,y ) ,  on the Region I side of the interface, to the electric field, exk( x , y ) on the 

Region II side of the interface; noting th a t the amplitude, H zkn can be represented as 

Hzkn = E xkn, the hzk(x ,y )  and exk( x ,y )  fields are given by:
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hzkl ^  ^  ^   ̂ E xkn 4*hx ^2 ~̂" ^

(3.26)

(  " t \  1 n — ° °  f  S  " l " \

exkl f % ? ^ 2  ~̂” ) =  ^  y E xkn 4*hx (n^X  , T  W-j ĵ J (3.27)
 ̂̂ 0 n=0

The E xkn am plitude can be expressed as a  Fourier expansion of Equation 3.27:

E xkn = j  &xkl 5 ^  4*hx ^ ^ '5  X 5 ""̂  ^  (3.28)

Substituting the above equation in to  the expression for h zk i ( x , y ):

hzkl ^ x ,  -  ( |  +  n q )  J  = y  •  exfci ^a;', -  ( |  +  u q )  ^  (3.29)

where • denotes convolution and y is of the form of a  Greens A dm ittance O perator [19]: 

V =  y i 71) ^  ( n , x , ~  ( |  +  u q )  ^  (^x  z ',  -  ( |  +  u>i) ^  (3.30)

The mode adm ittance term s y ( n ) are derived for the  sixteen sub-regions in Appendix B, 

using the notation of Figure 3.2 for the fields a t the interface and rew riting Equa

tion 3.29:

h lk i  =  Vi •  « 4 i  ( 3 -3 1 )

In a similar m anner, the z  directed m agnetic field can be related to  the  x  directed 

electric field for the rem aining four regions.

„ / /  1 T J i
(3.32)

(3.33)

(3.34)

(3.35)
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Enforcing field continuity between the regions, the overall y-param eter representation 

is found:

0
I

>—
1 ^

 
T v l l 0 0

0 v l l Vn +  v i l v i l 1 0

0 0 V 111y 12 v l F  + y g

'■'<1-1

0 0 0 V\2 y %  +  y \

&xkl

€xk2•
&xk3

&xk4

(3.36)

R E G IO N  IVREG IO N  I R EG IO N R EG IO N  III R EG IO N  V

ezk1 ezk1 ezk2 ezk2 ezk3 ezk3 ezk4ezk4

hxk2 hxk3 hxk3 hxk4 hxk4hxk2hxkl hxkl

Figure 3.3: Equivalent Y -Param eter Circuit for TM Modes

3.2 .4  Y -P a r a m e te r  N etw ork  R e p r e se n ta t io n  for T M  M o d es

The to tal x and z  directed fields in the interface plane between Regions I and II can be 

written as a general Green’s Function Adm ittance Operator:

r I m i r
hzki Vll y \2 ^xkl

ZZ •
hxki _ V21 y22 _ Czkl
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The y n  term  equates to the TE  adm ittance operator of Equation 3.31; and the 3/22 

term  to  the corresponding TM  adm ittance operator. The y \ 2  and 2/22 term s represent 

the cross coupling between TE  and TM modes and are therefore identically zero.

In order to  simplify the TRD analysis it is beneficial to  solve the TM  problem  for 

a field with the same shape as th a t used to  solve the T E  problem , since only one 

field shape has to  be discretised. The m atrix  expression in E quation 3.37 is therefore 

modified to  solve the TM  modes in term s of the partial differential of the ezk field with 

respect to  the x  direction, since this has the same singularity behaviour as the  exk held, 

rew riting Equation 3.37, noting th a t the ^  term  is introduced to  m aintain the correct 

held scaling.
r n 7 r 1 7 r n 7h n

(3.38)

where the corresponding transform ed adm ittance operators are given by:

hzkl
I

Vll 0
I

9
^xkl

1

rH-Sd 0 y '22 ~^dx^zkl

Vll

V22

y u

u
1/22 dx dx '

CrossSection

Enforcing held continuity, the overall y param eter representation for the TM  modes is 

found:

0 Vi +  y{\ y\ 2 0 0 ~ d x czki

0 y \2 y i i 1' +  y H y i i1' 0 9 ~ d x €zk2

0 0 y i l1' y i i 1' +  viX'
IV'

2/12

0 0 0 y{X' 1

+

~ 9 x€zk4

(3.39)

where ' denotes operator f  f  dxdx '  and noting th a t the held scaling factor, will differ 

for the sub-regions.

3.3 D erivation o f the Transverse R esonance Equation

The transverse resonance equations shown in Equations 3.36 and 3.39 cannot be directly 

solved since the exact form of the exk helds is unknown. Numerical techniques are
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therefore used to  indirectly solve for the unknown field. The m ethod of solution will be 

described for the T E  modes and a corresponding solution for TM  modes will be derived.

Recalling Equation 3.36 and substituting the  expressions for the G reen’s A dm ittance 

operators and rewriting in term s of matrices:

0 &xkl

0 71=00
=  X !  l ^hk in .x .y )]  [<£**(«, ® ',y')] •

€xk2
(3.40)

0 71=0 &xk3

0 &xk4

where the mode adm ittance and scalar potential m atrices are defined as:

[*(»)] =

y{(n) + y{/(n) yg(n )  0
y t i ( n ) y l l ] (n ) + y U ( n ) y i " ( n )

yiir(») 3#7(»)+yii (») yg (»)
o y g ( « )  y % ( n )  + y Y ( n )

(3.41)

[<t>hk(n,x , y) \  =  <f>hx(n,x)

^ 3/ ( - ( f  +  tyi)  ) 0 0 0

o 0 0

o o <M +(tn o
0 0

(3.42)

[<f>hk(n,x' , y' ) \  =  <j)hx(n,x' )

0  <j>hy( +  (% +  W 2) +  )

(3.43)

Galerkin’s m ethod, a general form of the  m ethod of m om ents [65] was chosen as the 

numerical m ethod to  solve Equation 3.40 for the  unknown fields. The m ethod is based 

on approxim ating the unknown function using a weighted sum m ation of basis functions. 

W hen the substitu tion is made in to the  governing equation, there will be a  small bu t 

finite error due to the approxim ation. This error is in tegrated  w ith a  second basis
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function and the result assumed to  vanish. The case when the first and second basis 

functions are identical is referred to  as G alerkin’s m ethod.

The unknown exk field is approxim ated by the sum m ation of basis functions. In the 

case of the stripline structure  the y dependence of the  exk fields is identical a t all the 

interfaces and equal to  unity, such tha t:

p=o o

p = 0

(3.44)

Therefore rew riting Equation 3.40 and evaluating the convolution as an inner product:

n =o o  p=o o  +OQ

=  X )  t y h k i ^ x ^ y ' ) ]  ^ 2  l[<t>hk(n,x,y)] f p{ x )d x
n= 0 p=0 ^~°°

Xpk  i 

Xpk2 

Xpk 3 

Xpk4

(3.45)

The integral y)] f p( x ) dx is defined as an inner product, and is denoted by

< 4>hk(x,y) ; f P(x)  ^ . In addition, recalling th a t the  y directed scalar potentials are 

normalised to  unity a t each of the interfaces (Appendix B), rewriting:

p—oo

[o] =  [3>(tt)] [<t>hk{.n,x',y')\ ^ 2  < <f>hx(n,x) ; f p(x)  >  X pk
p = o

(3.46)
71=0

A further inner product is then taken with the same basis functions:

Tl—OO P = OO
BB= £  £  W n )] < <!>hx{n,x') ; fp(x ')  > < 4>hx(n,x) ; f p(x)  > Xpk  (3.47)

71=0 p = 0

In order to practically solve the above equations, the infinite num ber of term s in the 

summ ations are replaced with a  finite num ber of field expansion term s N, and a fi

nite num ber of basis functions, P, and the above equation rew ritten  as a  set of linear 

equations in m atrix  form such tha t:
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0 ’ [*"/ + *iV] [0] [0]
0 [ran fcV' + itf] [ya1] [0]
0 [0] [Ya' + Yn]
0 [°] [0] m [ Y t f  +  y V ]

’  x k l '

x h2
X k3

X ki
(3 .4 8 )

The elements of the overall adm ittance m atrix  [Y{j] are themselves m atrices, of order 

P x P , the  elements of which are evaluated as:

p y »  = E  [ y ( n ) \ i j  < <t>hx(n,x) ; f p(x)  >  <  (f>hx(n,x) ; f g(x)  >  (3 .4 9 )
n=0

The corresponding elements of the adm ittance m atrix  for the  TM  modes can be written:

^   ̂ ( J  J \y{j^)\i jdxdx  ^  < <f>ex(^Tl^X) , fp (x )  >  < (j)ex(n, x)  , f q {%) >
71=0

(3 .5 0 )

3.4 Evaluation o f th e Transverse R esonance Equation

3.4.1 Choice of Basis Functions

The efficiency of the  TRD technique relies on expanding the unknown field using basis 

functions th a t can model the field using a small num ber of term s, since the  com puta

tional tim e is proportional to  the  cube of the adm ittance m atrix  order [66].

The field singularities on the edges of the  central conductor dom inate the  cross 

sectional fields. An efficient approach would therefore be to  expand the fields using 

basis functions th a t model the  order of the singularities on the edges of the  conductors.

The term  “singularity” suggests th a t the field strength  is infinite a t the  edges of the 

strip. In practice, the  energy stored m ust be a finite quantity, Collin [19] analysed a 

metallic wedge of arb itrary  angle and produced an expression for the  minimum order 

of the field singularity a t the edge. For an angle of 9 0 ° , found a t the corners of a  finite
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thickness stripline, the singularity is of the order | r | 3 . For an infinitely th in  stripline 

the order of the singularity is | r |~ 2 .

The basis functions take the form of a product of an orthonorm alisation constant, 

A p, a weight function to  model the singularity, W ( x , u )  and the orthogonal function, 

F ( x , v ) :

f p(x) = A p W ( x , v )  F ( x , v )  (3.51)

Gegenbauer Polynomials (Figure 3.4) are used as basis functions to  model the  finite 

thickness stripline since the Gegenbauer Polynomial weight function is of the same form 

as the | 7* l-  ̂ field variation. Chebyshev Polynomials (Figure 3.5) are used as basis 

functions for infinitely thin stripline since their weight functions model the  | r |-  ̂ field 

variation accurately.

3.4.2 Calculation of Inner Products

The inner products are derived in Appendix C between the scalar potentials and Gegen

bauer polynomials for both  the TE  and TM modes.

Introducing the notation  of an inner product as:

p %  =<  ; /? (* )  >

The general form of the  inner products for the T E  modes is given by:

r (2 p +  i )

(3.52)

(2p)\

r (2 p  +  i )

2 p + \ ( k * b i r * j 2p+ i  ( k ? b i )

(3.53)

(2p)! 2 P + 1

(3.54)
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X

Figure 3.4: Second [o], Third [□], Fourth [V], Fifth [•] and Sixth [A] Order Gegenbauer 
Polynomials of Singularity Order a  =  |

x

Figure 3.5: Second [o], Third [□], Fourth [V], Fifth [•] and Sixth [A] Order Chebyshev 
Polynomials
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The corresponding expressions for the TM modes are given as:

'r(2P + i )

=  A * d ! ( - i y J ^ A 2p+1

(2p+ 1)!

r ( 2 P + | )

7
2p  -|—  

6 J 2P+1 (*£**0

h
* >  ( 2 -  I 6i +  ^  ) I (3-55)5 ))

(2p +l) !
7

2 p +  -  
6

3.4.3 Transverse Resonance A dm ittance M atrix for TE M odes

Substitu ting the expressions for the inner products, Ppn and Pqn; and the expressions for 

the mode adm ittance term s, y ( n ) from Appendix B into Equation 3.49 the transverse 

adm ittance m atrix  (Equation 3.48) can be evaluated.

Rewriting and factorising in term s of frequency independent functions, i7(p, <7, VO 

and Cpq\ and frequency dependent functions, Fz-, the m atrix  term s are found:

n = N

P l l Ipq c vq X  Fl (ky 3 ’ ky 4»Wl) J (p’ n7r)+
n=0

F 3 (&*1) +  E3 ( k*2) J ( p , q , k * 2di)  (3.57)
n—N

c pq X  F2 (ky 3’ ky 4’Wl) ^ n7r)[^l^jpg ^pq

[y 2i]P,  =  C„q ' ) T F 2 ( k * ’, k ^ , w 1) j ( p , q , n K )  (3.59)
71=0
n = N

[̂ /22]pgr Cpq ^ 2  [Fl + F i  (fc^7,fcf8,s )]  J ( p , q , m r )  (3.60)
71=0
»=JV

[■̂ 23]pg

[Y32]pg

C P1 E  • 7 ( P > 9 > ™ r )
71=0

X  F<2 (ky 7 ’ ’5) ^ n7r)

(3.61)

(3.62)

7l=JV

[̂ 33]pg — Cpg X  [^ i (^ 9’fcf 10’5) +  J (p ,g ,n 7 r )  (3.63)
71=0
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[Yl?)n 11

n = N

Z F*
Th —0

( k ^ \ k ^ 12, w 2) J(p ,q , TITT )

n = N

[Y in vq — C pq
Yl—Q

( k ^ 13, k ^ 1\ w 2) J(p ,q , 717T )

n = N

=  C pq E *
71=0

[ k y ^ i k ^ ^ w i )  J ( p , q , TL'K )  +

(3.64)

(3.65)

Fs (k* “ ) J ( p ,  q, +  F3  J ( p ,  q, f g » d t )  (3.66)

W here the functions, Fi, F2 and F 3 , and the constant, Cpq are defined as:

c „  = ( - i r ?2u>ijl0
r(2p+ i)r(2g+ 1)

(2p)! (2?)! 2P + 1 )  ( 2 q + l
(3.67)

F1( k f ‘\ k f - ' \ V )

F2 ( k * ‘, k ^ , < p )

F3 ( k* ‘)

Cot ( i* § ) , Cot (* * - f ) '

Cosec ( k y 1̂ )  Cosec ( k y m^ )
Ri k Rr

j k y '

W  ^2m+±

The wavenumbers for the different regions are defined from the  equation:

^  =  ( f c ? f  +  ( f c f ) 2

and are shown in Appendix B.

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

3.4.4 Transverse Resonance A dm ittance M atrix for TM  M odes

The adm ittance m atrix  for TM modes is of an identical form to  the expressions for the 

T E  modes, however the  lower limit of the summ ations in Equations 3.57 to  3.66 is n = l ,  

as opposed to  n = 0 .
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The frequency dependent and independent functions are defined:

c„ = (-!)*•; k‘*2UJ€0 €T

r (2 p + | )r (2 g + | )
(2p+l)! (2g+l)! 2 P + 1 )  ( 2 9 + l (3.73)

F i(fc£ \fcf",¥> )

F2 ( k* ‘, k ^ , < p )

' j k f  Cot ( k * f ) j k y mCot  ( fc * » f) '

n 2 k ^ l) n 2 k * r

j k y 1 Cosec ( k y 1̂ )  j k y mCosec (k y m
"T o

jky*

~  *^2n+|-(V0

(3.74)

(3.75)

(3.76)

(3.77)

The x  directed wavenumbers are again shown in A ppendix B. The expressions for T \, 

F2 and F3 for the TM  modes are of the same form as the expressions for the  T E  modes. 

The denom inators contain an additional n 2 term  which also aids convergence of the 

m ethod.

3.5 Solution o f the Transverse R esonance A dm ittan ce  

M atrix

3 .5 .1  S o lu t io n  for  t h e  P r o p a g a t io n  C o n s ta n t

The Transverse Resonance adm ittance equation (Equation 3.48) is of the form of a 

general eigenvalue problem:

[Y][X] =  X[X] (3.78)

The solutions for the eigenvalue of zero (A =  0) correspond to  the resonance condition 

when the fields are m atched across all interfaces. The corresponding eigenvectors give 

the basis am plitude term s for the mode. This eigenvalue solution, A =  0 also corresponds 

to  the  determ inant of the m atrix  [Y] being equal to  zero. This la tte r  property  was used 

to  solve the TRD  problem for the transverse wavenumber, k t .

47



In order to  determine the cut-off frequencies of a particu lar stripline geometry, the 

transverse wavenumber is replaced by the free space wavenumber, k 0 (/3k =  0) in the 

expressions for the adm ittance m atrix  term s (Equations 3.57 to  3 .66). The wavenumber 

is then  increm ented and the sign of the determ inant noted, when a change of sign 

is detected an interval halving technique [65] is used to determ ine the exact cut-off 

wavenumber. This is complicated by a num ber of poles satisfying the condition of a 

determ inant change of sign, in addition to  the determ inant zeroes. The poles are due to 

the adm ittance m atrix  term s becoming undefined for values of k^'cp = ir. These term s 

however can be easily identified by considering the relative values of the  determ inant 

during the interval halving search. The problem can also be cast to  search for a  set of 

unknown values of the propagation constant, /3k, a t a fixed frequency.

The assum ption of a lossless dielectric filling enables a  straightforw ard interval halv

ing technique to  be used. An analysis for a dielectric perm ittiv ity  w ith a  complex com

ponent to  model loss would require a two dimensional search technique to  be used [60].

3 .5 .2  S o lu t io n  for  t h e  F ie ld  A m p litu d e s

The propagation constant information can be computed in a  straightforw ard m anner. 

In order to  calculate the circuit param eters such as impedance and power flow, the  field 

am plitude term s have to be determined. Recalling the form of Equation 3.28 for T E  

modes:

/+oo
exk(x, V) <f>hk(n, x , y) dx  (3.79)

■oo
Substituting the expression for the unknown exk field,

r+oo

E’xkn = ^  X pk /  fp (x ) (f>hk(n,x,y)dx  (3.80)
P=o J ~°°
P=p

E>xkn ~  Y  X P k Ppn ( 3 .81)
p—0

The solution of the field am plitude term s for the fundam ental TEM  m ode of propagation, 

is complicated since the TEM  case is a  limiting case of the T E  m odes w ith k t =  0. This 

substitu tion causes the adm ittance m atrix  to  be equal to  the  null m atrix , hence no field
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inform ation can be derived. However the field is assumed to  be uniform and the field 

am plitudes are given by:

[*] = (3.82)

The corresponding field amplitudes for the rem aining hzk and eyk fields are given by 

the following expressions:

Hzkn — *?
jUfloky

E x k n

kx
E y k n  =  ( T“ ) E x k n

toy.

(3.83)

(3.84)

The field plots for the stripline structu re  can therefore be calculated from the expressions 

in Appendix B.

3.6 E xtension  to an Arbitrary N um ber o f Striplines

The analysis has been presented for a  pair of coupled striplines of arb itra ry  dimen

sions. The use of a  y param eter network representation enables any num ber of coupled 

striplines to  be analysed by cascading the two port networks of stripline elements to 

gether. The order of the overall adm ittance m atrix  is given by 2M P  x 2M P  where M 

is the num ber of striplines and P is the num ber of basis term s. The efficiency of the 

analysis will dem onstrate th a t this should not place a large requirem ent on the memory 

of a  com puter, however the com putational tim e will be proportional to  the cube of the 

m atrix  order.

3.7 Sim plification for a Uniform  Stripline

In addition to  extending the analysis, the analysis can be simplified by inspection to  

produce the form ulation for a uniform stripline.

The corresponding equation for a  uniform  line can be obtained by considering the 

three Regions in Figure 3.6.
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REGION I REGION II REGION III

x=0

Figure 3.6: Uniform Stripline Structure Analysed

Recalling the expression for the transverse resonance equation given in Equation 3.48, 

the expressions for a uniform line can be written down by inspection:

0

0

W  +  y A1]

Y g[ Y u

X k 1

X  k‘2

(3.85)

The elements of the m atrix are written as:

n =N

[U11 pq

12 \pq

c pq Y  F l  ( k y 3 ' k y * +
n = 0

f t  ( k * > )  J ( p , q , k ? ' b )  f t ( * * » )  J ( p , q , k * d )

=N

Cpq J 2  F2 iky 3» ky 4» w ) $  (P> 9 > n7r)
n =N

n —0

n = N

[y 2i]pq =  Cpq Y  F2 { k y b , k K 6 , w ) j ( p , q , m r )

(3.86)

(3.87)

(3.88)
71=0

n =N

7 1 = 0

F3 (k*)J(p, q, k * b )  +  f t  {k (3.89)
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F3 ( k * )  J ( p ,  q, k ^ b )  + F3 (**>) J ( p ,  q, k ^ d )  (3.89)

The frequency dependent and independent functions are defined in Equations 3.67 

to  3.71 for T E  modes and Equations 3.73 to  3.77 for TM  modes.

An alternative derivation is possible by considering the TRD equation for coupled 

lines and substitu ting the limiting value for two identical striplines as the separation, 

s, tends to  infinity, or the reflection coefficient in Region III tends to  zero, i.e. a field 

m atch. The resulting m atrix  equation will have a sym m etry plane along the  non-leading 

diagonal due to  the physical symmetry. Considering the  top left hand quadran t, or the 

bo ttom  right quadrant a similar equation to  Equation 3.85 is found. The elements 

however will have a dimensional offset of § in the y  direction.

This alternative derivation is im portant as it gives an intuitive verification of the 

single line form ulation and provides an insight into the  behaviour of the  s truc tu re  as 

the dimensions are varied.

3.8 R educed Form of the D eterm inant Expression

The existing expressions used to  calculate the param eters of bo th  uniform  and coupled 

striplines are presented as closed form equations. The m ethod defined in Section 3.5 is 

an iterative m ethod, however com putational savings could be m ade if the  determ inant 

was w ritten  as an explicit expression which could then  be evaluated directly.

C om putational savings can be gained by identifying the frequency dependent and 

independent components. This has been done to  a  certain extent through the  sepa

ration of the orthonorm alisation coefficients and the inner products from the Green’s 

A dm ittance O perators.

The determ inant of the adm ittance m atrix  can also be rew ritten  as an explicit expres

sion containing the m atrix  term s and then simplified as a  polynomial in the  adm ittance 

operator. The form ulation used for stripline relies on each adm ittance m atrix  term  being 

a sum m ation over the num ber of field expansion term s, N. The corresponding determ i

nant expression is therefore complicated for a  relatively small m atrix  order and value
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of N, requiring an algebraic routine such as REDUCE [67] to  factorise the expression.

The reduction of the determ inant to a closed form expression can also be considered 

intuitively. The analysis yields a determ inant value characterised by a num ber of poles, 

P and zeroes, Z, hence the minimum order of the polynomial to  characterise this m ust 

be P+ Z . The num ber of poles and zeroes will clearly be set by the m axim um  frequency 

of interest for a  search at given propagation constant, or the m axim um  propagation 

constant for a search a t a given frequency. The coefficients of the  polynom ial will 

depend on all the  adm ittance m atrix  term s.

Reducing the determ inant to  a closed form is also equivalent to  representing the 

problem using ABCD network representation, where the resonance condition is given 

by element C being equal to  zero [9].

The lack of a  compact form of the determ inant expression suggests th a t an efficiently 

w ritten algorithm  using a small number of basis term s and field expansion term s will 

provide a sufficiently fast means of computing the propagation constant for a  structure .

3.9 Stripline Param eters

The calculation of the field am plitude term s enables the  im pedance and attenuation  

factor of the  stripline structures to be determined.

3 .9 .1  D e f in it io n  o f  I m p e d a n c e  M e a su r e s

The impedances of the stripline structures can be calculated using three measures: 

the power-voltage impedance, Zpv\ the power-current im pedance, Z pi and the  voltage- 

current impedance, Z v{.

The expressions are defined below:

V 2
Z pv = p -2-  (3-90)

* flow
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z Pi =  (3 -91)

Zyi  — \J Z p y  Zpi (3.92)

The power flow in the i  direction, Pfiow, is given by the Poynting vector:

P f i o w  — I  ^tk A htk do, (3.93)
J CrossSection

The voltage, V0 represents the voltage between the stripline and ground planes, noting 

the to ta l voltage is given by:

V  =  J  e a  dL (3.94)

The field, etk consists of a sum m ation of N field am plitude and shape term s, however it

can be shown th a t contributions to  the integral are zero for all modes, except the  n — 0

term . The corresponding expression for the current flowing in the conductors for the 

k th  mode is given by:

1 =  f h t k  dL (3.95)

The power flow, voltage and currents integrals are evaluated for the stripline structure  

in Appendix D.

Theoretically, the  three different measures of the impedances should give identical 

results, th is however assumes th a t all the integrals are calculated to  an equal accuracy 

by the analysis m ethod.

3 .9 .2  D e f in it io n  o f  C o u p le d  S tr ip l in e  M o d e s

The expressions for the impedances (Equations 3.90 to  3.92) can be evaluated for all 

the modes present in the  structure. The modes for the coupled striplines are denoted 

as C  and II, for lines excited with balanced and unbalanced voltages respectively [47]. 

For structu res where there is a physical plane of sym m etry a t y = 0 the  characteristic 

impedances are equal and the C  and II modes degenerate to  the conventional even and 

odd modes respectively.
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The expressions for the coupling, 6 2 1 ; isolation, S 3 1 ] and transm ission, 6 4 1  can be 

derived by considering the ABCD m atrices of the modes separately [57]. The expression 

for the m aximum  coupling is noted here:

c  =  201oglo ( f <C)~ f <n))  Units : dB (3.96)
V a 0(c ) +  z o( n ) )

3 .9 .3  D e f in it io n  o f  A t te n u a t io n  F a c to r

The attenuation  factor for the structure consists of contributions from the conductor 

a ttenuation  factor, a c, and the dielectric a ttenuation  factor, a j .

a  = a c + ad (3.97)

The conductor a ttenuation  factor is calculated assuming a small pertu rbation  m ethod. 

In this approach the structure is analysed assuming a lossless propagation constant. The

fields around the structure  and hence the power flow (Equation 3.93) and power dissipa

tion are calculated. The m ethod has the advantage th a t only a one dimensional search 

is required to  determ ine the propagation constant . The approach is only constrained by 

the requirem ent th a t  the thickness of the conductors in the structu re  is approxim ately 

2  - 3 times the skin depth. For a brass stripline network operating a t C band (2.7-3.1 

GHz) the analysis is limited to  striplines with thicknesses greater th an  10f im.

The power dissipation assumes a current density on the surface of the m aterial and 

an effective surface resistance, R s , [9], such that:

Pdis = ^ R s j  {n A  h t k f  da (3.98)
^ J CrossSection 

The m aterial surface resistance is given by the expression:

R .  =  ^  (3-99)
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The attenuation  factor in nepers per m etre is then given as the ratio:

= T 7 T — (3-10°)
^  X  ^ flow

The a ttenuation  factor is normalised to  remove the effect of frequency and surface resis

tance, since this enables the effects due to  the structu re  dimensions to  be characterised 

more readily:

a n =  201og10e a c Units : dBOl~1m 2 (3.101)

The dielectric a ttenuation  factor is derived from an alternative form of Equation 3.100 [68]:

- ! (£ )"  <3iK>
Recalling th a t  for a m aterial with a  loss given by Tan 6, the a ttenuation  factor in d B m -1 

can be w ritten:

a d = [20 log10 e] ^y/ fi0eoy/e^  f  [Tan <S] (3.103)
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C hapter 4

N um erical and M easured  

R esu lts for Uniform  Striplines

4.1 O utline

This chapter presents numerical results for the convergence of the  Transverse Resonance 

Diffraction (TR D ) m ethod for both  T E  and TM  modes for uniform stripline. Results 

are also presented for the higher order mode cut-off frequencies, im pedance and a tte n 

uation factor for uniform lines over a wide range of dimensional ratios. The values are 

compared to bo th  purely numerical and purely analytical results, and differences high

lighted between the TRD results and values computed by existing CAD systems. The 

sensitivity of the design param eters to  variations in the dimensional ratios is also in

vestigated. Higher order mode cut-off frequencies and attenuation  factor m easurem ents 

are also presented to verify the simulated results.

4.2 Convergence of th e M ethod

The TRD m ethod derived in C hapter 3 is form ulated in term s of an adm ittance m atrix  

of variable dimension, with the elements consisting of a sum m ation of a  finite num ber of

56



term s (Equations 3.49 and 3.50). The convergence of the  form ulation with the num ber 

of basis functions, P, and the number of field expansion term s, N, has to  be determ ined 

in order to  verify th a t the analysis is numerically stable.

4 .2 .1  C o n v e r g e n c e  o f  t h e  T E  M o d e  F o r m u la t io n

The convergence of the first higher order mode is shown in Table 4.1 for a nom inal 

5012 stripline. The results are calculated to  four decimal places to  illustrate  the relative 

degree of convergence and do not imply accuracy to  the same degree.

The values clearly indicate th a t two basis function term s and live field expansion 

term s are sufficient to calculate the cut-off frequencies to  within one percent, and two 

basis function term s and twenty five field expansion term s to  calculate the results to  

within 0.1 percent.

Cut-off Frequency (GHz)
N No. of Basis Functions, P

1 2 3 4 5 6
5 7.0294 7.0402 7.0574 7.0802 7.0919 7.2380
10 6.9958 7.0001 7.0056 7.0130 7.0219 7.0276
15 6.9869 6.9900 6.9930 6.9966 7.0009 7.0053
25 6.9800 6.9823 6.9839 6.9853 6.9868 6.9885
50 6.9753 6.9771 6.9780 6.9786 6.9790 6.9795
75 6.9740 6.9756 6.9764 6.9768 6.9770 6.9773

100 6.9734 6.9750 6.9757 6.9760 6.9762 6.9764
200 6.9727 6.9742 6.9748 6.9751 6.9752 6.9753

Table 4.1: Convergence of the F irst Higher Order T E  Mode Cut-off Frequency with 
the Number of Field Expansion Terms, N, and the Num ber of Basis Functions, P for a 
Nominal 50f2 Stripline (t=1.60m m , b= d= 5 .55m m , h=14.00m m  and w=12.70m m )

4 .2 .2  C o n v e r g e n c e  o f  th e  T M  M o d e  F o r m u la t io n

The convergence for the first higher order TM  mode is shown in Table 4.2, again for a 

nominal 50f2 stripline.

The results for the TM  mode indicate th a t for the first higher order mode, two 

basis function term s and five field expansion term s are required to calculate the cu t
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off frequencies to  within one percent, and three basis function term s and fifteen field 

expansion term s are required to compute the frequency to  within 0.1 percent.

The results illustrate the difference in convergence between the T E  and TM  mode 

form ulations. Com pared with the TE  form ulation, the  TM  analysis shows a strong con

vergence with the num ber of field expansion term s, as would be expected from the form 

of the mode adm ittance functions (Appendix B). The convergence w ith the num ber of 

basis functions is poorer than  the TE  form ulation, with significant errors of between ten  

and fifteen percent for low numbers of basis functions. However, the ra te  of convergence 

of the TM  analysis with the num ber of basis functions is b e tte r than  the T E  mode 

form ulation.

The results for the convergence of the two form ulations dem onstrate th a t the TE  

and TM  fields surrounding the stripline can be expressed accurately using a relatively 

low num ber of basis term s. The results indicate th a t the  first higher order TM  mode 

has a more complicated field shape than  the T E  mode, requiring a larger num ber of 

basis term s to calculate the fields to  the desired accuracy.

4.3 Higher Order M ode Cut-O ff Frequencies o f Uniform  

Stripline

Results have been calculated for the variation in cut-off frequency with strip  width (w:h); 

strip thickness (t:h); and strip position asym m etry (b :b+ d). The results are compared 

to Oliner’s conformal m apping analysis [11] which models the finite thickness stripline 

as a waveguide with an effective width. In addition, results for the variation in the strip 

width are compared to  recently published d a ta  computed using finite elements [41] with 

an assumed exponential field decay in the transverse direction.

4 .3 .1  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w ith  S tr ip  W id t h

Figure 4.1 shows the variation in the first higher order mode cut-off frequency with 

strip w idth for a range of strip thicknesses. The TRD results illustrate  convergence to
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Cut-off Frequency (GHz)
N No. of Basis Functions, P

1 2 3 4 5 6
5 18.0853 18.0160 18.0069 17.9983 17.9973
10 20.2955 18.1139 18.0218 18.0200 18.0142 18.0078
15 20.4066 18.1188 18.0234 18.0226 18.0199 18.0161
25 20.4852 18.1217 18.0244 18.0245 18.0229 18.0214
50 20.5330 18.1234 18.0249 18.0248 18.0242 18.0236
75 20.5463 18.1239 18.0251 18.0250 18.0245 18.0241
100 20.5523 18.1241 18.0251 18.0251 18.0246 18.0243
200 20.5601 18.1243 18.0252 18.0252 18.0248 18.0245

Table 4.2: Convergence of the First Higher Order TM Mode Cut-off Frequency with 
the Number of Field Expansion Terms, N, and the Number of Basis Functions, P for a 
Nominal 50D Stripline (t=1.60mm, b=d=5.55mm, h= 14.00mm and w= 12.70mm)
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Figure 4.1: First Higher Order Mode Cut-Off Frequency versus Strip Width (w:h)
computed by TRD (----- ) and Oliner’s Finite Thickness Approximation (------) and
Infinitely Thin Approximation ( ..........) for Various Strip Thicknesses (t:h=0.001[d];
t:h=0.126[*] and t:h=0.250[A]), b=d and h=12.70mm
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the cut-off frequency of the parallel plate waveguide (11.803 GHz) as the strip becomes 

infinitely thin, as opposed to Oliner’s analysis which increases rapidly. The agreement 

improves as the strip becomes wider, however Oliner’s finite thickness analysis computes 

very similar results for thick strips (t:h=0.250) or very narrow strip (t:h=0.001). This 

is due to the finite thickness correction being unable to compensate for the overall trend 

in the cut-off frequency with strip thickness, the thickness (t:h=0.250) marking the 

upper bound of Oliner’s analysis [11]. The correction does however reverse the trend 

of the cut-off frequencies for moderate values of strip thickness, agreeing with the TRD 

analysis and illustrating a decrease in cut-off frequency for an increase in strip thickness.

The variation with strip width is also compared to results computed using the finite 

element method [41], and plotted in Figure 4.2 as a percentage difference with respect 

to the TRD method to highlight the differences between the methods.
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Figure 4.2: Percentage Difference between the First Higher Order Mode Cut-Off Fre
quency versus Strip Width (w:h) computed by the TRD Method and Oliner’s Analysis 
[□];TRD and a Conformal Mapping Effective Width Correction [A]; and TRD and a 
Finite Element Analysis [o] for b=d=5.55mm, t=1.60mm and h= 12.70mm
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The results illustrate that Oliner’s conformal mapping analysis produces significant 

differences of between one and sixteen percent, with agreement improving as the strip 

becomes wider. The errors for narrow strips are due to errors in the evaluation of the 

conformal mapping by approximate functions, and interaction of the fringing fields at 

the ends of the strip. Oliner suggests a minimum strip width of w:h=0.5, however the 

finite element and TRD analyses which typically agree to within one percent, indicate 

that this is over optimistic. The effective width correction [41] applied to the conformal 

mapping appears to give a lower bound on the solution with improved agreement for 

narrow strips compared with Oliner’s analysis.

4 .3 .2  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w ith  S tr ip  T h ic k n e s s

Figure 4.3 illustrates the variation in first higher order mode cut-off frequency with strip 

thickness (t:h) for a range of strip widths. The TRD results show a comparatively small 

variation with strip thickness, suggesting the cut-off frequency is dominated by the width 

of the strip. This contrasts with Oliner’s finite thickness approximation which shows a 

stronger variation with thickness. The agreement between the methods improves with 

strip width, indicating that the effective width correction should be a function of strip 

width as well as strip thickness [23].

4 .3 .3  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w ith  S tr ip  P o s i t io n  A s y m m e t r y

Figure 4.4 shows the variation in first higher order mode cut-off frequency with strip po

sition asymmetry (b:b+d) for various strip thicknesses (t:h). The results show improved 

agreement between the methods for moderate strip thicknesses by using a finite thick

ness correction, which again corrects the trend in cut-off frequency with thickness for 

symmetrical stripline (b:b+d=0.5). The TRD analysis illustrates a smoother variation 

of cut-off frequency around the symmetric strip position than the conformal mapping 

analysis. This suggests that manufacturing tolerances in strip position will not alter the 

monomode bandwidth significantly.

Figure 4.5 illustrates the variation in the cut-off frequency with strip position asym-
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Figure 4.3: First Higher Order Mode Cut-Off Frequency versus Strip Thickness (t:h) 
computed by TRD (------) and Oliner’s Finite Thickness Approximation (---- ) for Var
ious Strip Widths (w:h=0.50[n]; w:h=1.10[*] and w:h=2.00[A]), b=d and h=12.70mm
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Figure 4.4: First Higher Order Mode Cut-Off Frequency versus Strip Position Asym
metry (b:b+d) computed by TRD (------) and Oliner’s Finite Thickness Approxima
tion (- - -) and Infinitely Thin Approximation (..........) for Various Strip Thicknesses
(t:h=0.001[n]; t:h=0.126[*] and t:h=0.250[A]), w=14.00mm and h=12.70mm
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metry for various strip widths and emphasises the points above and showing that for 

strip widths in excess of w:h=2.0 the agreement in comparatively good.
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Figure 4.5: First Higher Order Mode Cut-Off Frequency versus Strip Position Asym
metry (b:b+d) computed by TRD (------) and Oliner’s Approximation (-----) for Various
Strip Widths (w:h=0.50[D]; w:h=1.10[*] and w:h=2.00[A]), t=1.60mm and h=12.70mm

4.3 .4  C alcu la tion  of  M o n o m o d e  B a n d w id th  in P ractica l S y s te m s

The results illustrate that traditional conformal mapping techniques provide a significant 

overestimate of the first higher order mode of striplines with commonly used dimensions. 

Historically this has not been significant since the monomode bandwidth of a system is 

set by the widest strip, which corresponds to a width of w:h=2.80 for a typical system. 

The error between the conformal mapping and TRD values (Figure 4.2) is therefore low. 

The conformal mapping result will be an overestimate, which may become important 

for networks designed with a small or non-existent safety factor between the operating 

frequency and the monomode bandwidth.

64



4.4 Im pedance of Uniform  Stripline

TEM  impedances are calculated using the TRD m ethod and compared to  values com

puted using conformal m apping techniques [13, 23, 28] for a range of dimensions. Results 

are also com pared to EEsof’s Linecalc package and Hewlett Packard’s HP85180A High 

Frequency S tructure Simulator (HFSS) Finite Elements package for a lim ited set of 

striplines.

4 .4 .1  C o n v e r g e n c e  o f  I m p e d a n c e  M e a s u r e s

The three im pedance measures th a t can be calculated for the stripline structure: the 

power-voltage impedance, Zvv; the power-current impedance Z p{\ and the voltage- 

current im pedance, Z v{ are defined in C hapter 3. Ideally the three measures should give 

consistent results. However, for a given num ber of field expansion term s the accuracy 

with which the voltage, current and power flow can be calculated will differ. Figure 4.6 

shows the percentage difference between the impedance measures and C ohn’s conformal 

m apping results [13] for nominal 300, 500 and 750 striplines.

The power-voltage form ulation converges fastest since the problem is form ulated in 

term s of the m agnetic scalar potentials with the x  directed electric field as the discre- 

tised field th a t is solved for. Provided a sufficient num ber of term s are chosen, the 

power-current and hence the volt age-current measures converge to  the  power-voltage 

calculation. Figure 4.6 also shows th a t the ra te  of convergence differs depending on the 

stripline dimensions. The convergence behaviour is due to the current components from 

the edges of the stripline. The TRD analysis assumes a singularity behaviour based 

on a finite thickness stripline. Collin [19] derives the minimum order of the singularity 

required to m odel a metallic wedge of given internal angle. The actual order of the 

singularity present will differ if there is significant interaction between the edge singu

larities, as is the  case for very thin or narrow conductors. The current calculation is 

very sensitive to the exact order of the edge singularity and if the  order is incorrect 

more field expansion term s are required for convergence. It can be shown for very thin 

strips th a t a  singularity behaviour of | r | " 2  gives a significantly improved convergence.
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The impedance comparisons in the following sections use the power-voltage impedance 

measure computed with twenty five field expansion terms.
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Figure 4.6: Percentage Difference between Cohn’s Impedance Calculation and Zpv [•]
and Zvi [o] Impedances for a Nominal 750 Stripline (------), 500 Stripline (-----) and
300 Stripline (..........)

4.4.2 V ariation  in Im p ed a n ce  w ith  Strip  W id th

Figure 4.7 shows the variation in impedance with strip width calculated by the TRD 

analysis and Wheeler’s analysis [23]. The percentage difference with respect to Wheeler’s 

analysis is also shown. The results show a decrease in percentage difference as the width 

increases as the impedance is dominated by the parallel plate capacitance, with the error 

for wide strips within the 0.5% bound on Wheeler’s results.
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Figure 4.7: Impedance and Percentage Difference in Impedance [A] between TRD 
Power-Voltage Impedance, (Zpv), (------); and Wheeler’s Analysis ( ..........) for a Vari
ation in Strip Width for b=d, t=1.60mm and h=12.70mm
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4.4 .3  V ariation  in Im p ed a n ce  w ith  Strip  T h ick ness

Figure 4.8 shows the variation in impedance and percentage difference between Wheeler’s 

results and the TRD results for a range of strip thicknesses. The agreement is reasonable 

across for a range of strip thicknesses up to t:h=0.8, beyond this value the percentage 

difference rapidly rises as small absolute differences in the impedance produce very large 

percentage differences between the methods.
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Figure 4.8: Impedance and Percentage Difference in Impedance [A] between TRD
Power-Voltage Impedance, (Zpv), (------); and Cohn’s Analysis ( ..........) for a Variation
in Strip Thickness for b=d, w=14.00mm and h = 12.70mm

4 .4 .4  V ariation  in Im p ed a n ce  w ith  Strip  P os it ion  A sy m m e tr y

Figure 4.9 shows the variation in impedance and percentage difference between Robrish’s 

results [28] for a wide strip and the TRD results for a range of strip position asymmetries 

(b:b+d). Robrish’s analysis is accurate to ±2% for 0.2 < b : b + d < 0.8 and t:h< 0.2. 

The TRD results are within these limits for the range of values stated, however the
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differences increase relatively rapidly outside these bounds.
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Figure 4.9: Impedance and Percentage Difference in Impedance [A] between TRD 
Power-Voltage Impedance, (Zpv), (----- ); and Robrish’s Analysis ( .......... ) for a Vari
ation in Strip Position Asymmetry for t=1.60min, w= 14.00mm and h=12.70mm

4.4 .5  C om p ar ison  of  th e  T R D  Im p e d a n ce  R esu lts  w ith  C om m ercia l  

Softw are

The TRD results are compared to values computed by Hewlett Packard’s HFSS (Version 

A1.29) and EEsof Linecalc (Version 3.0) packages in Table 4.3. The values are quoted to 

four significant figures in order to compare the relative accuracies of the three methods. 

The agreement is excellent between the different techniques, with a maximum difference 

of 0.8%. The HFSS results are computed as a “ports only” 2D solution, and are shown 

for both of the ports.
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Dimension (mm) Impedance (H
t b d h TRD

Z-py
HF

Port 1
'SS 

Port 2
EEsof

Linecalc
1.600
1.600
1.600

5.550
5.520
5.000

5.550
5.580
6.100

14.08
14.08
14.08

50.18
50.18 
50.05

50.19
49.77
49.74

50.26
49.83
49.73

50.15
50.15 
49.77

1.600
1.600

5.550
5.550

5.550
5.550

28.00
42.00

30.08
21.44

30.07
21.45

30.11
21.46

30.07
21.44

0.800
1.602
2.400

5.950
5.549
5.150

5.950
5.549
5.150

14.08
14.08
14.08

54.84
50.17
45.77

54.73
50.06
46.15

54.36
50.16
46.15

54.79
50.14
46.03

Table 4.3: Comparison of Impedances Calculated by the TRD Method and Commercial 
Software Packages for a Range of Dimensions
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Figure 4.10: Normalised Attenuation Factor versus Strip Width (w:h) computed by
TRD( ) and Cohn’s Analysis (-----) for Various Strip Thicknesses t:h=0.001, [□];
t:h=0.126, [•]; and t:h=0.250, [A]; b=d and h=12.70mm

70



4.5 A ttenuation  Factor of Uniform  Stripline

The normalised attenuation factors of uniform stripline have been com puted using the 

TRD m ethod and compared with Cohn’s conformal m apping analysis for variations in 

strip w idth, strip thickness and strip position asymm etry. In addition, the TRD results 

are compared with Hewlett Packard’s HFSS software for a given structu re , and also an 

integral equation form ulation [39].

4 .5 .1  V a r ia t io n  in  A t t e n u a t i o n  F a c to r  w i t h  S t r ip  W i d t h

Figure 4.10 shows the variation in normalised attenuation  factor with strip w idth for a 

range of strip thicknesses. The graph shows th a t the difference between Cohn’s analysis 

for the wide strips case (w :h> 0.40) and the TRD analysis decreases as the strips 

become progressively thicker and the effects of the edge singularities decrease. The TRD 

results also show a consistent trend of increasing a ttenuation  factor w ith increasing strip 

thickness, contrary to Cohn’s analysis for very narrow strips, but in agreement for very 

wide strips.

4 .5 .2  V a r ia t io n  in  A t t e n u a t i o n  F a c to r  w i t h  S t r ip  T h ic k n e s s

Figure 4.11 shows the variation in normalised attenuation  factor with strip thickness 

for various strip widths. The upper limit of Cohn’s analysis is t:h= 0 .25 , with the 

agreement between the two m ethods improving up to this point. The results also show 

decreasing a ttenuation  with increasing strip width. Cohn’s results also show an increase 

in a ttenuation  as the strips become narrow suggesting the power flow is decreasing 

faster than  the dissipation, as opposed to  the TRD m ethod which gives a m onatonic 

decrease. This is a ttribu tab le  to the TRD analysis accurately modelling the singularities 

a t the edge of the strip , around which the m ajority  of the  power flows. This suggests 

th a t the power flow will not be as sensitive to a variation in strip dimensions as the 

conformal mapping analysis which models the  stripline as a co-axial cylinder of effective 

diam eter [18]. The TRD and conformal m apping results increase rapidly as the strip 

becomes thicker, due to  the increase in power dissipation in the ground planes.
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Figure 4.11: Normalised Attenuation Factor versus Strip Thickness (t:h) computed
by TR D ( ) and Cohn’s Analysis (- - -) for Various Strip W idths w:h=0.50, [□];
w:h=1.102, [•]; and w:h=2.00, [A]; b= d , h=12.70mm.

4 .5 .3  V ariation in A tten u a t io n  Factor w ith  Strip  P os it ion  A s y m m e tr y

Figure 4.12 shows the variation in normalised attenuation factor with strip position 

asymmetry for a range of strip thicknesses between t:h=0.001 and t:h=0.250. Cohn’s 

values are only valid for the symmetrical position and again emphasise the comments 

made in the previous sections. The TRD results showing a decrease in attenuation 

factor as the asymmetry increases with a rapid rise for very large asymmetries as the 

dissipation in the ground planes becomes significant.
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Figure 4.12: Normalised Attenuation Factor versus Strip Position Asymmetry (b:b+d)
computed by TRD( ) and Cohn’s Analysis (- - -) for Various Strip Thicknesses
t:h=0.001, [□];t:h=0.126, [•]; and t:h=0.250, [A]; w:h=1.102, h=12.70mm.

Method a n (dBCl l rn2) a  (d B m  1)
Cohn 0.065 0.17
TRD 0.059 0.15
HFSS (Port 1) 0.065 0.17

(Port 2) 0.068 0.18
EEsof Linecalc 0.064 0.17

Table 4.4: Table of Normalised and Un-Normalised Attenuation Factor Computed by 
the TRD analysis; Cohn’s Conformal Mapping analysis; EEsof’s Linecalc and Hewlett 
Packard’s HFSS analysis for a Stripline of Resistivity p =  90nftm , w= 14.00mm, 
b=d=5.55mm, t=1.60mm at 3.00GHz
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4 .5 .4  C o m p a r i s o n  o f  T R D  A t t e n u a t i o n  F a c to r  R e s u l t s  w i t h  C o m m e r 

c ia l  P a c k a g e s

The TRD results are compared in Table 4.4 with results obtained by conformal m ap

ping [13], E E sof’s Linecalc Package (Version 3.0) and Hewlett Packard’s HFSS (Version 

A 1.29). The Linecalc value has a significant uncertainty since it is only quoted as an a t

tenuation factor to  two decimal places. The results quoted for HFSS are the imaginary 

component of the  propagation constant computed a t each of the  ports for a full 3D so

lution. The a ttenuation  factors are in agreement to  within ±0.02dB which corresponds 

to  an a ttenuation  of between 3.5% and 4.2% of signal power.

4 .5 .5  C o m p a r i s o n  o f  A t t e n u a t i o n  F a c to r  C a lc u la t io n  w i t h  A n  I n te g r a l  

E q u a t i o n  M e t h o d

The TRD and conformal m apping results presented in the earlier sections use a small 

pertu rbation  m ethod i.e. the loss is calculated from the field com puted for a  lossless 

structure. Integral equation m ethods can be used to compute the complex propagation 

constant of a  stripline [39]. Results are presented for structures with m aterials and 

dimensions th a t are normally found in printed circuit interconnections, and hence the 

skin depth is of a comparable order to  the stripline dimensions at lower frequencies.

Figure 4.13 shows the a ttenuation  factor versus frequency for symm etrically posi

tioned copper and molybdenum striplines. Figure 4.14 shows the a ttenuation  factor for 

an asym m etrical case. The TRD results are calculated assuming a frequency dependence 

of y / f ,  and show excellent agreement with K iang’s results for frequencies approaching 

1GHz, where the ratio  of the skin depth, <$s, to  the strip thickness, t ,  is £s :t=0.083 

for copper and <$s :t=0.145 for molybdenum. This compares to  ratios of £s:t=0.83 and 

<Ss :t=1.45 respectively at 10MHz, with significant differences between the results. The 

small pertu rbation  m ethods (TRD and Cohn’s analysis [13]) will give a d.c value of 

zero, whereas K iang’s results converge to a finite attenuation .
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Figure 4.14: Attenuation Factor versus Frequency computed by TRD Analysis (------)
and Kiang’s Integral Equation Method (----- ) for a Copper Stripline, (p = 17.2nOm),
[•]; and a Molybdenum Stripline, (p ■= 52.1nflra), [o] for w=100/rm, b=387.5/xm, 
d=187.5/rm and t=25/im
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4.6 C om parison  o f  T R D  R esu lts  w ith  M easured  D a ta

4.6.1 M e th o d  o f  M easu rem en t

The cut-off frequencies and attenuation factor have been measured using a lightly cou

pled probe resonator technique. This has been described for the Inset Dielectric Guide 

structure [69]. The method involves exciting the test fixture shown in Figure 4.15 with 

the rotatable probes either parallel or perpendicular to the strip to excite the even or 

odd symmetric modes respectively (Figure 4.16(a) and (b)). The transmission through 

the structure (.S^i) was measured using an HP8510B Network Analyser. A typical plot 

is shown in Figure 4.17 for a nominal 5012 stripline.
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Figure 4.15: Side View of Uniform Line Test Fixture used to take Measurements

4.6.2 M easu red  D a ta  for th e  H igher  Order M o d e  C ut-o ff  Frequencies

The local maxima in Figure 4.17 correspond to an integral number of half guide wave

lengths. The position of the localised maxima, f n are given by:



(a) (b) (c)

Figure 4.16: Magnetic Field Excitation for Probes Placed Above the Strip; Perpendic
ular to the Strip (a) and Parallel to the Strip (b); and Beside the Strip (c)
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Figure 4.17: Plot of Transmission through Test Fixture versus Frequency for Probe
Orientation (a) (-----) and Probe Orientation (b) (-------) for a Nominal 50fi Stripline,
b=4.965mm, d=5.265mm t=1.64mm, w=14.00mm and L=220mm taken using an 
HP8510B (801 Points and Averagings 100)
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The m axim a for the fundam ental mode of propagation are therefore spaced at 681

MHz intervals, and clearly identifiable in Figure 4.17(-----). The second set of m axim a

present in Figure 4.17 (------ ) are due to  the first higher order mode, and propagate ini

tially with alow  am plitude and high Q, with the am plitude increasing and Q decreasing 

with frequency.

The determ ination of the cut-off frequency relies on the value of n in Equation 4.1 

being determined for each of the m axima. The values are found by trial and error since 

some of the m axim a may be missing due to  the overall frequency response of the test 

fixture, or m axim a coinciding with the m axim a of the dom inant mode.

The m easured cut-off frequencies, the standard  deviation of the m easured values and 

num ber of m axim a m easured, N, are shown in Table 4.5 for a range of striplines with 

varying width.

Ratio w:h Frequency
(GHz)

Std. Dev. 
(GHz)

Std. Dev.
(%)

No. of M axim a 
N

0.604 10.149 0.014 0.14 21
1.179 7.165 0.007 0.08 11
1.769 5.374 0.041 0.75 16
2.358 4.239 0.041 0.94 12
2.948 3.581 0.052 1.45 7
3.538 3.051 0.029 0.92 7

Table 4.5: M easured Results for the F irst Higher Order Mode Cut-off Frequency for a 
stripline with t=1.64m m , b=4.965m m , d=5.265m m , h=11.87m m

The m easured da ta  is compared to the TRD m ethod; a finite thickness central con

ductor conformal m apping analysis [11] and Hewlett Packard’s HP85180A High Fre

quency Structure Simulator (HFSS) finite elements package.

Figures 4.18 and 4.19 illustrate th a t the TRD results are in excellent agreement with 

the m easured da ta  for the first higher order mode cut-off frequency, agreeing to  within 

two percent and typically within one percent. The maximum  errors coincide with the 

largest percentage standard  deviations suggesting th a t the  error is due to  m easurem ent 

inaccuracy as opposed to  the TRD m ethod. Oliner’s finite thickness central conductor 

conformal m apping analysis gives an error of between three and eighteen percent, with a 

decreasing error as the strip becomes wider. This is expected as the conformal m apping 

approxim ation improves as the overall effect of the singularities decreases. Results are
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computed for two versions of the HFSS software for a 2D “ports only” solution with a 

0.1% convergence. The HFSS Version A1.29 results have previously been published [70] 

and illustrate differences of up to nine percent. The results were recalculated using 

Version A2.06 which gives significantly improved results with differences comparable to 

that of the TRD method. The HFSS results however do include one result that has a 

four percent difference from the measured values.
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Figure 4.18: First Higher Order Mode Cut-Off Frequency versus Strip Width (w:h) for 
Measured Data [V]; TRD Analysis, [•]; Oliner’s Finite Thickness Analysis, [o]; HFSS 
Ver. A1.29, [□] and HFSS Ver. A2.06, [A] for b=4.965mm, d=5.265mm, t=1.64mm 
and h = 11.87mm

The repeatability of the method was also studied. The greatest variation was in the 

transmission level between successive experiments since the probes have to be carefully 

aligned to achieve a given level. The repeatability of the cut-off frequency measurements 

however, is very good since they rely on the determination of well defined resonant fre

quencies which are largely unaffected by the absolute level of the transmission provided 

it is sufficiently low (< —25dB [69]).
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Figure 4.19: Percentage Variation between M easured Cut-Off Frequencies and Com
puted Cut-Off Frequencies for the F irst Higher Order Mode Calculated by TRD Anal
ysis, [•]; Oliner’s Finite Thickness Analysis, [o]; HFSS Ver. A1.29, [□] and HFSS Ver. 
A2.06, [A] for b=4.965m m , d=5.265m m , t=1.64m m  and h=11.87m m

M ethod Details CPU Time 
(Secs)

Storage Platform

HFSS 
Ver. A2.06

Ports Only Com putation 
0.1 % Convergence

660 23.6 M Bytes HP 715/50

TRD 3 Basis Terms
25 Field Expansion Terms

37 64kBytes HP 710

Table 4.6: Comparison of Com putational Requirements for the Calculation of the F irst 
Two Higher Order Mode Cut-Off Frequencies for a  Nominal 500  Stripline
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Table 4.6 compares the com putational requirem ent to  calculate the first two higher 

order mode cut-off frequencies for the HFSS Version A2.06 and TRD m ethods. Oliner’s 

conformal mapping analysis can be evaluated as a closed form expression, hence is 

excluded from the comparison. The tim ing results show th a t the TRD  m ethod calculates 

the frequencies a factor of 25 times faster than  the HFSS analysis after taking into 

account the computing performance. In addition the storage requirem ent is a  factor of 

350 times less.

4 .6 .3  M e a s u r e d  D a t a  for  t h e  A t t e n u a t i o n  F a c to r

The a ttenuation  factor for the stripline structure  is calculated from the m easured Q 

factor, assuming the measured value is the unloaded Q of the structure .

A transmission line excited by one mode of propagation has a Q factor and a ttenu 

ation factor given by:

Time Averaged Total Energy Stored in S tructure 
Time Averaged Power Dissipation in S tructure

1 Power Dissipated in S tructure .
2 Power Flow in S tructure

Substituting Equation 4.3 into Equation 4.2:

1 Time Averaged Total Energy in S tructure 
2a U Power Flow

LO
(4.5)

2aVg

The group velocity is defined as the ratio  of the power flow to  the tim e averaged to ta l 

energy in the structure  [68], hence it can be shown that:

o=^(£)_1 ( 4 - 6 )

Recalling th a t the a ttenuation  factors are expressed as normalised values in units of

dB ’s per m etre and rearranging in term s of the m easured Q factor, Q m:

( £ ) “  (4.7)
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A further correction is introduced for the surface roughness of the  m aterial, A , [57]:

[20 log10e] k0 h (  j3 x -1

2 Q, 1 +  f T a n - 1 ( l .4 f c ) '

h \ f ty /T 0 [20 log10e]

Q . 1 +  f T a n - 1 ( l . 4 ^ )

*, ' ( 4 ' 8 )

(4.9)

The average m easured Q factors and the calculated normalised a ttenuation  factors are 

shown in Table 4.7 for the fundam ental TEM  mode of propagation w ith the standard  

deviation of the m easured and calculated values and the num ber of m axim a measured. 

The attenuation  factors are normalised assuming a resistivity of brass of p =  90nQ m. 

The results are compared with values computed by the TRD m ethod and also a finite 

thickness central conductor conformal m apping analysis [13] in Figure 4.20. The error 

bars m ark one standard  deviation either side of the average m easured Q factor.

Figure 4.20 illustrates th a t the TRD m ethod is between four and fourteen percent 

lower than  Cohn’s results. This supports Cohn’s prediction of an overestim ate of up to 

ten percent from the conformal m apping analysis due to  approxim ations in the evalua

tion of the elliptic integrals.

The m easurem ents were taken first with the probes placed above the stripline. The re

sults for very thin strips shows reasonable agreement with the calculated values, however 

the results for wider strips show a considerable error and the m easurem ents appeared 

to be sensitive to  absorber placed at the edges of the test fixture. This is due to the 

probes exciting the TM  transverse propagating mode of the parallel p late, in addition 

to  the m agnetic field surrounding the strip. The propagation of energy in the  transverse 

direction appears as an additional loss of the structure, hence the m easured a ttenua

tion factor is increased. The m easurem ents were repeated using the coupled lines test 

fixture which excites the fields from the side of the strip , as shown in Figure 4.16(c), as 

opposed to exciting the fields from above the strip as shown in Figures 4.16(a) and (b). 

The position of the probe at the side of the strip reduces the coupling to  the transverse 

propagating mode with the results in Figure 4.20 showing improved agreement.

The m easurem ents exhibit a relatively large standard  deviation which limits the
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Probe Above Strip Probe Beside Strip
Ratio
w:h Qmeas &meas OCn (J oi N Qmeas &meas <ja N

0.604
1.179
1.769
2.358
2.948
3.538

714.2 
769.1
420.3 
255.0
179.4 
131.6

226.2
230.9
139.3
49.1
43.2 
32.5

0.078
0.085
0.114
0.160
0.183
0.268

0.029
0.030
0.031
0.043
0.018
0.108

10
15
7
5
3
3

563.4
408.8
650.7
493.1

143.8
113.2
123.6
96.9

0.123
0.146
0.076
0.089

0.062
0.066
0.030
0.022

12
9
6
5

Table 4.7: Measured Results for the Q Factor and Normalised Attenuation Factor 
for a probe placed above the strip and beside the strip for t=1.64mm, b=4.965mm, 
d=5.265mm, h = l 1.87mm
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Figure 4.20: Measured Values (------)[p =  90nfira] for a probe above the strip [A] and
beside the strip [□], and Computed Values (- - -) of Normalised Attenuation Factor 
Calculated by Cohn’s Analysis [o] and TRD Analysis [•] for h=11.87mm, t=1.64mm, 
b=4.965mm and d=5.265mm
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conclusions th a t can be drawn from the results. The variation in the  m easured values 

and the agreement with theoretical results suggests th a t the assum ptions of monomode 

propagation and the m easurem ent of unloaded Q factor may be flawed.

The analysis assumes th a t the only mode of propagation is the  fundam ental, and 

th a t no other modes are excited. This has shown to be incorrect, for the probe placed 

above the strip where power is radiated  from the sides of the structure . The assum ption 

of monomode operation places another constraint on the standard  deviation since the 

monomode bandw idth of the stripline decreases with increasing w idth, therefore the 

num ber of averaged Q factors will fall with increasing strip w idth (Table 4.7).

The analysis also assumes th a t the  unloaded Q factor of the stripline is being m ea

sured, whereas in practice, the loaded Q is measured. This is less significant for struc

tures with larger losses [60], but does present problems for air-filled stripline. The 

loading on the cavity varies with frequency and hence gives rise to  significant variations 

in Q Factor. The additional loading can be a ttribu ted  to  losses in the probe mechanism 

(connectors, semi-rigid coax and poor grounding) in addition to  grounding of the other 

fixture components. The frequency variation is due to  variation in the coupling between 

the probes and cavity modes as well as stray probe capacitance.

The repeatability of the a ttenuation  factor m easurem ents is poor com pared to  the 

cut-off frequency m easurem ents since the Q factor is altered by the repeatability  of the 

contact between the stripline and test cavity; and the contact between the probe and 

the test fixture end pieces.

The standard  deviation of the measured results could be improved by repeating the 

m easurem ents with a  longer test fixture, hence reducing the frequency spacing of the 

m axim a and the increasing the num ber of points available for averaging. The proportion 

of the  loss due to  the stripline should also be larger hence reducing the effect of the probe 

connections.
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4.7 Conclusions

The Transverse Resonance Diffraction (TRD ) results have been compared to purely 

analytical and purely numerical techniques, and have dem onstrated improved accuracy 

with significantly lower com putation times over the la tte r.

The conformal m apping analyses have traditionally been used to  design stripline 

networks. The results for the first higher order mode cut-off frequency illustrate  th a t 

the results com puted using this technique are in significant error when compared to  the 

TRD m ethod, m easured results and numerical techniques.

The results for the impedance illustrate the wide range of dimensions th a t can be 

analysed using the TRD technique, whereas the conformal m apping representations 

are restricted to  a  limited range of dimensions. W ithin the range of dimensions the 

TRD results are in agreement with the conformal m apping results to  within one to  two 

percent, with comparable agreement with the HFSS results.

The attenuation  factor results m ost clearly dem onstrate the differences in the tech

niques th a t include an accurate representation of the edge singularities and those th a t 

do not. A comparison between the TRD and conformal m apping results illustrate  im

proved agreement as the striplines become thicker and the effect of the edge singularities 

decreases. The use of measured da ta  for the a ttenuation  factor has dem onstrated  the 

difficulties in m easuring low values of a ttenuation  factor where other circuit effects pro

vide a significant contribution to the loss of the structure.
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C hapter 5

N um erical and M easured  

R esu lts for Coupled Striplines

5.1 O utline

The previous chapter has reported numerical and m easured results for uniform  striplines. 

This section presents results for the convergence, higher order mode cut-off frequency, 

mode im pedance, coupling and attenuation factor of coupled stripline structures for typ

ical dimensional ratios. The Transverse Resonance Diffraction (TR D ) results are com

pared with values com puted using a num ber of m ethods, including existing CAD pack

ages and Hewlett Packard’s HP85180A High Frequency S tructure Sim ulator (HFSS). 

The sensitivity of the design param eters to  variations in the  dimensional ratios is also 

studied and the results for the higher order mode cut-off frequencies are verified by 

m easurem ent.

The ability of the  coupled lines analysis to model striplines of arb itrary  dimensions 

enables the param eter behaviour to be studied for a large num ber of dimensional varia

tions. The results however have only been computed for the  four m ain dimensional ratios 

of the structure: strip  separation, (s:h); strip thickness, (t:h); strip position asym m etry, 

(b l:b + d ); and strip  w idth asymmetry, (w l:w l+ w 2).
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Figure 5.1: Stripline Dimensional Ratios varied in the Analysis of Coupled Striplines

The variations in the stripline dimensional ratios is shown in Figure 5.1 with the 

arrows denoting increasing ratios. The strip separation is varied with striplines of equal 

width and thickness placed symmetrically between the ground planes. The strip thick

ness is varied assuming an entirely symm etrical structu re  i.e. striplines of equal width 

and thickness placed symmetrically between the ground planes. The strip position asym 

m etry measure varies the strip position asym m etry of two strips, identical in w idth and 

thickness, simultaneously such th a t b l:b + d = d 2 :b + d  i.e. the structu re  m aintains ro

tational sym m etry about the (x,y) origin. The strip width asym m etry is varied with 

the to ta l width of the two, symmetrically placed, equal thickness striplines remaining 

constant. These m easures have been chosen since they reflect the dimensions th a t are 

of interest to  the stripline designer in term s of component design and sensitivity to 

m anufacturing tolerances. The measures also enable the TRD  theory to  be compared 

with existing analyses.

5.2 Convergence of the M ethod

The convergence of the  first and second higher order T E  mode cut-off frequencies with 

the  number of field expansion term s, N, and the num ber of basis functions, P, are shown 

in Tables 5.1 and 5.2 for a  nominal 50D coupler.
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The results indicate th a t  five field expansion term s and two basis function term s are 

sufficient to  com pute the cut-off frequencies to within 1%. Twenty five field expansion 

term s and two basis functions term s are needed to com pute the cut-off frequencies to 

within 0.1%. The results also verify th a t the coupled lines analysis is numerically stable.

The rem ainder of the  results in this chapter are computed using three basis functions 

and twenty five field expansion term s.

5.3 H igher Order M ode Cut-O ff Frequencies o f Coupled  

Striplines

Results have been calculated for the variation in the first and second higher order 

m ode cut-off frequencies w ith strip separation, (s:h); strip thickness, (t:h); strip  position 

asym m etry, (b l:b + d ); and strip width asymmetry, (w l:w l+ w 2 ).

The TRD  results for strip separation are compared with results com puted using 

a finite element program  which assumes an exponential field decay in the transverse 

direction [41]. The TR D  results for strip position asym m etry and strip w idth asym m etry 

are com pared to  HFSS which models the stripline as a  rectangular co-axial structure 

(Appendix A).

The conformal m apping analyses of stripline structures assume TEM  propagation, 

hence inform ation on the higher order mode cut-off frequencies cannot be com puted.

5 .3 .1  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w ith  S tr ip  S e p a r a t io n

Figure 5.2 shows the  variation in computed cut-off frequencies with strip separation for 

strips of equal w idth, and Figure 5.3 shows the same variation for striplines of unequal 

widths.

It is instructive to  consider the two limiting cases of zero separation of strips and 

infinite separation, in order to  intuitively verify the behaviour. In the  case of zero 

separation the first two higher order modes of the coupled striplines should correspond
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Cut-off Frequency (GHz)
N No. of Basis Functions, P

1 2 3 4 5 6
2 6.8507 7.1293 7.1635
5 6.7352 6.8546 6.8800 6.9134 6.9305 7.1327
10 6.7106 6.8114 6.8205 6.8298 6.8413 6.8489
25 6.6990 6.7917 6.7954 6.7971 6.7990 6.8010
50 6.6955 6.7850 6.7885 6.7892 6.7898 6.7904
75 6.6945 6.7844 6.7867 6.7872 6.7876 6.7879
100 6.6941 6.7837 6.7859 6.7863 6.7866 6.7868
200 6.6936 6.7828 6.7848 6.7852 6.7854 6.7855

Table 5.1: Convergence of the First Higher Order TE  Mode Cut-off Frequency with 
the Number of Field Expansion Terms, N, and the Num ber of Basis Functions, P, for a 
Nominal 500  Stripline (t=1.60m m , b= d= 5 .55m m , w l= w 2= 12.00m m , s=4.00m m  and 
h=12.70m m )

Cut-off Frequency (GHz)
N No. of Basis Functions, P

1 2 3 4 5 6
2 8.7136 8.8046 8.8168
5 8.4963 8.5395 8.5570 8.5792 8.5906 8.7369
10 8.4470 8.4941 8.4996 8.5074 8.5166 8.5223
25 8.4238 8.4742 8.4758 8.4773 8.4789 8.4806
50 8.4169 8.4684 8.4693 8.4699 8.4704 8.4708
75 8.4149 8.4669 8.4676 8.4680 8.4683 8.4685

100 8.4141 8.4662 8.4668 8.4672 8.4674 8.4675
200 8.4130 8.4652 8.4658 8.4661 8.4662 8.4663

Table 5.2: Convergence of the Second Higher Order TE  Mode Cut-off Frequency with 
the Number of Field Expansion Terms, N, and the Number of Basis Functions, P, for a 
Nominal 500 Stripline (t=1.60m m , b= d= 5 .55m m , w l= w 2= 12.00m m , s=4.00m m  and 
h=12.70m m )
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to the first two higher order modes of a uniform stripline, of width wl+w2. When the 

separation is increased towards infinity, i.e. zero coupling, the first two higher order 

modes of the coupled stripline structure correspond to the first two higher order modes 

of a structure comprising of two uniform striplines of widths wl and w2.
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Figure 5.2: Calculated Cut-Off Frequencies for the First [o] and Second [•] Higher
Order Modes Computed by the TRD Method (------ ) and the Finite Element Method
(------- ) versus Strip Separation (s:h) for b=d=5.55mm, t=1.60mm, w= 12.70mm and
h=12.70mm

The TRD results are compared to results computed using the finite element method [41]. 

These results have been plotted directly from the paper, and are therefore subject to 

a ±  0.1 GHz inaccuracy. The results illustrate the behaviour described intuitively, and 

are plotted on a log scale to highlight the convergence to the asymptotic limits that 

have been calculated using the TRD uniform lines analysis. The results show good 

agreement with differences of the order of 2 to 4 percent for Figure 5.2, after taking 

into account the error bounds of the finite element results. The first higher order mode 

results in Figure 5.3 show agreement of between -1 to 2 percent, and the second higher
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order mode results show a difference of between 2 and 4 percent.

The behaviour of the first and second higher order mode cut-off frequencies has been 

shown to be governed by the coupling between the striplines, and will exhibit odd field 

symmetry in the case of the first higher order mode, and even symmetry in the case of 

the second higher order mode. The behaviour between the asymptotic limits can also be 

described in terms of stripline structures with effective widths, which further suggests 

that the first and second higher order modes represent the first odd and even higher 

order modes, in a similar manner to the concept of even and odd mode impedances.
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Figure 5.3: Calculated Cut-Off Frequencies for the First [o] and Second [•] Higher Order
Modes Computed by the TRD Method (------) and the Finite Element Method (-------)
versus Strip Separation (s:h) for b=d=5.55mm, t=1.60mm, w 1=7.25mm, w2=23.50mm 
and h=12.70mm

The finite element paper [41] does not state any timing information, hence the com

promise between the computational time and accuracy cannot be investigated further.
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5 .3 .2  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w it h  S tr ip  T h ic k n e s s

The variation in the cut-off frequencies of the first two higher order modes w ith strip 

thickness is shown in Figure 5.4. This variation has not been studied using other 

techniques, therefore the behaviour is only verified intuitively.
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Figure 5.4: Calculated Cut-Off Frequencies for the F irst [o] and Second [•] Higher
Order Modes Com puted by the TRD  M ethod (------ ) versus Strip Thickness (t:h) for
b=d=5.55m m , s=4.00m m , w=12.70m m  and h=12.70m m

The behaviour of the first two higher order mode cut-off frequencies illustrate  the 

same trends as the  first higher order mode cut-off frequency of a  uniform line. The cut

off frequencies appear relatively insensitive to  m oderate variations in strip thickness, 

with a  rapid rise in cut-off frequency when the striplines are in close proxim ity to 

the ground planes, suggesting the dom inant m ode switches from a variation in the y 

direction to a variation in the x  direction. The identical trends for the first two higher 

order modes, and the similarity to the plot for a uniform line, fu rther supports the 

intuitive approach of considering the modes as the  modes of uniform striplines with
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effective widths, governed by the coupling between the striplines.

5 .3 .3  V ariation  in C ut-O ff Frequency w ith  S trip  P os it ion  A s y m m e tr y

T h e  v a r i a t i o n  i n  t h e  c u t - o f f  f r e q u e n c y  o f  t h e  f i r s t  t w o  h i g h e r  o r d e r  m o d e s  w i t h  s t r i p  

p o s i t i o n  a s y m m e t r y ,  ( b l : b + d ) ,  i s  s h o w n  i n  F i g u r e  5 . 5 .  T h e  T R D  r e s u l t s  a r e  c o m p a r e d  

w i t h  r e s u l t s  c o m p u t e d  u s i n g  H e w l e t t  P a c k a r d ’s  H F S S  p a c k a g e  ( V e r .  A 2 . 0 6 ) ,  w h i c h  

m o d e l s  t h e  c o u p l e d  s t r i p l i n e  s t r u c t u r e  a s  a  r e c t a n g u l a r  c o - a x i a l  s t r u c t u r e  ( A p p e n d i x  A ) .  

T h e  H F S S  r e s u l t s  a r e  c o m p u t e d  u s i n g  a  t w o  p e r c e n t  c o n v e r g e n c e  c r i t e r i a .
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F i g u r e  5 . 5 :  C a l c u l a t e d  C u t - O f f  F r e q u e n c i e s  f o r  t h e  F i r s t  [o]  a n d  S e c o n d  [ • ]  H i g h e r  O r d e r

M o d e s  C o m p u t e d  b y  t h e  T R D  M e t h o d  ( --------- ) a n d  M o d e  S o l u t i o n s  C o m p u t e d  b y  H F S S

V e r .  A 2 . 0 6  ( ------- )  v e r s u s  S t r i p  P o s i t i o n  A s y m m e t r y  ( b l : b + d )  f o r  s = 4 . 0 0 m m ,  t = 1 . 6 0 m m ,

w = 1 2 . 0 0 m m ,  a n d  h =  1 2 . 7 0 m m

T h e  HFSS p a c k a g e  c a l c u l a t e s  t h e  m o d e s  o f  t h e  d e f i n e d  p o r t ,  h e n c e  a  n u m b e r  o f  b o x  

m o d e s  a r e  p r e s e n t  i n  t h e  s t r u c t u r e ,  t h e s e  w i l l  a p p e a r  a t  a  r e g u l a r  f r e q u e n c y  s p a c i n g  a n d  

i n  g e n e r a l  w i l l  b e  i n d e p e n d e n t  o f  s t r i p l i n e  p o s i t i o n .  T h e  T R D  r e s u l t s  i l l u s t r a t e  t h a t  t h e
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cut-off frequency decreases with increasing strip position asym m etry, suggesting tha t 

as the striplines approach the ground planes the fields concentrate on one face, which 

is equivalent to  a  stripline of a larger equivalent width placed symm etrically between 

ground planes.

The HFSS mode solutions th a t do not correspond to  the box modes appear to  increase 

with increasing strip position asymmetry, contrary to  the  TRD analysis, although the 

cut-off frequencies for sym m etrical strip placement agree. The behaviour of the  HFSS 

package is also intuitively correct, since if the asym m etry is increased until the strips 

touch the ground planes, only the box modes of the structu re  will rem ain. For strips of 

negligible thickness this is equivalent to  computing the cut-off frequencies of a  waveguide. 

The trends are therefore a direct consequence of the  excitation of the  s truc tu re  as a 

waveguide type structu re  for HFSS and a stripline structu re  for the TRD  m ethod.

The num ber of modes computed by HFSS, in order to  calculate the  cut-off frequencies 

of the striplines, is considerably greater than  the TRD m ethod. The to ta l com putational 

tim e for the HFSS package is 1560 CPU seconds on an HP 715/50, as opposed to  37 

CPU seconds on an HP 710 for the TRD m ethod. This equates to  a  speed difference of 

a factor of 64 after the performance of the machines are taken into account.

5 .3 .4  V a r ia t io n  in  C u t-O ff  F r e q u e n c y  w ith  S tr ip  W id th  A s y m m e t r y

The variation in the  cut-off frequency of the first two higher order modes w ith strip 

width asymm etry, (w l:w l+ w 2 ), is shown in Figure 5.6.

The TRD results are again compared with results com puted using Hewlett Packard’s 

HFSS package. The HFSS package analysed the structu re  with a m agnetic sym m etry 

plane placed along the y axis, hence the box mode solutions s ta rt a t a  considerably 

higher frequency.

The TRD results are in excellent agreement with the HFSS results for the  first higher 

order mode, and the second higher order mode for m oderate strip  w idth asym m etry. The 

rem ainder of the results show a similar trend, but with a significant error. The behaviour 

of the first higher order mode of the coupled structure  represents the  first higher order
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mode of the widest stripline, hence decreases as the strip width asymmetry deviates 

from the symmetrical position. The second higher order mode behaviour, for variations 

around the symmetrical position, represents the first higher order mode of the narrower 

of the two striplines hence increases as the asymmetry increases. The asymmetry reaches 

a point where the second higher order mode of the widest strip propagates at a lower 

frequency than the first higher order mode of the narrower stripline, hence the second 

higher order mode cut-off frequency decreases with increasing asymmetry. The HFSS 

results appear to model this trend, but maintain the first higher order mode of the 

narrower stripline as the second preferential mode of propagation as opposed to the 

second higher order mode of the widest stripline.
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Figure 5.6: Calculated Cut-Off Frequencies for the First [o] and Second [•] Higher Order
Modes Computed by the TRD Method (------); Mode Solutions Computed by HFSS Ver.
A2.06 (----- ) versus Strip Width Asymmetry (w l:w l+w 2) for s=4.00mm, t=1.60mm,
wl+w2=24.00mm, and h=12.70mm
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5.4 Im pedance and Coupling o f Coupled Striplines

The even and odd TEM  mode impedances and coupling factors have been calculated 

for variations in the  strip separation, (s:h); strip thickness, (t:h); strip position asym 

m etry  (b l:b + d )  and strip width asymmetry, (w l:w l+ w 2). The analysis has again been 

restricted  to  these cases since they correspond to the dimensions m ost commonly varied 

in stripline design. The TRD results are compared to  bo th  conformal m apping and vari

ational approaches [50, 52], in addition to results com puted by E E sof’s Linecalc pack

age [45]. A selected num ber of cases have also been analysed using Hewlett Packard’s 

HFSS package (Appendix A), as a “ports only” 2D solution and also as a  full 3D anal

ysis.

5 .4 .1  V a r ia t io n  in  I m p e d a n c e  a n d  C o u p lin g  w ith  S tr ip  S e p a r a t io n

Figure 5.7 shows the computed even and odd mode impedances for two identical strips 

for a variation in strip separation. The TRD results are com pared with results com

puted  by Perlow’s modified conformal mapping analysis [50]; the EEsof Linecalc package 

Ver.3.0, which is also based on a modified conformal m apping approach, and Hewlett 

P ackard’s HFSS package Ver. A2.06. The HFSS results are com puted as a  “ports only” 

solution with a  0.1 percent convergence limit.

The even mode impedances show good agreement between the TR D , Linecalc and 

HFSS m ethods for a wide range of separations, whereas the odd mode impedances show 

significant variations. The odd mode impedances are very dependent on the interaction, 

of the fields along the inside edges of the stripline, hence this effect has to  be modelled 

accurately. The HFSS and TRD m ethods show consistently lower values indicating a 

stronger in teraction between the striplines than  predicted using the closed form expres

sions, and is the  result of the more accurate modelling of the edge singularities. The 

im pedances converge to the lim iting case of uncoupled i.e uniform striplines, however 

Perlow ’s analysis appears to converge to a different value from th a t of the  remaining 

analyses.

The coupling factors are computed from the mode impedances using Equation 3.96,
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Figure 5.7: Even (Zoe [•]) and Odd (Zoo [o]) Mode Impedances versus Strip Separation
(s:h) Computed by TRD (------); HFSS Ver. A2.06 (-----); EEsof’s Linecalc Ver. 3.0
(..........) and Perlow’s Analysis (- • -) for t=1.60mm, h= 12.70mm, w= 14.00mm and b=d
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and are shown in Figure 5.8. The graph indicates that the TRD, HFSS and Perlow’s 

analysis all show excellent agreement for weak coupling, however the difference increases 

as the separation decreases. Perlow’s and the HFSS results also illustrate good agree

ment, despite a significant difference in mode impedances. The EEsof Linecalc values 

show a consistent underestimate of the coupling values when compared to the other 

analyses for the entire range of coupling values.
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Figure 5.8: Coupling versus Strip Separation (s:h) Computed by TRD (------); HFSS
Ver. A‘2.06 (-----); EEsof’s Linecalc Ver. 3.0 (.......... ) and Perlow’s Analysis (- • -) for
t=1.60mm, h=12.70mm, w=14.00mm and b=d

The HFSS values were further verified by computing the full 3D field solution for a 

number of small strip separations and computing the coupling from the S parameters 

of the structure. These results are shown in Figure 5.9, where they are compared with 

the other analyses. The 3D results for the 5th and 6th adaptive passes are shown to 

demonstrate the convergence of the solution. The 3D HFSS results illustrate a more 

linear variation in coupling than the other results, however with a smaller variation 

in coupling with strip separation. A greater number of points would also have to be

99



computed to enable further conclusions to be drawn.

The range of couplings achievable by altering the separation, and the sensitivity of 

the coupling to the separation, suggests that this dimension has to be closely controlled 

in a practical network.
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Figure 5.9: Coupling versus Strip Separation (s:h) Computed by TRD (----- ); HFSS Ver.
A2.06 (----- ), 2D [□], 3D (5th Adaptive Pass [o]), 3D (6th Adaptive Pass [•]); EEsof’s
Linecalc Ver. 3.0 ( ......... ) and Perlow’s Analysis (- • -) for t=1.60mm, h=12.70mm,
w= 14.00mm and b=d

5.4.2 Variation  in Im p e d a n ce  and C oupling  w ith  Strip  T h ick ness

Figure 5.10 shows the computed even and odd mode impedances for two identical strips 

with a variation in strip thickness, (t:h). The TRD results are compared with EEsof’s 

Linecalc package Ver.3.0 [45] and Perlow’s modified conformal mapping analysis [50]. 

The mode impedance results show good agreement for the even order mode impedance 

for moderate strip thicknesses, with again a larger variation in the odd order mode
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impedance between the methods.
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Figure 5.10: Even (Zoe [•]) and Odd (Zoo [o]) Mode Impedances versus Strip Thickness
(t:h) computed by TRD (------); Perlow’s Analysis ( ..........) and EEsof’s Linecalc Ver.
3.0 ( -  -  —) for b=d, h=12.70mm, s=4.00mm and w=12.00mm

Figure 5.11 shows the coupling computed from the mode impedances for the TRD 

analysis, Perlow’s analysis and EEsof’s Linecalc. The results illustrate that the agree

ment between Perlow’s analysis and the TRD analysis improves as the thickness of the 

strip increases and the coupling capacitance is dominated by the inside faces of the 

striplines, as opposed to the inside edge singularities. Both sets of results show a rapid 

decrease in coupling as the thickness increases and the interaction between the top faces 

of the striplines and the ground planes becomes stronger than the interaction between 

the striplines. The EEsof Linecalc results show a consistently lower value of coupling, 

and suggests a more linear variation in coupling than the other methods. The overesti

mate of the coupling values computed by the TRD method for thin striplines may be 

attributable to the singularity behaviour being modelled as a finite thickness stripline 

i.e. with two | r  |~3 singularities as opposed a single | r | “ 2 singularity of an infinitely
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thin strip. This is an important effect since the coupling for very thin striplines will be 

dominated by this edge effect.
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Figure 5.11: Coupling versus Strip Thickness (t:h) computed by TRD (------); Per
low’s Analysis ( ..........) and EEsof’s Linecalc Ver. 3.0 (— — —) for b=d, h=12.70mm,
s=4.00mm and w= 12.00mm

5.4 .3  V ariation  in Im p ed a n ce  and C oupling  w ith  Strip  P o s it io n  A sy m 

m e tr y

The computed even and odd mode impedances for a variation in strip position asymme

try, (bl:b-fd) are shown in Figure 5.12. The TRD results are compared to Das’ Green’s 

function analysis [52], which finds a variational form for the quasi-static capacitances 

of a system of infinitely thin conductors. The results are also compared to EEsof’s 

Linecalc package which is based on a modified form of Shelton’s conformal mapping 

approach [44]. The impedance results show the same overall trend, however the TRD 

values are in closest agreement with EEsof’s values at the symmetric strip position and
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in closest agreement with Das’ analysis for large degrees of asymmetry. The even and 

odd mode impedances computed by the TRD method also show the least sensitivity to 

small changes in the strip position asymmetry than the other two methods.
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Figure 5.12: Even (Zoe [•]) and Odd (Zoo [o]) Mode Impedances versus Strip Position
Asymmetry (b l:b+d) computed by TRD (----- -); Das’ Analysis ( ......... ) and EEsof’s
Linecalc Ver. 3.0 (— — —) for t=1.60mm, h = 12.70mm, s=4.00mm, w=12.70mm and 
b l=d2

The results for the coupling values computed from the mode impedances are shown 

in Figure 5.13, and demonstrate the differences between the methods more clearly. The 

graph illustrates the low sensitivity of the coupling computed by the TRD method to 

variations in strip position asymmetry, which would be expected for finite thickness 

striplines. The EEsof Linecalc results show significantly lower values of coupling com

puted by the SOCLIN element [45] for asymmetrical strip position, and the SCLIN ele

ment for symmetrical strip position. Das’ analysis shows reasonable agreement with the 

TRD method for large stripline position asymmetries, but significant errors for symmet

rical strip placement. This is due to the analysis accurately modelling the capacitances
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between the top and bottom faces of the stripline, but inadequately modelling the edge 

to edge coupling, resulting in a minimum coupling value for the symmetric strip posi

tion. Coupling values were also computed using a full 3D HFSS analysis and are shown 

for the fifth and sixth adaptive passes. The HFSS results indicate reasonable agreement 

with the TRD results and again verify the underestimate of the EEsof results. The 

sensitivity of the HFSS results to a change in the strip position asymmetry cannot be 

quantified due to the relative difference between the fifth and six adaptive passes and 

the low number of structures analysed.
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Figure 5.13: Coupling versus Strip Position Asymmetry (b l:b+d) computed by TRD
(------); Das’ Analysis ( ..........), EEsof Linecalc Ver. 3.0 (— — —) and HFSS (5th
Adaptive Pass [o]) and (6th Adaptive Pass [•]) for t=1.60mm, h=12.70mm, s=4.00mm, 
w=12.70mm and b l= d2
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5 .4 .4  V aria tion  in  th e  Im p e d a n ce  and  C o u p lin g  w ith  S tr ip  W id th

A sy m m e tr y

The computed II and C  mode impedances, which correspond to  the even and odd mode 

impedances for lines of unbalanced impedance, are shown in Table 5.3, and the coupling 

values are plotted  in Figure 5.14, for the  TRD m ethod and Perlow’s analysis [50]. Results 

are also shown for a num ber of cases computed using a full 3D HFSS solution, with again 

the fifth and six adaptive passes shown. The mode impedances illustrate  a very small 

variation across the range of strip width asymm etries, and again the even mode (n) 

impedances are in closer agreement than  the odd order (C ) mode impedances. The 

coupling values are therefore approxim ately constant across the  range of asymmetries 

with the TRD results showing only a very small variation. This dem onstrates th a t the 

coupling is dom inated by the edge to edge interaction, and is largely independent of the 

width of the strip , a result th a t is intuitively correct. The HFSS results appear to  be 

converging to a constant value across the range, although a larger num ber of iterations 

would be required to  verify this.

M ethod n  Mode Impedance

(ft)
C  Mode Im pedance

(ft)
TRD 

Perlow’s Analysis
53.63 ±  0.07 

54.77
47.17 ±  0.05 

48.94

Table 5.3: n  and C  Mode Impedances for a Variation in Strip W idth  Asym m etry be
tween 0.05 < w l : w l +  w2 < 0.95 for t=1.60m m , b = d , h=12.70m m , w l+w 2=24.00m m  
and s=4.00m m

5 .4 .5  C o m p a r iso n  o f  C o m p u ta t io n  T im e s  b e tw e e n  t h e  T R D  M e th o d  

a n d  H F S S

The TRD results have been compared to  conformal m apping closed form expressions [45, 

50] and closed form expressions computed using other analytical techniques [52] and 

HFSS. The closed form expressions can be easily program m ed on personal computers, 

and calculated virtually instantaneously. The comparison of tim ings for the TRD and 

HFSS m ethods is shown in Table 5.4 for a typical point com puted in Figure 5.9. The
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timings clearly illustrate the efficiency of the TRD method when compared to a 2D 

“ports only” solution and a full 3D HFSS solution.
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Figure 5.14: Coupling versus Strip Width Asymmetry (wl:wl-|-w2) computed by TRD
(------); Perlow’s Analysis ( ..........), and HFSS (5th Adaptive Pass [o]) and (6th Adaptive
Pass [•]) for t=1.60mm, h=12.70mm, s=4.00mm, wl+w2=12.00mm and b=d

Method Details CPU Time 
(Secs)

Storage Platform

HFSS 
Ver. A2.06

Ports Only Computation 
0.1 % Convergence

330 34.3 MBytes HP 715/50

3D Field Computation 2100 202 MBytes

TRD 3 Basis Terms
25 Field Expansion Terms

1.6 33kBytes HP 710

Table 5.4: Comparison of Computational Requirements for the Calculation of the Mode 
Impedances and Coupling for a Typical Point in Figure 5.9
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5.5 A ttenuation  Factor of Coupled Striplines

The normalised attenuation  factor of the even and odd modes have been calculated 

for variations in strip separation, (s:h); strip thickness, (t:h); strip position asymm etry, 

(b l:b + d ); and strip width asymm etry, (w l:w l+ w 2). The results are compared with 

Perlow’s modified conformal m apping approach [50] for all the variations except the strip 

asym m etry case. EEsof’s Linecalc calculates the a ttenuation  for particu lar elements, 

however the  values cannot be normalised to a suitable precision for comparison.

5 .5 .1  V a r ia t io n  in  N o r m a lis e d  A t te n u a t io n  F a c to r  w ith  S tr ip  S e p a r a 

t io n

The com puted normalised attenuation  factors are shown in Figure 5.15 for a variation 

in strip separation, (s:h), for TRD and Perlow’s analysis. Both sets of results show 

similar trends, although Perlow’s results illustrate the problems of taking a piece-wise 

approxim ation and curve fitting the capacitances. The non-m onatonic behaviour is due 

to the  loss being calculated using an increm ental inductance rule approach [15], where 

the attenuation  factor is proportional to  the difference in inductance between the lossless 

case, with the charge on the surface of the conductors, and a s tructu re  with the charge 

at a distance of half the skin depth inside the conductors. The low a ttenuation  factors 

for the stripline structures ensure th a t any error in the piece-wise approxim ation of the 

capacitance will significantly alter the calculated attenuation .

Perlow’s analysis also suggests a significantly higher a ttenuation  factor for the odd 

mode, and a greater ra te  of change of the even order mode attenuation  factor for low 

separations. This behaviour is a result of the  a ttenuation  factor being modelled as a 

function of the change in overall inductance (capacitance) which changes rapidly with 

separation. The TRD analysis however, calculates the dissipation and storage term s 

from the fields and directly models the singularities on the edges of striplines, around 

which the m ajority  of the power flows. The change in strip in teraction is therefore 

smaller, for a given change in stripline separation, and only becomes significant for 

small strip separations. The TRD results also converge to  a constant value, whereas
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Perlow’s analysis converges to a steady decrease in attenuation factor with separation, 

which is intuitively incorrect. At a separation ratio, s:h=2, the two methods differ by 

twelve percent in normalised attenuation factor.
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Figure 5.15: Normalised Attenuation Factor of Even [•] and Odd [o] Modes versus Strip
Separation (s:h) computed by TRD (------) and Perlow’s Analysis (----- ); for t=1.60mm,
h= 12.70mm, w= 12.00mm and b=d

5.5.2 V ariation in N orm alised  A tten u a tio n  Factor w ith  Strip  T h ick 

ness

Figure 5.16 shows the normalised attenuation factor for a variation in strip thickness, 

(t:h) computed using the TRD analysis and Perlow’s analysis [50]. Perlow’s results 

again suffer from a discontinuity due to the curve fitting approach at a strip thickness, 

(t:h?s0.55). The discontinuity also corresponds to the even order mode attenuation 

becoming greater than the odd order mode attenuation. This “crossover” point appears 

at significantly lower values of thickness for the TRD method. The “crossover” is due
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to the changing interaction between the striplines (odd order mode) and the interaction 

between the striplines and the ground planes (even order mode). This can be again 

attributed to the accurate modelling of the singularities. The difference between even 

and odd mode attenuation factors is also greater for Perlow’s analysis below “crossover” 

than the TRD method, with the opposite occurring above “crossover” . Perlow’s analysis 

also suggests a very high attenuation factor for narrow strips, contrary to the TRD 

results. Perlow’s results suggest that the power flow decreases more sharply than the 

dissipation, whereas, with the TRD method the decrease in thickness of the strip, brings 

the edge singularities closer together, but the power flow is not significantly reduced.
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Figure 5.16: Normalised Attenuation Factor of Even [•] and Odd [o] Modes versus Strip
Thickness (t:h) computed by TRD (------) and Perlow’s Analysis (-----); for t=1.60mm,
h=12.70mm, w= 12.00mm and b=d
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5.5 .3  V ariation  in N orm alised  A tten u a tio n  Factor w ith  Strip  P osit ion

A s y m m e tr y

The normalised attenuation factor calculated by the TRD method for a variation in 

strip position asymmetry, (bl:b+d) is shown in Figure 5.17. The graph shows a clear 

minimum at the symmetric position, with a rapid rise as the asymmetry increases and 

the contribution from dissipation in the ground planes increases with a small increase 

in power flow. The results again exhibit a crossover point between the even and odd 

attenuation factors for the same reasons explained in the previous sections.
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Figure 5.17: Normalised Attenuation Factor of Even [•] and Odd [o] Modes versus Strip
Position Asymmetry (bl:b+d) computed by the TRD method (------) for t=1.60mm,
h=12.70mm, w=12.00mm and b=d

110



5 .5 .4  V a ria tio n  in  N o r m a lise d  A tte n u a tio n  F actor  w ith  S tr ip  W id th

A sy m m e tr y

The normalised a ttenuation  factor results are tabulated  in Table 5.5 for the  range of strip 

width asymm etries 0.1 < w l : w l -f- w2 < 0.9. The results further verify the comments 

made in the previous sections. Perlow’s results however do indicate a sharp increase in 

a ttenuation  for structures with extrem e asymmetry.

M ethod Even Mode Normalised 
A ttenuation Factor

Odd Mode Normalised 
A ttenuation  Factor

TRD
Perlow’s Analysis

0.06002 ±  0.00005 
0.07135

0.05850 ±  0.00005 
0.06387

Table 5.5: Even and Odd Mode Normalised A ttenuation Factors Mode for a Variation in 
Strip W idth  Asymmetry, (w l:w l+ w 2) between 0.1 < w l : w l +  w2 < 0.9 for t=1.60m m , 
b = d , h=12.70m m , w l+w 2=24.00m m  and s=4.00m m

5.6 Com parison of T R D  R esults w ith  M easured D ata

The cut-off frequencies for a num ber of pairs of coupled lines have been m easured using 

the same m ethod employed for m easuring the cut-off frequencies of the  uniform lines. 

The plan view of the coupled lines test fixture is shown in Figure 5.18. The variation in 

the separation of the striplines was achieved by inserting different “T ” pieces of variable 

w idth into the structure. The possible modes of excitation of the strips is shown in 

Figure 5.19(a) for a probe placed perpendicular to  the striplines; and Figure 5.19(b) for 

a probe placed parallel to  the striplines.

A typical plot of the transmission through the structure  for bo th  probe orientations 

is shown in Figure 5.20 for a separation ratio , s :h « l .  The plot illustrates some clear 

differences from the uniform lines m easurem ent (Figure 4.17). The overall transmission 

level is higher, with a  small difference between the probe orientations. This can be 

a ttribu ted  to  the  position of the probes in close proximity to  the edges of the  stripline, 

which enables energy to be reflected between the strips, in addition to  between the 

ground planes. The different mode of excitation also gives rise to  shift in frequency of
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Figure 5.18: Plan View of the Coupled Lines Test Fixture

(a)

(b)
Figure 5.19: Magnetic Field Excitation for the Coupled Lines Test Fixture with probe 
placed perpendicular to the striplines (a), and parallel to the striplines (b)
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the fundamental mode of propagation. Probe orientation (b) was used for all of the 

measurements, and the secondary set of maxima shown correspond to both the first 

and second higher order mode resonances. This illustrates the increased complexity in 

identifying the resonance number, n, (Equation 4.1) although the coupled lines structure 

does allow modes to be distinguished despite their similar propagation constant.
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Figure 5.20: Plot of Transmission through the Test Fixture versus Frequency for Probe
Orientation (a) (- - -) and Probe Orientation (b) (------) for Coupled Striplines with
w=7.00mm, b=5.10mm, d=5.10mm, t=1.64mm and s= l 1.15mm, L=220mm, using an 
HP8510B Network Analyser (Averagings 100, 801 Points)

The measured and TRD results are directly compared to results computed by a 

2D “ports only” solution computed using HFSS Ver A2.06 in Figure 5.21, the TRD 

and HFSS results are also compared as percentage differences of the measured data in 

Figure 5.22.

The graphs illustrate the excellent agreement between the TRD, HFSS and measured 

results with the difference between the three values typically of the order of one percent. 

The comparatively large error between the measured and computed results for a separa-



tion of s:h=0.738 suggests that the measured value is in error. The measured values are 

also tabulated in Tables 5.6 and 5.7 with the standard deviation of the measurements. 

The repeatability of the measurements is also good since the position of the resonant 

peaks of the first two higher order modes is largely independent of exact probe position.
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Figure 5.21: First [o] and Second [•] Higher Order Mode Cut-Off Frequencies versus
Strip Separation (s:h) for Measured Data (..........); TRD Analysis, (------ ); HFSS Ver.
A2.06, (-----) for b=5.10mm, d=5.10mm, t=1.64mm and h=11.84mm

5.7 C onclusions

The results presented in this Chapter have illustrated the ability of the TRD analysis 

to compute the parameters of coupled stripline structures of entirely arbitrary dimen

sions. Existing analytical techniques are restricted to variations in certain dimensions 

over a limited range, and numerical analyses provide results at the expense of a large
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Ratio s:h Frequency
(GHz)

Std. Dev. 
(GHz)

Std. Dev.
(%)

No. of Maxima 
N

0.348 9.281 0.035 0.38 12
0.574 9.527 0.033 0.35 11
0.738 9.665 0.044 0.46 12
1.160 9.923 0.023 0.23 11
1.172 10.075 0.043 0.43 13
2.238 10.096 0.021 0.21 9
8.000 10.104 0.032 0.31 11

Table 5.6: Measured Results for the First Higher Order Mode Cut-off Frequency for 
t=1.64mm, b=5.10mm, d=5.10mm, h=11.84mm
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Figure 5.22: Percentage Variation between Measured Cut-Off Frequencies and Com
puted Cut-Off Frequencies for the First [o] and Second [•] Higher Order Modes Calcu
lated by TRD Analysis, (------) and HFSS Ver. A2.06 (---- ), for b=5.10mm, d=5.10mm,
t = 1.64mm and h= 11.84mm
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com putation time.

The complexity of the  coupled lines structure compared with the uniform structure 

has m eant th a t the monomode bandw idth of the structure  has had to  be com puted using 

purely numerical m ethods. The TRD m ethod provides a  significantly faster means of 

calculation, without compromising the accuracy of the results.

The results for the coupling between the striplines has indicated th a t the TRD 

m ethod predicts stronger coupling than  the conformal m apping technique and HFSS 

2D “ports only” solution due to  the strong effect of the edge singularities. The results 

also illustrate th a t the comparatively small differences between the mode impedances 

can lead to  large differences in the coupling values. The results also highlight the prob

lems of using piece-wise approxim ations for accurate conformal m apping results, since 

this leads to  non m onatonic variations in the attenuation  factor.

Ratio s:h Frequency
(GHz)

Std. Dev. 
(GHz)

Std. Dev. 
(%)

No. of M axim a 
N

0.348
0.574 10.360 0.033 0.32 7
0.738 10.856 0.030 0.28 6
1.160 10.406 0.018 0.18 6
1.172 10.281 0.036 0.35 11
2.238 10.204 0.031 0.30 10
8.000 10.104 0.032 0.31 11

Table 5.7: M easured Results for the Second Higher Order Mode Cut-off Frequency for 
t=1.64m m , b=5.10m m , d=5.10m m , h = l  1.84mm
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Chapter 6

Analysis o f Stripline 

Discontinuities

6.1 O utline

The analysis of uniform and coupled stripline structures has been described in C hapter 3, 

and the theory verified in Chapters 4 and 5 by m easurem ent and comparison with other 

analysis techniques. This section presents an extension to  the TRD analysis to  analyse 

stripline discontinuities of the type shown in Figure 6.1. The analysis is applicable to a 

num ber of types of discontinuity, bu t the case of a uniform to coupled lines transition 

is specifically treated . The analysis is carried out for stripline discontinuities with an 

infinitely thin central conductor, as is commonly found in M M IC’s. Expressions for 

finite thickness discontinuities can be evaluated provided singularity orders for three 

dimensional corners in space can be found.

6.2 Form ulation o f the D iscontinuity Problem

The stripline discontinuities are modelled using a technique introduced by Rozzi [64] for 

a dielectric waveguide. The m ethodology is identical, but the analysis is complicated by
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Figure 6.1: Plan View (a) and Cross Section View (b) of the General Form of the 
Stripline Discontinuity Analysed

118



the  form  of the  cross-sectional fields in the stripline structu re , and the  expansion of the 

discontinuity fields to  take into account the singularities on the strip. The analysis will 

be shown for the T E  modes present in the structure  with corresponding expressions for 

the TM  modes derived later.

Recalling the expressions for the fields in term s of the vector potentials (Equa

tions 3.24 and 3.25), and denoting the partial derivative by a prim ed quantity, the 

x  directed electric and y  directed m agnetic T E  fields in the cross section of the discon

tinuity can be w ritten  for mode, k:

n=oo
exk ( x , y , z )  = A ^ ' b  ^ 2  A n Vxkn <t>h{n,x) 4>h(n ,y )  (f)(z) (6.1)

n—0
hyk ( x , y , z )  -  - Y ok exk( x , y , z )  (6.2)

Rewriting the x  directed electric field as a sum m ation of am plitude term s, t/&n , and field 

shape functions, Uk(n ,x ,y ) ,  and om itting the z  directed dependency for simplification:

71=00

^xk^^V' )  — Afc ^  ̂ Ukn 'U’kijl) * £5 ?/) (®*̂ )
n=0

The orthonorm alisation coefficient for the kth  mode discontinuity field, A A B , is found 

from the expression:

A Ak17J JcCrossSection . n=0

2

da = 1 (6.4)

The evaluation of this integral results in an orthonorm alisation coefficient which is a 

function of the  mode propagation constant, in addition to  the stripline dimensions. In 

practice, the above integral is evaluated using a piece-wise description of the  fields in 

the sixteen sub-regions shown in Figure 3.1. The derivation of the orthonorm alisation 

coefficient is shown in Appendix E.
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6 .2 .1  N e tw o r k  R e p r e s e n ta t io n

The discontinuity is analysed as a K port device shown in Figure 6.2, where the num ber 

of ports is given by the to ta l num ber of modes propagating in Regions A and B:

K  = K a  + K b (6.5)

The scattering param eters of the device are calculated using a modified form of the 

mode m atching m ethod, where the fields at the discontinuity plane (z=0) are described 

in term s of K incident waves with amplitudes Ak] and K reflected waves with amplitudes, 
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Figure 6.2: Equivalent Network Representation of the Stripline Discontinuity

The reflection and incident am plitude term s are related through the elements of the 

scattering m atrix  of the discontinuity.

[.B ] =  IS][A] (6 .6)
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The m atrices are all of order K  X K ,  and if the discontinuity is excited with the Zth 

mode of the structure, the incident am plitudes, A k, are given by the Zth row of [A], 

which is defined as:
1 k = l

Ak  =  6 k,i = < (6.7)
0 k ^  I

The Zth column of the scattering param eter m atrix , [51] is then given by the resulting 

reflected amplitudes, B k .

6.2.2 Derivation of Incident and R eflected W aves at the D iscontinuity

The fields at the discontinuity plane can be w ritten  satisfying the field continuity con

ditions:

k=Kjj
t x ( x , y )  =  (A k  + B k )

fc=l 
k=K

= £  (Ak  +  B k)
k=KA-1-1 
k=K A

hy(x , y^  =■ ^   ̂ Yok( A k B k ^
1

k—K
= ^ 2  - Yok( - A k + B k)

k=KA+l

. n =0
n =oo

^ 2  Ukn u k ( n , x , y )
n —0  

n —oo

^ 2  Ukn u k ( n , x , y )
i
1=00

^ 2  Ukn u k ( n , x , y )

1=00

Ukn u k(n >x ,y)

71= 0

71= 0

(6.8)

(6.9)

(6 .10)

(6.11)

Rewriting the expression for the y directed m agnetic field, hy (Equation 6.10):

k—K ,
h"y(x i 'If') T  ^ 2  YokAk

k—\
^ 2  Ukn u k(n i x iy)
71= 0

k=K.
=  ^ 2  YokBk

k=1
^ 2  Ukn uk{n->x , y)
71= 0

(6 .12)

Integrating to  form an inner product with the field shape function, normalised by the 

mode impedance, Yok:

j y+oo y+oo I
r -  /  hv( x , y )  \ Y ,  U k n  uk( n , x , y )
ok  J - oo J - OO |_ 71=0Yak J _

dxdy

k—K  A r  +  oo f - \ - 0 0

+ J 2  f  J  Ak
1 1 J —oo J —ook=1

^ 2  Ukn u k ( n , x , y )
71= 0

dxdy ^   ̂ Ukn Uk(fi ,x^y^
. 71= 0
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k—K a  /*+oo f+ o o

-  £ /  /7 J —oo J —oo
Bk 5 3  Ukn Uk( n , x , y )

. n = 0

dxdy  I E  Ukn u k( n , x , y ) \

(6.13)
. 71=0

Simplifying the above expression in term s of the incident and reflected amplitudes for 

each mode, k:

 ̂ Z' +  OO Z' +  OO
B k = A k + —  /  hy( x , y )

* ok J — oo J — oo
^  uk( n , x , y )

. 71=0

dxdy  (6.14)

A similar approach can be employed to  simplify Equation 6.11, and both  the resulting 

equations can be summarised as:

Sir f  + °°  f  + °°
B k = A k -  —  /  hy( x , y )

* ok J — oo J—oo
5 3  Ukn u k{ n , x , y )

where:

Sk =
- 1

+ 1

. 71=0

1 < k < K a  

K a  < k < K

dxdy  (6.15)

(6.16)

6 .2 .3  D e r iv a t io n  o f  t h e  G r e e n ’s F u n c t io n  I m p e d a n c e  O p e r a to r

Equating the two expressions for the x  directed electric field , e^, given in Equations 6.8 

and 6.9:
k=K

53 ~ sk Bk)
k= 1

53 Ukn 'U'k(jl/i % iV )
.  7 1 = 0

=  0 (6.17)

Substituting the expression for B k (Equation 6.15) into Equation 6.17 and simplifying:

k=K

5 3  ^ s k A k
k=l

5  y Ukn %•>]))
. 71=0

2 Z'+OO /-+00

E  y T  /  /  hy(x ' y ~>
° k  J — oo J —oo

53 Ukn U k ( n , x , y )
71=0

dxdy Y ,  Ukn Uk(n,  x \  y ’) 

(6.18)
71 =  0
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Hence rew riting the right hand side as a Green’s Function Im pedance O perator linking 

the x  directed electric held to the y directed m agnetic field:

k = K

^   ̂ Sk-A-k
k=1 

where:

^ 2  Ukn u k ( n , x ' , y ' )
. n=0 /  +  OO Z' +  OO

/  Z ( x , x ' , y , y ' )  h y ( x , y )  dxdy  (6.19)

- o o  J— OO

Z { x , x ' , y , y ' )  =
2 kZi Y°k . n=0 n=0

(6 .20)

The $ directed m agnetic field can be w ritten  as a linear sum of the  contributions from 

each of the m odes excited independently, which correspond to  the  excitation m atrix , 

[A] (Equation 6.6):
l—K

hy(x , y ) = ^ A i  h/yi(x , y)  (6.21)
/ = !

Hence, rew riting Equation 6.19 using Equation 6.21, for an incident excitation of 

mode, /, noting th a t Ai = 1:

I y+oo y+oo
^ 2  Uin u i (n , x ' , y ' )  =  /  /  Z ( x , x l, y , y ' )  hyi ( x , y )  dxdy  (6.22)

_ n = 0  J J - 0 0  J ~ ° °

6 .2 .4  D is c r e t is a t io n  o f  F ie ld s

Substituting the incident excitation conditions into Equation 6.15 and recalling the 

relationship between the reflected amplitudes and the S param eters:

s k f ^ ° °  /* + ° °

S k , l  =  h , l ~ Y ~  / / h y l ( X i y )
* ok J — oo J — oo

^ 2  Ukn u k ( n , x , y )
. 71=0

dxdy (6.23)

The above equation therefore expresses the S param eters of the discontinuity in term s 

of an inner product between the field shapes of the Regions A and B and the unknown 

m agnetic field distribution for mode /.

The fields a t the  interface can be expressed in term s of the field shapes in Regions A or
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B, however a more efficient m ethod is to expand the unknown fields at the  discontinuity 

plane in term s of functions th a t take into account the singularity behaviour of the 

structure. W riting the field shape as a weighted sum m ation of am plitude term s, X p k , 
and basis functions, f p( x , y ):

n = o o  P = o o

^   ̂ Ukn ^A:(^j 2/) =  ^   ̂ X pk f p ( x ,  ?/) (6.24)
n = 0  p = 0

The am pfitude term s can be expressed in a standard  m anner as:

n = o o  Z’ + O O  Z’ + O O

X p k  = ^ 2  Ukn /  /  f p { x , y )  U k ( n , x , y )  d x d y  (6.25)
 n  J —  OO J — OOn=0

The unknown y directed m agnetic field can be similarly w ritten  as a weighted sum m ation 

of basis functions:

p—OO

hyi (x , y )  = ^ 2  H pi f p( x , y )  (6.26)
p=0

’+oo Z’+OO
H nt = f*

■OO J  — OO

/ +oo y+oo
/  f p( x , y )  hyi ( x , y )  dxdy  (6.27)

-oo J — OO

Substitu ting the expression for the field shape function into Equation 6.23

g ,  Z' +  OO Z’ + O O

•S'fe.z = -  pr- 2 2  x v k  /  /  f P ( x , y )  h y i ( x ^ y )  d x d v  (6 .28)
o/c p _ Q  J — oo J — oo

Hence the S param eters can be expressed as:

p = oo
&,< =  4 ,i  H ?‘ (6-29)

ôA; ~p = 0

The G reen’s Function Impedance O perator (Equation 6.20) can also be w ritten  using 

the basis function expressions for the discontinuity fields:

p —oo q —oo

Z ( x , x ' , y , y ' )  =  ^ 2 ^ 2  Z pq f p(x ^y) M x '^y') (6-30)
p =0 <7=0
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where the impedance am plitude term s, Zvq are defined by the inner product:

• + o o  Z'+OO

Z p q  — / + o o  y + o o

/  Z( x ,  x' ,  y, y') f p ( x , y) f q( x ', y‘) dxdy'  (6.31)

-oo J — OO 
1 k = K

= ^ Y j z °h x *  x *k (6-32)fc=l

Substituting the above results into Equation 6.22:

p = o o  Z '+O O  Z '+O O  P = ° °  9 = 0 0f~r°° f+oo
5; ^   ̂ Xpi  / p(x, 2/) =  E E  h yi ( x , y )  f p( x , y )  f q( x ' , y ' )  d x d y

p = 0  ^ - ° °  0 0  p = 0  7 = 0

(6.33)
p=oo p—oo q=oo

si ^ 2  x pi fp{x iy)  =  S  h p1 h ( x ^ y ' )  (6-34)
p = 0  p = 0  7 = 0

6 .2 .5  M a tr ix  R e p r e s e n ta t io n  o f  t h e  S P a r a m e te r  E x p r e s s io n s

The infinite limits of the sum m ations in the previous expressions are truncated  to finite 

values to enable the equations to be represented using m atrices. Equation 6.29 can be 

rew ritten and simplified assuming th a t the maximum values of p and q are equal to  P, 

yielding a square m atrix:

[5,] =  [«;] -  a*[Z„*][Xt f [ F , ]  (6.35)

=  [6 , \ - s k [Zok\ [ X k\T [Z}-'[Z}[H,] (6.36)

Expressing Equation 6.34 in a similar m anner, and evaluating the set of S param eters

for the /th  column of the overall S m atrix ,

«,[*,] =  [Z][H,j (6.37)

Hence substitu ting  Equation 6.37 into the S param eter expression:

[S,] = [«,] -  sks l{Zok\[Xk]T [Z]- 1 [X,] (6.38)

where the m atrices are defined:
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[■S'*] is a m atrix  order K X 1, element Ski

[£ /]  is a  m atrix  order K X  1 ,  element Ski

[ Zok\ is a diagonal m atrix , order K x K, element Zj j  

such th a t the diagonal elements Zu = Z Qi 

[Xk] is a m atrix  order P x K , element X pk

[Z]  is a m atrix  order P x P , element Z pq

[Xi] is a  m atrix  order P x l ,  element X\

The normalised scattering m atrix  is defined for unity resistance term inations, whereas 

the problem is defined by assuming each mode is term inated by its mode impedance. 

The S param eters have to be related to  the mode impedances in the  structure , [ Z c k ] .

Mode I

■ol Ski

M ode k

■ok ck

Figure 6.3: Equivalent Circuit of Impedance Transformers Connected a t each of the 
outputs of the network

These conditions are m et by inserting an ideal transform er at the ports of the network 

representation such th a t the wave impedance term inations are transform ed to  mode 

impedances. There is also the additional condition of reciprocity th a t has to  be m ain

tained between the modes, hence, defining the normalised S param eter m atrix , w ith

unity term inations, [5], the S param eter m atrix  of the discontinuity for T E  modes is

given as:

P i  =  [Zok]-* S  [Z0,]S (6.39)

[5] =  [Zck]s [Zok]~i  S  [Zol}\ [Zc,]~i  (6.40)
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Summarising the overall equation for the S param eters of the discontinuity:

[5/] = [<(] -  Sks, [zck]i [Zok] - i  [z„,]i  [Zd ] - i  [.Xk]T IZ] - 1 [X,] (6.41)

6 .2 .6  F o r m u la t io n  o f  th e  D is c o n t in u ity  P r o b le m  for  T M  M o d e s

A similar expression for the S param eter term s for the TM  modes can also be derived. 

The theory for these modes is form ulated in term s of the y directed electric field and 

the x  directed m agnetic field.

In the case of the uniform and coupled lines the behaviour of the  edge singularities 

was identical for both the x  and y directed electric fields, with the fields related through 

the vector potential expressions. The singularity expressions for the  discontinuity fields 

differ between the x  and y directed electric fields, hence different functions are used 

to  discretise the fields. Identical m atrix  expressions for the S param eters are therefore 

derived with the evaluation of those term s differing between the T E  and TM  modes.

6.3 Evaluation of the S Param eter Expressions

The previous section has derived a compact expression for the S param eters in term s of 

matrices for an a rb itrary  stripline discontinuity of the form shown in Figure 6.1.

This section outlines the general calculation methodology for com puting the S pa

ram eters of a discontinuity. The choice of basis functions is discussed for a  num ber of 

types of discontinuity, and the inner product term s th a t are required to  com pute the 

am plitude m atrices, [X^] are derived for the TE  modes, however TM  mode expressions 

can be found in a  similar m anner.
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6 .3 .1  G e n e r a l  C a lc u la t io n  M e th o d o lo g y

The steps in the  calculation of the S param eters expression are shown in Figure 6.4. 

The operations m arked • represent calculations carried out to characterise uniform and 

coupled stripline structures, whereas operations m arked □ represent calculations carried 

out specifically to  com pute the S param eters of the discontinuity.

Figure 6.4 illustrates th a t a prerequisite for this type of analysis is an accurate and 

efficient m eans of calculating the propagation constants, mode impedances and field 

am plitude term s of the  stripline structures.

The com putational efficiency of the discontinuity analysis is governed by the num ber 

of modes, K, required to obtain convergence of the S param eters in addition to the 

num ber of field expansion term s, N, and the num ber of basis functions, P, required to 

discretise the fields in the cross-section of the discontinuity. In general, the num ber of 

modes and field expansion term s required is set by the structu re  being analysed. An 

improvement in com putational efficiency can therefore be achieved by a suitable choice 

of the basis functions for the discontinuity fields.

6 .3 .2  C h o ic e  o f  B a s is  F u n c t io n s

The appropriate  choice of two-dimensional basis functions is im portan t to  ensure an 

efficient discretisation of the unknown fields. This minimises the  order of the  impedance 

m atrix  to  be inverted, and hence the tim e required to  carry out this operation which is 

proportional to  the cube of the m atrix  order [66].

The singularity behaviour of the uniform line step in w idth, and the uniform to 

coupled lines transition  (Figure 6.5) are shown in Figures 6.6 and 6.7 respectively, with 

the basis functions used to discretise the unknown fields tabu lated  in Tables 6.1 and 6.2 

respectively.

The values quoted to  one decimal place are minimum orders for the singularity, 

derived by Collin [19], whereas the values quoted to  six decimal places were computed 

by M archetti [71] for 2D planar m etallisations. The weight functions, range and validity
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Freq. D ependent C alculations

Wave
Impedance
Calculation

[Zok]

Impedance
Matrix

Calculation

S Parameter 
Calculation

Inner
Product

Calculation

Calculation of 
Field 

Amplitude 
Terms

Mode
Impedance
Calculation

M

Ortho-
Normalisation
Coefficient
Calculation

Calculation of 
Cutoff 

Frequencies

Figure 6.4: Calculation Methodology for the C om putation of the S Param eters of a 
Stripline D iscontinuity
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Range Singularity Order
X y

- o o  < y < - wbi v  =  -0.703416 v  =  -0 .703416
- w B i  <  y  <  - w a i v  =  -0.703416 

v  = -0.185345
v  =  -0.203416 
r /  =  +0.314655

- w a i  < y  < wA2 v  =  -0.185345 v  =  -0 .185345
™A2 < y  < WB2 v  =  -0.185345 

v  =  -0.703416
v  =  +0.314655 
7/  =  -0 .203416

w B 2 < y  <  T o o v  = -0.703416 v  =  -0 .703416

Table 6.1: Basis Functions used to  Model the x  Directed Electric Field Singularities at 
the Plane of the  Uniform Lines Step in W idth Discontinuity Calculated by M archetti

Range Singularity Order
X y

-o o  < y < - wai v  =  —0.5(*) v  =  —0.5(*)
-WAI  < y  < - ( wai  -  wBi) v  =  —0.5(*) 

v = -0 .185345(f)
v  =  —0.5(*) 

r] = -0 .185345(f)
- ( w a i  -  WBl) < y  < (wA 2 -  WB2 ) v = -0 .185345(f) v  =  TO.314655(f)

(wA 2 ~  WB2 ) < y  < WA 2 7/ =  -0 .185345(f) 
v  =  —0.5(*)

v = -0 .185345(f) 
tj =  —0.5(*)

WA2 < y < Too v  =  — 0.5(*) v = —0.5(*)

Table 6.2: Basis Functions used to  Model the x  Directed Electric Field Singularities at 
the Plane of the Uniform Line to  Coupled Line Transition Calculated by M archetti (f) 
and Collin (*)

Polynomial Weight
Function

Range Validity

Chebyshev
Gegenbauer
Jacobi
Laguerre

Tn{x)
CZ(x)
P n ' ^x )
K ( x )

(1 — X2)~2
( i  — x 2y ~ ^  
( i - ® ) ,/( i  +  * ),j 
e ~x x u

— 1 < x  < +1
— 1 < x  < +1
— 1 <  x  < +1 
0 < x  < Too

v > ~ \
V >  —1, Tj >  - 1
V  >  - 1

Table 6.3: Basis Functions used to  Model the Singularities Present in the Fields in the 
Discontinuity Plane of Various Stripline S tructures
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- w B1

-w A1

+w I
A2

y=o

z=0

(a)

+w

y
i

B2

-W A1 -W A1

-  ( w A1- « t , )  

 y=o
+ (w ,2- ' % 2)

+w,A2 + w,A2

z=0

(b)

Figure 6.5: Uniform Line Step in Width Discontinuity (a) and Uniform to Coupled 
Lines Discontinuity (b)
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Figure 6.6: x Directed Singularity Behaviour (a) and the y Directed Singularity Be
haviour (b) of the x Directed Electric Field at the Discontinuity Plane of a Uniform 
Lines Step in Width Discontinuity

132



-W A, - ( W A1- W B1) +(WA2- W B2) +W*

(a)
X

-W A, - ( W A1- W B1) +(WA2- W B2) +wA2

(b)

Figure 6.7: £ Directed Singularity Behaviour (a) and the y Directed Singularity Be
haviour (b) of the x Directed Electric Field at the Discontinuity Plane of a Uniform to 
Coupled Lines Transition
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of the functions th a t are used to  model the singularities are sum m arised in Table 6.3 [72].

Recalling the form of the basis functions used to discretise the unknown held (Equa

tion 6.24):
71=00 p  =  OQ

^   ̂ Ukn 'U'kiji'i x »2/) =  ^   ̂ Xpk fp(x,  2/) (6.42)
7 1 = 0  p = 0

The basis function, f p( x , y ) is assumed separable in the x  and y directions, such that:

/ P(z , y )  =  /p O ) f p ( y )  (6-43)

and where in general:

f p(x) = A p W ( x ,  v , 7]) F ( x , v , 77) (6.44)

with a similar expression for the y directed variation.

It should be noted th a t the orders of the singularities strictly only apply at the 

singularity points. The results for the convergence of the uniform line impedances 

dem onstrated th a t as the dimensions of the striplines were changed the singularity orders 

also changed. This is consistent with the minimum order of the singularity changing

from — ̂  to — \  [19]. The singularity orders quoted in Tables 6.1 and 6.2 [71] to six

significant figures assume isolated singularities. The effective order of the singularities 

will change if any interaction occurs between the edge singularities. In general, two 

significant figures is a more practical precision for this analysis.

6 .3 .3  C a lc u la t io n  o f  A m p lit u d e  M a tr ic e s

Recalling the expressions for the term s of the am plitude m atrix , [X ]:

n=oo r+oo r + 0 0

X pk = ' Y ^ U kn /  /  f P( x , y )  uk( n , x , y )  dxdy  (6.45)
71=0

The above expression can be rew ritten in term s of an inner product, Ppn, defined between 

the basis functions, f p( x , y )  and the field shape functions, uk(x,y) :

7 1 = 0 0

Xpk — ^   ̂ UknPpn (6.46)
7 1 = 0
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The x  and y  variations of the basis and field shape functions are separated , resulting in 

x  and y  directed inner product contributions:

P —1 pn —=  /  uk{ n , x ) f v(x) dx /  uk( n , y ) f p(y) dy  (6-47)
J x Jy

— Ppn(x)Ppn(y) (6.48)

The expressions for the field shape functions Uk(n , x , y )  of the stripline structure are 

defined as a  piece-wise approxim ation across a num ber of sub-regions which are defined 

in Figure 3.1 for a pair of coupled striplines. The uniform line is also represented as

a pair of coupled lines with zero separation, hence this structu re  is also divided into

sixteen sub-regions, with Region III having zero width. This assum ption can be verified 

by the consistent behaviour of the cut-off frequencies with strip separation as shown 

in C hapter 5, Figure 5.2. The figure illustrates th a t as the coupled lines separation 

is reduced the cut-off frequencies tend towards those of a uniform line. The inner 

product integrals are therefore given by a sum m ation of contributions over the sixteen 

sub-regions.

A num ber of inner product term s have been derived in Appendix E between general 

field shape functions and Laguerre, Chebyshev, Gegenbauer and Jacobi polynomials.

The calculation of the am plitude m atrix  term s is best illustrated  using an example 

of a specific stripline discontinuity. The uniform to coupled lines transition  is shown in 

Figure 6.5. The am plitude m atrix  term s for this structure can be w ritten  using notation 

introduced in the  uniform and coupled lines analysis for T E  modes:

i = 1 6 n = o o  /  aR { v R,  \

** = g g  ( - j ^ )  PX )  PX )  (6-4£>)
The inner product term s can then be derived for the five regions and sixteen sub-regions 

as shown in the following sections.

R e g io n s  I a n d  V

The field components are identical in Regions A and B for Regions I and V since the 

outer dimensions for the uniform and coupled striplines are equal.
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The x  directed inner product for x  > ( |  — bi) is given by the integral of the x  directed 

field and Chebyshev polynomials and can be w ritten as:

f  2
° p n ( x )  = A pbi i - M ' T P ( Cos  k x { ( x  ~ ^ ) d x  (6 -50)

The above integral can then be evaluated (Appendix E) and a similar result derived for

x  <  ( |  -  bi):

P p n ( X) =  ^2P ( - 1 ) P

= ^2P ( - 1 ) P

J 2p(bikx l) 

J 2P(dik*' )

f h  ,x  >  bi
V 2

h
x < \ -  ~ b i

(6.51)

(6.52)

The orthonorm alisation coefficient is derived in Appendix E.

The y  directed component is given by the inner product of the  fields w ith Laguerre 

polynomials with the integral for sub-region, Ri ,  w ritten  as:

pn(y)
~ 2  ( y  + wA2

/ • ■ > V  .J - W A2 X

Exp V +  WA2

+^ 2)  Exp [ - 3 ky 1(y + wA2 )] dy (6.53)

The above integral is evaluated in general in Appendix E as:

P r n ( y )  =  A 2 r if ! ( - i y
r(</ + 2P+ i)

(2?)'■

(V k * )2’’

The value of the  singularity term , is defined in Table 6.2 as v — —0.5.

(6.54)

The orthonorm alisation coefficient is shown in Appendix E, and the Laguerre Poly

nomial convergence constant, is found by minimising the error function, f e r r  [73]:

k = K  n = N

f c = l  n—1

p = P

— i -  +  * 2 y ; J42 [r(i/ +  2 p + 1 ) 1 '

4 [k* ] 2 ^  ”

( * * f  )2”

p = 0 [(2p)!]5 (1 +  j k y t )I/+2P + 1

(6.55)

This constant is calculated using an interval halving technique similar to  the one used to 

determ ine the  propagation constant of uniform and coupled line structures (C hapter 3).
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R egions II to  IV

In Regions I and V, the outer dimensions for Regions A and B are equal hence the 

boundaries of the sub-regions coincide across the discontinuity plane, however in Regions 

II to  IV the boundaries of the sub-regions do not coincide. This leads to  a more complex 

form for the expressions for the inner products.

The x directed inner product is given by the integral for the regions x >  ( f  —  6»):

R
h

p n ( x )  ~  I h  ̂ A p b i i - M
X - k

Cp —r 2- Cos kg'  ( X -  -  I dx  (6.56)
h

The above integral can be solved using results derived in Appendix E:

'ir21~l/T(2v  +  p)
R p n ( x )  A f p\T(u)

Cos k x ' k
(6 .5 7 )

Recalling th a t the field shapes should exhibit even symm etry, the variable p is replaced 

with 2p, with a corresponding expression for x < — bi) found by substitu ting  di for

bn

'"jm(x) =  A 2 p ( ~ l ) P

7r2 T (2 ^  T  2p)

(2p)\T(v)  

it2 x~vY{2 v  +  2 p)
(2 p)\T(u)

(k*bi) " hp+Akpbi)

( k * d i )  " J i p + A & d i )

Cos k^'bi
Cos j

(6.58)

Cos k^ 'di
Cos k |  j

(6.59)

The value of the singularity order, v,  is given in Table 6.2 for the sub-regions as:

v =  -0 .185345 R 5 to R 12 

v  =  —0.5 otherwise

The y  directed inner products are defined by the following integrals for Regions II,
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I ll  and IV respectively:

p l l
p n { y )

p i n
p n { y )

P IV
p n ( y )

r (wAi wBi) / W B i \ v+r>

J-WAl  ^

y +  (wa i  +
1 + U>B1

2

1 -

r)

y + (wAi +
™B1 

2

pu,v ( y +  (wai  +
1 WB 1

2

Exp -  VO] +  p Exp [ j k ^ ( y  -  VO]

L

W A 2 ~ W B 2  

-{■WAl-WBl)

rwB2 

Jwao —WA2~U>B2  

1 +

riRi

) M 2 ,

r
1 -

( r ^ ( f )
Exp [-- j k y ^ y - VO] +  P Exp [ j k ^ ( y ~  VO]

piRi

(WB2 \ v+y 1 ( y -  (wA 2 -  ^ ) Y
V

p \  2 ) V ) \
-  (WA2 + TA1 77 nu,n f y  +  (WA2 + ^ ) \

WB2
2 /  . * P \  ™B2 

\  2 J
Exp [ - j k y {{y - 1 > ) ] + p  Exp [ j k ^ ( y -VO]

piRi

R ■where the constant, C V  is given by:

d x  (6.60)

d x  (6.61)

d x  (6.62)

C^l  =  Exp [-jky'Tpi] + p Exp [jk£'ipi\ (6.63)

The form of the inner products are derived in Appendix E, and the overall inner product 

found as:

oil
p n ( y )

A n^r+VTT+l  r ( ?y + 1 ) r ( 1 ) r ( ^ + 1 ) 

p T(1 -  p)T(v  +  Tj +  p  +  2)

2P2 l + ? 7 , l ; l - p , ^  + 77 + p + 2; 2 

Exp [jkf r f twAi  + 1£i L) - ' tP]\+ P Exp [ - j k ^ K w A i  +  ^ )  -  V>]]
fiRi

oIII
p n ( y ) = Apf

ir21~l/T(2u +  p)
p\T(v) e 4 r

y  2 )  ~ \  y  2
Exp [—jk^' ijj] +  p Exp [jk^if )]

riRi

(6.64)

(6.65)

p i v
p n ( y )

a o H - n + i  r(yy + l)r(l)T(i/ + 1 )  

p T ( l - p ) T ( v  + r) + p + 2)
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2-̂ 2 l  +  rj , 1 ;  1 - p  , i /  +  7/ +  p  +  2 ;  2  j k ^ ^ -

Exp [ifc^[(w;A2 ~ 2- ) - i > } ] +  P Exp [ - j k ^ [ ( w A2 -  -  -0]]
(~lRi

The singularity orders are tabulated  in Table 6.2, and summ arised as:

(6.66)

v —

T) =

^ —

V —

V =

- 0 . 5

- 0 . 1 8 5 3 4 5

+ 0 . 3 1 4 6 5 5

- 0 . 1 8 5 3 4 5

- 0 . 5

Region II 

Region III 

Region IV

The orthonorm alisation coefficients, A p are derived in A ppendix E for the various basis 

functions:

_  ( w B l ) 1+,/+71T ( u  + p  +  l)r(7? +  p  +  1 )  2 

v p \ ( v  +  7 / +  1 +  2 p ) T ( v  +  7j +  p  +  1 )

Ap — ( 5 )
p\(p + v + l ) [ T ( v +  I ) ] 2

7rT(p  +  2 u  +  1 )

_  (wB2)1+l/+VF{l' + P  + l ) r (ij +  P +  1) ~ 2
p p!(i/ +  7/ +  1 +  2 p)T(v  +  TJ +  p +  1)

Region II 

Region III 

Region IV

(6.67)

(6 .68 ) 

(6.69)

6 .3 .4  C a lc u la t io n  o f  I m p e d a n c e  M a tr ic e s

The impedance m atrix , [Z]  and hence its inverse, [Z ]-1 is calculated from the am plitude 

m atrix  term s and the wave impedances of the modes in the structure . An element of 

the impedance m atrix , Z pq is given by:

k=K
Zipq — £  Zok X pkX qk

k=1
k=K

k=l

(6.70)

(6.71)

139



6 .3 .5  C a lc u la t io n  o f  W a v e  a n d  M o d e  I m p e d a n c e  M a tr ic e s

The wave and mode impedance m atrices are found directly from the uniform and coupled 

lines com putations with the m atrices defined as:

'  f t " 1 0

1o

Zd 0
ro

[Zok] —
0 K 1 •• 0 II 0 %c2 • •• 0

0 0 •• Pk  . 0 0

------1

where Z ck represents the mode impedance for mode, k. The corresponding m atrices, 

[Z0i] and [Z c\] are found by replacing the diagonal elements with the wave and mode 

impedances for the  Ith  mode respectively.

6.4 N otes on th e Im plem entation o f th e S Param eter  

C alculation

The im plem entation of the S param eter expression is relatively straightforw ard, and 

follows the calculation methodology outlined in Figure 6.4.

In order to  check the im plem entation, the convergence of the Laguerre polynomial 

constant, \P; the am plitude m atrix  term s, X pk ; and the scattering param eter m atrix , [5] 

have to  be determined. The convergence is studied with respect to  the  num ber of field 

expansion term s, N; the num ber of basis function term s, P; and the num ber of modes, 

K.

The calculation of the S param eters requires the inversion of the  impedance m atrix , 

[Z], hence it relies on the m atrix  being non-singular. The conditions required to  make 

[Z] singular are briefly discussed to  determine whether this will place a lim itation on the 

type of discontinuity, or the range of dimensions of the structures th a t can be analysed.
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6 .4 .1  S in g u la r  B e h a v io u r  o f  t h e  I m p e d a n c e  M a tr ix

The discontinuity theory can be verified by analysing the lim iting case of a  stripline 

“discontinuity” of two uniform striplines of equal w idth, which should exhibit zero 

reflection ( S u )  and unit transm ission ( S ^ A+1) 1 ) zero scattering into the remaining 

modes.

Recalling the expression for the  term s of the impedance m atrix:

k—K
Zpq -  ^ ok XpkXqk  (6.73)

k=1

The identical nature of the  Regions A and B determines th a t:

X pk = X p (k + K A) (6.74)

It is assumed th a t the analysis is carried out a t a frequency, much smaller than  the cu t

off frequency of the first higher order mode, such th a t the elements of the impedance 

m atrix  are given by:

Z p q — 2
K,

1207T Xpi Xgi  +  j  E  I Z 0k | Xp kXqk (6.75)

Assuming a simplified case of K =4, i.e. two modes on either side of the interface 

are required for convergence of the S param eters, and th a t the interface fields can be 

adequately described by two basis functions; the determ inant of the impedance m atrix  

is then found as:

\Z\ =  240tt (6.76)
^ 1 1 ^ 1 1  +  j  Z 0 1X 12X 21 X 1 1X 21 +  j  Z 0 1X 1 2X 22 

X 2i X n  +  j  Z ^ X  22X 12 X 2 1X 21 +  .7 ^ 01^ 2 2 ^ 2 2  

=  240* { [ X 2n X l  -  X ^ X l , }  -  [Z'o l ] 2 [Xf 2X %2 -  X 22X 222] 

+ jZ 'ol [Xn X 22 -  X 1 2X 21]2)  (6.77)

where the normalised impedance is denoted by the primed quantity.

Two observations can be m ade from the expression for the determ inant. Firstly,
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if the minimum num ber of modes is used, which is by definition, two, the  impedance 

m atrix  is singular. Secondly the imaginary part of the determ inant is non zero provided 

the expression, X 1 1X 22 — ^ 1 2 ^ 2 1  is als° non-zero.

The second condition can be interpreted as the requirem ent th a t the field shape 

functions m ust be linearly independent with mode num ber, i.e. X u  7  ̂ A  X 1 2 . This 

condition appears to  be satisfied since the modes will clearly have different field shapes 

in the x  and y  directions.

The inner products, however consist of a sum m ation over the sixteen sub-regions, 

therefore a more general condition for numerical stability is th a t the  inner product term s 

are not dom inated by a contribution th a t is invariant with mode num ber.

In the case where the contributions are largely invariant with mode num ber, the de

term inant becomes small which in tu rn  leads to  an increased susceptibility to  numerical 

errors in the com putation.

The example illustrates th a t the limiting case of a  uniform line “discontinuity” may 

be subject to  poten tia l inaccuracies a t the limit.

6 .4 .2  C o m p a r is o n  o f  T im in g s  b e tw e e n  t h e  T R D  B a s e d  M e th o d  a n d  

H F S S

The algorithm s required to compute the S param eters of uniform to  coupled line dis

continuities have been program m ed, however at the tim e of writing the software is still 

under development. An approxim ate comparison of the tim ing to  com pute the S param 

eters can be m ade between the TRD based m ethod and Hewlett Packard’s HP85180A 

High Frequency S tructure Simulator (HFSS) Ver. A2.06. Table 6.4 shows a compari

son of the tim ings required to com pute the S param eters of a discontinuity a t a single 

frequency point.

The benefit of the  TRD based analysis is th a t the inner products are independent of 

frequency, hence the  variation in S param eters with frequency can be rapidly calculated, 

as opposed to  the HFSS package th a t has to  recalculate the full 3D field solution a t each 

of the frequency points.
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M ethod Operation Time 
(CPU  Secs.)

Notes

TRD Com putation of Propagation Constants]- 327 20 Modes
Based Com putation of Mode Impedances j 161 20 Freq. P ts.
M ethod Com putation of Inner Products | 2.7

Com putation of S Param eters f 7.2
T otal 498

HFSS Full 3D C om putation of Fields 3600 Typ. 180 MBytes
Ver. A2.06 and S Param eters Storage

Table 6.4: Comparison of A pproxim ate Timings Required to  Com pute the S Param eters 
of a Uniform to Coupled Lines Discontinuity using the TRD Based M ethod and HFSS 
Ver. A2.06 ( |3  Basis Function Terms and 25 Field Expansion term s) (f4 Basis Function 
Terms and 25 Field Expansion Terms)
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C hapter 7

C onclusions and Further W ork

7.1 O utline

This chapter reviews the work undertaken to  characterise the  uniform and coupled 

stripline structures, and various types of stripline discontinuity. The review highlights 

novel aspects of the research and results of particular interest, and also aims to comment 

on its significance compared to other published work.

7.2 R eview  of Research Undertaken

The in troductory  chapter of the thesis outlined the application of stripline structures 

to medium  power beamforming networks. The m otivation behind the requirem ent for 

an extrem ely accurate, but com putationally efficient means of designing these networks 

was also explained, with the aim of developing CAD models for the network elements. 

The beam form ing networks consist of uniform and coupled line sections, quarter wave 

im pedance transform ers, power splitting networks, m itred bends and curves. The re

search th a t has been undertaken has concentrated on the analysis of the  uniform and 

coupled lines. The calculated param eters have been used as a basis for analysing the 

stripline discontinuities present in the network elements. In addition to improving the
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design of stripline structures, an efficient analysis enables stripline with novel cross- 

sectional dimensions to be studied and to  provide a verification of practical knowledge.

The range of analysis techniques available for electrom agnetic analysis were reviewed 

in the second chapter. The m ethods were broadly characterised into three areas: tech

niques which are predom inantly numerically based; those which are predom inantly an

alytically based; and those which combine a degree of bo th  analytical and numerical 

processing. The previously published research on stripline structures was also reviewed. 

The research illustrates th a t the existing analyses of stripline have mainly been based 

on conformal m apping expressions (CAD packages) th a t can be evaluated quickly, but 

at the expense of accuracy; or purely numerical techniques (full wave electrom agnetic 

sim ulators) th a t provide accurate results for structures of a rb itra ry  shape, bu t at the 

expense of a large hardw are requirem ent and long com putation time.

The Transverse Resonance Diffraction (TRD ) technique was developed to combine 

the accuracy of a numerical technique with a compact analysis which can be evaluated 

efficiently. The technique uses a-priori information concerning the field singularities of 

the stripline to describe the fields using a small num ber of term s. The TRD m ethod is 

lim ited to  structures with well defined interfaces across which the analysis is undertaken, 

however, the dimensions of the structure  can have arb itrary  values. The variation in 

the stripline param eters for a  num ber of dimensional ratios can therefore be computed, 

a feature which m any of the previous applications of the TRD m ethod have not fully 

exploited. The TRD technique is in contrast w ith conformal m apping analyses which 

are restricted to a lim ited range of dimensions. This constrains their use in computing 

stripline param eters although the range of validity can be extended by the use of curve 

fitting techniques. In the case of coupled stripline structures the sym m etry requirem ents 

for conformal m apping techniques mean th a t analyses are not norm ally available for 

asym m etrical structures. The com putation tim e for purely num erical techniques also 

makes a study of this nature infeasible.

The TRD theory for arb itrary  uniform and coupled stripline structures was devel

oped in C hapter Three in term s of an adm ittance m atrix  representation in the plane 

transverse to  the direction of propagation. This approach enables an analysis for any 

num ber of coupled striplines to  be form ulated by cascading a series of y param eter ne t
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works, with the sole assum ption th a t only adjacent striplines are coupled. This has been 

dem onstrated  by the derivation of the uniform stripline form ulation as a lim iting case of 

the analysis of a pair of coupled striplines. The calculation of the propagation constant 

as a closed form polynomial expression was also studied. The study concluded th a t the 

operation can be interpreted  as a conversion of the y param eter network representation 

to an ABCD netw ork representation. The solutions for the propagation constant are 

given by the zero Eigenvalue solutions of the y param eter m atrix , which correspond 

to the solution of the polynomial expression C=0. This conversion however yields no 

improvement in calculation time.

The definition of impedance param eters as power-volt age, power-current and voltage- 

current m easures was shown in C hapter Three. The derivation of the power dissipation 

and attenuation  factor using a small perturbation  m ethod has also been carried out.

The theory th a t has been derived is generally applicable to  any stripline structure 

with a  dielectric filling, hence it can be scaled to  analyse structures found in Monolithic 

Microwave In tegrated  Circuits (M M ICs). The results th a t have been presented were 

calculated for air filled stripline with dimensions th a t are typically found in medium 

power beam form ing networks.

The discussion of the TRD results has prim arily concentrated on the accuracy com

pared with other analysis techniques. The relative performance of the  m ethods can 

only be judged when the com putation speed and hardw are requirem ents are also taken 

into account. This inform ation has also been given to enable a fairer comparison of the 

results to be m ade.

The convergence of the uniform and coupled line form ulations has been calculated 

and has shown th a t the analysis is stable. The results illustrate  th a t a small num ber 

of field expansion term s and basis function term s are required to  obtain  convergence to 

within one percent of the cut-off frequencies.

The results for m onomode bandw idth, impedance and a ttenuation  factor for uniform 

stripline structu res were presented in Chapter Four. The results for the first higher order 

mode cut-off frequencies for uniform stripline illustrate the accuracy of the  TRD m ethod 

with agreement to  within two percent of the m easured values. Hewlett Packard’s High
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Frequency Structure Simulator (HFSS) finite elements software provides comparable 

accuracy, but a t the expense of a com putation tim e th a t is approxim ately twenty-five 

times longer. These results also illustrate the inaccuracies of the  conformal mapping 

analysis where errors of between four and eighteen percent are present.

The results for the impedance of uniform stripline show an agreement of within two 

percent between the TRD results and those com puted using conformal m apping, across 

the range of specified dimensions for the conformal m apping analysis. Significantly be t

ter agreement of within half a  percent is achieved for typically used stripline dimensions.

The results for the a ttenuation  factor clearly indicate the strong effect th a t the edge 

singularities have on the com putation of the stripline param eters. This is shown by the 

agreement between TRD and conformal mapping results improving significantly as the 

thickness of the stripline is increased and the effect of the singularities decreases. The 

attenuation  factor was also measured experimentally, however due to  its small m agni

tude the m easurem ents were very susceptible to probe position and the excitation of 

the cavity. The repeatability and the variation in the m easurem ents was also com par

atively poor. The m easurem ents however indicate th a t the order of m agnitude of the 

attenuation  factor calculated by the analysis is correct.

The results for all the param eters indicate th a t the stripline structu re  is not partic

ularly sensitive to  variations in the strip position asym m etry around the symm etrical 

position, and the strip thickness around commonly used thicknesses. There is a large 

sensitivity to strip  thickness when the strip occupies the m ajority  of the space between 

the ground planes. The sensitivity to variations in strip width increases for very narrow 

strips where any variation is a significant proportion of the overall width.

The results for the first two higher order mode cut-off frequencies, coupling, and 

attenuation  factor for coupled stripline structures were presented in C hapter Five.

The TRD results for the first two higher order mode cut-off frequencies versus strip 

separation show agreement to within two percent of m easured values and values com

puted  using HFSS. The conformal m apping results only provide inform ation concerning 

the asym ptotes of the variations where the structure  can be approxim ated to  a  uniform 

stripline structu re  with an effective width. Values for the cut-off frequencies computed
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by HFSS, for certain dimensional ratios, produced significant differences when compared 

to  the TRD results. This can be a ttribu ted  to  HFSS modelling the stripline as a boxed 

structure  therefore a num ber of box modes appear in the set of solutions.

The results for the coupling of striplines highlights the differences between the various 

analysis techniques. The EEsof Linecalc package produced a significant underestim ate 

of coupling in all cases. The TRD m ethod showed a stronger coupling than  conformal 

m apping and HFSS values in the m ajority  of cases. This is due to  the TRD analysis 

predicting a stronger coupling effect of the edge singularities. A comparison of the 

tim ings between the TRD m ethod and HFSS has also been presented w ith the TRD 

m ethod a minimum of three hundred times faster with typically one thousand times less 

memory required.

The results for the attenuation  factor illustrate the lim itations of the  conformal m ap

ping approaches with curve fitting used to  extend the range of validity. The attenuation  

factor variation clearly exhibits discontinuous behaviour at the boundary between two 

approxim ations.

The results for the coupled stripline param eters indicate th a t they are particularly 

sensitive to  variations in the strip separation and are relatively insensitive to the strip 

w idth asym m etry, or “slot” position, which appears to  be intuitively correct. The 

param eters are also relatively insensitive to  strip thickness provided the strip does not 

account for a  very large proportion of the ground plane spacing. The comparison of 

param eters for strip position asym m etry illustrate  th a t existing analyses can provide 

significant errors. The TRD and HFSS results, however, suggest th a t the param eters 

are relatively insensitive to variations around the symm etric position.

The previously published characterisations of stripline discontinuities were reviewed 

in C hapter Two. The analyses are derived using conformal m apping techniques, and 

the only structu re  analysed which is of interest to  beamforming network design is the 

sym m etrical uniform line step in width.

The derivation of the  analysis of a generalised stripline discontinuity has been de

scribed in C hapter Six, with the form ulation evaluated to  characterise a uniform to 

coupled lines transition . Uniform and coupled line step in w idths, however, can also
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be analysed. The m ethod is based on a field m atching technique applied a t the plane 

of the discontinuity. The discontinuity is expressed as an N port network, where N is 

the to ta l num ber of modes accessible a t the plane of the discontinuity. This approach 

is m ade possible by the accurate and efficient calculation of the  modes in the  struc

tu re  using the TRD m ethod. The analysis of the stripline discontinuities differs from 

previously published work in th a t the form of the cross-sectional fields is significantly 

more complex than  other structures analysed using this technique. The stability of the 

m ethod has also been studied with the conditions for stability identified as the modes 

of the  structure  being significantly distinct (linearly independent). The initial stages of 

development have been completed with the algorithm s implem ented.

7.3 Further Work

The main aspect of the  further work covers the development of the discontinuity the

ory. The algorithm s based on the theory described in C hapter Six show errors in the 

calculated S param eters, hence further work is required to verify the im plem entation of 

the algorithm s.

The development of the algorithms will be carried out in a similar way to  the uniform 

and coupled line analysis, with a check on the convergence of the m ethod as the first 

goal. The further verification of the m ethod does present problems. Limiting cases of 

the discontinuity can result in an instability (singular m atrix) in the  form ulation, for 

example when the slot width in the uniform to coupled fine transition  approaches zero. 

Results have been computed for a num ber of transitions using HFSS which will provide 

additional inform ation.

The convergence check for the analysis is of particular interest due to  the complexity 

of the cross-section discontinuity fields and singularities. Theoretical results for uniform 

stripline indicate th a t the minimum order of singularity at the edge of a finite thickness 

strip is | r |~ 3 , whereas on the edge of an infinitely th in  strip it is | r | " 2 . Clearly 

as the thickness of a strip is decreased, a gradual transition  of the  singularity order 

takes place due to  the localised interaction of the singularities. This m anifests itself as
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a degradation in convergence of the finite thickness form ulation as the strip thickness 

becomes small. The close proximity of singularities in the discontinuity plane suggests 

th a t singularity interaction may also take place in the discontinuity analysis.

The calculation of the S param eters is an interm ediate step in the analysis with 

the eventual aim to calculate the equivalent circuit of a num ber of discontinuities for 

inclusion in a CAD package, hence further work is also required for this conversion 

process.

The current analysis is undertaken for an infinitely thin stripline hence the extension 

to finite thickness structures is of interest. The au thor, however, has not been able to 

identify any publications on the singularity orders for finite thickness 90° corners.

The long term  aim is to provide CAD models for the entire range of elements used in 

stripline beamform ing networks. The analysis of power splitting networks is of particular 

interest to network designers, as are m itred bends and stripline curves, although this 

work is a  significant extension of the stripline analysis.

7.4 C oncluding Rem arks

The initial brief of this work was to  provide an efficient and accurate analysis of stripline 

structures. This has undoubtably been achieved for uniform and coupled lines where 

significant analytical pre-processing has produced a com putational gain over numerical 

techniques.

The degree of analytical pre-processing required to analyse m ore complicated struc

tures, and the numerical efficiency of the calculations should again be compared to 

the benefits of using a purely numerical technique, such as finite differences or finite 

elements. The advance of purely numerical techniques has been illustrated  by the de

velopment of commercial packages such as HFSS and the increase in com puting power 

available within the period of the  research. In the  case of the  stripline discontinuities 

purely numerical m ethods offer an extremely attrac tive  alternative since the aim is 

to calculate equivalent circuits for the elements, and there is no requirem ent for the 

evaluation of the algorithm s in real time.
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A ppendix A

H ew lett Packard’s H P 85180A  

H igh Frequency Structure  

Sim ulator

A .l  O utline

The results com puted by the Transverse Resonance Diffraction (TR D ) m ethod have 

been compared in a num ber of cases to values computed by Hewlett Packard’s HP85180A 

High Frequency Structure Simulator (HFSS) finite element package [74, 75]. The fol

lowing sections outline the capabilities and the lim itations of the package and describe 

how it is used to  compute various stripline param eters.

A .2 G eneral D escription

The HFSS package is a 3D field sim ulator for arb itrary  structures based around finite 

element software developed by Ansoft. The user can specify w hether HFSS computes 

the 2D “ports only” solution which determines the allowable modes a t the  ports of the 

structure , and their propagation constants and impedances; or to  extend the analysis
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to  solve for the complete 3D fields present in the structure , and hence generate the S 

param eters. The package consists of a num ber of modules including a schematic capture 

module; a mesh generation module; a field excitation module; a field solving module 

and a post-processing module.

The schematic capture module provides tools for drawing the structu re  and also 

defining the ports of the structure and the boundary conditions. The HFSS package 

is lim ited to  computing the field solutions of enclosed structures, hence the stripline 

structures are modelled as a rectangular co-axial structure. The side walls are placed at 

a sufficient distance (approxim ately three strip widths from the edge of the strip) so th a t 

they do not in teract with the fields surrounding the strip. This enables a  common type 

of element to  be used for the mesh generation at the expense of com putational efficiency. 

In addition, electric and m agnetic walls can also be defined in the  structure . Symmetry 

planes can therefore be used to reduce the cross sectional area of the structure , hence 

the overall com putation time.

The finite element mesh is autom atically computed by the mesh generation m od

ule. HFSS discretises the structure using te trahed ra  with the po rt surfaces therefore 

discretised by triangular elements. The user is able to specify a seeding of the mesh to 

produce a uniformly spaced mesh on a given surface. This is of little practical use for 

stripline since the mesh has to be non-uniformly spaced near singularities to  model the 

fields.

The field excitation module computes the modes th a t can propagate in the port cross 

sections. The initial mesh is solved for the 2D electric field, and then  the 2D m agnetic 

field for each of the  first N modes specified by the user. M axwell’s curl equations are 

then used to com pute the corresponding m agnetic and electric fields. The results are 

then compared and if the values agree to within a user defined convergence limit the 

2D problem is solved, if not the mesh is refined and the procedure repeated.

The field solver module is similar to the field excitation module, however, it computes 

the full 3D field solution for the structure  for each of the combinations of modes and ports 

to generate the scattering param eters for the structure. The m odule uses the “ports 

only” solution as a further set of boundary conditions on the problem  in conjunction
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with the boundary conditions set by the user in the schematic capture. The convergence 

criteria for this module is based on the S param eter convergence required, with the 

num ber of adaptive passes also specified by the user. This process can be carried out 

for a frequency sweep based on the single frequency solution.

The post-processing module enables the fields to  be displayed, and anim ated by 

increm enting the phase reference of the excitation. Related param eters such as power 

flow are also computed and the d a ta  reform atted for use w ith o ther packages. The 

m odule also computes the impedance of the structure  using the im pedance measures 

defined in C hapter 3.

A .3 A ccuracy and T im ing Considerations

The accuracy of the results obtained from the package will depend on size and num ber 

of elements used to  discretise the structure, and the am ount of processing time and 

memory storage available.

The convergence limit specified by the user for the 2D “ports only” solution is a 

relatively arb itrary  value since it does not directly relate to  the convergence criteria 

for the propagation constants, or mode impedances th a t are the practical ou tputs from 

the “ports only” solution. The convergence behaviour of these param eters therefore 

has to  be determ ined to provide an appropriate choice of convergence criteria for a 

given application. The convergence criteria for the S param eters of the 3D solution, 

equally, will not apply to  the fields from which the param eters are calculated, since the 

S param eters are variational on the field solutions. C hapter 3 will also differ since the 

3D m agnetic field solution is less accurate than  the corresponding electric field. This is 

due to the m agnetic field being computed from the electric field solution.

The effect on the solution tim e due to a change in the convergence limit or num ber 

of modes is difficult to  predict. This is due to  the differing field shapes of the  higher 

order modes where convergence of all modes to  a couple of percent m ay be possible in 

a small num ber of iterations but convergence to  half a percent may take significantly 

longer. Equally, the situation may arise th a t one mode achieves convergence to  two
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percent after a significant num ber of iterations, whereas the rem ainder of the modes 

have achieved convergence to fractions of a percent after a few iterations. The effect 

on com putation tim e for successive iterations of the  3D field solution is also difficult 

to predict. The solution time will rapidly increase with the num ber of iterations as 

the num ber of equations to be solved, hence m atrix  size increases. This will normally 

result in additional accessing of da ta  from disc drives which further slows the solution 

process. The seeding of the initial mesh only has a lim ited effect on the overall solution 

timings as it reduces the com putation time of the first iteration , which is the fastest 

and is typically computed in one fifth of the tim e of the later iterations.

A .4 Hardware and Software Configuration

The hardw are used to compute the HFSS results is shown in Table A .l and compared to 

the hardw are used to compute the TRD results. The table enables the  tim ings quoted 

in C hapters 3 and 4 to be compared on the same basis.

HP 9000/710 HP 715/50

RAM 16MByte 128 M Byte
Disc (Internal) 420 M Byte —
Disc (External) 1.4 GByte 1.4GByte

300M Byte M agneto-Optic
Display 1280x1024 1280x1024
MIPS 57 57

M FLOPS 1 2 17
SPECm arks 50 55.5

O perating System HP-UX 8.07 HP-UX 9.01

Table A .l: Comparison of the Com puter Platform s used to  Com pute the  TRD and 
HFSS Results

The results com puted in Chapters 3 and 4 were all com puted with HFSS Version 

A2.06 unless otherwise stated . This is an im portan t consideration since particu lar prob

lems have been reported with the previous versions A1.00 and A1.29 in calculating the 

propagation constant of the stripline structure, and the calculation of mode impedances 

with the use of sym m etry planes [76].
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A ppendix  B

D erivation o f Scalar P otentia ls, 

Fields and M ode A dm ittance  

Functions

B .l  O utline

The scalar potential functions on which the Transverse Resonance Diffraction (TRD ) 

analysis is based, are derived for the general coupled stripline structu re  shown in Fig

ure 3.1

The helds present in the structure are then derived from the scalar potentials and 

the expressions given in C hapter 3. Finally the Mode A dm ittance Functions (T’) are 

derived for each of the Regions shown in Figure 3.1.
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B.2 D erivation of Scalar Potentials

B .2 .1  D e r iv a t io n  o f  x  D ir e c t e d  S c a la r  P o t e n t ia l  F u n c t io n s

The x  directed scalar potential functions for the sixteen regions shown in Figure 3.1 can 

be w ritten  down by inspection. The derivative of the scalar potentials for the  T E  modes 

is zero on the strip and ground planes; and for the TM  modes, the  scalar potential is 

zero on the strip and ground planes.

M a g n etic  Scalar P o te n tia l F un ction

<t>hx(n i X)

<f>hx(n ’ X )

A;^ Cos k* ' 

Cos k

X 2  

h
" + 2

x  > — —

X < -  -

b i + i

b i + i

(B .l)

(B.2)

E lectr ic  Scalar P o te n tia l F u n ction

The corresponding expressions for the electric scalar potential can also be w ritten  down:

th e  K 1 ) 

^ £ ( n > *) =  A lu Sin k 1} '
h

X + 2

X > [ 2 ~

X < [ 2 ~ bi + -z 2

The x  directed wavenumbers are defined for the sixteen sub-regions as:

mr
2  (i)i +  y )  
nir

Regions I, III and V 

Regions II and IV

The constant, ^  is defined as:

bi x > ( |  -  (b{ +  |- ))  

di x  < ( 2  — {b{ +  y ) )

(B.3)

(B.4)

(B.5)

(B .6 )

(B.7)

(B .8 )
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The orthonorm alisation coefficient, A is determined by the requirem ent for Region, 

Ri th a t:

dx — 1 (B.9)

W hich is evaluated for sub-region, R i, as:

II
r h 

\; «(»>*).
2

dx (B.10)

The orthonorm alisation coefficients for the sub-regions can therefore be summ arised as

2  Sn

ARi

yjb{ + di
26n

y/h

Region II and IV 

Region I, III and V

W here the constant, 6n is defined as:

S n  ~  2
n =  0

( B .l l )

(B.12)

(B.13)

(B-14)

B .2 .2 D e r iv a t io n  o f  y  D ir e c te d  S c a la r  P o t e n t ia l  F u n c t io n s  

R egion s II to  IV

The y directed scalar potentials are derived by representing Regions II to  IV by a 

transm ission line as shown in Figure B .l. An analogy is drawn between the conven

tional current and voltage quantities, and the electric and m agnetic fields present in the 

stripline structure. The odd and even modes present in each of the regions are modelled 

by a short circuit or open circuit at y =  ^  respectively.

The voltage and current at a point along the line can be represented as a sum m ation 

of forward and backward travelling waves. Expressions for an excitation a t po rt 1 are 

given by:

Vy = V +Exp jPv [ y ~ ^ +  p V + Exp ~0Py V ~  7T (B.15)
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Figure B .l: General Transmission Line and y Param eter Representation

= ^ E x p jPy [ V ~  2
pV+

Zn
Exp ~ j 0 y  ( #  -  f B.16)

Noting the standard expression for the reflection coefficient:

P =
Z l ~ Zjq 
Z l  +  Zq

The expressions for the voltages and currents are normalised to unity at the excitation 

port:

Vy =

I y  =

Exp [jpy(y - % ) ] + p  Exp [~j(3y(y -  | ) ]

Exp [ - j P y % ] + p  Exp [j0y%]

Exp [jPy(y -  | )] -  p Exp [~j(3y(y -  \ )] 
Exp [ - j p y j ] - p  Exp [j/3y%]

(B.17)

(B.18)

The voltages and currents in the above expressions represent the voltages and cur

rents in the transverse x  direction. In order to extract the voltages and currents in the 

z direction and hence the scalar potential, the expressions have to be integrated with 

respect to the y direction.

The y directed propagation constant is replaced using the notation used in Chapter 3, 

with the propagation constant in Regions II to IV represented as a purely real quantity
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and the propagation constant in Regions I and V represented as a  purely im aginary 

quantity. The y directed m agnetic scalar potentials for the T E  modes are derived from 

Equation B.17 and given by:

t h y i ^ y )  = r k

<f>hy(n > y )  =

^ hy ( n ^y) -  uRb
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1 Exp [ j k ^ 10y] +  pExp - j k y 10y]
uRioKy Exp jfc? iod ) +  pExp ’- j * ? io(§)

Exp +  ^ ) ) ]  + p E x p  +  f -

Exp [ - ; * £ “ ( f  +  ?f ) \  +  pExp ^ )

Exp [ j t f ' 2(y -  ( f  +  ^ ) ) ]  +  pExp { - j k * ™( y  -  ( f  +

Exp - r t v ' H  I  +  5? )  + p E x p j k * ” ( f + ! f )

Exp [jfc” 13( p - ( f  +  ^ ) ) ]  +  pExp [ - j k ^ ' H y  -  ( f  +  ’- f ) ) }

B.19)

B.20)

B.21)

B.22)

B.23)

B.24)

B.25)

B.26) 

)]

B.27) 

)]

B.28)

Exp jk*™ ( f + 3 f )  +  pExp - j k ^ (  f +J § L)
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4>hl\n ^y) =
1 Exp [ j k ^ ( y  -  ( f  +  **))] +  pExp l - j k * “ ( y - (  f  +  * ) ) ]

foy Exp j k ^ (  f  +  f - i +  pExp f +  ^ )

The y directed propagation constants are given by:

(B.29)

(B.30)

K 1)2 (B.31)

(B.32)

where either the wavenumber, k0, or the propagation constant, is fixed during the 

search for the set of solutions of the remaining variable.

The corresponding expressions for the  electric scalar potentials for the  TM  modes 

are derived from the current expression, and are of the general form:

ExP [ i ky ' ( y  + i ’i)_ — pExp [ - j k * ' ( y  + &)]

Exp j ky^ l p i ) — pExp - j k y ' ^ i )
(B.33)

R e g io n s  I a n d  V

The rem aining regions are characterised assuming th a t the  y  directed dependency is 

an exponential decay away from the striplines. This gives rise to  an x  directed scalar 

potential of the form for the sub-regions:

<t>hy,ey(n ^ )

<f’hy‘ey(n ^ )

Exp +  d  +  w i))]

Exp [jfc” 2(y +  ( f  +  wt ))] 

i k f 2

Exp [jfc” 15( y - ( f  +  «>a))] 

j k ? IS
Exp [ j t f 16( y -  ( f  +  to2))]

jk yRl6

(B.34)

(B.35)

(B.36)

(B.37)

The overall scalar potentials are formed using the Equations 3.24 and 3.25.
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B.3 D erivation of Fields

The three fields present in the coupled stripline structure for bo th  the T E  and TM  modes 

can be derived from the relationships sta ted  in C hapter 3, Equations 3.17 and 3.18.

B.3.1 D erivation of Fields for TE M odes

The fields are again derived as a piece-wise form ulation for each of the sixteen regions 

leading to  a to ta l of forty eight field components.

z D irected  M a g n etic  F ield ,

h?k(x ’ V)

* $ ( * .» )

h?k(x ^ )

hzk ( x >y)

hz k ( x >y)

h 1k ( x >y)

h * l ix ,y )

h?k(x >y)

h% ( x ,v)

hf k° (x >y)

hz k ' ( x ’ y)

, 2 71=00 
Kt

y/h
F\

k i

W o  ~  V h

R u \ \
F 2 [ # 1, — ( f  +  ^ 1)]

k} 26» V Rsxkn jp

n=Q y/b 1 +  d\

*? ' y  2 S n V *
“  V h  +  di 1

, 2  n = o o  o c  y R s  
Kt n  xkn p

“  V h T ~ d i  1

fc? y ?  p
^  V bi +  di 1

r R fk? ^  2SnV ‘kn 

y / h

n
E
n—0

n = 0 0

Fx

R 31

* U , - (  2

R s ' I 2

, 2 n — 0 0  ~c y R s
Kt Vxkn Fi

W o  ^  VS
fc? ng 2 ^nv ; t r i

w o  ^  V h

*? y ?  M n V ± °  Fi

k? 26„V.nuRi
nY xkn p

R s> I 2

Alo, -  I 2

a.., (£

jk y  1

j] f t  [J?2, - ( §  +  t» l)]
' J j k y '

F3 [R3, - ( %  + y%L)]
jk?*

\  f t  [ f t ,  — ( |  + * ) ]
) \  j k ? '

f t  [ f t , - ( f  +  f ■)]
j k y 5

\ 1  7*4 [ f t ,  —( f  + *¥-)]
/ J  i * ? 6

f t  [ f t , - ( f ) ]
j k ? 7

j  f t  [ f t , - ( f ) ]

f t [ f t , ( f ) ]

j k ? 7

\ ]  f t [ f t o , ( f ) ]

/ J  j k ? 10

f t  [ f t i ,  + ( f  +  ■? ) ]

(B.38)

(B.39)

(B.40)

(B.41)

(B.42)

(B.43)

(B.44)

(B.45)

(B.46)

(B.47)

(B.48)
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h % ' ( x , v )

h % l ( x , y )

h?£s (x ,y )

h% e(.*,y)

, 2 n-oo yR 12 
Kt ZOn Vxkn F

“  V h  +  d2 1

, 2 ™=°° nr T/-Rl3y ^  z °n vxkn F 
“  \ /& 2  +  C?2 1

, 2  n = o o  „ c  t^ - R ^  

i \  A n xkn p^E AUn
77k:3U^°  n=0 a/&2 +  ^2

, 2 w=oo ~ c yRis 
Kt y^ Z° n Vxkn p

i w *  t ' o  ^
, 2 «=oo « c yi?ie

y^ Z°n xkn p
ju y ,0 V h

I h2

R u ,  -  I 2

^15) ( 2

^16> -  ( 2

F4 [fli2 , + ( f +  ^ ) ]  
j k * “

F 3 [ F i 3 , + ( f + ;r ) ]
jk*™

Fj  [ f l l 4 , + ( f  +  f - ) ]  
jfc«»

F 2 [ -R 15, + ( §  +  ^ 2) ]

F F 5
F2 [i?16, + ( 2  + w2)]

(B .4 9 )

(B.50)

(B-51)

(B.52)

(B.53)

where the functions, F i, F 2, F3 and F 4 are denoted by the following expressions:

Fi(Ri , ip)

F2(F ;, VO

F3( R i i if))

F4 (R i , i p )

Cos k ^ ' ( x  — iff)

Exp [ jk*' (y  -  i))\

Exp [ jk*' (y  -  VO] +  ^Exp [ - j k £ ' ( y  -  VO]
j k y  H i 0- j k y ' W +  pExp

“ jV W Oj k y ' W + pExp

(B.54)

(B.55)

(B.56)

(B.57)

x  D irec ted  E lectr ic  F ie ld , e xk

The exk fields are given by the partial derivative of the hzk field with respect to the y 

direction, such th a t:

e5(z>2/) =  kv ‘J- ^ r  (B -58)

y  D irec ted  E lectr ic  F ie ld , e yk

Similarly, the eyk fields are given by the partial derivative with respect to  the x  direction:

eyk(x >y) = h?k k* iJ- ^ r (B.59)
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The definition of the function, Fi is modified to:

Fi (Ri ,  ip) =  Sin k ^ { x  -  ip) (B.60)

The rem ainder of the functions, F2, F 3 and F4 rem ain unchanged and given by the 

expressions in Equations B.55 to B.57.

B .3 .2  D e r iv a t io n  o f  F ie ld s  for  T M  M o d e s

The fields for the TM  modes are again derived in an analogous m anner to  those for the 

T E  modes, using the electric scalar potentials as a base:

z D ir e c te d  E le c tr ic  F ie ld , e ^

The ezk field components are similar to those of the hzk fields for the T E  modes in the 

sixteen sub-regions. For example, the expression for the sub-region, R 3 is given by:

, 2 U - u y  ~ r  r R 3 r  x

4 * O'. S') =  — —̂  E  / F l T T  F l R 3 ' (
J U ( 0 €r  ^  VOl +  57 . V

f 3 [r 3 , - ( ?  + f0]
j k *

where the voltage am plitude is replaced by an equivalent current am plitude. The func

tions F i, F2 , F3 and F4 are given by the equations:

Sin k x ' ( x  — ip)

F2 (Ri,  ip) = Exp [ jk*' (y  -  ip)\

Exp [ j k ^ ( y  -  ip)\ -  pExp [ - j k ^ ( y - i p ) ]
F3 ( R i ,'ip) = 

F4 (Ri, ip)  =

Exp - j k y ' ( i p ) — pExp j k y  "(ip)

Exp [ j k ^ ( y  -  ip)] -  pExp [ - j k * ' ( y  -  ip)]

Exp j ky ' ( ip)  — pExp - j k y ^ i p )

(B.62)

(B.63)

(B.64)

(B.65)
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x D irected  M agnetic Field, hxk

The hxk held is given by the partial derivative of the ez* with respect to  y:

* % (* * )  = (B -66)

y  D irec ted  M agn etic  F ie ld , hy^

Similarly, the hyk fields are given by the partial derivative w ith respect to  the x direction:

=  (B.67)

The definition of the function, F\ is modified to:

F i(R i, ip) =  Cos k ^ ' ( x  — tfj) (B .6 8 )

The rem ainder of the functions, F2, F3 and F4 rem ain unchanged and given by the 

expressions in Equations B.63 to B.65.

B .4 D erivation o f M ode A dm ittance Functions

The G reen’s Function A dm ittance O perators are derived from the mode adm ittance 

functions, y ( n )  (Equation 3.30). These functions are based on the general y param eter 

representation of a two port network.

B .4 .1  G e n e r a l F o rm  o f  Y  P a r a m e te r s

The y param eters of a general two port network (Figure B .l)  are given by the following 

relationships:

h h
2/ii =

V i v2=o
2/12 = v2 Vi= 0

h h
2/21 = Vi 011£ 2/22 = V2 Vi=0
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Representing the voltages and currents by the exk{y)  and hzk ( y ) fields respectively, 

and considering their general forms y  directed forms for a transmission line of length,

h%{y)

exk(y)

1 Exp j k y l( y -  1) + pExp - j k ^ { y -  f )

j k y  ‘ Exp a uRi *P 
J^y 2 + pExp A l.Ri *P

JKy 2

Exp j k y l( y -  f ) — pExp

r"1--------1
-$-|<N11

Exp A l.Ri Tp J y 2 + pExp A l.Ri ±  J Ky 2

(B.69)

(B.70)

Using the above expressions for the y parameters, the y u  and y i 2 parameters for the 

TE modes are found:

y 11 =

2/12 =

h zk(0)

■̂xk(_ 0 ) &xk( f ) = 0

(B-71)

(B.72)
ex k (0 ) —0

Substituting the expressions for the electric and magnetic fields:

y l i  =
1

h,RiK,y

Exp + pExp

Exp 1 )' — pExp f )
p = + i

i ^ ( ! )

y 12 =
Exp -  i hR•J K y 2 + pExp i  k R 'J Ky 2

1 -  p
P =

Cosec k y l ^

~1 * F W

(B.73)

(B.74)

(B.75)

(B.76)

The corresponding expressions for the 1/21 and t/22 parameters can be derived in a 

similar manner.

The expressions for the “term inating” admittances in the networks at the boundary 

of Regions I and II; and Regions IV and V are given as a ratio of the hzk and exk fields.

The expressions for the TM modes can be derived in a similar manner, leading to
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the  y param eters:

S/ll =  j k *  Cot (B.77)

yi2 =  j k y '  Cosec k *  j  (B.78)

B .4 .2  M o d e  A d m it t a n c e  F u n c t io n s

The mode adm ittances for the sixteen sub-regions shown in Figure 3.1 can be derived 

from the above equations. The adm ittances are defined across the  entire interface, 

hence each of the y param eters has contributions from each sub-region adjacent to the 

boundary.

The mode adm ittance functions for the TE  modes are derived as:

y ' ( « ) -
1 1 

j k y  1 1 j k y 2
(B.79)

0>n(») ■-
C o t k * ^ -  Cot k * * f

A V . R  3 AJ h y  J h y
(B.80)

y ' i i ’1) -
Cosec k y 3 ^  | Cosec 

j k y 3 1 j k y 4
(B.81)

y j iV) =
Cosec k ^ s  ^  ( Cosec k y 6 ^  

a  u R s   ̂ a  h R eJ h y  J K y
(B.82)

y ‘A (n ) =
Cot k y 5 ^  C o t J f e * ^

j  k y  5 j k y 6
(B.83)

y { { !(n) = Cot k y 7 ^  f Co t Af »§
/i /)J h y  J h y

(B.84)

y t A ( n ) = Cosec ( Cosec k^81 

1 j k *
(B.85)

y A J(n) -
Cosec k y 91 ( Cosec A: ^ 1 0f 

A I . R 9  ̂ a u R i oJKy JKy
(B .8 6 )

y'rl'(n) -
Cot k y 9  ̂ C o t* * « §

A U R 9  ̂ n b R l °  Jhy JKy
(B.87)

y f f ( » ) -
Cot k * " f  r Cot

AuRll  ̂ i b Rl2Jhy Jhy
(B .8 8 )

y ' i  (») =
Cosec Cosec k ^ 12 ^y & | y z  

A V . R n  1 - u R  12J K y  J h . y
(B.89)
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The mode adm ittance functions for the TM modes are derived in a similar m anner 

for the expressions for y\\  and y \ 2  in Equations B.77 and B.78.



A ppendix  C

D erivation o f the Inner P roducts  

for the T R D  Form ulation

C .l Form of Basis Functions

The basis functions are defined as a product of an orthonorm alisation coefficient, a 

weight function, and an orthogonal polynomial.

The choice of the orthogonal polynomial will be dependent on the order of the field 

singularity, v,  present on the edge of the central conductor. This has been investigated 

by Collin [19], and analytical results have shown th a t the minimum order of the singu

larity is given as v = — 1 , for a finite thickness stripline and v  =  — for an infinitely 

th in  stripline.

The theory will assume th a t the stripline is of finite thickness, i.e v  =  — although 

substitu ting  the value of v = — |  does provide a useful lim iting case to  verify results.
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W eig h t F u n c tio n

The weight function is used to give the basis function the correct order of singularity, 

and is derived by considering the singularities on the edge of the central conductor. 

The analysis assumes a pair of image singularities with a symmetrical weight function 

as shown in Figure C .l.

y=o

Figure C .l: Formulation of Weight Functions for the Problem

The weight functions are required in the form:

w { x , v )  = ( i  - x 2y :c. i )

The weight function is of the form, W ( x , v )  = | r\ |" | r 2 \u, where r is the distance from 

the singularities, for the singularities at y = — ( | )  and ?/ =  —( l  +  uq)

W( x ,  v) = f  +  M - *
V

( h  ,  \

U - 6') —  X (C .2 )

Rearranging and considering the remainder of the singularities, the weight functions
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for the strips can be w ritten down by inspection as:

W { x , v )  = b2v

=  d2u

' - ( V

i - C ± I

- >  ' I - ( 6’ + l (C.3)

(C.4)

O rth on orm alisa tion  C oefficient

In order to m aintain the correct field scaling the basis functions are orthonorm alised 

such th a t:

/ + o o

W(x,v )  [c;(x)]2 dx =  1 (C.5)
-C O

Stating a standard  result from [77]:

f \ i  -  J y - h  [ c ; ( x t f  dx  =  - 2 l - 2l/T(p + ^ )pi ( p+t / ) {T ( v ) } 2

Re(v)  >

(C.6)

Using a variable substitution, Equation C .6  can be rew ritten:

1 -
* + f '

d i p
x + % dx  7r 21 2u T ( p 2 v )

di pi o +  i/)[r(»]2 (C.7)

Substitu ting an expression for into Equation C.5 and evaluating for a sub-

region, i, x < ( |  — (bi +  ^ )) :

/ fc ^J - ( i r  +  di)

Z +  £
da: =  1

Hence,
2d f +l 7t2-2i/ r(p + 2i/ + 1)
” 2  p !(p + l , +  i ) [ r ( i /  +  | ) ] 2

=  1

(C .8 )

(C.9)
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Rearranging in term s of the orthonorm alisation coefficient, A v for the  sub-regions x <  

( |  ~  ( *̂ +  2")):

A *  =
p'- (p + '/ + |)[r(t' + i)]2
7T 2- (1+2i/) r ( p + 2 z / + l )

Similarly for the sub-regions x > ( |  — (6z +  y )):

(C.10)

A *  =  b ^ +2l/)
p \ ( v  +  v  +  l ) { T { v + \ ) Y

7r2- ( i +2̂ ) r(p +  2i/ +  i) (C.11)

C.2 D erivation o f Inner Products

Recalling the definition of the inner products required to  evaluate the TRD A dm ittance 

M atrix Equation, and rewriting for sub-region, i:

p  — 1 p n  —

/ +00
4>h,e{n,x) f p( x )

-00 /too
W { x ,  v) C%(x) Cos k { x  -  A )  dx

-O O

a p a ;«■ f +w ( x , v ) c ; ( x )  — ~  ^  dx
J — 0 0  H

Stating two standard  results from [77]:

/■+1 ,

/  (1 — x 2 y ~ 2  C%p(x)  Cos q x  dx =
Jo

r+ i j

I (1 — x 2 ) l' ~ :2 C%p-i-iC#) Sin q x  dx = 
Jo

(C .1 2 )

(C.13)

T E  Modes (C.14) 

TM  Modes (C.15)

( - l ) p r ( 2 p +  2^)7r
(2P ) \ T ( v ) ( 2 q )

( —1 )P T(2p +  2v  +  1) 7T

(2 p + i) !r ( i / )  (2 e Y

(C.16)

J-2p+l+i/ (ff)

(C.17)

g > 0, Re v >  —
1
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Considering the expression for the T E  modes first, and substitu ting  for the weight 

function, and undertaking a variable substitution in Equation C.16:

J - d )
1 - c v2v C o s e ( ^ r ^ )  ^

7r (-l)P,r(2p + 2i/) 
(2p)!r(i/)(2^

Substituting Equation C.18 into the expression for the inner product,

D  R  [ - ( £ - * )
P. ^  = A 2pA *  /

J - ( i )
di’2v

_ 4 ARt A+2v w (- 1 )P ^(2p + 2z/ + 1)
— si2 pSi-n ai v.-r,/ .

The inner product for the sub-regions, x > ( |  — (6; +  ^ ) )  are given by: 

p  _  A ARi  u i + 2 v  7r(-l)pr(2p + 2z/ + 1)-rpn — J±2p/±n Oi  ̂ ^

(c.19)

(c.20)

(2 p ) ! r ( i / + l ) ( 2 ^ i6 i)" 2p+*'+ * 

The corresponding expressions for TM  modes are:

J 2p+^ d k ^ b i )  (C .2 1 )

P  — 1 p n  —
A 2p+1 A*- b}+2“ x  ( ~ l ) p r ( 2 p +  2v  +  2) *

(2p+l)!r(i/ + | ) ( 2 ^ i6,)‘- 2p+,'+JV 1
(C .2 2 )

h
x  >  I -  - &i +  -  2

rfi+2 ,  x ( - l ) » T ( 2 P +  2 ^ +  2 ) j  ( k R<d )
(2p+l)!r(l/ + | ) ( 2 k ^ d i Y  2”+‘/+2K * (C.23)



A ppendix D

D erivation o f V oltage, Current, 

Power Flow and D issipation  

Terms

D .l  D erivation of Voltage Terms

The voltage between two conductors is determined from the equation:

■ /V  — I &tk dl (D .l)

In the case of the stripline structures, the voltage exists between the stripline and ground 

plane. The chosen pa th  of integration is in the x  direction thus:

V  = /  exk( x , y )
J X

dx (D.2)

The form of the exk( x , y )  field, set by the boundary conditions (Appendix B) gives the 

voltage:

V  =
n = N

Exo'ipi +  ^ 2  E xn Sin(7i7r)
n = l

dy<f>h,e(n iy) (D.3)
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V = Exoi>i for TEM Mode (D.4)

D .2  D er iva tion  o f C urrent T erm s

The current flowing around a conductor is determined from Am pere’s Law:

I ^ j h k d l  (D.5)

Figure D .l shows the contributions for a single strip, and the path  of integration used. 

For the coupled stripline structure the current contributions are evaluated as:

II
y=o

Figure D .l: Integration Contributions for the Current Integral

f ‘2 ,3  = hxk(%i Vo)

n=N

Uflo
Pk 'y > ’ a R, y Rt J _  

Z s  xkn j k Rt
n = 0

(1 -  p) -  (Exp [jk^Wj] -  p Exp [- jk^ 'Wi])  

Exp [~jky 'wi \  +  p Exp [jky'Wi]

h ,4 = /  hyk(x0 , y)  dy

Pk_
CJPo

n=N

Anl v *kn ~ 7 r ~ [Cos -  Cos rnr ]
J K y

D.6 )

(D.7)
n = 0
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where the constant ^  is defined:

tf)i = <
b{ x > ( |  -  bi)

di x  < ( |  -  bi)
(D .8 )

D .3 D erivation of Power Flow Terms

The power flow is a structure is given by the Poynting Vector, hence the z  directed 

power flow is given by:

S z = [ etk A (D.9)
J CrossSection

Noting the relationships for the fields defined in C hapter 3 and Appendix B:

S z = Pk /  I exk( x , y )  | 2 +  | eyk( x , y )  | 2 da (D.10)
J CrossSection

Evaluating the above integral for the subregions, the expressions for the power flow are 

derived as:

I f  A .
n=N

R i  1 2 ~l/Ri ^  +  2~M i l  r  \AR' V v Ri 
4 U / W  S  xkn k p

1 -

k^_
uRi (D .l l )  

Regions I, III and V

1 -  p 2

4 \ u u n J L _n J xkn 2  2 j k *
1 -

uRi
X

uRiIS,y

Ex p[ j 2k ^ iwi] -  p 2 E x p [ - j 2 k ^ iwi

(E xp [jk^Wi]  +  p E x v [ - j k f r w i ] ) 2 (E xp[jkfrwi] +  p E x p l - j k ^ W i } ) 2 )

(D.12)

Regions II and IV

D .4 D erivation of Power D issipation  Term s

The power dissipation in the structure  is derived from the equation:

Piis — n Ps j  {r A htk) 
 ̂ J CrossSection

da (D.13)
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- x=0

ii

y=o

Figure D.2: Integration Contributions for the Power Dissipation Integral

There will be contributions to the integral from the strip and the two ground planes 

(Figure D.2). Substituting the expressions for the fields derived in Appendix B into 

Equation D.13:

Pdis = Us( —  (D.14)
J  C r o ss S e c t io n

Evaluating the integrals for the sub-regions the terms defined in Figure D.2 are given 

bv:

A,2 =

U =

A
Ufl0

2 n = N

E [*&] x
n = 0

1 -  p2 Exp[ j2k*iwi] -  p2 Exp[- j2kf*iwi\

(Exp [jky'Wi] + p E x p [ - j k y lWi] ) 2 (Exp[jky'W{] +  p E x p [ - j k y lWi} ) 2 )

(D.15)

-  ( £ )  v £ > , r  w f  i

A
Upo

7 1 = 0  

2 n = N k?'

n = 0

U Sin k^' t i  
2  b 3

(D.16) 

(D. 17)
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A ppendix  E

D erivation of

O rthonorm alisation Coefficients 

and Inner P roducts for the  

D iscontinuity A nalysis

E .l Evaluation o f O rthonorm alisation C oefficients

The expressions for the orthonorm alisation coefficients are derived in general, and can 

be modified according to  the discontinuity analysed.

The expression between the orthonorm alisation coefficients and the cross section 

fields was s ta ted  in Equation 6.4:

M 7J CrossSection

In practice, the integral is sub-divided into the sixteen sub-regions shown in Fig

ure 3.1. The field shape th a t is denoted by Ukn uk:(n, V) corresponds to  the  exk(x,  y ) 

fields derived in C hapter 3, and Appendix B.
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^ 2  u kn u k( n , x , y )
. n=0

da =  1 (E.l)



Recalling the general form of the fields as:

71=00

s)  =  E  ^  ^  w  F^ R i ' ^  (E -2)
71=0

rew riting the integral in term s of a sum m ation of contributions from the sub-regions, 

R {, a s :

(E.3)

(E.4)

(E.5)

(1 — p £) E x p [2 j* y » | +  p ‘ E xp[-2 jfc" '» j

2 jkpicKy  2jk*[c*Y  [ c * ] 2J

(E .6 )

+  l 2 Exp[—2 j k ^ ‘j>] 2  pj>
f t  p f t p  [ c f t ]2j

(E.7)

D .
where the constant, C ^ ‘, is given by:

C *  = Exp +  p Exp [jk^'ip] (E .8 )

The orthonorm alisation coefficient is found by evaluating Equation E.3 using the results 

of the above integrals for the appropriate sub-regions. The orthonorm alisation coeffi

cient cannot be expressed analytically due to  its complexity hence the value is found 

numerically.

L (1 -  p2) Exp[2jfc^i/;]

2 [ C % f 2  j k

7 =  16

l1  E
i—1

E
77=0

ARi  y R i
xkn

ju\L0
I  [F i(E i,Y >)]2 dx f  [F2 ,3 A R i ^ ) f  dv 

J x J y

Evaluating the integrals for the functions, F\  to  F± (Equations B.54 to  B.57)

Sin [2 -  »/>)]
f  [F i( i? „ v >)]2 dx

J X

f  dy
Jy

f  [F3 { R „ i >)]2 dy 
Jy

J  [Cos k£ ' {x  -  i > ) ] 2 dx = ^

f  [Exp j k * ' ( y  -  ip) ] 2 dy = 
Jy

J.

x  +
2

Exp [2j k ^ ( y  -  VO]
R ,2  j k i

Exp [ j k ^ ( y  - i>)] + p Exp [ ~ j k ^ ( y  -  VO]

EXP [ - j k y ^ ]  +  p EXP [jky'tfj]
dy
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E.2 Evaluation of Inner Product Terms

The evaluation of the am plitude term s X pk (Equation 6.45) require th a t a  set of inner 

product term s are calculated, which are of the form:

n=oo

Xp k  =  UknPpn (E.9)
n=0

Separating the x and y variations of the field shape function, the  inner product, Ppn, 

th a t is required is given by:

Ppn = /  uk( n , x ) f p(x) dx  /  uk( n , y ) f p(y) dy  (E .1 0 )
J x J y

Ppn(x) Ppn(y) (E ,l l )

The inner products are evaluated using Chebyshev polynomials for the x  directed de

pendence, and generalised Laguerre polynomials, Jacobi polynomials and Gegenbauer 

Polynomials for the y dependence. The x  directed inner products with Gegenbauer

polynomials can be derived from the corresponding y directed inner products.

E .2 .1  x  D ir e c t e d  In n e r  P r o d u c t  w ith  C h e b y s h e v  P o ly n o m ia ls

The inner product with Chebyshev polynomials is only encountered in the x  direction 

of the problem, hence the derivation is carried out for the F\ { R i , ■0 ) field shape function.

Substituting the general form of the basis function into Equation E.10 and recalling 

the form of the x  directed field from Equations E.2 and E.4:

Ppn(ar) — I ^-p _/p(x)
J X

(E.12)

Using the x  dependence of the field shape, the singularity behaviour of the field and the 

weight functions derived in Appendix C for x > ( ?  — b{), the inner product is given by:

2 "I _
Ppn(x) =  J  A p b ~ l 1 -  (j ~ b ^  TP { ~ Y ^ j  C° S ~  ^  dX (E-13)
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Stating a standard  result from [77]:

J  ( l  -  x 2) 2 Tn(x)  Cos qx dx = ( - l ) n — J 2u(q)  (E.14)

U ndertaking a variable substitution into the equation above: 

x — ip'  2r'ip+bi (  x  _

L  ~  j T' { H r )  '*<*>
(E.15)

Rearranging Equations E.13 and E.15, the inner product is found for x  >  ( I  — bi) and 

the corresponding expression for x < ( |  — bi) w ritten down by inspection:

PPn(x) = A 2p ( - l )p |  J 2p(bik* )  (E.16)

(E.17)
h

=  A 2p ( “ 1 ) P [ g j  J 2 p { d i k x %) X < \ 2 ~ b%

The orthonorm alisation coefficient of the basis function, A p, is found from the relation:

"ip+bi
A l  1 wfJ 'dj

(biY 1 -

X — Ip
dx = 1

Again quoting a result from [77]:

/: o o I f  n  7̂  0( l - x 2 ) - i [ T n( x ) } 2 d x =  ’ 2
it n  =  0

Hence by variable substitu tion and rearranging:

2 P = °

75

(E.18)

(E.19)

(E.20)

E .2 .2 y  D ir e c t e d  In n e r  P r o d u c t  w ith  L a g u e r r e  P o ly n o m ia ls

The y  directed inner product is evaluated for the generalised Laguerre polynomials, for 

Regions I and V, and Jacobi and Gegenbauer polynomials for Regions II, III, and IV.

Substitu ting the form of the Laguerre polynomial with the expression for the inner
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products (Equation E.10):

V (y) =  / K  w (y>v ) f p ( y ) F2 {Ri,i>)Jy
dy (E.21)

Using the appropriate field shape and weight function for the region the inner product 

is given by:

pn (y )

PO O

/  A ,
J ip

y - i > Exp y - i >
Exp [ - j k ^ ( y - ^ ) ]  d y

(E.22)

where the constant, ^  is introduced to  aid convergence of the approxim ation. The 

calculation of this param eter will be discussed later in this section.

The inner product is evaluated in term s of trigonom etrical functions, w ith standard  

results quoted from [77]:

poo

/  £x-2p-1Exp [—(<px)\  I,2 ~2v~l (<px) Cos d x  d x  
Jo

=  ( - 1  + (E.23)2( 2  p) \
poo

/  £x-2p_1Exp [—(<px)\  L 2~ 2p~ l {<px) Sin fix d x  
Jo

=  ( - i r i r (x )^ K ^ n g f ± f f i I  (E.24)

R e  (f >  0, d  >  0, R e  x  >  2p

The results in the equations above can be combined to evaluate the  integral:

j T  xx- 2p- 1Exp [-(v> -  ><?)*] L X ^ ' - ' i v x )  d x  = ( -1  ) » I M ^ [ ( V _ j t y x ]

(E.25)
(2 p)\

R e  cp > 0, d  > 0, R e  x  >  %P

Taking E quation E.25 and performing a variable substitu tion, the left hand side of the 

equation is transform ed to:

J P M

X—2p—1
Exp [<P ~  3#]

y - ' f p rX - 2 p - l
2p

y - i >
$

dy_ (E.26)
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Equating coefficients in the above equation with those in Equation E.22:

=  1

R i

X = v  +  2p +  1 

The inner product is therefore given by Equation E.27:

p M y )  =  A 2pv ( - i y
r ( i /  +  2 p +  i)

(2 p)\ ( 1  + j k ^ iY + 2 ’’+ 1
(E.27)

The orthonorm alisation coefficient for the Laguerre polynomials is given by the rela

tionship:

2y - x p
A l [  1 ^ 1  Exp

Again from a result in [77]:

( y - i p  V
L v * )\ . p V » ) .

dy = 1 (E.28)

roo
A l  /  E x p ( -z )  x" [Luv( x ) } 2 dx  

Jo

T(i/ + p +  1 )
pi

(E.29)

Hence the orthonorm alisation coefficient is obtained by variable substitu tion  and found

as:

Ap —
r o  + p  + 1 )

pi
(E.30)

The constant, $ ,  improves the convergence of the approxim ation used to  discretise the 

field, and is determ ined by minimising the error function [73]:

k=K /  p = P

ferr  =  ^  ||<  F2 (Ri,  1>); F2(Ri ,  V>) > | | 2 -  £  ||<  F2 (Ri , t ) - ,  f p(y)  > |
k= 1 \

(E.31)
0 =  1

In effect the  m inimisation of the above function is equivalent to  minimising the mean 

square error between the field shape and the approxim ation.

Evaluating the inner product F2 (Ri ,  V>); F2(Ri,  xp) >  and using the previously 

derived expression for the y directed inner product, the error function can be expressed
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as:

k—K  n = N

f e r r  — - E E
A;=l n = 1

p = P

 7T-  +  ^ 2 E A
4 [* P ] 2 ^

[r(i/ + 2P+1)]2 /  ('J'fcf)21'

p=0 [(2p)!]2 \ ( l  + j k ^ y + 2”+1 J
(E.32)

The m inim isation is carried out numerically using an interval halving technique as 

described in C hapter 3.

2

Figure E .l: Definition of the Constants used in the Derivation of the  y Directed Inner 
P roduct with Jacobi Polynomials

E .2 .3  y D irected  Inner Product w ith Jacobi Polynom ials

The field in Regions II to  IV are expressed in term s of Jacobi polynomials which model 

the field behaviour with different field singularities at the ends of the basis functions. 

Recalling the form of the y directed inner products in term s of the  basis functions and 

field shapes.

Ppn(y) = [  A p  W(y , v , r f )  f p{y) F3 (Ri,1)) dy  (E.33)
dy

Substituting the form of the field shape function (Equation E .6 ), and the  general func

tion (Figure E .l)  into Equation E.33:
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The inner product is evaluated by first considering a binomial expansion of the expo

nential function in term s of [1  +  y\:

Exp jcpy = Exp Exp(.7V [l +  y])

O V ) * '=  Exp {-jcp)

Using a previously derived result from [77]:

. * = o v J

(E.35)

(E.36)

/  (1 -  *)‘/(l +  x f +iP"'”(x)  dx = 2‘'+i+-+1 + V + + ^
L i  r(z  +  i  — 72)r(« +  ^ +  7 /-fn -i-2 )

Re v > —1, Re  77+  i >  — 1 (E.37)

The inner product in Equation E.34 can be evaluated by first considering the following 

integral:
r+i

1 = J  ( 1  -  x Y ( l  +  x ) vPp,'n(x)  Exp \j(px] dx  (E.38)

Substituting the expression for the  exponential into Equation E.38, and evaluating using 

Equation E.37:

I  =
t — A_j_2

Exp ( ~ j v ) Y ,  H U  /  (1 -  * )" (!  +  x y + i p ^ i x )  dx
i=0 W* -7- 1

=  2t/+T?+1 E::n f r(« +  ly +  l)T (y +  1)T(» +  1) (2j y ) '
h  n i  + l - n ) T ( i  + v + r1 + n + 2 ) (*)!

=  2 " +T?+1 Exp ( - j »  ^  +
T(1 -  n)T(v  +  77 +  n +  2)



where nFm (an ; bm ; z) denotes a hyper-geometrical function, and is defined as follows:

' ,F m  [®n—1 ? ^ n —2? " ■> ^0  ̂ b m  — 1 ? b m  — 2 i  ’ i ^0 i —

r(6m_i)r(6m_2) • • -r(60) r(i +  an_iT(i +  an_2) • • #r(i +  ao) z% 
r(an_ir(an_2) • • -r(ao ) ^  r(i + 6m_i)r(i + bm-2) • • ' T( i  + b0) i\

(E.40)

Using a variable substitution the inner product in Equation E.34 can be evaluated by 

rew riting the integral, I:

I  =
re+ e

J ’e —e
1 -

y - £ i + y -  £
Pr 'V \  i r ) Exp

y - £ dy
£

(E.41)

Recalling the form of Equation E.34 for the inner product, P pn(y)i an d rearranging in 

term s of the  integral, I:

Ppn(y) — [-̂ 1 ^1  +  U + V Exp [ - j k * ^  +  ] +  pExp [ -  +  jV t) ]
(~*Ri

LR i ip=ky e
(E.42)

Therefore, evaluating the above expression using Equation E.39, the  inner product is 

found as:

p  - a oh-p+i +  1 ) r ( i ) r ( ^  +  i)
^n(y) -  ^  T{ 1 _ p) Ti i/  + r] + p + 2)

2F2[1 +  7], 1 ; 1 -  p, V +  77 +  p  +  2 ; 2j'fcy‘e]

Exp [jk*' (£ -  ip)] +  p Exp [ - j k ^ ( e  -  -0 )]
(E.43)

The orthonorm alisation coefficient for the Jacobi polynomials, A v is determ ined from 

the condition:

/•£+£
[ ^ ] 2 /

J  e — e

-V+T) 1 -
y - £

1 +
y - € pv,V

P
y - £ dy  =  1 (E.44)

Using a result quoted from [77]:

/ ; (1 -  *)' (1 + x f  K ”f dx = r(^ + n + l )  r(^ + n +  l )
nl (v +  r] + 1 +  2n) T(v +  r) +  n +  1)

Re v  >  —1 , i2e rj >  — 1 (E.45)
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Again performing a variable substitu tion, the orthonorm alisation coefficient can be

found as: 1

(2e)1+^  T ( v + p  + l ) r (77 +  p +  1)
A p =

p\ (y  +  T) + 1 +  2 p) T(v  +  rj +  p +  1 )_
(E.46)

E .2 .4  y D ir e c t e d  In n e r  P r o d u c t  w ith  G e g e n b a u e r  P o ly n o m ia ls

The y directed inner products for Gegenbauer polynomials is given by the expression:

J,p n ( y ) A n £U £V 1 -

- \  2 y - £
Clv ( y - £

Exp [ j k ^ ( y  -  If))]+P Exp [ ~ j k ^ ( y  -  if))]
RiC

which can be evaluated from the standard  result given in [77]:

dy

(E.47)

/;■(1 — x 2Y  2 C ”(x)  Exp [j<px] dx =
Y ( 2 v  +  n )

n\ r(i/) V5 Jn+vijp)

Re v > —-  (E.48)

Hence the inner product is given by:

'7t21- i/ T(2 z/ +  p)
Ppn(i/) — Ap j ^ (k*e )  " ■/„+„ (k*e)

p! r(i/)

Exp [ j k *  (e- i f ) ) ]  + p  Exp [ - j k ^  ( I  -  Y)]
r<Ri

(E.49)

The orthonorm alisation coefficient, A p is derived in Appendix C.
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